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Abstract

Understanding and predicting the behavior of porous media holds unexpected po-

tential for technological advances toward resilience and sustainability. Indeed, these

materials are ubiquitous and exhibit a rich palette of processes, both multiphysics and

multiscales, which are potential sources of inspiration for engineering design. Along

these lines, the intended outcomes of this dissertation are twofold: 1) predicting the

resilience of porous media and 2) enhancing behaviors of interest in these materials

that could inspire sustainable metamaterials design. Geomaterials, a particularly

complex subclass of porous media, will be the primary focus.

This program starts by laying down a general theoretical framework, based on

non-equilibrium thermodynamics and differential geometry. A generalized relaxation

equation is derived to ensure systematic satisfaction of the second law of thermody-

namics. This is associated with a variational framework, based on Fermat’s principle,

that generalizes that of Onsager, in order to reckon with gyroscopic forces — that is,

nondissipative but nonconservative forces.

This framework is then applied to modeling the microstructure of porous media,

upon which the behavior of these materials largely depends. To that aim, phase-field

modeling is employed to capturing the exact microstructural geometry, in association

with digital rock physics based on microtomographic imaging. This effort is required

to model processes too complex to be described by a unique constitutive law, such

as pressure solution, as studied first in this dissertation. Therein, a microstructural

iv



viscosity is derived to capture the kinetics of processes, which is crucial for model-

ing geomaterials, since the associated timescales span from the engineering to the

geological times.

Upon narrowing down the complexity of porous media processes, it is possible to

extract the necessary and sufficient microstructural information through morphome-

try. From running phase-field simulations on a large variety of synthetic microstruc-

tures, a general morphometric strength law is inferred, which builds upon seminal

works on metals and ceramics. This morphometric framework is applied to predict-

ing the strength of various porous materials, including rocks and bones, from their

microstructural geometry.

Finally, porous media, especially geomaterials, meet the two requirements for dis-

playing action-reaction symmetry breaking, or nonreciprocity : dissipative microstruc-

tures and sustained interaction with their environment. This means that Onsager’s

reciprocal relations, hinging on microscopic reversibility, must be extended to the

aforementioned variational framework based on Fermat’s principle. Thereupon, non-

reciprocal processes can be envisioned through gyroscopic optimization, where the

gyroscopic fluxes act as rotational constraints. For instance, in porous media flow,

nonreciprocal effects are non-negligible but difficult to observe. However, gyroscopic

optimization provides the blueprint for a permeable hydrokinetic turbine, with pores

that are engineered to form logarithmic spirals. In the natural world, where nonre-

ciprocal interactions are the norm, the ubiquity of logarithmic spirals is suggested to

arise from a similar optimization. Harvesting nonreciprocity in porous media, through

its gyroscopic manifestations, represents untapped opportunities for sustainable engi-

neering, which is referred to as gyroscopic sustainability. Indeed, since nondissipative,

gyroscopicity is otherwise a wasted energetic byproduct.

In all, this dissertation aims at paving the way for an integrated computational
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platform for porous media engineering, in line with the current problematics of re-

silience and sustainability.
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Chapter 1

Introduction

1.1 Porous media, a factory for multiphysics

multiscales processes

Porous media represent a wide range of materials but also a tremendous challenge to be

fully understood and harnessed. Most materials exhibit heterogeneous structures when ob-

served close enough; yet, porous media bear an additional level of complexity since their

characteristic source of heterogeneity, the pores, also allows fluid flow. Among porous

media, geomaterials, stemming from millions of years of transformations under harsh con-

ditions, represent a particularly complex subclass, inasmuch as processes in these media

are multiphysics and multiscales. Recent advances in geosciences found, however, that this

complexity boils down to the great heterogeneity and stochasticity of geomaterials’ mi-

crostructures. The dependence of the macroscopic behavior of geomaterials on the latter is

the recipe for a wide range of processes. For instance, pressure solution [196, 67, 259, 114],

strain localization [260, 144], frictional instabilities [219, 220], fault reactivation [261, 166],

and granular flow [48] largely depend on the microstructural geometry, or morphometry.

The same conclusion holds for engineered porous materials, such as ceramics [234] and

energetic materials [57]. Biomaterials, forming a third subclass of porous media [137], are

also increasingly studied in the light of their microstructures, especially in bone mechanics

[19, 268].
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Therefore, adequately modeling the microstructural dynamics of porous media is a

crucial step toward better understanding their macroscopic behavior, but also laying out

the blueprint for novel metamaterials. In metallurgy, this has been achieved with phase-

field modeling [9, 215, 38], which tracks the grains interface through finite elements, and in

geosciences, with discrete element modeling (DEM) [204, 144], which tracks the grains as

discrete elements. Recently, the author and colleagues introduced a phase-field model for

geomaterials to propose capabilities complementary to those of DEM [114, 115] (see Chapter

3). That said, due to computational limitations, relying solely on microscopic simulations

for large scales and, more generally, for industrial applications, is unrealistic. On the other

hand, the existing constitutive macroscopic laws rely heavily on destructive experimental

calibration, which can be unfeasible because of the limited availability of materials, or the

impossibility to reproduce environmental conditions. For example, obtaining rocks from

high depths can be prohibitively expensive or even impossible, and geological time scales

are hardly reproducible in laboratory. As for biomaterials, such as bones, they are best

studied in vivo (see [88] e.g.). These hurdles point toward finding a compromise between

systematically modeling the microstructure of porous media and relying on destructive

experiments, in order to predict the macroscopic behavior of these materials. Thereby, the

first question to be answered in this dissertation is:

Question 1: How to account for the microstructural geometry of porous media

and to which extent?

Not only must the heterogeneity of the microstructure of porous media be adequately

modeled to understand their macroscopic behavior, but it can also be harvested to un-

ravel novel behaviors, namely, nonreciprocal. Indeed, the scale from which porous media

processes are upscaled is the microscale, where the microstructure can be observed. Since

this basal scale is heterogeneous and asymmetric, processes at that scale are, in general,

dissipative. For instance, the plastic mechanical response of geomaterials results from ir-

reversible microstructural changes, such as intergranular reorganization or grain damage.

Moreover, porous media flow, particularly in geomaterials, is often highly tortuous ow-
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ing to the microstructural heterogeneity, resulting in viscous dissipation (see Chapter 5).

Onsager’s premise of microscopic reversibility is therefore not universally satisfied in that

context (see [148, 21] e.g.). Edelen [81, 80] showed that microscopic irreversibility gives rise

to gyroscopic forces, in addition to the usual dissipative forces (see Chapter 2). Nonethe-

less, these forces have been so far widely overlooked. Thereupon, the second question to be

addressed in this dissertation is:

Question 2: How to account for the inherent gyroscopicity of processes in

porous media and make the most of it?

Question 1 will be addressed in Chapters 3 and 4, and Question 2 in Chapters 2

and 5. While the results presented in this dissertation are of interest for porous media in

general, one of the most complex subclasses, geomaterials, will be the primary focus.

1.2 Thermodynamics foundations

The models derived throughout this dissertation are embedded in thermodynamics through

a general geometrized framework, accounting, in particular, for gyroscopicity. From empiri-

cal considerations to fundamental conclusions about the nature of the world, thermodynam-

ics still holds information to be unraveled. More practically, the laws of thermodynamics

provide the guidelines of engineering modeling, in addition to the mass and momentum

balances, in order to build constitutive laws.

1.2.1 Classical thermodynamics and its contactification

A major hurdle to broadly applying the thermodynamics precepts is the fractionalization of

the various advances in thermodynamics. A reason for that has been the challenge of trans-

lating a phenomenological formulation, stemming from the empirical inferences of Carnot

in the 19th century, foundations for classical thermodynamics, into a general mathematical

framework. Gibbs [102, 103] paved the first step of that program, in the restrictive case of
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processes consisting in a succession of equilibrium states, or quasistatic processes. Gibbs’

findings were formalized by Hermann [133] a century later, within the framework of contact

geometry, the odd-dimensional counterpart of symplectic geometry, thus marking the ad-

vent of contact thermodynamics. Hermann [133] showed that a system with n independent

state variables, viewed as degrees of freedom, can be represented in a thermodynamic phase

space with the structure of a contact manifold generated by a differential one-form known

as the Gibbs form. Building on this advance, Mrugala [188] identified points and curves on

such a contact manifold with states and processes of the underlying thermodynamic system,

respectively, and used contact geometry to recast the first and second laws of thermody-

namics, with the second law being embodied by Carathéodory’s inaccessibility condition.

Noting the covariance of the contact geometry formulation, he also showed that changes of

coordinates are equivalent via contact transformations, of which Legendre transformations

provide an important example. Subsequently, Mrugala et al. [191] derived the flow equa-

tions on Legendre submanifolds, showing that they correspond to the governing equations

for quasistatic processes. The work of Bravetti et al. [44] is referred to for some relevant

developments in the direction of contact Hamiltonian dynamics. Working in the setting

of information theory, restricting attention to processes close to equilibrium, and invoking

the principal of minimum relative information, Mrugala [189] derived a Finslerian metric

of Kropina type. Metrics of this kind were first introduced by Ingarden [139] and further

developments can be found in the monograph of Antonelli et al. [13]. On similar grounds,

Ruppeiner [228, 229] applied fluctuation theory in the context of Riemannian geometry to

develop a thermodynamic model. With recourse to the maximum entropy principle, he

obtained a Riemannian metric that quantifies the distance between neighboring thermody-

namic states and amounts to the Hessian of the entropy. A fundamental difference between

Riemannian and Finslerian metrics is that the latter depends not only on position but also

on direction. As Mrugala [189] observed, this difference makes Finslerian metrics inherently

suited to the modeling of thermodynamic processes, as oriented by the second law. The

work of Bao et al. [26] is pointed out for a comprehensive treatment of Finslerian geometry,
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as well as that of Antonelli et al. [13] for existing applications.

1.2.2 Non-equilibrium thermodynamics

After Gibbs, the second major rationalization of thermodynamics was spearheaded by

Truesdell [255], Coleman [58], Noll [198] and Gurtin [122], who founded continuum ther-

modynamics. This endeavor provides a framework to derive thermodynamic models from

a minimal set of axioms, without restriction as regards equilibrium. It forms the basis

for most modern thermodynamic theories, especially in engineering. The necessary condi-

tions that constitutive descriptions of processes must satisfy are obtained from the second

law, expressed as the Clausius–Duhem inequality, or dissipation inequality, through the

celebrated Coleman–Noll procedure [58]. Sufficient conditions are obtained from further

constitutive assumptions, which are often expressed through extremal principles such as

Onsager’s principle of least dissipation of energy [199, 200], the maximum dissipation (or

entropy production) principle [283, 173, 128], or Prigogine’s minimum entropy production

principle [214]. The multiplicity of such principles, and even their apparent contradiction,

contributes to a persisting confusion about which one to choose and when. A first obstacle

to clarification is the potential arbitrariness of the identification of forces and fluxes, as

pointed out by Coleman and Truesdell [59]. A second obstacle is the perspective adopted

in defining the system and the process of interest. For instance, the formulation of the

extremal principle may differ whether the system is supposed to produce work (“engine”)

or receive work (“brake”), as highlighted by Bejan [35]. The choice of principle may also

differ depending on the time scale [180] or length scale of interest [262]. That said, among

the aforementioned extremal principles, Ziegler’s principle of maximum entropy production

appears to be the most general, of which Onsager’s and Prigogine’s principle turn out to

be special cases [181].

To top it all, those principles are only concerned with purely dissipative processes,

thus leaving aside their gyroscopic component. The latter is non-dissipative and therefore

does not appear in the dissipation or entropy production — it is implicitly neglected in
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most existing extremal principles. Gyroscopic forces are also, remarkably, non-conservative

as they depend on the system’s velocity, and can thereby produce useful work [80]. The

seminal work of Edelen [81, 80] is referred to for an overview of gyroscopic forces. Apart

from Goddard’s research [105, 106] (discussed in Chapter 2), the study of the latter has

received very little attention since Edelen’s breakthrough. Further effort into this endeavor

is advocated, inasmuch as the results detailed in this dissertation (Chapters 2, 3, 5) point

toward theoretical and practical breakthroughs in line with modern engineering concerns.

In particular, while existing thermodynamic extremal principles break down in the presence

of gyroscopic forces, an extremal principle overcoming this limitation is proposed. Since

“physical statements assume their invariant and hence most general forms when they are

expressed in terms of extremum principles” [283], it is indeed desirable to pursue a vari-

ational formulation of thermodynamics. Extremal principles are also of practical interest

to design optimal metamaterials (see Chapter 5). Namely, Fermat’s principle of stationary

time is proposed, which is not based on any thermodynamic quantities and can therefore

account for the gyroscopicity of processes (see Chapter 2). Potential applications harvesting

gyroscopic effects based on this principle are also conceived of, under the umbrella term of

nonreciprocity, more fashionable in the science community but also bearing the fundamental

nature of gyroscopicity (see Chapter 5). Consistently with the aforementioned endeavor of

geometrization in classical thermodynamics limited to quasistatic processes, for processes

out of equilibrium, the metric underpinned by Fermat’s principle, at least in the case of

linear processes, is found to be of Finsler type. The asymmetric character of the latter is

associated with the inherent directionality of thermodynamic processes in general, when

Onsager’s assumption of microscopic reversibility is broken.

1.3 Modeling the microstructural geometry

Having laid out the thermodynamic foundations, to answer Question 1, a model able

to capture the microstructural geometry of porous media, as well as its variations under
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environmental stimuli, is needed. To that aim, phase-field modeling (PFM) is employed to

differentiate the porous skeleton from the pores. An important task to relate microstruc-

tures to macroscopic behavior is then upscaling the dynamics of the microscale, where the

interface skeleton/pores is visible, toward the continuum macroscale.

1.3.1 Phase-field modeling

PFM has been shown to be a framework adequate in modeling interfacial problems. By

smoothing the physical sharp interface, it avoids the numerically tedious tracking of the

interface. The foundations of PFM date back to van der Waals’ use of diffuse interfaces

for his capillarity theory in 1893 [227]. It is then the works of Landau that paved the

way for the phase-field theory. He introduced the Taylor expansion of the system’s energy

function in the context of phase transitions [159], then the notion of order parameter in

his work on superconductivity with Ginzburg [104], and finally, in 1954 with Khalatnikov

[158], the time-dependent Ginzburg-Landau equation, called later, in the context of PFM,

the Allen-Cahn equation. Shortly after, Cahn, based on similar ideas but in the context of

material sciences [50], introduced in 1961 the Cahn-Hilliard equation [49] and with Allen in

1979 the Allen-Cahn equation [9], hinging on a variational formulation. The main postulate

behind the variational formulation of PFM is that if the free energy is not minimum with

respect to a non-conserved order parameter ϕ, then ϕ shall immediately change following

the gradient flow equation:

τϕ̇ = −δF
δϕ

, (1.1)

with τ the relaxation time to equilibrium and F the free energy functional, yielding the

so-called Allen-Cahn equation. An alternative to this variational formulation is the con-

figurational formulation by Fried and Gurtin in 1993 [90], based on the configurational

forces theory [120] and continuum thermodynamics. While the variational formulation can

be checked a posteriori to satisfy the thermodynamic laws, the configurational formula-

tion is derived from them rather than starting from the gradient flow postulate. Firstly,
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this ensures a clear separation of the balance laws and the constitutive equations [119].

Secondly, the rate terms need not be a priori prescribed as in the variational formulation

[90]. Indeed, PFM is a gradient theory, for the order parameter ϕ but also its gradient

∇ϕ are state variables. The temporal variations of ϕ describe the translations, or nor-

mal variations, of the interface, whereas the temporal variations of ∇ϕ (normal vector to

the interface) describe the changes of orientation, or tangential variations, of the interface.

These are the two kinematic degrees of freedom necessary to describe the dynamics of an

interface, by mathematical definition of a surface. Therefore, omitting the dissipativity

of ∇ϕ, as usually done in PFM, amounts to assuming that the system is at equilibrium

with respect to ∇ϕ, or in other words, that the interface can change its orientation with-

out spending energy. In practice, it will be shown in Chapter 3 that allowing ∇ϕ to be

dissipative induces rate-dependency of the material, in application to pressure solution.

Considering only ϕ to be dissipative yields the usual Allen-Cahn equation, whereas also

considering ∇ϕ to be dissipative yields the so-called viscous Allen-Cahn equation. The

latter was first derived by Gurtin in [119] (see section 2.4 therein). One may thus argue,

from the previous non-equilibrium thermodynamics and interfacial kinematics arguments,

that the viscous Allen-Cahn equation offers, in theory, the minimum viable description of a

phase field out of equilibrium. An essential difference is that the Allen-Cahn equation is a

parabolic equation whereas the viscous Allen-Cahn equation is a pseudoparabolic equation

[251]. The latter is characterized by a viscous damping of any perturbation, as opposed to

an instantaneous dispersion for the former [28]. The role played by the additional term, the

Laplacian rate term, on the kinetics of processes and its relation to the change of interfacial

curvature will be numerically illustrated in Chapter 3.

PFM, mostly derived from the variational framework, has been largely applied in ma-

terial sciences. Notable applications include solid-liquid and solid-solid transitions [87,

160, 90, 91], used in particular to describe crystallographic microstructures such as alloys

[56, 270, 281]. The application of PFM to fracture modeling must also be mentioned (see

[42] for a thorough numerical treatment and [52, 73] for recent progress), which is a recent
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dynamic endeavor that also enriches the panoply of tools available to model geomaterials

(see e.g. [130]). Another application of PFM to model geomaterials is the tracking of the

saturation front in unsaturated media [68, 239]. While the previous tools are concerned with

the macroscale, the one proposed here is concerned with tracking the exact microstructure

of geomaterials. The latter cannot be overlooked as the macroscopic dynamics of geoma-

terials is usually driven from the microscale, as discussed in Section 1.1. Unlike DEM (see

the topical book [204] and [144] for recent progress), PFM has received little attention in

modeling the microstructure of geomaterials. PFM appears as a promising candidate to

capture the highly irregular microstructure of geomaterials in order to better understand

their macroscopic behavior, complementarily to DEM. Indeed, while DEM efficiently de-

scribes grains rearrangement through the associated contact forces, PFM addresses the

transformations of the grains interface.

1.3.2 Homogenization

The phase field tracking the microstructural dynamics must then be coupled with the

environmental stimuli, including, in particular, the mechanical loading. This problematic

pertains to the vast field of homogenization. While relevant contents are taught in most

mechanics classes, the recent review paper [232] is pointed out for references and details

missing here. The two germane issues are the choice of the homogenization scheme and the

choice of the domain to homogenize.

The first issue was initially addressed for simple microstructures, leaving the second

issue for later. Voigt initiated this endeavor at the end of the 19th century upon assuming a

uniform strain field throughout the microstructure, followed by Reuss who approximated,

on the other hand, the stress field to be uniform (see [232] for references). These works

led to the so-called Voigt’s upper bound and Reuss’s lower bound for the elastic moduli,

which paved the way for the derivation of tighter bounds [232]. Later, in coincidence with

the advent of modern composite materials, Eshelby [83] laid the foundations of modern

homogenization techniques through mean-field approximations of inclusion problems. His
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work was particularly important in the development of phase-field theory, which hinges on

configurational forces [91, 120]. Based on Eshelby’s theory, the Mori–Tanaka method [185]

derives practical estimates such as the average internal stress in the matrix of a material

containing misfitting inclusions, i.e. inclusions deforming under some internal transforma-

tion. Homogenization is underpinned by the separation of length scales, which was crucially

formalized by Hill [135] and Mandel [176] into the Hill–Mandel condition. The latter states

the energetic equivalence between the micro and macroscale, which guarantees that the

homogenized quantities are kinematically admissible. Practically, this condition leads to a

set of admissible boundary conditions; in particular, the latter includes linear displacement

and constant traction [232], which are employed throughout this dissertation.

The second issue consists in determining the representative elementary volume (REV)

and is particularly delicate concerning highly heterogeneous microstructures such as geo-

materials. On the one hand, the REV must be sufficiently large to be statistically “rep-

resentative”. On the other hand, it must be sufficiently small to be “elementary” at the

macroscale, that is, so that the separation of scales is ensured. In practice, given a desired

property to be computed, this property should converge to a constant value while increas-

ing the REV size. The latter is then chosen as the minimum value such that the property

is constant. Importantly, the REV size depends on the property to be homogenized. For

instance, for a given material, the computation of permeability would require a certain

REV size [165], whereas the computation of the mechanical response another one [169]. As

per Hill [134], an REV is well defined when the responses under linear displacement and

constant traction boundary conditions coincide. The former type of loading corresponds to

the upper bound of the mechanical work, while the latter to the lower bound. Upon con-

sidering entropy production instead of mechanical work, these bounds can be generalized

to thermodynamic fluxes and forces, respectively [221, 262].

In this dissertation, as the focus is on qualitative results, optimization of the choice

of homogenization schemes and of the REV size, which would be needed in the case of

quantitative experimental comparison, is not touched upon. Quantitative estimates would
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also require an experimental calibration of the phase-field parameters. These optimization

steps toward quantitative results represent considerable challenges, since the pertinent tools

are not always readily available to this day. These steps are therefore left for future works.

That said, the choices made in this dissertation to address the two aforementioned issues

are in agreement with the existing literature. Indeed, the Voigt/Taylor homogenization

scheme is chosen for the phase-field simulations, which is more accurate than Reuss/Sachs’

scheme when the phase field is coupled with mechanics [10]. The simulations domains are

also chosen conservatively, in order to have a domain a priori larger than the REV. In that

regard, a reference estimate for the REV size was given by Drugan and Willis [77] to be

around 5 inclusion diameters for a generic composite material, in order to have an error

inferior to 1%.

1.4 When to explicitly model the microstructural

geometry: example of pressure solution

After laying out the thermodynamic constitutive framework and the adequate tools to

model the microstructural dynamics, Question 1 may now be addressed. The ability of

these tools to account for the microstructure is first illustrated in the case of geomaterials,

for which the macroscopic behavior largely depends on the specific morphometry. In partic-

ular, when the heterogeneity of the microstructure is combined with multiphysical coupled

processes, there is little choice but explicitly modeling the geomaterials’ microstructures

to fully comprehend their macroscopic response. An archetypal example is pressure so-

lution, which has been eluding a unique constitutive description; owing to the numerous

factors at stakes, whether the nature of the minerals or the environmental conditions, pres-

sure solution must be determined on a case-by-case basis. Pressure solution is primarily

a chemo-mechanical process, and secondarily affected by temperature and hydrodynamics.

It is microscopically-driven since the microstructural geometry directly controls the strain

distribution due to the overburden and, in turn, the strain concentration triggers the dis-

solution of the grains boundaries. To top it all, a chemical feedback allows the dissolved
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solute to precipitate back into the grains. As a nondissipative coupling, such chemical

feedback corresponds to a gyroscopic effect [105, 80], as evoked in Section 1.2; this makes

any macroscopic descriptions all the more difficult since gyroscopic effects are not directly

observable.

The concept of pressure solution finds its origin in the realization that the deformation

of materials in the presence of fluids cannot be accounted for solely on mechanical bases,

but combined with chemical effects. Fluid-bearing materials like geomaterials fall into this

consideration. The term “pressure solution” was originally coined by the geologist Sorby,

in application to geomaterials, for processes where the “mechanical force is resolved into

chemical action” [244]. Pressure solution is a major factor in the dynamics of Earth’s

crust, mainly in the upper crust, as in lithogenesis [129] and tectonics [238]. It may also

play a significant role in the kinetics of earthquakes via fracture sealing [223] and even

their onset via pore pressure buildup under densification [243]. A noteworthy observable

manifestation of pressure solution creep is the formation of stylolites (see for instance the

review paper [254], as well as [111]). Finally, pressure solution can play a role in nuclear

waste underground storage, both in the case of rock salt cavities [258] and bentonite buffers,

by making the metallic container sink [241].

Experimental results indicate that diagenesis takes place chiefly by pressure solution

rather than by grain straining or crushing (see [172, 225, 70, 238] for example). It is thus

primordial to take pressure solution into account in the presence of inter-granular fluids,

insofar as it can predetermine other processes. Pressure solution creep is a serial stress-

driven mass transfer process that can be described in four stages: (1) dissolution at grain

impingements, (2) diffusion of the solute out of the contact, (3) deposition/precipitation

on the pore surface and potential (4) diffusion/advection of the solute to other pores (see

Fig.1.1 below adapted from [118]). In the present study, advective transport is neglected, so

that solute transport is limited to diffusion to nearby pores. The corresponding indicators

to look for in experiments are mainly interpenetration and overgrowth. The main drive

is mechanical (constant) loading, triggering dissolution in stressed regions and allowing
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Figure 1.1: 4 main processes of pressure solution and 2 main models for grain contacts

for precipitation in sheltered regions relatively understressed (after solute diffusion), which

was first experimentally inferred by Griggs [112]. Since it is an en-serie process, the rate of

the slower process will govern the rate of the overall process. Different limiting processes

then correspond to different creep laws. A key process is the transfer of mechanical energy

into chemical energy throughout the compressed thin layer of trapped fluid between the

grains triggering the dissolution. Two main models have been used to explain it: the thin-

fluid layer model [274, 224] and the island-channel network model [217]. The main factors

influencing pressure solution are the loading stress, the type of minerals, the temperature,

the geometry (grain size and porosity inter alia) and the diffusion (and advection if any)

coefficients.

The existing pressure solution studies have suggested two main roadblocks. Firstly,

the rate-limiting process (i.e. the slowest process that will control the overall creep law)

must be determined on a case-by-case basis, owing to the variety of influencing factors just

discussed [67]. Therefore, pressure solution creep cannot be described, in general, with a

unique law [216, 111]. Secondly, the actual microstructural geometry is typically averaged

by regular packs of mono-dispersed spherical particles. This approximation neglects the

highly irregular geomaterials’ microstructural geometry and its continuous variations dur-
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ing compaction. Even though the grain boundary structures can be approximately taken

into account in the creep laws by assuming a thin-film model or islands-channels model, it

turns out that the microstrural geometry has a major influence on the compaction rate, in

two ways: (1) the compaction rate increases with the grainsize distribution width, i.e. the

pressure solution potency increases with the heterogeneity of the microstructure [196, 67];

(2) at high volumetric strains and low porosities, the usual analytical models can overes-

timate the compaction rates by several orders of magnitude [259]. According to van den

Ende et al. [259], the grain boundary dynamics may be the source of this delay. Indeed, as

porosity is reduced, at some point, the grains are interlocked and cannot rearrange without

degrading their boundaries, which is not an instantaneous process. Those highly-strained

and low-porosity environments are typical of fault gouges and therefore, overlooking the

actual microstructure could amount to limiting the understanding of earthquakes nucle-

ation. Accordingly, significant progress has been recently reported in [259] to account for

the grain boundary evolution by considering a dynamic island-channel model rather than

steady-state. The promising results therein, reconciling existing models with experiments

for low porosity, call for further effort in modeling the actual microstructure.

In all, there turns out to be a large consensus that the next step in further understanding

pressure solution and its consequences should be modeling the dynamics of the actual

geomaterials’ microstructure and associated chemo-mechanical microstructural evolution

in transient conditions. With the numerical and experimental tools available nowadays,

such as large-scale numerical simulations and advanced imaging, it is indeed possible to

obtain considerable insights on the microstructural behavior of materials, in particular

geomaterials. Indeed, geomaterials digitalization from X-ray computed tomography has

paved the way for coupling experimental and numerical insights on the role played by the

microstructure [71]. On the numerical side, DEM has largely contributed to this effort

[204, 144]. The idea is not to replace the macroscopic constitutive formulations but rather

better constrain them with respect to the microstructures specific to each material. In order

to account for grain boundary dynamics, phase-field modeling simulations with digitalized
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microstructures as input will be employed.

This first element of answer to Question 1 is detailed in Chapter 3 and indicates that,

at least in some cases, the microstructural geometry must be modeled on a case-by-case

basis, making it unrealistic to resort to macroscopic constitutive modeling.

1.5 When to implicitly model the microstructural

geometry: example of resilience prediction

There is however a strong incentive to derive macroscopic descriptions of porous media that

do not rely on systemically running computationally-expensive numerical simulations on the

exact microstructure. This is particularly pressing for practical characterizations that are

widely used in engineering such as resilience. The latter is defined as the ability of a material

to withstand environmental stimuli, such as mechanical loading or weathering. In the case

of mechanical resilience, the material’s strength will be referred to. The determination of the

latter, however, hinges on destructive testing of the material, as discussed in Section 1.1. To

circumvent this expensive practice, one may take advantage of the strong interdependence

in porous media between macroscopic response and morphometry.

The correlation between the strength of materials and their microstructural geometry

was first theorized, through the foundation of poromechanics, by Biot [39], and for soils

specifically, by Terzaghi [249]. This effort was intensified following the catastrophic failure

of welded Allies ships through brittle fracture during the Second World War, with focus

on metals and ceramics. The strength of brittle polycrystalline metals was quantitatively

addressed by Orowan [201], proposing what would ultimately become the Hall–Petch ef-

fect [126, 209]. The Hall–Petch relationship asserts that the yield stress, or similarly the

flow stress, scales as the inverse square root of the mean grain size. However, Liu et

al. [167] recently showed, upon critically reviewing a large amount of experimental data,

that other types of laws, including inverse exponential, turn out as satisfying. Furthermore,

Ryshkewitch [231] experimentally found that the strength of porous brittle polycrystalline

materials, such as ceramics, is an inverse exponential function of the porosity. This was con-
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firmed more recently with porosity-controlled experiments and modeling by Liu et al. [168].

Building upon the previous results from non-porous and porous brittle materials, Knud-

sen [150] inferred a multiplicative dependence of the strength on grain size and porosity

(Eq. (7) therein), which was checked experimentally for ceramics at different temperatures.

These efforts culminated to the advent of modern poromechanics (see [64, 76]), reconciling

continuum mechanics with Biot’s theory, and relevant to a wide range of disciplines, in-

cluding geo, bio and material sciences. However, the strength of porous media was mostly

studied with respect to porosity and grain size only. According to morphometry theory

and in particular Hadwiger’s theorem (see Chapter 4 and [16]), two more descriptors of the

microstructure, which are referred to as morphometers, are needed to fully account for the

morphometric effects. On these bases, the investigation of a morphometric strength law of

the form

σs = σ∗sf(M0/M
∗
0 ,M1/M

∗
1 ,M2/M

∗
2 ,M3/M

∗
3 ) (1.2)

is suggested, where σs denotes the strength, as described in Chapter 4, the Mi (i=0,. . . ,3)

are the four required morphometers, the star quantities are reference values depending on

the material and environmental conditions, and f is a multiplicative function of the Mi,

following Knudsen [150]. In particular, M0 denotes the porosity and M2 the grain size.

The objective is to investigate the possible application of this law to porous materials in

general, including geomaterials and biomaterials. Thereby, the microscopic mechanisms

responsible for failure are subsumed under the generic umbrella of damage. For geomate-

rials, this encompasses debonding, dissolution, cracks and breakage. Recent investigations

in geosciences on the influence of the morphometry notably include the work of Zhang et

al. [282], Wetzel et al. [273] and Buscarnera and Einav [48]. For biomaterials, in particu-

lar for bones, damage comprises dissolution, as in osteoporosis, and cracks, particularly in

cortical bones [19]. While the focus in biomechanics is mostly on the relationship between

elastic moduli and morphometers, some results corroborate the conclusions inferred for

the previous subclasses of porous materials, such as the exponential relationship between

strength and porosity (see [268] and 7.5). However, a mathematically-consistent law such as
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Eq. (1.2) has not been proposed yet, accounting for the necessary and sufficient microstruc-

tural information. In doing so, accounting for the simultaneous dependence of strength

on multiple morphometers is advocated. This is particularly important for engineering

materials since varying one morphometer will vary the others; for instance, decreasing the

porosity to increase the strength will usually adversely increase the grain size [150]. In

addition, the selection among the numerous morphometers used throughout the literature

will be clarified.

In order to numerically investigate the dependency of the strength of porous materials on

their morphometers and specify Eq. (1.2), the variability of the morphometry is controlled

by using synthetic microstructures (SMs). This also allows to run a sufficiently large, and

hence statistically meaningful, ensemble of simulations and to account for the stochastic na-

ture of real microstructures [57]. Interest in synthesizing microstructures is intensifying in

material sciences, owing to recent computational advances. In particular, machine learning

enables to create highly realistic, tunable microstructures [187, 57]. While the latter repre-

sents the state of the art, a more straightforward and much less computationally-demanding

approach is utilized as a first step (see Chapter 4).

In all, the aim is to bridge the gap between microscopic and macroscopic modeling, by

calibrating macroscopic laws with morphometric parameters upscaled from simulations on

synthetic microstructures, hinging, as much as possible, on non-destructive methods. It is

then checked that the predictiveness of this relationship may extend to real porous media,

by comparing with simulation results, through CT scans, and with existing experimental

results. While complex multiphysics processes like pressure solution may still require ex-

plicit modeling of the microstructure (see Chapter 3 and [114]), it is suggested here that as

far as the influence of the microstructural geometry is concerned, it is possible to upscale

only the essential morphometric information.

This second element of answer to Question 1 is detailed in Chapter 4 and shows that

it is possible, at least in the case of processes dominated by the mechanics, to upscale only

the essential of the microstructural information.
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1.6 Gyroscopic harvesting

As alluded to in Section 1.1, porous media with sufficiently heterogeneous microstructures,

such as geomaterials, are good candidates for displaying gyroscopic effects. Since these

effects are nonconservative [80], they can produce useful work; in addition, since they are

nondissipative, they do not require energy from the main source of power (e.g. a source of

heat). In all, gyroscopicity is a by-product of the main source of power, which would be

wasted if not harvested. This is of paramount interest within the current focus on sustain-

able engineering. For linear processes, where forces and kinematic descriptors are linearly

related, Onsager’s reciprocal relations [199] do not hold in the presence of gyroscopic effects,

which implies that action-reaction symmetry is broken, or that processes are nonreciprocal.

Edelen [81] generalized Onsager’s reciprocal relations, without any linearity assumption,

so that, in general, a process is nonreciprocal if, and only if, the gyroscopic effects are

non-zero. Beyond porous media, nonreciprocity is the norm in the natural world [278],

where systems interact with their environment on a permanent basis, which is a necessary

condition for gyroscopic effects. For these reasons, the study and design of nonreciprocal

materials are intensifying across a broad range of scientific disciplines, as portrayed here

below. Nevertheless, gyroscopic effects are, more often than not, neglected, due to a sys-

tematic application of Onsager’s theory. As a first step, gyroscopicity is investigated in the

case of linear processes.

Per Onsager’s principle [199, 200, 54], a linear process in a reciprocal material can

be described by a linear symmetric transformation between forces and salient kinematical

descriptors. Reciprocity can be broken by relaxing one or both of the aforementioned con-

ditions. For instance, elastic or acoustic materials with a nonlinear behavior combined with

structural asymmetry can exhibit a nonreciprocal behavior, in which the dynamic response

depends on the amplitude of motion [193]. Such behavior is relevant to vibration damping

and mechanical energy harvesting [63]. Active materials, which are made from building

blocks that consume energy from the environment to produce useful work, generally violate
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microscopic reversibility. This microstructural activity can stem from natural and synthetic

active colloids [211, 194, 132, 264, 278], crowds and flocks [93, 131, 24], robots [43, 93], gy-

roscopes [192], magnetic [271] and piezoelectric [85] elements, as well as microstructural

coupling [275, 236]. Materials can also be activated by an external gyroscopic field, such as

a magnetic field, to exploit the Hall effect [45, 145] or a Coriolis field [142] induced by the

rotation relative to an underlying inertial frame, which are well-known limitations to On-

sager’s principle [199, 200]. However, active materials require an external supplementary

source of power. Nonreciprocity can arise in a passive material [272, 151, 21, 148, 193],

without external forcing, if its macroscopic behavior is influenced by microscopic dissipa-

tive processes, thus invalidating Onsager’s premises, as discussed in Chapter 5. Most of the

nonreciprocal materials herebefore are metamaterials, in the sense that their microstructure

is engineered to yield behaviors not found in nature.

Nonreciprocity translates, for linear processes, into non-Hermitian behavior, that is,

into an asymmetric elasticity [236] or viscosity [22, 246, 25] tensor, an asymmetric Hall

tensor [45, 145] for electromagnetism, an asymmetric quantum mechanical Bloch Hamil-

tonian for a topological insulator [98] or an asymmetric hydraulic and thermal mobility

tensors for transport in a porous medium, as discussed in this work. This means that the

response of such a material cannot be derived solely from an energy or dissipation potential

[81, 80, 236], whence useful work can be produced. Another counterintuitive consequence

of this kind of asymmetry is of main importance here: the nonreciprocal force associated

with the antisymmetric part of the tensor responsible for nonreciprocity does not require

any energy to operate. Hence, this force does not enter energy balances and, in turn, the

laws of thermodynamics. This paradox, akin to Maxwell’s demon, is resolved by account-

ing for the non-reciprocal interactions, such as the transfer of energy required to power

the aforementioned robots. It will be shown that nonreciprocity can also stem from the

microstructural geometry of a material.

Since Onsager’s principle of least dissipation breaks down for nonreciprocal materials, it

is suggested that processes in such materials can be characterized by a non-thermodynamic
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variational perspective inspired by Fermat’s principle (introduced in Chapter 2). In addi-

tion to satisfying the second law of thermodynamics, a process in a nonreciprocal material

must follow the paths that extremize its duration with respect to the variations of the

path. Contrary to a common misconception [175], the duration is not necessarily a mini-

mum. Rather than focusing on the nature of the extremum, the paths prescribed by this

variational principle can be envisioned as the most likely paths to be observed, since they

are stable under first-order perturbations. Aronsson [18] showed that the unique solution

to the propagation of a general “disturbance” in a nonhomogeneous medium is supplied by

Fermat’s principle. This motivates the present application of that principle, which is most

often restricted to wave propagation, to propagation under a thermodynamic flux. These

ideas will be illustrated for fluid propagation under Darcy’s law. The underlying thermo-

dynamics is described by a time-asymmetric metric, of a Finslerian type [26], accounting

for the inherent irreversibility associated with nonreciprocity. Finslerian metrics generalize

Riemannian metrics to reflect the irreversible character of physical processes. The metric

is expressed as a function of the streamlines associated with the thermodynamic flux and

measures process duration. The correspondence between Fermat’s principle and Finsle-

rian metrics has been studied previously in the context of wave propagation [12, 101] and

general relativity [100, 51]. Shen’s [240] (see also [27]) result showing that the solutions

to Zermelo’s navigation problem [79] are the geodesics of an associated Finslerian metric

recently ignited interest in a wide range of applications, including maritime navigation

[153, 7], wildfires [179], active colloids [210], quantum physics [46, 230], and astrophysics

[100, 55, 29, 51]. This navigational equivalence will be employed to highlight the inherent

optimal gyroscopicity of nonreciprocal processes, not only in natural settings but also in

practical engineering applications.
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1.7 Contributions and associated publications

Most contents of this dissertation are obtained from the following three manuscripts pub-

lished, submitted, or in preparation, as first author:

• A. Guével, H. Rattez, M. Veveakis, Viscous phase-field modeling for chemo-mechanical

microstructural evolution: application to geomaterials and pressure solution, Inter-

national Journal of Solids and Structures (2020) [114] (License number from Elsevier:

5050440576383)

• A. Guével, H. Rattez, M. Veveakis, Morphometric description of strength and degra-

dation in porous media, International Journal of Solids and Structures (in revision)

[115]

• A. Guével, M. Lesueur, M. Veveakis, E. Fried, Gyroscopic optimization for nonrecip-

rocal materials (in preparation) [113]

Chapter 1 was written by the author, with certain parts from the three publications here

above. Therefore, it benefited from the review of the indicated co-authors. Chapter 2 was

written by the author, with contributions from E. Fried. The contents of Section 3 therein

are part of the recent manuscript [113]. Chapter 3 is the result of the first publication

[114], where the contributions of H. Rattez and M. Veveakis are acknowledged. Similarly,

Chapter 4 comes from the second publication [115], with contributions of H. Rattez and

M. Veveakis. The contents of Chapter 5 is being submitted through [113], with contributions

of M. Lesueur, M. Veveakis and particularly E. Fried. All results were obtained by the

author, apart from the numerical simulations on fracture networks in Chapter 5, Section 3,

performed by M. Lesueur.
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1.8 Notations and conventions

In addition to the nomenclature found at the beginning of this dissertation, here are further

clarifications valid throughout the dissertation:

• Einstein summation convention is adopted throughout this document.

• Tensors are written in bold font.

• The dot product of two vectors a and b is noted a · b.

• The Euclidean norm of a vector a is noted |a|.

• The tensorial product of two vectors a and b is noted a : b.

• The wedge product of two vectors a and b is noted a ∧ b.

• The outer product of two vectors a and b is noted a⊗ b.

• The superposed dot denotes an increment of the quantity underneath over an in-

crement of time t. In practice, to satisfy frame invariance, the actual configuration

of the system is assumed to coincide with the reference configuration. In the cur-

rent mechanical focus, this means assuming sufficiently small deformations and the

superposed dot simply denotes the partial derivative with respect to time.

• “Linear processes” are processes for which forces and fluxes are linearly related. By

extension, “linear materials” are materials that exhibits linear processes. Nonlinear

processes and materials designate processes and materials that are not linear. Similar

denominations are employed for “nonreciprocal processes”, for which action-reaction

symmetry is broken, and the associated materials.

• The following definition of equilibrium is adopted: a system is in equilibrium with

its environment when the entropy production, or dissipation, vanishes [200].
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Chapter 2

Geometrical representation of
non-equilibrium thermodynamics

“Every mathematician knows that it is impossible to understand
any elementary course in thermodynamics. The reason is that
thermodynamics is based on a rather complicated mathematical
theory, on contact geometry.”

— V. I. Arnold

Chapter 2 was written by the author, with contributions from E. Fried. The contents of

Section 3 therein are part of the manuscript:

A. Guével, M. Lesueur, M. Veveakis, E. Fried, Gyroscopic optimization for nonreciprocal

materials (in preparation) [113].

2.1 Introduction

In this chapter, the theoretical foundations for the thermodynamics modeling employed

throughout this dissertation are laid down. Like classical mechanics, quantum mechanics,

gravitation, and certain other areas of physics, thermodynamics has greatly benefited from

geometrization. This effort is pursued further in order to express thermodynamic processes

as optimal trajectories in the adequate space. In particular, the general framework pre-

sented below enables the accounting of gyroscopic effects, which have so far been overlooked

in most existing formulations.
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This framework is grounded in the mathematical skeleton provided by the geometriza-

tion of Gibbs’ classical thermodynamics, following Herman’s seminal work [133]. In as-

sociation with the tools provided by continuum thermodynamics [255], this mathematical

framework is augmented to nonequilibrium thermodynamics through the general solution

of the dissipation inequality, which leads to the formal recovery of familiar concepts such as

stability. A similar endeavor by Haslach [127, 128] is thereby generalized. Edelen’s seminal

formulation of gyroscopic forces [81, 80] is recovered in a dual tensorial formulation, owing

to a result by Gurtin [119]. The characterization of gyroscopicity is then expanded by show-

ing that it may be underpinned by an extremal principle, namely Fermat’s principle, thus

generalizing Onsager’s principle of least dissipation of energy in the case where gyroscopic

forces are not negligible. For that, in the case of linear processes, a Finslerian metric mea-

suring the duration of processes is derived, the asymmetric character of which is associated

with the inherent directionality of thermodynamic processes in general, when Onsager’s

assumption of microscopic reversibility is broken. Finally, building on the derived Finsle-

rian framework, nonequilibrium processes can be envisioned as optimal navigation toward

equilibrium, à la Zermelo [79], under the perturbation stemming from gyroscopicity.

2.2 Thermostatics foundations and

contactification

2.2.1 Thermodynamic contact structure

Following the chronological developments of thermodynamics, the description of equilibrium

processes is first laid out, that is, thermostatics. The following definition of equilibrium is

adopted: a system is at equilibrium with its environment when the entropy production, or

dissipation, vanishes [200]. This definition is less restrictive than steady state, where the

state variables describing the system are constant in time.

Consider a thermodynamic system described by n real-valued state variables expressed

in a vectorial form as x, n power-conjugated control variables y and a thermodynamic
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potential ψ. The choice of the 2n+1 thermodynamic coordinates {x1, . . . , xn, y1, . . . , yn, ψ}

is assumed to be non-redundant, in the sense that they are functionally independent from

each others. The manifold of dimension 2n + 1 described by those coordinates, called the

thermodynamic phase space, is notedM. In practice, since a manifold is locally Euclidean, a

manifold of dimension k may be reduced to Rk. Building on the seminal works of Gibbs [102,

103], and Hermann’s [133] formalization thereof, the customary duality of the state and

control variables via an energy potential translates into the Gibbs form γ:

γ = −dψ + y · dx, (2.1)

which corresponds to a differential one-form and represents the cornerstone of thermody-

namics [133]. This one-form first appeared in Gibbs’ description of equilibrium [102], which

reads γ = −dU − PdV + TdS, where the energy potential is chosen as the internal energy

U , the state variables are the volume V and the entropy S, and the control variables are the

pressure P and the temperature T . Equilibrium then corresponds to γ = 0. The embedding

of thermostatics into contact geometry, or contactification, started by Hermann [133], is

merely a generalization of Gibbs’ seminal work using modern differential geometric tools.

Namely, the independence of the 2n + 1 thermodynamic coordinates combined with (2.1)

yields the following relations: {
γ ∧ (dγ)n 6= 0,

γ ∧ (dγ)n+1 = 0,
(2.2)

where ∧ denotes the wedge product and (dγ)n = dγ ∧ . . . ∧ dγ (n times). Indeed, one can

write

γ ∧ (dγ)n = −n! dψ ∧ dy1 ∧ dx1 ∧ . . . ∧ dyn ∧ dxn, (2.3)

which is non-zero by definition of the functional independence of ψ, x1, . . . , xn, y1, . . . , yn

(see e.g. [233]). The tangent space of M, of dimension 2n, is noted TM. The tangent

space is important for the description of thermodynamic processes since, in differential

geometry, it is the space hosting the velocities v = ẋ, where the superposed dot denotes an

increment of the quantity underneath over an increment of time. An admissible definition

of time derivative should be objective to preserve frame invariance [256]. An example of
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objective rate is the Lie time derivative, but for simplicity it is assumed throughout this

dissertation that the actual configuration of the system is sufficiently close to the reference

configuration, so that the superposed dot simply denotes the partial derivative with respect

to time. In mechanical terms, this means in particular that deformations are assumed to

be sufficiently small.

While treating the 2n + 1 thermodynamic coordinates as independent is crucial for a

thorough description of the structure of the thermodynamic phase space, as emphasized by

Mrugala [190], dimensionality reduction occurs when studying the progression of processes

in TM. Thereby, only 2n independent coordinates are necessary, and one is redundant.

As customary, the response function ψ = ψ̂(x) is then chosen; as shown hereafter, it is the

apposite choice to ensure that ψ plays the role of an energy potential.

Due to the contact condition (2.2), the Gibbs form is a contact form, which induces a

unique non-degenerate field of hyperplanes ker γ on TM, called contact structure. Finally,

the thermodynamic phase space (M, ker γ), equipped with the contact structure, is called a

contact manifold. Conversely, by Darboux’s theorem (see [17] p. 362 e.g.), a given contact

structure ker γ is necessarily generated by a one-form of the canonic form (2.1). That said,

the “skeleton” of the thermodynamic phase space can be described by equivalent sets of

coordinates via Legendre transformations [188], so that ψ can be chosen conveniently as

the free energy, the internal energy, or the entropy for instance. More prosaically, as put

by Salamon [233] it can be understood that the contact form stems from the “contact”

between the system, described by x, and its environment, described by an external force

y, while the contact is characterized by ψ.

2.2.2 Definition of thermodynamic equilibrium

In the context of contact thermodynamics, equilibrium is represented by the integral sub-

manifolds of maximal dimension of the contact structure ker γ, called Legendre subman-

ifolds L [188]. It will be shown that this indeed corresponds to the solution of D = 0

(of maximal dimension), where D denotes the dissipation. The contact condition (2.2) is
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synonym of maximal non-integrability for γ, in the sense that the contact condition is as

far as possible from Frobenius’ integrability condition γ ∧ dγ = 0 (see e.g. [95]). In fact,

to find a submanifold solution to γ = 0, one must reduce its dimension down to n, so that

dimL = n. At equilibrium, the dimensionality is thus further reduced to n independent

degrees of freedom, taken as the state variables x. Arnold’s theorem for Legendre sub-

manifolds (see [17, p. 367]) shows that L is generated by the thermodynamic potential ψ,

through the following n equations of state:

y =
∂ψ(x)

∂x
. (2.4)

Note that if a different response function had been chosen from the customary ψ̂(x), then

L would be generated by another energy potential. To recover a familiar description of

equilibrium with the vanishing of the gradient of an energy potential, following Haslach

[128], the following generalized thermodynamic potential is introduced, Legendre conjugate

of ψ:

ψ∗ = ψ − y · x, (2.5)

so that ψ∗ = ψ̂∗(x,y). The equilibrium condition (2.4) then becomes

∂ψ∗

∂x
=
∂ψ

∂x
− y = 0. (2.6)

The notion of affinity is also recovered, measuring the deviation of a state from equilibrium,

which naturally appears in the representation of L:

z = y − ∂ψ(x)

∂x
= −∂ψ

∗(x,y)

∂x
, (2.7)

where z denotes the affinity vector.

2.3 Characterization of nonequilibrium processes

2.3.1 Contactification of the second law

After describing how the thermodynamic coordinates are related at equilibrium (2.4), this

relation is now characterized outside of equilibrium, when z 6= 0. The admissible nonequi-
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librium processes are provided by the Clausius-Duhem inequality, or dissipation inequality,

stemming from the first and second laws [255]. To fix ideas, the thermodynamic coordinates

are specified to fall back on familiar formulations. Consider a deformable solid, that may

conduct heat through a flux vector q, and may exhibit microstructural processes described

by internal variables a. The energy potential is then chosen as the Helmholtz free energy,

the state variables as x = (θ,F ,a), and the control variables as y = (−η,P ,−A), where

θ denotes the temperature, F the deformation gradient, η the entropy, P the first Piola–

Kirchhoff tensor, and A the force vector associated with the internal variables. In this

dissertation, the internal variables are embodied by the phase-field variables (see Chapter

3 and 4). The dissipation inequality then reads, in its local form,

D = −ψ̇ − ηθ̇ + P : Ḟ −A · ȧ− q · g ≥ 0, (2.8)

where g = ∇θ/θ.

While contact thermodynamics initially attached the Gibbs form with the first law [190],

γ can be embedded, in the present focus on nonequilibrium processes, into the second law

(2.8). Haslach [127, 128] was the first one to do so. To that aim, D can be expressed as the

tangential action of γ (i.e. γ evaluated on TM), in addition to the flux terms:

D = −ψ̇ + y · ẋ+ q · g = γ

(
ψ̇
∂

∂ψ
+ ẋi

∂

∂xi
+ ẏi

∂

∂yi

)
+ q · g ≥ 0, (2.9)

where ψ̇ ∂
∂ψ + ẋi

∂
∂xi

+ ẏi
∂
∂yi

is a given tangent vector in TM. A necessary condition to

equilibrium is thermal equilibrium, so that q = 0 at equilibrium. Therefore, equilibrium

(when D = 0), is indeed defined by the Legendre submanfiolds associated with γ. To

account for fluxes, the vectors x and z are augmented to x = (x1, . . . , xn, q1, q2, q3) and z =

(y1−∂ψ/∂x1, . . . , yn−∂ψ/∂xn,−g1,−g2,−g3), where the qi denote the spatial components

of the heat flux, and similarly for the gi. The dissipation inequality (2.8) thus becomes, in

terms of affinity and velocity,

D = z(v) · v ≥ 0. (2.10)

Finally, a system reaches equilibrium whenever one of the following equivalent conditions
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holds: 
D = 0,

z = 0,
∂ψ∗

∂x = 0,

y = ∂ψ
∂x .

(2.11)

2.3.2 General solution of the dissipation inequality

nonequilibrium processes are described by the solution z(v) to the dissipation inequality

(2.10), for all v in Rn, provided that z(v) is of class C1 on Rn. The first such solution was

provided by Edelen [81], who showed that an affinity vector z satisfying the dissipation in-

equality (2.10) can be uniquely decomposed into a dissipative part zd and a nondissipative,

or gyroscopic, part zg as follows:

z(v) =
∂Φ(v)

∂v
+U(v) = zd + zg, (2.12)

where

Φ(x,v) =

∫ 1

0
z(sv) · vds+ Φ0(x) (2.13)

is a (scalar) dissipation potential, with Φ0(x) a constant with respect to v, and

U · v = 0, (2.14)

U thus being a non-dissipative force. Gyroscopic forces are non-dissipative, hence eas-

ily overlooked, but also non-conservative, and therefore, they may produce useful work.

Edelen’s results are based on Bataille and Kestin’s theory [30] of “equilibrium companion

state”, which distinguishes, similarly to contact thermodynamics, a general nonequilibrium

state from the associated equilibrium state where equations of state similar to (2.4) hold.

Legendre submanifolds, the spaces of possible equilibrium states associated with a given

nonequilibrium state, can be seen as a formalization of this idea. Should the environmental

stimuli be turned off at a certain instant t0, the system may relax from a nonequilibrium

to an equilibrium state given by the associated Legendre submanifold L(t0), or companion

equilibrium state.

29



An alternative solution was given by Gurtin [119, 121], albeit in a less general context.

Thereupon, a necessary and sufficient condition for z(v) to satisfy (2.10) is that there exist

a tensor B on Rn × Rn such that

z(x,v) = B(x,v)v, (2.15)

with

B =

∫ 1

0

∂z

∂v
(sv)ds. (2.16)

The dissipation inequality (2.10) now becomes

D = B(x,v)v · v = Bs(x,v)v · v ≥ 0, (2.17)

so that the tensor B(x,v) is almost positive semi-definite, weaker condition than positive

semi-definiteness, since B is a function of v, as explained by Gurtin [119]. For practical

purposes, processes are assumed here to be linear, meaning that B is only a function of x,

which encompasses a wide range of examples (see Chapters 3 and 5). In that case, B is

positive semi-definite. The symmetric and antisymmetric parts of B are noted Bs and Ba.

It is thus equivalent to characterize the second law of thermodynamics by an inequality or

by such a tensorial equation, that may be named the generalized relaxation equation. Ac-

cordingly, B is called the relaxation tensor. Goddard [105] established the correspondence

between Edelen’s and Gurtin’s dual solutions, whereby zd = Bsv and zg = Bav. One

checks that Bav · v = 0 since Ba is antisymmetric, so that zg is indeed nondissipative.

Importantly, the dissipation inequality (2.10) is not affected by the gyroscopic force zg.

Therefore, a supplementary principle is needed to characterize zg, in addition to zd (see

Section 2.4 and Chapter 5). In all, the external force y is the sum of three components

y = yr + zd + zg, (2.18)

where yr = ∂ψ
∂x is called the recoverable part (following Edelen’s nomenclature), corre-

sponding to the value of y at equilibrium. Goddard [105, 106] pursued Edelen’s endeavor

to shed light on gyroscopic forces from theoretical and practical perspectives. His research

pointed toward nondissipative coupling as an origin of gyroscopic forces. In Chapter 3,
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this is illustrated in the case of chemical coupling. In Chapter 5, in the case of porous

media flow, the breaking of action-reaction symmetry, or nonreciprocity, is proposed as a

fundamental origin of gyroscopicity.

Gathering the previous results (see also Fig. 2.1), a nonequilibrium thermodynamic pro-

cess is thus a path on the nonequilibrium submanifoldN , of coordinates {x1, . . . , xn, y1, . . . , yn},

formed by the graph of ψ∗ (of codimension 1). It is described by the generalized relaxation

equation (2.15), following the gradient z = −∂ψ∗/∂x, until the latter vanishes and equilib-

rium L(t) is reached; the system is then described by its equations of states (2.4). In that

sense, nonequilibrium processes can be envisioned as gradient processes, as described by

Haslach [127, 128]. Since the Legendre submanifold L(t) varies with time, along with envi-

ronmental stimuli, equilibrium should be envisioned as a target rather than a destination.

This representation is in line with Planck’s and Prigogine’s representation of equilibrium as

an “attractor” for nonequilibrium states [214], which is formalized here after. Furthermore,

the generalized relaxation equation (2.15) restricts the system to n degrees of freedom. To

fully constrain a thermodynamic problem, n supplementary balance laws must be provided.

Illustrations of this procedure are given in Chapter 3 and 4. In the case of purely dissipative

processes, i.e. when zg = 0, knowledge of the energy and dissipation potentials, ψ and Φ, is

sufficient for a full description. However, as acknowledged by Zielger [284] who derived the

maximum entropy production principle, describing a process by only those two scalar po-

tentials amounts to neglecting gyroscopic forces. When a system is not purely dissipative,

one must therefore describe both the symmetric and antisymmetric parts of the relaxation

tensor B.

2.3.3 Consequences

Positivity of B

The positivity of B means that the system has to “flow” in the direction of equilibrium,

indicated by z (i.e. along the decreasing values of ψ∗), in the large sense that the system’s
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direction v lays in the half-space centered on z, which represents the future states (see

Fig. 2.1). The impossibility for the system to access the other half-space, representing the

past states, results in the irreversibility of processes.

Semi-definiteness of B

The (weak) semi-definiteness of the relaxation tensor shows that the system can be at

equilibrium (i.e. satisfying one the conditions (2.11)) without necessarily having v = 0. IfB

was strictly definite, the vanishing of D would indeed imply v = 0. This also shows that the

thermodynamic potential ψ is not necessarily minimized at equilibrium: D = −ψ̇+y ·v = 0

does not imply ψ̇ = 0, unless v = 0, or the specific case y · v = 0 holds.

Non-symmetry of B

The thermodynamics laws do not require any symmetry for the tensor B relating the forces

z to the fluxes v. For certain processes where microscopic reversibility is satisfied, Onsager’s

theory [199, 200] warrants taking B symmetric. More generally, as shown by Ziegler [283,

chapter 5], nonequilibrium purely dissipative processes can be described under a principle

of maximum dissipation. In the linear case where B is independent from v, the formulation

(2.15) recovers this result when B = Bs. Indeed, D, the scalar product of z and v, can

be shown, using the extended Cauchy–Schwartz inequality (see App. 7.1), to be maximal

when z and v are linearly related by a symmetric tensor. For that, one observes that, in the

linear case, the symmetric tensor relating z and v is definite-positive outside of equilibrium

(when D = z · v 6= 0).

Bounding of the angle between z and v

One can also show with a corollary of the min-max theorem (see App. 7.2) the existence of

an upper bound for the (acute) angle θγ , that is called the Gibbs angle, between z and v

(see also Fig.2.1):

0 ≤ θγ ≤ θmax
γ = arccos

(
νmin

νmax

)
, (2.19)
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noting νmin and νmax the (positive) eigenvalues of Bs. The thermodynamically-admissible

half-space is thus reduced to a cone of axis z and of opening angle 2θmax
γ . In particular,

v and z are collinear (θγ = 0) only when νmin = νmax, that is, when Bs is orthogonal

(Bs = B−1
s ). A system thus takes the most direct path to equilibrium, indicated by z,

only in this particular case. The degenerate case where the bound θmax
γ reduces to the

bound π/2 provided by the second law is dismissed since then D = 0 and the system is

at equilibrium. This would correspond to a purely gyroscopic processes and occur when

νmin = 0.

Relaxation to equilibrium and stability

Last but not least, the usual concept of stability can be recovered from the generalized

relaxation equation. From the definition of the generalized thermodynamic potential ψ∗

(2.5), one can calculate the time derivative of z,

∂z

∂t
=
∂z

∂x

∂x

∂t
= −Hv, (2.20)

where H = ∂2ψ∗

∂x2 = ∂2ψ
∂x2 is the Hessian of the system. Dismissing the trivial case where the

system is already at equilibrium, it is assumed that D > 0 and therefore, B (and Bs) is

invertible. Thereupon, z satisfies the tensorial differential equation

ż = −Rz, (2.21)

where R = HB−1, and R is independent from v in the linear case. One can then integrate

(2.21):

z = e−tRz0, (2.22)

where z0 = z(t = 0). One can show that z will converge exponentially to equilibrium if

and only if the Hessian is positive definite. For that, observe that detR = detH detB−1,

so detR > 0 iff detH > 0 (since detB > 0). Then, since H is symmetric, detH > 0 if

and only if H is positive definite. A similar result was obtained by Haslach [128] in the

particular case where z and v are collinear, that is, when Bs is orthogonal. The present
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formulation thus recovers the concept of stable equilibrium with respect to the Hessian

of the system. Furthermore, it appears that nonequilibrium processes converge toward

equilibrium as the fastest rate, which is exponential. For purely dissipative systems, this

convergence amounts to dissipating energy, or producing entropy, as fast as possible, as

often assumed (see [283] e.g.). However, the present result is obtained without forcing B

to be symmetric, and, in fact, does not concern explicitly the dissipation. Instead, in order

to preserve generality and, in particular, to account for gyroscopicity, an extremal principle

based on the underlying intuition that a system goes as fast as possible to equilibrium will

be derived in the next section. This is confirmed in the case of nonreciprocal transport in

Chapter 5.

2.4 Characterization of the gyroscopic

component of processes

From the previous results, when represented in the adequate contact manifold, nonequilib-

rium processes can be described through an exponential convergence toward the Legendre

submanifolds, embodying equilibrium. It is reminded that while the generalized relaxation

equation holds in general (modulo some smoothness requirements for the response func-

tions), attention is restricted to linear processes to fast-track practical results. Building on

these observations and aforementioned existing works, nonequilibrium processes are envi-

soned as an optimization problem where the system’s goal is to reach L(t) in the shortest

transit time. Of cource, since the Legendre submanifolds are time-dependent, the target is

dynamic and this problem is solved at each instant. Since the gyroscopic component of the

process does not participate to the expenditure of energy, i.e. to the effort to reach equilib-

rium, it can be envisioned as a perturbation; whereas the dissipative component is the sole

drive toward equilibrium. This is a similar optimization problem to Zermelo’s navigation

problem [79]: a ship must travel to a given destination in the shortest time, while under-

going a given current. By analogy, the ship here is the system, its driving velocity is the

dissipative component of the velocity vd, the perturbation is described by the gyroscopic
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component vg, which acts perpendicularly to the direction toward equilibrium given by z,

and the destination is L (see Fig. 2.1). The thermodynamic navigation problem is however

more general since, unlike in Zermelo’s, |vd| is non-constant and the destination varies in

time.

Bao et al. [27] showed that the geodesics solutions of Zermelo’s navigation problem are

given by a metric of Finslerian type. This result will be recovered in the present context,

where the assumption made in [27] that the perturbation be weak (i.e. |vg| < |vd|) is lifted.

One first has to switch from a solution of the dissipation inequality in terms of z(v) to the

dual solution in terms of v(z), which simply amounts to switching the role of z and v in

Section 2.3. Thereupon, the generalized relaxation equation becomes

v(z) = Cz, (2.23)

where C is the dual to the relaxation tensor B. For simplicity, the vectors z and v are

considered without the flux terms, so that, in particular, v = ẋ can be defined as a rate

without ambiguity. Thereby, the thermodynamic paths can be pictured as streamlines in

M. An extensive treatment of the case where v is a flux is detailed in Chapter 5. As done

previously, the dissipative and gyroscopic components of v are obtained upon splitting C

into its symmetric and antisymmetric parts.

Following a procedure similar to that described in [101], the transit time t2−t1 required

for a system to travel between two points x(t1) and x(t2) along the streamline x(t) is

determined as follows. Consider an infinitesimal segment dx of a curve parameterized by

x that is traversed over an infinitesimal time interval of duration dt. Assuming that the

velocity v = ẋ = vd + vg is constant on this small portion of the curve, one can write

dx = (vd + vg)dt. (2.24)

Following Gibbons and Warnick [101], one computes the scalar products of (2.24) with vd,

vg, and dx to obtain a second-order polynomial in dt:

λdt2 + 2(vg · dx)dt− |dx|2 = 0, λ = |vd|2 − |vg|2. (2.25)
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The trivial cases v = 0 and vg = 0 are excluded, and suppose for now that λ 6= 0. The

discriminant of this polynomial is positive if and only if 1) λ > 0 or 2) λ < 0 along with

the condition

|λ| < (vg · dx)2/|dx|2. (2.26)

The inequality (2.26) is satisfied in the case where the geodesics are logarithmic spirals,

which is the focus of this dissertation (see Chapter 5 and proof in App. 7.11). To determine

the positive roots of (2.25), one uses that vg · dx ≥ 0 by construction (see Fig. 2.1). If

λ > 0, the positive root of (2.25) is

dt+ =
1

λ

(√
λ|dx|2 + (vg · dx)2 − vg · dx

)
. (2.27)

If λ < 0, the positive root of (2.25) is either also (2.27) or either

dt− = − 1

λ

(√
λ|dx|2 + (vg · dx)2 + vg · dx

)
. (2.28)

Since the right-hand side of both (2.27) and (2.28) is positively homogeneous of degree one

in dx, its integral over t from t1 to t2 > t1 is equal to

t2 − t1 =

∫ t2

t1

F±(x,v)dt, (2.29)

with

F±(x,v) =
1

λ(x)

(
±
√
λ(x)|v|2 + (vg(x) · v)2 − vg(x) · v

)
. (2.30)

The metric function F can be considered as a Lagrangian if the transit time t2 − t1 is

identified with an action, so that the principle of stationary time can be expressed as a

principle of stationary action. Importantly, since F (x,v) 6= F (x,−v), unless vg = 0, F is

asymmetric, which is characteristic of Finslerian metrics.

Following Javaloyes et al. [141], the metric function F can be expressed so as to partially

remove the restriction λ 6= 0 by conjugate multiplication to give

F±(x,v) =
|v|2

±
√
λ|v|2 + (vg · v)2 + vg · v

, (2.31)

provided that denominator in (2.31) is non-zero. Since vg · v ≥ 0, the denominator does

not vanish if v 6= 0 in the case where F = F+. However, in the case where F = F−, λ must
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be non-zero. As discussed in Chapter 5, the case of main interest in this work is the case

where F = F+. The metric (2.31) can be of different types, depending on the sign of λ. For

λ > 0, namely for a weak transverse perturbation vg, the usual Randersian formulation is

recovered (as in [27], see also [218, 26] for details on Randersian metrics)

F (x,v) =
√
A(x)v · v + b(x) · v, (2.32)

where A = λ−1(I + λ−1vg ⊗ vg) is a Riemannian metric tensor (conformally Euclidean)

and b = λ−1vg, with I and ⊗ being the identity tensor and the outer product on Rn×Rn,

respectively. When λ < 0, i.e. for a strong perturbation vg, F can be of two types. If

F = F+, it is a conic Finslerian metric [141]. In the case of lesser interest where F = F−,

the metric is of Lorentz–Finsler type [141]. Finally, when λ = 0, F = F0 is a Kropina

metric [155], where

F0(x,v) =
|v|2

2vg · v
. (2.33)

In practice, the type of metric determines the convexity of F , and therefore, the nature of the

extremum duration (see Tab. 2.1). Traditionally, Finslerian metrics are (strongly) convex,

but this requirement is relaxed for generalization purposes, following the development of

Javaloyes et al. [141]. The metric (2.31) further generalizes that of [141] in allowing the

magnitude of vd to vary, in addition to its orientation. In application of Fermat’s principle,

one seeks trajectories that extremize (2.29). When F is Randersian or a conic Finslerian

metric, it is convex and the extremal duration is a minimum. When F is of Lorentz–Finsler

type, it is convex and the extremal duration is a maximum. When F is a Kropina metric,

the extremum is indeterminate, or abnormal [141]. In this dissertation, the cases where

F is of Lorentz–Finsler type are disregarded on physical grounds (see Chapter 5), and the

special case where F is of Kropina type is left aside; these cases may however have some

physical relevance and may be explored in future works. Thereupon, attention will be

restricted to Fermat’s principle of least duration, in line with the aforementioned idea that

processes aim at reaching equilibrium as fast as possible.

Lastly, extremizing (2.29) as per Fermat’s principle yields the optimal streamlines, or

geodesics, by solving the associated Euler–Lagrange equations. Since F (x, ·) is positively
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Table 2.1: Summary of the different types of metrics, depending on λ.

λ > 0
(weak perturbation)

λ = 0
λ < 0

(strong perturbation)

Metric type
Randers

(F = F+)
Kropina
(F = F0)

Conic Finsler
(F = F+)

Lorentz–Finsler
(F = F−)

Convexity Convex Undet. Convex Concave
Extremum Min. Undet. Min. Max.

homogeneous of degree one, the associated geodesics are independent of the parametriza-

tion, and t can be chosen to deliver a convenient form of those equations. In two dimensions,

the homogeneity of F will be advantageously utilized to obtain the Weierstrass form [13,

p. 35] (see Chapter 5).
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Figure 2.1: In the case where n = 1, here is an example of the nonequilibrium submanifold N (of
dimension 2), in which are represented the processes path, in the contact manifold (of dimension
3), when the thermodynamic coordinates are the state variable x (e.g. volume), the control variable
y (e.g. pressure), and the energy potential ψ. This submanifold corresponds to the graph of the
generalized energy function ψ∗. Considering a nonequilibrium state S at an instant t, the direction of
the process is given by the velocity v and the target by the affinity z, pointing toward the Legendre
submanifold L (of dimension 1) — the system therefore goes “down” on the graph of ψ∗, i.e. along
the decreasing values of ψ∗ with respect to x. L is located in a convex portion of the graph, whence
equilibrium is stable in the present case. At each point, N is tangented by a hyperplane (in red)
from the contact structure, constraining the system to satisfy the second law. The contact structure
can be envisioned as imprinting the topography of N along the gradient of ψ∗, thus favoring access
to equilibrium.

2.5 Conclusion

A general geometrical framework for nonequilibrium processes was derived, whose main

objective is to avoid unnecessary constitutive assumptions. In particular, the relaxation

tensor is not forced to be symmetric, in order to allow for gyroscopic forces.

The phenomenological formulation of Gibbs pointed out the inherent structure of ther-

modynamics, which, put in modern geometrical terms, hinges on a contact structure. Using

results from continuum thermodynamics, Gibbs’ description is augmented to nonequilib-
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rium processes by using the general solution of the second law of thermodynamics in the

apposite contact manifoldM (of dimension 2n+ 1) representing the thermodynamic phase

space. The contact structure is a field of hyperplanes discretizing M and imprinting the

topography of the nonequilibrium submanifold N by tangenting the latter along the gra-

dient of the generalized energy function ψ∗. Indeed, N (of codimension 1) corresponds

to the graph of ψ∗ (see Fig. 2.1). The tangent space contains the information regarding

the directionality of processes. Each hyperplane of the contact structure tangents N (t)

at a point corresponding to a nonequilibrium state, and is associated with an equilibrium

state, at each instant t, located in the Legendre submanifold L(t), toward which nonequi-

librium processes should gravitate. In this context, a nonequilibrium process, represented

by a continuous path in N , may be seen as an interpolation of the associated discrete

field of hyperplanes. The interpolating error may represent irreversibility in the sense that

“jumping” from a hyperplane at t to the next at t+ dt results in a loss of information and

therefore, in a increase of entropy.

In the case of linear processes, a system converges exponentially toward equilibrium,

should the latter be stable. This seems to corroborate a common assumption that a system

should converge as fast as possible toward equilibrium. Without resorting to postulates

on the dissipation, which is agnostic of gyroscopicity, this intuition is translated into an

extremal principle based on process duration, in the form of Fermat’s principle. nonequi-

librium processes are thus envisioned as a gyroscopic optimization problem, consisting in

reaching equilibrium in the shortest time under the constraint provided by the gyroscopic

force or velocity. This is akin to Zermelo’s navigation problem, albeit generalized to non-

constant “ship” velocity and moving target. Indeed, the Legendre submanifolds are time-

dependent and act as attractors/repellers. Thus, the system may only adjust its trajectory

toward the fastest path to equilibrium, without necessarily reaching it, as long as the envi-

ronmental interactions persist. In line with Zermelo’s modern mathematical treatment, the

duration of processes is measured, in that context, by a Finslerian metric, the asymmetric

characteristic of which is due to gyroscopicity. This means that the duration of a process is
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not the same going forward or backward in time. This is an explicit manifestation of the ar-

row of time, which is otherwise only indirectly imposed by the second law but not explicitly

present in the thermodynamic equations. In other words, the unidirectionality of processes

are due, in general, to the asymmetric interaction of a system with its environment, or

nonreciprocity, rather than irreversibility only.

This gyroscopic optimization also holds overlooked potential for technological break-

throughs, as shown in Chapter 5 and through the growing interest in the physics commu-

nity as described therein. Indeed, gyroscopic forces are nondissipative, and hence do not

extract any energy to operate; they are also nonconservative and, therefore, can produce

useful work. In Chapter 5, the abstract contact manifold described in this chapter will be

replaced by the physical space, where gyroscopicity results in the rotation of the medium.
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Chapter 3

Phase-field modeling the
microstructure of porous media:
example of pressure solution

Chapter 3 was adapted from the publication:

A. Guével, H. Rattez, M. Veveakis, Viscous phase-field modeling for chemo-mechanical

microstructural evolution: application to geomaterials and pressure solution, International

Journal of Solids and Structures (2020) [114].

3.1 Introduction

The microstructural geometry of materials has a significant influence on their macroscopic

response, especially when the process is essentially microscopic as for chemo-mechanical

processes. In this chapter, the idea that interface-tracking models like phase-field model-

ing can capture the microstructural dynamics and enrich macroscopic constitutive laws for

geomaterials is pursued. A phase-field model for chemo-mechanical processes derived from

fully-dissipative thermodynamics is introduced, enabling the inclusion of usually-overlooked

dissipative effects such as the evolution of the microstructural curvature. The resulting mi-

crostructural viscosity introduces rate-dependency through the associated relaxation time.

To emphasize the influence of irregular microstructural geometries, the chemo-mechanical
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response of digitalized geomaterials at the grain scale under pressure solution creep is

numerically studied. Tracking the grain boundary evolution captures the microscopic tran-

sient nature of pressure solution. The numerical results are discussed against experimental

results from the literature and the properties of macroscopic creep laws are shown to be

linked to the evolution of the microstructure.

3.2 Viscous phase-field model with

chemo-mechanical coupling

3.2.1 Outlines

The main ideas behind the following derivation are first outlined (see Fig.3.1). The objective

is to model a microstructure undergoing a chemo-mechanical process. An order parameter

ϕ shall differentiate the pores, noted phase A (ϕ = 0), and the skeleton, noted phase B

(ϕ = 1), subject to elastic mechanical loading. It is thereby assumed that all irreversible

changes of the grains are accounted for by the variations of their interface. The simplest

way to approximate the pores phase, assumed fully saturated in liquid, is to model it as a

highly deformable shear-free solid, as done for instance in [143]. Note that it is consistent

with the notion of order parameter that its highest value is for the most microscopically

“ordered” phase. The mechanical loading, when sufficient, triggers the dissolution of phase

B, which resulting solute, of concentration c, can diffuse and precipitate in the phase

A, under the appropriate mass balance. The concentration c is introduced as a second

phase field for consistency, albeit purely diffusive and thus simply yielding Fick’s law.

Most importantly, the coupling between the phase field ϕ and the mechanics yields two

scales, the microscale for the former and the mesoscale for the latter (see Fig.3.1). The

mechanics is described by the usual strain tensor ε and the Cauchy stress tensor σ. For

simplicity, small strains are assumed; that way, the superposed dot denoting an objective

time increment reduces to the partial derivative with respect to time. The studied assembly

of grains is subject to the macromomentum balance, while each point of this assembly is
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subject to the micromomentum balance (acting on the phase-field variables). Such scales

separation, inducing two types of momentum balances, stems from the configurational

force theory, complementing the traditional standard force theory in the case of materials

with microstructures (see [120] for a topical review). For the present work, the problem is

restricted to isothermal conditions. The derivation of the model is three-fold. Starting from

≈ interface thickness

Assembly of grains (mesoscale): 
governed by macromomentum balance

Grain scale (microscale): 
governed by micromomentum balances

𝜑 = 0

𝜑 = 1

c= 1
c= 0

Diffuse interface
Sharp interface

0

0.5

1
�, c

Grains phase

Solute phase

Pores phase

Figure 3.1: Sketch of the present representation of fully saturated geomaterials’ microstructure.
The phase-field ϕ differentiates the grains phase (ϕ = 1) and the pores phase (ϕ = 0) and the
phase field c differentiates in the pores the solute phase (c = 1) and the non-solute phase (c = 0).
The grains are in dark browns, the solute in spotted red, and the pores without solute in light
brown. The pores phase is thus the union of the light brown and spotted red phases. On the left,
the assembly of grains represents the mesoscale governed by the macromomentum balance. On the
right, a zoom-in shows the grains scale, i.e. the microscale, where one can distinguish the diffuse
interfaces associated to the phase fields ϕ and c. As opposed to the corresponding physical sharp
interface, the phase fields progress smoothly from one phase to the other.

the thermodynamic laws, supplemented by the appropriate balance laws, the specification of

the obtained system of equations is finally completed with constitutive assumptions. A clear

separation between the fundamental laws and the constitutive postulates is emphasized,

which is summarized in Tab.3.1.
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3.2.2 Thermodynamic foundations

Following Chapter 2, the present constitutive model is derived based on the generalized

relaxation equation (2.15), which is equivalent to satisfying the second law of thermody-

namics, in the form of the dissipation inequality. In isothermal conditions and in the

presence of configurational forces, following 3.2.1, the latter reads in its local form [119]:

D = −ψ̇ − π1ϕ̇+ ξ1 · ∇ϕ̇− π2ċ+ ξ2 · ∇ċ+ σε̇ = −ψ̇ + y · ẋ ≥ 0, (3.1)

where D denotes the system’s local dissipation, ψ its free energy, π1 and ξ1 are respectively

the micromomentum and microstress associated with the ϕ, and similarly for π2 and ξ2

with respect to c, as per the configurational theory [90, 119]. The present system is thus

represented by the following thermodynamic coordinates:
x = (ϕ,∇ϕ, c,∇c, ε),
y = (−π1, ξ1,−π2, ξ2,σ),

ψ(x),

(3.2)

with ψ, characterizing equilibrium, still to be specified. After defining the thermodynamic

phase space, one must specify the relaxation tensor B (see Chapter 2) to constrain the

system when out of equilibrium. This boils down to specifying a dissipation potential in the

absence of gyroscopic effects, which will not be the case here due to nondissipative chemical

coupling allowing for precipitation. Upon prescribing the energy and relaxation potentials

ψ and B hereafter, one can obtain an explicit system of equations with respect to ẋ and y.

The dimension of this system of equations is the thermodynamic degree of freedom, i.e. the

number of independent variables by which one chooses to describe the system. This yields

a system, in the general case, of n equations with 2n unknowns {x1, . . . , xn, y1, . . . , yn}. In

the present example of microstructural chemo-mechanical processes, n = 5 (see variables

in (3.2)). Finally, this system can be reduced upon applying the relevant balance laws.
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3.2.3 Supplemental balance laws

In addition to the thermodynamic laws, equivalent to the generalized relaxation equation,

the system’s variables are subject to supplemental balance laws. In the present context of

chemo-mechanics, and upon neglecting the inertial effects, these are the micromomentum

balance, macromomentum balance and mass balance. At the microscale, hold the two

micromomentum balances for the two phase fields ϕ and c ([90, 119]):{
∇.ξ1 + π1 = 0,

∇.ξ2 + π2 = 0.
(3.3)

At the mesoscale (with a spatial domain of interest noted Ω), hold the macromomentum

balance and the mass balance of the reactive species being dissolved and precipitated,

present in phase A as solute and in phase B as part of the solid skeleton:

∇ · σ = 0, (3.4a)∫
Ω

(ϕ̇+ ċ)dΩ = 0. (3.4b)

The mass balance here amounts to assuming that the reactive species are either present in

a solid form in the skeleton (ϕ = 1) or in a solute form (c = 1).

3.2.4 Additional constitutive assumptions

All in all, the system is presently described by 8 variables (ϕ, c, ε, π1, ξ1, π2, ξ2, σ) and 9

equations (5 scalar relaxation equations from thermodynamics for the 5 state variables and 4

balance equations). The system is therefore over-constrained. This is why the mass balance

will be enforced, as often in PFM, as a constraint condition on the system of equations,

via a Lagrange multiplier, noted β(ϕ), in order to satisfy Eq.(3.4b). To fully specify the

system of equations, it remains to describe the system’s relaxation tensor B(x, ẋ) and its

free energy ψ(x).
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Relaxation tensor

The relaxation tensor B describes the time for the system to reach equilibrium with respect

to each state variables. Practically, it indicates how the rate terms enter the equations,

either dissipatively via its symmetric part Bs or non-dissipatively via its anti-symmetric

part Ba (see Chapter 2). It is reminded that it is not sufficient to prescribe, as usually as-

sumed, an energy potential and a dissipation potential, since then, the non-dissipative rate

terms would be missing. Indeed, rate terms can enter an equation without contributing to

the dissipation as shown hereafter for the chemo-mechanical coupling. Edelen has already

extensively argued for the incompleteness of a dissipation potential description leaving aside

gyroscopic forces [81, 80], along with Goddard more recently [105] and Ostoja-Starzewski

[202, 203]. As pointed out by Goddard, continuum mechanics has a long-standing tradition

of using “hyperdissipative” models (such as [283, 60] among many others), meaning that

they are fully derived from an energy potential and a dissipation potential, implicitly ne-

glecting the gyroscopic forces (as acknowledged by Zielger [283]). It is shows in this work

that non-dissipative forces are, however, indispensable for chemo-mechanical coupling for

instance, and more generally for reaction-diffusion systems, where they play the role of

“reactive constraints” [105] or, more practically, of source/sink terms. While the latter is

usually introduced from the outset in the diffusion equation (as in [276]), it is introduced

here as a cross term τc of the relaxation tensor. The non-symmetric positive-semidefinite

relaxation tensor is thus defined in the simplest way as:

B =


τ1 0 0 0 0
0 τ 2 0 0 0
τc 0 τ3 0 0
0 0 0 τ 4 0
0 0 0 0 τ 5

 (3.5)

where τ1, τ 2, τ3, τ 4, τ 5 (all positive quantities) are respectively the relaxation times of ϕ,

∇ϕ, c, ∇c, ε. Note that τ 2, τ 4 and τ 5 are tensors of dimension 3 since they are associated

with gradient variables. For simplicity, τ 2 = τ2I, τ 4 = τ4I and τ 5 = τ5I, where I denotes

the identity tensor. The scalar τc (also positive) is the relaxation time of the chemical

coupling, related to the solute propagation. They can depend on any state variable xi,
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or their rates, but for the present preliminary study τi is constant. Thereupon, the 5

generalized relaxation equations now read:

τ1ϕ̇ = −π1 − ∂ψ
∂ϕ ,

τ2∇ϕ̇ = ξ1 −
∂ψ
∂∇ϕ ,

τcϕ̇+ τ3ċ = −π2 − ∂ψ
∂c ,

τ4∇ċ = ξ2 −
∂ψ
∂∇c ,

τ5ε̇ = σ − ∂ψ
∂ε .

(3.6)

Note that since the phase field c is considered purely diffusive, i.e. ∇c not dissipative,

τ4 = 0.

Free energy

The free energy acts as an energy potential and describes the system (only) at equilibrium,

i.e. its steady states. Indeed, out of equilibrium, the energy potential does not Legendre-

conjugate the control variable with its state variable, viz. zi = yi − ∂ψ
∂xi
6= 0. The following

specific free energy is defined (unit: J/m3):

(3.7)
ψ(ϕ,∇ϕ, c,∇c, ε) = Gg(ϕ) + (1− h(ϕ))

1

2
ε.CAε+ h(ϕ)

1

2
ε.CBε

+ β(ϕ)c+
κ

2
||∇ϕ||2 +

D

2
||∇c||2.

The first term is the usual double-well potential with G the double-well’s height and g(ϕ) =

ϕ2(1 − ϕ)2. The elastic energy (second and third terms) is defined in each phase and

interpolated by the interpolation function h(ϕ) = ϕ2(3− 2ϕ), with h(0) = 0 and h(1) = 1.

In doing so, the Voigt-Taylor homogeneization scheme is employed [10]. This consists in

interpolating the elastic energies of the different phases, and hence the equilibrium stresses

σA = ∂ψ
∂εA and σB = ∂ψ

∂εB , while assuming homogeneous strain εA = εB = ε. It will be

shown that this hypothesis is coherent with the usual poromechanics formulation. The

chemical energy (fourth term) is defined only in the phase A (where ϕ = 0) so that the

chemical coupling function β(ϕ) must vanish for ϕ = 1. This function will be determined

a posteriori as a Lagrange multiplier to enforce the mass balance. The two last terms are
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the usual gradient energies for the two phase fields, where κ and D are the associated

gradient coefficients. As per [146], the interfacial energy γ [J/m2] of the interface between

the skeleton and the pores scales as γ ∼
√
κG and the corresponding interface thickness li

[m] as li ∼
√

κ
G . For the concentration of the solute c, since the particular case where it is

purely diffusive is assumed, D simply corresponds to the solute’s diffusivity.

3.2.5 Derivation

The different elements of the model are summarized in Tab.3.1, emphasizing the distinction

between the fundamental laws and the constitutive assumptions. It is reminded that the

system, as such, is over-constrained, and therefore the mass balance is enforced via a

Lagrange multiplier. The 5 generalized relaxation equations (3.6) can be combined with

Table 3.1: Summary of the different parts of the present viscous PFM with chemo-mechanical
coupling, derived from the generalized relaxation equation (GRE). The deductive derivation starts
from the fundamental laws, then specified by constitutive assumptions.

Thermodynamics
Supplementary

balance laws
Constitutive assumptions

B(x, ẋ)ẋ = y − ∂ψ
∂x

Micromomentum
balances

State variables x Control variables y

(GRE)
Macromomentum

balance
ϕ −π1

Mass balance ∇ϕ ξ1

c −π2

∇c ξ2

ε σ

ψ(x) (energy potential)
B(x, ẋ) (relaxation potential,

including dissipation potential Bs)

the 3 force balances ((3.3)1, (3.3)2, (3.4a)), as well as the prescribed free energy ψ (3.7), to

obtain the 3 evolution equations of ϕ, c and ε:
−τ24ϕ̇+ τ1ϕ̇ = κ4ϕ− f(ϕ, c, ε),

τ3ċ = D4c− τcϕ̇− β(ϕ),

∇ ·
(
C(ϕ)ε+ τ5ε̇

)
= 0,

(3.8)

49



with f(ϕ, c, ε) = ∂ψ
∂ϕ = Gg′(ϕ) +h′(ϕ)1

2ε.(CB−CA)ε+β′(ϕ)c and C(ϕ) = (1−h(ϕ))CA+

h(ϕ)CB the mixed elastic tensor. To enforce the mass balance (3.4b), one chooses τ3 = τc

and the chemical coupling function to be:

β(ϕ) = β
[
1− h(ϕ)− 1− h(ϕ)

]
, (3.9)

where 1− h(ϕ) =
∫
Ω(1−h(ϕ))dΩ∫

Ω dΩ
, so that the derivative of β with respect to ϕ is β′(ϕ) =

−βh′(ϕ). It is reminded that Ω is the spatial domain of interest.

Note in particular the additional Laplacian rate term τ24ϕ̇ in the first equation, thereby

extending the usual Allen-Cahn equation to the so-called viscous Allen-Cahn equation. It

was first introduced by Gurtin in [119] upon assuming the microstress ξ to be dissipative.

As previously explained, it stems from allowing the system to be fully dissipative, in partic-

ular from allowing ∇ϕ to be dissipative. The second equation is the usual chemical diffusion

equation with a (non-dissipative) sink/source term τcϕ̇, due to the non-diagonal coefficient

of B. Regarding the third relaxation equation for the mechanics, an interpolation of the

partial stresses σA and σB is recovered, consistently with the initial Voigt/Taylor assump-

tion. There is, in addition, the viscous term τ5ε̇ due to assuming ε dissipative. Indeed, the

relaxation equation for ε can be written as:

σ = (1− h(ϕ))σA + h(ϕ)σB + τ5ε̇. (3.10)

As a particular case, modulo the viscoelastic term, and in the case where h(ϕ) = ϕ, the

usual mixture of stresses in poromechanics [64] is retrieved.

The last step of the derivation is to write the previous system in a dimensionless form.

Since the terms are homogeneous to a specific energy (or equivalently a stress), the reference

specific energy (i.e. reference stress) is chosen as the height of the double-well potential G

and divide the three equations by G. Note that G directly characterizes the energy required

to induce phase change. Then, the reference length is noted l0 and the reference time t0,

yielding the dimensionless derivatives ∂∗/∂t = t0∂/∂t and 4∗ = l204. The dimensionless
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system thus reads: 
− τ2
Gl20t0
4∗ ∂

∗ϕ
∂t + τ1

Gt0
∂∗ϕ
∂t = κ

Gl20
4∗ϕ− f∗(ϕ, ε, c),

τc
Gt0

∂∗c
∂t = D

Gl20
4∗c− τc

Gt0
∂∗ϕ
∂t − β

∗(ϕ, )

∇∗ ·
(

1
GC(ϕ)ε+ τ5

Gt0
∂∗ε
∂t

)
= 0.

(3.11)

The reference time scale is fixed as t0 = τ1
G , corresponding to the scaled relaxation time of

the normal variations of the interface, but not the reference length scale l0, which depends

on the problem’s dimensions. In the present case, l0 will correspond to the characteristic

length of the problem’s domain Ω. The following dimensionless quantities are thereupon

defined (see also App. 7.3 for a summary of the parameters with their associated numerical

values):

µ =
τ2

τ1l20
,

α =
κ

Gl20
,

f∗(ϕ, ε, c) = g′(ϕ) + χ(ε, c)h′(ϕ),

χ(ε, c) = ζ(ε)− β∗c,

ζ(ε) =
1

2G
ε.(CB −CA)ε,

β∗ =
β

G
,

τ∗c =
τc
Gt0

,

D∗ =
D

Gl20
,

β∗(ϕ) =
β(ϕ)

G
,

C
∗

=
1

G
C,

τ∗5 =
τ5

τ1
.

For convenience, the ∗ notation is dropped and the final system of equations reads:
−µ4ϕ̇+ ϕ̇ = α4ϕ− f(ϕ, χ(ε, c)),

τcċ = D4c− τcϕ̇− β(ϕ),

∇ ·
(
C(ϕ)ε+ τ5ε̇ = 0

)
.

(3.12)
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In particular, the first phase-field equation is characterized by three dimensionless quanti-

ties. The dimensionless group α = κ
Gl20

is the usual phase-field interfacial coefficient. From

[146], α scales as the squared ratio l2i /l
2
0 between the interface thickness and the problem’s

length scale. It is usually recommended that the latter be much bigger than the former, i.e.

to have α� 1 (see for instance [87], [4]). Otherwise, spurious grain boundary diffusion may

occur. Moreover, the smaller α, the closer the problem to the real sharp interface prob-

lem. Nevertheless, when α is too small, numerical complications may occur and therefore

a compromise must be found in defining its value in the following numerical simulations.

The second dimensionless group µ = τ2
τ1l20

is referred to as phase-field viscosity. It essentially

characterizes the competition between the kinetics of the normal variations of the interface

(τ1) and the kinetics of its tangential variations (τ2). The third important dimensionless

group is the activation energy function χ(ε, c) = ζ(ε) − βc containing the different input

of energies, here mechanical and chemical, and triggering the phase changes, as detailed in

section 3.3.1.

3.2.6 Comparison with existing PFM for
dissolution/precipitation

The model of Xu and Meakin [276] is pointed out for a comparison with an existing PFM

for dissolution/precipitation (see equations 24 and 25 therein). This serves as a valid ref-

erence since they prove their equations to converge to the solution of the corresponding

sharp-interface problem. They showed that an additional term proportional to the inter-

face curvature should be present in Eq.(3.12)1 to counteract the curvature-driven interface

motion, which may be source of error. Moreover, in Eq.(3.12)2, they have a different term

instead of the term β(ϕ), accounting for the discontinuity in the solute concentration across

the interface. However, there is no direct comparison possible a priori. Indeed, an addi-

tional mechanical coupling and an additional term µ4ϕ̇ enter the present model. The

mechanical coupling could be added to the sharp-interface analysis following Kassner et al.

[143] for instance, who modeled surface corrugation instabilites, fundamental in pressure

solution for instance. In all, to fully ascertain the physical validity of the present phase-
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field model in the context of pressure solution and capture physical phenomena of interest,

one should check the correspondence with the sharp-interface equations. This would also

give a more precise physical meaning to all the parameters. The problem’s sharp-interface

equations may be for instance similar to those derived by Lehner and Bataille [164] in the

context of pressure solution, under the assumption of steady-state compaction creep. If

the latter does not hold, Lehner [163] derived the sharp-interface equations in the case of a

regular spheres packing. This is not straightforward and will be the object of future works.

In fact, the sharp-interface analysis of the viscous Allen-Cahn equation Eq.(3.12)1 with-

out any coupling would be a novelty in itself. This would provide a more precise physical

meaning for the phase-field viscosity µ.

3.3 Model’s response and parametric study

In this section, the mechanism of phase transition is first described and, then, numerical

simulations considering simple geometries to investigate the role of the different parame-

ters of the system. The system of equations (3.12) is implemented and solved numerically

using the Multiphysics Object Oriented Simulation Environment (MOOSE1), which is a

finite-element simulator dedicated to multiphysics nonlinear problems with phase-field ca-

pabilities [208]. Specifically, the present model is implemented in the multiphysics module

REDBACK [213], which focuses on thermo-hydro-mechanical-chemical processes in geoma-

terials. To resolve the system of equations, the problem is discretized in space using the

finite-element method (FEM) and in time using a backward Euler scheme, with a Jacobian-

Free Newton Krylov solver.

3.3.1 Phase change mechanism and assumptions

In the following numerical examples, the roles played by the activation energy function

χ(ε, c) = ζ(ε) − βc = ζB(ε) − ζA(ε) − βc and the phase-field viscosity µ are illustrated.

1http://mooseframework.org
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The effect of χ is first studied with the mechanical coupling only, i.e. χ > 0 to produce

phase A only, and then with chemical coupling, so that χ can take negative values to

allow production of phase B. The influence of the dimensionless group α, essentially the

ratio of the interface thickness and the problem’s characteristic scale, is not emphasized

here but from the previous section, one should keep α � 1 to avoid spurious effects due

to interface diffusion. It will be shown that χ plays the role of phase-change trigger, its

sign determining which phase is produced, whereas µ controls the kinetics of this phase

change, presumably by controlling the change of orientation of the interface. The former

is illustrated by displaying phase nucleation in an abstract setting (section 3.3.2) and the

latter by considering geometrical effects (section 3.3.2).

The (dimensionless) activation function χ(ε, c) represents the amount of energy input,

which is, in the present case, the difference between the mechanical and chemical energies,

at each point in space and time. To visualize its effect, the evolution equation of ϕ can be

written far from the interface, i.e. in the limiting case of a zero-thickness interface (where

α→ 0 and µ→ 0):

ϕ̇ ∼ −f(ϕ, ε, c) = −g′(ϕ)− χ(ε, c)h′(ϕ). (3.13)

Although it is clear that α (scaling as l2i /l
2
0) tends toward 0 when li does, it is assumed

that µ tends toward 0 with li as well, which scaling remains to be assessed. Hence, the

evolution of ϕ is essentially dictated by the sign of f(ϕ, ε, c), i.e. the sign of χ(ε, c). More

specifically, phase change occurs upon tilting of the double well potential g(ϕ), resulting in

one phase becoming unstable. This corresponds to a saddle-node bifurcation set on when

|χ|≥ χb, where χb is a certain positive bifurcation value. Specifically, the influence of χ on

the bulk free energy can be visualized in Fig.3.2:

B(ϕ, ε, c) = g(ϕ) + (1− h(ϕ)ζA(ε) + h(ϕ)ζB(ε) + β
[
1− h(ϕ)− 1− h(ϕ)

]
c

= g(ϕ) + χ(ε, c)h(ϕ) + ζA(ε) + β̂(t)c,
(3.14)

where β̂(t) = β(1 − 1− h(ϕ)). Since phase A is supposed to be much more deformable

than phase B, ζA(ε) � ζB(ε). Then, as the term β̂(t)c is independent from ϕ, it does

not influence the way the double well tilts, and one may simply visualize the function
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B(ϕ, χ) ≈ g(ϕ) + χh(ϕ). In the present context of pressure solution, the production of

phase A (orange curves in Fig.3.2) corresponds to dissolution and the production of phase

B (blue curves in Fig.3.2) to precipitation.

Figure 3.2: Graph of the bulk energy B(ϕ, χ) ≈ g(ϕ)+χh(ϕ) = ϕ4−2(χ+1)ϕ3+(3χ+1)ϕ2. Upon
input of energy, i.e. variations of χ, the double well tilts counter-clockwise when χ > 0, leading to
production of phase A at the expanse of phase B (orange curves) and clockwise when χ < 0, leading
to production of phase B at the expanse of phase A (blue curves). The phase change (saddle-node
bifurcation) happens at |χ|= χb (dashed curves).

For a qualitative characterization of the model, a 2D geometry in (x, y) plane strain will

be assumed in the remainder of this paper. However, the model has been also implemented

in a 3D numerical framework to provide quantitative results that will be the focus of future

studies. The elastic energy for phase A and phase B now simply reads:{
ζA(ε) = 1

2λA(εxx
2 + εyy

2),

ζB(ε) = 1
2λB(εxx

2 + εyy
2) + µB(εxx

2 + εyy
2 + 2εxy

2),
(3.15)

with λK and µK the Lamé parameters of phase K. Since phase A is considered as a shear-

free solid with much lower stiffness than phase B, µA = 0 and λA � λB. Furthermore,

the mechanical equilibrium (at the mesoscale) for ε is assumed to be reached much faster

than the equilibrium of ϕ and c, so that τ5 = 0. Then, it is sensible to assume that the

solute diffuses faster than the microstructure rearranges, i.e. c relaxes faster than ϕ, so that
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D � α, which is easily satisfied as α � 1. Note that different reaction diffusivities are

characteristic of such reaction-diffusion systems.

In all numerical studies, the following consistent units system will be followed: length

in mm, mass in kg, time in ks, energy in J, pressure/stress in GPa. The specific energies

and stresses are scaled by fixing G = 1 GPa, and τ1 = 1 GPa ks, so that the characteristic

time scale is t0 = 1 ks. Those values will be kept in all simulations. As of α, Ghoussoub

and Leroy [99] indicates for instance for a typical silica/water interfacial energy a value

of 0.1 Pa m, i.e. γsf = 10−7 GPa mm. Since α scales like γ2

G2l20
, then α ∼ 10−14, as the

problems scale in the present study will be of the mm order. This is consistent with the

recommendation α� 1 to avoid spurious interface diffusion. However, values of α too small

can alter the numerical performance, such as convergence. Hence in practice, as usual in

PFM, α is taken as small as numerics allows [4]. Regarding the mechanical properties, the

pores phase A is considered saturated with water (brine), so that λA ≈ 1 GPa (water’s

bulk modulus). Although modeling real geomaterials such as sand is of interest here, their

mechanical characteristics would be valid for phases A and B altogether as a mix but not

for phase B alone. The pure skeleton phase is considered as a rock with very low porosity,

like granite. Hence, λB ≈ 30 GPa and µB ≈ 30 GPa, which are values close to what can be

found in the literature [72]. Note that all numerical parameters are gathered in App. 7.3.

To characterize the output, the interface is defined by ϕ ∈ [0.21, 0.79], corresponding

to the inflection points of the double well at rest, also called spinodal interval [49]. Then

the pure phases A and B are respectively defined by ϕ ∈ [0, 0.21] and ϕ ∈ [0.79, 1]. Note

that the three regions, pure phase A, interface and pure phase B, are intentionally defined

to overlap (in ϕ = 0.21 and ϕ = 0.79), which corresponds to the matching condition in

a matched asymptotic analysis (see [89] for example). The main output of interest is the

mechanical response of the granular assembly, viz. the stress averaged on the top boundary

(dimensionless) versus the vertical strain (in %).
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3.3.2 Parametric study

In the following sections, the effect of the main parameters (χ and µ) controlling the

mechanical response of the system are showcased.

Effect of the activation energy function when χ > 0

First, the numerical response of the system considering only mechanically-induced disso-

lution, to study the role of the dissolution activation function, is investigated, when χ is

only a function of ε, viz. χ(ε) = ζB(ε) − ζA(ε) (orange curves in Fig.3.2). To display the

nucleation of phase A in a square domain under mechanical loading, the extreme case where

there is initially no phase A is considered, with initial conditions randomly fluctuating in

the phase B, i.e. ϕ ∈ [0.79, 1]. The boundary conditions are those of an biaxial compression,

that is, constantly moving boundaries toward the center (dimensionless velocity of 1), and

null Neumann conditions for the order parameter. Note that the latter boundary condition

will be satisfied for all the following simulations. The phase field ϕ can be visualized in

Fig.3.3 at the initial, nucleation of the phase change (corresponding to the peak stress)

and final stages of the simulation. Associated is the stress/strain response for two differ-

ent stiffnesses. The nucleation of the weak phase A, the pores, stemming from the initial

fluctuations, leads to a mechanical softening of the material. At a same vertical strain, the

stiffer the material, the larger the amount of elastic energy accumulated in the structure,

the larger the activation χ and therefore the smaller the deformation to trigger the phase

change. Note that the numerical results here hardly bear any physical meaning but simply

display the qualitative effect of χ in a simple setting.

Effect of the phase-field viscosity µ

First of all, the viscous effect of the Laplacian rate term µ4ϕ̇ is corroborated by solving

numerically the viscous Allen-Cahn equation in the simplest case, without coupling (χ = 0)
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Figure 3.3: Nucleation of phase A (ϕ = 0) under isotropic compression with a mesh of 100× 100
triangular elements. The phase-field evolution is shown for λA = 1, µA = 0, λB = µB = 30 at (a)
initial time, (b) onset of softening (ε = 4.48%) and (c) final time (ε = 5.23%). (d) The stress/strain
response (averaged on top boundary) is shown for two different stiffnesses. Note that this is an
abstract setting to illustrate the effect of χ and does not correspond to any particular physical
situation.

and in 1D:

−µ ∂3ϕ

∂x2∂t
+
∂ϕ

∂t
= α

∂2ϕ

∂x2
− 2ϕ(1− 3ϕ+ 2ϕ2), (3.16)

where the derivative of the double-well function reads g′(ϕ) = 2ϕ(1 − 3ϕ + 2ϕ2). This

equation is solved, in conjonction with the initial condition ϕ(x, t = 0) = ϕ0 ∈ {0.49, 0.51}

and the two boundary conditions ϕ(x = 0, t) = ϕ(x = 1, t) = ϕ0. In Fig.(3.4), the evolution

of the point x = 1/2 is visualized. As expected, an initial state ϕ = 0.51 converges to the

closest stable steady state ϕ = 1 whereas an initial state ϕ = 0.49 converges to the closest

steady state ϕ = 0. Most interestingly, it is observed that as µ increases, the steady state

is delayed. In sum, as expected for a pseudoparabolic equation, the viscous coefficient µ

delays the convergence to the steady states, i.e. the phase change. This viscous effect is then

shown to stem from delaying the variations of the interfaces curvatures, or more exactly,

the change of interfaces orientation. For small variations, this can be proven through the
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Figure 3.4: Numerical solution of Eq.(3.16) in 1D for varying µ

direct correspondence between the 4ϕ and the mean curvature of the grains (see App. 7.4);

hence, having4ϕ̇ in the phase-field equation corresponds to introducing a viscous effect via

the mean curvature. To highlight the relation between µ and the curvature, a displacement-

controlled oedometric compression of a square including one spherical pore is performed.

This geometry enables to have a constant initial curvature of the interface without involving

the effect of grains interaction, focus of the next example. A constant velocity is applied

on the top boundary. Unlike previously in 3.3.2, this simple simulation may bear physical

meaning, namely pore collapse.

Before that, a mesh convergence study is carried out upon the peak stress, for µ = 1

(see Fig.3.5). The mesh must therefore be of dimension (at least) 100× 100 elements. The

output of the compression (Fig.3.6) is then shown for different values of µ right after the

onset of softening, i.e. just after the stress has peaked. The softening of this structure

translates geometrically into a collapse of the circular pore. As expected, the higher µ,

the more delayed the softening response. This effect is clearly achieved by reducing the

change of interface curvature, via the Laplacian rate term 4ϕ̇. Without this term (µ = 0),

the change of curvature is quasi-instantaneous, from a constant curvature to a very large

curvature, resulting in a loss of smoothness of the interface and leaving horizontally-flat
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Figure 3.5: Mesh convergence study with respect to the peak stress value. It is estimated that the
mesh is converged for a mesh of at least 100× 100 elements.

indentations on the sides. Furthermore, it is important to stress that increasing values of

µ not only delays the response in time (horizontal translation of the curves in Fig.3.6),

but also a vertical translation resulting in a different peak stress. Two preliminary insights
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Figure 3.6: Oedometric compression of a circle inclusion of weak phase (blue). The phase-field
evolution is shown from (a) initial condition to (b) right after onset of softening for different values
of µ. (c) The associated stress/strain curves exhibit a top-right translation with increasing µ.
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about the effect of the phase-field viscosity µ can thus be drawn. Firstly, at the microscale,

the associated Laplacian rate term seems to control the interface curvature and mitigate

the apparition of infinite interface curvature. Recall that the curvature dynamics is central

to PFM since the Laplacian of the order parameter 4ϕ measures essentially the curvature

of the interface, or at least its change of orientation (see App. 7.4). In that sense, 4ϕ̇

acts as a viscous damping for the change of curvature. Secondly, more than delaying the

kinetics of the process, at the mesoscale µ increases the material’s resistance to softening

(corroborated for a geomaterial’s microstructure in Fig.3.9), while the static mechanical

properties remain the same. The phase-field viscosity µ, when modeling microstructures,

can thus be seen as a microstructural viscosity.

Finally, the present diffuse-interface simulation of pore collapse should be related, in

the context of pressure solution, to the sharp-interface study of Ghoussoub and Leroy [99].

Similarly, after a slow “ovalization”, a rapid lateral dissolution occurs following the stress

concentration in a crack-like pattern. However, while the velocity of the crack tip tends to

infinity quasi-instantaneously upon crack nucleation in the sharp interface model (see Fig.8

in [99] e.g.), the phase-field viscosity µ enables to control the velocity of the progression of

the lateral openings, via penalization by the Laplacian rate term of the change of curvature.

Effect of the precipitation activation coefficient β (when χ can also be
negative)

The full chemo-mechanical coupling is now addressed (i.e. considering both dissolution,

when χ > 0, and precipitation, when χ < 0), with focus on the term βc in Eq.(3.12)1

that triggers the production of the strong phase B (ϕ = 1). As explained previously, this

term allows f(ϕ, ε, c) to become negative and hence ϕ̇ to become positive (blue curves in

Fig.3.2). The influence of this term is assessed in the case of a simple contact problem,

in order to recover existing concepts around pressure solution (see in particular [274]).

The initial setup leading to the simulation results in Fig.3.7 consists of two half-circles

representing two grains separated by a thin layer of pores “fluid” under a constant stress

of 200 MPa and oedometric conditions. The diameter of those idealized grains is taken
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as 300 µm so that l0 = 0.3 mm. The parameters of the diffusion equation Eq.(3.12)2 are

chosen so that τc = 1 and D = 10. For all simulations, the initial condition c = 0 is

assumed. The choice of β is more sensitive as it directly controls the phase change. Upon

performing simulations for different values of β, one can show that the higher its value, the

later the failure time (jump in vertical strain in Fig.3.7). This seems due to the fact that

β (linearly) controls the precipitation potential βc, which leads to the precipitation of the

dissolved material, thus delaying the overall compaction. In practice, the value β = 0.05

is chosen so that it has a noticeable effect compared with the case without precipitation.

The present pressure solution model for the ideal case of two grains displays two clear

stages (see Fig.3.7): (1) the dissolution of the high-strain zone, and (2) “contact” between

the two flattened grains. The rounded grains’ surfaces are dissolved at the contact zone

from the sides toward the center until they become flat and there is no more support for

the upper grain. Then a failure phase is characterized by a sudden increase in vertical

displacement and the two flattened grains come into “contact”, still separated by a thin

layer of fluid. Successive dissolution stages can be triggered on the flattened surfaces should

the system be given enough energy (i.e. time in the present case of constant loading).

Coupled with the dissolution, the precipitation of the solute occurs on the sides of the

grains (see precipitation rate in Fig.3.7). This sequence is in accordance with theoretical

and phenomenological approaches on the mechanisms of pressure solution [274]. More

specifically, the present numerical results illustrate the so-called marginal dissolution, or

undercutting, constitutively accounted for in the dynamic island-channel model of [259].

Furthermore, the results illustrate the basic process underlying tertiary creep. This simple

case also exemplifies why α should be small enough to avoid spurious grain boundary

diffusion and subsequent grains merging during the compression.
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Figure 3.7: Pressure solution creep of a two-grain assembly with a mesh of 100×100 quadrilateral
elements. (a) The vertical strain response can be seen as a tertiary creep, with an initial elastic
loading (until t ≈ 0.2) followed by a primary creep and a secondary creep (between t ≈ 0.4 and
t ≈ 1.1). The phase field is shown during secondary creep at t = 0.77. This stage with little
displacement displays the dissolution of the grains boundary at the contact, getting undercut and
flattened, leading to a sharp increase in displacement. This is characteristic of a tertiary creep. The
phase field is shown at the end of the tertiary creep at t = 1.32. Finally, a second stage of secondary
creep may occur, along with undercutting from the sides. The phase field is shown during this new
secondary creep at t = 1.88. (b) On the right are displayed, at t = 1.32, the volumetric strain
εv, concentrated at the contact, leading to dissolution (negative part of ϕ̇), production of solute of
concentration c and precipitation of this solute on the sides of the grains (positive part of ϕ̇).

3.4 Numerical study of chemo-mechanical

microstructural evolution in geomaterials:

example of pressure solution

After benchmarking the different features of the model, it is now applied to more realistic

microstructures, those of geomaterials. Digitalized CT-scan images of a sandpack are used

as input, obtained from [74] and accessible online2. Unless mentioned otherwise, the layer

number 159 therein is chosen.

2https://www.imperial.ac.uk/earth-science/research/research-groups/perm/research/pore-scale-

modelling/micro-ct-images-and-networks/sand-pack-lv60a
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3.4.1 Digital modeling of geomaterials

The initial conditions are obtained by digitalizing the segmented image from the CT-scan

(Fig.3.8). The number of elements of the mesh are chosen as 100×100 for an initial CT-scan

whose pixel resolution is 300 × 300. Obviously, to preserve the resolution, one should use

a mesh of 300 × 300, but this is unnecessarily computationally expensive for the present

qualitative study. The dimensions of the CT-scan image are 3× 3 mm2. Therefore, the

reference length for the CT-scan simulations is chosen as l0 = 3 mm. Note that the average

grain size is 0.3 mm and the particle size distribution is fairly uniform [248].

Figure 3.8: Digitalization of a LV60A sandpack’s CT-scan obtained from [74]

The main capabilities of the model applied to a geomaterial’s microstructure are first

showcased when considering the mechanically-induced dissolution only. The geometry

shown in Fig.3.8 is oedometrically compressed (applying constant velocity) from the top

under varying values of µ. The mechanical response is plotted similarly to the previous

simulations (see Fig.3.9), along with the mean stress and strain distributions, as well as

the phase field for different µ at a same given time. The distribution of the mechani-

cal loading from the top boundary throughout the microstructure is clearly displayed by

chain-forces-like patterns for the mean stress and by concentration bands for the strain.

One can also ascertain that µ indeed controls the onset of softening (right translation of

the graph in Fig.3.9) and the value of the corresponding peak stress (vertical translation of

the graph). The phase-field viscosity can thus be seen as microstructural viscosity inducing
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a rate-dependent behavior of the material, as already discussed in 3.3.2. One can visu-

ally assess in Fig.3.9 that this results from the decrease of deformability of the interfaces

with increasing µ: at a given time, the grains appear more “mixed” for low µ, suggesting

that dissolution of the grains in the fluid is promoted for low values of µ. On the other

hand, high values of µ tend to delay dissolution and therefore preserve the shape of the

microstructure.
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Figure 3.9: Simulations outputs for CT-scan simulations under constant-velocity loading for a
same vertical strain (ε = 5.5%) for different values of µ and associated stress/vertical strain curves.
While the present model captures the characteristic features of chaine-force distribution and strain
concentration bands, the phase-field viscosity µ introduces a new feature, the control of the rate-
dependency, e.g. here the peak stress and onset of softening.

3.4.2 Application to pressure solution creep

Next, the model is applied to pressure solution by also allowing for precipitation to take

place, and oedometrically applying a constant stress on sections of the sandpack’s CT-

scan from [74]. The constant stress loading is applied smoothly with a hyperbolic tangent
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function (see App. 7.3). Since a sandpack composed of quartz grains is considered here,

the pressure solution reaction corresponds to the dissolution/precipitation reaction of silica

(SiO2(s) + 2H2O(l) ⇀↽ Si(OH)4(aq)). Thus the skeleton phase is silica, the pore phase

is water (brine) and the solute (of concentration c) is silicic acid. Although attention

is restricted in the present study to qualitative estimations, one may use, for a precise

quantitative study, the relevant chemical properties to determine the chemical parameters

β, τc and D.

Chemo-mechanical response

As expected from the model’s equations and the double-well mechanism (see Fig.3.2), disso-

lution should happen in high-strain zones (so that χ(ε, c) > χb) and conversely precipitation

should happen in low-strain zones (so that χ(ε, c) < −χb). The pressure solution process

for CT-scan #159 is numerically illustrated in Fig.3.10 at t = 8.1 at the end of a major

phase change, namely the dissolution of a supporting bridge in the center of the granular

assembly inducing a jump in vertical strain (see green curve in Fig.3.11). The volumetric

strain output (Fig.3.10(b)) shows the strain concentration bands where dissolution is fa-

vored, producing solute of concentration c (Fig.3.10(c)) that can diffuse to sheltered pores

with less mechanical energy to precipitate (Fig.3.10(d)). Dissolution is checked to consis-

tently affect mainly sharp edges and bridges, i.e. the parts of the grains with the highest

ratios surface available to dissolution over internal volume.

Influence of the microstructure’s geometry

Since pressure solution is clearly determined by the strain distribution, it is expected to

obtain a different response for different initial geometries. The vertical strain response of

different CT-scan layers from the same sand pack from [74] is shown in Fig.3.11, including

the one used so far (#159). This confirms that while keeping all the material characteris-

tics constant, different microstructures induce different mechanical responses. In particular,

different dissolution events induce different jumps in the vertical strain responses. Those
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Figure 3.10: Visualization of the microstructure’s state of CT-scan #159 from [74] at t = 8.1 at
the end of a major phase change (dissolution of a supporting bridge in the center, indicated by
the black circle). (a) Order parameter ϕ. (b) Volumetric strain εv. (c) Solute concentration c.
(d) Positive part of order parameter rate ϕ̇+ showing the precipitation zones. (e) Zoom-in on the
bridge dissolution area: right after the bridge dissolution, the solute precipitates in a neighboring
sheltered pore. The phase-field distribution (a) is superposed by transparency in (c) and (d). All
in all, the particular microstructural geometry drives the strain concentration, which drives the
dissolution/precipitation.

jumps, due to microstructural rearrangement, are characteristic of a non-steady state re-

sponse and appear to corroborate the general consensus that pressure solution is a transient

process [222, 78, 259]. Nonetheless, all the different microstructures seem to follow a gen-

eral trend already pointed out by Dysthe et al. [78]. Therein, it is claimed from creep

experiments on halite and microscopic modeling that similarly to metals, geomaterials’ re-

sponse to pressure solution creep follows a power law to the cubic root of time, similarly

to transient creep in metals [11]. Interestingly, the so-called Andrade creep response is

indeed obtained in Fig.3.11 for the different microstructures, namely the vertical strain

follows ε ∼ kt1/3, with k the compaction rate differing for each microstructure. To prove

it, the logarithmic response of the different CT-scan layers is shown in Fig.3.12, associated

with the experimental data obtained from [78]. As discussed in [78], the compaction rate
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Figure 3.11: Different creep responses of 5 different layers of the same sample (from [74]) under
oedometric vertical compression. Left panel: Vertical strain versus time. Right panel: visualization
of the evolution of the microstructure (via ϕ) for CT-scans #150 and #000. Dissolution mainly
affects the sharp edges (see left black circle) but also supporting bridge (see right black circle)
leading to a jump in the vertical strain (see purple curve between t = 7 and t = 9).

parameter k (i.e. y-intercept in Fig.3.12(a)) are observed to depend on the microstructure.

Effect of the phase-field viscosity in the context of pressure solution

As showcased previously, µ represents the phase-field viscosity, controlling the kinetics of

the phase change regardless of the responsible catalytic sub-processes at stake. The diverse

catalytic effects thus do not need to be explicitly accounted for, as they can be encapsu-

lated altogether in µ. For that, one can associate with each catalytic process an activation

energy Qi and use for instance an Arrhenius law µ =
∑

iAi

(
1− e−

Qi
kBT

)
, where Ai is

the pre-exponential factor, kB is Boltzmann’s constant and T the (constant) environmental

temperature. In the case of pressure solution, two main such effects reported in the lit-

erature can be the temperature [197] and the presence of clays [222], both experimentally

shown to enhance the process when they increase.

First consider the case of clay-enhanced pressure solution. Renard et al. [222] have ex-
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Figure 3.12: Decimal logarithm of the vertical strain ε (%) versus decimal logarithm of time. (a)
Numerical results from the present model for 6 different CT-scan layers. (b) Experimental results
from Dysthe et al. [78] with halite for different surface treatments and brine volume. A line of slope
1/3 is associated to show the correspondence both numerically and experimentally with the Andrade
creep law. The comparison is however only qualitative as the numerical results are dimensionless
unlike the experimental ones. Hence, the displacement values of [78] have been normalized with
an arbitrary reference length of 100 µm to obtain a strain and normalized the time values with an
arbitrary value of 1 hr. Similarly to [78], the initial loading stage needed to establish the nominal
contact for pressure solution has been removed, which is considered here to last until the third time
step for t ≈ 0.17.

perimentally shown that pressure solution is more potent on aggregates of brine-saturated

halite and clay, as compared with brine-saturated halite. It is reported therein that the clay

particles present at the interstice between the grains of salt may mechanically enhanced

pressure solution. Beyond the exact physical reason behind clay-enhanced pressure solu-

tion, it is clear that clay particles increase the compaction rates. Renard et al. [222] also

reported experiments on brine-saturated halite with silicate with similar catalytic char-

acteristics. It is qualitatively shown in Fig.3.13 that a decrease of µ also increases the

compaction rate. For that, one visualizes the logarithmic response, still exhibiting an An-

drade creep (Fig.3.13(c)). Namely, a decrease of µ, while preserving the Andrade creep

response (line of slope 1/3), leads to a top-left translation of the curve, i.e. a change of

compaction rates. For comparison, the experimental results from [222] have been repro-

duced in Fig.3.13(d), also in logarithmic values. One can relate a slower response, due to

higher µ, to a slower microstructural kinetics. Indeed, the jump previously pointed out at

t = 7.5 due to the dissolution of a supporting bridge, appears later for higher µ (t = 11.5

for µ = 0.5 and t = 15 for µ = 1). One could for instance associate the brine experiment

69



(black curve in Fig.3.13(d)) with µ = 1 (green curve in Fig.3.13 (c)), the silicate experiment

(dark gray curve in Fig.3.13 (d)) with µ = 0.5 (orange curve in Fig.3.13 (c)) and the clay

experiment (light gray curve in Fig.3.13 (d)) with µ = 0 (blue curve in Fig.3.13 (c)). A

quantitative matching with experiments would require to prescribe the different parameters

of the Arrhenius law. In the case of temperature increase, µ would consistently decrease.

In the case of the presence of catalytic constituents, such as clay for pressure solution, the

activation energy Q of the reaction, and therefore µ, would decrease.

Similar conclusions are put forward for the dependence of pressure solution on tempera-

ture. Niemeijer et al. [197] performed compaction creep experiments on quartz sand under

different conditions, in particular with varying temperature, which experimental data set

is reported in Fig.3.13(b). A similar influence is observed for varying applied effective pres-

sure. Note that in the particular case of the experimental results Fig.3.13(b) an Andrade

fitting is not as clear as the ones reported in Fig.3.13(d).
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Figure 3.13: Influence of the phase-field viscosity µ on the creep response under pressure solution
(CT-scan #159). (a) Vertical strain versus time. (b) Experimental measurements from Niemeijer
et al. [197] on quartz sand with varying temperature. For comparison, the strain evolution was ap-
proximated by the porosity evolution. Clearly, increasing temperature enhances pressure solution,
characterized by a vertical translation of the response. Note that for comparison, the time measure-
ments from [197] have been normalized by t0 = 7 hrs. (c) Logarithmic strain versus logarithmic
time. A decrease of µ, while preserving the Andrade creep response (line of slope 1/3), leads to
an increase of the y-intercept of the Andrade creep part, i.e. a change of compaction rates. (d)
Experimental measurements from Renard et al. [222] on halite under pressure solution, comparing
pores saturated with brine only, with brine and silicate and with brine and clay. Similarly, catalytic
effects also increase the compaction rate while preserving an Andrade creep response. The time
values of [222] are normalized by the arbitrary value 10 hrs. Note that in [222], the fitting power
law’s exponent was chosen as 0.4, yet an exponent of 1/3 remains satisfying.

3.5 Conclusion

A framework modeling geomaterials’ microstructures has been introduced by using a vis-

cous phase-field model, with focus on a usually overlooked term, the phase-field viscosity.

This model was consistently derived from fully-dissipative thermodynamics, allowing all

the state variables to be dissipative. This self-contained and systematic derivation from

the generalized relaxation equation, equivalent to the dissipation inequality, allows for a

straightforward coupling of the different mechanisms, such as mechanics and chemistry

in the present case. In particular, the non-symmetric relaxation tensor, generalization of
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Onsager’s symmetric phenomenological tensor, allows for an antisymmetric component,

yielding a gyroscopic force, that proves useful in deriving a thermodynamically-consistent

chemical coupling.

The main insight obtained from this theoretical and numerical study is that when

explicitly tracking the microstructure of a material, as with phase-field modeling, and

provided that its dynamics is allowed to be fully dissipative, the resulting microstructural

viscosity renders the material’s upscaled behavior rate-dependent. This could thus provide

a microphysical support to viscoplasticity, which essentially upscales the viscosity of the

microstructure. Rate-dependency is characteristic of materials with microstructure, all the

more when the latter is highly irregular as that of geomaterials.

To illustrate the influence of the microstructure, pressure solution creep was studied.

It is largely acknowledged that pressure solution, because of the constant loading and tight

chemo-mechanical coupling, is a transient process owing to the ceaseless grain boundary

dynamics. Therefore, the usual steady states models are very limiting. As intuited from

the phase-field theory, and as observed numerically, the Laplacian rate term controls the

change of curvature of the interface, or more exactly its change of orientation. This seems

to mitigate potential loss of smoothness of the interface upon high deformation. In the con-

text of dissolution, while the rate of the order parameter, measuring the interfaces normal

variations, can be seen as the volumetric component of the dissolution of a grain, including

the Laplacian rate can be seen as completing the description of the dissolution with its

deviatoric component. From a macroscopic point of view, the corresponding phase-field

viscosity can encapsulate catalytic effects such as temperature and the presence of clay.

More generally, controlling such kinetic parameters could help accessing field conditions

from the laboratory conditions. Specifically, after calibrating the microstructural viscosity

in the laboratory at a certain time scale and temperature, one could deduce the correspond-

ing behavior at the field’s time scale and temperature, provided that the microstructure is

representative. This could be of interest for materials used in engineering, such as cement

[32], barrier clays [263] and energy-related geomaterials [262, 8], for which the microstruc-

72



tural chemical reactions (like pressure solution) are taking place at a much slower rate than

those of halite and quartz.

Further works shall include quantitatively corroborating the present model with exper-

imental results, addressing the effect of the grainsize distribution, and ultimately check the

validity of the usual constitutive creep laws, in particular the grainsize exponent, and gener-

alize them to include rate-dependency and catalytic effects. Further obvious improvements

include performing 3D simulations, as well as modeling the fluid flow in the pores, which

could be crucial in modeling pore pressure build-up that could trigger frictional instability.
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Chapter 4

Phase-field modeling the
microstructure of porous media:
strength prediction from
morphometry

Chapter 4 was adapted from the manuscript:

A. Guével, H. Rattez, M. Veveakis, Morphometric description of strength and degradation

in porous media, International Journal of Solids and Structures (in revision) [115].

4.1 Introduction

The influence of the microstructural geometry on the behavior of porous media is widely

recognized, particularly in geomaterials, but also in biomaterials and engineered materials.

Recent advances in imaging techniques, such as X-ray microcomputed tomography, and in

modeling make it possible to capture the exact morphometry of the microstructure with

high precision. However, most existing continuum theories only partially account for the

morphometry. A unifying approach to link the strength of porous materials with the nec-

essary and sufficient microstructural information is proposed, using Minkowski functionals,

as per Hadwiger’s theorem. A morphometric strength law is inferred from synthetic mi-

crostructures with a wide range of porosities and heterogeneities, through qualitative 2D
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phase-field simulations. Namely, damage is modeled at the microstructural level by track-

ing the solid-pore interfaces under mechanical loading. The strength is found to be best

described by an exponential function of the morphometers, thus generalizing early works

on metals and ceramics. It is then show that the predictiveness of this relationship may

extend to real porous media, including rocks, bones, and ceramics.

4.2 Methods

4.2.1 Upscaling of the microstructural information

The morphometers Mi in Eq. (1.2), repeated here,

σs = σ∗sf(M0/M
∗
0 ,M1/M

∗
1 ,M2/M

∗
2 ,M3/M

∗
3 ), (4.1)

are appropriately described by the Minkowski functionals of the domain formed by the

grains Ω [16]. Hadwiger’s theorem guarantees that a microstructure is fully described by

d+1 Minkowski functionals, where d is the microstructure’s dimension, in the sense that any

other descriptor that is additive, motion-invariant and conditionally continuous would be a

linear combination of those functionals (see [124] and also [149] for a short proof). Owing to

the completeness of the set formed by the d+1 Minkowski functionals, these functionals are

used as a mathematical basis for a necessary and sufficient accounting of the microstructural

geometry. This result was originally derived in the context of integral geometry; thereby, an

important underlying assumption is the convexity of the bodies upon which the Minkowski

functionals are calculated. This is naturally the case, for instance, for granular media, which

represent a large class of porous materials. However, non-convexity may occur locally when

the grains have highly irregular shape; in that case, Hadwiger’s result fails to hold, should

a local convex approximation be impossible. In practice, customary tools for digital image

analysis rely on an approximation of convexity. Namely, in watershed segmentation, utilized

to discriminate the grains within a porous matrix, grains are usually locally approximated

by spheres, as in the tool employed in this work [109]. This is based on the theory of “parallel
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bodies” approximating irregular shapes as a finite union of convex sets [182]. Particular

attention should be paid to the accuracy of this approximation when a microstructure is

dominated by non-convex shapes.

In 3D, the 4 needed Minkowski functionals are [16]

M0(Ω) =

∫
Ω

dV, (4.2)

the total volume of the grains,

M1(Ω) =

∫
∂Ω

dS, (4.3)

their total surface area,

M2(Ω) =

∫
∂Ω

(1/r1 + 1/r2) dS, (4.4)

their total mean curvature, where r1 and r2 denote the principal radii of curvature of the

surface element dS, and

M3(Ω) =

∫
∂Ω

(1/r1r2) dS = 4πχ(Ω), (4.5)

their total Gaussian curvature, directly related to the Euler characteristic χ by the Gauss-

Bonnet theorem [16]. In turn, the Euler characteristic is directly related to the grains,

or pores, connectivity [265]. In practice, the porosity n will be used as a measure of M0

and the mean grain size g for M2, which approximates the inverse of the average mean

curvature. The latter approximation is in line with the typical algorithms that calculate

the mean curvature of the grains obtained from watershed segmentation by approximating

them by equivalent spheres, as detailed in the next section. For simplicity, the notations

M0 and M2 are maintained for those quantities. In this contribution, the results will be

restricted to d = 2 as a first step, and therefore use only 3 morphometers to constrain the

strength law Eq. (4.1).

4.2.2 Synthetic microstructures

To find the function f(Mi) in Eq. (4.1), a large number of simulations on SMs is performed,

which are generated using the Python open-source package PoreSpy 1 [108]. The starting

1http://porespy.org
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point is a random noise (see Fig. 4.1a), that is, a 2D array R[i, j] (i = 0, . . . , N − 1,j =

0, . . . , N − 1), of dimension N , of random values between 0 and 1. It is then convoluted

with a Gaussian filter (see Fig. 4.1b)

G[i, j] = e−
i2+j2

2s2 , (4.6)

which standard deviation s = N
40h , or blurriness, is inversely proportional to a heterogeneity

parameter h, and where 40 is a scaling factor; the heterogeneity of the output is then

independent from the image size. The filtered output F [i, j] is thus calculated as follows

(see [107] e.g.):

F [i, j] = R[i, j] ∗G[i, j] =
N−1∑
u=0

N−1∑
v=0

R[u, v]G[i− u, j − v], (4.7)

where ∗ denotes the convolution operator. Finally, after uniformizing the blurred noise

F [i, j] between 0 and 1, the array is binarized into B[i, j] (see Fig. 4.1c) by using the

porosity n as the threshold, yielding the final SM. The two input parameters controling the

generation of the SMs are thus the heterogeneity h and the porosity n. It will be shown that

h controls the narrowness and skewness of the morphometers distributions. To restrict the

study to realistic microstructures, n is varied from 0.15 to 0.4 and h from 2 to 5, creating an

ensemble of 42 SMs (see App. 7.6). This ensemble forms the training batch, from which the

dependence of the strength on the morphometry will be inferred. Throughout this work,

the dimensions of the synthetic SMs are restricted to 200 × 200 pixels, as a compromise

between sufficiently realistic microstructures and reasonable mesh sizes, proportional to

this resolution. It is then possible to obtain the distributions of the morphometers M0, M1,

M2, i.e. of the pore size, perimeter and grain size, respectively, starting with the marker-

based watershed segmentation algorithm introduced by Gostick [109]. The values of the

filter size and of the Gaussian blur therein are carefully chosen to maximize the number of

segmented regions (grains or pores). Thereby, the error made in the aforementioned convex

approximation is minimized, which enforces Hadwiger’s theorem. In particular, since the

optimal values for those parameters vary with the grain/pore size, they are expected to vary

with h. Namely, the filter size is found to vary from 2 to 9 pixels for the considered range
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a) b)

c) d)

Figure 4.1: a) Random noise R[x, y], i.e. array of random values between 0 and 1. b) Gaussian
filter F [x, y] applied onto the random noise, with a standard deviation of 1.76, or equivalently, h = 3.
c) Resulting binarized SM B[x, y] upon applying the threshold n = 0.3. d) SM segmented into 110
grains via watershed algorithm.

of SMs, whereas the blur varies from 0.2 to 0.8. Upon segmenting the pores, their sizes are

obtained by determining the equivalent disks for every pores. Upon segmenting the grains,

their perimeter is obtained via an edge-finding algorithm optimized for fast computing

introduced by Benkrid et al. [36]. The grain sizes are obtained similarly to the pore sizes.

The last morphometerM3, the Euler characteristic, is not concerned by distributions since it

is a topological quantity. While the distributions of M0 and M1 are useful when comparing

the SMs with real microstructures (see Section 4.3.4), only the grain size distribution is

calculated for every SMs, in order to determine the mean grain size M2. The latter is
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taken as the mean of the lognormal fit of the grain size distribution, as explained in Section

4.3.4. M0 and M1 are directly obtained from calculating the porosity, i.e. the ratio of the

black pixels over the total number of pixels, and the total perimeter, respectively. Finally,

the Euler characteristic M3 is calculated from an integral geometry formula in discretized

space. In the current 2D restriction, M3 is simply the number of objects minus the number

of holes. Further details can be found in the online documentation of PoreSpy and skimage

(see App. 7.7).

4.2.3 Damage phase-field modeling of the microstructure

The evolution of the microstructure is modeled via a phase field ϕ differentiating the pores

from the grains, as introduced in Chapter 3 and [114], and describing the damage of the

grains. As such, the phase field measures the morphometric variations, and thus controls

the evolution of the morphometers (see Section 4.3.6). All simulations are performed with

the open-source multiphysics finite-element platform MOOSE [208]. Following Chapter 3, the

phase-field equation stems from the coupling of the microscale mechanics (at the grains

scale) and the macroscale mechanics (mixture of grains and pores). The former is governed

by the micro-momentum balance [90, 119] and the latter by the usual macro-momentum

balance, as given, respectively, by {
∇ · ξ + π = 0,

∇ · σ = 0,
(4.8)

where∇· denotes the divergence, π is the microforce (scalar), energy-conjugate of ϕ, ξ is the

microstress (vector), energy-conjugate of ∇ϕ, and σ is the Cauchy stress tensor. The two

momentum balances are coupled via the generalized relaxation equation (see Chapter 3),

equivalent to the second law of thermodynamics as described by the dissipation inequality

−ψ̇ − πϕ̇+ ξ · ∇ϕ̇− σ : ε̇ ≤ 0, (4.9)

where ψ is the free energy, the superposed dot denotes the time derivative, the dot operator

the scalar product, and the double-dot operator the tensorial product. The free energy is
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described in its usual Landau form [159] through

ψ(ϕ,∇ϕ, ε) = Gg(ϕ) + (1− h(φ))
1

2
ε ·Cpε+ h(ϕ)

1

2
ε ·Cgε+

κ

2
|∇φ|2, (4.10)

where G is the double-well’s height, κ the interfacial energy coefficient, the polynomials

g(ϕ) = ϕ2(1 − ϕ)2 and h(ϕ) = ϕ2(3 − 2ϕ) correspond to a double-well potential and an

interpolation function, and Cg and Cp denote the elastic tensor of the grains and the pores,

respectively. The micro-mechanical properties are homogenized through the Voigt-Taylor

homogenization scheme (see [10, 4]), which consists in interpolating the partial stresses

of the grains and pores phases while assuming homogeneous strains, thus recovering a

familiar poromechanics formulation. Thereby, C(ϕ) = (1−h(ϕ))Cp+h(ϕ)Cg is the elastic

tensor of the mixture, and the Cauchy stress tensor reads σ = C(ϕ)ε. The choice of the

homogenization scheme may affect the outcome of quantitative simulations [4], but the

focus here is on qualitative results only.

From a thermodynamic perspective, the state variables are ϕ, describing the normal

variations of the grains interface, ∇ϕ, describing the tangential variations of the grains

interface, and ε the macroscopic (elastic) strain tensor. For simplicity, ∇ϕ and ε are

considered non-dissipative, thus neglecting viscous effects; the viscous effect associated

with the phase field would delay phase changes as shown in Chapter 3. Furthermore,

differently from Chapter 3, the gyroscopic chemical coupling that would allow grain healing

is neglected; namely, the relaxation potential, which completes the energy potential ψ and

relates the rates of the state variables to the thermodynamic forces, is taken diagonal.

Thereupon, the three relaxation equations, which constrain the model’s equations to satisfy

the second law Eq. (4.9), read 
τϕ̇ = −π − ∂ψ

∂ϕ ,

0 = ξ − ∂ψ
∂∇ϕ ,

0 = σ − ∂ψ
∂ε ,

(4.11)

where τ is the relaxation time associated with ϕ. Combining the momentum balances (4.8)

and the relaxation equations (4.11) yields the following Allen–Cahn equation, coupled with
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elastic mechanics: {
τϕ̇ = κ4ϕ−Gg′(ϕ)− λ(ε)h′(ϕ),

∇ ·C(ϕ)ε = 0,
(4.12)

where λ(ε) = 1/2(Cg −Cp)ε · ε denotes the difference of elastic energy between the grains

and pores phases.

The encompassing concept behind modeling damage with a phase field is the tilting of

the double-well potential Gg(ϕ), upon input of mechanical energy, beyond the saddle-node

bifurcation point (see Chapter 3), that is, beyond the activation energy of the damage

process considered. In the present study, the model is left agnostic of the specific nature

of damage, upon assuming that only the level of activation energy will differ from a type

of damage to another. Thereupon, in the present description, damage is not specified but

include debonding, dissolution and microcracking, the choice of which would depend on

the amount of mechanical energy input and the time scale. For instance, over long time

scales, such as in geological settings, damage may correspond to dissolution, as detailed

in Chapter 3 studying pressure solution with a model similar to (4.12). This model could

also be applied when damage corresponds to microcracking. Indeed, (4.12) is similar to the

model used for modeling fractures at the continuum scale (see [156] e.g.). The fundamental

difference is that the present model is applied directly at the grains scale, whereas phase-

field damage models have so far been applied to the continuum scale. Hence, instead of the

usual differentiation between the intact and the damaged phases, this model differentiates

between the grains and the pores phases, where the growth of the pores phase at the expense

of the grains phase embodies the microstructural damage. The latter is distinguished from

its upscaled manifestation at the continuum scale, which is called the degradation (see

Section 4.3.6). In particular, while the damaged phase in the macroscopic theory is not

energetic, here, the pores phase is associated with an elastic energy (albeit not allowing

shearing), yielding a mixture of elastic energies, as described above. Therefore, the only

differences in the form of the present phase-field equation with the continuum damage

phase-field modeling are the presence of an elastic energy for the phase ϕ = 0 and the

degrees of the polynomials representing the potential g(ϕ) and the interpolation function
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h(ϕ). Similar models in the literature include also the one used for grain growth in (non-

porous) metals under mechanical loading (see [252] e.g.), where each grain of a polycrystal

is represented by an order parameter. Unlike for metals, the pores phase in porous media

such as geomaterials plays a crucial role, so that it is given an independent role here. The

main difference between modeling porous media and metals is thus the discrimination of

the pores from the skeleton, without differentiating, as a first step, the different grains,

inasmuch as they are not necessarily distinguishable within the skeleton, depending on the

materials; for instance, as discussed in the following, unlike a sandstone, a cortical bone can

hardly be decomposed into grains. In practice, this translates into dropping the grain-to-

grain interfacial energy term present in the polycrystals phase-field model. In all, modeling

the damage of the microstructure of porous media is performed here as a combination of

the concepts used in continuum damage and polycrystals phase-field modeling. In practice,

since attention is mostly restricted to tensile loadings, one may expect that damage would

occur through debonding or microcracking, both for the geo and biomaterials considered

here.

Upon choosing a characteristic length l0, a characteristic time t0 = τ/G and a char-

acteristic specific energy G = 1 GPa, (4.12) is written in dimensionless form as follows:

{
ϕ̇ = κ̂4ϕ− g′(ϕ)− λ̂(ε)h′(ϕ),

∇ · Ĉ(ϕ)ε = 0,
(4.13)

where κ̂ = κ/Gl20 is the (dimensionless) interfacial group, λ̂ = λ/G is the activation energy

group and Ĉ = C/G. The dimensionless derivatives are noted similarly and the hat

notation for dimensionless quantities is dropped in the following. The evolution of the

damage via ϕ is fully determined by λ, upon fixing κ to an appropriately small value (see

Section 4.3.3). Attention is restricted for simplicity to 2D problems, so that the elastic

energy λ is fully determined by the two Lamé parameters. As explained in Chapter 3,

the grains are considered as solids of very low porosity, and the pores as shear-free solids

that are much more deformable. Namely, for geomaterials, the first and second Lamé

parameters of the grains are chosen both to be those of granite 30 GPa, and for the pores
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1 GPa and 0, respectively. Further major assumptions include small strains and that the

assembly of grains considered is representative of the material. To focus on the effect of

the microstructure on the strength, simulations in tension with fixed lateral boundaries

are first performed. Then, to determine the effect of the confinement, axisymmetric biaxial

loadings will be carried out. As noted by [150], experimental data from the literature suggest

that the nature of the morphometric function f in Eq. (4.1) should be valid for different

strength tests, whether in compression, tension, or bending (see Section 4.4.2). Throughout

this work, the invariant measure of stress used in output is the von Mises stress, which is

directly related to the second invariant of the deviatoric stress. The associated strain is

the vertical displacement of the top boundary divided by the initial length of the square

domain.

4.3 Model’s performance

4.3.1 Measure of the strength

In solid mechanics, the word ”strength” has a broad meaning. Most often, it corresponds

to the maximum value that the stress can attain (peak stress). Alternative measures of

strength include the yield stress, or even the value of stress at a given value of strain when

the material is undergoing prolonged hardening [235, 86]. Since the latter is the case in the

present study, the strength is defined throughout this work as a value of the vertical stress

for a certain value of a post-yield deformation εs attributed to a given material. The latter

is determined for the SMs a posteriori, after obtaining the stress-strain output for all the

training batch, as the minimum yield strain. Namely, as shown in Fig. 4.2 for 16 of the

42 SMs, εs = 11.5% is found to be the minimum strain required for all the SMs to enter

yielding, that is, so that the stress-strain response is non-linear. The εs-strength, noted σs,

also called flow stress [86], is the value of the aforementioned stress invariant corresponding

to this value of εs. It will be determined similarly for the real microstructures.
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Figure 4.2: Stress-strain responses for 16 of the 42 SMs (n ∈ {0.15, 0.20, 0.30, 0.40}, h ∈ {2, 3, 4, 5})
until εs = 11.5%, showing that all the SMs reach post-yield for this value. Changes from dotted to
full lines correspond to an increase in porosity n, and increases in grey intensity to an increase in
heterogeneity h. The rest of the SMs corroborates this assertion but are not shown here for visibility
purposes.

4.3.2 Mesh convergence

Before obtaining any meaningful results, it is important to study the mesh convergence.

The initial conditions of the simulations are indeed determined by digitizing the input

image, with respect to the chosen mesh dimensions. In particular, smaller microstructural

dimensions require a finer mesh. Therefore, one expects to use finer meshes for SMs of

smaller grain sizes. One can find in App. 7.6 a summary of the grain sizes of the training

batch. To assess the mesh convergence, the values of σs are compared for the different SMs,

to find that, indeed, the mesh dimensions increase with the grain size (see Fig. 4.3). The

minimum mesh size required for mesh convergence within a 2% error is then picked. In

practice, using Fig. 4.3, the mesh sizes shown in Tab. 4.1 are used. Note that the grain sizes

are measured in pixels where 1 px = l0/N , l0 is the characteristic length of the problem

taken as the image size and N the image dimension. When l0 is determined in the case of

real microstructures, the length measurements will be given in mm (or µm) in the following.
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Figure 4.3: Evolution of the minimum mesh size (number of elements per side of the domain)
required for mesh convergence with respect to the grain size.

Table 4.1: Number of elements used for the meshes in the simulations for different mean grain
sizes.

Mean grain size (px) Mesh size (elts)

4-6 360× 360
6-7 350× 350
7-8 300× 300
8-13 280× 280

4.3.3 Influence of the interfacial coefficient κ

While the activation energy λ(ε), coupled with the mechanical energy, is the main drive

for the phase change, the interfacial coefficient κ quantifies its diffusive character. When

κ� λ, that is, when the activation energy is negligible compared to the interfacial energy,

the process is purely diffusive, and therefore nonphysical in the current context. Conversely,

when κ→ 0, the process falls back on the corresponding sharp interface problem, thereby

losing the regularization provided by the diffuse interfaces, characteristic of phase-field

modeling. The value of κ is thus chosen not too large to avoid spurious interfacial diffusion,
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but not too low to keep diffuse interfaces. The former would typically induce the closure

of the smallest pores, independently from the mechanical loading. To do so, simulations

for different values of κ are performed, while the microstructure and the other parameters

are fixed. To be conservative, the SM with the smallest mean grain size is chosen in the

training batch, namely for (n = 0.4, h = 5). Indeed, spurious diffusion will occur first for

the smallest microstructural length scales. Note that more elaborated techniques exist to

circumvent spurious kinetic effects (see [253] and references therein). A value of κ = 10−5

is chosen since for κ ≥ 10−4, spurious diffusion occurs, whereas for κ ≤ 10−6, the results

are similar to the case where κ = 0 (see Fig. 4.4). Specifically, it can be seen that for

κ ≥ 10−4 the smallest pores close under diffusion of the grains phase, as opposed to the

case where κ ≤ 10−5. The limit case κ � λ of pure diffusion is also shown in Fig. 4.4,

where, after only one timestep, the microstructure mixes into a homogeneous phase where

ϕ ≈ 0.6. Thereupon, the mechanical response is that of a homogeneous elastic solid, which

homogenized elastic modulus can be estimated around 3.5.
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Figure 4.4: Mechanical response of the SM (n = 0.4, h = 5) for different values of κ, including the
limit cases κ = 0 (sharp interface) and κ � λ (pure diffusion). Note the spurious diffusion in the
case κ = 10−4, leading to the closure of the smallest pores, as opposed to the case κ = 10−5.
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4.3.4 Resemblance of the SMs with real microstructures

Before drawing realistic results from the SMs, one must check how representative they are

of real microstructures. The SMs are found to resemble real microstructures through the

distributions of the three first morphometers. The grain size distributions of the SMs are

skewed toward smaller grains (i.e. right-tailed), as expected from thresholding the initial

symmetric Gaussian noise. The heterogeneity h controls their skewness (i.e. deviation from

a normal distribution) and narrowness (see Fig. 4.5). The distributions of SMs with larger

heterogeneity h are less skewed but narrower. More precisely, the SMs exhibit lognormal
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Figure 4.5: Evolution of the grain size distribution with the heterogeneity h for a fixed porosity
n = 0.2 for a 200 × 200 pixels resolution, showing that higher values of h lead to less skewed but
narrower distributions. Indeed, the skewness values, calculated as Pearson’s moment coefficient of
skewness, are found here to be 2.75 for h = 2, 1.96 for h = 3, 1.07 for h = 4, 0.95 for h = 5.

distributions (see Fig. 4.6), similarly to a large variety of porous media. This type of

distribution can be found in geomaterials (see [138], [178] and references therein), as well as

engineered porous materials (see [168] e.g.). For direct comparison, a Mt Simon sandstone is

considered, presented in [152], and digitalized on digitalrocksportal.org, of average porosity

27.1%. Each sides of the CT scans have a resolution of 1200 pixels measuring each 2.8 µm.

To imitate a given slice of porosity 27.4% (Fig. 4.6a), a SM is generated (Fig. 4.6e) with same
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porosity and resolution, and of heterogeneity h determined to match the mean grain size.

The distributions of the three first morphometers for the real and synthetic microstructure

are compared in Fig. 4.6 and Tab. 4.2, and checked to be both well fitted by lognormal

distributions.

a)

b) c) d)

e)

f) g) h)

Figure 4.6: a) CT scan of Mt Simon sandstone segmented into 733 grains, of porosity M0 = 27.4%
(mean pore size 41.51 µm), total perimeter M1 = 190.11 mm (mean perimeter 1.02 mm) , mean
grain size M2 = 79.80 µm and Euler number M3 = −351, along with the associated lognormally-
fitted distributions in b), c), d) respectively. e) SM generated for n = 27.4% and h = 3.9 with
resolution 1200×1200 pixels, matching the sandstone microstructure, segmented into 717 grains, of
porosity M0 = 27.4% (mean pore size 47.49 µm), total perimeter M1 = 167.17 mm (mean perimeter
1.06 mm), mean grain size M2 = 79.26 µm and Euler number M3 = −202, along with the associated
distributions in f), g), h) respectively.

Table 4.2: Comparison of the morphometers of the Mt Simon sandstone with the synthetic ana-
logue, along with the mean values of their lognormal distributions.

Sandstone Synthetic Error (%)

Porosity M0 (%) 27.4 27.4 0
Perimeter M1 (mm) 190 167 12

Mean grain size M2 (µm) 79.8 79.3 0.68
Mean pore size (µm) 41.5 47.5 14

Mean perimeter (mm) 1.02 1.06 3.9
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4.3.5 Determinism of the SMs

Since the generation of the SMs starts from a random noise, it is not a priori deterministic.

Indeed, varying the random seeds for a given set of input parameters n and h yields different

microstructures. To quantify the influence of this discrepancy on the mechanical response,

the numerical results for n = 0.3, h = 3 are compared as an example, with 10 different

seeds (see App. 7.8). Namely, the set of strengths σs (for εs = 11.5%) is calculated for

the different seeds. The standard deviation of this set divided by its mean is around 4%,

which is considered to be an approximate measure of the potential error in the following

predictive fitting.

4.3.6 Morphometers evolution

Numerical results are shown in Fig. 4.7 for the SM n = 0.2 and h = 5, from the initial SM

input, which digitization provides the initial conditions for the phase field ϕ, to the (post-

yield) state where the strength is reached. The associated distributions of the volumetric

strain and of the phase-field rate illustrate the causality between mechanical loading and

damage. Upon tensile loading, the pores open up, leading to damage events responsible for

failure, namely the coalescence of neighboring pores, well known possible microstructural

manifestation of strain hardening [206]. This can represent debonding or microcracks. In

this particular example, the main damage event (maximum of |ϕ̇|) responsible for failure

occurs in the center (see black oval in Fig. 4.7). As a macroscopic descriptor of the mi-

croscopic damage, the relative degradation Dr is defined, similarly to breakage mechanics

[82], so that Dr = 0 corresponds to an undamaged material and Dr = 100% to a final state

of damage. The latter is arbitrarily defined as the state where the strength is reached (see

Section 4.3.1). Thus, Dr is a relative measure of degradation, as it depends on the initial

and final state considered, and is calculated as the following upscaling function:

Dr =

∫
Ω̄ ϕ(ε)dε−

∫
Ω̄ ϕ(ε0)dε∫

Ω̄ ϕ(εs)dε−
∫

Ω̄ ϕ(ε0)dε
, (4.14)
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Synthetic microstructure Digitalized microstructure Phase field at flow stress

a) b) c)

d) e)

Figure 4.7: a) SM generated for n = 0.2 and h = 5. b) Digitization of the SM used as input for ϕ.
c) Output for ϕ after tensile loading post-yield for a vertical strain of εs = 11.5%. d) Volumetric
strain distribution for the same state, concentrated in a central zone (black oval). e) Distribution
of ϕ̇ for the same state, negative since the pore phase ϕ = 0 is produced, with maximum absolute
value also in the central zone, coinciding with the concentration of mechanical energy.

where Ω̄ denotes the total spatial domain, ε0 = 0, εs is the strain when σs is reached, so that∫
Ω̄ ϕ(ε)dε computes the domain’s portion occupied by the grains, since ϕ = 1 represents the

grains and ϕ = 0 the pores. The evolution of the relative degradation of the SM of Fig. 4.7

with respect to the strain is shown in Fig. 4.8, along with the corresponding stress-strain

curve and the evolution of the 4 morphometers; although only 3 morphometers are required

in 2D to fully constrain the strength law, it is informative to include all of them here. As

expected, the tensile loading opens up the pores, which increases the porosity n = M0.

Moreover, as the neighboring pores merge with each other toward failure (see Fig. 4.7), the

number of pores decreases (by around 9%) and therefore, the Euler characteristic χ = M3

decreases in absolute value. As a consequence, the total perimeter M1 decreases and the

mean grain size M2 increases, although both by less than 5%, as opposed to M0 and

M3 varying by around 20%. The observed morphometers evolution is consistent with the

evolution of strength found later in Section 4.4.1 with respect to the initial morphometers
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values. Indeed, the material weakens upon loading, and therefore can be seen as a strong

material initially and as a weaker one at the end of the loading. Consistently, the strength

decreases with the porosity M0 and the mean grain size M2, but increases with the total

perimeter M1 and the absolute value of the Euler characteristic M3.
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Figure 4.8: a) Stress-strain curve (in blue) corresponding to the evolution of the SM presented in
Fig. 4.7, along with the degradation-strain curve (in orange). b) Evolution of the morphometers
with the degradation, whose values are normalized with their final values. Note that the values of
the Euler characteristic M3 is negative before normalization.

4.4 Results

4.4.1 Scaling of the strength with the morphometers in
SMs

The results of all the simulations on the 42 SMs are gathered (see App. 7.6), to find the

best-fit function f(Mi) relating the strength to the morphometers, via the least squares

method. The latter is apposite since no outliers are expected in the present synthetic

numerical data set (as opposed to a set of experimental data). In the present 2D case,

only 3 morphometers are needed, chosen as M0, M1 and M2 for instance. Following the

initial assumption of a multiplicative dependence of the strength on the morphometers, as

a generalization of Knudsen’s theory [150], the best fit is found to be exponential, with an

adjusted r2 coefficient of 0.9995 and an average error of 2.67%, as compared with other

potential candidates (see Tab. 4.3). In the present 2D case, the strength law Eq. (4.1) thus
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reads

σs = σ∗se
−M0−M∗0

M∗0
+

M1−M∗1
M∗1

−M2−M∗2
M∗2 . (4.15)

Notably, the fitting coefficient for the porosity 1/M∗0 = 7.3 is found to be in the range

of values found experimentally by [150]. The prediction is found to be as accurate when

replacing M2 by M3. A Hall-Petch type of fitting with respect to the mean grain size M2 is

also satisfying, while keeping the exponential dependence for M0 and M1. The strength σs

increases with the total perimeter M1 and with the absolute value of the Euler characteristic

M3. It also decreases with the porosity M0 and with the grain size M2, as already well

known. For a given random seed, the prediction is thus found to be erroneous by less than

3% on average. Then, since choosing a seed amounts to an error of approximatively 4.33%

(see Section 4.3.5), the overall predictive error is estimated as
√

2.672 + 4.332 ≈ 5%. To

use the latter formula, it is assumed that the error propagation is multiplicative, since the

choice of the seed and of the morphometry is concomitant. This error estimation relies,

however, on assuming that the stochastic error of 4.33% is valid for all the SMs, which is

not here verified.

Table 4.3: Different fitting models with associated adjusted r2 coefficient and average error, show-
ing that the best fitting function is exponential, where f1(M0,M1,M2) = α1e

α2M0+α3M1+α4M2 ,
f2(M0,M1,M3) = α1e

α2M0+α3M1+α4M3 , f3(M0,M1,M2) = α1M
α2
0 Mα3

1 Mα4
2 , f4(M0,M1,M2) =

α1e
α2M0+α3M1M−0.52 , f5(M0,M1,M2) = α1M0 + α2M1 + α3M2. The fitting coefficients αi are

determined via the least squares method.

Best fit Exp. 1 Exp. 2 Power Hall–Petch Linear

Adjusted r2 0.9995 0.9995 0.9963 0.9991 0.9739

Average
error (%)

2.67 2.67 7.70 3.56 18.35

Fitting
function

f1 f2 f3 f4 f5

4.4.2 Comparison with experimental results

As previously discussed, experiments on a wide range of materials have shown that the

strength depends exponentially on the porosity (see [231, 150], App. 7.5). Similarly, the
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relationship between strength and grain size is usually accurately described by a power law

[150]. This relationship was found above to be also adequately described by a exponential

function. However, there are few results, if any, relating the strength to the two other mor-

phometers, the surface area M2 and the Euler number M3, which could have corroborated

the present results. Furthermore, as emphasized in the present work, the strength should

not depend, in general, on a single morphometer, but simultaneously on three of them in

2D (four in 3D). Knudsen’s experimental data on ceramics [150] are used, as regards the si-

multaneous dependence on porosity and grain size, to check the validity of Eq. (4.15) when

the dependence on M1 and M3 is dropped (see Fig. (4.9)). The adequacy of the fitting

suggests that, at least for certain materials with relatively regular microstructure such as

ceramics, not all morphometers are necessary. It will be seen in the following, however, that

for more irregular microstructures like rocks or bones, this is not satisfactory in general.

Knudsen’s observation that the nature of the morphometric function in Eq. (4.15), namely

exponential here, should be valid in compression, tension, or bending, is also corroborated.

4.4.3 Dependence of the strength on the confinement

While the focus of this work concerns the morphometry, the strength can depend on other

factors such as the confining pressure P , which shall be briefly discussed here. Such depen-

dence can be included in the reference stress σ∗s . It is determined by performing simulations

of axisymmetric biaxial compressions for different values of P , for a given microstructure

with values of porosity and heterogeneity in the middle range of the training batch (n = 0.3,

h = 3), in plane strain conditions. To constrain the range of confining pressures, the precon-

solidation pressure Pc is estimated by performing an isotropic compression (see App. 7.9).

By reading the yield stress value in Fig. 7.4, one finds an approximate value of Pc ≈ 1.2. The

obtained εs-strength is then plotted with respect to the confining pressures (see Fig. 4.10),

where the best fit function is a parabola. This recovers the parabolic failure criterion,

recently suggested and experimentally verified [279, 269, 242]. This also captures the tran-
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Figure 4.9: Fitting of Knudsen’s experimental data on ceramics [150] (red dots) with the mor-
phometric strength law Eq. (4.15) (blue hyperplane) when the strength is approximated to depend
only on the porosity M0 and the grain size M2. a) Strength of chromium carbide under bending
(Table 8 in [150], temperature 1426 ◦C), fitted with an adjusted r2 coefficient of 0.998. b) Strength
of thorium dioxide under compression (Table 6 in [150]), fitted with an adjusted r2 coefficient of
0.996. c) Strength of thorium dioxide under bending (Table 4 in [150]), fitted with an adjusted
r2 coefficient of 0.999. The values of strengths and grain sizes are normalized by their respective
maximum values.

sition from a linear behavior at low confining pressures to a pressure-insensitive behavior

for high confinement [279].

4.4.4 Strength prediction from real microstructures

To assess the validity of the morphometric strength law Eq. (4.15), “learned” on synthetic

numerical data, the strength of real materials is predicted from CT scans, and compare it
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Numerical results
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Figure 4.10: The points represent numerical results for the strength versus the confining pressure
in axisymmetric biaxial compression. The curve corresponds to the fit −0.0308p2 + 0.109p + 1.88,
for which the adjusted r2 is exactly 1.

with phase-field simulations as previously. For that, the following procedure is employed.

1) Choose a set of m CT scans C1, . . . , Cm of a given material and pick one of them

as the reference C∗. 2) Binarize the Ci and calculate the morphometers for each Ci as

done previously for the SMs. In particular, this determines the reference values for the

morphometers M∗i . 3) Run one simulation for the reference CT scan C∗ to determine

the remaining reference value σ∗s . 4) Deduce the σis for the remaining CT scans using the

strength law. 5) Run the simulations for the remaining CT scans for comparison.

Geomaterials

Starting with geomaterials, CT scans2 of Mt Simon and Berea sandstones, two benchmark

rocks, are considered. The Mt Simon sandstone was introduced in Section 4.3.4. The Berea

sandstone, of average porosity 17.9%, is presented in [174], with a digitization resolution of

2.25 µm per pixel. The resolution of the CT scans of both sandstones is reduced to 300×300

pixels to reduce the mesh size and have reasonable computation times, in particular yielding

erroneously high porosity values in Tab. 4.4. This does not hinder the present qualitative

2digitalrocksportal.org
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study since the different parts of the Berea sandstone remain comparable with each others.

Using the same model Eq. (4.13) and parameters values, the procedure described above is

followed. The strength of the Mt Simon and Berea sandstones are defined with εs = 11.5%

and εs = 10%, respectively. The results are gathered in Fig. 4.13 and detailed in Fig. 4.11

and Tab. 4.4 for the example of a reference CT scan and a predicted strength for a weaker

part with higher porosity. The predictions show a good agreement with an average error of

2.38% for the Mt Simon sandstone and 5.27% for the Berea sandstone. Note that the choice

of the reference CT scan C∗ was made judiciously to minimize this error. For instance, for

the Mt Simon sandstone, the average error for all choices of C∗ was 3.53%. This pertains

to the usual problem in modeling geomaterials, that is, finding a representative elementary

domain. Indeed, it is sensible that in order to deduce the properties of a material’s domain,

one must use a representative domain as a reference. Predicting the strength with less

morphometers than required by Hadwiger’s theorem is also verified to yield larger predictive

errors. For example, for the Mt Simon sandstone, the prediction error increases by 43%

when using the porosity M0 and the grain size M2 only.

Bones

To showcase the general predictive power of the morphometric strength law Eq. (4.15), the

same predictive procedure is performed for bones, which are porous materials exhibiting

a wide range of porosities and microstructural architectures usually different from that

of geomaterials. In particular, the example of bones enables to address anisotropic mi-

crostructures. Since the Minkowski functionals are motion-invariant by definition, they

cannot capture directionality; instead, one must use Minkowski tensors [237] to have a

morphometric description that depends on the direction. This generalization is left for

future works and concede that the following results on anisotropic microstructures are only

valid for the loading direction considered here.

Typical values of morphometers for geomaterials and bones are shown in Tab. 4.4 for

comparison. As far as the microstructure is concerned, there are two main kinds of bones,
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Figure 4.11: a) CT scans of a Mt Simon sandstone (layer 108) and b) another layer of the same
sandstone (890) with 8% increase of porosity with similar other morphometers, hence weaker. c)
CT scans of a Berea sandstone (layer 000) and d) another layer of the same sandstone (940) with
7% increase of porosity with similar other morphometers, hence weaker. e) Mechanical response of
the 4 sandstones microstructures.

the cortical bone and the trabecular bone (see [65] for a general review of bone mechanics).

The former occupies the perimeter of the bone and has a low porosity ranging typically

from 5 to 25%. The latter occupies the inside of the bone and has a scaffold microstructure,

with a much higher porosity ranging from 50 to 90%. The main morphometer varying from

a bone to another is the porosity. Indeed, the creation of porosity, because of age or disease,

is the main sign of bone degradation. Thus, the strength law (4.15 will be used to predict

the strength of bones with varying porosities, given a reference bone, typically a healthy

bone with a normal porosity.

For the trabecular bone, the CT scan in Fig. 1 of [195] is utilized, providing a transverse

section. The healthy microstructure is chosen as the reference, to predict the strength of

the arthritic one (see Fig. 4.12). As for the cortical bone, failing to find satisfying input

images, it is modeled via SMs with anisotropy to resemble real cortical microstructures in

their longitudinal section (see Fig. 9 in [62] and Fig. 1 in [110]). For that, the heterogeneity
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h is chosen as an array (1, 4), meaning that the pores are elongated in the vertical direction

four times more than in the horizontal one (see Fig. 4.12). Different SMs are then generated

with varying porosities (3, 5, 7, 10, 15 and 20%) and fixed anisotropy.

The same model as previously is used, but with different elastic moduli for the skeleton

phase. The same problem of determining the moduli of the skeleton phase holds as for

geomaterials. Indeed, elastic moduli are usually measured for the mixture of the skeleton

and pores phases. As explained in Section (4.2.3), the skeleton phase of geomaterials is

assimilated to a rock with very low porosity. Similarly, the solid (mineral) phase of bones is

assumed to be analogous to a bone of very low porosity, namely a cortical bone, for which the

Lamé parameters can be found to be around 10 GPa and 7 GPa respectively (see [157]). The

εs-strength σs is defined with εs = 15% for the trabecular bone and εs = 25% for the cortical

bone. For the trabecular bone, since transverse sections are used, the loading is compressive.

As for the cortical bone, modeled longitudinally, tensile loading is chosen. In agreement with

[184], for a given post-yield vertical strain, the trabecular microstructure, in compression,

has a softening response, whereas the cortical SM, in tension, is limited to a hardening

response (see Fig. 4.12). For the synthetic cortical bones, the microstructure with n = 15%

is taken as a healthy bone and that with n = 20% as the arthritic bone to be predicted.

Finally, a relatively accurate prediction of the strength from the morphometric law is found,

with an error of 0.65% for the trabecular bone (detailed in Tab. 4.4), and an average error

of 2.4% for the synthetic trabecular bones (see also Fig. 4.13). For the latter, the accurate

prediction required using two different reference microstructures, one for n < 10% and one

for n ≥ 10%, indicating that the material may have two distinct mechanical behaviors for

those two ranges of porosities. The Euler characteristic M3 was used instead of the grain

size M2 since determining the grain size distributions is, as expected, less accurate for

microstructures with little convexity and may not bear any physical meaning. As for the

geomaterials, the prediction error made in using only two morphometers, here the porosity

M0 and the perimeter M1, is calculated. In the case of the trabecular bone, the error

soars from 0.65% to 46.2%. Such an increase is expected insofar as the trabecular bone has
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the most irregular microstructure studied in this work, and therefore, demands the most

information to be described.

Healthy trabecular bone

Healthy cortical bone

Arthritic trabecular bone

Arthritic cortical bone
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Figure 4.12: a) CT scans of a healthy and b) arthritic trabecular bone’s microstructure (from
[195]). c) Synthetic microstructures of a healthy (15% porosity) and d) arthritic (20% porosity)
cortical bone. e) Mechanical response of the 4 bones.

In all, the average errors between predicted and simulated strengths are of the same

order as the expected maximum prediction error calculated in Section 4.4.1.
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Table 4.4: Details of the strength prediction for the Mt Simon and Berea sandstones and of the
trabecular and cortical bones, for one reference and one prediction. *reference CT scans. ˜ Porosities
larger than real values from lowering initial resolution.

M0

(%)
M1

(mm)
M2

(µm)
M3

σs
(numerics)

σs
(predicted)

Error
(%)

Mt Simon
sandstone

20.6 142 118 / 2.44 * /

Weaker MS
sandstone

22.2 145 121 / 2.18 2.24 2.72

Berea
sandstone

37.7˜ 253 7.96 / 0.780 * /

Weaker B.
sandstone

40.2˜ 253 8.35 / 0.687 0.697 1.41

Healthy
trabecular bone

29.5 451 / -423 0.676 * /

Arthritic
trabecular bone

41.1 552 / -265 0.389 0.391 0.645

Healthy
cortical bone

15 101 / -97 2.51 * /

Arthritic
cortical bone

20 125 / -91 1.97 2.02 2.60
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Figure 4.13: Predicted strength with the morphometric strength law Eq. (4.15) versus the strength
obtained from phase-field simulations, for SMs, geomaterials (Mt Simon and Berea sandstones) and
biomaterials (trabecular bones and synthetic cortical bones).
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4.5 Conclusion

The possibility to fully account for the morphometry of porous media in their macroscopic

properties, such as the strength, was suggested from qualitative 2D numerical simulations

on synthetic and real microstructures. To do so, a damage phase-field modeling of the

microstructure was employed, capturing the exact microstructural geometry and encapsu-

lating causes of damage such as debonding, dissolution and microcracks. The necessary

and sufficient microstructural information is then upscaled in the form of morphometers

defined from Minkowski functionals, as per Hadwiger’s theorem. In the context of porous

media, the four morphometers are chosen as the porosity, the total surface area of the skele-

ton, the mean grain size and the Euler characteristic; only three of them are required in

2D. As inferred from a wide range of synthetic microstructures, with various porosities and

heterogeneities, the strength is best described by an exponential function of the morphome-

ters. Those generated microstructures were checked to resemble real microstructures via

the lognormal distribution of their morphometers. When compared with phase-field sim-

ulations, the exponential strength law was also verified to be accurate for two subclasses

of porous media, geomaterials (sandstones) and biomaterials (bones), from digitalized CT

scans. This law, as a function of porosity and grain size only, was also found to accurately

match experimental data for different ceramics. The strength prediction only requires the

initial values of the morphometers for a given material’s sample, along with the reference

strength and morphometers values from another microstructure made of the same material.

The overarching goal is to predict the behavior of porous media with the minimal

amount of data possible and in particular, minimizing the use of destructive tests in favor

of remote sensing. This is of interest in geosciences where samples may be inaccessible

and in biosciences where materials are best studied in vivo. The following steps in this

endeavor will include 3D modeling and most importantly, experimental corroboration of

the morphometric strength law. Indeed, experimental data are missing for the simultaneous

dependence of strength on multiple morphometers, in particular including the surface area
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and the Euler characteristic. Then, the influence of environmental factors, like temperature

and acidity, may be incorporated in a similar fashion. Building on aforementioned works,

machine learning may also be used to ensure the realism of the synthetic microstructures.

Classical constitutive laws, such as viscoplasticity, may be re-explored to explicitly include

the morphometric dependence. Apart from mechanical characterization, other components

of the multiphysics of porous media can be investigated through their morphometry, such as

fluid flow [15, 16]. A major impediment to such program, albeit common to any modeling

of heterogeneous microstructures, is that the reference sample must be representative of

the material. This holistic description opens new avenues for modeling porous media in

general, including geomaterials, biomaterials and engineered materials, at least as far as the

microstructural geometry is concerned. It is indeed of paramount interest to draw bridges

between the progress in different disciplines concerned with the same problematics.
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Chapter 5

Gyroscopic optimization for
nonreciprocal materials, with
application to porous media

Chapter 5 was adapted from the manuscript:

A. Guével, M. Lesueur, M. Veveakis, E. Fried, Gyroscopic optimization for nonreciprocal

materials (in preparation).

5.1 Introduction

The breaking of action-reaction symmetry, or nonreciprocity, holds unexpected promise for

technological advances spanning a wide range of disciplines. Being neither dissipative nor

conservative, nonreciprocal effects are not directly observable but can, remarkably, produce

useful work. A strategy is derived for optimally harvesting the inherent gyroscopic energy

stemming from allowing a nonreciprocal medium to rotate. Based on Fermat’s principle

and Finslerian geometry, it is shown that nonreciprocity can be envisioned as a gyroscopic

optimization. This is illustrated in the case of nonreciprocal materials without external

forcing, through the example of porous media flow. In geological settings, such as the

example of fracture networks considered here, nonreciprocal effects are non-negligible but

difficult to observe. Yet, porous media may be optimally engineered to maximize the
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associated gyroscopic power. To that aim, a permeable hydrokinetic turbine is conceived of

with pores that, in keeping with gyroscopic optimization, are engineered to form logarithmic

spirals. Owing to the nondissipative character of the nonreciprocal force, the conversion of

kinetic energy into useful work can be achieved without loss. In that regard, it is confirmed

that pressure loss due to viscous effects in the pores is compensated by the Coriolis and

centrifugal pressures. More generally, the derived gyroscopic optimization lays out the

blueprint for a new class of gyroscopic metamaterials. Finally, it is suggested through

various examples that in the natural world, where nonreciprocal interactions are the norm,

the ubiquity of logarithmic spirals arises from a similar optimization.

5.2 Application of Fermat’s principle to

nonreciprocal materials

5.2.1 Finslerian metric

Consider a process described by a (generalized) flux vector q associated with a (generalized)

force vector f , both elements of Rn, with n ≥ 2. The flux vector can describe the transport

of a fluid in the case of Darcy’s law or of energy, such as heat in the case of Fourier’s law.

Suppose that the process is close enough to equilibrium to ensure that q and f are linearly

related:

q = Kf . (5.1)

In (5.1),K = Ks+Ka is a positive-definite mobility tensor, andKs = K>
s andKa = −K>

a

denote the symmetric and antisymmetric parts of K. Focusing on nonreciprocal processes,

Ka 6= 0 and accordingly, q has dissipative and nondissipative (gyroscopic) components

qd = Ksf and qg = Kaf :

q = qd + qg. (5.2)

The force is now specialized to be the gradient of a scalar potential p, so that f = −∇p.

A relation of the form (5.1) with f = −∇p is called a mobility law. Following Stokes [247]

and Truesdell [255, p. 113], the fluid, or energy, transported by q is represented through
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streamlines parametrized by a scalar quantity t > 0 and parametrized by curves x(t), with

x denoting the position vector. The vectors v = ẋ and q are therefore collinear, where a

superposed dot denotes the differentiation with respect to the (dimensionless) parameter

t. In steady state transport, which is the focus of this work, streamlines and pathlines

coincide, and q coincides with the Darcy velocity, or specific discharge. The curves x(t) are

thus solutions of the parametric equations ẋ(t) = q(t) (see [33][p. 223]). Stokes [247] showed

that when the source is at the origin, the isolines for the potential p are concentric ellipsoids,

so that −∇p and K−1
s x are collinear and of same orientation. (See Truesdell [255, p. 113]

for a concise account of the underlying reasoning.) Indicating the collinearity relationship

with ∝, one then obtains a streamline-based representation of transport of the form

v = vd + vg, (5.3)

where v = ẋ, vd ∝ x is the radial dissipative component, vg ∝ KaK
−1
s x is the orthog-

onal gyroscopic component, and the dot denotes the differentiation with respect to the

parameter t. This parameter measures the progression of the process and can be taken as

a dimensionless measure of the physical time.

Following Chapter 2, the (dimensionless) transit time t2 − t1 required for the fluid, or

energy, to travel between two points x(t1) and x(t2) along the streamline x(t) is measured

by the metric function F , for v 6= 0, through

t2 − t1 =

∫ t2

t1

F (x(t),v(t)) dt, (5.4a)

F (x,v) =
|v|2√

λ|v|2 + (vg · v)2 + vg · v
, (5.4b)

where λ = |vd|2 − |vg|2 and vertical bars denote the Euclidean norm on Rn. One can find

further details on this metric in Chapter 2.
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5.2.2 Two-dimensional transport

A simple but far-reaching example of nonreciprocal medium is realized, for n = 2, when K

is described in {ex, ey} by the matrix

K =

(
a −b
b a

)
, (5.5)

where a > 0 and b > 0 are constant. For this choice, (5.3) becomes

v ∝ x+ ω × x, (5.6)

where ω = ωez and ω = b/a. On expressing and solving the differential system (5.6)

in polar coordinate, it follows that the streamlines are logarithmic spirals of gyroscopic

coefficient ω, as described by

r(θ) = r0e
(θ−θ0)/ω, (5.7)

where r0 > 0 is the value of r corresponding to θ0, and the proportionality coefficient in

(5.6) has no influence. In the present case where ω > 0, the spiral turns anticlockwise. The

particular cases of purely reciprocal and nonreciprocal transport, where θ̇ = 0 (straight

lines) and ṙ = 0 (circles), emerge from (5.7) in the limits ω → 0 (for which K is strictly

symmetric) and ω → +∞ (for which K is strictly antisymmetric), respectively. Using

Antonelli’s findings [13, Prop. 1.3.3.1], this result is directly recovered from the Finsle-

rian metric function (5.4b) when λ > 0, without resorting to any geodesic equations (see

App. 7.11). From this, it is infered that a fluid, or energy, transported through a mobil-

ity law of the form (5.1) with (5.5) follows the path of least duration in a nonreciprocal

medium, at least for λ > 0, in keeping with Aronsson’s result [18] discussed in Chapter 1.

For reciprocal media, K = K> and Fermat’s principle reduces to Onsager’s, whereupon

transport follows paths of least dissipation, which are straight lines.

Apart from recovering the spatial characterization of transport in nonreciprocal media,

already discovered by Stokes [247], the Finslerian formulation used here also affords, via

(2.29), a temporal characterization. In the present case of spiral streamlines, Eq. (5.7) and

107



the associated differential description ṙ/r = θ̇/ω are used to calculate the metric F (5.4b),

F (r, θ, ṙ, θ̇) =
θ̇

ω
=
ṙ

r
, (5.8)

which yields the following (dimensionless) time elapsed in travel from (r(t1), θ(t1)) to

(r(t2), θ(t2)) via Eq. (2.29):

t2 − t1 =

∫ t2

t1

F (r, θ, ṙ, θ̇)dt =
θ(t2)− θ(t1)

ω
= ln

r(t2)

r(t1)
. (5.9)

This temporal determination is crucial since the (differential) description of logarithmic

spirals ω dr = r dθ is agnostic of t. This will be useful in the following physical implemen-

tation where the physical time applies. Thereby, the so-far dummy parameter t may now

be specified via (5.9) to measure the least duration, as a function of θ for instance.

5.2.3 Equivalent mechanical problem

For practical purposes, nonreciprocal transport can be envisioned from different perspec-

tives. A first equivalence can be drawn from the streamline-based representation of non-

reciprocal transport. Taking the dimensionless rate of (5.6) yields Newton’s second law

for a particle of unit mass subject to a radial force proportional to v and a gyroscopic

force reminiscent of the Coriolis force or the action of a magnetic field. This mechanical

analogy was already established by Stokes [247] for heat transfer in the form of a rotating

radially-expanding elastic medium.

5.2.4 Equivalent navigational problem

A second equivalence comes from the navigational perspective discussed in Chapters 1 and

2. By analogy, nonreciprocal transport can be envisioned as a constrained optimization

problem as follows: the transport of radial velocity vd in a reciprocal medium should take

the least time under the constraint provided by the perturbation field vg. For logarithmic

spiral streamlines, vg ∝ ω(−yex + xey) is a rotational perturbation. The present opti-

mization problem is, however, more general than Zermelo’s original version, since |vd| is
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not fixed. An equivalence between the navigational data and the Randersian data is found

to prevail despite that difference (see App. 7.10). The equivalence between nonreciprocity

and a fictitious rotation of the frame of reference (mechanical perspective), or a rotational

perturbation (navigational perspective) is summarized in Fig. 5.1.

spiral
streamlines

rotational
perturbation

frame
rotation

Figure 5.1: Navigational and mechanistic representations of the logarithmic spiral streamlines,
corresponding to an anticlockwise rotational perturbation and clockwise frame rotation, respectively.

5.2.5 Generalization

For a 2× 2 mobility K of the general form

K =

(
a b
c d

)
, (5.10)

Stokes [247] showed that the streamlines are also logarithmic spirals, provided that the

coordinate axes correspond to the principal axes (e′x, e
′
y) of Ks and that they are rescaled

with the corresponding eigenvalues of Ks. Stokes [247] also generalized the previous results

to 3D, whereby a logarithmic spiral is expanded along the third axis ez lying on a cone

described by z ∝ r, thus forming a conchospiral.
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5.3 Naturally occurring nonreciprocal transport

The occurrence of nonreciprocity is first considered in nature, focusing on the illustrative

example of porous media flow. In the case of nonreciprocal heat transport, the asym-

metry of K stems from the asymmetry of the crystallographic microstructure [247, 255].

For fluid transport, porous media are chosen as focus, since they are particularly prone to

nonreciprocity, and are ubiquitous in geology, biology, and industrial applications. These

materials are generally anisotropic, which is essential for K to be asymmetric. Processes

in porous media are also multiscale; for instance, processes in geomaterials are coupled,

throughout the microscale (grain scale), mesoscale (laboratory scale), and macroscale (field

scale). Moreover, since they are already dissipative at the grain scale, Onsager’s principle

of microscopic reversibility is unlikely to hold universally in such materials [148, 21]. While

finding a representative elementary volume guarantees the symmetry of the mobility K

[23], such a domain does not always exist, especially at the field scale, due to various het-

erogeneities. They may, for instance, stem from imperfectly layered soils [286, 287]. While

the subsurface can often be modeled as successive layers of different rocks and sediments,

only a perfect periodicity of those layers would guarantee a symmetric K [5]. Another type

of heterogeneity is considered, induced by the naturally heterogeneous network of under-

ground fractures. For that purpose, discrete fracture modeling [37] is employed to generate

2D fracture networks, and to compute the components of K for the corresponding medium.

Specifically, lower-dimensional interfaces [212] are used to model the fractures, which can

handle both transverse and longitudinal flow. The fractures are considered to be 10,000

times more permeable than the matrix, both longitudinally and transversally, and their

apertures are set to be 1,000 times smaller than the linear dimension of the domain, thus

satisfying the provision of scale separation. The tensor K is evaluated from Darcy’s law,

following the methodology outlined in App. 7.14.

The two fracture networks selected for homogenization appear in Fig. 5.2. The first

network, presented in Fig. 5.2a, is characteristic of situations in which the subsurface is
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subject to a dominant tensile stress, that determines the alignment of the fractures. Nested

fracture networks, such as the one shown in Fig. 5.2b, result from multiple mechanical

factors [41], and are observed, for instance, in coal cleats [161]. The mobility tensors K1

a)

K1
network 1

b)

K2
network 2

radial

spiral 1

spiral 2

x′/R

y′/R

0 1

1c)

Figure 5.2: a) Fracture network 1, in tensile environment, with one orientation. b) Fracture net-
work 2, in nested environment, with two orthogonal orientations. c) Three streamlines for networks
1 and 2 in homogenized domain described by K1 and K2 for injection at source in (0, 0), which are
logarithmic spirals in the coordinate systems {e′x, e′y} formed by the eigenvectors of Ks. The gyro-
scopic coefficients are ω1 = 0.017 and ω2 = −0.030. The spiral streamlines are compared with the
corresponding radial streamlines of angle 0, π/6 and π/3. For better visualization, only a quarter
of the region is shown and the gyroscopic coefficients are taken in absolute values (the spirals both
turn anticlockwise).

and K2 of the first and second networks from Fig. 5.2, respectively, are computed relative

to the coordinate system formed by the rightward horizontal and upward vertical axes,

giving:

K1 =

(
16.76 15.76
16.90 17.89

)
, K2 =

(
406.97 5.37
−19.23 375.82

)
. (5.11)

As previously discussed, the streamlines are logarithmic spirals in the appropriate rescaled

coordinate system. Without rescaling, the trajectory is the result of the superposition of
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spiral and stretch components (see App. 7.12). For the two networks presented here, the

stretch is found negligible, so that the streamlines shown in Fig. 5.2 are pure logarithmic

spirals, with respective gyroscopic coefficient ω1 = 0.017 and ω2 = −0.030. It is important

to distinguish between the local scale, where the fractures are individually discretized and

the flow is heterogeneous (as illustrated in App. 7.14), and the homogenized field scale

R, where the point-source flow is described by Darcy’s law via the homogenized mobility

tensor K. The asymmetry of K is found to stem from the heterogeneous distribution of the

parameters describing the network, including the orientation of the fractures, their density

and their apertures. Despite the apparent symmetry of the fracture network in Fig. 5.2a

relative to that in Fig. 5.2b, the former has a gyroscopicity of same order as the latter.

The rotational flow induced by nonreciprocity has a longer travel path, given by the arc

length of a logarithmic spiral
√

1 + ω2R, compared with the reciprocal transport following

straight lines of length R. This increases the risk of contamination in the transport of

pollutants [285]. Conversely, in geothermal engineering, which relies on fracture networks,

the longer traveling path is advantageous as it increases the contact between the fluid and

the warm porous solid. However, since ω < 0.05 for natural porous media flow in most

cases (see App. 7.14), including the present configuration, the nonreciprocal path will be at

most 0.12% longer than the corresponding reciprocal path. Therefore, as in heat transport,

the physical manifestation of nonreciprocity is difficult to observe. In the following, it will

be shown how not only to enable direct observation of nonreciprocity but also how to make

the most of it.

5.4 Engineering nonreciprocal transport

While nonreciprocal effects may be difficult to observe in natural settings, the possibility

of engineering nonreciprocal media to harvest their gyroscopic energy is now investigated.

For that, the example of porous media flow is built upon.
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5.4.1 Gyroscopic torque

As inferred from the equivalent mechanical problem discussed above, nonreciprocal trans-

port is accompanied by the existence of a gyroscopic force F g of Coriolis type. For practical

purposes, stretch is assumed hereafter negligible so that the streamlines are pure logarith-

mic spirals. In the present context, nonreciprocal forces are conceived of as fictitious entities

that are nondissipative but also nonconservative. The nondissipativity of F g explains why

the observation of nonreciprocity is not direct and has so far eluded experimental corrob-

oration in transport processes such as heat transfer [245, 266]. However, the associated

torque T g, first inferred by Koch and Brady [151], should be observable if the rotation of

the porous solid in which the fluid flows is allowed. At first sight, the nonreciprocal torque

could be considered detrimental for underground infrastructures such as pipes or tunnels,

or even for soil stability. For thermal transport, the instability character associated with

nonreciprocity was already highlighted by Day and Gurtin [69]. The nonreciprocal torque

will be showcased here in a more accessible, engineered medium.

From the aforementioned analogies, nonreciprocity in transport amounts to the fictitious

rotation of the frame of reference. Then, deriving Darcy’s law for a rotating porous medium

shows that Ka is directly associated with the angular velocity Ω of the frame (see [20] and

App. 7.15). If the pores are arranged to form logarithmic spiral channels, as in the following,

this relationship reads (App. 7.15):

Ω = − ω

2ρa(1 + ω2)
ez, (5.12)

where a denotes the reciprocal mobility from (5.5). Thereupon, in the context of porous

media flow, the nonreciprocal force F g is confirmed to be of Coriolis type, where the Coriolis

effect is prevalent when the inverse Ekman number Ek−1 = 2ρΩd2/µ is of O(1); here ρ and

µ are the fluid density and viscosity, and d is the average pore size [20, 96]. Using (5.12)

and
√
µa as the characteristic length [96], one obtains

Ek−1 =
ω

1 + ω2
, (5.13)
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with the consequence that the Coriolis effect is maximized for ω = 1, which corresponds to

the degenerate case in the Finslerian formulation (λ = 0). To ensure that the transit time

is minimized, and, hence, that the power is maximal, it is recommended choosing ω ↗ 1.

For simplicity, the following calculations are performed in the case where ω is small enough

to justify the linearization

Ω ≈ − ω

2ρa
ez, (5.14)

so that Ω and ω are collinear. This enables the correspondence between the previous

Finslerian perspective, where the parameter t was taken to be dimensionless, and the current

mechanistic perspective, which uses the physical time: 2ρa serves as a unit time. The

porous medium is modeled as a bundle of capillary channels, as in the Kozeny–Carman

theory [154, 53], following logarithmic spirals. The Coriolis force exerted on an elementary

volume dV is then given by

F g = −2ρdV (Ω× u), (5.15)

where the Coriolis force per unit volume derived in App. 7.15 has been multiplied by the

elementary volume dV = Ads, and u denotes the fluid velocity in the pores relative to the

solid matrix, as opposed to the macroscopic velocity v of the streamlines observed from the

homogenized scale and from a Galilean frame. For simplicity, consider the case where the

frame’s fictitious angular velocity Ω = H−1ω can be shown to be collinear with the axial

vector ω of Ka, when ω is sufficiently small.

In light of the applications discussed hereafter, attention is restricted to the case where

the porous network is described by an assembly of N channels, of constant cross-section

A = πd2/4, with d the chanels diameter, following logarithmic spirals seeding from the

origin. Focusing on the torque, one may further specify the problem to be 2D. Indeed,

the lever arm will not change whether the spiral unfolds in the plane or in 3D. However,

the arc length would change, and if one considers for instance a cone of height equal to

its radius,
√

1 + ω2 should be replaced by
√

2 + ω2 in the upcoming calculations. The

arc length of a conchospiral is obtained by computing the integral of the square root of

(dr)2 + (rdθ)2 + (dz)2, where rdθ = ωdr and dz = dr in the case where the height of
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the cone equals the radius. Thereupon, the elementary volume of fluid in a channel of

cross-section A can be expressed by

dV = Ads = A
√

1 + ω2dr, (5.16)

where the formula for the arc length of logarithmic spirals has been used. To harmonize the

previous results established for logarithmic spirals in terms of dimensionless time, noted

here t∗, with the present mechanical equations in terms of time t measured in seconds,

Eq. (5.14) is used to relate the first and the second viewpoints. Therefore, 2ρa plays the role

of a unit time, and t∗ = t/2ρa. Moreover, from the relationship dt∗ = dθ/ω (2.29) relating

the dimensionless duration with the change in polar angle, one now has dt = dθ/2ρaω.

Thereby, u = (r/2ρa)er.

Finally, the nonreciprocal force reads

F g =
ω
√

1 + ω2Ardr

2ρa2
eθ. (5.17)

The associated nonreciprocal torque follows from forming the cross-product of the position

vector with F g:

T g =
ω
√

1 + ω2Ar2dr

2ρa2
ez. (5.18)

This elementary torque may then be integrated to obtain the total torque experienced by

the fluid:

T g =
ω
√

1 + ω2AR3

6ρa2
ez, (5.19)

where R is the radius of the cone, at the end of the channel. At this stage, the dimensions

are verified to be consistent with a torque in N m = kg m2 s−2, since the mobility a is in

m3 s kg−1. By reaction, the torque exerted by the fluid on the solid matrix is −T g. If

allowed, the solid will thereupon rotate around −ez, that is, clockwise. This corresponds

to a clockwise rotation of the inertial frame, i.e. to anticlockwise spirals (ω > 0), as in

Fig. 5.1. The total power resulting from this rotation, potentially harvestable, is then

Pg = −T g ·Ω =
Nω2

√
1 + ω2AR3

12ρ2a3
> 0, (5.20)

where the powers obtained from each of the N channels have been summed up.
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One may now obtain practical estimates of those quantities in the 3D case. The nonre-

ciprocal power becomes

Pg =
Nω2

√
2 + ω2AR3

12ρ2a3
. (5.21)

The reciprocal mobility a, corresponding to the mobility of a fluid flowing through a bundle

of straight pipes, is obtained by assuming that Poiseuille flow prevails in each channel:

a =
φd2

8µ
, (5.22)

where φ denotes the porosity. The latter can be obtained by dividing the volume of channels,

Vchannels =
1

4
Nπd2

√
2 + ω2R, (5.23)

by the total volume of the porous medium

Vtotal =
πR

3
(R2 −R2

i ) (5.24)

where the porous solid has been considered to be an open cone supporting the conchospirals,

of thickness R − Ri, as described in the main text. Recall that the height of the cone is

assumed to equal its (outer) radius R. Further assume that the thickness is just sufficient

to contain the channels of diameter d, so that R−Ri ≈ d = εR, i.e.

Ri = (1− ε)R, (5.25)

where ε = d/R is the scale separation parameter. It is also assumed that the number of

channels will be structurally restricted by the vertex opening of small radius r = O(εR).

Namely, the cross-sections of the channels may occupy half of the corresponding perimeter,

so that Nd = πr. Since d = εR, N = O(1). The porosity can then be estimated as follows:

φ = O(ε). (5.26)

Using (5.20), (5.22) and (5.26), one finds that

Pg =
32πNµ3ω2

√
2 + ω2ε−4

3ρ2Rφ3
. (5.27)
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The nonreciprocal power can thus be estimated, using (5.26), as a function of the scale

separation parameter ε = d/R, once the the fluid’s properties µ and ρ, the solid’s dimension

R, and ω have been chosen:

Pg = O(ε−7). (5.28)

Therefore, designing thin channels compared with the solid’s dimension greatly increase the

power. However, a major downside to reducing the diameter of a channel is the increase

of pressure loss due to viscous friction, as per the Darcy–Weisbach equation. The pressure

loss Pf due to viscous effects in a cylindrical pipe is given by

Pf =
32µLu

d2
, (5.29)

where it is reminded that u = r/2ρa denotes the fluid velocity in the channels relative to

the rotating porous solid, and L = R
√

2 + ω2 is the channels length in 3D. The Darcy–

Weisbach friction factor is unaffected by the channel curvature for small Reynolds numbers

[205]. Using (5.22), this becomes

Pf =
16µ
√

2 + ω2R2

ρad2
. (5.30)

The Coriolis pressure is obtained at each point from projecting the Coriolis force (5.17)

divided by A onto the tangent to the logarithmic spiral at this point, by multiplying by

sinψ, where ψ = tan−1 ω is the pitch of the spiral. Proceeding then to integrating this

elemental pressure over a channel of radius R in 3D yields

Pc =
ω
√

2 + ω2 sin(ψ)R2

4ρa2
. (5.31)

One proceeds similarly for the centrifugal pressure Pce. The centrifugal force is

fce = −ρdVΩ× (Ω× x) = ρΩ2rdV er. (5.32)

Using the previous results for dV and Ω, one obtains

Pce =
ω2
√

2 + ω2 cos(ψ)R2

8ρa2
. (5.33)

Therefore,

Pf
Pc

=
8φ

ω sin(ψ)
= O(ε), (5.34)
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since φ = O(ε), and similarly for Pf/Pce. The pressure loss due to friction should thus be

compensated by, and even negligible compared to, the pressure gain due to the Coriolis and

centrifugal forces.

5.4.2 Engineering the nonreciprocal torque

Nonreciprocal energy harvesting represents a rapidly growing field of research and is most

relevant in the current engineering focus on sustainability. Indeed, the energy extracted

from nonreciprocal forces is a byproduct that would be wasted otherwise, since the nonre-

ciprocal component of the flow has no influence on the energy balance. Existing applications

of the Coriolis torque in fluid flow include the Coriolis flow meter and the Coriolis stimulus

occurring in the ear semicircular canals leading to motion sickness [140].

The present results demonstrate that the nonreciprocal torque is due to a rotating ficti-

tious environment, and that the fastest way for the fluid to traverse is by following logarith-

mic spiral streamlines. This leads to propose that to harvest the maximum nonreciprocal

power, this so-far fictitious rotation should be actualized by designing a microstructure in

which the pores are unconnected logarithmic spiral channels, embodying the streamlines.

A somewhat similar idea was applied to exploit the analogous Hall effect [45, 145]. A

microstructure based on logarithmic spirals also advantageously enables straightforward

upscaling, yielding the previous formula (5.20) for the macroscopic torque T g. Indeed, the

self-similarity of such spirals affords the scale-independence of the homogenization of the

mobility, when centered on the origin.

In practice, such a microstructure could be 3D printed. Current 3D printing techniques

allow for the creation of materials with pores at the micrometer scale [280]. The present

2D setting would thus be brought to a 3D setting, where the logarithmic spirals would

become conchospirals, as previsouly discussed, expanded along a cone of axis ez. Thereby,

the source would be the vertex of the cone, and the channels would be located directly

underneath the surface of the turbine, thus allowing for outflow from the perimeter of the

base of the cone (see Fig. 5.3). A 3D setting does not affect the torque calculations since
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the lever arm is invariant regardless of whether the spiral unfolds in the plane or in 3D.

However, the arc length would change, and if one considers for instance a cone of height

equal to its radius R,
√

1 + ω2 should be replaced by
√

2 + ω2 in the previous calculations

(see App. 7.15). The microstructure must be designed to satisfy three conditions. First,

the scale separation requirement ε = d/R� 1 implies that the diameter of the channels be

small enough compared to the macroscopic dimension. Second, the restriction to laminar

flow requires that the pore Reynold number satisfy Re ≤ 10 [20]. In the present context,

Re = ρv0d/µ, where v0 is the fluid velocity in the channel relative to the porous solid,

namely the velocity if the channels were purely radial, or equivalently, if the fictitious

rotating frame were at rest. If the porous medium is placed in a free flow, as in the following

application, v0 may be taken as the free stream velocity. Using the density ρ = 1000 kg s−3

and viscosity µ = 0.001 Pa s of water at 20 ◦C, the laminar flow condition finally implies

that v0d ≤ 10−5 m2 s−1. Since the current feasibility of engineering such spiral channels

requires that d ≥ 1 µm, the fluid velocity must be at most 10 m s−1. Third, to maximize

the nonreciprocal power due to the Coriolis effect, the previous condition on the inverse

Ekman number recommends choosing ω ↗ 1. That said, to have an explicit estimate of Pg

(5.20), ω must be sufficiently small.

Having fabricated a microstructure as described, the nonreciprocal torque could be

harvested by simply allowing the porous solid to rotate. This corresponds to actualizing the

so-far fictitious rotation of the frame, inferred from the Finslerian navigation equivalence.

Spiral channels, as regards the frame rotation that they induce (see Fig. 5.1), are reminiscent

of the blades of a turbine. A microstructure with spiral channels may thus be envisioned as

the geometrical complement of a turbine, where the channels replace the blades. Promising

conventional turbines with blades following seemingly logarithmic spirals exist for slow

water flow, such as the Micro Hydropower Kit from Kinetic NRG, which produces three

times more power than a turbine with standard blades. The present results indicate that

this superiority should result from the logarithmic spiral shape, which minimizes losses. An

alternative to rotating the solid matrix might be to line the channel walls with piezoelectric
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cells, should the channel size d be large enough. Piezoelectric energy harvesting in fluids

has already been achieved for converging-diverging channels for instance [162].

A first solution for harvesting the mechanical power produced by the aforementioned

nonreciprocal turbine (see Fig. 5.3) is to fix it within an existing free flow for electricity

production, when accompanied by a generator. The previously-derived laminar flow condi-

tion indicates that this turbine should be used in sufficiently slow flow, as in rivers, canals,

or oceanic currents. The pressure gradient inducing the flow in the porous solid would

then correspond to the pressure exerted by the fluid entry. Since the gyroscopic force F g is

non-dissipative, the conversion of linear momentum into angular momentum through spiral

channels occurs a priori without any loss. This seems advantageous compared with existing

concepts of kinetic turbines for which part of the kinetic energy is dissipated when the fluid

hits the blades, thus offering the possibility of achieving the maximum Betz efficiency of

59%, while simultaneously reducing the load sustained by the turbine and therefore the cost

and downtime associated with maintenance. Sources of inefficiency include pressure loss to

viscous friction in the channels and to entry fitting from the free flow to the channels. The

former was addressed above and the latter may be minimized by using funnel-like fittings.

A second solution is to fix the turbine on a vehicle, when coupled with a propeller, in

the form of blades attached on the turbine (see Fig. 5.3). The turbine converts the relative

kinetic energy from the environment into useful work, which is used by the propeller to

provide the vehicle with this kinetic energy. Thereupon, the relative velocity of the vehicle

increases, as well as the relative kinetic energy of the environment. For instance, the turbine

could be added to the nose of propellers in vehicles moving at sufficiently low speeds, such

as certain boats or drones. The vehicle should be provided with an initial relative velocity,

such as current or wind. The associated positive feedback loop is another nonreciprocal

process, on top of the nonreciprocal flow in the turbine. As usual for such processes, the

impression of free energy is explained by a source of energy provided by the environment

to the system. This corresponds here to the relative kinetic energy of the environment,

such as the relative current or wind, which is fed increasingly to the system. As previously
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discussed, this energy would be an otherwise wasted byproduct. This loop would however

end when the loss of energy to friction prevails. The nonreciprocal coupling of a turbine

and a propeller has already been applied to nonreciprocal vehicles such as wind-powered

vehicles [31, 40] (see also recent press [3]), which can travel faster than the wind owing to

the supplementary nonreciprocal power. For instance, in a wind-propelled car, blades and

wheels interchangeably play the role of turbine and propeller, depending on the direction

of the wind. However, the proposed system is more compact, containing altogether the

turbine and the propeller, and requires only one medium. It could therefore extend the

range of nonreciprocal propulsion, particularly to flying vehicles, as long as the internal flow

remains laminar. The latter condition seems feasible insofar as the flow usually becomes

turbulent toward the trailing edge of a flying object, that is, beyond the entry point of the

proposed conic turbine.
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Figure 5.3: Schematic design of a permeable hydrokinetic turbine with pores engineered to form
logarithmic spirals. a) Front view of the turbine, formed in this example by 15 logarithmic spiral
channels through which the fluid is forced to flow, for the maximum performance case of ω ↗ 1.
The channels are located directly underneath the surface of the turbine, thus allowing for outflow
from the perimeter of the base of the cone. The green arrow indicates anticlockwise rotation. b)
For electricity generation, the turbine is connected to a shaft and a generator. c) For propulsion,
the turbine is coupled with blades, thus creating a positive feedback loop between the spiral flow
and the propelling blades. In this example, the propeller is composed by three blades and shaped
as a marine turbine.
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5.5 Fermatian description of natural logarithmic

spirals

Logarithmic spirals have received sustained attention since they were studied by Descartes

[14] in 1638. They are ubiquitous in nature [61, 250, 94], particularly in gyroscopic trans-

port, such as hurricanes, and in physiological growth, such as the shells of sea mollusks

(nautilus e.g.), plants (phyllotaxis), animals (horns, for instance), and in the human body.

As speculated by Antonelli [13, p. 49], they could be explained by an optimization prin-

ciple associated with a Finslerian metric, which has so far been absent. One may solve

this problem by using the Fermatian framework presented here. In nature, it appears that

logarithmic spirals are usually tightly wound, so that oftentimes ω > 1, corresponding to a

large gyroscopic perturbation vg compared to the self-propelling velocity vd. In that case,

λ < 0 in (5.4b), whereby the traversal paths can be either of minimal or maximal duration.

Since in the former case, the metric is the same as the previous case where λ > 0, the

streamlines are the same logarithmic spirals but with a gyroscopic coefficient ω > 1. To

ensure continuity of the trajectory for media where λ > 0 and λ < 0, it is thus assumed

that the principle of least duration prevails for λ < 0. It seems a priori unlikely that the

fundamental behavior behind natural processes would fundamentally differ from a spiral

trajectory of coefficient ω ↗ 1 to another one of coefficient ω ↘ 1. In addition, (5.6) has a

unique solution regardless of ω. The case where the duration is maximal could however be

of interest.

Logarithmic spirals appearing in nature might, as a consequence, be governed by a

principle of least time, in the presence of a gyroscopic constraint. Hurricanes result from

an air flow from high to low pressures, while subject to the Coriolis force from the Earth’s

rotation. This directly corresponds to the transport of a fluid under rotation of the frame

discussed in this work, with the source being replaced by a sink. Since changing the flow

direction from outward to inward amounts to transposing K, by definition of a mobility

tensor, and since from (5.5) and (5.12), Onsager’s representation of nonreciprocity [200] is

recovered in the presence of an external gyroscopic field Ω, whereby K(Ω) = K>(−Ω), one
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deduces that when the source becomes a sink the trajectories are also logarithmic spirals

but with opposite rotation direction. Another example of spiral transport is the flight of

some animals to reach a target as quickly as possible [257], due to lateral vision acting as

a gyroscopic constraint.

In the case of physiological growth, applying the extension of Fermat’s principle to

nonreciprocal media, organisms grow radially from an aggregate of cells as fast as possible

subject to the requirement that they be as compact as possible, which would correspond

to the gyroscopic constraint. The growth vd ∝ x (5.6) is proportional to the size of the

organism, that is, the amount of nutrients available. For instance, sea mollusks produce

their shells at the same rate as they grow. The compactness constraint vg ∝ ω × x

acts as a perpendicular counterbalance to radial growth. The optimal use of resources is

embodied by the self-similarity of logarithmic spirals. In the human body, the heart is

composed by two oppositely wound conchospirals [47], and tumors can display logarithmic

spiral growth [171]. This is consistent with the fastest growth possible in a compact space,

but also enables optimal mechanical properties. Indeed, a logarithmic spiral branch, when

considered as an elastic rod, minimizes bending energy [183], and owing to its self-similarity,

is tension-free [123]. This appears primordial in particular for the pumping function of the

heart, which relies on cyclic torsion and elongation [47]. This mechanism may point toward

further engineering applications that exploit logarithmic spiral branches, in addition to

those proposed here above, where angular momentum would be replaced by a pumping

motion. A design following that of the heart would be mechanically optimal, in the sense

that it would minimize the bending energy in a tension-free manner. A more explicit

gyroscopic constraint in the human body is the shear force applied by the scalp on the

growth of hair at a young age, due to rapid growth of the cranium, resulting in scalp whorls

that follow logarithmic spirals [207]. In all, physiological growth may be speculated to

follow logarithmic spirals in general, as a result of being confined to a finite volume while

making the most of the increasing resources — albeit sometimes in a piecewise fashion as

in the growth of human mandibles [186].
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Lastly, note that physiological growth can follow Archimedean spirals when the radial

growth is constant instead of exponential (see App. 7.16), which occurs when an organism

uses resources suboptimally or over a short time scale relative to the variation of resources.

Spider webs display such patterns for instance [66, 267].

5.6 Conclusion

Table 5.1: Summary of equivalences between the thermodynamic principles, their respective ge-
ometry, the symmetry of the mobility tensor and the type of flow.

Reciprocal Nonreciprocal

Thermodynamic principle Onsager’s Fermat’s
Geometry Riemannian Finslerian

Mobility tensor Symmetric Asymmetric
Flow Irrotational Rotational

Fictitious environment Still Rotating

Processes in linear nonreciprocal materials were found to be representable by Finslerian

geometry, the asymmetric characteristics of which correspond to the breaking of reciprocity.

The underpinning variational principle is akin to that of Fermat, meaning that processes

follow paths of stationary time, and reduces to Onsager’s principle of least dissipation if

reciprocity holds. The applications studied in this work were restricted to the case where the

stationary time is a minimum. The equivalences between those thermodynamic principles,

their respective geometry, and relevant characteristics are summarized in Table 5.1. A

perspective based on Fermat’s principle does not appeal to any thermodynamic quantities,

such as entropy production, which may suffer from arbitrariness [59]; in any case, the

thermodynamic laws are agnostic of nonreciprocity. The salient feature of nonreciprocity is

the sustained interaction of the system with its environment, which keeps the system away

from equilibrium. It was shown that for linear processes, this translates into gyroscopic

effects. The latter can indeed be found throughout the existing linear nonreciprocal systems

discussed in the introduction (see in particular [192]). It can also be encountered for fluid

flow in natural porous media, exemplified by the fracture networks considered in this work.
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The observation is not direct since the nonreciprocal component of the flow is nondissipative

and does not affect the steady state pressure distribution. It can however affect the transient

state by requiring longer streamlines and thus increasing the risk of contamination. On the

other hand, this is beneficial in geothermal engineering, where the fluid will have more

contact with the warm porous solid.

For a direct observation of nonreciprocity in transport, Fermat’s principle should be

envisioned as Zermelo’s navigation problem, where the optimal travel of a fluid through a

reciprocal medium is perturbed by a gyroscopic field. In the case of nonreciprocal trans-

port in porous media, the gyroscopic perturbation is fictitious but can be actualized by

allowing the porous solid to rotate. This paves the way to further experimental observation

attempts to measure gyroscopic effects in natural nonreciprocal media, which have been

so far restricted to heat conduction, by Soret [245] and Voigt [266], more than a century

ago. This gyroscopic optimization also indicates a potential strategy for harvesting the

associated nonreciprocal power, stemming from the torque associated with a nondissipa-

tive and nonconservative force of Coriolis type. The microstructure producing the maximal

power is revealed by the Finslerian optimization stemming from Fermat’s principle, namely,

logarithmic spirals channels with a gyroscopic coefficient ω ↗ 1.

Nonreciprocity, as a byproduct of the main source of power, holds overlooked promise

for sustainable technologies. For instance, hydrokinetic turbines such as that proposed in

this work offer a safer and more sustainable alternative to generating hydraulic power from

large dams. Indeed, the latter requires the flooding of large areas, with the associated loss

of biodiversity and methane release, and also obstructs the transport of sediments to the

ocean, which aggravate coastal erosion [136]. Those downsides are more and more press-

ing with the increasing maintenance cost and safety concerns associated with the aging

of hydropower dams around the world, including in the United States [136] and in China

[2]. Hydrokinetic turbines offer the possibility of harvesting energy from rivers, canals, or

ocean currents, which represent a large mostly untapped power source. Compared with

existing turbines, the turbine described here with internal flow should be more efficient, by
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minimizing the conversion loss from kinetic energy to useful work through a nondissipative

force. The turbine conceived of here should also be more compact and demand less main-

tenance compared with the systems in which blades undergo heavy sustained loading from

water flow. The nonrecipocal turbine could also, in theory, be used in air flow. Coupled

with blades, such a device could propel a vehicle through a positive feedback loop, wherein

the turbine feeds the relative kinetic energy to the propeller which, in turn, increases the

relative velocity of the vehicle and accelerates the turbine rotation.

Since nonreciprocity, and the associated gyroscopicity, is due to a sustained interaction

with the environment, the ubiquity of logarithmic spirals in nature is hardly surprising. This

could imply that logarithmic spiral growth, observed through a wide range of organisms,

follows from Fermat’s principle, where the growth is proportional to the available nutrients

under a gyroscopic constraint due to the restricted available space. In that context, Fermat’s

principle may be correlated with Darwin’s natural selection principle. The comparative

advantage provided by the fastest growth is a priority access to resources, compared with

organisms growing not as fast. Since the followed paths are geodesics, they are endowed

with stability, in the sense that they are invariant under first-order perturbation. Therefore,

the optimal growth paths prescribed by Fermat’s principle are not only advantageous but

also persist in time. In that light, Fermat’s principle may be recontextualized as a principle

of maximum useful power, seemingly in line with existing postulates of extremality such as

the maximum power principle [117, 170, 125] or as the constructal law [34, 35]. Fermat’s

principle is however more general than principles concerned with entropy production or

dissipation since those principles exclude nonreciprocal effects, such as the torque discussed

in this work.

In all, Fermat’s principle of stationary time appears as a promising extremal ther-

modynamic principle, accounting for nonreciprocity and not limited to purely dissipative

processes, as is often customary. This enables an accounting for gyroscopic effects, which

is of possible practical value as discussed in this work, and more generally for the sustained

interaction between a system and its environment, which is usually the case in the natural
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world. While the present study of linear transport processes has far-reaching implications,

it also opens up several avenues of progress. First, the example of fluid flow can be re-

placed by other linear processes driven by a gradient force, including heat, electricity, and

chemical conduction. For instance, one can envision a thermal turbine by replacing the

spiral channels by a highly conductive material, provided a heat source, or a gyroscopically

optimal Hall turbine on the bases posed in [45, 145]. Second, the dimension n of the gener-

alized flux q can be increased to account for coupling between different modes of transport

[199]. Third, one may envisage the applicability of gyroscopic optimization beyond the

linear case, owing to Edelen’s [81, 80] general decomposition of fluxes into reciprocal (dis-

sipative) and gyroscopic (nondissipative) components, which has recently been revisited

[105, 114]. In requiring nonlinear Finslerian metrics, this also calls for further theoretical

advances. Finally, the derived gyroscopic optimization lays out the blueprint for a new type

of gyroscopic metamaterials and paves the way for further advances in that direction.
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Chapter 6

Conclusion

6.1 Summary

The overarching goal of this dissertation was to propose solutions to expand the arsenal of

porous media engineering. First, porous media are ubiquitous in nature, mainly in the form

of geo and biomaterials, but also in man-made materials. It is therefore crucial to promote

a broad understanding of these materials across disciplinary bounds. Second, owing to their

complex microstructures, especially in the case of geomaterials, porous media can exhibit a

wide range of processes, which can be a source of inspiration for engineering breakthroughs.

Thereupon, this dissertation was concerned with helping answering the following questions:

Question 1: How to account for the microstructural geometry of porous media

and to which extent?

Question 2: How to account for the inherent gyroscopicity of processes in

porous media and make the most of it?

In Chapter 2, the thermodynamic foundations were posed as generally as possible, in

geometric terms, to encompass the whole range of possible processes in porous media. For

instance, geomaterials exhibit, in general, rate-dependent behaviors, which are less frequent

in other porous media. Since the main difference between this subclass of porous media

129



and others is their highly irregular microstructures, it is sensible to suggest the origin of

rate-dependency therein to be related to their microstructural geometry. More precisely,

it was suggested in Chapter 3, through the example of pressure solution, that this effect

may stem from the viscous effect associated with the change of curvature of the microstruc-

tural grains. To explicitly model the exact microstructural geometry, a phase-field model

adapted for porous media was employed. The microstructural viscosity is encapsulated in

the phase-field viscosity, which may account for kinetic effects — that may delay or accel-

erate the progression to equilibrium — such as temperature or catalytic components. Since

systematically modeling the microstructure is unrealistic for practical purposes, it was pro-

posed in Chapter 4 a methodology to circumvent this problem. Namely, the Minkowski

functionals of the porous skeleton are upscaled, forming a complete set of morphometric

descriptors, to account for the necessary and sufficient microstructural information. This

morphometric framework, trained on synthetic microstructures, was applied to deduce a

general constitutive law for the strength of porous media, which generalizes seminal works in

material sciences. The morphometric strength law was then applied to successfully predict

the strength of real porous media, including rocks and bones, as compared with numerical

simulations. To perform such prediction, only the initial set of morphometers (three in

2D, four in 3D) is necessary, without resorting to destructive experiments. The latter may

then be replaced by remote sensing, which would enable the characterization of inacessible

materials, such as ground surfaces or in vivo biomaterials. For instance, it is possible to

obtain grain size distributions from satellite images via hyperspectral remote sensing [84].

Apart from rate-dependency, but also due to the peculiar microstructures of geomate-

rials, an overlooked effect is gyroscopicity. The disregard for gyroscopic effects is due to

their nondissipativity, which prevents direct observation. Furthermore, Onsager’s recipro-

cal relations, widely applied in engineering, appears to justify neglecting these effects. It

was argued in Chapter 5 that this is not universally the case for porous media, since their

microscopic scale, from which constitutive laws are upscaled, may be dissipative, especially

with regards to geomaterials. Onsager’s postulate of microscopic reversibility then breaks

130



down. The main novelty fo the thermodynamic framework introduced in Chapter 2 is the

accommodation of gyroscopicity. Since existing extremal principles, such as Onsager’s or

Ziegler’s, only concern the dissipation, they automatically neglect gyroscopic effects, which

are nondissipative. A variational formulation resting on Fermat’s principle of stationary

time was proposed instead, which, for practical purposes in this dissertation, was reduced

to the least time. This expresses the idea underlying existing principles that a system

should aim at reaching equilibrium in the least time possible, without resorting to biased

thermodynamic quantities. In line with the modern mathematical treatment of Zermelo’s

navigation problem, the duration of processes may be measured by a a Finslerian met-

ric, the asymmetric characteristic of which is due to gyroscopicity. This means that the

duration of a process is not the same going forward or backward in time. Interestingly,

gyroscopic effects appear as a general manifestation of nonreciprocity — the breaking of

action-reaction symmetry, which is growing interest in modern material sciences. In Chap-

ter 5, an example of nonreciprocal systems based on porous media flow was conceived of,

a permeable hydrokinetic turbine. The nondissipative but nonconservative character of

gyroscopic forces was thereby made the most of. The latter guarantees the possibility to

harvest useful work, while the former indicates the possibility to do so without loss, i.e.

with maximum efficiency. In all, it was suggested to envision gyroscopic processes through

a gyroscopic optimization, hinging on Fermat’s principle. In Chapter 5, it was also con-

jectured, through various examples, that gyroscopic optimization may play a crucial role

in the natural world, where nonreciprocal interactions are the norm. More generally, the

asymmetry of the duration derived here is an explicit manifestation of the “arrow of time”,

which is otherwise only indirectly imposed by the second law but not explicitly present in

the thermodynamic equations. In other words, the unidirectionality of processes are due, in

general, to the asymmetric interaction of a system with it environment, or nonreciprocity,

rather than irreversibility only.

Finally, to answer Question 1, the microstructural geometry of porous media may ac-

counted for by phase-field modeling but a compromise may be found, for practical purposes,
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upon adequately upscaling the morphometric information. The morphometric framework

presented in this dissertation should be of keen interest for resilience prediction. As of

Question 2, gyroscopicity may be taken into account, in modeling, by replacing familiar

principles such as Onsager’s by Fermat’s principle. The resulting gyroscopic optimization

suggest far-reaching applications, particularly in the scope of sustainable engineering.

6.2 Future works

6.2.1 Future challenges for phase-field modeling: toward
quantitative prediction

The main limitation in the modeling of porous media microstructures presented in this dis-

sertation, and therefore to fully answer Question 1, is the qualitative nature of the results.

This is in part related to an inherent drawback of phase-field modeling, namely the diffi-

culty to associate a physical meaning and realistic values to the parameters. Quantitative

predictions represent one of the main directions of development for phase-field modeling,

and the efforts are for now focused on its seminal application, metallurgy [75]. Future

works should therefore include a realistic calibration of the present model for geomaterials

in particular. This could be achieved with the latest progress in machine learning, using

“neural differential equation embedding” [277], which allows the calibration of the phase-

field parameters in order to match experimental data from microstructure images. Machine

learning can also be applied to generate more realistic synthetic microstructures [187, 57].

The coupling of the phase field with mechanics constitutes a supplementary challenge

with regards to homogenization. Future works should test other homogenization schemes

than that of Voigt/Taylor utilized here. Furthermore, a necessary condition for obtaining

valid quantitative results will be to systematically verify the representativeness of the mi-

crostructures considered. In this dissertation, the domains were chosen conservatively to

a priori have more microstructure than required. While a systematic REV study may be

time-consuming, inasmuch as the REV size will vary from a particular process to another,
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this will enable to work with less computationally-expensive meshes or with higher reso-

lution of the microstructures. Other venues of progress include waving the small strain

assumption, in favor of finite-strain mechanics, and modeling the pore fluid.

Be that as it my, the underlying goal is to produce practical engineering laws, such as

the morphometric strength law presented in Chapter 4. The latter is readily testable in

laboratory, combined with digital image analysis, and calls for expanding the catalog of

experimental data concerning the strength of porous media. In particular, existing data

are restricted to only two of the four morphometers required to predict the strength. In

parallel, following the afore studied numerical framework, future works will include the

inclusion of environmental parameters, such as the confining pressure, touched upon in

Chapter 4, and the temperature, which can be investigated via the phase-field viscosity

introduced in Chapter 3.

6.2.2 Porous metamaterials: toward sustainable
engineering solutions

Regarding Question 2, the next steps to unleash the potential of gyroscopic effects also

include experiments. In particular, the permeable hydrokinetic turbine presented in Chap-

ter 5 may be 3D printed, tested in a water channel, and optimized. Should this testing

be successful, such turbine can be used to harvest a largely untapped source of renewable

energy, that of slow water streams, such as rivers, canals, or ocean currents (see Chapter

5). The underpinning gyroscopic optimization may be also directly applied to designing a

thermal (electrical) turbine where the logarithmic spiral channels would be replaced by a

material of high thermal (electrical) conductivity.

More broadly, building on the results obtained in response to Question 1 and Ques-

tion 2, this dissertation advocates for the design of materials exhibiting novel behaviors of

practical interest, inspired from or built from porous materials, that is, porous metamateri-

als. The aforementioned turbine is a first example. Moreover, the morphometric framework

presented here provides the levers to taylor the microstructural geometry toward strength

optimization. First, such engineering advances possess a tremendous potential, in particu-
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lar since gyroscopicity has been widely overlooked. Second, they would benefit the current

focus on sustainable engineering. Indeed, gyroscopic effects are nondissipative and therefore

can be used to transfer energy from the main source of power toward useful work without

loss, as illustrated by the permeable turbine. The gyroscopic component of processes, if not

harvested, are wasted energetic byproduct. Furthermore, geomaterials represent a sustain-

able source of construction material when used without over-polluting intermediary steps,

such as for cement. For instance, local soil may be aggregated through 3D printing [1].

However, these new types of construction demand new design techniques, which will have

to be highly adaptive in order to accommodate for varying microstructures (grain size and

shape e.g.) depending on the site location. In addition, extensive laboratory testing of the

soil may not always be possible, especially in remote areas. The morphometric framework

is compliant with these specifications.

In all, the research presented in this dissertation aims at paving the way for an integrated

computational platform for porous media engineering, in line with the current problematics

of resilience and sustainability.
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adding a phase field corresponding to the saturation and differentiating the liquid and va-

por phases. While phase-field models of capillary interfaces exist already, their coupling

with mechanical loading and microscopic damage would be novel. Furthermore, at the

continuum scale, phase-field modeling can be used to model desiccation cracks, which has

already been done in the literature. The correspondence between the microscale and the

continuum scale can be achieved through the morphometric framework introduced in this

dissertation.
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Chapter 7

Appendices

7.1 Extended Cauchy–Schwartz inequality

Let S be a symmetric definite-positive tensor on Rn ×Rn. Then for all (u,v) ∈ Rn ×Rn,

u · v ≤ |u|S |v|S−1 , (7.1)

with equality if and only if v and Su are linearly related. |·|S denotes the inner product

induced by S.

Proof. The dot product of a given couple (u,v) ∈ Rn ×Rn can be written to make appear

S:

|u · v| = |uTv| = |uTS1/2S−1/2v| = |(S1/2u)T ((S−1/2v)| = |(S1/2u) · ((S−1/2v)|, (7.2)

knowing that a positive-definite matrix S has a unique square root S1/2 and this square

root is symmetric definite-positive. Now, applying the Cauchy–Schwarz inequality to the

last 2 vectors S1/2u and S−1/2v yields

|u · v| = |(S1/2u) · ((S−1/2v)| ≤ |S1/2u||S−1/2v|, (7.3)

with equality iff S1/2u and S−1/2v are linearly dependent. The RHS of the inequality can
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be written:

(|S1/2u.S1/2u| |S−1/2v.S−1/2v|)1/2 = (|(S1/2u)T (S1/2u)| |(S−1/2v)T (S−1/2v)|)1/2

= (|uTS1/2TS1/2u| |vTS−1/2TS−1/2v)|1/2

= (|uTSu| |vTS−1v)|1/2

=< u,u >
1/2
S < v,v >

1/2

S−1

= |u|S |v|S−1

(7.4)

And the equality condition is equivalent to the existence of a λ such that:

S1/2u = λS−1/2v, (7.5)

hich is equivalent to

Su = λv. (7.6)

Finally, lumping the linearity constant λ into S yields the equality condition:

v = Su. (7.7)

7.2 Corollary of the min-max theorem

Let be two vectors u and v collinear via the symmetric positive definite tensor S, i.e. u =

Sv. Then the angle θ between u and v (taken positive), reading θ(u,v) = arccos
(
u·v
|u||v|

)
,

is acute and admits the upper bound θmax (≤ π/2)

θ ≤ θmax = arccos

(
νmin
νmax

)
, (7.8)

with νmin and νmax respectively the minimum and maximum eigenvalues of S (both strictly

positive since S is symmetric definite positive).

Proof. cos θ may be bounded from below:

cos θ =
Sv · v
|Sv||v|

≥ Sv · v
|S||v|2

=
1

νmax

Sv · v
v · v

≥ νmin
νmax

(7.9)
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The first bounding results from the matrix norm inequality |Sv| ≤ |S||v| = νmax|v| (the

norm of a symmetric matrix is equal to its spectral radius). The second bounding corre-

sponds to the lower bounding of the min-max theorem. Note that the resulting bounding

is the tightest possible. Whence the upper bounding of θ.

7.3 Summary of the numerical parameters’ values

The parameters of the model and their assigned numerical values in the different simulations

are summarized in the table below. The following consistent units system is used: ks for

times, mm for lengths, GPa (i.e. J/mm3) for stresses (i.e. specific energies) and kg for

masses. When no unit is indicated, the quantity is dimensionless. An asterisk differentiates

a dimensionless quantity from its dimensioned counterpart, although asterisk notation is

dropped in the text body.
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Table 7.1: Summary table for the parameters values used in the phase-field model for pressure
solution. The loading funtions are f1(t) = 0.2 tanh(2t) and f2(t) = 0.5 tanh(2.3t).

Parameters vs Simulations 3.2.1 3.2.2 3.2.3 4.1 4.2

l0 [mm]
Problem’s

length scale
0.3 0.3 0.3 3 3

t0 = τ1
G [ks]

Problem’s
time scale

1 1 1 1 1

G [GPa]
Problem’s
stress scale

1 1 1 1 1

µ = τ2G
τ1l20

Phase-field
viscosity

0 Varying 0 Varying Varying

α = κ
Gl20

∼ l2i
l20

∼ γ2

G2l20

Interface
coefficient

0.1 0.1 0.1 0.01 0.01

λ∗A = λA
G

1st Lamé parameter
for phase A

1 1 1 1 1

µ∗A = µA
G

2nd Lamé parameter
for phase A

0 0 0 0 0

λ∗B = λB
G

1st Lamé parameter
for phase B

30 30 30 30 30

µ∗B = µB
G

2nd Lamé parameter
for phase B

30 30 30 30 30

β∗ = β
G

Chemical
coupling coefficient

0 0 0.05 0 5

τc = τ3
Gt0

Chemical
relaxation time

0 0 1 0 1

D∗ = D
Gl20

Chemical
diffusivity

0 0 10 0 0.1

τm = τ5
Gt0

Mechanical
relaxation time

0 0 0 0 0

Loading

Displacement-controlled
for 3.2.1, 3.2.2, 4.1 and

stress-controlled
for 3.2.3, 4.2

t t f1(t) t f2(t)

7.4 Curvature as a function of the phase field

The postulate is made in the present numerical study that the Laplacian of the order

parameter 4φ describes, at least partly, a measure of the local curvature. Although so-

called sharp-interface quantities such as curvature should be formally related to phase-field
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quantities via a matched asymptotic analysis, the following result is proposed as a partial

justification.

In the present phase-field context, the level sets are also called uniformity surfaces [92]

and are defined as follows:

Sa = {(x, y, x) ∈ R3|φ(x, y, z) = a}, 0.21 ≤ a ≤ 0.79 (7.10)

where (x, y, z) is the Cartesian position vector and a a constant in [0.21, 0.79]. Note that

the dependence on time is here implicitly considered. One can use the gradient of the order

parameter to define the non-unit normal to the uniformity surfaces n = ∇φ and the unit

normal n̂ = ∇φ
||∇φ|| . Then, one can show that the local mean curvature κ reads:

κ = −∇ · n̂. (7.11)

The minus is chosen here by convention. More precisely, in 2D, −∇ · n̂ is equal to the

differentiation of the angle between the horizontal and the tangent to the curve, with

respect to the arc length. In 3D, −∇ · n̂ is the sum of the two principal curvatures of the

surface. Thereupon one can show that:

κ = − 1

||∇φ||
(4φ− (∇∇φ)n̂ · n̂) . (7.12)

The connection between κ and 4φ boils down to this relation in the general case. However,

in 2D, one can show that it reduces to:

κ = −
φxxφ

2
y − 2φxφyφxy + φyyφ

2
x(

φ2
x + φ2

y

)3/2 (7.13)

where the usual notation for derivatives are employed. Since this equation is left unchanged

upon interchanging x and y, one can define without loss of generality:

φ(x, y) = y − f(x). (7.14)

with f a smooth function of x. One then obtains:

κ = − f ′′(x)

(1 + f ′(x)2)3/2
. (7.15)
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Therefore, for sufficiently small slopes of the interface function f , this yields the approxi-

mation in 2D:

κ ≈ 4φ. (7.16)

Finally, one could argue that the definition of the curvature κ could be loosened to describe

the curvature with the non-unit normal vector n instead of the unit normal vector n̂, insofar

as they both describe the orientation of the interface. In that case, 4φ = −∇ · n indeed

characterizes the notion of curvature of the interface.

7.5 Exponential relationship between strength

and porosity for bones

Experimental data

Exponential fit

5 10 15 20
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Figure 7.1: Exponential fit of the yield stress evolution with porosity for cortical bones, adapted
from the experimental results of [268].

7.6 Summary table
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h M0 M1 (px) M2 (px) M3    (numerical)    (predicted) Error (%)
2 0.15 3054 12.84 -117 3.01 2.97 1.49
2.5 0.15 3532 11.07 -167 3.03 3.04 0.44
3 0.15 3941 10.54 -252 3.09 3.08 0.17
3.5 0.15 4287 9.45 -356 3.07 3.13 1.99
4 0.15 4759 9.10 -473 3.13 3.17 1.39
4.5 0.15 4808 8.49 -599 3.22 3.19 0.93
5 0.15 4961 8.06 -742 3.23 3.21 0.42
2 0.2 3796 11.51 -98 2.06 2.12 2.55
2.5 0.2 4376 10.12 -168 2.11 2.17 2.83
3 0.2 4985 9.51 -255 2.15 2.21 2.46
3.5 0.2 5515 8.69 -352 2.25 2.25 0.26
4 0.2 5915 8.26 -478 2.27 2.27 0.27
4.5 0.2 6203 7.71 -600 2.34 2.30 1.98
5 0.2 6461 7.14 -735 2.36 2.32 1.59
2 0.25 4361 10.62 -86 1.53 1.50 1.96
2.5 0.25 5154 9.50 -153 1.59 1.54 3.40
3 0.25 5934 8.55 -236 1.64 1.58 4.03
3.5 0.25 6550 8.04 -321 1.63 1.60 1.46
4 0.25 7056 7.53 -427 1.71 1.63 4.56
4.5 0.25 7487 6.71 -546 1.62 1.65 2.04
5 0.25 7798 6.50 -659 1.66 1.67 0.60
2 0.3 4816 10.23 -74 1.03 1.05 2.59
2.5 0.3 5844 8.86 -132 1.16 1.09 5.71
3 0.3 6724 8.05 -197 1.15 1.12 2.27
3.5 0.3 7483 7.57 -264 1.22 1.14 6.30
4 0.3 8119 6.67 -345 1.16 1.16 0.55
4.5 0.3 8672 6.21 -449 1.13 1.18 4.71
5 0.3 9076 5.82 -568 1.17 1.20 2.50
2 0.35 5241 9.20 -50 0.74 0.74 0.06
2.5 0.35 6436 8.09 -98 0.78 0.77 1.42
3 0.35 7389 7.51 -149 0.81 0.79 2.32
3.5 0.35 8283 6.78 -202 0.80 0.81 0.82
4 0.35 9010 6.21 -284 0.81 0.83 2.47
4.5 0.35 9639 5.77 -359 0.82 0.84 2.42
5 0.35 10136 5.33 -487 0.85 0.85 0.45
2 0.4 5541 8.59 -35 0.50 0.52 4.50
2.5 0.4 6895 7.44 -55 0.51 0.54 6.61
3 0.4 7942 6.94 -96 0.53 0.56 4.97
3.5 0.4 8944 5.93 -150 0.52 0.57 9.58
4 0.4 9816 5.67 -185 0.55 0.59 6.42
4.5 0.4 10459 5.32 -257 0.55 0.60 1.12
5 0.4 11043 4.89 -342 0.56 0.61 7.38

𝝈𝒔𝝈𝒔

Figure 7.2: Summary table gathering the morphometers of the SMs, with corresponding strengths
obtained numerically with phase-field simulations, versus the strengths predicted with the morpho-
metric strength law, along with the associated prediction error. The predicted strength is found to
be best predicted with the exponential function σs = 9.2251e−7.2947n+0.8511p−1.6305g, obtained from
Mathematica’s function NonlinearModelFit
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7.7 Calculations of the morphometers

The morphometers are calculated via the Python libraries PoreSpy et skimage, as described

in the following table. The segmentation of the SMs is performed via the SNOW algorithm

introduced in [109], using the function filters.snow partitioning in PoreSpy.

Table 7.2: The function pore.diameter was initially defined (and named) to calculate the sizes of
the pores obtained from segmentation. However, it can be applied to calculate the grain size when
applied on the segmentation of the grains.

Morphometer Library Function

Porosity M0 PoreSpy metrics.porosity

Perimeter M1 skimage measure.perimeter

Grain size M2 PoreSpy pore.diameter*
Euler number M3 skimage measure.euler number

7.8 Determinism of the SMs
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Figure 7.3: Mechanical response for different random seeds for the SM n = 0.3, h = 3.
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7.9 Preconsolidation
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Figure 7.4: Stress-strain curve of the isotropic compression simulation determining the preconsol-
idation stress, taken as the yield stress of this curve and found to be around 1.2.

7.10 Equivalence between the navigation and

Randersian data

To establish the equivalence between the Randersian data (A, b) and the navigation data

(λ,vg), first observe that A and b are fully determined by λ and vg through the relations

A = λ−1(I + λ−1vg ⊗ vg), b = −λ−1vg. (7.17)

Conversely, using (7.17)2 in (2.25)1, one obtains

λ−1I = A− b⊗ b. (7.18)

Since a Riemannian metric tensor is invertible, the linear transformation A − b ⊗ b is

invertible if and only if b ·A−1b 6= 1 (Bao et al. [26, Prop. 11.2.1]). Thus, since F (q) is

positive by construction and a Randersian metric is positive if and only if b · A−1b < 1

(Bao et al. [26, p. 283]), it follows that (7.18) can be inverted to give

λI = A−1 + (1− b ·A−1b)−1b⊗ b (7.19)
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and, hence, that λ and vg are fully determined by A and b through the relations

λ = n−1
[
tr
(
A−1

)
+ (1− b ·A−1b)−1|b|2

]
, vg = −(A−1 + (1− b ·A−1b)−1|b|2I)b,

(7.20)

where tr I = n ≥ 2 is the dimension of the underlying vector space.

7.11 Derivation of the logarithmic spiral

geodesics

Focusing on the illustrative case n = 2, the geodesics of the metric F are derived in the

case where, relative to some Cartesian basis {ex, ey}, the two-dimensional mobility tensor

K has the matrix form

K = a(ex ⊗ ex + ey ⊗ ey) + b(−ex ⊗ ey + ey ⊗ ex), a > 0, b > 0, (7.21)

with a and b constant. Following (5.3), one finds that vd ∝ xex + yey and vg ∝ ω(−yex +

xey), with ω = b/a.

Switching to polar coordinates x = r cos θ and y = r sin θ and employing the identities

|v|2 = ẋ2 + ẏ2 = ṙ2 + r2θ̇2,

vg · v ∝ ω(−ẋy + xẏ) = ωr2θ̇,

λ ∝ |vd|2 − |vg|2 = (1− ω2)(x2 + y2) = (1− ω2)r2,

 (7.22)

one finds that F reduces to

F (r, θ, ṙ, θ̇) =
(ṙ/r)2 + θ̇2√

(1− ω2)((ṙ/r)2 + θ̇2) + ω2θ̇2 + ωθ̇
. (7.23)

The proportionality relationship has been replaced by an equality since the proportionality

constant would appear as a factor of the expression of F in (7.23) and would therefore not

affect the corresponding Euler–Lagrange equations and the streamline solution. Recall that

the dot denotes the differentiation with respect to the dimensionless parameter t, and not

a velocity. Thereby, F is indeed dimensionless.

Thus F (r, θ, ṙ, θ̇) = f(u, v) with u = ṙ/r and v = θ̇ — that is, the metric function

F can be expressed solely in terms of u and v. Furthermore, the function f is positively
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homogeneous of degree one in (u, v). The geodesics of F are therefore logarithmic spirals

(Antonelli et al. [13, Prop. 1.3.3.1]). Note that this result holds irrespectively of the sign

of λ.

One also checks that the condition (2.26) of Chapter 2 always holds when the streamlines

are logarithmic spirals:

(ω2 − 1)r2 <
(ωr2θ̇)2

ṙ2 + r2θ̇2
, ω > 1, λ < 0. (7.24)

Since ωṙ = rθ̇ for a logarithmic spiral, the right-hand side becomes ω4r2/(ω2 + 1), and

(7.24) holds trivially on such a streamline.

7.12 General decomposition of K into a spiral

and stretch components

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

x′/R

y′/R

ω1, µ1

ω1, µ = 0
ω2, µ2

ω2, µ = 0

Figure 7.5: Streamlines corresponding to (ω1, µ1) and (ω2, µ2), passing by (r0 = 0.01, θ0 = 0),
compared with the streamlines (ω1, µ = 0) and (ω2, µ = 0). The streamline associated with ω2

is shown for |ω2| for visualization purposes (since ω2 < 0, the spiral should turn clockwise). The
horizontal and vertical scales are identical to show a meaningful comparison between the curves.

Consider a constant positive-definite two-dimensional mobility tensor K with matrix

representation, relative to a Cartesian basis {ex, ey},

K = aex ⊗ ex + bex ⊗ ey + cey ⊗ ex + dey ⊗ ey, (7.25)

and symmetric and antisymmetric parts{
Ks = 1

2 (aex ⊗ ex + (b+ c)(ex ⊗ ey + ey ⊗ ex) + dey ⊗ ey) ,
Ka = 1

2(c− b)(−ex ⊗ ey + ey ⊗ ex).
(7.26)
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SinceKs is symmetric, there is another Cartesian basis {e′x, e′y} in which it has the diagonal

form

K ′s = νmaxex ⊗ ex + νminey ⊗ ey, (7.27)

where νmax ≥ νmin > 0 denote the eigenvalues of Ks. Letting R be the rotation matrix

that transforms {ex, ey} to {e′x, e′y}, the associated rotational transformation is applied to

the decomposition K = Ks +Ka to find that

K ′ = RKR> = RKsR
>+RKaR

> = νmaxex⊗ex+νminey⊗ey+
1

2
(c−b)(−ex⊗ey+ey⊗ex).

(7.28)

Now applying (5.6), one finds that, when expressed relative to the basis {e′x, e′y}, a general

velocity v′ admits the decomposition

v′ = v′spiral + v′stretch, (7.29)

with

v′spiral ∝ ex ⊗ ex + ey ⊗ ey − ω(ex ⊗ ey − ey ⊗ ex)x′, v′stretch ∝ −(µex ⊗ ey)x′, (7.30)

where ω = (c − b)/2νmax and µ = ω(νmax − νmin)/νmin, so that ω and µ have the same

signs.

The trajectory of the streamline induced by a general constant two-dimensional mo-

bility tensor K can thus be represented, relative to {e′x, e′y}, as a logarithmic spiral of

gyroscopic coefficient ω combined with a stretch along the principal axis e′x associated with

the maximum eigenvalue of Ks.

Solving (7.29) for the values of ω and µ calculated for the fracture networks studied

in this work (see Section H), for the streamline passing by the point (0.01, 0) for instance,

yields the graph in Fig. 7.5. The stretch component is thus negligible for the considered

nonreciprocal media.
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7.13 Numerical simulation of point-source

asymmetric diffusion

The closed-form logarithmic spiral solution for the streamlines describing nonreciprocal

transport is verified to match the following numerical solution. Consider a point-source

problem, in a planar circular domain of unit radius, governed by the anisotropic steady-

state diffusion equation

∇ · (K∇p) = 0. (7.31)

The point-source is located at the center of disk, chosen as the origin. A reference value

of p is fixed to zero on the perimeter of the disk with a Dirichlet boundary condition.

This problem is solved numerically with a second-order finite-element method, within the

MOOSE [208] simulation environment, meshed as an O-grid with structured elements in

Gmsh [97]. The streamlines are then obtained through a Runge–Kutta method imple-

mented in Paraview [6]. This numerical tool, now verified to agree with the analytical

ω = 0.01

ω = 0.1

ω = 0.3

0

0.2

0.4

0 1

1

x/R

y
/R
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Figure 7.6: Streamlines of a point-source steady-state diffusion problem, induced by the mobility
tensor (7.21) for various values of ω, seeding from r0 = 0.02 on the horizontal axis. Red lines show
the analytical solution, which agrees well with the numerical solution, represented by black lines.
The pressure distribution is radial, and common to the different cases, since it is not affected, in
steady state, by Ka.
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solution, will be used in the next section to calculate the mobility tensor K.

7.14 Computation of the mobility tensor of a

discrete fracture network

Due to the presence of fractures, which have a higher mobility than the rock matrix, the

mobility of the resulting fractured porous medium is enhanced, albeit depending on the

direction of fluid propagation. Due to this heterogeneity, the mobility is not sufficiently

well described by the diagonal coefficients of K. To obtain in two dimensions the four

coefficients ofK, within the numerical framework presented in Section G, pressure gradients

are applied along each coordinate direction. For instance, upon applying Dirichlet boundary

conditions in pressure of unity and zero on the left and right boundaries respectively (see

Fig. 7.7), the averages of the horizontal and vertical velocities directly provide Kxx and

Kyx. One proceeds similarly in the vertical direction to obtain Kyy and Kxy. The average

velocity vector is obtained using the discrete fracture networks method (Poulet et al. [212]).

It is important to distinguish between the local scale, where the fractures are individu-

ally discretized and the flow is heterogeneous, and the homogenized field scale R, where the

point-source flow is described by Darcy’s law via the homogenized mobility tensor K. To

illustrate this separation of scales, the flow trajectories are displayed in Fig.7.7 as randomly-

seeded particle traces for the two fracture networks presented in the main text. This field

is homogenized via the procedure described here above to yield the mobility tensor, which,

in turn, yields the upscaled spiral streamlines. As one can notice, the local velocity field

brings little information about the potential deviation from the straight line trajectory at

the homogenized scale.

Finally, once the homogenized tensorK is obtained by averaging the local velocity field,

the gyroscopic and stretch coefficients for the two fracture networks are obtained from the
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Figure 7.7: Flow trajectories displayed as randomly-seeded particle traces (in white) resulting from
a horizontal (dimensionless) pressure gradient of 1. The averaging of this field in the horizontal and
vertical directions yields Kxx and Kyx. a) Fracture network 1 constituted by 50 fractures oriented
at 45°. b) Fracture network 2 constituted by 25 fractures oriented at 45°and 25 at -45°.

formula of Section F: 
ω1 = 0.017,

µ1 = 0.56,

ω2 = −0.030,

µ2 = −0.0027.

(7.32)

Note that a similar value of ω = 0.031 is obtained from imperfectly layered soils in a study

by King [147]. When the heterogeneity is due to the pores geometry, ω is rarely larger than

0.03 [116, 177].

7.15 Equivalence between nonreciprocal flow and

flow in a rotating medium

Nonreciprocal flow was shown by Stokes [247] to be analogous to the expansion of a rotating

elastic medium. Similarly, it was shown in this dissertation the equivalence between such

flow and the optimal navigation of a system following a radial trajectory under a fictitious

rotational perturbation. The nonreciprocal force, stemming from the nonreciprocal (rota-

tional) component of the flow is inferred to be of Coriolis type. To prove it, the study by

Auriault et al. [20] is summarized and adapted here below showing that Ka, the antisym-

metric part of the mobility tensor, is directly related to the Coriolis force stemming from a
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fictitious rotation of the porous medium.

Consider the flow of an incompressible viscous Newtonian fluid through a rotating

porous medium, of angular velocity Ω = Ωez. The axis of rotation includes the origin.

There are two characteristic length scales, the microscopic pore scale l and the macroscopic

homogenized scale L where Darcy’s law holds. Those scales are assumed well separated, so

that

ε =
l

L
� 1. (7.33)

Following the classical derivation of Darcy’s law via upscaling the flow at the pore scale [20],

start by considering a representative elementary volume R of the porous medium, of size l,

where the domains occupied by the solid and the pores are noted Rs and Rp respectively,

while their interfaces are noted Γ. In the laminar regime, the momentum balance for the

fluid in the pores relatively to the rotating solid reads

µ∇2u−∇p = ρ (2Ω× u+ Ω× (Ω× x)) in Rp, (7.34)

where the left-hand side corresponds to the terms of Stokes’ equation, and the terms of

the right-hand side correspond to the fictitious forces due to the (constant) rotation of the

frame of reference, the Coriolis and centrifugal forces, respectively. Importantly, u denotes

the fluid velocity in the pores relative to the porous solid, whereas in the rest of the this

work, the fluid velocity is measured by the macroscopic velocity v of a fluid particle along

a streamline in the Galilean frame. Note that in the present context of radial injection,

u = ṙer. The momentum balance is accompanied by the incompressibility and adherence

conditions

∇ · u = 0 in Rp, u = 0 on Γ. (7.35)

In dimensionless form, (7.34) may be fully described by three dimensionless numbers, as

per Buckingham’s Pi theorem. The three characteristic quantities can be chosen as the

characteristic length l0, velocity u0 and pressure p0, whereby the dimensionless length

x∗ = x/l0, velocity u∗ = u/u0 and pressure p∗ = p/p0 are defined. One can then write
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(7.34) as follows:

∇∗2u∗ −Da−1∇∗p∗ = Ek−1ez × u∗ + Ce ez × (ez × x∗) (7.36)

where Da = p0l0/µu0 is the Darcy number, Ek−1 = 2ρΩl20/µ is the inverse Ekman num-

ber, and Ce = ρΩ2l30/µu0 is the centrifugal number. Dimensionless quantities are noted

with asterisks. Choosing l0 = l and u0 as a macroscale velocity, Auriault et al. [20] have

shown that Da = O(ε−1) and Ce = O(ε). Thereupon, the centrifugal term is neglected.

Proceeding with a matched asymptotic analysis, they conclude that for Ek = O(1), i.e.

ε� Ek−1 � ε−1, the macroscopic velocity is given by

v = −K(Ω)∇p, (7.37)

where K is non-symmetric in general, but symmetric under time-reversal of the angular

velocity, K(Ω) = K>(−Ω). It can be shown a posteriori that the Coriolis effect is indeed

prevalent for Ek−1 = O(1) [96]. In the case of logarithmic spiral streamlines (7.21), the

angular velocity is then directly related to the antisymmetry coefficient ω = b/a. From

eq. (36) in [20], this relation is specified as

Ω = − ω

2ρa(1 + ω2)
ez. (7.38)

One verifies the condition used in [20] that the corresponding reciprocal medium, namely,

radial straight channels seeding from the origin, coinciding with the injection point, is

periodic in the direction of the flow, which is radial. Then, using
√
µa as the characteristic

length [96], one obtains

Ek−1 =
ω

1 + ω2
, (7.39)

which is maximum for ω = 1. In the case where ω is sufficiently small, Ek−1 ≈ ω, and Ω

and ω are collinear (see (7.38)). The symmetric Darcy law is thereupon augmented with a

rotational term, leading to a non-zero antisymmetric part of the mobility tensor K, namely

v = −Ks∇p−HΩ×∇p, (7.40)
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where H is a symmetric tensor depending on the local geometry at the pore scale, reducing

to a scalar in 2D (see formula (53) in [20]).

In all, nonreciprocal flow, described by Darcy’s law with asymmetric K, is indeed

equivalent, for ε� Ek−1 � ε−1, to a flow in a rotating porous medium of angular velocity

non-zero if and only if Ka 6= 0. When ω is sufficiently small, the angular velocity of the

fictitious rotating medium is even proportional to Ka and the spiral coefficient ω as follows:

Ω = − ω

2ρa
ez. (7.41)

Note that in addition to the requirement ε � Ek−1 � ε−1, the derivation also assumes

Reynolds numbers less or equal to 10 [96] to enable the linearization of Stokes equation

(7.34).

7.16 Derivation of the Archimedean spirals

geodesics when |vd| is constant

To establish a connection with the usual formulation of Zermelo’s navigation problem in

relation with Finslerian geometry [27], assume a unitary self-propelling speed, so that |vd| =

1, and that vg = −yex + xey. Thereby, the Randersian metric describing the solution of

this navigation problem (see Section B) is well defined on the unitary disk, so that λ > 0

(see Section 3.1 in [226]). Per Theorem 2 in [226], the geodesics following the paths of

minimal transit time are given by the flow γ(t, ρ(t)) generated by vg, where the Euclidean

line is parametrized by ρ(t) = (at + a0, bt + b0), with a2 + b2 = 1. The fact that vg is an

infinitesimal homothety was applied here (see Section 3.1 in [226]). The flow is determined

by vg(x, y) = d
dt
γ(t, (x(t), y(t)))|t=0, that is, by solving the initial-value problem{

γ̇(t) = vg(γ(t))

γ(0) = x(0)ex + y(0)ey,
(7.42)

which has a unique solution after the Cauchy–Lipschitz theorem since vg ∈ C1(R2). One

finds that

γ(t, (x, y)) = (x cos t− y sin t)ex + (x sin t+ y cos t)ey, (7.43)
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which becomes, after evaluating in ρ(t),

γ(ρ(t), (x, y)) = ((at+a0) cos t−(bt+b0) sin t)ex+((at+a0) sin t+(bt+b0) cos t)ey. (7.44)

This is a 2D Cartersian parametric description of Archimedean spirals. The results may be

easily scaled to accommodate for different values of |vd| and |vg|.
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Beyond Darcy’s law: The role of phase topology and ganglion dynamics for two-fluid
flow. Physical Review E, 94(4):1–10, 2016.

[16] R. T. Armstrong, J. E. McClure, V. Robins, Z. Liu, C. H. Arns, S. Schlüter, and
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[51] E. Caponio, M. Á. Javaloyes, and A. Masiello. On the energy functional on
Finsler manifolds and applications to stationary spacetimes. Mathematische Annalen,
351(2):365–392, 2011.

[52] J. Carlsson and P. Isaksson. A statistical geometry approach to length scales in phase
field modelling of fracture and strength of porous microstructures. International
Journal of Solids and Structures, 200-201:83–93, 2020.

[53] P. G. Carman. Fluid flow through granular beds. Transactions of the Institution of
Chemical Engineers, 15:150–166, 1937.

[54] H. B. Casimir. On Onsager’s principle of microscopic reversibility. Reviews of Modern
Physics, 17(2-3):343–350, 1945.

[55] Z. Chang, M. H. Li, H. N. Lin, and X. Li. Generalization of rindler potential at
cluster scales in Randers-Finslerian spacetime: A possible explanation of the bullet
cluster 1E0657-558? International Journal of Modern Physics D, 21(14), 2012.

[56] L.-Q. Chen and A. G. Khachaturyan. Computer simulation of structural transfor-
mations during precipitation of an ordered intermetallic phase. Acta Metallurgica et
Materialia, 39(11):2533–2551, 1991.

[57] S. Chun, S. Roy, Y. T. Nguyen, J. B. Choi, H. S. Udaykumar, and S. S. Baek. Deep
learning for synthetic microstructure generation in a materials-by-design framework
for heterogeneous energetic materials. Scientific Reports, 10(1):1–15, 2020.

157



[58] B. D. Coleman and W. Noll. The thermodynamics of elastic materials with heat
conduction and viscosity. Archive for Rational Mechanics and Analysis, 13(1):167–
178, 1963.

[59] B. D. Coleman and C. Truesdell. On the reciprocal relations of Onsager. The Journal
of Chemical Physics, 33(1):28–31, 1960.

[60] I. F. Collins and G. T. Houlsby. Application of thermomechanical principles to the
modelling of geotechnical materials. Proceedings of the Royal Society A: Mathemati-
cal, Physical and Engineering Sciences, 453(1964):1975–2001, 1997.

[61] T. A. Cook. The curves of life. Constable, 1914.

[62] D. M. Cooper, J. R. Matyas, M. A. Katzenberg, and B. Hallgrimsson. Comparison of
microcomputed tomographic and microradiographic measurements of cortical bone
porosity. Calcified Tissue International, 74(5):437–447, 2004.
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