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Abstract

Polynomial chaos expansions provide an efficient and robust framework to analyze
and quantify uncertainty in computational models. This dissertation explores the use
of adaptive sparse grids to reduce the computational cost of determining a polynomial
model surrogate while examining and implementing new adaptive techniques.

Determination of chaos coefficients using traditional tensor product quadrature
suffers the so-called curse of dimensionality, where the number of model evaluations
scales exponentially with dimension. Previous work used a sparse Smolyak quadra-
ture to temper this dimensional scaling, and was applied successfully to an expensive
Ocean General Circulation Model, HYCOM during the September 2004 passing of
Hurricane Ivan through the Gulf of Mexico. Results from this investigation suggested
that adaptivity could yield great gains in efficiency. However, efforts at adaptivity
are hampered by quadrature accuracy requirements.

We explore the implementation of a novel adaptive strategy to design sparse en-
sembles of oceanic simulations suitable for constructing polynomial chaos surrogates.
We use a recently developed adaptive pseudo-spectral projection (aPSP) algorithm
that is based on a direct application of Smolyak’s sparse grid formula, and that allows
for the use of arbitrary admissible sparse grids. Such a construction ameliorates the
severe restrictions posed by insufficient quadrature accuracy. The adaptive algorithm
is tested using an existing simulation database of the HYCOM model during Hurri-

cane Ivan. The a prior: tests demonstrate that sparse and adaptive pseudo-spectral
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constructions lead to substantial savings over isotropic sparse sampling.

In order to provide a finer degree of resolution control along two distinct subsets of
model parameters, we investigate two methods to build polynomial approximations.
The two approaches are based with pseudo-spectral projection (PSP) methods on
adaptively constructed sparse grids. The control of the error along different subsets
of parameters may be needed in the case of a model depending on uncertain param-
eters and deterministic design variables. We first consider a nested approach where
an independent adaptive sparse grid pseudo-spectral projection is performed along
the first set of directions only, and at each point a sparse grid is constructed adap-
tively in the second set of directions. We then consider the application of aPSP in
the space of all parameters, and introduce directional refinement criteria to provide
a tighter control of the projection error along individual dimensions. Specifically,
we use a Sobol decomposition of the projection surpluses to tune the sparse grid
adaptation. The behavior and performance of the two approaches are compared for
a simple two-dimensional test problem and for a shock-tube ignition model involv-
ing 22 uncertain parameters and 3 design parameters. The numerical experiments
indicate that whereas both methods provide effective means for tuning the quality of
the representation along distinct subsets of parameters, adaptive PSP in the global
parameter space generally requires fewer model evaluations than the nested approach
to achieve similar projection error.

In order to increase efficiency even further, a subsampling technique is developed
to allow for local adaptivity within the aPSP algorithm. The local refinement is
achieved by exploiting the hierarchical nature of nested quadrature grids to determine
regions of estimated convergence. In order to achieve global representations with
local refinement, synthesized model data from a lower order projection is used for
the final projection. The final subsampled grid was also tested with two more robust,
sparse projection techniques including compressed sensing and hybrid least-angle-
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regression. These methods are evaluated on two sample test functions and then as
an a priori analysis of the HYCOM simulations and the shock-tube ignition model
investigated earlier. Small but non-trivial efficiency gains were found in some cases
and in others, a large reduction in model evaluations with only a small loss of model
fidelity was realized. Further extensions and capabilities are recommended for future

investigations.

vi



To my Family and Friends

Vil



Contents

Abstract iv
List of Tables xii
List of Figures Xiv
List of Algorithms xxii
List of Abbreviations and Symbols xxiii
Acknowledgements xxviii
1 Introduction 1
1.1  Uncertainty Quantification and Goals . . . . . . . .. ... ... ... 1

1.2 Motivating Problems . . . . . . . .. ..o oo 4

1.3  Contributions & Layout of This Work . . . . . . . .. ... ... ... 6

2 Polynomial Chaos Expansions 8
2.1 PCE Formulation . . . . . . . ... .. ... 9
2.2 Intrusive Methods . . . . . . . . . . ..o 11
2.3 Non-Intrusive Spectral Projection . . . . . . ... .. ... ... ... 12
2.3.1 Direct Spectral Projection . . . . . . ... ... ... .. ... 13

24 Regression . . . . . . ... 18
2.5 Hybrid Least-Angle-Regression . . . . . . . .. ... ... ...... 21
2.6 Compressed Sensing . . . . . . . ... 22
2.7 Collocation and Interpolation . . . . . . .. .. ... ... ...... 27



2.8 Conclusion . . . . . . . . 28

A Priori Testing of Sparse Adaptive PCEs on an OGCM Database 30

3.1 Imtroduction . . . . . . . ... 30
3.2 HYCOM Database . . . . . . ... ... ... ... ... ... 31
3.3 Smolyak Pseudo-Spectral Projections . . . . . . ... .. ... .. .. 38
3.3.1 Sparse Pseudo-Spectral Projection . . . .. .. .. ... ... 38
3.3.2 Adaptive Pseudo-Spectral Projection . . . . . . . . ... ... 41
3.4 Results on HYCOM Database . . . . . . ... ... ... ... .... 45
3.5 Conclusion . . . . . . .. 53
Directional Adaptation for Uncertainty Quantification 55
4.1 Introduction . . . . . . . ... 95
4.2 Methodology . . . . . . . . 57
4.2.1 Nested Projection . . . . . . . .. ... ... L. 57
4.2.2  Product Space Projection . . . . .. .. ... ... ... ... 60
4.3 Low-Dimensional Test Problem . . . . . ... .. ... ... ... .. 68
4.3.1 Test Problem Definition . . . . . .. ... ... ... ..... 68
4.3.2 FError Analysis. . . . . .. ... 68
4.3.3 Behavior of the Adaptive Methods . . . . . .. ... ... .. 70
4.3.4 Error and Performance Analysis . . . . . . ... ... ... .. 74
4.4 High-Dimensional Problem . . . . . . . ... ... ... ... .... 78
4.5 Conclusion . . . . . . . . . 85
Adaptive Smolyak Pseudo-Spectral Projections on Subsampled Sparse
Grids 89
5.1 Introduction & Background . . . . . . .. ... ... L. 89
5.2 Subsampling and Alternative Projection Methods . . . . . . ... .. 92
5.2.1 Subsampled Grid Determination . . . . . . . .. ... ... .. 94

1X



5.2.2 « Selection Criteria . . . . . . . . . ..o 102

5.2.3 Alternative Tol, Selection Strategies . . . .. ... ... ... 105
5.2.4 Alternative Solution Strategies. . . . . . . .. ... ... ... 106
5.3 Subsampling on Model Test Problems . . . . . . ... .. ... .... 108
5.3.1 Primary Results for Selected  Values . . . .. .. ... ... 110
5.3.2 Determinationof o . . . . . .. ..o 117
5.3.3 Analysis of CS and Hybrid-LAR Basis Selection . . . . . . .. 117
5.3.4 Comparison of Subsampling to LHS . . . . . .. .. ... ... 122
5.4 Subsampling on Production Models . . . . . . . ... ... ... ... 124
5.5 Conclusion . . . . . . . .. 130
Summary & Future Extensions 134
6.1 Summary . . . .. .. 134
6.2 Future work . . . . . ..o 138
Elementary Introduction to Smolyak Quadrature 140
A1 Imtroduction . . . . . . . . ... 140
A2 1D Quadrature . . . . . .. ... 141
A.21 A Noteon Exactness . . . . . ... ... ... ... ...... 141
A22 Nested Rules . . ... ... ... ... ... ... ... 142
A.3 Multi-Dimensional Quadrature (full-tensor) . . . . . . .. .. ... .. 143
A.3.1 Multi-Dimensional Accuracy . . . . . .. ... ... ... ... 144
A.3.2 Scaling Issues . . . . . . . . ... 145
A4 Smolyak Quadrature . . . . . . ... 146
A4.1 Formulation . . . . . .. .. ... 147
A.4.2 Aside: Multi-Index . . . . . .. ..o o 148
A.4.3 Multi-Index Truncations . . . . . .. ... ... ... .. ... 150



A.4.4 Smolyak Coefficient . . . . . . ... .. ... ... ... 150

A.4.5 Visual Example of Smolyak in2D . . . . ... ... ... ... 155

A.5 Conclusion & Further Reading . . . . . . ... ... ... ... .... 155

B Global Sensitivity Analysis 157
B.1 Sensitivity Indices . . . . . . .. ..o o 157
B.2 Sensitivity Indices of PC Expansion . . . . . .. .. .. .. ... ... 158
B.3 Monte Carlo Estimates of Sobol Indices . . . . . . . .. .. ... ... 159

C Hyperbolic Index Sets 162
C.1 Anisotropic Index Sets . . . . . . . .. ... ... 162
C.2 Hyperbolic Anisotropic Index Sets . . . . . . . . . .. ... ... ... 163
Bibliography 168
Biography 180

x1



List of Tables

2.1

3.1

3.2

4.1

4.2

4.3

5.1
Al

Table of continuous polynomial families for various measures. Note
that a uniform measure is a special case of the Beta distribution.
Adapted from [76]. . . . . .. ..o

The random input parameters for HYCOM. Here U[a;, b;] designates
a uniformly distributed probability density function over the inter-
val a; < 6 < b;; the canonical stochastic variables |§;| < 1 are then

defined as 6;(&;) = % + b% e

Table of anisotropic series experiments. In the first column, p is a vec-
tor representing the polynomial order of accuracy along the individual
dimensions, the second column represents the size of the resulting ba-
sis, and the third column indicates the number of realizations in the
Smolyak sparse grid. The polynomial basis is described using the
multi-index set in Appendix C, Equation (C.2). . .. ... ... ...

Tolerance values for different adaptive methods used for the test prob-
lem. . . ..

(a) Uncertainty in rate parameters, and (b) ranges of design vari-
ables, for the CH4+0O5 shock-tube ignition problem. The uncertainty
in the rate parameters are specified either in terms of a percentage
are relative, or as a multiplicative factor. In all cases, the distribu-
tions are represented in terms of canonical random variables uniformly
distributed over [—1,1]. . . . . . ...

Tolerance values for the Nested-(&,,&;), aPSP (reference), and aPSP-
T1 methods with a = 0.1 in Equation (4.11).. . . . . .. ... .. ..

Tol, values for TF1 and TF2 subsampled PSP. . . . . . . .. .. ..

Level, polynomial exactness and number of nodes for one-dimensional
Gauss-Patterson-Kronrod quadrature [98, 14]. We note that, unlike
traditional Gaussian quadratures, the nodes are nested but the result-
ing ruleis lessexact. . . . . .. ... Lo

xii



A.2 Examples of different multi-index truncations. Plotted are examples in
2D with the lowest level § = 1. See Appendix C for further discussion
of hyperbolic multi-index truncations. . . . . ... .. .. ... ...

xiil



List of Figures

2.1

2.2

3.1

3.2

3.3

3.4

3.5

Examples of three classes of orthogonal polynomials (left) and their
corresponding measure (right). Note that what is plotted is the non-
normalized forms of the polynomials. . . . . ... ... ... ... ..

Schematic examples of an index-set .Z (right), the resulting accuracy
sets Ay and the half-accuracy set K*Z (the mazimal PCE index)
(center), and the quadrature stencil (right). Accuracy and quadrature
stencil correspond to the nested GPK rules [73,98]. . . . .. ... ..

HYCOM GOM grid area and averaging region with bottom-left and
upper right corners are at 90W /20N and at 82W /30N respectively.
Plotted in red is the storm-track of Hurricane Ivan. . . . . . . . . ..

Time evolution of sea surface temperature global sensitivity indices.
The background diffusivity dominates until about hour 80, when Ivan
enters the averaging box, whereas the wind drag coefficient becomes
the dominant contributor at later times. (top) Total sensitivities,
(bottom) contribution of each grouping of dimension. . . . . . . . ..

Projections of the box-averaged SST at ¢ = 150 hr. on canonical axes
of the random parameter space: (a) &, (b) &, (c) &3, and (d) &,.

Coeflicents of the box-averaged SST at at ¢ = 150 hr. An isotropic
fifth total order expansion is used. The coefficients with the largest
amplitudes are labeled with the corresponding multi-index represent-
ing the polynomial order along each stochastic direction. The zeroth
term is omitted for clarity. . . . .. ... oo

Relative Ly error between the area-averaged SST and the LHS sample.
Curves are generated for different anisotropic refinement levels, as
indicated. . . . . . . ...

X1v



3.6

3.7

3.8

3.9

3.10

Comparison of polynomials multi-index sets for DSP and PSP using
a sparse grid G(.%) in d = 2 dimensions. Points are the exactness set;
multi-indices (k1, ko) such W (&) = ¥, (&)1, (§2) is exactly integrated
by Q. Multi-indices of the DSP set K£*(.%) are below the blue line,
while elements of the PSP set C(.Z) are below the red-line. The DSP

(blue) polynomial set is not unique. . . . . . .. ... ... .. ...

Schematic example of the aPSP algorithm in 2D. Notice that only O-
admissible forward neighbors are added and an index may be removed
from A without admitting forward neighbors. . . . . .. . ... ...

Left: LHS error versus realization count for the three refinement
strategies: (S1) the adaptive pseudo-spectral algorithm, (S2) the pseudo-
spectral construction applied in combination with isotropic refine-
ment, except for the last point where the full database is used, and
(S3) Smolyak sparse quadrature, except for the last iteration for which
dimension truncation is used in conjunction with the full database.
Right: PDFs of SST based on (S1) the PCE corresponding to the
adaptive pseudo-spectral algorithm at iteration 5 (69 realizations and
59 polynomials), (S2) the pseudo-spectral PCE using the full database,
and (S3) the PCE constructed using Smolyak quadrature using the
full database. In all cases, the PDFs are generated using 10° samples
drawn from the corresponding PCEs. Top row: ¢ = 60 hr; bottom
row: t=120hr. . . . ...

Schematic illustration of the evolution of the adaptive refinement al-
gorithm. Plotted are projections of the stencils on the £3-&4 plane.
The boxes indicate the refinement levels, whereas the numbers within
each box refer to the iteration number at which the box was added to
the stencil. Recall that iterations 1 and 2 are always isotropic. Note
that refinement occurs first along &3, but then progresses along &4,
where the limits of the database are reached. Left: ¢ = 60 hr; right:
t=120hr. . . . ..

Relative Ly error between the PCE of the averaged SST and the LHS
sample. Plotted are curves generated with (i) the pseudo-spectral al-
gorithm adapted to the solution at ¢t = 60 hr, (ii) the pseudo-spectral
algorithm using the full database, and (iii) DSP on smolyak quadra-
ture using the full database. For the adapted solution, the refinement
is stopped after iteration 5, leading to 69 realizations and a PCE with
59 polynomials. The full 513 database curves have 402 polynomials
for the pseudo-spectral construction and 168 polynomials for the DSP.

XV

49



3.11 Relative Lo error between LHS sample and the PCEs for SST and
Q:0r- The adaptive refinement is based on the critical multi-index for
(a) the box-averaged SST and (b) Quor- -« -« « « o v« o o o oo

3.12 Relative error versus realization count. Plotted are curves SST, SSH,
MLD, and Q. The stencil is enriched by the union of all admissible
forward neighbors determined for each Qol individually. . . . . . . . .

4.1 Schematic example of the decomposition of A into Ay, Ay, and Ap . .

4.2 Schematic demonstration of strategy T1 (top plots, a-c) and T2 (bot-
tom plots, d-f) for the case 775 < Tol,. Shown in blue is A, and in
green is 0. The red box denotes I* and the thick-brown line represents
the halting-condition imposed by the two strategies. . . . . ... ..

4.3 The plot in (a) shows the 2D surface F'(&;,&;). The plots in (b) depict
the functions used in the (1,2)-Nested method: cross-sections G (&)
for selected values of 55”, as indicated (six top plots), and the function
H (&) for outer-loop adaptation (bottom). . . . ... ... ... ...

4.4 Relative projection surplus n? and their Sobol decompositions ver-
sus the number of function evaluations for the test function in Equa-
tion (4.12). Plotted in (a) are the results for aPSP (reference). Plot
(b) shows the results of the aPSP-T1. The dashed line in (b) repre-
sents the point at which the aPSP-T1 converge in direction {1}. . . .

4.5 Final multi-index sets for the pseudo-spectral projection using (a)
aPSP, (b) aPSP-T1 and (c) aPSP-T2 methods. Also shown are the
color-coded values of the norm of the projection surpluses €(l) (3.4)
and the iteration number at which that multi-index was added to .Z.

4.6 Comparison of the final grids G(.£) for (a) aPSP method, (b) the
(1,2)-Nested adaptation, and (c) (2,1)-Nested adaptation. . . . .. .

4.7 (% and its Sobol decomposition versus number of function evaluations,
for (a) the (1,2)-Nested, (b) the (2,1)-Nested, (c) the aPSP, and (d)
aPSP-T1 methods. . . . . . . . ... ... ... ... ...

4.8 Comparison of the global error (? versus number of function evalu-
ations, for the nested method (solid line) and its completion to full-
tenzorization (dotted line) for the test problem. . . . . . ... .. ..

xXvi

73



4.9

4.10

4.11

4.12

5.1

5.2

5.3

5.4

Sensitivity of the peak electron concentration in the shock-tube ig-
nition problem. Plotted on the left are the first-order and and total
sensitivity indices for individual parameters. The right plot depicts
the sensitivity indices for the &, and &, spaces, as well as the contri-
bution of the mixed term. . . . . .. . . ... ...

Projection surplus, 7, and its Sobol decomposition for (a) aPSP, and
(b) aPSP-T1 methods. Also plotted in (b) is a dashed line representing
the point at which the adaptation converged in the p directions.

Number of model evaluations required at each realization of the design
variables (&p), needed to calculate the local &, projection. Shaded
&p, — &py Dlanes are for reference. . . . .. ..o

¢? values for the (a) Nested (p,u), (b) aPSP, and (c) aPSP-T1 meth-
ods. In (a), the value next to individual points refer to the number
of outer (&) realizations. The dotted vertical line in (c) represents
the point at which Tol, is reached. Note that the scale of the z—axis
differs in (a) from (b,c). We also note that the ¢ values may oscillate
or be omitted due to the small  value and size of the MC sample. . .

Flowchart of subsampling sparse grid framework. The primary ob-
jective to determine the appropriate subsampling sparse grid and es-
timate coefficients. The final grid (and potentially the synthesized
model data) is used to determine an alternative PCE solution. The
alternative PCE reconstruction may be greatly accelerated by the es-
timated polynomial coefficients. Noted in brackets are references to
the corresponding section or equation. . . . . . .. ... ... .. ..

One dimensional schematic example of the hierarchical nature of nested
grids demonstrated with a nested, equally-spaced open rule following
an N(I) = 2! — 1 scaling. In (a) is Y! for [ = 1,...,6 where each grid
point is colored by the level at which it was added. In (b) is the unique
grid X! and finally in (c), the ancestral structure is added. . . . . . .

Schematic 2D example of ancestral structure for an open, evenly-
spaced grid. In (a) is the index-set of levels, . and in (b) is the
final grid colored by X*!. In (c) and (d) are example showing the an-
cestry of each grid node. Notice for I = {2,2} and I = {3, 4}, each grid
point has two parents. . . . . . .. .. ... ... L.

Schematic example of a full-tensor index .Z;' and the parent index
Z;M\l. The projection with £\l does not require function evalua-
tions for €4 e P! and may therefore be used as synthesized surrogate
values. . ..

83

86



9.9

5.6

5.7

5.8

5.9

5.10

0.11

Schematic example of an index (a) with A" plotted (b) and then
showing the final C subset for determining Toly (¢). . . . . . . . . ..

Sensitivity (contribution to variance) of all groupings of dimensions
for TF2 (5.18). Substantial sensitivity is due to directions 4, 5 and
their mixed-interaction. . . . . . . . .. ... oo

Relative error for TF1 computed with the subsampled grids for vari-
ous « values. In (a) is the error using the aPSP estimated coefficients.
In (b) is error using the CS BP computed coefficients using only the
model data. In (c) is the relative error using the Hybrid-LAR coeffi-
cients computed using both the model and synthesized data. Dotted
lines help visualize the final terminal error and number of model eval-
uation. . . . . ..o

Visualizations of the final .Z for different a values. (top): Indices
colored by €(1) (log-scale). (bottom): Indices colored by the percent-
age of nodes evaluated. |- | is the cardinality of the set. Savings of
function evaluations in (b) and (c¢) come from subsampling sampling.
Additional savings in (c) are from the omission of I = {5,1} since

A U B

Relative error for TF2 computed with the subsampled grids for various
a values. In (a) is the error using the aPSP estimated coefficients.
In (b) is error using the CS BPDN computed coefficients using only
the model data. In (c) is the relative error using the Hybrid-LAR
coefficients computed using both the model and synthesized data. The
error for the full adaptive path is presented in (a) but the CS and
Hybrid-LAR coefficients were not computed for the full path. Note
that these a values are different than Fig. 5.7. . . . . .. ... .. ..

Relative Error for TF2 computed with the non-subsampled grids for
various «. Unlike Fig. 5.9, all error measures are computed by using
afull sparse grid. . . . . . . ...

Example « determination procedure for TF2. In (a) is the LOO CV
Error estimate from Hybrid-LAR (2.18). The blue curves in (b) are the
relative Ly difference between o, s and v,y (5.12). In red is the max-
imum point-wise error between <, and a,y on H(Z, ,, ) (5.13).
In green is the relative empirical error of all a,<, (5.14). The blue
and red curve represent a comparison to a most enriched PCE (a,)
while the green curve is a measure from the model data and is also
plotted for cv,,,. . . . . . ..

XVviii

115



5.12

5.13

5.14

5.15

5.16

5.17

5.18

5.19

Relative and CV estimated error for CS with increasing input basis
size. In all cases P + 1 = |[Kf| » N. Plots show low sensitivity to
basis size. . . . ...

Relative and CV LOO estimated error for Hydrid-LAR with increasing
input basis size. In (a) is TF1 and in (b) is TF2. The final data point
in each plot is the input basis being the full interpolation basis for
that grid. Note that the LOO error accurately identifies the optimal
basis with the exception of @ = 2 x 1072 with TF1. . . . ... .. ..

Comparison of an LHS sample to the (subsampled) sparse grids for
TF1. In black is aPSP on the sparse grids. In blue is CS BP on
the sparse grids (solid) and the LHS ensemble (dotted). In red is
Hybrid-LAR on the sparse grids (solid) and the LHS data (dotted).

Comparison of LHS to sparse grids (a) and a subsampled grid (b) for
aPSP (black), CS-BPDN (blue) and Hybrid-LAR (red). Solid lines
are the structured grid and dotted are the LHS sample. . . . . . . ..

Relative error for HYCOM computed with the subsampled grids for
various « values. In (a) is the error using the aPSP estimated coef-
ficients. In (b) is error using the CS BP computed coefficients using
only the model data. In (c) us the relative error using the Hybrid-LAR
coefficients computed using both the model and synthesized data.

Relative error for the combustion model computed with the subsam-
pled grids for various a values. In (a) is the error using the aPSP
estimated coefficients. In (b) is error using the CS BPDN computed
coefficients using only the model data. In (c¢) us the relative error us-
ing the Hybrid-LAR coefficients computed using both the model and
synthesized data. . . . . . . ... ..o L

Sorted, normalized PSP coefficients for the combustion chemistry (blue)
from the subsampled PSP with o = 5 x 107°. Also plotted is the re-
maining variance. Remaining variance is the cumulative sum of the
blue curve subtracted from one. The remaining variance plateaus
when the normalized coefficient reaches machine precision. . . . . . .

Reprocessing of the combustion model with BP and using synthesized
data. See Fig. 5.17(b) for CS-BPDN without synthesized data. . . . .

XIX

. 123

. 126



5.20 Example o determination procedure for the 25-dimensional combus-
tion chemistry model. In (a) is the LOO CV Error estimate from
Hybrid-LAR (2.18), the size of the basis (blue) and the percentage of
evaluated nodes (red). In (b) are a convergence quantities recomputed
foreach auy. . . . . . .

A.1 Level three Gauss-Patterson-Kronrod node locations. In this case, a
and b are finite and w(z) is constant. . . . . ... ... L.

A.2 Example showing how nodes overlap when increasing quadrature level.
In (a), a nested rule (Gauss-Patterson-Kronrod). In (b), a non-nested
rule (Gauss-Legendre). Notice how most nodes in the Gauss-Legendre
rule do not align. Note that Gauss-Patterson-Kronrod rules only exist
for certain number of points (see Table A.1) but Gauss-Legendre rules
can be define for any N. Plotted in (b) is Gauss-Legendre rules for
the same N as the corresponding Gauss-Patterson-Kronrod rule. . . .

A.3 Schematic example of 2D quadrature realizations from the tensor-
product of 1D Gauss-Patterson-Kronrod rules. The number of nodes
along a particular direction are based on the level, ¢; and the corre-
sponding number of 1D nodes from Table A.1. The resulting quadra-
ture stencil may be anisotropic. . . . . . . ... ... ...

A.4 Schematic example of 2D tensor-product quadrature accuracy corre-
sponding to Figure A.3. The circles represent polynomials that can
be integrated exactly. . . . . . . .. ..o

A.5 Dimensional scaling for full-tensor quadrature (blue) and Smolyak
quadrature (red). Note that both quadratures have the same accu-
racy for monomial terms. . . . . ... oo o Lo

A.6 Visual example of a single quadrature and the Smolyak quadratures.
When built on nested quadratures, the end result is identical.

A.7 Graphical illustration of a full-tensor multi-index, .. . . . . . . . ..
A.8 Graphical illustration of multi-index .Z truncated by total level 3. . .

A.9 Examples of admissible and non-admissible multi-indices. In (b), the
{2,4} index is not supported by a {2,3} index and in (d), it is not
supported by a {1,4} index. Figure adapted from [76]. . ... .. ..

A.10 Graphical illustration of the Smolyak coefficient. The number in the
box is the corresponding coefficient. . . . . . . . ... ...

XX

141

143

. 148

149
149



A.11 Graphical illustrations of the Smolyak coefficients for various trunca-
tion in 2D. The values inside the box represent the Smolyak coefficient.154

A.12 Demonstration showing the individual full-tensor quadratures (top),

B.1

C.1

C.2

C.3

realization stencils (middle), and accuracy sets (bottom) for a given
Z. The final (far right) quadrature index, realization stencil and
exactness set are the union of those from each lin &.. . . . . .. ..

Schematic example in d = 2 dimensions of the subsets of PC multi-
indices Kf, and Kf), for the first-order (red) and total-order (blue)
Sobol-sensitivities of &;. The points represent the muti-index k € K.

Schematic example of hyperbolic truncated index-sets. Top row with
q = 1.0 represents traditional, non-hyperbolic truncations. The first
and third column represent isotropic index-sets. The middle column
represents anisotropic truncations. . . . . . . . . . ... ...
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Introduction

1.1 Uncertainty Quantification and Goals

Uncertainty Quantification (UQ) is a growing field of research that focuses on un-
derstanding, quantifying and mitigating uncertainty in computational simulations.
Recent advancements in computational power have allowed for more complex mod-
els, but inherent in many of these models is uncertainty, necessitating additional
analysis and new classes of methods.

There are many sources of uncertainty in computer modeling. Some sources are
inherent in the model itself (e.g. due to discretization and grid size), while others may
be due to insufficient experimental inputs. In some models, inherent stochasticity
yields a probabilistic and non-deterministic output further increasing uncertainty.
A particularly difficult type of uncertainty stems from the model governing equa-
tions themselves, which are often the result of careful scale analysis and starting
assumptions (e.g. continuum assumption, incompressibility, elasticity, etc). Increas-
ing resolution will never resolve physics that are not in the model. Another common

type of uncertainty is due to input parameters and initial conditions. Specific model



parameters may not be known exactly such as those appearing in phenomenological
closure relations, or actual physical parameters. The various sources of uncertainty
are often grouped into two broad categories: aleatoric and epistemic. Aleatoric un-
certainties are inherent to the model itself and are not due to insufficient knowledge.
Epistemic uncertainties are those introduced by model assumptions, parameteriza-
tions, and/or discretization. Epistemic uncertainties, in principle, may be reduced
given sufficient knowledge of the problem or computational resources. On the other
hand, aleatoric uncertainties are intrinsically irreducible [115].

UQ encompasses broad classes of tools and analyses useful both for obtaining a
better understanding of a particular model and for improving and validating model
response. For example, a practitioner may wish to calibrate a model from experi-
mental data and make use of MCMC sampling on surrogates. Or, the importance of
particular uncertainties may not known. Such pursuits lead to the fundamental goal
of this work: Understand and quantify how uncertainty in a model input
leads to uncertainty in the resulting model output (i.e. how do uncertainties
propagate?).

In this work, we will focus exclusively on parametric uncertainty, whether due
to physical parameters, or parameters of closure relations. We are particularly mo-
tivated by high-dimensional examples (i.e. many sources of uncertainties), making
analysis particularly difficult due to the complex and often mixed interaction of the
uncertain parameters. Traditionally, such analyses scale exponentially with dimen-
sion (number of uncertainties) introducing the pervasive curse of dimensionality.

Our goal is to ascertain the dependance and variability of the model on these
sources of parametric uncertainty. One common analysis is to calculate the statistical
moments (e.g. mean, variance) or to develop a probability density function (PDF) of
the model from the stochastic inputs. These quantities are assessable via a Monte-
Carlo (MC) experiment however, we are most often interested in large, complex, and
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computationally expensive models. The required number of model runs (realizations)
required are prohibitively expensive for all but the simplest of models. We therefore
must seek an alternative approach and aim to develop a faithful model surrogate
to allow for rapid approximation of model response. A model surrogate is a
functional representation of the model output which we may sample or integrated at
very low cost to understand the affects of uncertainty in our model.

In particular, we work in a stochastic paramater space where we parameter-
ize d sources of uncertainty in a model by the vector &£. For a given & we represent a
model’s quantity of interest (Qol) as F'(§). Surrogate modeling may be local, such
as splines [74, 44], or global, such as polynomial approximations. We will focus ex-
clusively on global polynomial approximations and in particular Polynomial Chaos
Expansions (PCEs) [132]. PCEs are a spectral, Fourier-like expansions that seek to
approximate a model’s response as a finite series of orthonormal polynomials. We
explore them at great length in Chapter 2 but will briefly summarize them here. We
approximate F'(§) as a series of the form

F(&) ~ ) cuWi(§), (1.1)

kel

where IC is a suitable finite multi-index set and the Wj’s are the appropriate class
of multi-dimensional orthonormal polynomials. The coefficients, ¢ are referred to
as the “chaos-coefficients”. We refer the reader to Section 2.1 for a more thorough
and complete exposition of PCEs. The main computational work is to determine
the chaos coefficients. Once the PCE coefficients have been determined, it is trivial
to calculate useful quantities such as the mean, variance and model sensitivities
(globally or locally) from the structure of the PCE itself [76, 3].

We are now in a position to further describe the objective of this work. We aim to
develop, implement, and validate novel techniques and algorithms to more
efficiently create high-fidelity PCE (1.1) surrogates. There are two general
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approaches to determining the coefficients: the so-called intrusive approach, where
the PCE is inserted into the governing equations and solved via Galerkin projection,

Y

and the non-intrusive approach, where the model is treated as a “black-box” and
coefficients are determined from an ensemble of model evaluations.

Much of the initial PCE-based UQ methodology was developed with the intrusive
method [49] and had been applied to many areas including heat transfer [55, 87], fluid
dynamics and the Navier Stokes equations [71, 81, 94| (including electro-chemical
flow [29]), as well as solid/structural mechanics [91, 48]. While intrusive methods
remain an active area of research [68, 60, 37, 78], we wish to use large, legacy solvers
wherein we do not need to modify the underlying code and will therefore focus
exclusively on non-intrusive methods.

Various existing techniques for non-intrusive projections are explored in Chap-
ter 2, Sections 2.3 through 2.7, where the determination of chaos-coefficients often
reduces to high-dimensional integration. Traditional multi-dimensional integration
again suffers the curse of dimensionality, where the number of model evaluations
scale exponentially with dimension (number of uncertainties). We will therefore fo-
cus exclusively on Smolyak sparse grids [116], which mitigate the exponential scaling
by considering only certain multi-dimensional quadratures. Furthermore, we aim to
use the structure of the model itself to adaptively reduce computation. We are finally
in a position to state out final goal in this dissertation: develop and implement
efficient adaptive sparse grid approaches to determine high-fidelity poly-
nomial chaos expansions with as few model evaluations as possible while

mainting sufficient control over the adaptation.
1.2 Motivating Problems

The general motivation for this work is to develop, implement, and test novel sparse

grid approaches to UQ for PCE surrogates. We are particularly interested in ways
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to use the structure of the problem to improve efficiency (i.e. reduce the number of
model evaluations) while providing increased control over the adaptation. The PCE
surrogate can then be used for a broad range of analyses from inversion [120, 61, 105],
forward propagation of uncertainty [104], and sensitivity analysis [117, 26, 3, 2, 7].
These methods are developed to be model-agnostic and may be applied to wide
classes of problems. As such, we treat each model as a “black-box” wherein we
obtain a deterministic output for a set of random inputs.

The development of these adaptive sparse grid techniques is motivated by the
results of Alezanderian, et al. [2] and Thacker, et al. [124], which studied the un-
certainty in the Hybrid Coordinate Ocean Model (HYCOM) [19, 138, 52, 10], an
open-source Ocean General Circulation Model (OGCM). Specifically, Alexanderian,
et al. [2] applied non-adapted sparse grids to studying the affects of a stochastic
wind-drag parameter [66] and subgrid-scale parameters due to the KPP [75, 20, 83]
turbulence closure relations (See Ref. [2, Section 2.3] for more detail) on the pas-
sage of Hurricane Ivan through the Gulf of Mexico (GOM) in September 2004. The
results indicated a greater sensitivity to certain parameters suggesting an adaptive
approach may be appropriate.

We are also motivated by the desire to both represent the uncertainty in re-
action rates and to characterize the dependence on experimental parameters for a
methane shock-tube ignition model. We’ve identified 22 relevant reaction rates and
wish to investigate the forward proportion of uncertainty in addition to the depen-
dence on three experimental parameters. Since we expect the variability due to the
experimental parameters to be dominant over the stochastic reaction rates we are
therefore motivated to better control the convergence due to each type of uncertainty

separately.



1.3 Contributions & Layout of This Work

The primary contribution of this work is the development and implementation of
novel sparse grid approaches to UQ and is laid out as follows:

In Chapter 2 we formally introduce PCEs and their associated mathematical
formalism. We briefly discuss intrusive methods and then we proceed to introduce
non-intrusive techniques. We particularly focus on sparse grid projection methods
and introduce potential hurdles to adaptive approaches. We also provide an overview
of novel sparse techniques for PCEs as well as collocation methods.

In Chapter 3 (adapted from [134, 133]), we use the results of Alexanderian, et
al. [2] to motivate the need for adaptive methods. We introduce a novel Smolyak
pseudo spectral projection method (aPSP) [25, 22| to perform an adapted projection
and improve efficiency. We use these methods on an existing database of HYCOM
realizations to demonstrate, a priori, the ability to realize considerable savings. We
examine the various facets of the aPSP method on the HY COM problem and possible
extensions to multiple quantities of interest (Qols).

In Chapter 4 (adapted from [133]), we use a high dimensional shock-tube combus-
tion model with 22 stochastic reaction rates and three design variables to motivate
the need for additional directional control of the aPSP algorithm. We introduce two
techniques to better control convergence and validate these approaches on a simple
2D test problem before applying it to the shock-tube model. We analyse the two
methods and discuss further extensions.

We again aim to further reduce the computation burden of determining PCEs
in Chapter 5, where we introduce a locally-adaptive subsampling technique similar
to that of [63]. We develop a method to perform projections without full model
data and we introduce the use of two more robust PCE solvers. We again validate

these methods on model test problems and then perform an a prior: analysis of



the HYCOM model of Chapter 3 (and [2, 134]) along with the shock-tube model
of Chapter 4 (and [133]) to demonstrate a small but non-trivial improvement in
efficiency.

Finally, in Chapter 6 we summarize and conclude the work presented here and
examine future extensions. We also present Smolyak quadrature [116, 47] in a simple,
easy-to-understand manner that eschews the mathematical formalism for an intuitive
and simple understanding in Appendix A. Appendices B and C introduce concepts

used elseware in this dissertation.
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Polynomial Chaos Expansions

In this chapter we set notation and formally introduce PCEs [132]. We also explore
different techniques to determine the PCE coefficients for a given model. PCEs for
UQ were initially developed in the seminal work of Ghanem & Spanos [49] and fo-
cused on functional representations expressed in terms of Gaussian random variables
(RVs). PCEs are well suited to represent smooth Qols with rapidly converging expan-
sions [76], as well as Qols exhibiting steep or even discontinuous dependence on the
uncertain parameter [79, 80]. PCEs have since been generalized to wide classes of ba-
sis functions corresponding to particular distributions of input uncertainties [135, 5].
Furthermore, they allow us to readily determine statistical moments [76], such as the
mean and variance of Qols, to compute model output sensitivity to input parameters
[26, 2], and to substantially speed up the solution of inverse problems [90, 89, 120].
Other bases, such as wavelets, are particularly well suited for a hierarchical multi-
resolution analysis and allow for discontinuities where a global polynomial basis may

not be suitable [76].



2.1 PCE Formulation

In this work, we restrict ourselves to PCEs based on a suitable parameterization of
model inputs in terms of a d—dimensional real-valued random vector € = (&; - - - &4).
The random vector £ is assumed to have independent components; we denote = =

—_
—

L X -+ x g < R? the range of € and p : = — R, its probability density function,

[1]

E;

p(&) = p1(&1) - - pal&a), f pi(&)dé =1fori=1,--- d. (2.1)

For given p and =, we introduce Ly(Z, p) the space of real-valued, second-order

random variables in &, such that
F(€) € Ly(Z,p) = |Flaep <00 [FlLye = (FF), (2.2)

where (-, -) denotes the natural inner product in Lo(Z, p):
VE.Ge L= (F.G) = | FIEGEMEE (23)

Fori=1,---,d, let {4, ...} be the set of orthonormal polynomials based on the
measure p;, where the subscript k, refers to the polynomial order, such that 1} = 1.

For k = (ki -+ kg) € N, we define

Ui(€) = | [ i, (6). (2.4)

the d-variate polynomial in & whose total degree is k| = 3% | k;. It is immediate to
verify that {Uy, k € N} is an orthonormal polynomial basis of Ly(Z, p).

PCEs were first developed with Gaussian measure [132] (corresponding to Her-
mite polynomials) [49] though any arbitrary measure may be used. In this work,
we will focus on a uniform measure corresponding to Legendre polynomials. Other
families of discrete polynomials are presented in Table. 2.1. See [76] for discrete
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FIGURE 2.1: Examples of three classes of orthogonal polynomials (left) and their
corresponding measure (right). Note that what is plotted is the non-normalized

forms of the polynomials.
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Table 2.1: Table of continuous polynomial families for various measures. Note that
a uniform measure is a special case of the Beta distribution. Adapted from [76].

Distribution (p(§)) | Polynomial Family | Support
Gaussian Hermite (—00, )
Gamma, Laguerre [0, 0]
Beta, Jacobi [a, 0]
Uniform Legendre [a,b]

families. Plots of the Hermite, Legendre and Laguerre polynomials and measures are
provided in Fig. 2.1.
The Polynomial Chaos (PC) approximation of F' € Ly(Z, p) is

F(&) ~ ) cuWi(§), (2.5)

kel

where L = N¢ is a prescribed set of multi-indices defining the truncated PC basis
and ¢ are deterministic coeflicients. In this work we restrict ourselves to the case
of uniform measures p; corresponding to the tensorization of translated and rescaled
Legendre polynomials v%, and we shall omit hereafter, when not necessary, references

to specific dimensions i = 1,--- ,d.
2.2 Intrusive Methods

A class of solution methodologies for determine the PCE coefficients is the so-called
intrusive methods. Intrusive methods inject the PCE (2.5) into the model governing
equations and solve for all coefficients simultaneously via a Galerkin Projection [49,
76].

Intrusive methods provide immediate access to the coefficients through a single
(though much larger) model solution but the structure of the stochastic problem
may require different solvers from those of the deterministic model [76]. Non-linear
governing equations are especially challenging, often requiring special treatment of

11



the Galerkin projection [30].

Because they require a complete reformulation of the model governing parameters,
intrusive methods are usually limited to simpler models. While useful to gain insight
into the response of a stochastic model, such reformulation makes intrusive projection
prohibitive for large, legacy solvers. Instead, for the remainder of the discussion, we
will focus on non-intrusive methods where the model is treated as a so-called “black-

)

box” and does not require modification.

2.3 Non-Intrusive Spectral Projection

To determine the coefficients in (2.5), we consider so-called non-intrusive methods
where the coefficients of a quantity of interest I’ are determined from a finite ensemble
of deterministic model evaluations (or realizations) for different values of & € = [76].
We focus on the Non-Intrusive Spectral Projection (NISP) [102, 81] approach, which
require the approximation error F'(§) — > .. ck ¥k (&) to be orthogonal to the span
of the polynomial basis. Using the orthonormal character of the basis, this leads to

F— Z Ck"l’k',‘l’k> = 0= ¢, = (F, V)

k'eK

- [ FOw@pee vhek (20

Classically, the integrals in the right-hand side of (2.6) are approximated using an
N, point quadrature rule of the form

Ny

= J_ F(&)Uk(&)p(&)dE ~ Q(FTy) = > F(£D) Wy (£9)w'), (2.7)

= q=1

where the {£@ ¢ = 1, - ,N,} is the set of quadrature points having associated
weights w(@ for quadrature rule Q. Equation (2.7) shows that the main computa-
tional burden of NISP is to compute N, model evaluations F'(§ (@), so the complexity
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of the method is O(N,). In traditional tensor-product quadratures, IV, scales expo-
nentially with the number of dimensions d (the so-called curse of dimensionality) and
is intractable for all but very low dimensional problems [76]. This issue has moti-
vated the use of sparse grid methods [67], which mitigate the computation burden by
reducing the number of model evaluations to construct a suitable PC approximation

of F.
2.3.1 Direct Spectral Projection

Consider Q1,Qa, ... a sequence of 1-D quadrature formulas having increasing poly-

nomial exactness, denoted p; for Q;, that is

N(l)

[c@noic-aa= 3 ae)uls), voem,
q=1

where m,, the set of polynomials of degree less or equal to p; and N(I) is the number
of points in the formula @;. We call [ the level of the formula ;. Prescribing
the multi-index I = (I;---14) € N%, the full-tensor-product (FT) quadrature of an

integrable function, GG, can be written as follows:

1G=(Q,® - ®Q,d

N(i)  N(g)
) 1 1 1
_ Z Z G<£§Q1 1)’.__ : l(iQd d))wiqDl 1)._.w§qbi d)
q1=1 qa=1
N(1)
= > Gy, (2.8)
q=1

The (FT) quadrature rule can be used in Equation (2.7) to compute the NISP co-
efficients, ¢, using G = FVy, k € K. We call using the same quadrature rule to
compute all the coefficients ¢ V k € K, the Direct Spectral Projection (DSP).

Note that in the case of uniform measures, the use of nested sequences, for
instance based on the Clenshaw-Curtis [21, 131], Fejer, [43] and Gauss-Patterson-
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Kronrod (GPK) [73, 98] rules, is often preferred. The complexity of Q] for such

nested sequences is N(I) = [[", N(I;), and so it increases exponentially with d.
Smolyak quadrature [116, 47] uses sparse grids to mitigate this complexity by first

introducing the 1-D difference formulas between two successive level, A? = Q;—Q_1,

AY = Q, such that Equation (2.8) can be recast as
Q;TG = (Qh ® & Qld) G

((Ef )@ ' @(;Zif%>)G

where
LT ={ieNLi;<ljforj=1,- d}
is the (FT) multi-index set of tensorizations. The sparse quadrature rule Q 4 is finally

constructed by considering the summation over a subset .Z of tensorized quadrature

differences:

Q.G =) AG, 247 (2.10)
€Z

Traditionally, . is truncated with a total-level truncation to level ¢ as [116, 47]

d
c%z{ieNﬂZijééer—l}.
j=1

When ¢ = £T, Q, = Q" is also identically recovered for nested quadratures.
However, any arbitrary set of tensorizations .Z may be used as long as it is admissible

in the sense that the following condition holds [46, 47]

Vi=(hla)eZ hgu>1=1-¢€2,

14



where {&;,7 = 1,---,d} is the canonical unit vectors of N This admissibility
condition is necessary to preserve the telescopic property of the sum of quadrature
differences.

For a simpler but more in-depth introduction to Smolyak quadratures and their
construction, see Appendix A.

In the following, we denote by G(.%) the set of nodes in the sparse grid,

G(2) = | J{(g @t ald) 1< gy < N(1). 1< j < d} (2.11)

le’

and let N(.Z) = |G(.Z)|, where | - | is the cardinality of a set.
Furthermore, if .27 represents the polynomial exactness set of Q'T, then the ex-
actness set of the Smolyak quadrature rule, Q. is given by [47, 46, 22]

Ay = U A,
le?

A quadrature rule Q o is said to be sufficiently exact with respect to a polynomial
multi-index set K when, for any couple (k,k’) € K x K, the basis orthonormality

condition is recovered using the discrete inner product:

(U Vg, = Qu(UV) (2.12)

If Q, is not sufficiently exact, severe and detrimental “internal aliasing” effects
will ensue when performing DSP [134, 22]. In the case of FT quadratures, the largest
admissible set K*! can be easily determined from the degrees of polynomial exactness
of the 1-D sequence, using the so-called half-accuracy set. It follows that when
Smolyak quadrature rule Qo has an exactness /¢, K*Z is given by

= {%J , (2.13)

lez
the half-exactness set of the Smolyak quadrature, where || is the floor operator.
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Schematic examples are presented in Fig. 2.2 of three .Z indices and the resulting
full-accuracy sets, @7y and the half-accuracy sets, K*Z. Note that for Fig. 2.2(a) and
Fig. 2.2(b), the .Z is based on a hyperbolic-cross (see Appendix C, Equation C.4)
with Fig. 2.2(b) representing the traditional total-level truncation (¢ = 1). Fig. 2.2(c)
represents .ZFT and the resulting I*<.

We shall denote P}'F the (FT) projection operator of F' € Ly(Z, p) onto the span

of {Uy, k € K*}, namely

P'F = Y cUk(€), = QI (FTy). (2.14)
kek#t
where %} has exactness set .4 and half-exactness set C*.

An immediate consequence of using the sparse quadrature formula with £ <
ZLFT is that Qg is not necessarily sufficiently exact with respect to K*Z, as the
sparse formula is not able to exactly integrate the product of high-order monomials.
Such a limitation is readily visible in Fig. 2.2(b) for the case of a “traditional”
Smolyak quadrature. The inner product of the monomials Wg_(11,0y and Wr—(011)
require integrating a polynomial of highest-order £/1¢1! but {11,11} ¢ Ag. A DSP
performed with Q4 and K*% would introduce internal aliasing [22].

We can still define the largest sets K*(.Z) for which the sparse quadrature is
sufficiently exact, but these sets are usually non-unique, leading to ambiguous max-
imal internal aliasing-free projection spaces. In any case, we observe that the use
of sparse quadrature in place of FT ones, while reducing the complexity (|G(.Z)| «
H?:1 N(l;)), leads also to a significant reduction of the polynomial space allowing
for internal aliasing-free DSP (|K*(Z)| « |[K*!|). The sparse pseudo-spectral projec-
tion (PSP) method presented in Chapter 3, Section 3.3 allows for polynomial spaces
larger than defined K*(.Z), for the same sparse grid G(.¢) and without introducing

internal aliasing.
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FIGURE 2.2: Schematic examples of an index-set £ (right), the resulting accuracy
sets Ag and the half-accuracy set K*< (the mazimal PCE index) (center), and the
quadrature stencil (right). Accuracy and quadrature stencil correspond to the nested

GPK rules 73, 98].
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2.4 Regression

NISP and quadrature based methods rely on the use of a tensor-product structured
grid of specific quadrature points and associated weights. Another method to esti-
mate the coefficients of Equation (2.5) is to use regression techniques [6, 8] such as
least-squares linear fitting.

It can be shown that the NISP methods minimuze the L, distance between the
surrogate and the actual model with a quadrature-based estimate. For a set of N
sample points &, regression methods seek to minimize the discrete norm

2

F— Z Ck\I/k

kelC

13 (v Sonien)

kel

on a given basis K with P + 1 = |K|. For a given set of sample poins, £ and
correspond realizations F(€®), i = 1,..., N, the matrix form of the PCE formulation
is:

Zce=f (2.15)

where Z € RV*(P*1) ig an information or generalized Vandermonde-type matrix

defined by
Zy=V(&) i=1,.,N, k=0.P, P+1=|K|, (2.16)

fe RV = {F(gW), ...,F(S(N))}T, and ¢ € RETD*1 — (¢ cp}’. We note that
since N > P + 1, Equation (2.15) is overdetermined and no solution exists, Instead,
we seek the least-squares solution.
It can be shown [76, 9] that the discrete Ly distance between f and Ze¢ is mini-
mized when
c=(272) 27§ (2.17)
Unlike the NISP approach, there is no requirement that the realizations are struc-
tured; however, a necessary and sufficient condition for the problem to be well-posed
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is that (ZTZ) must be full-rank [76]. The selection of minimization points will
affect the properties of (ZTZ) and, as such, there exists optimal conditions for the
selection of £. See [76, p. 67] for more detail.

The point-wise error of the PCE may be ascertained empirically on the sample
points as

1 & A\
emp = N Z ( €() Z Ck\:[]k (5(1))>

ke

but this is the exact quantity that Equation (2.17) is constructed to minimize and
is therefore a poor measure. Furthermore, if (P + 1) = N, Erre,, = 0 despite
potentially over-fitting the data. Additional correction parameters have been inves-
tigated [18, 112] but still do not fully account for over-fitting.

Rather than measure the empirical error of all of the sample points, an alternative
approach is to use cross-validation (CV) techniques such as Leave-One-Out (LOO)
error. A LOO error estimate is computed by estimating the model with all points
but one (E(”)), then calculating the error of the PCE built without &™) at £

The full algorithm is presented in Algorithm 2.1. The calculation of Frpo may be

Algorithm 2.1 LOO CV Error Estimate.
forn=1,...,N do
FO = {F(EW), .., F(ErD), F(ErD), .., F(EN)} = f without £
Z5m = Uy =1, ( —1), (n+ 1),..,N k =0..P = Z without £"
c~m = (2T 2 : ( )T Fom = Solution without £
- F (g(n)) Zkelc (5(” ) > Error at £&™

end for v )
Eoo = % Din1 (V(n))

T

)
)
)
)

dramatically accelerated with an analytical form for ™ [11, 9]. Let h,, be the n-th

diagonal term of Z (Z’TZ)*1 Z, then




where ¢, are the coefficients calculated with all €®. Since (ZTZ)_l must be calcu-
lated in Equation (2.17), it is very inexpensive to also calculate Erpo. Leave-One-
Out error is also equivalent to K-Fold Cross-Validation with K = N [72]. The F1 00
is still potentially sensitive to over-filling (as (P 4+ 1) — N) and therefore the final

error may be corrected as follows:
Eloo =T(P,N)Eroo (2.18)

with possible forms for T'(P, N) such as [9]

N-1
PN = §—p—71
and [9, 18]
1 2T z\"!
N trace((—Z Z) )
T(P.N) = | 1+ NN

Regression approaches do not natively suggest an optimal PCE basis, . If the
basis is chosen such that (P + 1) = N (see Equation (2.26) below), one recovers the
Lagrange Interpolant [39] and there is no empirical error. However, it is generally
suggested to choose a basis such that (P + 1) ~ £ [59, 39]. Alternatively, the basis
may be selected using the E;po and other cross-validation procedures [111, 72] by
iteratively growing the basis with Forward Selection [56].

Rather than perform regression with the full basis, IC, alternative approaches can
also be used to select the basis polynomials as a subset of the initial basis. Two
such approaches are least absolute shrinkage and selection operator (LASSO) [125]
and least-angle-regression (LAR) [36]. We will specifically focus on the LAR in the

following section.
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2.5 Hybrid Least-Angle-Regression

Least-Angle-Regression [36] (LAR) is an iterative technique to estimate the solution
of a linear system. Again consider the linear system for the PC expansion from
Equation (2.15)

Zc=f

where the columns of Z represent the basis functions in K. LAR begins with an
input basis K7 and sets ¢, = 0V k € KZ. It then iteratively builds the basis by
successively activating basis functions. The procedure is briefly described as follows.

See [137, 9, 36] for more detail.
e Set all coeflicients to zero and calculate the residual, r = f — Zec.

e Choose the basis (m = 1) that is most correlated with the residual and set
the corresponding coefficient such that the residual is equally correlated with

another basis (m = 2).

e Set the two basis coefficients such that they are equally correlated with a third
(m = 3) basis.

e Continue to set m — 1 basis coefficients to be equally correlated with an mt"

basis until m = min(P, N — 1) basis coefficients are “activated”.

The LAR procedure results in m possible active bases of KZ but the constant basis
term, gy = {0,...,0} is never activated. Instead of using the LAR coefficients, we
follow a similar Hybrid-LAR procedure to that of [9] which is shown in [36] to improve
performance. The Hybrid-LAR procedure is detailed below [9].

e Run the LAR procedure on KZ. Let K = KT be the active basis set prescribed

by the LAR procedure at step i. Note that || = i where |-| is the cardinality.
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e Foralli = 1,...,m, perform the regular least-squares regression (2.17) on Ki* U

K. Estimate error for basis K& U Ky with Ef oo (2.18)
e Choose final PCE basis as K = K U K that minimizes E}

The Hybrid-LAR approach essentially uses LAR as a basis selection technique and
then performs regression (from Section 2.4) on the active basis.

Unlike regular regression, LAR does not require that (P, + 1) = |[K*| < N since
the final active basis will always be K < m = min(P, N — 1). However, the choice of
KT does affect the resulting ' and the final PCE fidelity. See Ref. [9, Section, 5.3.1]
for an input basis selection procedure that enriches the input bases until an optimal
one is found.

As with other non-NISP methods, there is not an exact experimental design
associated with a basis. Again, see Ref. [9, Section, 5.3.2] for a suggested procedure
based on random sampling. As we will see in Chapter 5, we may omit both the
input-basis selection and experimental design as we will use alternative (NISP-based)
approaches in combination with Hybrid-LAR.

There exist a few direct implementations of the LAR algorithm [70] for Matlab.
Unless otherwise noted, all LAR solutions in this work were generated with a slightly
modified version of the SpaSM [113] Toolbox. The modifications were to be able to
easily recover computed results after the problem became unstable (due to rank-
deficiency) and to perform the regression at each LAR step.

Inherently, the LAR procedure creates a sparser basis than the input-basis. An-

other solution methodology that exploits sparsity is compressed sensing.
2.6 Compressed Sensing

Compressed Sensing (CS) was developed in the signal processing, electrical and com-

puter engineering, image processing, and medical imaging community [127, 12, 41].
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The presumption is that on the appropriate basis, the spectrum of most signals
are sparse. For example, image compression such as JPEG and JPEG-2000 exploit
such sparsity on a discrete cosine transform, or discrete wavelet transform (respec-
tively) [12]. Knowing the signal is sparse, one can use very few samples, a large

Y

“dictionary” of basis functions, and a solver designed to exploit/enforce sparsity, to
reliably reconstruct the signal. The implications are wide ranging from compression
to drastically improved medical imaging [41].

The compressed sensing for PCEs is again posed in matrix form:
Zc=f

where Z (2.15) is the Vandermonde-type matrix for the respective basis and realiza-
tions locations. However, unlike regression, a larger basis, K (with P + 1 = |K|) is
used to generate Z such that P + 1 » N. That is, the matrix problem is underde-
termined and must be constrained in order to be well-posed. A simple and intuitive

contraint is to minimize the energy in the system as [12]

¢ = argmin||c||z, such that f=Zec. (2.19)

The solution to (2.19) is given explicitly as [12]

e=2" (22" 1.
However, the minimum-energy solution is often a poor choice; especially when c is
sparse (that is the number of non-zero entries is much fewer than P). Changing the
basis (and Z) also will fundamentally change the solution. The minimum-energy
solution will be exact at each collocation point but will suffer over-fitting away from
the collocation points.

Instead, one could enforce maximal sparsity of the system [15, 34, 127] by mini-

mizing the o “norm”

l|c||o = Number of non-zero ¢ entries
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Note that the ¢y norm is not a true norm [12] in the mathematical sense but is still

useful in this context. The sparsity maximization problem is then posed as

¢ = argmin||c|lp such that f=Z¢ (2.20)

While the solution of the sparse maximization problem is ideal, it also requires
a combinatorial search and is computationally intractable for all but the sparsest of
solutions [12, 34].

It has been shown, most notably by Donoho et al. [32, 31], that the solution
of the ¢; minimization is equivalent to the “/p-norm” under certain conditions (See

Refs. [12, 31, 35, 127]). Specifically, the problem can be recast as
(P1): minf|Ac||y st Zc=f (2.21)

In the case of noisy data, an alternative formulation of (2.21) is:
(Pis): minl|Ac|ly st ||[Ze—ul|r, <O (2.22)

where ||¢|[s, = D e |ck|- Equations (2.21) and (2.22) are known as Basis-Pursuit (BP)
and Basis-Pursuit-Denoising (BPDN) respectively. In addition, (2.22) may be refor-

mulated as

PN . 1
é = argmin ( Lze— 1l + AHAcm)

where A\ is related to a Lagrange multiplier. The relation between A and J is not
known a priori except in very specific cases [129]. The ¢;-regularization problem is
convex and easily solvable with linear programming [12].

In (2.21) and (2.22), A is a diagonal weight matrix. The choice of the weight
matrix has great importance [12] and is an area of active research [53, 99]. The
authors of [35] suggest using Ay, as the L, norm of the k™ column of Z. This
approximates the Ly norm of the ¥, with the chosen colocation points. Recall that
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we use a normalized basis for the PCE (2.5) and therefore A = 1. However, a choice
of A = 1 also means that the CS algorithm will add energy to high-order modes
without penalty. Our numerical tests suggest that this results in severe over-fitting.

Instead, we choose A such that

max [ApVr(&)p&) =1 ¥V k=0,..,P (2.23)

ge=

Equation (2.23) restricts the basis functions to the range [—1, 1] with the appropriate
integral measure of the PCE function space. The solution of (P;) and (P ) with
a given A is equivalent to setting Z’ = AZ and solving (P;) and (P 5) without A.
As such, for the case of uniform measure and Legendre Polynomials, the choice
of A from Equation (2.23) is equivalent to projecting on the “Traditional” (non-
normalized) Legendre Polynomials like those plotted in Fig. 2.1 and discussed in [76,
Appendix B.1.1]. In the Legendre case, this weighting penalizes higher-order basis
functions and pushes the solution towards low-order terms. This choice of weighing
is similar to that of [53].

The choice of § in Equation (2.22) is also an important consideration. A ¢ too
small may cause over-fitting of the data and a 0 too large will reduce the final
PCE fidelity [35]. We use a non-exhaustive, random-subsampling cross-validation
routine, adapted from [35], to estimate the error of the PCE for a given ¢ presented
in Algorithm 2.2. In addition to providing a means to select d, the CV error is
useful for additional analysis. We note that different authors have suggested using
the mean of each estimated error instead of the RMS [35, 111].

Much theoretical research has been performed on the convergence of Equation (2.22).
In traditional CS literature, the Vandermonde Matrix, Z, termed the “measure-
ment matrix” is often fixed [27]. Regardless, certain properties of Z must be
fulfilled. These may be measured via the spark [32, 12], the restricted-isometry-
property [136, 123], or the mutual-coherence [64, 35, 12]. All measures essentially
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Algorithm 2.2 BPDN CV Error Estimate (&, f,KC, N,., N,, 0, n).
N=N+N°
fori=1,...,ndo > n permutations of (£, f") and (&Y, f")
Randomly divide &, f into (&7, f") and (£, f*)

5 = /30

N
Z;k: = \Ilk<£j> \ gj € gv’ ke
é =argmin, |[Ac|; st |Z"¢— fT|2 <0, = Estimated BPDN Solution

E; =, /N%HZ”(E - 1 > Scaled error
end for
Error= RMS(E) > RelativeError= %

seek to quantify the uniqueness of each column of Z. For example, mutual coher-
ence measures the largest (normalized) inner-product between any two columns of
the matrix. These measured quantify the probability of the BP(DN) solution con-
verging to the sparsest (2.20) solution. For a discussion of sparsity requirements for
BPDN see [35, 136, 123].

There are a wide variety of MATLAB packages to solve the BPDN problem in-
cluding SPGL1 [128, 129], 11-Magic [16] and SparseLab [33]. Unless otherwise noted,
all BP and BPDN solutions in this work were recovered with SPGL1 though often
validated against the other solvers.

In addition, the basis pursuit optimization problem may be solved with a Bayesian
formalism. Bayesian methods have been used for PCE reconstruction [105], however
the method can be expanded for CS reconstruction. The Bayesian formulation for CS
uses a sparseness prior, such as the Laplace Density Function, or other hierarchical
priors [65]. The coefficients are then chosen as the maximum a posteriori value. The
key advantage to the Bayesian approach is the ability to determine an error estimate

on the spectral coefficients which is not possible with BP and BPDN solvers [54, 65].
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2.7 Collocation and Interpolation

Collocation methods seek to develop an interpolant that, unlike projection methods,
are exact at the nodal (collocation) points. Polynomial interpolation is carried out
through the tensor product of 1D Lagrange Polynomials. However, unlike PCE
methods where a basis is specified, for collocation methods, the points themselves
specify the basis.

For {&, fi = F (&)}, collocation points and function evaluations in 1D, there

are n basis functions of the form [101, 76]

L; = H £ — 5] (2.24)
J#z

and then the interpolating function is

FE(E) = zn]fz Li(€). (2.25)

=1

It is also immediate to verify that
Ei(fj ) = 5z'j

where §;; is the Kronecker delta function. Therefore F*(&;) = f; and Equation (2.25)
is an exact interpolant at the collocation points.

The interpolation may be extended into multiple dimensions with a tensor prod-
uct construction [109]. Additionally, multiple dimensional rules may be combined
with sparse grids (similar to Equation (2.8)) [95, 96, 63]. Note that there is no
projection step to a Lagrange interpolant; the coefficient is exactly the functional
value.

For a structured, colinear grid (such as those from full-tensor or sparse quadra-
tures), the PCE solution on the following basis, may be factored into the Lagrangian
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basis [39]. For every full-tensor P;* (or Q;F) V I € &, there are n; = 118, m,
quadrature nodes where n;, is the number of 1D quadrature nodes for level /; with
the given quadrature rule. We then define

KE =ty oy} =1 (2.26)

le’

where 1 = {1,...,1}. The final result is that for N = |G(.%Z)| quadrature nodes,
(P +1) = |K*| = N. The resulting Vandermonde matrix Z (2.16) is square and the
matrix-formulation of the PCE problem (2.15) is directly invertible. The resulting
polynomial is unique and can be factored into a Lagrange basis.

Collocation methods are particularly sensitive to the selection of collocation
points. A poor choice of points will result in severe Runge Phenomenon [106, 42],
where the interpolant oscillates severely near the bounds of the domain and is par-
ticularly burdensome for equally-distant points [103]. The susceptibility of a distri-
bution of colocation points for Lagrangian interpolation may be quantified through
the Lebesgue constant [13, 50] which measures the maximum amplitude of the inter-
polant basis. Gauss-Legendre and Chebyshev nodes are particularly well suited to
interpolation as they have more collocation points near the boundaries and smaller
Lebesgue constants [76]. Chebyshev nodes are also nested making them amenable
to sparse grids and the reuse of prior model evaluations. An alternative approach
is to use Leja Sequences [82] which have the property of being nested, have a small
Lebesgue constant, and being amendable to arbitrary domains [28]. Leja sequences

may also be defined for any n and not follow a typical n, = 2¢ — 1 scale.
2.8 Conclusion

In this chapter, we introduced PCEs and noted a few common non-intrusive methods

to determine the PCE coefficients. Non-intrusive methods are particularly attractive

28



for the investigation of real-world models with complex inputs and allow the use of
legacy solvers. These methods are agnostic to the model itself and only require a
deterministic output for a set of inputs (PCEs for non-deterministic model solutions
are the basis of other work [105]). In the following chapters, we will implement and
extend the methods presented here to more efficiently produce high-fidelity PCE
surrogates of interesting models including ocean-circulation and chemical kinetics on

sparse grids.
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3

A Priori Testing of Sparse Adaptive PCEs on an
OGCM Database

3.1 Introduction

In prior work by Alezanderian, et al. [2], we relied on a classical Smolyak sparse grid
tensorization [116] (2.9) and DSP (see Section 2.3.1) to study the HYCOM simu-
lated sea surface temperature’s (SST) dependence on the combined uncertainties in
subgrid scale mixing and wind drag parameters. To obtain accurate statistics, we [2]
relied on a systematic isotropic refinement of the sparse grid, namely by successively
increasing the resolution level along all dimensions of the random parameter space.
As further described below, this necessitated the generation of a relatively large
database involving hundreds of realizations.

The present study is motivated by the desire to explore, in the context of short-
duration Ocean General Circulation Model (OGCM) predictions under extreme forc-
ing events, whether adaptive sparse quadrature can afford the construction of PCE
surrogates with equal or improved fidelity to isotropic refinement, based on a sub-

stantially smaller number of realizations, and consequently at a small fraction of
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the computational cost. We are also motivated by ongoing investigations [120] of
the oceanic circulation in larger domains than was considered in our previous GOM
analysis [2], and for longer simulation times. Since the cost of such extended anal-
yses effectively limits the number of realizations that can be simulated, it proved
highly desirable to analyze the performance of adaptive sampling schemes prior to
launching them to dynamically sample large-scale computations. Consequently, in
this chapter we exploit the pre-existing database to investigate the properties of a
recent pseudo-spectral algorithm [25, 22| that is based on a direct application of the
Smolyak’s sparse grid formulas. The advantage of this generalized approach is that
it affords the use of arbitrary admissible sparse grids while maximizing the number
of polynomial coefficients that can be computed without internal aliasing.

The layout of this chapter is as follows. In Section 3.2 we discuss the computa-
tional model and the previously computed database. We also discuss the enrichment
of the pre-existing database in light of the global sensitivity analysis in [2]. In Sec-
tion 3.3 we introduce the Smolyak pseudo-spectral projection method and apply it to
the realization database. In Section 3.4, we analyze the performance of the adaptive
algorithms and demonstrate an order-of-magnitude reduction in required realiza-
tions. Finally, in Section 3.5 we discuss potential improvements on our methodology

and applications to other problems.
3.2 HYCOM Database

The interest in improving the quadrature sampling of PCEs came about during
a global sensitivity analysis of the uncertainty in subgrid mixing and wind drag
parameters of an ocean general circulation model (Hybrid Coordinate Ocean Model,
HYCOM) [2] . Here we summarize this prior work, and motivate the need for more
effective sampling strategies by highlighting the drawbacks of isotropic refinement.

The work in [2] revolved around studying the impact of four uncertain param-
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Table 3.1: The random input parameters for HYCOM. Here U[a;, b;| designates a
uniformly distributed probability density function over the interval a; < 6 < b;; the
canonical stochastic variables |¢;| < 1 are then defined as §;(§;) = %5b + bistig,

Parameter Description Distribution
6, critical Richardson number | ¢(0.25,0.7)
0 background viscosity (m?/s) | U(107%,1073)
03 background diffusivity (m?/s) | U(107°,107%)
0, stochastic wind drag coefficient | ¢(0.2,1.0)

eters on the simulated oceanic response to Hurricane Ivan 2004. Three parameters
were connected with the mixed-layer parameterization and one with the wind drag
coefficient; the uncertainty of these four parameters are listed in Table 3.1. The main
output uncertainties, or quantities of interest (Qols), correspond to averaged value
of sea surface height (SSH), sea surface temperature (SST) and mixed-layer depth
(MLD), within a geographic region whose bottom-left and upper right corners are
at 90W /20N and at 82W /30N, respectively; in addition, the heat-flux (Q) in a
150-km region surrounding the observed center of Ivan was also investigated. The

computational grid and the averaging region are plotted in Fig. 3.1. The HYCOM
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FIGURE 3.1: HYCOM GOM grid area and averaging region with bottom-left and

upper right corners are at 90W /20N and at 82W /30N respectively. Plotted in red is
the storm-track of Hurricane Ivan.
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grid covered the GOM and a large portion of the Caribbean Sea at a resolution of
1/25° ~ 4km and 20 vertical layers; the simulation spanned the entire transit of Ivan
through the Gulf of Mexico from September 9 to September 14, 2004. Each realiza-
tion required 2.5 hours on an 8-core node and required 764 megabytes of storage.
This large computational burden is the primary motivation behind the present work.

The PCE basis consisted of tensor products of Legendre polynomials and the
series was truncated isotropically at fifth order in each direction. The numerical
quadrature consisted of a classical Smolyak sparse grid based on the one-dimensional
Gauss Kronrod Patterson rule [73]. An ensemble of 385 realizations was required to
perform DSP and recover polynomials of total-order < 5. This represented a substan-
tial amount of computational time and storage given the grid’s spatial resolution and
extent. The adequacy of the PCE representation was checked via a number of error
metrics including a point-wise error and the convergence of the PDF for increased
quadrature levels [2]. Global sensitivity analysis revealed that the uncertainty in the
Qols was dominated by the third and fourth parameters (the background diffusivity
and wind drag coefficient respectively) whereas the first two contributed little; see
Fig. 3.2 for a comparison of total-sensitivity and sensitivity of each grouping of input
parameters and time. We note that the variance due to &3 is relatively constant,
however as the variance due to & grows, the fraction of variance associated with &3
diminishes.

Additional insight into the response of the oceanic circulation to the uncertain
parameters can be gained from Fig. 3.3, which depicts projections of the box-averaged
SST onto the axes of the random parameter space. The plots reveal an almost linear
dependence of SST on &, & and &3 (panels a, b and ¢, respectively), which suggests
that a lower-order PCE along these dimensions would be sufficient. In contrast,
Fig. 3.3(d) reveals a highly curved response for higher values of &, which indicates
that a higher order expansion is required to suitably represent it.
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FI1GURE 3.3: Projections of the box-averaged SST at ¢ = 150 hr. on canonical axes
of the random parameter space: (a) &, (b) &, (¢) &3, and (d) &.

Figure 3.4 shows the coefficients, ¢, labeled by the corresponding multi-index;
the zeroth coefficient is excluded. As expected from Fig. 3.3, the only significant
coefficient involving &3 is the linear term. Apart from this term, the coefficients
having significant amplitude involve monomials of £&. The slow decay of coefficients
involving &4 also highlights the need for increased resolution along that axis.

In preparation for the analysis of adaptive expansions, additional computations
were performed using the same model and stochastic setting considered in [2]. We
also generated a separate database consisting of 256 member Latin Hypercube Sam-
pling (LHS) [92] ensemble. This was deemed desirable for the purpose of evaluating

the quality of the PCE representations based on a set of realizations that is indepen-
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Projection Coefficients (SST), t=150hr
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FIGURE 3.4: Coefficents of the box-averaged SST at at ¢ = 150 hr. An isotropic
fifth total order expansion is used. The coefficients with the largest amplitudes are
labeled with the corresponding multi-index representing the polynomial order along
each stochastic direction. The zeroth term is omitted for clarity.

Table 3.2: Table of anisotropic series experiments. In the first column, p is a vector
representing the polynomial order of accuracy along the individual dimensions, the
second column represents the size of the resulting basis, and the third column indi-
cates the number of realizations in the Smolyak sparse grid. The polynomial basis
is described using the multi-index set in Appendix C, Equation (C.2).

Simple Truncation P | Number of realizations
p=(55,5,5) 126 385
p= (505,77 168 513
p=(2,2,55) 36 73
p=1(2,277) 59 169

dent from that used for their construction.

Motivated in large part by the results of the global sensitivity analysis, a pre-
liminary assessment of adaptive refinement was conducted, namely by enriching the
isotropic database generated in [2] preferentially along the third and fourth dimen-
sions. Specifically, the database was enriched by including additional levels in the
Smolyak quadrature, in such a way as to enable us to accurately capture polynomials
of order < 5 in the first two variables, and < 7 in the third and fourth variables.

Using the resulting anisotropic data, we analyzed the behavior of the solution
for the different anisotropic truncations listed in Table 3.2. In particular, we used

the relative Ly error between the corresponding PC representations and the LHS

36



]-0_2 E I I ]

[ —— p:(5757575> i

- p:(5757777) :

1034 p=(2,2,5,5) ]

3 g p=(2,2,7,7) ]

& -

~ L i

— 1074 e E

1) E ]

E * <

=

é L i

107 ]
10*6 I I I I

20 40 60 80 100 120 140 160
Simulation Time (hr)

FI1GURE 3.5: Relative Ly error between the area-averaged SST and the LHS sample.
Curves are generated for different anisotropic refinement levels, as indicated.

ensemble as a fidelity metric. Since the relative importance of individual components
of & may be time-dependent, we plot in Fig. 3.5 the time evolution of this metric for
different refinement levels. The results indicate that the PC representations which
include higher order terms in the first two dimensions perform marginally better than
those with a lower order truncation, whereas a substantial reduction in the error can
be observed at later times when the PCE is enriched to seventh order in the third and
fourth directions. This suggests that a coarse resolution in the first two directions
can be safely adopted, and that using adaptive refinement, a suitable representation
can be obtained at a substantially reduced cost compared to isotropic refinement.
In the following, we will investigate how the adaptive pseudo-spectral algorithm
can be used to systematically refine the sampling of the stochastic parameter space
and the corresponding PCE representation, and to quantify the performance gains

thus achieved. The enriched Smolyak set with p = (5,5,7,7) and 513 realizations
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will be specifically used as a database for the a priori tests.
3.3 Smolyak Pseudo-Spectral Projections

A disadvantage of the dimensional refinement scheme above is that it is relatively
inefficient, potentially leading to the inclusion of a large number of realizations with
every refinement step. Another disadvantage concerns the associated truncation
scheme which, in order to avoid internal aliasing severely limits the number of poly-
nomials included in the truncated basis. Internal aliasing occurs when the quadrature
is not sufficiently accurate to maintain discrete orthogonality between all basis func-
tions. As discussed in Fig. 2.2(b), plotted is the full-exactness and half-exactness set
for a “traditional” Smolyak quadrature. Notice if k = {0,11} and k' = {11,0}, the

inner-product

N
<\I/k, ‘I/k/> % <\I/k, \Ilk/>Qg = Z \Ilk (5(1)) \Ijk’ (5(1)) w;
=1

will not integrate exactly to zero since Wy_(p11}Vr—{11,0y has the highest order
term &11€2 and is outside the polynomial exactness of the quadrature.

An attractive avenue to overcome these drawbacks is provided by the adaptive
pseudo-spectral algorithm recently proposed in [22]. In this section, we will first
outline its construction and then evaluate its performance based on a priori tests

that exploit the HYCOM database described in the previous section.
3.3.1 Sparse Pseudo-Spectral Projection

The sparse pseudo-spectral projection (PSP) method relies on the definition of a

sequence of 1-D projection operators [25, 22]. Let {P;>1} denote the sequence of 1-D
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projection operators associated to the sequence {Q;>1} of 1-D quadrature, where

P F(§) = PIF(€) = | cxthl§)

keK!t

N(l

C = Ql F'ka Z ql))U)§(1Dl). (31)

Where in 1D, K! = K* (2.13) uniquely defines the PCE multi-index. Note that P>,
is free of internal aliasing, owing to the dependence with [ of the projection spaces,
which ensures that the quadrature is sufficiently exact.

Consider for [ > 1 the difference of successive 1-D projection operators,
ALy =P, AL, =P —Ppy,

such that P; = Zi‘:l AP, The Full-Tensor (FT) projection operator in (2.14) can be

recast in terms of a sum of tensorized difference projection operators as follows

P'F=P,®  -®P,)F

") F. (3.2)

The sparse PSP operator P ¢ is finally obtained by considering a summation over
an admissible subset £ < ZfT of tensorized difference projection operators. This

results in

PyF =) AJF, AF=(Al® - ®AL)F. (3.3)
e

The key point here is that the sparse PSP operator in (3.3) involves a telescopic sum

of differences in the projection of I’ onto subspaces of increasing dimensions, where
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each individual (FT) tensorized quadrature projection is evaluated without internal
aliasing. As a result, the sparse PSP in (3.3) is free of internal aliasing. Further,
P .o F belongs to the span of {Uy, k € K(.Z)}, where
K@) = )K= Kk~
le

Unlike DSP, PSP is able to project onto the largest admissible set of the final quadra-
ture (the so-called half-accuracy set). We have K(.¥) 2 K£*(.%) and the projection
space of the sparse PSP is usually significantly larger than that of the DSP, while the
two methods have the same complexity relying both on the same sparse grid G(.Z).
Note, however, that the global sparse quadrature rule Q o, is generally not sufficiently
accurate with respect to IC(.%). The inclusion of the sets (%) and K*(.Z) is il-
lustrated in Fig. 3.6. We note that K(.%) (Direct Projection Polynomials) is not

uniquely defined.

e Polynomial Exactness
15 e Direct Projection Polynomials
. = PSP Polynomials
10 s
N °
& LN
5 lels o
O : : : : ® 0 00606 000
0 ) 10 15
k1

FIGURE 3.6: Comparison of polynomials multi-index sets for DSP and PSP using
a sparse grid G(.Z) in d = 2 dimensions. Points are the exactness set; multi-indices
(k1, ko) such Wg(&) = ¥y, (&1)Vr, (&) is exactly integrated by Q. Multi-indices of
the DSP set K*(.Z) are below the blue line, while elements of the PSP set (%)
are below the red-line. The DSP (blue) polynomial set is not unique.
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3.8.2  Adaptive Pseudo-Spectral Projection

The PSP method does not, in itself, guarantee a low projection error if the projection
space is not rich enough (external aliasing). To address this issue, we adapt the
method proposed in [46] to the context of the sparse PSP. The adaptive PSP (aPSP)
method was first introduced in [22, 134] and subsequently used in [120, 61] in the
context of Bayesian inference and experimental design. The algorithm is explained
in detail in [22, 61] and is briefly outlined below and also presented in Algorithm 3.1.

We begin by defining two distinct multi-index sets, the set O of old multi-indices
and the set A of active multi-indices, such that .Z = O U A is admissible, and A is

O-admissible, that is
VieA, I, >1=1—-¢6€0, fori=1,---.,d.

The set A contains the multi-indices available for adaption. Associated with each
l € Ais a refinement indicator €(I) > 0. In view of (3.3), a natural measure for the
contribution of a tensorization I € .Z to the projection is the Lo(Z, p) norm of the

associated tensor-product-delta-operator; we take

o1
W=l e @A) Fl, e, 34

where [ is an appropriately chosen normalization constant. The indicator (1) is
then the Lo-norm of the projection surplus associated to I. At each iteration of the
adaptive algorithm, the critical multi-index I* € A with the highest indicator €() is
selected. I* is removed from A and added to O. Then, each of the d multi-indices
of the forward neighborhood of 1*,

FU)={lf=U"+&,i=1,---,d}, (3.5)

is added to A provided that £ U {l;} remains O-admissible. I* is the candidate

index and &, is the canonical unit vector in the i*" direction. Note that none of the
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forward neighbors of I* may be admissible to complete A. When new multi-indices
are added to A, the sparse grid G(O u A) and projection Pp_4F are updated
(involving model evaluations at the new grid points only), and the indicators €(I) of
the new multi-indices are computed. The adaptive procedure can then be repeated.

A schematic example in presented in Fig. 3.7 where the critical index, I* is high-
lighted in red and the black arrows note the forward neighbors to be added. Notice
that from Fig. 3.7(b) to Fig. 3.7(c), {7 = {2,3} is not added since it is not O-
admissible at that step however the index is later added in Fig. 3.7(d). In Fig. 3.7(d),
the critical index is now I* = {2,3} but does not admit any forward neighbors and
is still moved to O. The .Z is equivalent between Fig. 3.7(d) (where there are no
O-admissible forward neighbors of 1*) and Fig. 3.7(e) but n? will be reduced and the
iteration count is still incremented.

Also associated with the adaptive procedure is a convergence estimator, 7(.A),

defined as
(A) = D (). (3.6)

leA

As discussed in [22], n(.A) is usually an acceptable surrogate for the projection error.
Therefore, the adaptivity continues until n < Tol or A = ¢J, where Tol > 0 is a user
defined error tolerance.

An alternative is to require £ admissibility of ™ instead of O admissibility.
Such a requirement maintains the final admissibility of .Z however the adaptation is
more aggressive by adding indices with higher-order mixed dependence to £ sooner
in the adaptation. In particular, such a strategy greatly inhibits the addition of
purely monomial terms without mixed interaction. As will be discussed later in
Section 3.4, this was used successfully on the HYCOM data however, we do not, in
general, recommend such an aggressive approach. The slightly-modified algorithm is

presented in Algorithm 3.2.
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FIGURE 3.7: Schematic example of the aPSP algorithm in 2D. Notice that only
O-admissible forward neighbors are added and an index may be removed from A
without admitting forward neighbors.
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Algorithm 3.1 Adaptive Smolyak Pseudo-Spectral Projection (aPSP).

A=A{1,...,1}

0=y

while 7> = >}, €(1)* = Tol? do
Select I* € A with highest €(1)

O—0ul*
A — A\l*
forn=1,...,ddo
I"=1*+e, > Candidate Index
if 1" —8,eOVkell,....d [ >1]| then > (O-Admissibility
A—Aulf
Project Pji with F > Full Tensor projection

Calculate A}
e(l™) = (1/B)| AL

end if
end for
end while
Evaluate Py = >, A7

Algorithm 3.2 Adaptive Smolyak Pseudo-Spectral Projection [Aggressive Form].

A={1,...1}

0=

while 7* = 3, €(1)* = Tol? do
Select I* € A with highest (1)

O—0ul*
A — A\l*
forn=1,...,ddo
if I7"=10"+¢8,¢.% then > Candidate Index Not in .Z
iflt —é,eXVke [1, oy dy > 1] then > % - Admissibility
A—Aul*
Project Pji with F > Full Tensor projection

Calculate A}
el™) = (1/8)| AL

end if
end if
end for
end while

Evaluate Py = >, A7
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3.4 Results on HYCOM Database

The aggressive form of the adaptive algorithm described in Section 3.3 is first tested
using the area-averaged SST as the Qol, and the algorithm’s performance is analyzed
by computing the relative error between its PCE and the LHS ensemble. The study
is performed for t = 60 hr and ¢ = 120 hr, i.e. at times when &3 is dominant and
when both & and &, contribute substantially to the total variance (see Fig. 3.2).
From Fig. 3.3 we expect SST to exhibit a steep dependence on &, at later times,
whereas the dependence on &3 is expected to remain essentially linear. Note that at
t = 120 hr, the hurricane is located within the analysis region.

As previously discussed, the adaptive pseudo-spectral algorithm is anticipated
to lead to performance gains due to two features: (a) judicious selection of sten-
cils so as to maximize the ability to capture the variance of the selected Qol, and
(b) maximizing the PC basis (K), namely by including the mazimal polynomial ba-
sis, KK = K*< (2.13). Figure 3.8 illustrates the impact of these features by comparing

the errors in the area averaged SST for different basis refinement strategies:
S1. the (aggressive) adaptive pseudo-spectral algorithm;

S2. the pseudo-spectral PCE construction algorithm applied to an isotropically-

refined sparse grid; and
S3. the isotropic Smolyak quadrature with direct projection.

For S2 and S3, the final point includes the entire database. Thus, the key difference
between the second and third constructions concerns the inclusion of a larger basis
in the former. In all cases, both the quadrature accuracy and the PCE stencil are
refined.

Figure 3.8 shows the error of the adaptive pseudo-spectral algorithm decreasing

rapidly, and essentially saturating after the fifth iteration. At this stage, the adaptive
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FIGURE 3.8: Left: LHS error versus realization count for the three refinement strate-
gies: (S1) the adaptive pseudo-spectral algorithm, (S2) the pseudo-spectral con-
struction applied in combination with isotropic refinement, except for the last point
where the full database is used, and (S3) Smolyak sparse quadrature, except for
the last iteration for which dimension truncation is used in conjunction with the full
database. Right: PDFs of SST based on (S1) the PCE corresponding to the adaptive
pseudo-spectral algorithm at iteration 5 (69 realizations and 59 polynomials), (S2)
the pseudo-spectral PCE using the full database, and (S3) the PCE constructed us-
ing Smolyak quadrature using the full database. In all cases, the PDF's are generated
using 10° samples drawn from the corresponding PCEs. Top row: ¢ = 60 hr; bottom
row: t = 120 hr.

pseudo-spectral PCE (S1) uses 69 realizations, and the corresponding basis has 59
polynomials. In contrast, Fig. 3.8 indicates that the decay of the relative error is sub-
stantially slower with isotropic refinement (S3), though noticeable improvement over

Smolyak quadrature is observed when the basis is constructed pseudo-spectrally (S2).
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The curves also indicate that the error levels experienced with isotropically refined
grids remain substantially larger than with the adaptive grid, at least until the entire
database is used. Combined, the results indicate that the adaptive pseudo-spectral
algorithm can lead to substantial gains, which arise due to judicious refinement of the
realization stencil and of the PCE basis. An illustration of the savings afforded by
the adaptive pseudo-spectral construction is provided in the right panel of Fig. 3.8,
which contrasts PDFs of the SST obtained based on the PCE generated with the
adaptive scheme at iteration 5 (69 realizations), with results obtained similarly but
using the full database. The close agreement between all three curves highlights the
computational savings obtained using the adaptive pseudo-spectral algorithm as well
as the validity of the corresponding representation.

It is interesting to note that with isotropic sampling, a large number of realizations
are added as the refinement level increases, whereas in adaptive sampling the number
of realizations increases at a much slower rate with the iteration count. It is also
interesting to note the plateau in the relative Ly (RMS) error is small, about 1%.
This is consistent with the earlier analysis in [2], which indicated that a level 5
isotropic refinement leads to a suitable representation of the solution response.

In order to investigate the origin of the plateau in the RMS error in Fig. 3.8,
we have examined the evolution of the realization stencil in the adaptive refinement
scheme. This exercise revealed that the error plateau arises when the refinement
reaches the limits of the database, i.e. when forward neighbors of the critical multi-
index are not available in the database. An illustration of the evolution of the
adaptive refinement is provided in Fig. 3.9, which depicts projections of the stencil
on the &£3-& plane. Recall that the first two iterations are always identical, and
reflect an isotropic refinement step in all directions. Consistent with the results of
the sensitivity analysis [2], and the projections shown in Fig. 3.3, the refinement
first proceeds along &£5. Because a linear approximation in &3 effectively captures the
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Adaptive Path at t=60hr Adaptive Path at t=120hr

FIGURE 3.9: Schematic illustration of the evolution of the adaptive refinement algo-
rithm. Plotted are projections of the stencils on the £3—&4 plane. The boxes indicate
the refinement levels, whereas the numbers within each box refer to the iteration
number at which the box was added to the stencil. Recall that iterations 1 and 2 are
always isotropic. Note that refinement occurs first along &3, but then progresses along
&4, where the limits of the database are reached. Left: ¢ = 60 hr; right: ¢ = 120 hr.

corresponding dependence, refinement then proceeds along &;. The steep variation
of SST at the higher values of &, (see Fig. 3.3) requires high-order polynomial repre-
sentation, refinement proceeds along &, until the limits of the database are reached
(iteration 5). This then forces the algorithm to sequentially select the remaining sten-
cils afforded by the database, including the mixed terms that appear at the higher
iteration counts.

As noted, the refinement became limited by the realization database at iteration 5
for both ¢ = 60 hr and ¢ = 120 hr. Without such limitation, the refinement would
have more monomial terms in £. Once the database was exhausted, the relative Lo
error plateaued in Fig 3.8 and all additional terms had little impact.

Another interesting observation in Figs. 3.8 and 3.9 is that the adaptive refine-

ment proceeds in a similar fashion for the area-averaged SST at ¢ = 60 hr and
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F1cURE 3.10: Relative Ly error between the PCE of the averaged SST and the
LHS sample. Plotted are curves generated with (i) the pseudo-spectral algorithm
adapted to the solution at ¢ = 60 hr, (ii) the pseudo-spectral algorithm using the
full database, and (iii) DSP on smolyak quadrature using the full database. For the
adapted solution, the refinement is stopped after iteration 5, leading to 69 realizations
and a PCE with 59 polynomials. The full 513 database curves have 402 polynomials
for the pseudo-spectral construction and 168 polynomials for the DSP.

t = 120 hr. This can be explained by noting that the dependence on &3, the dominant
variable at early times, is to a large extent captured by a linear term throughout the
simulation. As the hurricane enters into the analysis region, the drag coefficient (&4)
becomes the dominant contributor to the variance. As depicted earlier, the de-
pendence on &, is highly non-linear and evolves with time. However, it is rapidly
captured with the next few refinement steps. Though time-dependent, subsequent
iterations that lead to the inclusion of mixed terms take place well after the error has
decreased dramatically. This should be viewed as a particular feature of the present
application and may not be necessarily the case for others.

To further verify the fidelity of the adaptive PCE with time, we plot in Fig. 3.10

the evolution of the relative LHS error based on the adaptive pseudo-spectral solution
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truncated at iteration 5 (69 realizations, 59 polynomials), the pseudo-spectral ex-
pansion using the full database (513 realizations, 402 polynomials), and the Smolyak
quadrature using the full database (168 polynomials). The adaptive solution is based
on the box-average SST at ¢ = 60 hr. The results show close agreement between the
adapted solution and the pseudo-spectral approximation based on the full database,
throughout the computations. Also note that at later simulation times, the adaptive
solution exhibits error levels that are substantially smaller than those obtained using
DSP on Smolyak quadrature, though the latter involve a much larger number of
realizations.

It is also instructive to examine whether a PCE resulting from adaptive refinement
based on a specific Qol would also prove suitable for the purpose of representing other
Qols, and whether adaptive refinement driven by multiple Qols simultaneously would
potentially require a large number of realizations and consequently limit performance
gains. Though these issues, in general, vary from one application to another, it is
still worthwhile to address them in the present setting of the oceanic response to

hurricane-strength winds.
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F1GURE 3.11: Relative Ly error between LHS sample and the PCEs for SST and Q.
The adaptive refinement is based on the critical multi-index for (a) the box-averaged

SST and (b) Qt0t°
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Figure 3.11 shows the relative Ly error based on the LHS ensemble for heat
flux, Qo (see Section 3.2, Page 32), and the box-averaged SST. Plotted are results
obtained using PCEs that are adapted using either (a) the box-averaged SST or (b)
Q:or as the sole refinement Qol at t = 60 hr. The curves show that the decay of the
error is not identical in both cases, indicating that the refinement does not follow
the same pattern, and that optimal sampling and PCE may depend on the selected
Qol. This is not surprising since the SST is averaged over a fixed region, whereas
Q:or involves an average in a circular area around the center of the hurricane. Thus,
Q1o 1s always affected by the high winds whereas the box-averaged SST experiences
both weak winds and high winds. Note, however, that in both cases a plateau in the
error curves is achieved at about the same number of realizations, and much earlier
than with isotropic sampling. Thus, in the present examples, the performance gains
do not appear to be substantially affected by the Qol selected.

An alternative to the single Qol adaptation is to adapt concurrently based on
multiple Qols, wherein the refinement consider the union of the forward neighbors
corresponding to the critical multi-indices of all Qols. This strategy potentially in-
volves a larger number of realizations than with single-Qol adaptation, but naturally
overcomes the drawback identified above. In Fig. 3.12, we plot curves of the rela-
tive Lo LHS error against the realization count for all four Qols considered, namely
SST, SSH, MLD, and ;. The results indicate that with the present refinement
strategy, all error estimates decay rapidly. Note that, as expected, in the present
case the refinements steps generally include a larger number of realizations than in
single-Qol adaptation. The error curves tend to become essentially flat when the re-
alization count exceeds 70. Thus, for the present setting, similar performance gains
are achieved when considering SST alone or in combination with SSH, MLD, and
Q1o Of course, in other settings, some Qols may converge sooner than others, and
it may be advantageous to consider more elaborate algorithms, for instance stopping
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FIGURE 3.12: Relative error versus realization count. Plotted are curves SST,
SSH, MLD, and @,;. The stencil is enriched by the union of all admissible forward
neighbors determined for each Qol individually.

refinement based on a specific Qol when the corresponding PCE is deemed suffi-
ciently resolved. Alternatively, one could refine on the index that has the maximum
(normalized) €(l) amongst all of the model Qols. We also note that a single Qol may
be used at different simulation times and treated as multiple Qols.

We conclude with brief remarks concerning the scope of the present implementa-
tions and potential extensions. In the a priori analyses above, the adaptive algorithm
was allowed to proceed until the entire database of pre-computed realizations was
exhausted. In dynamic implementation, this is of course not possible, and suitable
stopping criteria must be provided. In this regard, we point out that the adaptive
sampling scheme supports a variety of approaches, for instance, based on monitoring
the saturation of the variance in selected Qols, providing global tolerance levels for
the error indicators, or detecting occurrence of plateaus in the point-wise error of

the sparse grid. The implementation of such criteria would naturally exploit the
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variance-based error indicators associated with active multi-indices, and may also
involve the corresponding number of forward neighbors. As discussed in [46], the
latter may also be used for the purpose of introducing suitable cost functions, and

accordingly optimize the enrichment of the realization stencil.
3.5 Conclusion

In this chapter, we exploited an existing database of HYCOM simulations of the
oceanic response in the GOM to Hurricane Ivan to perform an a priori analysis
and testing of adaptive methods. The database was adapted from prior work [2],
where a sparse isotropic sampling scheme was used to propagate uncertainties in
the wind drag coefficient and subgrid mixing parameterizations. Guided by the sen-
sitivity analysis in [2], the database was enriched along the dominant directions.
This resulted in an extended database comprising 513 independent realizations, with
stochastic coordinates located at the quadrature points of an anisotropic sparse grid.
For the purpose of characterizing representation errors, we also generated an inde-
pendent Latin Hypercube Sample consisting of 256 realizations.

The adaptive pseudo-spectral algorithm recently developed in [22] was imple-
mented and deployed on the enriched database. It accommodates anisotropic refine-
ment on arbitrary admissible sparse grids, and enables the evaluation of a “maximal”
basis set in a manner that avoids internal aliasing. Inherent in the adaptive pseudo-
spectral construction is an error refinement indicator that can be readily used to
drive anisotropic refinement of the sparse grid. This involves inclusion of admissible
forward neighbors of the critical multi-index, or critical multi-index set.

The performance of the adaptive pseudo-spectral algorithm was also tested a pri-
ort using the HYCOM database. The tests included adaptive refinement based on
a single Qol and on multiple Qols. In particular, the tests indicated that suitable

PCEs of the uncertain model response can be constructed at a small fraction of the
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cost of isotropic sampling, and that the performance gains arise from the algorithm’s
ability to refine efficiently, as well as from the inclusion of all polynomials whose
coefficients can be determined without internal aliasing.

The present a priori tests thus provide support to the deployment of the adap-
tive pseudo-spectral algorithm in a dynamic fashion. The adaptive pseudo-spectral
algorithm has already been adopted in a study of the oceanic response to Typhoon
Fanapi where it is used to build the surrogate needed for uncertainty propagation

and parameter inference; results from this study will be reported elsewhere [120].

54



4

Directional Adaptation for Uncertainty
Quantification

4.1 Introduction

Recent computational experiences [90, 89] have clearly put into evidence that the
availability of accurate model surrogates can provide substantial advantages in in-
ference or parameter problems. This stems from the fact that it is substantially
more effective to evaluate the surrogate than the model itself, especially when the
complexity, scale, or dimensionality of the model is large. These advantages have in
fact been demonstrated in different settings, including stochastic approaches based
on random sampling of the surrogate [120], or in variational approaches where the
surrogate is evaluated iteratively [119].

Another situation where the availability of suitable surrogates is advantageous
concerns problems of optimal experimental design. Frequently, these aim at maxi-
mizing the information gain from a set of experiments [86], with estimates involving
integrals over both the space of experimental design variables and the space of ran-

dom parameters [17, 61, 110]. In these and other settings, it is highly desirable to
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have available global surrogates that provide suitable representations of quantities
of interest (Qols) as function of both deterministic design variables and of random
model inputs. This topic is central to present chapter.

We explore two approaches for constructing an adapted global PCE represen-
tation of a model’s Qol with the aim to independently control the adaptation in
different sets of directions. The first is a nested approach, similar to that devel-
oped by Eldred et al. [38, 40] who relied on nested iterations between two spaces
(“aleatory-epistemic” uncertainty) with the goal of interval estimation. In our work,
we seek for a global representation over the product space of design and stochas-
tic parameters. Specifically, we perform an adaptation in a first set of directions
(“outer directions”), and at each of the corresponding grid points perform NISP
in the remaining directions (“inner directions”). To accommodate potentially high-
dimensional parametrization, we rely on an adaptive pseudo-spectral construction
(aPSP) (see Section 3.3) with well-established sparse tensorization concepts [116, 47].
The aPSP method [25, 22] eliminates internal aliasing by applying a Smolyak-type
sparse tensor-product approximation to the projection operator instead of the clas-
sical quadrature approximation. The aPSP also accommodates non-isotropic sparse
grid adaptation wherein the tensorization set is iteratively refined using a greedy
algorithm [46, 22]. The aPSP has been shown to reduce the number of model evalu-
ation needed for the construction while increasing accuracy [134, & Chapter 3] and
has been applied in practical settings [61, 120, 119].

An alternative approach is also explored, namely by considering the product space
of two subsets of parameters (e.g. design variables and stochastic parameters). In
this second approach, we perform a single adaptive projection in a product space
allowing for increased sparsity in the quadrature grids. However, unlike the nested
approach, there is no longer direct control of the fidelity of the representation in the

two subsets of parameters individually. To overcome this hurdle, we develop a Sobol
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decomposition [117, 58] of the projection surpluses to derive directional indicators to
tune adaptation and termination criteria.

This chapter is as organized follows. In Section 4.2, we present the two approaches
for obtaining a global representation of Qols in terms of two independent sets of pa-
rameters. In Section 4.3, we employ a simple test problem to assess the performance
of the two techniques and to analyze the quality of resulting representations. In
Section 4.4 we perform a large-scale demonstration for a stiff chemical system in-
volving three design variables and 22 stochastic parameters. Major conclusions are

summarized in Section 4.5.
4.2 Methodology

The aPSP algorithm introduced in Chapter 3, Section 3.3 does not inherently distin-
guish between the individual directions, &;. In many situations, however, we would
be interested in a finer control of the projection error along certain directions. This
is the case for instance when a set of input variables is made up of a subset of vari-
ables having a different origin or nature (uncertainty sources). To remain general,
we then consider a partition of £ into two independent sets of variables &,, and &,

with respective ranges =, and Z;, densities p, and pp, such that

[1]
[1]

w X Zp, p(&) = pul(&a) X pp(&p)-

We shall denote d, and d, the dimensions of =, and =, and we seek to construct in
an adaptive way a PCE F(€ = (&,&u)) & D pex G Vi(€) of some quantity of interest

F, while somehow controlling the errors along &, and &, independently.
4.2.1 Nested Projection

In the Nested Projection (NP), the aPSP method of Section 3.3.2 is applied in a

nested fashion, allowing for independent control of the convergence in &, and &p.
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Nested PC' FExpansion

For F(&, &) € La(Zy, pp) ® L2(Ey, pu), the nested expansion consists in considering
first a truncated spectral expansion of F(&,, -) with respect to &, referred to hereafter

as the inner expansion:

F(&. &) ~ ) fF(&)Vi(&y). (4.1)

kelCy

We then perform a PC expansion in &, (outer expansion) of the coefficients f*(&,)

in Equation (4.1), namely

~ Y e, (4.2)

Jekp

Substituting Equation (4.2) into Equation (4.1), we obtain the global PCE of F'(&;, &.):

F(ép &)~ Y, D) G0;(&)Wi(&y). (4.3)

keky jeky

Note that multi-indices in the two sets Ky and K have different sizes in general. We
pursue this idea of nested expansion in the context of the PSP method, as outlined

below.

Inner Projection

Let G(.Z,) = {€&",i=1,--- ,N(Z,)} be an admissible sparse grid in Z,, see (2.11).
We call G(.%,) the outer sparse grid. At each node of the outer grid the aPSP is
employed to approximate G (&,) = F (Ep(i), &.), thus providing:

&)~ Y o V(&) (4.4)

k:elCl(,i)
Note that this construction is purely local at fp(i) and involves evaluations of F at a
fixed value &, = £p(i) € Zp. The adaptation of the inner sparse grid uses refinement
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indicators €;, based on G (&,) in Equation (3.4). The inner adaptation is carried out
until a prescribed termination criterion Tol, is reached. The same criterion Tol, is
used for all nodes of the outer sparse grid. Therefore, different outer nodes Ep(i) may
use different inner sparse grids to support the aPSP of their local functions G®. We
denote G = G (.iﬂu(l)) the resulting inner sparse grid at node Sp(i), and ) = IC(.,%@)

the multi-index set of polynomial tensorizations in the approximation of G®
QOuter Projection

For the outer sparse grid, we again rely on the aPSP scheme, but with refinement
indicators €,,; based on H (&) = |F (&, )| 1o(zupe)- The function H(&) is unknown
but needs to only be evaluated at the nodes €p(i) of G(.%,), where we can take as a

surrogate the norm of the approximation of G®(§&,). This leads to

(&) =69, >

The adaptation of the outer sparse grid is carried out until the termination criterion
Tol, is reached. Since the inner projections are performed locally, the points £p(i)
support approximations of G defined over generally different polynomial subspaces
of Ly(Zy, pu), as prescribed by KO A “global” polynomial subspace of Ls(Z,, pu)

can be defined as the union of all the ICS),

k%) = | K. (1.5)

(4) (1)
i ~(i (i g ke,
GO~ 3w, o = {Ok o (4.6)
keka( %) otnerwise.
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The definition of IC,(.%;,) enables us to define the global polynomial expansion of F,
simply by performing the PSP of the set of inner PC coefficients {g,(j), ke Ki(%)}
defined at each node £p(i) of the outer sparse grid. This operation results in a vector
of coefficients, ¢, with k € Ky(%,) and j € K,(.%,), where K, denotes the multi-
index set of the projection subspace associated with the H-adapted outer sparse grid.
This leads to the global representation:

Flept)~ Y Y du(&) W) (47)

JeK(%) keKu (L)

Note that by construction, we end up with an expansion based on a full summa-
tion over the multi-indices in K,(%;,) and in Ky (.%},), i.e. with a structure that is rem-
iniscent of fully tensorized constructions. As previously discussed, this is achieved by
setting some (non computed) inner expansion coefficients to zero, see Equation (4.6).
Though this could potentially result in errors, it is anticipated that these coefficients
would primarily affect higher-order modes having small amplitudes only. Nonethe-
less, we will examine this issue in Section 4.3 based on results obtained for an idealized
test problem.

Though the fully tensored nature of the &, and &, spaces is expected to be com-
putationally demanding, an advantage of the nested projection is that it provides a
clear handle on convergence in the two spaces separately. Note, however, this does
not readily translate into estimates of convergence for the global representation in
Equation (4.7). Finally, we also note that the outer and inner projections may be
inverted in the nested projection depending on the nature of the problem, and that

the approach could conceptually be extended to any number of parameter spaces.
4.2.2  Product Space Projection

In this alternative approach, we focus on expanding F(§), with & = (&, &.). How-

ever, applying directly the adapted PSP method to F'(&) would treat all parameters
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equally. This equal treatment may raise potential issues. For example, F' may exhibit
larger variations with &, than with &,, and consequently the adaptation may ignore
essential variations with &,. Irrespective of whether such issue arises, it is desirable
to incorporate means to separately assess resolution along distinct dimensions, as

well as criteria that enable us to tune adaptation along these dimensions.
Theoretical Considerations

Recall that the aPSP involves two distinct sets of tensorizations, O and A, which
defines the projection of F' through

PooaF =Y AVF + Y AJF,
leO le A

where AFF is called the projection surplus associated with the tensorization I.
Therefore, the second sum in the equation above represents the global projection
surplus associated with the active set A of tensorizations available for adaptation.
This global projection surplus, denoted 0P 4F', belongs to the polynomial subspace
defined by the multi-index set K(A), i.e.

OPAF =Y AVF = 3 6fili(€), K(A) =K @).

leA kek(A) leA

We are now in position to measure the relative contributions of &, and &,, by means

of the orthogonal Sobol decomposition of éP 4F' (see Appendix B), that is formally

P AF(§) = (OP4F)g + (P 4F)p(&p) + (P 4F)u(&u) + (0P 4F)piu(&p, &u)-

The squared norm of the global projection surplus is then equal to the squared norms
of the functions in the decomposition of P 4F’; we have

[0PAF |7, =, = Vg + VA + VA + VA

puu’

(4.8)

where V4 = (0P4F )2@, while other terms can be easily computed form the PC

expansion of 0P 4F', as explained in Appendix B.2. Further, Vé‘ is the squared
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surplus of the projection on the mean mode and it is usually small compared to the
other contributions to the norm of the global surplus. The partial variance V;A (resp.
V:A) then measures the available projection surplus along directions in p (resp. in u)
only, whereas Vpﬂu is the measure along the mixed directions. The partial estimates
can be used to tune the adaptation strategy and to gauge accuracy control along the
p and u directions. For instance, if V4 becomes less than a certain tolerance value,

we can decide to prevent the adaptive process to further enrich the sparse grid along

the hyperplane =, of =.
Construction of Directional Indicators

Though feasible, the decomposition of the different contributions to the (squared)
norm of the available projection surplus in (4.8) induces some computational over-
heads, as it requires first the PC expansion of 6P 4F which involves a summation of
all the projection surpluses A} F for I € A. We would prefer to derive indicators of
the available surpluses along the p, u and mixed directions, through a summation
of local indicators associated with each [ € A. A first simplification is obtained by
performing locally the Sobol decomposition of each of the projection surpluses,

ATF = > 5fULE) = A3, =V + VE+VE+ 1V

puu?
kekC*(1)

and derive upper-bounds for the decomposition of the available surplus using

A l A l A l A l
Vg <D VE VA VL VAV VA<D Vi
leA leA leA le A
We shall consider in the following the case where the polynomial exactness of
the 1-D quadrature formulas at level [ = 1 is p; < 1. This is a common situation
in sparse grid methods that for efficiency generally use a low number of 1-D points

at the first level, typically N(1) = 1 (the first tensorization I = (1,--- 1) involves
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N (1)% points, so a low value is mandatory for large d). In this case, the 1-D projection
operators P1 F' € 1y (see equation 3.1), corresponding to the projection onto the space
of constant functions. The following observation allows for a simple definition of the
surplus decomposition: the surplus A]'F having [; = 1 is a function independent
of the variables &;. Further, for multi-indices I = (I;,1,), where I, and I, are sub-
multi-indices related to directions p and u respectively, the projection surplus A} F
is a function of a subset of variables in &, (resp. &,) only, if |l,| > d, and |l,| = d,
(resp. |lp| = dp and |l,| > d,). That is, at least one index of I, is greater than 1 and
all indices of I, equal 1. Since by construction the multi-index {1,--- ,1} ¢ A, this

suggests the partition of A into three disjoint subsets
A=A, U A UA,,

where

Ap = {l = (I, 1) € A |ly| = dy}, Au={l=(,,l,) € A |l| = dp}, (4.9)

and Ay, = A\(ApUA,). The decomposition of A into Ay, Ay, and A, , is illustrated

for a schematic example in Fig. 4.1.

lu

FIGURE 4.1: Schematic example of the decomposition of A into Ay, Ay, and A, .
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The estimator 7 of the available surplus norm is broken accordingly, resulting in

PA) =D W) =2 +n + 0, ni= > E). (4.10)
leA leA.

Note that having I € A, does not imply that it is associated to a projection surplus
depending necessarily on a set of variables belonging to both &, and &,, nor that
its Sobol decomposition yields (A} F), = (A]F), = 0, because of external aliasing
and quadrature error. Nonetheless, the indicators 7, 7, and 7,, can effectively be
used to construct directional stopping criteria in the adaptive procedure. The main
advantage of using the proposed indicators, compared to performing the actual Sobol
decomposition of the global projection surplus in (4.8), is that the update of the n’s
during the adaptive process is immediate, because the indicators ¢(l) are easy to
compute (locally) and do not change when new tensorizations are introduced in the

sparse grid.
Adaptive Strategies

The directional adaptive methods proposed below follow the usual incremental com-
pletion of the tensorizations set, adding to O the critical tensorization I* with the
highest indicator ¢, and completing A\ {l*} with elements of the forward neighbors of
[* maintaining the O admissibility. The process is repeated until A = ¢J (exhaustion
of available tensorization) or n? < Tol?, where Tol is a user defined global tolerance.
Here, we further restrict the set of admissible tensorizations for the completion of A,
whenever a convergence is achieved along the p or u directions. To this end, we first

introduce two convergence criteria associated to the p and u dimensions,

Cp(npn np,u) < TOlia Ou(nu, np,u) < TOli,

where C}, and C, are appropriate combinations of the directional and mixed indi-

cators, such that Cy(ne,7pu) < n* for ¢ = p,u. For instance, one may consider
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Co(Nespn) =M +amp,, 0<a<l. (4.11)

Note that the tolerances Tol, and Tol,, and the parameter a should generally be
carefully selected, particularly when the estimates C; and C, have disparate magni-
tudes.

If none of the directional criteria is satisfied, we apply the classical method using
all forward neighbors F(I*) = Fp(lI*) u Fu(l*), with Fp(I*) = {(I; + &;,1;),i =
1,---,dy} the p-forward neighbors of I* and similarly for their u—counterpart F,(I*).
On the contrary, when the p (resp. u) directional criterion is satisfied, we only
consider .7:"p c Fp (resp. Fo C F.) forward neighbors. Different reduction strategies
can be conceived. In the computational examples below, we investigate the following

two alternatives:

T1: Restrict the inclusion of the forward neighbors in converged directions to only
tensorizations of levels lower or equal to the highest levels reached in these
directions. Specifically, denoting e = p or u, the restricted forward neighbors

are defined by

A1) = {le Fu(1*),1. <1.,} C. < Tol2,
I WA (A otherwise,

where 1, is defined component-wise as the largest e-multi-index in O U A, i.e.

Likewise, the inequality between two multi-indices, I < I’, is understood component-

wise, that is for multi-indices with length d
I<l el <lforl<i<d.
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Note that in general, strategy T1 leads to the inclusion of additional forwards
neighbors with either mixed p —u dependence such that 1¥ < l., or dependence

only in directions other than e.

T2: The second strategy is more radical in that no tensorizations along converged
directions are considered for the completion of A. That is,

() = ) C, < Tol?,
: F,(I*) otherwise,

The adaptation proceeds classically by completing A\{l*} with the elements of
F,(1*) U Fy(I*) maintaining the O admissibility.

The two strategies T1 and T2 are schematically illustrated in Fig. 4.2 in the
case of an achieved directional convergence, where it is assumed C, = 7, < Tolg.
Notice that in Fig. 4.2 (b) the tensorization {3,2} is added, but not in Fig. 4.2 (e),
where tensorization {2,3} is added despite the halting line because it belongs to the
u-forward neighborhood of I*. Note also that in Fig. 4.2 (a) and (d), I* = {3, 1} for
which no forward neighbor is added because of O-admissibility ({3,2} missing) and
because the p direction has converged (I, = (3)). However, when I* is removed from
A we have A, = ¢J, making n, = C;, = 0. This is not a concern since this only
occurs after convergence in that dimension.

Adaptation continues until either both Cp < Tol? and Cu < Tol or, until the
global 7 < Tol%. Unlike the nested adaptation, the product-space adaption has both
independent convergence metrics and a global convergence metric. Also, whereas
extension of the nested adaptation approach to greater than two spaces is not rec-
ommended, the product-space construction trivially lends itself to any number of
spaces or groupings of dimensions.

Note that the present aPSP scheme with directionally tuned refinement naturally

exploits sparse-tensorization in the product space, and is consequently expected to be
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T2
l

lp lp
(d) (1)
FIGURE 4.2: Schematic demonstration of strategy T1 (top plots, a-c) and T2 (bot-
tom plots, d-f) for the case 775 < Tol,. Shown in blue is \A, and in green is O. The
red box denotes I* and the thick-brown line represents the halting-condition imposed
by the two strategies.

more efficient than the nested algorithm. This is achieved at the potential expense of
a coarser control of the resolution properties along the p and u directions. The effect
of this compromise is examined in the analysis below, together with a comparative

analysis of the performance of the two algorithms.
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4.3 Low-Dimensional Test Problem

4.8.1 Test Problem Definition

In order to examine the behavior of the methods presented in Section 4.2, we make

use of the two-dimensional (d = 2) test function,

Fleg) - (14 gl Yo [— ((a-3) €~ 1))2] CgeLIp,

(4.12)
allowing us to rapidly evaluate performance and to conduct error analyses. The
function F' (Fig. 4.3) was designed so as to exhibit a mixed dependence in &; and
& and a greater dependence on & as measured by the Sobol sensitivity indices of F
which are Sg;; = 0.531, Sggp = 0.199, and Sy12; = 0.270 (see Appendix B). Because
the nested method adapts differently the inner and outer directions, we shall call
(1,2)-Nested method the case where the inner-loop acts on & (that is u = {2}) and
the outer-loop acts on & (p = {1}), whereas for the (2,1)-Nested method the roles
of these directions are exchanged. To illustrate the quantities of interest driving the
adaptation in the (1,2)-Nested method, Fig. 4.3 also depicts for a set of values 5@
the cross-sections F’ (f%i), &) = GU(&,) used for the inner-loop adaptation, as well as

the outer-loop quantity of interest H (&) = |F (&1, )| o((-1.17)-
4.83.2  FError Analysis

Let us denote here F'(£) the PCE surrogate of F obtained with one of the adaptive

projection methods, and Z (&) the error function:

~

Z(&) = F(£) - F(&) = F(&) = ) frlu(€). (4.13)

ke
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FIGURE 4.3: The plot in (a) shows the 2D surface F'(&;,&,). The plots in (b) depict
the functions used in the (1,2)-Nested method: cross-sections GV (&) for selected

values of gﬁ”, as indicated (six top plots), and the function H(&;) for outer-loop

adaptation (bottom).
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Introducing the exact (but unknown) PC expansion of F, Z can be split into two

orthogonal contributions:

F&) =) W& = Z(&) =), <fk - fk) Ve(§)+ . frT(E).

keNd kek keNd\ K
. ~— /

External aliasing

Projection error

Another decomposition, more relevant to the task of error control, consists of or-

thogonal Sobol decomposition (see Appendix B) of Z according to:

Z(&) = Zg + Zy (&) + Zin(&2) + Z (&1, &2)-

The relative error norm, (, can then be decomposed into

1213,
IF%,

¢* = = CQQ + C{Ql} + C{22} + C{21,2}a (4.14)

where (o = |Z.||1,/| F|z,- Thus, (x measures the relative error on the mean, (g
(resp. (2;) measure the relative error in direction & (resp. &) only, and (9
measures the relative error in mixed directions. Note that in higher dimension,
this decomposition of the error norm can be extended to arbitrary partitions of the
dimensions.

Following the discussion in Appendix B.2, the relative errors can be easily com-
puted from the PCE of Z and F. Since for the present example an explicit PCE
for F' in (4.12) is not available, we instead construct a highly accurate projection of
F on a 90™ total-order polynomial basis using full-tensored Gauss-Legendre [1] rule

having a total of 100?> quadrature points.
4.83.83 Behavior of the Adaptive Methods

In this section, we analyze and contrast the performance of the different adaptive

schemes developed above. To this end, computations are performed for the test
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problem, using the tolerances reported in Table 4.1. Recall that the nested projec-
tion uses one tolerance for each direction, Toly;; and Tolyyy, that serve as stopping
criteria for the inner or outer loops depending if the (1,2) or (2,1)-Nested method is
considered. The aPSP uses a global tolerance Tol and the aPSP-T1 and aPSP-T2
methods (see Section 4.2.2) have in addition directional tolerances Tol; and Tols.
When Tol; = Toly = 0, one recovers the original aPSP method and is then used as
reference in the presented results.

Table 4.1: Tolerance values for different adaptive methods used for the test problem.

| Nested | aPSP (reference) | aPSP-T1,2

Tol — 107° 10~°
Tol; | 1077 0 10~
Tol, | 107° 0 1079

Adaptive Product Space Projection with Directional Criteria

Due to the low-dimensionality of the test problem, the product-space adaptation
was performed for the tolerance values in Table 4.1 with o = 0 in (4.11). Figure 4.4
depicts the squared projection surplus norms, 7%, and their Sobol decompositions into
pure and mixed contributions, during the adaptive process for the aPSP and aPSP-
T1 methods. Results for aPSP-T2 are not shown as they lead to results similar
to those for aPSP-T1. The evolutions of the adaptation criteria are reported, as
a function of the number of evaluations of I’ required by the two methods. The
plots show that the two methods follow a similar path but that aPSP-T1 terminates
earlier as the dimensional tolerances are met. In addition, it is seen that 7y in
the aPSP-T1 method becomes zero after few adaptive iterations, for Ay = .
However, this occurs after 7y, drops below the specified tolerance Tol;, indicated

by a dashed line in Fig. 4.4(b), as we would have expected. Note that for the two
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methods, nfm} > 77{21}, 77?2} indicating that much of the remaining surplus is due to
mixed terms. The results thus confirm that method aPSP-T1 is able to control the
adaptivity for separate sets of directions and to control termination of the refinement
along the corresponding dimensions.

To further illustrate the behavior of the directionally-tuned adaption, we plot in
Fig. 4.5 the pseudo-spectral projection multi-index sets, .Z, the selection indicators
e(k) V k € £, and the adaptive paths for (a) the aPSP, (b) the aPSP-T1 and
(c) the aPSP-T2 methods. The number inside each box is the iteration at which
each index is added. The results indicate that, as expected for the present settings,
the reference aPSP method does include more mixed multi-indices (I = (I3, ) with
l1,1ly > 1) compared to the other two methods, corresponding to a richer projection
space. Indeed, for aPSP-T1 and aPSP-T2 the adaptation halts refining sooner than
aPSP along direction {1}, which is associated to a larger Tol; value, while still
refining along direction {2} as for aPSP. The plots also highlight the effect of selecting
strategy T1 or T2, the later being more aggressive in the sense that it results in a

coarser multi-index set ¥ with fewer mixed tensorizations than for aPSP-T2.
Nested Projection

We now focus on the behavior of the nested adaptation with the tolerance values
reported in Table 4.1. The adaptation was performed for both the (1,2) and (2,1)-
Nested algorithms. Figure 4.6 presents the final grids of points where the function
has been evaluated, for the reference aPSP method and the two nested projection
alternatives. The results indicate that, in contrast to aPSP, the nested adaptations
exhibit a nearly fully-tensorized grids of points between the two spaces and a larger
number of function evaluations as a consequence. The plots also illustrate how at
different outer-direction grid points, the inner-space grids are not necessarily identi-

cal.
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FIGURE 4.4: Relative projection surplus n? and their Sobol decompositions versus
the number of function evaluations for the test function in Equation (4.12). Plotted
in (a) are the results for aPSP (reference). Plot (b) shows the results of the aPSP-
T1. The dashed line in (b) represents the point at which the aPSP-T1 converge in
direction {1}.
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4.83.4  Error and Performance Analysis

Figure 4.7 shows the global error estimates, (2, plotted against the number of function
evaluations, for: (a) the (1,2)-Nested method, (b) the (2,1)-Nested Method, (c)
the aPSP method, and (d) the aPSP-T1 method. Results for aPSP-T2 are similar
to those of aPSP-T1, and are consequently omitted. Plotted along with ¢? is its
decomposition based on (4.14).

The results in Fig. 4.7(a) and 4.7(b) illustrate an intrinsic feature of the nested
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(b) (1,2)-Nested grid (c) (2,1)-Nested grid

FIGURE 4.6: Comparison of the final grids G(.%) for (a) aPSP method, (b) the
(1,2)-Nested adaptation, and (c) (2,1)-Nested adaptation.

construction, namely that the error associated with inner dimension is reduced im-
mediately. This can be appreciated by the fact that (%, in Fig. 4.7(a) and the §{21}
in Fig. 4.7(b) decrease rapidly. Meanwhile, the global error closely follows the error
in the outer dimension. Note that for the present example, the mixed-term error
Gf1,2) has a dominant contribution to the global error in both the nested, aPSP and
aPSP-T1 methods. This observation, however, need not hold in general, particularly

in situations when F' has essentially an additive form: F'(&,, &) ~ F5(&p) + Fu(&u).
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The performance of the aPSP-T1 can be assessed by contrasting the results in
Figs. 4.7(c) and 4.7(d). Specifically, the results indicate that, consistent with the
behavior of the n? indicators in Fig. 4.4, the aPSP terminates with a lower global
error (?; however, this comes at the cost of more function evaluations. The results
also illustrate the effectiveness of aPSP-T1 in guiding and halting the refinement in
direction {1}, with a small impact on the global error. This feature will prove espe-
cially useful in a higher dimensional applications, where tighter control on directional
refinement can be substantially advantageous.

Finally, contrasting the results in Figs. 4.7(a) and (b) with those in Figs. 4.7(c)
and (d), the following general conclusion can be drawn from the test example. First,
all adaptive methods exhibit a similar complexity, in the sense that the global errors
have similar decay rates with the number of function evaluations. Second, the nested
method offers an efficient means to reducen at a minimal costn the error along the
inner direction. Third, the aPSP-T1, 2 methods offer flexibility to balance and halt
the adaptation along specific directions.

Finally, we examine the impact of setting to zero the af coefficients in Equa-
tion (4.6) in the nested construction at outer grid points where these coefficients
are not defined. To this end, we performed a computation where the missing coeffi-
cients were actually computed by means of an inner projection based on the union
of the inner grids at all outer points. In other words, the nested grid was completed
to a full-tensorization grid, requiring additional evaluations of the function. For the
present example and other numerical tests (not shown) it was found that the resulting
improvement in the global error was marginal while the completion of the grid could
require a significant number of function evaluations, with an overall degradation of

the efficiency. This point is illustrated for the present example in Fig. 4.8.
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FIGURE 4.8: Comparison of the global error ¢? versus number of function eval-
uations, for the nested method (solid line) and its completion to full-tenzorization
(dotted line) for the test problem.

4.4 High-Dimensional Problem

This section illustrates the behavior of the methods outlined above for a high-
dimensional combustion chemistry problem that had motivated their development.
The problem consists in the optimal design of shock-tube ignition experiments, and
thus makes use of global surrogates that describe the dependence of key experimental
observables (i.e. Qols) on both uncertain rate parameters (to be calibrated by yet
unperformed experiments) and design variables (to be optimally selected based on
prior information).

The shock tube experiment presently considered focuses on methane ignition.
The reaction model is based on the GRI-Mech 3.0 [114] mechanism, involving 57
neutral species and 325 neutral species reactions. The model is augmented with ion-
chemistry mechanism developed by Prager et. al [100], including 11 charged species
and 67 ionic reactions.

Since we are primarily interested in characterizing the performance of adaptive

constructions, we focus on a single experimental observable, namely the peak electron
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concentration that is achieved during the ignition event. The uncertain parameters
concern the rate constants of 22 reactions that were deemed especially relevant based
on a reaction pathway analysis. Details of this analysis are beyond the scope of the
present work, and will be described elsewhere [69]. The ranges of the uncertain re-
action rates are specified in terms of factors, as summarized in Table 4.2(a). Based
on these factors, the uncertain rates are parametrized using independent random
variables that are uniformly distributed in the interval [—1,1]. This leads to a 22-
dimensional germ &,. We assume that the initial pressure is atmospheric, and focus
on three-design variables, namely the initial temperature, and the initial concen-
trations of CHy and O,. Thus, the design-variable vector, &, is three-dimensional,
and the ranges of its components are specified in Table 4.2(b). We associate with
& a constant weight p,. Once design variables are selected, the evolution of the
system for a specific realization of the germ &, is obtained using an extended version
of the TChem software [108, 107]. The problem is then set in terms of the germ
€ = (&,&) € [—1,1]*"? with density pg = 2725

We applied the nested aPSP and aPSP-T1 methods using the the tolerance values
listed in Table 4.3. These values were set so as to obtain a suitably accurate approx-
imation of the selected Qol. Also note that in the present case, d,, is significantly
larger than d,. Consequently, we used lower tolerance values for the u directions
than for the p directions.

We initially ran the aPSP-reference and found that the Qol exhibits a large
sensitivity to the design variables ;. This can be appreciated from Fig. 4.9, which
provides the first-order and total sensitivity indices, estimated from the PCE after
the algorithm has converged. The results clearly illustrate the dominant contribution
of the design variables to the overall variance of the peak electron concentration.
The results also indicate that for the present case there appears to be only a small

contribution in the mixed term, specifically accounting for about 4% of the total
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Table 4.2: (a) Uncertainty in rate parameters, and (b) ranges of design variables, for
the CH4+0O5 shock-tube ignition problem. The uncertainty in the rate parameters
are specified either in terms of a percentage are relative, or as a multiplicative factor.
In all cases, the distributions are represented in terms of canonical random variables
uniformly distributed over [—1, 1].

(a) Uncertain Parameters (&,-space)

ID ‘ Reaction ‘ Uncertain Range
326 CH + O« HCO*+ E- +50%
328 HCO+*+ H,O < H30*+ CO +50%
330 H;0*+ E-< H,O + H +25%
331 H;0t+ E-< OH +H +H +25%
332 H;0++ E-< Hy, +OH +25%
333 H;0++ E-< O +H, +H +25%
336 HCO*+ CH; <« CoH30t+H 2+
338 | H3O++ CH,CO < CyH30*++ H,O +25%
340 CyH30t4+ O <« HCO*+ CH0 +50%
349 OH*+ O < HO, +E- +50%
350 OH-+H < H,O+E- 2+
353 OH-+ CH3 <« CH30H + E- 2+
361 O-+ H,O <« OH-+0OH 2+
366 O-+ H, < H,0 + E- 2+
369 O+ CO < COy + E- 2+
006 O+ CH< H+ CO +25%
049 H+ CH< C+ H, 1.5
091 OH + CH <« H + HCO +25%
093 OH + CH; < CH + H50O +25%
125 CH + Oy & O + HCO +50%
126 CH + H, &« H + CH, +50%

(b) Design Variables (&,-space)

Design Parameter ‘ Interval

Temperature (K) [2250, 2750]
CH,4 Mole Fraction (%) | [0.5,2.0]
Oy Mole Fraction (%) | [0.2,0.75]
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Table 4.3: Tolerance values for the Nested-(&y, §,), aPSP (reference), and aPSP-T1
methods with @ = 0.1 in Equation (4.11).

| Nested | aPSP (reference) | aPSP-T1

Tol — 2.75 x 1073 2.75 x 1073
Tol, | 3.50 x 1073 0 3.50 x 1073
Tol, | 2.50 x 1073 0 2.50 x 1073

variance; not surprisingly, the computed first-order and total sensitivity indices for
the individual parameters have close values.

We examined (not shown) the behavior of the aPSP and aPSP-T1 methods dur-
ing the adaptation. The aPSP-T1 method followed a similar path to the aPSP,
converging early in the p direction while the p directions are subsequently refined.
We also examined whether the similar adaptation paths were affected by the selected
tolerance values, namely by rerunning aPSP-T'1 with larger values of Toly, thus forc-
ing the refinement along the p directions to terminate earlier. However, this had little
impact on the grid refinement path, even after the specified Tol, value was reached.
This is not surprising, in light of the fact that the contribution of the mixed terms
is small.

The projection surplus, n?, and its Sobol decomposition are plotted in Fig. 4.10.
For both the aPSP and the aPSP-T1 adaptations, 'ryg immediately and rapidly de-
cays as the sparse grid is adapted, whereas the mixed direction surplus is clearly
dominant. The results also indicate that behavior of the projection surplus and its
Sobol components are very similar for both algorithms. This is consistent with our
earlier observation that the adaptation of the sparse grids evolve similar for both
algorithms, though aPSP-T1 evidently terminates earlier.

Similar to what we observed with the two-dimensional test function in Section 4.3,
the dimensionally guided adaptation affected the adaptive refinement path only
slightly. Both aPSP and aPSP-T1 exhibit similar decay of the errors indicators
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FIGURE 4.10: Projection surplus, 1, and its Sobol decomposition for (a) aPSP, and
(b) aPSP-T1 methods. Also plotted in (b) is a dashed line representing the point at
which the adaptation converged in the p directions.

with the number of model realizations, and as further discussed below similar be-
havior for errors estimates obtained from independent samples. However, with the
selected tolerances, aPSP-T1 terminated with 3411 model evaluations, whereas aPSP
required 5651 realizations to reach termination. This illustrates the flexibility of di-
rectional criteria in tuning adaptation (and as further illustrated below resolution),
along specific dimensions.

We performed the nested adaptation with the 22 uncertain-parameters (&,) as
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the inner dimensions and the three design parameters (£;) as the outer dimensions.
The adaptation was allowed to proceed until both Tol, and Tol, values were met
(recall that the nested construction does not involve a global tolerance estimate). As
discussed earlier, different grid locations in the &, space admit different adaptations
into &,. The dependence of the number of inner grid points at each point in &, domain
is visualized in Fig. 4.11. Notice that, towards some boundaries of £, domain, inner
grids are generated with many more points than in other areas. Despite the flexibility
afforded in locally adapting at each outer point, at termination the nested method
required a total 76,411 model evaluations. This is over one order of magnitude larger
than what was required by the aPSP methods to achieve a comparable error.

Number of Function Evaluations

1,150
1,100
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- 1,000
- 1950
- 1900
Q - 1850
- 1800
750

- I 700
1 650
€P1

FIGURE 4.11: Number of model evaluations required at each realization of the design
variables (&), needed to calculate the local &, projection. Shaded &, — &;, planes
are for reference.

—-1-1
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To validate the results we generated a Monte-Carlo ensemble consisting of 4096
realizations. An additional 8192 simulations were performed in order to obtain esti-
mates of the Sobol decomposition of the relative error, (2, between the Monte-Carlo
sample and the sparse adaptive algorithm (See Appendix B.3). The (? values, and
their Sobol decompositions thus estimated, are presented in Fig. 4.12.

The results of Fig. 4.12(a) demonstrate how the MC estimates of the error in
the inner directions are quickly reduced, whereas the global error is predominantly
dictated by the refinement in outer dimensions. This is in stark contrast to the
behavior seen for the aPSP methods, where the first-order contributions ¢, and ¢,
both drop rapidly at early stages of the adaptation while the decay of the global
error follows that of the mixed term. The results also indicate that the error control
afforded by the nested method comes at the expense of a large computational cost,
namely requiring more than an order-of-magnitude increase in the number of model
realizations. Figure 4.12(c) demonstrates the effectiveness of the aPSP-T1 method in
terminating adaptation along u directions. The results also illustrate the flexibility
of specifying directional criteria, which for the presently selected values result in
termination of aPSP-T1 with significantly smaller number of model evaluations than
aPSP. Finally, we note that for all three methods, the error estimates obtained
based on the MC sample drop to very small values as the iterations converge to their
specified tolerances. This provides confidence in the validity of all three methods

and in the suitability of the resulting surrogates.
4.5 Conclusion

Two approaches were developed for obtaining a global surrogate of Qols involving
parameters belonging to different spaces. The first approach relied on a nested
construction where the two spaces were adapted separately. Specifically, at each

realization of the outer variables, an adaptive Smolyak pseudo-spectral projection
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was performed in the inner space. The local PC coefficients at the outer grid points
were then projected in the outer space.

The second approach was based on considering a suitable product space com-
bining all parameters, and on performing an adaptive pseudo-spectral projection in
this product space. In addition, we developed a decomposition of the convergence
indicator 7, which enabled us to tune adaptivity along individual dimensions. Two
versions of the adaptive algorithm were developed for this purpose, allowing to ter-
minate refinement along specific directions when specified directional tolerances are
met.

The validity of the construction was analyzed, including a Sobol-decomposition of
the error between the constructed surrogate-based estimates and the true model. We
analyzed both approaches in light of applications on a simple test problem, as well
as detailed simulations of a shock-tube ignition problem involving 3 design variables
and 22 uncertain rate parameters.

Computational tests indicated that the nested approach affords great flexibility
in controlling the error in individual sets of parameters, first reducing the error of
the inner expansion locally at each point of the outer variables sparse grid, and
then reducing the error of the outer expansion and consequently the global repre-
sentation. However, this flexibility, which is gained from the tensorized construction
of the nested approach, comes at the expense of larger computational burden. In
contrast, the adaptive pseudo-spectral projection refinement in the product-space
approach enabled the construction of suitable surrogates at a smaller cost compared
to the nested algorithm. The tests also reveal that directional tuning algorithm can
provide an effective means of resolution control, affording appreciable savings over
unconstrained refinement.

Both the nested and product-space approaches offer many avenues for further

improvement. Specifically, the nested approach is not limited to performing pseudo-
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spectral projections in both the inner and outer space. The incorporation of other
methods for constructing surrogates, such as collocation (Section 2.7) or regres-
sion (Section 2.4), would potentially constitute avenues for improvement. In partic-
ular, the use of regularized solvers such as compressed sensing [32, 35] (Section 2.6)
appear to be promising, namely for reducing the required number of model evalua-
tions. The product-space approach with the decomposed error indicators also offers
promising areas for further extensions. For instance, the tolerances used for tun-
ing adaptivity could be dynamically adjusted, to guide refinement towards specific
hyperplanes of the parameter space. Another possibility would be to incorporate
cost functions into the sparse grid refinement algorithm so as to optimally exploit

computational resources. Such extensions will be considered in future work.
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5

Adaptive Smolyak Pseudo-Spectral Projections on
Subsampled Sparse Grids

5.1 Introduction & Background

The adaptive Smolyak pseudo-spectral projection method [22] (aPSP) used in Chap-
ters 3 and 4 (and [134] and [133] respectively) demonstrates drastic improvements in
efficiency through global, dimensional adaptivity. However, they do not address local
adaptivity leading to many additional realizations in the local regions of £ € = where
a lower-order projection may be sufficient. For example, the ocean problem inves-
tigated in [2, 134] and Chapter 3 exhibited some local regions of greater functional
variation as illustrated in Fig. 3.3(d) where the dependence appears exponential for
&4 = 0 (stochastic wind-drag). The regions of & < 0 are relatively flat and could be
approximated with a lower-order projection.

One approach is to decompose the domain and represent each subdomain with
its own, independent PCE [84]. Closely related is to use a wavelet-like expan-
sion [77, 79, 80] where a hierarchical, multi-resolution basis of orthonormal poly-

nomials (such as Alpert Wavelets [4]) are used to represent the solution locally.
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The wavelet approach is particularly well suited to represent responses that exhibit
multi-resolution behavior and can be adapted to particular regions of the stochastic
space [76]. However, developing a wavelet expansion non-intrusively would require
a prohibitively large number of function evaluations and such expansions are poorly
suited for large, legacy models.

An alternative approach is a non PCE local surrogate such as spline interpola-
tion [93, 85, 44, 97] where low-order polynomials are fit in local regions. The local
functions are scaled and fit to create a global representation of the model and can
handle discontinuities. Such an approach however must be undertaken at the start
of the investigation, does not lend itself to the investigation of existing data sets,
and creates an essentially non-global functional representation. Additionally, high-
dimensional splines are particularly difficult to use and often require a hierarchical,
tensor-product approach [74].

Instead of local interpolation, a class of stochastic collocation methods [76] can
be used to generate a global polynomial interpolant using Lagrange basis func-
tions [39] (see Section 2.7). Interpolation may be performed on sparse grids [95] to
reduce the curse of dimensionality, though a structured grid is not required. Alter-
natively, the interpolating polynomial may be constructed from piecewise hierarchal
interpolating polynomials that allow for discontinuities [88]. The resulting polyno-
mial is exact at the collocation points (nodes) and is amenable to both global and
local refinement. In Ref. [88], the hierarchical polynomials are used to achieve local
adaptivity in the stochastic space by identifying regions (but not dimensions) to en-
rich the sample. Jakeman and Roberts [63] combine the local grid refinement of [88]
with the global dimensional adaptivity of [46] (also used in this work) to incorporate
a dimensional adaptivity into the local refinement.

We build on Ref. [63] to use spectral projection instead of stochastic collocation.

We use the global dimensional aPSP methods from prior chapters to select appropri-
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ate sparse grids and we use a local adaptation inspired by [88, 63] to choose which
nodes may be skipped. We modify the local criteria to dynamically set the tolerance
based on the current state of the adaptation. Unlike hierarchical stochastic colloca-
tion, the quadratures in NISP require data at the corresponding nodes leading us
to use synthesized model values in regions identified as sufficiently converged and
subsequently not evaluated. Essentially, the method we propose uses low-order sur-
rogates to synthesize data in converged regions and model data in regions that are
to be enriched.

Using lower-order surrogates to synthesize data introduces noise and error into
the spectral projection. We therefore suggest two alternative, more robust methods
to solve for the PCE coefficients. The first is compressed sensing [31, 127, 15] (CS),
with methods similar to [35] for PCE reconstruction, also presented in Section 2.6.
CS uses the assumption of sparsity on a proper basis to determine the coefficients
using a dictionary much larger than the number of samples. The CS problem is either
solved with the full-sparse grid (including synthesized data) or, with a subsampled
grid. Using subsampled (though non-sparse) quadrature grids for PCEs via CS has
been explored previously in [123].

The second alternative method we introduce is hybrid least-angle regression
(Hybrid-LAR). LAR [36] (and Section 2.5) is a regression technique that successively
enlarges the basis by adding terms (coefficients) most correlated with the residual
of an active basis. We follow [9] in using a Hybrid-LAR approach wherein the LAR
procedure provides an ensemble of potential bases and regression is performed on
each candidate basis. The basis with the lowest cross-validation error estimate is
chosen.

The layout of this chapter is as follows. In Section 5.2 we introduce the local
refinement scheme, subsampled PSP and the use of CS and Hybrid-LAR for deter-

mining the PCE coefficients. In Section 5.3 we introduce two test functions used
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to evaluate and validate the subsampled sparse methods. In addition to evaluat-
ing the performance of subsampled aPSP, CS and LAR, we also investigate how
CS and Hybrid-LAR performance is dependent on the input basis and we compare
performance against a LHS experiment. We then proceed to test these methods
on the HYCOM database and combustion chemistry model in Section 5.4. Finally,
in Section 5.5, we summarize our conclusions and discuss future improvements and

extensions.
5.2 Subsampling and Alternative Projection Methods

The general procedure is broken into two main steps. The first step is to generate
an appropriate subsampled grid and perform aPSP with synthesized data of omitted
grid points. Use of synthesized data introduces inexactness of the underlying de-
terministic model and therefore may potentially degrade the fidelity of the resulting
PCE. As such, the second step is to use an alternative, more robust solver for the
final determination of coefficients. The estimated coefficients from the first step may
be used to greatly accelerate the solution of more robust methods and aid in improv-
ing final performance. Alternatively, the PSP coefficient estimates may be used as
the final PCE coeflicients however caution must be used to ensure the validity of the
representation.

There exists wide classes of alternative solvers for the PCE system such as re-
gression, collocation, interpolation, etc. We will focus on solvers that make use
of the underlying sparsity of the system such as hybrid least-angle-regression (see
Section 2.5 and [9]) and compressed sensing (see Section 2.6 and [35]).

The general outline of the subsampling framework is presented in flow-chart form
in Fig. 5.1. The primary objective of subsampled PSP is the first step, i.e.. deter-

mination of the subsampled sparse grid and (initial) estimation of the coefficients.
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F1GURE 5.1: Flowchart of subsampling sparse grid framework. The primary objec-
tive to determine the appropriate subsampling sparse grid and estimate coefficients.
The final grid (and potentially the synthesized model data) is used to determine an
alternative PCE solution. The alternative PCE reconstruction may be greatly accel-
erated by the estimated polynomial coefficients. Noted in brackets are references to
the corresponding section or equation.

93



The subsampled grid aPSP framework must first overcome two specific hurdles.

1. Determination of which quadrature nodes (realizations) may be skipped, and

2. Generation of synthesized model data at skipped quadrature nodes.
In the following sections, we will individually address each concern.
5.2.1 Subsampled Grid Determination

Recall the final PSP for a given . is in Equation (3.3) reproduced below:

PyF =Y A'F, AVF= (Al ® - ®AL)F, AP, =PI — P,
le¥

Each PiT has the underlying full-tensored quadrature. The final projection grid,
G(Z) (Equation 2.11), is composed of the union of all full-tensor quadrature grids.

Instead, we will now define
V= {( . gwld) 1< <Ny, 1<j<d}, NO='| (1)

to be the full-tensor quadrature grid associated with the index I € .. We note that
for a full-tensor ., G(ZF") = V'. In addition, each (5(%"1) . -§(qd”'d)) has associated

with it a full-tensor quadrature weight

wh® = TTw@® v i=1,..,N) (5.2)

7j=1

where w(%4) is the weight associated with the level l; 1D quadrature node & (a5.L5)

We will now restrict ourselves to nested quadratures such that
Ve, lU=l1<i<d

Essentially, the quadrature nodes of a lower-order rule are also present in a higher-
order rule. As discussed in Section 3.3.1, nested quadratures are vital to the effec-
tiveness of sparse grids.
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We may also define a unique set of grid points due to each index 1 defined as

follows:
d
Xl _ yl\@ yl—én (53)
n=1

where &, is the unit vector in the n direction and J° = ¢J. The grids X! are unique
in the sense that X' XY = & for any I # 1.

Following the approach of [51] and [63], the nested grids have an innate hierarchi-
cal tree-structure. Each unique grid point &4 e X!, 1 # {1,...,1} has associated
with it at least one and at most d parent grid points, where d is the number of
stochastic dimensions. Let pél,(i) represent the parent of &) e X! in the j* direc-
tion.

Such construction is demonstrated with an equidistant quadrature rule in Fig. 5.2
where ) is plotted for different quadrature levels in Fig. 5.2(a). Plotted in Fig. 5.2(b)
is the unique grids X" for each level and then in Fig. 5.2(c) with connections drawn to
the parent. Note that this schematic demonstration is for the standard 2! — 1 scaling
of an open, nested rule. A closed rule, (such as Clenshaw Curtis) has a slightly
different structure and can be seen in [51].

The extension to multiple dimensions is readily available. Every unique grid point
(other than the initial) has at least one and up to d parent(s). A schematic example
is plotted in Fig. 5.3 where the .Z multi-index of quadrature levels is in Fig. 5.3(a)
and the corresponding final grid is in Fig. 5.3(b). The grid points are all color
coded to the corresponding index. In Figs. 5.3(c) & (d), the hierarchical, ancestral
structure is show for the entire index and for each index to its respective parents.
The construction readily extends to an arbitrary number of dimensions.

Finally, the hierarchical structure may be used to define local measures of conver-
gence which may be used to define local refinement. Let A (£l’(i)) be a local error of
€40) (defined later in Equation (5.8)) and let Tol¥ be a local tolerance (defined later
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(a) Full grid, V' for I = 1,...,6
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(b) Unique grid, X! for [ = 1,...,6

(c) Unique grid with parental structure, X! for [ = 1,...,6

FIGURE 5.2: One dimensional schematic example of the hierarchical nature of nested
grids demonstrated with a nested, equally-spaced open rule following an N (1) = 2! —1
scaling. In (a) is V' for [ = 1,...,6 where each grid point is colored by the level at
which it was added. In (b) is the unique grid X' and finally in (c), the ancestral
structure is added.

in Equation (5.9)). Let I* be a candidate index for enrichment of .Z using the aPSP
algorithm and let X*" be the corresponding set of unique candidate grid points. Lo-
cal subsampling is carried out by defining two subsets of X*". Let #*" e X' be

the kept and evaluated set and let
yl* - .)c'lJr\t/ni/lJr
be the set of skipped nodes such that #*" N SV = . We define £ as follows:
s {ﬁﬁ,m e X! 3je(l, d} st A (ﬁé,,(i)) > Tol’;} (5.4)

That is, #*" is the set of all &"® e X" where the candidate grid point has at
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(c) 3D view of ancestry structure.

(b) Final grid colored by corresponding X*
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(d) 2D cuts showing ancestral structure.

FIGURE 5.3: Schematic 2D example of ancestral structure for an open, evenly-spaced
grid. In (a) is the index-set of levels, .# and in (b) is the final grid colored by Ax*. In
(c) and (d) are example showing the ancestry of each grid node. Notice for I = {2, 2}
and | = {3,4}, each grid point has two parents.
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least one parent péw) whose local error, A <pél7(i>> is greater or equal to Tol%. Recall

G(Z) is the final sparse-grid due to .Z. In addion, we now define the final subsampled
sparse grid H (Z) < G(.Z) as
H) =" (5.5)
les
Since NISP and PSP require exact, global quadratures, synthesized model values
must be used for £&4® e . and then the final projection may be performed on the
combination of model and synthesized values. We also note that if K!" = &, then
[* is not added to A, the active set in the aPSP algorithm. Therefore, the final .%
may be different from a non-subsampled adaptation.
Recall from Section 3.3.1 that P« (&) represents a Smolyak pseudo-spectral pro-
jection operator using the multi-index of levels 2. Furthermore, recall that P o_ gt =

P, where

L= {le Nl < 0,1 <i<d},

is the full-tensor index. The projection P+ requires model values for &0 e X

and is therefore unavailable before evaluating & (). However, a model estimate

value F’ <€l+7(i)) may be synthesized with

F(670) = Pyogmn (€79), 17 # (1.1} (5:5)

without using any of the &%) e X*" model data. F’ (5“’“)) represents the “best”

estimate for the model values in X*" before including those nodes. Schematic exam-
ples of ZFT and the associated .Z; T\l are presented in Fig. 5.4.

We also define F” (€4)) = oo for I = {1, ..., 1} since there is no parent index and
to produce the desired properties later in Equation (5.8). Finally, we are now able

to define our subsampled evaluations using a mixture of synthesized (F/”) and actual
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(a) 2D schematic example for I = {5, 3}
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(b) 3D schematic example for I = {5, 3, 3}
FIGURE 5.4: Schematic example of a full-tensor index Z5" and the parent index

ZFNI. The projection with .ZF™\I does not require function evaluations for £+ e P!
and may therefore be used as synthesized surrogate values.

(F) model data

~ ; F(&80)  gb) e 1
F (El’( )) = {F/((gl,(i))) ghl) e A (5.7)

Therefore, the subsampled full-tensor PSP operator from Equation (2.7) may be

redefined to

= Q (F‘I’k> ZFS(Z (€D)w
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If ' = @ V1e ¥, the original full-tensor, non-subsampled coefficients are recov-
ered.

We may also now define an error of each quadrature node as follows
A (€l,(i)) _ ‘F’ (€l,(i)) _F (£l,(i)) |wl,(i) (5.8)

L) is from Equation (5.2), the corresponding full-tensor quadrature weight.

where w
The use of wh® is suggested by [63] and serves to properly weight the importance
of each node to the respective quadrature rule. Alternatively, it may be thought of
as if A (€49) were known for all €% e ! (not X'), and if 7% = JV €€ LF" then
eyt A (sl’(i)) would be the L; error between the model and the PCE value.

Equation 5.8 also has the following additional properties:

o Ifl={1,...,1}, A (£l’(i)) — o > Toly and as such will always be adapted, and

o Ifgh e S F (€80) = F' (€-®) and A (€4%) = 0 < Tol, and will therefore

never admit an axial child itself.!

In [63], the equivalent of the local tolerance was set at the beginning of the
adaptation and was used as part of the termination estimation. In this work, we rely
on the aPSP algorithm’s inherent termination criterial on n? < Tol?7 and therefore
set the local tolerance dynamically.

The local tolerance is computed at the beginning of the adaptation (before a
critical index, I* is determined) and is based on the state of the entire projection
index, .Z* at the k' iteration.

The local tolerance is set as

Tol) = amax [\ (€€ X°)], O0<a<l (5.9)

1 An axial child may still be added if another axial parent has a local error greater than the
tolerance.
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where C < £ is a subset of .Z that represents all potential parent indices and
P Uiee & !. In order to define C, we must first define A", the collection of all
O-admissible forward neighbors of A. Recall that we require O-admissibility for
forward neighbors however, we must account for I* not yet being moved to O.

A+_ULdJlA po_Jire ifdmef{ldistlid —8&,c00l
B " " (%) otherwise

leAn=1

(5.10)

We note that AT ¢ £ = AU O. A schematic example of A" is shown in Fig. 5.5
where Fig. 5.5(a) is a schematic example index and Fig. 5.5(b) is the index with A*
also plotted. A" is only those indices that could potentially be present in the next

iteration. We can now define C as the union of the backwards neighbors of A™

c=J Ol—ém (5.11)

leAt m=1
Im>1

The resulting C index for the schematic example in Fig. 5.5(a) is plotted in Fig. 5.5(c).
Notice that C includes terms both in A and O and there exists terms in A ¢ C.

The final subsampled aPSP algorithm is presented in Algorithm 5.1. We note
that the final algorithm is very similar to that of Algorithm 3.1 except F (Sl’(i)) is
used in place of F (ﬁl’(i)) and an index is not admitted if #*" = .

The end result of the subsampled aPSP algorithm can be thought of as using
lower-order surrogates to synthesize data for higher-order surrogates in regions esti-
mated to be converged. The final coefficients and K may be used as the final projec-
tion coefficients, however care must be taken. The « selection procedure (see below)
should inform the validity of the results (if non-converged regions are inappropriately
synthesized, the lower « of the next iteration should make that clear) but alternative
PCE solution methods may prove more robust in the face of errors introduced from

synthesized data.
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12 3 4 5 6 1 2 3 4 5 6
(a) Initial sample index with A4 and O (b) Showing A"

12 3 4 5 6
(c) Index with C noted with a red X

FIGURE 5.5: Schematic example of an index (a) with A* plotted (b) and then
showing the final C subset for determining Tol, (c).

5.2.2 « Selection Criteria

A choice of a = 0 eliminates subsampling and returns the aPSP result. Selection of
« is a non-trivial task and is also problem dependent based on the specific behavior
and dimensionality of the model. Numerical tests suggest that, for a reasonably
low «, if as < aq, the final grid g** < G*2. However, this result is also problem
dependent (as we will see for one of our test functions where this isn’t strictly the

case).
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Algorithm 5.1 Subsampled aPSP.

A={1,...,1}
0=y
while 7* = 3}, €(l)* = Tol? do
Tolf = amax [\ (€ € X¢)] > (5.9), Tol, evaluated before enrichment
Select I* € A with highest (1)
O—0ul*
A — A\l
forn=1,...,ddo
I"=101*+e, > Candidate Index
if It —8,e0OVke [1, o d > 1] then > Admissibility
v {él,(i) € Xl+‘ d7e{l,...,d} s.t. A <pél’(i)> > Tol’i} > (5.4)
7 - Xl*\%H
if #"" # & then = only add w/ evaluated points
A—Ault
Evaluate F” <£l+’(i)> > (5.6)
Evaluate F (€8 & X (€80) > (5.7) & (5.8)
Project P+ with F > Full Tensor projection

Calculate A},
el™) = (1/B)| AL

end if
end if
end for
end while
Evaluate Py = >, AT

We recommend an iterative procedure to determine a. We suggest beginning
with a larger « value (e.g. @ ~ 0.1) and choosing very small steps to decrease . At
each step, we recalculate and observe the following quantities listed below. Let IC,,
%, and ¢g,_, be the PCE multi-index, quadrature index, and coefficients (respectively)
resulting from . Let a, be the a value for the n'* adaptation and let o, be the
lowest « tested.

For every a value, we recalculate the following with «,, and use these metrics
to select an optimal a. All of these values are presented as an absolute value but
may need to be appropriatly normalized. The quantities used to select an « are as

follows:
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Ly convergence between PCEs for different o values:

2
3 <ckan—cka,> V=1 ..n—1 (5.12)

kelCanu/Can,
where ¢, =0V k ¢ K.

Maximum point-wise error between PCFEs using largest grid. This is particu-
larly useful as it compares errors at grid points not previously evaluated for
Qpzn- Also useful is to examine if the maximum error occurs at & ¢ G'.

Compare Vn=1,...n —1

max Ck,, W — . Wy 5.13

(Lo, ,) ke% ko VR (E) k/e% ke, Vi (€) (5.13)
Change in the size of the final index: |Kq, | vs. [y ,| Yn=1,.,n" —1, and
which « values critically changed the size. Or change in the size of .Z since .Z

prescribes K.

Number of evaluated grid points for decreasing . Compare both for common

indices:

ORI E 7N I YR * /

leZa, N Lo, leZa, N W,

Y

and for the total number of evaluated points:

H(L) = D, L] vs (ML)

A= 2

lefan legan/

Empirical point-wise error on the sampled quadrature grid, H(Z,, ):

2 (Z Cha, Vie(§) = F(E)) (5.14)

EeH(Lny) \KEK
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We note that Equation (5.14) is the point-wise error between the PCE and the
model values while Equation (5.12) examines the global difference between the

PCEs.

e Saturation of estimated error with cross-validation. The CV error does not

need to be recalculated at each new adaptation.

— Non-exhaustive random-subsampling CV error for BPDN (Algorithm 2.2).

Note that this value is non-deterministic.

— Leave-one-out error for Hybrid-LAR (Algorithm 2.1).

At each iteration, we recalculate these quantities (except the CV and empirical error)
for all previous iterations. In particular, we focus on the last few a,, values to examine
their convergence with respect to a,,, the smallest . If the values do not change
when compared to a more enriched PCE (and realization ensemble), we have reached
an optimal . We again note that as o — 0, the final grid approaches that of a non-

subsampled grid.
5.2.83 Alternative Toly Selection Strategies

In this work, we focused on the a-based Tol, selection criteria but we briefly want
to mention other techniques. Perhaps the most straight-forward is to set Tol, once
and for all at the onset of the subsampled aPSP. Such a strategy is simple but also
may cause the adaptation to terminate too soon.

Another strategy is to set the tolerance again with an a-like scale but instead

of choosing the maximum from C (5.11), the maximum could be selected from the

d ~

parent indices of that particular index [. Recall the parents of I are Un:1,1n>1 l—e,.

This approach has the advantage that it guarantees #* # ¢ and therefore, the final

Z for a > 0 will more closely resemble that of &« = 0. Numerical tests consistently
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suggests that such an approach sets Tol, to unrealistically low values and is not
sufficiently aggressive.

These approaches may be implemented for specific problems in future work.
5.2.4 Alternative Solution Strategies

The coefficients estimated with Algorithm 5.1 may be used as the final coefficients in
the expansions, however, the use of synthesized data for o > 0 introduces error into
the projection. Even though by construction of the adaptive algorithm, we expect
the synthesized value to be close to the actual model data. Furthermore the iterative
procedure to identify « should help identify important new data points where the
previous higher o adaptation skipped. Regardless, we present two, more robust
methods to determine the PCE coefficients; compressed sensing (CS) and hybrid
least-angle-regression (LAR).

In a purely CS or Hybrid-LAR approach, there is no built-in method to determine
an optimal K. Basis selection for LAR and compressed sensing is non-trivial and is
an area of active research [64, 53, 9]. However, for recomputing coefficients from the
subsampled aPSP algorithm, we can use the estimates of those coefficients and K
from PSP to inform the basis selection for CS and LAR. For CS, it is particularly
important to select a basis based on the sparsity of the solution. We can estimate

the sparsity of the PCE with a threshold. For example,

K5 = {kelC

2
— % < e} (5.15)

2 i
Kel\Ky Ck/

2

C . . . .
where Z/—’“CQ represents each coefficient’s contribution to the variance of the
K/ €K\ g5 i/

problem. The sparsity can then be estimated as |[K¢|.
Based on the sparsity of the basis and the K prescribed by aPSP, we can enrich

to be sufficiently large and meet BPDN convergence requirements (see Section 2.6).
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Let KP? from Equation (C.3) be the hyperbolic-cross multi-index staring at zero
up the order p and with hyperbolic tuning paramater q. Let pyax(K) be such that
Prmax.i(K) is the highest order of index K in the i" direction. For a given sizing factor

s, the basis is enriched as follows:

,%sq(lc) _ fP=lsPmax(K)]q U U [s- K. (5.16)
) | g
Hyperbolic Cross ze{lflc,d}
with ¢ up to highest N P

v

scaled order Scaled basis of IC

Where [-] is the ceiling operator. Despite being an active area of research, we found
very little sensitivity to the input CS basis provided it was sufficiently large. This
will be investigated in Section 5.3.3.

The CS approach does not explicitly require the use of the synthesized data.
Using the data will ensure better coverage of the stochastic space but also introduces
errors due to the inherent inexactness of the synthesized data. As such, it is up to
the user to decide whether or not to use this data. Prior work in [123] investigated
subsampling a full-tensor quadrature with CS and did not use any surrogate data in
the final computation.

The Hybrid-LAR coefficient estimates are sensitive to the size of the input LAR
basis, KZ. In [9], the authors suggested different basis scaling algorithms and were
not restricted by (P+1) < N since the LAR basis selection procedure will terminate
when the active basis, [K4| = min(P, N—1). However, those methods were developed
for a non-structured grid (eg, LHS). When applied to a structured (and colinear) grid,
the Z matrix becomes singular for (P + 1) > N and the LAR procedure becomes
unstable.

We investigated using a scaling procedure like that of [9] in Section 5.3.3 (re-
stricted to (P + 1) < N) but consistently found it unnecessary. The structured

nature of the grid actually prescribes the best input basis. Numerical tests suggest
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the best input basis for Hybrid-LAR is KZ = K* (2.26); the interpolating basis
that may be factored into a Lagrange interpolant basis. However, the active basis
KA < KT = K, and therefore the final regression step (after LAR basis selection),
does not solve the interpolation problem.

In order for the information matrix Z (2.16) for Hybrid-LAR to be well-posed,
we may not omit & € .7V Il € #. We therefore determine the LAR coefficients on
the full sparse grid G(.%) with F (5.7); the combination of model and synthesized

data.
5.3 Subsampling on Model Test Problems

In order to examine and assess the performance of the algorithm presented in Sec-
tion 5.2, we again made use of model test problems. We used the test problem from

Section 4.12 reproduced below and plotted in Fig. 4.3(a).

TF1:  F(€) (1 + ﬁ) exp [— (% (52 _ %) (& + 1))2] (5.17)
Ee[-1,1)%

In addition, we defined a second, higher-dimensional test problem inspired by the
Genz functions [45]. We choose a shifted and scaled multi-dimensional Gaussian of
the following form:
[TF2:] F(§) =exp[— (co® (€ - &)P)], €e[-1,1] (5.18)
co = [0.10,0.20,0.75,1.0, 1.5]

& = [-1.0,-0.95,0,0.95, 1].

TF2 is a smooth function that is designed to have larger sensitivities to specific
dimensions; exhibit mixed-term sensitivities; and have regions of higher variation
focused both at the center and the edges of the domain. The full-decomposition of

the sensitivity is depicted in Fig. 5.6.
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5.83.1 Primary Results for Selected o Values

We performed the subsampled aPSP on various choices of o (including o = 0, i.e.
no subsampling) and then recomputed the coefficients based on the final grid as
discussed in Section 5.2. For the Hybrid-LAR computation, we used the full sparse-
grid with synthesized and model data and for the CS computation, we followed [123]
and just used the model data.

For TF1, we computed the model error using an N = 200%-point Gauss-Legendre

quadrature rule. The relative error, (, defined according to

- 1 = Dkerc e Vil iy [F (") — Xker ¥ (ﬁ(i))]Qw(i)

¢* ~ ——
|1 SN F(£0)? wl)

where £ and w®® are the multi-dimensional nodes and weights of the quadrature
rule. For TF2, we used an N = 10° point LHS ensemble to estimate the relative

error using

= 1F" = D e e Vil ~ %Zf\il [F (g(i)) — Doker 6Pk (€(¢)>]2
1E] L3N F(gW)

CQ

where £ are the nodes of the LHS ensemble.

The BP and BPDN formulation was solved with the Matlab Toolbox SPGL1 [128,
129] and the results were validated against other solvers, notably SparseLab [33]
and 1l-magic [16]. For TF1, The BPDN cross-validation procedure to determine
0 yielded a value on the order of the SPGL1 tolerance and therefore, only a BP
solution is presented. The cross-validation procedure and BPDN was still used for
TF2. The input basis for the Hybrid-LAR, K%, was chosen to be K*, a basis such
that if solved directly would be an exact interpolatant factorable into the Lagrange
interpolation basis. The basis for the CS investigation was chosen with a sizing factor
s and hyperbolic parameter ¢ chosen for Equation (5.16) to ensure (P + 1) ~ 4N
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(though we could also use the sparsity from the aPSP coefficients to inform the basis
selection). We will later examine the sensitivity of the input bases for both methods

in Section 5.3.3. The tolerances used for both functions are in Table 5.1.

Table 5.1: Tol, values for TF1 and TF2 subsampled PSP.

Function ‘ Tol,,
TF1 (5.17) | 5 x 10~°
TF2 (5.18) | 1 x 1072

The performance of the subsampled aPSP for TF1 is presented in Fig. 5.7 where
the evolution of the adaptation is presented together with the relative error and the
required number of function evaluations. Using just the aPSP coefficients, Fig. 5.7(a),
a > 0 demonstrates considerable savings over the o = 0 case. The cost is reduced
by subsamping and the final surrogate fidelity is only trivially impacted.

The CS and Hybrid-LAR PCEs in Fig. 5.7(b) and (c) are also particularly inter-
esting. For all o values, the error saturates sooner with these methods and the final
surrogate fidelity is the same as or better than that of the PSP. Particularly interest-
ing are the results for a < 2.5 x 1073 in Fig. 5.7(c). The Hybrid-LAR outperformed
CS and PSP by nearly an order-of-magnitude. This result, for &« = 0 which removes
subsampling, is notable unto itself and merits further investigation to be considered
in future work.

The nature in which subsampled aPSP reduces computation can be easily visu-
alized for the simple 2D problem. Figure 5.8 visually presents the final . for three

different v values. On the top row is the projection surplus, ¢() (3.4) for each l € &

and on the bottom is the fraction of nodes evaluated <‘|’ﬁl||). A smaller €(l) sug-
gests that the index contributes less to the overall variance and is of less importance.

a = 2.5 x 107 had very little subsampling on I = {4,3} and skipped about 60% of
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FIGURE 5.7: Relative error for TF1 computed with the subsampled grids for various
a values. In (a) is the error using the aPSP estimated coefficients. In (b) is error
using the CS BP computed coefficients using only the model data. In (c) is the
relative error using the Hybrid-LAR coefficients computed using both the model and

synthesized data. Dotted lines help visualize the final terminal error and number of
model evaluation.
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the evaluations for I = {5,1}. From the € values, we see that I = {5,1} is of little
importance. We note that all other indices are fully sampled. The adaptation for
a = 2 x 1072 reduced computation by both subsampling the higher-level indices and
by omitting I = {5, 1} entirely since 7= = &,

The subsampled adaptations were also tested for the higher-dimensional TF2
with results presented in Fig. 5.9. Unlike the results of TF1 in Fig. 5.7, there is
some loss of fidelity with the subsampled adaptivity at o = 2.5 x 1073, None-the-
less, for o = 2.5 x 1072 case, there is a 48% savings over the fully-sampled sparse
grid. The savings comes in the form of both subsampling and the omission of indices
with ¢! = @f. If the grid for the . with a = 2.5 x 10~% were fully sampled,
it would require 687 realizations but the subsampling method only evaluated 538;
approximately a 22% savings.

Using « values lower than that used for TF1, we reduced the error while still
yielding large savings. Specifically, with o = 1.5 x 1073, we effectively reduced the
error to that of the o = 0 adaptation while still realizing a 24% savings. Peculiarly,
for a = 1.5 x 1073, the adaptation did use 8 realizations that were not required in
the a = 0 case but still resulted in substantial savings. The CS-BPDN error for
a = 1 x 1073 being greater is likely due to the cross-validation procedure not having
sufficient permutations to accurately determine 9.

In order to study if the loss of fidelity for some o > 0 is due to subsampling (and
using synthesized data) or due to the different £, we performed the same analyses
but used model data for all X! instead of just .#. The results for all three methods
are plotted in Fig. 5.10. Comparing the results presented in Fig. 5.9 with those of
Fig. 5.10, it is clear that the smaller .Z (and some of those realizations associated
with it) were the cause for the loss of fidelity for o = 2.5 x 107 with CS and LAR.
The o = 1.5 x 1073 and a = 1073 adaptation caused eztra indices in % and more
realizations than a = 0 but, with subsampling, only eight additional realizations
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FIGURE 5.9: Relative error for TF2 computed with the subsampled grids for various
a values. In (a) is the error using the aPSP estimated coefficients. In (b) is error
using the CS BPDN computed coefficients using only the model data. In (c) is the
relative error using the Hybrid-LAR coefficients computed using both the model and
synthesized data. The error for the full adaptive path is presented in (a) but the CS
and Hybrid-LAR coefficients were not computed for the full path. Note that these
a values are different than Fig. 5.7.
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were needed. The final results with subsampling still exhibited savings with these

extra realizations.
5.3.2  Determination of «

As we noted in Section 5.2.2, determination of « is often problem dependent and non-
trivial. While our focus is primarily proof-of-concept, we demonstrate an example «
selection criterion for TF2 in Fig. 5.11. Recall that o, is the lowest « tested as we
decrease v and all quantities should be recomputed using the «,,, adaptation. For the
CV estimated error, we choose the Leave-One-Out error because it is deterministic.
Note that the CV error does not need to be recomputed for all prior a.

We do not look at a single quantity to determine a and instead consider all
quantities together. The plots in Fig. 5.11 may be interpreted to suggest we set
a = 1073, We set this because the values recomputed for o = 1.5 x 10~2 and
a = 2 x 1073 change very little; the change in « is causing large changes in N for
the previous step (indicating a critical « value); and, finally, the CV LOO error has
also stabilized.

Based on the results in Fig. 5.9, a choice of a = 1072 is actually conservative
and we may have chosen a higher . We also note that the Ly convergence between
PCEs closely follows that of the empirical error on the sample points but that latter

may also be computed for a,,.
5.3.83 Analysis of CS and Hybrid-LAR Basis Selection

We now wish to analyze the sensitivity of the CS and Hybrid-LAR methods to
the size of the input basis. Basis selection for compressed sensing is, in general,
non-trivial [127, 35|, and in particular, recent work has focused extensively on this
issue [64].

In order to investigate the dependence of the basis size on the final result, we
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FIGURE 5.11: Example o determination procedure for TF2. In (a) is the LOO CV
Error estimate from Hybrid-LAR (2.18). The blue curves in (b) are the relative Lo
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performed numerical experiments on the respective test functions by calculating the
error from successively enriched bases. We enlarged the basis suggested by the aPSP,
KC*Z (recall that the K*Z is the maximal PCE basis as suggested by the half-accuracy
set and that the PSP method uses this basis), using Equation (5.16) with ¢ = 0.6 and
increasing s. Given the computational complexity of BPDN for a particularly large
basis and that the estimated ¢’s were small, we used BP for TF2 in this investigation
as well as TF1.

Since access to error measures are not available in a production environment, we
also looked at the cross-validation error. This is similar to [64] where a K-Fold Cross-
Validation Procedure was used for CS basis selection. We examined the behavior for
a variety of a values and saw the same insensitivity to basis size. The results of the
CS basis selection experiment are presented in Fig. 5.12.

Unlike CS, which requires (P + 1) » N, LAR does not, in itself, have a specific
requirement of the input basis K. The final active basis, |K4| < min[|KZ| -1, N —1]
such that the final regression step will be well-posed. As such, prior experiments with
Hybrid-LAR [9] have developed a basis-selection procedure. However, those experi-
ments were focused on performing Hybrid-LAR on a non-structured grid (e.g. LHS).
When building the information matrix Z (2.16), with [Kf| = P + 1 > N the result-
ing matrix becomes singular and the LAR procedure fails. As such, the Hybrid-LAR
basis investigation was performed by basis selection with Equation (5.16) and ¢ = 0.6
but requiring that (P + 1) < N. Furthermore, from the addition of the hyperbolic-
cross basis, linearly-dependent columns (representing basis functions that are linearly
dependent on these sample points) were removed with a procedure outlined in [62]
using a QR decomposition with rank-estimation. In addition, the K* (2.26) basis
was also used and is the final data point. The measured and CV LOO estimated
error for Hybrid-LAR are presented in Fig. 5.13.

Whereas the CS method showed little to no sensitivity to the input basis (assum-
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ing sufficient size), the Hybrid-LAR coefficients are sensitive to the input. However,
for this example with a structured grid of realizations, it appears that the full in-
terpolation basis with (P + 1) = N has the best performance. The only exception
appears to be the o = 2 x 1072, N = 75 case for TF1 where a smaller input basis
slightly outperformed the full input basis. However, the LOO error did not show this
and without access to a posteriori analyses, one would not choose such a basis. In

addition, reduction in error is trivial.
5.3.4  Comparison of Subsampling to LHS

We compared the results on the subsampled grids to a Latin-Hypercube Sample
(LHS) of the same size for BPDN and Hybrid-LAR. We used the same polynomial
dictionary as that of the respective (subsampled) sparse grids for BPDN and followed
a basis-selection procedure like that of [9] for determining the Hybrid-LAR input
basis, KZ. Because LHS is not (natively) nested, we simply regenerated the LHS
sample for each new number of realizations.

This comparison is not “fair” in the sense that the aPSP results informed the
LHS experiment. A purely random-sample based experiment would need to use other
methods to both inform the basis selection and convergence criteria [64].

For TF1, we focused on the non-subsampled o = 0 run and the o = 1072 adapta-
tion. We compared the subsampled grid coefficients to those from LHS at all stages
of the adaptation. Note that we do not seek a projection (PSP) with the LHS grids.

Figure 5.14 shows that sparse and subsampled grids greatly outperform a LHS
experiment for the low-dimensional TF1. Such a result is not surprising as LHS
experiments are particularly well suited for higher dimensions. As such, we also
analysed the performance of LHS on the five-dimensional TF2 at the final projection.
These results are presented in Fig. 5.15.

In Fig. 5.15 we see that for N = 1023, LHS outperformed the sparse grid while
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at lower NV values, the subsampled structured grid performed similarly to the LHS
sample.

We expect that in higher dimensions, LHS may outperform a (subsampled) sparse
grid however we note that an LHS-based experimental design lacks many features of
the subsampled grids. This includes adapted basis from the aPSP algorithm (recall
we used the adapted basis for LHS in this experiment) and a native convergence
indicator. Furthermore, sparse grids yield a deterministic experimental design and

are nested. Finally, the aPSP approach allows for investigation of existing databases.
5.4 Subsampling on Production Models

Having examining the behavior of the subsampling framework on model test prob-
lems, we now perform an a priori analysis on the models considered earlier in this
work. We first address the low-dimensional HY COM model (Chapter 3) of The Gulf
of Mexico during Hurricane Ivan in September 2004. We will then examine the 25 di-
mensional shock-tube model from Chapter 4 to examine the behavior of subsampling
in a high-dimensional production setting.

In the prior work with the HY COM model, we only terminated when the database
was exhausted. In order to better simulate a production environment, we instead
specify a Tol, = 8 x 107° for the HYCOM model and use the non-aggressive form of
(subsampled) aPSP with our Qol being the area-averaged sea-surface temperature.
We expect the adaptation to terminate early as the model database is mostly non-
adapted. We again make use of an N = 256 LHS ensemble of realizations for
estimating convergence. In the shock-tube model, we consider the full 25-dimensional
model (including the design parameters) and set Tol, = 2 x 107® with Tol, ¢ =
Tol,¢, = 0. We again use an N = 4096 LHS ensemble for measuring the projection
€rTors.

The results for subsampled aPSP, CS-BPDN (without synthesized data) and
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Hybrid-LAR (with synthesized data) are presented in Fig. 5.16 for the HYCOM
model. Note that the selected « values are different from those of the previous
section. In general, we expect that the ideal a values are problem dependent, but
this example is particularly different owing to the restriction of the database. Also
note that the error performance of aPSP on HYCOM initially appears to be more
poor than that of Fig. 3.10. Figure 3.10 was generated with the more aggressive
form of aPSP (Algorithm 3.2) while all results in Fig. 5.16 were generated with the
less-aggressive form (Algorithm 3.1). In general, especially in high-dimensions, the
aggressive form is expected to perform more poorly leading us to choose the less
aggressive form for this analysis.

Figure 5.16 again shows savings due to subsampling. An «a value as high as
1.5 x 1072 yielded near-identical error as the a = 0 (no subsampling) adaptation.
The subsampled adaptation reduced the error and later terminated with fewer model
evaluations. Also evident from Fig. 5.16(b) is that for a < 1.5 x 1072, CS-BPDN
slightly out-performed Hybrid-LAR and PSP with the same model evaluations. This,
again, is a particularly interesting result for future analysis.

We also investigated the performance of the subsampling framework on the com-
bustion kinetics problem examined in Chapter 4 (and [133]). In particular, we con-
sidered the product-space of the &, and &, variables and treated the problem as a
single 25-dimensional problem with Tol, = 2x 1073, We plotted the relative ¢ values
for a few specific a values in Fig. 5.17.

We made use of the PSP coefficients to accelerate the computation; especially
for the CS recomputation of the coefficients. While CS requires a large dictionary,
we are actually most interested in ensuring we have sufficient samples with respect
to the (assumed) sparsity. As such, we may use the coefficients estimated with PSP
above a theshold (5.15) to estimate sparsity. An example is plotted in Fig. 5.18 with
the PSP coefficients using o = 5x 1074, With an € = 107, we capture all but 10~ of
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the variance with only about 66% of the (already adapted) aPSP basis. We therefore
know before the CS investigation that the sparse basis of size ~ 4000 is sufficient
and we can therefore set the dictionary to be smaller than we may otherwise.

We again found that we could save a small but non-trivial number of realizations
with subsampling. While the final PCE fidelity was only slightly reduced, a =
2.5 x 1074 yielded a 9% savings of model evaluations. Given the high dimensionality
of this problem and the large number of realizations required, even a 9% savings is
useful. Unlike other examples, we did not find Hybrid-LAR and BPDN to reduce the
error over PSP; even with synthesized data. We note that the BPDN procedure is not
deterministic in selection of § and, given the size of this problem, we were restricted
in the number of permutations of the cross-validation procedure (Algorithm 2.2).

We also reprocessed the results with CS-BP on the full sparse-grid with synthe-
sized values. Due to the size of the CS problem, the increased computational cost of
estimating a denoising 9, and the non-deterministic nature of the ¢ estimation pro-
cedure, we performed this investigation with Basis Pursuit (as opposed to BPDN).

While the CS without synthesized data proved to work well in prior investigations
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we wished to examine if this is the case for this particular high-dimensional problem.

The results are plotted in Fig. 5.19. Figure 5.19 demonstrates that with BP and
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FI1GURE 5.19: Reprocessing of the combustion model with BP and using synthesized
data. See Fig. 5.17(b) for CS-BPDN without synthesized data.

the full sparse-grid (with synthesized values) we find nearly identical performance of
a = 2.5 x 107* to that of a = 0 but PSP outperforms both CS-BP and CS-BPDN.
Following the same analysis of TF2 in the previous section, we again examined
the behavior of the adaptation as we decrease o without considering o = 0. The
quantities described in Section 5.2.2 to aide in determining the ideal « are plotted in
Fig. 5.20. Again, there is not an exact definition and convergence may be subjective.
We note from Fig. 5.20(a) that for each «, nearly 90% of points are evaluated and the
basis grows at each new «. However, the basis only grows slightly for o < 5 x 1074
but more nodes are evaluated. This suggests that savings is due both to subsampling
and the omission of specific indices. In particular, it also shows that a very small
change in « is causing a large change in the quantities. In a production environment,
we would have suggested terminating at o = 5 x 107* due to the large increase in
N and from the maximum point-wise error estimate. We note how for maximum
point-wise error for o« = 7.5 x 10™* has plateaued and then that plateau drops for

a =5 x 107* suggesting we that just included a set of critical realizations. We also
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note that the LOO error estimate, while not plateaued, has decreased only slightly
between o = 7.5 x 107* and a = 5 x 1074,

The a priori analysis and validation of the subsampling framework on production
models used in prior chapters further verifies the potential savings of subsampling.
We note that there is a lot of room for improvement of a (and Tol,) selection
criteria as well as for deciding when to reprocess with CS or LAR (or another solver).
However, this section has demonstrated that small but non-trivial savings may be

realized.
5.5 Conclusion

In this chapter we introduced subsampling on sparse grids. We exploited the nested-
grid hierarchical structure of sparse grids to identify areas of stochastic space where
a low-order PCE is sufficiently converged. Our goal was to supplement, but not
supplant, the aPSP algorithm which already used global dimensional adaptation to
greatly reduce computation. We used the local convergence estimates, along with a
dynamically-set local tolerance, to effectively reduced the number of realizations for
a final projection by synthesizing “skipped” model evaluations.

In order to still perform NISP and PSP, we introduced an effective means to
synthesize model data in the so-called skipped regions. Using synthesized data in-
troduced error into our spectral projection and, as such, we used CS-BP/BPDN
and Hybrid-LAR, two examples of more robust solvers, to determine the coefficients.
The CS method relies on a sufficiently large polynomial dictionary and exploits the
sparse nature of the problem to recover a solution. It does not inherently require
the use of the synthesized data. Hybrid-LAR combines least-angle-regression with
regular least-squares regression to improve performance. LAR successively enriches
an active set of input basis terms which we then combined with regression to deter-
mine the coefficients. When computing the regression coefficients, we utilized the
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inherent leave-one-out error to estimate performance and chose the basis with the
lowest error. In order to maintain a full-rank matrix, Hybrid-LAR uses both model
and synthesized data.

We also made use of the estimated coefficients and the aPSP-prescribed sparse
grid to accelerate Hybrid-LAR and CS. The aPSP basis is enriched yielding an
adapted CS basis. In addition, the estimated coefficients may be used to accelerate
CS performance and to determine necessary conditions for recovery by providing a
sparsity estimate. Numerical tests suggest insensitivity to the CS basis provided it is
sufficiently large. The structured nature of the aPSP sparse grids allowed for rapid
determination of an optimal Hybrid-LAR input basis. Numerical tests suggested
that using the full interpolant basis as the input basis yielded superior performance.

We also introduced a suggested set of metrics by which to determine an optimal
«. These metrics are designed to help identify regions where the synthesized data
may be insufficient. We examined how one could use these metrics on the TF2 test
problem and the high-dimensional chemical kinetics model.

We first evaluated the performance of these methods on two model test functions.
We then performed an a priori analysis on HYCOM and the chemical combustion
model from previous chapters. In all cases, we found a small but non-trivial savings
were realized with little loss of PCE fidelity. We examined the direct ways in with
the subsampling improved performance for the 2D model test problem.

The problem-dependence of o represents the most promising avenue for future
improvements. We implemented a local-tolerance selection technique based on the
current state of the entire projection. Alternative and improved selection techniques
are our first priority for improvement on these methods. We also note that a wide
class of problems exist that may be ill-suited to local (as opposed to global) adaptivity
and we want to ensure our tolerance-selection criteria may identify these cases.

There exists many additional promising uses for the techniques presented in this
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chapter; especially in production environments. When computational resources are
particularly constrained, the local error indicators may be used to prioritize resources.
Synthesized data may be used in place of model data until sufficient computations
may be performed and appropriate analyses may be performed in parallel as new
data is computed. In addition, current efforts to quantitfy more complex sources of
uncertainty (to be published elseware) is encountering model instabilities in certain
regions of the paramater space. The methodology presented here may be of particular
use in estimating the effect of insufficient model data and to synthesize the data when

appropriate. Such uses will be presented in future publications.
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6

Summary & Future Extensions

6.1 Summary

Polynomial chaos expansions (1.1) are a useful tool in quantifying and understand-
ing uncertainty. They can serve as a high-fidelity surrogate, and are inexpensive to
evaluate while also providing immediate access to important statistical properties
of the underlying model. We focused exclusively on non-intrusive methods wherein
the PCE coefficients are estimated through an ensemble of model realizations. This
approach allowed us to consider large, legacy solvers without modifying the under-
lying code. In particular, we focused on the Hybrid Coordinate Ocean Model, a
large OGCM and on the subgrid scale parameterizations used in the model. We
also investigated a high-dimensional shock-tube ignition model where we considered
experimental design variables in addition to uncertain parameters.

The primary goal of the work presented in this dissertation has been to develop,
implement and test novel sparse grid algorithms to efficiently and accurately create
a PCE model surrogate. We primarily focused on Non-Intrusive Spectral Projection

which used a sufficiently exact quadrature to project the model response onto the
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span of our PCE basis. Traditional tensor-product quadratures suffer the so-called
curse of dimensionality wherein the number of evaluation nodes scales exponentially
with increasing dimension.

Efforts at adaptive Smolyak quadratures for direct spectral projections were ham-
pered by accuracy requirements to avoid internal aliasing which occurs when the
quadrature is not sufficiently exact to evaluate the inner-product of all polynomial
pairs. This requirement is especially restrictive in an adaptive setting where high-
order monomial terms in one direction would alias low-order terms in another di-
rection. To avoid aliasing, significantly more quadrature nodes (model evaluations)
would be required and/or the resulting basis would be severely constrained.

An alternative to avoid internal aliasing is the Smolyak pseudo-spectral projec-
tion (PSP) introduced in [25]. PSP makes use of a direct application of Smolyak
tensor products to the projection operator instead of the quadrature operator. PSP
effectively allow for the use of arbitrary sparse grids by making the final projec-
tion a combination of aliasing-free, full-tensor, sub-projections. In addition, for any
given sparse grid, PSP allows access to the theoretically polynomial basis, further
improving projection fidelity at no additional computation cost.

Following the work of Conrad and Marzouk [22], we combined the PSP method
with an adaptive Smolyak quadrature algorithm [46] to develop a general adaptive
Smolyak pseudo-spectral projection, aPSP. We enriched our HYCOM realization
database and investigated using aPSP. In addition, we generated a LHS ensemble
of realizations for verification. We utilized an aggressive form of the aPSP algo-
rithm and found significant gain in efficiency. In addition, through access to many
more polynomial terms in our basis (especially monomial terms), we achieved better
accuracy than direct spectral projection on the same realizations.

We next turned our attention to a high-dimensional shock-tube model with 22

uncertain reaction rate constants. In addition to the rate constants, we wished to
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develop a PCE with regard to three design parameters while maintaining control
over convergence in the respective directions. We developed and implemented two
approaches and validated them on a model test function. The first was a nested ap-
proach wherein we performed aPSP for the design parameters (the “outer” space),
and at each realization of that aPSP model, we ran aPSP in the 22 uncertain reaction
rates (the “inner” space). We then proceeded to project the coefficients of the inner-
space into the outer-space yielding a single functional form for the dependence of the
model on both types of variables. The nested approach yielded superior control of
error performance in each disparate space but was inefficient and required many ad-
ditional function evaluations. We therefore developed an alternative approach that
considers the inner and outer spaces as a single product space. We performed aPSP
in this product space but such an application lacked control of convergence in each
particular direction. We developed a Sobol-based decomposition of the aPSP ter-
mination criteria and two methods by which to halt adaptation in a certain group
of directions. The product-space construction allowed for a more sparse represen-
tation and required significantly fewer realizations than the nested algorithm. The
additional directional control and termination allowed us to better control the final
termination and further reduce the required number of model evaluations.

We finally turned our attention to adding local adaptivity to the globally adaptive
aPSP algorithm. The underlying quadratures of the aPSP method do not inherently
allow for any local adaptivity and therefore may have more model evaluations than
necessary in certain areas of stochastic space. As such, we followed the methods
of [88] to exploit the hierarchical nature of the nested quadrature grids and, fol-
lowing [63], incorporated it into our dimensionally adaptive procedure. In order to
perform the required quadratures for NISP, we synthesized model data with lower-
order projections. We also developed a dynamic tolerance formula to control local
adaptivity that changes tolerance based on the state of the adaptation.
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The use of synthesized data introduces error into our otherwise deterministic
models and may reduce the projection fidelity. As such, we recommend and imple-
ment two more robust solvers to determine the PCE coefficients: compressed sensing
(with basis pursuit denoising) and hybrid least-angle regression. Compressed sensing
seeks to exploit the inherent (assumed) sparsity of the signal to determine the PCE
coefficients using a large polynomial dictionary. We performed compressed sensing
with a modified approach to that of [35, 53] to ascertain the PCE coefficients with or
without the use of synthesized data. We followed [9] in using a hybrid approach of
least-angle-regression, a basis identification algorithm, with standard least-squares
regression to determine the PCE coefficients. Numerical tests suggested that we may
exploit the structured nature of our realization stencil to achieve an optimal input
basis for the Hybrid-LAR algorithm.

We applied the subsampled aPSP along with CS-BPDN and Hybrid-LAR to two
test problems to validate and verify their behavior. We then performed an a priori
analysis of the existing HYCOM (with a less aggressive form of the aPSP than
that used earlier) and the shock-tube experiment. We found that for the optimal
local tolerance, we could realize a small but non-trivial reduction in computation
costs while maintaining sufficient PCE fidelity. We developed and presented a few
quantities to help select the optimal local tolerances. We also investigated if loss
of fidelity was due to subsampling (local adaptivity) or a side-affect of the modified
final sparse grid.

In addition, we found that CS-BPDN and Hybrid-LAR performed well for some
test problems. With the exception of the high-dimensional shock-tube experiment,
the alternative PCE solvers were able to further reduce the error on the subsampled
grids. In the shock-tube experiment, we found the PSP with synthesized data to

perform most accurately.
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6.2 Future work

The methods presented in this document leave open many avenues for future work
and extension. In Chapters 4 and 5 we extended the aPSP algorithm with directional
control and local adaptivity. We added directional control by developing techniques
to decompose the error estimators and we added local adaptivity in part by imple-
menting methods to estimate local errors. In the work presented, we used these new
quantities prognostically; whether to terminate adaptation in a specific direction or
to indicate that we may synthesize data in certain regions. Perhaps the most im-
mediate avenue for extensions of the work presented is to instead incorporate these
quantities for diagnostic purposes. These quantities can be used to validate the final
results or to perform analyses on types of uncertainties.

As we noted in Chapter 5, the subsampled adaptation may deteriorate the quality
of the PCE surrogate slightly but that is due to the smaller projection index and not
necessarily the use of synthesized data (when reprocessed with CS-BPDN or Hybrid-
LAR). Alternative local tolerance selection methodology that does not restrict the
quadrature index (.£) but still allows for appropriate subsampling may improve
performance. This is an active area of future extension.

Future extensions of these methods may come from the combination of those
presented here along with newer dimensional reduction techniques. An active and
exciting area of research is active subspaces where the coordinate system may be
transformed to align with directions of greatest change and can effectively reduce
dimension. Combining the transformed coordinates with these adaptive methods
may further reduce computational costs. See [24, 23] for more details on active-
subspace methods.

A particularly interesting result we found during the subsampling investiga-

tion (Chapter 5) is the performance of Hybrid-LAR and BPDN for regular (non-
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subsampled) sparse grids. It would be particularly interesting to generalize this
result to wide classes of problems; not simply those presented here. Furthermore,
the numerical evidence of the insensitivity to polynomial dictionary for BPDN on
sparse grids is particularly interesting as the choice of optimal polynomial dictio-
naries has been a difficult challenge in the past [64]. Extending this result to other
polynomial families and other types of grids may prove particularly useful for both

accelerating the computation of coefficients and improving performance.

139



Appendix A

Elementary Introduction to Smolyak Quadrature

A.1 Introduction

This is a tutorial designed to demonstrate how Smolyak quadrature [116] works
and to augment Section 2.3.1. It is designed to provide an intuitive feel and is not
intended to be a full treatise on the matter. It is assumed, though not required, that
the reader have some understanding of quadrature in one-dimension and an idea of
quadrature in multiple dimensions.

We will attempt to give an intuitive feel for Smolyak quadrature based on any
one-dimensional rule. We will also include brief asides describing certain facets of the
construction. We will try to emphasize ideas with examples rather than mathematical
formalisms whenever possible.

We are also intentionally omitting a discusion of 1D quadrature rules. It is up to
the reader to select an appropriate rule. The only caveat is that selecting a nested
rule (see Section A.2.2) will greatly reduce the number of nodes.

Most other Smolyak quadrature tutorials only introduce the “traditional” form,

but in this work we introduce Smolyak quadrature as a flexible construction that
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may be tailored to a particular problem. Much of this material is adopted from [47]

and [22].
A.2 1D Quadrature

Quadrature seeks to approximate a weighted definite integral as a weighted sum of

function evaluations as follows:
b N
| @~ ¥ i
a i=1

where f(z) is the function which we are integrating and w(x) is the integral measure
(usually constant). The integral is approximated as a sum of N functional evaluations
at the z-location nodes, x;, multiplied by an associated weight w;. The location of
the nodes and value of the weights will depend on the choice of 1D rule. The bounds
(a and b) and the integral weight, w(z), dictate the appropriate choices of 1D rule.
See [47] for more details on choosing a 1D rule.

An example is the level three Gauss-Patterson-Kronrod rule is presented in Figure

Al

F1GURE A.1: Level three Gauss-Patterson-Kronrod node locations. In this case, a
and b are finite and w(x) is constant.

We call the 1D rule Q. Therefore, what is plotted in Fig. A.1 is Q3.
A.2.1 A Note on Fractness

All 1D rules have an associated polynomial exactness — The order of a polynomial

for which the integral will be exact to machine precision.
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For example, a level three Gauss-Patterson-Kronrod rule has seven points and
an exactness of 11. Therefore, it will integrate SZ (co + 1w + ... + 102! + eppztt) do
exactly to machine precision.

In this tutorial, we will use Gauss-Patterson-Kronrod 1D rules when appropriate.

See Table A.1 for a description of the exactness.

Table A.1: Level, polynomial exactness and number of nodes for one-dimensional
Gauss-Patterson-Kronrod quadrature [98, 14]. We note that, unlike traditional Gaus-
sian quadratures, the nodes are nested but the resulting rule is less exact.

Level, ¢ | Number of points | Polynomial Exactness

1 1 1

2 3 5

3 7 11
4 15 23
5 31 47
6 63 95
7 127 191
8 255 383
9 511 767

We note that polynomial exactness is not the sole measure of a quadrature’s accu-
racy. Some quadrature rules such as Clenshaw-Curtis [21] exhibit lower polynomial
exactness but often perform better for a non-polynomial function. See [126] for more

discussion.
A.2.2 Nested Rules

Nested 1D rules are ones in which increasing the level of the quadrature reuses
previously computed points. See Figure A.2 for an example of nested rules and
non-nested rules.

There is a cost to using a nested rule. A 15-point Gauss-Patterson-Kronrod rule
has polynomial exactness of 23 whereas a 15-point non-nested Gauss-Legendre rule

has a polynomial exactness of 29.

142



[ ]

*—e

[ ]
*—eo—o
[ ]

*—e

[ ]

— 2
—g—}§

At

(a) Nested (Gauss-Patterson-Kronrod) (b) Non-Nested (Gauss-Legendre)
F1GURE A.2: Example showing how nodes overlap when increasing quadrature level.
In (a), a nested rule (Gauss-Patterson-Kronrod). In (b), a non-nested rule (Gauss-
Legendre). Notice how most nodes in the Gauss-Legendre rule do not align. Note
that Gauss-Patterson-Kronrod rules only exist for certain number of points (see
Table A.1) but Gauss-Legendre rules can be define for any N. Plotted in (b) is
Gauss-Legendre rules for the same N as the corresponding Gauss-Patterson-Kronrod
rule.

It will become clear in Section A.4 why it is important in Smolyak quadrature to

use a nested rule.
A.3  Multi-Dimensional Quadrature (full-tensor)

Multi-dimensional quadrature is traditionally created with a tensor-product. Math-
ematically, this looks like
Qf = Q, ®...QQy,

It can be thought of as combining each point in both x and y. The weights are then

the product of the 1D weights. For example, consider a 2 point rule:

r = {r1,x2}

w = {w,ws}
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The resulting 2D quadrature stencil has 4-points:

(z,y) = {(z1,21), (1, 22), (¥2,71), (¥2, 72) }

w = {(w*wr), (W *wa), (wy = wy), (W *ws)}

Graphically, this is seen in Figure A.3, again for Gauss-Patterson-Kronrod 1D rules.

Note that levels can combine anisotropically — different levels in different directions.

€= (3,3) €=(3,2) €=(2,4)

FIGURE A.3: Schematic example of 2D quadrature realizations from the tensor-
product of 1D Gauss-Patterson-Kronrod rules. The number of nodes along a partic-
ular direction are based on the level, ¢; and the corresponding number of 1D nodes
from Table A.1. The resulting quadrature stencil may be anisotropic.

A.3.1 Multi-Dimensional Accuracy

The multi-dimensional accuracy of a full-tensor quadrature is based on the 1D rules.

For example, in 2D, the accuracy of £ = (3, 3) is up to 11" order for Gauss-Patterson-
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Kronrod in both x and y. That means that it will integrate

Jf( €0,0 + C1,0T + Co1Y + C1,12Y + ...+

1 11

C10,0T 0 + C11,0T + ...+
10 11

Co,10Y + Co,11Y + ...+

10, 10 11, 11
C10,10T" Y~ + Ty )dxdy

correctly to machine round-off precision (usually O(10719)).
Figure A.4 graphically plots the ezactness set of the rules in Fig. A.3.

Polynomial Exactness

25 25 25
20 20 20
15 15 15
£ &£ <
10 10 10
5 5 5
0 0 0
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
k1 k1 k1
0= (3,3) £=(3,2) 0—(2,4)

FIGURE A.4: Schematic example of 2D tensor-product quadrature accuracy corre-
sponding to Figure A.3. The circles represent polynomials that can be integrated
exactly.

A.8.2 Scaling Issues

The reason for considering alternative quadratures such as Smolyak, is the scaling
issues with multi-dimensional quadrature. For a 1D rule with n points, the corre-

sponding full-tensorized rule in d dimensions has

N =nd
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points. This curse of dimensionality is prohibitive for all but the simplest systems.
Furthermore, in many applications, high monomial accuracy is needed however the
high mized-term accuracy is not necessary.

This motivates the need for an alternative quadrature; one that scales well and
has a more appropriate accuracy profile.

See Figure A.5 for an example of how full-tensor quadrature scales compared to
Smolyak quadrature. Note that both curves exhibit the same monomial accuracy.

That is, ability to, for example, integrate high powers of x or y but not zy.

10"

—e— Full-Tensor
—a— Traditional Smolyak

1010

10°

10“‘
5 10 15
Dimensions

FIGURE A.5: Dimensional scaling for full-tensor quadrature (blue) and Smolyak
quadrature (red). Note that both quadratures have the same accuracy for monomial
terms.

A.4 Smolyak Quadrature

In this section, we will outline Smolyak quadrature. We will begin with a mathe-
matical overview and then discuss the quadrature multi-index. We will then provide
an alternative formulation and explain the notion of a Smolyak coefficient. Finally,

we will provide an example that aims to make the algorithm more intuitive.

146



A.4.1 Formulation

The basis of Smolyak Quadrature is to define the quadrature operator as a telescoping

sum. Since quadrature is linear, we can write the following:
‘
Q=) Q—Qn
I=1

where we define Qg = J. Alternatively, let
Ap=Q — Q1
leading to

¢
Q=N
=1

Now we look at multi-dimensional quadrature. The following demonstrates the key

aspect of Smolyak Quadrature.

Q) = Q,®..0Q,
01 Ly
= DY A®.LR YA,
k=1 j=1

41 4
- Y Y (M@ e = Y (A @ ®A)
k=1 j=1

leZy”

The last line of the equation is the key formulation to Smolyak Quadrature where the

ordering of the tensor-product and the summation operations are exchanged. The

summation operation is also represented with a multi-index (see Section A.4.2).
Thus, we reduce the single full-tensor quadrature to a summation of full-tensor

rules. This is demonstrated in Fig A.6.
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(a) Single quadrature, I = (4,4) (b) Full-tensor Smolyak quadrature
FIGURE A.6: Visual example of a single quadrature and the Smolyak quadratures.
When built on nested quadratures, the end result is identical.

An advantage of Smolyak quadrature is that we now have the flexibility to trun-
cate the sum and include fewer mixed quadrature rules. This may be more clear
when we discuss the multi-index — a summation index that replaces the multiple
summations.

Since the Smolyak algorithm relies on the nested sum of different quadrature
levels, using nested rules allows the reuse of function evaluations from lower-level
quadratures. Using Smolyak quadrature on non-nested rules will often mitigate any

savings.
A.4.2 Aside: Multi-Index

The multi-index is a convenient notation for the multiple summations and it is key

to “tuning” the quadrature. For example, if we have two summations as follows:

3

3
ZZ Q;; = Q11 + Qo1 + Q31 + Q12 + Q22 + gz + a3 + Ag3 + ass
i=1j=1

We can replace the notation of the multiple sums as follows
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Where & is the multi-indexr. In this case, we define £ as follows:

< = {1,1},{2,1}, 3,1}, {1, 2}, {2, 2}, {3, 2}, {1, 3}, {2, 3}, {3, 3}}

In 2D, this is easy to plot graphically as in Fig. A.7.

4

4

FiGURE A.7: Graphical illustration of a full-tensor multi-index, .Z.

The key is that we can rearrange this multi-index into any order, and we can
truncate it as long as it remains admissible (explained below). For example. If we
rearrange .Z to be sorted by total level and we require the total level be < 4, we

have the following. Take note of the order of the indices.

2 = {{1,1},{2,1},{1,2}, {3, 1}, {2, 2}, {1, 3}}

Graphically presented in Fig A.8. This multi-index is truncated by total order. We

4

1 2 3 4

F1GURE A.8: Graphical illustration of multi-index . truncated by total level 3.

can plug this truncated .Z into the Smolyak summation to get a Smolyak Quadrature.
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Admissible Indices

Admissibility is the only requirement for a Smolyak multi-index. Mathematically, it

is the requirement that
l—éjeg fOI'lgjgd,lj>].

Where &; is a unit vector in the j* direction' and d is the dimension. In words,
this means that each index be “supported” in all directions. This is demonstrated

graphically in Fig. A.9.
A.4.8 Multi-Index Truncations

We have establish the form of a Smolyak Quadrature:

Q= > (A, ®..®A,)

le’

where .7 is a multi-index that serves as the key tuning parameter for the quadrature.
By selecting different types of multi-indices, one can set the accuracy. (This will be
demonstrated later). We will now give an overview of a few common . options in
Table A.2.

Important Note: The exact definitions here assume the lowest order is § = 1.

Care must be taken for certain truncation definitions if g # 1.
A.4.4 Smolyak Coefficient

Recall the basic form of Smolyak Quadrature is

QZ{ = Z (All ® ... ®Ald>

e

However, we can rewrite this as follows:

Qf = Z a(Q,®..®Q,)

les

! Example: For 4 dimensions, &3 = {0,0,1,0} and I = {2,1,5,3} — &3 = {2,1,4,3}
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Table A.2: Examples of different multi-index truncations. Plotted are examples in
2D with the lowest level § = 1. See Appendix C for further discussion of hyperbolic

multi-index truncations.

Multi-Index

Description

Example

Full Tensor

Equivalent to not using Smolyak quadra-

ture (see Section A.4.4).

ly

=N W e Ot

1 23 456

£=(2,3)
6
Traditional total-order multi-index of 5
.
glanic af{l Smolyak quadratures. It is isotropic — the ;
motya same in all directions. 1

123456
kL

Anisotropic &

Allow for anisotropy (with £) and num-
ber of mixed terms (gq), starting at 5. See

Appendix C for more detail. Note, if all

D

ot

by

—= N W

tion 3.3 (applied to an operator other than

quadrature)

Hyperbolic l; =(, q =1, and § = 1, it reduces to
123456
. h
(Classical Smolyak = (3,6)
Any multi-index that is admissible (de-
6
scribed elsewhere) may be used.  The 5
4
Arbitrary multi-index may be built adaptively. | = 3
and/or Adap- 2
tive See [46] for an adaptive algorithm or Sec- !

L
Arbitrary
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Admissible Not Admissible

FIGURE A.9: Examples of admissible and non-admissible multi-indices. In (b), the
{2,4} index is not supported by a {2,3} index and in (d), it is not supported by a
{1,4} index. Figure adapted from [76].

where ¢; is a Smolyak coefficient. The Smolyak coefficient is found by tracking which
tensor products are incremented and decremented in the A-type construction [22].

It is best seen with a simple example. Consider

L= {{1,11,12,1), (1,2} L
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Therefore:

Z (AL ®...QA,L) = (A1 ®A]) + (A2 ®A)) + (A1 ®Ay)
e’

Now look at each tensor product. Recall A} = Q; — Qo = Q1 — & = O

hidi®@A =

l2: 00®@A1 = (Q—Q1)®Q
- QU -QU®Q|
I3: A1®@A; = Q®(Q2— Q1)

= ‘Q1®Q2—Q1®Q1‘

Combining all of the boxed tensor-products and simplifying, we find

SN (AL ® .. @A) =~ (QOQ) +(QEQ) + (Q®Qy)

les

Therefore the Smolyak coefficients are as follows:

1T = —1
Cy = +1
C3 = +1

This is illustrated in Figure A.10.
One note of particular importance, Y}, ¢; = 1 for the telescoping to work properly.

If the sum does not equal one, it may suggest an inadmissible multi-index.
2D examples of Smolyak Coefficient

Figure A.11 graphically plots the Smolyak coefficients for 2D multi-indices. Notice

that for Fig. A.11(a), all of the coefficients are zero except for the largest multi-
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F1GURE A.10: Graphical illustration of the Smolyak coefficient. The number in the
box is the corresponding coefficient.

index. This demonstrates that a full-tensor multi-index is equivalent to a normal,
tensor-product-based quadrature.

In more than two dimensions, the values will not simply be ¢; = 0, £1. Also, note

that all —1 indices fall on the intersections of +1 [22].

ly

=N W e OO

Iy

=N W e Ot O

123 45 6 1 2 3 456
ll ll

(a) Full Tensor (b) Traditional Smolyak (c) £=(3,6)

by

—= N W e OO

=0 W Ol D~ 00

1 23 456
Iy h

(d) Arbitrary (small) (e) Arbitrary (large)

12345678 9101112131415

FiGURE A.11: Graphical illustrations of the Smolyak coefficients for various trun-
cation in 2D. The values inside the box represent the Smolyak coefficient.

We also note that many ¢; = 0. This may be used to accelerate the computation
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of a Smolyak quadrature rule.
A.4.5 Visual Example of Smolyak in 2D

We now want to visualize the combination of full-tensor rules in Smolyak quadrature.
As demonstrated, it is a weighted sum of full-tensor (those discussed in Section A.3)
quadratures. The weights are the Smolyak coefficients

For example, consider:

Z = {{17 1}7 {27 1}’ {1’ 2}’ {37 1}7 {27 2}7 {173}}

The resulting realization-stencils and accuracy sets are the union of those for each

multi-index. This is visualized in Figure A.12.
A.5 Conclusion & Further Reading

This tutorial hopefully provided a clear understanding of Smolyak quadrature in an
intuitive way. At its core, the Smolyak algorithm allows one to represent a tensor-
product as a summation that can then be truncated as needed or desired.

We direct the reader to [47] for a particularly formal but easy-to-understand
introduction to sparse grids including a discussion of error bounds. For adaptive
Smolyak quadrature, we direct the reader to [46] where an algorithm is presented to
build .Z based on the surplus of each full-tensor quadrature. A similar algorithm for
other uses is employed elsewere in this document. For an in-depth discussion on the

choice of 1D quadrature rules, we direct the reader to [126].
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Appendix B

Global Sensitivity Analysis

B.1 Sensitivity Indices

Consider F': £ € = — F(Z) € Ly(Z), where € = (& - - - &) is a vector of d independent
real-valued random variable with joined density p. Let D = {1,--- ,d} and for ue D
denote [u| = Card(u) and u. = D\u, such that uvu. = D, unu. = . Givenu e D
we denote &, the sub-vector of § with components (&, -+ - §u, ), 50 € = (§u€u.). Under

the stated assumptions, the function F'(§) has a unique orthogonal decomposition of

the form [57]

F(&) =) ful&), {(fufoy=0ifu#0. (B.1)

ueD

The functions f, can be recursively expressed as [117]

ful&) =E{F | &} = ) fol&),

veD
vCu

where E { F'| £,} is the conditional expectation of F' given &,, namely

E{F| &) = f F(€ubu)p(En ).
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The decomposition (B.1) being orthogonal, the variance of F', V{F'}, is decomposed
into

V{F} = Z Vu> Vi = V{fu} (BZ)
et

The partial variance V;, measures the contribution to V{F'} of the interactions be-
tween the variables &,. Since there are 2¢ such partial variances, the sensitivity
analysis is usually reduced to a simpler characterization, based on first and total-
order sensitivity indices associated to individual variables &; or group of variables &,,.
The first-order, S,,, and total-order, T,, sensitivity indices associated to &, are given
by [58]

V{F}su= ) Vo= V{E{F| &}, (B.3)

veD
vCu

V{FIT = ), Va=V{F}-V{E{F| &.}}. (B-4)

veD
vNu#Q

The first-order index S, is then the fraction of variance that arises due to the indi-
vidual variables in &, and their mutual interactions, only; the total-order sensitivity
index T, is the fraction of the variance arising due to the variables in &, their mu-
tual interactions and all their interactions with all other variables in &, _. Clearly,

Sy <Ty,and T, =1—8,_[58].
B.2 Sensitivity Indices of PC Expansion

The partial variances and sensitivity indices of F' can be easily computed from the

PC expansion of F|,
F(&) ~ ) fuli(8),

ke
where K is the multi-index set of polynomial tensorizations. Owing to the linear
structure and polynomial form of the PC expansion, one can easily partition K into
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distinct subsets K, contributing to the PC expansion of f,(&,) [122, 26]. Specifically,

the PC approximation of f, is

(&u) ~ Z feVr(&), Ky={keK;kicicg>0ifieu kicicq=0if i ¢ u}.
kelCy

Observe that Kg = {0---0}. Then, Vu e D,u # &, we have V ~ 3, fr, while

the variance of F' is approximated by

V{F}~ ), fi
kGK\K@
The approximations for the first and total-order sensitivity indices S, and T, can be
easily derived through (B.4), by taking the corresponding unions of subsets IC,. For

instance, in the case of singleton u = {i}, we have

S 12, KSy ={kelk;k;>0,kjz =0}, B.5
iy ¥ V{F} k% k {i} { j# } (B.5)
keICT

The subsets of PC multi-indices for first and total-order sensitivity indices are illus-

trated in Fig. B.1 for a simple example with d = 2.
B.3 Monte Carlo Estimates of Sobol Indices

For validation purposes, we need to estimate the sensitivity indices of functions F
without an available PC expansion. For these estimations we rely on the Monte
Carlo method proposed in [118].

Consider two independent random sample sets @’ and !/ of M realizations of &:

:BI = {517(i)7i = 17 7M}a wII = {511’(i)7i = 17 7M}
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2
O =N W e O
°

FIGURE B.1: Schematic example in d = 2 dimensions of the subsets of PC multi-
indices K, and Ky, for the first-order (red) and total-order (blue) Sobol-sensitivities
of &;. The points represent the muti-index k € K.

The computation of the first-order sensitivity index S, amounts to the evaluation
of the conditional variance V { F'| &,}, which can be estimated from the following

average [118]
M
V{F| &} +E{F)’ = lin Z (&VEOFEVEY).  (BT)

Introducing the classical (!-)sample estimator for the mean and variance of F,

BUF) ~ 3 LFE), T = 57 33 (Fe) - B 1)

the Monte Carlo estimator of the first-order sensitivity index is

M

A 1 1 , A A A —2
Su = — F l{v(z) {17(2) F 1117(1) 111[7(1) — E F .
= (M;_l: (gL F(EL g ) B })
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A similar expression can be derived for the estimation of the total-order sensitivity

index T,, by using the relation T,, = 1 — S,,_ [58]. This results in

A _ 11,6 2
T, =1- V{F}( EF VE(ESVE) — E{F}>-

It is seen that the MC evaluation of the sensitivity indices requires M evaluations
of F (for the elements of «’), and M new function evaluations for each S, or T,. In
particular, the MC estimation of the first and total-order sensitivity indices of the d

input variable requires a total of (2d + 1) M model evaluations.
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Appendix C

Hyperbolic Index Sets

C.1 Anisotropic Index Sets

Traditionally a PCE is truncated by the total order of the expansion [49, 76| such

that, the polynomial multi-index K, with d dimensions, may be represented by

d
KP = {keNg\Zki<p}.

i=1
For such a truncation, the number of terms in the expansion is given by [49]

(d+ p)!

(P1) = 0

The total order truncation is isotropic and includes all mixed terms such that the
total order of the expansion is < p.
Anisotropy may be induced through the use of a weighting summation of the

form
d
=1
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where v; > 0. However, such a formulation removes the notion of the total-order for

particular v; > 1 or v; < 1. An alternative is based on the following index sets:

P {kzeNd]Zp \} (C.2)

where € ~ 107 allows for index-sets with p; = 0. When all p; = p, the form of
KCP immediately reduces to the isotropic, total-order truncation. In each direction
p; represents the maximal term in the ¥ direction. For a PCE, p; represents the
highest monomial term in the i** direction.

Schematic examples of isotropic and anisotropic index-sets are in Fig. C.1(top
row) and Fig. C.2(a).

By construction, KP begins at zero (representing the constant term of a PCE)

however, it may be extended to begin at any integer 3 as follows:

- from 2 o)

Such a representation may be used to define the index set for Smolyak quadrature

(see Section 2.3.1) or aPSP (see Section 3.3.1).
C.2 Hyperbolic Anisotropic Index Sets

For isotropic index-sets, mixed terms up to a total order are all included. However,
it may be advantageous to limit the inclusion of mixed terms; especially when high-
order monomial terms are desired.

In [7] an anisotropic, hyperbolic truncation is suggested again using a weighted
summation like that of Equation (C.1). However, we again prefer a form that is

weighted by the maximal order of the index set as in Equation (C.2). We implement
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an anisotropic truncation strategy with the g-norm of the index as follows:

d k. q 1/q
kPt = { ke N (Z (p + ) ) <1 (C.3)
: i €

=1

Again, KP? may be extended to begin at integer (3

i=1

d ki — B q\ Y4

When ¢ = 1, the original form of KP is recovered and when ¢ = 1 and all p; = p, the
traditional total-order truncation is again recovered.

Furthermore, a ¢ > 1 value may be used (though no longer “hyperbolic”) to
admit many more mixed terms. As ¢ — o0, a “full-tensor” index-set is recovered.

Schematic examples of isotropic and anisotropic index-sets with different ¢ values
are in Fig. C.1 for two dimensions. In Fig. C.2 are isotropic hyperbolic sets with
different ¢ values for three dimensions. Figure C.2(d) demonstrates how a low ¢ value
may severely restrict mixed terms as no index with £ > 0 in all directions is added.

The exclusion of mixed terms greatly reduces the final size of the basis as seen in
Fig. C.3 where, especially for higher dimensions, the cardinality of the basis becomes

prohibitively large.
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FiGURE C.1: Schematic example of hyperbolic truncated index-sets. Top row with

1.0 represents traditional, non-hyperbolic truncations. The first and third col-
umn represent isotropic index-sets. The middle column represents anisotropic trun-

q —
cations.
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FiGure C.2: Schematic demonstration of hyperbolic index-set truncation for p

= 3. Notice in (d), mixed-indices are admitted between any two

sets of inputs but are not present for a combination of all three directions.
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