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This work presents a method for force calibration of rectangular atomic force microscopy �AFM�
microcantilevers under heavy fluid loading. Theoretical modeling of the thermal response of
microcantilevers is discussed including a fluid-structure interaction model of the cantilever-fluid
system that incorporates the results of the fluctuation-dissipation theorem. This model is curve fit to
the measured thermal response of a cantilever in de-ionized water and a cost function is used to
quantify the difference between the theoretical model and measured data. The curve fit is performed
in a way that restricts the search space to parameters that reflect heavy fluid loading conditions. The
resulting fitting parameters are used to calibrate the cantilever. For comparison, cantilevers are
calibrated using Sader’s method in air and the thermal noise method in both air and water. For a set
of eight cantilevers ranging in stiffness from 0.050 to 5.8 N/m, the maximum difference between
Sader’s calibration performed in air and the new method performed in water was 9.4%. A set of
three cantilevers that violate the aspect ratio assumption associated with the fluid loading model
�length-to-width ratios less than 3.5� ranged in stiffness from 0.85 to 4.7 N/m and yielded
differences as high as 17.8%. © 2009 American Institute of Physics. �doi:10.1063/1.3263907�

I. INTRODUCTION

The ratio between force and displacement at the tip of a
rectangular cantilever beam is a simple function of the
Young’s modulus and geometry of the beam. However, in the
case of a microscopic cantilever this relationship is obscured
by uncertainty in the beam material and geometric proper-
ties. These uncertainties stem from limitations in the photo-
lithographic processes used to manufacture microcantilevers.
While these techniques enable the manufacturing of cantile-
ver beams less than 1 �m in thickness, the thickness toler-
ance resulting from these methods is such that manufactures
publish stiffness specification ranges that can vary by as
much as a factor of 5 from the nominal value.

Since atomic force microscopy �AFM� cantilevers can-
not be manufactured with precisely known stiffnesses, they
must be calibrated before they can be used to make quanti-
tative force measurements. A great deal of effort has been
spent pursuing calibration techniques.1–10 Some calibration
techniques are cumbersome, involving procedures that are
comparable in complexity to the experiments that require the
calibrated cantilevers.1,5,11,12 Other techniques require only
the measurement of the thermally driven, random vibration
of a cantilever and perhaps knowledge of a few of the
parameters characterizing the cantilever and its fluid
environment.2,13,14 The majority of the exploration into can-
tilever calibration techniques has been validated through the

comparison of one technique to another. While there have
been some comparisons between existing calibration tech-
niques and calibrations traceable to international standards,7

more work is needed to determine the accuracy of various
techniques in various situations.

Currently, two of the most popular cantilever calibration
methods are the thermal noise method13 and Sader’s
method.14 The first method is based on equipartition theory,
which relates the stiffness to the magnitude of the free vibra-
tion of a cantilever, while the second incorporates a model of
the fluid dynamics and is based on identifying features of the
free vibration dynamics. Calibrations performed in air with
these techniques vary in their agreement from case to case,
with some researchers finding excellent agreement.9 Typi-
cally, researchers find that these method agree to within
20%.7,15 Additionally, there can be variation between calibra-
tions performed on the same cantilever based on data col-
lected in both air and water.2,16 There should be no dramatic
change in cantilever stiffness caused by changing the fluid
environment from air to water. Changes in the resonant fre-
quency correlating to a change in the surface stress on a
cantilever have been observed;17 however, the changes are
small compared with the frequency shift caused by the mass
loading effect that a liquid such as water has on a beam and
the mechanism driving these changes is still debated.18

As will be discussed in Sec. II, the thermal noise method
and Sader’s method are fundamentally different in ways that
yield different strengths and weaknesses. For this reason, it
can be beneficial to use both techniques as a way to detecta�Electronic mail: scott.kennedy@duke.edu.
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improper calibration conditions that impact the two methods
differently. For example, an error impacting the scale of an
AFM deflection measurement will affect the thermal noise
method, but not the Sader method. Like the Sader method,
the liquid environment calibration method presented here is
based on the cantilever-fluid dynamics allowing a check
against the thermal noise method. The Sader method is spe-
cifically designed for light fluid loading situations only,14

while the thermal noise method presented by Hutter and
Bechhoeffer13 is equally valid under any amount of fluid
loading. The fluid-loading-based calibration technique for
liquid environments presented here creates an additional
comparison point. With this additional technique it is pos-
sible to compare calibration techniques based on both the
physics of the equipartition theorem and the fluid loading
model in gas or in liquid environments. While this compari-
son alone cannot establish accuracy, it can serve as a useful
tool to researchers that do not have access to artifacts trace-
able to international standards.

Enabling a comparison of calibration techniques without
the need for data collected in air would be beneficial to bio-
molecular researchers. One of the exciting fields of AFM
usage is the application of AFM to biological molecules.19 In
most cases, this requires AFM operation in liquid environ-
ments. While it is acceptable to calibrate a cantilever in air
before using it in liquid, it is more desirable to calibrate an
AFM cantilever in situ. Air and liquid test setups generally
require different hardware and it is best to handle the fragile
cantilevers as little as possible.

Advances in liquid environment calibration are also
critical if microcantilevers are to be incorporated as chemical
or biological sensors in a “laboratory on a chip” device.
Proper characterization of the thermal vibrations of a canti-
lever in air and in water requires different measurement pa-
rameters, specifically, different sample rates and magnitude
ranges to accommodate the different system dynamics. Re-
quiring a laboratory on a chip to acquire data over multiple
frequency and magnitude ranges adds to the complexity and
cost of the design. Additionally, heavy fluid loading calibra-
tion would allow periodic recalibration in situ to check the
status of cantilevers that could be deployed as monitors of
liquid environments.

Another enabling aspect of a new heavy fluid loading
technique has already been demonstrated in air. A common
way to calibrate the cantilever deflection measurement sen-
sor �referred to as the inverse optical lever sensitivity
�InvOLS� �Ref. 20�� is to apply a static displacement to the
cantilever with a calibrated actuator. Alternately, Sader’s
method can be used to determine the stiffness of a cantilever,
and equipartition theorem can then be used to determine the
InvOLS using only noncontact data.21 A new heavy fluid
loading technique could be used in a similar fashion to ex-
tend both noncontact force and displacement calibration to
liquid environments. This would be advantageous in research
situations where soft cantilever or surface coatings inhibit
the ability to perform static force InvOLS calibrations or
where there is concern that the static deflection process

might damage the cantilever tip.21 It would also enable cali-
bration in laboratory on a chip designs where a calibrated
actuator may not be available.

II. BACKGROUND

Some calibration techniques involve experiments spe-
cifically designed for the sole purpose of measuring the stiff-
ness �e.g., pushing against a structure of known stiffness or
adding a known mass to the tip of the cantilever and observ-
ing the change in resonant frequency.11,12� In 1993, Hutter
and Bechhoefer13 equated the available thermal energy to the
observed random vibration of a cantilever as defined by the
equipartition theorem. The method has been widely adopted
by the scanning probe microscopy community as the theory
applies broadly to microstructures including both rectangular
and V-shaped cantilevers. However, variations between cali-
brations performed in air and in water or between the thermal
noise method and calibrations traceable to international stan-
dards on the order of 10%–20% have been reported.2,7 Some
of the discrepancies may stem from complications associated
with the process of determining the InvOLS of an AFM.21

Other issues have been characterized and can be accounted
for such as the difference in beam shape between a dynami-
cally oscillating beam and a statically deflected beam, the
division of energy between cantilever bending modes, and
the laser spot size and position along the length of a cantile-
ver in the case of an optical lever AFM.20,22 Another source
of error that can impact this method stems from noise that
can be misinterpreted to be thermally driven cantilever mo-
tion. Noise can arise from acoustic, electrical, or mechanical
vibrations in the local environment that can impact the AFM
system. To reduce the impact of system noise on a stiffness
calculation, a simple harmonic oscillator �SHO� model can
be fit to the frequency response of the beam around the reso-
nant peak where noise typically has the least impact as an
approximation for the thermal response of the cantilever in
the absence of system noise.

In 1998, Sader23 improved upon the existing models of
microcantilever dynamics by adding the mass loading and
damping induced by the fluid enveloping the cantilever to the
in vacuo cantilever equations of motion. Sader also intro-
duced an expression for the stiffness of rectangular cantile-
vers based on first resonance parameters that took this fluid
loading model into account.14 Proper application of this tech-
nique requires that the quality factor of the cantilever-fluid
system is high �Q�1�. As a result, this technique is gener-
ally limited to calibrating microcantilevers in gas environ-
ments. Additionally, the fluid loading model assumes that the
length of the beam greatly exceeds the width of the beam.23

This assumption places restrictions on the cantilevers that
can be calibrated with techniques based on this loading in-
cluding both Sader’s calibration technique and the new tech-
nique presented here. Sader’s technique possesses two draw-
backs in that it cannot be used with V-shaped cantilevers or
in liquid environments; however, it has the significant advan-
tage of not requiring that data be accurately scaled. Calibra-
tion is based on the shape of the power spectral density
�PSD�, not the magnitude.
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The modeled thermal response of the cantilever has been
further refined by applying the fluctuation-dissipation theo-
rem to the fluid loaded cantilever model.24,25 More recently,
the fluid-cantilever interaction and thermal response have
been formulated in terms analogous to a feedback system
where the fluid loading acts like a feedback mechanism to
the cantilever motion.25 This approach allows for the canti-
lever response to be modeled based on the cantilever length
and width, the properties of the fluid environment, the natu-
ral frequency of the cantilever, and a fluid-to-cantilever mass
ratio. While the scaling of this model satisfies equipartition
theorem, the heavy fluid loading technique presented here is
similar to Sader’s calibration method in that it does not re-
quire the PSD to be accurately scaled. For this reason, it is
also a noncontact calibration method. Like Sader’s model, it
cannot be used to describe V-shaped cantilever dynamics.

III. THEORY

Cantilever stiffness calibration techniques based on the
analysis of the random thermally driven vibrations of a free
cantilever are nondestructive and do not require any equip-
ment in addition to what is normally required to make AFM
measurements. This makes calibration techniques based on
the thermal response highly desirable and a great deal of
work has been aimed at improving such methods. This re-
search effort has focused on such techniques.

A. Parameter based stiffness estimation

There have been multiple efforts to estimate cantilever
stiffness using various parameters that characterize the ther-
mal vibrations of a cantilever. These parameters can be ob-
tained through curve fitting models such as a SHO model or
by identifying the appropriate points directly from frequency
response plots �e.g., frequency response plots can be used to
identify the resonant frequency �r and the quality factor Q
through the half-power bandwidth method26�.

In 1999, Sader published a parameter based calibration
that takes into account the fluid loading of the surrounding
environment on the cantilever.14 In this technique the stiff-
ness is estimated as

k = 0.1906�b2LQ�i��r��r
2, �1�

where L and b are the cantilever length and width, � is the
density of the surrounding fluid, and �i is the imaginary part
of the function describing the hydrodynamic loading on the
beam evaluated at the resonance frequency �r. This hydro-
dynamic function was presented in an earlier paper by
Sader23 where he used the Euler–Bernoulli beam equation to
determine cantilever dynamics and then added the fluid load-
ing to the beam model. Sader’s calibration method is used
for comparison to the new method presented in this paper.

B. Fluctuation-dissipation theorem and fluid-structure
interaction

Another refinement to microcantilever thermal response
modeling was the application of the fluctuation-dissipation
theorem. Previous models treated thermal excitation as white
noise. In 2004, Paul24 modeled the thermal excitation of a

microcantilever applying the results of the fluctuation-
dissipation theorem to a fluid-loaded cantilever model. The
fluctuation-dissipation theorem dates back to 1905 when
Einstein27 theorized that Brownian motion and the drag on a
particle forced to move through a fluid arose from the same
mechanism. This implies that thermal noise of a particle or
structure is not white, rather it is a frequency dependant
function of the motility of that particle or structure. This
adjustment to the thermal excitation has been used in a few
studies.24,25,28 One interesting result of the application of the
fluctuation-dissipation theorem to a microcantilever is that
the thermal response has zero magnitude at dc. This is in
agreement with the expected behavior of a microcantilever.
The SHO model assuming white noise discussed previously
contains a nonzero value at dc. This term is important in the
formulation of the SHO model and it is even used as a pa-
rameter in a calibration estimation technique.29 However, a
nonzero thermal response at dc indicates a constant deflec-
tion. It would imply that the thermal excitation results in
cantilever drift that is not restored by the cantilever stiffness.
While there are other elements in an AFM system that can
lead to cantilever position measurement drift and the bime-
tallic effect can induce temperature dependant static deflec-
tions of cantilevers, the thermal response of the cantilever
deflection at dc should be zero as the fluctuation-dissipation
theorem predicts. Cole25 incorporates the fluctuation-
dissipation theorem in a fluid-structure interaction �FSI� for-
mulation that treats the hydrodynamic forces as a feedback
mechanism. The equation of motion for the in vacuo canti-
lever relating its mass m, modal stiffness kn, and model de-
flection qn is

mq̈n + knqn = knq̃n. �2�

The system input is characterized in terms of a modal fluc-
tuating displacement q̃n, which is the ratio of the thermally

driven random modal force f̃ n to the modal stiffness of the

cantilever kn, such that f̃ n=knq̃n.
The damping intrinsic to the beam is assumed to be

trivial relative to the damping induced by the surrounding
fluid. The resulting transfer function of the in vacuo cantile-
ver is

G�s� =
qn�s�
q̃n�s�

=
�n

2

s2 + �n
2 , �3�

where �n is the cantilever natural frequency. The hydrody-
namic loading on the cantilever is a response to cantilever
motion; it is therefore feedback. The hydrodynamic function
used by Sader describes this feedback in the following con-
troller K:

K�s� = �
s2

�n
2��s� , �4�

where � is a mass ratio between the cantilever and the sur-
rounding fluid,

� =
m�

m
, �5�

where m is the cantilever mass, and
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m� =
�b2L�

4
. �6�

It is important to note that due to a difference in convention,
the hydrodynamic functions as presented by Sader and by
Cole are complex conjugates of each other, and care must be
taken to ensure consistent convention in the combination of
Sader’s hydrodynamic correction function and Cole’s formu-
lation. The closed-loop system P, which includes both the in
vacuo dynamics and the hydrodynamic feedback, is

P�s� =
qn�s�
q̃n�s�

=
�n

2

s2 + �n
2 + �s2��s�

. �7�

Finally, applying the fluctuation-dissipation theorem yields
the modal PSD of the thermal response

Sqq,n��� = − 2kBT
Im�P�j���

m�n
2�

. �8�

This result is scaled by the temperature T and the Boltzmann
constant kB as required by the equipartition theorem. The
sum of the modal PSDs scaled by the modal displacements
yields the total dynamic response at the tip of the beam,

Sww��� = � �n
2Sqq,n��� , �9�

where �n is the mode shape �n�x� evaluated at the tip of the
beam. The mode shapes are the solutions for transverse
waves within a Euler–Bernoulli beam and are described as
follows:

�n�x� = cos�	nx� − cosh�	nx� + �sinh�	nx�

− sin�	nx��
cos�	nL� + cosh�	nL�
sin�	nL� + sinh�	nL�

. �10�

To satisfy the boundary conditions for a cantilever beam, the
wave number 	n must solve the equation

− 1 = cos�	nL�cosh�	nL� . �11�

Therefore, 	1L�1.875 and 	2L�4.694. The wave number
relates the cantilever length to its modal frequencies, mass,
and modal stiffnesses; it appears both in the fluid-structure
interaction model and in the calibration technique presented
here.

IV. METHODS

A. Data acquisition and processing

The cantilever response data were collected using an
Asylum Research MFP-3D AFM system. The data were ac-
quired according to the in-program cantilever stiffness cali-
bration guidelines. Photodiode calibrations were determined
by averaging the slopes of the voltage-position curves for
both the approaches and retractions for five contact cycles
between the cantilevers and a silicon substrate. Each calibra-
tion was performed five times and averaged. The plan view
dimensions, tip height, and the distance from the tip to the
cantilever end were measured with an optical microscope.

The frequency response data were processed in MATLAB.
To account for the difference between the slope-to-position
ratios of the cantilever end under static loading �during cali-
bration� and freely vibrating �during thermal data collection�,

the appropriate correction factor 
 was found according to
Ref. 20. In this study, 
 values ranged from 1.027 to 1.082.
�In the limit of an infinitely small laser spot, positioned ex-
actly at the end of a rectangular cantilever, 
=1.09.� To com-
pare the intrinsic cantilever stiffness identified by Sader’s
technique and the new technique presented here with the
effective cantilever stiffness identified by the thermal noise
method, corrections were made to account for the cantilever
angle, the tip height, and the distance from the tip of the
probe to the end of the cantilever.30,31

B. Data fitting techniques

The fluid-structure interaction model of cantilever ther-
mal response was fit to the measured data by minimizing a
cost function that compared measured data with the theoret-
ical response corresponding to a given set of input param-
eters. The hydrodynamic loading used within the model,
��i��, was determined using the measured specifications for
the cantilever lengths and widths, and the room temperature
properties of the fluids enveloping and exciting the cantile-
vers; it was assumed that these parameters are known with
sufficient accuracy. The model fitting process did not assume
knowledge of parameters such as the thickness and the
Young’s modulus, which cannot be known with sufficient
accuracy due to the manufacturing methods. The remaining
parameters needed to model the thermal response were the
natural frequency �n and the fluid-to-cantilever mass ratio �.
Additionally, parameters were fit to account for measurement
noise and a fitting parameter was added to allow the magni-
tude of the model to be rescaled. This “scaleless” fitting was
performed in response to the observation that the fitting pro-
cess was extremely sensitive to the magnitude of the data,
which is subject to the inaccuracy of the photodiode calibra-
tion process. For a specific set of parameters the resulting
model of cantilever response was evaluated using the follow-
ing cost function:

J = ��Sqq − Syy�2� , �12�

where Sqq is the PSD of the modeled thermal response for a
given set of parameters and Syy is the PSD of the measured
thermal response of a microcantilever. The MATLAB function
FMINSEARCH was used to minimize the cost function J by
adjusting the fitting parameters. The frequency range of the
data selected for fitting captured enough of the peak so that
the ratio of the maximum value in the selected data range to
the minimum value in the selected data range was equal to 5.
While a value of 5 was selected arbitrarily, results calculated
using data ranges with max-to-min ratios as small as 2
yielded similar results. An example curve fit is shown in Fig.
1 along with SHO and Sader model fits for comparison.

C. Mapping the cost function

The cost function J presented in Eq. �12� serves as a
means to compare the modeled cantilever response for a
given set of parameters with measured data recorded for a
specific cantilever. For a number of cantilevers, this cost
function was evaluated at points over large ranges of �n and
�. For each pairing of �n and � values, the MATLAB function
FMINSEARCH was used to scale the resulting model to
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minimize the cost function. In this way, plots were created
that mapped the cost as a function of �n and �. An example
plot is presented as Fig. 2.

D. Heavy fluid loading calibration technique

Based on the results of the initial data fitting effort and
observations made by plotting the cost maps which will be
discussed in Sec. V, a MATLAB program was written to auto-
mate the process of calibrating cantilevers by fitting the
fluid-structure interaction model to a measured cantilever re-
sponse in a way that restricted the fit to the heavy fluid load-
ing region of the cost map. A flowchart of this method is
presented in Fig. 3. The program first requires the user to
provide initial parameter guesses to create a rough curve fit
to the data. The program then identifies the frequency range
of the data to be fit as was done in the unrestricted data
fittings. The program then performs a series of curve fits to
find points that lie on the low cost function curve. Points are
identified along the curve starting from a low frequency and

then at increasing frequencies until the resulting value for k
converges. To do this, the initial guess for �n is set to �r. The
program then uses the FMINSEARCH function to find the
value of � and the scaling factor that best fits the model to
the data for that specific value of �n. This process is then
repeated with a new �n guess that is 50% higher than the
previous guess. A value for k is found for each set of param-
eters using the following relation:

k =
3m��n

2

�	1L�4�
. �13�

Each sequential set of parameters identifies a point along the
low cost function curve with a higher mass ratio � than the
previous point. In this way, the heavy fluid loading calibra-
tion program walks along the low cost function curve until
the resulting value for k converges, and is therefore not sen-
sitive to the specific values of � and �n identified as will be
discussed in Sec. V. A copy of the MATLAB program has been
made available.32

V. RESULTS AND DISCUSSION

The calibration algorithm presented here was based on
the results of the analysis of the cost function maps described
in Sec. IV. For this reason, the findings from the cost func-
tion map investigation are presented here along with the re-
sults of the actual calibration technique.

A. Cost function maps

To better understand the stiffness estimates generated by
an unrestricted fitting of the fluid-structure interaction model
to measured data, MATLAB was used to map the cost function
over a range of � and �n values as discussed previously �Fig.
2�. Each point on the cost function map corresponds to a
specific set of potential values of � and �n. Dark regions of
the plot identify a locus of parameters that yield fluid-
structure interaction models that line up well with the mea-
sured cantilever frequency response. Each set of values for �
and �n can be used to solve for a cantilever stiffness value.
While accurate estimations of � and �n for a specific canti-
lever would yield accurate cantilever stiffness estimations,
the imperfections of the model can cause the cost function to
be minimized for incorrect values of � and �n.
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FIG. 1. The measured thermal vibration of MikroMasch cantilever model
CSC38 B in water with SHO, Sader, and fluid-structure interaction model
curve fits.
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FIG. 2. �Color online� The cost function map for Veeco cantilever model
ORC8 C in water identifying � and �n parameter values that result in fluid-
structure interaction models that fit the measured data well. The shading
scales with the cost function J, so that the darker regions of the map indicate
a good fit.

FIG. 3. A flowchart illustrating the calibration method. At each iteration,
stiffness estimations are made at a low and a high frequency point along the
low cost function curve. For each subsequent iteration, the previous high
frequency point becomes the new low frequency point and a new high
frequency point is selected. The resulting stiffness estimations at each itera-
tion are compared to determine when the process has converged.
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The cost map looks different for cantilevers under light
fluid loading. Figure 4 shows a cost function map for a can-
tilever in air. The low cost function locus is contained to a
specific point. Under heavy fluid loading �see Fig. 2� the low
cost function locus forms a curve establishing a relationship
between � and �n. Any set of � and �n values falling within
this locus will yield a reasonable model of the cantilever
dynamics. This reflects the findings that under light fluid
loading, parameter identification is straightforward, while
under heavy fluid loading, the fluid-structure interaction
model is robust to parameter uncertainty, which makes curve
fitting based parameter identification difficult.33

Overlaying curves of the � and �n points that yield con-
stant cantilever stiffness values onto a cost function map can
illustrate the sensitivity of the resulting stiffnesses to changes
in � and �n values. It is also illustrative to scale the abscissa
against wn

2 to linearize the curves of constant stiffness, as is
shown in Fig. 5. The low cost function locus aligns with the
lines of constant stiffness for high values of � and �n. This
indicates that for higher values of � and �n within the locus,
the resulting stiffness is not sensitive to perturbations. If the
mass loading describing the cantilever behavior is suffi-
ciently high, the cantilever stiffness estimation is not sensi-
tive to changes in the �n and � estimations as long as the
fluid-structure interaction model provides a good fit to the

data using those parameters. This implies that in these cases,
cantilevers can be calibrated under heavy fluid loading by
fitting the fluid-structure interaction model to data in a way
that restricts the search to the high � region of the locus.
While it is difficult to identify the individual �n and � pa-
rameters from the thermal response of a heavily loaded
cantilever,33 this technique only requires the identification
of the ratio of �n

2 to �. This can be seen in Eq. �13�, where
identifying parameters m�, 	1, and L only requires knowl-
edge of the fluid density and the plan-view dimensions of the
cantilever beam. The effect of searching for the appropriate
ratio of �n

2 to � is to reduce two degrees of freedom in the
fitting process to a single degree of freedom.

To illustrate the difference between the unrestricted
curve fitting and the new technique presented here, the �n

and � values corresponding to an unrestricted curve fitting
have been identified on a cost map in Fig. 6. The line running
through this point indicating the values of �n and � that
would yield the same stiffness can be seen to diverge from
the low cost function locus. That indicates that the resulting
stiffness estimate from the unrestricted curve fitting is sensi-
tive to perturbations to the fit parameters. This is undesirable
since there is significant uncertainty involved with the curve
fitting of cantilevers under heavy fluid loading.33 The second
line identifies parameter combinations that result in the stiff-
ness estimate generated by the algorithm presented here. It
runs along the low cost function locus for high fluid loading
values identifying a range of parameters that yield good fits
between the fluid-structure interaction model and the mea-
sured data.

B. Heavy fluid loading curve fit results

Calibrations were performed in air using Sader’s method
and the thermal noise method and in de-ionized water using
the thermal noise method, the unrestricted fitting of the FSI
model, and using the new restricted FSI model fitting algo-
rithm presented here. The results are presented in Table I. To
illustrate the difference between each calibration method and
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FIG. 4. �Color online� The cost function map for Veeco cantilever model
ORC8 C in air rather than water.
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FIG. 5. �Color online� The cost function map for Veeco cantilever model
ORC8 C in water plotted against �n

2 rather than �n. Red dashed lines indi-
cate � and �n values that yield constant stiffness estimates. The lines were
generated for stiffnesses ranging from k=0.1 N /m to k=1.0 N /m stepping
in 0.1 N/m increments.
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FIG. 6. �Color online� The cost function map for Veeco cantilever model
ORC8 C in water. The circle indicates the unrestricted minimum point of the
cost function. The dashed line corresponds to the stiffness estimated by the
unrestricted data fitting while the solid line indicates the points that corre-
spond to the stiffness estimated using the new heavy fluid loading algorithm.
This line remains within the low cost locus for higher values of �.
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Sader’s method, the percent difference was plotted for each
cantilever in Fig. 7.

Since the fluid loading model assumes that the cantilever
length greatly exceeds the cantilever width, the results in Fig.
7 are ordered according to the L /b ratios such that from left
to right, L /b values decrease, and therefore this assumption
becomes less valid. In the initial presentation of Sader’s
method,14 accuracy is claimed for cantilevers with L /b ratios
that exceed 3. These results find this new method performed
in water to be within 10% of Sader’s method performed in
air for L /b values that exceed 3.5 �which is indicated by the
vertical gray line in Fig. 7�. This may be an indication that
the L /b requirement plays a larger role under heavy fluid
loading �which is an intuitive result�.

The restricted FSI fitting calibration technique can be
seen to provide a closer stiffness value to Sader’s method
than the unrestricted FSI fitting for all cases tested. For the
eight cantilevers with L /b�3.5, the absolute improvement

ranged from 0.9% for cantilever 2 to 6.4% for cantilever 10.
The average improvement was 3.4%. In three cases �cantile-
vers 5, 7, and 10�, the new method improved the calibration
from a difference larger than 10% to a difference smaller
than 10%.

The calibrations produced using the thermal noise
method are included in Table I and Fig. 7 for comparison.
The thermal noise calibrations performed in air and in water
varied from the Sader’s method calibrations and from each
other over a range up to the typical 20% �with the exception
of cantilever 11, which exhibited a poor signal-to-noise ratio
during testing�. The selection of Sader’s method to serve as
the standard to plot against should not be interpreted as an
indication of the superior accuracy of one method over an-
other. The cantilevers used in this study were pointed or “dog
eared” at the free end rather than rectangular. This is a com-
mon feature of commercially available cantilevers that are
not accounted for in the fluid loading model and could con-
tribute to inaccuracy. Additionally, the shape of the free end
of the cantilever could impact the 
 value, which would af-
fect the comparison of intrinsic stiffnesses to effective stiff-
nesses. The thermal noise data collected for the higher stiff-
ness cantilevers �cantilevers 9 and 11� exhibited weaker
signal-to-noise ratios which may impact the thermal noise
calibration results, as has been noted elsewhere.7 For these
reasons, further study is warranted into the accuracy of vari-
ous calibration techniques under various conditions. The re-
sults presented here suggest that the restricted FSI fitting
technique can serve as a tool to pursue this line of study.

VI. SUMMARY AND CONCLUSIONS

A new cantilever calibration technique has been pre-
sented that is specifically designed for calibrating rectangular
cantilevers by analyzing the thermal response under heavy
fluid loading. This technique is similar to Sader’s calibration
method in two ways: it does not require absolute magnitude
scaling of the thermal vibration measurement �i.e., it does
not require photodiode calibration for optical lever-type

TABLE I. Comparison of stiffness estimations for 11 different cantilever models. The ORC8 and RFESP
cantilevers were manufactured by Veeco, while the CSC38 and NSC36 cantilevers were manufactured by
MikroMasch. The methods used include Sader’s method, an unrestricted fitting of the fluid-structure interaction
model to data, the new method presented in this document, and the thermal noise method. The values for
stiffness k are in N/m. The length-to-width ratio L /b is assumed to be much greater than 1 in the fluid loading
model, which impacts all methods here except for the thermal noise method.

No. Model kSader,air kFSI fit,water knew,water ktherm,air ktherm,water L /b

1 ORC8 A 0.848 0.970 0.961 0.885 0.827 2.6
2 ORC8 B 0.127 0.137 0.136 0.125 0.131 5.1
3 ORC8 C 0.467 0.486 0.455 0.564 0.544 5.2
4 ORC8 D 0.0674 0.0708 0.0682 0.0709 0.0752 10.2
5 CSC38 A 0.158 0.175 0.172 0.128 0.145 6.9
6 CSC38 B 0.0494 0.0514 0.0491 0.0429 0.0467 10.6
7 CSC38 C 0.0802 0.0883 0.0868 0.0713 0.0808 8.4
8 NSC36 A 2.23 2.69 2.52 2.11 2.01 3.0
9 NSC36 B 4.69 5.68 5.53 4.85 4.26 2.4

10 NSC36 C 1.48 1.71 1.62 1.38 1.30 3.6
11 RFESP 5.76 6.29 5.94 4.35 4.03 5.0
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FIG. 7. The percentage difference between each calibration value and the
calibration determined via Sader’s method for each cantilever. The cantile-
vers are ordered according to their L /b ratio and are numbered to match the
labels in Table I. Cantilevers to the right of the vertical gray line have L /b
ratios less than 3.5.

125103-7 Kennedy, Cole, and Clark Rev. Sci. Instrum. 80, 125103 �2009�

Downloaded 16 Mar 2011 to 152.3.237.20. Redistribution subject to AIP license or copyright; see http://rsi.aip.org/about/rights_and_permissions



AFM measurements� and it requires only knowledge of the
length and width of a cantilever along with the density and
viscosity of the surrounding fluid. This technique was used to
calibrate 11 cantilevers �six MikroMasch and five Veeco can-
tilevers� that covered a stiffness range from 0.05 to 5.8 N/m.
For comparison, the cantilevers were also calibrated in air
using Sader’s method. For cantilevers with L /b ratios greater
than 3.5, then the maximum difference between Sader’s
method performed in air and this new method performed in
water was 9.4%. A MATLAB program that performs this cali-
bration has been made available.
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