Consistency of a Method of Moments Estimator Based on Numerical Solutions to Asset
Pricing Models
Author(s): Craig Burnside
Source: Econometric Theory, Vol. 9, No. 4 (Dec., 1993), pp. 602-632
Published by: Cambridge University Press
Stable URL: http://www.jstor.org/stable/3532677
Accessed: 20/07/2009 14:56
Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.
Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/action/showPublisher?publisherCode=cup.
Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.
JSTOR is a not-for-profit organization founded in 1995 to build trusted digital archives for scholarship. We work with the
scholarly community to preserve their work and the materials they rely upon, and to build a common research platform that
promotes the discovery and use of these resources. For more information about JSTOR, please contact support@jstor.org.

Cambridge University Press is collaborating with JSTOR to digitize, preserve and extend access to
Econometric Theory.

http://www.jstor.org

Econometric Theory, 9, 1993, 602-632. Printed in the United States of America.

CONSISTENCY OF A METHODOF
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Thispaperconsidersthe propertiesof estimatorsbasedon numericalsolutions
to a classof economicmodels.In particular,the numericalmethodsdiscussed
are thoseappliedin the solutionof linearintegralequations,specificallyFredholm equationsof the secondkind. Theseintegralequationsariseout of economicmodelsin whichendogenousvariablesappearlinearlyin the Eulerequations, but for whicheasilycharacterizedsolutionsdo not exist. Tauchenand
Hussey[24]haveproposedthe use of thesemethodsin the solutionof the consumption-basedassetpricingmodel. In this paper,thesemethodsare used to
constructmethodof momentsestimatorswherethe populationmomentsimplied by a model are approximatedby the populationmomentsof numerical
solutions.Theseestimatorsare shownto be consistentif the accuracyof the
is increasedwiththe samplesize. Thisresultdependson the soapproximation
lution methodhavingthe propertythat the momentsof the approximatesolutionsconvergeuniformlyin the modelparameters
to the momentsof the true
solutions.

1. INTRODUCTION
In recent macroeconomic research, considerable attention has been given to
the numerical solution of economic models that do not yield closed-form solutions for the decision rules of agents or for other endogenous stochastic
processes. Examples in the asset pricing literatureinclude Gagnon and Taylor
[9], Labadie [15], and Tauchen and Hussey [24]. The properties of several
methods used to solve a one-sector growth model are discussed by Taylor and
Uhlig [25]. Quite general methods for solving dynamic stochastic economic
models have been suggested by Judd [13] and Marcet [18]. These methods are
frequently used in modern empirical macroeconomic research. If estimates
of the parametersof a model depend in any way on the solution method used
I wish to thank Mark Watson, Ian Domowitz, Marty Eichenbaum, Bo Honor6, Sonal Desai, and Domenico
Fanizza for many helpful discussions and comments. I also wish to thank three anonymous referees who provided helpful comments on previous drafts. All errors are my own. My research was supported in part by
the Social Sciences and Humanities Research Council of Canada.
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to solve a particular model, then clearly the convergence properties of the
solution method will be important in determining the reliability of those
estimates.
Determining the properties of an econometric estimator that depends on
a numerical solution method requires extensions to the usual theoretical results pertaining to these methods. Much of this theory deals only with the
convergence of solution functions in compact state spaces and, more importantly, is often limited to pointwise convergence results. For example, Marshall [19] establishes pointwise convergence in compact state spaces for
approximate solutions obtained using the method proposed by Marcet [18].
Judd [13] discusses the literature on the pointwise convergence of Galerkin
methods of which his method is an example. An exception to this is Tauchen
and Hussey [24], who establish uniform convergence in a compact state space
for their method. For econometric application of this method, two important extensions are necessary. First, uniform convergence must be established
in the parameter space since this is the usual route to establishing the consistency of an estimator. Second, to handle the distributional assumptions
commonly used in empirical work, theory must be provided for cases where
the state space is unbounded.
This paper discusses a Generalized Method of Moments (GMM) estimator, Hansen [11], which is based on Tauchen and Hussey's [24] numerical solution technique. This solution technique is applicable in models where the
state variables are exogenous, or relate trivially to exogenous variables, and
in which the unknown solution functions appear linearly in the Euler equations. Their method has been applied in other fields in the solution of Fredholm integral equations of the second kind. It is one of a large number of
methods which solve models by discretizing the state space when it is continuous.
The method of moments estimator proposed here does not exploit the Euler equations of a given model. Rather, it minimizes a quadratic form in the
difference between a vector of population moments implied by the model and
a corresponding vector of sample moments. This being the case, the properties of the estimator will depend on the method used to approximate the
population moments. This kind of estimator was used by Hodrick, Kocherlakota, and Lucas [12] and relates closely to other work by Kocherlakota
[14]. These estimators can be viewed as substitutes for Euler equation based
estimators. For example, they enable the estimation of models that have unobservable variables in the Euler equations. Even when Euler equation based
estimation is used, other moments are often used at a diagnostic stage to statistically evaluate a model. For example, see Christiano and Eichenbaum [7],
Cecchetti, Lam, and Mark [6], and Burnside, Eichenbaum, and Rebelo [5].
Many of the issues surrounding approximation which are discussed in this
paper are relevant for both estimation and diagnostic testing.
In this paper, it is assumed that the solution method allows for analytic
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approximations to the population moments used in constructing the estimator. Therefore, the discussion here is distinct from a discussion of simulation estimators that compute Monte-Carlo approximations to the population
moments. Such estimators have been proposed by Duffie and Singleton [8]
and Lee and Ingram [16], among others. Simulation methods are particularly
useful in cases where the solution functions are known, but the moments of
these functions are difficult, or impossible, to calculate analytically. Rather
than allow for simulation error, this paper focuses on the quite distinct issue of analytic approximation error.
To illustratethis class of models, an example that fits the descriptionabove
is the consumption-based Intertemporal Capital Asset Pricing Model
(ICAPM) of Lucas [17]. Consider the case where there is an economic agent
with constant relative risk aversion preferences who solves the following optimization problem:
oo
{ct)

,.
o(Si,lo

=li=l

t=o

M

M

s.t.

c

Eo Z ct'

max
ct +

1 -

M

pi,tsi,+l =
i=l

S1,0, 2,0, ?** ,0S,O

(pi,t + di,,)Sit

t = 0,1,...

i=l

given,

where ct is consumption at time t, Pi, is the price of one share of the ith asset at time t relative to the price of the consumption good, si,t is the number of shares of the ith asset held by the agent at time t, di,t is the dividend
payable on each share of the ith asset at time t, 3 is the discount factor, and
7yis the constant rate of relative risk aversion.
In this model, the dividend processes are often taken to be exogenous. In
its simplest form, there is only one asset held in net supply, and the agent's
entire income is obtained from the dividend yielded by that asset. As a result, consumption and dividends will be equivalent. In exchange economies
with more than one asset in net supply, it is still possible to determine consumption as a function of purely exogenous processes. This makes it possible to specify an exogenous joint process governing consumption and the
dividends from some strict subset of the assets as discussed in Tauchen [23].
The Euler equations for this model are familiar. The price-dividend ratio
for the ith asset, vi t = p, t/di t, is given by
i,t =

Et[exp(-'yXt+

where Xt+l = log(c,t+/ct),

+

/

+l)(l +i,t+)]

i=

1,...,M,

(1)

and 'i,t+, = log(di,,+l/di,t).

Equation (1) is typical of the kind of equation to which the method presented here can be applied. However, some more complicated models can be
solved. Throughout the body of the paper, the extent to which different assumptions might limit the method's application will be discussed. Assuming
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that the joint distribution of consumption growth and dividend growth has
an unbounded continuous domain, the solution method used here discretizes
the state space only in order to approximate the integral implicit in (1) by a
sum. This is one sense in which this paper is distinct from Tauchen and Hussey [24]. They discretize the state space not only to approximate the integral,
but also in order to construct a new conditional distribution function over
the discrete state space. Tauchen and Hussey [24] develop theory for compact univariate state spaces, although their theory extends straightforwardly
to multivariate state spaces. The theory developed here allows explicitly for
state spaces of any finite dimension, and unbounded state spaces with strict
distributional assumptions.1
In Section 2, the method of moments estimator is defined and is shown
to be consistent under a set of assumptions about the data-generating process and the quality of the approximation. This serves to motivate the rest
of the paper which verifies that these assumptions can be maintained when
a particular numerical method is used to solve the model. In Section 3, the
numerical method to be applied to the model is introduced, and its properties are derived. In Section 4, an example is used to illustrate the relative importance and restrictiveness of the assumptions made, and to illustrate the
solution method itself. The example used is a simple version of the example
given in this introduction, where there is a single risky asset.
2. THE METHOD OF MOMENTS ESTIMATOR
The estimator discussed in this section is generic in the sense that it is not particular to the example presented later. The assumptions that will be placed
on the stochastic processes of the model are typical of the assumptions used
in nonlinear econometrics, and are more general than those used later in the
section on the solution method. Other assumptions made in this section are
satisfied for the solution method discussed in Section 3, but could be satisfied by other solution methods.
To begin, assumptions are placed on the forcing processes of the model,
which will ensure almost sure convergence of the sample means of continuous functions of these processes.
Assumption 1. {Zt,iJt is a sequence of vector-valued random variables
defined on the complete probability space (Qf,cA,P) that is strong mixing of
U
size -r/(r2) for some r > 2.
Assumption 2. Define random vectors Rt = Rt(Z) =- Rt(w), where R (.)
is a Borel measurable function of Z/ = (Zn,...

,Zt+)

with range in R.
U

The function R,(-) depends on finitely many lags and leads of Z.

Assumption 3. Define a vector-valued function g(Rt): R -k Rk which is
continuous in Rt, and assume that there exists a sequence of random variables dt1 with g(Rt)l < d,, and 1dt lr < A < o, t = 0,1,2,....
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PROPOSITION 1
lim
T-oo

-

1 T
E [g(Rt) - Eg(Rt)]

T ,=1

= 0

almost surely.

Proof. From Assumptions 1-3, it follows that g(R,) is near epoch dependent of size - . The result follows immediately from Gallant's [10, p. 515]
uniform strong law of large numbers.
X
Assumption 4. Assuming that t Z, is strictly stationary, and allowing the
random vector g(Rt) to depend on the parametervector 0, define a function
k
where :: -, Rk.
((0) = Eg(R,,0),
Let the true parameter vector be 00. In order to estimate 0, a method of
moments estimator minimizing the distance between the sample mean of
g(Rt,0o) and /(0) could be used. However, suppose that the function it(0)
is unknown but can be approximated numerically by the function rT(O),
where ,rT: -- Rk. The approximating function is assumed to change with
the sample size, T. An example of this would be increasing the number of
grid points in a discrete state space method as the sample size increased.
An estimator for the parameter vector 0 is
OT= arg min QT(0),

oeo

QT(0) = mT(O)'DTmT(O),

where
=

mT(O)

Eg(R,0o)
Tt=1

-T(0),

and the k x k matrix DT is positive definite, and possibly stochastic. The
number of moment conditions k is assumed to be no less than the dimension
of 0.
In order to obtain consistency of the estimator 6T, it is necessary that the
converges uniformly to the true moment
approximate moment function, M7T,
function, ,t.
Assumption 5
lim suplrT(0)

T- oo

0

- ,(0)I

=0. I

For a discrete state space method to satisfy Assumption 5, it would be necessary, although not sufficient, for the approximate solutions to converge
uniformly in the parameter space, as well as in the state space. The remaining sections in this paper are concerned with verifying Assumption 5 for the
solution method described in the introduction.
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Notice that
mr(O) =

1T

T

T t=l g(Rt,0
1

o) -

T()

rT

=
[g(Rt,0o)
1 t=1

-

t(0)]

+ [/(0)

- tT(0)]

Define mo(0) = ,u(0o) - /(0). This gives
1 T
mT(O) - mo(6) =

-

T t=1

[g(Rt, O) -

The triangle inequality implies that
1 T
Imr(6)

-

mo(0)I

<

-<

t=l

[g(Rt,0o)

(0o)] + [i(0)

- ,(0o)]

-

+ I(0)

r()]

-

T(0)I.

But from Proposition 1 and Assumption 5, this establishes the following:
PROPOSITION 2
lim sup ImT(O) - mO(0)

T- oo 0

= 0

almost surely.

U

Assumption 6. The sequence of weighting matrices DT, converges almost
surely to a constant positive definite matrix Do.
Assumption 7. 00 is the unique zero of the function mo(O).

U

Under Assumptions 6 and 7, the following proposition is true.
PROPOSITION 3 (CONSISTENCY). The sequence of functions QT(0)
converges almost surely uniformly in 0 as T-, oo to the nonstochasticfunction Q () = mo(0)'Domo () . Q(0) attains a unique global minimum at 00.
Furthermore, TOconverges almost surely to 00 as T--, oo.
Proposition 3 is established by Amemiya's [1]Theorem 4.1.1, which does
not require that 6T be the unique minimizer of QT(O), as long as it is chosen in such a way that it is a measurable function of the data.
Asymptotic normality presents greater difficulties, since more needs to be
known about the approximate moment functions than that they converge
uniformly. To be specific, in a discrete state space method, the major issue
is at what rate the number of grid points must be expanded, relative to the
sample size, in order to obtain the distributionalresult. To illustratethe problem, consider the asymptotic distribution of mT(0o).

608

CRAIG BURNSIDE

mT(00)

=

i

T

E g(Rt,0o)

-

IT(0)

t=l

1 T
-= T g(Rt,o)

T t=1

-

(0o) + t(0o)

-

T(0)

Therefore, multiplying everywhere by /T,
1

T

JT

t=l

- E [g(Rt,0o) - t(0o)] +

VTmTr(0) =

T[It(0o) -

(0o)l)]

Since the first term on the right will be asymptotically normal under regularity
conditions, the asymptotic normality of [-TmT(0o) depends upon whether
the remaining piece can be driven to zero in probability. Of course, this requires that the error of approximation rT(0o) - x(0o) be of order less than
or equal to o,(T-"12). Tauchen and Hussey [24] provide some evidence on
rates of convergence of solution functions using their method. While these
results suggest that rather rapid convergence is obtained, their evidence does
not apply directly to moments of the solution functions.
A second result that would be needed to establish asymptotic normality
would be that the function rT(0)/a0 converges to some function d(O) as
T-- oo. This function need not be the same as aA(0)/a0. Let do = d(0o).
Under the regularityconditions set forth by Hansen [11], the asymptotic distribution of OTwould then be
T(T - 0o)

d

N[O, (doDodo)- 'dDoSDodo(d6Dodo)-1

],

where S is the asymptotic variance covariance matrix of TmT(0O).Since
the second assumption is not verified in this paper for the solution method
discussed in the next section, asymptotic normality is not pursued in greater
detail. If a problem is sufficiently smooth, it is reasonable to believe that asymptotic normality could be established.
3. THE NUMERICALSOLUTION METHOD
In this section, the numerical method to be applied to equations such as (1)
is presented. It is almost identical to the discrete state space method proposed
by Tauchen and Hussey [24] for problems where the Euler equations can be
represented as Fredholm integral equations of the second kind. Differences
between this method and Tauchen and Hussey's will be mentioned as they
arise. Although the equations in this section will not be written entirely generally, broadly speaking, the methods presented are applicable to any problem in which the solution functions appear linearly in the Euler equations,
and in which all relevant functions are continuous.
Solution methods of this variety require a full description of the laws of
motion of the forcing processes. In this section, these processes will be as-
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sumed to have multivariate normal distributions, as this is the most likely
assumption to be used in practice. The assumption of normality is more limiting, but is interesting since it illustrates the special difficulties which would
arise under any distributionalassumption involving an unbounded state space.
Assumption 8. Let {t )+-=%, /t E RS, be a sequence of random vectors
governed by a stationary probability distribution such that the density of /t
conditional on all past information can be writtenf(/t | It_ ;0 ), where 06 E
01 C Rq, 01 compact.2 It is assumed that stationarity is maintained for all
I
01 E 01. The true parameter value is 010E int 01.
Assumption 9 (Normality). Let
f( ~t\;it-6;e)

= (2r)-S/2

-

1/2

x exp(-2

[(I- HIL) it- ]'e[(I-]),
-L)
where t is a vector of constants, and Se is a S x S positive definite symmetric matrix. Thus, 01 represents the elements of II, it, and CEarranged in a
single vector. Clearly, Assumption 8 requires that the roots of II- IIZI =
0 lie outside the unit circle for all 01 E 01, and that ECis positive definite for
all 01 G 01.
The vector-valued process ; can be thought of as the exogenous process,
or some linear combination of exogenous processes, in the economic model.
In the endowment economy describedin the introduction, these were the consumption and dividend processes. Normality is an important assumption for
two reasons. First, it is a natural assumption to make when a Gauss-Hermite
rule will be used in numerically solving equation (1). Second, it facilitates
change of variables transformations which allow any parameterizationof the
density to be obtained from a standardized form of the density. While other
distributional assumptions could be made, the results presented here might
be sensitive to those assumptions.
The stationary joint distribution of /t will also be important later in the
paper. If the unconditional mean and covariance matrix of t, are denoted
ItAand St, respectively, then ~t has a multivariate normal stationary distribution, which is written as
sZ(t)

= (27r)-S/2

-1/2

exp[-

(t, - L t)'- 1((

-

)]

Suppose, in general, that the economic model in question yields the following Euler equation:
Vt= EtK(,t+l,

t;02)(1 + t+l),

(2)

where 02 E 02 C R', 02 compact, is some unknown parameter vector for the
economic model, and the function K: R2s x 02 -* R, is continuous in all arguments. Both Lucas's [17] model and Mehra and Prescott's [20] model can
be written in the same form as (2). The number of equations is unimportant,
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and the term 1 + v could be generalized to any function that is linear in the
unknown function v. In what follows, the main concern is to show under
what assumptions approximate solutions to (2) converge when this equation
is solved numerically.
Let the combined parameter space be denoted 0 = 91 x 02, and let 0 denote the stacked vector (010)'.
Assuming that there exists a function v: Rs x 0 - R which is a solution
to (2), it can be written as
V(D;0)-

t;0l) d,t+l

K(,t+,,t;02)(D,t+l;O)/(Mt+l|I
K(Qt+,, lt; 02)(
t+,I it; 0,) d~t+l
^2)/(^l|^l)^l.(3)
~~~~~~~~~=
f~ . T

=

(3)

What follows is a description of a solution method, which can be used in
solving equation (3). The properties of the approximate solutions yielded by
this method will be examined.
Equation (3) can be expressed as
v

)

f( s

;+101) (t+f

Rs

)o(^

i;))

fo(t,+l;0l)
1^

+,;) 1)f0(~,+,
=+l

(4)

f1 a(,

where fo(/t+1,, ) = f(At+j I| ; 01). fo is introduced because the solution
method requires a weighting function that is dependent only on ,t+i.
Tauchen and Hussey [24] show that fo is a good choice because of its shape
relative to both the conditional distribution and the unconditional distribution of (,.
= K( ,t+, t;02)f(tt+
Letting (tlt+1
equation
)/fo(it+l;01),
I|t;o
,,t;O)
can
be
rewritten
as
(4)

v(t;0)t- f

(t;+0)D(,+l

d,t+ ;)fO(t+l

;01)

t I 0)fo(,+,1;
(~,+,,t;
0)d4,t, .
~(5)
J^~~~~~~~~~RS~~~~~~

(5)

The method that will be used to solve equation (5) is Gaussian numerical
quadraturewhich involves approximating an integral by a finite sum, for example,
rb
n
JaK(y)f(y)
va

dy

K(yi,n)Wi,n
i=1
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where the weights, wi n, and the abscissas, yi.,, depend directly on the shape
of the weighting functionf. Thorough discussions of the propertiesof Gaussian quadrature rules are to be found in Szego [22] and Tauchen and Hussey
[24]. Since the density of the forcing process ~t is Gaussian, it is appropriate to use a Gauss-Hermite quadrature rule. Rather than repeat many of the
properties of Gaussian quadrature, reference will be made, when necessary,
to Szego [22]. A slight modification to Gaussian quadrature is required for
a proof which follows later.
In order to prepare equation (5) for Gaussian quadrature, it is useful to
rewrite it in terms of random vectors with standard multivariate normal distributions. Define the change of variables transformation v: Rs x O1-, Rs,
with v(It,01) = C'-'(1t ), where C is the Cholesky decomposition of
LE.Therefore, v((t,61) is continuous in both , and 01.
Then equation (5) can be rewritten:

v(x;0)

-

f

(y,x;0)v(y;O)fo(y)dy=
S

f (y (,
s

x;)fo(y)dy,

(6)

wherey = ^(t+l, 0), x = v(,, 1), v(x; ) = [ v-l(x; 0);0], and ? (y,x; ) =
[v-l((y, A1),^-l(x, 1);] . The function ?(y,x; 0) is continuous in its arguments under the assumptions that were made about the functions K, f, and v.
The function fo(y) = (27r)-S/2exp(- 2'y) is the multivariate normal distribution function with mean zero and variance-covariancematrix equal to the
identity matrix of dimension S. Another function that will be encountered
later is the stationary joint distribution of 4t multiplied by the Jacobian of
the inverse of the transformation v. This is written as
fs(x;01) =f[vp-l(x,Ol);0]l
= (27r) -S/21x-1/2

C'l
exp(-? x'E,

x),

where Ex = C- ' cC-1.
The particular form offo(y) is very convenient. As Tauchen and Hussey
[24] state, if the multivariate density function fo(Y) can be written as the
product of univariate density functions, the theory of numerical quadrature
with respect tofo is considerably simpler. This is because the theory for product rules borrows directly from the theory for univariate quadrature rules,
since multivariate Gaussian integration rules can be constructed as the product of univariate Gaussian rules. Here, the function fo(Y) can be written
where yi is the ith element
fo(y) = n l fo(yi) = n 1 (2 7) -1/2 exp(-y2),
of the vector y. Note that there is no assumption as to the independence of
the underlying economic variables. The model has been transformed so that
the equations are written in terms of normalized random variables that have
no economic interpretation.
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The functions fo(yi) satisfy the basic assumptions necessary for the construction of a Gauss-Hermiteintegration rule (see Szego [22]). These assumptions are satisfied since, for all i, +fof (Yi) dyi =f+_(27r)-1/2 exp(-y2) dy =
1 > 0 and f + ynfi (Yi) dyi = +o(2 r) -12y exp(- y2) dy, exists for all
non-negative integers n.
To approximate the integrals in equation (6), a Gauss-Hermite rule is used
which, for each of the state variables, i = 1,..., S, divides the real line into
Ni adjacent intervals (zi,l,Zi,2),[Zi,j,Zi,
j+l), j = 2,.. .,Ni, based on the
for
this
abscissas
The
function
fo.
integration rule, i,j, must then
weighting
lie within the subintervals in such a way that
--

< Zi,2 < Yi,2 <

= Zi,l < Yi,

.*

< Zi, N < Yi, N < Zi,Ni+l

= 00,

i= 1,...,S.
A property of Gauss-Hermite quadrature rules is that Izi,j - zi,j+I converges to zero for j = 2,... ,N - 1 as Ni goes to infinity. Furthermore,
limN,,o Zi, = -oo and limN,_ zi,Ni+l = oo (see Szego [22]).

In a proof to follow later in this paper, a slight modification to this rule
becomes necessary. Let M be some large positive constant. Then, if either
xi,j > M or ij, < M < zi,j+ < oo, the abscissa at which the function is evaluated is not taken to be yij, rather it is taken to be zi,j. Similarly, if either
Zi,j+1< -M or -oo < z,j < -M < Zi,j+l, then the abscissa at which the
function is evaluated is not taken to be Yij, rather it is taken to be Zi,j+l.
The necessity of this modification will be discussed later.
Let
I,j=]

(Zi,'ju+i)

j = 1,

[i j,i

j = 2,...Ni.

j+l)

In what follows step functions will be defined over the state space using
the subintervals above. Since this would involve subscripts running over
the S elements of y, an invertible mapping, which reduces the number of
subscripts, is useful. It provides a more compact way of enumerating the
different regions over which these step functions will be defined. Define
J: NS -o N such that
J(il,i2,..

,is)

= il + (i2 - l)N1 + (i3 - l)N2N

+

+(is-)NS-INS-2
+("

.

N1

and define N = N N2 ... Ns and N = (N1,N2 ... , Ns). Since each i, runs
from 1 to Nr, r = 1,..., S, the subscriptj will run from 1 to N. The following definitions are also useful.
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Yj= (YI,il,,Y2,i2,'

YS,is)'

Xj= (Y, il Y2, i2 .., Ysi)'
j=

X S'i

X .

1il X2,i2

if

j = J(il,i2,

...

is)

if

j = J(i, i2, ..

is)

if...is)j = J(i,
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i2,

Fl if y e
l(Y) 0 otherwise.
With these definitions it is possible to define a step function to approximate /:
N

N

Z X

VN(y,,X;0) =

h=l

4(yj,Xh;0)lh(x)l(y).

j=l

Now, related to equation (6), which is defined in terms of 4, there is an
integral equation corresponding to the approximation 'N:
VN(X;0) - f

?N(y,x;0)uv(y;0)fo(y)

s

dy = f

s

N(y,x;O)fo(y) dy.

(7)

That a solution to (7) exists will be established later. For the moment, suppose that the solution is of the following form:
N

VN(x;O) =

(8)

ah(0)lh(x).
h=l

Substitute (8) into (7), yielding
N N

N

> ah(O)lh(X)

R

h=l

=

fRS

?i (yj,Xh;O)aj(O)lh(x)lj(y)fo(y)dy

-

N

N

h=-

j=l

,]

h=l

j=l

(yj,Xh;0)lh(x)lj(y)fo(y)

dy.

Since all the functions except fo are step functions, the integral can be
brought inside the summation signs to give
N

N

N

Z ah(0)lh(X) - Z Z
I

h=1

h=l j=l

h=l

(yj,Xh;O)aj(0)lh(x)wj

j=l

where cj = fjfo(y) dy. Since (9) must hold for all x, the first summation
sign can be eliminated.
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N

ah(O) -

Z

N

(yj,xh;O)aj(O)c

= E 4(Yj,Xh;)coi.
j=1

j=l

Thus, the approximate integral equation reduces to a set of N linear equations in the N unknowns ah(0), h = 1,... ,N, that is, the solution is given
by solving
(I-

T)a = T1,

where Thj = 4(Yi,Xh;0)Wj, a is a vector containing the coefficients

ah, and

1 is a vector of ones. Later, in Proposition 7, a sufficient condition for the
existence and uniqueness of the solution to (7) is provided. Proposition 7 also
establishes that the solution is of the form (8) with
a = (I-

T)- T 1.

Tauchen and Hussey [24] solve a slightly different set of equations because
they construct a probability transition matrix for the discrete state space.
Since the concern here is with finding numericalapproximationsto functions,
there is no need to construct a discrete state space, which might be convenient for Monte-Carlo simulation. To discuss the convergence of solutions
of (7) to the solutions of (6) requires the application of some of the theory
of linear operators on spaces of functions.
Define a linear operator 'I as follows:
v = f

s

Similarly, define an operator

tNov =

dy.

(y,x;:)v(y;0)fo(y)

'N,0

N(YX;)((y,)v(y;)fo(y)

with
dy.

In operator notation, equation (6) can be written as
(I - T0e)v = o01,

(10)

where 1 is the constant function equal to 1 for all (x,y; 0) and I is the identity linear operator which maps any function to itself. Similarly, equation (7)
can be written as
(I -

', 0)VN=

R01.

(11)

Most of the remainder of this section is concerned with determining under what assumptions solutions to (10) and (11) exist and whether the solution to (11) can be made to converge to the solution to (10) by increasing N1
through Ns.
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Define two function spaces
L2 =

g(x,y)

< }o

Ig(x,y)l2fo(y)fo(x)dydx

fRS

and
L2 -g2(x)

|,g2(x)l2fo(x)

dx <

.

These spaces are normed linear vector spaces, with the norms
IgillI =

g(

f

(x)dydx

(yf(x,y)2fo(y

and
g2 (x) 2fo(x)

Ilg2{22=

d

.

Assumption 10. For each 0 E 0, 4(y,x;

) E L2.

For fixed 0, define the set of functions V = v(x; 0) |v e L2}.
PROPOSITION 4. 'Ve is a normed linear vector space, and under Assumption 10, the operator I: V - V0o.
Proof. The first statement follows easily by the definition of a linear
can be defined to be
space. The inner product of two functions vl and v2 in %V
(V1, v2)=

f

s

vI(x;

)v2(x, O)fo(x) dx.

Similarly, the norm of any function v E V6 can be defined as
11Iv

v
(, = (V, v)1/2

=

11VU12.

To show the second part, consider the function
h(x;O) = '%v(y,O) =

s

4 '(y,x;Q)v(y;,)fo(y)

dy.

Then, using the Schwarz inequality in the second step (see Wouk [26]),
h(x;O)2=

b

x(y,x;e)v(y;0)fo(y)

Rs(yx

)2fo(y)(y;)2

dy}
)dY
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Now, all that remains to be proven is that h(x; 0) is square integrable with
respect to fo.
f

h(x;0)2fo (x) dx <

(y'x;O )2fo(y)fo(x) dy dx

Therefore, h(x; 0) E V0.
The norm of the operator ,t is defined as

1 teI =

sup

vuliivllv=1}

11 'v1 .

It follows from the proof of Proposition 4 that
=
<

sup

l )
{vIIIVIVl

=

er
iS.

sup

L

r 'ks )I

rul II
(y,x;
)v(y;,x)fo(y

u17=11

1/2

2
) dy fo(x) dx

II(y,x;6)11llv(y;0)112

1
I (Y,x,O)li

This implies that the operator '0 is a bounded operator, in that its norm is
finite.
Assumption 11. Assume that there exists some square integrable function
h(y,x) such that h(y,x) > 1'(y,x; 0), vO E 0.
Under Assumption 11, te is uniformly bounded in 0. That is to say,
c< m < oo, for all 0.
%
tl
In order to ensure the existence of a solution to (10), the following assumption is useful.
Assumption 12. Assume that
fS

f

(y,x;x0)2fo(y)fo(x)dydx

< (1

6)2

for all 0 EG , for some 0 < 6 < 1. This implies that supoellJ

II<

-

61

.

Assumptions 10-12 implicitly put restrictions on the parameter vector 0.
These restrictions are illustrated in Section 4, for the asset pricing example.
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PROPOSITION 5 [EXISTENCE AND UNIQUENESS OF A SOLUTION TO (10)]. From Assumption 12, the inverse of the operator (I - T),
denoted (I - &)-1, exists and, for each 0, there is a unique solution to
equation (10) which satisfies v = (I - I,0)-I 1Ie 1.
Proof. By the Geometric Series Theorem for bounded linear operators on
Banach spaces, (Atkinson [2], Baker [3]),
00

(I -

)-' =

4i.

i=o

Therefore, a solution to (10) may be written as
v=

i

+'I4,
+s
i=o

%1 +

I31 + **.

+

To see that this solution is unique, consider another solution v'. Then v - v' =
% (v - v'). This implies that I v - v'I < 11EI 111Iv - v' . But since 11e 11< 1,
this implies a contradiction. Thus, the solution must be unique.
0
In order to prove the existence and uniqueness of VN for a sufficiently
fine approximation, it is convenient to use another change of variables transformation. Define the invertible function A (x): Rs
(0,1)s such that if
x = A(x), then xi = eX/(1 + eXi). Let = A(x) and y = A(y). Let
r

s

II [.(1 - x)9~(1 - 9)] 1

i=l

J(x,')

=

if

q

0 < x<

1, 0 < y < 1,

otherwise.

.0

Also define the set U = [0,1]. Then
fRS
=

f

(y,x;)2fo(y)fo(x)

dydx

yc,x)2foy)f(
(
AAA(

x)jo

N (y,

dydx

x,y)dydx,l

and

fRSfs

=

Ji]S fuS

; 0)2fo(y)fo(x)

N(y,
( ;0)2fo(y)fo(x)J(x,y)dydx,

for all i
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where
A(A-I (y), A-l'(); 0)
(Y, X;0) =

if
0

0<

i < 1 and

otherwise,
-(A- (,A-)(X);

i

=

Nu(y, x;0)

i

if

0

otherwise,

(if
fo(A-(y))
A0

for all i,

0 < i < 1,

0 <

0<

0)
< 1

and

< 1,

0 <

< 1,

for all

i,

for all i,

otherwise.

t

It is clear from the definition of A that it preserves continuity (wherever it
exists) in the interior of US. However, to obtain continuity of 2fof0oJ at
the endpoints, it is sufficient to make the following assumption.
Assumption 13. Assume that
lim h(aw,bw)2fO(aw)fO(bw)j[A(bw),A(aw)]

= 0,

va,b

Co---00

where h is the function referred to in Assumption 11, and a and b are direcI
tional vectors.
PROPOSITION 6. Let N = min N1, N2,... ., Ns. Then supo0e
ol 'I,0o
1 -d, for some 0 < d < 1 and N sufficiently large.
Proof
1

{1 < Rs

= {

(y,x;)2fo(y)fo(x)dydx3

J

(Y , ;O)2fo()fo(^)J(X^,

v) dY dX

.

The transformation A is such that the fact that quadrature intervals on the
real line narrow as N -+ oo is preserved when these intervals are mapped to
the unit interval.3 Recall the modified Gaussian quadrature rule. It follows
from the properties of Gaussian quadrature rules that for N sufficiently
large, there is at least one quadrature interval in each dimension completely
to the right of M and one completely to the left of -M. On the unit cube
this translates into at least one quadrature interval in each dimension completely to the right of A (M) and one completely to the left of A (-M). Fur-
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thermore, for any e > 0, there exist points il < A(-M),
Yil < A(-M), and Yi2> A(M) for i = 1,... ,S such that

Xi2 > A(M),

< e/2

?(y,x;0)2fo(p)fo(x)J(x,y)
X x Y, where

if (x,9)
X =[

619

1,1] [121 X [2,

2]

X *..

X [Xsi,Xs2]

and

Y = [Y11,Y12]x [Y21,f22]x .. x [Ysl,Ys2].
This last statement follows from the continuity of all the functions in the expression and from Assumption 13. To simplify notation, let Z = X x Y and
let Z denote the complement of Z in Us x Us. Then

sf f ofX

f

fIfoo
zooJ=df

f

z

f
"

"2

-JJz< NfofoJd

d

+

foJ

Y

E

2.

The second step above is possible since ?b is equal to ? at selected points. At
those selected points, it follows from above that

2/fofoJ

= 2/fofoJ

< e/2.

The function fofoJ is monotonically decreasing toward 0 or 1 and the quadrature rule has been modified beyond ?M so that the abscissas are the inner
endpoints of the quadrature intervals. Therefore, ?2fofoJ

<

2fofoJ

< e/2

over the entire set Z. Notice also that this is true for all 0.
Since Z is compact, ?2 is uniformly continuous over that set. Therefore, since 1N is a step function and the quadrature intervals narrow, there
is some N* such that 1 2 _ 2 1 < e/2 for all N > N*, on Z. N* can be
chosen independently of 0 since '2 is continuous in 0, and 0 is a compact
set. Thus,

sf f

14fofoJd dk < ff

0fofoJddk +

< (1 - 6)2 +

for N > N*. This implies that 11 ,011can be made uniformly less than 1,
e
simply by making c small and choosing N large enough.
This theorem implies that for sufficiently large N, the operator No, maps
from V0 to eV and is uniformly bounded. Similarly, the operator (Ie k,0e), with
(e-

rN0)V =

f

Js

[(y,

x;0) - ON(y,x;0)]v(y;O)fo(y)

dy,

620

CRAIG BURNSIDE

to Vo and inherits the property of uniform boundedness from
maps from V%
'I and IN,0.
PROPOSITION 7 [EXISTENCE AND UNIQUENESS OF A SOLUTION TO (11)]. From Assumption 13 and Proposition 6, for sufficiently
large N, the inverse of the operator (I - I, 0), denoted (I - I,N,0)-1, exists
and, for each 0, there is a unique solution to equation (11) which satisfies
VN = (I - vN, 0)-1
v, 1. Furthermore, the solution is a step function as in
equation (8).
Proof. The method of proof for the first part is identical to that for the
proof of Proposition 5. The geometric series theorem implies that
=

vN=

i=o

T,e

.

J

Notice that
N

N

=

It,o1

Z

E (yj,xj;)lh(X)wi,j
h=l j=l

which is a step function in x. Successive applications of the operator
lead to more step functions. Therefore, VN is a step function.

tN,0

U

Given that solutions to the equations (10) and (11) exist, it is naturally of
interest to know whether solutions to the approximate integral equation (11)
converge to the solution to equation (10). This will center on whether the
function b can be approximated arbitrarily well in norm by the step function {N. That is to say, it will rely on demonstrating that

Js RS
fRSfS

[k(y

x;O)

-

Nm(y x;O)]2fo(Y)fo(x)

dydx

converges to zero.
PROPOSITION 8. The function PN converges in norm to the function ;
as N- oo. That is, for any e > 0, 3N*, such that vNV> N*, I[ - V 1l < e.
In addition, this convergence is uniform in 0. That is to say, 3N*, such that
VA > NT*,supOeoll / - vNll < .
Proof. As above, this problem is mapped to the unit 2S-dimensional cube.
Doing this as before, the integral
JfS

f

(Vl/(y,x;)

- VN(y,x;))2fo(y)fo(x)dydx
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can be written as

f

f

(;(j,x;0)-W

(9,x;0))2fo(9)fo(x)J(x,)ddx.

As in the proof to Proposition 6, for any e > 0, a compact region Z can be
defined such that
(9,x; 0)2fo(P)fo (x)J(,x

) < E/3

and
N(Y,X; 0)2fo(Y)fo(x)J(,Y

) < e/3

for (x, 9) ~ Z, for all 0 E 0, and for N sufficiently large. It follows that for
N sufficiently large, and for all 0

fs

fs

( -

= ff
?N)2ofoJXdxdy
(z

ff

(+

Jdxd
--N)2fofoJdxdY

< ff (,-

?2 ,fo

Jdxd9

+ ff (?2 + 2)ofo J dx d9

<f

( -

4N)2fof 0dxdy

+

Now, since Z x 0 is a compact set, 4 is uniformly continuous over that set.
- v E|< c 3 for all N> N*, on
Therefore, there is some N* such that
Z x 0. This N* can be chosen independently of 0 since 0 lies in a compact
set. Thus,
f

Af

(-N)2fofoj

for all 0.

dxdy < ,

for

N>N*
U

PROPOSITION 9 (CONVERGENCE). The approximate solution function v (x;0) converges in norm to the true solution function v(x; 0), uniformly in 0.
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Proof. Define eN(X;0) = v(x;O) - vN(x;O). It follows from (10) and (11)
that ec satisfies the following integral equation:
(I -

eN = (I -

or

IN,O,)(l + VN)

-

I'e)EC = (I,

I)-'

-

1(I

g'10)(1

+ VN)

(1 - I'o)-''I
By the Geometric Series Theorem, 11

11(I-

IF,0)-

||e ||

II

| (I -

S 1l(I =
II
(J('

1/(11-

-

I'o 11).Similarly,

x
i-|lll
+

1I,O.0)I+ III

-[

)+_ 1I
'l,0)ll

0)
-

1/(1 -

11).Thus,

I,

) -

c

1

11

_-1 ||

1

o|

_

1
11

1 1 - ||

I

ll

l IIxI',h?I) o

0I1

Choose some e > 0. It has been assumed above that supoe || eoII 1 - 6. Furthermore, it has been establishedthat for sufficiently large N, supoe}l N,,
IOI <
1 - d. Proposition 8 establishes that for sufficiently large N, supoeellIe N,.01 < e6d. Therefore, there exists N sufficiently large, such that
< sup
supIEN
0EO
0Eo r
0 (I,o 0

N,0) Isup (
) sup(
Eo 1- 0II 1 - eNe

1
I

1

N01

< e.

Uniformity of convergence is guaranteed by the fact that there are uniform bounds in 0 for each of the norms on the right-hand side of the above
0
inequality.
For the purposes of estimation, the ultimate goal is to be able to calculate
the moments of variables of interest. Therefore, to illustrate the possibilities,
the first and second moments of the solution function v will be discussed.
In order to take advantage of the theory presented in Section 2, the moments
of the approximate solutions, which will be obtained analytically, must converge uniformly. For example, the population mean of v is given by
Ev = f

V(t; O)fs(tt; 01) dlt,
SR

wheref(Qt;0 ) is the stationary distribution of t,, defined above. The result
of the above integration, Ev, is a function of the parametervector 0 and will
be called a moment function.
It is convenient to write the expectation in terms of the transformed variables. Some algebra shows that Ev can be expressed as
Ev = f

v(x; )fs(x; ,) dx,
SR
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where fs(x; 0) is defined above. To approximate this expectation, the expectation of the approximating step-function is used.
Ev, = vf VN(X; )fS(x; 0, dx.
SR

The difference between these two functions of 0 will be denoted
A(0) = f

x

[v(x;O) - vN(x;O)] (27r)-/2
JS

= A

[v(x;O)

- v(x;

0)] |x-

/2

1/2exp1
- X'xx)

(

2

exp

-2 x'( E1 - I)x

dx
(2 r)-s/2

x exp -1 x'x) dx
<

v

SRS

(x; ) - vN(x; 0)

x expj

C-

lx

-1/2exp

-2

1

2

x '(

- I)x

(27r)

S/2

x'x) dx.

Notice that this is the inner product of two positive functions in the space
V0. Therefore, by the Schwarz inequality it follows that
A(0)

<

f

[v(x;0)

- v(x;

a(8)r [l(1-1/2
x

= \v(x;0)-

(2')-s/21Ex-1
v N(X; 0) 1l1

)]2(27r) -s/2 exp(-

x'x) dx}

~ \
exp -2

x'(22x1

-1/2 12E-1 -

- I)x

dx}

/-1/4

Clearly the difference between the two moment functions converges uniformly to zero given the previous results. Notice that 2E, - I must be positive definite for the result to go through. This translates into restrictions
on the set 01 which will be illustrated in the next section. Proving that the
second moments of the solution function converge is similar, although it
requires that from the beginning the theory be developed for functions lying in L4.
This concludes the section describing the numerical solution method and
its properties. In the next section, an example is presented to illustrate under what circumstances the assumptions made in this section are reasonable.
4. THE ASSET PRICINGEXAMPLE
The example presented here is the asset pricing model used in the introduction. Assume that there exists one source of income to the consumer, a sto-
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chastic endowment of a single perishable consumption good. In equilibrium,
consumption will equal this stochastic endowment. The asset to be priced is
the right to the endowment stream in perpetuity. The forcing process for the
example is equilibrium consumption which is equal to the value of the exogenous stochastic endowment. By assumption, the first difference of the
logarithm of consumption at time t is ~t.4
To satisfy Assumptions 8 and 9, let ~t have a univariate AR(1) representation. That is, let
it = L + P~t-1 + Et,
with Etdistributed normally with mean zero and
Este-_s =0

Fa2

if

=t0

otherwise.

s=O

Thus, the distribution of ,t conditional on _t-1 can be written
f(itit;0)

=

(2
r) - 12o
(2)-/2a-

1

exp exp

P-

)2

As in the introduction, the price-dividend ratio of the asset, vi, must satisfy
i, =

E,texp[(l - y)t,+l]

(12)

(1 + Vt+l).

Therefore, the vector of model parameters 02 = (f y)', while the vector of
parameters A0= (t, p a).
Equation (12) can be rewritten as an integral equation

v( t;O) =

3 exp[(l '7)1,+,] l(t,+

f Bexp[(l

7)+l

I

]/(t+

In the example, Et = t /= t/(1
fo(t+1;01)

= (27r)-l/2a-

exp

) t;0(l~,

it;0l)

) d,t+,
(13)

dt+l.

- p), so that

-

2 (t+1

-

?)2

Thus, in the example
i(t+l,

t;0) = A exp[(1 - 7)]t+IlI(|t+l
=

exp

(1 -

it;0O)/fo(it+l;01)
- l - pt)2

y) t+l(

+ 2r2 (t+1

-

i)2
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Applying the change of variables transformation v to the example, the function 1 can be written in terms of the transformed variables, y = (Qt+1- t )/a
and x = (t )/o.

?(y,x;0) =/ exp[(l - y)( t+ + ay) -

pX2

2pxy)],

-

and the normalized weighting function is
fo(y) = (27r)-/2 exp(-

y2).

With this notation in hand, it is possible to rewrite the integral equation (13)
in terms of the normalized variables.
v(x;6)

-

fR exp (1

-

-

x v(y;0)(27r)-1/2exp
= f aexp (1 ^R
-

+ cry) -

)(

(PX

2 - 2pxy)

2

x (2 r)-/2 exp -2

2pxy)

y2) dy
1

+ ay) - 2 (p

)(

-

) dy

(14)

(12).

Approximate solutions are obtained by setting vN(X, 0)
where

=

=

ah

(0) lh

(x),

2

j=1

x a (O)[4,(zj+l)- (zj)]
-

N

= f8eexp

(1 -(y)(

+

ryj)- -

(p2Xh2-2XhYj)

[(Zj+l)

-

(zj)].

_2

j=l

(15)

where the locations of the points Xh,yj,zj are determined using the modified Gauss-Hermite quadrature rule described above. The function 4 is the
cumulative distribution function of the standard normal.
To write equation (14) in operator notation, define the linear operator

1

exp (1 -y)(
RXvy; ) (2r)-/2

2X2
+ ay) - (p2xexp (-2 y2) dy2

x v(y;O)(2r)-1/2

exp -

'ev = I

21) y2

dy.

2pxy)
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Then, just as above, equation (14) can be written
v-

IEv =

(16)

e01.

It is not possible to calculate the norm of the operator '0 explicitly. The
norm of 'I is
sup =
I4'oII
e =
VIIIVIV
x v(y;

ex
fyexp

JR JR

(1 -'y)(t

+ ay) -

dy
2 2)2)

(2r)

exp (

)(2r)-1/2

2

-1/2

(p2X2 - 2pxy)

exp

-

x2) dx

The difficulty in obtaining the norm analytically is that it is impossible to
take the required sup over all functions of norm 1. This is unfortunate since
it would be useful to know under what circumstances there exist square integrable solutions to equation (16). When 1 e0 [1< 1, the operator (I - I0)
is invertible and there exists a unique solution to (16), for each 0. There is
an interesting exercise, which shows the role of the norm of t0 in determining the existence of solutions for the price-dividend ratios. Imagine that
the parameter 01 were known. Then, it is clear from the definition of the
norm given above that it would be a function of 3 and y alone. What is
more, in this case, it is possible to obtain lower and upper bounds for the
norm. A lower bound can be obtained by substituting the constant function
1, which has norm 1, for the function v in the formula for 11|P 1. This lower
bound is analytic.
II ILb
b3 = f

exp (1 - y)(t

fR
J^R

,

x (27r) 1/2 exp = Aexp[(l

2

+ ay) - - (p
2

dy

- 2pxy)

(2 7r)-1/2 exp (-

x2

dx}

- y)/L + I(1 - y)2a2(1 + 2p2)].

The upper bound to the norm is obtainable from the Schwarz inequality,
which implies that the norm of 't is less than
b = if
IIO Hll

exp[2(l

f2

x (27r)-1/2 exp
=3exp[(l

-

-

)(/

+ ay)-p2x2

+ 2pxy)]

1/2
\
/ 1
/ 1 2
x2 dy dx
-2 y2) (27r)-/2 exp -

y)It + (1 - y)2u2(1

Vi - 2p2

+ 2p2)/(1

- 2p2)]
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For this upper bound to exist, and to guarantee that I0 is invertible and that
any solution to (16) is square integrable, requires that IpJ < 1/X2. This follows from the fact that the marginal rate of substitution was multiplied by
the ratio of f/fo when creating the function b.
Of course, the parameters 01 are unknown. However, they can be estimated consistently if time-series on consumption growth, or equivalently
dividend growth, are available. To this end, the annual data used by Mehra
and Prescott [20], for real U.S. consumption growth between 1889 and 1979,
are used here to estimate 01. The estimated parameter values are it = .02,
p = -.14, and a = .035. Now, taking these parameter values as the elements
of the true 01, a graph of the upper and lower bounds for the norm as functions of , and y can be drawn. Such a graph is presented in Figure 1. Note
that the curve labeled "upper bound" defines the locus of points at which

0
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N

0n

cN

0

0.84
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0.96
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FIGURE1. The norm of I0.
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11
\e Ilub = 1. Points to the left of that curve represent pairs of 0 and 3yfor
which a unique square-integrablesolution is guaranteedto exist. On the other
hand, the curve labeled "lower bound" defines the locus of points at which
1It' Ilb = 1. Thus, points to the right of that curve represent pairs of : and
7yfor which a solution is guaranteed not to exist. Points between the curves
lie in a region of uncertainty. Clearly, the choice of the function used to construct the lower bound to the norm is arbitrary, so that other lower bounds
could be calculated. The function 1 was chosen purely for simplicity here.
From above it is clear that Assumption 10, which states that 11 0e11is finite for each 0, is satisfied in the example if |p < 1/V2. In order to satisfy
Assumption 12, it must be less than 1. Experimentingwith the parametervector 01 used to construct Figure 1 shows that the admissibility of certain
(0,y) pairs depends on 01. Therefore, the parameter space 0 would probably have to be redefined as some compact subset of 01 x 02.
In order to satisfy Assumption 11, a function that is square-integrable
and is a uniform upper bound for ; must be obtained. It is clear that for
certain specifications of 0, a function of the form h(y,x) = a exp(b ly +
clxy ) will act as a uniform bound for I/, and will be square integrable under appropriate conditions on a, b, and c. For example, suppose that F E
[_,],
E [0,i], p E [p,p], and a E [a,a] with p > 0. Then,
' E [1,],z
/(y, x; ) < h(y,x) = f exp(l - |aJy
IY + p xy 1). The function h is square1
integrable if p < /J. The conditions of Assumption 13 are satisfied for
this choice of h as long as p < 2. The function h(y,x)2fo(y)fo(x)J[A(x),
A (y)] is graphed in Figure 2 to illustrate that it converges to zero along any
direction in R2. The parameters used are f = 1.2, 7 = 20, p = 0.25, and a =
0.1. Therefore, it follows that for certain choices of 0, the approximate solution functions converge in norm to the true solution functions in the example, and the convergence is uniform in the parameters.
Unfortunately, beyond the solution functions, which give the asset prices
as functions of the forcing variables, there are other variables of interest in
this model. In particular, the properties of the return on the risky asset are
often studied. The current theory requires convergence in L2 which is difficult to establish for arbitrary functions of v. This is generally not a problem when the state space is compact and all functions are continuous as in
Burnside [4].
To illustrateestimation, consider the population mean of the price-dividend
ratio of the risky asset given by
Ev = f

b(it; O)fs(Qt; 0,)

dit,

where the price-dividend ratio has been written as a function of the original,
untransformed, forcing variables, and fs(tt; ) is the stationary distribution
of t:
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x le+7

FIGURE 2. The function h(y,x)2fo(y)fo(x)J[A(x),A(y)].

fs(it;0)

= (27)-/2l122i

2
- p2a-1

1

(1-p2)
p2) (exp - (
2a2

-)2

2

The theory in Section 3 implies that Ev can be uniformly approximated by
the mean of the approximate solution,
EvN =f

N(x;)(2r)

-/2l

-p2

exp

(-

2)

2

2 dx.

In the context of this section, Ex = (1 - p2)-1. Therefore, the condition
on Ex that was required in the previous section translates into requiring that
1 - 2p2 > , or IpI < 1/V2.
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In order to have a concrete illustration of the estimator, suppose an exactly identified GMM estimator were used, which exploited the following moment conditions
E(t

E[(,t -

E[(t

- A - Pt-,)

= 0

= 0

- P,-1),-i]
)2 - a2]

- -pt_

= 0

E[vt - EvN(f, Y,t, p,O)] =0
E[qt - Eq(f,y,7L,p,a)]

= 0,

where vt are data on price-dividend ratios, and qt are data on the prices of
riskless securities. In the asset pricing model, the price of a riskless asset that
pays one unit of consumption one period in the future is given by
qt =

Et exp( -7yt+

)

= f exp[-7y(At + Pit) + 17y22]

Therefore,
Eq=

exp-

'Yt

1 -p

1

2

2

1-p

+ -

2

The only moment being approximated numerically is the mean of the pricedividend ratio. Parameter estimates obtained using the Mehra and Prescott
[20] data set are presented in Table 1. The sample is annual data from 1889
to 1979. The risky asset is a single share of the S&P 500 index. The riskless
asset price is identified with the inverse of the real return on relatively risk-

TABLE

1. Parameter estimates for the asset pricing example
4, = Aln(C,)

Parameter
It
p
a
/
y

t = A ln(Dt)

Estimate

Std. Error

Estimate

Std. Error

0.0204
-0.139
0.0348
1.096
11.45

0.00496
0.133
0.00339
0.0530
3.890

0.0105
0.165
0.120
0.951
2.618

0.0130
0.112
0.0156
0.0406
3.156

These estimates were computed using an exactly identified GMM estimator, where the asymptotic variance
covariance matrix of /rTmT(0o) was estimated using the method of Newey and West [211using 5 lags of the
GMM errors. The numerical solutions for the price-dividend ratios were computed using 4-point quadrature
rules.
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less securities. Two different sets of estimates are presented, where it is assumed alternatelyto be consumption growth or dividend growth for the S&P
500. The standard errors presume that these estimators are asymptotically
normal. These estimates confirm the feasibility of the estimator. They complement the estimates obtained by Kocherlakota [14], who shows that an estimator that matches the means of the rates of return on these two assets
leads to estimates of f greater than 1, and economically large values of y.
Similar parameter estimates are obtained here, where /t is identified as consumption growth. However, the parameter estimates change dramatically
when /t is identified as dividend growth.
5. CONCLUSIONS
This paper provides theoretical backing for method of moments estimators
which are constructed using a particular solution algorithm for a particular
class of models. However, it is also clear that the consistency proof above
applies to any method of moments estimator based on a numerical method
which yields uniformly accurate approximations to the population moments
implied by an economic model. This is subject to the law of motion governing the variables in the model satisfying Assumptions 1-4.
The advantages of the estimator proposed here are that, at least in the asset pricing example, the solution and moment functions can be economically
computed, and in fact, are differentiable in the parameters. This may alleviate the burden of computing time involved in obtaining the moments through
simulation, and in performing searches for the optimal parameters.
Although this approach is attractive in that it allows model solving and estimation to be unified, it does have its drawbacks. The estimator inherits its
properties from the properties of the solution method which in turn may depend on the model itself. Thus, if a different solution method is required in
solving the model, its convergence properties must be derived. All that is required for consistency is the uniform convergence of approximate moment
functions.
NOTES
1. An earlier version of this paper which discusses compact state spaces is available from the
author.
2. In an earlier version of this paper, t, was assumed to be an AR(p) process. In order to
reduce notation, p is assumed to be 1 here.
3. The derivative of the transformation A (x) is bounded between 0 and 4. As a result, each
quadrature interval is narrower when mapped to U from R. Since the widest quadrature interval in Rs goes to zero as N-- oo, this guarantees that the widest quadrature interval in Us goes
to zero.
4. In an earlier version of this paper, a bivariate forcing process was considered at the cost
of additional notation.
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