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Abstract

Pulsed radars have an ambiguous relationship between range and velocity which is

proportional to the pulse repetition frequency (PRF), leading to potential trade-

offs. High PRFs are necessary to avoid velocity aliasing but suffer at the expense

of unambiguous range. Obscuration due to ambiguous range foldover from distant

clutter echos seriously degrades target detectability. For the case of skywave HF

over-the-horizon (OTH) radar, ionospheric motion causes spreading of surface clut-

ter in Doppler space and coupled with range folded clutter, introduces the effect of

so-called ’separated’ spread Doppler clutter (SDC). Selection of a nonrecurrent wave-

form (NRWF) with a quadratic phase interpulse code has been shown to mitigate

long-range SDC by folding the multi-hop returns into known disassociated Doppler

regions.

Utilizing multiple receive elements, spatial processing can be performed to exploit

the vertical structure of ionospheric layers which results in Doppler shifts which are

often similar across azimuth. Adaptive beamforming is known to provide asymptoti-

cally optimal array gain if sufficient training data is available. In highly nonstationary

environments however, obtaining this asymptotic performance is difficult as neither

knowledge of the target wavefront nor signal-free training data is easily obtainable

for training. A blind adaptive spatial processing (BASP) technique has been pro-

posed, combining minimum variance (MV) adaptive beamforming and blind source

separation (BSS). The unique idea of BASP is the formulation of a signal-free co-
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variance matrix from BSS clutter and noise components at a single range bin, and

utilizing it in adaptive beamforming to suppress clutter.

This research explores a clutter mitigation method that combines NRWF and

BASP in order to recover targets masked by Doppler-spread surface backscatter from

points beyond the radar’s maximum unambiguous range while maintaining target

detectability elsewhere in Doppler. Current methods for mitigating range-folded

clutter, such as reducing the pulse-repetition frequency or the use of non-recurrent

waveforms, suffer loss in the usable Doppler space available for target detection or a

reduction in target revisit rate. The proposed research uses BSS methods to exploit

the known Doppler separation afforded by NRWF in order to estimate the spatial

wavefront of the clutter across a linear receive array. Spatial adaptive processing

using this estimated wavefront is then used to suppress range-folded clutter at each

range bin without sacrificing the radar timeline or usable Doppler space.

In this thesis, a simulation designed to evaluate the NRWF and its ability to

separate range-folded clutter in Doppler is presented. The BASP method is applied

to the NRWF and its results demonstrate performance improvement in terms of

achievable signal-to-clutter and noise ratio gain. Laboratory experimental results

made using an airborne acoustic array show the NRWF’s ability to separate range-

folded clutter into designed Doppler regions. BASP is then applied and demonstrated

to mitigate the separated range folded clutter and recover usable Doppler space.
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1

Introduction

1.1 Over-the-Horizon Radar

Over-the-horizon (OTH) radar uses radio frequencies (RF) in the 3-30MHz high fre-

quency band to propagate via ionospheric refraction to distances beyond traditional

line-of-sight (LOS) systems [1]. RF energy, like light waves, travel in a straight line,

radar systems operates through the transmission and detection of this RF energy.

By comparing returned energy with transmitted energy, measuring the time taken

for the signal to travel to and return from a target, the detection and range of a

target range can be computed and hence the term RAdio Detection And Ranging.

Distances over which a radar is effective is limited by geographic features, in partic-

ular by the Earth’s curvature [2, 3]. Geometric relations show that by raising the

height of a radar system, it would be possible to see further around Earth’s curva-

ture (the distance to the horizon is increased) but this is a square root relationship.

Doubling the horizon distance would require quadrupling the radar height. Alter-

native to increasing radar height would be the use of ionospheric refraction. The

Earth is surrounded by a shell of ionization called the ionosphere and can be crudely

considered as a reflective mirror in the sky for select RF frequencies. Thus where
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LOS radar systems can have ranges on the order of 200-400km, the coverage of OTH

systems extend from 1000-4000km and beyond.

Historically high frequency (HF) radars such as the Chain Home series, deployed

at the outbreak of World War II, would notice returns from extreme ranges due to

ionospheric reflection beyond the horizon. But as these systems were intended as

LOS radars, returns from distant grounds via ionospheric reflection were considered

a source of confusion, producing unwanted returns or more commonly know in the

radar field as clutter. Toward the end of 1961 it was recognized that the ionospheric

propagation can be exploited and what was once considered clutter for LOS systems,

could provide useful information for long range detection, thus the birth of modern

OTH radar. In order for HF OTH radar to be useful however, discrimination of

target against other unwanted scatterers via signal processing would be necessary.

HF skywave propagation as a means of detection and tracking of ships and aircraft

have been investigated by a number of countries with a variety of approaches and

varying success [4, 5]. Compared to airborne radar systems, OTH systems tend

to be less-expensive in terms of operational cost and thus of interest for wide area

maritime surveillance. Given the correct conditions in the atmosphere, RF signals

transmitted skywards are reflected by the ionosphere and illuminate an area on the

ground [6]. A small amount of the signal from the illuminated area is then reflected

back towards the sky and subsequently back to the transmitter. Signals reflected

from the ground or sea tend to be large compared to smaller target signals, thereby

complicating detection. Furthermore in OTH, reflections by the ionosphere are not

static but rather a function of atmospheric conditions. Moving irregularities create

random fluctuations in the index of refraction within the ionosphere and modulate

propagation paths producing Doppler frequency spreading of HF signals [7].

Radar clutter returns, the undesired returns from ground/sea, are generally so

large that it dominates any external noise and often even weak target returns. Uti-
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lizing of signal processing, separation of a moving target from clutter can be achieved

through the Doppler effect. The Doppler effect can be summarized as the change

in frequency of a received signal depending upon the motion of the source or scat-

terer. In this manner, signal velocity is taken into account as it can be assumed

that a moving target will produce Doppler shifts and would therefore be differ-

entiable from stationary clutter. The magnitude and Doppler distribution of the

earth-surface backscatter is thus a major factor in setting system dynamic-range and

signal-processing characteristics [8]. A key issue with OTH transmission is therefore

the need for ionospheric stability as movement of the reflector will induce Doppler

for all reflected returns, especially returns that would otherwise be stationary.

For the purposes of understanding OTH radar, it is therefore important to have

an understanding of the transmission medium. Ionization in the earth’s upper at-

mosphere is the result of solar radiation and particle emission bombardment, but

while there is no incident radiation at night, the ionization never completely decays;

an ionosphere always exists. Changes in electron density at varying altitudes cause

RF waves to reflect back to earth and provide OTH long-distance illumination [9].

Ionization irregularities can degrade the path quality and backscatter from Doppler

spread ionization gradients will obscure targets. Three ionospheric regions are gener-

ally considered, the D region - consisting of the lowest altitude (50-90km) and whose

electron density increases rapidly in the daytime, the E region - extending between

90-130km, and the F region - the highest region of interest (F1 = 130-200km, F2 =

250-350km) with the E and F1 region densities reaching their peak at around local

noon and the F2 region varying with geographic location [10]. These regions are of

importance as each layer has a maximum usable frequency and while some may over-

lap, judicious selection of operating frequencies enables an operator to avoid clutter

return from different ground ranges [11].
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1.1.1 Range Ambiguity

Pulsed Doppler radar operates through the transmission of a coherent train of wave-

forms with a given pulse repetition interval (PRI). Continuous wave (CW) radar

systems utilize the entire PRI duration for transmission and receive as opposed to

utilizing distinct transmit and receive duty cycles [12]. Linear frequency modulated

continuous wave radar systems send a linearly varying frequency waveform known

as a “chirp”. By match filtering the received signal with a replica of the transmit-

ted signal, or pulse compressing, peaks are obtained for time delays associated with

backscattered energy. The radar range is thereby obtained from the delay computed

for the transmit and receive of a signal. Thus, for a single pulse the maximum

detectable range is dependent solely upon propagation loss [13]. In pulse-Doppler

systems however a set of pulses are transmitted in order to measure radial velocity in

addition to a target’s range. It is based upon the Doppler effect where movement in

range produces frequency shifts on the reflected signal from a target. As the reflector

moves, a returned signal produces a phase difference between pulses.

In utilizing a set of pulses, an ambiguity is produced in range as the maximum

range is now determined by the pulse repetition frequency (PRF) or the inverse of the

PRI since after a second pulse is transmitted, return association to the transmitted

pulse is lost. Consider when the period between successive pulses is short, an echo

from a distant target may return well after the transmitter has emitted another

pulse. This makes it impossible to tell whether the observed return is the echo of the

pulse just transmitted or the echo of the preceding pulse. This situation is commonly

referred to as range ambiguity [14].

Unfortunately, the selection of a PRF for the radar system is not as simple as a

choice of operating range. Remember, Doppler is obtained as phase shifts between

pulses and can vary from −π to π. Thus, in decreasing the PRF and increasing the
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time delay between pulses coherence maybe lost. Consider when the period between

successive pulses is long, a target may move in a non-predictable manner within that

time such as turning around or even stopping and thus phase shifts may interfere and

cancel each other. This situation is commonly referred to as the Doppler dilemma

and is a fundamental tradeoff between target range and velocity detection for pulse-

Doppler systems.

1.1.2 Spread Doppler Clutter

Doppler processing is critical to target detection in OTH radar as it allows discrim-

ination of moving targets from stationary surface back-scatter [1, 8]. Phase path

changes from pulse to pulse will be measured at the receiver as spread in Doppler

frequencies. Since the Earth’s ionosphere is non-static, motion of the reflective iono-

spheric media causes phase path change thereby producing spread in Doppler of

reflected received signals and may obscure the presence of targets. The spreading

of unwanted signals in Doppler, or spread Doppler clutter (SDC) can be fundamen-

tally categorized according to three mechanisms for which they are caused. These

mechanisms are shown pictorially in Figure 1.1 where ray paths reflection

Range ’coincident’ SDC is the result of perturbations in the refracting ionosphere

causing Doppler shifts due to scattering off of moving inhomogeneities and thus pro-

duces spreading of the ground return in the same physical resolution cell as the

target. In other words both target and clutter are shifted in Doppler as a func-

tion of the ionospheric perturbation. Matched window processing, an extension of

matched field processing to OTH, has been explored and demonstrated to improve

subclutter visibility from this type of SDC by as much as 10dB [11]. This is done by

exploiting the high degree of correlation of the Doppler spreading sequence across

range bins which occurs when the radar look direction is similar to the orientation of

the magnetic field aligned ionospheric irregularities. Subsequent studies have further
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Figure 1.1: Range coincident spread Doppler clutter is represented in red and is the
result of perturbations of the reflecting ionosphere. Proximate spread Doppler clutter
is represented in blue and is the result of perturbations of an elevated ionospheric
reflector in the same slant-range. Separated spread Doppler clutter is represented in
black and is the result of perturbations of reflecting ionosphere beyond the designed
range extent.

explored the spatial correlation of SDC and extended processing to temporal and

eventually joint space-time domain [15, 16, 17].

’Proximate’ SDC is the result of clutter returns appearing in the same slant range

as a target echo but whose paths are from different arrival elevation since they are

refracted by a different ionospheric layer. Judicious selection of operating frequencies

wherein only single-mode propagation to the desired ground range is supported is one

means of avoiding this type of SDC. [18, 19] Alternatively, if this is not possible, 2D

antenna arrays have been proposed to spatially null out the Doppler spread arrivals

in elevation.

’Separated’ or range-folded SDC is the result of extended range clutter returns

that are Doppler spread due to an ionospheric disturbance during the multi-time-

around reflection from the ionosphere and aliased back into the desired detection

ranges. The magnitude and Doppler spread is often sufficient to degrade the re-

ceived signal resulting in a loss of detection performance. This type of SDC is the
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focus of this research. Conventional mitigation techniques for such range-folded

clutter include low waveform repetition frequency signals to increase the maximum

unambiguous range and nonrecurrent waveforms (NRWFs) [20, 21, 22] to separate

multi-time-around clutter with Doppler frequency shifts.

In the case of skywave HF OTH monostatic radar, the returns from large patches

of ground or ocean reflect a great deal of energy that can be spread in Doppler due to

the random fluctuations of the ionospheric plasma. While exact wave equation solu-

tions for propagation through a complicated medium is difficult to obtain, solutions

that are reasonably accurate have been approximated with phase screens [23]. These

phase screens are intended to represent a section of the dispersive ionosphere thereby

making mathematically tractable approximate solutions. Alternative approaches to

phase screens involving integral equation exist [24], but the additional complexity

is not required for the scope of understanding of the multipath propagation and

Doppler frequency spread. Details of the ionospheric model are beyond the scope of

this thesis. Specifics regarding the propagation model used can be found in references

[25, 26, 27]. The models used in [25, 26, 27] are sufficient within the scope of space-

time processing for ionospheric modeling of range-folded spread Doppler clutter and

will be further explained in the following chapters.

1.2 Motivation

The classical dilemma between range and Doppler ambiguities of periodic pulse trains

[28, 29, 12, 30] limits the capability of optimum sets of periodic pulse trains to improve

detection performance. Pulse trains with a low pulse repetition frequency eliminates

range aliasing while introducing Doppler ambiguities. In OTH radar changes in the

refractive ionospheric media produces spread in Doppler further masking targets that

would otherwise be separable from clutter.

Literature proposes methods to suppress the ionospheric clutter utilizing spatial
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discrimination [31, 32] and multiple carrier frequency operation [33, 6, 34, 35]. Mul-

tiple input multiple output (MIMO) systems have been suggested for mitigation of

OTH related SDC. These systems achieve nulling of proximate and coincident SDC

by effectively limiting the energy transmitted to regions of non-interest thereby min-

imizing the effect of their returns. This is done at the cost of increased complexity on

transmit as compared to single input multiple output (SIMO) systems by requiring

the use of transmit arrays. The use of multiple OTH radar systems have also been

explored for the purpose of improving target characterization [36, 37]. These focus

on the selection of unique waveforms with minimal cross interference and is inher-

ently similar to methods explored in [38] where waveform diversity is used along with

apriori knowledge of collection geometry to mitigate the effects of range ambiguities.

Beamforming is spatial processing preformed with an array of sensors. Con-

ventional beamforming formulates a directive gain pattern with high mainlobe and

low sidelobes selectively placed to enhance the echo strength from scatterers in the

antenna look direction while suppressing echos from scatterers in other directions.

Adaptive beamforming techniques examine the correlation properties of the received

data across channels to recognize the presence of jamming and clutter entering the

antenna pattern sidelobes. An adaptively designed set of weights are then applied to

produce a null in the antenna pattern at the angle of arrival for the jammer/clutter

returns.

Classical space-time adaptive processing (STAP) methods achieve clutter sup-

pression through estimation of clutter and noise covariance matrix from signal-free

training data. Typically these signal-free snapshots are obtained using data from

range bins that are identically distributed but well separated from the signal of inter-

est range bin under test. In inhomogeneous environments however, clutter statistics

change significantly across range bins. The signal plus clutter and noise covariance

matrix is therefore necessarily estimated from the range bin under test. The mini-
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mum variance distortionless response (MVDR) beamformer is an adaptive technique

that operates on a nominally signal-free covariance matrix and thus depends on

whether the matrix is low-rank, sufficient snapshot support is available (the training

data provides a good estimate of the clutter plus noise signals), and that the signal

wavefront is known [39].

Unlike data independent conventional beamforming, adaptive processing is robust

to clutter and noise but require additional considerations. A target signal is generally

not know apriori, therefore in situations when the target is inadvertently included

in the training data, the problem of self cancellation surfaces. Another issue with

MVDR is the rejection of the most powerful clutter components around 0Hz Doppler.

While rejection of clutter is the goal, over nulling stationary clutter may consume

almost all adaptive degrees of freedom with minimum benefit as stationary signals

generally do not impede the detection of Doppler shifted targets. In addition, this

over nulling often comes at the expense of higher white noise gain at the output which

may in turn mask actual targets of interest. An alternative is therefore presented

whereby frequency dependent beamforming is done utilizing snapshot vectors with

range-Doppler bins in the vicinity of resolution cells where target echoes are sought

instead of utilizing snapshot vectors with only a range constraint [31].

An alternative to MVDR is the use of blind source separation (BSS) methods.

BSS methods are defined by the problem of unmixing signal mixtures. In general

these methods operate under the assumption of signal independence and low struc-

tural complexity. As a result, sufficiently high signal to noise ratios are generally

necessary in order to separate a target mode from the clutter [26]. In OTH radar,

the target is generally weak; however clutter returns are very strong and contain

distinct spatial and temporal properties differing from the target return. Thus the

wavefront adaptive sensing method was developed. Exploiting BSS’s ability to iden-

tify strong clutter wavefronts and substituting a conventional, possible mismatched
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steering vector for the target the WAS method utilizes clutter modes in the formula-

tion of an estimate for the signal free covariance matrix. This estimated signal free

covariance matrix is then applied in MVDR to adaptively suppress clutter [40].

1.3 Contributions

The objective of this research is to adaptively mitigate range-folded SDC utilizing a

two step process of Doppler shifting range folded clutter using a nonrecurrent wave-

form (NRWF) and adaptive spatial processing with blind source separation (BSS).

The proposed method utilizes NRWF in order to shift range-folded clutter in Doppler

space revealing previously hidden targets. The Doppler shifted clutter then masks

a known Doppler region. Using spatial processing and knowledge of the imparted

Doppler shift, the clutter signals can then be adaptively mitigated and signals recov-

ered from the NRWF masked Doppler space.

Original contributions of this work include formulation of a novel radar model

that accounts for range-folded SDC, in particular the Doppler shift imparted with a

NRWF. The ambiguity function for the NRWF is derived and its ambiguity surface

studied. Traditional radar space-time adaptive processing (STAP) methods break

down unless a target signal can be separated from clutter apriori and a true signal-free

covariance matrix is be obtained for training. Since signal-free training data from

neighboring range bins are unavailable for OTH systems, a blind adaptive spatial

processing (BASP) method is explored combining BSS and adaptive spatial process-

ing. BASP formulates an approximate signal-free covariance matrix from identified

clutter only signals. Performance analysis using receiver operating characteristic

curves are produced for simulations of the proposed two step process, NRWF with

BASP. Finally, an experiment with acoustic array in a small laboratory environment

is conducted to verify simulation findings.

The work of this thesis encompasses topics related to the NRWF and adaptive
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spatial processing for the mitigation of range-folded clutter signals. The following

list summarizes contributions to the field made by the author.

1. Formulation of NRWF radar clutter model.

2. Derivation of the NRWF ambiguity function.

3. Adaptation of BSS for adaptive spatial processing.

4. Simulation results of proposed NRWF with BASP.

5. Experimental results of proposed NRWF with BASP.

These themes are explored in the body of the thesis.
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2

Radar Signal Processing

OTH pulsed Doppler radar is similar in operation to that of ground-based or aircraft-

mounted radars with the exception of operating frequency and propagation paths.

OTH propagation is accomplished through the refraction of RF signals through the

Earth’s ionosphere to achieve non-LOS returns. Propagation via the ionosphere is

extensively covered by Davies in [6] and will be reviewed in a later section. This

chapter will focus on the basic radar operation governing OTH signal processing.

In the following sections vector quantities such as r are set in lowercase boldface

while matrix quantities are represented in uppercase boldface U. The transposition

of a vector or matrix is given by a raised T , rT ,UT while the Hermitian (conjugate

transpose) of a vector or matrix is shown by a raised H , rH ,UH . The Kronecker or

tensor product of two vectors or matrices is designated using ⊗ and the Hadamard

product or element-by-element multiplication of two vector or matrices is designated

�. The following subsections explore the signal model at a given range bin and thus

assumes that the received signal is range processed.
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2.1 Pulse Doppler Radar

Radar systems measure spatial distribution of reflectivity in the three dimensional

spherical coordinate system of range, azimuth angle, and elevation angle. Pulse

Doppler radars operate by transmitting a coherent periodic train of pulses. Con-

sider a coherent train of M waveforms with pulse repetition interval (PRI) Tr and

subsequent pulse repetition frequency (PRF) fr = 1
Tr

. The total time (MTr) for M

waveforms are known as a coherent processing interval (CPI), dwell, or observation

time. In the following the linear frequency modulated (LFM) waveform also known

as a ’chirp’ will be considered. The LFM waveform modulates frequencies between a

lower bound fl and an upper bound fh with center frequency fc over the entire PRI.

The bandwidth is defined β = fh − fl with the carrier frequency and wavelength

denoted as fo and λo respectively.

As noted earlier, measured backscatter data is comprised of three dimensions.

For each PRI, a total of L time samples are recorded for each of N sensor elements

yielding a total of LMN data points for each CPI. Rearranging the time vector of

data for each sensor, a matrix MxL is obtained where each row corresponds to a

pulse and each column, a sample following pulse transmission.

The first dimension consisting of L within-pulse temporal responses is known as

the fast-time response. Processing the fast-time returns within each PRI provides

target range information. This is obtained through matched filtering of received sig-

nals at each sensor with a replica of the transmitted signal and is known as pulse

compression. Pulse compression effectively reduces the temporally long backscat-

tered pulse signal to a narrow pulse corresponding to each hypothesized slant range.

Peaks in the pulse compressed waveform would therefore appear at delay times re-

lated to when the backscattered energy from the reflecting object returns to the

receiver. In this manner, a target with slant range ro, can be extracted from the
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round trip time of a single pulse, τd = 2ro
c

, where c represents the wave propagation

speed, which for RF is the speed of light.

With slant range determined from the round-trip delay time to a scatterer, the

maximum unambiguous range rmax can similarly be determined as the farthest dis-

tance to which a transmitted pulse can travel and return to the radar before the

next pulse is transmitted and is therefore a function of the PRF. Mathematically

the maximum range is known to be inversely proportional to the PRF and can be

described by Equation (2.1).

rmax =
c

2fr
(2.1)

Unfortunately the selection of a PRF for the radar system is not as simple as a

choice of operating range. Consider the case where a target exists at a distance ro

and is not stationary but rather has a radial velocity component of vo. The round trip

distance to the target is 2ro and can be defined differently in terms of wavelengths as

2ro
λo

, or in radians as 4πro
λo

. Consider the case where the initial phase of the transmitted

signal is φo, the phase of the received signal is therefore the transmitted signal with

a phase offset due to the target signal as represented in Equation (2.2).

φ = φo +
4πro
λo

(2.2)

The change in received phase between pulses is the first derivative of Equation (2.2).

Remembering that phase shifts between pulses provides Doppler information of a

scatterer, the second dimension consisting of M pulses is known as slow-time. Where

the fast-time dimension is pulse compressed to obtain range estimates, a Fourier

transform of the slow-time temporal information provides Doppler estimates of target

radial velocity. This is shown in (2.3) where ∂ro
∂t

is mathematically the velocity of

the target signal and is equated to vo.

∂φ

∂t
=

4π

λo

∂ro
∂t

=
4π

λo
vo (2.3)
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Since Doppler estimates are phase changes between pulses, Equation (2.3) is equated

to the Doppler frequency fd via Equation (2.4).

2πfd =
4π

λo
vo (2.4a)

fd =
2vo
λo

(2.4b)

By rearranging Equation (2.4a) the Doppler frequency can be related to the radial

velocity and Equation (2.4b) is obtained. The Nyquist criterion states that fdmax = fr
2

and thus substituting fdmax for fd, the maximum unambiguous velocity is necessarily

defined by Equation (2.5).

vo =
fdλo

2

vmax =
frλo

4

(2.5)

It is important to note here that higher velocities will cause velocity aliasing or

velocity folding.

Both the maximum range as well as the maximum velocity has been shown to

be parameterized by the PRF in Equation (2.1) and Equation (2.5) respectively.

A relation therefore exists between the maximum unambiguous velocity and the

maximum unambiguous range and can be described by combining the two equations

and obtaining Equation (2.6).

vmaxrmax =
cλo
8

(2.6)

This relation conveniently summarizes the Doppler dilemma where a large rmax im-

plies a small vmax and vice versa [41, 42].

Knowledge of this tradeoff is often not sufficient as it maybe necessary to op-

erate in scenarios where ambiguity exists in one or both of the range and Doppler
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dimensions [29]. Techniques exists to resolve ambiguities but at the cost of extra

measurement time and/or processing load. These approaches can be considered in

two categories, multi-PRF waveforms and pulse coded waveforms.

Multi-PRF waveforms improve range ambiguity through PRF diversity [43], mak-

ing use of the fact that the unambiguous region is different for each PRF and thus

the true range of a target can be obtained from the combination of several ambigu-

ous measurements [44]. The selection of PRF sets is an area of continued research

with the most prominent approaches being the use of Chinese remainder theorem

[14], combinatorics [35] and evolutionary algorithms [6]. Alternatively, pulse coded

waveforms have been introduced as a means of unmasking returns from different am-

biguous ranges by identifying the transmitted pulse from which the reflected signal

is found. These codes include binary phase-shift keyed (BPSK) modulation [45],

Ipatov binary sequences [34], and nonrecurrent waveforms (NRWF) [22, 20].

2.2 Space-Time Radar Signal Model

The basic functions of radar are detection, tracking or imaging. Detection processing

can be further subdivided into time domain (pulse echo), frequency (Doppler spectral

estimate), and spatial. In the previous section the basics of pulse Doppler radar

is considered and the time and frequency components explored. For space-time

processing, the third dimension of the CPI cube consisting of N sensor elements, the

spatial component is exploited.

Consider a uniform line array with elements equally separated by some distance d.

Behind each element is an independent receiver channel. In the front end processing,

analog-to-digital converters are employed to convert the received analog signals into

digital form. The processing chain is depicted in Figure 2.1. The digital signal is then

baseband filtered with respect to the center frequency fc of the transmitted signal.

After basebanding, pulse compression for each period of pulse data results in the
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Figure 2.1: A radar CPI data cube is comprised of L range bins, M pulses, and
N sensors. Received information for each element in a sensor array is basebanded,
pulse compressed for range information and stacked by pulse number. Rearrange and
processing the information, matrices for each range is described by azimuth angles
and Doppler frequencies.

CPI data cube whose structural dimension is represented as LxMxN corresponding

to the fast-time, slow-time, and spatial dimensions respectively. In this section a

space-time model for the radar received signal components is explored.

Consider an ideal transmitted LFM waveform where µ = β
τ

represents the chirp

rate with bandwidth β and pulse width τ . The rectangular windowed single pulse

LFM modulated signal is defined by Equation (2.7).

x1 (t) =
1√
τ
rect

(
t

τ

)
ejπµt

2

(2.7)

A delayed return signal resulting from the reflection of a target at range ro = cτo
2

where τo represents round-trip delay time is then obtained in Equation (2.8)

x1 (t− τo) =
1√
τ
rect

(
t− τo
τ

)
ejπµ(t−τo)

2

(2.8)

17



As mentioned earlier, matched filtering of the transmitted replica signal with the

delayed receive signal will result in a peak corresponding to the delay of a target

scatterer. Range processing will be further explored in the next chapter and is

mentioned here for contextual understanding of space-time modeling in terms of

range.

Each receiver element obtains a component due to internal thermal receiver noise

and may contain additional components due to desired target as well as undesired

clutter. For a single range bin l corresponding to delay time τo, the NxM data

matrix can be represented as a stacked NMx1 space-time snapshot. Let χm,l be

the Nx1 spatial vector defined for the lth range estimate and the mth pulse. Then

Xl = [χ1,l, χ2,l, . . . , χM,l] is the NxM matrix at the lth range, and by stacking the

columns of the matrix, χl =
[
χT1,l, χ

T
2,l, . . . , χ

T
M,l

]T
represents the space-time snapshot

vector of dimensions NMx1.

A spatial steering vector of size Nx1 at azimuth direction φ and elevation angle

θ can be defined by Equation (2.9).

a (φ, θ) =
[

1 ej
2πd
λ
cosθsinφ . . . ej(N−1)

2πd
λ
cosθsinφ

]T
(2.9)

For the Doppler frequency fd, a normalized Doppler can be defined ω = fdTr and

the temporal steering vector of size Mx1 becomes Equation (2.10).

b (ω) =
[

1 ej2πω . . . ej2πω
]T

(2.10)

Combining spatial and temporal components, the space-time steering vector is com-

puted as the Kronecker of spatial component a and temporal component b to obtain

a MNx1 space-time steering vector defined by Equation (2.11).

v (φ, θ, ω) = b (ω)⊗ a (φ, θ) (2.11)

The notation is derived for data from a single range with the understanding that the

components of the space-time snapshot may have a range dependency. For a given
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space-time snapshot, the signal processor is used to make a decision as to whether

a target is absent, the snapshot χ is comprised of unwanted signals χu or a target

component χt is included.

Assuming a target exists at the lth range, a received signal snapshot χ is defined

as the sum of the target component with that of any undesired component.

χ = χt + χu (2.12)

The undesired component χu incorporates all unwanted signals, two of which will be

considered in this document: thermal noise χn and clutter χc.

χu = χn + χc (2.13)

Since these components are mutually uncorrelated, the covariance matrix R for the

snapshot χ can be derived as the sum of covariances of each component: target,

noise, and clutter.

R = E
{
χχH

}
= E

{
(χt + χn + χc) (χt + χn + χc)

H
}

= E
{

(χt + χn + χc)
(
χHt + χHn + χHc

)}
= E

{
χtχ

H
t

}
+ E

{
χnχ

H
n

}
+ E

{
χcχ

H
c

}
= Rt + Rn + Rc

(2.14)

In the following subsections, individual component models for target clutter and

noise are explored. The model adopted for this thesis is the same as that found in

Ward’s STAP report [46].

2.2.1 Point Target

For modeling purposes, a target will be defined as a moving point scatterer of tactical

significance that is to be detected. The component of a space-time snapshot at a
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given range corresponding to the target range is explored. In this definition, the

target is described by its azimuth, elevation, and relative velocity with respect to

the radar. A target time-series signal is the amplitude of the response for a given

space-time steering vector with spatial component a (φt, θt) defined for the point

scatter’s azimuth φt and elevation θt, and the temporal component b (ωt) defined

at its normalized Doppler ωt and amplitude αt. The target space-time component

is defined as the superposition of Nt number of point targets and is described by

Equation (2.15).

χt =
Nt∑
t=1

αt [b (ωt)⊗ a (φt, θt)]

=
Nt∑
t=1

αtv (ωt, φt, θt)

(2.15)

The target covariance is then defined as the target power occurring at a particular

space-time v (ωt, φt, θt). This formulation follows from the assumption of a point-

target with constant radial velocity. For notational simplicity, target spatial and

temporal components are simplified to bt and at respectively, with vt representing

the joint target space-time snapshot.

Rt = E
{
χtχ

H
t

}
= E

{
|αt|2

}
E
{
vtv

H
t

}
=

Nt∑
t=1

ηtσ
2 (bt ⊗ at) (bt ⊗ at)

H

=
Nt∑
t=1

ηtσ
2 (bt ⊗ at)

(
bHt ⊗ aHt

)

=
Nt∑
t=1

ηtσ
2
(
btb

H
t ⊗ ata

H
t

)

(2.16)

The target space-time covariance matrix is defined from the statistical expectation
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of the target time-series model and can be written in terms of its spatial and temporal

covariance components as in Equation (2.16). Where ηt is the single pulse SNR and

σ2 is the thermal noise power per element. The target amplitude is then obtained

αt =
√
ηtσ2.

2.2.2 Noise

The first undesired signal that a potential target must contend with is internally

generated receiver noise that is always present on each channel. The noise process

on each element is modeled as spatially and temporally uncorrelated.

χn = σ (2.17)

The space-time noise covariance matrix is defined from the statistical expectation

of the noise time-series model and can be written in terms of its spatial and temporal

covariance components.

Rn = E
{
χnχ

H
n

}
= σ2 (IM ⊗ IN)

= σ2IMN

(2.18)

Where IM , IN , and IMN represent identity matrices of size MxM , size NxN , and

size MNxMN respectively. Since noise is uncorrelated, its spatial and temporal

components can be represented as identity matrices. The space-time covariance

matrix is determined as noise power at a particular space-time.

2.2.3 Clutter

Radar clutter is generically defined as the echoes from scatterers deemed not to be of

tactical significance. This includes returns that are typically from ground, sea, rain,

animals, as well as atmospheric turbulences.
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The clutter component of a space time snapshot can be defined as the sum of

clutter patches for all azimuth φk, k = 1, . . . , Nc and elevation θi, i = 1, . . . , Nr.

OTH radar propagates via sky waves, received elevation angles therefore correspond

to range extents. Therefore Nc represents the number of independent clutter sources

that are evenly distributed in azimuth about the radar and Nr represents the number

of range ambiguities. Assume that the Doppler shifts are constant across a bearing

sector for each propagating mode such that ωik = ωi, ∀i = 1, . . . , Nr. The conven-

tional clutter space-time snapshot is defined by Equation (2.19).

χc =
Nr∑
i=1

Nc∑
k=1

αik
[

1 ej2πωi . . . ej(M−1)2πωi
]T

⊗
[

1 e
j2π d

λ0
cosθisinφk . . . e

j(N−1)2π d
λ0
cosθisinφk

]T
=

Nr∑
i=1

Nc∑
k=1

αikb (ωi)⊗ a (φk, θi)

=
Nr∑
i=1

b (ωi)⊗
Nc∑
k=1

αika (φk, θi)

(2.19)

Since the Kronecker is simply vector operations of restructured matrix, Equation

(2.19) can be rearranged and expressed in matrix form as Equation (2.20).

Xc =
Nr∑
i=1

(
Nc∑
k=1

αika (φk, θi)

)
bH (ωi)

=

[
Nc∑
k=1

α1ka (φk, θ1)
Nc∑
k=1

α2ka (φk, θ2) . . .

Nc∑
k=1

αNrka (φk, θNr)

]
bH (ω1)
bH (ω2)

...
bH (ωNr)


(2.20)

Since each scatterer is independent, different amplitudes αik are given for each point
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scatterer associated for a given range ambiguity and clutter component k.

Rc = E
{
χcχ

H
c

}
= E

{
|αik|2

}
E
{
vikv

H
ik

}
=

Nr∑
r=1

Nc∑
k=1

ηikσ
2 (bi ⊗ aik) (bi ⊗ aik)

H

=
Nr∑
r=1

Nc∑
k=1

ηikσ
2 (bi ⊗ aik)

(
bHi ⊗ aHik

)

=
Nr∑
r=1

Nc∑
k=1

ηikσ
2
(
bib

H
i ⊗ aika

H
ik

)

(2.21)

The space-time clutter covariance matrix is defined from the statistical expecta-

tion of the clutter time-series model, by assuming that returns from different clutter

patches (i, k) are uncorrelated. The temporal and spatial components are coupled

because the clutter Doppler is a function of angle formulating a clutter ridge. Fur-

ther discussion on the space-time coupling and clutter ridge modeling can be found in

Ward’s STAP report [1]. It is sufficient here to demonstrate the space-time coupling

nature of clutter and hence the potential of blind source separation in identification

of clutter signals by their temporal components.
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3

Range Signal Processing

3.1 Pulse Train LFM Waveform

Radar range is computed from the delay between transmission and reception a signal.

In pulse-Doppler systems a coherent set of pulses are transmitted in order to measure

radial velocity in addition to a target’s range. In the previous chapter, the single pulse

LFM waveform x1 (t) is introduced in Equation (2.7). When coherency is maintained

between consecutive pulses, a normalized train is the summation of M individual

pulses and can be given as Equation 3.1. The chirp rate µ = β
τo

is bandwidth over

pulse width and determines the change in frequency as a function of time.

x (t) =
1√
M

M−1∑
m=0

x1 (t−mT )

=
1√
Mτ0

M−1∑
m=0

rect

(
t−mT
τ0

)
ejπµ(t−mT )

2

(3.1)

Utilizing a two-dimensional function of time delay and Doppler frequency it is

possible to show distortion of a returned pulse due to the receiver matched filter. For

the single LFM pulse this function can be shown in Equation 3.2 and its derivation
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found in Appendix A.1. The PRI T is necessarily greater than a single pulse width

τo for the CPI.

A1 (τ, fd) =

∫
x1 (t)x∗1 (t− τ) ej2πfdtdt

= e−jπµτ
2

(
1− |τ |

τ0

) sin
(
π (µτ + fd) τ0

(
1− |τ |

τ0

))
π (µτ + fd) τ0

(
1− |τ |

τ0

) (3.2)

Taking the magnitude squared, an ambiguity surface can be calculated in Equation

3.3 and plotted as seen in Figure 3.1.

|A1 (τ, fd)|2 =

∣∣∣∣∣∣
sin
(
π (µτ + fd) τ0

(
1− |τ |

τ0

))
π (µτ + fd) τ0

(
1− |τ |

τ0

)
∣∣∣∣∣∣
2

(3.3)

The ambiguity function of a single pulse demonstrates a LFM’s advantage of large

bandwidth while maintaining a short pulse width. The ambiguity surface of the

LFM waveform is skewed in the delay-Doppler plane as slight Doppler mismatch has

minimal affect on the amplitude but do shift the pulse in time.

Where the single pulse LFM signal was defined in Equation (2.7), the pulse train

LFM signal is similarly defined by Equation 3.1 and its ambiguity function obtained

in Equation 3.4. Derivations using Equation (3.1) for the pulse train ambiguity

function can be found in Appendix A.2. The parameter q represents pulse ambiguities

inherent to pulse train waveforms.

A (τ, fd) =

∫
x (t)x∗ (t− τ) ej2πfdtdt

=
1

M

M−1∑
q=−(M−1)

A1 (τ − qT ; fd) e
jπfd(M−1+q)T sin [πfd (M − |q|T )]

sin (πfdT )

(3.4)

It is important to notice here that the pulse train ambiguity function A (τ, fd) is

expressed in terms of the single pulse ambiguity A1 (τ, fd). Contours of the ambigu-

ity function are plotted with the unambiguous delay-Doppler region represented at
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Figure 3.1: The ambiguity surface of a single pulse for the LFM waveform with
pulse width τ0 = 0.4s and bandwidth 10Hz.

the center surrounding the maximum value found at |χ (τ, fd)|2 = |χ (0, 0)|2. Tak-

ing the magnitude squared, the LFM pulse train ambiguity surface is obtained and

represented by Equation 3.5 and shown in Figure 3.2.

|A (τ, fd)|2 =
1

M

M−1∑
q=−(M−1)

|A1 (τ − qT ; fd)|2
∣∣∣∣sin [πfd (M − |q|T )]

sin (πfdT )

∣∣∣∣2 (3.5)

Ambiguity surfaces are useful tools in understanding distortions of a returned signal

as it is determined by properties of the pulse and the matched filter. Examining

Figure 3.2 range ambiguities become apparent as repetitions in delay. Consider a cut

in Doppler, range ambiguities and range folding could be considered as overlapping

non-zero delay returns over the zero Delay region. Similarly considering a cut in

Delay, Doppler ambiguities exist and can be thought of as overlapping non-zero

Doppler returns over the zero Doppler region. In this manner the unambiguous
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Figure 3.2: The ambiguity surface of a M=10 pulse train LFM waveform with
pulse width τ0 = 0.4s, bandwidth 10Hz, and pulse repetition frequency fr = 1.

region can be considered as the square region between ± 1
2fr

in delay and ±fr
2

in

Doppler.

3.2 Multiple PRF Operation

In literature efficient techniques have been established to resolve the range ambiguity

of a single target using multiple PRFs. The major factor that determines which PRF

set is chosen is decodeability. By using diverse PRFs and observing the target inter-

pulse position in each, it is possible to obtain improvements in ranging performance

[47, 48, 49, 38]. Consider a scenario where two PRFs fr1 and fr2 are used with corre-

sponding maximum unambiguous ranges Ru1 and Ru2 . The PRF set can be chosen

to be relatively prime with respect to one another; one choice might be fr1 = Nfrd

and fr2 = (N + 1) frd for some integer N [44]. In this example, the desired PRI for
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the set would coincide at only one location, the true unambiguous target position.

Assume for this radar, two delay signatures are obtained t1 and t2 where t1 < t2,

M is used here to represent the number of PRF intervals between the transmit of a

pulse and a receipt of the true target return.

t1 +
M

fr1
= t2 +

M

fr2
(3.6)

From Equation (3.6) the number of PRF intervals between transmits of a pulse and

receipt of the true return is obtained and found to be Equation (3.7).

M =
t2 − t1
T1 − T2

(3.7)

The true delay to the target for this two PRF system is then obtained via Equation

(3.8) by rearranging Equation (3.7) and setting them equal to the true target delay

tr.

tr = MT1 + t1

tr = MT2 + t2
(3.8)

The true target range is then computed from the true target delay.

R =
ctr
2

(3.9)

For cases where t1 > t2 the true target range can be similarly obtained. The M

number of PRF intervals is solved, rearranged, and set equal to the true target delay

tr1 from which the range R is determined.

t1 +
M

fr1
= t2 +

M + 1

fr2

M =
(t2 − t1) + T2
T1 − T2

tr1 = MT1 + t1

R =
ctr1
2

(3.10)
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Finally, for the case where tr2 = t1 = t2, the range remains ambiguous and an addi-

tional third PRF is required to resolve the ambiguity. Techniques such as the Chinese

remainder theorem (CRT), evolutionary algorithms and combinatorics techniques are

methods optimizing the set selection of multiple PRFs.

3.2.1 Chinese Remainder Theorem

The classical method derived from Hovanessian’s algorithm uses several fixed PRFs

with sequential measurement of the ambiguous range in each PRF. Comparisons of

the measurements are used to eliminate ambiguities. In such cases the PRFs must be

chosen to have a common submultiple frequency. If the transmitted pulse trains are

compared in a coincidence detector, the common submultiple frequency is obtained.

The same is found on receive, the same submultiple frequency shifted in time by the

target range delay is obtained. PRFs are usually related by ratios of closely spaced,

relatively prime integers. The CRT is one means for calculating the true range from

several ambiguous measurements and permits a unique direct computation of the

true-range cell number from ambiguous range cell numbers [50].

Let m1,m2, . . . ,ms denote s positive integers that are relatively prime in pairs,

and let a1, a2, . . . , as denote any integers. Then the congruences x ≡ ai (mod m1),

i = 1, 2, . . . , s have common solutions. Any two solutions are congruent modulo

m1,m2, . . . ,ms [50]. Where congruence and modulo denote a convention that means

if a integral number of m is added to or subtracted from x and a number y results,

then we obtain Equation (3.11)

x ≡ y (mod m)

x− y ≡ 0 (mod m)
(3.11)

Define Equation (3.12) with the constraint that mi are relatively prime in pairs,

then it is true that m/mj is an integer that is relatively prime to mj. For any two
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relatively prime numbers a third number, b can always be found such that congruence

in Equation (3.13) holds.

m =
s∏
i=1

mi (3.12)

(
m

mj

)
bj ≡ 1 (mod mj) (3.13)

The definition of m implies for i 6= j,
(
m
mj

)
b ≡ 0 (mod mi) for any b, because mi is a

factor of m/mj. Referring back to Equation (3.11), x0 can then be defined according

to Equation (3.14) where the number x0 represents the true time delay to a target.

x0 =
s∑
j=1

m

mj

bjaj (3.14)

Greater in depth understanding of the CRT in its application to PFR set selection

is explored in references [50]. The information provided here is done solely as a review

of multi-PRF sets via CRT and the general complexity involved.

3.2.2 Evolutionary Algorithm

The CRT is most efficient with integer range values from each PRF, in general this

is a very restrictive constraint on the PRF set. Modern processors have allowed

for “brute force” approach of coincidence lists where returns in each of the PRFs

are overlaid and a search can be performed for overlapping detections allowing a

much wider choice of PRF. Evolutionary algorithms are an alternative and have

been shown to be useful in solving the combinatorial problem, they can be used to

find the globally optimal set of PRFs. This also allows for selection of the optimal

PRF set online [6].

Evolutionary algorithms are designed to mimic the natural selection process

through evolution and survival of the fittest. It utilizes a population of independent
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individuals, each representing a potential solution to the problems. Each individual

has one chromosome that can be broken into genes, evolutionable parameters for the

problem. The evolutionary algorithm can be best described with a flow diagram.

The key benefit of utilizing an evolutionary algorithm is that it can be imple-

mented for objectives that vary with time as a predetermined set of PRF is not

required. Where existing PRF set selection methods can only cope when the so-

lution space can be searched exhaustively or in the case of CRT, optimally when

integer values are used, evolutionary algorithms offer faster, and often times more

operationally sound solutions.

3.3 Non-Recurrent Waveform

The nonrecurrent waveform (NRWF) introduces an interpulse code in the slow-time

dimension. Consider the LFM pulse train waveform defined in Equation 3.1. A phase

code is added to each pulse and is described mathematically by Equation 3.15.

xNRWF (t) =
1√
M

M−1∑
m=0

x1 (t−mT )Cm

=
1√
Mτ0

M−1∑
m=0

rect

(
t−mT
τ0

)
ejπµ(t−mT )

2

Cm

(3.15)

When Cm = 1 ∀m the conventional LFM pulse train waveform, Equation 3.1, is

obtained from Equation 3.15. It is observed that for the single pulse case, Equation

3.15 imparts a phase code of C0 = 1 and thus there is no difference between the single

pulse LFM ambiguity and the single pulse NRWF ambiguity. The NRWF defines

the phase codes as a quadratic function of pulse number. Where α is a constant

proportional to the amount of Doppler shift that is imparted on each successive range

ambiguity. In this manner, after range processing, range ambiguous information from
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a previous pulse return is displaced in Doppler.

Cm = e−jπαm
2

(3.16)

Consider a scenario where a previously coded pulse return m − i representing

the ith range ambiguous return is received while processing pulse m. Match filtering

of the codes on two different pulses results in a normalized Doppler shift of returns

from the previous pulse by a factor iαfr and amplitude offset ejπαi
2
.

dc (t) = Cm−iĊ
∗
m

= e−jπα(m−i)
2

ejπαm
2

= e−jπα(m
2−2mi+i2)ejπαm

2

= ejπα(2mi−i
2)

= ej2παmie−jπαi
2

= ej2πm
αifr
fr e−jπαi

2

(3.17)

Thus NRWF with a quadratic phase interpulse code was shown in [22, 20] to help

mitigate returns from long-range SDC by folding returns into a separated Doppler

region selected not to be required for target detection. The NRWF imparted Doppler

shift, δ, is described as a function of the PRF fr, pulse return m, and code value α.

δ = m ∗ α ∗ fr (3.18)

An analysis of the waveform is conducted such that the complex ambiguity func-

tion is derived in Appendix A.3 and final result restated in Equation (3.19). Like the

LFM pulse train ambiguity function, the NRWF ambiguity is a function of the single

LFM ambiguity. This is because the NRWF introduces a phase code between pulses

to address interpulse ambiguities and therefore does not affect distortions resulting

within a pulse waveform. The difference between Equation (3.4) and Equation (3.19)
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is slight. The NRWF ambiguity modifies the Doppler parameter fd with a shift by

qα
T

.

ANRWF (τ, fd) =
1

N

N−1∑
q=−(N−1)

A1 (τ − qT ; fd)

e−jπ(fd−
|q|α
2T )(N+1−|q|−2q)T sin

(
π
(
fd − qα

T

)
T (N − |q|)

)
sin
(
π
(
fd − qα

T

)
T
)

(3.19)

The NRWF ambiguity surface is obtained by taking the magnitude squared of Equa-

tion 3.19 and shown to be Equation 3.20. A contour plot of the ambiguity surface is

depicted in Figure 3.3.

|ANRWF (τ, fd)|2 =
1

N

N−1∑
q=−(N−1)

∣∣∣∣∣A1 (τ − qT ; fd)

∣∣∣∣∣
∣∣∣∣∣sin

(
π
(
fd − qα

T

)
T (N − |q|)

)
sin
(
π
(
fd − qα

T

)
T
) ∣∣∣∣∣

2
(3.20)

To reiterate, ambiguity surfaces are useful tools in understanding distortions of a

returned signal as it is determined by properties of the pulse and the matched filter.

In the Pulse Train LFM Waveform section of this chapter, Figure 3.1 was utilized in

explaining range ambiguities as repetitions in delay and Doppler ambiguities as the

repetitions in Doppler. Notice that the NRWF ambiguity surface plot, Figure 3.3,

produces the same contours as the LFM ambiguity surface plot for the rectangular

region between ± 1
2fr

in delay. This is due to the fact that the NRWF reduces to

the LFM waveform for the range unambiguous region. For all other delay regions

however, the contours appear shifted in Doppler. This is unique to the quadratic

NRWF as ambiguous range returns are shifted in Doppler producing the shear seen in

Figure 3.3. This later becomes key in separation of target from range-folded clutter

returns for adaptive spatial processing.
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Figure 3.3: The ambiguity surface of a M=10 pulse NRWF with pulse width
τ0 = 0.4s, bandwidth 10Hz, pulse repetition frequency fr = 1, and Doppler shift
parameter α = 0.2 which produces a Doppler separation of δ (m) = 0.2m. Contours
of the NRWF ambiguity function demonstrates Doppler sheering in delay that is the
result of matched filtering quadratic phase coded pulses.
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4

Spatial Signal Processing

4.1 Conventional Method

Beamforming is a multichannel signal processing technique used to enhance signals

from a known spatial position while simultaneously reducing signals from other,

interfering directions [39]. The array steering vector for a narrow-band plane wave is

ideally in the target direction and thus ought to have an incidence at azimuth angle φ,

elevation angle θ given by the column vector in Equation (2.9). Conventional spatial

methods maximizes the spatial spectrum for the dataset, the identified azimuth-

elevation angle pair represents the direction of arrival estimate of the dominant signal.

The elevation parameter θ is important in the consideration of range folded clut-

ter as in the space-time adaptive model each ambiguous range has a corresponding

elevation and grazing angle. Utilizing Equation (2.9) as the weights, the received

signal is effectively Fourier transformed into beamspace where a target can be picked

out based upon their spatial position.
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4.2 Minimum Variance Distortionless Response

Capon proposed a filterbank approach to spectral estimation that designs linear

filters optimally [51, 52]. The filter weights w are chosen with min wHRw minimum

variance such that wHa (θ, φ) has distortionless response with respect to the signal

free covariance matrix R and array steering vector a. The well-known solution is

obtained in Equation (4.1).

w (θ, φ) =
R−1a (θ, φ)

aH (θ, φ) R−1a (θ, φ)
(4.1)

In practice it is common to diagonally load the sample covariance matrix [53].

This is done in order to mitigate undesirable finite sample effects and is often nec-

essary for inversion of snapshot deficient matrices [54, 55]. Eigenvectors of sample

covariance remains unaffected by diagonal loading [56].

4.3 Blind Source Separation

The problem of blind sources separation (BSS) is formulated as the problem of recov-

ering unobserved source signals from observed mixtures utilizing limited knowledge

about the nature of those signals [57]. Consider that we can observe sensor signals

x (k) =
[
x1 (k) . . . xn (k)

]
which can be modeled by Equation (4.2).

x (k) = As (k) + n (k) (4.2)

Where A is a nxn non-singular and unknown mixing matrix. The vector s (k) =[
s1 (k) . . . sn (k)

]
represents a set of unknown zero mean source signals and n (k)

is a vector of additive noise. A conceptual understanding of BSS is shown in Fig-

ure 4.1. The objective of BSS is to estimate mixing matrix A and source signals

s simultaneously [58]. The lack of prior knowledge about the mixture is compen-

sated by statistically strong and physically plausible assumption of independence
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Figure 4.1: A set of source signals s is mixed via mixing process A producing
observed signals x. Blind source separation attempts to recover the original source
signals ŝ via unmixing process Â. This is generally done by estimating an inverse of
the mixing process to be applied on observed signals x. The unmixed signals often
leads to a permutation problem whereby the original signals are recovered but in an
unordered manner.

between source signals [59]. Temporal, spatial, and spatio-temporal decorrelations

play important roles in signal processing, in particularly, spectrum analysis and ar-

ray processing. These techniques are based upon second-order statistics (SOS) and

subsequently the focus will be on SOS-BSS methods.

4.3.1 Statistical Principles

As mentioned earlier, the statistically strong assumption of mutual independence

between sources is necessary to BSS. While dependence measures based on high order

statistics (HOS) exist and yield a class of HOS-BSS algorithms [60, 61], emphasis

of this research is placed on second order statistics: the dependence measure based

on second order statistics of source signals, for the purpose of spatio-temporal radar

processing.

Roughly speaking, the objective of BSS is to isolate the image of one source in

37



each components of the output vector y (k) =
[
y1 (k) . . . yn (k)

]
and defined by

Equation (4.3).

y (k) = Wx (k) (4.3)

Separation of source signals makes no formal distinction between the desired signals

and the interference signals as both are recovered from the BSS algorithm output [62].

Furthermore, minimizing an independence criterion does not allow the separating

matrix A to be uniquely determined. Consider the problem of permutation and

scaling ambiguities. Assume that the output signals y (k) are mutually independent.

Since permutations of the outputs leave their mutual independence unchanged, the

result is not necessarily an estimate of the actual source signals. Mathematically this

can be shown via Equation (4.4).

x (k) = As (k) + n (k) =
n∑
p=1

ap
αp
αpsp (k) + n (k) (4.4)

Where αp is an arbitrary complex factor and ap denotes the pth column of A. This

it is shown that full identification of the mixture matrix is impossible because the

exchange of a fixed scalar factor between a given source signal and the corresponding

column of A does not affect the observations. In fact, the ordering of the source

signals is solely a matter of notation and has no physical relevance. Therefore the

output vector provides an estimate of the source vector up to arbitrary permutations.

Individual filtering of each source signal leaves the mutual independence of the

source signals unchanged. It has been shown that blind identification is feasible

based on spatial covariance matrices. These matrices show a simple structure that

allows straightforward blind identification procedures based upon eigendecomposi-

tion. The SOBI method extends analysis from a unique covariance matrix to the

joint diagonalization of a set of covariance matrices in order to increase robustness.
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4.3.2 Second Order Blind Identification

Second-order blind identification (SOBI) originally developed by Adel Belouchrani

et al. in [63], is an alternative to EVD/SVD and applies an approximate joint diago-

nalization procedure. The objective of the procedure is to determine the orthogonal

matrix U which diagonalizes a set of covariance matrices.

Ri = UDiU
T + σ2

i I (4.5)

Where Ri represents the data covariance matrix and σ2
i I the additive stationary

and temporally white error covariance for the ith time-lag. After applying robust

whitening and joint approximate diagonalization an estimate the source signals and

the mixing matrix is obtained.

s (k) = UTQx̄ (k)

Â = Q†U
(4.6)

The SOBI method is relatively straight forward with the exception of how joint

approximate diagonalization is implemented [64]. Many studies [65, 66, 67] have been

conducted in order to optimize separation of source signals in a controlled manner

as solving the permutation problem becomes difficult in the presence of complex

Gaussian mixtures. For the purposes of this study, the permutation problem is

acknowledge but thankfully avoided through apriori signal knowledge due to clutter

separation by the NRWF.

4.3.3 Robust Orthogonalization

The first step to SOBI is implemented by estimating the set of time-delayed covari-

ance matrices for a set of time delays (τ1, . . . , τK) and constructing an nxnK matrix

R̃ =
[

Rx (τ1) . . . Rx (τK)
]
. The singular value decomposition (SVD) is then

taken.

R̃ = UΣVT (4.7)
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For the set of time-delayed covariance, an estimate of the whitened signal mixture is

produced.

Ri = UTRx (τi) U (4.8)

By selecting any non-zero initial vector of parameters α
[
α1 . . . αk

]T
the follow-

ing equation is obtained.

R̄ =
K∑
i=1

αiRi (4.9)

Eigvenvalue decomposition of R̄ is computed and used to verify that R̄ is positive

definite, if not then the vector of parameters is updated by a factor δ.

δ =

[
uTR1u . . . uTRKu

]T∥∥[ uTR1u . . . uTRKu
]∥∥ (4.10)

Where u is an eigenvector corresponding to the smallest eigenvalue of R̄. Robust

orthogonalization is then applied and Equation (4.11) is obtained.

x̄ (k) = Qx (k) (4.11)

Where Q = Σ̄−
1
2 ŪT and the estimate of the set of covariance matrices is found to

be Equation (4.12)

Rx (τi) =
1

N

N∑
k=1

x̄ (k) x̄T (k − τi)

= QRx (τi) QT

(4.12)

4.3.4 Joint Diagonalization

Joint approximate diagonalization (JAD) is formulated using a least-squares ap-

proach (LS) as the minimization of a general cost function defined in Equation (4.13).

J (U,Di) =
K∑
i=1

∥∥Ri −UDiU
T
∥∥2 (4.13)
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Initially proposed for SOBI, the JAD method is a generalization of the Jacobi

technique for diagonalizing a unique hermitian matrix [68]. The proposed method

utilizes successive Givens rotations to minimize the diagonalization criterion which

ultimately leads to solving the problem for k = 1, . . . , K, 2x2 matrices of the form

Hk =

[
ak bk
ck dk

]
(4.14)

The unitary matrix V is sought such that Ĥk = VHHkV minimizes the JAD criterion

and the unitary transformation matrix V is parameterized by a complex Givens

rotation defined by Equation (4.15).

V =

[
cos θ e−jφsin θ

−e−jφsin θ cos θ

]
(4.15)

Denoting âk, b̂k, ĉk, d̂k as the coefficients of Ĥk, optimization of the JAD criterion

is the same as finding θ and φ such that
∑
k

|âk|2 +
∣∣∣d̂k∣∣∣2 is maximized. Noticing that

2

(
|âk|2 +

∣∣∣d̂k∣∣∣2) =
∣∣∣âk − d̂k∣∣∣2 +

∣∣∣âk + d̂k

∣∣∣2 and that the trace âk + d̂k is invariant in

a unitary transformation, optimization can be equated to maximization of Q at each

Givens step. Q can be defined by Equation (4.16).

Q =
∑
k

∣∣∣âk − d̂k∣∣∣2 (4.16)

It can then be found that

âk − d̂k = (ak − dk) cos 2θ − (bk + ck) sin 2θcos φ− j (ck − bk) sin 2θsin φ (4.17)

and by defining the vectors

u =
[
â1 − d̂1 . . . âK − d̂K

]T
v =

[
cos 2θ −sin 2θcos φ −sin 2θsin φ

]T
gk =

[
ak − dk bk + ck j (ck − bk)

]T
(4.18)
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Equation (4.18) can be rewritten in matrix form as u = Gv where

G =
[

gT1 . . . gTK
]

and thus Q can be redefined to be

Q = uHu = vTGHGv (4.19)

Assumption of GHG being hermition and its imaginary part anti-symmetric is

used so that nothing is contributed in the above quadratic form. The last step is

to recognize that the particular parameterization of v is equivalent to the condi-

tion vTv = 1. Maximizing a quadratic form under the unit norm constraint of its

argument is classically obtained by taking R
{
GHG

}
associated to the largest eigen-

value. Recall that this is a real symmetric matrix: the analytic expressions of the

parameters of the Givens rotation are simply derived from the coordinates of the

eigenvector. In the case where K = 1 and H1 is hermitian, the above equations is

simply the standard Jacobi procedure.

Robust orthogonalization is an important preprocessing step as it ensures that the

global mixing matrix is orthogonal. The idea is to search for a linear combination of

several symmetric time-delayed covariance matrices such that the matrix is positive

definite and not sensitive to additive white noise.

4.4 Blind Source Separation Beamformer

The connection between space-time processing and BSS is drawn in the formulation

of signal separated beamformers. Considering only the target range gate and ignoring

target Doppler shift, the received space-time snapshot can be expressed in terms of

the spatial components and temporal components of multiple super imposed range

ambiguous signals.

χ̄ = j γ̂j ⊗ p̂j (4.20)
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Where γ̂j and p̂j represent temporal and spatial vectors for the jth range ambiguous

signal. The space-time snapshot χ̄j, can be redefined in matrix form as:

Xj =
∑
j

p̂j γ̂
H
j = AS (4.21)

Where A =
[

p̂1 . . . p̂j
]

and S =
[
γ̂H1 . . . γ̂Hj

]T
. The columns of the mixing

matrix A are the sum of spatial wavefronts corresponding to raymode j, and the

rows of the source matrix S are the corresponding Doppler coefficients.

Consider that the target signal resides within the range unambiguous region and

the first source is taken to be a target with Doppler spectra γ̂t, and subsequent signals

are clutter signals.

S =
[
γ̂Tt STc

]T
(4.22)

Where Doppler identified clutter is represented Sc =
[
γ̂T1 . . . γ̂TJ

]T
. Therefore,

the appropriate structure of the mixing matrix and subsequently the wavefront ma-

trix is Equation (4.23).

A =
[

p̂t Ac

]
(4.23)

Where p̂t is the target wavefront, and the submatrix Ac =
[

p̂1 . . . p̂J
]

contains

in its columns the wavefronts that are associated to clutter. From this construction,

the target wavefront is identified from the mixing matrix to be p̂1 = Aec, with

ec =
[

1 0 . . . 0
]T

representing a target selection column vector. The model

formulation in Equation (4.21), lends itself to fit neatly within the framework of

BSS methods wherein the set of received signals, of which only instantaneous linear

mixtures are observed, can be separated.

The main idea of the BSS beamformer is to estimate clutter wavefronts in Ac, and

identify the signal wavefront p̂t by exploiting the temporal differences between their

modes. In particular, data in the form of Equation (4.21) suggests that a whole host
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of blind source separation methods can be employed to determine A from X based

solely on the temporal properties of S. With a well estimated A, separation of the

target from Doppler spread multi-mode clutter can be relatively easily accomplished.

For this research, the algebraic second-order BSS method is adopted; its operation

is explored further in the following chapter. The estimated mixing matrix Â, whose

columns contain wavefronts of separated clutter modes, can be obtained at the output

of the separation algorithm.

In analogy to the conventional beamformer that maximizes the power of the

beamforming output from a certain direction of target arrival θt, φt.

wconventional = at (φt, θt) (4.24)

Where a is the modeled target wavefront, the BSS beamformer can be obtained in

the following Equation (4.25).

wBSS = ât =
[
Â−1

]H
et (4.25)

Note that this beamformer implicitly assumes that the location of Â−1 target column

of can be determined. In the OTHR application, this knowledge can be obtained

using the point-like spatial and single Doppler frequency temporal characteristic of

the point-target versus the distributed spatial and Bragg-line Doppler features of the

separated clutter modes.

The main drawback of the BSS beamformer is that its performance degrades

dramatically at low SNR [69], when source separation becomes impossible. While the

BSS beamformer does not require knowledge of the signal or the clutter wavefronts,

it also does not asymptotically converge to the optimal beamformer. In part, this

stems from the lack of additive noise in the signal model. In practice, some noise

background level is always present, therefore, an alternative, the BASP estimator, is

proposed.
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4.5 Blind Adaptive Spatial Processing

The motivation for the BASP method is the use of BSS as a means of formulation

of a signal-free covariance matrix for the optimal MVDR beamformer [70]. When

source separation is applied to estimate the target wavefront in the BSS beamformer,

BASP operates like the MVDR beamformer and adaptively adjusts to the signal

environment using clutter data from the target range-bin. The weight vector of the

optimal beamformer is given by

wopt = R−1c+np1 (4.26)

Where p1 is used to model the target wavefront. In scenarios where signal-free

training data, modeled by Rc+n, is unavailable, a sample covariance matrix of the

test data is typically used. The resulting adaptive MVDR beamformer includes an

added constraint to prevent signal cancellation.

ŵMVDR =
R̂−1x p1

pH1 R̂−1x p1

(4.27)

The sample covariance matrix is obtained at the array input using surrounding range

snapshots R̂x = 1
L

L∑
l=1

xlx
H
l . Note that by using modeled target wavefront p1, the

MVDR performance could significantly degrade in situations when L is small or when

p1 is mismatched from the actual target wavefront.

Unlike MVDR with a sample matrix estimated from surrounding range bins,

BASP uses an approximate signal-free covariance matrix estimated from clutter com-

ponents separated using BSS. Source signals are separated using BSS and clutter

signals are identified by their different Doppler characteristics to approximate the

signal free covariance. The spatial covariance matrix of the independent sources at

the input to the beamformer is obtained from the BSS formulation to be Equation
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(4.28).

Rx = AΓsA
H (4.28)

Where the block-diagonal matrix of the source powers are defined by Equation (4.29).

Γs = E
{
SSH

}
=

[
σ2
t 0H

0 Γc

]
(4.29)

Where σ2
t represents the target power, and Γc = E

{
ScS

H
c

}
the matrix of clutter

powers. The spatial covariance matrix of independent sources can be reformulated

using the mixing matrix structure below.

Rx = p1

(
eHt Γset

)
pH1 + Rc+n = p1p

H
1 σ

2
t + Rc+n (4.30)

With the clutter-plus-noise covariance matrix Rc+n = Rc + Rn where the clutter

covariance matrix Rc is given by Equation (4.31).

Rc = AcΓcA
H
c (4.31)

The spatial noise covariance matrix is: Rn = E
{
nnH

}
= σ2

nI. With identity ma-

trix I of size NxN . BASP formulates the covariance matrix utilizing BSS estimated

clutter wavefronts and associated clutter power according to the following expression

Γ̂BASP = diag

(
Â†c
[
Rx − σ2

nI
] (

Â†c

)H)
(4.32)

Where Â†c =
[
ÂH
c Âc

]−1
ÂH
c is the Moore-Penrose pseudoinverse of the clutter wave-

fronts, and diag (·) denotes the diagonal matrix of the argument. Diagonalization of

the source covariance matrix in Equation (4.31) removes the nondiagonal elements

that represent residual correlations among uncorrelated sources due to finite sample

support [54, 55].

In order to demonstrate that BASP approximates the true clutter-plus-noise co-

variance matrix using the clutter wavefronts, the expression obtained in Equation
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(4.31) is substituted into Equation (4.32) and the following equation is obtained

where D = diag

(
Â†cp̂1p̂

H
1

(
Â†c

)H)
.

Γ̂BASP = Γc + σ2
tD (4.33)

The clutter-plus-noise BASP estimator for the spatial covariance matrix is then de-

fined in Equation (4.34).

R̂BASP
c+n = ÂcΓ̂BASP ÂH

c = Rc + σ2
t ÂcDÂH

c (4.34)

Substituting the above BASP estimated signal free covariance matrix for the

sample matrix used in MVDR, the BASP beamformer with modeled signal wavefront

p1 can be obtained as follows

wBASP =
(
R̂BASP
c+n

)−1
p1 (4.35)

Thus operating under the assumption that signal free training data from neighbor-

ing range bins is not available and that an approximate signal-free covariance matrix

is not sufficient it is shown that BASP can be implemented to formulate the co-

variance matrix by separating clutter and signal wavefronts using BSS methods and

exploiting their different Doppler characteristics identify the clutter only signals in

the formulation of a signal free covariance.
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5

Blind Adaptive Spatial Processing for the
Nonrecurrent Waveform

The NRWF ambiguity surface as introduced in chapter 3, section 3.3, shows ambigu-

ous peaks at χ (iT, iαfr) in delay and Doppler. This implies that clutter from the

adjacent ith ambiguous range regions will create returns in the range of interest with

a Doppler shift iαfr. This demonstrates that the NRWF alone is not sufficient to

mitigate the problem of range-folded SDC so much as defer it to a higher-Doppler

domain in the hopes that there are no target returns of interest in that region [20].

While the NRWF by itself is unable to mitigate range folded SDC, it has been

shown to separate range ambiguous returns in Doppler. Thus, when BSS is applied

to identify signals based upon their Doppler characteristics, the NRWF enables an

additional means of selecting clutter signals based upon range region. In the following

sections, a model for the blind adaptive spatial processing (BASP) for the NRWF is

presented along with a simulation and its results. This chapter is concluded with a

performance analysis of the proposed method as it pertains to recovering low velocity

targets while maintaining detectability in the high Doppler region.
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5.1 Simulation Model

For the NRWF, each transmitted pulse is encoded with a quadratic phase code.

Upon receive, matched filtering is performed and for each range bin, adaptive spatial

processing is performed. This adaptive spatial processing consists of utilizing esti-

mated signal-free training data obtained from the range bin of interest through BSS

and identification of clutter and noise components.

This section will begin with a slight review of the space-time model covered in

chapter 2, section 2.2 as the NRWF space-time model is inherently similar. Consider

a uniformly spaced linear array antenna with N , d-spaced elements. A Nx1 spatial

steering vector is defined a (θ) =
[

1 ej
2πd
λ
sinθ · · · ej(N−1)

2πd
λ
sinθ

]T
for wavelength

λ and azimuth direction θ. Similarly, define a Mx1 temporal steering vector b (fd) =[
1 ej2πfdT · · · ej(M−1)2πfdT

]T
with fd representing the Doppler frequency and T ,

the waveform PRI. After waveform processing, a target point scatterer return with

amplitude γt, bearing θt, and Doppler ft is defined by a MNx1 space-time vector χt

with ⊗ representing the Kronecker product.

χt = γtbt (ft)⊗ at (θt) (5.1)

A space-time snapshot of clutter, χc is modeled as a superposition of random point-

clutter returns from Nc azimuth angles and Nr ambiguous range returns and shown in

Equation (5.2). The snapshot of noise, χn is assumed to be spatially and temporally

white.

χc =
Nr−1∑
i=0

Nc−1∑
k=0

γikbik (fik)⊗ aik (θik) (5.2)

In chapter 3, section 3.3 the NRWF was introduced as an interpulse phase code in

the slow-time dimension. After match filtering, range ambiguous information from

a previous pulse return is displaced in Doppler. Match filtering of the coded pulses

49



results in a normalized Doppler shift of returns from the mth previous pulse (ith range

ambiguity) by a factor iαfr that is function of the NRWF α code parameter. In this

manner, range folded regions can be implemented as Doppler shifts for the NRWF

signal models. The NRWF clutter model is written as Equation (5.3).

χNRWF
c =

Nr−1∑
i=0

Nc−1∑
k=0

γikb (fik + iαfr)⊗ a (φk, θi) (5.3)

Let Di = diag
([

1 ej2πδiT · · · ej(M−1)2πδiT
])

be a diagonal MxM matrix

where δi is the Doppler shift imparted on the ith range return as a result of matched

filtering of the NRWF. Substituting Di into the target (Equation (5.1)) and clutter

(Equation (5.3)) models, the NRWF target (Equation (5.4)) and clutter (Equation

(5.5)) space-time snapshot models are obtained.

χt = γtD0bt (ft)⊗ at (θt) (5.4)

χNRWF
c =

Nr−1∑
i=0

Nc−1∑
k=0

γikDibik (fik)⊗ aik (θik) (5.5)

Since only range-folded clutter is considered, the NRWF target component exists

only in the unambiguous range i = 0 where D0 = IM and thus as a check, Equation

(5.4) does indeed reduce back to Equation (5.1).

Assume that the range-folded clutter is incorporated for range regions i ≥ 1

within temporal vector bik representing the Doppler response fik from the ith range

and kth azimuth regions. Furthermore, assume that SDC has the same Doppler

spread across transmit beamwidth, that the ionospheric modulation is constant over

azimuth, and thus the index k can be removed and Equation (5.5) becomes approx-

imated by Equation (5.6).

χNRWF
c ≈

Nr−1∑
i=0

(
Dibi (fi)⊗

Nc−1∑
k=0

γikaik (θik)

)
(5.6)
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This implies that for each range extent the clutter snapshot contains a slow-time

temporal vector Dibi multiplied by a complex spatial vector that is the sum of a set

of clutter wavefronts. Considering only the target range gate, a space-time shapshot

χ can be redefined and approximated in matrix form for large clutter-to-noise ratio as

χ = vec (Xt + Xc) where vec (·) represents the vectorization of a matrix by stacking

the columns of the matrix on top of one another. In particular, the matrix form

of the NRWF target component becomes atb
H
t and the clutter component can be

rearranged and placed in matrix form as Equation (5.7).

XNRWF
c =

Nr−1∑
i=0

(
Nc−1∑
k=0

γika (phik, θi)

)
(Dibi)

H

=
Nr−1∑
i=0

(
Nc−1∑
k=0

γika (phik, θi)

)
bH (fi + δi)

=

[
Nc−1∑
k=0

γ0ka (φk, θ0)
Nc−1∑
k=0

γ1ka (φk, θ1) . . .
Nc−1∑
k=0

γ(Nr−1)ka (φk, θNr−1)

]
×


bH (f0)

bH (f1 + δ1)
...

bH (fNr−1 + δNr−1)


(5.7)

Substituting the matrix forms for the target and clutter components the following

snapshot matrix is obtained in Equation (5.8).

X = atb
H
t +

Nr−1∑
i=0

(
Nc−1∑
k=0

(γikaik) (Dibi)
H

)
(5.8)

= AS (5.9)

In this manner the space-time snapshot matrix can be represented as the multiplica-

tion of a spatial matrix A, where the columns are beam-space wavefronts, with that
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of a temporal matrix S, whose rows are the associated Doppler coefficients described

by Equation (5.9). Both target and clutter each occupy one column in the spatial

matrix A and one row in the temporal matrix S.

The main idea of the proposed BASP method is to estimate signal and clutter

wavefronts in A by exploiting the known apriori temporal differences resulting from

the use of the NRWF. In particular, data in the form of Equation (5.9) suggests that

a whole host of BSS methods can be employed to separate spatial wavefronts based

solely upon associated slow-time temporal properties of S. In this work, the algebraic

second-order BSS method is implemented via the well-known SOBI algorithm [63].

SOBI separates a narrowband noisy linear mixture of signal wavefronts with the

help of a set of time lagged sample covariance matrices. It exploits the time coher-

ence of the source signals and assuming N < M , SOBI is capable of identifying up

to N slow-time independent signals and their associated spatial wavefronts. Since

the NRWF has been shown to separate signals in Doppler and increasing indepen-

dence of signals in the slow-time domain, it is then possible to select the associated

clutter wavefronts and formulate a signal-free covariance matrix for adaptive spatial

processing.

The BASP method is introduced in chapter 4, section 4.5 and is reviewed here for

use with the NRWF. From the space-time snapshot matrix, an estimate is made for

the noise variance and used to formulate a whitening matrix W. A unitary matrix

U is obtained as the joint diagonalizer for the set of spatial covariance matrices and

applied to estimate the wavefront matrix A = W†U and mixing matrix S = UHWX

where † again denotes the Moore-Penrose pseudoinverse. The SOBI process is based

upon joint diagonalization of a set of covariance matricies. The data snapshot matrix
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is prewhitened using SVD.

USV = XH

Q = S−1VH

X̂ = QX

(5.10)

The correlation matrix is then estimated from the prewhitened snapshot matrix.

R̂ = X̂X̂H (5.11)

JAD is applied to the set of time delayed estimated covariance matrices to obtain

the following:

R̂ = ΛDλT (5.12)

After JAD, spatial and temporal separated signals are estimated

A = Q†Λ

S = ΛHX
(5.13)

Utilizing knowledge of the Doppler separation resulting from NRWF’s α parameter,

the clutter signal wavefronts are selected from A for formulation of a signal-free

clutter covariance matrix. The optimal beamformer weight vector is known to be

wopt = R−1c+nat. Where at is the target wavefront steered in the target azimuth direc-

tion θt. A sample covariance matrix of the test data, R̂c+n, with an added constraint

to prevent signal cancellation, is typically used in forming the adaptive MVDR beam-

former weight estimate since signal-free training data is generally unavailable.

wMVDR =
R̂−1c+nat (θt)

at
H (θt) R̂−1c+nat (θt)

(5.14)

The sample covariance matrix is obtained from sample data at the array input using

L surrounding range snapshots R̂c+n = 1
L

∑L
l=1 xlx

H
l . Note that by using modeled
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target wavefront, the MVDR performance could significantly degrade in situations

when L is small or when at is mismatched from the actual target wavefront. The

spatial covariance matrix of independent sources at the input to the beamformer can

be defined

R̃ = AΓAH (5.15)

Where the block-diagonal matrix of the source powers are

Γ = E
{
SSH

}
=

[
σ2
t 0H

0 Γc

]
(5.16)

With σ2
t representing the target power, and Γc = E

{
ScS

H
c

}
the matrix of clutter

powers. The spatial covariance matrix of independent sources can be reformulated

using the mixing matrix structure

R = ata
H
t σ

2
t + R̃c+n (5.17)

With the approximate clutter-plus-noise covariance matrix R̃c+n = Rc + Rn. Where

the clutter covariance matrix is

Rc = AcΓcA
H
c (5.18)

Substituting the estimated signal-free covariance matrix for the sample matrix used

in MVDR, the adaptive set of weights are determined to be

wBASP =
R̃−1c+na

aHR̃−1c+na
(5.19)

As noted in [40] a beamformer with approximated signal-free covariance matrix is

viable only for situations whereby the requirement is to estimate strong interferes

rather than weak targets. This fits nicely in the situation of range-folded SDC as it

is assumed that the target return is weak and therefore masked by clutter.
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5.2 Simulation Results

Simulations are performed considering a 64 element uniform linear array with sensor

spacing of d = 0.02 m. The center frequency fc = 4000 Hz and PRF fr = 35 Hz are

used to mimic an acoustic scenario that would be reproducible in a small lab environ-

ment. Two point targets with 30 dB signal-to-noise ratio are simulated to appear at

30 degrees azimuth with 2 and 8.5 Hz Doppler respectively. The targets represent a

low-velocity target such as a ground vehicle or ship and a high-velocity target such as

an airplane. The clutter scenario is designed to demonstrate the Doppler separation

provided by NRWF on second time around clutter. As such, unambiguous clutter at

zero Doppler is designed to be uniformly distributed in azimuth between ±90 degrees

with 129 clutter components and 60 dB clutter-to-noise ratio. Modeled as a super-

position of random point-clutter returns from different raymodes, the second time

around clutter is designed to be spread in Doppler between ±2 Hz and uniformly

distributed in azimuth between ±90 degrees also with 129 clutter components but a

weaker 50 dB CNR.

Consider a conventional azimuth-Doppler plot for a given range bin. The targets

appear at the normalized spatial frequency φ = 0.5. For clarity, define target one

as the low Doppler target and target two as the high Doppler target. In the ideal

scenario, both targets are easily identifiable from the stationary clutter ridge existing

at 0 Hz Doppler and in all azimuth. In the conventional scenario however, only target

two is clearly visible while target one is masked by the second time around SDC.

Utilizing the NRWF, second time around clutter can be displaced in Doppler and

instead of being centered around 0 Hz is shifted to center at 10.5 Hz. As a result,

target one and the unambiguous region, including the stationary 0 Hz Doppler clutter

ridge becomes revealed. The NRWF does not mitigate ambiguous clutter, it shifts

range ambiguous returns to the higher Doppler region, and thus in revealing target
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Figure 5.1: Simulated Doppler azimuth plot at a target range bin utilizing a con-
ventional LFM waveform resulting in masking of a low Doppler target by range folded
SDC.

one, target two becomes hidden in the second time around SDC.

Applying BASP to NRWF, range folded SDC is first displaced in Doppler and

then adaptively mitigated. Making use of the known Doppler region to which range-

folded SDC is shifted via the NRWF α parameter, SOBI is applied for the separation

and identification of the range folded clutter components. Utilizing only range folded

clutter components, formulation of a signal free covariance matrix for a given range

bin is possible. The range folded SDC can then be adaptively mitigated using adap-

tive spatial processing and target two recovered.

Doppler cuts taken at the target range and azimuth demonstrate masking of

target one for the conventional (dash-dot line) case. Through implementation of

the NRWF, range ambiguous returns are shifted in Doppler. This is demonstrated

56



Figure 5.2: Simulated Doppler azimuth plot at target range bin utilizing the nonre-
current waveform resulting in a shift of the range folded clutter in Doppler revealing
low Doppler target and range unambiguous 0 Hz Doppler clutter but masking of high
Doppler target.

by the dashed Doppeler cuts masking target two but revealing target one. Finally,

when BASP is applied to the NRWF, the solid Doppler cut is obtained. The NRWF

with BASP produces a cut whose slidelobes follow closely with that of both the

conventional and NRWF cuts for the simulated negative Doppler regions (around−8

to −17.5 Hz). For the conventional range-folded SDC clutter region, the NRWF and

NRWF with BASP methods have a sharp clutter ridge at 0 Hz Doppler and thereby

recovers detectability of target one.

5.3 Performance Analysis

An analysis is performed to study the use of quadratic non-recurrent waveform as

compared to that of a conventional LFM waveform. In the previous sections the
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Figure 5.3: Simulated Doppler azimuth plot at target range bin utilizing the NRWF
and blind adaptive spatial processing for recovery of high Doppler target.

BASP model was presented and a simulation described. The BASP method depends

upon BSS of signals within a single range bin and the formulation of a signal-free

covariance using only the clutter components. Selection of the clutter components

for signal-free covariance is a crucial step performed by identification of clutter in

the temporal matrix S.

Figure 5.5 depicts the Fourier transformed temporal matrix S. Doppler peaks

exist one per mode due to the assumed linear nature of source (slow-time) mixtures

and use of the SOBI method for BSS. As previously mentioned in chapter 4 section

4.3, BSS has an inherent permutation problem. As such it is an unreliable assumption

for the dominant mode(s) to correspond to the spatial clutter wavefront. Thus, the

proposed method of selecting clutter components is through selection of the mode(s)

identified by Doppler peaks corresponding to apriori known, NRWF separated, range-
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Figure 5.4: Doppler cuts at target range and azimuth for conventional (dash-dot),
NRWF (dash), and NRWF-BASP (solid) demonstrating the NRWF induced Doppler
shift and NRWF-BASP’s ability to resolve both high and low Doppler targets.

folded Doppler values. An example would be for the first range folded region of a

system with 35 Hz PRF and NRWF α = 0.2, the expected Doppler shift is computed

to be δ = 7 Hz, a second range-folded component would be expected at δ = 14 Hz

and so on and so forth. Due to Doppler aliasing, δ values greater than the PRF
2

is expected to appear in the negative Doppler space. For a δ value of 21 Hz and

PRF of 35 Hz, aliasing will appear at −14 Hz. While solving the permutation

problem using apriori knowledge of range-folded Doppler values is convenient, it is

not without its complications. The proposed BASP method relies on an estimated

signal-free covariance matrix formulated from clutter only components. As clutter is

identified by their NRWF separated Doppler characteristics, a problem exists when

a target component possesses an exact match in Doppler and is masked by range-
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Figure 5.5: Blind source separation is applied to a space-time matrix at a given
range bin. The resulting (slow-time x modes) temporal matrix S is Fourier trans-
formed to the Doppler domain. Range-folded clutter components are then identified
as modes most closely associated to the expected Doppler shift given by the NRWF.
For the first range folded region of a system with 35 Hz PRF and NRWF α = 0.3, the
expected Doppler shift is δ = 10.5 Hz and a second range-folded component would
be expected at δ = −14 Hz as a result of Doppler aliasing.

folded clutter. Separation of target and clutter becomes impossible and BASP suffers

a performance loss as the target will be inadvertently suppressed.

Two targets are simulated for each of the following: the conventional waveform

scenario where range-folded SDC masks the low Doppler region, the NRWF scenario

where range-folded SDC is shifted and thus reduces usable high Doppler space, and

finally BASP applied to the NRWF. Using 1000 monte-carlo simulations of each

scenario for a set of SNR values in addition to a set where the target component

is not included, the magnitude results at the expected target range, Doppler, and

azimuth are recorded and used to produce a receiver operating characteristic (ROC)
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curve.

ROC curves plot the true positive rate vs. the false positive rates for a binary

classifier system as a discrimination threshold is varied and graphically depict the

relative trade-offs between the benefits and cost. For a binary classifier there exist

four possible outcomes. For a scenario where an outcome is either p or n, a prediction

p with actual outcome p would be considered a true positive, while a prediction n

with actual outcome n would be considered a true negative. False negative and false

positives occur when a prediction does not match the outcome. In particular, these

appear when a predicted value is n with actual value of p and when a predicted

value p corresponds to an actual value of n respectively. In the case of perfect

classification, the (0, 1) point would be included representing no false positives and

no false negatives. Oppositely, for a random guess, a point would be found along the

“chance” diagonal line existing from the bottom left at (0, 0) to the upper right at

(1, 1).

For experimental analysis of the simulations, histograms of target present and

target absent are generated from the monte-carlo simulations and then used to pro-

duce an estimate for the normalized cumulative distribution function (CDF). By

thresholding the normalized CDF for each target SNR scenario, the probability of

detection is obtained. Similarly, thresholding of the normalized CDF for the target

absent scenario determines the probability of false alarm. In general it is expected

that as SNR increases, detectability ought to increase, and thus the ROC curve

approaches the top left where one would expect the perfect classification scenario.

In Figure 5.6 target SNRs of 10, 15, 20, and 25 dB are studied for each of six

cases, the low and high Doppler targets for conventional, NRWF, and NRWF with

BASP. Range-folded SDC is known to mask the detection of low Doppler targets

for the conventional waveform and can be seen in the ROC plot on the upper left

where for all SNR, detection falls along the chance diagonal. The NRWF shifts range-
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Figure 5.6: ROC plots of varying SNR at differing processing stages and target
Doppler are plotted. From left to right, the columns represent the conventional LFM
waveform, the NRWF, and the NRWF with BASP. The top row of plots are ROCs
for the low Doppler target and the bottom row, the high Doppler target. It is shown
that the NRWF with BASP maintains the advantage of the NRWF for a low Doppler
target while improving upon the ROCs for a high Doppler target.

folded SDC to a higher Doppler region and thus detectability of a low Doppler target

becomes a function of the target SNR. BASP is applied to recover target detectability

in the higher Doppler region. For the high Doppler case, the conventional waveform

is observed to be a function of SNR as the Doppler spread is limited to the low

Doppler region. Alternatively when the NRWF is utilized, the SDC is shifted into

the higher Doppler region and thus reduces the detectability of high Doppler targets

and the ROC curves now fall along the chance diagonal. When BASP is applied

to recover usable Doppler space, detection again becomes a function of SNR. While

there is significant improvement in target detectability it is apparent that BASP

recovery is not perfect as the curves are not as prominent as would be expected for

a scenario where SDC is not present.
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6

Experiment

6.1 Experimental Setup

In chapter 3 the NRWF is introduced for radar range signal processing, the BASP is

proposed in chapter 4 and a simulation is explored in chapter 5. In this chapter an

actual experiment is performed in order to demonstrate the practical feasibility of

the proposed NRWF with BASP for range-folded clutter mitigation. This is done by

exploring a realistic situation whereby range folded clutter is obtainable. To do this

experimentally, the use of the acoustic medium is chosen as the range ambiguous

region is significantly shorter compared to that of RF. To mimic an active radar

system, an acoustic microphone array is used as the receiver and for the transmitter,

a single computer speaker transmitting chirp waveforms.

The microphone array used is a 64 element 0.02 m linearly spaced Mk-III v2 array

developed by NIST. The microphone array has a single motherboard from which 8

microboards each with 8 panasonic WM-52B electret microphones are connected.

The Mk-III v2 collects, amplifies, digitizes, and then transmits data via Ethernet

frames to the computer at a rate of 44.1 kHz. The transmit waveforms are computer
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Figure 6.1: Experimental acoustic radar setup with waveforms generated utilizing
a computer and transmitted through the computer speaker. Echo returns are then
received at the 64 element microphone array and transmitted to the computer for
processing.

generated with a center frequency 4 kHz, swept bandwidth of 7 kHz, and PRF 35

Hz so that range ambiguous clutter can be found in the lab environment. The

waveforms are outputted through a single speaker co-located at the center of the

array as shown in Figure 6.1. Two point targets are produced by robots moving at

constant velocity perpendicular at broadside to the array. Robots are used as target

for the experiment since they are able to provide reproducible results and have known

calculable Doppler returns. The robots used are Erratic industrial mobile robots

sold by Videre Design which carries an integrated PC that is loaded with the MOOS

software. The MOOS is a cross platform software designed for robotic research that

allows for wireless communication between computers. Thus, control of the robot

speed and path is programmed and remotely operated via a central workstation

automating the experiment and minimizing the potential for errors.

The experimental setup is depicted in Figure 6.2. Using the acoustic sound speed

c = 345 m/s and PRF 35 Hz, the maximum unambiguous range is found to be 4.9 m.

The room is roughly rectangular with 11.2 m from the array to the far wall meaning

3 range regions can be defined 0− 4.9 m for the unambiguous range, 4.9− 9.8 m as

the first range-folded region, and 9.8 − 11.2 m the second range-folded region. The

robot paths are programmed to travel in opposite directions in the unambiguous

64



Figure 6.2: Experimental layout in the laboratory enviornment is done with two
robots moving at constant velocity towards and away from the acoustic radar serving
as targets, the CPI containing the range at which the robots cross paths is depicted
in Figures 5.1 5.2 5.3.

range region, broadside to the array and are separated by 0.6 m. Acoustic data is

collected for dwells of 1 s duration. In particular, the dwell corresponding to when

the two robots cross at roughly 3.5 m is explored.

The processing chain for the experiment is the same as that for the simulation.

Both the conventional LFM waveform as well as the NRWF data is range processed

via match filtering. After range processing, the data is beamformed and finally

Doppler processed. A key difference between simulation and the experiment is that

for validation, the range-Doppler plot is used as opposed to the target range Doppler-

azimuth plot. This is done because in the lab environment clutter does not exist
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Figure 6.3: Experimental range Doppler plot at broadside with range folded clutter
and identifiable Doppler separated robotic targets.

evenly in all azimuth and it was not possible to experimentally produce SDC for just

the range-folded regions.

6.2 Experimental Results

The conventional waveform has a strong clutter ridge at 0 Hz Doppler and the two

targets at different Doppler are also easily visible in Figure 6.3. While this result

does not justify the need for NRWF with BASP to recover low-Doppler targets, it

does present unique strong return at 1 m and 0 Hz Doppler within the clutter ridge.

Since no scatterer exists at a distance of 1 m in front of the array, one concludes

that it must be the result of range-folding. In Figure 6.4 utilizing a NRWF with

a α parameter of 0.3, the zero Doppler clutter ridge is found to be separated into

the first time around clutter region at 10.5 Hz Doppler and a second time around
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Figure 6.4: Experimental range Doppler plot at broadside with Doppler separated
first and second time around clutter clarifying a return from the wall at 11m. The
Doppler separated range folded clutter somewhat masks a negative Doppler robotic
target.

clutter at the 21 Hz aliased to the Doppler region of −14 Hz. Unfortunately, in the

experiment it also appears that the NRWF slightly increases the noise floor for the

range-Doppler plot. While it is not certain the cause, the added noise is in part

attributed to limitations of the computer speaker used as the transmitter.

This separation allows for the identification of the wall return at 11.2 m in the

second time around clutter where it was unidentifiable in the conventional clutter

folded region at 1 m. Furthermore by applying BASP in Figure 6.5 it is shown to be

possible to adaptively null the separated range-folded clutter regions thereby recov-

ering the usable higher-Doppler space. After matched filtering, Doppler processing,

and conventional beamforming a range-Doppler plot at array broadside is obtained

for unambiguous ranges. The unambiguous Doppler is found between ±17.5 Hz.
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Figure 6.5: Experimental range Doppler plot at broadside with Doppler separated
first and second time around clutter mitigated using BASP. Identification of the
negative Doppler robotic target is improved.

Applying BASP to the NRWF the experiment demonstrates that it is possible to

adaptively null the Doppler separated clutter ridge.

In summary, this experiment demonstrates separation via the use of the NRWF

and subsequent mitigation through BASP of range-folded clutter. For OTH radar,

range-folded SDC is the result of variations in the refracting medium. In the experi-

ment however, it was not possible to generate a large refracting medium for which all

range-folded clutter would be affected. A hanging shelf swung like a pendulum in the

range folded region produced point Doppler targets. Movement of the radar setup

simulates an airborne platform where returns in all ranges are spread in Doppler.

Thus, pending an earthquake for just the range-folded region, there is an inherent

limitation for this experimental setup.
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7

Conclusions and Future Work

It has been demonstrated that the NRWF is capable of separating range folded

clutter in Doppler. BASP can be then applied in order to suppress the effect of the

Doppler separated clutter. Performance analysis shows separation of range folded

SDC from a low Doppler region to a high Doppler region and subsequent masking

of potential targets using only the NRWF. BASP estimates the coherent sum of

wavenumber spread returns from the clutter across the array for each raymode with

the key being the idea of utilizing different temporal characteristics of clutter from

each raymode. NRWF helps by replacing the range ambiguous clutter component

with a Doppler separable version. SOBI which exploits the time coherence of the

source signals, is capable of identifying up to slow-time independent signals and

their associated spatial wavefronts. NRWF increases slow-time and subsequently, the

Doppler independence of signals thereby assisting SOBI in identification of clutter

wavefronts. It has been shown through simulation that NRWF when used with BASP

is a capable means of unmasking low Doppler targets from ground clutter arriving

via multipath propagation at different elevation angles while maintaining Doppler

disambiguity. It was then verified using experimentation in a laboratory environment
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that the NRWF is capable of separating range folded clutter. Applying BASP to the

experimental data, range folded clutter is mitigated, thus proving feasibility of the

NRWF-BASP method for range folded clutter.

In the implementation of second order blind identification, joint approximate di-

agonalization is utilized on the set of time delayed covariance matrices. While this

method enables separation of independent signals, it remains unable to identify an

order to the separated signals. The SOBI method is fundamentally similar to basic

eigen-decomposition and thus the primary decomposed signal is often related to the

dominant mixed signal. Recent publications on statistical BSS techniques have in-

volved faster and more efficient methods of separated and ranking separated signals.

Convex optimization is another emerging method that merits further exploration for

blind source separation. Convex optimization by its very name attempts to mini-

mize convex functions and thus can be a potential alternative to joint approximate

diagonalization in our formulation of BSS for BASP.

Another potential application of the NRWF briefly explored is that for extended

range processing. In this research, the NRWF has been shown to separate range-

folded clutter in Doppler. This separation has been used for formulation of a signal-

free covariance matrix. Alternatively, it has been shown experimentally possible to

stack range-folded clutter regions in order to obtain a clutter map for multiple range

extents. Range unfolding merits further exploration as in a preliminary study a large

problem is range unfolding of high velocity targets. In theory, limitation of extended

range processing will be due only to separability of clutter regions.
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Appendix A

Appendix

A.1 LFM Ambiguity Function

The LFM ambiguity function is derived in the following. Define the single-pulse

LFM waveform to be

x1 (t) =
1
√
τ0
rect

(
t

τ0

)
ejπµt

2

(A.1)
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The ambiguity function is obtained by match filtering the LFM waveform with a

delayed and Doppler shifted version.

A1 (τ, fd) =

∞∫
−∞

x1 (t)x1 (t− τ) ej2πfdtdt

=

∞∫
−∞

1
√
τ0
rect

(
t

τ0

)
ejπµt

2 1
√
τ0
rect

(
t− τ
τ0

)
ejπµ(t−τ)

2

ej2πfdtdt

=
e−jπµτ

2

τ0

τ0
2
−τ∫

− τ0
2

ej2π(µτ+fd)tdt

=
e−jπµτ

2

τ0j2π (µτ + fd)
ej2π(µτ+fd)t

∣∣∣∣
τ0
2
−τ

− τ0
2

=
e−jπµτ

2

τ0π (µτ + fd)

(
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τ0
2
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τ0
2

)
2j
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e−jπµτ
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(
e
j2π(µτ+fd)

(
1− |τ |
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)
− e−j2π(µτ+fd)

(
1− |τ |

τ0
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2j
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2
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1− |τ |

τ0

) sin
(
π (µτ + fd) τ0

(
1− |τ |

τ0

))
π (µτ + fd) τ0

(
1− |τ |
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)

(A.2)

Taking the magnitude of A1 (τ, fd) the ambiguity function is obtained for the single

pulse LFM waveform.

|A1 (τ, fd)|2 =

∣∣∣∣∣∣
sin
(
π (µτ + fd) τ0

(
1− |τ |

τ0

))
π (µτ + fd) τ0

(
1− |τ |

τ0

)
∣∣∣∣∣∣
2

(A.3)
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Applying a change in variables and manipulating the sum, the result of Equation

A.3 is rearranged to yield the complex ambiguity function.

A (τ, fd) =
1

M

M−1∑
q=−(M−1)

A1 (τ − qT ; fd) e
jπfd(M−1+q)T sin [πfd (M − |q|T )]

sin (πfdT )
(A.4)

A.2 LFM Pulse Train Ambiguity Function

The LFM pulse train ambiguity function is derived in the following. Define the

single-pulse LFM waveform to be

x (t) =
1

M

M−1∑
n=0

x1 (t− nT )x1 (A.5)

The ambiguity function is obtained by match filtering the pulse train LFM waveform

with a delayed and Doppler shifted version.

A (τ, fd) =

∫
x (t)x∗ (t− τ) ej2πfdtdt

=
1

M

T
2∫

−T
2

M−1∑
n=0

M−1∑
m=0

x1 (t− nT )x1 (t−mT − τ) ej2πfdtdt

=
1

M

M−1∑
n=0

M−1∑
m=0

T
2∫

−T
2

x1 (t1)x1 (t1 + nT −mT − τ) ej2πfd(t1+nT )dt

=
1

M

M−1∑
n=0

ej2πfdnT
M−1∑
m=0

T
2∫

−T
2

x1 (t1)x1 (t1 − [τ − (n−m)T ]) ej2πfdt1dt1

=
1

M

M−1∑
n=0

ej2πfdnT
M−1∑
m=0

A1 ([τ − (n−m)T ] , fd)

(A.6)
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A.3 NRWF Ambiguity Function Derivation

The NRWF ambiguity function is derived in the following. Define the single-pulse

LFM waveform to be

f1 (t) =
1
√
τ0
rect

(
t

τ0

)
ejπµt

2

(A.7)

Where τ0 is the pulse width and µ is the chirp rate β
τ0

with bandwidth β and rect (·)

represents the rectangular function. The NRWF pulse-train waveform is defined for

N pulses with PRI T and NRWF parameter α.

f (t) =
1√
Nτ0

N−1∑
n=0

rect

(
t− nT
τ0

)
ejπµ(t−nT )

2

e−jπαn
2

(A.8)

The narrowband NRWF pulse-train ambiguity function can be expressed

χ (τ, fd) =
1

N

N−1∑
n=0

N−1∑
m=0

∞∫
−∞

f1 (t− nT ) e−jπαn
2

f ∗1 (t−mT − τ) ejπαm
2

ej2πfdtdt (A.9)

Where ∗ is the complex conjugate. Collecting NRWF phase codes and substituting

Equation A.7 into Equation A.9 the following is obtained.

χ (τ, fd) =
1

N

N−1∑
n=0

ej2πfdnT
N−1∑
m=0

τ0
2∫

− τ0
2

1
√
τ0
rect

(
t1
τ0

)
ejπµt

2 1
√
τ0

rect

(
t1 − [τ − (n−m)T ]

τ0

)
e−jπµ(t1−[τ−(n−m)T ])2ej2πfdt1e−jπα(n

2−m2)dt1

(A.10)

Using the change of variable t1 = t− nT , it then follows

χ (τ, fd) =
1

N

N−1∑
n=0

ej2πfdnT
N−1∑
m=1

e−jπµ[τ−(n−m)T ]2

τ0

e−jπα(n
2−m2)

τ0
2∫

−τ0
2

ej2π(µ[τ−(n−m)T ]+fd)t1dt1

(A.11)
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For notational simplicity we will define the variable φ = [τ − (n−m)T ] and complete

the integration process

χ (τ, fd) =
1

N

N−1∑
n=0

ej2πfdnT
N−1∑
m=0

e−jπµφ
2

τ0π (µφ+ fd)(
ej2π(µφ+fd)(

τ0
2
−φ) − e−j2π(µφ+fd)

τ0
2

)
2j

e−jπα(n
2−m2)

(A.12)

Rewriting Equation. A.12 as a function of the single pulse ambiguity χ1 (τ, fd) the

following is obtained

χ (τ, fd) =
1

N

N−1∑
n=0

ej2πfdnT
N−1∑
m=0

χ1 (τ − (n−m)T, fd) e
−jπα(n2−m2) (A.13)

Separate the phase codes

χ (τ, fd) =
1

N

N−1∑
n=0

ej2πfdnT
N−1∑
m=0

χ1 (τ − (n−m)T, fd) e
−jπα(n−m)(n+m) (A.14)

Redefine the sum with a change of variables q = (n−m)

χ (τ, fd) =
1

N

0∑
q=−(N−1)

χ1 (τ − |q|T, fd)
N−1−|q|∑
n=0

ej2πfdnT e−jπq(2n−q)α+

1

N

N−1∑
q=1

ej2πfdqTχ1 (τ − |q|T, fd)
N−1−|q|∑
m=0

ej2πfdmT e−jπq(2m+q)α

(A.15)

Separate Doppler components and solve the n,m summation using the relation

N−1−|q|∑
m=0

zm =
1− zN−|q|

1− z
where z = ej2πfdT

χ (τ, fd) =
1

N

0∑
q=−(N−1)

χ1 (τ − |q|T, fd) ejπq
2α1− ej2π(fd−

qα
T )T (N−|q|)

1− ej2π(fd−
qα
T )T

+

1

N

N−1∑
q=1

ej2πfdqTχ1 (τ − |q|T, fd) e−jπq
2α1− ej2π(fd−

qα
T )T (N−|q|)

1− ej2π(fd−
qα
T )T

(A.16)
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Assuming the relation
0∑

q=−(N−1)

ejq
2

=
0∑

q=−(N−1)

e−jq|q| and
N−1∑
1

e−jq
2

=
N−1∑
1

e−jq|q|,

Equation A.16 can be written as two complementary sums for positive and negative

q.

χ (τ, fd) =
1

N

0∑
q=−(N−1)

χ1 (τ − |q|T, fd) e−j2π
qα
2T
|q|T 1− ej2π(fd−

qα
T )T (N−|q|)

1− ej2π(fd−
qα
T )T

+

1

N

N−1∑
q=1

ej2π(fd−
qα
2T )|q|Tχ1 (τ − |q|T, fd)

1− ej2π(fd−
qα
T )T (N−|q|)

1− ej2π(fd−
qα
T )T

(A.17)

It then follows that the summations can be combined

χ (τ, fd) =
1

N

N−1∑
q=−(N−1)

χ1 (τ − |q|T, fd)
1− ej2π(fd−

qα
T )T (N−|q|)

1− ej2π(fd−
qα
T )T

ej2π(fd−
|q|α
2T )qT (A.18)

And rewritten in terms of sin (·)

χ (τ, fd) =
1

N

N−1∑
q=−(N−1)

χ1 (τ − |q|T, fd)
sin
(
π
(
fd − qα

T

)
T (N − |q|)

)
sin
(
π
(
fd − qα

T

)
T
)

e−jπ(fd−
|q|α
2T )(N+1−|q|−2q)T

(A.19)

From which the final NRWF ambiguity function is obtained by combining the single

pulse ambiguity

χ (τ, fd) =
1

N

N−1∑
q=−(N−1)

(
1− [τ − qT ]

τ0

) sin
(
π (µ [τ − qT ] + fd) τ0

(
1− [τ−qT ]

τ0

))
π (µ [τ − qT ] + fd) τ0

(
1− [τ−qT ]

τ0

)
sin
(
π
(
fd − qα

T

)
T (N − |q|)

)
sin
(
π
(
fd − qα

T

)
T
) e−jπ(fd−

|q|α
2T )(N+1−|q|−2q)T

(A.20)
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And the NRWF ambiguity surface is obtained

|χ (τ, fd)|2 =
1

N

N−1∑
q=−(N−1)

∣∣∣∣∣
(

1− [τ − qT ]

τ0

) sin
(
π (µ [τ − qT ] + fd) τ0

(
1− [τ−qT ]

τ0

))
π (µ [τ − qT ] + fd) τ0

(
1− [τ−qT ]

τ0

)
sin
(
π
(
fd − qα

T

)
T (N − |q|)

)
sin
(
π
(
fd − qα

T

)
T
) ∣∣∣∣∣

2

(A.21)

77



Bibliography

[1] J. Headrick and M. Skolnik, “Over-the-horizon radar in the HF band,” IEEE
Transactions on Signal Processing, vol. 62, pp. 664–673, June 1974.

[2] Headrick, Radar Handbook 2nd Ed. McGraw-Hill, 1990.

[3] D. Sinnott, The development of over-the-horizon radar in Australia. DSTO
Bicentennial History Series, 1988.

[4] S. Anderson and Y. Abramovich, “A unified approach to detection, classification
and correction of ionospheric distortion in HF skywave radar systems,” vol. 33,
pp. 1055–1067, July 1998.

[5] A. Duel-Hallen, S. Hu, and H. Hallen, “Long-range prediction of fading signals,”
Signal Processing Magazine, IEEE, vol. 17, pp. 62–75, May 2000.

[6] K. Davies, Ionospheric radio propagation. U.S. Dept. of Commerce, National
Bureau of Standards, 1965, 1965.

[7] R. Shepherd and J. Lomax, “Frequency spread in ionospheric radio propaga-
tion,” Communication Technology, IEEE Transactions on, vol. 15, pp. 268–275,
April 1967.

[8] J. Barnum, “Ship detection with high-resolution HF skywave radar,” Oceanic
Engineering, IEEE Journal of, vol. 11, pp. 196–209, April 1986.

[9] Y. Li, Z. N., and Y. Q., “Spread E, F layer ionospheric clutter identification in
range-Doppler map for HFSWR,” in Image Processing (ICIP), 2010 17th IEEE
International Conference on, pp. 1397–1400, September 2010.

[10] G. Fabrizio, High frequency over-the-horizon radar. McGraw-Hill, 2008.

[11] K. Harmanci and J. Krolik, “Matched window processing for mitigating over-
the-horizon radar spread Doppler clutter,” in Acoustics, Speech, and Signal Pro-
cessing, 1999. ICASSP ’99. Proceedings., 1999 IEEE International Conference
on, vol. 5, pp. 2789–2792, 1999.

[12] M. Skolnik, Introduction to Radar Systems 3rd Ed. McGraw-Hill, 2001.

78



[13] E. Hughes and C. Alabaster, “Novel PRF schedules for medium PRF radar,” in
Radar Conference, 2003. Proceedings of the International, pp. 678–683, Septem-
ber 2003.

[14] W. Long and D. Mooney, Chapter 17: Pulse Doppler Radar. McGraw-Hill, 1990.

[15] S. Kraut, K. Harmanci, and J. Krolik, “Space-time adaptive processing for over-
the-horizon spread-Doppler clutter mitigation,” in Sensor Array and Multichan-
nel Signal Processing Workshop. 2000. Proceedings of the 2000 IEEE, pp. 245–
249, 2000.

[16] K. Harmanci and J. Krolik, “Adaptive temporal processing for equatorial spread
Doppler clutter suppression,” in Acoustics, Speech, and Signal Processing, 2000.
ICASSP ’00. Proceedings. 2000 IEEE International Conference on, vol. 5,
pp. 3041–3044, 2000.

[17] K. Lu and X. Liu, “A novel spread clutter suppression algorithm based on
multiple-dimension matched field processing technique,” in Acoustics, Speech
and Signal Processing, 2004. ICASSP 2004. IEEE International Conference on,
vol. 5, pp. 273–276, May 2004.

[18] Y. Hua, T. Sarkar, and D. Weiner, “An l-shaped array for estimating 2-d di-
rections of wave arrival,” Antennas and Propagation, IEEE Transactions on,
vol. 39, pp. 143–146, February 1991.

[19] L. J. and L. D., “Joint elevation and azimuth direction finding using l-shaped
array,” Antennas and Propagation, IEEE Transactions on, vol. 58, pp. 2136–
2141, June 2010.

[20] C. J. D. R. Hartnett, M.P., “Utilization of a nonrecurrent waveform to mitigate
range-folded spread Doppler clutter,” Radio Science, vol. 33, no. 4, pp. 1125–
1133, 1998.

[21] D. R. Hartnett, M.P., “A nonrecurrent waveform to mitigate long-range spread
Doppler clutter application to over-the-horizon radar,” Proceedings of SPIE,
1998.

[22] J. Clancy, H. Bascom, and M. Hartnett, “Mitigation of range folded clutter by
a nonrecurrent waveform,” in Radar Conference, 1999. The Record of the 1999
IEEE, pp. 79–83, 1999.

[23] D. Knepp, “Multiple phase-screen calculation of the temporal behavior of
stochastic waves,” Proceedings of the IEEE, vol. 71, pp. 722–737, June 1983.

[24] C. Coleman, “A model of HF sky wave radar clutter,” Radio Science, vol. 31,
no. 4, pp. 869–875, 1996.

79



[25] D. Ramakrishnan, Adaptive radar detection in non-stationary Doppler spread
clutter. Ph.D. dissertation, Duke University, 2006.

[26] J. Krolik, V. Mecca, O. Kazanci, and I. Bilik, “Multipath spread-Doppler clutter
mitigation for over-the-horizon radar,” in Radar Conference, 2008. RADAR ’08.
IEEE, pp. 1–5, May 2008.

[27] D. Ramakrishnan and J. Krolik, “Spread-Doppler clutter mitigation for OTH
radar by physics-assisted adaptive processing,” Proc. of the URSI General As-
sembly Meeting, Maastricht, Holland, July 2002.

[28] A. Rihaczek, Principles of High-Resolution Radar. Artech, 1996.

[29] M. Richards, Fundamentals of Radar Signal Processing. McGraw-Hill, 2005.

[30] G. Stimson, Introduction to Airborne Radar 2nd Ed. SciTech Publishing Inc.,
1998.

[31] G. Fabrizio, F. Colone, P. Lombardo, and A. Farina, “Adaptive beamforming
for high-frequency over-the-horizon passive radar,” Radar, Sonar Navigation,
IET, vol. 3, pp. 384–405, August 2009.

[32] V. Mecca, MIMO Space-Time Adaptive Processing for Doppler Spread Multipath
Clutter Mitigation. Ph.D. dissertation, Duke University, 2008.

[33] Z. Y., M. Amin, and G. Frazer, “Simultaneous operation of two over-the-horizon
radars,” in APIE Annual Conf., Denver, CO, August 2004.

[34] N. Levanon, “Mitigating range ambiguity in high PRF radar using inter-pulse bi-
nary coding,” Aerospace and Electronic Systems, IEEE Transactions on, vol. 45,
pp. 687–697, April 2009.

[35] A. Thomas and M. Berg, “Medium PRF set selection: an approach through com-
binatorics,” Radar, Sonar and Navigation, IEE Proceedings -, vol. 141, pp. 307–
311, December 1994.

[36] Z. Y., G. Frazer, and M. Amin, “Concurrent operation of two over-the-horizon
radars,” Selected Topics in Signal Processing, IEEE Journal of, vol. 1, pp. 114–
123, June 2007.

[37] Z. Y. and M. Amin, “Concurrent operation and cross-radar interference can-
cellation of two over-the-horizon radars,” in Waveform Diversity and Design
Conference, 2007. International, pp. 428–432, June 2007.

[38] H. Mendelson and P. Zulch, “Mitigation of radar range ambiguities via waveform
diversity,” in Waveform Diversity and Design Conference, 2009 International,
pp. 218–223, February 2009.

80



[39] H. Van Trees, Optimum Array Processing. John Wiley and Sons Inc., 2002.

[40] I. Bilik, O. Kazanci, and J. Krolik, “Radar clutter mitigation via space-time
wavefront adaptive sensing,” in Acoustics, Speech and Signal Processing, 2008.
ICASSP 2008. IEEE International Conference on, pp. 2589–2592, April 2008.

[41] N. Reddy and M. Swamy, “Resolution of range and Doppler ambiguities in
medium PRF radars in multiple-target environment,” in Acoustics, Speech,
and Signal Processing, IEEE International Conference on ICASSP ’84., vol. 9,
pp. 514–517, March 1984.

[42] L. W., L. T., and H. Y., “Resolution of range and velocity ambiguity for a
medium pulse Doppler radar,” in Radar Conference, 2000. The Record of the
IEEE 2000 International, pp. 560–564, 2000.

[43] S. Salous, M. Musal, and M. Moorhead, “A staggered waveform HF frequency
modulated radar simulation,” in Antennas and Propagation, 1999. IEE National
Conference on., pp. 108–111, March 1999.

[44] S. Hovanessian, “An algorithm for calculation of range in a multiple PRF radar,”
Aerospace and Electronic Systems, IEEE Transactions on, vol. AES-12, pp. 287–
290, March 1976.

[45] J. Anderson, M. Temple, W. Brown, and B. Crossley, “A nonlinear suppression
technique for range ambiguity resolution in pulse Doppler radars,” in Radar
Conference, 2001. Proceedings of the 2001 IEEE, pp. 141–146, 2001.

[46] J. Ward, Space-time adaptive processing for airborne radar. MIT Lincoln Lab-
oratory, Tech. Rep. 1015, 1994.

[47] W. Skillman and D. Mooney, “Multiple high-PRF ranging,” in Proc. IRE Conf.
Mil. Electron., pp. 37–40, 1961.

[48] J. Clarke, “The Chinese remainder theorem and multi-PRF radars,” in Royal
Signals and Radar Establishment, Controller HMSO London, 1984.

[49] H. Zhen-xing and W. Zheng, “Range ambiguity resolution in multiple PRF
pulse Doppler radars,” in Acoustics, Speech, and Signal Processing, IEEE In-
ternational Conference on ICASSP ’87., vol. 12, pp. 1786–1789, April 1987.

[50] P. Stinco, M. Greco, F. Gini, A. Farina, and L. Timmoneri, “Analysis and
comparison of two disambiguity algorithms: The modified CA and CRT,” in
Radar Conference - Surveillance for a Safer World, 2009. RADAR. Interna-
tional, pp. 1–5, October 2009.

[51] P. Stoica, Z. Wang, and J. Li, “Robust capon beamforming,” Signal Processing
Letters, IEEE, vol. 10, pp. 172–175, June 2003.

81



[52] H. Cox, R. Zeskind, and M. Owen, “Robust adaptive beamforming,” Acoustics,
Speech and Signal Processing, IEEE Transactions on, vol. 35, pp. 1365–1376,
October 1987.

[53] L. J., P. Stoica, and Z. Wang, “On robust capon beamforming and diagonal
loading,” Signal Processing, IEEE Transactions on, vol. 51, pp. 1702–1715, July
2003.

[54] E. Santos, M. Zoltowski, and M. Rangaswamy, “Indirect dominant mode rejec-
tion: A solution to low sample support beamforming,” Signal Processing, IEEE
Transactions on, vol. 55, pp. 3283–3293, July 2007.

[55] B. Carlson, “Covariance matrix estimation errors and diagonal loading in adap-
tive arrays,” Aerospace and Electronic Systems, IEEE Transactions on, vol. 24,
pp. 397–401, July 1988.

[56] I. Reed, J. Mallett, and L. Brennan, “Rapid convergence rate in adaptive ar-
rays,” Aerospace and Electronic Systems, IEEE Transactions on, vol. AES-10,
pp. 853–863, November 1974.

[57] A. S. Cichocki, A., Adaptive Blind Signal and Image Processing. Chichester,
UK, Wiley, 2002.

[58] J. Cardoso and A. Souloumiac, “Blind beamforming for non-gaussian signals,”
Radar and Signal Processing, IEE Proceedings F, vol. 140, pp. 362–370, Decem-
ber 1993.

[59] M. W. Bourgeois, J., Time-Domain Beamforming and Blind Source Separation:
Speech Input in the Car Environment. Springer New York, 2009.

[60] C. Papadias, “Globally convergent blind source separation based on a mul-
tiuser kurtosis maximization criterion,” Signal Processing, IEEE Transactions
on, vol. 48, pp. 3508–3519, Dec 2000.

[61] W. Liu, D. Mandic, and A. Cichocki, “Blind source extraction based on a linear
predictor,” Signal Processing, IET, vol. 1, pp. 29–34, March 2007.

[62] J. Cardoso, “Blind signal separation: statistical principles,” Proceedings of the
IEEE, vol. 86, pp. 2009–2025, October 1998.

[63] A. Belouchrani, K. Abed-Meraim, J. Cardoso, and E. Moulines, “A blind source
separation technique using second-order statistics,” Signal Processing, IEEE
Transactions on, vol. 45, pp. 434–444, February 1997.

[64] H. Bousbia-Salah, A. Belouchrani, and K. Abed-Meraim, “Blind separation of
non stationary sources using joint block diagonalization,” in Statistical Signal
Processing, 2001. Proceedings of the 11th IEEE Signal Processing Workshop on,
pp. 448–451, 2001.

82



[65] M. Jafari, W. Wang, J. Chambers, T. Hoya, and A. Cichocki, “Sequential blind
source separation based exclusively on second-order statistics developed for a
class of periodic signals,” Signal Processing, IEEE Transactions on, vol. 54,
pp. 1028 – 1040, March 2006.

[66] H. Sawada, S. Araki, R. Mukai, and S. Makino, “Solving the permutation prob-
lem of frequency-domain BSS when spatial aliasing occurs with wide sensor
spacing,” in Acoustics, Speech and Signal Processing, 2006. ICASSP 2006 Pro-
ceedings. 2006 IEEE International Conference on, vol. 5, p. V, May 2006.

[67] R. Mazur and A. Mertins, “An approach for solving the permutation problem of
convolutive blind source separation based on statistical signal models,” Audio,
Speech, and Language Processing, IEEE Transactions on, vol. 17, pp. 117–126,
January 2009.

[68] A. Van Der Veen, “Algebraic methods for deterministic blind beamforming,”
Proceedings of the IEEE, vol. 86, pp. 1987–2008, October 1998.

[69] O. Kazanci, I. Bilik, and J. Krolik, “Wavefront adaptive raymode processing for
over-the-horizon HF radar clutter mitigation,” in Signals, Systems and Comput-
ers, 2007. ACSSC 2007. Conference Record of the Forty-First Asilomar Con-
ference on, pp. 2191–2194, November 2007.

[70] O. Kazanci, Spatio-Temporal Adaptive Radar Clutter Mitigation in Nonstation-
ary Environments. Ph.D. dissertation, Duke University, 2008.

83



Biography

William Weiham Lee was born on January 9, 1984 in Silver Spring, MD. Received

a B.S. in electrical engineering from University of Maryland, College Park in 2006,

and the M.S. and Ph.D. degrees from Duke University in electrical and computer

engineering in 2010 and 2011. Upon graduation he will join the Naval Research

Laboratory in Washington D.C. as a research scientist in the radar division.

84


	Abstract
	List of Figures
	1 Introduction
	1.1 Over-the-Horizon Radar
	1.1.1 Range Ambiguity
	1.1.2 Spread Doppler Clutter

	1.2 Motivation
	1.3 Contributions

	2 Radar Signal Processing
	2.1 Pulse Doppler Radar
	2.2 Space-Time Radar Signal Model
	2.2.1 Point Target
	2.2.2 Noise
	2.2.3 Clutter


	3 Range Signal Processing
	3.1 Pulse Train LFM Waveform
	3.2 Multiple PRF Operation
	3.2.1 Chinese Remainder Theorem
	3.2.2 Evolutionary Algorithm

	3.3 Non-Recurrent Waveform

	4 Spatial Signal Processing
	4.1 Conventional Method
	4.2 Minimum Variance Distortionless Response
	4.3 Blind Source Separation
	4.3.1 Statistical Principles
	4.3.2 Second Order Blind Identification
	4.3.3 Robust Orthogonalization
	4.3.4 Joint Diagonalization

	4.4 Blind Source Separation Beamformer
	4.5 Blind Adaptive Spatial Processing

	5 Blind Adaptive Spatial Processing for the Nonrecurrent Waveform
	5.1 Simulation Model
	5.2 Simulation Results
	5.3 Performance Analysis

	6 Experiment
	6.1 Experimental Setup
	6.2 Experimental Results

	7 Conclusions and Future Work
	A Appendix
	A.1 LFM Ambiguity Function
	A.2 LFM Pulse Train Ambiguity Function
	A.3 NRWF Ambiguity Function Derivation

	References
	Biography

