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Abstract

We study first order deformations of the tangent sheaf of resolutions of Calabi-Yau

threefolds that are of the form C3{Zr, focusing on the cases where the orbifold has an

isolated singularity. We prove a lower bound on the number of deformations of the

tangent bundle for any crepant resolution of this orbifold. We show that this lower

bound is achieved when the resolution used is the G-Hilbert scheme, and note that

this lower bound can be found using a combinatorial count of p0, 2q-deformations for

N “ p2, 2q conformal field theories on the orbifold. We also find that in general this

minimum is not achieved, and expect the discrepancy to be explained by worldsheet

instanton corrections coming from rational curves in the orbifold resolution. We

show that irreducible toric rational curves will account for some of the discrepancy,

but also prove that there must be additional worldsheet instanton corrections beyond

those from smooth isolated rational curves.
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1

Introduction

String theory has long provided a rich connection between conformal field theory

and geometry. In this thesis we make further connections in this interesting field,

relating p0, 2q-superconformal field theories, deformations of the tangent sheaf of

crepant resolutions of an orbifold, and rational curves on these resolutions.

In 1991, Candelas et.al. demonstrated that methods from string theory could be

used to predict the number of rational curves on a quintic threefold [Candelas et al.

(1991)]. This work showed that tools from physics could be used to study previ-

ously unsolved problems in geometry, and was closely linked with the development

of Gromov-Witten theory. Since then, this theory has been used to prove a number

of interesting results in enumerative geometry, and has drawn a lot of interest from

mathematicians and physicists alike. By studying the moduli space of curves in a

Calabi-Yau 3-fold, with a particular genus and number of marked points, a Gromov-

Witten invariant can be found that gives useful information about the structure of

curves on this threefold. Most of the research in this field has focused on the initial

relationship, and the connection it provided between this moduli space and the num-

ber of curves with particular properties on that orbifold. We come at this problem
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from another direction, focusing on first order deformations and their restrictions to

probe the structure of rational curves on Calabi-Yau threefolds.

When G is an abelian group, the orbifold C3{G is a normal toric variety. It

can have several crepant resolutions, and the process for finding these resolutions is

explained in detail in [Cox et al. (2011)]. We review these methods, along with other

necessary background in Chapter 2. For each resolution, we are interested in the

deformations of the tangent bundle T. We calculate the dimension of Ext1
pT,Tq, to

determine the number of first order deformations of the tangent sheaf.

There are many reasons to be interested in this deformation theory, but our pri-

mary motivation comes from string theory. One of the predictions that geometric

string theory makes is that there is connection between the orbifold conformal the-

ory, which is independent of the projective resolution chosen, and the geometry of

any crepant resolution of this orbifold. In N “ p2, 2q theories, this statement is well

understood and follows from the McKay correspondence, as in [Batyrev and Dais

(1996); Bridgeland et al. (2001)]. In the case of p0, 2q-theories, this relationship is

less well understood. The major focus of my research is the relationship between

the conformal field theory and the space of deformations described above, as pre-

dicted in [Dixon et al. (1985)]. Following Aspinwall, we call this the p0, 2q´McKay

correspondence [Aspinwall (2011)].

In the course of studying this relationship, we prove that the conformal field

theory orbifold count will serve as a lower bound for the dimension of Ext1
pT,Tq.

We also find that the conformal field theory gives a distinguished quiver, and this

quiver can be used to construct a particular resolution for X. We show that this

particular resolution is in fact the G-Hilbert scheme, and that for this resolution the

p0, 2q´McKay correspondence holds. This gives the following main result of chapter

3:
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Theorem 1.0.1. Among all crepant resolutions of C3{Zr with r prime, the G-Hilbert

scheme has minimal dimension for Ext1
pT,Tq. This dimension exactly matches the

prediction given by the conformal field theory of the orbifold.

We also find a few other interesting results about the G-Hilbert scheme, in the

case where G is an abelian subgroup of SLp3,Cq. In particular, we see that there is

a very easy way to find the number of first order deformations of the tangent bundle

of the G-Hilbert scheme, using the knockout method of [Craw and Reid (2002)]. We

also show that the fan for the G-Hilbert scheme can be constructed using the singlets

from the conformal field theory.

In chapter 4, we turn our attention to the more problematic resolutions of C3{Zr,

where the dimension of Ext1
pT,Tq does not match the conformal field theory count.

Any discrepancy should be due to worldsheet instantons, which allows us to probe

the structure of rational curves in the resolution. Let V be a first order deformation

of T, corresponding to one of the elements of Ext1
pT,Tq. The special case where

V “ T leads to the well-understood (2,2)-worldsheet supersymmetry.

If the bundle V is restricted to a rational curve C then it will always split

V |C “ Opaq ‘ Opbq ‘ Opcq, (1.1)

where a` b` c “ 0, since c1pV q “ 0. In [Distler (1987); Distler and Greene (1988)]

it was emphasized that in the case of p´1,´1q-curves, which are curves with normal

bundle N “ Op´1q‘2, instantons could only produce corrections if V split “trivially”,

i.e., a “ b “ c “ 0 . So if V splits nontrivially on every rational curve, the model is

good. This explains why (2,2)-models are good, since V – T and adjunction implies

a ě 2. Unfortunately, a “ b “ c “ 0 is the generic case for a bundle over P1.

Thus, unless there are global obstructions in X to prevent such a splitting, a generic

deformation of V away from a (2,2)-model would seem to be bad. So generic V Ñ X

still tend to give invalid models.
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Since we know that the count from the G-Hilbert scheme always agrees with

conformal field theory, instantons are therefore associated with deviations of a reso-

lution from the G-Hilbert scheme. We use this approach to systematically look for

instanton effects.

Lastly, we discuss some of the questions we are still trying to answer, that have

been inspired by the results we have found. First, we want to have a better under-

standing of the G-Hilbert scheme, and why it is a distinguished resolution in the

context of the p0, 2q-McKay correspondence. We also want to better understand the

restrictions of deformations to reducible curves, since we believe this is where the

majority of instanton effects will be observed. Finally, we are interested in better

understanding how the group action affects the possible crepant resolutions, and the

number of deformations for each. Each of these will help us to make further insights

into the p0, 2q-McKay correspondence, and the relationship between a group G and

the resolutions of an orbifold C3{G.
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2

Background

Within this chapter, we present some of the key ideas from toric geometry and

mathematical physics related to the problems we studied, with a particular emphasis

on the techniques we will be using in chapter 3 and chapter 4. In section 2.1, we

focus on the basic construction of a toric variety and the methods for crepantly

resolving a toric orbifold, and in section 2.2 we review details about the tangent

sheaf of a given toric variety, and it’s deformations. In section 2.3 we review the

(2,2)-McKay correspondence and the methods for counting worldsheet instantons,

and in section 2.4 we define the G-Hilbert scheme, and describe how to construct it

for 3 dimensional orbifolds.

2.1 Basic Toric Geometry

2.1.1 Quotient Presentation

We begin with the quotient presentation of a normal toric variety. Let Σ be a

simplicial fan, with an n-dimensional lattice N . We let tρiu denote the set of one-

dimensional cones (or rays) of Σ, with the minimal generators of these rays given by

uρi , and |Σp1q| being the number of rays. We will limit our focus to fans with no
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torus factors, that is, fans where tuρiu span N bR. Let M be the dual lattice to N ,

and tPiu be the set of primitive collections of Σ.

Definition 2.1.1. A primitive collection is a set of rays so that the entire set does

not lie in any cone of Σ, but every proper subset does.

We can then describe the toric variety X associated with Σ as a quotient X :“

pSpecpSq ´ V pBqq{G, using the method of Cox [Cox (1995)]. In this notation, S is

the homogeneous coordinate ring of the variety, B is the irrelevant ideal, and G is

the quotient group.

• S “ Crxρis, where each ray ρi corresponds to a variable xρi .

• G “ HomZpClpXq,C˚q, with a group action given by

tptρq P pC˚q|Σp1q||
ź

txei,uρyρ “ 1 for 1 ď i ď nu

where teiu are a basis for M .

• B “
Ş

pIPiq, where IPi is the ideal generated by the elements of the primitive

collection Pi.

There are a couple of important things to note about the variety X. We find that X

is an n-dimensional algebraic variety, since |G| “ |Σp1q| ´n. We also note that both

S and G depend only on the one-dimensional cones of Σ, and not the maximal cones

of Σ. The ring S also has a multigrading, and we will use qi to denote the degree of

xi.

This relationship allows us to reconstruct the fan of an orbifold Cn{G, where G

is a subgroup of pC˚qn by choosing rays that give the appropriate group action.

Example 2.1.2. Let X “ Cn{G, with G “ Zr and having a group action given by

pζa1r , ζ
a2
r , ..., ζ

an
r q where ζr is a primitive r-th root of unity. We first look at the case
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where a1 “ 1 (as long as some ai and r are relatively prime, we can renumber and

make a new choice of primitive root to get this case). The fan in Rn associated to

this variety must consist of a single cone, with n rays. To find minimal generators for

these rays, we must make sure the group action described in the previous section gives

pζa1r , ζ
a2
r , ..., ζ

an
r q. Now choose u1 “ pr,´a2,´a3, ...,´anq, u2 “ p0, 1, 0, ..., 0q,...,un “

p0, 0, ..., 0, 1q, with the lattice N “ Zn. This gives exactly the group action we desire,

and is therefore the associated fan.

In the case where none of the ai are relatively prime to r, a similar procedure

still works, but some care must be taken in the choice of lattice.

We also note that the fan Σ of X can give information about the geometric

structure of X. A cone σ is called smooth if its minimal generators can be extended

to form a basis for N . A fan Σ is smooth if every cone σ P Σ is smooth.

Theorem 2.1.3. X is a smooth algebraic variety if and only if Σ is a smooth fan.

This theorem allows us to find smooth resolutions of toric varies in a very conve-

nient way, which we will discuss now.

2.1.2 Resolution of Singularities

Let X be an irreducible algebraic variety, with singular locus Y . A resolution of

singularities is a morphism f : X 1 Ñ X such that X 1 is smooth and irreducible,

f is proper, and f induces an isomorphism of varieties f´1pXzY q – XzY . We

therefore see that this new variety X 1 is isomorphic to X where X is non-singular,

and smoothes out the points where X is singular, creating a “smooth version” of X.

In the case of toric geometry, these resolutions can be understood in the context

of fans. Let Σ be the fan corresponding to X. By the previous section, we know

that the singular locus Y corresponds to exactly the cones of Σ that are not smooth.

For each of these cones, add in additional rays and/or higher dimensional cones to
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subdivide into cones that are smooth. This new fan, Σ1, corresponds to a smooth

variety X 1 which is a resolution of X. We also note that since X 1 is smooth, Σ1 must

be simplicial, and so there is a quotient presentation of X 1.

We note that there can therefore be many possible resolutions for the same sin-

gular variety.

Example 2.1.4. Let Σ consist of a single cone, whose rays have minimal generators

u1 “ p0, 0, 1q, u2 “ p1, 0, 1q, u3 “ p1, 1, 1q, and u4 “ p0, 1, 1q, in the lattice Z3. We

will attempt to resolve the variety X associated to Σ. While this variety cannot be

expressed as a geometric quotient (since it is not simplicial), it provides an illustrative

example of smooth resolutions.

ρ1 ρ2

ρ3ρ4

Figure 2.1: The fan for the singular variety

Since the cone is not smooth, we know X is singular. The following three fans

each correspond to a resolution of the singularity:

ρ1 ρ2

ρ3ρ4

Figure 2.2: The 2-dimensional cone with rays ρ1, ρ3 added to Σ.

8



ρ1 ρ2

ρ3ρ4

Figure 2.3: The 2-dimensional cone with rays ρ2, ρ4 added to Σ.

ρ1 ρ2

ρ3ρ4

ρ5

Figure 2.4: Ray ρ5 (with minimal generator p1, 1, 2q) and necessary higher-
dimensional cones added to Σ.

In figures 2.2 and 2.3, the variety is resolved by adding an additional 2-dimensional

cone, and subdividing the singular 3-dimensional cone into 2 smooth cones. The rela-

tionship between these two varieties is called a flop, and this is an important concept

we will return to in 4.1.1. In figure 2.4, the variety is resolved by adding an addi-

tional 1-dimensional cone with minimal generator u5 “ p1, 1, 2q, and then including

the additional higher dimensional cones necessary to have a fan (in this case, with 4

3-dimensional cones).

The above example demonstrates the different possible ways even a simple sin-

gularity can be resolved. More importantly, it indicates that some resolutions seem

to be “nicer” than others, in the sense that they are closer to the original variety in

structure. We can state what this means in a more concrete way.

Definition 2.1.5. A crepant resolution of a variety is a resolution of singularities

that does not change the canonical class of the variety.

9



For toric varieties, the canonical bundle KX is given by Op
ÿ

ρ

´Dρq . The above

definition means that a resolution f : X 1 Ñ X is crepant when K 1
X “ f˚pKXq. In

the example we just looked at, 2.2 and 2.3 are the fans for crepant resolutions of

the singular variety, while 2.4 gives a non-crepant resolution. In the case of three

dimensional varieties, there is a simple condition to determine whether or not a

resolution is crepant.

Theorem 2.1.6. For a 3-dimensional affine simplicial variety X with fan Σ, a

smooth resolution X 1 is crepant if and only if every ray in Σ1 has a minimal generator

in the convex hull of the minimal generators of the rays of Σ.

One result of this theorem is that the minimal generators for every ray in a

crepant resolution of X must be coplanar. This implies the resolution of figure 2.4

is not crepant, since p1, 1, 2q is not coplanar with the other minimal generators. We

now include a quick proof of this well-known result.

Proof of Theorem

Let the minimal generators for the rays of Σ be given by u1, u2, u3. We know that

divpχe1q “ 0, divpχe2q “ 0, and divpχe3q “ 0. Since divpχmq “
ÿ

ρ

xuρ,myDρ, this

gives linear equivalences pu1qiD1 ` pu2qiD2 ` pu3qiD3 “ 0 for i “ 1, 2, 3. There-

fore, we find that D1 “ D2 “ D3 “ 0, and Kx “ Op0q. Now we will analyze an

arbitrary crepant resolution X 1. Let the minimal generators of the new rays of Σ1

be denoted by tuαu. We again find the linear equivalences, ´pu1qiD1 ´ pu2qiD2 ´

pu3qiD3 “
ÿ

α

puαqiDα for i “ 1, 2, 3. Since u1, u2, u3 define a plane P , we know that

xpa, b, cq, uiy “ d for some a, b, c, d, and for i “ 1, 2, 3. Following some algebraic ma-

nipulation, we then find dp´D1 ´D2 ´D3q “
ÿ

α

papuαq1 ` bpuαq2 ` cpuαq3qDα. For

10



this resolution, the canonical bundle is given by Op´
ÿ

α

Dα ´D1 ´D2 ´D3q. Since

this is a crepant resolution, we must have
ÿ

α

Dα “ ´D1´D2´D3. We therefore see

that
ÿ

α

papuαq1 ` bpuαq2 ` cpuαq3qDα “
ÿ

α

dDα, and since there are no other linear

equivalences, this implies each uα must satisfy xpa, b, cq, uαy “ d and is in the plane

defined by u1, u2, u3. Since this was a resolution of Σ, each uα is thus contained in

the convex hull of u1, u2, u3.

Now, assume we have a resolution X 1 of X, where the minimal generators tuαu

of the rays of Σ1 are all contained in the convex hull. This means each uα satisfies

xpa, b, cq, uαy “ d. As before, the canonical bundle of X 1 is given by Op´
ÿ

α

Dα ´

D1 ´D2 ´D3q, and we have dp´D1 ´D2 ´D3q “
ÿ

α

papuαq1 ` bpuαq2 ` cpuαq3qDα.

This equation is then equal to
ÿ

α

dDα, and this implies ´
ÿ

α

Dα´D1´D2´D3 “ 0,

and the canonical bundle for X 1 is Op0q. X 1 is therefore a crepant resolution of X. ˝

This theorem allows us to determine all crepant resolutions of a three dimensional

orbifold in a systematic way. We can see this by looking at the example we saw in

section 2.1.1:

Example 2.1.7. Let X “ C3{G, with G “ Zr and having a group action given by

pζa1r , ζ
a2
r , ζ

a3
r q. Assuming a1 “ 1, we have an associated fan Σ consisting of a single

cone σ whose rays have minimal generators u1 “ pr,´a2,´a3q, u2 “ p0, 1, 0q, and

u3 “ p0, 0, 1q, in the lattice Z3. To find a crepant resolution of this variety, we must

find all lattice points in the convex hull of u1, u2, u3. Next, take some triangulation of

these points u4, ..., un, together with u1, u2, and u3. Finally, take the cone over this
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triangulation. This gives a fan, Σ1, and this fan corresponds to a crepant resolution

of X.

This process will be our main tool in finding all the crepant resolutions of a given

orbifold. Now that we have the resolutions, we are ready to discuss how to find and

study their respective tangent bundles.

2.2 Tangent Sheaf of a Toric Variety

2.2.1 The Euler Sequence

Let X be a smooth toric variety with fan Σ. Then X “ pSpecpSq ´ V pBqq{G, as

we discussed in 2.1.1. The class group of X, ClpXq, gives a grading for the ring S.

Let qi be the multidegree for xi, under this grading. We also know that the torus

invariant prime divisors of X are each associated to a particular ray of Σ, so we will

use Di to denote the divisor associated to ρi. There is a map DivT pXq Ñ ClpXq,

which takes any torus-invariant Weil divisor D to its class in ClpXq. This map then

takes Di to qi, and we have an exact sequence

0 ÑM Ñ DivT pXq Ñ ClpXq Ñ 0

We note that for a smooth toric variety, ClpXq – PicpXq. Using a series of exact

sequences, we find that the cotangent sheaf Ω1
X is given by an exact sequence,

0 Ñ Ω1
X Ñ

à

i

OXp´Diq Ñ ClpXq bZ OX Ñ 0

where the direct sum is over the divisors for all rays of Σ. If we dualize this sequence

it allows us to compute the tangent sheaf T [Batyrev and Cox (1994)]. This sequence

is known as the Euler Sequence.

0 Ñ O
‘|G|
X Ñ

à

i

OXpqiq Ñ T Ñ 0
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Example 2.2.1. To demonstrate this in action, let X be the blow-up of C2 at a

point. For this variety, the associated fan has three rays with u1 “ e1, u2 “ e2, and

u3 “ e1 ` e2, and 2 maximal cones with rays tu1, u3u and tu2, u3u. In this case,

S “ Crx1, x2, x3s, B “ xx1, x2y, and G “ tpt, t, t´1q|t P C˚u. ClpXq – Z, where

q1 “ q2 “ 1, q3 “ ´1. Thus, the exact sequence for the tangent sheaf becomes

0 Ñ OX Ñ OXp1q ‘ OXp1q ‘ OXp´1q Ñ T Ñ 0

where the first map is given by the column matrix

¨

˚

˚

˝

x1

x2

´x3

˛

‹

‹

‚

The cokernel of this map then gives T.

2.2.2 Deforming the Tangent Sheaf of a Threefold

The following section illustrates methods used in [Aspinwall (2011)] to study the

deformations of the tangent sheaf of a smooth toric threefold. Let Σ be the fan for

a three-dimensional smooth algebraic variety, with a total of N 1-dimensional cones.

Using the Euler sequence described above, we define the tangent sheaf by the exact

sequence

0 Ñ O‘N´3
Ñ

N
à

i“1

Opqiq Ñ T Ñ 0

We know that deformations of the tangent sheaf are represented by elements of

the group Ext1
pT,Tq. Now define W :“ Opq1q‘Opq2q‘Opq3q. Since W ãÑ

N
à

i“1

Opqiq,

we have an induced map f : W Ñ T, where the cokernel of f is the cokernel

of O‘N´3
Ñ

N
à

α“4

Opqαq. We note that the map is given by the diagonal matrix
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px4, .., xNq. Let Di “ V pxiq. Then we know that 0 Ñ Op´qαq
xα
Ñ O Ñ ODα Ñ 0 is

exact, and combining these exact sequences gives

0 Ñ
3
à

i“1

Opqiq Ñ T Ñ
N
à

α“4

ODαpqαq Ñ 0

an exact sequence. We are using the different indices to distinguish between the three

extremal rays, and the N ´ 3 interior rays, but both are still using the multidegree

defined previously. By the definition of an extension, we therefore have that D :“

3
à

i“1

Opqiq ‘
N
à

α“4

ODαpqαq is a deformation of the tangent bundle. Now, by studying

Ext1
pD,Dq, we can find all of the deformations we are looking for.

In particular, these are only the framed deformations of T [Aspinwall (2011)]. A

framed deformation is one that is asymptotically fixed. That way, we avoid look-

ing at those deformations that correspond to rotations, which we do not want to

include in our count. In terms of D, this means we will ignore the Exts on ‘pOpqiqq.

Whenever we speak of counting deformations, we will be talking about these framed

deformations.

Note: While at first glance it may appear that this deformation depends only on

the qi and qα, and not the particular collection of higher dimensional cones used, this

is not the case. Each ODα is found using the star of ρα, and therefore D does depend

on the set of higher dimensional cones.

Finding All Deformations

We can find first order deformations of D by looking at the direct sum of Ext1s on

each possible pairing of components. There are four types of pairings that occur.

Following [Aspinwall (2011)], we show they can all be computed using cohomology

(we will do one of these computations in detail below):
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1: Ext1
pOpqiq,Opqjqq “ 0

2: Ext1
pOpqiq,ODαpqαqq “ 0

3: Ext1
pODαpqαq,Opqiqq “ H0pODαpqiqq

4: Ext1
pODαpqαq,ODβpqβqq “ H0pCαβ, Nαq “ H0pOCαβpqβqq,

where Nα is the normal bundle of Cαβ in Dα.

We will show (3) above, that Ext1
pODαpqαq,Opqiqq “ H0pODαpqiqq. First, recall that

Ext1
pODαpqαq,Opqiqq – Hom1

pODαpqαq,Opqiqq

Next, we can shift one of the exact sequences described in the previous section to

find

0 Ñ O
xα
Ñ Opqαq Ñ ODαpqαq Ñ 0.

This means that in the derived category, ODαpqαq is isomorphic to O
xα
Ñ Opqαq (where

the underline represents position 0) [Gelfand and Manin (2010)].

Thus, HompODαpqαq,Opqiqq is given by

Opqi ´ qαq
xα
Ñ Opqiq

We recognize this as ODαpqiqr´1s, just a twist of the sequence described above shifted

over by 1. Therefore, we have

Hom1
pODαpqαq,Opqiqq – ODαpqiq – H0

pODαpqiqq

2.3 McKay Correspondence

The McKay Correspondence relates a number of seemingly distinct quantities [Ito

and Nakamura (1999)]. In 2 dimensions, there is a relationship between simple sin-

gularities, finite subgroups of SLp2,Cq, simple Lie algebras, quivers, conformal field
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theory, and subfactors [Ito and Nakamura (1999)]. In 3 dimensions, similar connec-

tions have been proven between simple singularities, finite subgroups of SLp3,Cq,

and conformal field theory [Batyrev and Dais (1996); Bridgeland et al. (2001)]. The

relationship between simple singularities and conformal field theory is of particular

interest to us, and is known as the p2, 2q-McKay correspondence. The name comes

from the correspondence of this relationship to (2,2)-supersymmetric theories, and

we include one of these key relationships below. For the remainder of this section,

we will be focusing on the McKay correspondence in 3 dimensions.

2.3.1 p2, 2q´McKay Correspondence and Twisted Sectors

Let G be a finite subgroup of SLp3,Cq and X “ C3{G. Ito and Reid proved that

there is a canonical one-to-one correspondence between certain conjugacy classes of

of G, and the exceptional prime divisors of any crepant resolution X̃ of X [Ito and

Reid (1996)]. We look at this theorem in the context of our example, where G “ Zr

viewed as a diagonal subgroup of SLp3,Cq. It then has r group elements of the form

pζa1r , ζ
a2
r , ζ

a3
r q, which are exactly the conjugacy classes. In this case, the particular

conjugacy classes described by the theorem are those such that a1`a2`a3 “ r. From

theorem 2.1.6 we know that every crepant resolution of X has the same collection of

1-dimensional cones, and by the orbit-cone correspondence each of these interior rays

gives an exceptional prime divisor. So we can view this theorem as giving a canonical

correspondence between a subset of the elements of G, and the lattice points in the

convex hull of minimal generators for the original orbifold. We now introduce a bit

of the physics terminology, which will be used later on.

Let g be the generator of G giving the action of the group on C3. In the case where

G “ Zr, then g “ pζa1r , ζ
a2
r , ζ

a3
r q. We associate a twisted sector with each element ofG,

where the j
r

twisted sector refers to gj. For example, the j
r
-twisted sector corresponds

to the element pexpp2πiν1q, expp2πiν2q, expp2πiν3qq where we define each νi to be a
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rational number satisfying rνi ” jai mod r and 0 ď νi ă 1. This associates a triple

of rational numbers pν1, ν2, ν3q with each twisted sector. We know that there are r´1

possible twisted sectors, corresponding to twisting by 1
r
, 2
r
, . . . , r´1

r
. In the case where

a1 “ 1, when looking at the i
r
´twisted sector, we have ν1 “

i
r
, rν2 ” ia2 mod r,

and rν3 ” ia3 mod r, with 0 ď νj ă 1. For physical reasons, we are only interested

in the case where
ř

νi “ 1. The theorem cited above then gives the following version

of the classical McKay correspondence.

Proposition 2.3.1 ([Ito and Reid (1996)). ] For any orbifold of the form C3{Zr,

there is a one to one correspondence between the twisted sectors with
ř

νi “ 1 and

the exceptional prime divisors of any crepant resolution.

This implies that every interior lattice point uα in the convex hull of the three

minimal generators of the fan X is associated with a particular twisted sector.

2.3.2 Singlet Count

For each twisted sector, there are a number of singlets associated with it. For our

purposes, we just need to know the combinatorial methods for calculating the number

of singlets associated to each sector. We describe below the tools we will use.

Singlets and Twisted Sectors

We saw above that each twisted sector is associated with a triple of rational numbers

pν1, ν2, ν3q. We now must define a few more quantities in order to determine the

number of singlets for each sector. First, define

rνi :“

$

’

’

&

’

’

%

νi ´
1
2

: νi ď
1
2

νi ´
3
2

: νi ą
1
2
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Next, define the energy of the twisted vacuum to be

E “
1

2

3
ÿ

i“1

pνip1´ νiq ` rνip1` rνiqq ´
5

8

with charge given by q “ ´3
2
´

ř

rνi and q “ ´3
2
`

ř

νi. This follows from the

physics, and is explained in more detail in [Aspinwall et al. (2012)]. We are only

interested in the case where q “ ´1
2
, and by the previous equation this is equivalent

to the condition
ř

νi “ 1. We can then find the number of singlets for a given

twisted sector by using a generating function. The number of singlets is given by the

coefficient of q0z0 in

qEz´
3
2
´
ř

i rνi
ź

i

p1` q1`rνiz´1qp1` q´rνizq

p1´ qνi qp1´ q
1´νiq

To better understand the singlets, however, we can construct them from lowest

modes. We describe this process in section 3.3.2, and demonstrate a simple graphical

way of encoding all of the singlet information.

2.3.3 p0, 2q´McKay Correspondence

The p2, 2q´McKay correspondence discussed above gives a relationship between the

conformal field theory of an orbifold and the geometry of any crepant resolution,

via the one-to-one correspondence between twisted sectors and exceptional prime

divisors. We note that example 2.1.6 proves that every crepant resolution of a toric

threefold has the same set of exceptional prime divisors. This is necessary for the

correspondence to hold; if different crepant resolutions did not have the same number

of exceptional prime divisors, there could not possibly be a one-to-one correspondence

independent of the choice of resolution.

The p0, 2q´McKay correspondence attempts to give another relationship between

the conformal field theory of an orbifold and the geometry of its crepant resolutions.
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It predicts that there is a correspondence between the number of singlets associated

to an orbifold, and the number of framed deformations of the tangent bundle of a

crepant resolution. However, there is an immediate issue with such a correspon-

dence. It is possible (and in fact true in the vast majority of cases) that different

crepant resolutions of a toric threefold have different dimensions for the moduli space

of deformations of the tangent bundle. Therefore, there must be some further condi-

tions on the p0, 2q-McKay correspondence. These conditions will come via instanton

corrections, which we will discuss in more detail in chapter 4.

2.4 Finding the G-Hilbert Scheme

The G-Hilbert scheme of an orbifold Cn{G is a particular resolution which parame-

terizes the 0-dimensional subschemes of Cn that are invariant under the group action,

have length |G|, and have global sections that give a regular representation of G [Ito

and Nakajima (2000)].

In the case of a 2 or 3 dimensional orbifold Cn{G (n “ 2, 3), we know that

the G-Hilbert scheme will always be a crepant resolution of the orbifold [Ito and

Nakajima (2000); Nakamura (2001)]. This is not true for n ě 4, however, since

crepant resolutions for such orbifolds do not always exist.

Since the G-Hilbert scheme is a toric variety, there is a fan associated with it.

[Craw and Reid (2002)] gives us a combinatorial method for constructing this asso-

ciated fan in the case of a 3-dimensional orbifold. As this is essential for the work

that comes later, we will now describe this method in detail.

Let X “ C3{G, where G is a diagonal subgroup of SL3pCq. We know the fan Σ

for X is then a 3-dimensional cone, and we will denote the minimal generators for

the rays of this cone by u1, u2, u3. Whenever we use the term vertex throughout this

paper, we will be referring to these three minimal generators, as they are the vertices

of the triangle we cone over to get Σ. The first step in constructing the fan of the
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G-Hilbert scheme is finding all points in the convex hull of tu1, u2, u3u. Once we have

all of these points, we must find the Jung-Hirzebruch continued fraction associated

to each vertex. We include here a quick review of how the continued fraction is

computed. For each vertex (u1, u2, and u3), look at the two dimensional cone whose

origin is the vertex and whose walls are the rays pointing to the other two vertices.

This cone will likely be singular, but as a toric surface there’s a well known method

for resolving it using the continued fraction. Choose a basis so that one ray has

minimal generator p1, 0q and the other has generator p´c, rq. We can then write r{c

as a continued fraction, r{c “ rrb1, .., bmss. This means that

r

c
“ b1 ´

1

b2 ´
1

b3´...

We find the bi through the equations r “ cpb1q ´ d1, c “ d1pb2q ´ d2, d1 “ d2pb3q ´

d3, . . . , dm´2 “ dm´1bm´ dm. There are two more values associated with this contin-

ued fraction, which we will define recursively. Define Pi by setting P0 “ 1, P1 “ b1,

and Pi “ biPi´1 ´ Pi´2. Similarly, we define Qi by setting Q0 “ 0, Q1 “ 1, and

Qi “ biQi´1 ´ Qi´2. In particular, note that this implies Pi “ bipPi´1 ` Pi`1q and

Qi “ bipQi´1 `Qi`1q.

For each vertex, r is the order of the underlying group G, and the particular c

can be found through the group action. We then have m rays from the vertex to

interior points, and label each ray with the number bi, which we call its strength.

The coordinates of the interior points, in the basis we chose for this vertex, will be

pPi, Qiq. We do this for the other two vertices as well, so each vertex has a number

of labeled rays to particular interior points.

Example 2.4.1. Let’s look at an example, C3{Z17 with group action given by

pζ17, ζ
2
17, ζ

14
17 q. At vertex u3, we have 17{2 “ rr9, 2ss since 17 “ 2p9q ´ 1, and

2 “ 1p2q ´ 0. So the edges have strength 9, 2 respectively. At u2 the continued
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fraction is 17{11 “ rr2, 3, 2, 2, 2, 2ss, and at u1 it is 17{7 “ rr3, 2, 4ss. The fan with

these edges labeled can be seen in figure 2.4.1.
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Figure 9.1: First Step in Constructing G-Hilbert Scheme.

2.4.1 Smooth Triangulation

Once we have the lines from vertices, extend each line further inside of the triangle.

As it goes through interior points, reduce the strength by 1 for every other line that

goes through the same interior point. If a line would ever have 1 or 0 strength, do

not include it. Finally, take a regular tessellation of any remaining regular triangles.

The fan over this triangulation gives the G-Hilbert scheme.

Example 2.4.2. Figure 2.4.2 gives a slice of the completed fan for the G-Hilbert

scheme of C3{Z17. While the numbers are not necessary to determine the variety

associated with the fan, we will see in the next chapter that they provide other

important information about the structure.
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Figure 9.2: Triangulation for G-Hilbert Scheme of C3{Z17.

We see explicitly that this is a complete triangulation of all the points in the

convex hull of tu1, u2, u3u, and therefore gives a smooth resolution of the orbifold

C3{Z17. As mentioned above, it is in fact one of the crepant resolutions of the

orbifold and as such is of primary interest to us.

In the next chapter, we take a closer look at the deformations of the G-Hilbert

scheme, and the properties that make it a canonical choice of crepant resolution for

3 dimensional orbifolds.
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3

The (0,2)-McKay Correspondence and the
G-Hilbert Scheme

In this chapter we study the relationship between the singlets of an orbifold and the

deformations of the different crepant resolutions of that orbifold. We begin by looking

at Ext1
pT,Tq for the G-Hilbert scheme. We find that there is a quiver associated

to this resolution, related to the method of construction described in section 2.4.

We then discuss how we calculate Ext1
pT,Tq for an arbitrary crepant resolution.

Next, we describe the combinatorial methods that can be used to find the singlets

associated to an orbifold, and introduce a quiver that encodes all of the pertinent

data. Finally, we show that these two quivers are in fact the same, and that there is

therefore a relationship between the G-Hilbert scheme and the orbifold that does not

exist for an arbitrary crepant resolution. This relationship implies the p0, 2q-McKay

correspondence is always satisfied for this resolution. This work is based primarily

on the preprint [Gaines (2014)]. In the next chapter we will focus on the other

resolutions of the orbifold.
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3.1 Deformations of the G-Hilbert Scheme

We begin by studying the G-Hilbert scheme. Using the methods of the previous

chapter, we find an easy way to classify the different deformations of this crepant

resolution of C3{G. We then show that the numbers on the edges of the graph used to

find the fan of the G-Hilbert scheme give the number of deformations of a particular

type. Therefore, by orienting each edge we can find a unique quiver that is related

to the G-Hilbert scheme, and which counts all of the different deformations of this

variety.

3.1.1 Tangent Bundle of the G-Hilbert Scheme

As in the previous chapter, we will use the orbifold C3{Z17 with group action given

by pζ, ζ2, ζ14q as an example. We saw in section 2.4 that a slice of the fan of the

G-Hilbert scheme for this orbifold is given by

We let X denote this particular resolution. We then find the tangent bundle
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using the Euler sequence,

0 Ñ O‘17
X Ñ

3
à

i“1

OXpqiq ‘
11
à

α“4

OXpqαq Ñ T Ñ 0

As described in section 2.2.2, we know the deformations of the tangent sheaf each

correspond to either an element of Ext1
pODαpqαq,Opqiqq, or to an element of

Ext1
pODαpqαq,ODβpqβqq. The method of [Craw and Reid (2002)] for constructing

the fan for the G-Hilbert scheme then gives the dimension for each of these groups,

as follows. First, subtract 1 from the strength on each interior edge as determined in

section 2.4.1. Now, the strength of the edge between uα and ui gives the dimension of

Ext1
pODαpqαq,Opqiqq. Meanwhile, the strength of the edge between uα and uβ gives

the dimension of Ext1
pODαpqαq,ODβpqβqq, where uβ is the node closer to the vertex

colinear with the given edge. This relationship can be summarized as follows:

Theorem 3.1.1. The numbers on edges as calculated above will be exactly the di-

mension of the Ext1 group corresponding to the given vertices, and therefore count

the number of framed deformations.

Proof of Theorem

We first show that the numbers on edges that go from uα to ui using the method of

[Craw and Reid (2002)] match up with the dimension of Ext1
pODαpqαq,Opqiqq. Since

the minimal generators of each of the rays lies in a plane, there is a two element

basis for the intersection of this plane and the lattice. Choose a basis such that the

ui vertex is at p0, 0q, where the corresponding coordinates for uα are px, yq, and the

two neighboring vertices are pa, bq and pc, dq. By definition of continued fraction, we

know that whatever basis is chosen will satisfy a ` c “ Nx and b ` d “ Ny, where

N is the strength of the edge. Now let’s move the origin to uα, as in [Aspinwall

(2011)]. Now the coordinates are p´x,´yq for ui, px2, y2q “ pa ´ x, b ´ yq and
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px3, y3q “ pc´ x, d´ yq. We know the dimension of Ext1
pODαpqαq,Opqiqq is given by

x2y3´x3y2` 2, which comes out to pa´xqpd´ yq´ pb´ yqpc´xq. We know x “ a`c
N

and y “ b`d
N

, so this becomes

1

N2
pppN ´ 1qa´ cqppN ´ 1qd´ bq ´ ppN ´ 1qc´ aqppN ´ 1qb´ dqq

which is just 1
N
pN´2qpad´bcq. But we note that pNx,Nyqˆpc, dq “ ppa, bq`pc, dqqˆ

pc, dq “ ad´bc, and pNx,Nyqˆpc, dq “ Npx, yqˆpc, dq “ N , since the triangulation

is smooth, so x2y3´x3y2 “ N ´ 2. Therefore, the dimension of Ext1
pODαpqαq,Opqiqq

is N´2`2 “ N . Thus, we have shown that the strength N , is exactly the dimension

of the Ext group for edges to vertices.

Now look at edges that do not go to vertices. Begin by setting one of the nodes

on the edge, uα, as the origin. We then have coordinates for the other three nodes

on or adjacent to this edge, ui “ pa, bq, uj “ pc, dq and uβ “ px, yq. Since we are

using a smooth triangulation, we know that pa, bq ` pc, dq “ Npx, yq for some N .

This means we again have N “ ad´ bc, using the same computation as above. If we

instead set uβ as the origin, we have ppa, bq´ px, yqq` ppc, dq´ px, yqq “ N 1p´x,´yq,

which gives N 1 “ 2´N . Therefore, the larger of N 1 and N is always positive. Either

N “ N 1 “ 1, or exactly one of these integers is positive, so we will now call the

positive one N . Since the equation we used came from using the Hirzebruch-Jung

resolution and contracting, this positive N is the (unmodified) strength as originally

found in [Craw and Reid (2002)]. Therefore in the modified version described above,

the strength of this edge is N ´ 1. As in [Aspinwall (2011)], the dimension of

Ext1
pODαpqαq,ODβpqβqq is given by ad ´ cb ` 1. Since N “ ad ´ bc, (possibly after

switching uα and uβ as above), we find this is equal to N ´ 1. Thus the modified

numbers on each interior edge do give the dimension of Ext1
pODαpqαq,ODβpqβqq.˝
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3.1.2 The Ext Quiver for the G-Hilbert scheme

Definition 3.1.2. The Ext-quiver of an algebra A is a quiver with nodes ui corre-

sponding to irreducible components Ai of A, and the number of arrows from ui to uj

given by dim Ext1
pAi, Ajq.

Using theorem 3.1.1, we see that we can construct the Ext quiver of the algebra

3
à

i“1

Opqiq ‘
N
à

α“4

ODαpqαq from the modified method of [Craw and Reid (2002)] for

finding the G-Hilbert scheme. Whenever an edge has non-0 strength, just include

that many arrows pointing in the direction of a vertex. Also, include one arrow from

each interior node uα to every vertex it does not already share an edge with. Lastly,

do not include any arrows that go from one vertex to another. What remains is now

the Ext-quiver for
3
à

i“1

Opqiq ‘
N
à

α“4

ODαpqαq.

We now show that it is possible to go the other direction as well, and use the

Ext quiver for this algebra to reconstruct the fan for the G-Hilbert scheme of the

toric variety. First, suppress all arrows to vertices of multiplicity one. Since they

always exist we don’t lose any information by not including them, but now the

quiver is planar. Next, replace every arrow that remains with an edge and include

the 3 boundary edges, connecting the vertices to each other. Finally, take a regular

tessellation of any remaining triangles that are not smooth. After this process, we

have reconstructed the height 1 slice of the fan Σ for the G-Hilbert scheme. This

shows that the fan for the G-Hilbert scheme is determined completely by this quiver.

Note: The Ext-quiver for
3
à

i“1

Opqiq ‘
N
à

α“4

ODαpqαq depends on already having

made a choice of resolution, in the above case, the G-Hilbert scheme. What we have

demonstrated is a relationship between a particular quiver, which happens to be the

Ext-quiver for this algebra, and the G-Hilbert scheme of X.
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3.2 Ext1pT,Tq for any Crepant Resolution of X

We now take a quick look at what we know about the deformations of the tangent

bundle for an arbitrary crepant resolution of X, rather than the G-Hilbert scheme.

For ease of reading, in this section we will assume the group action is given by

pζ1
r , ζ

a
r , ζ

b
rq. In order to study the tangent sheaf of a toric variety by the methods of

section 2.2.2, we need to determine the line bundles associated to each irreducible

toric divisor. By theorem 2.1.6, we know that every crepant resolution X 1 of C3{G

has the same collection of rays in its fan. Therefore, we can reach a number of

conclusions that apply to any crepant resolution of X.

3.2.1 A Useful Matrix

We first need to determine the class group of an arbitrary crepant resolution X 1 of

X. We begin by taking the cokernel of

A “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

r ´a ´b

0 1 0

0 0 1

pu4q1 pu4q2 pu4q3
...

...
...

puNq1 puNq2 puNq3

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

We note that the rows of this matrix are the minimal generators of all of the rays

of Σ1. Let H “ HomZpClpXq,C˚q. Then H – pC˚qN´3, and we can determine the

group action of H. We now let Φ be a matrix with coefficients in Z and rows given

by a basis of the cokernel of A. (In the physics literature, this is known as the charge

matrix.) It is an pN ´ 3q ˆN matrix, and using some linear algebra we can reduce
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it to another matrix Φ1, where

Φ1 “

¨

˚

˚

˚

˚

˚

˝

ν4
1 ν4

2 ν4
3 ´1 0 ¨ ¨ ¨ 0

ν5
1 ν5

2 ν5
3 0 ´1 ¨ ¨ ¨ 0

...

νN1 νN2 νN3 0 0 ¨ ¨ ¨ ´1

˛

‹

‹

‹

‹

‹

‚

In the above matrix, νi1, ν
i
2, ν

i
3 are rational numbers resulting from the matrix ma-

nipulation (note: the superscript is an index here, not a power). We note that the

notation νi was used in the previous chapter in a different context, involving singlets.

We will show in section 3.3.1 that these quantities are in fact the same.)

We see that the matrix Φ gives a grading for S, the homogeneous coordinate

ring of X 1. As we saw in section 2.1.1, this is also independent of the resolution

chosen. The multidegree for xj is then a vector given by the jth column of Φ. We

call this vector the charge of xj, and denote it by qj. This also gives the class of the

irreducible divisor associated with the ray through uj, rDjs “ qj.

3.2.2 Deformations and Monomials

By section 2.2.2, we know that the deformations of the tangent sheaf of X correspond

to elements of Ext1
pODαpqαq,Opqiqq and elements of Ext1

pODαpqαq,ODβpqβqq.

We will first look at the deformations that come from Ext1
pODαpqαq,Opqiqq. We

begin by finding a basis for H0pODαpqiqq, since these groups are isomorphic. Such

a basis is given by the set of monomials in Dα, whose degree in Dα is equal to the

degree of xi in Dα. Since Dα “ X X V pxαq, this is the set of all Laurent monomials

in Cpx1, .., xNq that do not contain xα, and which have non-negative power for all xρ

such that uρ and uα share a cone in Σ1.

Notice that this last condition implies that the choice of resolution impacts which

monomials are permitted. Different resolutions will have different fans, and therefore

different variables which cannot occur with negative degree.
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We recall that deg(xi) is given by the i-th column of Φ, which we will denote Φi.

For xc11 ¨ ¨ ¨ x
cN
N to have the correct multidegree, we must therefore have

ř

j cjpΦjq “

Φi. But since the rows of Φ and Φ1 span the same complex subspace, its sufficient to

find coefficients cj that make this true for Φ1 (again requiring cα “ 0).

We look at this row by row. We first must have c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ ναi , where

cj is the power of xj in the Laurent monomial. This equation follows directly from

the row corresponding to uα, since the only columns that are nonzero in this row are

x1, x2, x3, and xα, and we know cα “ 0. We note that the cj do not have to all be

non-negative, only those where uj and uα share a cone.

Once we have pc1, c2, c3q, there is a unique cβ for every uβ so that c1ν
β
1 ` c2ν

β
2 `

c3ν
β
3 ´ cβ “ νβi . We note that some of these cβ could also be negative, and which

negative powers are allowed depends on the specific resolution we chose. This leads

to the following proposition.

Proposition 3.2.1. Every deformation from Ext1
pODαpqαq,Opqiqq corresponds to a

triple of integers pc1, c2, c3q satisfying c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ ναi with all of c1, .., cN

satisfying the appropriate non-negativity conditions.

Next, we can look at Ext1
pODαpqαq,ODβpqβqq. To classify these deformations, we

need a basis for H0pOCαβpqβqq. Such a basis is given by the set of Laurent monomials

in Cpx1, .., xNq that do not contain xα or xβ, and which have non-negative power for

both of the xρ such that uρ shares a cone with xα and xβ. We proceed as above,

and find that the equations that must be satisfied are c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ 0 and

c1ν
β
1 ` c2ν

β
2 ` c3ν

β
3 “ ´1. These cj will be the power of xj in the Laurent monomial.

The only cj that must be non-negative are those that share a cone with both uα and

uβ.

Once we have determined pc1, c2, c3q, there is a unique cγ for each other interior

point uγ such that c1ν
γ
1`c2ν

γ
2`c3ν

γ
3´cγ “ 0. As long as cγ is non-negative for any uγ
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sharing a cone with both uα and uβ, x
cj
j then gives a basis element of H0pOCαβpqβqq,

and thus a deformation. We summarize these deformations in another proposition.

Proposition 3.2.2. Every deformation from Ext1
pODαpqαq,ODβpqβqq corresponds to

some triple of integers pc1, c2, c3q satisfying c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ 0 and c1ν

β
1 ` c2ν

β
2 `

c3ν
β
3 “ ´1 with c1, .., cN satisfying the appropriate non-negativity conditions.

3.2.3 Triples that Always Give Deformations

We have seen that every deformation of the tangent sheaf corresponds to a unique

triple of integers pc1, c2, c3q, and that each such triple satisfies equations involving the

ναi , and certain negativity conditions. In particular, which ci or cα were allowed to be

negative was dependent on the particular resolution chosen. This implies that any

any actual monomial of Cpx1, .., xNq (with all powers ě 0) satisfying the appropriate

equations will correspond to a deformation for any crepant resolution. We will now

describe all such monomials, first showing that any triple pc1, c2, c3q of non-negative

integers, satisfying the above equations, will have non-negative powers for all xα.

This leads to the first half of the following result.

Theorem 3.2.3. Ext1
pODαpqαq,Opqiqq has a minimum number of elements for any

crepant resolution of C3{G, and the G-Hilbert scheme achieves that minimum.

We prove the first part immediately, and the second part in section 3.4.2. Let

c1, c2, c3 ě 0, and c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ ναi for a particular i and α. We will use the

following lemma.

Lemma 3.2.4. If c1, c2, c3 ě 0, then every cβ ě 0.

Combining this with Proposition 3.2.1, any triple pc1, c2, c3q of non-negative inte-

gers satisfying c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ ναi gives a basis element of H0pODαpqiqq, for any

crepant resolution. Counting the number of triples of this type then gives a lower

bound for the dimension of Ext1
pODαpqαq,Opqiqq. We now prove the lemma:
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Proof of lemma

Let the group action be given by pa1, a2, a3q, and say c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ ναi .

Without loss of generality, we can assume i “ 3. We look at all triples that have

each of c1, c2, c3 ě 0. There is always one such triple, p0, 0, 1q. This corresponds to

the Laurent monomial x3, and will obviously always occur (in this case, all the cβ

are 0). All other triples must have c3 “ 0, so the equation becomes c1ν
α
1 ` c2ν

α
2 “

να3 . We know that να1 ` να2 ` να3 “ 1. Therefore, we can rewrite the above as

pc1 ` 1qνα1 ` pc2 ` 1qνα2 “ 1. Let c11 “ c1 ` 1, c12 “ c2 ` 1.

Now, we use the fact that rνα1 “ ia1 mod r and rνα2 “ ia2 mod r, so we rewrite

the equation as c11pia1 mod rq ` c12pia2 mod rq “ r. Thus, c11pia1 ´ nirq ` c12pia2 ´

mirq “ r, and ipc11a1 ` c12a2q “ rp1 ` ni ` miq. We note all of the constants used

are integers. Since i does not divide r, it must divide p1` ni`miq and we therefore

have c11a1 ` c
1
2a2 “ rk where k is an integer, with k ě 1.

Next we show that for any β, c1ν
β
1 ` c2ν

β
2 ě νβ3 . This is equivalent to showing

c11ν
β
1 ` c

1
2ν

β
2 ě 1, by the same argument as above. We again have rνβ1 “ ja1 mod r,

rνβ2 “ ja2 mod r, for some j. Multiply both sides by r to get another equivalent

condition, c11pja1´ njrq ` c
1
2pja2´mjrq ě r. The left hand side can then be written

as jpc11a1` c
1
2a2q´ rpc1nj ` c2mjq. But this is just rpjk´ c1nj ` c2mjq, and therefore

divisible by r. We know that c11pja1 mod rq` c12pja2 mod rq ą 0, and so it must be

at least r. Thus we have shown c11pja1 ´ njrq ` c
1
2pja2 ´mjrq ě r, and equivalently,

c1ν
β
1`c2ν

β
2 ě νβ3 . This implies that all the cβ are non-negative, since c1ν

β
1`c2ν

β
2´cβ “

νβ3 . ˝

3.2.4 Understanding the Other Deformations

We note that so far, we have only addressed some of the deformations from Propo-

sition 3.2.1 above, and none of those from Proposition 3.2.2. In fact, nearly all of
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the remaining deformations are specific to the particular resolution chosen, and this

leads to the differences described in [Aspinwall (2011)]. At this point, to continue

studying the deformations we would need to specify the resolution that was chosen.

We give examples below of the Ext-quivers for two different crepant resolutions of

C3{Z17, with group action p1, 2, 14q. As described in section 3.1.2, we are suppressing

all arrows to vertices of multiplicity 1, including the framing edges, and are using

dotted lines to show curves that are in the resolution, but did not have any associated

arrows in the Ext-quiver.

1 2

3

4

5

6

7

8

9

10

11

9

2

2

2

2

3
2

2

3

2

4

2

3

5

6

1

1

2

Figure 3.1: Triangulation and Ext-quiver for G-Hilbert Scheme of C3{Z17
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3

3

2

4

2

4

6

8

1

24

1

1

Figure 3.2: Triangulation and Ext-quiver for different crepant resolution of C3{Z17

We see that both the number of deformations and the locations where they occur

can change based on the resolution. The total number of deformations in figure 3.1

is 66, while the total number in figure 3.2 is 82. Rather than tackle the intricacies of

this immediately, we will take a quick detour into the physics of orbifolds and p0, 2q-

supersymmetric theories. We find that the particular triples of integers associated

to deformations above occur in this context as well.

3.3 Singlets of an Orbifold Theory

As we saw in section 2.3.1, the McKay correspondence gives a relationship between

the different g-twisted sectors for an orbifold X “ C3{G, and the exceptional divisors

of any crepant resolution of X. We also saw a short introduction in section 2.3.2 to

the singlets that deform a p2, 2q superconformal field theory to a theory with p0, 2q

supersymmetry. We begin with a reminder of the results on twisted sectors, and

then will delve more deeply into the combinatorial means of computing the singlets

for a given orbifold. We again limit our focus to the case where G “ Zr.
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3.3.1 Twisted Sectors and Crepant Resolutions

Let X 1 be any crepant resolution of the orbifold X “ C3{G, with a given diagonal

group action. We saw in proposition 2.3.1 that every interior ray ρα in the fan Σ1 is

associated with a particular twisted sector for X. We also found that each twisted

sector had a triple of rational numbers pν1, ν2, ν3q satisfying
ř

νi “ 1 associated with

it. To emphasize the relationship between this particular triple and the associated

ray ρα, we will call these pνα1 , ν
α
2 , ν

α
3 q. In addition, we find that the coordinates of

the minimal generator uα of ρα can be given by uα “ pν
α
1 r, a1ν

α
2 ´a2ν

α
1 , a1ν

α
3 ´a3ν

α
1 q.

It is important to note that the j
r
-twisted sector typically does NOT correspond

to uj. We are labeling the triples using α, the label on the ray, to avoid confusion

later on.

Let’s return briefly to the matrix A, with rows given by the minimal generators

of all one-dimensional rays of Σ1. If we write each of the uα in this way, and find the

matrix Φ1 as described in section 3.2.2, we find that the ναi given here must be the

same as those that appear in the matrix.

Let’s now take a closer look at how the singlets for a given orbifold are computed.

3.3.2 Singlets from Lowest Modes

The four operators that we will use to build the singlets are xi, ρi, γi and γi. The

properties of these four lowest modes, in particular the weights and charges of these

fields, are given in the chart below.

xi ρi γi γi

E νi 1´ νi 1` rνi ´rνi

q 0 0 ´1 1

q 0 0 0 0

In order for a product of these modes to correspond to a singlet, it must exactly

cancel the charge and energy of the vacuum. We analyze the possible singlets by
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looking at two distinct cases:

Even Fermion Number

First, look at the case where one of the νi is bigger than 1
2
. This corresponds to the

vacuum having even fermion number, and transforming as xi. We can assume it’s

ν3, as the other cases will follow in the same way. We immediately have rν1 “ ν1´
1
2
,

rν2 “ ν2 ´
1
2
, and rν3 “ ν3 ´

3
2
. We then see that the vacuum has q “ 0 and E “ ´ν3.

We have the following table of energies for the various modes:

i “ 1 i “ 2 i “ 3

xi ν1 ν2 ν3

ρi 1´ ν1 1´ ν2 1´ ν3

γi
1
2
` ν1

1
2
` ν2 ν3 ´

1
2

γi
1
2
´ ν1

1
2
´ ν2

3
2
´ ν3

For a singlet to occur, it must have E “ ν3 and q “ 0. Based on the above table, we

see that all possible singlets must therefore be in one of the following three families.

Family 1: Singlets of the form xc11 x
c2
2 x

c3
3 . The condition on c1, c2, c3 is that all are non-

negative, and c1ν1 ` c2ν2 ` c3ν3 “ ν3.

Family 2: Singlets of the form ρn3x
c1
1 x

c2
2 . The condition on c1, c2 is that both are non-

negative, and np1´ ν3q` c1ν1` c2ν2 “ ν3. If we let c3 “ ´n´ 1, this condition

can be rewritten as c1ν1 ` c2ν2 ` c3ν3 “ c3 ` 1.

Family 3: Singlets of the form γ3γix
c1
1 x

c2
2 where i is 1 or 2. The energy of γ3γi is exactly

ν3´νi, so in order to have total energy add up to ν3, we must have c1ν1`c2ν2 “

νi. Since we again require all ci to be non-negative, we can think of this as

c1ν1 ` c2ν2 ` c3ν3 “ νi, where c3 must be 0 since ν3 ą νi.
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Thus, we can find every singlet of family 1 or 3 associated to this twisted sector

by finding all non-negative triples pc1, c2, c3q such that

c1ν1 ` c2ν2 ` c3ν3 “ νi for i “ 1, 2, 3

This condition remains the same no matter which νi is greater than 1
2
.

Odd Fermion Number

Next, look at the case where all νi ď
1
2
. Then the vacuum has odd fermion number,

and is invariant. Therefore, we have rνi “ νi ´
1
2

for all i. The vacuum has q “ ´1

and E “ ´1
2
. So for a singlet to occur, it must have E “ 1

2
and q “ 1. As before, we

can construct a table of energies:

xi ν1 ν2 ν3

ρi 1´ ν1 1´ ν2 1´ ν3

γi
1
2
` ν1

1
2
` ν2

1
2
` ν3

γi
1
2
´ ν1

1
2
´ ν2

1
2
´ ν3

Now there are far fewer possible singlets, since we need E “ 1
2

and q “ 1. We find

that every singlet must be of the form γix
c1
1 x

c2
2 x

c3
3 , where all ci are non-negative, and

c1ν1 ` c2ν2 ` c3ν3 `
1
2
´ νi “

1
2
. This again reduces to c1ν1 ` c2ν2 ` c3ν3 “ νi, for

some νi.

Singlet Classification

We summarize the properties of the allowed singlets, regardless of fermion number

of the vacuum, below:

Proposition 3.3.1. Every singlet in a twisted sector with associated triple pν1, ν2, ν3q

corresponds to one of the following two cases:

Case 1: Determined by a unique non-negative triple of integers pc1, c2, c3q such that

c1ν1 ` c2ν2 ` c3ν3 “ νi for some νi.
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Case 2: Determined by a unique triple of integers pc1, c2, c3q where exactly one ci ă

´1, and c1ν1 ` c2ν2 ` c3ν3 “ ci ` 1.

We note that the singlets in case 2 are exactly those which have non-zero power

for ρi for some i. By modifying the generating function given in section 2.3.2 to

account for the power of ρi, we can use it to determine how many singlets there are

of case 1, and how many for each particular value ci in case 2. We do this through

adding another variable a, which measures the power of ρi, resulting in the following:

qEz´
3
2
´
ř

i rνi
ź

i

p1` q1`rνiz´1qp1` q´rνizq

p1´ qνi qp1´ aq
1´νiq

With this modified generating function, the number of singlets of case 1 is given by

the coefficient of q0z0a0. The number of singlets of case 2 corresponding to a given

value of ci is given by the coefficient of q0z0a´ci´1.

We also note that the singlets in case 2 are exactly those which have non-zero

power for ρi for some i. We see that these equations are very similar to those we used

to determine which monomials give elements of Ext1
pT,Tq for a crepant resolution

of X. We will come back to this relationship in section 3.4.1.

3.3.3 Singlet Quiver

We now have all the information we need in order to construct a “singlet quiver”. The

nodes of this quiver uα will correspond to the twisted sectors (with
ř

νi “ 1), and

there will be three additional nodes for the frame, which we will denote u1, u2, and

u3. The arrows will each correspond to singlets in the following way. As a reminder,

the singlets associated to the j
r
-twisted sector with associated triple pν1, ν2, ν3q fell

into one of two cases:

Case 1: Determined by a unique non-negative triple of integers pc1, c2, c3q such that

c1ν1 ` c2ν2 ` c3ν3 “ νi for some νi.
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Case 2: Determined by a unique triple of integers pc1, c2, c3q where exactly one ci ă

´1, and c1ν1 ` c2ν2 ` c3ν3 “ ci ` 1.

For all singlets of case 1, simply include an arrow from uα to the appropriate ui. We

note that for each uα there will be at least one arrow to each ui since the triples

p1, 0, 0q, p0, 1, 0q, and p0, 0, 1q all work for any triple.

For the singlets of case 2, we know exactly one ci is negative. We recall that these

singlets had ρi occur with power n “ p´c3´1q, and were associated to the j
r
-twisted

sector. Include an arrow from the node representing pn`1qj
r

-twisted sector to the node

representing the nj
r

-twisted sector for each singlet of this type. If pn ` 1qj or nj is

greater than r, just subtract multiples of r until it is between 0 and r.

We have now constructed a quiver, where every singlet of the orbifold theory for

C3{G is represented by an arrow. We note that this quiver was constructed based

solely on the group G and its action on C3.

3.4 The G-Hilbert Scheme as a Canonical Resolution

We note that this is the second quiver that we have constructed, associated with the

group G. In section 3.1.2, we saw the Ext-quiver for
3
à

i“1

Opqiq‘
N
à

α“4

ODαpqαq with X 1

the G-Hilbert scheme, associated specifically with that resolution of C3{G. In section

3.3.3, we defined a singlet quiver, which depended solely on the orbifold C3{G. We

will now show that these are in fact the same quiver, and therefore the p0, 2q-McKay

correspondence holds in the case of the G-Hilbert scheme. For ease of reading, we

again assume the group action is given by pζ1
r , ζ

a
r , ζ

b
rq. In the case where r is prime,

we can always make this assumption. In the case that r is not prime, the machinery

still works, but becomes even more notation-heavy.
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3.4.1 Singlets and Deformations

For reference, we include the propositions from section 3.2.2 above.

Proposition 3.4.1. Every deformation from Ext1
pODαpqαq,Opqiqq corresponds to a

triple of integers pc1, c2, c3q satisfying c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ ναi with all of c1, .., cN

satisfying the appropriate non-negativity conditions.

Proposition 3.4.2. Every deformation from Ext1
pODαpqαq,ODβpqβqq corresponds to

some triple of integers pc1, c2, c3q satisfying c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ 0 and c1ν

β
1 ` c2ν

β
2 `

c3ν
β
3 “ ´1 with c1, .., cN satisfying the appropriate non-negativity conditions.

We found earlier that every triple of non-negative integers pc1, c2, c3q satisfying

the equation in proposition 3.2.1 gave a deformation for any crepant resolution of X.

But these are exactly the triples of integers we found in proposition3.3.1 to uniquely

determine all singlets of case 1. This gives the following result, relating singlets to

deformations:

Theorem 3.4.3. Every singlet of case 1 gives a distinct first order deformation of

the tangent sheaf of any crepant resolution of C3{G.

Unfortunately, this theorem does not extend to singlets of case 2. Recall, such

a singlet is identified by a triple of integers pc1, c2, c3q where exactly one ci ă ´1,

and c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ ci ` 1. We find that whether such a singlet corresponds

to a deformation of T depends on the particular resolution chosen. If we could

generalize the theorem to include all singlets, this would give exactly the p0, 2q-

McKay correspondence, which we know does NOT hold for all crepant resolutions

[Aspinwall (2011)]. However, we do have the following weaker generalization:

Proposition 3.4.4. If pc1, c2, c3q identify a singlet, then they also uniquely identify

a deformation of the tangent sheaf of some particular resolution of C3{G.

40



We have already shown this proposition for singlets of case 1. We now show this

for singlets of case 2. Say we have a triple of integers as described above. For ease of

reading, we assume that i “ 3, so c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ c3 ` 1, where c3 is negative.

Since we know that να3 “ 1´να1´ν
α
2 , we can rewrite this as pc1´c3qν

α
1`pc2´c3qν

α
2 “ 1.

We also know the coordinates of uα are pνα1 r, a1ν
α
2 ´a2ν

α
1 , a1ν

α
3 ´a3ν

α
1 q. Now look at

uβ “ p´c3 ´ 1quα and uγ “ p´c3quα.

After calculating, we find c1ν
γ
1 ` c2ν

γ
2 ` c3ν

γ
3 “ 0, and c1ν

β
1 ` c2ν

β
2 ` c3ν

β
3 “ ´1.

We note that these are exactly the equations we needed for pc1, c2, c3q to give

a deformation from the group Ext1
pODαpqαq,ODβpqβqq, assuming we were using an

appropriate choice of resolution. ˝

While these particular deformations do not show up for every crepant resolution

of C3{G, we will soon see that there are always at least this many deformations.

3.4.2 Showing the Singlet and Ext Quivers are the Same

We will now show that these two quivers are actually the same. To do so, we will

first find a relationship between the ναi and the Pi that arose when determining the

fan of the G-Hilbert scheme in section 2.4. For ease of notation, we will focus on

the continued fraction based at vertex u3, and the arrows that terminate at u3. This

means whenever we write Pi, we will be referring to that continued fraction. All of

the results generalize to the other vertices, but writing the computations in complete

generality is a bit unwieldy.

Arrows to a Vertex

Proposition 3.4.5. For uα that appears as the j-th term in the Hirzebruch-Jung

resolution based at u3, we have να1 “
Pj
r

, να2 “
dj
r

, να3 “
r´Pj´dj

r
, and r “ Pjdj´1 ´

Pj´1dj
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We will now prove the above relations. να1 “
Pi
r

, since Pi “ puαq1 “ να1 r.

Similarly, we have ν2 “
aPi mod r

r
. We can then show by induction that Pia ” di

mod r, for all i ą 1. Since every di ă r, and 0 ď να2 ă 1, we must actually have

να2 “
di
r

. The condition on να3 follows from
ř

i ν
α
i “ 1. Finally, we know that

P1d0 ´ P0d1 “ b1a ´ d1 “ r, by the first relation of the Hirzebruch-Jung resolu-

tion. We note we also have dn´1 “ bn`1dn ´ dn`1. Therefore Pndn´1 ´ Pn´1dn “

bn`1Pndn´Pndn`1´Pn´1dn “ pbn`1Pn´Pn´1qdn´Pndn`1. But bn`1Pn´Pn´1 “ Pn`1

by the recursion relation, so this is Pn`1dn´Pndn`1. Since we have shown all of these

combinations are the same, they are thus all equal to r. We see that we can then

rewrite ν3 as Pipdi´1´1q´pPi´1`1qdi
r

.˝

Now, recall that we determined the number of arrows from uα to u3 in the singlet

quiver by finding the number of non-negative triples with c1ν1 ` c2ν2 ` c3ν3 “ ν3.

We always have the triple c1 “ c2 “ 0, c3 “ 1, and the rest must have c3 “ 0. So we

want to count how many triples there are so that c1ν1` c2ν2 “ ν3. To do so, we will

use the relationships we just found. This gives c1
Pi
r
` c2

di
r
“

Pipdi´1´1q´pPi´1`1qdi
r

and

thus

c1Pi ` c2di “ Pipdi´1 ´ 1q ´ pPi´1 ` 1qdi

Now say that c2 “ Pin´ pPi´1 ` 1q, where n is some integer. We then have

c1Pi ` pPin´ pPi´1 ` 1qqdi “ Pipdi´1 ´ 1q ´ pPi´1 ` 1qdi

A bit more algebra gives c1Pi ` Pindi “ Pipdi´1 ´ 1q, and we can divide out by

Pi to get

c1 ` ndi “ di´1 ´ 1

We now see that when n “ 1, this gives c1 “ di´1 ´ 1´ di ě 0, since di is decreasing

sequence, and c2 “ Pi ´ Pi´1 ´ 1 ě 0 since Pi is increasing sequence. Therefore,

n “ 1 gives a triple that works.
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Next look at n “ bi ´ 1. This gives c1 ` pbi ´ 1qdi “ di´1 ´ 1. We recall that

bidi “ di´1 ` di`1. So this becomes c1 ` di´1 ´ di ` di`1 “ di´1 ´ 1, and gives

c1 “ di´ di`1´ 1. c1 ě 0, since di is decreasing, and c2 “ Pipbi´ 1q´ pPi´1` 1q ě 0,

since bi ą 1. So n “ bi ´ 1 also gives a triple that works.

We see that n can be any integer from 1 to bi´ 1, giving bi´ 1 triples that work.

Adding in the earlier case where c3 “ 1, we get a total of bi singlets of this type. But

bi is exactly the strength determined by the Hirzebruch-Jung resolution. Thus, the

number of arrows from an interior point to the vertex u3 are the same in both the

singlet quiver and the Ext-quiver associated with the G-Hilbert scheme.

Incidentally, this also proves the second part of theorem 3.2.3:

Theorem 3.2.3. Ext1
pODαpqαq,Opqiqq has a minimum number of elements, and the

G-Hilbert scheme achieves that minimum.

This is because we have just shown that for the G-Hilbert scheme, we have

|Ext1
pODαpqαq,Opqiqq| “ |tpc1, c2, c3q P Z3

|c1, c2, c3 ě 0, c1ν
α
1 ` c2ν

α
2 ` c3ν

α
3 “ ναi u|

Interior Arrows

Next, look at the number of arrows between two interior nodes. By the modified

method from section 3.1.1, we can find this number by looking at the strength on

the edge one closer to a vertex, subtracting one for each other edge that goes to the

shared node, and subtracting an additional 1 when we first go from an edge adjacent

to a vertex to an interior one.

Recall that the way we determine what singlets occur between two interior nodes

is by finding all possible c1, c2 ě 0 such that

c1ν
α
1 ` c2ν

α
2 “ p1´ c3qν

α
3 ` c3

where uα lies on the line through these two nodes and borders u3. First, let n “ ´c3

and assume that the number of possibilities such that c1ν
α
1 ` c2ν

α
2 “ pn ` 1qνα3 ´ n
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is m. We want the number of possible di so that

d1ν
α
1 ` d2ν

α
2 “ pn` 2qνα3 ´ pn` 1q “ pn` 1qνα3 ´ n´ p1´ ν

α
3 q

Then each pair pd1, d2q corresponds to an arrow on the “next” interior edge, that is,

a singlet with the power of ρ3 increased by 1. But since 1 “ να1 `ν
α
2 `ν

α
3 , we see this

is equal to pn`1qνα3 ´n´ν
α
1 ´ν

α
2 . So we have pd1`1qνα1 `pd2`1qνα2 “ pc1qν

α
1 `c2ν

α
2 ,

and see that the pairs pd1, d2q that work are exactly pc1 ´ 1, c2 ´ 1q. Note, we still

have the requirement that d1, d2 ě 0. Then the pairs that are valid are exactly those

with both c1, c2 ‰ 0. If none of the triples had c1, c2 “ 0, the number of singlets is

still m. If one could be 0, the number is m´ 1, and if both could be 0, the number

is m´ 2.

But if there is a combination with c1 “ 0, that means the node lies on the

extension of an edge that comes from u1 (since no multiples of u1 were needed).

Similarly, if there is a singlet with c2 “ 0, that means the node lies on the extension

of an edge from u2. We therefore see that the strength changes exactly the same way

as it does in the knockout method. Finally, we note that when we are going from

an “exterior ”edge (to a vertex) to a purely interior one, the strength decreases by

an additional one. This is because the singlet corresponding to c1 “ c2 “ 0, c3 “ 1

occurs in addition to those of the form c1ν1 ` c2ν2 “ ν3, and has no analog among

the singlets of type 2. We therefore see the number of arrows between two interior

nodes of the singlet quiver changes follows the same rule as does the Ext-quiver.

We have therefore proven the following:

Theorem 3.4.6. For a group G “ Zp, with p prime, the singlet quiver of C3{G and

the Ext-quiver of
3
à

i“1

Opqiq ‘
N
à

α“4

ODαpqαq for the G-Hilbert scheme are the same.

Corollary 3.4.7. The singlets associated to the orbifold C3{G can be used to con-

struct the fan for the G-Hilbert scheme, along with the Ext-quiver.
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This also proves that the p0, 2q-McKay correspondence holds in the case of the

G-Hilbert scheme, since |ExtpT,Tq| is given by the number of arrows in the Ext-

quiver, and the number of singlets is given by the number of arrows in the singlet

quiver.
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4

Rational Curves and (0,2)-Deformations

In this chapter we focus on the crepant resolutions of a toric orbifold other than

the G-Hilbert scheme. Any discrepancy between the number of deformations of

the tangent sheaf T for these resolutions and the number of singlets should be due

to worldsheet instantons, which produce corrections making certain deformations

unsuitable for string compactifications.

We will begin by looking at the various rational curves that exist on a resolution.

We then discuss the geometric configurations within the fan of a resolution that can

lead to these corrections being necessary. We next describe how to determine whether

they can be used to find instanton corrections, and how to identify deformations with

worldsheet instanton corrections if they do. Finally, we prove that rational irreducible

toric curves cannot possibly provide enough corrections in all cases. This chapter is

based primarily on joint work with Paul Aspinwall, which can be seen in [Aspinwall

and Gaines (2015)].
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4.1 Rational Curves

Let X be some crepant resolution of the orbifold C3{G, with G “ Zr and a given

group action. Then we know that X is a Calabi-Yau threefold, and a toric variety

with associated fan Σ as before. We define a toric rational curve to be a rational

curve on X which is invariant under the torus action. These correspond exactly to

the 2 dimensional cones of Σ, which are the edges in the triangulations discussed in

the previous chapter. In order for a curve to be compact, it must correspond to an

interior edge. Locally, each of these edges must look like the arrow in the following

figure, where the label m gives the dimension of Ext1
pODipqiq,ODjpqjqq. Note that in

this chapter, we have changed our notation convention from chapter 3. In particular,

i, j will be used as the index for any prime divisor, not just the non-exceptional ones.

We note that if m ‰ 0, then this is the same arrow as was used in the Ext-quiver.

If m “ 0, then the arrow did not appear in the Ext-quiver, and it corresponds to a

dotted edge (as in section 3.2.4). We will refer to this curve as a p´1´m,´1`mq-

curve, since the normal bundle of the curve is given by N “ Op´1´mq‘Op´1`mq

(this follows from the geometry of this subfan).

α

ji

β

m

C

p0,´1q

p0,0q p1,0q

p1´m,1q

Figure 4.1: A toric curve C “ Di XDj.

We know that each node corresponds to a divisor, and that this curve is therefore

Cij “ Di X Dj. This curve intersects each of Dα and Dβ transversely at a point
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Figure 4.2: Hilbert Scheme Resolution for G “ Z53.

(corresponding to the triangle with vertices i, j, and α/β). We also note that Dα and

Dβ are not necessarily exceptional divisors, they could come from original divisors

of the orbifold. However, Di and Dj must be exceptional divisors for the curve to be

compact.

4.1.1 Deviations from the Hilbert Scheme

To get a better idea of the G-Hilbert scheme in general, we include the case G – Z53,

with pν1
1 , ν

1
2 , ν

1
3q “ p

1
53
, 7

53
, 45

53
q, in figure 4.2. We do not label the values of m on the

arrows for ease of reading. The general structure proved in [Craw and Reid (2002)],

and restated in section 2.4.1, shows that

Proposition 4.1.1. If we draw a triangulation corresponding to the Hilbert scheme

of C3{G using arrows and dotted lines as in section 3.2.4 then

1. There is a set of “big” triangles (of possibly non-minimal area) with non-dotted

edges. These triangles are “equilateral” with respect to counting lattice points

in the edges. The arrows on the edges of these triangles all point towards an

outer vertex.
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2. Each of the above big equilateral triangles is subdivided, if necessary, with dotted

lines into a set of similar triangles of minimal area.

A nice systematic way to hunt for instanton effects is to deviate from the Hilbert

scheme. Consider C3{Zr for a very large value of r. The sizes of the “big” triangles

depend on the choice of weights but there is always a choice of weights for which at

least one of these triangles is very big. Then the triangulation for this Hilbert scheme

will contain a regular tessellation with a large number of small triangles. Within this

regular tessellation the toric rational curves are all of type p´1,´1q (since m “ 0

for each of them). Now we can perturb this regular tessellation by performing a

flop. This is how we went between the two small resolutions in example 2.1.4. In the

context of three dimensional toric varieties, this is accomplished by replacing one of

the diagonals of a parallelogram that occurs within the triangulation with the other

diagonal. Any non-p´1,´1q-curves produced by such a flop will add extra (0,2)-

deformations and thus must be associated to instanton effects. Note: only isolated

curves can be flopped in general. In this 3-dimensional toric case, this means that

we can only flop p´1,´1q-curves since if m ‰ 0, then the curve cannot lie within a

convex quadrilateral.

The simplest such modification to form a lattice “defect” is shown in figure 4.3.

Relative to the Hilbert scheme, it adds 4 to the geometric count of deformations of T.

Since this should have the same number of (0,2)-deformations as the Hilbert scheme,

all 4 of the deformations of T must be obstructed by instantons. We analyze this

claim in section 4.3.1.

So if we have a single flop on the interior of a regular triangular lattice, it induces

4 deformations that correspond to the instanton corrections. What happens as we

introduce more flops?

Proposition 4.1.2. If we take n flops of a regular lattice structure, it adds between
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Ñ

1

1

1

1C

Figure 4.3: A simple lattice defect

1

1

1

1

2

1

1

Figure 4.4: Complimentary Lattice Defects

4
?
n and 4n deformations of T

We first show that the most deformations that correspond to n flops is 4n. Any-

time we take a flop, it adds at most 4 deformations (one for each curve that shares

a triangle with the changed curve). Thus, if each of n flops adds 4 deformations,

we have 4n deformations. There are two ways this can occur. If all of the flops are

isolated, we end up with n parallelograms that look like figure 4.3, where each arrow

has multiplicity 1. It is also possible that any number of the defects be adjacent,

but changed in a complimentary way. An example where this occurs can be seen in

figure 4.4. In this case every arrow has multiplicity 1 or 2, and the total number of

deformations is still 4n.

We now show that the lower bound on the number of deformations is given by

4
?
n. This bound is achieved when

?
n is an integer, and all of the flops occur within

a
?
n by

?
n quadrilateral. Each time we take a flop, we want to minimize the

number of deformations added. This means we must have as many p´1,´1q-curves

as possible. This is done by taking flops that border the deformations we already have
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1

1

1 1

1 1

1

1

Figure 4.5: Minimizing Lattice Defects

(which correspond to p´2, 0q-curves), so that they become p´1,´1q-curves again. If

one such curve is changed in this way, then this flop adds two deformations (instead

of the 4 we saw earlier). If two are changed, then this flop does not change the

number of deformations. Each time a flop is added, use the one that changes as

many curves in this way as is possible. If we follow this algorithm, beginning with

a single defect as in figure 4.3, we spiral outward. It is clear that this minimizes

the total number of deformations. We also see that whenever these flops occur in

a
?
n ˆ

?
n quadrilateral, there are a total of 4

?
n deformations. Since this process

adds 2 deformations with the next flop, and another 2 deformations halfway to the

next perfect quadrilateral, the total number of deformations is always at least 4
?
n.˝

Figure 4.5 shows an example which achieves this lower bound, in the case where

there are 4 total flops. We note that there are no “interior” deformations. This is

always the case when following the above minimization procedure. We also note that

all arrows have multiplicity 1.

We see that lattice defects within the regular tessellation always lead to an even

number of deformations, and every even integer between 4
?
n and 4n can be achieved

as the number of deformations by using a combination of the above methods. It is also

possible to obtain arrows with multiplicities higher than two, through a combination

of the methods described above.
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4.2 Finding Possible Instanton Corrections

Let T be the tangent bundle for the smooth crepant resolution X, as described in

section 4.1, and V be some deformation of T. Without going into detail just yet,

instanton corrections can be found by studying the restrictions of each deformation

V to rational curves within X. To begin, we look at how the tangent bundle itself

restricts.

4.2.1 Restricting the Tangent Bundle

We saw in section 2.2.1 that that tangent sheaf is given by

0 Ñ O‘rX
E
Ñ

n
à

i“1

OXpqiq Ñ T Ñ 0

where E is an n ˆ r matrix whose pi, jq-th entry is Φjixi and Φ is the matrix in

section 3.2.1. We now want to restrict this presentation to a p´1´m,´1`mq curve

C, such as that appearing in figure 4.1. This curve is given by xi “ xj “ 0 with

homogeneous coordinate rxα, xβs. Let ρk denote one of the n ´ 4 “ r ´ 1 rays of Σ

not appearing in figure 4.1 and let xk be the associated coordinate. There is only

one C˚-action in pC˚qr that leaves all the xk’s invariant. This comes from the affine

relation between the 4 points in figure 4.1 and yields a charge Q given by:

xα xβ xi xj

Q 1 1 ´1´m ´1`m
(4.1)

It follows that tangent sheaf restricts to C as the cokernel of the map

O‘r
E //Op1q‘2 ‘ Op´1´mq ‘ Op´1`mq ‘ O‘r´1, (4.2)

where O is now the structure sheaf of C. Since ti, j, ku do not form the vertices of a

simplex in the triangulation, pxi, xj, xkq Ą B, the irrelevant ideal (see section 2.1.1).
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Therefore, since C is the curve with xi “ xj “ 0, we must have xk ‰ 0. This gives

a great deal of redundancy in the presentation (4.2). We may therefore cancel r ´ 1

of the O’s (corresponding to each k) to get

0 //O

˜xα
xβ
0
0

¸

//

Op1q‘2

‘

Op´1´mq

‘

Op´1`mq

//T|C //0. (4.3)

We also have a short exact sequence on C:

0 //O
p
xα
xβ q //Op1q‘2 p

´xβ xα q //Op2q //0, (4.4)

Combining these two sequences, we see that

T|C “ Op2q ‘ Op´1´mq ‘ Op´1`mq. (4.5)

4.2.2 Trivial Splitting

Let V be a deformation of T, as above. By the Birkhoff-Grothendieck theorem

[Hazewinkel and Martin (1982)], when we restrict this rank 3 vector bundle to a

rational curve, it must be isomorphic to a vector bundle of the form Opaq‘Opbq‘Opcq,

with a`b`c “ c1pV q “ 0. This holds for T itself, as well. By the adjunction formula,

we have an exact sequence

0 Ñ TC Ñ T|C Ñ NÑ 0

with TC – Op2q. We just showed that T|C “ Op2q ‘ Op´1 ´mq ‘ Op´1 `mq, and

we know that the normal bundle N of C is Op´1 ´mq ‘ Op´1 `mq, so this exact

sequence splits. For ease of notation, we let k “ ´1´m, and l “ ´1`m. Then we

clearly have k ` l “ ´2. If neither k nor l is greater than 3 then Ext1
pN,TCq “ 0
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and so this sequence splits again. A first-order deformation of C Ă X corresponds

to a section of N. Thus, the case k “ l “ ´1 has no deformations and the p´1,´1q-

curve C is isolated. However, the converse is not true in general. A curve that is

not a p´1,´1q-curve will have some first order deformations, but these deformations

may be obstructed and thus the curve may still be isolated. See [Aspinwall and

Morrison (2012)] for a detailed example. Luckily, toric varieties cannot suffer from

such obstructions because the normal bundle of C is explicitly a Zariski open set in

X. So for our purposes, rational curves are isolated if and only if they are p´1,´1q-

curves.

If V is suitably generic, then a “ b “ c “ 0. It is precisely this case that cor-

responds to a potentially nonzero instanton correction to the superpotential. These

bundles are therefore considered “bad”, and a first order deformation of the tangent

bundle to such a V should not correspond to a massless state. Therefore, in the case

of a smooth p´1,´1q-curve, there is an instanton correction if and only if V |C “ O‘3.

If C is not a p´1,´1q-curve it will move in a family. We note that this will

possibly change the condition for instanton corrections for V to something other than

the trivial splitting a “ b “ c “ 0. Let C have normal bundle Op´1´mq‘Op´1`mq.

In the case where m “ 1, we still need V |C to split trivially. However, in the case

m ě 2 we need V |C to be split “more trivially” than the tangent bundle without

actually splitting trivially. Again, this is due to the physics of instanton corrections,

and we will not go into the details. The condition we want for these non-isolated

curves ends up being as follows:

Proposition 4.2.1. Let C have normal bundle Op´1´mq‘Op´1`mq, with m ą 0.

Then the only bundles V that can possibly give a nonzero instanton correction are

those satisfying

V |C “ O‘ Op1´mq ‘ Op´1`mq. (4.6)
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4.3 Deformations Giving Instanton Corrections

We are now ready to determine which deformations give instanton corrections, using

the methods of section 4.2. Before we begin, we recall from section 2.2.2 that all con-

tributions to Ext1
pT,Tq come from one of two places. We include a brief description

of which curves can see these deformations within 4.2.1:

1.
3
à

i“1

H0
p

n
à

α“4

ODαpqiq
‘r
q contributes deformations of the map E in (4.2.1).

2.
n
à

α,β“4

H0
pOCαβpqβqq gives deformations of the direct sum in the middle of (4.2.1).

We begin by looking at the first type of deformation, and proving that they never

suffer from instanton corrections.

Proposition 4.3.1. First order deformations of T coming from first order defor-

mations of the map E in (4.2.1) will always give Op´1 ´ mq as a summand when

restricted to C.

Note that the fact we consider only small deformations means that we assume the

nonzero entries in E coming from the condition xk ‰ 0 remain nonzero. Therefore

we can proceed exactly as we did in section 4.2.1 and may still cancel the r ´ 1 O’s

to get (4.3). Furthermore, since xα and xβ have positive degree, we cannot have

any nonzero expression in the third entry of the matrix appearing over the first map

in (4.3). Therefore, the Op´1 ´mq summand must be preserved unchanged in the

cokernel of this map. ˝

Since m ě 0, we see that p´1 ´ mq ă 0 and therefore no matter what toric

rational curve C we restrict to, we will not have V |C indicating the possibility of an

instanton correction.
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α

βγ

δ

ε

m

T

C

Figure 4.6: Part of triangulation used in restricting deformations.

We now look at the second type of deformation, associated to deformations of the

direct sum in (4.2.1). For clarity, we temporarily assume C is a p´1,´1q-curve. Let

us restrict attention to an internal part of the triangulation that looks like figure 4.6.

Let xα, . . . , xε be the corresponding homogeneous variables. Let C be the p´1,´1q-

curve given by xα “ xβ “ 0 and let T be the p´1´m,´1`mq-curve given by xβ “

xγ “ 0. We are going to be interested in worldsheet instantons over C associated to

the deformations originating from T , which are given by H0pOT pqβqq.

As in section 4.2.1, let ρk denote a ray that does not appear in figure 4.6. So

xk ‰ 0 on T and we may use the pC˚qr-action to fix xk “ 1. That is, we only consider

functions of xα, xβ, . . . , xε. Two of the pC˚qr actions have charges

xα xβ xγ xδ xε

Q1 ´1 ´1 1 1 0

Q2 1 ´1`m ´1´m 0 1

(4.7)

with charge zero for every vertex not appearing in figure 4.6. As we did in section

3.2.2, we determine a basis of monomials for H0pOT pqβqq, i.e., holomorphic functions

on T with the same charge as xβ. We can’t use xβ and xγ since they are zero on

T . The coordinates xα and xε have zeros on T but xδ does not. Thus, we can have

non-negative powers of xα and xε, and any power of xδ. A basis is thus given by the

m monomials

xm´1
α xm´2

δ , xm´2
α xεx

m´3
δ , xm´3

α x2
εx

m´4
δ , . . . , xαx

m´2
ε , xm´1

ε x´1
δ . (4.8)
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This gives a total of m first order deformations of the tangent bundle, as expected

since T was a p´1´m,´1`mq-curve. Furthermore, we have an explicit realization

of these deformations which allows us to restrict to C.

Now we can map the holomorphic functions in H0pOT pqβqq to rational functions

representing local cohomology associated to H1pODβpqβ ´ qγqq by dividing by xγ.

Then we restrict to C by setting xα “ xβ “ 0. Finally we may set xε “ 1 by using

a C˚-action since xε ‰ 0 on C. Thus the restriction map sends all the monomials in

(4.8) to zero except the final one which becomes

1

xγxδ
. (4.9)

This is precisely the monomial which in local cohomology represents H1pC,Op´2qq –

C. Therefore, restriction gives us a surjective map

ρC : H1
pODβpqβ ´ qγqq Ñ H1

pC,Op´2qq. (4.10)

This deformation comes from Ext1
XpOpqγq,Opqβqq which then restricts to

Ext1
CpOp1q,Op´1qq on the curve. The nontrivial extension of Op1q by Op´1q on

P1 is O‘ O. Therefore, this is how we deform T|C in (4.2).

4.3.1 Examples on p´1,´1q-curves

The simple defect case

Let us apply the above result to the simple lattice defect in figure 4.3. Here we have

a p´1,´1q-curve labeled C which intersects four p´2, 0q-curves. The worldsheet

instanton will be associated to C and the extra deformations of T, which we need

to kill, are associated to these four p´2, 0q-curves. Let rx, ys be the homogeneous

coordinates on C.

This is the case m “ 1 of the previous section. Each arrow in figure 4.3 is

associated to Ext1
CpOp1q,Op´1qq – C. In terms of T|C , these can be viewed as the
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four dotted lines in:

Op1q

��

��

‘

Op1q

��

��

0 // O

˜x
y
0
0

¸

// ‘ // T|C // 0,

Op´1q

‘

Op´1q

(4.11)

where each dotted line wants to turn Op1q ‘ Op´1q into O‘ O.

To analyze this more carefully we will rewrite this presentation of T|C such that

these deformations can be written simply as deformations of maps in the complex.

Replace each Op1q by the quasi-isomorphic Op´1q Ñ O‘2and reduce the presentation

to get

0 //Op´1q‘2

¨

˚

˝

x 0
y x
0 y
a b
c d

˛

‹

‚

//

O‘3

‘

Op´1q‘2

//T|C //0, (4.12)

where a “ b “ c “ d “ 0. Now we see the 4 deformations explicitly by turning on

a, b, c, d.

It immediately follows that T deforms to E, where

E|C “

$

’

&

’

%

Op2q ‘ Op´1q ‘ Op´1q if a “ b “ c “ d “ 0,

Op1q ‘ O‘ Op´1q if otherwise and ad´ bc “ 0,

O‘ O‘ O otherwise.

(4.13)

This tells us that for a generic value of a, b, c, d we get a trivially split bundle,

and so instanton corrections prevent this being a good conformal field theory. This

is good, as we are expecting instanton corrections since this subfan corresponds to

a deviation from the Hilbert scheme. However, we are still left with a 3-dimensional
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Figure 4.7: Minimal arrows for a p´1,´1q-curve instanton.

space ad ´ bc “ 0 where the bundle splits nontrivially. Therefore we only removed

one of our 4 spurious deformations, and there must be further corrections necessary.

We discuss the possible forms these other corrections could take in 4.4.

Other Hilbert Scheme Deviations

The analysis of the previous section applies to any p´1,´1q-curve. We get a very

similar result in the case of complimentary defects as in figure 4.4. For every 4

obstructions we would like to obtain, we only get one.

In order to switch on Exts to make the bundle trivially split we need to make

ad ´ bc ‰ 0. Thus we need, at a minimum, arrows of the form of figure 4.7. This

provides a serious problem for the larger “minimal” defects as in figure 4.5. We

are unable to get any instanton obstructions whatsoever from irreducible p´1,´1q-

curves.

The Z17 Case

In section 3.2.4, we saw two possible crepant resolutions of C3{Z17. Figure 3.1 is

the G-Hilbert scheme, so we do not expect any instanton corrections (we will prove

in the next section that this is the case). Figure 3.2 had 16 more deformations, so

we expect these to all be killed by instanton corrections. However, following the

procedure outlined in the previous sections we see that the p´1,´1q-curve joining

nodes 3 and 11 will only kill 1 deformation.

This result tells us that we do not kill enough deformations to make the geometry

agree with the conformal field theory.
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1

2
3

. . .

Figure 4.8: Configurations for non-isolated curves for m “ 1, 2, 3, . . .

4.3.2 Non-isolated toric curves

As we saw in proposition 4.2.1, the condition we are looking for on a general p´1´

m,´1 ` mq-curve (with m ą 0) is V |C “ O ‘ Op1 ´ mq ‘ Op´1 ` mq. We saw

in section 4.3.1, that only p´1,´1q-curves in a configuration of the form of figure

4.7 could contribute instanton corrections. We similarly see here that in order to

switch on enough Exts, only subdiagrams of the form seen in figure 4.8 can possibly

contribute instanton corrections. This leads to the following (expected) result.

Proposition 4.3.2. The Hilbert scheme resolution of C3{G has no worldsheet instan-

ton corrections to (0,2)-deformations coming from irreducible toric rational curves.

To prove this note that it is impossible for any of the diagrams in figure 4.8 to

appear. This follows from property 1 in proposition 4.1.1. That is, any arrow for the

Hilbert scheme can be followed along a straight line until it reaches an outer vertex.

This is clearly not compatible with figure 4.8.

The diagram in figure 4.7 is also not possible in the Hilbert scheme, since the

dotted lines only come from subdividing equilateral triangles, and so there are no

corrections from p´1,´1q-curves. ˝

Returning to our examples of the previous section, we see that we never get

diagrams of the form in figure 4.8 in the Z17 case. Nor do they occur in the simple

defect in figure 4.3. So these non-isolated curves do not resolve our discrepancies.
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4.4 Other instanton sources

We have shown that restricting to irreducible toric rational curves does not provide

enough instanton corrections to account for the discrepancy in the deformation count

for most different crepant resolutions. We now look briefly at other possible sources

for the instanton corrections.

4.4.1 Reducible curves

Rational curves minimize the action in a homotopy class of maps from S2 into X.

Unfortunately there is no promise that such a rational curve is smooth. A nodal

rational curve might look like two rational curves intersecting transversely at a point,

i.e., it is reducible. We must consider such cases as possible instantons.

The problem is that such a rational curve cannot be the image of a holomorphic

map π : P1 Ñ X. To see this note that the inverse image of one of the components

of the target rational curve would need to be a Zariski closed proper subset of P1,

but the only such subsets are points. This means the analysis of section 4.3 doesn’t

really apply. One possible solution is to consider smooth non-toric curves in the same

family. We cover this in the section 4.4.3.

The appearance of such nodal curves is very common in the above examples. For

example, in figure 3.2 we can take the union C38YC48. Any time two rational curves

meet at a point, we can take their union to find a reducible rational curve.

4.4.2 Multiple Covers

Another possibility that must be considered is that the worldsheet map φ : Σ Ñ C

is a multiple cover. Such maps are very important in the N “ p2, 2q case and

there is no reason to suspect they will not have important effects in the p0, 2q case

as well. However, since we are no longer doing topological field theory, one would

not expect such multiple covers to be given by the same Euler characteristic as in
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Gromov–Witten theory [Aspinwall and Morrison (1993)].

If we have such a map, it actually suggests more instanton corrections that we

need. Consider a p´1,´1q-curve C such that

V |C “ O‘ Op´1q ‘ Op1q. (4.14)

If φ is a double cover, then the degree of each line bundle doubles. That is φ´1V “

O‘ Op´2q ‘ Op2q. According to the physics count, we would now expect instanton

corrections.

This is not good. The Hilbert scheme has many tangent bundle deformations

leading to the split (4.14) and we don’t want to obstruct these. Since we have

merely counted zero modes, we haven’t proven there actually are instanton correc-

tions. Clearly there is more to be investigated here. In particular, one should try

to understand the integral over the moduli space in analogy with [Aspinwall and

Morrison (1993)].

4.4.3 Non-toric curves

We can also consider rational curves which are not toric. However, all rational curves

are actually “seen” by toric rational curves in the following sense. There is a pC˚qd-

action on X. If a curve is completely fixed by this action then it is toric. If not,

then the curve must move in a family under this action. We a can then take a

limit of generic one-parameter subfamily of pC˚qd to include the origin. The limit

will then be a (not necessarily smooth) toric rational curve. It also might occur with

multiplicity, corresponding to the map of the previous section being a multiple cover.

Thus every rational curve is contained in a family including a toric rational curve,

and the methods of the previous sections should find all instanton corrections.

A corollary of this statement is that an isolated rational curve must be toric. That

is, all p´1,´1q curves are toric. Thus we have already studied all instantons given
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by irreducible isolated rational curves. This implies that the key to understanding

the instanton corrections must lie with the toric reducible curves, which do occur

frequently in the resolutions we have studied.

63



5

Discussion

We have made a number of interesting discoveries about the p0, 2q-McKay correspon-

dence, and it has led to a deeper understanding of rational curves within Calabi-Yau

threefolds, the G-Hilbert scheme, and the relationship between the deformations of

the tangent sheaves of various different crepant resolutions. However, there are still

a number of questions based on this work that we are interested in pursuing.

First, we would like to be able to generalize the results of theorems 3.2.3 and

3.4.6 to other groups G, and determine a maximal dimension for Ext1
pT,Tq for any

crepant resolution of a given orbifold. The theorems as stated currently are only

proven for G “ Zp where p is prime. For certain group actions, they can be extended

as stated for G “ Zr, however we run into some subtleties for other group actions.

The possible issue arises when the group action leads to the ray for an exceptional

divisor being on the boundary of the fan for a crepant resolution of the orbifold. As

discussed in [Aspinwall (2011)], this corresponds to the case where the orbifold is not

an isolated singularity, and there are an infinite number of singlets (and deformations

for the G-Hilbert scheme). While both theorems appear to hold when we only include

sectors with finite associated singlets, we have thus far not shown this to always be
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the case.

We also note that many aspects of the geometry are heavily dependent on the

group action chosen. As we just mentioned, the group action determines whether

the variety corresponds to an isolated or non-isolated singularity in the case where

G “ Zr and r is not prime. We are interested in what happens as we change the

group action, and how it affects the number of deformations of the G-Hilbert scheme,

the number of deformations of an arbitrary crepant resolution, and the number of

possible crepant resolutions of the orbifold.

For example, let’s return to our example where G “ Z17. We will look at the

orbifold C3{G and it’s resolutions for different actions of the group G. By [Aspinwall

(2011)], we know that when the group action is given by pζ, ζ, ζ15q, there is a unique

crepant resolution for the orbifold. This resolution is the G-Hilbert scheme, and it

has a total of 114 singlets. When the group action is given by pζ, ζ2, ζ14q, we already

find that there are 27 possible crepant resolutions. The G-Hilbert scheme for this

orbifold has 66 singlets. Finally, the group action could be given by pζ, ζ3, ζ13q. In

this case, there are more than 30 crepant resolutions, and the G-Hilbert scheme has

57 singlets. For reference, we include a representative slice of the fan for each of

these G-Hilbert schemes below. All other group actions can be reduced to one of

these by changing how we label coordinates. We notice that the closer the slice is to

trifold symmetry, the fewer singlets it has, and more possible resolutions it has. We

would like to make this observation more precise, and see what we can prove about

the relationship between the different orbifolds associated with a group G.

A systematic study of these resolutions could help in determining where the

deformations not predicted by the orbifold theory are coming from in particular

resolutions. In the above example where the group action is given by pζ, ζ2, ζ14q, we

find that the number of deformations of T varies from 66 to 82 across the different
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pζ, ζ, ζ15q pζ, ζ2, ζ14q

pζ, ζ3, ζ13q

crepant resolutions.

We also have found the G-Hilbert scheme to be a distinguished resolution, in

that it always has no instanton corrections (and is in some cases the only resolution

such). This is very different than the p2, 2q-case, where all resolutions have the same

correspondence, and there is no preferred choice. We hope to continue to study the

properties of this resolution from a toric perspective, in order to understand what is

unique about the G-Hilbert scheme. This could also help us to understand exactly

what properties of the variety are invariant under flops, and which are not.
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