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Abstract

This dissertation studies operations management problems in service operations and

supply chains, analyzing the impact of strategic customers and disruptive technolo-

gies. We investigate three problems, and insights from the study of each one illumi-

nate the effect of information and/or strategic customer behavior on decision makers

in operations management systems.

The first problem involves the strategic routing behavior of customers in a service

network with multiple stations, when customers can choose the order of stations that

they visit. We propose a two-station game with all customers present at the start of

service and deterministic service times, and we find that strategic customers “herd,”

i.e., in equilibrium all customers choose the same route. For unobservable systems,

we prove that the game is supermodular, and we then identify a broad class of

learning rules—which includes both fictitious play and Cournot best-response—that

converges to herding in finite time. By combining different theoretical and numerical

analyses, we find that the herding behavior is prevalent in many other congested

open-routing service networks, including those with arrivals over time, those with

stochastic service times, and those with more than two stations. We also find that

the system under herding performs very close to the first-best outcome in terms of

cumulative system time.

The second problem relates to a disruptive, on-demand delivery platform who

provides delivery from an independent sit-down restaurant. Food delivery platforms
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maintain a symbiotic relationship with the existing providers in their industry; rather

than “stealing” demand from an established player, these platforms work with restau-

rants to connect customers with the restaurant’s product by providing an additional

purchase channel. We model the restaurant as a queueing system with customer

waiting costs. First, we solve the revenue maximization problem faced by a monop-

olist who controls both the dine-in and delivery prices and receives all revenues from

the system. These results are related to the priority queueing and pricing literature

and are of independent interest. We also demonstrate that a coordination problem

exists between the restaurant and platform. We then investigate means of coordinat-

ing this supply chain via different contracts between the restaurant and the platform.

We find that a two-way revenue-sharing contract coordinates the supply chain.

Finally, our third problem is spawned from an industry collaboration aimed at im-

proving the inventory planning decisions of a company that sells high-tech goods with

short life cycles. We develop a novel heuristic based on a power approximation in the

extant literature. The power approximation computes near-optimal ps, Sq policies for

infinite-horizon inventory problems. We propose a new form of this approximation,

devised using real demand data from our industry partner, and a heuristic based on

the approximation that updates the inventory policy as new demand forecasts are

generated. We evaluate the performance of our heuristic—also on real demand data,

though for a different time period and for different items than were used to fit our

model—and find that it performs quite well.
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1

Introduction

This dissertation studies operations management problems in service operations and

supply chains, analyzing the impact of strategic customers and disruptive technolo-

gies. Advancing technology continually makes available new and more information

to firms and consumers, and as the information structure in a system changes, the

strategic interactions of the stakeholders evolve with it. Previously centralized sys-

tems may become decentralized, or a disruptive party or technology may provide

additional information and options, upending the status quo.

The goal of this work is to provide insights to help managers and consumers adapt

to a world that offers more opportunities to be strategic than ever before, and to

improve the efficiency of the systems that they inhabit. To study such systems, we

employ a variety of analytical techniques from operations management and opera-

tions research, including queueing theory, game theory, and inventory management.

We investigate three problems, and insights from the study of each one illuminate

the effect of information and/or strategic customer behavior on decision makers in

operations management systems. The first problem, which is presented in Chapter 2,

involves the strategic routing behavior of customers in a service network with multiple
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stations, when customers can choose the order of stations that they visit. The

second problem is discussed in Chapter 3, and it relates to a disruptive, on-demand

delivery platform who provides delivery from an independent sit-down restaurant; we

investigate the effects of congestion on customer purchase decisions and the prices

of the restaurant and the platforms. Finally, our third problem is spawned from

an industry collaboration aimed at improving the inventory planning decisions of a

company that sells high-tech goods with short life cycles. We discuss this problem

in Chapter 4, and Chapter 5 concludes.

1.1 Strategic Open Routing

Much research has been devoted to understanding strategic customer behavior in

service systems and other congested networks since the seminal works of Naor (1969)

and Braess (1968), and there has even been some work looking specifically at the

routing of customers in a queueing network, e.g., Cohen and Kelly (1990). My

research on strategic routing contributes to these streams of literature with a new

twist: we study a service network with open routing, i.e., one in which customers

must visit multiple stations, but the order of stations that they visit is up to them.

Examples of open-routing service networks include catered receptions (where cus-

tomers must visit the buffet and the beverage station, in either order) and amusement

parks (where customers visit multiple rides, in any order). In these networks, a given

customer’s system time may be affected by another customer who chose a different

route through the system, as even though the two chose different routes, they still

may visit the same set of stations, just in a different order. The resulting dynamics

reflect a complex interaction between the service and arrival processes of the different

stations in the network. Chapter 2 poses two primary questions: in a service network

with open routing, what can we discover about the routing decisions of customers

whose objective is to minimize the total time that they spend in the network, and

2



what impact will these routing decisions have on efficiency?

In our base model, we study a two-station service network in which all customers

must visit both stations and are present at the start of service availability. Intuitively,

it might seem that customers seeking to minimize their expected system times would

attempt to avoid each other and visit the less-crowded station first. However, our

analysis reveals a surprising “herding” behavior; in any pure-strategy Nash equi-

librium, all customers choose the same route through the network. This behavior

is driven by the need to achieve a favorable position at the congested station. We

also find that the social welfare under herding is within a constant of the optimal

social welfare, and that this constant does not depend on the number of players;

hence, for large systems herding quickly approaches the socially optimal outcome.

By exploiting a key submodularity property of customers’ expected system times,

we establish the robustness of the herding phenomenon in different settings. Among

other results, we show that customers following a broad class of learning rules will

converge to herding over time and that any mixed-strategy Nash equilibria are un-

stable. Finally, we run a simulation study in a more general setting and find that

herding continues to emerge in congested systems with stochastic service times and

arrivals over time. Research in this chapter was supervised by Alessandro Arlotto

and Yehua Wei, and most of the analyses therein have appeared in Arlotto et al.

(2018).

1.2 Service Delivery Platforms

Food delivery platforms maintain a symbiotic relationship with the existing providers

in their industry; rather than “stealing” demand from an established player, these

platforms work with restaurants to connect customers with the restaurant’s product

by providing an additional purchase channel. While this relationship entails cooper-

ation between the platform and the restaurant, there is substantial opportunity for
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misalignment between them. We model the restaurant as an M{M{1 queue with

customer waiting costs. First, we solve the revenue maximization problem faced by

a monopolist who controls both the dine-in and delivery prices and receives all rev-

enues from the system. These results are related to the priority queueing and pricing

literature and are of independent interest. We also demonstrate that a coordination

problem exists between the restaurant and platform, i.e., the system generates less

than the optimal aggregate revenue when the restaurant and platform set their prices

independently. We first demonstrate that a pure-strategy equilibrium exists for the

pricing game played by the restaurant and platform, and then show that in such

an equilibrium the prices can be sub-optimal for the system’s aggregate revenue.

We then investigate means of coordinating this supply chain via different contracts

between the restaurant and the platform. We find that a two-way revenue-sharing

contract coordinates the supply chain. This chapter is written under the supervi-

sion of Pnina Feldman and Robert Swinney, and results from this chapter have also

appeared in Feldman et al. (2018).

1.3 Lost-Sales Inventory for Products with Short Life Cycles

Recently, the pace of innovation in high tech industries has become so rapid that

individual products often have extremely short shelf lives. In such a world, some

of the prevailing assumptions in research on inventory management have become

less applicable to practice. For instance, much of the literature assumes that the

distribution for the demand in a period is (i) known and (ii) stationary over time.

For a product with a life cycle of little more than a year, it is perhaps unlikely that

managers will be able in that time to pin down the true demand distribution, and

just as unlikely that the distribution can be considered stationary over the product’s

lifespan.

We study the inventory management problem faced by a seller of high-tech goods
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whose business is growing rapidly, for help with inventory modeling and planning.

The demand for this company’s products is highly volatile, and an inventory planning

process is required that can scale well along with the scope and scale of the business.

The key challenges are that the demand is nonstationary and difficult to predict,

and also that the company operates in a lost-sales environment. The inventory

problem is thus extremely challenging analytically. Because speed of computation

and adaptability to changing circumstances are both crucial to our industry partner,

we focus on providing a “good,” fast solution rather than an optimal one.

In keeping with this philosophy, we develop a novel heuristic based on the power

approximation developed in Ehrhardt (1979, 1984). The power approximation com-

putes near-optimal ps, Sq policies for infinite-horizon inventory problems. It is a

static approximation that assumes stationary demand. We propose a new form of

the power approximation, devised using real demand data from our industry partner,

and a heuristic based on the approximation that updates the inventory policy as new

demand forecasts are generated. We evaluate the performance of our heuristic—also

on real demand data, though for a different time period and for different items than

were used to fit our model—and find that it performs quite well. We also provide

a GUI-based tool to our industry partner which implements our model and allows

the recommendations to be easily incorporated into the inventory planning process.

This research was supervised by Alessandro Arlotto, Saša Pekeč, and Yehua Wei.
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2

Strategic Open Routing in Service Networks

2.1 Introduction

In many large entertainment or commercial service environments, various services are

provided at different stations, and individuals are often free to strategically choose

their route through the system. For example, consider a catered reception with a

buffet line in the main dining room and a beverage cart in the adjacent hall. A

guest wants to visit both stations, but she may choose to do so in either order. The

guest wishes to select the sequence that minimizes the time that she spends waiting

in queues, but given that other guests are probably also attempting to do the same,

which sequence should she choose?

This example highlights the strategic behavior of rational customers in service

networks with open routing, i.e., those in which customers can visit the stations in

any order. The dynamics of service networks with open routing are more complex

than those of systems in which customers merely choose a server, such as a grocery

store where customers choose a checkout lane. In that example, once a customer has

Research in this chapter was supervised by Alessandro Arlotto and Yehua Wei and has also
appeared in the joint paper Arlotto et al. (2018), published in Management Science.
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chosen her preferred lane, she is not impacted by the service process of any lane but

her own. However, in a network with open routing, customers who choose different

routes can still end up at the same station at the same time, directly impacting each

other’s waiting times. For instance, a customer who finishes service at station A and

joins the queue at station B may encounter another customer there who chose to

visit station B first and will visit station A later.

Open routing characterizes a variety of other service environments in addition

to the aforementioned catering example. For instance, Baron et al. (2016) study

an outpatient medical clinic in which patients receive a battery of tests over several

hours. Tests may be administered in any order, and they numerically study the

problem of a central planner who seeks to maximize patient satisfaction. Open-

routing service systems also include amusement parks (where customers choose the

order in which they visit the attractions), shopping centers (where customers choose

the order in which they visit the stores), and college orientations (where students

must accomplish multiple tasks, such as a campus tour and a residence hall visit, in

any order).

Motivated by these applications, we study how strategic customers choose their

routes in a stylized open-routing service environment. In order to achieve a broad

understanding of the role of open routing, we characterize analytically the behavior

of strategic customers in a two-station network under some restrictive assumptions,

and employ numerical simulation to relax some of these assumptions and show that

the same insights also hold in more realistic settings.

In the base model, we study a two-station network in which customers require

services from both stations. Each station serves its customers on a first-come, first-

serve (FCFS) basis. To model strategic open routing, we assume that each customer

chooses her own route to acquire service from both stations in the network, with the

objective of minimizing her expected total time in the system, and that all customers

7



are present prior to the start of service. Intuitively, one might expect that a rational

customer would attempt to avoid the popular route in order to receive service as

quickly as possible. However, closer inspection reveals that a rational customer’s

decision is driven instead by the need to get into a favorable position at the more

congested station. This leads to a surprising herding behavior: in any pure-strategy

Nash equilibrium, all customers choose exactly the same route. This behavior is

related to the notion of “follow the crowd” as discussed in Hassin and Haviv (2003)

and Hassin (2016). After proving that any pure-strategy Nash equilibrium must

involve herding, we then demonstrate that any mixed-strategy Nash equilibrium

must be unstable. Moreover, we show that a large and intuitive class of adaptive

learning dynamics—which includes both fictitious play and Cournot best-response—

converges to herding at one of the two stations. The herding equilibria therefore

emerge as the focal equilibria of the routing game.

While our base model does not directly solve any of the motivating problems

discussed above, it uncovers the herding phenomenon in an open-routing service

network, which bears further investigation. To verify the robustness of the herding

behavior, we analyze strategic open routing in several different settings and its impact

on social welfare. Our base two-station model in which all customers are strategic

and present prior to the start of service is relaxed in several directions. Specifically,

we relax our modeling assumptions by studying games with non-strategic customers,

customers who visit only one of the two stations, and service networks with more

than two stations. In all of these settings, we find that strategic customers herd.

The sequential version of the original game also displays herding, with the minor

twist that the last-moving player alone avoids the crowd. Additionally, we run a

simulation study to test the robustness of herding. We find that, in the presence of

congestion, herding continues to prevail in systems with stochastic service times and

arrivals over time, with herding becoming less prominent as the arrival rate decreases
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and the systems become less congested. We also find that the social welfare under

herding—as measured by the sum of the system times experienced by all customers

in the network—is within a constant of the first-best outcome, and such constant

is independent of the number of players. For systems with many customers, this

result implies that the welfare under herding differs only by a small fraction from

the optimal social welfare.

The outline for the rest of the chapter is as follows. We review the related lit-

erature in Section 2.2, and we introduce our base model in Section 2.3. Section 2.4

discusses the open routing game, in which all customers are present in the system

when service becomes available and make routing decisions about which station to

visit first before learning their relative priority or the decisions of others. In Section

2.5, we derive the unique subgame perfect equilibrium of the sequential variant of

the open routing game; in that setting, customers are aware of their priority and

of the routing decisions of those with higher priorities. Section 2.6 studies the sys-

tem from the perspective of a central planner attempting to optimize the routing

assignments of customers. Section 2.7 relaxes some assumptions of the open routing

game to allow for customers who wish to visit only one of the two stations, over-

loaded systems with stochastic arrivals, and systems with more than two stations.

Section 2.8 studies systems which do not experience congestion. Section 2.9 analyzes

the output from a simulation study designed to test the robustness of herding in

networks with stochastic service times and arrivals over time. Finally, Section 2.10

makes concluding remarks.

2.2 Literature Review

Our work is related to the literature on queues with strategic customers as well as

the literature on congestion games. The first stream was started by Naor (1969),

who studied the use of tolls to induce desired behavior among customers in a queue.
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The second was begun by Braess (1968), in his pioneering work demonstrating the

now-famous Braess’ Paradox.

Hassin and Haviv (2003) provide a comprehensive survey of the existing strategic

queueing literature, and Hassin (2016) provides an extremely thorough coverage of

the more recent work in the area. Our model is perhaps most closely related to

the work of Parlaktürk and Kumar (2004). Theirs is one of only a few papers

incorporating a stochastic network with stations in sequence in which customers

choose the order of stations that they visit. The authors demonstrate the existence

of unstable Nash equilibria for a two-station network in which every self-interested

“job” must have two tasks performed on it, where each station can perform either

task on a given job, and the first task takes on average a shorter time. Each station

has a queue for Task 1 and another queue for Task 2, and the system planner may

choose which queue to serve next at each station. By contrast, in our model each

station can perform only one task and each station has only one queue; hence stations

cannot dynamically distinguish between different classes of customers.

Other work in the vicinity includes that of Adiri and Yechiali (1974), who relay

a model of multiple queues for a single server, arranged and priced by priority.

Their results mirror ours in that arriving customers choosing a queue must take into

account the possibility of being preempted (cut in front of) by an arriving customer

who chooses a higher priority queue. Naturally, an important distinction is that in

our model there are two queues for two servers, as opposed to two or more queues

for one server in their work. Most recently, Honnappa and Jain (2015) study what

they call the “network concert queueing game.” For feedforward networks of several

structures, they use fluid limits to determine symmetric equilibria and the price of

anarchy when nonatomic users are allowed to choose both their arrival times and their

routes through the network. Cohen and Kelly (1990) present an interesting analog of

Braess’ Paradox in a stochastic queueing network. They illustrate that when FCFS
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nodes are placed in sequence with infinite-server nodes, the mean sojourn time in

equilibrium can actually increase if customers are given the ability to switch from

one track to the other. The analysis is done in steady state and queue lengths

are assumed to be unobservable, simplifying both the queueing and game theoretic

portions of the analysis. Other important work in this stream includes Enders et al.

(2008) and Glazer and Hassin (1983).

On the empirical side, Pinilla and Prinz (2003) conduct a helpful study of flexi-

ble routing schemes (mainly simulation-based) for shape deposition manufacturing.

They study the standard sequential model and employ simulation to gain insights

on a system which allows flexibility. They propose two examples—shape deposition

manufacturing and routing in a coffee shop—which can be cast within the open rout-

ing framework, and they find from simulation that performance can be significantly

improved by dynamically assigning the sequence of tasks to be performed on each

item, instead of following a fixed sequence of tasks.

Su and Zenios (2004) model the U.S. kidney allocation system as an M{M{1
queueing system in which potential recipients monitor both their position in the

queue and the quality of the organ offered to them. They find that the current

benchmark of FCFS service results in socially suboptimal allocation of organs because

strategic recipients tend to refuse lower quality organs, knowing that they will likely

be offered a better organ later. Modifying the queueing discipline to last-come, first-

serve leads to the socially optimal outcome, although the authors note that such a

discipline will likely be considered too unfair to implement in practice. Schummer

(2017) and Leshno (2017) also study allocation of objects to strategic customers on

queue-like waiting lists.

Finally, Veeraraghavan and Debo (2009, 2011) investigate competition between

two service providers where queues build up and customers have private information

regarding the quality of each provider, and they find herding behavior similar to what
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we discover here. However, the driving force behind their result is quite different from

what we observe. In Veeraraghavan and Debo (2009, 2011), customers are motivated

by service quality, while in our model the herding behavior occurs because customers

require services at both stations and attempt to minimize their expected total time

in the system. In our setting, although by starting with the less-crowded station a

customer may glean a shorter wait time before beginning her first service, she will

afterwards face a severe penalty upon arriving to the congested station and being near

the end of the queue there. Additional related work includes Afèche and Mendelson

(2004), Debo and Veeraraghavan (2014), and Cui and Veeraraghavan (2016).

Our work is also related to the broad literature on strategic consumers in op-

erations management. Notably, Cachon and Swinney (2009) introduce a model of

fast-fashion retailing in which some consumers are strategic while others are not.

They find that the benefit of quick-response, in which inventory can be replenished

during the selling season, is greater in the presence of strategic consumers than

otherwise. Other related work includes Swinney (2011) and Cachon and Swinney

(2011).

Several papers in the congestion literature also warrant discussion. Feldman and

Tamir (2012) also consider “jobs” (customers) to be strategic. Their paper focuses

mainly on “conflicting congestion effects,” both positive and negative, associated

with the level of participation or traffic on a network. In their work, customers

are allowed to choose from a set of machines working in parallel. They show that

best-response dynamics do not always converge to a Nash equilibrium, but that

the schedule generated by the longest processing time heuristic is indeed a Nash

equilibrium if the number of machines is “right.” An important difference from

our analysis is that they do not incorporate the ordering of customers on a machine,

instead modeling each player’s cost function as merely the overall load of the machine

chosen by that player. In the standard congestion model of which Braess’ Paradox
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Station A
µA

Station B
µB

Route BARoute AB

Figure 2.1: AB customers visit station A first, while BA customers visit station B
first.

comprises a special case, Roughgarden and Tardos (2002) show that the price of

anarchy is at most 4/3 when the performance measure is the total latency of the

system and the latency functions are linear.

2.3 A Two-Station Service Network

Our setting is that of a service network with two stations, station A and station B,

each with a single server, and with service rates µA and µB, respectively. The network

serves N customers (or “players”) who are all present in the system when service

becomes available. We focus on the case in which the service rates are nonidentical,

and thus without loss of generality we assume that the expected service time at

station A is greater than that at station B (i.e., we have the service rate relation

µA   µB). Similar to many service environments, each station operates on a FCFS

basis. Figure 2.1 gives a visual depiction of the network.

Every customer must visit each station exactly once, but the order in which to

visit the stations is unrestricted. Customers seek to minimize their expected total

time in the system; their action space is the set tAB,BAu, where the first letter

denotes the station visited first. We will at times refer to AB customers to identify
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those who visit station A first. Similarly, BA customers are those who visit station

B first.

We note that the centralized (non-strategic) version of the problem can be viewed

as an open-shop scheduling problem with jobs that need to be processed by two

servers, where either sequence is permissible for each job. A concise summary of the

available results on open-shop scheduling can be found in Pinedo (2012, Chapter 8

and Section 13.4) and Baron et al. (2016), which we paraphrase here. For determin-

istic systems, there are polynomial-time algorithms available for makespan, but the

problem of minimizing total completion time is NP-hard. For stochastic systems, the

optimal policy for makespan is the longest expected remaining processing time first

rule, and when the metric is expected total completion time, the preemptive short-

est expected remaining processing time first policy is optimal among preemptive

dynamic policies.

2.4 The Open Routing Game

In this section, we study the open routing game, in which all customers are present

in the system when service becomes available and positions in the priority order are

drawn uniformly at random. Players are aware that this randomization takes place,

but they must make their routing decisions before learning their realized priorities or

the routing decisions made by others. The open routing game is therefore equivalent

to a symmetric one-shot game in which all players make routing decisions simul-

taneously. Players seek to minimize their expected total time spent in the system.

Service times at stations A and B are first assumed to be deterministic with rates µA

and µB, respectively, such that µA   µB. In Section 2.4.5, we relax the deterministic

service assumption to incorporate stochastic service times. These dynamics resemble

service environments in which a large number of customers are present before the

service starts.
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We first make two observations that help us understand the system time experi-

enced by customers choosing each of the two routes through the network.

Property 1. If station B ever becomes idle, then it will never build up a queue

again.

To understand Property 1, we note that, because µA   µB, the service time at

station B is shorter than that at station A. Hence, after the first service begins, the

arrivals to station B occur deterministically with an arrival rate that is smaller than

station B’s service rate. Therefore, once station B becomes idle, arrivals will never

occur close enough together to form a queue. So, the system time for a customer

who chooses route AB, and who has priority j at station A, depends on whether or

not station B becomes idle before the customer departs station A. If station B idles,

then the customer’s system time is the sum of j service times at station A plus her

own service time at station B. If station B does not idle, then the customer’s system

time is the sum of all of the service times at station B that must be completed up to

and including herself. This will include all of the BA players, plus the j � 1 players

in front of her at station A, as well as herself.

Property 2. Station A never idles from the time it begins its first service until it

finishes serving all N customers.

Similarly to Property 1, Property 2 follows from the fact that, because µA   µB,

the service time at station B is shorter than that at station A. As soon as station A

begins service, it will complete a service every 1{µA units of time, but it will receive

an arrival every 1{µB   1{µA units of time until the last BA player departs station

B. Station A will then never become idle until it finishes its workload. The one way

in which station A can idle is at the beginning, if all N players choose route BA: in

that case, station A will idle during the first service time at station B, after which

it will work continually until it finishes with all N customers.
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One might expect that players minimizing their system times would attempt to

avoid each other and seek a less congested route. Instead, when the number of players

N is large enough, we find that in equilibrium players “herd”—that is, all players

take the same route through the network.

Proposition 1 (Herding Equilibria in the Open Routing Game). For N ¥ 2µA{µB�
1, the open routing game has a Nash equilibrium in which all players “herd” at station

A, that is, take route AB. Furthermore, if µB   2µA and N ¥ maxtµB{µA �
1, p2µA � µBq{p2µA � µBqu, then the game also has a Nash equilibrium in which all

players “herd” at station B.

Proof. The fact that priorities are drawn uniformly at random implies that the game

is symmetric, and we thus consider player (or customer) i, where i is an arbitrary

player index. Suppose that all customers take route AB and that N ¥ 2µA{µB � 1.

The system time experienced by player i depends on which priority she is assigned.

Because all customers are taking route AB, by Property 1, customer i will always

find station B idle when she finishes service at station A. When assigned priority j,

customer i will wait for j � 1 players to be served at station A, be served herself,

and then immediately be served at station B. Thus, as a function of her priority j,

customer i’s total system time SApjq is given by

SApjq � j

µA
� 1

µB
, j � 1, . . . , N.

Let T p1,mq denote customer i’s expected system time if she chooses route AB and m

other customers also choose route AB, and let T p0,mq denote customer i’s expected

system time if she chooses route BA and m other customers choose route AB. As

priorities are drawn uniformly at random, customer i’s expected system time when
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following the candidate equilibrium strategy is given by

T p1, N � 1q �
Ņ

j�1

1

N
SApjq �

Ņ

j�1

1

N
p j
µA

� 1

µB
q � 1

µB
� N � 1

2µA
.

If she takes route BA, then player i will be behind all N � 1 other players when

she gets to station A. So, her total system time T p0, N � 1q is deterministic and is

given by

T p0, N � 1q � 1

µB
� p N

µA
� 1

µB
q � N

µA
.

Now, our assumption that N ¥ 2µA{µB � 1 implies that

1

µB
� 1

2µA
¤ N

2µA
ùñ 1

µB
� N � 1

2µA
¤ N

µA
.

Therefore, customer i has no incentive to deviate as T p1, N � 1q ¤ T p0, N � 1q, and

we have a Nash equilibrium.

With the herding equilibrium at station A established, assume now that µB   2µA

and N ¥ maxtµB{µA � 1, 2µA � µB{p2µA � µBqu, and suppose that all customers

take route BA. We will evaluate whether any customer has incentive to deviate. The

condition N ¥ pµB{µAq � 1 ensures that, if player i deviates and takes route AB,

then station B will not finish serving all N � 1 other players before player i finishes

at station A. Applying the same notation as the previous case, customer i’s total

system time T p1, 0q from taking route AB is deterministic and is given by

T p1, 0q � N

µB
.

If customer i takes route BA, then her priority at station B is drawn uniformly

at random, and with probability 1{N she will be in position j, for j � 1, . . . , N .

Suppose that she draws priority j; she will wait for j � 1 customers to be served at
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station B, be served herself there, and then wait in a queue at station A. Because

all customers take route BA, station A will idle for the first 1{µB units of time, and

then will work continuously until it has processed all N customers. Player i’s system

time corresponds to the time when station A finishes with the j-th job. Thus, we

have that customer i’s system time SBpjq is

SBpjq � j

µA
� 1

µB
.

We can now calculate her expected total system time T p0, 0q as

T p0, 0q �
Ņ

j�1

1

N
SBpjq �

Ņ

j�1

1

N
p j
µA

� 1

µB
q � 1

µB
� N � 1

2µA
.

By our assumption that µB   2µA and N ¥ p2µA � µBq{p2µA � µBq, we have

2µA � µB ¤ p2µA � µBqN ùñ 1

µB
� N � 1

2µA
¤ N

µB
.

Therefore we have T p0, 0q ¤ T p1, 0q, implying that no customer has incentive to

deviate, and we have a Nash equilibrium.

We next give an intuitive explanation of Proposition 1. In the first candidate

profile, all players visit station A first, so a player will have on average half of the

other customers behind her if she visits station A first. However, if she visits station

B first while everyone else visits station A first, then she will be the last customer

to receive service at station A. Therefore, if N is large enough—in fact, N ¥ 3

is sufficient here—then it is in her best interest not to deviate from the candidate

profile. The herding equilibrium at station B can be similarly explained; intuitively,

if N is large and the rest of the customers are slated to visit station B first, then

a customer is better off being in front of an average of half of the other customers
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at station B. Otherwise, after visiting station A first she will certainly have to wait

behind all of the other players at station B.

Proposition 1 establishes the existence of Nash equilibria which exhibit herding

behavior. However, we must answer several questions to verify that these herding

equilibria are indeed plausible: (i) can the herding equilibria be implemented via

simple, decentralized learning dynamics? (ii) are there other, non-herding Nash

equilibria? and (iii) what happens when some of the players are not strategic? To

address these questions, we establish a key submodularity property for the players’

expected system times in the open routing game. This property then allows us to

pinpoint the herding profiles as the focal equilibria of the game.

2.4.1 Submodularity of Expected System Time

Before deriving the submodularity property of the expected system time, we require

some additional notation. Let i be an arbitrary player (or customer) index, si the

strategy of player i, and s�i the vector of strategies for all of the other players.

We say that si � 1 if player i chooses route AB, and si � 0 if she chooses route

BA. Similarly, a value of 1 for a given entry in s�i means that the corresponding

player has chosen route AB, while a value of 0 for a given entry in s�i means that the

corresponding player has chosen route BA. Denote by T psi, s�iq the expected system

time for a player who employs strategy si when her opponents play the profile s�i.

Note that the uniform priority randomization means that the game is symmetric,

and thus we require no player index on T . Following the definition of Topkis (1998)

and letting ¤ denote the usual partial order, we will show that the function T psi, s�iq
is submodular, i.e., that it has decreasing differences. Specifically, we will find that

T psi, s�iq � T prsi, s�iq ¤ T psi,rs�iq � T prsi,rs�iq for all rsi ¤ si and rs�i ¤ s�i. (2.1)

The decreasing differences condition (2.1) trivially holds if rsi � si, so we can focus
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on the case in which rsi � 0 and si � 1. Moreover, because all customers are present

when service starts and priorities are drawn uniformly at random, we can replace

s�i with the sum of its entries, m, and T psi, s�iq with T psi,mq. The variable m

then simply represents the number of players—excluding player i—who have chosen

route AB. With a slight abuse of notation, we can replace the decreasing differences

condition (2.1) with

T p1,mq � T p0,mq ¤ T p1, rmq � T p0, rmq for all 0 ¤ rm ¤ m ¤ N � 1. (2.2)

We now introduce the shorthand

dm :� T p1,mq � T p0,mq

and rewrite condition (2.2) as

dm ¤ d
rm for all 0 ¤ rm ¤ m ¤ N � 1. (2.3)

The difference dm represents the relative preference of player i between route AB

and route BA, given that m other players chose route AB; a negative value indicates

that route AB will result in a shorter expected system time, and a positive value

means that route BA will yield a shorter expected system time. Similarly, a relatively

smaller value of dm indicates a relatively greater preference for route AB. Therefore,

if equation (2.3) holds—and we will show that it does—then the greater the number

of other customers who have chosen route AB, the greater relative preference each

customer will have for route AB.

Proposition 2 (Submodularity of Expected System Time). If

N ¡ Nsub :� 2µB
µA

� 1,

then each player’s expected system time in the open routing game is submodular.

Moreover, we have

dm   dm�1 for all 1 ¤ m   N � µB
µA

. (2.4)
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Proof. As discussed, submodularity is equivalent to the decreasing differences con-

dition (2.3). For our proof, we divide T p1,mq, the expected system time for a fixed

player choosing route AB when m other players are also choosing the same route,

into two components. We first define rT p1,mq to be the expected system time for the

player choosing route AB, not counting any waiting time that she may experience in

the queue at station B. Because priorities are drawn uniformly at random, we have

rT p1,mq :�
m�1̧

j�1

1

m� 1

�
j

µA
� 1

µB



� 1

µB
� m� 2

2µA
. (2.5)

Next, we define δm as the difference between the total expected system time and the

expression in equation (2.5), i.e., δm :� T p1,mq � rT p1,mq. By definition, then, δm

is equal to the expected time spent waiting in the queue at station B.

Station A never idles until it finishes as long as at least one player chooses route

AB. Therefore, for m ¥ 1, the expected system time for a player choosing route BA

when m other players choose route AB is given by

T p0,mq �
N�m̧

`�1

1

N �m

�
m� `

µA



� N �m� 1

2µA
. (2.6)

By equations (2.5) and (2.6), we have that for all m ¥ 1,

dm :� T p1,mq � T p0,mq � δm � rT p1,mq � T p0,mq � δm � 1

µB
� N � 1

2µA
, (2.7)

which implies that for all 1 ¤ rm ¤ m ¤ N � 1,

dm ¤ d
rm if and only if δm ¤ δ

rm. (2.8)

For m ¥ 1, define δ
pjq
m to be the wait time in queue at station B experienced by

the fixed player when m other players choose route AB, given that she chooses route

AB and receives priority j at station A. Then we have the representations

δp1qm �
�
N �m� 1

µB
� 1

µA


�

, and δpj�1q
m �

�
δpjqm � 1

µB
� 1

µA


�

for all j � 1, . . .m.
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Because 1{µB � 1{µA   0, we have that

δpj�1q
m ¤ δpjqm for all j � 1, . . . ,m. (2.9)

Moreover, because the function fpxq :� px� 1{µAq� is non-decreasing, we also have

δ
p1q
m�1 ¤ δp1qm ,

and therefore, for j � 2, . . . ,m� 1,

δ
pjq
m�1 �

�
δ
pj�1q
m�1 � 1

µB
� 1

µA


�

¤
�
δpj�1q
m � 1

µB
� 1

µA


�

� δpjqm . (2.10)

We have thus established that δ
pjq
m is monotonically decreasing both in j for any

given m and in m for any given j. Next, because priorities are drawn uniformly at

random, we have that

δm � 1

m� 1

m�1̧

j�1

δpjqm for all m ¥ 1. (2.11)

Equation (2.11) expresses δm as the average of the terms δ
p1q
m , . . . , δ

pm�1q
m . By equa-

tion (2.9), δ
pjq
m is non-increasing in j, and therefore the average of δ

p1q
m , . . . , δ

pm�1q
m is

bounded above by the average of δ
p1q
m , . . . , δ

pmq
m . We then have

δm � 1

m� 1

m�1̧

j�1

δpjqm ¤ 1

m

m̧

j�1

δpjqm ¤ 1

m

m̧

j�1

δ
pjq
m�1 � δm�1 for all 2 ¤ m ¤ N � 1,

(2.12)

where the second inequality comes from the monotonicity in m in equation (2.10).

Equations (2.8) and (2.12) then imply that

dm ¤ dm�1 for all 2 ¤ m ¤ N � 1, (2.13)

22



which satisfies the decreasing differences condition. Moreover, when 2 ¤ m   N �
µB{µA, we have that

δp1qm �
�
N �m� 1

µB
� 1

µA


�

 
�
N �m

µB
� 1

µA


�

� δ
p1q
m�1, (2.14)

so we conclude that the inequalities in equations (2.12) and (2.13) hold strictly in

this range.

Lastly, we directly evaluate and compare d1 and d0. Observe that N ¡ Nsub

implies that 2{µA   pN�1q{µB, so when m � 0 or m � 1, if the fixed player chooses

route AB, then she always faces a queue at station B. Therefore,

T p1, 1q � 1

2

�
N � 1

µB
� N

µB



� 2N � 1

2µB
and T p1, 0q � N

µB
.

When the player chooses route BA, we note that station A will not idle if m � 1,

but it idles for 1{µB units of time if m � 0. Therefore,

T p0, 1q � 1

N � 1

N�1̧

j�1

j � 1

µA
� N � 2

2µA

and

T p0, 0q �
Ņ

j�1

1

N

�
j

µA
� 1

µB



� 1

µB
� N � 1

2µA
.

Applying the equations above, we have the relation

d1 � N � 1

µB
� N � 1

2µA
�
�

1

2µB
� 1

2µA



  N � 1

µB
� N � 1

2µA
� T p1, 0q � T p0, 0q � d0.

(2.15)

Equations (2.13) and (2.15) imply that the expected system time has decreasing dif-

ferences and is therefore submodular, and equations (2.14) and (2.15) imply equation

(2.4).

23



Observe that d
rm   0 implies that, if a player were aware that exactly rm others

were choosing route AB, then her expected system time for route AB would be less

than that for route BA, and thus she would prefer route AB. Furthermore, the

decreasing differences property gives us that if d
rm   0, then dm   0 also for rm ¤ m,

and therefore for any rm ¤ m, a player who knew that m others had chosen route AB

would also want to choose route AB. Intuitively, a critical mass of players choosing a

given route tends to attract the remaining players to the same route; if many players

go to station A first, then the others should join them, and similarly for station

B. We will revisit this idea in the next subsection when we discuss convergence of

adaptive dynamics to the herding equilibria. The strict inequality in equation (2.4)

of Proposition 2 plays a key role in establishing this convergence.

Proposition 2 implies that if, as we henceforth assume, players’ utility functions

decrease linearly with their expected system times, then their utility functions are

supermodular, and the open routing game is a supermodular game in the sense of

Topkis (1998, Section 4.1). Supermodular games have received much attention in

the literature. For example, it is well documented that if a supermodular game has a

unique Nash equilibrium, then a wide range of learning rules will converge to it (see

Milgrom and Roberts, 1990). However, because the game that we study has multiple

equilibria, we cannot directly apply the classical convergence result. Nevertheless, in

the subsequent subsection, we apply supermodularity and the strict inequalities in

equation (2.4) to prove that in our game, a large class of learning rules converges to

one of the herding equilibria. Next, we state a corollary that follows directly from

the proof of Proposition 2, which will also be used in the derivation of the subsequent

convergence result.

Corollary 1. If N ¡ Nsub, then for any m � 1, . . . , N � 1, either dm   0 or

dm   dm�1.
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Proof. If m   N �µB{µA, then the statement is immediately verified by Proposition

2. If m ¥ N � µB{µA, we then must have

N �m

µB
¤ 1

µA
,

which implies that the queue at station B clears before the first AB customer arrives.

Recall that δm � T p1,mq � rT p1,mq is equal to the expected time spent waiting in

the queue at station B. Because the queue at station B clears before the first AB

customer arrives, we have δm � 0, and equation (2.7) implies that

dm � 1

µB
� N � 1

2µA
  1

µB
� 1

µA
  0,

where the first inequality follows because N ¡ Nsub ¡ 3.

2.4.2 Adaptive Dynamics Converge to Herding

As we have seen, when the service rates are close together and N is large, the herding

strategy profiles are Nash equilibria. We next show that in addition, a general class

of decentralized learning processes will converge to one of these herding equilibria.

We propose a model of learning which allows customers to update their beliefs

in each period based on the play observed and also incorporates a “memory” of past

actions. First, we assume that in each period players choose their routes to minimize

their expected system times based on their current beliefs about other customers’

strategies. When a player faces a tie, we assume that the player always chooses route

AB. Let β
ptq
i � pβptqi,0 , . . . , βptqi,N�1q be the vector of player i’s beliefs, i.e., β

ptq
i,j is player

i’s probability assessment, at the beginning of period t, that exactly j players (not

including herself) will take route AB in period t, for j � 0, 1, . . . , N � 1. We allow

the initial beliefs, β
p1q
i , to be an arbitrary vector of probabilities summing to one.

Next, let xptq be the realized total number of players who take route AB in period
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t, and let x
ptq
i be the decision of player i (with x

ptq
i � 1 for choosing route AB and 0

otherwise). We also let x
ptq
�i denote the realized number of players who take route AB

in period t, excluding player i; that is, x
ptq
�i � xptq�xptqi . Player i is making a decision

in period t based on β
ptq
i , her belief at the beginning of period t, which incorporates

her experience up to and including period t� 1.

For m P t0, 1, . . . , N�1u, let epmq P RN be the vector with a one in the pm�1q-st
entry, and zeros in all of the remaining entries. Given a sequence of real numbers

tαtu with 0 ¤ αt ¤ 1 for all t � 1, 2, . . ., the beliefs in our model satisfy the recursion

β
pt�1q
i � p1 � αtqβptqi � αtepxptq�iq t � 1, 2, . . . . (2.16)

We give the name tαtu-learning to the process in which beliefs evolve according

to equation (2.16). Intuitively, a larger αt implies that the players are giving more

weight to their experience in period t, and less weight to earlier periods. We also note

that choosing αt � 1{t results in the familiar learning rule known as fictitious play

introduced in Brown (1951). Within fictitious play learning, players best-respond

to the empirical frequency of past moves. Similarly, by letting αt � 1 we recover

the Cournot best-response model, in which players best-respond to the path of play

realized in the prior period. The interested reader is referred to Fudenberg and

Levine (1998) for detailed discussion of the Cournot model (Chapter 1), fictitious

play (Chapter 2), and other learning models.

Next we show that under a mild regularity condition on the sequence tαtu and

on the initial beliefs β
p1q
i , if all players update their beliefs according to the learning

model (2.16), then play will converge to one of the herding equilibria.

Proposition 3 (Convergence of tαtu-Learning to Herding Equilibria). Define m� by

m� � mintm P t1, . . . , Nu : dm ¤ 0u,
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and consider the tαtu-learning process in equation (2.16). If (i) N ¡ Nsub, (ii) the

sequence tαtu is such that

lim
t̄Ñ8

t̄¹
t�t1

p1 � αtq � 0 for all t1 ¥ 1, (2.17)

and (iii) there exists some ` ¥ 1 such that xp`q � m�, then players will converge to

one of the herding equilibria in finitely many periods. That is, there exists t0   8
such that either

xpt̄�1q � N for all t̄ ¥ t0,

or xpt̄�1q � 0 for all t̄ ¥ t0.

Proof. Let x�,�y denote the standard vector product, and let d be the vector of dif-

ferences dm � T p1,mq � T p0,mq of waiting times for choosing routes AB and BA,

i.e., d :� pd0, d1, . . . , dN�1q. Define π
ptq
i as the expected difference in system times

for player i, given her belief at time t, which is given by

π
ptq
i :� xβptqi ,dy.

We proceed by cases.

Case 1: suppose that xp`q ¥ m� � 1. Then for any player i who chose route AB

in period `, we must have x
p`q
�i ¥ m�, and also π

p`q
i ¤ 0 because otherwise player i

would have chosen route BA in period `. This implies that

π
p`�1q
i � p1 � α`qπp`qi � α`xepxp`q�iq,dy ¤ p1 � α`qπp`qi � α`dm� ¤ 0, (2.18)

where the first inequality follows from the submodularity of the expected system

time, and the second inequality follows by the definition of m�. Equation (2.18)

implies that all of the customers who chose route AB in period ` will do so again in

periods ` � 1, ` � 2, . . . . Therefore, for any t ¥ `, we have that x
ptq
i � 1 for each
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player i that chose route AB in period `, and this implies that

m� � 1 ¤ xp`q ¤ xptq for all t ¥ `.

For t̄ ¥ ` and for any customer i who chose route BA in period `, we have that

π
pt̄�1q
i �

t̄¹
t�`

p1 � αtqπp`qi �
ţ̄

t�`

αtxepxptq�iq,dy
t̄¹

s�t�1

p1 � αsq

¤
t̄¹
t�`

p1 � αtqπp`qi �
ţ̄

t�`

αtdm��1

t̄¹
s�t�1

p1 � αsq

�
t̄¹
t�`

p1 � αtqπp`qi �
�

1 �
t̄¹
t�`

p1 � αtq


dm��1,

where the inequality follows by the submodularity of the expected system time. Note

that we always have dm��1   0, because if dm�   0, then dm��1 ¤ dm�   0; and

if dm� � 0, then by Corollary 1, we have dm��1   0. Combining this with the

assumption in equation (2.17), there must exist t0 such that for all t̄ ¥ t0,

π
pt̄�1q
i ¤

t̄¹
t�`

p1 � αtqπp`qi �
�

1 �
t̄¹
t�`

p1 � αtq


dm��1   0.

This implies that for all t̄ ¥ t0, we have x
pt̄�1q
i � 1 for every customer i that chose

route BA in period `.

Case 2: suppose that xp`q ¤ m� � 1. Then for any customer i who chose route

BA in period `, we must have π
p`q
i ¡ 0 and x

p`q
�i ¤ m� � 1. This implies that

π
p`�1q
i � p1 � α`qπp`qi � α`xepxp`q�iq,dy ¥ p1 � α`qπp`qi � α`dm��1 ¡ 0,

where the first inequality follows from the submodularity of the expected system

time, and the second inequality follows from the definition of m�. Therefore, for any

t ¥ `, we have that x
ptq
i � 0 for every customer i that chose route BA in period `.
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Finally, for t̄ ¥ ` and for any customer i that chose route AB in period `, we have

π
pt̄�1q
i ¥

t̄¹
t�`

p1 � αtqπp`qi �
�

1 �
t̄¹
t�`

p1 � αtq


dm��2.

The assumption in equation (2.17) and the fact that dm��2 ¡ 0 together imply that

there must exist t0 such that for all t̄ ¥ t0,

π
pt̄�1q
i ¥

t̄¹
t�`

p1 � αtqπp`qi �
�

1 �
t̄¹
t�`

p1 � αtq


dm��2 ¡ 0.

This implies that for all t̄ ¥ t0, we have x
pt̄�1q
i � 0 for each customer i that chose

route AB in period `.

In Proposition 3, condition (2.17) essentially enforces that players’ earlier beliefs

and actions must eventually fade so that play does not get stuck on strategy profiles

that are anchored to initial beliefs. For example, natural learning rules such as

fictitious play and Cournot best-response satisfy this condition. This result reinforces

the intuition that many players choosing a given route exerts a pull on others to do

the same. The only circumstance which can possibly avoid herding is that in which

xptq � m� for all t � 1, 2, . . .. For this stagnation to occur, we must have xp1q � m�, an

unlikely event if N is large and, say, initial beliefs are drawn as independent random

vectors uniformly distributed on the N -dimensional probability simplex. Even if this

first-period event is realized, route switching in later periods is inevitable because

the beliefs of AB customers will be moving to favor route BA, and those of BA

customers will be moving to favor route AB. When this route switching occurs, it

must always be perfectly symmetric to maintain xptq � m�, which is also unlikely.

The proof of Proposition 3 leverages the submodularity of the expected system

time established by Proposition 2. Intuitively, if the number of players taking route

AB is strictly greater than m�, then the players currently taking route AB have no

incentive to switch, in this period or in any later period, because the beliefs which led

29



them to select route AB in the current period will be further reinforced. Then, given

that there will always be more than m� players on route AB in the future periods, the

players who chose route BA will eventually switch to route AB, provided that they

sufficiently update their beliefs, as in condition (2.17). Similarly, if the number of

players taking route AB is strictly less than m� in some period, one can deduce that

eventually all players will converge to route BA. This result reiterates the herding

phenomenon: many players on a single route attract the others to join them.

Next, we state a corollary which shows that for Cournot best-response, the re-

quirement of xp`q � m� is not required when N is large enough.

Corollary 2 (Convergence of Cournot best-response). Under Cournot best-response,

if N ¡ maxtNsub, 2µA{pµB � µAqu, then players will converge to one of the herding

equilibria in finitely many periods.

Proof. By Proposition 3, we know that if there exists some ` ¥ 0 such that xp`q � m�,

then Cournot best-response will converge to herding because it is a special case of

tαtu-learning. We proceed to show that with Cournot best-response, there always

exists some such `. Consider an arbitrary path of play in which customers play

Cournot best-response, that is, tαtu-learning with αt � 1 for all t ¥ 1. In period

t, xptq players choose route AB. If xptq � m�, then Proposition 3 implies that play

will converge to herding in finitely many periods. If instead xptq � m�, then we have

dxptq ¤ 0 and dxptq�1 ¡ 0 by the definition of m�. Clearly, if N is odd, then m� � N{2,

and next, we show that m� � N{2 when N is even. Define QN
2

by

QN
2

:� mintN
2
, t
µApN2 � 1q
µB � µA

uu.

The quantity QN
2

represents the number of AB customers who face a queue at station

B when they depart station A, given that a total of N{2 customers chose route AB.
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We now have

T p1, N
2
� 1q �

QN
2̧

k�1

1

pN
2
q

�
k � N

2

µB



�

N
2̧

k�QN
2
�1

1

pN
2
q

�
k

µA
� 1

µB




and

T p0, N
2
� 1q �

N
2
�1¸

j�1

�
1

N
2
� 1


�
j � N

2
� 1

µA




¥
N
2̧

k�1

1

pN
2
q

�
j � N

2
� 1

µA



, (2.19)

where the inequality in equation (2.19) comes from the fact that the average of a set

of pN{2q � 1 real numbers is larger than the average of the smallest N{2 numbers in

the set. We can then write

dN
2
�1 � T p1, N

2
� 1q � T p0, N

2
� 1q

¤
QN

2̧

k�1

1

pN
2
q

�
k � N

2

µB
� k � N

2
� 1

µA



�

N
2̧

k�QN
2
�1

1

pN
2
q

�
k

µA
� 1

µB
� k � N

2
� 1

µA



.

From the assumption that N ¡ 2µA{pµB � µAq, we get

k � N
2

µB
� k � N

2
� 1

µA
� �NpµB � µAq

2µAµB
� k

µB
� k � 1

µA
  k � 1

µB
� k � 1

µA
¤ 0;

which implies that every term in the first summation above is strictly negative. Also,

by the assumption that N ¥ Nsub � 1 � 2µB{µA � 2, we have

1

µB
� N

2µA
� 1

µA
¤ 1

µB
� µB
µ2
A

  1

µB
� 1

µA
  0;

which implies that every term in the second summation is strictly negative. By this

reasoning and the decreasing differences condition, we conclude that

dN
2
¤ dN

2
�1   0,
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contradicting the definition of m�, which requires that dm��1 ¡ 0. Therefore m� �
N{2. If xptq � m�, then in period t�1 the customers who played route AB in period

t will switch to route BA, and the customers who played route BA will switch to

route AB. The fact that m� � N{2 implies that xpt�1q � m�, and therefore play will

converge to herding by Proposition 3.

2.4.3 Equilibrium Refinement

We have established that in the open routing game, players following intuitive learn-

ing rules such as Cournot best-response will converge to one of the herding equilibria.

We now again invoke the submodularity of the expected system time to show that

the herding profiles are the only pure-strategy Nash equilibria for this game.

Corollary 3 (Equilibrium Refinement). If N ¡ Nsub, then the only pure-strategy

Nash equilibria of the open routing game are the symmetric herding equilibria of

Proposition 1.

Proof. Assume by contradiction that there exists a pure-strategy Nash equilibrium

in which 0   NAB   N players choose route AB, and NBA � N � NAB players

choose route BA. These assumptions imply that dNAB
¥ 0 and dNAB�1 ¤ 0. But

by Proposition 2, we must also have dNAB
¤ dNAB�1. This implies that dNAB

�
dNAB�1 � 0, which contradicts Corollary 1. Therefore, there exist no pure-strategy

Nash equilibria besides the herding equilibria of Proposition 1.

However, Corollary 3 does not completely rule out the existence of Nash equilibria

in which players adopt mixed strategies. Our next result rules out any Nash equilibria

in which some but not all players use properly mixed strategies, and shows that any

mixed-strategy Nash equilibrium is not stable enough to survive even the slightest

perturbation in another player’s strategy.
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Proposition 4 (Elimination and Instability of Mixed Equilibria). If N ¡ Nsub, then

the open routing game has no Nash equilibria in which some players mix and others

use pure strategies. Moreover, any Nash equilibrium in which all N players use mixed

strategies is unstable; that is, a small perturbation in the strategy of any player will

cause other players to strictly prefer a pure strategy.

Proof. For players i � 1, 2, . . . , N , let si P r0, 1s denote player i’s strategy, specifically,

the probability that player i chooses route AB. Assume by way of contradiction

that there exists a Nash equilibrium with some players adopting mixed strategies

and other players adopting pure strategies. Let NAB be the number of customers

playing the pure strategy of choosing route AB, NBA be the number of players

playing the pure strategy of choosing route BA, and NM :� N � NAB � NBA be

the number of customers playing “properly” mixed strategies, i.e., placing strictly

positive probability on both routes. Let the index i be defined such that si � 1

for i � 1, . . . , NAB; si � 0 for i � NAB � 1, . . . , NAB � NBA; and 0   si   1 for

i � NAB�NBA�1, . . . , N . By our assumption, NAB�NBA   N and either NAB ¥ 1

or NBA ¥ 1.

Let Γi denote the difference between player i’s expected system time from choos-

ing route AB and the expected system time from choosing route BA. Let ηk be

the probability, given their strategies, that exactly k players choose route AB among

players in the set tNAB�NBA�2, . . . , Nu. Player NAB�NBA�1’s difference between

her expected system times from taking routes AB and BA can be expressed as

0 � ΓNAB�NBA�1 �
NM�1¸
k�0

ηkdNAB�k, (2.20)

where the fact that ΓNAB�NBA�1 � 0 is true by assumption; if player NAB �NBA� 1

is employing a mixed strategy in this Nash equilibrium, then she must be indifferent

between route AB and route BA.
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Assume first that NAB ¥ 1. Then player 1 is choosing route AB. In this case,

the difference between her expected system times from taking routes AB and BA

can be expressed as

Γ1 � sNAB�NBA�1

NM�1¸
k�0

ηkdNAB�k � p1 � sNAB�NBA�1q
NM�1¸
k�0

ηkdNAB�k�1

� p1 � sNAB�NBA�1q
NM�1¸
k�0

ηkdNAB�k�1,

where the last equality holds by equation (2.20). Moreover, because player 1 is

choosing route AB, that route must be weakly better for her, implying that

NM�1¸
k�0

ηkdNAB�k�1 ¤ 0. (2.21)

Now, combining equations (2.20), (2.21), and the decreasing differences property,

we get

NM�1¸
k�0

ηkdNAB�k�1 �
NM�1¸
k�0

ηkdNAB�k � 0 (2.22)

If the decreasing differences condition holds strictly (that is, if dNAB�k   dNAB�k�1)

for some k P t0, 1, . . . NM � 1u, then equation (2.22) cannot hold. Therefore we must

have

dNAB�1 � dNAB
� . . . � dNAB�NM�1 � 0. (2.23)

Equation (2.23) contradicts Corollary 1, and thus NAB must be equal to zero and

therefore NBA ¥ 1. In that case, player 1 is choosing route BA, and the difference

between her expected times from choosing routes AB and BA can be expressed as

Γ1 � sNAB�NBA�1

NM�1¸
k�0

ηkd1�k � p1 � sNAB�NBA�1q
NM�1¸
k�0

ηkdk

� sNAB�NBA�1

NM�1¸
k�0

ηkd1�k,
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where the last equality holds by equation (2.20). Moreover, because player 1 is

choosing route BA, that route must be weakly better for her, implying that

NM�1¸
k�0

ηkd1�k ¥ 0. (2.24)

Now, applying a similar argument as in the case with NAB ¥ 1, combining equations

(2.20), (2.24), and the decreasing differences property gives us

d0 � d1 � . . . � dNM
� 0. (2.25)

Equation (2.25) also contradicts Corollary 1. Therefore, there are no Nash equilibria

of the open routing game in which some players adopt mixed strategies and other

players adopt pure strategies.

Consider now an equilibrium in which all N players mix, that is, NM � N and

NAB � NBA � 0. Let νk be the probability, given their strategies, that exactly k

players choose route AB among players in the set t3, . . . , Nu. Player 1’s expected

savings from taking route BA instead of route AB is given by

Γ1 � s2

N�2̧

k�0

νkd1�k � p1 � s2q
N�2̧

k�0

νkdk � 0,

by assumption since player 1 must be indifferent if she plays a mixed strategy in

equilibrium. Denote by rΓε1 the perturbed expected savings for player 1 if player 2

increases her probability of route AB to s2 � ε. We have

rΓε1 � ps2 � εq
N�2̧

k�0

d1�kνk � p1 � s2 � εq
N�2̧

k�0

dkνk

� ε

�N�2̧

k�0

νkpd1�k � dkq



  0,
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where the strict inequality follows from decreasing differences and the fact that d1  
d0, from the proof of Proposition 2. Therefore, for any ε ¡ 0, if player 2 perturbs her

strategy by increasing her probability of route AB to s2 � ε, then s1 is no longer a

best response for player 1, and thus this mixed-strategy Nash equilibrium is not “ε-

stable.” The same argument applies to the perturbation of any one player’s strategy.

It should be observed that this notion of ε-stability is related to but much stronger

than the notion of an “evolutionarily stable strategy” as defined in Hassin and Haviv

(2003).

Therefore, the herding equilibria are the only pure-strategy Nash equilibria of

the open routing game, and in any mixed-strategy Nash equilibrium it must be

that all players employ properly mixed strategies (i.e, no one plays a pure strat-

egy). Such mixed-strategy equilibria, however, are quite unstable and unlikely to be

implemented.

Exploiting the decreasing differences property of the expected system time, we

also find that if there is significant service rate disparity—specifically, if service at

station B is more than twice as fast as service at station A—then route AB is a

strictly dominant strategy for all players.

Corollary 4 (Dominant Strategy). If 2µA ¤ µB and N ¡ Nsub, then route AB is a

strictly dominant strategy for all players.

Proof. Proposition 2 tells us that if N ¡ Nsub, then the game has decreasing dif-

ferences, i.e., dN�1 ¤ dN�2 ¤ � � � ¤ d1 ¤ d0. The relation 2µA ¤ µB then gives us

that

N � 1

µB
  N � 1

2µA
,

which in turn implies that

d0 � T p1, 0q � T p0, 0q � N � 1

µB
� N � 1

2µA
  0.

36



Decreasing differences and the fact that d0   0 gives us that dm � T p1,mq �
T p0,mq   0 for all m P t0, 1, . . . , N � 1u. Therefore a player’s expected system

time is always smaller for route AB than route BA, no matter how many other

players choose route AB.

The dominant strategy result can be understood via the following rough argu-

ment. Consider a customer contemplating her move, and suppose that the other

N � 1 customers are playing route BA. If she follows the crowd on route BA, then,

on average, she will be behind half of the other customers, first at station B and then

again at station A. Since station A is the bottleneck, her expected system time will

be on the order of N{p2µAq. If instead she chooses route AB, then her system time

will be a deterministic N{µB. Because 2µA ¤ µB, it is better for her to choose route

AB over route BA. Then, because N ¡ Nsub, if any customer shifts to route AB,

then the decreasing differences property implies that her preference for route AB

will only increase, and therefore route AB is her optimal strategy regardless of the

moves of the other customers. So, if the service rates are close together, then both

herding profiles are Nash equilibria, while if they are far apart, then it is a dominant

strategy to visit the slower station A first.

With these results in favor of the herding equilibria and the fact that an intuitive

class of learning rules converges to them, we see that the herding effect exerts a strong

influence on the behavior of rational customers in the open routing game. We note

that this herding effect coincides with several examples of open routing. At catered

events, anecdotal evidence suggests that guests often flock to the buffet line (the

slower station) even when others are doing the same, presumably to avoid waiting in

an even longer queue there if they instead got their drink first; also in theme parks,

although customers do not all start at the same station, many customers rush to the

most popular rides first to experience them before the queue grows long.
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2.4.4 The Open Routing Game with Strategic and Non-Strategic Customers

In practice some (perhaps many) customers may not attempt to minimize their

overall expected system times. For example, at a catered reception a guest may

have a preference which dictates a certain route irrespective of its effect on her total

system time. Accordingly, we now examine the effect on the system of customers

who are not strategic, that is, customers who must visit both stations but who have a

pre-determined route which they will follow without contemplating any alternative.

To this end, consider a system as described in Section 2.3 with N customers,

and again assume that priorities are drawn uniformly at random. Suppose now that

N � NAB�NBA�NS, where NAB is the number of non-strategic customers who will

take route AB no matter what, NBA is the number of non-strategic customers who

will take route BA no matter what, and NS is the number of strategic customers. In

this system, a strategic customer could feasibly encounter NAB, . . . , NAB � NS � 1

other customers choosing route AB. Therefore, we can focus on

dm � T p1,mq � T p0,mq, for m � NAB, . . . , NAB �NS � 1.

Recall that dm represents the relative preference between route AB and route BA

for a strategic customer, when there are m other customers choosing route AB.

By Proposition 2, we immediately have that dm is decreasing in m in the range

of NAB, . . . , NAB � NS � 1 as long as N ¡ Nsub. Therefore, as in Section 2.4.1,

the expected system times for the customers that are strategic are submodular.

The submodularity in turn implies that the herding equilibria (among the strategic

customers) prevail as the only pure-strategy Nash equilibria. This is summarized in

the next corollary.

Corollary 5 (Equilibria with Non-Strategic Customers). If N ¡ Nsub, then exactly

one of the following holds:
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(i) route AB is a dominant strategy for all strategic customers;

(ii) route BA is a dominant strategy for all strategic customers;

(iii) both herding profiles are Nash equilibria, and there are no other pure-strategy

Nash equilibria.

Proof. Similar to the argument of Corollary 3, suppose that there is a pure-strategy

Nash equilibrium besides the herding equilibria. Then there must exist some NAB  
m   NAB�NS�1 such that dm ¥ 0 and dm�1 ¤ 0. Combining this with Proposition

2, we must have dm � dm�1 � 0, but this contradicts Corollary 1. Therefore, there

cannot be non-herding pure-strategy Nash equilibria. Next, we identify three regimes

corresponding to the three conclusions in the statement of the proposition.

Case 1: dNAB
  0.

If dNAB
  0, then even if only non-strategic customers take route AB, it is in the

interest of each strategic customer to deviate to route AB. Decreasing differences

implies that it is a dominant strategy for all of the strategic players to choose route

AB.

Case 2: dNAB�NS�1 ¡ 0.

If dNAB�NS�1 ¡ 0, then even if all of the other strategic customers are taking route

AB, a strategic customer would rather take route BA. Decreasing differences gives

that it is a dominant strategy for all of the strategic players to choose route BA.

Case 3: dNAB
¥ 0 and dNAB�NS�1 ¤ 0.

In this case, both herding profiles are Nash equilibria.

We note that Proposition 3 also holds in this setting with non-strategic customers,

in the sense that strategic customers will converge to one of the herding equilibria

under a general class of learning dynamics. These results suggest that customers who

are aware that some others are not rational can still implement an equilibrium profile

which involves herding. Moreover, depending on the system parameters, herding at

39



one station can be a dominant strategy.

2.4.5 The Stochastic Open Routing Game

We now discuss how the herding behavior that we observe in the open routing game

continues to emerge when the service times are stochastic. We refer to this new

setting as the stochastic open routing game. Specifically, for µA   µB we now suppose

that the service times at stations A and B are independent and identically distributed

random variables with means 1{µA and 1{µB and variances σ2
A and σ2

B, respectively.

Properties 1 and 2 do not extend to this environment because the uncertainty in

service times may induce idle and busy periods that did not arise in the deterministic

setting. As a result, we can no longer express customers’ expected system times

in closed form. Nevertheless, we can bound the expected system times when all

customers herd by applying existing results from queueing theory. More specifically,

when all customers choose route AB, the waiting times at station B behave as in an

underloaded GI{GI{1 queue (single-server queue with general independent arrival

and service time distributions) that started empty, with arrival rate µA and service

rate µB. Then, a stochastic dominance argument from Müller and Stoyan (2002,

Theorem 6.2.1) tells us that we can bound the expected waiting time at station B

for any customer in this GI{GI{1 queue by the expected steady-state waiting time.

Combining this argument with the classical steady-state result of Kingman (1962),

we then bound the expected system time for all of the customers who take route

AB, and this bound holds for any value of N . Under suitable conditions, we have

that our upper bound for the expected system time on route AB is smaller than the

expected system time on route BA, and therefore it is a Nash equilibrium for all

customers to choose route AB.
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Proposition 5 (Nash Equilibrium with Route AB—Stochastic Service). If

N ¡ 1 � 2µA
µB

� µ2
Apσ2

A � σ2
Bq

1 � µA{µB , (2.26)

then it is a symmetric Nash equilibrium for all customers to choose route AB.

Proof. Assume that all N players visit station A first, so station B is initially empty

until the first departure from station A. Observe that if all N customers visit station

A first, then station B behaves like a GI{GI{1 queueing system with arrival rate µA

and service rate µB (recall that µA   µB, so such a system would be stable). Let

FWB
0

be the distribution function for a random variable which is independent of the

arrival and service processes and which may modify the initial state of the queueing

system. Let WB
k , k ¥ 1, be the waiting time that the k-th departure from station

A experiences at station B, and let FWB
k

be the distribution function of WB
k . Note

that with probability 1 we have WB
0 � 0 and WB

1 � 0 because station B is initially

empty. Therefore, FWB
1

stochastically dominates FWB
0

, which we denote as

FWB
0
¤st FWB

1
.

Define FWB
8

as the stationary waiting-time distribution function for a GI{GI{1
queueing system with arrival rate µA and service rate µB. By Theorem 6.2.1 in

Müller and Stoyan (2002), we then have that

FWB
k
¤st FWB

8
for all k � 1, 2, . . . . (2.27)

Armed with the stochastic dominance relation (2.27), we consider the candidate equi-

librium profile in which all customers visit station A first and evaluate the prospect

of deviating to route BA. If the customer follows her current strategy, she will re-

ceive priority k at station A, for k � 1, . . . N , with probability 1{N . Conditional on

her priority k, her expected total system time ErSA|ks is given by

ErSA|ks � k

µA
� ErWB

k s �
1

µB
.
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Equation (2.27) implies that ErWB
k s ¤ ErWB

8 s, where ErWB
8 s is the steady-state

expected waiting time from the distribution function FWB
8

. We then have the bound

ErSA|ks ¤ k

µA
� ErWB

8 s �
1

µB
¤ k

µA
� µApσ2

A � σ2
Bq

2p1 � µA{µBq �
1

µB
, (2.28)

where the last inequality follows from bounds for the steady-state expected waiting

time in queue for a GI{GI{1 queue found in Kingman (1962). Taking expectation

over the priority in equation (2.28), we have

ErSAs ¤ 1

N

Ņ

k�1

p k
µA

� µApσ2
A � σ2

Bq
2p1 � µA{µBq �

1

µB
q

� N � 1

2µA
� µApσ2

A � σ2
Bq

2p1 � µA{µBq �
1

µB
.

If a customer deviates and visits station B first, then she will be the last to be served

at station A, so her expected system time ErSBs satisfies ErSBs ¥ N{µA. Finally, by

equation (2.26), we have

2µA
µB

� µ2
Apσ2

A � σ2
Bq

1 � µA{µB   N � 1

ñ µApσ2
A � σ2

Bq
2p1 � µA{µBq �

1

µB
  N � 1

2µA

ùñ ErSAs ¤ N � 1

2µA
� µApσ2

A � σ2
Bq

2p1 � µA{µBq �
1

µB
  N

µA
¤ ErSBs.

As a customer’s expected total system time is shorter if she follows the candidate

profile and visits station A first, she has no incentive to deviate. We conclude that

it is a Nash equilibrium for all customers to visit station A first.

Next, we consider the case in which all customers are choosing route BA. In this

case, the waiting times at station A behave as in an overloaded GI{GI{1 queue with

arrival rate µB and service rate µA, which does not have a steady-state distribution.
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To bound the expected waiting time in an overloaded GI{GI{1 queue, we apply

Lindley’s equation to show that the total idling time is represented by the “dual”

process of the overloaded system, and that this “dual” process has the same distri-

bution as the waiting time in an underloaded GI{GI{1 queue (see Grimmett and

Stirzaker, 2001, Section 11.5). This allows us to bound the total expected idling time

and to show that under suitable conditions it is a Nash equilibrium for all customers

to choose route BA. The result is summarized in the next proposition.

Proposition 6 (Nash Equilibrium with Route BA—Stochastic Service). If we have

µA   µB   2µA and

N ¥ µB � 2µA
2µA � µB

� µ2
Aµ

2
Bpσ2

A � σ2
Bq

p2µA � µBqpµB � µAq , (2.29)

then it is a symmetric Nash equilibrium for all customers to choose route BA.

Proof. Let XA
k and XB

k be the service time experienced by the k-th customer to be

served at stations A and B, respectively. Suppose that all players visit station B

first, and let WA
k be the waiting time at station A experienced by the k-th departure

from station B. Define Uk by

Uk :� XA
k �XB

k�1.

By Lindley’s equation, then, we have

WA
1 � 0

WA
2 � maxt0,WA

1 � U1u � maxt0, U1u

. . .

WA
k�1 � maxt0, Uk, Uk � Uk�1, . . . , Uk � Uk�1 � � � � � U1u.

Now, define IAk to be the cumulative idle time experienced by station A before the

arrival of the k-th customer, when all customers visit station A first. We can relate
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the waiting time WA
k of the k-th customer to the idle time and the excess workload

by

IAk � WA
k �

� k�1̧

i�1

XA
i �

ķ

j�1

XB
j




� WA
k �

k�1̧

i�1

Ui �XB
1

� XB
1 � max

"
�

k�1̧

i�1

Ui,�
k�2̧

i�1

Ui, . . . ,�U1, 0

*
.

Note then that �Ui has the same distribution as XB
k�i � XA

k�i�1, and therefore,

IAk �XB
1 has the same distribution as

WB
k :� max

" k�1̧

i�1

pXB
i �XA

i�1q,
k�1̧

i�2

pXB
i �XA

i�1q, . . . , pXB
k�1 �XA

k q, 0
*
, (2.30)

which is the “dual process” of WA
k . Moreover, by Lindley’s equation, we can view

equation (2.30) as the wait time of a single server queue with interarrival time dis-

tribution corresponding to station A’s service time distribution, and service time

distribution corresponding to station A’s interarrival time distribution. From equa-

tion (2.27) in the proof of Proposition 5 and Kingman (1962), we have that

ErWB
k s ¤ ErWB

8 s ¤
µApσ2

A � σ2
Bq

2p1 � µA{µBq . (2.31)

Let SA be the system time associated with choosing route AB, and SB be the

system time associated with choosing route BA. Now, given a priority k at station
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B, we have

ErSB|ks � k

µA
� ErIAk s

� k

µA
� 1

µB
� ErWB

k s

¤ k

µA
� 1

µB
� ErWB

8 s,

where the equality follows from the fact that IAk �XB
1 has the same distribution as

WA
k , while the inequality follows from equation (2.31). Applying this inequality, we

get that

ErSBs ¤ ErWB
8 s �

1

µB
�

Ņ

k�1

1

N

�
k

µA




� ErWB
8 s �

1

µB
� N � 1

2µA

¤ µApσ2
A � σ2

Bq
2p1 � µA{µBq �

1

µB
� N � 1

2µA
,

with the last inequality following from equation (2.31). Finally, because a player

deviating to route AB will be the last customer served at station B, we clearly have

ErSAs ¥ N

µB
.

Equation (2.29) then gives

1

2µA
� 1

µB
� µAµBpσ2

A � σ2
Bq

2pµB � µAq ¤ N

�
2µA � µB

2µAµB




ùñ ErSBs ¤ N � 1

2µA
� 1

µB
� µApσ2

A � σ2
Bq

2p1 � µA{µBq ¤
N

µB
¤ ErSAs.

As it is, the expected system time from choosing route BA is less than that from

choosing route AB. Therefore, no customer has incentive to deviate, and we have

that it is a Nash equilibrium for every player to choose route BA.
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2.5 The Sequential Open Routing Game

We have thus far assumed that customers had no visibility into the state of the net-

work when making routing decisions, i.e., that they were not aware of their relative

priorities or of the decisions made by others. In many applications, however, cus-

tomers may have some knowledge about their position in the queue and about the

routes that others have chosen. For example, in service systems such as amusement

parks, at times customers may pre-queue, allowing them at the preset opening time

to choose their route conditioned on the actions of those preceding them. To inves-

tigate a system where customers have knowledge about their position, we consider

the sequential open routing game, in which customers make decisions according to

their relative position among the N customers and can observe the routes chosen by

those who move before them. This setting facilitates a natural representation as an

extensive-form game, and we will find its unique subgame perfect equilibrium using

backward induction.

We remark that the open routing game of Section 2.4 represents one extreme, in

which customers have no information apart from the system parameters (µA, µB, and

N), while the sequential open routing game that we study here corresponds to the

other extreme, in which customers have perfect information regarding their position

and the state of the network prior to their decision. Interestingly, in this sequential

environment we also observe a phenomenon that is similar to the herding behavior

observed in the open routing game: in equilibrium all customers but one visit the

slower station A first.

Here we again consider a two-station service network with deterministic service

times and N customers present at the beginning of service availability. We note,

however, that unlike the open routing game of Section 2.4, the sequential open routing

game is not symmetric, and accordingly the customer index i will no longer be
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arbitrary. We index customers i � 1, 2, . . . , N , by the order in which they make

routing decisions, so customer 1 is the first to move, customer 2 is the second, etc.

We also assume that a customer’s position in the order corresponds to her priority,

so customer 1 will be served first at whichever station she chooses, and customer

i ¥ 2 will wait behind any customers in the set t1, . . . , i � 1u who have chosen the

same route as her. Next, for i � 1, 2, . . . , N, we define yAi P t0, 1, . . . , iu to be the

number of players that have chosen route AB, up to and including customer i. To

derive the subgame perfect equilibrium via backward induction, we need to analyze

the total time that player N , the last customer to make her routing decision, spends

in the system under different strategy profiles. The state observed by player N is

fully described by yAN�1, the number of the first N � 1 customers that chose route

AB.

System Time for Customer N .

Given a value of yAN�1, we use SAN to denote the system time that customer N , the

last customer to move, experiences if she takes route AB, and SBN to denote the

system time that she experiences if she takes route BA.

Because µA   µB and the service times are deterministic, we see that if customer

N first visits the faster station B, followed by the slower station A (i.e., she chooses

route BA), then she experiences exactly the same system time as if she merely joined

a queue of N � 1 customers all waiting at station A, as long as at least one customer

before her chose route AB (i.e., as long as yAN�1 ¥ 1). If no one else chose route

AB, that is, if yAN�1 � 0, then the above is still true except that station A sits idle

until the first departure from station B, so customer N ’s system time is increased by

1{µB. Therefore, we can express SBN , the system time for the case in which customer
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N chooses route BA, as

SBN �

$'''&'''%
N

µA
� 1

µB
if yAN�1 � 0,

N

µA
if yAN�1 ¥ 1.

(2.32)

Now, suppose that customer N chooses route AB, visiting the slower station A

first, followed by the faster station B. If player N arrives at station B and finds it

idle, then SAN , the system time that she experiences if she visits station A first, is

simply equal to pyAN�1 � 1q{µA, the time that she spends at station A, plus the time

it takes for her to be served at station B, which is equal to 1{µB. If player N arrives

at station B and finds it busy, then by Property 1, station B must never have been

idle since it started service. As player N will be the last customer served at station

B, we have then that SAN is equal to N{µB. To summarize, the system time that

customer N experiences from visiting station A first, SAN , is given by

SAN �

$''''&''''%
yAN�1 � 1

µA
� 1

µB
if
yAN�1 � 1

µA
¥ N � 1

µB
,

N

µB
if
yAN�1 � 1

µA
  N � 1

µB
,

(2.33)

where pyAN�1 � 1q{µA ¥ pN � 1q{µB is the condition that ensures that station B is

idle upon customer N ’s departure from station A.

Equilibrium Strategy Profile.

With the evaluation of customer N ’s system times we deduce her strategy in the set

of subgame perfect equilibria. Because µA   µB, whenever the second condition in

equation (2.33) is met we have that SAN   SBN , so customer N ’s system time from

choosing route AB is the shorter.
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If instead the first condition in equation (2.33) holds, then we have two cases.

First, if the number of preceding customers choosing route AB satisfies the inequality

yAN�1 ¤ N � 2, then SAN is bounded above by pN � 1q{µA � 1{µB, so we again have

that SAN   SBN .

Second, if yAN�1 � N � 1 and customer N chooses route AB, then she will be

served last at station A and finish there after N{µA units of time, but she will still

require a service time of 1{µB at station B. On the other hand, if she takes route

BA, then she will immediately be served at station B and leave the system exactly

when station A completes its workload, after N{µA time units. The extra 1{µB from

route AB causes SAN to be greater than SBN for yAN�1 � N � 1.

Summarizing, we have that SBN   SAN if and only if yAN�1 � N � 1, and otherwise

SAN   SBN . Therefore, customer N ’s optimal strategy is to choose route BA if and

only if yAN�1 � N � 1, and route AB otherwise.

With the optimal strategy profile for customer N , we now inductively determine

the subgame perfect equilibrium strategy profile for customers N � n , for every n in

the set t1, ..., N � 1u.

Proposition 7 (Unique Subgame Perfect Equilibrium). The following strategies

form the unique subgame perfect equilibrium of the sequential open routing game:

1. Customers 1, . . . , N � 1 visit station A first in every subhistory.

2. Customer N visits station B first if and only if she observes yAN�1 � N � 1;

otherwise, she visits station A first.

Moreover, along the equilibrium path the first N � 1 customers to move visit station

A first, and the final customer visits station B first.

Proof. We establish the subgame perfect equilibrium using backward induction.

First, equations (2.32) and (2.33) tell us that the unique optimal strategy for cus-

tomer N is to take route BA if yAN�1 � N � 1 and route AB otherwise. Note that
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this strategy ensures that in equilibrium always at least one customer will take route

AB. Consequently, being the slower station, in equilibrium station A will never idle

until it has processed all N customers. Next, we use induction to identify the optimal

strategy for all other players. For the induction hypothesis, assume for some integer

2 ¤ n ¤ N � 1 that the strategy of subsequent customers N � n1, where 1 ¤ n1   n,

is to always take route AB, and that the final customer to move, customer N , follows

the optimal strategy derived above.

To serve as the base case, we first verify the induction hypothesis for n � 2 by

deriving the equilibrium strategy for customer N � 1. Player N , the last to move, is

the only customer that follows player N�1, and in equilibrium customer N will follow

the strategy of visiting station B first if yAN�1 � N � 1, and station A otherwise.

So, if customer N � 1 visits station B first, then customer N will visit station A

first, and customer N � 1 will be the last person served at station A. She will then

experience system time given by

SBN�1 �
N

µA
(2.34)

because, as noted, station A never idles given player N ’s equilibrium strategy. If

customer N � 1 takes route AB, then her system time will depend on how many

players before her made the same choice. If a small enough number of them chose

route AB that when player N � 1 departs from station A she will find station B

busy, then her system time SAN�1 is given by

SAN�1 �
N � 1

µB
  N � 1

µA
  N � 1

µA
� 1

µA
� SBN�1. (2.35)

On the other hand, if enough customers before customer N � 1 chose route AB

that she will find station B idle when she departs from station A, then her system
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time SAN�1 is given by

SAN�1 �
yAN�2 � 1

µA
� 1

µB
  N � 1

µA
� 1

µA
� SBN�1 (2.36)

Thus, the equilibrium strategy for customer N � 1 is to visit station A first in

every subhistory. Combined with the equilibrium strategy for customer N , equations

(2.34)-(2.36) verify the induction hypothesis for n � 2.

Now, assume that the induction hypothesis holds for some integer 2 ¤ n ¤ N�1.

Let SBN�n be the system time that customer N � n experiences if she chooses to

join station B first. Similarly, let SAN�n be the system time that customer N � n

experiences if she chooses to join station A first. If customer N � n chooses route

AB, then everyone after her will join station A first, and customer N � n will be

the last to be served at station A. Because station A never idles, we then must have

SBN�n � N{µA. To study SAN�n, we need to consider the following two cases.

Case 1: The number of AB customers before customer N�n, denoted by yAN�n�1,

is small enough that customer N�n finds station B busy when she finishes at station

A. Then by Property 2, station B has never idled since starting service and we must

have SAN�n � pN � nq{µB. Moreover,

SAN�n �
N � n

µB
  N � n

µA
  N � 1

µA
� 1

µA
� SBN�n. (2.37)

Case 2: The number of AB customers before customer N � n, denoted by

yAN�n�1, is big enough that customer N � n finds station B idle when she finishes at

station A. In this case, we have SAN�n � pyAN�n�1 � 1q{µA � p1{µBq. Therefore, we

have that

SAN�n �
yAN�n�1 � 1

µA
� 1

µB
  N � 1

µA
� 1

µA
� SBN�n.

In either case, choosing route AB results in a strictly shorter system time for

customer N � n. Thus, if the induction hypothesis holds for some n ¥ 2, we now
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have that for any n ¤ rn ¤ N � 1, the unique optimal strategy for customer N � rn is

to take route AB regardless of the subhistory, given that all subsequent customers

act optimally. Having verified the induction hypothesis for n � 2, we obtain the

unique subgame perfect equilibrium of our game, comprised of the strategies stated

in the proposition. Furthermore, inspection of the strategies reveals that the resulting

equilibrium path entails the first N �1 players taking route AB, and the final player

N taking route BA.

Intuitively, one might expect that customers should join the queue with the short-

est wait time because that minimizes their waiting time before getting served at one

of the two stations. However, Proposition 7 states that if customers are rational,

then all except the last will first visit station A, which is slower and which each

customer except the first one observes to have more customers in its queue than

station B. This behavior is best explained by what we call delayed overtaking. If

customers later in the order will visit the slower station A first, then it is in the best

interest of a customer who moves earlier to immediately join the queue at station A

because otherwise, during her time at the faster station B, others will overtake her

at station A.

Interestingly, we observe that the optimal actions of the first N�1 customers are

completely independent of the state that they observe and are essentially driven by

the strategies of those later in the order. Note also that the equilibrium actions—i.e.,

the herding profiles—from the open routing game of Section 2.4 cannot be supported

as equilibria (Nash or subgame perfect) for the sequential game. Namely, if the last

customer to move is aware of her position and the decisions of the other customers,

then her best response to all of the earlier customers visiting the same station (ei-

ther A or B) is always to visit the other station, breaking both of the equilibria of

Proposition 1. However, in equilibrium only one customer visits station B first here,
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so the subgame perfect equilibrium of this section is quite similar to the herding

equilibrium at station A discussed in Section 2.4. Therefore, in an environment in

which decisions are made sequentially, the pull to the slower station has the strongest

impact on behavior, and the delayed overtaking effect dominates.

On the whole, we find that behavior in the sequential open routing game parallels

that of the one-shot version. The most important departures are (i) that the delayed

overtaking effect always dominates in the sequential environment, supporting a form

of herding only at the slower station and (ii) that in equilibrium the last customer,

recognizing that she is the last to move, takes the opposite route of all of the other

players.

2.6 Herding vs. Central Optimum

We consider now a central planner who wishes to optimize social welfare in the open-

routing service network of Sections 2.4 and 2.5. We take as our measure of social

welfare the sum of the system times of all customers. The central planner’s problem

is to minimize this quantity, which we call cumulative system time. We compare the

cumulative system time under herding with the optimal cumulative system time, first

by deriving bounds on the sub-optimality of herding and then by numerically solving

for the optimal routing. We end by discussing the implications of these results on

the price of anarchy.

Cumulative System Time Under Herding.

If 0 ¤ x ¤ N customers are assigned to route AB, then denote by Dpxq the resulting

cumulative system time. Let Q be the number of AB customers who, after their

service at station A, find station B busy. We use Di
Apxq, i P t1, . . . , xu, to denote the

total time spent in the system by the i-th AB customer; similarly, we use Dj
Bpxq, j P

t1, . . . , N�xu, to denote the total time spent in the system by the j-th BA customer.
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Finally, define Dpxq to be the cumulative system time, i.e.,

Dpxq :�
x̧

i�1

Di
Apxq �

N�x̧

j�1

Dj
Bpxq. (2.38)

If the i-th AB customer finds station B busy upon completing her service at

station A, then her total system time is given by

Di
Apxq �

N � x

µB
� i

µB
, i � 1, . . . , Q. (2.39)

We may understand this by recalling from Property 1 that if the i-th customer finds

station B busy, then station B must necessarily have never been idle since the start

of service availability. Thus, the i-th AB customer will enter service at station B

exactly when station B has finished processing all N�x of the BA customers plus the

i� 1 customers who visited station A first and are in front of the i-th AB customer.

Adding her own service time, she will experience the total system time related in

equation (2.39).

On the other hand, if the i-th AB customer finishes service at station A and finds

station B idle, then her total system time is given by

Di
Apxq �

i

µA
� 1

µB
, for i � Q� 1, . . . , x. (2.40)

Finding station B idle is equivalent to not facing a wait at station B, so a customer’s

total system time is the sum of the time that she spends at station A and her service

time at station B. She must wait at station A for the service of the i� 1 customers

in front of her there, and then she must be served. She then moves to station B,

where she immediately enters service, resulting in the system time given by equation

(2.40).

Finally, we have that the j-th BA customer has total system time given by

Dj
Bpxq �

x� j

µA
, for j � 1, . . . , N � x, (2.41)
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if x ¡ 0. To build some intuition around this last quantity, we note that the j-th BA

customer will enter service at station A exactly when station A finishes processing

all x of the AB customers plus all j � 1 of the BA customers in front of her at

station B. We recall from Property 2 that station A never idles as long as x ¡ 0,

so the time until she enters service at station A is given by the sum of the service

times of x� j� 1 customers at station A. Adding her own service time at station A,

we see that her system time is as expressed in equation (2.41). Note that if x � 0,

then we have Dj
Bpxq � j{µA � 1{µB, i.e., the quantity in equation (2.41) plus 1{µB,

where 1{µB is the time that station A is idle before its first customer departs from

station B.

Therefore, the cumulative system time, Dpxq, is simply the sum of all of the terms

in equations (2.39)-(2.41), and we present this quantity in the following lemma as a

function of the number x of customers that visit station A first.

Lemma 1 (Cumulative System Time). Take x P t0, . . . , Nu, and define Q̃ as

Q̃ :� max

"
k P N :

k

µA
¤ N � x� k � 1

µB

*
�
Z
µApN � x� 1q

µB � µA

^
.

The number Q of AB customers who find station B busy upon service completion at

station A is given by

Q � mintx, Q̃u,
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and the cumulative system time Dpxq is given by

Dpxq �

$'''''''''''''''''''''&'''''''''''''''''''''%

N

µB
� N2 �N

2µA
x � 0,

xp2N � x� 1q
2µB

� pN � xqpN � x� 1q
2µA

1 ¤ x ¤ µApN � 1q
µB

,

Q̃p2N � 2x� Q̃� 1q � 2x

2µB
�

N �N2 � Q̃� Q̃2

2µA

µApN � 1q
µB

  x ¤ N � µB
µA

,

x

µB
� N2 �N

2µA
N � µB

µA
  x ¤ N.

(2.42)

Proof. First, observe that

x ¡ µApN � 1q
µB

µBx� µAx ¡ µApN � 1q � µAx

x ¡ µApN � 1 � xq
µB � µA

x ¡
Z
µApN � 1 � xq

µB � µA

^
� Q̃,

where the last equivalence condition holds because x is an integer. Therefore we have

Q � Q̃   x if x ¡ µApN � 1q
µB

and Q � x if x ¤ µApN � 1q
µB

. (2.43)

Next, we will study Dpxq under the four cases listed in equation (2.42).

Case 1: x � 0. In this case, station A will be idle for the first 1{µB units of time.

Since all customers visit station B first, each customer must wait for the customers

in front of her to finish at station A before she is served there. Hence the customer

with priority j at station B will finish at station A exactly when station A completes
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its j-th service, which because of the idling will occur after p1{µBq � pj{µAq units of

time. Thus, the cumulative system time is equal to

Dpxq �
Ņ

j�1

Dj
Bp0q �

Ņ

j�1

�
1

µB
� j

µA



� N

µB
� N2 �N

2µA
.

Case 2: 1 ¤ x ¤ µApN � 1q{µB. By equation (2.43), here we have Q � x.

Equations (2.38) and (2.39) give us that

Dpxq �
x̧

i�1

Di
Apxq �

N�x̧

j�1

Dj
Bpxq �

xp2N � x� 1q
2µB

� pN � xqpN � x� 1q
2µA

.

Case 3: µApN � 1q{µB   x ¤ N � µB{µA. By equation (2.43), in this case

Q � Q̃. By equations (2.38), (2.39), and (2.40), we get

Dpxq �
Q̧̃

i�1

Di
Apxq �

x̧

i�Q̃�1

Di
Apxq �

N�x̧

j�1

Dj
Bpxq

� Q̃p2N � 2x� Q̃� 1q � 2x

2µB
� N �N2 � Q̃� Q̃2

2µA
.

Case 4: N � µB{µA   x ¤ N. Recall that if station B idles then it will never

build up a queue again. In this case, even the first AB customer does not face a

queue at station B, and therefore the cumulative system time is equal to

Dpxq �
x̧

i�1

Di
Apxq �

N�x̧

j�1

Dj
Bpxq �

x

µB
� N2 �N

2µA
.

The four ranges for x that appear in equation (2.42) correspond to four regimes for

the number of AB customers: if x � 0, then there are no AB customers and station A

will be idle during the first 1{µB time periods; if 1 ¤ x ¤ µApN�1q{µB, then all of the

AB customers will face a queue at station B; if µApN�1q{µB   x ¤ N�µB{µA, then
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Figure 2.2: Cumulative system time as a function of the number of AB customers x.

some of the earlier AB customers will face a queue at station B, while the later AB

customers will be served at stationB immediately; and finally, ifN�µB{µA   x ¤ N ,

then no AB customers will face a queue at station B.

Lemma 1 provides an explicit formula for the cumulative system time Dpxq,
when x customers visit station A first. Because Q̃ is a discrete function of x, we now

develop tight upper and lower bounds for Dpxq when x P trµApN �1q{µBs, . . . , tN �
pµB{µAquu. Both the upper and lower bounds are outputs of continuous functions,

which are much more amenable to analysis, and the lower bound will be used in the

proof of Proposition 8.

Lemma 2 (Bounds on Cumulative System Time). Defining the functions S1p�q and

S2p�q and the quantity S3 by

S1ptq � t

2

�
N � x� 1

µB
� N � x� t

µB



,

S2ptq � x� t

2

�
t� 1

µA
� 1

µB
� x

µA
� 1

µB



,

and S3 � N � x

2

�
x� 1

µA
� N

µA



,

58



we have that if µApN � 1q{µB   x ¤ N � pµB{µAq, then Dpxq is bounded by

Dpxq ¥ S1

�
µApN � x� 1q

µB � µA
� 1



� S2

�
µApN � x� 1q

µB � µA



� S3, (2.44)

Dpxq ¤ S1

�
µApN � x� 1q

µB � µA



� S2

�
µApN � x� 1q

µB � µA
� 1



� S3.

Proof. Recall from the proof of Lemma 1 that if pµApN�1q{µBq   x ¤ N�pµB{µAq,
then

Dpxq �
Q̧̃

i�1

N � x� i

µB
�

x̧

i�Q̃�1

�
i

µA
� 1

µB



�

N�x̧

j�1

x� j

µA
� S1pQ̃q � S2pQ̃q � S3.

The function S1ptq is non-decreasing on R�, and the function S2ptq is non-increasing

on R�. Here we have that x ¤ N � µB{µA, so

1 ¤ Q̃ ¤ µApN � x� 1q
µB � µA

,

and the monotonicity properties of S1p�q and S2p�q give us that

Dpxq ¥ S1

�
µApN � x� 1q

µB � µA
� 1



� S2

�
µApN � x� 1q

µB � µA



� S3

and Dpxq ¤ S1

�
µApN � x� 1q

µB � µA



� S2

�
µApN � x� 1q

µB � µA
� 1



� S3.

The lemma follows from the upper and lower bounds on Q̃ given by

µApN � x� 1q
µB � µA

� 1   Q̃ �
Z
µApN � x� 1q

µB � µA

^
¤ µApN � x� 1q

µB � µA
.

In turn, the bounds that we obtain are extremely tight when N is large, as they

are essentially the bounds for the discretization error. Figure 2.2 plots the function
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Dpxq, along with these upper and lower bounds, for two problem instances. We note

that

Dp0q � DpNq � N

µB
� N2 �N

2µA
, (2.45)

i.e., the cumulative system time is the same under either herding profile. We let

DH
N denote the quantity in equation (2.45). Let D�

N denote the minimal cumulative

system time, that is,

D�
N � min

xPt0,...,Nu
Dpxq.

Next, we show that the gap, D�
N �DH

N , is uniformly bounded by a constant.

Proposition 8 (Optimality Gap of Herding). The optimality gap DH
N �D�

N satisfies

the bounds

1

µA
¤ DH

N �D�
N ¤ 1

µA
� 17µ2

B � 6µAµB � 7µ2
A

8µAµBpµB � µAq for all N ¥ 1 � 2µB
µA

. (2.46)

Proof. We will establish that Dp1q is a lower bound on the value of Dpxq everywhere

except the region where Q̃ appears in the expression for Dpxq, and we will bound

the difference between Dp1q and the minimum possible value of Dpxq in that region.

Case 1: x � 0. Substituting 1 for x in equation (2.42), we get

Dp1q � N

µB
� pN � 1qpN � 2q

2µA

� N

µB
� N2 �N

2µA
� 1

µA

� Dp0q � 1

µA
,

and therefore 1{µA ¤ DH
N �D�

N .

Case 2: 1 ¤ x ¤ µApN � 1q{µB. In this interval, the continuous extension of

Dpxq is a concave quadratic function. Thus, the minimum of Dpxq in this region
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must be at one of the endpoints. We evaluate DpµApN � 1q{µBq and get

D

�
µApN � 1q

µB



� N2 �N

2µA
� N2pµ2

AµB � µ3
Aq

2µAµ3
B

� Np2µ3
A � µ2

AµB � µAµ
2
Bq

2µAµ3
B

� µ2
B � 2µAµB � µ2

A

2µ3
B

.

The difference DpµApN � 1q{µBq �Dp1q is then given by

D

�
µApN � 1q

µB



�Dp1q � N2µApµB � µAq

2µ3
B

� NpµB � µAqp2µA � 3µBq
2µ3

B

� pµB � µAqpµ2
A � 3µAµB � 2µ2

Bq
2µAµ3

B

.

The larger root of this convex quadratic function of N occurs at N � 1 � 2µB{µA,

and thus

N ¥ 1 � 2µB
µA

ùñ D

�
µApN � 1q

µB



�Dp1q ¥ 0.

We deduce therefore that Dp1q is the minimum value of Dpxq for 1 ¤ x ¤ µApN �
1q{µB.

Case 3: µApN � 1q{µB   x ¤ N � µB{µA. In this region we will work relative

to the lower bound in equation (2.44). Evaluating this bound, we have

Dpxq ¥ S1

�
µApN � x� 1q

µB � µA
� 1



� S2

�
µApN � x� 1q

µB � µA



� S3

� x2

�
µA

2µBpµB � µAq


� x

�
5

2pµB � µAq �
µAp2N � 1q

2µBpµB � µAq



�N2

�
µB � µA
2µAµB

� 1

2pµB � µAq


�N

�
µB � µA
2µAµB

� 2

µB � µA




� 2µA � µB
2µBpµB � µAq

�:
¯
Dpxq.
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We note that
¯
Dpxq is a convex quadratic function in x. Differentiating with respect

to x, we get

B
¯
D

Bx � 5µB � µAp1 � 2N � 2xq
2µBpµB � µAq .

Because the first-order condition is sufficient for a minimum, we set the derivative

B
¯
D{Bx equal to zero and solve for the root x�, obtaining

5µB � µAp1 � 2N � 2x�q � 0

2µAx
� � µAp2N � 1q � 5µB

x� � N � 1

2
� 5µB

2µA
.

We then have that
¯
Dpx�q is a lower bound on the value of Dpxq for any µApN �

1q{µB   x ¤ N�µB{µA. The bound holds whether or not x� falls within the relevant

interval, as
¯
Dpx�q is the global minimum of the quadratic function. Evaluating

¯
Dpx�q, we get

¯
Dpx�q � N2 �N

2µA
� N

µB
� 25µ2

B � 14µAµB � 7µ2
A

8µAµBpµB � µAq

� Dp0q � 25µ2
B � 14µAµB � 7µ2

A

8µAµBpµB � µAq

� Dp1q � 1

µA
� 25µ2

B � 14µAµB � 7µ2
A

8µAµBpµB � µAq .

Because µA   µB, we have

0   17µ2
B � 6µAµB � 7µ2

A

8µ2
B � 8µAµB   25µ2

B � 14µAµB � 7µ2
A

1

µA
  25µ2

B � 14µAµB � 7µ2
A

8µAµBpµB � µAq ,

which implies that
¯
Dpx�q   Dp1q.
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Case 4: N�µB{µA   x ¤ N. The cumulative system time Dpxq is an increasing

linear function on the half-open interval pN � µB{µA, N s. Therefore, the infimum

of Dpxq on this interval is given by the output of the linear function evaluated at

N � µB{µA, i.e.,

inf
xPpN�µB{µA,Ns

Dpxq � N � µB{µA
µB

� N2 �N

2µA

� N

µB
� N2 �N

2µA
� 1

µA

� Dp1q.

Collecting the results from the four cases, we conclude that

1

µA
¤ DH

N �D�
N ¤ 1

µA
� 17µ2

B � 6µAµB � 7µ2
A

8µAµBpµB � µAq .

The bounds (2.46) are independent of the population size N , and the ratio of this

gap to the optimal cumulative system time rapidly approaches 0 as N grows. As

we discuss below, numerical evidence suggests that in most cases assigning exactly

one customer to route AB minimizes the cumulative system time. In those cases the

optimality gap is usually equal to one service time at station A.

Exact Central Optimal Solution.

With Proposition 8 bounding the optimality gap of herding, we now numerically

solve the central planner’s problem for a variety of parameter values. The main

observation worth noting is that, for all of the parameter combinations that we have

studied, the minimal cumulative system time D�
N is attained by setting the number

of AB customers to one. The reason for doing so, instead of assigning all of the

customers to herd on route BA (i.e., setting x � 0), is to avoid inducing idle time
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Table 2.1: Maximum Percent Above Optimal Cumulative System Time Under Herd-
ing (i.e., x � 0 or x � N ; µB � 1)

µA 10�5 p10�5, .2s (.2,.4] (.4,.6] (.6,.8] (.8,1]
Max % Gap .00004 .078 .078 .077 .077 .078

at station A during the first service time at station B. The opposite extreme of

assigning all customers to herd on route AB induces a similar idle time problem at

station B, resulting in equivalent cumulative system time to the case with x � 0.

Still, the difference in cumulative system time when setting x � 0 instead of x � 1

is usually negligible, as we will observe. We compute and study the cumulative

system time for a range of parameter values. Fixing µB � 1 and taking N � 50, we

compute the cumulative system time vector (letting x � 0, 1, . . . , N) for all values

of µA P t1 � 10�5, 2 � 10�5, . . . , 99, 999 � 10�5u. Table 2.1 shows the maximum

percentage difference between the cumulative system time under herding and the

minimal cumulative system time, over ranges of µA. In all cases the cumulative

system time under herding is less than a tenth of a percent above optimal.

Price of Anarchy.

In Sections 2.4 and 2.5, we found that self-interested customers followed the crowd

to the same route. The optimal outcome under a social planner is quite similar.

Rather than balancing the workload across the two queues, a social planner should

send almost all of the customers to the same station first. The intuition has to do

with the fact that if the queues are of similar length at both stations, then the first

customer to exit the system will not do so until she has waited a substantial amount

of time for her second service. The performance of such a load-balancing routing

assignment is close to that of the worst possible routing scheme (see also Figure 2.2).

Conversely, if all customers are assigned to the same route, then the early customers

have a short (if any) wait at both stations. Whoever the final customers are to leave
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the system, they cannot possibly leave until station A processes everyone before

them, and that time serves as a lower bound on their system times. But for the

customers early in the order, their system times are significantly shorter if customers

are concentrated on one route.

These results lead to an interesting observation regarding the price of anarchy.

The price of anarchy is defined as the ratio between the social welfare in the worst

equilibrium outcome and the best outcome achievable by a social planner (Koutsou-

pias and Papadimitriou, 2009). In the open routing game of Section 2.4, the price of

anarchy for pure strategies is close to 1 because the equilibrium outcome sends ev-

eryone to the same station, and the difference in social welfare between this and the

optimum is usually only a single service time at station A. Moreover, as N grows the

price of anarchy converges to 1 by Proposition 8. As rational customers will herd in

equilibrium, the good overall performance of herding with respect to the cumulative

system time is encouraging for managers. In the event that customers are not fully

rational, there is a strong argument for managers to incentivize herding among their

customers, as it is a simple strategy with near-optimal performance.

2.7 The Prevalence of Herding

We have seen that the herding behavior predominates in the open routing game.

With enough players, the herding equilibria are always the only pure-strategy Nash

equilibria of the game. Furthermore, when the service rates are far apart, customers

have a strictly dominant strategy which implements the herding equilibrium at sta-

tion A. The herding equilibria continue to hold even when some customers are not

strategic and have their routes fixed in advance, or when we allow for stochastic ser-

vice times. In the sequential variant of the open routing game, we similarly observe

a form of herding, albeit only at the slower station A. In this section, we discuss

additional settings in which the herding behavior continues to prevail.
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Customers Who Visit Only One Station

First, we discuss the impact of “dedicated” customers, who require service only at

one of the two stations. In the context of the open routing game of Section 2.4, we

now relax the assumption that all customers must visit both stations. Specifically,

we decompose N as N � NA �NB �NS, where NA customers visit only station A,

NB customers visit only station B, and the remaining NS customers are strategic,

i.e., they visit both stations but may choose the order. When there are enough

strategic players, both the herding profile at station A and that at station B are

Nash equilibria of this game. We first show the result for the equilibrium on route

AB.

Proposition 9 (Nash Equilibrium with Route AB—Dedicated Customers). If

NS ¥ pNB � 1q
�2µA
µB

	
� 1 �NA, (2.47)

then it is a Nash equilibrium for all NS strategic players to visit station A first.

Proof. Suppose that all of the strategic players choose route AB. If so, then a player

who deviates to take route BA will be served at station A after all NA of the “A-

only” players and after the other NS � 1 strategic players. We therefore have the

following lower bound on the expected system time ErSBs from deviation given by

ErSBs ¥ NA �NS

µA
. (2.48)

Next we calculate an upper bound on the expected system time from following the

profile and taking route AB. Here we note that Property 1 still applies to this

system. Namely, if station B ever idles, then it will never build up a queue again.

First, consider the case with no B-only players (that is, NB � 0). In this case, there

will never be a queue at station B, and strategic customers departing from station
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A will immediately enter service at station B. Therefore, with no B-only customers

we have an exact expression for ErSAs given by

ErSAs �
NA�NS¸
j�1

1

NA �NS

�
j

µA
� 1

µB



.

Now, for a given priority j, if NB is greater than 0, then the maximum increase in

the system time SA from the case with no B-only players is equal to NB{µB, the

increased initial workload at station B. Thus, for any value of NB we have the bound

ErSAs ¤
NA�NS¸
j�1

1

NA �NS

�
j

µA
� 1

µB
� NB

µB



� NA �NS � 1

2µA
� NB � 1

µB
. (2.49)

Equations (2.47), (2.48), and (2.49) give

pNB � 1qp2µA
µB

q � 1 ¤ NA �NS

ùñ ErSAs ¤ NB � 1

µB
� NA �NS � 1

2µA
¤ NA �NS

µA
¤ ErSBs.

We conclude that strategic players have no incentive to deviate, and therefore it is a

symmetric Nash equilibrium for all strategic players to visit station A first.

The intuition behind the proof is similar to that of the open routing game. If all

of the strategic customers herd at station A, then a customer who deviates will again

be the last customer to be served at station A, and therefore she prefers to follow

the crowd. We next prove a similar result for route BA, with similar intuition.

Proposition 10 (Nash Equilibrium with Route BA—Dedicated Customers). If

µB   2µA and

NS ¥ µBp2NA � 1q � µApNB � 2q
2µA � µB

, (2.50)

then it is a Nash equilibrium for all NS strategic players to visit station B first.
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Proof. Suppose that all of the strategic customers are following the profile of visiting

station B first, and consider a player who contemplates deviating and visiting station

A first. If she deviates, then she will certainly not enter service at station B until

after station B processes all NB B-only players as well as the other NS � 1 strategic

customers. Therefore, we can bound her expected system time ErSAs from deviating

by

ErSAs ¥ NB �NS

µB
. (2.51)

Next, suppose that she follows the profile and visits station B first, and further

suppose that she receives priority k at station B. Let Zk be the random variable

representing the number of strategic customers among the first k�1 players at station

B. Given that there are NB � NS � 1 other players at station B, NS � 1 of which

are strategic, the random variable Zk has a hypergeometric distribution with k � 1

trials from a population of size NB �NS � 1 containing NS � 1 successes. Therefore,

its mean is

ErZks � pk � 1q NS � 1

NB �NS � 1
. (2.52)

With a large number of B-only players it is possible that station A will become idle

while some strategic customers have not yet been served at station B. Consider a

strategic customer who is assigned priority k at station B. The greatest amount of

idle time that could possibly be introduced at station A is the sum of the service

times at station B of the B-only customers with a higher priority. There are exactly

k � 1� Zk such players. Define Ik as the amount of time that station A spends idle

before the customer with priority k at station B finishes her service at station B. If

NA � 0, then station A would also idle for 1{µB before it receives its first customer.

An upper bound on the mean of ErIks is then

ErIks ¤ 1

µB
� E

�
k � 1 � Zk

µB

�
� 1

µB
� k � 1 � ErZks

µB
. (2.53)
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Table 2.2: Percent Deviation from Submodularity with Dedicated Customers (for
µB=1, NS=50).

µA
NA, NB 1.1 1.3 1.5 1.7 1.9

0,5 2 0 0 0 0
0,10 0 2 0 0 0
5,0 0 2 2 4 4
5,10 0 0 0 0 0
10,0 2 0 4 4 6
10,5 0 0 0 2 4
10,10 0 0 0 0 0

We can now express the expected system time from choosing route BA by

ErSBs �
NB�NS¸
k�1

1

NB �NS

�
NA � 1 � ErZks

µA
� ErIks




¤
NB�NS¸
k�1

1

NB �NS

�
NA � 1 � ErZks

µA
� k � 1 � ErZks

µB
� 1

µB




� 1

µB
� NA � 1

µA
� NS � 1

2µA
� NB

2µB
, (2.54)

where the inequality follows from equation (2.53) and the last equality follows from

substituting the expression in equation (2.52) for ErZks and then evaluating the

summation. Because µB   2µA, equations (2.50), (2.51), and (2.54) then give

µBp2NA � 1q � µApNB � 2q
2µA � µB

¤ NS

ùñ 2NA � 1

2µA
� NB � 2

2µB
¤ NS

�
1

µB
� 1

2µA




ùñ ErSBs ¤ 1

µB
� NA � 1

µA
� NS � 1

2µA
� NB

2µB
¤ NB �NS

µB
¤ ErSAs.

Because ErSBs ¤ ErSAs, we conclude that no player has incentive to deviate, and

thus it is a Nash equilibrium for all NS strategic players to visit station B first.

We also observe in a series of numerical experiments that, if there is not too

much imbalance in the number of dedicated customers at each station (i.e., only
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station A vs. only station B), then the expected system time for the strategic

customers is often submodular (or close to submodular) even in the presence of

dedicated customers. The results of the numerical study are summarized in Table

2.2. We fix NS � 50 and µB � 1. The number of customers who are dedicated to

each station varies; there are always 50 strategic customers, and any non-strategic

customers increase the total population size. For each routing profile of the strategic

customers (i.e., for x � 0, 1, . . . , 50 customers on route AB, with the remainder on

route BA), we simulate the system 1,000 times. Service times are deterministic, so

the only randomness in the system is the arrangement of customers of different types

in the queues. Using the sample average system time for AB and BA customers for

each routing profile, we compute the sample differences vector. Table 2.2 depicts

the percentage of difference comparisons (i.e., d0 vs. d1, d1 vs. d2, etc.) which do

not satisfy the decreasing differences condition. We note that all instances satisfy

the condition within a .5% tolerance. These numerical experiments provide evidence

that the expected system time continues to be submodular or almost submodular in

the presence of dedicated customers, if most of the customers are strategic and there

is not too much imbalance in the number of customers dedicated to each station. We

conclude that the herding behavior is robust to the presence of “dedicated” customers

who require service only at one of the two stations.

Overloaded System with Stochastic Arrivals

Next, we consider a setting in which exogenous arrivals occur according to a Poisson

process with rate λ, while service times are again deterministic with rates 0   µA  
µB. We also assume that the system is overloaded, that is, λ ¥ µA. As usual, we

assume that each customer attempts to minimize her expected total system time.

On arrival, we assume that a customer has complete visibility into queue lengths;

that is, she can observe the number of customers queued at each station as well as
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the amount of time that the current customers have so far been in service, which is

relevant because service times are deterministic. We then let nA and nB denote the

queue lengths at stations A and B, respectively. For instance, if a customer arrives

and sees 6 customers in line at station A, and a customer in service with 45% of her

service time remaining, then the queue length at station A is given by nA � 6.45.

We now show that this game has a Nash equilibrium where all players herd on

route AB.

Proposition 11 (Nash Equilibrium with Route AB—Stochastic Arrivals). If λ ¥
µA, then the strategy “visit station A first for any nA and nB” forms a symmetric

Nash equilibrium.

Proof. Suppose that a customer arrives and observes queue lengths nA and nB, and

that all customers before and after her are following the strategy “visit station A

first in every state.” Recall that nA and nB may be fractional, as each represents

the number of customers in the queue at the respective station, plus the remaining

fraction of service time for the customer currently being served. Because service is

deterministic and all players are following route AB, the arrival process to station B

is also deterministic, at a rate of at most µA. Thus, with this strategy profile station

B never builds up a queue, so if the arriving customer visits station A first, then her

system time SAnA,nB
is exactly

SAnA,nB
� nA � 1

µA
� 1

µB
. (2.55)

To determine the exact expected system time for an arriving customer who visits

station B first is less straightforward, but it suffices to establish a lower bound. On

arrival, the time TB until a customer who visits station B first finishes service at

station B is exactly

TB � nB � 1

µB
.
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The number of customers ZA to arrive during this time window is a Poisson random

variable with parameter λTB, and by assumption, these later customers follow the

equilibrium strategy of visiting station A first.

Let SBnA,nB
pZAq be the system time experienced by an arriving customer who

observes queue lengths nA and nB and chooses route BA, as a function of the number

ZA of customers who arrive during her time at station B. For a given realization

k of ZA, the system time for our arriving customer depends on the arrival times of

these k subsequent customers because of possible idle time at station A. However,

given k arrivals during TB, our customer cannot possibly begin service at station A

until that server has finished processing the nA � k customers that must be served

before her. Incorporating her own service time at station A, we have that her total

system time SBnA,nB
pkq from visiting station B first must satisfy

SBnA,nB
pkq ¥ nA � k

µA
� 1

µA
.

We thus have the relation

ErSBnA,nB
pZAqs ¥

8̧

k�0

�nA � 1

µA
� k

µA

	
PrZA � ks � nA � 1

µA
� 1

µA
ErZAs. (2.56)

As mentioned, the random variable ZA has a Poisson distribution, and its expected

value is ErZAs � λTB. Equation (2.56) can therefore be expressed as

ErSBnA,nB
pZAqs ¥ nA � 1

µA
� 1

µA

�
λ
�nB � 1

µB

	�
. (2.57)

We have λ{µA ¥ 1, which implies that

1

µB
¤ λ

µA

�nB � 1

µB

	
ðñ nA � 1

µA
� 1

µB
¤ nA � 1

µA
� 1

µA

�
λ
�nB � 1

µB

	�
. (2.58)
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Applying equations (2.55), (2.57), and (2.58), we now have

SAnA,nB
� nA � 1

µA
� 1

µB
¤ nA � 1

µA
� 1

µA

�
λ
�nB � 1

µB

	�
¤ ErSBnA,nB

pZAqs.

Each customer’s expected system time is weakly smaller if she follows the candidate

equilibrium strategy profile. Thus, when the system is overloaded and all customers

are following the strategy “visit station A first in every state,” no player has incentive

to deviate, and we have a Nash equilibrium.

Note that the system is overloaded, so over an infinite horizon, the queue lengths

tend to infinity. However, the strategy is specified for all values of nA and nB, and any

arriving customer finds a queue with finite-length, so the instability of the queue does

not preclude the Nash equilibrium. Thus, in an overloaded (i.e., heavily congested)

system with stochastic arrivals, we again observe the herding phenomenon.

S-Station Open Routing Game

We now discuss systems with more than two stations. Consider a generalized version

of the open routing game of Section 2.4 for a system with S stations and N players.

For stations ξ � 1, 2, . . . ,S, let µξ be the service rate at station ξ, and assume that

µ1   µ2   � � �   µS .

If players make routing decisions simultaneously and if priorities are drawn uni-

formly at random, then players must choose from among the S! possible routing

vectors. In this case, we have a Nash equilibrium which is analogous to that in the

open routing game with two stations. Specifically, it is a Nash equilibrium for play-

ers to choose a route that visits stations in order of increasing service rate, from the

slowest to the fastest.

73



Proposition 12 (Nash Equilibrium for Unobservable S-Station System). If we have

N ¥ 1 � 2µ1

Ş

ξ�2

1

µξ
, (2.59)

then the unobservable S-station open routing game has a Nash equilibrium in which

all players choose the routing vector p1, 2, . . . ,Sq.

Proof. Suppose that all players are following the routing vector p1, 2, . . . ,Sq, and

consider a player who contemplates deviation. On path (that is, if everyone follows

the prescribed profile), the only time any customer will face a queue is at station 1.

All of the other stations start empty and then receive arrivals only when the station

immediately before them completes a service. Because the routing vector is in order

of increasing service rate, a queue will never build up at any station other than

station 1. Thus, if the customer follows the prescribed profile, then her expected

system time ErSEQs is given by

ErSEQs �
Ņ

j�1

1

N
p j
µ1

q �
Ş

ξ�2

1

µξ
� N � 1

2µ1

�
Ş

ξ�2

1

µξ
.

Because the player will not face a queue at any station besides station 1, she cannot

possibly improve her system time by changing the order of stations that she visits

after station 1. Thus the only deviations that we must consider are those which

involve a vector that starts at a station other than station 1. If the player starts at

station ξ ¥ 2, then she will necessarily be the last customer to be served at station

1. Thus, we easily have a lower bound on her expected system time ErSDs from

deviating given by

ErSDs ¥ N

µ1

.
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Equation (2.59) then gives

N ¥ 1 � 2µ1

Ş

ξ�2

1

µξ

ùñ
Ş

ξ�2

1

µξ
¤ N � 1

2µ1

ùñ ErSEQs � N � 1

2µ1

�
Ş

ξ�2

1

µξ
¤ N

µ1

¤ ErSDs.

The player’s expected system time is less if she follows the prescribed profile, and we

therefore have a symmetric Nash equilibrium where all customers herd at station 1

and follow the routing vector p1, 2, . . . ,Sq.

Thus once again we have a herding effect, where players follow the crowd and

congregate at a single station.

2.8 Queueing Networks in Steady State

In all of the systems that we have studied thus far, the open-routing service networks

were congested, i.e., until all customers had arrived, the service rates were lower than

the customer arrival rates. In all of those systems, the herding phenomenon has

prevailed. We now turn to the question of whether herding behavior continues to

emerge in a service network which does not face congestion. Specifically, we investi-

gate equilibrium behavior when customers arrive according to a Poisson process with

rate λ, rather than all being present in the system when service becomes available.

Again every customer must be processed at both station A and station B. Service

times at stations A and B are independent and exponentially distributed with rates

µA and µB, respectively. Here we take λ   µA   µB, and we assume that arriving

customers find the queueing network in steady state and are served in order of arrival

at each station. Note that λ   µA implies that, in contrast to earlier settings, with
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positive probability station A will have idle time in between services. The state of

the system is not observable to the customers, i.e., customers may not condition their

actions on the system state which includes the queue lengths and types of customers

at both stations.

The distribution of the queue length encountered by a customer at the first station

in her route is the steady-state distribution of the queue length at that station. In

addition, classical results from Kelly (1979) give us that the distribution for the

queue length observed by a customer at the second station in her route also matches

the steady-state distribution for the queue length at that station. Next, we state a

lemma which is a version of Corollary 3.5 from Kelly (1979) modified to our queueing

network, which has customer types AB and BA, and queues A and B.

Lemma 3 (Kelly, 1979, Corollary 3.5). When a customer of type ψ P tAB,BAu
reaches station ξ P tA,Bu, the probability that she finds κ customers at station ξ is

equal to the steady-state probability that there are κ customers at station ξ.

We use “type” to refer to a realized route through the network (AB or BA) and

“group” to refer to a subset of the population that shares an ex-ante routing prob-

ability. Specifically, let p � pp1, p2, . . .q be a (possibly infinite-dimensional) vector

of routing probabilities corresponding to the strategies chosen by the corresponding

groups, e.g., p1 is the probability that a customer in group 1 chooses route AB. Let

z � pz1, z2, . . .q be a vector of strictly positive numbers summing to 1 representing

the percentage of the population in each group. The vectors p and z together specify

a strategy profile for the entire population. Then, we have that external arrivals of

each type occur via independent Poisson streams with rate λpA to route AB and

λpB to route BA, where pA and pB are given by

pA � xp, zy and pB � 1 � pA.
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The following result implies that the expected system time is the same for both

routes under any strategy profile.

Corollary 6 (Expected System Time in Steady-State). For any strategy profile, i.e.,

for any pair of p and z, the expected system time is the same for customers taking

route AB and BA.

Proof. Let ErSAs be the expected system time for a customer who takes route AB,

and similarly let ErSBs be the expected system time for a customer who takes route

BA. Also, take LApp, zq and LBpp, zq to be the steady-state expected number of

customers at stations A and B, respectively, when the strategy profile specified by

p and z is played. By Lemma 3, we have

ErSAs � LApp, zq
µA

� LBpp, zq
µB

� ErSBs.

In this setting, we define our notion of equilibrium to be that customers of every

group must be best-responding to the strategy profile defined by p and z. As the

expected system time is the same for either route, customers of every group are

playing a best-response to all other groups, and there is no incentive for members

of any group to change their strategy. Therefore, any p and z form an equilibrium

strategy profile.

Observe that when the system is allowed to reach steady state, the herding profiles

in which all customers choose the same route are indeed equilibria. However, as any

other feasible routing profiles also form an equilibrium, there is no reason to give

special preference to the herding profiles in this setting. Consequently, these results

suggest that the herding behavior which prevails in congested service networks no

longer predominates in systems which are not very busy.
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2.9 Simulation Study for Systems with Stochastic Arrivals

We have shown that herding occurs in congested open-routing service networks if all

customers are present at the start of service. Moreover, our results in Section 2.8

suggest that herding probably does not occur in a system which is not congested,

i.e., with a service rate faster than the arrival rate. These analyses lead naturally to

the following hypothesis.

Hypothesis 1. Herding occurs when a service system is congested, that is, the arrival

rate is higher than the service rates of either station until the arrival of the last

customer.

We are interested in Hypothesis 1 because the arrival rate to a service system

is often not constant, and a service system may experience a high customer arrival

rate especially at the start of its service availability. Note that if we assume that

customers are fully rational in the open routing game with stochastic arrival times,

then each customer would be required to perform prohibitively difficult analysis

to solve for a Bayesian Nash Equilibrium. Even highly intelligent customers are

unlikely to implement such outcomes. Accordingly, we next perform a simulation

study designed to test Hypothesis 1. We assume that the simulated customers learn

about the system through repeated rounds of play, and we simulate systems in which

customers arrive stochastically over time and the service times at both stations are

stochastic.

2.9.1 Simulation Setup

The setting for the simulation is as follows. Play proceeds for multiple rounds,

and customers update their beliefs after each round of play based on the wait time

that they experience. In each round, customers also observe what their wait time

would have been had they chosen the opposite route, fixing the moves of the other
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customers. Thus, in each round all customers get samples for both routes. Each

customer’s assessment of her expected system time on a particular route is equal to

the empirical average of her own samples for that route across all rounds. Moves

are randomly generated in the first round, and thereafter each customer chooses the

route with the smaller expected system time according to her beliefs in that round.

We define the parameters γ and φ to control the mean and variance of the arrival

times. Specifically, the arrival time of customer i P t1, . . . , Nu is assumed to be

uniformly distributed on the interval riγ�φ, iγ�φs. Thus the mean arrival time for

customer i is equal to iγ, and the width of the uniform distribution is 2φ. Arrival

times of different customers are mutually independent. If φ is large enough relative to

γ, then successive intervals may overlap and customers may not always arrive in the

same order. For example, if γ � .1 and φ � .25, then the arrival time of customer 1

will be uniformly distributed on r�.15, .35s, the arrival time of customer 2 will be

uniformly distributed on r�.05, .45s, etc. Service times at each station are taken to

be exponentially distributed, where the service rate µB at station B is fixed at 1 and

the rate µA at station A varies in each experiment.

We simulated all combinations of γ P t.001, .1, .25, .5, .75, 1u, φ P t0, .25, .5, .75, 1u,
and µA P t.1, .25, .5, .75u, for a total of 120 experiments. For each parameter

combination we ran 100 independent trials with 250 rounds of play in each trial. In

all cases we consider N � 50 customers. We analyze the results of the simulation

study in the next subsection.

2.9.2 Results of Simulation

In Figure 2.3, we depict the empirical frequencies for the number of simulated cus-

tomers who choose route AB in the final round (round 250) for three different values

of the service rate µA. The left panel shows the results when the arrival times are

deterministic and the arrival order is fixed, i.e., when γ � .001 and φ � 0. This
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Figure 2.3: Frequency charts for number of AB customers in round 250 (100 trials).

example closely resembles the sequential open routing game of Section 2.5, where

customers are all present at time zero and make their moves sequentially. In the sim-

ulation, unlike in Section 2.5, customers are not able to observe the moves of those

before them in the order when making their routing decisions. Similarly, customers

do not explicitly incorporate the strategies of later arrivals. Instead, each customer

decides her route based on her experience from the historical rounds.

Recall from Proposition 7 that in the subgame perfect equilibrium of the sequen-

tial game, the first N�1 customers choose route AB, and the final customer chooses

route BA. Referring to the plot in the left of Figure 2.3, we see that the outcome of

the simulation is similar to the equilibrium; the density is mostly concentrated close

to 50. As noted, in our simulated system, customers do not condition their strategies

on the moves of earlier arrivals, and we therefore do not always see exactly N � 1

customers choosing route AB. Still, experience from the previous rounds has taught

them that if they take route BA, then they may be overtaken at station A by later

arrivals, resulting in more total time in the system. The same observation persists

for all values of µA.
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Table 2.3: Summary statistics with µA � .75 for number of AB customers (out of
50) in the final round.

(a) Sample Mean

φ
0 .25 .5 .75 1

.1 46.22 46.61 45.42 47.45 49.2
.25 46.55 45.83 46.22 46.07 45.72

γ .5 45.2 45.27 45 44.64 44.32
.75 41.68 42.7 41.59 41.73 42.46

1 35.9 37.38 36.47 36.23 38.17

(b) Sample First Quartile

φ
0 .25 .5 .75 1

.1 44 45 45 47 49

.25 45 44 44.75 44 44
γ .5 43 43 42 42 42

.75 39.75 41 38.75 40 40.75
1 33.75 34.75 34 34 35

In the right panel of Figure 2.3, we see results for the case in which again cus-

tomers all arrive very close to the start of service, but now there is significantly more

variance in the arrival order. We thus have a setting which is reminiscent of the

one-shot open routing game of Section 2.4. The arrival times have the same tightly-

spaced means—γ � .001—as in part (a). Now, however, we have φ � .75, which

is much greater than the successive difference in mean arrival times γ. Far from a

fixed order, each player now could arrive in any position among the 50 customers.

As she forms her beliefs over several rounds, the empirical averages will reflect this

randomness in her priority.

Continuing to consult the right plot of Figure 2.3, when the service rate at station

A is 75% of that at station B, we see that the outcomes in the final round are split

between the two herding profiles, with more than 90% of trials ending up with herding

at route AB and the rest ending with herding at route BA. When the service rate

at station A is less than half of that at station B (25% and 50%), in all 100 trials we

see play converging to herding at route AB. These outcomes match our analytical

results from Section 2.4; that is, the herding equilibria are the only pure-strategy

Nash equilibria of the open routing game; that a large class of learning rules will

converge to one of the herding profiles; and that when the service rates differ by a

factor greater than 2, route AB is a strictly dominant strategy for all customers.
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We have thus far discussed examples with arrivals that are very close together

(γ � .001), which matches closely with our theoretical models. We now discuss

settings for which arrivals are more spaced out in time, i.e. γ ¥ .1. We begin by

fixing µA at .75, varying γ within r.1, 1s and φ within r0, 1s. We note that in our

simulations, herding on route BA never occurs when γ ¥ .1. Because herding at

station B does not arise, the number of AB customers in the final round—more

specifically, how close this number is to 50—is a reasonable measure of the strength

of herding. The mean and first quartile for this quantity can be found in Table 2.3,

over ranges of γ and φ. We observe that all three summary statistics for the number

of AB customers tend to decrease as γ increases. That is, as the arrivals occur less

frequently, herding begins to dissipate. For γ ¤ .5 we see a marked tendency toward

herding. For example, when γ � .25, the mean number of AB customers in the

final round for any φ is above 45, which is more than 90% of the total number of

customers. However, once γ nears one, the herding effect is less pronounced.

Results of the simulation runs with smaller values of µA are qualitatively simi-

lar. First, recall that our theoretical results for service networks with all customers

present at the start of service tell us that route AB is a strictly dominant strategy if

2µA ¤ µB. Our numerical analysis suggests that this extends to cases with stochastic

arrivals as well. In our simulations, we find that across all trials and for all param-

eter combinations such that 2µA ¤ µB, the minimum number of AB customers in

the final round is 44. We now discuss the particular case of µA � .5, the summary

statistics for which are reported in Table 2.4. We note that every entry in Table 2.4

is at least 47, and that the values in Table 2.4 are greater than the corresponding

values in Table 2.3 (with µA � .75) in all cases. This pattern of successively more

prominent herding continues as µA decreases further. Such a pattern indicates, as

also suggested by the proofs establishing the herding equilibria, that an important

driver of the herding behavior is the severity of the penalty of being behind one
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Table 2.4: Summary statistics with µA � .5 for number of AB customers (out of 50)
in the final round.

(a) Sample Mean

φ
0 .25 .5 .75 1

.1 48.47 48.53 49.98 50 50
.25 48.34 48.39 47.81 48.61 49.18

γ .5 48.05 48.07 48.3 48.1 47.82
.75 47.88 47.9 47.81 47.8 47.76

1 47.48 47.42 47.47 47.52 47.33

(b) Sample First Quartile

φ
0 .25 .5 .75 1

.1 48 48 50 50 50
.25 48 48 47 48 49

γ .5 47 47 48 47.75 47
.75 47 47 47 47 47

1 47 47 47 47 47

additional customer.

The outcomes of our simulation study provide strong evidence for Hypothesis

1, i.e., that herding emerges when the open routing service network is congested.

Moreover, our study shows that as arrivals begin to be spaced further apart in time,

herding correspondingly diminishes in prevalence, verifying our analysis in Section

2.8. Additionally, when the service rates are far apart (i.e., when 2µA   µB), the

pull to the slower station A is strong enough that herding is more robust to slower

arrivals. These numerical results mirror qualitatively the theoretical results from

previous sections, reinforcing the plausibility of herding in congested service systems

in more realistic settings.

2.10 Conclusion

We model customer behavior for service networks in which self-interested customers

require service at each station and are permitted to determine their routes through

the network. In our base two-station model, customers are present in the system

when service becomes available and make decisions about which station to visit first.

In equilibrium, customers herd at one station; that is, all of the customers take the

same route through the network. This behavior is motivated by the need to avoid

arriving late to the congested station. If all of the other customers are visiting the
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same station first, then a customer who visits the other station guarantees herself

to be served last at the busy one, and she is thus better off following the crowd.

However, if the service rates are far apart, then it is a dominant strategy for all

players to visit the slower station first.

In our base model, we show that—under a mild restriction on the system size—

the expected total time that a given customer spends in the system is a submodular

function of the number of other players choosing a given route. This structural

property helps to rule out alternative, non-herding equilibria, and more importantly,

lead to a proof on the convergence of various learning rules to herding. The anal-

ysis of learning rules is important because in the real world, customers rarely play

equilibrium strategies right away, but instead learn from their experiences. As struc-

tural properties of waiting times have been rarely applied to the analysis of queueing

games, this chapter may open the door for future use of submodularity in other

settings in the queueing games literature.

The herding phenomenon is quite surprising at first glance, and one may naturally

ask whether such herding behavior could occur in complex, realistic environments.

To verify the robustness of the herding behavior, we analyze strategic open routing

in several different settings—including games with dedicated customers, stochastic

arrivals, stochastic service times, and more than two stations—and find that cus-

tomers continue to herd under the presence of congestion. Moreover, in establishing

the herding result under stochastic service times, we employ a novel combination of

existing results in queueing theory on stochastic dominance and dual queues, which

together are used to establish that certain steady-state results can be applied as

valid bounds on the transient system. These steps reduce what would be a difficult

(and likely intractable) analysis of a transient queueing network to a straightforward

manipulation of well-known bounds on stationary distributions for GI{GI{1 queue

length.
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Interestingly, by applying Kelly’s classical reversibility analysis, we also demon-

strate that in the steady state of an underloaded system, herding is no longer the focal

equilibrium. The contrasting results suggest the insight that herding in open-routing

environments is driven by congestion; we then verify this insight with extensive nu-

merical studies. In addition, we find from an investigation of the central optimum

that herding is good for social welfare. The cumulative system time—the sum of

the system times for all customers—is at its lowest when all but one customer visits

the faster station first. In the presence of herding, the welfare loss is usually only a

single service time.

This work provides the following two main takeaways to practitioners. First,

in a congested open-routing service network, experienced customers are likely to

herd. This insight is important because if system planners assume that strategic

customers choose routes at random or join the shortest queue, then they would

incorrectly evaluate the system. Second, our analysis shows that herding achieves

a near-optimal cumulative system time. Therefore, if cumulative system time is

the main objective, then instead of requiring customers to take a certain route,

system planners can attempt to incentivize herding, or simply help the customers to

understand that herding is their best strategy.

Service networks with open routing are an exciting area of study, and this chapter

generates multiple avenues for future work. For example, in some cases, customers

might have complex utility functions; if customers were risk averse or if they preferred

not to wait too long at any one station, then the equilibrium analysis would be

substantially different from ours. Another system worth studying would be one with

more than two stations wherein each customer visits only a subset of the stations,

extending our results on two-station systems with dedicated customers. Intriguing

also would be a system with more than two stations where customers dynamically

choose their routes after each successive service completion. Finally, it would be
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of interest to learn about customer routing behavior in a system when jockeying

between queues is allowed.
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3

Service Delivery Platforms: Pricing and Revenue
Implications

3.1 Introduction

Food delivery platforms, such as GrubHub, Caviar, and UberEats, act as intermedi-

aries and offer consumers deliveries from restaurants, while Postmates offers deliveries

from other types of services in addition to food. These platforms represent a growing

segment of the so-called “sharing economy,” which refers to businesses whose revenue

model relies on connecting customers with service providers—who may or may not

be directly employed by the business—often via a mobile app (see Wallenstein and

Shelat, 2017).

While substantial research interest has recently been devoted to understanding

the interaction between drivers and platforms in the sharing economy (see, e.g., Ca-

chon et al., 2017; Taylor, 2017, and references therein), a similarly important but

less studied issue for food delivery platforms is the interaction between the plat-

form and the restaurant. Ride-sharing platforms like Uber and Lyft and short-term

Research in this chapter was supervised by Pnina Feldman and Robert Swinney.
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housing platforms like AirBnB have disrupted existing business models by cannibal-

izing demand from the established players in their respective industries (taxis and

hotels, respectively). Such platforms are in direct competition with the established

providers. Food delivery platforms, by contrast, maintain a symbiotic relationship

with the existing providers in their industry; rather than “stealing” demand from an

established player, these platforms work with restaurants to connect customers with

the restaurant’s product by providing an additional purchase channel.

However, while this relationship entails cooperation between the platform and the

restaurant, there is substantial opportunity for misalignment between them. Specif-

ically, the delivery platform earns revenue only from customers who order delivery,

and receives nothing from dine-in customers. When solving a revenue maximization

problem, the platform will set its price so as to maximize what it receives from de-

livery customers, which will likely not yield the system-optimal revenue. Similarly,

the restaurant earns different revenue per customer from the different channels, and

it may have a relative preference for one type or the other which does not match the

coefficients of the aggregate revenue function.

We take a queueing approach to modeling this system, treating the restaurant’s

kitchen as an observable M{M{1 queue with customer waiting costs. On arrival, a

customer observes the queue length and chooses to dine in, order delivery, or balk

(i.e., not purchase), based on her reward, the prices, and her expected cost of waiting

on each channel.

This chapter makes two main contributions. First, we solve the revenue maxi-

mization problem faced by a monopolist who controls both the dine-in and delivery

prices and receives all revenue from the system. Our results on the optimal pricing

scheme are related to the priority queueing and pricing literature (see, e.g., Adiri and

Yechiali, 1974, Alperstein, 1988, and references therein) and are of independent inter-

est. Second, we investigate means of coordinating the decentralized supply chain via
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different contracts between the restaurant and the platform, where “coordinating”

has the usual meaning of implementing an equilibrium outcome which achieves the

maximum possible aggregate revenue. Our system shares some characteristics with

the traditional manufacturer-retailer (here restaurant-platform) setup, but a crucial

difference is that in addition to serving as a wholesaler to the platform, the restau-

rant also has an independent revenue stream from dine-in customers. This feature

fundamentally changes the incentives from the systems studied, e.g., in Cachon and

Lariviere (2005).

For the monopoly case, we follow an approach similar to that in Adiri and Yechiali

(1974) and Alperstein (1988), and we find the optimal prices for fixed values of

the “control limits,” which define the customers’ strategy mapping observed queue

lengths to purchase decisions. In equilibrium, for short queues, customers dine in;

for medium-length queues, they order delivery; and for long queues, they balk. Ex-

pressing the prices as a function of the control limits allows us to optimize over the

control limits themselves, and then to substitute the optimal solution to deduce the

corresponding prices.

We show that the optimal dine-in control limit does not depend on the maximum

total system size. More precisely, the optimal threshold between dine-in and platform

customers is a constant which does not depend on the maximum total queue length

but is a function of only the model primitives (unless the maximum total queue

length is less than said constant, in which case it is optimal to induce all arriving

customers to dine in). In terms of comparative statics, for the special case with ρ � 1,

the optimal dine-in control limit is increasing in the customer valuation, the service

rate, and the amount of quality loss in delivery, and decreasing in the difference in

unit waiting cost between waiting at home and waiting at the restaurant.

While deriving the optimal control limits, we find a surprising feature of the

optimal prices: a monopolist will optimally set the delivery price lower than the
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dine-in price. This result suggests that there may be substantial miscoordination, as

in a decentralized setting the platform must charge a higher price than the restaurant

in order to turn a profit. To investigate this issue further, we study a decentralized

system where the restaurant and platform set prices independently, and the platform

must pay the restaurant full retail price for each unit that it delivers to a customer.

We show the existence of a pure-strategy subgame perfect equilibrium for the pricing

game. More importantly, we observe that in the decentralized setting, the equilibrium

prices can lead to a sub-optimal aggregate revenue, so there is indeed a coordination

loss.

We then move to analyzing contracts which may recover the optimal aggregate

revenue. We identify a contract that is related to the revenue sharing contract of

Cachon and Lariviere (2005); this contract coordinates the system and can assign

arbitrary fractions of the aggregate revenue to each party. Specifically, a two-way

revenue sharing contract coordinates, where the restaurant shares some of its dine-in

revenue with the platform, and the platform shares some of its revenue with the

restaurant. Notably, the share from the platform to the restaurant may be less than

the retail price that the restaurant charges dine-in customers. What is required to

coordinate the supply chain is that the fraction of revenue that each party earns is

the same for both channels.

Finally, we investigate numerically the extent of the coordination loss under dif-

ferent contract terms, specifically a “no-contract” setting and one with a traditional

one-way revenue sharing contract. Overall, we find that both the restaurant and the

platform tend to benefit from each other’s presence, with both parties being more

valuable to each other for intermediate values of the offere load ρ. In addition, in

certain parameter regimes, the restaurant extracts an especially large benefit from

the platform’s presence because of the lack of a price-demand tradeoff. In other

words, there are parameter regions where, in equilibrium, the restaurant both (a)
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charges a higher price with than without the platform and (b) sees a larger through-

put with than without the platform. The restaurant can accomplish this feat because

of the reduced waiting-cost coefficient for platform customers; the additional channel

allows the restaurant to segment customers. The segmentation is not by intrinsic

characteristics, but rather by the queue length observed upon the customer’s arrival.

Customers who arrive to a short queue care less about their waiting-cost coefficient

and more about the difference in gross reward between the channels, while to cus-

tomers arriving to a long queue the difference in waiting costs is more salient.

The chapter is organized as follows. Section 3.2 reviews the relevant literature. In

Section 3.3, we describe our model, and in Section 3.4 we establish the optimal cus-

tomer purchasing strategies given problem parameters and restaurant and platform

prices. Section 3.5 studies the pricing problem faced by a hypothetical monopolist

who controls both the restaurant’s and the platform’s prices and seeks to maximize

aggregate revenue. Section 3.6 studies the pricing game played by an independent

restaurant and platform, and it also introduces a new contract type to coordinate the

system. Sections 3.7-3.8 study the system numerically to uncover the key features

directing customer and firm behavior, and Section 3.9 concludes.

3.2 Related Literature

This work is closely connected to the methodology-driven literature on pricing and

priority classes in queueing systems. Naor (1969) was the first to rigorously study

equilibrium customer queue-joining behavior, and a vast literature has grown since

then on strategic customer, server, and firm behavior in queueing networks. Hassin

and Haviv (2003) provides an introduction to the area and a survey of the relevant

literature, and Hassin (2016) covers the more recent work in this stream.

The closest work to ours in this area is the stream of literature on the setting of

prices for different priority levels in queues. Adiri and Yechiali (1974) introduces the
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problem of equilibrium customer purchasing behavior and firm pricing decisions when

customers arrive to an observable M{M{1 queue and decide what level of priority

to purchase (with the additional option of not purchasing, i.e., balking). They show

that when there are M priority levels from which to choose, the optimal customer

strategy is to implement “control limits”. That is, a set of thresholds determines

intervals of the queue length, such that each interval maps to a priority level that

the customer should optimally purchase if they observe a queue length within said

interval. This result is a generalization of Naor’s result that with a single priority

class, there is a threshold queue length above which it is optimal for customers to

balk. They propose a procedure for determining the optimal priority prices for the

firm to offer, but stop short of providing closed-form expressions for these prices.

Alperstein (1988) extends Adiri and Yechiali (1974) in several ways. She shows

that the optimal priority prices result in control limits of one for all priority classes.

That is, if the firm charges the optimal prices, then each arriving customer will

purchase the lowest priority level that does not yet have a customer in the queue, up

until a maximum threshold at which an arriving customer balks. This process results

in last-come, first-serve (LCFS) service because whoever arrives will pay to move in

front of everyone in currently in the queue. In her analysis she employs a procedure

which we will wield frequently: by observing that, for a given set of control limits,

it is optimal for the firm to charge the highest price consistent with such limits,

she is able to express the prices in terms of the control limits. Substitution then

allows her to express and optimize the firm’s revenue function in terms of only the

control limits, eliminating the prices from the expressions and greatly simplifying

the analysis.

The crucial difference between our work and that of Adiri and Yechiali (1974)

and Alperstein (1988) is that we do not have priority classes, although our system

operates similarly to a priority system. We do have two classes of customers, but
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rather than the price determining the length of the queue that a customer will face,

for us the price paid determines the waiting cost coefficient. This distinction leads

to some surprising results regarding the optimal prices of the two “classes” (dine-in

or delivery) in our model.

Hassin and Haviv (1997) study a two-class version of the model of Adiri and

Yechiali (1974), giving a detailed treatment of equilibrium customer joining behavior.

They extend the definition of a threshold strategy to allow customers to mix between

choosing the priority or the regular queue when the queue length is at a certain

threshold value. They uncover cases of multiple equilibria and even an example

of an equilibrium customer strategy that does not conform to even their extended

definition of a threshold strategy. By contrast, in our model there always exists a

unique customer equilibrium, and this equilibrium involves a pure threshold strategy.

The reason is that in our model, a customer’s optimal strategy does not change with

the strategy employed by others, since her choice of purchase channel does not change

her position in the queue, but only changes her waiting-cost coefficient.

Cachon and Feldman (2011) study a system under congestion where a firm must

decide whether to operate a subscription service, where customers pay a flat fee for

unlimited use of the service, or a pay-per-use scheme. They find that subscription can

be the preferred option for the firm even when customers strongly dislike congestion, a

counterintuitive result given that under a subscription model participating customers

have no incremental cost to use the service.

Debo and Veeraraghavan (2014) find nonmonotonic queue joining behavior in a

different setting from Hassin and Haviv (1997). The base setting is still an observable

single-server queue, but they assume that the service rate and service value are

unknown to customers and positively correlated. Under these assumptions, a longer

queue upon arrival gives the customer a higher expected waiting time/cost and also

a higher expected reward from service. This effect can lead to so-called “sputtering
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equilibria,” where at a shorter queue length customers mix between joining and

balking, while for a longer queue length they certainly join. Unusual queue-joining

strategies have also been discovered by the same authors in Veeraraghavan and Debo

(2009, 2011). In these works, customers must choose between two service providers.

Some customers are informed of the service value while others are not, meaning

that a longer queue can signal higher quality. Because of this signaling property,

customers may “herd,” i.e, choose the service provider with the longer queue.

Erlichman and Hassin (2015) study a setting related to the model of Adiri and

Yechiali (1974) in which arriving customers choose upon arrival how many of the

currently queued customers to overtake. This model is similar to one with many

priority classes, but the price function is restricted to be linear in the number of

customers overtaken, and also in this setting even by paying the highest available

price a customer cannot guarantee that she will not be overtaken by a later arrival.

They find some surprising equilibria in which the number of customers to overtake

upon arrival is nonmonotonic in the queue length.

Gavirneni and Kulkarni (2016) investigate a problem related to two-class priority

queues, focusing on an unobservable setting. They model customer waiting costs

using a Burr distribution and study the welfare impact on service systems of going

from a FCFS setting to a two-class priority setting. They find that adding a priority

option can achieve a Pareto-improvement in welfare and that the greatest net benefit

is realized for heavily-loaded systems with significant disparity in waiting costs.

Wang et al. (2018) also study a priority queueing system with two classes, regular

and priority. Theirs is perhaps the most closely related recent work to ours in the pri-

ority queueing and pricing literature. Customers arrive to the system and can choose

to balk, purchase regular service, or purchase priority. They consider both observable

and unobservable queues and characterize customer equilibrium joining/balking de-

cisions and optimal priority prices. In the observable case, similar to our results they

94



find that in equilibrium the customer equilibrium strategy involves two thresholds:

with a short queue, purchase regular service; with an intermediate queue, purchase

priority; and with a long queue, balk. They also conclude that the service provider

is better off with an observable queue when the system is either very lightly or very

heavily loaded, and better off with an unobservable queue for intermediate levels of

offered load. In addition, they address the relationship between the queueing dis-

cipline (preemptive or nonpreemptive) and the potential for multiple equilibria like

those found in Hassin and Haviv (1997). Other recent work in this area includes

Yang and Debo (2017), Yang et al. (2016), Afeche and Sarhangian (2015), Allon

et al. (2011), and Gurvich et al. (2018).

It should be noted that our work shares some features with the literature on

supplier encroachment. Arya et al. (2007), for example, find that a manufacturer

adding a direct channel to sell to customers can benefit both the manufacturer and

the retailer in the right circumstances. More recent work in this area (see, e.g.,

Li et al., 2013, Ha et al., 2015) investigates conditions under which encroachment

benefits and hurts each party, and David and Adida (2015) investigate contracts to

coordinate a supply chain with encroachment. See Mai et al. (2018b) for related

work on sourcing issues faced by innovators who may need to use a competitor as

a supplier. Apart from myriad differences in setting and model characteristics (for

example, the papers mentioned above do not account for congestion or queueing

effects), another key distinction between our problem and those in the encroachment

literature is who is doing the encroaching. With supplier encroachment, the status

quo is for the retailer to be the only party directly selling to customers, while the

manufacturer sells only through the retailer. For us it is the opposite: the status

quo involves the “manufacturer” (restaurant) selling directly to customers, which is

then disrupted by the “retailer” (platform) entering the market and encroaching on

the manufacturer’s territory.
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Finally, this chapter is related to the emerging stream of literature on strategic

customer and firm behavior in the sharing economy. Work on pricing and wages in

ride-sharing platforms includes Banerjee et al. (2015), Cachon et al. (2017), Taylor

(2017), Afèche et al. (2018), Bai et al. (2018), Benjaafar et al. (2018), Bimpikis et al.

(2018), and references therein. Other work looks at issues of information asymme-

try and the release of information in ride-sharing platforms and other platforms in

the sharing economy. Romanyuk (2017) studies the role played by the platform in

releasing (or withholding) information about buyers to (from) the sellers. Mai et al.

(2018a) and Jin et al. (2018) study bilateral rating systems on ride-sharing platforms,

while Bolton et al. (2013) experimentally study reciprocity effects—i.e., settings in

which the probability that one party to a transaction submits a rating is influenced

by whether or not the other party submits a rating—in buyer and seller ratings on

an e-commerce platform. Kanoria and Saban (2017) study the matching of agents in

two-sided markets with screening costs. Nikzad (2018) also studies the impact of a

platform’s matching algorithm, as well as the effect of the size of the labor pool and

the number of platforms on the welfare of workers.

3.3 The Model

Suppose that there is one firm which operates a sit-down restaurant. Suppose also

that there is an independent delivery platform which, for an extra fee, delivers food

from the restaurant to customers who wish to dine at home.

The kitchen serves customers at rate µ, with exponentially distributed service

times, and there is a Poisson stream of potential customers which is generated at

rate Λ. Let ρ be the offered load, i.e., ρ :� Λ{µ. If ρ ¥ 1, then if all arriving

customers choose to join the system, the kitchen queue will grow without bound. In

that case, then, the only way for the system to be stable is if some arriving customers

choose the no-purchase option. If instead ρ   1, then the system will be stable even if
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all customers purchase; in equilibrium, however, it may still be that some customers

choose not to purchase.

We assume that customers extract a reward R (homogeneous across the popu-

lation) from being served their food at the restaurant. The quality of the food is

degraded in the delivery process according to a constant factor δ P p0, 1s, which is

deterministic and uniform across all customers; thus the reward from eating at home

is δR. Waiting at the restaurant incurs a cost cR per unit time, and waiting at home

incurs a cost cH   cR per unit time. Throughout, we will assume that Rµ ¡ cR,

so that a customer arriving to an empty queue strictly prefers dining in to not pur-

chasing if the restaurant price p � 0. Finally, we assume that the kitchen operates

on a first-come, first-serve (FCFS) basis, irrespective of the source of the demand.

The kitchen queue length is observable to customers, who make their purchasing

decisions based on the queue and on the prices set by the firm and platform.

Customers are risk-neutral and maximize their expected reward. The firm charges

customers a price p ¥ 0. The delivery platform charges customers a price θ ¥ 0.

Transfer payments between the restaurant and the platform are discussed in Section

3.6.

There is a long history of research on priority queueing, some of which considers

the priority of a given customer or customer class to be a decision variable for the

firm, and other work allowing customers to purchase a higher priority. In the latter

case, the convention is for customers to pay a fee in order to move closer to the front

of the queue. Our work is related to this stream of literature in that customers have

the option to pay to change the nature of their time in the queue, in particular to

Adiri and Yechiali (1974) and Alperstein (1988). However, a novel feature of our

model is that, rather than paying for a shorter time in queue, here customers pay

to make the queueing experience itself less painful (by reducing their waiting cost

coefficient). This “payment” has two distinct elements: (i) an increase in the price
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paid from p to θ (if the platform price is higher); and (ii) a loss in utility of p1� δqR
due to the quality degradation in delivery.

3.4 Customer Equilibrium

We note that our model reduces to that of Naor (1969) in the absence of a plat-

form. In the next subsection, we study customer equilibrium joining decisions in the

presence of the delivery platform.

3.4.1 Customer Equilibrium

Let URestpLq be the (random) utility that a customer gleans from dining at the

restaurant, when the queue length is L. We have

ErURestpLqs � R � p� cR

�L� 1

µ

	
.

Letting UHomepLq be the utility from dining at home, we similarly have

ErUHomepLqs � δR � θ � cH

�L� 1

µ

	
.

Note that, here and in the sequel, we make the following assumptions regarding

customer behavior under indifference.

Assumption 1. If indifferent between purchasing and not, a customer chooses to

purchase.

Assumption 2. If indifferent between dine-in and delivery, a customer chooses to

dine in.

Following the convention in Adiri and Yechiali (1974), we use the term “control

limit” in the case of a threshold strategy to refer to the queue length at which the

optimal channel decision of an arriving customer switches from one channel to the

other.
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Lemma 4 (Control Limit Strategy). Control limits LR and LH exist such that:

(i) If the queue length L ¤ LR � 1, then an arriving customer prefers to dine at

the restaurant;

(ii) If LR ¤ L ¤ LR � LH � 1, then she prefers to use the platform;

(iii) If L ¥ LR � LH , then she chooses not to purchase.

It is possible that LR � 0 or LH � 0, in which case one or more of the above scenarios

may never occur.

Proof. An arriving customer who observes a queue length L prefers dining at the

restaurant to dining at home if and only if ErUHomepLqs ¤ ErURestpLqs, that is,

R � p� cRpL� 1q
µ

¥ δR � θ � cHpL� 1q
µ

ðñ L� 1 ¤ µpp1 � δqR � θ � pq
cR � cH

.

An arriving customer prefers dining at the restaurant to not purchasing if and only

if ErURestpLqs ¥ 0, i.e.,

R � p� cRpL� 1q
µ

¥ 0

L� 1 ¤ µpR � pq
cR

.

We can thus define the control limit LR by

LR :�
Z�µpR � pq

cR
^ µpp1 � δqR � θ � pq

cR � cH

��^
, (3.1)

where t�u as usual is the floor function. An arriving customer prefers ordering from

the platform to not purchasing if and only if ErUHomepLqs ¥ 0, i.e., if

δR � θ � cHpL� 1q
µ

¥ 0

L� 1 ¤ µpδR � θq
cH

.
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The control limit LH is then written as

LH :�
�YµpδR � θq

cH

]
� LR

��
. (3.2)

As the kitchen operates on a first-come, first-serve basis, the state of the system

is fully described by the length of the queue. The system therefore evolves as a

finite-capacity M{M{1 queueing system with a maximum size equal to LR � LH .

Hereafter, customers are assumed to follow the optimal strategies defined in this

section in response to platform and restaurant prices.

3.5 Monopoly Pricing

With the goal of coordinating the supply chain, we first study the problem of a

monopolist, who controls the prices of both the restaurant and the platform and

seeks to maximize the total aggregate revenue across both channels. We note that

the first part of our derivation follows a similar path to that in Alperstein (1988)

for the case of pricing priority queues. By manipulating the prices p and θ, it is

possible for the monopolist to choose the optimal control limits LR and LH that will

be implemented by the customers.

Let πi be the steady-state probability of an arriving customer finding i customers

in the system. Similarly, let Πj,k be the steady-state probability of finding at least j

and at most k customers in the system, i.e.,

Πj,k :�
ķ

i�j

πi. (3.3)

The aggregate revenue per unit time, Zp�q, can then be expressed as a function of
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the prices p and θ by

Zpp, θq � Λ
�
pΠ0,LR�1 � θΠLR,LR�LH�1

�
.

The control limits LR and LH defined in equations (3.1) and (3.2) are step functions.

So, for a given pair pLR, LHq it is optimal to set the maximum prices p and θ which

will result in these control limits. We give expressions for the optimal prices for a

given pair of control limits in the next lemma.

Lemma 5 (Optimal Prices for Fixed Control Limits). Consider a control-limit pair

pLR, LHq. The revenue-maximizing prices consistent with such control limits are

given by

p � R � cHpLR � LHq
µ

� pcR � cHqLR
µ

(3.4)

and

θ � δR � cHpLR � LHq
µ

. (3.5)

Proof. First suppose that both channels are active, so LR ¥ 1 and LH ¥ 1. For a

given pair of control limits pLR, LHq, if LH is nonzero then the platform price θ must

satisfy

δR � cHpLR � LH � 1q
µ

  θ ¤ δR � cHpLR � LHq
µ

. (3.6)

Note that the left inequality in equation (3.6) is strict because we assume that when

indifferent a customer chooses to purchase. Similarly, the restaurant price must

satisfy

R � p� cRpLR � 1q
µ

  δR � θ � cHpLR � 1q
µ

(3.7)

and

R � p� cRLR
µ

¥ δR � θ � cHLR
µ

. (3.8)
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Rearranging equations (3.7) and (3.8), we get the combined relation

p� cRLR
µ

¤ p1�δqR�θ� cHLR
µ

  p1�δqR�θ� cHpLR � 1q
µ

  p� cRpLR � 1q
µ

. (3.9)

Consider any restaurant price p that satisfies equation (3.9) with

p� cRLR
µ

  p1 � δqR � θ � cHLR
µ

,

so p satisfies the leftmost inequality strictly in equation (3.9). Then there exists

ε ¡ 0 such that the price p � ε also satisfies (3.9) and results in a strictly higher

revenue because the control limits remain the same. Thus the optimal p must make

the leftmost inequality tight in equation (3.9), implying that the optimal restaurant

price for a given control limit pair pLR, LHq and platform price θ is given by

p � p1 � δqR � θ � pcR � cHqLR
µ

. (3.10)

Now, consider any θ that satisfies the rightmost inequality in equation (3.6)

strictly. Because we know that p must satisfy equation (3.10), an increase of ε

in the platform price results in a corresponding increase of ε in the restaurant price.

If θ satisfies the rightmost inequality in equation (3.6) strictly, then there exists ε ¡ 0

such that θ � ε still satisfies equation (3.6), and p � ε still satisfies equation (3.9)

because in effect we have added ε to every piece of the inequality. Therefore, the

prices pp� ε, θ � εq result in the same control limits as pp, θq, and they yield strictly

greater revenue. We conclude that the optimal platform price θ must make tight

the rightmost inequality in equation (3.6), and we then have an expression for the

optimal θ given by

θ � δR � cHpLR � LHq
µ

, (3.11)

which matches equation (3.5). Substituting equation (3.11) into equation (3.10)

yields the expression for the optimal restaurant price in equation (3.4).
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Now we address the case where one of the channels is inactive. If only dine-in

is active (i.e., if LH � 0 and LR ¥ 1), then the optimal restaurant price makes a

customer indifferent between purchasing and not if she joins at position LR, so

p � R � cRLR
µ

(3.12)

We recover this expression by setting LH � 0 in equation (3.4). Similarly, if only

the platform is active (so LR � 0 and LH ¥ 1), then the optimal platform price

makes a customer indifferent between purchasing and not if she joins at position LH .

Therefore, in this case we have

θ � δR � cHLH
µ

. (3.13)

We recover this expression by setting LR � 0 in equation (3.5). Also, if LR � 0 then

the restaurant price p does not affect the revenue, and similarly for θ when LH � 0.

Thus, we can use the expressions for the prices in equations (3.4)-(3.5) even at the

boundaries when one channel is inactive.

Lemma 5 allows us to rewrite the revenue as a function of only the control limits,

i.e.,

ZpLR, LHq � Λ
�
p1 � πLR�LH

q
�
δR � cHpLR � LHq

µ

	
� (3.14)

Π0,LR�1

�
p1 � δqR � pcR � cHqLR

µ

	�
. (3.15)

Using equation (3.15), we arrive at our first result regarding the optimal pricing

policy for the monopolist.

Proposition 13 (All-In for Platform When δ � 1.). If δ � 1, then an optimal

pricing policy must set the control limit LR � 0, so that all purchases come via the

platform.
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Proof. Consider any pricing policy resulting in control limits LH and LR � k ¥ 1.

We have

Zpk, LHq � Λ
�
p1 � πk�LH

q
�
R � cHpk � LHq

µ

	
� Π0,k�1

�pcR � cHqk
µ

	�
  Λ

�
p1 � πk�LH

q
�
R � cHpk � LHq

µ

	�
� Zp0, LH � kq.

Thus, any policy resulting in a control limit LR � k ¥ 1 can be improved by setting

LR � 0 and increasing LH to LH � k.

Thus, when δ � 1 the problem reduces to setting a single control limit in a system

with reward R and waiting cost cH . This problem was studied by Naor (1969). The

managerial implication of this result is simple: if a firm’s product retains its quality

well in the process of delivery, then offering delivery can be beneficial to the firm,

and may render in-person service superfluous. A related phenomenon is observed

in practice in the, where many brick-and-mortar retailers struggle to compete with

online retailers like Amazon.com that deliver products directly to customer’s homes.

If δ   1, then we may optimally set both LR ¡ 0 and LH ¡ 0. We first recast the

revenue function. Defining L :� LR�LH , we express the revenue function ZpLR,Lq
by

ZpLR,Lq � Λ
�
p1� πLq

�
δR� cHL

µ

	
�Π0,LR�1

�
p1� δqR� pcR � cHqLR

µ

	�
, (3.16)

where the domain of Z is restricted such that LR ¤ L. In the special case with

ρ � 1, equation (3.16) becomes

ZpLR,Lq � Λ
� L

L� 1

�
δR � cHL

µ

	
� LR
L� 1

�
p1 � δqR � pcR � cHqLR

µ

	�
. (3.17)

For ρ � 1, we compute the aggregate revenue function as follows. For an M{M{1
queueing system with finite capacity L, the probability πi is given by

πi � ρi
� 1 � ρ

1 � ρL�1

	
, 0 ¤ i ¤ L and ρ � 1. (3.18)
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Substituting equation (3.18) into (3.3), the probability Π0,j can now be written as

Π0,j � 1 � ρj�1

1 � ρL�1
, 1 ¤ j ¤ L and ρ � 1,

and the aggregate revenue function from equation (3.16) is given by

ZpLR,Lq � Λ
� 1 � ρL

1 � ρL�1

�
δR� cHL

µ

	
� 1 � ρLR

1 � ρL�1

�
p1�δqR� pcR � cHqLR

µ

	�
. (3.19)

We now have the following result regarding the optimal control limit for dine-in

customers, L�R.

Proposition 14 (Optimal Dine-In Control Limit). Let t�s be the nearest-integer

function. If ρ � 1, then the optimal dine-in control limit L�RpLq is given by

L�RpLq �

$''&''%
Z p1 � δqRµ

2pcR � cHq
V

if L ¥
Z p1 � δqRµ

2pcR � cHq
V
,

L otherwise.

(3.20)

Then, define

�LR :�

$'''''''''''''''&'''''''''''''''%

min

"
n P N

��� ρn�p1 � ρqp1 � δqR �

ρpcR � cHq
µ

� np1 � ρqpcR � cHq
µ

�
¤ cR � cH

µ

*
if ρ   1,

min

"
n P N

��� ρn�pρ� 1qp1 � δqR �

ρpcR � cHq
µ

� npρ� 1qpcR � cHq
µ

�
¤ �cR � cH

µ

*
if ρ ¡ 1.

(3.21)

If ρ � 1, then the optimal dine-in control limit L�RpLq is defined as

L�RpLq �
$&%
�LR if L ¥ �LR,
L otherwise.

(3.22)
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Proof. Case 1: ρ � 1. First, we observe that the revenue as a function of LR depends

only on the second term inside the square brackets of equation (3.20). In fact, the

optimal LR at a given L can be found by optimizing the function gpLRq, where

gpLRq :� LR

�
p1 � δqR � pcR � cHqLR

µ

	
,

a negative quadratic function of LR. Let us temporarily expand the domain of g to

include all of R�. Differentiating, we have

g1pLRq � p1 � δqR � 2LRpcR � cHq
µ

.

As gpLRq is a negative quadratic function, the first-order condition (FOC) is sufficient

for a global maximum, and solving the FOC for LR gives

LR � p1 � δqRµ
2pcR � cHq . (3.23)

Note, however, that we must have LR ¤ L, and also LR must be integer-valued. If L

is less than the right-hand side (RHS) of equation (3.23), then the permissible values

of LR all fall into the increasing interval of the quadratic, and it is therefore optimal

to set LR to the maximum permissible value, which is L. Otherwise, we round the

RHS of equation (3.23) to the nearest integer, and the result is the optimal value for

LR, as in equation (3.20).

Case 2: ρ   1. If ρ   1, then for a given aggregate control limit L the optimal

dine-in control limit can be found by solving the single-variable optimization problem

max
LRPt0,1,...,Lu

hpLRq :� �1 � ρLR
��p1 � δqR � pcR � cHqLR

µ

	
.

Consider the continuous relaxation of this problem, i.e.,

max
0¤x¤L

hpxq :� �1 � ρx
��p1 � δqR � pcR � cHqx

µ

	
.
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Letting log x denote the natural logarithm of x and differentiating, we have

h1pxq � ��1 � ρx
��cR � cH

µ

�� ρx
�
p1 � δqR � xpcR � cHq

µ

	
log ρ. (3.24)

Evaluated at zero, the function hp�q and its derivative h1p�q give respectively

hp0q � 0

and

h1p0q � �p1 � δqR log ρ ¡ 0,

implying that there must exist ε ¡ 0 such that hpεq ¡ 0. Further, it is readily verified

that

hpxq   0 @x ¡ µp1 � δqR
cR � cH

,

which confirms that there exists x1 with ε   x1 ¤ µp1� δqR{pcR� cHq and g1px1q   0.

Setting the RHS of equation (3.24) to zero and rearranging, we arrive at the FOC

given by

cR � cH
µρx

� cR � cH
µ

� p1 � δqR log ρ� x
�cR � cH

µ

	
log ρ. (3.25)

The fact that g1p0q ¡ 0 and g1px1q   0 implies that there exists at least one solution to

the FOC (3.25), and moreover that this solution is a local maximizer of the function

hp�q. The LHS of the FOC (3.25) is increasing in x because the denominator is

decreasing in x (since ρ   1). Again because ρ   1, the RHS is decreasing in x. As

the LHS is increasing and the RHS is decreasing, there is at most one solution to the

FOC (3.25). We thus conclude that (i) the function hp�q is first increasing and then

decreasing, (ii) that it has a unique maximizer, and (iii) that this maximizer is the

sole solution to the FOC (3.25).

Returning to the discrete setting, since hp�q is first increasing and then decreasing,

the optimal dine-in control limit L�R will depend on the aggregate control limit L.
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Define ∆hpLRq to be the forward difference of hp�q, evaluated at LR, i.e.,

∆hpLRq � hpLR � 1q � hpLRq.

Because hp�q is first increasing and then decreasing, the unconstrained optimal dine-

in control limit will be equal to �LR, where

�LR � mintn P N|∆hpnq ¤ 0u. (3.26)

We arrive at equation (3.21) by calculating ∆hp�q, substituting into equation (3.26),

and rearranging.

We are, however, constrained by the aggregate control limit L. Given a value of

L, if ∆hpLq ¤ 0, then the optimal dine-in control limit is �LR. Otherwise, we are

restricted to the increasing portion of the function hp�q. In that case, the optimal

choice is the maximum allowable value, i.e., we have L�R � L.

Case 3: ρ ¡ 1. The case with ρ ¡ 1 is completely analogous to ρ   1, and is

therefore omitted.

We next turn to finding the optimal overall control limit L.

Proposition 15 (Optimal Aggregate Control Limit). If ρ � 1, then there is at least

one local maximum of the aggregate revenue function in L if LR � L�RpLq. Moreover,

for any value of ρ the global maximum can be found via a one-dimensional search

over a bounded set of nonnegative integers.

Proof. Define the function χpLq by

χpLq :� Z
�
L�RpLq,L

�
,

i.e., the aggregate revenue as a function of the overall control limit L, evaluated at

the optimal dine-in control limit L�RpLq. For the moment we allow L to take any
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nonnegative real value. Note that L�RpLq is easily extended to this domain also.

Differentiating with respect to L, we get

χ1pLq � �Λ

pL� 1q2
�
δRL� cHL

2

µ
� L�RpLq

�
p1 � δqR � pcR � cHqL�RpLq

µ

	�
� Λ

L� 1

�
δR � 2cHL

µ
� dL�RpLq

dL

�
p1 � δqR � 2pcR � cHqL�RpLq

µ

	�
.

The derivative dL�RpLq{dL is continuous everywhere except at L � LR, where it is

undefined. More precisely, we have

dL�RpLq
dL

�
$&%1 if L   LR

0 if L ¡ LR.
(3.27)

The derivative χ1pLq is thus also well-defined everywhere except at L � LR. Substi-

tuting from equation (3.27), we have

χ1p0q � ΛR ¡ 0

and

lim
LÑ8

χ1pLq � �cHΛ

µ
  0.

Although the derivative of χpLq has a discontinuity, the function itself is continuous

on R�. Because we assume that Rµ ¡ cR, it is possible to achieve a strictly positive

revenue with a control limit of 1. Finally, there is a finite value L̄ which is the

maximum control limit achievable with a nonnegative price. Any higher control limits

will require negative prices, which will result in strictly negative revenue. Combining

the facts that χp0q � 0, χp1q ¡ 0, and χpLq   0 for L ¡ L̄, we conclude that χp�q
is first increasing and then decreasing. Thus, there is at least one local maximum,

both of the continuous extension and of the version restricted to the integers. The

global maximum (for any value of ρ) can be found from at most L̄ � 1 evaluations

of χp�q.
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From these results, we next demonstrate an important corollary regarding the

ordering of the optimal prices.

Corollary 7 (Ordering of Optimal Prices). Let p� and θ� be the optimal monopoly

prices for dine-in and delivery, respectively. Then, we must have

p� ¥ θ�.

That is, the optimal dine-in price is higher than the optimal platform price when both

are set by a monopolist.

Proof. Proof by Contradiction. Lemma 5 implies that, for a given pair of control

limits pLR,Lq, we have

p� θ � p1 � δqR � pcR � cHqLR
µ

. (3.28)

Suppose by way of contradiction that the optimal prices satisfy

p�   θ� ðñ p1 � δqR � pcR � cHqL�R
µ

  0, (3.29)

where L�R is the optimal dine-in control limit. We observe from equations (3.17)

and (3.19) that choosing the optimal dine-in control limit L�R for a given aggregate

control limit L entails maximizing the function hpLRq, where

hpLRq :�

$'''''''''&'''''''''%

p1 � ρLRq
�
p1 � δqR � pcR � cHqLR

µ

	
if ρ   1

LR

�
p1 � δqR � pcR � cHqLR

µ

	
if ρ � 1

pρLR � 1q
�
p1 � δqR � pcR � cHqLR

µ

	
if ρ ¡ 1.
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Equation (3.29) implies that at the optimal control limit L�R we have

�
p1 � δqR � pcR � cHqL�R

µ

	
  0, (3.30)

which ensures for each interval of ρ that hpL�Rq   0. But an immediate lower bound

of zero on the optimal value of hpLRq is achieved in all three cases by setting LR � 0,

implying that the chosen control limit L�R—and by extension the prices p� and θ�—

must be suboptimal, contradicting the initial assumption.

This result is surprising given the prevailing business model of charging customers

extra for delivery services. It also suggests that the decentralized system may operate

with a substantial lack of coordination, as the platform must add a surcharge to the

base price of the food to avoid losing money.

At first glance, it seems counterintuitive that it would be better to charge a

customer less for delivery because delivery is considered an “add-on” service on top

of preparing the food. However, in this case, the result is all about customer surplus

and willingness to pay. The expression on the right-hand side of equation (3.28) is

the “potential” surplus in net reward (before subtracting price) that the threshold

customer—that is, one who takes position LR in the queue—receives from dining in

rather than ordering delivery.1 Optimally, the restaurant should extract all of this

surplus from the threshold customer to make him exactly indifferent between the

two purchase channels (while still preferring both of them to not purchasing at all).

Because LR ¤ L, the customer in position LR has more potential surplus than the

one in position L for either channel. The platform price θ is set based on the latter

customer, who joins at position L and purchases from the platform expecting a net

reward of exactly zero. In order to induce this customer to join, who faces a much

1 Note that the word “surplus” here is used as the gain in expected utility relative to the alternative
of ordering delivery, not in the usual sense of its distance from zero.
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longer queue, the platform must set a lower price than the restaurant, whose price

is based on the customer in position LR.

The above comparison is not perfect because the parameters for dine-in and

delivery are different, but the distinctions will further clarify the result. The intrinsic

differences between the platform and the restaurant are (i) the reduced gross reward

when ordering delivery and (ii) the reduced waiting cost coefficient when waiting

for delivery. It is possible to imagine a scenario in which the waiting costs were

far apart (cR � cH), while the gross rewards were quite close (δ � 1), suggesting

that even though the customer in position L faces a longer queue, she could still

have more potential surplus than the one in position LR because by purchasing from

the platform the waiting cost advantage could outweigh the reward reduction. But,

looking back at equation (3.28), we see that this tradeoff between waiting cost and

gross reward is just what the dine-in control limit is set to optimize over, and it is

chosen so that at position LR the potential surplus (which will exactly equal the

restaurant price) will be larger than θ.

Following an intuitive explanation with a more technical argument, let us for

the moment consider a fixed value of the aggregate control limit L. We can then

think of θ � δR � cHL{µ as the “baseline” revenue per customer. Consulting the

aggregate revenue function of equation (3.16), the optimal choice when setting the

dine-in control limit LR (given a value of L) is to maximize the second term inside the

brackets, which represents the incremental revenue that we receive for each customer

who chooses to dine in. Clearly, this involves making the rightmost parenthetical

term positive. It happens that this term is exactly equal to p� θ, and therefore it is

optimal to set p ¥ θ.

In the next section we investigate the ramifications of this result further by ex-

amining the equilibrium outcome when the platform and restaurant set their prices

independently and without a contract to coordinate them.
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3.6 Decentralized System

Having solved the monopoly pricing problem, we turn to a decentralized setting,

where the restaurant and platform set their prices independently and in their private

interest. We establish the existence of a pure-strategy subgame perfect equilibrium

in Section 3.6.1, and we propose a contract to coordinate the system in Section 3.6.2.

3.6.1 Existence of Equilibrium

Throughout this subsection, we assume that there are no detailed contract terms

and that the platform must pay the full retail price to the restaurant for each unit,

like any other customer. We assume the following sequence of events, which together

comprise the service delivery pricing game. First, the restaurant sets a price p which

will be paid by both dine-in customers and the platform. Then, the platform sets a

customer-facing price θ, inclusive of all delivery fees and surcharges; the platform’s

profit (or loss) on each unit is thus equal to θ � p. Once chosen, these prices are

made public, whereupon the customer arrival and channel-selection process ensues

as discussed in Section 3.4. The restaurant and platform make their pricing decisions

in order to maximize their long-run average revenue per unit time, which we define

below. We note here that as defined, the pricing game played by the platform and

restaurant amounts to a Stackelberg game, where the restaurant is the leader and

the platform is the follower. Also, we make the following assumptions for the case

of indifference between two prices.

Assumption 3. If multiple values of θ will result in the same revenue for the plat-

form, then the platform chooses the lowest such price.

We observe here that, because the platform moves second, the set of possibly

optimal prices for the platform in the decentralized setting is the same as the set of

possibly optimal platform prices in the monopoly case. Importantly, this set is finite,
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so a minimum price consistent with a given revenue always exists. This assumption

can perhaps be justified by noting that customers certainly prefer lower prices, and

if the same net revenue can be achieved with multiple prices, then a firm may choose

the lowest such price to placate customers.

In this decentralized setting, the restaurant accrues revenue p for each unit served,

whether to a dine-in customer or to a delivery customer via the platform. We can

thus define the restaurant’s revenue function zRp�q by

zRpp, θq :� Λpp1 � πLq,

where customer control limits LR and LH are as defined in equations (3.1) and (3.2),

respectively, and once again L � LR � LH . We can similarly express the platform’s

revenue function zHp�q by

zHpp, θq :� Λpθ � pqΠLR,L.

Proposition 16 (Existence of Pure-Strategy Subgame Perfect Equilibrium). Sup-

pose that the price spaces for the restaurant and platform are discrete. Then the

service delivery pricing game has at least one subgame perfect equilibrium in pure

strategies.

Proof. We first show that the set of possibly optimal prices for the restaurant and

platform can be reduced to a finite set. A clear upper bound on the optimal price for

the restaurant is that price at which a customer who arrives and observes an empty

system would be indifferent between dining in or not purchasing. Therefore, we have

R � p� cR
µ
¥ 0

p ¤ R � cR
µ
.
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We can similarly obtain an upper bound on the optimal platform price by

δR � θ � cH
µ
¥ 0

θ ¤ δR � cH
µ
.

As both p and θ must be nonnegative, we have compact intervals in which the

optimal prices for both parties must lie, regardless of the choice made by the other

party. Assuming a discrete space of prices, we conclude that the game has finitely

many feasible histories, and it therefore satisfies the definition found in Osborne

and Rubinstein (1994) of a finite extensive game with perfect information. Hence,

by their Proposition 99.2—attributed to Kuhn (1950, 1953)—the service delivery

pricing game has at least one subgame perfect equilibrium in pure strategies.

3.6.2 Coordinating Contracts

We now investigate possible contract structures to identify terms which will induce

both the restaurant and the platform to choose system-optimal prices. We give

the name “two-way revenue sharing” to the general contract form that we study.

Specifically, let α be the fraction of dine-in revenue that the restaurant keeps for

itself (so the platform receives a fraction 1�α of the dine-in revenue). Similarly, let

β be the fraction of platform revenue that the platform cedes to the restaurant (so

the platform keeps a fraction 1�β of the platform revenue). Under two-way revenue

sharing, the restaurant’s revenue zRpp, θq is given by

zRpp, θq � Λ
�
αpΠ0,LR�1 � βθΠLR,L�1

�
. (3.31)

The platform’s revenue is similarly expressed as

zHpp, θq � Λ
�
p1 � αqpΠ0,LR�1 � p1 � βqθΠLR,L�1

�
. (3.32)
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This general form encompasses various types of contracts between the restaurant

and the platform. The traditional one-way revenue sharing contract of Cachon and

Lariviere (2005) is obtained by letting α � 1 and 0   β   1. Importantly, while

demand is indeed stochastic, our model is analogous to a pull system, so the platform

does not “place an order” before the selling season but rather makes unit orders as

customers arrive. As demand is always met, there is no need to distinguish wholesale

payments from revenue sharing payments: both the wholesale price and the revenue

share fraction are incorporated into β. Another important contract structure is

the lack of a contract, i.e., a no-relationship context modeled in Section 3.6. This

structure is recovered by setting α � 1 and β � p{θ.
We propose another contract, suggested by the “two-way” moniker, which in-

volves payments both ways: the restaurant gets a positive fraction of the platform

revenue, and the platform gets a positive fraction of the dine-in revenue.

Proposition 17 (Two-Way Revenue Sharing Coordinates the Supply Chain). Under

a contract which sets α � β (i.e., each party’s share of the dine-in revenue is the

same as his share of the platform revenue), both the restaurant and the platform will

choose prices in equilibrium which achieve the system-optimal revenue.

Proof. From equation (3.31), if α � β, then we have

zRpp, θq � Λ
�
αpΠ0,LR�1 � αθΠLR,L�1

�
� αZpp, θq.

Thus, the restaurant’s revenue is directly proportional to the aggregate revenue, and

its optimal price will be the system-optimal price. The same reasoning can be applied

to equation (3.32) for the platform, since 1 � α � 1 � β.

We believe that our proposal of a “two-way” revenue sharing contract is unique

in the OM literature. While it shares similarities with traditional one-way revenue
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Table 3.1: Parameter ranges for numerical tests. In all cases µ � 10 and cH � 10.
Parameter Range # Values

ρ [.05,3] 59
δ [.7,.98] 15
cR [11,50] 40

sharing contracts, it may be more difficult to implement in practice. Specifically,

restaurants may be hesitant to give up a portion of their dine-in revenue to plat-

forms when the platform has no direct role in these sales. A possible approach to

implementing this contract would be to charge a “listing” fee to the restaurant to

appear on the platform. This payment structure is operated, e.g., by GrubHub (see

GrubHub, 2018), although perhaps with different motivation.

Furthermore, regardless of the feasibility of its implementation, the two-way rev-

enue sharing contract is a straightforward method to coordinate the system. It thus

serves as a benchmark to which to compare other types of contracts. As we have

established that a coordinating contract exists, we have a tight upper bound with

which to evaluate the quality of any contract. In the next section, we will study

numerically how the system performs (i) in the absence of any contract, and (ii)

under the traditional one-way revenue sharing contract, where the only sharing is

from the platform to the restaurant.

3.7 Numerical Tests: Coordination Loss and Mutual Gain

In order to understand the strategic interaction between the restaurant and plat-

form, we compute equilibrium prices, control limits, and revenues over a range of

parameter values. Specifically, we run 35,400 distinct parameter combinations, with

the parameter ranges detailed in Table 3.1. We highlight several specific examples

and summarize the overall results in Table 3.2.
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Figure 3.1: Coordination loss versus ρ (µ � 10, δ � .9, R � 100, cR � 50, cH � 10).
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Figure 3.2: Equilibrium platform revenue versus ρ (µ � 10, δ � .9, R � 100,
cR � 50, cH � 10).
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Figure 3.3: Restaurant’s revenue gain with platform versus ρ (µ � 10, δ � .9,
R � 100, cR � 50, cH � 10).
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Figure 3.4: Equilibrium prices and control limits versus ρ (µ � 10, δ � .9, R � 100,
cR � 50, cH � 10).
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Figure 3.5: Restaurant’s price with and without platform versus ρ (µ � 10, δ � .9,
R � 100, cR � 50, cH � 10).

3.7.1 Coordination and Individual Revenues.

Consult first Figure 3.1. This figure plots the monopoly optimal revenue and the

equilibrium aggregate revenue as a function of the offered load ρ. As implied by

Corollary 7, we observe that the aggregate revenue in the subgame perfect equilib-

rium is indeed less than the coordinated optimal revenue, for all but very small ρ.

Observationally, for these small values of ρ usually the platform is inactive, and the

equilibrium and Naor-optimal revenues coincide, while the central optimal revenue

makes the platform active and enjoys only a small incremental gain in revenue.

As ρ begins to increase and the platform starts earning revenue, the strategic

interaction between the platform and the restaurant begins to have more of an effect,

and the coordination loss increases. However, although the system operates less

efficiently as ρ starts to increase, the efficiency loss does not result in a net negative

impact on the two parties. Figures 3.2 and 3.3 plot the platform’s revenue and the

restaurant’s percent gain in revenue over the case with no platform, respectively,

both as a function of ρ. Both of these take their highest values for intermediate
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values of ρ. While the offered load is not usually under the firms’ direct control,

this insight can help to identify situations where a platform and a restaurant can

mutually benefit from each other’s presence.

3.7.2 Prices and Control Limits.

We next consult Figure 3.4. The left panel of Figure 3.4 plots the equilibrium restau-

rant and platform prices, and the right panel plots the equilibrium control limits.

When the offered load is very low, the restaurant essentially prices the platform out

of the market. With a gross reward from delivery of δR � 90 in the figure, when

the restaurant sets its price above 90, the platform cannot possibly attract any cus-

tomers while making positive net revenue. Similarly, for very large values of ρ, the

restaurant sets its price so that the platform is just indifferent between participating

in the market and not; in fact, the restaurant and platform prices are equal, so the

platform makes zero net revenue. The presence of the platform is still important

to the restaurant, however. Looking back at Figure 3.3, we see that the restaurant

still does better with the platform even when the platform is making no net revenue.

The reason is that even though the platform is just breaking even, its presence still

increases the aggregate control limit from 2 to 3, and this allows the restaurant to

charge a price consistent with a lower control limit, while still getting the throughput

associated with a higher control limit.

For intermediate values of ρ we see some more unusual dynamics at play. The

prices in the left panel of Figure 3.4 are for the most part close to piecewise constant,

but for values of ρ between roughly 0.7 and 2 the restaurant price behaves differently.

It is constant for a stretch, then decreases with ρ, then jumps up, and repeats the

process. We can understand the cause of this behavior by looking at the control

limit chart in the right panel of the figure. If for a given offered load it is optimal

for the restaurant to induce a certain pair of control limits, as ρ increases there is an
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interval of ρ where it must decrease its price to prevent the platform from reducing

the aggregate control limit and reducing the throughput. Eventually the offered load

increases enough that it is no longer worth it to the restaurant to keep dropping its

price to maintain throughput, and at that point occurs the jump.

More broadly, for values of ρ when the platform is about to change its price

(and the control limits), the restaurant first makes small adjustments to its price to

maintain the status quo control limits, but it eventually accepts the change. When

the platform is about to reduce its price and increase its control limit, the restaurant

first increases its price to keep the current control limits. Then, once the increase in

throughput from higher control limits becomes more valuable than the incremental

revenue from a higher price, the restaurant acquiesces to the change in control limits

by reducing its price along with the platform. Conversely, as discussed, when the

platform is about to increase its price and reduce its control limit, the restaurant

first lowers its price to keep the control limits (and throughput) from being reduced,

and then acquiesces by raising its price.

As mentioned, it is in this intermediate region of the offered load that the restau-

rant experiences the greatest benefit from the platform’s presence. Intuitively, we

would expect the entrance of the platform into the marketplace to result in reduced

prices due to increased competition. However, we observe at times in equilibrium

that the restaurant’s price in the decentralized setting is in fact higher than the

optimal Naor price without the platform (see Figure 3.5).

It is tempting to attribute this phenomenon to the fact that when the platform

is active, customers ordering delivery have a lower waiting cost coefficient. So, the

platform could profit by setting a low price while the restaurant charged a high price

to the “premium” customers who arrive to a short queue and thus offer more surplus

to extract. This intuition holds in the monopoly case when the platform’s price

can dip lower than the restaurant’s price because there are no transfer payments.
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However, in the decentralized setting the platform must either charge at least as

much as the restaurant or exit the market.

The effect in the decentralized setting is related but distinct. The platform serves

customers who arrive to a longer queue, and thus the restaurant only serves customers

who arrive to a short queue. Since the price is set to make the threshold customer

indifferent, if the dine-in threshold becomes lower—which often occurs when we bring

in the platform—then the restaurant can afford to charge a higher price because its

threshold customer has a smaller waiting cost than in the Naor setting, and the

platform can still serve longer-waiting customers profitably at an even higher price

because of the lower waiting-cost coefficient.

The crucial piece that allows such equilibria to hold is that the restaurant still

receives full price from platform customers. So the restaurant can set its price to

make the threshold customer indifferent for a short queue, but it still gets to reap

full price from delivery customers due to transfer payments from the platform.

In sum, the restaurant can set a higher price in the decentralized equilibrium

than in the absence of a platform because the dine-in control limit is lower than the

no-platform setting. Normally, a smaller control limit would mean reduced through-

put and a price-demand tradeoff. But because the platform customers have a lower

waiting cost, the platform control limit is quite high, often higher than the Naor con-

trol limit. Because it still gets paid for the platform customers, the restaurant is able

both to increase its price and increase its throughput, quite a desirable development!

3.7.3 Overall Outcomes.

Moving our attention to Table 3.2, we observe that all three broad outcomes are

possible, i.e., in equilibrium it is possible that (i) LR � 0, so only the platform is

active and the restaurant serves no dine-in customers; (ii) LR � L, so only dine-in is

active and the platform serves no customers; or (iii) 0   LR   L, so both channels
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are active.

Looking closer at Table 3.2, we see that, for the parameter values we consider,

the most common outcome is for only dine-in to be active and for the platform not to

serve any customers. This is true even though we consider a range of δ concentrated

close to 1. Earlier experiments with smaller values of δ show that when the quality

is degraded substantially in delivery, it is difficult for the platform to compete with

the restaurant because the base reward is so much less than what the restaurant

can offer. We correspondingly observe that in the outcomes where the platform is

indeed active, the average value of the dine-in waiting cost cR is much higher than

those when it is not (43.34 when only the platform is active and 36.73 when both

channels are active, as compared to 28.46 when only dine-in is active). When waiting

at the restaurant brings much more disutility than waiting at home, it is easier for

the platform to compensate for the decreased base reward due to δ.

Regarding the offered load ρ, it appears to be more likely that only the platform

will be active when the offered load is smaller. From a capacity perspective, this

finding makes intuitive sense. If the restaurant has excess capacity because the

offered load is small, then it is more likely to be beneficial for it to cooperate with the

platform because it needs the additional demand that the platform can bring. When

ρ is very small, it is sometimes optimal for the restaurant to allow the platform to

handle all transactions. It is also important to note that the restaurant still receives

full price from the platform on every transaction in this outcome. It is thus quite

possible, even if the restaurant serves no dine-in customers in equilibrium, that it

can be better off with than without the platform. In fact, the restaurant benefits the

most from the platform in the cases where only the platform is active, although this

outcome occurs in a very small number of cases. These are cases with particularly

high dine-in waiting costs and particularly high delivery quality, so the platform has

the most to offer. Even though the aggregate revenue isn’t maximized in these cases,
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Table 3.2: Output from numerical tests. Besides frequency, values listed are averages
for the given outcome.

Active Freq. ρ δ cR p θ Rev. Loss Naor Gain
Platform 0.70% 0.55 0.98 43.34 93.45 94.67 0.83% 7.87%

Dine-In 75.84% 1.54 0.81 28.46 89.82 76.98 0.43% 0.00%
Both 23.46% 1.54 0.94 36.73 87.65 88.99 1.59% 4.16%

the restaurant is still substantially better off than in the complete absence of the

platform.

Interestingly, the greatest loss in aggregate revenue due to lack of coordination

comes when both channels are active. Intuitively, if both channels are active in equi-

librium, then the parameters are such that both parties have nonnegligible market

power. This regime corresponds to a δ that is high but not too close to 1, and a dine-

in waiting cost that is relatively but not too high. Thus, the strategic interactions

and competition are likely to be more intense, bringing with them the opportunity

for loss. We see that in this regime the restaurant’s average price is lower than in

either other outcome (87.65 versus 89.82 and 93.45), and the platform’s average price

is lower than the only other outcome when it is active (88.99 versus 94.67). So, when

both channels are active it appears that the competition between them has the most

negative impact on the average revenue, resulting in an average coordination loss of

1.59%.

3.8 Numerical Tests: One-Way Revenue Sharing

We now discuss the traditional one-way revenue sharing contract where the platform

shares revenue with the restaurant. First, it is trivially true that a one-way revenue

sharing contract can coordinate the system; if the platform shares all of its revenue

with the restaurant (and also cedes its pricing decision), then the restaurant operates

as a monopolist and achieves the optimal system revenue. It is not clear, however, for

what values of the revenue-sharing coefficient will the system achieve coordination,
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Figure 3.6: Equilibrium prices versus α (ρ � .9, µ � 10, δ � .9, R � 100, cR � 50,
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Figure 3.7: Coordination loss versus α (ρ � .9, µ � 10, δ � .9, R � 100, cR � 50,
cH � 10).
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Figure 3.8: Restaurant revenue with and without platform versus α (ρ � .9, µ � 10,
δ � .9, R � 100, cR � 50, cH � 10).

or how badly miscoordinated the system will be when coordination loss arises.

We study how the equilibrium prices and revenues change with the amount of

revenue shared back to the restaurant. Figure 3.6 plots the equilibrium restaurant

and platform prices against the fraction α of the platform’s revenue that is given to

the restaurant. The parameters for this example are the same as those for Figures

3.1-3.5, with ρ now fixed at 0.9. We see immediately that when the platform keeps

most of its revenue (i.e., when α is small), the equilibrium prices are extremely low

compared to the prevailing prices in the fully decentralized setting. This phenomenon

reflects the fact that when the platform keeps most of its revenue, the incentive for

cooperation between the parties is gone. The result is that the restaurant and the

platform compete on price, driving the equilibrium prices down and greatly harming

aggregate revenue, as seen in Figure 3.7. As the restaurant’s share of platform

revenue increases, however, a point is reached where the incentives of the restaurant

and platform are more closely aligned, and the aggregate revenue approaches (but

does not reach) the central optimum.

127



An important distinction should be drawn between the decentralized and one-way

revenue sharing cases. It would be natural, but incorrect, to think of the decentral-

ized setting—where the platform pays full price to the restaurant for each unit—as

a special case of one-way revenue sharing with α set equal to p{θ. What this in-

terpretation misses is that in the decentralized setting, α is different for different

values of p and θ, while with one-way revenue sharing, α is fixed in advance and is

the same regardless of the actual prices chosen. Thus, the incentives with one-way

revenue sharing are wholly distinct from those in the decentralized setting, and ac-

cordingly we observe different outcomes. Even for values of α that are far from 1,

the aggregate revenue under one-way revenue sharing draws closer to the coordinated

optimum than the decentralized setting.

However, although the aggregate revenue performs close to the first-best outcome

for a wide range of α, we must also be mindful of the revenue allocation. Figure 3.8

depicts the restaurant’s equilibrium revenue as a function of α, as well as the revenue

that it would achieve in the absence of the platform. In the decentralized setting,

we found that the restaurant almost always preferred for the platform to exist, even

though the system was not perfectly coordinated. However, with one-way revenue

sharing, when the restaurant does not receive full price for each platform customer, it

might prefer for the platform not to enter the market. Put another way, in a revenue-

sharing contract, the platform may have to heavily compensate the restaurant to

successfully entice cooperation. This insight holds whether the alternative is the

complete absence of the platform or a “no-contract” setting because for a small

revenue share, the restaurant prefers either other alternative.

3.9 Conclusion

Service delivery platforms occupy a special position in the sharing economy because

they require a form of cooperation between established providers and disruptive
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platforms offering a new service to customers. Incentives are neither perfectly aligned

nor directly opposed, and we illuminate the nature and consequences of strategic

interaction between an incumbent restaurant and an encroaching platform.

We first address the idealized setting where a hypothetical monopolist sets the

prices of both the restaurant and the platform to maximize the aggregate revenue

generated by both channels. To solve this problem, we bring tools from the priority

queueing and pricing literature into the context of our model. We also note an

interesting connection between our setting and that of priority queues: rather than

the price paid determining a customer’s position in a priority queue, in our model

the price determines a customer’s waiting cost coefficient. We believe that this

phenomenon is new to the literature and could warrant further research in a more

general setting than what we study here.

Surprisingly, we find that optimally the monopolist will set the delivery price

lower than the price for dining in. This result ensures a coordination problem when

the two channels set their prices independently, since the platform must charge higher

than the dine-in price in order to turn a profit. Moving on to the decentralized setting,

we find that an equilibrium exists to the pricing game played by the platform and

the restaurant. We then investigate numerically the extent of the coordination loss

in equilibrium for different parameter regimes.

We also study different contract structures in an attempt to coordinate the sys-

tem. We propose a new contract type, which we call two-way revenue sharing, where

the restaurant shares dine-in revenue with the platform, and the platform shares

delivery revenue with the restaurant. We find that a two-way revenue sharing con-

tract coordinate the system and can allocate the revenue arbitrarily among the two

parties. While this contract form would likely be difficult to directly implement in

practice, it is a straightforward way to achieve coordination and serves as a useful

benchmark for the performance of other contract types.
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In the absence of a contract, we find numerically that the restaurant usually ben-

efits from the presence of the platform, even though the aggregate revenue achieved

is sub-optimal. The platform tends to earn the most revenue for intermediate values

of the offered load ρ, when the system is neither saturated with customers nor finds

them so scarce that the restaurant prices the platform out of the market. Because

the restaurant tends to benefit from the platform even without coordination, the

platform may have to cede a relatively large share of its revenue in order to induce

the restaurant to participate in a coordinated contract. The allocation of revenue to

the two parties must be constrained to ensure that both parties prefer the contract

to operating without one.

Our findings are important to practitioners on both sides of the restaurant-

platform divide because they imply that both parties can lose out from a lack of

coordination, and also that prescriptions for the optimal pricing scheme may not

match conventional wisdom. In addition, there may be other spaces in the sharing

economy whose stakeholders could benefit from understanding the symbiotic rela-

tionship between established and disruptive providers. We believe that our insights

regarding the unintuitive nature of the optimal prices and the form of optimal con-

tracts could potentially carry over into such settings.

This research opens up multiple veins for future work. First, it would be worth-

while to study a model which incorporates competition among restaurants and among

different platforms. Such an analysis would be quite challenging technically given

the large number of decision makers and different utility functions. Second, it would

be of great interest to perform an empirical analysis with data from real platforms

and restaurants to assess the extent of coordination loss. Such work could provide a

detailed understanding of the circumstances where more and less revenue is left on

the table in practice.
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4

Lost-Sales Inventory Problems with Short
Lifecycles and Forecast Updates

4.1 Introduction

The problem of predicting demand for parts and finished goods, and, as a function of

these predictions, choosing a quantity of goods to stock in one or more warehouses,

is a familiar one. Inventory planning is required in myriad industries and settings, in

particular those in which unforeseen events can cause the demand or supply patterns

to change dramatically (see, e.g., Simchi-Levi et al., 2015 and Simchi-Levi et al.,

2018).

Recently, the pace of innovation in high tech industries has become so rapid that

individual products often have extremely short shelf lives. A new iPhone is released

every year, for example, and many other high tech goods undergo similarly short life

cycles. In such a world, some of the prevailing assumptions in research on inven-

tory management have become less applicable to practice. Some inventory problems

are further complicated by a multi-echelon structure in which components must be

Research in this chapter was supervised by Alessandro Arlotto, Saša Pekeč, and Yehua Wei.
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Figure 4.1: Realized demand process for two sample items.

kept as work-in-process to support the production of finished-goods inventory, as

in DeValve et al. (2018). For instance, it is common to assume that the demand

distribution is (i) known and (ii) stationary over time (see, e.g., Graves, 1999 for

a discussion of the need to effectively model nonstationary demand processes with

unknown parameters). For a product with a life cycle of little more than a year,

it is perhaps unlikely that managers will be able in that time to pin down the true

demand distribution, and just as unlikely that the distribution can be considered

stationary over the product’s lifespan.

This chapter studies the inventory management problem faced by a seller of high-

tech goods—we will refer to this company as Firm X throughout—whose business is

growing rapidly. Specifically, the company had been using a deterministic optimiza-

tion model to make stocking decisions, but unpredictability of demand necessitated

the incorporation of demand uncertainty into the planning process. The demand

processes for two different items are plotted in Figure 4.1, with exact quantities dis-

guised for confidentiality. It is clear from visual inspection that the demand process

is nonstationary for each of these items, and moreover that the evolution of the

demand process differs greatly between the items. For instance, Item A sees the
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demand grow slowly over time, not reaching its peak until the end of its lifetime, and

then plummeting rapidly. By contrast, Item B sees a large initial spike in demand,

which then tapers off slowly until discontinuation. This phenomenon appears to hold

broadly: the demand process varies greatly over time for a given item, and the life

cycle curves differ in shape across items. See Hu et al. (2018) for a detailed study of

product life cycle curves and how to forecast similar items. A study of distributional

properties of the cost function in an inventory problem can be found in Arlotto and

Steele (2016a), and more general results on optimal sequential decisions can be found

in the literature on distributional properties of Markov decision problems, e.g., Ar-

lotto et al. (2014) and Arlotto and Steele (2016b). We will take a different approach

here, not directly addressing life cycle curves but incorporating existing forecasts

provided by our industry partner to account for the latest demand conditions.

Because of the rapid growth of the business, an effective solution must be scalable

as both the number of items and customer demand grow. Thus, speed of computation

and adaptability are paramount. In this chapter, we will therefore focus on heuristics

that can be applied in a variety of environments without changing the underlying

methodology, with the goal of producing a method that is easy to compute and has

“good” performance.

In keeping with this philosophy, we develop a novel heuristic based on the power

approximation developed in Ehrhardt (1979, 1984). The power approximation com-

putes a near-optimal ps, Sq policy for an infinite-horizon backorder inventory prob-

lem, where a policy is determined based on only the first two moments of the demand

distribution. This approximation was originally developed to alleviate the compu-

tational effort required to compute the exact optimal policy for a given demand

distribution. With advances in computational power, the barrier to computing the

optimal policy for a given distribution no longer exists. However, as mentioned, in

our context it is difficult to know the exact form of the demand distribution. It is
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much more realistic to expect that a manager or demand planner could give a good

estimate of the mean and variance of the demand over a given horizon, and thus an

approximation using only these two moments is quite attractive.

We propose a new form of the power approximation, modified in several ways

for our setting. First, while Ehrhardt’s power approximation is for a stationary

demand setting, Firm X operates in a nonstationary environment. We thus devise

a heuristic that takes forecasts for the demand over a given horizon as inputs to

determine the mean and variance of demand to feed into the power approximation.

Second, Ehrhardt develops his power approximation based on a sample of demand

distributions and parameters which, while it performed well for his test cases, is

not as applicable to our setting. We fit a new power approximation using real

demand data from Firm X for a “training set” of items, and apply this to a test

set. Third, while the power approximation is designed for the backorder case, we

operate in a lost-sales environment. Leveraging results from Zipkin (2008), we prove

that in a lost-sales setting, for a given net inventory position the optimal order

quantity is increasing in the proportion of the inventory that is on hand (i.e., that

has already been delivered). The intuition for this result is that when more inventory

is concentrated in the warehouse than in the pipeline, fewer lost sales are likely to

occur. When lost sales occur, those units of demand do not deplete the stock as

they would in the backorder case because they will never be filled. Thus, the higher

the fraction of inventory that is on hand, the fewer lost sales are likely to occur, and

thus the lower the inventory position is likely to be when the current order arrives.

Because the inventory position is likely to be lower when the on-hand fraction is

higher, all else being equal the optimal order quantity is increasing in the on-hand

fraction. We thus propose a correction factor that adjusts the values of the ps, Sq
policy returned by the power approximation, based on the distribution of inventory

in the order pipeline. In addition to these contributions, we have also provided a
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GUI-based tool to Firm X which implements our heuristic.

The outline of the remainder of the chapter is as follows. We devote Section 4.2

to a detailed description of the inventory problem that we study and the data that

we received from Firm X. We review the relevant literature on lost-sales inventory

problems in Section 4.3. In Section 4.4, we introduce the power approximation of

Ehrhardt (1979, 1984); describe the procedure for fitting a new power approximation

using Firm X’s demand data; and present our dynamic heuristic for combining the

power approximation with demand forecasts for regular updates of the inventory

policy. In Section 4.5 we present our analytical result regarding the impact of the

on-hand fraction on the optimal order quantity, along with an adjustment to our

heuristic to account for this feature of the optimal policy. We describe the GUI-

based tool and evaluate the performance of our heuristic on real demand data from

Firm X in Section 4.6, and we offer concluding remarks in Section 4.7.

4.2 The Problem and the Data

We now detail the inventory problem that we study and describe the data provided

to us by Firm X. The first important aspect of our problem is the distinct nature of

the demand process: namely, it has a very short life cycle and is highly volatile (i.e.,

nonstationary). As discussed in Section 4.1, the life cycle of products for Firm X is on

the order of 1-2 years (usually much less than 2 years). It would thus be quite difficult

to deduce the form of the demand distribution even if demand were stationary over

time. Because the demand is decidedly not stationary (see Figure 4.1), predicting

demand becomes even more difficult, and Firm X is forced to rely heavily on demand

forecasts. It is therefore important to incorporate both the demand forecasts and

knowledge about historical demand into the planning process.

The second key feature is that we operate in a lost-sales regime. Lost-sales inven-

tory problems are notoriously difficult to solve to optimality. They are unfortunately
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devoid of the structure of the backorder setting that admits optimality of base stock

and ps, Sq policies under a variety of assumptions—see Bijvank and Vis (2011) for a

review of the status of research on lost-sales inventory problems, and Porteus (2002,

Section 7.1) for a discussion of the optimality of ps, Sq policies in backorder problems.

Specifically, we study a finite-horizon, periodic review (i.e, discrete time) inven-

tory problem with:

• Linear holding (h) and shortage (p) costs;

• Positive fixed order cost K;

• Variable order cost c for each unit ordered;

• Stochastic lead times with a bounded (possibly unknown) cumulative distri-

bution function F pLq having a known upper bound L̂ and a strictly positive,

integer-valued support;

• Nonstationary demand, with a (possibly unknown) cumulative distribution

function Φt in a given period t;

• Lost sales, i.e., no backlogging.

Firm X generously provided us with more than two years worth of detailed sales,

forecast, purchase order, and inventory history for a variety of products. We analyzed

and combined the data to render it capable of feeding our heuristic.

4.3 Related Literature

Karlin and Scarf (1958) (hereafter KS) is often viewed as the seminal work in the

literature on periodic-review, dynamic inventory models with positive (determinis-

tic) lead times. They study both the backorder case and the lost-sales case in a

quite general setting, with few assumptions on the cost structure and the demand
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distribution. In the backorder case, KS prove that the optimal ordering policy can

be expressed as a function of only the net inventory position (i.e., the sum of on-hand

inventory and all outstanding orders), neither distinguishing on-hand inventory from

on-order inventory nor distinguishing among on-order inventory that will be deliv-

ered in different periods. This work was a step towards proving the optimality of

base-stock policies for proportional—i.e, linear with no fixed cost—ordering costs

and ps, Sq policies for systems with fixed order costs. The optimality of ps, Sq poli-

cies in different inventory models, along with their computation, has been of great

interest over the last half-century. See, e.g., Veinott (1966) for an early paper proving

optimality of an ps, Sq policy under certain conditions, and Zheng and Federgruen

(1991) and references therein for algorithms to compute optimal ps, Sq policies.

Intuitively, the reason that the state-space reduction is possible is because in the

backorder case, all demand will eventually be filled. By the time the current order

arrives and can impact the cost, all outstanding orders will have been delivered.

Moreover, because any shortage is handled by shipping out units that arrive later,

the inventory level at the moment when the current order arrives can be fully deter-

mined with knowledge of (a) the current net inventory position and (b) the aggregate

demand between now and then. There is no need to distinguish among the different

types of inventory because any unit of inventory, whether on-hand or on-order, has

the same effect on the inventory level at the moment of delivery of the current order.

Naturally, different sequences of orders and demands can lead to different holding

and backorder cost realizations, but the current order cannot possibly affect these

costs.

The lost-sales setting does not allow this reduction. Because excess demand is

lost, different sequences of deliveries and demands can result in different inventory

levels at the time when the current order is delivered. Thus, the net inventory

position does not encode all of the relevant information for deciding on an order
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quantity. Accordingly, KS prove that no optimal policy for the lost-sales problem can

be a function of only the net inventory position. For the special case of proportional

ordering costs and a lead time of one period, they also show that the optimal order

quantity is decreasing in the current stock level. This result is intuitive, as if more

stock is currently available, then it seems natural to place a smaller order because

there is less risk of a stockout.

Zipkin (2008) extends this intuition to the case with longer lead times. For pro-

portional ordering costs, Zipkin applies the structural properties of L6-convexity and

submodularity to show that the optimal expected total cost is nondecreasing in the

inventory vector (the vector of order quantities for each previous period going back

to the oldest outstanding order, augmented with the on-hand inventory quantity),

and also that the optimal order quantity is nonincreasing in the inventory vector.

Importantly, the result in Zipkin (2008) applies to a (weak) increase in all elements

of the inventory vector. We prove a surprising consequence of his result that goes

unmentioned, pertaining to what happens with an increase in one element of the

inventory vector (namely, the on-hand inventory entry) and an offsetting decrease in

the remaining elements. Specifically, when an increase in the on-hand inventory level

is accompanied by offsetting decreases in the remaining elements, we prove that the

optimal order quantity actually increases in the on-hand inventory level. KS’s result,

meanwhile, applies only to one-period lead times, when an increase in the on-hand

inventory cannot be offset by a decrease in outstanding order quantities because no

orders are outstanding when we place an order.

Bijvank (2009) presents an approximation called the restricted order-up-to policy

(ROUTP) for lost sales problems. He attempts to account for the fact that, for a

given sequence of orders and demands, the inventory level will always be weakly

higher in a lost-sales model than in a backorder model because lost demand does not

deplete inventory. The approximation chooses an order-up-to-level and, to correct
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for the discrepancy, places a limit on the maximum order size (a smaller limit than

S). He also numerically computes the exact optimal policy for an example, and this

policy conforms to our result, although Bijvank (2009) does not take notice of this

feature of the optimal policy.

4.4 Power Approximations Old and New

We next turn our attention to power approximations. These power approximations

are intended for a backorder setting; later we will introduce a correction factor to

account for the specifics of the lost-sales environment. First, we describe the original

power approximation of Ehrhardt (1979, 1984). Then, we fit a new power approx-

imation based on demand data from Firm X, and finally we devise a new heuristic

that leverages our power approximation to provide an updated inventory policy in

each period based on the latest demand forecasts.

4.4.1 The Power Approximation for ps, Sq Policies

Ehrhardt (1979)—hereafter referred to as [E1]—studies a periodic review inventory

problem for a backorder system with an infinite horizon, a deterministic lead time

L, linear holding (h) and shortage (p) costs, and a fixed order cost K. Demand is

assumed to be stationary, with mean µ and variance σ2. Ehrhardt (1984) proposes

modifications to the methods of [E1] for stochastic lead times, which we will also

incorporate. In Section 4.4.3 and following we will discuss our adaptation of this

framework to our finite-horizon, lost-sales setting with nonstationary demand.

Ehrhardt’s goal is to create an approximation that takes cost and leadtime pa-

rameters, along with the first and second moments of the demand distribution,

and returns an approximately optimal ps, Sq policy without resorting to an itera-

tive algorithm. His motivation for attempting this was to ensure tractability. With

improved computational power and faster algorithms for computing optimal ps, Sq
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policies—see, e.g., Zheng and Federgruen (1991) and Federgruen and Zipkin (1984)—

computing optimal ps, Sq policies for given demand distributions, lead times, and cost

parameters can be done relatively quickly. However, in practical contexts, rarely do

managers know the true underlying demand distributions for their products. It is,

however, reasonable to expect that they can give sound estimates for the mean and

standard deviation of the demand distribution. Power approximations can therefore

still prove useful as they provide good approximations to optimal policies without

requiring the full demand distribution.

In approximating the optimal values s� for the reorder point and D� :� S� � s�

for the difference between the order-up-to level and the reorder point, [E1] computes

the optimal policy for 288 numerical examples using an algorithm given in Veinott

and Wagner (1965) and fits a regression model based on results from Roberts (1962).

Roberts (1962) studies the system in the asymptotic regime for very large K and p.

Before a logarithmic transformation is applied, the regression model for D� in

[E1] is given by

D � Cµα
�
K

h


β
pL� 1qγpσqδ

�
p

h


ε
. (4.1)

Letting σL :� σ
?
L� 1, the fitted regression equation—after removing insignificant

terms and bringing together ones with close coefficients—is

Dp � 1.463µ.364

�
K

h


.498

pσ2
Lq.0691. (4.2)

[E1] follows a similar procedure to find, given a value of Dp, a value sp for the reorder

point; this quantity approximates not the optimal reorder point s�, but instead the

best value to use for the reorder point given that the difference D between the

order-up-to level and the reorder point is set to the approximately optimal Dp. He

computes the optimal “companion” reorder point, given the approximately optimal
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Dp, for each of the 288 numerical examples, and he regresses for this quantity with

the regression variable sp. Defining

z :�
d

Dp

σLp1 � p{hq (4.3)

and defining µL :� pL� 1qµ, the resulting regression equation is given by

sp � µL � σ.0832
L

�
σ2

µ


.187�
.220

z
� 1.142 � 2.866z



. (4.4)

The expression for z is motivated by asymptotic results in Roberts (1962) on the

optimal value for the reorder point s as K and p become large.

Define S0 as

S0 :� µL � vσL, (4.5)

where v is the p{pp�hq standard normal quantile. For small values of Dp{µ, an order

will be placed in most periods. If an order will be placed in almost every period,

then the setup cost K becomes more or less a sunk cost, and it may therefore be

better to use a policy consistent with a setup cost of zero. The order-up-to level of

such a policy is approximated by S0 in equation (4.5). [E1] accordingly modifies the

policy set by the power approximation such that, if Dp{µ   1.5, then the reorder

point is set to

S � mintS0, sp �Dpu.

The above relation ensures that the order-up-to level will not be set too much higher

than the reorder point in cases where the setup cost should not play much of a role

in the decision-making process. The power approximation can then be described by:

Step 1: Use equations (4.2)-(4.4) to calculate Dp, z, and sp.

Step 2: If Dp{µ is less than or equal to 1.5, then use s � mintsp, S0u and S � mintsp�
Dp, S0u. If Dp{µ is greater than 1.5, then use s � sp and S � sp �Dp.
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Step 3: Round s and S to the nearest whole number.

Now, recall that [E1] assumes a known, fixed lead time L; the stochastic lead

time case is treated in Ehrhardt (1984) (hereafter [E2]). The power approximation

of [E1] is modified in [E2] by replacing µL and σ2
L in equations (4.2)-(4.5) with µ`

and σ2
` , respectively, where

µ` � pErLs � 1qµ (4.6)

and

σ2
` � pErLs � 1qσ2 � µ2VarpLq. (4.7)

Incorporating this modification, we are left with the following expressions for the

stochastic lead time approximations rDp, z̃, rsp, and rS0, namely

rDp � 1.463µ.364

�
K

h


.498

pσ2
` q.0691, (4.8)

z̃ :�
d rDp

σ`p1 � p{hq , (4.9)

rsp � µ` � σ.0832
`

�
σ2

µ


.187�
.220

z̃
� 1.142 � 2.866z̃



, (4.10)

and rS0 :� µ` � vσ`, (4.11)

where v as noted is the p{pp� hq standard normal fractile. The stochastic lead time

version of the power approximation is obtained by respectively substituting rDp, z̃,

rsp, and rS0 for Dp, z, sp, and S0 in the procedure described above.

4.4.2 A New Power Approximation Using Firm X Data

The power approximation of [E1], as mentioned, was fit using 288 numerical exam-

ples. Ehrhardt uses Poisson and negative binomial distributions for demand, with a
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Table 4.1: Parameter values used to fit new power approximation.
Parameter Values Count

Item 1-14 14
Lead Time 0,1,2,3,4,5,6 7

Setup Cost (K) 32,64 2
Shortage Cost (p) 4,9,24,99 4
Holding Cost (h) 1 1

variety of mean demands, lead times, setup costs, and shortage costs. The approx-

imation performs remarkably well both in and out of sample for the examples that

are tested.

However, the demand pattern for Firm X naturally does not match a simple distri-

bution family like Poisson or negative binomial. Thus, rather than using Ehrhardt’s

power approximation “off the shelf,” we take real sales data for Firm X and fit a new

approximation based on its unique real-world demand profile. We should note that

there may be a demand censoring phenomenon affecting the quality of the data; we

do not directly address this issue, but as we will see, the approximation nonetheless

performs quite well.

Similar to [E1], we compute the optimal ps, Sq policies for each of the param-

eter/item combinations in Table 4.1, a total of 784 data points. We use the same

values of K, p, and h that Ehrhardt does, but we study a larger variety of lead times

and a variety of demand distributions, each one an empirical demand distribution for

an item sold by Firm X. In computing the optimal policies, we use the expressions for

long-run average cost of a given ps, Sq policy given in Federgruen and Zipkin (1984).

These expressions are exact but assume zero lead time, so we modify them for a

positive lead time following equation (1) in Veinott and Wagner (1965) to compute

the exact long-run average cost. We implement the algorithm for finding optimal

ps, Sq policies found in Zheng and Federgruen (1991).

After computing the optimal policies for the set of test examples, we first run a
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regression model akin to that found in equation (6) of [E1]—reproduced as equation

(4.1) above—to determine an approximation for the difference ∆p � S � s. The

model that we settle on is fit as

∆p � .2757µ.7478

�
K

h


.4861

pL� 1q.3625

�
p

h


�.1149

. (4.12)

Comparing equation (4.12) with equation (4.1), we observe that the coefficient for

the K{h term in our model is very close to that in Ehrhardt’s, while the other

coefficients diverge considerably. We also find that our model has more interpretive

power if we exclude σ as a predictor and replace it with p{h. The adjusted R2 for

the regression model is .7188. While this figure is considerably lower than the .98

reported in [E1], we would expect a model based on real-world data to be more

difficult to fit. Moreover, as [E1] is quick to stress, the measure of the strength of the

approximation comes not from the goodness-of-fit on the training cases, but from

how well it performs when tested. We will test the approximation—on items not

used to fit the model—in Section 4.6.2.

The next step is to fit a model for the reorder point s. Motivated by equation

(4.3) in Ehrhardt’s procedure, we define

ŷ :� ∆p

σLp1 � p{hq . (4.13)

We fit a regression model similar to equation (9) in [E1]. An important difference

is that, while [E1] attempts to estimate the s value that is best given the approx-

imately optimal Dp, in our case we instead attempt to estimate the value of s in

the exact optimal ps, Sq policy. Because we will later incorporate minimum order

quantities, the inventory level after an order will not necessarily be exactly equal to

∆p. Therefore, it is more important to be as close as possible to the reorder point

from the optimal ps, Sq policy than for the reorder point to be optimal for the given
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value of ∆p. Hence, we regress for the reorder point s from the optimal ps, Sq policy

computed for each of the 784 test cases, with our regression variable denoted by φp.

The form of our regression model for the approximately optimal reorder point φp,

where ẑ � ?
ŷ, is

φp � C0 � C1rpL� 1qµs � C2

�σ?L� 1

ẑ

�
� C3rσ

?
L� 1s � ε. (4.14)

The output of the model gives the regression equation

φp � 148.1668 � .9284rpL� 1qµs � .0181
�σ?L� 1

ẑ

�
� .7082rσ

?
L� 1s. (4.15)

The regression model (4.15) has an adjusted R2 of .9611. [E1] takes several further

steps to refine the regression model which we do not undertake here. When executing

this new power approximation, we apply the same steps as described in Section 4.4.1,

replacing equations (4.2) and (4.4) with equations (4.12) and (4.15), respectively.

Note also that the modification described in Section 4.4.1 to incorporate stochastic

lead times can be applied to our power approximation as well as Ehrhardt’s. We will

compare the performance of Ehrhardt’s power approximation with the new model in

Section 4.6.2.

4.4.3 Dynamic Heuristic for Computing pst, Stq Policies

We proceed to adapt the power approximations described in the previous subsec-

tions for use in an inventory policy which is updated periodically based on demand

forecasts. We adopt the following notation:

• dt: random demand realized in period t;

• d̂pjqt : forecast in period j for the demand in period t;

• νt: on-hand inventory in period t, before orders are delivered;
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• ψt: on-order inventory in period t, before orders are delivered;

• ηt � νt � ψt: net inventory position at the beginning of period t, including

inventory on hand plus any outstanding orders;

• Ot: total quantity delivered in period t, from one or more outstanding orders;

• Qt: quantity ordered in period t (zero if no order placed);

• Lt: random lead time in integer number of periods for an order placed in

period t.

By convention, we assume that deliveries are received at the beginning of a period,

after which the order quantity (possibly zero) is determined, and finally demand for

the period is realized. Suppose that we have estimates L and ϕ for the mean and

standard deviation of the lead time, respectively, and that the lead times of all orders

are identically distributed. Denote by pχpjqt,k the mean of the forecasts for the demands

starting in period t and continuing for k periods, as of period j, i.e.,

pχpjqt,k :� 1

k

t�k�1¸
i�t

d̂
pjq
i .

The last period included is thus period t�k�1. Similarly, denote by ξ̂
pjq
t,k the sample

standard deviation of the forecasts for the demands in periods t through t � k � 1,

as of period j, given by

ξ̂
pjq
t,k :�

gffe 1

k � 1

t�k�1¸
i�t

�
d̂
pjq
i � pχpjqt,k
2

.

The only parameters required by the power approximation are the first and second

moments of the lead time distribution and the same for the demand distribution,

along with setup cost and unit shortage and holding costs.
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In a nonstationary demand environment for a product with a short life cycle, it

is very difficult to ascertain the true form of the demand distribution. Recognizing

this difficulty, we devise a procedure that estimates the lead time distribution us-

ing historical data and estimates the demand distribution using the current demand

forecasts for a rolling horizon of fixed length. We estimate the mean demand by the

sample average of the forecasts in the rolling horizon. We estimate the standard de-

viation of demand using the sample standard deviation of the forecasts in the rolling

horizon. We acknowledge that variation in forecasts is not equivalent to variation in

demand, and that this method could lead to difficulties if, for instance, the demand

forecast was constant for the entirety of the rolling horizon, which would cause the

demand variance to be estimated as zero. Our procedure could potentially be im-

proved with other methods of estimating demand variance, perhaps by incorporating

data on historical forecast errors.

The goal of our method is to set an inventory policy in each period that (i) is easy

to compute using available information, (ii) captures as well as possible any demand

volatility that is likely to impact the current order, and (iii) adapts to changing

demand and supply conditions. In this spirit, and given a setup cost K, a unit

shortage cost p, and a unit holding cost h, we propose the following adaptation of

the power approximations described in previous subsections:

Step 0: Choose a whole number w ¥ 2 to represent the number of periods to use in

estimating the mean and standard deviation of the one-period demand. Setting

w � 4, for example, would use the forecasts for a four-week period beginning

with the current period. Similarly, estimate the mean and standard deviation

of the lead time using the sample moments from the empirical distribution of

all previous orders, yielding estimates L and ϕ.

Step 1: In period t, use either of the power approximations from Sections 4.4.1-4.4.2 to
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compute a policy pst, Stq using the lead time parameters L and ϕ and setting

µ � pχptqt,w and σ � ξ̂
ptq
t,w.

Step 2: If the inventory position ηt ¤ st, then set Qt � St � ηt. Otherwise, set Qt = 0.

After the demand dt is realized, update the on-hand, on-order, and net inven-

tory positions via

νt�1 � rνt �Ot � dts�, (4.16)

ψt�1 � ψt �Ot �Qt, (4.17)

ηt�1 � νt�1 � ψt�1. (4.18)

Step 3: If period t is the end of the planning horizon, terminate. Otherwise, return to

Step 1 and repeat for period t� 1.

Minimum Order Quantities

The above procedure can be modified to incorporate a minimum order quantity

(MOQ). Suppose that the minimum order quantity is m. Then, determine a fraction

κ and replace Step 2 above with

Step 2: If the inventory position ηt ¤ st and St � ηt ¥ κm, then set Qt � maxtm,St �
ηtu. Otherwise, set Qt = 0. After the demand dt is realized, update the on-

hand, on-order, and net inventory positions via

νt�1 � rνt �Ot � dts�, (4.19)

ψt�1 � ψt �Ot �Qt, (4.20)

ηt�1 � νt�1 � ψt�1. (4.21)

Our procedure sets a new inventory policy in each period, using historical supply

information to estimate the lead time distribution and evolving demand forecast

information to estimate the demand distribution. It adapts to changing conditions
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and uses the latest available information in each period to set the new policy. It is,

however, based on approximations that were designed for backorder systems. In the

next section, we derive an analytical result about the role of on-hand versus on-order

inventory in determining the optimal order quantity in lost-sales inventory systems,

based on results from Zipkin (2008). Using insights from this result, we then propose

a modification to the procedure described in this subsection to adjust to the lost-sales

environment.

4.5 The Optimal Order Quantity: On-Hand vs. On-Order Inventory

Consider the inventory model of Zipkin (2008). Specifically, we have an inventory

system with proportional ordering costs; lost sales; periodic review (i.e, discrete

time); a fixed lead time of L periods; linear holding and shortage costs; a finite

horizon; and a discount factor r. This setting is different from that which we have so

far studied, but we will obtain insights from it which will be valuable in our setting

also, and will lead us to a modification of our dynamic heuristic for lost-sales systems.

Our notation follows Zipkin, except that we replace his zt for the order quantity in

period t with Qt, to avoid confusion with the meaning of z in Section 4.4.1:

• dt = period t demand;

• yt = on-hand inventory at period t, after the order from period t � L arrives

(note that we would have yt � νt �Ot in Section 4.4.3’s notation);

• Qt = order quantity at period t;

• x0t = yt;

• xkt � Qt�k�L, 0 ¤ k ¤ L� 1 (order to arrive in period t� k);

• xt � px0t, x1t, . . . , xL�1,tq;

149



• x̄t �
°L�1
i�0 xkt.

Importantly, like Zipkin we allow the order quantity Qt and the state variables xkt

to take any nonnegative value, i.e, they are continuous rather than discrete.

Corollary 5 of Zipkin shows that, holding the rest of the inventory pipeline fixed,

the optimal order quantity is decreasing in the on-hand inventory level. This result

matches the natural intuition that the more stock that we have on hand in the

warehouse, the smaller should be the order that we place from our supplier because

with more inventory we are at lower risk of a stockout. This intuition is accurate,

ceteris paribus.

However, we show now a result which has a strikingly different—and perhaps

surprising—implication. The ensuing Proposition 18 holds conditions constant in a

different sense: it compares the optimal order quantities for two different inventory

vectors, when the sum of the inventory pipeline vectors is the same for both. In other

words, we are interested in how the optimal order quantity is affected by shifting

inventory earlier or later in the pipeline, keeping the total inventory (on-hand plus

on-order) constant.

Proposition 18 (Order Quantity Increasing in On-Hand Inventory for Fixed x̄).

For a fixed value of the net inventory position x̄t, the optimal order quantity Q̂t is

nondecreasing in the on-hand inventory yt.

Proof. By Corollary 5 and following in Zipkin, if we assume that the optimal order

quantity Q̂tpxtq is a smooth function, we have

BQ̂t

Bx0t

¤ 0,

BQ̂t

Bxkt ¤
BQ̂t

Bxk�1,t

, 0   k   L. (4.22)
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Now, drop the time index on Q̂pxq. Consider the inventory vector

x̃ � px̃0, x̃1, . . . , x̃L�1q,

and define

x̃k,ε :� px̃0 � ε, . . . , x̃k�1, x̃k � ε, x̃k�1, . . . , x̃L�1q for ε ¥ 0 and k P t1, . . . , L� 1u.

Define also the line segment C : ypuq � x̃k,u, u P r0, cs. By the fundamental theorem

of line integrals (see Salas et al., 2007, Section 18.2), we have

Q̂px̃k,cq � Q̂px̃q �
»
C

∇Q̂pyqdy

�
» c

0

�
∇Q̂

�
ypuq� � y1puq�du

�
» c

0

� BQ̂
Bx0

� BQ̂
Bxk

�
x�x̃k,u

du

¥ 0.

The last inequality follows because the integrand is always nonnegative by equation

(4.22). This process can be repeated with different k to show that, for any two

inventory pipeline vectors with the same sum, the optimal order quantity will be

higher for the vector with a higher on-hand inventory level.

The intuition about the relationship between on-hand inventory and the likeli-

hood of a stockout can be applied here also, although with a very different impli-

cation. As mentioned, the more inventory that we have on hand in the warehouse,

the lower the risk of a stockout in coming periods. This fact would seem to suggest

that we should place a smaller order, but here the distinctive features of a lost-sales

system play an important role. In a backorder system, the location of inventory

in the pipeline is irrelevant to this period’s order because any unfilled demand is

backlogged and will eventually be satisfied. Thus, if we keep the sum constant, in a
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backorder system our inventory position when the current order arrives will be the

same for any configuration of the inventory pipeline vector. The same is not true for

a lost-sales system.

To illustrate, consider two possible inventory pipeline vectors—corresponding to

scenarios denoted (a) and (b)—both with the same net inventory position x̄t. First,

let xa
t be such that all of the inventory is on-hand, and there are no outstanding

orders (i.e., xa
0t � x̄t, and xa

kt � 0 for k ¥ 1). Second, let xb
t be such that all of the

inventory is scheduled to be delivered next (i.e., xb
1t � x̄t, and xb

kt � 0 for k � 1).

Suppose that the demand in period t is realized as dt   x̄t. In scenario (a), all of

the demand is met, and the starting inventory next period will be xa
0,t�1 � x̄t � dt

(recall that no outstanding orders are to be delivered next period in this scenario).

In scenario (b), we have a stockout so none of the demand is met, and the starting

inventory next period will be xb
0,t�t � x̄t because all of the demand is lost, and at

the start of next period an order for x̄t units will be delivered. In the scenario where

we had more on-hand inventory, the inventory level at the start of the next period

was lower.

So, as before, more on-hand inventory means a lower stockout probability. But

in a lost-sales system, all else equal, a stockout in the current period results in a

higher inventory level in future periods because unmet demand does not deplete the

stock. Therefore, the more of our inventory pipeline that exists as on-hand inventory,

the lower the probability of a stockout between now and the arrival of the current

period’s order, and thus the lower our inventory level is likely to be when the order

arrives. Consequently, for a fixed net inventory position, the higher the on-hand

stock, the higher the optimal order quantity.

We note that Zipkin studies systems with a finite horizon, a deterministic lead

time, a discount factor, and no fixed ordering cost. As Zipkin states that its results

extend to the case with an infinite horizon and stochastic lead times, we conjecture
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that our Proposition 18 does as well. While we do not here address settings with

a fixed ordering cost or with the long-run average cost criterion, the underlying

principle behind our result applies to these settings also, and we believe that a

similar result should hold.

Hence, we propose a modification to the dynamic heuristic of Section 4.4.3 to

account for this feature of a lost-sales system. Suppose, in period t, after orders are

delivered and before demand is realized, that a fraction αt of the inventory pipeline

exists as on-hand inventory. That is, in the notation of Section 4.4.3, we define

αt :� νt �Ot

ηt �Ot

.

If αt � 1 and all of the inventory is on-hand inventory, then this lost-sales system

is as close as it can get to a backorder system: for a given sequence of demand

realizations, all ηt�Ot units of inventory will be used the same way in either setting.

There is still a difference between the two settings, however. If the demand over

the next few periods exceeds ηt � Ot and no orders arrive in the meantime, then

the lost-sales system will end up with more inventory because unlike the lost-sales

system the backorder system will eventually have to satisfy the unfilled demand. We

define an additional parameter ω, and, given the policy pst, Stq that is generated for

the period, propose to replace St with S̃t, where

S̃t � maxtst, ωSt � αp1 � ωqStu. (4.23)

When α � 1, we have S̃t � St, and the policy is unchanged. The order-up-to level

decreases as α decreases below 1. When α � 0, we have S̃t � ωSt; thus, the parameter

ω can be interpreted as the degree to which the order-up-to level should be reduced

when there is no on-hand inventory and everything is in the pipeline, subject to the

constraint that it cannot be less than st. We will evaluate the performance of our

heuristic with and without this modification in Section 4.6.2.
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4.6 GUI-Based Tool and Performance of Heuristic

In this section, we will describe the tool that we created for Firm X to use in inventory

planning, and using this tool, evaluate the performance of our dynamic heuristic on

Firm X’s actual data.

4.6.1 GUI-Based Tool

We have implemented our model in R, and on top of the model we have built a user

interface for Firm X’s inventory planning with Shiny, an R package for creating web

applications.

The tool allows Firm X to upload SKU, purchase order, inventory, sales, and

forecast data (see Figure 4.2). After uploading the relevant data, as seen in Figure

4.3, Firm X can view the inventory policy recommendations for a given date (e.g., the

current date if setting a policy for the current period). Note that the version of the

tool given to Firm X includes true SKU labels and also displays actual quantities for

the inventory policy, both of which are disguised in Figure 4.3, along with detailed

figures about the model and policy. The user can adjust both the date and the

number of weeks to use in estimating demand parameters (the value w from Section

4.4.3), and the application will compute an updated policy. The tool also allows

the user to compare the hypothetical performance of our model against realized

historical inventory levels. A sample output of the tool comparing historical and

model inventory levels is shown in Figure 4.4. Firm X has been evaluating our

method over a trial period, and we are now training employees of Firm X to use the

tool as a part of the inventory planning process.

4.6.2 Evaluation of Dynamic Heuristic

Firm X generously provided us with a long enough sales history to separate the

data into training and test sets. We used the training data set to fit the new power
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Figure 4.2: File input screen in GUI-based tool.

Figure 4.3: Inventory policy for a given date and forecast horizon.

approximation of Section 4.4.2. In this section, we test the performance of our

heuristic, using both Ehrhardt’s original power approximation as well as our own.

We evaluate the two versions of the heuristic against each other and against realized

historical inventory levels and in-stock performance for Firm X.

Our testing data contains sales, inventory, purchase order, and forecast data for

11 items over roughly a six-month period. Two items were excluded which were near
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Figure 4.4: Historical and simulated inventory levels for an example item.

the end of their lifetime and for which Firm X received no deliveries during the time

window of interest, and 11 others were excluded which were not active at the start

of our time window. In a given period t and for item j, we estimate the lead time

parameters L and ϕ2 by the corresponding sample statistics for all purchase orders

that (i) were from the same supplier that supplies item j and (ii) were received prior

to period t. We estimate the demand parameters according to the procedure outlined

above in our heuristic, using a horizon of w � 5 periods, and using actual forecasts

generated by Firm X in each period. There were several periods in the data when

Firm X did not update the forecasts. For a period t when Firm X did not update

the forecasts, we assume that the forecast for any period t1 ¡ t remained the same

as the forecast for period t1 generated in period t � 1. In addition, there were some

periods for which we did not have recorded inventory levels. For these periods, we

attempted to back-fill the data by looking backwards until finding a period with

a valid inventory level, and reducing this value by the sums of the sales quantities

during the intervening periods. Firm X does have minimum order quantities imposed

by suppliers. We employ the MOQ modification to Step 2 of our heuristic proposed
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at the end of Section 4.4.3, setting the fraction κ � 1{3.

We simulate our method 1000 times for each item, and the out-of-stock rate is

the number of trial-weeks where we were out of stock divided by the total number

of trial-weeks in the sample. Though not known by our method in advance, the

realized demand in a period is the same across all trials and is set equal to the actual

historical sales in that period. The reason for replication is because of stochastic

lead times. Note that the lead time distribution used to estimate L and ϕ2 is, as

mentioned, based only on information that would have been available to Firm X at

each decision epoch. However, to simulate the actual lead time for a purchase order

we use the realized empirical lead time distribution for the corresponding item.

Table 4.2 summarizes the results of simulating our method with respect to the

out-of-stock rate. The numbers in the table are the changes in percentage “points”

from the historical values to the hypothetical values using our method. Both power

approximations (Ehrhardt and our own) either improve the out-of-stock rate or in-

crease it by less than two percentage points on 8 out of the 11 items (a negative

number indicates that our method had a lower out-of-stock rate than the historical

data). The magnitude of the improvement appears to be comparable for the two

approximations.

Table 4.3 presents the change in average inventory level versus Firm X ’s historical

inventory levels from each method. The average inventory level increases for most

items, but Firm X is potentially willing to accept more inventory for the sake of good

in-stock performance. Our new approximation results in less of an inventory increase

than Ehrhardt’s power approximation for all but two items, and in some cases by a

wide margin.

So, although the two methods perform similarly with respect to stockout perfor-

mance, our approximation is able to achieve this performance at a lower inventory

cost than Ehrhardt’s power approximation. Overall, our new power approximation
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Table 4.2: Percentage point change in out of stock rate.
Item Ehrhardt New

A 0.07 1.67
B 0.63 1.59
C 0.00 0.00
D -3.85 -3.80
E -10.47 -10.65
F -4.77 -3.84
G 0.17 0.20
H 3.58 4.00
I -3.17 -3.58
J 12.26 4.73
K 6.25 5.46

achieves on average a 0.38% reduction in out-of-stock rate, with much larger reduc-

tions on several items and an improvement on a majority of items, as compared to

an average of 0.06% increase for Ehrhardt’s approximation. We should stress that

this performance is specific to Firm X’s products, as is our approximation. Our

approximation was developed with and for Firm X’s particular demand profile, and

it is encouraging that there is opportunity for improved performance from fitting a

special approximation for a given application. The methodology behind the fitting

of the approximations is agnostic to the distributional form of the demand and can

thus be applied with any demand distributions; we see this as a potential avenue

both for future research and future practical applications.

Lost-Sales Correction Factor

Thus far, when testing our methodology we have made no modifications to the poli-

cies with respect to our Proposition 18. We now test the modification suggested by

equation (4.23) on Firm X’s data, following the same procedure as before.

We again simulate our methods 1000 times for each item, with the same model

parameters as before. We set the lost-sales correction parameter ω � .8. This figure

was chosen so that when none of the inventory is on-hand, the order-up-to level
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Table 4.3: Percentage change in average inventory level.
Item Ehrhardt New

A -1.62% -16.93%
B 35.72% 22.51%
C 40.21% 18.78%
D 31.07% 2.10%
E 28.45% 25.12%
F 9.07% -3.85%
G 26.21% 17.32%
H 100.01% 66.63%
I 72.27% 77.51%
J 40.00% 46.41%
K 158.01% 143.75%

would be slightly more than half of that in the backorder setting. With minimum

order quantities, a value closer to 1 might make no difference in the order quantities,

whereas a value close to zero could cause the inventory levels to fall too far. The

impact of the correction on stockouts is presented in Table 4.4; note that this is

again reported relative to Firm X’s performance. To compare it to our methods in

the absence of the lost-sales correction, we compare the numbers in Table 4.4 with the

corresponding numbers in Table 4.2. Similarly, to compare the impacts on average

inventory level, we compare the numbers in Table 4.3 with those in Table 4.5.

The stockout performance with and without the lost-sales correction is quite

similar. With the lost-sales correction, for many items the average inventory level

is roughly the same as without the correction, and for others the inventory level is

somewhat reduced with the correction. This reduction in average inventory level is

consistent with the purpose of the correction, as the lost-sales correction reduces the

order-up-to level from that prescribed by the original heuristic.

An important part of Firm X’s inventory planning process is accounting for

MOQ’s. Because there is a minimum order quantity, unless the difference between St

and the inventory position is quite large, it is not advisable to place an order. Thus,
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Table 4.4: Percentage point change in out of stock rate with lost-sales correction.
Item Ehrhardt New

A 0.03 1.69
B 0.52 1.75
C 0.00 0.00
D -3.85 -3.79
E -8.30 -10.43
F -4.60 -3.45
G 0.25 0.22
H 3.71 4.17
I -3.47 -3.53
J 9.80 2.40
K 6.79 6.71

Table 4.5: Percentage change in average inventory level with lost-sales correction.
Item Ehrhardt New

A -1.10% -17.20%
B 36.30% 20.70%
C 37.40% 13.80%
D 29.60% -2.70%
E 24.70% 24.00%
F 8.50% -5.10%
G 26.80% 17.20%
H 101.60% 64.20%
I 47.90% 47.70%
J 12.30% 15.90%
K 109.90% 88.80%

both with and without the correction for lost-sales, there are likely many cases where

an order would be placed for fewer units than the MOQ, and if the suggested order

is small relative to the MOQ, then our model chooses not to place an order. These

cases can cause the performance of the methods with and without the lost-sales cor-

rection factor to look quite similar, although they might perform differently in the

absence of minimum order quantities.
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4.7 Conclusion

Using real demand data from an industry partner, we have fit and tested a new

version of the power approximation first introduced in Ehrhardt (1979). We have

proposed and implemented a fast, adaptive heuristic based on this approximation

that adjusts to changing demand conditions. We have also proven a new structural

result on general lost-sales inventory problems, and we use the insights from this

result to inform a modification of our heuristic for lost-sales systems.

In addition, we have developed and described a user-friendly interactive tool that

Firm X is planning to incorporate into the inventory planning process. We have

tested our method on another data set from the same industry partner and found

that it reduces stockouts in comparison to the methods currently in use. Moreover,

while these current methods rely on a large deterministic optimization model that

will not scale with the business, our method is efficient enough to scale quite easily

as the company grows. Our method also accounts for both supply and demand

uncertainty, and we believe that it has great practical potential.
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5

Conclusion

This dissertation has studied operations management problems in three different

settings: strategic routing in service networks; pricing and revenue implications of

service delivery platforms; and lost-sales inventory problems with short life cycles and

forecast updates. In each setting we have discovered insights that illuminated the

nature of strategic customer and firm behavior in operations management systems.

In Chapter 2, we studied a model of strategic customer behavior in a service

network with open routing, in which customers must visit multiple stations in the

network but can strategically choose their routes. We uncovered a surprising herding

behavior, such that in equilibrium all customers follow the same route through the

network. We also identified a key structural property—submodularity of the expected

system time—that greatly aided much of the analysis in the chapter. As structural

properties of waiting times have been rarely applied to the analysis of queueing

games, this chapter may open the door for future application of submodularity to

other settings in the queueing games literature.

In Chapter 3, in an environment with an incumbent restaurant and an inde-

pendent platform which offers delivery of the restaurant’s food to customers, we
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investigated the effect of congestion and strategic interaction on the purchasing de-

cisions of customers and on the pricing decisions of the restaurant and platform.

We discovered that when operating in a decentralized setting with no contract, the

restaurant and the platform may leave revenue on the table, and that the restaurant

tends to have bargaining power over the platform because of its attractive outside

options. We adapted techniques from the priority queueing and pricing literature

for our context, and we believe that these methods could prove useful in studying

related models of congestion and strategic queue-joining behavior.

Finally, in Chapter 4, we studied a theoretically challenging lost-sales inventory

problem for products with short life cycles and forecast updates. We used a training

data set from an industry partner to fit a new version of the classical power approx-

imation of Ehrhardt (1979). We evaluated our approximation, combined with a new

dynamic heuristic that leverages historical supply information and the latest demand

forecasts, on a separate test data set from that used to create the approximation.

We found that our methods outperformed both our industry partner and Ehrhardt’s

approximation with respect to out-of-stock rates. We believe that there may be

opportunities for future work related to inventory management to follow a similar

approach: fit a specialized approximation for a given application, based on historical

data, and then feed the model with updated forecasts to set a policy in each period.

This approach could be used to fit other power approximations in different supply

and demand environments, or, if the context called for thoroughly different methods,

then the overall framework could be adapted as required.
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