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For many applications in gradient index devices and photonic crystals, it is necessary to be able to
design semicrystalline distributions of particles where the lattice constant of the distribution is
an arbitrary function of position. We propose a method to generate such distributions which
is physically motivated by a system of interacting particles, and apply it to the design and
implementation of a microwave gradient index lens. While the demonstration was preformed at
microwave wavelengths, this technique would also be particularly useful for designing devices for
operation at IR and visible wavelengths where the fabrication of distributions of uniformly sized
holes or columns is very easy. © 2010 American Institute of Physics. 关doi:10.1063/1.3460914兴
For many applications it is useful to have a twodimensional 共2D兲 crystalline distribution of inclusions, usually holes or columns in a dielectric matrix, with some spatial variation in the lattice constant of the distribution. For
example, gradient index 共GRIN兲 metamaterials may be designed using distributions of inclusions in a dielectric by
employing an appropriate effective medium approximation.
These distributions should be crystalline because the effective medium is then defined over the smallest possible length
scale, one unit cell, and Rayleigh scattering is minimized as
compared to an amorphous distribution.1 In addition, these
distributions should have hexagonal symmetry since this allows for the largest range of achievable indices and good
isotropy.2 This is a particularity useful method for fabricating
devices operating at IR or visible wavelengths because uniformly sized holes or columns in a dielectric are easy to
make with precise positioning. Hole/column distributions
have been used to create IR carpet cloaks3,4 and microwave
luneburg lenses5 among other things. Photonic crystals 共PCs兲
with spatially varying lattice constant6,7 and graded index8
have also been studied. By spatially varying the lattice constant in a PC, the bandstructure can be spatially varied
smoothly. These structures may have applications in waveguide couplers,9 slow light optical buffers,10 and high-Q
lasers.11
However, previous implementations rely on characteristics unique to each design to generate the inclusion distribution. The distribution may be generated by applying a transformation to a regular grid and placing an inclusion at each
grid point,3 however, this method requires you start with a
known grid and can find a transformation that will yield the
desired lattice constant at each location which is not possible
in general. Alternatively, inclusions may be evenly spaced
along lines of constant lattice constant,5 however, this relies
on symmetries in the design to achieve crystallinity. For
GRIN designs, it is possible to vary the size of inclusions at
each grid point on a regular grid to achieve the desired
index12 but for IR applications this significantly complicates
processing. Furthermore, the minimum realizable inclusion
diameter is limited, meaning indices between that provided
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by the minimum inclusion size and the substrate/air index
cannot be achieved. Here we propose a method to generate a
hexagonal semicrystalline distribution of uniformly sized inclusions with an arbitrarily varying lattice constant 共Fig. 1兲.
In this method, the inclusions are treated as an analogous
system of attractive particles of finite size, where the size or
interaction length, of each particle is dependent on its position. The system of particles is allowed to dynamically relax
from some initial configuration according to interaction rules
defined such that the equilibrium arrangement will have the
desired lattice constant distribution. This approach similar to
variable size vortex-blob modeling of turbulent fluid flow in
which the sizes of the vortices vary with position,13,14 and to
nonuniform mesh generation techniques.15
If the potential energy of two particles has a minimum at
a separation of the desired lattice constant, then the particles
will automatically arrange themselves with as close to hexagonal packing as possible. The potential energy of two particles with position dependent lattice constants ai共rជi兲 and
a j共rជ j兲, separated by Rij = 兩rជi − rជ j兩 is given by,

FIG. 1. 共Color online兲 共a兲 The continuous permittivity map for the 2D TE
GRIN lens. 共b兲 The corresponding hole distribution.
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Uij = R−ij␣ − CijR−ij␤,
where,
Cij =
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such that the potential energy is minimized at a separation
equal to the average of ai共rជi兲 and a j共rជ j兲. If the potential well
is large 共more than 2a兲 then the attraction from distant particles will cause the local lattice constant to be less than the
ideal. This can be prevented by making the interaction range
short by increasing ␤ in Eq. 共1兲 and/or setting Uij to a constant for Rij ⬎ ␥共ai + a j兲 / 2 where 1 ⬍ ␥ ⬍ 2. To reach a static
equilibrium state, loss must be added to the particles’ equation of motion. The equation of motion for particle pi can
then be given by,
dr
d2rជi 1
ជ i − k ជi ,
F
2 =
dt
dt
m

共2兲

permittivity is determined by the volume average of the matrix permittivity and the inclusion permittivity. The volume
fraction of inclusions, f TE, needed to achieve an effective
permittivity of ⑀eff is then given by,
f TE =

N

ជ i = 共1 − ␦ij兲 兺 − ⵜUij ,
F

FIG. 2. 共Color online兲 The fabricated polycarbonate lens. The lens size is
0.220⫻ 0.1016⫻ 0.01 m3 and the hole diameter is 3 mm.

共3兲

j=1

where m is the mass of a particle, k is a drag coefficient, and
N is the number of particles in the system. The requirement
for equilibrium is that the gradient of a over a unit cell
should never be greater than one, as no equilibrium state will
exist. Increasing alpha and beta sharpens the potential well
resulting in faster convergence with higher positional accuracy. However, if these parameters are set too high the forces
on each particle become large enough that the simulation
becomes unstable. This instability can be counteracted by
increasing the drag coefficient which slows the convergence
but maintains the increased positional accuracy.
The relaxation of the lattice can be quantified by calculating the average energy per particle from Eq. 共1兲 for each
time step. This energy decreases until some nonzero local
minimum is reached at which point the particles have
reached an arrangement close to the ideal lattice constant
distribution.
The system is initialized with a uniform hexagonal distribution of particles, as this reduces the time-to-equilibrium
and the number of defects in the final lattice. Calculating the
separation and resulting force between all particles every iteration requires a large amount of computation time, much of
which is unnecessary because we require the force between
distant particles to be negligible or zero. This computational
overhead can be decreased by maintaining a list of each particle’s nearest neighbors and only calculating the interaction
between these particles. As the particles move or leave the
domain, this list must be resorted. However, if the list of
nearest neighbors is sufficiently large, then the list can be
resorted infrequently. In addition, these resorts can be frontloaded since the degree of particle rearrangement decreases
as the system reaches equilibrium.
To create an inclusion distribution with a desired index
of refraction profile, we must first generate a lattice constant
distribution that will produce the desired index profile. This
is done by using an appropriate effective medium approximation to convert our index profile to a lattice constant profile. For instance, for a transverse electric 共TE兲 wave where
the electric field is parallel to the inclusion axes, the effective

⑀eff − ⑀matrix
.
⑀inc − ⑀matrix

共4兲

For transverse magnetic 共TM兲 waves where the electric field
is transverse to the inclusion axes and the height of the inclusions is much greater than their diameter, the Maxwell–
Garrnet equation is a better approximation of the effective
permittivity. The volume fraction, f TM, is then given by,1
f TM =

共⑀inc + ⑀matrix兲共⑀eff − ⑀matrix兲
.
共⑀inc − ⑀matrix兲共⑀eff + ⑀matrix兲

共5兲

When the height of the inclusions is comparable to their
diameter, then a modification of Eq. 共5兲 accounting for depolarization is required.1
The lattice constant, a, of a hexagonal lattice with volume fraction, f, of inclusions with diameter d, is,
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The restriction on the domain of f is due to inclusion
percolation. Using Eq. 共4兲 or Eqs. 共5兲 and 共6兲 gives an index
profile which will have the desired effective index.
The effective medium approximation puts a restriction
on the maximum size of the inclusions that can be used. To
remain in the homogenizable limit, the maximum lattice constant should be less than or equal to the minimum wavelength of operation divided by ten. For TE operation with
hole type inclusions this gives the condition,
dⱕ

冉

  ⑀hole − ⑀matrix
10 2冑3 ⑀max − ⑀matrix
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共7兲

where ⑀max is the maximum permittivity required by the design. For column type inclusions the result is the same except
that the maximum column size corresponds to the minimum
required permittivity.
We have applied this technique to design a 2D microwave GRIN lens using air holes drilled in a polycarbonate
slab 共Fig. 2兲. In a simple quartic GRIN lens, the index is
constant parallel to the optical axis so reflections occur at the
interfaces. Our lens’s index profile was designed by modifying a quartic GRIN lens to have an index variation along the
optical axis so that the interfaces are nearly impedance
matched to air, thus minimizing reflections. The index profile
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terial lens composed only of uniformly sized holes drilled in
a dielectric slab. This binary metamaterial lens shows performance very close to that of the simulated continuous-index
lens. This method has also been applied to other more complex lattice constant profiles with multiple maxima and
minima and with more complicated domain boundaries.
Convergence has been observed in all cases, subject to the
previously mentioned constraint on the gradient of a. It
should be noted that, while we have described and demonstrated this technique for 2D systems, it is readily generalizable to three dimensions.
FIG. 3. 共Color online兲 Far-field radiation patterns for the simulated continuous index lens and the experimental holes-only lens at 10 GHz and 0°
incidence.

of the matched GRIN lens was determined by using COMSOL
to maximize the far-field intensity of a plane wave produced by a point source located on
the optical axis. A 2.1 dB increase in the far-field intensity
compared to the unmatched lens was obtained. The maximum achievable index was determined by Eq. 共7兲 and our
minimum machinable hole size, while the minimum achievable index was limited by the percolation condition of
Eq. 共6兲.
Figure 1 shows the relative permittivity profile for the
matched lens, and the resulting hole distribution. The
near-field distribution was measured using a 2D electric
field mapper.16 The performance of the lens was then quantified by calculating the far-field pattern of the lens using
a 2D Kirchhoff integral and comparing it to the simulated
continuous lens, as shown in Fig. 3. The experimental lens
exhibits a gain of 9.4 dBi and a beam full-width-at-half-max
共FWHM兲 of 7.2°, while the simulated lens has a gain of 10.6
dBi and a FWHM of 6.2°.
In conclusion, we have described a technique to generate
semicrystalline distributions of particles with arbitrary lattice
constant distributions. This method has applications in GRIN
devices and PCs, and is particularly suited to the design of
IR and visible wavelength devices. We have used this technique to design and implement a microwave GRIN metama-
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