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Abstract

This thesis is a study of Béacklund transformations using geometric methods. A
Backlund transformation is a way to relate solutions of two PDE systems. If such a
relation exists for a pair of PDE systems, then, using a given solution of one system,
one can generate solutions of the other system by solving only ODEs.

My contribution through this thesis is in three aspects.

First, using Cartan’s Method of Equivalence, I prove the generality result: a
generic rank-1 Backlund transformation relating a pair of hyperbolic Monge-Ampere
systems can be uniquely determined by specifying at most 6 functions of 3 variables.
In my classification of a more restricted case, I obtain new examples of Backlund
transformations, which satisfy various isotropy conditions.

Second, by formulating the existence problem of Bécklund transformations as
the integration problem of a Pfaffian system, I propose a method to study how a
Backlund transformation relates the invariants of the underlying hyperbolic Monge-
Ampere systems. This leads to several general results.

Third, I apply the method of equivalence to study rank-2 Backlund transforma-
tions relating two hyperbolic Monge-Ampere systems and partially classify those that
are homogeneous. My classification so far suggests that those homogeneous Backlund
transformations (relating two hyperbolic Monge-Ampeére systems) that are genuinely

rank-2 are quite few.
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1

Introduction

In 1882, the Swedish mathematician A.V. Bécklund proved the result (see [Bac83],
[BGGO3] or [CT80]): Given a surface with a constant Gauss curvature K < 0 in B3,
one can construct, by solving ODEs, a I-parameter family of new surfaces in B3 with
the Gauss curvature K. This is the origin of the term “Backlund transformation”.

Classically, a Backlund transformation is a PDE system B that relates solutions
of two other PDE systems & and &. More precisely, such a relation must satisfy
the property: given a solution u of & (resp. &), substituting it in 53, one obtains a
PDE system whose solutions can be found by ODE methods and produce solutions
of & (resp. &1).

For example, the Cauchy-Riemann system

Uy — Vy = 0,
{ (1.1)

Uy + v, =0

is a Backlund transformation; it relates solutions of the Laplace equation Az = 0 for
z(x,y) in the following way: If u satisfies Au = 0, then, substituting it in (1.1), we

obtain a compatible first order system for v, whose solutions can be found by ODE

1



methods and satisfy Av = 0, and vice versa.

As another example, consider the system of nonlinear equations

1 (1.2)

{ Zy — Zz = Asin(z + Z),
X

2y + Zy sin(z — 2),

where ) is a nonzero constant. One can show that (1.2) is a Bécklund transformation

relating solutions of the sine-Gordon equation

Upy = 3 sin(2u). (1.3)

The system (1.2) is closely connected with the classical Backlund transformation
relating surfaces in E? with a negative constant Gauss curvature. For details, see
[CT80).

In addition, a Backlund transformation may relate solutions of a parabolic equa-
tion (see [NC82]) or two equations that are nonequivalent (see [CIT09]). Numerous
other examples of Backlund transformations are discussed in [RS02]. Through these
examples, Backlund transformations are found to have rich connection with surface
theory in differential geometry and solitons in mathematical physics.

Among the examples discussed in [RS02], a Backlund transformation relating so-
lutions of the hyperbolic Tzitzeica equation is particularly interesting. The hyperbolic

Tzitzeica equation is the second-order equation for h(z,y):
(Inh)yy =h—h"2 (1.4)

This equation was discovered by Tzitzeica in his study of hyperbolic affine spheres
in the affine 3-space A® (see [Tzi08] and [Tzi09]). He found that the system in «, /3,
and h
o = (hgor + AB)A™ — a2,
ay = B = h—aB, (15)
By = (hyB + A" te)h™ — B2,
2



where A is an arbitrary nonzero constant, is a Bécklund transformation relating
solutions of (1.4). More explicitly, if h solves the hyperbolic Tzitzeica equation
(1.4), then, substituting it in the system (1.5), one obtains a compatible first-order
PDE system for a and 3, whose solutions can be found by solving ODEs; for each
solution (a, ), the function

h = —h+2ap

also satisfies the hyperbolic Tzitzeica equation (1.4). Furthermore, one can show
that, unlike the systems (1.1) and (1.2), substituting a solution A of (1.4) into (1.5)
yields a system whose solutions depend on 2 parameters instead of 1. Using our
terminology (Definition 2.13 of Chapter 2), one can verify that the system (1.5)
corresponds to a rank-2 Béacklund transformation.

An ultimate goal of studying Béacklund transformations is solving the Bdcklund
problem, which was considered by Goursat in [Gou25]. The statement of the Backlund
problem is: Find all pairs of systems of PDEs whose solutions are related by a
Backlund transformation. This problem remains unsolved.

However, recent works of Jeanne Clelland have shed new light on the classification
of Bécklund transformations. Her paper [Cle01], in particular, focuses on Béacklund
transformations relating solutions of two hyperbolic Monge-Ampere systems, which
are second-order PDEs in the plane arising frequently in differential geometry.

Clelland’s approach in [Cle01] to Bécklund transformations involves several key
steps. First, a Backlund transformation relating two hyperbolic Monge-Ampere sys-
tems is formulated as an ezterior differential system ([BCG*13]). This allows one to
study a Béacklund transformation geometrically as a manifold N with a structure B.
As a result, concepts such as equivalence and symmetry can be easily defined. Sec-
ond, she applies Cartan’s method of equivalence to derive local invariants of such a

Backlund transformation. Third, by assuming all local invariants to be constants, she



obtains a complete classification of homogeneous rank-1 Bécklund transformations
relating two hyperbolic Monge-Ampere systems, where homogeneous means that the
symmetry group of a Backlund transformation acts transitively on the underlying
manifold.

The aim of the present work is to address the following questions:

i. Up to equivalence, what is the generality of Backlund transformations

relating two hyperbolic Monge-Ampere systems?

ii. Given two hyperbolic Monge-Ampere systems, how to tell whether

they are related by a Backlund transformation?

iii. What can be concluded about the existence of Backlund transforma-

tions in higher ranks?

Of course, similar questions can be asked for Backlund transformations relating two
PDE systems in broader classes (elliptic, hyperbolic, parabolic), but, for clarity, in
this thesis, we focus on Backlund transformations relating two hyperbolic Monge-
Ampere systems.

This thesis is organized as follows.

In Chapter 2, we develop the basic concepts and techniques that are used in this
work. These include the notion of an exterior differential system, in particular, that
of a hyperbolic Monge-Ampere system; the notion of a G-structure, which is at the
heart of an equivalence problem; and the notion of a Bdacklund transformation.

In the first two sections of Chapter 3, we prove a generality result:

Theorem 3.3. A generic rank-1 Backlund transformation relating two hyperbolic
Monge-Ampere systems can be specified uniquely, up to equivalence, by initial data

consisting of at most 6 functions of 3 variables.

This theorem implies the following



Corollary 3.4. There exist hyperbolic Monge-Ampére systems that are not related
to any other hyperbolic Monge-Ampeére system by a generic rank-1 Backlund trans-

formation.

Before summarizing the main ideas of proving Theorem 3.3, we briefly explain
what the term “generic” means. Given a rank-1 Bécklund transformation (N, B)
relating two hyperbolic Monge-Ampere systems, there is an intrinsic way to define
a tensor field 7" on N (Section 3.1). A rank-1 Bécklund transformation is said to be
generic if the tensor T takes generic values.

To prove Theorem 3.3, we first show that, given a generic rank-1 Backlund trans-
formation (N, B) relating two hyperbolic Monge-Ampere systems, where N is a 6-
manifold, there is a canonical way to define a local coframing on N. One can show
that two such coframings are locally equivalent up to diffeomorphism if and only if
the corresponding Bécklund transformations are locally equivalent. Then, we apply
a theorem of Cartan ([Bryl4]) to show that such local coframings, up to diffeomor-
phism, depend on at most 6 functions of 3 variables.

In the last section of Chapter 3, we focus on the case when two invariants of a
generic rank-1 Backlund transformation are assumed to be specific constants. We
can classify such Backlund transformations. In particular, we find new examples of
Bécklund transformations with cohomogeneity 1,2 and 3.

In Chapter 4, we study how obstructions to the existence of Backlund transfor-
mations may be expressed in terms of the invariants of the underlying hyperbolic
Monge-Ampere systems. Such obstructions can be found by applying techniques
of exterior differential systems ([BCG*13]) to a rank-4 Pfaffian system. We obtain
several results that inform us which pairs of hyperbolic Monge-Ampere systems may
be related by a rank-1 Backlund transformation of a particular type.

In Chapter 5, motivated by the example (1.5), we study rank-2 Bécklund trans-



formations relating two hyperbolic Monge-Ampere systems, and partially classify
those that are homogeneous'. The approach to classification is analogous to that in
[Cle01]. The results of classification, as well as the cases that are work in progress,
are summarized in Section 5.4.

Most calculations in Chapters 3,4, and 5 are performed using Maple™.

L Tt turns out that the rank-2 Biicklund transformation corresponding to (1.5) is nonhomogeneous.
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2

Background

2.1 Exterior Differential Systems

Definition 2.1. Let M be a smooth manifold, Z < Q*(M) a graded ideal that
is closed under exterior differentiation. The pair (M,Z) is said to be an exterior

differential system with space M and differential ideal Z.

Given an exterior differential system (M,Z), we use Z* to denote the degree-k
piece of Z, namely, Z¥ = Z n QF(M), where QF(M) stands for the C°(M)-module
of differential k-forms on M. If the rank of Z*, restricted to each point, is locally a

constant, then the elements of Z¥ are precisely smooth sections of a vector bundle

denoted by I*.

Definition 2.2. An integral manifold of an exterior differential system (M,Z) is a

submanifold ¢ : N < M satisfying i*¢ = 0 for any ¢ € Z.

By this definition, the requirement of Z being closed under exterior differentiation
is natural, because of the identity * od = d o ¢*.

Intuitively, an exterior differential system is a coordinate-independent way to
express a PDE system; an integral manifold, usually with a certain independence

7



condition satisfied, corresponds to a solution of the PDE system. We illustrate this

point by the following example.

Example 1. A single k-th order PDE in one unknown function u of n independent

variables z = (z',...,2™) can be expressed in the form
F(z,u, Op,u(x), ..., Og,u(z)) = 0, (2.1)

where «; ranges over all multiindices of length ¢ from 1,2, ....,n. For simplicity, we
regard two multiindices as equivalent if and only if they are reorderings of each
other. Furthermore, if v is a multiindex of length i, then jo, where j € {1,...,n}, is
a multiindex of length ¢ + 1.

The equation (2.1) corresponds to an exterior differential system (M,Z) induced
from the canonical contact system on the k-jet bundle J*(R™ R). To be explicit,
JE(R™, R) has the standard coordinates (z,u, pay, -, Pay, ), Where a; are multiindices
in the sense above. The canonical contact system C on J*¥(R",R) is algebraically
generated by the 1-forms

0y = du — p;dz’,
On; = APy — Pja,da? (i =1,2,...,k —1)

and their exterior derivatives.

Let w : R™ — R be a C*-function. Then o : R™ — J*(R™, R), defined by
w(x) = (2, w(x), Ogyw(T), ..., Oa,w(x))

is an n-dimensional integral manifold of the exterior differential system (J*(R", R),C).
This  is called the lifting of w to J*(R",R). Conversely, suppose that ¢ : R® —
JF(R",R) is an n-dimensional integral manifold of (J*(R", R),C) on which 2!, 22, ..., 2"
are independent functions, in other words, on which da! A dz? A -+ A da™ # 0 ev-

erywhere. We then have




Therefore, locally, a C*-function w : R® — R is in one-to-one correspondence with
an integral manifold of (J*(R™ R),C) on which dz* A dz® A --- A dz™ # 0.
Now let M < J*(R™,R) be defined by the equation

F(xauapala ~-'7pock) = 0>

where F' is as in (2.1). If VF is nonzero at a point, then, by shrinking to a neigh-
borhood of that point, we can assume M to be a smooth manifold. Under this
assmuption, let Cp; be the restriction of the contact system C to M. Then, by an
argument similar to the above, one can show that an integral manifold of the exte-
rior differential system (M, Cy) on which da! A da? A -+ A dz™ # 0 is in one-to-one

correspondence with a solution of (2.1) whose lifting to J*¥(R", R) is contained in M.

Regarding two exterior differential systems, the following notion of equivalence is

natural.

Definition 2.3. Two exterior differential systems (M,Z) and (N, J) are said to be
equivalent up to diffeomorphism, or equivalent, for brevity, if there exists a diffeo-
morphism ¢ : M — N such that ¢*J = Z. Such a ¢ is called an equivalence between
both systems. An equivalence between (M,Z) and itself is called a symmetry of

(M, T).

Example 2. When J!(R", R) with coordinates (z‘,u,p;) is regarded as a contact

manifold with the contact form
0 = du — p;dz’,
a symmetry of the exterior differential system (J1(R",R),C) is just a contact trans-

formation of the space J'(R™, R) to itself.

We end this section by presenting the Frobenius Theorem, formulated in terms of

exterior differential systems. This theorem is at the heart of our characterization of

9



a Backlund transformation. For a proof of the Frobenius theorem, see Chapter II of

[BCG*13).

Theorem 2.1. (Frobenius) Let (M™,Z) be an exterior differential system. If, on an
open U < M, the differential ideal T is generated by k linearly independent 1-forms
01, ..., 0, satisfying

df; =0 mod 6,6,,..., 0,

then any p € U has an open neighborhood V-< U on which there exists a coordinate

system (xb, ..., 2" 7%yt .. y*) such that the ideal T is generated by dy',dy?, ..., dy*.

Remark 1. One can show ([BCG'13]) that a coordinate system (x!, ..., 2" ¢! ... y¥)
in the conclusion of Theorem 2.1 can be found by solving systems of ODEs. Once
such a coordinate system is obtained, setting the 3 (i = 1, ..., k) to be constants de-
fines an (n — k)-dimensional integral manifold of (M,Z). Each such integral manifold

is called a leaf associated to the system (M,Z).

Definition 2.4. Given an exterior differential system (M,Z). If the assumption in
Theorem 2.1 holds on a neighborhood of every p € M for a constant k, then (M, 7)

is called a rank-k Frobenius system.
2.2 Hyperbolic Monge-Ampere Systems

Among second order PDEs for 1 unknown function of 2 independent variables, the
Monge-Ampére equations are of special interest, as they frequently arise in differential
geometry (see [Bry02]) and the calculus of variations (see [BGGO3]).

The general form of a Monge-Ampeére equation for z(x,y) is
A(2gz2yy — ziy) + Bzyy +2C2 + D2y + E =0, (2.2)

where A, B,C, D, E are functions of z,y, 2, z;, z,. A Monge-Ampere equation (2.2)
is said to be elliptic (resp., hyperbolic, parabolic) if AE — BD + C? is negative (resp.,

10



positive, zero).

For example, the sine-Gordon equation (1.3) and the Tziteica equation (1.4) are
hyperbolic Monge-Ampere equations; the Cauchy-Riemann equation (1.1) and the
equation' zy,2,, — 22, = 1 are elliptic Monge-Ampere equations; in the classical

calculus of variations, the Fuler-Lagrange equation for a first-order functional
f L(z,2(z),Vz(z))dz, QcR?* L:J'(QR)—-R
Q

is always Monge-Ampere (see [BGGO03]?).
A Monge-Ampere equation can be formulated as an exterior differential system

on a contact manifold. In the hyperbolic case, we follow [BGH95] to give the

Definition 2.5. A hyperbolic Monge-Ampére system (M,T) is an exterior differential
system, where M is a 5-manifold, Z being locally algebraically generated by 6 € Z*
and df, Q) € I? satisfying

(1) 6 A (dB)? # 0;

(2) [d8, ], modulo 6, has rank 2;

(3) (MO + u2)? =0 mod 6 has two distinct solutions [\, : u;] € RP! (i = 1,2).

In these three conditions, the first says that 6 is contact; the second says that the
corresponding PDE system is nonempty; the third characterizes hyperbolicity, that

is, each integral surface of (M, Z) is foliated by two distinct families of characteristics.

Example 3. A PDE of the form

Zoy = F(2,y, 2, 24, 2y)

L cf. Jgrgen’s Theorem in [Bry02].

2 In [BGGO3], a Monge-Ampere equation is a second order PDE for 1 unknown function of n
independent variables, and it is shown that an Euler-Lagrange equation can be formulated as an
Euler-Lagrange exterior differential system, which can be intrinsically characterized. In this thesis,
we only consider the case when n = 2.

11



corresponds to a hyperbolic Monge-Ampere system (M, Z), where M = J'(R? R)
with the standard coordinates (x,y, z,p, q); Z is algebraically generated by
0 = dz — pdx — qdy,
df =dx A dp+ dy A dg,

0= (dp - F(xvyvzapv q)dy) A dr.
In particular, 2 and df + €2 are decomposable 2-forms.

Example 4. The oriented orthonormal frame bundle O over the Euclidean space
[E3 consists of elements of the form (x; ey, e, e3), where x € R?, and (ey, es, €3) is an

oriented orthonormal frame at x. On O, we have the canonical structure equations

dw® = —w; AW,
d T k
Wi = —Wy, A W,
where w) = —w/. Consider the exterior differential system (O,Z), where
T = (w?,dw?, dwy — Kw' A w?)ay, K const.

An integral surface of (O,Z) on which w! A w? # 0 corresponds to a surface S in E3
with constant Gauss curvature K and with an orthonormal frame field (e, ey, e3)
attached to it, e3 being normal to S.

2,3

Let X be a nonzero vector field on O that annihilates w!, w? w? wi and w3. For

each ¢ in the three algebraic generators of Z above, we have
X 19 =0, Lx¢p=0.

This implies that on the quotient space M® of O by the flow of X, letting 7 : O — M
be the quotient map, there exists a well-defined differential form « such that 7*a = ¢.
It follows that Z descends to M to be an exterior differential system 7, in the sense
that Z is algebraically generated by the elements of 7*7. Moreover, (M, J) is a

12



hyperbolic Monge-Ampere system if and only if the constant K < 0. This, in part,

follows from the equality

(Adw® + p(dwy — Kw' A w?))? = (A2 + Kp?)(dw?)?  mod w?.

By Definition 2.5, on each hyperbolic Monge-Ampere system (M, Z), locally there

exist 1-forms 6, w', w?, w3, w?*, linearly independent everywhere, such that

T ={,w' Aw? w® Awh.

One can show that the pair of Pfaffian systems Z,o = (0, w!, w?) and Zy; = (0, w3, wh)
are well-defined up to ordering. Restricted to an integral surface of (M,Z), each
of Z;p and Zy; becomes a rank-1 Frobenius system whose integral curves are the

characteristics of (M,Z) in the usual sense of hyperbolic PDEs. This motivates the

Definition 2.6. Given a hyperbolic Monge-Ampere system? (M,Z), where Z =
B, A W WP A wh), the systems Ty = (0, w!, w?) and Ty, = (0,w?,w?) are called

the characteristic systems associated to (M, 7).
2.3 Equivalence of G-structures

Definition 2.7. Let M be an n-dimensional manifold. A coframe at p € M is a
linear isomorphism wu, : T,M — R". The set of all coframes on M forms a principal
right GL(n,R)-bundle with the group action u- g := g~ 'u. This is called the coframe
bundle over M, denoted as F(M). A local section of F(M) defined on U < M is

said to be a coframing on U.

Many (local) differential geometric structures on a smooth manifold M"™ can be

equivalently expressed by a notion of ‘admissible’ coframings, with the property that

3 The notion of a characteristic system can apply to hyperbolic exterior differential systems in
general. See [BGH95].

13



any two such coframings differ pointwise by the action of a Lie group G < GL(n, R).
For example, a Riemannian metric ¢ on M™ can be viewed as all local coframings
(W w?, ..., w") satisfying g = (w!)? + -+ + (w")?, any two such coframings (defined
on the same domain) differing by a pointwise action of the orthogonal group O(n);
a symplectic form Q on M?" can be viewed as all local coframings (w!,w?, ..., w?")
satisfying Q = w! A w? + -+ + W1 A w?, any two such coframings differing by a
pointwise action of the symplectic group Sp(2n); an almost complex structure .J on
M?" is characterized by any basis of (1,0)-forms on M, whose real and imaginary

parts comprising a local coframing, any two such coframings differing by a pointwise

action of GL(n,C) c GL(2n,R); etc. This motivates the following definition.

Definition 2.8. Let G < GL(n,R) be a Lie subgroup. A G-structure on a smooth
manifold M™ is a principal G-subbundle of the coframe bundle F(M).

When dealing with equivalence between two local geometric structures defined in
terms of coframes, it is necessary to take into account the ambiguity in the choice
of admissible coframings. For example, Let (M;, g;) (i = 1,2) be two Riemannian
n-manifolds, where g; = (w(;)* + -+ + (wf;))?. These Riemannian structures are
locally equivalent if and only if there exists a (local) diffeomorphism ¢ : U; — U,
(Us = M; open) such that ¢*w) = yw(y for some vy : Uy — O(n), where wgy =
(w(ll.) , w(Qi), s wa)) (1 = 1,2). However, the ambiguity represented by v can be removed
by passing to G-structures, as we will describe below.

Definition 2.9. Let G be a G-structure on M, with 7 : G — M being the submersion.

The tautological 1-form 7 on G is the R™-valued 1-form determined by the equation

7(v) = u(ms(v)), for any u € G and v € T,,G.

Definition 2.10. Two G-structures, G; and G,, with tautological 1-forms 7y, 7,
respectively, are said to be equivalent if there exists a diffeomorphism ngﬁ G — Go,
such that (g*TQ = 7.

14



The following proposition is proved in [Gar89).

Proposition 2.1. Let M; (i = 1,2) be two smooth n-manifolds, each with a cofram-
ing w; defined on some open neighborhood U; < M;. Let G < GL(n,R) be a Lie
subgroup. Let G; be the G-structure on U; defined by G; = {w;(p) - h| pe U;, h e G}.
There exists a diffeomorphism ¢ : Uy — Us and a map g : Uy — G such that

O*wy = gwy if and only if there exists an equivalence of G-structures $ G — Gs.

Example 5. Consider a hyperbolic Monge-Ampere system (M, Z). A local coframing
© = (¢°,6',...,0*) defined on an open neighborhood U < M is said to be 0-adapted

if, on U, the differential ideal Z can be expressed as
T=0"06"n0%0°n0%.

This is a pointwise condition on ©. Moreover, given any two O-adapted coframings,
on a common domain, they must relate by a pointwise action of the subgroup Gy <

GL(5,R) generated by matrices of the form

a 0 O
g=1 b A 0 |, a#0; A BeGL(2,R); by,by e R?,
b, 0 B
and
1 00
J: 0 O [2
0 I, 0

Consequently, two hyperbolic Monge-Ampere systems are equivalent if and only if the
corresponding Gy-structures are equivalent. This treatment of a differential system

as a geometric structure is what we mean by “geometry of differential systems”.

To close this section, let us mention a useful property of the tautological 1-form

of a G-structure on M: the so-called reproducing property.
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Proposition 2.2. Let G be a G-structure on M. Let T be the tautological 1-form on

G. For any local section o : U — G (U < M open), we have
o1 = o,

where, on the left-hand-side of the equality, o is regarded as a differentiable map,

whereas, on the right-hand-side, it is regarded as a coframing on M.

In particular, if certain differential conditions are satisfied by admissible cofram-
ings, then the reproducing property leads to corresponding restrictions on the equa-

tions satisfied by the tautological 1-form on a G-structure.
2.4 Backlund Transformations

We follow [AF15] to define Béacklund transformations, though we will, in later chap-
ters, mostly be concerned with those relating hyperbolic Monge-Ampere systems.

For the latter, a definition can be found in Chapter 4 of [BGGO03].

Definition 2.11. Let (M,Z) be an exterior differential system. A rank-k inte-
grable extension of (M,Z) is an exterior differential system (V,J) with a submer-
sion m : N — M that satisfies the condition: for each p € N, there exists an open
neighborhood U « N (p € U) such that

(1) on U, the differential ideal J is algebraically generated by elements of 7*Z
together with 1-forms 6y, ..., 0, € QY (U), where k = dim N — dim M;

(2) for any p € U, let F), denote the fiber 7 (7 (p)); the 1-forms 6y, ..., 6} restrict

to T,,F}, to be linearly independent.

In Definition 2.11, roughly speaking, 7 : N — M is a bundle and J defines a
‘connection’ on this bundle that is flat over the integral manifolds of Z. In more
detail, condition (1) implies that, if S < M is an integral manifold of (M,Z), then

J restricts to m71(S) to be a Frobenius system; hence, 771(S) is foliated by integral
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manifolds of (IV, ). Condition (2) implies that, restricting to any integral manifold

of (N,J), m is an immersion, whose image is an integral manifold of (M, 7).

Example 6. Let (M,Z) be an exterior differential system. The obvious submersion
7 : M xR — M induces an integrable extension (M xR, {(x1Z, dt)) of (M,T), where

t is a coordinate on the R-factor.

Proposition 2.3. The composition of two integrable extensions is an integrable ex-

tension.

Proof. Let my : (My,Zy) — (Ms,Zy) and 7o : (Ms,Zy) — (Ms,Z3) be integrable
extensions. By definition, Z, is algebraically generated by m37Z; and certain 1-forms
ai, ..., ap; Iy is thus algebraically generated by (7 o m1)*Z;, 7foy, ..., mjay, and ¢ 1-
forms B4, ..., B,. Clearly, for my o 7y, the first condition in the definition of integrable
extensions is satisfied. To check the second condition, suppose that there exist con-
stants ¢;, fj, @ € M such that < o Cimraq + f]ﬂj> (v) =0 for any v € T, M,
satisfying mo, (m4(v)) = 0. Since 7 is an integrable extension, each T, M is a direct
sum of V; := ker,(m) and V, := ker, (54, ...,3,). For the previous equality to be
satisfied on Vi, all f; must be equal to zero. Since 7, restrict to V5 to be an linear

isomorphism, for the equality to hold on V5 nker((mg o)), ¢; must all be zero. [

Definition 2.12. A Bdcklund transformation relating two exterior differential sys-
tems, (M;,Z;) and (M, Z,), is a quadruple (N, B; my, m2) where, for each i € {1, 2},
m : N — M; makes (N,B) an integrable extension of (M;,Z;). Such a Bécklund

transformation is represented by the diagram

(N, B)

T s

[\

(M1, 1)

—~

M27Z2>
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Definition 2.13. In Definition 2.12, if M, My have the same dimension, which
is not required in general, then the rank of (N, B;m,ms) is the fiber dimension of
either m or mo. If (M;,Z;) (i = 1,2) are equivalent exterior differential systems, then

(N, B;my,m) is called an auto-Bdacklund transformation of either (M;,Z;).

By Definitions 2.11 and 2.12, it is clear that, given a Backlund transformation
(N, B;my,ms) relating (M;,Z;) (i = 1,2), we can start with an integral manifold S
of (M, T); restrict B to m; 'S, which becomes a Frobenius system; then solve this
Frobenius system and project, by 7y, each leaf associated to it into Ms. As a result,
one produces a family of integral manifolds of (Ms,Z,). By Remark 1, it is easy to
see that only ODE methods are used in this process. This is what we mean by “a
Backlund transformation allows one to use a known solution of a PDE system and

ODE methods to obtain solutions of a second PDE system.”

Example 7. Let 7 : (N,J) — (M,I) be an integrable extension. The quadruple
(N, J;m, m)is an auto-Backlund transformation of (M, Z). However, such a Béacklund

transformation does not produce new integral manifolds of (M,Z) from a given one.

Example 8. In Example 4, the orthonormal frame bundle O can be viewed as a

subgroup of GL(4,R); an element (x;e;,es, e3) € O corresponds to the matrix

(1 00 O)EGL(4,R).

X €e; ey es3

Let K be a negative constant. Let 6,7 be constants satisfying K = —sin®6/r2. The

element
10 0 0
r 1 0 0
971 0 0 cosd sing |° O
0 0 —sinf coséb

induces a map ¢, : O — O defined by

by(u) = ug, Yue O c GL(4,R).
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Let Z Q*(0) be the differential ideal generated by elements of Z and 1;Z. One can

verify that the quadraple ((’),f; 7, mo1,) defines an auto-Bécklund transformation
of the system (M, J). This is the classical Béacklund transformation relating surfaces

in E? with a negative constant Gauss curvature ([Bac83)).

Definition 2.14. Given a fiber bundle 7 : EF — B, for any p € E, the vertical

tangent space of I at p is the kernel of . : T,F — T, B.

Definition 2.15. A Bécklund transformation (N, B; 7y, m2) is called nontrivial if the

two fibrations 7y, o have distinct vertical tangent spaces at each point p e N.

If (N, B;m,ms) is a nontrivial Backlund transformation of rank k, then one can
show that, given any p-dimensional integral manifold S of (M, Z;), mao(7;1S) has
a dimension strictly greater than p; thus, 7 (7, 'S) must be foliated by a family of

p-dimensional integral manifolds of (Ms,Z,).

Example 9. Let (N, B; 7, ) be a rank-1 Bicklund transformation relating two hy-
perbolic Monge-Ampere systems (M, Z) and (M,Z). On some open subsets U < M
and U < M, we have

Let V = 77 'U n7a~'U. It is easy to see that the Cauchy characteristics of the system
(r*n") (defined on V') are precisely the fibers of 7|y; similarly for #|y,. Therefore,
if (N, B;7,7) is nontrivial, then 7*n° and 7*7" must be linearly independent when
restricted to each tangent space of N. In particular, it follows that, on V', the

differential ideal B is algebraically generated by elements of 7*Z and 7*7°, which

needs to be the same as the system algebraically generated by elements of 7*Z and
7P,
Definition 2.16. A nontrivial rank-1 Backlund transformation relating two hyper-

bolic Monge-Ampere systems is said to be normal if, in the notations of Example 9,

19



on N, the system [[dn°, di’] has rank 2 modulo 7%, 7°.

Consider two Bécklund transformations, one relating (My,Z;) and (Ms,Zy), the

other relating (Ms,Z;) and (M3, Z3), as the following diagram shows.

(My,Th) (My, Iy) (M3,Z3)

The Whitney sum of the fiber bundles w5 : Ny — My and 73 : Ny — M, denoted as

N1 @ N,, admits two submersions
p1: N1 @ Ny — Ny, p2 i N1 @ Ny — Ny

such that myop; = m3opy. Let B denote the differential ideal on N1 @ N, algebraically

generated by pfB; and p3Bs.

Proposition 2.4. (N7 @ Ny, B; 1 0py1, T 0pa) is a Backlund transformation relating
(Ml,Il) (md (Mg,Ig).

Proof. By taking into account Proposition 2.3, it suffices to show that p; and
po are integrable extensions. Let B; be algebraically generated by g, ..., and
3 Lo, By by 1, ..., B and m5Z,. Hence, B is algebraically generated by pjas, ..., pjay,
301, ..., P50 and pimiZy (the latter being the same as piniZ,). Now suppose that
v is tangent to a fiber of p;. By construction, ps,v is tangent to a fiber of 3.
If p5(Bi)(v) = 0 for all ¢ = 1,...,1, it is necessary that p,,v = 0, because 73 is
an integrable extension. Since ps, restricting to each fiber of p;, is an immersion,
we have v = 0. This prove that p; is an integrable extension. The case for p, is
similar. O

The above discussion suggests that, for exterior differential systems, being Backlund-
related is an equivalence relation. However, it is unknown whether this remains true

if one restricts to the notion of being Béacklund-related at a particular rank.
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We close this section with two more definitions, which will be useful later.

Definition 2.17. Let 7 : N — M be a submersion. A p-form on N that takes value

in 7 (AP(T*M)) is said to be a w-semi-basic p-form.

Definition 2.18. Let M be a smooth manifold. Let £ < A*(T*M) be a vector
subbundle, and X a smooth vector field defined on M. We say that F is invariant
under the flow of X if, for any (smooth) local section w : U — E, where U < M is

open, the Lie derivative £xw remains a section of F defined on U.

Remark 2. Tt is easy to see that, to verify the condition in Definition 2.18, it suffices
to make a choice of basis sections oy, ...,0% : U — E (assuming that E has rank k),

and verify that, for each 7, Lxo; is a linear combination of oy, ..., 0%.
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3

The Problem of Generality

In this chapter, the objects of study are nontrivial rank-1 Backlund transformations
relating a pair of hyperbolic Monge-Ampere systems. Since many classical exam-
ples belong to this category, it is highly desirable to have a complete classification of
Bécklund transformations of this kind. In [Cle01], by establishing a G-structure asso-
ciated to a Backlund transformation, Clelland approached the classification problem
using Cartan’s Method of Equivalence, restricting to the case when all local invariants
of the structure are constants (a.k.a the homogeneous case). Her classification found
15 types, among which 11 are analogues of the classical Backlund transformation
between surfaces in E* with a negative constant Gauss curvature.

Since homogeneous structures, up to equivalence, only depend on constants, the
following question remains to be answered: What kind of initial data do we need
to specify in order to determine a Bdcklund transformation? In Section 3.2, in the
generic case, we prove an upper bound for the magnitude of such initial data. In
Section 3.3, we provide several examples of Béacklund transformations with higher

cohomogeneity, which we found by specifying only two structure invariants.
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3.1 G-structure Equations for Backlund Transformations

According to Definition 2.12, it may appear that (N, B;m,m) being a Bécklund
transformation imposes conditions on all components in this quadruple. However,
when it is a nontrivial rank-1 Béacklund transformation relating two hyperbolic
Monge-Ampere systems, one only needs to impose conditions on the exterior dif-

ferential system (N, B), as the following proposition shows.

Proposition 3.1. ([Cle01]) An exterior differential system (N B) is a nontrivial
rank-1 Backlund transformation relating two hyperbolic Monge-Ampére systems if
and only if, for each p € N, there exists an open neighborhood V- N (pe V) and a
coframing (0°,0°,0%,...,0%), defined on V', satisfying the conditions:

(1) the differential ideal B = (0°,0°,0F A 62,03 A %),

(2) the vector bundles Ey = [[0°], Ey = [[0°,0%,60?] and Ey = [[6°, 6% 0] are
invariant along the flow of X (see Definition 2.18), where X is a nonvanishing
vector field on 'V that annihilates 0°, 0", ..., 0%;

(2)" the vector bundles Ey = [0°], E1 = [0°,6",0%] and Ey = [[0°,6°,0%] are
invariant along the flow of X, where X is a nonvanishing vector field on V that
annihilates 6°,0%, ..., 6*;

(3) for some nonvanishing functions Ay, ..., Ay defined on V,

de® = A0 A 0% + A.0° A 9* mod 6°,
d6° = A30" A 6% + A6° A 0* mod 6°.

Proof. In one direction, assume that (N, B; 7, 7) is a nontrivial rank-1 Béacklund
transformation relating two hyperbolic Monge-Ampere systems (M,Z) and (M,Z).

Maintaining the notation in Example 9 of Chapter 2, and dropping the pull-back

symbol when there is no confusion, we have that each p € N has an open neighbor-
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hood V such that, on V,

B =0 1" 0" ann* AnPag = 00000 AT AT alg.
Thus, there exist nonvanishing functions A; (i = 1,...,4) defined on V' such that
dn® = At A+ A An* mod 1°,

dn® = Asn' An? + Ag® An* mod %, 7°. (3.1)
By adding appropriate multiples of 7° to n',...,n%, we can put (3.1) in the form
dn® = Asn' A0 + A An* mod 7°. (3.2)

It is easy to see that the resulting coframing (n° 7%, 7', ..., n*) satisfies the conditions
(1) and (3). Next, we show that it also satisfies the conditions (2) and (2)’.

Using the congruence (3.2), it is easy to see that the Cartan system!

C(@%) =<’ n', o) = Q*(V).

As a result, 7*Z is included in the intersection

C(n) B =" 0" A2 A n"ag,

Consequently, by switching (7', 7%) and (7%, 7*) if needed, we have the following

relations of rank-3 vector bundles over V:
"0 0”1 = [ ' 71l (3.3)
1%, 0%, 0"l = 0" %, '] (3-4)
Let X be a vector field on V annihilated by 7°, 7", ..., 7%. By construction, the right-
hand-sides of (3.3) and (3.4) are invariant under the flow of X; it follows that the

same holds for [7°, 7', n?] and [7°, n®, n*]]. This proves that (n°,7° n', ..., n*) satisfies

Condition (2)'. The verification of Condition (2) is similar.

! Let (M,Z) be an exterior differential system, the Cartan system of (M,Z) is the Frobenius
system that annihilates the Cauchy characteristic distribution of (M,Z). See [BCG™*13] for details.
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For the other direction, assume that (6°,60°,6',...,6%) is a coframing defined on
an open set V < N and satisfying the conditions (1)-(3). The quotient of V' by the
integral curves of (6%, ....0%) is a 5-manifold U. Let f : V — U be the projection.
By Condition (2), there exists a system Z = {(n°,n' A n%, 7> A n*) defined on U
satisfying
Lren’D=16°0,  [F*n°, fn', 0?1 = 16°, 0%, %], [Lf*n®, f*n°, f*n'] = [[6°, 6, 6°].
It is then easy to show, using Conditions (1) and (3), that Z = (n°, n* An?, 73 An*)aig
is a hyperbolic Monge-Ampere ideal. A similar argument applies to the quotient of

V by the integral curves of (8°,6*, ..., 0*). Tt follows that (N, B) is a nontrivial rank-1

Backlund transformation relating two hyperbolic Monge-Ampere systems. O]

Corollary 3.1. Let (NS B;m,m) be a nontrivial rank-1 Bicklund transformation
relating two hyperbolic Monge-Ampeére systems. A coframing defined on an open
subset V. < N that satisfies Conditions (1)-(3) in Proposition 3.1 can always be

arranged to satisfy the extra condition: Ay = As = 1.
Proof. This is obtained by scaling ° and 4°. O

Definition 3.1. A coframing as concluded in Corollary 3.1 is said to be 0-adapted

to the Bécklund transformation (V, B).

Given a nontrivial rank-1 Backlund transformation (N, B; 71, m5), one may wonder
whether its 0-adapted coframings are precisely the local sections of a G-structure
over N. However, this is not true. For example, consider a 0-adapted coframing
(6°,0°,6',...,0%) defined on an open subset U — N with corresponding functions

Ay, Ay Let T - U — GL(6,R) be the transformation
T:(60°,6°0", 0% 6° 0%) — (A710°, A 10°,60° 0%, 0%, 6%). (3.5)

The coframing on the right-hand-side is clearly 0-adapted. However, the same trans-
formation, when applied to a 0-adapted coframing with corresponding functions
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A}, Al that are different from A;, A4, may not result in a 0-adapted coframing.
One simple strategy, as taken by [Cle01], to avoid this imperfection is by, in
addition to understanding the subbundles [[#°] and [#°] as an ordered pair, fixing
an order for the pair of subbundles [°,6°,6',6?] and [6°,6°,6%,6*]. Once this is
considered, all local 0-adapted coframings respecting such an ordering are precisely
the local sections of a G-structure, where G < GL(6,R) is the Lie subgroup consisting

of matrices of the form

det(B) 0 0 0
0 det(4) 0 O

§= 0 (5 ) A 0| A = (a;), B = (b;;) € GL(2,R). (3.6)
0 0 0 B

Now let G denote this G-structure on N. Let w = (w!,w?, ..., w®) be the tautolog-
ical 1-form on G. Let g be the Lie algebra of GG. Using the conditions in Proposition
3.1 and the reproducing property, one can show that w satisfies the following struc-

ture equations, recorded from [Cle01] with a slight change of notation:

wt Bo 0 0 0 0 0 wt
w? 0 ap O 0 0 0 w?
w3 0 0 o Qo 0 0 w3
d Wl ] 0 0 a3 ag—a; O 0 ot (3.7)
w5 0 0 0 0 61 /32 w5
Wb 0 0 O 0 B3 Bo— b w®

Aj(w? — Crwh) A (W = Cow?) + WP A Wb
w3 A w4+ Ag(wd — Csw?) A (W — Cyuw?)
Biw!' A w? + C1w® A WO
Bow! A w? + Cow® A WP
Baw' A w? + Cqw® A w
Byw! A w? + Cyw? A w?

where the matrix in o and  is a g-valued 1-form, called a pseudo-connection of G;
the second term on the right-hand-side is called the intrinsic torsion of G.
It is easy to see that the intrinsic torsion above, as a map defined on G, takes

value in a 10-dimensional representation of G and is G-equivariant. It is proved in
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[Cle01] that this representation decomposes into 6 irreducible components, as shown

by the following equations, where u € G, and g is as in (3.6):

_ det(A)

det(B)
det(B) (), -

der(a) 1)

( g; ) (u-g) = det(AB)A™! < g; > (u), ( ng ) (ug) = det(AB)B™" ( gj ) (u),

( g; ) (u-g) = det(B)A™! ( g; ) (u), ( gi ) (u-g) = det(4)B™" ( gi ) ().

Definition 3.2. Let G and G be as above. The Béicklund transformation? corre-

Ay (u - g) Ay(u - g)

sponding to G is said to be generic if, at each point u € G, the intrinsic torsion takes

value in a G-orbit with the largest possible dimension.
3.2 An Estimate of Generality

In this section, we address the problem of generality for generic rank-1 Backlund
transformations relating two hyperbolic Monge-Ampeére systems. The main recipe
are a G-structure reduction procedure described in [Gar89] and a theorem of Cartan

described in [Bry14].

Lemma 3.2. Let (N, B) be a nontrivial rank-1 Bdcklund transformation relating two
hyperbolic Monge-Ampere systems. Let G be the associated G-structure. If (N, B) is

generic, then, at each u € G, the intrinsic torsion takes value in an 8-dimensional

G-orbit.

Proof. Let Wy := span((By, Bz), (C1,Cs)) and Wy := span((Bs, By), (C3,Cy)) at
each point u € G. By (3.8), the function A; A, and the dimensions of W and W,
are all invariant under the G-action. Let T denote the intrinsic torsion of G. We

claim that, for each u € G, the G-orbit of T'(u) is at most 8-dimensional and that

2 To be precise, this is a Backlund transformation with an ordered pair of characteristic systems.
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this occurs precisely when W; and W, are both 2-dimensional. To see why this is
true, first note that if one of W; (i = 1,2) has dimension less than 2 at u € G, then
the dimension of - G is at most 7-dimensional. If both W5, W5 have dimension 2 at

u € G, then it is easy to show that there exists a unique g € G such that, at v’ = u- g,

(9)-G) (22)-GY). w

By Oy 0 1 By, Cy 0 1

where €, = +1 (i = 1,2). This completes the proof. O
Let (N, B) be a generic rank-1 Bécklund transformation relating two hyperbolic

Monge-Ampere systems. Following from Lemma 3.2, each point p € N has a con-

nected open neighborhood U = N on which a canonical coframing (w', w?, ..., w®) can

be determined. Such a coframing satisfies the equation (3.7), where all differential

forms are defined on U instead of G, and the equations (3.9), where the sign of each

¢; is determined. This motivates the following

Definition 3.3. Let N be a 6-manifold. A coframing (w!,w?, ...,w®) defined on an
open subset U < N is said to be 1-adapted (to a generic rank-1 Bécklund transfor-
mation relating two hyperbolic Monge-Ampere systems) if there exist 1-forms «;, f3;
(1 =0,...,3) and two functions A;, Ay defined on U such that the equations (3.7)
and (3.9) are satisfied.

Theorem 3.3. Let N be a 6-manifold. For each p € N, a 1-adapted coframing
(Definition 3.3) defined on a small open neighborhood U < N of p can be uniquely
determined, up to diffeomorphism, by specifying at most 6 functions of 3 variables.
Proof. Let U < N° be a sufficiently small connected open subset. Suppose that
w = (whw?, ...,wb) is a 1-adapted coframing on U in the sense of Definition 3.3. It

follows that there exist functions P;; (i = 0,...,7; j = 1,...,6) defined on U such that
w satisfies (3.7) and (3.9) with

Q= Pijwja ﬁz = Pi+4,jwj (2 =0,..,3, 7=1, 76)
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There is a standard method to determine the generality of such a coframing w
up to diffeomorphism (see [Bry14]). Our application of such a method involves three
major steps.

Step 1. By applying d? = 0 to (3.7), we find that P; are related among themselves
and with the coefficients of their exterior derivatives. Repeating this, at a point, no
new relations among the F;; arise.

More explicitly, we can choose s expressions a® (o = 1,...,s) from P, find r

¥R
expressions b” (p = 1, ...,7), real analytic functions F* : R™** — R and C’;k R"— R
satisfying C 4+ Cy; = 0, such that

(A) the equation (3.7), in general, takes the form
dw' = —%C}k(a)wj AW (3.10)
(B) da®, in general, takes the form:
da® = F(a, b)w’; (3.11)

moreover, applying d? = 0 to (3.10) yields identities when we take into account both
(3.10) and (3.11);
(C) there exist functions G : R"** — R such that applying d? = 0to (3.11) yields

identities when we replace db” by Gfw’ and take into account (3.10) and (3.11).

Step 2. For the tableau of free derivatives associated to (F*), which is a subspace of
Hom(R®, R?) defined at each point of R™™, compute its Cartan characters (an array
of 6 integers (s, S, ..., S¢)) and the dimension § of its first prolongation. For details,

see [Bry14]. Moreover, in our case, we verify that 3 | s; = 7.

Step 3. Restricting to a domain V' < R"** where the Cartan characters are con-
stants, compare s := 2521 js; with 6. By Cartan’s inequality, there are two possibil-
ities: either s = 0 (called the involutive case) or s > 4.

In the involutive case, one can conclude that (see Theorem 3 of [Bryl4]):
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For any (ag,by) € R**" there exists a coframing w and functions a =
(a®),b = (Vb*) defined on an open neighborhood of 0 € RS that sat-
isfy (3.10), (3.11) and (a(0),b(0)) = (ag,by). Moreover, locally, such
a coframing can be uniquely determined up to diffeomorphism by spec-
ifying s functions of k wvariables, where s is the last nonzero Cartan

character.

In the non-involutive case, which is the case we encounter, a natual step to take
is to prolong (see [Bryl4]) the system by introducing the derivatives of b, carry out
similar steps as the above, and obtain new tableaux of free derivatives with Cartan
characters (o4, 09, ..., 0¢).

In practice, however, we do not actually prolong, for it is easy to show that, if s,
is the last nonzero character in (s, ..., sg), then o; = 0 (j > k) and o}, < s;,. Using
this and the Cartan-Kuranishi Theorem ([BCG*13]), one can already conclude that
the ‘generality’ of 1-adapted coframings is bounded from above by s, functions of k
variables. (In our case, k = 3 and s, = 6.)

For the details of carrying out the steps above, see Appendix A. Most of our

calculations are performed using Maple™. O

Remark 3. Clearly, two l-adapted coframings that are equivalent under a diffeo-
morphism correspond to equivalent Backlund transformations. Because of this, the
upper bound for the ‘generality’ of 1-adapted coframings in Theorem 3.3 applies to
the ‘generality’ of generic rank-1 Bécklund transformations relating two hyperbolic

Monge-Ampere systems.

Corollary 3.4. There exist hyperbolic Monge-Ampére systems that are not related
to any other hyperbolic Monge-Ampeére system by a generic rank-1 Backlund trans-

formation.

Proof. One can apply the same method used the the proof of Theorem 3.3 to

30



find the generality of hyperbolic FEuler-Lagrange systems (see [BGGO3]), which are
hyperbolic Monge-Ampere systems. We can show that, locally, a hyperbolic Euler-
Lagrange system can be determined uniquely by specifying 1 function of 5 variables.?

Note that a generic rank-1 Béacklund transformation in consideration completely
determines the two underlying hyperbolic Monge-Ampere systems (up to equiva-

lence). The conclusion follows. O
3.3 Examples of Higher Cohomogeneity

Following the discussion in the previous section, let U < N° be a sufficiently small
connected open subset. Let w be a 1-adapted coframing defined on U in the sense
of Definition 3.3. One can ask, when we specify several structure invariants, can we
classify the corresponding Backlund transformations, if any?

In the rest of this section, we consider the case when €; = €5 = 1 in (3.9), and A4,
and Ay (or Pg; and Pgy in the new notation) in (3.7) are specified to be A; = 1 and
Ay =—1.

The following procedure is similar to that in Appendix A. All calculations below
are performed with Maple™.

First, all coefficients in (3.7) are expressed in terms of the remaining 40 P;.
Defining their derivatives P, and applying the identity d* = 0 to (3.7), we obtain a
system of 106 polynomial equations for F;; and P;j;, which implies

Por = Py, FPoo=Pgp, FPu=PFPu, Pgs=Ps Pi1=0 Py=0,
Pig=2Pg, Pyn=-1, Pp=-1, Pu3=0DIP5=0 Pyg=-1,
P51 =0, Psa=0, Psu=2Pyu, FPa=1 FPo=-1, F5=0,

P =0, Pry=-1.

Using these relations and repeating the steps above, we obtain a system of 88

3 This is not surprising, as, in our case, a Lagrangian is a function depending on 5 variables.
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equations, which implies

Py = —=2(Py + Py — Py2), Py = Poy, Poz = —2(Py + Py + Pie).

Using these and repeating, we obtain a system of 86 equations for the 17 P

remaining and 80 of their 102 derivatives. This system implies
Psy = P3g, Py = —Pu— Pis, Pip=FPu— Py, Pn=—"Prp.

Using these and repeating, we obtain a system of 85 equations for the 13 F;;

remaining and 64 of their derivatives. This system implies
Poz=—1, Pis=0, Pi5=0, Pp=~FPn Py=-1,

P43:07 P45:17 P53:07 P76:1~

Using these and repeating, we obtain a system of 61 equations for Pro, Py, Pig, Pea

and 22 of their derivatives. Solving this system leads to the two cases below.

Case 1: Py # 0.
In this case, we have

Using these and applying d? = 0 to the structure equations, we find

1
Py = —.
64 P72

Using this and applying d? = 0 to the structure equations again, we find
d(Pr2) = 0.

It follows that the only primary invariant remaining, Pro, is a nonzero constant. The
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structure equations read

dw' = w! A (WP + W) + W A W + w0 AW,

dw? = —w? A (WP +W%) + WP Aw? — W A WS,
dw?® = (W' + w? — P W% A wh 4+ w! A WP,

dw* = —(Prow! + Prw? — Wb A w® 4+ w® A WP,

dw’® = —(w' — w? + Polw?) A Wb + wh A W?
4

dw® = (Ppw!' — Prow?® + wh) A w® +w? A Wt

This, after the transformation

(wlaw27w37w4aw5aw6) = (\/|P72|UJ1, \/‘P72|w27w37 |P72|w4aw57 |P72|w6)7

can be readily seen to belong to the Case 3D in Clelland’s classification ([Cle01]).
According to [Cle01], if Pry < 0, then (V,B) is a homogeneous Bécklund transfor-
mation relating time-like surfaces of constant mean curvature H = — Pry( P2, + 1)*%
in H>!; if Py > 0, then (N, B) is a homogeneous Backlund transformation relating

certain surfaces in a 5-dimensional quotient space of SO*(4).

Case 2: Py, = 0.

In this case, all coefficients in (3.7) are expressed in terms of P4, Pis, and Pgy.
Applying d? = 0 to the structure equations, no new relations between Py, Pss and
Pg4 arise. Furthermore, 16 of the 18 derivatives of Py, P;s and Py, are expressed in
terms of these three invariants; two derivatives, FPgyy and Pgyg, are free.

It is easy to check that Theorem 3 in [Bryl4] applies to w, the expressions a =
(P4, Pig, Pos), b = (Peaa, Psas), and the functions C’;k and F determined during the
calculation above. The corresponding tableauz of free derivatives is involutive with

Cartan characters (1,1,0,0,0,0). We have thus proved the

Proposition 3.2. Locally, a generic rank-1 Bdicklund transformation (N, B) relating
two hyperbolic Monge-Ampeére systems with its 1-adapted coframing satisfying €, =
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€ =1 and Ay = —Ay = 1 can be uniquely determined by specifying 1 function of 2

variables.

We can study Case 2 in greater detail. For convenience, we introduce the following

new notation:

R:= Py + Py, S:=PFPu— P, T:= Fu;

(3.12)
Ty = Psaa, Tg:= Fess.
In the new notation, w satisfies (3.7) and (3.9) where
ap = —Rw' + Sw® —w® + (R + S)w* + L(R - 9)u°,
Bo = —Rw' + Sw? + J(R+ S)w* + w’ + (R — S)u",
a; = (R — S)wb, ag = (R+ S)w® + Tw® — w! — w?, (3.13)
ag = —w' =, Bi = (R+ St
By = (R—S)w’ + Tw! + w' —w?, Bs = —w* + uP,
and e, =6 =1, Ay = —A;, = 1.
Moreover, the exterior derivatives of R, S and T are
dR = —R’w' + (RS — 1)w® + Rw® + $(R* + RS — 1)w*
+ Rw® 4+ 3(R* = RS + 1)u°,
dS = —(RS — )w" + S%w? — Sw® + 1($* + SR — 1)w* (3.14)

— Sw® + %(SR — 5%~ 1)w",
dT = 2(—RT + S)w' + 2(ST — R)w? + 2(R? — 5?)(w® + w°)
+ T4w4 + T6w6.
Using these equations, we can study the symmetry of the corresponding Backlund

transformation (N, B). Let U ¢ N be the domain of a 1-adapted coframing w. Let
the map ® : U — R3 be defined by

®(p) = (R(p), S(p), T(p)).
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Lemma 3.5. The map ® can never have rank 0. Moreover, it has

e rank 1 if and only if 2RS =1 and T = R? + S?;
e rank 2 if and only if it does not have rank 1 and satisfies either (1) 2RS =1
or (2) Ty=(R+S)(T—1) and Ty = (R—S)(T + 1);

e rank 3 if and only if it does not have rank 1 or 2.

Proof. In dR A dS A dT, the coefficients of w! A w! A w* are polynomials in
R,S, T, Ty and Ts. These coefficients have the common factor 2RS — 1. Calculating
with Maple™ we find that the coefficients of w’ Aw/ Aw* in (2RS—1)"'dRAdAS AdT
all vanish if and only if Ty = (R+ S)(T'— 1) and T = (R — S)(T" + 1). This justifies
the conditions for having rank 2. The condition for rank 1 can be obtained by setting
the coefficients of w’ A w’ in AR AdS, dR AdT and dS A dT to be all zero. By (3.14),

it is clear that dR # 0 everywhere; hence, ® cannot have rank 0. O

Definition 3.4. In the current case, if the corresponding Bécklund transformation
(U, B) has a symmetry whose orbits are of dimension 6 — k, then it is said to have

cohomogeneity k.

Case of cohomogeneity-1. This occurs precisely when rank(®) = 1. In this case,
locally ® is a submersion to either branch of the curve in R?® defined by 2RS = 1

and T'= R? + S2. Expressing S and T in terms of R, we have, on U = N,
1 1 1
dR = —R*w' — §w2 + R(w® +w°) + 1<2R2 — D' + Z(2R2 + )b, (3.15)

It is clear that dR is nowhere vanishing. Since R is the only invariant, each
constant value of R defines a 5-dimensional submanifold Ny < N, which has a Lie
group structure. The Lie group structure can be determined by setting the right-

hand-side of the equation (3.15) to be zero, obtaining, say,

) 1, 1 5 2R?—1 , 1 . 2R*+1 4
w =—2—R2w +EO}+ 4R2 W—FEW-{- 4R2 w
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Substituting this into the structure equations, we obtain equations of dw’ (i =
2,...,6), expressed in terms of w?, ...,w% alone. These are the structure equations on
each Np. Let X1, Xs, ..., X5 be the vector fields tangent to Nz and dual to w?, ..., w",

such that w'(X;) =48, (i—1,7 =1,2,...,5). We obtain the Lie bracket relations:

j+1
1 1 (2R? — 1) 1
X1, Xo| =2X1 + =(Xo+ X X1, X3 =——=X1 ———(Xe — X —X.
[X1, Xo] 1+R( o+ Xy),  [X1, X3 SR ! 1R (Xo 4)+R 3
1 1 2R*+1 1
X1, Xy =2X1+ =(Xo+ X X, X5 =—=X1+ ——(Xo— X —X
[ X1, X4] 1+R( o+ Xq), [Xi, X5 °R 1+ AR (X2 4)+R 55
1
(X2, X5] = =X — EXz - X3 — X5, [ X2, X4] =0,
D0 ] = 2o =Ly oy f 2Ly
2, A5] = R 2 3 R 4 55
2R? — 1 2R? +1
[X3, Xu] = — ¥ Xo + X3+ ¥ Xy — X5,

1 1
[Xs5, X5] = (—32 + 5) Xy + RX3 + <R2 + 5) X, — RX,

1
[ X4, X5] = X1 — X5 + EX4 — X5.

Using these relations, it can be verified that X; (i = 1,...,5) generate a 5-
dimensional Lie algebra that is solvable but not nilpotent. The derived series has

dimensions (5,3, 1,0, ...). In fact, after introducing the following new basis

1 1 1
e = RXl, €y = —§(X2 — X4), €5 = EXl + 2—R2(X2 + X4),
1 2R? — 1 1
) Y R A T
1 2R% 4+ 1 1
e, = —X; + (Xo — Xy) + 5 X5,

2R R? R

we obtain the Lie bracket relations:
[eb eS] = €3, [el> e4] = €4, [ela 85] = 285,
[62, eS] = €4, [627 e4] = —eg, [e37 84] = €s,
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where all [e;, €;] not on this list are zero. An equivalent way of writing these relations
is:
[e1 + i€y, €3 + iey] = 2(es + iey), [e1 —ieq,e3+iey] =0, [e +ieq, e5] = 2e;,

[es + ieq, €3 — iey4] = —2ies, [e1 + ies, €1 —ie] =0, [es+ iey,e;5] =0.

It is then not hard to see that the Lie algebra @?:1 Re; is isomorphic to the Lie

algebra generated by the real and imaginary parts of the vector fields
0w, €2(0, +1i20y), XD,

on R x C? with coordinates (A;z,w). In fact, an isomorphism is induced by the

COI'I'GSpOHdGHCe

e + ieQ — a’LU7 es + ie4 — 62w(az + lza)\)a €5 — 62(w+711)a)\.
Next, we describe the hyperbolic Monge-Ampeére systems related by the Backlund

transformation being considered. In particular, we prove the

Proposition 3.3. A Bdcklund transformation in the current (cohomogeneity-1) case

15 an auto-Bdcklund transformation of a homogeneous Fuler-Lagrange system.

Proof. This proof is in two parts. First, we show that the underlying two hy-
perbolic Monge-Ampere systems are equivalent and are homogeneous. Second, we
verify that they are hyperbolic Euler-Lagrange systems in the sense of [BGGO03| by
computing their local invariants.

Using the structure equations on U < N, if we let (6°,6%, ..., 0%) be either
(Swl, —R(w! —w*) + w?, Swt, —R(w' — W) + W, SwG) (3.16)

or
(—RwQ, S(w? + wh) — w?, Rw*, S(w? — wb) —W®, —RwG) , (3.17)
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then one can verify (with Maple™) that 6% (i = 0,...,4), in both cases, satisfy the
same structure equations
de® = —2(0" + °) A ° + 01 A 0%+ 0° A O,
dot = —0" A 0T+ 0% A0 + 6% A B3,
d6? = =" NP+ P AP+ 0P AP — 0" A OP + 0P A G, (3.18)
ded = L A0 —0* A0 — 67 A B3,

do* = —0' A O + 02 A0+ 02 A0+ 08 AO2— 03 A6

It is easy to verify that (3.18) are the structure equations on a 5-manifold M with
a hyperbolic Monge-Ampere ideal Z = (0° 6' A 0% 0% A 0*). Tt follows that the
expressions (3.16) and (3.17) correspond to the pull-back of #* under two distinct
submersions 7y, : U — M. It is easy to see that (U, B; 7, m) is an auto-Backlund
transformation of the system (M,Z). Moreover, (M,Z) is homogeneous, since all
coefficients in (3.18) are constants.

Next, we verify that (M, Z) is a hyperbolic Euler-Lagrange system. In [BGGO03], a
necessary and sufficient condition for a hyperbolic Monge-Ampere system to be Euler-
Lagrange is proved, which is summarized in our Section 4.1 with a slight change of
notation. In particular, (M,Z) is Euler-Lagrange if and only if an invariant tensor
Sy vanishes (see Proposition 4.2).

To compute Sy, we choose a new coframing (7') and 1-forms (¢, ) below

0,0t 2 P ) = (V260,261,611 62 — 6°,6% + 6 — 6°,\/2(6* — 6%)),

1 1
Po = 7§ \/—57747
1

1
:_20+ 1__2_\/53_ 4’ _ o : :_3__4’
¢3 n n \/577 n n ¢4 ¢0 ¢l ¢5 n \/577

b6 = —n", ¢r = —n" + ' —V2? — V2, bs = o — bs.

1
'+t ——n', b =—vV2"—n’ - ¢y =1° + V21, (3.19)

V2
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These n* (i = 0,1,...,4) and ¢, (o = 1,...,8) are chosen such that they satisfy the
structure equations (4.1), and such that S; and Sy are as simple as possible. One

can verify that, under this choice,

This completes the proof. n
Now, one may wonder whether the homogeneous Monge-Ampere system (M, 7)
considered in Proposition 3.3 has a symmetry of dimension greater than 5. Using

the method of equivalence, we prove that it is not the case.

Proposition 3.4. The hyperbolic Fuler-Lagrange system in Proposition 3.3 has a
symmetry of dimension 5. In addition, any such symmetry is induced from a sym-

metry of the Bdcklund transformation (N, B).

Proof. Let (M,Z) denote the Euler-Lagrange system being considered. To show
that (M, Z) has a 5-dimensional symmetry, it suffices to show that there is a canonical
way to determine a local coframing on M. This can be achieved by applying the
method of equivalence. For details, see Appendix B.

By (3.16) and (3.17), it is easy to see that the fibers of m; : N — M (i = 1,2) are
everywhere transversal to the level sets of the functions R. The second half of the
statement follows. O

To end the discussion of the cohomogeneity-1 case, we integrate the structure
equations (3.18) to express the corresponding hyperbolic Euler-Lagrange system in

local coordinates.

Proposition 3.5. The hyperbolic Monge-Ampére system (M,T) with the differential
ideal T = (0°,0% A 62,03 A 0%, where 0" satisfy (3.18), corresponds to the following

hyperbolic Monge-Ampére PDE up to contact equivalence:

(A? — B*)(24z — 2yy) + 4ABz,, = 0, (3.20)
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where A = 2z, +y and B = 2z, — x.

Proof. Let U ¢ M be a domain on which ¢ are defined. One can verify, using the
structure equations (3.18), that the 1-forms ' — 6% — 63 — 9* and 6' + 63 are closed.

Hence, by shrinking U if needed, there exist functions P, () defined on U such that
dP = —(0* +6%), dQ =6'—0*—-0* — 0.

Moreover, if we let © = 6% + i0*, then, by a straight-forward calculation, we obtain
d® = d(P +iQ) A ©.

It follows that there exist functions X,Y on U such that
0 = eMRA(X +4Y).

Equivalently, we have

6? = e (cos QAX —sinQdY), #* = e”(sin QdX + cos QdY).

Now we can express 01, ..., 0% completely in terms of the coordinates X,Y, P,Q. By

computing the exterior derivative
d(e™270%) = e 220" A 0% + 6 A 0%, (3.21)

we notice that the right-hand-side of (3.21) is a symplectic form on a 4-manifold
on which 6, ..., 0% are well-defined, by (3.18). Thus, by Darboux’ Theorem, there
locally exist functions z,y,p, ¢ such that the right-hand-side of (3.21) is equal to
dz A dp + dy A dg.

In fact, in XY PQ-coordinates, the right-hand-side of (3.21) is equal to

d (?(COSQ +sin Q) + g) AdX +d (;(COSQ —sin@) — g) A dY.
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As a result, we can set

-P Y -F X
r=X, y=Y, p= —%(COSQ +sin Q) — 20 4= —GT(COSQ —sin Q) + 5
and write
e 2P9 = dz — pdx — qdy,

for some function z independent of x,y, p,q. From these expressions, it is clear that
2p + y and 2q — = cannot simultaneously vanish.
Now let A = 2p+y and B = 2¢+x. We can express 0! A 6 in terms of x,y, 2, p, ¢:

(A2 — B%)dp A dy + (A + B)?*dz A dp — (A? — B?)dz A dg + (A — B)*dy A dq
(A2 + B?)? ‘

Multiplying this expression by (A? + B?)? then subtracting (A% + B?)(dx A dp +dy A

dgq), we obtain
(A% — B*)(dp A dy — dz A dq) + 2AB(dz A dp — dg A dy).

The vanishing of this 2-form on integral surfaces implies that z must satisfy the

equation (3.20). O

Case of cohomogeneity-2. By Lemma 3.5, this case can only occur when 2RS =1
and R?>+ 5% = T do not both hold and either (1) 2RS = 1 or (2) Ty = (R+S)(T—1),
T6 = (R—S)(T + 1) holds. We will focus on the latter case.

Proposition 3.6. When ® has rank 2, and when Ty = (R + S)(T' — 1) and T =

(R— S)(T + 1), the map ® : N — R3 has its image contained in a surface that is

R24+85%2-T

defined by either SRS _1

or its reciprocal being a constant.

Proof. First note that R? + 5% — T and 2RS — 1 cannot be both zero, for this
would reduce to the cohomogeneity-1 case; hence the conclusion has meaning. To
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see that this statement is true, note that, in our current case, the pull-back of dR, dS

and dT" via ® to N are linearly dependent. To be precise, the 1-form
0 = —2(R*S — S*+ ST — R)YdR + 2(R® — RS* — RT + 2S5)dS + (2RS — 1)dT

equals to zero when pulled back to N. Since the tangent map ®, has rank 2, this

can only happen if # A df = 0. It follows that 6 is integrable. The primitives of

2 | Q2
=T
(2RS —1)720 and (R? + S% — T')720 are, respectively, the function —R2;5_ 1 and

its reciprocal, if 2RS — 1 and R? + S? — T are, respectively, nonzero. This completes
the proof. 0

We now study the symmetry of the Béacklund transformation (N, B) being con-
sidered. Let X; (i = 1,2, ...,6) be the dual vector fields of w’ (i = 1,2, ...,6), defined
on U < N. Using the expressions of dR,dS and dT', it is easy to see that the rank-4

distribution on U annihilated by dR,dS and dT is spanned by the vector fields

1
EZRX2+SX1+X5, EZE(Xl_X2)+X47
1
}%:Xg—Xg), HZE(X1+X2)+X6

These vector fields generate a 4-dimensional Lie algebra [ with

R+ S R—-S

[¥1,Ya] = VitYi,  MYl=0,  [MYi= Yo+

Y3,

1
[Yo¥i] = (R4 S)¥i 4 2Ye [ ¥i] = Yik (=St (5-T) ¥a (R4 ),

[Ya,Ya] = 2Ys — (R — S)Ys.

It is easy to verify that 2Y; + Y5 belongs to the center of [. The quotient algebra
q = [/R(2Y; + Y3), with the basis e; = [Y3], ea = [Y3] and e3 = [Y}], satisfies
[e1,e2] = (R + S)ey + 2es,

[el,eg] = —Teg — (R + S)eg,
[e2,e3] = 2e; + (S — R)es.
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According to the classification of 3-dimensional Lie algebras, see Lecture 2 in [Bry95]
for example, to identify the Lie algebra q, it suffices to find a normal form of the
matrix (note that it is symmetric)

2 S—R 0

c=|S-R T R+S

0 R+ S 2
under the transformation C' +— det(A™')ACAT, where A € GL(3,R). Note that
det(C) = —2(R? + S* — T'). We have the following

Proposition 3.7. If R*+ 5% < T, then q is isomorphic to s0(3,R). If R>+5* > T,
then q is isomorphic to sl(2,R). If R* + S? = T, then q is isomorphic to the
solvable Lie algebra with a basis x1,xq, x5 satisfying [xe, 3] = x1, |3, 21] = 22 and

[ZEl, .172] = 0

Proof. After a transformation of the form above, C' can be put in the form

2 0 0
C'"=10 T-—R*-5%0
0 0 2
According to [Bry95], the conclusion follows immediately. O

Now consider the case when q is solvable, i.e., when R?> + S? = T. By the
cohomogeneity-2 assumption, we must have 2RS # 1. We proceed to identify the
Monge-Ampere systems related by such a Bécklund transformation.

If we let (6°,6%,...,0%) be
(Sw!', —R(w' — w) + w?, Sw*, —R(w' — w®) + W®), Swh)
and let F' be defined by

_2RS -1

F 2
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for which to have meaning we need to restrict to a domain on which S # 0, then the

structure equations on N would imply
de® = 0° A (20" — FO* +20° — FO*) + 0" A 02 + 0% A 64
do' = —FO0O A (02 +0%) — 0" A 0" + 07 A 0° + (F +1)0% A 04,
df? = 2F° N> =" NP 0" AN O* + P AP+ (1 - F)O* A 0" +6° A 0", (3.22)
do® = FOO A (02 +0Y) + 0" A 0" — 07 A 0° + (F —1)0% A 04
dot = 2F° AN O  + O NP — 0" A O + P A 0P+ (F+1)0% A 0" —0° A 04
and
dF = 2F%(20° — 07 — 0*) + 2F (0" + 6°), (F #0). (3.23)

It can be verified that, in the equations (3.22) and (3.23), the exterior derivative
of the right-hand-sides are zero, by taking into account these equations themselves.
By the construction of the #° (i = 0,...,4), it follows that (3.22) and (3.23) are
the structure equations of one of the Monge-Ampere systems being related by the

Bécklund transformation (N, B).

Proposition 3.8. The hyperbolic Monge-Ampere system (M, T) with the differential
ideal T = {0°,0" A 62,03 A %), where 0 satisfy (3.22) and (3.23), corresponds to the

following hyperbolic Monge-Ampére PDE up to contact equivalence:
(A? — B*) (2400 — 2yy) + 4ABzy, + €(A* + B*)? = 0. (3.24)

where A =z, —y, B=z, +x; and e = +1.

Proof. The proof is very similar to that of Proposition 3.5. First it is easy to
verify that the 1-forms F'(—260° + 6% + 61) — ' — 6 and 6' — 0% — 6° — 6* are closed.

Consequently, there locally exist functions f, g such that
df = F(—20° + 0> + 04 — 0 —0®, dg=06'—0*>— 0> — 0"
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Now the expression of dF' can be written as dF' = —2Fdf. This implies that there
exists a nonzero constant € such that F' = ee=2/. Using the ambiguity in f, we can
set € = £1. In addition, if we let © = e~/ (6% + if'), it is easy to verify that © is
integrable. To be explicit,

dO =1dg A O.

Thus there exist functions X, Y such that © = €¢¥(dX + idY). From this we have
0? = e/ (cosg dX —sing dY), 6 = ef(sing dX + cosg dY).
Using these, differentiating 6! + 62 gives
d(0" + 6*) = 2¢ dX A dY.
This implies that there exists a function Z, independent of X, Y, f, g, such that
0 + 03 = dZ — ¢(XdY — YdX).

Now, 0°,0%, ..., 6% can be completely expressed in terms of the functions X,Y, Z, f, g.

In particular,

—2e720° = ¢(d(Z + f)) + (=Y —e Y (sing + cos g))dX + (X + e/ (sin g — cos g))dY.
If we make the substitution

r=X, y=Y, z=¢Z+f), p=ef(cosg+sing)+Y, q=ef(cosg—sing)—X,

the contact form 6 is then a nonzero multiple of dz — pdz — ¢dy. The 2-form 63 A 04,

after replacing dz by pdz + qdy, can be expressed as
0° A0 = —e" [(A* — B?)(dp A dy — dz A dg)+
(A+ B)’dg Ady — (A — B)*dz A dp + €(A* + B*)?dz A dy] mod 6°,
where A = p—y, B = g+ x. Note that, by construction, A, B cannot be simultane-

ously zero. The equation (3.24) follows. O
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In the current case, there remain several obvious questions to investigate. What
is the Monge-Ampére system corresponding to {w? w3 Aw*, w3 AwS)? Are the Monge-
Ampére systems being Bdcklund-related Euler-Lagrange? Is the Bdacklund transfor-
mation an auto-Bdacklund transformation? Answers to these questions can be ob-
tained in a very similar way as in the cohomogeneity-1 case. We thus have them

summarized in the following remark, omitting the details of calculation.

Remark 4. A. Whenever R # 0,
(Rw?, S(w?® + w?) — w?, —Rw*, S(w? — W) — W®, Rw®)

form a well-defined coframing on a 5-manifold. The system (w? w3 A w? w® A W5)

descends to correspond to the same equation (3.24) up to contact equivalence, where
€ has the same sign as 2RS — 1. Since the function 2RS — 1 is defined on N, € must
be the same for the two underlying Monge-Ampeére systems. The system (N, B) is
therefore an auto-Bécklund transformation of the equation (3.24).

B. The hyperbolic Monge-Ampere system in Proposition 3.8 is Euler-Lagrange.
In fact, by a transformation of the 6% (i = 0, ...,4), the structure equations (3.22) can

be put in the form of (4.1) with

10
,5'1:(01), SQZO

Applying the procedure described in Appendix B, we find the corresponding Monge-

Ampere invariants

Q01Qos — Qo2Qo3 = —%(1 +F% #0, Qu =0.

Following from this and the expression of dF’, one can show (in a way that is similar
to the proof of Proposition 3.4) that the underlying Euler-Lagrange system has a
symmetry of dimension 4. Such a symmetry is induced from the symmetry of the

Bécklund transformation (NN, B).
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4

Backlund Transformations and Monge-Ampere
Invariants

Given two hyperbolic Monge-Ampere systems (M;,Z;) (i = 1,2), suppose that we
have chosen for each of them a 0-adapted coframing in the sense of Example 5 in
Chapter 2. The problem of finding a nontrivial Backlund transformation relating
these two Monge-Ampere systems is a problem of integration, that is, to find a
6-manifold N < M; x My with the obvious submersions m; : N — M, such that
the differential ideal B generated by 777, and 737, makes (N, B;m, m2) a Bécklund
transformation. From this point of view, it is desirable to express the obstructions to

integrability in terms of the invariants of the two hyperbolic Monge- Ampere systems.
4.1 First Monge-Ampere Invariants

Let (M,Z) be a hyperbolic Monge-Ampere system. Let Gy be the Gy-structure on
(M,T) (Example 5, Chapter 2). In [BGGO03], the reduction of Gy to a G;-structure
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G, is performed such that the following structure equations hold on Gy:

W o 0 0 0 O W
wt 0 ¢1 ¢2 0 0 wt
dl w? |==| 0 ¢35 ¢4 0 0 [A] w? (4.1)
w3 0 0 0 ¢5 ¢6 w3
w? 0 0 0 o7 og w?

wh A w? + WP A w?
(Vi + Va)w® A w? + (Vo + Vo)w® A w?
+ | (Va+ Vo) A w? +(V4+V§g)0 wt |,
(Vs = Va)w" A wh + (Vo = Vo)w” A w?
(Vs — Vo) A w! + (Vs )wo/\w2

where ¢g = ¢1 + ¢4 = ¢5 + @5, and G < Gy is the subgroup generated by

a 0 O
g=10 A 0 |, A BeGL(2,R), a=det(A) = det(B), (4.2)
0 0 B
and
1 0 O
J=10 0 L |eGL(5R). (4.3)
0 I, O

Definition 4.1. Let (M,Z) be a hyperbolic Monge-Ampere system. A 1-adapted

coframing® of (M,Z) with domain U < M is a section n : U — Gj.

Following [BGGO03], we introduce the notation?

_ (Ve (Vs Vs
sm (U 8), s (1 4. »

It is shown in [BGGO3] that

Proposition 4.1. Along each fiber of Gy,

Si(u-g) =aA"'S;(uw)B, (i=1,2) (4.5)

! This is not to be confused with a 1-adapted coframing in the sense of Definition 3.3.

2 Note that these S; are half of those defined in [BGGO03] with the same notation.

48



for any g = diag(a; A; B) in the identity component of G1. Moreover,

(VW R A
Sl(U'J)— ( Vtg, _‘/1 ), SQ(U J)— (_‘/7 ‘/.5 > (46)
Proposition 4.1 has a simple interpretation: the matrices S; and S5 correspond

to two invariant tensors under the Gi-action. More explicitly, one can verify that

the quadratic form
Y= Vs wlw? — V5wl + V) Wi — Vs wie? (4.7)
and the 2-form
Yo i=Vew Awd =V w2 Awd + V5w A w? — Vg w? A w? (4.8)

are G1-invariant, which implies that 3, 3y are locally well-defined on (M, 7).

An infinitesimal version of Proposition 4.1 will be useful: for ¢ = 1,2,
b1 —P ) ( ¢s5 @6 ) 0,1 4
ds; = S; + 5, d S W, W 4.9
(5 gr by ) MO (19)

An FEuler-Lagrange system, in the classical calculus of variations, is the system
of PDEs whose solutions correspond to the stationary points of a given first order
functional. In [BGGO3], an Euler-Lagrange system is formulated as a Monge-Ampere

system?®; moreover, it is shown:

Proposition 4.2. ([BGGO03]) A hyperbolic Monge-Ampére system is locally equiva-
lent to an Euler-Lagrange system if and only if Sy vanishes.

Remark 5. Proposition 4.2 says that the property of being Fuler-Lagrange is intrin-

sically defined.

Proposition 4.3. ([BGGO03]) A hyperbolic Monge-Ampere system corresponds to the

wave equation z,,, = 0 (up to contact equivalence) if and only if S1 = S, = 0.

3 See Definitions 1.3 and 1.4 of [BGG03]
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Proposition 4.4. A hyperbolic Monge-Ampére system (M,Z), where T is alge-
braically generated by 0, w' A w? and w* A w*, locally corresponds to a PDE of
the form z,, = F(x,y,2, 24, 2,) (up to contact equivalence) if and only if each of
the characteristic systems Ly = {0,w!,w?) and Ty = {0, w*,w*y admits a rank-1

integrable subsystem.

Proof. One direction is obvious, since dx, dy respectively belong to the two char-
acteristic systems and are integrable. For the other direction, assume that (M, Z)
has the property that each of Z;y and Zy; has a rank-1 integrable subsystem; and let
(0,w, ...,w*) be a coframing satisfying df = w! A w? +w? A w* mod 6. For Ty, this
means that a certain linear combination A6 + Bw! + Cw?, where A, B,C (not all
zero) are functions on M, is closed; hence, it locally equals to dz for some function
x. Of course, B,C cannot both be zero, since # is a contact form. Without loss of
generality, assume that B # 0. Let &' = A0 + Bw' + Cw? = dz, and &% = Lw?.
Similarly, there locally exist functions A’, B’, C" (assuming B’ # 0) and y such that
W = A0 + B'w? + C'w* = dy; let &* = Fw™.

Now df = dz A &% + dy A @* mod 6; hence the system (), dz, dy) is Frobenius.
As a result, there locally exists a function z such that {0, dz,dy) = {(dz,dz,dy). In
other words, there exist functions g, p,q (g # 0) such that 59 = dz —pdx — qdy. This
implies that dz A dp+dy A dg = é(dx A% +dy A1) mod . By Cartan’s Lemma,

there exists a function F' such that
O? = gdp — gFdy mod dz, 6; o' = gdg — gFdz  mod dy, 6.

The vanishing of § and @' A ©? on integral surfaces then implies that locally the
corresponding Monge-Ampere equation is equivalent to z,, = F(z,v, 2, 25, 2,). O
Now we focus on hyperbolic Euler-Lagrange systems.
By Proposition 4.1, the sign of det(S;) is independent of the choice of 1-adapted
coframings. Hence, each hyperbolic Euler-Lagrange system belongs to one of the
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following three types.

Definition 4.2. Given a hyperbolic Euler-Lagrange system (M, 7), it is said to be
i. positive if det(S;) > 0;
ii. negative if det(S;) < 0;

iii. degenerate if det(S;) = 0.

Example 10. The hyperbolic Monge- Ampere systems in Proposition 3.5 and Propo-

sition 3.8 in Chapter 3 are Euler-Lagrange of the positive type.
Example 11. In Example 4 of Chapter 2, let K = —1 for convenience. Recall that

the differential ideal Z on O is algebraically generated by

=uw? df=—(Aw +wsAw?), ¥=w Arw+wsAws

Consider the change of basis

wl _ _771 + 7737 w2 _ ,'72 + 774’ CUS _ 2770’ (.U% _ 772 o ,'74’ W?Q) _ 771 + ,'73.

In terms of * (i = 0,...,4), we have Z = (n°, n' A n?,n®> A n*). Tt can be verified
that n = (n° 0!, ...,n), pulled back by a loal section o : U — O (U = M open), is a
local coframing l-adapted to (M, J) with Vo = V3 = 1 and all other V; being zero.

It follows that (M, J) is a hyperbolic Euler-Lagrange system of the negative type.

Example 12. Consider an equation of the form z,, = f(2). (This is called an
f-Gordon equation.) It corresponds to a hyperbolic Euler-Lagrange system of the

degenerate type, for it is easy to verify that

"’ =dz—pde —qdy, n' =dz, n*=dp— f(2)dy, n’ =dy, n* =d¢— f(z)dx

is a 1-adapted coframing for the corresponding hyperbolic Monge-Ampeére system.

Under this coframing, V3 = — f’(z) and all other V; are identically zero.
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Remark 6. By Proposition 4.4, a hyperbolic Euler-Lagrange system of either the
positive or the negative type is non-equivalent to any PDE of the form z,, =
F(z,y,2, 24, 2). To see this, one can use (4.1) to show that, given a hyperbolic
Monge-Ampere system (M,Z), if S; = 0 and S; nonsingular, then the derived sys-
tems (see [BCGT13]) of each of the two characteristic systems of (M, Z) will terminate

at zero.
4.2 The Backlund-Pfaff System

In this section, we show that given two hyperbolic Monge-Ampere systems, the
existence of a normal rank-1 Bécklund transformation (Definition 2.16) relating them
can be formulated as the integrability of a rank-4 Pfaffian system.

To start with, let us fix some notation.

Let (M,Z) and (M,Z) be two hyperbolic Monge-Ampere systems. Let G; and
G: be the respective Gi-structures (see Section 4.1). Let o = (g, y, ..., aq) and
B = (Bo, Bi, ..., B1) be the tautological 1-forms on G; and G, respectively. And let

P = {(u,ﬂ,s,t,,u,e)] ueGueGs,te R = 1e=+1 (ep® # 1)}

c G x Gy x R? x {£1}. (4.10)

Proposition 4.5. An immersed 6-manifold ¢ : N — M x M is a normal rank-1
Backlund transformation if and only if N admits a lifting ngS : N — P that is an
integral manifold of a rank-4 Pfaffian system J with the independence condition

a1 Aag Aaz Aag Aag A By #0, where J is generated by 0° (i = 1,...,4):

01 = 1 — s1op — t1 80 — pov,
Oy = [y — sa0ny — taBy — pcvg,

(4.11)
03 = B3 — sz — 380 — p ta,

04 = B4 — sacvg — t4fo — €p g,

at each (u, U, S1, ..., S4, 11, ..., ta, 1, €) € P.
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N6 T) M x M i
V x N
(M,T) (M,1)

Proof. By the construction of G; and Gi1, on P, we have
(moT)(Z) = (o, 1 A 2, 3 A ),

[z o 7)*(0)] = [l

and similarly for Z and the 8;. Now assume that ¢ admits a lifting (;AS that integrates

the Pfaffian system 7. It is easy to see that, on N,

&*([B1 A Ba, B A Ba])
Gg*([[d@m dﬂo]]) mod é*&o, 03*50-

qg*([[al A (g, a3 A ayl)

In the last equality, we have used the assumption that u? # €, which guarantees that
the bundle oy A ag + a3 A ag, B1 A P2+ P3 A B4] has rank two modulo ag, Sy when
pulled back to N. It follows that ¢ : N — M x M defines a normal rank-1 Backlund
transformation.

Conversely, suppose that ¢ : N — M x M defines a normal rank-1 Béacklund
transformation. Let n := (ng,n1, ..., n4) (resp. & := (&0, &1, .-+, €4)) be alocal 1-adapted

coframing defined on a domain in M (resp. M). We have, by definition,

¢*([[771 A T2, 13 A 774]]) = ¢*(|Ifl A&, &3 A 54]]) mod ¢*no, $*&o.

By switching the pairs (n1,72) and (n3,n4) if needed, we can assume that, on N,
m A =& A& mod n, o,

N3 AN =& A& mod n, &,
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where the pull-back symbol is dropped for convenience. Consequently, there exist 16

functions s1, ..., S4, t1, ..., t4, U1, ..., ug defined on N such that, when restricted to IV,

&1 = s1mo + t1&o + uim + uane,
§a = Samp + ta€o + Uzt + uan2,

(4.12)
§3 = 83 + 30 + UsN3 + UeNa,

§4 = 5470 + tano + urnz + Uy,

where ujuy — usug and usug — urug are both nonvanishing. Moreover, since [[dng, d&o]|
has rank two modulo 7, &y, we have uyuy — usus # usug — uguz.

Using the flexibility of choosing the 1-adapted coframings n and &, we can nor-
malize some of the u; . To be specific, we can apply SL(2, R)-actions to (1, 179) and
(773, 174) to arrange us, us, ug, U7 to be zero, and to arrange that uy = tu,, ug = tus,
(u1,us > 0). Then we transform (19,71, ...,n4) by a diagonal matrix in G to arrange
that u; = w4 > 0 and uz = ufl, Uy = eufl, where € = +1. Meanwhile, this action
scales s; (i = 1,...,4). Finally, if u;y = uy < 1, then we switch the pairs of indices
(1,2) and (3,4) for £ and 7 in (4.12), and multiply the new ng, 72,74 by €.

It is casy to see that the resulting (1, &, (s;), (t:), w1, €) defines a map ¢ : N — P

that is a lifting of ¢ and integrates J. O

In light of Proposition 4.5, we make the

Definition 4.3. The system (P, J) in Proposition 4.5 is called the 0-refined Bécklund-
Pfaff system for normal rank-1 Backlund transformations relating two hyperbolic

Monge-Ampere systems.

Definition 4.4. An integral manifold of the 0-refined Bécklund-Pfaff system (P, J)

is called a O-refined lifting of the underlying Backlund transformation.

In these terms, Proposition 4.5 says that each normal Backlund transformation

has a O-refined lifting. Of course, given a normal Backlund transformation ¢ : N —
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M x M, its O-refined liftings are not unique.

Lemma 4.1. Let ¢ : N — M x M be a normal Béicklund transformation. The
functions p o ngS and € o ngS are independent of the choice of 0-refined liftings ngS of ¢.
Proof. Clearly, for different choices of QAS, the 1-forms ¢*ay and ¢* 5y only change by

scaling. On N, the quotient \;/Ay between the two solutions A;, As of the equation
(dﬂo + /\d()!())2 =0 mod ag, 60

is independent of the scaling of oy and 5y but may depend on the order of the pair
(A1, X2). By (4.11), on N, either A\;/A; or A\y/A\; must be equal to eu.

Since we have arranged p > 1 for O-refined liftings, the ambiguity of ordering
A1 and )y can be removed by letting A\; /Ay = eu®. Tt follows that u and e are both

independent of the lifting. O]

Remark 7. (A) There is a simple geometric interpretation for the two possible values
of e. Let (M,Z) and (M,Z) be as above. Suppose that ¢ : N — M x M defines a
normal rank-1 Bécklund transformation. The 4-plane field D := [[avg, Bo]]|* on N is
independent of the choice of 0-refined liftings of ¢. When restricted to D, the 4-forms
(dag)? and (dfy)? define two orientations. If € = 1, these two orientations are the
same; if € = —1, they are distinct.

(B) If a Bécklund transformation is normal, which we will always assume for the

rest of this chapter, then € = 1 implies p > 1.
4.3 Obstructions to Integrability

In this section, we express the obstructions to integrability of (P, J) in terms of the
invariants of the two hyperbolic Monge-Ampere systems.

For convenience, we introduce new notation below.

(A) Let mi 1= au, m2 i= ag, M3 1= a3, N4 = au, 15 = o, N6 := Do
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(B) The components of the pseudo-connection 1-form on Gy (see (4.1)) are de-

noted by g, ©1, ..., ps; those on G; are denoted by g, ¥, ..., Us.

On P, differentiating the 6; and reducing modulo 64, ...,0, yields the following

equations

d; = —Tia A Do + T3 mod 01, ..., 04, (4.13)

where 7;; are linear combinations of the 1-forms in
S = {d(s1), -, d(s4); d(t1), ., d(ta); dps Pos -, 93, 5, 6, P73 Y05 -0 U3, U5, Y, Y7},
and 7;, called the torsion, are of the form
7 = Tigpnj A ey Tije = —Tixg,

for some functions T;j; defined on P.
We can use a standard method (see [BCG*13]) to obtain from (4.13) obstructions
to integrability of (P, J). The key is to absorb the torsion terms (i.e., terms in 7;)
as much as possible by adding linear combinations of 7, ..., to the 1-forms in S.
In our case, the matrix (m;,) (called the tableau) takes the form
m m 0 0 w3 my
(7i0) = m o1 0 0 7w mg ’
0 0 m mo T Ti2
0 0 mg m4 M5 T
where 771, ..., mg are 1-forms independent of the 6, ...,64,7,...,n6 and independent
among themselves. It is easy to see that all terms in 7; can be absorbed except the
73 A Mg terms in 7; and 7y, and the n; A 7y terms in 73 and 7.
Calculation yields

251 + et
del = _%n‘z A My mod 01, ---,9477717772;7757776;

u232 + €ty

d6 "

3 N 14 mod 017"'79477]17772777577767
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dfz = —(p’ts — s3)m A 12 mod 61, ..., 04,13, M4, 15, 16,

d04 = *(M2t4 - S4>771 N T2 mod 917 sy 647 URTRIZRNI TR D
As a result, we have proved
Lemma 4.2. Integral manifolds of (P,J) only exist in the locus L < P defined by

the equations

53 = _t3,u27 S4 = _t4u27

t, = —esLuQ, ty = —ESQ[L2.
Definition 4.5. Let P; < P be the locus defined by the equations
s1=t =s3=1t3=0, s4=—lu’, t2=—esop’.

Let J; be the restriction of J to P;. The rank-4 Pfaffian system (Py, J1) is called the
1-refined Backlund-Pfaff system for normal rank-1 Backlund transformations relating

two hyperbolic Monge-Ampere systems.

Definition 4.6. An integral manifold of the 1-refined Bécklund-Pfaff system (Py, J1)

is called a 1-refined lifting of the underlying Backlund transformation.

Proposition 4.6. Let (M,T) and (M,I) be as above. Any normal rank-1 Béicklund
transformation ¢ : N — M x M admits a 1-refined lifting.

Proof. By previous discussion, there exists a O-refined lifting (% of ¢ such that, when
pulled-back via gZA> to N,

B = s1o0 — esip’Bo + pa,

B = so0vg — esap®Bo + paa,

B3 = —tap’on + t3fo + p s,

By = —t4,u2a0 +t400 + e,u_loz4.
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If so # 0, transform the pairs (aq, az) and (S, 52) simultaneously using

N 1—81/82
we (o)

If so =0 but s; # 0, transform the pairs (ay, ag) and (5, f2) simultaneously using

0 -1
(1)

such that the previou step applies. This will yield a O-refined lifting with s; = 0.
Further, we can apply simultaneous SL(2, R)-actions on (a3, as) and (b3, by) to arrange
t3 = 0. O
Now J; is generated by
0y = by — pay,
0y = by — s9a0 + 632M250 — pag,
05 = by — 1 "as,

0y = by + t4ﬂ2a0 — taby — e;fla4.

Given a normal rank-1 Bécklund transformation ¢ : N — M x M, it is easy to
see that whether the product sty locally vanishes is independent of the choice of
1-refined liftings of ¢. The following proposition says that the case of soty = 0 is

quite restricted when both (M,Z) and (M,T) are Euler-Lagrange systems.

Proposition 4.7. Let (M,T) and (M,Z) be two hyperbolic Euler-Lagrange systems.
If there exists a normal rank-1 Bdacklund transformation ¢ : N — M x M such that
soty = 0 on a 1-refined lifting of ¢, then both (M, ZI) and (M,TI) must be equivalent
to the system corresponding to the wave equation zy, = 0.

Proof. By the Euler-Lagrange assumption and Proposition 4.2, S, = Sy = 0. Let

o _ (VY g _ (" W
Clwow ) T U ow )

58



By Proposition 4.3, it suffices to show that, on any integral manifold of the 1-refined
Bicklund-Pfaff system (Py, J;), we have S; = S; = 0.
First, we assume sy = 0. Restricted to the locus defined by s, = 0 in Py, the

tableau (m;,) associated to (Py, J1) satisfies

As a result, the n° A 7 terms in df; and dfs, 7,5 = 3,...,6 and i # j, cannot be
absorbed and the corresponding coefficients must vanish on integral manifolds of

(P1, J1). Calculating with Maple™  we find

1

dfy = p(Vins + Van) A ns — E(Wﬂk& + eWana) A 16 + Watapi®ns A ng,
1

A0 = (Vi + Vi) 115 = 2 (Wt + eWan) 156 + Witapi*ns A 16,

both congruences being reduced modulo 6y, ..., 04, n1,m5. It follows that S; = S; = 0.

The case of t; = 0 is similar. ]

Proposition 4.8. On any 1-refined lifting of a normal rank-1 Backlund transforma-
tion relating two hyperbolic Fuler-Lagrange systems, the following expressions must

vanish
Dy = —p'Vi + Wy, By i= — 'V + Wy,

g = pt W, =V, Oy = Wy — Vs,

Proof. This is evident when such a Backlund transformations satisfies sot; = 0. In
fact, by Proposition 4.7, the functions V; and W; vanish identically on P;. Otherwise,
restricting to the open subset of P; defined by soty # 0, a calculation shows that
the torsion of the Pfaffian system J; can be absorbed only if ®; (i = 1,...,4) are all

Zero. O
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Corollary 4.3. If two hyperbolic FEuler-Lagrange systems are related by a normal
rank-1 Backlund transformation with € = 1, then they are either both degenerate or

both nondegenerate.

Proof. We have noted above (see Remark 7) that, if a normal Bécklund transforma-
tion satisfies € = 1, then pu # 1. The vanishing of &, and ®, on a 1-refined lifting of

such a Backlund transformation then implies that, on such a lifting,
Vo =Wy =0.

By the vanishing of ®; and ®s, it is easy to see that the matrices S; and S; are either
both degenerate or both nondegenerate. ]

Note that, in the proof of Corollary 4.3, the condition V5 = W5 = 0 is meaningful
only if it is independent of the choice of 1-refined liftings of a Backlund transforma-
tion. To make this point explicit, we state the following proposition which shows how

1-refined liftings of a normal rank-1 Backlund transformation relate to each other.

Proposition 4.9. Let ¢ be a normal rank-1 Bdcklund transformation relating two
hyperbolic Monge-Ampére systems satisfying soty # 0 on its 1-refined liftings. There
exists a subgroup H < Gy x Gy such that any two 1-refined liftings of ¢ are related,
in the G x Gy component, by an H-valued transformation. Moreover,

i. if p > 1, then H is the subgroup generated by elements of the form h = (g,¢’)

where
he 0 0 0 0
0 hy O 0 0
g=1| 0 hs hohi' 0O 0 e Gy,
0 0 0 hy O
0 0 0  hyg hohyt

and ¢’ is the result of replacing hy in g by €hy.
ii. of p =1, then H is generated by the subgroup in case i and the element
hy=(J,J),
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where J is as in (4.3) and J' = diag(—1,1,—1,1,—1)J.
4.4 A Special Class of Backlund Transformations

In the previous section, we have seen that, to a normal rank-1 Backlund transfor-
mation ¢ : N — M x M relating two hyperbolic Monge-Ampere systems (M, T)
and (M, T), we can associate a function u : N — [1,0) that is independent* of the

O-refined liftings of ¢.

Definition 4.7. A normal rank-1 Backlund transformation relating two hyperbolic

Monge-Ampere systems is said to be special if = 1.

For the rest of this section, we will focus on special Backlund transformations
relating two hyperbolic Euler-Lagrange systems. A motivation to this is that many
classical Backlund transformations are of this type (cf. [Cle01], [CI13]).

By Proposition 4.8, given a special rank-1 Backlund transformation ¢ : N —
M x M relating two hyperbolic Euler-Lagrange systems, the following equalities

must hold on any 1-refined lifting of ¢:
€ = —1, W1 = —‘/1, W2 = ‘/2, W4 = ‘/;1 (414)

Now let Py, < P; be defined by the equations

Proposition 4.10. Any 1-refined lifting of a special rank-1 Bdcklund transforma-
tion relating two hyperbolic Euler-Lagrange systems is completely contained in Ps.

Moreover, on such a lifting, in addition to (4.14), we have

‘/3 + W3 + 282t4 = 0. (415)

4 In fact, it is easy to see that yu is an invariant of the corresponding Biicklund transformation.

61



Proof. Restricting to Ps, the generators 6; of J; satisfy equations of the form
dgz = —Tia N Na + 7;.

The tableau (m;,) now takes the form

—T —To 0 0 S9TT8 S9oT]

(7‘(‘» ) _ —Tg T — Ty 0 0 — 89Ty — Mg —T9
“ 0 0 —TMy T —tlymo  taTio

0 0 —Tlg Ty — T4 t47T7 + 11 —T11

where, reduced modulo 79, 91, ..., N4,

T =@ — Y1, T4 = Qs — s, 7 = o — Yo, Tio = Vs
Ty = g — o, T5 = Qe + s, Tg =1, T = —d(t4) + tats.

T3 =3 — 3, 6= —p7r— 7, 9= —d(s2) + 5291,
By a calculation using Maple™, it is easy to see that the torsion 7; can be absorbed

only if the equations (4.14) and (4.15) hold. O

The equalities (4.14) and (4.15) tell us which Euler-Lagrange systems may be
Backlund-related. In particular, by Propositions 4.9 and 4.1, it is easy to see that
whether V5 (hence W) vanishes is independent of the choice of 1-refined liftings.
Thus, we may locally® classify special rank-1 Bicklund transformations relating two

hyperbolic Euler-Lagrange systems into the following three types:
Type L. V, = 0, det(S;) = V1V, # 0;
Type II. V, = 0, det(S5;) = V4V, = 0;
Type III. V, # 0.

Lemma 4.4. (A) A Type I special Backlund transformation cannot be an auto-

Bdcklund transformation of a nondegenerate hyperbolic Euler-Lagrange system.

5 Namely, the conditions below hold on an entire open subset of N.
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(B) Two hyperbolic Euler-Lagrange systems related by a Type 111 special Béicklund

transformation cannot be both degenerate.

Proof. Part (A) is immediate, because, in this case, on a l-refined lifting,
det(S;) = —det(S;) # 0.

To prove Part (B), first apply Proposition 4.9 to show that, in this case, one
can always find a 1-refined lifting on which V; = V; = 0. For such a 1-refined
lifting, by (4.15), it is easy to see that the two Euler-Lagrange systems can be both
degenerate only when sot, = 0. By Proposition 4.7, both S; and S; must vanish,

which impossible since we have assumed V5 # 0. O

Remark 8. Lemma 4.4 allows us identify the types of various known Bécklund trans-
formations. For example, any special Backlund transformation relating a pair of
f-Gordon equations must appear as Type II (the classical auto-Bécklund transfor-
mation of the sine-Gordon equation is of this type); the classical auto-Bécklund
transformation relating surfaces in E? with a negative constant Guass curvature,

which can be verified to be special, must be of Type III.

Now we focus on Type II. The analysis of Type I and III will be included in a
future work.

Let ¢ : N — M x M be a Type II special rank-1 Bécklund transformation in the
sense above. It is easy to see using Propositions 4.1 and 4.9 that whether the pair
(V4, Vy) vanishes is independent of the choice of 1-refined liftings of ¢. It follows that

¢ must be one of the following two types.

Type IIa: on any l-refined lifting of ¢, (V1,V}) = 0;

Type IIb: on any 1-refined lifting of ¢, (V3,Vy) # 0.
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4.4.1  Type 1la

In this case, (4.14) implies that
Wiy =Wy, =W;=0.

If locally either V3 or Wj is zero, which is independent of the choice of 1-refined
liftings, the underlying Backlund transformation must relate a hyperbolic Euler-
Lagrange system with the system corresponding to z,, = 0. See [CIT09] for a
classification of all hyperbolic Monge-Ampere systems that are rank-1 Backlund-
related to the equation z,, = 0.

Now suppose that V3 and W5 are both nonzero on any 1-refined lifting of ¢.

Theorem 4.5. If two hyperbolic Euler-Lagrange systems are related by a Type Ila
special rank-1 Bdacklund transformation, then each of them corresponds (up to contact

equivalence) to a second order PDE of the form
2oy = F(2,y, 2, 20, 2y).

Proof. By definition, any Type Ila special Backlund transformation admits a 1-
refined lifting that is completely contained in the locus P, < P; defined by the
equations

=1 e=—-1, Vi=V=V,=W,=W,=W, =0.
Let Go G be the subbundle defined by Vi = V, = V, = 0; similarly, let G, = G; be
the subbundle defined by W; = Wy = W, = 0. It is clear that Py, is the product of
Ga, Go, and a space of parameters with coordinates (s, 4).
By (4.9), on G, there exist functions P;; and Vs; such that
2 = Pyag + Pyray + -+ + Pagay,
w6 = Pooco + Poravy + -+ + Beaau,

d(V3) = (@1 + ¢5)Va + Vagag + Varoq + -+ - + Vagou.
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Similarly, on G, there exist functions Q;; and Ws; such that

Yy = Q2P0 + War B + -+ - + Qa4f4,
e = QeoBo + Wei1 1 + -+ + Q64
d(W3) = (1 + s)Ws + W30 + Wa1 51 + - - - + Waafa.

There is freedom to add linear combinations of «q, ...,y (resp. Py, ..., 31) to @;
(resp. ;) without changing the form of the corresponding Monge-Ampere structure

equations. Using this, we can arrange the following expressions to be zero:

Py, Py, Ps3, FPeu; Q21, Q22, Q637 Q64-

Moreover, applying d? = 0 to the Monge-Ampere structure equations yields

d(day) = PyyVzag A ag Ay mod aq, s,

d(dag) = Vagap A az A gy mod ay, ag,

d(dag) = PsaVaag A aq A aig mod ag, ay,

d(day) = Vasap A a1 A e mod ag, ay.
This implies that, on Gs,

Py Vs = Vay = PeaV3 = Vaa = 0. (4.16)
By a similar argument, one can show that, on G,
Q2aW3 = W3y = Qe2W3 = W3p = 0.

Restricted to Pipa, the generators 6; (i = 1,...,4) of J; satisfy equations of the
form

dQZ = —Tia N Mo + Ti-

The tableau takes the form

—m 0 0 0 0 0

(7ia) = —my m —ms 0 0 —SoTs + Tg T
o 0 0 —T3 0 0 0o

0 0 Ty —Tg+ M5 tams — W7 T
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where, modulo 7;,

T =@ — Y1, T3 =5 — s, T5 = P — Yo, mr = d(ty) — ta1)s,

Ty = 3 — 3, Ta =7+ 7, 76 =d(s2) — S2¢1.

Assuming ss,t4 to be both nonzero and calculating with Maple™ we find that the

torsion can be absorbed only if the following expressions are zero

P20a P237 P247 P607 P617 P62; QQOv Q237 Q247 QGOa QGla Q62-

One can verify that, on the subbundle of G, defined by the vanishing of Psg, Pa3, Py,

Py, Ps1 and P, the following structure equations hold
dag = —pg A g+ a1 A g + g A Qy,
day = —p1 A oy,
das = —p3 A a1 + (p1 — o) A e + Viag A ag,
daz = —p5 A as,

day = —p7 A ag + (p5 — o) A g + Vaag A .

Clearly, the systems {(a;) and {a3) are both integrable. It is a similar case for the

structure equations on G,. By Proposition 4.4, the proof is complete. O

4.4.2  Type IIb

In this case, on a 1-refined lifting of ¢, either V; or V} vanishes. By Proposition 4.9
(in particular, using hy), we can arrange V; # 0 and V; = 0 on a l-refined lifting
of ¢. Such a 1-refined lifting can always be chosen to further satisfy V; = 1 and
Vs =Ws=0or L

In the next proposition we show that the case of Vi = 1 and V3 = W3 = 0 is
impossible. Then we characterize the case when ¢ admits a 1-refined lifting for which
Vi=1,Vz3=W;5=1.
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Proposition 4.11. Restricting to the locus in Py defined by
p=1e==-1, Vi=-W =1 Vo=Vs=V, =Wy =Ws =W, =0,
J1 is not integrable.

Proof. 1f there exists a 1-refined lifting of a special Backlund transformation such
that V3 = W3 = 0, then the equality (4.15) enforces that ssty = 0 on such a lifting.
By Proposition 4.7, both Monge-Ampere systems must be contact equivalent to the
wave equation z,, = 0. In particular, V; and W; must all be zero on G; and G,

respectively. This is a contradiction. O

Proposition 4.12. Let (M, Z) and (M, 1) be two hyperbolic Euler-Lagrange systems.
If¢: N — M x M defines a Type IIb special rank-1 Béicklund transformation relating
(M,T) and (M, T), then each of (M,T) and (M,T) must have a characteristic system

that contains a rank-1 integrable subsystem.

Proof. The idea is similar to that of Proposition 4.5. We restrict the differential ideal

J1 to the locus P, < P defined by the equations
p=1,e=—1, Vi= Wy =Va=Ws=1, Vo= Vs = Wy = Wy = 0

and analyse the obstructions to integrability of the resulting rank-4 Pfaffian system.
By (4.9), on the subbundle of G; defined by V; = V3 =1 and V, =V, = 0, there
exist functions P;; such that

P2 = Pyap + Porag + -+ + Pt + o — @1 + ¢5,
3 = Pyoag + Psron + -+ + Paao + 01 + 5,
w6 = Peooo + Pera + - -+ + Feau.
Using the freedom in the choice of ¢;, we can arrange Py, Pso, Pog, P31, P32, P34, Py
to be zero. By expanding d(do;) = 0, we find
Py =0, Por=—Fs2, Fe3=0.
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Similarly, on the subbundle of G; defined by —W; = W3 = 1 and W, = W, = 0,

there exist functions @);; such that

Yy = Q200 + Q2181 + -+ + Qs — Yo + Y1 — s,
3 = Q3080 + Q3181 + -+ + Q3484 — Y1 — s,
Vs = QeoBo + Qe181 + -+ + Qeafa-

Using the freedom in the choice of v;, we can arrange QQa1, Qa2, Q23, Q31, @32, @34, Q4
to be zero. By expanding d(df;) = 0, we find

Q210 =0, Q¢ = Qs2, Qes3 =0.

Denote the restriction of J; to P, as Jip. Calculating with Maple™. it is easy
to see that the torsion of (P, Ji,) can be absorbed only if the following expressions

are zero:

Soty + 1, Poo— Qa, Feo, Fo2, Qe0, Qo2

In particular, the vanishing of Py, P2, Qo and Qge implies that

daz = —p5 A as, dfBs = =15 A [s.

The conclusion of the proposition follows. O
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5

Homogeneous Rank-2 Backlund Transformations

Rank-2 Backlund transformations are interesting because they arise naturally in at
least the following three ways!: one, constructed from a single or a l-parameter
family of rank-1 Backlund transformations; two, constructed as the composition (see
Proposition 2.4) of two rank-1 Bécklund transformations; three, arise as geometric
examples such as the classical auto-Bécklund transformation (1.5) of the hyperbolic
Tzitzeica equation (1.4). An ultimate goal of studying Béacklund transformations of
higher ranks might be to answer the question: How many more differential systems
are Backlund-related when we allow Backlund tranformations of a higher rank?

In this chapter, for rank-2 Backlund transformations relating two hyperbolic
Monge-Ampere systems, we formulate the corresponding equivalence problem, and

provide a partial classification in the homogeneous case.
5.1 Genericity Conditions and Structure Reduction

Let (N, B; 7, T) be a rank-2 Béacklund transformation relating two hyperbolic Monge-

Ampere systems (M,Z) and (M,Z). There exists a local coframing (6,7, ...,n%)

1 'We are not claiming that these cases are disjoint.
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defined on a domain U; < M such that 6 is a contact form and that the differential
ideal Z on U; can be written as Z = {&,n' A n*,n® A n*)ag. Similarly, we have

T =0, 7" AP, 72 A i e for a coframing (6,7, ..., 7*) defined on a domain Uy = M.

Definition 5.1. Let m : N — M be a submersion. A vector subbundle J < T*N is

said to be transversal to  if, at each point p € N, (J,)* n ker,(m,) = 0 = T,N.

By Definitions 2.11 and 2.12 of Chapter 2, there exists a rank-two subbundle
J < B! that is transversal to 7 and satisfy B! = J @ «*(I'). Similarly, there exists
a rank-two subbundle .J ¢ B!, transversal to 7, satisfying B! = J@® #*(I'). Clearly,
B! < T*N has rank three.

Now we start to formulate the equivalence problem for rank-2 Backlund trans-
formations relating two hyperbolic Monge-Ampere systems. At several points of our
analysis, we define genericity conditions to help us distinguish between cases.

To start with, we define the

First genericity condition: 7% and 7*6, as sections of B', are linearly

independent at each point of their common domain in N.

This first genericity condition will always be assumed in this chapter. As a result
of this assumption, on an open subset U = N, there exists a 1-form v € Q'(U) such
that 70, 7*0, v form local basis sections of the bundle B' — N. Moreover, by the
definition of an integrable extension, v can be chosen in such a way that 76, v (resp.
70, ~y) restrict to each fiber of 7 (resp. 7) to be linearly independent.

We have thus obtained a coframing (7*6, 7*0, v, 7*n', 7*n?, m*n3 7*n*) on U = N.

Dropping the pull-back symbol for convenience, we have, by Definition 2.12,
B = <97 9777’ 771 A 7727773 A 774>a1g = <97 9777’ 77]1 A ﬁQa 77}3 A ﬁ4>alg-
Now we define the
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Second genericity condition: df and df are everywhere linearly inde-

pendent modulo 6,0, .

2

We now assume the second genericity condition®. Consequently, as rank-2 vector

bundles over U,
[d6,d0] = [[n" A *,0* An*l = [7" A7, 7° A 7] mod 6,6, ~.

In addition, we have

B = <0, 9_, v, d9, d9_>a1g.

Such a choice of coframing on U < N can be normalized. In fact, one can start

with a 0-adapted coframing (6,7, ...,n*) on U that satisfies the additional condition
dd=n' An? + 03 An? mod 6.

The same congruence then holds for the pull-backs of 8, 7!, ....,n* under w. After the

change of notations 6 — w°, § — @&°, and 7* — w’, we obtain, on U,

dw’ = w' A w? + W AW mod w°, (5.1)
do® = At A wW? + Ay A W mod w?, @, , (5.2)
dy = Asw! A w? + Ag® A Wt mod w?, @, , (5.3)

where Ay, ..., A are functions defined on U (at this point, A; are essentially functions
on (U)). Here Ay, Ay are non-vanishing because &° A (dw?)? # 0. Moreover, A; # A,
by the second genericity assumption.

As a result of the above, one can successively perform the following steps without
violating the normalizations made in earlier steps:

1) add multiples of w° &° to v to arrange Az = Ay = 0;

2) add multiples of w® to w!, ...,w* such that the congruence (5.2) holds modulo

only @° and ~;

2 This assumption is to be removed in Section 5.3.
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3) scale &° to arrange A; = 1;
4) depending on the sign of Ay, scale w? and w to put (5.1) and (5.2) in the form
dw’ = Aw' A W + WP AW mod «°,

do® = w! A W? + eAw? A Ww? mod @°,~,

where € = +1, A > 0, and A? # e.
5) if needed, switch (w',w?) with (w3, w?) and scale w® and @° to arrange A > 1;
6) add multiples of v to w3, w?* such that

dw® = Aw' A w? + WP AWt + (Bsw® + Bywt) Ay mod w?, (5.4)

do® = w' A W? + eAw?® A wt + (Biw' + Bow?) Ay mod @°, (5.5)
where Bi, ..., B, are functions defined on U. Note, in particular, that there cannot

be a (w” A 7)-term in dw®, because &° A (dw®)? = 0.

Finally, there exist functions Cy, C1, ..., Cy, D1, ..., D4 on U such that
dy = Cow® A @° + Cw® A W 4+ Diw' A @° mod . (5.6)
Now we define the

Third genericity condition: (j is locally non-vanishing; by multiply-

ing v by CLO, we arrange Cy = 1.

Remark 9. The parameter € is intrinsic to a rank-2 Backlund transformation. It
determines whether (dw®)? and (dw®)? define the same or the opposite orientations

on the rank-4 distribution (B!)* < TU.

For the rest of this section, we will focus on the case when all three genericity
conditions are satisfied and ¢ = 1. In particular, this enforces A > 1 after the

normalization above.
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Definition 5.2. Let (IV, B; 7, 7) be a rank-2 Backlund transformation satisfying all
three genericity conditions and € = 1. A coframing (w°,&° v,w!, ...,w?) defined on

a domain U < N is said to be 0-adapted if it satisfies

[l = [7*0], [«"] = [=*0], [w".&"~] =B (5.7)

and the equations

dw® = Aw' A w? +w? A Wt + (Bsw® + Byw?) Ay mod w?, (5.8)
do® = w' A w? + Aw® A Wt + (B! + Bow?) Ay mod &°, (5.9)
dy=w® A @° + Ciw' AW’ + D' A @ mod 7, (5.10)

with A > 1.

Lemma 5.1. For a rank-2 Bdacklund transformation (N, B) satisfying all three gener-
icity conditions and € = 1, the 0-adapted coframings are local sections of a G-

structure G over N, where G < GL(7,R) is generated by

det(b) 0 0 00
0  det(a) 0 0 0 det(a) = det(b) # 0,
g= 0 0 det(a)det(b) 0 0 [, (5.11)
0 0 0 a 0 a,be GL(2,R)
0 0 0 0 b

Proof. Given a 0-adapted coframing w define on U < N, it is easy to check that
w - g = ¢ 'w remains a 0-adapted coframing for any g : U — G.

Converserly, by (5.7) and A > 1, changing from one 0-adapted coframing to an-
other does not change the order of the bundles [Jw®, @°, v, w!, w?] and [Jw®, @, v, w3, w*].
Consequently, if w; and wy, both defined on U < N, are two O-adapted coframings,

then there exist a function g : U — GL(7,R) of the form

v
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where ¥ € GL(3,R) is lower triangular, and a,b € GL(2,R), such that ws = w; - g.
It is then not hard to see that, in order for wy,ws to both satisfy (5.8), (5.9), and
(5.10), g must be of the form (5.11). O

Concerning 0-adapted coframings, we prove the following

Lemma 5.2. (i) Let 219 = [0, 0%, n*] and Zo1 = [0, 73, 0], associated to (M, T). As
vector bundles over Uy < M, their pull-backs via 7 are, up to ordering, [w°, w!, w?]
and [[w°, w? — Byy,w* + B3]

(ii) Let 2y = [0, 7', 7%] and 201 = [[0,7°, 7], associated to (M,I). As vector
bundles over Uy = M, their pull-backs via T are, up to ordering, [&°, w? w*] and

[[("DO’wl - B277w2 + Blfy]]

Proof. We only prove (i); the proof of (ii) is identical.

By (5.8), the vector bundle associated to the Cartan system C'((w”)) has a basis
of sections W w!, w? w3 — Byy and w' + Bszy. Since 7*(Z) < B, 7*([0]) = [w°] and
C(Z) = C({#)), the ideal generated by 7*(Z) must be contained in the intersection
of B and C'({w")), which equals to

(W wh A WP (WP = Byy) A (W + Bsy)Dalg- (5.12)

It follows that the system generated by the sections of 7*(Z) is equal to B n C({w")).
Comparing the characteristic systems lead to (i). O]

By Lemma 5.2, the 1-forms w°, w!, w?, w?® — By, w* 4+ Bsy are m-semi-basic. More-
over, the exterior differential system (5.12) is invariant in the fiber directions of 7
(see Definition 2.18).

To be explicit, let Xo, Xo, X, X1, ..., X4 be the dual vector fields of w®, &, v, w?, w?,
w3—Byy, w*+ Byy; and let Yy, Yo, Y,, Y1, ..., Y3 be the dual vector fields of w®, &, v, w!—
Boy,w? + Bivy,w?,w* One can show that any 0-adapted coframing defined on an

open subset U < N must satisfy the
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Invariance Property:

(Let I'(K') denote the set of sections of a bundle K — U; let 0 € I'(K)
be an arbitrary element; let Lx denote the Lie derivative along a vector

field X.)

When K is either [[w? w!, w?] or [[w°, w® — Byy,w* + B3v]], we have
Lx,0, Lx o0el(K), VYoel(K); (5.13)

When K is either [0°, w?, w?] or [[@°, w! — Byy,w? + B1v], we have

Ly,0, Ly,oeT(K), YoeT(K) (5.14)

Proposition 5.1. Let N be a 7-manifold. Suppose that there exists a coframing
w = (W% v, wh, ...,wt) defined on a domain U = N satisfying (5.8), (5.9), and
(5.10) with A > 1. Suppose, in addition, that w satisfies the Invariance Property
described by (5.13) and (5.14). Such a coframing w is then 0-adapted to a rank-2

Backlund transformation satisfying all three genericity conditions with € = 1.

Proof. The proof is in the same spirit as that of Proposition 3.1 of Chapter 3,
so we omit the most of it. However, we need to show, for instance, that the system
(W wh, w? w?— Byy,w*+ Bsy) is Frobenius, in order to justify the existence of rank-2

fibers. This amounts to showing that [ X, X,] is annihilated by these 5 generating

1-forms. For example, we have
W ([Kos X ) = —d! (Ko, X3) = —(K 2 dw!)(X,).

By (5.13), XoJdw! is a linear combination of w?, w', w?, hence annihilates X.. Other
cases are similar. O
A simple calculation shows that, under the transformation u +— u-g = g lu € G,

where ¢ is as in (5.11), the coefficients By, By, B3, By in (5.8) and (5.9) transform by

gl (u-g) = det(a)a” gl (), g3 (u-g) = det(b)b" gs (w).
() (5 | |

75



Since SL(2, R) acts transitively on R*\{0}, we can always, by choosing an appropriate

0-adapted coframing, reduce to one of the following 4 cases:

Case 1: B1:B3=1,BQZB4=0;
Case 2: B;=0(i=1,...,4);
Case 3: BQ,Bg,B4 = 0, B1 = ]_,

Case 3': Bl,Bg,B4 = 0, Bg =1.

Cases 3 and 3’ may be turned in to one another by switching the submersions =
and 7. We thus consider them as essentially one case.

Geometrically, in Cases 1 and 3, the fibers of 7 and 7 are transversal; in Case 2,
the fibers of 7 and 7 are non-transversal.

We will mainly focus on Case 1. In particular, we will prove that this seemingly
most ‘generic’ case contains no homogeneous Backlund transformation. Case 2 turns
out to be less interesting, in that locally NV admits a 6-dimensional quotient which is a
rank-1 Bécklund transformation relating the same pair of hyperbolic Monge-Ampére

systems. Case 3 is work in progress.
5.1.1 Case 1: (Bl,BQ) = (Bg,B4) = (1,0)

This reduces to a G-structure G; < G. Here, (G; consists of elements g € G satisfying
arz = bis = 0 and ag(ai1)? = baa(by1)? = 1. In particular, Gy is 3-dimensional.
We can apply the reproducing property (Proposition 2.2 of Chapter 2) to the

equations (5.8)-(5.10) to obtain the structure equations on G:

WO a 00 0 0 0 0 WO Q°
oy 0O a 0 0 0 0 0 @ Qo
~ 002 0 0 0 0 - r
dl o' |=—=1 00 0 —a 0 0 0 |aA| & [+] Q" ], (515)
w? 00 0 B 22 0 0 w? 0?
w3 00 0 0 0 —a 0 w3 Q3
wt 00 0 0 0 fB 20 w? 9%



where [, 1, f2]] € T*G; has rank 3 and is transversal to the fibers of G;, and
Q0 = Aw' A w? + WP A (W) + (R + Ky + Pw') AW,
Q=W A (W +7) + A® A Wt + (Qow® + Ly + Q') A &°, (5.16)

I =w’ A&+ Cw' AW’ + Diw' A&, (A>1)

for functions A, C;, Dy, Py, K, P;, Qo, L, Q; (i = 1, ...,4) defined on G,. In particular, T
takes the form above because one can add any linear combination of w®, @°%, v, w?, ..., w?
to a without changing the form of (5.15) and (5.16).

Let U < N be a sufficiently small domain. Let ¢ : U — G; be any section. The

pull-back by o of the tautological 1-form on G; must then satisfy the Invariance

Property (see (5.13) and (5.14)).

Lemma 5.3. (A) If we express the 2-forms QY, Q2 under the basis {W° A @, ..., w3 A

wt}, the coefficients of the following terms are zero:

'y/\w?’, fy/\w4, ”y/\@o, JJOAw?’, @ A wh

Proof. By construction, the vector fields Xp, X, are annihilated by the 1-forms
w? wh w? w? w4+ v and are dual to @° and v. Using this and (5.15), we obtain
E)-(Owo =0 mod °,
Liw'=Xo1Q modw’ w' w? (i=1,2),

£X7w0 =0 mod °,

Ewai =X, 20" modw’ ww? (i=1,2).

The conclusion then follows from the Invariance Property. m
By similar arguments, we can prove
Lemma 5.3. (B) If we express the 2-forms Q' and Q% —~ A Cow® + (Caw3 + Cywt) Aw®

under the basis {W° A 0, ...,w3 A wh}, the coefficients of the terms in each pair below

7



are the same:

(7 A w? Aw), (7 Awhw? aw), (7 A whw? A wd);

the coefficients of the following terms are zero:

WO AW WO AWt

(C) In the expressions of Q* and Q*, the coefficients of the following terms are zero:

yawh, AWl AW, Waw!, WO AW

(D) In the expressions of Q3 and Q' —y A Dyio® + (Dyw! + Dyw?) A@°, the coefficients

of the terms in each pair below are the same:
(v awhwt Awl), (rawhwl aw),  (y Ac0wt A0,

the coefficients of the following terms are zero:

By Lemma 5.3, Q! ..., Q* must take the form

Q' =Tl A @ + W A (Tl + Ty (WP + 7)) + @ A (THw' + Thw?)

1 . )
+v A (Riw' + Ryw?) + 5 W' AW (5.17)

O = T2’ A @ + W0 A (Csw® + Oy + TR + T2(w? + 7)) + @° A (T2 + TEw?)

1 ) .
+ 9 A (Cow® + Riw' + R3w?) + 5 2w AW, (5.18)

DB =T A + @ A (T3 + T w* + 7)) + o A (T30? + Tiw?)
1 . ;
+9 A (R + R3w*) + §Tf}w’ AW (5.19)
O =TI A W + @ A (Dyw! + Dow? + Tiw® + THw* + 7)) + w° A (THw? + Tiw?)
1 ) :
+ 9 A (Dy@® + Rjw® + Rjw?) + 5 éw’ AW, (5.20)
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k _ _mk 1 gl 2 2 g3 3 4 d
where T = =17, and Ty3, Ty, Ts3, Tsy, Tty Tsy, 11y, Ty, are zero.

The coefficients in Q1 ..., Q* are not all determined. In fact, by adding appropriate

linear combinations of w°, &%, v, w!, ...,w* to B, we can arrange that
T122:T123:T124:T12:T12:R?:0;

in a similar manner, by adjusting (5, we can arrange that
T§:T§:R4:T33:T;3:T344:0-

As a standard step in the method of equivalence, we apply d® = 0 to (5.15) and
reduce modulo appropriate differential forms. From this, we obtain relations among
the torsion functions (i.e., the coefficients of Q0 Q0 ', ..., Q).

In particular, expanding the expressions

d(dw®) mod w’, W', d(dw®) mod w’,w?
d(dx®) mod @°,w?, d(d@®) mod @°,w?,
and
d(dy) mod v,w’, &,

we find the following relations:
T3 =P, T}=0, T}=—P,+K—R,~Rl, Dy=-F+T+T}

T133 = P1; T324 = O’ T114 = —Q4; T132 = O,
Th=—-Qy+L—R — Ry Cy=-Qu+T'+TF Th=-Qs, T,=0,

1
A

1
A

1
A

1

D, =
2 A

027 C'4:_ D47 Dl = Cl7 03:_ D37

In the equations above, we replace the functions on the left-hand-side by expres-
sions on the right-hand-side. Then we compute
d(dw?®) mod w?, d(d@”) mod &°.
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From this, we find that the expression of dA is determined:
dA

" (Qo—T5 =T’ + (P =T} = T5)&° — (P — Q)w' — (P, — Qa)w?

+ (P — Q3)w® + (Py— Qu)w* + (L — R} — R)),

with the extra condition: K — R} — R2 = L — R} — R}. This shows that the function

A (A > 1) is an invariant of the G;-structure.

Homogeneity Assumption: Now we assume that the underlying rank-2 Backlund
transformation is homogeneous, that is, its symmetry group acts locally transitively.

Making this assumption will imply that any local structure invariant is a constant.

Following from the homogeneity assumption, dA = 0. This implies
Py=Qs Pi=Qiu Q1=D, Q=05
K=R +R, Py=T +T;, L=R+Rj, Qo=T;+T).
Further differentiation of the structure equations yields
d(dw') = Tyw? A w* Ay mod w®, @%, w!, w?,

d(dw') = (AT + T))w? A w* A W? mod w?, &%, w', ¥y
1
d(dw?) = Z[A(-TF =Ty + T7)
— T3 =T} + T} + T3 Ay A W
0

+ T2 A W+ y) A mod w?, w', w?,

and
d(dw?®) = T3w' A w? Ay mod w?, @, w?, w?,
d(dw?) = (AT + THw' A w? A w? mod w?, @, w?, v,
A(det) = Z[ACT} - T3 + 1)
—T! = T2+ T3 + T{w' Ay A wW?
+ Tyw' A (WP +79) A WP mod @°, w?, w*.
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These congruences imply

Ty=Ty =T =T; =T} =T, =0,

1 _ _ _ _ 1 _
T =T+ Ti+ AT+ 1)), T =T + T3+ 5 (AT} + T),

Using these, we compute
d(dw') = Tjw? A (W +79) A &° mod w’, w!, w?,

d(dw?) = Tiw' A (W +7) AW’ mod @°, w?, w?,

which implies

T, =T5 = 0.
In addition, we have
d(dw") = (dR) = 5Ra) A v A w? mod W’ @ w!, w?, w?, (5.21)
1 B 1D
d(dw') = A2R2 : (AT} + T2y A A wt + R2A 2y AW’ Aw? mod whw?, (5.22)
d(dw?) = (AR} = 5R3a) Ay A w! mod W@ w!, w? W, (5.23)
3 R; 2 | qpd o 2, 1 0 1 3 4
d(dw?) = e 1(AT2 + Ty AW’ Aw”+ ZCW AW Aw mod w’ wt. (5.24)

Lemma 5.4. R} and R} are both zero on an open subset of G.

Proof. Suppose that locally R} # 0. The equation (5.22) then implies
D3 =0, T = —AT}.

Following from this, we have

d(dy) = —Awd AWt AW mod %wl,w2,@0’

which is impossible because A > 1. Therefore, R} = 0. An analogous argument

leads to R3 = 0. O
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Note that there remains freedom to add a multiple of v to a without changing

the form of the structure equations. Using this, we can arrange
Ry + R: = —(R3 + R}).

Recall that K = R; + R3. We now remind the reader that all torsion coefficients are

expressed in terms of the constant A and the functions
K7 Plu P27 Q37 Q47 T117 T227 T337 Tf,

C’17 T22) Tfu D37 Ri? Rg

The torsion cannot be absorbed further.
By applying d? = 0 to the structure equations, we can find how® G acts on these

remaining torsion functions. For simplicity, we introduce the new notation:

A _ A _

Infinitesimally, the G-action on the torsion functions can be expressed as:
dDs = —2a D3 + F30,, dF3 = aFs3,
dCh = —2aC: + F1 54, dF, = af7,
dP, = 1P, — aPy, dP, = 2aP;,
dQ)s = P2Qs — a3, dQs = 2aQy,
dK =2aK,  dR; =2aR;, dRj=2aRj,
dT! = oT}, dT? =aTy, dT; =aT3y, dT} =Ty,

0 1 4

where all congruences are modulo the semi-basic 1-forms w°, &%, v, w!, ..., w*.

3 What we can obtain by applying d? = 0 to the structure equations is essentially an infinitesimal
version of the Gi-action on the torsion components. Hence, it only tells us how the identity
component of G; acts. Performing a structure reduction using the action by the identity component
of (1 thus may not distinguish two equivalent coframings that differ by a discrete transformation.
However, this would not pose a problem, as we can examine whether there is such an equivalence
at the end of our classification.
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In the proof of Lemma 5.4, we have seen that, when (D3, F3) or (Cy, Fy) locally
vanishes, we have a contradiction. In particular, D3 cannot locally vanish, otherwise,
by the equation (5.22), F3 must vanish. For a similar reason, C'y cannot locally vanish.
Hence, for the pair of torsion functions (D3, F3) (and similarly for the pair (C1, F})),

there are two possibilities:
I. Locally on Gy, D3 # 0, F3 = 0. This implies that GG; scales Ds;

II. Locally on Gy, F3 # 0. By the Gi-action on Fj, it is easy to see that
F3 # 0 on the entire group fibers. In this case, it is possible to reduce to
a GYy-structure G, < Gy, defined by D3 = 0. Restricting to G, the 1-form

(2 becomes semi-basic.
Lemma 5.5. Case I is empty.

Proof. If F3 = 0, then Dj3 scales under the GGi-action. We can then reduce to the
subbundle defined by either D3 = 1 or D3 = —1. Now let G, < G; be defined by
D3 =1.

On G,, o is semi-basic. In other words, there exist functions Hy, Ho, H, Hy,.. H,

on Gs such that
a = How' + Hy@" + Hyy + Hiw' + ... + Hyw'
In addition, the following functions are constant along each fiber of G,
K, P, Qi Ri, R T, Tj T T F.

By the homogeneity assumption, they must be constants on Gs.

We now compute

1
d(d’y) = Z(QAHQ + 2AP2 — F1H3 + F1Q3)W2 A\ wg A\ (:)O

+(1-2Q4 + 2K — 2H,)w? A w* A &

1
+ ZFl(H4 —Qy)w* Aw? A mod w?, v, w?.
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If I} # 0, we must have Q4 = Hy and 2K = 4H4 — 1. Using this, we compute

L
A

2

d(dy) = =2 (A" = D’ rw? Aw'  mod &, 7,w! W,

which is impossible since A > 1.

It follows that, F; = 0 on Gy. With this, we compute
d(dy) = 2(Pw® + Quw*) AW A@° + -+ mod 7, w'.

Therefore, P, = Q4 = 0. Using this, we have
1
d(dv) = (1+2K—2H4)w3Aw4/\@0—Z(A2+2K—2H4)w0Aw3/\w4 mod 7, w', W’ A&’

This implies A% = 1, which is impossible, by assumption. O

By a similar argument, one can show that there is no homogeneous structure in
the case when C] # 0 and F; = 0. This, together with Lemma 5.5, implies that
the only case remaining is when both Fj and Fj are locally nonzero. In this case,
one can reduce to the subbundle on which D3 = C; = 0. There, 8, and py both
become semi-basic. Further, we can reduce to an e-structure on which F3 = 1. On

this e-structure, F} is a nonzero constant, by homogeneity.
Lemma 5.6. The case when both F3 and F are locally nonzero is empty.

Proof. On the e-structure defined by D3 = C; = 0 and F3 = 1, the 1-forms «, 1
and [y are semi-basic:

a = How" + Hy@® + H.,vy + Hyw' + ...+ Hyw?,

B = Mow® + Mo@® + My + Myw' + ... + Myw?,

By = Now® + No@® + N,y + Nw' + ... + Nyw,
Differentiation gives

1
d(dvy) = _Z(AQ — H3 + Ny + Q3)w® Aw* Aw? 4+ (1 — Hy 4+ Ny + Q3)w® A w* A @

mod v, w!, w? W’ A &°.
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Clearly, A? = 1, which is a contradiction. O

Combining Lemmas 5.5 and 5.6, the following theorem is immediate.

Theorem 5.7. There exist no homogeneous rank-2 Bdcklund transformation satis-

fying all three genericity conditions, € = 1, (By, By) # 0, and (Bs, By) # 0.

Remark 10. (A) In Theorem 5.7, the condition € = 1 can be removed. The case

when € = —1 has a proof that is only a slight modification of the arguments above.
(B) It still remains to be answered whether there exists a (non-homogeneous)

rank-2 Bécklund transformation satisfying all three genericity conditions and (B, Bs) #

0, (B3, By) # 0.
5.1.2 Case 2: Bi=0 (i =1,...,4)
In this case, we prove the

Proposition 5.2. Suppose that (N,B) is a rank-2 Bdcklund transformation (not
necessarily homogeneous) satisfying all three genericity conditions, € = 1 and B; = 0
(1 =1,...,4), then (N, B) admits a 6-dimensional quotient that is a rank-1 Backlund

transformation relating the same pair of hyperbolic Monge-Ampére systems.

Proof. Using previous notation, the vector fields X, Y, coincide when B; = 0
(¢ = 1,...,4). Shrink N if needed, and let N’ be the quotient of N by the flow
of X,. The Invariance Property ((5.13) and (5.14)) then implies that the vector
bundles [[w?, w!, w?], [w® w? w!], [&° w!,w?] and [&°, w?, w!] annihilate X, and
are invariant under the flow of X,. Hence, their intersections are the pull-backs of
vector subbundles of 7% N’. In particular, there locally exist 1-forms n°, 7% n!, ..., n*
on N’ such that the following relations hold (dropping the pull-back symbol): [w°] =
[7°7, 1&°0 = [7°1, [, w2l = 7% 720, [w?, «*] = [7® n*]. This implies that pull-

back of the corresponding Monge-Ampere systems are respectively (n°, nt An?, n3 an*)
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and (7%, nt An?, n3 An*). It follows that (N’, B'), with B’ = (n°,7°, n* An?, 3 An*) and
the obvious submersions to M, M, defines a rank-1 Bécklund transformation. n

Remark 11. One can prove that the conclusion in Proposition 5.2 remains true when

e=—1.
5.2 Assuming Genericity Conditions 1,2

Without assuming the third genericity condition, we need a new definition of 0-

adapted coframings.

Definition 5.3. Let (N, B;m, ) be a rank-2 Bicklund transformation (relating two
hyperbolic Monge-Ampere systems) satisfying only the first two genericity conditions
and € = 1. A coframing (w° @° ~v,w!,...,w*) defined on an open subset U = N is

said to be 0-adapted if it satisfies

[] = [#*6],  [&°] = [=*6]. [’ ~] = B’

and
dw? = Aw' A w? + W A w? + (Bsw® + Byw?) Ay mod w°, (5.25)
d® = w! A w? + Aw® A Wt + (Biw' + Byw?) Ay mod &°, (5.26)
dy = Ciw' A W + Dy A &° mod 7, (5.27)
with 4 > 1.

Lemma 5.8. Given a rank-2 Bdcklund transformation (N, B) (relating two hyper-
bolic Monge-Ampere systems) satisfying only the first two genericity conditions and
€ = 1, its 0-adapted coframings are local sections of a G-structure G over N, where

G < GL(7,R) is generated by

det()) 0 0 0 O
0 det(a) 0 0 0 det(a) = det(b) # 0,c # 0
9= 0 0 ¢ 00 [, (5.28)
0 0 0 a0 a = (a;),b = (b;;) € GL(2,R).
0 0 0 0 b
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Proof. We omit this proof since the arguments are similar to Lemma 5.1. O

It is easy to show that, on G,

<g; ) (w-9)= detc(a)aT ( g; ) (1), (gj ) (u-g) = ﬁ@zﬁ ( gi ) (u).

It follows that one can normalize B; (i = 1,...,4) to be one of the following:

Case 1: Blngzl,B2=B4=0;
Case 2: B;=0(i=1,...,4);
Case 3: BQ,Bg,Bgl = 07 Bl = 1,

Case 3': Bl,BQ,B4 = O, B3 =1.

Lemma 5.9. A rank-2 Bdcklund transformation in the current case arises as a
1-parameter family of rank-1 Bdcklund transformations relating the same pair of

hyperbolic Monge-Ampére systems if and only if v is integrable.

Proof. Suppose that ~ is integrable. It is easy to see that each leaf of v is a
rank-1 Bécklund transformation. Conversely, suppose that (N, B) is constructed in
the natural way from a 1-parameter family of rank-1 Backlund transformations. Let
t be the parameter. Then we have that B is generated by the pull-back of 6, § and
dt. It follows that, given a local O-adapted coframing on N, there exists a linear
combination 1 = v + Aw" + pi® that is integrable. Computing d¢) and reducing
modulo w® @ and 7, it is easy to see, by (5.25)-(5.27), that A\ and p are zero. It

follows that 4 must be integrable. O

We will only be interested in the case when v is not integrable. In the current
case, this is given by the condition: locally the functions C;, D; (i = 1, ...,4) are not

all zero.
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5.2.1 Case: (Bl,Bg) = (Bg,B4) = (1,0)

In this case, we reduce to a Gi-structure G; < G, where the subgroup G; < G is

defined by (maintaining the notation in (5.28))
agr =boy =c¢, aig="b1a=0.
The structure equations on G; can be written as
dw=-PAw~+T, (5.29)

where

L
T~
!

= (QV, Q01,0 ..o,

S oocoo o
cocooc oo

coocow oo
co®o oo o
cov oo oo

=@
N
ASE

Here, by the reproducing property of the tautological 1-form w and by adding an
appropriate multiple of v to ¢, we can arrange
QA=A AP+ B AWt O A+ (PoR® + Ky 4+ Pw') AW

)

Q=W AW+ AV A Wt W Ay (Qow® + Ly + Qi) A @°

Y

I' = Ciw' A’ + D A @Y.

It is not hard to see that Lemma 5.2 and Lemma 5.3 apply to the current case.
Following from this, Q', ..., Q" have expressions (5.17)-(5.20) where T}, = =T}, and
T2137 T2147 T2237 T2247 T1347 T2347 T1447 T244 are all zero.

In (5.29), the torsion T can be further absorbed by adjusting ®. In fact, by

adding appropriate semi-basic 1-forms to «, we can arrange

Th= T3, T'=-T} ThL=T3 TL=-T RI=-R} TL=T%=0.
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There remains freedom of adding a multiple of v to ¢ without changing the form of

the structure equations. Using this, we can arrange
K=—-L.
By adding appropriate semi-basic 1-forms to g; and (5, we can arrange
=T =R =T, =Ty =T =Ty =Ty = Ry = Tjy = Ty, = Ty, = 0.
By expanding the expressions
d(dw®) mod w°, w', 7, d(dw®) mod W’ w? 7,

d(d@®) mod @°,w?, 7, d(d@®) mod @°, w?, v

and

d(dvy) mod v, w?, &P,

we find the following relations
Py = ATy + Ty, Py=T; +T, — Dy, P, =ATs,
Qu=ATY, + T3, Qo=T; —T; —Cy, Qs=—AT},

1 1 1 1
Dy =——Cy, C3=——D3, Cy=——Dy, D= -

A A A i

Further calculation yields

d(dw’) = (L + T3, + Ry + R} + Py A w* Aw' + (AL + AR} — ARy + T2 w' A w® Ay
+ (AP + AT, + TE)w' A w? A wt — ATZ W A WP Ay — 2AT3w" A w? A w?

2

— AT3w* A WP Ay + (AP — TH)w? A w! A w

+ A(Dy + Ty —2T3 — TH" A wh Aw? +dA A wh A W mod w?,

d(da®) = (L — Ty + R — R3 — Qo)w? Aw' Ay + (AL + ARS + AR} + T5)w® A w* Ay
+ (—AQq + AT + Ty )w? A w? A wh + (—AQ; — T2)w' A w? A W
+ AT AWt Ay — ATEw* A W Ay
+ A(Cy — TZ +2T3 + THW® A WP Aw* +dA A WP A w? mod @°.
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This completely determines dA as a linear combination of the semi-basic 1-forms.

Hence, A is a structure invariant.

Homogeneity Assumption: Now we assume that the underlying rank-2 Backlund

transformation is homogeneous.

By this assumption, dA must be zero. The previous two congruences imply
Py=0, Q=0; Pp=-L, Q=L Rj=-Rj, Rj=L—Rj
Ty = Co+ 215 + T}, Ty=—Dy+2T5 +T};

T314 =0, T324 =0, T132 =0, T§’3 =L, T334 =—L, T142 =0.

Furthermore, we compute

0 1 2

ddw') =Tjw* A wt Ay + Tow? A (W +7) A @ mod w?, w, w?,

1
d(dw?) = TZw®* A (W +9) A @ + —(2ATS + AT} + Dy)w? Aw* Ay mod &’ W', w?,

N

0 3,4

d(dw?) = Tiw' A w? Ay + Tewr A (WP +7) Aw mod @°, w?, w?,

1 _
d(dw?) = Tjw' A (W +79) A + Z<AD4 — AT} — Co)w' Ay A WP mod &°, w? w'.

This implies that

T =T =T} =Ti =T} =T} =0,

1
A

1

T} = -

(2AT3 + Dy), T} (ADy — Cy).

Now, all torsion coefficients are expressed in terms of the constant A and the functions
L) Tg, Cl) 027 TZ?? D3a D4a T217 Tzf) R%? Ria Rj
Lemma 5.10. Assume homogeneity. On Gy, wherever (Ds, Dy) # 0 (resp., (Cy,Cy) #

0), one must have Ry = T} = 0 (resp., Tf = RS =0).
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Proof. By the structure equations,
A(d(dw")) = Ry A W° A (Dsw® + Dyw?)
+ Ty@® A w? A (Dsw® + Dy(w* + 7)) mod w!, w?,
A(d(dw?)) = R3y A @ A (Crw' + Cow?)

+ T30 A @° A (Crw!' + Co(w? +7)) mod w?, w?.

The conclusion is immediate. O
Now we proceed to find how (infinitesimally) G acts on the torsion functions.
First, expanding d(dv) = 0, then reducing modulo {&°, v, w!, w? w?} and {@°, v, w!,

w?, wl}, respectively, we obtain

dD, = (o + ¢)Dy mod w®,@°, v, w!, ..., w, (5.30)

dDs = 2aD3 + 5D, mod w®, &%, v, w!, ..., Wl (5.31)

Expanding d(dy) = 0, then reducing modulo {&°, v, w!, w?, w} and {0°, v, w?, w3, W},
respectively, we obtain
dCs = (a + ¢)Cy mod w®, &%, v, w!, ..., wh, (5.32)

dCy = 2aC + 1Cy mod w°, @°, v, w!, ..., w. (5.33)

In particular, (5.30)-(5.33) imply that, if (D3, D4) (resp., (C1,C3)) is nonzero, then

it is nonzero along the entire group fibers.

Expanding d(dw') = 0, then reducing modulo {w?,&° w! w3, w*}, we obtain

dR) = (2¢ — a)R} mod w?®,&°, v, w!, ..., w; (5.34)
expanding d(dw!) = 0, then reducing modulo {w°, w!, w? w* ~}, we obtain
dTy =2¢T)  mod w°,&@° v, w', ..., w" (5.35)
0,1

Expanding d(dw?®) = 0, then reducing modulo {w°, &@", w!, w? w3}, we obtain

dR} = (29 — a)R} mod w°, @°, v, w!, ..., wh; (5.36)
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expanding d(dw?) = 0, then reducing modulo {&°, w', w?, w3, v}, we obtain
dT? =2¢T¢  mod w°,&@° v, w!, ..., wh (5.37)

We also have the following four congruences:

d(dw’) = —d(a+ @) AW + Lo Ay Aw’ —dL Ay Aw® mod &°,w?, ..., w?

d(da’) = —d(a+¢) A" — Lo Ay A@® +dL Ay A@® mod W’ wh ..., w?

ddw')=—-dL Ay Aw' +dR} Ay Aw! —da A w?
+(L—RDOAYAW +RyyABLAwW! mod w°, @°, w?, w3, w,
d(dw?)= dL Ay AwW® —dR} Ay A wW? —da A w?

+ (R —L)Yp Ay AW+ Ry A By A w? mod w°, @°, w!, w?, wh.

As a consequence,

dL = ¢L mod °, &% v, w', ..., w, (5.38)
and
dR} = ¢R; + %(R%Bl — R33,) mod &%y, wh, ..., wh (5.39)
Finally, by computing
d(dw') = —da A w' + (T3 (a + ¢) — dT3) A W° A W' mod @°, v, w?, w?, w?,

d(dw?) = —da A W + (=T (a + ¢) + ATy — T B2) Aw® Aw®  mod @°, 7y, w!, w? wh,

d(dw') = —da A W' + (T5(p + a) —dTy — Ty B1) A @° A w? mod w?, v, w?, w?, w?,
d(dw?) = —da A W + (=T (a + ¢) +dT3) A @° A w? mod w?, v, w!, w?, w?,
we obtain
1

dT3 = (a + ¢)T5 + 552Tf mod w°, @°, v, w!, ..., w?, (5.40)

and
_ _ 1 -
dT3 = (a + ¢)T3 — 551T21 mod w°, 0"y, w', ..., w?. (5.41)
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Now we proceed to cases.

Case of either Dy # 0 or (5 # 0.

Lemma 5.11. Assuming homogeneity, the case when Dy # 0 is empty.

Proof. If Dy is nonzero, then, by Lemma 5.10, R} and T3 are zero. By (5.30) and

(5.31), one can always reduce to the subbundle G, c G; defined by

By (5.40), (5.41) and (5.32), the functions T3, T5 and C, are constants along the
fibers of Go — N; hence, they are constants, by the homogeneity assumption.
On Gy, the 1-forms ¢ + a and [, are semi-basic; thus, we can write

4 4
a = —Qb + HQCUO + HQ(:)O + H’y’}/ + Z Hiwi, 52 = NQ(UO + N()(IJO + N,y’}/ + Z Niwi,

i=1 i=1

where the new coefficient functions are defined on G,. By applying d?> = 0 to the

structure equations, we find

dHy =0,
o dNy = —2Noo),
T dNO = *2N0¢7

Aty = 1,9, N, = —N,o
dH, = —Hy¢ + (Hy — L)y, 7_ o

dNy = —3N1¢ + Nof3y,
dH, = Hyo, _

dN2 = _NQ(bv
dH3 = _H3¢a o

dN4 = _N4¢7
dHy = Hy¢;

where all congruences are modulo the semi-basic 1-forms. (Note that N3 never ap-
pears in the structure equations.) By homogeneity, Hy, H, are constants.
Now, H,, Hy, H3, Hy, Ny, No, N, N, Ny, L,C1, T3, RS, R} are relative invariants*

of Gy with nonzero weights in ¢ only. If they all vanish, then it can be verified that

4 Let G = GL(n,R) be a Lie subgroup, and let G be a G-structure over M. A G-equivariant
function f: G — R, where G acts on R linearly, is called a relative invariant of G.
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the structure equations are incompatible with the identity d> = 0. On the other
hand, instead of asking which of these relative invariants are nonzero and going into
various cases, we can always choose a nonzero function U on G,, expressed in terms

of these relative invariants, satisfying
dU =U¢ mod w®, &%, v, w!, ..., Wl

Then there exist constants h., ha, hs, ha, 1o, Mo, 1y, N2, N4 such that

H —hU No = noU~2,
Hy = haU, No = U,
2o N, =n,U"!
Hy = hyU™1, oo
Hy = hyU No =naU,
L Ny=n U,

and constants £, ¢y, t3, 73, r} such that
L=(U, Cy=cU? T}=6U% RI=rU R}=riU

Since U is expressed in terms of the relative invariants and has weight 1 in ¢, we can
perform a structure reduction that leads to a subbundle G3 defined by U = 1.

On G3, ¢ is semi-basic, namely,

4
qb = Zowo + Z()(I)O + Zm/’)/ + Z Ziwi,

iz
for Zy, Zy, ..., Z4 defined on Gs. We find that

dzy =0, dZ, =0, dz, =0,
le = Zgﬁl, dZQ = 0, ng = 0, dZ4 = O,

all congruences being modulo the semi-basic 1-forms. By homogeneity, Zy, Zo, 2,
Zy, 43, 44 are constants. Taking this into account, it can be verified that the structure
equations are incompatible with d? = 0. O
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Consequently, D, must be zero on G;. Moreover, note that the equations (5.25)-
(5.27) allows us to switch (w°, w!, w?) with (@°, w3, wh); applying this, (C1, Cs, Cs, Cy)
exchanges with (D3, Dy, D1, Ds); and (B1, By) exchanges with (Bs, By). Since we are

in a case when (By, B2) = (Bs, By), we can conclude from Lemma 5.11 that

Lemma 5.12. Assuming homogeneity, Co must be zero on Gj.

Therefore, the functions D3 and C; are relative invariants of G;, both having

weight 2 in a.

Case of D3 # 0.
Without loss of generality, we can assume that D3 # 0 on G;. By Lemma 5.10,
R}, T} must be zero.

Depending on the sign of D3, we can reduce to the subbundle G5 defined by either
D3 =1 or D3 = —1. On Gy, there exist functions HO,H'O,HV,Hl, ..., Hy such that

4
a = How" + Hy@® + Hyy + )| Hiw', (5.42)
i=1
Moreover, the torsion functions on G, restrict to G, to satisfy
_ _ 1

dC, =0, Cy=0, Ds=+1, D,=0, (5.43)
_ 1
T} =0, dIf=20}6, Ry=0, dR}=2R}s, dR}=Rio—RIA,

where all congruences are modulo the semi-basic 1-forms. By homogeneity, C7 must

be a constant; L, Ty, T}, R} are now relative invariants. We have two cases:

I. L,T3 T3 R are all zero;

II.  not all of L, T3, T3, R? are zero.
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Now consider the case when G, is defined by D3 = 1. A “+” sign will be used to

indicate that we are in this case.

If L, T3, T3, R} are identically zero on Gy, then, by (5.43), T3, R} are relative

invariants. It is easy to verify that

dHy = Hyd dH, = H,f,

ﬂ;:;g dH, = Hyo, (5.44)
0: " dH3 = Hyf,, '

o = Had dH, = Hy¢

modulo the semi-basic 1-forms. We can always choose U to be a function defined on
Gs, satisfying

dU = U¢, mod w®, &%, v, w!, ..., w,

in the following manner: noting that 773, R}, Ho, H.,, Hy, Hy, H, are relative invariants
with nonzero weights in ¢ only, if they are all zero, we simply choose U = 0; otherwise,
we choose U be an appropriate combination of these relative invariants satisfying the

equation above and the condition U # 0. There are thus two subcases to consider:
+I1. T3, R}, Hoy, H,, Hy, Hy, H, are all zero;

+I2. not all of Tg’,Ri,HO,HW,ﬁo,HQ,HAI are zero.

In this case, by (5.44) and the homogeneity assumption, H; and Hj are con-
stants on G,. We compute

d(dy) = —dp Ay + (1 — Ch)w' Aw® Ay

2 5 1 0, 2 3,1 -0
(Hs + + + :
(AC1Hs + H))w” Aw Aw (AH, + C1H3)w’ Aw' A D
Since A > 1, we must have
Hy = C,Hy = 0; (5.45)

in particular, either C; or Hj is zero.
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Lemma 5.13. C is nonzero.

Proof. If C; = 0 on G5, then

d(dw?) = —dg A w® + W A wh A WP, (5.46)
d(de®) = —dg A @° + w* A Wt A &P, (5.47)
d(dy) = —dé A v +w' Aw? A (5.48)

The equation (5.46) and (5.47) imply that, on Gs, there exists a function K such
that

dop = w? A w' + Kw® A @°,
which, however, is incompatible with (5.48). The conclusion follows. O

By Lemma 5.13 and (5.45), we must have Hs = 0 on Gy. Applying d* = 0 to the

structure equations yields

d(dw?) = —dg A W + (1 — C)w® A w' A WP, (5.49)
d(d@?) = —dp A @ + (1 — C)w® A w' A &7, (5.50)
d(dy) = —dp Ay + (1 = Cpw' AW’ A7y. (5.51)

Among these three equations, (5.49) and (5.50) imply that there exists a function K
on G, satisfying

do = (1 — C)w® A w' + Kw® A 0%

in order for (5.51) to hold, we must have

As a result, ¢ is (determined and) integrable. Restricting to a leaf of {¢), we have

¢ = 0. Such a leaf then can be regarded as a bundle (over an open subset U < N)
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on which the following structure equations are satisfied (A > 1 being a constant)

dw® = Aw' A w? +w? A (W +7),

do® = w' A (W2 +7) + Aw® A W

1 1
dy =wh A (wo — Zwo) +w? A (wo — Zwo) ,

dw' =0, (5.52)
1

dw? = =1 A w! — Zwo AW,

dw? =0,

dw? = =y A W3 — l(DO A wt
1 .

Remark 12. In terms of the method of equivalence, one can check that the structure
equation (5.52) has constant torsion and involutive tableau, the Cartan characters of
the tableau being (2,0, ...,0). By a theorem of Cartan, any two Bécklund transfor-
mations in this case are equivalent; the symmetry of such a Backlund transformation

depends on 2 functions of 1 variable.

We have thus proven:

Proposition 5.3. Up to equivalence, there is a unique local model for a rank-2

homogeneous Bécklund transformation in Case (+11).

Remark 13. We will see later that the Backlund transformation corresponding to

(5.52) is an auto-Bécklund transformation of the linear equation z,, = z.

In this case, by the construction of U, there exist constants t3, 7, ho, ho, Iy, ha, by,

such that

TS — U, R! = iU,
Hy = hoU, Hy=hoU, H,=hU, Hy=hyU, Hy=hyU.

Moreover, it is easy to see that one can reduce to the subbundle G defined by U = 1.
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On Gs, there exist functions Z, Zy, Zy, 24, ..., Zy such that
¢ = Zow’ + Zow" + Zoy + ) Zuw,
i=1

By applying d? = 0 to the structure equations, one can verify that

dz, = Z>p34,
dZO — O, 1 2/81
_ dZy, =0,
dZ, =0, 2.53
A% = 7,3
dZ,y _ 07 3 42,
dZ4 = 0,

modulo semi-basic 1-forms. Therefore, by homogeneity, ZO,ZO,ZW, Zo, Zy are con-

stants. Using the structure equations, we find

0

d(dy) = —2how? A WP A D% — 2hgwt A WP A @ mod w?, v, w'.

Evidently, hy and hy must be zero. By (5.44) and the homogeneity assumption, H;
and Hs are constants.

By expanding
d(dw?), d(da®), d(dy), d(dw?), d(dw*) all mod w',w?,

d(dw') mod w?, d(dw?®) mod w'

we find that either Z,, Z4 are both zero, or hg, ho, h., i, t5 are all zero.

However, noting that hy, hy are already zero, we cannot have hg, ho, By, 73, 65 t0
be all zero in the current case (by the assumption for Case (+12)).

Now assume that Z,, Z, are both zero. In this case, Z;, Z3 become invari-
ants, by (5.53), and are thus constants by the homogeneity assumption. Expanding
d(dw?), d(d@?),d(dv), d(dw!), d(dw?) and

d(dw?) mod w', d(dw?) mod w?
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we find
hOI?Lg:hv:ZO:Z():ZVIHl=H3:Ti=t§=0, 01:]_.
Together with the condition hy = hy = 0, this brings us back to Case (+11).

In this case, one can always choose a function U, defined on Gy and expressed

in terms of L, T3, Ty and R}, that satisfies
dU =U¢ mod w®, @°, v, w!, ..., wh.

Following from this and (5.43), there exist constants ¢, 3,¢3 3, not all zero, such
that
L=/(U, T}=8U T;=tU? R}=riU"

One can reduce to the subbundle G defined by U = 1. On §j3, there exist functions
Zo, Zo, Z,y, Zla cey Z4 such that

4
¢ = Zouw’ + Zo@° + Zoy + ), Ziw'.
=1

How the torsion functions vary on the fibers of G3 — N can be found, as usual, by
applying d?> = 0 to the structure equations. Moreover, by taking into account the
homogeneity assumption, we find

() Ho, Ho, Hy, Zy, Zy, Z5, Z4 are constants;

(ii) there exist constants hg, z,, h, such that
Hy=ho—T;, H,=h,+R;,  Z,=2z —Rj (5.54)
(i) H,, Hs, Zy1, Z3 satisfy, modulo the semi-basic 1-forms,

dH, = (H2 - 5)51, dZ, = B1 2o,
dH3 = (H4 + g)ﬁz, d23 = ﬁ2Z4.
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Calculation yields

0 mod w!, w?, w?, 7,

d(dy) =3 A wt A @
3
d(dy) = 2% Ay A w? mod w', w?, w

A

3 &P,

Hence, t3 and r3 must be zero. By (5.43) and homogeneity, it follows that T and

R} are constants on G3. Using these and expanding the following expressions
d(dw?), d(da®), d(dy), d(dw?), d(dw*) all mod w',w?,
d(dy) mod vy, d(dw?) modw? d(dw®) mod w,

and
d(dw?) mod w',w? d(dw?) mod w?, w?,
we find (with Maple™):
Zy=Jy=Hy =0.
This, with (5.55), implies that Z;, Z3 are constants and that Hy = ¢. Taking these
into account, one can show, by applying the identity d? = 0 to the structure equa-

tions, that ¢ and 3 must be zero. This violates the assumption of the current case.

This completes analysis for the case of D3 > 0 on G;.

The case when D3 < 0 is similar to the case when D3 > 0. The only nonempty

case is (—I1), which leads to C} = —1 and the structure equations

dw® = —¢ A W + Aw' A W? + w3 A (W + ),

dio® = —p A @ + W A (W +7) + Awd A Wt

1 1
dy=—-¢pAy—w'A <WO_ZWO> —w? A (wo—zwo),

dw' = 0, (5.56)
1

dw2=—ﬁl/\w1—¢/\w2+zwo/\w3,

dw? = 0,
1

dw4=—ﬂz/\w3—¢/\w4+zwo/\w1,
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where ¢ is integrable.

Remark 14. One can show that the structure equations (5.56) corresponds to an

auto-Backlund transformation of the partial differential equation z,, = 2.
5.2.2  Integration of the structure equations

Equation (5.52). Replace 8; by w? and By by w? in (5.52). It is easy to check
that d> = 0 automatically holds. We may thus regard the result as the structure
equations on some open U < N.

Since w!, w? are closed, there locally exist functions x,y such that

w! = du, w” = dy.

Since dw® and d@" are both closed and both congruent to zero modulo dz, dy, there

exist functions z1, p1, q1, 22, P2, g2 such that

W’ = dz; — prdz — qidy,

@ = dzy — podz — gody.
Then the equation of dw® implies
(Aw® —dp1) Adz + (W' + v —dg1) A dy = 0. (5.57)
Similarly, the equation of d® implies
(w2 + v — dpg) Adx + (Aw4 - dqg) Ady = 0. (5.58)

Following from (5.57) and (5.58), there exist functions sy, S, s3, t1, ta, t3 satisfying

1
w? = —(dp; + s1dx + sydy),
st sady) (5.59)

wt + v = dq + sedx + s3dy;

and

w2 + v =dpy + tidx + tady,

(5.60)

1
wt = Z(d(h + todx + tgdy)

102



Writing v as (w? +7) —w? and (w* +7) —w?, then using (5.59) and (5.60), we obtain

<de - %dpl) + <t1 - %) da + (t2 - 8—2) dy = (5.61)

d t t
(dq1 — %) + (32 - ﬁ) dz + <33 — Zg) dy.

Furthermore, the equation of dw? leads to
(dsy + dgo + t3dy) A dz + (dsg + dzy — prdz) A dy = 0; (5.62)
the equation of dw* leads to
(dty + dzo — qody) A da + (dts + dpy + sydz) A dy = 0. (5.63)
Applying d? = 0 to (5.62) and (5.63) implies
d(p1 +t3) Adr Ady =d(g +51) Adz Ady =0.

As as result, there exist functions f(z,y), g(z,y) defined on U such that

P+t = f(z,y),
g+ 51 =g(z,y).

Now (5.62) can be written as

(d(SQ +21) — (Z—z + f) da:) Andy =0,

which implies that, by fixing an x,

o= —at [ (Lo + fo) o+ ni)

z0

for a function h(y). With a similar argument, one can obtain, by fixing a yo,

ty = —29 + Jy (Z—i(:p 7) + g(, 7')> dr + h(z),

Yo
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for a function A(z). Since we have
W’ = dz —prde — qdy,
1.2 1
w Aw?=dx A Z(dpl + sody),

WP A (W) =dy A (dgp + soda),

it is clear that x,y,p1, q1, 21 are local coordinates on M and that the PDE (up to

contact equivalence) corresponding to (M,Z) must be of the form

Pu T (0g
i [ (Zow + stow)) ao 1)

Zo

for some functions f(z,y), g(z,y) and h(y). Similarly, the PDE (up to contact equiv-

alence) corresponding to (M,Z) must be of the form

0% U_Jy @_i(x,ﬂ +g(x,7)> dr + h(z),

oxdy - v

for the f(z,y),g(x,y) as above, and some ﬁ(y)
We claim that one can make an appropriate choice of coordinates such that
f.g,h,h are all zero. As a result, each of (M,T) and (M,Z) corresponds (up to

equivalence) to the following linear PDE:
Zay = Z.
To see why such a choice is possible, consider the following change of variables
21— 21+ a(z,y), 29— 25 + B(z,y), (5.64)

where a(x,y), 5(z,y) are analytic functions to be determined. This implies the

corresponding change of the variables (in order to preserve w°, @°,....w?)
P1 = p1+ O, p2 = P2+ B,
q1 = q1 + Oy, G2 — @2 + By,
§1 > S1 — gy, ty = t1 — Bea,
S9 F> 89 — Qugy, ty > to — Bay,
83 > 83 — Qi t3 '—’tg—ﬁyy.
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In particular,

p1+ts = (ap — Byy) + 1+ ts, @+ 51— (By — Quy) + @2 + 51.

Thus, by solving for «, 8 in the following system

B —Oéxzf(l',y),
{ (XZZ; - ﬁy = g(xay)a <565)

one can find a set of coordinates under which f, g become zero. The system (5.65)

can be turned into the form

5yy —a, =0,
{ Qpz — By = f](x,y), (5.66)

by making the change of variable a — o — Sio f(r,y)dr. The system (5.66) is easily
solved once we have solved the equation

ﬂzcyy - /By = Q(x,y),
which is essentially

Ogy — 0 = g(xvy)a (567)

after the substitution o = ,. By Cartan-Kéhler theory, a regular solution of (5.67)
depends on 2 functions of 1 variable. This justifies the normalization: f =g = 0.

In addition, under the transformation (5.64), we have
Sp+ 217> 81+ 21+ (@ — Qgy), ty+ 29 >ty + 2o+ (B — Buy).

It is clear that, since f, g are now zero, in order for h, h to become zero after (5.64)

without affecting f and g, we need «, 8 to satisfy the PDE system

ﬁyy — Oy = 07
Qgy — 6@/ =0,
A — Qgy = fl(y),
6 - Bxy = h(il?)
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An obvious solution is o« = h(y) and § = h(z). This justifies normalizing f, g, h, h
to be zero.

Now, since t3 = —py, 81 = —qa, So = —2z1, ty = —2zy, the left-hand-side of (5.61)

becomes
=d —ld + t+l- dz — 1 d (5.68)
7 = dAp2 A P1 1 AQz x Z2 Azl Y. .
On the other hand, the equation of dy implies
_ (& _ _h
d7—<A» q+ P2 A>dedy
+dz A | d —ld +dy A (d —ld (5.69)
X 21 A Z9 Yy 29 1 21 ] - .

Since dr is closed, it is evident (noting that A is a constant) that locally there exists

a function k(x,y) such that

%_(h +p2_% =k<.’lf,y), (57())

which is precisely the extra equation (the other two being x1 = x9 =z, y; = yo = y)
needed to define a 7-submanifold N < M x M.
Using (5.69), (5.70) and the exterior derivative of (5.68), we obtain

1 1
d (h + i + 21 — ZZQ) A dx + k(z,y)dy A dz = 0.

Following from this,

1
— 21+ —20 — K(z,y),

th = % 1

where K (z,y) is a function satisfying 0,K(x,y) = k(x,y). The function k(z,y) is
not arbitrary. In fact, expanding (5.61), using the expressions for t1, s, ta, so and t3,

and using (5.70), one can obtain

1 1
d(k(z,y)) — K(z,y)dx + (—2’2 g s Zp1> dy = 0.
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Consequently, k, = K holds; in particular, we have k,, = k and

1 1
S3 = k:y(x,y) + 29 — ZZ1 + Zpl-

Again, we ask whether the function k(x,y) can be normalized by a change of

local coordinates. It amounts to solving the following linear system of PDEs

( By — ax =0,
Qe — By =0,
{a— oy =0, (5.71)
B = By =0,
( AN (B, — Aay + ABy — a,) = k(x,y).

It is clear that k,, = k is an integrability condition for (5.71).

Using the Frobenius Theorem, one can show that solutions of (5.71) exist and
depend on 5 constants. Consequently, a Backlund transformation corresponding to
the structure equations (5.52) is contact equivalent to one that relates solutions of

the equation z,, = 2. Such a Backlund transformation is locally determined by the

equation
L _ G+ p2— Py (const. A > 1); (5.72)
A A ' '
and the 1-form
—d—1d+—+1 dz — ! d (5.73)
7= dp2 A P1 21 AZZ T Z2 AZ1 Y. .

Equation (5.56). The integration of (5.56) is similar to that of (5.52). Replace (;
by w! and 3y by —w?. Applying d® = 0 to (5.56) yields only identities. We can show
that there exist functions z,y; 21, p1, q1; 22, D2, @2; S1, S2, S3; t1,t2,t3 on U satisfying
(5.59), (5.60) and (5.61). After a contact transformation of the coordinates, without

changing x,y, we obtain

q2 1
t3 = p1, 51 = —(qo, Sg = 21, to = 29, ty = 1 +2z1— ZZQ
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and the equation

IS ) (5.74)

Now ~ can be written as

1 1 1
=dpy, — —dp; + — —2zy | dx + - = dy. 5.75
Y P2 A D1 (Zl AZQ) z (22 Azl) Y ( )
The corresponding Backlund transformation, up to contact equivalence, relates so-
lutions of the equation z,, = —z. We can perform an additional contact transforma-
tion, sending x to —z, so that p; is replaced by —pq, ps by —p2, and so on. Under

the new coordinates, (5.74) becomes

42 Pr _
L + 1 0, (5.76)
and v becomes
= —d +1d - 1 dzr + 1 d (5.77)
Y= —ap2 A D1 21 AZQ T 22 AZ1 Y. .

It is easy to see that the corresponding Béacklund transformation is an auto-Backlund

transformation of the equation z,, = z (up to equivalence).

5.3 Assuming Genericity Condition 1

If a rank-2 Backlund transformation satisfies only the first genericity condition, it
then admits a coframing (w° @°, v, w!, ...,w*) defined on an open subset U = N and

satisfying the following congruences

dw® = w' A WP + WP AW mod w?, (5.78)
di® = w' A WP + WP AW mod w?, @, 7, (5.79)
dy = Ajwt A w? + Aw® A w? mod w?, @°, . (5.80)
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We can further refine such a coframing by performing the following steps successively:
1) add a suitable multiple of w® to 7 to arrange Ay = —Ay;
2) add appropriate multiples of w° to w?,..,w? such that the congruence (5.79)
still holds when modulo only @° and ~;
3) add appropriate multiples of v to w3, w* such that the following congruences
hold (note that dw® cannot have a w® A y term since @° A (d@?)? = 0.):
dw® = wh A w? +w? A w! + (Bsw® + Byw?) Ay mod w°, (5.81)

do® = w' A W? +w? A Wt + (Bt + Bow?) Ay mod @°, (5.82)

where By, ..., By are functions defined on U.

Whether the functions By, ..., By are all zero is an intrinsic property. To be spe-
cific, it is easy to see that B; = 0 (i = 1, ..., 4) precisely when the rank-2 distributions
(C({w®)))* and (C((°)))* are everywhere non-transversal. In this case, an analo-
gous result as Proposition 5.2 holds.

From now on, we will assume that B; (i = 1, ...,4) are not all zero.

For (5.80), locally there are two possibilities:

i. A; vanishes on an open subset U N,

ii. A; is nonvanishing on an open subset U < N,

These two cases are intrinsically distinguished by whether the first derived system

of B! « T*U has rank 1 or 2.

From now on, we will assume Case ii. In this case, one can scale v to arrange

A; =1, so that the following congruence holds:

dy=w' Aw? —w? Aw! mod w?, @°, 5. (5.83)

Definition 5.4. Let (N, B; 7, 7) be a rank-2 Bécklund transformation satisfying only

the first genericity condition. Moreover, suppose that the first derived system of B!

109



0 0% v, wl,...,wh) defined on an open subset U < N

has rank 1. A coframing (w
satisfying

[ = [=*00.  [&°1 = [=*60]. [« &°~] =B
and the equations (5.81), (5.82) and (5.83) will be called 0-adapted.

In terms of a 0-adapted coframing (w®, &, v, w!, ...,w?), locally the systems
ElO = [[(JJO,(.DO,’}/,Wl,WQ]] and EOl = [[WO,@O,’}/,W3,W4]]

are well-defined up to ordering. From now on, we only consider those local 0-adapted

coframings that respect a fixed order of these two systems. Next, we show that such

coframings are the local sections of a G-structure with G < GL(7,R) being the
subgroup consisting of elements of the form

7“[3 0

g = 0 a

0 0

, reR; a,be GL(2,R); det(a) =det(b) =7 #0, (5.84)

ot OO

where I3 is the 3 x 3 identity matrix.

Lemma 5.14. Let (N,B) be a rank-2 Bdcklund transformation satisfying only the
first genericity condition. Let G < GL(7,R) be as above. Any 0-adapted coframing
defined on an open subset U < N and respecting a fixed order of the systems Z19, Zo1

18 a section U — G, where G is a G-structure on N.

Proof. 1t is easy to see that, if w is a 0-adapted coframing in the sense above,
then w - ¢ is also a 0-adapted coframing for any function g : U — G.

Now we prove the converse. Suppose that w is a 0-adapted coframing defined on
U. We determine the most general form of a function g : U — GL(7,R) so that w- g
remains O-adapted.

First note that w® and @°

are determined up to scaling. Moreover, since a 0-
adapted coframing respects a fixed order of the systems =9 and Zg;, w' A w? and
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w3 A w? (both modulo w?, &@° and «) are determined up to scaling. As a result, a

transformation g € GL(7,R) that makes w - g a 0-adapted coframing must take the

form
r 0 0 0 0O 0 O
0O » 0 0 0O 0 O
C1 Co r 0 0 0 0 r = det(aij)
9= fi /5 fo an ax 0 0 )
fo fe fio az ax 0 0 = det(b;;) # 0.

fs fr fu 0 0 b bio
fa fs fiz 0 0 by Do

Any such g can be written as the product of of two matrices of the same form,
one, say gi, with all the f; being zero, the other, say go, with r = 1 and (a;), (b;)
both being the 2 x 2 identity matrix.

It is clear that w - ¢; is 0-adapted.

In order for w - go to be 0-adapted, by (5.81) and (5.82), fo, fi0, f11, f12 must be

zero; by (5.83), ¢; and ¢ must be the negative of each other, say,
C1 = —Cy9 = C.
Now (5.81) implies that
(Bsw® + Byw') Ay = @° A (fsw? — fow! + frw® — faw?)

+ (Bsw® + Byw*) A (v — c@®) 4 (Bsfr + Bufs)@® A .

for some functions Bs, By. Reducing modulo =, it is clear that fs, fs, fr, fs are zero.
Immediately, either ¢ = 0 or By = By = By = By = 0. Similarly, (5.82) implies that
f1, f2, f3, f4 are all zero. In addition, either ¢ = 0 or B; = By = 0.

To conclude, we have either B; = 0 (1 = 1,...,4) or ¢ = 0. By assumption, B;
(1 =1,...,4) are not all zero. It follows that ¢ = 0 and g is of the form (5.3). O

Furthermore, one can show that, on G,

(gg)m.g):(;(g;)(u), (gi)(u.g):bT<gj)(u).
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Using this transformation, one can reduce to one of the following two cases®:

Case 1: By =B3=1, By =B, =0;
Case 2: By, B3, B, =0, B; = 1.
We now focus on Case 1; the analysis for Case 2 is work in progress.
5.3.1 Case: (By,By) = (Bs, By) = (1,0)

Let G and G be as above. It is easy to see that the subbundle G; < G defined by
By = B3 =1, B, = B, =0 is a Gy-structure on N, where G; < G is 3-dimensional

and consists of those elements of G that satisfy the extra conditions:
Az =bay =71, app="b12=0, a;=>0bn=1

The structure equations on G; can be written as

W ¢ 000000 W QO
0 0 ¢ 00 00 O @° Qo
)y 0060000 - r
dl W' == 000 00 0 0 [A| o [+] Q[
w? 000 a ¢ 00 w? 02
w3 000 0 0 0 O w3 o3
w? 00000 ¢ w? 0%

where, after adding a linear combination of the semi-basic 1-forms to ¢, one can

arrange

P =w' A+ At +d Ay + (PR + Ky + Puw') A WP,

QL= AP +P At Fot A+ (Qow® + Ly + Q') A &P,

I'=w'Aw?—wd Aw! + Ciw' AW’ + D A @°.

® One can verify that the classical Bicklund transformation (1.5) relating solutions of the hyper-
bolic Tzitzeica equation (1.4) belongs Case 1. By computing the corresponding structure invariants,
one can show that it is non-homogeneous.
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Lemmas 5.2 and 5.3 apply to the current case without change. Following from
this, ', ..., Q* have expressions (5.17)-(5.20) where T} = —T%; for all k,i,j = 1,...,4,
and Tyy, Toy, Ty, Ty, T3, Ty, Ty, Ty are zero.

Furthermore, one can add a linear combination of the semi-basic 1-forms to « to

arrange

TEZTEZR%:T122:T123:T124:0'
By adjusting 5, we can arrange
T§:T§:R4:Tf3:Té3:T§4:0
Finally, by adding a suitable multiple of v to ¢, we can arrange
K=—-L.

The torsion cannot be absorbed further.

Applying d? = 0 to the structure equations, we obtain the congruences
d(dw’) = (=Ps — 1 =T}y — T)w? A wh Aw? + (=P — T + T)w* A wh A w?
+ (=P, —L—T3, — RS~ RDW* A Ay + (=P, + T — T)w! A w® A w?
+ (=P + Toy + Ta)w* Aw? Aw + (L+ T3 + Ry + Ry)y A w' A w?
+ (P + T+ TH° A w Aw? + (=P — Dy + T3 + TH" A w® A (W +7)

+ (=P + THW AW Ay + (=P + T)w? Aw? Ay mod w?,

and

d(da@®) = (—Q1 + 1+ T3 — TZ)w' A WP Aw* + (=Qy — T + T2)w* A w' A W?
+(=Qa+ L—T, — Rl — RO Aw!' Ay + (—Q3 — Tty — TH)w? A w! A w?
+(=Q2 + Ty + T3 )w’ A W’ Aw' + (=L + Ty + Ry + Ry Aw’ Ao

+(—Qo+ T3 + THW Aw® Aw' + (=Qo + T} + Ty — Co)uw’ Aw' A (w? +7)

+(=Qs = TH)w* Aw' Ay + (=Qu — T)w* Aw! Ay mod @°.
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This implies the following relations

T, =-Qy+2L, Thy=-P—1, T,=-P, T5,=0; T; =0,
T3, =—P,—2L, Th=0Q,—1, Ty=0Q THp=0, T,=0,
T =-T+Qo+Cy, TH=Qy—-T3  T:=PF-T, T}=-T3+PF+Dy,
Qs = Py, P =0Q: -1, Py = Qs, Q3 =P3+1,

Ri=-L—-R;, R;=L-Rj

Taking this into account, we compute

d(dw!) = Tg@® A w? A (W +9) + Tyy A W A w? mod w?, w', w?,
d(dw?) = Tga® A w? A (W +79) + (Cy = T + Qo)y A w? A W mod w?, w', w?,
d(dw?) = T3 A w' A (W +7) + Ty A w! A W? mod @°, w? w?,

d(dw!) = Ty’ AW A (WP +9) + (Do + Py =Ty Aw' Aw?  mod @°w?, w?
and
d(dy) = (=Dy — Cy — Q2)w* A w* A w* 4+ (—=C3 — D3 + Py + 1)w® A w' A W?
+(=Ds — Cy + Pw* Awr Aw? + (=D — Cp — Q1 + Dw! A w? A w?
mod w?, &, .
As a result,
Ty =Ty =T, =Ty =Ty =T} =0,
TBZQO—C@ Tg?:PO_DQ?
Q2 = —Dy — Cy, Py = Dy + Cy, Q1 =1-C1— Dy, Py= D3+ C3—1.
Now the torsion coefficients are expressed in terms of the 19 functions : C; (i =
1,..,4), D; (i = 1,..,4), T}, Ty, R} RL, T3 T3, RS RS, Py, Qo and L. Applying
d? = 0 to the structure equations, we find the G;-action on these torsion functions

to be, infinitesimally,

(@)=(e)la) «(a)-(a)la)



[=IRSE
NS
N———
VN
G
N—
oL
N
T,
N—
If
VR

and
dL = L¢, dPy = Byo, dQo = Qoo,

4

0 ~0 1
LW Y, Wy e, W

where all congruences are modulo the semi-basic 1-forms w
Clearly, each element in R := {Cs, Cy, Dy, Dy, T}, T3, RS, R L, Py, Qp} is a rela-

tive invariant with nonzero weights only in ¢. There are two cases:

I. All functions in R are all zero;

II. Not all functions in R are zero.

Homogeneity Assumption: Now we assume that the underlying rank-2 Backlund

transformation is homogeneous.

In this case, by the homogeneity assumption, Cy, C3, D1, D3 must be constants;
then T, R}, T3, RS become relative invariants, with nonzero weights only in ¢.
We apply d? = 0 to the equations of dw® and d@?, obtaining
d(dw’) = —dg A w® — RI(Cy + D)y Awr Aw® + ((Cs+ D3 — RS — Ty A w® AW
+ (2C) 4+ Dy + C3)w® A wh A WP — (O + Dy)Tw® A @b A W
d(d@®) = —dp A @ + Ry (D3 + C3)y Aw? A — (D1 + CL — DRy + THy Aw! A &°

+ (2D3 + O3 + D1)w® A w' A @° + (D3 + C3)T3w? A w? A &°.

From this we deduce

Tl =Rl T}=-E, Ci+C=—(Di+Dy)
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By writing D3 as —(C} + C5 + Dy), we have
dp = —Ww A @° — (Cy + D)y A (Rjw! + Riw?) (5.85)

—(C1 + D)) (Ri@° A w' — R3W° A w?) + (201 + Dy + Cs)w' A w?,

for a function W.

Taking this into account, we compute

d(dy) = W’ A @® Ay + CiRiy A wh A (W0 — &%) + CLRIW® A @° A wh

+(C1+ C3+ DRy Aw? A (W0 —@°%) — (C + C3 + DRy A @° A w?
+(2(C1)* = 2C,C3 + 2C, Dy — 203Dy + Cy + C3)w' A w? A W° (5.86)
+ (2(C1)? 4+ 2C,C5 + 60Dy + 203D, + 4(D1)* — C1 — Cy)w* A w? A @°
—2(2C) + Dy + Cy)w' A w® A7y

1 3 0

Therefore, W = 0, and, by the vanishing of the coefficients of w! Aw? A7, w! Awd Aw

3 0

and w! A w? A @°, we must have

—Cy =D, = (.

As a result, ¢ is closed, by (5.85).

To continue, we need to ask whether the functions R} and R} are both zero. This
leads to two subcases:
If R}, R3 are zero, then, after replacing the constant C3 by A and restricting to

a leaf of ¢, the structure equations become
dw’ = w' AW+ WP A (W7 —W?),

da’ = w' A (W + 9+ %)+ AWt

dy = w' A w? — W A wt = AW — W) A (W - &Y,

dw' =0, (5.87)
dw? = —a A wh + A A W3,

dw?® =0,

dw? = = A w? + 2 A Wl
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Applying d? = 0 to dw?, d@®, dv, dw! and dw? leads to identities. Applying d? = 0
to dw? and dw? yields
(da — Mw? A W) Aw! =0,

(dB — A Awh) Aw® =0.

Suppose that Ri, Ri are not both zero. If R} is nonzero, then let U be Rj,

otherwise, let U be R3. Such a function U, being nonzero, satisfies

dU =U¢, mod &’ ~v,w', ... w

By homogeneity, there exist constants 71,73 (one of which equals to 1), such that

Rl = U, Ry = riU.

Let Go = G be defined by U = 1. On Gy, there exist functions Hy, Hy, H,, Hy, ..., Hy

such that

4
¢ = How® + Ho? + H.,vy + Z Hw'.

=1

Applying d? = 0 to the structure equations, it is easy to find

o =0, dH, = o H. dH; = BH
_ = , = ,
i, = 0, 1 2 3 4
dH2 = 0, dH4 = 0,
dH, =0,

where all congruences are modulo the semi-basic 1-forms. As a result of this and the

homogeneity assumption, Hy, Ho, H,, Hy, H, are constants. Moreover, we have
d(dw') = —r} (Hyw?® + Hsw® + Hyw*) Ay A w! mod w?, &°,

d(dw?) = —r3(Hiw' + How® + Hyw*) Ay A w? mod w?, @°.
Since we have assumed that r{ and 73 are not both zero, it follows that

Hy=H,=0.
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As aresult, H; and H3 must be constants. Using this and expanding d(dw"), d(d@?),
d(dv),d(dw'), d(dw?), and

d(dw?) mod w', d(dw*) mod w?,

we find that Hy, Hy, H,, H, and H3 must all be zero.

Taking these into account, replacing r} by A and r3 by u; the structure equations
now take the form
dw® = wh A w? +w? A (W y — W),

d® = w' A (WP + 7+ @°) + W A W

dy = w! A w? —wd AWl
dw! = Ay + @°) A W, (5.88)
dw? = —a A wh = Ay + @°) A W

0 = (7 — ) A WP,
dw = =B A w® — pu(y —w®) Aw?,

where either A or p equals to 1. Applying d? = 0 to the equations of dw®, d@?, dv, dw!
and dw? vields identities; applying it to the equations of dw? and dw? yields
(da + Ay +&@°) A (2a + w?) A w!' =0,

(dB + pu(y —®) A (28 —wh)) Aw? =0.

In this case, we can find a nonzero function U, expressed in terms of the functions
in R, satisfying

dU =U¢, mod w®,&° ~,w!, ..., wh

b

By the homogeneity assumption, there exist constants cs, ¢4, do, dy, £, Do, Go, Lo, T3, 13, 75

such that
Cy = coU, T} = U?,
L =10, P 21 21 2
— -~ C4 == C4U, R2 = 7’2U ,
0= Dy = dyU, RE = 302,
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Since U is a relative invariant with weight 1 in ¢, we can perform a structure reduction
to Go < G; defined by
U=1.

On Gy, there exist functions Hy, Hy, H,, Hi, ..., Hy such that
— 4 .
¢ = How' + How" + Hyy + ) Huw'.

=1

By applying d? = 0 to the structure equations, we find

diy =0, dH, = aH,, dHs = BH
dHO — 0’ 1 = (i, 3 = 4,

dH2 = O, dH4 = 0,
dH, =0,

where all congruences are modulo the semi-basic 1-forms. By the homogeneity as-
sumption, HO,FIO,HW, H,, H,y are constants.
Now, depending on whether the structure can be further reduced, we need to

consider three subcases:
I11. ¢y, do,t5,rd, Hy are all zero;
I12. ¢y, dy, t3,r3, Hy are all zero;
I13. Not all of ¢y, do, t3, 73, Hy, and not all of ¢y, dy, t3, 73, H, are zero.

In this case, by homogeneity, C1, Dy, T, R}, H; must be constants. Taking this
into account and using the structure equations, we expand d(dw®), d(d&?), d(dvy),
d(dw'), d(dw?) and reduce modulo w?; expand d(dw?), modulo w!, w?; and expand
d(dw?), modulo w?, w*. Using Maple™, we verify that these calculations imply
g=ﬁ0=Q0:C4=d4:0, Tiz—ti
By the assumption of the current case, the only possibility is when ¢} is nonzero. As
a result, one can reduce to the subbundle G3 defined by
T3 = 0.
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On Gs, the functions Cs, D3, RS, H3 reduce to constants. Moreover, there exist func-

tions No, No, N, N1, ..., Ny on Gy such that

4
5 = Nowo + No(zjo + N,y’)/ + Z NZUJZ

i=1

By differentiation and using the homogeneity assumption, we find that among these

new functions, Ny, No, N,, Na, N, are constants, and that

_ 0 0 1 4
dN; = alN,, mod w”, 0", v, w,..,w".

Moreover, we have

d(dw*) = —Not? W° A w? A w? mod @°, v, w', w?.

Since t3 is nonzero (by assumption), N, must be zero, and N; is therefore a constant.

No further structure reduction is possible.

Now, expanding using Maple™ d(dw?), d(d@?), d(dy), d(dw'), d(dw?®) and
d(dw?) mod w', d(dw*) mod w'.

we find that either
{H,y,é, 017037DlaD37HOaHOaHlaH37H47N0aN17N27R§764ad47ﬁ0aq0} = {0}’

Ny = —N,, Ny=1, R =T}, rd = —t3;

or
{E, Cl, CS; Dla Dg, ﬁo,Hl, H37 N07 Nla N2> R%a Rga T11> Cq, d47ﬁ07 q@} = {0}7

1 1
H,=—H = 5H4, N, =-Ny = 3 Ny =1, rd = —t3
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By a change of notation, the former case provides the structure equations
dw® = w' Aw? +wd A (WY — W),

do® = wh A (W2 + v + @) + WP A W

dy = w' A w? —w? AW
dw! = A@° 4+ 7) A W, (5.89)
dw? = —a A wh =A@ +7) A WP

dw® = p(w” —7) AWt

dw* = 7(W — ) A wd + WP A W

where A, i, 7 are constants with u being nonzero. These structure equations verify

the identity d? = 0 except that
d(dw?®) = —(da + AM(@° +79) A (2a + w?)) A w'.

The latter case provides the structure equations
dw® = Ay +2w") A W + W AW+ WP A (W — W),

d® = =My =’ + 20 A @ + W' A (WP + 7+ @°) + W AWt

dy = AW’ — 20*) A 7+ w! A w? — WP AWl
dw! =0, (5.90)
dw? = —a A wh = Ay — W + 2w*) A W2,

A = —p(y — ) A,

1
dut = =5 (=6 + 208) A WP = Ay =) A,

where A, u are constants with p being nonzero. These structure equations verify the

identity d? = 0 except that

d(dw?) = (=da + da A (7 — W + 2w*)) A wh
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The analysis of this case is similar to that of Case (II1), so we omit the details.
In fact, the only two possible solutions in this case can be turned into (5.89) and
(5.90), respectively, by switching (w°, w!, w?) and (@°, w?, w?) then changing the signs

of w? and w*. Therefore, we will not regard these as new solutions.

In this case, not all of ¢y, dy, t3, 73, Hy are zero, and not all of ¢y, dy, t3, 73, Hy

are zero. Thus, it is always possible to reduce to an e-structure. Now let

4
a = MDCUO + ]\7[0@0 + M’y"}/ + Z Miwi,

=1

4
B = Now® + No@® + Nyy + ) Niw',

=1

where all the new coefficients are constants, by the homogeneity assumption. Ap-
plying d? = 0 to the structure equations and computing with Maple™ we find that
the structure equations must take the form

dw? = w' A w? + WP A (W —W0),

da’® = w' A (W2 + 4+ &%) + W AW,

dy = w' A w? — W’ AW

dw! = (@ +79) A (V! + Aw?), (5.91)

dw? = —(@° + ) A (Mw' + Vw?) —w' A W?,

dw? = (W — ) A (Ww? + pw?),

dw® = (W —9) A (Nw® — Ww*) + w? A W,

where M, N,V,W, )\, i are constants with A, 4 being nonzero. Applying d?> = 0 to
(5.91) yields identities.
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5.3.2  Integration of the Structure Equations

Equations (5.87). Suppose that there exists a coframing defined on a small enough
domain U = N satisfying the structure equations (5.87). Since w! and w? are closed,

there exist functions z,y on U such that

The equations of dw® and d@® then imply the existence of new functions z, p, ¢, w, s,t
that satisfy

W’ = dz — pdx — ¢dy, @ = dw — sdz — tdy.
By the equation of dw", we have

—dp Adr —dg A dy = dw® = —w? Adz — (W + 7 —dz + pda + ¢dy) A dy,

which implies that
w?=dp+ hdy mod dx, (5.92)

w'+y=dz+dg+ (—=p+ h)dz mod dy, (5.93)
for a new function h. Similarly, by the equation of dw®, we obtain
—ds Adz —dt Ady =da® = —(w? + v+ dw — sdz — tdy) A dz — w* A dy,

which implies that
w+y=—dw+ds+ (t +g)dy mod du,

w?=dt + gdz  mod dy,

for a new function g¢.

Now, using the expressions of w?, w* and their exterior derivatives, we have
dh A dy = dw? = Mdz A dy mod dz,

dg A dz = dw! = Mdw A dz mod dy.
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As a result, there exist functions H(z,y) and G(z,y) such that
h =X+ H(z,y), g = 2w+ G(z,y). (5.94)

We claim that one can always arrange H = G = 0 by a change of coordinates

that preserves the expressions of w’,@°. In fact, consider the change of variable
2z z+ ((x,y).

By the expression of w”, we have, correspondingly,

ad S CT e A O
and, by the expression of w?,
h = h - ny;

finally, by the expression of h,
H— H — X — (yy-

Locally, given an analytic function H (z,y), it is always possible to solve the equation
H = (3 + A(. This shows that we can always put H to be equal to zero by an
appropriate choice of the coordinates. By a similar argument, it is easy to see that
a transformation of the form

w— w + &(z,y)
leads to

GG =M — &y

Hence, we can put G = 0 by an appropriate choice of the functions w, s and ¢.

With the simplified expressions of A and g, we have
dy =dz A (dp — Adz + Addw) — dy A (dt — Adz + Adw)
+Az+w+qg—t+p—s)dr Ady.
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Moreover, comparing the expressions of w*, w* + v and w?, w? + v yields:
v=dz+dg—dt — (p+ \w — Az)dz + Mdy (5.95)

= —dw +ds —dp + (t + \w — Az)dy + Nduz,
for two new functions M and N. By (5.95), we have
dz+w+qg—s+p—1t)—(p+ Iw—Az)dz — (t + \w — \z)dy = Ndz — Mdy.

This shows that z + w 4+ g —t + p — s is a function of z,y only, say, n(x,y). The

functions M and N are then:
M= —n,+t+ A w— Az, N =mn,—p—w+ Az

Now, we can compute the exterior derivative of v = dz + dg — (p + Aw — \z)dz +
(—ny +t + Aw — Az)dy. This is compatible with the equation for dvy if and only if
n(x,y) satisfies

Nay + A0 = 0.

If we make the following change of variables
2ozt C(@y), wew+{(ny)

such that the functions H and G both remain zero, i.e., such that (,¢ satisfy the

equations (zy + A¢ = 0 and &, + A§ = 0, then n would change by

77'_)77+(C+Cx+<y)+(§_£x_£y)'

Now let 7 = n + (§ — & — &,). It suffices to ask whether the following system of

partial differential equations has solutions, given that 7 satisfies 7, + A = 0:

{Czy+/\<:07
C+Cx+Cy:_ﬁ'

(5.96)
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One can apply the Frobenius Theorem to (5.96), and conclude that its solutions
depend on 2 constants. Consequently, one can put 7 = 0 by an appropriate choice
of coordinates.

We have shown that the Backlund transformation corresponding to the structure
equations (5.87) is an auto-Béacklund transformation relating solutions of the equa-
tion z,, + Az = 0 (see (5.92) and (5.94)). It is not hard to see that such a Backlund

transformation locally correspond to the system (up to contact equivalence):

{z+zx+zy+w—wx—wy=0,

Zay + A2 = Wey + AW,
where the second equation is deduced from the first and the vanishing of ~.

Equations (5.88), (5.89), (5.90) and (5.91). All these structure equations except

(5.90) satisfy the property
d(w' A w?) =d(w® A w?) =0.

However, for (5.90), note that w® —~ —2w? is closed. Thus, there exists a function
h such that w® — v — 2w* = dh. After the change of variables
0, = e Moy, 10 =e M0, 70 = e M0

1 1 3 3 2 _ o=k 2

n=w, no=w, n t= e Myt

5 n

the equations (5.90) become
dn® =n' An® =1’ A (0 + e Mdh),

A’ =n' A (7 + ) 0t AT+ 07 A
dn, =0t AP =’ At (5.97)

dn' =0, dn® = peMdh A nt,
2 A 1 4 1 —Ah 3
dn® = —-a An, d77=§e dh A n°.

Clearly, in (5.97), n* A n? and 7 A " are closed.
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Proposition 5.4. The structure equations (5.88), (5.89), (5.97) and (5.91) all rep-

resent rank-2 auto-Backlund transformations of the wave equation 2z, = 0.

Proof. We only provide details for (5.88). The argument works identically for the
other structure equations.

In (5.88), the pull-back of Z corresponds to the system (w" ®, ¥) where ® =
W Aw? U = WP A (wh+y—wP) are decomposable 2-forms. These forms satisfy d® = 0
and dw® = ® + W. It follows that d¥ = 0 as well. Hence, there locally exist functions
7,9, p,q such that ® = dz A dp, ¥ = dy A dg. Tt follows that d(w° + pdz + ¢dy) = 0.
Thus, locally, there exists a function z such that w' = dz — pdx — ¢qdy. Clearly, T

corresponds to the wave equation z,, = 0. The argument for T is similar. O
5.4 Summary

We summarize our main results in this chapter in the following

Theorem 5.15. Let (N, B) be a homogeneous rank-2 Backlund transformation re-
lating two hyperbolic Monge-Ampeére systems.

(1) 1t is impossible for (N, B) to satisfy all three genericity conditions with (By, Bz)
and (Bs, By) being both nonzero (Theorem 5.7 ).

(ii) Suppose that (N,B) satisfies only the first two genericity conditions with
e = 1 and with the relative invariants (B, B2) and (Bs, By) being both nonzero. If
(N, B) does not arise as a 1-parameter family of rank-1 Backlund transformations
in the sense of Lemma 5.9, then (N,B) is an auto-Bdcklund transformation of the
linear equation zy, = z (see (5.72), (5.73), (5.76) and (5.77)).

(iii) If (N, B) satisfies only the first genericity condition, with the first derived
system of B having rank 2 and (Bi, Bs), (Bs, By) being both mnonzero, then it is an
auto-Bdcklund transformation of a linear equation of the form z,, = Az (see Section

5.5.9).
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Of course, Theorem 5.15 does not exhaust all cases of homogeneous rank-2
Backlund transformations relating two hyperbolic Monge-Ampere systems. In par-

ticular, we still need to investigate the following cases:

1. when all three genericity conditions are satisfied, and exactly one of

the relative invariants (By, By) and (B3, By) is zero;

2. when only the first two genericity conditions are satisfied, ¢ = —1 and

both (By, Bs) and (Bs, B,) are zero;

3. when only the first two genericity conditions are satisfied, and exactly

one of the relative invariants (By, By) and (B3, By) is zero;

4. when only the first genericity condition is satisfied, with the first
derived system of B! having rank 1, and exactly one of (By, By), (B3, By)

is zero;
5. when only the first genericity condition is satisfied, with the first

derived system of B! having rank 2.

However, based on our classification so far, one may conjecture that those homo-
geneous Bécklund transformations (relating two hyperbolic Monge-Ampere systems)

that are ‘genuinely’ rank-2 are quite few.
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6

Conclusion

The purpose of this short chapter is to briefly summarize the main results in this
thesis and to give several directions for future research.

1. In this thesis, we have proved an upper bound for the generality of generic rank-1
Bécklund transformations relating two hyperbolic Monge-Ampere systems (Theorem
3.3). What is a corresponding result in the non-generic case? What is the generality
of Bdcklund transformations of higher ranks? Given a hyperbolic Monge-Ampére
system, 1s it related to a system of the same type by a Backlund transformation,
regardless of the rank?

2. We have proved several results that tell us which hyperbolic Monge-Ampere
systems may be related by a rank-1 Backlund transformation of a particular type
(Theorem 4.5 and Proposition 4.12). Is there an efficient way to tell whether a
given hyperbolic Monge-Ampére system is not related to any other hyperbolic Monge-
Ampére system by a rank-1 Bdcklund transformation?

3. Our classification of homogeneous rank-2 Backund transformations relating two
hyperbolic Monge-Ampere systems so far is summarized in Theorem 5.15. Is there

any non-homogeneous rank-2 Backlund transformation arising in a similar way as
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the classical one relating solutions of the hyperbolic Tzitzeica equation?

4. In this thesis, our study of Backlund transformations is local. What can be said
about the global structure of Bdcklund transformations?

5. How to tell whether a Bdcklund transformation relating two hyperbolic Monge-
Ampere systems can arise as the composition of two Bdcklund transformations of
lower ranks?

6. Apply the methods used in this thesis to study Bdcklund transformations relating

equations of broader classes (elliptic, parabolic, etc.).
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Appendix A

Calculations for Theorem 3.3

This Appendix supplements the proof of Theorem 3.3 by providing more calculation
details. Most calculations below are computed with Maple™.

First consider the case when, on U, ¢; = €5 = 1. Since Pyy, P33, Fgs, Pr5 never
appear in the equation (3.7), we can set them all to zero. Since P4 and Ps3 only
appear in the term (P — Pa3)w?® A w?*, we can set Py = 0. For similar reasons, we
can set Pi3, P55, Psg = 0. For convenience, we rename A; as Pg; and Ay as Psy. Now
there are 42 functions F;; remaining, and they are determined.

For each FP;;, there exist functions F;j; defined on U satisfying

d(Py) = Py,

We call these P,j; the derivatives of P;;.
Now, applying d? = 0 to the equation (3.7), we obtain 106 polynomial equations

expressed in terms of all 42 F;; and 186 of all 252 F;;,. These equations imply:
Por = Py — P51, Pop = Pip — Psa, Pos = —Pj3 — Py + P53, Pog = — Py + Psy,

POSZ_P45_P84+P15> P11=—P51, P12:_P527 P21:P84a P22:_17
P35:()7 P36:_17 Pﬁlzla p62:_P817 P73:()7 P74:_1-
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With these relations, all coefficients in (3.7) can be expressed in terms of 27
P,;. Repeating the steps above by defining the derivatives P, (now 162 in all) and
applying d? = 0 to (3.7), we obtain a system of 91 polynomial equations, which imply

Pyy = —P3aPyy — P15 — P3y — 2Py3 — 2Py5 + Psz + Prg — Ps1 — P,

Pry = —Pr1Pyy — Pis + P3g + 2Pz + 2Py5 — 3P53 — Prg + Ps1 + Paa.
Using these relations and repeating the steps above, we obtain
Pog = Pig — Pae-

Now all coefficients in (3.7) are expressed in terms of 24 P,;.

Now, corresponding to the remaining 24 P;; are 144 derivatives Pj;;. Applying
d? = 0 to (3.7) yields a system of 88 equations, expressed in terms of the 24 P,; and
122 of the 144 derivatives Pj;,. This system can be solved for Pj;;; in the solution,
all P;;;, are expressed explicitly in terms of 24 F;; and 64 F;;, that are ‘free’.

Let a = (a*) (a = 1,...,24) stand for the 24 remaining Pj;; let b = (0°) (p =
1,...,64) stand for the 64 ‘free’ P;j;. We already have

1

dw' = —=
w 2

Clrp(a)w’ A Wk, (A1)
da® = F(a,b)w’, (A.2)

for some real analytic functions Fy* and C, satistying C%; + Cy; = 0.

Now compute the exterior derivatives
d(F¥(a,b)w"), a=1,...,24,

and take into account (A.1) and (A.2). From this we obtain 2-forms Q* that are
linear combinations of db” A w' and w' A wi. Let Q* denote the part of Q consisting
of linear combinations of db” A w' only. Replacing db” in O~ by G¥w' defines a linear
map

¢ : Hom(R®, R%) — A?(R%)* @ R**
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at each point of U.

Let [©Q2] denote the equivalence class of (2%) in the cokernel of ¢. One can show
that [©2] must vanish and that its vanishing leads to a system of 35 equations for a
and b. This system can be solved for 12 of the 64 components of b. Apply such a
solution and update a®, b” and the functions F* accordingly.

It is not hard to verify, using Maple™ that the updated a® (o = 1,...,24), V°
(p=1,..,52), C% and F{* satisfy the conditions (A)-(C) in Step 1.

For Steps 2 and 3, calculation shows that the tableaux of free derivatives has
Cartan characters

(Sla 52, 83, 54, S5, 86) = (24, 227 67 Oa 07 0)

and the dimension of its first prolongation
0 =64 < sy + 28y + 353 + 4s4 + bs5 + 6sg = 86.

The cases when, on U, €; and €, take other values follow similar steps. In each
of these cases, the last nonzero Cartan character, computed at a correspond stage,

is s3 = 6.
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Appendix B

Invariants of an Euler-Lagrange System

This Appendix supplements the proof of Proposition 3.4.

We start with the Gi-structure 7 : G; — M of a hyperbolic Monge-Ampere
system (M,Z) (see [BGGO3] or Section 4.1). Assume that Sy = 0 (i.e., the Euler-
Lagrange case).

Recall that the 2 x 2-matrix S; : G — gl(2,R) is equivariant under the G-action.
By (4.5) and (4.6), it is easy to see that, when det(S;(u)) > 0 (resp., det(S1(u)) < 0)
at u € Gy, the same is true for det(S;(u - g)) for all g € Gy, and the matrix S;(u) lies
in the same Gy-orbit as diag(1, 1) (resp., diag(1, —1)).

Now assume that det(S;) > 0 holds on 77'U < G for some domain U <= M.
By the discussion above, we can reduce to a subbundle H < G; defined by S; =
diag(1,1).

It is easy to see that H is an H-structure on U where
0
0
€A

e 0
H = 0 A e=+1, Ae GL(2,R), det(A) =€ c Gy
0 0

is a (disconnected) 3-dimensional Lie subgroup. Let the restriction of 7 : G — M
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to H be denoted by the same symbol .
One can verify that, restricted to H, the 1-forms ¢7 — ¢3, ¢g — P2, ¢5 — ¢ and
¢o in equation (4.1) become semi-basic relative to 7 : H — U. Hence, there exist

functions );; defined on H such that

¢r = 3+ Qrw', s = da + Qi

. . (B.1)
05 = o1 + Qsiw’,  Po = Qoiw’,

where the summations are over ¢ = 0,1,...,4. There are ambiguities in these @);;
as we can modify them without changing the form of the structure equation (4.1).

Using such ambiguities, we can arrange that

Q?l = Q73 = Q62 = Q64 = Q51 = Q52 = Q53 = C254 = 0; (BQ)

the remaining ();; are then determined.

Applying d* = 0 to (4.1) and reducing appropriately, we obtain

d*w' = (Qez — Qoa)w’ A w* A w? mod wh,w?,

2

d*w? (Qoz — Q74)w0 Awd Awt mod wl, w?,

2 4

mod w?, w?,

o
[}

S
w

I

(Qoz + Qe1)w’ A W' A w
d*w* = (—Qo1 — Qr)w’ A w' A w? mod w?, W

This implies that

Qﬁl = _Q027 Q63 = QO4; Q72 = _Q(Jla Q74 = Q03~

Now all coefficients in the structure equation (4.1) are expressed in terms of Q;
(¢ =0,1,...,4) and Qjo (j = 5,6,7). By applying d* = 0 to (4.1), it is not hard to

verify that, reduced modulo w°, w!, ...,w?, the following congruences hold:

Qo Qos \ _ ([ &1 &3 Qo1 Qos B
d( Qo2 Qos ) N ( $2 —h1 ) ( Qo2 Qoa )’ d(Qoo) =0,

Q50 0 ¢3 _¢2 QSO
d QGO = 2¢2 —2¢1 0 Q(jo . (B3)
Q70 _2¢3 0 2¢1 Q?O
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The equations (B.3) tell us how the remaining ();; transform under the action by
the identity component of H. Moreover, it is easy to compute directly from (4.1) to

verify that

Qo1 Qos _ —Qo1  Qos . -
( Qo2 Qos ) (- ho) = < Qo2 —Qoa ) (), Qoo(u - fo) = —Qoo(u),  (B.4)

Qs0 —Qs0
Qoo | (u-ho) = Qoo | (u), ho=diag(-1,-1,1,1,-1)e H
Qo Qo

hold for any u € H.

Note that H is generated by its identity component and hg. Combining (B.3)
and (B.4), it is easy to see that Qo1 Qos — Qo2Qos and |Qqo| are local invariants of the
underlying Euler-Lagrange system.

Moreover, using (B.3) and (B.4), it is easy to see that the H-orbit of
= (G o ) wen

consists of all 2-by-2 matrices with the same determinant as ¢(u). Now we are ready

to prove the

Lemma B.1. Ifdet(q) # 0 on H, then there is a canonical way to define a coframing
on U.

Proof. If the function L := det(q) is nonvanishing on U, one can reduce to the
subbundle H; of H defined by ¢ = diag(L, 1). It is easy to see that each fiber of H;

over U contains a single element. ]

Remark 15. As a result of Lemma B.1, if det(q) # 0 on U, then the corresponding
hyperbolic Euler-Lagrange system has a symmetry of dimension at most 5. This is

a consequence of applying the Frobenius Theorem.
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Now we proceed to complete proving Proposition 3.4. Recall that the coframing
(n%n', ...,n*) and the ¢, in (3.19) verify the equation (4.1), S; = diag(1,1), and
Sy = 0. Moreover, we have chosen the ¢, to satisfy (B.2), where @);; are computed

using (B.1). By (3.19), it is immediate that
Qv =Qu =0, Qn=-Qu=—, Qu=1
00 02 , 01 04 72 03 ,
Qu=1 Q¢u=-1, Q=2

1
Clearly, det(q) = Qo1Qos — Qo2Qo3 = ~3 # 0. By Lemma B.1 and Remark 15,

the hyperbolic Euler-Lagrange system considered in Proposition 3.4 has a symmetry
of dimension at most 5. Since such an Euler-Lagrange system is homogeneous, it

follows that its symmetry has dimension 5.
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