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Abstract 

This thesis investigates the resonant frequency of a partially-filled rectangular tank of 

water with a curved bottom that is subject to a horizontal harmonic excitation. The 

primary goal was to find a model that can accurately find the resonant frequency to study 

the change in the resonant frequency when the parameters of the curved base and system 

were changed. The EOM model, the ℎ̅ model, and the �̅�𝑛 model were all derived from 

the same linear assumptions and approximation of the velocity potential.  Frequency 

sweeps were done for several curved base systems and compared to each of the models’ 

predictions. It was found that the ℎ̅ and �̅�𝑛 models both matched well with the data when 

the base was sinusoidal, while the EOM model did not. An additional investigation was 

done to understand the presence of nonlinearities and their significance to the system. It 

was found that, while several nonlinearities exist such as additional harmonic frequency 

content and surface tension, they are not significant in affecting the resonant frequency. 

Furthermore, the accuracy in the ℎ̅  and �̅�𝑛 models show that the linear assumptions and 

simplifications made for the velocity potential equation were feasible to a degree. Despite 

this, it is clear that the approximation of the velocity potential used for these models 

needs further development in order to improve the models’ reliability. 
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1 

Introduction 

 

 

One of the primary concerns engineers face in the construction of several structures seen 

and used every day are vibrations. Whether it is a jet turbine or a skyscraper, an 

excitation vibration from any source could result in total failure of the structure. The 

physical phenomenon that can cause this dangerous failure of systems is called 

resonance. Resonance occurs when a system is excited by a vibration from an outside 

source with a frequency close to the natural frequency of the system itself. When this 

condition is met, the system will vibrate with increasing amplitude until the system 

breaks. Because of this, several methods have been developed to prevent resonance. The 

two most commonly used general methods are to dampen the system to reduce the 

amplitude of resonance or to change the properties of the system to separate the expected 

excitation frequency and the natural frequency. Specific ways to do this include adding 

friction dampers to dissipate energy so that the amplitude of resonance is not as severe or 

attaching a pendulum as a vibration absorber where the pendulum’s properties make it so 

that, at the expected excitation frequency, the pendulum counteracts the vibration to keep 

the structure vibrating at near-zero amplitude. Another one of these methods is to attach a 
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tank of fluid onto the structure so that the liquid dampens the vibrations the system is 

experiencing. These are called tuned liquid dampers or TLDs.  

There have been several studies on having TLDs with rectangular and cylindrical 

tanks (Ibrahim et al, 2001). There have also been studies on sloped-bottom TLDs 

(Gardarsson & Yeh, 2007). The majority of these studies determined their effectiveness 

as TLDs. Many investigations have been looking into adding flow-dampening devices 

either floating on the water or attached to the tank in an effort to reduce sloshing (Ali 

Goudarzi & Reza Sabbagh-Yazdi, 2012; Chen & Haroun’, 1996; Deng & Tait, 2008; Warnitchai & 

Pinkaew, 1998). This study will be focusing on the fluid sloshing of the free surface in the 

well-studied system of rectangular tanks. The linear case of this problem has been studied 

as a representation of a mechanical mass-spring-damper system (Deng & Tait, 2008; 

Housner, 1963; Warnitchai & Pinkaew, 1998). Since nonlinearity is present, numerical 

methods utilizing finite differences and finite elements have been made to predict the 

behavior of fluid sloshing for liquid in a rectangular tank (Frandsen, 2004; Zhang & Sun, 

2014). However, there are few studies that investigate more complicated and generalized 

rectangular tank shapes which is what this study aims to accomplish. There is potential in 

this system to be modified in real-time to change the natural frequency of a system to be 

closer or farther away from resonance. This is referred to as a semi-active system (Yalla 

et al., 2001). 

This study will attempt to find the resonant frequencies and behaviors of the free-

surface of a fluid in a tank that is sloshing due to an external vibration where the tank has 

a unique base shape. Specifically, sinusoidal and parabolic base shapes will be 
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investigated with several different water-level heights and parameters of the base itself. 

The first chapter begins with a description of the system and fundamental equations then 

proceeds, in detail, using analytical and numerical methods to approximate the liquid’s 

free-surface sloshing and velocity potential. Several linear assumptions will be made for 

the sake of simplicity as well as to determine the significance of nonlinearity in the 

system. Due to difficulties in analytically and numerically solving the partial differential 

equation describing the velocity potential, an approximation of the solution will be used. 

The first model is derived from the equation of motion of the system and will be called 

the EOM model. In the second chapter, the accuracy of the EOM model is determined by 

comparing it to experimental data. There is also a brief explanation of the experimental 

setup. In the third chapter, the nonlinear contributions to the system and potential sources 

are investigated. Finally, in the fourth chapter, two additional models are introduced: the 

ℎ̅ and �̅�𝑛 models. Their effectiveness in predicting the natural frequency is discussed as it 

compares to the EOM model and the actual data, and then there is a discussion on what 

this entails for the EOM model and what can be used when deriving a more accurate 

approximation. Additionally, a discussion is had on the feasibility of modeling the natural 

frequency using the linear assumptions and mathematical simplifications made. 
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2 

Describing the problem 

 

 

 

 

2.1 Defining the System 
 

The system is a two-dimensional representation of a rigid tank partially filled with liquid 

with an open top, so the only free surface of the liquid in the tank is the top surface. A 2D 

(x and y) representation of this system can be used rather than 3D because the excitation 

force will vibrate the system in the x direction only, so, ideally, there is no change in the 

flow along the z-direction of the tank. This symmetry allows this 3D system to convert 

into a 2D system which will simplify the procedure. Fig. 2.1 shows the system described, 

where 𝜂(𝑥, 𝑡) is the free-surface sloshing, X(t) is the equation describing the vibration of 

the system, h(x) is the equation describing the distance between the still water height and 

the base of the tank, and L is the length of the tank in the x direction. A Cartesian 

coordinate system is used where the x-axis is zero at the left wall of the tank, and the y-

axis is zero at the water level height if the system was not vibrating, the still water level 

height.  
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FIGURE 2.1: The 2D representation of the system investigated with an example sinusoidal 

curved base. 

 

The common fluid mechanics assumptions will be made which are assuming the 

flow is inviscid, incompressible, and irrotational, and surface tension is assumed to be 

negligible. With these assumptions, the continuity equation of this fluid is described as 

(1). 

𝜕2𝜙

𝜕𝑥2 + 
𝜕2𝜙

𝜕𝑦2 = 0                                                  (1) 

𝜙 is the velocity potential of the ideal fluid. By definition, the derivative of the 

velocity potential at a certain direction is the fluid’s velocity at the direction chosen. 

Now, the boundary conditions for this elliptic second-order partial differential equation 

must be considered which will come from the interactions between the fluid and the three 

L 
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walls. At these walls, rigid walls will be assumed, so the fluid velocity must be zero 

normal to the surface of the wall. Hence, Eq. (2a) – (2d). 

𝑢(0, 𝑦, 𝑡) =  
𝜕𝜙

𝜕𝑥
|

𝑥=0
= 0                                            (2a) 

𝑢(𝐿, 𝑦, 𝑡) =  
𝜕𝜙

𝜕𝑥
|

𝑥=𝐿
= 0                                            (2b) 

𝑣(𝑥, −ℎ(𝑥), 𝑡) =  
𝜕𝜙

𝜕𝑛
|

𝑦=−ℎ(𝑥)
= 0                                      (2c) 

𝑣(𝑥, −ℎ(𝑥), 𝑡) =  (
𝜕𝜙

𝜕𝑦
−

𝜕ℎ

𝜕𝑥

𝜕𝜙

𝜕𝑥
)|

𝑦=−ℎ(𝑥)
= 0                         (2d) 

To generalize this study to include several different base shapes, the height 

difference function is defined to be an arbitrary height function, h(x), dependent on the 

length position of the tank. Eq. (2d) is (2c) in terms of our coordinates; this complicates 

the approximation. To simplify this, the velocity normal to the base of the tank will be 

defined as the y-direction velocity, 
𝜕𝜙

𝜕𝑦
 . Now, the boundary condition for the free-surface 

of the liquid must be defined. A free-surface occurs whenever there is a surface where 

two fluids interact with each other, in this case, there is the air interacting with the top 

surface of the liquid in the tank. Two boundary conditions come from the free-surface 

boundary condition: Kinematic and Dynamic.  

The kinematic free-response boundary condition is concerned with the motion of the free-

surface to the fluid velocities at the surface. Using the condition that properties must exist 

that are continuous across the surface of the two fluids, Eq (3) is written. 
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𝜕𝜂

𝜕𝑡
=  

𝜕𝜙

𝜕𝑦
−  

𝜕𝜂

𝜕𝑥

𝜕𝜙

𝜕𝑥
    , y = η                                          (3) 

This boundary condition is a major source of nonlinearity. To simplify this 

procedure, this model will be a linear approximation. This condition can be simplified by 

assuming the amplitude of the free-surface sloshing is small, so this boundary condition 

is imposed to be at y = 0 rather than y = η. The Second-order term in (3) will be ignored 

as well which leaves (4). 

𝜕𝜂

𝜕𝑡
=  

𝜕𝜙

𝜕𝑦
    , y = 0                                                 (4) 

The dynamic free-response boundary condition is concerned with the force 

balance of the free surface. To derive this boundary condition, Bernoulli’s equation 

(conservation of energy) is used.  

𝑝 +  𝜌 ( 
1

2
𝑉2 +  

𝜕𝜙

𝜕𝑡
) + 𝜌𝑔𝑦 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                              (5) 

At the free-surface boundary, 𝑝 =  𝑝𝑎𝑡𝑚 and the arbitrary constant is chosen to be 

𝑝𝑎𝑡𝑚 . Furthermore, the assumption of small amplitudes is used again here to say y = η = 

0 and to say  
1

2
𝑉2 is negligible compared to 

𝜕𝜙

𝜕𝑡
, so Eq. (6) is the new boundary condition. 

𝜕𝜙

𝜕𝑡
+ 𝑔𝜂 = 0                                                   (6) 

Now that the dynamic and kinematic free-surface boundary conditions are found, the 

velocity potential, 𝜙, and the free-surface sloshing amplitude, η, can be approximated. 

Using (1) – (2c) and the separation of variables defined in (7), the result is Eq. (8). 

𝜙(𝑥, 𝑦, 𝑡) = �̇�(𝑡)𝑋(𝑥)𝑌(𝑦)                                    (7) 
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𝜙(𝑥, 𝑦, 𝑡) = ∑ �̇�𝑛(𝑡) cos (
𝑛𝜋𝑥

𝐿
) (coth (

𝑛𝜋ℎ(𝑥)

𝐿
) cosh (

𝑛𝜋𝑦

𝐿
) + sinh (

𝑛𝜋𝑦

𝐿
))∞

𝑛=1 (8) 

This is not a solution but an approximation. Due to time constraints, many 

assumptions and simplification were utilized in order for mathematical simplicity. The 

use of the x-dependent height function as the boundary for the y domain does not allow 

for separation of variable to give a true solution that satisfies the PDE and boundary 

conditions. This will be addressed below. The EOM model will be using Eq. (8) since 

one of this study’s primary goals is to gain a better understanding of the system and find 

a model to best predict the natural frequency of this particular system with general base 

shape. While this approximation is expected to not be perfect, it will help gain valuable 

insights on what will be required to find a better analytical solution and what it will 

resemble. Additionally, the results of this model will help determine the feasibility of 

using the assumptions and simplifications made. With that said, the first issue is that it 

does not satisfy the continuity equation, (1). The h(x) term causes new terms to appear 

from the double partial derivative term of x shown below at (9). 

2
𝑛𝜋

𝐿
sin (

𝑛𝜋

𝐿
𝑥) cosh (

𝑛𝜋

𝐿
𝑦) csch2 (

𝑛𝜋

𝐿
ℎ(𝑥))

𝑑ℎ

𝑑𝑥
−

cos (
𝑛𝜋

𝐿
𝑥) cosh (

𝑛𝜋

𝐿
𝑦) csch2 (

𝑛𝜋

𝐿
ℎ(𝑥))

𝑑2ℎ

𝑑𝑥2 +

                     
2𝑛𝜋

𝐿
cos (

𝑛𝜋

𝐿
𝑥) cosh (

𝑛𝜋

𝐿
𝑦) coth (

𝑛𝜋

𝐿
ℎ(𝑥)) csch2 (

𝑛𝜋

𝐿
ℎ(𝑥)) (

𝑑ℎ

𝑑𝑥
)

2

              (9) 

Plotting these terms onto the domain of x = [0,L] and y = [-h(x),0] can give a 

visualization of the significance of these terms to the accuracy of the solution. L = 68.8 

mm, n = 1, and h(x) is the height function for either a sinusoidal, (10), or a parabolic 
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base, (11). Fig. 2.2 below gives an idea of how these extra terms deviate the solution 

from being accurate. 

ℎ𝑠(𝑥) = 𝐻 − (𝐴 + 𝐴 ∗ sin(𝑤 ∗ 𝑥))                                      (10) 

ℎ𝑝(𝑥) = 𝐻 − (−𝐶 (𝑥 −
𝐿

2
)

2

+ 𝑏)                                   (11) 

 

FIGURE 2.2: The values of the terms left over when plugging in Eq. (8) into (1) at any x 

and y in the domain. The top plot is for a sinusoidal base and the bottom for a parabolic 

base. The values under the surface of the base (the black lines) are not considered. 
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Fig. 2.2 show that the values of these extra terms throughout the domain are very 

close to zero. The values below the base surface will not be considered since they are 

outside the domain, so the maximum value these terms will be is of order 10−2. Hence, 

these results give the impression that this flaw in the approximation from the actual 

solution will be not be significant.  

There is another issue; the introduction to the h(x) does not allow for the left and 

right rigid wall boundary conditions to be wholly valid with this approximation. The 

introduction of the h(x) term complicated the process to analytically find the solution to 

the velocity potential especially for the x-dependent terms. Eq. (12) shows the additional 

term produced from the product rule when finding the x-direction velocity that will 

complicate the solution. While at large still water level heights, the extra term is 

essentially zero. As the still water level gets closer to the curved base or when the system 

appears less like the flat base case, this term grows quickly in significance. For example, 

using a sinusoidal base with L = 68.8 mm, n = 1, A = 5.08 mm, b = 0.245 rad/sec, and 

water height is 50 mm, the nonlinear terms are close to zero and the x-direction velocity 

is dominated by the first two terms, reaching a max of 0.095 mm/s. The term’s maximum 

increases to 1.394 mm/s once the still water height is 25 mm. The maximum reaches 

10.306 mm/s at 15 mm, and Eq. (12) is dominated by the third term. The same behavior 

can be found with the parabolic base as well. Hence, it is expected that this flaw will be 

significant in causing the linear model to fail when the still water height is close to the 

curved base.  
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𝑑𝜙

𝑑𝑥
=

𝑛𝜋

𝐿
(− sin (

nπx

L
) cosh (

nπy

L
) coth (

nπh(x)

L
) − sin (

nπx

L
) sinh (

nπy

L
) −

 cos (
nπx

L
) cosh (

nπy

L
) csch2 (

nπh(x)

L
)

dh

dx
)       (12) 

A more accurate analytical solution was to be pursued. It was found that an 

approximate solution to the boundary-value problem for Laplace’s equation in a 

rectangular domain with a single curved side is possible using Trefftz’s method in 

conjunction to the Boundary Collocation Method (A.O. El-Refaie et. al, 2012). This 

solution would still be compatible with the rest of the procedure in this section since the 

time-dependent portion can still be separable. It can still be the generalized coordinate 

and will not be changed. Unfortunately, the development of this solution was not made 

due to time constraints. Additionally, a numerical method was pursued. It involved 

coordinate transforming the system to be rectangular and utilizing finite differences, but 

the system of equations required to solve for the velocity potential was singular. 

Nevertheless, for the sake of this study, the current linear approximation of the velocity 

potential will be used in an effort to get a better understanding of the significance of 

nonlinearity in the system and also to see the reliability of these current linear 

assumptions in predicting the natural frequency of the system. 

  As a reference, Fig. 2.3 below show the values of the solution, 𝜙, throughout the 

domains of a tank with a sinusoidal base and a parabolic base. 
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FIGURE 2.3: The values of the velocity potential in the domain of the tank. The values 

under the curved base surface (the black line) are not considered. 

The highest potential is on the top right and left corners of the fluid while the 

center vertical line has a zero potential. These two behaviors are expected since the first 

natural mode is the dominant mode. The two ends of the surface will have the most 

movement and be opposite of each other, while the center stays relatively still at still 

water height. Additionally, the potential is smaller as you go deeper into the tank. These 

behaviors are consistent for both the sinusoidal and parabolic base shapes.  



 

13 

 

Since this approximation is derived of linear systems, 𝜙 is the superposition of the 

solutions for (9) when n = 1, 2, 3… This is the same for the flat base case which leads to 

(14). 

�̇�(𝑡) =  𝑞0𝑒±𝑖𝜔𝑛𝑡                                             (13) 

𝜔𝑛 =  √
𝑛𝜋𝑔

𝐿
tanh (

𝑛𝜋ℎ

𝐿
)                                         (14) 

(13) and (14) can be found by taking the derivative of (6) with respect to time and 

plugging in (4) then solving for �̇�. (14) is the natural frequency for the flat base case. A 

comparison will be made with the experimental and model natural frequencies to (14). 

This procedure can be done for h(x), but this will be discussed later in the paper. 

Nevertheless, the free-surface sloshing, η, is found by plugging (8) into (4) which 

gives (15). 

𝜂(𝑥, 𝑡) =  ∑ 𝑞𝑛(𝑡)∞
𝑛=1 cos (

𝑛𝜋𝑥

𝐿
)                                  (15) 

It can be seen here that the free-surface sloshing amplitude is defined by a 

superposition of oscillatory mode shapes with amplitudes 𝑞𝑛(𝑡) and frequencies 
𝑛𝜋

𝐿
  

similar to the velocity potential. It is expected that the higher frequency modes have a 

smaller contribution to the sloshing amplitude than the lower frequency modes.  On Fig. 

2.4, the first four modes of the free-surface sloshing are shown as well as the 

superposition of them. 
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FIGURE 2.4: The first three mode shapes for the free-surface sloshing amplitude and the 

superposition of them are shown. The max 𝑞𝑛 used to find these shapes were found by 

solving the EOM (Eq. 20). 

 

The first mode can be the only one considered because the first mode shape 

dominates the shape of the free-surface sloshing. This is evident in the Fig. 2.4. The first 

mode shape does not completely dominate as the third mode shape does have a fair 

contribution, but the second mode shape has essentially no contribution to the free-

surface sloshing. As an aside, the appearance of the superposition of the three modes 

gives the possibility of approximating it as a straight line rather than a trigonometric 

function. 

2.2 Deriving the Equation of Motion 
 

So far, the procedure done here is done in several other papers, and the equations derived 

so far have been also derived in several papers (Ali Goudarzi & Reza Sabbagh-Yazdi, 2012; 
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Faltinsen, 1978; Ibrahim et al., 2001; Warnitchai & Pinkaew, 1998; Zhang & Sun, 2014). In this 

section, numerical techniques will need to be utilized to arrive at the equation of motion. 

To find the natural frequency of the free-surface sloshing amplitude of the nth 

mode, 𝑞𝑛(𝑡), the system’s equation of motion must be derived setting this amplitude as 

the generalized coordinate. This can be done using Lagrangian mechanics. The potential 

energy of the system is (16). 

𝑈 =  
1

2
𝜌𝐵𝑔 ∫ [𝜂(𝑥, 𝑡)]2𝑑𝑥

𝐿

0
                                      (16) 

Where 𝜌 is the density of the liquid, B is the width of the tank (length in the z-direction), 

and g is the acceleration of gravity. The kinetic energy of the system is (17). 

𝑇 =  
1

2
𝜌𝐵 ∫ ∫ [(�̇� +

∂ϕ

∂x
)

2

 +  (
∂ϕ

∂y
)

2

 ] 𝑑𝑦𝑑𝑥
0

−ℎ(𝑥)

𝐿

0
                    (17) 

Then, (16) and (17) are applied to the Euler-Lagrange equations with 𝑞𝑛(𝑡) as the 

generalized coordinate, (18) and (19).  

ℒ = 𝑇 − 𝑈                                                (18) 

𝑑

𝑑𝑡
(

∂ℒ

∂q̇
) −  

∂ℒ

∂q
= 0                                           (19) 

Applying (15) to find U is trivial but solving for the kinetic energy is very 

involved because of h(x) is in the integrand itself and is one of the bounds of the integral. 

Now, it can quickly seen that the kinetic energy term will end with four terms in the 

integrand; only three of these terms will survive to the equation of motion. For all of 

these three terms, the time-derivative of the generalized coordinate, �̇�, can be factored out 
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since it is only dependent on time and not x or y. Additionally, since it was assumed that 

the velocity potential’s time dependence comes from a separated function of time, the 

complicated integrals in the kinetic energy term will result in constant coefficients in the 

equation of motion. Hence, the structure of the equation of motion can be known now by 

applying the Euler-Lagrange equations onto (19) without having to evaluate the integrals.  

𝑎𝑛�̈�𝑛(𝑡) + 𝑏𝑛𝑞𝑛(𝑡) = 𝑐𝑛�̈�(𝑡)                                    (20) 

Where the 𝑏𝑛 coefficient comes from the potential energy term, and 𝑎𝑛 and 𝑐𝑛 

coefficients come from the kinetic energy term. Typically, one could use Taylor 

approximations or Legrende approximation to expand the integrands enough to 

analytically approximate the integrals; however, the height function is defined as the 

distance between the still water height and the base of the tank where 𝑓𝑏(𝑥) described the 

base of the tank and it is >0 for all x in the domain. 

ℎ(𝑥) =  𝐻𝑠𝑡𝑖𝑙𝑙 𝑤𝑎𝑡𝑒𝑟 − 𝑓𝑏(𝑥)                                    (21) 

This structure of the height function does not allow for the use of Legrende 

Polynomials and because of high order hyperbolic trigonometric terms in the integrand, 

an unreasonable number of terms would be needed to fairly approximate the integrals in 

the domain. In order to determine these three coefficients for any base shape and system 

parameters prescribed, numerical strategies were deployed to find the coefficients.  

𝑚𝑛�̈�𝑛(𝑡) + 𝑚𝑛𝜔𝑛
2𝑞𝑛(𝑡) = 𝛾𝑛�̈�(𝑡)                                  (22) 
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Eq. (22) is a very familiar differential equation that can be found in several 

mechanical systems. Knowing (22) is true for all equations of motion of this form, the 

natural frequency of this system can be found using standard procedure, (23). 

𝜔𝑛 =  √
𝑏𝑛

𝑎𝑛
=  √

𝑚𝑛𝜔𝑛
2

𝑚𝑛
                                          (23) 

These modal coefficients match with the modal coefficients calculated analytically for 

the constant base case in the Warnitchai’s paper (Warnitchai & Pinkaew, 1998). 
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3 

Experimental Investigations 

 

 

Theoretically, this approximation can find the natural frequency of a tank of fluid with a 

sinusoidal or parabolic base shape. However, to determine the accuracy of this 

approximation, it must be compared to reality.  

To get physical results, frequency sweeps on the system were run in an effort to 

pinpoint the resonant frequency. A 10 inch by 10 inch shaker table was used to act as the 

single degree excitation source and several 3D printed parts were designed to hold the 

camera and tank. Due to the size limitations of the shaker table and the 3D printer bed, a 

68.8 mm long, 66 mm wide, and 102 mm heigh tank was used. Additionally, since the 

experimental apparatuses were light and small compared to the mass of the shaker table, 

there should not be any influence from the apparatuses to the shaker’s vibrations. Nine 

sinusoidal bases of varying amplitude and frequency and one parabolic base were printed. 

The dimensions of these bases are shown in Table 3.1. 
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Table 3.1: Curved base parameters for each scenario studied. 

To be used in… Amplitude (A) (mm) Frequency (w) (rad/s) 

 

Variable Amplitude 

2.54  

0.25 

 
5.08 

9.39 

10.16 

 

 

Variable Frequency 

 

 

5.08 

0.097 

0.145 

0.195 

0.25 

0.295 

0.322 

Variable Height 5.08 0.25 

  

 

 

 

 

To be used in… Spread Value 

(C)(1/mm) 

Peak Height Value 

(b)(mm) 

Variable Height 0.1 25 

 

(24) and (25) are the base functions where the values from Table 3.1 will go into. 

𝐴 + 𝐴𝑠𝑖𝑛(𝑤𝑥)                                                      (24) 

−𝐶 (𝑥 −
𝐿

2
)

2

+ 𝑏                                                     (25) 

The height functions needed should represent the distance between the still-water surface 

and the curved base of the tank. Hence, the height functions are (26) and (27). 

ℎ𝑠(𝑥) = 𝐻 − (𝐴 + 𝐴 ∗ sin(𝑤 ∗ 𝑥))      (26) 

ℎ𝑝(𝑥) = 𝐻 − (−𝐶 (𝑥 −
𝐿

2
)

2

+ 𝑏)     (27) 
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These values were chosen to represent a wide range of bases. Inaccuracies due to 

the printer itself caused the bases to be slightly different than intended, but that was 

accounted for. Since printing took several hours per base, and there was limited time in 

the lab, 10 bases were made. If there was more time, there would have been trails done 

for parabolic bases of varying C and b values. It would be interesting to also test a larger 

amplitude sinusoidal base and see the change in the resonant frequency as you increase 

the frequency. In the end, a wide range of scenarios were run and compared to the EOM 

model. 

A camera was mounted onto the shaker table to record the fluid sloshing 

amplitude on the reference frame of the shaker. With this video, the behavior of the 

amplitude of the free surface as a function of frequency can be obtained since the 

frequency sweep was linear. Then, all that needed to be done was to extract the amplitude 

from the videos and record at what frequency of the sweep does the amplitude peak.  
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FIGURE 3.1: Examples of the process and results of the data gathering process. The top 

image is from a Python script analyzing each frame of the videos recorded and taking the 

y position (as a pixel position) from two locations on the surface. The bottom plots are 

Pixel location in x direction 
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examples of the result from taking the amplitude of two locations over the frequency 

sweep. The red line represents the resonant frequency of the system if the base was flat 

using Eq. (14). 

 

The amplitude over time was taken of two locations on the free-surface of equal 

but opposite distance from the middle. In several cases, including the one displayed 

above, the resonant frequency was difficult to determine since the two amplitude plots for 

the two positions did not match, and there would be more than one peak visible. Hence, 

the resonance frequency was recorded with a margin with the lowest value being the 

smallest frequency with a peak and the largest value being the largest frequency with a 

peak. The recorded resonant frequency itself would be the frequency where the highest 

amplitude occurred. 

The damping of the system was found for several scenarios. The amplitude of the 

free-surface was recorded after it was subject to a sudden force acting like an initial 

position and velocity. Then using logarithmic decrement, the damping ratio was found. 

An amplitude ratio that was closest to ~0.3299 was used to minimize uncertainty in 

finding this (Little & Mann, 2019). This was done for the 15 mm still water-level height 

with a sinusoidal base scenario, and it was found that the damping ratio was 0.1579. This 

damping ratio is small enough so that the difference between the natural frequency of the 

system and the observed damped natural frequency is insignificant. Additionally, the 

damping ratios were found for all the parabolic base scenarios. As in the sinusoidal base 

scenarios, the damping ratio is very small. 
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Compiling the peak frequencies from all of the lab runs and plotting them over the 

predicted natural frequencies from (23) results in Fig. 3.2 below. 

 

 

H (mm) 

Variable H [A = 5.08 mm & w = 0.25 rad/sec] 

 
x (mm) x (mm) 

𝜔𝑛  (Ω/2π) 

A (mm) 

Variable A [H = 50 mm & w = 0.25 rad/sec] 

x (mm) x (mm) 
𝜔𝑛  (Ω/2π) 

(a) 

(b) 
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FIGURE 3.2: A comparison of the EOM model’s results with the flat base case (red 

dashed line) and the experimental data when a certain parameter of the system is 

changed. The curved base is sinusoidal. (a) shows the change in natural frequency as the 

still-water level height changes. (b) shows the natural frequency as the amplitude of the 

sinusoidal base changes. (c) shows the natural frequency as the frequency of the 

sinusoidal base changes. Additionally, every trend shows how the system looks at both 

endpoints of the range of parameter values used. 

Each of these three figures show us the change in the natural frequency as there is 

a change in a specific variable of the height function h(x). As a reminder, for the 

sinusoidal case displayed above, 

ℎ𝑠(𝑥) = 𝐻 − (𝐴 + 𝐴 ∗ sin(𝑤 ∗ 𝑥))     (28) 

It is the distance between the still water height and the floor of the tank. H is the 

still water height (which is varied in Fig. 3.2a), A is the amplitude of the sinusoidal base 

and the amount the curve is raised from the base (which is varied in Fig. 3.2b), and w is 

the frequency of the sinusoid (which is varied in Fig. 3.2c). The top left plot in each 

figure depicts the system for the smallest variable value for the range the model is 

w (rad/sec) 

Variable w [H = 50 mm & A = 5.08 mm] 

x (mm) x (mm) 

𝜔𝑛  (Ω/2π) 

(c) 
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predicting while the top right plot depicts the system for the largest variable value. The 

green and yellow points represent the experimental values. The yellow represents the 

frequency at the amplitude peak for the right side of the surface, and the green represents 

the left side. As mentioned before, since many of the time-series displayed multiple 

peaks, the margin tells us at what range these peaks lie. Focusing for now on the 

numerical results, expected behavior is seen. When the system resembles the flat base 

case, the resonant frequency is close to the resonant frequency for the flat base case.  This 

occurs as the water-level height increases, the amplitude decreases, and the frequency 

decreases. As the base becomes less flat, the resonant frequency diverges below the flat 

base case. 

When comparing the theory to the experimental data, the model fails to determine 

the resonant frequency when an x-dependent height function is used.  There are, however, 

similar trends with the model and the lab results. As the base resembles a flat surface, the 

resonant frequency approaches the flat base case, but when the base becomes more 

curved, the model’s resonant frequency gets farther and lower than reality. For the 

variable frequency runs, the resonant frequency exhibit what appears to be a sinusoidal 

trend. Regardless, the model did poorly to determine the resonant frequency for the 

sinusoidal base. 

For the parabolic base shape, frequency sweeps were taken as was done with the 

sinusoidal cases, but the scenarios were additionally recorded when subject to an initial 

perturbation. This was originally done to obtain the damping in the system, but, once the 

data was analyzed, it was much easier to take the resonant frequencies from the FFTs of 
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the transients than from the amplitude vs. frequency plots. Nevertheless, the resonance 

peaks were recorded for a single parabolic base but in different still water level heights.  

 

FIGURE 3.3: A comparison of the EOM model’s results with the flat base case (red 

dashed line) and the experimental data when a certain parameter of the system is 

changed. The curved base is parabolic. This shows the change in natural frequency as the 

still-water level height changes. 

 

Fig. 3.3, like its sinusoidal counterpart, demonstrates the relationship between the 

resonance frequency of the system and the still water height of the tank of water. In terms 

of the height function, the still water height has a similar contribution to h(x) as it has to 

the sinusoidal version. 

ℎ𝑝(𝑥) = 𝐻 − (−𝐶 (𝑥 −
𝐿

2
)

2

+ 𝑏)     (29) 

Variable H [ C = 0.10 (1/mm) & b = 25 

mm] 

x (mm) x (mm) 

H (mm) 

𝜔𝑛  (Ω/2π) 
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Once again, the model fails to predict the resonant frequency. Similar to the 

sinusoidal base trails, the model and the experimental data show the general same trends. 

These results beg the questions: why is the model inaccurate? Several assumptions and 

simplifications were made, so what must be addressed and changed in order to achieve a 

more accurate model? 
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4 

The Nonlinear Effects 

 

 

 

 

The cause of this discrepancy with the model and the actual experimental data could be 

due to several factors like surface tension or transient effects occurring during the 

sweeps, but it is difficult to determine the significance of these nonlinear terms that were 

ignored in the beginning since they have not been solved for. Therefore, this section will 

explore what can be found about the nonlinearity of the system to help understand the 

presence and significance of nonlinearity in this system. 

4.1 Learning from the Flat Base Case  
 

The natural frequency of the flat base case, (14), can provide us with valuable 

information as it related to experimental data since it is an analytical solution for the flat 

base case. Therefore, the amplitude of the free-surface of the tank with a flat base was 

recorded with only an initial excitation then let to die out. Fig. 4.1 below shows the 

resulting time series as well as the phase and frequency content from an FFT.  
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FIGURE 4.1: The frequency and phase content of the displacement of the free-surface for 

the flat base case. The time-series of two locations of equal but opposite distance from 

the center were recorded and given above.  

 

Time (s) 

Time (s) 
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Fig. 4.1 shows a few important things about the system to keep in mind when 

looking at the intended results. First is the frequency content. It peaks at 3.3333 Hz for 

both sides, and there is a small contribution at 9.99 Hz. This is exactly three times the 

natural frequency of this system, so this is the third harmonic having a contribution to the 

system. Despite this, the natural frequency of this system predicted by (14), where the 

height is 50 mm and length is 68.8 mm, is 3.3329 Hz. This is a percent difference of 

0.012%. This brings up a second point that the damping of this system is very small. 

However, since there is damping in this system, the natural frequency from (14) must be 

slightly lower than actuality. This is confirmed when taking the logarithmic decrement of 

the time-series as done when the damping was found in the previous section.  

𝜁 = 0.051226 

The actual natural frequency of the system is around 3.3379 Hz. This is a 0.149% 

percent difference from the natural frequency predicted by (14). Hence, the damping is 

insignificant at least from damping sources that the flat base case and the 

sinusoidal/parabolic cases have in common like surface tension when the liquid interacts 

with the walls. Additionally, the resonant frequency from (14) can be comfortably used to 

compare with the other scenarios. 

To connect this with the EOM model, the same numerical methods were used to 

find the natural frequency at varying water heights. They were an exact match for all 

heights; therefore, the EOM model approximation is consistent with the flat base case. 
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4.2 Spectrograms 
 

Now to investigate the presence on nonlinearity in these scenarios, and potentially its 

impact. One way to achieve this is to look at the spectrograms of the frequency sweeps. If 

the system is truly linear, then the amplitude of the free-surface will only exhibit the 

frequency at which the shaker table is forcing onto the system at that time. Hence, there 

would be a linear and equivalent relationship between the frequency of the shaker and the 

frequency of the time-series.  

 

FIGURE 4.2: A spectrogram and frequency sweep time-series for the free-surface amplitude 

of the system with a sinusoidal base and still-water level height of 30 mm.  

 

Fig. 4.2 shows the linear relationship that was expected, but it is accompanied 

with additional frequency content. This means that harmonics are present in the system. 

H = 30 mm  | Sinusoidal Base 
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In Fig. 4.2, a strong contribution from the third harmonic and weaker contributions from 

the second and fourth are present. The results found here are in agreement to the findings 

in the last subsection. The third harmonic has a fair contribution to this system. 

Additionally, there is higher frequency content that seems to come from a 

reflection of the harmonics. It can be seen slightly in Fig. 4.2, but it much clearer in the 

more unusually shaped frequency sweep plots like Fig. 4.4.  This frequency content runs 

at negative slope of the harmonic contributions.  

These are a common theme among all of the scenarios conducted thus confirming 

that nonlinearity exists in the system. But how important is it in determining the natural 

frequency? While it cannot be explicitly determined, a comparison will be made of 

several scenario’s spectrograms with their respective linear model prediction for the 

resonant frequency. This can help with understanding if the degree on nonlinearity shown 

in the spectrogram is related to a discrepancy to the linear model. 
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FIGURE 4.3: A comparison of the spectrograms of the free-surface amplitude time-series 

for the system in a parabolic base but with different still water-level heights (H). The 

system was subject to a frequency sweep for all of these graphs. 

 

Comparing Fig. 4.3 above with the discrepancy in the model prediction and 

experimental data in Fig. 3.3, the 35 mm and 55 mm scenarios contain the most 

nonlinearity and deviate the most from the model. All the while the 40 mm and 50 mm 

scenarios contain less harmonic content and were better predicted by the model. This can 
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be also found for Fig. 3.2a, the lower the still water level height, the higher the nonlinear 

content there can be found in the spectrogram, Fig 4.4. 

 

 

FIGURE 4.4: A comparison of two scenarios for the sinusoidal curved base. The top plots 

are from the scenario where the still water-level height is 15 mm, and the bottom plots 

are from the scenario where the still-water level height is 35 mm. 

 

Even in the flat-base case, the second, third, and fourth harmonics are present. 

However, for the flat-base case, the third harmonic is not as comparable to the linear 

frequency content than it is for the other scenarios. 

 

H = 15 mm  | Sinusoidal Base 

H = 35 mm  | Sinusoidal Base 
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FIGURE 4.5: The spectrogram and frequency sweep time-series of the free-surface amplitude for 

the flat base case where the still water-level height is 50 mm. 

 

4.3 Potential Transient Effects 

 

FIGURE 4.6: An example of a scenario recorded where the free-surface amplitude is different at 

two locations equal but opposite distance from the center of the surface. This scenario was subject 

to a frequency sweep. 

 

If the system was linear then it is expected to see both amplitude plots not only 

have the signature linear system’s peak at the resonance frequency, but their peak 

H = 50 mm  | Flat Base 
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amplitudes will occur at the same frequency at both recorded locations on the free-

surface. Fig. 4.6 shows the amplitude of the free-surface for an excited tank of fluid with 

a sinusoidal base. There is the typical behavior expected as the frequency increases and 

gets closer to the resonance frequency, which is about 3.20 Hz, but after that there is a 

discrepancy between the peak amplitudes of the two locations. On the left side of the 

surface, the amplitude decreases quickly at 3.25 Hz and the very gradually increases. The 

opposite occurs for the right side of the surface; at 3.25 Hz, the amplitude rapidly 

increases then gradually decreases. At around 3.27 Hz, the left side of the surface 

amplitude reaches a minimum while the right reaches a maximum. At this frequency, the 

system is no longer consistent along the z-axis of the tank as shown in Fig. 4.7; therefore, 

the system cannot be represented as two dimensional but rather as three dimensional 

which this model is not able to predict for. 

 

FIGURE 4.7: An example of a scenario where the surface becomes variable along the 

depth (z-direction) of the tank. 

Pixel location in x direction 
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This occurs for several other scenarios. The cause of this was not investigated due 

to time-restraints, but, in retrospect, I would now redo all these frequency sweeps in 

reverse (starting with the high frequency and ending with the lowest frequency) to see if 

there is a hysteretic phenomenon occurring due to transient effects in the tank created 

when the system reaches resonance. Additionally, I would also redo all of the trails but at 

a lower excitation amplitude, so that any potential transient effects do not amplify. 
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5 

Additional Models 

 

 

Since the model used did not sufficiently match the experimental data, other methods 

involving averages were derived. The first model derived comes from finding the natural 

frequency from the dynamic boundary condition, (6), and the free-surface elevation 

equation, (15). As was done to find the natural frequency for a flat base tank, (14), the 

natural frequency for a system with a curved base can be found using a similar procedure 

since this derivation does not contain any derivatives of x. Yet, the approximation of the 

velocity potential (8) must be used. Hence, an equation for the natural frequency as a 

function of x is found. This equation can be though of as a function to find the flat base 

natural frequency of our tank for any height represented in our system. 

𝜔𝑛(𝑥) =  √
𝑛𝜋𝑔

𝐿
tanh (

𝑛𝜋ℎ(𝑥)

𝐿
)                                           (30) 

(30) is a copy of the 𝜔𝑛 found on Warnitchai’s paper (14) for the constant base case with 

the exception of the height being a function of x. Now, let’s take the integral average of 

the natural frequency as a function of x in the domain of the length of the tank. 

�̅�𝑛 =   
1

𝐿
∫ 𝜔𝑛(𝑥)𝑑𝑥

𝐿

0
=

1

𝐿
∫ √

𝑛𝜋𝑔

𝐿
tanh (

𝑛𝜋ℎ(𝑥)

𝐿
) 𝑑𝑥

𝐿

0
                       (31) 
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This will be called the �̅�𝑛 model. To be clear, (30) is simply a mathematical portion of 

(31); having a natural frequency dependent on the x position of a tank is not possible. The 

results of this model are shown in Fig. 5.1 which compares it to the actual data and the 

EOM model results.  

An average of percent differences was done to serve as a goodness of fit metric 

for the �̅�𝑛 model, Table 5.1. Generally, the �̅�𝑛 model is a much better predictor than the 

EOM model used before, and of course is still in agreement to the flat base case. Hence, 

this tells us that one can fairly accurately describe the natural frequency of this system by 

simply taking the natural frequency at all the heights represented in the domain and 

taking the average of that. Keep in mind that this model is derived from the same linear 

principles and assumptions of the EOM model; the divergence occurring right before the 

kinetic and potential energies are derived. It is also noteworthy to consider that this 

model is derived from the velocity potential equation (8). Specifically, this model only 

requires the y derivative and the time derivative of the velocity potential (8).  

Another model was derived called the ℎ̅  model. This third model uses the same 

EOM equation derived at the beginning of this paper, but instead of representing the 

height as the distance between the still water height and the curved base, it is represented 

as the average value of the height function in the x domain. Hence, the height used is now 

going to be the integral average of height function in the range of the tank length, Eq. 

(32).  

ℎ̅ =  
1

𝐿
∫ ℎ(𝑥)𝑑𝑥

𝐿

0
                         (32) 
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This value is determined first for the given curved base and then the EOM model 

or Eq. (14) can be used as if the system had a flat base where the height is ℎ̅. The 

predictions of this model are shown in Fig. 5.1 and compared to the EOM model, the 

experimental data, and �̅�𝑛 model. 

 

 

H (mm) 

A (mm) 
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FIGURE 5.1: A comparison of each model to each other and the experimental data. (a)-(c) 

is for the sinusoidal base. (a) varies the still water-level height. (b) varies the sinusoidal 

amplitude. (c) varies the sinusoidal frequency. (d) is for the parabolic base when the still 

water-level height is varied.  

 

 

 

H (mm) 

b (rad/sec) 
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Table 5.1: A comparison of the goodness of fit metric with each model to the 

experimental results. 
 

Sin H Sin A Sin w Par H 

EOM 58.27% 6.19% 2.17% 10.50% 

�̅�𝒏 4.54% 1.39% 1.39% 7.06% 

�̅� 4.50% 1.61% 1.39% 8.88% 

 

The ℎ̅ method gives very similar results to the �̅�𝑛 model yet is also very different 

from the EOM model. This can be seen in Fig 5.1, and with the goodness of fit metric, 

Table 5.1. Once again, this model is derived from the same linear principles and 

assumptions as the EOM and �̅�𝑛models, but this ℎ̅  model is the flat base scenario. 

In the previous section, it was found that there are nonlinear effects occurring for 

many of the scenarios tested. It is clear that these additional methods presented are far 

more reliable than the EOM model that was derived in the first chapter. So, what does the 

accuracy of these two models mean given the fact that the EOM model is not as accurate? 

1] The nonlinearities in the system caused by potential transient effects or harmonic 

contributions are likely not the cause of the discrepancy between the linear EOM model 

and the data. These two additional models do not factor in nonlinear effects yet predict 

reality better. The nonlinear effects do effect the certainty of the resonant frequency. 2] 

Since the �̅�𝑛 model is derived from the velocity potential, (8), specifically, the y-

direction and time derivatives, the y-direction and time dependencies of the velocity 

potential approximate the actual solution of the velocity potential well for the sinusoidal 

base case. Additionally, this shows that the simplification made for Eq. (2d) is feasible 

for the sinusoidal case, but not for the parabolic case. 3] The linear assumptions made at 
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the beginning of the paper, (4) and (6), can be kept without sacrificing much accuracy for 

the sinusoidal case. Both models presented in this section made those assumptions. 4] 

The leniency given to the additional terms in the x-direction velocity, 
𝑑𝜙

𝑑𝑥
, created from 

the x-dependence of the height function, proved to be substantial in the accuracy of the 

model. The EOM model is the only model that explicitly uses 
𝑑𝜙

𝑑𝑥
, and it failed as the still 

water height approached the curved base. The leniency given in satisfying Laplace’s 

equation does not seem to hurt the approximation since all models used it. 5] Despite the 

simplification made for the bottom rigid boundary, these models have a ~9% average 

percent error with the parabolic case where this simplification would be the most 

detrimental. Hence, it seems as if this simplification is feasible for these cases, especially 

the sinusoidal case. 6] The ℎ̅ and �̅�𝑛 models were derived assuming the free-surface 

behaves linearly near resonance which did not happen for many of the cases especially in 

Fig. 5.1c. Despite this, these models can predict the sinusoidal base resonant frequency to 

a fairly low error. This implies that the most significant aspect of the approximation to 

ensure are the left and right rigid wall boundary conditions and not the free-surface 

simplifications. Relating this for the parabolic base as well, it seems as if all rigid wall 

boundary conditions are essential for the parabolic base. Regardless, there is much 

uncertainty in determining the resonant frequency for many of these cases due to 

nonlinear effects. These scenarios should be run at lower amplitudes to better pinpoint the 

resonant frequency. Furthermore, all these conclusions are consistent with the range of 

parameters used; a larger range of parameters and combinations should be studied to see 

if these conclusions are still consistent. 
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For the sake of completeness and to provide a strong foundation for anyone who 

wishes to continue this project, there was an investigation on the contribution of the 

additional term in the x-direction velocity to the predicted resonant frequency. It was 

found that if the rigid wall boundary conditions were forced to be true by forcing the third 

term of (12) to be zero and proceed without changing the velocity potential 

approximation, (8), results similar to the alternative models are achieved. Hence, this 

gives some insight on the reason for the inaccuracy of the EOM model especially at low 

water level heights. It is likely due to the fact that the rigid wall boundary conditions fail 

at the right and left walls of the tank. While these findings are not mathematically 

grounded and should not be considered, they support current findings and help bring 

insights and guidance to what an accurate solution will look like for the velocity potential 

and the free-surface behavior. 
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6 

Conclusion 

 

 

 

This Master’s thesis investigated models that predicted the resonant frequency of a 

liquid’s free-surface in a rectangular tank with a general curved base for several different 

parameters of the curved base. It also investigated several important aspects of the system 

in question such as damping and nonlinear effects. 

Three models were derived from the same linear principles. The first, the EOM 

model, finds the natural frequency of the system from the coefficients of the equation of 

motion if the system was treated as a mechanical mass-spring-damper system. The 

second, the ℎ̅ model, acts as if the base of the tank is flat but the water level height from 

the base is the average height difference when the curved base is present. The third, the 

�̅�𝑛 model, derived takes each height difference at each x and finds a natural frequency 

for it, then it averages it out for the domain of x. It was found that the latter two models 

were far more accurate in predicting the resonant frequency of the system than the EOM 

model, especially for a sinusoidal base. Since the ℎ̅ and �̅�𝑛 models were derived from the 

derivatives of time and y of the velocity potential, it is implied that the x-direction 



 

46 

 

representation in the velocity potential is a large contributor in the inaccuracy of the 

approximation.  Specifically, it seems that the rigid wall boundary conditions are 

essential to address, rather than the nonlinearities of the system, for an accurate 

approximation. The fact that the other two models predict the natural frequency well 

means that the linear assumptions made of the system are feasible.  

The contributions of nonlinear effects were also investigated. It was found that 

several harmonics of the system are present which contribute to the uncertainty in 

resonant frequency and nonlinear behavior in the frequency sweeps. Potential transient 

effects were also believed to be found that had a part in this uncertainty. Studying the flat 

base case revealed that damping and nonlinearities due to surface tension in the walls 

were negligible.  

This work has provided a foundation in approaching this unexplored area in 

engineering. There are several things that should be done to further investigate this 

problem. The first action item I advise would be to solve for the velocity potential and 

free-surface elevation using the Trefftz Method and Boundary Collocation Method (El-

Refaie et al., 2012) or using some other analytical or numerical method. In this 

approximation, ensure that the rigid wall boundary conditions are met. As said before, the 

EOM model can be continued since the generalized coordinate can still be separated from 

the x and y dependent portion of the velocity potential. This way, the linear assumptions 

and the same procedure can still be used.   

As for additions to the experiment done, a larger tank should be investigated since 

the amplitude will be easier to record. Exploring the sensitivity of each model’s natural 
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frequency to each parameter of the base and tank should be done as well. An uncertainty 

propagation can be done for each of the parameters taking into account the potential error 

in finding each parameter. This would help determine the best system parameters to have 

in order to minimize uncertainty caused by these parameters. A wider range of 

parameters and more combinations of parameters should be studied to see if the findings 

from this thesis are more general or specific to the ones observed. All scenario’s 

transients should be recorded as well. I found it much easier to find the damped natural 

frequency of the system from the FFT of the transients rather than from the frequency 

sweeps themselves. Out of curiosity, the frequency sweeps should be done in reverse and 

should be done with smaller amplitudes. It is worth investigating the differences in 

amplitudes for the regular and reverse frequency sweeps to see if the nonlinearity 

occurring near the resonant frequency is due to transient effects amplifying after reaching 

resonance or simply the behavior occurring due to resonance. If the former is true, then 

smaller amplitudes should help with the issue, but if the latter is true then nonlinear 

effects are clearly present and cannot be ignored in theory. There are several other leads 

to pursue and investigate, but these listed are what I believe to be the most pertinent. 
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