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Abstract

Within the past decade, advances in small-scale electronics have reduced power con-

sumption requirements such that mechanisms for harnessing ambient kinetic energy

for self-sustenance are a viable technology. Such devices, known as energy har-

vesters, may enable self-sustaining wireless sensor networks for applications ranging

from Tsunami warning detection to environmental monitoring to cost-effective struc-

tural health diagnostics in bridges and buildings. In particular, flexible electroelastic

materials such as lead-zirconate-titanate (PZT) are sought after in designing such

devices due to their superior efficiency in transforming mechanical energy into the

electrical domain in comparison to induction methods. To date, however, material

and dynamic nonlinearities within the most popular type of energy harvester, an

electroelastically laminated cantilever beam, has received minimal attention in the

literature despite being readily observed in laboratory experiments.

In the first part of this dissertation, an experimentally validated first-principles

based modeling framework for quantitatively characterizing the intrinsic nonlinear-

ities and moderately large amplitude response of a cantilevered electroelastic gen-

erator is developed. Nonlinear parameter identification is facilitated by an analytic

solution for the generator’s dynamic response alongside experimental data. The

model is shown to accurately describe amplitude dependent frequency responses in

both the mechanical and electrical domains and implications concerning the conven-

tional approach to resonant generator design are discussed. Higher order elasticity
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and nonlinear damping are found to be critical for correctly modeling the harvester

response while inclusion of a proof mass is shown to invigorate nonlinearities a much

lower driving amplitudes in comparison to electroelastic harvesters without a tuning

mass.

The second part of the dissertation concerns dynamical systems design to pur-

posefully engage nonlinear phenomena in the mechanical domain. In particular, two

devices, one exploiting hysteretic nonlinearities and the second featuring homoclinic

bifurcation are investigated. Both devices exploit nonlinear magnet interactions with

piezoelectric cantilever beams and a first principles modeling approach is applied

throughout. The first device is designed such that both softening and hardening

nonlinear resonance curves produces a broader response in comparison to the lin-

ear equivalent oscillator. The second device makes use of a supercritical pitchfork

bifurcation wrought by nonlinear magnetic repelling forces to achieve a bistable elec-

troelastic dynamical system. This system is also analytically modeled, numerically

simulated, and experimentally realized to demonstrate enhanced capabilities and new

challenges. In addition, a bifurcation parameter within the design is examined as a

either a fixed or adaptable tuning mechanism for enhanced sensitivity to ambient ex-

citation. Analytical methodologies to include the method of Harmonic Balance and

Melnikov Theory are shown to provide superior insight into the complex dynamics

of the bistable system in response to deterministic and stochastic excitation.
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Introduction

Vibratory energy harvesting is the process by which self-reliant electronic systems

are realized by transforming ambient mechanical excitation sources into usable elec-

tricity. Although the common mechanisms by which energy conversion is achieved

(most notably electromagnetic induction and piezoelectricity [11, 4]) typically gen-

erate power at the micro- and milli-watt scale, these levels are sufficient to facilitate

a wide class of increasingly efficient low-power electronic devices [57, 31]. In addi-

tion, self-sustaining energy harvesting systems are viewed as an enabling technology

for cost-effective wireless sensor networks whose proposed application venues (i.e.

remote-area, in vivo, bridges, etc.) render regular maintenance and battery replace-

ment problematic [92, 85, 82, 16]. Further applications include chemical and bio-

logical sensing [16], self-powered microelectronics [10, 141, 139], autonomous battery

recharging [111, 109], and many other applications (e.g. see the review articles by

Anton et al [4] and Beeby et al [11]). Energy harvesters are excited by a wide variety

of environmental oscillations such as seismic noise, fluid-structure interactions, ocean

waves, vehicle motion, or even human walking [11, 83, 100]. Given the ubiquity of

ambient kinetic energy phenomena, there remains a plethora of untapped resources
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Figure 1.1: Graphical representation of the shortcomings of a linear approach to
energy harvesting.

for electric power generation.

Currently, the state of the art comprises essentially linear oscillators for vibra-

tory energy conversion. In these devices, the system’s resonant frequency is tuned

to a spectral region in the environment with the most available energy. Although

resonance yields markedly increased response in a linear system, efficient operation

demands an excitation source that is well-characterized by a single harmonic.

However, as illustrated in Figure 1.1, a majority of environmental energy sources

actually exhibit spectral content distributed over a much broader range than is avail-

able to a resonant harvester. Nevertheless, initial concept demonstrations from nearly

twenty years ago and much of the literature today continues to emphasize optimally

tuned linear resonant systems. Furthermore, environmental oscillations are more

often multi-frequency, time-varying, and stochastic. Narrowband linear devices are

destined to perform inefficiently in all such cases. Next generation energy harvesting

technology must capably perform in complex multi-frequency and stochastic mechan-

ical environments.
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Figure 1.2: Illustration of a end-mass tuned piezoelectric harvester connected in
series to a resistive load.

This research focuses on one particular transduction mechanism, piezoelectricity,

and various nonlinear aspects of performance and design and their associated influ-

ences on the energy harvesting problem. Flexible piezoelectric devices have a long

history of providing successful solution to problems in actuation and sensing tech-

nology. Most recently, their utility has been promulgated throughout a wide body

of literature focusing on converting the sensor problem to one of vibratory energy

harvesting instead. Piezoelectric energy harvesting may generally be described as

techniques by which the elastic behavior of piezoelectric crystals are exploited to

transform mechanical motion to a usable electrical potential [11, 4]. In particular, a

cantilevered beam comprised of electroelastic laminates is the most popular design

for power generation owing to the device’s propensity for highly flexible responses

and low frequency range tunability. Most piezoelectric harvesters are also designed

for linear response and seek resonance to extract maximum energy [4, 30, 110, 109].

In order to describe the dynamic characteristics of electroelastic generators, we first

develop a unified modeling framework based on variational principles for electroelas-

tic continua.
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1.1 Variational Modeling Framework

Hamilton’s principle will be used throughout this thesis as a basis for model develop-

ment and incorporation of fundamental principles to explain experimentally observed

behavior in piezoelectric cantilevers. Consider the small amplitude oscillations of a

prototypical piezoelectric energy harvester as illustrated in Fig. 1.2. The cantilever

consists of an electrically neutral substrate material with symmetric electroelastic

laminates uniformly coated on either side such that the neutral axis of deflection is

through the center of the substrate. This configuration is commonly referred to as

a bimorph. A proof mass is typically secured at the beam’s free end to tune the

mechanical resonance.

The inertia of the cantilever counteracts external forcing and the resulting stress

along the piezoelectric components generates a charge separation across the thickness

of the piezoelectric laminates. As one of the more efficient mechanisms for energy

conversion [91], piezoelectric laminates bonded to a cantilever beam have been pro-

lifically studied energy scavengers. Linear modeling of piezoelectric harvesters is

accomplished according to the variational framework established by Hagood et al

for electroelastic actuators and sensors [45]. Wang and Cross later discussed how

polarization of bimorph piezoelectric cantilevers connected series and parallel effects

the linear piezoelectric constitutive equations [138]. Sodano and Inman [110] were

among the first to apply these results to the analysis of an energy harvester and du

Toit et al [30] updated the model to include effects of end masses with rotary iner-

tia. In a series of papers, Erturk and Inman studied in detail linear models for both

unimorph and bimorph cantilevered harvesters with both a translational and a small

rotary base excitation with further analysis of resonance shifts brought about by

electrical impedance interactions [36, 34]. Furthermore, the same authors addressed

errors in simplified SDOF models [37] and other unsound modeling practices that
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began to emerge in the literature [35, 33].

In IEEE standard notation [3], a piezoelectric material’s electromechanical be-

havior is governed by the following constitutive laws relating the mechanical stress

to the electric field generated within a layer:

Tx = cExxSx − ezxEz , (1.1a)

Dz = ezxSx + εSzzEz , (1.1b)

where Tx and Sx represents mechanical stress and strain, Ez and Dz denote the

electric field and displacement, ezx is the electromechanical coupling coefficient, cExx

denotes the elastic stiffness measured in a zero electric field, and the piezoelectric

material permittivity constant at zero strain is εSzz. Also, compressed tensor nota-

tion also known as Voigt notation is used due to the symmetry of the strain and

stress tensors. These constitutive laws describe the piezoelectric effect, the driving

phenomenon behind sensors, actuators, and most recently, energy harvesters. They

may derived directly through a linear electrical enthalpy expression

H =
1

2
TxSx −

1

2
EzDz , (1.2)

where upon considering Eqns. (1.1a)-(1.1b) can be expanded as

H =
1

2
cExxS

2
x − ezxEzSx −

1

2
εSzzE

2
z . (1.3)

The function defines the thermodynamic bending potential of the electroelastic con-

tinuum and may be integrated into the Lagrangian for the harvester as described

shortly.

The kinetic energy within each layer of the beam is distributed along the length

` for a substrate as

Ts =
1

2
ρsAs

∫ `

0

[ẇ(x, t) + ż(t)]2 dx , (1.4)

5



and for the piezoelectric laminates

Tp = ρpAp

∫ `

0

[ẇ(x, t) + ż(t)]2 dx , (1.5)

where the over-dot indicates a time derivative, ` is the length of the electrically active

material, w(x, t) is the spatio-temporal transverse deflection, z(t) is the base motion,

ρs and ρp are the substrate and piezoelectric material density, and As and Ap are

the cross-sectional area of the substrate and piezoelectric layers. With a point mass

approximation, the proof mass has additional kinetic energy contributions of the

form

Tm =
1

2
Mt [ẇ(`, t) + ż(t)]2 , (1.6)

where Mt is the mass of the end mass and rotational inertia is considered to be

negligible. In chapters 3 and 4, a more complex proof mass kinetic energy formulation

will be employed and studied.

For the inactive substrate, the stored energy is the elastic potential energy expres-

sion. Euler-Bernoulli beam theory states that the linear inextensible strain through

the beam is a result of bending motion only and proportional to the second spatial

derivative of the bending coordinate, written as Sx(x, z, t) = −zw′′(x, t), where the

prime notation ()′ is shorthand for ∂/∂x. Integrating Hooke’s law over the y− and

z−directions gives a lineal potential energy expression

Us =
1

2
EsIs

∫ `

0

[w′′(x, t)]2 dx , (1.7)

where Es is Young’s modulus for the substrate and Is = bh3
s/12 is the inertia. The

piezoelectric laminates also maintain an elastic potential, but the applied strain also

invigorates an electric field across the layers due to the piezoelectric effect. The

electromechanical energy within the piezoelectric laminates is written as defined by
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the enthalpy function in Eq. (1.3) but also integrated over the total volume Vp of

the laminates as

H =

∫
Vp

(
1

2
cExxS

2
x − ezxEzSx −

1

2
εSzzE

2
z

)
dVp . (1.8)

For the beam under consideration, the bending energy within i = 2 electrically active

layers can be reduced by incorporating Euler-Bernoulli strain to yield

H =
1

2

2∑
i=1

∫
Vi

[
z2cExx [w′′(x, t)]

2
+ 2zezxEz,i(t)w

′′(x, t)− εSzzEz,i(t)2
]
dVi , (1.9)

where Vi is the volume of the ith layer, is Young’s modulus for the piezoelectric

material and Ez,i is the electric field in the z−direction for the ith layer. Similar to a

capacitor, the electric field develops uniformly through the thickness of the laminate.

Due to the the series connection between layers, the poling direction requires the

opposite sign of the coupling coefficient ezx in each layer [138, 34]). A good discussion

concerning laminate poling directions for series and parallel connections can be found

in Ref [29]. In this case, the electric field may be written in terms of flux linkage

λ(t), a canonical conjugate of charge q(t), as

Ez(t) = −λ̇(t)/2hp , (1.10)

where hp is the laminate thickness and the time derivative of flux linkage has units

of Webers per second or volts. Inserting Eq. (1.10) into Eq. (1.9) and integrating in

the y− and z−directions gives

H = cExxIp

∫ `

0

[w′′(x, t)]
2
dx− 1

2
ezx(hp + hs)λ̇(t)w′(`, t)− 1

4
Cpλ̇(t)2 (1.11)

where the piezoelectric moment of inertia is given by Ip = bhp(4h
2
p + 6hphs + 3h2

s)/12

and the capacitance through one layer is Cp = bεSzz`/hp.
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The Lagrangian functional for the electromechanical beam is thus the difference

in kinetic energy and potential energy

L(ẇ, w′, w′′, λ̇) = Ts + Tp + Tm − Us −H . (1.12)

It is interesting to note that the Lagrangian is cyclic in flux linkage, implying a con-

servation law. Considering that λ(t) is canonically conjugate to charge, the fact that

λ(t) naturally emerges as an ignorable coordinate in the Lagrangian is a physically

justified result due to the conservation of charge.

To derive the governing equations for the harvester, Hamilton’s Principle requires

the variation of the sum of the Lagrangian and nonconservative work terms to reach

a stationary value between two instances in time, i.e.

0 =

∫ t1

t0

(δL+ δW ) dt , (1.13)

where δ is a variational derivative [22]. The total variation of the Lagrangian is

δL(ẇ, λ̇, w′, w′′) =
∂L
∂ẇ

δẇ +
∂L
∂λ̇

δλ̇+
∂L
∂w′

δw′ +
∂L
∂w′′

δw′′ , (1.14)

and the variation of the nonconservative work reflects dissipation through both me-

chanical damping and an electrical impedance load according to

δW = −cẇδw − λ̇

R
δλ . (1.15)

where proportional damping is represented by the first term and the second term

models the current delivered to a resistive load R. Applying methods of Calculus

of Variations and collecting terms common in virtual motions of deflection and flux
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linkage coordinates yields the variational indicator

0 =

∫ t2

t1

{[
− ∂

∂t

(
∂L
∂ẇ

)
− cẇ − ∂

∂x

(
∂L
∂w′

)
+

∂2

∂x2

(
∂L
∂w′′

)]
δw

+

[
− ∂

∂t

(
∂L
∂λ̇

)
− λ̇

R

]
δλ+

[
∂L
∂w′
− ∂

∂x

(
∂L
∂w′′

)]
δw

∣∣∣∣L
0

+
∂L
∂w′′

δw′
∣∣∣∣L
0

}
dt .

(1.16)

By performing the partial derivatives within the variational indicator and considering

Eqns. (1.4), (1.7), (1.11) and (1.15), the following partial differential equations are

obtained:

mẅ + cẇ + EIwiv = mz̈ , (1.17a)

Cv̇ +
1

R
v + θ̂

∫ `

0

ẇ′′ dx = 0 , (1.17b)

where we replace λ̇ with voltage v for convenience. The partial differential equations

also have geometric boundary conditions

w(0, t) = 0 and w′(0, t) = 0 (1.18)

and natural boundary conditions

EIw′′ = θ̂v , (1.19a)

EIw′′′ = Mtẅ , (1.19b)

where it is important to note that the electromechanical coupling appears as a natural

boundary condition. Normally, to facilitate a reduced order model the coupling is

placed into the equation of motion using Dirac delta functions [36]. Jiang et al solved

the the linear eigenvalue problem with θ̂ in the boundary conditions and using Eq.

(1.17b) such that the electrical impedance appears in the transcendental equation.

However, writing the system as a multi-degree-of-freedom system is usually more
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practical for design and analysis. The remaining coefficients in the partial differential

equation and boundary conditions are defined as

m = ρsAs + 2ρpAp , θ̂ =
1

2
e31b(hp + hs) , C =

1

2
Cp , (1.20a)

and

EI = EsIs +
1

6
cExxbhp(4h

2
p + 6hphs + 3h2

s) . (1.20b)

For small amplitude motion, Eqns. (1.17a)-(1.17b) model the dynamics of the har-

vester illustrated in Fig. 1.2. Although demonstrated for the linear case, the varia-

tional derivation provides a basis for all investigations presented in this dissertation.

Deriving the governing equations by Hamilton’s principle for the electromechanical

(and magnetomechanical) dynamics provides for a unifying presentation.

1.2 Research Contributions

The objective of this work is to experimentally and theoretically investigate the in-

fluence of inherent nonlinear processes in electroelastic harvesters as well as a new

paradigm based on purposefully engaging nonlinear phenomena to meet modern chal-

lenges in vibration-based energy harvesting. This approach breaks from traditional

notions of nonlinearity in engineering research, where nonlinearities are often viewed

as dangerous and troublesome phenomena that must be either controlled or avoided

entirely. Thus, we contribute to a transposition of engineering philosophy towards

understanding nonlinear dynamics for tangible benefit as opposed to the typical no-

tion to design for linearity. The approach is sensible in view of the fact that nonlinear

dynamical systems, by virtue of their broad frequency responses and sensitivity, have

the potential to offer intrinsic advantages for the energy harvesting problem. More-

over, the leading mechanisms for direct energy conversion, electromagnetic induction

and piezoelectricity, are inherently nonlinear processes whose effect and implications
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for the energy harvesting problem must be properly understood and modeled. For

these reasons, this investigation will delve into the intricate dynamics of purpose-

fully nonlinear electroelastic systems in the presence of harmonic, quasi-periodic and

stochastic excitation environments with a first-principles based modeling framework

that accounts for the nonlinear power conversion processes.

Furthermore, this research seeks to overcome the formidable challenge of deriv-

ing analytical conditions for predicting the dynamics of energy harvesters exploiting

multi-stability. The key component for success in this endeavor is measuring the dis-

tance between stable and unstable manifolds in phase space wrought by the pertur-

bations resulting from external excitation and dissipation. Melnikov theory provides

the framework for accomplishing the objective, where a function proportional to the

separation distance between stable and unstable manifolds (known as the Melnikov

function) can be derived in both deterministic and stochastic environments. This

provides a quantitative metric for determining thresholds for chaotic transitions.

With analytic guidelines, we can outline operating regimes, design trade-offs, and

provide deep understanding of complex nonlinear energy harvesters within realistic

environments.

In all, this work present in detail four major contributions with respective ex-

perimental validation and analysis for each. First, I provide an generalization of

the modeling approach for characterizing the static and dynamics characteristics of

non-homogeneous cantilever beams. This is important in view of the fact that en-

ergy harvesting structures utilize partial piezoceramic lamination (also referred to

as patches), but there exists little work in appropriately modeling the associated

influence of dynamics of non-homogeneous continuous structures. Second, I propose

a new theoretical model and identify piezoelectric material nonlinearities in energy

harvesting beams to include frameworks for modeling critical nonlinear damping pro-

cesses. Third, the advantages and disadvantages of electroelastic harvester designs
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with both softening and hardening type mechanical restoring forces. Finally, by ap-

plying dynamical systems theory, predictive techniques and performance metrics for

systems exploiting stronger nonlinearities such as multi-stability are developed. In

all, the analysis herein provides a baseline study to enable future research toward un-

derstanding the properties and performance limits of nonlinear electroelastic devices

in complex spectral environments.

1.3 Thesis Organization

This dissertation proposal is organized as follows: In Chapter 2, a theoretical frame-

work is developed for determining the static and dynamic characteristics of contin-

uous structures with multiple discontinuities. While the theory is validated upon

an engineering structure not intended for energy harvesting, the theory is applied

later in Chapter 4. Chapter 3 proposes and experimentally validates new models

for explaining and predicting higher-order piezoelectric effects and nonlinear dissi-

pation in energy harvesting beams. In addition, the influence of a proof mass on

the nonlinear response is studied and a scaling analysis is proposed as a quantitative

metric for applying nonlinear theories. Chapter 4 extends the results of Chapter

3 to a cantilever experiencing nonlinear flexural dynamics and applies the theory

developed in Chapter 2 as well. The first purposefully nonlinear electroelastic dy-

namical system is proposed in Chapter 5 as a basis for studying the effect of third

order restoring forces on broadband power generation. Chapter 6 next introduces

a bistable electroelastic dynamical system from a numerical and experimental per-

spective. Chapter 7 employs analytical methods, namely the method of Harmonic

Balance and the Melnikov Theory to provide simple analytical methodologies for

investigating strongly nonlinear harvesting devices to include multifrequency and

broadband stochastic mechanical environments.
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2

Modeling and Dynamics of Elastic Structures with
Geometric or Material Discontinuities

2.1 Overview and Background

In this chapter, an analytic framework is developed for determining closed form ex-

pressions for the natural frequencies, mode shapes, and frequency response function

for Euler-Bernoulli beams with any number of geometric or material discontinuities.

Motivation for doing so lies in the fact that many electroelastic cantilever are discon-

tinuously laminated with little to no consideration of the influence of such practices

on the energy harvesting problem. We first treat the discontinuity problem in full

generality by studying arbitrary beams. The procedure uses a convenient matrix

formulation to generalize the single discontinuity beam problem to beams with mul-

tiple step changes. Specifically, the multiple discontinuity beam problem is solved

by analyzing the total structure as a series of distinct Euler-Bernoulli elements with

continuity and compatibility enforced at separation locations. The method yields

each respective section’s eigenmode which may then be superpositioned to give the

entire beam’s mode shape and derivation of the frequency response function follows.
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Although the Euler-Bernoulli beam problem is demonstrated, any one-dimensional

continuous structure is amenable to the prescribed analysis. Theoretical predictions

are experimentally validated as well.

To date, most theoretical studies of non-homogeneous beams are limited to con-

sidered the free vibration of beams with a single geometric discontinuity. Further-

more, many procedures do not efficiently scale to structures with multiple disconti-

nuities and single discontinuity beam (SDB) investigations are often concluded upon

establishing natural frequencies–thus the dynamic response is seldom considered. As

a result, solutions for multiple discontinuity beam (MDB) problems are even scarcer.

The SDB frequency response function has been recently derived by Koplow et al

[61] to simplify analysis of irregularly shaped beam-like machine components. Their

approach considered the physics of Euler-Bernoulli beam theory, where a beam with

one step change in its cross-section was treated as two separate uniform compo-

nents sharing displacement and slope continuity as well as bending moment and

shear force compatibility conditions at their intersection. An illustration of this

approach is shown in Fig. 2.1. Closed-form frequency response functions were ob-

tained and subsequently validated through experiment. While the authors note that

the method is potentially extensible to an infinite number of cross-sectional discon-

tinuities, the associated algebraic complexity is likely to dissuade researchers from

doing so. Equating continuity and compatibility conditions at discontinuity loca-

tions, however, is accepted to be the proper physical basis for solving the MDB

problem (e.g., see the discussion in Biondi and Caddemi [12]). Providing a method

to increase the tractability of the MDB problem within this continuity/compatibility

framework is the objective of the following sections.

A review of the literature concerning SDB and MDB solutions begins with Taleb

and Suppiger [123], who derived an exact frequency equation for a simply supported

SDB and compared their approach to an approximate Cauchy function method.
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Figure 2.1: Illustration of the theoretical procedure for separating a discontinuous
Euler-Bernoulli beam (AC) into two separate Euler-Bernoulli beams AB and BC
with shared continuity/compatibility conditions at location B. The positive vector
directions for the shear force V and bending moment M are shown for each artificial
break.

Later, Jang and Bert [51, 52] determined natural frequencies for a SDB for a variety

of global boundary conditions. Continuity and compatibility conditions at inter-

sectional connections were enforced and the authors tabulated results for several

combinations of pinned, sliding, free, and fixed supports. Popplewell and Chang [86]

analyzed the stepped up SDB, but estimated natural frequencies with eight cantilever

beam mode shapes in conjunction with force mode functions, where the force mode

functions correspond to the static deflection of a uniform cantilever beam. The same

authors illustrated second derivatives of the associated mode shapes but never pro-

vided explicit mathematical expressions. In Refs. [77, 78], Naguleswaran examined

discontinuous beams on a continuity/compatibility enforcement basis similar to Ref.

[51]. Three common types of beams were investigated in Ref. [77], each featuring one

step change across a range of system parameters and classical boundary conditions.

Natural frequencies were obtained by finding the roots of a frequency equation with

an iterative linear interpolation procedure. Furthermore, mode shapes were derived

for various support conditions. Naguleswaran also considered axial loading upon
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both a stepped-up and stepped-down MDB [78]. A unique feature of this work was

identification of critical compressive axial forces leading to buckling phenomenon. In

several papers [147, 148, 149], the theory of distribution functions has been developed

for static characterizations of beams containing one discontinuity.

Jaworski and Dowell [53] recently compared several theoretical approaches for

determining the natural frequency of a high aspect ratio MDB with twelve geometric

step changes. The authors solved for the natural frequencies using component modal

analysis (CMA), where Lagrange multipliers are employed to handle the geometric

constraints between discontinuous elements. Computational results were compared

to Rayleigh-Ritz as well as techniques using the finite element method (FEM) and

tested with a modal impact experiment. Interestingly, non-beam effects captured in

ANSYS 2D shell and 3D solid finite element models were found to be present, al-

though the experimental discrepancy with converged natural frequencies was slight.

The primary drawback of the CMA approach is the fact that a dynamic model for

each Euler-Bernoulli element must be constructed to solve for the Lagrange multipli-

ers before establishing a matrix determinant solution for the natural frequencies. A

less complex procedure for the SDB problem was presented by Tsukazan [132], who

applied a matrix formulation of the continuity/compatibility conditions.

This chapter contributes an MDB solution framework with a mathematical struc-

ture that is demonstrably more convenient to apply than the standard algebraic

approach. The development is organized as follows: First, the free vibration prob-

lem is reviewed and followed by an extension of the results in Ref. [61] to a beam

with an arbitrary number of variations in geometry or material properties. This

extension solves the MDB problem through a product of matrices housing common

inter-component continuity and compatibility conditions. Dimensionality is resolved

by the fact that this matrix is never larger than 4 × 4. Next, closed-form expres-

sions for MDB component mode shapes, composite system mode shapes, and the
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frequency response function are derived. Experimental validation is achieved upon

a materially Isotropic but geometrically discontinuous beam.

2.2 Eigenfrequency and Eigenmode Determination

This section derives a matrix MDB solution. The uniform eigenvalue problem is re-

viewed to introduce notation and generate the basis for the MDB solution, where the

MDB is divided into a series of distinct Euler-Bernoulli beams. This approach applies

inter-sectional continuity and compatibility enforcement to a SDB and demonstrates

the accuracy of this basis for determining the natural frequencies, closed-form mode

shapes, and frequency response function for a discontinuous beam. The method is

next extended to an MDB possessing any number of abrupt changes in geometry or

material properties.

A uniform beam is the basis for the component beam model. Incorporating Euler-

Bernoulli beam theory, Hamilton’s principle can be applied for arbitrary variations

of the kinetic and potential energy to yield a partial differential equation governing

the dynamics of a continuous beam [74]

ρ(x)A(x)
∂2u(x, t)

∂t2
+

∂2

∂x2

(
E(x)I(x)

∂2u(x, t)

∂x2

)
= 0 , (2.1)

where E(x) is the modulus of elasticity in N/m2, A(x) is the cross sectional area in

m2, ρ(x) is the material density in kg/m3, I(x) is the area moment of inertia about

the neutral axis in m4, and u(x, t) is the transverse deflection. For simplicity, the

beam parameters ρ, A, E, and I are presumed constant, but this condition is not

imperative. The method for separation of variables can then be utilized to separate

the transverse deflection into spatial and temporal functions as

u(x, t) = q(t)TX(x) =
∞∑
n=1

qn(t)Xn(x) , (2.2)
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Figure 2.2: The one step change beam experimentally validated in Ref. [61]. The
beam is separated into two sections AB and BC for theoretical analysis. The beam
was made entirely of 7050 aluminum (ρ = 2830 kg/m3, E = 71.7 GPa) with L1 = 254
mm, L2 = 140 mm, I1 = 1.4633× 104 mm4 and I2 = 350.2 mm4.

where q(t) = [q1(t), q2(t), . . . , qn(t)]T is a n × 1 vector of generalized displacements

and X(x) is a n× 1 vector of mode shapes. Considering harmonic motion

q(t) = q̄ eiΩt , (2.3)

in Eq. (2.1), the equation for relating spatial derivatives is obtained

X′′′′(x)− β4X(x) = 0 , (2.4)

where

β4 =
Ω2ρA

EI(1 + iη)
, (2.5)

defines the eigenvalues and a non-dimensional damping factor η is included. The

solution to this problem has the form

X(x) = a sin βx+ b cos βx+ c sinh βx+ d cosh βx , (2.6)

where a, b, c, and d are constants determined by the boundary conditions. In the

case of a discontinuous beam, the general form in Eq. (2.6) can be used to model

each section of the discontinuous beam.
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2.3 Single Discontinuity Beam

Before describing the general method, the results of Ref. [61] are replicated to

familiarize the reader with the matrix approach later generalized in Section 2.4.

In Ref. [61], Koplow et al consider a free-free rectangular beam with an abrupt

change in cross-sectional area, as shown in Fig. 2.2. At the step change location,

the authors separate the beam into two free-free Euler-Bernoulli beams AB and BC

with continuity/compatibility conditions enforced at the location of the step change.

For the first beam section AB, the general mode shape is

X1(x1) = a1 sin β1x1 + b1 cos β1x1 + c1 sinh β1x1 + d1 cosh β1x1 , (2.7)

where a1, b1, c1, and d1 depend on the free-end boundary conditions and the con-

nection point boundary conditions. The eigenvalues β are described in terms of the

composite system natural frequency Ωn as

β1 =

(
Ω2
nρ1A1

E1I1(1 + iη)

)1/4

. (2.8)

In vector form, Eq. (2.7) can be recast as a dot product

X1(x1) = φ1(x1)Tα1 , (2.9)

where α0 is a vector of beam coefficients

α1 = [a1 b1 c1 d1]T , (2.10)

and the spatial mode shape terms are organized as

φ1(x1) = [sin β1x1 cos β1x1 sinh β1x1 cosh β1x1]T . (2.11)

Up to three derivatives of Eq. (2.11) are necessary to describe the slope, moment,

19



and shear forces. These are notated as

φ′1(x1) = β1[cos β1x1 − sin β1x1 cosh β1x1 sinh β1x1]T , (2.12a)

φ′′1(x1) = β2
1 [− sin β1x1 − cos β1x1 sinh β1x1 cosh β1x1]T , (2.12b)

φ′′′1 (x1) = β3
1 [− cos β1x1 sin β1x1 cosh β1x1 sinh β1x1]T . (2.12c)

Since a free-end boundary condition acts at point A, the number of constant param-

eters in Eq. (2.10) can be reduced from four to two by simultaneously applying both

zero moment and shear conditions

X ′′1 (0) = 0 , (2.13)

X ′′′1 (0) = 0 , (2.14)

which yields a1 = c1 and b1 = d1. The mode shape may then be concisely expressed

as

X1(x1) = a1(sin β1x1 + sinh β1x1) + b1(cos β1x1 + cosh β1x1) , (2.15)

and the mode shape dot product for the first component is redefined as

φ1(x1) = [sin β1x1 + sinh β1x1 cos β1x1 + cosh β1x1]T , (2.16)

with a new vector of coefficients α1 = [a1 b1]T .

The displacement, slope, moment and shear conditions are then equated at the

location where the two beams meet. These conditions can be expressed through

successive spatial derivatives of the eigenmodes as follows:

Φj(xj) =


φj(xj)
φ′j(xj)

EjIjφ
′′
j (xj)

EjIjφ
′′′
j (xj)


. . . displacement
. . . slope
. . . moment
. . . shear

(2.17)

where φ′j(xj), φ′′j (xj), and φ′′′j (xj) are as previously defined and the subscript j

indicates the jth beam element. Using Eq. (2.17) and the vector of coefficients
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for each section, the continuity/compatibility equations between the end of the first

section and the start of the second section can also be written

Φ1(`1)α1 = Φ2(0)α2 , (2.18)

where the general solution for the second section is

X2(x2) = φ2(x2)Tα2 , (2.19)

and α2 is a 4× 1 vector of the second section’s coefficients. Eq. (2.18) allows us to

solve for α2 in terms of the α1 through matrix inversion

α2 = Φ2(0)−1Φ1(`1)α1 , (2.20)

where the components of the derivative matrices are

Φ1(`1) =


sin β1`1 + sinh β1`1 cos β1`1 + cosh β1`1

β1(cos β1`1 + cosh β1`1) −β1(sin β1`1 − sinh β1`1)
−E1I1β

2
1(sin β1`1 − sinh β1`1) −E1I1β

2
1(cos β1`1 − cosh β1`1)

−E1I1β
3
1(cos β1`1 − cosh β1`1) −E1I1β

3
1(sin β1`1 + sinh β1`1)

 ,

(2.21a)

and

Φ2(0) =


0 1 0 1
β2 0 β2 0
0 −E2I2β

2
2 0 E2I2β

2
2

−E2I2β
3
2 0 E2I2β

2
2 0

 . (2.21b)

The matrix product Φ2(0)−1Φ1(`1) in Eq. (2.20) is 4 × 2. Partitioning this matrix

into two 4× 1 columns as

Φ2(0)−1Φ1(`1) = [T2 V2] , (2.22)

enables one to define the next mode shape. Notice the subscript on the partitioned

vectors T and V in Eq. (2.22). The vectors T1 and V1 define the components of
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Figure 2.3: The first three mass normalized mode shapes for the beam studied in
[61]. The step change in cross-section area occurs at 254 mm and its impact is more
evident in the higher modes. The mode shapes correspond to: (a) Ω1 = 292.4 Hz,
(b) Ω2 = 1181 Hz, and (c) Ω3 = 1804 Hz.

Φ1(`1) as defined in Eq. (2.21a). Accordingly, the second mode shape is expressed

in terms of the first section coefficients as

X2(x2) = φ2(x2)Tα2 ,

= φ2(x2)T [T2 V2]α1 ,

= a1φ2(x2)TT2 + b1φ2(x2)TV2 .

(2.23)

This equation is in agreement with Eq. (13) in Ref. [61].

The final step is consideration of the boundary conditions at the conclusion of
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section BC. As a free–free beam, this requires X2(x2) to satisfy

X ′′2 (`2) = 0 , (2.24a)

X ′′′2 (`2) = 0. (2.24b)

These conditions then lead to a system of equations

0 = Zα1 , (2.25)

where

Z =

[
Z1 Z2

Z3 Z4

]
, (2.26)

and

Z1 = φ′′2(`2)TT2 , Z2 = φ′′2(`2)TV2 , (2.27a)

Z3 = φ′′′2 (`2)TT2 , Z4 = φ′′′2 (`2)TV2 . (2.27b)

Setting the determinant of Z in Eq. (2.25) equal to zero solves for the system’s

natural frequencies. Typically, this solution will need to be obtained by a numerical

or graphical programming routine. Validation of this expression was obtained using

the parameters and dimensions of the stepped beam in Ref. [61] as shown in Fig. 2.2.

A numerical solution of Eq. (2.25) yields the first three non-zero natural frequencies

of the beam as 292 Hz, 1181 Hz, and 1804 Hz. In comparison, experimental tests from

Ref. [61] showed natural frequencies between 286-291 Hz, 1159-1165 Hz, and 1759-

1771 Hz for the first three non-zero frequencies, respectively. The primary source of

discrepancy is experimentally implicit and can be largely attributed to mass loading

effects of an attached accelerometer device. While such a device was not modeled in

both our present calculation and in Ref. [61], including this component as well as

any other boundary condition can be directly applied to the present procedure.
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Figure 2.4: The frequency response function for the beam in Ref. [61]. The peaks
of the FRF were adjusted to reflect an experimentally determined damping ratio
within Ref. [61] as well.

2.3.1 Mode Shapes

Equations for the component and system mode shapes are also available. Equation

(2.25) yields b1 = −Z1/Z2, from which all mode shapes may be written within a

nonspecific constant. As such, the mode shapes for sections 1 and 2 are

X1(x1) = a1

[
sin β1x1 + sinh β1x1 −

Z1

Z2

(cos β1x1 + cosh β1x1)

]
, (2.28)

X2(x2) = a1

[
φ2(x2)TT2 −

Z1

Z2

φ2(x2)TV2

]
. (2.29)
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To visualize the mode shapes for the beam in Fig. 2.2, the total mode shape given

by

X(x) =

{
X1(x) : 0 ≤ x ≤ `1

X2(x) : `1 ≤ x ≤ `1 + `2

, (2.30)

may be superpositioned. The modal amplitude a1 was determined by normalizing

the orthogonal modes according to

a2
1

(∫ `1

0

ρ1A1[X1(x)]2 dx+

∫ `1+`2

`1

ρ2A2[X2(x)]2 dx

)
= 1 . (2.31)

Figure 2.3 shows the orthogonal mode shapes associated with each of the first three

non-zero natural frequencies. The location of the discontinuity is especially visible

in the higher modes.

2.3.2 Frequency Response Function

For dynamic analysis, the frequency response function (FRF) for the discontinuous

beam can also be described. With a force at the end, Eq. (2.25) becomes

[
Z1 Z2

Z3 Z4

] [
a1

b1

]
=

[
0

−F/E2I2

]
(2.32)

and matrix inversion solves for the constant parameters as

a1 =
Z2F

E2I2(Z1Z4 − Z2Z3)
, b1 =

−Z1F

E2I2(Z1Z4 − Z2Z3)
. (2.33)

Inserting a1 and b1 into the general form of the second mode shape gives the FRF

u

F
=

1

(1 + iη)E2I2(Z1Z4 − Z2Z3)

[
Z2φ2(x2)TT2 − Z1φ2(x2)TV2

]
. (2.34)

This equation aligns with Ref. [61] and has been plotted in Fig. 2.4. The expression

Z1Z4 − Z2Z3 in the denominator is the determinant of Eq. (2.26). As expected, the

frequency response function peaks whenever the determinant diminishes to zero.
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Figure 2.5: Comparison between the analytical frequency response function (solid
black line) and the experimentally measured response (solid gray line). Data was
obtained from impact hammer testing at the tip location D.

2.4 Multiple Discontinuity Beam

Extending the method to a beam possessing multiple discontinuities can be divided

into three major steps. The first step constructs the matrix Φ1(`1) based on the

first beam’s boundary condition. The second step obtains constraints on successive

beams from the pattern that evolves on the left hand side of Eq. (2.20). The third

step incorporates end-boundary conditions of the nth component and the matrix in

Eq (2.25) results. A numerical or graphical solution provides the composite system’s

natural frequencies when the determinant is equal to zero. Each eigenmode can then

be written within an arbitrary constant as seen in Eq. (2.29).

This procedure is detailed with more mathematical precision as follows: First

derive the spatial derivative matrix Φ1(`1) from the appropriate boundary condition
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such that α1 is a 2× 1 vector of the remaining coefficients of the first beam. Next,

derive successive beam constants through the general expression

αn = Pnα1 , (2.35)

where for a beam subdivided into N sections,

Pn =
N−1∏
j=1

ΦN−j+1(0)−1ΦN−j(`N−j) . (2.36)

The matrix Φj(xj) is defined in Eq. (2.17) and the general form of Φ1(x1) is derived

within the first step. The matrix Pn is 4×2 and can be partitioned into two columns

as

Pn = [Tn Vn] (2.37)

where the vectors Tn and Vn are both 4× 1.

The last step is to apply the end point boundary condition of the nth section to

yield a system of equations

Z(Ω)α1 = 0 (2.38)

where b1 = −Z1/Z2 and the roots of det[Z(Ω)] = 0 are the natural frequencies Ωn.

Mode shapes for each respective section are defined as

Xn(xn) = φn(x1)TPnα1 (2.39a)

= a1

[
φn(xn)TTn −

Z1

Z2

φn(xn)TVn

]
(2.39b)

Although there is a respective βn for each section, they are all defined in terms of a

system natural frequency and nondimensional damping factor η.

If more than two components are modeled, the frequency response function is

modified from Eq. (2.34) as

u

F
=

1

(1 + iη)EnIn(Z1Z4 − Z2Z3)

[
Z2φn(xn)TTn − Z1φn(xn)TVn

]
, (2.40)

where the subscript n refers to the nth component.
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Figure 2.6: Schematic diagram of the experimental beam. All dimensions are in
mm.

2.5 Experimental Validation

A modal testing experiment was designed to verify the analysis of the previous sec-

tion. A cylindrical beam with two step changes in the cross-sectional area was

machined from aluminum 2024 to the dimensions displayed in Fig. 2.6. The ratio

between the length of each section and its diameter was set to ten in order to main-

tain Euler-Bernoulli modeling presumptions. Additionally, a circular cross-section

was selected to minimize any induced torque or incommodious rigidity-induced mo-

tions that might occur during the hammer impact testing. To simulate free-free

boundary conditions, a taut string and a thin piece of Plexiglas was adhered to the

base of the beam. This modification enabled structural suspension from an overhead

ceiling. A small accelerometer was secured by wax at location D (see Figure 2.7).

The aluminum material density was approximately 2800 kg/m3 with a modulus of

elasticity of 73.1 GPa. The accelerometer (PCB Piezotronics, model 352B10) had a

mass of about 1.8 g.

Several hammer impact tests were performed along the beam length with a modal

hammer (PCB Piezotronics, model 086C03). Resonant frequencies were ascertained

by averaging twenty recorded impacts at location D. Experimental mode shapes were

determined by impacting the beam at 25 separate locations spaced 30 mm apart.
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Figure 2.7: Laboratory set up for the experiment. Free-free boundary conditions
were mimicked by securing a string to one end of the beam and suspending it from
the ceiling.

Three series of impact tests were performed along the length of the entire structure

and final results were obtained from an average of the trials.

Theoretical analysis of the experimental beam follows from the procedure in Sec-

tion 2.4, where the accelerometer is incorporated into the boundary conditions as

an end mass. Treating the accelerometer in this manner helps reduce associated er-

ror between experimental and theoretical modes due to the accelerometer’s relative

inertia, as noted in Ref. [61]. Analytically, the structure in Fig. 2.6 is separated

into three components AB, BC, and CD. Free boundary conditions are applied at

location A, continuity/compatibility is enforced at locations B and C, and the end

mass boundary conditions are applied at location D.

At location A, the free end point condition yields the same Φ1(`1) as listed in

Eq. (2.21a). Dividing the system into N = 3 sections means the last section (CD)
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Figure 2.8: Waterfall plot showing the imaginary component of the frequency re-
sponse of the first three non-zero natural frequencies from impacting the experimen-
tal beam at 25 distinct locations and averaging over three tests. The peaks of these
frequency response curves give the mode shapes associated with each characteristic
frequency.

has coefficients determined by Eq. (2.35) as

α3 =

[
2∏
j=1

Φ4−j(0)−1Φ3−j(`3−j)

]
α1 , (2.41a)

= Φ3(0)−1Φ2(`2)Φ2(0)−1Φ1(`1)α1 . (2.41b)

Incorporating the accelerometer as a tip mass requires boundary conditions of the

form

X ′′3 (`3) = 0 , (2.42a)

X ′′′3 (`3)− Ω2Mt

E3I3

X3(`3) = 0 , (2.42b)
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Figure 2.9: Comparison of the analytical mode shape (solid line) and the magnitude
of the imaginary component at uniformly spaced impact locations (o) along the
experimental beam for: (a) the first natural frequency, (b) second natural frequency,
and (c) third natural frequency.

where Mt is the accelerometer mass [74]. Several static and dynamic characteristics

for the composite system become available once all the coefficients are defined. Fore-

most, the agreement between analytically calculated natural frequencies and those

obtained through hammer impact tests can be verified by either numerically solving

Eq. (2.38) or finding the peaks of the frequency response function Eq. (2.34). Table

2.1 lists the numerical solutions for the first four non-zero system natural frequencies

and Fig. 2.5 displays the similarity between both the experimental frequency re-

sponse and the analytical frequency response resulting from Eq. (2.40). Only minute

discrepancy exists between experimental and predicted results. Some deviation is ex-

pected as a result of the Euler-Bernoulli beam presumptions since shear and rotary
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Table 2.1: Comparison between analytical and experimental natural frequencies.

Natural Frequencies (Hz)
Mode Numerical Experimental % Difference

Ω1 212.4 212.2 0.08
Ω2 551.9 547.3 0.84
Ω3 1077.6 1064.0 1.28
Ω4 1791.8 1748.2 2.49

inertia have been neglected.

Theoretically predicted mode shapes were also tested. A waterfall plot illustrat-

ing the imaginary components of the frequency response function is shown in Fig.

2.8. The accuracy of the general formulation in Eq. (33b) can be evaluated by pro-

gressively selecting the largest values at respective frequencies. As seen in Fig. 2.9,

both analytical and experimental results achieve close proximity.

2.6 Summary and Conclusions

This chapter provides an extension of the SDB dynamic response of Ref. [61] to

beams containing more than one discontinuity. Algebraic complexities were signifi-

cantly reduced by organizing continuity and compatibility conditions at each discon-

tinuity location into a matrix. An expression to resolve the unknown mode shape

coefficients was derived as a product of these matrices. By applying the nth sections

end boundary condition, a system of equations could be written and numerically

solved to yield the composite beams natural frequencies. From here, the compos-

ite mode shapes and frequency response function become available. Experimental

results from impact hammer testing a beam with two geometric step changes and

a tip mass validated the accuracy of the theoretical predictions. One particularly

useful result is the significantly simplified dynamic response characterizations. Not

only has the frequency response function been derived, but because orthogonality
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of modes has not been compromised, diagonal mass and stiffness matrices can be

also constructed for linear system analysis. Mass-normalizing the modes yields an

identity mass matrix and diagonal stiffness matrix made up of the squared natural

frequencies. Because continuity and compatibility have been used as a basis for the

extension, the accuracy of the results will be consistent with EulerBernoulli beam

theory.
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3

Nonlinear Response of Electroelastic Harvesters

This chapter provides for detailed derivations of the equations governing the non-

linear electromechanical dynamics of a prototypical piezoelectric energy harvesting

beam. The analysis herein is a consequence of a wide range of empirical results

indicating that nonlinear piezoelectric effects in flexural energy harvesters manifest

for drive amplitudes well within the scope of anticipated vibration environments for

power generation. In addition to strong softening effects, steady-state oscillations

are highly damped as well. Most importantly, nonlinear resonance curves occur

despite geometrically linear motion. While hysteretic and constitutive nonlineari-

ties comprise an important aspect of the dynamic interaction between the intensive

(electric field, stress, temperature) and extensive variables (polarization, strain, en-

tropy) characteristic of electroelastic materials, ferroelectric properties are almost

uniformly presumed insignificant within a wide body of piezoelectric energy harvest-

ing literature. Several recent studies, however, have shown otherwise [118, 115, 116].

Accordingly, this chapter provides a comprehensive modeling approach and experi-

ment to investigate the validity of modeling linear behavior within piezoceramics. To

first set the context, however, we review the relevant history of piezoelectric harvester
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modeling.

Sodano et al [110] and du Toit et al [30] were among the first to publish theoretical

models for the linear dynamics of piezoelectric energy harvesters with experimental

validation. Sodano et al generalized several approaches for piezoelectric sensors and

actuators [45, 23, 108] to an energy harvesting scheme and showed that damping

effects of power harvesting follow that of a resistive shunt. du Toit et al closely

followed this work with a lengthy and detailed exposition encompassing not only a

variational approach to modeling but various MEMS fabrication and design issues,

resonance versus anti-resonance, and non-trivial proof mass kinematics. Later, in-

stead of the Rayleigh-Ritz approach in [110] and [30], Jiang et al [54] solved the

eigenvalue problem for a flexural energy harvester with a point mass approxima-

tion from the governing partial differential equations where the electromechanical

coupling appears in the natural boundary conditions. The exact electromechanical

resonance point is derived from a determinant equation and the ensuing analysis

focused on optimal impedance loads, bimorph geometry, and proof mass size for in-

creased power densities. Erturk and Inman later published linear models for both

unimorph and bimorph harvesters transmitting a proof mass and both a transla-

tional and a small rotary base excitation [36, 34]. The same authors addressed errors

stemming from SDOF models [37] and other questionable results [35, 33].

While the preceding papers have formed a basis for accurate energy harvester

models, several recent papers have explicitly focused on proof mass effects. Kim et

al [58] published experimental results confirming the validity of the theory presented

in [30] with a macroscopic device and two different non-symmetric proof masses. Yu

et al [150] also studied non-symmetric proof masses but added non-vanishing longi-

tudinal displacement and rotary inertia within the cantilever itself in the theoretical

model. Finite element methods were used to solve the equations of motion and a

point mass model, as expected, was shown to be a poor method for determining
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resonance. Interestingly, the experimental data from both articles exhibit poor cor-

relation in some instances with the linear modeling. In fact, Kim et al suggests

nonlinear piezoelectric effects were likely to be the culprit while Yu et al do not

hypothesize as to why their data exhibit a clear softening and reduced amplitude

effects reminiscent of nonlinear damping (see Fig. 7 in Ref. [150]).

Nonlinear behavior within piezoceramics and associated influence on the energy

harvesting problem, however, has only begun to receive attention. Hu et al [48]

numerically studied the large amplitude hardening response of a piezoelectric plate

under thickness/shear vibration. The physical basis for their model was the cubic

theory of nonlinear electroelasticity [72, 146, 130] with up to fourth order elastic

effects but higher order coupling and electrical effects neglected due to the weak

nature of the electric fields. The same electroelasticity model was previously ap-

plied by Wolf and Gottlieb [144, 143] to describe the large-amplitude motion of

atomic force microscopes with later experimental validation by Usher and Sim [134].

Triplett and Quinn [131] theoretically studied nonlinear piezoelectric energy har-

vester models with nonlinear coupling effects as observed by Crawley and Anderson

[23] and Crawley and Lazarus [24]. However, the nonlinearity in the coupling in

Refs. [23, 24] was due to induced actuation strain as a consequence of large elec-

tric fields as explained and modeled by Tiersten [130]. Nevertheless, the nonlinear

coupling could indeed influence already nonlinear resonance curves due to elastic

effects. In all aforementioned analyses, however, linear mechanical dissipation is pre-

sumed. Stanton et al studied the nonlinear response of bimorph harvesters both

theoretically and experimentally and modeled nonlinear damping through quadratic

air drag [115, 116]. Whereas the insignificance of the electric field prompted Hu et al

to neglect coupling nonlinearities, von Wagner and Hagedorn [136, 137] and Samal

et al [95] have demonstrated significant nonlinear effects in piezoelectric actuators

experiencing weak electric fields.
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A common theme among most of the work cited thus far is the presumption of

linear damping. Through the course of this research, it was found that as base ac-

celeration levels increase, the frequency response is suppressed in both the response

amplitude and output voltage. To model this effect, this chapter discusses two ap-

proaches that both successfully model this phenomena. The first approach is due to

a presumption that material damping is dominant while the second utilizes quadratic

fluid damping. Several works relating to piezoelectric actuators [96, 97, 135] employ

nonconservative piezoelectric relations to explain the nonlinear dissipation response

and an extension to the harvester is presented in this chapter. Fluid structure inter-

action, however, is also modeled and numerically simulated and is also a plausible

explanation because of the high velocities experienced by our experimental devices.

Both techniques are shown to exhibit good qualitative and quantitative agreement

with empirical trends.

This chapter first derives the governing equations from energy methods. Non-

linear damping is first modeled by nonlinear nonconservative piezoelectric relations.

Results from quadratic air damping are included in the experimental results section

that follows. The chapter concludes with a technique for determining when a non-

linear model becomes necessary as a function of driving amplitude and the harvester

mass ratio.

3.1 Nonlinear and Nonconservative Modeling

This section employs the Rayleigh-Ritz procedure to derive a single degree of freedom

model for the harvester. In the Rayleigh-Ritz procedure, a modal expansion of the

spatio-temporal deflection of a cantilever beam is substituted into the appropriate

conservative and nonconservative energy expressions and subsequent application of

Hamilton’s Extended Principle yields governing ordinary differential equations. Pro-

vided that our experimental devices are excited within close proximity of the first
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Figure 3.1: Illustration of the energy harvester studied.

resonance of the coupled electromechanical system, a single mode approximation is

presumed to be sufficiently accurate for modeling and identification purposes.

Figure 3.1 illustrates a prototypical harvester comprised of a bimorph cantilever

beam with an attached mass. The harvester is comprised of a brass shim of thickness

hp with symmetric piezoelectric laminates of thickness hp each. A proof mass is

affixed such that the center of mass is at the tip of the beam. The kinetic energy is

distributed through the volume of the cantilever as

T =
1

2
ρb

∫
Vb

(ẇ + ż)2 dVb +
1

2
ρp

∫
Vp

(ẇ + ż)2 dVp , (3.1)

where w(x, t) is the transverse deflection, ρb, ρp, Vb, and Vp are the respective material

densities and total volume for the brass substrate and piezoelectric laminates. The

cross section of the cantilever is rectangular with width b and total thickness of

hs + 2hp where hs is the thickness of the substrate and hp is the thickness of the
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Figure 3.2: Proof mass kinematics

individual piezoelectric laminates. To formulate the kinetic energy of the rigid body

at the boundary, consider a position vector from the base of the cantilever to center

of mass to the proof mass. Considering Fig. 3.2, this vector may be written

rMt = [L+ oxw
′(L, t)] ê1 +

[
z + w(L, t)−

(
ox + hp + 1

2
hs
)]

ê3 , (3.2)

where the L is the length of the cantilever and the kinematic assumptions reflect

negligible longitudinal motion and first order rotations (i.e. cos θ ≈ 1 and sin θ ≈ θ).

The proof mass kinetic energy follows as

TMt =

[
1

2
ṙTMt

MtṙMt +
1

2
Jyyẇ

′ 2
] ∣∣∣∣∣

s=L

,

=

[
1

2
Mt (ẇ + ż)2 +

1

2
Joẇ

′ 2
] ∣∣∣∣∣

s=L

. (3.3)

where Jyy is the inertia of the proof mass about its center of gravity and Jo =

Jyy + 2Mto
2
x is the rotary inertia of the proof mass that incorporates parallel axis

theorem as a result of expanding ṙTMt
MtṙMt . The total kinetic energy of the harvester-

mass system is found by summing Eqns. (3.1) and (3.3).
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The stored energy within the cantilever is comprised of the bending potential of

the brass shim and the electroelastic enthalpy of the piezoelectric laminates. Stored

energy within the brass shim is presumed linear and varies in proportion to the

square of the longitudinal strain

U =
1

2
cxx,b

∫
Vb

S2
x dVb , (3.4)

where cxx,b is the brass elastic modulus and Sx denotes the strain along the x−axis.

The conservative potential of the piezoceramics is expressed in terms of an electric

enthalpy function. For linear piezoelectric behavior, this function consists of purely

elastic and dielectric terms to describe the mechanical and electrical behavior along

with a coupling parameter that yields electromechanical effects. Mathematically,

this is written in reduced form for a beam-like device as

H =
1

2

∫
Vp

(
cExxS

2
x − 2ezxSxEz − εSzzE2

z

)
dVp (3.5)

where cExx is the elastic modulus, ezx is the piezoelectric coupling coefficient, εSzz is

the dielectric constant, Ez is the generated electric field perpendicular to the strain.

However, this form is inadequate to explain empirical trends. Experimental results

within the literature relating to piezoelectric plates, rods, and beams driven by weak

electric fields demonstrate nonlinear effects typically characterized by frequency de-

pendent amplitude responses, nonlinear damping, and even bifurcation phenomena.

Figure 3.3 shows the general trend in the voltage response normalized by the driv-

ing amplitude for a one of the experimentally identified cantilevers. All experimental

tests resulted in softening frequency response curves with complicated damping char-

acteristics. To ascertain a first-principles based model for the energy harvester, a fully

nonlinear extension of Eq. (3.5) following Samal et al [96] was applied that included

third and fourth order nonlinear coupling and dielectric effects in addition to higher
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Figure 3.3: Illustration of the empirical trend in nonlinear resonance curves for the
piezoelectric harvester. The output voltage is normalized by the drive amplitude to
better portray the nonlinear response.

order structural nonlinearities. In a similar fashion, Stanton et al considered nonlin-

ear constitutive relations for modeling piezoelectric harvesters with dielectric nonlin-

earities disregarded but coupling nonlinearities retained [115, 116]. In these studies,

experimental identification using a nonlinear least squares algorithm converged upon

several local minima indicating non-vanishing nonlinear coupling although a global

minimum was unattainable. In the present analysis, exhaustive simulation studies in-

cluding proof mass effects revealed that numerical trends resulting from conservative

nonlinear coupling and nonlinear dielectric effects were counter to the experimental

measurements when a cubic structural nonlinearity was kept to explain the softening

frequency response. This result is in keeping with the cubic theory of electroelasticity
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and also reduces model complexity to that of an electromechanical Duffing oscillator

with linear coupling. For high acceleration values, inclusion of a proof mass sug-

gested a trend indicative of higher order structural nonlinearities (fifth and seventh

order harmonics) along with weakened nonlinear damping effects attributable to the

inertial influence of the proof mass. To model the empirical trends in this study, we

employ a nonlinear electroelastic enthalpy expression that includes higher order elas-

tic nonlinearities up to fifth order but disregards higher order coupling and electrical

effects. Accordingly, we now have

H =
1

2

∫
Vp

(
cExxS

2
x − 2ezxSxEz − εSzzE2

z+

2

3
c3S

3
x +

1

2
c4S

4
x +

2

5
c5S

5
x +

1

3
c6S

6
x

)
dVp

(3.6)

where c3, c4, c5 and c6 are nonlinear stiffness coefficients and H must be positive

definite. From Eq. (3.6), the nonlinear constitutive relations are derived from the

compatibility equations

Tx =
∂H
∂Sx

= cExxSx − ezxEz + c3S
2
x + c4S

3
x + c5S

4
x + c6S

5
x , (3.7)

Dz = − ∂H
∂Ez

= ezxSx + εzzEz , (3.8)

where Tx is the stress and Dz is the electric displacement. With this formulation the

following relations hold

∂2H
∂Sx∂Ez

=
∂Tx
∂Ez

= −∂Dz

∂Sx
=

∂2H
∂Ez∂Sx

, (3.9)

and the necessary and sufficient thermodynamic conditions for the existence of an

enthalpy function are satisfied. Due to the symmetry of the bimorph, odd nonlin-

earities in the enthalpy function will cancel. Thus, presuming perfect symmetry in
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the bimorph restricts nonlinear effects to cubic and fifth order structural effects in

the equation of motion.

The gravitational potential of the beam is also modeled for completeness and to

account for induced asymmetry, although this was found to be negligible. Future

investigations with heavier proof masses may induce static deformation of the beam

and the potential field for modeling is given by

Ug =g

[
ρb

∫
Vb

(w + z + ox) dx+ ρp

∫
Vp

(w + z + ox) dx

]
+

Mtg [w(L, t) + z] .

(3.10)

where the datum is taken as the center of gravity of the proof mass and we have

again presumed small angle rotations in determining the potential of the proof mass.

Consistent experimental observation of decreased frequency response amplitudes

to higher driving amplitudes in a variety of piezoelectric cantilevers by the authors

necessitates modeling nonlinear damping. In addition to conservative energy consid-

erations, this result suggests non-vanishing virtual work contributions to the oscilla-

tory dynamics of the beam as well. In the past, quadratic fluid damping successfully

modeled this phenomena [115, 116] but the underlying physical mechanism of this

influence at the scale is a relatively open question. Although air damping is a domi-

nant source of dissipation in microcantilever systems [152], the larger amplitudes in

our macroscopic systems may render air damping less of a primary contributor to the

dissipative influences despite the high response velocity oscillations. In this study,

we model damping that increases with the response amplitude in an alternative man-

ner by presuming material dissipation dominates air damping. Note, however, that

quadratic air damping is critical for limiting the growth of oscillations in cantilever

harvesters engaging geometric and inertial nonlinearity [27]. Considering the ex-

perimental observations within Samal et al [97] of non-laminate piezoceramics, the
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source of nonlinear damping in this study is presumed to be due to viscoelastic effects

within the piezoceramics. The brass substrate, however, experiences a virtual work

in linear proportion to the time rate of change in strain of the form

δWb =

∫
Vp

ηbṠxδSx dVp , (3.11)

and is attributable to structural damping, losses at the clamp location, thermoelastic

dissipation, among other sources [56].

Ikeda [49] introduced dissipation within electroelastic media by extending the

constitutive equations with time derivatives of the conservative basis variables. Later,

von Wagner [135] employed this method to a nonlinear set of constitutive relations

and his technique is applied here as well. Accordingly, we extend the constitutive

relations as

Tx =
∂H
∂Sx

+ Tnc , (3.12a)

Dz = − ∂H
∂Ez

+Dnc , (3.12b)

where Tnc and Dnc denote non-conservative stress and electric displacement that

contain both linear and nonlinear dissipative terms defined by

Tnc = ηpṠx − γĖz + ζa ˙(S3
x) + ζb ˙(S5

x) , (3.13a)

Dnc = γṠx + νĖz . (3.13b)

Thus, non-vanishing virtual work due to piezoelectric losses can be incorporated into

Hamilton’s Extended Principle through

δWp =

∫
Vp

(TncδSx +DncδEz) dVp . (3.14)

With all conservative and non-conservative energy formulations defined we are in

position to apply Variational Calculus [22] to derive the equations of motion. First,
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the kinetic energy (Eqns. (3.1) and (3.3)), potential energy (Eqns. (3.4)-(3.6) and

(3.10)), and the virtual work (Eqns. (3.11) and (3.14)) can be further reduced by

considering a single mode approximation of the Euler-Bernoulli strain

Sx = −zr(t)φ′′(x) , (3.15)

where ()′ is shorthand for d/dx, r(t) is the displacement and φ(x) is the first spatial

mode of a fixed-free cantilever with proof mass boundary conditions (see Eqns. (12)

and (16) within Erturk and Inman [36] where Jo = It). The eigenvalues and modes

as within du Toit et al [30] were also calculated with a proof-mass/cantilever overlap

of ox but were found to offer no improvement the center of mass approximation.

The electric field can be expressed in terms of an electric potential function ϕ(x, t)

for the upper and lower laminates as

Eu
z = −ϕ

′(x, t)

hp
and El

z =
ϕ′(x, t)

hp
, (3.16)

where the change is sign is due to the opposite poling directions as a consequence of

a series connection between bimorph layers. By next defining the Lagrangian as

L = T + TMt −H− Ug , (3.17)

incorporating Eqns. (3.15)-(3.16) and integrating over the volume of the beam we

obtain a single mode approximation for the harvester dynamics. The variation of

the Lagrangian becomes

δL ≈ (Mṙ + Fz ż) δṙ +
(
−Kr −Gr3 −Hr6 + Θϕ′ − Fg

)
δr+(

−Θ̃r − C̃ϕ′
)
δϕ′ ,

(3.18)
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where the constant coefficients are defined as

M = b (ρbhb + 2ρphp) b

∫ L

0

φ2 dx+Mtφ(L)2 + Joφ
′(L)2 , (3.19a)

K = (cxx,bIb + 2cExxIp)

∫ L

0

φ′′ 2 dx , (3.19b)

G =
1

240
cE4 bhp

(
16h4

p + 40h3
phs + 40h2

ph
2
s + 20hph

3
s + 5h4

s

)
×
∫ L

0

φ′′ 4 dx , (3.19c)

Θ =
1

2
be31(hp + hs)φ

′(L) , (3.19d)

C = h−1
p C̃ = εSzz

(
bL

2hp

)
, (3.19e)

Fg = g

[
(ρbhb + 2ρphp)b

∫ L

0

φ dx+Mtφ(L)

]
, (3.19f)

Similarly, the virtual work is

δW ≈
[(
Da +Dbr

2 +Dcr
4
)
ṙ − Λ̃ϕ̇′

]
δr +

[
Λ̃ṙ + χϕ̇′

]
δϕ′ (3.20)

where linear and nonlinear structural dissipation, conversion losses, and dielectric

losses are present and the coefficients are

Da = (ηbIb + 2ηpIp)

∫ L

0

φ′′ 2 dx , (3.21a)

Db =
3

40
ζbhp

(
16h4

p + 40h3
phs + 40h2

ph
2
s + 20hph

3
s + 5h4

s

)
×
∫ L

0

φ′′ 4 dx , (3.21b)

Λ̃ =
1

2
γb(hp + hs)φ

′(L) , (3.21c)

χ = ν

(
bL

2hp

)
, (3.21d)
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The electrical network introduces electronic losses across a resistive load to eliminate

complications arising from voltage conditioning for a storage circuit. This improves

identification of nonlinear beam parameters and also serves to represent the equiva-

lent impedance of a more complex storage network. Since the voltage is distributed

across two laminate layers, we define the electric field in terms of the circuit flux

linkage ϕ = 1
2
xλ̇(t) to facilitate unified variational modeling. Hamilton’s Extended

Principle for electromechanical systems is therefore

∫ t1

t0

(δL+ δW + Iδλ) dt = 0 (3.22)

where δL and δW are as before and Iδλ is a generalized current. For a linear resistor,

this is given by

Iδλ =

(
1

R

)
λ̇δλ (3.23)

where R is the load resistance. Applying the Calculus of Variations and collecting

terms common in δr and δλ yields a nonlinear equation of motion for the displacement

of the cantilever

Mr̈ +
(
Da +Dbr

2 +Dcr
4
)
ṙ +Kr +Gr3 +Hr5 −ΘV −DdV̇

= −Fg + Fz z̈(t) ,
(3.24)

and a linear equation for the harvesting circuit

DeV̈ + CV̇ +
1

R
V + Θṙ +Ddr̈ = 0 , (3.25)

where we have also replaced the time derivative of the flux-linkage coordinate λ̇ with

voltage V for convenience, Θ = 1
2
Θ̃, Dd = 1

2
Λ̃, and De = 1

2
χ. The form for the

base acceleration z̈(t) is general but for this particular study is harmonic with an

excitation frequency near fundamental resonance such that z̈(t) = Z cos Ωet where
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Z is the amplitude and Ωe is the frequency of excitation. The remaining model

parameters are:

A dimensionless form for Eqns (3.24)-(3.25) may be derived by substituting a

characteristic time, length, and voltage

Tc =

√
M

K
, Lc =

√
K

|G| , Vc =
Lc
Tc

√
M

C
(3.26)

into the equations of motion. To generalize the model, we also include nonlinear

air damping. Accordingly, the remainder of the chapter examines the following

dimensionless equations for the mechanical domain

ẍ+
(
µa + µbx

2 + µcx
4 + γ|ẋ|

)
ẋ+ x− x3 + βx5

− θv − κv̇ = −fg + fz cos Ωτ ,
(3.27a)

and electrical domain

µev̈ + v̇ + µdv + θẋ+ κẍ = 0 , (3.27b)

where x(τ) = r(t)/Lc, v(τ) = V (t)/Vc and the sign preceding x3 is negative for

convenience due to the softening frequency response of the beam. The dimensionless

parameters are defined as

µa =
Da

M

√
M

K
, µb =

Db

|G|

√
K

M
, µc =

DcK

G2

√
K

M
,

µd =
1

RC

√
M

K
, µe =

Dd

C

√
K

M
β =

HK

G2
,

θ =
Θ√
CK

, κ =
Dc

MC
, fg =

Fg
K|G| ,

and

fz = F |G|Z
(

1

K2

)√
K

|G|
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while the dimensionless excitation is Ω = Ωe

√
M/K and γ is a dimensionless air

drag coefficient.

3.1.1 Multiple Time-Scaling Perturbation Solution

The section develops an analytic solution for harvester dynamics based on pertur-

bation methods to enable parameter identification. In particular, the method of

multiple scales is employed such that weakly nonlinear behavior can be predicted by

separating the dimensionless displacement and voltage into a third order summation

of terms proportional to a small expansion parameter ε and corresponding separate

time scales as

x(τ) =
1∑

k=0

εkxk(T0, T1) and v(τ) =
1∑

k=0

εkvk(T0, T1) . (3.28)

and time derivative operators become

d

dτ
=

∂

∂T0

+ ε
∂

∂T1

+O(ε) , (3.29)

d2

dτ 2
=

∂2

∂T 2
0

+ 2ε
∂2

∂T0∂T1

+O(ε) . (3.30)

Following Masana and Daqaq [71], we order the coupling parameter θ in the mechan-

ical dynamics to appear at higher-order perturbation corrections but to order zero

in electrical network. This allows for the electrical circuit to be studied as a driven

linear system in terms of the zeroth order perturbation correction for displacement.

We also balance all damping, nonlinear stiffness terms, and harmonic forcing to ap-

pear at the first order correction. The constant force due to gravity is ordered to

O(1) so that these effects are not lost in the perturbation solution. Furthermore,

extensive simulation trials indicated that for the voltages and strains induced in

our experimental devices the terms encompassing dissipative coupling and dielectric

losses were negligible. Hence, we choose to order these terms such that the derived
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solvability condition does not reflect these influences. As a result, our focus is now

on the following system of equations:

ẍ+ x+ fg = −ε
[ (
µa + γ|ẋ|+ µbx

2 + µcx
4
)
ẋ− x3 + βx5

+ θv − fb cos Ωτ
]

+ ε2µcv̇ ,

(3.31a)

and

v̇ + µev = −θẋ− ε (µev̈ + µcẍ) , (3.31b)

where ε serves as a bookkeeping parameter that will be set to unity at the end of

our analysis. Multiple time scaling the perturbation solution requires the excitation

frequency Ω to instead be expressed in terms of the nearness to the unit resonance

by

Ω = 1 + εσ (3.32)

where εσ is a small detuning away from resonance. Substituting Eq. (3.28) into

Eqns. (3.31a)-(3.31b) and collecting terms independent of ε gives

D2
1x0 + x0 = −fg , (3.33a)

D1v0 + µdv0 = −θD0x0 , (3.33b)

where Dn
k denotes the nth partial derivative with respect to the kth time scale (i.e.

Dn
k = ∂n/∂T nk ). Solving for x0 yields simple harmonic motion offset by fg for the

displacement while the voltage equation yields a forced response due to x0 with an

exponential decay. Hence, in steady state we have solutions for the lowest order

contributions

x0 = A(T1)ejT0 − fg + c.c. , (3.34a)

v0 = −
(

j

j + µe

)
θA(T1)ejT0 + c.c. , (3.34b)

where j =
√
−1, A(T1) is a complex amplitude in the slower time scale and c.c.

indicates a complex conjugate. Substituting the order zero solution into the equations
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at first order in ε gives the first perturbation correction

D2
0x1 + x1 = −

[
2D0D1x0 +

(
µa + µbx

2
0 + µcx

4
)
D0x0+

γ

2π

∫ 2π

0

D0x0|D0x0|e−jT0 dT0 − x3
0 + βx5

0

− θv0 + fz cos (T0 + σT1)
]
,

(3.35)

Upon consideration of the zeroth-order perturbation corrections to the displacement

and voltage (Eqns. (3.34a)-(3.34b)) in Eq. (3.35), the solvability condition is derived

by disregarding higher harmonics and setting secular terms to zero. Hence, we have

0 =(Pr − jPi)A+ (Qr − jQi)A
2Ā− (Sr + jSi)A

3Ā2+

γ

2π

∫ 2π

0

f |jAejT0 − jĀe−jT0|e−jT0 dT0 − 2jA′ − 1

2
fze

jσT1

(3.36)

where

f = −j
(
AejT0 − Āe−jT0

)
|jAejT0 − jĀe−jT0| , (3.37)

the over bar denotes a complex conjugate, ()′ now represents a derivative with respect

to the slower time scale T1, and the model parameters are collected as

Pr = f 2
g (3− 5βf 2

g )− θ2

1 + µ2
d

, (3.38)

Pi = µa + µbf
2
g + µcf

4
g +

µdθ
2

1 + µ2
d

, (3.39)

Qr = 3− 30βf 2
g , (3.40)

Qi = µb + 6µcf
2
g , (3.41)

Sr = 10β , (3.42)

and

Si = 2µc . (3.43)
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Substituting a polar expression for the complex amplitude

A =
1

2
aejψ (3.44)

where a and ψ indicate a real-valued amplitude and phase, respectively, and sepa-

rating the right hand side of Eq. (3.36) into real and imaginary components gives

aψ′ = −1

2
Pra−

1

8
Qra

3 +
1

32
Sra

5 +
1

2
fz cos (σT1 − ψ) , (3.45a)

a′ = −1

2
Pia− Γa2 − 1

8
Qia

3 − 1

32
Sia

5 − 1

2
fz sin (σT1 − ψ) . (3.45b)

where Γ = 4γ/3π. Transformation to an autonomous system is achieved by letting

φ = σT1 − ψ and the steady state frequency response curve is derived by setting

all time derivatives in the system above to zero. Accordingly, steady-state solutions

obey the algebraic system

fz cosφ = (2σ + Pr) a+
1

4
Qra

3 − 1

16
Sra

5 , (3.46a)

−fz sinφ = Pia+ Γa2 +
1

4
Qia

3 +
1

16
Sia

5 , (3.46b)

where the phase can be eliminated by squaring and adding both equations. The

steady-state magnitude and phase are therefore

a2 =
f 2
z(

2σ + Pr + 1
4
Qra2 − 1

16
Sra4

)2
+
(
Pi + Γa+ 1

4
Qia2 + 1

16
Sia4

)2 (3.47)

and

tanφ =
Pi + Γa+ 1

4
Qia

2 + 1
16
Sia

4

2σ + Pr + 1
4
Qra2 − 1

16
Sra4

. (3.48)

Alternatively, one can solve for the frequency detuning as

σ =− 1

2
Pr −

1

8
Qra

2 +
1

16
Sra

4±

[
f 2
z

a2
−
(
Pi + Γa+

1

4
Qia

2 +
1

16
Sia

4

)2
]1/2

.

(3.49)
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The harvester’s nonlinear resonance has several interesting features in comparison

to a classic Duffing oscillator. First, as a coupled electromechanical system, the

system resonant frequency is shifted a value Pr away from the purely mechanical

cantilever resonance. In view of Eq. (3.38), a linear harvester is shifted θ2/(1 + µ2
d)

as the energy transfers through θ between the electrical and mechanical domains.

By considering a static gravitational load, it is also not surprising that consideration

of this preload also shifts resonance away from that predicted by Euler-Bernoulli

beam theory. Second, the linear dissipation term Pi is augmented by the electrical

dissipation through the dimensionless load µd. Including fifth order structural effects

is captured through the term Sr and third and fifth order dissipation appears within

Qi and Si, respectively. The manifestation of these results in the mathematics is in

harmony with current experimental studies and those within literature [27, 71, 131,

115, 116].

Although Eq. (3.47) is tenth order in a, only few solutions will have no imaginary

component and are hence physically meaningful. With only a cubic nonlinearity, the

existence of three solutions is a harbinger of a saddle node bifurcation and jump

phenomena in the harvester response. Because our experimental trials did not in-

dicate jump phenomena would occur for the range of drive amplitudes studied, we

complete our perturbation analysis and forgo a discussion on linear stability of the

steady state motion. Despite the fifth order nonlinearity, determining the stability of

steady state motion may be accomplished by straight-forward extension of methods

for typical Duffing oscillators. While the text by Nayfeh and Mook [80], among many

others, detail procedures for doing so, a good stability analysis and discussion in the

context a nonlinear harvester can be found in a recent paper by Daqaq et al [27].
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Figure 3.4: Picture of the experimental set up for all six test configurations.

3.2 Experimental Investigation and Identification

This section describes the series of experiments that were conducted to assess the

validity of the proposed model and to enable parameter identification. Two bimorph

cantilevers, one symmetrically laminated with PZT-5H and another with PZT-5A

(model numbers T226-H4-203X and T226-A4-203X, respectively, and manufactured

by Piezo Systems Inc.) were separately investigated. However, comparative analysis

was facilitated by affixing each bimorph to a clamp with similar overhang lengths and

proof masses and across the same electrical impedance load. A picture of a typical

experiment is shown in Fig. 3.4. Base motion was recorded by an accelerometer

(PCB Piezotronics U352C67) and the cantilever’s transverse tip velocity relative to

the fixed reference frame is measured using a laser vibrometer (Polytec OFV353 laser

head with OFV3001 vibrometer). The cantilevers were never un-clamped during

the course of the experimental investigation and remained secured to the clamping

apparatus pictured in Fig. 3.4 whilst successive proof masses were affixed. Table 4.3

lists the plane-stress elastic, piezoelectric and dielectric properties of each beam as
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Table 3.1: Geometric and material properties of the bimorph cantilevers.

Parameter PZT-5H Beam PZT-5A Beam
Length ` (mm) 24.06 23.82
Width b (mm) 6.4 6.4
Brass thickness (hb) (mm) 0.140 0.140
Brass mass density (ρb) (kg/m3) 9000 9000
Brass elastic modulus (cxx,b) (GPa) 105 105
PZT layer thickness (hp) (mm) 0.265 (each) 0.265 (each)
PZT mass density (ρp) (kg/m3) 7500 7750
PZT elastic modulus (cpxx) (GPa) 60.6 61
Piezoelectric constant (ezx) (C/m2) -16.1 -10.1
Permittivity constant (εszz) (nF/m) 25.55 13.27
Mass 1 total mass (Mt) (kg) 0.24 0.24
Mass 2 total mass (Mt) (kg) 0.787 0.795
Mass 1 side length (2ox) (mm) 3.2 3.2
Mass 2 side length (2ox) (mm) 4.7 4.7
Mass 1 Rotary Inertia (Jo) (kgm2) 1.2903× 10−9 1.2903× 10−9

Mass 2 Rotary Inertia (Jo) (kgm2) 8.7386× 10−9 8.6549× 10−9

well as the proof mass properties. The dimensionless mass ratios

α =
Mt

mL
(3.50)

where m = b(ρshs + 2ρphp) is the mass per unit length of the cantilever were 0,

0.298, and 0.976 for PZT-5H and 0, 0.293, and 0.972 for PZT-5A. In all, six different

cantilever configurations were tested over five distinct frequencies and for 11 different

base excitation values for PZT-5H and nine base excitation values for PZT-5A.

Isolating the source of nonlinearity to piezoelectric effects was paramount in de-

signing the experiment. Hence, electrical impedance due to a resistive load in the

electronics was utilized so as not to invigorate higher order harmonics stemming

from nonlinear AC to DC electronic conversion or switching techniques. In all ex-

periments, R = 100 kohm. Also, the cantilever dimensions were selected such that

ensuing small amplitude oscillations despite large drive amplitudes ensure the valid-
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Figure 3.5: Experimental data points (red circles), identified nonlinear resonance
curves (black lines), and the linear model predictions (grey lines) for PZT-5H (a,c)
and PZT-5A (b,d) bimorphs with no attached proof mass. The excitation levels
shown for PZT-5H are 0.3g, 0.56g, 1.12g and 1.6g and for PZT-5A: 0.2g, 0.4g, 0.8g,
1.2g, and 1.6g.

ity of linear Euler-Bernoulli beam theory. In other words, no geometric nonlinearities

such as nonlinear inertia or third order structural nonlinearity (which is hardening

in the first vibration mode of a cantilever) interferes with the already nonlinear

cantilever response.

Linear domain frequency response functions were first measured for each case

to identify resonance and linear damping parameters. Linear damping is presumed

proportional to the cantilever resonance such that Da = 2ζωn where ζ is a dimen-

sionless damping factor and ωn is the uncoupled fundamental frequency of the beam.

Afterwards, highly-sampled (50 kHz) steady-state oscillations near resonance were

recorded for increasing levels of base excitation. The frequency content of the data

was analyzed via a power spectral density function (psd in MATLAB) and the mag-
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Figure 3.6: Nonlinear air drag model results. Experimental steady state oscilla-
tion amplitudes (o) with numerically identified frequency response curves (-) for the
displacement at the location of the laser vibrometer reading (first column) as well as
the voltage drop across the resistive load (second column). Graphs (a) and (b) are
for PZT-5H while graphs (c) and (d) are for PZT-5A.

nitude of the harmonics was found by Parseval’s Theorem as

X =
[
2
∫ ωb

ωa

PX(ω)dω
]1/2

, (3.51)

where X is the signal amplitude, PX is the power spectral density, and ω is the frequency.

The magnitude of the acceleration, tip velocity, and voltage signals at the first excitation

frequency were observed to be orders of magnitude greater than odd integer multiples of the

same frequency as expected and reconstruction of the time series signal was coincident with

the recorded time series for all driving amplitudes. Hence, a single mode approximation is

indeed sufficient to model the dynamics of the harvester. Average base acceleration levels

for the PZT-5H cantilever (with and without a proof mass) were 60 mg, 145 mg, 230 mg,

310 mg, 430 mg, 560 mg, 840 mg, 1.12 g, 1.4 g, 1.7 g, and 2 g while the PZT-5A cantilever

was excited at 50 mg, 100 mg, 200 mg, 300 mg, 400 mg, 800 mg, 1.2 g, 1.6 g, and 2 g.

The nonlinear resonance curve given by Eq. (3.49) is used in conjunction with exper-
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Figure 3.7: Experimental data points (red circles), identified nonlinear resonance
curves with fifth order nonlinearities (black lines), and the cubic model predictions
(grey lines) for the PZT-5H bimorph with (a) Mt = 0.24 kg and (b) Mt = 0.787 kg.
The excitation levels shown are 0.145g, 0.31g, 0.56g, 1.12g, 1.7g

imental data to fit parameters in accordance with a nonlinear least squares optimization

algorithm. This has been previously done in Stanton et al [115, 116] and we again stress the

importance of simultaneously studying the response in both the mechanical and electrical

domains when exploring the variety of local minima such an algorithm may converge upon.

Good experimental data fitting in the voltage domain does not imply success in matching

the displacement amplitude. For example, in the course of the present investigation a fully

nonlinear enthalpy function was studied with up to fourth order electromechanical and di-

electric effects. Initially, it was found that higher order electromechanical coupling propor-

tional to S2
xE

2
x generated excellent agreement in the voltage domain only to be negated by

extremely suppressed displacement curves. Hence, all optimization routines were examined

for agreement in both voltage and mechanical response. After a wide range of analytical

and numerical investigation spanning all the possible nonlinearities, it was found that with

the new nonlinear structural damping model, parameter identification with conservative

nonlinearities due to elasticity alone were sufficient to achieve good experimental fits. This
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Figure 3.8: Experimental data points (red circles), identified nonlinear resonance
curves with fifth order nonlinearities (black lines), and the cubic model predictions
(grey lines) for the PZT-5A bimorph with (a) Mt = 0.24 kg and (b) Mt = 0.795 kg.
The excitation levels in (a) are 0.4g, 0.8g, 1.2g, 1.6g, 2g while in (b) we show 0.3g,
0.4g, 0.8g and 1.2g.

is plausible in view of the weak electric field generation (at most 25-30 V/mm). Weak fields

of similar magnitudes examined in several studies concerning piezoceramics for ultrasonic

motor applications [97, 84] have also not been strong enough to evoke nonlinear coupling

and dielectric effects but maintain strong elastic and damping nonlinearity.

Figure 3.5 shows the strong model agreement for cantilever beams with no attached

proof mass and γ = 0. Proper parameter identification is assured given the theoreti-

cal agreement in both the voltage response and tip displacement. Each graph presents

several nonlinear resonance curves to demonstrate the softening and nonlinear damping

Table 3.2: Identified higher order elasticity coefficients for PZT-5H and PZT-5A.

PZT-5H PZT-5A
c4 −9.6086× 1017 −9.7727× 1017

c6 9.6950× 1025 1.4700× 1026
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Table 3.3: Identified Dimensionless damping parameters for all six cantilever config-
urations.

Cantilever Configuration µa µb µc
PZT-5H, no proof mass 0.0086 0.895 -2.3
PZT-5H, proof mass 1 0.0052 1.149 -3.5
PZT-5H, proof mass 2 0.008 0.977 -2.7
PZT-5A, no proof mass 0.0088 1.021 0
PZT-5A, proof mass 1 0.0114 0.893 0
PZT-5A, proof mass 2 0.0125 0.453 0.1

trends. The right column (Figs. 3.5a,c) are results for PZT-5H and the left column (Figs.

3.5b,d) displays results for PZT-5A. To highlight the importance of nonlinear modeling,

the frequency response functions for the linear model are also shown. Both cantilevers are

beginning to exhibit nonlinear resonance curves beyond Z ≈ 0.6g, a point beyond which

the nonlinear damping and elasticity conspire to shift and limit the frequency response well

away from that predicted by a linear model. With the nonconservative modeling, param-

eter identification yields a larger fourth order elasticity coefficient for both PZT-5H and

PZT-5A than the values reported in prior studies employing a nonlinear air drag model

[115, 116]. However, in keeping with previous results, PZT-5A is verified to maintain a

larger softening effect in comparison to PZT-5H as indicated by the larger value for c4 in

Table 3.2. For the full range of experimental tests, modeling cubic nonlinearities due to

x3 and µbx
2ẋ were found to be sufficient for both cantilevers with subtle deviation near

Z = 2g. Accordingly, with no proof mass, a nonlinearly damped Duffing oscillator is ac-

curate for a large range of base acceleration levels. Section 3.3 provides a quantitative

approach for determining the accuracy of the nonlinear model.

Air damping of the form γ|ẋ|ẋ may also successfully model nonlinear damping. This

explanation is plausible in view of the fact that the oscillations are over 500 Hz and hence

exhibit high velocities. Although the drag is quadratic, its capability to model the experi-

ment trends is supported by the results of Malatkar and Nayfeh [66], who observed similar

trends for the nonlinear response of a beam (see, in particular, Fig. 6 of Ref. [66]). With

γ 6= 0, Fig. 3.6 illustrates how this method can also accurately model experimental findings

for the full range of excitation values tested.
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With the addition of a proof mass, higher order nonlinearities begin to influence the

harvester motion. In fact, in their analysis of a piezoelectric shell, Samal et al [97] noted

a likely need for damping terms larger than third order. While our derivation included

fifth order damping and elasticity, it was determined that disregarding seventh order non-

linearities began to reduce the model accuracy for the highest acceleration levels and the

largest proof mass. Considering realistic applications are not likely to experience such

large acceleration drives, we instead focus on the results for which the fifth order model

retains validity. Figure 3.7 gives results for the PZT-5H beam for two proof masses and

the same five base acceleration levels. The increased inertia in the second proof mass case

generates larger amplitude motion and hence higher voltages in comparison to the first

proof mass. The nonlinear resonance curves coincident with the experimental data include

terms identified proportional to β and µc. Overlayed on the same plot are nonlinear res-

onance curves for the model with β = µc = 0. For Z > 1g the resonance curves begin

to shift to the right and the cubic model breaks down. The is especially true when α is

closer to unity. The increased inertia also assuages the severity of the third order damping

that was so strong in the no proof mass case. This is modeled as amplitude dependent

damping through a higher order term proportional to µc. The fifth order influences are

expounded for the PZT-5A cantilever, which already experiences a stronger third order

nonlinearity. Figure 3.8 mirrors the third order to fifth order model comparison but for a

different set of excitation values. This is because for α = 0.972 and Z > 1.2g, we found

that the data could only be well characterized by a more complex seventh order dynam-

ical system. Again, due to the continued low electric field generation, simulation results

encompassing nonlinear coupling, dielectric losses, and electromechanical losses could not

adequately match the empirical trends. Hence, seventh order and higher harmonics in the

frequency analysis of the time series data are suspected to also be due to material elasticity.

The threshold for which the cubic model break down occurs with the inclusion of a proof

mass for PZT-5A is lower in comparison to PZT-5H. Figure 3.8b indicates that the cubic

model has a much more limited range of validity as α increases. Symmetry breaking and

longitudinal stretching due to the tip mass orientation is not suspected as a cause for the

breakdown of the fifth order model. Quadratic nonlinearities would only further soften the

response [80], which is counter to the empirical results and the heaviest proof mass did
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Figure 3.9: Experimental data points (red circles), nonlinear prediction (black line)
and linear theory (grey line) for the voltage response at Ω = 540 Hz for the PZT-5H
bimorph with no proof mass.

not induce initial curvature or a strong zeroth harmonic in the experimental time series.

However, non-ideal clamp conditions could also induce the increasing shift back toward

linear resonance by generating a potential function with a weak dead-zone nonlinearity. To

rule out hardening due to geometric effects, the equations of motion were re-derived with

nonlinear Euler-Bernoulli beam theory only to find that the nonlinear strain assumption

introduced nonlinear terms order of magnitude too small to be of any consequence.

One issue that arose in the course of this investigation, even for the highly linear

oscillations, is that nonlinear damping parameters were not global and are moderately

influenced by the addition of a proof mass. The best-fit dimensionless mechanical damping

constants for all cases are listed in Table 3.2. While proof masses are known to require

modification of linear damping parameters, a more systematic approach for determining

nonlinear damping in piezoelectric energy harvesters is a topic for further research in the

future. This would be in the same vein as the damping analysis in Kim et al [58].
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Figure 3.10: Error in predicted power due to linear piezoelectricity assumptions
for the PZT 5H bimorph.

3.3 Linear versus Nonlinear Modeling

Guidelines for which simpler linear modeling is sufficient before nonlinear effects can no

longer be ignored are desirable. Hence, this section develops a quantitative metric for which

application of a nonlinear model is more appropriate for predicting harvester performance.

The approach suggested herein studies the contributions of the lowest order nonlinear terms

in the perturbation solution, which in this case are cubic, to determine a point for which

seeking a simple linear model becomes a poor choice. We choose to disregard the influence

of gravity provided the lack of induced curvature wrought by addition of a proof mass

and to eliminate coupling terms in the perturbation solution. Accordingly, we begin by

estimating the condition for which the third order nonlinearities will be of the same order

as the linear terms. In view of Eqns. (3.45a)-(3.45b), this occurs when

1
2
|Pr|a =

1
8
|Qr|a3 , (3.52)
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Figure 3.11: Error in predicted power due to linear piezoelectricity assumptions
for the PZT 5A bimorph.

which translates to a critical dimensionless displacement a0 and voltage v0 defined by

a2
0 = 4

∣∣∣∣∣PrQr
∣∣∣∣∣ , (3.53a)

and

v2
0 = 4

(
θ2

1 + µd

) ∣∣∣∣∣PrQr
∣∣∣∣∣ . (3.53b)

For PZT-5H with no proof mass excited near resonance (Ωe = 540 Hz), solving Eq. (3.53a)

gives a0 = 0.3199 and Eq. (3.53b) yields v0 = 0.0887. However, as shown in Fig. 3.9, this

value is well above the point from which the more accurate nonlinear solution begins to

deviate from the linear solution. This means that while the nonlinear and linear terms are

not of the same order, nonlinear effects can still be invigorated before a0, and hence v0,

reaches the critical value.
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The next step toward guiding application of the nonlinear nonconservative model is

to define a suitable measure for which the linear model’s over-prediction become unac-

ceptable. Since the generated power is of primary importance in evaluating a harvesters

performance, we calculated the error in generated power between the linear and nonlinear

models according to

EP =
|Plin − Pnonlin|

Plin
(3.54)

where Plin and Pnonlin denote the dimensional power dissipated by the resistive load. Figure

3.10 gives the trend in percent error between the linear and fully nonlinear models for the

PZT-5H beam with no proof mass as a function of the dimensionless drive and at the

same driving frequency as before (540 Hz). The ten and twenty percent error thresholds

are crossed when fz = 0.0054 and fz = 0.0074, respectively. The corresponding nonlinear

amplitude response as calculated from Eq. (3.47) indicates that a minimum ten percent

error in generated power occurs for acrit
0 ≥ 0.123 and vcrit

0 ≥ 0.034 while a minimum twenty

percent error occurs for acrit
0 ≥ 0.159 and vcrit

0 ≥ 0.044. Considering the conditions for

which both linear and nonlinear terms in the multiple scales modulation equations were of

the same order (Eqns. (3.53a)-(3.53b)), the ten percent error threshold is approximately

crossed when

acrit
5H,10 ≈

3
4

(∣∣∣∣∣PrQr
∣∣∣∣∣
)1/2

and vcrit
5H,10 ≈

3
4

(
θ√

1 + µd

)(∣∣∣∣∣PrQr
∣∣∣∣∣
)1/2

, (3.55a)

while the twenty percent error threshold is given by

acrit
5H,20 ≈

(∣∣∣∣∣PrQr
∣∣∣∣∣
)1/2

and vcrit
5H,20 ≈

(
θ√

1 + µd

)(∣∣∣∣∣PrQr
∣∣∣∣∣
)1/2

. (3.55b)

Figure 3.11 verifies an expectation that lower excitation thresholds will accumulate

larger error due to the stronger softening effect of PZT-5A. Using the same reasoning

a mathematical development as before, we find that for PZT-5A the ten percent error

threshold is approximately crossed when

acrit
5A,10 ≈

2
3

(∣∣∣∣∣PrQr
∣∣∣∣∣
)1/2

and vcrit
5A,10 ≈

2
3

(
θ√

1 + µd

)(∣∣∣∣∣PrQr
∣∣∣∣∣
)1/2

, (3.56a)

65



0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Mt/mL

A
cc

el
er

at
io

n
(g

)

 

 

EP ≤ 40%

EP ≤ 30%

EP ≤ 20%

EP ≤ 10%

Figure 3.12: Influence of the mass ratio α and base acceleration on the linear
model error for the predicted power of the PZT-5H bimorph.

while the twenty percent error threshold, similarly to that for PZT-5H, is found to also be
scaled by one

acrit
5A,20 ≈

(∣∣∣∣∣PrQr
∣∣∣∣∣
)1/2

and vcrit
5A,20 ≈

(
θ√

1 + µd

)(∣∣∣∣∣PrQr
∣∣∣∣∣
)1/2

. (3.56b)

The addition of a proof mass changes the above guidelines. For example, the scaling

factor for the ten percent error threshold for the PZT-5A beam with the heaviest proof

mass was found to be about 6/5 as opposed to 2/3 for the no proof mass case. Similarly, the

second proof mass attached to the PZT-5H results in ten percent error for a scaling factor of
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Figure 3.13: Influence of the mass ratio α and base acceleration on the linear
model error for the predicted power of the PZT-5A bimorph.

9/10 instead of 3/4 for the no proof mass case. This further supports the experimental and

theoretical findings that a proof mass can have strong influence on the ensuing nonlinear

response of a piezoelectric beam. As may also be expected, the change in scaling factor for

PZT-5A is far greater than for PZT-5H due to the larger material softness.

To better visualize the influence of a proof mass on the nonlinear dynamics, Figs 3.12

and 3.13 show how both the base acceleration and proof mass influence the error in gen-

erated power from the linear model. In both graphs, there is an approximately linear re-

lationship between the harvester mass ratio and base acceleration and the resulting linear
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Table 3.4: Regression coefficients for PZT-5H.

Regression Coefficients EP ≤ 10% EP ≤ 20% EP ≤ 30% EP ≤ 40%
p1 -4.1707 -5.2880 -6.4307 -7.7441
p0 7.9644 10.9745 13.9298 17.4131

Table 3.5: Regression coefficients for PZT-5A.

Regression Coefficients EP ≤ 10% EP ≤ 20% EP ≤ 30% EP ≤ 40%
p1 -2.3145 -2.9230 -3.5569 -4.2415
p0 4.9598 6.0000 7.0836 8.2538

model error in generated power. Figures 3.12 and 3.13 also show the significantly stronger

nonlinear response characteristics of PZT-5A, where the error thresholds between the more

accurate nonlinear model and the standard linear model are much lower in comparison to

PZT-5H.

These figures are of particular value for defining parameter regions for which a linear

model is sufficient or when nonlinear modeling more appropriate. For EP ≤ 10%, a linear

model will provide a simple determination of the harvester response and is thus adequate.

Depending on one’s willingness to accept increasing error, the appropriateness of a linear

approach will vary. For a PZT-5H cantilever with no proof mass, a linear model will be

sufficient up to about Z = 0.8g whereas a linear model for the same cantilever comprised

of PZT-5A will become unsatisfactory when Z = 0.5g. In all cases, successively heavier

proof masses introduce piezoelectric nonlinearity and greatly reduce the parameter space

for which the validity of a linear model is an accepable modeling assumption. The linear

relationships were determined by a regression analysis and are of the form

Z = p1α+ p0 (3.57)

where α is the mass ratio from Eq. (3.50) and Z is the base acceleration. Numerical

parameters for p1 and p0 are listed in Tables 3.3 and 3.3. For a given base acceleration Z,

mass ratio α, and error tolerance EP , the regression lines provide a guide for which linear

piezoelectric constitutive relations will accurately model the harvester response.
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3.4 Summary and Conclusions

This chapter throughly investigated the influence of two types of common piezoelectric

materials on the response of prototypical energy harvesting beams from low to high-g ac-

celeration and for two different proof masses. Nonlinear resonance curves were observed

and modeled from first principles with a dissipation formulation due to viscoelectroelas-

ticity. The Rayleigh-Ritz method was employed to directly derive a system of ordinary

differential equations through Hamilton’s Extended Principle. The dynamical system was

solved analytically by the method of multiple scales and the ensuing nonlinear frequency

response function was used to provide a basis for parameter identification in conjunction

with steady state laboratory measurements. Following analysis of description of the ex-

periment and findings, we conclude the analysis by providing a framework for determining

when nonlinear modeling becomes necessary.

Several important observations and conclusions are summarized as follows:

1. From a kinematic perspective, linear Euler-Bernoulli beam theory is appropriate for

our experiments and for a wide range of bimorph harvesters, especially if uniformly

laminated. A third order strain assumption along with an inextensibility condition

[25, 118] was modeled only to find that geometric nonlinearities were too small to

have any influence.

2. Nonlinear damping is critical and can be well explained and modeled by non-conservative

piezoelectric constitutive relations. However, more research is required to determine

the interplay between material losses and fluid-structure interaction. This is an im-

portant undertaking in view of the fact that nonlinear damping was observed to be

reducing the response amplitude at resonance before cubic nonlinearities begin to

shift the resonance curves to the left.

3. Elasticity is the primary source of nonlinearity. That is, higher order coupling and

dielectric effects can be neglected for such weak electric fields.

4. With no proof mass, nonlinear behavior is sufficiently modeled by a cubic nonlinear-

ity, third order damping, and linear coupling. Even with a proof mass this model is

sufficient for low base accelerations. However, higher driving amplitudes render fifth
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order nonlinearities important. This is especially true for PZT-5A and for heavier

proof masses.

Since most harvesters incorporate a proof mass for resonant frequency tunability, the

results of this investigation and the scaling analysis of Section 3.3 indicate that nonlinear

elasticity and damping become increasingly important. The dissipation model utilized in

this study was selected over air drag in view of the nonlinear resonance curves of piezoelec-

tric oscillators not subject to large deformations [135, 97]. However, the high oscillation

velocities may be rendering both quadratic air damping and nonlinear structural dissipa-

tion relevant. Correctly determining the physical mechanism of the harvester dissipation

aside from the harvesting process is important for accurate modeling as illustrated in our

results. Methods within several papers concerning atomic force microscopes immersed

in fluids may be of benefit in investigating and modeling damping in piezoelectric energy

harvesters [94, 19, 20] along with the recent work of Kamel et al [56]. Furthermore, the pre-

sumption of linear proportional damping in a distributed parameter system itself, though

the widespread norm, may require re-examination [8]

Future work is also in order pertaining to the nonlinear coupling. While this investi-

gation only examined one impedance load such that low voltages were generated, larger

impedance loads translate to greater electric potential fields in the electroelastic lami-

nates and may thus render higher order electrical effects and nonlinear coupling impor-

tant. Hence, another direction for future research would be to investigate the influence of

resistive loads on the nonlinear response of piezoelectric harvesters to determine at what

point nonlinear coupling begins to influence the nonlinear resonance curves.
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4

Nonlinear Flexural Dynamics of Electroelastic
Harvesters

Piezoelectric nonlinearity and nonlinear damping was shown in the previous chapter to

be critical for accurately modeling electroelastic harvesters. This chapter relaxes the pre-

sumption of linear Euler-Bernoulli strain and generalizes the previous chapter’s analysis

by presuming the cantilever undergoes moderately large amplitude motion and is also not

uniformly laminated by piezoceramics. Because electroelastic energy harvesters are often

designed to respond to small resonant excitations with large, high-velocity deformations,

the resulting nonlinear operating regime may begin to engage geometric nonlinearities in

addition to higher order elastic effects in the electroelastic continuum. Moreover, many

power harvesters improve efficiency by utilizing embedded or surface-fastened electroelastic

materials that do not span the entire length of the structure; thus introducing a discontin-

uously varying stiffness with non-trivial effects on the ensuing dynamic response.

Despite these effects, such phenomena and associated mathematical modeling have re-

ceived extremely limited attention within the energy harvesting community. Nonlinear

geometric motion was considered by Daqaq et al [27] in a paper concerning harvesting

energy by way of principal parametric resonance. The model contained cubic stiffness,
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nonlinear inertia, and nonlinear air damping terms. Nonlinearities in the piezoelectric ma-

terial, however, were not modeled and the electromechanical coupling factor was presumed

to be linear. A few years previously, Hu et al [48] shed light on the importance of nonlin-

ear structural electroelasticity in a power harvester designed for thickness/shear vibration.

The analytical study was made possible by Tiersten’s [129] analysis of AT-cut quartz and

confirms a proclivity toward jump phenomena in the harvester response; however this may

be due to neglected nonlinear damping. Their results also predict an expected decrease

in hysteresis bandwidth with increasing electrical impedance values because of the added

dissipation.

Drawing inspiration from experimental work by Crawley and Anderson [23], Triplett

and Quinn [131] recently contributed the first discussion concerning nonlinear piezoelectric

coupling in power harvesters. In Refs. [23] and [24] Crawley and colleagues demonstrate a

nonlinear dependence on the electromechanical coupling coefficient d31 on induced strain

within electroelastic actuators. Accordingly, Triplett and Quinn presume a single degree

of freedom model for a piezoelectric harvester with the addition of a linear fit to approx-

imate the effect of nonlinear coupling (see Fig. 1 in Ref. [131]). However, Tiersten [130]

later explained the nonlinear coupling observations by Crawley and Anderson within the

framework of nonlinear piezoelectricity for devices actuated by large electric fields. For

piezoelectric harvesters the special case of the cubic theory of piezoelectricity is more ap-

propriate, since these devices instead undergo large motion but experience weak electric

fields, [48, 146, 130].

This chapter also applies a nonlinear electric enthalpy expression to appropriately model

and physically justify a full nonlinear characterization of the most prevalent type of piezo-

electric inertial generator. The equations of motion are also derived by a Rayleigh-Ritz

method but with nonlinear Euler-Bernoulli beam theory and consideration of a cantilever

inextensibility constraint. Experimental validation follows as well as a discussion on the

implications for harvester design.
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Figure 4.1: Illustration of the prototypical energy harvester under investigation
with kinematic presumptions for nonlinear modeling.

4.1 Nonlinear Modeling Presumptions

The archetypal piezoelectric harvester consists of a cantilever beam affixed to a vibrating

host structure with electroelastic ceramics either bonded or surface-mounted to the inert

substrate material. The piezoceramic laminates are connected in series and operate in the

d31 mode, where transverse bending oscillations induce an electrical potential difference

through the laminate thickness. Rigid tip masses are then affixed to the free end to

tune the harvester to the anticipated ambient excitation frequency. With this design in

mind, the analysis herein considers the beam harvester illustrated in Fig. 6.1. In keeping

with the nonlinear beam model of Crespo da Silva and Glynn [25], we presume the beam

is slender with an inextensible centerline that experiences large deformation yet small

strain. Neither shear deformation, warping, nor twisting are modeled as these dynamical

responses are highly detrimental for energy conversion due to the piezoelectric laminate

poling direction. Beams subject to such motions would require careful consideration of the

piezoelectric orientation and poling for optimum harvesting applications. Furthermore,

an electrostrictive response within the electroelastic components and energy contributions

from the conducting electrodes are presumed to be insignificant.

For the beam shown in Fig. 4.1, the axial displacement u(s, t) and transverse deflection

w(s, t) are measured with respect to the origin in terms of the arc-length s along the
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structure. An inextensible centerline requires the constraint condition [144, 25]

(1 + u′)2 + w′ 2 = 1 , (4.1)

where ()′ indicates differentiation with respect to arc-length. The longitudinal motion

u(s, t) can be solved as

u =
∫ s

0

(√
1− w′ 2 − 1

)
ds ≈ −1

2

∫ s

0
w′ 2 ds . (4.2)

Along the length of the beam, the beam cross-section experiences a rigid-body rotation

denoted by ψ(s, t). This rotation angle may be related to the axial and transverse spatial

derivatives by

tanψ = w′/(1 + u′) . (4.3)

Upon considering Eq. (4.1), a third order Taylor series expansion of ψ(s, t) in Eq. (4.3)

may be written in terms of the transverse motion as

ψ ≈ w′ + 1
6
w′ 3 . (4.4)

Since only planar flexural response is of interest, mechanical stress in the y- and z-directions

are presumed to vanish, leaving only longitudinal strain. Accordingly, the nonlinear for-

mulation for the longitudinal strain component becomes

Sx = −zψ′ ≈ −zw′′
(

1 +
1
2
w′ 2
)
. (4.5)

Note that for linear behavior only the first term in the nonlinear expression above is

retained. Alternatively, one may consider a nonlinear curvature expression as in Semler et

al [101] as long as the potential energy formulation is consistent. Since the piezoelectric

enthalpy, and hence the constitutive equations, are typically expressed in terms of stress

and strain vectors the strain expression in Eq. (4.5) will be convenient to apply.

Since harvesters are most often designed for resonant excitation, it is convenient to

presume a single eigenfunction expansion of the deflection for the mode of interest. As
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such, we presume w(s, t) = x(t)φ(s) where x(t) is the time varying displacement and φ(s)

is the mode shape for oscillation near its respective eigenvalue or frequency. Equations

(4.2) and (4.5) are now

u = −1
2
x2

∫ s

0
φ′ 2 ds , and Sx = −z

(
xφ′′ + x3φ′ 2φ′′

)
. (4.6)

Thus, we elect to pursue a Rayleigh-Ritz derivation to circumvent issues pertaining to

satisfaction of nonlinear boundary conditions as would be required by a Galerkin projection

of the governing nonlinear partial differential equations.

4.2 Modal Energy Expressions and Equations of Motion

The total energy within the electroelastic and substrate material is distributed along the

length of the beam in a non-uniform manner. Thus, the distributed kinetic energy through

the cantilever portion is written

TB =
1
2

∫ L

0
ms[u̇2 + (ẇ + ż)2] ds+

1
2

∫ Lp

0
mp[u̇2 + (ẇ + ż)2] ds , (4.7)

where ms and mp represent the mass per unit length of the substrate piezoelectric laminates

and ż is the velocity of the clamping mechanism, which augments the transverse motion

and is presumed to mimic the environmental excitation. In modal form, Eq. (4.7) becomes

TB =
1
2
MBẋ

2 +
1
2
NBx

2ẋ2 + FBẋż , (4.8)

where

MB = ms

∫ L

0
φ2 ds+mp

∫ Lp

0
φ2 ds , (4.9a)

NB = ms

∫ L

0

(∫ s

0
φ′ 2 ds

)2

ds+mp

∫ Lp

0

(∫ s

0
φ′ 2 ds

)2

ds , (4.9b)

FB = ms

∫ L

0
φ ds+mp

∫ Lp

0
φ ds , (4.9c)
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and a term proportional to ż2 is disregarded as this coordinate is not a degree of freedom

of the system. The end mass kinetic energy is modeled as

TM =
1
2

∫ L

0

(
mt[u̇2 + (ẇ + ż)2]δ̂(s− L) + Jtẇ

′ 2(1 + w′ 2)δ̂(s− L)
)
ds , (4.10)

where mt is the mass of the rigid body and δ̂(·) is the Dirac delta operator that locates the

kinetic energy contribution at the point s = L. Thus, the modal form for the proof mass

kinetic energy has a similar form

TM =
1
2
MT ẋ

2 +
1
2
NTx

2ẋ2 + FT ẋż (4.11)

where

MT = mtφ(L)2 + Jtφ
′(L)2 , (4.12a)

NT = mt

(∫ s

0
φ′ 2 ds

)2
∣∣∣∣∣
s=L

+ Jtφ
′(L)4 , (4.12b)

FT = mtφ(L) , (4.12c)

The total kinetic energy can therefore be written by summing the distributed kinetic energy

through the cantilever and the energy of the proof mass rigid body as

T =
1
2
Mẋ2 +

1
2
Nx2ẋ2 + Fẋż , (4.13)

where M = MB +MT , N = NB +NT and F = FB + FT . The deviation from the kinetic

energy of a linear beam lies in the term N that encompasses the inextensibility condition.

The potential energy of the beam, upon considering Eq. (4.5) and integrating in the

y- and z-directions can be written

VB =
1
2
EIs

∫ L

0
w′′ 2

(
1 + w′ 2

)
ds , (4.14)

for the substrate, where EIs is the flexural rigidity in terms of the cross-sectional area

moment of inertia and Young’s modulus. This may also be written upon consider in the
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single mode expansion as

VB =
1
2
Ksx

2 +
1
4
Gsx

4 (4.15)

where

Ks = EIs

∫ L

0
φ′′ 2 ds , (4.16a)

Gs = 4EIs
∫ L

0
φ′′ 2φ′ 2 ds . (4.16b)

The first term in Eq. (4.15) represents the linear stiffness while the second term describes

third order effects due to the large amplitude motion. This generates a hardening response

in the first mode [80].

The thermodynamic free energy within the nonlinear electroelastic material [72, 146]

can be expanded to fourth order in strain S and second order in electric field E as

Hp =
∫
Vp

(
1
2
cpijSiSj +

1
6
cpijkSiSjSk +

1
24
cpijklSiSjSkSl

− emiEmSi +
1
2
emijEmSiSj −

1
6
emijkEmSiSjSk

− 1
2
εmnEmEn

)
dVp .

(4.17)

The coefficients cpij , c
p
ijk, and cpijkl are the elasticity tensors for the piezoceramic at constant

temperature and electric field. The tensors emi, emij , and emijk are known as piezoelectric

coefficients and εmn is the second order electric susceptibility at constant temperature.

In practice, very few of these tensor components are known, with the exception of those

pertaining to second order. Yang has summarized material constants for several common

electroelastic materials to include many nonlinear parameters in Ref. [146]. For a one-

dimensional beam the summation indices may be reduced such that i = j = k = 1 and

m = n = 3, where 1 and 3 correspond to the x- and z-directions, respectively.

The inertia of the cantilever counteracts external base motion while the resulting stress

along the piezoelectric laminates generates a uniform electric field Ez through the thickness
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of the laminate. Both laminates are connected in series, which requires opposite poling

directions through the thickness of the piezoceramic [138]. For a discussion concerning

laminate poling directions for both series and parallel connections, Ref. [29] provides a

good summary.

To facilitate a unified modeling framework based on energy principles for both the

mechanical and electrical dynamics [22], we elect to express the electric field in terms of

flux linkage λ(t), a canonical conjugate of charge q(t), as

Ez(t) = λ̇(t)/2hp , (4.18)

where hp is the laminate thickness and the time derivative of flux linkage has units of Webers

per second or volts. Inserting Eqns. (4.5) and (4.18) into Eq. (4.17) and integrating in the

y− and z−directions gives

HP =
1
2
Kpx

2 +
1
4

(Gp,a +Gp,b)x4 − λ̇
(

Θx+
1
3

Λx3

)
− 1

2
Cpλ̇

2 (4.19)

where the following terms have been defined:

Kp =
1
6
cp11bhp(4h

2
p + 6hphs + 3h2

s)
∫ Lp

0
φ′′ 2 , (4.20a)

Gp,a =
2
3
cp11bhp(4h

2
p + 6hphs + 3h2

s)
∫ Lp

0
φ′′ 2φ′ 2 ds , (4.20b)

Gp,b =
1

240
cp1111bhp[16h4

p + 20hshp(2h2
p + 2hphs + h2

s) + 5h4
s]
∫ Lp

0
φ′′ 4 , (4.20c)

Θ =
1
2
e31b(hp + hs)φ′(Lp) , (4.20d)

Λ =
3
2
e31b(hp + hs)

∫ Lp

0
φ′ 2φ′′ ds+

1
16
e3111b(hp + hs)(2h2

p + 2hphs + h2
s)
∫ Lp

0
φ′′ 3 ds (4.20e)

and

Cp = ε33bLp/2hp . (4.20f)
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Figure 4.2: Electrical circuit model considered with the piezoceramic equivalent
circuit representation (reflecting modal coupling) shown to the left.

The first term inside the integrand in Eq. (4.19) is a nonlinear formulation for the linear

stored bending energy while the second term encompasses fourth order stiffness effects

from both the linear and nonlinear elasticity coefficients. The third and fourth terms

multiplied by λ̇ describe the energy shared by the electrical and mechanical domains while

the fifth term models the capacitive energy within the electroelastic ceramics. Note that

the nonlinear coupling is due to both the linear coupling coefficient as well the higher order

coupling coefficient as well. The symmetry of the bimorph configuration causes both third

order structural and coupling terms in Eq. (4.17) to cancel out. These parameters are

retained, however, in the asymmetric configuration [144].

The electrical network modeled is a simple variable RLC network as shown in Fig. 4.2.

The variable resistance models the impedance load that consumes the scavenged electricity.

Variable inductance and capacitance terms provide for network tuning capability although

they could also be integral components of the electronics for which the transformed elec-

tricity is required. Within the context of Lagrangian mechanics and the generalized flux

linkage coordinate λ for the network, an energy description for the stored co-energy [22]

within the capacitive element is

W ∗e =
1
2
Cvarλ̇

2 , (4.21)
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while the inductor’s magnetic energy is written

Wm =
1
2
λ2

Lvar
. (4.22)

A complete characterization of the conservative energy flow of the combined mechanical,

electroelastic, and purely electrical components of the power harvesting system is available

from Eqns. (4.7)-(4.14), (4.19), (4.21) and (4.22). The Lagrangian functional is therefore

L(x, ẋ, λ̇) = T − VB −Hp +W ∗e −Wm , (4.23)

which may be expanded in terms of the generalized coordinates as

L =
1
2
Mẋ2 +

1
2
Nx2ẋ2 + Fẋż − 1

2
Kx2 − 1

4
Gx4

+ λ̇

(
Θx+

1
3

Λx3

)
+

1
2
Cλ̇2 − 1

2
λ2

Lvar

(4.24)

where K = Ks +Kp, G = Gs +Gp,a +Gp,b, and C = Cp + Cvar.

Nonconservative forces act on the harvester as well. For the system under considera-

tion, we model dissipative pathways through which energy may be lost. Specifically, this

includes energy dissipated across the variable load Rvar, and structural damping. In many

experiments concerning piezoelectric sensors and actuators undergoing weak fields, non-

linear damping has been observed [87, 97, 137, 135]. Successful modeling was achieved

with material damping models that increase with larger displacements [137, 97]. This may

indeed be the case in harvester designs as well but since many harvesters may be imple-

mented and the MEMS scale, velocity dependent air drag may also be a factor. Thus, the

generalized forces are modeled as

Qx = −(Qa +Qbx
2)ẋ−Qair|ẋ|ẋ and Qλ = − λ̇

Rvar
(4.25)

where Qa and Qb are material damping factors and Qair is damping due to fluid-structure

interactions. All parameters require experimental determination. The variable electrical

impedance load is denoted by Rvar.
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Applying the Euler-Lagrange equations

d

dt

(
∂L
∂ẋ

)
− ∂L
∂x

= Qx , and
d

dt

(
∂L
∂λ̇

)
− ∂L
∂λ

= Qλ , (4.26)

yields the governing ordinary differential equations for the mode of interest. Thus, upon

substituting in the Lagrangian we obtain

Mẍ+Nx(ẋ2 + xẍ)+(Qa +Qbx
2)ẋ+Qair|ẋ|ẋ+Kx+Gx3

− (Θ + Λx2)λ̇ = F z̈

(4.27)

for the mechanical response and

Cλ̈+
1

Rvar
λ̇+

1
Lvar

λ = −(Θ + Λx2)ẋ (4.28)

for the electrical response.

One interesting feature of the nonlinear coupling terms is that if nonlinear piezoelec-

tricity were disregarded, the linear coupling coefficient still remains. This indicates that

nonlinear motions of the beam still produce coupling effects proportional to the square of

the displacement. These terms have been neglected in existing large amplitude formulations

of power harvesting systems.

4.3 Analytical Study and Experimental Verification

This section derives an analytical solution for the harvester such that parameter identifi-

cation could be accomplished in conjunction with experimental data and a nonlinear least

square optimization algorithm. Focusing on the nonlinear characteristics of the cantilever

oscillation and electromechanical coupling is facilitated by implementing the simplest rep-

resentative harvesting circuitry, a purely resistive load with no capacitive or inductive

elements. Accordingly, C in Eqn. (4.28) is now the equivalent capacitance of both piezo-

electric laminates and the inductive contribution is removed. By substituting voltage v(t)

for λ(t), Eqn. (4.28) is written as a first order system

Cpv̇ +
1

Rvar
v = −(Θx+ Λx2)ẋ (4.29)
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and the mechanical equation can be written as

Mẍ+Nx(ẋ2 + xẍ)+(Qa +Qbx
2)ẋ+Qair|ẋ|ẋ+Kx+Gx3

− (Θ + Λx2)v = FA0 cos Ωt
(4.30)

where we assuming harmonic forcing z̈ = A0 cos Ωt near the fundamental frequency of

interest.

A perturbation solution is next derived to provide a basis for implementation of a

nonlinear least squares optimization procedure. The method of multiple scales is used to

determine analytical expressions for the displacement and voltage drop amplitudes while

the beam is in steady-state response. Accordingly, we order the forcing, damping, and

mechanical nonlinearities as well as the coupling terms in the mechanical equation to first

order in an expansion parameter ε and study the voltage as a forced first order system at

O(1). Assuming the solutions

x(t) = x0(T0, T1) + εx1(T0, T1) +O(ε2) (4.31a)

and

v(t) = v0(T0, T1) + εv1(T0, T1) +O(ε2) (4.31b)

in Eqns. (4.29)-(4.30) yields for O(1):

D0x
2
0 + ω2x0 = 0 , (4.32a)

D0v0 + µdv0 = −(θb + κbx
2
0)D0x0 , (4.32b)

where ω2 = K/M , µd = 1/CpRvar, θb = Θ/Cp, and κb = Λ/Cp. The steady state solutions

are

x0 = AejωT0 + cc , (4.33a)

v0 = −
[

jω

µd + jω

(
θb + κbAĀ

)]
A+ cc + HOT , (4.33b)

where A = A(T1), the overbar is a complex conjugate, cc represents the complex conjugate

of the entire preceding expression and HOT denotes higher order terms. The solvability
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condition is found through the O(ε) correction to the mechanics as

D0x
2
1 + ω2x1 =− 2D0D1x0 − β

[
x2

0D
2
0x0 + (D0x0)2x0

]
−
(
µa + µbx

2
0 + µc|D0x0|

)
D0x0 − αx3

0

+
(
θa + κax

2
0

)
v0 − f cos (ωT0 + σT1) ,

(4.34)

where β = N/M , µa = Qa/M , µb = Qb/M , µc = Qair/M , α = G/M , θa = Θ/M ,

κa = Λ/M , and f = FA0/M . Also, the forcing frequency Ω has been expressed in terms

of its nearness to ω via a small detuning parameter σ such that Ω = ω + εσ. Inserting

the first order corrections x0 and v0 into Eqn. (4.34) as well as the complex expression

for A = 1
2a(T1)ejψ(T1) and setting time varying terms to zero gives the algebraic system

governing steady state oscillations:

1
2
f cos η = a(σ − γa)− γba3 − γca5 , (4.35a)

1
2
f sin η = −γda−

4µc
3π

a2 − γea3 − γfa5 , (4.35b)

where

γa =
1
2

(
ω2θaθb
ω2 + µ2

d

)
, γb =

3
8
α− 1

4
ω2β +

1
8

(
θaκb + 3θbκa
ω2 + µ2

d

)
, (4.36a)

γc =
3
32

(
κaκbω

2

ω2 + µ2
d

)
, γd =

1
2
ω

(
µa +

µdθaθb
ω2 + µ2

d

)
, (4.36b)

γe =
1
8
ω

[
µb +

µd (θbκa + θaκb)
ω2 + µ2

d

]
, γf =

1
32

(
κaκbµdω

ω2 + µ2
d

)
, (4.36c)

and η = σT1 − ψ. Squaring and adding Eqns. (4.35a)-(4.35b) will eliminate the phase

variable η and hence a nonlinear algebraic expression for the displacement amplitude

a2 =
f2/4

(σ − γa − γba2 − γca4)2 +
(
γd + 4µc

3π a+ γea2 + γfa4
)2 . (4.37)

The steady state voltage drop across Rvar may be written in terms of a as

VR =
1
4

ω(4θb + κba
2)√

ω2 + µ2
d

 a . (4.38)
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Figure 4.3: Incapability of linear modeling assumptions to accurately characterize
the harvester response.

Solving Eqn. (4.37) for a provides a framework for optimizing parameters within the γi.

The preceding theoretical development was evaluated with a commercially available

piezoelectric beam to illustrate the general necessity of nonlinear modeling. The harvester

consists of a bimorph piezoelectric beam (V22BL, Midé Corporation) with a rigid mass

affixed at the free end. The piezoelectric laminates (PZT-5H) are connected in series using

leads from a 4-pin connector. The voltage drop across the resistive load generated from

the cantilever motion was measured by digital acquisition equipment. A DC accelerometer

(PCB Piezotronics 080A190) recorded base acceleration and all measured signals were

passed through a programmable analog filter to remove high-frequency noise. Table 4.3 lists

the relevant structural and electrical parameters for the experimental device. The device

was first tested with no proof mass and near short circuit conditions Rvar = 10 kohm to

focus on identification of nonlinear stiffness, damping, and possible coupling contributions.
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Table 4.1: Experimental and Numerical Parameters.

Substrate Properties

Parameter Symbol Value

Length L 54 mm
Width b 6.19 mm
Thickness (1st section) hs 0.2 mm
Density ρs 1210 kg/m3

Young’s Modulus Es 501 GPa
Thickness (2nd section) hs 0.71 mm

Piezoelectric Laminate Properties

Length Lp 26 mm
Width bp 3.81 mm
Thickness hp 0.254 mm
Density ρp 7500 kg/m3

Young’s Modulus Ep 60.6 GPa
Coupling Coefficient e31 -12 C/N
Laminate Permittivity εs33 25.5 nF

Lumped Mass Properties

Mass mt 0.0075 kg

The necessity of nonlinear modeling is highlighted by the experimental results and linear

prediction (α = µb = µc = κa,b = 0) in Fig. 4.3. The experimental cantilever exhibits

nonlinear resonance curves for an extremely low base excitation level of A0 = 0.1g, where

g = 9.8 m/s2. The highest acceleration drive, where the nonlinear resonance deviates

significantly from the linear prediction, was only 0.38g. This is well within the scope of

anticipated vibration environments for energy harvesting. In other work pertaining to

geometrically linear motion, nonlinear oscillation were not induced until base excitation

levels reached nearly 1g [115, 116]. Nonlinear identification was first examined with some

simplifying assumptions. First, since the electric fields are at most about 1.2 V/mm,

the nonlinear coupling coefficient e3111 in the nonlinear enthalpy expression is set to zero.

However, this does not eliminate either κa or κb from the analytical solution as the nonlinear

coupling also contains contributions due to e31. Second, we assume nonlinear material
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Figure 4.4: Accurate modeling upon including elastic nonlinearity and nonlinear
damping.

damping is dominant at the velocity range tested and hence set µc = 0. Thus, parameter

identification yields parameters for µb and cp1111.

Figure 4.4 displays the excellent theoretical agreement with only nonlinear elasticity

and damping retained in the model. The coupled resonance of 168.4 Hz is near the nat-

ural frequency of the short-circuit beam due to the low electrical impedance load. With

cp1111 = 0, the first mode of the cantilever predicts a hardening response and G = 1.4× 106

N/m3 is positive. This indicates that the piezoelectric laminate exhibits a very strong

softening-type nonlinearity. In fact, we calculate cp1111 = −3.8× 107 N/m6. For the piezo-

ceramic PIC 151, von Wagner and Hagedorn [136] identified a negative cubic stiffness while

Usher and Sim [134] experimentally demonstrated and modeled similar response in for the

Face International 11R THUNDER actuator. However, our fourth order tensor value for

cp1111 is much lower than those reported in Refs. [136] and [134]. This is attributed to
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inherent nonlinear behavior in the polysulfone substrate of the material, which may also

be responding in a nonlinear manner. The model, however, assumes elastic nonlinearity is

restricted to the piezoelectric laminates while the substrate was modeled to exhibit non-

linear strain in proportion to the linear modulus of elasticity. Thus, we cannot presume

the nonlinear coefficient cp1111 is a global one for all piezoceramics at this point.

Nonlinear damping due to air drag was next tested and also found to achieve very

good agreement with experimental measurements. By presuming the identified value for

cp1111, it was found that µc could be tuned to obtain curves nearly identical to those in Fig.

4.4. Thus, nonlinear damping of either the form Qair|ẋ|ẋ or Qbx2ẋ can successfully model

the suppressed resonance curves. Further research, in particular in-vacuo experiments are

required to further delineate the nonlinear damping contributions.

With a nonlinear elasticity parameter identified, a tip mass (mt = 7.5× 10−3 kg) was

affixed to the device and the resistance changed to Rvar = 100 kohm to check if nonlin-

ear coupling was becoming invigorated. Response fields consequently reached 10.4 V/mm,

about 10 times the level in the no proof mass experiment. Following several variations on

the least squares optimization, it was determined that the nonlinear coupling coefficient

did very little to improve the nonlinear resonance curves. Instead, it was found that while

the nonlinear elasticity coefficient provided the correct softening curves, both linear and

nonlinear damping required significant tuning. Furthermore, stronger deviation from the

linear prediction as seen in Fig. 4.3 was observed by the addition of a proof mass. Thus, the

proof mass serves to effectively lower the threshold for nonlinear behavior. Jump phenom-

ena, however, is suppressed as a result of the nonlinear damping. Linear modeling alone

would indicate multivalued frequency response behavior, but the intrinsic nonlinearities

within the bimorph materials will continue to suppress the oscillation amplitudes. Figure

4.5 gives the results of a discrete amplitude sweep near the fundamental resonance (23 Hz)

of the cantilever. The linear model is shown to begin to poorly predict the actual response

for acceleration drives near 0.2g-0.3g. Previous experimental studies [36] on a beam similar

in length where linear models were strongly correlated with experiment were upon beams
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Figure 4.5: Comparison of the linear model (dashed line) and the nonlinear model
(solid line) for accurately predicting experimental response (o) for the cantilever with
a proof mass attached.

with uniform lamination and brass substrate material. The density and modulus of the

brass was comparable in stiffness to the piezoceramic and the beam was also less slender

with an aspect ratio near 1.6.

4.4 Implications for Energy Harvesting

While the previous sections developed and experimentally verified a nonlinear model for

a prototypical piezoelectric energy harvester, this section concentrates on implications for

designing energy harvesters. First, from the experimental response, it is clear that soft

material behavior in the piezoceramics can strongly influence the frequency response. While

our particular experimental device was comprised of polysulfone and kapton epoxy, which

are both likely to contribute nonlinear behavior, nonlinearity due to piezoelectric elasticity

has been shown to be dominant in several recent studies [115, 116].

Since a nonlinear cantilever is hardening in the first mode and the piezoelectric laminate

introduces strong softening effects, it may be possible to design a cantilever that exhibits
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Figure 4.6: Softening response despite positive G due to nonlinear coupling.

linear response despite large-amplitude motion by requiring α = 0. This translates to

harvester design such that the inquality

Gs +Gp,a >> −Gp,b (4.39)

is satisfied. That is, the effective nonlinearity due to the higher order elasticity coefficient

is canceled by the geometric nonlinearity due to cubic strain model. However, as large

amplitudes are engaged, both nonlinear inertia and nonlinear coupling begin to influence

the behavior as well and thus nonlinear influences continue to manifest. Hence, Gs +Gp,a

much be significantly higher that −Gp,b for true nonlinear response. Figure 4.6 illustrates

the effect upon simulating a harvester of similar dimensions but with a new proof mass

mt = 0.02 kg and overhang length of 7.5L. For these parameters, G > 0 but the non-

linear coupling due to Λ continues to bend the frequency response to the left. Thus, we

conclude that it is imperative to model nonlinear dissipation and to at least model approx-

imate softening behavior in piezoelectric harvesters when tuning to a particular frequency.

Otherwise, actual performance may be significantly degraded.
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4.5 Summary and Conclusions

The nonlinear differential equations governing the electromechanical dynamics of power

generators utilizing electroelastic elements has been derived. The beam modeled and tested

was chosen due to its prevalence in the literature. The fundamental thermodynamics of the

electroelastic continuum was used to explain and model observed nonlinear response in a

prototypical inertial generator. Also, the model derived was general enough to incorporate

piezoceramic laminates partially distributed along the length of the beam.

In addition to expected cubic stiffness terms, it was shown that nonlinear large defor-

mation assumptions for the beam motion require a coupling coefficient proportional to the

square of the mechanical amplitude. Normally, only the velocity of the beam was con-

sidered of particular value in piezoelectric cantilever energy harvesting, but the nonlinear

equations indicate that displacement also plays a fundamental role in power harvesting.

Parameters describing fourth order stiffness in the nonlinear enthalpy expression were iden-

tified from experimental measurements using an approximate analytic expression obtained

by the method of multiple scales. For our experimental device, the linear model was shown

to fail at very low excitation amplitudes and nonlinear effects were sufficiently engaged in

the experimental beam as low as A0 ≈ 0.2g. Should the device be designed such that the

geometric nonlinearities cancel piezoelectric stiffness nonlinearities, nonlinear coupling was

shown to continue to drive nonlinear resonances.

Since existing nonlinear models for electroelastic energy harvesters consider linear cou-

pling only, we examined the effect of this presumption. We found that the large deformation

assumption due to Crespo da Silva and Glynn [25] would capture the qualitative features of

nonlinear electroelastic beam behavior, but inclusion of nonlinear coupling and higher order

piezoceramic flexural stiffness and coupling coefficients is necessary to achieve quantitative

agreement. Due to the symmetry of the problem (bimorph configuration), third order

flexural stiffness and coupling coefficients canceled out and were of no consequence. For

unimorph configurations, these parameters would need to be identified and are expected
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to have strong influence on the dynamics of electroelastic generators given our findings for

the bimorph device.

Most past work has used linear theory to model experimentally observed behavior.

Although an equivalent linear model can sometimes suffice to model the experimentally

observed behavior over a very narrow range of excitations, substantial errors will arise

when the excitation level is outside the narrow window unless the physical coefficients

that describe the system are changed as well; however, there should be no reason why the

physical parameters of the system change with excitation level. Proper inclusion of non-

linear terms in the physical models can be used to adequately capture the experimentally

observed behavior.

Although the analysis herein focused on transverse oscillations of a cantilever with

piezoceramics using d31 poling, the authors strongly suspect similar results in d33 poled

piezo-stack type energy harvesters. This hypothesis is based on observations in Refs. [135]

and [137] and is worthy of future investigation. The results presented are not limited to

energy harvesting applications and are applicable to any device utilizing piezoelectric can-

tilevers. Since nonlinear effects became discernable at fairly low base acceleration values,

the results of this investigation underscore the necessity for inclusion of material nonlinear-

ity and nonlinear damping in the performance assessment of piezoelectric energy harvesters

operating near resonance.
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5

Electroelastic Dynamical System I

5.1 Motivation

Vibration energy harvesting research has largely focused on linear electromechanical devices

excited at resonance. Nonlinear behavior, on the other hand, could offer new capabilities to

capture energy available from more complex excitations and several recent papers demon-

strate the efficacy of this approach [69, 27, 32, 119, 102, 21, 40]. Recently, Mann and Sims

[69] utilized hardening spring hysteresis to invoke a broader frequency response of an elec-

tromagnetic harvester. However, one limitation is that hardening the response could only

broaden the frequency response in one direction. In this chapter, we propose and model a

phenomenologically similar device that overcomes this difficulty and is well-suited to har-

vest energy from vibrations with slowly varying frequencies. Illustrated in Fig. 5.1(a), the

device consists of a piezoelectric beam with a magnetic end mass.

In similar fashion to the electroelastic cantilever previously studied, the inertia of the

cantilever counteracts base motion, generating an electrical potential difference within

piezoelectric laminates. This results in a current flow through an electrical load RL, see

Fig. 5.1(b). We presume for simplicity that the base excitation is such that linear behavior

within the piezoelectric material is maintained. By tuning nonlinear magnetic interactions
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Figure 5.1: Schematic of the proposed nonlinear energy harvester. (a) A piezo-
electric cantilever with a permanent magnet end mass interacts with the field of
oppositely poled stationary magnets. (b) The piezoelectric effect results in a poten-
tial difference across a resistive load. (c) Magnets are modeled by considering the
direction and magnitude of their respective magnetic moment vectors.

around the end mass, both hardening or softening responses may occur–allowing the fre-

quency response to be broadened in either direction. In particular, a hardening hysteresis

response arises when stationary magnets are set behind the end mass while a softening

response results otherwise. To model this effect, a nonlinear potential energy expression

was derived with the magnetic dipole model proposed in Ref. [151].

5.2 Device Description and Modeling

5.2.1 Permanent Magnet Modeling: The Dipole Approximation

Permanent magnet modeling is an analytically challenging undertaking and many of the

complexities involved are typically circumvented by presuming an inverse square law. The

latter method tends to break down quickly, as magnetic interactions are highly nonlinear.

Finite-element models for the fields surrounding magnetic dipoles would be most accurate

but often impractical for deriving a dynamical systems model. The compromise selected

for a simple macroscopic model in this paper relies on a solenoidal analogy for perma-

nent magnet modeling, and a semi-analytical formulation for representing magnets in this
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manner is presented following Yung et al [151].

Current carrying loops induce a magnetic field orthogonal to the direction along the

loop. The magnetic moment of such a loop can be used to represent a permanent magnet

and may be related to the magnet’s volume as

µ = MV (5.1)

where the magnetization vector M represents the vector sum of all microscopic magnetic

moments within a ferromagnetic material and V is material volume. For permanent mag-

nets, the magnitude of the magnetization vector M can be found from the hysteretic

magnetization curve for the material which relates an applied magnetic field to the mag-

net’s flux density. The magnetic flux density B in the presence of an applied magnetic field

H is a function of the magnetization through

B = µ0(H + M) (5.2)

where µ0 is the magnetic permeability constant (4π× 10−7 N/A2). When the applied field

is zero, a magnetized material will maintain a flux density level B = µ0M. This consti-

tutes either an attractive or repelling force, depending on orientation to other magnetized

materials. The magnitude of the flux density when H = 0 is called the residual flux density

Br and, by Eqn (5.2), the magnitude of M can be estimated as M = Br/µ0 and has units

of Teslas [133].

Consider the magnetic field of dipole a acting on dipole b. Yung et al mathematically

expressed the field as

Bab = −µ0

4π
∇µa · rab
|rab|32

, (5.3)

where rab is the separation vector between dipole locations, | · |2 and ∇ indicated Euclidean

norm and vector gradient operators, and µa is the dipole moment. The ensuing potential

field of dipole b is therefore

Um = −Bab · µb . (5.4)
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Figure 5.2: Total magnetoelastic energy and forces (dark solid lines) vs beam tip
deflection. The left column shows hardening for d = −5 mm while the right column
indicates softening when d = 5 mm. In each figure, the restoring energy and force of
the cantilever is represented by a dotted line while those for the magnets are shown
by a dashed line. The distance h = 32 mm was held constant.

By using Eq. (5.3) in Eq. (5.4), we can approximate the potential field between two

permanent magnets as

Um =
µ0

4π

(
µa
|rab|32

− (µa · rab) ·
3rab
|rab|52

)
· µb . (5.5)

Utilizing the geometry illustrated in Fig. 5.1 separation vectors between the tip magnet and

adjacent magnets can be defined the total magnetic potential field is derived by summing

each respective interaction according to Eq. (5.5).

5.3 Nonlinear Magneto-Electroelastic Dynamical System

The orientation of the magnetic moment vectors µj in Fig. 5.1(c) was designed such that

the system was monostable. For two different values of d at constant h, the full potential

field and force-displacement relationships for the full magnetoelastic system are shown in
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Figure 5.3: Predicted response amplitudes for the cantilever and voltage for dif-
ferent values of d as indicated.

Fig. 6.3. Hardening and softening energy and force fields are apparent in the left and

right columns, respectively. The nonlinear harvester dynamics are modeled by assuming a

modal expansion for the spatio-temporal deflection of the beam. A detailed derivation for

a bistable magnetopiezoelastic device from analogous energy expressions is available in Ref.

[119]. The restoring forces in Fig. 6.3 indicate that further simplification to a third-order

polynomial is appropriate. Accordingly, the system is governed by an electromechanically

coupled Duffing’s equation, nondimensionalized as

x′′ + ζx′ + x± x3 − δv = Γ cos Ω0τ , (5.6a)

v′ + 2x′ + ρv = 0 , (5.6b)

where the ()′ indicates a derivative with respect to dimensionless time τ , and x and v are

dimensionless modal displacement and voltage and the sign of the x3 term is negative when

softening and positive while hardening. The method of harmonic balance was then applied

to quantitatively characterize the beam and electrical network oscillation amplitudes. Fig-

ure 5.3 shows hysteresis in the dimensional tip displacement and voltage for two excitation
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Figure 5.4: Picture of the experimental set up and equipment used.

amplitudes. A high-energy attractor is shown to exist over an extended frequency range;

this is even more apparent for larger excitation levels. For the hardening configuration,

an operational bandwidth jump from about 2 Hz to nearly 10 Hz can be achieved while

the excitation only increases 0.4g, where g = 9.8 m/s2. In Fig. 5.3, solid lines corre-

spond to stable attractors while the dotted line indicates unstable solutions. The lighter

solid line is the response to a 0.1g excitation amplitude (softening: Γ = .0039; hardening:

Γ = 0.005) while the darker solid line is in response to 0.5g (softening: Γ = 0.0194; hard-

ening: Γ = 0.025). Parameters used for the softening case were: ζ = 0.0164, δ = 0.0045,

and ρ = 2.2278; Hardening case: ζ = 0.0161, δ = 0.0043, and ρ = 2.1851.

5.4 Experimental Validation

An experimental energy harvester was devised to validate numerical predictions (pictured

in Fig. 5.4). Specifically, a bimorph piezoelectric beam (V22BL, Midé Corporation) was

affixed with a Neodymium permanent magnet (|µ1| = 0.4 A·m2) and then secured to an

electromagnetic shaker. The beam is 55 mm long and 0.75 mm thick with embedded bi-

morph piezoelectric laminates (length: 26 mm, laminate thickness: 0.25 mm). All magnets

are Neodymium with a residual flux density of 1.48 T. The end mass was 7.4 g. The piezo-
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Figure 5.5: Nonlinear energy harvesting outperforming linear resonance. For the
same excitation amplitude of 0.3g, the excitation frequency was linearly decreased
(rate: 0.03 Hz/s) for both the nonlinear and linear configuration (with stationary
magnets removed).

electric laminates where connected in series with a variable resistor box set to RL = 100 kΩ

while the adjacent magnets (|µ2,3| = 0.95 A·m2) were adjusted to achieve either the hard-

ening or softening response. Beforehand, the cantilever’s linear resonance was determined

to be about 12 Hz. By setting d = 4.7 mm, the harvester is in the softening regime with a

new nonlinear frequency of 14.4 Hz. Also, symmetry breaking due to magnet misalignment

was minimized for h = 40.65 mm. A linearly decreasing frequency sweep was then per-

formed to capture the high-energy attractor and compare its power harvesting performance

to the linear system. Remarkably, the results shown Fig. 5.5 not only illustrate a wider

bandwidth in comparison to the linear beam, but also reveals a capability to outperform

linear resonance, defeating any notion that linear resonance is an upper bound on en-

ergy extraction. This result convincingly suggests that nonlinear phenomena could offer a

promising alternative to resonant systems even from ambient excitations well-characterized

by a single harmonic. Moreover, the increased bandwidth adds robustness to imperfections
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Figure 5.6: Experimental results from both the hardening and softening config-
uration verify predicted frequency response for two different values of the distance
parameter d. The over/undershoots towards the end of the experimental branches
result from transient dynamics whilst the beam jumps to a coexisting solution.

or excitation fluctuations that would otherwise incur detrimental off-resonant conditions

for the linear harvester.

Hardening hysteresis was studied by setting magnets behind the end mass to d =

−12.2 mm with h unchanged. Although the hardening response has less bandwidth in

comparison to the softening case, this is resolved by decreasing h as predicted by the

analytical results in Fig. 6.3. Data from frequency sweep trials for both the softening and

hardening experimental tests are shown in Fig. 5.6.

5.5 Conclusions

The advantage imparted by nonlinear design depends upon realizing the high-energy attrac-

tor. Should the lower-energy branch manifest instead, a momentary electrical short-circuit

or mechanical perturbation may be required. Efficiently managing the requisite actuation

99



energy to do so is an area of future research. However, if the system is already locked-in to

the high-energy attractor, slowly drifting excitation frequencies will typically maintain the

more energetic solution. While optimal values for h and d are additional areas for future

investigation, analytic results predict that decreasing h (i.e. h ≈ 30 mm) could continue

to broaden the hardening frequency response. Harvesting energy from the high-energy

attractor in either the softening or hardening configuration is ideally suited for excitations

with slow-frequency drift.
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6

Electroelastic Dynamical System II

6.1 Overview and Background

This chapter examines a device with two potential wells for energy harvesting. The system

is analytically modeled, numerically simulated, and experimentally realized to demonstrate

enhanced capabilities and new challenges. We explore in depth the variety of multiple at-

tractors that may exist across a broad frequency range. The energy harvester is comprised

of a discontinuously laminated piezoelectric beam with a nonlinear boundary condition im-

posed by repelling permanent magnets. A mathematical model is derived from energy prin-

ciples and numerically simulated across a range of excitation amplitudes and frequencies.

Since many nonlinear energy harvesting designs are increasingly incorporating permanent

magnets [69, 102, 40, 21, 32, 18], we suggest and apply an analytical formulation to de-

scribe these nonlinear forces. We additionally present the effect of a bifurcation parameter

as either a fixed or adaptable tuning parameter.In addition, a bifurcation parameter within

the design is examined as a either a fixed or adaptable tuning mechanism for enhanced

sensitivity to ambient excitation. Linear piezoelectric behavior is initially presumed. The

analytical investigation, however, lifts this restriction and incorporates material nonlinear-

ity.
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One of the first experimental investigations of an energy harvester specifically designed

to exhibit a nonlinear response was described in Ref. [69]. In particular, the authors showed

how magnetic levitation could be used to extend device bandwidth through a hardening

frequency response. A phenomenologically similar device based on piezoelectric energy con-

version in Ref. [119] was shown to be capable of either a softening or hardening response

as a consequence of magnetic interactions with the elastic potential of an electroelastic

beam. The nonlinear response was additionally shown to exceed the power output and

bandwidth of the equivalent linear system. In both devices, the nonlinearity also enables

tuning to counteract manufacturing imperfections. Similar bandwidth widening and in-

creased power from hardening phenomena were studied with a different device in Ref. [15].

Softening frequency response characteristics in a parametrically forced piezoelectric device

with structural nonlinearities have been reported by Daqaq et al [27], who also carefully

investigated the influence of electromechanical coupling parameters. Many of these systems

demonstrate the advantages of monostable Duffing oscillators for increased bandwidth. For

stochastically excited systems, however, this type of nonlinear design may be less desirable

[26].

The bistable Duffing oscillator (commonly referred to as the double-well oscillator or

the Duffing-Holmes oscillator) has also been investigated for energy harvesting. A bistable

mechanical beam was numerically investigated by Shahruz [102], who focused on large

amplitude interwell oscillations to illustrate potential benefits of a nonlinear approach to

energy harvesting. The system is shown to achieve amplitudes four times greater than its

linear counterpart while stochastically excited. Later, energy harvesting experiments with

a noise activated bistable piezoelectric device were carried out in Ref. [21] and a more

theoretical discussion was presented in Ref. [40]. Contemporaneous to this investigation,

Erturk et al [32] experimentally resurrected the ferromagnetic buckling beam in Ref. [76]

with piezoelectric laminates. Forced oscillations were studied and the existence of a high

energy large orbit attractor was experimentally verified. In a forthcoming article, Mann

and Owens [68] experimentally and numerically evaluate potential well escape phenomena
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Figure 6.1: Schematic diagram of a piezoelectric energy harvester with a destabi-
lized zero equilibrium position.

in a bistable electromagnetic harvester. Their investigation identifies similar attributes and

challenges in the nonlinear design as discussed in this work.

6.2 Mathematical Model

Figure 6.1 illustrates the nonlinear energy harvester that is modeled, numerically investi-

gated and experimentally tested. The system is a driven bistable oscillator comprised of a

linearly elastic piezoelectric cantilever with a nonlinear magnetic force at the free end. The

cantilever end mass is a Neodymium permanent magnet that is oriented with opposite po-

larity to the the field of a fixed magnet. The free magnet (magnet B) may either be pushed

toward or withdrawn away from the cantilever system where the separation distance s de-

termines the degree of nonlinearity. At a critical separation distance, the elastic restoring

force of the beam is overcome by magnetic repulsion, forcing the cantilever to deflect into

one of two potential wells. In this situation, a supercritical pitchfork bifurcation occurs.

Base excitation of the clamping mechanism mimics an environmental excitation. For

this investigation, a deterministic base acceleration of the form z̈(t) = A cos Ωt was consid-

ered, where the driving amplitude A and frequency Ω was allowed to vary.

With a mounted end mass, the beam’s first mode of vibration is particularly dominant

and has the greatest strain profile nearest the clamp location. The greater strain yields
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Table 6.1: Experimental and Numerical Parameters.

Substrate Properties
Parameter Symbol Value
Length L 55.15 mm
Width b 0.24 mm
Thickness hs 0.1 mm
Density ρs 1290 kg/m3

Young’s Modulus Es 2.41 GPa
Damping Ratio ζ 0.01

Piezoelectric Laminate Properties
Length Lp 26.25 mm
Width bp 0.15 mm
Thickness hp 0.254 mm
Density ρp 7700 kg/m3

Young’s Modulus Ep 63 GPa
Coupling Coefficient d31 −285× 10−12 C/N
Laminate Permittivity εs33 3200ε0
Permittivity of Free Space ε0 8.854×10−12 F/m

Magnet Properties
End Mass mA 5.3 g
Height a and b 4.76 mm
Diameter dA and dB 9.53 mm
Residual Flux Density Br 1.48 T

a greater piezoelectric response, and our model and experimental device take advantage

of this property by partially laminating the device. Although this complicates analysis of

the beam, a discretization strategy using superpositioned modes is available according to

methods outlined in Ref. [61], which was further generalized in Ref. [117]. Piezoelectric

laminates layered along the beam above and below the electrically neutral substrate ma-

terial is commonly referred to as a bimorph. That is, two PZT laminates are assumed to

be perfectly bonded on either side of an inactive substrate material.

We presume that the transverse large-orbit oscillations in the double well potential are

small enough to maintain the validity of Euler-Bernoulli theory and linear piezoelectricity.

To simplify model development, the dynamics of the first mode are studied. Although this

104



simplification is generally justified by the addition of a lumped mass, which drives down

the energy within higher modes, we also keep excitations near the first natural frequency

as well. For the system in Fig. 6.1 with parameters listed in Table 6.2, the fundamental

frequency is 14.6 Hz while the second an third are 402.1 Hz and 1029.6 Hz, respectively.

L(r, ṙ, λ̇) =
N∑
j=1

1
2
[
ṙj(t)2 +mż(t)2

]
− 1

2
ω2
j rj(t)

2 + θj λ̇(t)rj(t)−

∂Um
∂r(t)

+
1
4
Cpλ̇(t)2 + Γj ṙj(t)ż(t) ,

(6.1)

A system of ordinary differential coordinates for modal displacement and flux linkage follow

by applying the Euler-Lagrange equations to Eq. (6.1) such that

d

dt

(
∂L
∂ṙ

)
− ∂L
∂r

= Q(t) , and
d

dt

(
∂L
∂λ̇

)
− ∂L
∂λ

= I(t) , (6.2)

where Q(t) represents a generalized force and I(t) is a generalized current. In the electrical

dynamics, the generalized current will represent the rate of change in flux linkage through

the energy harvesting network, represented by an equivalent resistive load, i.e. I(t) =

−λ̇(t)/RL. Evaluating Eq. (6.1) in Eq. (6.2) above gives a set of equations for the linear

dynamical system

r̈(t) + 2ζωṙ(t) + ω2r(t) + g[r(t)]− θλ̇(t) = −Γz̈(t) , (6.3a)

1
2
Cpλ̈(t) + θṙ(t) +

1
RL

λ̇(t) = 0. (6.3b)

where ω is the first natural frequency, ζ is a modal damping ratio, and g[r(t)] = ∂Um/∂.

This type of energy harvesting system without magnetic forces has been thoroughly exam-

ined in the literature. The beam/lumped mass energy harvester exhibits resonance as a

function of RL in a narrow frequency range.

As previously remarked, non-resonant or more complex excitations such as stochastic

or multifrequency inputs render the linear energy harvester inefficient. To address this

shortcoming, introduce and study a mechanical nonlinearity wrought by advancing magnet

105



a

a b

w(L,t)

a (1 - cos ϑ)

ss

μB

μA

rAB

a sin ϑ

ϑ

ϑ

δ

d
ez

ex

Figure 6.2: Detailed view of the geometry used to outline vector parameters for
the analytical magnet model. In repelling mode, the magnetic moment vectors µA

and µB point toward one another and the dipole sources are separated a distance
rAB. To model misalignment for symmetry breaking, offsets in magnet B can be
included by considering a small displacement d and rotation δ.

B beyond the critical bifurcation distance. Analytically modeling the nonlinear magnetic

interaction is the subject of the next section.

6.2.1 Magnetic Interactions

The magnetic interaction follows the theory discussed in Chapter 3. Figure 6.2 shows

the two permanent magnets used by the nonlinear harvester to destabilize the w(L) = 0

position. In the field of magnet B, magnet A will experience a repelling force that deflects

the beam into a nonlinear equilibrium position. At any moment, the distance from the

magnetic moment source of B to that of A will be given by the vector rAB. As the beam

tip oscillates, magnet A translates a distance w(L, t) along with a small rotation angle

ϑ = w′(L, t). Subtle deviations from the idealized conditions illustrated in Fig. 6.2 lead to

symmetry breaking bifurcation. This is observed in the experimental system and is further

discussed in Section 6.4. To model this effect, rAB includes a small displacement d and

106



rotation δ in µB. Considering the translation and rotation shown in Fig. 6.2, the distance

from the source of µB to µA is given by

rAB = − [s+ b+ a(2− cosϑ)] êx + [w(L, t) + a sinϑ− d] êz , (6.4)

where with the magnetic dipole moment vectors written as

µA = MAVA cosϑêx +MAVA sinϑêz , (6.5a)

µB = −MBVB cos δêx −MBVB sin δêz .. (6.5b)

For numerical simulations, µB is always oriented in the negative x−direction according to

Eq. (6.5a). The potential energy in the field is

Um = −BAB · µB . (6.6)

The nonlinear interaction potential is given by using Eqns. (6.4), (6.5a), and (6.5b) in Eq.

(6.6). To incorporate this expression into the differential system given by Eqns. (7.20)-

(6.3b), spatiotemporal coordinates are rewritten for one mode as w(L, t) = r(t)φ(L) and

w′(L, t) = r(t)φ′(L). The symbolic manipulation software Mathematica was used to de-

rive this potential field. The full potential energy expression used in numerical simulations

is listed in Appendix A. The repelling force is found by taking the derivative of Eq. (6.6)

with respect to r(t) and is denoted by g[r(t)] = ∂Um/∂r(t).

Figure 6.3 illustrates the influences of the magnetic forces on the total potential energy

of the short-circuited beam. In each subfigure, the beam’s elastic potential, the magnetic

potential, and their sum is shown. Table 4.3 lists the relevant magnet characteristics used

in calculating the potential energy. When spaced 100 mm apart, Fig. 6.3a shows little

to no effect on the beam’s potential field at the tip, inferring that the magnets are not

strong enough to bring about any nonlinear influences. However, upon advancing to a

separation distance of s = 20 mm, a hardening spring force develops before a pitchfork

bifurcation gives two new equilibrium points. Figure 6.3c is a post-bifurcation result at

a magnet separation distance of 12 mm, where a symmetric double well potential can be

seen. Simulations and experiments focus on oscillations within this region.
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Figure 6.3: Static magneto-mechanical potential energy for separation distances
of (a) 100 mm, (b) 20 mm, and (c) 12 mm. The quadratic restoring potential of
the beam (thin solid line) and the nonlinear magnetic potential (dotted line) are
added together to give the total potential energy (dark solid line) as a function of
tip displacement.

6.3 Phenomenological and Numerical Investigation

Of keen interest in energy harvesting is broadening the frequency range from which energy

can be extracted. To provide insight into the double-well oscillator’s capability in doing so,

linearly increasing and decreasing frequency sweeps were obtained with numerical simula-

tion. This was accomplished using an excitation of the form z̈(t) = A cos
[(

Ω0 + 1
2Ωrt

)
t
]
,

where Ω0 is the initial frequency and Ωr is the frequency sweep rate. Figure 6.4 shows the

results of increasing and decreasing frequency sweeping simulations for three different exci-

tation amplitudes when s = 18.5 mm. In each figure, Ωr was kept sufficiently small (0.067
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Figure 6.4: Tip displacement response to numerical frequency sweeps for excitation
amplitudes of A = 0.5g (a,b), 1g (c,d), and 1.5g (d,e). The parameters used were
s = 18.5 mm and a sweep rate of Ωr = 0.067 Hz/s. The term g = 9.8 m/s2.

Hz/s) in order to accurately reflect the nonlinear responses as discussed in Ref. [80]. Over

a wide frequency range, there is enough energy imparted into the system to enable escape

over the 10.3 µJ potential energy barrier. The excitation level required to overcome this

barrier depends on the excitation frequency and amplitude as well as the dissipation and

several studies have examined potential well escapes in order to predict this phenomenon

[28, 128, 122, 112, 67].

The results of Fig. 6.4 show considerable chaotic motion when Ω/2π < 5 Hz and

several coexisting solutions otherwise. A general hardening trend in the frequency response

can be detected, where a coexisting large orbit attractor increases in amplitude with the

frequency. This is explained by the narrowing potential energy curve (see Fig. 6.3b) prior

to bifurcation at the critical separation distance of s = 19 mm. The monostable potential

well is characteristic of a hardening duffing oscillator, but as seen in Fig. 6.4, even a very
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Figure 6.5: The power delivered to an electrical load across a range of frequencies
for excitation characteristics given in Fig 6.4.

low potential energy barrier disrupts and complicates the pattern of would-be periodic

response in the monostable case.

The power delivered to an electrical load RL, for the cases shown in Fig. 6.4, is shown

in Fig. 6.5. The power was derived from λ̇(t)2/RL, where λ̇(t) is found through Eq. (6.3b).

Although the decreasing frequency simulations on the right hand column of Fig. 6.5 show

enhanced energy harvesting over a frequency range of about 10 Hz at each excitation

amplitude, the increasing frequency simulations illustrate a dramatic power generation

capability from the coexisting large orbit attractor. This coexisting response is reachable

by applying either a mechanical or electrical impulse to the cantilever and provides for

markedly improved power if so desired. Should mechanical fatigue become a concern, a

similar perturbation could map the response onto a lower energy attractor. Figure 6.5 not

only infers a broadband frequency response in the bistable configuration, but additionally

reveals a capability to select a higher energy attractor over a large range of frequencies.
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Figure 6.6: Tip displacement as the excitation amplitude is linearly increased (left
column) and decreased (right column). The excitation frequencies corresponding to
each subfigure are Ω/2π = 5 Hz (a,b), 8 Hz (c,d) , and 11 Hz (c,d). A magnet
separation distance of 18.5 mm was used.

As seen in Figs. 6.4 and 6.5, different excitation amplitudes also generate different

nonlinear responses. This section explores several cases where the excitation frequency is

held constant but the excitation amplitude is varied. The base acceleration is now of the

form z̈(t) = (A0 +Art) cos Ωt, where A0 is some initial excitation amplitude and Ar is

±0.1 m/s2. Figure 6.6 gives increasing and decreasing amplitude sweep results at discrete

frequencies when s = 18.5 mm. As the amplitude is increased from zero, the system

oscillates about one of the two stable equilibria before the system responds with enough

energy to cross the potential barrier. Chaotic switching between the two equilbria is seen

in all three cases before yielding to a periodic response. Decreasing amplitude sweeps in

the right-hand column of Fig. 6.6 reveals a higher-energy attractor over larger amplitude
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Figure 6.7: Power generated through the resistive load upon linearly increasing
and decreasing excitation amplitude with s = 18.5 mm. The left column shows
increasing amplitude sweeps for (a) Ω/2π = 5 Hz, (c) 8 Hz, and (e) 11 hz. The right
column displays results from linearly decreasing amplitude at the same excitation
frequencies, i.e (b) 5 Hz, (d) =8 Hz, and (f) 11 Hz.

ranges than the forward sweep, especially in the cases for an excitation frequency of 8

or 11 Hz. The power associated with Fig. 6.6 is shown in Fig. 6.7, where the effect of

regular switching between the equilibria yields markedly increased power generation. In

agreement with the study in Ref. [67], the dynamic responses following potential well

escapes are extremely energetic. In comparison to the intrawell power levels, the power

generated by interwell switching can be five to ten times greater.

One interesting point where two strongly nonlinear solutions exist can be seen in either

Fig. 6.6a,b or Fig. 6.7a,b near A = 14 − 15 m/s2. This particular excitation suggests

chaotic and period-5 motion coexist. To verify this, time series simulations were performed

using identical parameters with the exception that the initial conditions were changed.

Results are shown in Fig. 6.8, with Fig. 6.8a displaying a small snapshot of regular period-
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Figure 6.8: Coexisting solutions for s = 18.5 mm, A = 15 m/s2, and Ω/2π = 5 Hz.
Graphs (a) and (b) show a brief time series sample and power spectrum for period-5
motion, respectively, while graphs (c) and (d) provide the same information for a
chaotic response.

5 motion and Fig. 6.8c showing the predicted chaotic time series. The respective power

spectrum plots of the response in Figs. 6.8b and 6.8d illustrate the expected frequency

content of these dynamical responses. An infinite number of frequencies respond in the

chaotic time series, resulting in a blurred frequency spectrum. A Poincaré map was then

constructed to reveal the structure of the associated strange attractor (see Fig. 6.9). The

linear electrical network and linear coupling generate the same qualitative strange attractor

within each system’s respective phase space. This is shown in Fig. 6.10.

An important feature of these two types of oscillations is the average power across the

resistive load. We propose and use convergence to an average power as a more informative

metric for evaluating the power delivered to an electrical load. Accordingly, the average
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Figure 6.9: A strange attractor for the chaotic motion shown in Fig. 6.8.

power over one forcing period was calculated over a large number of periods as

P̂ =
1
kT

∫ kT

0

λ̇(t)2

RL
dt . (6.7)

where k is the number of periods and T = 2π/Ω is the oscillation period. Equation 6.7 was

solved for as many periods a necessary to achieve sufficient convergence to an average power

value. An example of this calculation is shown in Fig. 6.11, where the periodic motion

swiftly converges to an constant average power following initial transient phenomena while

the chaotic time series takes a bit longer to converge. In this particular case the chaotic

response yields slightly greater average power in comparison to the period-5 motion. This

techniques takes advantage of knowledge of the forcing characteristics as opposed to a

purely statistical metric such as the root mean square response.

Having the capability to perturb the energy harvester into a more desirable oscillation is
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Figure 6.10: Similarity in the qualitative structure of the strange attractor in the
phase space of the (a) mechanical coordinates and (b) electrical network coordinates.

a unique feature of a nonlinear design strategy. Mechanical or electrical impulses could be

used to find new attractors, but another interesting aspect of the system under investigation

is the varying responses at different magnet separation distances. This suggests using the

separation distance s as a tuning parameter. To gain insight into what sort of dynamics

might occur as magnet B is pushed toward or withdrawn away from magnet A, bifurcation

diagrams were created at a fixed excitation for slowly increasing and decreasing s.

Figure 6.12 shows voltage output when the magnet separation distance is slowly in-

creased (left column) and slowly decreased (right column) for an excitation amplitude of

1.5g and excitation frequencies of 6 Hz (Fig. 6.12a,b) and 10 Hz (Fig. 6.12c,d). In both

cases, pushing the magnet forward reveals superior voltage generation capabilities over a

large separation distance range. With an energy efficient plan for magnet adjustment, such

as a small worm gear actuated by a small DC motor or momentarily amplifying the mag-

netic field with an inductor, higher energy states can be reached as necessary depending

on the type of excitation. With knowledge of the ambient excitation, ideal magnet sepa-

ration distances could be selected based on a bifurcation diagram such as the one shown

in Fig. 6.12 and then impulses (either mechanical or electrical) could be employed to find
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the coexisting solutions.

6.4 Experimental Results

This section describes the experimental equipment and tests performed to obtain both

quantitative comparison between the theoretical model and qualitative agreement with

numerical simulation predictions. A primary objective of the experimental tests was to

verify the existence of multiple attractors and hystersis.

A picture of the bistable harvester with adjustable magnet spacing is shown in Fig.

6.13(a). The harvester consists of a bimorph piezoelectric beam (V22BL, Midé Corpo-

ration) and two Neodymium magnets with physical parameters listed in Table 4.3. The

piezoelectric beam is clamped at one end and held to alleviate the influence of gravity. The

piezoelectric laminates are connected in series with one another using leads from a 4-pin

connector. The entire beam was then placed in series with a variable resistor box. The

voltage drop across the resistive load, which is generated from the cantilever motion, was
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Figure 6.12: Bifurcation diagrams as magnet B is withdrawn away (left column)
and pushed toward (right column) magnet A for two different excitations. The
excitation frequency for the results in graphs (a) and (b) is Ω/2π = 6 Hz while the
results in graphs (c) and (d) are for Ω/2π = 10 Hz. In both cases, A = 1.5g.

then measured. The damped linear natural frequency of the cantilever was determined by

averaging ten impulse tests. This data was then studied to determine the nondimensional

damping ratio by logarithmic decrement. This predicted a nondimensional damping ratio

ζ = 0.01 and damped natural frequency of 14.78 Hz, in good agreement with the modeled

damped natural frequency of 14.62 Hz. Deviation is anticipated since the model neglects a

very thin copper conducting electrode that spans the length of the beam as well as observed

subtle variation in cantilever thickness measured to be at most ± 0.05 mm along the length

of the actual device. Using an RLC meter, the capacitance of the piezoelectric layers in

series connection was measured as 4.51 nF, while the theoretically predicted value (Cp/2)

is 4.57 nF.

The end mass consists of one of the two Neodymium magnets within a plastic holder and

is oriented in opposite polarity to another similarly sized and aligned permanent magnet.

The stationary magnet was attached to a clamping device that could be withdrawn away

or pushed toward the energy harvester along tracks secured to an electromagnetic shaker.

Figure 6.13(a) shows the effect of positioning the magnets beyond the critical bifurcation
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Figure 6.13: The experimental energy harvester (a) deflected into a nonlinear
potential well. The remaining equipment necessary for experimentation is shown in
(b).

distance. The cantilever beam is statically deflected into one of two potential energy wells

caused by destabilization of the w(L) = 0 position.

A laser displacement sensor (Microepsilon OptoNCDT LD 1605-100) and a DC ac-

celerometer (PCB Piezotronics 080A190) were used record transverse beam displacement

and base acceleration, respectively. Both of these sensors were fastened to the shaker

table to minimize inaccuracies associated with determining relative motion. The laser

displacement sensor and remaining equipment required is shown in Fig. 6.13(b). All mea-

sured signals (tip displacement, base acceleration, and voltage) were passed through a

programmable analog filter to remove high-frequency noise.

The first test performed was to compare the accuracy of the theoretical model to the

experimental system. Magnet B was advanced toward the cantilever in discrete steps,
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where subtle experimental imperfections incur symmetry breaking behavior. Figure 6.14

illustrates this phenomena, where the deviation from a perfect pitchfork bifurcation is

attributed to small offsets in magnet alignment, which can be incorporated into the theo-

retical model by allowing for positional and angular offsets in magnet B (d in Eq. (6.4) and

δ in Eq. (6.5b)). Modeling a 0.45 mm displacement in the +z-direction and 6◦ rotation in

δ compares well with measurements obtained from the laser displacement sensor. Greater

inaccuracy as the separation distance nears 10 mm is an expected result of the dipole model

approximation, which becomes less precise when the dipole separation distance is similar

to the magnet dimensions. Physical observations also indicate a torque effect due to the

field coupling as the magnets attempt to reorient into an attracting alignment. This effect

is neglected in the dipole model. Fortunately, however, a bistable configuration can be

achieved with the experimental materials at separation distances where the induced torque

effects are minimal.

Experiments were performed to validate the phenomenological results from numeri-
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Figure 6.15: Experimental frequency sweep results for the tip displacement and
power delivered. Data from an increasing frequency sweep is shown in graphs (a)
and (c) while data from a decreasing frequency sweep is shown in graphs (b) and
(d).

cal studies. In particular, broadband frequency response was investigated by performing

linearly increasing and decreasing frequency and amplitude experiments. The load resis-

tance was maintained at 150 kOhm to alleviate voltage saturation levels (± 10 V) of the

data acquisition equipment. Frequency sweep experiments confirm the broadband energy

harvesting potential of the bistable oscillator, with results at 10 m/s2 amplitude and a

frequency sweep rate of 0.05 Hz/s shown in Fig. 6.15. The corresponding tip displacement

history across the frequency range displays a complex intrawell and interwell hopping be-

havior. The corresponding influence on voltage generation illustrates how these coexisting

attractors are capable of significantly enhancing power output. This effect is especially clear

at frequencies higher than 15 Hz and the enabling factor for broadband energy harvesting

is particularly profound for frequencies below 15 Hz.

Upon sweeping through base excitation amplitudes at discrete excitation frequencies,
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Figure 6.16: Voltage response to increasing (left column) and decreasing (right
column) amplitude sweeps for an excitation frequency of Ω/2π = 10 Hz (a,b), 11 Hz
(c,d), and 12 Hz (e,f).

experimental observations follow similar trends to the numerical studies. Figure 6.16 shows

the voltage through the resistive load while the system undergoes an amplitude sweep (rate

of 0.05 m/s3) at 8, 10 and 12 Hz. The magnet spacing was held constant through each

trial at s = 17 mm. The region in which superior energy harvesting solutions can occur

is especially evident in Figs. 6.16a-6.16d, where the reverse amplitude sweeps lie upon a

more energetic attractor for a much larger amplitude range. The long chaotic response to

varying amplitude in Fig. 6.16e and 6.16f was found to be persistent through several trials

and was also robust to external impact perturbations.

A chaotic time series experiment was performed to determine the qualitative structure

of the strange attractor. Since experimental amplitude sweeps indicate a strong preference
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Figure 6.17: The pseudo-state space realization of the strange attractor in graph
(a) corresponding to the experimental chaotic time series in graph (b).

towards a chaotic attractor at 12 Hz (see Fig. 6.16e and 6.16f), the energy harvester was

excited at this frequency with a 10 m/s2 base acceleration. Since only displacement and

voltage were recorded, pseudo-state space methods were used to reconstruct a topologically

equivalent strange attractor consisting of displacement coordinates w(L, tn) and delayed

coordinates w(L, tn + ∆t) and w(L, tn + 2∆t). First, however, noise was mitigated using

cubic smoothing splines. The time shift ∆t was determined by the first minimum of

the mutual information function as described in Refs [79] and [1]. Figure 6.17a gives
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the periodically sampled phase portrait while Fig. 6.17b shows a sample of the chaotic

tip response. There exists some expected distortion in Fig. 6.17a due to the nonlinear

transformation requried in the delayed embedding technique.

A more dense Poincaré map results from the decrease in dissipation from powering

a 150 kOhm load in comparison to the 1 MOhm resistance considered in the numerical

simulations. In the particular case studied, an average power value of about 14 µW was

measured across RL. This value was calculated by Eq (6.7). For the simple electrical

network considered in this investigation, the chaotic time series is useful in delivering

power across the resistive load. However, we note that more sophisticated circuitry and

power management will be required to optimize power transduction from the broadband

signal. While a challenging scenario, this is not a new problem as control theorists and

practitioners have been extracting useful information from frequency-rich signal energy for

some time with varying degrees of complexity [6]. In fact, a passivity based framework

for robust optimal management of wide-band energy harvesting [98] has recently been

proposed. Furthermore, pioneering work on chaos control may lead to algorithms requiring

very little energy to transform such signals [103]. For more sophisticated power harvesting

circuitry, efficient management of chaotic voltages and currents opens the door to a wealth

of interdisciplinary challenges.

6.5 Summary and Conclusions

This chapter investigated the merits of harvesting energy from a bistable nonlinear os-

cillator. Most importantly, a broad frequency response was numerically predicted and

experimentally validated. A full nonlinear model was derived with an analytical mag-

net formulation and proper modal expressions to account for discontinuous piezoelectric

laminates. In addition, methods of reaching multiple attractors was discussed through

perturbations or mechanical tuning or impulse type perturbations. Electrical perturba-

tions, either through actuation of the beam or augmenting the magnetic field by passing

current through an inductor are likely to be more practical methods of reaching higher or
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lower energy responses. Selecting the proper magnet separation distance for an expected

excitation profile could be determined by studying the magnet spacing as a bifurcation

parameter. The average power over a sufficient number of cycles was suggested as a more

accurate assessment of the power delivered to a resistive load.

The model was capable of accurately predicting key characteristics of the electrome-

chanical system (e.g. resonant frequency, coupling coefficient, and capacitance) as well as

symmetry breaking bifurcation phenomena in the experimental system. Despite experi-

mental imperfections, the nonlinear harvester experiments verified coexisting high energy

attractors over a large frequency and amplitude range. Since our electric circuit does not

have frequency specific components, all power through the resistive load despite signal

complexity is of value. Should one consider non-trivial network topology, we note that

efficient power management and storage will require heavier theoretical machinery. Fortu-

nately, though, handling frequency rich signal energy has been a consistent topic of interest

with the systems and control community for some time. As such, an optimistic outlook for

success in this endeavor seems quite plausible.
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7

Local and Global Analytic Methods for
Electroelastic Dynamical System II

The bistable piezoelectric inertial generator has recently emerged as a popular mechanism

by which one of the foremost challenges in vibratory energy harvesting, consistent perfor-

mance in complex spectral environments, may be solved. However, other strategies such as

regenerative optimal control [98], resonant frequency tuning [18], designs for nonlinear me-

chanical compliance [119, 69, 9], among many others, are gaining momentum as well. The

recent review articles by Zhu [153] and Tang et al [127] provide concise yet detailed analysis

of much of the literature concerning broadband devices for inertial power generation.

Specifically concerning the bistable design, the last few years have witnessed a dramatic

increase in the design, validation, and analysis such devices. Shahruz [102], Ramlan et al

[88], and McInnes et al [73] were among some of the first to propose exploiting a snap action

instability for enhanced vibratory energy harvesting. While all these works provided novel

ideas such as energetic oscillations in the presence of noise [102], robustness to mistuning

and low frequency advantages [88], and stochastic resonance [73], each investigation chose

to neglect the coupled electrical network modeling to emphasize the potential mechanical

advantages. This is problematic in view of the fact that the energy transfer and pooling
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through harvesting systems is not uni-directional and may impinge otherwise promising

results. Also, while Ref. [73] draws attention to the promising dynamical interaction of

stochastic resonance, acheiving this phenomenon requires a rocking bistable potential well.

The authors suggest this could simply be accomplished by applying a harmonic axial load

on a buckled beam but without consideration of the actuation energy for doing so, the

feasibility of realizing this phenomenon in practice becomes a very open question.

Cottone et al [21] and Gammaitoni et al [40] provided experimentally validated models

with electromechanical coupling considerations for bistable piezoelectric inertial generators.

Cottone et al demonstrated through numerics and experimentation the clear advantage of

oscillations about a double well potential in the presence of exponentially correlated noise

while Gammaitoni et al extended the analysis to demonstrate that optimal nonlinear co-

efficients in the governing equations could yield marked improvement over the standard

linear approach for both bistable and monostable nonlinear systems. About ths same

time, Erturk et al [32] and Stanton et al [120] theoretically and experimentally studied

harmonically forced bistable piezoelectric generators with an emphasis on broadband re-

sponse. The device due to Erturk et al [32] utilized a ferromagnetic structure buckled by

adjacent attracting magnets inspired by Moon and Holmes [76] while Stanton et al em-

ployed a permanent magnet proof mass oriented in opposition to a fixed magnet to induce

the supercritical bifurcation. Both studies indicate that a harmonic cross-well attractor

exists over a broad frequency range and can achieve similar marked improvement over the

linear oscillator as discussed in Refs. [21, 40]. Recently, Erturk and Inman [38] provided

a phenomenological discussion on the high-energy orbits of the bistable piezoelectric har-

vesters to include ideas for alternative transduction mechanisms. Ferrari et al subjected

the proof mass magnet bistable design to white noise stochastic excitation both numerically

and experimentally and found an 88% improvement in the root-mean-square voltage re-

sponse [39]. Recently, Ando et al fabricated and validated all of the preceeding advantages

in a true MEMS-scale device, thus extending the advantages predicted and observed at the

macroscopic scale towards the microscale regime [2]. In all these studies, linear response
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Figure 7.1: Illustration of the bistable harvester concept.

within the piezoceramics and linear damping is assumed. Mann and Owens [68] recently

modeled and experimentally studied a bistable electromagnetic harvester and found simi-

lar attributes for harvesting energy from harmonic exictations with varying amplitude and

frequency.

The intent of this chapter is to shift away from purely numerical analyses that have

dominated the bistable piezoelectric inertial generator literature by (1) applying analyti-

cal methods and dynamical systems theory to evaluate performance and (2) enhance the

accuracy of the modeling framework by updating the widely applicable model within Ref.

[120] to include recent observations concerning nonlinear elasticity and damping within

piezoelectric harvester materials [115, 116, 114]. Through analytical studies, superior and

perhaps new insight can be obtained as well as serving as a basis for preliminary design,

analysis, and optimization. We begin in Section 7.1 by describing the harvester under in-

vestigation, add nonlinear piezoelectric effects, and generate a polynomial approximation

for the complex magnetoelastic potential derived in Ref. [120]. Section 7.2 applies the

method of harmonic balance to study both the existence and stability of low-energy and

high-energy orbits as well as the influence of variations in system parameters. Global meth-

ods are next applied in Section 7.3 and the Melnikov necessary condition for homoclinic

bifurcation is derived. Employing the Melnikov function as a design tool is also discussed.

Conclusions follow in Section 7.4.
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7.1 Nonlinear Harvester Model

The piezoelectric harvester investigated has a mechanical nonlinearity induced by repelling

magnetic dipoles as shown in Fig. 7.1. The same design was a subject of thorough numerical

and phenomenological discussion within Ref. [120] and serves as a basis for the analytical

study that follows. Upon reaching a critical magnet separation distance between the dipole

affixed to the cantilever as an end mass and the dipole fixed to the inertial reference frame,

the harvester will oscillate between two potential wells due to a pitchfork bifurcation.

While a detailed mathematical model was derived from energy principles in Ref. [120], the

nonlinear system was not suitable for approximate analytical studies due to the complexity

of the magnet model. Fortunately, however, the bistable potential well can be sufficiently

approximated by a fourth order potential function. Before making this approximation,

however, we supplement the linear piezoelectricity model previously applied with nonlinear

elasticity. The reason for doing so is in light of several recent studies demonstrating the

importance of modeling inherent nonlinearities within the piezoelectric laminates [115, 116].

These nonlinear material effects have been shown to primarily be due to higher order elastic

effects while strong nonlinear damping is also present. Furthermore, the addition of a proof

mass was shown to incite nonlinear interactions at much lower excitation thresholds than

those for a fixed-free cantilever [114]. Accordingly, the Lagrangian for the first vibration

mode of the harvester in Ref [120] is improved by including elastic nonlinearities as

L =
1
2
m ˙̄x2 + fz ˙̄xż − 1

2
kx̄2 − 1

4
gx̄4 − U(x̄) + θ̄ ˙̄xλ̇+

1
2
Cλ̇2 , (7.1)

where x̄(t̄) is the modal displacement coordinate, λ̇(t̄) is the circuit flux linkage, z(t̄) is an

external base motion, m is the modal mass, fz is the modal base excitation coefficient, k is

the modal linear stiffness, g is the nonlinear modal contributions from the nonlinear elastic-

ity of the piezoceramics, θ is the modal coupling coefficient, and C is the series capacitance

of the piezoceramics. The function U(x̄) is the nonlinear potential field due to the magnet

interactions. Note that the axial load imparted by the repelling magnetic load through the
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Figure 7.2: Comparison of the fully nonlinear magnetoelastic potential field (solid
line) with the quartic approximation (dotted line).

cantilever is presumed insignificant in our analysis although the bifurcation analysis in Ref.

[120] indicated this would induce a hardening potential field. This phenomena has recently

been discussed as a tuning strategy for linear piezoelectric harvesters by Mansour et al

[70] who also verified a stiffening effect that will occur prior to the supercritical pitchfork

bifurcation.

The nonconservative generalized forces in the system are due to dissipative mechanisms,

namely those due to material losses in the beam and the electrical impedance load. These

are introduced through a dissipation function

D =
1
2

(da + dbx̄
2) ˙̄x2 +

1
2

1
R
λ̇2 , (7.2)

where R is the electrical impedance, da represents linear damping and amplitude dependent

damping is in proportion to db following [114].

The total potential energy of the harvester is comprised of the bending potential of

the cantilever and the magnetic interactions. Fortunately, upon surpassing the separation

distance s in Fig. 7.1 such that the system is now bistable, the total potential energy may
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be re-written in the form

Utot = −1
2
αx̄2 +

1
4
βx̄4 + Ub , (7.3)

where α, β > 0, the two potential well minima are at x̄ = ±
√
α/β, and Ub is the potential

barrier height. Figure 7.2 illustrates the fourth order approximation against the exact

expression for a hypothetical harvester. The approximate potential field of Eq. (7.3) can

be seen to be accurate in the vicinity of the equilibrium points and near the potential

barrier. Considering that the analysis that follows and bistable harvesters are designed to

operate near these regions, this approximation is sufficient and enables analytical studies.

Applying Lagrange’s equations yields the equations of motion for the harvester as

m¨̄x+ (da + dbx̄
2) ˙̄x− αx̄+ βx̄3 − θv̄ = fz z̈ , (7.4a)

C ˙̄v +
1
R
v̄ + θ ˙̄x = 0 , (7.4b)

where we transform flux linkage λ̇ to its voltage equivalent v̄ for convenience. These equa-

tions can be non-dimensionalized by substituting t = t̄
√
α, x = x̄

√
β/α, and v = v̄

√
βC/α

where (t, x, v) are the dimensionless time, displacement, and voltage. The dimensionless

equations are therefore

ẍ+
(
µa + µbx

2
)
ẋ− x+ x3 − θv = f(t) , (7.5a)

v̇ + µcv + θẋ = 0 , (7.5b)

where the overdot now denotes a derivative with respect to dimensionless time. In terms

of the original physical parameters,

µa =
da

m
√
α
, µb =

dbα
3/2

mβ
, µc =

1
RC
√
α

θ =
θ̄√
αC

, (7.6)

and f(t) = fz z̈
√
β/α3/2.

The rest of this chapter investigates the response of the bistable harvester as described

by Eqns. (7.5a)-(7.5b) to harmonic, multi-frequency, and broadband excitation.
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7.2 Theoretical Investigation I: Harmonic Balance

This section applies the method of harmonic balance to study both the intrawell and in-

terwell dynamics of the bistable generator to external harmonic loading. The following

analysis is of value in that analytical methods are provided for characterizing the response

of the harvester to a wide range of frequencies and for various parameter variations. Consid-

ering the accelerating interest in this type of design, analytical expressions for the generator

response provide for fast and convenient methods for optimization and preliminary suit-

ability analyses. Furthermore, the response of a strongly nonlinear harvester to a harmonic

load is non-trivial and deserving of a more thorough analysis that does not yet exist in the

literature. Upon introducing a harmonic load of z̈ = A cos Ωt̄, the dimensionless equations

are modified as

ẍ+
(
µa + µbx

2
)
ẋ− x+ x3 − θv = f cosωt , (7.7a)

v̇ + µcv + θẋ = 0 , (7.7b)

where ω = Ω/
√
α is a dimensionless excitation frequency and f = fzA

√
β/α3/2.

In the method of harmonic balance, the harvester response is presumed to be accurately

modeled by a truncated Fourier series, where the number of terms dictates the accuracy

of the intended solution. In previous analyses, [32, 5, 120] there was strong interest in the

large orbit harmonic solutions in phase space that exist outside of the separatrix. This

type of motion, albeit nonlinear with super-harmonics, maintains a dominant fundamental

frequency at the frequency of excitation. Hence, to analytically characterize such motion

we assume the response of the harvester can be modeled as

x = c(t) + a1(t) sinωt+ b1(t) cosωt , (7.8a)

v = a2(t) sinωt+ b2(t) cosωt . (7.8b)

with slowly varying coefficients such that

ẋ = ċ+ (ḃ1 − a1ω) cosωt+ (ȧ1 − b1ω) sinωt , (7.9a)

v̇ = (ḃ2 + a2ω) cosωt+ (ȧ2 − b2ω) sinωt . (7.9b)

131



and

ẍ = c̈+ (2ȧ1 − ωb1)ω cosωt− (2ḃ1 + ωa1)ω sinωt . (7.9c)

Substituting the above expressions into the dimensionless system, neglecting higher har-

monics and balancing constant terms and those multiplied by sinωt and cosωt, we obtain

from the mechanical equation the following:

−c
(
c2 − 1 +

3
2
r2

)
=c̈+

[
µa + µb

(
1
2
r2 + c2

)]
ċ+

µbca1ȧ1 + µbcb1ḃ1 , (7.10a)

−Qaa1 +Qbb1 + θa2 =
[
µa + µb

(
3
4
a2

1 +
1
4
b21 + c2

)]
ȧ1+

(
1
2
µba1b1 − 2ω

)
ḃ1 + 2µba1cċ , (7.10b)

−Qab1 −Qba1 + θb2 + f =
[
µa + µb

(
c2 +

1
4
a2

1 +
3
4
b21

)]
ḃ1+

(
1
2
µba1b1 + 2ω

)
ȧ1 + 2µbb1cċ , (7.10c)

where

Qa = −1− ω2 + 3c2 +
3
4
r2 (7.11a)

and

Qb = ω

[
µa + µb

(
c2 +

1
4
r2

)]
. (7.11b)

and r2 = a2
1 + b21. Applying the same procedure to the electrical network equation yields

θȧ1 + ȧ2 = θωb1 + ωb2 − µca2 , (7.12a)

θḃ1 + ḃ2 = −θωa1 − ωa2 − µcb2 . (7.12b)

In steady state, all time derivatives vanish so that we can re-write the mechanical amplitude

132



equations as

0 = c

(
c2 − 1 +

3
2
r2

)
, (7.13a)

0 = Qaa1 −Qbb1 − θa2 , (7.13b)

f = Qab1 +Qba1 − θb2 , (7.13c)

and the electrical amplitude equations as

−ωb2 + µca2 = θωb1 , (7.14a)

−ωa2 − µcb2 = θωa1 . (7.14b)

Because Eqns. (7.14a)-(7.14b) are a linear system, the electrical coefficients a2 and b2 can

be solved for in terms of the mechanical coefficients as

a2 =
ωθ

ω2 + µ2
c

(µcb1 − ωa1) , (7.15a)

b2 = − ωθ

ω2 + µ2
c

(ωb1 + µca1) , (7.15b)

Substituting the steady-state solutions for a2 and b2 into the steady-state equations for

a1 and a2 and squaring and adding the expressions gives the sixth order in r nonlinear

algebraic equation

f2 = r2
(
Λ2
a + Λ2

b

)
(7.16)

where

Λa = ω

[
µa + µb

(
c2 +

1
4
r2

)
+

µcθ
2

ω2 + µ2
c

]
, (7.17a)

Λb = −1− ω2

(
1− θ2

ω2 + µ2
c

)
+ 3c2 +

3
4
r2 . (7.17b)

and the frequency response can be determined by numerically finding the positive real

roots. Similarly, by squaring and adding Eqns. (7.15a)-(7.15b), the dimensionless response

voltage can be written in terms of the mechanical amplitude as

s =

(
ωθ√
ω2 + µ2

c

)
r . (7.18)
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The power through the impedance can then be written as P = µcs
2. The average power

can be found over a period T = ω/2π as

Pa =
1
2

(
µcω

2θ2

ω2 + µ2
c

)
r2 , (7.19)

where r is an implicit function of the forcing amplitude, damping, electromechanical cou-

pling, and electrical dissipation as derived from the roots of Eq. (7.16).

7.2.1 Stability Analysis

A stability analysis is required because only a few physically meaningful solutions of the

six total roots for r in Eq. (7.16) can be realized in practiced. To therefore ascertain the

stability of solutions, it is first necessary to rewrite Eqns. (7.10a)-(7.10c) as well as Eqns.

(7.12a)-(7.12b) in matrix form

Gẋ = F(x) , (7.20)

where the second derivative relation for c(t) is expressed as a system of first order equations

ċ = d , (7.21a)

ḋ = −c
(
c2 − 1 +

3
2
r2

)
− µad . (7.21b)

and the vector x = [c, d, a1, b1, a2, b2]T . By matrix inversion, Eq. (7.20) becomes

ẋ = Px (7.22)

where P = G−1F(x). Stability can be determined by taking the Jacobian of P and

calculating its value at the steady state values for x which we denote as xss. Therefore,

ẋ = J (xss) x (7.23)

where J (x0) is the Jacobian of matrix evaluated at the steady state solutions as

J (x0) =
∂P
∂x

∣∣∣∣∣
x=xss

. (7.24)
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The values for xss are known through solution of Eqns. (7.13a)-(7.13c) and Eqns. (7.15a)-

(7.15b). However, from Eq. (7.13a) there exist two types of solutions for c. In particular,

oscillations are centered about the origin for c = 0 and their trajectories lie on manifolds

beyond the separatrix. For the solution c2 = 1− 3
2r

2, the steady state solutions are centered

about one of two symmetric potential wells. Accordingly, the stability assessment requires

analysis of the cross well and intrawell solutions separately.

For motions in phase space beyond the separatrix, also referred to as the high-energy

orbits or interwell oscillations, the procedure for calculating stability is as follows: for a

given forcing amplitude f and frequency ω, Eq. (7.16) with c = d = 0 yields six possible

solutions for r. The values for a1 and b1 can then be found through the relations

a1 =
(

Λa
Λ2
a + Λ2

b

)
f , (7.25a)

and

b1 =
(

Λb
Λ2
a + Λ2

b

)
f , (7.25b)

which then allows for a2 and b2 to be determined from Eqns. (7.15a)-(7.15b). Thus, the

Jacobian matrix can be populated and finding the signs of the eigenvalues of P allows for

stability to be determined.

For oscillations confined to a potential well, the preceding discussion applies with the

added complication due to the non-trivial solution

c2 = 1− 3
2
r2 . (7.26)

Inserting this expression into Eq. (7.16) and solving for new solutions for r provides a basis

for which all remaining steady state values for c, d, a1, b1, a2 and b2 can be determined

as previously described. Stable solutions likewise correspond to eigenvalues with negative

real parts.
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Figure 7.3: Influence of nonlinear damping on the suppressing (a) the intrawell
frequency response and (b) the intrawell force response curve.

7.2.2 Theoretical Implementation and Energy Harvesting Implications

The previous section described in detail the theoretical procedure for determining the am-

plitude and stability of harmonic solutions for the bistable harvester. That is, while there

are many complicated motions ranging from period doubling cascades en route to chaos,

intrawell chaos, interwell chaos, period-n motions to other quasi-periodic motions, many

of which may also coexist [120, 55, 79, 75, 42, 76], the large-orbit nearly harmonic solu-

tions are of considerable interest for their ease of conversion for power storage, impedance

matching, or SSHI circuit implementation [44]. In this section, we apply the harmonic bal-

ance solutions derived in the previous section to study the existence and stability of steady

state harmonic motions as well as the influence of variations in several model parameters.

While the numerical values do not directly correlate to a particular experimental device,

the magnet configuration and modeling is inspired by Stanton et al [120] while the partially

laminated cantilever design is inspired by Erturk et al [32] and Erturk and Inman [38]. In

particular, we simulate a brass cantilever (length 101.6 mm, width 6.4 mm, thickness 0.25
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Figure 7.4: Variations in impedance on (a) the intrawell response amplitude and
(b) the average power.

mm) with bimorph PZT-5H laminates (each with length 25.4 mm, width 6.4 mm, and

thickness 0.27 mm) and a 3 g permanent magnet proof mass with a residual flux density

of 1.48 Tesla. The PZT-5H laminates are modeled with the linear and nonlinear stiffness

coefficients from Ref. [114] as well as the widely available linear coupling and capacitance

characteristics. Thus, the numerical values are representative of device that could easily

be realized.

Oscillations within one of the two symmetric potential wells are known to be of the

softening type [55]. For the two most common piezoceramics utilized in harvester design,

PZT-5A and PZT-5H, material elasticity is strongly softening as well, so much so that

normal first mode hardening oscillations for large amplitude piezoelectric beam motions

rarely offset the piezoelectric softening effect [118]. Therefore, it stands to reason that the

intrawell motion of a bistable piezoelectric harvester will exhibit marked softening nonlinear

resonance curves and exhibit linear response for nearly infinitesimal excitation ranges. Of

equal importance to the higher order piezoelectric elasticity influence is nonlinear material
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damping. The influence of these combined effects is shown in Fig. 7.3. As the nonlinear

damping parameter µb is increased, a predicted saddle-node bifurcation is suppressed and

is in agreement with experimental studies in Refs. [115, 116, 114]. In Fig. 7.3b, the

trend in weakening jump phenomena can also be seen for a forcing frequency equal to

the intrawell linear resonance, i.e. ω =
√

2. For a dimensionless electrical impedance

of µc = 0.0078 (near open circuit conditions) and no nonlinear damping, the intrawell

solution goes unstable and escapes over the potential barrier when f = 0.4276. However,

for µb = 0.0025, which corresponds to the nonlinear resonance curve in Fig. 7.3a with

no multi-valued solutions, the escape amplitude increases to f = 0.4376. Therefore, the

presence of nonlinear damping must be taken into consideration in designing a harvester

to exhibit cross-well response to a harmonic excitation.

The analytic solution also enables convenient analysis of the influence of dissipation

through the electronics. Still focusing on the intrawell motion, Fig. 7.4 illustrates the

influence of varying µc for a constant A = 0.005g excitation. Nonintuitive trends in the

frequency response are shown in Fig. 7.4a for four values of µc. Near open circuit conditions

(µc = 0.0078) barely influences the response while the response for 0.1 < µc < 0.8 is shown

to dramatically suppress the resonance curves. This infers a maximum level of electrical

damping imparted in the system that will be further discussed in the next section on

Melnikov theory. For µc beyond this critical threshold, the electrical network approaches

short-circuit conditions and the harvester begins to mimic the behavior of an uncoupled

system. The plot for µc = 10 in Fig. 7.4a illustrates this trend as the response begins to

rise. Variations in µc also have interesting influence on the respective average power Pa

for each frequency. Despite yielding the most suppressed nonlinear resonance curve of all

µc shown, the average power for µc = 0.8 is significantly larger than the average power for

the largest mechanical response when µc = 0.0078. It can be inferred that for each steady

state r, there exists an optimal impedance load to extract maximum power and will be

discussed shortly.

Figure 7.5 focuses on the high-energy orbit solutions for forcing amplitudes that drive
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the system above the potential well barrier. A sample frequency response is shown in Fig.

7.5a for f = 0.1222, which corresponds to a realistic vibration amplitude of A = 0.2g. The

distinct advantage in the bistable design lies in the existence of large-orbit attractor over

a very wide frequency range, which in this case is shown over ω = 0.2 to ω = 2. For a

range of frequencies, however, the intrawell harmonic solution does not coexist with the

large orbit solution and may almost assure the desired vigorous response in this parameter

range. When there are coexisting solutions, the major design challenge is to realize large-

orbit solutions amidst sensitivity to initial conditions, basins of attraction which may be

extremely restricted in some instances and easily accessible in others, and even interwell

chaotic responses. Figure 7.5b shows the average power for the same large-orbit response

in Figure 7.5a but for three different values of µc. Again, the existence of an optimal

impedance load is inferred by a region ω < 0.75 where a lesser value of µc is shown to
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exceed the average power of a higher value of µc that otherwise clearly dominates the other

parameter choices for µc. Fortunately, the harmonic balance method provides a method

for finding such optimal solutions and is discussed next.

For a given f and ω, calculating r from Eq. (7.16) and subsequently the average power

from Eq. (7.19) for varying µc reveals an optimal impedance load for a given steady state

oscillation. Since r can be solved for both in the interwell and intrawell case, Fig. 7.6

illustrates typical curves for ω = 0.8 and A = 0.25g. For this parameter set, there exist

stable intrawell and interwell steady state responses whose respective average power is

denoted by Pa,iw and Pb,cw. Although Fig. 7.6 indicates similar optimal values for µc for

the intrawell and interwell harmonic motion, this is not always the case due to the fact that

c = 0 for interwell solution and c2 = 1− 3
2r for the intrawell solution in determining r for Eq.

(7.19). For µc = 0.4, 0.8, 1.2, and 2, the the fully nonlinear equations were simulated and

the average power was calculated over one period upon reaching a steady state harmonic
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solution. The simulations results correlate extremely well with the analytical predictions

however subtle deviation was expected due to the fact that interwell solutions would also

contribute strong responses at 3ω and various integer and non-integer multiples of ω while

the intrawell dynamics would contribute signal energy at 2ω in addition to energy at 3ω

and other nonlinear resonances.

This section analyzed the ability of the harmonic balance method to model key trends in

both the mechanical and electrical domain for the bistable harvester experiencing motions

both within and across potential wells. Intrawell motion is shown to be highly nonlinear

and very sensitive to variations in nonlinear damping and impedance loads. More impor-

tantly, the high-energy orbit is shown to theoretically exist of a very wide frequency range

and especially at lower frequencies, where most ambient mechanical energy is available.

When in harmonic response there also exists and optimal impedance load for extracting

maximum power. Thus, the method of harmonic balance is an effective first approxima-

tion for harvester design and optimization and can also be very accurate in comparison to

simulation results in Fig. 7.6. While our solution presumes an idealized symmetric form

for the potential well, which may be very difficult to engineer, subtle asymmetry will only

moderately affect the accuracy nearest the point of symmetry breaking bifurcations.

7.3 Theoretical Investigation II: Melnikov Theory

In this section a global analysis technique, known as the Melnikov’s method, is applied

to find the necessary conditions for homoclinic bifurcation to occur. Understanding and

predicting this bifurcation is important because they may lead to vastly different types of

motion in a perturbed system with an underlying Hamiltonian. This is the case for energy

harvesting systems where the perturbation to the underlying conservative system is due

to electromechanical coupling, electrical and mechanical impedances, and external forcing.

For a detailed derivation of Melnikov’s method, there are several texts of varying rigor and

sophistication to which the reader is referred [140, 42, 55, 79]. Mathematically predicting

the electromechanical dynamics of the bistable system under the influence of periodic or
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stochastic forces requires dynamical systems theory beyond typical perturbation methods

used in engineering applications. As a Hamiltonian system, the phase space of the oscillator

maintains a set of stable and unstable manifolds divided by separatrices by which no motion

can cross. However, the dissipative nature of the energy harvesting problem and additive

excitation perturbs the dynamics of our system such that a measurable separation between

stable and unstable manifolds occurs. Accordingly, transitions that physically correspond

to large-amplitude motion between two equilibria are enabled. Dynamics upon high-energy

manifolds are well-suited for energy harvesting as they can arise across a broad range

of frequencies and in response to complex external excitations. The key component for

predicting motions beneficial for energy harvesting is measuring the distance between stable

and unstable manifolds in phase space wrought by the perturbations resulting from external

excitation and dissipation. Melnikov theory provides the framework for accomplishing the

objective, where a function proportional to the separation distance between stable and

unstable manifolds (known as the Melnikov function) can be derived in both deterministic

and stochastic environments. Regarding application to electromechanical systems, there

exists a small body of work exploiting Melnikov’s method to control nonlinear transducers

and the analysis that follows is inspired by their techniques [105, 81, 62]. We begin by

considering Eqns. (7.7a)-(7.7b) written in a perturbed state space form:

ẋ = f(x) + εg(x, t) (7.27)

where ε is a small factor such that the conditions for homoclinic bifurcation are measured

to O(ε2) and the vectors are defined according to

x =

xy
v

 , f(x) =

 y
x− x3

0

 ,
and

g(x, t) =

 0
−
(
µa + µbx

2
)
y + θv + f(t)

−µcv − θy

 . (7.28)
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For ε = 0, the Hamiltonian system in recovered

ẍ− x+ x3 = 0 (7.29)

for which homoclinic trajectories may be found by writing ẋ = y and ẏ = x − x3 and

integrating the separable differential equation

dx

dy
=

y

x(1− x2)
, (7.30)

such that y2 = ẋ2 = x2− 1
2x

4 +C where C must be zero for the homoclinic paths to reach

the origin. By separating variables one more time we find that

∫
1

x
(
1− 1

2x
2
)1/2dx =

∫
tdt , (7.31)

and left hand side can be conveniently integrated by substituting x = ±
√

2 sechu. The

homoclinic trajectory and its time derivative in the right half portion of the the phase

space are

xh(t) =
√

2 secht , (7.32a)

and

yh(t) = −
√

2 secht tanh t , (7.32b)

where the subscript h denotes a homoclinic path and the mirror image in phase space

is given by −xh(t). For ε = 0, the solutions are connected by a homoclinic saddle node.

Homoclinic bifurcation occurs for ε > 0 and the saddle connection is destroyed by transition

to a heteroclinic saddle-spiral connection [55].

Applying the Melnikov method to systems in <2 is common in the literature and a

standard topic in many texts on dynamical systems. Electromechanical systems, however,

are at a minimum in <3 depending on the fundamental electrical coordinate (charge, volt-

age, or flux linkage) and the number of degrees of freedom in the mechanical component.
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Dynamics of continua also require multidimensional extension of the Melnikov method and

the literature on doing so is quite sophisticated [42, 140, 46, 107]. Fortunately, the har-

vester dynamics can be configured into a two state system by deriving a homoclinic voltage

trajectory. Recalling from Eq. (7.7b) that

v̇ = −µcv − θy , (7.33)

and substituting y with yh we can determine a homoclinic voltage path

vh(t) = θ
√

2g(t) , (7.34)

where by variation of constants

g(t) = e−µct

∫ t

0
eµcs sechs tanh s ds . (7.35)

The form for g(t) may be further reduced with the aid of the symbolic manipulation
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software MATHEMATICA to the form

g(t) =
[(

2µcet

1 + µc

)
2F1

(
1, 1+µc

2 ; 3+µc

2 ;−e2t
)
− secht

]
(7.36)

where 2F1(a, b; c; d) is the hypergeometric function. To validate the analytic solution, Eq.

(7.33) was numerically simulated compared with the solution given by Eq. (7.34) with Eq.

(7.36) substituted in. Figure 7.7 demonstrates the exact match by overlaying points form

the analytic solution with the simulation results. With confidence in the exact solution,

its future implementation will significantly assist in a required numerical integration to be

described later.

Hence, the third coordinate can be eliminated from Eq. (7.27) and we define a new

system

ẋh = fh(xh) + εgh(xh, t) (7.37)

where

x =
[
xh
yh

]
, fh(xh) =

[
yh

xh − x3
h

]
,

and

g(xh, t) =
[

0
−
(
µa + µbx

2
h

)
yh + θvh + f(t)

]
. (7.38)

The Melnikov method derives function to describe the first order distance between

perturbed stable and unperturbed manifolds. In general this distance is proportional to a

Melnikov function

M(t0) =
∫ ∞
−∞

fh[xh(t)] ∧ gh[xh(t), ẋh(t), t+ t0] dt , (7.39)

where ∧ denotes a wedge product. Since we have reduced our equations to <2 by ma-

nipulating the voltage equation, the wedge product simplifies to the scalar operation

fh,1gh,2 − fh,2gh,1. Hence, with harmonic excitation f(t) = f cos [ω (t+ t0)] the Melnikov

function for the harvester is
M(t0) = −2µaIµa − 4µbIµb

− 4θ2Iθ+

√
2F sinωt0If −

√
2f cosωt0Ig

(7.40)

145



where the following integrals must be evaluated:

Iµa =
∫ ∞
−∞

sech2t tanh2 t dt , (7.41a)

Iµb
=
∫ ∞
−∞

sech4t tanh2 t dt , (7.41b)

Iθ =
∫ ∞
−∞

g(t) secht tanh t dt , (7.41c)

If =
∫ ∞
−∞

secht tanh t sinωt dt , (7.41d)

and

Ig =
∫ ∞
−∞

secht tanh t cosωt dt . (7.41e)

The integrals above must be evaluated by Residue theory and the texts by Nayfeh and

Balachandaran [79] and Jordan and Smith [55] are good resources for examples relevant

to Melnikov analysis. Several convenient and simple results follow from the application of

the Residue theory. In particular we find that

Iµa =
2
3
, Iµb

=
4
15
, If = πω sech

(
1
2ωπ

)
, and Ig = 0 (7.42)

while Iθ must still be calculated numerically. Substituting the reduced forms for the inte-

grals allows for the Melnikov function to be written in concise form

M(t0) = −Γm − Γe + fS(ω) sinωt0 (7.43)

where

Γm =
4
3
µa +

16
15
µb , (7.44a)

Γe = 4θ2Iθ , (7.44b)

and

S(ω) = πω
√

2 sech
(

1
2ωπ

)
. (7.44c)
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The first term in Eq. (7.43) represents both the linear and mechanical damping, the

second term encompasses the electrical dissipation, and the third term is in proportion

to a Melnikov scale factor S(ω) that determines the degree to which certain excitation

frequencies influence the Melnikov condition [106]. Since the Melnikov function is a first

order measure of the distance between stable and unstable manifolds, a homoclinic tangency

will occur when a real solution can be found for some time t0. In other words, the function

vanishes for when | sinωt0| ≤ 1, and a necessary condition for a homoclinic bifurcation to

occur is for the following inequality to be satisfied:

0 < −Γ + fS(ω) , (7.45)

where Γ = Γm+ Γe. It is important to note that this condition determines that homoclinic

tangency has occurred, inviting more complicated and energetic solutions but does not

guarantee such responses. Thus, while the Melnikov criterion is an inherently conservative

metric we demonstrate in the discussion that follows that the method is in fact quite useful

in determining thresholds for sought-after behaviors in the bistable harvester, especially

for more complicated excitation regimes poorly suited for the simpler harmonic balance

approach.

7.3.1 Energy Harvesting Implications

This section discusses how some of the salient features of the electromechanical Melnikov

function and the Melnikov condition for homoclinic bifurcation provide superior insight

into the design and optimization process for a bistable generator. First, we focus on the

Melnikov scale factor S(ω), which is shown in Fig. 7.8 for f = 1. The function can be seen

to achieve a maximum, implying that the Melnikov function itself will be more sensitive

to certain excitation frequency ranges than to others. In particular, S(ω) reaches a peak

value for ωmax = 0.765, implying that the Melnikov function will be most influenced by a

specific dimensionless excitation. The function S(ω) indicates that for ωmax the bistable

generator will be most susceptible to experiencing a homoclinic bifurcation and hence a
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Figure 7.8: The Melnikov scale factor S(ω) for varying ω. The function reaches a
maximum for ω = 0.765.

greater propensity for the cross-well dynamical response beneficial for power generation.

The harmonic balance approach, on the other hand, was incapable of providing such direct

insight. Thus, one of the first benefits in a dynamical systems analysis of the bistable

generator is revealed.

The Melnikov method can also be seen to be of particular value upon examining the

equivalent electrical damping Γe as a function of µc. In the harmonic balance method, while

solutions could be obtained, discovering the influence of µc on ones ability to realize desired

behaviors is one that must be approached more so by trial and error. How Γe affects the

Melnikov function for varying µc is shown in Fig. 7.9. In Fig. 7.9, low values for µc approach

open circuit conditions while high values for µc approach short circuit conditions. Figure

7.9a illustrates the fact that there is a maximum level of electrical damping influencing

the Melnikov condition for homoclinic tangency for µc = 0.66. Within this range of values

for µc, the Melnikov electrical damping Γe is raised such that it becomes more difficult to

satisfy Eq. (7.45). Thus, there exists a range of µc which must be avoided in designing a
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Figure 7.9: Variation in electrical damping as a function of µc. Low values for
µc correspond to approaching open circuit conditions (large impedance loads) with
higher values for µc approach short circuit conditions (no impedance loading). The
electrical damping reaches a maximum for µc = 0.66.

bistable generator as cross-well solutions will be more difficult to obtain. For very high µc,

we expect no contribution from Γe as we approach short-circuit conditions as is verified

by an asymptotic approach to zero as shown in Fig. 7.9b. Physically, this is the same as

decoupling the harvester from the electrical network and we revert to the classic Melnikov

function for the mechanical bistable oscillator with Γm present only.

Basins of attraction for varying µc were calculated for f = 0.025 and ω = 0.765. These

are shown in Fig. 7.10. For near open circuit conditions, Γe is seen from Fig. 7.9 to

have a weak influence on the Melnikov criterion. This is verified by Fig. 7.10a, where

the basins of attraction diagram is very similar to that of a classic mechanical Duffing-

Holmes oscillator. However, upon increasing to a value of µc = 0.05 and toward the peak

of Γe, the electrical impedance begins to diminish the range for which cross-well solutions

can occur (Fig. 7.10b). At the critical value µc = 0.66 there is a dramatic influence on

the oscillator’s propensity for potential well escaping and Fig. 7.10c exhibits an almost
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Figure 7.10: The influence of electrical impedance on the basins of attraction for
f = 0.025 and ω = 0.765. The regions in gray correspond to intrawell motion while
the black regions are cross-well solutions(no distinction made between chaotic, quasi-
periodic,or harmonic motions) for (a) µc = 0.0078, (b) µc = 0.05, (c) µc = 0.66, and
(d) µc = 5.

randomly distributed initial condition set for which cross-well motion occurs. Sliding down

the curve for Γe toward short circuit conditions recovers the results of Fig. 7.10a and this

is illustrated in Fig. 7.10d, where the basin of attraction diagram for µc = 5 is reclaiming

the original form.

The driving amplitude for homoclinic bifurcation can be solved by rearranging Eq.

(7.45) to find f > Γ/S(ω). Thus, the critical forcing is fc = Γ/S(ω) and is plotted in

Fig. 7.11 for both the mechanical bistable oscillator and two harvester configurations. The

parameters used were µa = 0.013, µb = 0 for the equivalent mechanical system while the the

electromechanical system had θ = 0.283 and two different values for µc. In agreement with

the maximum value for Γe plotted in Fig. 7.9, the value for µc that imparts significant

electrical impedance reflects in the critical forcing curve as well. While the near open-

circuit curve closely follows the critical forcing for the equivalent mechanical system, the
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critical forcing for maximum Γe is seen to dramatically increase the (f ,ω) pair for inciting

bifurcation. In all three systems, the minimum value for f corresponds to the frequency

for which S(ω) is a maximum.

While the previous discussion presents µc = 0.66 as a design parameter to be avoided,

this may not always be the case. In fact, knowledge of this Melnikov electrical damp-

ing effect may be strategic. For example, there may be situations for which large cross-

well dynamics may be undesirable due to harvester fatigue or rough environmental condi-

tions where already energetic responses could lead to failure. Under these circumstances

the bistable harvester can effectively be driven to rest within a potential well by simple

impedance switching. The Melnikov method provided information on parameter ranges for

µc such that the electrical damping Γe could no longer satisfy the necessary condition for

bifurcation in Eq. (7.45). To test the influence of a switched impedance loading on realiz-

ing different attractors, a simulation was designed with ω = 0.765, f = 0.025, µa = 0.009,
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Figure 7.12: How a discrete switched impedance from µc = 0.0078 to the critical
µc = 0.66 drives the harvester into a new intrawell oscillation.

µb = 0.0025, θ = 0.2127, and µc = 0.0078. With these parameters the inequality in Eq.

(7.45) is satisfied and the system oscillates in a cross-well solution. However, switching to

the critical µc = 0.66 transforms the previous value of Γe = 0.0013 to Γe = 0.0338 and the

Melnikov criterion is no longer satisfied. Figure 7.12 shows this result where the switched

impedance occurred at t = 1500. Once the Melnikov inequality was no longer satisfied, the

system is swiftly transformed from a large-orbit response and confined to oscillate within

a potential well. Thus, a simple electrical impedance switch was shown to be capable of

altering the dynamics of the harvester in direct accordance with the Melnikov function

predictions.

7.3.2 A Multifrequency Excitation

The versatility of the Melnikov approach is further demonstrated by extending the theo-

retical development of Section 7.3 for an excitation of the form

f(t) = fa sinωat+ fb sinωbt+ fc sinωct , (7.46)
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Figure 7.13: Simulation results for (a-c) ωa (d-f) ωb, and (g-i) ωc. None of the
harmonic loads individual are capable of escaping from a potential well as illustrated
by the time series in the left column and the phase portraits in the right column.
The frequency content of the voltage response is shown in the middle column.

which can be shown to simply modify the necessary condition for homoclinic bifurcation

to instead read

0 < −Γ + faS(ωa) + fbS(ωb) + fcS(ωc) . (7.47)

In designing a numerical experiment µc = 0.66 was purposely selected to mimic a condition

where this was a necessary design constraint and thus challenging the cross-well capabilities

of the bistable generator. Three excitation frequencies were selected at random as ωa =

0.31, ωb = 1.18, and ωc = 1.27 with corresponding excitation amplitudes such that in

the absence of other harmonics, the Melnikov inequality for a single frequency excitation

was not satisfied. In other words, each excitation by itself is incapable of breaking over

the potential barrier. For the values µa = 0.013, µb = 0.0025, and θ = 0.2833, three
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Figure 7.14: The Melnikov function for each respective harmonic drive will not
cross zero but can surpass this threshold upon summing the three harmonics.

simulations were performed to verify intrawell behavior at each discrete frequency. The

results are shown in Fig. 7.13, where none of the discrete frequency excitations escape

beyond the equilibrium position. The root-mean-square (RMS) power of each response,

calculated as

〈P 〉 =
√
E [µ2

cv
4] (7.48)

where E [·] denotes the expected value, was determined for each oscillation to be

〈Pωa〉 = 5.8× 10−6 , 〈Pωb
〉 = 1.1× 10−4 , and 〈Pωc〉 = 3.2× 10−4 .

Upon summing harmonics, however, the inequality of Eq. (7.47) is now satisfied. The

Melnikov functions in time are plotted in Fig. 7.14 where the Melnikov function for each

individual excitation is shown as well as the total Melnikov function incorporating all three

harmonics. The Melnikov function does not reach zero for each individual frequency alone

as expected, but surpasses the critical threshold for homoclinic bifurcation upon summing

all harmonic contributions.
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Figure 7.15: Time series from simulating the three frequency combination excitaion
(a) and the frequency-rich voltage power spectrum (b) due to the chaotic motion.

Figure 7.15 illustrates the results for the combination tones on the harvester response,

where the system is clearly seen to be immersed in cross-well chaotic oscillations. As shown

in Fig. 7.15a, the chaotic solution is persistent over a very long time series and is not tran-

sient. Figure 7.15b shows the frequency-rich power spectrum of the dimensionless voltage

where all three tones are particularly present as well as sub- and super harmonics of the

drive frequencies. Most importantly, the RMS power dissipated across µc has dramati-

cally increased to 〈P 〉 = 4.4× 10−3. This is an order of magnitude greater than the RMS

power for ωb and ωc and three orders of magnitude larger than the RMS power from ωa

alone. Thus, it becomes clear that under certain conditions the Melnikov criterion can be

a simple and effective tool for designing a bistable generator for a more complex spectral

source. In view of the significant enhancement in dissipated power, the bistable design

may offer a cheaper and more practical alternative for dynamic harvester responses in mul-

tifrequency environments in comparison to placing n narrowband tuned linear resonators

in the same environment, where n is the number of frequencies from which power may
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be harvested. Furthermore, in view of the harmonic balance analysis and studies within

Refs. [120, 32, 38], the bistable system exhibits robustness to frequency drifts in the same

environment that would render the tuned linear resonators highly inefficient.

7.3.3 Advantages in Broadband Environments

In the previous section, discrete harmonic loading was analyzed. In this section, we focus on

broadband excitation and modify the Melnikov necessary condition for chaos by extending

the form for a multi-frequency excitation. For excitation of the form

f(t) =
N∑
n=1

fn sin (ωnt+ φn) (7.49)

where fn is the amplitude of the nth harmonic with phase φn. By analogy with Eq. (7.47),

the inequality to be satisfied for homoclinic bifurcation to occur is

0 < −Γ +
N∑
n=1

fnS(ωn) . (7.50)

For a large N , the summation of harmonics may approximate a stochastic process. Ac-

cordingly, a stochastic analogue of the Melnikov inequality becomes it can be shown that

the Melnikov necessary condition for chaos is

0 < −Γ + γξ(t) . (7.51)

where γ the noise intensity and ξ(t) is a realization of a stochastic process approximated by

the sum ξ(t) =
∑N

n=1 fn sin (ωnt+ φn) where ωn = n∆ω, ∆ω = ωcut/N , and ωcut is a cutoff

frequency beyond with the spectral distribution of ξ(t) vanishes [106]. The nth phase φn

is uniformly distributed over the interval [0, 2π]. The amplitudes fn are determined from

a spectral distribution similar to a Ornstein-Uhlenbeck colored noise process

fn = γ

√
4

γN(1 + τ2ω2)
, (7.52)
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Figure 7.16: (a) Broadband time realization with τ = 0 and (b) power spectrum
showing the effect of imposing a cutoff frequency of ωcut = 5 for two different corre-
lation times.

where τ is the correlation time. As τ approaches zero, the spectral distribution has uniform

frequency content and approximates a white noise spectrum over a finite frequency range.

The bistable generator was subjected to a broadband signal comprised of over 500

harmonics and for varying values of the correlation time τ . A sample time realization for

τ = 0 is shown in Fig. 7.16a and its corresponding spectrum is plotted in Fig. 7.16b, which

can be seen to have a very nearly constant of the frequency range selected. Introducing

a correlation time provides for a frequency dependent spectrum as inferred by Eq. (7.52)

and verified by the plot in Fig. 7.16b when τ = 10. The influence of the noise coloring is

the topic of investigation in this section.

Both the nonlinear harvester and equivalent linear piezoelectric harvester (with no

opposing magnet) were excited by a near constant spectrum broadband excitation with

τ = 0 and ωcut = 5. Figure 7.17 displays results for the RMS power across the electrical
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Figure 7.17: (a) Constant spectrum broadband excitation for near open circuit
conditions µc = 0.035 can exceed the equivalent linear harvester for low acceleration
drives but for (b) µc = 0.66, the linear harvester tends to do as well or better than
the nonlinear harvester.

impedance load for increasing values of γ which correspond to physical driving amplitudes

from zero up to 0.5g. For all excitation levels, it was verified that the stochastic Melnikov

inequality was satisfied. In the course of collecting each data point, a total of twenty

time series simulations were performed for discrete values of γ and the RMS power for

each run was averaged over all twenty simulations. Near open-circuit conditions can be

seen in Fig. 7.17 to surpass the RMS power generated by the equivalent linear oscillator

for very weak excitations while introducing the maximum Melnikov electrical damping

(µc = 0.66) suppressed this effect. For both impedance loads, however, larger γ the linear

oscillator is actually a more efficient harvester when the broadband constant spectrum is

nearly constant. To verify the near open-circuit results at low driving amplitude, both

the bistable system and its linear equivalent were simulated over a long time series. As

indicated by the power spectrum in Fig. 7.18a, the linear oscillator gathers a significant

amount of energy from signal energy near its fundamental resonance while the bistable
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Figure 7.18: (a) Higher harmonics in the nonlinear system (black line) contribut-
ing to enhanced performance in the weak excitation regime while the linear system
responds with most energy about its resonance (grey line). (b) Time simulation re-
sults illustrating the bistable trajectory (dotted line) in cross well motion with the
linear response (dark line) overlayed.

oscillator will draw larger amounts of power over the the interval [0, ωcut] as well as at

higher harmonics beyond this region. The explanation of this is likely to be due to the

frequency-rich chaotic nature of the response. The inset plot, Fig. 7.18b, verifies the cross

well dynamics of the bistable generator predicted by the inequality in Eq. (7.51).

The same simulation procedure was carried out for τ 6= 0 to investigate the performance

of the harvester in a colored noise environment. Figure 7.19 illustrates a clear advantage of

the the nonlinear compliance over that of a linear oscillator for a wide range of γ. As the

spectral content near the fundamental frequency of the equivalent linear system is tapered

due to increasing values of τ (see Fig. 7.16b), the consequent linear system response will

degrade. In the bistable system, however, the stochastic Melnikov inequality continues

to be satisfied and the oscillator responds to a broad range of excitation frequencies with

highly energetic motions. Figure 7.19 illustrates averaged RMS power values, plotted as
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Figure 7.19: For varying τ and µc = 0.035, the colored noise excitation will almost
always render the bistable generator a superior harvester.

a ratio of the nonlinear RMS power to the linear RMS power (〈Pn`〉/〈Pn`〉) for several

correlation times. For a more complex, and possibly more realistic noise spectrum, the

advantage of a strong nonlinearity emerges with clarity.

7.4 Summary and Conclusions

This chapter updated the model in Stanton et al [120] to include nonlinear piezoelectric

effects and reduced the complexity by approximating the magnetoelastic potential by a

quartic function. Harmonic balance was then applied to study the existence and proper-

ties of the intrawell and interwell harmonic oscillations and their implications for energy

harvesting. In particular, we provide a methodology for calculating an optimal impedance

load for both the low-energy and high-energy orbits.

Melnikov theory was derived in the context of the harvester dynamics to provide a

global method for finding the necessary conditions for homoclinic bifurcation to occur. By

finding an equivalent Melnikov damping due to the electrical dynamics, a critical dimen-
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sionless load near µc = 0.66 was shown to significantly influence the threshold for which

the Melnikov function would have simple zeros. The Melnikov scale factor was shown to

reach a peak near the dimensionless frequency ω = 0.765, thus inferring a greater likelihood

for homoclinic bifurcation to occur. Thus, from a design perspective, it is wise to design

the bistable oscillator such that a dimensionless equivalent of the spectral content of the

environmental excitation is nearest ω ≈ 0.8. With knowledge of the critical value for µc

it was demonstrated that survivability and fatigue concerns can be assuaged by a simple

electrical impedance switch.

The Melnikov function was also found and demonstrated to be a useful tool for ana-

lyzing more complicated multi-frequency and broadband excitations. However, by virtue

of the conservative nature of the Melnikov theory in predicting chaos, we caution that this

approach is most appropriate for weakly excited systems. Fortunately, weak excitation

ranges over broad frequency ranges directly correlates to a wide range of energy harvesting

applications and thus gives further credence to the analytical approach discussed in this

paper. In view of the accelerating interest in the bistable harvester design, these approx-

imate methods for studying the harvester performance provide for simplified methods for

which the preliminary design and analysis of strongly nonlinear systems may be carried

out by practicing engineers.
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8

Summary, Conclusions, and Future Directions

8.1 Summary and Conclusions

This research provides a foundation for which future advances in nonlinear energy har-

vesting may be facilitated. First, we established the importance of modeling both elastic

and dissipative nonlinearities in the prototypical electroelastic harvester. In addition to

parameter identification, a scaling analysis was provided as well to determine at what point

application of a nonlinear model becomes necessary. Second, we introduced two different

strategies by which nonlinear mechanical compliance can be designed to augment the per-

formance of a piezoelectric cantilever beam. The emphasis was on realizing a broader range

of frequencies from which energy can be extracted.

To provide a basis for which non-homogeneously laminated electroelastic beams could

be theoretically studied, Chapter 2 provided a generalization of the single step disconti-

nuity problem to beams containing more than one discontinuity. Algebraic complexities

were significantly reduced by organizing continuity and compatibility conditions at each

discontinuity location into a 4 × 4 matrix. A system of equations could be written and

numerically solved to yield the composite beams natural frequencies and hence composite

mode shapes and frequency response functions. Experimental results from impact hammer
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testing a beam with two geometric step changes and a tip mass validated the accuracy of

the theoretical predictions.

The important topic of nonlinear piezoelectricity in electroelastic harvesters was first

handled in Chapter 3. Through the course of the investigation, several major conclusions

were drawn: (1) nonlinear elasticity in piezoceramics presents a very strong softening

nonlinearity, (2) nonlinear damping is critical and can be well explained and modeled by

both non-conservative piezoelectric constitutive relations and quadratic air models, (3)

elasticity is the primary source of nonlinearity as opposed to higher order coupling and

dielectric effects due to the weak electric fields, and (4) including a proof mass significantly

lowers the driving amplitudes thresholds for which these nonlinearities begin to manifest.

Chapter 4 generalized the results in Chapter 3 to a cantilever beam with non-homogeneous

piezoceramic lamination and geometric nonlinearity. In addition to expected cubic stiffness

terms, it was shown that nonlinear large deformation assumptions for the beam motion

require a coupling coefficient proportional to the square of the mechanical amplitude. Nor-

mally, only the velocity of the beam was considered of particular value in piezoelectric

cantilever energy harvesting, but the nonlinear equations indicate that displacement also

plays a fundamental role in power harvesting. For our experimental device, the linear

model was shown to fail at very low excitation amplitudes and nonlinear effects were suf-

ficiently engaged in the experimental beam as low as A0 ≈ 0.2g. Should the device be

designed such that the geometric nonlinearities cancel piezoelectric stiffness nonlinearities,

nonlinear coupling was shown to continue to drive nonlinear resonances.

The potential advantages imparted by nonlinear design was discussed in Chapter 5

in the context of a dual hardening/softening nonlinear harvester. Superior performance,

however, depends upon realizing the high-energy attractor and should the lower-energy

branch manifest instead, a momentary electrical short-circuit or mechanical perturbation

may be required. Efficiently managing the requisite actuation energy to do so is an area of

future research. However, if the system is already locked-in to the high-energy attractor,

slowly drifting excitation frequencies were found to maintain the more energetic solution.
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Harvesting energy from the high-energy attractor in either the softening or hardening

configuration is ideally suited for excitations with slow-frequency drift.

Chapter 6 deeply investigated the merits of harvesting energy from a bistable nonlin-

ear oscillator. Most importantly, a broad frequency response was numerically predicted

and experimentally validated. A full nonlinear model was derived with an analytical mag-

net formulation and proper modal expressions to account for discontinuous piezoelectric

laminates. In addition, methods of reaching multiple attractors was discussed through

perturbations or mechanical tuning or impulse type perturbations. Electrical perturba-

tions, either through actuation of the beam or augmenting the magnetic field by passing

current through an inductor are likely to be more practical methods of reaching higher or

lower energy responses. Selecting the proper magnet separation distance for an expected

excitation profile could be determined by studying the magnet spacing as a bifurcation

parameter. The average power over a sufficient number of cycles was suggested as a more

accurate assessment of the power delivered to a resistive load. Despite experimental im-

perfections, the nonlinear harvester experiments verified coexisting high energy attractors

over a large frequency and amplitude range. Since our electric circuit does not have fre-

quency specific components, all power through the resistive load despite signal complexity

is of value. Should one consider non-trivial network topology, we note that efficient power

management and storage will require heavier theoretical machinery. Fortunately, though,

handling frequency rich signal energy has been a consistent topic of interest with the sys-

tems and control community for some time. As such, an optimistic outlook for success in

this endeavor seems quite plausible.

Chapter 7 updated the model in Chapter 6 and in Stanton et al [120] to include nonlin-

ear piezoelectric effects and reduced the complexity by approximating the magnetoelastic

potential by a quartic function. The method of Harmonic balance was applied to study

the existence and stability properties of the intrawell and interwell harmonic oscillations

and their implications for energy harvesting. In particular, we provide a methodology for

calculating an optimal impedance load for both the low-energy and high-energy orbits.
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The Melnikov theory was applied next to provide a global method and was found to pro-

vide further insight into the system dynamics by finding a maximum Melnikov electrical

damping for a dimensionless load of µc = 0.66. The Melnikov function was found to be a

useful tool for analyzing more complicated multi-frequency and broadband excitations.

8.2 Future Directions for Research

From this research, there emerge a plethora of new questions and paths for future investiga-

tion. We organize our assessment of some important contributions to be made according to

relevance to (1) nonlinear electroelastic beam theory, (2) electroelastic dynamical system

I, and (3) electroelastic dynamical system II.

8.2.1 Nonlinear Electroelastic Beam Dynamics

Regarding nonlinear electroelastic beam theory, while exhaustive analysis was performed

in this dissertation, there are also several avenues to fully complement our understanding

for future designs. Some future directions include:

1. Thorough investigation of nonlinear dissipation processes. In particular, distinguish-

ing between losses due to air drag and those due to material dissipation. In vacuo

testing is likely to be a conclusive method for evaluating the influence of losses due

to fluid-structure interaction.

2. Multimodal interactions in nonlinear systems may be beneficial in transferring energy

between modes. For example, a theoretical and experimental investigation should be

carried out such that the nonlinear influences of piezoelectric material nonlinearity

may indeed be beneficial as excitation near a second harmonic may by way of internal

resonance result in enhanced power extraction from two simultaneous modes.

3. Large potential differences across a piezoelectric laminates may render nonlinear

coupling in the electroelastic enthalpy function important. This investigation would
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need to carefully characterize nonlinear influences due to elasticity and coupling and

is well worth investigating.

4. There will be instances by which parametric excitation will be a necessary design

constraint for developing energy harvesters. Studying the influence of intrinsic non-

linearities and nonlinear damping on parametrically excited harvesters.

8.2.2 Electroelastic Dynamical System I

Electroelastic Dynamical System I was a monostable nonlinear harvester which could invoke

both hardening and softening nonlinear resonance curves. The model presented was from

a baseline analysis and there are likely to be higher order nonlinear restoring forces present

as well. A few items for further research are:

1. The hardening response was typically not as broad with respect to the softening

response. As an initial hypothesis, this may be due to softening effects in the piezo-

ceramics countering the positive cubic stiffness. This deserves a more conclusive

investigation.

2. A cubic Duffing oscillator model with linear damping may be insufficient for most

accurately characterizing the harvester response. The presence of quadratic, fourth,

and fifth order structural and dissipative nonlinearities should be investigated. This

is especially important because the generator employed a large proof mass.

3. The device should be optimized such that regions for optimal magnet settings may

be determined. Not only does this pertain to the distances h and d in Chapter 5,

but also if the dipole magnets should be oriented in directions non-orthogonal to the

oscillation plane. Finite elements may be particularly useful here.

4. Combination tones and multi-frequency excitation should be studied theoretically

and experimentally to illustrate how large responses that have long be viewed as

detrimental from a structural engineering point of view may alternatively be quite

advantageous for energy harvesting.
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5. Parametric excitation with the nonlinear magnetic boundary conditions is also an

area of both theoretical and practical interest.

8.2.3 Electroelastic Dynamical System II

Electroelastic Dynamical System II was a bistable device that has been embraced by the

research community with great interest. This is due to the wealth of interesting nonlin-

ear phenomena to investigate in realizing a truly promising broadband harvester design.

Regarding the system in this dissertation, there are several topics worth investigating:

1. Controlling the oscillator while minimizing the power required to actuate the system

to a new solution is a very challenging undertaking due to the lack of observability

and the structure of the basins of attraction for an experimental realization. However,

as shown in Chapter 7 techniques such as simple impedance switching or momentary

magnetic field augmentation by routing parasitic current through a coil may shift

the oscillator to a new solution. Quantitatively mastering techniques for doing so

with precision is a fascinating journey worth taking.

2. As a strongly nonlinear electromechanical system, there is still remaining work to

be done to understand the basic science of the third order dynamics. Basins of

attraction, Lyapunov exponents, and more sophisticated theoretical analyses are in

order.

3. The approximate analytical potential function may be improved non-trivially by

adding a fifth order nonlinearity. This complicates all aspects of Chapter 7 but are

also manageable in that the techniques do not change, but rather the complexity of

the calculations is amplified.

4. Methods for augmenting the magnetic fields should be investigated as well. This

may be practically accomplished by way of coil induction and introduces interesting

effects to be explored such as a periodically disappearing saddle node as the system
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oscillates between a monostable and bistable configuration. This may be a practical

enabling mechanism for realizing stochastic resonance phenomenon.

5. The Melnikov method is known to be a conservative metric for predicting cross

well solutions in a two well system. Different approaches such as those due to

Szemplinska-Stupnicka and Rudowski, [125], Szemplinska-Stupnicka [124], Bourland

and Haberman [13], and Bourland et al [14] should be applied to the electromechan-

ical system.
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