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Abstract

Zeroth-Order (ZO) methods have been widely used to solve black-box or simulation-
based optimization problems. These problems arise in many important modern day
applications including generating adversarial attacks on machine learning systems or
learning to control systems with complicated physical structure or humans in the loop.
In these problems, the objective function to optimize does not have an explicit math-
ematical form and therefore its gradient cannot be obtained. As a result, traditional
gradient-based optimization methods cannot be applied to solve these problems. In-
stead, ZO methods approximate the gradient by using the objective function values.
Many existing ZO methods adopt two-point feedback to approximate the unknown
gradient since this feedback scheme has low estimation variance and results in fast
convergence speed. Specifically, two-point ZO methods estimate the gradient at the
current iterate of the algorithm by querying the objective function value twice at two
distinct neighboring points around the current iterate. However, two-point feedback
is not possible or difficult to implement when the objective function is time-varying,
or when multiple agents collaboratively optimize a global objective function that de-
pends on all agents’ decisions, because the value of the objective function can be
queried only once at a single decision point. In this case, one-point ZO methods can
be used which are known though to produce gradient estimates with large variance
that slows down the convergence.

In this dissertation, we propose a novel one-point ZO method based on residual
feedback. Specifically, the residual feedback scheme estimates the gradient using the
residual between the values of the objective function at two consecutive iterates of
the algorithm. When optimizing a deterministic Lipschitz function, we show that

the query complexity of ZO with the proposed one-point residual feedback matches
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that of ZO with the existing two-point schemes. Moreover, the query complexity of
the proposed algorithm can be improved when the objective function has Lipschitz
gradient. Then, for stochastic bandit optimization problems, we show that ZO with
one-point residual feedback achieves the same convergence rate as that of the two-

point scheme with uncontrollable data samples.

Next, we apply the proposed one-point residual-feedback gradient estimator to
solve online optimization problems, where the objective function varies over time.
In this case, since each objective function can only be evaluated once at a single
decision point, existing two-point ZO methods are not feasible and only one-point
Z0 methods can be used. We develop regret bounds for ZO with the proposed one-
point residual feedback scheme for both convex and nonconvex online optimization
problems. Specifically, for both deterministic and stochastic problems and for both
Lipschitz and smooth objective functions, we show that using residual feedback can
produce gradient estimates with much smaller variance compared to conventional one-
point feedback methods. As a result, our regret bounds are much tighter compared to
existing regret bounds for ZO with conventional one-point feedback, which suggests
that ZO with residual feedback can better track the optimizer of online optimization
problems. Additionally, our regret bounds rely on weaker assumptions than those

used in conventional one-point feedback methods.

The proposed residual-feedback scheme is next extended to solve distributed pol-
icy optimization problems that arise in multi-agent reinforcement learning (MARL).
Existing MARL algorithms often assume that every agent can observe the states
and actions of all the other agents in the network. This can be impractical in large-
scale problems, where sharing the state and action information with multi-hop neigh-
bors may incur significant communication overhead. The advantage of the proposed

zeroth-order policy optimization method is that it allows the agents to compute



the local policy gradients needed to update their local policy functions using local
estimates of the global accumulated rewards that depend on partial state and ac-
tion information only and can be obtained using consensus. Specifically, one-point
residual-feedback significantly reduces the variance of the local policy gradient es-
timates compared to using conventional one-point feedback, improving, in this way,
the learning performance. We show that the proposed distributed zeroth-order policy
optimization method with constant stepsize converges to a neighborhood of the global
optimal policy that depends on the number of consensus steps used to calculate the
local estimates of the global accumulated rewards.

Finally, to address situations where the agents do not have access to a global
clock that they can use to synchronize their updates, we propose an asynchronous
zeroth-order distributed optimization method that relies on the proposed one-point
residual feedback gradient estimator. We show that this estimator is unbiased under
asynchronous updating, and theoretically analyze its convergence.

We demonstrate the effectiveness of all proposed algorithms via extensive numer-

ical experiments.

All contents presented in this dissertation have appeared in the papers!™.
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Chapter 1

Introduction

1.1 Motivation

Zeroth-Order (ZO) optimization methods have been widely applied to solve machine learn-
ing and control problems, where the gradient of the objective function cannot be computed,
either because the target system is a black box®9, or the mathematical formulation of the
objective function is too complicated to write down”®. Such problem arises in many practi-
cal applications. For example, in the human-in-the-loop trajectory planning problem®, the
objective is to find the trajectory to navigate the robot through a crowd of people so that
the robot create the least disturbance to human’s works. However, human’s preference for
the robot trajectory is unknown a priori. e.g., their positions and how far they would like
the robot to be away from them are black box to the robot. The only information the robot
can obtain is the number of complaints received from the people who are affected by the
robot when it follows a certain trajectory. It is desirable to use such information to find the
robot trajectory that results in the fewest number of complaints. Another example is learn-
ing to control the heating, ventilation and air conditioning (HVAC) system in a building®.
The goal is to find the best control policy for the switches of the HVAC system so that
the temperature in the building is maintained in a comfortable zone. However, the effect
of turning on and off the switches on the air temperature is governed by partial differential
equations with complicated boundary conditions given by the structure of the building,
which is impossible to model using mathematical formulations, and therefore traditional
optimal control methods cannot be applied. On the contrary, it is easy to obtain the total
duration when the temperature of the building is out of the desriable range given a fixed

control policy. And we would like to use such information to find the optimal control policy.

A common feature for the above problems is that only the values of the objective



function at certain decision points can be used to find the optimal solution. Such problems
fall into the research of derivative-free optimization®. ZO optimization methods are among
one of the most popluar derivative-free optimization approaches. Specifically, ZO methods
randomly select one or multple points around the current iterate, and use the values of the
objective function at these points to estimate the gradient at the current iterate. Then, the
7.0 gradient estimate is used in the same way as in the gradient-based optimization methods.
Other derivative-free methods, e.g., ellipsoid approach!'® and model-based approach!!, also
exist. However, the analysis of these approaches are usually more involved. In addition, the
theoretical guarantee of these methods have poor dependency on the problem dimension.
Furthermore, these methods are not easy to be extended to more challenging optimization
problems, e.g., non-stationary optimization or distributed optimization settings. On the
other hand, ZO methods approximate the gradient-based algorithms. Therefore, similar
to the works where gradient-based optimization methods are extended to solve the non-
stationary and distributed optimization problems, ZO methods can also be applied to these
settings in a similar way. For these reasons, we focus on studying ZO optimization methods

in this dissertation.

Existing ZO methods can be divided into two categories, namely, ZO with one-point
feedback'? and ZO with two-point feedback'®. Specifically, ZO with one-point feedback
estimates the gradient using the value at a single decision point at each iteration, while ZO
with two-point feedback uses the values at two distinct decision points. It is well known that
Z0 with two-point feedback finds the optimal solution much faster than ZO with one-point
feedback?, because the ZO gradient estimates with two-point feedback enjoy much lower
variance than those with one-point feedback. Therefore, in the last few years, most of the
research community have focused on analyzing the two-point ZO methods and designing
new algorithms based on the two-point ZO estimators to solve more challenging settings.
However, it remains unknown for years whether it is possible to design a one-point ZO
method, which only requires the value of the objective function at a single decision point,

to achieve comparative performance to the two-point ZO methods %4,



Finding such competitive one-point ZO method is not only of theoretical interest. This
is because the existing two-point ZO methods can be infeasible or difficult to implement
in many practical problems. For example, in the online optimization problems where the
objective function varies over time, it is impossible to obtain the values of the same objective
function at two distinct decision points as required by the two-point ZO methods, if the
evaluation of each decision point takes some time. Another example is that when multiple
agents collaborate to find the optimal solution to a global objective function that depends on
all their actions. In this case, each evaluation of the objective function requires all agents to
synchronize to perturb their current decision. Therefore, distributed optimization methods
based on two-point feedback require synchronization twice per update, while the ones based
on one-point feedback only require synchronization once per update. Furthermore, when
the agents conduct local updates in an asynchronous way, two-point ZO methods become
infeasible. This is because when a local agent conducts two consecutive evaluations of the
objective function at two decision points, the other agents in the network may have updated
their local decision variables, making the local agent’s objective function vary over these
two evaluations. Therefore, it is desirable to implement a one-point ZO method in above
settings, if such one-point ZO method can be shown to have comparable performance to

that of the two-point ZO methods.

1.2 Contents and Background

In this section, we discuss the contents in each chapter and the existing literature that are

relevant to each chapter.



1.2.1 A New One-Point Residual Feedback Zeroth-Order Or-

acle

In Chapter 2, our goal is to solve the following generic optimization problem

min f(z), (P)

zER?

where z € R? corresponds to the parameters and f denotes the total loss. Using zeroth-
order information, i.e., function evaluations, first-order gradients can be estimated to solve
the problem (P).

Existing zeroth-order optimization algorithms can be divided into two categories, namely,
70O with one-point feedback and ZO with two-point feedback.'? was among the first to pro-
pose a ZO algorithm with one-point feedback, that queries one function value at each
iteration to estimate the gradient. The corresponding one-point gradient estimator \Y f(z)
takes the form !

(One-point feedback): Vf(z) = % F(x + ou), (1.1)

where ¢ is an exploration parameter and v € R is sampled from the standard normal distri-
bution element-wise. In particular,!? showed that the above one-point gradient estimator
has a large estimation variance and the resulting ZO algorithm achieves a convergence
rate of at most O(T _%), which is much slower than that of gradient descent algorithms
used to solve problem (P). Assuming smoothness and relying on self-concordant regular-
ization, %17 further improved this convergence speed. However, the gap in the iteration
complexity between ZO algorithms with one-point feedback and gradient-based methods
remained. In order to reduce the large estimation variance of the above one-point gradient

13;15;18

estimator, introduced the following two-point gradient estimators

(Two-point feedback): Vf(z) = %f(x + du) — f(z),

or %(f(a:vLéu)—f(:E—éu)), (1.2)

1In'2, the estimator is V f(z) = du f(z+ 6u) where z € R? and u is uniformly sampled from a unit

sphere in R?. In this section, we follow'® and sample u from the standard normal distribution.

4



that have lower estimation variance and showed that ZO with these two-point feedbacks

1
VT

order-wise much faster than the convergence rate achieved by ZO algorithms with one-

achieves a convergence rate of O(—=) (or O(7) when the problem is smooth), which is

point feedback.

The literature discussed above focuses on deterministic optimization problems (P). Nev-
ertheless, in practice, many problems involve randomness in the environment and parame-

ters, giving rise to the following stochastic optimization problem

min f(z) = E¢[F(x, )], Q)

zcRd

where only a noisy function evaluation F(x,§) with a random data sample £ is available.

ZO algorithms have also been developed to solve the above problem (Q), e.g., 141921 1y
particular,” consider the following widely-used stochastic two-point feedback

~ U

Vf(2) = L(F(x+ 6u,€) — F(,6)) (1.3)

5

and show that ZO with this stochastic two-point feedback has the same convergence rate as
ZO with the two-point feedback scheme in (1.2) for deterministic problems (P). Similarly, *
further analyzed the oracle in (1.3) in a mirror descent framework and showed a similar
convergence speed. Stochastic one-point and two-point feedback schemes with improved
convergence rates have also been studied in?!. However, these stochastic two-point feedback
schemes assume that the data sample £ is controllable, i.e., one can fix the data sample £
and evaluate the function value at two distinct points z and x + du. This assumption is
unrealistic in many applications. For example, in reinforcement learning, controlling the
sample £ requires applying the same sequence of noises to the dynamical system and reward
function. Hence, two-point feedback schemes with fixed data samples can be impractical.

To address this challenge, 1420

proposed a more practical noisy two-point feedback method
that replaces the fixed sample £ in (1.3) with two independent samples £, . Tts convergence
rate was shown to match that of the stochastic one-point feedback V f(z) = SF(z 4+ 6u,§).
Still though, this two-point feedback method with independent data samples produces

gradient estimates with lower variance compared to the conventional one-point feedback

bt



Table 1.1: Iteration Complexity of Zeroth-order Methods with One-point,

Two-point and Proposed Residual Feedback Schemes

Complexity 3 Convex C90 Convex Ob! Nonconvex C0:0 Nonconvex C11
One-point 21 d?e* de=3 - -
19 dlog(d)e~? de=2 - -
18 de—2 _ _ _
Two-point 1
15 d?e2 de ! dSe; e 2 de 1
20 - d?e=3 (UN) — -
Deterministic d?e2 d3e 15 d46;1672 d3e 15

Residual One-point 3
Stochastic d2e—4 d2e—3 d3e; e 2 dte3

method.

In this chapter, we close the gap between the theoretical guarantee between the two-
point ZO methods and the one-point ZO methods. Specifically, we propose a one-point
residual feedback ZO gradient estimator, and we show that the performance of the proposed
one point residual feedback ZO oracle achieves comparable performance to the two-point
70 methods, through both theoretical analysis and numerical experiments. We summarize
the theoretical guarantee of ZO methods with the proposed residual-feedback and compare

it to ZO methods with both two-point and one-point feedback schems in Table 1.1.

1.2.2 Zeroth-Order Online Learning using Residual Feed-
back

In Chapter 3, we study the time-varying optimization problem using the proposed one-point
residual feedback ZO oracle. The goal is to minimize a sequence of time-varying objective

functions {f;(z)}i=1.7, where the value f;(z;) is revealed to the agent after an action x;

3In convex setting, the accuracy is meaured by f(z)— f(2*) < ¢, while in the non-convex setting, it
is measured by ||V f(z)||* < € when the objective function is smooth. When the objective function
is non-smooth, we enforce two optimality measures, |f(z) — fs(z)| < e; and |V fs(z)|]? < €

together. (UN) means the oracle considers uncontrollable data samples.

6



is selected and is used to adapt the agent’s future strategy. Since the objective functions
are not known a priori, the quality of an online decision can be measured using notions of
regret, that generally compare the total cost incurred by an online decision to the cost of
the fixed or varying optimal decision that a clairvoyant agent could select.

1319 can not

As we have discussed above, ZO methods with two-point feedback like
be used for non-stationary online optimization problems that arise frequently in online
learning. The reason is that in these non-stationary online optimization problems, the
objective function being queried is time-varying, and hence it can only be evaluated at a
single decision variable at a given time instant. ZO with one-point feedback!'%?!, on the
other hand, can be used in the non-stationary setting. However, they produce gradient
estimates with large variance which results in increased regret. In addition, the regret
analysis for ZO with one-point feedback usually requires the strong assumption that the

function value is uniformly upper bounded over time, so this method can not be used for

practical non-stationary optimization problems.

Besides ZO methods, other derivative-free optimization algorithms have also been ap-

2

plied to solve online optimization problems. The works in?? employs the exploration and

exploitation bandit learning framework and the proposed analysis is restricted to a special

11;23:24 study online bandit algorithms using

class of non-convex objective functions. Finally,
ellipsoid or model-based methods. In particular, these methods induce heavy computation

per step and achieve regret bounds that have bad dependence on the problem dimension.

In this chapter, we apply the proposed residual-feedback ZO oracle to solve the online
optimization problems. We provide regret analysis for the proposed algorithm. We show
that it outperforms the conventional one-point ZO method in such online setting through

both theoretical analysis and numerical experiments.



1.2.3 Zeroth-Order Distributed M ARL using Residual Feed-
back under Partial Observations

In Chapter 4, we extend the proposed one-point residual-feedback ZO estimator to solve
multi-agent reinforcement learning problems under partial observations. The goal is to
enable a team of agents to collaboratively determine the global optimal policy that maxi-
mizes the sum of their local accumulated rewards. To do so, the agents typically need to
communicate with each other in order to obtain information about the global state and
action of the team. This is because their states and rewards are generally affected by the
actions of their other peers. However, sharing such information can be undesirable, due to
significant communication overhead or privacy concerns. Therefore, there is a great need
for MARL algorithms that rely only on partial observations of the global state and action
information.

A major challenge in developing cooperative MARL methods under partial observations
is that the environment, as it is perceived by every individual agent, is non-stationary
since it changes as a result of changes in the policies of the other agents?®. In2527, this
challenge is addressed using a centralized Critic function that can mitigate the effect of
non-stationarity in the learning process. Then, the trained policies can be executed in a
decentralized way. In2®, a distributed offline experience replay technique is developed to
enable fully decentralized training, which requires that all agents receive a global reward
at each timestep. However, when the global reward is defined as the sum of local agent
rewards, as in cooperative MARL, this global reward can not be easily available to the local
agents in practice. Cooperative MARL methods that maximize the sum of local rewards are

29-31  These works develop fully decentralized Actor-Critic methods where the

considered in
agents maintain local estimates of the global value or policy functions, that depend on the
states and actions of all other agents and update those estimates until they reach consensus.
Then, these local estimates of the global value or policy functions are used to compute the

policy gradient estimates needed for optimization. Since these policy gradient estimates

require knowledge of the global state and action information, such Actor-Critic methods

8



can not be used for cooperative MARL with partial state and action information.

All aforementioned MARL algorithms are gradient-based algorithms. On the other
hand, zeroth-order policy optimization has been considered in3%33 for a special case of
single-agent RL problems, namely, Linear Quadratic Regulation (LQR) problems. These
results were extended in® for distributed LQR problems. All these works use the one-

point zeroth-order policy gradient estimator proposed in!%1?

, which is known to have large
variance that slows down learning.

In this chapter, we propose a distributed policy optimization algorithms by decentral-
izing the proposed residual-feedback ZO oracle. We theoretically analyze the convergence
of the proposed decentralized ZO policy optimization algorithm in MARL problems with
partial observations. And we show that it achieves better performance than the distributed

policy optimization algorithms based on conventional one-point ZO methods® using numer-

ical experiments.

1.2.4 Asynchronous Distributed Optimization

using Residual Feedback

In Chapter 5, we extend the proposed residual-feedback ZO oracle to the asynchronous
setting, where a group of agents collaboratively minimize a common cost function that
depends on their joint decisions and at each time step, a single agent is randomly activated
to query the objective function value at one decision point and update its local decision
variable.

We note that existing two-point ZO oracle (1.2) cannot be directly extended to the
asynchronous setting. This is because the perturbation u is according to the full decision
vector . When the vector x concatenates all agents’ local decisions {z;}, perturbing =
with random vector u must happen simultaneously, which is infeasible when the agents
do not have access to a global clock. If the objective function gradient is known, asyn-
chronous distributed optimization methods with a common objective function have been

studied in3* 3. However, these works can not be directly extended to solve the black-box

9



optimization problems considered here.

Perhaps the most related works in this setting is3”. Specifically, the authors in proposed
an asynchronous zeroth-order optimization algorithm that relies on the two-point gradient
estimator (1.2). Unlike the method proposed here,3” assumes that when a single agent
queries the values of the objective function at decision points xy + pug and x (or zj — pug),
the other agents in the network cannot update their local decision variables even if they
are activated. This assumption limits the number of updates the agents can make during

a fixed period of time and affects the performance of the asynchronous system.

In this chapter, we study an asynchronous version of the proposed residual-feedback ZO
oracle and prove its convergence. We also demonstrate the proposed asynchronous residual-

feedback ZO oracle outperforms the two-point methods under asynchronous setting.

1.3 Contributions

In this section, we summarize the contributions of the proposed algorithms in all the chap-
ters separately.

In Chapter 2, we propose a new one-point feedback scheme which requires a single
function evaluation at each iteration, the residual-feedback scheme, which estimates the
gradient using the residual between two consecutive feedback points. We show that our
residual feedback induces a smaller estimation variance than the one-point feedback (1.1)

1221 - Specifically, in deterministic optimization where the objective function

considered in
is Lipschitz-continuous, we show that ZO with our residual feedback achieves the same
convergence rate as existing Z0O with two-point feedback schemes. To the best of our
knowledge, this is the first one-point feedback scheme with provably comparable perfor-
mance to two-point feedback schemes in ZO. Moreover, when the objective function has an
additional smoothness structure, we further establish an improved convergence rate of ZO

with residual feedback. In the stochastic case where only noisy function values are available,

we show that the convergence rate of ZO with residual feedback matches the state-of-the-
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art result of ZO with two-point feedback under uncontrollable data samples. Hence, our
residual feedback bridges the theoretical gap between ZO with one-point feedback and ZO

with two-point feedback in static optimization problems.

In Chapter 3, we propose a novel one-point gradient estimator for zeroth-order online
optimization and develop new regret bounds to study its performance. Compared to solv-
ing the online optimization problem with conventional one-point gradient estimator in %21,
our proposed method obtains tighter regret bounds both for convex and non-convex prob-
lems, especially when the value of the objective function is large. Moreover, our regret
analysis relies on weaker assumptions compared to those for ZO with conventional one-
point feedback. We present numerical experiments that demonstrate that ZO with residual
feedback significantly outperforms the conventional one-point method in its ability to track
the time-varying optimizers of online learning problems. To the best of our knowledge, this
is the first time a one-point zeroth-order method is theoretically studied for non-convex
online optimization problems. It is also the first time that a one-point gradient estimator
demonstrates comparable empirical performance to that of the two-point method.

In Chapter 4, we propose a new distributed zeroth-order policy optimization method for
general cooperative MARL problems based on the proposed residual-feedback ZO gradient

83233 our proposed

estimator. Compared to the one-point policy gradient estimators in
residual-feedback policy gradient estimator reduces the variance of the policy gradient es-
timates and, therefore, improves the learning performance. Compared to the centralized
estimator studied in Chapters 2 and 3 that produces unbiased gradient estimates, the pro-
posed distributed policy gradient estimator is biased due to possible consensus errors in
distributedly estimating the sum of local accumulated rewards needed for the estimation of
the policy gradients. We show that the proposed zeroth-order policy optimization method
with constant stepsize converges to a neighborhood of the global optimal policy whose size
depends on the number of consensus steps needed to control the bias in the policy gradient

estimates. Moreover, we propose a value tracking method to reduce the numer of consensus

steps needed to achieve a desired user-specified solution accuracy.

11



In Chapter 5, we propose an asynchronous zeroth-order distributed optimization algo-
rithm based on an extension of the centralized residual-feedback gradient estimator stud-
ied in Chapters 2 and 3, so that it can handle fully asynchronous queries and updates.
Specifically, we show that the proposed zeroth-order gradient estimator provides an unbi-
ased estimate of the gradient with respect to each agent’s local decision. Also, we provide
bounds on the second moment of this estimator, the first of their kind for any asynchronous
zeroth-order gradient of this type, which we then use to show convergence of the proposed

method.
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Chapter 2

A New One-Point Residual Feedback
Zeroth-Order Oracle

In this chapter, we propose a novel one-point ZO gradient estimator based on the residual
feedback. We will show that although the proposed estimator only evaluates the objective
function once at a single decision point per iteration as conventional one-point ZO method,
it achieves comparable performance of that of the existing two-point ZO methods. We
will study this estimator both theoretically and numerically. The proposed one-point ZO
oracle based on residual feedback is not only of theoreticaly importance, it is also more
flexible to implement and enables the ZO optimization scheme to be applied to solve more
challenging optimization and learning problems in practice, as we will demonstrate in the

next few chapters. The content in this chapter can also be found in the paper!.

2.1 Preliminaries

In this section, we present definitions and preliminary results needed throughout our anal-

15;20

ysis. Following , we introduce the following classes of Lipschitz and smooth functions.

Definition 2.1 (Lipschitz functions). The class of Lipschtiz-continuous functions C°°
satisfy: for any f € C%0, |f(z) — f(y)| < Lol — ||, Yo,y € R?, for some Lipschitz
parameter Ly > 0. The class of smooth functions CY satisfy: for any f € CVY, ||V f(z) —

Vi < Li|lz —yl, Vz,y € RY, for some Lipschitz parameter Ly > 0.

In ZO, the objective is to estimate the first-order gradient of a function using zeroth-
order oracles. Necessarily, we need to perturb the function around the current point along all
the directions uniformly in order to estimate the gradient. This motivates us to consider the

Gaussian-smoothed version of the function f as introduced in'®, f5(x) := E,, No)Lf ( +
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du)], where the coordinates of the vector u are i.i.d standard Gaussian random variables.
The following bounds on the approximation error of the function fs(z) have been developed

in'o.

Lemma 2.2 (Gaussian approximation). Consider a function f and its Gaussian-smoothed

version fs. It holds that

(SL()\/&, @ff € CO’Uv
fs(z) — f(2)] <
82Lyd, if f € CH1,

and ||V f5(x) = Vf(2)|| < SLi(d+3)*?, if f e CVL.

Moreover, the smoothed function fs(x) has the following nice geometrical property as

proved in'®.

Lemma 2.3. If function f € C%° is Ly-Lipschitz, then its Gaussian-smoothed version fs

belongs to CYY with Lipschitz constant Ly = /dd ' Lyg.

We also introduce the following notions of convexity.

Definition 2.4 (Convexity). A continuously differentiable function f : R — R is called
convea if for all v,y € RY, f(x) = f(y) + (& —y, V()

2.2 Deterministic ZO with Residual Feedback

In this section, we consider the problem (P), where the objective function evaluation is fully
deterministic. To solve this problem, we propose a zeroth-order estimate of the gradient

based on the following one-point residual feedback scheme

G(xe) == %(f(:rt +0ug) — fxion + Supr)), (2.1)

where u;—1 and u; are independent random vectors sampled from the standard multivariate
Gaussian distribution. To elaborate, the gradient estimate in (2.1) evaluates the function

value at one perturbed point z; + du; at each iteration ¢ and the other function value

14



evaluation f(z;—1 + duz—1) is inherited from the previous iteration. Therefore, it is a one-
point feedback scheme based on the residual between two consecutive feedback points, and
we name it one-point residual feedback. Next, we show that this estimator is an unbiased

gradient estimate of the smoothed function fs(x) at xy.
Lemma 2.5. We have E[g(xtﬂ = Vfs5(x;) for all x; € RY.

Proof. The proof is straightforward because u; is independent from w;—; and has zero

mean. O]

Since g(x:) is an unbiased estimate of V f5(x;), we can use it in Stochastic Gradient

Descent (SGD) as follows
Tir1 = 2 — ng(2t), (22)

where 7 is the stepsize. To analyze the convergence of the above ZO algorithm with residual
feedback, we need to bound the variance of the gradient estimate under proper choices of
the exploration parameter § in (2.1) and the stepsize 1. In the following result, we present
the bounds on the second moment of the gradient estimate E[||g(z;)||?], which will be used

in our analysis later.

Lemma 2.6. Consider a function f € C%° with Lipschitz constant Ly. Then, under the

SGD update rule in (2.2), the second moment of the residual feedback satisfies

2dL3n?
52

E[|g(a)|] < E[llg(ze-1)II*) + 8L(d + 4)°.

Furthermore, if f(z) also belongs to CY1 with constant Ly, then the second moment of the

residual feedback satisfies

2dL3n?

52 Ellg(@-0)|*] +8(d + )°IV f (@ )|* + 4L1(d + 6)%0%. (2.3)

E[[|g(ze)]|”] <

The proof of above Lemma 2.6 can be found in Appendix A.1. Lemma 2.6 shows that
the second moment of the residual feedback E[||G(x¢)||?] can be bounded by a perturbed

contraction under the SGD update rule. This perturbation term is crucial to establish
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the iteration complexity of ZO with our residual feedback. In particular, with the tradi-
tional one-point feedback, the perturbation term is in the order of O(6~2) and significantly
degrades the convergence speed!®. In comparison, our residual feedback induces a much
smaller perturbation term. Specifically, when f € C%?, the perturbation is the order of
O(L3d?) that is independent of §, and when f € C1!, the perturbation is in the order of
O(d?||V f(z4-1)||*> + L3d36?). Therefore, ZO with our residual feedback can achieve a better

iteration complexity than that of ZO with the traditional one-point feedback.

2.2.1 Convergence Analysis

We first consider the case where the objective function f is nonconvex. When f is dif-
ferentiable, we say a solution x is e-accurate if E[|Vf(z)|?] < e. However, when f is
nonsmooth, we follow the convention adopted in'® and define a solution x to be e-accurate

if E[||V f5(x)||?] < € holds for the Gaussian-smoothed function. In addition, we also require

€f
LoVd

this setup, the convergence rate of ZO with residual feedback is presented below. For sim-

f5 to be €y-close to the original f, which requires § <

according to Lemma 2.2. Under

plicity, all the complexity results in this section are presented in O notations. The proofs

and the explicit form of the constant terms can be found in the supplementary material.

Theorem 2.7. Assume that f € C%0 with Lipschitz constant Lo and that f is also bounded
below by f*. Moreover, assume that SGD in (2.2) with residual feedback is run for T >

1/ey iterations and that & is selected from the T iterates uniformly at random. Let also

n= % and 6 = ng% . Then, we have that E[||V f5(2)|]*] = O(d2e]70'5T_0'5).

The proof can be found in Appendix A.2. Based on the above convergence rate result,
the required iteration complexity to achieve a point x that satisfies |f(x) — fs(x)| < €f
as well as E[||[Vf(Z)]|?] < € is of the order (’)(E‘j%). This complexity result is close to
the complexity result O(E;%) of ZO with two-point feedback in'®>. When f(z) € Cb! is

a smooth function, we obtain the following convergence rate result for ZO with residual

feedback.
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Theorem 2.8. Assume that f(x) € C%° with Lipschitz constant Lo and that f(z) € CH!
with Lipschitz constant L. Moreover, assume that SGD in (2.2) with residual feedback is
run for T iterations and that T is selected from the T iterates uniformly at random. Let
= and 6 = —L+, where L = max(2Lo, 32L1). Then, we have that

1
T(d+4)2T5 , Nz
E[IVf(@)]*] = O(d*T~3).

also n =

The proof can be found in Appendix A.3. In particular, to achieve a point x that
satisfies E[||V f(2)]|?] < €, the required iteration complexity is of the order (’)(d?’e_%). To
the best of our knowledge, the best complexity result for ZO with two-point feedback is of
the order O(de™!), which is established in'®. Next, we consider the case where the objective
function f is convex. In this case, the optimality of a solution z is measured via the loss

gap f(z) — f(z*), where z* is the global optimum of f.

Theorem 2.9. Assume that f(x) € C%C is convex with Lipschitz constant Ly. Moreover,

assume that SGD in (2.2) with residual feedback is run for T iterations and define the

running average T = %ZtT:_Ol x¢. Let also n = 2dL1\/T and § = ﬁ Then, we have that
0
f(@) = f(z*) = OdT 7).

Moreover, assume that additionally f(x) € CY' with Lipschitz constant Ly, and let

n= m and 6 = T—‘/g, where L = max{Lg,16L1}. Then, we have that f(Z)— f(z*) =
2
O(d*T~3).

The proof can be found in Appendix A.4. To elaborate, to achieve a solution z that
satisfies f(z) — f(z*) < ¢, the required iteration complexity is of the order O(d?¢~2) when
f € C%. Such a complexity result significantly improves the complexity O(d?e¢~*) of
70 with the traditional one-point feedback and is slightly worse than the best complexity
O(de=?) of ZO with two-point feedback. On the other hand, when f(z) € C1!, the required
iteration complexity of ZO with residual feedback further reduces to O(d3e~1®), which is
better than the complexity O(de3) of ZO with the traditional one-point feedback whenever

e < d4/3.
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2.3 Stochastic ZO with Residual Feedback

In this section, we study the Problem (Q) where the objective function takes the form
f(x) := E[F(z,€&)] and only noisy samples of the function value F(z,&) are available.

Specifically, we propose the following stochastic residual feedback
. u
g(x¢) = gt(F(ﬂCt + Oug, &) — Fzi—1 + du—1,&-1)), (2.4)

where &_1 and & are independent random samples that are sampled in iterations ¢ — 1 and
t, respectively. We note that our stochastic residual feedback is more practical than most
existing two-point feedback schemes, which require the data samples to be controllable, i.e.,
one can query the function value at two different variables using the same data sample. This
assumption is unrealistic in applications where the environment is dynamic. For example,
in reinforcement learning33, these data samples can correspond to random initial states,
noises added to the dynamical system, and reward functions. Therefore, controlling the
data samples requires to hard reset the system to the exact same initial state and apply the
same sequence of noises, which is impossible when the data is collected from a real-world
system. Our stochastic residual feedback scheme in (2.4) does not suffer from the same issue
since it does not restrict the data sampling procedure. Instead, it simply takes the residual
between two consecutive stochastic feedback points. In particular, it is straightforward to
show that (2.4) is an unbiased gradient estimate of the objective function fs(z). Next, we

present some assumptions that are used in our analysis later.

Assumption 2.10. (Bounded Variance) We assume that for any x € R? there exists o > 0

such that
2
E[(F(z,6) — f(2))7] <o”.
Assumption 2.10 implies that E[(f(a:,fl) — f(:z,fg))Q] < 40?%. Furthermore, we make

the following smoothness assumption in the stochastic setting.

Assumption 2.11. Let function F(x,&) € C%° with Lipschitz constant Lo(¢). We assume
that Lo(€) < Lo for all € € E. In addition, let the function F(z,€&) € CY' with Lipschitz

constant L1(§). We assume that L1(€§) < Ly for all § € E.
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The following lemma provides an upper bound of E[||g(z¢)||?] in this stochastic setting.

Lemma 2.12. Let Assumptions 2.10 and 2.11 hold and assume F(x,¢) € C%° with Lips-

chitz constant Lo(§). We have that
4L3dn?
52

8c2d

E[llg(ze-1)[”] + 16L5(d + 4)* + =

E[l|g(ze)[”] <

The proof can be found in Appendix A.5. If we assume that F(z,£) € C1!, the upper
bound on the above second moment can be further improved (see supplementary material
for the details). However, this improvement does not yield a better iteration complexity due
to the uncontrollable samples & and & _1. More specifically, the uncontrollable samples lead

to an additional term 8(; 4 in the above second moment bound. According to the analysis

in', such a term can significantly degrade the iteration complexity.

2.3.1 Convergence Analysis

Next, we analyze the iteration complexity of ZO with stochastic residual feedback for both

non-convex and convex problems.

Theorem 2.13. Let Assumptions 2.10 and 2.11 hold and assume also that F(z,&) € COV.

Moreover, assume that SGD in (2.2) with residual feedback is run for T > 1/(dey) iterations

el:d

f
2v2L2d1-5T

and that T is selected from the T iterates uniformly at random. Let also n =

and 6 = ﬁ. Then, we have that E[||V f5(2)|*] = O(dl'f’e;l'E’T_O":’).

Furthermore, assume that additionally F(x,&) € CY', and that SGD in (2.2) with

1 92 and 6 - 5 1
2Lod3T3 d6 TS

Then, the output & that is sampled uniformly from the T iterates satisfies E[||V f ()|

residual feedback is run for T > 2 iterations. Let also n =

O(d3T3).

The proof can be found in Appendix A.6. Based on the above results, when F(z,¢&) is
non-smooth, to achieve the e—stationary point E[||V f5(2)||?] < € and |f(z) — f5(z)| < €y,
O(eé%) iterations are needed. In addition, if the function F(x,&) also satisfies F'(x,§) €
C1, then 0(§—§) iterations are needed to find the e—stationary point of the original function

f(z). Next, we provide the iteration complexity results when the Problem (Q) is convex.
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Theorem 2.14. Let Assumptions 2.10 and 2.11 hold and assume that the function F(x,§) €

C%0 s also convexr. Moreover, assume that SGD in (2.2) with residual feedback is run for

T iterations and define the running average T = % tT:_Ol zy. Let also n = ——
2v2LoVdT4

and § = T% Then, we have that f(Z) — f(z*) = (’)(\/&Tfi). Moreover, assume that
4

additionally F(z,&) € CYY, and let n = m and § = d%IT . Then, we have that

S

f(Z) — f(a*) = O(d5T ).

The proof can be found in Appendix A.7. According to Theorem 2.14, O(g—i) iterations
are needed to achieve f(z) — f(z*) < e with a nonsmooth objective function. On the other

hand, if f(x) € C%!, the iteration complexity is improved to (9(‘:—32).

2.4 Numerical Experiments

In this section, we demonstrate the effectiveness of the residual one-point feedback scheme
for both deterministic and stochastic problems. In the deterministic case, we compare the
performance of the proposed oracle with the original one-point feedback and two-point
feedback schemes, for the quadratic programming (QP) example considered in3®. In the
stochastic case, we employ the stochastic variants of above oracles to optimize the policy
parameters in a Linear Quadratic Regulation (LQR) problem considered in3%33. It is shown
that the proposed residual one-point feedback significantly outperforms the traditional one-
point feedback and its convergence rate matches that of the two-point oracles in both
deterministic and stochastic cases. All experiments are conducted using Matlab R2018b on

a 2018 Macbook Pro with a 2.3 GHz Quad-Core Intel Core i5 and 8GB 2133MHz memory.

2.4.1 A Deterministic Scenario: QP Problem

As in®, consider the QP example min §(z—c)” M(z —c), where z,c € R3 and M € R30%30

is a positive semi-definite matrix. This constitutes a convex and smooth problem. The

vector c is randomly generated from a uniform distribution in [0, 2]. The matrix M = PPT,

R3OX 29

where each entry in P € is sampled from a uniform distribution in [0,1]. The
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Figure 2.1: The convergence rate of applying the proposed residual one-point
feedback (2.1) (blue), the two-point oracle (1.2) in'® (orange) and the one-point
oracle (1.1) in'? (green) to two problems. In (a), the convergence of f(z;) — f(z*) in a
deterministic QP problem is presented. In (b), the convergence of the costs of policies in

the stochastic LQR problem is presented.

initial point is the origin. For every algorithm, we manually optimize the selection of the
exploration parameter § and stepsize n and run it 100 times. The convergence of the
function value f(z) — f(z*) is presented in Figure 2.1(a). We observe that the proposed
oracle converges as fast as the two-point oracle (1.2) when the iterates are far from the
optimizer but achieve less accuracy in the end. Both methods find the optimal function
value much faster than the one-point feedback studied in'%2!. These observations validate

our theoretical results in Section 2.2.

2.4.2 A Stochastic Scenario: Policy Optimization

We use the proposed residual feedback to optimize the policy parameters in a LQR problem,
as in3%33. Specifically, consider a system whose state x;, € R™ at time k is subject to the
dynamical equation zy11 = Axy + Bug + wg, where u;, € R™ is the control input at time
k, A € R"%*" and B € R"™*"™ are dynamical matrices that are unknown, and wy is

the noise on the state transition. Moreover, consider a state feedback policy up = Kxp,
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where K € R™*"= ig the policy parameter. Policy optimization essentially aims to find
the optimal policy parameter K so that the discounted accumulated cost function V(K) :=
E[ Y207 (2] Quy + u] Rug)] is minimized, where v < 1 is the discount factor.

In our simulation, we select n; = 6, n, = 6 and v = 0.5. Therefore, the problem
has dimension d = 36. When implementing the policy ur = Kixi, due to the noise wy,
evaluation of the cost of the policy K; is noisy. We apply the one-point feedback (1.1)

with noise21, two-point feedback with uncontrolled noise 14;20

and the residual one-point
feedback (2.4) to solve the above policy optimization problem. To evaluate the cost V(K})
given the policy parameter K; at iteration ¢, we run one episode with a finite horizon length
H = 50. The dynamical matrices A and B are randomly generated and the noise wy, is
sampled from a Gaussian distribution N(0,0.12). We run each algorithm 10 times. At
each trial, all the algorithms start from the same initial guess of the policy parameter K,
which is generated by perturbing the optimal policy parameter K* with a random matrix,
as in33. Each entry in this random perturbation matrix is sampled from a uniform dis-
tribution in [0,0.2]. The performance of all the algorithms over 10 trials is measured in
terms of |V (K;) — V(K*)| and is presented in Figure 2.1(b). We observe that the resid-
ual one-point feedback (2.4) converges much faster than the one-point oracle in?! and has
comparable query complexity to the two-point feedback under uncontrolled noises consid-

ered in!%20,

This corroborates our theoretical analysis in Section 2.3. Furthermore, we
apply our residual-feedback zeroth-order gradient estimate to solve a large-scale stochastic
multi-stage decision making problem with problem dimension d = 576. The implementa-
tion details and results of the simulation can be found in Appendix A.8, where it can be

seen that our residual feedback achieves similar improvement of the convergence rate over

the conventional one-point feedback scheme.
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Chapter 3

Zeroth-Order Online Learning using
Residual Feedback

In this chapter, we extend the residual-feedback ZO gradient estimator proposed in Chap-
ter 2 to the non-stationary online optimization problems. Such problems arise in many real
world problems. For example, when we want to optimize according to human’s preference
model, it is natural to assume that human may change its opinion when his/her contex-
tual information, e.g., location, job, age, changes. Anotther example is when we learn the
optimal policy to intereact with an environment which consists of other agents. When the
other agents change their strategy, it also changes the environment we face with. Therefore,
studying ZO methods to solve non-stationary learning problems is of practical importance.
We will show that when applying the proposed residual-feedback ZO estimator to optimize
a time-varying objective function, it leads to a regret depending on how fast the objective
function changes. And we demonstrate the proposed ZO method outperforms the conven-
tional one-point ZO methods when tracking the trajectory of the time-varying optimizers
using extensive numerical experiments. The contents in this chapter are also presented in

the paper?.

3.1 Preliminaries and Problem Formulation

In this section we provide basic definitions and results on ZO that will be needed in the
subsequent analysis. We also define the residual feedback gradient estimator that we pro-
pose to solve online optimization problems with unknown gradient information. Consider

the following online bandit optimization problem

zeX

T-1
min Y  fi(x), (P)
t=0
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where X C R? is a convex set and {f;}; is a sequence of objective functions that are
unknown to the agent a priori. Specifically, we assume that at any time ¢, first the agent
makes a decision x; and then the value of the objective function f; at x; is revealed. We
also assume that the derivatives of the objective functions are unavailable. Therefore, the
agent needs to use a zeroth-order oracle to estimate the derivative information. The goal is
to determine an online decision x; (or a sequence of time-varying decisions) with cost that
is as close as possible to the cost of a fixed (or a sequence of varying optimal decisions) that
a clairvoyant agent could select, which is measured by notions of regret.

First, we define the class of Lipschitz and smooth objective functions we are concerned
with. Consider the set X5 := {2z : z = 4 du,for any 2 € X and u € US?}, where US?

represents the unit sphere in space R,

Definition 3.1 (Lipschitz functions). The class of Lipschtiz-continuous functions C°
satisfies: for any fir € COY, |fi(x) — fi(y)| < Lollxz — y||, Va,y € X5, where Lo > 0 is
the Lipschitz parameter over set Xs. The class of smooth functions CY! satisfies: for any
fr € CHL IV fi(x) = Vi) < Lillz =y, Yo,y € X5, where Ly > 0 is the smoothness

parameter over set Xjs.

The key idea in ZO is to estimate the unknown first-order gradient of the objective
function f; using zeroth-order oracles that perturb the objective function around the current
point along all directions uniformly. The ability of these oracles to correctly estimate the
gradient is typically analyzed using the smoothed version of the function f; defined as
foi(x) :=E, _ygalfi(x + 6u)], where the coordinates of the vector u are uniformly sampled
from a unit ball UB? in space R%. Specifically, we have the following results bounding the

approximation errors of the function fs(z).

Lemma 3.2. Consider a function f; and its smoothed version fs;. It holds that for all t

5L0) Zf ft S 00’07
|fsi(z) — fir(x)] <
52L11 Zf ft € 01717
and ||V fs4(x) — V()| < 0Ld, if fr € OV
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The smoothed function f5.(z) also satisfies the following amenable property.

Lemma 3.3. If f; € C%0 is Lo-Lipschitz, then fst € CYY with Lipschitz constant L =

dds—'Lg for all t.

The proofs of above lemmas are included in Appendix B.2 in the supplementary material

for completeness.

Definition 3.4. (Objective functions) We call the sequence of objective functions { fo, f1,..., ft}
naturally non-stationary when the objective function f; is selected based on the agent’s past
decisions {xo+0ug, 1 +0uy, ..., 11+ 0us—1} and does not depend on its decision x;+ duy.
The same sequence of objective functions is called adversarially non-stationary if the selec-

tion of f: depends also on the agent’s current decision x; + duy.

In this section we consider both natural and adversarial objective function sequences,
as defined in Definition 3.4. Natural non-stationary learning problems arise, for example,
in reinforcement learning, when the environment changes because of the natural shift in
the noise distribution of the agent dynamics and reward functions. On the other hand,
in multi-agent games, if an agent plays against an adversarial agent who selects its policy
based on the first agent’s policy at time ¢, then the first agent faces an adversarial non-
stationary environment. In such problems where the system evolves from f; to fi11, two
point feedback (1.2) can not be used to estimate the unknown gradient of f; as it requires
two different evaluations of f; at two different decisions z; and z; + du; at the same time,
which is not possible since f; changes after one decision variable is evaluated. Instead, a
more practical approach is to use the one-point feedback scheme (1.1) in%!. However, the
gradient estimates produced by the one-point feedback method in (1.1) have large variance
that leads to large regret and, therefore, poor ability to track the optimizer of the online
problem. To address this limitation, in this section we propose a novel one-point gradient
estimator, which we call a one-point residual feedback estimator, that has reduced variance

and is defined as

(Residual feedback): ge(xy) ==

STIRSH

(fe(@e + dup) — fro1(ze—1 + Sup—1))us, (3.1)
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where u;_1,u; ~ US? are independent random vectors. To elaborate, the proposed residual
feedback estimator in (3.1) queries f; at a single perturbed point x;+du;, and then subtracts
the value f;_1(xi—1 + dus—1) obtained from the previous iteration. Next, we discuss some
basic properties of this new estimator. We first show that this estimator provides an

unbiased gradient estimate of the smoothed function fs;.

Lemma 3.5. The residual feedback estimator satisfies E[ﬁt(xt)] = Vfsi(xy) forallz, € X

and t.

Proof. The proof follows from the fact that u; has zero mean and is independent from wu;_1,

Tt—1- ]

Remark 3.6. We note that the existing two-point estimators cannot be easily modified to
be used for mon-stationary optimization. The difficulty is in ensuring that the returned
gradient estimates are unbiased as in the case of residual feedback in Lemma 2.4. To see
this, consider the simple modification of the online two-point gradient estimator (7) proposed

,L'n,QU

gi(we) = %(ft(l’t + Ouy) — fr—1(@e — Ouy) ) uy.

Then, it is easy to see that this modified two-point gradient estimator is biased since
E[gt(azt)] # Vfsi(xe). Specifically, let gi(x) = %(ft(xt + ouy) — fro1(xy — 5ut))ut =
%(ft(a:t + duy) — fr(xy — dug) + et)ut, where €, = fi(xy — duy) — fr—1(xe — duy). Although
E[Z%(ft(a?t + ou) — fe(xe — (5ut)ut)] = Vfsi(xt), we have that E[%etut] # 0 since €
1s correlated with ug. Therefore, for this modified estimator we have that E[gt(xt)] =
E[Q% (ft(:vt + uy) — fr(xy — 5ut))ut} + E[%etut] # Vfsi(x). Note that the original two-
point estimator proposed in?’ is unbiased, because the function f; is queried at two points,
T + 0ug and xy — dug, and the noise € in this case is simply the evaluation noise that is

zero mean for any ug.

In this section, we consider the following ZO projected gradient update with residual
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feedback:

w1 =y (ze — nGe(a4)), (3.2)

where n is the learning rate and Ily is the projection operator onto the set X. The
update (3.2) can be implemented assuming that the objective function can be queried at
points outside the feasible set X, similar to the methods considered in'®2!. Note that
it is possible to modify the update (3.2) so that the iterates are guaranteed to be within
the feasible set X'. This modification and related analysis can be found in Section B.10 in
the supplementary material. The requirement that the objective function is evaluated at
feasible points in derivative-free optimization algorithms has also been considered in %39,
Specifically,'! develop the so called ellipsoid method, which requires computation of an

ellipsoid containing the optimizer at each time step. The following result bounds the second

moment of the gradient estimate generated by using residual feedback.

Lemma 3.7 (Second moment). Assume that f; € C°Y with Lipschitz constant Ly for
all time t. Then, under the ZO update rule in (3.2), the second moment of the residual
feedback (3.1) satisfies:

ALy

52 [11ge-1(2t-1)11*] + Dy, (3-3)

E[lge(xo)*] <
where Dy := 16d>L3 + %E[(ft(l‘tfl +0up—1) — fro1(zi—1 + 5Ut71))2]'

The proof of above lemma can be found in Appendix B.3 in the supplementary material.
The above lemma shows that the second moment of the gradient estimates obtained using
residual feedback forms a contraction with perturbation term Dy, provided that we choose
n and § such that the contracting rate satisfies @ = 4d°L2n?6=2 < 1. As we show later
in the analysis, this contraction property leads to gradient estimates with small variances

that allow to reduce the regret of the online ZO algorithm (3.2).
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3.2 ZO with Residual Feedback for Convex Online
Optimization

In this section, we consider the online bandit problem (P) where the sequence of functions
{ft}t=0.7—1 are all convex and the constraint set X can be either compact or the whole

domain. In particular, we are interested in analyzing the static regret of algorithm (3.2)

defined as
T-1 T—1
Ry = E[Z ful) = min y" ft(w)] . (3.4)
t=0 t=0

First, we make the following assumption on the non-stationarity of the online learning

problem.

Assumption 3.8 (Bounded variation). There exists Vi > 0 such that for all t and all

x € Xy,
|fi(x) = fi1(x)| < V5. (3.5)

Assumption 3.8 states that the variation of the objective function between two con-
secutive time instants is uniformly bounded over time. We note that this assumption
is weaker than the assumption that the objective function is uniformly bounded, i.e.,
|fi(x)| < B,Vt,x, which is used in the analysis of ZO with conventional one-point feed-
back in'%2!, In particular, under Assumption 3.8, the perturbation term in Lemma 3.7 can
be bounded as Dy < 16L3d2 + 2d2Vf25_2. Then, by telescoping the contraction inequality,
we obtain the following bound for the second moment of the residual-feedback gradient

estimate

2
E[g0(e) ) < max {E{lgo(zo)]?, —— (1623 + 25 v7) ). (36)

The detailed proof can be found in Appendix B.11 in the supplementary material. In

practice, 6 needs to be sufficiently small so that the smoothed function fs; is close to the

original function f; according to Lemma 3.2. In this case, the above bound on the second
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moment of the residual-feedback gradient estimates is dominated by (’)(d25_2Vf2), which is
much smaller than the bound on the second moment of the conventional one-point gradient
estimates O(d2672B?), where B is the uniform bound on |f;| over time. For example,
consider the time-varying objective functions, fo(z) = 1/22% and fi(z) = fi_1(z)+ns, where
n; is Gaussian noise with zero mean at time ¢. Then, it can be verified that Assumption 3.8
holds with a finite V; whereas the second moment of f;(x) is unbounded over time. As a
result, the variance of the residual feedback gradient estimates can be significantly smaller
than that of the conventional one-point feedback gradient estimates.

For any sequence of objective functions, natural or adversarial, as defined in Defini-
tion 3.4, the following result characterizes the regret of ZO with residual feedback when

the objective function f; is convex and Lipschitz.

Theorem 3.9 (Regret for Convex Lipschitz f;). Let Assumption 3.8 hold. Assume that
fi € C%Y is convex with Lipschitz constant Ly over set Xs for all t and |zo — z*| < R.
Run ZO with residual feedback for T > R? iterations with n = R%(2@LOT%)_1 and
6= \/ﬁT‘i. Then, we have that

3
2

E[||go(x0)|]?] R

Ry < V2LoVdRT? + 4 2LgVdRT1
90V2dLoT
+4v2d2 LoR2T + \/dR/2V} Lo ™' T+, (3.7)

Asymptotically, Ry = (’)((LO + Lo_lng)\/dRT%).

The proof can be found in Appendix B.4 in the supplementary material. To the best of
our knowledge, the best known regret for ZO with conventional one-point feedback is of the
order O(\/WT% )2L. Therefore, our regret bound is tighter if the function variation sat-
isfies Vf2 < O(B%LE ). Essentially, using the proposed residual feedback gradient estimator,
the regret of ZO no longer depends on the uniform bound of the function value, which can
be very large in practice. Instead, our regret only relies on how fast the function varies over
time. Note that knowledge of the neighborhood R in Theorem 3.9 allows to select the step-
size n and the parameter ¢ so that a better regret rate can be achieved that depends on R.

However, knowledge of R is not required and ZO with residual feedback converges from any
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initial point x¢g. When the parameter R is unknown, we can choose n = (QﬂLO\/aT%)_l
and 6 = \/ET_% and obtain the regret bound Ry < (’)(LORQ\/ET% + LO_I\/giQT%). The

proof can also be found in Appendix B.4.

Remark 3.10. We note that the complexity bound in Theorem 3.2 generally depends on
the values of the Lipschitz parameters Lo, L1 and the constant sz. Specifically, choose
n= R%(QﬁLg\/aT%)_l and § = \/@LEQT_i with ¢ > 0 as a tuning parameter, and we
obtain that Ry = O((Lo + Lo* ™7 + qu_IVfQ)\/ET%) when T > LXR2. If Ly < 1, we can
choose ¢ = 1 to achieve the bound Rp = O((Lo + LOV]?)\/@ %) On the other hand, if
Lo > 1, we can choose ¢ = 0 to achieve the bound Ry = O((Lo + LO_IVJ?)\/ET%). We
note that the dependence of the bounds in Theorems 3.11, 3.1/ and 3.15 on Ly, L1 can also

be optimized in a similar way by properly choosing §.

Next, we present the regret of ZO with residual feedback when the objective function f;
is convex and smooth.As before, the sequence of objective functions can be either natural

or adversarial, as per Definition 3.4.

Theorem 3.11 (Regret for Convex Smooth f;). Let Assumption 3.8 hold. Assume that
fi(z) € C%0 N CYY s convex with Lipschitz constant Lo and smoothness constant Ly over
set Xs for allt, and assume that ||xg —x*|| < R. Run ZO with residual feedback for T > R?
iterations with n = R3S (2\/§L0d§T§)_1 and § = dsR5T~ % Then, we have that
E[[|go(wo)||*] B3
W2Lod3 T3
+ (V2Lo) '3 REVETS. + 4v/2Lod3 R TS

Ry < V2Lod3 R3T3 + + 2L, d3R5TS

Asymptotically, we have that Rp = O((Lo + L1 + Lo_lVfQ)(dRT)%).

The proof can be found in Appendix B.5 in the supplementary material. To the best
of our knowledge, the best known regret for ZO with conventional one-point feedback for
convex and smooth problems is of the order (’)(Llé (dRBT) 5 )2L. Therefore, our regret bound
is tighter if the function variation satisfies Vf2 < O(B%Li% Lp). Our numerical experiments in
Section 3.5 show that ZO with residual feedback always outperforms ZO with conventional

one-point feedback in practice.
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3.3 ZO with Residual Feedback for Non-Convex
Online Optimization

In this section, we analyze the regret of ZO with residual feedback for the unconstrained
online bandit problem (P) where the objective functions {f;}+~o . 7—1 are non-convex. To
the best of our knowledge, this is the first time that a one-point zeroth-order method is
studied for non-convex online optimization. Throughout this section, we make the following

assumption on the objective functions.

Assumption 3.12. There exist Wy, WT > 0 such that the conditions below hold for all t.

1. Z,f:l |fs1(ze) = fsi—1(ze)| < W, for all x; € R4,

2. Zthl |fe(2e) — fio1(2e)]? < Wr, for all z, € RY,

The above two conditions in Assumption 3.12 measure the accumulated first-order and
second-order function variations. Such variations are called the regularity measures in

online non-stationary learning problems and are also assumed in4%4!,

Remark 3.13. The analysis in this section requires that the sequence of objective functions
satisfy Assumption 3.12 and the Lipschitz conditions C%° or C%0 N CY1 over the whole
domain. However, these assumptions are only needed for theoretical soundness. In practice,
the estimator proposed in this section can still be used if these conditions are satisfied locally
along the trajectory of the iterates of the online algorithm. In fact, in Section 2.4, we show
that the proposed estimator can be used to solve practical learning problems with objective

functions that are not necessarily globally Lipschitz.

First, we consider the case where {f;}; are nonconvex and Lipschitz continuous func-
tions. Since the objective function f; is not necessarily differentiable, V f(¢) may not exist.
Therefore, we define the regret as the accumulated gradient of the smoothed function, i.e.,
R; 5 = g E[|V f54(x)||?], inspired by the study of zeroth-order oracles in static non-

smooth optimization problems in'®. In addition, similar to'®, we require that the smoothed
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function f5; is close to the original function f; such that |fs.(z) — fi(z)| < € for all ¢. To
satisfy this condition, we need to choose § < (Lo) 'e; according to Lemma 3.2. Then,
we can show the following regret bound for ZO with residual feedback, when the objective

functions are either natural or adversarial, as per Definition 3.4.

Theorem 3.14 (Nonconvex Lipschitz f;). Let Assumptions 3.12 hold. Assume that f; €
C%0 with Lipschitz constant Lo and that f; is bounded below by f; for all t. Run ZO with

3
residual feedback with n = €} (2\/§L%d%T%)*1 and § = e;Ly". Then, we have that

_3 4
€. 2T2

[N

RT 5 < 2213 (Elfso(x0)] — fiz + Wr)d

V2 EJ%Tg 2/2dT

f
@ 1
1 L2 déw 2R [||go(x0) |2
+4\@L%€;d%T%+ o a2Wr f [Hgo( o)l ]

3
2

Asymptotically, RF;S = O(d%L%e; (Wrp + WTT_l)T%).

The proof can be found in Appendix B.6. Theorem 3.14 implies that the regret bound
satisfies R;d/T — 0 whenever Wp = O(T%EJ%> and Wy = O(T%e]%). In particular, if the
bounded variation Assumption 3.12 holds, then we have Wy < O(TV]?), and it suffices to
let T_%e;% = o(1).

Next, we assume that the objective functions f; in (P) are non-convex and smooth and
study the regret RgT = ZtT;(} E[|V fi(x¢)|%]. Specifically, we provide the following regret

bound for ZO with residual-feedback for natural or adversarial objective functions, as per

Definition 3.4.

Theorem 3.15 (Nonconvex smooth f;). Let Assumptions 3.12 hold. Assume that f; €
CO9NCHY with Lipschitz constant Lo and smoothness constant L1 and that f; is bounded be-
low by ff for allt. Run ZO with residual feedback for T iterations with n = (QﬁLod%T%)_l
and § = (d%Ti)*l. Then,

RI < 4V2Lo(E[f50(x0)] — fiz + Wr)d5T? + 8v2L1 Lods T
—  LiE[|lg 2
n \/LileéwT+ 1E [[|go(x0) [I]

0

4 1
+2L%d3Tz.
V2Lod5T? !

Asymptotically, RT = O(d3 LoWrT? + d3 Ly Ly~ Wr).
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The proof can be found in Appendix B.7. Theorem 3.15 implies that the regret bound
satisfies RZ/T — 0 whenever Wy = o(T %) and Wy = o(T). We note that these require-
ments on Wr, WT are weaker than those in the case of nonsmooth problems, as they do

not rely on the small parameter ;.

Remark 3.16. The proposed residual-feedback gradient estimator can also be used with
projected stochastic gradient descent algorithms when the online nonconvex learning prob-
lems have set constraints. The analysis in such a setting is included in Appendixz B.8 in the

supplementary material.

3.4 ZO0O with Residual Feedback for Stochastic On-
line Optimization

Our proposed residual feedback gradient estimator can be also extended to solve stochastic
online bandit problems. Since the regret analysis is similar to that for deterministic online
problems presented before, we only introduce the key technical lemmas and comment on
the differences in the proof. Consider the stochastic online bandit problems
T—1
gg;(l tz_; E[Fi(; & )], where E[F (2:&)] = fi(2), Vt,

where & denotes a certain noise that is independent of z. Different from the deterministic
online problems discussed before, the agent here can only query noisy evaluations of the
objective function. To solve the above problem, we propose the following stochastic residual
feedback

~ d
g(we) = % (Fy(2e + du; &) — Froa(w—1 4 0u—1:&-1)),

where &1 and & are independent random samples that are sampled at consecutive it-
erations ¢ — 1 and ¢, respectively. Since the noisy function value F'(x;&;) is an unbiased
estimate of the objective function fi(x), it is straightforward to show that (3.4) is an unbi-

ased gradient estimate of the function f5;(z). To analyze the regret of ZO with stochastic
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residual feedback, we first consider the convex case and make the following assumption on

the variation of the stochastic objective functions.

Assumption 3.17. (Bounded stochastic variation) There exists Vi¢ > 0 such that for all
t and i1 € X, E[(Ft(xt_l,ﬁt) —Ft_l(xt_l,ﬁt_l))z} < Vf2§, where the expectation is taken

over the evaluation noises & and &—1.

The above assumption generalizes Assumption 3.8 to stochastic problems. The bound
Vfg controls both the variation of function and the variation due to stochastic sampling.
The following lemma characterizes the second moment of the stochastic residual feedback

gradient estimates. Its proof can be found in Appendix B.9.

Lemma 3.18. Assume F(x,&) € C%0 with Lipschitz constant Lo for all & and x € Xj.
Then, under the ZO update rule, we have that

~ Ad’LEn? .
E[l|ge(z0)II*] < =55 Ellge(@-1)*] + Dee,

where Dy ¢ == 16L%d? + %E[(Ft(azt_l +oup—1,&) — Fr—1(z—1 + 5ut_1,§t_1))2]

Observe that the above second moment bound is very similar to that in Lemma 3.7,
and the only difference is the perturbation term. Consequently, ZO with stochastic residual
feedback achieves almost the same regret bounds as those in Theorems 3.9 and 3.11, and

one simply needs to replace V; by Vj¢. For non-convex problems, we adopt the following

assumption that generalizes Assumption 3.12.
Assumption 3.19. There exists Wy, Wﬂg > 0 such that the following two conditions hold
for all t.
1. Z,f:l (f(;,t(a;t) — f(g,t,l(xt)) < Wr for all z; € R,
2. Zthl E[|Fy(2i_1;&) — Fro1(ze1;&-1)]%] < WT{ for all z;—1 € R, where the expec-
tation is taken over evaluation noises & and &;—1.

Then, following similar steps as those in the proofs of Theorems 3.14 and 3.15, we
can obtain similar regret bounds for ZO with stochastic residual feedback (simply replace

Wr, WT in Theorems 3.14 and 3.15 by Wrg, WT@ respectively).
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3.5 Numerical Experiments

In this section, we compare the performance of ZO with one-point, two-point and residual
feedback in solving two non-stationary reinforcement learning problems, i.e., LQR control
and resource allocation, in which either the reward or transition functions are varying
over episodes. The details of the numerical experiment implementation can be found in

Appendix B.1.

3.5.1 Nonstatinoary LQR Control

We consider an LQR problem with noisy system dynamics. The static version of this
problem is considered in3%33. Specifically, consider a system whose state x;, € R™ at step
k is subject to a transition function zp,1 = Auxy + Biug + wg, where up € R™ is the
action at step k, and A; € R™*" and B, € R™*™ are dynamical matrices in episode t.
These matrices are unknown and changing over episodes. The vector wy, is the noise on the
state transition. Specifically, the entries of the dynamical matrices Ay and By at episode
0 are randomly generated from a Gaussian distribution A(0,0.1?). Then, we generate the
time-varying dynamical matrices as A;11 = Ay + 0.01M; and Biy1 = By + 0.01V;, where
M, and Ny are random matrices whose entries are uniformly sampled from [0,1]. Moreover,
consider a state feedback policy uy = Kixyg, where K; € R™*" ig the policy parameter
that is fixed during episode . We assume that there exists an optimal policy K so that the
discounted accumulated cost function V;(K) := E[ZkH;Ol Y¥(@] Qzy, + ul Ruy,)] at episode
t is minimized, where v < 1 is the discount factor and H is the horizon. The goal is to
track the time-varying optimal policy parameter K; so that Vi(K;) — Vi(K}) is small in
every episode.

We apply the conventional one-point method in?! and the proposed residual-feedback
method (3.4) to solve the above non-stationary LQR problem. The performance of the
two-point method in?" is also presented to serve as a benchmark, although it is not pos-

sible to implement in practice for non-stationary problems. This is because the two-point
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Figure 3.1: Comparative results of ZO with the proposed one-point residual
feedback (3.1) (blue), the two-point oracle in?® (orange) and the conventional
one-point oracle in?' (green) for online policy optimization in nonstationary LQR.
Figure 1(a) presents the regrets Z,:T:o |[V(K;) — V(K*)| achieved using the three
diffident oracles and Figure 1(b) presents the variance of the gradient estimates
returned by the three methods. The two point method (orange) is infeasible to use

in practice and is presented here to serve as a simulation benchmark.

method in?" requires to evaluate value function V; for two different policy functions at two
consecutive episodes. However, evaluating the value function V; for a given policy during
episode t requires to collect samples by executing this policy. Then, during the subse-
quent episode t 4 1, since the problem is non-stationary, the dynamic matrices change to
Ayy1, Byy1 and so does the value function Vi4q. Therefore, it is not possible to evaluate
the same value function V; at two different episodes and, as a result, the two-point method

20 is not applicable here. Each algorithm is run for 10 trials, and the stepsizes are op-

in
timized for each algorithm separately. The accumulated regrets Zf;ol |[V(K:) — V(KY)|
of the three algorithms are presented in Figure 3.1(a). We observe that ZO with residual
feedback achieves a much lower regret than the conventional one-point method and has a

comparable performance to that of the two-point method. Moreover, we present in Fig-

ure 3.1(b) the estimated variance of the gradient estimates returned by these three oracles
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Figure 3.2: Comparative results of ZO with the proposed one-point residual
feedback (3.1) (blue), the two-point oracle in?® (orange) and the conventional
one-point oracle in?' (green) for the non-stationary resource allocation problem.
Figure 2(a) presents the varying cost J;(6;) achieved using three diffident oracles
and Figure 2(b) presents the variance of the gradient estimates at agent 1 returned
by the three methods. The two point method (orange) is infeasible to use in

practice and is presented here to serve as a simulation benchmark.

at the policy iterates over episodes. It can be seen that the variance of the gradient esti-
mates returned by our proposed residual-feedback is close to that of the gradient estimates
returned by the two-point feedback and is much smaller than that of the gradient estimates
returned by the conventional one-point feedback. This observation validates our theoretical

characterization of the second moment of the residual feedback gradient estimates.

3.5.2 Nonstationary Resource Allocation

We consider a multi-stage resource allocation problem with time-varying sensitivity to the
lack of resource supply. Specifically, 16 agents are located on a 4 x 4 grid. During episode
t, at step k, agent i stores m;(k) amount of resources and has a demand for resources in
the amount of d;(k). Also, agent i decides to send a fraction of resources a;;(k) € [0, 1]

to its neighbors j € N; on the grid. The local amount of resources and demands of
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agent i evolve as m;(k + 1) = m;(k) — > ;cn; aij (K)mi(k) + 3 5cp aji(k)m;(k) — di(k) and
d;i(k) = v sin(w;k + ¢;) + w; i, where w; i, is the noise in the demand. At each step k, agent
i receives a local cost 7;¢(k), such that r;+(k) = 0 when m;(k) > 0 and r; (k) = (mi(k)?
when m;(k) < 0, where (; represents the varying sensitivity of the agents to the lack
of supply during episode t. Let agent ¢ makes its decisions according to a parameterized
policy function m; (045 6;¢) : O; — [0, 1]|M'|, where 6; ; is the parameter of the policy function
7t at episode ¢, 0; € O; denotes agent ¢’s local observation. Specifically, we let 0;(k) =
[m;(k), d;(k)]T. Our goal is to track the time-varying optimal policy so that the accumulated
cost over the grid Ji(6;) = Z}il Ef:o v¥r; +(k) during each episode is maintained at a low
level, where 6; = [...,60;4,...] is the policy parameter, H is the problem horizon at each

episode, and -y is the discount factor.

In Figure 3.2(a), we present the cost J¢(6;) achieved during each episode after 10 trials of
7.0 with residual-feedback, one-point, and two-point feedback which, as before, is impossible
to use in practice for this non-stationary problem either. It can be seen that ZO with our
proposed residual-feedback achieves a cost Ji(6;) that is as low as the cost achieved by
the two-point feedback in this non-stationary environment. In particular, ZO with both
residual and two-point feedback performs much better than ZO with conventional one-point
feedback. Figure 3.2(b) also compares the estimated variance of the gradient estimates
returned by these feedback schemes. It can be seen that the variance of the gradient
estimates returned by the residual feedback oracle is comparable to that of the gradient
estimates returned by the two-point oracle and is much smaller than that returned by the

conventional one-point oracle.
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Chapter 4

Zeroth-Order Distributed M ARL using
Residual Feedback under Partial
Observations

In this chapter, we decentralize the proposed residual-feedback ZO gradient estimator to
solve a distributed learning problem. Specifically, we consider the scenario where the evalu-
lation of the objective function cannot be conducted by each local agent on its own. Instead,
the global objective function is the summation of each agent’s local objective, and therefore,
the agents need to evalulate the global objective function through collaboration. Due to
limited communication capability, the global objective function cannot be exactly evaluted
at each local agent, and a systematic error exists in their local evaluations. We will study
how such objective function evaluation errors affect the convergence of the decentralized ZO
method with residual-feedback oracle and how to alleviate the effects of such errors. Our
analysis in this chapter will be conducted considering a MARL problem with partial obser-
vations. When each agent only observes partial states in the system, it cannot compute the
policy gradients because the environment becomes non-Markovian. This naturally leads us
to find solultions via ZO methods. To the best of our knowledge, our results presented here
are the first works that provide theoretical convergence guarantee on finding approximately
optimal policies for MARL problems with partial observations. The content in this chapter

has been included in the paper?.

4.1 Preliminaries and Problem Formulation

Consider a multi-agent system consisting of N agents. The agent dynamics are gov-
erned by a Makov Decision Process (MDP) defined by a tuple (S,A,R,P,~), where

st = [s1,4, 824, ---,5N¢] € S and a; = [a14, a2y, ..., any] € A denote the joint state and ac-
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tion spaces of the NV agents at time instant ¢. The reward vector r = [r14,r24,...,7N¢ € R
denotes the local rewards received by each agent at time ¢. The local reward r; (s, ar, wy)
is affected by the joint state and action of all the agents in the network, and is also subject
to noise wy. The transition function P(s¢,a, si41) : S x A xS — [0,1] € P denotes the
probability of transitioning to state s;y1 when the agents take action a; at state s;. Let
0;+ € O; represent the local observation received at agent ¢ at time ¢, which contains par-
tial entries of the joint state and action vectors, s; and a;. Agent ¢ selects its action a; ¢
based on the observation o;; using its local policy function m; : O; — A;. Let m denote
the joint policy function which consists of local policy functions ;. Then, the accumulated

discounted reward received by agent i is defined as Q7 (s,a) = E[th:o Yorig

S0 = 8,a0 = aj
or V7(s) = E[Zg;o v'rit|so = s], when the agents start from the state-action pair (s,a) or
state s, follow the policy 7, and apply a discount factor v < 1 to their future rewards .
Our goal in this section is to find an optimal joint policy function 7* that solves the
problem max, 3 Zfil Ji(m), where Ji(m) = E(s) a)~po [QF (50, a0)] and po is a distribution
that the initial state-action pair is sampled from. To do so, we assume that the local policy
function m; is parameterized as m;(6; ), where 6;; < R% is the local policy parameter
during episode k. Stacking these local policy parameters into the global policy parameter

vector § € R, we can rewrite the problem we consider in this section as
1 N
max J(0) = < Z; Ji(6). (4.1)
1=

Problem (4.1) can be solved using distributed Actor-Critic methods as in?%3°. These meth-
ods require that all agents maintain local estimates of the global value function or the global
policy function and that these local estimates are parameterized in the same way and de-
pend on the global states and actions of all other agents. Therefore, they cannot be used
for MARL with partial state and action information. Instead, in this section, we propose

a new distributed zeroth-order policy optimization method that relies on the stochastic

! Although we consider a task with accumulated discounted rewards in this section, our proposed

methods can be easily adapted to task considering averaged rewards.
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gradient ascent update
Op+1 =0k + VJ(0) (4.2)

to determine optimal policy parameters 6 that solve Problem (4.1). The key idea that
makes it possible to use partial state and action information in the update (4.2) is the
use zeroth-order estimators V.J(6;) of the true policy gradient V.J(6). In this section, we

adopt the one-point residual-feedback policy gradient estimator

@J(Hk:) — ‘](ek + 6Uk7£k) - J(gak—l + (5Uk—1‘£k—1)uk (43)

As discussed in Chapter 2, same as the estimator (1.1), the estimator (4.3) only requires one
policy evaluation at each iteration, but can use the history of policy evaluations to effectively
reduce the variance of the current policy gradient estimate and, therefore, improve the

learning rate.

According to!!®) both estimators (1.1) and (4.3) provide unbiased gradient estimates
of a smoothed function Js5(0) at 6, where Js(6) is defined as Js5(0) := E, [J(0 + éu)] and u
is subject to a standard multivariate normal distribution. Therefore, updating the policy
parameter ) as in (4.2) using the gradient estimates (1.1) or (4.3) will in fact converge
to a stationary point of the smoothed function J5(6) rather than a stationary point of the
value function J(#) that may be nonsmooth. To ensure that the stationary point found by
this process is meaningful for the original MARL problem, we need to define appropriate
optimality conditions that additionally ensure that Js(6) and J(f) are close to each other.

Specifically, we consider the following optimality criterion
IV Js(@)]|* < e, and [J5(6) — J(0)] < ey, (4.4)

which suggests that 6 is an e—stationary point of the smoothed value function J5(6), and
that the smoothed value function Js(6) is € j-close to the true value function J(6). To bound
the distance between the smoothed function Js(#) and the original value funtion J(#) in

(4.4), we need the following assumption on the value function J(6).
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Assumption 4.1. The function J(0) is Lipschitz with constant Lo, that is, |J(01)—J(02)| <
L0||91 — (92”, for all 61,65 € R,

Given Assumption 4.1, the following result for the smoothed value function Js(6) holds.

Lemma 4.2. (Gaussian Approvimation’®) Given Assumption 4.1, the smoothed function

J5(0) satisfies |J5(0) — J(0)| < 6LoVd, for all § € RY,

According to Lemma 4.2, to control the approximation accuracy of the smoothed func-
tion J5(0), the parameter § needs to be selected appropriately. The choice of this parame-
ter will be discussed in Section 4.2. Note that although the random exploration direction
u ~ N (0, I;) needed to evaluate the estimator (4.3) can be sampled in a fully decentralized
way, the global value J (6 + dug) = % Zf\il Ji(0k + dug, &) is not accessible by the local
agents. In the next section, we design a new algorithm that relies on partial state and action

information only to produce a fully decentralized implementation of the estimator (4.3).

4.2 Algorithm Design and Theoretical Analysis

In this section, we propose a fully distributed zeroth-orther policy optimization algorithm
for MARL that employs the residual-feedback zeroth-order policy gradient estimator (4.3).
Specifically, we first introduce a consensus step so that the global value J(6y + dug, &) in
the estimator (4.3) can be computed locally. Given a finite number of consensus iterations,
the local estimates of J (0 + dug, &) will be inexact and, therefore, the local policy gradient
estimates will be biased. To control this bias, we then introduce a value tracking technique
that reduces the bias at the current episode using the local estimates of J (0 + dug, &)
from previous episodes. Finally, we provide convergence results showing that the proposed
distributed zeroth-ortder policy optimization method with constant stepsize converges to
a neighborhood of the global optimal policy that is controlled by the number of consensus
steps during each episode. Proofs of all theoretical results that follow can be found in the

supplementary materials.
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Algorithm 1: Distributed Residual-Feedback Zeroth-Order Policy Opti-
mization

N =

© W g9 o w»

10
11
12

13
14

15

Input: Exploration parameter ¢, stepsize «, consensus matrix W, number of

consenseus steps N, initial policy parameter 6y, discount ratio -y,
maximum number of time steps run per episode ¢y, number of episodes
K, and the logic variable DoTracking.

Set ,u;l(Nc) =0foralli=1,2,...,N ;
for episode k=0,1,2,..., K do

For agents i = 1,2,..., N, let agent ¢ sample a random exploration direction
u; ), from the standard multivariate normal distribution ;

Let all agents implement their perturbed policy m;(6;  + du; i) for tmax time
steps and construct unbiased estimates of their local accumulated rewards
{J:(Ok + ug, &)}

For all agent i = 1,2,..., NV,

if DoTracking = False or kK == 0 then
| set puf(0) = Ji(Or + Oug, &) ;

else
| set pF(0) = pf N (Ne) + Ji(Ok + Sug, &) — Ji(Op—1 + Sup—1, &—1) 5

end

for m=0,2,...,N.—1do

For agents i = 1,2,..., N, let agent i send z¥(m) to its direct neighbors
j € N; and conduct local averaging by computing

pi (m A+ 1) = 32, Wignli(m) ;

end
For agents i = 1,2,..., N, let agent ¢ update its current policy parameter 0; j,
by
k(N.) — u*~ (N,
0i,k+1 = ei,k + O['ul ( C) 6MZ ( C) U f- (45)

end

that the N agents form a communication graph G = (V, ), where V = {1,2,..., N} is the
index set of agents and & represents the set of edges. The edge (i,7) € & if agents i
and j € N can directly send information to each other. Moreover, we define by W €
RNXN
(i,7) € € and W;; = 0 otherwise. Note that the communication graph G is independent

of the coupling between agents in their state transition function P(sy, at, S¢+1) and reward

Our proposed algorithm is summarized in Algorithm 1. In what follows, we also assume

a weight matrix associated with the graph G such that the entry W;; > 0 when

functions {r;(s¢, a;)} defined in Section 4.1.
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4.2.1 Distributed Residual-Feedback Zeroth-Order
Policy Optimization

In this section, we describe and analyze our proposed residual-feedback zeroth-order policy
optimization algorithm in the absence of value tracking, i.e., when DoTracking = False in
Algorithm 1 (line 6). Specifically, at the beginning of episode k, the agents randomly per-
turb their current policy parameters 6;, using a random exploration direction uj and conduct
on-policy local policy evaluation to obtain an unbiased estimate of the local accumulated
rewards {J;(0r + oug)}i=12,.. n (lines 3-4). To conduct local policy evaluations, existing
MARL methods?%3% usually assume that the global state-action pairs (s¢, a;) are available
to all local agents. Under this assumption, it is possible to update the local Critic functions
QT (st, ar) in2%30 to reduce the variance of policy evaluations and, therefore, the variance of
the policy gradient estimates*?. However, when the agents only have access to local observa-
tions o0;+ which contain partial entries of (s¢, at), these methods cannot be used. Therefore,
in this section, evaluate the local policies as J; (0 + duy, &) = ri(1) +97i(2) + 72 (3) +. . .,
same as in REINFORCE*3. This policy evaluation method can be implemented in a fully
decentralized way but is subject to large variance, which increases the variance of the zeroth-
order policy gradient estimates and degrades the converegence speed of the algorithm. The
residual-feedback policy gradient estimator (4.3) can effectively reduce this variance as we
will discuss later. In what follows, we make the following assumption on the local policy

value estimator.

Assumption 4.3. For all agents, the local policy evaluation is unbiased and subject to
bounded variance. That is, Be[J;(6,€)] = Ji(8), and E[(J;(6,€) — J;(6))?] < o2 for i =
1,2,...,N.

After all agents compute unbiased local policy values J;(6; i, &k, i), they conduct N
rounds of local averaging on their local policy values {J;(6x + dug, &) bi=1,2,..n (lines 7, 11-
13). As aresult, they obtain inexact estimates uf (Nc+1) of the global accumulated rewards

J (0 + dug, ). To bound this estimation error, we need the following two assumptions.
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Assumption 4.4. The undirected communication graph G is connected and fixed for all
episodes. In addition, the associated weight matriz W is doubly stochastic. That is, W1 =1
and WT1 = 1.

Assumption 4.5. The local values J;(0,€) are upper bounded by J,, and lower bounded by

Jy foralli=1,2,..., N and all policy parameters 0.

Assumption 4.5 can be easily satisfied when the rewards are bounded and the discount
factor v < 1. When the rewards are unbounded, Assumption 4.5 holds when all policy
iterates are stabilizing policies®2. Let pf(m) = [uf(m), ..., uk (m)]T. Then, we can show

the following lemma.

Lemma 4.6. Given Assumptions 4.4 and 4.5, we have that ||u*(N.) — J(0x + Sug, &) 1| <
p%c\/N(Ju — J1), where pw = |[W — £117]| < 1.

Lemma 4.6 shows that the bias in the local estimate u*(N.) can be controlled by
choosing a large enough N., when the local policy values are upper and lower bounded by
J. and J;. Using the estimates p*(N.), the agents can then construct the decentralized
policy gradients (4.5) and update their policy parameters 6; (line 14). This completes
episode k. The decentralized residual-feedback estimator (4.5) can reduce the variance of
the policy gradient estimates, since the value estimate of the last policy iterate ,uf_l(Nc)
can provide a baseline to compare ,uf (N¢) to. Effectively, the value estimate of the last
policy iterate has an analogous variance reduction effect to the state value V7 (s) that is

used as a baseline for the action value Q™ (s, a) in Actor-Critic methods*?. 3 Next, we show

how to select N, so that the optimality criterion (4.4) is satisfied.

Theorem 4.7. (Learning Rate of Algorithm 1 without Value Tracking) Let As-

sumptions 4.1, 4.8, 4.4 and 4.5 hold and define § = =, a =

1.5
€5
VLo’ wasyEe ond Ne 2

3Note that the fact that the value of past policy iterates can also be used as a baseline to reduce
the variance of policy gradient estimates may be of interest in its own right in the development

of policy gradient methods.
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Vee
108( 515 1o =)

have that + S ' E[|[VJ5(05)[17] < O(d e K—09) + €.

)/ log(pw). Then, running Algorithm 1 with DoTracking = False, we

As shown in Theorem 4.7, Algorithm 1 converges to a neighborhood of the global
optimal policy whose size at steady-state is equal to § and can be controlled by choosing
the number of consensus steps N.. Moreover, the number of consensus steps N. depends
not only on the user-specified accuracy level € and €7, but also on the range of the policy
bounds J,, and J;. This is because the consensus iteration at each episode is independent of
those at previous episodes. Therefore, to select N, to control the estimation bias |[u(N,) —
J (0 + duk, &k)|, we need to select the term J, — J; in the definition of N, in Theorem 4.7
as the difference between the initial estimates p¥(0) = J;(0) + dug, &) € [J;, Ju] that have

the maximum and minimum value.

4.2.2 Distributed Residual-Feedback Zeroth-Order

Policy Optimization with Value Tracking

As discussed before, the estimation bias |u¥ (N.) —J (05 +6uy, £ )| at episode k can be reduced
using local policy estimates form previous episodes. Specifically, rather than resetting
11F(0) = Ji(0) + dup, &) in line 7 of Algorithm 1, we update it using the estimate u¥~!(V,.)
from the last episode as 1¥(0) = ,uf_l (N¢)+ Ji (0 + 0ug, &) — Ji(Op—1 + dug—1,&k—1). Then,
we run N, consensus iterations on p¥(0) as before. Let i*(m) = %ZZJL pk(m). The
following lemma shows that the value tracking updates preserve the global information

Lemma 4.8. Let Assumption 4.4 hold. Then, running Algorithm 1 with DoTracking =
True, we have that i*(m) = J(0 + dug, &) = % ZZ]\LI Ji(0ik, &), for allm =1,2,..., N,
and all k.

Lemma 4.8 implies that the local estimation bias [u¥(N,) — J (0 + dug, &)| is equal to

the consensus error [u¥(N,) — fi*(N.)|. Using value tracking, the bias at episode k can be
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controlled by the consensus steps of past episodes. This is formally shown in the following

lemma.

Lemma 4.9. Let Assumptions 4.1, 4.8, 4.4 hold and define El’j = ||pr(Ne) — fik(Ne)||-

Then, running Algorithm 1 with DoTracking = True, we have that
o2
E[(EE)?) < <2E[<E5—1> ] + 32413 S R[(BE)2 g 7] + 324°L3 52E[<Ek 2)2 ]W

+ 16N L E[||[ VI (04—1) 1] i + 32NdLE pile + 16N a2 pie. (4.6)

Compared to Lemma 4.6, the proposed value tracking technique makes it possible to
bound the consensus error at episode k with the consensus errors from episodes k — 1 and
k —2. Furthermore, at each episode, this error is perturbed by the second order momentum
of the policy gradient estimate (4.3) which can be controlled by choosing a small stepsize
« and a large number N,.. To see the benefit of this result, when the consensus errors from
episodes k—1 and k£ —2 are small, value tracking needs fewer consensus iterations to achieve
small consensus error at episode k. This is in contrast to the case without value tracking,
where N, is selected regardless of previous consensus errors. The following result shows
convergence of Algorithm 1 using value tracking.

Theorem 4.10. (Learning Rate of Algorithm 1 with Value Tracking) Let Assump-

15

fL P T 4 5L2\/

tions 4.1, 4.3, 4.4 hold and define § = , and

€

1
N, > 1 “og(—=), 1 -1 ,
= max( og(pw) Og(gﬂ)’ og(pw) Og(\/2G2€J +64(d + 4)2dL2 + 32d3L(2)02/63))’

where G? = max (]E[H@J(HO)HQ], 2J¢ 1+ 32L3(d + 4)? +16d2L(2)‘6’22>. Then, running Algo-
J

rithm 1 with DoTracking = True, we have that

1 K—-1
Z E |VJ§ gk || ] < O(d1'56}1’5K70‘5) +
k:l

In Theorem 4.10, the constant G? represents the uniform bound on E[||V.J(8;)|?] for

all k =1,2,..., K. Moreover, from the bounds on N, in Theorems 4.7 and 4.10, when ¢

and €y are close to 0, we obtain that N, ~ (’)(log(c‘i/lif;)/log(pw)) in Theorem 4.10 and
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N, ~ O(log(%)/log(pw)) in Theorem 1. This suggests that the choice of N, in
Theorem (4.10) depends on the variance of function evaluation o2, while in Theorem 4.7
the choice of N, depends on the range of value functions [.J;, J,,]. In practice, the variance of

function evaluation o2

can be much smaller than the range of its value [Jj, J,,]. Therefore,
Algorithm 1 with value tracking requires fewer consensus steps per episode than without

value tracking.

Remark 4.11. The proposed value-tracking technique can also be combined with the exist-
ing distributed one-point policy gradient estmiator® to reduce the variance of its gradient
estimates. To see this, note that the global value function J(0y + dug, &) used in the one-
point estimator (1.1) can be replaced by the local esimate of the value J (0 + duk,&k), i.e.,
,uf(Nc). Then, we obtain the following distributed one-point policy gradient estimator with

value tracking:

k
“(Ne
15 (5 )ui’k
Zje/\@-[” Nc]ij (,Uz?_l(Nc) + J](Hk —+ (5uk, fk) — Jj(ak,1 + (5uk,1, fkfl))

= 5 Us k- (4.7)

692‘,1@ J(0k) ~

We observe that the estimator (4.7) has the same structure as the distributed residual-

feedback policy gradient estimator without value tracking (4.5) except for an additional

en, [WNe]ipls =~ (N . . .
noise term e 5} sty )ui,k. Therefore, the variance of the estimator (4.7) is re-

duced through a similar mechanism as that of the distributed residual-feedback policy gra-
dient estimator without value tracking. As a result, the learning performance is improved
compared to that of the existing distributed one-point policy gradient estimator®, as we will

demonstrate in the next section.

4.3 Numerical Experiments

In this section, we illustrate our proposed MARL algorithm on stochastic multi-agent multi-
stage decision making problems. Specifically, we conduct an ablation study to demonstrate

the benefits of applying the decentralized residual-feedback zeroth-order policy gradient
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Figure 4.1: Distributed zeroth-order policy optimization with the proposed
residual-feedback estimator (4.3) (orange) versus the one-point estimator (1.1)
(blue). In each case, Algorithm 1 is run 10 times. (a): Comparative results without

value tracking. (b): Comparative results with value tracking.

estimate (4.5) and the value tracking technique separately. We consider 16 agents that are
located on a 4x4 grid. Agent i stores resources and receives a local demand in the amount of
m;(t) and d;(t) at time ¢. In the meantime, agent i also shares resources with its neighbors
in the grid in the amount of [...,a;;(t),...]jen;, where a;;(t) € [0, 1] denotes the fraction
of resources agent ¢ sends to its neighbor j at time ¢. The local resources and demands at
agent i are defined as m;(t+1) = m;(t) — e, aij (O)mi(t) +3_ e, aji(t)m;(t) —di(t) and
d;i(t) = A; sin(wit+¢;)+w; ¢, where w; 4 is the noise in the demand. At time ¢, agent i receives
alocal reward r;(t), such that r;(t) = 0 when m;(t) > 0 and 7;(t) = —m;(¢)? when m;(t) < 0.
We consider a partial observation scenario, where agent ¢ can only observe its local resources
and demands, that is, 0;(t) = [m;(t),d;(t)]T. Agent i determines its actions {a;;(t)} using
its local policy function m;(0;(t)). Specifically, we have that a;; = exp(zi;)/ >, exp(2ij),
where z;; = 212:1 lo; — ¢pl|?0;5(p) and ¢, is the p-th feature parameter. We consider
episodes of length T' = 30, and select the discount factor as v = 0.75. The communication
graph is assumed to be a chain graph. Moreover, we select the number of consensus steps

N, =1, and show that Algorithm 1 can achieve policy improvement even in this challenging
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Figure 4.2: Distributed zeroth-order policy optimization with value tracking
(orange) versus without value tracking (blue). In each case, Algorithm 1 is run 10
times. (a): Comparative results for the one-point estimator (1.1). (b): Comparative
results for the proposed residual-feedback estimator (4.3). (¢) Maximum absolute

consensus errors max; | (N.) — J(0x + duy, &)| over episodes.

scenario. The stepsizes are selected so that the convergence speed is optimized.

First, we compare the performance of Algorithm 1 using the decentralized policy gra-
dients (4.3) and (1.1), without value tracking. The learning progress is presented in Fig-
ure 4.1(a). We observe that the decentralized residual-feedback policy gradient estimator
has less variance than the existing one-point policy gradient estimator and, therefore, im-
proves faster and finds a better policy in the end of the learning. The same effect is observed
in Figure 4.1(b), when both estimators are implemented with value tracking. This suggests

that the residual-feedback zeroth-order policy gradient estimator is superior to the one-
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point policy gradient estimator for decentralized policy optimization problems.

Next, we demonstrate the merit of using value tracking. Specifically, we first run Algo-
rithm 1 with the decentralized one-point policy gradient estimator (1.1), with and without
value tracking. The difference in the performance is shown in Figure 4.2(a). We observe
that using value tracking results in less variance and also achieves better policies. This is
because the decentralized one-point policy gradient estimator with value tracking (4.7) has
the same variance reduction effect on the policy gradient estimates as the residual feedback
estimator 4.3, as we have discussed in Remark 4.11. Figure 4.2(b) shows the results of using
the residual-feedback policy gradient estimator (4.3) with and without value tracking. We
observe that Algorithm 1 with value tracking performs slightly better in the mean than
without value tracking. This is because value tracking can track the value of the global
objective function better, as shown in Figure 4.2(c) where the maximum consensus error
max; |puF(N.) — J(0) + Sug, & )| at each episode k is presented. The improvement achieved
by value tracking is not very significant in Figure 4.2(b) because the underlying commu-
nication graph respects the coupling relationship among agents. Specifically, we say that
the communication graph respects the coupling relationship between agents if the action
of every agent i that can directly communicate with an agent j also directly affects the
reward and transition function of that agent j. In this case, the rewards received from an
agent’s local neighbors can approximate this agent’s contribution to the global reward well

even without tracking the information from other distant neighbors in the graph.

To further demonstrate the advantage of combining the decentralized residual-feedback
gradient estimator with value tracking, we consider a challenging scenario where the com-
munication graph does not respect the coupling relationship among agents as described
above. The performance of Algorithm 1 using the residual-feedback estimator (4.3) with
and without value tracking is presented in Figure 4.3(a). In this case, using rewards from
the local neighbors does not approximate well the local agent’s contribution to the global
reward. Therefore, value tracking can help obtain a better estimate of the global reward

information. As a result, the decentralized residual-feedback policy gradient estimator with
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Figure 4.3: (a) Algorithm 1 with value tracking (orange) versus without value
tracking (blue) under the communication graph which does not respect the coupling
relationship among agents. (b) Comparative results for Algorithm 1 under different

number of consensus steps N. and the centralized algorithms with partial and full

observations. In each case, Algorithm 1 is run 10 times.

value tracking outperforms the one without value tracking, as shown in Figure 4.3(a). We
note that, while the numerical results presented above show that the performance of Algo-
rithm 1 is affected by the structure of the communication graph among the agents, in this
section we focus on the sampling complexity of Algorithm 1 provided the communication
graph is connected. A further investigation of the relationship between the communication
topology and the learning rate of Algorithm 1 is an interesting problem that is left for our

future research.

Finally, we demonstrate the effect of the number of consensus steps N. on the per-
formance of Algorithm 1 by comparing to a centralized algorithm that uses the gradient
estimator (4.3) with both full and partial observations. Specifically, in the centralized al-
gorithm, the value of the global objective function J(0y + dug, &) is directly provided to
each local agent at each episode, and the local agents’ policy functions receive all agents’
states as inputs when full observations are assumed and only receive the neighboring agents’

states as inputs when partial observations are assumed. As shown in Figure 4.3(b), as the

52



number of consensus steps N, increases, the performance of Algorithm 1 approaches that of
the centralized algorithm with partial observations. And the performance of the centralized
algorithm with partial observations slightly underperforms that of the centralized algorithm
with full observations. This is because policy functions learned using partial observations

constitute a subset of those that can be learned using full observations.
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Chapter 5

Asynchronous Distributed Optimization
using Residual Feedback

In this chapter, we study the proposed residual-feedback oracle in another setting of dis-
tributed learning problems. Different from the one studied in Chapter 4, each agent has
access to the global objective function values. However, they do not have access to a global
clock, so they perturb their local decisions, obtain a value feedback and update their local
decision variables in an asynchronous fashion. This leads to an asynchronous ZO gradient
estimator that is in a completely different form from the ZO estimators we studied in the
last few chapters. In practice, synchroniziing all agents to conduct ZO gradient estimator
is expensive in a large-scale network. Therefore, studying the asynchronous ZO gradient
estimator is of great interest. Unlike the existing two-point methods, we will demonstrate
the asynchronous ZO estimator based on the proposed residual-feedback scheme is still
unbiased. We study its convergence under such asynchronous setting and demonstrate its
effectiveness using a distributed learning example. The contents in this chapter are also

presented in the paper?.

5.1 Preliminaries and Problem Formulation

Consider a multi-agent system consisting of N agents that collaboratively solve the uncon-

strained optimization problem

min f(x), (5.1)

T
where the cost function f is non-convex and smooth, z := (x!,...,2") € R" is the joint
decision vector, and z' € R™ is the local decision vector of agent i € {1,..., N}. We first

make the following assumptions on the cost function f.
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Assumption 5.1. The cost function f(z) : R® — R is bounded below by f*. It is Lo-

Lipschtiz and Ly-smooth, i.e.,

[f(@) = fWl < Lollz —yll, and  [IVf(x) = VYl < L]z —yll,

for all x,y € R™.

As shown in'®, L;-smoothness is equivalent to the condition;

[f(y) = flx) = (Vf(2),y —2)| < %Ll lz —yl?, (5.2)

for all x,y € R™. For each agent ¢, define the local smoothing function:

Jui(z) = ;,/f(zv + paug)e 2l qu (5.3)

where r; = [ eféuui”?'duﬁ. The random sampling vector u; = {u},...,uN} € R" is a vector
of all zeros except for the entry uz that is sampled from N(0, I,,,).! Note that fu; preserves

all the Lipschitz conditions of f as proved in'®. Specifically, we have the following lemma.

Lemma 5.2. Under Assumption 5.1, we have that , for all agents i, f,,(x) : R® — R is

Lo-Lipschtiz and Li-smooth.

As a result, (5.2) also holds for f,,;, which allows us to bound the approximation errors
of fu, and V,f,, with respect to (w.r.t.) to f and V;f, as shown in Lemma 2 below that
is adopted from!. In Lemma 2 and the following analysis, we denote by V f(x) € R™ the
gradient of f(x). Moreover, we define by V;f(x) € R" the projection of V f(z) onto the

index i by setting the entries of V f(x) not equal to ¢ to be 0.

Lemma 5.3. Under Assumption 5.1, the cost function f and its corresponding smoothed

function f,, satisfy Vi € {1,...,N}
Fu@) = f(@)] < B Lami, (5.4)

Vi (@) = Vif @) < 5 La(ng + 3)*/2, (5.5)

'In the following analysis, we drop the agent index ¢ in u; for simplicity.
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Next, we define the model that the agents use to asynchronously update their decision

variables.

Definition 5.4 (Asynchrony Model). At each time step, one agent is independently and
randomly selected according to a fized distribution P = [p1,...,pn]. The selected agent i
can query the value of the cost function® once and update its local decision variable, while
the decisions of the other agents {:Uj}j# are fized. The agents only communicate with a

central entity that has access to the global cost function but not with each other.

Remark 5.5. Definition 5.4 can be satisfied when all agents make queries and update their
decisions according to their local clock without any central coordination. Specifically, let the
time interval between each agent’s consecutive queries be called a waiting time. Then, if
each local waiting time is random and subject to an exponential distribution, according to

Chapter 2.1 in*#, Definition 5.4 will be satisfied.

5.2 Algorithm Design and Theoretical Analysis

In this section, we present the proposed asynchronous zeroth-order distributed optimization
algorithm and analyze its convergence rate. To do so, we first propose an asynchronous
zeroth-order gradient estimator based on the centralized residual feedback estimator (2.1).

For every agent i, at time step k, this estimator takes the form

G () = fxp + piug) — flff?k—M + Miuk—M)uk’ (5.6)

where k— M is a random index denoting the iteration when agent 7 conducted its most recent
update. This index takes values on a global time scale. The random sampling vector wuy
is as defined in (5.3). Note that G, is different from the centralized zeroth-order gradient
estimator (2.1), where wy, is a perturbation along the full decision vector z. Here, G,

estimates the gradient by perturbing the function f along a random direction restricted

2Here, we assume that each agent receives noiseless feedback f(z). The proposed method can be

extended to noisy feedback with bounded variance.
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to agent i’s block of the full decision vector x and uses the previous query to reduce
the variance. Indeed, G, provides an unbiased gradient estimate of the corresponding

smoothed function f,, restricted to agent i’s block, as shown in the following lemma.

Lemma 5.6. For each agent i, we have that
E [GM (xk’)} = vifui (:L'k)

Proof. Taking the expectation of both sides of (5.6), we obtain that

E[G,,(z)] = E [f(xk + piug) — f(zp—p + Miuk*M)uk
" Hi

)

—E [Muk] = Vit (@),

where the second equality follows from the fact that xp_ s and up_ s are independent from

ug. The last equality follows from the definitions of f,,, and V; f,. 0

Remark 5.7. Note that both G, (zk) and V,f,, are vectors in R™ with entries equal to

zero at blocks other than 7.

Using the local gradient estimate G, (z), we can define the update rule for every agent
1 as
Tpy1 = T — Gy, (xg), (5.7)
where «; is the step size. The proposed asynchronous zeroth-order distributed optimization
algorithm with residual feedback is described in Algorithm 23.
Without loss of generality, we assume that decision variables 2! € R™ of all agents i have
the same dimensions, and that the step sizes and smoothing parameters of all agents are also

the same, i.e., a; = a and p; = pu. To analyze the convergence of Algorithm 2, we need to

3Note that, we can also extend (1.2) for asynchronous problems and design the algorithm thereof.
The lemmas and theorems proved in this section can be easily adapted to this case as well. In
Section 5.3, we will compare these two gradient estimators empirically. However, the extension
of (1.2) is non-trivial. It can be verified that Lemma 5.6 does not hold for the extension of (1.2).

We leave it as future work.
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Algorithm 2: Asynchronous Zeroth-Order Residual Feedback

Input: sampling rate p; with Zf\il p; = 1, decision variable xf), smoothing
parameter p; and step size «; for all agents i. Set the iteration counter
t =0 and let T" be the maximum number of iterations.

1 for t <T do

2 sample an index i; according to P(i; = i) = p;;

3 sample u’ ~ N(0,1,,) ;

4 query the function value f(x + p;u) ;

5

6

7

compute G, according to (5.6) ;
update local decision 2! +— 2% — o; G, (@) ;
end

bound the second moment of the proposed gradient estimator G, (x). However, under the
asynchronous framework considered in this section, there can be a random number of agents
updating their local decision variables between the two queries made by agent ¢ at time steps
k and k— M in (5.6). These updates by other agents introduce additional variance into the
estimator (5.6) compared to the variance of the centralized estimator analyzed in'. Next,
we analyze the effect of the asynchronous updates on the second moment of the zeroth-
order gradient estimator. To the best of our knowledge, this is the first time that a bound
on the second moment of a zeroth-order gradient estimator is provided for asynchronous
problems. An additional contribution of this work, is that the proof technique presented

below can be extended to obtain similar results for the two-point gradient estimator (1.2).

Lemma 5.8. Let Assumptions 5.1 hold under the Asynchrony Model, and define by E[|| Gz () |)?]
= By [Bugipe_y UG (@o)l” ik = il where upy = (ur,...,ux) and ig) = (in,..., i),
Then, running the asynchronous Algorithm 2, we have that E[||Gy(x1)|?] satisfies

k—1

B [IGa@0l?] < 26 > (1= puin) "B (|Gt .

+4L5 (4 +7n)* +07%),
where pmin = min; p;, and the expectations are taken w.r.t. the sequence of random explo-

ration directions {uy} and the sequence of random indices of activated agents {iy}.

Proof. Suppose that at time step k, agent ¢ is selected. Taking the second moment of G,
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and using equation (5.6), we we have?

(f (g + priug) — f(@r—nr + pivug—nr)” [Jug)?
I

Euggip sy |G (o) lix = 1] <E (5.9)

Notice that

(f (g + paur) — f(@nonr + poun—nr))® < 2 (f (g + poun) — f(@r—nr + piug))” (5.10)

a

+ 2 (flpn + piug) — fl@p—n + piwg—nr))”.
b

Substituting (5.10) into (5.9), we obtain that

2a + 2b
2 . 2
Euincs (16 i =] < [ 252 ]
1
2L2 Tk — Tk—M 2
K3

<E [&

2b
& |2 ul?] (510
M
2L%n 20
< 280 (e — aiaal?] + [ 2 P,
I Hi

7

where the second inequality holds due to Lipschitzness of f and the last inequality holds
since xj, — ;)7 is independent from uy, and E[||ug|*] = 7. We first bound the second term
in the right-hand-side of (5.11). Specifically, we have that

2b
B | % ] < B (23 hux = sl P

7

< E (423 (Jluell® + llu-na 1) f ] .12
< E (413 uell’] + B [4L3 llun—ae ) E [ ]?]
<AL} ((4+n)*+n%),
where the first inequality holds due to Lipschitzness of f, the third inequality holds since
ug_ns is independent from wuy, and the last inequality follows from Lemma 1 in'?.
Next, we bound the first term in the right-hand-side of (5.11) containing the second

moment of zp — xr_ps. Given that agent ¢ updates at time step k, we can partition the

4To simplify the notation, when it is clear from the context, we drop the subscript of the expectation

and the conditional event, e.g., E[||G,, (z1)]?] = By iy 1G s (@r) ik = il1%].
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sequence of all past updates into k events A° = {M = m}, where A’ represents all
sequences of updates such that the most recent update by agent ¢ is at global time step
k — m. In particular, A?C indicates that agent ¢ has not been updated before and k is the
first time that this agent gets updated. It is easy to see that the sets {A?, ,’fnzl are disjoint
and contain all possible sequences of updates by the team of agents. Using the definition

of these events, we can rewrite the conditional expectation of ||z, — 25_a||* as

Y= EU[k],i[kﬂ] [ka - xk—MHZ ik = Z}
. | | (5.13)
= 3" By [lon = @l |4k, i = | P(AG).

m=1

Equation (5.13) can be rewritten as

k
Vi = 0 E [llak — ol |4, (A7)
m=1
k I m—1 2
=Y B || (wr—zpaa)|| 1AL | P(AL)
m=1 =0
k - m—1
<Y B m Y @k —ap)|P AL | P(AL),
m=1 L =0

2
where the last inequality holds due to the fact that (Z:ﬁl am> <k anzl a?,. We first
collect all the terms containing ||z — zx_1 %, which we denote by {V; : ||x — 251}
Then, we have that

k

it o — axa |} = D2 mE [lag — wya]]? |45, | P(AL,)
1

IN

k
B ok — w24, P(4L)
m=1

where the last equation holds by the definition of conditional expectation. Next we collect

all the terms containing ||zp_s — zx_s_1]|> for all s € {1,...,k — 1}. Specifically, we have
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that
k

Dot gy = wislPh = 30 mE [llany = oo |47, P(AL,)

mest (5.15)

k
<k YD B [fanss —an ol 1AL P(AL).
m=s+1

We claim that the right hand side of (5.15) satisfies the following equation
k
BB loks = @nes 145 P(AL) = KPASE (|2 — 2ol (5.16)
m=s+1

where A%, = UF__ ., A% . To see this, we first observe that

k
E |ox-s = 2x-s1l?] = DB [lns — r-all” |45, P(AG,)
m=1
=E (@15 — o1l [ AL | POAL) + E |2y — ool |41 PAE),  (5.17)

where A%, = U, _; A% and A%, is the complement of A%, .. The second equality follows from
the property of conditional expectation of disjoints events. Note that E[[|zg_s — 2r_s_1]|* | A%.,]
and E[||zg_s — 2p_s_1]|* |A%,] are equal. Specifically, event A%, and event A%, only differ
after time step k — s, where A}, contains all sequences of updates where i update after
k — s and A%, contains all sequences of updates where i does not updates after k — s. Since
both events AY , and A%, do not affect the agents’ updates before time step k — s, we have

that

E [l2h-s — oo 1] = E [Jlor—s — znsa|* |45,

Combining the above equality with (5.15), we have that
k . . . .
BB loks = whes 145 P(AL) = KP(AE [, — gy ] AL,
m=s+1
= KP(ALE [ — 2x—si ]
which completes the proof of (5.16). Then, we can bound Y; in (5.13) by combining (5.14)
and (5.16) and have that

k—1
E |lox = 2knl?] < KE [log = 2 alP| + 5 D PALE | 2xm = ok-m|?] . (5.18)

m=1
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By definition, we have P(A%)) = p;(1 — p;)™ ! for 1 < m < k, and P(A}) = (1 — p;)" for
m = k, where p; is the probability of agent ¢ being sampled at each time step. As a result,

P(A%,.) = (1 — p;)™. Substituting these probabilities into (5.18), we have that

o

Ellax — o] <k (1 )" [T - (5.19)

3
I

where ppin = min; p;. Substituting (5.19) and (5.12) into (5.11), we get that

k—

E[IGu (@)l < QL(W Z = o) "E [0 = 211 (5.20)

+ 4L ((4 +7n)* +a?).

Recall that all expectations from the beginning of the proof are taken conditioned on
the event {iy = i}. Now, taking the expectation w.r.t. iy on both sides of (5.20), and
substituting the step size o and smoothing parameter u into (5.20), we get that
2nL202k
2 2 _ _
E[IGa(@)I?] £ =25 37 (1= puin) "E [|Gal@i-m-1)[I*] +4L3 (4 +71)? +7%),

W

m=0
where E[||z_m — Zb—m_1]°] = 0*E[||G(xx—_m_1)]|?] according to the update rule (5.7) and

the definition of E[||Gz|/%] as in Lemma 5.8. The proof is complete. O

Lemma 5.8 indicates that the second moment of the zeroth-order gradient estimate at
time step k is related to the second moments of all previous gradient estimates. Specifically,
the effect of the second moment of the past gradient estimates on the current estimate
diminishes geometrically over time. Next, using Lemma 5.8, we present a bound on the
accumulated second moments of the residual-feedback gradient estimates from k& = 0 to

T — 1, which we will later use to prove our main theorem.

Lemma 5.9. Let Assumptions 5.1 hold under the Asynchrony Model. Then, running the

asynchronous updates Algorithm 2, we have that

ZE[HG (@)l’] < 5 (j%) (16 (0) 1]

_ 1-5 B Y
R Sy vy (1—(7+B))2M
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where v = %Z(T_l), =1 — pmin, M = 4L2 (4 + )2 +7n?) and provided with 0 <
gl . p 0 p

v+ B8 <1
The proof follows from Lemma D.1 in the Appendix.

Theorem 5.10. Let Assumptions 5.1 hold under the Asynchrony Model. Moreover, run

the asynchronous algorithm Algorithm 2 for T iterations and let & be uniformly randomly
_ \/Pmin

selected from T iterations. Then, selecting the step size a = Y5~ and the smoothing
T3

parameter p = ZL;’)*%\/E, we have E [HVf(i)Hﬂ < O(ﬁST_%).

Proof. Substituting ;41 and zj, in the version of (5.2) for the smoothed function f,,, we

obtain that

L
Jui (i) < S (@) +(V fu (8), Teg1 — ) + 71 |2k — 2kl

L1a2

NG, (5.21)

= fui(r) — (Vi fu (@), Aig) — a | Vi fu, ()| +

where A; = G, (xr) — Vifu, (xr). The first equality follows by (5.7) and the fact that
(Viw (k) zrs1 — o) = (Vifu, (Tk), Thy1 — Tx), which holds since x1; and zj, only differ
at block 7. Taking expectation w.r.t. u and ij,_1; on both sides of (5.21) conditioned on
the event {i =i}, we get that

E [fuz (xk)] -E [fuz (xk—l-l)] + LlaE

E [|V:fu ()] < - 5

IGu@I?],  (5:22)

where the inner-product term (V; f,, (zx), A; ) disappears since E[A; ;] = 0. According to

Lemma 5.3 and using the fact that (a + b)? < 2a® + 2b%, we have
IVaf (@)II* < 2 Vifu, (@7 + pf L (ni + 3)°. (5.23)

Combining (5.22) and (5.23) and, we obtain that

< Elfu@0)] = Elfys(w1:1)
- @ . (5.24)
E (G @n)l*] + 3L (R + 3)°,

CE[IVif )]
Lia

T
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where the last term follows by substituting the common smoothing parameter y and agents’

dimension 7. Taking expectation on both sides of (5.24) w.r.t. i, we have that
EE E[fa(ze)] — E [fa(zes1)]
1k
2 a (5.25)
+ 2E [[Galen) ] + 512 La (0 + 3)°,
where E[f (z1)] = E;, []Eu[k] Uk—1] [fuzk (z)|ix = ZH and E[fu(xk—&-l)] =E;, [Eu[k]vi[kﬂ] [fuzk (Tr41)|i =
i]]. IE[HGﬂ(xk)H | follows from the definition in Lemma 5.8. Next, we show that the left

[E“lk [”V f(xk)H i = z” <

hand side of (5.25) satisfies

Ei Bupy iy (Vi @) 7 lix = ] 2 prainBay iy 1V (@)1 (5.26)

To see this, by definitions of the projected gradient as in Section 5.1, since V; f(zy) is only
nonzero at block i, we have ||V f(z)|? = le\il Vi f(x)||?. Therefore, we can further get

that

va )| ZE Ulk] Tk IVif (@) ZE K] [k—1] [IVi f(xk)H i =], (5.27)

where the second equahty holds since x;, is 1ndependent from . Therefore, according to
(31), to show the inequality (30), it is sufficient to show E;, [Eu[k],i[k,l][Hvz‘kf(ﬁ?k)HQ i, =
i]] > Pmin ZZ 1 Bugy iy [V f(xp)|)? lix = i]. This is simple to prove because E;, By ige1,
Vi f @) P lix = il] = 3 piBugy iy lIVif (@)[|* ik = d]. Therefore, inequality (30) is
true. Substituting (5.26) into (5.25) and then summing (5.25) from k = 0 to T'— 1, we have

that

(07

. i(xo)] — i(xr
k=0

T—
L a 2
+ Z L [HG (1)) ] + %L12(ﬁ—|—3)3T. (5.28)
=0

,_n

2

Applying Lemma 5.9 to (5.28), we get that

T-1
Pmin E[falzo)] = E[fa(zr)] = Lia 1-8
3 2 E IV @nl] < SRR ST -

Lla 1-— ﬁ ) 9 MZ o 5
3 o0 1 B 1G] + 5 10+ 3T
-4 . M, (5.29)

2 (1-(y+5)
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vV pmln

nTS

where 7, 8 and M are as defined in Lemma 5.9. Selecting u = 2TL0 and a = , we have
6
v < Pminand 1 — (y + 8) > Pgin. Substituting these values into (5.29) and omitting the

negative term, we obtain that

T-1
Pmin E IV f(x 2 [f (.le(])] M\/iT?’ Ly \/m G- (2
3 LB [Vl < == 2 + LB 1G] -

pmm
T
Y Vn

where f7 is a lower bound on E[f(z)]. The existance of such lower bound is due to (5.4),

Wl

M + 21212112 (R + 3)°T'3

the definition of E[fz(x)] and Assumption 5.1. The result in Theorem 5.10 follows by

dividing both sides of the above inequality by 7. O

The convergence rate shown above has the same order as that of applying the residual-
feedback gradient estimator (2.1) to optimize a stochastic objective function as shown in!.
This is because of this asynchronous scenario, the updates conducted by the other agents
between two queries of a given agent introduce noise in the function evaluations from
the perspective of this given agent. Furthermore, the bound on the non-stationarity of
the solution in (5.30) increases as pmin becomes smaller. In practice, it means that the

convergence of Algorithm 2 slows down if one of the agents is activated less frequently than

others.

5.3 Numerical Experiments

In this section, we demonstrate the effectiveness of the proposed asynchronous distributed
zeroth-order optimization algorithm on a distributed feature learning example common in
Internet of Things (IoT) applications. All the experiments are conducted using Python
3.8.5 on a 2017 iMac with 4.2GHz Quad-Core Intel Core i7 and 32GB 2400MHz DDRA4.
Specifically, we consider the biomarker learning example described in?°, where a net-
work of health monitoring edge devices collect heterogeneous raw input data {D; j}i=1.n,
e.g., different types of biosignals. Then, each device encodes its local raw data D; ; into

a biomarker d; ; via a feature extraction function ¢(D; j;x;), e.g., a neural network with
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weights z;, and sends it to a third-party entity that uses the collected biomarkers as pre-
dictors to learn a disease diagnosis for user j. The goal of the edge device ¢ is to learn
a better feature extraction function ¢(-;x;) to help the third-party entity to make better
predictions. In practice, the prediction process at the third-party entity can be complicated
and hard to model using an explicit function. Moreover, it may need to remain confiden-
tial. As a result, the edge device cannot obtain gradient information from this third-party
entity. In the meantime, it is unreasonable to expect that the edge devices can update their
feature extraction models synchronously or that they know the other edge devices’ feature
extraction models and parameters. Therefore, this problem presents an ideal case for the
asynchronous distributed zeroth-order method proposed in this chapter.

For simulation proposes, in this section, we assume that the third-party entity uses the

logistic regression model
P(yj;dj) = 1/(1 + exp (—y: W7 dy)), (5.31)

where j represents the data point index, y; = {1, —1} and d; denote the label and predictors
for data point j, and Wr is a fixed classifier parameter. Specifically, let d; = [dy j,. .., dn ;)7
represent the concatenated biomarker vector. The agents aim to collaboratively minimize

the following loss function

J
f{ziti=1:n) = —% Zlog (P(ys; dj (-5 {zi}i=1:1)), (5.32)

where J is the total number of data points.

Next, we apply the proposed Algorithm 2 to this distributed feature learning problem
and compare its performance to an asynchronous extension of the centralized two-point
gradient estimate (1.2) defined by

Gy () = [ + piug) — f(xk_M)uk, (5.33)

Hi

where xp_js is the most recent decision point agent 7 queries at iteration k — M.
Note that the convergence of the stochastic gradient descent update (5.7) using the
asynchronous two-point estimator (5.33) has not been studied yet. We compare our pro-

posed algorithm to the one with (5.33) simply to demonstrate the efficacy of our proposed
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approach. Specifically, we consider a network of 5 agents who collaboratively deal with
J = 20 data samples. The feature extraction model ¢(-;z;) at agent i is a single layer
neural network with the input D;; € R'Y and a single output d;; € R. The activation
function of the neural network is the sigmoid function. The weight of the neural network
at agent ¢ is denoted as x;, which is initialized by sampling from a standard Gaussian dis-
tribution. We apply both the asynchronous residual-feedback gradient estimator (5.6) and
the asynchronous two-point gradient estimator (5.33) to solve this problem. Specifically,
for both gradient estimators, we run 10 trials. In addition, the smoothing parameter is
i = 0.1, and the stepsizes a for gradient estimators (5.6) and (5.33) are selected as 0.5
and 0.5, respectively, so that they both achieve their fastest convergence speed during 10

trials of experiments. At each iteration, each agent has equal probability to be activated.

The comparative performance results of using the two zeroth-order gradient estima-
tors (5.6) and (5.33) are presented in Figure 5.1. We observe that during 10 trials, asyn-
chronous learning with the residual-feedback gradient estimator (5.6) converges faster than
asynchronous learning with the two-point gradient estimator (5.33). This is because the
asynchronous residual-feedback gradient estimator (5.6) is subject to almost the same level
of variance as the two-point gradient estimator (5.33), but can make twice the number
of updates compared to the two-point gradient estimator (5.33) for the same number of
queries. Note that we compare the two algorithms in terms of the number of queries rather
than the number of updates, because the number of queries corresponds to the length of

the global wall time required to run the algorithm.
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Figure 5.1: Convergence results of the distributed feature learning problem. The
red curve is obtained by applying the asynchronous two-point gradient
estimator (5.33) and the blue curve is by the asynchronous residual-feedback
estimator (5.6). The y axis denotes the value of the loss function (5.32) and the x
axis represents the number of queries made in total by the team of agents. The
shaded area around each curve represents the standard deviation of the function

values over 10 trials.
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Chapter 6

Conclusions

In this dissertation, we proposed a novel one-point ZO gradient estimator based on residual-
feedback scheme, and studied the performance of optimization algorithms with the proposed
70 oracle under different settings of learning and control problems. Next, we summarize

our contributions under these settings separately.

In Chapter 2, we proposed a residual one-point feedback oracle for zeroth-order opti-
mization, which estimates the gradient of the objective function using a single query of
the function value at each iteration. When the function evaluation is noiseless, we showed
that ZO using the proposed oracle can achieve the same iteration complexity as ZO using
two-point oracles when the function is non-smooth. When the function is smooth, this
complexity of ZO can be further improved. This is the first time that a one-point zeroth-
order oracle is shown to match the performance of two-point oracles in ZO. In addition, we
considered a more realistic scenario where the function evaluation is corrupted by noise. We
showed that the convergence rate of ZO using the proposed oracle matches the best known
results using one-point feedback or two-point feedback with uncontrollable data samples.
We provided numerical experiments that showed that the proposed oracle outperforms the

one-point oracle and is as effective as two-point feedback methods.

In Chapter 3, we applied the residual-feedback ZO gradient estimator to solve online
optimization problems. For both deterministic and stochastic problems, we showed that ZO
with the proposed residual feedback estimator achieves much lower regret than that of ZO
with conventional one-point feedback for convex online optimization problems. In addition,
we provided regret bounds for ZO with residual feedback for non-convex online optimization
problems. To the best of our knowledge, this is the first time that a one-point zeroth-order
method is theoretically studied for non-convex online problems. Numerical experiments

on two non-stationary reinforcement learning problems were conducted and the proposed
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residual-feedback estimator was shown to significantly outperform the conventional one-

point method.

In Chapter 4, we proposed a new distributed zeroth-order policy optimization method
for MARL problems, through decentralizing the proposed residual-feedback ZO gradient
estimator. Compared to existing MARL algorithms that require all the agents’ states and
actions to be accessible by every local agent, our algorithm can be applied even when each
agent only observes partial states and actions. Specifically, we developed a new distributed
residual-feedback zeroth-order estimator of the policy gradient and analyzed the effect of
bias in the local policy gradient estimates on the convergence of the proposed MARL
algorithm. Furthermore, we introduced a value tracking technique to reduce the number of
consensus steps needed at each episode to control the bias in the estimation of the policy
gradient. Finally, we provided numerical experiments on a stochastic multi-agent multi-
stage decision making problem that demonstrated the effectiveness of both the decentralized

residual-feedback policy gradient estimator and the value tracking technique.

In Chapter 5, we proposed an asynchronous residual-feedback gradient estimator for
distributed zeroth-order optimization. More importantly, only the local decision vector
is needed for estimating the gradient and no communication among agents is required.
We showed that the convergence rate of the proposed method matches the results for
centralized residual-feedback methods when the function evaluation has noise. To the best
of our knowledge, this is the first time the convergence of a fully asynchronous ZO gradient
estimator is studied. Numerical experiments on a distributed logistic regression problem

are presented to show the effectiveness of the proposed method.

6.1 Future Research Directions

The convergence of ZO methods can be much slower when the problem is of high dimension.
To deal with such challenge, existing literatures usually assume that the underlying true

gradient of the original problem is sparse, which usually cannot be satisfied in practice.
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Therefore, how to apply ZO methods, e.g., the method with the proposed residual-feedback
70 oracle in this dissertation, to high dimensional problem is still an open problem. Two

future directions can be explored to deal with this issue.

First, instead of running ZO methods directly on the original parameter space which is
of high dimension, we can optimize some intermediate output given the original parameter.
One example is to optimize the weights of nerual networks in machine learning problems.
Rather than directly perturbing the neural network’s weights, which can usually be of tens
of thousands dimensions, and updating these weights with ZO gradient estimates, we can
perturb the output of the nerual networks, which is usually of much lower dimension, get
the gradient with respect to the neural network’s output, and obtain the gradient with
respect to the neural network’s weights through the chain rule. It will be interesting to
study the theoretical convergence rate of such algorithms and compare its dependency on

the problem dimension to that of the existing ZO optimization scheme.

Second, rather than directly assuming that the underlying problem enjoys sparsity
property as assumed by existing works, it is interesting to learn a transformed space from
the original parameter space, so that such sparsity assumption is satisfied by learning such
transformation. One possible approach to learn such transformed parameter space is to use
the loss function with L, regularization on the gradient vectors at the transformed space.

It is interesting to test this learning to optimize idea both empiricallly and theoretically.

Besides improving the dependency of ZO methods on problem dimensions, another
important question to answer is how to guarantee safety when implementing ZO methods.
Almost all existing ZO methods apply omni-directional perturbation schemes, e.g., uniform
sphere sampling or Gaussian sampling, to estimate the gradient of the unknown objective
functions. Such scheme assume the perturbed decision variable in ZO gradient estimator
must be successfully and safely implemented so that the value of the objective function can
be returned. However, in practice, the perturbed decision variable may violate the safety
routine and be denied. In this scenario, the feedback the algorithm received is a binary

signal, whether the perturbed decision is safe, and the objective function value is only
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returned to the algorithm if the perturbed decision is safe. Otherwise, the algorithm receives
signal 0. Whether ZO methods with such safety constraints of function evaluation can still

converge, and if converges, how much bias is in the solution, are still open questions.
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Appendix A

Proofs for Chapter 2

A.1 Proof of Lemma 2.6

First, we show the bound when f(z) € C%°. Recalling the expression of §(z;) in (2.1), we

have that
E[||g ()] = E[é%(fm + o) — f(we1 + 0up1))” ]
< %E[(f(a:t +oug) — fzior + ur)) el
+ 5%1@[( @i+ 0u) — fla + dui))*[lue?].

Since function f € C%9 with Lipschitz constant Lo, we obtain that

~ 2 2L(2] 2 2
Elllg(ze)[I°] <=5 Elllze = ze—1]"lluell”]

+ 2L3E [Jue — we—1 |l (A1)

Since u; is independently sampled from x; — 21, we have that E[||z; — xi—1]]?||u¢|?] =
E[||z; — z1—1]|?JE[||w]|?]. Since u; is subject to standard multivariate normal distribution,
E[||u¢|?] = d. Furthermore, using Lemma 1 in'® we get that E[||u; — us—1]]?||ue]|?] <
2E[([uell® + lue—a ) lluell?) = 2B[(flue '] + 2E[l|ue—1[[*[lue]|?] < 4(d + 4). Plugging these
bounds into inequality (A.1), we have that

2dL3
2

Eflg(ad)|?] < Eflze — z-1]*] + 8L§(d + 4)*.

Since x; = x¢—1 — ng(z+—1), we get that

2dL3n?
52

E[lg(zo)lI*) < E[lg(ze-1)II*) + 8LG(d + 4)*.

Next, we show the bound when we have the additional smoothness condition f(z) € C1?

with constant L;. Given the gradient estimate in (2.1), we have that

flae + oug) — fre—1 + dus—1))
52

73

2
E{lg(z)]?) < [ e (A.2)




Next, we bound the term (f(x;+06u;) — f(@4—14du—1))*. Adding and subtracting f(z;—1+
duy) inside the square, and applying the inequality (a + b)? < 2a? 4 2b%, we can obtain
(f (e + ug) — f(ze-1 + du—1))?
< 2(f (e + Ou) — flae—1 + duy))?
+2(f (i1 + Sue) — flae1 + ou—1)) (A.3)
Since the function f(x) is also Lipschitz continuous with constant Ly, we get that
(f (e + 0ue) = fla1+0u))? < Lz — 2o
= L’ [|g(ze—1)|*. (A.4)
Next, we bound the term (f(x;_1 + duz) — f(wi—1 + duz_1))?. Adding and subtracting
f(zi—1), (Vf(xi—1),0us) and (Vf(zi—1),0us—1) inside the square term, we have that
(f(@e-1 + Oug) = fl@-1 + dup-1))?
<24V f(xi-1),0(u —ut_1)>2 (A.5)
FA(f (-1 + dup) = f(aer) = (Vf(@e-1), 6ur))
+A(f (w1 + Su1) — fw1) = (VF(m-1), 0ug_1))*.
Since f(z) € O with constant Ly, we get that | f(x;_1+0us)— f(24-1) — (Vf(m-1), 6ug)| <
$L16%||ut||?, according to (6) in'®. And similarly, we also have |f(2i—1 + 6u—1) — f(24—1) —
(Vf(z1-1),0u—1)| < $L16%||us—1]|>. Substituting these inequalities into (A.5), we obtain
that
(flzim1 + 6w) — f(ze1 + 0w—1))* < 2(V f(21-1),
(e — 1)) + L264ug|* + L26% (A.6)
Moreover, substituting the inequalities (A.4) and (A.6) in the upper bound in (A.3), we
get that
(f (e + Sue) — f(@em1 + Oug—1))?
<2LE0? (|G (xe—1)|* + AV f(-1), 6 (ue — ue—1))”

+ 2030 || |* + 2L36% e ||* (A7)
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Using the bound (A.7) in inequality (A.2), and applying the bounds E[||w]|%] < (d + 6)3

and E[||us—1][*||u¢||?] < (d + 6)3, we have that

2dL3n?
52

+AE[(V f(2—1), ue — wp—1)|lue]|*] + 4LF(d + 6)57.

E[[|g(ze)|I”] < Efl|g(ze-1)1%] (A.8)

Since (Vf(wi—1),ur — ug—1)? < 2(Vf(24-1),w)? + 2(V f(z4-1),us—1)?, we get that

E[(Vf(@t-1),ur — ue—1)?uel|*] < 2E[(V f (1),

ut)?[luel|?] + 2E[(V f (1), ug—1)* || ue]|]. (A.9)

For the term E[(V f(x;_1), us—1)?||u¢]|?], we have that E[{V f(2;_1), us—1)?||ue]|?] <

E[|V f(ze-0)*lug—l* [|uell’] < B[V f(2-1)]]?] For the term E[{V f(ze—1), ue)?||ue]l?],
according to Theorem 3 in!®, we have a stronger bound E[(V f(x;_1), u)?|lue|?] < (d +
DE[||V f(xi—1)||?]. Substituting these bounds into (A.9), and because d* +d+4 < (d+4)?,

we have that

E(V f(w1-1), e — 1))

< 2(d + 4)’E[| Vf (ze-1) ] (A.10)

Substituting the bound (A.10) into inequality (A.8), we complete the proof.

A.2 Proof of Theorem 2.7

Since we have that f(z) € C%Y according to Lemma 2.2, the function f5(x) has Li(fs)-

Lipschitz continuous gradient where L;(fs) = TdLO. Furthermore, according to Lemma

5



1.2.3 in“®, we can get the following inequality

fs(xer1) < fo(we) + (Vfs(xe), o1 — 21)

+ B
= Joan) = (¥ fytan). ) + LIV g 2
= i) = (S fiwn). A = ]V fi(a)|
+ B 5 2, (A1)

where Ay = §(z¢) —V f5(z¢). According to Lemma 2.5, we can get that E,, [§(x¢)] = V f5(x).
Therefore, taking expectation over u; on both sides of inequality (A.11) and rearranging

terms, we have that

NE[|V f5(ze)|1%] <Elfs(zt)] — Elfs(2141)]

Lyi(fs)n?

T

SRLT R g () |2, (A.12)

Telescoping above inequalities from ¢ = 0 to T'— 1 and dividing both sides by 7, we obtain

that

[fa(l’o)] — E[fs(z7)]

T—-1
SV ()]
t=0

n
T—1
+ 2 S g7
t=0
. T—1
E[f&@:})] — /5 —i—Ll(éfé)n E[||(z)]2], (A.13)
t=0

where f5 is the lower bound of the smoothed function fs(x). f; must exist because we
assume the orignal function f(z) is lower bounded and the smoothed function has a bounded

distance from f(z) due to Lemma 2.2.

Recall the contraction result of the second moment E[||g(z¢)||?] in Lemma 2.6 when

2,2
f(z) € C%0. Denote the contraction rate ngg" as a and the constant perturbation term
M = 8L3(d + 4)%. Then, we get that

Y’
11 V) (A.14)
—

E[g(x)[1%] < o'E[l|g(z0)l[*] +
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Summing the above inequality over time, we obtain

T—1 T-1
B 1—af N 1—at
S gl < St ]+ 3 (5o M)
t=0 t=0
< L EBg@o)? + ——MT (A1)
=124 gl\Zo 1— o . :

Plugging the bound in (A.15) into inequality (A.13), and since Li(fs) = @Lo, we have

that
- * 1
> B ssa|?) < A=, 2o
t=0
(=g BIaG0I) + {813 + 4°T). (A 16

To fullfill the requirement that |f(z) — fs(x)| < €f, we set the exporation parameter § =

. In addition, let the stepsize be n = \ﬁ . We have that a = 55
d2 LO 241277 ¢

when T' > =. Plugging the choices of 7 and ¢ into inequality (A.16), we obtain that

§2and - <2,

T-1
;E[\Vﬁs(%)\\zl < 2L5 (Elfs(2)] - f3 )\%ﬁ

E{lg(xo) | + 823 ;%“2 VT,

Dividing both sides of above inequality by T', we complete the proof.

A.3 Proof of Theorem 2.8

Following the same process in the beginning of the proof of Theorem 2.7, we can get

T-1 * T-1
S BVl < SN B S g )
t=0 t=0

Since 1E[|V f(z)|?] < E[|Vfs(z)l?] + E[|Vf(z¢) — V[s(z¢)]|?], and according to the
bound (A.17) and Lemma 2.2, we have that

T—-1 .
B[V f@)2)] < Ee@ol = /g

t=0 N

N

T—
777 Z [13(ze) %] + L3(d + 3)°8°T. (A.18)
t=0
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In addition, similar to the process to derive the bound in (A.15), according to Lemma 2.6,

when f(z) € C%, we can get that

> gt < ﬁwg(wo)m o (d )
= T-1
IV I + 1 T + 6°5°T: (A19
t=0

Plugging the bound (A.19) into (A.18), we have that

T—
1 E[fs(x0)] — f;
5 Z IV F )P < =25
t=0
Lin s
+ 7(1—E[Hg(a:0)||2] + 1(d+6)352T
T—
+1 d+4 Z IV £ (o))
t=0
+ L3(d + 3)36°T. (A.20)
Recalling that L= max{32L1,2Lo}, let n = —L and § = —+, and we have that
L(d+4)2T3 VdT3

o= 2dL(2)g—z < 1. In addition, the coefficient before the term ||V f(z)||? in the upper bound

above L;" ~(d + 4)* < ;. Therefore, we obtain that

T-1
i D IENVF@)lPI) < LELfs(20)] — f3)(d +4)°Ts
t=0

b g Lt (d+6)°
+32(d+4)2T3 Ellgwo) ) + 8 (d+4)%d
+L$(d+3)3T%.

Dividing both sides of above inequality by T', we complete the proof.

A.4 Proof of Theorem 2.9

First, according to iteration (2.2), we have that

[@eg1 — 2))? < [z — ng(ze) — ¥

= ||z — @*|* = 20 (g(e), @ — &™) + 7|9 (2e) |
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Taking expectation on both sides, and since E[g(x¢)] = V f5(x¢), we obtain that

Ell|lzer1 — 2% < Elllze — 2*(1?] — 20(V f5(2), 2 — 2*)

+n?E[llg(ze)1%)- (A.21)

Due to the convexity, we have that (V fs(z:),xy — x*) > f5(z)

— fs(z*). Plugging this
inequality into (A.21), we have that

Ell 21 — o*|°] < Eflae — 27[1°) = 2n(fs(ze) — f5(27))

+ P Ell|g ()] (A.22)

When f(z) € C%0, using Lemma (2.2), we can replace f5(x) with f(x) in above inequality
and get

Elllzer1 —a*|°] < Elllze — 2|°] = 2n(f(ze) — f(="))

+ 7°E[||§(20)||*] + 4LoVdén.

Rearranging the terms and telescoping from ¢ = 0 to 7' — 1, we obtain that

z_: E[f(z:)] = Tf(2") < 2177(on — 2" — Efl|lzr — 2*[|*))
t=0

T—

77

220 [1g(xy H +2L0\/g5T
T—

1
< %on — |2 +g E[||§(z)||?] + 2LoVdoT
t=0

H

Since function f(z) € C%% we can plug the bound (A.15) into the above inequality and
get that

T-1 1
Y Elf(a)] = Tf(a") < o 1z0 = z*||?
t=0 N

S oy Bl 7]+

_l’_

T L2(d+ 4)*T + 2LoVdoT.
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Let n = W and § = \F We have that o = 2dL2 77—2 = ﬁ < % Therefore < 2.

1
) l-a

Applying this bound and the choice of 1 and § into above inequality, we have that

T-1
Blf (@] = Tf(a") < Lolleo = o"|PaVT
t=0
1 g (d+4)
+WE[HQ(3:0)H2]+4LO - VT + 2L VaVT.

Recalling that f(z) < %Zf:_ol (x¢) due to convexity and dividing both sides of above

inequality by 7', the proof of the nonsmooth case is complete.

When function f(x) € CbL, it is straightforward to see that we also have the inequal-
ity (A.22). In addition, according to Lemma 2.2, we can replace fs(z) with f(z) in above

inequality and get

Efl|zer1 —a*|°] < Elllze — 2*|°] = 2n(f(ze) — f(="))

+ B[l g(0) %] + 4L1d5% . (A.23)

Similarly to the above analysis, we telescope the above inequality from ¢ = 0 to T — 1,

apply the bound on Z;‘F:_Ol E[||g(z¢)]|?] in (A.19) and obtain that

T-1 1
Elf(z)] = Tf(@") = o-llwo — |
n
t=0
n . 2 2n o 3¢2
—— _F L3(d 5T
+ 2(1 o) g(@o)lI°] + — Li(d +6)
T—1
+— 1_ d+42;EHVf )| + 2L1d6>T.

Since f(x) € CH! is convex, we have that |V f(z;)||? < 2L1(f(x;) — f(z*)) according to

(2.1.7) in?0. Applying this bound into the above inequality, we get that

T—1 1
E[f(z¢)] = Tf(x") < %Hfo —z*||?
=0
* 2(171 )E[||§($0)||2] + 12 (d + 6)%62
-1
+ 1%7QL1(d+4)2(;E[f(wt)] T (")) 9L,ds?
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Let n = —L—— and § = ifl where [ = max{Lo,lﬁLl}. Then, we have that o =
2L(d+4)2T'3 T3

2dng—§ < < 1. In addition, we have that ; Ll(d+ 4)? Lo < 1 Applying

2(di4)4 2" QT% > 35
these two bounds into above inequality and rearranging terms, we have that
1= _
5 2 Elf(@)] = Tf(a") < Lljwo — o |[*(d + 4)°T

t=0

1 -~ =
CE[)|g(0) ]2 + +2L,d2T.

PR S L1 (d+6)°d
2L(d + 4)2T3 8

(d+4)?
. _ 1 —T—1 . R, .
Recalling that f(z) < £ ,~; f(z:) due to convexity and dividing both sides of above

inequality by T, the proof of the smooth case is complete.

A.5 Proof of Lemma 2.12

The analysis is similar to the proof in Section A.1. First, consider the case when F(z,§) €

CY0 with Lo(€). According to (2.4), we have that

E[[|G () |I°]
[52 ( (x¢ + dug, &) — Fxp—1 + dup—1, gtfl))QHUtHﬂ

< SE{(F(wa + 6w, &) — e+ w1, ) el

2 2
+ ﬁE[(F(ﬂth +6up—1,&) — F(2m1 + 0w—1,&-1)) " [|we]|).
Using the bound in Assumption 2.10, we get that %E[(F(mt,l + dup—1,&) — F(ap—1 +
5ut_1,§t_1))2HutH ] < Sd" . In addition, adding and subtracting F'(x;—1+0u, &) in ( (z¢+

ou, &) — F(xi—1 + dug—1, &)) in above inequality, we obtain that

~ 8do?
Bl < o+

SEI(F (0 + dus, &) — Flwe + du, &)l )

4
+ SEI(F (@i + us, &) — Flai + dur-1,6))” e

Using Assumption 2.11, we can bound the last two items on the right hand side of above

inequality following the same procedure after inequality (A.1) and get that

4dLEn?

0.2
Ella(e) 1% < AT ) 2] + 1623 + 4 + 2

62
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The proof is complete.

A.6 Proof of Theorem 2.13

When function F(z) € C%° with Ly(¢), using Assumption 2.11 and following the same

procedure in Section A.2, we have that

T—-1 .
SB[V ()2 < EW;H
t=0

T-1

t=0

where Li(fs5) = ﬂLO. In addition, according to Lemma 2.12, we get that

N

— ~ 2 1 ~ o, 16L3 2
Efllg(z)I°] < 1——Elllg(zo)ll] + — (d+4)°T
— -« -«
802 d
=T A25
1—ad?’ ( )
where a = 4d§§"2. Plugging (A.25) into the bound in (A.24), we obtain that
T—1
E[fs(xo0)] — ff  40°L
S BV fstan)? < D8 | 407 s
t=0 -
VdLy o, 8LgVd n
—E[||g L4 00 (d+4)%=T. A.26
20 —a) lg(zo) 75 + 5 (d+4)75 (A.26)
Similar to Section A.2, to fullfill the requirement that |f(z) — fs(z)| < e, we set the
1.5
exporation parameter 6 = — —. In addition, let the stepsize be 1 = €f71 Then,
d2 Lo 2v/2L3d'5T2
2,2
we have that o = 4d§2°n = QEchT < % when T > %. Therefore, we have that ﬁ < 2.

Applying this bound and the choices of  and ¢ into the bound (A.26), we obtain that

T-1 1.5
> E[IVis(@)I] < 2v2LH(E[f5(x0)] - m‘tf
t=0 f
Loe}® o (d+4)?
* ovaar @)l ] +4v2L§ Ja VT
oY
Gf'
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Dividing both sides by T, the proof for the nonsmooth case is complete.
When function F(z,¢) € OB with Ly(€), according to Assumption 2.11, we also have

that fs(z), f(z) € C*! with constant Ly. Similarly to the proof in Section A.3, we get that

E[fs(zo)] — f§
7

1T71
3 2 IENV /@) <

’ﬂ
L

Lin
2
t

+ Ellg(zd)|’] + Li(d + 3)°6°T. (A.27)

Il
o

Plugging inequality (A.25) into the above upper bound, we obtain that

T-1 *
3 2 IEVs @) < 220l =i
t=0

Lin _ 8L0L1
———FE d+ 4)nT
+ Bl + T d + 4y
4L10’ dT]
—s L3(d + 3)%6°T. (A.28)
1 4dLin? 1 1
Let n = T and § = e Then, a = 52077 = 57 < 5 and 1— < 2. Plugging
these results into the above inequality, we get that
lTil 4 2
> S BNV ()21 < 2v2Lo(ELfs(wo)] - f3)diT
t=0
L } d+4)? 1
b B + avELeL S
2V/2Lod3 T3 d3
3
L 22y (At 3 e (A.29)
L0d3 ds

Dividing both sides by 7', the proof for the smooth case is complete.

A.7 Proof of Theorem 2.14

When the function f(z) € C%° with constant Lo(¢) is convex, we can follow the same

procedure as in Section A.4 and get that
T—1 1
Y E[f(z)] - Tf(z*) < o, 10 = |
n
t=0
g Z_; [1G(2)|?] + 2LoVdoT,
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Plugging the bound (A.25) into above inequality, we have that

~
=

E[f(z))] - Tf(z") < ;nnxo — |2

~
Il
o

+ g LBl +

d+4)*nT
21— a) MR
40? d
1 7 5ZT + 2L VAT, (A.30)
Let n = m and 0 = T%lt' Then, we have that o = 4d§§ LT < % Plugging these
results into the above inequality, we get that
T-1 ,
Y E[f(z)] - Tf(z*) < V2Lo||zo — «*|*VdT's
=0
1 s (d+4)% 1
+ ——————E[||g(x0)|*] + 4V2Lo T
2V/2LoV/dT' Vd
2v/20*
+ {J VAT + 2LoVdT. (A.31)
0

Dividing both sides by T, the proof for the nonsmooth case is complete

When the function f(z) € CY! with constant L;(¢), we can also get the inequal-

ity (A.23) in Section A.4. Telescoping this inequality from ¢ = 0 to T'— 1 and rearranging
terms, we obtain

t=0 o2

T. (A.32)
t=0

Plugging the bound (A.25) into above inequality, we have that

T—1
* 1 *
E[f(z)] = Tf(a7) < ;Ilwo —a*|[* + 2L1d6°T

t=0

n 8L3 402 dn

— d+4)"nT —

+ e Bl @) + T+ T+

4dL2n>
Let n = m and § = d%IT%. Then, we have that o = 53" = % % Plugging
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these parameters into above inequality, we get that

T—1
E[f(2:)] — Tf(z*) < V2Lo||lmo — 2*|2d5T5
t=0
1 _ d+4)2
Rl + 4vEL, Y
2V/2Lod3 T3 ds

2
+ 2v20 d3T3 +2L,d3 T3,

0

Dividing both sides by 7', the proof for the smooth case is complete.

A.8 Zeroth-Order Policy Optimization for A Large-
Scale Multi-Stage Decision Making Problem

In this section, we consider a large-scale multi-stage resource allocation problem. Specifi-
cally, we consider 16 agents that are located on a 4 x4 grid. At agent 4, resources are stored
in the amount of m;(k) and there is also a demand for resources in the amount of d;(k) at
instant k. In the meantime, agent i also decides what fraction of resources a;;(k) € [0,1] it
sends to its neighbors j € N; on the grid. The local amount of resources and demands at
agent i evolve as m;(k + 1) = m;(k) — > e p, aij(k)mi(k) + 3 iep, aji(k)m;(k) — di(k) and
di(k) = A;sin(wik + ¢i) + w; , where w; ;, is the noise in the demand. At time k, agent
i receives a local reward 7;(k), such that 7;(k) = 0 when m;(k) > 0 and r;(k) = —m;(k)?
when m;(k) < 0. Let agent i makes its decisions according to a parameterized policy func-
tion ;4,(0;) : O; — [0, 1]WVil) where 6; is the parameter of the policy function 7, 0; € O;
denotes agent i’s observation, and | ;| represents the number of agent i’s neighbors on the
grid.

Our goal is to train a policy that can be executed in a fully distributed way based on
agents’ local information. Specifically, during the execution of policy functions {m;g,(0;)},
we let each agent only observe its local amount of resource m;(k) and demand and d;(k),
ie., oi(k) = [m;i(k),d;(k)]T. In addition, the policy function m;,(0;) is parameterized
as the following: a;; = exp(zi;)/ > ; exp(zij), where z; = 2221 ¥p(04)0i;(p) and 6; =
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[...,0:,...]7. Specifically, the feature function 1, (0;) is selected as ¥,(0;) = |lo; — ¢pl|?,
where ¢, is the parameter of the p-th feature function. The goal for the agents is to find

an optimal policy 7* = {m; ¢,(0;)} so that the global accumulated reward

16 K
JO) =D (k) (A.33)
i=1 k=0
is maximized, where § = [...,6;,...] is the global policy parameter, K is the horizon of the

problem, and + is the discount factor. Effectively, the agents need to make decisions on 64
actions, and each action is decided by 9 parameters. Therefore, the problem dimension is
d = 576. To implement zeroth-order policy gradient estimators (1.1) and (2.4) to find the
optimal policy, at iteration ¢, we let all agents implement the policy with parameter 6; 4+ duy,
collect rewards {r;(k)} at time instants k = 0,1, ..., K and compute the noisy policy value
according to (A.33). Then, the zeroth-order policy gradient is estimated using (1.1) or
(2.4). On the contrary, when the two-point zeroth-order policy gradient estimator (1.2)
is used, at each iteration k, all agents need to evaluate two policies 6; + du; to update
the policy parameter once. In Figure A.1, we present the performance of using zeroth-
order policy gradients (1.1), (1.2) and (2.4) to solve this large-scale multi-stage resource
allocation problem, where the discount factor is set as v = 0.75 and the length of horizon
K = 30. Each algorithm is run for 10 trials. We observe that policy optimization with the
proposed residual-feedback gradient estimate (2.4) improves the optimal policy parameters
with the same learning rate as the two-point zeroth-order gradient estimator (1.2), where
the learning rate is measured by the number of episodes the agents take to evaluate the
policy parameter iterates. In the meantime, both estimators perform much better than the

one-point policy gradient estimate (1.1) considered in3233.
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Figure A.1: The convergence rate of applying the proposed residual one-point
feedback (2.1) (blue), the two-point oracle (1.2) in'® (orange) and the one-point
oracle (1.1) in'? (green) to the large-scale stochastic multi-stage resource allocation
problem. The vertical axis represents the total rewards and the horizontal axis represents
the number of episodes the agents take to evaluate their policy parameter iterates during

the policy optimization procedure.
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Appendix B

Proofs for Chapter 3

B.1 Implementation Details of the Numerical Ex-

periments

All experiments are conducted using Matlab R2019a on Ubuntu 18.04 with the AMD Ryzen

2700X 8-core processor and 16GB 2133MHz memory.

For the non-stationary LQR experiments, we select n, = 6, n, = 6 and v = 0.5.
The dynamical matrices Ay and By at episode 0 are randomly generated from a Gaussian
distribution N(0,0.12). Then, we generate the time-varying dynamical matrices according
to Ay = Ay + 0.01M; and Byyq = By + 0.01 Ny, where M; and N; are random matrices
whose entries are uniformly sampled from [0,1]. To evaluate the cost function V;(K;) given
the policy parameter K; at episode ¢, we roll out a trajectory of length H = 50 using the

policy parameter K; and sum up the collected rewards.

For the non-stationary resource allocation experiments, the policy function m; ¢(0;;6; )
is parameterized as: a;; = exp(zi;)/ > ; exp(zi;), where z;; = 22:1 YPp(0i)8i;(p) and 0; =
[...,0i,.. .]7" and the episode index ¢ is omitted for notational simplicity. Specifically, the
feature function 1, (0;) is selected as ¥,(0;) = ||o; — ¢p||?, where ¢, is the parameter of the
p-th feature function. Effectively, the agents need to make decisions on 64 actions, and
each action is decided by 9 parameters. Therefore, the problem dimension is d = 576. The
discount factor is selected as v = 0.75 and the length of the horizon is H = 30. The time-
varying sensitivity parameter (; ; is generated as follows: let (; 0 = 1 and (; 141 = (¢ +0.1F;,

where P; is a random number uniformly sampled from [—1,1].
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B.2 Proof of Lemma 3.2 and Lemma 3.3
Proof. Recall that f5(x) = Evep[f(z + 6v)]. Then, we have that

|fs(z) — f(z)| = [Ever [f(z + 6v) — f(z)]]
< Eyen[|f(z 4 6v) — f(2)]]

< Eyen [ Lo|0v]|]- (B.1)

Furthermore, since v € B, we have that ||dv|| < §. Combining this inequality with (B.1), we
have that |fs5(z) — f(z)| < Eyeg[6Lo] = Lod. When the function f € C! with Lipschitz

constant L1, we have that
Ly 2 Ly 2
(Vf(),0v) = —[6v]” < f(z +6v) = f(z) < (Vf(2),00) + —~[lovl",  (B.2)

for all v € B. Taking the expectation of (B.2) over v sampled uniformly from the unit ball

B and recalling that v is sampled independently from x and has zero mean, we get that

Ly
2

Ly

—L6% < — EUeB[HévHQ] < Eyeg[f(z + 6v) — f(z)] < 71&,63[”(51)“2] < L16%. (B.3)

In addition, because | f5(z)— f(z)| = |Eyep [ f(z+6v)— f(z)]|, we obtain that | f5(z)— f(z)| <

L16%. The proof is complete.
Next, we show that [|[Vsf(z) — Vf(z)| < 6Lid when f € CU'. First, recall that
Vsf(x) = Eu[4(f (2 + 0u) — f(2))u] and V f(z) = E,[d(V f(x), u)u], we have that
d
IVsf(z) = V@)l = [Bul5(f(z + 0u) = f(a))u] = Eu[d(Vf(2), wpulll  (B4)
d
< UB,[1(f(a + u) — F(2) — (T F(). 0} (B.5)

where the second inequality is due to Jensen’s inequality. Since vector u is randomly

sampled from the unit sphere, we get that

IVsf(x) = V()| < gEuH (f(@+du) — f(z) = (VF(z),0u))]]. (B.6)

Furthermore, since f € C1!, we have that |f(x + du) — f(x) — (Vf(x),0u)| < Ly ||dul|® <

L16%. Combining this bound with inequality (B.6), we complete the proof.
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Finally, we show Lemma 2.3. Recall that Vsf(z) = E,[4f(2 + du)u]. Therefore, for

any xi,xs € X, we have that

IVsf(z1) = Vs fla2)] < ||Eu[%lf(f€1 + du)u] — Eu[< f (22 + du)ul|

Eu[ll(f (21 + 0u) — f(z2 + du))ull] <

IN
Sy

B[ f (21 4 6u) — f(z2 + du)]],

(B.7)

where the second inequality is due to Jensen’s inequality. Since f € C%° with Lipschitz

constant Lo, we have that | f(z1 + du) — f(x2 + 0u)| < Lo||z1 — z2||. Therefore, we get that
dL
IVsf(x1) = Vs f(a2)] < TOHM — o (B.8)

The proof is complete. O

B.3 Proof of Lemma 3.7

Proof. By definition of the residual feedback (3.1), we have that

2
E[l|ge(z)))*] = E[%(ft(iﬂt +0ug) — fro1(we1 + 5ut,1))2\|ut||2]
2d?

< S E[(fulwe + Sur) = filwes + Sup-1)) ]
2
+ %E[(ft(ﬂﬂtq +oug-1) — fr—1 (w1 + 5Ut71))2HUtH2] (B.9)
2
< 2EBI(flr + 8ue) — fulzer + b))’
2d? 2
+ 57]E[(ft($t—1 + 0ui—1) — fro1(zi—1 + dug—1)) 7],

where the last inequality is because u; € US?. Moreover, adding and subtracting fi(xe—g +

duy) to the term (ft(xt + duy) — fe(xe—1 + (5ut_1))2 in the inequality (B.9), we obtain

2
El3(0) 2] <L E{(fir + ur) — fulwrs + 6ur))?)

S5
44> )
+ 572E[(ft(1’t71 + 0ug) — fil@i—1 + dug—1))’] (B.10)
2
+ %E[(ft(l’t—l + (5ut_1) — ft_l(wt_1 + 5ut_1))2].
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Since f; € C%0 is Lipschitz with constant Lg, we further obtain that

~ 2 4d2L(2) 2 2712 2
Elllglz) |7 = —55 Elllze — 2ea[I*] + 4d” LoE[[Jug — ue—1]]
24> 2
+ FE[(ft(mt—l + (5Ut_1) — ft_l(a;t_l + 5ut_1)) ] (B.ll)

Since u; € US?, we get that E[|jus — us_1]|?] < 4. Substituting this bound into inequal-

ity (B.11), we obtain that

i} 4d? L2
E[[|g(x:)]%] < 52 CE[f|x — w1 ]|*] + 16d° LG
2d? 2
+ FE[(ft(l'tfl + 5Ut71) - ftfl(.l‘tfl + 5ut,1)) ] (B.lZ)
Since xz; = Iy [a:t_l — ng(xt_l)], we get that ||z; — x—1|| = [|[Hx [:17,5_1 — ng(a:t_l)] —

Iy [z4—1]]| < n]|g(z¢=1)|| due to the nonexpansiveness of the projection operator onto a

convex set. Therefore, we have that

~ 4d2L2 2 _
E[l|ge(x0)|") <= Elge-1 (o) *] + 164°L3
2d? 2
+ ?E[(ft(xtfl + 0up—1) — fro1(ze—1 + du—1)). (B.13)
The proof is complete. ]

B.4 Proof of Theorem 3.9

Note that fs5.(z) is convex for all ¢, we then conclude that
fsr(xe) — fse(x) < (Vfsi(xe), ze — ), for all z € X, (B.14)

Adding and subtracting g;(z¢) after V f5:(x;) in above inequality, and taking expectation

over u; on both sides, we obtain that

E[fsi(ze) = fou(2)] <E[(ge(ar), 2 — x)]. (B.15)

Since x4 = Iy [mt — ng(wt)], for any z € X we have that

@11 — 2| = Ty (2 — ng(zy)] — My 2] 12
< |lze = nglay) — z|?
= |l@s — 2|* = 20(Ge (1), e — @) + 0°]|Ge(22) . (B.16)
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Rearranging the above inequality yields that

- 1 0~
(9t(xt), 20 — 7) < %(Ilwt — f|* = [|apgr — 2l?) + §||gt(wt)|!2- (B.17)

Taking expectation on both sides of the above inequality over u;, using inequality (B.15),

and telescoping the resulting bound from ¢t = 0 to 7', we obtain that

T T T
B[S faele) = S foel@)] < o-lleo — 2l + TB[ S Jawlt]. (B
=0 =0 " =0

Since fi(z) € C%9, we know that |f5.(x) — fi(x)| < §Lo. Therefore, we obtain from the

above inequality that

T T T T
EDY filz) =D filw)] = E[Z Faulwe) — Z fse(@)]
t=0 t=0 . ,
Z fe(xe) — fs4( 93t Z — fou( ))]
t=0 t=0
< *Hﬂﬂo —a|* + E Z 1Ge(2e)[1?] + 2LodT. (B.19)

t=0

On the other hand, telescoping the second moment bound in (3.3) over t = 1,2, ..., T,

. ~ 2 . . 4d?L2n? ~ 2 . .
adding E[||go(x0)||*] on both sides, adding =——5*E[[|gr(«7)]|*] to the right hand side and

using Assumption 3.8, we obtain that

T 27,2
1 16 2d°Vzs 1
E Gi(z)l?] < ——E[||3 24— 2T L B.2
[ aeol?) < T—Ellgo@o)l’] + =37+ — o1 (B20)
_ 4d?L3n? C . .
where o = —5%. Substituting the above bound into (B.19) yields that
T T 1 . 3
E — < — —z|P+ —"—FEl|g Ny — 2T
(3 i) =3 )] < g oo = P + gy lieo)’) + 1= Lo
27,2
+2L 5T+mﬂT (B.21)
0 052 .

Since above inequality holds for all x € X , we can replace x with z*. When the upper bound

|| < . _ _\/7 :4d2Lgn2:i2 1
on ||zg — z*|| < R is known, let n = 2\/7L0T7I and ¢ g0 50 that « 5 57 < 5
when 7' > R?. Then, we obtain that
T T .
s E[[|go(xo)|?] R
E[S " filz) =Y fila*)] < V2dLoVRT3 +
[tz:; tz:; ) 2v2d LT
s VARV?
4 4V2d3 LyR3 T + 2LgVdART T + ﬂLf Ti. (B.22)
0
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When R is unknown, let n = — 1 _andé = Ll, so that a = 4d2L23772 =L <1
2\/ﬁLOTZ T4 d 2T 2
Then, we obtain that
S ot Elldo(ao)ll’]
thxt 3" fula*)] < V2dLoR?TH 4 RIS | 4245 LT
=0 2\/2dL0T4
Vdv}?
+2VdLeTT + %T%. (B.23)
0
3 \/7
On the other hand, we can let n = % and § = chjl“Rl , where ¢ € R is a user-
2V2dLoT4 0 4
2
specific parameter. With this choice of parameters, we get o = 4d25L28n2 = LO;TRQ < % when
T > quR2 and, as a result, we obtain that
T T - 91 p3
E x R2
E> filw) = fia")] < V2dLoVRT? + L50(xo)l ]3 +4NV2d3 LoR3 T
t=0 t=0 2\/ QdLOTZ
+ 2L WARTY + V2 ' VARLATWITS, (B.24)

B.5 Proof of Theorem 3.11

Since fi(z) € C!, we know that |fs.(z) — fi(z)| < 62L;. Following the same proof logic

as that for proving (B.19), we obtain that

T T T
E[; felae) — ; fe(x)] < 2177Hx0 —z|* + ZE[; 1Ge(2e)1?] +20:6°T.  (B.25)
Substituting the bound in (B.20) into the above inequality, we obtain that
E 3 24— T E[)|go(o)|? 2T
[;ft(mt th on —zf|" + M —a) go(o)I*] + = Lad"n
d2V2
+2116°T + 7§T (B.26)

Since above inequality holds for all x € X', we can replace x with z*. Assuming the bound

: R3 d5 RS AL R2 _ 1
llxo — z*|| < R is known, let n = —“5— and 6 = <=4 so that o = 2L = < s
’ 2V32Lod3 T3 T g 2T =2

when T > R?. Plugging these parameters into above inequality, we finally obtain that

E[if(a:) ifm] < V2Lod3 R3TS + E o (o) ] RS +4V2Lod3s R3 T
t\4t) — t = 0
t=0 =0 W2Lod5 T3

+2L1d5R3TS + (vV/2Lo) '3 RSVETS. (B.27)
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The proof is complete.

B.6 Proof of Theorem 3.14

Note that fi(z) € C%°. According to Lemma 2.2, f5.(x) has L; s-Lipschitz continuous
gradient with L;s = %LO. Furthermore, according to Lemma 1.2.3 in%, we have the

following inequality
L1,5 2
fop(zi1) < fop(@e) +(Vfou(ae), xem — ) + T||33t+1 — x|

2
= Foolwe) — 0V fsalar), Gele) + 22 gy (o) (B.28)

2
2
— fualon) = (¥ ), ) — ¥ falan P + 27

where Ay = gi(xt) — Vfs4(2¢). According to Lemma 2.5, we know that E.,[g:(z¢)] =

(G ()|,

V f54+(x¢). Therefore, taking expectation over u; conditional on z; on both sides of inequal-

ity (B.28) and rearranging terms, we obtain that

2
MEIIY fu(e) ] < Elfselon)] ~ Elfselons)] + “2 Bl
2
< E[fé,t(xt)] - E[fé,tﬂ(mtﬂ)] + Ll;m E[Hgt(fﬁt)HQ} + E[f&,t+1(33t+1)] - E[f&,t(%’tﬂ)]a

(B.29)
where the expectation is conditional on x;. Then, we can further condition both sides of
(B.29) on x( without changing the sign of inequality, and then apply the tower rule of
conditional expectation to make the expectation in (B.29) become full expectation. Tele-
scoping the above inequality over t = 0,...,7 — 1 and dividing both sides by 7, according

to Assumption 3.12, we obtain that

T-1

T-1
S BV (o) < PR EATETL | B S wi |+
t=0 t=0

(B.30)

E[fs0(z0)] — f5r

T—1

Ly sn - Wr

< Tt Z E[l|ge(x)|?] + —.
n =0 n

where f5, is the lower bound of the smoothed function fs7(x). f5, must exist because
we assume the orignal function fi(x) is lower bounded and the smoothed function has a

bounded distance from f;(z) due to Lemma 2.2 for all ¢.

94



Next, we derive the bound on Z,f:_ol E[||g(z¢)||?]. Summing the bound in (??) from

. ~ 2 . . 4d%L2n? ~ 2
t =1,..,T, adding E[||go(z0)||?] on both sides, and adding ~——5*=E[||gr(z1)||*] to the

right hand side, according to Assumption 3.12, we obtain that

T
- 1 - 16 2d WT
E[D 1Ge(ee)|*] < ———E[llgo(z0)|*] + -—— L§d’T + 5 (B.31)
— 11—« 11—« ad
Substituting this bound into the inequality (B.30), we obtain that
— Elfso(zo)l = fsr  Wr  dLon 1
: 5 .
SNV fsa(e) ) < Lo =L S E[lg0(e0)’]
n 20 1—«
t=0 N (B.32)
dLon 16 o o dLon 2d* Wr
Lid“T —.
20 1-a 0T s Toa
To fullfill the requirement that | f;(x)— fs ()| < €f, we set the exporation parameter § = L—f
. . el 4d2 202
In addition, let the stepsize be n = m. Then, we have that o = 520’7 = 5t < %

when T > %f. Therefore, we have that ﬁ < 2. Substituting this bound and the choices

of n and § into the bound (B.32), we finally obtain that

l ~
d15 - €7 B [[lgo (o) %]
€f? 2v/2dT

T-1
> EIV fsa(@) ] < 2V2L3 (Bl fs0(x0)] — fir + Wr) 5
t=0

+4fL2 2d15T +
\[615T2

(B.33)

The proof is complete.

B.7 Proof of Theorem 3.15

Note that when f; € Cb! with Lipschitz constant Ly, the smoothed function fsr € ot
with Lipschitz constant L;. Therefore, following the proof of Theorem 3.14 but replacing

L; s with Ly, we obtain that

S
_-

E )] — T—1
(¥ foa(o) 2] < S22t f]” f”+L;"ZE[\|§t<xt>|F]+VZT. (B.34)

~+
Il
(=)
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Since f; € CL1, according to Lemma 2.2, we have that ||V fs.(z) — Vfi(z)| < dL16.

Furthermore, we have that

-1 -1
BV f(@)lI”) = Y E(IVF (@) = Vfsule) + V fou@o)||)
=0 N =0 o
Z IV f(2e) = Vfou(x) 1] +2 D B[V fie(zo)]. (B.35)
t=0 t=0

Substituting the bound in (B.31) into (B.34) and using the bound in (B.35), we obtain

that
S Bl o < 2 i W B o)+ 198 g
=0 l noo 1=
W; + 242 L28°T, (B.36)
Choose n = m and 0 = E. Then, o = 4d2(é3n2 = ﬁ < % and ﬁ < 2.

Substituting these results into the above inequality, we finally obtain that

-1 ) . a1 LiE{||go(0)]]
E[|V/(z0)|I”] < 4V2Lo(Elfs0(z0)] = fi1 + Wr)dsT? + T 1
pard V2Lod3T?
2L
+8v2L, Lod3 \g Lds 24373 . (B.37)
0

The proof is complete.

B.8 Analysis for Projected SGD with Residual-
Feedback Oracle

In this section, we analyze the regret of ZO with residual feedback for online bandit prob-
lem (P) where the objective functions {f;}i=o.. 7—1 are non-convex and the problem is
constrained. Specifically, we consider a mini-batch gradient estimator based on the pro-

posed residual feedback

G, () (B.38)
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where g ;(z¢) = %(ft(xt+5ut7i)—ft_1 (xt_1+5ut_17i))ut7i, and u; ; and w;_1 ; are independent

from each other. Furthermore, we consider the update

T4l = HX (CL‘t - ’I’]GtM(.CL't)). (B39)

Mini-batched gradient estimator is commonly adopted in stocahstic static constrained non-
convex optimization problems*” when stochastic gradient information is available. In this
section, we study the case when the stochastic gradient cannot be obtained and we use
estimator (B.38) to approximate such information. Estimator (B.38) requires to evaluate
the values of objective function f; at multiple points, z; + du;;, similar to the two-point
gradient estimator (1.2). However, we note that studying the regret using zeroth-order
gradient estimators to solve constrained general non-convex online optimization problems is
of theoretical importance on its own. To the best of our knowledge, the regret in this setting
has not been studied yet even for the two-point gradient estimator (1.2). Perhaps the most
related work is%°, which studied the two-point estimator’s regret for solving constrained

quasi-convex online opitmization problems.

Lemma B.1. (Second moment bound for mini-batch estimator) Assume that f; € C°9
with Lipschitz constant Ly for all time t. Then, under the ZO update rule in (B.39), the

second moment of the residual feedback (B.38) satisfies:

4d?L3n?

E[|Grar(z)|*) < —

E(||Ge—1,3r(@-1) %] + Dy, (B.40)
where Dy = 16d2L% + %E[(ft(xtq +dup—14) — fr—1(zi—1 + 5Ut—1,i))2].
Proof. By definition of the residual feedback (B.38), we have that

M
E[l| G ()] = %E[H > Gri(z)l’] = Elllgei () I, (B.41)
=1

where the second equality is due to the fact that g ;(z;) are independent among each other
given x4y and uy—1 j—1.0, and that E[||g:(z¢)|]] = E[||gr,; (x¢)]|] for all ¢, j. Next, we provide

the bound for the term E[||g: j(z+)||%]. Following the same procedure as in the proof in B.3,
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we can obtain the same inequality as (B.12)

N 4d* L2
E[[|ge,i(xze)[?] < 5 CE[||lz — xo1?) + 164° L3
24> 2
+ 572E[(ft(ﬂft—1 + Oup—14) = fr—1(we—1 + Ou—1,)) . (B.42)
According to update (B.39), we have that ||z; — x4—1] = | Ix [fL’t_l — nét_LM(xt_lﬂ —

Iy 2] < n|Gi—1.0(z¢—1)|. Using this bound with inequality (B.42), we complete the

proof. O

Lemma B.2. Given the mini-batch estimator (B.38), we have that

E[[1Grar(a0)]I]. (B.43)

S

E[|Gear(xe) — Vfsa(xe)l?] <

Proof. By definition of the residual feedback (B.38

~—

, we have that

El| G (i) — V fsp(ae)|?] = %E[Hﬁt,i(?ﬁt) — Vse(ze)|?). (B.44)

Since E[gt,i(ﬂft)] = V/fsi(xt), we get that E[[[gri(z:) — Vfé,t(fvt)H2] < E[Hém(wt)\lz] This
is because E[||X — E[X]||?] = E[|X|]*] - IE[X]2 < E[| X||?] for any random vector X.

Therefore, we have that
~ 1 5
(|Gt ar () = V fs(we) 1] < ME[Hgt,z'(l‘t)||2]- (B.45)
Using equation (B.41) and inequality (B.45), we complete the proof. O

Theorem B.3 (Nonconvex Lipschitz f;). Let Assumptions 3.12 hold. Assume that f; €
CY0 with Lipschitz constant Lo over set Xs and that f; is bounded below by f; for all t.
(2v/2L2d2T2)~! and

~holw

Run ZO with residual feedback for T > (def)_1 iterations with n = €

0= EfLal. Then, we have that

3
2

REs < VAL (Elfsolao)] — i + Wr)d¥e; P73

8 e i
Sy T ) (E[[1Go,ar(z0) 1]
2d* L2

+ 16d*LAT + z Wr) (B.46)

_3
Asymptotically, when the batch size M is of order O(V/ dT\/@_l), we have Rr;& = (’)(d% L%ef 2(Wr+
N 1
WrT~)T3 +d3 L3e3T3).
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% (z¢—TLx (z—nV fsi(zt))) =

%(azt — x441). Note that

Proof. Let T141 = Ilx(2;—nV f54(x¢)). Recall that G, 5,(x¢) =
%(%ﬁ — Ty41) and gn,a,t(fﬁt) = %(iﬁt — Hx(zs — Uét,M(%f)))
fi(z) € C%Y. According to Lemma 2.2, fs5,(x) has Ly s-Lipschitz continuous gradient with

Lis= %Lo.Furthermore, according to Lemma 1.2.3 in%6, we have the following inequality

Lis

Jox(@ir1) < foe(we) +(V fse(xt), xpp1 — x4) + 2
L 2
< fou(e) + (V fop(xe), o1 — 1) + 15” G () |17,

< fop(@) + (Genr (), 21 — 20) + (Vfse(@e) — G (20), Tegr — )

(e

(B.47)

Lisn? | =
+ |G ()|,

2
where the second inequality is due to the nonexpansive property of projection onto the
convex set X, i.e., ||wp41 — ¢l = ||y [2¢ —néuM(xt)} — Iy ]| < |G ()] Next, we
show that
(B.48)

1G5t (@)* < (Gonr(2e), 3 — e41).

To prove inequliaty (B.48), it is sufficent to show that

1 3
—(zy — G (x) — Tpg1, ©p — x441) < 0.

The above inequality is true, because x4 = Ly (z; — nétyM(a:t)), r; € X and the set X is

convex. Then, combining inequalities (B.28) and (B.48), we obtain that
Lisn?  ~
G ()|

MGnst(@)|? < Foa(ae) — fsu(@err) + (V fsu(ae) — G (@), Tog1 — z4) +

< f&,t(l“t) - f6,t($t+1) + <Vf6,t($t) - ét,M(ﬂﬂt), Ti4+1 — ff’t+1>
2
1,67

+ (Vse(ae) — Grar(@e), Ter — 20) + > (B.49)

G a1 (o) 2.

In addition, we have that

- ~ 1
(Vfsi(xt) — Genm (), o1 — Tep1) < gHVfé,t(fUt) — Ge(z)|* + %thﬂ — Ty )?
(B.50)

< IV fse(xe) — Gop ()|
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Combining inequalities (B.49) and (B.50), and taking expectation over wu;—1.ps on both

sides, we have that
NE[[1Gn 6.6(x)1”] < E[fse(ae) = fse(wes)] + B[V fou(we) = Gona(ae)|?]
+ IAQS%E[HGt,M(»’Ut)HQ] (B.51)
Furthermore, we have that
G 6. (2) 1> < 201G 60 (@) |1* + 211G 6.6 (20) — G oo ()|
< 2/|Gy 5@ P + 201V fo e () = Gonr () |- (B.52)
Combining inequalities (B.51) and (B.52), we obtain that

E[Gys:(x)lI*] < ZE[(fselae) — fop(@esr))] +AE[|V fsa(xe) — Genr ()17

ESHE

+ L1 snE[||Gen () |12]. (B.53)
According to Lemma B.2, we get that

E[|Gys.:(z0)]?] < 727]E[(f6,t(37t) — fop(ween))] + %E[Hét,M(%)HQ] + L1 snE[[|Grar (20)]7].

Telescoping the above inequalities from ¢t = 0 to 1" — 1, and recalling that L; s = dés— 'Ly,

we have that

T T
Rig < iE[fé,O(xo) — fé‘,T} + 727 Z |fs1(xe) = fsi—1(ze)| + % ZE[HétM(CUt)||2]
t=1 t=0

T
7 -
+ dng ; O E[||Gem(2)])?]

(B.54)

Next, we use the results in Lemma B.1 to obtain the bound on ZtT:OIE[||(~;t7M(xt)H2].

Specifically, telescoping the second moment bound in (B.40) over t = 1,2,...,T, adding

A 2 . . 4d2L2n? = 9 . .
E[l|Go,a(0)][*] on both sides, and adding ~—5*E[||Gr,a(x7)||*] to the right hand side,
we obtain that

- 1 16
E[|G < —E[|IG 2 4 = 22T
S ElICuu ) < 1= Bl Goan o)) + 2
2L ETZE[(f (@r-1 + Ow—13) — fa (201 + 6ui1))’] (B.55)
1— a 62 pa t\Lt—1 t—1,1 t—1\Lt—1 t—1,3 5 .
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4d?L2n?

where a = —5*~. Combining inequalities (B.54) and (B.55), and according to Assump-

tion 3.12, we get that

2 L2
Rls < EE[fa,o(l‘o) — fir] + EWT

202 1 ~
- aﬁWT). (B.56)

4 n., 1 . ) 16 5 ,
— Lo=z)(—E —d° LT
+ (57 * dLo D) (T—=E[IGour (@) Y] + T——dL3T +

To fullfill the requirement that |f;(x) — f5+(x)| < €f, according to Lemma 2.2, we set the

1.5

exporation parameter § = z—f In addition, let the stepsize be n = 6,«71 Then,
0 2v/2L2d'-5T2
2712,.2
we have that o = ad (éon = QZfT < % when T > %f. Therefore, we have that ﬁ < 2.

Substituting this bound and the choices of 7 and ¢ into the bound (B.56), we finally obtain

that
T 2 # o,
R]'s < 4V2L3(E[fs50(z0) — fir] + Wr) e}cﬁTE
8 Ver a 2 272 2d2L%N
+(—+ YE[||Gon(0)||*] + 16d°LET + Wr). (B.57)
M \/ﬁT% [ ] 0 6?
The proof is complete. O

Next, we assume that the objectives f; in (P) are non-convex and smooth. In this case,

we study the gradient mapping

Gn(we) = = (w2 — x(ze — VY fe(21))),

|-

and the corresponding regret R} := ZtT;()l E[||G,(z¢)||?]. Specifically, we provide the fol-

lowing regret bound for ZO with residual-feedback.

Theorem B.4 (Nonconvex smooth f;). Let Assumptions 3.12 hold. Assume that f; €
C%0 N CY with Lipschitz constant Ly and smoothness constant L1 over set X5 and that f;
s bounded below by f; for all t. Run ZO with residual feedback for T' > d iterations with
n= (2\@Lng%)_1 and 0 = (diTi)_l. Then,

RY < 8v2Lo(Elfso(x0)] — fiz + Wr)dT?

116 V2L :
+2dL3T? + S ) (B[ Go,n(z0) 1]

0dI'

+ 16d2L2T + 24> Wi T?). (B.58)
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Asymptotically, when the batch size M is in order of(’)(dT% ), we have that R;F = O(dLOWTT% +
d%LlLO_IWT).

Proof. Note that when f; € CU! with Lipschitz constant L;, the smoothed function
fsr € CY! with Lipschitz constant L. Therefore, following the proof of Theorem 3.14

but replacing L s with L;, we obtain that

T
Rgﬁ =

I N

T

E[fs50(z0) — f5r] + Z’f&t x¢) — foi—1(x)] + ( +L177 ZE |G (4)]|]
=0

(B.59)

Since f; € CU!, according to Lemma 2.2, we have that |V fs:(z) — Vfi(2)| < dLyd.

Therefore, we have that

T-1
= Z E[Hgn,t —Gpst + gn,a,tH2]
t=0
T-1
<2RT5+ 2 E[|Vfilzs) — Vise(ae)|?] < 2R]5 + 2d°L36°T (B.60)

Combining inequalities (B.34) and (B.35), and according to Assumption 3.12, we obtain

that
4 4 d
R} < EE[fa,o(fo) ~ fir] + 5WT + (57 T 2Lm) ) > E[IGear(z0)|’] + 2d°L36°T (B.61)
=0
Furthermore, using the bound in (B.55), we have that

4 L. 4
R} < ;E[fa,o(l‘o) — fir] + EWT +2d°L36°T

8 1 - 16 202 1 ~
— 4+ 2L (———F 2+ —dPL2T — B.62
+(M + “7)(1—a [11Go, a1 (z0) %] + T— o4t 1 52WT) (B.62)
2712,2
Choosen:mandézdiﬁ. Then,a:%Z%S%andTSQWhen

T > d. Substituting these results into the above inequality, we finally obtain that

RI < 8\/§L0 (Elf50(w0)] — fiq + Wr)dT? + 2dL3T3

\[Ll
M LodT

+ (38 )(E[HGO, (o) |I?] + 16d>L2T + 24> W T?) (B.63)

The proof is complete. O
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B.9 Proof of Lemma 3.18

Consider the case when Fy(z,¢) € C%0 with Ly(€). According to (2.4), we have that
2

E{gu(z0) 2] = B (Fulwn + 0ug, &) — Fra (w1 + 0up1,& 1)) [l

52
< FE[(E&(% + 0ug, &) — Fy(@wo—1 + 6up—1, &))" ||we]|?]
2d? 212
+ ?E[(Ft(xtfl + 0u—1,&) — Fro1(z—1 + dug—1, &—1)) " flwe|?].

(B.64)

Using the bound in Assumption 2.10, we get that 25%2 [(Ft(:zt,l + dur—1,&) — Fy—1 (w1 +
5ut_1,§t_1))2HutH2] < 26%2‘/]”25' In addition, adding and subtracting Fi(xi—1 + dus, &) in
(Ft(xt + oug, &) — Fy(xe—q + 5%&—1,&))2 in above inequality, we obtain that

2
Ell3e(ze) 2] <L R[(Fy(a + Sue, &) — Fylweor + Surs &) el

)
4d?

+ (TQE[(Ft(th + g, &) — Fy(mimt + ug—1, &) ||ue]?] (B.65)
2d? 2

+ 572E[(Ft(5'3t71 + 0ur—1,&) — Fio1(z—1 + 0wg—1,&-1)) "]

By Lipschitz continuity of Fy(+; &), we can bound the first two items on the right hand side

of above inequality following the same procedure after inequality (B.11) and get that

_ 4d2L2 2 ~
E[|gi(xo)|I?) < =" Elllge(we—)|] + 16L3d?
2d? 2
+ 572E[(Ft($t—l + 0up1,&) — Fyoa (1 + 0ug—1,6-1)) 7).

The proof is complete.

B.10 Residual-Feedback Convex Optimization with
Unit Sphere Sampling

Consider the online bandit optimization problem (P) with convex objective functions and

a compact constraint set X'. In this section, we assume that the objective function f(x)
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cannot be queried outside the constraint set X'. To ensure that the iterates are confined

within the constraint set X', we consider the update

21 = Ma_gyx (ze — nge(2)), (B.66)

where the set (1-§)X = {(1—¢&)x : Vo € X'} is a shrinked version of the original constraint
set X. The goal is to select a parameter £ so that for every z¢ € (1 — )X, x¢ +0u € X

for every u € S. To achieve this, we first make the following assumption that is inspired

by 12:48
Assumption B.5. There exist contants r and 7 such that rB C X C 7B.

Then, we have the following lemma.

Lemma B.6. If the parameter £ satisfies 1 > & > g, then for every iterate x; obtained

using (B.66), we have that x; + duy € X for all uy € S.

Proof. When 1 > £ > g, we get that |[du|| < &r. Therefore, there exists 2’ € rB C X such
that the vector du = £a’. Since 2y € (1—§)X, there exists x € X such that z; = (1—§)z, and
there exists 2’ € X such that du = £2/. As aresult, we have that z+du = (1-§)z+&2" € X.

This is because set X is convex. O

Next, we study the regret Ry := E[Z?:_Ol fe(xy) —mingex ZtT:_Ol fi(x)| achieved by ex-
ecuting the online update (B.66) We do so in the following two steps. First, in Lemma B.7,
we provide an upper bound on the difference between the optimal solution that lies in the set
(1-¢)X and the one that lies in the set X', i.e., minge(;_¢)x ZtT:_Ol fi(x)—minger ZtT:_Ol fi(z);
Then, in Theorem B.8, we bound the regret defined by the expected difference between the
function values achieved by running the update (B.66) and the term min,c;_¢)x ZtT;()l fi(x),
ie,E ZtT:_Ol fe(zy) —minge_g)x ZtT:_Ol fi(x)|. Adding the two bounds above, we can com-
plete the proof.

In the following lemma we provide a bound on min ¢ _¢)x ZtT;Ol fi(x)—mingex Zz:ol fi(x).
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Lemma B.7. If the function f; is convex and f; € C%° with Lipschitz constant Lo for all

time t, we have that

=
L
~
L

fe(xg) = > fi(a™) < FLET, (B.67)

t t

Il
=)
Il
o

where xz = arg minge(1_¢)x th:ol fi(x) and x* = arg mingc ZtT;()l fi(x).

Proof. Since z* € X, we have that (1—¢)z* € (1-§)X. Moreover, since z7 is the minimizer

in the set (1 — &)X, we get that

filzg) < ) fill(1 = &)a"). (B.68)
Also, since f; is convex and (1 — &)z* = (1 — §)z* + £0, we have that

fi((1=&)a") < (1= &) f(a") + £f:(0)
< (1= fi(a") + Efela™) — Efe(2™) + €£:(0)

< fi(2") + ELolla”|| < fi(a™) + T Lo, (B.69)

where the last inequality is due to the fact that x* € X C #B. Summing the inequal-

ity (B.69) over time, we obtain that

~
_

T-1
fi((1=8a") =Y fila*) < FLoET. (B.70)
t=0

t

Il
=)

Adding up the inequalities (B.68) and (B.70) and rearranging terms completes the proof.
O

Next, we study the regret E [ Z;‘F:_Ol fe(z) — minge_g)x Z{sT:_ol fi(z)| following similar

steps as in Section 3.2. Using above lemmas, we can obtain the main theorem for online

convex optimization using (B.66).

Theorem B.8 (Regret for Convex Lipschitz f;). Let Assumption 3.8 hold. Assume that

fi € C% s convex with Lipschitz constant Ly for all t. Run ZO with residual feedback for
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3
T > fQqu iterations with 1 = —— and § = ‘ﬁl , where g € R is a user-specified
29V/2Lo/dT1 LiT%

parameter. Then, we have that

E[||go (o) [1%]7

Ry < 4V2FdLoT1 + L L 8V2di L2 T
2v2dLyT4
V2drV 2
+(2+ ) Ly "VdrT? + = L (B.71)

Asymptotically, we have Ry = (’)((Lo + L(l)_q + L02q_1VfQ)\/ dFT%).

Proof. First, we provide a bound on the regret that compares the sum of the function values

obtained using (B.66) to that obtained for the optimizer xf in the shrinked constraint set

(1-¢X, ie, E Z?Z_OI fe(wy) — minge_g)x Z e )} Since f5+(x) is convex for all ¢,

we conclude that

fox(ze) — fsi(x) < (Vfse(xe), xy — ), forall z € (1 —-¢&)X. (B.72)

Adding and subtracting §¢(x;) to V f5+(x;) in inequality (B.72), and taking the expectation

of both sides with respect to u;, we obtain that

E[f(;,t(m) — f(;,t(a:)] < E[(gt(xt),a:t — xﬂ (B.73)

Since xy41 = (1_g)x [xt — ng(xt)}, for any x € (1 — )X we have that

201 — 2l = |Ha_gyx [0 — ng(2e)] — Ma_ga [2] 7
< o —ng(a) — |

= ||zt — @ll* — 20(ge(xe), z — @) +0?[|e(o) . (B.74)

Rearranging the terms in inequality (B.74) yields

. 1 7, .
(Ge(w), 20 — ) < %(Hmt — zl* = [lze1 — zf?) + 5Hgt(xt)Hz- (B.75)

Taking the expectation of both sides of inequality (B.75) with respect to u; and substituting

the resulting bound into (B.73), we obtain that

T-1 T-1 1 T-1
B D Saelee) = 3 furl)] < 5olkeo =l + ZE[ 3 lante)] (B.76)
t=0 t=0 t=0
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Since fi(z) € C*°, we know that |fs(z) — fi(x)| < §Lo. Therefore, we obtain

T-1 T-1 T-1 T-1
BIY . filwe) =Y fo@)] = B[ farlw) = Y faulx)
t=0 t=0 t=0 t=0
T-1 T-1
Z fi(xe) — fsu wt)) (ft( ) — fé,t(@ﬂ
t=0 t=0
1 n T-1
< gplleo —2l?+ E[D 13 (@)I’] +2LoT,  (BTT)
t=0

where we have made use of the bound in (B.76). Telescoping the bound in (??) over

: - 2 . o AdRL2n? 2
t=1,2,...,T — 1, adding E[|go(x0)|*] to both sides, and adding ~“*-E[||gr—1(z7-1)|?]

to the right hand side, we obtain that

Z lael?) < o)l + e 22 L (pa)
where a = & LO” . Substituting the bound in (B.78) into (B.77) yields
T . 2, n ~ 2 16 5.0
> st Z @) < 5ol = + gt o) 2] + T LT
20007 + QdQVfQ %T (B.79)

Since inequality (B.79) holds for all z € (1 — )X, we can replace z in (B.79) with .
Furthermore, using Lemma B.7, we have that

T—

,_.
!
_

fe(zg) = > fe(a™) < TLoET. (B.80)
=0 t

Il
o

Summing inequalities (B.79) and (B.80), we obtain

T-1 T-1
1 n . 16
EE - N < g — 2P+ —"F 2+ — LT
2d2V2
+2Lo0T + _— 52T + FLo&T, (B.81)

where ||z —9cz||2 < 472. According to Lemma B.6, we can select £ = g to guarantee that all
3

iterates x; + 0uy € X for all u; € S. Furthermore, let n = —>— and § = ‘/Fdl , where
2v/2Lo\/dT'4 LT
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272,2
q € R is a user-specified parameter. Then, a = 4d ;2077 = 2T7"2L2q <=z When T > fQqu.

Substituting these parameter values into (B.81), we obtain that

-1 -1 3 E[Hf}o(%o)”ﬂfg 3 3 1
B[ fulw) = Y fula®)] < 4V2PdLeT3 + +8V/2d> LyF2T17
t=0 t=0

2v2dLoT'1
+ (24 D)Ly VAT + L V2drVRTS, (B.82)
The proof is complete. O

B.11 Proof of the Second Moment Bound (3.6)

4d?L3n?

Let oo = 52

, using (3.3), we have that

t
Ell[ge(ze)|*] < o'Elllgo(wo) 1] + Y o'/ Dy, for all ¢ > 1. (B.83)
j=1

According to Assumption 3.8, we obtain that
Lo 22
E[|gi(zo)|!] < a'Ellgo(x0)[*] + Y o' (16L3d” + " VF), forallt > 1. (B.84)
j=1

Therefore, we get that

t
~ - 2d?
Ell ] < o (B (a0) ) oo Blli(on) -+ 3 Q0L + V7). ...}

Next, we show that this inequality is equivalent to

2
Ellg(z)|P) < max {Ellgo(eo) ), = (16230 + “ov2) ). (Bs5)

To see this, observe that the sequence {IE[||§0(:U0) %], ..., &'E[||go(z0) H2]+Z§-:1 o' ~I (16 Lgsd*+
2d2 Vf) } is monotonic. This is because if E[||go(z0)||?] > aE[||go(z0)|?] + 16LEd> +
J—QVf , then we can multiply both sides by o and add 16L3d2 + 25%2‘/]? to both sides and get
that aB[|lgo(wo)|[2] + 16L3d? + 2VF > aE[||go(z0) %] + (16 L3d* + 25 V) + (16L3d? +
%Vf). Using mathematical induction we can show that the sequence is monotonically non-
increasing. Similarly, if E[||go(z0)?] < aE[||go(x0)||?] + 16L3d? + Z%;VQ, then we can show
that the sequence is monotonically non-decreasing and converges to 1— (16de2 + 24 sz)

Therefore, the proof is complete.
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Appendix C

Proofs for Chapter 4

C.1 Proof of Lemma 4.6

Lemma 3.1. Given Assumptions 4.4 and 4.5, we have that ||u*(N.) — J(0x + 6ug, &)1 <
p%c\/N(Ju — J;), where pyy = |[W — £117| < 1.

Proof. First, we show that %1T,uk’(m) = J(Ok + dug, &) for all m = 0,1,.... Note that the
consensus step pf(m+1) =" jen, Wi M? (m) (line 12 in Algorithm 1) can be equivalently
written in a compact form as p*(m + 1) = Wu¥(m). Therefore, we have that

iTk _iT k _iTk

where the second equality is due to Assumption 4.4, that the matrix W is doubly stochas-
tic. Extending equality (C.1) from m to 0, we obtain that 317pu*(m) = +174%(0) =
%17171'(9;C + dug, &) = J (0 + dug, &), for m =0,1,....

Next, we show that || (m) — 117k (m)|| < |[W — 117 ||™||u*(0) — +1171%(0)],
for m=1,2,.... To see this, we have that

1 1
¥ (m+ 1) — NllTu'“(m +1)|| = Wik (m) — NllTWu’“(m)H

= W (m) — 11T (m) (C2)

where the second equality is due to Assumption 4.4. According to (C.2), we have that
1 (m41) = 1176 (A1) | = (W= 107k (m) || = [[(W =3 117) (" (m) — 5,117 1 (m) |-
This is because (W — £117)1117 4% (m) = 0. Therefore, we get that
i m 1) = 117 D] < W = 127 () — 127 (m)|
N - N N

1 1
<< W= =117 ek 0) = =117 kR (0)]]. (C.
< & 1T 7(0) = 7117w (0)]]- (C.3)
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The first inequality is due to the definition of the induced matrix norm [|[W — 117
According to Assumption 4.4, we have that py = ||[W —3117|| < 1. Furthermore, recalling
the fact that %1Tuk(m) = %1TJi(9k+5uk,§k) = J(0p+0oug, &) form =0,1,..., we obtain

that
¥ (Ne) — J(Or + dur, &)1 < pie |1 (0) — J(Ox, + Sug, &)1 (C.4)

Since 1 (0) = Ji(O + Oup, &) € [, Ju] and J(Or + dur, &) = & Somy Ji(Oh + dup, &) €
[J1, Ju], we have that ||u*(0) — J(0) + dug, &)1|| < VN (J, — J;). Plugging this inequality

into the bound in (C.4), we complete the proof. O

C.2 Proof of Theorem 4.7

In the subsequent proof, we need the following lemma by 5.

Lemma C.1. (Lipschitz Properties of the Smoothed Function,’® Given Assumption 4.1,
the smoothed function Js(0) is differentiable and its gradient is Lipschitz, that is, |V Js(61)—

VJ5(09)|| < Y4Lo |6, — 65|, Lfor all 6,6, € R,

Next, we present a lemma that bounds the squared norm of the gradient of the smoothed

function VJ5(0y) at iterate 0.
Lemma C.2. Let Assumptions 4.1 and 4.3 hold. Then, for all k > 0, we have that

E[|VIs00)]%] < = (E[Js(Or+1) — Js(00)]) + 2\/@0%1@[\@5(90”2] + %E[Iluk = AL k)]

Q|

6] _ « _ e
AV Lo S Bl — B2 2] + 405 di Lo Bl — 12, (C5)

where g5(0%) = J(9k+5uk»gk)*J(§k71+5uk—1:£k—1)uk and i* = %1T k= J(0) + Oug, &)

Proof. According to Assumption 4.1 and Lemma C.1, we have that the smoothed function
f5(0) has Lipschitz gradient with the Lipschitz constant L; 5 = @. Therefore, using the
inequality (6) in'®, we obtain that

Lis
2

(VI5(0k), 041 — Ok) < Js(Oks1) — J5(0k) + 1051 — O] (C.6)
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Without loss of generality, we assume that each agent’s local policy function 7; is param-
eterized with §; € R% and d; = % for all 7. Then, the update (4.5) can be written in the
compact form

(07

sdiag((uf(Ne) — o™ (Ne), -, uly (Ne) = i (NO))) @ Tague,— (C.7)

Ok+1 = Ok +

where ® represents the kronecker product and I, is an identity matrix with dimension d;.
To simplify notations, we use ¥ or ¥ to denote pf(N.) and u*(N,) respectively. Then,

we equivalently rewrite equality (C.7) as

J (0 + dug, &) — J(Ok—1 + Sup_1, &k
Orat — O = (Ok + dup, &) gkl k=1, &k 1)uk

(6% (0%
+ sdiag(u’ — i) @ Ly — Sdiag(u™ = i) @ Iywk,  (C8)

where @F = £17 1% = J(0) + Suy, &) as in the proof of Lemma 4.6. Substituting (C.8) into

the bound in (C.6) and rearranging terms, we get that

o
AV I5(0k), 95(0k)) < J5(O+1) = J5(0) — 5 (VI5(0n), diag(pF — iF1) ® Ipup)
L 1 1
+ %QQH%(%) + sdiag(p’ — 1) @ Iyuy, — diag(u™ — i*711) © Ly, u?
(6 _ A
+ 5 (VJs(0), diag(u' ™" — 1" 711) @ I up), (C.9)

where g5(0) = J(akM“k’5’“)7‘](?“1““’“*1’5’“’1)uk. Dividing both sides of (C.9) by « and
taking the expectation of both sides with respect to uy and & conditioned on the filtration

Fr—1 = 0(ug,&|t <k —1), we have that

E[Js(6 — Js(0 1
V500 < SO =IO gy g0, asag 1) @ L)
L 1 1
+ ;’6 aE[|lgs(0r) + gdiag(,uk — ﬂkl) ® Ig,up — gdiag(uk_1 — _k_ll) ® IdiUkH2]-

(C.10)

This is because E[gs(0)] = VJ5(0k), VJ5(0x) and diag(u*~! — @#¥~11) are fixed when
conditioned on the filtration Fj_1, and E[ug] = 0. Next, we provide bounds on the
second and third terms in the right hand side (RHS) of (C.10). Specifically, because

—(VJ5(0r), 5diag(p” — i*1) @ Ig,up) < 3|V I5(0k)|1* + 552 | diag(p® — 1) @ Ig,ugl?, we
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have that

1
= 5ELVIs(0%), diag(u® — 1) @ Ig,up))

< SEIVI500I7 + 5 Ellatag(ut — 51) @ Lo
< SEIIVI300) %] + S SEll* — 711 el ), (1)

where the third inequality is due to the fact that ||diag(vi)va||? < ||v1|?||lv2]|? for all v1, vy €

R?. Furthermore, we have that

1 1 o
E[]|gs(6%) + gdiag(uk — i"1) ® Iy, — gdiag(u’“ - @b 1) @ Tyug|)?)

P ) @ L)

2 . _ .
< 2E[]|g5(0)|*) + [l diag(u’ — i*1) © I, u, — diag(n
4 . _ 4 . 1 e
< 2E[||g5 () 1I”] + *Q]E[Hdlag(ulC — 1) ® Tgui|?] + 7E[\|d1ag(uk P i) @ Igug ]
Add;

sz Bl =), (C.12)

Ad;
< 28]l gs(0)[1*) + 5 Ellln® — 511 lu|*] +

where the first two inequalities are due to the fact that ||vy +uv|? < 2|lv1]|? +2||v2||* and the
third inequality is due to the fact that E[||diag(u* 1 —gF11)@I4,ui]?] < d;E[||diag(ph~!—
5 11)1?||uz||?], the fact that u*~1—pEF~11 is independent of uy, and the fact that E[||lug||?] =
d. Substituting the bounds in (C.11) and (C.12) into the bound in (C.10) and rearranging

the terms, we get that

BIIVJ5(60) %) < 2 (ELs(Bks1) — J5(00)]) + 2v/dLo SEllgs (64) )
AV Lo SR ~ PPl ] + 40 Lo Bl —
SRl — P s (©13)
The proof is complete. O

Next, we present a lemma bounding the second moment of the gradient estimate g5(6).

Lemma C.3. Let Assumptions 4.1 and 4.3 hold. Then, for all k > 1, we have that

az OZQ _ ke
E[[lg5(01)[1*] < 8dL357E[||95(9k—1)H2] + 16ddz’L357EHluk Ry e U Pty

8da
62

+ 16d%d; L2 54E[||Mk 2 P + 16(d + 4)? (C.14)
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Proof. Recalling that gs(0x) = J(e’“+6u’“’£k)_‘](§’“‘1+6u’“‘1’5’“‘1)uk, we have that
1
Elllgs(61)[1%] = 52 BT (0% + du, &) — T (Oh—1 + Sup—1, 1) [*|Juk]?]- (C.15)
In addition, we have that

| J (O + Sug, &) — J(Op—1+6up—1, E—1)|> < 4(J (O + Oug, &) — J(Op—1 + 6Uk,§k))2
+ 4(J(0p—1 + dup, &) — J (Op—1 + 6u1€71,§k))2
+2(J(Opr + Sup—1,&,) — J(Op—1 + 6u—1,&-1))% (C.16)
According to Assumption 4.1, we have that (J(Hk +oug, &) — J (Op—1 + Ouy, §k))2 < L3160y —
0k71H2 and (J(0k71 + 5uk,§k) - J(@k,1 + 5uk,1,§k))2 < L362Huk — uk,1H2. Furthermore,

according to Assumption 4.3, we have that (J(Hk_l +oup_1,&) — J(Ok—1+ oug_1, 5k-1))2 <

402. Applying the above bounds to the RHS of (C.16), we get that

| T (Ok + ug, &) — J(Op—1+0up—1, 1) > < 4LE||0k — O—1]1* + 4L50%|Jug — ugp—1] + 80>

(C.17)
Substituting the bound (C.17) into (C.15), we have that
E[llgs(6r)1I*) < ZZLQ(%E[H% = Ot | lunl|*) + 4LGE ur — w1 |1*]|ur*] + E?;E[HukHz]
< 4?5(2)1@[”@ — Op1||?] + 16(d + 4)2L2 + 8?‘2’2. (C.18)

The second inequality is due to the fact that |6z — 0x_1]|? is independent of ug, E[||up —
up—1||?||url?] < 4(d+4)? and E[||ug||?] = d. Specifically, we have that E[||ur—ug_1]|?|Jux|?] <
4(d+4)? because |Ju —up_1|* < 2|Jug||® +2||uk—1]|* and that E[||ug ] < (d+4)? according
to!®. Substituting the expression for 6, —0;_1 in (C.8) into (C.18) and applying the bound
in (C.12), we obtain that

a2 a2 _ _fe—
E[llgs (0x)11%] < 8dLG 5 Elllg5(0s1) "] + 16ddiL357E[lluk P P - )17

2 8d 2
+ 164, L3 SB[l — A1)+ 16(d + 4)2L3 + =

The proof is complete. O
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Now, we are ready to present the proof for Theorem 4.7.

Theorem 3.2. (Learning Rate of Algorithm 1 without Value Tracking) Let

Assumptions 4.1, 4.3, 4.4 and 4.5 hold and define § = fL ;= ¢ 5;\/», and N, >
log(ﬁ)/log(pw) Then, running Algorithm 1 with DoTracking = False, we
0\Ju

have that & SR E[|V5(6,) [ < O(d 2, K -0%) + 5.

Proof. According to Lemma 4.6, and using Assumptions 4.4 and 4.5, we select N, >
log(#M)/log(pw) so that || — g* 1| = ||u* — J(Or + 5uk7€k)1H < E, re-

€l

gardless of uy for all k¥ > 0, where £, is a small constant such that E2 57 d Therefore,

the bound in (C.5) can be simplified as

E[|VJ5(00)]°] < %(E[J(s(@m) = J5(0)]) + 2\/3L09E[||95(9k)|\2]

4 8d"0d; Ly~ E2 + dd;

2
3B+ 5 B (C.19)

Telescoping the above inequality from k£ = 0 to K — 1, we get that

K-1 K-1
2 o
E[||VJ5(0k)[17] < a(E[Ja(GK) — Js(00)]) + 2\/3L05 Z E[l|gs(6x)%]
k=0 _
8d'5d, Lo~ B2 K dd; E2K C.20
+ iLosz Bl + 5 (C.20)

Next, we bound the term Zf;ol E[||gs(0%)]|?] on the RHS of (C.20). Specifically, since N,
is selected so that ||u* — g*1| = ||u* — J(Ok + duy, & )1|| < E, regardless of uy, for all k > 0,
the bound in (C.14) can be simplified as

8do?

2
Ellas(00) 2] < SAL3 % Ellgs(Ou-o)|*) + 3200, L3 2 B2 + 16(d + 4713 + 20

(C.21)

Telescoping the above inequality from k = 1 to K — 1, adding E[||g5(6)||?] on both sides,

adding 8dL(2J§‘—§E[||g(5(0K,1)H2] on the RHS, and rearranging the terms, we have that

K—-1
1 32d2d; L2 o?
E 0,12 < E 00)||%] + ——0— F’K
[lg5(0x) 7] < —a [1lg5(60) I7] + 1 —a, oilk
k=0
16(d + 4)?L3 8do>
K K C.22
T—a, ST —aye (@2
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1.5
_ €J — _€J 1
where ay = 8dL0 52 When § = f e and o = W VR we have that ay = 57 < 5 when

e; < dand K > 1. Substituting the bound on a4 into (C.22), we obtain that
K-1

E[llgs(0) 7] < 2E[lg5(00) %] + 64d2d; L3 5 EQK +32(d + 4’ LEK + —5—
k=0

16d0

s 1. (C.23)

Moreover, substituting the bound in (C.23) into the bound in (C.20), we get that

K-1
2 o o
E[[[VJ5(06)°] < = (E[J5(0x) — J5(00)]) +4\/gL05E[||95(90)H2} +64(d +4)° L K
k=0
dd;
+32d" 7 Lo s K +128d%°d, 3% 5 EQK +8d"2d; Lo CEXK + 5—2E2K (C.24)
Recalling that Eﬁ = 266‘;; and substituting the selected values for § = \/%JLO and a =
1.5
‘W;% into (C.24), we obtain that
Kl 9 8d1 L2 JE €%® 9 eeld
E[||VJs(0 E[J; — Js5(6 K+ E 0 +
>~ E{IVJs(0)1") <=5 BUU; — SOnVE + e Bllastool) + o5
d+4 8d'5 L2
169D s g 1500 VE+ L VR € K. (C25)
d €] Vd

where J} > J5(0) for all § € R%. The upper bound on J5(6) exists due to Assumption 4.5.

Dividing both sides of (C.25) by K, we achieve the bound in Theorem 4.7. O

C.3 Proof of Lemma 4.8

Lemma 3.3. Let Assumption 4.4 hold. Then, running Algorithm 1 with DoTracking =
True, we have that ¥(m) = J(0 + dug, &) = %ZZ]\LI Ji(Or + dug, &), for all m =
1,2,..., N, and all k.

Proof. According to (C.1), we have that

1
= —174*(0), for all m,k>0. (C.26)

1 1
17 ,F = Tk — 1) =
1 w(m—1)

phm) = 1T m) =

Next, we show that i*(N.) = g*(0) = ZZ 1 Ji(0k + ouyg, &) for all k. We use mathe-

matical induction to construct the proof. Specifically, suppose that g*~1(N,) = p*¥=1(0) =

115



% Zf\il Ji(0k—1 + 0ug—1,&—1) holds. Then, according to line 9 in Algorithm 1, we have

that
1
pF(Ne) = 1T 1" (0) = NlT(Mk_l( o)+ J (O + Sup, &) — J(Op—1 + dup_1, 1))
1Y 1 Y 1Y
Nz (Ok—1 + dup—1, & 1)+NzJi(9k+6uk,€k)—NzJi(9k_1+5uk_1,§k—1)

=1 =1 =1

1
-~ Z (O + Sug, &),

2

where j(Hk +0up, &) = [ .., Ji(Or + 0ug, &), . .. ]7. The second equality above is due to the
induction hypothesis. We have that the induction hypothesis is satisfied for z°(N,), accord-
ing to line 7 in Algorithm 1. Therefore, we have shown that +17u(0) = % le\il Ji(Or +
Suy, &) for all k. And due to (C.26), we have shown that i¥(m) = J(0 + dus, &) =
% Zf\;1 Ji(0k + dug, &), for all m = 1,2,..., N, and all k. The proof is complete. O

C.4 Proof of Lemma 4.9

Lemma 3.4. Let Assumptions 4.1, 4.3, 4.4 hold and define E{j = [|u*(N.) — @F (N1

Then, running Algorithm 1 with DoTracking = True, we have that
B{(5577) < (2B[(BEY) + 3203 G B (B ueal) + 82 L RIS ) A
+ 16N L3 E[|| VI (0k—1)|1*] pip’ + 32NdL3S* i) + 16N o2 pie. (C.27)

Proof. To simplify notations, in what follows, we denote p*(N,) and i*(N,) by p* and fi*

respectively. According to lines 9 and 12 in Algorithm 1, we have that

E[(BL] = E[I(7 — 117 |?)
E[[[(I - 11T)WN“( R J(0k + Sup, &) — J(Op—1 + dwp—1, &k—1)) 1]
= B[ (W — = 11T) (jF 4 (0 + S &) — T (O + Supr 1))

N
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Since (W/e — £117)F=11 = 0, we obtain that

1
NllT)(Mkfl B+ T (O + Sup, &) — T (k-1 + dup—1,&-1)) |I°]

1 _
< 2E[||W — 11T (E )]

E[(E;)?] = E[l(W" -

+ 2E[||WNe — —117)12)|J (0% + Sug, &) — J(Op—1 + Sup—1, Ex1)||?]. (C.28)

1
N
Moreover, we have that [|[WNe — L1172 = (W — £117)Ne||2 < |W — L117||2Ne = p2lte.

Applying this bound in (C.28), we get that

E[(Eﬁ)Q] < QP%VCE[(Eﬁ_l) ] +2p 2NCE[||J(91<; + Oug, &) — J(Op—1 + dup—_1, Ex—1)]%]-
(C.29)

Following the same procedure used to derive the bound in (C.17), we get that |J;(0 +
5uk,§k) (Hk 1+ Sug_1, &k 1)’2 < 4L2||9k —0)_ 1”2 + 4L252Huk — Up— 1||2 + 80’2 for all
i=1,2,...,N. Applying this bound to the RHS in (C.29), we obtain that

E[(E£)?] < 203 E(EE)?) + SN L3N El| 61 — 01|

+ 8N L25? o2 E|Jug, — up—1||*] + 16N phe. (C.30)

Moreover, we have that E[||uy — ur_1]|?] < E[2||ug]|® + 2|lug_1]|?] < 4d. Substituting the
expression of 0y — 01 for (C.8) into (C.30) and applying the bound in (C.12), we obtain

that

E[(E})?] < 2030 E[(E}")?] + 16N L pyy e o”E]| gs (0x—1)|*] + 32dN L35> py) + 16N o2 pie

+ 32dL3p3" 52E[<E’“ D2lug 7] + 3282 L33 52E[<E’“ 22

The proof is complete. ]

C.5 Proof of Theorem 4.10

First, we present a lemma characterizing the bound on E[(El’j)QHukHz]
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Lemma C.4. Let Assumptions 4.1, 4.8, 4.4 hold. Then, for all k > 1, we have that
E[(E})?[luxl”] < 2dpfp E[(EL )] + 16dN L pi o] g5 (0r—1)[|*]
o2 o2
+ 32 L33 S BRI Plwe1|] + 320 LR Sy RI(E )]
+32(d + 4)2NLE52 il + 16dNa? pile.
(C.31)

Proof. According to the bound on (El’j)2 derived in (C.28), we have that

E[(E;)?lurl®] < 205 El(E;)? uk]?)
() | < 2oy El(E, ©32)
+ 205 Bl T (O + S, &) — T (01 + Sup—r, &—1)|1*[|u”]

Since Eﬁ_l is independent of wuy, we have that E[(El’j_l)QHukHQ] = E[(El’j_l)ﬂE[HukHQ] =
dE[(Ek_l)Q]. Following the same procedure used to derive the bound in (C.17), we get that
| Ti (O + Our, &) — Ji(Or—1 + dup—1,&—1)[> < ALF||0k — Op—1[* + ALEO?|lug — up—1|* + 802,
foralli=1,2,..., N. Applying this bound to the RHS in (C.32), we obtain that
E[(B})luxll?] < 2dpiy E[(Ey ") + 8N LEpiy “Ell| 0k — O—1 |*[lux]|?)
+ 8NL052p2NCE[||uk — w1 |)?||us]|?] + 16dNo?p 2N°. (C.33)
Moreover, we have that E[||u — ugp_1|?||ur||?] < E[2||uzll* + 2|lur_1?||ur||?] < 4(d + 4)2.

Substituting the expression of 8 —0;_1 in (C.8) into (C.33) and applying the bound (C.12),

we obtain that
E[(E})?[luxll’] < 2dp3éVCE[(E’“‘1)Q] +16dN Lipip“aEl||g5 (05 -1)|1%]
+ 3242 L3p3 52 E[(E’“ 12 lua]|?] + 32 L2020 Sy 52 E[(E’“ %)
+32(d + 4)> N L3052 pile + 16dNo? il

The proof is complete. O

Now, we are ready to present the proof for Theorem 4.10.

Theorem 3.5. (Learning Rate of Algorithm 1 with Value Tracking) Let As-

sumptions 4.1,4.3, 4.4 hold and define § =

61.5
\[LO 4d1‘5i(2)\/?’ and NC > max (log(ﬁ)/log(pW)a
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log(\/2G2eJ+64(d+4)2§L3+32d3Lga2/63)/log(pW)) where G = max <IE[||@J(90)\2], T +32LE(d+
4)? —|—16d2L(2)‘€722). Then, running Algorithm 1 with DoTracking = True, we have that

J
& i E[IVI5(00)[7] < O(d"5e K0 + 4.

Proof. First, we show that for all k > 0, we have that E[||gs(01)]?] < G2, E[(El’j)Q] < Eﬁ and

1.5
E[(El’j)2||uk|| ] < dE? when we let § = fLo Ml;%, and N, > max (log(ﬁ)/log(pw),

2 .
log(\/2G26J+64(d+4)2§Lg+32d3L%J2/E%)/log(pw)), where Eg = 2E§di. To prove this, we use

mathematical induction. Specifically, suppose we have that E[(E]/j_l)Q] < Eﬁ, E[(Eﬁ_Q)Q] <

Eﬁ, E[(El’j_l)QHuk_le] < dEg and E[||gs(0x_1)||?] < G2. Then, according to Lemma C.3,
we have that

8d02
62

Substituting the selected values for ¢, o and the constant EZ in (C.34), we get that

E[llg5(6%)?) < 8dL3% 52 @ 4 3, (LA 5 E2 +16(d + 4)L (C.34)

2
2 2720 2
_ - < .
[||96(9k)H | < 2dKG + dK +16L0(d+4) + 8d L062J < G7, (C.35)

where the second inequality holds because QZ%GQ < %GQ when 7% < 1. In addition, we
have that $% + 16L3(d + 4)* + 8d2L(2)%2 < 1G? due to the choice of G? in Theorem 4.10.
€7

Furthermore, according to Lemma 4.9, we have that
E[(EE)?] < (2+ 644* L35 =7 )p?NcE2 + 16N LG22 pil
+ 32NdL3S%pil’ + 16N a2 pihe. (C.36)

Substituting the selected values for J, o and E2 into (C.36), we get that
G2

€J
Bl(ED?] < @+ 4500 B + (!

K) +32N€ + 16No?)pl'e < E2. (C.37)

The second inequality is because when e;/K < 1 and N, > log( ) /log(pw ), we have that

(2+45 )p2N°E2 1Eﬁ, In addition, when N, > log(\/2G2EJ+64(d+4)2dL3+32d3L302/63 )/ log(pw ),

NG? eJ

we get that (g3 + 32N€2 + 16Na?)p'® < SE2.

Next, according to Lemma C.4, we have that
E[(ES)?|luel®] < (24 64d>LG 62)p%$fch2 +16dNLAG?o?pie

+ 32N(d + 4)2L352 pile + 16dN o pie. (C.38)
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Substituting the selected values for J, o and Eﬁ into (C.38), we get that

€ NG2?e d+ 4)?
E[(E}j)ZHukHQ] < (2+4—J)p%,[],VCdEZ—+—( o J +32N( )
B2IEK d

7 2 +16dNa?)pie

< dE>. (C.39)

The second inequality holds for similar reasons as those used to obtain (C.37). To complete
the induction argument, we simply need to verify the induction hypothesis when k£ = 1. It is
straightforward to see that E[||gs(60)||?] < G? due to the definition of G?. In addition, due
to the initialization step p~'(Ne) = 0 in line 1 in Algorithm 1, we have that E[(E,1)?] <
Eﬁ To satisfy the conditions E[(Eg)ﬂ < Eﬁ and E[(E2)2Hu0||2] < dEﬁ, it is sufficient
to run many enough consensus steps only at the first iteration of Algorithm 1, according
to Lemma 4.6. To summarize, the induction hypothesis is satisfied at the first iteration
of Algorithm 1 and we have shown that for all k& > 0, we have that E[||gs(0)|?] < G2,
E[(E/’j)Q] < Eﬁ and ]E[(Efj)QHukH?] < dEﬁ under the choice of parameters specified in
Theorem 4.10.

Finally, using the uniform bounds E[(E/]j)z] < EZ and E[(Efj)2||uk||2] < dEﬁ, we can

follow the same procedure as in the proof of Theorem 4.7 and obtain the following optimality

bound
K—-1
8d1.5L2 60'5 661.5
9 0 - J 2 J
2 E[[|VJ5 (65| ]S?Ep& Js(00) VK + ME[Ilga(eo)ll ]+ PN
d+ 4)2 L5252 0.5
16 pp0sy i 8L i R L SR (o)
d €7 \/a 2
Dividing both sides by K completes the proof. o
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Appendix D

Proofs for Chapter 5

Lemma D.1. Consider a sequence of non-negative real numbers {Vi.} with the following

relations for all 1 < k <T — 1, provided with 0 < v+ 8 < 1,
Vi <9 (Vior + BVia + -+ 85715 ) + M

where M is a contant, then we have

_a k-1
Vi < (v + B Vo + 1 ﬁ_?ﬂiﬁ
In addition,
T—1
B 1-p Y
\% 7‘/ T— M — M.
k=0 kSl_ +5) o 1)1_(7+5) (1-(y+8)?

Proof. Fix some k = K. We have
Vie <9 (Vo1 + BVg_a+ -+ B85 W) + M
Y+ 8) (Vo + -+ 8572V) +9M + M
Repeat the above process, we obtain that
K—2
Vi <9(v+B) 2 (Vo + M+ B8Vo) +7 Y (v + B M + M
k=0

—B-(y+ B!
1—(v+58) ’

which completes the first part of the proof. Summing Vj, from 0 to T — 1, we obtain that

~ 1
Yy + BV +

-, 1-B—~(y+B)"
Vi = Y <M>
kzzo k ;(’Y(’H‘ﬁ) o+ —(v+8)
+ Vo
1-p 1-p v
=W+ T -1 M —
T A T ) R Ty vy
which complete the proof of the lemma. O
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