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0 Introduction

Mukai [M1] showed that there is a nondegenerate symplectic structures on the
moduli space of stable vector bundles on a K3 surface. Later Tyurin [T2] stud-
ied (generalized) symplectic structures on the moduli space of stable vector bundles
on any smooth regular surface X with p, >0. In the work of Tyurin, a symplec-
tic structure means a nonzero regular two form on the moduli spaces, in particular
it may degenerate. In this paper, we define a Lagrangian subvariety of the mod-
uli space to be a subvariety on the Zariski tangent space (at any point) of which
the given symplectic two form is identically zero. Note that we do not impose any
restriction on the dimension of a Lagrangian subvariety. This is because symplec-
tic structures considered here may degenerate. The purpose of this paper is to use
Brill-Noether theory for curves to construct explicitly a family of Lagrangian sub-
varieties of the moduli space of stable vector bundles on a regular surface with
py > 0.

Let . #Z be a generically smooth and irreducible component of the moduli space
of Gieseker-stable bundles of rank r + 1 with respect to a fixed polarization D on a
regular algebraic surface X with p g > 0. By the boundedness of .Z (see [Ma]), after
possibly twisted by the same negative line bundle .7 on X, we can assume that for
any point [F] € .7,

(i) E* is generated by global sections.

(i) h'(E*) = hX(E*) = h'(E) = 0.

(iii) h'(det E*) = h*(det E*) = 0.

For any point [E] € .#. Choose a (r + 1) dimensional subspace V C H(E™),
and consider an evaluation map ey, : V ® “x — E*. For a general V, we can make
ey degenerate exactly along a smooth curve C' C X and coker ey, is a line bundle
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A on C. Therefore E{. induces the following short exact sequences:

0 — E — V*e@r, 5L — 0

where L = N, x ® A*. By condition (ii), we see that V* = HO(L). Then it is clear
that L is base-point-free complete g, i.e. L € V7 (C), where d = ¢,(E). By Porteous’
formula, C € | det(E™)|. Let d = ¢,(E). We denote by V7 (C) C W](C) the space of
all base-point-free complete linear systems of dimension 7 and degree d on C. Let
0 =g —(r+ 1)(g+r — d) be the Brill-Noether number. From now on, we fix a
smooth curve C' so constructed.

Let us also define:

VI(X,C)y={(C",L")| C" € |C] is smooth and L' € V](C")}.

Then there is a natural morphism 7 : V] (X,C) — |C|, C |C|, where |C|, consists
of all smooth curve linearly equivalent to C.

Let Z] C VJ(X,C) be the set of ail points (C, L") € V](X,C) such that
the associated bundle B/ = E(C’, L’y is Gieseker-stable with respect to the fixed
polarization D. Then Z] is a non-empty Zariski open subet of V7(X,C) since
the stability is an open condition and (C,L) € Z]. By associating (C', L") to
E' = E(C',L"), we get a well-defined rational map f : V](X,C) — ./ (see
Lemma 2.1).

We will prove the following theorem in this paper.

Theorem 3.1. Let . #,X,C be as above. Let w € HY(A?$2,,) be the symplectic
structure obtained from an arbitrary two form w, € H YK ) as described in [T2].
For a generic smooth curve C, € m(V](X,C)), there is a smooth Zariski open subset
TI(Cy) C WI(Cy) such that f(T(Cy) C . Z is a smooth Lagrangian subvariety with
respect 10 w.

Let us recall that according to Friedman [Fr], . Z is call good if there is an point
[E] € .# such that h*(ad E) = 0, where ad E is the traceless part of E® E*. If
-# is good, then it must be generically smooth due to Mukai-Artamkin Criterion (see
Sect. 1).

It is necessary to know the dimension of the family of the Lagrangian subvarieties
constructed above. The next theorem answers this question and it also tells us when
f[T(-;(CO) 1 TJ(Cy) — A is etale.

Theorem 3.2. Under the same assumptions as those in Theorem 3.1.

(1) Let (Cyy, Ly) € Vi (X, C) be a generic point. The codimension of m(V (X, C))
in |C|y equals to dimker (u; ) — h*(ad Ey), where Eq = f(Cy, L) and py, is the
Petri’s map for Ly. Therefore w : V](X,C) — |Cly C |C| is dominant if and only if
there exists a point (Cy, Ly) € V] (X, C), dim ker(pp ) = h*(ad E).

(2) If 0 2 0, then . # is good if and only if there is a point (Cy, Ly) € V] (X, C)
such that WJ;(Cy) is smooth of dimension ¢ around Ly. If 0 2 0 and . # is good,
then f lTﬂCo) 1 TI(Cy) — A is etale, where T} (Cy) is the open subset of W7 (Cy) in
Theorem 3.1.
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If X is a K3 surface, then ¢ 2 0 holds automatically because in this case
dim. # = 2p, which is obtained by an easy computation using Riemann-Roch (see
[L2]). And in this case W;(C})) is a Lagrangian subvariety in the usual sense.

In general the condition that ¢ 2 0 is stronger then Bogomolov- Gieseker inequality
for Chern classes of a stable bundle on an algebraic surface. Since F is D-stable of
rank r + 1, we have (see [L1]):

2r +2

e(B) 2 cA(E).

The condition ¢ = 0 is equivalent to a stronger inequality:

2r+2

NE) =B = 2r+4+ K, - C.

The left side in the above inequality is stable under tensoring by a line bundle with
E. Therefore, if the line bundle .7 (see the second paragraph above) we choose is
too negative, then the above inequality does not hold, i.e., o < 0. The real question
is that if we fix ¢, and let ¢, be sufficiently large, can we find a negative line bundle
.# such that both the conditions (i)—(iii) and ¢ 2 0 hold?

The connections between linear systems on curves and vector bundles on algebraic
surfaces have been well-known (see [L.1] for an excellent survey). The author obtained
his ideas for this paper when studying propagation problem on regular surfaces surface
[Y]. Let C be a smooth curve on a K3 surface X and L be a line bundle on C of
degree d and h%(L) = r + 1. Let E = ker (), where A\ : HY(L) ® <y — L is
an evaluation map. Then F is vector bundle on X of rank r + 1. Lazarsfeld [L1]
proved that if C' is a general number of a linear system |C,| such that C;, generates
Pic (X), then £ is simple and W (C) is smooth away from W;“(C) of dimension
o, where ¢ = g — (r + 1)(g + r — d) is the Brill-Noether number of L. Let . 7, is
irreducible component of the moduli space of simple vector bundles that contains [E].
An result of Mukai [M1] says that . /7 is smooth and symplectic of dimension 2p,
which is twice the dimension of W[ (C'). At least W7 (C) has the right dimension to
be a Lagrangian subvariety of . /. This is the starting point for this paper. After we
finish dealing with K3 surfaces, we realized that the same method applies to any other
regular surface with p, > 0. However, in the case of an arbitrary regular surface, the
symplectic structure on the moduli space may degenerate.

The paper is organized as follow. In the first section, we define symplectic
structures on a variety, and Lagrangian subvarieties with respect to a symplectic
structure on that variety. We also review results of Mukai and Tyurin. The second
section is about Brill-Noether theory for a family of curves on a regular surface. Most
of the materials in that section can be found in [Y]. The last section is devoted to the
proofs of the main theorems of this paper, namely, Theorem 3.1 and Theorem 3.2.
At the end of this paper, we discuss some problems arising naturally from this paper.

In this paper, all the schemes are defined over an algebraically closed field £ with
ch(k) = 0. Throughout this paper, X is always a smooth regular surface with p, > 0,
and C C X is a smooth curve. Stability in this paper is always in the sense of
Gieseker with respect to a fixed polarization D on X. Almost all of our notations are
standard. Here are a few that we will use frequently. Other notations will be explained
as they occur.
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k: an algebraically closed field with ch(k) = 0.
{2,;: the cotangent sheave of M.
T, the tangent sheave of M.
K or wy,: the canonical bundle of M.
T M: the Zariski tangent space to M at a point m € M.
w: a symplectic two form on M, i.e., w € HY(A*2,,).
p,: the dimension of H(K y).
E*: the dual of a vector bundle E.
det E: the determinant line bundle of E.
¢,(F): the i-th Chern class of F.
N¢,x: the normal bundle of C' on X.
gy: a linear system on a smooth curve C' of degree d and dimension at
least r + 1.
o: the Brill-Noether number of g7, ie., o = g— (r+ 1)(g+r —d), where
g is the genus of C.
V7 (C): the space of all base-point-free g"d’s on C. Note that V(C) is a
Zariski open subset of W7(C).
D: a fixed polarization of X, i.e., an ample divisor on X.
.7%4: a generically smooth and irreducible component of the moduli space
of Gieseker-stable bundles with respect to D.

1 Symplectic structures

In this section we will briefly review symplectic structures on moduli space of stable
bundles. Detailed studies of these symplectic structures can be found in [Ml} and
{T2].

Let M be a smooth algebraic varieties over k. A (generalized) symplectic structures
on M is a nonzero skew-symmetric two form w € HYA202,,). A symplectic
structures w can also be thought of as a non-zero skew-symmetric homomorphism:

w also induces a skew-symmetric pairing:
wiTy xTy —k.

We say w is nondegenerate if it is generically invertible when viewed as a bundle
homomorphism form T, to (2,,. We say w is everywhere nondegenerate if it
is invertible at every point. Everywhere nondegenerate symplectic structure in the
generalized sense is the usual notion of symplectic structure. For example the unique
everywhere nonzero two form on a K3 defines a everywhere nondegenerate symplectic
structure on that K3 surface.

Now given a symplectic structure w € H(A2$2 ) on M, a (not necessarily smooth
or complete) subvariety Y C M is called Lagrangian with respect to w if at every
point ¥ € Y,w(X,,X,) = 0 for any two vectors X, and X, in the Zariski tangent
dim(M)

2

space of Y at y. When w is everywhere nondegenerate and ¥ = , Y must

be smooth and is a Lagrangian submanifold in the usual sense with respect to w.
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Let X be a smooth projective regular surface over k, ie., h'(© x) =0. Let . Z
be an irreducible component of the moduli space of stable bundles with respect to a
fixed polarization 1. Consider an arbitrary point [FE]} in ./#. Since E is stable, than
it is, a priori, simple, i.e., H%(F ® E*) = k. Let adE be the traceless part of the
E @ E*. Then E® E* = ad E ® . Let us recall the following special case of
Mukai-Artamkin [M1, Ar] criterion about the smoothness of . #.

Mukai-Artamkin Criterion. If H>(adE) = 0, then . 7 is smooth at | E] of dimension
hYW(E & E*).

In the case of rank two vector bundle, Donaldson [D] showed that .7 is good if
¢, = 0 and ¢, is sufficiently large. Recently Zuo [Z] generalized Donaldson’s result
to the case of rank two vector bundles with an arbitrary ¢;. The higher rank case is
still open as far as the author’s knowledge goes.

As for symplectic structures on .7 we have the following theorem of Mukai [M1]
and Tyurin [T2].

Theorem 1.1 (Mukai-Tyurin). There is an homomorphism T
HY (A2 ) - HOA’R2 ).

That is, given a nonozero holomorphic two form on X, there is a symplectic structure
on . 7%. Moreover, if X is a K3 surface, the unique symplectic structure obtained in
this way is everywhere nondegenerate.

The above theorem of Mukai-Tyurin can be roughly shown in the following way.
Consider the product pairing for £ ® E*,

2
H(E®E*)x H(E® E*) — HXE®FE* - HXCyx)  (1.1)

where tr’ is induced by the trace homomorphism tr : E® E* — . Any two form
wy € H(K y) induces a homomorphism H2(¢"y) — k. Therefore for any two form
wy on X, we get a pairing:

HY(E®E*) x HYE® F*) — &k (1.2)
[ |
Tigy 7 Tip # — k.

This pairing gives a simplectic structure w on T 5. #Z. These symplectic structures at

various points in . /Z can be glued together to give a global symplectic structure on
. (see (M1, T2] for details).

2 Linear systems on smooth curves on X

The purpose of this section is to review constructions of the moduli space of linear
systems on smooth curves within a given linear system on X. We will also study its
relationships with the moduli space of stable vector bundles over X.
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Let .Z be a generically smooth and irreducible component of the moduli space
of stable bundles of rank r 4+ 1 with respect to D. By the boundedness of ../ (see
[Ma}), after possibly twisted by the same very negative line bundle on X, we can
assume that for any point [E] € .Z,

(i) E* is generated by global sections.

(i) RI(E*) = h*(E*)=h}{(E)=0.

(iii) h'(det E*) = h*(det E*) = 0.

Since p, > 0, K x is effective. By Serre duality, (ii) implies that RE)=01X
is a K3 surface, then the fact that h'(E£*) = 0 implies that h!(E) = 0.

Now fix a point [E] € .#. Choose a (r + 1) dimensional subspace V C HO(E*),
and consider an evaluation map ey :

Veocy % E* 2.1)

For a general V, we can make e, degenerate exactly along a smooth curve C C X
and coker ey, is a line bundle A on C'. The dual of (2.1) implies that:

where L = Ng/x ® A*. By condition (ii), we see that V* = HOY(L). Then it is
clear that L is base-point-free complete g7, i.e., L € V;(C), where d = ¢,(E). By
Porteous’ formula, C' € | det(E™*)|. Therefore we have the following exact sequence:

0 — E — HI)ory 25 L — 0. (2.2)

Note that if we don’t assume that H'(E) = 0, then we only have an injective
homomorphism V* < HO(L) rather than an isomorphism. Because of this L. may be
an incomplete g;.

From now on we will fix a smooth curve C € |det(E™)| and a base-point-free
gy denoted by L on C such that (2.2) is exact. Let g be the genus of C. Since E is
constructed directly from (C, L), we sometimes denote E by E(C, L).

Let us define:

VI(X,0)={(C', Ly C" € |C] is smooth and L' € V;(C"}.
d e

Fix a (r + 1)-dimensional vector space W. Sometimes it is more convenient to work
with P} (X, C), which parametrizes all the triples (C’, L', X), where:

(1) (€', L') € V{(X,C).

(2) X is a surjective homomorphism of 7y -sheaves:

W®ry 2o I =0

inducing an isomorphism W = H%(L'), two such homomorphisms identified if they
differ only by multiplication by a non-zero scalar.

Pj(X,C) was first introduced by Lazarsfeld in [L2]. It is clear that PJ(X, C) is
a natural principal GL (r + 1)-bundle over V] (X, C). Note that P} (X, C), therefore
Vi(X,C), is not empty since (C,L,\) € Pj(X,C) for any evaluation map X :
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H 0(L)®/’//X — L. Note that it was proved in [L1] that locally V] (X, C) is birational
to the Grassmannian bundle Gr (r + 1, p, E) over the moduli space . #, where E is a
local universal bundle over .7, and p:.# x X — . # is the projection.

Lemma 2.1. There is a surjective rational map f from V] (X, C) to .7Z.

Proof. Let (C', L', X') be an arbitrary point in PJ(X,C). We define E(C', L', \') =
ker (X). Note that two different \"’s give the same vector bundle. For this reason, we
sometimes simply denote E(C’, L', X'y by E(C’, L') forgetting the last component.

Claim. There is a nonempty Zariski open set U] of PJ(X,C) such that for every
(C', L', XN) € U] the vector bundle E(C', L', \') is stable and it satisfied conditions
()—(iily above.

Proof of the claim. For simplicity we let B = E(C',L’,)\). Let @ be the Quot
scheme of W & ¢y in the sense of Grothendieck [Gr]. Q parametrizes all quotients
of W & “y. Itis clear that Pj(X,C) is a Zariski open subset of Q. Since @ is a
fine moduli space, there is an universal quotient sheaf % on Pj(X, C). Therefore we
have a natural homomorphism of P x,o-sheaves:

0 — ¥ — WOl prxe —— ¥ — 0 (2.3)

where ¢ is the kernel of A. ¢ is the universal kernel bundle of Q). Let p, be the
projection of X x P7(X, C) to P7(X, (). Then for any point (C’, L', \) € PJ(X, C),
the restriction of ¢ to p{l(C’7 L', Xy is E(C’, L', N). Therefore, by the openness of
stability and the semicontinuity theorem, there is a Zariski open set U] of PJ(X,C)
such that for every (C’, L', \') € U} the vector bundle E(C’, L', ') is stable and it
satisfied conditions (i)~(iii) above. Since [E] € U] is nonempty, U] is nonempty.
This proves the claim.
For any (C', L', ) € U}, let us define

' LNy = B L\,

This gives a morphism from Uj to . /Z, hence a rational map from Pj(X,C) to . /.
Since different \”’s give the same bundle F’, the rational map f actually factors
through V7 (X, C), hence it induces a rational map denoted by f from V(X C) to
7. Since every bundle in ./Z satisfies (i)—(ii1) above, every bundle in .# can be
constructed from some (C’, ') € V] (X, C) via sequence (2.2). Hence the morphism
f defined above is actually surjective. [

By the way it is constructed, U consists of all triples (C', L', \) € Pj(X,C)
such that the associated bundle E(C’, L', \’) is stable and (i) and (i) are satisfied.

By abuse of notation, we simply assume U] = P7(X, C) in the rest of this paper.

We can define a space similar to P;(X, C) in the following way. For a smooth
curve C, we define Pj(C) to be the space that parametrizes the set of all pairs (L, \),
where

(1) L is a base-point-free g7, on C.

(2) A is a surjective homomorphism of ”-sheaves:

Wy = L —s 0
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inducing an isomorphism W = H(L), two such homomorphisms identified if they
differ only by multiplication by a non-zero constant.

It is clear that Pj(C) is a principal GL (r + 1)-bundle over V;(C'). To each
(L,\) € Pj(C), we can associate a vector bundle F(L) on C, which is defined
by F(L) = ker A. For simplicity, we sometimes write F'(L) simply as F. Just as
P(X,C), we can realize P;(C) as a Zariski open subset of the Quot scheme for
W ® . Theorem 5.3 in [Gr] easily implies that following lemma.

Lemma 2.2 The Zariski tangent space to P;(X,C) at a point (C, L, \) (respectively,
PI(C) ar (L, X)) can be canonically identified with HYL @ E*) (respectively,
HY(L ® F*)) and the space of obstructions can be identified with H'(L @ E*)
(respectively, H'(L @ F*)).

The bundles F(C, L) and F(L) will play very important roles in what follows. It
is worthwhile to see how they are related (see [Y] for details).
First of all, we have the following exact sequence:

0 — F — HU@L)®@Os 25 L — 0. (2.4)
It is easy to derive from (2.2) and (2.4) that we have the following exact sequence:
0 — LONSx — E®C‘; = F — 0. (2.5)

Taking duals of the above sequence, we get:
sk
0 — F* % B*eci, 5 L*oNgyy — 0 (2.6)
where a* is the dual of « in (2.5). There is a natural commutative diagram:

kis

PiX,C) —— | C| 2.7)

|

VI(X,C) — | C|

where 7 is defined by forget the last two components of a given triple (C', L', \) €
Pj(X,C). We denote the induced map from V] (X, C) to |C| also by m when there
is no danger of confusion. We let p be the projection from P7(X,C) to V (X, ().
In these notations, n(C, L) = C. The fiber of 7 in Pj(X,C) over a smooth member
C' € |C| is P}(C"), and the corresponding fiber in V] (X, C) is V;(C").

The following diagram will be referred to frequently later in this paper.

PIX,0) - oz 2.8)

f
VI(X,C) —— A

P

™

C1-
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Recall from [Y] that we say a linear system L on C propagates if = is dominant
around the point (C, L), and it propagates infinitesimally if the differential of 7 at
(C, L) is surjective. The problem that when a given linear system propagates is called
the propagation problem. This problem has been studied by many mathematicians.
We refer readers to [Y] for a detailed description of the history of the problem. Vector
bundles £ and F' constructed above have been proved to be very useful to studies
the propagation problem and some other problems in algebraic geometry. [L1] is an
excellent survey article on this vector bundle techniques. However we show in this
paper that the other way is also fruitful, namely, we can use Brill-Noether theory to
study vector bundles on surfaces.

3 Proofs of the theorems

Now fix a smooth point [E] € . 7. As we saw in the previous section, we can assume

that E satisfies conditions (i)~(iii). Then there is a smooth curve C € |det(E™)| and

a base-point free g}, (denoted by L) on C such that £ and (C, L) are related via exact

sequence (2.2). From now on, let us fix a pair (C, L) which gives rise to £ = E(C, L).
We will adopt the same notations as those in the previous sections. By Lemma 2.1,

there is a natural rational map f from V] (X, () to ../Z such that f(C, L) = E(C, L).
The purpose of this section is to prove the following two theorems.

Theorem 3.1. Let .74 X, C be as above. Let w € H° be the symplectic structure
obtained from an arbitrary two form w, € H YK x) as described in [T2]. For a
generic smooth curve Cy € w(V](X,()), there is a smooth Zariski open subset
T7(Cy) C WHCy) such that f(I7(Cy)) C # is a smooth Lagrangian subvariety
with respect to w.

Theorem 3.2. Under the same assumptions of Theorem 3.1.

(1) Let (Cy, Ly) € Vi (X,C) be a generic point. The codimension of m(V] (X, C))
in |C|y equals to dim ker (uy )~ h*(ad E,), where Ey = f(Cy, L) and K, is the
Petri’s map for L. Therefore w: V] (X,C) — |Cy| C |C| is dominant if and only
if there exists a point (Cyy, Ly) € V7 (X, C),dim ker (r,) = h%(ad Ey).

(2) If 0 = O, then .72 is good if and only If there is a point (Cy, Ly) € VJ(X,C)
such that Wj(Cy) is smooth of dimension p around Ly. If 0 2 0 and . 72 is good, then
f|T;(co) TGy — . s etale, where T(Cy) is the open subset of W7(Cy) in
Theorem 3.1.

To prove these two theorems, we need several lemmas and propositions.
For the proof of the following proposition, we do not need to assume those
cohomology to be vanishing as we did in the introduction.

Proposition 3.3. Let £ = f(C, L), i.e., E is obtained via sequence (2.2). Let o be the
Jollowing pairing:

2
HYE® E*)x H(E® E*) > H(E® E*) ™5 H*(Cy).
Then for any two Zariski tangent vectors X, and X, in df, (T, V] (C)), we have:
o(X,,X;)=0
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where dfy : TV (C) — Tip # & HY(E® E™) is the differential of the map defined
in Lemmas 2.1.

Proof. Consider the following exact sequence:
0 — E®E* — HI)®@FE* — LQFE* — 0. (3.1)

This above exact sequence is obtained from (2.2) by tensoring E™*. Take cohomology
on (3.1), we get a coboundary map 9,:

HYL ® E¥) 2% H(E o EY). (3.2)

The coboundary map 8, in (3.2) is nothing but the differential of f, i.c., df,. Consider
the following rational maps:

PI(C) - PL(X,0) L 7.

The composed map is denoted by f : Pj(C) — . Let df, : TV](C) — T..7 be
the differential of f. The differential of these maps at the point (C, L, \) are:

HYL® F*) %L HYL @ EY) Y5 H\(E @ E*) (3.3)
where o is induced by the homomorphism o* in (2.6). It is clear that df, = df,oa].
Therefore for any e € df« (T, VI(C)) C H'(E ® E*), we can associate a map
f.E — L, and f, factors through F'.

Now fix a e, € df, (T, V7 (C)). Since e, comes from df, (T V;(C)), fe0 factors
through F. Therefore there is map g, : F' — L such that f, = = a o g, , where
«a: FE — F is the canonical homomorphism.

By abuse of notations, for a homomorphism h : .# — 4 between two (% -
modules, we denote by h, or h* (depending on being covariant or contravariant)
any other homomorphism induced by & through any algebraic operations, e.g., tensor
product, taking cohomology, etc.

From f, we can construct a ¢7y-module ./ that fits into the following commu-
tative diagram:

0 — EQE* — HL)®FE* —s E*®L — 0

T e e

0—— EQE*Y — Va —» E®QFE* —— 0.

Taking cohomology of (3.4), we get:
8
HY(L® E*) —— HXE® E%
[ | 5

O,
H'(E ® E*) — HYE® E*).
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By Theorem 9.1 in [Mc], J, () = oy(ey, €), for any e € H'(e @ E*), where o, is

e
the following product pairing:

HY E®EYYx HW(EQE*) — HYEQE").
Therefore by the commutativity of (3.5), we have for any e € HY(E ® E*):
oley e) = tr’ o (5 ep (e). (3.6)

Let oy : E® E* — F @ E* be the map induced by o in (2.5). Also let
By FOE" - F&L"® N x be the map induced by ( in (2.6). Denote B, o oy
by . Now e, induces the following commutative diagram:

H(E® E*) ==  HYE®FE"
y |

HYF ® E%) 7 HF®L*® Ng,x) 3.7
4 4

B
HYL®E*) — H'(N¢,x)-

Claim 1. For any e € H'(E ® E), the following is true:
a(eq; €) = 8yg,z ©v(e) (3.8)
where § : HY(Ng /x)— H 2( ) is a coboundary map associated with the following
exact sequence:
0 - o — Ox(C) — NC/X - 0. 3.9)
Proof of Claim 1. Consider the following diagram:

Ext\ (L ® E* E® E*)

"*J’ (3.10)

*

8
Eth((NC/Xv//X) E— Ext%(L@E*,/»X)

where tr, is induced by the trace map tr : E® E* — Cy, and B* is induced by f.
Since the trace map admits a splitting, try is surjective. Let e, be the extension class
of (3.9). Therefore there is an extension class e, € Exti (K ® E*, E ® E*) such
that tr,(e,) = B%(e,). Therefore there is an (“y-module .# such that the following
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diagram commutes:

0 — E®QFE* — % — 5 E*QL — 0

fr. J l ﬁ*l (3.11)

0 — &y — Ox(C) — NO/X — 0
where the first row of (3.11) gives the extension class e,.
Now diagram (3.11) implies that:

Bx
HY(L®E*) —— H'(Ng/x)

aol (sl (3.12)

2

HXE@E*) —— HCy)
We see easily now that (3.6), (3.7) and (3.12) imply that for any e ¢ HY(E ® E*):
o(ey,e) =00 ege © y(e). (3.13)

Hence Claim 1 is proved.
We need one more claim to finish the proof.
Claim 2. If e belongs to df (T, VI(C)) C H(E @ E*), then «(e) = 0.

Note that the above claim implies the proposition immediately thanks to Claim 1.
Proof of Claim 2. Consider the following commutative diagram of exact sequences:

0 0 0
{ ! !
0 — F®F* — HYL)® F* — LoF* -0
| | !
0 — F®E* - H\)@C,2E* — LeE* -0 (3.14)
| l 1
0 = FOL*®Ng)x —» HIYQL*@Ng/yx — Ngjx — 0
l | !
0 0 0.

The above commutative diagram is deduced from sequences (2.4), (2.5) and (2.6).
Now the above commutative diagram implies that:

HYL® F*) — HY(F ® F*)

i J

a
HYL @ E*) ——>  HYF®EY (3.15)

| g

H'Ng,x) —— HY(F®L*® Ng/x)
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where o is induced by o : E — F. As we have seen in (3.3) that o} 7 can be identified
as the differential of the embedding map P](C) — PJ(X,C) at (L, )) € PJ(C). Let
9, is the coboundary map HYL ® E*) — HYF ® E*) it is clear that 8, factors

through HYE ® E*), ie., 0, = ay o df*. Hence, after composing with 3, and oF,
we get:

ﬁ*oaloat:ﬁ*oa*odf*oa}i,

Note that 3, o 8, o aj = 0, and df* o af is simply the differential of the map
f PIC)— Z at L. Since f factors through V/(C), an element e € HYE ® E*)
belong< to df (T VI(C)) ¢ H(E®E*Yif and only if B, 0a.(e) =0, ie, y(e) =
Hence Claim 2 is proved, so is the proposition. [

To prove Theorem 3.1 we need two additional lemmas.

Lemma 3.4. There is a smooth curve Cy € |C\ and a smooth nonempty Zariski open
subset Tj(Cy) C Vi(Cy) such that for every L, € Tj(Cy). dfy : TLUTJ(C’O) —
TEOf(T(;(CO)) is surjective, where Iy = f(Cy, Ly).

Proof. By our assumption (if) at the beginning of Sect. 2, h'(E*) = hX(E*) = 0.
Therefore sequence (3.1) implies that the map ¢, : H(L ® E*) — H*(E @ E*)
is isomorphic. Since ../Z is smooth at [F], PJ(X,C) is smooth at (C, L, A) for any
evaluation map A by Lemma 2.2. The generic smoothness theorem [Ha, Corollary
10.7, Chap. II1] for 7 : Pj(X,C) — n(Pj(X,(C)) C |C| implies that there is a smooth
curve C,, € |C] such that V] (Cy) is generically smooth. Then the generic smoothness
theorem for f : V;(Cy) — f(V(Cy)) C . # implies the lemma immediately. [J

Proof of Theorem 3.1. Theorem 3.1 is an immediate consequence of Propasition 3.3
and Lemma 34, (O

Proof of Theorem 3.2. Sequence (2.6) for any pair (C, L) induces the following short
e€xact sequence:

0 — L®F" — L®E" — Ngyx — 0. (3.16)

The associated homomorphism H°(L ® E*) — HO(NC/X) is nothing but the
differential of =« (see (2.7)) at the point (C, L, N), where A : HY(I)y® v — L
is an evaluation map.

Since . /Z is generically smooth, so does V' (X, C) as we proved in Lemma 3.4.
By Generic Smoothness Theorem, co-dimension of m(V] (X, C)) is the same as the
co-dimension of the image of Clﬂ'*lﬁCD‘ Loy for a generic point (Cy, Loy € Vi(X,C).
Let Fy, = F(L), and E, = E(CY, Lyy). However the codimension of dry |, 1, 18t

codimension of im (dr |z, r,0) = k' (Lo ® F) + hl(NC %) — (L ® Ef)
by the exactness of the correspondmg sequence (3 16) for (CO, Ly).

By condition (i1} at the begmnmc of Sect. 2, } (EO y= h2(50 y = 0. Now sequence
(3.1) for (Cy, Ly) implies that hl (L0 ®Ef) = hZ(EO ® Ef) = h3(ad Ey) + h* ().
By the condition (iii) in Sect. 2, h1(~ (Cy)) = 0. Now sequence (3.9) for the curve
Cy gives h*(7y) = h! (Ng, /);) By the way Iy is defined (see the corresponding
exact sequence (2.4) for LD) it 18 clear that

ker pu, = HU(Fy @ L§ ®wg) = H'(Ly® Fy)*
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where pr, is the Petri’s map for L,. Therefore the codimension m(V;j(X,()) is
dimker (u Lo) — h*(ad E,) for a generic point (Cy, Ly). This implies the first part of
Theorem 3.2.

Let us now prove the second part of Theorem 3.2. When ¢ 2 0, the morphism
7 V](X,C) — |C]| is dominant by the existence theorem of Kleinman and Laksov
[KL}. By what we just prove, for a generic (C, L) € V] (X, C),dimker (1r,) =
h*(ad E,). Note that W} (C,) is smooth of dimension g around L, if and only if
ker (u Lo) = 0 (see [ACGH p. 198]). Therefore if ¢ = 0, then .7 is good if and only
if there is a point (Cy, Ly) € V] (X, C) such that Wj(C) is smooth of dimension g
around L.

Finally, we have to show that when ¢ = 0, f lT;(Co) — ./ is etale. By shrinking

T7(Cy) if necessary, this is equivalent to showing that the differential df*’Té’(Co) is
an isomorphic. By Lemma 3.4, we can make df*ng(Co) surjective. Let Ly € T7(Cy)
be an arbitrary closed point. Denote by df| L, the restriction of df*\Tg(co) to the
point Ly € Tj(Cy). Note that df,| L, is nothing but the Kodaira-Spencer map
Kyt T, Wa(Cy) — H Y(E, ® EJ). This map was originally introduced by Tyurin

[T1] when he studied propagation problem on a K3 surface. As we saw in formula
(5.34) of [Y] that

dimker (dfy| ) = h°(Fy @ L @ Ney jx) + 1= BBy ® Ep). (3.17)

We should point out that (5.34) of [Y] was proved for a K3 surface. But the same is
true for any regular surface X if we replace w- by N /X

Since E is stable, hence it is simple, ie., h%E, ® Eg) = 1. Therefore (3.17)
implies that dimker (df, |, ) = h%(F, ® L§ @ Ng,/x).
Since p, > 0, h%(F, @ Ly @ Ny x) S R(F, @ L§ @ we,) = dimker (uy, ).
Therefore
dim ker (df*|LU) < dim ker (np)=0. (3.18)

Hence df| L, 1s also injective. Therefore df | L, is in fact isomorphic. Since Lj is
an arbitrary point in T7(C;), df*lT(}'(C’O) is isomorphic. Hence f 1T£(CO) is etale. This
finishes the proof of the second of Theorem 3.2. Hence we are done. [

Remarks. (1) We have shown above that if p 2 0, then f is etdle on T(C). We
would hope that it is actually isomorphic. We have no idea how to prove or disprove it.

(2) In fact, what we have done above can be generalized to moduli space of simple
vector bundles. Even though for simple vector bundles there is no boundness result,
Theorem 3.1 and Theorem 3.2 still hold locally around a point in the moduli space.

(3) Tyurin [T2] also studied Poisson structures on the moduli space of simple
vector bundles on a regular surface X with A%(—Ky) > 0. We believe that we
can get a result similar to Theorem 3.1 about the Poisson structures using the same
techniques in this paper.

(4) It is known [M2] that if ged (r+1,C - D, g+ r —d) = 1, the moduli space . #Z
is actually compact. However, the Lagrangian subvarieties constructed in this paper
are not compact due to the facts that not every (C’, L’) gives a stable bundle and not
every ¢} is base-point-free. It would be very interesting to know how to extend the
map [ to those points (C’, L’) where either L’ is not free, or E(C’, L) is not stable

-with respect to the fixed polarization D.
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(5) A question related to (4) is under what conditions, a given pair (C, L), i.e., a
smooth curve on X together with a base-point free g, gives a stable bundle E(C, L)
on X with respect to a fixed polarization D. Lazarsfeld {L2] gives a sufficient
conditions for E(C, L) to be simple, namely, |C| contains no reducible member.
Obvious, there are some inequalities involving Chern numbers of E(C| L) have to be
satisfied.
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