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Abstract
The Annular Core Research Reactor (ACRR), located at Sandia National Laboratories

(SNL) in Albuquerque, New Mexico, is part of the Training, Research, Isotopes, General

Atomics (TRIGA) reactor family and has performed over 14,000 operations since 1979.

Originally designed for a fast reactor safety program, it is primarily used for radiation

testing of electronics. The ACRR core is made up of 236 fuel elements with annular ceramic

composite Beryllium Oxide-Uranium Dioxide (BeO-UO2) fuel pellets stacked in Niobium

cans surrounded by 304 Stainless Steel cladding and arranged in an annulus around a 9"

dry central cavity.

The ACRR’s fuel elements were originally designed to have fluted Niobium cans with

equal radius inward and outward flutes to contain the pellets and limit the heat transferred

from the fuel. However, imaging in the spring of 2024 revealed that, although within the

dimensional tolerance, the cans were manufactured with significantly smaller inward flutes.

In the manufactured case, there is significantly more play; the pellets can move around

and come into direct contact with a much larger area of Niobium, resulting in greater heat

transfer to the cans and cladding. An initial 2D finite element model indicated that there

was a possibility for the Stainless Steel cladding to exceed its safety basis limit temperature

of 500°C. As such, it was decided that a complete 3D model of an ACRR fuel element

should be constructed to provide more robust results and consider various internal fuel

configurations. This work uses MOOSE, an open source, C++ based, parallel framework

developed at Idaho National Laboratory and Gmsh, an open source mesh generator, to

build the model. The model is complete with temperature dependent material properties,

volumetric heat generation, and thermomechanical interactions. The model was constructed

in a stepwise manner and demonstrated to run throughout an ACRR pulse.
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1. Introduction
The Annular Core Research Reactor (ACRR), located at Sandia National Laboratories

(SNL) in Albuquerque, New Mexico, is part of the Training, Research, Isotopes, General

Atomics (TRIGA) reactor family and has performed 14,000+ operations since 1979. Orig-

inally designed for a fast reactor safety program, it is primarily used for radiation testing

of electronics. The ACRR is an open-pool type reactor and test samples are placed in

the 9" dry central cavity depicted in Figure 1.1 [1]. For larger test samples, the 20" dry

external cavity is used and the FREC-II core is coupled with the ACRR core. The ACRR

FIGURE 1.1: ACRR during pulse with FREC-II decoupled

core is made up of 236 fuel elements with ceramic composite Beryllium Oxide-Uranium

Dioxide (BeO-UO2) fuel pellets. BeO is used as the matrix because it gives the pellets

a large thermal conductivity that reduces stresses during transient operation. The pellets

contain 6.9 volume percent UO2 in the form of dispersions no longer than 1 µm and are

manufactured by cold-pressing and sintering. A fuel layer consists of two outer and inner

pellets. The layers are stacked in fluted Niobium cans surrounded by 304 Stainless Steel

cladding as shown in Figure 1.2(a). The outer pellets in the bottom layer of each can have

a smaller outer radius. The fuel elements are backfilled with Helium and arranged in an

annulus around the 9" dry central cavity according to Figure 1.2(b) [2].

1



(a) Fuel element schematic (b) Fuel element arrangement

FIGURE 1.2: ACRR fuel elements

1.1 Motivation
1.1.1 Thermomechanical

The ACRR’s fuel elements were originally designed to have Niobium cans with equal

radius inward and outward flutes to contain the pellets and limit the heat transferred from

the fuel. However, scans in the spring of 2024 revealed that, although within the dimen-

sional tolerance, the cans were manufactured with significantly smaller inward flutes. This

difference can be seen in Figure 1.3, where the top views of a designed and manufactured

ACRR fuel element are depicted in (a) and (b), respectively. In the manufactured case,

there is significantly more play; the pellets can move around and come into direct contact

with a much larger area of Niobium, resulting in greater heat transfer.

To understand why this happens, the nuclear fission process in the ACRR is examined.

Fission occurs when a neutron is absorbed by a fissile atom, rendering the atom unstable

and causing it to split. When it splits, it deposits fission fragments, free neutrons, and

gamma rays on the fuel pellets. Locally, in the ACRR, more fissions occur as you move

radially outwards on a fuel pellet, producing temperature gradients leading to stress fields.

2



(a) Designed Niobium cans (b) Manufactured Niobium cans

FIGURE 1.3: ACRR for fluted can comparison (top view)

The radial distribution of fissions in a pellet, denoted D(r) is given by

D(r) = 0:09938r3�0:031r2 + 0:007188r + 0:8882; (1.1)

and plotted in Figure 1.4(a). This indicates that there are approximately 1.5x more fissions

occurring on the outer surface of the pellets compared to the inner surface. This creates

the temperature gradient shown in Figure 1.4(b) for a single pellet, in °C, at 160 ms.

Without inward flutes to keep them contained, the pellets will radially expand into the

can and their entire outer surface, the hottest region, will be in contact with the Niobium.

Of particular concern is the temperature of the Stainless Steel cladding exceeding Tlimit =

500°C, as defined by the safety basis team at SNL. As a result, the Duke Computational

Mechanics Laboratory was tasked with constructing a 2D finite element (FE) model of

an ACRR fuel element to predict the temperature of the Stainless Steel cladding. The

model suggested that the manufactured can geometry could potentially result, in the worst

case, when all bodies are in contact, in Tlimit being exceeded. To continue addressing this

uncertainty, it was decided that the first 3D thermomechanical model of the ACRR should

be built to yield more robust results and probe a variety of internal fuel configurations.

3



(a) Radial fission distribution for a pellet

(b) Radial temperature distribution for a pellet

FIGURE 1.4: Temperature gradient in a pellet

Constructing and verifying this 3D model is the focus this work.

1.1.2 Coupled Thermomechanical Fracture

The 3D model constructed in this work will serve as the basis for a future investigation

into fuel health and lifecycle. As the pellets are irradiated, they are subject to repeated

thermomechanical loads that, over time, can lead to fracture and failure. The lifetime

of the reactor is directly dependent on the pellets’ ability to withstand the onset of these

phenomena. In future work, the thermomechanical model built in this thesis can be coupled

4



with a fracture solve to aid in predicting the fracture behavior and lifetime of the fuel pellets.

1.2 Objective

The objective of this work is to construct and verify a 3D thermomechanical FE model of

an ACRR fuel element, including BeO-UO2 pellets, Niobium cans, Stainless Steel cladding,

temperature dependent material properties, volumetric heat generation, mechanical con-

tact, radiation, and conduction. This is done using RACCOON [3], an open-source, parallel

finite element code that specializes in phase-field fracture problems. RACCOON is built

on the MOOSE framework [4], which was developed at Idaho National Laboratory.
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2. Fundamentals
2.1 Energy Balance

The full form of the energy balance is given by Equation 2.1 whereU, E, Q, and L

correspond to the internal, kinetic, heat, and mechanical energies, respectively:

d
dt

(U + E) = Q+ L: (2.1)

For quasistatic considerations, the kinetic and mechanical energies are ignored. The energy

balance can be expanded with the formulations for internal and heat energies (2.2), where

r is the material density, e is the speci�c internal energy, f (r;t) denotes the heat source

corresponding to the reactor pulse (Section 4.2), and~q represents the heat �ux:

U =
Z

V
r e dV;

Q =
Z

V
f (r;t)dV �

Z

¶V
~q�~n dA:

(2.2)

Additionally, applying the Divergence Theorem (2.3) yields the simpli�ed integral form of

the energy balance (2.4):
Z

¶V
~q�~n dA=

Z

V
div(~q) dV; (2.3)

Z

V

d
dt

r e+ f (r;t) + div(~q) dV = 0: (2.4)

Considering that this expression holds for all arbitrary domains,V, the integrand must also

equal zero, which yields the local form of the energy balance given by

r �e+ f (r;t) + Ñ �~q = 0: (2.5)

Substituting expressions for the speci�c energy and heat �ux (2.6), wherec is the speci�c

heat, T is the temperature, andk is the thermal conductivity, into yields the heat equation,

which describes the spatial distribution of temperature over a body (2.7).

e= cT;

q = kDT:
(2.6)
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r c
¶T
¶t

= kDT + f (r;t): (2.7)

The D operator is the Laplacian which represents the spatial dependency of the temperature

as given by

D= Ñ2 =
¶2

¶x2 +
¶2

¶y2 +
¶2

¶z2 : (2.8)

2.2 Force Balance

The complete integral form for the force balance is given by the balance of linear mo-

mentum,

d
dt

Z

V
r ~u dV =

Z

¶V
~t dA+

Z

V
r~b dV; (2.9)

where ~u represents the velocities,~t the tractions, and ~b the body forces on a domain.

Neglecting inertial e�ects eliminates the left hand side. Applying the Lemma of Cauchy,

~t = � ~n; (2.10)

where� is the stress tensor, and the Divergence Theorem (2.3), yields the simpli�ed integral

form of the momentum balance:

0 =
Z

¶V
� ~n dA+

Z

V
r~b dV; (2.11)

0 =
Z

V
div(� ) + r~b dV: (2.12)

Analogous to the energy balance (2.4), the force balance holds for all domains, therefore

the local force balance is given by:

Ñ � � + r~b = 0: (2.13)

Neglecting body forces:

Ñ � � = 0: (2.14)

7



2.3 Thermomechanical Coupling

Consider the general form of Hooke's law, where� is the stress tensor,C is the general

fourth order sti�ness tensor, and � is the strain tensor:

� = C� ;

s i j = Ci jkl ekl:
(2.15)

The sti�ness tensor can be written in terms of the Lamé constants,l and m, and the

Kronecker delta, di j , the elastic modulus,E, and the Poisson's ration:

Ci jkl = ld i j dkl + m(dikdjl + dil djk);

m=
E

2(1+ n)
l =

En
(1+ n)(1� 2n)

:
(2.16)

Substituting the Lamé paramaters and the expression for the sti�ness tensor (2.16) into

Hooke's law (2.15), and simplifying, yields the general expression for the stress tensor:

s i j = Ci jkl ekl = le kkdi j + 2mei j : (2.17)

Inverting and substituting yields the general expression for the mechanical strains:

ei j =
1+ n

E
s i j �

n
E

skkdi j ;

ei j =
1
E

(s i j � n(skkdi j � s i j )) :

(2.18)

Additionally, there is a thermal strain term (2.19), where a is the coe�cient of thermal

expansion andT is the temperature:

eth = a DT: (2.19)

In a coupled thermomechanical problem, the contributions of the mechanical and ther-

mal strains are superimposed and related to the displacement via the strain-displacement

relationship.

8



2.4 Boundary Conditions

The two main classes of boundary conditions are Dirichlet and Neumann. Dirichlet

boundary conditions assign a value to the variable itself, while Neumann boundary condi-

tions assign a value to the gradient of the variable, on a boundary. Consider an arbitrary

3D case where the variable of interest is the displacement vector,~u. The Dirichlet boundary

condition imposes a value~̄u(x;t) on~u (2.20) and the Neumann boundary condition imposes

a value~h(x;t) on the gradient of~u (2.21):

~u(~x;t) = ~̄u(~x;t) 8~x 2 WD; (2.20)

¶~u(~x;t)
¶~x

= ~h(~x;t) 8~x 2 WN (2.21)

The Dirichlet boundary condition corresponds to a displacement onWD and the Neu-

mann boundary condition corresponds to a traction onWN. To see this, consider, once

more, the strong form of the force balance (2.14), which is extended to include the Dirichlet

and Neumann boundary conditions:

(S) =

8
><

>:

Ñ � � = 0 8~x 2 W;

~u(~x;t) = ~̄u(~x;t) 8~x 2 WD;

� ~n = ~h(~x;t) 8~x 2 WN:

(2.22)

By applying a test function, w, that is su�ciently smooth and satis�es the homogenized

Dirichlet boundary conditions, i.e. vanishes onWD, the weak form can be derived to show

that the Neumann boundary condition, denoted by the second term, appears as a traction:

(W) = �
Z

W
Ñw� � dW+

Z

WN

w� (� ~n) dWN: (2.23)

2.5 Finite Element Solver
2.5.1 Nonlinear Solver

In this work, the nonlinear solver in MOOSE uses Newton's method to determine the

direction of the solve and all the modules use automatic di�erentiation to compute the

requisite Jacobian matrix.
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2.5.1.1 Newton's Method

Newton's method is a root-�nding method that searches for the zeros of nonlinear

equations. For a single variable function, f (xn), it does this by making an initial guess,

xn, for the root, computing the gradient at this point, and using the following equation,

referred to as the update form, to estimatexn+ 1:

xn+ 1 = xn �
f (xn)
f 0(xn)

: (2.24)

For a vector-valued function, ~F(~xn), the update form is given as

~xn+ 1 = ~xn �
~F(~xn)
~F0(~xn)

; (2.25)

where ~F0(~xn) is the Jacobian matrix, ~J as de�ned by

~J(~xn) = ~F0(~xn) =

2

6
6
4

¶ f1
¶x1

: : : ¶ f1
¶xn

...
. . .

...
¶ fn
¶x1

: : : ¶ fn
¶xn

3

7
7
5 : (2.26)

The Jacobian is computed at every iteration and an iteration is complete, or converged,

when the di�erence, or residual, between two points,

~r = ~xn+ 1 � ~xn; (2.27)

is less than a tolerance speci�ed by the analyst (typically less than10� 6). As such, to

ensure convergence, it is imperative that the Jacobian be computed accurately. Tradition-

ally, Jacobians are hand-coded, meaning that the derivative is directly computed at every

iteration. For example, consider the function

f (x) = x2 + sin(2x+ 1): (2.28)

The derivative would then be hard-coded and the function (2.29) de�ned for this would be

called every time:

f 0(x) = 2x+ 2cos(2x+ 1): (2.29)

10



This is less computationally expensive, but requires signi�cant investment to accurately

code, especially with the complexity of functions involved in FEA. Even the smallest mistake

in the Jacobian could yield incorrect results and sti�e convergence.

2.5.1.2 Forward Mode Automatic Differentiation (AD)

Forward mode AD works by identifying fundamental blocks present in an expression and

augmenting variables with their derivatives. Consider the following two-variable function:

f (x1;x2) = x1x2 + x2
2 + sin(x1x2): (2.30)

This expression can be broken down into sub-expressions that are assigned intermediate

variables denoted byvn. A single forward pass through the function is depicted by the

graph in Figure 2.1. In addition to the intermediate variables, the forward pass yields

FIGURE 2.1: Forward mode AD

the partial derivative of interest by taking the tangents, or derivatives, of the values. The

derivatives are shown in Table 2.1.

This graph structure extends to vector-valued functions with more variables. In that

case, each pass of the forward mode AD yields one column of the Jacobian matrix. This

method is only slightly more expensive and the analyst isn't required to hand-code their

own Jacobian.

2.5.2 Linear Solver

When specifying Newton's method, MOOSE uses the Portable, Extensible Toolkit for

Scienti�c Computation (PETSc) for the linear solver. It is here that the use of a direct or

iterative solver can be speci�ed. For this work, a direct solver, LU decomposition, is used.
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Table 2.1: Values and derivatives for forward mode AD

Values Derivatives
�v� 1 �v� 1

�v0 �v0

�v1 �v� 1v0 + �v0v� 1

�v2 2 �v0

�v3 �v1cos(v1)
�v4 �v1 + �v2

�v5 �v3 + �v4

�v5
¶ f
¶xi
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3. Previous Work
Several works have been completed in an attempt to predict the health of the ACRR

fuel and assess its ability to withstand thermal stresses. Firstly, a series of quarterly re-

ports written by SNL from 1974-1977 [5], followed by reports by Jack Tills of Science and

Engineering Associates Inc. in 1982 [6] and Steve Wright of SNL in the mid-1990s [7], as

well as a thesis by Elliot Pelfrey in collaboration with SNL in 2019 [2]. All these works

focused almost exclusively on evaluating the integrity of the pellets. Once it was discovered

that the geometry of the Niobium can was di�erent than designed (Figure 1.3), Bo Zeng,

of the Duke Computational Mechanics Laboratory, built a 2D model to analyze the change

in Stainless Steel cladding temperature. This section presents the e�orts and conclusions

of these previous works. In addition, multiple attempts have been made to adequately

characterize the material properties of the fuel elements in the ACRR.

3.1 Quarterly Reports

The ACRR was born from a desire to upgrade the existing Annular Pulse Research

Reactor (ACPR). The quarterly reports [5] served to document the design and progress of

the ACRR. A key component of this design was determining whether the fuel pellets could

survive the pulses in the ACRR. To do this, the proposed BeO-UO2 pellets were pulsed in

the ACPR causing �ssion of the 235U in the fuel. Of note, the tested pellets were enriched

to 93% 235U whereas the actual pellets in the ACRR are enriched to 35%235U. Results of

the test showed that for a single-pulse, the fuel did not begin to fracture until the outer

surface temperature reached 1410°C. For a multi-pulse at 1150°C, 1/10 pellets failed after

51 pulses and 2/10 pellets after 101 pulses, and for a multi-pulse at 1400°C, 1/10 pellets

failed immediately after the �rst pulse and after 71 pulses 6/10 had fractured. These results

led to the selection of the BeO-UO2 pellets and the assumption was made that, since the

�ssion pro�le at 93% 235U is much harsher, pellets enriched to 35%235U would perform

better.

13



3.2 Tills

In 1982, Jack Tills led the second attempt to assess the health of the fuel pellets by

comparing in-pile1 thermal stress from 1978 experiments, by L.D. Posey and A.C. Mar-

shall, to thermal stresses during actual pulsing operations [6]. Tills assumed that the

maximum stresses were caused by the radial temperature gradient of the pellets and used a

one-dimensional, pure conduction (no radiation), thermal FE model to predict pellet tem-

perature pro�les for input into a two-dimensional mechanical FE model to calculate the

thermal stress of the in-pile experiments. Under the present operations at the time ($22.95

pulse), Tills concluded that the maximum stress-fracture stress, determined from the in-pile

experiments, ratio was 0.7. Under maximum pulse operations ($3.50 pulse), however, Tills

concluded that the maximum ratio would be 1.5, resulting in signi�cant fuel failure. More

speci�cally, that 25% of the pellets fail at 88 MPa and 1340°C. Of note, Tills' analysis was

performed with 35% enriched235U, but assuming only 226 elements in the core.

3.3 Wright

In the mid-1990s, Steven A. Wright of SNL also investigated the integrity of the fuel

due to concerns that burnup caused by99Mo production would negatively impact the fuel

[7]. Unlike Tills, Wright did not conduct a thermal analysis and attributed the maximum

stress to the �ssion pro�le. Wright also did not consider temperature dependent material

properties. As Tills did, Wright used in-pile experiments for the fracture strength of the fuel.

Rather than employing a FE model, Wright used an analytical solution for the calculation

of maximum thermal stresses due to the �ssion pro�le before �tting a Weibull distribution

to estimate the fracture strength of the fuel. From this, Wright concluded that the fracture

strength of the fuel is 179 MPa and the maximum thermal stress is 56.7 MPa. As a result,

the pellets would not fracture.

1 Nuclear reactor experiments that take place inside the reactor core

2 $ is a unit of reactivity for a nuclear reactor
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3.4 Pelfrey

Given the di�erences in assumptions, methodologies, and conclusions, Elliott Pelfrey

conducted a transient thermomechanical analysis of the fuel for his Master thesis at the

University of New Mexico in 2019 [2]. Pelfrey built a 3D FE model of a half-layer (symme-

try) consisting of inner and outer pellets, �uted Niobium can and Stainless Steel cladding

using Ansys Mechanical. He sought to determine the thermal stresses in the ACRR's peak

fuel pellets under maximum pulse conditions considering temperature, burnup, and radia-

tion dependent material properties. Pelfrey modeled gap radiation and conduction, as well

as the volumetric heat generation of the pellets caused by the pulse. He �rst conducted a

transient thermal analysis to determine the temperature gradients which were then passed

to a mechanical analysis to calculate the thermal stresses. Pelfrey concluded that the fuel

was unlikely to fracture. While Pelfrey's work provided a recent analysis of the integrity of

fuel pellets, his analysis was conducted with the designed Niobium geometry. Once it was

discovered that the inward �utes were manufactured to be much smaller than the outward

�utes, a new model was needed.

3.5 2D Model

Bo Zeng constructed a 2D model of an ACRR fuel element in MOOSE to examine the

e�ects of the manufactured cans, particularly on the Stainless Steel cladding temperature.

A worst-case scenario was de�ned as all bodies shifted to one side and placed in contact

(Figure 3.1). The left image shows the worst case under the design con�guration and the

right image under the manufactured con�guration. In the designed case, the only contact

between pellets and Niobium is at the inward �utes. In the manufactured case, however,

almost the entire outer edge of the pellets is in contact with the Niobium. The 2D model

also includes gap conduction and radiation, as well as pressure dependent thermal contact.

As a result of this greater contact area, the maximum cladding temperature increases by

133.23°C (Figure 3.2). Moreover, the model showed that as the convective heat transfer

coe�cient, H, becomes smaller, the cladding temperature exceeds the SNL safety basis
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FIGURE 3.1: 2D model of worst case scenario; left: design geometry, right: manufactured
geometry

FIGURE 3.2: 2D model temperature distribution; left: design geometry, right: manufactured
geometry

limit temperature of 500°C. To investigate the results, and query variations in internal fuel

con�gurations and material properties, this work builds the �rst complete 3D model of an

ACRR fuel element.

3.6 Material Properties

This section presents the material properties used for the fuel, Niobium, and Stainless

Steel.

3.6.1 Fuel

As stated, the fuel for the ACRR is a ceramic composite with a BeO matrix and 6.9

volume percent UO2 as particulate. The material properties of the composite can be
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determined by �tting a curve to e�ective properties determined using homogenization theory

and the properties of the constituents. This subsection presents the equations used and

consolidates the works of Pelfrey and Tills. Note, the 2D model used Tills. A summary of

the material constants used can be found in Table 3.1.

The e�ective thermal conductivity, ke f f is derived using Maxwell's solution for a het-

erogeneous body,

ke f f = km(1+
3Vp

kp+ 2km
2(kp� km) � Vp

); (3.1)

where km is the conductivity of the matrix, kp is the conductivity of the particulate, Vp is

the volume fraction of the particulate, and T is the temperature in Kelvin [2].

Equation 3.1 is applied to the conductivities of BeO and UO2 [8, 9] at temperatures

from 300-2000 K. Tills and Pelfrey both �t a power law to the e�ective thermal conductivity

as a function of temperature:

ke f f;Pelfrey = 2:902T � 1:636; (3.2)

ke f f;Tills = 9:139T � 0:107� 4:024: (3.3)

These expressions are plotted against the e�ective thermal conductivities in Figure 3.3.

Pelfrey is given in green, Tills in blue, and the e�ective thermal conductivities in red.

Despite slightly di�erent parameters, Tills' and Pelfrey's expressions are in strong agreement

with each other and the homogenization theory.

The e�ective speci�c heat, ce f f is given by

ce f f = Vmcm+ Vpcp: (3.4)

The rule of mixtures is applied to the speci�c heats of BeO and UO2 [8, 9] at temperatures

from 300-2000 K. Pelfrey �ts a 6th degree polynomial to the data while Tills �ts a power

law:

ce f f;Pelfrey = � 1:11� 10� 15T6 + 8:84� 10� 12T5 � 2:75� 10� 8T4 + 4:31� 10� 5T3

� 0:036T2 + 16:68T � 1706;
(3.5)
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FIGURE 3.3: Thermal conductivity of BeO-UO2

ce f f;Tills = 1:6686� 102T0:2877+ 3:9854� 102: (3.6)

These expressions are plotted against the e�ective speci�c heats in Figure 3.4. Pelfrey is

given in green, Tills in blue, and the e�ective speci�c heats in red. Additionally, the NumPy

library is used to �nd a potential 6th degree polynomial �t plotted in black:

ce f f;NumPy = � 2:54� 10� 16T6 + 1:79� 10� 12T5 � 5:25� 10� 9T4 + 8:48� 10� 6T3

� 8:58� 10� 3T3 + 5:85T � 207:36:
(3.7)

The 6th degree polynomial from NumPy is in close agreement with Tills and the homoge-

nization theory, while Pelfrey deviates, especially at higher temperatures.

The e�ective coe�cient of thermal expansion, ae f f is calculated using a re�ned rule of

mixtures that considers the thermal stresses between the matrix and the particulates:

ae f f = am � Vpq(am � a p); (3.8)

q =
3Ep(1� nm)

((1+ nm) + 2Vp(1� 2nm))Ep + 2VmEm(1� nm)
: (3.9)

These expressions are applied to the thermal expansion coe�cients of BeO and UO2 [10, 11]

at temperatures from 300-2000 K.q is a re�nement parameter andnm is the Poisson's ratio
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FIGURE 3.4: Speci�c heat of BeO-UO2

of the matrix. Pelfrey and Tills both �t a 2nd degree polynomial:

ae f f;Pelfrey = � 1:01� 10� 12T2 + 5:15� 10� 9T + 5:192� 10� 6; (3.10)

ae f f;Tills = � 1� 10� 12T2 + 4:288� 10� 9T + 5:715� 10� 6: (3.11)

These are plotted against the e�ective coe�cients of thermal expansion in Figure 3.5. Pel-

frey is given in green, Tills in blue, and the e�ective speci�c heats in red. Additionally, the

NumPy library is used to �nd a potential 2nd degree polynomial �t,

ae f f;NumPy = � 1:04� 10� 12T2 + 6:6� 10� 9T + 5:12� 10� 6; (3.12)

plotted in black. Tills and Pelfrey deviate from each other and the homogenization theory,

especially at higher temperatures.

The elastic modulus is determined by averaging the Voigt (upper bound) and Reuss

(lower bound) approximations for composites:

EVoigt = VpEp + ( 1� Vp)Em;

EReuss = (
Vp

Ep
+

1� Vp

Em
) � 1:

(3.13)
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FIGURE 3.5: Coef�cient of thermal expansion of BeO-UO2

These are applied to the elastic moduli of BeO and UO2 at temperatures from 300-1500 K.

Pelfrey �ts a power law while Tills �ts a �rst degree polynomial:

EPelfrey = � 41:38T2:879+ 3:396� 1011; (3.14)

ETills = � 62:5� 106T + 4e11: (3.15)

These equations are plotted against the e�ective elastic moduli in Figure 3.6. Pelfrey is

given in green, Tills in blue, and the e�ective speci�c heats in red. Additionally, the NumPy

library is used to �nd a potential 2nd degree polynomial �t,

Ee f f;NumPy = � 1:272� 104T2 � 2:39� 107T + 3:82� 1011; (3.16)

plotted in black. In this region, Pelfrey's power �t and the Numpy second degree polynomial

are in great agreement with each other the homogenization theory, while Tills' linear �t

under predicts.

Clearly, there is signi�cant uncertainty in the material properties. Tills and Pelfrey

disagree with each other and with the homogenization theory for di�erent properties. A

potential reason for this is that there are many sources providing the material properties
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FIGURE 3.6: Elastic modulus of BeO-UO2

of the constituents and they often are not entirely in agreement. In the interest of facili-

tating comparison between the 2D and 3D models, Tills' formulations are used once again.

However, an investigation should be conducted, for example, into using the NumPy �t for

the coe�cient of thermal expansion and Pelfrey for the elastic modulus. Another approach

could be to consider bounding the material properties in such a way that the homogeniza-

tion approach yields a worst case scenario for each property. For example, the worst case

expansion. A summary of all the fuel properties is given in Table 3.2.

Table 3.1: Material constants

Symbol Description Value Unit
Em Elasticity modulus BeO (at 293.15 K) 339 GPa
Ep Elasticity modulus UO2 (at 293.15 K) 220 GPa
Vm Volume fraction BeO 0.931 -
Vp Volume fraction UO2 0.069 -
nm Poisson's Ratio BeO 0.26 -
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Table 3.2: Fuel properties as a function of temperature, used in the model

Symbol Description Value Unit
c Speci�c heat 1:6686� 102T0:2877+ 3:9854� 102 J

kg K
e Emissivity 0.37 -
E Elasticity modulus 10� 9(� 62:58� 106T + 4� 1011) GPa
H Hardness 189.1 HR
k Thermal conductivity 102 � (9:139T � 0:107� 4:024) W

m K
a CTE � 1:01� 10� 12T2 + 5:15� 10� 9T + 5:192� 10� 6 -
n Poisson's Ratio 0.2 -
r Density 3573 kg

m3

3.6.2 Can and Cladding

A summary of the material properties used for the niobium can and stainless steel

cladding, taken from Tills, is provided in Tables 3.3 and 3.4 [6].

Table 3.3: Niobium properties as a function of temperature, used in the model

Symbol Description Niobium Unit
c Speci�c heat 5:29� 10� 6T + 264:61 J

kg K
e Emissivity 0.22 -
E Elasticity modulus 104 GPa
H Hardness 24.583 HV
k Thermal conductivity 2� 10� 3T + 5 W

m K
a CTE � 5:569� 10� 13T2 + 1:672� 10� 9T + 6:84� 10� 6 -
n Poisson's Ratio 0.38 -
r Density 8590 kg

m3

3.6.2.1 Gaps

The thermal conductivity of Helium is required and given by

kHe;Tills = 2:5� 10� 4T + 0:15: (3.17)
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Table 3.4: Stainless Steel properties as a function of temperature, used in the model

Symbol Description Stainless Steel Unit
c Speci�c heat 480 J

kg K
e Emissivity 0.67 -
E Elasticity modulus 190 GPa
H Hardness 34.98 HV
k Thermal conductivity 16.2 W

m K
a CTE 6:563� 10� 13T2 + 2:053� 10� 9T + 1:709� 10� 5 -
n Poisson's Ratio 0.29 -
r Density 7750 kg

m3
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4. Methodology
This section will discuss the modeling assumptions made in building the 3D model of

an ACRR fuel element in MOOSE. Figure 4.1(a) recalls the schematic of an ACRR fuel

rod, while Figures 4.1(b), (c), and (d) break down the section, highlighted by the red box,

that is modeled in MOOSE. Speci�cally, the region of two interacting sections of Niobium.

Figure 4.1(b) shows the entire model with the surrounding cladding. Figure 4.1(c) shows

the two sections of Niobium each containing four layers of pellets as shown in Figure 4.1(d).

The geometries shown in Figure 4.1 are all created and meshed using the Gmsh Python

API.

In reality, the words can and cup can be used interchangeably to describe the sections

of Niobium. However, for the purposes of de�ning geometry in the model, the top section

is herein referred to as the cup and the bottom section is referred to as the sleeve. The cup

corresponds to the bottom section of a can from Figure 4.1(a) and the sleeve corresponds to

the top section of a can just below in the stack up. This breakdown is shown in Figure 4.2

with a closer, labeled, view of the region of interest (a).

(a) Schematic of fuel
element (b) Cladding (c) Can (d) Pellets

FIGURE 4.1: 3D ACRR model geometry
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(a) Cup-sleeve interaction
region (b) Cup (c) Sleeve

FIGURE 4.2: Can nomenclature breakdown

4.1 Boundary Conditions

In reality, the fuel elements are externally pinned on both ends, but the internal com-

ponents (pellets, cup, sleeve, and cladding) are not constrained. The free-free condition

can be approximated in FE models by employing weak springs; very low-sti�ness, arti�cial,

springs that constrain rigid body motion. In commercial software, the sti�ness and direction

of these springs is arbitrary and this method, in general, should be avoided. In MOOSE,

the sti�ness and direction can be speci�ed, but the sti�ness is challenging to tune. Instead,

traditional Dirichlet boundary conditions are used. The boundary conditions in this model

are split into those for the pellets, cup, sleeve, and cladding. The Dirichlet condition for a

displacement vector~u is recalled with ~̄u being an arbitrary displacement:

~u(~x;t) = ~̄u(~x;t) 8~x 2 WD: (4.1)

The displacement vector~u is broken up into its componentsux, uy, and uz corresponding

to the three translational degrees of freedom. The components are �xed in space, therefore

the Dirichlet conditions correspond to setting the displacement to zero on the Dirichlet

boundary, WD:

ux = 0; uy = 0; uz = 0 2 WD: (4.2)

By virtue of the selection of WD the three rotational degrees of freedom can also be con-

strained. The following boundary conditions are de�ned using theADDirichletBC class in
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the MOOSE BCsblock. Unlike weak springs, however, Dirichlet boundary conditions will

introduce arti�cial stresses at WD. As such, WD must also be selected in such a way that

unconstrained thermal expansion is allowed in the direction of interest. In the ACRR, this

is the radial direction (recall the radial distribution of �ssions discussed previously). There-

fore, all boundary conditions are de�ned to ensure uniform radial thermal expansion of all

components while �xing all rigid body modes and introducing minimal �ctitious stress.

4.1.1 Pellets

This can be achieved for all pellets, except the bottom layer inside the cup, by picking

three points and �xing each of them in two directions ("2-2-2"). Points on the top surface of

the pellets are chosen for �xinguz. The conditions are given for one pellet in Equation 4.3

and Figure 4.3(a). These conditions are applied analogously to every pellet in group A

according to Figure 4.3(b). The pellets in group A have no interaction in the z direction.

(
ux; uz = 0 2 WD;1;

uy; uz = 0 2 WD;2:
(4.3)

For the bottom layer of pellets, labeled B in Figure 4.3(b), the situation is more compli-

cated. These pellets are resting on the bottom surface of the cup; any expansion will cause

them to penetrate the cup. In order to capture this interaction, the mechanical contact

between the bodies will need to be modeled. For tight convergence and uniform contact

pressure,WD needs to be modi�ed to include the entire top face of the pellets in this bottom

layer. These Dirichlet boundary conditions are shown in Figure 4.4 and given as:

8
><

>:

uz = 0 2 WD;1;

ux = 0 2 WD;2;

uy = 0 2 WD;3:

(4.4)

These boundary conditions are analogous for the inner pellets. The thermal expansion

of the pellets is the same, uniformly outward, for both cases above. Figure 4.5 demonstrates

this by depicting the displacement �eld of a pellet in x and y directions. It is important

to note, that in the case when the pellets are in contact with the can, their expansion into
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(a)WD;n for the pellets in regions A and B (b) Pellet regions

FIGURE 4.3: Pellet boundary conditions and regions

FIGURE 4.4: WD;n for the pellets in region C

the can will push them back into the supports, creating �ctitious stresses. However, this

will ensure that the contact is maintained, representing a worst case con�guration for the

ACRR.
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(a) X displacement (b) Y displacement

FIGURE 4.5: Uniform outward thermal expansion of a pellet

4.1.2 Can
4.1.2.1 Cup

The boundary conditions on the cup are also a�ected by the contact of the inner bottom

surface of the cup with the bottom layer of pellets. In order to reciprocate the expansion of

the pellets, and ensure uniform contact pressure, the outer bottom face of the cup is �xed

in the z direction. This �xes one translational degree of freedom and two rotational degrees

of freedom. Additionally, when heated by the pellets, the cup should be able to expand

uniformly outwards, but the remaining three degrees of freedom should be constrained. Four

equally spaced points on the outside edge of the top surface of the cup are selected. The

top and bottom points in the y-axis are �xed in x-direction, while the left and right points

in the x-axis are �xed in y-direction. These Dirichlet boundary conditions are depicted in

Figure 4.6(a) and given as:
8
><

>:

uz = 0 2 WD;1;

ux = 0 2 WD;2;

uy = 0 2 WD;3:

(4.5)

4.1.2.2 Sleeve

The boundary conditions on the sleeve are analogous to the cup and shown in Fig-

ure 4.6(b). Four points are chosen on the outside edge of the top of the �uted portion of

the sleeve. Once again, the top and bottom points are �xed in x-direction and the left and

right points in y-direction. The bottom surface is �xed in z-direction. WD;1 for the cup and

sleeve in Figure 4.6 corresponds to their respective bottom surfaces shown in Figure 4.7,
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where the positive z-direction points into the page.

(a)WD;n for the cup (b) WD;n for the sleeve

FIGURE 4.6: WD;n for the niobium components

Under these conditions, the cup and sleeve expand uniformly outward when heated

(Figure 4.8). Note, these �gures are taken from a two pellet layer version of the cup and

sleeve discussed in Section 5.

4.1.3 Cladding

The boundary conditions on the cladding are analogous to those on the cup and sleeve.

This is shown in Figure 4.9 and given as:

8
><

>:

uz = 0 2 WD;1;

ux = 0 2 WD;2;

uy = 0 2 WD;3:

(4.6)

Additionally, there is a convective heat �ux boundary condition from the cladding to
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(a)WD;1 for the cup (bottom view) (b) WD;1 for the sleeve (bottom view)

FIGURE 4.7: WD;1 for the niobium components

(a) X displacement (b) Y displacement

FIGURE 4.8: Uniform outward displacement of the sleeve under thermal loading

the surrounding environment. This is imposed using MOOSE'sADConvectiveHeatFluxBC

(CHFB). It computes the convective heat �ux,

q = H(T � Tin f ); (4.7)

where H = 2600 W
m2 K is the convective heat transfer coe�cient, T is the temperature of the

cladding, andTin f = 300K is the far-�eld temperature. The magnitude of H was taken from
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(a)WD for the cladding (b) WD for the cladding (bottom view)

FIGURE 4.9: WD for the cladding

the 2D model where it was determined using the energy balance. Physically, a smaller H

will lead to less heat being transferred from the cladding to the pool resulting in a higher

cladding temperature. This is a key parameter for an eventual sensitivity study.

4.2 Thermal Loading

Recall that, as brie�y introduced in Section 1, the fuel pellets in the ACRR are heated

in a radially dependent manner by nuclear �ssion. To incite nuclear �ssion, the reactor is

pulsed. The magnitude of this pulse varies with time. More speci�cally, the pulse (4.9),

f (z(t)) , is a function of the pulse power,z(t):

z(t) =

8
>><

>>:

0:02701t2 � 0:05621t + 0:007523
t3 � 0:1172t2 � 0:01372t + 0:001744

t � 107;

� 7:523� 106t4 + 3:8� 106t3 � 7:155� 105t2 + 5:945� 104t � 1827:02t > 107:

(4.8)
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f (z(t)) =

8
><

>:

10z t � 134;

10� 0:8266� 10� 3t+ 9:548 t > 134:

(4.9)

The pulse function, f (z(t)) , is then scaled by the radial distribution of �ssion, D(r) (1.1),

to yield the heat source assigned to the pellets in MOOSE:

f (r;t) = D(r) f (z(t)) : (4.10)

This heat source is plotted in Figure 4.10 with lines denoting the characteristic times of 80,

107, and 134 ms coinciding with the start, peak, and end of the pulse. This corresponds to

the reaction/source term in the energy balance.

FIGURE 4.10: ACRR pulse

4.3 Interactions

Whether components are at rest, or expanding and touching, the thermomechanical in-

teractions between them need to be captured. Mechanical interactions capture the response

of two bodies in physical contact and prevent penetration in areas of interest. Thermal in-

teractions characterize the heat transfer in the model; radiation and helium conduction in

gaps, as well as conduction through bodies in contact. Convection is neglected.
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4.3.1 Gaps

When components are at rest, or expanding without touching, the heat transfer in

the model is governed by the gaps. The thermal models are depicted in Figure 4.11 with

radiation and helium conduction in all gaps.

FIGURE 4.11: Thermal models in gaps

4.3.1.1 Helium Conduction

As mentioned, the fuel elements are �lled with Helium. As such, the

GapFluxModelConductance(GFMC) class, a gap �ux module for gap conductance varying

as a function of temperature, from theUserObjects block in MOOSE, is used in conjunc-

tion with the ModularGapConductanceConstraint MGCCclass. Here, the conductance is

governed by the temperature dependent conductivity of Helium (3.17).

4.3.1.2 Radiation

Also, due to the high temperature of the fuel (>1000°C), radiation should be considered.

For this, the GapFluxModelRadiation (GFMR) class from theUserObjects block in MOOSE

is used, also in conjunction with theMGCC. The GFMRclass is a gap �ux model that computes

the heat conduction across a gap due to radiation based on the di�usion approximation.

33



The heat �ux across the gap is given by,

qr = s f (T4
1 � T4

2 );

s = 5:6697� 10� 8 [
W

m2K4 ];

f =
1

1
e1

+ 1
e2

� 1
;

(4.11)

where s is the Stefann-Boltzmann constant, f is the emissivity function, T1 is the surface

temperature, and T2 is the far-�eld temperature. In this model, T1 is de�ned as the inner

surface of the gap. In Figure 4.11, this corresponds to the outer surface of the inner pellet,

the outer surface of the outer pellet, and the outer surface of the can/sleeve. Therefore,T2

is de�ned as the outer surface of the gap, corresponding to the inner surface of the outer

pellet, inner surface of the can/sleeve, and inner surface of the cladding. The emissivities

are given in Tables 3.2, 3.3, 3.4.

4.3.2 Mechanical Contact

As bodies expand and touch, their contact response is captured by a mechanical contact.

All mechanical contacts in the model are frictionless mortar contacts de�ned in MOOSE's

Contact block. Friction is not yet modeled due to the existing complexity of the model

and potential convergence issues it may cause. A glued contact is not used either, because

bodies should be able to slide with respect to each other as they expand. The face-to-face

mortar contact is a Lagrange multiplier approach that is better suited for scenarios where

the meshes on the contact surfaces do not match, such as during thermal expansion. This

method does not require a penalty parameter to be de�ned for interpenetration, but uses

Lagrange multipliers on lower dimensional subdomains to enforce contact constraints. This

property yields tighter convergence and better enforcement of the contact than a penalty

method, but requires more memory. A mechanical contact is de�ned between the bottom

layer of pellets (in the cup) and inner surface of the cup, as well as between the inner and

outer pellets, the outer pellets and the inside of the can, and the outside of the cup with
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the inside of the cladding for consideration of a worst case scenario. These regions are

highlighted in Figure 4.12.

(a) Radial mechanical contacts (b) Bottom mechanical contact

FIGURE 4.12: Mechanical contact interfaces

Figure 4.13 depicts the Lagrange multiplier subdomains for the contact between the

cup and the bottom layer of pellets (4) for an inner pellet (a) and an outer pellet (b). The

Lagrange multiplier subdomains are also required for the gap �ux models used in theMGCC.

(a) Inner pellet to bottom of cup (b) Outer pellet to bottom of cup

FIGURE 4.13: Two lagrange multiplier subdomains for bottom pellet contacts
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4.3.3 Thermal Contact
4.3.3.1 Mechanical Based Thermal Contact

When two bodies come into contact, the gap is closed and the heat transfer is governed

by contact pressure at the interface using the

GapFluxModelPressureDependentConduction(GFMPDC) class in the MOOSEUserObjects

block with the ( MGCC) class in the MOOSEConstraints block. The GFMPDCclass computes

a conductive heat �ux across a closed gap between two solid bodies as a function of the nor-

mal mechanical pressure at the interface. This normal mechanical pressure is the Lagrange

multiplier associated with the mortar contact whose residual and Jacobian contributions

are computed in theMGCCclass. Of note, as the pressure goes to in�nity, the conductance

approaches perfect, once again modeling a worst case scenario for heat transfer.

The conductance,CT , at the interface is calculated using Equation 4.12, wherea is a

scaling parameter,kharm and Hharm(4.13) are the harmonic means of the thermal conductiv-

ities and hardness, respectively, of the materials, andP is the contact pressure.

CT = a kharm
P

Hharm
; (4.12)

kharm =
2k1k2

k1 + k2
; Hharm =

2H1H2

H1 + H2
: (4.13)

The hardness values and thermal conductivities are given in Tables 3.2, 3.3, 3.4.

4.3.3.2 Pure Thermal Contact

In the case where the gap does not close, or the mechanical interaction of components

do not need to be captured, a pure thermal contact, or gap heat transfer model, can be

used with the GapHeatTransfer (GHT) class in theThermalContact block in MOOSE. The

GHTclass calculates the amount of heat transferred across unmeshed gaps between two

di�erent bodies using the emissivities of the bodies and conductivity of the gap. In other

words, it implements radiation and conduction across a gap. However, it requires a �ner

mesh and more parameter tuning for tight convergence than theGFMCand GFMRclasses.
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The only region where it is used in this work is to model the thermal interaction between

the cup and sleeve. The emissivities and gap conductivity (Helium) are given in Table 3.3.

The regions involved in the heat transfer between cup and sleeve are shown Figure 4.14.

Both the cylindrical and chamfered portions are included in the contact as depicted in

Figure 4.14(b).

(a) Thermal contact region between cup and
sleeve

(b) Thermal contact surfaces between
cup and sleeve

FIGURE 4.14: Niobium can thermal contact

4.4 Kernels

In MOOSE, governing physics are modeled as Kernels representing one or more opera-

tors, or terms, in the weak form of a partial di�erential equation. All of the Kernels in this

model employ AD when computing the residual (Section 2.5).

4.4.1 Energy Balance

Recall the energy balance (2.7). In MOOSE, the terms are represented by the

ADHeatConduction(HC), ADHeatConductionTimeDerivative (HCTD),
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and ADMatHeatSource(MHS) kernels:

r c
¶T
¶t| {z }

ADHeatConductionTimeDerivative

= kÑ2T| {z }
ADHeatConduction

+ f (r;t)
| {z }

ADMatHeatSource

: (4.14)

HCimplements the di�usion kernel of the energy balance, taking the thermal conductivity

(di�usion coe�cient), k, as a material property and temperature,T, as a variable. HCTD

implements the time derivative term of the energy balance with density,r , and speci�c

heat, c, as material properties and temperature,T, as a variable. MHSimplements a force

term in thermal transport that represents the heat source (pulse) de�ned in Section 4.2. In

MOOSE, HC, HCTD, and MHSare given by:

� kÑ2T + other kernels= 0 2 W; (4.15)

r c
¶T
¶t

+ other kernels= 0 2 W; (4.16)

� f + other kernels= 0 2 W; (4.17)

whereWis the domain. When supplied together, they are combined using theother kernels

term to form the energy balance.

4.4.2 Force Balance

Recall the force balance (2.14):

Ñ � � = 0: (4.18)

The ADStressDivergenceTensors kernel calculates the residual of the stress divergence

in MOOSE, taking the directional displacement, ui as a variable. The thermomechanical

problem is coupled via the thermal strains.

4.5 Variables

The variables speci�ed in the MOOSE Variables block are the displacement inx, y,

and z, the temperature, T, and the Lagrange multiplier secondary subdomains. There is an

additional variable created per mortar contact pair, namely the Lagrange multiplier normal
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contact pressure. As the model is built in RACCOON, the damage variable,d, is a required

parameter in the MOOSE AuxVariables block. This variable will be considered when

a fracture solve is implemented. Furthermore, MOOSE automatically creates auxiliary

variables for the contact pressure, penetration, and nodal area associated with theContact

block.
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