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Abstract

The thesis contains two directions in the simulations of biomolecular systems. The

first part (Chapter 2 - Chapter 4) mainly focuses on the simulations of electron

transfer processes in condensed phase; the second part (Chapter 5 - Chapter 6)

investigates the conformational sampling of polysaccharides and proteins.

Electron transfer (ET) reaction is one of the most fundamental processes in chem-

istry and biology. Because of the quantum nature of the processes and the compli-

cated roles of the solvent, calculating the accurate kinetic and dynamic properties of

ET reactions is challenging but extremely useful. Based on the Marcus theory for

thermal ET in weak coupling limit, we combined the rigorous ab initio quantum me-

chanical (QM) method and well-established molecular mechanical (MM) force field

and developed an approach to directly calculate a key factor that affects the ET ki-

netics: the redox free energy. A novel reaction order parameter fractional number of

electrons (FNE) was used to characterize the ET progress and to drive the QM/MM-

MD sampling of the nonadiabatic free energy surface. This method was used for two

aqueous metal cations, iron and ruthenium in solution, and generated satisfactory

results compared to experiments. In order to further reduce the computational cost,

a QM/MM-minimum free energy path (MFEP) method is implemented and com-

bined with the FNE in the calculation of redox free energies. The calculation results

using QM/MM-MFEP+FNE generated identical results as the direct QM/MM-MD

method for the two metal cations, demonstrating the consistency of the two different
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sampling strategy. Furthermore, this new method was applied to the calculation of

organic molecules and enhanced the computational efficiency 15-30 times than the

direct QM/MM-MD method, while maintaining high accuracy. Finally, I successfully

extended the QM/MM-MFEP+FNE method to a series of redox proteins, azurin and

its mutants, and obtained very accurate redox free energy differences with relative

error less than 0.1 eV. The new method demonstrated its excellent transferability,

reliability and accuracy among various conditions from aqueous solutions to complex

protein systems. Therefore, it shows great promises for applications of the studies

on redox reactions in biochemistry.

In the studies of force-induced conformational transitions of biomolecules, the

large time-scale difference from experiments presents the challenge of obtaining con-

vergent sampling for molecular dynamics simulations. To circumvent this funda-

mental problem, an approach combining the replica-exchange method and umbrella

sampling (REM-US) is developed to simulate mechanical stretching of biomolecules

under equilibrium conditions. Equilibrium properties of conformational transitions

can be obtained directly from simulations without further assumptions. To test the

performance, we carried out REM-US simulations of atomic force microscope (AFM)

stretching and relaxing measurements on the polysaccharide pustulan, a (1→6)-β-

D-glucan, which undergoes well-characterized rotameric transitions in the backbone

bonds. With significantly enhanced sampling convergence and efficiency, the REM-

US approach closely reproduced the equilibrium force-extension curves measured in

AFM experiments. Consistent with the reversibility in the AFM measurements,

the new approach generated identical force-extension curves in both stretching and

relaxing simulations, an outcome not reported in previous studies, proving that equi-

librium conditions were achieved in the simulations. In addition, simulations of nine

different polysaccharides were performed and the conformational transitions were re-

examined using the REM-US approach. The new approach demonstrated consistent
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and reliable performance among various systems. With fully converged samplings

and minimized statistical errors, both the agreement and the deviations between the

simulation results and the AFM data were clearly presented. REM-US may provide

a robust approach to modeling of mechanical stretching on polysaccharides and even

nucleic acids. However, the performance of the REM-US in protein systems, espe-

cially with explicit solvent model, is limited by the large system size and the complex

interactions. Therefore, a Go-like model is employed to simulate the protein fold-

ing/unfolding processes controlled by AFM. The simulations exquisitely reproduced

the experimental unfolding and refolding force extension relationships and led to

the full reconstruction of the vectorial folding pathway of a large polypeptide, the

253-residue consensus ankyrin repeat protein, NI6C. The trajectories obtained in the

simulation captured the critical conformational transitions and the rate-limiting nu-

cleation event. Together with the AFM experiments, the coarse-grained simulations

revealed the protein folding and unfolding pathways under the mechanical tension.
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1

Introduction

1.1 Reduction-oxidation reactions in condensed phase

A reduction-oxidation, or redox, reaction is a special category of chemical reactions

that involves transfer of electrons during the reaction process. The study of redox

reactions has been a central interest of both experimentalists and theoreticians for

a long time because of its fundamental role in chemistry, physics, energy, and life

science. Stimulated by advances in equipment, methodology and theories, we have

witnessed a growing number of the studies on redox reactions in the past half century.

Redox reaction are studied in conditions ranging from isolated vacuum-like environ-

ments to condensed phase. The latter case is the most common situation for redox

reactions with biological significance and is the focus of this study. For example,

photosynthesis of green plants, the most important reaction in the ecosystem on this

planet, is composed of many steps involving enzymatic catalyzed redox reactions on

chloroplast stroma. The condensed phase reactions involve complicated and critical

environmental interaction from the surroundings, thus not only the properties of the

reactant and product, but also the solvation, diffusion, relaxation, solvent dynamics
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are also key to our concerns.

The kinetics of a redox reaction in condensed phase is different from regular chem-

ical reaction. Since the mass of electron is orders of magnitude less than any atomic

nucleus, the electronic motion is thus much faster than nuclear motion. During a

redox reaction, the nuclear fluctuation and relaxation cannot follow or couple with

the electron transfer process, therefore, the redox reactions are usually described as

diabatic processes which involve three steps as shown in Fig. 1.1: 1) the nuclear

fluctuation brings the system to an activated state with high energy level, where

the two diabatic electronic surfaces cross each other; 2) the electron at donor has

certain probability, i.e. crossover rate, to transfer to the acceptor; 3) the nuclear

relaxation brings the system back to the ground state on the new diabatic electronic

surface. This scheme has been proposed by Rudolph A. Marcus and developed as

the Marcus theory to explain the rate of the redox reactions. [1] The successful appli-

cations of Marcus theory in wide range of important processes from photosynthesis

to chemiluminescence led him to receiving the Nobel Prize in Chemistry in 1992. In

the Marcus theory, the rate constant of an electron transfer reaction in nonadiabatic

limit is given by the basic equation:

kET =
2π

~
H2

AB

1√
4πλkBT

exp

[
−(λ + ∆G)2

4λkBT

]
, (1.1)

in which the rate constant kET at a certain temperature T is dependent on the

electronic coupling HAB, the reorganization energy λ and the thermodynamic free

energy change ∆G.

Theoretical calculation of redox properties in condensed phase, especially for

metalloproteins, with quantitative accuracy raises a challenge to both theories and

computers. The knowledge of both the accurate electronic structures of the metallic

redox sites and the converged statistics of the environmental contributions, includ-

ing long-range electrostatic interactions, conformational dynamics, possible hydrogen
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Figure 1.1: Schematic view of a redox reaction in Marcus perspective. The vertical
axis is the free energy and horizontal axis is the reaction coordinate x, a collective
coordinate representing the motion of all atomic nuclei. ∆G is the thermodynamic
free energy change for the redox reaction; ∆G‡ is the activation free energy; λ is
the reorganization energy of the reactant state. The inset shows the zoom-in view
of the transition region. The black and red solid lines represent the diabatic surface
of the reactant and product states, respectively. The two dashed lines in blue show
the adiabatic representation of the system under two-state approximation, with the
electronic coupling HAB.

bonding and steric interactions, are critical to determining the energetic properties

of the redox processes in condensed phase. One approach to calculate the redox

potentials is using molecular mechanical (MM) force fields and treating both solute

and solvent classically. [2,3] In order to obtain accurate results comparable to experi-

ments, the force field for solute, particularly the bond parameters and atomic charges

need to be carefully parameterized for the studied system and may not be transfer-

able. Therefore it is desired to employ a combination of rigorous high-level theory

such as ab initio quantum mechanics (QM) for the solute and low-level classical

models for the environment contributions. A simple yet useful approximation of the
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outer-shell contributions is the continuum solvent model and its variants have been

used together with high-level QM methods to address many different systems. [4–6]

Recent advances in computational resources have enabled simulations of ET pro-

cesses with ab initio molecular dynamics (MD) methods, such as the Car-Parrinello

molecular dynamics (CPMD) method. [7] Sprik’s group has successfully employed

the CPMD method to simulate ET in several aqueous metal complexes. [8, 9] In

these studies, the whole system including the solvent molecules was treated quantum

mechanically and the time evolution of the electronic structures was modeled with

CPMD based on a plane-wave implementation of density functional theory (DFT).

Compared with simple MM force fields, treating the whole system quantum mechan-

ically, including both the solute and the solvent molecules, certainly improves the

accuracy of the results. However, the computational cost is demanding such that the

calculation can only be performed on a system of limited size on a short timescale,

which may lead to convergence issues in the final results. [9]

In order to include the atomistic details at affordable expense, MM force fields

are also widely used to describe the protein and solvation environment. The combi-

nation of rigorous ab initio QM and atomistic MM, initially developed by Warshel

and Levitt, [10] provides an alternative with well balance among transferability, re-

liability and affordability for studying chemical reactions in condensed phase. [11]

Although few applications of QM/MM methods to the calculation of redox poten-

tials have been reported, some level of approximations in QM calculations are more

often used to reduce the amount of calculations. [12, 13] To maintain the transfer-

ability by using ab initio QM method, one inevitably pays more computational cost.

Therefore, it is necessary to explore possibilities to improve the simulation efficiency

without sacrifice the accuracy. One approach is to find an order parameter that

efficiently characterize the reaction progress in redox processes. In this work, I de-

veloped a ab initio QM/MM-MD method using the fractional number of electrons
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(FNE) as the order parameter, which yields additional efficiency in free energy simu-

lations as compared with other simulation methods. Another approach to reduce the

computational cost is to enhance the efficiency of the conformational samplings of

the solvent contributions. Here, I adapted the QM/MM-minimum free energy path

(MFEP) method recently developed by Hu et al., [14, 15] and combined it with the

FNE approach to calculate the redox potentials. For two aqueous metal ions and two

organic molecules in solution, it has been shown that the QM/MM-MFEP with FNE

approach reduced the computational cost for more than 20 times without sacrificing

accuracy in the final results. [16] With the greatly enhanced efficiency, I successfully

extended this method to calculating the redox potential of a blue copper protein,

azurin and three mutants.

1.2 Conformational transitions of biomolecules under mechanical ten-
sions

Knowledge of the conformational dynamics of biomolecules is essential to study their

functions. Even biomolecules that maintain relatively stable structures in their nor-

mal states may subject to conformational transitions, or even significant structural

changes, during biochemical reactions or physiological processes. However, inves-

tigating the conformational space of biomolecules is challenging since some of the

conformational transitions are too rare to be observed in computational simulations.

To observe the rare transitions, an efficient method is to add energy to the system

to help overcome energy barriers; e.g., heating proteins accelerates the unfolding.

On the experimental side, the development of micromanipulators, such as atomic

force microscopes (AFMs), [17] optical tweezers, [18,19] and magnetic tweezers, [20]

has enabled direct measurement and manipulation of single molecules. AFMs or

laser/magnetic tweezers can stretch a single chain of protein, nucleic acid, or polysac-

charide, and induce conformational transitions. [19–28] The mechanical tensions ex-
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erted on the molecules can reach as high as a few thousands pico-Newtons, efficiently

leading the molecules to high-energy conformational regions. From the measured

force-extension curves, one can derive the dynamic details of possible conformational

transitions and even kinetic and thermodynamic properties. [29–31] To facilitate the

recovery of conformational transitions from force-extension curves, computer simu-

lations are usually performed as important supplements. Through simulations, one

can obtain the conformations, thermodynamics, and force spectra of the transitions

at the atomic level and thus gain insights into the experimental results from a micro-

scopic perspective. The combination of force spectroscopy and computer simulations

has been shown more and more importance in study the mechanical behaviors and

functions of various biomolecules at the single molecule level. [32–42] The appli-

cations of this tool are widely used to investigate a broad range of problems, for

instance, protein folding mechanisms, [43] ligand binding processes, [44] and even

effect of force on the thermodynamics and kinetics of chemical reactions. [45] In

Chapter 5, I specifically focused on simulating and characterizing the mechanically

induced conformational transitions of the pyranose rings. In Chapter 6, I studied

the folding pathway of a repeat protein under the vectorial constraint imposed by

AFM. Using the vectorial constraint, we mimicked the co-translational folding of a

nascent polypeptide chain on ribosome in both experiment and simulation. Through

the new analogy, the results suggested a pathway for the co-translational folding

of repeat proteins and have implications for mechanotransduction. This work is a

collaboration with Whasil Lee and Prof. Piotr E. Marszalek from the Department of

Mechanical Engineering and Materials Science at Duke University. Whasil Lee and

Prof. Marszalek designed and performed all the experiments on various biomolecules,

including protein expression and measurement of single molecule force spectroscopy

using AFM. I performed computer simulations of the systems, compared and ana-

lyzed the results based on the experimental data they provided.
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2

Characterizing redox reaction progress using FNE

Unlike chemical reactions, which can often be well characterized by the geometrical

change of a set of atoms, electron transfer may not proceed in parallel with the

geometrical changes at the reaction site. To apply the TI method to simulate the

free energy change, the immediate question is to identify a suitable order parameter

that distinguishes the reactant and product states, [46] and can drive the system

from one state to the other to enable the sampling of the free energy surface. One

common choice is to use a coupling parameter to mix the potential energy surfaces of

two states. [47] In this fashion, the effective energy and forces are calculated through

linear coupling of two calculations: one for the reduced state and the other for the

oxidized state.

Instead of mixing two energy functions to describe the transition, an alternative

approach is to gradually change the number of electrons in the system. [3] MD

sampling can be performed with the QM energy and forces computed by fixing the

FNE of the system in the SCF calculations. Thus for each conformational state, only

one QM calculation at the specific FNE state is required to generate the energy and

forces. Compared with the coupling parameter method, the FNE approach requires
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Figure 2.1: Scheme of redox process characterized by FNE. The arrows denote
electrons and the horizontal bars are orbitals. In oxidation process, we remove the
FNE on the HOMO of the reduced state with N electrons, and gradually reaches
the oxidized state with (N − 1) electrons.

only half the computational cost. This advantage has indeed been taken in previous

work. [48–50]

2.1 Free energy simulation using FNE as the order parameter

When the FNE is employed as the order parameter (η), the oxidation process can

be represented as in Fig. 2.1.

The physical significance of the fractional electron can be interpreted as the prob-

ability of the electronic distribution on the HOMO of the solute. [51,52]

Known [53] as the Janak theorem, the energy derivative with respect to the oc-

cupation number in the highest occupied Kohn-Sham orbital in DFT calculation is

equal to its orbital energy ε
HOMO

. Cohen, Mori-Sanchez and Yang have recently

proved that this indeed is also the derivative of the total DFT energy with respect

to the total number of electrons for DFT calculations with exchange-correlation

functionals being explicit functional of density (such as the local density approxima-

tion). [54,55] Thus, we have

∂E

∂η
= −ε

HOMO
, (2.1)

where the minus sign is introduced because η is the fractional number of electrons re-
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moved from the HOMO, and the occupation number of the orbital is actually (1−η).

Thus, the redox free energy can be then conveniently evaluated from thermodynamic

integration of the HOMO energies, i.e.

∆A =

∫ 1

0

〈
∂E(η)

∂η

〉
η

dη = −
∫ 1

0

〈
ε

HOMO

〉
η
dη. (2.2)

When the DFT calculations are performed with orbital functionals beyond the

local density and generalized gradient approximations, the corresponding derivative

of the total DFT energy with respect to the total number of electrons has also been

derived. [56,57]

2.2 Constructing diabatic free energy surface

When the QM/MM-MD simulation is completed, the values of
〈
ε

HOMO

〉
η

are avail-

able, and the redox free energy can be easily obtained with the TI method. In most

cases, the reorganization and activation free energy of the reaction can also be ob-

tained. A reaction coordinate must be defined to reconstruct the diabatic free energy

surface similar to the scheme in Fig. 1.1. The order parameter η cannot serve this

role because the FNE is only an electronic coordinate for the ET reaction, which was

introduced to perform effective sampling but contains no information of the solvent

dynamics. Instead, a reaction coordinate containing solvent statistics is required at

this stage to characterize the dynamics and mechanism of the reaction. [46, 58] The

energy gap between the reactant and product states at the same nuclear configura-

tion [59] often serves as a convenient reaction coordinate to characterize the solvent

contribution in the reaction,

∆E(R) = E1(R)− E0(R), (2.3)

where E0(R) and E1(R) are the potential energies of the reactant and product, at

the solute and solvent nuclear configuration R. In order to use the energy gap as
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the reaction coordinate, dual calculations (for the reduced and oxidized states) must

be performed for each configuration. But these calculations are only needed for the

data points necessary for histogram analysis, which is normally less than one tenth

of the total MD sampling points. Hence the calculation for the energy gap will not

significantly increase the overall computational cost. With the reaction coordinate,

the histogram analysis [2] can be performed to obtain the probability distribution

and to reconstruct the diabatic free energy surfaces of the systems.

2.2.1 ET half-reactions

For convenience, aqueous self-exchange reactions of metal complexes (Eq. (2.4)) are

often chosen as the simplest model to study solvated ET reactions.

M2+
(aq.) + M3+

(aq.) = M3+
(aq.) + M2+

(aq.), (2.4)

e.g., M = Fe, Ru.

The attempt to calculate the full reaction with DFT calculation is very chal-

lenging because of the large delocalization error in most popular density function-

als. [54,55] Although a recent work using spin-polarized DFT [50] shows encouraging

result for the full ET reaction, this problem can often be avoided by dividing the full

reaction into two half-reactions, assuming the reaction is carried out via an electron

reservoir as the mediator. [9] The half-reaction in the simulation is

M2+
(aq.) → M3+

(aq.) + e−. (2.5)

The redox half-reactions in Eq. (2.5) can be interpreted as the electron transfer

from the solute in the reduced state to an ideal electrode with electronic chemical

potential µ. Therefore, the potential energy of the reactant state corresponds to that

of the reduced state, i.e. E0 = ERe, while the potential energy of the product state

E1 contains the potential energy of both the oxidized solute and the electrode, i.e.,
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E1 = EOx +µ. Thus, the representation of energy gap in the half-reaction simulation

is,

∆E(R) = E1(R)− E0(R) = EOx(R) + µ− ERe(R). (2.6)

From the histogram analysis of the dynamics trajectories, the probability distribution

of the energy gap P0,1(∆E) can be obtained as,

P0,1(∆E) =

∫
dRe−βE0,1(R)δ

(
∆E(R)−∆E

)
∫

dRe−βE0,1(R)
. (2.7)

The corresponding potential of mean force along the reaction coordinate ∆E in the

diabatic representation for the reactant state 0 (reduced state) and product state 1

(oxidized state with the electron transferred to the ideal electrode) are,

A0,1(∆E) = −kBT ln

[ ∫
dRe−βE0,1(R)δ

(
∆E(R)−∆E

)]
(2.8)

= −kBT ln P0,1(∆E) + A0,1, (2.9)

where
∫

dR denotes integration over both the solute and solvent coordinates, β =

1/kBT is the inverse of the product of Boltzmann constant and temperature, A0,1 =

−kBT ln
∫

dRe−βE0,1(R) is the free energy of the reactant or the product state, and

P0,1 is the probability distribution of the reaction coordinate.

2.2.2 Reorganization energies

The reorganization energy λ is defined to be the decrease on the free energy surface

along the reaction coordinate ξ (see Fig. 1.1),

λr = Gr(ξp)−Gr(ξr), (2.10)

λp = Gp(ξr)−Gp(ξp), (2.11)

where, λr,p, Gr,p and ξr,p are reorganization energies, free energies, and the reaction

coordinate for the reactant and product states, respectively.
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Once the diabatic free energy surfaces has been obtained, we can measure the

reorganization energies of the half-reactions according to the definition in Eqs. (2.10-

2.11), i.e.,

λ0 = A0(∆E1)− A0(∆E0), (2.12)

λ1 = A1(∆E0)− A1(∆E1), (2.13)

where ∆E0,1 is the ensemble average of the energy gap in state 0, 1. Since the

reorganization energy is the free energy decrease on the same diabatic surface, thus

this quantity is independent of µ, meaning the chemical potential can be chosen

arbitrarily. For convenience, µ is chosen to be the negative oxidation free energy,

i.e., µ = −∆A = ARe −AOx, so that the free energy difference between the reactant

and product states becomes zero, and the diabatic free energy surface of the oxidized

state is shifted to be: A1(∆E) = AOx(∆E) + µ. Because the free energy surface

is only shifted for a constant µ, the reorganization energy remains unchanged, i.e.,

λRe = λ0 and λOx = λ1.

In our QM/MM approach, the quantities so obtained include both the inner shell

reorganization energy λin from the solute geometry change and the outer shell reorga-

nization energy λout from the solvent contribution. Thus, they should be interpreted

as the total reorganization energies of the half-reactions, λRe/Ox = λ
Re/Ox
in + λ

Re/Ox
out .

To help understanding the ET processes, we decomposed the calculated total

reorganization energies into the inner and outer shell contributions. Usually, the inner

shell reorganization energies can be calculated from the bond length changes and the

bond force constants with the harmonic model for molecular vibration. [6,60–62] The

inner shell reorganization energies can also be obtained from direct MD simulations

in vacuo [63] with the assumption that the bulk solvent has negligible influence on

the inner shell reorganization process. Although the inner shell reorganization energy

only contains the contributions from the solute, the presence of solvent may affect the
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vibrational motions of solute molecule. In some cases, the inner shell reorganization

energy from MD simulation in vacuo was reported to be even larger than the total

reorganization energy, [63] which indicates that the effect of solvent on inner shell

may be important.

In our approach, the inner shell reorganization energies λ
Ox/Re
in of the half-reactions

can be directly obtained without the above assumptions. We can obtain free energy

contributions of the solute explicitly from the trajectories of the solute molecules in

the MD simulation. By replaying the trajectories of the solute molecules without the

surrounding MM solvent, we can exclude the solvent contributions while including

the solvent influence on inner shell motions, since the snapshots are taken from the

MD simulation in solution. Histogram analysis can then be performed on the solute

trajectories in order to obtain the diabatic free energy surfaces only for the solute

molecules,

A′
0,1(∆E ′) = −kBT ln

[ ∫
dre−βE′

0,1(r)δ
(
∆E ′(r)−∆E ′

)]
, (2.14)

where r is only the solute coordinates, A′
0,1(∆E ′) is the free energy of the solute, E ′

0,1

is the potential energy of the solute, and ∆E ′ is the energy gap between two redox

states of the solute molecule. Based on the free energy surfaces only for the solute,

the inner shell reorganization energies can be measured according to the definition,

λRe
in = A′

0(∆E ′
1)− A′

0(∆E ′
0), (2.15)

λOx
in = A′

1(∆E ′
0)− A′

1(∆E ′
1), (2.16)

where the solute free energy surfaces A′
0,1(∆E ′) can also be shifted to the same

baseline without affecting the value of the inner shell reorganization energies.

13



2.3 Computational details

Hexaaquo ruthenium and iron cations, Ru(H2O)
2+/3+
6 and Fe(H2O)

2+/3+
6 , were se-

lected as the two test systems to evaluate the performance of our approach. The geo-

metrical changes of the two coordination compounds Ru(H2O)
2+/3+
6 and Fe(H2O)

2+/3+
6

during the redox process are not significant. Only slight changes (∼0.1 Å) in the

coordination bond lengths were observed experimentally [60, 64] and in our calcu-

lations. Since the dielectric continuum model is a good approximation for aqueous

solution, these two systems comply well with Marcus theory. For this reason the two

systems have been studied extensively by both experimental and theoretical work.

The QM regions in both systems were defined as the central metal cation with

six coordinating water molecules, i.e. Ru(H2O)
2+/3+
6 , and Fe(H2O)

2+/3+
6 . The initial

geometries of the complexes were optimized in the gas phase. The QM subsystems of

Ru(H2O)
2+/3+
6 and Fe(H2O)

2+/3+
6 were further solvated by 8641 and 8638 MM water

molecules respectively, treated with the TIP3P model. [65] The entire system for

each simulation was in a cubic box with side length 64 Å under periodic boundary

conditions.

The MD simulations were carried out with the Sigma [66,67] program combined

with Gaussian03 [68] for the QM calculations. [69] Spin-unrestricted DFT calcula-

tions were performed for the QM subsystem, with the BLYP exchange-correlation

functional. [70, 71] The effective core potential (ECP) basis set LanL2DZ [72] was

used for both the metal ion and the ligand molecules. The DFT calculation with

FNE was carried out with a modified version of the Gaussian03 program, which uses

a fraction occupation number of the HOMO during the SCF calculation. One SCF

calculation was performed at each MD step to evaluate the energy and forces on the

QM system. The parameters of the CHARMM force field [73] and parameters from

Ref. [74] for Ru were used to model the classical MM interactions. The interactions
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between the QM and MM subsystems were described by van der Waals interactions

and the electrostatic forces between point charges on MM water molecules based on

the TIP3P model and the effective charges on QM atoms obtained from electrostatic

potential (ESP) fitting. [75, 76] Because the long range electrostatic interaction be-

tween the solvent and the solute is essential for stabilizing the net charge on the

system, and the Ewald summation for charged systems with a local basis set has not

been implemented, a QM-MM interacting distance cutoff was used in our calculations

and its influence on energetic properties was examined.

The QM/MM-MD simulations of Ru(H2O)
2+/3+
6 were carried out for 18 ps after

equilibration for 5 ps. The MD integration time step was 1 fs. Six windows with

different values of fractional number of electrons, η = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0, were

used in the thermodynamic integration simulation from Ru(H2O)2+
6 to Ru(H2O)3+

6 .

Similar simulations of Fe(H2O)
2+/3+
6 were performed for 12.6 ps after 5 ps equilibra-

tion for each sampling window. The snapshots from trajectories were recorded every

9 fs, which provided 2000 and 1400 conformations from each sampling window of the

Ru and Fe systems, respectively, for histogram analysis.

2.4 Results and discussions

2.4.1 Oxidation free energies of half-reactions

The experimental oxidation free energy ∆G can be obtained from the electrode

potential of the half-reaction E0 from the Nernst equation (∆G = −nFE0). For

comparing experimental values with the simulation results, the absolute potential

of the standard hydrogen electrode (SHE) should be added to the experimental

electrode potentials. By taking -4.20 to -4.84 V for the absolute potential of the Pt-H

electrode suggested by Reiss et al. [77–81], the absolute oxidation free energies are 5.0-

5.6 eV for aqueous Fe(H2O)
2+/3+
6 and 4.4-5.1 eV Ru(H2O)

2+/3+
6 couples, respectively.
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Figure 2.2: Ensemble average of 〈ε
HOMO

〉 curves for the two test systems at dif-
ferent fractional numbers of electrons. Their oxidation free energies are annotated,
respectively, according to Eq. (2.2). The vertical bars indicate thermodynamic fluc-
tuations.

The oxidation free energies of aqueous Fe(H2O)
2+/3+
6 and Ru(H2O)

2+/3+
6 were ob-

tained using the FNE-adapted thermodynamic integration, according to Eq. (2.2).

The ε
HOMO

curves along different fractional number of electrons η for the Fe(H2O)
2+/3+
6

and Ru(H2O)
2+/3+
6 systems are shown in Fig. 2.2. By integrating over the ε

HOMO

curves, we obtained 5.14 eV and 5.82 eV for the absolute free energies ∆GAbs of

Fe(H2O)
2+/3+
6 and Ru(H2O)

2+/3+
6 , respectively, which show good agreement with the

experiment values (see Table 2.1). From the difference between the absolute values

of the two redox species, the relative free energy difference ∆∆G was found out to

be 0.68 eV. This value can be compared to the experimental value 0.54 eV, which is

directly obtained from the electrode potentials 0.77 V and 0.23 V of the aqueous iron

and ruthenium ions, respectively, independent of the absolute value of the hydrogen

electrode potential. Thus the ∆∆G error is 0.14 eV, which is smaller than the error
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Table 2.1: Oxidation free energies of the aqueous Ru(H2O)
2+/3+
6 and Fe(H2O)

2+/3+
6

calculated with different methods and statistical approaches to experiments. Energy
units are in eV. Electrode potentials E0 are in V.

Calculated ∆GAbs Experimental data

QM/MM CPMD MM E0 ∆GExpt.
Abs

Fe(H2O)
2+/3+
6 5.82a - 3.5b 0.771d 5.0 / 5.6 e

Ru(H2O)
2+/3+
6 5.14a 0.58c 10.34c 0.230d 4.4 / 5.1 e

a. Results from this work. b. Ref. [3] c. Ref. [63] d. Experimental values for standard
electrode potentials from Ref. [82], which are relative to the standard hydrogen electrode
(SHE). e. The experimental absolute free energies are derived taking the values of the
absolute oxidation free energy for SHE from 4.2 eV to 4.84 eV. [77–81]

in the absolute free energies (0.18 eV and 0.32 eV) and reflects the intrinsic accuracy

of our method.

2.4.2 Reorganization free energies of half-reactions

The probability distributions shown in Fig. 2.3A for the two systems along the energy

gap ∆E from different sampling windows have sufficient overlap to enable the use of

histogram analysis and the reconstruction of the diabatic free energy surfaces of the

initial and final states as shown in Fig. 2.3B. The reorganization energies for each

system were then obtained according to Eqs. (2.12-2.13). The total reorganization

energy of the oxidized state λOx is 2.47 eV for the aqueous Fe complex and 2.52 eV for

the Ru complex, which are comparable to corresponding experimental values listed

in Table 2.2.

The experimental reorganization energy for the oxidized Fe complex 2.11 eV was

directly measured by photoelectron emission for the half-reaction [83]. However,

similar experimental data for Ru is not available, thus the experimental value for the

oxidized Ru complex was estimated by combining the experimental outer and inner

shell reorganization energies, [84–86] which is about 1.54 eV.

Comparing the calculation results with the experimental values, we found an
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Figure 2.3: Energetic profile of the half redox reactions for Ru(H2O)
2+/3+
6 and

Fe(H2O)
2+/3+
6 in aqueous solution. (A) Probability distributions over the order pa-

rameter ∆E for different sampling windows, and (B) energy surfaces of the initial
and final states constructed from the probability distributions.

overestimation in the total reorganization energies in the calculations, which may be

due to the non-polarizable solvent model employed in our simulations. However, the

better agreement between the calculation results and experimental values in the Fe

complex than in the Ru complex suggests that the direct measurement of reorgani-

zation energy in photoelectron experiments (in the case of Fe) may be more accurate

than combining the experimental outer and inner shell reorganization energies (in

the case of Ru).

From the results demonstrated in Fig. 2.4, the inner shell reorganization energies

of the half-reactions were found to be 0.35 eV and 0.41 eV for the oxidized and re-

duced Ru complex, and 0.37 eV and 0.34 eV for the oxidized and reduced Fe complex.

These results are comparable to the experimental estimation of the inner shell reor-
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Table 2.2: Reorganization energies and activation free energies of aqueous
Ru(H2O)

2+/3+
6 and Fe(H2O)

2+/3+
6 calculated with different methods to experiments.

Energies are in eV.

Reorganization energies (half-reaction)§ Activation Energies (full reaction)
λRe λOx λOx λOx

in λRe
in λ

Ox/Re
in ∆G‡

QM/MMa Expt. QM/MMa Expt.d QM/MMa Expt.
Fe(H2O)2+/3+

6 2.41 2.52 2.11b 0.35 0.41 0.60 1.22e 0.79f 0.69g

Ru(H2O)2+/3+
6 2.43 2.47 1.54c 0.37 0.34 0.34 1.28e 0.80f 0.51h

§ Including both inner shell and outer shell reorganization energy for the oxidized state.
a. Results from this work. b. Directly measured in photoelectron emission
experiments. [83] c. Estimated from experiments in Ref. [84–86] d. Calculated from the
bond length differences and force constants. [60, 85–87] Experimental values of inner shell
reorganization energies are the same for different redox states, since the force constants
were assumed to be the same. e. Estimated in the infinite-separation limit. f. Estimated
in the touching-sphere limit. g. Ref. [64] h. Ref. [60]

ganization energies, 0.60 eV for Fe and 0.34 eV for Ru, [60,86] as shown in Table 2.2.

The experimental inner shell reorganization energy of each solute was obtained from

the X-ray measurement of the coordination bond length changes, [60,86] thus the in-

ner shell reorganization energies for the two redox states are approximately the same,

i.e., λOx
in ≈ λRe

in , based on a conventional assumption that the solute in different redox

states has the same force constants of the coordination bond.

The results from the QM/MM simulation indicate that the solute intramolecular

degrees of freedom have considerable contributions to the total reorganization free

energies during the ET process, which agrees well with experiments. [60, 86] The

better agreement in the inner shell than in the outer shell reorganization energies

indicates that the QM calculations of the solute are quite accurate, which supports

the speculation that the non-polarizable model for the MM solvent is an important

error source in the reorganization energy calculation.

Based on the diabatic free energy surfaces in Fig. 2.3B and Fig. 2.4, for both

systems, the total and inner shell reorganization energies are not the same for the

reduced and oxidized states. The reorganization energies of the different redox states
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Figure 2.4: Inner-shell diabatic free energy surfaces of metal complexes: (A)

Fe(H2O)
2+/3+
6 and (B) Ru(H2O)

2+/3+
6 constructed from the probability distributions.

characterize different relaxation processes: λRe is the free energy decrease of the

system after a vertical reduction, whereas λOx is the free energy decrease after a

vertical oxidation. The observed free energy differences of about 0.1 eV imply the

intrinsic difference of the solvent contributions to the two redox states, e.g., the force

constants of the coordination bonds are not the same for the two different redox

states.

2.4.3 Activation free energies

The quadratic shape of the diabatic free energy surfaces obtained from the non-

Boltzmann sampling indicates that the FNE is an efficient order parameter. When
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the system reaches the intersection on the energy surface shown in the Fig. 2.3,

the reaction coordinate ∆E is equal to zero, which means the electron can transfer

from the solute to the reservoir with energy being conserved. At this point, the

system evolves from the reactant state to the product state, which corresponds to

the transition states in the Marcus perspective. Thus we can estimate the activation

free energy for the half-reaction ∆G‡
µ, [63] as the barrier height from the equilibrated

reactant state to the transition state. However, the activation energy for the full self-

exchange reaction is dependant on the separation distance between the two redox

centers. In our work, since the two redox centers were treated separately as two half-

reactions, we cannot identify the separation distance between two reacting redox

solutes. Therefore, we examine the system in two extreme conditions and calculated

the activation free energies in both cases, as summarized in Table 2.2.

Infinite-separation limit By assuming that the donor and acceptor are separated

by a infinite distance, we can approximate the activation free energies of the full

self-exchange reaction as ∆G‡ ≈ 2∆G‡
µ, Under this assumption, the activation free

energies for the full self-exchange reactions of the two complexes are 1.22 eV and

1.28 eV for Fe and Ru, respectively. In the infinite-separation limit, the solute

molecules in the ET reaction are connected with an fictitious electron reservoir,

and the distance between the two redox centers are assumed to be infinite, whereas

in the experimental condition, the solutes are separated by a finite distance with

the similar magnitude of the sum of their ionic radii. This difference leads to an

overestimation in the free energy of the full reaction, despite of the accuracy in

the half-reaction calculation. The experimental values of the activation energy are

measured to be 0.69 eV and 0.51 eV for Fe and Ru, respectively. [60, 64] When

compared to experimental values, the activation energies in our calculation at the

infinite-separation limit are overestimated by 0.5∼0.7 eV.
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Touching-sphere limit Unlike the redox free energy, which is independent of the

path, the activation energy is dependent on the solvent conformation at the tran-

sition states. Compared to the more accurate results for the redox free energies,

the observed larger deviations in the activation energy can be attributed to several

factors. As described above, the difference between the infinite-separation limit and

the real experimental condition actually contributes a significant proportion to the

error, because we know from Marcus theory (Eqs. (2.17-1.1)) that the activation free

energy depends on the distance between the two redox centers.

Based on the linear response approximation assumed in the Marcus model, the

outer shell solvent reorganization energy is derived to be a function of the transferred

charge ∆q, the solvent dielectric properties εe and εs, the radii rA,B of the solutes

and the separation RAB of electronic centers (A and B),

λout =
( 1

εe

− 1

εs

)( 1

2rA

+
1

2rB

− 1

RAB

)
∆q2. (2.17)

In the experiment condition, the real distance cannot to be too large otherwise

the electron tunneling probability will be too low. Thus, we here assumed the lower

limit of the separation distance and use Marcus theory to correct the calculation

results.

Based on the assumption that the solute radii are approximately the same for

both redox states, and taking a limit that the distance between the two redox centers

are equal to the sum of the radius of each solute, i.e., R = rOx + rRe ≈ 2rOx/Re, the

outer shell reorganization energy for the full reaction is approximately equal to that

for a half-reaction according to Eq. (2.17), [84]

λout ≈
( 1

εe

− 1

εs

) 1

2rOx/Re
∆q2 = λ

Ox/Re
out ≈ (λOx

out + λRe
out)/2, (2.18)

where the notation follows that in Eq. (2.17). However, the inner shell reorganization
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energy for the full reaction maintains the additive relation,

λin = λOx
in + λRe

in . (2.19)

Therefore, in this “touching-sphere” limit, the total reorganization energy for the

full reaction is,

λ = λout + λin ≈
λOx

out + λRe
out

2
+ (λOx

in + λRe
in ). (2.20)

From the harmonic vibration model and the diabatic free energy surfaces of solute

molecules in Fig. 2.4, we can assume that the Marcus relation is also applicable to

the inner shell part in these two self-exchange reactions, i.e., ∆G‡
in ≈ λin/4. In

the touching-sphere limit, the total activation energy can be estimated from the

reorganization energy according to Marcus theory,

∆G‡ = ∆G‡
in + ∆G‡

out (2.21)

≈ λout/4 + λin/4 (2.22)

≈ (λOx
out + λRe

out)/8 + (λOx
in + λRe

in )/4 (2.23)

Feeding in the reorganization energies, the activation free energies for the self-

exchange reactions of Fe(H2O)
2+/3+
6 and Ru(H2O)

2+/3+
6 are 0.79 eV and 0.80 eV,

respectively, in much better agreement with experimental values. The activation

free energies reduced by 0.4 ∼ 0.5 eV in taking the touching-sphere limit compared

to the infinite-separation limit.

The significant different results obtained in the infinite-separation limit and in the

touching-sphere limit indicate that the relative geometrical conformation of the redox

centers is important for obtaining the accurate activation energy of an ET reaction.

In principle, the possible separation distance should be in between the two extremes;

however, the real experimental condition is more similar to the touching-sphere limit.
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[3, 88, 89] Although taking the touching-sphere limit reduced the error and generate

more accurate activation energies for the two systems, we should be careful to apply

this correction to other systems, where the assumption on the similarity of the radii

of the two redox centers may be invalid. Despite the effect of the separation distance

between the solutes, other factors may also introduce errors in the calculation of

activation free energy. The non-polarizable water model may not be sufficient to

simulate accurately the solvent conformation for the transition state. Additionally,

the nuclear tunneling effects can also be important for obtaining accurate activation

free energies in the process, which are not included in our work. For the aqueous

iron complex, the nuclear tunneling probability, calculated from the overlap of the

wavefunctions of two nuclear configurations, enhances the self-exchange rate by a

factor of about 60, equivalent to reducing the activation energy by 0.1 eV. [90]

Because a smaller geometric difference of the inner shell was observed in the redox

process of Ru(H2O)
2+/3+
6 than that of Fe(H2O)

2+/3+
6 , [86] the nuclear tunneling factor

may be even larger in the aqueous ruthenium. Each issue described above can

introduce an error in the estimated activation energy.

2.5 Conclusion

In work, we have developed an ab initio QM/MM approach for electron transfer

reactions based on the FNE DFT calculations. With this method we obtained the

oxidation free energies and the diabatic free energy surfaces for the ET processes

of the Ru and Fe complex systems in aqueous solution. The agreement between

the calculated results and experimental data validates our approach. The QM/MM

method deals with both the solute and solvent explicitly and thus can be applied be-

yond the linear regime of Marcus theory. The accurate oxidation free energies and the

quadratic free energy surfaces obtained from the calculation indicate that the FNE

is an efficient order parameter that can be used to drive the redox reaction process
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and sample the solvent conformations along the reaction. The overestimation in the

reorganization energies suggests that the consideration of electronic polarization in

the MM water model and nuclear tunneling effects may be necessary to obtain more

accurate theoretical values. The analysis of the two limits for separation distance

between the redox centers reflects the importance of the relative conformation of the

solutes in the calculation of activation free energy. This work opens up the possibility

for free energy calculation of electron transfer processes in complex systems, such as

protein and enzymes.
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3

Efficient approach to simulating redox reactions

In the previous chapter, we have shown that the “on-the-fly” ab initio QM/MM calcu-

lation with direct MD sampling can be used to calculate the free energies for redox re-

actions in solution with satisfactory agreement with experimental data. [91] However,

the cost of ab initio QM/MM calculation is still high, as such direct QM/MM-MD

simulations are only affordable with very limited timescales for small systems. [91–93]

For large biomolecular systems, the computational cost for the QM calculation of the

active site and phase space sampling of the protein severely limit the application of

the direct QM/MM-MD simulations. Although the semi-empirical QM methods, in-

cluding the empirical valence bond model [94] and the self-consistent-charge density

functional tight-binding (SCC-DFTB) method, [95] can largely reduce the compu-

tational cost in the QM evaluations, [96–99] the reliability and transferability of the

semi-empirical QM methods still limited their applications.

The dual need for both accurate QM evaluations and broad phase space sam-

pling is crucial for not only the ET reactions, but also general reaction processes in

solution and in enzymes. Therefore, several ab initio QM/MM simulation methods,

26



including QM-FE, [100] frozen DFT, [12, 101] and QM/MM-FE have been devel-

oped. [102] The QM/MM-FE method, developed in our laboratory, has shown ad-

vantages in many studies of enzymatic reactions. [93, 103–110] However, the strong

dependence of the QM geometry on the MM conformations limited its application

to reactions in solution. [15,111] To eliminate this limitation, we recently developed

the QM/MM minimum free energy path (QM/MM-MFEP) method, [14, 15] which

has been successfully applied to simulations of chemical reactions in solution and

enzymes. [112,113] Through geometry optimizations of the QM subsystem on the po-

tential of mean force (PMF) surface, the QM/MM-MFEP method generates a series

of intermediate states with the minimum free energies along the reaction coordinate,

thus avoids the expensive “on-the-fly” QM evaluations in the direct QM/MM-MD

sampling. It also provides a robust approach to obtaining well-defined reaction path

in solution and in enzymes.

For redox processes, since we focus here on the thermodynamic free energy

changes instead of the free energy barriers in chemical reactions, obtaining the entire

minimum free energy path is unnecessary, as the redox free energy is a state function

and independent on the reaction path. Therefore, only the geometries of the reduced

and the oxidized states need to be optimized on their corresponding PMF surfaces,

then an arbitrary path can in principle be chosen to connect the end points for free

energy calculation. With the optimized geometries of the end points, we can use

the fractional number of electrons (FNE) to serve the reaction order parameter of

the electronic states, which has been verified to be an effective approach to describe

redox processes. [91] The linear interpolation of the geometries of the end points

can be performed for the fractional electronic states to build a smooth alchemical

reaction path for the free energy simulation of redox processes, In this manner, we

even avoid the geometry optimization for the intermediate states and further reduce

the computational cost of the free energy simulation.
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In this chapter, we present the redox free energy simulation using the new QM/MM-

MFEP method combined with the fractional electron approach to calculate the free

energies for redox reactions in solution. This chapter is organized as follows. We first

briefly introduce the basic theory in the QM/MM-MFEP method. Then we show the

practical procedures of the new method and the computational details of the simu-

lation in Sec. 3.2. In Sec. 3.3 we compare the simulation results with our previous

work and experiments, and also demonstrate the significantly enhanced efficiency in

the QM/MM-MFEP method. Finally we conclude with Sec. 3.4.

3.1 Theory

3.1.1 Optimizing QM geometry on the PMF surface

To avoid performing the “on-the-fly” QM evaluations in the direct sampling of the

phase-space, we describe the thermodynamics of the solute with the PMF of the QM

subsystem and only sample the phase space of the solvent with molecular mechanics.

[14,15]

In the QM/MM representation, the PMF and the gradient of PMF with respect

to the solute degrees of freedom can be written as

A(r
QM

) = − 1

β
ln

[∫
e−βE(r

QM
,r

MM
)dr

MM

]
, (3.1)

∂A(r
QM

)

∂r
QM

=

〈
∂E(r

QM
, r

MM
)

∂r
QM

〉
E,{r

MM
}
, (3.2)

where A(r
QM

) is the PMF, r
QM

is the solute geometry, r
MM

is the solvent conforma-

tion, E(r
QM

, r
MM

) is the total potential energy of the molecular system, 1/β is the

Boltzmann constant times temperature, and the symbol 〈· · · 〉 denotes the ensemble

average.

Eqs. (3.1-3.2) build the foundation for geometry optimization on the PMF sur-

face. Since the solute geometry and the solvent ensemble are mutually dependent, we
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Figure 3.1: Schematic view of QM/MM-MFEP sampling and optimization pro-
cedure. With an initial QM geometry, a MD sampling of the MM subsystem is
performed and the snapshots of the trajectory is combined to build a finite MM
ensemble. Then the geometry of the QM subsystem is optimized within the finite
MM ensemble. The sampling and optimization are iteratively performed until the
self-consistency is achieved.

can solve the self-consistent problem with iterative procedure. However, the straight-

forward implementation of the optimization method requires sampling of the solvent

ensemble after every movement of QM geometry. To improve the computational ef-

ficiency, the optimization is instead performed in a finite ensemble. [14,15] Schemat-

ically shown in Fig.3.1, a MD sampling on conformations of only MM subsystem is

first performed with fixed QM subsystem. The snapshots of the MM subsystem are

collected to build a finite MM ensemble. In the finite ensemble, the QM geometry is

then optimized with the mean force.

The first snapshot of the QM geometry is set as a reference, and the free energy

is defined to be relative to the reference:

A(r
QM

) = Aref −
1

β
ln

〈
e−β[E(r

QM
,r

MM
)−Eref ]

〉
Eref ,{rMM

}
, (3.3)
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where Eref is the potential energy of the reference geometry, i.e. E(rref
QM, rMM), Aref

is the free energy of the reference, and {r
MM
} is the ensemble sampled with the

reference QM geometry. According to Eq. (3.3), the PMF gradient in this method

is then [15]

∂A(r
QM

)

∂r
QM

=

〈
∂E(r

QM
,r

MM
)

∂r
QM

e−β[E(r
QM

,r
MM

)−Eref ]
〉

Eref ,{rMM
}〈

e−β[E(r
QM

,r
MM

)−Eref ]
〉

Eref ,{rMM
}

. (3.4)

The PMF gradient in Eq. (3.4) give the steepest direction to the minimum. When

the distribution of e−β[E(r
QM

)−Eref ] is converged, one can use various optimization

methods to minimize the free energy. The optimized QM geometry is then used to

generate a new ensemble of MM conformations in next cycle. This procedure can be

iterated until convergence is reached.

Utilization of a finite reference ensemble, e.g., Eq. (3.3-3.4), requires special tech-

nical considerations in practice. Since the free energy is computed by the free energy

perturbation (FEP) method [Eq. (3.3)], the accuracy of ∆A depends on the over-

lapping of the phase space of two states. If the phase spaces of two states differ

significantly, the computed ∆A cannot be trusted. Similar problems have been in

fact discussed in the case of Jarzynski fast-growth simulation method. [114–116] Be-

cause of this problem, in FEP simulations with classical force fields, an empirical

rule is often implemented such that ∆A of a single FEP simulation can not be larger

than 2kT ; [115] however, changes of electronic state without much change of geome-

try can easily cause energy fluctuations more than a few kT . According to cumulant

expansion, the free energy can be expanded to the second order as

∆A = 〈E〉 − β

2

( 〈
E2

〉
− 〈E〉2

)
+O(E3) (3.5)

= 〈E〉 − β

2
σ2 +O(E3), (3.6)
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where σ2 = 〈E2〉−〈E〉2 is the fluctuation of potential energies. When we minimizing

the free energy ∆A, the average potential 〈E〉 is minimized while the fluctuation σ2 is

maximized. For systems with flat potential surfaces, the QM geometries will be lead

to conformations with maximum statistic errors. We here applied another approach

to resolve this problem. In all geometry optimization algorithms currently employed

in our study and implemented in popular packages like GAUSSIAN03, the goal is to

identify the local minimum within a single state. In such a case, one can make a valid

assumption that the entropy of any point in this state is constant. Therefore, one

may minimizes ∆H, instead of ∆A, in our QM/MM-MFEP optimizations. Under

this assumption, the objection function for geometry minimization is
〈
E(r

QM
, r

MM
)
〉

with the gradient

∂
〈
E(r

QM
, r

MM
)
〉

∂rQM

=

∫ ∂E(r
QM

,r
MM

)

∂r
QM

e−βErefdr
MM∫

e−βErefdr
MM

. (3.7)

In this manner, the higher order terms are excluded in the minimization and the

statistic errors are thus reduced.

3.1.2 Calculating redox free energy using FNE approach

In the previous chapter, it has been shown that the novel order parameter, FNE

is an efficient order parameter that well characterizes the redox reactions and gen-

erated accurate redox free energies. In this work, we also use the FNE to connect

the reduced and the oxidized states of the solute and use the FEP method to cal-

culate accurate redox free energy. Specifically, we here choose the order parameter

as a combination of the FNE and the geometrical difference between the two final

states. That is, after the structural optimization for the two end states with the

QM/MM-MFEP method, the intermediate structures were generated by linear in-

terpolation between the structures of the two end states; each intermediate state was
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also assigned a FNE linearly interpolated from the changes of electron number in the

redox processes. Though one could use only the FNE to define the intermediate

states and correspondingly optimize the structures for each state before the free en-

ergy perturbation simulation. Our approach will be computationally more efficient

because of the smooth structural change between different intermediate states and

the elimination of the geometry optimization on the QM PMF for the intermediate

states.

In the FEP method, we then divide the whole ET process into several intervals

and perform sampling on a series of the intermediate states {ηi}i=0,...,n, characterized

by different values of the FNE and the corresponding geometries obtained from the

linear interpolation. The overall free energy difference can be obtained by summing

up the free energy change of each sampling interval,

∆A =
n−1∑
i=0

∆A(ηi → ηi+1), (3.8)

=
n−1∑
i=0

− 1

β
ln

[〈
e−β∆E(ηi→ηi+1)

〉
ηi

]
, (3.9)

where η is the reaction order parameter, i denotes the ith intermediate state, n is the

total number of states sampled, and the symbol 〈· · · 〉ηi
designates the ith ensemble.

i = 0 denotes the reactant state, and i = n denotes the product state. ∆E(ηi →

ηi+1) is the potential energy difference between two electronic states, which can be

computed with the QM/MM-FE approach developed in previous work. [14, 15, 102]

By turning η0 to ηn, we drive the system from the reduced electronic state to the

oxidized state. Although the ∆A obtained in Eq. (3.9) does not include the zero-

point energy and the vibrational contribution to the redox free energy, those terms

can be estimated using frequency analysis within the harmonic approximation.
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Figure 3.2: Molecular diagrams of flavin derivatives: (a) lumichrome (LC), (b) ri-
boflavin (RF). The LC and RF molecules are treated quantum mechanically in the
simulation.

3.2 Computational details

To validate the QM/MM-MFEP method for the calculation of redox free energies,

we first applied the method to simulate the aqueous iron and ruthenium complexes,

which have been studied using the more substantiated direct QM/MM-MD method

in our previous work. [91] For further demonstration of the efficiency and accuracy

of the QM/MM-MFEP method, we performed two additional simulations for flavin

derivatives: lumichrome (LC) and riboflavin (RF). The entire LC and RF molecules

are treated quantum mechanically and their chemical structures are shown in Fig. 3.2.

The geometries of the solute were optimized for both the reduced and the oxidized

states on their corresponding PMF surfaces. The iterative sequential sampling and

optimization followed the procedures in the work by Hu et al. [15] In the iterative

geometry optimizations, each MD sampling was performed for 64 ps after a 16 ps

equilibration.

After the solute geometries were optimized for both reduced and oxidized states,

the redox process was divided into 11 sampling intervals for the FEP calculation,

i.e. n = 11 in Eq. (3.8), and the linear interpolation of the solute geometries was

performed to generate a series of geometries of the QM subsystem with fractional
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electrons to smoothly connect the end points. To calculate the free energy, a new

MD sampling was performed for each intermediate state r
QM,ηi

with the solute in the

corresponding FNE state. In the FEP calculation, the MD sampling was increased

to 128 ps after a 32 ps equilibration for better statistic convergence. Finally, the

free energy contributions from zero-point energy and thermodynamic vibration were

estimated by frequency analysis using the GAUSSIAN03 program. [68]

The MD simulations were carried out with the program SIGMA, [66,67] while the

QM calculations were performed with GAUSSIAN03. [68] The electrostatic potential

fit charges of QM subsystem were obtained with our recently developed method, [117]

which improves the numerical stability of the charges on the atoms in the QM region.

Since the Ewald summation for charged systems with a local basis set has not been

implemented, we here use a QM-MM interaction distance cutoff. Following the

protocol in the previous work, [15] the dual cutoffs were used in the simulations,

with the short cutoff to be 14 Å and the long cutoff to be 28 Å and 20 Å for the

metal ions and organic molecules, respectively. The long cutoff was chosen as such to

ensure the convergence of QM/MM electrostatic interactions and the final redox free

energies. [91, 118] The cutoff for the organic systems were chosen as 20 Å because

the net charge of the system is between 0 to -1, which is smaller than that of the

metal systems. Additional FEP calculation with 25 Å cutoff for the LC molecule

were performed to demonstrate the convergence of the long distance interactions (see

Sec. 3.3).

The metal complexes were modeled with the same configuration in the previous

work: [91] the ions and six coordinating water molecules were treated quantum me-

chanically and were solvated in cubic boxes with the dimensions 64×64×64 Å, which

contained 8.6× 103 TIP3P water molecules as the solvent. [65] For the flavin deriva-

tives, the LC and RF molecules are treated quantum mechanically and solvated in

cubic boxes with the dimensions: 64× 64× 64 Å for LC and 54× 62× 62 Å for RF,
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respectively. The dimensions of the boxes were chosen such that the solutes were

surrounded by solvent layers with thickness at least greater than the corresponding

long cutoff. All systems were simulated under NVT conditions with temperature

T = 300K.

3.3 Results and discussions

3.3.1 Geometry optimization convergence

In the QM/MM-MFEP method, each geometry optimization was performed on the

PMF surface in a fixed MM ensemble. The MM ensemble was then updated with

the optimized solute geometry. The converged MM ensemble and the corresponding

fully optimized QM geometry is critical to the accuracy and reliability of the method.

Fig. 3.3 shows the convergence of the four systems in the oxidized states in terms

of the free energy variation. The horizontal axis is the number of QM evaluations

in the geometry optimization. Each dash line denotes the termination of one QM

optimization cycle, where a new MM ensemble was sampled. The free energies of

the systems converged to plateaus after eight to ten cycles of iterative sequential

sampling and geometry optimization for both the aqueous metal complexes and the

flavin derivatives. The spikes in the free energy variations were generated by the

optimization algorithm employed in the GAUSSIAN03 program, which are frequently

observed in various systems. [15]

3.3.2 Redox free energies

With the QM subsystems optimized on the PMF surfaces in fully converged MM

ensembles, the FEP simulation was then performed to evaluate the redox free ener-

gies for the systems. The oxidation free energies of Fe(H2O)
2/3+
6 and Ru(H2O)

2/3+
6

obtained from Eq. (3.9) are 5.70 eV and 5.01 eV, respectively. These values do not

include the contributions from vibrational entropy and zero-point energies.
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Table 3.1: Comparison of redox free energies of metal complexes calculated using
direct QM/MM-MD and QM/MM-MFEP methods. Units are in eV.

∆GDirect ∆GMFEP ∆GExpt

Ru(H2O)6
2/3+ 5.14a 5.10b 4.4 / 5.1 c

Fe(H2O)6
2/3+ 5.82a 5.84b 5.0 / 5.6 c

a. Values reported in Ref. [91], which already included the free energy contributions
from vibrational dynamics. b. ∆GAbs are the absolute redox free energies, included
the corrections from both vibrational dynamics ∆Gvib and zero-point energies
∆G

ZPE
. The results using direct QM/MM-MD method did not include ∆G

ZPE
.

c. The experimental absolute free energies are obtained by taking absolute
oxidation free energy for SHE to be from 4.2 eV to 4.84 eV. [77–81]

With the harmonic approximation, frequency calculations can be performed in

the QM/MM-MFEP method to estimate the free energy contribution from the solute

vibrational entropy ∆Gvib. In the direct QM/MM-MD method, the vibrational dy-

namics of QM subsystem is represented by the classical motions of solute from MD

sampling. Thus, the vibrational contribution is already included. In the QM/MM-

MFEP method, we estimated the vibrational contributions of the solutes through the

frequency calculations on the enthalpy surfaces. The vibrational frequencies of the

QM subsystems were calculated in the mean field of the solvent that is represented

by MM point charges. The ∆Gvib for Fe(H2O)
2/3+
6 and Ru(H2O)3+

6 are estimated

to be 0.042 eV and 0.027 eV, respectively. After the correction, the oxidation free

energies are 5.74 eV for Fe(H2O)
2/3+
6 and 5.04 eV for Ru(H2O)3+

6 . As shown in Ta-

ble 3.1, these values are comparable to the results obtained in a previous study using

the direct QM/MM-MD method, where the oxidation free energies were calculated

to be 5.82 eV for Fe(H2O)
2/3+
6 and 5.14 eV for Ru(H2O)3+

6 . The discrepancy between

the two methods is 0.07∼0.10 eV, or 1.6∼2.3 kcal/mol, which is within the statistic

deviations.

Besides the vibrational entropy, another missing term is the difference of the

zero-point energy between the two redox states. Since the zero-point energy cal-
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Table 3.2: Comparison of oxidation free energies of lumichrome (LC) and riboflavin
(RF) calculated with QM/MM-MFEP methods to experiments. Free energies are in
eV and standard electrode potentials are in V.

∆GAbs
MFEP E0 ∆GAbs

Expt ∆∆GMFEP ∆∆GExpt

LC / LC·− 3.23a -0.502 3.7 / 4.3b - -
RF / RF·− 3.48a -0.292 3.9 / 4.5b 0.25c 0.21c

a. ∆GAbs
MFEP are values of absolute oxidation free energies obtained using MFEP

including the corrections from both vibrational contributions and zero-point
energies. b. ∆GAbs

Expt are based on the standard electrode potential E0 from
Ref. [119], which are relative to the standard hydrogen electrode (SHE). The values
of the absolute oxidation free energy for SHE were measured to be from 4.2 eV to
4.84 eV. [77–81] The experimental absolute free energies are therefore obtained as

∆GExpt
Abs = ∆G0 + ∆GSHE

Abs . c. Relative oxidation free energy difference between the
lumichrome and riboflavin molecules.

culation in the direct QM/MM-MD method is expensive but not dominant, this

term was omitted. However, in the QM/MM-MFEP method, the zero-point en-

ergy of different redox states can be easily estimated through frequency calculations

on the optimized geometries. The free energy corrections from zero-point energy

∆G
ZPE

are about 0.10 eV and 0.06 eV for Fe(H2O)
2/3+
6 and Ru(H2O)3+

6 , respectively.

Including the correction from both vibrational entropy and zero-point energy, the

absolute oxidation free energy ∆GAbs obtained from the QM/MM-MFEP method

for Fe(H2O)
2/3+
6 and Ru(H2O)3+

6 are 5.84 eV and 5.10 eV.

The experimental values are measured relative to the standard hydrogen electrode

(SHE), which is artificially set to be zero. Therefore, the absolute value of the

oxidation free energies for SHE (∆GSHE
Abs ) should be added in the experimental data

when we compare the theoretical values to experiments. However, the measurements

of ∆GSHE
Abs are not very accurate and disputable, with a range from 4.2±0.4 to 4.84 eV.

[77–81] In Tables 3.1 and 3.2, the experimental values of the absolute oxidation free

energies are listed as two sets of data with the minimum and maximum values of

∆GSHE
Abs .
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Because the computational cost in the simulation of LC and RF molecules using

the direct QM/MM-MD method is very expensive, the two bio-organic systems were

only simulated using the QM/MM-MFEP method. As shown in Table 3.2, the

oxidation free energies of the redox couples LC/LC·− and RF/RF·− are evaluated to

be 3.16 eV and 3.41 eV, respectively. Since we here used a shorter cutoff (20 Å) than

that of metal systems (28 Å), we performed FEP calculations with 25 Å cutoff for

LC/LC·−. The oxidation free energy is 3.12 eV with 25 Å cutoff and 3.16 eV with 20 Å

cutoff, respectively. The 0.04 eV difference between the FEP calculations suggests

that the long range electrostatic potential converged at the distance of 20∼25 Å. The

correction from ∆Gvib and ∆G
ZPE

is coincidentally to be about 0.07 eV for both LC

and RF systems, which leads to 3.23 eV and 3.48 eV as the absolute oxidation free

energies for LC and RF, respectively.

The experimental oxidation potentials of the LC/LC·− and RF/RF·− couples are

-0.502 V and -0.292 V. Taking the Nernst equation (∆G = −nFE0), the relative

oxidation free energy difference ∆∆G between the two couples is 0.21 eV. The result

obtained from QM/MM-MFEP method is 0.25 eV, which is in excellent accordance

with the experimental value.

3.3.3 Computational efficiency

The agreement between the oxidation free energies calculated using the two methods

indicates that the MFEP method is at least as accurate as the direct QM/MM-MD

method. In the Table 3.3, we compared the efficiency between the direct QM/MM-

MD and the QM/MM-MFEP methods when performing similar simulations to calcu-

late redox free energies. Using LanL2DZ basis set, [72] the aqueous metal complexes

contain 100 basis functions. The direct QM/MM-MD simulation spent about 40 days

on dual Intel Xeon 3.60GHz CPUs to complete 20 ps MD sampling with 20,000 times

of the “on-the-fly” QM evaluations. The QM/MM-MFEP simulations on the same
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Table 3.3: Efficiency comparison between direct QM/MM-MD and QM/MM-MFEP
methods.

Systemsa M(H2O)2/3+
6 LC/LC·− RF/RF·−

Total atoms 19 28 47
Basis set LanL2DZ 6-31+G∗∗ 6-31+G∗∗
Number of basis 100 392 613
QM evaluation timeb 3 min 30 min 100 min
Method Direct MFEP Directc MFEP Directc MFEP
Sampling length 20 ps 80 ps 20 ps 80 ps 20 ps 80 ps
QM evaluation number 20000×6 100×2d 20000×6e 300×2d 20000×6e 300×2d

Total real timef 40 days 20 days 400 days 25 days 1400 days 45 days

a. M = Fe, Ru; LC = Lumichrome; RF = Riboflavin. b. These are the approximate
time costs for a single QM evaluation. The time costs here are based on running
GAUSSIAN03 program on dual Intel Xeon 3.60GHz CPUs. c. The direct
QM/MM-MD simulations are not performed for LC and RF. The corresponding
parameters and time costs are estimations only. d. The geometry optimizations are
only necessary for the reduced and the oxidized state of solute. e. Assume using the
same setup of simulations as in Ref. [91], where thermodynamic integration method
with six sampling intervals is used. f. These are the approximate time costs for
performing the entire simulations.

systems performed about 8 cycles of QM optimization and sequential MD sampling

in 20 days, with each cycle consisting of 80 ps sampling. If we want to perform the

direct QM/MM-MD simulations for 20 ps on LC or RF molecule, the estimated com-

putational time would exceed 400 days. In contrast, the QM/MM-MFEP simulation

of the LC and RF molecules were completed in 25 and 45 days, respectively. As

the system becomes larger, the advantage of the QM/MM-MFEP method is more

significant. The computational efficiency is promoted about 15∼30 folds for the two

bio-organic systems because the on-the-fly QM evaluations are avoided and the ther-

modynamics is described by the PMF of the QM subsystem. For the systems in

this work, the linear interpolation was performed to build the path for free energy

simulation. However, we need to point out that a smooth connection between the

redox states through the FNE cannot be guaranteed in all cases. Caution may be

needed in the simulation of special systems with FNE to reduce possible artifacts
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caused by DFT method. [56, 57, 120, 121] Also, if the interpolated reaction path is

bumpy, e.g. for reactions with significant geometrical changes between the redox

states, the optimization for a smooth path is desired to reach the convergence. Even

if the optimization of a reaction path rather than an interpolated path is necessary,

the computational cost in terms of time may not significantly increase since the

optimization of the intermediate states can be performed parallelly.

3.4 Conclusion

In this work, we have implemented the QM/MM-Minimum free energy path (MFEP)

method to calculate redox free energies, with significantly enhanced efficiency and

uncompromised accuracy. We have testified to the validity and accuracy of the

QM/MM-MFEP method by repeating the calculation of redox free energies for

Fe(H2O)
2/3+
6 and Ru(H2O)3+

6 aqueous complexes. The results from the QM/MM-

MFEP method agree well with those from the direct QM/MM-MD method, with

about 0.1 eV difference in the oxidation free energy. To demonstrate the efficiency

of the QM/MM-MFEP method, two larger biochemical molecules, lumichrome (LC)

and riboflavin (RF), are further investigated. The oxidation free energies of the redox

couples LC/LC·− and RF/RF·− were evaluated to be 3.23 eV and 3.48 eV, respec-

tively. The relative free energy difference ∆∆G is 0.25 eV, which is very close to

the experimental value of 0.21 eV. The computational time for the two bio-organic

systems is shortened by about 15∼30 folds compared to the direct QM/MM-MD.

The high accuracy and the enhanced MD sampling of the QM/MM-MFEP method

shows promise for applications of the studies on redox reactions in biochemistry.
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Figure 3.3: Convergence of the relative free energies during the geometry optimiza-
tions for (a) Fe(H2O)3+

6 , (b) Ru(H2O)3+
6 , (c) lumichrome (LC) and (d) riboflavin (RF)

in QM/MM-MFEP method. The reduced states of the systems converge similarly as
the oxidized states shown here. The vertical dash lines separate different MM ensem-
bles obtained by sequential sampling. Within the region between two dash lines, the
dotted lines are the relative free energies of the systems during the QM optimizations
on their PMF surfaces in the corresponding MM ensembles. The systems converges
after eight to ten cycles of MM sampling and QM optimizations.
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4

Application to large biosystems

Many fundamental reactions in biochemistry such as photosynthesis and respiratory

chain involve numerous electron transfer processes that are catalyzed by different

redox proteins. The redox potential is one of the most important properties in an

electron transfer process that determines the thermodynamic driving force and also

influences the kinetics of the reaction. Theoretical calculation of redox properties in

condensed phase, especially for metalloproteins, with quantitative accuracy raises a

challenge to both theories and computational resources. The knowledge of both the

accurate electronic structures of the redox sites and also the converged statistics of

the environmental contributions, including long-range electrostatic interactions, con-

formational dynamics, possible hydrogen bonding and steric interactions, are critical

to determine the energetic properties of the redox processes in condensed phase.

Here, we applied the newly developed approach using QM/MM-MFEP and frac-

tional number of electron (FNE) method to simulate the redox processes of metallo-

proteins azurin and its mutants. Azurin is a small (128-residue) blue copper protein

serving as an electron shuttle in the redox systems of respiratory chain in plants and

bacteria. [122] The blue copper redox center, characterized by a type 1 copper (T1-
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Cu) complex with five coordination, [123] typically including cysteine and methionine

in a trigonal bipyramidal structure, strongly absorbs light near 600 nm spectrum and

demonstrates an intense blue color because of the sulfur to copper charge transfer.

The bipyramidal polyhedron is shaped by three equatorial and two axial ligands. A

sulfur atom (Sγ) from a cysteine thiolate and two nitrogen atoms (Nδ1) from two

histidine imidazole rings compose the planar, and an acyl oxygen (O) of a glycine

and a thioether sulfur (Sδ) of a methionine capped the trigon. The five-fold coordi-

nation copper in azurin maintains very stable structures in both Cu(I) and Cu(II)

oxidation states, [124, 125] which is significantly different from the aqueous copper

ions with dramatic changes in the coordination number from 2 to 6. [8] Consequently,

the T1-Cu in azurin has much smaller reorganization energy (0.6-0.8 eV) [126, 127]

than the aqueous copper ions (2.1 eV) [8], facilitating higher ET rate in the pro-

tein. [128, 129] In the mean time, the redox potential of the T1-Cu ion in azurin is

sensitive to the mutations, especially for the sites inside or near the coordination

sphere. [124,125] The substitutions involve the axial methionine lead to a large vari-

ation in redox potentials (>200 mV) among the single mutants on Met121. [125,130]

The mutation of Met121 to a more hydrophilic artificial analogue oxomethionine

(with an oxygen atom substituted the Sδ in Met) leads to a shift of -119 mV in the

redox potential. [130] Except for the mutations in the inner coordination sphere, the

side chains of Met44 and Asn47 also have important influence on the redox poten-

tials of the T1-Cu. [131] The hydrophobic patches in the mutations from Met44 to

Lys and from Asn47 to Leu introduce changes in electrostatic field [124, 132] and

hydrogen bonding networks, [131] thus lead to the increase of redox potentials of

∼60 mV for Met44Lys [132] and 110 mV for Asn47Leu. [131] Because of the sen-

sitivity of the redox potentials and the relative rigid structures of the T1–Cu site

during the redox process, azurins are ideal systems for the theoretical studies. In

this work, we studied the WT azurin from Pseudomonas Aeruginosa and three sin-

43



gle site mutants, Met44Lys, Asn47Leu and Met121Oxm, using the newly developed

QM/MM-MFEP+FNE approach, and demonstrated the efficiency and accuracy of

this method in the calculation of redox potentials for protein systems.

The simulation details is reported in Sec 4.1, and the calculation results are

compared with experiments with discussions in Sec. 4.2. They are then followed by

our conclusion in Sec. 4.3.

4.1 Computational details

The structure of the WT azurin is build from the 4AZU entry of the Protein Data

Bank with the X-ray coordinates resolved at 1.9 Å in a tetramer unit. [133] Only one

monomer is considered in the simulation with adjusted conformation and protonation

by Molprobity. [134] His46 and His117 are in neutral state with protons on the Nε2

atoms and the sulfur atom in Cys112 is deprotonated. The active site of the azurin

is the copper atom with five coordination residues: Gly45, His46, His117, Cys112,

and Met121. In order to accurately capture the effects of the mutations, the two

mutated residues 44 and 47 together with the active site were treated with high-level

QM method. The structures of the WT azurin and the corresponding QM region is

shown in Fig. 4.1.

The azurins with the size of about 40 Å in length were solvated in a cubic water

box with the volume of 90× 90× 90 Å3, filled by 23104 water molecules represented

using TIP3P model. [65] The QM regions were calculated using Gaussian03 program

[68] at the level of BLYP [70, 71]/LanL2DZ(Cu) [72], cc-pVDZ(ligand) [135]. The

rest part of the protein was modeled using Sigma [66, 67] with CHARMM force

field. [73] Periodic boundary conditions were used in the MD simulation and particle

mesh Ewald [136] method was employed for long-range electrostatic interactions for

the MM subsystem. A cut-off distance of 20 Å was found to be enough to generate

convergent results for systems with net charge from 0 to -1, [16] thus the same
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Figure 4.1: Structures of WT azurin from X-ray crystallography. A. Ribbon di-
agram of WT azurin with active site shown explicitly on top. B. QM region of
WT azurin, including the active site with copper ion shown in orange and the two
mutation sites 44 and 47.

cutoff was used here for the QM/MM interactions. [91] The pseudobond method

[137] with improved electrostatic parameters [138] was used to treat the QM/MM

boundary. In the iterative sequential optimization procedure, [15, 16] 160 ps MD

sampling under NVT condition at T = 300K was performed to build the fixed MM

ensemble in each cycle. After the geometry optimizations were completed, a linear

interpolation was performed to connect the geometries of the reduced and oxidized

states of each protein, and the corresponding FNE was assigned to each interpolated

state to calculate the free energy difference following the protocol in Chapter 3.1. The

whole reaction progress is divided into 10 intervals, with 0.1 increment in the FNE. In

addition, multiple independent FEP calculations were performed for each protein in

order to enhance the accuracy and also to evaluate the sampling convergence of the

simulations. In each FEP calculation, we sampled an new set of MM conformations to

generate an independent ensemble with the same QM geometries, and calculated the
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redox free energy difference. In an ideal convergence condition, the MM ensembles

obtained in the independent sampling are the same and thus an identical value is

generated as the final free energy difference. For each protein, eight FEP calculations,

each with a 160 ps MD sampling, were performed and the standard deviations of the

final free energy differences were calculated to evaluate the statistic errors in the

simulations.

4.2 Results and discussion

4.2.1 Geometries of the active sites in azurins

Followed the procedure of QM/MM-MFEP optimization described in Chapter 3.1,

we performed the optimization on the QM subsystems of WT azurin and the three

mutants in both reduced and oxidized states. The convergence of relative free en-

ergies and the changes in thre root of mean squared displacements (RMSD) of the

structures are shown in Fig. 4.2. With the MFEP method, only about 200 QM cal-

culations or less were needed in the optimization procedure for each species, which

are the major computational cost in the simulations. The final optimized geometries

of each protein are shown in Fig. 4.3, with the conformations of two different re-

dox states superimposed. For the WT azurin and the three mutants, the geometric

changes between different redox states are not significant. The average RMSD of the

heavy atoms in the four azurins are all less than 0.1 Å. In fact, the changes of the

conformation between the two redox states are mostly caused by the small changes in

the bond lengths between the copper ion and the five coordination ligands. As shown

in Table 4.1, the coordination bonds are slightly shortened when the copper ions are

oxidized because the stronger interactions between the Cu(II) and the electron rich

ligands. The small geometric changes allows us to perform linear interpolation of

the geometries and connect the two redox sates without generating severely strained

structure or introducing additional artifacts. [16]
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Figure 4.2: Convergence of the relative free energies during the geometry opti-
mizations for A. WT azurin, B. Met44Lys azurin, C. Asn47Leu, and D. Met121Oxm.
Each block between the dotted lines is a QM optimization cycle with a fixed MM
ensemble. After the QM coordinates were updated, a new MD sampling was carried
out and another round of optimization was performed until the self-consistency was
achieved. The blue lines represent the reduced states of azurins and the red lines
represent the oxidized states. The solid lines show the energetic convergence; the
dashed lines show the RMSD of the QM subsystem characterizing the geometric
convergence.

4.2.2 Redox potentials of azurins

The absolute redox free energies of the azurins are calculated and reported in Ta-

ble 4.2. The values of ∆GAbs
MFEP for each protein are the mean values of the free

energy differences from eight independent FEP calculations. Experimentally, the

redox potentials of WT azurin and many mutants were measured and reported with

respect to the potential of standard hydrogen electrode (SHE). [130–132] Since the

experimental values of the studied azurins were reported in different works, even
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Table 4.1: Coordination bond lengths between Cu and ligands in azurins. Units are
in Å.

WT Met44Lys Asn47Leu Met121Oxm
Cu(I) Cu(II) Cu(I) Cu(II) Cu(I) Cu(II) Cu(I) Cu(II)

Cu-Nδ1(His46) 2.10 2.05 2.09 2.05 2.12 2.04 2.09 2.04
Cu-Nδ1(His117) 2.09 2.04 2.08 2.04 2.08 2.04 2.07 2.02
Cu-Sγ(Cys112) 2.32 2.27 2.30 2.26 2.33 2.26 2.32 2.26
Cu-O(Gly45) 2.84 2.80 2.88 2.84 2.95 2.88 2.83 2.79
Cu-Sδ(Met121) 3.52 3.23 3.25 3.16 3.39 3.19 3.57a 3.48a

a. The Sδ atom in Met121 is replaced with an oxygen atom of oxomethionine in
Met121Oxm. The bond distances reported are for Cu-O(Oxm121).

Table 4.2: Comparison of the redox free energies of WT azurin and three mutants
obtained from simulation and experiments. Free energies are in eV and standard
electrode potentials are in V.

∆GAbs
MFEP

a E0
MFEP

b E0
Expt

c ∆EMFEP ∆EExpt Error
WT 5.40 0.97 (0.56-1.20) 0.286 ∼ 0.341 - - -
Met44Lys 5.48 1.05 (0.64-1.28) 0.371 (0.315) d 0.08 0.056 0.02
Asn47Leu 5.57 1.14 (0.73-1.37) 0.396 (0.286) e 0.17 0.110 0.06
Met121Oxm 5.30 0.87 (0.46-1.10) 0.222 (0.341) f -0.10 -0.119 -0.02

a. ∆GAbs
MFEP are values of absolute oxidation free energies obtained using MFEP.

b. E0
MFEP were estimated based on the absolute redox free energies ∆GAbs of azurins

with respect to that of the standard hydrogen electrode (SHE). The IUPAC
recommended value for the absolute redox free energy of SHE is 4.43 eV [77] and
used to estimate E0

MFEP. Different values of ∆GAbs of SHE was also reported with a
range from 4.2 eV to 4.84 eV, [77–81] and the corresponding values of E0

MFEP of
azurins were listed in parentheses. c. Experimental values of standard electrode
potentials with the values of WT azurin listed as references in parentheses. Because
the experimental values are reported in different works, the values of WT azurin
are slightly different. The values from the same work were always used together to
derive the relative free energy differences ∆∆GExpt.

d. Ref. [132] e. The values for
Asn47Leu and the corresponding WT were obtained from the experimental data on
Alcaligenes Denitrificans azurin. [131] f. Ref. [130]
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Figure 4.3: Optimized geometries of the active sites in A. WT azurin, B. azurin
with Met44Lys, C. Asn47Leu, and D. Met121Oxm. Both reduced and oxidized states
are overlapped and shown for each azurin. The oxidized sates have slightly shorter
coordination bonds and thus have more compact structures than the reduced state.
The RMSDs of heavy atoms in the WT azurin and the three mutants are less than
0.1 Å.

the redox potential of the WT azurin inevitably bare some small deviations (from

0.286 V [131] to 0.341 V [130]). Therefore, the relative difference of the redox po-

tential of each mutant was derived based on the values reported in the same work in

order to achieve the best consistency. Furthermore, the absolute redox free energy

of experimental values were estimated by including the absolute oxidation potential

of SHE ranging from 4.2 to 4.84 eV. [78, 81] Since the changes of the redox free en-

ergy among the mutants are much less than the deviations of the measurements, it is
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more meaningful to compare the relative differences of the redox potential ∆E, using

the redox potential of WT azurin as the reference. The relative differences are also

reported in Table 4.2 and the errors among the three mutants are all less than 0.1 V

when we compare the simulation results to the experimental values. A chart of the

comparison is shown in Fig. 4.4 with the experimental values in the horizontal axis

and the simulation results in the vertical axis with units in milli-V. The error bars

are the standard deviations in the multiple independent FEP calculations, which

represented the statistic errors of the simulation results. The direct comparison of

the absolute redox free energies between simulations and experiments bares large

uncertainty from the wide range of the absolute oxidation potential of SHE, but the

absolute values still provide us the approximate magnitudes of the overall systematic

errors of this method. From different mutants, the calculated redox free energies

vary from 5.12 eV (Met121Oxm) to 5.51 eV (Asn47Leu). Including the potential of

SHE of 4.43 V, [77] the experimental redox free energies are 4.65 eV for Met121Oxm

and 4.83 eV for Asn47Leu. The QM/MM calculations generally overestimated the

redox free energies for about 0.5 to 0.7 eV, which represents the magnitude of the

systematic errors. However, the systematic error in this method is consistent among

the four azurins therefore the simulations still successfully reproduced very accurate

relative differences in redox potentials compared with experiments (Table 4.2). The

high accuracy of the calculations on azurins can be mainly attributed to three rea-

sons. First, the systems studied here are single site mutants of the same protein

azurin. Each mutant only involves the change in one residue near the active site.

Furthermore, all these mutations maintained very similar strucutres of both the T1-

Cu sites as well as the overall protein structures. This observation also agrees with

the experimental characterization of the mutants using UV-visible, electron spin res-

onance, and NMR spectroscopy. [130–132] Thus, the effects of the mutations on the

redox potentials are localized within the mutated residues and the active site. Sec-
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Figure 4.4: Comparison of the calculated and experimental relative differences of
the redox potentials of azurins with the reference of WT azurin set to be zero. Error
bars are the standard deviations of multiple independent FEP calculations, which
represents the magnitude of the statistical errors in the simulations.

ond, the mutation sites and the T1-Cu center are all included in the QM subsystem

and treated with high-level DFT method. This ensures the mutation effects are

considered with the highest accuracy we can afford, including the changes in both

nuclear configuration and electronic structure. Third, we also combined the rigorous

QM calculations of the active site with converged MD samplings of the MM subsys-

tem. The well converged samplings of the MM ensemble eliminate the dependence

of redox potential on a specific protein conformation. In addition, multiple indepen-

dent FEP calculations were carried out for each azurin, which further reduced the

statistical errors. Because of these attributes, the simulation results of the azurins

using QM/MM-MFEP+FNE agreed with the experimental measurements with an

excellent accuracy.
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4.2.3 Reorganization energies of azurins

Although direct calculations of the inner-sphere reorganization energies are not avail-

able in the MFEP method, it has been observed that the inner-sphere contribution

is about 0.1 ∼ 0.15 eV for WT azurin, [92, 139] which is only of minor importance

in the overall reorganization energy. This also agrees with our observation that the

structural changes of the active sites of the azurins are small (<0.1 Å in RMSD)

during the redox processes. The outer-sphere contribution, on the other hand, is the

major part of the total reorganization energy, and they can be estimated from the

QM/MM interactions. For a certain nuclear configuration R, the difference of the

QM/MM interactions between the reduced and oxidized states can be computed as

∆EQM/MM(R) = E
QM/MM
O (R)− E

QM/MM
R (R) . (4.1)

In the linear response approximation, the outer-sphere reorganization energy is just

[58]

λout =
1

2

(
〈∆EQM/MM〉R − 〈∆EQM/MM〉O

)
. (4.2)

The outer-sphere reorganization energies of the WT azurin, Met44Lys, Asn47Leu,

and Met121Oxm are 0.88 eV, 0.84 eV, 0.97 eV and 0.73 eV, respectively. With the

inner-sphere correction of ∼ 0.1 eV, we can estimate the total reorganization energy

of WT azurin is about 0.9 ∼ 1.1 eV, which is overestimated but still comparable

to experimental estimates of 0.6 ∼ 0.8 eV. [126, 127] In the computation of the

outer-sphere reorganization energies, the electrostatic interactions between the point

charges of MM subsystem and the ESP fitted charges in QM subsystem is the largest

contribution in the QM/MM interaction energies. The systematic errors in the DFT

calculations and also possible errors from the ESP fitted charges may contributed to

the 0.2 ∼ 0.3 eV overestimation of the simulation values. The direct calculations of
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the QM/MM interactions using ab inition DFT may reduce the overestimation but

with significantly more expensive cost. [92]

4.3 Conclusion

In this chapter, we have employed the new method QM/MM-MFEP+FNE to cal-

culate the redox potentials in condensed phase with high accuracy and efficiency.

In the applications of the method to protein systems, we successfully addressed the

challenges of the complex protein environment, and reproduced very accurate re-

sults of the relative differences of redox potentials of azurins. The MD sampling

generated well converged ensembles of the protein conformations and eliminated the

dependence of the results on a specific nuclear configurations. The representation

of the active site on the PMF avoided the expensive “on-the-fly” QM calculations

and enabled us to efficiently handle large active sites of more than 100 atoms with

high-level methods. The outer-sphere reorganization energies, which are the major

contributions to the total reorganization energies of azurins, were captured by the

trajectories sampled in the MD simulations and calculated based on the QM/MM

interactions. Since the direct sampling of the QM conformational space is avoided,

this method cannot provide information to directly compute the inner-sphere con-

tribution to the overall reorganization energy. In the case of azurins, the active sites

undergo only subtle changes in the redox processes and the inner-sphere contributions

were observed to be small. In other situations where inner-sphere contributions are

more significant, additional efforts are needed to calculate the accurate inner-sphere

reorganization energies. This approach requires no ad hoc parameters and thus it is

highly transferable to different systems. The well-established MM force field and the

rigorous ab initio QM calculations provide a very reliable platform taking account

of various interactions accurately so we can expect to obtain consistent results with

not only qualitative but also quantitative significance. The QM/MM-MFEP+FNE
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approach shows a promising future of the applications to numerous redox proteins

and biomolecules and has the potential to work as a robust protocol to calculate the

redox properties in condensed phase.

4.4 Future work: ab initio calculation of ET rate constant

In the rate constant equation (Eq. 1.1) of thermal ET in normal Marcus regime with

weak coupling,

kET =
2π

~
H2

AB

1√
4πλkBT

exp

[
−(λ + ∆G)2

4λkBT

]
, (4.3)

the key factors that determines the ET kinetics are the redox free energy, the re-

organization energy, and the electronic coupling. With the tools we developed, the

thermodynamic properties of ET reactions can be calculated. The only missing term

is the electronic coupling HAB. Once we obtain HAB of the ET reaction, we can

combine these factors and ultimately determine the rate constant kET. Using the

technique density-fragment-interaction, we can treat two QM subsystems simultane-

ously, thus combining two half redox reactions into a full ET reaction scenario. Then,

we can use time-dependent (TD) DFT to calculate the excitation energy ∆E12 of the

system near the cross point of the two diabatic surface, such as the zoomed region in

Fig. 1.1. With the two-state approximation, we can estimate the electronic coupling

as HAB = 1
2
∆E12.

We again started with a simplest case of the electron self-exchange between two

aqueous ruthenium (II/III) complexes in solution, and demonstrate here a procedure

to calculate the rate constant of this self-exchange ET reaction. As shown in Fig. 4.5,

we include two ruthenium complexes, one in reduced and one in oxidized state,

with separation of 10.0 Å. In the self-exchange process, we used the FNE order

parameter to drive the electron gradually move from the HOMO of the Ru2+ to
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Figure 4.5: Two aqueous ruthenium complexes treated using DFI. The Ru2+ shown
in green and the Ru3+ in orange are separated by 10.0 Å. The electron is moved
from the HOMO of the donor, Ru2+, to the LUMO of the acceptor Ru3+ using FNE
approach.

the LUMO of Ru3+ complex. Using the direct QM/MM-MD approach, we sampled

the conformations of both the solute and solvent and constructed the diabatic free

energy surface of the whole self-exchange ET reaction shown in Fig. 4.6, following

the procedure described in Chapter 2.2.

Since the reaction is a self-exchange ET, the thermodynamic free energy difference

∆G is naturally zero. Therefore according to Marcus theory, the relationship between

the activation free energy and the reorganization energy is

∆G‡ =
(λ + ∆G)2

4λ
=

λ

4
. (4.4)

From the QM/MM-MD simulation, the reorganization energy is 4.0 eV and the ac-

tivation free energy is 1.0 eV, perfectly complying the Marcus theory. Thus, the

Marcus equation of the rate constant is valid for this system. The large reorga-

nization energy obtained in this simulation is mainly due to the long separation

distance (10 Å) between the two ruthenium complexes, which were restrained at

such a separation by an artificial harmonic potential. For the nuclear conformations

near the cross point with ∆E ≈ 0, TDDFT calculations were performed to com-
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Figure 4.6: Diabatic free energy profiles of the whole self-exchange ET between
Ru2+ and Ru3+ complexes. The blue trace represents the reactant diabatic surface,
which corresponding to the excessive electron on the left ruthenium complex. The red
trace represents the product diabatic surface with the electron on the right ruthenium
complex. The simulation sampling results are shown in “×” symbols and they comply
very well with the fitted Marcus parabolas. The reorganization energy is 4.0 eV and
the activation free energy is 1.0 eV, which satisfy the relationship ∆G‡ = λ

4
in Marcus

theory.

puted the excitation energy and the electronic coupling HAB was thus estimated to

be 10−2 eV. Combining these values into Eq. 4.3, we reached the rate constant to

be 10−5 L/mol/s, for the self-exchange ET of the two aqueous ruthenium complexes

at 10.0 Å distance. However, the dominant conformations of the Ru-Ru couple

that contribute the most to the ET are reported to have ∼6.0 Å separations with

kET(6Å) of about 20 L/mol/s. [140] The contribution of kET(10Å) is thus too small

to be measured experimentally, but our calculation result agrees with the theoretical

study reported by Oberhofer et al. [141] The simulations on the Ru-Ru self-exchange

ET with shorter distances are still in progress. Here, we reached a robust approach
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to simulate the thermodynamic properties of an ET reaction. This approach requires

no further ad hoc parameters and thus can be extended to protein systems where

the most interest and needs are. However, accurate calculations of the electronic

couplings HAB are also critical in order to obtain kET that are directly comparable

to experiments.
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5

Equilibrium sampling for biomolecules under
mechanical tension

The most prevalent approaches to modeling molecules under external mechanical

forces are steered molecular dynamics (SMD) [142] and biased MD method. [143,144]

Many MD simulations have successfully modeled the stretching processes of vari-

ous biological molecular systems, including proteins, nucleic acids, and polysaccha-

rides. [116, 145–172] AFM experiments with slow scanning speed can stretch the

molecules at quasi-equilibrium, producing nearly identical force-extension curves for

the stretching and relaxing processes [173–175] However, MD simulations may pro-

duce significant hysteresis in the force-extension curves. [157] An important reason

for the discrepancies between MD simulations and single-molecule stretching exper-

iments is the significant difference in time-scale. In experiments, the force spectrum

of a biopolymer chain with 103 monomers is usually scanned for seconds, which cor-

responds to ∼10−3 s per monomer. In contrast, a typical MD simulation of ∼10

monomers can sample the stretching process for the microsecond range at most,

which corresponds to ∼10−7 s per monomer. The several orders of magnitude differ-

ence in the time-scale drives the MD simulations far away from the quasi-equilibrium
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condition. In the stretching processes, the AFM can induce numerous occurrences

of back-and-forth conformational transitions at a certain extension, while the sim-

ulations usually cannot sufficiently sample these transitions. The insufficient and

non-equilibrium sampling may lead to unconverged potential of mean force surfaces

and introduce errors in the force spectra. A brute-force simulation with the sam-

pling time increased to the experimental time-scale, however, requires several orders

of magnitude more computational cost, which is neither economical nor practical.

Therefore, techniques with enhanced sampling efficiency are critical for accurate

simulations.

In previous work, we attempted to combine the replica exchange method (REM)

[176] with SMD to alleviate the convergence problem. [157] The exchange between

replicas at different temperatures helps the molecules overcome energy barriers,

and thus promotes transitions among different conformations. The employment

of REM and related methods has been shown to improve the convergence of the

conformational sampling for several biomolecular systems. [177–184] In our previous

study on a polysaccharide, the simulation using REM-SMD generated force-extension

curves with much smaller discrepancies between the stretching and relaxing pro-

cesses. [157] However, the improved convergence with REM still cannot change the

non-equilibrium condition because the restraint force remains time-dependent in the

simulation. To obtain equilibrium properties in SMD simulations, extra effort using

the Jarzynski equality is needed to reconstruct the potential of mean force from the

irreversible work. [29–31,185–187]

To avoid such transformations, here we use the umbrella sampling method to sim-

ulate mechanical stretching of molecules directly under equilibrium conditions. In

umbrella sampling, a series of time-independent spring forces is applied to the molec-

ular chain at different equilibrium positions, forming a set of sampling windows that

covers the desired extension range. The results from each sampling window can
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be combined to reconstruct the entire potential of mean force using the weighted

histogram analysis method. [188, 189] The critical benefit of this method is that an

umbrella sampling simulation is composed of a set of discrete and time-independent

ensembles (i.e. the sampling windows), each with a corresponding time-independent

restraint force. Because of the time-independence of the ensembles, umbrella sam-

pling allows the simulations to be performed in an arbitrary order, which further

enables efficient parallel computation. Combined with the enhanced convergence

and straightforward parallelization of REM, we arrive at an approach, termed REM-

US, that gains both sampling efficiency and computational speed for the simulation

of mechanically-induced conformational transitions. In particularly, using umbrella

sampling alone to simulate force-extension curves from AFM experiments usually

tends to increase the statistical error as compared to SMD because the independent

trajectories may not have sufficient overlaps between each other. The combination of

REM with umbrella sampling can alleviate this problem dramatically by enhancing

the transitions. Although similar techniques have been suggested in the simulations

of mechanical unfolding of protein, [181] the performance of the REM in protein

systems is limited by the large system size and the high complexity. [190] In order to

maintain sufficient overlap of the phase space in the REM, the necessary number of

replicas increases proportional to the square root of the degrees of freedom of the sys-

tem. [190] The desired number of replicas increases quickly as the system complexity

increases, which can easily exceed 102 to 103 for a typical protein system, especially

when explicit solvent is included, thus prohibiting an efficient simulation with prac-

tical cost. The improvement by the REM is usually more significant in the systems

with small sizes or highly repeating sequence. Thus, the approach REM-US is spe-

cially suitable for the sampling of the mechanical stretching of polysaccharides and

nucleic acids. In this chapter, we reached a protocol combining two existing sampling

techniques, the replica exchange and umbrella sampling, to address the efficiency and
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convergence issue of the simulation of mechanical stretching of biopolymers. To il-

lustrate the effectiveness of this approach, we performed simulations on pustulan, a

well parameterized and studied polysaccharide.

5.1 Theory

The force spectrum measured in a single-molecule stretching experiment records the

relationship between the extension and the force exerted by the instrument on a

single molecule. Assuming that the sampling in a MD simulation is at equilibrium,

this force 〈F 〉x can be interpreted as the ensemble average of the force at extension

x,

〈F 〉x =

∫
F · P (F |x)dF. (5.1)

P (F |x) is the probability of a given force F at a given extension x, which is defined

as

P (F |x) =

∫
e−βE0(Γ)δ(∂E0(Γ)

∂x
− F )δ(x′ − x)dΓ∫

e−βE0(Γ)δ(x′ − x)dΓ
, (5.2)

where E0 is the native potential energy of the system, β is the inverse of the Boltz-

mann constant times the temperature, and Γ represents coordinate space. Combining

Eqs. (5.1-5.2), we can write the average force as

〈F 〉x =

∫
e−βE0(Γ) ∂E0(Γ)

∂x
δ(x′ − x)dΓ∫

e−βE0(Γ)δ(x′ − x)dΓ
(5.3)

= (−β)−1 ∂

∂x
ln

∫
e−βE0(Γ)δ(x′ − x)dΓ (5.4)

= (−β)−1 ∂

∂x
ln e−βA0(x) (5.5)

=
∂A0(x)

∂x
(5.6)
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This derivation shows that the average force is equivalent to the derivative of the

potential of mean force (PMF), A0(x), with respect to the stretching extension, x.

In order to obtain the PMF, we first note its relation to the probability distribution

of the extension ρ0(x),

A0(x) = − 1

β
ln

[∫
e−βE0δ(x′ − x)dΓ

]
(5.7)

= − 1

β
ln ρ0(x) (5.8)

A simulation with converged sampling theoretically provides knowledge of the entire

phase space. In practice, however, the sampling at long extensions is too sparse

to produce a PMF for the entire region of interest. Therefore, several sampling

techniques, such as thermodynamic integration, [191] free energy perturbation, [192]

and umbrella sampling, [193] are commonly used to obtain the PMF. Here we choose

the umbrella sampling method because of its natural similarity to the stretching

experiments. By imposing a series of harmonic restraints on the system, we can

divide the stretching process into a set of discrete windows with bias potentials of

Ei = E0 + Wi(x) (5.9)

= E0 +
1

2
k(x− xi)

2. (5.10)

where Wi(x) is the harmonic potential that restrains the system near the extension

xi.

After we sample the system using different bias potentials, the weighted his-

togram analysis method (WHAM) can be used to combine the sampling results, re-

constructing the original probability distribution ρ0(x) and the PMF A0(x). [188,189]

In WHAM, the original probability distribution can be restored from the biased prob-
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ability distributions from the different sampling windows as follows,

ρ0(x) =
L∑

i=1

niρ
b
i(x)∑L

j=1 nje−β[Wj(x)−fj ]
(5.11)

where ρb
i is the biased probability distribution of the extension from the ith sampling

window with bias potential Ei; ni is the number of snapshots in the ith window; L

is the number of sampling windows; and fi are free energy parameters that can be

obtained from the following self-consistent relation: [194]

e−βfi =

∫
dr

L∑
i=1

nie
−βWi(x)ρb

i(x)∑L
j=1 nje−β[Wj(x)−fj ]

(5.12)

According to Eq. (5.6), Eq. (5.8), and Eq. (5.11), we can regain the entire force

spectrum from the umbrella sampling trajectories using WHAM,

〈F 〉x = − 1

β

∂

∂x
ln

{
L∑

i=1

niρ
b
i(x)∑L

j=1 nje−β[Wj(x)−fj ]

}
(5.13)

An immediate advantage of the umbrella sampling approach is that the sampling

of ρb
i(x) can be efficiently performed in parallel, thus the entire simulation can be

carried out within a much shorter wall-time.

Even though umbrella sampling can achieve much better sampling of conforma-

tional space, it may still be insufficient to fulfill convergence requirement, especially

in the degrees of freedom orthogonal to the extension coordinate, i.e. the confor-

mational changes that bring little change to the overall extension of the polymer

chain. Particularly, the imposed restraint on the extension may even increase the

barriers for conformational changes and trap the system in a potential well in phase

space. [157] Therefore, we combine REM and the umbrella sampling approach to

accelerate the rate of barrier crossing and enhance the sampling of conformational
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transitions that are not induced by extension changes. For each umbrella sampling

window, we perform replica-exchange simulations with M replicas at different tem-

peratures {T1, T2, · · · , TM}. The transition probability between any two trajectories

Γk and Γl among the M replicas is

P (Γk → Γl) = min(1, e−∆kl), (5.14)

∆kl = (βl − βk) [E(Γk)− E(Γl)] . (5.15)

After the simulations, only trajectories at the original temperature (T1) are used

to generate the biased probability distribution for the corresponding umbrella sam-

pling window. We here take the most straightforward implemetation of REM for

simplicity; however, the statistical error may be further reduced using maximum

likelihood estimation based on the sampling data from the rest trjactories at higher

temperatures. [195,196] By integrating these two techniques, we obtained a combined

REM-US approach for the simulation of force spectra in single-molecule stretching

experiments.

5.2 Computational details

To assess the efficiency and convergence of the REM-US approach, we performed sim-

ulations for pustulan, a polysaccharide composed of (1→6) linked β-D-glucopyranoside

monomers. A fragment with 10 monomers was studied here. AFM experiments

and previous simulations indicate that, under the external mechanical tension, the

pustulan chain undergoes transitions that involve induced rotations of the C5-C6

bonds. [197, 198] In these conformational transitions, the rings change from the

gauche-trans (gt) and gauche-gauche (gg) rotamers to the trans-gauche (tg) rotamer

as shown in Fig. 5.1. We chose to use the pustulan molecule as our benchmark study

here because the induced conformational transitions in pustulan are relatively simple

and they are correctly represented by the recently developed carbohydrate solution
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force field (CSFF). [197–199]

The MD simulations of the pustulan fragment were performed using the SIGMA

program. [66, 67] An implicit solvent model was used with a dielectric constant of

80. Our previous study on the solvent effect indicates that the explicit solvent and

possible hydrogen bonding are not critical factors in the elasticity of (1→6) linked

polysaccharides, such as pustulan. [200] To demonstrate the effect of REM, two sets

of umbrella sampling simulations with and without REM were carried out and the

results were compared. For each set of simulations, a stretching, relaxing, and parallel

process were modeled to test the convergence of the sampling. In the stretching

process, the umbrella sampling started from an equilibrated pustulan chain at x1 =

40.0 Å with no external force. As the chain was stretched, sampling was performed in

a sequential manner, using the last snapshot from the previous sampling window as

the initial conformation for the current window. The restraint position xi in Eq. 5.10

was increased by a constant increment of 0.5 Å, until reaching 65 Å for the 10-ring

pustulan chain. The whole process was divided into 50 sampling windows. After the

stretching process, an analogous, sequential relaxing process was performed, with

an initial restraint position of xi = 65 Å and decreasing by 0.5 Å in each window.

Simulations were carried out for 20 ns in each window for both the stretching and

relaxing processes. For the parallel sampling, the initial structures of the pustulan

chain were taken from a previous SMD simulation, [197] but the initial structures

could also be generated using a sequential procedure with a much shorter simulation

time. Since the 50 sampling windows could be simulated simultaneously, up to 50-

fold longer simulation time could be accumulated for each window than the sequential

approach. Hence in the parallel sampling, the simulation time for each window was

increased to 200 ns for the umbrella sampling simulation and 40 ns for the REM-

US simulation. The REM-US simulations were performed with 12 replicas for each

sampling window, with the temperature distributed exponentially between 300 K and
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Figure 5.1: Comparison of force spectra obtained from the REM-US simulations (black
solid line) and AFM experiments (blue dash-dot lines). [156] Three major conformations
involved in the stretching process are shown in the plot, corresponding to the rotamers:
gauche-gauche (gg), with the dihedral angle O6-C6-C5-O5 (denoted by the red dash lines
in the molecules) ω = −60◦; gauche-trans (gt), with ω = +60◦; and trans-gauche (tg), with
ω = 180◦.

600 K. The acceptance ratio for exchange among different replicas was 0.40± 0.01.

5.3 Results and discussion

5.3.1 Force spectra

We obtain very good agreement between the calculated REM-US and experimental

AFM force-extension curves as the comparison in Fig. 5.1 shows. From both the

AFM measurements and simulation results, certain transitions are observed when

the normalized extension is between 5.0-6.0 Å. These transitions are believed to

be conformational changes from the gg and gt rotamers to the tg rotamer. The

mechanical force required to induce such transitions ranges from 200 to 800 pN.

The SMD and umbrella sampling approaches are very similar in that both impose
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Figure 5.2: Force spectra of the stretching process obtained using SMD (blue dash-
dot line), umbrella sampling (magenta dash line) and REM-US (red solid line). The
inset is the zoom-in of the region 5.5-6.0 Å, to better demonstrate the discrepancies
of the force among different methods.

extension restraints on the molecules during the stretching processes. Therefore, we

expect to obtain similar force-extension curves with these two approaches. Adding

REM to the umbrella sampling simulation should improve the sampling convergence;

thus, we expect to observe a force spectrum with lower forces in the stretched region.

As shown in Fig. 5.2, comparison of the force-extension curves obtained from the

three different approaches agrees with our expectations. The force-extension curves

obtained using the SMD and umbrella sampling approaches overlap very well for

the stretching process, and both have unusually large forces for extensions of 5.5-

6.0 Å. However, the REM-US approach generates a smooth force curve for the entire

transition. From the inset of Fig. 5.2, we can clearly see that REM-US lowers the

tension forces by more than 500 pN at the end of the transition region.

67



Figure 5.3: Convergence comparison of the force spectra for the stretching, relax-
ing, and parallel processes using the umbrella sampling and the REM-US approach.
The region 5.5-6.0 Å is zoomed in and shown in the inset.

To demonstrate better how much REM-US enhanced the sampling convergence,

we performed both umbrella sampling and REM-US simulations for the stretching,

relaxing, and parallel processes. The results are compared in Fig. 5.3. Obvious dis-

crepancies are observed among the different processes using the umbrella sampling

approach. In the region with extensions of 5.5-6.0 Å, the forces in the stretching

process are much larger than those in the relaxing process, producing significant

hysteresis that is not observed experimentally. The parallel simulation, which was

performed with 10 times longer simulation time, produced a force curve in the mid-

dle of the hysteresis loop. In contrast, the REM-US simulation generated almost

identical force-extension curves for all three different processes, indicating that the

sampling of the conformational space of the pustulan chain is well converged. The

excellent reproducibility of the force curves clearly demonstrates that REM-US pro-
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Figure 5.4: Trajectories of dihedral angles ω (black), t1 (cyan), and t2 (magenta)
from the REM-US simulation. The dihedral angle ω characterizes the conformational
changes from rotamer gg and gt to tg.

vides a significant enhancement in convergence of the umbrella sampling approach.

Furthermore, the REM-US approach allows samplings of the force-extension curve

using the parallel process, which is computationally much more efficient than either

the sequential stretching or relaxing processes.

5.3.2 Conformational changes

To ascertain the conformational transitions in the pyranose rings, we monitored the

following three important dihedral angles: ω (O6-C6-C5-O5), t1(O1-C1-C2-O2), and

t2(O3-C3-C4-O4). The dihedral angle ω characterizes the rotameric conformations

around the C6-C5 bond, while the t1 and t2 angles describe the conformations of

the pyranose rings (e.g., chair and boat). Monitoring these angles should capture

the possible conformational transitions in the pyranose rings. In Fig. 5.4, we show
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Figure 5.5: Time evolution of the dihedral angle ω of ring 5 in the trajectories
with xi = 58.0 Å. The black trace is from the umbrella sampling simulation, and
the red trace is from the REM-US simulation. The wide distribution of the dihedral
angles ω from the REM-US simulation indicates the frequent conformational changes
among different rotamers gg, gt and tg.

the distribution of the dihedral angles ω, t1, and t2 at various extensions. It can

be seen that the dihedral angles t1 and t2 fluctuate mildly around -60◦, indicating

that the pyranose rings remain stable in the chair conformation without flipping into

the boat or inverted chair conformations. For the torsion ω, the distribution shows

two centers around -60◦ and +60◦ at shorter extensions, corresponding to the gg

and gt rotamers, respectively. As the extension of the pustulan chain increases, the

torsion ω gradually evolves to about 180◦, which corresponds to the tg rotamer. This

conformational transition mode agrees well with the results of previous studies using

the SMD method. [197]

Although the general trend in the conformational transitions obtained from REM-

US, umbrella sampling, and SMD simulations are similar, obvious discrepancies exist

in the force spectra within the extension range from 5.5 Å to 6.0 Å. After comparing
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the trajectories generated using the umbrella sampling and REM-US approaches, we

found that REM-US significantly promotes the rate of rotameric transitions. If the

simulation time is long enough to allow sufficient sampling of the rotameric transi-

tions in each ring, equilibrium can be assumed to be valid and the sampling can thus

produce converged results. However, this is not the case for the umbrella sampling

simulation of pustulan. This point is illustrated in Fig. 5.5 by the trajectories of the

dihedral angle ω of ring 5, obtained using umbrella sampling (black trace) and the

REM-US approach (red trace), for the window with xi = 58 Å. Ring 5 remains in

the gg rotamer during the entire 80 ps umbrella sampling simulation, but undergoes

many transitions among the gg, gt and tg rotamers during the 40 ps REM-US sim-

ulation. This difference clearly shows that the replicas at high temperatures in the

REM-US simulation can help the rings to overcome the barriers and thus enhance

the rate of such transitions.
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Table 5.1: Composition of various polysaccharides and the corresponding conforma-
tional transitions

Polysaccharide Pyranoside Linkage Conformational transitions
Amylose α-D-Glucose 1→4 4C1 → B3,O and B2,5

Galactan β-D-Galactose 1→4 4C1 → 3,OB and 2,5B
Cellulose β-D-Glucose 1→4 none
Pectin α-D-Galacturonate 1→4 4C1 → 1C4

Dextran α-D-Glucose 1→6 4C1 + gt, gg → B2,5 + tg
Pustulan β-D-Glucose 1→6 gt, gg → tg

Pulluland α-D-Glucose
1→4 4C1 → B2,5 and B3,O

1→6 4C1 + gt, gg → B2,5 + tg

Carrageenanc α-D-Galactose 1→4 4C1 → 1C4

β-D-Galactose 1→3 none

Alginatea α-L-Guluronateb

1→4
4C1 → 1C4

β-D-Mannuronateb none

a. Monomers are randomly distributed with corresponding proportion. b. Due to the
lack of force field parameters, the guluronate and mannuronate are modeled using
gulose and mannose, respectively, with the -COOH groups at C6 replaced by
-CH2OH groups. c. The minimum repeating unit is
-[ β-D-Galactose-(1 → 4)-α-D-Galactose-(1 → 3) ]- . d. The minimum repeating
unit is -[ α-D-Glucose-(1 → 4)-α-D-Glucose-(1 → 4)-α-D-Glucose-(1 → 6) ]- .

5.4 Application of REM-US to various polysaccharides

5.4.1 Conformational transitions of various polysaccharides

In this section, we simulated the quasiequilibrium pulling processes of six homopolysac-

charides and three heteropolysaccharides using the REM-US method, including amy-

lose, galactan, cellulose, pectin, dextran, pustulan, carrageenan, pullulan, and algi-

nate. Except for alginate, the rest eight polysaccharides studied here were composed

by α- and β- isomers of D-glucopyranose and D-galactopyranose rings, with 1→4

and 1→6 linkages. Alginate was composed by 1→4 linked α-L-Guluronate and β-D-

Mannuronate, where the carboxyl groups were substituted by hydroxymethyl groups

due to the lack of corresponding force field. The composition of each polysaccharide

species are listed in Table 5.1.
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The nine different polysaccharides studied here are composed by only few types of

basic pyranose units, which possess limited number of possible conformations under

mechanical tensions. In Fig. 5.6, we listed the characteristic conformations of α- and

β-D-glucopyranose that typically exist under the tension in 1→4 and 1→6 glycosidic

linkages. The ring conformations can be characterized by the dihedral angles O1-C1-

C2-O2 (t1 angle) and O4-C4-C3-O3 (t2 angle). Besides the conformational changes in

the ring, the 1→6 linked glucopyranose also undergoes additional transitions around

a rotatable bond (Fig. 5.6C), that can be characterized by the O6-C6-C5-O5 dihedral

angle (ω angle). [201] The O6 in glucopyranose rotates around the bond C6-C5, corre-

sponding to the transitions from gauche-trans (gt, ω ≈ 60◦) and gauche-gauche (gg,

ω ≈ 300◦) to trans-gauche (tg, ω ≈ 180◦) rotamer. [198,202] In a D-galactopyranose,

the atom O4 in axial position differentiates it from the D-glucopyranose with the

equatorial O4 as shown in Fig. 5.7. Since none of the polysaccharides in this study

involves 1→6 linked galactopyranose, the possible gt, gg and tg rotamers will not be

discussed. The hydroxymethyl substituted alginate is composed by two other types

of pyranose rings, α-L-gulopyranose and β-D-mannopyranose through 1→4 linkages,

with their characteristic conformation shown in Fig. 5.8. We summarized all the

typical conformations and transitions of the nine different polysaccharides studied

here in Table 5.1.

5.4.2 Force spectra and evolution of dihedral angles

The REM-US method has been demonstrated its high efficiency and excellent con-

vergence in the simulation of polysaccharides. Hence, we examined six homopolysac-

charides and three heteropolysaccharides taking advantages of the REM-US method.

The six homopolysaccharides are composed by a single type of pyranose derived from

the four basic species: α/β isomers of glucopyranose and galactopyranose. In Fig. 5.9,

we compared the force-extension curves obtained in the REM-US simulations and
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Figure 5.6: Characteristic conformations of D-glucose. The conformation are
characterized by the dihedral angles ω, t1, and t2, marked with blue, red, and green
dots, respectively. (A) Most stable conformation of α-D-glucopyranose with no ten-
sion is the chair conformation in the ring 4C1, with the O6-C6 bond in gg and gt
rotamers. (B) Typical conformations of the 1→4 linked α-D-glucopyranose under
external tension: inverted-chair 1C4 and two boat conformations, B3,O and B2,5. The
O6-C6 bonds also can be in gg rotamer which is not shown here. (C) Conforma-
tions of (1→6)-α-D-glucopyranose under different magnitude external tension: from
gg and gt to tg rotamer has the lowest barrier, followed by chair to inverted-chair
transition with higher barrier and eventually to B2,5 boat with highest barrier. (D)
The most stable conformation of β-D-glucopyranose is chair, 4eC1e. Even under ten-
sion in 1→4 linkage, the ring preserves the chair conformation since both O1 and O4

have already been in equatorial position and reached the maximal extension. (E) tg
rotamer with chair ring is the stretched conformation under tension in 1→6 linkage.

74



Figure 5.7: Characteristic conformations of D-galactose. Dihedral angles t1 (in
red) and t2 (in green) are used to characterize the conformations. (A) Chair con-
formation (4aC1a) is most stable for α-D-galactopyranose. (B) External tension in
1→4 linkage flips the ring from 4aC1a to inverted-chair (1eC4e). (C) The relaxed
β-D-galactopyranose in chair 4aC1e transformed to two boat conformations, 3,OB and
2,5B (D), under tension in 1→4 linkage.

Figure 5.8: Conformations of α-L-gulopyranose and β-D-mannopyranose. The
characteristic dihedral angles t1 and t2 are plotted in red and green, respectively.
There are two major conformations of α-L-gulopyranose: (A) chair, 4aC1a and (B)
inverted-chair, 1eC4e. Both conformations are stable under no tension, but the 4aC1a

rings flip to 1eC4e when subject to tension in 1→4 linkage. (C) The most stable
conformation of β-D-mannopyranose is inverted-chair 1eC4e, providing the maximal
extension between O1 and O4.

the AFM experiments, together with the evolutions of the dihedral angles t1, t2,

and ω (for 1→6 linkage only) in the pyranose rings of the corresponding polysac-

charides. Based on the evolutions of the dihedral angles, we can further identify

the corresponding conformational transitions of the pyranose rings in the stretching

process.
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Cellulose In Fig. 5.9A, the dihedral angles t1 and t2 preserve values around

300◦ in the stretching process, corresponding to the chair conformation 4eC1e. The

1→4-β-D-glucopyranose in cellulose preserved the chair conformation 4eC1e, which

is the most thermodynamically favorable and provides maximum length between

glycosidic bonds. Thus, cellulose behaves as a freely jointed chain and produce pure

entropic force under mechanical tension, providing a reference profile with minimal

straightening force. [203]

Amylose In Fig. 5.9B, the traces at low extension with t1 ≈ 60◦ and t2 ≈ 300◦

characterize the major conformation of chair 4eC1a. However, the traces t1 ≈ 300◦

and t2 ≈ 180◦ indicate that some rings are inverted-chair 1eC4a even at low-extension.

At high extension, t1 changes to 0◦ (i.e. 360◦) and 300◦ and t2 changes to 300◦ and

240◦, suggesting the transitions to boat conformations, B3,O and B2,5. The most

stable conformation of the 1→4-α-D-glucopyranose is 4eC1a; [25] however, the traces

of t2 near 180◦ suggested the inverted-chair (1eC4a) conformations in the sampling.

During the entire process, we observed an artifact that the α-D-glucopyranose rings

with a significant population stay in the 1eC4a. This artifact may be introduced by

the classical force field and caused the underestimation of the potential energies of

the inverted-chair conformations and eventually led to low force-extension trace in

amylose.

Galactose In Fig. 5.9C, 4aC1e with t1 ≈ 300◦ and t2 ≈ 60◦ changes to 3,OB (t1 ≈

240◦ and t2 ≈ 300◦) and 2,5B (t1 ≈ 300◦ and t2 ≈ 0/360◦). Containing one axial

and one equatorial glycosidic bonds, galactose undergoes transitions from (4aC1e) to

two boat conformations, 3,OB and 2,5B. The 1→4-β-D-galactopyranose, despite its

similarity to amylose, do not flip into inverted-chair conformation, therefore we can

expect the force-extension curve from the simulation matches better to the AFM

data. In fact, the force-extension of the simulation agrees the best to AFM among

the six different homopolysaccharides, with the largest deviation of only 100 pN.
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Figure 5.9: Force-extension curves and the evolution of characteristic dihedral
angles of six homopolysaccharides in the quasiequilibrium stretching processes. The
blue dash lines and black solid lines represent the curves from AFM experiments and
REM-US simulations, respectively. The dihedral angles ω, t1, t2 are plotted in blue,
red, and green, respectively.
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Pectin In Fig. 5.9D, t1 and t2 change from ∼60◦ to ∼300◦, indicating the tran-

sition from chair 4aC1a to inverted-chair 1eC4e. The AFM force-extension curve from

AFM demonstrated two transitions in the pulling process of pectin; however, the

simulation failed to capture the second transition. The two dihedral angles t1 and

t2 simultaneously underwent the transitions approximately within the same exten-

sion region from 4.7 to 5.5 Å, suggesting a one-step transition from 4aC1a to 1eC4e.

The one-step transition in the simulation does not show two stage plateaus in the

force-extension curve measured in AFM experiment. This observation conflict with

the AFM results and the conjecture of a two-step transition that involves a tran-

sition from chair (4aC1a) to boat (1,4B), then followed by a transition from boat to

inverted-chair (1eC4e). [203] The lack of explicit water molecules may contribute to

the deviation, because the elasticity of pectin is dependent solvent and people ob-

served that the AFM experiments of pectin performed in DMSO and in hexadecane

showed less significant plateau features than experiments in water. [200]

Pustulan In Fig. 5.9E, t1 and t2 stay around 300◦, indicating that the rings

preserve the chair conformations during the stretching. The distributions of ω around

60◦ and 300◦ gradually convert to 180◦, characterizing the gg, gt to tg transitions.

The unchanged t1 and t2 angles indicate that the 1→6-β-D-glucopyranose stayed

stably in chair conformation; in the meantime, the ω angle gradually changes from

60◦ and 300◦ to 180◦, suggesting the transitions from gt and gg to tg rotamer. The

conformational transitions captured in the simulation agreed very well with previous

studies. [204] The linear feature of the transition is well captured in the simulation,

although the magnitude of the transition force is ∼200 pN lower than the AFM

measurements.

Dextran In Fig. 5.9F, ω changes from ∼60◦ and ∼300◦ to ∼180◦, characterizing

the gg, gt to tg transitions; while t1 changes from ∼60◦ to ∼300◦, representing the

transition from 4eC1a to B2,5. Dextran underwent the most complicated transitions
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Figure 5.10: Force-extension curves and the evolution of characteristic dihedral
angles of three heteropolysaccharides in the quasiequilibrium stretching processes.
The blue dash lines and black solid lines represent the curves from AFM experiments
and REM-US simulations, respectively. The dihedral angles ω, t1, t2 are plotted in
blue, red, and green, respectively. The force-extension curves for alginate chain
composed by 100% M units are shown in blue (solid line for simulation and dashed
line for AFM). The alginate chains with 40% and 70 % G units are shown in green
and red traces, respectively.

among the six homopolysaccharides, which involves both transitions from chair to

inverted-chair and then to boat in the pyranose ring and also the gt, gg to tg rotations.

These conformational transitions agree with the results reported by Neelov et al, [201]

despite the transition force is again ∼200 pN lower than AFM measurements.

Pullulan In Fig. 5.10A, 1→4 and 1→6 linked α-D-glucopyranose rings undergo

the same transitions as those in amylose and dextran (Fig. 5.9B and F), respectively.
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Pullulan is composed by monosaccharides in amylose and dextran, both demon-

strated deviations of ∼200 pN in the transition forces. The 1→4-α-D-glucopyranose

units share the same force field parameters as in amylose, and the 1→6 units adapted

the parameters in dextran. Counting the 200 pN deviations observed in both amy-

lose and dextran, it is not surprised to see that the force-extension curve of pullulan

in simulation shows the largest deviation (∼400 pN) from AFM among the nine

different polysaccharides.

Carrageenan In Fig. 5.10B, 1→4-α-D-galactose rings undergo similar transi-

tions as 1→4-α-D-galacturonate in pectin (Fig. 5.9D), while 1→3-β-D-galactose rings

preserve the chair conformation with t1 ≈ 300◦ and t2 ≈ 60◦. The 1→3-β-D-

galactopyranose units in carrageenan stay in chair conformation stably as expected,

providing the maximum extension between glycosidic bonds. However, the 1→4-α-D-

galactopyranose units demonstrate a one-step transition from chair to inverted-chair,

similar to the transition observed in pectin. The simultaneous changes of dihedral

angles t1 and t2 from ∼60◦ to ∼300◦ did not capture the intermediate state with

boat conformation in the simulation.

Alginate In Fig. 5.10C, In low extension region, 1→4-α-L-Gulose (G) rings dis-

tribute in two major conformations: chair (t1 ≈ 300◦, t2 ≈ 180◦) and inverted-chair

(t1 ≈ 60◦, t2 ≈ 300◦). Under mechanical tension, all rings in the chair conformation

convert to inverted-chair. 1→4-β-D-Mannose (M) rings stay in the inverted-chair

conformations. Alginate is composed by randomly distributed 1→4-α-L-guluronate

(G) and 1→4-β-D-mannuronate (M) unites. Due to the lack of force field parameters

for guluronate and mannuronate, the corresponding carboxyl groups were modeled

by hydroxymethyl groups. The gulose rings shows two stable conformations without

tension, the chair (4aC1a) and inverted-chair (1eC4e); while all of the chair conformers

changes to inverted-chair under tension in order to provide longer extensions between

glycosidic bonds. The mannose rings, on the other hand, have the most stable con-
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Figure 5.11: Comparison of potential energy differences for different force fields.
729 pairs of 1C4 and 4C1 conformations of one α-D-glucopyranose ring were generated
and the potential energy differences between the chair and inverted-chair conforma-
tion in each pair is calculated based on different force fields: (A) QM force field, using
DFT methods (B3LYP/6-31+G**); (B) CSFF force field; (C) GlyCam04j force field;
(D) GlyCam06f force field. Energy units are kCal/mol. Potential energy differences
of different force field (FF) were obtained from ∆EFF = EFF(1C4) − EFF(4C1). A
positive value is shown in a black bar, which means the 4C1 conformation is more
stable, while a negative value is shown in red indicating the 4C1 is less stable.

formation of invert-chair (1eC4e) and thus preserve the same conformation during the

stretching process. Therefore, an alginate chain composed by 100% M units behaves

as a pure entropic chain, and the increasing percentage of G in the composition of

an alginate chain leads to higher transition force. The differences in transition force

caused by the composition of G units are ∼300 pN in AFM, while the simulation

only shows ∼100 pN differences.
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5.4.3 4C1 to 1C4 transitions of α-D-glucopyranose

The REM-US simulations of various polysaccharides with different monomers and

linkages demonstrated different accuracy. For polysaccharides with β-D-glucopyranose

or α, β-D-galactopyranose, the simulations show the excellent agreements to AFM ex-

periments, which are the cases for cellulose, galactan, pectin, and pustulan. Although

the transition force of pustulan in simulation is ∼200 pN lower than AFM data, the

linear force-extension feature of this rotational transition is correctly captured. On

the other hand, the force-extension traces of the transitions in polysaccharides with

α-D-glucopyranose, 1→4 or 1→6 linked, such as in amylose, dextran and pullulan,

show more significant discrepancies between the simulations and experiments. With

mechanical tension presented on the backbone atoms O1-C1-O5-C5, e.g. in dextran,

the α-D-glucopyranose rings undergoes a transition from 4C1 to 1C4 conformations to

accommodate the tension by increasing the distance between O1 and C5. When 1→4

linked, this transition does not bring significant increase of the total length since the

O4-C4 bond also flips from the equatorial to the axial position and the overall change

in the distance between O1 and O4 is negligible. In fact, this transition also leads

to another two oxygen atoms, O2 and O3, being flipped to the less stable axial posi-

tions. Therefore, under the mechanical tension, the rings should have no motivation

to transform to the 1C4 conformation. However, when we compared the potential

energies of the α-D-glucopyranose in 729 pairs of 4C1 and 1C4 conformations, we

found that the classical force field predicted qualitatively incorrect potential energies

for the 1C4 conformations. As shown in Fig. 5.11, among 729 pairs of conformations,

the CSFF, [199] GlyCam04j, and GlyCam06f [205,206] force fields all generated sig-

nificant population of 1C4 conformations with lower potential energies (shown in red

bars) than their corresponding 4C1 counterparts. On the other hand, the higher-

level ab initio QM calculations using DFT with B3LYP/6-31+g** show that none

82



of the 729 1C4 conformations have noticeable lower potential energies than their 4C1

counterparts, shown in panel A of Fig. 5.11. Therefore, the classical force field intro-

duced an artifact that transform a large portion of the α-D-glucopyranose rings into

1C4 conformations with lower apparent potentials and might cause the deviations

in the force-extension curves. In addition, the implicit dielectric solvent used in the

simulations cannot provide description of explicit solvent effects, such as hydrogen

bonding interactions, which also could a possible source of error in the energetic pro-

files of the conformational transitions and thus influence the force-extension curves

especially for 1→4 linked polysaccharides. [200]

5.5 Conclusion

First, our results indicate that the combination of the replica exchange method and

umbrella sampling provides an efficient approach to the equilibrium sampling of force-

induced conformational transitions. We demonstrate excellent sampling convergence

and high computational efficiency in the application of polysaccharide.

The simulations based on classical force field correctly captured most transitions

in the AFM experiments and the force-extension curves obtained from simulations

generally agrees with the AFM data, although the transition forces in simulations

among various polysaccharides are commonly 100 ∼ 200 pN lower. With the highly

efficient sampling approach and well converged results, the statistical noise of the

simulations is minimized and even slight deviations in the energy functions become

noticeable. Considering that 100 ∼ 200 pN are equivalent to 1.5 ∼ 3 kCal/mol/Å,

the overall performance of the classical force field is indeed very satisfactory. The

lack of explicit water molecules may be one source of the error, since the polysac-

charides cannot form intermolecular hydrogen bonds with water molecules. The

elasticities of 1→6 linked polysaccharides are not significantly dependent on solvent,

but the simulations still generate lower transition forces. Also, the comparison of
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the potential energies based on classical force fields and ad initio QM calculations

demonstrated that the population of the unfavored inverted-chair conformations of

α-D-glucopyranose may be overestimated by the classical force fields we used.

This approach holds a great potential for the modeling of mechanically-induced

transitions in biopolymers composed by repetitive monomers, such as polysaccharides

and nucleic acids. The combination of REM and umbrella sampling provides excellent

convergence for simulations with implicit solvent model. For a system that explicit

solvent model is desired, a increase of the number of replicas may be necessary or

more advanced techniques such as replica exchange with solute termping [207] can

be used to replace the conventional REM.

84



6

Reconstruction of a vectorial protein folding
pathway

Significant progress has been made toward understanding the protein folding prob-

lem [208–210], through in vitro experiments on individual proteins, [211–220,220–223]

their ensembles [224–226] and through computer simulations. [35–38,227–230] How-

ever, much less is known about in vivo folding. [231–233] Following protein synthesis,

the nascent polypeptide chain (NPC) is extruded through the long ( 80 Å) and nar-

row (10-20 Å) ribosome exit tunnel in which the NPC starts its folding process. [234]

This co-translational folding has a strong vectorial character. [233,235] Recent studies

using single-molecule techniques and NMR spectroscopy have captured interesting

structural features in NPC synthesis and folding on the ribosome. [234–241] As re-

cently suggested by Cabrita et al., [235] the vectorial character of co-translational

folding, is in a way mimicked by force-induced unfolding experiments. Such me-

chanical experiments can be carried out for example in an atomic force micro-

scope (AFM), [242–248] with optical tweezers [214,215] or by translocating proteins

through a pore. [249–251] These processes have been extensively modeled in com-
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puter simulations. [35–42, 230, 252] During mechanical unfolding and refolding in

AFM, the N- and C-termini of the polypeptide chain are constrained to the pulling

axis, which limits the conformational space of the chain in a vectorial fashion. Here

we used a combination of AFM-based single-molecule force spectroscopy [242–248]

and steered molecular dynamics (SMD) [253–255] simulations to examine in detail

the folding of NI6C, a consensus ankyrin repeat (AR) protein, under such vectorial

constraints.

NI6C, composed of 253 amino acids, is organized into six identical internal repeats

and two capping repeats. [256] It was chosen as our model system because of i)

ARs are very common and have been identified in over 4,700 proteins [227] ii) its

extended ”vectorial” structure; iii) its composition consisting of tandem repeats of

nearly identical sequences, which should simplify the analysis of force spectroscopy

data; iv) expected robust refolding forces that can be captured by AFM; [257–259]

and v) its extreme thermodynamic stability [256] that makes mechanical stretching

and relaxing as the only practical experimental approach to induce and follow the

repeats’ unfolding and refolding.

6.1 Computational details

AFM-based single molecule force spectroscopy All AFM stretching measurements

were carried out on custom-built AFM instruments. [257] The spring constant (kc)

of each cantilever was calibrated in solution using the energy equipartition theo-

rem. [260] All force-extension measurements were performed using Bio-lever AFM

tips (Veeco, kc ≈ 6 pN/nm) at pulling speeds between 5 and 100 nm/s at room

temperature. The force peaks in the force-extension curves were fitted to the Worm-

like-chain (WLC) model. [261] CG-SMD simulations Initial geometry of NI6C was

built based on PDB structure 2QYJ, coarse-grained to Cα representation and the

molecule was simulated using the structure based CG force field, [262] which has been
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successfully employed in the studies of folding of similar proteins. [37,227] The SMD

simulations were performed with kc = 6 pN/nm, and Langevin friction coefficient

of 1 u/ps. The simulations approached quasi-equilibrium conditions with converged

conformational samplings of the pulling and relaxing processes. The moving speed

of the SMD point was 0.1 nm/ns and the total sampling time for each simulation

was 800 ns.

6.2 Results

6.2.1 Mechanical folding of NI6C under 1-D constraints

Our approach is illustrated in Fig. 6.1A. The NI6C protein was flanked on each side

by three I27 domains of titin serving as pulling handles and as a force spectroscopy

reference for identifying single-molecule recordings. [243, 244, 259, 263–268] We first

stretched the chimeric protein to unfold the NI6C portion, either fully or partially,

and then allowed it to relax and refold while measuring the extension and tension.

To verify the convergence of the SMD simulations, we compared the force extension

curves obtained at different pulling speeds within the range of 0.1 nm/ns and 10

nm/ns. Furthermore, we also performed multiple simulations with the same SMD

speed (v=0.1 nm/ns) but different initial particle velocities. The multiple simulations

generated almost identical force-extension curves, suggesting that the conformational

samplings in the SMD simulations converged very well.

Fig. 6.1B shows a typical AFM force-extension trace of the NI6C-I27 construct

obtained at a pulling speed of 100 nm/s. Evenly spaced by 10.5 nm, small unfolding

force peaks at protein extensions below 100 nm (blue-shaded area) strongly suggest

that they correspond to the stepwise unfolding of individual NI6C repeats. [37, 257]

These small force peaks are then followed by the characteristic saw-tooth pattern

of large force peaks corresponding to the mechanical unfolding of five out of six I27

domains, providing direct evidence that the whole measurement was obtained on a
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Figure 6.1: Complete mechanical unfolding and refolding of the NI6C-I27 chimeric
protein. (A) The structure of the chimeric polyprotein designed for the AFM experiments.
NI6C contains 8 ARs. Two internal repeats are shown in the blue box, each composed
of two α-helices (H1 and H2) and a loop. (B) A representative unfolding trace of NI6C-
I27 obtained from AFM, including fully stretched lengths of ARs and five I27 domains.
(C) The measured unfolding (red) and refolding (blue) force-extension traces from AFM.
The first refolding force peak appears after hysteresis (star). (D) The simulated unfolding
(green) and refolding (pink) force-extension traces of NI6C, with hysteresis in the refolding
trace (star). (E) A comparison of the unfolding force-extension traces by SMD (green) and
AFM (red). (F) A comparison of the refolding force-extension traces by SMD (pink) and
AFM (blue) following the unfolding of NI6C.
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single molecule containing all eight ARs. We used this recording as the reference

force spectrogram to identify unfolding events of ARs in other measurements.

In Fig. 6.1C-F, we compare the results of AFM measurements and SMD simula-

tions. The unfolding and refolding force-extension traces obtained by SMD matched

the AFM data remarkably well. This indicates that the computer simulations indeed

reproduced the main events occurring in NI6C under the AFM control. Moderate

differences between AFM and SMD data were observed primarily at small exten-

sions ( 10 nm), due to the absence of I27 domains in the simulations. The presence

of I27 domains in AFM measurements results in the initial length (and extension)

of the construct to be greater than that of NI6C alone, used in the simulations. It

also affects the slope of force-extension curves especially in low extension regions.

This effect in high extension regions is less significant, because the long unraveled

polypeptide chain dominates the overall elasticity.

6.2.2 Folding pathway and time evolution of native contacts

In order to analyze the entire unfolding and refolding trajectories of NI6C, we built

its native contact map and monitored the time evolution (Fig. 6.2). It can be seen

that the unfolding process occurred in a vectorial fashion from the C- to the N-

terminus, and the refolding process followed the reverse order. A folding sequence

that starts at the N-terminus, as revealed here by the SMD simulations, would allow

co-translational folding to achieve maximal speed. The analysis of native contacts at

both termini indicates that the structure of NI6C is slightly asymmetric. As shown

in Table 6.1, helices H1 and H2 in the N-terminal repeats are longer than those in

the internal repeats, and the corresponding helices in the C-terminal repeat are the

shortest. This asymmetry means that the N-terminal repeat has more stabilizing

interactions than the C-terminal repeat; correspondingly the latter consistently un-

folded first. Unfolding is unlikely to start from an internal repeat, since that would
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Figure 6.2: Unfolding and refolding sequences of NI6C. (A) The simulated complete
unfolding force-extension traces of NI6C with timestamps marked between each major
force peaks. (B) The simulated complete refolding force-extension traces of NI6C. (C)
Changes of the native contacts during the complete unfolding process, with color code
from red to gray representing different time-spans defined in A. The gray regions represent
the unfolding of local α-helices (H1 and H2). (D) Changes of native contact distance during
the complete refolding process. The simultaneous folding of three repeats produced the
first force peak that appeared between t = 472 ns to 512 ns in B. (E) The snapshots of the
NI6C structures before and after the nucleation event with timestamps. The zoomed inset
shows the conformational change of the nucleation region (in shadow) at time 472 ns and
477 ns.
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Table 6.1: Number of the native contacts in the α-helical domains (H1 and H2) in
the N-terminus, C- terminus, and internal repeats of NI6C.

Domain Sequence a # of residues # of all contacts b # of inter-repeat
contacts b

N-terminal Asp7 - Gln30 24 85 49
C-terminal Thr241 - Gln259 19 70 45
Internal Thr109 - Ala129 21 129 101

a. NI6C was built using the X-ray structure of NI3C (PDB code 2QYJ) b. The
differences in the numbers of native and inter-repeat contacts lead to significant
differences in stability between the repeats, as indicated by the energy function.

require breaking roughly twice as many native contacts with neighboring repeats

when comparing to starting from a terminal repeat. The unfolding of some native

AR proteins was found to proceed in the opposite direction to that of NI6C. [269,270]

It would be interesting to see whether that unfolding order can be similarly explained

by an analysis of native contacts.

6.2.3 Nucleation, the rate-limiting step for folding

It is worth noting that the unfolding of the last repeat was followed by a plateau

in the SMD force-extension trace (Fig. 6.1D). Based on the contacts labeled in gray

in Fig. 6.2C (t = 512-680 ns), we ascertained that the plateau corresponded to the

unwinding of the helical structures that remained folded until this stage. Similar

plateaus were observed in the refolding traces, where they preceded the occurrence

of the refolding force peaks (Fig. 6.1D). According to the contact map in Fig. 6.2D,

the folding of NI6C started with the formation of local α-helices (H1 and H2) within

t = 150-472 ns. No tertiary structures were formed until t = 472 ns, at which point

three repeats at the N-terminus (Asp13 to Gly103) folded simultaneously within

5 ns (t = 472-477 ns). This happened after several failed attempts to create a

folded nucleation core in different regions of the fluctuating polypeptide chain. This

observation indicates the importance of nucleation in the folding of AR proteins
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under 1-D constraints, and is consistent with the prediction that the main folding

barrier corresponds to the simultaneous folding of 2-3 consecutive repeats. [227,271]

A similar nucleation process was proposed by Wetzel et al. [256] in the chemical

and thermal folding of consensus AR proteins, but it has never before been observed

directly.

Once the nucleation event occurred and a stable folded stack was formed, the

rest of the polypeptide chain folded in a vectorial fashion, repeat-by-repeat using the

stack as the folding template.

6.2.4 Refolding of NI6C from partially unraveled structures

To examine in detail the late stage of AR folding, which may occur in the presence of

folded N terminal repeats, we designed AFM experiments and corresponding SMD

simulations, in which only part of NI6C was unraveled and then allowed to relax and

refold. This was achieved by limiting the extension of the chimeric protein below

the contour length of NI6C (less than 90 nm). This procedure allowed us to specify

the number of repeats that unfolded or remained folded at the end of the stretching

phase. During the subsequent relaxation phase, the refolding behavior of the repeats

that already unraveled was followed. These short-extension measurements could

be performed at significantly lower pulling speeds, affording better force resolution.

The force-extension data obtained at the stretching speed of 5 nm/s are shown in

Fig. 6.3A. Even though the spacing between major unfolding force peaks measured

at low and high pulling speeds are comparable, the force traces obtained at slower

stretching speeds resolve finer details of the unfolding and refolding processes. For

example, at the pulling speed of 5 nm/s, the major peaks are split into pairs of smaller

sub-peaks with ∆L ≈ 3-5 nm as shown in Fig. 6.3A, suggesting that individual

repeats unfold in two or more steps.

The relaxation traces obtained on a partially unfolded NI6C protein exhibit ro-
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Figure 6.3: Partial unfolding followed by refolding of NI6C. (A) Force-extension curves
corresponding to partial unfolding (red) and refolding (blue) of NI6C. (B) The partial
unfolding (green) and refolding (pink) force extension traces obtained from the SMD. Black
arrows indicate small unfolding force peaks separated by major unfolding force peaks. (C)
A comparison of SMD (green) and AFM (red) unfolding force-extension traces. (D) A
comparison of SMD (pink) and AFM (blue) refolding traces. (E) A series of snapshots
along the SMD partial-unfolding trajectory. Numbers correspond to the peaks in C. (F)
A series of snapshots in the SMD refolding trajectory. Numbers correspond to the peaks
in D.

93



bust, well-separated refolding force peaks that coincide with the unfolding force

peaks. This suggests that upon relaxation, the polypeptide chain contracts in a

stepwise manner while refolding the unraveled repeats (Fig. 6.3A). Transient un-

folding and refolding events were also frequently observed at low stretching speeds,

indicating that these transitions occur at near equilibrium. [245]

To gain insight into the events captured by AFM during partial unfolding/refolding,

we performed SMD simulations in which three out of the eight repeats were unrav-

eled and then relaxed under mechanical control. In Fig. 6.3B-D, we show the SMD

results and their comparison with the AFM data. As before, the agreement between

the experiment and simulation is very satisfactory.

In Fig. 6.3E-F, we show two series of snapshots from the SMD trajectories; each

snapshot corresponds to a numbered peak in Fig. 6.3C or D. The snapshots illustrate

the vectorial unfolding and refolding of the C-terminal three repeats. In the unfolding

trace, successive unfolding events of the three repeats are captured by conformational

changes in snapshots 2-4, 5-7, and 8-10. During the unfolding process, the hairpin

loops (inset in Fig. 6.1A) tended to remain folded after the detachment of the two

α-helices, H1 and H2, from the stack. Loop unfolding produced small sub-peaks

in the force-extension trace labeled as 3, 6, and 9 in Fig. 6.3C. Accordingly, the

unfolding of one repeat consisted of two steps: the detachment and straightening of

the α-helices H1 and H2 (peaks 2, 5, or 8), followed by the opening of the hairpin

loop (sub-peaks 3, 6, or 9). The refolding of these repeats took a similar pathway

but in the reverse direction; however, the H1, H2 helices and the loop in one repeat

typically folded in a single step.

6.3 Discussion

We used AFM-based single-molecule force spectroscopy to unravel the polypeptide

chain and to follow its relaxation under 1-D geometrical constraints. We also simu-
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lated these stretch/relax processes by structure-based coarse-grained SMD calcula-

tions. The remarkable, hitherto unattained accuracy, with which SMD simulations

recreated the experimental force spectrograms allowed us to confidently reconstruct

the vectorial folding pathway of NI6C. Thus, this combination of AFM measurements

with structure-based computer simulations presents a powerful tool for advancing our

understanding of protein folding under geometrical constraints.

First, our results indicate that the folding of NI6C under geometrical constraints

is hierarchical and does not follow a simple two-state process indicated in bulk folding

measurements. [272] The folding of NI6C starts with the formation of local α-helices.

The formation of these local secondary structures greatly reduces the dimension of

the conformational space and accelerates the formation of tertiary structure elements.

A similar hierarchy has also been observed in other systems. [38,236,237,273–276]

Second, the results from multiple SMD simulations clearly demonstrate that the

rate-limiting step in the vectorial folding process of the entire NI6C protein involves

the nucleation of three N terminal repeats. These observations together strongly

suggest that the co-translational folding of ARs may proceed by forming α-helical

segments still in the ribosomal exit tunnel [237] and after extruding their length

corresponding to at least three repeats, they nucleate. Further folding may involve

a simple rapid addition of the remaining C-terminal repeats, without any nucleation

step, using the existing nucleated structure as the folding template. We hypothe-

size that such a nucleation-free, fast mechanical folding of terminal repeats may be

advantageous for putative biological functions of repeat proteins in mechanotrans-

duction, [36,277,278] should they be challenged with a partial mechanical unfolding.

Third, we note that during the co-translational folding the NPC is most likely not

subjected to significant external mechanical forces, although it may be under some

tension as a result of the interaction between the extruded part of the NPC with the

ribosome-bound chaperone Trigger Factor (TF) that assists the folding. [232, 279]
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We believe that the application of a small external force to a folding polypeptide

chain during AFM refolding measurements, which provides a practical means to

restrain the protein in a vectorial space, by itself does not significantly alter the

folding pathway of NI6C. The results in this work suggest that the refolding processes

of NI6C occur spontaneously from the N-terminus to the C-terminus without the

assistance or hindrance of an external force. The fact that the end of the polypeptide

chain is still tethered (through the I27 handle) to the AFM tip should have minimal

effect except perhaps to keep the folding along one direction, which mimics the effect

of the wall of the ribosome exit tunnel.

Therefore, we propose that the vectorial folding pathway reconstructed here for

NI6C may be representative of the co-translational folding of thousands of AR do-

mains and other repeat proteins that form similar extended structures composed of

stacked α-helical repeats. This conclusion is supported by our recent observation

that native ARs of ankyrin-R, armadillo repeats of beta catenin, and HEAT repeats

of clathrin all unfold and refold under 1-D constraints in a stepwise manner similar

to that displayed by the consensus ARs of NI6C. [258]
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