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Abstract

Turbulence is a complex dynamical system that is strongly high-dimensional, non-

linear, non-local and chaotic with a broad range of interacting scales that vary over

space and time. It is a common characteristic of fluid flows and appears in a wide

range of applications, both in nature and industry. Moreover, many of these flows

contain suspended particles. Motivated by this, the research presented here aims at

(i) studying particle motion in turbulence and (ii) modeling turbulent flows using

modern machine learning techniques.

In the first research objective, we conduct a parametric study using numerical

experiments (direct numerical simulations) to examine accelerations, velocities and

clustering of small inertial settling particles in statistically stationary isotropic tur-

bulent flow under different values of the system control parameters (Taylor Reynolds

number Reλ, particle Stokes number St and settling velocity Sv). To accomplish

our research goals, we leveraged a wide variety of tools from applied mathematics,

statistical physics and computer science such as constructing the probability den-

sity function (PDF) of quantities of interest, radial distribution function (RDF), and

three-dimensional Voronöı analysis. Findings of this study have already been pub-

lished in two journal papers (PhysRevFluids.4.054301 and PhysRevFluids.5.034306),

both of which received editors’ suggestion awards. In the following paragraphs, some

of the important results are highlighted.

The results for the probability density function (PDF) of the particle relative
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velocities show that even when the particles are settling very fast, turbulence continues

to play a key role in their vertical relative velocities, and increasingly so as Reλ is

increased. This occurs because although the settling velocity may be much larger

than typical velocities of the turbulence, due to intermittency, there are significant

regions of the flow where the contribution to the particle motion from turbulence is

of the same order as that from gravitational settling.

In agreement with previous results using global measures of particle clustering,

such as the RDF, we find that for small Voronöı volumes (corresponding to the most

clustered particles), the behavior is strongly dependent upon St and Sv, but only

weakly dependent upon Reλ, unless St > 1. However, larger Voronöı volumes (void

regions) exhibit a much stronger dependence on Reλ, even when St ≤ 1, and we show

that this, rather than the behavior at small volumes, is the cause of the sensitivity of

the standard deviation of the Voronöı volumes that has been previously reported. We

also show that the largest contribution to the particle settling velocities is associated

with increasingly larger Voronöı volumes as Sv is increased.

Our local analysis of the acceleration statistics of settling inertial particles shows

that clustered particles experience a net acceleration in the direction of gravity, while

particles in void regions experience the opposite. The particle acceleration variance,

however, is a convex function of the Voronöı volumes, with or without gravity, which

seems to indicate a non-trivial relationship between the Voronöı volumes and the sizes

of the turbulent flow scales. Results for the variance of the fluid acceleration at the

inertial particle positions are of the order of the square of the Kolmogorov acceleration

and depend only weakly on Voronöı volumes. These results call into question the

“sweep-stick” mechanism for particle clustering in turbulence which would lead one

to expect that clustered particles reside in regions where the fluid acceleration is zero

(or at least very small).
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In the second research objective, we propose two cutting-edge, data-driven, deep

learning simulation frameworks, with the capability of embedding physical constraints

corresponding to properties of three-dimensional turbulence. The first framework

aims to reduce the dimensionality of data resulting from large-scale turbulent flow

simulations (static mapping), while the second framework is designed to emulate the

spatio-temporal dynamics of a three-dimensional turbulent flow (dynamic mapping).

In the static framework, we apply a physics-informed Deep Learning technique

based on vector quantization to generate a discrete, low-dimensional representation

of data from simulations of three-dimensional turbulent flows. The deep learning

framework is composed of convolutional layers and incorporates physical constraints

on the flow, such as preserving incompressibility and global statistical characteristics

of the velocity gradients. A detailed analysis of the performance of this lossy data

compression scheme, with evaluations based on multiple sets of data having different

characteristics to that of the training data, show that this framework can faithfully

reproduce the statistics of the flow, except at the very smallest scales, while offering

85 times compression. Our compression model is an attractive solution for situations

where fast, high quality and low-overhead encoding and decoding of large data are

required.

Our proposed framework for dynamic mapping consists of two deep learning mod-

els, one for dimension reduction and the other for sequence learning. In the model,

we first generate a low-dimensional representation of the velocity data and then pass

it to a sequence prediction network that learns the spatio-temporal correlations of the

underlying data. For the sequence forecasting, the idea of Transformer architecture

is used and its performance compared against a standard Recurrent Network, Convo-

lutional LSTM. These architectures are designed to perform a sequence to sequence

multi-class classification task, which is attractive for modeling turbulence. The di-

agnostic tests show that our Transformer based framework can perform short-term
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predictions that retain important characteristics of large and inertial scales of flow

across all the predicted snapshots.
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Chapter 1

Introduction

Turbulence is one of the most intriguing and important areas of classical physics. It is

a complex dynamical system which is high-dimensional, multi-scale, non-linear, and

non-local, exhibiting spatio-temporal chaotic interactions among its very wide range of

scales. This has attracted substantial interest for many years both because of the intel-

lectually stimulating challenges associated with its understanding, and also because of

its practical importance to a wide range of applications. Examples of such applications

include those involving the motion of particles in turbulent flows ([MDDB18, MB20])

which are critical for environmental sciences (such as atmospheric pollution transport

[Max87b], cloud formation [BOI93], volcanic eruptions [OCE+07], orographic rainfall

[EB19]) and combustion processes [KA12], and the effect of turbulence on the design

and performance of engineering devices (such as wind turbines [AIN17, MHB02], air-

plane design [Etk81], heat exchangers [BMN11, MABNH15, NABMH15], and pumps

[FET+11, HMGG14]), to name just a few.

Turbulence has great implications for understanding and predicting a wide variety

of problems. Although turbulence is easy to observe because turbulent fluid motions
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are prevalent in naturally occurring flows and engineering applications, it is extremely

difficult to understand. The challenge is that we do not really understand how tur-

bulence affects these problems, nor are we able to predict its effects very well and so

there are two aspects to solving these problems, (i) understanding and (ii) prediction.

Therefore, a major pursuit and fundamental task of turbulence community has been

to investigate these aspects, through studying turbulence processes and interaction

of processes that involve turbulent motions. These investigations and endeavors are

aimed to advance our fundamental understanding of the problems and use the findings

to guide the development of simplified predictive models.

Various observational, theoretical, laboratory, computational and modeling stud-

ies have been conducted towards better understanding and predicting turbulent flows

in the past few decades and have provided a wealth of information in this realm. How-

ever, strong coupling of physical mechanisms and their wide range of temporal and

spatial scales impose challenges to the direct measurements of turbulence as well as

interpreting the observations. Furthermore, proposed models cannot capture convo-

luted structures of turbulence. Thankfully, recent advances in numerical approaches

and computational resources have created new opportunities to better understand

the three-dimensional turbulent flows by using computational fluid dynamics (CFD)

models.

High-resolution numerical simulations can be achieved by employing direct numer-

ical simulation (DNS) which can resolve all scales of motion. Although DNS requires

high spatial and temporal resolutions as well as computing resources, it serves as a

numerical experiment and sheds light on the statistical and dynamical features of

a flow field and provides substantial information for parameterizations, characteriza-

tion, and quantification of models revealing flow, scalar and particle fields. This study

leverages tools from applied mathematics, statistical physics and computer science to

2



(i) perform DNS simulations to explore motion of particles in homogeneous turbulent

flow field and (ii) utilize DNS data to model turbulence via modern machine learning

techniques.

Particle-laden turbulent flows appear in a diverse range of engineering systems and

natural phenomena. The present study concerns with the motion of small suspended

particles in turbulent flows, being important for environmental sciences (atmospheric

pollution transport, sea spray, and cloud formation), astrophysics (planetesimal for-

mation and dwarf stars), and industrial processes (turbulent combustion, and fluidized

bed reactors). In many of these applications, the particle motion is affected not only

by the fluid turbulence, but also by particle inertia and gravitational settling which

lead to the spatial clustering of the particles and so enhances particle collision rates

in turbulent flows. Such turbulence-induced collisions are believed to be important

for understanding of atmospheric clouds, combustion processes, and the formation of

protoplanetary disks.

Despite the great deal of research dedicated to this area of study, many important

questions such as individual and collective impact of fluid turbulence and particles

characteristics on particle motions, remained to be addressed. As a result, this work

proposes a parametric study over a broad range of relevant nondimensional parame-

ters to explore dynamics of small inertial particles at the small scales of turbulence.

The results of this study could provide detailed fundamental knowledge on fluid tur-

bulence and its effect upon particle transport, dispersion, mixing and collision in

physical, biological and astrophysical systems. Furthermore, these findings guide the

development of simple, predictive models for the aforementioned applications.

Another objective of this research is to bring fresh perspective to the classic prob-

lem of turbulence modeling by exploring and utilizing modern deep learning tech-

niques to develop accurate and efficient turbulence models. This objective has been

3



motivated by challenges associated with computational costs of large CFD simula-

tions. Analyzing large-scale data from simulations of turbulent flows is memory inten-

sive, requiring significant resources. This major challenge highlights the need for data

compression techniques. In this study, we apply a physics-informed Deep Learning

technique to generate a low-dimensional representation of data from simulations of

three-dimensional turbulent flows. This compression model is an attractive solution

for situations where fast, high quality and low-overhead encoding and decoding of

large data are required

Another challenge in this area of research is that the numerical experiment ap-

proach (direct numerical simulation of the governing equations) cannot be employed to

model real-world atmospheric and oceanic turbulence due its computational cost. In

this perspective, the current study will also examine the possibility of modeling spatial

and temporal realizations of turbulence at a lower computational cost through deep

sequence learning techniques. Our hope is to advocate this deep learning data-driven

physics-informed modeling framework, upon its success, as a promising compensate

for traditional turbulence modeling techniques.
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Chapter 2

Parametric Study of Particle
Dispersion in Turbulence

2.1 Background

Understanding the dynamics of small particles in turbulence has been the subject of

a numerous studies for many years because of their broad range of applications in

nature and industrial contexts such as cloud formation [BOI93], volcanic eruptions

[OCE+07], contaminant transport [Max87a], heat exchangers [BMN11], combustion

processes [KA12], and fluidized bed reactors [BEAG00] to name a few. The present

work explores the class of particle-laden flows involving the motion of small, settling

inertial particles in turbulent flows. The relevant non-dimensional parameters in this

turbulent regime are the Taylor Reynolds number (Rλ ≡ u′λ/ν ), the Kolmogorov

Stokes number (St ≡ τp/τη), the settling parameter (Sv ≡ τpg/uη) and the Froude

number (Fr ≡ aη/g = ε3/4/(ν1/4g)) which characterize the fluid turbulence, the

particle’s inertia, the effect of gravity on inertial particles and the effect of gravity

on the flow, respectively. Here u′ denotes the fluid r.m.s. velocity, λ is the Taylor
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micro-scale, ν is the fluid kinematic viscosity, τp denotes particle response time, τη is

the Kolmogorov timescale, uη is the Kolmogorov velocity scale, aη is the Kolmogorov

acceleration, and ε is the mean turbulent kinetic energy dissipation rate.

The motion of particles with inertia can differ profoundly from that of inertia-

less fluid particles in turbulent flows [TB09]. For example, even in incompress-

ible flows, inertial particles can spatially cluster across a range of length scales

[Max87a, BBC+07, BE10, BC14a, IBC16a, GM16], and their trajectories in con-

figuration space can intersect [WM05, GMRM12, BC14b]. Gravity not only leads to

finite settling velocities for inertial particles, but it also modifies the way the particles

interact with the turbulent flow [Max87a, WM93a]. The latter is in fact quite subtle,

and recent results have shown that it can lead to non-trivial effects on the multiscale

motion of inertial particles in turbulence [BHR14, GVM14, PAR+15, IBC16b, DB18].

When considering problems such as particle mixing and collision rates or when

particle loading is sufficiently dilute, it is the relative motion of particles in turbulence

that is of importance. This relative motion is often studied by considering the relative

motion of two particles (“particle-pairs”) in the turbulent flow [SC09, TB09]. There-

fore, we can study the polydisperse behavior of particles, which appear in almost

all real systems, by understanding the pair-particle motion. The motion of iner-

tial particle-pairs can differ substantially depending upon whether the two particles

have the same (monodisperse) or different (bidisperse) inertia. Several studies show

that in the absence of gravity, bidispersity enhances the relative velocities and sup-

presses the spatial clustering of inertial particles compared with the monodisperse case

[CKR+05, PP10, PPS14, DB18]. The theoretical analysis in [DB18] explained these

differences between bidisperse and monodisperse particles as being due to the fact that

at the small scales, the relative motion of bidisperse particles is dominated by a term

in their equation of relative motion that depends upon the acceleration of the parti-
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cles, and the accelerations are enhanced in the presence of gravity [PAR+15, IBC16b].

For monodisperse particles, this acceleration contribution vanishes, and their relative

motion is dominated by the particle interaction with the fluid relative velocity field.

Since most of these studies are based on Direct Numerical Simulation (DNS) at

low to moderate Reynolds numbers, it is important to understand how representative

the results are of the real problems of interest, since in nature the flows have much

larger Reynolds numbers [TB09]. Reynolds number affects turbulence in two distinct,

but related ways, namely through the classical effect of enhanced scale separations

with increasing Reynolds number [Pop00a], and enhanced internal intermittency at

the small scales of the flow [Fri95]. Given the current limitations of the Reynolds

numbers accessible with DNS, one way to explore the effect of Reynolds number on

particle motion in turbulence would be to use theoretical models. However, current

(fully predictive) theoretical models of inertial particle motion at the small scales

of turbulence are only accurate for weak particle inertia, can fail dramatically for

moderate to strong particle inertia, and do not account for the effects of internal

intermittency in the turbulence [e.g. see BC14a, BC14b]. An alternative method is

to use DNS over a range of Reynolds numbers to look for trends in the behavior. This

can provide insight regarding the extent to which results obtained at low/moderate

Reynolds numbers might be extrapolated the real problems of interest where the

Reynolds numbers are much larger.

Previous DNS studies of settling bidisperse particles considered only single (and

low) Reynolds numbers (Rλ = 84.9 in [WJP09], Rλ = 143 in [PAR+15], and Rλ = 90

in [DB18]). As explained earlier, the relative motion of bidisperse particles differs sub-

stantially from that of monodisperse particles, being dominated by different effects

and mechanisms. It is therefore possible that the Rλ dependence of bidisperse parti-

cles could differ from that of monodisperse particles. Another key difference is that
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in the monodisperse case, gravity only affects the particle motion implicitly through

the way it modifies the particle interactions with the turbulence, since the relative

motion induced by the gravitational settling is zero (both particles have the same set-

tling speeds). By contrast, in the bidisperse case, gravity has an explicit effect, and

in the direction of gravity one might expect gravity to dominate the particle motion

when Fr � 1 (if the difference in the Stokes numbers of the two particles is ≥ O(1).

But as discussed in [DB18], this is not guaranteed since fluid accelerations are highly

intermittent in turbulence [LVC+01], such that even if the average Froude number

is � 1, there may be significant regions of the flow where the instantaneous Froude

number, Fr′ ≡ ‖a‖/g (where a is the instantaneous fluid acceleration), is ≥ O(1).

Since intermittency increases with increasing Rλ, then at large Rλ, turbulence may

continue to play a key role in the bidisperse particle relative motion in the direction

of gravity even when Fr � 1.

A well-known and striking effect of particle inertia is that it leads to the spatial

clustering of the particles in turbulent flows [Max87a, BBC+07]. This has impor-

tant implications for the rate at which particles collide in turbulent flows [SC97,

TB09, Sha03, IBC16a]. Several different methods and techniques have been used to

analyze the particle clustering, such as box-counting ([ACHL02]), Voronöı analysis

([MBC10]), Lyapunov exponents ([BBB+06b]), Minkowski functionals ([CKLT08])

and radial distribution functions (RDFs) ([SC97, IBC16a, IBC16b]). These methods

can provide different insights and perspectives into the spatial clustering, and two

of the most commonly used methods are the RDF and Voronöı analysis. The RDF,

defined by the probability of finding a particle at a given distance from a reference

particle, is directly related to the particle collision kernel ([SC97]). However, since

it is constructed using spatial averages, the RDF cannot be used to consider the

properties of individual clusters of particles, and only provides global information on
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the clustering. In Voronöı analysis, the domain is divided into cells associated with

each individual particle, where any point in a given cell is closer to that particle than

any other. This approach gives local insight into the particle clustering, with the

local particle concentration field given by the inverse of the volume of the Voronöı

cell. Using this technique enables characterization of the topology, kinematics and

dynamics of individual clusters in the turbulent flow. However, a disadvantage is that

unlike the RDF, the results of Voronöı analysis are sensitive to the number of parti-

cles in the flow, at least quantitatively ([TMP+12]). As discussed in [PBC19], since

the RDF and Voronöı analysis provide different information on the particle clustering

(e.g. global vs. local information), they can both be used to provide a more complete

understanding of the problem.

In [IBC16a] & [IBC16b], the effects of Reynolds number, Rλ, and the Froude

number Fr on the motion of monodisperse inertial particles was explored using DNS

simulations over the range 88 ≤ Rλ ≤ 598. In these studies, the RDF metric was used

to quantify clustering and particle collisions. As might be expected, the higher-order

statistics of the particle relative velocities (e.g. kurtosis) showed a strong dependence

on Rλ. However, they also showed that collision rates (which depend on low-order

statistics) of monodisperse particles with Stokes numbers St . 1 are essentially in-

dependent of Rλ. This result implies that the essential physics governing particle

collisions in atmospheric clouds where Rλ = O(104) and typically St < 1 [Sha03]

might in fact be captured by DNS studies with Rλ = O(102). For St > 1, the results

in [IBC16a] & [IBC16b] show that the collision rates are sensitive to Rλ. Concerning

the effect of gravity, it was found that for St . 1, gravity leads to a reduction in the

clustering, while for St > 1 it enhances the clustering. In contrast, it appears that

such a systematic study of the parametric dependence of clustering as quantified by

a Voronöı analysis has not been undertaken. We now summarize what has been done
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on this.

The experimental study of [OTC+14] considered the clustering of small water

droplets in isotropic turbulence using Voronöı analysis. They examined the range

200 ≤ Rλ ≤ 400 and 2 ≤ St ≤ 10, and reported that the level of clustering was

enhanced with increasing Reλ. The experimental study of [SCAB17] considered 170 ≤

Rλ ≤ 450, 0.1 ≤ St ≤ 5 and found that the clustering is strongly enhanced with

increasing Rλ, but with weak dependence on St. These studies focused on the regime

of large Fr, where the effects of gravity on the particle motion are weak. The recent

experimental study of [PBC19] also used Voronöı analysis to quantify the clustering

and explored the range 200 ≤ Rλ ≤ 500, 0.37 ≤ St ≤ 20.8, and 0.73 ≤ Fr ≤ 3.7.

They found that the clusters exhibit a range of sizes (up to the integral scale of the

flow), posses self-similarity, and are elongated and aligned with the gravity direction

[PBC19]. They found that the clustering is enhanced with increasing Rλ, and in

agreement with the RDF analysis in [IBC16a, IBC16b], that gravity can enhance

the clustering of the inertial particles. A limitation of these experimental results is

that their Voronöı analysis is only two-dimensional, and it is known that at least

in the context of the RDF, two-dimensional analysis of particle clustering can differ

significantly from the full three-dimensional results [HC02]. Moreover, and perhaps

more importantly, in these experiments it was not possible to independently vary

Rλ and Fr, and so a systematic understanding of their individual effects on the

clustering as quantified by Voronöı analysis is lacking. DNS investigations into the

effect of Reλ on the Voronöı analysis of particle clustering have been undertaken, and

in agreement with the experimental results, they show that the clustering is enhanced

with increasing Reλ [TMP+12]. However, only the limited range 75 ≤ Reλ ≤ 180 was

considered, and they did not consider the effect of gravity.

In addition to analysis of the local particle concentration using Voronöı analy-
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sis, the DNS study of [BFMC17] explored the idea of coherent clusters of inertial

particles, with Fr = 0.1 in a low Reynolds number flow, Reλ = 65. They defined a

coherent cluster as a group of connected Voronöı cells whose volumes are smaller than

a certain threshold. Moreover, they specified that the total volume of the cluster of

connected cells must exceed 8η3 (where η is the Kolmogorov length scale) in order

to be considered a coherent cluster. They found that the coherent clusters exhibit a

tendency to align with the direction of the local vorticity vector, and that the cluster

volume depends strongly on St. Furthermore, in the presence of gravity, coherent

clusters were found to be elongated and aligned with the gravity direction, as also

found experimentally in [PBC19]. Since they only considered a single set of values for

Reλ and Fr, the effects of these parameters on the coherent clusters is not known.

In addition to using Voronöı analysis to quantify the particle clustering, this anal-

ysis has also been used to understand the settling rates of particles in turbulence

and how this is related to the local particle concentration and turbulence properties

[ACHL02, DM13, MD17, BKM06, Dej11]. Again, however, the effects of Rλ and Fr

on the results was not systematically explored. It has also been recently shown the-

oretically and numerically how the settling of particles in turbulence is affected by a

range of flow scales that depends on St, Rλ, and Fr [TB19]. It is therefore of interest

to explore the effect of St,Reλ, and Fr on the particle settle speeds using Voronöı

analysis in order to gain further insights into the multiscale nature of the problem.

A recent striking finding concerning the effect of gravitational settling is that it

can dramatically enhance the fluctuating accelerations of inertial particles in turbu-

lence [PAR+15, IBC16b], which in turn can profoundly affect collision and mixing

rates of settling particles in turbulence [DB18, DB19]. An analysis of how these

enhanced accelerations might be related to the local particle concentration has not

yet been undertaken, but would provide insights concerning the physical mechanism
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responsible for the effect, and also the scales at which it occurs.

In summary of this brief review, it is clear that there is a need to systematically

explore the effects of Rλ, and Fr on the motion of settling, bidisperse particles in

turbulence and particle clustering as analyzed using Voronöı analysis, to understand

how this might differ from the perspective gained using the RDF analysis. Moreover,

there is a need to explore how the enhanced fluctuating particle accelerations due

to gravitational settling might be connected to the properties of the local particle

concentration in order to gain further insights into the mechanisms responsible for

this effect.

2.2 Research Objective: parametric study of mo-

tion of small inertial settling particles in tur-

bulence

This research objective aims at exploring the dynamics and spatial distribution of

small, spherical, settling, inertial particles in statistically stationary isotropic turbu-

lence and will be a first step to address the following scientific questions:

A. What are the fundamental differences between motion of monodisperse and

bidisperse particles in turbulence?

B. How do different characteristics of underlying turbulence (Reynolds number)

and particles (inertia and settling speed) affect the motion of such particles (individ-

ually and collectively )?

C. How can we quantify the global and local influence of these characteristics on

the spatial distribution, velocities and accelerations of particles?

To this aim, the following tasks are defined.
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2.3 Tasks

1. Run our in-house DNS code, Highly Parallel Particle-laden flow Solver for Turbu-

lence Research (HiPPSTR), under a wide range of control parameters, namely Rλ,

St, Fr along with the average particle distance.

2. Post-process the DNS data by computing single-particle statistics (velocity, accel-

eration, kinetic energy) and multiple-particle statistics (relative velocities, Nth order

structure function, clustering, collision kernel) to assess velocities, accelerations, and

spatial concentration of inertial particles globally.

3. Implementation of a robust, three-dimensional, highly-parallelized computational

code capable of performing Voronoi tessellation analysis in large data sets to model

local distribution of particle in turbulence.

4. Develop a series of post-processing routines to perform local analysis of the DNS

data and model particle clustering.

2.4 Methodology

To model turbulent flow, we perform Direct Numerical Simulations (DNS) of the

incompressible Navier-Stokes equation on a triperiodic cube of length L , using a

pseudo-spectral method on a uniform mesh with N3 grid points. The fluid velocity

of isotropic turbulence flow field u(x, t) is obtained by solving the incompressible

Navier-Stokes equation

∂tu + ω × u +∇
(
p

ρf
+
‖u‖2

2

)
= ν∇2u + f , ∇.u = 0 (2.1)

where ω ≡∇×u is the vorticity, ρf is the fluid density, p is the pressure (determined

by using ∇.u = 0), ν is the kinematic viscosity and f is the external forcing term
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to numerically generate statistically stationary homogeneous turbulence flow field. A

deterministic forcing scheme was used for f , where the energy dissipated during one

time step is resupplied to the low wavenumbers (large scales) with magnitude κ ∈

(0,
√

2]. Time integration is performed through a second-order, explicit Runge-Kutta

scheme and alias control is achieved through a combination of spherical truncation

and phase-shifting.

Concerning the motion of particles in turbulent flows, we focus on a dilute suspension

of particles, with the particle mass loading sufficiently small so the back-reaction

of the particles on the underlying flow can be ignored, corresponding to the one-

way coupled regime [BE10]. Such a regime is applicable for the motion of droplets

in atmospheric clouds [Sha03] (and also some industrial problems such as aerosol

manufacturing, drug delivery, and spray combustion, to name a few), where particles

may also be assumed to be small (i.e d/η � 1 where d is the particle diameter and

η is the Kolmogorov length scale) and dense (ρp/ρf � 1, where ρp and ρf represent

the particle density and fluid density, respectively). These assumptions justify the

use of a point-particle approach where the inertial particle motion is governed by a

simplified version of the equation of [MR83]

ẍp(t) ≡ v̇p(t) =
u(xp(t), t)− vp(t)

τp
+ g, (2.2)

where u(xp(t), t) denotes fluid velocity at the particle position xp(t), vp(t) is the

particle velocity, τp ≡ ρpd
2/18ρfν is the particle response time, ν is the fluid kine-

matic viscosity, and g is the gravitational acceleration vector. We also consider fluid

particles whose motion obeys ẋp(t) ≡ u(xp(t), t).

Particle inertia can be characterized by the Stokes number, St ≡ τp/τη, where τη

is the Kolmogorov time scale. Equation (2.2) assumes a linear drag force on the
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particles, which is thought to be valid for St ≤ O(1) [GIB+14, IBC16b], and this is

the range we restrict attention to. The effect of gravity on the particle motion may

be characterized through the settling parameter, Sv, defined as the ratio of particle’s

settling velocity in a quiescent flow, τpg (where g ≡ ‖g‖), to the Kolmogorov velocity

scale, uη ≡ η/τη. The effect of gravity on the flow can be characterized by the Froude

number, Fr ≡ aη/g = ε3/4/(ν1/4g), where aη ≡ uη/τη is the Kolmogorov acceleration,

and ε is the mean turbulent kinetic energy dissipation rate. Note that from these

definitions we also have Fr ≡ St/Sv.

To consider the relative motion between two particles, we consider the motion of a

“satellite” particle relative to a “primary” particle. When each particle is governed

by (2.2), the equation describing their relative motion (in non-dimensional form) is

[DB18]

˜̈rp(t̃) = ˜̇wp(t̃) =
∆ũ(x̃p(t̃), r̃p(t̃), t̃)− w̃p(t̃)

St2
+

∆St(ãp(t̃)− egFr
−1)

St2
(2.3)

where ·̃ denotes a quantity non-dimensionalized using the Kolmogorov scales, ∆u is

the difference in the fluid velocity at the two particle positions, xp(t) is the position

of the primary particle, xp(t) + rp(t) is the position of the satellite particle, wp(t) is

their relative velocity, St1 and St2 are the Stokes numbers of the primary and satellite

particles, respectively, ∆St ≡ St1 − St2, ap(t) is the primary particle acceleration,

and eg ≡ g/g is the unit vector in the direction of gravity.

The formal solution of (2.3) is (we drop the ·̃ for notational ease, and assume t� St2)

wp(t) =
1

St2

∫ t

0

e−(t−s)/St2∆up(s)ds− ∆St

Fr
eg +

∆St

St2

∫ t

0

e−(t−s)/St2ap(s)ds, (2.4)
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and the particle acceleration ap may be expressed as [DB18]

ap(t) =
1

St21

∫ t

0

e−(t−t
′)/St1(up(t)− up(t′))dt′. (2.5)

In the following, we discuss the implications of the above equations and summarize

the key findings of [DB18] regarding the effects of bidispersity and gravity on the

relative motion of inertial particles in turbulence. We provide this summary in order

to make the paper self-contained, since the recent findings of [DB18] will play a key

role in the interpretation of our DNS results.

In (2.4), only the first term survives for monodisperse particles, and the effect of

gravity appears implicitly, through the way it affects the particle interaction with

∆u. The first integral of (2.4) reveals that the particle-pairs are influenced by their

past interaction with the turbulent flow over the time-span t−s ≤ O(St2) along their

trajectory history. The impact of this path-history effect on the statistics of wp(t)

depends upon both St2, and the timescale of ∆up. In the presence of gravity, the

particles fall through the flow, and the timescale of ∆up is reduced compared to the

case without gravity [IBC16b]. Consequently, gravity reduces the path-history effect,

and in the case of monodisperse particles, this leads to a suppression of the particle

relative velocities [IBC16b].

The second term on the rhs of (2.4) describes the explicit effect of gravity on the

particle motion; it acts only in the direction of gravity and represents the difference

in the settling velocity of the two particles (the “differential settling velocity”). The

third term depends upon the particle acceleration, which is implicitly affected by

gravity. This third term causes the relative velocities of bidisperse particles to be

greater than those of monodisperse particles in the absence of gravity. In [IBC16b], it

was argued that because gravity causes particles to fall through the fluid velocity field,
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the fluid velocity changes more rapidly along their trajectory than in the absence of

gravity (i.e. larger values of up(t)−up(t′) for a given t− t′ in (2.5)), such that gravity

enhances the inertial particle accelerations. This enhancement occurs for both the

horizontal and vertical components of ap, and is in fact stronger for the horizontal

component [IBC16b]. Gravity therefore enhances both the vertical and horizontal

components of wp(t).

We now turn to consider the effect of Rλ on the motion of settling, bidisperse inertial

particles in turbulence. As is well-known, turbulent flows become increasingly inter-

mittent at the small scales as Rλ is increased [Pop00a, Fri95]. This would then lead

to the expectation that wp(t) should exhibit increasingly intermittent fluctuations

due to the first and third terms on the rhs (2.4). While this will strongly affect the

higher-order moments of wp(t), the effect on lower-order moments, such as those rel-

evant to particle collision rates, is not immediately clear. Indeed, in [IBC16b] it was

shown that for monodisperse particles, the lower-order moments of wp(t) are almost

independent of Rλ for St . 1.

For typical (r.m.s.) values of ∆up and ap(t), we expect that the differential settling

contribution to (2.4) will completely dominate the behavior of wp(t) in the vertical

direction when Fr � 1 if |∆St| � Fr. However, owing to intermittency, as Rλ is in-

creased, regions where the first and third terms on the rhs (2.4) become O(|∆St|/Fr)

are increasingly probable. Therefore, for a given value of Fr, turbulence is expected

to play an increasingly important role on the vertical relative motion of the particles

as Rλ is increased, even when |∆St|/Fr � 1, where simple dimensional arguments

would suggest the effect of turbulence could be neglected.

In [IBC16b], we derived the following asymptotic prediction for the particle acceler-
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ations in the vertical direction in the regime St1 � (u′/uη)Fr

〈ap3(t)a
p
3(t)〉

a2η
=

1

Fr

(
u′

uη

)2(
1

St21Fr
−1 + lη−1

)
, (2.6)

where u′ is the fluid r.m.s. velocity, and l is the integral length scale of the flow. In

[IBC16b], (2.6) was found to agree very well with DNS over the regime for which it

was derived. Using the scaling u′/uη ∼ Re1/4, l/η ∼ Re3/4, where Re ≡ u′l/ν, and

Rλ =
√

15Re, we find

〈ap3(t)a
p
3(t)〉

a2η
∼ 151/4/(FrR

1/2
λ ), for (St21/Fr)

2/3 � Rλ � (St1/Fr)
2, (2.7)

whereas

〈ap3(t)a
p
3(t)〉

a2η
∼ Rλ/(151/2St21), forRλ � min[(St21/Fr)

2/3, (St1/Fr)
2]. (2.8)

Consequently, two very different asymptotic behaviors are predicted depending upon

the parameter regimes of the system, although likely only (2.7) would be obtainable

in realistic applications where Rλ � 1. The asymptotic model for the horizontal

accelerations given in [IBC16b] leads to similar predictions for that direction.

In this study, fifteen different particle classes are simulated with Stokes numbers and

settling parameters in the range of 0 ≤ St ≤ 3 and 0 ≤ Sv . 58, respectively,

with N3/64 particles simulated per St. Once the flow field has become statistically

stationary, particles are uniformly introduced into the flow with the local fluid velocity.

The particle statistics were computed after the particle distributions and velocities

had reached a statistically stationary state, independent of their initial conditions.

The solution of (2.2), depends upon the fluid velocity at the particle position u(xp(t), t),

and this must be evaluated by interpolating the grid values of fluid velocity at the
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surrounding points to particle centers xp(t). In this study we apply an 8th-order,

B-spline interpolation (from the Eulerian grid) which provides a good balance be-

tween high-accuracy and efficiency [see IVS+13]. Further details on all aspects of the

computational methods can be found in [IVS+13].

In this study, eight different simulations are performed in which 90 ≤ Rλ ≤ 398.

The primary object of this study is to explore the effect of gravity and Rλ on the

small-scale motion of inertial particles, particularly at conditions representative of

those in cumulus clouds. Therefore, in addition to the zero gravity case Fr =∞, we

follow [IBC16b] and consider Fr = 0.3, 0.052, which characterize strongly turbulent

cumulonimbus clouds and weakly turbulent stratiform clouds, respectively [PKS07].

As reported in our recent works ([IBC16b] & [DB18]), in the case of strong gravity

(Fr < 1) the use of periodic boundary conditions in the DNS can artificially influence

the motion of inertial particles if the box length L is too small. In particular, periodic

boundary conditions become problematic when the time it takes the settling particles

to traverse the distance L is smaller than the large eddy turnover time, L /τpg <

O(TL). As discussed in [IBC16b], if L /τpg < O(TL), particles can artificially re-

encounter the same large eddy as they are periodically looped through the domain.

To resolve this issue, larger domain sizes must be used to ensure L /τpg > O(TL) for

each particle class simulated, and this places significant limitations on the value of

Rλ that can be reliably simulated when Fr � 1. Our DNS satisfy the requirement

L /τpg > O(TL) for the range of St and Fr considered, and are designed to keep

both the small and large scales of the flow approximately constant while extending

the domain size. Details of the DNS are summarized in Table 3.1.
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Table 2.1: Simulation parameters for the DNS study of isotropic turbulence (arbi-
trary units). N is the number of grid points in each direction, Reλ ≡ u′λ/ν is the
Taylor micro-scale Reynolds number (Reλ ≡

√
15Re for homogeneous and isotropic

flows), λ ≡ u′/〈(∇u)2〉1/2 is the Taylor micro-scale, L is the box size, ν is the fluid
kinematic viscosity, ε ≡ 2ν

∫ κmax

0
κ2E(κ)dκ is the mean turbulent kinetic energy dis-

sipation rate, l ≡ 3π/(2k)
∫ κmax

0
E(κ)/κdκ is the integral length scale, η ≡ ν3/4/ε1/4 is

the Kolmogorov length scale, u′ ≡
√

(2k/3) is the fluid r.m.s. fluctuating velocity, k
is the turbulent kinetic energy, uη is the Kolmogorov velocity scale, TL ≡ l/u′ is the

large-eddy turnover time, τη ≡
√

(ν/ε) is the Kolmogorov time scale, κmax =
√

2N/3
is the maximum resolved wavenumber, and Np is the number of particles per Stokes
number.

Parameter DNS 1 DNS 2 DNS 3 DNS 4
N 128 128 1024 512
Reλ 93 94 90 224
Fr ∞ 0.3 0.052 ∞
L 2π 2π 16π 2π
ν 0.005 0.005 0.005 0.0008289
ε 0.324 0.332 0.257 0.253
l 1.48 1.49 1.47 1.40
l/η 59.6 60.4 55.6 204
u′ 0.984 0.996 0.912 0.915

u′/uη 4.91 4.92 4.82 7.60
TL 1.51 1.50 1.61 1.53

TL/τη 12.14 12.24 11.52 26.8
κmaxη 1.5 1.48 1.61 1.66
Np 262,144 262,144 16,777,216 2,097,152

Parameter DNS 5 DNS 6 DNS 7 DNS 8
N 512 1024 1024 1024
Reλ 237 230 398 398
Fr 0.3 0.052 ∞ 0.052
L 2π 4π 2π 2π
ν 0.0008289 0.0008289 0.0003 0.0003
ε 0.2842 0.239 0.223 0.223
l 1.43 1.49 1.45 1.45
l/η 214 213 436 436
u′ 0.966 0.914 0.915 0.915

u′/uη 7.82 7.7 10.1 10.1
TL 1.48 1.63 1.58 1.58

TL/τη 27.36 27.66 43.0 43.0
κmaxη 1.62 1.68 1.60 1.60
Np 2,097,152 16,777,216 2,097,152 2,097,152
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As mentioned in the Introduction, Voronöı analysis can be sensitive to the number of

particles used in the analysis. Therefore, when comparing results from different DNS

with different Rλ and Fr we choose the number of particles such that the average

distance between the particles is the same in each study, r ≡ L /N
1/3
p = 7.9η. This

number is comparable to that in the studies of [TMP+12, Mon12, MBC10]. A smaller

value for r would be desirable, however, the computational expense for the higher Rλ

cases we consider make it unfeasible to consider significantly smaller values of r. In

order to provide some insight, however, concerning how our results might depend

upon r̄, we provide results from a simulation with Reλ = 90, and a range of St, Fr

and for r̄ = 1.8η, and we compare the results with those having r̄ = 7.9η. Consistent,

with previous findings, we observe that while the results are quantitatively affected

by the choice of r̄, they are not affected qualitatively, with the dependence of the

results on St, Fr being the same in each case.

Using our DNS data, we perform a 3D Voronoi analysis of the particles, and then

compute a range of statistical quantities using the information from the analysis.

Following [BFMC17], particles at the boundaries of the domain are removed for the

cluster analysis, in order to ensure our cluster analysis is fully consistent with theirs.

Nevertheless, we also compared the results to those obtained where periodic boundary

conditions were applied to the particles. We did not find any noticeable difference

when using these two methods, as expected, given the statistical homogeneity of the

flow.
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2.5 Results

2.5.1 Acceleration

Figures 2.1 & 2.2 show the DNS results for the acceleration PDFs, at three different

Rλ both with gravity and without gravity, in the vertical and horizontal directions,

respectively. We observe that the Rλ dependency can be stronger for the case with

gravity than without gravity, especially for St > 1. A possible explanation for this is

as follows. For particles moving according to (2.2), the acceleration (normalized by

the Kolmogorov scales) may be written as [DB18]

ap(t) =
1

St2

∫ t

0

e−(t−t
′)/St(up(t)− up(t′))dt′. (2.9)

Equation (2.9) shows that since e−(t−t
′)/St decays on the scale St, ap(t) is only affected

by up(t) − up(t′) for times t − t′ ≤ O(St). Further, the quantity up(t) − up(t′) ≡

u(xp(t), t)−u(xp(t′), t′) depends in part on ‖xp(t)−xp(t′)‖. If St� 1, ‖xp(t)−xp(t′)‖

is small (compared to the integral lengthscale of the flow) for t − t′ ≤ O(St), and

so up(t) − up(t′), and hence ap(t), will be dominated by the small-scales. As St is

increased, ‖xp(t)−xp(t′)‖ can be significant for t−t′ ≤ O(St), and so the accelerations

of these particles are increasingly affected by larger scales in the flow. However,

in the regime Fr � 1 and St ≥ O(1), gravity significantly enhances the particle

displacement ‖xp(t) − xp(t′)‖ over the time span t − t′ ≤ O(St), due to the fast

settling of the particles. As a result, the particle accelerations for a given St can

become increasingly affected by larger scales in the flow as Fr is decreased, and

hence the accelerations of inertial particles can be more sensitive to Rλ with gravity

than without, since gravity causes the particles accelerations to be affected by a wider

range of flow lengthscales.
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Figure 2.1: PDF of the vertical particle acceleration, normalized by aη, for different
St, Fr, and Rλ combinations. Black, red and blue lines correspond to Rλ = 90,
Rλ = 224 and Rλ = 398, respectively, and circle and triangle symbols denote Fr =∞
and Fr = 0.052, respectively.
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In figure 2.3, we show results for the variance of the particle accelerations, and the

ratio of their values for the case with gravity to the case without gravity. The re-

sults indicate that for Fr = ∞, increasing St monotonically decreases the particle

accelerations. This decrease occurs both due to the effect of preferential sampling,

whereby the inertial partcles avoid strongly vortical regions where there is rapid fluid

acceleration, and also due to the filtering effect, whereby with increasing St, the par-

ticles become sluggish and have a modulated response to the fluid accelerations along

their trajectory [BBB+06a, AWC08]. The results for Fr < 1 show a non-monotonic

dependence of the fluid acceleration variances on St. The initial enhancement of the

particle accelerations with increasing St is explained by the arguments in previous

section, namely, that the fast settling of the particles causes them to experience rapid

changes in the fluid velocity along their trajectory, leading to large particle acceler-

ations. However, as St is increased, the filtering effect begins to take over, and the

accelerations begin to reduce.

It is interesting to note that the results for Fr = 0.052 show that as Rλ is increased,

the dependence of the acceleration variances on St become weaker for St & 1. This

is because as Rλ is increased, the behavior approaches (although the data indicates

it does not reach) the asymptotic regime described by (2.7) in which the acceleration

variances become independent of St.

In figure 2.4 we plot the kurtosis of the inertial particle accelerations to explore

intermittency in the accelerations. The results show that while increasingRλ enhances

the kurtosis for all St, increasing St monotonically suppresses the kurtosis of the

particle accelerations relative to the fluid particle case St = 0, as previously observed

in [IBC16a]. However, we also find that decreasing Fr significantly suppresses the

kurtosis further, producing values approaching those of a Gaussian PDF. Therefore,

the effect of gravity on the inertial particle accelerations is to enhance the size of the
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Figure 2.2: PDF of the horizontal particle acceleration, normalized by aη, for differ-
ent St, Fr, and Rλ combinations. Black, red and blue lines correspond to Rλ = 90,
Rλ = 224 and Rλ = 398, respectively, and circle and triangle symbols denote Fr =∞
and Fr = 0.052, respectively
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Figure 2.3: Variance of (a) vertical and (b) horizontal particle accelerations, as a
function of St for different Fr and Rλ combinations.

fluctuations, but also to suppress intermittency in the fluctuations. Note that since

we are considering homogeneous, stationary turbulence, for which 〈ap(t)〉 = 0, our

results for the kurtosis imply that for Fr � 1 and St & 1 (i.e. Sv � 1), the particle

acceleration PDFs could be modeled as a Gaussian distribution with variance given

by the asymptotic models in [IBC16b].

In [PAR+15, IBC16b] it was shown that settling can significantly enhance the accel-

erations of inertial particles in turbulent flows, and in [MDB19] it was also shown

that the variance of the particle accelerations generally increase with increasing Reλ

and/or with decreasing Fr. To gain further insight into the behavior of the particle

accelerations, we perform a local analysis by conditioning the particle acceleration

behavior on the local Voronöı volume, to understand how the accelerations are linked

to the concentration field.

Figures 2.5 and 2.6 show results for the particle acceleration (ap(t) ≡ v̇p(t)) condi-

tioned on the local Voronöı volume, in the direction of gravity (which points along

the positive x axis) and perpendicular to gravity (along y axis), respectively.

According to these results, in the absence of gravity (Fr = ∞), the particle accel-
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Figure 2.4: Kurtosis of (a) vertical and (b) horizontal particle accelerations, as
a function of St for different Fr and Rλ combinations. Black, red and blue lines
correspond to Rλ = 90, Rλ = 224 and Rλ = 398, respectively, and circle, square and
triangle symbols denote Fr =∞, Fr = 0.3 and Fr = 0.052, respectively.

erations are zero (to within statistical noise) in both directions, independent of St

and Reλ. In the presence of gravity, this same behavior is observed for the accel-

erations in the direction normal to gravity, however, in the direction of gravity the

quantity becomes finite for finite St. In particular, 〈apx〉ϑ becomes negative (denoting

accelerations in the direction opposite to gravity) at small volumes and positive for

large volumes. Moreover, 〈apx〉ϑ becomes increasingly negative at small ϑ as Reλ is

increased. Some of this behavior may be understood by considering the following

identity

〈apx〉 ≡
∫ ∞
0

〈apx〉ϑP (ϑ) dϑ. (2.10)

Since P (ϑ) ≥ 0, and 〈apx〉 = 0 for statistically stationary, homogeneous turbulence,

then the only way for (2.10) to be satisfied is if either 〈apx〉ϑ = 0 ∀ϑ, or else its sign

varies with ϑ. The latter situation is what we observe in the presence of gravity, with

particles in high concentration regions (small ϑ) exhibiting a net acceleration in the
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direction opposite to gravity even though the net acceleration of all the particles is

zero, i.e. 〈apx〉 = 0. However, we are not able to explain why 〈apx〉ϑ is negative, rather

than positive at small ϑ.
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Figure 2.5: Average acceleration of particles, in the gravity direction, conditioned
on the PDF of the Voronöı volumes at different cases of Fr and Reλ combinations
for (a) St = 0, (b) St = 0.2, (c) St = 0.5, (d) St = 0.7,(e) St = 1, and (f) St = 3.
Different colors represents different cases.
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(c) (d)
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Figure 2.6: Average acceleration of particles, in the plane normal to the gravity
direction, conditioned on the PDF of the Voronöı volumes at different cases of Fr
and Reλ combinations for (a) St = 0, (b) St = 0.2, (c) St = 0.5, (d) St = 0.7,(e)
St = 1, and (f) St = 3. Different colors represents different cases.
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Figures 2.7 and 2.8 show results for the second moment of the particle accelerations

conditioned on the Voronöı volumes, in the direction parallel and perpendicular to

gravity, respectively. The results reveal a surprising nonlinear dependence on ϑ,

that is present irrespective of Fr,Reλ, that disappears for sufficiently small or large

St. Furthermore, the strong dependence of this behavior on St indicates that the

nonlinear dependence of the acceleration variances on ϑ is related to the spatial

clustering of the particles.

This nonlinear dependence of the acceleration variances on ϑ is not qualitatively af-

fected by Fr,Reλ, however, the results show that decreasing Fr and/or increasing

Reλ lead to an enhancement of the particle accelerations at all ϑ (to within statisti-

cal noise). This would seem to imply, in agreement with the physical arguments in

[IBC16b], that the enhancement of the inertial particle accelerations due to gravita-

tional settling are not fundamentally associated with a change in how gravity causes

the particles to cluster. Rather, it is caused by the fact that gravity causes the parti-

cles to experience rapid changes in the fluid velocity along their trajectory, which in

turn leads to large particle accelerations. This effect, described more fully in [DB18],

would operate even if the particles were uniformly distributed throughout the flow.

Indeed, our results in figures 2.7 and 2.8 for St = 3 reveal strong enhancements of

the particle accelerations due to gravity, even though the acceleration variances are

almost independent of ϑ.

In figure 2.9 we show results for the variances of the fluid acceleration (aF ) at the

inertial particle positions, conditioned on ϑ, and for the direction of gravity. These

results also exhibit, in general, a convex functional shape with respect to ϑ. They

also show that as Fr is decreased, the accelerations become stronger, even for St = 0

cases which are independent of Fr (in general the fluid particle accelerations should

be independent of Fr, however since the different Fr cases correspond to different
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simulations, the results can depend on Fr, for example due to different domain sizes

in the simulations). Since the fluid acceleration measured at the inertial particle

positions can only differ from the fluid acceleration at fluid particle positions due to

preferential sampling of the flow by the particles, this indicates that the settling causes

the inertial particles to sample regions of the flow exhibiting strong accelerations.

The results in figure 2.9 also present a challenge to the “sweep-stick” mechanism that

has been proposed to explain particle clustering in turbulent flows [CV09]. The sweep-

stick mechanism states that inertial particles stick to points in the flow where the fluid

acceleration is zero, and since these acceleration stagnation points are themselves

clustered, this therefore explains the clustering of the inertial particles. In [BIC15b]

a number of theoretical arguments were given that call into question the validity of

this proposed mechanism for particle clustering, supported by results from DNS. If

the sweep-stick mechanism were correct, we should expect to find that in regions

where the particles are clustered (i.e. where ϑ is small), the fluid acceleration at the

particle position should be zero, or at least very small compared with aη. The results

in figure 2.9 show, however, that in the regions where the particles are clustered, the

fluid accelerations at the inertial particle positions are large, i.e. their magnitudes

are ≥ O(aη). Moreover, over a significant range of ϑ, the accelerations are almost

independent of ϑ. These results therefore strongly call into question the validity of

the sweep-stick mechanism. We refer the reader to [BIC15b] for a detailed discussion

concerning theoretical issues with the sweep-stick mechanism.
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Figure 2.7: Second moment of particle accelerations, in the gravity direction, con-
ditioned on the PDF of the Voronöı volumes at different cases of Fr and Reλ com-
binations for (a) St = 0, (b) St = 0.2, (c) St = 0.5, (d) St = 0.7,(e) St = 1, and (f)
St = 3. Different colors represents different cases.
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(c) (d)

(e) (f)

Figure 2.8: Second moment of particle accelerations, in the plane normal to the
gravity direction, conditioned on the PDF of the Voronöı volumes at different cases
of Fr and Reλ combinations for (a) St = 0, (b) St = 0.2, (c) St = 0.5, (d) St = 0.7,(e)
St = 1, and (f) St = 3. Different colors represents different cases.
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(e) (f)

Figure 2.9: Second moment of fluid accelerations at the particle position, in the
gravity direction, conditioned on the PDF of the Voronöı volumes at different cases
of Fr and Reλ combinations for (a) St = 0, (b) St = 0.2, (c) St = 0.5, (d) St = 0.7,(e)
St = 1, and (f) St = 3. Different colors represents different cases.
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2.5.2 Relative velocities

We now turn our attention to the PDFs of the vertical and horizontal components

of the particle relative velocities. In figures 2.10 and 2.11, the values of the Stokes

numbers for the particle-pairs are chosen to represent weak (|∆St| = 0.1), moderate

(|∆St| = 0.5) and strong bidispersity (|∆St| = 2). Figure 2.10 shows the PDFs for

particles with separation in the dissipation range (0 ≤ r/η ≤ 2), and figure 2.11

shows the PDFs for particles with separation in the lower end of the inertial range

(18 ≤ r/η ≤ 20).
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Figure 2.10: PDF of (a),(c),(e) vertical, and (b),(d),(f) horizontal relative velocity
for St1 = 1, and different St2, Fr and Rλ combinations, and for particles with
separation r ∈ [0, 2]η. Black, red and blue lines correspond to Rλ = 90, Rλ = 224
and Rλ = 398, respectively, and circle and triangle symbols denote Fr = ∞ and
Fr = 0.052, respectively.
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Figure 2.11: PDF of (a),(c),(e) vertical, and (b),(d),(f) horizontal relative velocity
for St1 = 1, and different St2, Fr and Rλ combinations, and for particles with
separation r ∈ [18, 20]η. Black, red and blue lines correspond to Rλ = 90, Rλ = 224
and Rλ = 398, respectively, and circle and triangle symbols denote Fr = ∞ and
Fr = 0.052, respectively.
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An important finding from these results is that, as anticipated in §??, even when

|∆St|/Fr � 1, the effect of turbulence on the vertical relative motion of the particles

cannot be ignored. Indeed, when gravity dominates the vertical relative velocities

(i.e. for |∆St|/Fr →∞), the PDF of the vertical relative velocity is a delta function

centered on uη|∆St|/Fr. However, the results in figure 2.10(e) show that even when

|∆St|/Fr ≈ 39 (i.e. � 1), the PDF is far from such a delta function, and that

departures of the PDF from a delta function are becoming stronger as Rλ is increased.

This is despite the fact that a standard scaling analysis of the equation of relative

motion suggests that the effect of turbulence should be negligible compared to the

differential sedimentation velocity when |∆St|/Fr � 1. In general, arguments based

on scaling analysis of the equations can be misleading in turbulent flows as they do not

accurately characterize the behavior of the system during large fluctuations about the

mean-field behavior. Our results imply that extremely large values of |∆St|/Fr would

be required to observe a regime where the vertical relative motion of the particles is

completely dominated by gravity. This has important implications for modeling since

in many applications, |∆St|/Fr may never be large enough to fully neglect the role of

turbulent fluctuations on their motion. However, our results do show that the mode

of the vertical relative velocity PDFs are close to the gravity-dominated prediction

uη|∆St|/Fr for each of the values of Rλ considered, as was also observed in [DB18]

for Rλ ≈ 90. Therefore, if only low-order moments of the relative velocities need to

be predicted, the effects of turbulence could be ignored when |∆St|/Fr � 1.

The results in figure 2.10 also show that the effect of Rλ is generally stronger as Fr

is decreased, similar to what was observed with the accelerations. This is largely due

to the fact that at these separations, the particle acceleration contribution to wp(t) is

stronger than that associated with ∆u, and as explained earlier, gravity can enhance

the dependency of the accelerations on Rλ as it increases the range of scales affecting
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the particle accelerations.

In figure 2.12 we show results for the relative velocities of bidisperse particles with

weak inertia. For St1 = 0.1, St2 = 0.05, the vertical velocities are slightly enhanced

by gravity, while the horizontal velocities are not affected by Fr. However, for St1 =

0.1, St2 = 0.3, the effect of Fr is appreciable, with gravity noticably enhancing both

the vertical and horizontal velocities.

In order to consider the effect of Fr and Rλ on the shape of the relative velocity PDFs,

in figure 2.13 we plot the ratio Sp−‖/(S
p
2‖)

1/2 corresponding to the ratio of mean inward

longitudinal relative velocity to the square root of second-order longitudinal relative

velocity structure function. These quantities are defined as Sp−‖ ≡ 〈w
p
‖(t)| < 0〉r,

Sp2‖(r) ≡ 〈w
p
‖(t)w

p
‖(t)〉r, where wp‖(t) ≡ ‖rp(t)‖−1rp(t)·wp(t), 〈·〉r denotes an ensemble

average conditioned on r = ‖rp(t)‖, and | < 0 denotes that only negative values of

wp‖(t) contribute to the average. While other quantifies of the PDF shape could be

used, we choose this measure of the PDF shape since it is of interest to the problem

of particle collisions, to which we will turn our attention in the next section. The

results are plotted for St1 as a function of St2 at three different values of Fr and Rλ.

For a Gaussian PDF, Sp−‖/(S
p
2‖)

1/2 = 1/
√

2π ≈ 0.4, and the results in figure 2.13 show

that the departures from the Gaussian limit are strongest for St = O(1), |∆St| � 1,

and Fr =∞. The dip in the curves that occurs in the monodisperse limit |∆St| → 0

show how sensitive the relative velocities are to bidispersity, and this sensitivity is

enhanced as Fr is decreased. This occurs because the differential sedimentation term

|∆St|/Fr, though identically zero for monodisperse particles, quickly becomes large

as |∆St| is increased if Fr � 1. This emphasizes the importance of accounting for

bidispersity when describing the small-scale dynamics of settling inertial particles in

turbulence, such as in clouds, even if |∆St| � 1.

40



0 2 4 6 8 10 12

10
-5

10
0

(a) Vertical

0 2 4 6 8 10

10
-5

10
0

(b) Horizontal

0 5 10 15

10
-5

10
0

(c) Vertical

0 5 10 15

10
-5

10
0

(d) Horizontal

Figure 2.12: PDF of (a),(c),(e) vertical, and (b),(d),(f) horizontal relative velocity
for St1 = 0.1, and different St2, Fr and Rλ combinations, and for particles with
separation r ∈ [0, 2]η. Black, red and blue lines correspond to Rλ = 90, Rλ = 224
and Rλ = 398, respectively, and circle and triangle symbols denote Fr = ∞ and
Fr = 0.052, respectively.
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Our results also show that the departures from Gaussianity of the relative velocities

become stronger as Rλ increases, as may be expected. However, as Fr is decreased,

the PDFs become increasingly Gaussian. This is important for models of particle

collisions in turbulence, since most of these model S2‖, and then from this recover

a model for the mean collision velocity Sp−‖ by assuming the Gaussian relationship

Sp−‖ =
√
Sp2‖/2π [e.g., see BC14b]. Our results imply this is reasonable for Fr ≤ 0.3

and |∆St| ≥ O(1).
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Figure 2.13: Ratio between mean inward relative velocities and the standard de-
viation of the longitudinal relative velocities as a function of St2, at r/η = 0.375
for different St1, Fr and Rλ combinations. Black, red and blue lines correspond to
Rλ = 90, Rλ = 224 and Rλ = 398, respectively and circle, square and triangle symbols
denote Fr =∞, Fr = 0.3 and Fr = 0.052, respectively.
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2.5.3 Particle settling velocities

We now turn to consider the average velocity of particles conditioned on the Voronöı

volumes to explore how the particle settling velocities depend upon the local particle

concentration. In our notation, the subscript “x” denotes the direction of gravity, so

that positive velocities correspond to particle motion in the direction of gravity.

The results in figure 2.14 clearly illustrate the correlation between the particle settling

velocity and the local concentration (inverse of the Voronöı volumes), as also observed

over smaller ranges of Reλ and Fr in the DNS studies of [MD17, FPCM16, BFMC17]

as well as the experimental study of [ACHL02]. The recent experiments of [PBC19]

also considered this quantity under a wide range of particle loadings, to examine

the influence of two-way coupling between the particles and fluid on the particle

settling velocities and its relation to the local concentration. Their results at low

particle loadings are similar to ours, suggesting, as expected, that the one-way coupled

assumption yields physically realistic results in that regime.

The results show that the Fr for which the settling velocity reaches the largest value

depends upon St, which is simply because in the particle equation of motion, the

important non-dimensional number is the settling number Sv ≡ St/Fr. However,

for St > 0.2, the settling enhancement is strongest for intermediate values of Fr,

in agreement with the DNS study of [DM13]. For Fr = 0.3, the average settling

velocity enhances almost monotonically with increasing particle concentration (the

decrease observed at small volumes for St = 0.2 may be due to noise). However,

for Fr = 0.052, there is a local concentration at which the mean settling velocity is

maximum, and then decreases for higher concentrations. If we assume that larger

Voronöı volumes are associated with larger flow scales, then this is consistent with

the arguments in [TB19] that as Fr is decreased, the scales of the flow responsible for

enhancing the particle settling velocity increase. The results also show that increasing
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Reλ can significantly increase the settling velocities, especially for St ≥ 0.5. This

is explained by the recent theoretical analysis of [TB19] that shows that as Reλ is

increased, more and more energetic flow scales are introduced to the flow that are able

to contribute to the particle settling velocity enhancement through the preferential

sweeping mechanism described below.

Concerning the physical mechanism underlying the correlation between the settling

velocity and concentration/clustering, since our DNS are one-way coupled the effect

cannot be explained in terms of the particles modifying the local flow field, but in

terms of the way the particles passively sample the underlying flow field. [Max87a]

provided a theoretical analysis and on the basis of this proposed that in the regime

St � 1, the particles are preferentially swept around the downward (direction of

gravity) moving side of vortices in the flow, and that as a result of this preferential

sweeping, their average settling velocity exceeds the Stokes settling velocity. This is

the so-called “preferential sweeping mechanism” [WM93a]. This theoretical analy-

sis was recently extended by [TB19] to arbitrary St, wherein the basic mechanism

is the same as that proposed by Maxey, except that now the size of the vortices

around which the particles are preferentially swept is shown to depend essentially on

St, Fr and Reλ, and is a multiscale preferential sweeping mechanism. However, it

was pointed out in [TB19] that unlike the regime St� 1, in the regime St ≥ O(1) the

mechanism generating the clustering is distinct from the preferential sweeping mech-

anism. Indeed, for St ≥ O(1) the clustering is generated by a non-local mechanism

and not the preferential sampling of the local flow field [BIC15a, BIC15b]. As a result,

while the results in figure 2.14 for St � 1 can be directly explained in terms of the

preferential sweeping mechanism, the same does not apply for St ≥ O(1). A direct

and unambiguous test of the preferential sweeping mechanism would be to condition

the average particle velocity not on the concentration, but on some measure of the
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Figure 2.14: Average velocity of particles conditioned on the PDF of the Voronöı
volumes at different cases of Fr and Reλ combinations for (a) St = 0, (b) St = 0.2,
(c) St = 0.5, (d) St = 0.7, and (e) St = 1. Different colors represents different cases.

local preferential sampling of the flow.

2.5.4 Particle collisions and cluster analysis

We now turn our attention to the quantities that are important for particle collisions

in turbulence, specifically, the RDF g(r) which quantifies the spatial clustering of

the particles, the collision velocity Sp−‖(r), and the collision kernel K(r) [SC97]. The

collision kernel is given by K(d) ≡ 4πd2g(d)Sp−‖(d), where d ≡ (d1 + d2)/2 is the
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collision diameter of two spherical particles with diameters d1 and d2 [SC97]. While

the results so far show that Rλ can have a strong effect on the relative motion of

settling bidisperse particles, it is possible that the low-order moments characterizing

the mean particle collision rates are not so sensitive to Rλ. This was found to be

the case in [IBC16b] for settling monodisperse particles, and we now explore the

bidisperse case.

Figure 2.15 shows the results for the RDF. As was shown in [DB18], increasing bidis-

persity and decreasing Fr both lead to the suppression of the spatial clustering of the

particles, as characterized by the RDF. For St < 1, the RDF slightly decreases with

increasing Rλ, while for St > 1 it increases slightly with increasing Rλ. We also note

that the results show that the RDF can be extremely sensitive to |∆St|, especially

for Fr � 1. The results in figure 2.15(d) are particularly striking, showing that for

|∆St| ≥ O(1), the clustering is absent for Fr = 0.052, but then as the monodis-

perse limit |∆St| → 0 is approached, the level of clustering dramatically increases,

and becomes stronger than the Fr = ∞ case. This illustrates nicely the profound

difference in the effect of gravity on the clustering of monodisperse and bidisperse

inertial particles in turbulence, where in the former case it can enhance the clustering

in certain parameter regimes, whereas for the latter it can dramatically suppresses

the clustering.
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Figure 2.15: Radial distribution function (RDF) at r/η = 0.125, as a function of St2,
and for different St1, Fr and Rλ combinations. Black, red and blue lines correspond
to Rλ = 90, Rλ = 224 and Rλ = 398, respectively and circle, square and triangle
symbols denote Fr =∞, Fr = 0.3 and Fr = 0.052, respectively.
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Figure 2.16 shows the results for the mean collision velocity Sp−‖. The results show that

both increasing bidispersity and decreasing Fr lead to enhancement of Sp−‖, which

is simply due to the enhanced contribution from the differential settling velocity.

However, as for the RDF, the dependency of Sp−‖ on Rλ is very weak across the entire

range Fr =∞ to Fr = 0.052, especially for St1, St2 . 1. For |∆St|/Fr � 1, this is

to be expected since in this case Sp−‖ is dominated by the differential settling velocity

of the particles, which is independent of the turbulence and hence independent of Rλ.

In the regime |∆St|/Fr ≤ O(1), the weak dependency of both the RDF and Sp−‖ on

Rλ is likely due to the fact that if St ≤ O(1) and r ≤ O(η), the particle-pair dynamics

is dominated by the dissipation range of the turbulence [BIC15a], and also because

RDF and Sp−‖ are low order moments, whereas the strong effects of intermittency are

mainly associated with the high-order statistics of the phase-space motion.
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Figure 2.16: Mean inward relative velocities at r/η = 0.125, as a function of St2,
and for different St1, Fr and Rλ combinations. Legend for this plot is the same as
that in figure 2.15. Black, red and blue lines correspond to Rλ = 90, Rλ = 224
and Rλ = 398, respectively and circle, square and triangle symbols denote Fr = ∞,
Fr = 0.3 and Fr = 0.052, respectively.
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Finally, in figure 2.17 we plot the normalized collision kernel K̂(d) ≡ K(d)/d2uη.

As explained in [DB18], we plot the results at the smallest r/η for which our DNS

data is reliable, since for bidisperse particles, the exact functional forms for the RDF

and Sp−‖ are not known, and therefore we cannot justifiably extrapolate our DNS

data down to the desired values of d/η. We observe that K̂ increases both with

increasing bidispersity and decreasing Fr, which follows because the enhancement

of Sp−‖ is stronger than the reduction of the RDF due to increasing bidispersity and

decreasing Fr. As follows from the behavior of Sp−‖ and the RDF, K̂ shows a weak

Rλ dependence over the range considered here, especially for St1, St2 . 1.
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Figure 2.17: Collision Kernel at d/η = 0.125 as a function of St2, and for different
St1, Fr and Rλ combinations. Legend for this plot is the same as that in figure
2.15. Black, red and blue lines correspond to Rλ = 90, Rλ = 224 and Rλ = 398,
respectively and circle, square and triangle symbols denote Fr = ∞, Fr = 0.3 and
Fr = 0.052, respectively.
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In figure 2.18, the Probability Distribution Function (PDF) of the Voronöı cell vol-

umes (normalized by the mean Voronöı cells volume) for different St and with different

Fr and Reλ combinations are shown. The small/large Voronöı volumes represent the

high/low concentration regions of the flow. For St = 0 the particles are randomly dis-

tributed, and their PDF follows that of a random Poisson process (RPP), described

by [FN07]. Compared to the St = 0 case, the PDFs for St > 0 are significantly higher

at small volumes, indicating an enhanced probability of finding regions with high lo-

cal particle concentration, i.e. clustering. In the experimental study of [OMM+11]

they observed a crossover, such that at sufficiently small volumes, the PDFs of the

Voronöı volumes for inertial particles drops below that for fluid particles. They con-

jectured that this effect was due to interactions between the particles when they are

sufficiently close. In our results we do not observe this crossover, and neither did the

numerical studies of [TMP+12, BFMC17]. While this may be due to our neglect of

the effect of particle interactions, we note that the crossover was also not observed in

the recent experimental work of [PBC19].

Concerning the effect of Reλ, the results in figure 2.18 indicate that with respect to

the behavior at small volumes, the effect of Reλ depends on both St and Fr. When

St < 3, the effect of Reλ is quite weak, sometimes leading to a slight increase of

the PDF at small volumes that then saturates as Reλ is increased , while in other

cases it leads to a slight decrease of the PDF at small volumes. However, for St = 3,

the sensitivity of the Voronöı volume PDF to Reλ becomes much more apparent,

with the clustering becoming stronger as Reλ is increased. This dependence of the

clustering on Reλ is similar to that found in [IBC16a, IBC16b] where the RDF was

used to analyze the clustering. Arguments in [IBC16a, IBC16b, BIC15a] suggest that

this behavior arises because unless St is sufficiently large, particles in the dissipation

range are not able to remember their interaction with the inerital-range turbulence
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along their path-history. In this case, their motion is dominated by the dissipate

range dynamics of the flow, and their dissipation range motion is not affected by the

changing size of the inertial range as Reλ is increased. Nevertheless, even if their

dissipation range clustering is not affected by the inertial range, the clustering could

still be affected by the strong intermittency of the dissipation range turbulence [Fri95].

In [IBC16a, BC14a] it was argued that because the RDF is a low-order measure of

the particle phase-space dynamics, it is not very sensitive to the flow intermittency

that is most apparent in the high-order moments. However, the PDF of the Voronöı

volumes is not confined to low-order information, and could in principle be sensitive

to intermittent fluctuations in the particle motion, yet our results imply that the

particle clustering is only weakly affected by the flow intermittency. One possible

explanation for this surprising behavior is that due to the preferential sampling of

the flow by the inertial particles, the inertial particles avoid the intermittent regions

of the flow [BBB+06a, IBC16a, IBC16b], and as a result their spatial clustering is

not affected by the increased intermittency in the underlying turbulence as Reλ is

increased. The other possible explanation is that the average inter-particle distance r̄

in our simulations is too large for us to be able to obtain statistically reliable results

at Voronöı volumes that are small enough to be strongly affected by dissipation range

intermittency. To address this issue, future efforts would need to explore the problem

using r̄ ≤ O(η), something that is not currently feasible for the higher Reλ cases.

Concerning the effect of Fr, the results in figure 2.18 indicate that with respect to

the behavior at small volumes, the clustering initially becomes stronger as Fr is

reduced from ∞ (no gravity case) to 0.3, but then becomes weaker as Fr is further

reduced. Therefore, gravity has a non-monotonic effect on the clustering, and whether

it enhances or reduces the clustering depends on St and Fr.
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Figure 2.18: PDF of the Voronöı volumes (normalized by the mean volume) at
different cases of Fr and Reλ combinations for (a) St = 0, (b) St = 0.2, (c) St = 0.5,
(d) St = 0.7,(e) St = 1, and (f) St = 3. Different colors represents different cases.
The dashed line represents the Random Poisson Distribution.
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This effect of gravity on clustering agrees with the conclusions based on the RDF

analysis in [IBC16b], although in that analysis the non-monotonic dependance of the

clustering on Fr was not so clear since only the values Fr =∞, 0.052 were considered,

and not the intermediate value Fr = 0.3. However, such non-monotonic dependence

was observed using an RDF analysis in our previous results. Physical arguments for

the effect of gravity on clustering can be found in [IBC16b].

In figure 2.19, the (PDF) of the Voronöı volumes (normalized by the Voronöı cells’

mean) for different St at a given Fr and Rλ are shown, for the 6 different combinations

of Fr and Rλ. Concerning the clustered regions of the these PDFs (the left tail), we

observe that in the absence of gravity (Fr = ∞), the probability of finding highly

concentrated regions enhances with St and peaks at St = 1 and then drops for larger

St. A possible explanation for this non-trivial behavior of St, which has already

been seen in the previous studies using the RDF analysis [IBC16a], is the preferential

sampling, the tendency of inertial particles to avoid high vorticity regions [BBB+06a,

IBC16a, IBC16b], which is the prevailing mechanism on the distribution of small

inertial particles and the path-history effect [BC14b, BC14a] for sufficiently large

particles (St ≥ 1). However, presence of gravity leads to the monotonic enhancement

of clustering with St (larger for stronger gravity) and its effect becomes more apparent

at higher Rλ. This monotonic enhancement should saturate at larger St because in

the limit St → ∞ particles move ballistic ally and so do not cluster. The previous

studies using the RDF approach showed the same behavior at St ≥ 1 and related this

trend to the suppression of path-history effect due to the gravity [IBC16b, MDB19].

These studies also reported the observed non-monotonic effect of gravity in which it

decreases the clustering when St < O(1) but increases the clustering for St ≥ O(1).

56



(a) Rλ = 90 & Fr =∞ (b) Rλ = 90 & Fr = 0.052

(c) Rλ = 224 & Fr =∞ (d) Rλ = 224 & Fr = 0.052

(e) Rλ = 398 & Fr =∞ (f) Rλ = 398 & Fr = 0.052

Figure 2.19: PDF of the voronöı volumes (normalized by the voronöı cells’ mean)
at different St classes for (a) Rλ = 90 & Fr = ∞, (b) Rλ = 90 & Fr = 0.052, (c)
Rλ = 224 & Fr = ∞, (d) Rλ = 224 & Fr = 0.052, (e) Rλ = 398 & Fr = ∞, and
(f) Rλ = 398 & Fr = 0.052. Different markers represents different St classes. The
dashed line represents the Random Poisson Distribution
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To obtain more insight into the Reλ dependence, in figure 2.20 we plot the standard

deviation (s.d.) of the Voronöı volumes as a function of St. In agreement with the

experimental study of [OMM+11], we observe that for Reλ = 90, the s.d. increases

with increasing St until it reaches a peak around St ≈ 2, after which it decreases.

Also in agreement with their results we find that the s.d. becomes larger and the

peak shifts to higher values of St as Reλ is increased. This is essentially due to the

fact that as Reλ is increased, more flow scales are present in the turbulence at which

the particles can cluster. However, for any finite St, the growth of the s.d. with

increasing Reλ must saturate, since at sufficiently large scales the particles behave as

fluid particles and do not cluster [BIC15b]. The results in figure 2.20 reveal a stronger

sensitivity to Reλ than is implied by the results in figure 2.18 which may indicate that

the sensitivity of the s.d. to Reλ is mainly in the behavior of the PDF of Voronöı

cells with large volume, whose behavior is not clear in a loglog plot. To consider

this, in figure 2.21 we plot the PDF of Voronöı volumes in a log-lin plot. Comparing

the results with those in figure 2.18 confirms that it is the Voronöı cells with larger

volumes that exhibit the strongest sensitivity to Reλ and that the sensitivity to Reλ

is generally stronger in the presence of gravity.

The data in figure 2.18 shows that the PDF for inertial particles intersects that

for fluid particles at two points, denoted by ϑC and ϑv, respectively. These points

are often used to define thresholds for detecting clusters and voids, with volumes

less than ϑC denoting clustered regions, and volumes greater than ϑv denoting void

regions. In view of these definitions, it is then apparent that the Reλ dependence

of the s.d. of the Voronöı volumes comes mainly from the Reλ of the void regions,

and not the clustered regions. In this way our conclusions are consistent with the

findings in [IBC16a, IBC16b] based on the RDF that the small-scale clustering is

quite insensitive to Reλ when St . 1, and the strong Reλ dependence of the s.d. of
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Figure 2.20: Standard deviation of Voronöı cells normalized by their mean as a
function of St.

the Voronöı volumes does not contradict this.

A related point is that the results in figure 2.20 indicate that gravity suppresses the

s.d. of the Voronöı volumes, while for the same cases (e.g. St = 3, Reλ = 398), figure

2.18 indicates that gravity enhances the small-scale clustering. This is again because

the s.d. is dominated by the behavior of the void regions rather than the clustered

regions, and the void regions tend to be suppressed by gravity. This shows again

the non-trivial effect of gravity on the particle clustering; while the probability of

clustered and void regions both increase with increasing St, for a given St, decreasing

Fr can enhance the probability of clustered regions while lowering the probability of

void regions. These points illustrate that using the s.d. Voronöı volumes as a measure

of clustering should be used with caution, since its properties are dominated by void,

rather than clustered regions of the flow.
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Figure 2.21: PDF of the Voronöı volumes (normalized by the mean volume) at
different cases of Fr and Reλ combinations for (a) St = 0, (b) St = 0.2, (c) St = 0.5,
(d) St = 0.7,(e) St = 1, and (f) St = 3. Different colors represents different cases.
The dashed line represents the Random Poisson Distribution.
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In a number of previous studies it has been reported that the PDF of Voronöı vol-

umes follows a log-normal distribution [OTC+14, MBC10, SCAB17, PBC19, DM13].

In figure 2.22 the centered and normalized PDFs of the logarithm of the Voronöı

volumes are presented. The results show that for St ≥ 0.5 a Gaussian distribution

can approximate the shape of log(ϑ) in the interval ±2σlog(ϑ), while large deviations

from the Gaussian PDF are found outside of this range. In particular, the tails of the

PDF are heavier than a Gaussian distribution, as also observed in [DM13]. However,

the PDF seems to approach a Gaussian shape as St increases. For smaller St the

Gaussian PDF is not followed, which is to be expected since in the limit St→ 0 the

PDF follows that for a RPP, a shown earlier. Therefore, the log-normal shape for

the PDF of Voronöı volumes is only a reasonable approximation in certain regimes.

Departures from the log-normal behavior exhibit different (and not entirely clear)

dependencies on Reλ and Fr for the left and right tails of the PDF, an explanation

for which is not clear.
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Figure 2.22: PDF of the log-normal distribution of Voronöı volumes (centered at
the mean and normalized by standard deviation) at different cases of Fr and Reλ
combinations for (a) St = 0, (b) St = 0.2, (c) St = 0.5, (d) St = 0.7,(e) St = 1,
and (f) St = 3. Different colors represents different cases and dashed line denotes the
Gaussian distribution.
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We now turn our attention to the results for clusters of particles, which are defined

as connected Voronöı cells that have volumes ≤ ϑC [BFMC17].

Figure 2.23 shows the PDF of cluster volumes normalized by the Kolmogorov scale.

The results show that cluster sizes are distributed over a wide range of scales, from the

dissipation up to integral range scales. In agreement with previous studies ([FPCM16,

BFMC17, MBC10, OTC+14, MD17]), we find that the right hand side of the PDF is

well described as a power law with exponent −2, which implies self-similarity of the

clusters, in line with results in [YG07, MBC10]. This slope was found to be ∼ −5/3

in the experimental study of [SCAB17].
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Figure 2.23: PDF of the cluster volumes (normalized by the Kolmogorov scale) at
different cases of Fr and Reλ combinations for (a) St = 0.4, (b) St = 0.7, (c) St = 1,
(d) St = 1.5, and (e) St = 3. Different colors represents different cases. The dashed
line represents a power law with exponent −2.
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The results in Figure 2.23 reveal a much weaker dependence on St,Reλ and Fr than

the PDF of the Voronöı volumes considered earlier. Figure 2.24 shows the same results

in a log-lin plot to emphasize the behavior for larger clusters, and again we find a

weak dependence on St,Reλ and Fr. One possible reason for the weak dependence

is related to the fact that given that the average inter-particle distance is 7.9η, the

clusters are quite large and so the effects of inertia are weaker than they would be for

smaller clusters. Indeed, the study of [BFMC17] had a much smaller average inter-

particle distance of ≈ 2.2η, and in their results the strongest effects of the particle

inertia were found for the smallest clusters, as expected.
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Figure 2.24: PDF of the coherent cluster volumes (normalized by the Kolmogorov
scale) at different cases of Fr and Reλ combinations for (a) St = 0.4, (b) St = 0.7,
(c) St = 1, (d) St = 1.5, and (e) St = 3. Different colors represents different cases.
The dashed line represents a power law with exponent −2.
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To obtain clearer quantitative insight, the standard deviation (s.d.) of the coherent

cluster volumes is shown in the figure 2.25. The results reveal a quite weak dependence

on St, which was also reported in the experimental study of [SCAB17]. This is

in striking contrast to the results for the s.d. of the Voronöı volumes shown in

Figure 2.20, for which a very strong dependence on St was observed. However, the

effect of Fr and Reλ on the s.d. of the coherent cluster volumes is much stronger.

In particular, the s.d. increases strongly with increasing Reλ, while it increases only

slightly in going from Fr =∞ to 0.3, and then increases substantially in going from

Fr = 0.3 to 0.052.

In figure 2.26, the average percentage of particles within clusters compared with the

number in the whole domain is shown. In agreement with [BFMC17], we observe that

this percentage increases with increasing St, though for lower (or Reλ = 90 ) Reλ

this reaches a maximum at St ≈ 2 and then reduces. We expect that a maximum

would also be observed for the higher Reλ, but at larger St (a maximum must occur

since in the limits St → 0 and St → ∞ the percentage must go to zero). The

results show that generally, increasing Reλ leads to an increase of the percentage,

while the dependence on Fr is non-monotonic, with the percentage generally being

largest for the intermediate value Fr = 0.3. It is important to note, however, that

the percentages we observe are much larger than those observed by [BFMC17]. This

difference is likely due to the fact that in their simulations the average inter-particle

distance was 2.2η, while in ours it has the significantly larger value 7.9η. If this indeed

is the explanation, then it shows that the significance of the particle clusters, in terms

of the number of particles contained within them as a fraction of the total number in

the flow, depends essentially on the particle loading in the flow.
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Figure 2.25: Standard deviation of Voronöı cells of clusters as a function of St.

Figure 2.26: Average percentage of total particles in clusters to the total number of
particles in the whole domain, as a function of St and for different cases
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Figure 2.27 shows results for the average cluster size as a function of the number of

particles in the clusters, which provides information on the relationship between the

coherent cluster sizes and the particle concentrations within them. (For brevity we

only show the results for St = 1, but the behavior is the same for the other St cases).

This relationship is found to be approximately linear, and is independent of all the

control parameters over the range we have explored. Such a linear relationship, and

its lack of sensitivity to St and Fr, were already reported in [BFMC17] for Reλ = 65,

however, our results confirm that this quantity is also independent of Reλ.
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Figure 2.27: The cluster volume normalized by the Kolmogorov scale versus particle
counts in clusters normalized by the whole particles in the domain, for St = 1.
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(a) St = 0.7 &Rλ = 398 & Fr =∞ (b) St = 0.7 &Rλ = 398 & Fr = 0.052

(c) St = 3 &Rλ = 398 & Fr =∞ (d) St = 3 &Rλ = 398 & Fr = 0.052

Figure 2.28: Clusters Visualization of inertial particles with St = 0.7 and St = 3
at a specific snapshot of flow with Rλ = 398 when the gravity is active ((a) and (c))
and inactive ((b) and (d)). x represents the direction parallel to the gravitational
acceleration. Different colors demonstrate the largest 2000 clusters in the domain.

Clusters visualization of inertial particles with St = 0.7 and St = 3 are shown in the

figure 2.28 for the same snapshot of two simulations, one with and the other without

the presence of gravity. This visualization shows that the gravity affects the size and

orientations of clusters and leads to their elongation with the gravity vector. We also

observe that the cluster size may increases with St.

Topological features of clustered particles are illustrated in figure 2.29. The linear

dimension of clusters, shown in figure 2.29a, lies in the range of 16η − 26η and il-
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lustrates that in the presence of strong gravity it is independent of St but increases

with Rλ. The trend in absence of gravity (or moderate gravity) shows a monotonic

increase with St. In the experimental study of [OTC+14] using 2D Voronöı analysis,√
〈AC〉 was reported 10η − 20η but they could not distinguish whether this increase

in size comes from larger St or larger Rλ. Here we observe that increasing both St

and Rλ can enhance the typical size of clusters.

Figure 2.29b shows the mean concentration of clustered particles normalized by global

concentration versus St for different cases which illustrates than the mean concen-

tration can reach around three times of the average concentration. For all the cases

we observe a general trend in which the mean concentration enhances monotonically

with St and peaks at St = O(1) and then decreases. The effect of Rλ is moderate

and only appears for St > 1 in which it shifts the maximum to the larger St and

enhances the clustering. This behavior again confirms that the presence of larger

flow scales can only change the clustering of large inertial particles (St = O(1)) and

small inertial particles interact only with small scales of flow. Although the effect of

moderate gravity emerges for St = O(1), the influence of strong gravity manifests

at small inertial particles (St > 0.2). In general, gravity shifts the peak to larger

St (like Rλ) but leads to a steady decline with larger St. The suppression of mean

concentration of clustered particles due to the strong gravity at St < O(1) can be

explained by the point that gravity suppresses the preferential sampling of particles

(so become de-correlated from the underlying flow). Furthermore, our results show

the same trend seen at St = 0.18, St = 0.9 and St = 3.6 in the recent study of

[BFMC17] (where Re = 65 and Fr = 0.1)
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Figure 2.29: Topology characteristics of clusters as a function of St and for dif-
ferent cases: (a) first moment normalized by η and (b) Mean particle concentration
normalized by global concentration. Colors and symbols represent different cases

Finally, we turn to consider the velocity statistics of the particles in coherent clusters

as compared with those in the entire domain. In figure 2.30 we show results for the

difference in the average velocity of particles in clusters to that based on all particles

in the flow. In agreement with those of [BFMC17], our results show that the mean

settling velocity of particles in clusters can be significantly larger than based upon

averaging over all particles in the flow. Our results also show that this difference

increases with increasing Reλ, with a non-monotonic dependence on Fr (since the

results are zero for Fr = ∞). The average settling velocity of all particles is known

to increase with increasing Reλ, which is principally due to the enhanced range of

scales for the particles to interact with as Reλ grows [TB19]. However, the Reλ

dependence of the results in figure 2.30 would seem to be due to something more

subtle to this, since all particles in the flow, whether clustered or not, would be

subject to the enhanced range of scales available for the particles to interact with as

Reλ grows.
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Figure 2.30: Difference between the average velocity of particles within the clusters
and the whole particles in the domain.

The results for the particle fluctuating kinetic energyK(St) ≡ (1/2)〈‖vp(t)−〈vp(t)〉‖2〉

are shown in figure 2.31. The results show that while the settling velocity of particles

in coherent clusters is significantly different from that of all the particles in the flow,

there is only a small difference for their kinetic energy. In the absence of gravity, the

particles in coherent clusters have slightly less kinetic energy compared with the aver-

age based on all particles in the flow. The most likely explanation for this is that the

difference is caused by the preferential sampling of the turbulent flow, which is known

to be suppressed in the presence of gravity [IBC16b]. As explained in [IBC16a], the

decrease of the kinetic energy with increasing St is due to the inertial particles fil-

tering out fluctuations in the turbulent flow, while the increase of the kinetic energy

with increasing Reλ (for a fixed St and Fr) is due to a reduction of the filtering effect

owing to the increased timescale separation in the turbulent flow as Reλ is increased.

Finally, the decrease of the kinetic energy as Fr is decreased (for a fixed St and Reλ)

is because the filtering effect is enhanced due to the timescale of the fluid velocity

seen by the particle becoming shorter as the particles settle faster.
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Figure 2.31: Average kinetic energy of particles within the clusters (solid lines) and
the whole particles in the domain (dashed lines).
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Chapter 3

Dimension Reduced Turbulent
Flow Data From Deep Vector
Quantizers

3.1 Introduction

The growing availability of computational resources in recent decades has facilitated

the exploration and understanding of turbulent flows. From the Computational Fluid

Dynamics (CFD) perspective, high-fidelity simulations of turbulent flows may be

achieved by solving the Navier-Stokes (NS) equation numerically, a procedure known

as Direct Numerical Simulation (DNS). A less expensive computational approach is

to use Large Eddy simulation (LES) in which the small scales are modeled rather

than simulated, reducing computational cost at the expense of accuracy and access

to small-scale flow information. Both DNS and LES require significant computational

resources, and can produce large amounts of data that is cumbersome to store, transfer

(bandwidth requirements) and analyze. Such challenges can be addressed by the
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development of efficient and accurate data compression techniques.

Data compression in this CFD context may be employed for both compressed data

checkpointing (storing the compressed data and using it for restarting the simula-

tion), and post-processing purposes. The main goal of such compression processes is

to truncate the size of the data files while also ensuring that (i) simulation restarts

using the compressed data would not significantly impact the long-term behavior of

the simulated flow (ii) the compressed data still preserves the essential statistical

properties of the turbulent flow with reasonable accuracy. Compression techniques

can be broadly classified into lossless and lossy, depending on the information loss

during a data reduction process. In dealing with large CFD simulations, often a lossy

compression algorithm is favored, due to its reduced memory requirements while

offering higher compression capabilities, although this approach sacrifices the abil-

ity to retrieve the original data. Recent studies in the image compression community

([DDT20, JVM+18]) have shown that machine-learning based lossy compression tech-

niques, particularly those based on deep neural networks, can outperform classical

methods such as JPEG standard [Wal92] and BPG [Bel15].

Machine learning techniques are bringing fresh perspectives in many areas. Among

machine learning techniques, deep learning models have received significant attention

due to their ability to capture complex interactions and achieve outstanding per-

formance across a wide range of applications in information technology, healthcare

and engineering, to name a few. In the context of data compression, common deep

neural networks are based on an autoencoder architecture, which has also gained

interest in the CFD community for the purpose of data compression of three dimen-

sional turbulent flows ([GKS20], [MTCL20]). Our study is in line with these recent

endeavors and proposes a deep learning based data compression framework that com-

presses/encodes the velocity field data of three dimensional turbulent flows into a
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discrete space through quantization of the bottleneck representation, the so-called

vector-quantized autoencoder. This approach involves a calibration process that en-

ables infusing prior knowledge of the data to boost the performance of model. Com-

pared to the recent autoencoder network proposed in [GKS20], training our frame-

work is computationally much cheaper and the trained model significantly improves

not only the compression ratio but also the accuracy of the reconstructed data.

3.2 Background

3.2.1 Data Compression

As scale of high-fidelity turbulent flow simulations grows and becomes data inten-

sive, data compression becomes an integral part to reduce burdens on computational

resources, in terms of disk usage and memory bandwidth, during data management

which includes storage, transfer, and in-situ analysis of data. While lossless com-

pression technologies can eliminate less useful content of data without affecting the

quality, their compression capabilities are modest/limited [EFF00, RKB06] and can-

not drastically reduce the size of data files. On the other hand, lossy schemes can

significantly reduce the size of data files while incurring some distortion in the recon-

structed data when decoding the compressed file. Seven use cases of lossy compression

for scientific research are discussed in [CDL+19] which are visualization, reducing data

stream intensity, reducing footprint on storage, reducing I/O time, accelerating check-

point/restart, reducing footprint in memory, and accelerating execution. The analysis

of large turbulent flow simulations is generally more concentrated on the statistical

quantities of flow field rather than its instantaneous values. Therefore, we prefer a

lossy compression scheme that can extract the most relevant physics of turbulence
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hence resulting in a minimal impact on the quality of statistics of post-processed data

from a physics point of view. Given that loss of information is unavoidable in lossy

compression methods, we desire a model that can offer a controllable level of trade-off

between the compression ratio and distortion of data, independent of input data.

Lossy compression schemes involve two steps of (i) compression, in which original

data is encoded into a latent space and (ii) decompression, in which the compressed

data is decoded. The quality of these lossy dimension reduction models is evaluated

based on their compression capability, which is measured by computing compression

ratio (CR) and defined as :

CR =
original file size

compressed file size
(3.1)

and their accuracy in reconstructing the original data, which is measured by different

metrics depending on the applications. Lossy compression schemes, which are directly

inherited from image compression techniques ([CDL+19]), cover a wide range of ap-

proaches such as classical and diffusion wavelets ([CM06, Mal89]), spectral methods

([KG00]), reduced-order models ([Bla14]), orthogonal transforms ([RY14]) and matrix

decomposition ([CGMR05]). In the computer vision community, many recent stud-

ies, such as [TOH+15, MAT+18], reported that application of deep neural networks

in the problem of lossy image compression can yield comparable results as classical

techniques (JPEG [Wal92] and its variants such as BPG [Bel15]) and even [JVM+18]

reported that their deep learning based lossy image compression framework can out-

perform them. In the following sections, we discuss deep neural networks and their

applications in data compression, particularly for turbulence research.
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3.2.2 Deep Learning in Turbulence Research

With the growing availability of high-fidelity data and computational power, data-

driven modeling has recently gained enormous interest. Among these data-driven

methods, Machine Learning (ML) techniques, particularly deep learning models,

have received much attention due to their ability to capture complex interactions,

and achieve outstanding performance across a wide range of applications in informa-

tion technology, healthcare and engineering, to name a few. Deep learning models,

also known as deep neural networks, are built from a stack of layers with learnable

parameters that perform linear and non-linear transformation between their inputs

and outputs where their parameters are trained through an optimization procedure

([LBH15]), referred to as backpropagation.

Mathematically speaking, Artificial Neural Networks (ANN), including deep learning,

can be viewed as generalization of linear models ([MG+16]). In an ANN, the basic

unit is a neuron (also called node) and represents a vector-to-scaler function. A layer

is composed of a set of such nodes and operates as a vector-to-vector function. The

notion of being “deep” refers to the interconnected nature of the stacked layers (also

known as fully connected neural networks), in which the output of each layer (x)

passes through an activation function (φ) and becomes the input of the subsequent

layer (y = φ(W>x), where W are the weights), enabling the construction of a

universal function approximator [HSW+89, HSW90]. Due to this structure, the model

can describe complex nonlinear functions (although there is no guarantee that it would

be able to learn such a function), with the model parameters and weights W learned

during training process. Interested readers are referred to [GBCB16] for more detailed

information.

Despite the remarkable success of Deep Neural Networks and their ability to outper-

form other competitive algorithms in many areas of big data analytics, their applica-
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tions in the physical sciences has been tempered by the caveat that these networks

are essentially “black boxes” which are hard to interpret and physics-agnostic. Fur-

thermore, training such networks requires significant data (except for unsupervised

learning tasks), which may not be available, and the training process takes some time.

However, well-trained deep learning models can make quick inferences about similar

input data, particularly for very complex physical systems, and this characteristic

distinguishes them from conventional numerical solvers.

In the fluid dynamics community, particularly CFD of turbulent flows, there have been

attempts in recent years to utilize deep learning tools for turbulence modeling. Such

endeavors have mainly focussed on developing Reynolds stress closures and subgrid-

scale (SGS) models for RANS and LES simulations, respectively ([MSRV19, LKT16,

BFM19]), super-resolution reconstruction of coarse flow fields ([FFT18]), augment-

ing existing turbulence models with physics-informed machine learning ([WXP18,

WR17]), and spatio-temporal modeling of isotropic turbulence [MTCL20].

The first step of the modeling process is to identify potential deep learning models

which are well-suited for handling non-linear spatial data. Indeed, we seek models that

can capture the spatial dependencies of turbulent flow fields. Given the structured

grid/pixel-based discritizations of many computational domains in turbulent flow

simulations, we can draw an analogy between turbulence data and image data where

three components of velocity field represent RGB (red, green, blue) color channels, and

instead of two dimensional spatial grids we have a volumetric data. Therefore, we can

benefit from modern computer vision approaches by applying them in a turbulence

modeling framework. The recent success of deep learning schemes in vision tasks

(image classification, object detection, face recognition, etc.) is heavily attributed

to developments in Convolutional Neural Networks (CNN) ([KRSB18]), which are

inspired by the organization of animal visual cortex ([HW68, FM82]).
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Deep convolutional neural networks have a compositional hierarchy that are designed

to learn spatial features from low to high level patterns. In the context of image

recognition for instance, the first layers capture low-level features such as edges, and

subsequent layers assemble edges to form shapes, and finally deeper layers combine

these shapes to construct objects ([SP18]). CNNs assume that there is a positional

relationship in data, like rows and columns of images. Therefore, the key advantage

of CNNs over traditional ANNs is that they can account for correlations between the

adjacent input data points. From the implementation and mathematical perspec-

tives, the weights (learnable parameters) in such networks are structured as kernels

(or filters), with a predetermined size, which sweep across structured input data (an

image for instance) while performing a convolution operation (that is actually a cross-

correlation). These kernels, known as convolutional kernels, are applied to extract a

reduced data space from the input data (a feature extraction approach) while pre-

serving the positional relationships between the data points. Unlike traditional fully

connected neural networks, there is no need to have all the neurons be connected

to each other, which this leads to a careful pruning of the connections based on the

structure of the data. This then reduces the number of weights required to be trained

in the network. These characteristics make CNNs more robust to rotation and trans-

lation, and to be agnostic to the spatial dimension of the input grid points. Selection

of a convolution kernel involves choosing kernel size, stride length and padding. More

information on convolutional layers can be found in [GBCB16].

The capability of CNNs in extracting spatial connections in data (i.e. exploiting

the correlations between the adjacent input data points) could make them a suitable

architecture for a variety of physics-based applications. Furthermore, one can incor-

porate different boundary conditions (wall, periodic etc.) into convolutional layers in

the form of padding ([Pat19]). Such a hierarchical superposition of complex struc-
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tures may resemble the cascade nature of turbulence wherein there is on average a

transfer of information (energy) among the scales, and hence it is worth exploring the

extent to which the techniques utilized in computer vision tasks could be applicable

to turbulent flow fields. Recent studies of [WKM+20] and [LKA+20]) have utilized

CNNs in the context of spatio-temporal modeling of 2D turbulent flows and found

promising results. In the following section, we discuss the application of CNNs in

building lossy data compression schemes and survey the recent relevant works in the

turbulence community.

3.2.3 Deep Learning for Data Compression

With the rise of deep learning and the rapid development of its theory, its applications

in the field of image compression have proven remarkably successful. Common deep

neural networks for the purpose of image compression have an auto-encoder architec-

ture, including recurrent and non-recurrent auto-encoders, and are mainly composed

of CNN layers [DDT20]. The auto-encoder architecture is composed of two networks,

namely the encoder and decoder. The encoder performs down-sampling on the input

data to generate a compressed non-linear latent space (also called the bottleneck)

representation of the input, while the decoder takes the output of the encoder and

reconstructs the input data via upsampling. Unlike fully connected neural networks

based autoencoders that receive a vectorized representation of the input data which

leads to the removal of dimensional information, fully convolutional autoencoders

take original the representation of the data and can maintain the spatial relation-

ships between data points, and are agnostic to the spatial dimensions of the input

data. In CNN based autoencoders, dimension reduction can be performed by appro-

priate choices of the convolution kernel and pooling layers, while the upsampling is
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performed with transposed convolution kernels.

Convolutional Neural Network-based autoencoder has also received attention in the

turbulence community for use in dimension reduction of velocity field data from

three-dimensional turbulent flows. In the recent study of [MTCL20], a convolutional

autoencoder was employed to obtain a low dimensional representation of a three-

dimensional velocity field from an isotropic turbulent flow. The main purpose of

their study was to model spatio-temporal realizations of isotropic turbulence. How-

ever, to handle the data, they had to use a data reduction technique to obtain a

compact version of the data before passing it to their sequence learning model. They

constructed a framework that offers a compression ratio of 125. Their compression

results indicate that their model can capture large scales of flow accurately and iner-

tial scales with some distortion, but it failed drastically in preserving the small scales

of flow, as seen in their compression model results for the turbulence energy spectrum

and the probability distributions of the longitudinal velocity gradients.

The recent turbulence data compression study of [GKS20] centered around the out-

performance of their CNN based autoencoder against a variant of singular value

decomposition (SVD) for the purpose of in-situ data compression, with a focus on

generating lossy restart data. Their autoencoder offers a compression ratio of 64

and has been trained on decaying isotropic turbulence, and then tested on Taylor-

Green vortex and pressure-driven channel flows. Their findings clearly demonstrate

the remarkable performance of their model in reconstructing physical characteristics

of flows (e.g. near-wall behavior in channel flows) which were not seen by the model

during training. Their results for the lossy restart data show that the trained network

produces compressed data files that, when used as restart files in simulations, leads to

simulation results that preserve the important flow properties when compared with

the results generated using the original, full data for the restart files. Nevertheless,
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although their model does a much better job at capturing the properties of the iner-

tial range scales compared to the model in [MTCL20], it still it leads to a noticeable

loss of information for the small scales of flow.

The results of these recent studies indicate that further efforts in using CNN-based

autoencoders for data compression of turbulent flows can be very fruitful. Our study

is motivated by these recent works to design a data compression model that increase

not only the compression ratio but also the accuracy of the reconstructed data. From

a theoretical point of view, the main difference between our framework and these

studies is that we incorporate the concept of vector quantization and generate a bot-

tleneck representation in a discrete space (an integer representation). Furthermore,

we infuse prior physical knowledge of the data into the model to enhance the ability

of model in respecting the small-scale characteristics of the turbulence which were not

well-captured in previous works. From the implementation point of view, we design

and train our framework such that it results in a significant decrease in the number

of hyper-parameters which eventually reduces the computational cost. Furthermore,

additional (off-line) training of a spatio-temporal model over such a discrete latent

space is CR× faster, allowing the model to be trained efficiently on higher resolution

data. To the best of our knowledge, this is the first deep learning framework embed-

ded with the quantization concept in the turbulence literature. Our results indicate

that our framework outperforms the existing models while not suffering from their

shortcomings of capturing small scales.
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3.3 Methodology

3.3.1 Vector Quantization

In the context of signal compression, quantization means mapping a real (floating

point) value to an integer which is intrinsically lossy. Following this definition, vector

1 quantization (VQ) can be described as clustering vectors with similar values in which

all the vectors that fall within a cluster are quantized to have the same (binary) value

corresponding to the index of the cluster. Each cluster (a Voronöı region) has a

unique vector representation, called codeword, and a mapping scheme is composed

of a collection of such clusters, called a codebook. Given that input vectors are most

likely non-uniformly distributed in space, thinking of a vector in Rn as a point, a

good codebook takes this into account and allocates less codewords to sparse regions.

That eventually leads to low error values for commonly occurring points and high

error values for the rare ones [LMG+18].

Mathematically speaking, in a VQ operation, m-dimensional vectors in Rm are mapped

into a finite set of codewords/vectors Y = {ei : i = 1, 2, .., K} with a fixed size D or

ei ∈ RD, where K represents the size of the codebook. Larger D or K can improve the

expressibility of the codebook which comes at the cost of reducing the compression

ratio.

A VQ is composed of encoding and decoding operations. In terms of computations,

the encoding is a exhaustive task (designing a suitable codebook) while decoding

(retrieving the index of a codeword in a codebook that has the minimum Euclidean

distance to the input vector) is quite light. Therefore, a VQ is an attractive solution

for applications that involve encode-once-and-decode-many times [LMG+18], such as

data compression of CFD simulations.

1not limited to the vector-valued data; adjacent pixels in an image can form a vector
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3.3.2 Vector-Quantized Autoencoder

A Vector-Quantized (fully convolutional) autoencoder encodes the input data in a

discrete latent space and can effectively use the capacity of latent space by conserving

important features of data that usually span many dimensions in data space (such

as objects in images) and reducing entropy (putting less focus on noise) [VDOV+17].

Given that turbulence is inherently non-local (its features span many dimensions in

the computational domain), VQ might be a good tool to retain import characteristics

of turbulence during compression of the data.

Compared to a conventional autoencoder, a Vector-Quantized Autoencoder has an

additional Vector-Quantizer module. The encoder (E) serves as a non-linear function

that maps input data (x) to a vector E(x). The quantizer modules takes this vector

and outputs an index (k) corresponding to the closest codeword in the codebook to

this vector (ek):

Quantize(E(x)) = ek, where k = arg min
j

‖ E(x)− ej ‖2 . (3.2)

Codeword index k is used for the integer representation of the latent space, and ek

serves as the input of decoder (D) which operates as another non-linear function to

reconstruct the input data. The Vector-Quantizer module brings two additional terms

in the loss function, namely codebook loss and commitment loss, to align the encoder

output with the vector space of the codebook. The entire VQ-AE loss is defined as:

L(x,D(e)) = ‖ x−D(e) ‖22︸ ︷︷ ︸
reconstruction loss

+ ‖ sg{E(x)} − e ‖22︸ ︷︷ ︸
codebook loss

+ β ‖ sg{e} − E(x) ‖22︸ ︷︷ ︸
commitment loss

. (3.3)
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In the above, the reconstruction loss trains both encoder and decoder parameters

where the gradient of reconstruction error is back-propagated to the decoder first,

and then directly passed to the output of the encoder using the straight-through gra-

dient estimator [BLC13] (because there is no real gradient for the arg min term in

Equation (3.2)). The codebook loss trains only the codebook by moving the picked

codeword ek towards the output of the encoder. The commitment loss trains only the

encoder by encouraging the output of the encoder to be close to the selected code-

word, and to avoid jumping frequently between different codewords in the codebook.

The β coefficient represents the commitment coefficient which controls the reluctance

against this fluctuation, and sg{·} denotes the stop gradient operator which does

not propagate gradients with respect to its arguments. For the codebook design, the

codebook loss can be replaced with the exponential moving average scheme to update

codebook parameters. More details can be found in [VDOV+17, RvdOV19].

3.3.3 Incorporating prior knowledge of data into framework

So far we have highlighted two connections between the characteristics of turbu-

lence and the proposed framework: (i) the compositional hierarchy of convolutional

networks and multiscale nature of turbulence. (ii) the capability of VQ to capture

spatially correlated features of the flow that also exist between different scales. These

are general characteristics of many multi-scale physical phenomenon. Consequently,

the above framework can be employed for other applications such as climatology, geo-

physics, oceanography, astronomy, and astrophysics where the problem of interest is

understanding patterns and correlations. We employ this framework for the case of

turbulent flows. It would be beneficial if we could infuse our prior knowledge of input
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data into the model so that it is enforced to obey those constraints. To this end, we

impose such constraints by additional regularization terms in the loss function of the

model.

As noted earlier, preserving small-scale properties of the turbulent flow was a challenge

for prior compression models. It may be of interest to add appropriate constraints

in order to capture these more faithfully. Given that our model will be trained on

isotropic turbulence, the appropriate constraints for this kind of flow will be our main

focus here. Let us consider the Cartesian components of the velocity gradient tensor,

Aij = ∂ui/∂xj. The incompressibility of the flow implies that Aii = 0. Further-

more, “Betchov relations” [Bet56] for an incompressible, statistically homogeneous

turbulent flow are given by

〈SijSij〉 = 〈RijRij〉 =
1

2
〈ωiωi〉 (3.4)

〈SikSkjSij〉 = −3

4
〈Sijωiωj〉 (3.5)

where Sij ≡ (1/2)(Aij +Aji) is the strain-rate, Rij ≡ (1/2)(Aij −Aji) is the rotation-

rate, and ωi = εijkRjkis the vorticity (where εijk is the Levi-Civita symbol). We

summarize all these constrains as:

Velocity Gradient Constraint (VGC) = MSE(Aij, Âij)︸ ︷︷ ︸
i=j

+a×MSE(Aij, Âij)︸ ︷︷ ︸
i 6=j

(3.6)

Other Constraints (OC) = MAE(〈SijSij〉, ̂〈SijSij〉) +MAE(〈RijRij〉, ̂〈RijRij〉)+

MAE(〈SikSkjSij〉, ̂〈SikSkjSij〉) +MAE(〈Sijωiωj〉, ̂〈Sijωiωj〉),
(3.7)

where for each quantity of interest, Aij, 〈SijSij〉, 〈RijRij〉, 〈SikSkjSij〉, and 〈Sijωiωj〉

89



the reconstructed ones are denoted by Âij, ̂〈SijSij〉, ̂〈RijRij〉, ̂〈SikSkjSij〉, and ̂〈Sijωiωj〉,

respectively. The coefficient a is introduced in equation 3.6 to account for the differ-

ences in the statistics of the longitudinal and transverse components. For example, at

the small-scales of isotropic turbulence, the variance of the transverse velocity gradi-

ents are twice the size of the longitudinal ones [Pop00b]. We penalize the deviations

in the Equation (3.7) with mean absolute error (MAE), which is less sever than the

MSE in the Equation (3.6), in order to put less focus on this term as it is a secondary

objective (usually the error at high-order statistics are large and we mainly want to

focus on recovering the velocity field and its first-order statistics). Finally adding

these constraints as regularization terms to VQ-AE loss function gives the overall loss

function (OL) given below

Overall Loss (OL) = VQ-AE loss + α× VGC + γ ×OC, (3.8)

which will be use for training.

3.4 Computational Details

3.4.1 Training and Testing Data

We train our model using high-fidelity DNS data of a three-dimensional, statistically

stationary, isotropic turbulent flow with Taylor-Reynolds number Rλ = 90, solved on

a cubic domain with 128 grid points in each direction (DNS 1 in Table 3.1). More

details on the DNS can be found in our previous works ([IVS+13, MB20, MDDB18]).

In our training data set we have 40 snapshots (as opposed to 3000 in the recent study

of [GKS20]) equally spaced in time, covering a time span of 2Tl (Tl denotes large eddy
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turn over time). Each snapshot consists of the three components of the velocity field

(u, v, w) at all 1283 grid points.

We test the performance of the trained framework on a variety of flows to determine

how well the model can compress flows different from those used in the training.

For comparison purposes, the flows are selected to correspond to those considered in

[GKS20]. Specifically, we start with statistically stationary isotropic turbulence, but

then consider decaying isotropic turbulence, a Taylor-Green vortex flow, and finally a

turbulent channel flow which possesses strong anisotropy and inhomogeneity (neither

of which are present in the training data). The test snapshot of stationary isotropic

turbulence comes from the same DNS that was used for training the model, but this

snapshot is from a time that is 2Tl beyond the time of the last snapshot used in the

training set. We obtained the snapshot for decaying isotropic turbulence from the

Github repository of [GKS20], which represents a flow with Rλ = 89 simulated on

a 1283 grid. Our Taylor-Green vortex snapshot comes from a DNS with Re = 1600

(where ν = 1/1600) performed on a 1923 grid, similar to that used in [GKS20].

Finally, our channel flow snapshot comes from a DNS using a 2π × 2 × π domain

with friction Reynolds number Reτ = 180, performed on a 128× 129× 128 grid.
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Table 3.1: Simulation parameters for the DNS study of isotropic turbulence (arbi-
trary units). N is the number of grid points in each direction, Reλ ≡ u′λ/ν is the
Taylor micro-scale Reynolds number (Reλ ≡

√
15Re for homogeneous and isotropic

flows), λ ≡ u′/〈(∇u)2〉1/2 is the Taylor micro-scale, L is the box size, ν is the fluid
kinematic viscosity, ε ≡ 2ν

∫ κmax

0
κ2E(κ)dκ is the mean turbulent kinetic energy dis-

sipation rate, l ≡ 3π/(2k)
∫ κmax

0
E(κ)/κdκ is the integral length scale, η ≡ ν3/4/ε1/4 is

the Kolmogorov length scale, u′ ≡
√

(2k/3) is the fluid r.m.s. fluctuating velocity, k
is the turbulent kinetic energy, uη is the Kolmogorov velocity scale, TL ≡ l/u′ is the

large-eddy turnover time, τη ≡
√

(ν/ε) is the Kolmogorov time scale, κmax =
√

2N/3
is the maximum resolved wavenumber.

N Reλ L ν ε l
128 93 2π 0.005 0.324 1.48
l/η u′ u′/uη TL TL/τη κmaxη
59.6 0.984 4.91 1.51 12.14 1.5

3.4.2 Model Hyper-Parameters

As explained in the previous section, the VQ-AE network provides a compressed

representation of data in a discrete/quantized latent space by vector-quantizing the

intermediate representations of the autoencoder. Such discrete representations are

more compact than the original data, while the reconstructed data has minimal dis-

tortion. We design our network so that it can transform and downsample original

data by a scaling factor of SF ∈ {2, 4, 8} depending on the level of reconstruction

quality and compression needed. With K = 512 representing the size of the code-

book (number of codewords) and mapping three velocity components into one in the

discrete latent space, we can achieve 3×32
1×9 × (SF )3 reduction in bits, corresponding

to 85, 683 and 5461 when SF is 2, 4 and 8, respectively. Indeed, an input data of

shape (3, 128, 128, 128) is compressed to (1, 64, 64, 64) with SF = 2, (1, 32, 32, 32)

with SF = 4 or (1, 16, 16, 16) with SF = 8.

We trained three versions of the model in which all of the hyper-parameters (of

frameworks) are the same except the scaling factor, SF . Throughout our framework,

each covolution layer is followed by a batch normalization (BN) layer and a rectified
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linear unit activation function, so called ReLU (ReLU(x) = max(0, x)). Embedding

batch normalization layer [IS15] adjusts (scales to unit variance and zero mean) the

intermediate outputs of each convolutional layer so that their distributions are more

stable throughout the framework. This batch normalization layer is frequently used

in the deep learning community and is known to accelerate the training of deep neural

nets.

We use three types of convolutional layers, type 1 with kernel size 4 and stride length

2 (used for the purpose of dimension reduction/expansion), type 2 with kernel size

3 and stride length 1 and type 3 with kernel size 1 and stride length 1 for learning

transformation. The number of convolutional layers in their networks depends on

the scaling factor SF . When SF = 2, the encoder is composed of one type 1 kernel

followed by a type 2 kernel, while the decoder consists only of one type 1 kernel.

Similarly with SF = 8, the encoder is composed of three type 1 kernels followed by one

type 2 kernel, while the decoder has three type 1 kernels. We also use residual blocks

([HZRS16]) to obtain a robust performance as the networks become deeper, without

which there could arise optimization issues due to vanishing/exploding gradients. We

embedded only 2 residual blocks, as opposed to 12 in [GKS20], where each block

is composed of two type 2 kernels convolutional layers which are embedded at the

end of encoder and the beginning of decoder networks. Such a framework drastically

reduces the number of learnable parameters compared to the recent fully convolutional

autoencoder in [GKS20]. The schematic of this framework is shown in figure 3.1.
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Figure 3.1: Schematic of the VQ-AE architecture. In this figure, N is the number
of training data in a batch of them, C is the number of channels in the input data
(corresponding with the number of velocity components), H , W and D represent the
height, width and depth of input data, and SF ∈ {2, 4, 8} is the scaling factor.
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We designed a codebook with K = 512 codewords, each with embedding dimen-

sion 64. For the loss function hyper-parameters, we use commitment loss coefficient

β = 0.25 (as suggested in [VDOV+17]), α = 0.1 and a = 2 for the velocity gra-

dient constraint (motivated by the knowledge that at the small-scales of isotropic

turbulence, the variance of the transverse velocity gradients are twice the size of the

longitudinal ones [Pop00b]), and finally γ = 10−4 for the term corresponding to other

constraints. It is worth mentioning that an improved reconstruction of the velocity

gradient tensor would eventually lead to better results for the terms in the other

constraint, which is the reason for setting α� γ. We trained our framework for 200

epochs with batch size = 1 using the Adam optimizer [KB14] with learning rate =

0.001, along with a learning rate scheduler. It should be noted that our focus has

been on the general characteristics of the framework rather than achieving the best

configurations, hence there might be room for improvements by tuning the proposed

hyper-parameters. We implemented this framework in PyTorch using the CUDA

environment, and trained it on one NVIDIA Pascal P100 GPU. The training was

completed within approximately 8 hours, and the maximum GPU memory consumed

was around 5 GB.

3.5 Evaluation Metrics

In addition to the conventional error measurement methods such as MSE and mean

absolute error (MAE), the performance of the reconstructed field is assessed using

additional diagnostic tests from the image processing community, as well as rigorous

physics-based metrics relevant to the analysis of turbulence. We employ two image

similarity metrics (i) the peak signal-to-noise-ratio (PSNR) defined as
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PSNR(x, x̂) = 10 log10

(MAX(x, x̂)2

MSE(x, x̂)

)
(3.9)

which, unlike the MSE, can handle grid data with different dynamic ranges, and (ii)

the mean structural similarity index measure (MSSIM) [WBSS04]. For brevity, we

do not repeat the concept or equations related to the MSSIM metric as it is already

well explained in the recent study of [GKS20].

For the physics-based quality metrics, in addition to the already defined Betchov

relations, we consider the turbulence kinetic energy spectra, and the probability den-

sity functions (PDFs) of the filtered velocity gradient tensor and its invariants. The

turbulent kinetic energy spectra provides information on the kinetic energy content

at different scales in the flow, providing crucial quantitative information on the flow.

However, the energy spectrum does not provide information on the rich, multiscale

statistical geometry in the flow which is crucial for the dynamics of turbulence, nor

does it provide information on intermittent fluctuations in the flow. For example,

the geometric alignments between the strain-rate and vorticity fields play an impor-

tant role in the fundamental process of vortex stretching which in turn is crucial

for the generation of intermittent fluctuations in the flow [BBP20], and these small

scales processes in turbulence are captured by analyzing the velocity gradient tensor

A [Tsi01, Men11]. Moreover, by filtering A at different scales to obtain the filtered

velocity gradient tensor, Ã, one can analyze the multiscale properties of the flow

and processes such as the energy cascade [DM18, CB20, Joh20, TCB21]. Therefore,

to provide a more thorough test of the quality of the reconstructed fields, in addi-

tion to the energy spectrum we also consider PDFs of the diagonal and off-diagonal

components of Ã, as well as joint PDFs of the principal invariants of Ã, namely
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Q ≡ −1
2
tr(Ã2) and R ≡ −1

2
tr(Ã3). The joint PDF of Q,R provides rich information

and is commonly used to assess the basic properties of turbulent flows [Tsi01, Men11],

with Q measuring the relative importance of strain and rotation rates at a point in

the flow (Q > 0 indicates rotation dominated regions), while R measures the relative

importance of strain self-amplification (SSA) and vortex stretching (VS) at a point in

the flow (R > 0 indicates SSA dominated region). In our results, to construct Ã we

convolve A with a low-pass Gaussian filter for three different filtering lengths, corre-

sponding to filtering in the dissipation, inertial, and large scale (energy containing)

ranges of the turbulent flow.

3.6 Results and Discussion

3.6.1 Statistically Stationary Isotropic Turbulence

In Tables 3.2, 3.3 and 3.4 we summarize our results with respect to the performance

of the trained VQ-AE model on an unseen realization from statistically stationary,

isotropic turbulence. The results for SF = 2, corresponding to CR = 85, clearly

indicate that our model successfully passes all of the visual assessment and similarity-

based metric tests. Moreover, the model predicts the second order statistics 〈SijSij〉

and 〈RijRij〉 with less than 5 percent error, and the third order statistics 〈SijSjkSki〉

and 〈Sijωiωj〉 with less than 10 percent error for the “no filter” (corresponding to the

“small scales” column in the tables) case. This highlights that our model can capture

up to third order statistics of the velocity gradient tensor with reasonable accuracy

while offering 85× compression, meaning an 85× increase in data transfer and 85×

decrease in disk usage.

Our results also show that when the filter length is increased, the model results are
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even closer to the original, indicating that the loss of information during compression

mainly took place at the very smallest scales of flow, which is a trend seen at all the

three models with different SF . That ML-based compression methods lead to loss

of information mainly at the smallest scales was also observed in [GKS20, MTCL20].

For a given filter length, we also find that increasing the scale factor from SF = 2 to

SF = 4 mainly affects the accuracy of the prediction of the third order statistics (and

presumably also the higher-order statistics), while the second order statistics are still

predicted to within 15 percent error at the small scales (i.e. for the no-filter case),

and the quality of the results at the inertial and large scales of the flow are almost

the same as those for SF = 2. Therefore, our model with SF = 4 (corresponding

to CR = 683) captures most of the information content of the flow at the inertial

scales of flow, and may be employed for the situations where there is less interest in

accurate representations of the smallest scales of the flow (e.g. they may be of less

interest in some cases since they contain relatively little kinetic energy). Similarly,

our model with SF = 8 (corresponding to CR = 5461) may be used when the main

interest is in accurately representing the large scales of flow.

For the rest of this paper, we present only the results for the SF = 2 case. Fur-

thermore, while not presented here, for each choice of SF , our model satisfies the

incompressibility constraint on the flow well, with max[Aii] = O(10−10).

In figure 3.2, we evaluate the performance of our (SF = 2) model in reconstructing 2d

snapshots (which are sampled randomly) of the velocity field, as well as the PDFs of

the velocity components (where the statistics are based on a single snapshot, averaged

over the full 3d domain). The snapshot comparisons show that our model captures

very well the instantaneous spatial structure of the flow, and the PDF results show

that the model accurately captures the statistical properties of the velocity field
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Table 3.2: Summary of the performance of trained VQ-AE evaluated on an unseen
data from statistically stationary isotropic turbulence. SF = 2 represents scaling the
input data (3× 1283) by a factor of two which yields a compressed integer represen-
tation with size 1× 643 and CR = 85.

Metrics (Small scales) Inertial scales) (Large scales)
MSE 4.39× 10−3 3.53× 10−3 2.84× 10−3

MAE 4.99× 10−2 4.54× 10−2 4.12× 10−2

PSNR 34.98 35.45 35.89
MSSIM 0.977 0.980 0.982

〈SijSij〉,〈ŜijSij〉 33.02 , 31.32 19.82 , 18.87 10.33 , 9.78

〈RijRij〉,〈R̂ijRij〉 33.03 , 31.06 19.82 , 18.83 10.33 , 9.77

(−3/4)× (〈Sijωjωj〉,〈Ŝijωjωj〉)−61.76 , −54.19−26.05 , −23.84−9.26 , −8.44

〈SijSkjSji〉,〈 ̂SijSkjSji〉 −61.76 , −54.63−26.05 , −24.03−9.26 , −8.49

Table 3.3: Summary of the performance of trained VQ-AE evaluated on an unseen
data from statistically stationary isotropic turbulence. SF = 4 represents scaling the
input data (3× 1283) by a factor of four which yields a compressed integer represen-
tation with size 1× 323 and CR = 683.

Metrics (Small scales) (Inertial scales) (Large scales)
MSE 2.01× 10−2 1.56× 10−2 1.21× 10−2

MAE 1.07× 10−1 9.45× 10−2 8.34× 10−2

PSNR 28.36 28.99 25.59
MSSIM 0.909 0.923 0.934

〈SijSij〉,〈ŜijSij〉 33.02 , 28.17 19.82 , 17.75 10.33 , 9.32

〈RijRij〉,〈R̂ijRij〉 33.03 , 27.35 19.82 , 17.56 10.33 , 9.25

(−3/4)× (〈Sijωjωj〉,〈Ŝijωjωj〉)−61.76 , −41.57−26.05 , −20.98−9.26 , −7.57

〈SijSkjSji〉,〈 ̂SijSkjSji〉 −61.76 , −41.23−26.05 , −21.35−9.26 , −7.73
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Table 3.4: Summary of the performance of trained VQ-AE evaluated on an unseen
data from statistically stationary isotropic turbulence. SF = 8 represents scaling
the input data (3 × 1283) by a factor of eight which yields a compressed integer
representation with size 1× 163 and CR = 5461.

Metrics (Small scales) (Inertial scales) (Large scales)
MSE 1.90× 10−1 1.67× 10−1 1.44× 10−1

MAE 3.24× 10−1 3.0× 10−1 2.74× 10−1

PSNR 18.61 18.71 18.84
MSSIM 0.6 0.645 0.686

〈SijSij〉,〈ŜijSij〉 33.02 , 19.81 19.82 , 13.16 10.33 , 7.52

〈RijRij〉,〈R̂ijRij〉 33.03 , 17.43 19.82 , 12.48 10.33 , 7.20

(−3/4)× (〈Sijωjωj〉,〈Ŝijωjωj〉) −61.76 , −18.3 −26.05 , −12.14−9.26 , −5.62

〈SijSkjSji〉,〈 ̂SijSkjSji〉 −61.76 , −21.44−26.05 , −13.06−9.26 , −5.62

Figure 3.2: Comparing original and reconstructed 3D HIT compressed by VQ-AE
with SF = 2 (compression ratio CR = 85): 2D snapshots and PDFs of velocity
components
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As already seen based on the results in the table 3.2, our model accurately captures

the large and inertial scales of flow, with some loss of information for the very smallest

scales. This can also be seen in the TKE spectra shown in figure 3.3. Our results

indicate a fascinating improvement compared to the recent study of [MTCL20], where

their fully CNN AE model with CR = 125 captured the large scales completely, and

the inertial scales with some distortion, but was in significant error for small scales,

both quantitatively and qualitatively.

Figure 3.3: Comparing original and reconstructed 3D HIT compressed by VQ-AE
with SF = 2 (compression ratio CR = 85): Turbulence Kinetic Energy Spectra.

The PDFs of the longitudinal and transverse components of the velocity gradient

tensor are shown in in figure 3.4 for different filtering lengths. The results illustrate

that our model accurately captures the shape of these PDFs, including their heavy

tails and skewness, with little distortion even for the very intermittent contributions

that govern the tails of these PDFs. These results from our model show remarkable

improvement compared to those from the recent study of [MTCL20], whose model

failed significantly in capturing the tails of these PDFs.
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(a) No filter

(b) Inertial scales

(c) Large scales

Figure 3.4: Comparing original and reconstructed 3D HIT compressed by VQ-AE
with SF = 2 (compression ratio CR = 85): PDFs of normalized longitudinal (on the
left side) and transverse (on the right side) components of velocity gradient tensor A.
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The models capability in reconstructing the joint-PDF of the Q and R invariants of

velocity gradient tensor is shown in figure 3.5. The model accurately captures the

distinctive “tear-drop” shape [Men11, Tsi01] of the PDF, significantly outperforming

the model in [MTCL20].

Figure 3.5: Comparing original and reconstructed 3D HIT compressed by VQ-AE
with SF = 2 (compression ratio CR = 85): Contour plots of the joint PDF of
normalized Q = −Tr(A2)/2 and R = −Tr(A3)/3.

3.6.2 Effect of Regularization term

To better understand the effect of calibrating the loss function by incorporating prior

knowledge of the properties of the data, we trained another model without those

regularization terms, which amounts to setting α = γ = 0 in the model. As shown in

figure 3.6, including the regularization term makes some improvement to the energy

spectrum predictions at the smallest scales (highest wavenumbers). The results in

figure 3.7 show that including the regularization term also enhances the ability of the

model to capture the intermittent fluctuations of the velocity gradient, characterized

by the tails of the PDFs. Nevertheless, While there is improvement, the model

without regularization already does a very good job at capturing the properties of

the turbulent flow, and that for other flow quantities that we considered, the difference

in the predictions from the model with and withour regularization is minimal.
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(a) No Regularization (b) with Regularization

Figure 3.6: Comparing original and reconstructed 3D HIT compressed by VQ-AE
with SF = 2 (compression ratio CR = 85).
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(a) No Regularization

(b) with Regularization

Figure 3.7: ]
Comparing original and reconstructed 3D HIT compressed by VQ-AE with SF = 2

(compression ratio CR = 85): PDFs of normalized longitudinal (diagonal) and
transverse (off-diagonal) components of velocity gradient tensor A.
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3.6.3 Decaying Isotropic Turbulence

In Tables 3.5, 3.6 and 3.7 we summarize our results with respect to the performance of

the trained VQ-AE on a realization from decaying isotropic turbulence (DIT), which

is a different flow from that which the model was trained on. We used the same flow

snapshot of DIT as that used in the recent study of [GKS20], allowing us to make a

fair comparison between our model results and theirs.

Compared to the results presented in [GKS20], where their fully convolutional AE

model provided CR = 64, our SF = 2 model improves both the MSE and MAE by

an order of magnitude, the PSNR by 10%, and the MSSIM by 2%, while offering

a CR = 85 which corresponds to more than a 30% enhancement in the compressive

capabilities.

A visual comparison of the original and reconstructed velocity fields in DIT is shown

in figure 3.8. The results illustrate the remarkable performance of our model in

capturing flow characteristics not seen during the training process.
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Table 3.5: Summary of the performance of trained VQ-AE evaluated on an unseen
data from decaying stationary isotropic turbulence. SF = 2 represents scaling the in-
put data (3×1283) by a factor of two which yields a compressed integer representation
with size 1× 643 and CR = 85.

Metrics (Small scales) (Inertial scales)(Large scales)
MSE 1.84× 10−3 1.28× 10−3 9.67× 10−4

MAE 3.26× 10−2 2.73× 10−2 2.38× 10−2

PSNR 34.26 34.34 34.14
MSSIM 0.970 0.974 0.975

〈SijSij〉,〈ŜijSij〉 16.27 , 14.82 8.93 , 8.54 4.62 , 4.42

〈RijRij〉,〈R̂ijRij〉 16.27 , 14.70 8.93 , 8.53 4.62 , 4.42

(−3/4)× (〈Sijωjωj〉,〈Ŝijωjωj〉)−21.58 , −18.09 −8.11 , −7.48 −2.68 , −2.49

〈SijSkjSji〉,〈 ̂SijSkjSji〉 −21.58 , −18.28 −8.11 , −7.57 −2.68 , −2.51

Table 3.6: Summary of the performance of trained VQ-AE evaluated on an unseen
data from decaying stationary isotropic turbulence. SF = 4 represents scaling the in-
put data (3×1283) by a factor of four which yields a compressed integer representation
with size 1× 323 and CR = 683.

Metrics (Small scales) (Inertial scales)(Large scales)
MSE 8.04× 10−3 5.40× 10−3 3.71× 10−3

MAE 6.93× 10−2 5.74× 10−2 4.79× 10−2

PSNR 27.85 28.1 28.3
MSSIM 0.882 0.899 0.909

〈SijSij〉,〈ŜijSij〉 16.27 , 13.74 8.93 , 8.47 4.62 , 4.48

〈RijRij〉,〈R̂ijRij〉 16.27 , 13.27 8.93 , 8.38 4.62 , 4.45

(−3/4)× (〈Sijωjωj〉,〈Ŝijωjωj〉)−21.58 , −14.31 −8.11 , −7.05 −2.68 , −2.41

〈SijSkjSji〉,〈 ̂SijSkjSji〉 −21.58 , −13.99 −8.11 , −7.14 −2.68 , −2.46

107



Table 3.7: Summary of the performance of trained VQ-AE evaluated on an unseen
data from decaying stationary isotropic turbulence. SF = 8 represents scaling the
input data (3× 1283) by a factor of eight which yields a compressed integer represen-
tation with size 1× 163 and CR = 5461.

Metrics (Small scales) (Inertial scales)(Large scales)
MSE 5.04× 10−2 3.85× 10−2 2.86× 10−2

MAE 1.72× 10−1 1.51× 10−1 1.3× 10−1

PSNR 19.88 19.52 19.44
MSSIM 0.598 0.644 0.685

〈SijSij〉,〈ŜijSij〉 16.28 , 10.58 8.93 , 6.74 4.62 , 4.08

〈RijRij〉,〈R̂ijRij〉 16.27 , 8.88 8.93 , 6.33 4.62 , 3.89

(−3/4)× (〈Sijωjωj〉,〈Ŝijωjωj〉) −21.58 , −6.66 −8.11 , −4.54 −2.68 , −2.03

〈SijSkjSji〉,〈 ̂SijSkjSji〉 −21.58 , −11.76 −8.11 , −5.22 −2.68 , −2.21

Figure 3.8: Comparing original and reconstructed 3D DIT compressed by VQ-AE
with SF = 2 (compression ratio CR = 85): 2D snapshots and PDFs of velocity
components
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In figure 3.9 we show the results for the TKE spectrum, which illustrate the ability

of our VQ-AE model to accurately capture the large and inertial scales of DIT, but

with some deviation at the smallest scales. Compared to the model reconstruction

result in [GKS20], our model performs significantly better, being able to accurately

capture the behavior over a wider range of scales.

Figure 3.9: Comparing original and reconstructed 3D DIT compressed by VQ-AE
with SF = 2 (compression ratio CR = 85): Turbulence Kinetic Energy Spectra

Results for the PDFs of the longitudinal and transverse components of the velocity

gradient tensor in the DIT snapshot are shown in figure 3.10. Compared to the results

in the study of [GKS20], our model more accurately captures the tails of the PDFs,

with minor deviations in the far tails which disappears when considering filtering

lenghts in the inertial and integral scale ranges.
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(a) No filter

(b) Inertial scales

(c) Large scales

Figure 3.10: Comparing original and reconstructed 3D DIT compressed by VQ-
AE with SF = 2 (compression ratio CR = 85): PDFs of normalized longitudinal
(diagonal) and transverse (off-diagonal) components of velocity gradient tensor A.
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The results for the joint-PDF of the Q and R invariants of velocity gradient tensor

for the DIT flow are shown in figure 3.11, which was not studied in [GKS20]. Just

as for the HIT case, the tear-drop shape of the PDF is accurately captured with our

model, despite providing a compression ratio of 85.

Figure 3.11: Comparing original and reconstructed 3D DIT compressed by VQ-
AE with SF = 2 (compression ratio CR = 85): Contour plots of the joint PDF of
normalized Q = −Tr(A2)/2 and R = −Tr(A3)/3.

3.6.4 Taylor-Green vortex

In this section, we evaluate the performance of our model on a (fully-developed) re-

alization from decaying Taylor-Green vortex (TGV) turbulence [TG37], which has

been simulated following the procedure in [BMO+84]. The TGV flow is a popular

turbulent flow for benchmarking CFD solvers as it has a (short-time) analytical so-

lution. At longer times, three-dimensional vortex stretching leads to the generation

of small-scales in the flow and turbulence, and the flow is non-isotropic (but still

homogeneous), providing a good test of the model which was trained on an isotropic

turbulent flow. Moreover, this TGV flow was simulated on a cubic domain with 192

gird points in each direction, and so can also challenge our model with respect to its

ability to be agnostic to the dimension of the input data.

In table 3.8, we summarize the results of the reconstructed flow field based on our

model with SF = 2 (corresponding to CR = 85) which compresses the 3 × 1923
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Table 3.8: Summary of the performance of trained VQ-AE evaluated on an unseen
data from decaying Taylor-Green vortex turbulence. SF = 2 represents scaling the
input data (3× 1923) by a factor of two which yields a compressed integer represen-
tation with size 1× 963 and CR = 85.

Metrics (Small scales) (Inertial scales) (Large scales)
MSE 2.69× 10−3 2.13× 10−3 1.58× 10−3

MAE 3.95× 10−2 3.58× 10−2 3.15× 10−2

PSNR 26.5 25.82 25.52
MSSIM 0.83 084 0.85

〈SijSij〉,〈ŜijSij〉 4.2 , 3.54 2.5 , 2.1 1.49 , 1.3

〈RijRij〉,〈R̂ijRij〉 2.43 , 2.35 1.44 , 1.39 0.859 , 0.824

(−3/4)× (〈Sijωjωj〉,〈Ŝijωjωj〉)−0.047 , −0.101−0.024 , −0.030−0.018 , −0.017

〈SijSkjSji〉,〈 ̂SijSkjSji〉 −0.685 , 0.1525 −0.041 , 0.055 −0.011 , 0.015

floating point data into a discrete latent space and represent it with 1 × 963 integer

data. Although we could not access the exact TGV flow snapshot used in the study of

[GKS20], to make a fair comparison we tested our model on multiple snapshots to ver-

ify that our model has a robust performance across different realizations. Compared

to the results presented in [GKS20], our results are almost the same as theirs with

respect to the point-wise metrics (MSE and MAE), but we obtain around 10% lower

PSNR and MSSIM . In terms of physics-based metrics, the reconstructed terms

for the quantities appearing in the first Betchov relationship (eq. 3.4) are reasonably

accurate, although that relationship itself does not hold for the TGV flow. There are,

however, large deviations for the higher-order terms in the second Betchov relation

eq. 3.5, though the quality of the results improve considerably as we filter out the

small scales of flow.

Visual comparison of two-dimensional snapshots of the velocity component fields from

both the original and reconstructed fields, shown in figure 3.12, illustrate that our

VQ-AE model successfully captures all the characteristics of this TGV flow. This

figure also shows that the PDFs of the reconstructed velocity field, computed based
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on all the grid points in the three-dimensional domain, match well with the original

flow field, except for a minor deviation in the right tail of the w PDF. In addition to

the PDFs of the velocity components, the rest of the results in this section were not

studied in [GKS20] and therefore we cannot compare the quality of our model with

their with respect to the ability to capturing these statistical properties of the TGV

flow.

Figure 3.12: Comparing original and reconstructed 3D TGV compressed by VQ-
AE with SF = 2 (compression ratio CR = 85): 2D snapshots and PDFs of velocity
components

Figure 3.13 presents the comparison between TKE spectrum of the reconstructed

and original TGV flow field. From this figure, it is apparent that our model can fully

recover the power law behavior of energy spectrum across the inertial scales of flow

and the deviations at the smallest scales are minimal. The deviation at the smallest

wavenumbers (large scales) can be attributed to the fact that in the original data,

the energy content at these scales is very small, O(10−32), and so it is hard for the
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model to retain such precision in the reconstructed data.

Figure 3.13: Comparing original and reconstructed 3D TGV compressed by VQ-AE
with SF = 2 (compression ratio CR = 85): Turbulence Kinetic Energy Spectra

Figure 3.14 shows the PDFs of the longitudinal and transverse components of the

velocity gradient tensor in the TGV flow. It can be seen that our model performs

extremely well, both qualitatively and quantitatively, accurately capturing both the

body and tails of the PDFs of this anisotropic flow, with minor errors in the far tails

of longitudinal components. Just as already observed for the previous test data, this

error mainly stems from smallest scales of flow and disappears when filtering out these

scales.
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(a) No filter

(b) Inertial scales

(c) Large scales

Figure 3.14: Comparing original and reconstructed 3D TGV compressed by VQ-
AE with SF = 2 (compression ratio CR = 85): PDFs of normalized longitudinal
(diagonal) and transverse (off-diagonal) components of velocity gradient tensor A.
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In figure 3.15 we show the results for the joint-PDF of the Q and R invariants of

velocity gradient tensor for this TGV flow. Unlike the previous isotropic flow test

cases, our model can only capture the most frequent characteristics of the flow (in-

terior contours of the PDF), and fails to recover the less frequent ones. This may

seem surprising given that the model performed so well in predicting the PDFs of the

components of the velocity gradients. However, the invariants Q,R depend not only

upon the properties of the individual velocity gradient components, but also upon

more subtle features such as the geometric alignments between the strain-rate and

vorticity fields [Men11, Tsi01]. Another point is that even for the original data, the

PDFs are very noisy compared to the earlier isotropic test cases. This significant

statistical noise may be another reason why the model struggles to fully capture the

behavior of the Q,R PDF for the TGV flow.

Figure 3.15: Comparing original and reconstructed 3D TGV compressed by VQ-
AE with SF = 2 (compression ratio CR = 85): Contour plots of the joint PDF of
normalized Q = −Tr(A2)/2 and R = −Tr(A3)/3.

3.6.5 Channel flow

In Table 3.9 we summarize our results for the performance of the trained VQ-AE on a

flow snapshot from a fully developed, turbulent channel flow. This is a completely dif-

ferent flow than that which our model was trained on, being strongly inhomogeneous

and anisotropic, and therefore constitutes a good test for the general applicability of
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Table 3.9: Summary of the performance of trained VQ-AE evaluated on a data from
channel flow. SF = 2 represents scaling the input data (3 × 1283) by a factor of
two which yields a compressed integer representation with size 1× 643 and CR = 85.
Model with no regularization means α = γ = 0.

MSE MAE PSNR MSSIM
with regularization 3.0× 10−2 1.29× 10−1 24.8 0.83
no regularization 2.4× 10−2 1.09× 10−1 26.2 0.82

our model. While in the previous sections we presented only the results of our model

with the regularization terms (α = 0.1, γ = 10−4), here we also report the results for

the case without the regularization terms (α = γ = 0). As we will show, overall we

found that for the channel flow, our VQ-AE model performs slightly better without

regularization terms than with. This is most likely related to the fact that those

constraints do not apply to this type of flow, but only to statistically homogeneous

flows. As noted earlier when considering the HIT results, however, incorporation

of the regulariztion terms only slightly improved the model predictions for that case.

Therefore, the version of our model without the regularization terms seems to provide

a model that is optimally accurate across a range of different flow types.

Compared to the results presented in [GKS20], whose fully convolutional AE model

provides CR = 64, our SF = 2 model (with regularization) improves both the MSE

and MAE by an order of magnitude, but yields a 15% lower PSNR, and a 10%

lower MSSIM than their model. However, our model for SF = 2 improves on their

compression ratio by more than 30%.

A visual comparison of the original and reconstructed channel flow snapshots is given

in figure 3.16, illustrating that our model performs well in capturing particular char-

acteristics of the channel flow, including the no slip condition near walls, which were

not present in the training data for the model. In this figure we also plotted the PDFs

of velocity components at a fixed wall distance which illustrate that our model can
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fully capture distribution of the spanwise (w) and wall-normal (v) components but

has some deviation at the left tail of the streamwise (u) component.
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(a) With Regularization

(b) Without Regularization

Figure 3.16: Comparing original and reconstructed 3D channel flow compressed by
vqvae with SF = 2 (compression ratio CR = 85): 2D snapshots and PDFs of velocity
components
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In figure 3.17 we plot u+ = 〈u〉/uτ , the average streamwise velocity normalized by

the friction velocity uτ , as a function of the normalized wall distance, y+ = uτy/ν.

We see that including the regularization terms leads to significant errors in the model

predictions, which as mentioned before, is likely due to the fact that the regularization

terms are based on results for homogeneous turbulent flows, and do not apply in

channel flows. However, the model without the regularization terms reproduces the

original DNS data almost perfectly.

Figure 3.17: Comparing original and reconstructed 3D channel flow compressed by
VQ-AE with SF = 2 (compression ratio CR = 85): Averaged (along streamwise and
spanwise directions) streamwise velocity as a function of the normalized wall distance.

In figure 3.18 we plot the results for the flow Reynolds stresses and TKE from the

original DNS and the model predictions. In the plot, u′, v′, w′ denote the fluctu-

ating velocity components (i.e. the velocity with the mean value subtracted) in

the streamwise, wall-normal, and spanwise directions, and the TKE is defined as

k ≡ (u′2 + v′2 + w′2)/2. Compared to the same results presented in [GKS20], our

model more accurately reconstructs all of the quantities in figure 3.18 except the

streamwise Reynolds stress, 〈u′2〉. Again we observe that the model without regular-

ization terms yields a better performance. More specifically, these results show that

our model fails to capture 〈u′2〉 in the range 5 < y+ < 140, with a maximum error of

around 25% at y+ = 15. For the Reynolds stresses in the spanwise and wall-normal

directions, our model has some error for 〈w′2〉 in the range 19 < y+ < 130, but fully
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captures 〈v′2〉 across the entire wall-normal direction. These deviations in the 〈u′2〉

and 〈ŵ′2〉 result in errors in the TKE 〈k〉 in the range 5 < y+ < 90, with the largest

error occurring at y+ = 15. For 〈u′v′〉, the deviation is very small and occurs in the

range 9 < y+ < 50. Overall, these results indicate the greatest errors in the model

predictions occur in the buffer layer 5 < y+ < 30. This is not surprising since this is a

region where flow anisotropy and inhomogeneity are strong, properties not present in

the training data. It would be interesting in future work to see if including snapshots

of a canonical flow such as a turbulent channel flow during the training process of the

model would enable the model to accurately capture the properties of other strongly

inhomogeneous and anisotropic turbulent flows.

Figure 3.18: Comparing original and reconstructed 3D channel flow compressed by
VQ-AE with SF = 2 (compression ratio CR = 85): Averaged (along streamwise and
spanwise directions) Turbulent kinetic energy and Reynolds stresses as a function of
the normalized wall distance.
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Chapter 4

Emulating Spatio-Temporal
Realizations of Homogeneous
Isotropic Turbulence via Deep
Sequence Learning Models

4.1 Introduction & Background

Turbulence is a complex dynamical system which is strongly high-dimensional, multi-

scale, non-linear, non-local and chaotic with a broad range of correlated scales that

vary over space and time. Such features make high-fidelity spatio-temporal simula-

tion of turbulence extremely challenging and often impossible(particularly for large

domains, unsteady flows, complex boundary conditions) due to limitations of compu-

tational power and numerical schemes. From Computational Fluid Dynamics (CFD)

perspective, turbulent flows can be simulated by solving Navier-Stokes (NS) equations

in three flavors of Direct Numerical Simulation (DNS), Large Eddy simulation (LES)

and Reynolds Averaged Navier-Stokes Simulation (RANS) depending on the applica-
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tion and expected accuracy. In DNS, full-scale resolution is achieved by solving NS on

a domain with extremely fine spatial and temporal grids so that all the scales down

to the dissipation range are resolved. The LES is based on low-pass spatial filtering

of NS equations in which the small scales of turbulent flow are modeled and large

unsteady motions, corresponding to the most energetic scales, are resolved. The main

goal of modeling in LES is to build a more accurate and universal closure model for

the residual (sub-grid) stress tensor. RANS models are derived by taking a temporal

average of NS equations, resulting in simpler steady equations, and assuming a linear

relationship between Reynolds stresses and mean strain rate. In RANS modeling, the

focus is on constructing the Reynolds-stress tensor closure.

The aforementioned CFD techniques are purely physics based where NS equations

are solved using different differentiation and integration schemes. However, the high-

fidelity simulations using DNS and LES are computationally prohibitive and are lim-

ited to simplified turbulent flows to gain detailed insight into the physics of turbulence.

Furthermore, RANS cannot simulate important characteristics of turbulence such as

unsteadiness and intermittency due to its time averaging nature. Therefore, a major

pursuit and fundamental task of turbulence community is to develop new modeling

techniques to characterize dynamics of turbulence that evolve over time and space

while varying over a broad range of spatio-temporal scales.

Recently with growing the availability of high-fidelity data and computational power

data-driven modeling has gained huge interest and been introduced as a competitive

alternative to conventional numerical simulations. Among these data-driven meth-

ods, Machine Learning (ML) techniques, particularly Deep Learning (DL) models,

have received more attention due to their ability to capture complex interactions

and achieve outstanding performance across a wide range of applications in informa-

tion technology, healthcare and engineering to name a few. Deep learning models,

123



also known as deep neural networks, are built from stack of layers with learnable

parameters that perform linear and non-linear transformation between their inputs

and outputs where their parameters are trained through an optimization procedure

([LBH15]), called backpropagation.

Despite remarkable success of Deep Neural Networks and their outperformance against

competitive algorithms in many areas of big data analytics tasks, their applications in

physical sciences have been tempered by the caveat that these networks are treated

as ”black boxes” which are hard to interpret and physics agnostic. Furthermore,

training such networks requires a lot of data (except for unsupervised learning tasks),

which may not be available, and the training process takes a fair amount of time.

However, well-trained deep learning models can make quick inferences about similar

input data, particularly for very complex physical systems, and this characteristic

distinguishes them from conventional numerical solvers.

In this research our main objective is to bring fresh perspective to the classic problem

of turbulence modeling by exploring and utilizing modern deep learning techniques

to develop accurate and efficient turbulence models. More specifically, the primary

goal is to develop a data-driven modeling framework to simulate high-fidelity three-

dimensional turbulent flow realizations that respect turbulence characteristics without

solving the full NS equations.

4.2 Literature Review

In fluid dynamics community, particularly computational fluid dynamics of turbu-

lent flows, there have been some attempts in recent years to utilize deep learning

tools into turbulence modeling and generate predictive models. These endeavors

have been mainly centered around developing Reynolds stress closures and subgrid-
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scale (SGS) models for RANS and LES simulations respectively ([MSRV19, LKT16,

BFM19]), super-resolution reconstruction (enhancing the resolution) of coarse flow

fields ([FFT18]), turbulence data compression [GKS20], and augmenting existing tur-

bulence models with physics-informed machine learning ([WXP18, WR17]).

The first step of modeling dynamics of turbulence is to identify potential deep learning

models which are well-suited for handling non-linear spatial and sequential data. In-

deed, we seek models that can capture spatial and temporal dependencies of turbulent

flow field. Given the grid/pixel-based discritizations of our computational domain,

we can draw an analogy between turbulence data and image data where three compo-

nents of velocity field represent RGB (red, green, blue) color channels and instead of

two dimensional spatial grids we have three-dimensional ones. Therefore, we can ben-

efit from modern computer vision approaches in our modeling framework, particularly

Convolutional Neural Networks (CNN) ([KRSB18]).

The capability of CNNs in extracting spatial distribution of data (exploiting the

correlations between the adjacent input data points) could make them a suitable

architecture for a variety of physics-based applications. Furthermore, one can incor-

porate different boundary conditions (wall, periodic etc.) into convolutional layers

in the form of padding ([Pat19]). In the past few years there have been multiple

studies that utilized CNNs in the context of spatio-temporal modeling of turbulence

([WKM+20, LKA+20]) and found promising results. However, these works have been

limited to 2D turbulent flows which are far less complicated than 3D turbulence both

in terms of physics and computational tractability. The only relevant works aligned

with our objective are the recent studies of [MDCL19, MTCL20, MLC20] that their

findings, though encouraging but seem suspicious.

In [MTCL20], the dynamic mapping of ScalarHIT dataset, containing three com-

ponents of velocity field of isotropic turbulence and two passive scalar advected
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with the flow, was modelled via a integration of Convolutional Autoencoder neu-

ral network (CAE) and convolutional LSTM, so called Compressed Convolutional

LSTM (CCLSTM). In this architecture, flow snapshots are first transformed to a

low-dimensional latent-space, using a pre-trained CAE, serving as input sequence of

the sequence learning model. This LSTM model is trained to predict an output se-

quence representing the future snapshots of flow in the latent space and then this

output sequence is transformed to original dimension of flow field. This CC-LSTM

model is autoregressive (cycling prediction), meaning that previous predictions are

fed as the input for the next predictions to generate future temporal realizations.

Their CAE has a compression ratio of 125 (corresponding to 125-fold decrease in the

size of flow snapshot). The temporal spacing between sampled snapshots, or sampling

rate, was ω = 0.09 τ , where τ represents eddy turnover time.

The static reconstruction results show that their CAE model has retained large and

inertial scales but fails drastically at capturing small scales, as demonstrated in the

tails of the PDF of velocity gradient and large wave numbers in energy spectra (figure

10 in [MTCL20]). For the dynamic mapping, they predicted several time instants over

τ = 3− 4.5 range. Their (dynamic) results (figure 16 in [MTCL20]) show that their

model performs even better than the static reconstructions and can fully capture

large and inertial scales of flow and generate stable flow realizations over this 1.5 τ

prediction horizon. These results are really suspicious as we observe that the tails of

PDF of velocity gradient, which their compression model failed to retain, are almost

perfectly recovered and remained stable during dynamic prediction. The authors

conjectured that their model adds some artifacts to the predicted snapshots that

result in mimicking these intermittent regions of the PDFs. More importantly, their

claim (and results) that the error of their temporal predictions remains marginal

with increasing prediction horizon is in clear contrast with the findings reported in
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the recent spatio-temporal modeling of two-dimensional turbulence ([WKM+20]).

The same authors in a recent work [MLC20], proposed another spatio-temporal model,

called Wavelet-CLSTM, in which the compression is performed via wavelet transfor-

mation as opposed to CAE. Their results again indicate that such a model can emulate

temporal evolution of flow field such that statistics of large and intermediate scales

are retained stable with increasing prediction horizon. While it was clear that their

model has large discrepancies in recovering the PDF of velocity gradient, they re-

ported that these PDFs solely test the smallest scales of flow and so such deviations

are expected since the loss of information (during wavelet transform) happens at small

scales. However, from turbulence literature we know that PDFs of velocity gradient

tensor also provide rich multi-scale information and they do not only represent small

scales of flow.

4.3 Research Objective: Emulating three-dimensional

characteristics of homogeneous isotropic tur-

bulence

In this research objective, we leverage existing high-fidelity DNS data to emulate

spatio-temporal evolution of three-dimensional turbulence with a less memory and

computation costs compared to existing flow solvers. More importantly, we make this

framework physics-informed through embedding a calibration inside model by infus-

ing as much as our prior knowledge of data and turbulence as possible into training

process. Our hope is to advocate this deep learning data-driven physics-informed

modeling framework, upon its success, as a promising compensate for traditional

turbulence modeling techniques. We probe and validate this framework by employ-

ing high-fidelity DNS data from three-dimensional statistically stationary isotropic
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turbulence.

This research objective aims at exploring the feasibility of emulating temporal and

spatial patterns of three-dimensional turbulence, purely from data, via modern deep

learning approaches and will be a preliminary step toward addressing the following

important scientific questions:

A. What are the well-suited deep learning tools to capture the spatial and temporal

correlations of turbulence?

B. Can we incorporate physical and mathematical constraints in deep learning mod-

els?

C. Besides visual assessment, how well does the deep sequence learning model repre-

sent first, second and higher order statistics of turbulence?

To this aim, the following tasks are defined.

4.3.1 Tasks

1. Develop a three-dimensional, highly-parallelized computational code to extract

velocity field and velocity gradient tensor in physical space from DNS data.

2. Develop a series of post-processing routines to compute relevant quantities of

turbulence field (invariants of velocity gradient tensor, energy spectrum, filtered field

and etc.).

3. Develop a Deep Learning framework capable of embedding physical constraints to

first compress the DNS data and then perform sequence learning.

4. Assess the predictive power of the developed framework on high-fidelity DNS data

of statistically stationary.
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4.3.2 Methodology

Hierarchical superposition of complex structures in deep convolutional layers resemble

cascade nature of turbulence and hence it is worth exploring whether the techniques

utilized in computer vision tasks could be applicable to turbulent flow field. Therefore,

the convolutional layers would be the core part of the deep learning architecture of

this study.

The high-fidelity DNS data come from solving the NS equations on a fine-grid three-

dimensional mesh. In this study, we start with our smallest dataset which represents a

fully resolved statistically stationary isotropic turbulent flow with Rλ = 90 simulated

on a cubic domain with 128 grid point in each direction. At each of these grid points,

we have three components of velocity field (u, v, w) and nine components of velocity

gradient tensor defined as Aij = ∇u = ∂ui/∂xj, in which ui is a component of the

fluid velocity, and xi is a spatial coordinate.

Since the size of the dataset is memory intensive, similar to the conceptual design of

[MDCL19], we first generate a low-dimensional representation of the velocity data and

then pass it to a sequence prediction network that learns the positional and temporal

correlations of the underlying data. Therefore, our framework will be composed of

two separate models where one serves as a compression engine and the other performs

prediction. In the deployment phase, once both engines are trained and we want to

test the performance of our framework, a sequence of input data is first compressed via

the down-sampling part of the compression network, then the prediction network takes

this collection of reduced representations and outputs a sequence of future time steps

in the latent space and finally this sequence is mapped to original size representation

via the upsampling part of the compression engine. It is worth mentioning that

achieving the appropriate/optimal architecture of the framework demands thorough

ablation study and several trials of hyper-parameter (over their search domain).
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The dimensionality reduction is performed via extraction using a variant of autoen-

coder (AE) network, called Vector-Quantized Autoencoder (VQ-AE) architecture

([MDTB21, VDOV+17, RvdOV19]), which learns a discrete latent space rather than

a continuous representation (which is typical in standard AE). Having a discretized

latent space would yield a higher ratio of compression that eventually reduce the

memory burden of the network. Furthermore, quantization of latent space would

change the sequence learning task from regression to classification. Given that deep

learning techniques generally perform better in classification tasks compared to re-

gression ones, we expect this approach could improve the overall performance of our

framework. More importantly, we modify the optimization process of this compression

engine to embed physics constraints of isotropic turbulent velocity field, particularly

those of velocity gradient tensor A. This calibration may slightly increase the error

in the primary objective (velocity field itself) but could improve the quality of ve-

locity gradient statistics. To the best of our knowledge, we believe this is the first

compression network using the concept of vector quantization to generate low spatial

representation for a three-dimensional complex physical system with the ability to

accommodate the known knowledge of data as regularization into the compression

network.

For the sequence forecasting, the idea of Transformer architecture ([VSP+17]), a newly

popular model with remarkable results in natural language processing (NLP) tasks,

is used, and its performance compared against more standard Recurrent Networks

such as Convolutional LSTM ([XCW+15]). These architectures are designed and

trained to take an input sequence with length k and predict a sequence with length p,

representing the next p realizations of the system (sequence to sequence multi-class

classification). It should be emphasized that due to the lossy nature of compression

model, some of the information particularly at small scales are irrecoverable regardless
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of the prediction strength and sophistication of the sequence learning model. In the

subsequent paragraphs these networks are briefly explained.

Recurrent Neural Networks (RNN) are well-established models for time series model-

ing that use a recurrent architecture to predict evolution over time. One of the state-

of-the-art variant of RNN approaches is Long Short Term Memory (LSTM) network

that accommodates memory preservation of data, which is of great importance for

non-Markovian systems, while mitigates the exploding and vanishing gradients prob-

lems (as a result of propagating the error back too many time steps) in basic RNN.

In such recurrent networks, input sequences are processed item by item (i.e. word by

word in the context of NLP) and correlations between subsequent items are retained

through previous hidden sates. It should be noted that this sequential processing

characteristic prevents them to be trained in parallel. Furthermore, introducing long

input sequences would lead to long-term dependencies that decrease the performance

of LSTM models.

In the context of machine translation, Transformer architecture has been introduced

with the purpose of offering parallel computation (by avoiding recursion that con-

sequently reduces training time) and reducing performance drop due to long-term

dependency issues. The transformer model introduces the self-attention unit, which

accounts for similarity scores between elements of a sequence, and positional em-

beddings, a unit that replaces the recurrence. These innovative units can capture

sequential relationship between different items of a sequence and consequently allow

the Transformer network to process input sequences as a whole rather than element

by element, which is typical in recurrent neural networks. This characteristic, pro-

cessing all the items in an input sequence simultaneously, enables the Transformer

model not to rely on previous hidden states for preserving correlations with previous

elements in sequence (no backpropagation through time), hence eliminates the risk
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of forgetting past information with increasing sequence length.

4.4 Computational Details

As mentioned earlier, our framework consists of two deep learning models, one for

compression and the other for sequence learning, which are trained separately. Our

compression model is a Vector-Quantized Autoencoder (VQ-AE) which already pro-

posed in our recent work ( [MDTB21]). We design our VQ-AE network so that it

can downsample original data by a scaling factor of SF = 2. With K = 512 repre-

senting the size of the codebook (number of codewords) and mapping three velocity

components into one in the discrete latent space, we can achieve 3×32
1×9 × (SF )3 re-

duction in bits, corresponding to 85 when SF is 2. Indeed, an input data of shape

(3, 128, 128, 128) is compressed to (1, 64, 64, 64). One can find more details regarding

hyper-parameters, model architecture and training in [MDTB21].

For the sequence learning model, we designed and trained two radically different se-

quence learning models, convolutional LSTM (Conv-LSTM) and convolutional Trans-

former ((Conv-Transformer). It should be emphasized that there are no standard or

pre-trained architectures for these models and a machine learning developer is sup-

posed to design all the network from scratch and modify them depending on the

specific applications. These architectures are designed and trained to take an input

sequence with length k and predict a sequence with length p, representing the next

p realizations of the system (sequence to sequence multi-class classification). Mathe-

matically, it means mapping [Xt−k, ..., Xt−2b, Xt−b, Xt] to [Xt+b, Xt+2b, ..., Xt+p], where

b is the sampling interval (time span between observations), X ∈ RH×W×D×C in which

C is the number of channels in the data (corresponding with the number of velocity

components), H , W and D represent the height, width and depth of data. Here the
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architectures used in this study are briefly summarized.

For the both sequence learning models, the input sequence of velocity field is first

transformed to a low-dimensional discrete latent space, via the pre-trained encoder

of the VQ-AE model, and then passes through an embedding layer to transform data

to continuous space (indeed, each integer is represented with a codeword which is a

vector in real space). For the Convolutional LSTM model, this continuous latent space

sequence is fed to a LSTM block consisting of three LSTM cells/layers. Afterwards the

output of LSTM block passes through a series of linear layers to expand the channel

dimension from codeword size to the codebook one. Then we need to find, for each

grid point in three-dimensional domain, the class (index) with the highest probability

in this multi-class classification task. This step is performed by returning the index of

the largest element in the channel dimension and then we apply the cross-entropy loss

to compute the discrepancy between the true and predicted output sequence. Finally,

the predicted output sequence is transformed to the original dimension of velocity field

through the pre-trained decoder of the VQ-AE model. The same pipeline was used for

the Transformer model, where we designed its architecture following the instructions

in [VSP+17] and adjusted the network for image data (the Transformer model was

originally proposed for text data).

In our dataset we have 80 snapshots equally spaced in time, from t = 3 TL − 7 TL,

where Tl denotes large eddy turn over time. Indeed, these snapshots cover a time

span of 4Tl corresponding to a sampling interval of b = 0.05 TL. We use the first 40

snapshots as training set and the rest as test set. We trained our framework for 300

epochs with batch size = 1 using the Adam optimizer [KB14] with learning rate =

0.001, along with a learning rate scheduler. It should be noted that our focus has

been on the general characteristics of the framework rather than achieving the best

configurations, hence there might be room for improvements by tuning the proposed
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hyper-parameters.

We implemented this framework in PyTorch using the CUDA environment, and

trained it on one NVIDIA Pascal P100 GPU. The performance of the predicted veloc-

ity field is assessed not only via the conventional error measurement methods such as

MSE and mean absolute error (MAE) but also using rigorous physics-based metrics

relevant to the analysis of turbulence such as the probability density functions (PDFs)

of the filtered velocity gradient tensor and its invariants, the turbulent kinetic energy

spectra and the joint PDF of Q−R plane (detailed in [MDTB21]).

4.5 Results

As mentioned earlier, our sequence learning models have been trained to take an

input sequence with a fixed length (k) and predict a sequence with a fixed length

(p), representing the future time instants of the flow. The spacing between the flow

snapshots or sampling interval (b), is arbitrary but is constrained with the input

sequence. Therefore, feeding an input sequence where all the flow realizations are

0.05TL apart would result in an output sequence with a similar sampling interval

b = 0.05TL. In our experiments, we trained our models with sequences where ω =

0.05TL and therefore they are well-suited to predict temporal realizations that are

0.05TL apart. Furthermore, we can also roll out autoregressively (also known as

cyclic prediction) and feed predicted sequence as input sequence to the model and

generate flow realizations over a larger prediction horizon.

Given the size of the compressed data in discrete latent space, (1, 64, 64, 64), and

our available GPU memory, we were able to train sequence learning models with

k = p = 3b. It is worth mentioning that one can train models with much larger

k, p with a more compressed data , corresponding to a larger SF . However, this
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would come at the cost of losing prediction accuracy as the information content of

compressed data with SF = 4 is less richer that SF = 2. In what follows, we present

our results during inference for (i) short-term prediction, where the sampling interval

in the test data is the same as the training data (b = 0.05TL), (ii) varying sampling

interval prediction, where the sampling interval in the test data is a few times larger

than the training data, and (iii) long-term prediction, where multiple time instants

are predicted autoregressively to assess the error propagation over a larger time span

in future.

4.5.1 Short-Term Predictions

In this section, we present results of short-term predictions in which the models receive

input sequence of [Xt−2b, Xt−b, Xt] and generate sequence of [X̂t+b, X̂t+2b, X̂t+3b], where

X̂ represents prediction of X. It is worth pointing out that we obtained robust results

over all test data and the following results are for the test case where t = 6.8TL.

In all of the diagnostics tests, we observe that the accuracy of results deteriorates

from the first to the third predicted snapshots. This is quite expected as the error

propagates from the first predictions to the next ones due to autoregressive nature of

the predictions. Indeed, during the inference we obtain X̂t+b, X̂t+2b, and X̂t+3b based

on [Xt−2b, Xt−b, Xt], [Xt−b, Xt, X̂t+b], and [Xt, X̂t+b, X̂t+2b], respectively.

In figures 4.1 and 4.2, we evaluate the performance of our Conv-LSTM and Conv-

Transformer models in reconstructing 2d snapshots (randomly sampled) of the ve-

locity field, as well as the PDFs of the velocity components (where the statistics are

based on the full 3d domain) across the predicted snapshots. These figures show that

for the first prediction time step both models capture reasonably well, Conv-LSTM is

slightly better than Conv-Transformer, the instantaneous spatial structure of the flow
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(a) First Prediction (b) Second Prediction (c) Third Prediction

Figure 4.1: Short-term predictions of velocity field using LSTM model

(a) First Prediction (b) Second Prediction (c) Third Prediction

Figure 4.2: Short-term predictions of velocity field using Transformer model

and the statistical properties of the velocity field. Although the accuracy of recon-

structed snapshots decreases for the next predictions due to the error propagation,

we clearly observe that the quality of predicted snapshots using Conv-Transformer is

much better.

The turbulent kinetic energy (TKE) spectra of the predicted time instants are shown

in figures 4.3 and 4.4 for the Conv-LSTM and Conv-Transformer models, respectively.

According to these figures, while the reconstruction quality decreases for the Conv-

LSTM model from the first to the third predictions, our Conv-Transformer model

accurately captures the large and inertial scales of flow, both quantitatively and

qualitatively, with significant loss of information for the smallest scales.

The PDFs of the longitudinal and transverse components of the velocity gradient
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(a) First Prediction (b) Second Prediction (c) Third Prediction

Figure 4.3: Short-term predictions of TKE using LSTM model

(a) First Prediction (b) Second Prediction (c) Third Prediction

Figure 4.4: Short-term predictions of TKE using Transformer model

tensor for different filtering lengths are shown in in figures 4.5 and 4.6 across different

predictions of the Conv-LSTM and Conv-Transformer models, respectively. The re-

sults illustrate that our models across all the predicted time instants can accurately

capture the body of these PDFs, but fail at retaining heavy tails and skewness. These

figures again show that the Conv-Transformer model has a better performance than

Conv-LSTM one. Furthermore, we observe that the quality of the results improves

as we move from inertial to large scales, indicating that loss of information mainly

occurred at small scales.

The capability of our models in reconstructing the joint-PDF of theQ andR invariants

of velocity gradient tensor across different predictions and flow scales are shown in

figures 4.7 and 4.8 for the Conv-LSTM and Conv-Transformer models, respectively.

According to these figures, our models struggle to capture the behavior of the Q,R

PDFs and can only capture some of the most frequent characteristics of the flow
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(a) First Prediction (b) Inertial Scales (c) Large Scales

(d) Second Prediction (e) Inertial Scales (f) Large Scales

(g) Third Prediction (h) Inertial Scales (i) Large Scales

Figure 4.5: Short-term predictions of PDFs of velocity gradient tensor using LSTM
model

(a) First Prediction (b) Inertial Scales (c) Large Scales

(d) Second Prediction (e) Inertial Scales (f) Large Scales

(g) Third Prediction (h) Inertial Scales (i) Large Scales

Figure 4.6: Short-term predictions of PDFs of velocity gradient tensor using Trans-
former model
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(a) First Prediction

(b) Second Prediction

(c) Third Prediction

Figure 4.7: Short-term predictions of R-Q using LSTM model

(interior contours of the PDF). Such large discrepancies in recovering these joint

PDFs may seem surprising given that our models were able to accurately capture the

body of the PDFs of velocity gradient tensor. However, the invariants Q,R depend

not only upon the properties of the individual velocity gradient components, but also

upon more subtle features such as the geometric alignments between the strain-rate

and vorticity fields which our models fail to capture from the data.

In summary of the short-term prediction results, we can conclude that the Conv-

Transformer model outperforms the Conv-LSTM model and can better retain statis-

139



(a) First Prediction

(b) Second Prediction

(c) Third Prediction

Figure 4.8: Short-term cycling predictions of R-Q using Transformer model
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tics of flow field across the entire prediction horizon. The outperformance of Trans-

former model can be heavily attributed to its ability to process input sequences as

a whole rather than element by element (which is typical in LSTM model). Such a

characteristic enables Transformer to capture more faithfully the temporal correla-

tions between sequence elements.

4.5.2 Varying Sampling-Interval Predictions

Now we turn to the models’ predictions where the sampling interval (b) in input/output

sequence of test set is different from the training set (b = 0.05TL). Not shown here,

but our experiments show that the quality of results decreases with increase in the

sampling interval. Here we present the results for the inference when the sampling

interval is five times larger compared to what the models have been trained on. In-

deed, we pass an input sequence of [Xt+b, Xt+6b, Xt+11b] and models predict output

sequence of [X̂t+16b, X̂t+21b, X̂t+26b], where t = 5TL.

A visual comparison of the original and reconstructed velocity fields of our models’

predictions during inference with b = 0.25TL are shown in figures 4.9 and 4.10. The

results illustrate that Conv-Transformer model can much better retain flow charac-

teristics across all the predictions in this challenging task. This higher performance

of Conv-Transformer model is also manifested in the TKE spectrum predictions pre-

sented in figures 4.11 and 4.12.

Results for the PDFs of the longitudinal and transverse components of the velocity

gradient tensor in our predicted snapshots for this varying interval case are shown

in figures 4.13 and 4.14. According to these figures, both models can still capture

the body of these PDFs well enough across all the predicted time instants and again

Conv-Transformer model outperforms the Conv-LSTM model.
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(a) X̂t+16b Prediction (b) X̂t+21b Prediction (c) X̂t+26b Prediction

Figure 4.9: Varying sampling interval cycling predictions of velocity field using
LSTM model

(a) X̂t+16b Prediction (b) X̂t+21b Prediction (c) X̂t+26b Prediction

Figure 4.10: Varying sampling interval cycling predictions of velocity field using
Transformer model

(a) X̂t+16b Prediction (b) X̂t+21b Prediction (c) X̂t+26b Prediction

Figure 4.11: Varying sampling interval cycling predictions of TKE using LSTM
model
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(a) X̂t+16b Prediction (b) X̂t+21b Prediction (c) X̂t+26b Prediction

Figure 4.12: Varying sampling interval cycling predictions of TKE using Trans-
former model

(a) X̂t+16b Prediction (b) Inertial Scales (c) Large Scales

(d) X̂t+21b Prediction (e) Inertial Scales (f) Large Scales

(g) X̂t+26b Prediction (h) Inertial Scales (i) Large Scales

Figure 4.13: Varying sampling interval cycling predictions of PDFs of velocity gra-
dients using LSTM model

143



(a) X̂t+16b Prediction (b) Inertial Scales (c) Large Scales

(d) X̂t+21b Prediction (e) Inertial Scales (f) Large Scales

(g) X̂t+26b Prediction (h) Inertial Scales (i) Large Scales

Figure 4.14: Varying sampling interval cycling predictions of PDFs of velocity gra-
dients using Transformer model

4.5.3 Long-Term Predictions

In this section, the long-term predictions of our models are presented. The following

results are obtained by autoregressive mapping of the predictions across the range of

our test data. Indeed, we seed the models via [X5.05TL , X5.10TL , X5.15TL , ] and conduct

cyclic prediction 12 times to generate [X̂6.85TL , X̂6.90TL , X̂6.95TL ].

As expected, prediction error propagates significantly and accumulation of such errors

over and over generate flow snapshots, figures 4.15 and 4.16, with very small peak

signal-to-noise-ratio (PSNR = O(1)). These results indicate that our models, which

have been trained for short-term predictions, fail to capture long-term dependencies

of flow realizations.

Figures 4.17 and 4.18 present the comparison between TKE spectrum of the recon-

structed and original TGV flow field across the long-term predictions. These results

indicate that our models underpredict the energy content across large and inertial
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(a) X̂6.85TL Prediction (b) X̂6.90TL Prediction (c) X̂6.95TL Prediction

Figure 4.15: Long-term cycling predictions of velocity field using LSTM model

(a) X̂6.85TL Prediction (b) X̂6.90TL Prediction (c) X̂6.95TL Prediction

Figure 4.16: Long-term predictions of velocity field using Transformer model
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(a) X̂6.85TL Prediction (b) X̂6.90TL Prediction (c) X̂6.95TL Prediction

Figure 4.17: Long-term cycling predictions of TKE using LSTM model

(a) X̂6.85TL Prediction (b) X̂6.90TL Prediction (c) X̂6.95TL Prediction

Figure 4.18: Long-term predictions of TKE using Transformer model

scales of flow and interestingly deviations are smaller in the Conv-LSTM model.

The Long-Term Predictions of PDFs of the longitudinal and transverse components

of the velocity gradient tensor, shown in figures 4.19 and 4.20, illustrate that dis-

crepancies are smaller in the body of PDFs and Conv-Transformer model still has a

better performance.
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(a) X̂6.85TL Prediction (b) Inertial Scales (c) Large Scales

(d) X̂6.90TL Prediction (e) Inertial Scales (f) Large Scales

(g) X̂6.95TL Prediction (h) Inertial Scales (i) Large Scales

Figure 4.19: Long-term cycling predictions of PDFs of velocity gradients using
LSTM model

(a) X̂6.85TL Prediction (b) Inertial Scales (c) Large Scales

(d) X̂6.90TL Prediction (e) Inertial Scales (f) Large Scales

(g) X̂6.95TL Prediction (h) Inertial Scales (i) Large Scales

Figure 4.20: Long-term predictions of PDFs of velocity gradients using Transformer
model
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Chapter 5

Conclusions

In this research study we pursued two major objectives: (i) studying motions of small

inertial particles in turbulence and (ii) exploring the possibility of modeling turbulent

flow through deep learning techniques. Our results corresponding to the first objective

have already been published in two journal papers ([MDB19, MB20]) and presented

in three conferences ([MDB20, MDDB18]). Furthermore, we have submitted one

manuscript out of our recent results from our second objective ([MDTB21]) which is

still under review. In what follows, we briefly mention some of the important findings

of this turbulence research study.

In order to accomplish our tasks regarding the first objective, we have used DNS

simulations to conduct a parametric study and explore global and local distribution,

relative velocities, settling velocity and acceleration of inertial point particles in statis-

tically stationary, isotropic turbulence across a wide range of fluid turbulence, inertia

and settling velocity of particles. In these simulations, we independently varied the

Taylor Reynolds number Reλ ∈ [90, 398], Froude number Fr ≡ aη/g ∈ [0.052,∞]

(where aη is the Kolmogorov acceleration, and g is the acceleration due to gravity),
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and Kolmogorov scale Stokes number St ≡ τp/τη ∈ [0, 3].

We analysed the statistics of particle accelerations since they play a key role in the

relative motion of bidisperse inertial particle-pairs in turbulence. The acceleration

variance and kurtosis results showed that decreasing Fr enhances the inertial particle

accelerations, whereas it suppresses their intermittency. Further, the Probability

Density Function (PDF) of the accelerations showed that for St > 1, the effect of

Rλ on the particle accelerations becomes more pronounced in the presence of gravity,

since gravity causes the particle accelerations to be affected by a larger range of flow

scales. We also observed that for Fr � 1 and St & 1, the acceleration PDFs become

almost Gaussian, and may therefore be predicted using the asymptotic models for

the acceleration variance of particles settling in turbulence given in [IBC16b].

Even though the globally averaged particle acceleration is zero in the system we

are considering, our local analysis of the acceleration statistics of settling inertial

particles shows that clustered particles experience a net acceleration in the direction

of gravity, while particles in void regions experience the opposite. In the direction

normal to gravity, and in the absence of gravity, the average particle accelerations are

independent of the Voronöı volumes. The particle acceleration variance, however, is

a convex function of the Voronöı volumes, with or without gravity, which seems to

indicate a non-trivial relationship between the Voronöı volumes and the sizes of the

turbulent flow scales. Results for the variance of the fluid acceleration at the inertial

particle positions are of the order of the square of the Kolmogorov acceleration and

depend only weakly on Voronöı volumes. These results call into question the “sweep-

stick” mechanism for particle clustering in turbulence which would lead one to expect

that clustered particles reside in regions where the fluid acceleration is zero [CV09].

The PDF of the particle relative velocities showed that decreasing Fr enhances the

relative velocities of these particles in both the directions parallel to gravity (vertical)
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and perpendicular to gravity (horizontal), even when St� 1. Most importantly, we

also found that even when the particle settling velocity is large, turbulence still makes

a substantial contribution to the vertical relative velocities, and increasingly so as Rλ

is increased. This behavior arises because of intermittency in the turbulence, due to

which there are significant regions of the flow where the turbulent velocities are of the

same order as the particle settling velocity, even though the mean-field fluctuations of

the turbulence are small compared with the particle settling velocity. An important

practical consequence of this is that when modeling the mixing of bidisperse particles

in turbulence with Rλ ≫ 1, the effect of turbulence cannot be ignored even when the

particle settling parameter is Sv � 1 (unless only the low-order statistical properties

of the mixing are of interest). Our results also show that reducing Fr systematically

suppresses the intermittency of the relative velocities, and in some parameter regimes

the PDFs become almost Gaussian at the small-scales of the turbulence.

We find that the average settling velocities conditioned on the Voronöı volumes ex-

hibits a non-monotonic dependence on the Voronöı volumes, with the largest con-

tribution to the particle settling velocities being associated with increasingly larger

Voronöı volumes as the settling parameter Sv ≡ St/Fr is increased. This non-

monotonic behavior does not seem to have been previously reported, likely because

the Sv considered were not sufficiently large. It can be explained by the recent work

of [TB19] who show theoretically and numerically that as Sv is increased, the scales

responsible for the particle settling velocities shift to larger scales.

Our clustering analysis using the Radial Distribution Function (RDF) and particle

collision kernels show that these low-order statistics are strongly dependent upon

Fr, St, and the degree of bidispersity (the difference in the Stokes numbers of the

particles) but are insensitive to Rλ when St . 1. The latter finding is the same

as was observed for monodisperse particles in [IBC16b], despite the fact that the
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mechanisms governing the spatial clustering and collisions of monodisperse particles

are in general quite different from those for bidisperse particles. These results indicate

that the collisions of droplets in atmospheric clouds might be well described even by

DNS with relatively low Rλ (and more generally, for gas-solid flows where Rλ ≫ 1).

In agreement with previous results using the Radial Distribution Function (RDF)

to quantify particle clustering [IBC16a, IBC16b], which is a global measure, we find

that for small Voronöı volumes (corresponding to the most clustered particles), the

behavior is strongly dependent upon St and Fr, but only weakly dependent upon

Reλ, unless St > 1. However, larger Voronöı volumes (void regions) exhibit a much

stronger dependence on Reλ, even when St ≤ 1, and we show that this, rather than

the behavior at small volumes, is the cause of the sensitivity of the standard deviation

of the Voronöı volumes that has been previously reported. Our results also show that

the standard deviation of the Voronöı volumes is dominated by the behavior of the

void regions, rather than the clustered regions. As a result, the results show that the

standard deviation of the Voronöı volumes is reduced by gravity at all St, even though

the Probability Density Function (PDF) results show that gravity can enhance the

small-scale clustering, as was also observed using the RDF analysis in [IBC16b]. This

is because gravity seems to always suppress the void regions. This highlights that

using the standard deviation of Voronöı volumes as a measure of particle clustering

(which has been done in many previous studies) can be somewhat misleading, since

its properties are dominated by void, rather than small-scale clustered regions of the

flow. We also show that the PDF of Voronöı volumes exhibits a quasi-lognormal

behavior over a certain range of volumes, as previously reported. However, we show

that this is only approximate, and does not describe well Voronöı volumes that are

sufficiently large or small. The validity of the log-normal assumption also depends in

a rather complex way on Reλ and Fr.
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We then consider the properties of particles in clusters, which are regions of connected

Voronöı cells whose volume is less than a certain threshold. The results for the PDFs

of the cluster volumes reveal significant self-similarity of the clusters. The standard

deviation of the cluster volumes provides further insight and shows that the statistics

of the cluster volumes depends only weakly on St, with a stronger dependance on Fr

and Reλ. The weak dependence upon St may however be due to the fact that given

the average inter-particle distance in our simulations, the cluster sizes are comparable

to scales of the flow where one might expect the effects of particle inertia to be weak

anyway. Finally, we compared the average settling velocities of all particles in the

flow with those in clusters, and showed that those in the clusters settle much faster,

in agreement with previous work. However, we also find that this difference grows

significantly with increasing Reλ and exhibits a non-monotonic dependence on Fr.

The kinetic energy of the particles, on the other hand, is almost the same for particles

in and not in the clusters, especially in the presence of gravity.

In the first part of our second objective, modeling turbulence via deep learning tech-

niques, we developed a deep learning based data compression model. Indeed, with

growing the scale of CFD simulations, the computational costs of handling the large

simulation data files they produce becomes prohibitive in terms of storage and mem-

ory band-width. This highlights the importance of employing data compression as

a tool to facilitate checkpointing, transferring, and post-processing such large scale

data. For this purpose, we have proposed a vector quantized deep learning framework,

the so called vector quantized autoencoder or VQ-AE, for the compression of data

from turbulent flow simulations. We have calibrated the loss function of the model

to infuse prior knowledge of the flow in the form of constraints in order to boost the

model performance.

This lossy compression model encodes the velocity field data in a discrete latent space,
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and offers a minimum compression ratio of 85. The resulting compressed data still

accurately captures many of the key flow properties of the original data across all

the scales of flow, and any deviations from the original data are mainly confined

to the properties of the smallest scales of the flow. Compared to the recent data

compression study of [GKS20], in which they proposed a convolutional autoencoder

which compresses the data in a continuous latent space with compression ratio of

64, our model not only improves the compression capability by more than 30% but

also reconstructs the small scales of the flow with much higher accuracy than theirs.

Furthermore, our model is much cheaper from a computational perspective, with less

than 1.4 million parameters, and is trained with only 40 realizations of flow snapshot

data, and can be easily trained on a single (NVIDIA Pascal P100) GPU in around 8

hours (while the maximum memory consumption is around 5 GB).

Our fully convolutional deep learning model has been trained on high fidelity DNS

data of statistically stationary homogeneous isotropic turbulence (HIT), and its per-

formance, based on a range of conventional metrics for image processing tasks and

the physics of turbulence, has been evaluated on snapshots (one from each) from four

different turbulent flows (i) unseen data from the same HIT simulation that the model

was trained on, (ii) decaying isotropic turbulence (DIT), (iii) decaying Taylor-Green

vortex (TGV), and (iv) pressure-driven channel flow. With respect to the HIT test

case, which was not a challenging task for the model as the data has similar char-

acteristics as the training set, our model fully recovered all the flow characteristics

up to second order statistics of the velocity gradient tensor, with small discrepancies

at the smallest scales. We also found that the embedding physics constraints in the

loss function can noticeably improve the quality of the reconstructed small scales of

the flow. For the DIT test case, in which we used the same data as in [GKS20], we

obtained the same level of accuracy as the HIT case and compared to [GKS20] our
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model improves MSE by an order of magnitude, and can recover many of the small

scale properties quantified by the turbulent kinetic spectrum and PDFs of the veloc-

ity gradient tensor. Regarding the TGV test case, which comes from a simulation

on a 1923 domain (as opposed to the training set which simulated on a 1283 grid),

and has considerably different characteristics to the flow used for training the model,

our model recovers the velocity field with around 10% lower PSNR and MSSIM

compared to the study of [GKS20] but captures the PDFs of the velocity components

with very small distortion. Our model captures the PDFs of the components of the

velocity gradient tensor with great accuracy (except some small deviation at the tails

of PDFs). However, our model does not perform so well for capturing the propeties

of the full velocity gradient invarient PDFs which are more subtle, as they are influ-

enced by geometrical alignments between the strain-rate and vorticity fields in the

flow. In the HIT, DIT and TGV cases, we found that most of the information loss

due to compression is associated with the small scales, such that when those scales

are filtered out using a low-pass Gaussian filter, the discrepancy between the original

and reconstructed data disappears.

We also tested our model on a realization from a turbulent channel flow, which is

not only anisotropic but also inhomogeneous, and therefore very different from the

HIT training data. We found that the model has satisfying performance in recovering

important statistics of the flow, and the quality of results are comparable (even slightly

better for some quantities) compared with the model of [GKS20], except for the

prediction of the streamwise Reynolds stress. Interestingly we found that our model

without regularization terms included performs better for this channel flow case and

we attribute this to the fact that the regularization constraints in the loss function

are based on propeties for homogeneous turbulent flows, and therefore do no apply

in a channel flow near the wall.
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Our data compression model can facilitate the dynamical modeling of three dimen-

sional turbulence as it provides a latent space with high information content that can

be used in a sequence modeling deep learning framework to learn the spatio-temporal

characteristics of flow. Furthermore, we believe this data compression framework is

not limited to CFD simulations but can be easily applied to compress data from other

complex physical simulations with structured mesh domains.

In our last research objective, we aimed at exploring the feasibility of emulating

temporal and spatial patterns of three-dimensional isotropic turbulence, purely from

data, via modern deep learning approaches. Since our data size is memory intensive,

we first generate a low-dimensional representation of the velocity data and then pass

it to a sequence prediction network that learns the spatio-temporal correlations of the

underlying data. Therefore, our proposed framework consists of two deep learning

models, one for compression and the other for sequence learning, which are trained

separately. Our compression model is a Vector-Quantized Autoencoder (VQ-AE)

and for the sequence learning model, we designed two radically different sequence

learning models, convolutional LSTM (Conv-LSTM) and convolutional Transformer

(Conv-Transformer).

These architectures are designed and trained to perform a sequence to sequence multi-

class classification task by mapping [Xt−k, ..., Xt−2b, Xt−b, Xt] to [Xt+b, Xt+2b, ..., Xt+p],

where b is the sampling interval and is set to b = 0.05TL in our dataset. During the

inference, these models take an input sequence with a fixed length (k) and predict

a sequence with a fixed length (p), representing the future time instants of the flow.

Given the size of the compressed data in discrete latent space and our available GPU

memory, we were able to train sequence learning models with k = p = 3b.

Our results for the short-term predictions show that the accuracy of results for both

models deteriorates across predicted snapshots due to autoregressive nature of the
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predictions. Based on our diagnostics tests which include 2d snapshots and PDFs

of velocity components, turbulent kinetic energy (TKE) spectra, the trained Conv-

Transformer model outperforms the Conv-LSTM one and can accurately, both quan-

titatively and qualitatively, retain the large scales, capture well the inertial scales of

flow but fail at recovering the small and intermittent fluid motions. The outperfor-

mance of Conv-Transformer model can be heavily attributed to its ability to process

input sequences as a whole rather than element by element (which is typical in LSTM

model). However, both models neglect important characteristics of the joint-PDF of

the Q and R invariants of velocity gradient tensor indicating that our models struggle

to capture more subtle features of velocity field such as the geometric alignments

between the strain-rate and vorticity fields.

Finally, we also tried to test our models, which have been trained for short-term

prediction, on challenging tasks of varying sampling interval and long-term predic-

tions. Our results indicate that the quality of reconstructed flow fields across all the

predicted snapshots deceases for the varying sampling interval inference. Further-

more, we observed that during cyclic prediction (to generate long-term predictions),

error (from one prediction to the next one) propagates significantly and accumula-

tion of such errors repeatedly result in flow snapshots that do not retain important

characteristics of turbulence.

In summary of our exploration to utilize modern machine learning techniques in

turbulence research, we found that such techniques perform very well in turbulence

modeling (specially for static mapping). However, we were not able to show the-

oretically/mathematically how the proposed deep learning frameworks process the

turbulence data and perform a prediction. This lack of theoretical explanation and

clear understanding of the interactions between models and data creates a legitimate

concern that limits the extent to which such models can be applied for different types
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of turbulent flows. Therefore, the black-box nature of such purely data-driven mod-

els highlights the importance of in-depth research on their interpretability as it is

critical for any further improvement and their acceptance among physics communi-

ties. The quest for interpretability and explainability, which refers to the degree to

which we can understand and explain the cause of a decision, should examine mul-

tiple characteristics of such models such as stability and robustness (ensuring that

small changes in input would not lead to substantial changes in predictions), accuracy

and fidelity (quantifying the degree to which we can trust a model and measure con-

fidence intervals), invariance and equivariance (ability to capture properties of data

under mathematical transformations such as rotations and transformations), to name

a few.
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