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Abstract

Zeroth-Order (ZO) methods have been widely used to solve black-box or simulation-

based optimization problems. These problems arise in many important modern day

applications including generating adversarial attacks on machine learning systems or

learning to control systems with complicated physical structure or humans in the loop.

In these problems, the objective function to optimize does not have an explicit math-

ematical form and therefore its gradient cannot be obtained. As a result, traditional

gradient-based optimization methods cannot be applied to solve these problems. In-

stead, ZO methods approximate the gradient by using the objective function values.

Many existing ZO methods adopt two-point feedback to approximate the unknown

gradient since this feedback scheme has low estimation variance and results in fast

convergence speed. Specifically, two-point ZO methods estimate the gradient at the

current iterate of the algorithm by querying the objective function value twice at two

distinct neighboring points around the current iterate. However, two-point feedback

is not possible or difficult to implement when the objective function is time-varying,

or when multiple agents collaboratively optimize a global objective function that de-

pends on all agents’ decisions, because the value of the objective function can be

queried only once at a single decision point. In this case, one-point ZO methods can

be used which are known though to produce gradient estimates with large variance

that slows down the convergence.

In this dissertation, we propose a novel one-point ZO method based on residual

feedback. Specifically, the residual feedback scheme estimates the gradient using the

residual between the values of the objective function at two consecutive iterates of

the algorithm. When optimizing a deterministic Lipschitz function, we show that

the query complexity of ZO with the proposed one-point residual feedback matches
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that of ZO with the existing two-point schemes. Moreover, the query complexity of

the proposed algorithm can be improved when the objective function has Lipschitz

gradient. Then, for stochastic bandit optimization problems, we show that ZO with

one-point residual feedback achieves the same convergence rate as that of the two-

point scheme with uncontrollable data samples.

Next, we apply the proposed one-point residual-feedback gradient estimator to

solve online optimization problems, where the objective function varies over time.

In this case, since each objective function can only be evaluated once at a single

decision point, existing two-point ZO methods are not feasible and only one-point

ZO methods can be used. We develop regret bounds for ZO with the proposed one-

point residual feedback scheme for both convex and nonconvex online optimization

problems. Specifically, for both deterministic and stochastic problems and for both

Lipschitz and smooth objective functions, we show that using residual feedback can

produce gradient estimates with much smaller variance compared to conventional one-

point feedback methods. As a result, our regret bounds are much tighter compared to

existing regret bounds for ZO with conventional one-point feedback, which suggests

that ZO with residual feedback can better track the optimizer of online optimization

problems. Additionally, our regret bounds rely on weaker assumptions than those

used in conventional one-point feedback methods.

The proposed residual-feedback scheme is next extended to solve distributed pol-

icy optimization problems that arise in multi-agent reinforcement learning (MARL).

Existing MARL algorithms often assume that every agent can observe the states

and actions of all the other agents in the network. This can be impractical in large-

scale problems, where sharing the state and action information with multi-hop neigh-

bors may incur significant communication overhead. The advantage of the proposed

zeroth-order policy optimization method is that it allows the agents to compute
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the local policy gradients needed to update their local policy functions using local

estimates of the global accumulated rewards that depend on partial state and ac-

tion information only and can be obtained using consensus. Specifically, one-point

residual-feedback significantly reduces the variance of the local policy gradient es-

timates compared to using conventional one-point feedback, improving, in this way,

the learning performance. We show that the proposed distributed zeroth-order policy

optimization method with constant stepsize converges to a neighborhood of the global

optimal policy that depends on the number of consensus steps used to calculate the

local estimates of the global accumulated rewards.

Finally, to address situations where the agents do not have access to a global

clock that they can use to synchronize their updates, we propose an asynchronous

zeroth-order distributed optimization method that relies on the proposed one-point

residual feedback gradient estimator. We show that this estimator is unbiased under

asynchronous updating, and theoretically analyze its convergence.

We demonstrate the effectiveness of all proposed algorithms via extensive numer-

ical experiments.

All contents presented in this dissertation have appeared in the papers1–4.
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Chapter 1

Introduction

1.1 Motivation

Zeroth-Order (ZO) optimization methods have been widely applied to solve machine learn-

ing and control problems, where the gradient of the objective function cannot be computed,

either because the target system is a black box5;6, or the mathematical formulation of the

objective function is too complicated to write down7;8. Such problem arises in many practi-

cal applications. For example, in the human-in-the-loop trajectory planning problem6, the

objective is to find the trajectory to navigate the robot through a crowd of people so that

the robot create the least disturbance to human’s works. However, human’s preference for

the robot trajectory is unknown a priori. e.g., their positions and how far they would like

the robot to be away from them are black box to the robot. The only information the robot

can obtain is the number of complaints received from the people who are affected by the

robot when it follows a certain trajectory. It is desirable to use such information to find the

robot trajectory that results in the fewest number of complaints. Another example is learn-

ing to control the heating, ventilation and air conditioning (HVAC) system in a building8.

The goal is to find the best control policy for the switches of the HVAC system so that

the temperature in the building is maintained in a comfortable zone. However, the effect

of turning on and off the switches on the air temperature is governed by partial differential

equations with complicated boundary conditions given by the structure of the building,

which is impossible to model using mathematical formulations, and therefore traditional

optimal control methods cannot be applied. On the contrary, it is easy to obtain the total

duration when the temperature of the building is out of the desriable range given a fixed

control policy. And we would like to use such information to find the optimal control policy.

A common feature for the above problems is that only the values of the objective
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function at certain decision points can be used to find the optimal solution. Such problems

fall into the research of derivative-free optimization9. ZO optimization methods are among

one of the most popluar derivative-free optimization approaches. Specifically, ZO methods

randomly select one or multple points around the current iterate, and use the values of the

objective function at these points to estimate the gradient at the current iterate. Then, the

ZO gradient estimate is used in the same way as in the gradient-based optimization methods.

Other derivative-free methods, e.g., ellipsoid approach10 and model-based approach11, also

exist. However, the analysis of these approaches are usually more involved. In addition, the

theoretical guarantee of these methods have poor dependency on the problem dimension.

Furthermore, these methods are not easy to be extended to more challenging optimization

problems, e.g., non-stationary optimization or distributed optimization settings. On the

other hand, ZO methods approximate the gradient-based algorithms. Therefore, similar

to the works where gradient-based optimization methods are extended to solve the non-

stationary and distributed optimization problems, ZO methods can also be applied to these

settings in a similar way. For these reasons, we focus on studying ZO optimization methods

in this dissertation.

Existing ZO methods can be divided into two categories, namely, ZO with one-point

feedback12 and ZO with two-point feedback13. Specifically, ZO with one-point feedback

estimates the gradient using the value at a single decision point at each iteration, while ZO

with two-point feedback uses the values at two distinct decision points. It is well known that

ZO with two-point feedback finds the optimal solution much faster than ZO with one-point

feedback9, because the ZO gradient estimates with two-point feedback enjoy much lower

variance than those with one-point feedback. Therefore, in the last few years, most of the

research community have focused on analyzing the two-point ZO methods and designing

new algorithms based on the two-point ZO estimators to solve more challenging settings.

However, it remains unknown for years whether it is possible to design a one-point ZO

method, which only requires the value of the objective function at a single decision point,

to achieve comparative performance to the two-point ZO methods9;14.
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Finding such competitive one-point ZO method is not only of theoretical interest. This

is because the existing two-point ZO methods can be infeasible or difficult to implement

in many practical problems. For example, in the online optimization problems where the

objective function varies over time, it is impossible to obtain the values of the same objective

function at two distinct decision points as required by the two-point ZO methods, if the

evaluation of each decision point takes some time. Another example is that when multiple

agents collaborate to find the optimal solution to a global objective function that depends on

all their actions. In this case, each evaluation of the objective function requires all agents to

synchronize to perturb their current decision. Therefore, distributed optimization methods

based on two-point feedback require synchronization twice per update, while the ones based

on one-point feedback only require synchronization once per update. Furthermore, when

the agents conduct local updates in an asynchronous way, two-point ZO methods become

infeasible. This is because when a local agent conducts two consecutive evaluations of the

objective function at two decision points, the other agents in the network may have updated

their local decision variables, making the local agent’s objective function vary over these

two evaluations. Therefore, it is desirable to implement a one-point ZO method in above

settings, if such one-point ZO method can be shown to have comparable performance to

that of the two-point ZO methods.

1.2 Contents and Background

In this section, we discuss the contents in each chapter and the existing literature that are

relevant to each chapter.
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1.2.1 A New One-Point Residual Feedback Zeroth-Order Or-

acle

In Chapter 2, our goal is to solve the following generic optimization problem

min
x∈Rd

f(x), (P)

where x ∈ Rd corresponds to the parameters and f denotes the total loss. Using zeroth-

order information, i.e., function evaluations, first-order gradients can be estimated to solve

the problem (P).

Existing zeroth-order optimization algorithms can be divided into two categories, namely,

ZO with one-point feedback and ZO with two-point feedback.12 was among the first to pro-

pose a ZO algorithm with one-point feedback, that queries one function value at each

iteration to estimate the gradient. The corresponding one-point gradient estimator ∇̃f(x)

takes the form 1

(One-point feedback): ∇̃f(x) =
u

δ
f(x+ δu), (1.1)

where δ is an exploration parameter and u ∈ Rd is sampled from the standard normal distri-

bution element-wise. In particular,12 showed that the above one-point gradient estimator

has a large estimation variance and the resulting ZO algorithm achieves a convergence

rate of at most O(T−
1
4 ), which is much slower than that of gradient descent algorithms

used to solve problem (P). Assuming smoothness and relying on self-concordant regular-

ization,16;17 further improved this convergence speed. However, the gap in the iteration

complexity between ZO algorithms with one-point feedback and gradient-based methods

remained. In order to reduce the large estimation variance of the above one-point gradient

estimator,13;15;18 introduced the following two-point gradient estimators

(Two-point feedback): ∇̃f(x) =
u

δ
f(x+ δu)− f(x),

or
u

2δ

(
f(x+ δu)− f(x− δu)

)
, (1.2)

1In12, the estimator is ∇̃f(x) = du
δ f(x+ δu) where x ∈ Rd and u is uniformly sampled from a unit

sphere in Rd. In this section, we follow15 and sample u from the standard normal distribution.
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that have lower estimation variance and showed that ZO with these two-point feedbacks

achieves a convergence rate of O( 1√
T

) (or O( 1
T ) when the problem is smooth), which is

order-wise much faster than the convergence rate achieved by ZO algorithms with one-

point feedback.

The literature discussed above focuses on deterministic optimization problems (P). Nev-

ertheless, in practice, many problems involve randomness in the environment and parame-

ters, giving rise to the following stochastic optimization problem

min
x∈Rd

f(x) = Eξ[F (x, ξ)], (Q)

where only a noisy function evaluation F (x, ξ) with a random data sample ξ is available.

ZO algorithms have also been developed to solve the above problem (Q), e.g.,7;14;19–21. In

particular,7 consider the following widely-used stochastic two-point feedback

∇̃f(x) =
u

δ

(
F (x+ δu, ξ)− F (x, ξ)

)
(1.3)

and show that ZO with this stochastic two-point feedback has the same convergence rate as

ZO with the two-point feedback scheme in (1.2) for deterministic problems (P). Similarly,19

further analyzed the oracle in (1.3) in a mirror descent framework and showed a similar

convergence speed. Stochastic one-point and two-point feedback schemes with improved

convergence rates have also been studied in21. However, these stochastic two-point feedback

schemes assume that the data sample ξ is controllable, i.e., one can fix the data sample ξ

and evaluate the function value at two distinct points x and x + δu. This assumption is

unrealistic in many applications. For example, in reinforcement learning, controlling the

sample ξ requires applying the same sequence of noises to the dynamical system and reward

function. Hence, two-point feedback schemes with fixed data samples can be impractical.

To address this challenge,14;20 proposed a more practical noisy two-point feedback method

that replaces the fixed sample ξ in (1.3) with two independent samples ξ, ξ′. Its convergence

rate was shown to match that of the stochastic one-point feedback ∇̃f(x) = u
δF (x+ δu, ξ).

Still though, this two-point feedback method with independent data samples produces

gradient estimates with lower variance compared to the conventional one-point feedback

5



Table 1.1: Iteration Complexity of Zeroth-order Methods with One-point,

Two-point and Proposed Residual Feedback Schemes

Complexity 3 Convex C0,0 Convex C1,1 Nonconvex C0,0 Nonconvex C1,1

One-point 21 d2ε−4 dε−3 – –

Two-point

19 d log(d)ε−2 dε−2 – –

18 dε−2 – – –

15 d2ε−2 dε−1 d3ε−1
f ε−2 dε−1

20 – d2ε−3 (UN) – –

Residual One-point
Deterministic d2ε−2 d3ε−1.5 d4ε−1

f ε−2 d3ε−1.5

Stochastic d2ε−4 d2ε−3 d3ε−3
f ε−2 d4ε−3

method.

In this chapter, we close the gap between the theoretical guarantee between the two-

point ZO methods and the one-point ZO methods. Specifically, we propose a one-point

residual feedback ZO gradient estimator, and we show that the performance of the proposed

one point residual feedback ZO oracle achieves comparable performance to the two-point

ZO methods, through both theoretical analysis and numerical experiments. We summarize

the theoretical guarantee of ZO methods with the proposed residual-feedback and compare

it to ZO methods with both two-point and one-point feedback schems in Table 1.1.

1.2.2 Zeroth-Order Online Learning using Residual Feed-

back

In Chapter 3, we study the time-varying optimization problem using the proposed one-point

residual feedback ZO oracle. The goal is to minimize a sequence of time-varying objective

functions {ft(x)}t=1:T , where the value ft(xt) is revealed to the agent after an action xt

3In convex setting, the accuracy is meaured by f(x)−f(x∗) ≤ ε, while in the non-convex setting, it

is measured by ‖∇f(x)‖2 ≤ ε when the objective function is smooth. When the objective function

is non-smooth, we enforce two optimality measures, |f(x) − fδ(x)| ≤ εf and ‖∇fδ(x)‖2 ≤ ε

together. (UN) means the oracle considers uncontrollable data samples.
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is selected and is used to adapt the agent’s future strategy. Since the objective functions

are not known a priori, the quality of an online decision can be measured using notions of

regret, that generally compare the total cost incurred by an online decision to the cost of

the fixed or varying optimal decision that a clairvoyant agent could select.

As we have discussed above, ZO methods with two-point feedback like13;19 can not

be used for non-stationary online optimization problems that arise frequently in online

learning. The reason is that in these non-stationary online optimization problems, the

objective function being queried is time-varying, and hence it can only be evaluated at a

single decision variable at a given time instant. ZO with one-point feedback12;21, on the

other hand, can be used in the non-stationary setting. However, they produce gradient

estimates with large variance which results in increased regret. In addition, the regret

analysis for ZO with one-point feedback usually requires the strong assumption that the

function value is uniformly upper bounded over time, so this method can not be used for

practical non-stationary optimization problems.

Besides ZO methods, other derivative-free optimization algorithms have also been ap-

plied to solve online optimization problems. The works in22 employs the exploration and

exploitation bandit learning framework and the proposed analysis is restricted to a special

class of non-convex objective functions. Finally,11;23;24 study online bandit algorithms using

ellipsoid or model-based methods. In particular, these methods induce heavy computation

per step and achieve regret bounds that have bad dependence on the problem dimension.

In this chapter, we apply the proposed residual-feedback ZO oracle to solve the online

optimization problems. We provide regret analysis for the proposed algorithm. We show

that it outperforms the conventional one-point ZO method in such online setting through

both theoretical analysis and numerical experiments.
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1.2.3 Zeroth-Order Distributed MARL using Residual Feed-
back under Partial Observations

In Chapter 4, we extend the proposed one-point residual-feedback ZO estimator to solve

multi-agent reinforcement learning problems under partial observations. The goal is to

enable a team of agents to collaboratively determine the global optimal policy that maxi-

mizes the sum of their local accumulated rewards. To do so, the agents typically need to

communicate with each other in order to obtain information about the global state and

action of the team. This is because their states and rewards are generally affected by the

actions of their other peers. However, sharing such information can be undesirable, due to

significant communication overhead or privacy concerns. Therefore, there is a great need

for MARL algorithms that rely only on partial observations of the global state and action

information.

A major challenge in developing cooperative MARL methods under partial observations

is that the environment, as it is perceived by every individual agent, is non-stationary

since it changes as a result of changes in the policies of the other agents25. In25–27, this

challenge is addressed using a centralized Critic function that can mitigate the effect of

non-stationarity in the learning process. Then, the trained policies can be executed in a

decentralized way. In28, a distributed offline experience replay technique is developed to

enable fully decentralized training, which requires that all agents receive a global reward

at each timestep. However, when the global reward is defined as the sum of local agent

rewards, as in cooperative MARL, this global reward can not be easily available to the local

agents in practice. Cooperative MARL methods that maximize the sum of local rewards are

considered in29–31. These works develop fully decentralized Actor-Critic methods where the

agents maintain local estimates of the global value or policy functions, that depend on the

states and actions of all other agents and update those estimates until they reach consensus.

Then, these local estimates of the global value or policy functions are used to compute the

policy gradient estimates needed for optimization. Since these policy gradient estimates

require knowledge of the global state and action information, such Actor-Critic methods
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can not be used for cooperative MARL with partial state and action information.

All aforementioned MARL algorithms are gradient-based algorithms. On the other

hand, zeroth-order policy optimization has been considered in32;33 for a special case of

single-agent RL problems, namely, Linear Quadratic Regulation (LQR) problems. These

results were extended in8 for distributed LQR problems. All these works use the one-

point zeroth-order policy gradient estimator proposed in12;15, which is known to have large

variance that slows down learning.

In this chapter, we propose a distributed policy optimization algorithms by decentral-

izing the proposed residual-feedback ZO oracle. We theoretically analyze the convergence

of the proposed decentralized ZO policy optimization algorithm in MARL problems with

partial observations. And we show that it achieves better performance than the distributed

policy optimization algorithms based on conventional one-point ZO methods8 using numer-

ical experiments.

1.2.4 Asynchronous Distributed Optimization

using Residual Feedback

In Chapter 5, we extend the proposed residual-feedback ZO oracle to the asynchronous

setting, where a group of agents collaboratively minimize a common cost function that

depends on their joint decisions and at each time step, a single agent is randomly activated

to query the objective function value at one decision point and update its local decision

variable.

We note that existing two-point ZO oracle (1.2) cannot be directly extended to the

asynchronous setting. This is because the perturbation u is according to the full decision

vector x. When the vector x concatenates all agents’ local decisions {xi}, perturbing x

with random vector u must happen simultaneously, which is infeasible when the agents

do not have access to a global clock. If the objective function gradient is known, asyn-

chronous distributed optimization methods with a common objective function have been

studied in34–36. However, these works can not be directly extended to solve the black-box

9



optimization problems considered here.

Perhaps the most related works in this setting is37. Specifically, the authors in proposed

an asynchronous zeroth-order optimization algorithm that relies on the two-point gradient

estimator (1.2). Unlike the method proposed here,37 assumes that when a single agent

queries the values of the objective function at decision points xk+µuk and xk (or xk−µuk),

the other agents in the network cannot update their local decision variables even if they

are activated. This assumption limits the number of updates the agents can make during

a fixed period of time and affects the performance of the asynchronous system.

In this chapter, we study an asynchronous version of the proposed residual-feedback ZO

oracle and prove its convergence. We also demonstrate the proposed asynchronous residual-

feedback ZO oracle outperforms the two-point methods under asynchronous setting.

1.3 Contributions

In this section, we summarize the contributions of the proposed algorithms in all the chap-

ters separately.

In Chapter 2, we propose a new one-point feedback scheme which requires a single

function evaluation at each iteration, the residual-feedback scheme, which estimates the

gradient using the residual between two consecutive feedback points. We show that our

residual feedback induces a smaller estimation variance than the one-point feedback (1.1)

considered in12;21. Specifically, in deterministic optimization where the objective function

is Lipschitz-continuous, we show that ZO with our residual feedback achieves the same

convergence rate as existing ZO with two-point feedback schemes. To the best of our

knowledge, this is the first one-point feedback scheme with provably comparable perfor-

mance to two-point feedback schemes in ZO. Moreover, when the objective function has an

additional smoothness structure, we further establish an improved convergence rate of ZO

with residual feedback. In the stochastic case where only noisy function values are available,

we show that the convergence rate of ZO with residual feedback matches the state-of-the-

10



art result of ZO with two-point feedback under uncontrollable data samples. Hence, our

residual feedback bridges the theoretical gap between ZO with one-point feedback and ZO

with two-point feedback in static optimization problems.

In Chapter 3, we propose a novel one-point gradient estimator for zeroth-order online

optimization and develop new regret bounds to study its performance. Compared to solv-

ing the online optimization problem with conventional one-point gradient estimator in12;21,

our proposed method obtains tighter regret bounds both for convex and non-convex prob-

lems, especially when the value of the objective function is large. Moreover, our regret

analysis relies on weaker assumptions compared to those for ZO with conventional one-

point feedback. We present numerical experiments that demonstrate that ZO with residual

feedback significantly outperforms the conventional one-point method in its ability to track

the time-varying optimizers of online learning problems. To the best of our knowledge, this

is the first time a one-point zeroth-order method is theoretically studied for non-convex

online optimization problems. It is also the first time that a one-point gradient estimator

demonstrates comparable empirical performance to that of the two-point method.

In Chapter 4, we propose a new distributed zeroth-order policy optimization method for

general cooperative MARL problems based on the proposed residual-feedback ZO gradient

estimator. Compared to the one-point policy gradient estimators in8;32;33, our proposed

residual-feedback policy gradient estimator reduces the variance of the policy gradient es-

timates and, therefore, improves the learning performance. Compared to the centralized

estimator studied in Chapters 2 and 3 that produces unbiased gradient estimates, the pro-

posed distributed policy gradient estimator is biased due to possible consensus errors in

distributedly estimating the sum of local accumulated rewards needed for the estimation of

the policy gradients. We show that the proposed zeroth-order policy optimization method

with constant stepsize converges to a neighborhood of the global optimal policy whose size

depends on the number of consensus steps needed to control the bias in the policy gradient

estimates. Moreover, we propose a value tracking method to reduce the numer of consensus

steps needed to achieve a desired user-specified solution accuracy.
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In Chapter 5, we propose an asynchronous zeroth-order distributed optimization algo-

rithm based on an extension of the centralized residual-feedback gradient estimator stud-

ied in Chapters 2 and 3, so that it can handle fully asynchronous queries and updates.

Specifically, we show that the proposed zeroth-order gradient estimator provides an unbi-

ased estimate of the gradient with respect to each agent’s local decision. Also, we provide

bounds on the second moment of this estimator, the first of their kind for any asynchronous

zeroth-order gradient of this type, which we then use to show convergence of the proposed

method.

12



Chapter 2

A New One-Point Residual Feedback
Zeroth-Order Oracle

In this chapter, we propose a novel one-point ZO gradient estimator based on the residual

feedback. We will show that although the proposed estimator only evaluates the objective

function once at a single decision point per iteration as conventional one-point ZO method,

it achieves comparable performance of that of the existing two-point ZO methods. We

will study this estimator both theoretically and numerically. The proposed one-point ZO

oracle based on residual feedback is not only of theoreticaly importance, it is also more

flexible to implement and enables the ZO optimization scheme to be applied to solve more

challenging optimization and learning problems in practice, as we will demonstrate in the

next few chapters. The content in this chapter can also be found in the paper1.

2.1 Preliminaries

In this section, we present definitions and preliminary results needed throughout our anal-

ysis. Following15;20, we introduce the following classes of Lipschitz and smooth functions.

Definition 2.1 (Lipschitz functions). The class of Lipschtiz-continuous functions C0,0

satisfy: for any f ∈ C0,0, |f(x) − f(y)| ≤ L0‖x − y‖, ∀x, y ∈ Rd, for some Lipschitz

parameter L0 > 0. The class of smooth functions C1,1 satisfy: for any f ∈ C1,1, ‖∇f(x)−

∇f(y)‖ ≤ L1‖x− y‖, ∀x, y ∈ Rd, for some Lipschitz parameter L1 > 0.

In ZO, the objective is to estimate the first-order gradient of a function using zeroth-

order oracles. Necessarily, we need to perturb the function around the current point along all

the directions uniformly in order to estimate the gradient. This motivates us to consider the

Gaussian-smoothed version of the function f as introduced in15, fδ(x) := Eu∼N (0,1)[f(x+
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δu)], where the coordinates of the vector u are i.i.d standard Gaussian random variables.

The following bounds on the approximation error of the function fδ(x) have been developed

in15.

Lemma 2.2 (Gaussian approximation). Consider a function f and its Gaussian-smoothed

version fδ. It holds that

fδ(x)− f(x)| ≤


δL0

√
d, if f ∈ C0,0,

δ2L1d, if f ∈ C1,1,

and ‖∇fδ(x)−∇f(x)‖ ≤ δL1(d+ 3)3/2, if f ∈ C1,1.

Moreover, the smoothed function fδ(x) has the following nice geometrical property as

proved in15.

Lemma 2.3. If function f ∈ C0,0 is L0-Lipschitz, then its Gaussian-smoothed version fδ

belongs to C1,1 with Lipschitz constant L1 =
√
dδ−1L0.

We also introduce the following notions of convexity.

Definition 2.4 (Convexity). A continuously differentiable function f : Rd → R is called

convex if for all x, y ∈ Rd, f(x) ≥ f(y) + 〈x− y,∇f(y)〉 .

2.2 Deterministic ZO with Residual Feedback

In this section, we consider the problem (P), where the objective function evaluation is fully

deterministic. To solve this problem, we propose a zeroth-order estimate of the gradient

based on the following one-point residual feedback scheme

g̃(xt) :=
ut
δ

(
f(xt + δut)− f(xt−1 + δut−1)

)
, (2.1)

where ut−1 and ut are independent random vectors sampled from the standard multivariate

Gaussian distribution. To elaborate, the gradient estimate in (2.1) evaluates the function

value at one perturbed point xt + δut at each iteration t and the other function value
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evaluation f(xt−1 + δut−1) is inherited from the previous iteration. Therefore, it is a one-

point feedback scheme based on the residual between two consecutive feedback points, and

we name it one-point residual feedback. Next, we show that this estimator is an unbiased

gradient estimate of the smoothed function fδ(x) at xt.

Lemma 2.5. We have E
[
g̃(xt)

]
= ∇fδ(xt) for all xt ∈ Rd.

Proof. The proof is straightforward because ut is independent from ut−1 and has zero

mean.

Since g̃(xt) is an unbiased estimate of ∇fδ(xt), we can use it in Stochastic Gradient

Descent (SGD) as follows

xt+1 = xt − ηg̃(xt), (2.2)

where η is the stepsize. To analyze the convergence of the above ZO algorithm with residual

feedback, we need to bound the variance of the gradient estimate under proper choices of

the exploration parameter δ in (2.1) and the stepsize η. In the following result, we present

the bounds on the second moment of the gradient estimate E[‖g̃(xt)‖2], which will be used

in our analysis later.

Lemma 2.6. Consider a function f ∈ C0,0 with Lipschitz constant L0. Then, under the

SGD update rule in (2.2), the second moment of the residual feedback satisfies

E[‖g̃(xt)‖2] ≤ 2dL2
0η

2

δ2
E[‖g̃(xt−1)‖2] + 8L2

0(d+ 4)2.

Furthermore, if f(x) also belongs to C1,1 with constant L1, then the second moment of the

residual feedback satisfies

E[‖g̃(xt)‖2] ≤ 2dL2
0η

2

δ2
E[‖g̃(xt−1)‖2] + 8(d+ 4)2‖∇f(xt−1)‖2 + 4L2

1(d+ 6)3δ2. (2.3)

The proof of above Lemma 2.6 can be found in Appendix A.1. Lemma 2.6 shows that

the second moment of the residual feedback E[‖g̃(xt)‖2] can be bounded by a perturbed

contraction under the SGD update rule. This perturbation term is crucial to establish
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the iteration complexity of ZO with our residual feedback. In particular, with the tradi-

tional one-point feedback, the perturbation term is in the order of O(δ−2) and significantly

degrades the convergence speed14. In comparison, our residual feedback induces a much

smaller perturbation term. Specifically, when f ∈ C0,0, the perturbation is the order of

O(L2
0d

2) that is independent of δ, and when f ∈ C1,1, the perturbation is in the order of

O(d2‖∇f(xt−1)‖2 +L2
1d

3δ2). Therefore, ZO with our residual feedback can achieve a better

iteration complexity than that of ZO with the traditional one-point feedback.

2.2.1 Convergence Analysis

We first consider the case where the objective function f is nonconvex. When f is dif-

ferentiable, we say a solution x is ε-accurate if E[‖∇f(x)‖2] ≤ ε. However, when f is

nonsmooth, we follow the convention adopted in15 and define a solution x to be ε-accurate

if E[‖∇fδ(x)‖2] ≤ ε holds for the Gaussian-smoothed function. In addition, we also require

fδ to be εf -close to the original f , which requires δ ≤ εf

L0

√
d

according to Lemma 2.2. Under

this setup, the convergence rate of ZO with residual feedback is presented below. For sim-

plicity, all the complexity results in this section are presented in O notations. The proofs

and the explicit form of the constant terms can be found in the supplementary material.

Theorem 2.7. Assume that f ∈ C0,0 with Lipschitz constant L0 and that f is also bounded

below by f∗. Moreover, assume that SGD in (2.2) with residual feedback is run for T >

1/εf iterations and that x̃ is selected from the T iterates uniformly at random. Let also

η =
√
εf

2dL2
0

√
T

and δ =
εf

L0d
1
2

. Then, we have that E
[
‖∇fδ(x̃)‖2

]
= O(d2ε−0.5

f T−0.5).

The proof can be found in Appendix A.2. Based on the above convergence rate result,

the required iteration complexity to achieve a point x that satisfies |f(x) − fδ(x)| ≤ εf

as well as E[‖∇f(x̃)‖2] ≤ ε is of the order O( d4

εf ε2
). This complexity result is close to

the complexity result O( d3

εf ε2
) of ZO with two-point feedback in15. When f(x) ∈ C1,1 is

a smooth function, we obtain the following convergence rate result for ZO with residual

feedback.
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Theorem 2.8. Assume that f(x) ∈ C0,0 with Lipschitz constant L0 and that f(x) ∈ C1,1

with Lipschitz constant L1. Moreover, assume that SGD in (2.2) with residual feedback is

run for T iterations and that x̃ is selected from the T iterates uniformly at random. Let

also η = 1

L̃(d+4)2T
1
3

, and δ = 1√
dT

1
3

, where L̃ = max(2L0, 32L1). Then, we have that

E
[
‖∇f(x̃)‖2

]
= O(d2T−

2
3 ).

The proof can be found in Appendix A.3. In particular, to achieve a point x that

satisfies E
[
‖∇f(x̃)‖2

]
≤ ε, the required iteration complexity is of the order O(d3ε−

3
2 ). To

the best of our knowledge, the best complexity result for ZO with two-point feedback is of

the order O(dε−1), which is established in15. Next, we consider the case where the objective

function f is convex. In this case, the optimality of a solution x is measured via the loss

gap f(x)− f(x∗), where x∗ is the global optimum of f .

Theorem 2.9. Assume that f(x) ∈ C0,0 is convex with Lipschitz constant L0. Moreover,

assume that SGD in (2.2) with residual feedback is run for T iterations and define the

running average x̄ = 1
T

∑T−1
t=0 xt. Let also η = 1

2dL0

√
T

and δ = 1√
T

. Then, we have that

f(x̄)− f(x∗) = O(dT−0.5).

Moreover, assume that additionally f(x) ∈ C1,1 with Lipschitz constant L1, and let

η = 1

2L̃(d+4)2T
1
3

and δ =
√
d

T
1
3

, where L̃ = max{L0, 16L1}. Then, we have that f(x̄)−f(x∗) =

O(d2T−
2
3 ).

The proof can be found in Appendix A.4. To elaborate, to achieve a solution x that

satisfies f(x̄)− f(x∗) ≤ ε, the required iteration complexity is of the order O(d2ε−2) when

f ∈ C0,0. Such a complexity result significantly improves the complexity O(d2ε−4) of

ZO with the traditional one-point feedback and is slightly worse than the best complexity

O(dε−2) of ZO with two-point feedback. On the other hand, when f(x) ∈ C1,1, the required

iteration complexity of ZO with residual feedback further reduces to O(d3ε−1.5), which is

better than the complexity O(dε−3) of ZO with the traditional one-point feedback whenever

ε < d−4/3.
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2.3 Stochastic ZO with Residual Feedback

In this section, we study the Problem (Q) where the objective function takes the form

f(x) := E[F (x, ξ)] and only noisy samples of the function value F (x, ξ) are available.

Specifically, we propose the following stochastic residual feedback

g̃(xt) :=
ut
δ

(
F (xt + δut, ξt)− F (xt−1 + δut−1, ξt−1)

)
, (2.4)

where ξt−1 and ξt are independent random samples that are sampled in iterations t−1 and

t, respectively. We note that our stochastic residual feedback is more practical than most

existing two-point feedback schemes, which require the data samples to be controllable, i.e.,

one can query the function value at two different variables using the same data sample. This

assumption is unrealistic in applications where the environment is dynamic. For example,

in reinforcement learning33, these data samples can correspond to random initial states,

noises added to the dynamical system, and reward functions. Therefore, controlling the

data samples requires to hard reset the system to the exact same initial state and apply the

same sequence of noises, which is impossible when the data is collected from a real-world

system. Our stochastic residual feedback scheme in (2.4) does not suffer from the same issue

since it does not restrict the data sampling procedure. Instead, it simply takes the residual

between two consecutive stochastic feedback points. In particular, it is straightforward to

show that (2.4) is an unbiased gradient estimate of the objective function fδ(x). Next, we

present some assumptions that are used in our analysis later.

Assumption 2.10. (Bounded Variance) We assume that for any x ∈ Rd there exists σ > 0

such that

E
[(
F (x, ξ)− f(x)

)2] ≤ σ2.

Assumption 2.10 implies that E
[(
f(x, ξ1) − f(x, ξ2)

)2] ≤ 4σ2. Furthermore, we make

the following smoothness assumption in the stochastic setting.

Assumption 2.11. Let function F (x, ξ) ∈ C0,0 with Lipschitz constant L0(ξ). We assume

that L0(ξ) ≤ L0 for all ξ ∈ Ξ. In addition, let the function F (x, ξ) ∈ C1,1 with Lipschitz

constant L1(ξ). We assume that L1(ξ) ≤ L1 for all ξ ∈ Ξ.
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The following lemma provides an upper bound of E[‖g̃(xt)‖2] in this stochastic setting.

Lemma 2.12. Let Assumptions 2.10 and 2.11 hold and assume F (x, ξ) ∈ C0,0 with Lips-

chitz constant L0(ξ). We have that

E[‖g̃(xt)‖2] ≤ 4L2
0dη

2

δ2
E[‖g̃(xt−1)‖2] + 16L2

0(d+ 4)2 +
8σ2d

δ2
.

The proof can be found in Appendix A.5. If we assume that F (x, ξ) ∈ C1,1, the upper

bound on the above second moment can be further improved (see supplementary material

for the details). However, this improvement does not yield a better iteration complexity due

to the uncontrollable samples ξt and ξt−1. More specifically, the uncontrollable samples lead

to an additional term 8σ2d
δ2

in the above second moment bound. According to the analysis

in14, such a term can significantly degrade the iteration complexity.

2.3.1 Convergence Analysis

Next, we analyze the iteration complexity of ZO with stochastic residual feedback for both

non-convex and convex problems.

Theorem 2.13. Let Assumptions 2.10 and 2.11 hold and assume also that F (x, ξ) ∈ C0,0.

Moreover, assume that SGD in (2.2) with residual feedback is run for T > 1/(dεf ) iterations

and that x̃ is selected from the T iterates uniformly at random. Let also η =
ε1.5f

2
√

2L2
0d

1.5
√
T

and δ =
εf

L0

√
d
. Then, we have that E

[
‖∇fδ(x̃)‖2

]
= O(d1.5ε−1.5

f T−0.5).

Furthermore, assume that additionally F (x, ξ) ∈ C1,1, and that SGD in (2.2) with

residual feedback is run for T > 2 iterations. Let also η = 1

2L0d
4
3 T

2
3

and δ = 1

d
5
6 T

1
6

.

Then, the output x̃ that is sampled uniformly from the T iterates satisfies E
[
‖∇f(x̃)‖2

]
=

O(d
4
3T−

1
3 ).

The proof can be found in Appendix A.6. Based on the above results, when F (x, ξ) is

non-smooth, to achieve the ε−stationary point E
[
‖∇fδ(x̃)‖2

]
≤ ε and |f(x)− fδ(x)| ≤ εf ,

O( d3

ε3f ε
2 ) iterations are needed. In addition, if the function F (x, ξ) also satisfies F (x, ξ) ∈

C1,1, then O(d
4

ε3
) iterations are needed to find the ε−stationary point of the original function

f(x). Next, we provide the iteration complexity results when the Problem (Q) is convex.
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Theorem 2.14. Let Assumptions 2.10 and 2.11 hold and assume that the function F (x, ξ) ∈

C0,0 is also convex. Moreover, assume that SGD in (2.2) with residual feedback is run for

T iterations and define the running average x̄ = 1
T

∑T−1
t=0 xt. Let also η = 1

2
√

2L0

√
dT

3
4

and δ = 1

T
1
4

. Then, we have that f(x̄) − f(x∗) = O(
√
dT−

1
4 ). Moreover, assume that

additionally F (x, ξ) ∈ C1,1, and let η = 1

2
√

2L0d
2
3 T

2
3

and δ = 1

d
1
6 T

1
6

. Then, we have that

f(x̄)− f(x∗) = O(d
2
3T−

1
3 ).

The proof can be found in Appendix A.7. According to Theorem 2.14, O(d
2

ε4
) iterations

are needed to achieve f(x̄)− f(x∗) ≤ ε with a nonsmooth objective function. On the other

hand, if f(x) ∈ C1,1, the iteration complexity is improved to O(d
2

ε3
).

2.4 Numerical Experiments

In this section, we demonstrate the effectiveness of the residual one-point feedback scheme

for both deterministic and stochastic problems. In the deterministic case, we compare the

performance of the proposed oracle with the original one-point feedback and two-point

feedback schemes, for the quadratic programming (QP) example considered in38. In the

stochastic case, we employ the stochastic variants of above oracles to optimize the policy

parameters in a Linear Quadratic Regulation (LQR) problem considered in32;33. It is shown

that the proposed residual one-point feedback significantly outperforms the traditional one-

point feedback and its convergence rate matches that of the two-point oracles in both

deterministic and stochastic cases. All experiments are conducted using Matlab R2018b on

a 2018 Macbook Pro with a 2.3 GHz Quad-Core Intel Core i5 and 8GB 2133MHz memory.

2.4.1 A Deterministic Scenario: QP Problem

As in38, consider the QP example min 1
2(x−c)TM(x−c), where x, c ∈ R30 and M ∈ R30×30

is a positive semi-definite matrix. This constitutes a convex and smooth problem. The

vector c is randomly generated from a uniform distribution in [0, 2]. The matrix M = PP T ,

where each entry in P ∈ R30×29 is sampled from a uniform distribution in [0, 1]. The
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Figure 2.1: The convergence rate of applying the proposed residual one-point

feedback (2.1) (blue), the two-point oracle (1.2) in15 (orange) and the one-point

oracle (1.1) in12 (green) to two problems. In (a), the convergence of f(xt)− f(x∗) in a

deterministic QP problem is presented. In (b), the convergence of the costs of policies in

the stochastic LQR problem is presented.

initial point is the origin. For every algorithm, we manually optimize the selection of the

exploration parameter δ and stepsize η and run it 100 times. The convergence of the

function value f(x) − f(x∗) is presented in Figure 2.1(a). We observe that the proposed

oracle converges as fast as the two-point oracle (1.2) when the iterates are far from the

optimizer but achieve less accuracy in the end. Both methods find the optimal function

value much faster than the one-point feedback studied in12;21. These observations validate

our theoretical results in Section 2.2.

2.4.2 A Stochastic Scenario: Policy Optimization

We use the proposed residual feedback to optimize the policy parameters in a LQR problem,

as in32;33. Specifically, consider a system whose state xk ∈ Rnx at time k is subject to the

dynamical equation xk+1 = Axk + Buk + wk, where uk ∈ Rnu is the control input at time

k, A ∈ Rnx×nx and B ∈ Rnx×nu are dynamical matrices that are unknown, and wk is

the noise on the state transition. Moreover, consider a state feedback policy uk = Kxk,
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where K ∈ Rnu×nx is the policy parameter. Policy optimization essentially aims to find

the optimal policy parameter K so that the discounted accumulated cost function V (K) :=

E
[∑∞

t=0 γ
t(xTkQxk + uTkRuk)

]
is minimized, where γ ≤ 1 is the discount factor.

In our simulation, we select nx = 6, nu = 6 and γ = 0.5. Therefore, the problem

has dimension d = 36. When implementing the policy uk = Ktxk, due to the noise wk,

evaluation of the cost of the policy Kt is noisy. We apply the one-point feedback (1.1)

with noise21, two-point feedback with uncontrolled noise14;20 and the residual one-point

feedback (2.4) to solve the above policy optimization problem. To evaluate the cost V (Kt)

given the policy parameter Kt at iteration t, we run one episode with a finite horizon length

H = 50. The dynamical matrices A and B are randomly generated and the noise wk is

sampled from a Gaussian distribution N (0, 0.12). We run each algorithm 10 times. At

each trial, all the algorithms start from the same initial guess of the policy parameter K0,

which is generated by perturbing the optimal policy parameter K∗ with a random matrix,

as in33. Each entry in this random perturbation matrix is sampled from a uniform dis-

tribution in [0, 0.2]. The performance of all the algorithms over 10 trials is measured in

terms of |V (Kt) − V (K∗)| and is presented in Figure 2.1(b). We observe that the resid-

ual one-point feedback (2.4) converges much faster than the one-point oracle in21 and has

comparable query complexity to the two-point feedback under uncontrolled noises consid-

ered in14;20. This corroborates our theoretical analysis in Section 2.3. Furthermore, we

apply our residual-feedback zeroth-order gradient estimate to solve a large-scale stochastic

multi-stage decision making problem with problem dimension d = 576. The implementa-

tion details and results of the simulation can be found in Appendix A.8, where it can be

seen that our residual feedback achieves similar improvement of the convergence rate over

the conventional one-point feedback scheme.
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Chapter 3

Zeroth-Order Online Learning using
Residual Feedback

In this chapter, we extend the residual-feedback ZO gradient estimator proposed in Chap-

ter 2 to the non-stationary online optimization problems. Such problems arise in many real

world problems. For example, when we want to optimize according to human’s preference

model, it is natural to assume that human may change its opinion when his/her contex-

tual information, e.g., location, job, age, changes. Anotther example is when we learn the

optimal policy to intereact with an environment which consists of other agents. When the

other agents change their strategy, it also changes the environment we face with. Therefore,

studying ZO methods to solve non-stationary learning problems is of practical importance.

We will show that when applying the proposed residual-feedback ZO estimator to optimize

a time-varying objective function, it leads to a regret depending on how fast the objective

function changes. And we demonstrate the proposed ZO method outperforms the conven-

tional one-point ZO methods when tracking the trajectory of the time-varying optimizers

using extensive numerical experiments. The contents in this chapter are also presented in

the paper2.

3.1 Preliminaries and Problem Formulation

In this section we provide basic definitions and results on ZO that will be needed in the

subsequent analysis. We also define the residual feedback gradient estimator that we pro-

pose to solve online optimization problems with unknown gradient information. Consider

the following online bandit optimization problem

min
x∈X

T−1∑
t=0

ft(x), (P)
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where X ⊂ Rd is a convex set and {ft}t is a sequence of objective functions that are

unknown to the agent a priori. Specifically, we assume that at any time t, first the agent

makes a decision xt and then the value of the objective function ft at xt is revealed. We

also assume that the derivatives of the objective functions are unavailable. Therefore, the

agent needs to use a zeroth-order oracle to estimate the derivative information. The goal is

to determine an online decision xt (or a sequence of time-varying decisions) with cost that

is as close as possible to the cost of a fixed (or a sequence of varying optimal decisions) that

a clairvoyant agent could select, which is measured by notions of regret.

First, we define the class of Lipschitz and smooth objective functions we are concerned

with. Consider the set Xδ := {z : z = x + δu, for any x ∈ X and u ∈ USd}, where USd

represents the unit sphere in space Rd.

Definition 3.1 (Lipschitz functions). The class of Lipschtiz-continuous functions C0,0

satisfies: for any ft ∈ C0,0, |ft(x) − ft(y)| ≤ L0‖x − y‖, ∀x, y ∈ Xδ, where L0 > 0 is

the Lipschitz parameter over set Xδ. The class of smooth functions C1,1 satisfies: for any

ft ∈ C1,1, ‖∇ft(x) − ∇ft(y)‖ ≤ L1‖x − y‖, ∀x, y ∈ Xδ, where L1 > 0 is the smoothness

parameter over set Xδ.

The key idea in ZO is to estimate the unknown first-order gradient of the objective

function ft using zeroth-order oracles that perturb the objective function around the current

point along all directions uniformly. The ability of these oracles to correctly estimate the

gradient is typically analyzed using the smoothed version of the function ft defined as

fδ,t(x) := Eu∼UBd [ft(x+ δu)], where the coordinates of the vector u are uniformly sampled

from a unit ball UBd in space Rd. Specifically, we have the following results bounding the

approximation errors of the function fδ,t(x).

Lemma 3.2. Consider a function ft and its smoothed version fδ,t. It holds that for all t

|fδ,t(x)− ft(x)| ≤


δL0, if ft ∈ C0,0,

δ2L1, if ft ∈ C1,1,

and ‖∇fδ,t(x)−∇ft(x)‖ ≤ δL1d, if ft ∈ C1,1.
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The smoothed function fδ,t(x) also satisfies the following amenable property.

Lemma 3.3. If ft ∈ C0,0 is L0-Lipschitz, then fδ,t ∈ C1,1 with Lipschitz constant L1 =

dδ−1L0 for all t.

The proofs of above lemmas are included in Appendix B.2 in the supplementary material

for completeness.

Definition 3.4. (Objective functions) We call the sequence of objective functions {f0, f1, . . . , ft}

naturally non-stationary when the objective function ft is selected based on the agent’s past

decisions {x0 +δu0, x1 +δu1, . . . , xt−1 +δut−1} and does not depend on its decision xt+δut.

The same sequence of objective functions is called adversarially non-stationary if the selec-

tion of ft depends also on the agent’s current decision xt + δut.

In this section we consider both natural and adversarial objective function sequences,

as defined in Definition 3.4. Natural non-stationary learning problems arise, for example,

in reinforcement learning, when the environment changes because of the natural shift in

the noise distribution of the agent dynamics and reward functions. On the other hand,

in multi-agent games, if an agent plays against an adversarial agent who selects its policy

based on the first agent’s policy at time t, then the first agent faces an adversarial non-

stationary environment. In such problems where the system evolves from ft to ft+1, two

point feedback (1.2) can not be used to estimate the unknown gradient of ft as it requires

two different evaluations of ft at two different decisions xt and xt + δut at the same time,

which is not possible since ft changes after one decision variable is evaluated. Instead, a

more practical approach is to use the one-point feedback scheme (1.1) in21. However, the

gradient estimates produced by the one-point feedback method in (1.1) have large variance

that leads to large regret and, therefore, poor ability to track the optimizer of the online

problem. To address this limitation, in this section we propose a novel one-point gradient

estimator, which we call a one-point residual feedback estimator, that has reduced variance

and is defined as

(Residual feedback): g̃t(xt) :=
d

δ

(
ft(xt + δut)− ft−1(xt−1 + δut−1)

)
ut, (3.1)
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where ut−1, ut ∼ USd are independent random vectors. To elaborate, the proposed residual

feedback estimator in (3.1) queries ft at a single perturbed point xt+δut, and then subtracts

the value ft−1(xt−1 + δut−1) obtained from the previous iteration. Next, we discuss some

basic properties of this new estimator. We first show that this estimator provides an

unbiased gradient estimate of the smoothed function fδ,t.

Lemma 3.5. The residual feedback estimator satisfies E
[
g̃t(xt)

]
= ∇fδ,t(xt) for all xt ∈ X

and t.

Proof. The proof follows from the fact that ut has zero mean and is independent from ut−1,

xt−1.

Remark 3.6. We note that the existing two-point estimators cannot be easily modified to

be used for non-stationary optimization. The difficulty is in ensuring that the returned

gradient estimates are unbiased as in the case of residual feedback in Lemma 2.4. To see

this, consider the simple modification of the online two-point gradient estimator (7) proposed

in20

g̃t(xt) =
d

2δ

(
ft(xt + δut)− ft−1(xt − δut)

)
ut.

Then, it is easy to see that this modified two-point gradient estimator is biased since

E
[
g̃t(xt)

]
6= ∇fδ,t(xt). Specifically, let g̃t(xt) = d

2δ

(
ft(xt + δut) − ft−1(xt − δut)

)
ut =

d
2δ

(
ft(xt + δut) − ft(xt − δut) + εt

)
ut, where εt = ft(xt − δut) − ft−1(xt − δut). Although

E
[
d
2δ

(
ft(xt + δut) − ft(xt − δut)ut

)]
= ∇fδ,t(xt), we have that E

[
d
2δ εtut

]
6= 0 since εt

is correlated with ut. Therefore, for this modified estimator we have that E
[
g̃t(xt)

]
=

E
[
d
2δ

(
ft(xt + δut) − ft(xt − δut)

)
ut
]

+ E
[
d
2δ εtut

]
6= ∇fδ,t(xt). Note that the original two-

point estimator proposed in20 is unbiased, because the function ft is queried at two points,

xt + δut and xt − δut, and the noise εt in this case is simply the evaluation noise that is

zero mean for any ut.

In this section, we consider the following ZO projected gradient update with residual
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feedback:

xt+1 = ΠX
(
xt − ηg̃t(xt)

)
, (3.2)

where η is the learning rate and ΠX is the projection operator onto the set X . The

update (3.2) can be implemented assuming that the objective function can be queried at

points outside the feasible set X , similar to the methods considered in19–21. Note that

it is possible to modify the update (3.2) so that the iterates are guaranteed to be within

the feasible set X . This modification and related analysis can be found in Section B.10 in

the supplementary material. The requirement that the objective function is evaluated at

feasible points in derivative-free optimization algorithms has also been considered in11;39.

Specifically,11 develop the so called ellipsoid method, which requires computation of an

ellipsoid containing the optimizer at each time step. The following result bounds the second

moment of the gradient estimate generated by using residual feedback.

Lemma 3.7 (Second moment). Assume that ft ∈ C0,0 with Lipschitz constant L0 for

all time t. Then, under the ZO update rule in (3.2), the second moment of the residual

feedback (3.1) satisfies:

E[‖g̃t(xt)‖2] ≤ 4d2L2
0η

2

δ2
E[‖g̃t−1(xt−1)‖2] +Dt, (3.3)

where Dt := 16d2L2
0 + 2d2

δ2
E
[(
ft(xt−1 + δut−1)− ft−1(xt−1 + δut−1)

)2]
.

The proof of above lemma can be found in Appendix B.3 in the supplementary material.

The above lemma shows that the second moment of the gradient estimates obtained using

residual feedback forms a contraction with perturbation term Dt, provided that we choose

η and δ such that the contracting rate satisfies α = 4d2L2
0η

2δ−2 < 1. As we show later

in the analysis, this contraction property leads to gradient estimates with small variances

that allow to reduce the regret of the online ZO algorithm (3.2).
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3.2 ZO with Residual Feedback for Convex Online

Optimization

In this section, we consider the online bandit problem (P) where the sequence of functions

{ft}t=0:T−1 are all convex and the constraint set X can be either compact or the whole

domain. In particular, we are interested in analyzing the static regret of algorithm (3.2)

defined as

RT := E
[ T−1∑
t=0

ft(xt)−min
x∈X

T−1∑
t=0

ft(x)
]
. (3.4)

First, we make the following assumption on the non-stationarity of the online learning

problem.

Assumption 3.8 (Bounded variation). There exists Vf > 0 such that for all t and all

x ∈ Xδ,

|ft(x)− ft−1(x)| ≤ Vf . (3.5)

Assumption 3.8 states that the variation of the objective function between two con-

secutive time instants is uniformly bounded over time. We note that this assumption

is weaker than the assumption that the objective function is uniformly bounded, i.e.,

|ft(x)| ≤ B, ∀t, x, which is used in the analysis of ZO with conventional one-point feed-

back in12;21. In particular, under Assumption 3.8, the perturbation term in Lemma 3.7 can

be bounded as Dt ≤ 16L2
0d

2 + 2d2V 2
f δ
−2. Then, by telescoping the contraction inequality,

we obtain the following bound for the second moment of the residual-feedback gradient

estimate

E[‖g̃t(xt)‖2] ≤max
{
E[‖g̃0(x0)‖2],

1

1− α

(
16L2

0d
2 +

2d2

δ2
V 2
f

)}
. (3.6)

The detailed proof can be found in Appendix B.11 in the supplementary material. In

practice, δ needs to be sufficiently small so that the smoothed function fδ,t is close to the

original function ft according to Lemma 3.2. In this case, the above bound on the second
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moment of the residual-feedback gradient estimates is dominated by O(d2δ−2V 2
f ), which is

much smaller than the bound on the second moment of the conventional one-point gradient

estimates O(d2δ−2B2), where B is the uniform bound on |ft| over time. For example,

consider the time-varying objective functions, f0(x) = 1/2x2 and ft(x) = ft−1(x)+nt, where

nt is Gaussian noise with zero mean at time t. Then, it can be verified that Assumption 3.8

holds with a finite Vf whereas the second moment of ft(x) is unbounded over time. As a

result, the variance of the residual feedback gradient estimates can be significantly smaller

than that of the conventional one-point feedback gradient estimates.

For any sequence of objective functions, natural or adversarial, as defined in Defini-

tion 3.4, the following result characterizes the regret of ZO with residual feedback when

the objective function ft is convex and Lipschitz.

Theorem 3.9 (Regret for Convex Lipschitz ft). Let Assumption 3.8 hold. Assume that

ft ∈ C0,0 is convex with Lipschitz constant L0 over set Xδ for all t and ‖x0 − x∗‖ ≤ R.

Run ZO with residual feedback for T > R2 iterations with η = R
3
2 (2
√

2dL0T
3
4 )−1 and

δ =
√
dRT−

1
4 . Then, we have that

RT ≤
√

2L0

√
dRT

3
4 +

E
[
‖g̃0(x0)‖2

]
R

3
2

2
√

2dL0T
3
4

+ 2L0

√
dRT

3
4

+ 4
√

2d
3
2L0R

3
2T

1
4 +

√
dR/2V 2

f L0
−1T

3
4 . (3.7)

Asymptotically, RT = O
(
(L0 + L0

−1V 2
f )
√
dRT

3
4

)
.

The proof can be found in Appendix B.4 in the supplementary material. To the best of

our knowledge, the best known regret for ZO with conventional one-point feedback is of the

order O(
√
dL0RBT

3
4 )21. Therefore, our regret bound is tighter if the function variation sat-

isfies V 2
f ≤ O(B

1
2L

3
2
0 ). Essentially, using the proposed residual feedback gradient estimator,

the regret of ZO no longer depends on the uniform bound of the function value, which can

be very large in practice. Instead, our regret only relies on how fast the function varies over

time. Note that knowledge of the neighborhood R in Theorem 3.9 allows to select the step-

size η and the parameter δ so that a better regret rate can be achieved that depends on R.

However, knowledge of R is not required and ZO with residual feedback converges from any
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initial point x0. When the parameter R is unknown, we can choose η = (2
√

2L0

√
dT

3
4 )−1

and δ =
√
dT−

1
4 and obtain the regret bound RT ≤ O(L0R

2
√
dT

3
4 + L0

−1
√
dV 2

f T
3
4 ). The

proof can also be found in Appendix B.4.

Remark 3.10. We note that the complexity bound in Theorem 3.2 generally depends on

the values of the Lipschitz parameters L0, L1 and the constant V 2
f . Specifically, choose

η = R
3
2 (2
√

2L0

√
dT

3
4 )−1 and δ =

√
dRL−q0 T−

1
4 with q > 0 as a tuning parameter, and we

obtain that RT = O((L0 + L0
1−q + L2q−1

0 V 2
f )
√
dRT

3
4 ) when T ≥ L2q

0 R
2. If L0 < 1, we can

choose q = 1 to achieve the bound RT = O((L0 + L0V
2
f )
√
dRT

3
4 ). On the other hand, if

L0 ≥ 1, we can choose q = 0 to achieve the bound RT = O((L0 + L0
−1V 2

f )
√
dRT

3
4 ). We

note that the dependence of the bounds in Theorems 3.11, 3.14 and 3.15 on L0, L1 can also

be optimized in a similar way by properly choosing δ.

Next, we present the regret of ZO with residual feedback when the objective function ft

is convex and smooth.As before, the sequence of objective functions can be either natural

or adversarial, as per Definition 3.4.

Theorem 3.11 (Regret for Convex Smooth ft). Let Assumption 3.8 hold. Assume that

ft(x) ∈ C0,0 ∩ C1,1 is convex with Lipschitz constant L0 and smoothness constant L1 over

set Xδ for all t, and assume that ‖x0−x∗‖ ≤ R. Run ZO with residual feedback for T > R2

iterations with η = R
4
3 (2
√

2L0d
2
3T

2
3 )−1 and δ = d

1
3R

1
3T−

1
6 . Then, we have that

RT ≤
√

2L0d
2
3R

2
3T

2
3 +

E
[
‖g̃0(x0)‖2

]
R

4
3

2
√

2L0d
2
3T

2
3

+ 2L1d
2
3R

2
3T

2
3

+ (
√

2L0)−1d
2
3R

2
3V 2

f T
2
3 .+ 4

√
2L0d

4
3R

4
3T

1
3

Asymptotically, we have that RT = O((L0 + L1 + L0
−1V 2

f )(dRT )
2
3 ).

The proof can be found in Appendix B.5 in the supplementary material. To the best

of our knowledge, the best known regret for ZO with conventional one-point feedback for

convex and smooth problems is of the order O(L
1
3
1 (dRBT )

2
3 )21. Therefore, our regret bound

is tighter if the function variation satisfies V 2
f ≤ O(B

2
3L

1
3
1 L0). Our numerical experiments in

Section 3.5 show that ZO with residual feedback always outperforms ZO with conventional

one-point feedback in practice.
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3.3 ZO with Residual Feedback for Non-Convex

Online Optimization

In this section, we analyze the regret of ZO with residual feedback for the unconstrained

online bandit problem (P) where the objective functions {ft}t=0,...,T−1 are non-convex. To

the best of our knowledge, this is the first time that a one-point zeroth-order method is

studied for non-convex online optimization. Throughout this section, we make the following

assumption on the objective functions.

Assumption 3.12. There exist WT , W̃T > 0 such that the conditions below hold for all t.

1.
∑T

t=1 |fδ,t(xt)− fδ,t−1(xt)| ≤WT , for all xt ∈ Rd.

2.
∑T

t=1 |ft(xt)− ft−1(xt)|2 ≤ W̃T , for all xt ∈ Rd.

The above two conditions in Assumption 3.12 measure the accumulated first-order and

second-order function variations. Such variations are called the regularity measures in

online non-stationary learning problems and are also assumed in40;41.

Remark 3.13. The analysis in this section requires that the sequence of objective functions

satisfy Assumption 3.12 and the Lipschitz conditions C0,0 or C0,0 ∩ C1,1 over the whole

domain. However, these assumptions are only needed for theoretical soundness. In practice,

the estimator proposed in this section can still be used if these conditions are satisfied locally

along the trajectory of the iterates of the online algorithm. In fact, in Section 2.4, we show

that the proposed estimator can be used to solve practical learning problems with objective

functions that are not necessarily globally Lipschitz.

First, we consider the case where {ft}t are nonconvex and Lipschitz continuous func-

tions. Since the objective function ft is not necessarily differentiable, ∇f(t) may not exist.

Therefore, we define the regret as the accumulated gradient of the smoothed function, i.e.,

RTg,δ :=
∑T−1

t=0 E[‖∇fδ,t(xt)‖2], inspired by the study of zeroth-order oracles in static non-

smooth optimization problems in15. In addition, similar to15, we require that the smoothed
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function fδ,t is close to the original function ft such that |fδ,t(x)− ft(x)| ≤ εf for all t. To

satisfy this condition, we need to choose δ ≤ (L0)−1εf according to Lemma 3.2. Then,

we can show the following regret bound for ZO with residual feedback, when the objective

functions are either natural or adversarial, as per Definition 3.4.

Theorem 3.14 (Nonconvex Lipschitz ft). Let Assumptions 3.12 hold. Assume that ft ∈

C0,0 with Lipschitz constant L0 and that ft is bounded below by f∗t for all t. Run ZO with

residual feedback with η = ε
3
2
f (2
√

2L2
0d

3
2T

1
2 )−1 and δ = εfL

−1
0 . Then, we have that

RTg,δ ≤ 2
√

2L2
0

(
E[fδ,0(x0)]− f∗δ,T +WT

)
d

3
2 ε
− 3

2
f T

1
2

+ 4
√

2L2
0ε

1
2
f d

3
2T

1
2 +

L2
0√
2

d
3
2 W̃T

ε
3
2
f T

1
2

+
ε
1
2
f E
[
‖g̃0(x0)‖2

]
2
√

2dT
.

Asymptotically, RTg,δ = O(d
3
2L2

0ε
− 3

2
f (WT + W̃TT

−1)T
1
2 ).

The proof can be found in Appendix B.6. Theorem 3.14 implies that the regret bound

satisfies RTg,δ/T → 0 whenever WT = o(T
1
2 ε

3
2
f ) and W̃T = o(T

3
2 ε

3
2
f ). In particular, if the

bounded variation Assumption 3.12 holds, then we have W̃T ≤ O(TV 2
f ), and it suffices to

let T−
1
2 ε
− 3

2
f = o(1).

Next, we assume that the objective functions ft in (P) are non-convex and smooth and

study the regret RTg :=
∑T−1

t=0 E[‖∇ft(xt)‖2]. Specifically, we provide the following regret

bound for ZO with residual-feedback for natural or adversarial objective functions, as per

Definition 3.4.

Theorem 3.15 (Nonconvex smooth ft). Let Assumptions 3.12 hold. Assume that ft ∈

C0,0∩C1,1 with Lipschitz constant L0 and smoothness constant L1 and that ft is bounded be-

low by f∗t for all t. Run ZO with residual feedback for T iterations with η = (2
√

2L0d
4
3T

1
2 )−1

and δ = (d
1
3T

1
4 )−1. Then,

RTg ≤ 4
√

2L0

(
E[fδ,0(x0)]− f∗δ,T +WT

)
d

4
3T

1
2 + 8

√
2L1L0d

4
3T

1
2

+

√
2L1

L0
d

4
3 W̃T +

L1E
[
‖g̃0(x0)‖2

]
√

2L0d
4
3T

1
2

+ 2L2
1d

4
3T

1
2 .

Asymptotically, RTg = O(d
4
3L0WTT

1
2 + d

4
3L1L0

−1W̃T ).
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The proof can be found in Appendix B.7. Theorem 3.15 implies that the regret bound

satisfies RTg /T → 0 whenever WT = o(T
1
2 ) and W̃T = o(T ). We note that these require-

ments on WT , W̃T are weaker than those in the case of nonsmooth problems, as they do

not rely on the small parameter εf .

Remark 3.16. The proposed residual-feedback gradient estimator can also be used with

projected stochastic gradient descent algorithms when the online nonconvex learning prob-

lems have set constraints. The analysis in such a setting is included in Appendix B.8 in the

supplementary material.

3.4 ZO with Residual Feedback for Stochastic On-

line Optimization

Our proposed residual feedback gradient estimator can be also extended to solve stochastic

online bandit problems. Since the regret analysis is similar to that for deterministic online

problems presented before, we only introduce the key technical lemmas and comment on

the differences in the proof. Consider the stochastic online bandit problems

min
x∈X

T−1∑
t=0

E[Ft(x; ξt)],where E[Ft(x; ξt)] = ft(x),∀t,

where ξt denotes a certain noise that is independent of x. Different from the deterministic

online problems discussed before, the agent here can only query noisy evaluations of the

objective function. To solve the above problem, we propose the following stochastic residual

feedback

g̃t(xt) :=
dut
δ

(
Ft(xt + δut; ξt)− Ft−1(xt−1 + δut−1; ξt−1)

)
,

where ξt−1 and ξt are independent random samples that are sampled at consecutive it-

erations t − 1 and t, respectively. Since the noisy function value F (x; ξt) is an unbiased

estimate of the objective function ft(x), it is straightforward to show that (3.4) is an unbi-

ased gradient estimate of the function fδ,t(x). To analyze the regret of ZO with stochastic
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residual feedback, we first consider the convex case and make the following assumption on

the variation of the stochastic objective functions.

Assumption 3.17. (Bounded stochastic variation) There exists Vf,ξ > 0 such that for all

t and xt−1 ∈ Xδ, E
[(
Ft(xt−1, ξt)−Ft−1(xt−1, ξt−1)

)2] ≤ V 2
f,ξ, where the expectation is taken

over the evaluation noises ξt and ξt−1.

The above assumption generalizes Assumption 3.8 to stochastic problems. The bound

V 2
f,ξ controls both the variation of function and the variation due to stochastic sampling.

The following lemma characterizes the second moment of the stochastic residual feedback

gradient estimates. Its proof can be found in Appendix B.9.

Lemma 3.18. Assume F (x, ξ) ∈ C0,0 with Lipschitz constant L0 for all ξ and x ∈ Xδ.

Then, under the ZO update rule, we have that

E[‖g̃t(xt)‖2] ≤ 4d2L2
0η

2

δ2
E[‖g̃t(xt−1)‖2] +Dt,ξ,

where Dt,ξ := 16L2
0d

2 + 2d2

δ2
E[
(
Ft(xt−1 + δut−1, ξt)− Ft−1(xt−1 + δut−1, ξt−1)

)2
].

Observe that the above second moment bound is very similar to that in Lemma 3.7,

and the only difference is the perturbation term. Consequently, ZO with stochastic residual

feedback achieves almost the same regret bounds as those in Theorems 3.9 and 3.11, and

one simply needs to replace Vf by Vf,ξ. For non-convex problems, we adopt the following

assumption that generalizes Assumption 3.12.

Assumption 3.19. There exists WT , W̃T,ξ > 0 such that the following two conditions hold

for all t.

1.
∑T

t=1

(
fδ,t(xt)− fδ,t−1(xt)

)
≤WT for all xt ∈ Rd.

2.
∑T

t=1 E[|Ft(xt−1; ξt) − Ft−1(xt−1; ξt−1)|2] ≤ W̃T,ξ for all xt−1 ∈ Rd, where the expec-

tation is taken over evaluation noises ξt and ξt−1.

Then, following similar steps as those in the proofs of Theorems 3.14 and 3.15, we

can obtain similar regret bounds for ZO with stochastic residual feedback (simply replace

WT , W̃T in Theorems 3.14 and 3.15 by WT,ξ, W̃T,ξ, respectively).
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3.5 Numerical Experiments

In this section, we compare the performance of ZO with one-point, two-point and residual

feedback in solving two non-stationary reinforcement learning problems, i.e., LQR control

and resource allocation, in which either the reward or transition functions are varying

over episodes. The details of the numerical experiment implementation can be found in

Appendix B.1.

3.5.1 Nonstatinoary LQR Control

We consider an LQR problem with noisy system dynamics. The static version of this

problem is considered in32;33. Specifically, consider a system whose state xk ∈ Rnx at step

k is subject to a transition function xk+1 = Atxk + Btuk + wk, where uk ∈ Rnu is the

action at step k, and At ∈ Rnx×nx and Bt ∈ Rnx×nu are dynamical matrices in episode t.

These matrices are unknown and changing over episodes. The vector wk is the noise on the

state transition. Specifically, the entries of the dynamical matrices A0 and B0 at episode

0 are randomly generated from a Gaussian distribution N (0, 0.12). Then, we generate the

time-varying dynamical matrices as At+1 = At + 0.01Mt and Bt+1 = Bt + 0.01Nt, where

Mt and Nt are random matrices whose entries are uniformly sampled from [0,1]. Moreover,

consider a state feedback policy uk = Ktxk, where Kt ∈ Rnu×nx is the policy parameter

that is fixed during episode t. We assume that there exists an optimal policy K∗t so that the

discounted accumulated cost function Vt(K) := E
[∑H−1

k=0 γk(xTkQxk + uTkRuk)
]

at episode

t is minimized, where γ ≤ 1 is the discount factor and H is the horizon. The goal is to

track the time-varying optimal policy parameter K∗t so that Vt(Kt) − Vt(K∗t ) is small in

every episode.

We apply the conventional one-point method in21 and the proposed residual-feedback

method (3.4) to solve the above non-stationary LQR problem. The performance of the

two-point method in20 is also presented to serve as a benchmark, although it is not pos-

sible to implement in practice for non-stationary problems. This is because the two-point
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Figure 3.1: Comparative results of ZO with the proposed one-point residual

feedback (3.1) (blue), the two-point oracle in20 (orange) and the conventional

one-point oracle in21 (green) for online policy optimization in nonstationary LQR.

Figure 1(a) presents the regrets
∑T

t=0 |V (Kt)− V (K∗)| achieved using the three

diffident oracles and Figure 1(b) presents the variance of the gradient estimates

returned by the three methods. The two point method (orange) is infeasible to use

in practice and is presented here to serve as a simulation benchmark.

method in20 requires to evaluate value function Vt for two different policy functions at two

consecutive episodes. However, evaluating the value function Vt for a given policy during

episode t requires to collect samples by executing this policy. Then, during the subse-

quent episode t + 1, since the problem is non-stationary, the dynamic matrices change to

At+1, Bt+1 and so does the value function Vt+1. Therefore, it is not possible to evaluate

the same value function Vt at two different episodes and, as a result, the two-point method

in20 is not applicable here. Each algorithm is run for 10 trials, and the stepsizes are op-

timized for each algorithm separately. The accumulated regrets
∑T−1

t=0 |V (Kt) − V (K∗)|

of the three algorithms are presented in Figure 3.1(a). We observe that ZO with residual

feedback achieves a much lower regret than the conventional one-point method and has a

comparable performance to that of the two-point method. Moreover, we present in Fig-

ure 3.1(b) the estimated variance of the gradient estimates returned by these three oracles
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Figure 3.2: Comparative results of ZO with the proposed one-point residual

feedback (3.1) (blue), the two-point oracle in20 (orange) and the conventional

one-point oracle in21 (green) for the non-stationary resource allocation problem.

Figure 2(a) presents the varying cost Jt(θt) achieved using three diffident oracles

and Figure 2(b) presents the variance of the gradient estimates at agent 1 returned

by the three methods. The two point method (orange) is infeasible to use in

practice and is presented here to serve as a simulation benchmark.

at the policy iterates over episodes. It can be seen that the variance of the gradient esti-

mates returned by our proposed residual-feedback is close to that of the gradient estimates

returned by the two-point feedback and is much smaller than that of the gradient estimates

returned by the conventional one-point feedback. This observation validates our theoretical

characterization of the second moment of the residual feedback gradient estimates.

3.5.2 Nonstationary Resource Allocation

We consider a multi-stage resource allocation problem with time-varying sensitivity to the

lack of resource supply. Specifically, 16 agents are located on a 4× 4 grid. During episode

t, at step k, agent i stores mi(k) amount of resources and has a demand for resources in

the amount of di(k). Also, agent i decides to send a fraction of resources aij(k) ∈ [0, 1]

to its neighbors j ∈ Ni on the grid. The local amount of resources and demands of
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agent i evolve as mi(k+ 1) = mi(k)−
∑

j∈Ni
aij(k)mi(k) +

∑
j∈Ni

aji(k)mj(k)− di(k) and

di(k) = ψi sin(ωik+φi) +wi,k, where wi,k is the noise in the demand. At each step k, agent

i receives a local cost ri,t(k), such that ri,t(k) = 0 when mi(k) ≥ 0 and ri,t(k) = ζtmi(k)2

when mi(k) < 0, where ζt represents the varying sensitivity of the agents to the lack

of supply during episode t. Let agent i makes its decisions according to a parameterized

policy function πi,t(oi; θi,t) : Oi → [0, 1]|Ni|, where θi,t is the parameter of the policy function

πi,t at episode t, oi ∈ Oi denotes agent i’s local observation. Specifically, we let oi(k) =

[mi(k), di(k)]T . Our goal is to track the time-varying optimal policy so that the accumulated

cost over the grid Jt(θt) =
∑16

i=1

∑H
k=0 γ

kri,t(k) during each episode is maintained at a low

level, where θt = [. . . , θi,t, . . . ] is the policy parameter, H is the problem horizon at each

episode, and γ is the discount factor.

In Figure 3.2(a), we present the cost Jt(θt) achieved during each episode after 10 trials of

ZO with residual-feedback, one-point, and two-point feedback which, as before, is impossible

to use in practice for this non-stationary problem either. It can be seen that ZO with our

proposed residual-feedback achieves a cost Jt(θt) that is as low as the cost achieved by

the two-point feedback in this non-stationary environment. In particular, ZO with both

residual and two-point feedback performs much better than ZO with conventional one-point

feedback. Figure 3.2(b) also compares the estimated variance of the gradient estimates

returned by these feedback schemes. It can be seen that the variance of the gradient

estimates returned by the residual feedback oracle is comparable to that of the gradient

estimates returned by the two-point oracle and is much smaller than that returned by the

conventional one-point oracle.
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Chapter 4

Zeroth-Order Distributed MARL using
Residual Feedback under Partial
Observations

In this chapter, we decentralize the proposed residual-feedback ZO gradient estimator to

solve a distributed learning problem. Specifically, we consider the scenario where the evalu-

lation of the objective function cannot be conducted by each local agent on its own. Instead,

the global objective function is the summation of each agent’s local objective, and therefore,

the agents need to evalulate the global objective function through collaboration. Due to

limited communication capability, the global objective function cannot be exactly evaluted

at each local agent, and a systematic error exists in their local evaluations. We will study

how such objective function evaluation errors affect the convergence of the decentralized ZO

method with residual-feedback oracle and how to alleviate the effects of such errors. Our

analysis in this chapter will be conducted considering a MARL problem with partial obser-

vations. When each agent only observes partial states in the system, it cannot compute the

policy gradients because the environment becomes non-Markovian. This naturally leads us

to find solultions via ZO methods. To the best of our knowledge, our results presented here

are the first works that provide theoretical convergence guarantee on finding approximately

optimal policies for MARL problems with partial observations. The content in this chapter

has been included in the paper3.

4.1 Preliminaries and Problem Formulation

Consider a multi-agent system consisting of N agents. The agent dynamics are gov-

erned by a Makov Decision Process (MDP) defined by a tuple (S,A,R,P, γ), where

st = [s1,t, s2,t, . . . , sN,t] ∈ S and at = [a1,t, a2,t, . . . , aN,t] ∈ A denote the joint state and ac-
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tion spaces of the N agents at time instant t. The reward vector r = [r1,t, r2,t, . . . , rN,t] ∈ R

denotes the local rewards received by each agent at time t. The local reward ri,t(st, at, wt)

is affected by the joint state and action of all the agents in the network, and is also subject

to noise wt. The transition function P (st, at, st+1) : S × A × S → [0, 1] ∈ P denotes the

probability of transitioning to state st+1 when the agents take action at at state st. Let

oi,t ∈ Oi represent the local observation received at agent i at time t, which contains par-

tial entries of the joint state and action vectors, st and at. Agent i selects its action ai,t

based on the observation oi,t using its local policy function πi : Oi → Ai. Let π denote

the joint policy function which consists of local policy functions πi. Then, the accumulated

discounted reward received by agent i is defined as Qπi (s, a) = E[
∑T

t=0 γ
tri,t|s0 = s, a0 = a]

or V π
i (s) = E[

∑T
t=0 γ

tri,t|s0 = s], when the agents start from the state-action pair (s, a) or

state s, follow the policy π, and apply a discount factor γ ≤ 1 to their future rewards 1.

Our goal in this section is to find an optimal joint policy function π∗ that solves the

problem maxπ
1
N

∑N
i=1 Ji(π), where Ji(π) = E(s0,a0)∼ρ0 [Qπi (s0, a0)] and ρ0 is a distribution

that the initial state-action pair is sampled from. To do so, we assume that the local policy

function πi is parameterized as πi(θi,k), where θi,k ≤ Rdi is the local policy parameter

during episode k. Stacking these local policy parameters into the global policy parameter

vector θ ∈ Rd, we can rewrite the problem we consider in this section as

max
θ

J(θ) :=
1

N

N∑
i=1

Ji(θ). (4.1)

Problem (4.1) can be solved using distributed Actor-Critic methods as in29;30. These meth-

ods require that all agents maintain local estimates of the global value function or the global

policy function and that these local estimates are parameterized in the same way and de-

pend on the global states and actions of all other agents. Therefore, they cannot be used

for MARL with partial state and action information. Instead, in this section, we propose

a new distributed zeroth-order policy optimization method that relies on the stochastic

1Although we consider a task with accumulated discounted rewards in this section, our proposed

methods can be easily adapted to task considering averaged rewards.
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gradient ascent update

θk+1 = θk +∇J(θk) (4.2)

to determine optimal policy parameters θk that solve Problem (4.1). The key idea that

makes it possible to use partial state and action information in the update (4.2) is the

use zeroth-order estimators ∇̃J(θk) of the true policy gradient ∇J(θk). In this section, we

adopt the one-point residual-feedback policy gradient estimator

∇̃J(θk) =
J(θk + δuk, ξk)− J(θk−1 + δuk−1.ξk−1)

δ
uk (4.3)

As discussed in Chapter 2, same as the estimator (1.1), the estimator (4.3) only requires one

policy evaluation at each iteration, but can use the history of policy evaluations to effectively

reduce the variance of the current policy gradient estimate and, therefore, improve the

learning rate.

According to1;15, both estimators (1.1) and (4.3) provide unbiased gradient estimates

of a smoothed function Jδ(θ) at θk, where Jδ(θ) is defined as Jδ(θ) := Eu
[
J(θ+ δu)

]
and u

is subject to a standard multivariate normal distribution. Therefore, updating the policy

parameter θk as in (4.2) using the gradient estimates (1.1) or (4.3) will in fact converge

to a stationary point of the smoothed function Jδ(θ) rather than a stationary point of the

value function J(θ) that may be nonsmooth. To ensure that the stationary point found by

this process is meaningful for the original MARL problem, we need to define appropriate

optimality conditions that additionally ensure that Jδ(θ) and J(θ) are close to each other.

Specifically, we consider the following optimality criterion

‖∇Jδ(θ)‖2 ≤ ε, and |Jδ(θ)− J(θ)| ≤ εJ , (4.4)

which suggests that θ is an ε−stationary point of the smoothed value function Jδ(θ), and

that the smoothed value function Jδ(θ) is εJ -close to the true value function J(θ). To bound

the distance between the smoothed function Jδ(θ) and the original value funtion J(θ) in

(4.4), we need the following assumption on the value function J(θ).
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Assumption 4.1. The function J(θ) is Lipschitz with constant L0, that is, |J(θ1)−J(θ2)| ≤

L0‖θ1 − θ2‖, for all θ1, θ2 ∈ Rd.

Given Assumption 4.1, the following result for the smoothed value function Jδ(θ) holds.

Lemma 4.2. (Gaussian Approximation15) Given Assumption 4.1, the smoothed function

Jδ(θ) satisfies |Jδ(θ)− J(θ)| ≤ δL0

√
d, for all θ ∈ Rd.

According to Lemma 4.2, to control the approximation accuracy of the smoothed func-

tion Jδ(θ), the parameter δ needs to be selected appropriately. The choice of this parame-

ter will be discussed in Section 4.2. Note that although the random exploration direction

uk ∼ N (0, Id) needed to evaluate the estimator (4.3) can be sampled in a fully decentralized

way, the global value J(θk + δuk) = 1
N

∑N
i=1 Ji(θk + δuk, ξk) is not accessible by the local

agents. In the next section, we design a new algorithm that relies on partial state and action

information only to produce a fully decentralized implementation of the estimator (4.3).

4.2 Algorithm Design and Theoretical Analysis

In this section, we propose a fully distributed zeroth-orther policy optimization algorithm

for MARL that employs the residual-feedback zeroth-order policy gradient estimator (4.3).

Specifically, we first introduce a consensus step so that the global value J(θk + δuk, ξk) in

the estimator (4.3) can be computed locally. Given a finite number of consensus iterations,

the local estimates of J(θk+δuk, ξk) will be inexact and, therefore, the local policy gradient

estimates will be biased. To control this bias, we then introduce a value tracking technique

that reduces the bias at the current episode using the local estimates of J(θk + δuk, ξk)

from previous episodes. Finally, we provide convergence results showing that the proposed

distributed zeroth-ortder policy optimization method with constant stepsize converges to

a neighborhood of the global optimal policy that is controlled by the number of consensus

steps during each episode. Proofs of all theoretical results that follow can be found in the

supplementary materials.
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Algorithm 1: Distributed Residual-Feedback Zeroth-Order Policy Opti-
mization

Input: Exploration parameter δ, stepsize α, consensus matrix W , number of
consenseus steps Nc, initial policy parameter θ0, discount ratio γ,
maximum number of time steps run per episode tmax, number of episodes
K, and the logic variable DoTracking.

1 Set µ−1
i (Nc) = 0 for all i = 1, 2, . . . , N ;

2 for episode k = 0, 1, 2, . . . ,K do
3 For agents i = 1, 2, . . . , N , let agent i sample a random exploration direction

ui,k from the standard multivariate normal distribution ;
4 Let all agents implement their perturbed policy πi(θi,k + δui,k) for tmax time

steps and construct unbiased estimates of their local accumulated rewards
{Ji(θk + δuk, ξk)} ;

5 For all agent i = 1, 2, . . . , N ,
6 if DoTracking = False or k == 0 then
7 set µki (0) = Ji(θk + δuk, ξk) ;
8 else

9 set µki (0) = µk−1
i (Nc) + Ji(θk + δuk, ξk)− Ji(θk−1 + δuk−1, ξk−1) ;

10 end
11 for m = 0, 2, . . . , Nc − 1 do
12 For agents i = 1, 2, . . . , N , let agent i send µki (m) to its direct neighbors

j ∈ Ni and conduct local averaging by computing
µki (m+ 1) =

∑
j∈Ni

Wijµ
k
j (m) ;

13 end
14 For agents i = 1, 2, . . . , N , let agent i update its current policy parameter θi,k

by

θi,k+1 = θi,k + α
µki (Nc)− µk−1

i (Nc)

δ
ui,k. (4.5)

15 end

Our proposed algorithm is summarized in Algorithm 1. In what follows, we also assume

that the N agents form a communication graph G = (V, E), where V = {1, 2, . . . , N} is the

index set of agents and E represents the set of edges. The edge (i, j) ∈ E if agents i

and j ∈ N can directly send information to each other. Moreover, we define by W ∈

RN×N a weight matrix associated with the graph G such that the entry Wij > 0 when

(i, j) ∈ E and Wij = 0 otherwise. Note that the communication graph G is independent

of the coupling between agents in their state transition function P(st, at, st+1) and reward

functions {ri(st, at)} defined in Section 4.1.
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4.2.1 Distributed Residual-Feedback Zeroth-Order

Policy Optimization

In this section, we describe and analyze our proposed residual-feedback zeroth-order policy

optimization algorithm in the absence of value tracking, i.e., when DoTracking = False in

Algorithm 1 (line 6). Specifically, at the beginning of episode k, the agents randomly per-

turb their current policy parameters θk using a random exploration direction uk and conduct

on-policy local policy evaluation to obtain an unbiased estimate of the local accumulated

rewards {Ji(θk + δuk)}i=1,2,...,N (lines 3-4). To conduct local policy evaluations, existing

MARL methods29;30 usually assume that the global state-action pairs (st, at) are available

to all local agents. Under this assumption, it is possible to update the local Critic functions

Qπi (st, at) in29;30 to reduce the variance of policy evaluations and, therefore, the variance of

the policy gradient estimates42. However, when the agents only have access to local observa-

tions oi,t which contain partial entries of (st, at), these methods cannot be used. Therefore,

in this section, evaluate the local policies as Ji(θk + δuk, ξk) = ri(1)+γri(2)+γ2ri(3)+ . . . ,

same as in REINFORCE43. This policy evaluation method can be implemented in a fully

decentralized way but is subject to large variance, which increases the variance of the zeroth-

order policy gradient estimates and degrades the converegence speed of the algorithm. The

residual-feedback policy gradient estimator (4.3) can effectively reduce this variance as we

will discuss later. In what follows, we make the following assumption on the local policy

value estimator.

Assumption 4.3. For all agents, the local policy evaluation is unbiased and subject to

bounded variance. That is, Eξ
[
Ji(θ, ξ)

]
= Ji(θ), and E

[
(Ji(θ, ξ) − Ji(θ))2

]
≤ σ2 for i =

1, 2, . . . , N .

After all agents compute unbiased local policy values Ji(θi,k, ξk, ξk), they conduct Nc

rounds of local averaging on their local policy values {Ji(θk + δuk, ξk)}i=1,2,...,N (lines 7, 11-

13). As a result, they obtain inexact estimates µki (Nc+1) of the global accumulated rewards

J(θk + δuk, ξk). To bound this estimation error, we need the following two assumptions.
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Assumption 4.4. The undirected communication graph G is connected and fixed for all

episodes. In addition, the associated weight matrix W is doubly stochastic. That is, W1 = 1

and W T1 = 1.

Assumption 4.5. The local values Ji(θ, ξ) are upper bounded by Ju and lower bounded by

Jl for all i = 1, 2, . . . , N and all policy parameters θ.

Assumption 4.5 can be easily satisfied when the rewards are bounded and the discount

factor γ < 1. When the rewards are unbounded, Assumption 4.5 holds when all policy

iterates are stabilizing policies32. Let µk(m) = [µk1(m), . . . , µkN (m)]T . Then, we can show

the following lemma.

Lemma 4.6. Given Assumptions 4.4 and 4.5, we have that ‖µk(Nc)−J(θk + δuk, ξk)1‖ ≤

ρNc
W

√
N(Ju − Jl), where ρW = ‖W − 1

N 11T ‖ < 1.

Lemma 4.6 shows that the bias in the local estimate µk(Nc) can be controlled by

choosing a large enough Nc, when the local policy values are upper and lower bounded by

Ju and Jl. Using the estimates µk(Nc), the agents can then construct the decentralized

policy gradients (4.5) and update their policy parameters θi,k (line 14). This completes

episode k. The decentralized residual-feedback estimator (4.5) can reduce the variance of

the policy gradient estimates, since the value estimate of the last policy iterate µk−1
i (Nc)

can provide a baseline to compare µki (Nc) to. Effectively, the value estimate of the last

policy iterate has an analogous variance reduction effect to the state value V π(s) that is

used as a baseline for the action value Qπ(s, a) in Actor-Critic methods42. 3 Next, we show

how to select Nc so that the optimality criterion (4.4) is satisfied.

Theorem 4.7. (Learning Rate of Algorithm 1 without Value Tracking) Let As-

sumptions 4.1, 4.3, 4.4 and 4.5 hold and define δ = εJ√
dL0

, α =
ε1.5J

4d1.5L2
0

√
K

, and Nc ≥

3Note that the fact that the value of past policy iterates can also be used as a baseline to reduce

the variance of policy gradient estimates may be of interest in its own right in the development

of policy gradient methods.
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log(
√
εεJ√

2d1.5L0(Ju−Jl))
)/ log(ρW ). Then, running Algorithm 1 with DoTracking = False, we

have that 1
K

∑K−1
k=1 E[‖∇Jδ(θk)‖2] ≤ O(d1.5ε−1.5

J K−0.5) + ε
2 .

As shown in Theorem 4.7, Algorithm 1 converges to a neighborhood of the global

optimal policy whose size at steady-state is equal to ε
2 and can be controlled by choosing

the number of consensus steps Nc. Moreover, the number of consensus steps Nc depends

not only on the user-specified accuracy level ε and εJ , but also on the range of the policy

bounds Ju and Jl. This is because the consensus iteration at each episode is independent of

those at previous episodes. Therefore, to select Nc to control the estimation bias |µki (Nc)−

J(θk + δuk, ξk)|, we need to select the term Ju − Jl in the definition of Nc in Theorem 4.7

as the difference between the initial estimates µki (0) = Ji(θk + δuk, ξk) ∈ [Jl, Ju] that have

the maximum and minimum value.

4.2.2 Distributed Residual-Feedback Zeroth-Order

Policy Optimization with Value Tracking

As discussed before, the estimation bias |µki (Nc)−J(θk+δuk, ξk)| at episode k can be reduced

using local policy estimates form previous episodes. Specifically, rather than resetting

µki (0) = Ji(θk + δuk, ξk) in line 7 of Algorithm 1, we update it using the estimate µk−1
i (Nc)

from the last episode as µki (0) = µk−1
i (Nc)+Ji(θk+δuk, ξk)−Ji(θk−1 +δuk−1, ξk−1). Then,

we run Nc consensus iterations on µki (0) as before. Let µ̄k(m) = 1
N

∑N
i=1 µ

k
i (m). The

following lemma shows that the value tracking updates preserve the global information

J(θk + δuk, ξk).

Lemma 4.8. Let Assumption 4.4 hold. Then, running Algorithm 1 with DoTracking =

True, we have that µ̄k(m) = J(θk + δuk, ξk) = 1
N

∑N
i=1 Ji(θi,k, ξk), for all m = 1, 2, . . . , Nc

and all k.

Lemma 4.8 implies that the local estimation bias |µki (Nc)− J(θk + δuk, ξk)| is equal to

the consensus error |µki (Nc) − µ̄k(Nc)|. Using value tracking, the bias at episode k can be
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controlled by the consensus steps of past episodes. This is formally shown in the following

lemma.

Lemma 4.9. Let Assumptions 4.1, 4.3, 4.4 hold and define Ekµ = ‖µk(Nc) − µ̄k(Nc)‖.

Then, running Algorithm 1 with DoTracking = True, we have that

E
[
(Ekµ)2

]
≤
(

2E
[
(Ek−1

µ )2
]

+ 32dL2
0

α2

δ2
E
[
(Ek−1

µ )2‖uk−1‖2
]

+ 32d2L2
0

α2

δ2
E
[
(Ek−2

µ )2
])
ρ2Nc
W

+ 16NL2
0α

2E
[
‖∇̃J(θk−1)‖2

]
ρ2Nc
W + 32NdL2

0δ
2ρ2Nc
W + 16Nσ2ρ2Nc

W . (4.6)

Compared to Lemma 4.6, the proposed value tracking technique makes it possible to

bound the consensus error at episode k with the consensus errors from episodes k − 1 and

k−2. Furthermore, at each episode, this error is perturbed by the second order momentum

of the policy gradient estimate (4.3) which can be controlled by choosing a small stepsize

α and a large number Nc. To see the benefit of this result, when the consensus errors from

episodes k−1 and k−2 are small, value tracking needs fewer consensus iterations to achieve

small consensus error at episode k. This is in contrast to the case without value tracking,

where Nc is selected regardless of previous consensus errors. The following result shows

convergence of Algorithm 1 using value tracking.

Theorem 4.10. (Learning Rate of Algorithm 1 with Value Tracking) Let Assump-

tions 4.1, 4.3, 4.4 hold and define δ = εJ√
dL0

, α =
ε1.5J

4d1.5L2
0

√
K

, and

Nc ≥ max
(

log(ρW )−1 log(
1

2
√

2
), log(ρW )−1 log(

√
ε

2G2εJ + 64(d+ 4)2dL2
0 + 32d3L2

0σ
2/ε2J

)
)
,

where G2 = max

(
E
[
‖∇̃J(θ0)‖2

]
, 2εJ ε
dK + 32L2

0(d + 4)2 +16d2L2
0
σ2

ε2J

)
. Then, running Algo-

rithm 1 with DoTracking = True, we have that

1

K

K−1∑
k=1

E[‖∇Jδ(θk)‖2] ≤ O(d1.5ε−1.5
J K−0.5) +

ε

2
.

In Theorem 4.10, the constant G2 represents the uniform bound on E[‖∇̃J(θk)‖2] for

all k = 1, 2, . . . ,K. Moreover, from the bounds on Nc in Theorems 4.7 and 4.10, when ε

and εJ are close to 0, we obtain that Nc ∼ O
(

log(
√
εεJ

d1.5σ
)/ log(ρW )

)
in Theorem 4.10 and
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Nc ∼ O
(

log(
√
εεJ

d1.5(Ju−Jl)
)/ log(ρW )

)
in Theorem 1. This suggests that the choice of Nc in

Theorem (4.10) depends on the variance of function evaluation σ2, while in Theorem 4.7

the choice of Nc depends on the range of value functions [Jl, Ju]. In practice, the variance of

function evaluation σ2 can be much smaller than the range of its value [Jl, Ju]. Therefore,

Algorithm 1 with value tracking requires fewer consensus steps per episode than without

value tracking.

Remark 4.11. The proposed value-tracking technique can also be combined with the exist-

ing distributed one-point policy gradient estmiator8 to reduce the variance of its gradient

estimates. To see this, note that the global value function J(θk + δuk, ξk) used in the one-

point estimator (1.1) can be replaced by the local esimate of the value J(θk + δuk, ξk), i.e.,

µki (Nc). Then, we obtain the following distributed one-point policy gradient estimator with

value tracking:

∇̃θi,kJ(θk) ≈
µki (Nc)

δ
ui,k

=

∑
j∈Ni

[WNc ]ij
(
µk−1
j (Nc) + Jj(θk + δuk, ξk)− Jj(θk−1 + δuk−1, ξk−1)

)
δ

ui,k. (4.7)

We observe that the estimator (4.7) has the same structure as the distributed residual-

feedback policy gradient estimator without value tracking (4.5) except for an additional

noise term

∑
j∈Ni

[WNc ]ijµ
k−1
j (Nc)

δ ui,k. Therefore, the variance of the estimator (4.7) is re-

duced through a similar mechanism as that of the distributed residual-feedback policy gra-

dient estimator without value tracking. As a result, the learning performance is improved

compared to that of the existing distributed one-point policy gradient estimator8, as we will

demonstrate in the next section.

4.3 Numerical Experiments

In this section, we illustrate our proposed MARL algorithm on stochastic multi-agent multi-

stage decision making problems. Specifically, we conduct an ablation study to demonstrate

the benefits of applying the decentralized residual-feedback zeroth-order policy gradient
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Figure 4.1: Distributed zeroth-order policy optimization with the proposed

residual-feedback estimator (4.3) (orange) versus the one-point estimator (1.1)

(blue). In each case, Algorithm 1 is run 10 times. (a): Comparative results without

value tracking. (b): Comparative results with value tracking.

estimate (4.5) and the value tracking technique separately. We consider 16 agents that are

located on a 4×4 grid. Agent i stores resources and receives a local demand in the amount of

mi(t) and di(t) at time t. In the meantime, agent i also shares resources with its neighbors

in the grid in the amount of [. . . , aij(t), . . . ]j∈Nj , where aij(t) ∈ [0, 1] denotes the fraction

of resources agent i sends to its neighbor j at time t. The local resources and demands at

agent i are defined as mi(t+1) = mi(t)−
∑

j∈Ni
aij(t)mi(t)+

∑
j∈Ni

aji(t)mj(t)−di(t) and

di(t) = Ai sin(ωit+φi)+wi,t, where wi,t is the noise in the demand. At time t, agent i receives

a local reward ri(t), such that ri(t) = 0 whenmi(t) ≥ 0 and ri(t) = −mi(t)
2 whenmi(t) < 0.

We consider a partial observation scenario, where agent i can only observe its local resources

and demands, that is, oi(t) = [mi(t), di(t)]
T . Agent i determines its actions {aij(t)} using

its local policy function πi(oi(t)). Specifically, we have that aij = exp(zij)/
∑

j exp(zij),

where zij =
∑9

p=1 ‖oi − cp‖2θij(p) and cp is the p-th feature parameter. We consider

episodes of length T = 30, and select the discount factor as γ = 0.75. The communication

graph is assumed to be a chain graph. Moreover, we select the number of consensus steps

Nc = 1, and show that Algorithm 1 can achieve policy improvement even in this challenging
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Figure 4.2: Distributed zeroth-order policy optimization with value tracking

(orange) versus without value tracking (blue). In each case, Algorithm 1 is run 10

times. (a): Comparative results for the one-point estimator (1.1). (b): Comparative

results for the proposed residual-feedback estimator (4.3). (c) Maximum absolute

consensus errors maxi |µki (Nc)− J(θk + δuk, ξk)| over episodes.

scenario. The stepsizes are selected so that the convergence speed is optimized.

First, we compare the performance of Algorithm 1 using the decentralized policy gra-

dients (4.3) and (1.1), without value tracking. The learning progress is presented in Fig-

ure 4.1(a). We observe that the decentralized residual-feedback policy gradient estimator

has less variance than the existing one-point policy gradient estimator and, therefore, im-

proves faster and finds a better policy in the end of the learning. The same effect is observed

in Figure 4.1(b), when both estimators are implemented with value tracking. This suggests

that the residual-feedback zeroth-order policy gradient estimator is superior to the one-
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point policy gradient estimator for decentralized policy optimization problems.

Next, we demonstrate the merit of using value tracking. Specifically, we first run Algo-

rithm 1 with the decentralized one-point policy gradient estimator (1.1), with and without

value tracking. The difference in the performance is shown in Figure 4.2(a). We observe

that using value tracking results in less variance and also achieves better policies. This is

because the decentralized one-point policy gradient estimator with value tracking (4.7) has

the same variance reduction effect on the policy gradient estimates as the residual feedback

estimator 4.3, as we have discussed in Remark 4.11. Figure 4.2(b) shows the results of using

the residual-feedback policy gradient estimator (4.3) with and without value tracking. We

observe that Algorithm 1 with value tracking performs slightly better in the mean than

without value tracking. This is because value tracking can track the value of the global

objective function better, as shown in Figure 4.2(c) where the maximum consensus error

maxi |µki (Nc)− J(θk + δuk, ξk)| at each episode k is presented. The improvement achieved

by value tracking is not very significant in Figure 4.2(b) because the underlying commu-

nication graph respects the coupling relationship among agents. Specifically, we say that

the communication graph respects the coupling relationship between agents if the action

of every agent i that can directly communicate with an agent j also directly affects the

reward and transition function of that agent j. In this case, the rewards received from an

agent’s local neighbors can approximate this agent’s contribution to the global reward well

even without tracking the information from other distant neighbors in the graph.

To further demonstrate the advantage of combining the decentralized residual-feedback

gradient estimator with value tracking, we consider a challenging scenario where the com-

munication graph does not respect the coupling relationship among agents as described

above. The performance of Algorithm 1 using the residual-feedback estimator (4.3) with

and without value tracking is presented in Figure 4.3(a). In this case, using rewards from

the local neighbors does not approximate well the local agent’s contribution to the global

reward. Therefore, value tracking can help obtain a better estimate of the global reward

information. As a result, the decentralized residual-feedback policy gradient estimator with
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Figure 4.3: (a) Algorithm 1 with value tracking (orange) versus without value

tracking (blue) under the communication graph which does not respect the coupling

relationship among agents. (b) Comparative results for Algorithm 1 under different

number of consensus steps Nc and the centralized algorithms with partial and full

observations. In each case, Algorithm 1 is run 10 times.

value tracking outperforms the one without value tracking, as shown in Figure 4.3(a). We

note that, while the numerical results presented above show that the performance of Algo-

rithm 1 is affected by the structure of the communication graph among the agents, in this

section we focus on the sampling complexity of Algorithm 1 provided the communication

graph is connected. A further investigation of the relationship between the communication

topology and the learning rate of Algorithm 1 is an interesting problem that is left for our

future research.

Finally, we demonstrate the effect of the number of consensus steps Nc on the per-

formance of Algorithm 1 by comparing to a centralized algorithm that uses the gradient

estimator (4.3) with both full and partial observations. Specifically, in the centralized al-

gorithm, the value of the global objective function J(θk + δuk, ξk) is directly provided to

each local agent at each episode, and the local agents’ policy functions receive all agents’

states as inputs when full observations are assumed and only receive the neighboring agents’

states as inputs when partial observations are assumed. As shown in Figure 4.3(b), as the
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number of consensus steps Nc increases, the performance of Algorithm 1 approaches that of

the centralized algorithm with partial observations. And the performance of the centralized

algorithm with partial observations slightly underperforms that of the centralized algorithm

with full observations. This is because policy functions learned using partial observations

constitute a subset of those that can be learned using full observations.
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Chapter 5

Asynchronous Distributed Optimization
using Residual Feedback

In this chapter, we study the proposed residual-feedback oracle in another setting of dis-

tributed learning problems. Different from the one studied in Chapter 4, each agent has

access to the global objective function values. However, they do not have access to a global

clock, so they perturb their local decisions, obtain a value feedback and update their local

decision variables in an asynchronous fashion. This leads to an asynchronous ZO gradient

estimator that is in a completely different form from the ZO estimators we studied in the

last few chapters. In practice, synchroniziing all agents to conduct ZO gradient estimator

is expensive in a large-scale network. Therefore, studying the asynchronous ZO gradient

estimator is of great interest. Unlike the existing two-point methods, we will demonstrate

the asynchronous ZO estimator based on the proposed residual-feedback scheme is still

unbiased. We study its convergence under such asynchronous setting and demonstrate its

effectiveness using a distributed learning example. The contents in this chapter are also

presented in the paper4.

5.1 Preliminaries and Problem Formulation

Consider a multi-agent system consisting of N agents that collaboratively solve the uncon-

strained optimization problem

min
x

f(x), (5.1)

where the cost function f is non-convex and smooth, x := (x1, . . . , xN ) ∈ Rn is the joint

decision vector, and xi ∈ Rni is the local decision vector of agent i ∈ {1, . . . , N}. We first

make the following assumptions on the cost function f .
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Assumption 5.1. The cost function f(x) : Rn → R is bounded below by f∗. It is L0-

Lipschtiz and L1-smooth, i.e.,

|f(x)− f(y)| ≤ L0 ‖x− y‖ , and ‖∇f(x)−∇f(y)‖ ≤ L1 ‖x− y‖ ,

for all x, y ∈ Rn.

As shown in15, L1-smoothness is equivalent to the condition;

|f(y)− f(x)− 〈∇f(x), y − x〉| ≤ 1

2
L1 ‖x− y‖2 , (5.2)

for all x, y ∈ Rn. For each agent i, define the local smoothing function:

fµi(x) =
1

κi

∫
f(x+ µiui)e

− 1
2
‖ui‖2duii, (5.3)

where κi =
∫
e−

1
2
‖ui‖2duii. The random sampling vector ui = {u1

i , . . . , u
N
i } ∈ Rn is a vector

of all zeros except for the entry uii that is sampled from N (0, Ini).
1 Note that fµi preserves

all the Lipschitz conditions of f as proved in15. Specifically, we have the following lemma.

Lemma 5.2. Under Assumption 5.1, we have that , for all agents i, fµi(x) : Rn → R is

L0-Lipschtiz and L1-smooth.

As a result, (5.2) also holds for fµi , which allows us to bound the approximation errors

of fµi and ∇ifµi with respect to (w.r.t.) to f and ∇if, as shown in Lemma 2 below that

is adopted from15. In Lemma 2 and the following analysis, we denote by ∇f(x) ∈ Rn the

gradient of f(x). Moreover, we define by ∇if(x) ∈ Rn the projection of ∇f(x) onto the

index i by setting the entries of ∇f(x) not equal to i to be 0.

Lemma 5.3. Under Assumption 5.1, the cost function f and its corresponding smoothed

function fµi satisfy ∀i ∈ {1, . . . , N}

|fµi(x)− f(x)| ≤ µ2
i

2
L1ni, (5.4)

‖∇ifµi(x)−∇if(x)‖ ≤ µi
2
L1(ni + 3)3/2. (5.5)

1In the following analysis, we drop the agent index i in ui for simplicity.
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Next, we define the model that the agents use to asynchronously update their decision

variables.

Definition 5.4 (Asynchrony Model). At each time step, one agent is independently and

randomly selected according to a fixed distribution P = [p1, . . . , pN ]. The selected agent i

can query the value of the cost function2 once and update its local decision variable, while

the decisions of the other agents {xj}j 6=i are fixed. The agents only communicate with a

central entity that has access to the global cost function but not with each other.

Remark 5.5. Definition 5.4 can be satisfied when all agents make queries and update their

decisions according to their local clock without any central coordination. Specifically, let the

time interval between each agent’s consecutive queries be called a waiting time. Then, if

each local waiting time is random and subject to an exponential distribution, according to

Chapter 2.1 in44, Definition 5.4 will be satisfied.

5.2 Algorithm Design and Theoretical Analysis

In this section, we present the proposed asynchronous zeroth-order distributed optimization

algorithm and analyze its convergence rate. To do so, we first propose an asynchronous

zeroth-order gradient estimator based on the centralized residual feedback estimator (2.1).

For every agent i, at time step k, this estimator takes the form

Gµi(xk) =
f(xk + µiuk)− f(xk−M + µiuk−M )

µi
uk, (5.6)

where k−M is a random index denoting the iteration when agent i conducted its most recent

update. This index takes values on a global time scale. The random sampling vector uk

is as defined in (5.3). Note that Gµi is different from the centralized zeroth-order gradient

estimator (2.1), where uk is a perturbation along the full decision vector x. Here, Gµi

estimates the gradient by perturbing the function f along a random direction restricted

2Here, we assume that each agent receives noiseless feedback f(x). The proposed method can be

extended to noisy feedback with bounded variance.
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to agent i’s block of the full decision vector x and uses the previous query to reduce

the variance. Indeed, Gµi provides an unbiased gradient estimate of the corresponding

smoothed function fµi restricted to agent i’s block, as shown in the following lemma.

Lemma 5.6. For each agent i, we have that

E [Gµi(xk)] = ∇ifµi(xk).

Proof. Taking the expectation of both sides of (5.6), we obtain that

E [Gµi(xk)] = E
[
f(xk + µiuk)− f(xk−M + µiuk−M )

µi
uk

]
= E

[
f(x+ µiuk)

µi
uk

]
= ∇ifµi(xk),

where the second equality follows from the fact that xk−M and uk−M are independent from

uk. The last equality follows from the definitions of fµi and ∇ifµi .

Remark 5.7. Note that both Gµi(xk) and ∇ifµi are vectors in Rn with entries equal to

zero at blocks other than i.

Using the local gradient estimate Gµi(xk), we can define the update rule for every agent

i as

xk+1 = xk − αiGµi(xk), (5.7)

where αi is the step size. The proposed asynchronous zeroth-order distributed optimization

algorithm with residual feedback is described in Algorithm 23.

Without loss of generality, we assume that decision variables xi ∈ Rn̄ of all agents i have

the same dimensions, and that the step sizes and smoothing parameters of all agents are also

the same, i.e., αi = α and µi = µ. To analyze the convergence of Algorithm 2, we need to

3Note that, we can also extend (1.2) for asynchronous problems and design the algorithm thereof.

The lemmas and theorems proved in this section can be easily adapted to this case as well. In

Section 5.3, we will compare these two gradient estimators empirically. However, the extension

of (1.2) is non-trivial. It can be verified that Lemma 5.6 does not hold for the extension of (1.2).

We leave it as future work.
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Algorithm 2: Asynchronous Zeroth-Order Residual Feedback

Input: sampling rate pi with
∑N

i=1 pi = 1, decision variable xi0, smoothing
parameter µi and step size αi for all agents i. Set the iteration counter
t = 0 and let T be the maximum number of iterations.

1 for t ≤ T do
2 sample an index it according to P(it = i) = pi;
3 sample ui ∼ N (0, Ini) ;
4 query the function value f(x+ µiu) ;
5 compute Gµi according to (5.6) ;
6 update local decision xi ← xi − αiGµi(xi) ;

7 end

bound the second moment of the proposed gradient estimator Gµi(xk). However, under the

asynchronous framework considered in this section, there can be a random number of agents

updating their local decision variables between the two queries made by agent i at time steps

k and k−M in (5.6). These updates by other agents introduce additional variance into the

estimator (5.6) compared to the variance of the centralized estimator analyzed in1. Next,

we analyze the effect of the asynchronous updates on the second moment of the zeroth-

order gradient estimator. To the best of our knowledge, this is the first time that a bound

on the second moment of a zeroth-order gradient estimator is provided for asynchronous

problems. An additional contribution of this work, is that the proof technique presented

below can be extended to obtain similar results for the two-point gradient estimator (1.2).

Lemma 5.8. Let Assumptions 5.1 hold under the Asynchrony Model, and define by E[‖Gµ̃(xk)‖2]

:= Eik [Eu[k],i[k−1]
[‖Gµi(xk)‖

2 |ik = i]], where u[k] = (u1, . . . , uk) and i[k] = (i1, . . . , ik),

Then, running the asynchronous Algorithm 2, we have that E[‖Gµ̃(xk)‖2] satisfies

E
[
‖Gµ̃(xk)‖2

]
≤ 2n̄L2

0α
2k

µ2

k−1∑
m=0

(1− pmin)mE
[
‖Gµ̃(xk−m−1)‖2

]
+ 4L2

0

(
(4 + n̄)2 + n̄2

)
,

(5.8)

where pmin = mini pi, and the expectations are taken w.r.t. the sequence of random explo-

ration directions {uk} and the sequence of random indices of activated agents {ik}.

Proof. Suppose that at time step k, agent i is selected. Taking the second moment of Gµi
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and using equation (5.6), we we have4

Eu[k],i[k−1]

[
‖Gµi(xk)‖

2 |ik = i
]
≤ E

[
(f(xk + µiuk)− f(xk−M + µiuk−M ))2 ‖uk‖2

µ2
i

]
(5.9)

Notice that

(f(xk + µiuk)− f(xk−M + µiuk−M ))2 ≤ 2 (f(xk + µiuk)− f(xk−M + µiuk))
2︸ ︷︷ ︸

a

(5.10)

+ 2 (f(xk−M + µiuk)− f(xk−M + µiuk−M ))2︸ ︷︷ ︸
b

.

Substituting (5.10) into (5.9), we obtain that

Eu[k],i[k−1]

[
‖Gµi(xk)‖

2 |ik = i
]
≤ E

[
2a+ 2b

µ2
i

‖uk‖2
]

≤ E

[
2L2

0 ‖xk − xk−M‖
2

µ2
i

‖uk‖2
]

+ E
[

2b

µ2
i

‖uk‖2
]

≤ 2L2
0n̄

µ2
i

E
[
‖xk − xk−M‖2

]
+ E

[
2b

µ2
i

‖uk‖2
]
,

(5.11)

where the second inequality holds due to Lipschitzness of f and the last inequality holds

since xk−xk−M is independent from uk and E[‖uk‖2] = n̄. We first bound the second term

in the right-hand-side of (5.11). Specifically, we have that

E
[

2b

µ2
i

‖uk‖2
]
≤ E

[
2L2

0 ‖uk − uk−M‖
2 ‖uk‖2

]
≤ E

[
4L2

0

(
‖uk‖2 + ‖uk−M‖2

)
‖uk‖2

]
≤ E

[
4L2

0 ‖uk‖
4
]

+ E
[
4L2

0 ‖uk−M‖
2
]
E
[
‖uk‖2

]
≤ 4L2

0

(
(4 + n̄)2 + n̄2

)
,

(5.12)

where the first inequality holds due to Lipschitzness of f , the third inequality holds since

uk−M is independent from uk and the last inequality follows from Lemma 1 in15.

Next, we bound the first term in the right-hand-side of (5.11) containing the second

moment of xk − xk−M . Given that agent i updates at time step k, we can partition the

4To simplify the notation, when it is clear from the context, we drop the subscript of the expectation

and the conditional event, e.g., E[‖Gµi(xk)‖2] := Eu[k],i[k−1]
[‖Gµi(xk)|ik = i‖2].
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sequence of all past updates into k events Aim = {M = m}, where Aim represents all

sequences of updates such that the most recent update by agent i is at global time step

k −m. In particular, Aik indicates that agent i has not been updated before and k is the

first time that this agent gets updated. It is easy to see that the sets {Aim}km=1 are disjoint

and contain all possible sequences of updates by the team of agents. Using the definition

of these events, we can rewrite the conditional expectation of ‖xk − xk−M‖2 as

Yi := Eu[k],i[k−1]

[
‖xk − xk−M‖2 |ik = i

]
=

k∑
m=1

Eu[k]
[
‖xk − xk−m‖2 |Aim, ik = i

]
P(Aim).

(5.13)

Equation (5.13) can be rewritten as

Yi =
k∑

m=1

E
[
‖xk − xk−m‖2 |Aim

]
P(Aim)

=
k∑

m=1

E

∥∥∥∥∥
m−1∑
l=0

(xk−l − xk−l−1)

∥∥∥∥∥
2

|Aim

P(Aim)

≤
k∑

m=1

E

[
m

m−1∑
l=0

‖(xk−l − xk−l−1)‖2 |Aim

]
P(Aim),

where the last inequality holds due to the fact that
(∑k

m=1 am

)2
≤ k

∑k
m=1 a

2
m. We first

collect all the terms containing ‖xk − xk−1‖2, which we denote by {Yi : ‖xk − xk−1‖2}.

Then, we have that

{Yi : ‖xk − xk−1‖2} =
k∑

m=1

mE
[
‖xk − xk−1‖2 |Aim

]
P(Aim)

≤ k
k∑

m=1

E
[
‖xk − xk−1‖2 |Aim

]
P(Aim)

= kE
[
‖xk − xk−1‖2

]
, (5.14)

where the last equation holds by the definition of conditional expectation. Next we collect

all the terms containing ‖xk−s − xk−s−1‖2 for all s ∈ {1, . . . , k − 1}. Specifically, we have
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that

{Yi : ‖xk−s − xk−s−1‖2} =
k∑

m=s+1

mE
[
‖xk−s − xk−s−1‖2 |Aim

]
P(Aim)

≤ k
k∑

m=s+1

E
[
‖xk−s − xk−s−1‖2 |Aim

]
P(Aim).

(5.15)

We claim that the right hand side of (5.15) satisfies the following equation

k
k∑

m=s+1

E
[
‖xk−s − xk−s−1‖2 |Aim

]
P(Aim) = kP(Aic1:s)E

[
‖xk−s − xk−s−1‖2

]
, (5.16)

where Aic1:s = ∪km=s+1A
i
m. To see this, we first observe that

E
[
‖xk−s − xk−s−1‖2

]
=

k∑
m=1

E
[
‖xk−s − xk−s−1‖2 |Aim

]
P(Aim)

=E
[
‖xk−s − xk−s−1‖2 |Ai1:s

]
P(Ai1:s) + E

[
‖xk−s − xk−s−1‖2 |Aic1:s

]
P(Aic1:s), (5.17)

where Ai1:s = ∪sm=1A
i
m and Aic1:s is the complement of Ai1:s. The second equality follows from

the property of conditional expectation of disjoints events. Note that E[‖xk−s − xk−s−1‖2 |Ai1:s]

and E[‖xk−s − xk−s−1‖2 |Aic1:s] are equal. Specifically, event Ai1:s and event Aic1:s only differ

after time step k − s, where Ai1:s contains all sequences of updates where i update after

k− s and Aic1:s contains all sequences of updates where i does not updates after k− s. Since

both events Ai1:s and Aic1:s do not affect the agents’ updates before time step k− s, we have

that

E
[
‖xk−s − xk−s−1‖2

]
= E

[
‖xk−s − xk−s−1‖2 |Aic1:s

]
.

Combining the above equality with (5.15), we have that

k

k∑
m=s+1

E
[
‖xk−s − xk−s−1‖2 |Aim

]
P(Aim) = kP(Aic1:s)E

[
‖xk−s − xk−s−1‖2 |Aic1:s

]
= kP(Aic1:s)E

[
‖xk−s − xk−s−1‖2

]
,

which completes the proof of (5.16). Then, we can bound Yi in (5.13) by combining (5.14)

and (5.16) and have that

E
[
‖xk − xk−M‖2

]
≤ kE

[
‖xk − xk−1‖2

]
+ k

k−1∑
m=1

P(Aic1:m)E
[
‖xk−m − xk−m−1‖2

]
. (5.18)
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By definition, we have P(Aim) = pi(1 − pi)m−1 for 1 ≤ m < k, and P(Aik) = (1 − pi)k for

m = k, where pi is the probability of agent i being sampled at each time step. As a result,

P(Aic1:m) = (1− pi)m. Substituting these probabilities into (5.18), we have that

E
[
‖xk − xk−M‖2

]
≤ k

k−1∑
m=0

(1− pmin)mE
[
‖xk−m − xk−m−1‖2

]
, (5.19)

where pmin = mini pi. Substituting (5.19) and (5.12) into (5.11), we get that

E
[
‖Gµi(xk)‖

2
]
≤ 2L2

0n̄k

µ2
i

k−1∑
m=0

(1− pmin)mE
[
‖xk−m − xk−m−1‖2

]
+ 4L2

0

(
(4 + n̄)2 + n̄2

)
.

(5.20)

Recall that all expectations from the beginning of the proof are taken conditioned on

the event {ik = i}. Now, taking the expectation w.r.t. ik on both sides of (5.20), and

substituting the step size α and smoothing parameter µ into (5.20), we get that

E
[
‖Gµ̃(xk)‖2

]
≤ 2n̄L2

0α
2k

µ2

k−1∑
m=0

(1− pmin)mE
[
‖Gµ̃(xk−m−1)‖2

]
+ 4L2

0

(
(4 + n̄)2 + n̄2

)
,

where E[‖xk−m − xk−m−1‖2] = α2E[‖Gµ̃(xk−m−1)‖2] according to the update rule (5.7) and

the definition of E[‖Gµ̃‖2] as in Lemma 5.8. The proof is complete.

Lemma 5.8 indicates that the second moment of the zeroth-order gradient estimate at

time step k is related to the second moments of all previous gradient estimates. Specifically,

the effect of the second moment of the past gradient estimates on the current estimate

diminishes geometrically over time. Next, using Lemma 5.8, we present a bound on the

accumulated second moments of the residual-feedback gradient estimates from k = 0 to

T − 1, which we will later use to prove our main theorem.

Lemma 5.9. Let Assumptions 5.1 hold under the Asynchrony Model. Then, running the

asynchronous updates Algorithm 2, we have that

T−1∑
k=0

E
[
‖Gµ̃(xk)‖2

]
≤ 1− β

1− (γ + β)
E
[
‖Gµ̃(x0)‖2

]
+ (T − 1)

1− β
1− (γ + β)

M − γ

(1− (γ + β))2M,
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where γ =
2n̄L2

0α
2(T−1)
µ2

, β = 1 − pmin, M = 4L2
0

(
(4 + n̄)2 + n̄2

)
and provided with 0 <

γ + β < 1.

The proof follows from Lemma D.1 in the Appendix.

Theorem 5.10. Let Assumptions 5.1 hold under the Asynchrony Model. Moreover, run

the asynchronous algorithm Algorithm 2 for T iterations and let x̃ be uniformly randomly

selected from T iterations. Then, selecting the step size α =
√
pmin

T
2
3

and the smoothing

parameter µ = 2L0
√
n̄

T
1
6

, we have E
[
‖∇f(x̃)‖2

]
≤ O(n̄3T−

1
3 ).

Proof. Substituting xk+1 and xk in the version of (5.2) for the smoothed function fµi , we

obtain that

fµi(xk+1) ≤ fµi(xk) + 〈∇fµi(xk), xk+1 − xk〉+
L1

2
‖xk+1 − xk‖2

= fµi(xk)− α〈∇ifµi(xk),∆i,k〉 − α ‖∇ifµi(xk)‖
2 +

L1α
2

2
‖Gµi(xk)‖

2 , (5.21)

where ∆i,k := Gµi(xk) − ∇ifµi(xk). The first equality follows by (5.7) and the fact that

〈∇fµi(xk), xk+1 − xk〉 = 〈∇ifµi(xk), xk+1 − xk〉, which holds since xk+1 and xk only differ

at block i. Taking expectation w.r.t. u[k] and i[k−1] on both sides of (5.21) conditioned on

the event {ik = i}, we get that

E
[
‖∇ifµi(xk)‖

2
]
≤ E [fµi(xk)]− E [fµi(xk+1)]

α
+
L1α

2
E
[
‖Gµi(xk)‖

2
]
, (5.22)

where the inner-product term 〈∇ifµi(xk),∆i,k〉 disappears since E[∆i,k] = 0. According to

Lemma 5.3 and using the fact that (a+ b)2 ≤ 2a2 + 2b2, we have

‖∇if(x)‖2 ≤ 2 ‖∇ifµi(x)‖2 + µ2
iL1

2(ni + 3)3. (5.23)

Combining (5.22) and (5.23) and, we obtain that

1

2
E
[
‖∇if(xk)‖2

]
≤ E [fµi(xk)]− E [fµi(xk+1)]

α

+
L1α

2
E
[
‖Gµi(xk)‖

2
]

+
1

2
µ2L1

2(n̄+ 3)3,

(5.24)
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where the last term follows by substituting the common smoothing parameter µ and agents’

dimension n̄. Taking expectation on both sides of (5.24) w.r.t. ik, we have that

1

2
Eik
[
Eu[k],i[k−1]

[
‖∇if(xk)‖2 |ik = i

]]
≤ E [fµ̃(xk)]− E [fµ̃(xk+1)]

α

+
L1α

2
E
[
‖Gµ̃(xk)‖2

]
+

1

2
µ2L1

2(n̄+ 3)3,

(5.25)

where E[fµ̃(xk)] := Eik [Eu[k],i[k−1]
[fµik (xk)|ik = i]] and E[fµ̃(xk+1)] := Eik [Eu[k],i[k−1]

[fµik (xk+1)|ik =

i]]. E[‖Gµ̃(xk)‖2] follows from the definition in Lemma 5.8. Next, we show that the left

hand side of (5.25) satisfies

Eik [Eu[k],i[k−1]
[‖∇ikf(xk)‖2 |ik = i]] ≥ pminEu[k],i[k] ‖∇f(xk)‖2 . (5.26)

To see this, by definitions of the projected gradient as in Section 5.1, since ∇if(xk) is only

nonzero at block i, we have ‖∇f(xk)‖2 =
∑N

i=1 ‖∇if(xk)‖2. Therefore, we can further get

that

Eu[k],i[k] ‖∇f(xk)‖2 =
N∑
i=1

Eu[k],i[k] ‖∇if(xk)‖2 =
N∑
i=1

Eu[k],i[k−1]
[‖∇if(xk)‖2 |ik = i], (5.27)

where the second equality holds since xk is independent from ik. Therefore, according to

(31), to show the inequality (30), it is sufficient to show Eik [Eu[k],i[k−1]
[‖∇ikf(xk)‖2 |ik =

i]] ≥ pmin
∑N

i=1 Eu[k],i[k−1]
[‖∇if(xk)‖2 |ik = i]. This is simple to prove because Eik [Eu[k],i[k−1]

[‖∇ikf(xk)‖2 |ik = i]] =
∑

i piEu[k],i[k−1]
[‖∇if(xk)‖2 |ik = i]. Therefore, inequality (30) is

true. Substituting (5.26) into (5.25) and then summing (5.25) from k = 0 to T −1, we have

that

pmin

2

T−1∑
k=0

E
[
‖∇f(xk)‖2

]
≤ E [fµ̃(x0)]− E [fµ̃(xT )]

α

+

T−1∑
k=0

L1α

2
E
[
‖Gµ̃(xk)‖2

]
+
µ2

2
L1

2(n̄+ 3)3T. (5.28)

Applying Lemma 5.9 to (5.28), we get that

pmin

2

T−1∑
k=0

E
[
‖∇f(xk)‖2

]
≤ E [fµ̃(x0)]− E [fµ̃(xT )]

α
+
L1α

2
(T − 1)

1− β
1− (γ + β)

M

+
L1α

2

1− β
1− (γ + β)

E
[
‖Gµ̃(x0)‖2

]
+
µ2

2
L1

2(n̄+ 3)3T

− L1α

2

γ

(1− (γ + β))2M, (5.29)
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where γ, β and M are as defined in Lemma 5.9. Selecting µ = 2L0

T
1
6

and α =
√
pmin
√
n̄T

2
3

, we have

γ ≤ pmin
2 and 1 − (γ + β) ≥ pmin

2 . Substituting these values into (5.29) and omitting the

negative term, we obtain that

pmin

2

T−1∑
k=0

E
[
‖∇f(xk)‖2

]
≤

E [fµ̃(x0)]− f∗µ̃√
pmin

√
n̄T

2
3 + L1

√
pmin
√
n̄T

2
3

E
[
‖Gµ̃(x0)‖2

]
+ L1

√
pmin√
n̄

T
1
3M + 2L2

0µ
2L1

2(n̄+ 3)3T
2
3 ,

(5.30)

where f∗µ̃ is a lower bound on E[fµ̃(x)]. The existance of such lower bound is due to (5.4),

the definition of E[fµ̃(x)] and Assumption 5.1. The result in Theorem 5.10 follows by

dividing both sides of the above inequality by T .

The convergence rate shown above has the same order as that of applying the residual-

feedback gradient estimator (2.1) to optimize a stochastic objective function as shown in1.

This is because of this asynchronous scenario, the updates conducted by the other agents

between two queries of a given agent introduce noise in the function evaluations from

the perspective of this given agent. Furthermore, the bound on the non-stationarity of

the solution in (5.30) increases as pmin becomes smaller. In practice, it means that the

convergence of Algorithm 2 slows down if one of the agents is activated less frequently than

others.

5.3 Numerical Experiments

In this section, we demonstrate the effectiveness of the proposed asynchronous distributed

zeroth-order optimization algorithm on a distributed feature learning example common in

Internet of Things (IoT) applications. All the experiments are conducted using Python

3.8.5 on a 2017 iMac with 4.2GHz Quad-Core Intel Core i7 and 32GB 2400MHz DDR4.

Specifically, we consider the biomarker learning example described in45, where a net-

work of health monitoring edge devices collect heterogeneous raw input data {Di,j}i=1:N ,

e.g., different types of biosignals. Then, each device encodes its local raw data Di,j into

a biomarker di,j via a feature extraction function φ(Di,j ;xi), e.g., a neural network with
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weights xi, and sends it to a third-party entity that uses the collected biomarkers as pre-

dictors to learn a disease diagnosis for user j. The goal of the edge device i is to learn

a better feature extraction function φ(·;xi) to help the third-party entity to make better

predictions. In practice, the prediction process at the third-party entity can be complicated

and hard to model using an explicit function. Moreover, it may need to remain confiden-

tial. As a result, the edge device cannot obtain gradient information from this third-party

entity. In the meantime, it is unreasonable to expect that the edge devices can update their

feature extraction models synchronously or that they know the other edge devices’ feature

extraction models and parameters. Therefore, this problem presents an ideal case for the

asynchronous distributed zeroth-order method proposed in this chapter.

For simulation proposes, in this section, we assume that the third-party entity uses the

logistic regression model

P (yj ; dj) = 1/
(
1 + exp (−yiW Tdj)

)
, (5.31)

where j represents the data point index, yj = {1,−1} and dj denote the label and predictors

for data point j, and WT is a fixed classifier parameter. Specifically, let dj = [d1,j , . . . , dN,j ]
T

represent the concatenated biomarker vector. The agents aim to collaboratively minimize

the following loss function

f({xi}i=1:N ) = − 1

J

J∑
j=1

log
(
P (yj ; dj(·; {xi}i=1:N )

)
, (5.32)

where J is the total number of data points.

Next, we apply the proposed Algorithm 2 to this distributed feature learning problem

and compare its performance to an asynchronous extension of the centralized two-point

gradient estimate (1.2) defined by

Gµi(xk) =
f(xk + µiuk)− f(xk−M )

µi
uk, (5.33)

where xk−M is the most recent decision point agent i queries at iteration k −M .

Note that the convergence of the stochastic gradient descent update (5.7) using the

asynchronous two-point estimator (5.33) has not been studied yet. We compare our pro-

posed algorithm to the one with (5.33) simply to demonstrate the efficacy of our proposed
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approach. Specifically, we consider a network of 5 agents who collaboratively deal with

J = 20 data samples. The feature extraction model φ(·;xi) at agent i is a single layer

neural network with the input Di,j ∈ R10 and a single output di,j ∈ R. The activation

function of the neural network is the sigmoid function. The weight of the neural network

at agent i is denoted as xi, which is initialized by sampling from a standard Gaussian dis-

tribution. We apply both the asynchronous residual-feedback gradient estimator (5.6) and

the asynchronous two-point gradient estimator (5.33) to solve this problem. Specifically,

for both gradient estimators, we run 10 trials. In addition, the smoothing parameter is

µ = 0.1, and the stepsizes α for gradient estimators (5.6) and (5.33) are selected as 0.5

and 0.5, respectively, so that they both achieve their fastest convergence speed during 10

trials of experiments. At each iteration, each agent has equal probability to be activated.

The comparative performance results of using the two zeroth-order gradient estima-

tors (5.6) and (5.33) are presented in Figure 5.1. We observe that during 10 trials, asyn-

chronous learning with the residual-feedback gradient estimator (5.6) converges faster than

asynchronous learning with the two-point gradient estimator (5.33). This is because the

asynchronous residual-feedback gradient estimator (5.6) is subject to almost the same level

of variance as the two-point gradient estimator (5.33), but can make twice the number

of updates compared to the two-point gradient estimator (5.33) for the same number of

queries. Note that we compare the two algorithms in terms of the number of queries rather

than the number of updates, because the number of queries corresponds to the length of

the global wall time required to run the algorithm.
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Figure 5.1: Convergence results of the distributed feature learning problem. The

red curve is obtained by applying the asynchronous two-point gradient

estimator (5.33) and the blue curve is by the asynchronous residual-feedback

estimator (5.6). The y axis denotes the value of the loss function (5.32) and the x

axis represents the number of queries made in total by the team of agents. The

shaded area around each curve represents the standard deviation of the function

values over 10 trials.
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Chapter 6

Conclusions

In this dissertation, we proposed a novel one-point ZO gradient estimator based on residual-

feedback scheme, and studied the performance of optimization algorithms with the proposed

ZO oracle under different settings of learning and control problems. Next, we summarize

our contributions under these settings separately.

In Chapter 2, we proposed a residual one-point feedback oracle for zeroth-order opti-

mization, which estimates the gradient of the objective function using a single query of

the function value at each iteration. When the function evaluation is noiseless, we showed

that ZO using the proposed oracle can achieve the same iteration complexity as ZO using

two-point oracles when the function is non-smooth. When the function is smooth, this

complexity of ZO can be further improved. This is the first time that a one-point zeroth-

order oracle is shown to match the performance of two-point oracles in ZO. In addition, we

considered a more realistic scenario where the function evaluation is corrupted by noise. We

showed that the convergence rate of ZO using the proposed oracle matches the best known

results using one-point feedback or two-point feedback with uncontrollable data samples.

We provided numerical experiments that showed that the proposed oracle outperforms the

one-point oracle and is as effective as two-point feedback methods.

In Chapter 3, we applied the residual-feedback ZO gradient estimator to solve online

optimization problems. For both deterministic and stochastic problems, we showed that ZO

with the proposed residual feedback estimator achieves much lower regret than that of ZO

with conventional one-point feedback for convex online optimization problems. In addition,

we provided regret bounds for ZO with residual feedback for non-convex online optimization

problems. To the best of our knowledge, this is the first time that a one-point zeroth-order

method is theoretically studied for non-convex online problems. Numerical experiments

on two non-stationary reinforcement learning problems were conducted and the proposed
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residual-feedback estimator was shown to significantly outperform the conventional one-

point method.

In Chapter 4, we proposed a new distributed zeroth-order policy optimization method

for MARL problems, through decentralizing the proposed residual-feedback ZO gradient

estimator. Compared to existing MARL algorithms that require all the agents’ states and

actions to be accessible by every local agent, our algorithm can be applied even when each

agent only observes partial states and actions. Specifically, we developed a new distributed

residual-feedback zeroth-order estimator of the policy gradient and analyzed the effect of

bias in the local policy gradient estimates on the convergence of the proposed MARL

algorithm. Furthermore, we introduced a value tracking technique to reduce the number of

consensus steps needed at each episode to control the bias in the estimation of the policy

gradient. Finally, we provided numerical experiments on a stochastic multi-agent multi-

stage decision making problem that demonstrated the effectiveness of both the decentralized

residual-feedback policy gradient estimator and the value tracking technique.

In Chapter 5, we proposed an asynchronous residual-feedback gradient estimator for

distributed zeroth-order optimization. More importantly, only the local decision vector

is needed for estimating the gradient and no communication among agents is required.

We showed that the convergence rate of the proposed method matches the results for

centralized residual-feedback methods when the function evaluation has noise. To the best

of our knowledge, this is the first time the convergence of a fully asynchronous ZO gradient

estimator is studied. Numerical experiments on a distributed logistic regression problem

are presented to show the effectiveness of the proposed method.

6.1 Future Research Directions

The convergence of ZO methods can be much slower when the problem is of high dimension.

To deal with such challenge, existing literatures usually assume that the underlying true

gradient of the original problem is sparse, which usually cannot be satisfied in practice.
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Therefore, how to apply ZO methods, e.g., the method with the proposed residual-feedback

ZO oracle in this dissertation, to high dimensional problem is still an open problem. Two

future directions can be explored to deal with this issue.

First, instead of running ZO methods directly on the original parameter space which is

of high dimension, we can optimize some intermediate output given the original parameter.

One example is to optimize the weights of nerual networks in machine learning problems.

Rather than directly perturbing the neural network’s weights, which can usually be of tens

of thousands dimensions, and updating these weights with ZO gradient estimates, we can

perturb the output of the nerual networks, which is usually of much lower dimension, get

the gradient with respect to the neural network’s output, and obtain the gradient with

respect to the neural network’s weights through the chain rule. It will be interesting to

study the theoretical convergence rate of such algorithms and compare its dependency on

the problem dimension to that of the existing ZO optimization scheme.

Second, rather than directly assuming that the underlying problem enjoys sparsity

property as assumed by existing works, it is interesting to learn a transformed space from

the original parameter space, so that such sparsity assumption is satisfied by learning such

transformation. One possible approach to learn such transformed parameter space is to use

the loss function with L1 regularization on the gradient vectors at the transformed space.

It is interesting to test this learning to optimize idea both empiricallly and theoretically.

Besides improving the dependency of ZO methods on problem dimensions, another

important question to answer is how to guarantee safety when implementing ZO methods.

Almost all existing ZO methods apply omni-directional perturbation schemes, e.g., uniform

sphere sampling or Gaussian sampling, to estimate the gradient of the unknown objective

functions. Such scheme assume the perturbed decision variable in ZO gradient estimator

must be successfully and safely implemented so that the value of the objective function can

be returned. However, in practice, the perturbed decision variable may violate the safety

routine and be denied. In this scenario, the feedback the algorithm received is a binary

signal, whether the perturbed decision is safe, and the objective function value is only
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returned to the algorithm if the perturbed decision is safe. Otherwise, the algorithm receives

signal 0. Whether ZO methods with such safety constraints of function evaluation can still

converge, and if converges, how much bias is in the solution, are still open questions.
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Appendix A

Proofs for Chapter 2

A.1 Proof of Lemma 2.6

First, we show the bound when f(x) ∈ C0,0. Recalling the expression of g̃(xt) in (2.1), we

have that

E[‖g̃(xt)‖2] = E[
1

δ2

(
f(xt + δut)− f(xt−1 + δut−1)

)2‖ut‖2]

≤ 2

δ2
E[
(
f(xt + δut)− f(xt−1 + δut)

)2‖ut‖2]

+
2

δ2
E[
(
f(xt−1 + δut)− f(xt−1 + δut−1)

)2‖ut‖2].

Since function f ∈ C0,0 with Lipschitz constant L0, we obtain that

E[‖g̃(xt)‖2] ≤2L2
0

δ2
E[‖xt − xt−1‖2‖ut‖2]

+ 2L2
0E[‖ut − ut−1‖2‖ut‖2]. (A.1)

Since ut is independently sampled from xt − xt−1, we have that E[‖xt − xt−1‖2‖ut‖2] =

E[‖xt − xt−1‖2]E[‖ut‖2]. Since ut is subject to standard multivariate normal distribution,

E[‖ut‖2] = d. Furthermore, using Lemma 1 in15, we get that E[‖ut − ut−1‖2‖ut‖2] ≤

2E[(‖ut‖2 + ‖ut−1‖2)‖ut‖2] = 2E[(‖ut‖4] + 2E[‖ut−1‖2‖ut‖2] ≤ 4(d + 4)2. Plugging these

bounds into inequality (A.1), we have that

E[‖g̃(xt)‖2] ≤ 2dL2
0

δ2
E[‖xt − xt−1‖2] + 8L2

0(d+ 4)2.

Since xt = xt−1 − ηg̃(xt−1), we get that

E[‖g̃(xt)‖2] ≤ 2dL2
0η

2

δ2
E[‖g̃(xt−1)‖2] + 8L2

0(d+ 4)2.

Next, we show the bound when we have the additional smoothness condition f(x) ∈ C1,1

with constant L1. Given the gradient estimate in (2.1), we have that

E[‖g̃(xt)‖2] ≤ E[
(f(xt + δut)− f(xt−1 + δut−1))2

δ2
‖ut‖2]. (A.2)
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Next, we bound the term (f(xt+δut)−f(xt−1 +δut−1))2. Adding and subtracting f(xt−1 +

δut) inside the square, and applying the inequality (a+ b)2 ≤ 2a2 + 2b2, we can obtain

(f(xt + δut)− f(xt−1 + δut−1))2

≤ 2(f(xt + δut)− f(xt−1 + δut))
2

+ 2(f(xt−1 + δut)− f(xt−1 + δut−1))2. (A.3)

Since the function f(x) is also Lipschitz continuous with constant L0, we get that

(f(xt + δut)− f(xt−1+δut))
2 ≤ L2

0‖xt − xt−1‖2

= L2
0η

2‖g̃(xt−1)‖2. (A.4)

Next, we bound the term (f(xt−1 + δut) − f(xt−1 + δut−1))2. Adding and subtracting

f(xt−1), 〈∇f(xt−1), δut〉 and 〈∇f(xt−1), δut−1〉 inside the square term, we have that

(f(xt−1 + δut)− f(xt−1 + δut−1))2

≤ 2〈∇f(xt−1), δ(ut − ut−1)〉2 (A.5)

+ 4(f(xt−1 + δut)− f(xt−1)− 〈∇f(xt−1), δut〉)2

+ 4(f(xt−1 + δut−1)− f(xt−1)− 〈∇f(xt−1), δut−1〉)2.

Since f(x) ∈ C1,1 with constant L1, we get that |f(xt−1+δut)−f(xt−1)−〈∇f(xt−1), δut〉| ≤
1
2L1δ

2‖ut‖2, according to (6) in15. And similarly, we also have |f(xt−1 + δut−1)−f(xt−1)−

〈∇f(xt−1), δut−1〉| ≤ 1
2L1δ

2‖ut−1‖2. Substituting these inequalities into (A.5), we obtain

that

(f(xt−1 + δut)− f(xt−1 + δut−1))2 ≤ 2〈∇f(xt−1),

δ(ut − ut−1)〉2 + L2
1δ

4‖ut‖4 + L2
1δ

4‖ut−1‖4. (A.6)

Moreover, substituting the inequalities (A.4) and (A.6) in the upper bound in (A.3), we

get that

(f(xt + δut)− f(xt−1 + δut−1))2

≤2L2
0η

2‖g̃(xt−1)‖2 + 4〈∇f(xt−1), δ(ut − ut−1)〉2

+ 2L2
1δ

4‖ut‖4 + 2L2
1δ

4‖ut−1‖4 (A.7)
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Using the bound (A.7) in inequality (A.2), and applying the bounds E[‖ut‖6] ≤ (d + 6)3

and E[‖ut−1‖4‖ut‖2] ≤ (d+ 6)3, we have that

E[‖g̃(xt)‖2] ≤ 2dL2
0η

2

δ2
E[‖g̃(xt−1)‖2] (A.8)

+ 4E[〈∇f(xt−1), ut − ut−1〉2‖ut‖2] + 4L2
1(d+ 6)3δ2.

Since 〈∇f(xt−1), ut − ut−1〉2 ≤ 2〈∇f(xt−1), ut〉2 + 2〈∇f(xt−1), ut−1〉2, we get that

E[〈∇f(xt−1), ut − ut−1〉2‖ut‖2] ≤ 2E[〈∇f(xt−1),

ut〉2‖ut‖2] + 2E[〈∇f(xt−1), ut−1〉2‖ut‖2]. (A.9)

For the term E[〈∇f(xt−1), ut−1〉2‖ut‖2], we have that E[〈∇f(xt−1), ut−1〉2‖ut‖2] ≤

E[‖∇f(xt−1)‖2‖ut−1‖2 ‖ut‖2] ≤ d2E[‖∇f(xt−1)‖2]. For the term E[〈∇f(xt−1), ut〉2‖ut‖2],

according to Theorem 3 in15, we have a stronger bound E[〈∇f(xt−1), ut〉2‖ut‖2] ≤ (d +

4)E[‖∇f(xt−1)‖2]. Substituting these bounds into (A.9), and because d2 +d+ 4 ≤ (d+ 4)2,

we have that

E[〈∇f(xt−1), ut − ut−1〉2‖ut‖2]

≤ 2(d+ 4)2E[‖∇f(xt−1)‖2]. (A.10)

Substituting the bound (A.10) into inequality (A.8), we complete the proof.

A.2 Proof of Theorem 2.7

Since we have that f(x) ∈ C0,0, according to Lemma 2.2, the function fδ(x) has L1(fδ)-

Lipschitz continuous gradient where L1(fδ) =
√
d
δ L0. Furthermore, according to Lemma
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1.2.3 in46, we can get the following inequality

fδ(xt+1) ≤ fδ(xt) + 〈∇fδ(xt), xt+1 − xt〉

+
L1(fδ)

2
‖xt+1 − xt‖2

= fδ(xt)− η〈∇fδ(xt), g̃(xt)〉+
L1(fδ)η

2

2
‖g̃(xt)‖2

= fδ(xt)− η〈∇fδ(xt),∆t〉 − η‖∇fδ(xt)‖2

+
L1(fδ)η

2

2
‖g̃(xt)‖2, (A.11)

where ∆t = g̃(xt)−∇fδ(xt). According to Lemma 2.5, we can get that Eut [g̃(xt)] = ∇fδ(xt).

Therefore, taking expectation over ut on both sides of inequality (A.11) and rearranging

terms, we have that

ηE[‖∇fδ(xt)‖2] ≤E[fδ(xt)]− E[fδ(xt+1)]

+
L1(fδ)η

2

2
E[‖g̃(xt)‖2]. (A.12)

Telescoping above inequalities from t = 0 to T − 1 and dividing both sides by η, we obtain

that

T−1∑
t=0

E[‖∇fδ(xt)‖2] ≤E[fδ(x0)]− E[fδ(xT )]

η

+
L1(fδ)η

2

T−1∑
t=0

E[‖g̃(xt)‖2]

≤
E[fδ(x0)]− f∗δ

η
+
L1(fδ)η

2

T−1∑
t=0

E[‖g̃(xt)‖2], (A.13)

where f∗δ is the lower bound of the smoothed function fδ(x). f∗δ must exist because we

assume the orignal function f(x) is lower bounded and the smoothed function has a bounded

distance from f(x) due to Lemma 2.2.

Recall the contraction result of the second moment E[‖g̃(xt)‖2] in Lemma 2.6 when

f(x) ∈ C0,0. Denote the contraction rate
2dL2

0η
2

δ2
as α and the constant perturbation term

M = 8L2
0(d+ 4)2. Then, we get that

E[‖g̃(xt)‖2] ≤ αtE[‖g̃(x0)‖2] +
1− αt

1− α
M. (A.14)
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Summing the above inequality over time, we obtain

T−1∑
t=0

‖g̃(xt)‖2 ≤
1− αT

1− α
E[‖g̃(x0)‖2] +

T−1∑
t=0

(1− αt

1− α
M
)

≤ 1

1− α
E[‖g̃(x0)‖2] +

1

1− α
MT. (A.15)

Plugging the bound in (A.15) into inequality (A.13), and since L1(fδ) =
√
d
δ L0, we have

that

T−1∑
t=0

E[‖∇fδ(xt)‖2] ≤
E[fδ(x0)]− f∗δ

η
+
d

1
2L0η

δ( 1

1− α
E[‖g̃(x0)‖2] +

1

1− α
8L2

0(d+ 4)2T
)
. (A.16)

To fullfill the requirement that |f(x) − fδ(x)| ≤ εf , we set the exporation parameter δ =

εf

d
1
2L0

. In addition, let the stepsize be η =
√
εf

2dL2
0T

1
2

. We have that α = 1
2Tεf

≤ 1
2 and 1

1−α ≤ 2,

when T ≥ 1
εf

. Plugging the choices of η and δ into inequality (A.16), we obtain that

T−1∑
t=0

E[‖∇fδ(xt)‖2] ≤ 2L2
0

(
E[fδ(xt)]− f∗δ

) d
√
εf

√
T

+ E[‖g̃(x0)‖2] + 8L2
0

(d+ 4)2

√
εf

√
T .

Dividing both sides of above inequality by T , we complete the proof.

A.3 Proof of Theorem 2.8

Following the same process in the beginning of the proof of Theorem 2.7, we can get

T−1∑
t=0

E[‖∇fδ(xt)‖2] ≤
E[fδ(x0)]− f∗δ

η
+
L1η

2

T−1∑
t=0

E[‖g̃(xt)‖2]. (A.17)

Since 1
2E[‖∇f(xt)‖2] ≤ E[‖∇fδ(xt)‖2] + E[‖∇f(xt) − ∇fδ(xt)‖2], and according to the

bound (A.17) and Lemma 2.2, we have that

1

2

T−1∑
t=0

‖E[‖∇f(xt)‖2‖] ≤
E[fδ(x0)]− f∗δ

η

+
L1η

2

T−1∑
t=0

E[‖g̃(xt)‖2] + L2
1(d+ 3)3δ2T. (A.18)
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In addition, similar to the process to derive the bound in (A.15), according to Lemma 2.6,

when f(x) ∈ C1,1, we can get that

T−1∑
t=0

‖g̃(xt)‖2 ≤
1

1− α
E[‖g̃(x0)‖2] +

8

1− α
(d+ 4)2

T−1∑
t=0

‖∇f(xt)‖2 +
4

1− α
L2

1(d+ 6)3δ2T. (A.19)

Plugging the bound (A.19) into (A.18), we have that

1

2

T−1∑
t=0

‖E[‖∇f(xt)‖2‖] ≤
E[fδ(x0)]− f∗δ

η

+
L1η

2

( 1

1− α
E[‖g̃(x0)‖2] +

4

1− α
L2

1(d+ 6)3δ2T

+
8

1− α
(d+ 4)2

T−1∑
t=0

E[‖∇f(xt)‖2]
)

+ L2
1(d+ 3)3δ2T. (A.20)

Recalling that L̃ = max{32L1, 2L0}, let η = 1

L̃(d+4)2T
1
3

and δ = 1√
dT

1
3

, and we have that

α = 2dL2
0
η2

δ2
≤ 1

2 . In addition, the coefficient before the term ‖∇f(xt)‖2 in the upper bound

above L1η
2

8
1−α(d+ 4)2 ≤ 1

4 . Therefore, we obtain that

1

4

T−1∑
t=0

‖E[‖∇f(xt)‖2‖] ≤ L̃(E[fδ(x0)]− f∗δ )(d+ 4)2T
1
3

+
1

32(d+ 4)2T
1
3

E[‖g̃(x0)‖2] +
L2

1

8

(d+ 6)3

(d+ 4)2d

+ L2
1

(d+ 3)3

d
T

1
3 .

Dividing both sides of above inequality by T , we complete the proof.

A.4 Proof of Theorem 2.9

First, according to iteration (2.2), we have that

‖xt+1 − x∗‖2 ≤ ‖xt − ηg̃(xt)− x∗‖2

= ‖xt − x∗‖2 − 2η 〈g̃(xt), xt − x∗〉+ η2‖g̃(xt)‖2.
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Taking expectation on both sides, and since E[g̃(xt)] = ∇fδ(xt), we obtain that

E[‖xt+1 − x∗‖2] ≤ E[‖xt − x∗‖2]− 2η〈∇fδ(xt), xt − x∗〉

+ η2E[‖g̃(xt)‖2]. (A.21)

Due to the convexity, we have that 〈∇fδ(xt), xt − x∗〉 ≥ fδ(xt) − fδ(x
∗). Plugging this

inequality into (A.21), we have that

E[‖xt+1 − x∗‖2] ≤ E[‖xt − x∗‖2]− 2η(fδ(xt)− fδ(x∗))

+ η2E[‖g̃(xt)‖2]. (A.22)

When f(x) ∈ C0,0, using Lemma (2.2), we can replace fδ(x) with f(x) in above inequality

and get

E[‖xt+1 − x∗‖2] ≤ E[‖xt − x∗‖2]− 2η(f(xt)− f(x∗))

+ η2E[‖g̃(xt)‖2] + 4L0

√
dδη.

Rearranging the terms and telescoping from t = 0 to T − 1, we obtain that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ 1

2η
(‖x0 − x∗‖2 − E[‖xT − x∗‖2])

+
η

2

T−1∑
t=0

E[‖g̃(xt)‖2] + 2L0

√
dδT

≤ 1

2η
‖x0 − x∗‖2 +

η

2

T−1∑
t=0

E[‖g̃(xt)‖2] + 2L0

√
dδT

Since function f(x) ∈ C0,0, we can plug the bound (A.15) into the above inequality and

get that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ 1

2η
‖x0 − x∗‖2

+
η

2(1− α)
E[‖g̃(x0)‖2] +

4η

1− α
L2

0(d+ 4)2T + 2L0

√
dδT.
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Let η = 1
2dL0

√
T

and δ = 1√
T

. We have that α = 2dL2
0
η2

δ2
= 1

2d ≤
1
2 . Therefore, 1

1−α ≤ 2.

Applying this bound and the choice of η and δ into above inequality, we have that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ L0‖x0 − x∗‖2d
√
T

+
1

2dL0

√
T
E[‖g̃(x0)‖2] + 4L0

(d+ 4)2

d

√
T + 2L0

√
d
√
T .

Recalling that f(x̄) ≤ 1
T

∑T−1
t=0 f(xt) due to convexity and dividing both sides of above

inequality by T , the proof of the nonsmooth case is complete.

When function f(x) ∈ C1,1, it is straightforward to see that we also have the inequal-

ity (A.22). In addition, according to Lemma 2.2, we can replace fδ(x) with f(x) in above

inequality and get

E[‖xt+1 − x∗‖2] ≤ E[‖xt − x∗‖2]− 2η(f(xt)− f(x∗))

+ η2E[‖g̃(xt)‖2] + 4L1dδ
2η. (A.23)

Similarly to the above analysis, we telescope the above inequality from t = 0 to T − 1,

apply the bound on
∑T−1

t=0 E[‖g̃(xt)‖2] in (A.19) and obtain that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ 1

2η
‖x0 − x∗‖2

+
η

2(1− α)
E[‖g̃(x0)‖2] +

2η

1− α
L2

1(d+ 6)3δ2T

+
4η

1− α
(d+ 4)2

T−1∑
t=0

E[‖∇f(xt)‖2] + 2L1dδ
2T.

Since f(x) ∈ C1,1 is convex, we have that ‖∇f(xt)‖2 ≤ 2L1(f(xt) − f(x∗)) according to

(2.1.7) in46. Applying this bound into the above inequality, we get that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ 1

2η
‖x0 − x∗‖2

+
η

2(1− α)
E[‖g̃(x0)‖2] +

2η

1− α
L2

1(d+ 6)3δ2T

+
8η

1− α
L1(d+ 4)2

( T−1∑
t=0

E[f(xt)]− Tf(x∗)
)

+ 2L1dδ
2T.
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Let η = 1

2L̃(d+4)2T
1
3

and δ =
√
d

T
1
3

where L̃ = max{L0, 16L1}. Then, we have that α =

2dL2
0
η2

δ2
≤ 1

2(d+4)4
≤ 1

2 . In addition, we have that 8η
1−αL1(d + 4)2 ≤ 1

2T
1
3
≤ 1

2 . Applying

these two bounds into above inequality and rearranging terms, we have that

1

2

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ L̃‖x0 − x∗‖2(d+ 4)2T
1
3

+
1

2L̃(d+ 4)2T
1
3

E[‖g̃(x0)‖2] +
L1

8

(d+ 6)3d

(d+ 4)2
+ 2L1d

2T
1
3 .

Recalling that f(x̄) ≤ 1
T

∑T−1
t=0 f(xt) due to convexity and dividing both sides of above

inequality by T , the proof of the smooth case is complete.

A.5 Proof of Lemma 2.12

The analysis is similar to the proof in Section A.1. First, consider the case when F (x, ξ) ∈

C0,0 with L0(ξ). According to (2.4), we have that

E[‖g̃(xt)‖2]

= E[
1

δ2

(
F (xt + δut, ξt)− F (xt−1 + δut−1, ξt−1)

)2‖ut‖2]

≤ 2

δ2
E[
(
F (xt + δut, ξt)− F (xt−1 + δut−1, ξt)

)2‖ut‖2]

+
2

δ2
E[
(
F (xt−1 + δut−1, ξt)− F (xt−1 + δut−1, ξt−1)

)2‖ut‖2].

Using the bound in Assumption 2.10, we get that 2
δ2
E[
(
F (xt−1 + δut−1, ξt) − F (xt−1 +

δut−1, ξt−1)
)2‖ut‖2] ≤ 8dσ2

δ2
. In addition, adding and subtracting F (xt−1+δut, ξt) in

(
F (xt+

δut, ξt)− F (xt−1 + δut−1, ξt)
)2

in above inequality, we obtain that

E[‖g̃(xt)‖2] ≤ 8dσ2

δ2
+

4

δ2
E[
(
F (xt + δut, ξt)− F (xt−1 + δut, ξt)

)2‖ut‖2]

+
4

δ2
E[
(
F (xt−1 + δut, ξt)− F (xt−1 + δut−1, ξt)

)2‖ut‖2]

Using Assumption 2.11, we can bound the last two items on the right hand side of above

inequality following the same procedure after inequality (A.1) and get that

E[‖g̃(xt)‖2] ≤ 4dL2
0η

2

δ2
E[‖g̃(xt−1)‖2] + 16L2

0(d+ 4)2 +
8dσ2

δ2
.
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The proof is complete.

A.6 Proof of Theorem 2.13

When function F (x) ∈ C0,0 with L0(ξ), using Assumption 2.11 and following the same

procedure in Section A.2, we have that

T−1∑
t=0

E[‖∇fδ(xt)‖2] ≤
E[fδ(x0)]− f∗δ

η

+
L1(fδ)η

2

T−1∑
t=0

E[‖g̃(xt)‖2], (A.24)

where L1(fδ) =
√
d
δ L0. In addition, according to Lemma 2.12, we get that

T−1∑
t=0

E[‖g̃(xt)‖2] ≤ 1

1− α
E[‖g̃(x0)‖2] +

16L2
0

1− α
(d+ 4)2T

+
8σ2

1− α
d

δ2
T, (A.25)

where α =
4dL2

0η
2

δ2
. Plugging (A.25) into the bound in (A.24), we obtain that

T−1∑
t=0

E[‖∇fδ(xt)‖2] ≤
E[fδ(x0)]− f∗δ

η
+

4σ2L0

1− α
d1.5 η

δ3
T

+

√
dL0

2(1− α)
E[‖g̃(x0)‖2]

η

δ
+

8L3
0

√
d

1− α
(d+ 4)2 η

δ
T. (A.26)

Similar to Section A.2, to fullfill the requirement that |f(x) − fδ(x)| ≤ εf , we set the

exporation parameter δ =
εf

d
1
2L0

. In addition, let the stepsize be η =
ε1.5f

2
√

2L2
0d

1.5T
1
2

. Then,

we have that α =
4dL2

0η
2

δ2
=

εf
2dT ≤

1
2 when T ≥ 1

dεf
. Therefore, we have that 1

1−α ≤ 2.

Applying this bound and the choices of η and δ into the bound (A.26), we obtain that

T−1∑
t=0

E[‖∇fδ(xt)‖2] ≤ 2
√

2L2
0(E[fδ(x0)]− f∗δ )

d1.5
√
T

ε1.5f

+
L0ε

0.5
f

2
√

2dT
E[‖g̃(x0)‖2] + 4

√
2L2

0

(d+ 4)2

√
d

√
εfT

+ 2
√

2σ2L2
0

d1.5
√
T

ε1.5f
.
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Dividing both sides by T , the proof for the nonsmooth case is complete.

When function F (x, ξ) ∈ C1,1 with L1(ξ), according to Assumption 2.11, we also have

that fδ(x), f(x) ∈ C1,1 with constant L1. Similarly to the proof in Section A.3, we get that

1

2

T−1∑
t=0

‖E[‖∇f(x)‖2‖] ≤
E[fδ(x0)]− f∗δ

η

+
L1η

2

T−1∑
t=0

E[‖g̃(xt)‖2] + L2
1(d+ 3)3δ2T. (A.27)

Plugging inequality (A.25) into the above upper bound, we obtain that

1

2

T−1∑
t=0

‖E[‖∇f(x)‖2‖] ≤
E[fδ(x0)]− f∗δ

η

+
L1η

2(1− α)
E[‖g̃(x0)‖2] +

8L2
0L1

1− α
(d+ 4)2ηT

+
4L1σ

2

1− α
dη

δ2
T + L2

1(d+ 3)3δ2T. (A.28)

Let η = 1

2
√

2L0d
4
3 T

2
3

and δ = 1

d
5
6 T

1
6

. Then, α =
4dL2

0η
2

δ2
= 1

2T ≤
1
2 and 1

1−α ≤ 2. Plugging

these results into the above inequality, we get that

1

2

T−1∑
t=0

‖E[‖∇f(x)‖2‖] ≤ 2
√

2L0(E[fδ(x0)]− f∗δ )d
4
3T

2
3

+
L1

2
√

2L0d
4
3T

2
3

E[‖g̃(x0)‖2] + 4
√

2L0L1
(d+ 4)2

d
4
3

T
1
3

+
2
√

2L1σ
2

L0d
1
3

T
1
3 + L2

1

(d+ 3)3

d
5
3

T
2
3 . (A.29)

Dividing both sides by T , the proof for the smooth case is complete.

A.7 Proof of Theorem 2.14

When the function f(x) ∈ C0,0 with constant L0(ξ) is convex, we can follow the same

procedure as in Section A.4 and get that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ 1

2η
‖x0 − x∗‖2

+
η

2

T−1∑
t=0

E[‖g̃(xt)‖2] + 2L0

√
dδT.
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Plugging the bound (A.25) into above inequality, we have that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ 1

2η
‖x0 − x∗‖2

+
η

2(1− α)
E[‖g̃(x0)‖2] +

8L2
0

1− α
(d+ 4)2ηT

+
4σ2

1− α
dη

δ2
T + 2L0

√
dδT. (A.30)

Let η = 1

2
√

2L0

√
dT

3
4

and δ = 1

T
1
4

. Then, we have that α =
4dL2

0η
2

δ2
= 1

2T ≤
1
2 . Plugging these

results into the above inequality, we get that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤
√

2L0‖x0 − x∗‖2
√
dT

3
4

+
1

2
√

2L0

√
dT

3
4

E[‖g̃(x0)‖2] + 4
√

2L0
(d+ 4)2

√
d

T
1
4

+
2
√

2σ2

L0

√
dT

3
4 + 2L0

√
dT

3
4 . (A.31)

Dividing both sides by T , the proof for the nonsmooth case is complete.

When the function f(x) ∈ C1,1 with constant L1(ξ), we can also get the inequal-

ity (A.23) in Section A.4. Telescoping this inequality from t = 0 to T − 1 and rearranging

terms, we obtain

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ 1

2η
‖x0 − x∗‖2

+
η

2

T−1∑
t=0

E[‖g̃(xt)‖2] + 2L1dδ
2T. (A.32)

Plugging the bound (A.25) into above inequality, we have that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤ 1

2η
‖x0 − x∗‖2 + 2L1dδ

2T

+
η

2(1− α)
E[‖g̃(x0)‖2] +

8L2
0

1− α
(d+ 4)2ηT +

4σ2

1− α
dη

δ2
T.

Let η = 1

2
√

2L0d
2
3 T

2
3

and δ = 1

d
1
6 T

1
6

. Then, we have that α =
4dL2

0η
2

δ2
= 1

2T ≤
1
2 . Plugging
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these parameters into above inequality, we get that

T−1∑
t=0

E[f(xt)]− Tf(x∗) ≤
√

2L0‖x0 − x∗‖2d
2
3T

2
3

+
1

2
√

2L0d
2
3T

2
3

E[‖g̃(x0)‖2] + 4
√

2L0
(d+ 4)2

d
2
3

T
1
3

+
2
√

2σ2

L0
d

2
3T

2
3 + 2L1d

2
3T

2
3 .

Dividing both sides by T , the proof for the smooth case is complete.

A.8 Zeroth-Order Policy Optimization for A Large-

Scale Multi-Stage Decision Making Problem

In this section, we consider a large-scale multi-stage resource allocation problem. Specifi-

cally, we consider 16 agents that are located on a 4×4 grid. At agent i, resources are stored

in the amount of mi(k) and there is also a demand for resources in the amount of di(k) at

instant k. In the meantime, agent i also decides what fraction of resources aij(k) ∈ [0, 1] it

sends to its neighbors j ∈ Ni on the grid. The local amount of resources and demands at

agent i evolve as mi(k+ 1) = mi(k)−
∑

j∈Ni
aij(k)mi(k) +

∑
j∈Ni

aji(k)mj(k)− di(k) and

di(k) = Ai sin(ωik + φi) + wi,k, where wi,k is the noise in the demand. At time k, agent

i receives a local reward ri(k), such that ri(k) = 0 when mi(k) ≥ 0 and ri(k) = −mi(k)2

when mi(k) < 0. Let agent i makes its decisions according to a parameterized policy func-

tion πi,θi(oi) : Oi → [0, 1]|Ni|, where θi is the parameter of the policy function πi, oi ∈ Oi

denotes agent i’s observation, and |Ni| represents the number of agent i’s neighbors on the

grid.

Our goal is to train a policy that can be executed in a fully distributed way based on

agents’ local information. Specifically, during the execution of policy functions {πi,θi(oi)},

we let each agent only observe its local amount of resource mi(k) and demand and di(k),

i.e., oi(k) = [mi(k), di(k)]T . In addition, the policy function πi,θi(oi) is parameterized

as the following: aij = exp(zij)/
∑

j exp(zij), where zij =
∑9

p=1 ψp(oi)θij(p) and θi =
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[. . . , θij , . . . ]
T . Specifically, the feature function ψp(oi) is selected as ψp(oi) = ‖oi − cp‖2,

where cp is the parameter of the p-th feature function. The goal for the agents is to find

an optimal policy π∗ = {πi,θi(oi)} so that the global accumulated reward

J(θ) =

16∑
i=1

K∑
k=0

γkri(k) (A.33)

is maximized, where θ = [. . . , θi, . . . ] is the global policy parameter, K is the horizon of the

problem, and γ is the discount factor. Effectively, the agents need to make decisions on 64

actions, and each action is decided by 9 parameters. Therefore, the problem dimension is

d = 576. To implement zeroth-order policy gradient estimators (1.1) and (2.4) to find the

optimal policy, at iteration t, we let all agents implement the policy with parameter θt+δut,

collect rewards {ri(k)} at time instants k = 0, 1, . . . ,K and compute the noisy policy value

according to (A.33). Then, the zeroth-order policy gradient is estimated using (1.1) or

(2.4). On the contrary, when the two-point zeroth-order policy gradient estimator (1.2)

is used, at each iteration k, all agents need to evaluate two policies θt ± δut to update

the policy parameter once. In Figure A.1, we present the performance of using zeroth-

order policy gradients (1.1), (1.2) and (2.4) to solve this large-scale multi-stage resource

allocation problem, where the discount factor is set as γ = 0.75 and the length of horizon

K = 30. Each algorithm is run for 10 trials. We observe that policy optimization with the

proposed residual-feedback gradient estimate (2.4) improves the optimal policy parameters

with the same learning rate as the two-point zeroth-order gradient estimator (1.2), where

the learning rate is measured by the number of episodes the agents take to evaluate the

policy parameter iterates. In the meantime, both estimators perform much better than the

one-point policy gradient estimate (1.1) considered in32;33.
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Figure A.1: The convergence rate of applying the proposed residual one-point

feedback (2.1) (blue), the two-point oracle (1.2) in15 (orange) and the one-point

oracle (1.1) in12 (green) to the large-scale stochastic multi-stage resource allocation

problem. The vertical axis represents the total rewards and the horizontal axis represents

the number of episodes the agents take to evaluate their policy parameter iterates during

the policy optimization procedure.
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Appendix B

Proofs for Chapter 3

B.1 Implementation Details of the Numerical Ex-

periments

All experiments are conducted using Matlab R2019a on Ubuntu 18.04 with the AMD Ryzen

2700X 8-core processor and 16GB 2133MHz memory.

For the non-stationary LQR experiments, we select nx = 6, nu = 6 and γ = 0.5.

The dynamical matrices A0 and B0 at episode 0 are randomly generated from a Gaussian

distribution N (0, 0.12). Then, we generate the time-varying dynamical matrices according

to At+1 = At + 0.01Mt and Bt+1 = Bt + 0.01Nt, where Mt and Nt are random matrices

whose entries are uniformly sampled from [0,1]. To evaluate the cost function Vt(Kt) given

the policy parameter Kt at episode t, we roll out a trajectory of length H = 50 using the

policy parameter Kt and sum up the collected rewards.

For the non-stationary resource allocation experiments, the policy function πi,t(oi; θi,t)

is parameterized as: aij = exp(zij)/
∑

j exp(zij), where zij =
∑9

p=1 ψp(oi)θij(p) and θi =

[. . . , θij , . . . ]
T and the episode index t is omitted for notational simplicity. Specifically, the

feature function ψp(oi) is selected as ψp(oi) = ‖oi − cp‖2, where cp is the parameter of the

p-th feature function. Effectively, the agents need to make decisions on 64 actions, and

each action is decided by 9 parameters. Therefore, the problem dimension is d = 576. The

discount factor is selected as γ = 0.75 and the length of the horizon is H = 30. The time-

varying sensitivity parameter ζi,t is generated as follows: let ζi,0 = 1 and ζi,t+1 = ζi,t+0.1Pt,

where Pt is a random number uniformly sampled from [−1, 1].
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B.2 Proof of Lemma 3.2 and Lemma 3.3

Proof. Recall that fδ(x) = Ev∈B
[
f(x+ δv)

]
. Then, we have that

|fδ(x)− f(x)| = |Ev∈B
[
f(x+ δv)− f(x)

]
|

≤ Ev∈B
[
|f(x+ δv)− f(x)|

]
≤ Ev∈B

[
L0‖δv‖

]
. (B.1)

Furthermore, since v ∈ B, we have that ‖δv‖ ≤ δ. Combining this inequality with (B.1), we

have that |fδ(x) − f(x)| ≤ Ev∈B
[
δL0

]
= L0δ. When the function f ∈ C1,1 with Lipschitz

constant L1, we have that

〈∇f(x), δv〉 − L1

2
‖δv‖2 ≤ f(x+ δv)− f(x) ≤ 〈∇f(x), δv〉+

L1

2
‖δv‖2, (B.2)

for all v ∈ B. Taking the expectation of (B.2) over v sampled uniformly from the unit ball

B and recalling that v is sampled independently from x and has zero mean, we get that

−L1δ
2 ≤ −L1

2
Ev∈B

[
‖δv‖2

]
≤ Ev∈B

[
f(x+ δv)− f(x)

]
≤ L1

2
Ev∈B

[
‖δv‖2

]
≤ L1δ

2. (B.3)

In addition, because |fδ(x)−f(x)| = |Ev∈B
[
f(x+δv)−f(x)

]
|, we obtain that |fδ(x)−f(x)| ≤

L1δ
2. The proof is complete.

Next, we show that ‖∇δf(x) − ∇f(x)‖ ≤ δL1d when f ∈ C1,1. First, recall that

∇δf(x) = Eu[dδ (f(x+ δu)− f(x))u] and ∇f(x) = Eu[d〈∇f(x), u〉u], we have that

‖∇δf(x)−∇f(x)‖ = ‖Eu[
d

δ
(f(x+ δu)− f(x))u]− Eu[d〈∇f(x), u〉u]‖ (B.4)

≤ d

δ
Eu[‖

(
f(x+ δu)− f(x)− 〈∇f(x), δu〉

)
u‖], (B.5)

where the second inequality is due to Jensen’s inequality. Since vector u is randomly

sampled from the unit sphere, we get that

‖∇δf(x)−∇f(x)‖ ≤ d

δ
Eu[|

(
f(x+ δu)− f(x)− 〈∇f(x), δu〉

)
|]. (B.6)

Furthermore, since f ∈ C1,1, we have that |f(x + δu) − f(x) − 〈∇f(x), δu〉| ≤ L1‖δu‖2 ≤

L1δ
2. Combining this bound with inequality (B.6), we complete the proof.
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Finally, we show Lemma 2.3. Recall that ∇δf(x) = Eu[dδ f(x + δu)u]. Therefore, for

any x1, x2 ∈ X , we have that

‖∇δf(x1)−∇δf(x2)‖ ≤ ‖Eu[
d

δ
f(x1 + δu)u]− Eu[

d

δ
f(x2 + δu)u]‖

≤ d

δ
Eu[‖

(
f(x1 + δu)− f(x2 + δu)

)
u‖] ≤ d

δ
Eu[|f(x1 + δu)− f(x2 + δu)|],

(B.7)

where the second inequality is due to Jensen’s inequality. Since f ∈ C0,0 with Lipschitz

constant L0, we have that |f(x1 + δu)− f(x2 + δu)| ≤ L0‖x1− x2‖. Therefore, we get that

‖∇δf(x1)−∇δf(x2)‖ ≤ dL0

δ
‖x1 − x2‖. (B.8)

The proof is complete.

B.3 Proof of Lemma 3.7

Proof. By definition of the residual feedback (3.1), we have that

E[‖g̃t(xt)‖2] = E[
d2

δ2

(
ft(xt + δut)− ft−1(xt−1 + δut−1)

)2‖ut‖2]

≤ 2d2

δ2
E[
(
ft(xt + δut)− ft(xt−1 + δut−1)

)2‖ut‖2]

+
2d2

δ2
E[
(
ft(xt−1 + δut−1)− ft−1(xt−1 + δut−1)

)2‖ut‖2]

≤ 2d2

δ2
E[
(
ft(xt + δut)− ft(xt−1 + δut−1)

)2
]

+
2d2

δ2
E[
(
ft(xt−1 + δut−1)− ft−1(xt−1 + δut−1)

)2
],

(B.9)

where the last inequality is because ut ∈ USd. Moreover, adding and subtracting ft(xt−1 +

δut) to the term
(
ft(xt + δut)− ft(xt−1 + δut−1)

)2
in the inequality (B.9), we obtain

E[‖g̃(xt)‖2] ≤4d2

δ2
E[
(
ft(xt + δut)− ft(xt−1 + δut)

)2
]

+
4d2

δ2
E[
(
ft(xt−1 + δut)− ft(xt−1 + δut−1)

)2
]

+
2d2

δ2
E[
(
ft(xt−1 + δut−1)− ft−1(xt−1 + δut−1)

)2
].

(B.10)
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Since ft ∈ C0,0 is Lipschitz with constant L0, we further obtain that

E[‖g̃(xt)‖2] ≤4d2L2
0

δ2
E[‖xt − xt−1‖2] + 4d2L2

0E[‖ut − ut−1‖2]

+
2d2

δ2
E[
(
ft(xt−1 + δut−1)− ft−1(xt−1 + δut−1)

)2
]. (B.11)

Since ut ∈ USd, we get that E[‖ut − ut−1‖2] ≤ 4. Substituting this bound into inequal-

ity (B.11), we obtain that

E[‖g̃(xt)‖2] ≤4d2L2
0

δ2
E[‖xt − xt−1‖2] + 16d2L2

0

+
2d2

δ2
E[
(
ft(xt−1 + δut−1)− ft−1(xt−1 + δut−1)

)2
]. (B.12)

Since xt = ΠX
[
xt−1 − ηg̃(xt−1)

]
, we get that ‖xt − xt−1‖ = ‖ΠX

[
xt−1 − ηg̃(xt−1)

]
−

ΠX
[
xt−1

]
‖ ≤ η‖g̃(xt−1)‖ due to the nonexpansiveness of the projection operator onto a

convex set. Therefore, we have that

E[‖g̃t(xt)‖2] ≤4d2L2
0η

2

δ2
E[‖g̃t−1(xt−1)‖2] + 16d2L2

0

+
2d2

δ2
E[
(
ft(xt−1 + δut−1)− ft−1(xt−1 + δut−1)

)2
]. (B.13)

The proof is complete.

B.4 Proof of Theorem 3.9

Note that fδ,t(x) is convex for all t, we then conclude that

fδ,t(xt)− fδ,t(x) ≤ 〈∇fδ,t(xt), xt − x〉, for all x ∈ X , (B.14)

Adding and subtracting g̃t(xt) after ∇fδ,t(xt) in above inequality, and taking expectation

over ut on both sides, we obtain that

E
[
fδ,t(xt)− fδ,t(x)

]
≤ E

[
〈g̃t(xt), xt − x〉

]
. (B.15)

Since xt+1 = ΠX
[
xt − ηg̃(xt)

]
, for any x ∈ X we have that

‖xt+1 − x‖2 = ‖ΠX
[
xt − ηg̃(xt)

]
−ΠX

[
x
]
‖2

≤ ‖xt − ηg̃(xt)− x‖2

= ‖xt − x‖2 − 2η〈g̃t(xt), xt − x〉+ η2‖g̃t(xt)‖2. (B.16)
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Rearranging the above inequality yields that

〈g̃t(xt), xt − x〉 ≤
1

2η

(
‖xt − x‖2 − ‖xt+1 − x‖2

)
+
η

2
‖g̃t(xt)‖2. (B.17)

Taking expectation on both sides of the above inequality over ut, using inequality (B.15),

and telescoping the resulting bound from t = 0 to T , we obtain that

E
[ T∑
t=0

fδ,t(xt)−
T∑
t=0

fδ,t(x)
]
≤ 1

2η
‖x0 − x‖2 +

η

2
E
[ T∑
t=0

‖g̃t(xt)‖2
]
. (B.18)

Since ft(x) ∈ C0,0, we know that |fδ,t(x) − ft(x)| ≤ δL0. Therefore, we obtain from the

above inequality that

E
[ T∑
t=0

ft(xt)−
T∑
t=0

ft(x)
]

= E
[ T∑
t=0

fδ,t(xt)−
T∑
t=0

fδ,t(x)
]

+ E
[ T∑
t=0

(
ft(xt)− fδ,t(xt)

)
−

T∑
t=0

(
ft(x)− fδ,t(x)

)]
≤ 1

2η
‖x0 − x‖2 +

η

2
E
[ T∑
t=0

‖g̃t(xt)‖2
]

+ 2L0δT. (B.19)

On the other hand, telescoping the second moment bound in (3.3) over t = 1, 2, ..., T ,

adding E
[
‖g̃0(x0)‖2

]
on both sides, adding

4d2L2
0η

2

δ2
E[‖g̃T (xT )‖2] to the right hand side and

using Assumption 3.8, we obtain that

E
[ T∑
t=0

‖g̃t(xt)‖2
]
≤ 1

1− α
E
[
‖g̃0(x0)‖2

]
+

16

1− α
d2L2

0T +
2d2V 2

f

1− α
1

δ2
T, (B.20)

where α =
4d2L2

0η
2

δ2
. Substituting the above bound into (B.19) yields that

E
[ T∑
t=0

ft(xt)−
T∑
t=0

ft(x)
]
≤ 1

2η
‖x0 − x‖2 +

η

2(1− α)
E
[
‖g̃0(x0)‖2

]
+

8

1− α
L2

0d
2ηT

+ 2L0δT +
d2V 2

f

1− α
η

δ2
T. (B.21)

Since above inequality holds for all x ∈ X , we can replace x with x∗. When the upper bound

on ‖x0− x∗‖ ≤ R is known, let η = R
3
2

2
√

2dL0T
3
4

and δ =
√
dR

T
1
4

, so that α =
4d2L2

0η
2

δ2
= R2

2T ≤
1
2 ,

when T ≥ R2. Then, we obtain that

E
[ T∑
t=0

ft(xt)−
T∑
t=0

ft(x
∗)
]
≤
√

2dL0

√
RT

3
4 +

E
[
‖g̃0(x0)‖2

]
R

3
2

2
√

2dL0T
3
4

+ 4
√

2d
3
2L0R

3
2T

1
4 + 2L0

√
dRT

3
4 +

√
dRV 2

f√
2L0

T
3
4 . (B.22)
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When R is unknown, let η = 1

2
√

2dL0T
3
4

and δ =
√
d

T
1
4

, so that α =
4d2L2

0η
2

δ2
= 1

2T ≤
1
2 .

Then, we obtain that

E
[ T∑
t=0

ft(xt)−
T∑
t=0

ft(x
∗)
]
≤
√

2dL0R
2T

3
4 +

E
[
‖g̃0(x0)‖2

]
2
√

2dL0T
3
4

+ 4
√

2d
3
2L0T

1
4

+ 2
√
dL0T

3
4 +

√
dV 2

f√
2L0

T
3
4 . (B.23)

On the other hand, we can let η = R
3
2

2
√

2dL0T
3
4

and δ =
√
dR

Lq
0T

1
4

, where q ∈ R is a user-

specific parameter. With this choice of parameters, we get α =
4d2L2

0η
2

δ2
=

L2q
0 R2

2T ≤ 1
2 when

T ≥ L2q
0 R

2 and, as a result, we obtain that

E
[ T∑
t=0

ft(xt)−
T∑
t=0

ft(x
∗)
]
≤
√

2dL0

√
RT

3
4 +

E
[
‖g̃0(x0)‖2

]
R

3
2

2
√

2dL0T
3
4

+ 4
√

2d
3
2L0R

3
2T

1
4

+ 2L1−q
0

√
dRT

3
4 +
√

2
−1√

dRL2q−1
0 V 2

f T
3
4 . (B.24)

B.5 Proof of Theorem 3.11

Since ft(x) ∈ C1,1, we know that |fδ,t(x) − ft(x)| ≤ δ2L1. Following the same proof logic

as that for proving (B.19), we obtain that

E
[ T∑
t=0

ft(xt)−
T∑
t=0

ft(x)
]
≤ 1

2η
‖x0 − x‖2 +

η

2
E
[ T∑
t=0

‖g̃t(xt)‖2
]

+ 2L1δ
2T. (B.25)

Substituting the bound in (B.20) into the above inequality, we obtain that

E
[ T∑
t=0

ft(xt)−
T∑
t=0

ft(x)
]
≤ 1

2η
‖x0 − x‖2 +

η

2(1− α)
E
[
‖g̃0(x0)‖2

]
+

8

1− α
L2

0d
2ηT

+ 2L1δ
2T +

d2V 2
f

1− α
η

δ2
T. (B.26)

Since above inequality holds for all x ∈ X , we can replace x with x∗. Assuming the bound

‖x0 − x∗‖ ≤ R is known, let η = R
4
3

2
√

2L0d
2
3 T

2
3

and δ = d
1
3R

1
3

T
1
6

so that α =
4d2L2

0η
2

δ2
= R2

2T ≤
1
2

when T ≥ R2. Plugging these parameters into above inequality, we finally obtain that

E
[ T∑
t=0

ft(xt)−
T∑
t=0

ft(x)
]
≤
√

2L0d
2
3R

2
3T

2
3 +

E
[
‖g̃0(x0)‖2

]
R

4
3

2
√

2L0d
2
3T

2
3

+ 4
√

2L0d
4
3R

4
3T

1
3

+ 2L1d
2
3R

2
3T

2
3 + (

√
2L0)−1d

2
3R

2
3V 2

f T
2
3 . (B.27)
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The proof is complete.

B.6 Proof of Theorem 3.14

Note that ft(x) ∈ C0,0. According to Lemma 2.2, fδ,t(x) has L1,δ-Lipschitz continuous

gradient with L1,δ = d
δL0. Furthermore, according to Lemma 1.2.3 in46, we have the

following inequality

fδ,t(xt+1) ≤ fδ,t(xt) + 〈∇fδ,t(xt), xt+1 − xt〉+
L1,δ

2
‖xt+1 − xt‖2

= fδ,t(xt)− η〈∇fδ,t(xt), g̃t(xt)〉+
L1,δη

2

2
‖g̃t(xt)‖2

= fδ,t(xt)− η〈∇fδ,t(xt),∆t〉 − η‖∇fδ,t(xt)‖2 +
L1,δη

2

2
‖g̃t(xt)‖2,

(B.28)

where ∆t = g̃t(xt) − ∇fδ,t(xt). According to Lemma 2.5, we know that Eut [g̃t(xt)] =

∇fδ,t(xt). Therefore, taking expectation over ut conditional on xt on both sides of inequal-

ity (B.28) and rearranging terms, we obtain that

ηE[‖∇fδ,t(xt)‖2] ≤ E[fδ,t(xt)]− E[fδ,t(xt+1)] +
L1,δη

2

2
E[‖g̃t(xt)‖2]

≤ E[fδ,t(xt)]− E[fδ,t+1(xt+1)] +
L1,δη

2

2
E[‖g̃t(xt)‖2] + E[fδ,t+1(xt+1)]− E[fδ,t(xt+1)],

(B.29)

where the expectation is conditional on xt. Then, we can further condition both sides of

(B.29) on x0 without changing the sign of inequality, and then apply the tower rule of

conditional expectation to make the expectation in (B.29) become full expectation. Tele-

scoping the above inequality over t = 0, ..., T − 1 and dividing both sides by η, according

to Assumption 3.12, we obtain that

T−1∑
t=0

E[‖∇fδ,t(xt)‖2] ≤
E[fδ,0(x0)]− E[fδ,T (xT )]

η
+
L1,δη

2

T−1∑
t=0

E[‖g̃t(xt)‖2] +
WT

η

≤
E[fδ,0(x0)]− f∗δ,T

η
+
L1,δη

2

T−1∑
t=0

E[‖g̃t(xt)‖2] +
WT

η
,

(B.30)

where f∗δ,T is the lower bound of the smoothed function fδ,T (x). f∗δ,T must exist because

we assume the orignal function ft(x) is lower bounded and the smoothed function has a

bounded distance from ft(x) due to Lemma 2.2 for all t.
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Next, we derive the bound on
∑T−1

t=0 E[‖g̃t(xt)‖2]. Summing the bound in (??) from

t = 1, ..., T , adding E
[
‖g̃0(x0)‖2

]
on both sides, and adding

4d2L2
0η

2

δ2
E[‖g̃T (xT )‖2] to the

right hand side, according to Assumption 3.12, we obtain that

E
[ T∑
t=0

‖g̃t(xt)‖2
]
≤ 1

1− α
E
[
‖g̃0(x0)‖2

]
+

16

1− α
L2

0d
2T +

2d2

1− α
W̃T

δ2
, (B.31)

Substituting this bound into the inequality (B.30), we obtain that

T−1∑
t=0

E[‖∇fδ,t(xt)‖2] ≤
E[fδ,0(x0)]− f∗δ,T

η
+
WT

η
+
dL0η

2δ

1

1− α
E
[
‖g̃0(x0)‖2

]
+
dL0η

2δ

16

1− α
L2

0d
2T +

dL0η

2δ

2d2

1− α
W̃T

δ2
.

(B.32)

To fullfill the requirement that |ft(x)−fδ,t(x)| ≤ εf , we set the exporation parameter δ =
εf
L0

.

In addition, let the stepsize be η =
ε1.5f

2
√

2L2
0d

1.5T
1
2

. Then, we have that α =
4d2L2

0η
2

δ2
=

εf
2dT ≤

1
2

when T ≥ εf
d . Therefore, we have that 1

1−α ≤ 2. Substituting this bound and the choices

of η and δ into the bound (B.32), we finally obtain that

T−1∑
t=0

E[‖∇fδ,t(xt)‖2] ≤ 2
√

2L2
0

(
E[fδ,0(x0)]− f∗δ,T +WT

)d1.5

ε1.5f
T

1
2 +

ε
1
2
f E
[
‖g̃0(x0)‖2

]
2
√

2dT

+ 4
√

2L2
0ε

1
2
f d

1.5T
1
2 +

L2
0√
2

d1.5W̃T

ε1.5f T
1
2

. (B.33)

The proof is complete.

B.7 Proof of Theorem 3.15

Note that when ft ∈ C1,1 with Lipschitz constant L1, the smoothed function fδ,t ∈ C1,1

with Lipschitz constant L1. Therefore, following the proof of Theorem 3.14 but replacing

L1,δ with L1, we obtain that

T−1∑
t=0

E[‖∇fδ,t(xt)‖2] ≤
E[fδ,0(x0)]− f∗δ,T

η
+
L1η

2

T−1∑
t=0

E[‖g̃t(xt)‖2] +
WT

η
. (B.34)
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Since ft ∈ C1,1, according to Lemma 2.2, we have that ‖∇fδ,t(x) − ∇ft(x)‖ ≤ dL1δ.

Furthermore, we have that

T−1∑
t=0

E[‖∇f(xt)‖2] =

T−1∑
t=0

E[‖∇f(xt)−∇fδ,t(xt) +∇fδ,t(xt)‖2]

≤ 2

T−1∑
t=0

E[‖∇f(xt)−∇fδ,t(xt)‖2] + 2

T−1∑
t=0

E[‖∇fδ,t(xt)‖2]. (B.35)

Substituting the bound in (B.31) into (B.34) and using the bound in (B.35), we obtain

that

T−1∑
t=0

E[‖∇f(xt)‖2] ≤ 2
E[fδ,0(x0)]− f∗δ,T

η
+ 2

WT

η
+

L1

1− α
E
[
‖g̃0(x0)‖2

]
η +

16L1

1− α
L2

0d
2ηT

+
2d2L1W̃T

1− α
η

δ2
+ 2d2L2

1δ
2T, (B.36)

Choose η = 1

2
√

2L0d
4
3 T

1
2

and δ = 1

d
1
3 T

1
4

. Then, α =
4d2L2

0η
2

δ2
= 1

2
√
T
≤ 1

2 and 1
1−α ≤ 2.

Substituting these results into the above inequality, we finally obtain that

T−1∑
t=0

E[‖∇f(xt)‖2] ≤ 4
√

2L0

(
E[fδ,0(x0)]− f∗δ,T +WT

)
d

4
3T

1
2 +

L1E
[
‖g̃0(x0)‖2

]
√

2L0d
4
3T

1
2

+ 8
√

2L1L0d
2
3T

1
2 +

√
2L1

L0
d

4
3 W̃T + 2L2

1d
4
3T

1
2 . (B.37)

The proof is complete.

B.8 Analysis for Projected SGD with Residual-

Feedback Oracle

In this section, we analyze the regret of ZO with residual feedback for online bandit prob-

lem (P) where the objective functions {ft}t=0,...,T−1 are non-convex and the problem is

constrained. Specifically, we consider a mini-batch gradient estimator based on the pro-

posed residual feedback

G̃t,M (xt) =
1

M

M∑
i=1

g̃t,i(xt), (B.38)
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where g̃t,i(xt) = d
δ

(
ft(xt+δut,i)−ft−1(xt−1+δut−1,i)

)
ut,i, and ut,i and ut−1,i are independent

from each other. Furthermore, we consider the update

xt+1 = ΠX
(
xt − ηG̃t,M (xt)

)
. (B.39)

Mini-batched gradient estimator is commonly adopted in stocahstic static constrained non-

convex optimization problems47 when stochastic gradient information is available. In this

section, we study the case when the stochastic gradient cannot be obtained and we use

estimator (B.38) to approximate such information. Estimator (B.38) requires to evaluate

the values of objective function ft at multiple points, xt + δut,i, similar to the two-point

gradient estimator (1.2). However, we note that studying the regret using zeroth-order

gradient estimators to solve constrained general non-convex online optimization problems is

of theoretical importance on its own. To the best of our knowledge, the regret in this setting

has not been studied yet even for the two-point gradient estimator (1.2). Perhaps the most

related work is40, which studied the two-point estimator’s regret for solving constrained

quasi-convex online opitmization problems.

Lemma B.1. (Second moment bound for mini-batch estimator) Assume that ft ∈ C0,0

with Lipschitz constant L0 for all time t. Then, under the ZO update rule in (B.39), the

second moment of the residual feedback (B.38) satisfies:

E[‖G̃t,M (xt)‖2] ≤ 4d2L2
0η

2

δ2
E[‖G̃t−1,M (xt−1)‖2] +Dt, (B.40)

where Dt := 16d2L2
0 + 2d2

δ2
E
[(
ft(xt−1 + δut−1,i)− ft−1(xt−1 + δut−1,i)

)2]
.

Proof. By definition of the residual feedback (B.38), we have that

E[‖G̃t,M (xt)‖2] =
1

M2
E[‖

M∑
i=1

g̃t,i(xt)‖2] = E[‖g̃t,i(xt)‖2], (B.41)

where the second equality is due to the fact that g̃t,i(xt) are independent among each other

given xt−1 and ut−1,i=1:M , and that E[‖g̃t,i(xt)‖] = E[‖g̃t,j(xt)‖] for all i, j. Next, we provide

the bound for the term E[‖g̃t,j(xt)‖2]. Following the same procedure as in the proof in B.3,
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we can obtain the same inequality as (B.12)

E[‖g̃t,i(xt)‖2] ≤4d2L2
0

δ2
E[‖xt − xt−1‖2] + 16d2L2

0

+
2d2

δ2
E[
(
ft(xt−1 + δut−1,i)− ft−1(xt−1 + δut−1,i)

)2
]. (B.42)

According to update (B.39), we have that ‖xt − xt−1‖ = ‖ΠX
[
xt−1 − ηG̃t−1,M (xt−1)

]
−

ΠX
[
xt−1

]
‖ ≤ η‖G̃t−1,M (xt−1)‖. Using this bound with inequality (B.42), we complete the

proof.

Lemma B.2. Given the mini-batch estimator (B.38), we have that

E
[
‖G̃t,M (xt)−∇fδ,t(xt)‖2

]
≤ 1

M
E
[
‖G̃t,M (xt)‖2

]
. (B.43)

Proof. By definition of the residual feedback (B.38), we have that

E[‖G̃t,M (xt)−∇fδ,t(xt)‖2] =
1

M
E[‖g̃t,i(xt)−∇fδ,t(xt)‖2]. (B.44)

Since E
[
g̃t,i(xt)

]
= ∇fδ,t(xt), we get that E[‖g̃t,i(xt) − ∇fδ,t(xt)‖2] ≤ E[‖g̃t,i(xt)‖2]. This

is because E
[
‖X − E[X]‖2

]
= E

[
‖X‖2

]
− E

[
X
]2 ≤ E

[
‖X‖2

]
for any random vector X.

Therefore, we have that

E[‖G̃t,M (xt)−∇fδ,t(xt)‖2] ≤ 1

M
E[‖g̃t,i(xt)‖2]. (B.45)

Using equation (B.41) and inequality (B.45), we complete the proof.

Theorem B.3 (Nonconvex Lipschitz ft). Let Assumptions 3.12 hold. Assume that ft ∈

C0,0 with Lipschitz constant L0 over set Xδ and that ft is bounded below by f∗t for all t.

Run ZO with residual feedback for T > (dεf )−1 iterations with η = ε
3
2
f (2
√

2L2
0d

3
2T

1
2 )−1 and

δ = εfL
−1
0 . Then, we have that

RTg,δ ≤ 4
√

2L2
0

(
E[fδ,0(x0)]− f∗δ,T +WT

)
d

3
2 ε
− 3

2
f T

1
2

+ (
8

M
+

√
εf

√
2dT

1
2

)
(
E
[
‖G̃0,M (x0)‖2

]
+ 16d2L2

0T +
2d2L2

0

ε2f
W̃T

)
(B.46)

Asymptotically, when the batch size M is of order O(
√
dT
√
εf
−1), we have RTg,δ = O(d

3
2L2

0ε
− 3

2
f (WT+

W̃TT
−1)T

1
2 + d

3
2L2

0ε
1
2
f T

1
2 ).
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Proof. Let x̄t+1 = ΠX (xt−η∇fδ,t(xt)). Recall that Gη,δ,t(xt) = 1
η

(
xt−ΠX (xt−η∇fδ,t(xt))

)
=

1
η (xt − x̄t+1) and G̃η,δ,t(xt) = 1

η

(
xt − ΠX (xt − ηG̃t,M (xt))

)
= 1

η (xt − xt+1). Note that

ft(x) ∈ C0,0. According to Lemma 2.2, fδ,t(x) has L1,δ-Lipschitz continuous gradient with

L1,δ = d
δL0.Furthermore, according to Lemma 1.2.3 in46, we have the following inequality

fδ,t(xt+1) ≤ fδ,t(xt) + 〈∇fδ,t(xt), xt+1 − xt〉+
L1,δ

2
‖xt+1 − xt‖2

≤ fδ,t(xt) + 〈∇fδ,t(xt), xt+1 − xt〉+
L1,δη

2

2
‖G̃t,M (xt)‖2,

≤ fδ,t(xt) + 〈G̃t,M (xt), xt+1 − xt〉+ 〈∇fδ,t(xt)− G̃t,M (xt), xt+1 − xt〉

+
L1,δη

2

2
‖G̃t,M (xt)‖2, (B.47)

where the second inequality is due to the nonexpansive property of projection onto the

convex set X , i.e., ‖xt+1−xt‖ = ‖ΠX
[
xt− ηG̃t,M (xt)

]
−ΠX

[
xt
]
‖ ≤ η‖G̃t,M (xt)‖. Next, we

show that

η‖G̃η,δ,t(xt)‖2 ≤ 〈G̃t,M (xt), xt − xt+1〉. (B.48)

To prove inequliaty (B.48), it is sufficent to show that

1

η
〈xt − ηG̃t,M (xt)− xt+1, xt − xt+1〉 ≤ 0.

The above inequality is true, because xt+1 = ΠX (xt − ηG̃t,M (xt)), xt ∈ X and the set X is

convex. Then, combining inequalities (B.28) and (B.48), we obtain that

η‖G̃η,δ,t(xt)‖2 ≤ fδ,t(xt)− fδ,t(xt+1) + 〈∇fδ,t(xt)− G̃t,M (xt), xt+1 − xt〉+
L1,δη

2

2
‖G̃t,M (xt)‖2

≤ fδ,t(xt)− fδ,t(xt+1) + 〈∇fδ,t(xt)− G̃t,M (xt), xt+1 − x̄t+1〉

+ 〈∇fδ,t(xt)− G̃t,M (xt), x̄t+1 − xt〉+
L1,δη

2

2
‖G̃t,M (xt)‖2. (B.49)

In addition, we have that

〈∇fδ,t(xt)− G̃t,M (xt), xt+1 − x̄t+1〉 ≤
η

2
‖∇fδ,t(xt)− G̃t,M (xt)‖2 +

1

2η
‖xt+1 − x̄t+1‖2

≤ η‖∇fδ,t(xt)− G̃t,M (xt)‖2. (B.50)
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Combining inequalities (B.49) and (B.50), and taking expectation over ut,i=1:M on both

sides, we have that

ηE
[
‖G̃η,δ,t(xt)‖2

]
≤ E

[
fδ,t(xt)− fδ,t(xt+1)

]
+ ηE

[
‖∇fδ,t(xt)− G̃t,M (xt)‖2

]
+
L1,δη

2

2
E
[
‖G̃t,M (xt)‖2

]
. (B.51)

Furthermore, we have that

‖Gη,δ,t(xt)‖2 ≤ 2‖G̃η,δ,t(xt)‖2 + 2‖G̃η,δ,t(xt)− Gη,δ,t(xt)‖2

≤ 2‖G̃η,δ,t(xt)‖2 + 2‖∇fδ,t(xt)− G̃t,M (xt)‖2. (B.52)

Combining inequalities (B.51) and (B.52), we obtain that

E
[
‖Gη,δ,t(xt)‖2

]
≤ 2

η
E
[(
fδ,t(xt)− fδ,t(xt+1)

)]
+ 4E

[
‖∇fδ,t(xt)− G̃t,M (xt)‖2

]
+ L1,δηE

[
‖G̃t,M (xt)‖2

]
. (B.53)

According to Lemma B.2, we get that

E
[
‖Gη,δ,t(xt)‖2

]
≤ 2

η
E
[(
fδ,t(xt)− fδ,t(xt+1)

)]
+

4

M
E
[
‖G̃t,M (xt)‖2

]
+ L1,δηE

[
‖G̃t,M (xt)‖2

]
.

Telescoping the above inequalities from t = 0 to T − 1, and recalling that L1,δ = dδ−1L0,

we have that

RTg,δ ≤
2

η
E
[
fδ,0(x0)− f∗δ,T

]
+

2

η

T∑
t=1

|fδ,t(xt)− fδ,t−1(xt)|+
4

M

T∑
t=0

E
[
‖G̃t,M (xt)‖2

]
+ dL0

η

δ

T∑
t=0

E
[
‖G̃t,M (xt)‖2

]
(B.54)

Next, we use the results in Lemma B.1 to obtain the bound on
∑T

t=0 E
[
‖G̃t,M (xt)‖2

]
.

Specifically, telescoping the second moment bound in (B.40) over t = 1, 2, ..., T , adding

E
[
‖G̃0,M (x0)‖2

]
on both sides, and adding

4d2L2
0η

2

δ2
E[‖G̃T,M (xT )‖2] to the right hand side,

we obtain that
T∑
t=0

E
[
‖G̃t,M (xt)‖2

]
≤ 1

1− α
E
[
‖G̃0,M (x0)‖2

]
+

16

1− α
d2L2

0T

+
2d2

1− α
1

δ2

T∑
t=1

E
[(
ft(xt−1 + δut−1,i)− ft−1(xt−1 + δut−1,i)

)2]
, (B.55)
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where α =
4d2L2

0η
2

δ2
. Combining inequalities (B.54) and (B.55), and according to Assump-

tion 3.12, we get that

RTg,δ ≤
2

η
E
[
fδ,0(x0)− f∗δ,T

]
+

2

η
WT

+ (
4

M
+ dL0

η

δ
)
( 1

1− α
E
[
‖G̃0,M (x0)‖2

]
+

16

1− α
d2L2

0T +
2d2

1− α
1

δ2
W̃T

)
. (B.56)

To fullfill the requirement that |ft(x) − fδ,t(x)| ≤ εf , according to Lemma 2.2, we set the

exporation parameter δ =
εf
L0

. In addition, let the stepsize be η =
ε1.5f

2
√

2L2
0d

1.5T
1
2

. Then,

we have that α =
4d2L2

0η
2

δ2
=

εf
2dT ≤

1
2 when T ≥ εf

d . Therefore, we have that 1
1−α ≤ 2.

Substituting this bound and the choices of η and δ into the bound (B.56), we finally obtain

that

RTg,δ ≤ 4
√

2L2
0

(
E
[
fδ,0(x0)− f∗δ,T

]
+WT

)d1.5

ε1.5f
T

1
2

+ (
8

M
+

√
εf

√
2dT

1
2

)(E
[
‖G̃0,M (x0)‖2

]
+ 16d2L2

0T +
2d2L2

0

ε2f
W̃T ). (B.57)

The proof is complete.

Next, we assume that the objectives ft in (P) are non-convex and smooth. In this case,

we study the gradient mapping

Gη(xt) =
1

η

(
xt −ΠX (xt − η∇ft(xt))

)
,

and the corresponding regret RTg :=
∑T−1

t=0 E[‖Gη(xt)‖2]. Specifically, we provide the fol-

lowing regret bound for ZO with residual-feedback.

Theorem B.4 (Nonconvex smooth ft). Let Assumptions 3.12 hold. Assume that ft ∈

C0,0 ∩C1,1 with Lipschitz constant L0 and smoothness constant L1 over set Xδ and that ft

is bounded below by f∗t for all t. Run ZO with residual feedback for T > d iterations with

η = (2
√

2L0dT
1
2 )−1 and δ = (d

1
4T

1
4 )−1. Then,

RTg ≤ 8
√

2L0

(
E[fδ,0(x0)]− f∗δ,T +WT

)
dT

1
2

+ 2dL2
1T

1
2 + (

16

M
+

√
2L1

L0dT
1
2

)
(
E
[
‖G̃0,M (x0)‖2

]
+ 16d2L2

0T + 2d2.5W̃TT
1
2
)
. (B.58)
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Asymptotically, when the batch size M is in order of O(dT
1
2 ), we have that RTg = O(dL0WTT

1
2 +

d
3
2L1L0

−1W̃T ).

Proof. Note that when ft ∈ C1,1 with Lipschitz constant L1, the smoothed function

fδ,t ∈ C1,1 with Lipschitz constant L1. Therefore, following the proof of Theorem 3.14

but replacing L1,δ with L1, we obtain that

RTg,δ ≤
2

η
E
[
fδ,0(x0)− f∗δ,T

]
+

2

η

T∑
t=1

|fδ,t(xt)− fδ,t−1(xt)|+ (
4

M
+ L1η)

T∑
t=0

E
[
‖G̃t,M (xt)‖2

]
(B.59)

Since ft ∈ C1,1, according to Lemma 2.2, we have that ‖∇fδ,t(x) − ∇ft(x)‖ ≤ dL1δ.

Therefore, we have that

RTg =
T−1∑
t=0

E
[
‖Gη,t − Gη,δ,t + Gη,δ,t‖2

]
≤ 2RTg,δ + 2

T−1∑
t=0

E
[
‖∇ft(xt)−∇fδ,t(xt)‖2

]
≤ 2RTg,δ + 2d2L2

1δ
2T (B.60)

Combining inequalities (B.34) and (B.35), and according to Assumption 3.12, we obtain

that

RTg ≤
4

η
E
[
fδ,0(x0)− f∗δ,T

]
+

4

η
WT + (

8

M
+ 2L1η)

T∑
t=0

E
[
‖G̃t,M (xt)‖2

]
+ 2d2L2

1δ
2T (B.61)

Furthermore, using the bound in (B.55), we have that

RTg ≤
4

η
E
[
fδ,0(x0)− f∗δ,T

]
+

4

η
WT + 2d2L2

1δ
2T

+ (
8

M
+ 2L1η)

( 1

1− α
E
[
‖G̃0,M (x0)‖2

]
+

16

1− α
d2L2

0T +
2d2

1− α
1

δ2
W̃T

)
. (B.62)

Choose η = 1

2
√

2L0dT
1
2

and δ = 1

d
1
4 T

1
4

. Then, α =
4d2L2

0η
2

δ2
=
√
d

2
√
T
≤ 1

2 and 1
1−α ≤ 2 when

T > d. Substituting these results into the above inequality, we finally obtain that

RTg ≤ 8
√

2L0

(
E[fδ,0(x0)]− f∗δ,T +WT

)
dT

1
2 + 2dL2

1T
1
2

+ (
16

M
+

√
2L1

L0dT
1
2

)
(
E
[
‖G̃0,M (x0)‖2

]
+ 16d2L2

0T + 2d2.5W̃TT
1
2
)

(B.63)

The proof is complete.
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B.9 Proof of Lemma 3.18

Consider the case when Ft(x, ξ) ∈ C0,0 with L0(ξ). According to (2.4), we have that

E[‖g̃t(xt)‖2] = E[
d2

δ2

(
Ft(xt + δut, ξt)− Ft−1(xt−1 + δut−1, ξt−1)

)2‖ut‖2]

≤ 2d2

δ2
E[
(
Ft(xt + δut, ξt)− Ft(xt−1 + δut−1, ξt)

)2‖ut‖2]

+
2d2

δ2
E[
(
Ft(xt−1 + δut−1, ξt)− Ft−1(xt−1 + δut−1, ξt−1)

)2‖ut‖2].

(B.64)

Using the bound in Assumption 2.10, we get that 2d2

δ2
E[
(
Ft(xt−1 + δut−1, ξt)− Ft−1(xt−1 +

δut−1, ξt−1)
)2‖ut‖2] ≤ 2d2

δ2
V 2
f,ξ. In addition, adding and subtracting Ft(xt−1 + δut, ξt) in(

Ft(xt + δut, ξt)− Ft(xt−1 + δut−1, ξt)
)2

in above inequality, we obtain that

E[‖g̃t(xt)‖2] ≤4d2

δ2
E[
(
Ft(xt + δut, ξt)− Ft(xt−1 + δut, ξt)

)2‖ut‖2]

+
4d2

δ2
E[
(
Ft(xt−1 + δut, ξt)− Ft(xt−1 + δut−1, ξt)

)2‖ut‖2]

+
2d2

δ2
E[
(
Ft(xt−1 + δut−1, ξt)− Ft−1(xt−1 + δut−1, ξt−1)

)2
].

(B.65)

By Lipschitz continuity of Ft(·; ξt), we can bound the first two items on the right hand side

of above inequality following the same procedure after inequality (B.11) and get that

E[‖g̃t(xt)‖2] ≤ 4d2L2
0η

2

δ2
E[‖g̃t(xt−1)‖2] + 16L2

0d
2

+
2d2

δ2
E[
(
Ft(xt−1 + δut−1, ξt)− Ft−1(xt−1 + δut−1, ξt−1)

)2
].

The proof is complete.

B.10 Residual-Feedback Convex Optimization with

Unit Sphere Sampling

Consider the online bandit optimization problem (P) with convex objective functions and

a compact constraint set X . In this section, we assume that the objective function f(x)
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cannot be queried outside the constraint set X . To ensure that the iterates are confined

within the constraint set X , we consider the update

xt+1 = Π(1−ξ)X
(
xt − ηg̃t(xt)

)
, (B.66)

where the set (1−ξ)X := {(1−ξ)x : ∀x ∈ X} is a shrinked version of the original constraint

set X . The goal is to select a parameter ξ so that for every xξ ∈ (1 − ξ)X , xξ + δu ∈ X

for every u ∈ S. To achieve this, we first make the following assumption that is inspired

by12;48.

Assumption B.5. There exist contants r and r̄ such that rB ⊂ X ⊂ r̄B.

Then, we have the following lemma.

Lemma B.6. If the parameter ξ satisfies 1 ≥ ξ ≥ δ
r , then for every iterate xt obtained

using (B.66), we have that xt + δut ∈ X for all ut ∈ S.

Proof. When 1 ≥ ξ ≥ δ
r , we get that ‖δu‖ ≤ ξr. Therefore, there exists x′ ∈ rB ⊂ X such

that the vector δu = ξx′. Since xt ∈ (1−ξ)X , there exists x ∈ X such that xt = (1−ξ)x, and

there exists x′ ∈ X such that δu = ξx′. As a result, we have that xt+δu = (1−ξ)x+ξx′ ∈ X .

This is because set X is convex.

Next, we study the regret RT := E
[∑T−1

t=0 ft(xt)−minx∈X
∑T−1

t=0 ft(x)
]

achieved by ex-

ecuting the online update (B.66) We do so in the following two steps. First, in Lemma B.7,

we provide an upper bound on the difference between the optimal solution that lies in the set

(1−ξ)X and the one that lies in the set X , i.e., minx∈(1−ξ)X
∑T−1

t=0 ft(x)−minx∈X
∑T−1

t=0 ft(x);

Then, in Theorem B.8, we bound the regret defined by the expected difference between the

function values achieved by running the update (B.66) and the term minx∈(1−ξ)X
∑T−1

t=0 ft(x),

i.e., E
[∑T−1

t=0 ft(xt)−minx∈(1−ξ)X
∑T−1

t=0 ft(x)
]
. Adding the two bounds above, we can com-

plete the proof.

In the following lemma we provide a bound on minx∈(1−ξ)X
∑T−1

t=0 ft(x)−minx∈X
∑T−1

t=0 ft(x).
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Lemma B.7. If the function ft is convex and ft ∈ C0,0 with Lipschitz constant L0 for all

time t, we have that

T−1∑
t=0

ft(x
∗
ξ)−

T−1∑
t=0

ft(x
∗) ≤ r̄L0ξT, (B.67)

where x∗ξ = arg minx∈(1−ξ)X
∑T−1

t=0 ft(x) and x∗ = arg minx∈X
∑T−1

t=0 ft(x).

Proof. Since x∗ ∈ X , we have that (1−ξ)x∗ ∈ (1−ξ)X . Moreover, since x∗ξ is the minimizer

in the set (1− ξ)X , we get that

T−1∑
t=0

ft(x
∗
ξ) ≤

T−1∑
t=0

ft((1− ξ)x∗). (B.68)

Also, since ft is convex and (1− ξ)x∗ = (1− ξ)x∗ + ξ0, we have that

ft((1− ξ)x∗) ≤ (1− ξ)f(x∗) + ξft(0)

≤ (1− ξ)ft(x∗) + ξft(x
∗)− ξft(x∗) + ξft(0)

≤ ft(x∗) + ξL0‖x∗‖ ≤ ft(x∗) + r̄L0ξ, (B.69)

where the last inequality is due to the fact that x∗ ∈ X ⊂ r̄B. Summing the inequal-

ity (B.69) over time, we obtain that

T−1∑
t=0

ft((1− ξ)x∗)−
T−1∑
t=0

ft(x
∗) ≤ r̄L0ξT. (B.70)

Adding up the inequalities (B.68) and (B.70) and rearranging terms completes the proof.

Next, we study the regret E
[∑T−1

t=0 ft(xt)−minx∈(1−ξ)X
∑T−1

t=0 ft(x)
]

following similar

steps as in Section 3.2. Using above lemmas, we can obtain the main theorem for online

convex optimization using (B.66).

Theorem B.8 (Regret for Convex Lipschitz ft). Let Assumption 3.8 hold. Assume that

ft ∈ C0,0 is convex with Lipschitz constant L0 for all t. Run ZO with residual feedback for
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T > r̄2L2q
0 iterations with η = r̄

3
2

2
√

2L0

√
dT

3
4

and δ =
√
r̄d

Lq
0T

1
4

, where q ∈ R is a user-specified

parameter. Then, we have that

RT ≤ 4
√

2r̄dL0T
3
4 +

E
[
‖g̃0(x0)‖2

]
r̄

3
2

2
√

2dL0T
3
4

+ 8
√

2d
3
2L0r̄

3
2T

1
4

+ (2 +
r̄

r
)L1−q

0

√
dr̄T

3
4 +

√
2dr̄V 2

f

L1−2q
0

T
3
4 . (B.71)

Asymptotically, we have RT = O
(
(L0 + L1−q

0 + L0
2q−1V 2

f )
√
dr̄T

3
4

)
.

Proof. First, we provide a bound on the regret that compares the sum of the function values

obtained using (B.66) to that obtained for the optimizer x∗ξ in the shrinked constraint set

(1− ξ)X , i.e., E
[∑T−1

t=0 ft(xt)−minx∈(1−ξ)X
∑T−1

t=0 ft(x)
]
. Since fδ,t(x) is convex for all t,

we conclude that

fδ,t(xt)− fδ,t(x) ≤ 〈∇fδ,t(xt), xt − x〉, for all x ∈ (1− ξ)X . (B.72)

Adding and subtracting g̃t(xt) to ∇fδ,t(xt) in inequality (B.72), and taking the expectation

of both sides with respect to ut, we obtain that

E
[
fδ,t(xt)− fδ,t(x)

]
≤ E

[
〈g̃t(xt), xt − x〉

]
. (B.73)

Since xt+1 = Π(1−ξ)X
[
xt − ηg̃(xt)

]
, for any x ∈ (1− ξ)X we have that

‖xt+1 − x‖2 = ‖Π(1−ξ)X
[
xt − ηg̃(xt)

]
−Π(1−ξ)X

[
x
]
‖2

≤ ‖xt − ηg̃(xt)− x‖2

= ‖xt − x‖2 − 2η〈g̃t(xt), xt − x〉+ η2‖g̃t(xt)‖2. (B.74)

Rearranging the terms in inequality (B.74) yields

〈g̃t(xt), xt − x〉 ≤
1

2η

(
‖xt − x‖2 − ‖xt+1 − x‖2

)
+
η

2
‖g̃t(xt)‖2. (B.75)

Taking the expectation of both sides of inequality (B.75) with respect to ut and substituting

the resulting bound into (B.73), we obtain that

E
[ T−1∑
t=0

fδ,t(xt)−
T−1∑
t=0

fδ,t(x)
]
≤ 1

2η
‖x0 − x‖2 +

η

2
E
[ T−1∑
t=0

‖g̃t(xt)‖2
]
. (B.76)
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Since ft(x) ∈ C0,0, we know that |fδ,t(x)− ft(x)| ≤ δL0. Therefore, we obtain

E
[ T−1∑
t=0

ft(xt)−
T−1∑
t=0

ft(x)
]

= E
[ T−1∑
t=0

fδ,t(xt)−
T−1∑
t=0

fδ,t(x)
]

+ E
[ T−1∑
t=0

(
ft(xt)− fδ,t(xt)

)
−
T−1∑
t=0

(
ft(x)− fδ,t(x)

)]
≤ 1

2η
‖x0 − x‖2 +

η

2
E
[ T−1∑
t=0

‖g̃t(xt)‖2
]

+ 2L0δT, (B.77)

where we have made use of the bound in (B.76). Telescoping the bound in (??) over

t = 1, 2, ..., T − 1, adding E
[
‖g̃0(x0)‖2

]
to both sides, and adding

4d2L2
0η

2

δ2
E[‖g̃T−1(xT−1)‖2]

to the right hand side, we obtain that

E
[ T−1∑
t=0

‖g̃t(xt)‖2
]
≤ 1

1− α
E
[
‖g̃0(x0)‖2

]
+

16

1− α
d2L2

0T +
2d2V 2

f

1− α
1

δ2
T, (B.78)

where α =
4d2L2

0η
2

δ2
. Substituting the bound in (B.78) into (B.77) yields

E
[ T−1∑
t=0

ft(xt)−
T−1∑
t=0

ft(x)
]
≤ 1

2η
‖x0 − x‖2 +

η

2(1− α)
E
[
‖g̃0(x0)‖2

]
+

16

1− α
d2L2

0ηT

+ 2L0δT +
2d2V 2

f

1− α
η

δ2
T. (B.79)

Since inequality (B.79) holds for all x ∈ (1 − ξ)X , we can replace x in (B.79) with x∗ξ .

Furthermore, using Lemma B.7, we have that

T−1∑
t=0

ft(x
∗
ξ)−

T−1∑
t=0

ft(x
∗) ≤ r̄L0ξT. (B.80)

Summing inequalities (B.79) and (B.80), we obtain

E
[ T−1∑
t=0

ft(xt)−
T−1∑
t=0

ft(x
∗)
]
≤ 1

2η
‖x0 − x∗ξ‖2 +

η

2(1− α)
E
[
‖g̃0(x0)‖2

]
+

16

1− α
d2L2

0ηT

+ 2L0δT +
2d2V 2

f

1− α
η

δ2
T + r̄L0ξT, (B.81)

where ‖x0−x∗ξ‖2 ≤ 4r̄2. According to Lemma B.6, we can select ξ = δ
r to guarantee that all

iterates xt + δut ∈ X for all ut ∈ S. Furthermore, let η = r̄
3
2

2
√

2L0

√
dT

3
4

and δ =
√
r̄d

Lq
0T

1
4

, where
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q ∈ R is a user-specified parameter. Then, α =
4d2L2

0η
2

δ2
= 1

2T r̄
2L2q

0 ≤ 1
2 when T ≥ r̄2L2q

0 .

Substituting these parameter values into (B.81), we obtain that

E
[ T−1∑
t=0

ft(xt)−
T−1∑
t=0

ft(x
∗)
]
≤ 4
√

2r̄dL0T
3
4 +

E
[
‖g̃0(x0)‖2

]
r̄

3
2

2
√

2dL0T
3
4

+ 8
√

2d
3
2L0r̄

3
2T

1
4

+ (2 +
r̄

r
)L1−q

0

√
dr̄T

3
4 + L2q−1

0

√
2dr̄V 2

f T
3
4 . (B.82)

The proof is complete.

B.11 Proof of the Second Moment Bound (3.6)

Let α =
4d2L2

0η
2

δ2
, using (3.3), we have that

E[‖g̃t(xt)‖2] ≤ αtE[‖g̃0(x0)‖2] +
t∑

j=1

αt−jDj , for all t ≥ 1. (B.83)

According to Assumption 3.8, we obtain that

E[‖g̃t(xt)‖2] ≤ αtE[‖g̃0(x0)‖2] +
t∑

j=1

αt−j
(
16L2

0d
2 +

2d2

δ2
V 2
f

)
, for all t ≥ 1. (B.84)

Therefore, we get that

E[‖g̃t(xt)‖2] ≤ max
{
E[‖g̃0(x0)‖2], . . . , αtE[‖g̃0(x0)‖2] +

t∑
j=1

αt−j
(
16L2

0d
2 +

2d2

δ2
V 2
f

)
, . . .

}
.

Next, we show that this inequality is equivalent to

E[‖g̃t(xt)‖2] ≤ max
{
E[‖g̃0(x0)‖2],

1

1− α

(
16L2

0d
2 +

2d2

δ2
V 2
f

)}
. (B.85)

To see this, observe that the sequence
{
E[‖g̃0(x0)‖2], . . . , αtE[‖g̃0(x0)‖2]+

∑t
j=1 α

t−j(16L2
0sd

2+

2d2

δ2
V 2
f

)
, . . .

}
is monotonic. This is because if E[‖g̃0(x0)‖2] ≥ αE[‖g̃0(x0)‖2] + 16L2

0d
2 +

2d2

δ2
V 2
f , then we can multiply both sides by α and add 16L2

0d
2 + 2d2

δ2
V 2
f to both sides and get

that αE[‖g̃0(x0)‖2] + 16L2
0d

2 + 2d2

δ2
V 2
f ≥ α2E[‖g̃0(x0)‖2] + α

(
16L2

0d
2 + 2d2

δ2
V 2
f

)
+
(
16L2

0d
2 +

2d2

δ2
V 2
f

)
. Using mathematical induction we can show that the sequence is monotonically non-

increasing. Similarly, if E[‖g̃0(x0)‖2] ≤ αE[‖g̃0(x0)‖2] + 16L2
0d

2 + 2d2

δ2
V 2
f , then we can show

that the sequence is monotonically non-decreasing and converges to 1
1−α

(
16L2

0d
2 + 2d2

δ2
V 2
f

)
.

Therefore, the proof is complete.
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Appendix C

Proofs for Chapter 4

C.1 Proof of Lemma 4.6

Lemma 3.1. Given Assumptions 4.4 and 4.5, we have that ‖µk(Nc)− J(θk + δuk, ξk)1‖ ≤

ρNc
W

√
N(Ju − Jl), where ρW = ‖W − 1

N 11T ‖ < 1.

Proof. First, we show that 1
N 1Tµk(m) = J(θk + δuk, ξk) for all m = 0, 1, . . . . Note that the

consensus step µki (m+ 1) =
∑

j∈Ni
Wijµ

k
j (m) (line 12 in Algorithm 1) can be equivalently

written in a compact form as µk(m+ 1) = Wµk(m). Therefore, we have that

1

N
1Tµk(m+ 1) =

1

N
1TWµk(m) =

1

N
1Tµk(m), (C.1)

where the second equality is due to Assumption 4.4, that the matrix W is doubly stochas-

tic. Extending equality (C.1) from m to 0, we obtain that 1
N 1Tµk(m) = 1

N 1Tµk(0) =

1
N 1TJi(θk + δuk, ξk) = J(θk + δuk, ξk), for m = 0, 1, . . . .

Next, we show that ‖µk(m) − 1
N 11Tµk(m)‖ ≤ ‖W − 1

N 11T ‖m‖µk(0) − 1
N 11Tµk(0)‖,

for m = 1, 2, . . . . To see this, we have that

‖µk(m+ 1)− 1

N
11Tµk(m+ 1)‖ = ‖Wµk(m)− 1

N
11TWµk(m)‖

= ‖Wµk(m)− 1

N
11Tµk(m)‖, (C.2)

where the second equality is due to Assumption 4.4. According to (C.2), we have that

‖µk(m+1)− 1
N 11Tµk(m+1)‖ = ‖(W− 1

N 11T )µk(m)‖ = ‖(W− 1
N 11T )(µk(m)− 1

N 11Tµk(m))‖.

This is because (W − 1
N 11T ) 1

N 11Tµk(m) = 0. Therefore, we get that

‖µk(m+ 1)− 1

N
11Tµk(m+ 1)‖ ≤ ‖W − 1

N
11T ‖‖µk(m)− 1

N
11Tµk(m)‖

≤ · · · ≤ ‖W − 1

N
11T ‖m+1‖µk(0)− 1

N
11Tµk(0)‖. (C.3)
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The first inequality is due to the definition of the induced matrix norm ‖W − 1
N 11T ‖.

According to Assumption 4.4, we have that ρW = ‖W− 1
N 11T ‖ < 1. Furthermore, recalling

the fact that 1
N 1Tµk(m) = 1

N 1TJi(θk+δuk, ξk) = J(θk+δuk, ξk) for m = 0, 1, . . . , we obtain

that

‖µk(Nc)− J(θk + δuk, ξk)1‖ ≤ ρNc
W ‖µ

k(0)− J(θk + δuk, ξk)1‖. (C.4)

Since µki (0) = Ji(θk + δuk, ξk) ∈ [Jl, Ju] and J(θk + δuk, ξk) = 1
N

∑N
i=1 Ji(θk + δuk, ξk) ∈

[Jl, Ju], we have that ‖µk(0)− J(θk + δuk, ξk)1‖ ≤
√
N(Ju − Jl). Plugging this inequality

into the bound in (C.4), we complete the proof.

C.2 Proof of Theorem 4.7

In the subsequent proof, we need the following lemma by15.

Lemma C.1. (Lipschitz Properties of the Smoothed Function,15 Given Assumption 4.1,

the smoothed function Jδ(θ) is differentiable and its gradient is Lipschitz, that is, ‖∇Jδ(θ1)−

∇Jδ(θ2)‖ ≤
√
dL0
δ ‖θ1 − θ2‖, lfor all θ1, θ2 ∈ Rd.

Next, we present a lemma that bounds the squared norm of the gradient of the smoothed

function ∇Jδ(θk) at iterate θk.

Lemma C.2. Let Assumptions 4.1 and 4.3 hold. Then, for all k ≥ 0, we have that

E[‖∇Jδ(θk)‖2] ≤ 2

α
(E[Jδ(θk+1)− Jδ(θk)]) + 2

√
dL0

α

δ
E[‖gδ(θk)‖2] +

di
δ2

E[‖µk − µ̄k1‖2‖uk‖2]

+4
√
ddiL0

α

δ3
E[‖µk − µ̄k1‖2‖uk‖2] + 4d1.5diL0

α

δ3
E[‖µk−1 − µ̄k−11‖2], (C.5)

where gδ(θk) =
J(θk+δuk,ξk)−J(θk−1+δuk−1,ξk−1)

δ uk and µ̄k = 1
N 1Tµk = J(θk + δuk, ξk).

Proof. According to Assumption 4.1 and Lemma C.1, we have that the smoothed function

fδ(θ) has Lipschitz gradient with the Lipschitz constant L1,δ =
√
dL0
δ . Therefore, using the

inequality (6) in15, we obtain that

〈∇Jδ(θk), θk+1 − θk〉 ≤ Jδ(θk+1)− Jδ(θk) +
L1,δ

2
‖θk+1 − θk‖2. (C.6)
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Without loss of generality, we assume that each agent’s local policy function πi is param-

eterized with θi ∈ Rdi and di = d
N for all i. Then, the update (4.5) can be written in the

compact form

θk+1 = θk +
α

δ
diag([µk1(Nc)− µk−1

1 (Nc), . . . , µ
k
N (Nc)− µk−1

N (Nc)])⊗ Idiuk, (C.7)

where ⊗ represents the kronecker product and Idi is an identity matrix with dimension di.

To simplify notations, we use µki or µk to denote µki (Nc) and µk(Nc) respectively. Then,

we equivalently rewrite equality (C.7) as

θk+1 − θk = α
J(θk + δuk, ξk)− J(θk−1 + δuk−1, ξk−1)

δ
uk

+
α

δ
diag(µk − µ̄k1)⊗ Idiuk −

α

δ
diag(µk−1 − µ̄k−11)⊗ Idiuk, (C.8)

where µ̄k = 1
N 1Tµk = J(θk + δuk, ξk) as in the proof of Lemma 4.6. Substituting (C.8) into

the bound in (C.6) and rearranging terms, we get that

α〈∇Jδ(θk), gδ(θk)〉 ≤ Jδ(θk+1)− Jδ(θk)−
α

δ
〈∇Jδ(θk), diag(µk − µ̄k1)⊗ Idiuk〉

+
L1,δ

2
α2‖gδ(θk) +

1

δ
diag(µk − µ̄k1)⊗ Idiuk −

1

δ
diag(µk−1 − µ̄k−11)⊗ Idiuk‖

2

+
α

δ
〈∇Jδ(θk), diag(µk−1 − µ̄k−11)⊗ Idiuk〉, (C.9)

where gδ(θk) =
J(θk+δuk,ξk)−J(θk−1+δuk−1,ξk−1)

δ uk. Dividing both sides of (C.9) by α and

taking the expectation of both sides with respect to uk and ξk conditioned on the filtration

Fk−1 = σ(ut, ξt|t ≤ k − 1), we have that

E[‖∇Jδ(θk)‖2] ≤ E[Jδ(θk+1)− Jδ(θk)]
α

− 1

δ
E[〈∇Jδ(θk), diag(µk − µ̄k1)⊗ Idiuk〉]

+
L1,δ

2
αE[‖gδ(θk) +

1

δ
diag(µk − µ̄k1)⊗ Idiuk −

1

δ
diag(µk−1 − µ̄k−11)⊗ Idiuk‖

2].

(C.10)

This is because E[gδ(θk)] = ∇Jδ(θk), ∇Jδ(θk) and diag(µk−1 − µ̄k−11) are fixed when

conditioned on the filtration Fk−1, and E[uk] = 0. Next, we provide bounds on the

second and third terms in the right hand side (RHS) of (C.10). Specifically, because

−〈∇Jδ(θk), 1
δdiag(µk − µ̄k1)⊗ Idiuk〉 ≤ 1

2‖∇Jδ(θk)‖
2 + 1

2δ2
‖diag(µk − µ̄k1)⊗ Idiuk‖2, we
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have that

− 1

δ
E[〈∇Jδ(θk), diag(µk − µ̄k1)⊗ Idiuk〉]

≤ 1

2
E[‖∇Jδ(θk)‖2] +

1

2δ2
E[‖diag(µk − µ̄k1)⊗ Idiuk‖

2]

≤ 1

2
E[‖∇Jδ(θk)‖2] +

di
2δ2

E[‖µk − µ̄k1‖2‖uk‖2], (C.11)

where the third inequality is due to the fact that ‖diag(v1)v2‖2 ≤ ‖v1‖2‖v2‖2 for all v1, v2 ∈

Rd. Furthermore, we have that

E[‖gδ(θk) +
1

δ
diag(µk − µ̄k1)⊗ Idiuk −

1

δ
diag(µk−1 − µ̄k−11)⊗ Idiuk‖

2]

≤ 2E[‖gδ(θk)‖2] +
2

δ2
E[‖diag(µk − µ̄k1)⊗ Idiuk − diag(µk−1 − µ̄k−11)⊗ Idiuk‖

2]

≤ 2E[‖gδ(θk)‖2] +
4

δ2
E[‖diag(µk − µ̄k1)⊗ Idiuk‖

2] +
4

δ2
E[‖diag(µk−1 − µ̄k−11)⊗ Idiuk‖

2]

≤ 2E[‖gδ(θk)‖2] +
4di
δ2

E[‖µk − µ̄k1‖2‖uk‖2] +
4ddi
δ2

E[‖µk−1 − µ̄k−11‖2], (C.12)

where the first two inequalities are due to the fact that ‖v1 +v2‖2 ≤ 2‖v1‖2 +2‖v2‖2 and the

third inequality is due to the fact that E[‖diag(µk−1−µ̄k−11)⊗Idiuk‖2] ≤ diE[‖diag(µk−1−

µ̄k−11)‖2‖uk‖2], the fact that µk−1−µ̄k−11 is independent of uk and the fact that E[‖uk‖2] =

d. Substituting the bounds in (C.11) and (C.12) into the bound in (C.10) and rearranging

the terms, we get that

E[‖∇Jδ(θk)‖2] ≤ 2

α
(E[Jδ(θk+1)− Jδ(θk)]) + 2

√
dL0

α

δ
E[‖gδ(θk)‖2]

+ 4
√
ddiL0

α

δ3
E[‖µk − µ̄k1‖2‖uk‖2] + 4d1.5diL0

α

δ3
E[‖µk−1 − µ̄k−11‖2]

+
di
δ2

E[‖µk − µ̄k1‖2‖uk‖2]. (C.13)

The proof is complete.

Next, we present a lemma bounding the second moment of the gradient estimate gδ(θk).

Lemma C.3. Let Assumptions 4.1 and 4.3 hold. Then, for all k ≥ 1, we have that

E[‖gδ(θk)‖2] ≤ 8dL2
0

α2

δ2
E[‖gδ(θk−1)‖2] + 16ddiL

2
0

α2

δ4
E[‖µk−1 − µ̄k−11‖2‖uk−1‖2]

+ 16d2diL
2
0

α2

δ4
E[‖µk−2 − µ̄k−21‖2] + 16(d+ 4)2L2

0 +
8dσ2

δ2
. (C.14)
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Proof. Recalling that gδ(θk) =
J(θk+δuk,ξk)−J(θk−1+δuk−1,ξk−1)

δ uk, we have that

E[‖gδ(θk)‖2] =
1

δ2
E[|J(θk + δuk, ξk)− J(θk−1 + δuk−1, ξk−1)|2‖uk‖2]. (C.15)

In addition, we have that

|J(θk + δuk, ξk)− J(θk−1+δuk−1, ξk−1)|2 ≤ 4
(
J(θk + δuk, ξk)− J(θk−1 + δuk, ξk)

)2
+ 4
(
J(θk−1 + δuk, ξk)− J(θk−1 + δuk−1, ξk)

)2
+ 2
(
J(θk−1 + δuk−1, ξk)− J(θk−1 + δuk−1, ξk−1)

)2
. (C.16)

According to Assumption 4.1, we have that
(
J(θk+δuk, ξk)−J(θk−1 +δuk, ξk)

)2 ≤ L2
0‖θk−

θk−1‖2 and
(
J(θk−1 + δuk, ξk) − J(θk−1 + δuk−1, ξk)

)2 ≤ L2
0δ

2‖uk − uk−1‖2. Furthermore,

according to Assumption 4.3, we have that
(
J(θk−1 +δuk−1, ξk)−J(θk−1 +δuk−1, ξk−1)

)2 ≤
4σ2. Applying the above bounds to the RHS of (C.16), we get that

|J(θk + δuk, ξk)− J(θk−1+δuk−1, ξk−1)|2 ≤ 4L2
0‖θk − θk−1‖2 + 4L2

0δ
2‖uk − uk−1‖2 + 8σ2.

(C.17)

Substituting the bound (C.17) into (C.15), we have that

E[‖gδ(θk)‖2] ≤ 4L2
0

δ2
E[‖θk − θk−1‖2‖uk‖2] + 4L2

0E[‖uk − uk−1‖2‖uk‖2] +
8σ2

δ2
E[‖uk‖2]

≤ 4dL2
0

δ2
E[‖θk − θk−1‖2] + 16(d+ 4)2L2

0 +
8dσ2

δ2
. (C.18)

The second inequality is due to the fact that ‖θk − θk−1‖2 is independent of uk, E[‖uk −

uk−1‖2‖uk‖2] ≤ 4(d+4)2 and E[‖uk‖2] = d. Specifically, we have that E[‖uk−uk−1‖2‖uk‖2] ≤

4(d+4)2 because ‖uk−uk−1‖2 ≤ 2‖uk‖2 +2‖uk−1‖2 and that E[‖uk‖4] ≤ (d+4)2 according

to15. Substituting the expression for θk−θk−1 in (C.8) into (C.18) and applying the bound

in (C.12), we obtain that

E[‖gδ(θk)‖2] ≤ 8dL2
0

α2

δ2
E[‖gδ(θk−1)‖2] + 16ddiL

2
0

α2

δ4
E[‖µk−1 − µ̄k−11‖2‖uk−1‖2]

+ 16d2diL
2
0

α2

δ4
E[‖µk−2 − µ̄k−21‖2] + 16(d+ 4)2L2

0 +
8dσ2

δ2
.

The proof is complete.
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Now, we are ready to present the proof for Theorem 4.7.

Theorem 3.2. (Learning Rate of Algorithm 1 without Value Tracking) Let

Assumptions 4.1, 4.3, 4.4 and 4.5 hold and define δ = εJ√
dL0

, α =
ε1.5J

4d1.5L2
0

√
K

, and Nc ≥

log(
√
εεJ√

2d1.5L0(Ju−Jl))
)/ log(ρW ). Then, running Algorithm 1 with DoTracking = False, we

have that 1
K

∑K−1
k=1 E[‖∇Jδ(θk)‖2] ≤ O(d1.5ε−1.5

J K−0.5) + ε
2 .

Proof. According to Lemma 4.6, and using Assumptions 4.4 and 4.5, we select Nc ≥

log(
√
εεJ√

2d1.5L0(Ju−Jl))
)/ log(ρW ) so that ‖µk − µ̄k1‖ = ‖µk − J(θk + δuk, ξk)1‖ ≤ Eµ re-

gardless of uk for all k ≥ 0, where Eµ is a small constant such that E2
µ = εδ2

2ddi
. Therefore,

the bound in (C.5) can be simplified as

E[‖∇Jδ(θk)‖2] ≤ 2

α
(E[Jδ(θk+1)− Jδ(θk)]) + 2

√
dL0

α

δ
E[‖gδ(θk)‖2]

+ 8d1.5diL0
α

δ3
E2
µ +

ddi
δ2
E2
µ. (C.19)

Telescoping the above inequality from k = 0 to K − 1, we get that

K−1∑
k=0

E[‖∇Jδ(θk)‖2] ≤ 2

α
(E[Jδ(θK)− Jδ(θ0)]) + 2

√
dL0

α

δ

K−1∑
k=0

E[‖gδ(θk)‖2]

+ 8d1.5diL0
α

δ3
E2
µK +

ddi
δ2
E2
µK. (C.20)

Next, we bound the term
∑K−1

k=0 E[‖gδ(θk)‖2] on the RHS of (C.20). Specifically, since Nc

is selected so that ‖µk− µ̄k1‖ = ‖µk−J(θk + δuk, ξk)1‖ ≤ Eµ regardless of uk for all k ≥ 0,

the bound in (C.14) can be simplified as

E[‖gδ(θk)‖2] ≤ 8dL2
0

α2

δ2
E[‖gδ(θk−1)‖2] + 32d2diL

2
0

α2

δ4
E2
µ + 16(d+ 4)2L2

0 +
8dσ2

δ2
. (C.21)

Telescoping the above inequality from k = 1 to K − 1, adding E[‖gδ(θ0)‖2] on both sides,

adding 8dL2
0
α2

δ2
E[‖gδ(θK−1)‖2] on the RHS, and rearranging the terms, we have that

K−1∑
k=0

E[‖gδ(θk)‖2] ≤ 1

1− αg
E[‖gδ(θ0)‖2] +

32d2diL
2
0

1− αg
α2

δ4
E2
µK

+
16(d+ 4)2L2

0

1− αg
K +

8dσ2

(1− αg)δ2
K, (C.22)
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where αg = 8dL2
0
α2

δ2
. When δ = εJ√

dL0
and α =

ε1.5J

4d1.5L2
0

√
K

, we have that αg = εJ
2dK ≤

1
2 when

εJ ≤ d and K ≥ 1. Substituting the bound on αg into (C.22), we obtain that

K−1∑
k=0

E[‖gδ(θk)‖2] ≤ 2E[‖gδ(θ0)‖2] + 64d2diL
2
0

α2

δ4
E2
µK + 32(d+ 4)2L2

0K +
16dσ2

δ2
K. (C.23)

Moreover, substituting the bound in (C.23) into the bound in (C.20), we get that

K−1∑
k=0

E[‖∇Jδ(θk)‖2] ≤ 2

α
(E[Jδ(θK)− Jδ(θ0)]) + 4

√
dL0

α

δ
E[‖gδ(θ0)‖2] + 64(d+ 4)2.5L3

0

α

δ
K

+ 32d1.5L0σ
2 α

δ3
K + 128d2.5diL

3
0

α3

δ5
E2
µK + 8d1.5diL0

α

δ3
E2
µK +

ddi
δ2
E2
µK. (C.24)

Recalling that E2
µ = εδ2

2ddi
and substituting the selected values for δ = εJ√

dL0
and α =

ε1.5J

4d1.5L2
0

√
K

into (C.24), we obtain that

K−1∑
k=0

E[‖∇Jδ(θk)‖2] ≤8d1.5L2
0

ε1.5J
E[J∗δ − Jδ(θ0)]

√
K +

ε0.5J√
dK

E[‖gδ(θ0)‖2] +
εε1.5J

d1.5
√
K

+ 16
(d+ 4)2

d
L2

0ε
0.5
J

√
K +

8d1.5L2
0σ

2

ε1.5J

√
K +

εε0.5J√
d

√
K +

ε

2
K, (C.25)

where J∗δ ≥ Jδ(θ) for all θ ∈ Rd. The upper bound on Jδ(θ) exists due to Assumption 4.5.

Dividing both sides of (C.25) by K, we achieve the bound in Theorem 4.7.

C.3 Proof of Lemma 4.8

Lemma 3.3. Let Assumption 4.4 hold. Then, running Algorithm 1 with DoTracking =

True, we have that µ̄k(m) = J(θk + δuk, ξk) = 1
N

∑N
i=1 Ji(θk + δuk, ξk), for all m =

1, 2, . . . , Nc and all k.

Proof. According to (C.1), we have that

µ̄k(m) =
1

N
1Tµk(m) =

1

N
1Tµk(m− 1) = · · · = 1

N
1Tµk(0), for all m, k ≥ 0. (C.26)

Next, we show that µ̄k(Nc) = µ̄k(0) = 1
N

∑N
i=1 Ji(θk + δuk, ξk) for all k. We use mathe-

matical induction to construct the proof. Specifically, suppose that µ̄k−1(Nc) = µ̄k−1(0) =
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1
N

∑N
i=1 Ji(θk−1 + δuk−1, ξk−1) holds. Then, according to line 9 in Algorithm 1, we have

that

1

N
1Tµk(Nc) =

1

N
1Tµk(0) =

1

N
1T
(
µk−1(Nc) + ~J(θk + δuk, ξk)− ~J(θk−1 + δuk−1, ξk−1)

)
=

1

N

N∑
i=1

Ji(θk−1 + δuk−1, ξk−1) +
1

N

N∑
i=1

Ji(θk + δuk, ξk)−
1

N

N∑
i=1

Ji(θk−1 + δuk−1, ξk−1)

=
1

N

N∑
i=1

Ji(θk + δuk, ξk),

where ~J(θk+δuk, ξk) = [. . . , Ji(θk+δuk, ξk), . . . ]
T . The second equality above is due to the

induction hypothesis. We have that the induction hypothesis is satisfied for µ̄0(Nc), accord-

ing to line 7 in Algorithm 1. Therefore, we have shown that 1
N 1Tµk(0) = 1

N

∑N
i=1 Ji(θk +

δuk, ξk) for all k. And due to (C.26), we have shown that µ̄k(m) = J(θk + δuk, ξk) =

1
N

∑N
i=1 Ji(θk + δuk, ξk), for all m = 1, 2, . . . , Nc and all k. The proof is complete.

C.4 Proof of Lemma 4.9

Lemma 3.4. Let Assumptions 4.1, 4.3, 4.4 hold and define Ekµ = ‖µk(Nc) − µ̄k(Nc)1‖.

Then, running Algorithm 1 with DoTracking = True, we have that

E
[
(Ekµ)2

]
≤
(

2E
[
(Ek−1

µ )2
]

+ 32dL2
0

α2

δ2
E
[
(Ek−1

µ )2‖uk−1‖2
]

+ 32d2L2
0

α2

δ2
E
[
(Ek−2

µ )2
])
ρ2Nc
W

+ 16NL2
0α

2E
[
‖∇̃J(θk−1)‖2

]
ρ2Nc
W + 32NdL2

0δ
2ρ2Nc
W + 16Nσ2ρ2Nc

W . (C.27)

Proof. To simplify notations, in what follows, we denote µk(Nc) and µ̄k(Nc) by µk and µ̄k

respectively. According to lines 9 and 12 in Algorithm 1, we have that

E
[
(Ekµ)2

]
= E[‖(I − 1

N
11T )µk‖2]

= E[‖(I − 1

N
11T )WNc

(
µk−1 + ~J(θk + δuk, ξk)− ~J(θk−1 + δuk−1, ξk−1)

)
‖2]

= E[‖(WNc − 1

N
11T )

(
µk−1 + ~J(θk + δuk, ξk)− ~J(θk−1 + δuk−1, ξk−1)

)
‖2].
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Since (WNc − 1
N 11T )µ̄k−11 = 0, we obtain that

E
[
(Ekµ)2

]
= E[‖(WNc − 1

N
11T )

(
µk−1 − µ̄k−11 + ~J(θk + δuk, ξk)− ~J(θk−1 + δuk−1, ξk−1)

)
‖2]

≤ 2E[‖WNc − 1

N
11T ‖2(Ek−1

µ )2]

+ 2E[‖WNc − 1

N
11T ‖2‖ ~J(θk + δuk, ξk)− ~J(θk−1 + δuk−1, ξk−1)‖2]. (C.28)

Moreover, we have that ‖WNc − 1
N 11T ‖2 = ‖(W − 1

N 11T )Nc‖2 ≤ ‖W − 1
N 11T ‖2Nc = ρ2Nc

W .

Applying this bound in (C.28), we get that

E
[
(Ekµ)2

]
≤ 2ρ2Nc

W E[(Ek−1
µ )2] + 2ρ2Nc

W E[‖ ~J(θk + δuk, ξk)− ~J(θk−1 + δuk−1, ξk−1)‖2].

(C.29)

Following the same procedure used to derive the bound in (C.17), we get that |Ji(θk +

δuk, ξk) − Ji(θk−1 + δuk−1, ξk−1)|2 ≤ 4L2
0‖θk − θk−1‖2 + 4L2

0δ
2‖uk − uk−1‖2 + 8σ2, for all

i = 1, 2, . . . , N . Applying this bound to the RHS in (C.29), we obtain that

E
[
(Ekµ)2

]
≤ 2ρ2Nc

W E[(Ek−1
µ )2] + 8NL2

0ρ
2Nc
W E[‖θk − θk−1‖2]

+ 8NL2
0δ

2ρ2Nc
W E[‖uk − uk−1‖2] + 16Nσ2ρ2Nc

W . (C.30)

Moreover, we have that E[‖uk − uk−1‖2] ≤ E[2‖uk‖2 + 2‖uk−1‖2] ≤ 4d. Substituting the

expression of θk − θk−1 for (C.8) into (C.30) and applying the bound in (C.12), we obtain

that

E
[
(Ekµ)2

]
≤ 2ρ2Nc

W E[(Ek−1
µ )2] + 16NL2

0ρ
2Nc
W α2E[‖gδ(θk−1)‖2] + 32dNL2

0δ
2ρ2Nc
W + 16Nσ2ρ2Nc

W

+ 32dL2
0ρ

2Nc
W

α2

δ2
E[(Ek−1

µ )2‖uk−1‖2] + 32d2L2
0ρ

2Nc
W

α2

δ2
E[(Ek−2

µ )2].

The proof is complete.

C.5 Proof of Theorem 4.10

First, we present a lemma characterizing the bound on E[(Ekµ)2‖uk‖2].
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Lemma C.4. Let Assumptions 4.1, 4.3, 4.4 hold. Then, for all k ≥ 1, we have that

E
[
(Ekµ)2‖uk‖2

]
≤ 2dρ2Nc

W E[(Ek−1
µ )2] + 16dNL2

0ρ
2Nc
W α2E[‖gδ(θk−1)‖2]

+ 32d2L2
0ρ

2Nc
W

α2

δ2
E[(Ek−1

µ )2‖uk−1‖2] + 32d3L2
0ρ

2Nc
W

α2

δ2
E[(Ek−2

µ )2]

+ 32(d+ 4)2NL2
0δ

2ρ2Nc
W + 16dNσ2ρ2Nc

W .

(C.31)

Proof. According to the bound on (Ekµ)2 derived in (C.28), we have that

E
[
(Ekµ)2‖uk‖2

]
≤ 2ρ2Nc

W E[(Ek−1
µ )2‖uk‖2]

+ 2ρ2Nc
W E[‖ ~J(θk + δuk, ξk)− ~J(θk−1 + δuk−1, ξk−1)‖2‖uk‖2].

(C.32)

Since Ek−1
µ is independent of uk, we have that E

[
(Ek−1

µ )2‖uk‖2
]

= E[(Ek−1
µ )2]E[‖uk‖2] =

dE[(Ek−1
µ )2]. Following the same procedure used to derive the bound in (C.17), we get that

|Ji(θk + δuk, ξk)− Ji(θk−1 + δuk−1, ξk−1)|2 ≤ 4L2
0‖θk − θk−1‖2 + 4L2

0δ
2‖uk − uk−1‖2 + 8σ2,

for all i = 1, 2, . . . , N . Applying this bound to the RHS in (C.32), we obtain that

E
[
(Ekµ)2‖uk‖2

]
≤ 2dρ2Nc

W E[(Ek−1
µ )2] + 8NL2

0ρ
2Nc
W E[‖θk − θk−1‖2‖uk‖2]

+ 8NL2
0δ

2ρ2Nc
W E[‖uk − uk−1‖2‖uk‖2] + 16dNσ2ρ2Nc

W . (C.33)

Moreover, we have that E[‖uk − uk−1‖2‖uk‖2] ≤ E[2‖uk‖4 + 2‖uk−1‖2‖uk‖2] ≤ 4(d + 4)2.

Substituting the expression of θk−θk−1 in (C.8) into (C.33) and applying the bound (C.12),

we obtain that

E
[
(Ekµ)2‖uk‖2

]
≤ 2dρ2Nc

W E[(Ek−1
µ )2] + 16dNL2

0ρ
2Nc
W α2E[‖gδ(θk−1)‖2]

+ 32d2L2
0ρ

2Nc
W

α2

δ2
E[(Ek−1

µ )2‖uk−1‖2] + 32d3L2
0ρ

2Nc
W

α2

δ2
E[(Ek−2

µ )2]

+ 32(d+ 4)2NL2
0δ

2ρ2Nc
W + 16dNσ2ρ2Nc

W .

The proof is complete.

Now, we are ready to present the proof for Theorem 4.10.

Theorem 3.5. (Learning Rate of Algorithm 1 with Value Tracking) Let As-

sumptions 4.1,4.3, 4.4 hold and define δ = εJ√
dL0

, α =
ε1.5J

4d1.5L2
0

√
K

, andNc ≥ max
(

log( 1
2
√

2
)/ log(ρW ),
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log(
√

ε
2G2εJ+64(d+4)2dL2

0+32d3L2
0σ

2/ε2J
)/ log(ρW )

)
whereG2 = max

(
E
[
‖∇̃J(θ0)‖2

]
, 2εJ ε
dK +32L2

0(d+

4)2 +16d2L2
0
σ2

ε2J

)
. Then, running Algorithm 1 with DoTracking = True, we have that

1
K

∑K−1
k=1 E[‖∇Jδ(θk)‖2] ≤ O(d1.5ε−1.5

J K−0.5) + ε
2 .

Proof. First, we show that for all k ≥ 0, we have that E[‖gδ(θk)‖2] ≤ G2, E[(Ekµ)2] ≤ E2
µ and

E[(Ekµ)2‖uk‖2] ≤ dE2
µ when we let δ = εJ√

dL0
, α =

ε1.5J

4d1.5L2
0

√
K

, andNc ≥ max
(

log( 1
2
√

2
)/ log(ρW ),

log(
√

ε
2G2εJ+64(d+4)2dL2

0+32d3L2
0σ

2/ε2J
)/ log(ρW )

)
, where E2

µ = εδ2

2ddi
. To prove this, we use

mathematical induction. Specifically, suppose we have that E[(Ek−1
µ )2] ≤ E2

µ, E[(Ek−2
µ )2] ≤

E2
µ, E[(Ek−1

µ )2‖uk−1‖2] ≤ dE2
µ and E[‖gδ(θk−1)‖2] ≤ G2. Then, according to Lemma C.3,

we have that

E[‖gδ(θk)‖2] ≤ 8dL2
0

α2

δ2
G2 + 32d2diL

2
0

α2

δ4
E2
µ + 16(d+ 4)2L2

0 +
8dσ2

δ2
. (C.34)

Substituting the selected values for δ, α and the constant E2
µ in (C.34), we get that

E[‖gδ(θk)‖2] ≤ εJ
2dK

G2 +
εεJ
dK

+ 16L2
0(d+ 4)2 + 8d2L2

0

σ2

ε2J
≤ G2, (C.35)

where the second inequality holds because εJ
2dKG

2 ≤ 1
2G

2 when εJ
dK ≤ 1. In addition, we

have that εεJ
dK + 16L2

0(d + 4)2 + 8d2L2
0
σ2

ε2J
≤ 1

2G
2 due to the choice of G2 in Theorem 4.10.

Furthermore, according to Lemma 4.9, we have that

E
[
(Ekµ)2

]
≤
(
2 + 64d2L2

0

α2

δ2

)
ρ2Nc
W E2

µ + 16NL2
0G

2α2ρ2Nc
W

+ 32NdL2
0δ

2ρ2Nc
W + 16Nσ2ρ2Nc

W . (C.36)

Substituting the selected values for δ, α and E2
µ into (C.36), we get that

E
[
(Ekµ)2

]
≤ (2 + 4

εJ
K

)ρ2Nc
W E2

µ + (
NG2ε3J
d3L2

0K
+ 32Nε2J + 16Nσ2)ρ2NC

W ≤ E2
µ. (C.37)

The second inequality is because when εJ/K ≤ 1
2 and Nc ≥ log( 1

2
√

2
)/ log(ρW ), we have that

(2+4 εJK )ρ2Nc
W E2

µ ≤ 1
2E

2
µ. In addition, whenNc ≥ log(

√
ε

2G2εJ+64(d+4)2dL2
0+32d3L2

0σ
2/ε2J

)/ log(ρW ),

we get that (
NG2ε3J
d3L2

0K
+ 32Nε2J + 16Nσ2)ρ2NC

W ≤ 1
2E

2
µ.

Next, according to Lemma C.4, we have that

E
[
(Ekµ)2‖uk‖2

]
≤
(
2 + 64d2L2

0

α2

δ2

)
ρ2Nc
W dE2

µ + 16dNL2
0G

2α2ρ2Nc
W

+ 32N(d+ 4)2L2
0δ

2ρ2Nc
W + 16dNσ2ρ2Nc

W . (C.38)
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Substituting the selected values for δ, α and E2
µ into (C.38), we get that

E
[
(Ekµ)2‖uk‖2

]
≤ (2 + 4

εJ
K

)ρ2Nc
W dE2

µ + (
NG2ε3J
d2L2

0K
+ 32N

(d+ 4)2

d
ε2J + 16dNσ2)ρ2NC

W

≤ dE2
µ. (C.39)

The second inequality holds for similar reasons as those used to obtain (C.37). To complete

the induction argument, we simply need to verify the induction hypothesis when k = 1. It is

straightforward to see that E[‖gδ(θ0)‖2] ≤ G2 due to the definition of G2. In addition, due

to the initialization step µ−1(Nc) = 0 in line 1 in Algorithm 1, we have that E[(E−1
µ )2] ≤

E2
µ. To satisfy the conditions E[(E0

µ)2] ≤ E2
µ and E[(E0

µ)2‖u0‖2] ≤ dE2
µ, it is sufficient

to run many enough consensus steps only at the first iteration of Algorithm 1, according

to Lemma 4.6. To summarize, the induction hypothesis is satisfied at the first iteration

of Algorithm 1 and we have shown that for all k ≥ 0, we have that E[‖gδ(θk)‖2] ≤ G2,

E[(Ekµ)2] ≤ E2
µ and E[(Ekµ)2‖uk‖2] ≤ dE2

µ under the choice of parameters specified in

Theorem 4.10.

Finally, using the uniform bounds E[(Ekµ)2] ≤ E2
µ and E[(Ekµ)2‖uk‖2] ≤ dE2

µ, we can

follow the same procedure as in the proof of Theorem 4.7 and obtain the following optimality

bound

K−1∑
k=0

E[‖∇Jδ(θk)‖2] ≤8d1.5L2
0

ε1.5J
E[J∗δ − Jδ(θ0)]

√
K +

ε0.5J√
dK

E[‖gδ(θ0)‖2] +
εε1.5J

d1.5
√
K

+ 16
(d+ 4)2

d
L2

0ε
0.5
J

√
K +

8d1.5L2
0σ

2

ε1.5J

√
K +

εε0.5J√
d

√
K +

ε

2
K. (C.40)

Dividing both sides by K completes the proof.
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Appendix D

Proofs for Chapter 5

Lemma D.1. Consider a sequence of non-negative real numbers {Vk} with the following

relations for all 1 ≤ k ≤ T − 1, provided with 0 < γ + β < 1,

Vk ≤ γ
(
Vk−1 + βVk−2 + · · ·+ βk−1V0

)
+M,

where M is a contant, then we have

Vk ≤ γ(γ + β)k−1V0 +
1− β − γ(γ + β)k−1

1− (γ + β)
M.

In addition,

T−1∑
k=0

Vk ≤
1− β

1− (γ + β)
V0 + (T − 1)

1− β
1− (γ + β)

M − γ

(1− (γ + β))2M.

Proof. Fix some k = K. We have

VK ≤ γ
(
VK−1 + βVK−2 + · · ·+ βK−1V0

)
+M

≤ γ(γ + β)
(
VK−2 + · · ·+ βK−2V0

)
+ γM +M

Repeat the above process, we obtain that

VK ≤ γ(γ + β)K−2 (γV0 +M + βV0) + γ
K−2∑
k=0

(γ + β)kM +M

= γ(γ + β)K−1V0 +
1− β − γ(γ + β)K−1

1− (γ + β)
M,

which completes the first part of the proof. Summing Vk from 0 to T − 1, we obtain that

T−1∑
k=0

Vk =

T−1∑
k=1

(
γ(γ + β)k−1V0 +

1− β − γ(γ + β)k−1

1− (γ + β)
M

)
+ V0

=
1− β

1− (γ + β)
V0 + (T − 1)

1− β
1− (γ + β)

M − γ

(1− (γ + β))2M,

which complete the proof of the lemma.
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