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0 Introduction 

Mukai [M1] showed that there is a nondegenerate symplectic structures on the 
moduli  space of stable vector bundles on a K3 surface. Later Tyurin [T2] stud- 
ied (generalized) symplectic structures on the moduli  space of stable vector bundles 
on any smooth regular surface X with P9 > 0. In the work of  Tyurin, a symplec- 
tic structure means a nonzero regular two form on the moduli spaces, in particular 
it may degenerate. In this paper, we define a Lagrangian subvariety of  the mod- 
uli space to be a subvariety on the Zariski tangent space (at any point) of  which 
the given symplectic two form is identically zero. Note that we do not impose any 
restriction on the dimension of a Lagrangian subvariety. This is because symplec- 
tic structures considered here may degenerate. The purpose of this paper is to use 
Bril l-Noether theory for curves to construct explicit ly a family of Lagrangian sub- 
varieties of  the moduli  space of stable vector bundles on a regular surface with 
pg > 0 .  

Le t .  P/~ be a generically smooth and irreducible component of the moduli  space 
of  Gieseker-stable bundles of rank r + 1 with respect to a fixed polarization D on a 
regular algebraic surface X with p~ > 0. By the boundedness of ..Jf/~ (see [Ma]), after 

possibly twisted by the same negative line bundle . ~  on X,  we can assume that for 
any point [E] C ,//J~, 

(i) E *  is generated by global sections. 
(ii) hl(E *) = hZ(E *) : hi(E) : O. 

(iii) h l (de t  E *) = hZ(det E *) = 0. 
For any point [E] c .//Z. Choose a (r  + 1) dimensional subspace V C H~ 

and consider an evaluation map e v : V | P x  --~ E* .  For  a general V, we can make 
e v degenerate exactly along a smooth curve C C X and coker e v is a line bundle 
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A on C. Therefore E~  induces the following short exact sequences: 

Y.G. Ye 

0 ~ E ~ V * |  v ~ L , 0 

where L = N c / x  | A*. By condition (ii), we see that V* ~ H~ Then it is clear 
that L is base-point-free complete 9~, i.e. L E V~[(C), where d = c2(E). By Porteous' 
formula, C c t det(E*) I. Let d = c2(E). We denote by V~'(C) C W~(C) the space of  
all base-point-free complete linear systems of dimension r and degree d on C. Let 
0 = 9 - (r + 1)(9 + r - d) be the Brill-Noether number. From now on, we fix a 
smooth curve C so constructed. 

Let us also define: 

r( , Vd~(X, C) = { ( C ,  L ' )  [ C '  c [CI is smooth and L '  E V~ C )}. 

Then there is a natural morphism 7r : V~(X, C) -+ ]CI0 c ] C } ,  where ]C[0 consists 
of all smooth curve linearly equivalent to C. 

Let Z~ C V,~(X, C) be the set of  all points (C ~, L ~) E V~'(X, C) such that 
the associated bundle E p = E ( C , U )  is Gieseker-stable with respect to the fixed 
polarization D. Then Z~ is a non-empty Zariski open subet of  VII(X, C) since 
the stability is an open condition and (C, L) E Z~. By associating ( C ' , U )  to 
U = E(C~,U),  we get a wellidefined rational map f : V~'(X,C) -+ .,/~ (see 
Lemma 2.1). 

We will prove the following theorem in this paper. 

Theorem 3.1. Let .  Sly, X ,  C be as above. Let w E H~ M) be the symplectic 
structure obtained from an arbitrary two form w o E H~ as described in [T2]. 
For a generic smooth curve C o E 7r(V~'(X, C)), there is a smooth Zariski open subset 
T~ ( Co) C Wa~( Co) such that f (Ta~( Co) C . P/~ is a smooth Lagrangian subvariety with 
respect to w. 

Let us recall that according to Friedman [Fr],. J/{ is call good if there is an point 
[E] E . .~  such that h2(ad E)  = 0, where ad E is the traceless part of  E | E*.  If 
.~N is good, then it must be generically smooth due to Mukai-Artamkin Criterion (see 
Sect. 1). 

It is necessary to know the dimension of the family of  the Lagrangian subvarieties 
constructed above. The next theorem answers this question and it also tells us when 
fl.r~z~(co) : T~(Co) ~ .~f/. is etale. 

Theorem 3.2. Under the same assumptions as those in Theorem 3.1. 
(1) Let (Co, L0) E V~" ( X ,  C) be a generic point. The codimension of 7r( V f  ( X , C) ) 

in IC[o equals to dimker (#to)  - h2(ad Eo)' where E o = f(Co, Lo) and #Lo is the 
Petri's map for L o. Therefore 7r : V f  (X,  C) --~ [C[o c IC I is dominant if and only if 
there exists a point (Co, Lo) ~ V f  (X, C), dim ker(#L0) = hZ(ad Eo). 

(2) If  0 >-_ O, then. S{ is good if and only if there is a point (Co, L0) E V f ( X ,  C) 
such that War(Co) is smooth of dimension Q around L o. If  ~ >= 0 a n d . / ~  is good, 
then ftT~(co) : T~(Co) ~ "J{ is etale, where T~'(Co) is the open subset of W~(Co) in 
Theorem 3.1. 
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If X is a K3 surface, then ~) >__ 0 holds automatically because in this case 
dim./ /~ = 2~), which is obtained by an easy computation using Riemann-Roch (see 
[L2]). And in this case 14~'(C0) is a Lagrangian subvariety in the usual sense. 

In general the condition that ~) _> 0 is stronger then Bogomolov- Gieseker inequality 
for Chem classes of a stable bundle on an algebraic surface. Since E is D-stable of 
rank r + 1, we have (see [Ll]):  

2 r + 2  

T 

The condition L) > 0 is equivalent to a stronger inequality: 

2r  + 2c2 (E  ) _ c~(E) > 2 r  + 4 + K x �9 C .  
7' 

The left side in the above inequality is stable under tensoring by a line bundle with 
E.  Therefore, if the line bundle .2 /  (see the second paragraph above) we choose is 
too negative, then the above inequality does not hold, i.e., 0 < 0. The real question 
is that if we fix e I and let c 2 be sufficiently large, can we find a negative line bundle 
.~g such that both the conditions ( i ) - ( i i i )  and 0 >- 0 hold'? 

The connections between linear systems on curves and vector bundles on algebraic 
surfaces have been well-known (see ILl]  for an excellent survey). The author obtained 
his ideas for this paper when studying propagation problem on regular surfaces surface 
[Y]. Let C be a smooth curve on a K3 surface X and L be a line bundle on C of 
degree d and h~ = r + 1. Let E = ker (A), where A : H~ Q #x  --+ L is 
an evaluation map. Then E is vector bundle on X of rank r +  1. Lazarsfeld [LI] 
proved that if C is a general number of a linear system IC01 such that C 0 generates 

Pic (X),  then E is simple and 14~'(C) is smooth away from l,V~+l(C) of dimension 
L), where 0 = 9 - (r + 1)(9 + r d) is the Brill-Noether number of L. L e t . / / ' E  is 
irreducible component of the moduli  space of  simple vector bundles that contains [E]. 
An result of Mukai [M1] says that . / /~E is smooth and symplectic of  dimension 20, 
which is twice the dimension of  V~'}'(C). At least iVy'(C) has the right dimension to 
be a Lagrangian subvariety o f . / / ' E .  This is the starting point for this paper. After  we 
finish dealing with K3 surfaces, we realized that the same method applies to any other 
regular surface with P9 > 0. However,  in the case of  an arbitrary regular surface, the 
symplectic structure on the moduli space may degenerate. 

The paper is organized as follow. In the first section, we define symplectic 
structures on a variety, and Lagrangian subvarieties with respect to a symplectic 
structure on that variety. We also review results of  Mukai and Tyurin. The second 
section is about Brill-Noether theory for a family of curves on a regular surface. Most 
of  the materials in that section can be found in [Y]. The last section is devoted to the 
proofs of the main theorems of  this paper, namely, Theorem 3.1 and Theorem 3.2. 
At  the end of this paper, we discuss some problems arising naturally from this paper. 

In this paper, all the schemes are defined over an algebraically closed field k with 
ch(k) = 0. Throughout this paper, X is always a smooth regular surface with P9 > 0, 
and C c X is a smooth curve. Stability in this paper is always in the sense of 
Gieseker with respect to a fixed polarization D on X .  Almost  all of our notations are 
standard. Here are a few that we will use frequently. Other notations will be explained 
as they occur. 
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]r 

QM: 
TM: 

K M or w M: 
T,,~M: 

oY. 

Pg: 
E'*: 

det E:  
c,(E): 

Nc/x: 
g~: 

least r + 1. 

an algebraically closed field with eh(k) = O. 
the cotangent sheave of M. 
the tangent sheave of M.  
the canonical bundle of M. 
the Zariski tangent space to M at a point m c M. 
a symplectic two form on M,  i.e., w E H~ 
the dimension of H~ 
the dual of a vector bundle ET. 
the determinant line bundle of E.  
the i-th Chern class of E. 
the normal bundle of C on X. 

a linear system on a smooth curve C of degree d and dimension at 

6: the Brill-Noether number of g~, i.e., p = 9 - (r + 1)(g + r - d), where 
9 is the genus of C. 

V~(C): tile space of all base-point-free 9"d's on C. Note that V~'(C) is a 
Zariski open subset of W~'(C). 

D: a fixed polarization of X,  i.e., an ample divisor on X.  
.~/r a generically smooth and irreducible component of the moduli space 

of Gieseker-stable bundles with respect to D. 

1 Symplectic structures 

In this section we will briefly review symplectic structures on moduli space of stable 
bundles. Detailed studies of these symplectic structures can be found in [M1] and 
[T2]. 

Let 3,I be a smooth algebraic varieties over k. A (generalized) symplectic structures 
on M is a nonzero skew-symmetric two form ~ E H~ A symplectic 
structures oJ can also be thought of as a non-zero skew-symmetric homomorphism: 

~ : T M  ~ S~M 

w also induces a skew-symmetric pairing: 

u : T ~  X TM --> k .  

We say w is nondegenerate if it is generically invertible when viewed as a bundle 
homomorphism form T M to ~2 M. We say w is everywhere nondegenerate if it 
is invertible at every point. Everywhere nondegenerate symplectic structure in the 
generalized sense is the usual notion of symplectic structure. For example the unique 
everywhere nonzero two form on a K3 defines a everywhere nondegenerate symplectic 
structure on that K3 surface. 

Now given a symplectic structure w C H~ M) on M, a (not necessarily smooth 
or complete) subvariety Y C M is called Lagrangian with respect to o~ if at every 
point y C Y, w(X~, X2)  = 0 for any two vectors X 1 and X 2 in the Zariski tangent 

d im(M) 
space of Y at y. When oJ is everywhere nondegenerate and Y - 2 ' Y must 

be smooth and is a Lagrangian submanifold in the usual sense with respect to w. 
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Let X be a smooth projective regular surface over k, i.e., hI (~x)  = 0. Let .,/~/~ 
be an irreducible component of  the moduli space of stable bundles with respect to a 
fixed polarization D. Consider an arbitrary point [E] in ,//~. Since E is stable, than 
it is, a priori, simple, i.e., H~ | E*) ~ k. Let a d E  be the traceless part of the 
E <9 E*.  Then E @ E* = ad E O d x -  Let us recall the following special case of 
Mukai-Artamkin [MI,  Ar] criterion about the smoothness of ,J//~. 

M u k a i - A r t a m k i n  Cr i te r ion .  l f  H2(adE) = O, then.//~ is smooth at [E] of dimension 
h 1 (E | E*). 

In the case of rank two vector bundle, Donaldson [D] showed that ~J~ is good if 
c I = 0 and c 2 is sufficiently large. Recently Zuo [Z] generalized Donaldson 's  result 
to the case of rank two vector bundles with an arbitrary c I. The higher rank case is 
still open as far as the author's knowledge goes. 

As for symplectic structures on.  ~//~ we have the following theorem of  Mukai [M1] 
and Tyurin [T2]. 

Theorem 1.1 (Mukai Tyurin). There is an homomorphism 7-: 

HO(A2~2x) r ~ HO(A2Q .//~). 

That is, given a nonozero holomorphic two form on X ,  there is a symplectic structure 
on. fg. Moreover, if X is a K3 su;face, the unique symplectic sn'ucture obtained in 
this way is everywhere nondegenerate. 

The above theorem of Mukai-Tyurin can be roughly shown in the following way. 
Consider the product pairing for E @ E*,  

H I ( E | 2 1 5  *) ~ H 2 ( E ~ ) E  *) ~ H2(/ 'x)  (1.1) 

where tr 2 is induced by the trace homomorphism tr : E | E*  --~ ~<x- Any two form 
co o C H ~  induces a homomorphism H2(W~x) -~ k. Therefore for any two form 
co o on X,  we get a pairing: 

H I ( E  @ E *) • HI (E  @ E *) - -~  k 

II H 
rwl,  ~/~ T~E 1./~ ~ k.  

(1.2) 

This pairing gives a simplectic structure co on TIE 1.//~. These symplectic structures at 
various points in . / /2  can be glued together to give a global symplectic structure on 
�9 F/~ (see [M1, T2] for details), 

2 Linear systems on smooth  curves on X 

The purpose of  this section is to review constructions of  the moduli space of  linear 
systems on smooth curves within a given linear system on X .  We will also study its 
relationships with the moduli  space of stable vector bundles over X .  
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Let ,~/~ be a generically smooth and irreducible component of the moduli space 
of stable bundles of rank r + 1 with respect to D. By the boundedness of .J//~ (see 
[Ma]), after possibly twisted by the same very negative line bundle on X,  we can 
assume that for any point [El E .~/, 

(i) E* is generated by global sections. 
(ii) h l ( E  *) = h2(E *) = h i (E)  = 0. 

(iii) h l(det E*)  = h2(det E'*) = 0. 
Since pg > 0, K x is effective. By Serre duality, (ii) implies that h~ = 0. If  X 

is a K3 surface, then the fact that hl(E *) = 0 implies that hi(E) = O. 
Now fix a point [E] E ~H~. Choose a (r + 1) dimensional subspace V C H~ 

and consider an evaluation map ev: 

ev E *  V Q ~  x ~ (2.1) 

For a general V, we can make e v degenerate exactly along a smooth curve C C X 
and coker e v is a line bundle A on C. The dual of (2.1) implies that: 

0 > E ~ V* |  x x L ~ 0 

where L = No~ x | A*. By condition (ii), we see that V* ~ H~ Then it is 
clear that L is base-point-free complete g~, i.e., L C V~}'(C), where d = c2(/~). By 
Porteous' formula, C c I det(E*) I. Therefore we have the following exact sequence: 

0 > E > H ~  ~', L --~ O. (2.2) 

Note that if we don' t  assume that H I ( E )  = 0, then we only have an injective 
homomorphism V* ~ H~ rather than an isomorphism. Because of this L may be 
an incomplete g~. 

From now on we will fix a smooth curve C E I det(E*)l and a base-point-free 
9~ denoted by L on C such that (2.2) is exact. Let g be the genus of C. Since E is 
constructed directly from (C, L), we sometimes denote E by E(C, L). 

Let us define: 

v2 (x ,  c )  = {(c',  L ' ) l d  c ICI is smooth and L' E V~)~'(C')}. 

Fix a (r + 1)-dimensional vector space W. Sometimes it is more convenient to work 
with P~'(X, C), which parametrizes all the triples ( C ,  L ' ,  At), where: 

(1) (C' ,  U) C V~(X, C). 
(2) A t is a surjective homomorphism of gx-sheaves :  

W | g x  x' L '  > --~0 

inducing an isomorphism W TM H~ two such homomorphisms identified if they 
differ only by multiplication by a non-zero scalar. 

P,~(X, C) was first introduced by Lazarsfeld in [L2]. It is clear that P,~(X, C) is 
a natural principal GL (r + 1)-bundle over V,~(X, C). Note that P,~(X, C), therefore 
Vf (X ,  C), is not empty since (C, L, A) E P~'(X, C) for any evaluation map A : 
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H~ | Dx -+ L. Note that it was proved in [L1] that locally V~'(X, C) is birational 
to the Grassmannian bundle Gr (r + 1, p . E )  over the moduli space ,~/d, where E is a 
local universal bundle over .  J/~, and p :. ./d x X ~ . / d  is the projection. 

L e m m a  2.1. There is a suljeetive rational map f Jkom V j ( X ,  C) to .~//~. 

Proof. Let (C t, U ,  A t) be an arbitrary point in P~(X, C). We define E ( C ,  U, A t) = 
ker (At). Note that two different A t 's  give the same vector bundle. For this reason, we 

sometimes simply denote E(C',  L', A t) by E(C',  L t) forgetting the last component. 

Claim. There is a nonempty Zariski open set UI~ of P~'(X, C) such that for every 
(C ' ,  L' ,  A t) c U~' the vector bundle E(C',  L', A t) is stable and it satL~fied conditions 
(i)-(iii) above. 

Proof o]" the claim. For simplicity we let E t = E(C',  L', At). Let Q be the Quot 
scheme of W | ~ x  in the sense of  Grothendieck [Gr]. Q parametrizes all quotients 
of  W | P x .  It is clear that P~'(X, C) is a Zariski open subset of Q. Since Q is a 
fine moduli space, there is an universal quotient sheaf Z on P~'(X, C). Therefore we 
have a natural homomorphism of rcx x p~(x,c) -sheaves: 

A 
0 > ~ ---+ W @#~xx, , (x ,  ~ ~ ~ 0 (2.3) 

where d is the kernel of A. g is the universal kernel bundle of Q. Let P2 be the 
projection of X • P,)'(X, C) to P,}(X, C). Then for any point (C ' ,  U ,  A t) E P~z'(X, C), 
the restriction of d to p21(C,  L', A t) is E ( C ,  L t, At). Therefore, by the openness of 
stability and the semicontinuity theorem, there is a Zariski open set U~ of PS'(X, C) 
such that for every (C t, U ,  A t) c U~ the vector bundle E(C t, U,  A t) is stable and it 
satisfied conditions (i)-(iii) above. Since [E] C US is nonempty, U~) is nonempty. 
This proves the claim. 

For any (C ~, U ,  A t) c U~', let us define 

f ( C  t, L t, A') = E(C t, L t, A'). 

This gives a morphism from U~ to ,  ,//~, hence a rational map from P[~'(X, C) to .,/~/. 

Since different )d 's  give the same bundle E ' ,  the rational map f actually factors 
through V~'(X, C), hence it induces a rational map denoted by f from V~(X, C) to 
. .//~. Since every bundle in .J/d satisfies (i)-(iii) above, every bundle in ../d can be 
constructed from some (C', L') E V~(X, C) via sequence (2.2). Hence the morphism 
f defined above is actually surjective. [] 

By the way it is constructed, U~ consists of all triples (C t, L t, A t) C P~'(X, C) 
such that the associated bundle E(C t, U,  ,V) is stable and (i) and (ii) are satisfied. 

By abuse oa t. notation, we simply assume U~ -= Par(X, C) in the rest of this paper. 
We can define a space similar to Pj'(X, C) in the following way. For a smooth 

curve C, we define P~(C) to be the space that parametrizes the set of all pairs (L, A), 
where 

(1) L is a base-point-free g~ on C. 
(2) A is a surjective bomomorphism of #:c-sheaves: 

W | ~<c :~ ~ L ~ 0 
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inducing an isomorphism W ~ H~ two such homomorphisms identified if they 
differ only by multiplication by a non-zero constant. 

~,,( -r It is clear that P~(C) is a principal GL (r + 1)-bundle over V~ C). To each 
(L,A) E P~(C), we can associate a vector bundle F(L) on C, which is defined 
by F(L) = ker A. For simplicity, we sometimes write F(L) simply as F.  Just as 
P~(X, C), we can realize P~(C) as a Zariski open subset of the Quot scheme for 
W | (;'C. Theorem 5.3 in [Gr] easily implies that following lemma. 

L e m m a  2.2 The Zariski tangent space to P~'(X, C) at a point (C, L, A) (respectively, 
P~'(C) at (L, A)) can be canonically identified with H~ | E*) (respectively, 
H~ | F*)) and the space of obstructions can be identified with HI(L | E*) 
(respectively, H I(L @ F*)). 

The bundles E(C, L) and F(L) will play very important roles in what follows. It 
is worthwhile to see how they are related (see [Y] for details). 

First of all, we have the following exact sequence: 

0 ~ F ' H~ L)| ~'~ L , O. (2.4) 

It is easy to derive from (2.2) and (2.4) that we have the following exact sequence: 

0 ---+ L |  > E @ f b ,  ~ F ~ 0. (2.5) 

Taking duals of  the above sequence, we get: 

0 > F*  c~ > E * @ ~ c  ~ L * |  ~ 0 (2.6) 

where c~* is the dual of  c~ in (2.5). There is a natural commutative diagram: 

P,i(x, c )  > IC l  

,l 
71- 

v2(x, c )  , I c l  

(2.7) 

where 7r is defined by forget the last two components of  a given triple (C' ,  L' ,  A') E 
Pdr(X, C). We denote the induced/nap from V,~'(X, C) to IC[ also by 7r when there 
is no danger of  confusion. We let p be the projection from P~(X, C) to V~(X, C). 
In these notations, 7r(C, L) = C. The fiber of 7v in P~'(X, C) over a smooth member 
C t c ICI is P~(C'), and the corresponding fiber in V](X, C) is V~[(CO. 

The following diagram will be referred to frequently later in this paper. 

P~(X, 

d 
v2(x, c) 

ICl. 

f 

(2.8) 
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Recall from [Y] that we say a linear system L on C propagates if 7r is dominant 
around the point (C, L), and it propagates infinitesimally if the differential of 7r at 
(C, L) is surjective. The problem that when a given linear system propagates is called 
the propagation problem. This problem has been studied by many mathematicians. 
We refer readers to [Y] for a detailed description of the history of the problem. Vector 
bundles E and F constructed above have been proved to be very useful to studies 
the propagation problem and some other problems in algebraic geometry. [L1] is an 
excellent survey article on this vector bundle techniques. However we show in this 
paper that the other way is also fruitful, namely, we can use Brill-Noether theory to 
study vector bundles on surfaces. 

3 Proofs of the theorems 

Now fix a smooth point [E] E.  W/,. As we saw in the previous section, we can assume 
that E satisfies conditions (i)-(iii). Then there is a smooth curve C r I det(E*)l and 
a base-point flee g~ (denoted by L) on C such that E and (C, L) are related via exact 
sequence (2.2). From now on, let us fix a pair (C, L) which gives rise to E = E(C,  L). 

We will adopt the same notations as those in the previous sections. By Lemma 2.1, 
there is a natural rational map f from ~ " ( X ,  C) to .,/Y, such that f ( C ,  L) : E(C,  L). 

The purpose of  this section is to prove the following two theorems. 

Theorem 3.1. Let ./.P/~, X ,  C be as above. Let w E H ~ be the symplectic structure 
obtained from an arbitrary two form w o C H ~  as described in [T2]. For a 
generic smooth curve C o C 7r(V,](X, C)), there is a smooth Zariski open subset 
T~'(Co) C W ~ ( C  o) such that .f(T~(C0)) C .~W~/ is a smooth Lagrangian subvariety 
with respect to w. 

Theorem 3.2. Under the same assumptions of  Theorem 3.1. 
(1) Let (Co, Lo) E V~] (X ,  C) be a generic point. The codimension of  Tr(V~'(X, C)) 

in IC]o equals to dim ker (#Lo) -- h2(ad Eo), where E o = f(Co,  Lo) and itLo is the 
Petri 's  map for  L o. Therefore 7v : V ~ ( X ,  C) > [Co] C IC] is dominant if and only 
if  there exists a point (Co, Lo) E V~'(X, C), dim ker (#Lo) = h2(ad Eo)" 

(2) I f  ~ >= O, then .,//~ is good i f  and only if  there is a point (Co, Lo) E V f ( X ,  C) 
such that I/VJ(Co) is smooth of  dimension g around L o. I f  ~ >= 0 and. W/~ is good, then 
flT[i(co ) : T~'(C0) ---+ . W/, is etale, where T~(Co) is the open subset of  W~'(Co) in 

Theorem 3.1. 

To prove these two theorems, we need several lemmas and propositions. 
For the proof of  the following proposition, we do not need to assume those 

cohomology to be vanishing as we did in the introduction. 

Proposit ion 3.3. Let E = f ( C ,  L), i.e., E is obtained via sequence (2.2). Let c~ be the 
following pairing: 

HI(E | E*) x HI(E | E*) -~ H2(E | E*) ~ H2(~X). 
Then for  any two Zariski tangent vectors X~ and X 2 in d f , (TL  V f (C) ) ,  we have." 

~(x~, x2)  = o 
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where dr, : TL V([(C) --~ T[E].S/~ = H I ( E  | E *) is the differential of the map defined 
in Lemmas 2.1. 

Proof. Consider the following exact sequence: 

0 ~ E |  > H ~ 1 7 4  ) L |  ~ O. (3.1) 

This above exact sequence is obtained from (2.2) by tensoring E* .  Take cohomology 
on (3.1), we get a coboundary map 00: 

HO(L @ E ,  ) oo> H I ( E  @ E , ) .  (3.2) 

The coboundary map 00 in (3.2) is nothing but the differential of f ,  i.e., d f , .  Consider 
the following rational maps: 

The composed map is denoted by f : P~(C) --+ ~.///~. Let df, : TVa~(C) --+ T.,./~ be 
the differential of f .  The differential of  these maps at the point (C, L, A) are: 

H~ | F*) ~*L) HO(L | E*) af\) HI (E  @ E*)  (3.3) 

where c~  is induced by the homomorphism ct* in (2.6). It is clear that df,  = dr ,  oct* L. 
Therefore for any e E df,(TLV~[(C)) C H I ( E  <9 E*), we can associate a map 
fe : E --+ L, and fe factors through F.  

Now fix a e 0 E df,(TLV~[(C)). Since e 0 comes from df,(TLVdr(C)), .Lo factors 
through F.  Therefore there is map 9e ~ : F -+ L such that f~o = c~ o 9~0, where 
c~ : E --+ F is the canonical homomorphism. 

By abuse of  notations, for a homomorphism h : . ~  ~ . ~  between two d X -  
modules, we denote by h ,  or h* (depending on being covariant or contravariant) 
any other homomorphism induced by h through any algebraic operations, e.g., tensor 
product, taking cohomology, etc. 

From f~0 we can construct a ~x-module  ~4'" that fits into the following commu- 
tative diagram: 

0 ~ E<gE* > H ~ 1 7 4  > E * |  > 0 

T l 
0 ~ E |  ~ ./f'" ~ E |  > O. 

(3.4) 

Taking cohomology of  (3.4), we get: 

o0 
HI(L  @ E*) ~ H~(E | E*) 

l fe O* 

Oe 0 
H l ( E  | E*) ~ HZ(E @ E*) .  

(3.5) 
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By Theorem 9.1 in [Mc], 0~(e) = ao(e0, e), for any e E Hl(e @ E*), where ~0 is 
the following product pairing: 

H I ( E  <g E*) • H~(E @ E*) > H2(E | E*) .  

Therefore by the commutativity of (3.5), we have for any e ~ H t ( E  | E*): 

or(e0, e) = tr z o 0 0 o f%, (e). (3.6) 

Let c~, : E <9 E* --+ F | E* be the map induced by c~ in (2.5). Also let 
[3, : F @ E* -~ F | L* | N c / x  be the map induced by/3 in (2.6). Denote/3, o c~, 
by % Now 9e ~ induces the following commutative diagram: 

HI ( E  | E*) - -  H I ( E  | E*) 

HI ( F  @ E*) > H I ( F  <9 L* @ N c / x )  

H~(L @ E*) , H 1 ( N o / x ) .  

(3.7) 

Claim I. For any e C H~(E@ E*), the following is true: 

c(eo, e) = 609~. ~ o ~,(e) (3.8) 

where (5 : HI (No~x)  -+ HZ(Ux) is a coboundary map associated with the following 
exact sequence: 

0 -+ F x ~ #~x(g) ---, Nc, /x  -~ O. (3.9) 

Proof of Claim 1: Consider the following diagram: 

Ext~(L @ E*, E | E*) 

tr, [ (3.10) 

| 

E x t l ( N c / x ,  #'x) ~ E• | E*,  ~ x )  

where tr ,  is induced by the trace map tr : E | E* --~ (5~x, and/3* is induced by/3. 
Since the trace map admits a splitting, tr ,  is surjective. Let e 2 be the extension class 
of (3.9). Therefore there is an extension class % E Ex t~(K | E*,  E @ E*) such 
that tr ,(%) = /3*(%). Therefore there is an (;x-module . 7  such that the following 
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diagram commutes: 

0 ~ E |  

tr. 

0 ' ~ x  

/2" ~ E * |  L ~ 0 

~ x ( C )  ~ A r c / x  > o 

where the first row of (3.11) gives the extension class e I. 
Now diagram (3.1 1) implies that: 

HI(L  @ IF,*) ~ H I ( N c / x )  

tr  2 

H a ( E Q E * )  ~ g 2 ( r  

(3.12) 

0 0 0 

0 --+ F |  --+ H ~ 1 7 4  * --~ L @ F *  --~ 0 

0 -+ F |  --~ H ~ 1 7 4  * --~ L |  --+ 0 

0 --+ F | 1 7 4  ~ H ~ 1 7 4 1 7 4  --> N c / x  -+ 0 

0 0 O. 

(3.14) 

The above commutative diagram is deduced from sequences (2.4), (2.5) and (2.6). 
Now the above commutative diagram implies that: 

H~ @ F*)  H ' ( F  | F*) 

01 
H~ | E*)  H I ( F  | E*) 

H ~  H I ( F  | L* | N c / x )  

(3.15) 

We see easily now that (3.6), (3.7) and (3.12) imply that for any e C HI(1F, @ E*):  

or(e0, e) = 6 o 9%, o ~(e). (3.13) 

Hence Claim 1 is proved. 
We need one more claim to finish the proof. 

Claim 2. l f  e belongs to df,(TL Vd (C)) C HI (E  | E*), then 7(e) = O. 

Note that the above claim implies the proposition immediately thanks to Claim 1. 
Proof of Claim 2. Consider the following commutative diagram of exact sequences: 
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where c~  is induced by c~ : E --~ F .  As we have seen in (3.3) that c~  can be identified 
as the differential of the embedding map P~(C) ~ P~(X, C) at (L, A) q P~(C). Let 
01 is the ceboundary map Ha(L | E* )  -+ H~(F  | E*).  It is clem" that 01 faclors 

through HI(E @ E*), i.e., 01 = a ,  o d r , .  Hence, after composing with ;3, and a~ ,  
we get: 

#. oa~ o~c =#, o~,od o % .  

Note that /3, o 0i o c ~  = 0, and djT, o ct~ is simply the differential of the map 

f :  P~(C) -~ .,~ at L. Since f factors through V~[(C), an element e C H I ( E  ' | E*)  
belongs to df,(TcV~(C)) C HI(E|  *) if and only if ~ ,oc~ , (e )  = 0, i.e., 2~(e) = 0. 
Hence Claim 2 is proved, so is the proposition. D 

To prove Theorem 3.1 we need two additional lemmas. 

L e m m a  3,4. There is a smooth curve C O E ICI and a smooth nonempU Zariski open 
subset T~}(Co) C V~(C o) such that for every L o ~ T~'(Co), dJ, : TLoT~(Co) 
TEof(T~'(Co)) is surjective, where E o = f(Co, Lo). 

Proof. By our assumption (ii) at the beginning of Sect, 2, hL(E *) = ha(E *) = O. 
Therefc, re sequence (3.1) implies thal ihe map 0 0 : HI(L ~ E*) --+ H2(E ~ E*) 
is isomorphic. Since . / #  is smooth at [E], Pd~(X, C) is smooth at (C, L, A) for any 
evaluation map A by Lemma 2.2. The generic smoothness theorem [Ha, Corollary 
10,7, Chap. III] for ~r : P~'(X, C) ---, 7r(P~(X, C)) C IC[ impties that there is a smooth 
curve C o c ]C] such that V[(C o) is generically smooth. Then lhe generic smoothness 
theorem for f : Vd(Co) ~ f(V~'(Co) ) C . / #  implies the lemma immediately. [] 

Proof of Theorem 3.1. Theorem 3.1 is an immediate consequence of Proposition 3,3 
artd L e m m a  3,4. 

Proof of Theorem 3.2. Sequence (2.6) for any pair (C, L) induces the following short 
exact sequence: 

0- - - - ,  L ~ F *  ~ L |  ~ Nc /x  ; O. (3.16) 

The associated homomorphism H~ | E*) --, H~ ) is nothing but the 

differential of ~c (see (2,7)) at the point (C, L, ),), where A : H~ | 2 1 5  --~ L 
is an evaluation map. 

S i n c e , / {  is generically smooth, so does V~'(X, C) as we proved in Lemma 3.4. 
By Generic Smoothness Theorem, co-dimension of rc(V~'(X, C)) is the same as the 
co-dimension of the image of dTr, I~co,co/ for a generic point (C o, Lo) E V~(X, C). 
Let F o = F(Lo) , and E o = E(Co, Lo). However  the codimension of dTr, l(Co,Lo ) is: 

codimension of im (&r,l(Co,Lo)) = h~(Lo | F~) + h~(Nc/x) - h~(L | E~) 
by the exactness of  the corresponding sequence (3.16) for (Co, Lo). 

By candition ~ii) at tlae beginnir~g o~ Sect. 2, h) (E~)  = h,2(E~) = 0. Now sequence 
(3.1) for (Co, L0) implies that hl(Lo | E~) = h2(Eo | E~)  = h2(ad E0) + h2(dx) ,  
By the condition (iii) in Sect. 2, hl(dx(Co)) = 0. Now sequence (3.9) for the curve 
C o gives h2(/r = hl(Nco/x). By the way F 0 is defined (see the corresponding 
exact sequence (2.4) for Lv), i~ is c~ear that 

ker #L0 ~ H~ @ L~ | we0) g HI(Lo | F~)* 
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where #f0 is the Petri 's  map for L 0. Therefore the codimension 7c(V~'(X, C)) is 

dim ker (#co) - h2(ad E0) for a generic point (Co, L0). This implies the first part of 
Theorem 3.2. 

Let us now prove the second part of  Theorem 3.2. When 0 >_- 0, the morphism 
7c : V~(X, C) --~ ]C] is dominant by the existence theorem of Kleinman and Laksov 
[KL]. By what we just prove, for a generic (Co, L 0) E V2(X, C), dim ker (#L0) = 

h2(ad E0). Note that War(Co) is smooth of dimension ~ around L 0 if and only if 
ker (/ZL0) = 0 (see [ACGH p. 198]). Therefore if 0 => 0, then ./f/~ is good if and only 
if there is a point (Co, L0) E V~'(X, C) such that W~(C o) is smooth of dimension 0 
around L 0. 

Finally, we have to show that when ~ = 0, fiT,(Co) --' '~/{ is etale. By shrinking 

T~'(Co) if necessary, this is equivalent to showing that the differential df, IT~(Co~ is 

an isomorphic. By Lemma 3.4, we can make dr, IT~(Co) surjective. Let L o C T~(C o) 
be an arbitrary closed point. Denote by df, lL ~ the restriction of dr, lTd,(Co) to the 

point L 0 C T~'(C0). Note that dr, If ~ is nothing but the Kodaira-Spencer map 

nCo: TLoW~(Co) --~ HI(Eo G E~). This map was originally introduced by Tyurin 
[T1] when he studied propagation problem on a K3 surface. As we saw in formula 
(5.34) of [Y] that 

dim ker (df, [L0) ~- h~ | Lg | Nco/x) + 1 - h~ | Eg). (3.17) 

We should point out that (5.34) of  [Y] was proved for a K3 surface. But the same is 
true for any regular surface X if we replace a~ c by No~ x. 

Since E is stable, hence it is simple, i.e., h~ | E~) = 1. Therefore (3.17) 
implies that d imker  (df, lLo) = h~ | L~ | Nco/X ). 

Since pg > O, h~ | n~ | Nco/X) <= h~ | L~ | ceco) = d imker  (Pno)" 
Therefore 

dimker  (df, lLo) < dimker  (ItL0) = 0. (3.18) 

Hence df, lLo is also injective, Therefore df, lL ~ is in fact isomorphic. Since L 0 is 

an arbitrary point in T~(Co), df, lL),(co) is isomorphic. Hence flT~'(Co) is etale. This 
finishes the proof of the second of Theorem 3.2. Hence we are done. [] 

Remarks. (1) We have shown above that if 0 > 0, then f is et~ile on T~(C0). We 
would hope that it is actually isomorphic. We have no idea how to prove or disprove it. 

(2) In fact, what we have done above can be generalized to moduli space of simple 
vector bundles. Even though for simple vector bundles there is no boundness result, 
Theorem 3.1 and Theorem 3.2 still hold locally around a point in the moduli space. 

(3) Tyurin [T2] also studied Poisson structures on the moduli space of simple 
vector bundles on a regular surface X with h~  > 0. We believe that we 
can get a result similar to Theorem 3.1 about the Poisson structures using the same 
techniques in this paper. 

(4) It is known [M2] that if gcd (r + l, C .  D, 9 + r -  d) = 1, the moduli s p a c e . / ~  
is actually compact, However, the Lagrangian subvarieties constructed in this paper 
are not compact due to the facts that not every ( C ,  U )  gives a stable bundle and not 
every 9~ is base-point-free. It would be very interesting to know how to extend the 
map f to those points (C ~, U )  where either U is not free, or E(C,  U) is not stable 

, with respect to the fixed polarization D. 
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(5) A ques t ion  re la ted  to (4) is under  wha t  condi t ions ,  a g iven  pa i r  (C,  L),  i.e., a 
smoo th  cu rve  on X toge the r  with  a base -po in t  free g T g ives  a s table  bund le  E(C, L) 

d ' 

on X wi th  respect  to a f ixed po la r i za t ion  D.  Lazars fe ld  [L2] gives a suff ic ient  
cond i t ions  for  E ( C , L )  to be s imple,  namely ,  ICI con ta ins  no  reduc ib le  m e m b e r .  
Obv ious ,  there  are some  inequal i t ies  i nvo lv ing  Che rn  n u m b e r s  of  E(C, L) have  to be 
satisfied. 

Acknowledgements. The author is grateful to his advisor David Morrison for encouragement and 
guidance. He also thanks Robert McLean for interesting discussions, and the referee for pointing out 
some inconsistencies in an earlier version of this paper. 

References 

[AGGH] 

JAr] 
[DJ 

[Fr] 

[Gr] 

[Ha] 
[KL] 

ILl] 

[L2] 

[Ma] 

[Mc] 
[MI] 

[M2] 

[TI] 

[T21 

[Y] 

[Z] 

Arbarello, E., Cornalba, M., Griffiths, P.A., Harris, J.: Geometry of algebraic curves, I. 
Berlin Heidelberg New York. Springer 1985 
Artamkin, I.V.: On deformations of sheaves. Math. USSR, Izv. 32 660-665, (1989) 
Donaldson, S.K.: Polynomial invariants for smooth four-manifolds. Topology 29 257-315 
(1990) 
Friedman, R.: Rank two vector bundles over regular elliptic surfaces. Invent. Math. 96, 
283-332 (1989) 
Grothendieck, A.: Techniques de construction et th6orbmes d'existence en g6om&rie 
alg6brique IV: Les schdmas de Hilbert. Sdmin. Bourbaki 13 No. 221 (1960/61) 
Hartshorne, R.: Algebraic goemetry. Berlin Heidelberg New York: Springer 1977 
Kleiman, S.; Laksov, D.: On the existence of special divisors, Am. J. Math. 94 431--436 
(1972) 
Lazarsfeld, R.: A Sampling of vector bundle techniques in the study of linear series. In: 
Cornalba, M. et al. (eds.) Lectures on Riemann surfaces, pp. 500-559. (Preprint, Teaneck, 
NJ: World Scientific 1989) 
Lazarsfeld, R.: Brill-Noether theory without degenerations. J. Differ. Geom. 23, 299-307 
(1986) 
Maruyama, M.: Stable vector bundles on an algebraic surface. Nagoya Math. J. 58, 25-26 
(1975) 
MacLane, S.: Homology. Berlin Heidelberg New York: Springer 1963 
Mukai, S.: Symplectic structure of the moduli space of sheaves on an abelian or K3 surface. 
Invent. Math 77, 101-116 (1984) 
Mukai, S.: On the moduli space of bundles on K3 surfaces. I. In: Vector bundles on 
algebraic varieties. International Colloq., Bombay, pp. 341-413 London: Oxford University 
Press 1987 
Tyurin, A.N.: Cycles, curves and vector bundles on an algebraic surface. Duke Math. J. 
54 1-26 (1987) 
Tyurin, A.N.: Symplectic structures on the varieties of moduli of vector bundles on 
algebraic surface with P9 > 0. Math. USSR. Izv. 33 (no. 1), 139-177 (1989) 
Ye, Y.G.: Infinitesimal Harris-Mumford problem on smooth algebraic varieties. (Preprint 
1990) 
Zuo, K.: Generic smoothness of the moduli space of rank two stable bundles over algebraic 
surfaces. Math. Z. 207, 629-643 (1991) 


