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Abstract

The physics of complex systems has grown considerably as a field in recent decades,

largely due to improved computational technology and increased availability of sys-

tems level data. One area in which physics is of growing relevance is molecular

biology. A new field, systems biology, investigates features of biological systems as

a whole, a strategy of particular importance for understanding emergent properties

that result from a complex network of interactions. Due to the complicated nature

of the systems under study, the physics of complex systems has a significant role to

play in elucidating the collective behavior.

In this dissertation, we explore three problems in the physics of complex systems,

motivated in part by systems biology. The first of these concerns the applicabil-

ity of Boolean models as an approximation of continuous systems. Studies of gene

regulatory networks have employed both continuous and Boolean models to analyze

the system dynamics, and the two have been found produce similar results in the

cases analyzed. We ask whether or not Boolean models can generically reproduce

the qualitative attractor dynamics of networks of continuously valued elements. Us-

ing a combination of analytical techniques and numerical simulations, we find that

continuous networks exhibit two effects – an asymmetry between on and off states,

and a decaying memory of events in each element’s inputs – that are absent from

synchronously updated Boolean models. We show that in simple loops these effects

produce exactly the attractors that one would predict with an analysis of the sta-
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bility of Boolean attractors, but in slightly more complicated topologies, they can

destabilize solutions that are stable in the Boolean approximation, and can stabilize

new attractors.

Second, we investigate ensembles of large, random networks. Of particular inter-

est is the transition between ordered and disordered dynamics, which is well charac-

terized in Boolean systems. Networks at the transition point, called critical, exhibit

many of the features of regulatory networks, and recent studies suggest that some

specific regulatory networks are indeed near-critical. We ask whether certain statis-

tical measures of the ensemble behavior of large continuous networks are reproduced

by Boolean models. We find that, in spite of the lack of correspondence between

attractors observed in smaller systems, the statistical characterization given by the

continuous and Boolean models show close agreement, and the transition between

order and disorder known in Boolean systems can occur in continuous systems as

well. One effect that is not present in Boolean systems, the failure of information to

propagate down chains of elements of arbitrary length, is present in a class of contin-

uous networks. In these systems, a modified Boolean theory that takes into account

the collective effect of propagation failure on chains throughout the network gives a

good description of the observed behavior. We find that propagation failure pushes

the system toward greater order, resulting in a partial or complete suppression of

the disordered phase.

Finally, we explore a dynamical process of direct biological relevance: asym-

metric cell division in A. thaliana. The long term goal is to develop a model for

the process that accurately accounts for both wild type and mutant behavior. To

contribute to this endeavor, we use confocal microscopy to image roots in a SHORT-

ROOT inducible mutant. We compute correlation functions between the locations

of asymmetrically divided cells, and we construct stochastic models based on a few

simple assumptions that accurately predict the non-zero correlations. Our result
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shows that intracellular processes alone cannot be responsible for the observed di-

visions, and that an intercell signaling mechanism could account for the measured

correlations.
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Introduction

Physics and biology have traditionally been viewed as two distinct disciplines with

distinct questions and methods of scientific inquiry. Physics is the study of matter,

energy, and the principles that govern their behavior; biology is the study of living

organisms. There is one obvious connection between the two: organisms are made of

cells, and cells are made of molecules, which are made of still smaller particles, which

must obey the fundamental laws of physics. However, the gap in scale and complexity

between an organism and its constituent particles is so great that understanding

biological processes in terms of physics has traditionally not been possible.

In the 1940s, biologists discovered that the informational content of a gene is

primarily a set of instructions for the synthesis of proteins, and DNA was considered

a likely candidate for the molecule containing this information. In 1953, James

Watson and Francis Crick discovered how DNA molecules are capable of carrying

and transmitting this information [2]. Since that time, molecular biology has grown

in sophistication and is becoming a more quantitative discipline, and so physics and

biology have grown closer. Many of the techniques used to study biological molecules,

such as nuclear magnetic resonance (NMR), are directly based on established physical
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theories. While biologists were learning to take advantage of physics, physicists were

learning to take advantage of the new demands of biology: many advances in physics

and engineering have been motivated by the need of biologists. For example, the

field of microscopy has benefitted enormously from the need of biologists to have

high quality microscopes. The study of physics in biological systems, and the use of

physics to answer biological questions, is now often called biophysics.

As biology has grown to encompass the fine details of biomolecular interactions,

physics has grown to encompass the description of complex systems whose behavior

cannot be easily captured by the laws of fundamental particle interactions. Physi-

cists have long recognized the need for a description of large complex systems, but for

many years struggled to move beyond the statistical mechanics description of equilib-

rium states of systems usually comprised of identical particles. However, the advent

of computers has allowed physicists to begin exploring nonlinear, non-equilibrium

systems of increasing complexity. One of the great successes of this field, which is

called dynamical systems theory (among other names), is the development of the the-

ory of chaos. Chaos has been observed in systems ranging from double pendulums to

celestial orbits to weather patterns, and is now an important part of contemporary

physics.

Another success of dynamical systems theory is the development of a theory of

pattern formation. Patterns are common in nature: wind and water create complex

patterns in the sand along shorelines, vegetation density responds in a complicated

manner to nutrient availability, and sea shells exhibit beautiful arrangements of color

that inspire people to collect them. The mechanisms responsible for patterns in sand,

vegetation and sea shells are difficult to isolate, so the the theory of pattern formation

grew from a study of convection systems, where at least the scientists could write

down an equation of motion. Through combined efforts of theory and experiment,

it was discovered that convection rolls form a stripe pattern due to a symmetry-
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breaking bifurcation that destabilizes a uniform, homogeneous state.

Pattern formation is also of interest to biologists. One system that has interested

scientists is the group of amoeba called dictyostelids, first discovered here in North

Carolina. These amoeba form complex waves of population density when placed

in an environment low in nutrients. Physicists and mathematicians have studied,

and continue to study, the patterns that emerge. Biologists are also interested in

understanding the mechanism responsible for the patterns, as it gives important

information on how an amoeba seeks and locates food. This represents a somewhat

different connection between physics and biology than what has been traditionally

captured by the term biophysics. The connection comes not from the fundamental

laws of physics, but rather from the developing field of dynamical systems theory.

The study of a biological system as a dynamical system is a major part of the field

now referred to as systems biology [87].

This dissertation will address two problems from systems biology. The first is

a mathematical problem largely motivated by the study of genetic regulatory net-

works (GRNs), although the application of the mathematical theory is not limited to

GRNs. The second is an experimentally motivated problem in which we will apply

mathematical techniques to uncover important features of a cell division process in

the root of the plant Arabidopsis. The remainder of this chapter will elucidate the

incentive for choosing projects of these types. We will give a qualitative introduction

to Boolean modeling and discuss some of the Boolean models have been employed

in systems biology. Boolean networks will be central for the problem addressed in

Chapters 3 and 4 of this thesis, which we will formulate in this introduction. We will

not explicitly formulate the second problem, which is addressed in Chapter 6 – this

requires some technical details that will be given in Chapter 5 – but rather motivate

the choice to use dynamical systems theory in the study of biological systems by

surveying some of the successes in the field.
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1.1 Boolean modeling

The goal of a physicist is to develop a quantitative understanding of the behavior

of natural and experimental systems. Mathematics is the language for describing

quantities and how they change. Some systems lend themselves naturally to math-

ematization, and physicists have long enjoyed the study of systems whose behavior

is governed by well-defined mathematical laws. However, there exist many types of

systems that are so complex that it is entirely impractical to write down a series of

equations that capture all the details of how the different agents interact. Presum-

ably such equations do exist in physical systems, as the fundamental laws of physics

should still be obeyed, but as the size and complexity of the system grows, the basic

mathematical relations quickly become too cumbersome. Furthermore, we may also

wish to describe systems, such as networks of human interactions, for which there

are no known fundamental laws. In these cases, it is often useful to develop a model.

The model does not seek to describe all the details of the system, but hopefully it

will capture some of the most important features. Models of this sort, called phe-

nomenological, have already established their usefulness in physics. Some examples

include the Landau theory of phase transitions [32] and the amplitude equation for

pattern forming systems [18].

One simple type of model is one in which all the variables are given binary values,

0 or 1. If the state of each variable is determined by other variables in the system,

the system can be usefully represented with a graph or network. In this picture,

each variable is represented by a node (or vertex), and each node is connected to the

nodes that influence it by links (edges). The links are directed and so may be drawn

as arrows, with an arrow pointing from node i to node j if node i influences the state

of node j. We refer to the nodes that influence node j as its inputs. If the state of

a node is a deterministic function of its n inputs, then that function takes the form
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f : {0, 1}n → {0, 1}. Such a function is called Boolean, after the mathematician

George Boole. Some familiar examples are copy, invert, and and or. copy and

invert each take one argument; if the input is x ∈ {0, 1}, copy returns x and

invert returns 1−x. and and or each take two arguments; and returns 0 if either

of the two inputs is 0 and 1 only if both the inputs are 1; or returns 1 if either of

the inputs is 1 and 0 only if both the inputs are 0. A system of this type is called a

Boolean network.

As an example, consider a class of models for disease spreading called SIS models.

The state of each individual is a variable, 0 if healthy (but susceptible to disease) and

1 if infected. The name SIS stands for “Susceptible-Infected-Susceptible,” indicating

that a healthy individual can become ill and subsequently recover, but after recovery

is again susceptible and may become ill again. For a specific example of as SIS model,

see [68]. The probability that a healthy individual will become infected is dependent

upon the number of infected individuals with whom he comes in contact. In an SIS

model, a highly connected graph in which each person has many neighbors is likely

to give rise to a rapid spread in infection. A graph with relatively fewer connections

is more likely to see low infection rates and perhaps the elimination of the contagion.

In most varieties of the SIS model, a node’s functions of its inputs is probabilistic,

not deterministic, and the links may not be directed. An important example of a

Boolean network with deterministic update functions and directed links was intro-

duced by John Hopfield in 1982 as a model of neural computation [40]. Each neuron

i is represented by a binary variable Vi ∈ {0, 1} indicating whether or not the neuron

is firing. Links connecting neuron i to neuron j, such that signals travel from j to i,

are given a weight Tij. If i does not receive any signal from j, there is no link and
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Tij = 0. The Boolean function for the value of Vi is given by

Vi := θ

(∑
j

TijVj

)
, (1.1)

where Vi := X means that Vi is assigned the value X, and θ(x) is the step function,

defined by

θ(x) ≡
{

0 x < 0
1 x ≥ 0

. (1.2)

The network is updated asynchronously, meaning that the neuron values are updated

one at a time, and the sequence in which they are updated is randomly determined.

Hopfield showed that with a suitable choice of {Tij}, the network is capable of

storing and retrieving memories. The “memories” are particular states of the system.

One is free to choose the memories, and they determine the values of the link weights.

When the system evolves in time, it eventually returns to one of the chosen states.

Hopfield also showed that only a finite fraction of the possible memories, roughly 0.3

times the number of neurons in the network, can be reliably recalled before significant

errors arise and the system evolves into states other than the chosen memories. This

is a different method of information storage than is used in modern computers, and

Hopfield’s work has led to a significant change in how neuroscientists think about

the operations of the brain.

The Hopfield model of neural computation is one example among many: Boolean

networks have been applied in a variety of contexts. Physicists will be familiar

with the Ising model, which describes the magnetization of a material in terms

of binary spins. Computers are inherently digital and are thus well described by

Boolean networks. Electronic circuits where voltages take clearly separated high and

low values are a good candidate for Boolean modeling, and such a system will be

discussed in detail in Chapter 7. Even some economic systems have been described
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using Boolean networks. Perhaps the most prominent application has been to the

study of genetic regulatory networks [87]. The idea of using Boolean networks in this

context was first put forward by Stuart Kauffman, following an important discovery

by French biologists François Jacob and Jacques Monod.

1.2 Genetic regulatory networks

Jacob and Monod were interested in the machinery of protein synthesis. Proteins

are the workers in the cell, so the function of a cell is determined largely by which

proteins are present. By this time (1961), the “central dogma” of biology was already

known: DNA is used to make RNA, and RNA is used to make proteins. What was

not known was how a cell determined which proteins to make, and it was this that

Jacob and Monod helped to uncover.

To describe Jacob and Monod’s discovery, it is necessary first to explain the “cen-

tral dogma” in more detail. This description can be found in any modern textbook

on cell biology, for instance [2, 19]. The information in a cell is stored in the cell’s

DNA, which resides in the cellular nucleus. A single strand of DNA consists of a

molecular backbone to which the molecules adenine, cytosine, guanine and thymine

(A, C, G and T) can bind. A, C, G and T are called bases, and the sequence of

the bases codes the genetic information. Further details of the DNA strand are not

important for present purposes, except that it is directional: other molecules called

polymerases can “walk” along the DNA, and a polymerase will always walk in the

same specified direction, so the sequence of bases is uniquely determined.

RNA polymerase is one such molecule. It binds to a section of DNA called a

promoter region, and it “walks” along the DNA until it reaches a sequence of bases,

called a stop codon, that tells it to stop. As it walks, it recruits the bases A, C, G and

U (Uracil) from the environment, and it pairs them to the bases on the DNA. The

pairing is very specific: A gets paired with T, C with G, G with C, and U with A. The
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specificity guarantees that all the information in the original sequence is contained

in the new sequence created by the polymerase. While this new strand, called RNA,

contains the same information as the DNA, it has a few structural differences and

serves a different purpose in the cell. The process of manufacturing RNA from DNA

is called transcription.

A stretch of DNA that contains the information needed to synthesize a protein

is called a gene. When a gene is transcribed, the resulting RNA is called messenger

RNA (mRNA)1. After transcription, the mRNA is transported out of the cellular

nucleus and into the cytoplasm. Here it is intercepted by large protein complexes

called ribosomes, whose function it is to manufacture proteins in a process called

translation. With the help of transfer RNA (tRNA) molecules, the ribosome reads

the mRNA sequence and recruits free molecules, out of which it builds the protein.

Due to the structural differences between RNA and DNA, while the latter is rela-

tively long-lived, the former degrades quickly. Thus, continued production of protein

requires the continued production of mRNA.

The method of protein synthesis via transcription and translation was known to

Jacob and Monod. What was not known was how the RNA polymerase chooses which

genes to transcribe, and thus, which proteins would be synthesized. The genetic

content of each cell is identical, so information on which proteins to manufacture is

not contained in the DNA sequence. Rather, it must be determined by a dynamic

process.

Jacob and Monod discovered that some proteins, which would come to be known

as transcription factors, can influence the rate of transcription of certain genes [42].

Specifically, they identified a transcription factor called LacI in the bacterium E.

coli. LacI can bind to the promoter regions of certain genes in such a way that it

interferes with the ability of the RNA polymerase to bind to those promoter regions.

1 Somewhat confusingly, the mRNA is also sometimes referred to as the gene.
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The presence of LacI thereby prevents the transcription of those genes into mRNA,

which consequently prevents the synthesis of the corresponding proteins.

LacI is called a repressor (or inhibitor) because it represses (inhibits) the tran-

scription of its target genes. Another class of transcription factors, called activators,

enhances transcription by increasing the probability that the RNA polymerase will

bind to to the promoter region. A single gene may be a target for multiple transcrip-

tion factors that interact in a complex way to determine the rate of transcription.

The biochemical mechanisms responsible for the binding of the transcription factors

and the net effect they have on the binding of the polymerase are poorly understood.

Furthermore, even if one could find a precise mathematical expression for the rate

of transcription of a particular gene as a function of the concentrations of its tran-

scription factors, one would still be lacking functions for all the other genes in the

network.

The absence of a precise mathematical framework for the study of gene regu-

lation necessitates a model. Following Jacob and Monod’s discovery of regulation,

many scientists suggested that a biological system could function much like a logical

network, in which case the complicated expressions describing transcription could be

modeled as Boolean functions. For example, consider an activator (A), a repressor

(R) and a target gene (T). If the target gene is transcribed in significant quantities

only when the activator is present in large amounts and the repressor is absent or

present only in small amounts, one could assign it a Boolean rule as in Table 1.1.

The gene T specifies a protein that may itself be a transcription factor for another

gene. The set of input/output relations between genes creates a “wiring,” and the

system may be seen as a Boolean network.

The description of a genetic network as a logical network neglects many processes.

Post-transcriptional regulation, the role of micro RNA molecules, and transport of

mRNA and proteins through the cell are not considered by the Boolean model. Most
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A R T
0 0 0
0 1 0
1 0 1
1 1 0

Table 1.1: The Boolean nif (not if) function.

of these processes, and others, remain poorly understood today. However, some

biologists suggested that while these processes would contribute to the quantitative

description of the system, the basic logic of regulation might still be well represented

by a Boolean network. The most notable among them was Stuart Kauffman, who

initiated a study of Boolean networks with an important paper published in 1969 [43].

Rather than trying to construct a model for a particular genetic circuit, Kauffman

studied Random Boolean Networks (RBNs) characterized by two parameters: the

number of nodes in the network (N) and the number of inputs per node (K). The

latter of these is called the in-degree. Although in principle the in-degree need not

be the same for every node, Kauffman chose to keep it the same for the sake of

simplicity. He studied networks with K ∈ {1, 2, 3, N}, but his focus was on the

case K = 2. The Boolean rule for each node was chosen randomly, either from the

set of all possible rules, or from the set of all possible rules excluding those that

are completely insensitive to its inputs (contradiction, always 0; or tautology,

always 1).

Kauffman used a synchronous update rule, meaning that the values of the nodes

are updated in a discrete, iterative procedure, and every node is updated at every

iteration. The state of the system is given by the value of every node, so there are a

finite number of possible states (2N). Thus, after a sufficient number of updates, the

system must eventually return to a state previously visited. The update mechanism

is deterministic and the dynamics are determined entirely by the values of the inputs
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at the time of update (and not on their history), so once the system revisits a state,

its dynamics must proceed exactly as when the state was first visited. The initial

dynamics may be transient, but eventually the system will repeatedly revisit the

same states in the same order. This is called a state cycle, and it is a special type of

a more general object, called an attractor, to be discussed in Chapter 2. The number

of unique states in a state cycle is called the cycle’s length, and a state cycle of length

1 is called a fixed point.

The state cycle of a Boolean network models the cyclic behavior of proteins (or

mRNA) within the cell. Kauffman hypothesized that the cycle of proteins determines

the cell type. For random networks with K = 1 and K = N , the typical state cycle

is so long that it cannot be representative of the dynamics within a cell. By contrast,

networks with K = 2, Kauffman found to have short state cycles. Kauffman noted

that the time it takes for a gene to significantly raise or lower its expression is

approximately one minute, so he made the assumption that the time required for

a given state cycle is roughly equal to the length of the cycle in minutes. He then

examined the state cycle length as a function of the number of nodes in the network,

and compared it to the median cell cycle length as a function of the number genes

in the cell. To allow for considerable variation in the number of genes per cell,

Kauffman used data collected from many species, from bacteria to plants to people.

The comparison revealed that the Boolean state cycle length corresponds well with

median cell cycle time, over estimating if all 16 logic functions are used, and under

estimating if contradiction and tautology are excluded. Most significantly,

the Boolean network and the real data both showed a power law behavior.

Kauffman also examined the number of state cycles available to the network, i.e.

the number of different cycles that can be obtained by varying the initial conditions.

He compared the number of cycles to the number of cell types in an organism, again

as a function of the number of nodes/genes in the network. With some caveats, the
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correspondence was again very good: both obey the same power law behavior.

The case K = 3 was not analyzed in the same detail, but it was found to behave

in a manner that is qualitatively similar to K = 2. The state cycles for K = 3 are

somewhat longer, but still of a plausible character. As K increases, the state cycle

length is expected to increase, as the state cycle is of enormous length for K = N .

With these observations, Kauffman concluded that RBNs exhibit many of the

properties found in real GRNs. While a specific regulatory net would not be random,

it should exhibit the dynamic and topological features of a RBN. In particular,

Kauffman predicted that real genetic circuits must have low connectivity. While

additional biological data and improved computational technology have revealed that

Kauffman’s quantitative results are inaccurate, his work spawned a great deal of

research into Boolean networks, which have shown themselves to be a useful modeling

tool.

1.3 Problems in systems biology

In this section, a few of the important results from the field of systems biology will

be reviewed. These results illustrate the capability of mathematical models, and of

Boolean networks in particular, to contribute meaningfully to the understanding of

emergent properties in biology.

The bodies of arthropods such as the fruit fly Drosophila are divided into segments

with different morphological properties. As discussed in the preceding section, the

difference in cell types between the segments is indicative of a difference in which pro-

teins are expressed. The genes involved in segment determination of the Drosophila

embryo have been extensively studied, and a network model was proposed by von

Dassow et al. in [92]. von Dassow used a differential equations model based on a

typical form used for describing chemical reactions, and they found that for a wide

range of initial conditions and parameter values, the system reached a steady state
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corresponding to the observed segmentation.

The work of von Dassow et al. has two important implications. First, it demon-

strates the power of using a mathematical model to explain emergent behaviors that

can emerge from a complex set of interactions. This result may seem unsurprising to

a physicist, but it is an important point that biology has reached a stage where there

is sufficient information available to build models capable of capturing the salient

features of the biological phenomena. The second important implication is that in

addition to reproducing the observed behavior, mathematical models can offer new

insights into the biology. von Dassow et al. showed how inter-cell signaling is critical

for the segmentation pattern. Additionally, they demonstrated that the pattern is

robust against variations in the 48 kinetic parameters of their model. This result

shows in a quantitative way how Drosophila embryos are capable of consistently

generating the same segmentation patterns in spite of noise and genetic variability.

The robustness against parameter variation suggests that the outcome depends on

the logic of the interactions and the topology of the network, not on the quantitative

details of individual gene (or protein) levels. This is precisely the type of system

where a Boolean model may be appropriate, and this possibility was explored by

Albert et al. in [1], and later in [17]. Not only were they able to reproduce von

Dassow’s result, but the use of a simpler model made it possible to fully characterize

the attractor structure, and to explore variations in network architecture. This

yielded more biological insights: Albert et al. showed that the logical structure of

the network could explain not only the behavior of the unperturbed system (the

wild type), but also of several mutants in which certain genes are deleted and a new

expression pattern (a phenotype) is observed. Furthermore, they were able to identify

key nodes in the network, which correspond to genes or proteins that are crucial

for segment determination. In the later work, stochastic variability was introduced

and a separation of time scales was shown to greatly improve the robustness of the
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dynamics. The Boolean model thus proved itself to be of use, first because it is

capable of capturing the logic of the more complicated differential equations model,

and second because its relative simplicity allows for additional exploration that may

yield new insights.

A similar story can be told for the yeast S. pombe. Tyson et al. constructed an

ODE model for the genetic regulatory network and were able to obtain the correct

sequence for gene expression in the cell cycle [89]. The expression levels in their model

take clearly separated on and off values, and while the exact values depend on the

kinetic parameters of the model, the dynamic sequence does not. A Boolean model

of the same network was constructed by Davidich and Bornholdt, and they were

able to reproduce Tyson’s results using a much simpler model [20]. The Boolean

network thus serves as a practical tool, and its success demonstrates that genetic

circuits carry out logical operations that do not rely on the quantitative details of

the system.

The above examples show that mathematical modeling can give important in-

sights into understanding biological systems. Some models that are useful in biology

include intricate descriptions of protein structure and other comprehensive models

that account for a very fine level of detail. The models discussed here, however, are

systems-level models that do not capture all the details, but do capture the salient

features for understanding the emergent behaviors of the biological networks. We

have focused on networks for reasons that will become apparent, but networks are

not the only type of model employed in systems biology. Depending on the type

of data available and the question under examination, other types of models may

be more appropriate. As an example of a different type of model, Orlando et al.

developed a probabilistic model called CLOCCS that explains how a population of

cells loses synchrony as it grows [66], and then applied that model in the analysis of

gene expression data to show that many cell cycle genes in yeast (S. cerevisiae) are
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controlled by a transcriptional oscillator that can operate independent of external

control mechanisms [67]. Cell cycle oscillations are thus not simply a response to

a chemical oscillator, but an emergent property of the regulatory dynamics. The

CLOCCS model was crucial for this discovery, as it allowed Orlando et al. to ex-

amine the periodic behavior of the genes in the population in spite of the lack of

synchrony between cells. In Chapter 5, we will describe a biological system, and in

Chapter 6 we will present a simple model (not a Boolean network) that has given

new information about a particular biological process.

Chapters 2, 3 and 4 concern Boolean networks. In the two examples given above,

a correspondence of sorts was found between the differential equations and Boolean

models. This prompts us to ask the following question: when does a Boolean model

give a good approximation of a continuous system? In other words, when is there a

clear correspondence between the dynamics of a continuous system and its Boolean

idealization? This is the question that we investigate in Chapters 3 and 4. Chapter

2 lays the groundwork by introducing the necessary mathematics.

We are not the first to examine this question. Davidich and Bornholdt address

it in [21], but they specialize to the case of the yeast (S. pombe) cell cycle network.

They show through a detailed analysis of the differential equations model that a

corresponding Boolean model can be constructed, but their analysis uses a posteriori

knowledge of the sequence of states given by the differential equations. One of the

principle benefits of the Boolean model is its simplicity, so its use should not be

limited to systems where more complicated models are also possible. Furthermore,

the conclusions of [21] would be difficult to generalize because of how closely they

specialize to one particular system.

Magnasco investigates the capability of chemical reactions to carry out logical

operations [58]. His work demonstrates through example that a system of differen-

tial equations can be constructed such that it behaves like a Boolean network. He
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identifies an important feature of the differential equations: that they must be able

to propagate information down chains of nodes of arbitrary length; this feature will

be critical to the analysis of Chapter 4. However, Magnasco asks a question that is

the reverse of ours. He wishes to construct a continuous system that can perform

Boolean logic, and he introduces a high degree of fine-tuning to make this possible.

We wish to construct a Boolean model of a pre-existing continuous system, so we do

not have the luxury of fine-tuning.

Glass and collaborators have studied a class of large networks governed by piece-

wise linear differential equations, which involve both continuous and Boolean vari-

ables. It is unclear how these systems correspond to fully continuous systems, and

much of their work consists of numerical results lacking comprehensive explanations,

so their results have limited usefulness for determining the nature of relationship

between Boolean and continuous systems. However, Glass et al. have nonetheless

made a few observations of relevance. First, they note that in Boolean networks

in which all nodes are updated in parallel, artifacts introduced by the synchronous

updating can contribute significantly to the size of the attractor set [5]. The precise

mechanisms by which these artifacts destabilize in the continuous case is the prin-

ciple result of Chapter 3. Second, they observe that chaotic dynamics are possible

in the class of networks studied, and they suggest a link between those dynamics

and the dynamics of Boolean networks in the disordered phase (to be discussed in

Chapter 2) [31]. The exact nature of this connection is still an unsolved problem,

but we show in Chapter 4 that a phase transition analogous to the order-disorder

transition of Boolean networks can occur in certain continuous systems.

The first problem we will address in this dissertation is the problem of corre-

spondence between continuous networks and their Boolean approximation. Some

specific questions that we will address are as follows. When do the attractors of the

Boolean model accurately represent the attractor dynamics of the continuous system
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by passing through the same sequence of states? What mechanisms are responsible

for the determination of the continuous attractors, and how do those mechanisms

stabilize or destabilize solutions that corresponds to the Boolean attractors? How

do these mechanisms affect the statistical behavior of large networks? Are there

collective effects in large networks that impact the dynamics, and if so, can they

be captured by a Boolean model? The second problem we will address is how to

develop an appropriate model for a biological process to be described in Chapter 5.

The challenge here will be to determine what level of modeling is appropriate and

what useful information can be extracted from the model.

1.4 Outline

The preceding discussion has motivated the use of mathematical models, and Boolean

networks in particular, to study problems in systems biology. Chapter 2 will review

the mathematics needed for understanding Boolean and continuous networks. Chap-

ters 3 and 4 address the question of when a Boolean model is a good approximation

of a continuous system. Chapter 3 examines small systems and identifies the features

of continuous networks that are crucial for determining the dynamics. We will see

that in simple loops, those features permit only the attractors that one would predict

with a Boolean idealization, but in more complicated systems, the correspondence

breaks down. Chapter 4 examines very large networks and shows that, despite the

breakdown in the correspondence in small systems, Boolean models are able to cap-

ture the statistical properties of the continuous networks. In cases that do not satisfy

Magnasco’s criterion that information be able to propagate down chains of nodes of

arbitrary length, the Boolean model must be altered to incorporate this effect.

Chapters 2, 3 and 4 deal with issues in dynamical systems theory. By contrast,

Chapters 5 and 6 pertain to a specific biological system that we have investigated in

collaboration with Philip Benfey’s group at Duke. Chapter 5 describes the system
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in detail and gives some additional mathematical background. Chapter 6 explores a

stochastic model that, to good accuracy, accounts for the dynamics observed in our

experiments. This model has some interesting biological implications that will help

guide future research. Additionally, our technique demonstrates that even when

detailed information is limited, an appropriate mathematical analysis can provide

valuable results.

Finally, in Chapter 7 we will summarize and offer some concluding statements.

It is the nature of scientific inquiry that the importance of a result is rarely imme-

diately visible; one necessarily must wait to see how any given piece of work will

influence future research. As such, many of the comments in this final chapter will

be speculative. However, sometimes one is fortunate and the ramifications of ones

work become visible earlier rather than later. It is with great gratification that we

will conclude with the description of an experiment in the lab of Dan Gauthier at

Duke wherein the findings of Chapter 3 are immediately relevant. This work is not

a part of this thesis, but will serve as an independent validation both of the results

presented here and of their significance to ongoing physics research.
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2

Mathematical background

In this chapter we will review the mathematics that will be useful for analyzing

the correspondence between continuous and Boolean systems. The discussion is

separated into four sections. Section 2.1 covers systems of continuous variables that

evolve in continuous time, which is the type of system that may be most familiar

to physicists. We will in general be concerned with dissipative, non-equilibrium

systems, as opposed to Hamiltonian systems. The material in this section is largely

drawn from [86], although the discussion will be more brief because we will focus on

the issues that will be relevant for subsequent chapters. We will see what types of

dynamics are possible in continuous systems so that we can make comparisons with

Boolean systems. We will pay particular attention to the importance of time delays,

as discussed in [35], which will be important for the understanding of feedback loops

in Chapter 3.

Section 2.2 covers systems of continuous variables that evolve in discrete time,

often referred to as maps. Our discussion here will again largely follow [86]. Maps

will be used extensively in this chapter and in Chapter 4, both to describe Boolean

systems and to describe continuous systems in a particular approximation.
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Section 2.3 covers Boolean systems, in which the variables take on discrete, binary

values. Boolean systems may evolve in either discrete or continuous time, and we will

discuss both, although our emphasis will be on the former. Our discussion will focus

on two topics: (1) a characterization of the dynamics, and (2) the statistical behavior

of random Boolean networks in the thermodynamic limit. The former will be most

useful for describing the low-dimensional systems of Chapter 3. The latter topic is

interesting because large Boolean systems undergo a dynamic phase transition which

we will show in Chapter 4 to be observable in continuous systems as well. Finally, at

the end of the Section 203 we will survey some other topics of interest in the field of

Boolean networks. Although these topics are not critical for the present work, they

are included to give a sense of where this thesis fits into the larger picture. We will

return to some of these topics in the final chapter and discuss how the results of this

thesis may be relevant to them.

Finally, in Section 2.4, we will argue that genetic regulatory networks provide a

good candidate system for exhibiting Boolean-like behavior. Following [4], we will use

the physics of regulatory networks to construct the form of the continuous systems

that we will analyze in Chapters 3 and 4. Although concrete differential equations

of a particular form must be used, we will identify the features of the equations that

are crucial for our analysis, so our results will not be limited in scope to the study

of regulatory networks.

2.1 Continuous systems evolving in continuous time

We are interested in developing a theory for the behavior of the complex networks

with continuously-valued elements evolving in continuous time, and to what extent

such a network can be represented by a Boolean model. In this section we review

what is known about continuous systems in general.
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2.1.1 Systems with one dimension

We begin by studying a single variable x(t) whose time evolution is given by

ẋ = f(x) . (2.1)

Let a be a constant that solves f(a) = 0. a is called a fixed point, and x = a is a

solution to the equation of motion above. Whether or not this solution of physical

relevance depends upon its stability. If a small perturbation to x = a shrinks in

time, so that x approaches a, the fixed point is called stable. If the perturbation

grows, the fixed point is unstable. An unstable solution will generally not be directly

observable in a natural or experimental system, where even the smallest fluctuation

will cause the system to leave the fixed point.

To study the stability of the fixed point, we linearize the equation of motion

around the fixed point using a Taylor series. Let x = a+ η, where η is to be thought

of as a small perturbation. The function f(x) can be written

f(x) = f(a+ η) = f(a) + ηf ′(a) +O(η2) , (2.2)

where f ′(a) is a shorthand for f ′(x)|x=a. The constancy of a implies ẋ = η̇, and by

definition of a, f(a) = 0. We assume that η is sufficiently small that terms of O(η2)

can be ignored, so the equation of motion now reads

η̇ ≈ ηf ′(a) , (2.3)

with solution

η(t) ∼ ef
′(a)t . (2.4)

Thus we see that for f ′(a) > 0 the perturbation grows and the fixed point is unstable;

for f ′(a) < 0 the perturbation shrinks and the fixed point is stable.

This analysis does not address what occurs when f ′(a) = 0 or when f ′(a) di-

verges. The latter case is particularly difficult because it allows for solutions that
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are no longer unique, so multiple solutions are possible given an initial condition.

This behavior is unphysical and thus not of much interest for our purposes. The

former case tells us nothing about the stability of the fixed point, but it does not

create philosophical difficulties as a diverging f ′(a) does. In this situation, one must

evaluate the stability by other means, such as with graphical methods. The fixed

point is classified as stable only if a perturbation in either direction shrinks.

We will often be interested in the long-time behavior of a system, which we call

the attractor. In one dimensional systems, as t → ∞, either x → ±∞ or x → a,

where a is a stable fixed point, so these are the only attractors. The behavior of x

as it moves from its initial condition to the attractor is called the transient, and the

set of initial conditions that flow to a given attractor make up that attractor’s basin

of attraction.

As a simple illustration of the above ideas, consider f(x) = sinx. The system

has fixed points a = nπ (n ∈ Z), of which a = (2n + 1)π are stable and a = 2nπ

are unstable. The fact that f(x) has no highest unstable fixed point guarantees that

there is no initial condition from which x → ±∞, so the set of attractors is the set

of stable fixed points. The basin of attraction for a = (2n+ 1)π is the open interval

(2nπ, 2(n+ 1)π).

A system may have a parameter µ, which is constant under the equation of motion

but can be tuned. As the value of µ is varied, it is possible that the attractor structure

will change. This change is called a bifurcation. Bifurcations occur only in nonlinear

systems. In Chapter 3 we will discuss the bifurcation structure of a particular set of

small systems. Those systems will be multi-dimensional, but even in a simple one

dimensional system one can see several important types of bifurcations. The first is

called a saddle-node bifurcation, which occurs for an evolution function of the form

f(x) = µ− x2 . (2.5)
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This system has fixed points a± = ±√µ. For µ < 0, a± are imaginary and thus

unreachable from a real initial condition, so the system will simply diverge to −∞.

For µ > 0, we find that both fixed points are real, that a+ is stable and that a−

is unstable. Finally, for µ = 0, a+ = a− = 0 is half stable. This information is

exhibited in Fig. 2.1, in what is known as a bifurcation diagram. The solid branch

represents the stable fixed point, and the dashed branch represents the unstable fixed

point. The arrows show the direction of the flows and thus indicate where the basins

of attraction lie for each value of µ. The arrows can be inferred from the fact that

stable fixed points attract flows (hence the name attractor) and unstable fixed points

repel them, so they usually are not included in the bifurcation diagram. We can see

from the diagram how dramatic the behavioral change is as µ passes from negative

to positive values: two new solutions – one stable, one unstable – spontaneously pop

into existence. The point µ = 0 where this transition occurs is called the bifurcation

point.

Μ

x

Figure 2.1: Saddle node bifurcation diagram.

One dimensional systems can exhibit three other important kinds of bifurcations:

a supercritical pitchfork bifurcation, a subcritical pitchfork bifurcation, and a tran-
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scritical bifurcation. These bifurcations occur for evolution functions of the form

f(x) = µx− x3 (supercritical) , (2.6)

f(x) = µx+ x3 (subcritical) , (2.7)

f(x) = µx− x2 (transcritical) . (2.8)

The bifurcation diagram (sans arrows) for each is shown in Fig. 2.2. One may object

to the statement that the four bifurcations presented here are the only important bi-

furcations in one dimension. Indeed, one could certainly write down a large number

of other evolution functions f(x). However, for any function that admits a bifur-

cation, near the bifurcation point its behavior will be qualitatively similar to that

of one of these four. The evolution functions presented here are called the normal

forms for the different bifurcation types.

Μ

x

Μ

x

Μ

x

(a) (b) (c)

Figure 2.2: Bifurcation diagrams for (a) supercritical, (b) subcritical and (c) tran-
scritical bifurcations.

The subcritical pitchfork bifurcation is of particular interest. For µ > 0, x(t)

must diverge; for µ < 0, x(t) will diverge if |x(0)| >
√
−µ, where ±

√
−µ are the

unstable fixed points. In a physical system one might expect a higher order term to

prevent such divergences, so we consider a subcritical system with a stabilizing term:

f(x) = µx+ x3 − x5 . (2.9)

The bifurcation diagram is given in Fig. 2.3. As advertised, a stable solution now

exists for all values of µ. The original stable solution x = 0 is still stable over
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x

Figure 2.3: Subcritical pitchfork bifurcation with a stabilizing term.

the range µ ∈ (−∞, 0), but new stable solutions now exist over the range µ ∈

(−1/4,∞) thanks to a saddle node bifurcation at µ = −1/4. The behavior of this

system is interesting because multiple stable solutions exist simultaneously in the

range µ ∈ (−1/4, 0). Suppose one starts with µ < −1/4. After waiting some

time for the transient behavior to die out, the system settles asymptotically close

to x = 0. Slowly µ is increased until, at µ = 0, x = 0 destabilizes and the system

jumps to the new stable solution. The system remains on this new branch as µ is

decreased up until µ = −1/4 is reached, at which point the system jumps back to

the x = 0 solution. As µ is tuned, the state of the system in µ ∈ (−1/4, 0) depends

on its history. This kind of behavior is called hysteresis, and it is a hallmark of

subcritical bifurcations. In experimental systems, a subcritical bifurcation is difficult

or impossible to view directly because it is a bifurcation into unstable branches.

Instead, it is the presence of hysteric jumps that allows one to conclude that a

subcritical bifurcation is occuring.

2.1.2 Systems with multiple dimensions

We now turn to higher dimensional systems. Let the x be an n-dimensional vector

x = (x1, . . . , xn) with time evolution

ẋi = fi(x) . (2.10)
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In analogy with the one dimensional case, a fixed point a satsifies fi(a1, . . . , an) = 0

and is a solution to the equation of motion. We again study the stability of a by

linearization. Let ηi be a small deviation from ai, so xi = ai + ηi. The equation of

motion in the neighborhood of a is now

η̇i =
n∑
j=1

Jijηj , (2.11)

where the Jacobian Jij is given by

Jij =
∂fi(x)

∂xj

∣∣∣∣
x=a

. (2.12)

Eq. 2.11 is a linear equation with constant coefficients, so the solution is given by

exponentials. Specifically, if λ(1), . . . , λ(n) are the eigenvalues of Jij and u
(1)
i , . . . , u

(n)
i

the corresponding eigenvectors, the solution is

ηi(t) = C1e
λ(1)tu

(1)
i + · · ·+ Cne

λ(n)tu
(n)
i . (2.13)

For simplicity we have assumed that there is no degeneracy among the eigenvalues

and that none of the eigenvalues is exactly zero. Not surprisingly, the eigenvalues

play a role analogous to f ′(a) in Eq. 2.4. Stability requires that a perturbation in

any direction shrink, which from the expression for ηi(t) we can see is the statement

that Re[λ(i)] < 0 for all i, where Re[z] denotes the real part of z. If Jij has any

eigenvalue with a positive real part, the fixed point is unstable.

What if the system we’re studying is linear to begin with? In that case the

equation of motion has the form

ẋi =
n∑
j=1

Aijxj , (2.14)

where Aij is a constant matrix. This has the same form as Eq. 2.11, so the solution

has the form of Eq. 2.13. If the eigenvalues are strictly imaginary, x(t) will oscillate
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without damping out or diverging. The simple harmonic oscillator, given by[
ẋ
v̇

]
=

[
0 1
−ω2 0

] [
x
v

]
, (2.15)

is an example of such a system, with eigenvalues ±iω. Thus we see that two di-

mensional systems are capable of a behavior that is unavailable to one dimensional

systems: periodic motion.

The frequency of the simple harmonic oscillator is determined by the value of ω,

but the amplitude of the oscillations is determined by the initial conditions. Exclud-

ing the origin, every point in the phase space (the x− v plane) lies on an oscillatory

trajectory. This is generally true of conservative systems with periodic solutions,

but it is not true of dissipative systems. Oscillations in nonlinear systems generally

take the form of limit cycles whose amplitudes are determined by the equations of

motion. A limit cycle is an “isolated closed trajectory” in phase space [86]. A closed

trajectory is isolated if there does not exist another, arbitrarily close closed trajec-

tory. The periodic solutions of the simple harmonic oscillator are closed trajectories,

but they are not isolated, so they do not qualify as limit cycles.

As an example of a limit cycle, consider the van der Pol oscillator, given by

ẋ = v , v̇ = −µ(x2 − 1)v − x . (2.16)

Fig. 2.4 shows the phase space of the van der Pol oscillator for µ = 1. The arrows

indicate the direction of the flow. The red and green curves, called nullclines, are

the contours along which ẋ = 0 and v̇ = 0, respectively. The nullclines cross at the

origin, which is an unstable fixed point. The blue curve is the trajectory in phase

space, starting from the initial condition x(0) = v(0) = 2.5. The system follows an

initial transient, after which it settles into the a orbit in phase space. This is the

limit cycle. The limit cycle is a stable attractor, so all flows near the limit cycle

are directed toward it. As claimed above, the amplitude of the oscillation does not
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depend upon the initial condition, as it does in the linear case; it is determined

entirely by the equation of motion.

!3 !2 !1 1 2 3 x
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!1

1

2

3
v

Figure 2.4: van der Pol limit cycle. The red and green curves are nullclines; the
blue curve is a trajectory in phase space starting from the initial condition (2.5,2.5).

Establishing the existence of stable limit cycles is more difficult than establishing

the existence of stable fixed points. In the example above, we may guess that a

limit cycle exists by noting that the fixed point at the origin has eigenvalues λ± =

(1± i
√

3)/2. Both eigenvalues have positive real parts, so the fixed point is unstable.

An examination of the equation of motion reveals that if |x| or |v| is large, the

resulting trajectory will move the system back toward the origin. Thus, somewhere

between the origin and infinity is an attractor. The eigenvalues have imaginary parts,

indicating that the fixed point is unstable to oscillations. This is exhibited by the

circulation around the origin in the vector field, and from this we can infer that the

attractor is most likely a limit cycle.

The idea employed here can be formalized into a theorem, called the Poincaré-

Benedixson theorem, which states that if one can find a closed region R of two
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dimensional phase space that contains no fixed points but does contain a trajectory

that is confined to R, then it must contain a stable limit cycle. One can choose R

such that it is guaranteed to contain a confined trajectory by finding a region where

the vector field points inward at every point along the boundary; every trajectory

that begins in R will then be confined. Essentially the Poincaré-Benedixson theorem

states that in two dimensions, the only attractors are fixed points and limit cycles.

In higher dimensions there are other possibilities, but we will see that there are cases

where the intuition of the Poincaré-Benedixson theorem is still applicable. There

exist some special cases in which one can use other methods to deduce the existence

of a stable limit cycle, but for our purposes the ideas presented here will be sufficient.

The bifurcation structure possible in two dimensions is much richer than in one

dimension. The fixed point bifurcations that are possible in one dimension are still

possible in higher dimensions. More interesting are the bifurcations involving limit

cycles, of which there are two that will be relevant to our discussion of small networks

in Chapter 3. The first is the Hopf bifurcation, which is analogous to the pitchfork

bifurcation, but instead of the fixed point destabilizing to other fixed points, the fixed

point destabilizes to a limit cycle. Like the pitchfork bifurcation, the Hopf bifurcation

has both supercritical and subcritical varieties. There are numerous mechanisms by

which a Hopf bifurcation can occur, and we will explore one of them in our discussion

of time delays. The other type of bifurcation that will be of importance for the work

presented in this thesis is the saddle-node bifurcation of cycles. Again, this is closely

analogous to the saddle-node bifurcation in one dimension. In this type of bifurcation,

two solutions – one stable and one unstable – are born as a parameter is varied. In

a one dimensional saddle-node bifrucation, those solutions are fixed points; in a

saddle-node bifurcation of cycles, those solutions are limit cycles. Fig. 2.5 exhibits a

saddle-node bifurcation of cycles.

In systems with more than two dimensions, it is possible to achieve aperiodic
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Figure 2.5: Saddle-node bifurcation of cycles. (a) µ < µc. When the parameter µ
is below its critical value, only the fixed point at the origin is stable. (b) µ = µc. At
the bifurcation point, a marginally stable limit cycle is born. Trajectories with initial
conditions inside the limit cycle spiral in to the origin (blue); trajectories with initial
conditions outside go to the limit cycle (purple). (c) µ > µc. Past the bifurcation
point, the marginally stable limit cycle splits into an unstable cycle and a stable
cycle, the former of which is closer to the origin. Trajectories that start inside the
unstable cycle spiral slowly into the origin (blue); trajectories that start outside the
unstable cycle go to the stable cycle (purple).

behavior in which no phase space point is visited twice by the same trajectory.

One manner in which this is possible is called quasiperiodicity. A system exhibits

quasiperiodic dynamics if it consists of two uncoupled oscillators whose periods are

incommensurate, i.e. the ratio of their periods is an irrational number. A more

interesting form of aperiodic dynamics is chaos. Networks of the type we will study

rarely exhibit chaotic behavior, but we will make a Boolean analogy to chaos, so it

is worthwhile to discuss one of the most important features of chaos, the sensitive

dependence on initial conditions (SDIC). SDIC means that two copies of the same

system whose initial conditions differ only slightly will follow dramatically different

trajectories in phase space. One measure of the SDIC is as follows. If δ is the small

difference in initial conditions, as long as delta remains small, we can expect it to

evolve as

δ(t) = eλtδ(0) . (2.17)
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Here λ is called the Lyapunov exponent, and it measures the rate at which nearby

trajectories in phase space separate. For all non-chaotic systems, λ ≤ 0. If the

trajectories separate, λ > 0. It is the separation of trajectories that characterizes

SDIC, and thus a positive Lyapunov exponent characterizes chaos.

More generally, one can compute a Lyapunov exponent for each dimension of

the system. The sum of the Lyapunov exponents will be negative in a dissipative

system and zero in a conservative (Hamiltonian) system. A chaotic system will have

at least one positive Lyapunov exponent, but the sum of the exponents need not

be positive. Indeed, some form of dissipation is often present in chaotic systems,

and some conservative systems (e.g. a double pendulum) can also exhibit chaotic

dynamics. A system with multiple positive Lyapunov exponents is called hyper-

chaotic.

We will discuss chaos again in Section 2.2, where we will see (briefly) that multiple

dimensions are not required for chaotic dynamics in discrete systems. In Section 2.3

we will discuss systems with a finite number of possible states. Aperiodic dynamics

are impossible in such systems, but we will nonetheless define a quantity in some

sense analogous to the Lyapunov exponent, and see that it provides a useful measure

for characterizing the dynamics. First, however, we will turn our attention to the

last topic of discussion for continuous systems: the effect of time delays.

2.1.3 Time delays

In this section we consider equations of the form

ẋi(t) = fi [x1(t), . . . , xn(t), x1(t− τi1), . . . , xn(t− τin)] , (2.18)

where τij is a constant representing the time required for information to travel from

xj to xi, which we assume to be positive. τij is called a time delay, and equations

with the form of Eq. 2.18 are called delay differential equations. Eq. 2.18 could

in general include an inhomogeneous term g(t), but we will assume that we are
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studying networks of interacting elements whose time evolution is determined entirely

by the phase space of the system. Delay differential equations are of considerable

physical and biological importance. For example, in the potential formulation of

electromagnetism, delays in the retarded solutions are included to account for the

time for disturbances to propagate through space. In the equations describing genetic

regulatory networks, the delay accounts for the time required for each task that is

not explicitly modeled; for example, the folding of proteins, and the time required

for a protein to find the appropriate binding site. In Section 2.4 we will discuss in

detail one process that can be described by delay differential equations and what we

hope to encompass with the use of a time delay.

To examine the mathematical features of delay differential equations, we begin

with the single-variable equation

ẋ(t) = f [x(t), x(t− τ)] . (2.19)

We first note that specifying a single initial condition x(0) is insufficient to determine

the dynamics. To determine x(t) for t > 0, we must have the initial data x(t) for

all t ∈ [−τ, 0]. Thus, while this an equation for a single variable, the phase space is

of infinite dimension. As a result, Eq. 2.19 is capable of exhibiting the full range of

dynamic behavior available to a system of the type of Eq. 2.10, including oscillations

and chaos.

Consider the linear system

ẋ(t) = ax(t) + bx(t− τ) , (2.20)

where a and b are constants. This equation is solved by x(t) = ceλt, where c is a

constant and λ satisfies the equation

h(λ) ≡ λ− a− be−λτ = 0 . (2.21)

Here h(λ) is called the characteristic polynomial [35]. The transcendental equation

h(λ) = 0 has some important properties for understanding the solution to Eq. 2.20.
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First we note that the eigenvalue λ will generally be complex, which indicates that

oscillatory behavior can arise. Second, there are an infinite number of solutions {λi},

most of which are clustered around Re[λ]→ −∞. This observation is consistent with

the previous statement that the phase space is infinite-dimensional. The general

solution will be a linear sum

x(t) =
∑
i

cie
λit , (2.22)

and the specification of the constants {ci} allows one to satisfy the initial conditions.

Finally, we note that this solution assumes that there is no degeneracy among the

eigenvalues λ. If λ is a root of h(λ) with multiplicity m, then terms of the form tkeλt

will also appear in Eq. 2.22, where k ∈ {0, 1, . . . ,m− 1} [35].

Following our observation that λ will in general be complex, it is helpful to split λ

into its real and imaginary parts: λ = µ+ iω, with µ, ω ∈ R . The equation h(λ) = 0

can now be split into two equations,

Re [h(µ, ω)] = µ− a− be−µt cosωτ = 0 , (2.23)

Im [h(µ, ω)] = ω + be−µτ sinωτ = 0 . (2.24)

If (µ, ω) satisfy the above equations, then (µ,−ω) do as well, so we expect the eigen-

values to appear as complex conjugate pairs. The computation of the eigenvalues

generally cannot be done analytically, so we must turn to numerical methods.

As an example, consider a = 0 and b = −α, with α > 0. The equation of motion

is thus

ẋ(t) = −αx(t− τ) . (2.25)

The contours Re [h(µ, ω)] = 0 and Im [h(µ, ω)] = 0 are shown in Fig. 2.6 for α = 1

and τ ∈ {1.2, π/2, 2.0}. The intersections of these contours denote (µ, ω) pairs that

satisfy h(µ, ω) = 0. As advertised, the eigenvalues come in complex conjugate pairs.

For τ = 1.2, µ < 0 for all eigenvalue pairs, meaning that the amplitude every term
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Figure 2.6: Eigenvalues of Eq. 2.25 with α = 1. The red contours are solutions
to Re [h(µ, ω)] = 0, and the blue contours are solutions to Im [h(µ, ω)] = 0, so the
intersections are solutions to h(µ, ω) = 0. A black line is drawn at µ = 0 to help
guide the eye. (a) τ = 1.2. The real parts of all eigenvalue pairs are negative. (b)
τ = π/2. The real part of one eigenvalue pair is zero; the real parts of all other pairs
are negative. (c) τ = 2.0. The real part of one eigenvalue pair is positive; the others
are still negative.

in Eq. 2.22 decays exponentially to zero. For τ = 2.0, µ > 0 for one eigenvalue pair,

meaning that two terms in Eq. 2.22 will not decay to zero, but will instead grow

in amplitude without bound. For τ = π/2, µ = 0 for this pair of eigenvalues (and

µ < 0 for the others), so again one pair of terms in Eq. 2.22 will not decay, but will

have a constant amplitude. This requires a sensitive tuning of parameters, so we are

most interested in this point as a bifurcation point between decaying and growing

solutions; we define τc to be the critical value of τ where the zero fixed point becomes

unstable. Time series for τ < τc and τ > τc are shown in Fig. 2.7.

We do not expect physical quantities such as concentrations to diverge, so one

may question whether or not solutions with τ > τc will be relevant. Equations of

the form of Eq. 2.20 can arise as the linearization about an attractor (usually a fixed

point) of a nonlinear delay differential equation. Once the trajectory in phase space

leaves the regime in which the linear equation is a good approximation, nonlinear

effects will become important. In some cases, the nonlinear terms will put a bound on
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Figure 2.7: Solutions to Eq. 2.25 with α = 1. The critical value of τ at which the
fixed point destabilizes is τc = π/2 ≈ 1.57. (a) τ = 1.2 < τc. The fixed point is
stable, so the oscillations decay. (b) τ = 2.0 > τc. The fixed point is unstable, so the
oscillations grow.

the oscillations and the system will settle into a stable limit cycle. The destabilization

of the fixed point to stable oscillations as τ is increased above τc is a form of Hopf

bifurcation [35].

Our numerical work, shown in Figs. 2.6 and 2.7, indicates that if α = 1, then

τc = π/2. Dimensional analysis then suggests the expression τc = π/(2α). We would

like to compute this quantity analytically, which we can do with

Re [h(0, ω)] = Im [h(0, ω)] = 0 at τ = τc . (2.26)

With a = 0 and b = −α we find

α cosωτc = 0 , (2.27)

ω − α sinωτc = 0 . (2.28)

Eq. 2.27 gives ωτc = (2n+ 1)π/2, where n ∈ Z. Eq 2.28 then gives ω = (−1)nα, and

thus,

τc =
(−1)n(2n+ 1)π

2α
. (2.29)

We define τc to be the value of τ at which the real part of the first eigenvalue pair

becomes positive, so we will choose the smallest solution for τc. This is obtained using

35



n ∈ {−1, 0}, giving τc = π/(2α), as expected. The fact that two values of n give

the same τc reflects the fact that two eigenvalues are going unstable simultaneously.

The equation ω = (−1)nα, valid when µ = 0, confirms that these two eigenvalues are

complex conjugates. Eq. 2.29 can also be used to compute the value of τ at which

subsequent pairs of eigenvalues becomes unstable, although this is usually less useful

because the first term in Eq. 2.22 is dominant. For n ∈ {−2, 1}, we find τc < 0,

which violates our initial assumption that τ be positive. Thus the second pair of

eigenvalues becomes unstable at τc = 5π/(2α), which occurs for n ∈ {−3, 2}.

2.2 Continuous systems in discrete time

We have explored the dynamics of continuously-valued systems evolving in contin-

uous time. We saw that qualitatively different types of solutions are possible, and

that those solutions can be stable, unstable or marginally stable. Moreover, we saw

that for nonlinear systems, the existence and stability of solutions can change as a

parameter in the system is tuned. These results will be important for understanding

the behavior of continuous networks, and will be particularly important for the small

systems of Chapter 3.

We now turn to continuously-valued systems that evolve in discrete time, called

maps, which play an important role in the theory of Boolean networks. In Section

2.3 we will investigate two particular maps, the bias map and the Hamming map,

that are used to describe the dynamics of large networks. Both of these, especially

the former, will be crucial for the theory of large continuous networks developed

in Chapter 4. Additionally, also in Chapter 4, we will use a map as a tool for

determining the distribution of values in large networks.

A one dimensional map takes the form

xt+1 = f(xt) . (2.30)
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Here xt is the value of x at time step t. Like its continuous analogue, a map can

have stable and unstable fixed points. However, unlike the continuous case, a map

can exhibit periodic or chaotic dynamics in only one dimension.

A fixed point a satisfies the equation f(a) = a. We can study the stability of a

by defining ηt as a small deviation from a, xt = a + ηt, which gives the equation of

motion

ηt+1 ≈ ηtf
′(a) . (2.31)

If |f ′(a)| > 1, the perturbation grows and the fixed point is unstable; if |f ′(a)| < 1,

the perturbation shrinks and the fixed point is stable. If |f ′(a)| = 1, the linear

stability analysis is inconclusive and other means, e.g. numerical methods, must be

used for testing stability. Note that this result has a nice graphical interpretation.

One can plot y = f(x) on the same axes as the diagonal y = x, and the fixed points

occur where the curves intersect. If y = f(x) crosses the diagonal from below, the

fixed point is unstable; if it crosses it from above, the fixed point is stable. The

sign of f ′(a) also carries information: if f ′(a) is negative (positive), the fluctuation

around the fixed point will (not) be oscillatory.

Periodic solutions can be studied in a similar manner as fixed points. Suppose

that a and b satisfy a = f(b) and b = f(a). Clearly an oscillation between a and b

will be a solution to the equation of motion. To study the stability of the oscillation,

we note that the map xt+1 = g(xt), where g(x) = f 2(x) ≡ f ◦ f(x), has fixed points

a and b. If a and b are stable fixed points of g(x), then the oscillation between a and

b will be a stable orbit of f(x). We have chosen a cycle between two states as an

illustrative example, but this argument can be extended to longer cycles. A cycle of

length m we will refer to as an m-cycle.

A famous example of a one dimensional map is the logistic map,

xt+1 = f(xt) , f(x) = µx(1− x) . (2.32)

37



The fixed points that satisfy a = f(a) are a = {0, (µ − 1)/µ}. The corresponding

derivatives are f ′(a) = {µ, 2−µ}, so a = 0 is stable for µ ∈ (−1, 1), and a = (µ−1)/µ

is stable for µ ∈ (1, 3). Let’s focus on the latter. As µ → 3−, f ′(a) < 0, so we may

expect that when the fixed point becomes unstable, it will destabilize to oscillations.

This is called a flip bifurcation. Indeed, the fixed points of g(x) = f 2(x) include the

two fixed points of f(x) and the additional points

b± =
1 + µ±

√
(µ− 3)(µ+ 1)

2µ
. (2.33)

To evaluate the stability of these points, we compute g′(b±) = 4 + µ(2− µ) and find

that |g′(b±)| < 1 for µ ∈ (3, 1 +
√

6). Thus, for µ in this range, we expect to find a

stable oscillation between b+ and b−. At µ = 1 +
√

6, the 2-cycle destabilizes to a

4-cycle.

This information is captured by the orbit diagram, Fig. 2.8. The orbit diagram

shows, for a range of values of µ, the values of x that lie on the attractor. This

differs from the bifurcation diagram in that only attractors, i.e. stable solutions, are

shown; unstable solutions do not appear. The upper panel of Fig. 2.8 shows the

range µ ∈ [2.6, 4.0]. Reading from left to right, we see that initially we have a single

fixed point, but at µ ≈ 3 it destabilizes to a 2-cycle, as predicted by our analysis.

The 2-cycle remains stable until µ ≈ 3.45, at which point it destabilizes to a 4-cycle,

again as expected.

Continuing to the right, we see that a complicated behavior emerges. The lower

panel of Fig. 2.8 shows a zoomed-in view of this part of the orbit diagram. Here

each m-cycle successively gives way to 2m-cycle, until eventually m diverges and the

dynamics become chaotic. This is known as the period doubling route to chaos. The

critical value of µ at which this occurs, µc ≈ 1.57, can be calculated by renormaliza-

tion, or more easily, computed numerically.

Finally, we note that the dynamics are not chaotic for all µ > 3.57. For example,
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Figure 2.8: Upper panel: Orbit diagram for the logistic map, Eq. 2.32. Visible in
the diagram are a fixed point, oscillations, and chaos. Lower panel: A zoomed-in
section of the orbit diagram, showing the period doubling route to chaos (the high
density of points) and the bands of periodic behavior (the nearly-void vertical white
bands).

at µ ≈ 3.83, the chaotic behavior gives way to a 3-cycle. This may seem mysterious,

but in fact it is nothing new. The presence of the stable 3-cycle merely means that

a stable fixed point of f 3(x) exists for the some values of µ. The bifurcation from

chaos to a 3-cycle is called a tangent bifurcation because the curve f 3(x) is tangent

to the diagonal at the bifurcation point.

This concludes our discussion of one dimensional maps. In Sections 2.1 and 2.2,

we covered the essential topics from dynamical systems theory that we will need
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to analyze the specific problems of interest. We now turn to the study of Boolean

networks. The combined knowledge of continuous and Boolean systems will allow us

to make meaningful comparisons of the dynamics of the two.

2.3 Boolean networks

2.3.1 Definition and examples

The state of a Boolean network of size N is given by (σ1, . . . , σN) with σi ∈ {0, 1}.

The state vector is updated in discrete time according to the equation

σi(t+ 1) = fi(σ1(t), . . . , σN(t)) . (2.34)

Note that for clarity we are now writing t as an argument instead of as a subscript,

but it is the same discrete variable as in Section 2.2. The function fi(. . .) is a Boolean

function which takes 0s and 1s as inputs and gives either 0 or 1 as output, as discussed

in the introduction.

Although one can construct a system in which σi(t + 1) depends on the entire

state vector at time t, usually it will depend only on some subset of the Boolean

variables. This gives rise to the network picture. A network is a directed graph

consisting of nodes (vertices) and links (directed edges or arrows). Suppose that the

state of σ1 depends only on the values of σ3 and σ5: σ1(t+ 1) = f1(σ3(t), σ5(t)). The

network would include nodes labeled 1, 3 and 5, and links would point from nodes 3

and 5 to node 1. Nodes 3 and 5 are called the inputs to node 1; equivalently node 1

is an output for nodes 3 and 5. Fig. 2.9 shows a network of ten nodes wherein node

1 receives inputs from nodes 3 and 5. Every node in this network has an in-degree

of two (every node receives two inputs), but the out-degree (the number of outputs

per node) is allowed to vary.

We now consider a couple of very simple example networks to understand the

dynamics. First we consider we consider a system with two variables, whose time
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Scaling in Ordered and Critical Random Boolean Networks

J. E. S. Socolar∗ and S. A. Kauffman
Bios Group and Santa Fe Institute, Santa Fe, New Mexico, 87501

(Dated: February 1, 2008)

Random Boolean networks, originally invented as models of genetic regulatory networks, are
simple models for a broad class of complex systems that show rich dynamical structures. From
a biological perspective, the most interesting networks lie at or near a critical point in parameter
space that divides “ordered” from “chaotic” attractor dynamics. In the “ordered” regime, we
show rigorously that the average number of relevant nodes (the ones that determine the attractor
dynamics) remains constant with increasing system size N . For critical networks, our analysis and
numerical results show that the number of relevant nodes scales like N1/3. Numerical experiments
also show that the median number of attractors in critical networks grows faster than linearly with
N . The calculations explain why the correct asymptotic scaling is observed only for very large N .

A random Boolean network (RBN) is a collection of N
binary logic gates, or nodes, wired together in a random
fashion, with each node implementing a randomly cho-
sen logical function of its inputs. RBNs are paradigms
for systems in which excitatory and inhibitory interac-
tions occur among a large set of interacting elements.
One example of great current interest is the regulatory
network that governs gene expression in a cell. It has
been suggested that the distinct dynamical attractors of
a single RBN be interpreted as distinct cell types carrying
the same genetic information. [1] Surprisingly, RBN at-
tractors can exhibit many features of biological cells, in-
cluding stability against random external perturbations,
qualitative change in response to special perturbations,
and plausible scaling laws for numbers of attractors and
attractor cycle lengths. [2] It therefore appears impor-
tant to understand the behavior of RBNs as a first step
in determining relevant global properties that might be
probed in real gene expression experiments,

Even very simply constructed RBNs with determin-
istic updating rules can exhibit a rich set of dynamical
behaviors. We focus here on the case in which each node
has the same number of inputs, K. Fig. 1 shows an ex-
ample with K = 2. Each node i implements a truth
function Fi (e.g. AND, XOR, etc. for K=2) that is cho-
sen at random from a weighted distribution of all of the
22

K

possible truth functions on K binary inputs. On
each discrete time step, the outputs are updated syn-
chronously. Since the number of states of the system is
finite (equal to 2N ) and the system is deterministic, for
any initial condition the network must eventually settle
into a periodic attractor. We are interested in the be-
havior of large N networks. How many attractors do
they have? How many nodes typically participate in the
attractor dynamics?

It is well known that tuning the probabilities of differ-
ent F ’s can produce an order-chaos transition. (See [3]
for a thorough review.) In the ordered regime, almost all
nodes are frozen and attractor cycles are short. In the
chaotic regime, on the other hand, the number of fluctu-
ating nodes is a finite fraction of N and attractor cycles
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FIG. 1: A K = 2, N = 10 network. Each node has two
inputs, but the number of outputs (drawn from its center)
can vary. See text for details.

can be quite long. For large N , there is a narrow critical
regime between these phases. The networks of greatest
interest for biological systems are conjectured to lie near
the critical regime, on the ordered side. [2]

In this Letter, we present numerical and analytic re-
sults that clarify the dynamical structure of RBNs in the
ordered and critical regimes, revealing several surprising
features: (1) for RBNs in the ordered regime the average
number of relevant nodes (defined below) remains finite
for N → ∞ and they are organized into trivial loops; (2)
in critical RBNs, the average number of fluctuating nodes
grows like N2/3; (3) the system sizes required to observe
the asymptotic regime can be extremely large, especially
for K = 2; and (4) the median number of attractors in
critical RBNs grows faster than linearly with N , at least
for N up to 1200. Both (2) and (4) contradict previous
claims ([4] and [5], respectively) which we believe to have
been based on studies that did not consider sufficiently
large N . (4) also supersedes an old claim by one of us
that the median number of attractors grows like

√
N in

critical networks. [1]
The concepts of “relevant” nodes [6] and “canalizing

inputs” [1] are essential to our analysis. In any given
network, there may be nodes whose outputs are frozen
at the same value on every attractor. Such nodes serve
only to fix inputs to other nodes and are otherwise “irrel-
evant”. There may also be nodes whose outputs go only
to irrelevant nodes. These are also classified as irrelevant.
Though they may fluctuate, they act merely as slaves to

Figure 2.9: Example network with 10 nodes and 2 inputs per node. Reproduced
with permission from [82].

evolution is given by

σ1(t+ 1) = 1− σ2(t) , (2.35)

σ2(t+ 1) = 1− σ1(t) . (2.36)

The network consists of two nodes; each node has exactly one input, which comes

from the other node. Both nodes have the same Boolean function, which we refer to

as invert. An invert function returns 0 if the input is 1, and 1 if the input is 0.

The state space consists of the 22 = 4 states (σ1, σ2), which are 00, 01, 10 and 11.

For conciseness we write the state vector without the parentheses or comma. The

states 01 and 10 are fixed points; if the system is initialized in one of these states, it

will stay in that state for all time. The states 00 and 11 form a 2-cycle; if the system

is initialized in one of these states, it will oscillate between the two.

In this example, every state in the state space is part of a cycle (a fixed point

may be thought of as a 1-cycle). This property is not generic: Boolean networks are

in general dissipative, so one may expect to find states that can be accessed only
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transiently. We now consider a system of three variables in which this is the case:

σ1(t+ 1) = σ2(t)σ3(t) , (2.37)

σ2(t+ 1) = 1− σ1(t) , (2.38)

σ3(t+ 1) = 1− σ2(t) . (2.39)

In the usual language, f1 is the Boolean function and, and both f2 and f3 are

invert, as in the previous example. The state space consists of 23 = 8 states:

000, 001, . . . , 111. A state space graph is shown in Fig. 2.10. Each state is labeled by

a number, 0 through 7, whose binary representation is the state vector. An arrow

leading from state A to state B indicates that if the system is in state A at time t,

it will move to state B at time t+ 1. The system is deterministic, so each state has

exactly one output. There are two cycles: a fixed point consisting of state 2, and

a 3-cycle consisting of states 1, 3 and 4. The states 0, 5, 6 and 7 may be accessed

transiently, with appropriate initial conditions, but after a maximum of 2 time steps,

the system will have reached one of the cycles. All the transient states flow to the

3-cycle; the basin of attraction for the fixed point consists only of itself.

03

1

2

4

5

6

7

Figure 2.10: State space graph.

In both examples, the long term dynamics have been given by cycles (including

fixed points). This is generic: more complicated behavior, like quasiperiodicity or
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chaos, is impossible for deterministic systems whose state space consists of only a

finite number of states. For any Boolean network with a finite number of nodes (N),

the total number of states is also finite (2N), so after a finite number of time steps,

the system must return to a previously visited state. Having identified cycles as the

dynamic behavior displayed by Boolean networks (after waiting out a transient), we

now turn to analyzing the stability of cycles.

2.3.2 Stability of cycles

We tested the stability of an orbit in continuous state space by applying a small

perturbation to the state and examining the behavior of the perturbation. Flipping

one bit in the state vector creates a discrete change to a new state, and this new

state is not “near” the original solution in state space. Consider, for example, the

state space shown in Fig. 2.10. Flipping any bit in the fixed point of state 2 (010)

will cause the system to jump to the 3-cycle (or its basin of attraction). On the

other hand, there exists a bit flip that causes a jump from the 3-cycle to the fixed

point: flipping the third bit in state 3 (011) leads to state 2. This analysis would

then suggest that neither cycle is stable, so the response to a bit flip is not a good

measure of a cycle’s stability. Flipping a bit in the state vector and determining at

what rate the perturbation spreads is useful for characterizing the dynamics of large

networks, and we will review this technique in Section 2.3.4. For determining the

stability of a cycle, however, a different technique is needed.

A useful measure of stability was first proposed by Klemm and Bornholdt [51].

Klemm and Bornholdt consider a system called an autonomous Boolean network,

given by

σi(t) = fi [σ1(t− τ1i), . . . , σN(t− τNi)] , (2.40)

where t is now a continuous variable. If all the time delays τij are set equal to 1 and

the system is initiated such that each node switches synchronously, the dynamics
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of the autonomous network will correspond to the dynamics fo the synchronously

updated system. Unlike the synchronous network, the autonomous system permits

perturbations in the timing of flipping events. These are the perturbations that we

will use to study the stability of a Boolean attractor.

Klemm and Bornholdt used a modified version of Eq. 2.40,

σi(t+ 1) = θ

[
1

2s

∫ t+s

t−s
fi (σ1(t), . . . , σN(t)) dt− 1

2

]
, (2.41)

where θ(x) is the step function defined in Eq. 1.2, the time delays are all set to 1, and

s � 1. Eq. 2.41 is essentially a low pass filter that averages over fluctuations over

a time interval of length 2s and thereby rejects short pulses. Short pulse rejection

means that a pulse with a duration shorter than s is simply deleted and has no

dynamic consequence. For example, suppose node 1 receives inputs from nodes 2

and 3, with the logical function and. Let the initial conditions be σ1(0) = σ2(0) = 0

and σ3(0) = 1. If node 2 turns on at time t and node 3 turns off at time t + ε

(ε� s), node 1 will turn on at time t and off again at time t+ ε. This behavior may

be considered unrealistic because it requires extremely fast response times, and in

some cases leads to increasingly rapid switching as t increases [30]. The short pulse

rejection mechanism avoids these problems.

The existence of continuous time now allows for the introduction of perturbations

to the timing of events. Suppose, for instance, that a flip that is supposed to occur at

time t is delayed until time t+ ε. If the system is able to heal any such perturbation,

the cycle is stable. A perturbation is healed if, after some transient, the system

returns to the original cycle (modulo a phase). If a switching event occurs at time t,

then t satisfies either (i) t ∈ Z or (ii) t− ε ∈ Z; if the timing perturbation has healed,

then all switching times t will satisfy the same criterion. The short-pulse rejection

mechanism is crucial for systems to have the ability to heal timing perturbation. If

the system is not able to heal all timing perturbations, the cycle is marginally stable.
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Klemm and Bornholdt use the term unstable, but this is not quite appropriate, as

there is no mechanism for a perturbation to grow.

Consider again the first example from the previous section, Eqs. 2.35 and 2.36.

The fixed points 01 and 10 are stable under timing perturbations: clearly, any fixed

point must be stable because there is no flipping event to delay. The 2-cycle between

the states 00 and 11 is marginally stable, as is shown in Fig. 2.11. Fig. 2.11(a)

shows the time series for the behavior of the two nodes in the absence of a timing

perturbation. Fig. 2.11(b) shows the same time series, but with the introduction of

a timing perturbation in the lower (purple curve) node. As the dynamics evolve, the

perturbation is maintained, so the cycle is marginally stable. This system is often

called a bistable switch because the stable solutions consist of one node on and the

other off, but there is no preference for which node will be which.

t

Σ

t

Σ

(a) (b)

Figure 2.11: Time series for the bistable switch. The arrows connect switching
events that are causally related. The time between causally connected switching
events is a constant. (a) The 2-cycle solution in the absence of a timing perturbation.
(b) The 2-cycle solution with a timing perturbation. The second node (purple) has
been delayed at the first shown switching event, and the perturbation never heals.
This leads us to conclude that the 2-cycle is marginally stable.

As an example of a system with a stable m-cycle with m > 1, consider a loop of

three inverters. The system has two solutions, a 2-cycle consisting of the states 000

and 111, and a 6-cycle

001→ 011→ 010→ 110→ 100→ 101→ 001 . (2.42)

A timing perturbation analysis reveals that the 2-cycle is marginally stable and the
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6-cycle is stable. Notice that in the stable cycle, only one node flips at each time step.

On the other hand, in the unstable cycles of both example systems, multiple nodes

must flip simultaneously. This gives us some intuition for what causes the instability.

The marginally stable solution exists when all nodes are updated synchronously (in

parallel), but its existence depends on the synchronization with an external clock.

Consider as a final example a loop of size N in which each node has the copy

function,

σi(t+ 1) = σi−1(t) , (2.43)

where node 0 is identified with node N . Every state is part of a cycle; there are

no transients. However, if we allow timing perturbations, we find that only all off

(000. . . 000) and all on (111. . . 111) states are stable: a large number of cycles are

dependent upon the synchrony of switching events. It is typical for Boolean systems

to have many marginally stable cycles.

Klemm and Bornholdt note that most real systems will not have any kind of

external clock, and one may expect timing perturbations to prevent systems from

accessing marginally stable cycles. They thus coin the terms reliable for synchronous

cycles whose autonomous counterparts are stable, and unreliable for synchronous

cycles whose autonomous counterparts are marginally stable [52]. They assert that

physical and biological systems should exhibit reliable dynamics. In [52] they show

that small changes of topology can improve the reliability of the dynamics of a

network, and in [11], Braunewell and Bornholdt present a theory of evolution that

shows how selective pressure can give rise to the necessary topological modifications.

These results are correct for simple loops; however, we will show in Chapter 3 that the

criterion of reliability is insufficient to determine whether or not a more complicated

continuous system will behave in a manner comparable to what the Boolean system

would predict.
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2.3.3 Dynamics of random Boolean networks

Now that we have examined the dynamics of some small example systems, we turn

our attention to the collective dynamics of large systems. To do this, we must define

the class of models we are going to study, which are referred to as random Boolean

networks (RBNs). A RBN is a Boolean network of N nodes in which the links and

logic functions are determined at random. There are many ways that one can choose

to randomly assign the link and logic distributions. Kauffman popularized a model in

which every node receives exactly K inputs, and each node in the network is equally

likely to be an input to a given node [43]. Self-inputs are allowed, but multiple inputs

from the same node are not. RBNs of this type are called NK models, as these two

parameters determine entirely the possible topologies. Fig. 2.9 shows an example of

a network with N = 10 and K = 2. Other input distributions are also possible; one

example is the scale-free network, in which the probability of a network having K

inputs falls off as a power law. The crucial feature of RBNs is the lack of correlations

between inputs.

We are interested in ensembles of networks. The ensemble may be thought of as

the set of all possible RBNs with a given distribution of Boolean functions. Quantities

of interest will be computed as ensemble averages. Furthermore, we will often be

interested in the thermodynamic limit N → ∞. With these ideas in mind, we now

begin our analysis of RBNs.

One quantity of interest is the bias ρ(t). For a particular instance of a network,

the bias is defined as the fraction of nodes in the state 1,

ρ(t) ≡ 1

N

N∑
i=1

σi(t) . (2.44)

If the nodes represent spins, the bias is essentially the magnetization. If ρ = 1/2,

the system is called unbiased; this corresponds to no net magnetization (because the
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“spins” are 0 and 1 instead of −1 and +1). The evolution of the bias, given by

ρ(t+ 1) = g (ρ(t)) , (2.45)

is called the bias map. We are interested in the long time behavior of the system and

thus in the attractor(s) of the bias map. While bias maps can show periodic – and

for sufficiently large values of K, chaotic – behavior, we are most interested in stable

fixed points. This is the most prevalent behavior in sparse networks that operate

near criticality (defined below). Additionally, transcriptional data from yeast show

that the regulatory functions belong to a class of functions that stabilizes the bias,

so this is believed to be the most biologically relevant solution [36, 45, 72].

The bias map can be evaluated using a mean-field technique called the annealed

approximation, first introduced in [22]. The Boolean networks we have considered

thus far are quenched, meaning that the topology and logic functions are fixed for

all time. In an annealed network, the logic functions and inputs are reassigned at

each time step. The dynamics of an annealed network are very different from that of

a quenched network: because the reassignment is stochastic, the dynamics are not

deterministic, and we do not expect to find cycles. However, in the thermodynamic

limit, the bias of an annealed network equals the bias of a quenched network with the

same distributions of links and Boolean functions. Correlations between nodes be-

come small as the size of the network becomes large, so the annealed approximation,

which explicitly destroys all correlations, will suffice [24, 3].

A succinct expression for g(ρ) in the annealed approximation is given in [49]. Let

x ∈ {0, 1}K be a input vector of length K. We define the conditional probability

P (x|ρ) to be the probability that an arbitrarily chosen node will receive an input

vector x given a network bias ρ. The expression for P (x|ρ) is thus

P (x|ρ) = ρ|x|(1− ρ)K−|x| , (2.46)
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where |x| is the number of 1s in x, |x| =
∑

i xi. The bias map is then given by

g(ρ) = E

[∑
x

f(x)P (x|ρ)

]
, (2.47)

where the expectation is taken over the logic distribution.

To understand this expression, it is helpful to consider some examples. For a

network with K = 2 we have

∑
x

f(x)P (x|ρ) =

f(00)(1− ρ)2 + f(01)ρ(1− ρ) + f(10)ρ(1− ρ) + f(11)ρ2 . (2.48)

This is the bias map for a network in which each node takes the Boolean function

f . Let us consider a K = 2 network in which every node has the or function, which

returns 0 if both inputs are 0 and 1 otherwise: f(00) = 0, f(01) = f(10) = f(11) = 1.

Using the above formula, the bias map is then g(ρ) = 2ρ − ρ2. This map has fixed

points ρ = {0, 1}. To analyze the stability, we compute the derivative g′(ρ) = 2− 2ρ

and evaluate it at the fixed points: g′(0) = 2 and g′(1) = 0. Our prior analysis of

maps tells us that ρ = 0 is unstable and ρ = 1 is stable. This is in line with our

intuition. In a K = 2 network composed entirely of or nodes, it is easy to see that

both fixed points, all 1 and all 0, are solutions. In the all off case, if a finite fraction

of nodes are flipped to the on state, this will create a cascade of flipping events that

will eventually turn every node (excluding disconnected pieces) on.

We now consider an example with multiple node types. Let q be the fraction of

nodes assigned the xor logic function, and 1− q the fraction of nodes assigned the

and logic function. xor is given by fX(00) = fX(11) = 0 and fX(01) = fX(10) = 1;

49



and by fA(00) = fA(01) = fA(10) = 0 and fA(11) = 1. Thus we have∑
x

fX(x)P (x|ρ) = 2ρ− 2ρ2 , (2.49)

∑
x

fA(x)P (x|ρ) = ρ2 . (2.50)

Taking the expected value, we find the bias map

g(ρ) = q
(
2ρ− 2ρ2

)
+ (1− q)ρ2 = (1− 3q)ρ2 + 2qρ . (2.51)

This map has two fixed points, which we will denote as µ: µ ∈ {0, (1−2p)/(1−3p)}.

To analyze the stability, we compute g′(µ), yielding

g′ (0) = 2q , g′
(

1− 2q

1− 3q

)
= 2(1− q) . (2.52)

Thus, µ = 0 is stable in the interval q ∈ [0, 1/2), and µ = (1− 2q)/(1− 3q) is stable

in the interval q ∈ (1/2, 1]. The orbit diagram is shown in Fig. 2.12.
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Figure 2.12: Orbit diagram for the bias map of a network with a fraction q xor
nodes and 1− q and nodes. The blue curve is the prediction made by the annealed
approximation. The + symbols denote the simulated data discussed in the text.

Simulations confirm that ensembles of quenched networks find the fixed point of

the bias map predicted by the annealed approximation. Fig. 2.12 includes simulated

data generated using ensembles of networks with size N = 1000. Each data point

represents an average over 15 networks, with 15 random initial conditions each. The

agreement between theory and simulation is very good. The greatest discrepancy

occurs at the bifurcation point, q = 0.5, due to finite-size effects.
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2.3.4 Ordered and disordered dynamics

In the xor-and network, the dynamics for q ∈ [0, 1/2) are clear: for a system

of finite size, the bias can be exactly zero only if every node is frozen on 0. In

the thermodynamic limit, a vanishing fraction of nodes are allowed to exhibit other

behavior. The mean field theory describes systems in the thermodynamic limit,

which we use as an approximation of large finite systems. In practice, finite size

effects may allow a small (but, of course, non-vanishing) fraction of nodes in such

systems to deviate from their zero value.

When the fixed point of the bias map is non-zero, this measure tells us less about

the dynamics. For example, when the bias is 1/2 (at q = 1), it could be that half

the nodes are frozen on 0 and half frozen on 1, or it could be that all the nodes are

oscillating between 0 and 1 such that they spend equal times at each value, or it

could be that there is some other complicated combination of oscillating and frozen

nodes. It is also possible, due to the bias being an ensemble average, that all the

nodes are frozen on 0 on one attractor and frozen on 1 on another. It is clear, then,

that another measure is needed to characterize the dynamics more fully.

To develop this measure, we first introduce a quantity h(t) called the Hamming

distance. Consider two copies of the same network in different states, labeled A and

B. We will assume that the bias map of this network has a unique, stable fixed

point. The (normalized) Hamming distance is the fraction of nodes whose state

differs between A and B:

h(t) =
1

N

N∑
i=0

[
σAi (t)− σBi (t)

]2
, (2.53)

where we continue to work in the thermodynamic limit N → ∞. The map which

gives the evolution of h(t) is in general difficult to find, and several variations have

been proposed, as discussed in [49]. We can try to write it as an expansion in powers
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of h(t) [24], yielding

h(t+ 1) = λh(t) + νh(t)2 + · · · . (2.54)

Thus, for sufficiently small values of h(t), we have

h(t+ 1) ≈ λh(t) . (2.55)

The fixed point of the Hamming map is h = 0, which we expect: the networks are

copies of one another and the dynamics are deterministic, so if σAi (τ) = σBi (τ), then

σAi (t) = σBi (t) for all t ≥ τ . We want to determine the stability of this fixed point

by evaluating λ. In general the value of λ may fluctuate as the bias changes, so

we will compute λ after ρ(t) has reached its steady state value [49]. In the regime

where h(t) � 1 and ρ(t) = µ, we expect λ (as an ensemble average quantity) to be

constant. The veracity of this statement will be manifest when we find and evaluate

λ, below.

Before we find an expression for λ, let us discuss what λ tells us about the

dynamics of the system. If λ < 1, the fixed point of the Hamming map is stable and

multiple copies of the same network initiated in different states will converge to the

same state, excluding perhaps a vanishing fraction of nodes. Thus, any node selected

at random will behave identically on all attractors with probability 1. Suppose now

that this behavior is oscillatory. Multiple copies of the network could reach the

periodic attractor but be out of phase, in which case the Hamming distance would

never converge to zero. This contradicts the original supposition λ < 1, so a fraction

1 of nodes in networks with λ < 1 must reach a unique steady state. Networks of

this type are called ordered or frozen [24, 3]. Note that we have not precluded the

existence of periodic attractors; a finite number of nodes may still oscillate.

If λ > 1, the fixed point of the Hamming map is unstable, so if two copies of

the same network are initiated with a small but non-zero Hamming distance, the

Hamming distance will grow until higher order terms in Eq. 2.54 begin to contribute
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significantly and λ alone does not determine the time evolution of h(t). Networks

with λ > 1 are called disordered or chaotic. The latter term is used because λ can

be considered an analogue of Lyapunov exponent, Eq. 2.17, in that it is a measure of

whether “nearby” trajectories will converge or diverge. However, it is also misleading

because a Boolean network of the type under consideration cannot exhibit aperiodic

dynamics, so there can be no real chaos. We will use the term disorder, rather

than chaos, to describe Boolean networks with λ > 1. Disordered networks will not

reach unique steady states, but nothing else can be said of their dynamics based on

the analysis presented here. Numerical simulations have revealed that disordered

networks typically have very long and complicated attractors.

Finally we consider critical networks, for which λ = 1. The Hamming distance

does not vary in time (on average). This is conjectured to be an important property

for biological systems [44]. If a network were to sit deep in the ordered regime, any

perturbation to the network state would quickly die out, so the system would be

incapable of performing multiple functions or responding to signals. On the other

hand, if a network were to sit deep in the disordered regime, a perturbation would

create a cascade of changes and the system would not be robust against fluctuations.

A critical network, however, has the ability to respond to a stimulus by propagating a

signal without dramatically altering a significant fraction of the network states. The

attractors of critical networks are observed to consist of a large frozen core, small

oscillating loops and many nodes who are driven by the loops.

We have seen that the value of λ can tell us a great deal (although not everything)

about the network dynamics, so we set about computing it. First we define a Boolean

derivative by

δf(x)

δxi
≡ f(x(i,0))⊕ f(x(i,1)) , (2.56)

where x is an input vector of length K, x(i,k) = (x1, . . . , xj−1, j, xj+1, . . . , xK), and ⊕
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denotes the xor function (addition modulo 2) [81]. The Boolean derivative is 1 (0)

if flipping the ith component of the input vector x flips (does not flip) the output

value f(x). As an example, consider the or function, for which we find

δf(00)

δx1

= 1
δf(01)

δx1

= 0
δf(10)

δx1

= 1
δf(11)

δx1

= 0

δf(00)

δx2

= 1
δf(01)

δx2

= 1
δf(10)

δx1

= 0
δf(11)

δx1

= 0 .

(2.57)

This expresses that only the following bit flip changes to the input vector cause a

change in the output of an or function:

00→ 01 , 10→ 00 , 00→ 10 , 01→ 00 . (2.58)

We now define the influence of the ith component of x to be

Ii(ρ) =
∑
x

δf(x)

δxi
P (x|ρ) . (2.59)

This is the probability that a bit flip in the ith component of x will change the value

of f(x), given a bias ρ. We further define the sensitivity to be

s(ρ) = E

[
K∑
i=1

Ii(ρ)

]
, (2.60)

where, as in Eq. 2.47, the expectation is over the distribution of functions in the

network [49]. The sensitivity is the average number of nodes that will flip in one

time step in response to a flip in an arbitrarily selected node. If we flip a fraction

n of nodes, the average number that will flip in response is approximately s(ρ)n, so

long as n is sufficiently small that we do not expect an appreciable number of nodes

in the network to receive inputs from multiple nodes in the set of manually flipped

nodes.

The original network and the network with n flipped nodes will have a Hamming

distance h = n. At the next time step, the Hamming distance will be approximately
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s(ρ)n. Thus,

h(t+ 1) ≈ s(ρ)h(t) . (2.61)

This confirms our previous statement that the evolution of the Hamming distance

depends upon the bias ρ. We are interested in the long-time behavior of the network,

so we choose to evaluate the sensitivity at the stable fixed point of the bias map, µ.

This condition, and the comparison of Eq. 2.55 with Eq. 2.61, gives us

λ = s(µ) . (2.62)

Now that we have an expression for λ, we can evaluate λ for our example of the

xor-and network. The result is

λ =

{
2q q < 1/2

1−q(2q2+q+2)
1−3q

q > 1/2
. (2.63)

A quick computation checks that λ < 1 for q < 1/2 and λ > 1 for q > 1/2. The

former result is expected: we already determined that every node must be frozen on

0 for q < 1/2, which by definition puts the system in the ordered regime. The latter

result tells us that the non-zero value of the bias for q > 1/2 is due to complicated

oscillations associated with disordered dynamics. Note that while in this example

non-zero values of the bias correspond with λ > 1, this is not generic.

As an additional example of some historical importance, consider a system pa-

rameterized by the probability p that fi(x) = 1 for any x and for any node i in the

network. For every node, the output column of the Boolean update table is randomly

determined by selecting, for each entry, 1 with probability p and 0 with probability

1− p. The influence of any input is

Ii(ρ) =
∑
x

δf(x)

δxi
P (x|ρ) = 2p(1− p)

∑
x

P (x|ρ) = 2p(1− p) . (2.64)

An unusual feature of this example is that the influence is independent of ρ. The
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sensitivity is

λ =
K∑
i=1

2p(1− p) = 2Kp(1− p) . (2.65)

This result was first obtained following a derivation in a famous paper by Derrida

and Pomeau [22]. Their calculation assumes a bias of 1/2 (an unbiased system), and

thus is not generally applicable. However, because the sensitivity is independent of

the bias in this example, the expression for λ for this system has been known for

some time. From it we see that the network originally characterized by Kauffman,

for which K = 2 and p = 1/2, is critical. A full phase diagram is shown in Fig. 2.13.

To conclude our discussion of the dynamics of large RBNs, we will consider the

relationship between the transition between order and disorder and a percolation

transition. We have already stated that every node (except a finite fraction) in an

ordered network freezes to a single value on all attractors. This does not occur in
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Figure 2.13: Phase diagram for a Boolean network with in-degree K, where each
node has a Boolean function that returns 1 with probability p. The critical boundary
is drawn, and the ordered and disordered regimes are labeled.

56



the disordered regime, so the fraction of unfrozen nodes is an order parameter for

the phase transition. We will now describe how a freezing process occurs.

We start with a set of frozen nodes. There are two reasons why these nodes

may be frozen: either they have constant output functions (they are completely

insensitive to their inputs), or they are part of self-freezing loops. A self-freezing

loop is a loop of nodes that can reach a state in which every node in the loop is

insensitive to its remaining inputs [69]. Once the loop as reached this state, it will

be frozen for all time. After this initial set of frozen nodes has been identified, we

identify all nodes who receive only inputs from frozen nodes; these nodes are now

also classified as frozen. There will now be additional nodes who receive inputs only

from the new, larger set of frozen nodes. Repeated iterations of this process create

a cascade of freezing over the network. In the ordered phase, all but a vanishing

fraction of nodes will freeze; in the disordered phase, a finite fraction of the network

will remain unfrozen.

Flyvbjerg was the first to identify the importance of a “frozen core” to the network

dynamics [28]. Samuelsson and Socolar put this on a firm mathematical foundation,

showing that exhaustive percolation on the network corresponds to the establishment

of the ordered phase [76]. Their results are important for multiple reasons. First,

they allow for the computation, either through analytics or exact numerics, of various

critical scaling laws. We will discuss these briefly in the next session. For our purpose,

the more important result is that the freezing process depends in no way on the

order in which the nodes are updated. Thus, despite the fact that the dynamics may

depend considerably on our choice to update every node in parallel, the classification

of networks as ordered, critical or disordered is completely independent of this choice.
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2.3.5 Additional topics of interest

The preceding discussion of Boolean dynamics has addressed the concepts that will

be most important for the original work presented in this thesis. This section will

survey some of the remaining topics in the field of Boolean networks. The purpose

here is to give a broader view of the field by briefly presenting some of the other

interesting results that have been obtained and posing some of the questions that

are under investigation.

One topic of considerable investigation is how various quantities scale with net-

work size. For example, one can ask how the numbers of unfrozen and relevant

nodes grow with N . An unfrozen node is simply a node that is not frozen on the

same value on all attractors, i.e. a node that does not freeze during the freezing

process described above. The relevant nodes are a subset of the unfrozen nodes, so

a frozen node is classified as irrelevant. A node with no outputs is irrelevant, and a

node whose outputs go only to frozen nodes is irrelevant. A node whose ouputs go

only to irrelevant nodes is also irrelevant. Through this iterative process, one can

identify nearly all the irrelevant nodes; the remaining unfrozen nodes are relevant

[29, 82]. Both numerical simulations and analytical calculations have shown that for

any critical network, the number of unfrozen nodes scales as N2/3, and the number

of relevant nodes scales as N1/3 [29, 82, 76, 47, 23, 59]. The fact that this result is

correct for any network, regardless of degree distribution and logical function distri-

bution, so long as the network is critical, is due to the universality of the freezing

process [76, 59]. Other quantities whose critical scaling has been studied includes

the number of attractors, which scales faster than any power law [77, 25], and the

number of relevant components, which scales logarithmically [46].

We now discuss a few additional quantities that have been used to characterize

Boolean dynamics. The first of these is the basin entropy, introduced and studied
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in [53]. The basin entropy for a basin of attraction α is defined as Sα ≡ −pα ln pα,

where pα is the fraction of the state space occupied by α. The total basin entropy

is then S =
∑

α Sα. For critical networks with K = 1, the basin entropy scales

with system size as N1/2. Numerical studies suggest that the basin entropy scales

with system size only for critical networks. If the basin entropy is believed to be a

measure of the information which a system is capable of storing, this then suggests

that critical networks are optimal for this purpose.

A second quantity related to information storage is the mutual information, in-

troduced and studied in [74]. A process sa which generates a vector of 0s and 1s is

defined to have an entropy H(sa) given by

H(sa) = −p0 log2 p0 − p1 log2 p1 , (2.66)

where p0 is the probability of generating a 0 and p1 = 1 − p0 is the probability of

generating a 1. Likewise the pairwise entropy of a process sab that generates two

binary vectors is

H(sb) = −p00 log p00 − p01 log p01 − p10 log p10 − p11 log p11 , (2.67)

where pxy is the probability that sab generates an x in vector a at one time step and

a y in vector b at the next. Finally, the mutual information between two vectors a

and b is given by

Mab = H(sa) +H(sb)−H(sab) . (2.68)

One can compute a mutual information for any pair of nodes in a Boolean network,

and by averaging over all pairs, one can compute an average mutual information for

the entire network. This quantity is strictly zero in the ordered regime because each

node is frozen on a constant value with probability 1, so p0 = 1 and p1 = 0, or vice

versa. In the disordered regime the average mutual information is non-zero. The

exact value at criticality is difficult to obtain for complicated reasons, but the limit
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as one approaches criticality from the disordered regime is maximal (with certain

caveats). Again, these results suggest that in some sense, critical networks “do

best.”

The idea that critical networks are optimized for various tasks is a favorite working

hypothesis of the Boolean networks community. For a third example, see [16]. This

remark is not meant flippantly: biological networks are conjectured to be near critical,

and these networks have behind them the developmental force of evolution [44].

Selective pressure has pushed them to tend continually toward optimization of some

character for thousands of years. As more data have become available, the conjecture

that biological networks are critical has been tested indirectly in S. cerevisiae [73]

and macrophages (white blood cells) [65], and more directly in S. cerevisiae, E. coli,

B. subtilis, A. thaliana and D. melanogaster [7]. In all cases, the results indicated

the the gene regulatory networks studied are near critical.

Another area of study is the effect of varying the scheme for choosing the order in

which the nodes are updated. We have considered synchronous updating, in which all

the nodes are updated in parallel. As was observed in the discussion on the stability

of cycles, the synchrony can introduce a large number of artifactual attractors, so

other schemes for updating the node values may yield a better representation of the

dynamics of real systems. One possibility is to use continuous time Boolean delay

equations of the type of Eq. 2.41, though the delays need not all be identical. This

kind of update scheme we call autonomous since there is no external clock. Boolean

delay equations have been the subject of a little study, as in [30], but on the whole

the behavior of autonomous Boolean networks remains poorly understood.

A third possibility is asynchronous updating, in which the nodes are updated one

at a time. Asynchronous updating can be deterministic; for example, one assign an

update frequency to each node, as in [34]. More commonly, the nodes are updated

in a sequence that is determined stochastically. In this case there is no attractor
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as such, but one can define an attracting set to be the subset of nodes which the

system can visit at long times. Asynchronous Boolean networks have seen some use in

biological modeling (see, for example, [17]), but as a general class of system, it has not

been studied extensively. One interesting result that has been obtained regarding

asynchronous nets is that the number of attracting sets in critical networks with

K = 2 scales with system size as a power law, in sharp contrast to the synchronous

case [33].

The discussion of this final subsection has covered some of the key topics under

study in the field of Boolean networks. Other topics, such as the effects of varied

in-degree distributions and noise, are just beginning to be examined. A recent result

indicates (not surprisingly) that noise in the form of a non-zero probability of making

an error, including for frozen nodes, will eliminate the phase transition because the

frozen nodes are no longer frozen [70]. The discussion of this entire section on Boolean

networks has illuminated the key features of Boolean dynamics: the existence and

stability of cycles, and the existence of well-defined phases, independent of the update

scheme. We now return to continuous systems, where we will consider the form of

genetic regulatory networks to which we might like to apply a Boolean model. Our

goal will be to understand the dynamic correspondence between these two systems.

2.4 Continuous networks

The final task of this chapter will be to develop a class of continuous systems that we

will attempt to model using a Boolean network. Our goal is to develop a mathemat-

ical formulation for a system that is a good candidate for Boolean modeling so that

we can study the successes and failures of the model. We are not seeking a system

to describe with a Boolean approximation; such systems already exist. As discussed

in the introduction, gene regulatory networks, neural networks and electronic cir-

cuits are a few examples. We are seeking a generic mathematical representation of
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a continuous system that is a good candidate for Boolean modeling.

First we note that it is clear that some systems will not be well approximated by a

Boolean idealization. Consider the two one-input functions shown in Fig. 2.14. The

function in panel (a) might be well represented by a copy function, as it returns a

low value when the input is low and a high value when the input is high, and it shows

no complicated behavior for intermediate input values. The function in panel (b) will

not be well represented by a Boolean function; it returns high values when its input

is low or high, and a low value when the input is intermediate. This intermediate

dependence cannot be mimicked by a Boolean function, so we seek to describe a

class of systems of the type shown in panel (a), systems that are good candidates for

Boolean idealization.

x

f !x"

x

f !x"

(a) (b)

Figure 2.14: (a) Good, and (b) bad candidate functions for Boolean idealization.

An example of a continuous system with the desired properties is a genetic reg-

ulatory network. A basic description of regulatory networks was given in the intro-

duction. One of the key properties is that each transcription factor (TF) – a protein

or protein complex – acts either as an activator, which increases the expression of the

target gene, or an inhibitor, which decreases the expression of the target gene. Mul-

tiple transcription factors may combine to act in a combinatorial complex fashion,

but all other protein concentrations held constant, we do not expect to see a com-

plicated dependence of the production of the gene on the concentration of a single
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TF. As more TF is added to the system, the rate of gene transcription will increase

if the TF is an activator, it will decrease if the TF is an inhibitor, or it will stay the

approximately same if it is insensitive to the TF. These are the logical possibilities

captured by the single-input Boolean functions: copy, invert, contradiction

(always 0) and tautology (always 1). We do not expect the rate of gene produc-

tion to initially decrease and later increase, or vice versa. Thus genetic regulatory

networks provide a good framework for systems that will avoid the behavior shown

in Fig. 2.14(b). Our discussion of the mathematics of gene regulatory networks will

follow the treatment in [4].

Let Pn, Mn and Tn be the promoter, mRNA and protein (TF) for gene n. Note

that Tn is the protein that is translated by Mn, not (necessarily) a protein that binds

to Pn. The reactions in the absence of regulation are given by

Pn → Pn +Mn (2.69)

Mn →Mn + Tn (2.70)

Mn → ∅ , (2.71)

Tn → ∅ . (2.72)

Eq. 2.69 represents the transcription of a gene by the RNA polymerase; Eq. 2.70

represents the translation of the gene into protein. Eqs. 2.71 and 2.72 represent the

degradation of mRNA and protein.

Eq. 2.69 gives only the basal rate of transcription; it does not allow for regulation

by TFs. To allow for this, we introduce two additional reactions,

Pn + Ti ↔ PnTi , (2.73)

PnTi → PnTi +Mn . (2.74)

Eq. 2.73 represents the binding of the TF to the promoter, and Eq. 2.74 represents

the transcription of the gene when the transcription factor is bound. These reactions

63



have built into them the possibilities of activation and inhibition. If the rate constant

for Eq. 2.74 is large compared to the rate constant of Eq. 2.69, then the presence of

Ti will greatly increase the amount of Mn that is produced, and so Ti is an activator.

If, on the the other hand, the rate constant for Eq. 2.74 is very small, then there will

be little additional Mn produced through this reaction. However, because free Pn is

binding to Ti through Eq. 2.73, the amount of free Pn will be reduced, and thus the

amount of Mn transcribed through Eq. 2.69 will also be reduced. In this case Ti is

acting as an inhibitor.

It is well known that proteins interact with one another. The simplest possible

interaction is dimerization, the binding of two proteins together. This is represented

by the reaction

Ti + Tj ↔ TiTj . (2.75)

The presence of dimers in the system now adds the additional possibility that a

dimer can bind to the promoter, so we have two additional reactions comparable to

Eqs 2.73 and 2.74:

Pn + TiTj ↔ PnTiTj , (2.76)

PnTiTj → PnTiTj +Mn . (2.77)

The new dimer TiTj can behave as either an activator or an inhibitor in the same

was as the monomer Ti, by exactly the same argument. One can go beyond dimers

to create polymers of any size, but the consideration of dimers will be sufficient for

us to derive mean-field equations for the rate of mRNA and protein production. It

will be clear how polymers of greater size would contribute.

We have three reversible reactions, Eqs. 2.73, 2.75 and 2.76. If the system is in

equilibrium, the forward and reverse reactions must proceed at the same rate. The
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steady state values then obey the proportionality relations

[Pn][Ti] ∝ [PnTi] , (2.78)

[Ti][Tj] ∝ [TiTj] , (2.79)

[Pn][TiTj] ∝ [PnTiTj] . (2.80)

The latter two of these relations imply that

[Pn][Ti][Tj] ∝ [PnTiTj] . (2.81)

Now let Pn0 be the probability that the promoter Pn is in the free (unbound) state,

Pni the probability that it is bound to the monomer Ti, and Pnij the probability that

it is bound to the dimer TiTj. Let yi ≡ [Ti]. If we assume that the relative abundance

of two states is proportional to the relative probability of the promoter being in each

of those states, then Eqs. 2.78 and 2.81 give us

Pni
Pn0

= ani yi , (2.82)

Pnij
Pn0

= bnijyiyj , (2.83)

where {ani } and {bnij} are constants of proportionality. These equations are solved by

Pn0 = 1/Z , (2.84)

Pni = ani yi/Z , (2.85)

Pnij = bnijyiyj/Z , (2.86)

where Z is the partition sum, given by

Z = 1 +
∑
i

ani yi +
∑
ij

bnijyiyj . (2.87)

This choice of Z gives the correct normalization

Pn0 +
∑
i

Pni +
∑
ij

Pnij = 1 . (2.88)
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Armed with these probabilities, we will now write down an expression for the

rate of transcription of Mn. Let rn0 be the rate of transcription of Mn assuming that

all the promoters are in the free state; i.e. let rn0 be the rate of transcription by

Eq. 2.69 alone. Similarly, let rni and rnij be the transcription rates for Eqs. 2.74 and

2.77, respectively, Then rn, the net reaction rate, may be given by

rn = rn0Pn0 +
∑
i

rni Pni +
∑
ij

rnijPnij . (2.89)

Note that we are making an approximation because we are using the equilibrium

probabilities. If the reversible reactions occur quickly compared to the transcriptional

process, the approximation will be a good one; if the reversible reactions are relatively

slow, the approximation will not be as good. If this approximation were used to

describe a particular biological system, its validity would have to be assessed for

that system. We are using genetic regulatory networks as a framework for finding a

set of equations that might lead to Boolean-like dynamics, so for our purposes the

approximation is not troublesome.

We have computed the rate at which Mn is transcribed. It will degrade at a

rate γn[Mn], where γn is the decay constant associated with Eq. 2.71. Thus, the

differential equation for the time evolution of Mn is given by

ẋn =
rn0 +

∑
i r
n
i a

n
i yi +

∑
ij r

n
ijb

n
ijyiyj

1 +
∑

i a
n
i yi +

∑
ij b

n
ijyiyj

− γnxn , (2.90)

where xn ≡ [Mn]. It is clear how Eq. 2.90 would be different had we included the

trimer term: both the numerator and the denominator would include terms like

yiyjyk. The general expression could include polymers of any size yi . . . ym, but for

our purposes it will suffice to work with the dimer terms.

The protein concentrations evolve according to the equation

ẏn = knxn − dnyn , (2.91)
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where kn is the rate constant of Eq. 2.70, and dn is the decay constant of Eq. 2.72.

We do not include terms representing the binding of a protein to another protein

or to the promoter because we are using the equilibrium steady-state relations to

approximate these quantities.

Eqs. 2.90 and 2.91 give us a system of differential equations to study. However, we

will make one additional approximation before proceeding. The nodes in a Boolean

system are not divided into two types, yet here we clearly do have two distinct classes

of quantities: mRNA concentrations and protein concentrations. Fortunately, it is

easy to combine these equations in a sensible way. The equilibrium solution to

Eq. 2.91 is easily found to be

yn =
kn
dn
xn (2.92)

We could simply substitute this expression into Eq. 2.90 and have a differential equa-

tion for xn. Unfortunately this substitution is too simple. Some time is required for

the mRNA to be translated into protein, i.e. for the system to reach its equilibrium

value. We will include this time explicitly in the form of a delay:

yn(t) =
kn
dn
xn(t− τn) . (2.93)

Although in this derivation the time delay is included to account for the time required

for translation, it can also represent the time required for protein folding, protein-

protein interactions, transport through the cell, and other processes that are not

explicitly modeled. Substituting Eq. 2.93 expression into Eq. 2.90 gives

ẋn(t) = fn [x1(t− τ1), . . . , xN(t− τN)]− γnxn(t) , (2.94)

f(x1, . . . , xN) = ηn

[
1 +

∑
i c
n
i xi +

∑
ij d

n
ijxixj

1 +
∑

i a
n
i xi +

∑
ij b

n
ijxixj

]
, (2.95)

where N is the total number of species (nodes). The constants {ani } and {bnij}
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have been rescaled by dn/kn and (dn/kn)2, respectively, and we have introduced the

constants ηn = rn0 , cni = rni a
n
i /r

n
0 and dnij = rnijb

n
ij/r

n
0 .

As a final comment, we note that in principle the time delays in Eq. 2.94 could

also depend on n. In this case we would have

ẋn(t) = fn [x1(t− τ1n), . . . , xN(t− τNn)]− γnxn(t) . (2.96)

Biologically the reason for this is that there are other processes besides transcription

and translation that we have not considered. For example, after the gene has been

translated into protein, the protein has to fold, diffuse through the cell and find its

target. The amount of time required for this will generally depend upon the location

of the target gene, and thus in our model, on n. In network language, the time delay

accounts for the time needed to send a signal from a node to its output, and there

is no reason to assume that all input signals to a given node will require the same

amount of travel time, regardless of their origins.

This concludes the mathematical background. In this chapter we have addressed a

variety of topics that are somewhat disparate. In the first three sections, we analyzed

the dynamics of continuous and discrete systems. Our discussion of discrete systems

focused on Boolean networks, which are systems of logical interactions that display

interesting behavior and are believed to be relevant for the modeling of some real

systems. In the fourth and final section, we derived the equations of motion for one

such system, a genetic regulatory network. Our main purpose here was not, however,

to describe regulatory networks. Our goal was to construct a class of continuous

systems that is controlled by repressing and activating inputs, and thus is a good

candidate for Boolean idealization.

In the chapters that follow, we will analyze in detail the correspondence in the

dynamics between continuous systems of this form and Boolean networks. In Chapter

3, we will study the feedback loop, which is the fundamental motif responsible for
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non-trivial dynamics. In doing so, we will see the importance of the inclusion of the

time delay. We will also find that two key features of continuous systems that is not

present in synchronous Boolean networks are the asymmetry between on and off

states and a node’s memory of events in its inputs. In simple feedback loops, these

features cause a collapse of attractors such that the stable attractors of the continuous

system correspond to the reliable cycles of the Boolean system; however, in slightly

more complicated systems, these features can stabilize unreliable cycles, destabilize

reliable cycles, and give birth to entirely new attractors. In Chapter 4, we will

investigate large networks, and we will find that the dominant source of discrepancy

between the Boolean and continuous systems is the loss of information down chains of

nodes in the continuous systems. Although we will obtain these results by studying

continuous systems of the form of Eqs. 2.95 and 2.96, the features we identify are not

specific to this form, and the results will be applicable to other systems that possess

these features. We will thus be able to reach some general conclusions.
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3

Attractor structure in small networks

In this chapter we will explore the attractor structure of small networks. A key

feature of networks with nontrivial dynamics is feedback. A feedback loop is any

causal path from a node back to itself. A network without feedback will have some

subset of nodes with no inputs, so their values are fixed by their initial conditions;

every other node in the network is simply a slave to these nodes. A feed-forward

network of this type can possess only fixed point attractors, so feedback is required for

more complicated dynamics. In this chapter we will examine feedback loops and the

effect of “decorating” such loops with an additional link. We will then ask whether or

not the dynamics of the continuous network correspond to the dynamics predicted by

Boolean modeling. We will identify some general features of the continuous systems

that are absent from synchronous Boolean models, and we will explain how those

features create or destroy the correspondence. The primary results of this chapter

are reported in [63].

70



3.1 Negative feedback loops

The simplest nontrivial network is a single node with a self input. A Boolean network

would then be given by

σ(t) = F [σ(t− 1)] , (3.1)

where, assuming that the Boolean update rule F (σ) does depend on σ, F (σ) can

be either F (σ) = σ (copy) or F (σ) = 1 − σ (invert). If the Boolean update rule

is copy, both possible states (0 and 1) are stable fixed points. It is clear that a

continuous system of the form

ẋ(t) = f [x(t)] (3.2)

can reproduce this behavior: it need simply have high and low stable fixed points.

If the update rule is invert, the Boolean system will oscillate. In this case, it is

clear that a continuous system of the form Eq. 3.2 cannot reproduce the oscillatory

behavior; as discussed in chapter 2, the only attractors available to such a system

are fixed points. We also saw in chapter 2 that the introduction of a time delay can

create oscillations in a single variable system. If the transfer function f(x) is linear,

the amplitude of the oscillations will either decay or grow without bound, but the

introduction of nonlinearities may allow for stable oscillations. We will show using

the single self inhibitor that this is the case.

To model the self inhibitor, we will use a transfer function of the form Eq. 2.95

with a cooperativity exponent of 2 (this corresponds to a gene that inhibits its ex-

pression with homodimer transcription factors). The non-dimensionalized equation

of motion is

ẋ(t) = f [x(t− τ)]− x(t) with f(x) =
η

1 + x2
. (3.3)

The (real) fixed point a satisfies a3 + a− η = 0, and in the absence of a time delay,

the system will always go to this fixed point. To see how the fixed point destabilizes
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to oscillations, we first linearize about a to find

ẏ(t) = −ξy(t− τ)− y(t) , (3.4)

where y represents the deviation of x from a, and ξ is given by

ξ = − df

dx

∣∣∣∣
x=a

=
2aη

(1 + a2)2 . (3.5)

Eq. 3.4 is a linear delay differential equation and can be analyzed using the techniques

of chapter 2. Using those methods we find that the critical value of τ at which the

fixed point destabilizes is

τc =
cos−1(−1/ξ)√

ξ2 − 1
. (3.6)

For τ > τc, certain oscillatory modes in the neighborhood of the fixed point will grow

in amplitude. From the nonlinear equation of motion we can see that this growth

will not continue without bound because the transfer function is restricted to the

range f(x) ∈ [0, η]. Thus, the destabilization of the fixed point as τ increases is a

Hopf bifurcation. The angular frequency of the limit cycle at the bifurcation point

is ω =
√
ξ2 − 1.

We would like to understand the dependence of τc on η, since τ and η are the

parameters in the equation of motion. τc(η) is plotted in Fig. 3.1. This is the phase

diagram, which shows where oscillations occur. Numerics show that the oscillatory

attractor is stable for all τ > τc.

The asymptotic behavior in Fig. 3.1 is worth examining. First, note that τc is

real only for ξ > 1. ξ(η) is an increasing function and ξ(2) = 1, so τc is real only for

η > 2. Second, from the definition of a we find that a → η1/3 as η → ∞, and thus

from Eq. 3.5 that ξ → 2 in this limit. From Eq. 3.6 we then find

lim
η→∞

τc =
2π

3
√

3
≈ 1.21 . (3.7)

72



0 10 20 30 40 Η

1

2

3

4

5
Τ

oscillations

fixed point

Figure 3.1: Phase diagram for the single self repressor.

The importance of these results is that there are some values of τ (η) for which

sustained oscillations are impossible, regardless of the value of η (τ). In particular,

we confirm that a zero time delay, or a time delay smaller than 1.21, cannot produce

sustained oscillations for any value of η.

Fig. 3.2 shows two time series for the single self repressor, one each for τ below and

above its critical value. This confirms the result of our calculations. Furthermore, it

shows that when the system is on the periodic attractor, it oscillates between a low

and a high value; although it (of course) passes through intermediate values, there

are no interesting qualitative features that we would demand a model of this system

reproduce. Thus, this system can be well modeled by the Boolean self inhibitor.

Finally we comment on the dynamics of systems for which τ < τc. This system

also can be well modeled by a Boolean node. There is only a single fixed point,

and any initial condition must be in its basin of attraction. We must choose a

threshold to decide whether to model the fixed point as a 0 or a 1 – in circuits with

multiple elements, the dynamics of other elements will often help us make a sensible

choice – and the appropriate Boolean function is simply tautology (always on) or

contradiction (always off). The same argument holds if the continuous transfer

function is increasing (an activator) instead of decreasing (a repressor), but still has
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Figure 3.2: Two time series for the single self repressor with η = 100. (a) τ = 1.0.
Because τ < τc, the oscillations die and the system flows to the stable fixed point. (b)
τ = 3.0. Because τ > τc, the fixed point is unstable and oscillations are sustained.

only one stable fixed point.

The purpose of this exercise was to determine how a simple feedback loop can

be modeled using a Boolean network. The discussion was limited to a system with

a monotonic transfer function: transfer functions with complicated intermediate de-

pendence are not good candidates for Boolean modeling. We showed that the qual-

itative features of the dynamics of the system can be well captured by the Boolean

model. We also showed that the dynamics of the self inhibitor can only be obtained

by a continuous system with sufficiently long time delays. We would like for the

networks we study to be capable of the full range of dynamics that real systems can

exhibit, so it is important that we include time delays in our systems.

A well known example of a simple circuit with negative feedback is the repressi-

lator, studied by and Elowitz and Leibler [26]. They constructed a synthetic circuit

consisting of the genes LacI, tetR and cI, which produce proteins LacI, tetR and cI,

respectively. LacI represses the expression of tetR, tetR represses the expression of

cI, and cI represses the expression of LacI. They show experimentally that depending

on certain biological parameters, such as the promoter strength, cooperativity and

decay rates, the system can exhibit either steady state or oscillatory behavior.
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Elowitz and Leibler develop a mathematical model with six variables: three gene

concentrations and three protein concentrations. The time evolution equations are

ṁi = α0 +
α

1 + pni+1

−mi , (3.8)

ṗi = β(mi − pi) , (3.9)

where {mi} and {pi} are the mRNA and protein concentrations, respectively. The

index labels the species and is modulo 3. The remaining quantities {α0, α, β, n} are

constant parameters; it is for mathematical convenience that they are assumed to

be the same for all reactions. The mathematical model predicts the same attractors

observed in the experimental system, and the phase diagram shows qualitative agree-

ment with the experiment. For example, high cooperativity in the synthetic circuit

promotes sustained oscillations, as does a high value for the cooperativity exponent

n.

We claim in chapter 2 that because the protein concentration tracks the mRNA

concentration, we can reduce the model of Leibler and Elowitz to one of the form

ẋi(t) = f [xi+1(t− τ)]− xi(t) with f(x) =
η

1 + x2
. (3.10)

We have done some renaming, chosen α0 = 0 and n = 2, and introduced a time delay

to account for the time required for the protein to reach its equilibrium value. Our

analysis can now proceed as before, except now in terms of the vector x = (x1, x2, x3).

The uniform fixed point is (a, a, a), where again a solves a3+a−η = 0. The linearized

equation of motion is ẋ = Jx, where the Jacobian is given by

J =

 −1 −ξe−λτ 0
0 −1 −ξe−λτ

−ξe−λτ 0 −1

 . (3.11)

The eigenvalues are λ = {−1 − e−λτ ,−1 + 1
2
ξe−λτ (1 ± i

√
3)} (by definition λ is the

eigenvalue of the d/dt operator). The first eigenvalue will always be negative, so
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we focus on the complex conjugate pair. Separating the equation into its real and

imaginary parts, as before, gives us

µ = −1 +
1

2

(
cosωτ ±

√
3 sinωτ

)
ξe−µτ , (3.12)

ω =
1

2

(
±
√

3 cosωτ − sinωτ
)
ξe−µτ . (3.13)

Setting µ = 0 and solving for τ gives us τc. Choosing the + sign gives the smallest

value for τc, i.e. the smallest value of τ for which the fixed point destabilizes to an

oscillatory mode. The expression for τc is

τc =
cos−1

[
1
2ξ

(
1 +

√
3(ξ2 − 1)

)]
√
ξ2 − 1

. (3.14)

Numerical simulation confirms that sustained oscillations are achieved for τ > τc.

A Boolean model of the repressilator is a loop of three inverters, as discussed

in section 2.3.2. We saw that this loop has two state cycles: an unreliable 2-cycle

that alternates between 000 and 111, and a reliable 6-cycle that rotates through the

remaining 6 states. The periodic attractors of both Elowitz and Leiber’s 6-variable

model and our 3-variable model correspond with the reliable 6-cycle. The 2-cycle is

a solution to the continuous systems as well, but it is unstable.

The repressilator has provided us with a nice example of several points. First,

we have seen that mathematical models of gene regulatory networks can correctly

predict the expression profiles observed in experiments, at least qualitatively. Second,

a “reduced” model without explicit equations for protein concentrations has been

demonstrated to give the same qualitative predictions as an “unreduced” model.

Third, the Boolean repressing loop correctly predicts the dynamics of the continuous

repressilator with sufficiently long time delays. This is in agreement with Elowitz and

Leibler’s findings; for a cooperativity n = 2, they observed that sustained oscillations
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are possible only for small values of β (c.f. Eq. 3.9)1. We now turn to study more

general properties of attractors in continuous networks and their correspondence with

Boolean attractors.

3.2 Boolean loops

We have identified feedback loops as the basic structure that creates interesting

dynamics in complex networks. In this section we review the dynamics of loops of

Boolean nodes. Consider a simple feedback loop in which each node i receives one

input from node i− 1 (modulo N), as in Fig. 3.3. In a Boolean loop in which nodes

are not allowed to simply take a constant value, each node must either copy or invert

its input. A loop with an even number of inverters is dynamically equivalent to a

loop with zero inverters because any pair of inverters can be transformed to copiers

by redefining the meaning of on and off for all nodes between them. Similarly, a

loop with an odd number of inverters is dynamically equivalent to a loop with exactly

one inverter. For a loop with a single inverter, there is no fixed point because any

configuration must contain at least one node whose value is not consistent with its

input. Such an inconsistency we refer to as a kink.

A synchronously updated Boolean loop has many attractors (cycles) and no tran-

sients: every state is on an attractor. If N is a prime number, the number of attrac-

tors is [24]

A =

{(
2N − 2 + 2N

)
/N zero inverters ,(

2N − 2 + 2N
)
/2N one inverter .

(3.15)

If the number of inverters is 0 (or even), the attractors consist of two fixed points

and cycles of period N . If the number of inverters is 1 (or odd), the attractors

1 The repressilator has multiple nodes, so unlike in the case of the single self repressor, there are
other methods of obtaining sustained oscillations, e.g. raising the cooperativity. The point is not
that time delays are always required: the point is that the inclusion of time delays is sufficient to
explore the full range of the possible dynamics.
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consist of cycles of period 2N and a single attractor of period 2. If N is not prime

and the number of inverters is 0 (1), there will also be cycles whose periods are

a divisor of N (twice a divisor of N) [24]. However, using the stability criterion

defined by Klemm and Bornholdt [51], most of these attractors are unreliable. If

a loop contains multiple kinks, the separation between kinks cannot change under

synchronous update. Under autonomous update, however, there is no mechanism

for restoring a perturbation to the time between two kinks, so any attractor with

multiple kinks is marginally stable. Thus only stable (reliable) attractors are the two

fixed points in a loop with 0 inverters, and the single 2N -cycle consisting of a single

kink propagating around the loop in a loop with 1 inverter.

We identify a kink at a node as positive (negative) when the node’s input is on

(off). For example, if the input to a copy node is 1 (0) but the copy node has

value 0 (1), we identify the kink at the copy node as positive (negative). If the

copy node has the same value as its input, there is no kink. A single kink traveling

around a loop with a single inverter changes sign each time it passes the inverter.

Figure 3.3: A simple loop.
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The definition of reliability employed by Klemm and Bornholdt assumes that the

time delay to a node is the same regardless of whether an input is turning the node

on or off. The breaking of this symmetry leads to different propagation speeds

for positive and negative kinks. In the simple loop considered in this section, this

will not change the attractor structure; however, in more complicated systems, the

asymmetry can destroy or stabilize some marginally stable cycles. We will see in the

following section that continuous systems generally break this symmetry, and thus

destroy the correspondence between continuous and Boolean systems.

3.3 Analysis of continuous systems

To study the propagation of positive and negative kinks, we derive the time it takes

for a single kink to pass from one node to the next in a chain of single-input nodes.

Consider a continuous system (x0(t), x1(t), . . .), where xi(t) is the value of node i.

Node 0 will serve as an input, and the other nodes obey

ẋi = fi [xi−1(t− τi)]− γixi(t) , i ∈ {1, 2, . . .} , (3.16)

where fi(. . .) is a monotonic function. We assume the initial condition xi(t) = αi for

t ≤ 0, with γiαi = fi(αi−1) for i ∈ {1, 2, . . .}, where {αi} are constants. If x0 switches

value, approaching a constant value β0 at long times, each node xi will eventually

approach a new value βi.

We define the quantity

x̂i(t) ≡
xi(t)− βi
αi − βi

, (3.17)

which has the properties x̂i(t) = 1 for t ≤ 0 and x̂i(t) → 0 as t → ∞. We further

define a specific time si associated with the switch from αi to βi by the formula

si ≡
∫ ∞

0

dt x̂i(t) . (3.18)
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Roughly speaking, a larger value of si corresponds to a longer switching time in xi(t).

To evaluate si, we first note that the formal solution to Eq. 3.16 is

xi(t) =

∫ t

−∞
du f [xi−1(u− τi)] eγi(u−t) . (3.19)

For notational convenience, we will temporarily suppress the index i and the depen-

dence of f(. . .) on xi−1. The solution then takes the form

x(t) =

∫ t

−∞
du f(u− τ)eγ(u−t) . (3.20)

For t ≤ 0, f(t− τ) = f(t) = αγ. Thus,

x(t) =

∫ 0

−∞
du f(u− τ)eγ(u−t) +

∫ t

0

du f(u− τ)eγ(u−t) (3.21)

= αγe−γt
∫ 0

−∞
du eγu +

∫ t

0

du f(u− τ)eγ(u−t) (3.22)

= αe−γt +

∫ t

0

du f(u− τ)eγ(u−t) . (3.23)

Eqs. 3.17 and 3.18 give us

s =
1

α− β

∫ ∞
0

dt x(t)− β

α− β

∫ ∞
0

dt . (3.24)

The strategy is to substitute Eq. 3.23 into Eq. 3.24. Both integrals in Eq. 3.24

diverge, and we are computing the finite difference between two diverging quantities.

For this reason it is convenient to introduce a quantity s′ in terms of a cutoff Λ:

s′ ≡
∫ Λ

0

dt x̂(t) (3.25)

=
1

α− β

∫ Λ

0

dt x(t)− β

α− β

∫ Λ

0

dt . (3.26)

Both terms in this equation are finite, and we can later find s from s′ by taking the

limit Λ→∞.
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Substituting in Eq. 3.23, we see that the first integral in Eq. 3.26 is∫ Λ

0

dt x(t) = α

∫ Λ

0

dt e−γt +

∫ Λ

0

dt

∫ t

0

du f(u− τ)eγ(u−t) . (3.27)

The first term is trivial:

α

∫ Λ

0

dt e−γt =
α

γ

(
1− e−γΛ

)
. (3.28)

The second term can be evaluated by changing the order of integration:∫ Λ

0

dt

∫ t

0

du f(u− τ)eγ(u−t) (3.29)

=

∫ Λ

0

du

∫ Λ

u

dt f(u− τ)eγ(u−t) (3.30)

=

∫ Λ

0

du f(u− τ)eγu
∫ Λ

u

dt e−γt (3.31)

=
1

γ

∫ Λ

0

du f(u− τ)− 1

γ

∫ Λ

0

du f(u− τ)eγ(u−Λ) . (3.32)

As t → ∞, x(t) → β and so f(t) → γβ. Let w be a constant such that for t ≥ w,

f(t−τ) ≈ γβ. We can choose w as large as we like, so we can find f(t−τ) arbitrarily

close to γβ. Using this to evaluate the second integral in Eq. 3.32, we obtain∫ Λ

0

du f(u− τ)eγ(u−Λ) (3.33)

=

∫ w

0

du f(u− τ)eγ(u−Λ) + γβ

∫ Λ

w

du eγ(u−Λ) (3.34)

=

∫ w

0

du f(u− τ)eγ(u−Λ) + β
[
1− eγ(w−Λ)

]
. (3.35)

Putting it all together, we find

s′ =
1

γ(α− β)

{
α− β +

∫ Λ

0

du [f(u− τ)− γβ]

+

[
βeγw − α−

∫ w

0

du f(u− τ)eγu
]
e−γΛ

}
. (3.36)
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We now obtain s by taking the limit Λ → ∞. In this limit, e−γΛ → 0, and its

prefactor remains finite, so that whole term goes to zero. Thus we have

s =
1

γ
+

1

γ(α− β)

∫ ∞
0

du [f(u− τ)− γβ] . (3.37)

Let f̂(t) be defined in terms of f(t) as

f̂(t) ≡ f(t)− γβ
γ(α− β)

. (3.38)

f̂(t) has the properties that f̂(t) = 1 for t ≤ 0, and f(t)→ 0 as t→∞. In terms of

f̂(t), we have

s =
1

γ
+

∫ ∞
0

du f̂(u− τ) . (3.39)

Changing variables to t = u− τ yields

s =
1

γ
+

∫ ∞
−τ

dt f̂(t) (3.40)

=
1

γ
+

∫ 0

−τ
dt+

∫ ∞
0

dt f̂(t) (3.41)

=
1

γ
+ τ +

∫ ∞
0

dt f̂(t) . (3.42)

Finally, restoring the indices we have

si =
1

γi
+ τi +

∫ ∞
0

dt f̂i [xi−1(t)] . (3.43)

The specific time in between the switching of xi−1 and xi is therefore

si − si−1 =
1

γi
+ τi +

∫ ∞
0

dt
{
f̂i [xi−1(t)]− x̂i−1(t)

}
. (3.44)

This is the sum of the time delay τi, an intrinsic term associated with the decay

constant γi, and an additional term that depends on the details of the input function

f̂i(. . .). This final term will in general be different for positive and negative kinks
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η b d
1 .001 .1 for a copier

100 .1 0 for an inverter

Table 3.1: Parameter values for the transfer function Eq 3.45.

because the mechanisms for turning on and turning off are different. The asymmetry

between on and off states in the continuous system produces an asymmetry in kink

speeds that is present neither in synchronous nor autonomous Boolean networks.

Consider as an example the transfer function

f(x) = η

(
1 + bx2

1 + dx2

)
, (3.45)

where the parameters {η, d, b} for copiers and inverters are given in Table 3.1 and

the decay constant is set to 1. Numerical integration shows that for copiers, the

additional delay associated with the third term in Eq. 3.44 is positive for negative

kinks and negative for positive kinks. On a chain of copiers, positive kinks will

thus propagate faster than negative kinks, which implies that on pulses will broaden

and off pulses will shrink and disappear. On a loop of copiers, then, an on pulse

will grow and eventually fill the loop, reaching the all-on fixed point. The all-off

fixed point is also a stable attractor, but its basin of attraction is much smaller. By

changing the parameters it is possible to reverse this situation, but arranging for

precisely equal propagation speeds requires fine tuning.

Fig. 3.4 shows the numerically simulated time series for four nodes – three copiers

and one inverter – connected in a loop. Due to the difference in kink speeds, positive

and negative kinks will meet and annihilate. The presence of the single inverter

prevents the system from reaching a fixed point, so the attractor consists of a single

kink propagating around the loop, changing sign each time it passes through the

inverter. The figure shows explicitly that the time between switching events depends

on whether the kink is in its negative or positive form.
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Figure 3.4: Time series for a single kink propagating around a loop of one inverter
(blue) and three copiers (purple, yellow, green). The arrows show that the temporal
spacing between switching events is greater for turning off than for turning on because
the positive kink travels faster than the negative kink. The time delay in this system
is τ = 2 for all nodes.

Until now, we have neglected the fact that the propagation speed of a kink through

a given node is influenced by kinks that have previously passed through: the deriva-

tion of Eq. 3.44 explicitly assumes that each node switches only once in all time.

From Eq. 3.19, we see that xi(t) has an exponentially decaying memory of events in

xi−1(t). Suppose xi−1 switches steady state values from αi−1 to βi−1. xi will then

approach the value βi = fi(βi−1)/γi. If xi−1 remains constant for all time, xi will get

arbitrarily close to βi. However, if xi−1 switches again, back to αi−1, xi will likewise

switch to approach αi = fi(αi−1)/γi. |xi(t)−βi| will reach a minimum finite value, a

direct consequence of the decaying memory of the value of xi before the first switch.

This has the effect of speeding up the kink associated with the second switch.

For concreteness, consider an on pulse consisting of a positive kink followed by

a negative kink. Because fi(x) is monotonic, the memory of low values of xi−1(t)

before the pulse in xi−1(t) will speed up the effect of the trailing edge. The interaction

shortens the pulse duration at xj(t), and monotonicity of fi(x) ensures that the effect

is stronger for shorter pulses.

Fig. 3.5 shows two pulses. The left panel shows a pulse in x1, which serves as

an input to x2. The right panel shows the response of x2, which copies its input
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Figure 3.5: Left: an input pulse. Right: the response pulse of a copier. The widths
of the pulses are w1 and w2. The asymmetry in kink speeds causes pulses to grow,
so w2 > w1.

according to Eq. 3.45. The width of the pulse in xi is given by

wi =

∫ ∞
0

dt
xi − αi
βi − αi

, (3.46)

where αi and βi are the low and high values, respectively, obtainable by xi. This

differs from the definition of si, the switching time for a kink, because here xi(0) = αi

and xi(t)→ αi as t→∞; xi(t) approaches βi at some intermediate time.

For the chosen transfer function, evaluation of the integral in Eq. 3.44 gives −0.45

for positive kinks and 0.29 for negative kinks, so as the pulse passes from x1 to x2,

we expect to see the pulse grow by an amount

w2 − w1 = 0.74 (3.47)

due to the asymmetry in kink speeds. Fig. 3.6 shows w2 − w1 as a function of w1,

as determined by numerical integration of the equation of motion. For large values

of w1, we do indeed obtain w2 − w1 ≈ 0.74. However, as w1 decreases, w2 − w1

also decreases. The pulse is shrunk from the value predicted by Eq. 3.44 due to the

memory effect, and the memory effect is stronger for shorter pulses.

We have considered the memory effect for on pulses. Similar reasoning shows

that an off pulse will also be shorter than the time between kinks one would predict
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Figure 3.6: The amount the pulse of Fig. 3.5 grows as it passes from x1 to x2 For
large input pulses, the pulse growth is approximately that given by Eq. 3.44. For
small input pulses, the memory effect noticeably shrinks the pulse.

from Eq. 3.44 alone. Memory of the high value in the input preceding the off pulse

will prevent a copier from reaching its minimum value, and the positive kink will

speed up, thereby reducing the width of the pulse.

In a chain of copiers, different propagation speeds of positive and negative kinks

will lengthen (shorten) a traveling on (off) pulse. In a chain that contains inverters

arranged such that a single pulse spends equal amounts of time in its on and off

configurations, the asymmetry between positive and negative kinks alone may not

change the average pulse duration, but the pulse would still be shortened by the

memory effect.

Because the strength of the memory effect increases as two kinks approach each

other, a pulse or other sequence of kinks cannot propagate stably on a chain of

single-input nodes — only a single kink can have a stable shape as it advances. For

simple loops, then, stable attractors must have only zero or one kink. These two

possibilities correspond precisely to the fixed points and single-kink cycles that are

the reliable attractors of the corresponding Boolean systems.
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3.4 Loops with a self-input

Having identified the important non-Boolean features on simple loops, we now con-

sider the effect of those features on loops in which a single node has an additional

self-input. This can be considered the next level of complexity, and we will see that

while the asymmetry in kink speeds and the memory effect created a correspondence

between continuous and reliable Boolean dynamics on simple loops, their influence

on the dynamics of a more complex system can be more varied, and in general will

depend upon the logical structure of the particular system. For the present discus-

sion, we restrict attention to the case N = 4, as shown in Fig. 3.7. The attractor

structure of the Boolean network is nontrivial. Without loss of generality, we assume

that nodes 2, 3 and 4 are all copiers. There are ten possible choices of the Boolean

function at node 1 for which both inputs are relevant. These comprise of five pairs

that are related by an on-off symmetry. For two of these pairs, the only attractors

are fixed points, so there are only three nontrivial cases: (I) nor, (II) xor and (III)

nif. These logic functions are exhibited in Table 3.2. In case I, there is a single

attractor that is (surprisingly) unreliable. In cases II and III, the all-off state is a

fixed point. Case II also has a reliable cycle containing all 15 other states. Case III

has two cyclic attractors, both unreliable: a 4-cycle consisting of the state 1000 and

its cyclic permutations, and a 2-cycle consisting of the states 1010 and 0101.

In the previous section, we found that on loops the asymmetry of kink speeds

and memory effect lead to an attractor collapse so that the only stable attractors are

x4 x1 nor xor nif
0 0 1 0 0
0 1 0 1 0
1 0 0 1 1
1 1 0 0 0

Table 3.2: Two-input Boolean functions for node 1 in Fig. 3.7.
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Figure 3.7: A loop of four nodes with a single self-input.

those that correspond to the reliable attractors in a synchronous Boolean network.

For loops with a self-input, the situation is more complicated. First, note that

the analysis of pulse propagation gives a quantitative measure of the asymmetry

discussed above. The asymmetry enables some attractors classified as unreliable by

the (symmetric) Boolean analysis to be stable in the continuous system. Second,

memory effects associated with multiple inputs to a single node can lead to repulsion

between pulses and stabilization of new attractors related to synchronous Boolean

ones but with shifts in the timing between pulses. To see this, we studied the

three cases identified above using an integration scheme that takes advantage of the

structure of Eq. 3.19 as described in Appendix A.

The equation of motion for the copiers is

ẋi = f [xi−1(t− τ)]− xi(t) , i ∈ {2, 3, 4} , (3.48)

where f(x) is given by Eq. 3.45 with the parameters given in Table 3.1. For sim-

plicity we have assumed that the cooperativity exponent is two, which in genetic

regulatory networks corresponds to the assumption that proteins form homodimers

before binding to the DNA. We have also assumed that all time delays are equal and

all decay constants are equal, and the latter we have set to 1.
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The equation of motion for the node with the self-input is

ẋ1(t) = g [x1(t− τ), x4(t− τ)]− x1(t) , (3.49)

g(x1, x4) = η

(
1 + d1x

2
1 + d4x

2
4 + d14x1x4

1 + b1x2
1 + b4x2

4 + b14x1x4

)
, (3.50)

where we now allow for the existence of the “heterodimer” term x1x4. Parameter

values for each case must be chosen so that g(x1, x4) corresponds to the correct

Boolean function. The parameter values used for the numerical studies are given in

Table 3.3. In each case the parameters were chosen such that g(x1, x4) takes on a high

value where the corresponding Boolean function has a 1, and a low value where the

corresponding Boolean function has a 0. For example, using the nor parameters,

we find g(0, 0) = 100, g(0, 100) = g(100, 0) ≈ .1 and g(100, 100) ≈ .05. This is

consistent with the Boolean nor function, which returns 1 when both inputs are 0

and 0 otherwise. Large departures from the listed parameter values will change the

transfer function so that it no longer corresponds well to the given Boolean function,

and this will significantly alter the dynamics of the system. Small departures that

leave the basic shape of g(x1, x4) in tact do not appear to give rise to behaviors that

are qualitatively different from those described below.

Function η b1 b4 b14 d1 d4 d14

nor 100 .1 .1 0 0 0 0
xor 1 .001 .001 .02 .1 .1 0
nif 1 .1 0 .02 0 .1 0

Table 3.3: Parameter values for g(x1, x4) in Eq. 3.50.

3.4.1 Case I: NOR

Most initial conditions lead first to a long transient that corresponds to the unreliable

attractor observed in the synchronous Boolean network. The transient eventually

gives way to the stable attractor shown in the upper panel of Fig. 3.8, which has
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Figure 3.8: Time series for case I (nor) with τ = 10. The blue, purple, yellow and
green curves represent nodes 1, 2, 3 and 4, respectively. The upper panel shows non-
synchronous timing stabilization due to memory effects in the continuous system.
The lower panel shows a stable attractor that has no analogue in the corresponding
synchronous Boolean system. In both plots the time axis has been shifted by ∼ 106

to account for a long transient.

two pulses separated in time by approximately (5/2)(τ + 1), an example of the

stabilization (due to memory effects) of an intermediate inter-pulse interval where the

synchronous Boolean attractor has pulses separated in time by alternating intervals

of 2 and 3 time steps. The path by which the continuous system arrives at the

attractor is rather robust: for a wide range of initial conditions, the system goes to

the Boolean-like transient in a short time and then gradually shifts to the attractor.

The shift is extremely slow because of the weakness of the memory effect: the plot

in Fig. 3.8 has the t−axis shifted by approximately 106. In some cases, we observe

the attractor shown in the lower panel of Fig. 3.8, which has three pulses with a

temporal separation of (5/3)(τ + 1) between each pair. This attractor corresponds

to a marginally stable cycle of the autonomous Boolean network, but the timing is

incompatible with the synchronous updating scheme.
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Figure 3.9: Time series for case II (xor) with τ = 10. The blue, purple, yellow and
green curves represent nodes 1, 2, 3 and 4, respectively. The attractor is inherently
non-Boolean.

The appearance of attractor periods having 5(τ+1) as an integer multiple can be

understood analytically. Kaufmann and Drossel have analyzed the possible attractor

periods in synchronous Boolean networks in loops with a single cross-link [48]. A

straightforward extension of their model to the autonomous network of our loop

with the nor self-input reveals that all cycles in the autonomous model must have a

period of the form 5/m, where m is an integer and the time unit is the time required

for a kink to advance through one node. The corresponding period in the continuous

model is therefore 5(τ + 1)/m.

3.4.2 Case II: XOR

In case II, two attractors are observed: the fixed point and an oscillatory attractor

that appears to be aperiodic. As shown in Fig. 3.9, the latter behavior is sensitive to

intermediate variable values and is thus inherently non-Boolean. The intermediate

pulse heights and short pulse widths suggest that the memory effect plays a large role

in the determination of the dynamics. This demonstrates that complicated Boolean

cycles, even when reliable, may be difficult to reproduce in continuous systems.
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Figure 3.10: Time series for case III (nif) with τ = 10. The blue, purple, yellow
and green curves represent nodes 1, 2, 3 and 4, respectively. The upper panel shows
a single pulse attractor, and the lower panel shows a double pulse attractor. Both
correspond to unreliable cycles in the synchronous Boolean system.

3.4.3 Case III: NIF

In case III, we observe one fixed point and two limit cycles, corresponding to each

of the three Boolean attractors, with no long transients. The limit cycles, shown

in Fig. 3.10, are unreliable in the Boolean case but stable in the continuous case –

examples of stabilization due to asymmetry in kink propagation speeds and a pulse-

shortening self-input node. Though the pulse has broadened in traveling around the

loop, a new trailing edge is generated by the self-input, which occurs one delay time

after the arrival of the leading edge.

The difference in pulse height in the two limit cycles is due to the dependence

of g(x1, x4) on small variations in x1 when x4 is nominally on and x1 is nominally

off. The variations in the off-state of x1 are caused by the delayed self-input that

suppresses the off-state during a time of approximately τ following each pulse. In

the limit cycle with two pulses, the suppression is still active when the next pulse
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starts. This is not the case for the single-pulse attractor and the slightly higher

off-state leads to a suppression of the pulse height.

3.4.4 Time delays

One conclusion from the beginning of this chapter is that time delays should be

included to explore the full range of the dynamics available to small feedback loops.

The above observations remain valid for all sufficiently large values of τ . For small τ ,

the systems studied have only fixed point attractors. As τ is increased, the oscillatory

attractors are born by means of saddle-node bifurcations of cycles in cases II and III.

In case I, a subcritical bifurcation to a state cycle with period near 3(5/2)(τ + 1) is

followed by a subcritical, symmetry-restoring bifurcation with period near (5/2)(τ +

1). The cycle with period 3(5/2)(τ + 1) has no direct correspondence to a cycle in

the autonomous Boolean network.

3.5 Conclusion

Our study of simple and single self-input loops has elucidated some important fea-

tures of continuous systems that are absent in synchronous Boolean networks: (i)

the asymmetry in the reaction time of a node when an input switches on or off;

(ii) deviations from nominal on and off values; and (iii) memory effects due to the

exponential decay of variables to their steady state values for fixed points. These

features are crucial for stabilization and destabilization of oscillations in the systems

we have investigated. In simple loops, they lead to a set of stable attractors that

coincides precisely with the reliable attractors identified by Klemm and Bornholdt

[51, 52]. When more complex logic is introduced, as illustrated here by adding a

self-input to one node in a loop, the stable continuous attractors do not correspond

to the reliable attractors.

The effects discussed in this chapter may also be relevant for understanding cell
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cycle oscillations in yeast, where there is evidence for a transcriptional oscillator and

recent proposals for the genes involved suggest a fundamental ring of four elements

with multiple feed-forward and feedback links [71]. We have seen, for example,

that a pulse of activity may propagate stably in such networks even where Boolean

reasoning suggests otherwise.

Having identified the important dynamical features in small loops, we now turn

to larger systems. In the following chapter we will investigate large random networks

of continuously valued elements and compare their dynamics to that of their Boolean

analogues. Although the non-Boolean features discussed in this chapter have a sig-

nificant impact on the attractor structure of small networks, we will see that they

do not play a dominant role in determining the average behavior of larger systems.

Instead, collective effects between the nodes play a dominant role.
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4

Collective effects in large networks

In the previous chapter, we explored the fundamentals of switching networks. We

identified features which allowed us to understand fully the dynamics available to

chains of nodes and loops. Numerical studies of more complex systems – loops with

an additional self-input – revealed more complicated behavior, much of which was

explainable using the features we identified. This was akin to the “mechanics” of

networks, and as in mechanics, increasing the complexity of the system rapidly makes

it difficult to treat. Although larger systems will continue to exhibit the asymmetry

in kink speeds and the memory effect, it is difficult to explain the attractor structure

in terms of these features and logical interactions. In this chapter, we make the

leap from small, tractable systems to systems in the limit N → ∞, building the

“thermodynamics” or “statistical mechanics” of networks. The bulk of this chapter

has been published as a research article [64].

We consider an illustrative class of continuous models and show that information

propagation along chains plays a key role in determining the qualitative dynamical

behavior of large random networks. We develop a modified Boolean theory incor-

porating the effects of signal decay on certain chains that explains key features of
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the continuous dynamics. Applying the theory to the transition between order and

disorder in random networks [76, 49], as described in Chapter 2, reveals that signal

decay has little effect on ordered dyanmics but can lead to a substantial suppression

of disorder. Finally, we study cis-regulatory functions from the quantitative biol-

ogy literature and show that our theory accounts well for the dynamics of random

networks constructed using those functions. The differences in collective behavior

of the continuous systems and naive Boolean models are not simple extensions of

the differences in attractor structure noted in Chapter 3. They suggest both that

caution should be taken when making inferences based on Boolean modeling of indi-

vidual nodes and that appropriately modified Boolean models can still provide useful

insights.

We study continuous systems with variables {xi} and time evolution equations

ẋi(t) = fi[xj(t− τij), xk(t− τik)]− γixi(t) , (4.1)

fi(xj, xk) = ηi

[
1 + djx

2
j + dkx

2
k + djkxjxk

1 + bjx2
j + bkx2

k + bjkxjxk

]
, (4.2)

where ηi, γi, the b’s and the d’s are constant coefficients and τij is a constant time

delay associated with the conversion of the output of node j into its active form

and/or a propagation time between node j and its target node i. Each node i receives

exactly two inputs from randomly selected nodes in the network and responds as

determined by its transfer function fi. The form of the differential equations is

motivated by studies of genetic regulatory networks, in which case the variables

represent mRNA concentration [4], as discussed in Chapter 2.

4.1 Analysis of two specific systems

We consider two random network systems, S1 and S2, that have the same Boolean

idealization, meaning that they would naively be modeled with the same Boolean
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Figure 4.1: The transfer functions g1(x, y) (left) and g2(x, y) (right). Both func-
tions have the same Boolean idealization.

network, but turn out to behave quite differently. Each node in Sα is assigned

fi = gα with probability p and fi = h otherwise, where gα and h are defined by

the parameters listed in Table 4.1. g1 and g2 are plotted in Fig. 4.1. In a Boolean

network, both would be approximated by a nif function, which returns a 1 if and

only if the first input is 1 and the second input is 0. h corresponds to a Boolean

or function. The choice of nif and or functions allows us to tune through the

order–disorder transition by varying p. The qualitative results are not specific to

this choice.

To study the behavior of S1 and S2, the continuous dynamics are simulated using

the fourth order Runge-Kutta method described in the Appendix. The time delays

{τij} are set to 1, the decay constants {γi} are chosen at random from the interval

[0.8,1.2], and the normalization constants {ηi} are chosen such that g1, g2 and h all

Function dj dk djk bj bk bjk
g1 .1 0 0 .001 .1 0
g2 .1 0 0 .001 0 .1
h .05 .05 0 .0005 .0005 0

Table 4.1: Parameter values for transfer functions.
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Figure 4.2: (a) The mean fraction of on nodes. The + and ∆ symbols correspond
to S1 and S2, respectively. The solid line µ = 1 − p is the prediction for an infinite
random Boolean network with a fraction p of nif gates and 1 − p of or gates.
The dashed curves show the theoretical results discussed in the text. (b) The total
variance corresponding to the systems in (a). The solid curve is the average variance
from simulations of the Boolean model.

have the same saturation value of 100. The results presented here are not sensitive

to the values of {τij} or {γi}. We studied networks of size N = 1000. For each given

distribution of transfer functions, we simulated between 15 and 30 networks, with

15 to 30 random initial conditions each, each network requiring about one hour of

computation time on a desktop computer.

To compare the dynamics of the continuous systems with their Boolean coun-

terparts, we binarize the continuous time series, setting a node’s value to 1 (0) if

it is above (below) a specified threshold. For a given network, let ϕi be the mean

value of node i over time, obtained after concatenating time series of equal duration

from attractors generated by different initial conditions. We focus on two quantities:

µ = Avg[ϕi], and σ2 = Avg [ϕi − ϕ2
i ], where Avg [. . .] denotes an average over nodes.

µ is the fixed point of the bias map, as discussed in Chapter 2. σ2 is the average of
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the variances for a system with binary values 0 and 1. Note that frozen nodes, which

go to the same static value at long times on all attractors, contribute zero to σ2. The

concatenation of attractors allows nodes that are constant on any single attractor,

but not at the same value on all attractors, to contribute to σ2.

Fig. 4.2 shows the ensemble averages 〈µ〉 and 〈σ2〉 as functions of p. S1 behaves

very much like its Boolean idealization, represented by the solid curves; S2 does

not. We compute the sensitivity, as defined in Chapter 2 and in [60, 81, 49, 72],

to determine that the Boolean system is ordered for p ∈ [0, 0.5), disordered for

p ∈ (0.5, 1) and critical for p = 0.5 and p = 1. In the large system limit, we expect

〈σ2〉 = 0 in the ordered regime and a continuous transition to 〈σ2〉 > 0 in the

disordered regime. The nonzero value of 〈σ2〉 at the critical points is a finite size

effect. The variance of S2 is strongly suppressed in the region where the Boolean

model is disordered. We note that 〈µ〉 = 0 implies 〈σ2〉 = 0, so for this particular

system, we can explain the suppression of 〈σ2〉 by deriving a theory of 〈µ〉. The

dashed curves explaining the behavior of S2 are based on the theory discussed below.

As discussed by Magnasco in [58], a system whose transfer functions are globally

compatible is capable of executing logical operations, where global compatibility

means that all transfer functions have the same two fixed point values; i.e., that

when every input is held steady at either the high or low value, every output will also

take one of those two values. We show here a system (S1) that behaves statistically

like its Boolean analogue, although the transfer functions for the two node types are

not tuned to be globally compatible and the attractors are not always steady states.

Fig. 4.3 shows a typical time series for a continuous node in S1 and a Boolean node

in networks with p = 0.8. Both exhibit the complicated behavior associated with the

disordered regime.

In Chapter 3, we identified certain features of continuous systems that strongly

affect the number and nature of attractors in small systems and simple rings in ways
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Figure 4.3: Typical time series for an unfrozen node in the disordered regime
(p = 0.8) in a continuous system, S1, and in a synchronously updated Boolean
system. Both systems have attractors with complex dynamics.

that are not captured by Boolean models. It is not clear, however, whether these

features lead to important effects in large, complex systems. The close match for 〈µ〉

and 〈σ2〉 of S1 and its Boolean model (Fig. 4.2) suggests that they do not, but care

must be taken to interpret these results. Much of the agreement can be attributed to

the fact that 〈µ〉 and 〈σ2〉 are determined primarily by the fraction of frozen nodes in

the network, a quantity that does not depend on the timing or sequence of updating

the nodes [76].

In the ordered regime, the nearly vanishing number of nodes that are not frozen

leads to very low values of 〈σ2〉. The agreement in the disordered regime is less

trivial. Consider, for example, a ring of nodes containing a random mixture of

copiers and inverters. For synchronously updated Boolean dynamics, every attractor

of a given network has a partner in which the values 0 and 1 are exchanged for all

time steps, and these two attractors have basins of the same size. (When the number

of inverters is odd, every attractor is its own partner.) Thus µ is always 1/2 and
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σ2 is always the maximum value of 1/4. As discussed in [63], the breaking of on-off

symmetry in generic continuous systems leads to a collapse of almost all attractors,

leaving only two fixed point states for rings with an even number of inverters and one

oscillating state for rings with an odd number of inverters. The odd case produces

〈µ〉 ≈ 0.5 and 〈σ2〉 ≈ 0.25. These are not strict equalities because, unlike for

the synchronous Boolean ring, a node in the corresponding continuous system need

not spend precisely the same time in the high and low states, but the symmetry

breaking effect is typically small. In the even case, on the other hand, the two

fixed point states can have dramatically different size basins and therefore exhibit a

substantially reduced value of σ2. For a ring of size N = 100 with a random mixture

of continuous copiers and inverters, we find 〈µ〉 ≈ 0.5 and 〈σ2〉 ≈ 0.12. So in the

case of simple rings, where 〈µ〉 and 〈σ2〉 are determined by dynamical properties

of the attractors rather than numbers of frozen nodes, we do not see agreement

similar to that of S1 and the Boolean system shown in Fig. 4.2. It appears that

the complex network of connections between active rings in the disordered regime

restores the agreement. Fig. 4.3 suggests that Boolean and continuous attractors in

the disordered regime have similar temporal features, but a full characterization of

the dynamics of individual attractors is beyond our present scope.

We now turn to the analysis of S2, a case where the continuous dynamics show

substantial deviations from the naive Boolean expectations. To understand why S1

and S2 behave differently, we examine the functions g1(x, y) and g2(x, y) when the

second input is held at a low value ε = 1.12, the low stable fixed point of h(x, x). A

Boolean nif function whose second input is held at 0 acts as a copier on its first input,

so we expect the functions g1(x, ε) and g2(x, ε) to behave like copiers. As shown in

Fig. 4.4, g1(x, ε) has two stable fixed points, but g2(x, ε) has only one stable fixed

point.

As noted in [58], the faithful propagation of information along chains of nodes
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Figure 4.4: (a) g1(x, ε) and (b) g2(x, ε), with ε = 1.12.

requires two stable fixed points in the transfer function. We refer to the loss of in-

formation along chains of nodes lacking a second stable fixed point as “propagation

failure.” Because g2 does not have the required fixed point structure, propagation

failure may cause the system S2 to behave differently from its naive Boolean ideal-

ization. We now present a modified Boolean model that accounts for propagation

failure and agrees well with simulations, as shown by the dashed curves in Fig. 4.2.

The success of this theory indicates that for large random networks, propagation

failure is the primary source of the measured discrepancy between the continuous

system and the original Boolean model.

A modified Boolean theory for S2 is derived by noting that some of the nominal

nif nodes are actually better modeled by the Boolean off function. Consider a

chain of continuous nodes where each has the transfer function g2(x, y), and where

node i is the first input (x) into node i+ 1. Because g2 lacks the necessary high fixed

point, propagation failure prevents nodes far down the chain from ever rising above

threshold in response to a high input signal to the first node in the chain (i = 1).

Though they may be initialized at a high value, they will always stay low after a
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brief transient. Let node m be the first node in the chain that cannot rise above

threshold due to propagation failure. We will model node i with a nif function if

i < m, and with an off function if i ≥ m. The value of m for the a particular chain

of g2 nodes will depend on the parameters in g2, the choice of threshold, and the

value of the high input into the first node of the chain. Approximating the system

as a random Boolean network with fractions r, q, and 1− r− q of off, nif, and or

nodes, respectively (neglecting correlations in the positions of the off nodes), 〈µ〉

can be calculated exactly as the stable fixed point of the bias map [72]

ρt+1 = q
(
ρt − ρ2

t

)
+ (1− r − q)

(
2ρt − ρ2

t

)
, (4.3)

where ρt represents the average fraction of nodes with a value of 1 at time t. The

stable fixed point is

〈µ〉 = max

{
0,

1− 2r − q
1− r

}
. (4.4)

Let n be the value of m for S2, computed using the average value of the high

input signals that arise from the dynamics. For a large random network, the fraction

of nodes that are assigned the off function is r = pn, so the fraction of nodes that

truly act as nif is q = p− pn. Substitution into Eq. 4.4 gives

〈µ〉 = max

{
0,

1− p− pn

1− pn

}
. (4.5)

The prescription for finding off nodes does not explicitly account for the failure of

propagation around rings of g2 nodes smaller than n, but such loops are very rare in

random networks.

The dashed curves in Fig. 4.2 show 〈µ〉 for n ∈ {2, 3, 4}, with n increasing to

the right. The simulations suggest a crossover from n = 4 for p . 0.5 to n = 3 for

p & 0.5. The reduction of n arises because the average value taken by nodes that are
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above threshold decreases as p increases, which implies lower input values to chains

of g2 nodes. The switch from n = 4 to n = 3 associated with the function g2(x, ε)

of Fig. 4.4 and our chosen threshold of 10 occurs when the initial input to a chain is

about 58. Simulations reveal that the average value of nodes above threshold crosses

58 at p ≈ 0.51, which corresponds reasonably well with the crossover observable in

Fig. 4.2.

To put the crossover value of p ≈ 0.51 on a firmer mathematical foundation , we

consider the distribution of values in the network. In the limit of long time delays,

we can approximate the continuous dynamics with a system that has continuously

valued nodes but updates in discrete time. Let πt(x)dx be the probability that a

node has a value in the interval (x, x+ dx) at time t. By definition of p we have

πt(x) = pπgt (x) + (1− p)πht (x) , (4.6)

where πgt (x) is the probability density function for nodes with transfer function gα,

and πht (x) is the probability density function for nodes with transfer function h. The

map for the time evolution of πt(x) is given by the Eq. 4.6 and

πgt+1(x) =

∫
dy

∫
dz πt(y)πt(z) δ [gα(y, z)− x] , (4.7)

πht+1(x) =

∫
dy

∫
dz πt(y)πt(z) δ [h(y, z)− x] , (4.8)

where δ(x) is the Dirac delta function and the integrals are over all possible node

values. For simplicity we have assumed that the decay constants are all 1. In both

S1 and S2, iterating the map from different initial conditions reveals two steady state

distributions,

lim
t→∞

πt(x) =

{
πoff(x) if π0(x) = 0 ∀x > θ

π(x) otherwise ,
(4.9)

where θ = 10 is our chosen threshold. The distribution πoff(x) satisfies πoff(x) =

0 ∀x > θ and corresponds to the µ = 0 fixed point of the bias map in both S1 and
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Figure 4.5: The distribution function π50(x) ≈ π(x) for p = 0.4 in S2.

S2. In S1 this fixed point is unstable for p < 1; in S2 it is unstable for 1−p−pn > 0.

This instability is reflected in the fact that πoff(x) is reachable only from all-off

distributions. The distribution π(x) is reached from all other states, and we will

show in the following paragraphs that π(x) corresponds to the stable fixed point

of the bias map. Fig. 4.5 shows π50(x) for p = 0.4 in S2, starting from the initial

condition π0(x) = 1/xmax, where xmax = 100 is the maximum possible node value.

π50(x) is close to its limiting value π(x).

The fraction of nodes with a value above the threshold θ is

µ =

∫ xmax

θ

dx π(x) . (4.10)

Fig. 4.6 shows µ(p) for both S1 and S2. Plotted on the same axes are the values

of 〈µ〉 found by simulation of the network dynamics, the results originally shown in

Fig. 4.2(a). Eq. 4.10 gives good agreement with the data for most values of p.

For S1, and for p < 0.6 and p = 1.0 in S2, the computed value of µ converges

to within ±0.01 of its steady state value of approximately 1 − p in five or fewer

iterations. For p ∈ {0.6, 0.7, 0.8, 0.9} in S2, where propagation failure is important,

µ rapidly reaches the value 1− p and then slowly decreases to its steady state value.
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Figure 4.6: Comparison of simulated and calculated values of µ. The small red
points are computed using the distribution function π(x), and the large black points
are found by simulation of the network. Results are shown for (a) S1 and (b) S2.

This typically requires between 20 and 50 iterations. Additionally, high precision

in the numerical integration of Eqs. 4.7 and 4.8 is necessary for computing µ when

π(x) > 0 for x near θ. Table 4.2 shows the value of µ computed for p = 0.6 in

S2 – the point for which the discrepancy between the theory and simulation of the

network dynamics is greatest – as a function of M , the number of “steps” into which

the interval [0, 100] is divided for the purpose of numerically integrating Eqs. 4.7 and

4.8. µ decreases as M increases, and we expect that further increasing M would cause

µ to continue to decrease until it reaches the simulated value. However, because the

number of computations required to iterate the map once is of order M3, values of

M greater than 1000 have not been explored. For all other points we were able to

obtain convergence using M < 1000.

M 100 200 500 1000
µ .347 .333 .304 .286

Table 4.2: Values of µ computed for p = 0.6 in S2 as a function of M , the number
of intervals into which the domain [0, xmax] is divided for numerical integration.

106



The average value of nodes above the threshold is

〈x〉 =

∫ xmax

θ
dx xπ(x)∫ xmax

θ
dx π(x)

. (4.11)

Again using π50(x) as an approximation of π(x), in S2 we find that 〈x〉 ≈ 60 for

p = 0.51, compared to value 〈x〉 ≈ 58 obtained from the simulated data. The good

agreement between simulation and theory confirms the above observation that the

crossover value is near p = 0.51.

The suppression of disorder, as indicated by small values of 〈σ2〉 for p > 0.5 in

Fig. 4.2(b), is caused by the effective insensitivity of nodes at the end of sufficiently

long chains. Because nodes in this set have approximately fixed values, all nodes

receiving both inputs from this set will also have approximately fixed values, lead-

ing to a cascade of effectively frozen nodes. The net result is a substantial loss of

sensitivity for the network as a whole.

Further insight into the order–disorder transition comes from examining the tra-

jectory traced in the q − r plane as p increases from 0 to 1, shown in Fig. 4.7. The

shaded sector is the disordered regime of the Boolean system, where the sensitivity

exceeds unity [22, 49]. The unshaded sectors correspond to ordered regimes, and

the boundaries to critical systems. Fig. 4.7(a) shows trajectories corresponding to

different n. We can measure 〈µ〉 in simulations of S2 and determine r and q from

the relations r + q = p and Eq. 4.4. The results are shown in Fig. 4.7(b). Only the

results for 〈µ〉 > 0 are plotted; the theory cannot determine unique values for r and

q in the upper unshaded sector because every (q, r) pair gives 〈µ〉 = 0. This plot

again reveals a shift from n = 4 to n = 3, but also shows that the system skirts a

critical boundary as p is varied. The dynamical suppression of disorder in this case

provides a mechanism for keeping a network in the critical regime over a wide range

of parameter values. We note, however, that this is not necessarily a generic effect.

Functions producing larger values of n would permit some degree of disorder.
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Figure 4.7: (a) Trajectory in the q−r plane, as predicted by the mean field model,
for fixed decay lengths n ∈ {2, 3, 4, 5, 10, 20}. The curves go from low to high n when
viewed left to right. (b) Fit of actual data with varying n. See text for details.

4.2 Results for reported transfer functions

It is instructive to examine suggested or measured transfer functions from the lit-

erature to see whether collections of similar functions would faithfully execute their

nominal Boolean logic. In [14], Boltzmann weights are used to compute the probabil-

ity that RNA-polymerase will bind to the promoter region of a gene as a function of

the concentrations of the transcription factors for that gene. If we take the transfer

functions to be proportional to the probability functions, we find that they lack the

necessary fixed points for propagating information and that random networks built

from them exhibit strong suppression of disorder. We note, however, that there is

evidence for cooperative effects and post-transcriptional processes that influence the

effective transfer function, so we do not necessarily expect the systems considered

below to be representative of real regulatory networks.

Consider a continuous system with two transfer functions defined in [13] as im-

plementing nand and or logic. A mean field theory analogous to Eq. 4.5 can be

constructed. The results in this case depend upon the choice of threshold for the

binarization of the time series. Two plots for 〈µ〉, using different threshold values, are
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Figure 4.8: Mean node value of a network using nand and or transfer functions
from [13] and a threshold that is (+ symbols) below, and (∆ symbols) above the
intermediate fixed point defined in the text. p is the fraction of nand nodes. Our
mean field theory (dashed curves) gives a much better approximation of the dynamics
than does the naive Boolean model (solid curve).

given in Fig. 4.8. The solid curve shows the behavior of the straightforward Boolean

idealizations, and the dashed curves show the predictions made by our mean field

theory. The theory predicts 〈σ2〉 = 0 for all fractions p of nand nodes because

propagation failure pushes the system into the ordered phase, an effect confirmed

by simulations. As above, accounting for the insensitivity of some nodes allows a

reasonably accurate prediction of the dynamics of the continuous system.

In a random Boolean network of nand and or gates, the fixed point in the bias

map becomes unstable to a 2-cycle at p =
√

3/2. Oscillations in bias occur also in

continuous systems with long time delays and short decay times, but not if these time

scales are comparable. In the latter case, the nand nodes find stable intermediate

values. Fig. 4.8 shows the dynamics with the choice τij = 1 and γi ∈ [0.8, 1.2]

with two different threshold values, one above and one below the intermediate fixed

point of the all nand system. Analysis of continuous systems with oscillating bias

is beyond the scope of this work.

Ref. [13] provides no obvious guide for choosing the normalization constants for

the transfer functions. For Fig. 4.8 we used η1 = η2 = 1000. We tried every combina-

tion of (η1, η2) with ηi ∈ {200, 400, 600, 800, 1000} and found no pair that produced
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behavior significantly different from those shown. In this case, as in most cases, the

nand nodes took clearly separated high and low values for most values of p, but

the or nodes typically converged to a single value due to the absence of a low fixed

point.

A second example of a biological transfer function is the lac cis-regulatory input

function studied in [79]. The lac promoter requires both IPTG and cAMP to be

produced. Setty et. al. discuss both the real input function and an idealized con-

tinuous and function. Neither of these functions satisfies the criterion for faithful

information propagation in a network. For high values of the first input, the function

does not have a stable high fixed point for the second input. A large network of such

elements would not express its nominal Boolean logic.

It has been shown both theoretically and experimentally that signaling cascades

can create switch-like responses [41, 50, 39] in genes several steps downstream from

the initial stimulus. In transcriptional regulation, one mechanism for achieving

the required characteristics of the transfer functions involved was proposed in [38],

wherein an evolutionary model generated steeper transfer functions by introducing

auxiliary binding sites for a transcription factor. Another mechanism has been pro-

posed in recent work by Buchler et. al., who emphasize the possible role of protein or

RNA sequestration in creating sharp transfer functions [14, 12]. We note here that

the demonstration of an effective Hill function with high cooperativity does not by

itself imply that a cascade of similar elements would successfully propagate informa-

tion. One needs to know how to normalize the output levels to see whether there is

a high fixed point, and this requires knowledge of the level needed to activate the

downstream target. Nevertheless, the use of cooperativity and sequestration to con-

struct elements with nearly Boolean behavior appears promising. Our present work

highlights another relevant issue for synthetic or natural transcriptional circuits: the

interactions of transcription factors may make it difficult to simultaneously meet all
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of the requirements for signal propagation for genes with two or more inputs. At-

tempts to experimentally demonstrate a sharp, two-input logic gate may yield new

insights into the feasibility of implementing complex logic in biological systems.

It is not clear, however, that biological networks need to be able to carry out

arbitrarily complicated logical operations. Our results show that faithful propagation

down long chains is not crucial for implementing the Boolean dynamics arising in

the ordered and critical regimes in systems of a few thousand elements. Moreover,

if operation near criticality is advantageous for a biological system, as suggested

in [43], suppression of disorder may be beneficial. We have identified a dynamical

mechanism for accomplishing this, which may be a useful alternative to alteration

of the network architecture. A limited range of propagation could actually be an

important feature of real biological networks.

4.3 Conclusion

In conclusion, we have seen that the detailed form of continuous transfer functions

can have a qualitative effect on the dynamics of large random networks. If all of the

transfer functions have suitable fixed point structures such that signals can prop-

agate down chains of arbitrary length, fundamental statistics of the attractors are

similar. This indicates that disordered systems are not prone to the type of attrac-

tor collapse that occurs on simple rings. When some of the transfer functions do

not have a suitable fixed point structure, the dynamics in the disordered regime are

strongly affected. In the case studied above, the suppression of disorder leads to

an extended domain in the parameter space where the system is close to a critical

Boolean network. A successful theory of these effects has been obtained within a

Boolean framework by accounting for the failure of information to propagate down

long chains of nodes. Further characterization of the temporal structure of individual

attractors in the disordered regime is needed to fully understand the importance of
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these phenomena in large networks.
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5

Cellular dynamics in Arabidopsis

We now turn to a specific problem from biology and show how it can be addressed

using a systems approach. The phenomenon we study is asymmetric cell division.

A typical cell division, in which a cell produces two daughters of the same cell

type, is called symmetric. Cell divisions in which the daughter cells have different

fates are called asymmetric. Undifferentiated cells, called “stem cells” in animals

and “initials” in plants, may undergo asymmetric divisions and thereby produce the

various cell types in the organism. We would like to discover what mechanisms are

responsible for asymmetric cell division and cell fate determination. Specifically, we

would like to identify the proteins most directly responsible for the division process,

and we would like to develop a theory of the dynamics that explains how and when

asymmetric division is triggered.

Arabidopsis thaliana (hereafter Arabidopsis) is a model organism that is studied

as a guide to plant biology. Plants are useful organisms for studying asymmetric cell

division because the process occurs continuously as the plant grows; this is in contrast

to animals, where much of the cell differentiation occurs during embryogenesis. In

this chapter, we will describe an asymmetric cell division that occurs in Arabidopsis
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root cells and the experiments that have been conducted to study the division process.

In Chapter 6, we will discuss a stochastic model that we use to investigate the

dynamics. This will not be a network model of the type described in the previous

chapters; although ultimately we would like to be able to explain the asymmetric

division process with a model of that type, the data currently available do not support

a model that includes that level of detail. However, even without information about

the particular genes involved, we are able to show that signaling between particular

cells is needed to explain the observed dynamics. This is a point that was not

previously appreciated, and it will influence future experiments and models.

5.1 Background information on Arabidopsis dynamics

The root of Arabidopsis is roughly a cylinder that closes at the tip, as in the vertical

cross section in Fig. 5.1. The central part of the root, called the stele, has a diameter

of approximately 10 µm. Surrounding the stele are three concentric layers, each of

which is one cell in width (∼3.5 µm). From the inside out, they are the endodermis,

the cortex and the epidermis. An additional layer, which may be several cells in

width, covers the epidermis. Each layer has a rough (discrete) azimuthal symmetry.

The upper panel of Fig. 5.1 shows a schematic of the root tip with the various layers

labeled.

Near the tip of the root is the quiescent center (QC), which consists of a few

completely undifferentiated cells. Around the QC are initials that divide to produce

cells of specific cell fates. The initials are responsible for the stele and its surrounding

layers. The divisions are anticlinal, meaning that a line connecting the nuclei of the

daughter cells will be roughly parallel to a curve running though the vertical column

of cells of the same type, called the cell file. Plant cells have rigid cell walls, so the

cells within the root move very little with respect to one another. The root grows

through a series of anticlinal divisions in the meristematic zone, and through cell

114



Figure 5.1: A schematic of the Arabidopsis root. The upper panel shows the layout
of the cell layers. The lower panel shows the asymmetric division process by which
the cortex and endodermis are generated. First the CEI undergoes an anticlinal
division in which it reproduces itself and creates a CEID. The CEID then undergoes
a periclinal division that creates a cortex cell and an endodermis cell. This schematic
was contributed by Rosangela Sozzani.

elongation in the elongation zone. The developmental zones are shown in Fig. 5.2

The cortex and endodermis cells spawn from the same initial, imaginatively called

the cortex endodermis initial (CEI). This process is shown in the lower panel of

Fig. 5.1. The CEI undergoes asymmetric, anticlinal divisions at a rate of approx-

imately one per four hours. The lower (closer to the root tip) daughter cell is a

reproduction of the CEI, and the higher cell is a cortex endodermis initial daugh-

ter (CEID). The CEID then undergoes a periclinal division, meaning that a vector

connecting the nuclei of the daughter cells will be roughly perpendicular to a curve

running along the cell file. The time between the birth of the daughter cell and its

subsequent periclinal division is currently under investigation in the Benfey lab, but

it is expected to be about twenty minutes. The periclinal division is also asymmetric,
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Figure 5.2: A picture of the Arabidopsis root developmental zones. This image
was contributed by Miguel Moreno-Risueño.

and the daughter cells are the cortex (outer) and endodermis (inner) cells. It is the

asymmetric periclinal division of the CEID whose dynamics we will study.

The periclinal division has been studied using mutants, most notably by Philip

Benfey at Duke University [8, 9, 37, 54, 56, 84] and Ben Scheres at Universiteit

Utrecht [9, 90, 91]. A mutant is simply a variation of the natural system (the wild

type) with some perturbation to the genome. Often this perturbation comes in the

form of a knockdown, in which a particular gene is made inactive by a disruption

of the DNA sequence; the gene thus cannot be correctly transcribed into mRNA,

and without the mRNA, the protein for which the gene codes will not be produced.

Disruptions can take multiple forms, including the deletion of bases or the insertion
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of extraneous bases. The mutants we will discuss are of the latter type.

One protein of importance is SHORT ROOT (SHR), so named because shr mu-

tants1 have short roots. In the shr mutant, the CEID does not undergo periclinal

division, and it has properties of the cortex alone; none of the morphological proper-

ties of endodermis cells arise. In the wild type, the CEID also has cortex properties

prior to the asymmetric division. SHR is therefore shown to be necessary for both

the division and the differentiation of the cortex and endodermis cell fates [8].

A second protein known to be relevant for the periclinal division is SCARECROW

(SCR). In scr mutants, the CEID does not undergo periclinal division, but rather

than possessing properties of the cortex alone, the CEID develops properties of both

the cortex and the endodermis. Thus, while SCR is necessary for the division, it

appears not as important for the differentiation process. It is also known that SCR

is a direct target of SHR – meaning that SHR binds to the promoter region for SCR

– and that the transcription of SCR does not occur in the absence of SHR [54].

A surprising discovery was made in 2000 regarding the wild type gene expression

profile. While SCR was found in the CEID, SHR was observed only in the stele.

It has been proposed that SHR is produced in the stele and then transported into

the CEID, where it initiates periclinal division. SHR and SCR can bind to form

a complex, and it is conjectured that SHR has a very strong affinity to bind with

SCR. Thus, as SHR facilitates the production of SCR and the concentration of SCR

grows, an increasing fraction of the total number of SHR molecules is found in the

form of SHR-SCR, and eventually there is little free SHR remaining. The movement

of the SHR-SCR complex may be more restricted than the movement of free SHR;

this would prevent SHR (in any form) from moving beyond the cortex, perhaps

explaining why periclinal divisions do not occur in other cell layers [9, 37].

1 It is standard notation to denote a gene using uppercase italic letters, the corresponding protein
using uppercase Roman letters, and the mutant using lowercase italic letters. A shr mutant is a
mutant in which the SHR gene has been knocked down.
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The network as we understand it so far is shown in Fig. 5.3. This picture is

manifestly incomplete, as there is nothing that indicates when the periclinal division

should occur. Furthermore, it is highly unlikely that SHR and SCR are the only

proteins involved. Rosangela Sozzani and others in Philip Benfey’s lab at Duke are

working to flesh out this diagram. One approach they have taken is a series of

microarray experiments that have revealed additional genes that are regulated by

SHR. The role of these genes in governing periclinal division, if any, is still unclear

[56, 84].

A complementary experiment, also performed by Rosangela Sozzani, is the rein-

troduction of SHR into the shr mutant. This allows one to view the periclinal

divisions – not only in the cell next to the initial, as in the wild type – but in the

entire mutant layer. Chapter 6 describes analysis that demonstrates the importance

of signaling between cells, an phenomenon whose relevance was not previous appre-

ciated. The author contributed to this project both by imaging the roots and by

performing the analysis of the data. The remainder of this chapter will describe the

experimental procedure, and the following chapter will describe a stochastic model

used for the analysis.

5.2 Preparation of the roots

As discussed in the introduction, an RNA polymerase moves along the DNA, tran-

scribing the sequence into mRNA. The polymerase ceases its walk when it encounters

a particular sequence known as a stop codon; the mRNA produced then moves out

of the nucleus and into the cytoplasm, where ribosomes translate it into protein. If

the stop codon is removed, the polymerase will not recognize that it has reached the

end of a gene, and it will simply continue its walk, transcribing more of the sequence

into mRNA. Experimentally, it is possible to concatenate two gene sequences, with a

single stop codon at the end of the second gene. The polymerase will transcribe the
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Figure 5.3: The incomplete SHORT ROOT and SCARECROW network. The
link connection SHR to SCR, labeled “trans,” represents the fact that SHR activates
transcription of SCR. The other links represent the binding of SHR and SCR to form
the SHR-SCR heterodimer, and the reverse reaction, the dissociation of the dimer.
The dynamics of this network could be mathematically simulated, for example, using
ordinary differential equations.

entire sequence into a single stretch of mRNA, which will subsequently be translated

into a single protein, called a fusion protein. The fusion protein is not simply two

proteins bonded together, as might occur if they were translated independently; it

is a single protein and generally will not dissociate into constituent pieces. How-

ever, the fusion protein may retain many of the functional characteristics of the two

proteins whose sequences were concatenated on the chromosome.

We make use of a SHR sequence fused to a glucocorticoid receptor (GR). The

SHR-GR sequence is inserted into the genome of the shr mutant. The location

of the insertion is random, but as long as the entire sequence – promoter region,

coding regions and stop codon – is inserted intact, it will be transcribed into mRNA

and translated into a SHR-GR fusion protein. The GR has the property that it

has a strong affinity for binding certain heat shock proteins. Heat shock proteins

are produced in abundance in response to heat, but their relevant characteristic for
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this experiment is that they are very large compared to SHR. The SHR-GR fusion

protein is produced in the cytoplasm, and it needs to enter the nucleus to activate

the transcription of SHR’s target genes. However, because it binds to the heat shock

proteins, and because the heat shock proteins are too large to pass through the

nuclear membrane, it cannot reach its target. There is ample SHR-GR in the cell,

but it is confined to the cytoplasm and is thus inactive. The plant is a shr mutant,

and the SHR-GR cannot enter the nucleus, so periclinal divisions in the CEID do

not occur. Instead of the endodermis and the cortex there is a single mutant layer.

The next preparatory step is the introduction of dexamethasone (DEX), which

has a strong affinity for binding heat shock proteins. The system is flooded with

DEX, and many of the heat shock proteins will dissociate from the SHR-GR to bind

with DEX. It can then pass through the nuclear membrane and into the nucleus,

where it can activate the transcription of SCR and any other target genes, thereby

initiating the periclinal division process.

The DEX is introduced at a concentration of 1.0 µM. Experiments conducted

by R. Sozzani have used concentrations ranging from 0.001 µM to 10 µM; divisions

occur even for the lowest concentration, indicating that the threshold for the quantity

of DEX required to begin freeing SHR-GR from the heat shock proteins is low.

Furthermore, no differences were observed for roots treated with 1.0 µM DEX and

those treated with higher concentrations, so this quantity of DEX is believed to

be sufficient for a quick and uniform distribution such that free SHR-GR becomes

ubiquitous.

The plants are grown in a nutrient-rich agarose gel, which sits in a plastic con-

tainer called a plate. Approximately 20 plants can be grown on a single plate. DEX

is added while the plants are in the gel. Approximately six hours after the intro-

duction of DEX, we take the plate to the microscope and beginning imaging the

roots, as described in the following section. Each root is removed from the plate and
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placed for approximately 30 seconds in a solution of water and propidium idiodide

(PI), which will serve as a red dye. It is then placed between a standard microscope

slide and cover slip with a drop of water, at which point it is ready to be imaged.

5.3 Imaging and data collection

Once the DEX has been introduced, the roots are imaged using confocal microscopy.

The operating principle of a confocal microscope is described in Refs. [78, 93]. As

with any compound microscope, a series of lenses is used to create an optical image

of a sample. The defining characteristic of a confocal microscope is the presence on a

small aperture, or pinhole, located on a screen near the detector. The positioning is

such that the image of the focal point is produced at the pinhole. A laser is used to

illuminate the sample at the microscope’s focal point, which responds by fluorescing,

and the fluorescent light is detected by a photomultiplier tube on the other side of

the pinhole.

A laser does not illuminate only one point; because of diffraction, it produces

a spread of light called an Airy disc. Furthermore, when imaging within a sample

of significant depth, the laser will pass through parts of the sample other than the

part located at microscope’s focal point and cause them to fluoresce. An object

need not be located at the focal point to produce an image, so in the absence of

the screen, the light from these parts would reach the detector and interfere with

the resolution of the image of the focal point. The screen blocks these extraneous

rays, and the pinhole allows only the light originating from the focal point to pass

through. A confocal microscope is therefore useful for probing deep into samples, as

the light from the layers above and below the point of interest gets removed by the

pinhole. Because this construction allows only for the illumination of a single point,

one must scan the sample to obtain an array of points that can be assembled into a

two-dimensional image. Scanning in the third direction by moving the sample along
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the beam axis is also possible, thereby creating a “stack” of images representing

various planes through a three-dimensional object.

An example image is shown in Fig. 5.4. The root and some of the cellular structure

are outlined in red. The imaging was performed by Rosangela Sozzani from Philip

Benfey’s lab; by Greg Rubinstein, an undergraduate summer student in Joshua Soco-

lar’s group; and by the author. We used a Zeiss LSM 510 upright confocal microscope

equipped with a HeNe laser (633 nm, red) and an Argon laser (514 nm, green) [27].

The red light is used to excite the PI. The cell walls are impermeable to the PI, so

the PI is confined to the extra-cellular regions and thereby gives us a red outline of

the cells. The green light is used to excite green fluorescent protein (GFP). GFP is

fused to J0571, which is known to be expressed exclusively in the cortex and endo-

dermis [75]. Also fused to the same sequence is an endoreticulum plasmatic (ER),

which directs the transport mechanisms within the cell to transport it to the nuclear

membrane. Thus, the full fusion protein J0571-ER-GFP gets produced in the region

of interest because the promoter region for J0571 is used. The presence of the ER

causes the protein to be transported to the nuclear membrane, causing the nuclear

membrane to be visible in green (really more of a greenish yellow).

The roots typically experience some trauma during the imaging process, which

causes a partial breakdown in the cell walls, hence the “bleeding” of the PI (the red

color). The yellow/green fluorescence of the GFP clearly identifies the mutant layer.

If the plant were not a shr mutant, two layers – cortex and endodermis – would be

visible. Some of the mutant cells very clearly have only one nucleus, as normal. A

few cells have two; these are the cells that are undergoing periclinal division. We

look for the “ o|o ” pattern inside a cell to determine whether or not it is dividing.

A cell that has divided periclinally is indicated with the arrow in Fig. 5.4. The cell

to its left is also beginning to divide periclinally.

Fig. 5.4 also demonstrates some of the problems we encountered when imaging
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Figure 5.4: A root showing periclinal divisions. See text for details.

roots. Two columns of cells, called cell files, are visible. However, each cell does not

sit in exactly the same plane, and cells that are not positioned in the focal plane

are difficult to resolve. Also, because we are seeing only a single slice, we have no

information about the other cell files, of which there are six (for a total of eight). We

can image those files by adjusting the stage of the microscope, but divisions are more

difficult to discern in those images because the plane of division separating the two

nuclei will no longer be orthogonal to the plane of the image. This problem becomes

intractable if the root is twisted, in which case it is impossible to image even one

complete cell file. The trauma to the root also creates problems: many roots die
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and do not produce divisions of any kind. In some cases it is clear that a root is

dead due to a profuse bleeding of the PI, but in many cases there is no immediately

visible physiological consequence. It is thus unclear whether a root that produces no

divisions is failing to divide because it is dead, or if it is because the dynamics of the

healthy root simply produce no divisions in that instance.

To study the dynamics, we would ideally be able to image the same root at

multiple points in time. However, the propensity of the root to suffer trauma becomes

extremely problematic if one wishes to take a time course. Very few roots survive

for an extended period of time in the microscope. At best we can hope to image

for 3 or 4 hours, but spending this length of time per root, with many of the roots

dying, makes collecting a sufficiently large data set problematic. Instead we opted

to collect a series of snapshots. Exactly one image stack is produced for each root,

and then that root is discarded and the next root is imaged. This does not allow us

to see the same root at different times, but it does allow us to see different roots at

different times (as measured after introduction of DEX), and importantly, it allows

us to acquire data at a much faster rate. The description of these images, and their

analysis, is the topic of Chapter 6.

5.4 Exponential random variables

Before proceeding to the data analysis, it is useful to briefly review the mathematics

of exponential random variables, which will be the basis of the stochastic modeling

in Chapter 6. The discussion in this section is loosely based on Sections 3.1 and 3.2

of [55]. Consider n independently operating alarms, each of which will sound exactly

once after t = 0. Let λi be defined such that, if at time t alarm i has not yet sounded,

the probability that it will sound in the interval [t, t+ ∆] is λi∆ for sufficiently small

∆. We assume that λi, called the rate parameter, is independent of t. It may be

thought of as the “average” rate at which alarm i sounds.
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Let Ti be time at which alarm i sounds. The probability that alarm i has not yet

sounded by time t is approximately

P (Ti > t) ≈ (1− λi∆)t/∆ =

(
1− λit

m

)m
, (5.1)

where m ≡ t/∆. This becomes exact in the limit ∆→ 0, or equivalently, m→∞:

P (Ti > t) = lim
m→∞

(
1− λit

m

)m
= e−λit . (5.2)

This relation qualifies Ti as an exponential random variable.

We can also ask what the probability is that at time t, no alarm has yet sounded.

Let T be given by

T = min{T1, T2, . . . , Tn} . (5.3)

Then we find

P (T > t) = P (T1 > t)P (T2 > t) · · ·P (Tn > t) = e−λt , (5.4)

where λ ≡
∑

i λi. Thus we see that T is also an exponential random variable with

rate parameter λ. Finally we can compute the probability that alarm i is the first

to sound:

P (Ti = T ) =

∫ ∞
0

dP (Ti = t)
∏
j 6=i

P (Tj > t) (5.5)

=

∫ ∞
0

dt λie
−λite−(λ−λi)t (5.6)

= λi

∫ ∞
0

dt e−λt (5.7)

= λi/λ . (5.8)

Here we have used the probability density function λie
−λit which satisfies∫ ∞

0

dt λie
−λit = 1 . (5.9)
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Suppose alarm 1 is the first to sound. Because λi (∀i > 1) is constant, we can

continue to apply the same arguments. Let T ′ be the time at which the second alarm

sounds. T ′−T is an exponential random variable with rate parameter λ′ =
∑

i>1 λi,

and the probability that alarm i will be the second to sound is λi/λ
′.

An important feature of the times {T1, T2, . . . , Tn} is that they are independent

random variables: the time at which one alarm sounds has no bearing on the time

at which another alarm will sound. The covariance of Ti and Tj (i 6= j) is thus zero:

Cov [Ti, Tj] ≡ E[TiTj]− E[Ti]E[Tj] = 0 (i 6= j) , (5.10)

where E[. . .] denotes an expectation value. The covariance is zero because inde-

pendent random variables are uncorrelated, and by definition uncorrelated random

variables X and Y satisfy E[XY ] = E[X]E[Y ].

In the following chapter, we will make use of exponential random variables to

model cellular dynamics. The rate parameters will represent not the average rate at

which alarms sound, but rather the average rate at which cells divide. We will see that

a model of the type presented here, in which each cell operates independently, cannot

account for correlations in the data, in which non-zero covariances are measured.

However, a simple extension creates a good agreement between the model and data.

The extended model will suggest that a signaling mechanism exists between cells in

the cortex.
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6

Modeling of cellular dynamics

In this chapter, we present the mathematical analysis of the cell division data dis-

cussed in Chapter 5. We first compute spacial correlation functions from the real

data. To understand the observed correlations, we construct a class of stochastic

models. A null model that produces no non-zero correlations is used to show that

correlations in the data cannot be plausibly attributed to a statistical fluctuation

away from zero. Two models wherein correlations are introduced by allowing nearest-

neighbor and next-nearest-neighbor interactions give good agreement with the data.

New technology that will allow for the collection of spaciotemporal data is described,

and preliminary results are given. This work is being prepared for publication [88].

6.1 Data

The data set consists of a series of snapshots of different roots at different times.

Each snapshot was taken between 6 and 9 hours following the introduction of DEX,

and between 2 and 4 cell files could typically be resolved in a single root. A total

of 321 cell files were imaged. Each cell file was examined by eye to determine which

cells had undergone periclinal division. The cells were labeled {1, 2, 3, . . .}, where
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Figure 6.1: The frequency of periclinal division of cell i across 321 cell files. The
region of interest, as described in the text, lies between the two vertical dashed lines.

the cell adjacent to the CEI is cell 1, its neighbor is cell 2, and so forth. The data

collected from each cell file consists of a binary vector and a time stamp: (x, t). An

entry xi = 1 (xi = 0) indicates cell i had (had not) divided by time t.

This study will focus on cells at positions 3 through 15, which corresponds roughly

to the apical meristematic zone, where most of the divisions occur. The focal plane

of each image was chosen such that this region could be clearly resolved. Images in

which cells 3 through 15 could not be resolved were not included in the data set, but

some images in which other cells could not be resolved were included. Fig. 6.1 shows

the distribution of periclinal divisions by cell number. 〈xi〉 is plotted, where 〈. . .〉

denotes an average over cell files. The distribution is relatively flat over most of the

region of interest, with lower values of 〈xi〉 occurring for i = 3 and perhaps i = 4.

Divisions were observed less frequently near the tip and in the basal metristematic

zone, due in part to the fact that some divisions in these regions may not have been

resolved, and probably also because of physiological differences.

The times were first sorted into three bins. The time stamp t is in the interval

[6h, 9h], so each bin is of size one hour. The bins are labeled with the character

s ∈ {1, 2, 3}, corresponding to 6-7 hours, 7-8 hours and 8-9 hours, respectively. The

data for a single cell file now takes the form (x, s). The three bins contain 83, 152

128



and 86 cell files, respectively.

Correlations in the division locations were then examined by computing the co-

variance

Cs(i, n) = 〈xi(s)xi+n(s)〉 − 〈xi(s) 〉〈xi+n(s)〉 , (6.1)

where 〈. . .〉 again denotes an average over cell files and i ∈ {3, 4, . . . , 15 − n}. This

measures the correlation in division status between cells that are n cells apart.

Cs(i, 0) measures the variance of division status in cell i in time bin s. Cs(i, 1)

measures the covariance of cell i and its nearest neighbor, Cs(i, 2) with its next near-

est neighbor, etc. In general Cs(i, 0) will be non-zero, but Cs(i, n) will be zero for

n > 0 if the divisions are independent random processes.

Finally, the correlation functions can be averaged over cell position to give

Cs(n) =
1

13− n

15−n∑
i=3

Cs(i, n) . (6.2)

This gives a function of n, the discrete cellular distance between cells, averaged

over pairs of cells a distance n apart. The prefactor in Eq. 6.2 is a normalization

factor equal to the reciprocal of the number of pairs a distance n apart. Note that

Cs(n) = 0 ∀n > 0 if the divisions occur independently.

The results are shown in Fig. 6.2 for all 3 values of s (purple symbols). There

are no error bars on the data points because the data are binary, and cell files for

which a cell in the selected range of 3 through 15 could not be clearly resolved were

not included in the data set. For each value of s, Cs(n) takes its highest value

for n = 0 and appears to be roughly decreasing with increasing n. Notably, there

are several points with n > 0 for which the covariance appears to be non-zero. If

this is true, then the time of division cannot be determined entirely by intracellular

processes, or by intracellular processes in conjunction with an input from a static

external gradient. As discussed in Chapter 5, early attempts to model the network
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responsible for periclinal divisions focused on intracellular descriptions of SHR and

SCR dynamics; models of this type could not account for non-zero correlations in

the data. The following section explores a simple stochastic model that establishes

the statistical significance of the non-zero covariances and proposes one method by

which correlations of this type can arise.

6.2 Stochastic modeling

To determine whether the observed data are statistically different from zero, we

construct a model division process without correlations. One simple process that

lacks correlations is the system of exponential random variables described in Section

5.4. The main assumption of this model, that the rate parameter not vary in time,

is consistent with the conjecture that DEX does not degrade significantly over the

course of the experiment.

We define a parameter τ such that the probability that a cell has not divided by

time t < τ is 1, and the probability that it has not divided by time t > τ is a decaying

exponential. Other distributions can be generated by other types of processes, but

those that are consistent with the observed dynamics will have qualitative similarities

to the decaying exponential distribution. Each will consist of a high value, close to

1, for early times; and each will decay to 0 over longer times. The exponential

distribution captures these features in a simple and elegant way. In this section it

will be shown that the correlations in the data are statistically significant, and that

extensions to the process can explain the qualitative features of those correlations.

Consider as a null model a stochastic process in which each cell divides at an

average rate λ(t), given by

λ(t) =

{
0 for t < τ

λ1 for t ≥ τ ,
(6.3)

where λ1 and τ are parameters of the model. Both are assumed to be the same for
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all cells, a choice motivated both by the absence of systematic bias over most of the

relevant region of Fig. 6.1, and by the conjecture that DEX is ubiquitous. For a

given parameter choice, M surrogate data sets were generated using the model. A

surrogate data set consists of a simulation of 321 cell files, the same number of files

in the real data set. In the real data, 83 files are observed at times that fall in the

first time bin [6h, 7h]. In the surrogate data, 83 files are observed at times randomly

chosen from this interval. Similarly, 152 (86) files are observed at times randomly

chosen from the second (third) time bin.

Correlation functions Cµ
s (n) were computed for each data set, where µ ∈ {1, 2, . . . ,M}

indexes the surrogate data set. The expected value and variance were then computed

in the usual manner,

E [Cs(n)] =
1

M

M∑
µ=1

Cµ
s (n) , (6.4)

Var[Cs(n)] = E
[
Cµ
s (n)2

]
− E [Cµ

s (n)]2 . (6.5)

To determine the parameter values that best fit the data, the parameter space

was systematically scanned, with M = 1000 surrogate data sets generated for each

trial value pair (λ1, τ). The fit was evaluated using the error measure

δ =
3∑
s=1

7∑
n=0

{E [Cs(n)]− Cs(n)}2

Var[Cs(n)]
, (6.6)

where E [Cs(n)] and Var[Cs(n)] are computed using the stochastic model, and Cs(n)

N τ λ1 λ2 λ3 δ
1 5.58 .169 − − 326
2 5.38 .0318 .685 − 28.2
3 5.38 .0412 .419 .194 18.8

Table 6.1: Best fit parameters and error measure for the stochastic models. N is the
number of rate parameters in the model. τ is measured in hours, and {λ1, λ2, λ3} in
inverse hours. The error measure δ is dimensionless.
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is computed from the data. The value of (λ1, τ) that yields the smallest value of δ

is considered to give the best fit. For a process of this type, the correct values of

E [Cs(n)] and Var[Cs(n)] are dominated by rare events. The larger the value of n,

the fewer the pairs that contribute to the average in Eq. 6.2. Accurate computation

of E [Cs(n)] and Var[Cs(n)] for n > 7 requires a prohibitively large value of M , hence

the upper bound of 7 in the sum over n in Eq. 6.6. The parameters that best fit the

data are given in the first row of Table 6.1 (N = 1).

The left column of Fig. 6.2 shows E[Cs(n)], plotted for all three values of j, with

error bars of length Var[Cs(n)]1/2. These values were computed using M = 106

surrogate data sets with the best fit parameters. The divisions in this model are

independent, so the correlation for n > 0 is zero. The real data are plotted on the

same axes and fall far outside the error bars. The observed trend thus cannot be

explained as a statistically probable deviation from zero: the correlations are real

and the division processes are not operating independently.

As an extension to this model, consider a process where the average rate of

division of cell i is λi(t). Again let there be a parameter τ such that λi(t) = 0 for

t < τ . For t > τ , let λi(t) be given by

λi(t) =

{
λ1 if xi−1(t) = xi+1(t) = 0

λ2 otherwise ,
(6.7)

where as before, xi(t) = 1 (xi(t) = 0) indicates that cell i has (has not) divided by

time t. This model has one time parameter, τ , and two rate parameters, λ1 and λ2. At

time τ , the average division rate of each cell changes from 0 to λ1. The division rate

for a cell changes from λ1 to λ2 the first time one of its nearest neighbors divides. The

ability of a cell’s activity to influence its neighbors will introduce correlations. The

simulated cell file has a length of 15 cells, but correlation functions are computed only

over the 13 interior cells, so every cell included in the calculation of the correlation

function has a nearest neighbor on either side.
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Figure 6.2: Correlations in the locations of periclinal cell divisions, as defined by
Eq. 6.2. The data are shown in purple; the best fit of the stochastic models discussed
in the text are in blue. The model points are E[Cs(n)], as given by Eq. 6.4; the error
bars have length Var[Cs(n)]1/2, as given by Eq. 6.5. Left column: the null model
with one rate parameter. Middle column: two rate parameters. Right column: three
rate parameters. Top row: the first time bin, [6h, 7h]. Middle row: the second time
bin, [7h, 8h]. Bottom row: the third time bin, [8h, 9h].

A best parameter fit was found by scanning the parameter space and finding the

parameters that minimize the error measure δ. The results are shown in Table 6.1.

δ is reduced by 91% compared to the null model, indicating that this model does

dramatically better at producing the observed correlations. Note that λ2 is a factor

of 10 greater than λ1, indicating that the likelihood that a cell will undergo periclinal

division increases substantially once one of its neighbors has divided. The middle

column of Fig. 6.2 shows the correlations produced by the 2 rate parameter model,
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and it is clear that the agreement with the data is much better than that of the null

model.

Finally, consider a model with a third rate parameter, λ3, which is the average

rate of division of a cell neither of whose nearest neighbors has divided, but (at least)

one of whose next nearest neighbors has divided. The division rate of cell i for time

t > τ can thus be expressed

λi(t) =


λ1 xi−2 = xi−1(t) = xi+1(t) = xi+2(t) = 0

λ2 xi−1(t) + xi+1(t) > 0

λ3 xi−2(t) + xi+2(t) > 0 and xi−1(t) = xi+1(t) = 0 .

(6.8)

For this model, a simulated cell file of length 17 is used, and correlations are computed

over the 13 interior cells, so that every cell included in the calculation has two

nearest neighbors and two next nearest neighbors. The best fit parameters are given

in Table 6.1; the inclusion of λ3 allows for a reduction in δ by 33% over the 2 rate

parameter model. The ordering λ1 < λ3 < λ2 shows that while next nearest neighbor

interactions contribute significantly to the division sequence, the interaction is weaker

than nearest neighbor interactions. One likely interpretation is that a signal to divide

propagates outward from the dividing cell.

The right column of Fig. 6.2 shows that for the 3 rate parameter model, many

data points are within one standard deviation of the predicted value, and almost all

are within two standard deviations. Only the point C2(4) is outside of two standard

deviations, as compared to 3 points for the 2 rate parameter model, and 13 for the

null model.

The presence of correlations between division locations in the data indicates that

no model lacking correlations will be able to generate the correct dynamics. The

success of the simple stochastic models presented here to account for the observed

correlations strongly suggests that the cells in the cortex are part of a dynamic

network in which each cell is able to influence the probability of division in nearby
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cells.

6.3 Root array

Our analysis up to this point has examined only data consisting of a series of snap-

shots, each of a different root. In these snapshots, one can see which cells had

divided, but not the order in which the divisions occurred. The Benfey lab and

Grassroots Biotechnology are building a new device, called the root array, to allow

for the dynamic imaging of multiple roots. Richard Twigg and Jee Jung are primarily

responsible for this new technology.

The root array is, as the name implies, an array of growth chambers, each of

which can hold one plant. Water flows through the root array, simultaneously car-

rying nutrients to the plants and helping maintain the temperature. A root in the

root array can be imaged by confocal microscopy. Only one root at a time can be

imaged, but by scanning through an appropriate number of roots in sequence and

then restarting the process, one can collect time series data for multiple roots in the

root array.

The root array presents two significant advantages over imaging roots on slides.

First, because the roots are in growth chambers instead of flattened between a slide

and cover slip, they are less likely to suffer trauma. The temperature control even

ameliorates some of the possibility for trauma due to heating from the laser. Second,

the ability to image multiple roots has great potential for the collection of large data

sets.

The root array also has some disadvantages when compared to the conventional

technique used to collect the snapshots. Because the root is not pressed flat against

a slide, a cell file will not sit in a single focal plane, and indeed many more slices

will be needed to get high quality images. From the perspective of data analysis,

the need to improve image quality is currently the greatest obstacle facing the root
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time (h) 8.67 15.0 16.0 16.67 17.67 19.0 21.0 21.0 22.0
cell 5 10 4 11 9 8 12 13 7

Table 6.2: A dynamic division sequence obtained with the root array. The resolution
in time is 20 minutes. Cells 12 and 13 were both seen to have begun division at an
observation time of 21 hours; however cell 12 appeared to be farther along in the
division process and is assumed to have begun dividing first.

array. Many other engineering challenges have presented themselves, but discussion

of these challenges is beyond the scope of this thesis. Work to resolve these problems

is still underway.

Data from the root array are currently very preliminary. Table 6.2 shows the

periclinal division sequence in one cell file, with a temporal resolution of 20 minutes.

Immediately there are several striking features. First, the division times are much

later than in the previous experiment. Some discrepancy was expected because the

growing conditions are different, but it is not clear why the difference should be this

dramatic. Second, cell 5 divides much earlier than the other cells in the file; we

currently have no explanation for this aside from statistical fluctuations. Finally,

cell 6 never divides. This could be because of some morphological difference; it is

possible that cell 6 was in some way damaged, but this cannot be easily determined

because of the currently poor image quality. It is even possible that cell 6 did divide,

but that it could not be seen in the images. We reiterate that improvement of image

quality is one of the most important challenges currently faced by the root array.

Although the rate parameters needed to describe the time series of Table 6.2 must

be different from those found previously, it is expected that the mechanism respon-

sible for periclinal division will remain the same, and that divisions will therefore

continue to be correlated in a qualitatively similar manner. For example, it can be

concluded from the discussion of Section 5.4 that the order of divisions would be

invariant under a transformation in which each rate parameter is multiplied by the
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same constant, in which case the spacial correlations would be changed only by a

“stretching” of time. It can be seen in Table 6.2 that divisions occur most frequently

next to cells that have already divided. In particular, cells 7 through 13 seem to

“zipper,” starting from cell 10 and zipping in both directions. Although the rate

parameters for the root array are not those given in Table 6.2, if we assume that

the correct rate parameters for describing dynamics in the root array have the same

ratios, then the sequence 10 11 9 8 12 13 7 is 16 times more likely to be produced by

the 3 rate parameter model than by the null model.

Cells 4 and 5 also divide, and cell 5 divides long before any of the other cells in the

file. Cell 6 does not divide at all. This behavior is not well described by the model;

again, it is possible that in this particular root, this region is morphologically distinct

from the rest of the cell file. More data are needed to assess the correspondence of

the model predictions and real cellular dynamics.

One additional comment can be made. As mentioned above, a string of divisions

does not begin on one end and move in one direction. Four of the seven divisions

occur below a neighbor that had already divided (closer to the tip), and three occur

above one. This is consistent with the network picture in which a signal to initiate

periclinal division propagates outward from cortex cells.

6.4 Conclusion

We analyzed the division data for 321 cell files and found that spacial correlations

exist. A null model shows that these correlations cannot be explained as a statistical

fluctuation away from from zero. This is already an important result for understand-

ing the mechanism controlling periclinal division.

Early attempts to model the regulatory network used differential equations to

model the SHR and SCR interactions within a cell. By assuming that SHR and

SCR have a strong affinity for forming a heterodimer, and that this heterodimer can
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activate the transcription of SCR, one can create a set of differential equations where

free SCR will “eat up” almost all the free SHR in the system. If some other gene

associated with the periclinal division, P, is activated by both SHR and SHR-SCR,

it is possible to create a pulse of P. This is one plausible explanation for how a cell

manages to divide exactly once.

The null hypothesis corresponds to any model of this type, where the time of

division is determined entirely by intracellular processes. Some variations are pos-

sible. An intracellular network model allows us to postulate an external gradient –

for example, in SHR or SCR – which would result in different rate parameters for

different cells. It would also allow us to choose a different (but qualitatively simi-

lar) distribution instead of a decaying exponential. It would not, however, produce

non-zero correlations. The work presented here has thus already contributed to the

efforts to understand the division process by ruling out a class of models that was

considered a likely candidate for understanding the division process.

It should be noted that gradients could account for the observed correlations if

the gradients differed between cell files. In particular, a unimodal distribution of a

division-inducing chemical whose maximum value falls at different positions in dif-

ferent roots would produce correlations qualitatively similar to those reported here.

However, there is no known gradient in the system that fits this description. Ex-

pression profiles for neither SHR nor SCR have been measured in the SHR-inducible

system, but in the wild type both SHR and SCR are known to be expressed uniformly

throughout the meristematic zone [10].

A simple adjustment to the null model, the introduction of an additional rate

parameter, allowed for a dramatic increase in the ability of the model to account

for the data. This strongly suggests that a signaling of some character is occurring

between cells. The addition of a third rate parameter allowed for a more modest

but still significant improvement. The relatively high value of the “next nearest
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neighbor” rate parameter λ3 as compared to the basal rate parameter λ1 suggests

that a signal is propagating outward from the dividing cell.

Currently, additional experiments are being conducted to reveal more about the

periclinal division process. Microarray and other molecular experiments are seeking

other genes/proteins involved in the process. Two of the most important proteins (or

groups of proteins) to identify will be the one most directly responsible for initiating

division, and the one that carries relevant information from one cell to the next. To

better study the temporal character of the dynamics, development of the root array

is continuing. Once it is fully operational, the root array will allow us to compute

spaciotemporal correlation functions from real data. The ability of the stochastic

models presented here to reproduce the spaciotemporal correlations of the data will

serve as an important test of the models’ form.
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7

Closing remarks

7.1 Summary and conclusions

The partnership of biology and dynamical systems theory has created a major com-

ponent of a new field, systems biology, that challenges both physicists and biologists

alike. In the introduction, we discussed a few of the topics in the field, including

the pattern of segmentation in Drosophila and the the yeast cell cycle oscillator.

A greater understanding of how these systems operate has been achieved by the

combination of experimental and modeling techniques. The models were crucial for

understanding emergent properties of systems with a large number of agents inter-

acting in a complex manner. The successes described in the introduction were just

a few among a rapidly increasing number of significant accomplishments in the field

of systems biology. In this thesis, we describe an asymmetric division process in

the Arabidopsis root. The spacial pattern of divisions was studied in SHR inducible

mutants using confocal microscopy. A stochastic model explains the observed spacial

correlations and offers new insight into the role of signaling between cells.

While the systems approach has led to many significant discoveries in biology, the

140



consideration of biological problems has likewise led to some interesting topics in the

physics of complex systems. Through the consideration of biological evolution, Bak

and Sneppen created a much-celebrated model that exhibits self-organized critical-

ity [6]. Observations of synchronization in firefly populations were a major driving

force for the study of oscillator synchronization [15, 85]. The study of pattern for-

mation has developed out of consideration of patterns found in both biological and

non-biological systems, and a significant discovery has been that the mathematical

mechanism for breaking the symmetry of a uniform state and creating a pattern is

fundamentally the same across many systems [18]. Network studies have provided

a framework for understanding the emergent behavior of systems with many agents

interacting in a complicated manner, and some new results concerning network dy-

namics are reported in this dissertation.

First, we studied small networks and developed a comprehensive understand-

ing of their attractor dynamics. By considering the differences between continuous

networks and networks of synchronously updated Boolean nodes, we identified two

important features for determining the dynamics: the asymmetry in kink speeds

and the memory effect. In very simple systems, the attractors can be understood

completely from their Boolean analogue combined with the consideration of these

features. As the complexity grows, the correspondence to the Boolean model is de-

stroyed, and the manner in which it is destroyed can similarly be understood from

the fundamental dynamical features.

Second, we studied networks in the thermodynamic limit and found a good cor-

respondence between the statistical behavior of continuous and Boolean networks.

Both the bias and the sensitivity are found to preserved by the Boolean model, in

spite of the fact that the attractor dynamics are known to differ in smaller systems.

In the ordered regime, this is largely due to the fact that nearly all the nodes are

frozen on particular values, and the nodes that are not frozen contribute negligibly to
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the statistical characterization of the ensemble. In the disordered regime, the source

of the correspondence is less clear, but time series data show at least a qualitative

similarity between the Boolean and continuous dynamics. An additional effect, prop-

agation failure, is present in the continuous system only. The naive Boolean model

fails to predict the statistical behavior of a network in the regime where the collective

effect of propagation failure along many chains throughout the network significantly

affects the dynamics, but a modified Boolean scheme can account for the discrepancy.

7.2 Impact on current and future work

In this final section, we will address the impact that our work has had or may have

for other researchers. Good research, after all, produces not only answers, but also

more questions. For the problem of the developmental dynamics of Arabidopsis roots,

future work will include continued development of the root array technology to allow

for the dynamics imaging of live roots, a search for the molecules most directly re-

sponsible for the signaling and division processes, and the construction of a network

model that explains the mechanism responsible for the division dynamics. Data from

the root array will be used to compare not only spacial, but spaciotemporal corre-

lations with those produced by the model. The search for the molecules responsible

for asymmetric division is already underway, and the search for the molecules re-

sponsible for signaling is directly inspired by the model results. The network model

should include an intercell signaling mechanism of some type; prior to this work, that

point was not appreciated. Thus, the results of our study have directly influenced

the course that future research into the asymmetric division will take.

Our studies of network dynamics have elucidated many interesting features. One

important feature is that a pulse cannot propagate stably down a chain of single-

input nodes, so simple loops with an even number of inverters have only fixed point

attractors. When we added a single self-input with the nif logic, we were able
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to stabilize a growing pulse by cutting it down to a particular width each time it

passes through the self-input node. This mechanism for producing stable oscillations

appears infrequently in the literature on transcriptional oscillators. Sevim et al.

explore it more carefully in autonomous Boolean networks with fluctuations in the

time delays and short pulse rejection [80]. There is no intrinsic growth in the networks

they study, but they show that simple feed-forward loops can operate at “growers”

that increase pulse widths. The cut-down mechanism is called a “rectifier.” They

show that the oscillations of the yeast cell cycle network [67] are produced by a

combination of growers and rectifiers and are of the pulse-propagation type. This is

different from most studied transcriptional oscillators, like the repressilator [26], in

which a single kink, not a pulse, propagates around a path.

Autonomous Boolean networks can be modified to include the features described

in Chapter 3. The asymmetry in kink speeds can be implemented by assigning two

time delays to each link, one for a signal that will turn the target node on, and

another for a signal that will turn the target node off. Similarly, the memory effect

can be implemented by adjusting each pulse width according to the curve in Fig. 3.6.

An autonomous Boolean network with these additional features has many of the key

properties of a continuous system in which propagation failure does not occur. As

such, it may be an excellent model for understanding the continuous dynamics. Many

of the “additional topics” in Boolean networks, as surveyed in Section 2.3.5, can now

be studied in autonomous systems. One particularly interesting issue to explore is

the number of attractors. In the synchronous system, the number of attractors in

the critical regime scales with network size faster than any power law. However, we

have seen in simple systems that the asymmetry in kink speeds and memory effect

lead to a collapse of most of the attractors. Whether or not the number of critical

attractors shows superpolynomial, or even polynomial growth in systems that include

these features is still an open question. Xinwei Gong, a student of Joshua Socolar,
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is currently developing techniques to address this issue.

Also of interest is the characterization of attractors in the autonomous Boolean

system. In this thesis, we have seen some interesting attractors in continuous systems.

The time series in Fig. 4.3 shows the complexity characteristic of the disordered

phase, but it is unclear whether or not the dynamics is periodic. The time series

in Fig. 3.9 is almost surely aperiodic. Synchronous Boolean networks have a finite

number of possible states and thus display only periodic dynamics; autonomous

Boolean networks operate in continuous time – there is no external clock – and thus

can display aperiodic behavior. Quasiperiodic behavior is to be expected in large

systems where pieces of the network may be dynamically disconnected and thus

operate independently. The alternative, deterministic chaos, is the topic of current

research in the groups of Joshua Socolar and Daniel Gauthier.

To study the possibility of Boolean chaos, Zhang et al. construct a circuit of

three electronic logic gates, two performing the xor function, and one performing

the not xor function [94]. The voltage of each gate evolves continuously in time,

but it switches rapidly between clearly separated high and low and low values and

so can be approximated by a Boolean variable. This is precisely the type of system

described by the results of this dissertation.

To search for chaotic dynamics, Zhang et al. examine the binarized time series of

one of the logic gates. They identify two nearly identical segments and observe how

the time series that immediately follow the two segments begin to differ. In a 40

µs time series, they typically find about 3000 segment pairs. Using all these pairs,

they compute an ensemble average of the Hamming distance, 〈h(t)〉. The Hamming

distance here is a continuous function of time, and it is normalized by the size of

the temporal viewing window. They define an exponent λ given by 〈h(t)〉 = h(0)eλt,

which they measure to be λ = 0.25 ± 0.02 ns−1. The positive value of λ indicates

that trajectories are diverging and deterministic chaos is occurring. Note that this
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is chaos in the binarized time series, so knowledge of the small deviations from the

average on and off values is not needed to measure chaos.

The source of the chaotic behavior was studied by simulation. Simulations using

autonomous Boolean networks without short pulse rejection, kink speed asymmetry

or memory effects lead to an ever-increasing switching frequency. The electronic gates

cannot switch arbitrarily quickly, so a short pulse rejection mechanism was included

in the simulation. Short pulse rejection was also observable in the experiment, so

in the simulations, the minimum pulse width below which a pulse gets deleted is

a measured value. This considerably reduced the complexity of the dynamics and

seemed to give rise only to periodic behavior. This result is in agreement with

preliminary theoretical work suggesting that small autonomous Boolean systems with

only short pulse rejection cannot behave chaotically [83].

The absence of chaotic dynamics in the simulation caused Zhang et al. to measure

the asymmetry of kink speeds and the memory effect in their system. They find that

for each link, the difference between the time for a gate to turn on and turn off is

about 0.1 ns, compared to typical transmission times of about 3 ns. In this system,

the asymmetry is thus a small but measurable effect. The memory effect, on the

other hand, turns out to be quite substantial: short pulses reduce the transmission

times by as much as 0.5 ns. Zhang et al. measure a curve like Fig. 3.6 and incorporate

the change in pulse width into their simulation. They determine the exponent λ as

before and find λ > 0, indicating that the memory effect permits chaotic dynamics

in systems that would not exhibit such behavior without it.

7.3 Closing statement

For me (the author), the description of the experiment of Zhang et al. brings this

dissertation to a satisfying close. This is not only because it relates to the work

presented here, but also because it plays a role in a narrative of scientific progress.
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Jacob and Monod discover the mechanism for gene regulation and the concept of a

regulatory network is born. Kauffman conjectures that simple Boolean models can

capture the logic of genetic circuits. The physics community takes up interest in the

topic and develops a theory of synchronously updated Boolean networks. Theorists

and experimentalists together apply Boolean and continuous models to study biolog-

ical networks; the result is a broader understanding of emergent properties, as well

as evidence that the Boolean models give results comparable to their more detailed

counterparts. I, with much help from others, examine more closely the correspon-

dence between the two, and discover some interesting features. Zhang et al. are able

to measure these effects in an experimental system: an electronic, not genetic, cir-

cuit. Not only are these effects extant, but they are critical for complex behavior that

may allow simple circuits of the type studied to “be used as a building block in se-

cure spread-specturm communication systems or as an inexpensive ultra-wide-band

sensor or beacon” [94].

This narrative exemplifies the interplay between various areas of science, including

cell biology, electronic and nonlinear physics, and network theory. Stories like this

justify the continued exploration of interdisciplinary sciences like systems biology.

It is not simply a matter of applying knowledge from one field to another: I have

described new successes in biology, experimental physics and dynamical systems

theory. My own work has contributed most directly to the former and especially the

latter of these. It is most gratifying to see some other pieces fitting together with

that work, and it is with excited anticipation that I look to the future in hopes of

uncovering still more of the puzzle.
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Appendix A

Numerical integration of the equation of motion

In this appendix, we explain the method of numerical integration used to solve the

delay differential equations of Chapters 3 and 4. This technique was proposed by

Björn Samuelsson and is described in [63]. Consider a system of the form

ẋ(t) = g(t) , (A.1)

with solution

x(t)− x(t0) =

∫ t

t0

du g(u) . (A.2)

Using a standard fourth-order Runge-Kutta scheme, the numerical method for inte-

gration is

xn − xn−2 =
1

3
h (gn + 4gn−1 + gn−2) , (A.3)

where h is the size of a half step, n is the number of half steps, and t = nh [57]. The

subscripts are interpreted as follows: xn = x(t), xn−2 = x(t− 2h), and similarly for

g. The function g(t) is known, as is xn−2 at iteration n, so Eq. A.3 can be used to

compute xn. Iterating forward in time gives xn for an arbitrary number of steps. The
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Runge-Kutta method has an accuracy comparable to more complicated methods as

long as the system is not excessively stiff1, and its ease of use makes it an attractive

choice.

In this thesis, we investigate equations of the form

ẋ(t) = f(t− τ)− γx(t) , (A.4)

with solution

x(t)eγt − x(t0)eγt0 =

∫ t

t0

du f(u− τ)eγu . (A.5)

We have suppressed the fact that the function f(. . .) is actually a function of the

inputs nodes, not just a function of time. However, because it is determined by the

past behavior of the input nodes (for τ > 0), there is no difficulty in computing the

integral of Eq. A.5. Choosing t0 = t− 2h, the left side of Eq. A.5 is

xne
γhn − xn−2e

γh(n−2) . (A.6)

The right side of Eq. A.5 is equal to the right side of Eq. A.2 with the identification

g(u) = f(u− τ)eγu. Thus, by comparison to Eq. A.3 we find

xne
γhn − xn−2e

γh(n−2) =

1

3
h
(
fn−me

γhn + 4fn−m−1e
γh(n−1) + fn−m−2e

γh(n−2)
)
, (A.7)

with m ≡ τ/h, and h chosen such that m is an integer. Solving for xn yields the

integration scheme

xn = xn−2e
−2γh +

1

3
h
(
fn−m + 4fn−m−2e

−γh + fn−m−2e
−2γh

)
. (A.8)

1 A stiff system, loosely defined, is a system that changes dramatically over a small interval. The
fourth-order Runge-Kutta method presented here can handle stiff systems better than the Euler
method or the second-order Runge-Kutta method, but predictor-corrector methods and other more
sophisticated schemes are needed to handle very stiff systems. For the parameter values used in this
dissertation, we were able to accurately solve the delay differential equations using the Runge-Kutta
scheme in a reasonable amount of time.
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This scheme is very efficient for a time-delay system. We have exploited the fact that

ẋ(t) depends on x(t) only through the decay term: for a more complicated system

of the form ẋ(t) = f [x(t), x(t− τ), t], Eq. A.5 is not a solution.

The integrator is initialized with a desired value of x0, where it is assumed that

xn = x0 for all n < 0. Integrations were carried out using h = 0.1 in both Chapters 3

and 4. Decreasing h to 0.01 had no noticeable effect on the results. Attractors were

found from many (of order 50) different initial conditions. In some cases of Chapter 3,

such as the attractor shown in the lower panel of Fig. 3.8, it was necessary to arrange

initial conditions in which some of the nodes were artificially held at constant values

and released at different times. This was not necessary in Chapter 4, where the decay

constants were allowed to vary. The bifurcation structures of Chapter 3, as a function

of the time delay parameter τ , were determined by performing integrations in which

h was increased very slowly and observing transitions in the oscillation patterns of

all variables {xi(t)}.
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