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Abstract

We calculate electromagnetic transmission through periodic gratings using a mode-
matching method for solving Maxwell’s equations. We record the derivation of the
equations involved for several variations of the problem, including one- and two-
dimensionally periodic films, one-sided films, films with complicated periodicity, and
a simpler formula for the case of a single contributing waveguide mode. We demon-
strate the effects of the Rayleigh anomaly, which causes energy transmission to be
very low compared to nearby frequencies, and the associated transmission maxima
which may be as high as 100% for certain energy frequencies. Finally we present
further variations of the model to account for the effects of conductivity, finite hole
arrays, and collimation. We find that assuming the film is perfectly conducting with
infinite periodicity does not change the transmission sufficiently to explain the differ-
ence between experimental and theoretical results. However, removing the assump-
tion that the incident radiation is in the form of a plane wave brings the transmission

much more in agreement with experimental results.
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1

Introduction

In their 1998 paper, Ebbesen et al. demonstrated experimentally that certain fre-
quencies of light, will pass through metal gratings to a greater degree than was
previously thought possible, as discussed in the earlier paper of Bethe (1944). This
was particularly surprising when the wavelength of the incident light was larger than
the diameter of the grating holes, and this case was called extraordinary transmis-
sion. These findings brought substantial interest to the study of light passing through
gratings.

Extraordinary transmission is present to a degree in the case of a single hole in
a metal film (see, for example, Nikitin et al. (2008)), but it is stronger in the case of
a periodic array of holes. Mathematical theory tells us that solutions of Maxwell’s
equations in a periodic system must be Bloch periodic (a discussion of Bloch theory
may be found in Kuchment (1993))- that is, a periodic function multiplied by an ex-
ponential. As we will discuss in Chapter 2, this begets the Rayleigh/Wood anomaly,
which is a sharp decrease in transmission when the wavelength of the incoming wave
is equal to certain fractions of the period width. These minima were first documented

by R. W. Wood (1902) and mathematical discussion was furthered by Lord Rayleigh
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(1907). Associated with each of these transmission minima may also be one or more
transmission maxima that may even reach 100% transmission. Furthermore, large
fields build up inside the holes at these transmission peaks.

While the Rayleigh anomaly is straightforward to predict, the location and mag-
nitude of the transmission maxima is a very complicated problem. Theoretical mod-
els and experiments with new hole shapes and film properties are continually be-
ing explored in the literature. In this work we solve Maxwell’s equations using a
mode-matching method based on the techniques discussed in Martin-Moreno and
Garcfa-Vidal (2008), Martin-Moreno and Garcia-Vidal (2004), and other works of
these authors: we decompose the electromagnetic (EM) field inside and outside the
film into a basis of wave modes, and use the matching conditions associated with
Maxwell’s equations to find the modal amplitudes. Application of Bloch theory re-
duces the problem to an infinite matrix equation which can be truncated and solved.

This method has several advantages. First, it is common for only one or a handful
of modes to significantly contribute to the EM field, and if these are separated out
then it greatly reduces calculation time. Second, the separation into individual modes
illuminates the Rayleigh anomaly very clearly. And finally, unlike more traditional
numerical methods which may require extra computation at corners and resonances,
the modal method encounters no extra difficulty.

We begin with a model that assumes the metal is perfectly conducting with a
periodic array of holes, illuminated by a plane wave, as in Martin-Moreno and Garcia-
Vidal (2008). In Chapter 2 we explain the method of mode-matching in detail. In
Chapter 3, we discuss the Rayleigh anomaly and the transmission maxima, including
a simplified method of predicting the location and magnitude of the maxima which
depends only on a single waveguide mode inside the hole. We demonstrate the
increased field strength within the holes at transmission resonances. We also discuss
how to simulate non-rectangular hole arrays using period supercells.
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In Chapter 4, we revise the model to more closely simulate real experiments.
By this time, we (as well as other modelers, for example Medina et al. (2008))
have seen that some Rayleigh anomalies are accompanied by a double transmission
maximum, one narrower than the other. However, experimenters do not encounter
this double peak (for example, see Ebbesen et al. (1998); Hou et al. (2006); Przybilla
et al. (2008)). We first use an asymptotic formula for the propagation constant
of a circular waveguide mode to show that this difference is not accounted for by
allowing the film to become finitely conducting. This result is further supported
by simulations in COMSOL Multiphysics and Microwave Studio. Next we find that
assuming a finite array of holes does not account for the difference either, by using
the supercell method introduced in Chapter 3 to create periodic arrays which become
finite in limit. Lastly, however, we find that allowing for imperfect collimation — that
is, assuming that the incident radiation is more complicated than a single plane wave
— causes the double maximum to devolve into a single maximum of lower magnitude,
and therefore is a viable reason for the discrepancy between theory and experiment.

Finally, in the Appendices we include full mathematical descriptions of the over-
laps between plane waves and waveguide modes, the full derivation of the asymptotic
formulae used in Chapter 4, and an extension of a related result from the literature

from two dimensions to three.



2

Basic Formulae

We begin by formalizing the case of an array of holes periodic in the z- and y-
directions in a perfectly conducting metal film of finite thickness in the z-direction,
with radiation incident on one side of the film in the form of a plane wave. We
will use Bloch theory to help us solve Maxwell’s equations by reducing the problem
to an infinite matrix equation, which can then be truncated and solved. The same
formalism will apply to both a 2-dimensionally periodic rectangular array of holes
and to a 1-dimensionally periodic array of slits. The only differences lie in the number
and explicit expressions for the waveguide modes, which can be found for rectangular
holes, circular holes and slits in Sec. 2.2. The derivation in Sec. 2.1 is largely drawn
from the papers of Martin-Moreno and Garcia-Vidal (2008) and Nikitin et al. (2008),

and for the expressions in Sec. 2.2 we draw from Jackson (1999).

2.1 Derivation of the Matrix Equations

2.1.1 Mazwell’s Equations and Matching Conditions

Our aim is to solve the time-harmonic Maxwell’s equations, which result from the

full Maxwell’s equations by assuming time dependence of exp (—iwt) with constant
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FIGURE 2.1: A sample two-dimensionally periodic film with array parameters. Here
the film is periodic and extends infinitely in the z- and y-directions, and energy
propagates in the z-direction. For rectangular holes, the side lengths will be denoted
a and b, and the dimensions of the rectangular period cell will be denoted L, and

L

Y-

frequency w in a medium of dielectric constant € (and magnetic constant p = 1),

V x E = iwH V-H=0
(2.1)
V x H = —iewE V.-E=0,

It is helpful to note that each component of E and H satisfies the Helmholtz equation
(A +ew?)y =0, (2.2)

which we find by taking the curl again of one of the curl equations above and sim-
plifying. When solving Maxwell’s equations, our strategy is typically to solve the
Helmholtz equation for one or more of the EM field components first, and then use
Maxwell’s equations to find the rest..

Our domain consists of the region to either side of a perfectly conducting metal

film of thickness h, and inside holes through the film which are either rectangular
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with side widths a and b in the z- and y-directions respectively, or circular with
radius R, repeated periodically with rectangular period of side lengths L, and L,
(see Figs. 2.1 and 2.2). Alternatively we may consider the one-dimensionally periodic
case of slits in the metal instead of holes, of width a in the z-direction and infinite in
the y-direction. A plane wave will be incident on the z < 0 side of the film. We will
call the z < 0 side of the film the reflection side, and the z > 0 side the transmission
side. We will assume that the film is a perfect conductor, meaning that there is no
EM field inside the metal.

We will write expressions for the fields to either side of the film and inside the holes
separately, and then use the matching conditions associated with Maxwell’s equations
to find the remaining unknown terms. In general, the matching conditions state that
the components of E and H tangential to an interface between two materials (that
is, n X E and n x H where n is normal to the interface) must be continuous, as
discussed in Jackson (1999). At the interface of a material with a perfect conductor,
however, the magnetic field may be discontinuous; and so because the electric field

is zero inside the metal, we require only
nxE=0 (2.3)

at the boundary.
2.1.2 Bloch Theory and the Field Outside the Film

Outside the film, we decompose the field into a linear combination of plane waves,
which form a basis for solutions of Maxwell’s equations. A plane wave is the product

of an exponential of the form

expi(k.x + kyy + k.2), (2.4)
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FIGURE 2.2: Cross-section of one period cell of the film. A plane wave is incident
on the z < 0 side of a metal film of thickness h, with holes of side lengths a and b (in
the case of rectangular holes) or radius R (in the case of circular holes) periodically
placed with period widths L, and L,. Outside the film, we decompose the field into
a basis of plane waves, and inside the holes, we decompose the field into a basis of
waveguide modes, after which we enforce matching at the boundaries. Some of the
incident energy is reflected (we will call the z < 0 region the reflection side), and
some enters the hole and exits through to the other side (we will call the z > 0 region
the transmission side.

and a constant vector depending on k. In the regions to either side of the film we
will assume that the dielectric constant is € = 1. Then Maxwell’s equations require
that the wavevector (k, ky, k.) satisfy

K =w?—k — k. (2.5)

z

The number k, is called the propagation constant. (The plane wave is so called
because its level-sets are planes of the form k,x + k,y + k.2 = b, where b is a
constant. The full expressions for the plane waves are given in Sec. 2.2.1.)

In general, an EM field is a linear combination of all plane waves satisfying (2.5).
However, because our film is periodic, we may invoke Bloch theory (see Martin-
Moreno and Garcia-Vidal (2008) and Kuchment (1993)), which tells us that our EM
field ¥ must be Bloch periodic, that is, in the form of a plane wave (called the Bloch

factor) multiplying a function that has periodicity equal to that of the film,
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¥ (x) = ™0™ (x) (2.6)

where 1 is periodic. Because our incident plane wave does not in general have the
same periodicity as the film, it must be the Bloch factor. Furthermore, because the
plane waves are a basis for solutions of Maxwell’s equations, 1(x) may be written as
a linear combination of only those plane waves which have the same periodicity as

the film, of which there are only countably many. That is,

W(x) = > crexp(i(ko +k) - x), (2.7)

where if our film has period width L, in the z-direction, and L, in the y-direction,

then the sum is over values of k; determined by

(2.8)

2w, 27)
kt — (ka:,k:y) — ( T 7Tj2)

L, L,
for all integers ji, jo, and k, is determined by Eq. (2.5). The resulting plane waves
are orthogonal when integrated over a period cell, and we normalize them to be
orthonormal. Finally, because we know the field is Bloch periodic, we only need to
consider one period cell in our calculations.

It is worth noting that plane waves are not the only basis we could use outside
the holes, nor are they necessarily the most useful in all circumstances. On the
reflection side, it makes sense to use plane waves because experimentally, it is easier
to approximate a plane wave than other types of modes. If we use plane waves on
the reflection side, then using plane waves on the transmission side also allows us to
reuse many calculations. However, we must account for many plane waves to get a
clear picture of the reflected and transmitted fields, rarely less than 400. Choosing

another basis on the transmission side might allow it to be resolved with only a



handful of basis elements. See Jackson (1999) for some discussion on different bases.
2.1.3 Waveguide Modes Inside the Holes

Meanwhile, inside the holes, we decompose the field into a linear combination of
waveguide modes, which form a basis for solutions of Maxwell’s equations there,
as discussed in Jackson (1999). We assume that the waveguide modes, which we
enumerate by o (which is a record of two or more numbers, depending on the shape of
the holes— see Sec. 2.2), have exponential z-dependence exp ik, z, indicating that they
propagate in the z direction with propagation constant k.. With this assumption,

the Helmholtz equation (2.2) which is satisfied by each field component becomes

(Ayy+ew” —k2) ¢ =0. (2.9)

We may distinguish two types of solutions to Maxwell’s equations in the waveguide.
The first type of mode has E, = 0 and is called transverse electric (TE), and the
second type of mode has H, = 0 and is called transverse magnetic (TM). There
are a countable number of both varieties, and properly normalized they form an
orthonormal basis for solutions to Maxwell’s equations inside the waveguide (Jackson

(1999)).
2.1.4 Properties of Plane Waves and Waveguide Modes

We will write the EM field in terms of these basis components, and use the matching
conditions to find the coefficients. We do not at this time need to write all six
components of the field, however. A plane wave or waveguide mode can be fully
reconstructed from only the x and y components of E, as long as we also keep track
of whether it propagates in the positive or negative z-direction.

The full expressions for each plane wave and waveguide mode is given in Sec. 2.2.

From these we can see that each plane wave and waveguide mode also satisfies the



equation

(_@;) — 4y (gy) , (2.10)

where the constant Y is known as the admittance. For each plane wave and waveg-
uide mode the admittance is also given in Sec. 2.2; it is a ratio of the propagation

constant to the frequency or vice versa (i.e., k,/w or w/k,).
2.1.5 Field Fxpressions in Terms of Basis Flements

Let Wy, = (E,, E,)" represent the E,, E, components of the k;, = (k,, k,)"™ plane
wave outside the hole; let r, be the amplitude of the variety that is on the reflection
side of the film, and let £, be the amplitude of the variety on the transmission side.
Let W represent the F,, E, components of the incident plane wave with wavevector
ko; and let Y), and k, be the admittance and propagation constant of Wy, respectively.

Then on the reflection side of the film (z < 0), using Eq. (2.10) we may write

(gx) — WoetkoHh2) 4 S p o4/ (2.11a)

Y/ ref k

( W ) = Y, Woe o EH =y T Y Wyem e, (2.11b)
_Hm ref k

Here we explicitly write the z dependence of the exponential in order to to keep track
of the direction of propagation of the plane waves. Similarly, on the transmission

side of the film (z > 0),

F .
g =)t Wyt 2.12a
(Ey) trans ; e ( )
(_}% > =tV Wiett=(h2), (2.12D)
T/ trans k

10



Meanwhile, inside the holes we let M, = (E,, E,)" represent the F,, E, components
of the waveguide mode of index . Let A, and B, be the amplitudes of the forward-
and backward-propagating varieties respectively, and let k, be the propagation con-
stant of the mode. (We purposefully leave the index a ambiguous at this stage.
Depending on the shape of the holes it may record two, three or more variables.)

Then we have

Em _ ikaz —tkaz
( Hy ) — ZYOcMOz (Aaeikaz o Ba€_ikaz> ) (213b)
—H, hole a

2.1.6 Applying the Matching Conditions at the Hole Openings

Next, we will apply the matching conditions associated with Maxwell’s equations in
order to find the coefficients ry, tr, An, B,. For regions bounded by a perfect conduc-
tor, the matching conditions are that (i) the components of the electric field tangent
to any interface between different material regions must be continuous; and (ii) the
components of the magnetic field tangent to any interface except those between the
perfect conductor and another material must be continuous. (If desired, the jump
in the magnetic field at the interface can be used to determine the current at the
surface of the metal.)

The matching on the walls of the holes will be accounted for when solving for the
waveguide modes, as seen in Sec. 2.2. It remains to account for the metal surfaces
at the top and bottom of the film, including at the opening of the holes: £, and E,
must be continuous everywhere at the top and bottom of the film, while H, and H,
must be continuous only at the hole openings. To do this, we first set Egs. (2.11a)
and (2.13a) equal at z = —h/2, and Egs. (2.13a) and (2.12a) equal at z = +h/2.
We then take the inner product of both sides of these equations with the plane wave

11



Wy, since the plane waves are orthonormal, this allows us to solve for r, and t; in
terms of A, and B,. In the case of a two-dimensional periodic array of holes, the

inner product used here is

(U, V)= / " U, Ve + U, V,dxdy, (2.14)
perioa ce

where * indicates the complex conjugate, and the integration is done over one period
of the film at either z = —h/2 on the reflection side or z = h/2 on the transmission
side. In the case of a one-dimensionally periodic array of slits which are periodic in

the z-direction and constant in the y-direction, the inner product used is

(U,V)Z/ . ”U;%+U;1@dx. (2.15)
perioa ce

Similarly, we will set Eqgs. (2.11b) and (2.13b) equal at z = —h/2 and Egs. (2.13Db)
and (2.12b) equal at z = +h/2, but this time we take the inner product of both
sides with respect to the waveguide mode M, instead. The waveguide mode is zero
outside the hole, and thus this technique enforces equality only over the opening of

the hole. In this way we obtain

rp = _5k,k0 + Z(Wk, Ma) (AQQ;I + Baea) (216&)
te =Y (Wi, Ma) (Aata + Bac, ") (2.16b)
> Yirk(Mo, Wi) = =Yio (Mo, Wiy) + Ya (Aaey" — Baca) (2.17a)
k
> Vitr(Ma, Wi) = Yo (Aata — Bacy ') | (2.17b)
k

where e, = expik,h/2.
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2.1.7 Defining the Final Matrixz Equations and Calculating Transmission

Continuing on, we plug Egs. (2.16a) and (2.16b) into Egs. (2.17a) and (2.17b) (and

multiply all sides by i for convenience), obtaining

(Mg, Wy) =

—iZYk
k

_5k,ko + Z(Wk, Mg) (Age/gl -+ B/geg)
B

= — Yoy (Mo, Wiy) + 1Y (Aney' — Baes)  (2.18)

(Mo, W) = iYy (Aaeq — Baey') . (2.19)

> (Wi, Mp) (Ases + Bses')
5

DIRT
k

Define the following:

X, = Aget + Baeg X! = —Ajeq — Bue!
Gop =1 Yi( My, Wy) (Wi, Mp) L, = 2iYy (Wi, M)
- (2.20)
2iY, e2 + e 2
17 o _ a e}
S Sa=Ya;— 5
Then we may write Egs. (2.18) and (2.19) as
> GopXp— SaBo— GL X, =1, (2.21a)
E
> GapXy— SoEl, — GY Xo = 0. (2.21b)
E

We can also write these equations in matrix form, where G is the infinite matrix

whose entries are G,5; F, E', and I are the infinite vectors with entries E,, E/,, and
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I,; and S and GV are the infinite matrices with diagonal entries S, and G}X/ and

which are zero off the diagonal:
(G-9X -G"X' =1 (2.22a)

(G-9X'-G"X =0 (2.22b)

Finally we may write this pair of equations as a single matrix equation by defining

G-S -GV X I
G:<_GV G_S) X:(X,) 1:<0> (2.93)
so that

GX =L (2.24)

We may then truncate these matrices and solve numerically for X. We choose proper
truncation by using increasingly large numbers of waveguide modes and plane waves
until the vector X stabilizes. The structure of this matrix equation is discussed in

Sec. 2.4.

Once we have X, we can recover the amplitudes of all modes via

te=—Y (Wi, My)X,,

(2.25)
—e 1 X, —eo X,
Aq = 2 )
€a — €q
B, — eaXa +e 1 X!
ez —e;?

To find the total energy transmitted through the holes to the transmission side
of the metal, we integrate the z-component of the time-averaged Poynting vector

%?R(E x H*) over the basic period cell in the transmission region,
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1 1
- 1n </ . - (E x H)dA> S (/ EH: — EyH;dA> - (2.26)
2 period cell 2 period cell

Recalling that field outside the film is the sum of plane waves which are orthogonal

with respect to this integral, we see that it reduces to

T = RY)[tl*/ Vi (2.27)

where the denominator comes from normalization by the energy of the incident wave.

In terms of X and X', it is equal to

(Z(Wk7 MB)Xé> (Z(Maa Wk)*Xc/x*) > /Yko

[0}

-3)'g <zYkZ(Wk,MB)(Ma,Wk)X;3X§> /Y, (2.28)
k a,f

“%g (@nma, Wi, Mﬁ)X;;XS> /¥ig
k

= (Gas X[ Xp)/ Y- (2.29)
a3

2.2 Explicit Waveguide Mode and Plane Wave Expressions in the
2-dimensionally Periodic System

Here we describe full plane wave and waveguide mode solutions to the time-harmonic
Maxwell’s equations with constant frequency w for rectangular and circular holes.
We assume that the electric and magnetic constants € and p are both equal to 1. In

deriving these expressions we refer heavily to Jackson (1999).
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2.2.1 Plane Waves for the 2-dimensionally Periodic System

Plane waves solutions to Maxwell’s equations in free space take the form of a constant

6-vector times the exponential
expi(kyr + kyy + k.2). (2.30)

In the regions to either side of the film we will assume that the dielectric constant
is ¢ = 1. Then the vector (k,,ky, k), called the wavevector, encodes the angle of

incidence, and

K =w -k -k (2.31)

to satisfy Maxwell’s equations. We take z to be the direction of propagation, and
call k, the propagation constant. The plane wave is so called because its level-sets
are planes of the form k,x+k,y+k.z = ¢, and it comes in two varieties: p-polarized,
which has H, = 0, and s—polarized, for which £, = 0. Properly normalized, they
form an orthonormal basis for solutions of Maxwell’s equations in free space (Jackson
(1999)).

In the case of a two-dimensional rectangular periodic array of holes in a metal
film with period width L, in the z-direction and L, in the y-direction, Bloch theory
tells us that the solution to Maxwell’s equations outside the film can be written as

the sum of only a countable number of plane waves, namely, those that satisfy

(i) = (o) =2 (1) @32

where (koz, koy) are the z,y components of the wavevector of the arbitrary incident
wave (these numbers are truly arbitrary real numbers; the propagation constant k.,
is given by Eq. (2.31).) and ji, j2 are any integers. The angle of the incident wave is
given by ko, = wsin(6,), koy = wsin(f,). All sums over k in Sec. 2.1 are over these
values of k,, k,; and k, is determined according to Eq. (2.31).
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We will proceed to record the full expression for the plane waves, which are

orthonormal according to the inner product

(U, V) = / UV UpVidedy, (2.33)
PETTIO Ce

where the integration is done over one period of the film at a single value of z. The

p- and s-polarized plane waves are:

p-polarization

kg
k ez(kzx—i—kyy)e:tzkzz

1
E=—F—r— Y
\/LILy’k't| :F|k:t|2/k::v
_ky

He (g
VL lklk \

ez’(kac z+kyy) e:tkzz

where k; = (ky, ky), and the sign is chosen based on whether the wave is traveling in
the positive (upper sign) or negative (lower sign) z-direction.

The admittance for a p-polarized plane wave is Y = w/k,.

In Sec. 2.1 above, the terms W)y, refer only to the x,y components of the electric

component of the plane wave. For p-polarized waves, this is

1 <kx> cilkzzthyy) (2_35)
ky

W,=——
vV LzLylkt|

s-polarization
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_ky

E = 1 kx ei(kxa}—‘rkyy) ezl:ikzz
VLl \
(2.36)
. +F,
_ z Il:k’y ei(kzz+kyy) ei’ikzz

/Ly Ly |ke|w — k|2 /K,

where k; = (ky, ky), and the sign is chosen based on whether the wave is traveling in
the positive (upper sign) or negative (lower sign) z-direction.

The admittance for an s-polarized plane wave is Y = k, /w.

In Sec. 2.1 above, the terms W, refer only x,y components of the electric com-

ponent of the plane wave. For s-polarized waves, this is

1 (—kk:y) pilkaz+hyy) (2.37)

Wi = ———
VLoLy ki

Normal Incidence
At normal incidence, when k, = k, = 0, the distinction between p- and s-

polarization is arbitrary. The two varieties of normally incident plane waves are

1
1 .
E = 0 ezl:zwz
L.L, \,
(2.38)
0
+1 -
H= 1 e:l:uuz7
L.L, \,
0
1 .
E = 1 ezl:zwz
L.L, \
(2.39)




where the sign is chosen based on whether the wave is traveling in the positive (upper
sign) or negative (lower sign) z-direction.

The admittance of a normally incident wave is 1.

In Sec. 2.1 above, the terms W)y, refer only to the x,y components of the electric
component of the plane wave. For the two varieties of normally incident plane wave,

this is
1 1
W, = —— 2.40
k T.L. I (O) ( a)

1 0
Wy = —— . 2.40b
© VL, (1) (2:400)
2.2.2 Waveguide Modes in a Rectangular Wavegquide

Inside the holes, waveguide modes form a basis for solutions of Maxwell’s equations
(Jackson (1999)). Each mode must satisfy the matching conditions associated with
Maxwell’s equations at the walls of the waveguide. For a perfectly conducting metal,
the components of the electric field tangential to the surface must be zero. For
rectangular holes, this means that £, = 0 on the walls, while E, is zero on walls
parallel to the z-axis and E, is zero on walls parallel to the y-axis.

Waveguide modes in a perfect conductor, similarly to plane waves, come in two
varieties: transverse electric (TE) modes, which have E, = 0 everywhere, and trans-
verse magnetic (TM) modes, which have H, = 0 everywhere. For the rectangular
waveguide, we will enumerate both varieties with a pair of nonnegative integers
a = (m,n).

The inner products of the rectangular waveguide modes with the plane waves that
are required in the matching procedure can be calculated by hand, and are given in
Appendix A.

Let a and b be the width of the rectangular waveguide in the x- and y-directions,

respectively. Then the waveguide modes are as follows (at first without normaliza-
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tion, for clarity):

TE modes

B = 2 s in () con (o) | et
" 0
2.41
}%kz% sin (m;“”)cos (% ( )
H= ;LQ’“Z”T“ cos (™I2) gin ("12) | eF*=7,
coS (%) cos (%)

where the sign is chosen depending on whether the mode is traveling in the positive
(top sign) or negative (bottom sign) z-direction; where m, n are nonnegative integers;

and where v and k, are defined by

2 2
VP =w?— k2 =nr? (m_ + n_) (2.42)

a? b2

in order to satisfy Maxwell’s equations. The admittance of a TE modeisY,,, = k. /w.
In Sec. 2.1 above, the terms M, refer only to the x,y components of the electric
part of the waveguide mode. For a rectangular TE mode, this is (properly normalized

according to Eq. (2.14))

)

~ ((=n/b)cos (" (z + a/2)) sin (%= (y + b/2)) P & @
Mpmn = ((m/a) sin (%(:ﬁ—i—a/Q)) cOS ("—5(y+b/2)) ) 1ab . (2.43)

unless m or n is zero, in which case the denominator in the square root is 2ab instead

of 4ab. (This is only true for TE modes.)

TM modes
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(2.44)

where the sign is chosen depending on whether the mode is traveling in the positive
(top sign) or negative (bottom sign) z-direction; where m, n are nonnegative integers;

and where v and k, are defined by

2 2
V2 =w?— k2 =r? (% + 2—2) (2.45)

in order to satisfy Maxwell’s equations. The admittance of a TE modeisY,,, = w/k,.
In Sec. 2.1 above, the terms M, refer only to the z,y components of the electric
part of the waveguide mode. For a rectangular TM mode, this is (properly normalized

according to Eq. (2.14))

_ ((m/a)cos ("= (a+a/2)) sin (%5 (y + b/2)) | [P + aPn?
Monin = ( (n/b) sin (%(m + a/2)) cos (”—b’T(y + b/g)) > / b . (2.46)

(The change in this expression listed above for m = 0 or n = 0 is only necessary for

TE modes, not for TM modes.)
2.2.3 Waveguide Modes in a Circular Waveguide

To find the waveguide modes for a circular waveguide, we convert the Helmholtz

equation (2.9) for F, (for the TM waves) or H, (for the TE waves) to its polar form

1 1
Yrr + ;@/Jr + ﬁ%e +7 =0 (2.47)
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where here 72 = ew? — k?. We separate variables by writing v = 0(6)p(r) and
multiply by r2/©p to find
2p// / @//

P 2 2 2
r_+r_+'yr :——:A 248
it 2 (2.48)

for arbitrary constant A. There are two independent solutions to the © equation,
which we choose to be sin(A#f) and cos(A#), while the equation for p is the Bessel
equation with solution J4(yr). (The Bessel functions of the second kind Y4 are not
allowed since they diverge at zero.) The fields must match (and be differentiable) at
0 =0 and 0 = 27, so A must be an integer, hereafter called n.

Suppose that the hole is centered at x = y = 0 and has radius R. The matching
condition that the tangential components of E must be zero at the surface of the
hole implies that the Bessel function J,(yR) for TM modes or J) (yR) for TE modes
(see explanation below Eq. (2.51)) must be zero. This means that yR may take on
only a countable number of values defined by the zeroes of .J,; these zeroes will be
enumerated by the positive integer m.

Once we have the z-component of the waveguide modes, the x,y components may
be recovered for TM modes via (see Jackson (1999))

ik €w

Et = —;Vth, Ht = k—eg X Et, (249)
Y P

where E, = (E,, E,), H, = (H,, H,), and e3 = (0,0, 1); and for TE modes,

ik, —w
H, = “2V,H., E, =
t - t T

e; x H,. (2.50)

Alternatively, we may solve for the modes in cylindrical component form with E, H

with (see Snitzer (1961))
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g, _ ik [0B. (

v | O )
B[ (2)2
szﬁ (k)aab; aar}
n=3|(2) 5+ () %]

From these equations and the above discussion we see that for a TM mode, which

2

(2.51)

has H, = 0, the radial component of E has r-dependence J,(yr). Because the
components of E tangential to the walls of the waveguide are the r- and z-components
which must be zero at r = R, we require for TM modes that J,,(yR) is zero. However,
for a TE mode which has E, = 0, the radial component of E has r-dependence J! (yr)
instead. Therefore a TM mode requires that J) (vR) is zero.

The conversion between Cartesian and cylindrical coordinate systems for a vector

U is

U, = U, cos(#) — Upsin(6),
(2.52)
Uy, = U, sin(0) + Uy cos(8),
with # = rcos(f) and y = rsin(f). The inner products required for the matching
procedure can be computed in either coordinate system.

Modes inside a circular waveguide, therefore, are identified by whether they are
TE or TM modes; by whether the # dependence is sine or cosine; by the nonnegative
integer index of the Bessel function J,,; and by the location of a root of J,, for TM
modes or J/, for TE modes. The normalized modes are orthonormal and form a basis

for solutions of the Helmholtz equation inside the waveguide.
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Here we present the waveguide modes in polar coordinates. The Cartesian forms
may be found using Eq. (2.52). The full vector expressions for the waveguide modes

(without normalization, which must be done by numerical integration) are:

TM modes (cosine variety)

E, = cos(n@)Jn(’yT’)eikzz H,=0
E, = 2 cos(nf)J,, (yr)e™ H, = 2 sin(nf)J, (yr)e’™ (2.53)
—ink, ' ' ‘
Ey = mg sin(nf) J;, (yr)e™=* Hy = = cos(nd) Jy, (yr)e™=*
Ty "

where the derivatives are with respect to the arguments of the function J,, where

and where w,,,, is the m root of the Bessel function .J,,. The admittance of a TM

mode is Y, = w/k,.

TM modes (sine variety)

E. = sin(nf)J, (yr)e*=* H,=0
ik, . ik —inew ik

E, = = sin(nd)J! (yr)e™* H, = po cos(nf)J,(yr)e™ (2.55)
nk, €W

Ey = 2;172 cos(nf)Jy,(yr) Hy = % sin(n®)J), (yr),

with the same admittance and values of v, k, and u,,, as in the TM cosine variety.

TE modes (cosine variety)
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E.=0 H, = cos(nf)J,(yr)e*=>

Er = : 0 Jn tkyz Hr _ vz 0).J" ikzz
- sin(nf)J,(yr)e 2 cos(nd)J,(yr)e (2.56)
E, = _22(4) cos(n)J. (yr)e=> Hy = ZZL sin(nf) J,, (yr)e™=*
g T

where the derivatives are with respect to the arguments of the function J,, where

and where u,,, is the m' root of the Bessel function J!. The admittance of a TE

mode is Y, = k. /w,

TE modes (sine variety)

Ez = O HZ — Sin(ne):]n<”y7")€ikzz

NwW s ik, "
By = T3y coslnf) Jn(am)e™ Hy = 5 sin(n0) J (r)e™ (2.58)
E0 = —,;20) Sin(ng)]{l(’yr)ezkzz HH — Z:;LQT COS(nQ)Jn(’YT)eszZ;

with the same admittance and values of ~, k, and u,,, as in the TE cosine variety.

2.3 Explicit Waveguide Modes and Plane Waves for the 1-dimensionally
Periodic System

We may apply the same techniques to a system that is constant in one direction
(here, y) and periodic in the other (x) to simulate transmission through an array of
infinite bars and slits. The incident wave is assumed constant in the y-direction also,
and therefore all waveguide modes and reflected and transmitted waves will be as
well. Therefore the field is truly 2-dimensional. The formulae are the same except

for the expressions for the plane waves and waveguide modes, which we list here.
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2.3.1 Plane Wawves for the 1-dimensionally Periodic System

Because the system is constant in the y-direction, there is only one degree of freedom
in the angle of each plane wave instead of two. Plane waves still, however, come in
p- and s- polarized varieties. Let L, be the period width in the z-direction. Then

the allowed wave vectors are

21

2.59
Lx ? ( )

k$ = kxO +

with k, = 0 and k? = w? — k2. The explicit expressions for the plane waves, properly

normalized according to Eq. (2.15), are:

p-polarization

k’ 61’]%:(;
W, = A [ — 2.60
‘ (0> VI (2.60)

The admittance of a p-polarized plane wave is Yy = w/k., where k? = w? — k2.

s-polarization

Wy = (0> e (2.61)
" \ke) VL K| ‘

2

The admittance of a p-polarized plane wave is Y = k. /w, where k? = w? — k2.

Normal Incidence

For normally incident plane waves with k, = 0, the distinction between p- and
s-polarization is arbitrary. However, unlike the case of 2-dimensional periodicity, the
two types of normally incident plane waves cause very different behavior. We name

them z- and y-polarized after the component of E which is nonzero:

W, = G)) \/% (2.62)
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Wy = (g) \/% (2.63)

The admittance of a normally incident plane wave is 1, and k, = w.
2.3.2  Waveguide Modes for the 1-dimensionally Periodic System

If we assume that the film and the field are constant in the y-direction, then we may
remove the Jy terms in Maxwell’s equations, which causes them to decouple into two

sets, one involving F,, H,, H,

-0, F, = iwH,
0,E, = iwH, (2.64)

0.H, — 0, H, = —iewE,

and the other involving E,, ., H,,

—0,H, = —iewk,
O, H, = —iewk, (2.65)

0.b, — 0, FE, =iwH,.

Assuming z-dependence of exp (ik,z), each field component must satisfy the Helmholtz

equation

(2 + ew® — k2) ¢ = 0. (2.66)

Waveguide mode solutions to these equations still divide into TE and TM varieties,
and in addition there is a TEM mode which has both E, and H, equal to zero.
The inner products according to Eq. (2.15) of the plane waves with the waveguide

modes can be calculated by hand, and are given in Appendix A.
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Let a be the width of the slits in the z-direction. The waveguide modes will be

enumerated by o = m for integers m > 0. Their full expressions for the waveguide

modes are as follows.

TE modes

a

i, — \/?:l:kz “in (mﬁ(x + a/2)) ks
a w a

E, - Esin (mw(m + a/2)) ka2

(2.67)

where m is any nonnegative integer. The admittance of a TE mode is Y,, = k,/w,

where

(2.68)

In Sec. 2.1 above, the terms M, refer only to the x,y components of the electric

part of the waveguide mode. For a TE mode in an infinite slit, this is (properly

normalized according to Eq. (2.15))

Mm = 5 (Sin (mﬂ(xs_a/g))) . (269)

TM modes
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B, = \/?cos (mﬂ(x + a/2)) ka2
a a

B - \/§$zm7r “in <m7r(:v + a/2)) ik
a k.a a (2.70)

2 2 .
Hy — a +w (m’ﬂ'(l‘ + CL/ )) eizkzz
0

a

(2.71)

In Sec. 2.1 above, the terms M, refer only to the x,y components of the electric
part of the waveguide mode. For a TM mode in an infinite slit, this is (properly

normalized according to Eq. (2.15))

92 mw(x+a/2))
M, = \/j <C°S< a . (2.72)
a 0
TEM mode
Ex B e:tiwz
\/a
etik=2 2.73
- (2.73)
Ja

E,=E.=H,=H.=0.

The admittance of this mode is Y =1, and k, = w.
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In Sec. 2.1 above, the terms M, refer only to the x,y components of the electric
part of the waveguide mode. For a TEM mode in an infinite slit, this is (properly

normalized according to Eq. (2.15))

M,, = i (é) . (2.74)

2.4 Structure of the Matrix Equation and Alternate Formulations

We return for a moment to discuss the structure of the final matrix equation (2.25),

(2.24) developed in Sec. 2.1,

G 1 B N

where the matrix G on the left and the vector I = (I,0)” are determined by the
geometry and the incident plane wave, and the solution vector X = (X, X")T yields
the modal amplitudes

The entries of these matrices are are defined in Eq. (2.20),

Gop =1 Yi( My, Wi) (Wi, M) I, = 20y (Why, M)
k
(2.76)
2iY, e2 +e?
v o _ [&] _ a a
R Yo = e e

where the inner products (M,, Wy) and (W}, M3z) depend on the shape of the holes,
and are given for rectangular holes and infinite slits in Appendix A.
The matrices S and GV are diagonal. The matrix G has some interesting sym-

metry as well. Note that the inner products have the property that

(M, Wy) = (Wi, M,)", (2.77)
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while the number Y} is real for some values of k£ and purely imaginary for other values

of k. Thus if Y} is imaginary, then iy (M,, Wi) (Wi, Mg) = [Y3. (Mg, W) (Wi, M,)]".

On the other hand, if Y}, is real, then Yy, (M, W) (Wi, Mg) = — [iY (Mg, Wi) (Wi, M,)]"

So the matrix GG is neither Hermitian nor anti-Hermitian; however, its division into

a sum of Hermitian and anti-Hermitian matrices is very clear and natural.
Unfortunately, we have not found that the matrix G is compact, normal, Fred-

holm of the second kind, or regular in other well-known ways. For future efforts in

this direction we will record here an alternate, equivalent formulation of the matrix

equation, and the matrix equation for a one-sided film. In addition, after introduc-

tion to the concepts in Chap. 3, we will briefly discuss the null space of G in Sec.

3.4.
2.4.1 An FEquivalent Matriz Formulation

Returning to Egs. (2.16), (2.17), we can obtain an different but equivalent matrix

equation.
Ty = _5k,k0 + Z(Wk7 Ma) (AQS;I + Baea) (278&)
te =Y (Wi, Ma) (Aata + Bac, ") (2.78D)
- Z Virk(Ma, Wy) = =Viy (Mo, Wi,) + Yo (Aaey” — Baca) (2.79a)
k
> Vitr(My, Wi) = Yo (Aaa — Baey ') - (2.79D)
k

Previously, we proceeded to insert the expressions (2.78) for ¢, and r; into Egs.
(2.79). We can instead, however, solve Egs. (2.79) for the terms A, and B, and

insert these expressions into Eqs. (2.78). If we define
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Qu=> (ei + 652) (Wi, Ma)Yi(Ma, W)

2 _ o2
— \ € — €, Y,

(2.80)

2 (kaMo)}/l(MaaVVl)
Pkl_2(62_€2> Ya )

o «

where k,[ each enumerate the plane waves and o enumerates the waveguide modes
as usual; and if we let r and t denote the vectors with entries 7, and t; respectively,
and [, be the vector with the number 1 in the k" entry and zeroes otherwise, and

I be the identity matrix; then we obtain the matrix equation

LI e

Here the rows and columns of the matrix on the left, and the vectors in the middle

and right, are enumerated by the plane waves, instead of being enumerated by the
waveguide modes as the previous matrix equation was.

One advantage of this formulation is the simplicity of the vector on the right side,

which contains only a single nonzero number. A disadvantage, however, is that the

near-symmetry of the matrix on the left is lost, because of the presence of the term

Y} in the definition of Q)}; and Py that in general does not have any relation to Y.
2.4.2 The One-sided Film

The same method can be used to calculate reflection and transmission of energy
when the metal and holes are infinite in depth, and there is no transmission region.
In this case the waveguide modes will only propagate in one direction. Using the

same techniques we find that Eqgs. (2.16), (2.17) become
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rE = —51€,]€0 + Z(Wk, Ma) (Aae(;l) (2.82)

> Yire (Mo, Wi) = =Yiy (Mo, Wi) + Ya (Aaeg?) . (2.83)
k
If we let the matrix G and the vectors X and [ have entries

X, = Aget

Ia = QiY;cO(Wkoa MOC) (284)

GO&,B =1 Z Yk(Maa Wk)(Wk7 Mﬁ)v
k
and let the matrix Y be the diagonal matrix with entries Y,, then we obtain the

matrix equation

(G+iY)X =1. (2.85)
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3

Rayleigh Anomalies and Transmission Maxima

The role of periodicity in our metal film is twofold. In the previous chapter, peri-
odicity allowed us to invoke Bloch theory, which ensured that only countably many
plane waves were needed to construct the solution to Maxwell’s equations outside
the film, and that matching needed be enforced over only a single period cell.
Periodicity also causes the phenomenon known as the Rayleigh anomaly. When
the direction of propagation of one of the potential reflected plane waves outside the
film becomes close to parallel to the surface of the metal, the transmission of energy
into and through the holes is significantly reduced. The condition for a plane wave
to propagate parallel to the surface of the metal is k, = 0, or equivalently (see Eq.

k24 k) =W, (3.1)

(For the 1-dimensionally periodic case, the condition is k2 = w?.) When this occurs,
the admittance Y, = w/k, of the p-polarized (H, = 0) plane wave variety becomes

infinite. This causes every nonzero element of the matrix G defined in Eq. (2.20)
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to become infinite, and so upon solving the matrix equation GX =1 (2.24) in a
neighborhood of a frequency satisfying this condition, the solution X must be small.

For example, a plane wave normally incident on a two-dimensionally square-
periodic array of square holes has ko, = koy = 0 and L = L, = L,, and so the

allowable reflected and transmitted plane waves have wavevector (see Eq. (2.32))

(:)=7C): 52

where ji, jo are any integers. Therefore, we expect Rayleigh anomalies to appear at

2 2T 2T 2T 2
W = f, f 2, 72, f\/g’ f\/g, (33)

etc.. Define A = 27 /w. A plot of transmission against A\/L is shown in Fig. 3.1a for
square and circular holes. As expected, the transmission near \/L = 1,1/v/2,1/2,
and 1/ V/5 experiences sharp dips, becoming essentially zero.

The transmission minima that occur at the frequencies of the Rayleigh anomalies
are often associated with nearby transmission maxima as well. These also appear in
Fig. 3.1. Close to the primary Rayleigh anomaly that occurs when the frequency is
equal to the period width, there are two transmission maxima, one narrower than the
other, which both reach 100% transmission. There is also a less prominent double
peak near A = L//2.

The one-dimensionally periodic case is similar, as seen in the right-side picture
in Fig. 3.1. The Rayleigh anomaly is seen at A\/L = 1,1/2,1/3,1/4, etc.. There is
only one transmission maximum near A = L instead of two, however, and the other
Rayleigh anomalies do not reach down to zero transmission.

At the location of the transmission maxima, all of the energy from the reflected

side of the film must travel through the holes to the transmitted side. Because of
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FiGurE 3.1: (a) Transmission profile, calculated using Eq. (2.27) for a range of
wavelengths A, for a normally incident plane wave on a 2-dimensionally periodic
array of square holes. The period lattice is square with side length L, and the
thickness of the slab is h = 0.2L. The solid line is for square holes with side length
a = 0.4L, and the dotted line is for circular holes of the same area. Inset: Closeup of
the twin maximum near A\/L = 1. (b) Transmission profile for a normally incident
x-polarized plane wave on a 1-dimensionally periodic array of slits. The width of the
hole is a = 0.39L; and the thickness of the slab is h = 0.2L, where L is the period
width.

this, large energy fields can build up inside the holes. See Fig. 3.2, which displays
R(E,) in a cross section of the infinite slits in a one-dimensionally periodic film.
Large concentrations of energy exist inside the holes, concentrated at the corners.
This suggests practical applications for energy collection. (The sharp corners of the
holes are discussed briefly in the introduction to Chap. 4.)

The locations of the Rayleigh anomalies are easily predicted by Eq. (3.1). They
change with the angle of the incident plane wave, as we will discuss in Sec. 3.1,
and with the alteration of the hole arrangements as we will discuss in Sec. 3.2. The
location and behavior of the transmission maxima are less straightforward to predict,

but one method for doing so is discussed in Sec. 3.3.
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F1GURE 3.2: Cross section of R(E,) for a 1-dimensionally periodic film, calculated
by summing modes from Secs. 2.3.1, 2.3.2 with amplitudes determined by Eqs. (2.25).
(For the illustrated cases E, is negligible.) Hole width is a = 0.39L, and the thickness
of the film is h = 0.2L, for period width L. (a) Normal incidence with wavelength
A = 14L. The transmission is 7" ~ 35%. (b) Normal incidence with A = 1.043L,
for which T' ~ 99.8%. Note higher field strengths associated with the extraordinary
transmission, especially at the hole corners. (c) 20° incidence with A = 1.5L, for
which 7"~ 38%. (d) 20° incidence with A = 1.3475L, for which T" ~ 99.9%.

(c)

3.1 Incidence at an Angle and the Rayleigh Anomaly

Each of the Rayleigh anomalies in Fig. 3.1a may be properly thought of as the
intersection of at least four Rayleigh anomalies. At A = L, for example, there are
four different potential reflected plane waves which are simultaneously parallel to the
surface of the metal, those with (k,, k,) = (£27/L,0) and = (0, £27/L). We will
call this a fourth degree Rayleigh anomaly. At A\ = L/+/5, there is an eighth degree
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Rayleigh anomaly.

As the angle of the incident plane wave changes, these Rayleigh anomalies bifur-
cate. For example, if the angle shifts slightly in the z-direction (6, > 0,6, = 0),
there will be three anomalies near A = L: a second-degree anomaly caused by
the plane waves with (ky, k,) = (wsin(f,), £27/L) at A = L/1 —sin(6,); a first-
degree anomaly caused by the plane wave with (k;, k,) = (wsin(6,) + 27/L,0) at
A = L(1 —sin(d,)); and a first-degree anomaly caused by the plane wave with
(ky, ky) = (wsin(d,) — 27/L,0) at A = L(1 + sin(d,)). This may be seen in Fig.
3.3a.

Similarly, the anomaly at A = L/+/2 divides into two second-degree anomalies,
and as the angle increases, eventually the one with larger value of A joins with the
first-order anomaly at A = L(1 — sin(6,.)) described above.

As another example, if the angle of incidence changes equally in the z- and
y-directions, then the fourth-degree anomaly at A = L will divide into two second-
degree anomalies; and if the angle of incidence changes by different amounts in the
z- and y-directions, then it will divide instead into four first-degree anomalies. The
latter case is seen in Fig. 3.3b.

Changing the period cell from square to rectangular (so that L, # L,) has a
similar effect. Changing the shape of the holes, however, alters the shape of the curve
but not the location of the Rayleigh anomalies. Further changes to the locations of
the Rayleigh anomalies can be effected by creating supercells, which are the topic of

the next section.
3.2 Supercells

Besides changing the angle of the incident plane wave and the dimensions of the
period cell, another way to change the location of the Rayleigh anomaly is to allow

our period cell to contain multiple holes in whatever arrangement we like, which we
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FIGURE 3.3: Transmission profile for a 2-dimensionally periodic slab with square
period of side length L, with square holes of side width a = 0.4L, with film thickness
h = 0.2L, and with angles of incidence (a) 0, = 2°,6, = 0° and (b) 6, =2°,6, = 1°.

call a supercell. This procedure will also allow us to create triangular, hexagonal and

other hole arrangements within the confines of our rectangular-periodic system.
3.2.1 Alterations to the Matriz Equation

The alterations to the derivation in Chap. 2 are minimal. Define a rectangular period
cell with dimensions L, L,. Because we only need to enforce the matching over a
single period cell, the basic cell may be centered wherever we like. Place within it
any number of holes, which we will enumerate by the letter H. We must calculate
all of the waveguide modes in each of the holes separately. If the holes are all the
same shape, then the explicit expressions for the waveguide modes will be the same
in each hole, save that they will be shifted to the proper location. For example,
the normalized expression for a TE mode in a rectangular hole of side lengths a, b

centered at xy,yy is given by (compare Eq. (2.43))

(—n/b) cos ("E(x + a/2 — xp)) sin (25 (y + b/2 — yH))>
(m/a)sin (?(w +a/2— :L‘H)) cos (”T”(y +b/2 — yH))

b2m2+a2n2
4ab
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In general the holes in the supercell may all have different shapes. Meanwhile,
however, the expressions for the plane waves require no alteration.

Only a few more alterations to the calculations in Chap. 2 are needed. First, all
terms which are enumerated by «, i.e., Y,, A,, B,, etc., must be enumerated by H
as well in the sense that they become Y, g, etc., and all sums over o become sums
over o and H, referring to the o™ mode in hole H. For example, Eqgs. (2.16), (2.17)

become

rp = _5k,ko + Z(Wk, Ma,H) (A%He;’lH + Ba,Hea,H) (35&)
a,H
ty = Z(Wk7 Ma,H) (Aa,Hea,H + Ba7H6;71H) (35b)
a,H

- Z Viri(Ma,i, Wi) = =Yay (Mo, Wiy) + You (Aaeyy — Bamean) (3.6a)
k
Z Yk‘tk‘<Ma,H7 Wk) = Ya,H (Aoc,Hea,H - Ba,He;lH) . (36b)
k
Then, if we define

—1 / —1
Xa,H = Aoc,Hea7H + Boc,Heoz,H XQ,H = _Aa,Hea,H - Ba,Hea’H

Gastpir =1 D Yi(Ma,m, Wi) (Wi, M p1)
K

| (3.7
Ia,H :ZZYko(Wkov Ma,H)

” 2V, 1 o Camtedn

GaH: 2—’_2 Sa,H:ZYa,Hﬁa

, Co,H — 6oz,H eoz,H — CoH

we have the same matrix equation
(G-9)X-GyX' =1

(3.8)

(G- S)X' — GyX =0,
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except that this time the size of the vectors and the side lengths of the matrix G
are — though they were already infinite — now larger by a factor equal to the number
of holes per period cell. The inner products are computed over each hole opening

separately by

(Mo 11, W) = / 5 Wi + M2 Wiy da dy, (3.9)

area of hole H

If the holes are all the same shape, then we need only compute this inner product

for a single hole of that shape centered at zero, and then we may use the formula

(MQ’H, Wk) = (MQ’HO, Wk) X exXp (—Z(.%‘Hk?r + kay)) (310)

where H is a hole centered at (xy,yy) and Hy is a hole of the same shape centered

at zero.
3.2.2  Examples: Rectangular, Triangular, and Hexagonal Arrays

An example of the use of this method is seen in Fig. 3.4. Here, we begin with a 2-
dimensionally periodic array of supercells containing 2 holes. The basic supercell has
holes centered at (0,0) and (0,1). At first we use L, = 1, L, = 2, which duplicates
the array used in Fig. 3.1. Thereafter, we introduce space between holes after every
2 holes in the y-direction: first L, = 2.2, then L, = 2.4, and then L, = 3. The
overall transmission decreases with the ratio of hole area to period area, but more
importantly, new Rayleigh anomalies begin to appear.

A similar method can also be used to create non-rectangular arrangements of
holes. Two examples follow.

An equilaterally triangular array of holes may be created by using a supercell of
size L, = 1 and L, = /3 with two holes: one at (0,0), and another at (1/2,1/3/2).

This procedure is depicted in Fig. 3.5, as well as the resulting transmission profile
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FIGURE 3.4: Transmission profiles for a 2-dimensionally periodic array of supercells
containing 2 holes. The basic supercell has holes centered at (0,0) and (0,1). (a) At
first we use L, = 1, L, = 2, which duplicates the array used in Fig. 3.1. (b) Here
we use L, = 1,L, = 2.2, thereby adding a little space after every 2 holes in the
y-direction. Note the birth of a new Rayleigh anomaly. (c¢) Here L, =1, L, = 2.4;
(d) here L, =1, L, = 3.

for a normally incident plane wave. The holes are square with side widths a =
.0192'/* ~ 0.372 in order to preserve the same ratio of hole area to period area as in
Fig. 3.1 for comparison. The twin peaks appear here near A = L, /2, the y-distance
between holes, and the second Rayleigh anomaly does not appear until A\ = L, /2,
the z-distance between holes. (This does not violate symmetry, because switching
the z- and y- dimensions would result in the same behavior.)

A regular hexagonal array of holes may be created by using a supercell with four
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FI1GURE 3.5: Left: The supercell for a triangular array of holes. Right: Transmission
profile for a plane wave normally incident on the triangular array. The holes are
square, and their area is chosen to retain the same ratio of hole area to period area
as in Fig. 3.1. The basic period cell has holes located at (0,0),(1/2,v/3/2). For
clarity the wavelength is not normalized by the period; the length scale remains
arbitrary.

holes at (0,0), (1/2,v/3/2), (3/2,4/3/2), (2,0). This procedure is depicted in Fig. 3.6,
as well as the resulting transmission profile for a normally incident plane wave. The
holes are square with side widths a = .0432'/* ~ 0.456 in order to preserve the same
ratio of hole area to period area as in Fig. 3.1 for comparison. The usual twin peaks
appear here at A = 3/2, half the period in the z-direction, and the second Rayleigh
anomaly appears at A = /3 /2, half the period in the y-direction and the y-distance
between holes.

Unlike the case of a square array of holes in Fig. 3.1, for the case of a triangular
array it may be that square holes produce qualitatively different results than circular
holes. We have not yet investigated this issue. In addition, an alternative to our
supercell procedure can be used in the case of a triangular array of holes, or other
arrays which have symmetry in two non-orthogonal directions, by defining new co-
ordinates in those two directions. For some discussion of this tactic see for example

Chen (1970, 1971, 1973). This would save a large amount of calculation expense, as
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FiGURE 3.6: Left: The supercell for a hexagonal array of holes. Right: Trans-
mission profile for a plane wave normally incident on the hexagonal array. The
holes are square, and their area is chosen to retain the same ratio of hole
area to period area as in Fig. 3.1. The basic period cell has holes located at
(0,0),(1/2,4/3/2), (3/2,4/3/2),(2,0). For clarity the wavelength is not normalized
by the period; the length scale remains arbitrary. Inset: Closeup of the twin trans-
mission maxima that occur near A = 3/2.

the sizes of the resulting matrices would be smaller. However, the inner products of

the plane waves with the waveguide modes would be more difficult to calculate.
3.3 Transmission Maxima and the Single Mode Calculation

Unlike the minima associated with the Rayleigh anomalies, which are very easy to
predict, we do not have a straightforward calculation for predicting the location and
height of the associated transmission maxima. However, in some circumstances we
can approximate them well with a first-order formula that clearly illustrates the

connection between the Rayleigh anomaly and the associated transmission peaks.
3.3.1 Matrix Equation and Transmission Formula for One Waveguide Mode

For a plane wave normally incident on a rectangular array of rectangular holes illu-
minated by a p-polarized plane wave incident at any angle 6, with 6, = 0, only a
single waveguide mode contributes to the transmission of energy through the holes:
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the TE mode with m =0,n =1,

My, = ((1)) \/%sin (%(y + b/2)> . (3.11)

Therefore, returning to the derivations of Sec. 2.1, each of the sums over « need only
contain a single term. Say that A, B are the amplitudes of this mode M as it travels
forward and backward, that the scalar G is given by G =i >, Y, (M, W,)(Wy, M) =
i3, Y |(M, W3)]?, that the scalars S and GV are defined analogously as in the
previous sections, that e, is the single value of e, and that Y} is the admittance of

the single waveguide mode. Then from Eq. (2.23), we have

G-I
e @y
(3.12)
Y GVI
(G =572 —=(GY)
so that, from Eq. (2.25),
Ao b (e (G=5)—aG) _ (e (G +iYp)T
et —e;?  (G—5)2—(GV)? (e, MG +1iY3))? — (en(G — iYy))?
(3.13)
B 1 (en(G—=9)+e,'GV)I _ —en(G —iYy)I

= (G=5)7—(GV) (e (G +1iY3))? — (en(G — iY3))?

If we set I' = ¢, (G +iY},) and A = ¢,(G — iY},), then these expressions have the
form
r —A

as recognized by Martin-Moreno and Garcia-Vidal (2008).
Meanwhile, under the single-mode calculation, the expression (2.27) becomes
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T = Z ZYk |tk| /Yko
k

=386V |(Aen + Beg )Y (Wi, M) /Y,

k
1 AT ?
=Y 8(ivy) (FQ — Rt Agehl) (Wi, M) /Yo (3.15)
k
on | 20Y3T |7
= Z ZYk Wk, )| ) m /Ykzo
| 2iviI P S(6)
T2 — A2 Yko ’

At the Rayleigh anomaly, the number G becomes infinite. Both I' and A in the
denominator contain G, so the term ¥(G) in the numerator is eclipsed by the order
G* term in the denominator, which clearly illustrates the emergence of the downward

transmission spike.
3.3.2  Maximizing Transmission

We may now proceed to locate the transmission maxima within the single-waveguide
mode approximation by minimizing the denominator |T? — A%|2. To do this we use a
first-order calculation which singles out the link between the Rayleigh anomaly and
the maxima. In a small region about the Rayleigh anomaly, the admittance Y}, of one
or more of the plane waves is rapidly changing with respect to w and approaching
infinity. This admittance appears in one or more terms of the sum defining G; so to
first order, we will assume that the other terms of G are constant, retaining the value
that they have at the frequency of the Rayleigh anomaly. The terms Y;, Yy, , en, and
I are also changing relatively slowly, so we will take them to be constant as well.
The terms Yj which are infinite at the frequency of the Rayleigh anomaly are

imaginary for lower values of w and real for higher values of w. Because, as we have
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seen, the transmission maxima occur at values of w lower than the frequency of the
Rayleigh anomaly, we will focus on this region and assume that it is the imaginary
part of G = G, +1iG; which is rapidly changing. The admittance Y}, of the waveguide
mode (3.11) is

kz 2 _ 2/,2
y, = ke _ vwrom/e (3.16)
w w

For now we will restrict ourselves to the situation of Fig. 3.1 of a plane wave normally
incident on a perfectly conducting slab with a square-periodic array of period width
L of square holes with side length a/L = 0.4 and film thickness h/L = 0.2, at
the primary Rayleigh anomaly A = L, which has the associated double transmission
maxima of unit height. For this Rayleigh anomaly, Y}, is imaginary. This also implies
that ey, is real with 0 < e;, < 1. For convenience, define y = —iY};, > 0.

Therefore we may write

T2 — A?

|2

= |eh(Gr +iGi — ) = ,%(Gy + G+ y)[*

(3.17)
= [(G2+2G,y +y* — G2) — (6> — 2G,y + 12 — GI)]* +
+ [2(2G, G, + 2yGs) — €,2(2G, Gy — 29G)]°

2

Set u=¢e,2—¢€2>0,v=-¢e,°>+e2 >0,and v =v/u > 1. Then the above is equal

to

= [~u(G] +y* = GF) + v(2G,y)* + 4[~u(G.Gi) + v(yGi)]?
= u?[(G? +y* — G?) — 220G,y + 45%[G, — vy’ G? (3.18)

— (G — vy)? = G — (V= Dy +48°(G, — PG,

Set Z = (G, — vy)?. Then this is
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= ([2° = G} = (v = )y +42G))
=2 ((Z — G2 +42G? — 2(Z — G (V> — D)y’ + (% — 1))
=u* ((Z+G)? =22 -GV’ - 1)y* + (v = 1)y')  (3.19)
= (224 22(G] = (v = ') + (GI + (7 = )" + 267" = 1)y?)
=’ (22 +22(G} — (V" = 1)y*) + (G} + (v* = 1)y*)?) .

Completing the square gives:

=u? (Z + (G — (1 = 1)y*)? + 4(G2(v* — 1)y ) - (3.20)

Since Y is imaginary, G; is real, and v? > 1, this is a sum of positive squares.
The second term will only be zero if G is real, which is not the case in this situation
(nor is it ever the case in the case of normal incidence, as the admittance of a plane
wave normal to the surface is always real, which causes G to have an imaginary
component). Therefore the minima of this expression will be found by setting the

first term equal to zero:

Z=-G;+ (V- 1)y’
(3.21)

G, = l/yp,\/(l/2 —1)y? — G2

We are holding all of the terms on the right constant; now we divide the left side

G, into its constant part G, plus the part which is approaching infinity:

w
G, =G, +i————@G 3.22
+2w2 _ |kt|2 f ( )

where Gy is a sum over the four plane waves which are becoming parallel to the

surface of their inner products [(M, Wy)[?. The value |k = \/k2+ k2 is equal to

27/ L for each of these plane waves. Therefore, solving for w yeilds
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FIGURE 3.7: The dashed curve is the true transmission profile for a plane wave
normally incident on a perfectly conducting metal film with square period of side
width L, square holes of side lengths a = 0.4L, and metal thickness h = 0.2L.
The solid curve is the first-order approximation profile created by holding all terms
constant at their values at the frequency of the Rayleigh anomaly A = L except for
the admittances of the four plane waves that are close to parallel to the film.

o + (yy — Gt /(12— 1)y2 - G?) 27 (3.2

2
\/G?—i—(l/y—Gc:I:\/(l/?—l)f—G?) L

The constant terms G, G;, which we have taken to be constant with the value they
attain at the frequency of the Rayleigh anomaly, must nevertheless be computed
numerically. The term Gy, however, is a sum of only four terms which are listed in

Appendix A.
3.83.8  Comparison with the Full Simulation

In Fig 3.7, we display the transmission curve (3.15), allowing only the admittance of
the parallel plane waves to vary and holding all other terms constant, alongside the
full simulation for comparison. The locations of the transmission maxima are given

by Eq. (3.23). The minimum associated with the Rayleigh anomaly and the thin
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peak are very well captured by our approximate formula. The second, thicker peak
is captured as well, but it is shifted to a slightly higher value of A from its correct

location.
3.4 Resonance and the Null Space of the Matrix Equation

As a further investigation into the behavior of the matrix equation GX = I, we will
briefly discuss here the null space of the matrix G.

A bound state, which we also call a resonance, is an EM field localized in the
vicinity of the film. In our case, it would be a solution of the matrix equation
GX = 0, that is, a solution of Maxwell’s equations which exists without incident
energy. In general this is likely impossible. Recall that G has the form

G-S -GV

In the case of rectangular holes, the matrix G has a large null space, as it has infinitely
many zero rows and columns (note the several zero inner products found in Appendix
A). However, the diagonal matrices S and GV are well-behaved and override the null
space of G.

In the condition of a Rayleigh anomaly, however, every nonzero element of GG
becomes infinite; G' behaves roughly as a constant matrix GG; plus another constant
matrix GG multiplied by an admittance term Y, which tends to infinity. If we divide
both sides of the matrix equation GX = I by this admittance Y}, then as the

frequency approaches that of the Rayleigh anomaly, the matrix equation approaches
GX =0, (3.25)

where G is given by

G = <%2 GOQ) . (3.26)



Like G, the matrix (G5 has a large null space. Therefore we may expect potential
bound states to exist at the frequency of the Rayleigh anomaly.

The issue is confounded somewhat, however, by the fact that the matrix G de-
pends on the Bloch factor, which is defined by the incident plane wave. If the incident
wave is removed, it is unclear whether the matrix G is well-defined, or whether we
require it to be. The methods discussed in this work would require some modification
to verify these bound states and view them directly. For the moment they remain of

purely theoretical interest.
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4

Simulating Real Experiments

Our transmission simulations thus far capture the minima associated with the Rayleigh
anomalies and transmission maxima at wavelengths close to where they are found in
real experiments, but the sizes of these effects are out of proportion. The character
of our transmission profiles is different as well- the twin maxima that we have been
seeing at wavelengths close to the period width are not seen in experiments. (For
example, see Ebbesen et al. (1998); Hou et al. (2006); Przybilla et al. (2008).) In
this chapter we work to include the effects of finite conductivity, finite hole arrays,
and incident radiation that is more complex than a plane wave, in order to discover
the cause of this discrepancy.

In Sec. 4.1, we incorporate finite conductivity of the metal. We do this by use of an
asymptotic calculation for the propagation constants of waveguide modes in circular
holes, a quantity which cannot be solved for algebraically. The matching procedure
then continues with few other changes. We find that the resulting transmission is not
very much affected by this change; it is at most slightly lower than in the perfectly
conducting case. This result is supported by simulations in COMSOL Multiphysics
and Microwave Studio.
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In Sec. 4.2, we apply the supercell technique discussed in Sec. 3.2 to approximate
a finite array of holes. We again find that the transmission may be reduced by this
change but otherwise it has the same behavior.

Finally in Sec. 4.3, we allow the incident energy to be more complicated than
a plane wave. Thanks to Bloch theory and the orthogonality of our plane waves,
only a simple averaging technique is required. We find that imperfect collimation
significantly changes the character of the transmission curve, causing the minima at
the Rayleigh anomalies and transmission maxima to be less pronounced and reducing
the double maxima to a single maximum, as is seen in experiments.

We will take a moment to recall Fig. 3.2, depicting (E,) in a cross-section of a
1-dimensionally periodic film at different angles of incidence and wavelengths. The
field strengths are highest at the corners of the holes. The sharpness of the corners
can also be seen as an approximation; in experimental conditions, the corners can
be close to exact on the scale of a wavelength in the radio-frequency range, but as
the frequencies tend towards the optical range, the corners will be more rounded. In

this work, we do not study the effects of this approximation.
4.1 Finite Conductivity

An infinite conductor may not have any electric or magnetic field inside the metal,
but this is not true of a finite conductor; waveguide modes from the holes extend
into the walls of the waveguide, which makes explicit calculation of the waveguide
modes more difficult. For rectangular holes this remains an open problem, but for
a single circular hole the waveguide modes are known, except for the propagation
constant which cannot be exactly solved for.

Here we derive an asymptotic formula for the propagation constant of a mode in
a metal that has large but finite conductivity. Many commonly used metals are good
conductors, including copper, silver and aluminum. Large conductivity ensures that
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the propagation constant of each mode will be close to that of the equivalent mode
in a perfect conductor. It also causes the field to decrease quickly inside the walls of
the metal, which allows us to assume that a waveguide mode from one hole will not
affect its neighbor.

First we will give the explicit expressions for the waveguide modes, which can also
be found in Snitzer (1961) and Snyder and Love (1983). Next, we will demonstrate
the derivation of the first-order terms of a novel asymptotic formula for the prop-
agation constant. (The derivation of the second-order terms is given in Appendix
B.) Finally, we will show the remaining changes needed in the matrix equations to

account for finite conductivity, and discuss the results.
4.1.1  FExplicit Expressions for the Waveguide Modes

Let €; be the dielectric constant of the material in the holes (which we have thus far
been taking to be air, ¢; = 1), and let €5 be the dielectric constant of the metal. In
general both quantities may be complex, and in Sec. 4.1.2 we will be taking |es| large,
but that is not necessary for the expressions presented in this section. We assume
that the magnetic constant p has the same value in the hole and the metal.

Previously we needed the matching conditions associated with Maxwell’s equa-
tions for a perfect conductor, requiring that the components of E tangent to an
interface between different materials to be continuous, but there was no similar re-
striction on H. Now that our metal is a finite conductor, however, the tangential
components of both EF and H must be continuous across interfaces. Waveguide
modes, with two exceptions, no longer divide into TE and TM varieties; rather, they
are hybrid modes whose expressions contain elements of both. The two exceptions
to this rule are the two modes corresponding to the Bessel function .Jy, of which one
is a TE mode and the other TM.

The expressions in this section for the hybrid modes and the propagation constant
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can also be found in Snitzer (1961) and Snyder and Love (1983). Let r, 6 be the usual

polar coordinates, J, K be the Bessel functions, and a be the radius of the hole. Then

we have:

Inside the Hole, n # 0

E, =

Hy =

N

J (A1) cos(nf + ¢y, )e=*

Zkz d n ikyz
)\—% (5({]”()\17“)) — ;PJn(Alr)) cos(nf + ¢, )e
ik (Pi((]n(/\lr)) - EJn(/\lr)) sin(nf + ¢, )e™***
dr r
_kz : ikyz
PJ, (A7) sin(nd + ¢,,)e'™
fiw
—ik? (k? _d n .
2P _ : ik,z
,UW)\% (k% dr (Jn()\lr» , Jn()\ﬂ")) Sm(n@ + <bn)e
ik? [ d k*n s
oN? (E(Jn()\ﬂ’)) — B PJn()\lr)> cos(nd + ¢, )e

%)

(4.1a)

(4.1Db)

(4.1¢)

(4.1d)

(4.1e)

(4.1f)



Inside the Metal, n # 0:

E. = WK,(\or) cos(nf + ¢,)e**

A3 dr(

E, = —ZWk— ( d K,(Aar)) — ;PKR(AQT)) cos(nf + ¢, )e™=*

k.

Ey=—iW—= (Pd

A3 dr

k

(Kn(Aar)) — ;Kn()\zr)) sin(nf + ¢n)eikzz

H, = —W—2PK,(\yr)sin(nd + ¢,)e*>

o

k3
H, — iW
' w3 \ k3~ dr
Hy = —i
P N
T™, n =0

hole __
B =

hole
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H, =

Ey

(k—zpi(z(n(m)) - gKn(Agr)) sin(nf + o,)e*

k?2

W Ky (%(Kn()\ﬂ”)) kZQ PK, ()\27")) cos(nf + ¢, )e™=*
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W Ko(Agr)e™=*

= —iW ];2 <; (KO()\QT))>

—iWMZz%/\% (j (KO(/\QT)))

=H,=H,=0

26

(4.2a)

(4.2b)
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TE, n=0

Hele = _—kZPJO(Alr)eikzz (4.4a)
Jw
—ik? (_d :
Hhole — A P— A ikyz 4.4b
e = = (P ) (4.40)
d )
Eye = <P$(J0()\17"))) e'h=* (4.4c)
Hmetel — —WﬁpKo(Agr)e“ﬂzz (4.4d)
Hw
Heet — PL (K (Mr)) ) (4.4¢)
" pwA3 \ " dr
Eyretel — ke Pi(KO(AZr)) (4.4f)
A2 dr
E.=E.=Hy=0 (4.4g)

where k, is the propagation constant to be determined in Sec. 4.1.2; and further,

k2 = wue N =k — k2 (4.5a)
k3 = wney A=k — k2 (4.5b)
Jn()\la)
W =_2\V""/ 4.5
K, (\) (4:5¢)
n <; L1
Oa)” T Dza)?
P - - KZ()\QB) a (45d)

J! (Ma) +
Aradp(A1a) A2aKy (A2a)

and ¢, is arbitrary. As with the waveguide modes inside the circular waveguides
surrounded by a perfect conductor, the modes here are enumerated in part by n, the
index of the Bessel function J,,. They are also enumerated by the infinitely many
allowable propagation constants; and we may choose two values of ¢,, to form a basis,

usually ¢, = 0 and 7/2. For large values of €5 modes may be “TE-like” and “TM-
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like” modes, depending on whether the term P is large or small, respectively (for
example, set P = 0 and compare with the waveguide modes in a perfect conductor).

The inner products (M,, Wj) must be calculated numerically. Therefore we must
either convert these expressions to Cartesian coordinates or convert the plane wave
expressions to cylindrical, using the conversion E, = E, cos(d) — Eysin(d), E, =
E,sin(f) + Epcos(f). The second way is generally preferable since it avoids the
awkward conversion 6 = arctany(y/z).

Finally, the propagation constant k. is determined by the equation (Snitzer

(1961))

Jn(A1a) K7, (A20a) 2 Jn(Ma) 2 K (Aaa)
+ k3 + k5
AlCLJn()\lCL) )\QCLKn<)\2a) )\laJn()\lCL) )\QCLKR(/\QCL)

n*k? ((Alla)"‘ + ()\;)2)2, (4.6)

which in general has infinitely many solutions which will be discussed in the next

section.
4.1.2  Asymptotic FExpression for the Propagation Constant

The equation (4.6) for the propagation constant of the hybrid mode cannot be solved
analytically, but it may be solved asymptotically. Most commonly used metals are
good conductors, meaning that the dielectric constant e, is very large in magnitude.
Hybrid modes surrounded by a good conductor are very similar to the waveguide
modes constrained by a perfect conductor; as |es| — oo, the propagation constant
of the hybrid mode approaches that of a TE/TM mode. Therefore we take 1/e;
and the deviation of the propagation constant from its limiting TE/TM mode to be
approaching zero in our asymptotic calculations.

In this section we derive the first-order term of the asymptotic expansion. The

calculation of the second-order term will be relegated to Appendix B.
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Equation (4.6) has infinitely many solutions. We may enumerate them by three
values: an integer n > 0, the order of the Bessel functions; whether the mode is
TM-like or TE-like; and an integer m > 0, which orders the zeroes of J,, if the mode
is TM-like or J/, if the mode is TE-like. For brevity we will not explicitly write this
dependence; the two cases will be identified verbally. Accordingly, we define ug to be
the m'* zero of J, or J/, depending on the case. Define hy by ug = a\/m,

so that hg is the propagation constant of the limiting TE/TM mode of a perfect

conductor.
Define
u=\a w = Aaa (4.7a)
(1) K (w)
== =2 4.7b
n udp(u) 12 wk, (w) (4.7b)

Then equation (4.6) becomes

1 1)’
O+ )k k) = k2 (54 2z ) (45)

Divide both sides of this equation by k? and set € = €5/¢;. Then

21.2 2
9 o nk; (1 1
m + (1 + 6)771772 +€ny = e (E + E) . (4.9)

We will examine the behavior of each term separately. In the limiting case of
a perfect conductor, the propagation constant k, is equal to the number hy defined
above: that is, u = wug is a zero of J, in the case of a TM mode, and u = ug is a zero
of J/ in the case of a TE mode. Therefore, in the limit of a perfect conductor, the
term 7; will approach infinity or zero, respectively.

The term 75 is less troublesome. The asymptotic expansions of K, and K] are
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given in Abramowitz and Stegun (1964),

s 4n? —1  (4n* —1)(4n* —9)
Ko(2) ~ )= (1 4.10
(2)~ /3¢ < s T 21(32)2 * ) (4.10a)
4n?+3  (4n* —1)(4n? + 15)
K(2) ~—y e (1 4.10b
n(2) 2:° ( T T 21(82)2 * ) ’ (4.10b)

so that to first order we have

ne ~—1/w=—1/(a\/k? — w?uey), (4.11)
which tends to zero as |ez| — oo at the rate of 6;1/2.

The remaining terms become neither very large nor very small as |e3] — oo.

Therefore we will solve Eq. (4.9) for n;, obtaining

4n2k2 (L + L)2

2 2 2
2m = —(1 +(1— 14 LT e 4.12
T ( +€>772 ( 6)772 + (1_€>277§ ( )

As |e] — oo, the denominator inside the square root tends to oo, as the € term
dominates the n2 term. Therefore to first order, the two solutions to this equation

appear to be
N = —€n (4.13)

m = -z (4.14)

We will soon find, however, that Eq. (4.14) is not sufficient to provide the first-order
term of the asymptotic series; we will in fact have to incorporate the first correction
term from under the square root. For now note that the right side of Eq. (4.13)
which tends to infinity, implying that the denominator of 7; must be tending to zero.

Therefore hybrid modes whose propagation constant satisfies Eq. (4.13) converge
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to TM modes. Similarly, hybrid modes whose propagation constant satisfies the
corrected Eq. (4.14) converge to TE modes.

We already have a first-order expansion for 7;, so we must now find the same
for ny. This term does not depend on €, so we expand instead in terms of the
deviation of the propagation constant from its |e3] — oo limit. Let k, = hg + hs,
where hg is the propagation constant of the limiting TM/TE waveguide mode. We
will replace J,, and J), by the first nonzero terms of their Taylor series about the
point uy = a\/m .

For the case of a limiting TM wave, ug is a zero of .J,, so we will have

~ ul! (uo)(u —ug) — w(u —up)

(4.15)

m

Expanding the denominator,

h
U—uo:a\/k%—(h0+hs)2—a\/k%—h3~—hs\/%. (4.16)
1 0

The single term u has a constant first order expansion u ~ a\/k} — hi, so

1
u(u — ug) * a?hg

(4.17)

Returning for a moment to Eq. (4.11), the dependence of 7, on hy is negligible, so
combining all of this with Eq. (4.13) yields

B~ h3 — w? ey 1 e h3/es — w?p N 12 ((—:1 —w2u> o @1s)

eahy - 6;/2 ahg B 6;/ ahg

Therefore, the propagation constant of a “TM-like” hybrid mode as |es] — oo is
given by
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1 [ e/ —w?n
k.~ hg— : 4.19
- () )

Now, for the case of a limiting TE wave, u is instead a zero of J! | so the first-order

approximation to 7; is

Iy (o) (u — Uo)‘

~ 4.20
From Eq. (4.16) and the constant limiting value for u, we obtain
- —hsh
i 0 (4.21)

v KRR
Equation (4.14), however, is not sufficient to give the correct first-order term to the

asymptotic expansion. We must incorporate the first correction term from the square

root in Eq. (B.5):

4n?k2 ( 1 12 in2k2 [ 1 1\2
= (L + ) (L +h)
21 = —(1 — (1 — 1 wrper \u w — 9y, _ Ylne \u w
m=—1+emp—1-en|l+ T o Ty
(4.22)

Recall that 7o ~ —1/(ay/k? — w?pey); notice that the term 1/w? in the numerator is
negligible compared to 1/u?; and notice that the 1 in the denominator is negligible

compared to €:

1 1 n?k2a\/k2 — w2 e, 1 ( 1 n?hia )

= - +
n ar/k? —w?pey € w?put 6;/2 ay/—w?n  /—wipu
(4.23)

Finally, accounting for the expression for n; in Eq. (4.21), we have
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L (o) (R — B3) <1+ nhg ) (4.24)

hg ~ -0
’ ex/? T (ug) hoar/—w?p a?(ki — h{)?
Therefore, the propagation constant of a “TE-like” hybrid mode as |es| — oo is given

by

el \ J"(an/k2 = hZhoar/—w2p ki — h)?

b~ oy — 1 ( Jo(ar/k3 — h2)(k? — hd) (1 X Cﬂ(ﬂ)) ' (4.25)

The second-order terms for both types of modes are derived in Appendix B. For

each type the asymptotic formula has the form

C, Oy
ky ~ ho 4+ —= + — 4.26

For hybrid modes approaching a TE mode, hg is such that vy = ay/w?pe; — hi is

the m'™ zero of J!, and the coefficients are given by

—Jn(ug) < n2h2
CTE = 14+ -2 4.27
1 a /—(JJ2MJ7/L/<U,O)}LO a2062 ( )

OTF _ —Jn(up) L+ n?h? 1 1 N n?h? N Jn(ug)n? 94 4hg
2 hoJ! (up) a?a? ) | a®w?u \2  a?a?  J!(up)ala a ’
(4.28)

where o = w?pe; — hi = (ug/a)?. For hybrid modes approaching a TM mode, hy is
such that uy = a\/w?pe; — h3 is the m™ zero of J,,, and

1/2

TM __ _51(_W2M)
Ci™ = T ahe (4.29)
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2,2 "
™ _ GW I 1 1 (o) €1
_ — 4.
c? e (a%g a26+Jg(uo)a¢B T 3ahe (4.30)

where 3 = w?ue; — h3 = (up/a)?.
4.1.3  Remaining Changes to the Matching Procedure

The remaining changes to the matching procedure for the case of finite conductivity
are few. The first difference is that the matching conditions associated with Maxwell’s
equations now require continuity of the components tangential to each interface of
both the electric and magnetic fields, rather than only the electric field. This means
that the inner products of the waveguide modes with a plane wave are now done
over the entire period cell, instead of only the opening of the hole. In Sec. 2.1 the
formulae are already written as such, so no alteration is required.

The other more significant difference is in the admittances of the waveguide
modes. Referring to the explicit expressions for the modes in Sec. 4.1.1, the 7,6
components of £/ and H that contain the factor P will be called the TE part of the
wave, and those without P the TM part. For example, for E,. inside the holes with
n =0, the TE part is

—ik, ,
E.rp = ;2 ;PJn()\lr) cos(nf + ¢y, e, (4.31)
1
and the TM part is
Errm = ~5 5= (Jn(Air)) cos(nf + ¢y, )€™, (4.32)
’ Af dr

The reason for this division is that each hybrid mode has essentially two admittances:
the TM part assumes the admittance of a TM mode as in Sec. 2.2.3, that is, Y =

ew/k,, while the TE part of the hybrid mode assumes the admittance of a TE mode,
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Y =k, /pw. The corrected admittance equation (compare Eq. (2.10)) for the case of

finite conductivity is

) () B ) ) o
_Hx kz Ey hole kz Ey metal MW Ey hole MW Ey metal‘ '

For good conductors, the term P is very large or very small, which allows us to say

the hybrid mode is TE-like or TM-like respectively.
This division of each mode into four parts, inside and outside the metal and

TM/TE part, persists throughout the matrix equations. The final matrix equation

(Cigf G ?2) G((,) = <é> , (4.34)

but the elements of the matrices G, S, GV, I are now given by

retains the form

X, = Aget + Baea X! = —Ayeq — Bae!

Gap =1 Yi( My, Wy) (Wi, Mp) I, = 203, (Wi, M)
A (4.35)

2iY¢ e2 + e;?

_ _ vt a
Gy = E— So =1Y —63 -
with Y¢ equal to
€W €ow
YC - ]i; (Wlﬁ Mg:fole) + z_(W/W Mg,fnetal)_’_
ﬁ(Wk MM Y 4 ﬁ(Wk MMM, (4.36)
W ) a,hole [ ) a,metal /)’ .

where the term MT¥ . is equal to the TE part of the hybrid mode inside the hole

a,hole

and zero outside the hole, and similarly for the other terms.
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FIGURE 4.1: Transmission profile assuming an imperfectly conducting metal. The
solid curve is for e = —7 x 10* +i5 x 107, a typical value of the dielectric constant of
copper in the microwave range (Ung and Sheng (2007)). The values for Al, Cu, and
Ag do not differ enough to produce visible change in the transmission curve. The
dotted line is for e, = —1.7 x 103 — 42 x 10%, a typical value of the dielectric constant
of silver in the infrared range (Ung and Sheng (2007)). Inset: Closeup of the narrow
maximum.

4.1.4  Results, and Comparison with Other Numerical Techniques

Sample results of the use of this method are seen in Fig. 4.1. For good conductors
in the microwave frequency range, the transmission curve is indistinguishable from
the case of perfect conductivity. For the same metals in the infrared range, overall
transmission is reduced in the two maxima, but the location of the Rayleigh anomaly
and the location of the maxima are not changed. (In truth, the dielectric constant
€5 of a metal depends on the frequency. However, for the cases under consideration,
accounting for this dependence produces no visible change in the transmission.)

For comparison, performed the same simulation using COMSOL Multiphysics, a
finite-element-based commercial EM software. The experimental setup is given in
Fig. 4.2a. In Fig. 4.2b, the transmission curve is calculated for two different films:
a perfect conductor, and Al at a frequency of 10 GHz. The simulation shows no

visible difference between the perfect conductor and Al, as we have predicted. There
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FIGURE 4.2: We simulate the same experiment using COMSOL Multiphysics. (a)
The experimental setup. A plane wave is incident from one boundary plane and the
transmitted energy is collected on the other. The boundary conditions are periodic,
as we are assuming normal incidence. (b) Two different films are simulated: A
perfect electric conductor (PEC), and Al at a frequency of 10 GHz.

is disagreement, however, between this simulation and that in Fig. 4.1 in the height
of the maxima and the depth of the Rayleigh anomaly. This is due to the finite mesh
and imperfect absorption at the radiation boundary plane. A denser mesh helps
the numerical results to better match our prediction, at the cost of more computing
resources. The mesh used to create Fig. 4.2 has more that 170,000 mesh elements
and creates more that 1 million degrees of freedom, which requires more than 32GB
of memory. Furthermore, the imperfect absorption at the boundary creates extra
oscillations in the transmission curve which requires extra attention to eliminate.
Because of this, COMSOL is not optimal software to use for this simulation.

We have also performed the simulation in Microwave Studio, in which we have
better control of the reflection at the boundary. The extra oscillations are removed
when the reflection at the boundary is lower than -20dB, and the Rayleigh anomaly
and transmission maxima are captured more precisely. However, we have not been
able to run the simulation with conditions sufficient to capture these phenomena

exactly.
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FIGURE 4.3: Approximation of a finite array for the case of a 1-dimensional array
of slits. Finite arrays of 10 slits are repeated periodically with (a) no space between
arrays, then (b) with distance between arrays equal to 10 times the width of each
array, and finally (c¢) with distance between arrays equal to 50 times their width. The
transmission is reduced by about 20% in total. Fabry-Perot-like oscillations appear
due to the interaction between each finite array, but the location and character of
the curve and the transmission anomalies remain the same.

4.2 Finite Hole Arrays

Done exactly, the calculation of transmission through a single hole would require an
alteration of our method to account for the continuum of plane waves allowed outside
the film; see Takakura (2001) for an explanation of this procedure. However, we can
approximate the behavior of a finite array of holes by using the technique of Sec. 3.2.
By defining a supercell of some number of holes followed by a large amount of space
without holes, each supercell will behave as its own separate array as the amount of
space tends to infinity.

Sample results of this procedure may be seen in Fig. 4.3, for the case of a 1-
dimensional array of slits. A finite array of 10 slits is repeated periodically, at first
with no space between them, then with distance between arrays equal to 10 times
the width of each array, and finally with distance between arrays equal to 50 times
their width. In total, the transmission is reduced by approximately 20%, and some

Fabry-Perot-like oscillations appear due to the interaction between each finite array.
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However, the character of the transmission curve remains the same, and the location

and character of the Rayleigh anomalies and transmission spikes do not change.
4.3 TImperfect Collimation

In our simulations thus far, the incident energy has been perfectly collimated, mean-
ing that it is in the form of a single plane wave. Experimenters work to be close to
this ideal, and assume that their results are accurate enough to capture the impor-
tant phenomena. As we began to see in Sec. 3.1, however, even small changes in the
angle of incidence can significantly affect the delicate features of the transmission
curve, in particular the narrow transmission maximum.

See Fig. 4.4 for further illustration of this effect. The dotted curve is for normal
incidence, and the solid curve is for incidence at an angle of 0.11 degrees. With
this change in angle, the narrow peak is shifted such that the portion above 50%
transmission has no overlap with its previous position. In real experiments, energy is
incident over a small spread of angles. This could cause the narrow peak to become
more complicated or diminish in height.

We can simulate a spread of angles by solving for the field solution for each
incident angle separately; by linearity of Maxwell’s equations the total field is equal
to the sum of the fields created by each incoming plane wave. The usual formula for

transmission, Eq. (2.27)

T = RYW)|tl*/ Yo, (4.37)
k

relies only on the orthogonality of the outgoing plane waves. Except in extraordinary
circumstances, all outgoing plane waves created by any of the incident angles will
be orthogonal, and so the formula for transmission holds without alteration, except
that the sum is now over all outgoing plane waves. The end result of this is that the

transmission profile for a spread of incident waves is the average of the transmission
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FIGURE 4.4: Transmission profile for normal incidence (dotted line) compared with
incidence at 0.11 degrees (solid line). With this change in angle, the narrow peak is
shifted such that its portion above 50% transmission has no overlap with its previous
position.

profile for each incident wave.
(In the extraordinary circumstance that two of the incoming waves both produce
the same particular outgoing wave, this formula will have to be revised. If the two

incoming waves have wavevector kg and 1y, this criterion means that for some integers

j17j2aj37j47

21 27 ja 27]3 274
kor + —— . k = lo, + —,1 — 4.38
(o Pt s ) = (o T2 ) a0

[see Eq. (2.8)]. This will only happen if ko, — lo, is a multiple of 27 /L, and similarly
for the y-components. In this case all outgoing waves produced by the first angle
are also produced by the second. In particular, this cannot happen if the difference
between incident angles is small enough.)

See Fig. 4.5 for results of this method. We simulate incidence of a spread of angles

varying within 0.1° from normal; within 0.2° of normal, and within 1° of normal. In
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FIGURE 4.5: Transmission profile for a 2-dimensional array of holes with plane waves
simultaneously incident at angles varying first (a) from —0.1° to 0.1°; then (b) from
—0.2° to 0.2°; and finally (c) from —1° to 1°. The narrow peak lowers in height until
it disappears, and then the broad peak begins to lessen more slowly. The effect of
the Rayleigh anomaly is also decreased, so that there is no longer a point of zero
transmission.

each case we have used 20 equally weighted incident waves at equally spaced angles
between the bounds in both directions, for a total of 400 incident waves. As the
spread of angles becomes larger, the narrow transmission maximum decreases in
magnitude. When the incident angle varies within about 0.15 degrees of normal,
the narrow maximum is reduced to 50% height, and when the angle varies within
0.3 degrees of normal, the narrow maximum disappears entirely. As the spread of
angles becomes larger, the broad maximum decreases in height more slowly, and also
increases in width. The minimum accompanying the Rayleigh anomaly rises from
zero transmission to small positive transmission. Furthermore, the location of the
broad maximum shifts to slightly higher wavelengths. (The small, fast variations in
transmission seen in 4.5c are a result of using a finite number of incident waves and
decrease as the number of incident waves increases.)

All of these effects are properties of experimental results. Imperfect collimation
in our simulations and in experiments causes important changes in the transmission

curve: the minimum occurring at the frequency of the Rayleigh anomaly and the
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associated transmission maxima, as well as any other phenomena that occur over a

narrow range of wavelengths, are all to varying degrees suppressed.
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5

Summary and Discussion

To examine the phenomenon of extraordinary energy transmission through periodic
gratings, we have used a mode-matching method that highlights certain features:
The Rayleigh anomaly (Chapter 3), which occurs when a plane wave outside the film
becomes parallel to the film, is accompanied by very low to zero energy transmission,
and the wavelength at which it occurs can be controlled by altering the angle of the
incoming energy and the periodic structure. It is also at times associated with
large transmission maxima at nearby wavelengths. These transmission maxima are
accompanied by the buildup of large energy fields inside the holes.

However, our basic model does not match experimental results very closely. These
feature shallower minima at the Rayleigh anomalies and transmission maxima which
are broader and lower or do not appear at all. In Sec. 4.1, we find that altering
our model to allow for finite conductivity of the metal does not account for this
difference: in the microwave regime the effect is negligible, while in the infrared
regime the effect is a slight decrease in transmission with no other change. In Sec.
4.2, we find that allowing the array of holes to become finite reduces the transmission

by a significant amount (in our example, by 20%), but the Rayleigh anomaly and
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the qualitative behavior of transmission remains the same. In Sec. 4.3, however,
we find that deviating from perfect collimation by even a small amount (0.1 to 1
degrees) causes significantly decreased transmission maxima and a shallower Rayleigh
anomaly. Altering the collimation is the only one of these changes which creates a
qualitative difference in transmission and is therefore the most important of these
three effects.

We have largely come to understand the Rayleigh anomaly and its associated
transmission maxima. However, transmission anomalies can occur for other reasons
as well. (See, for example, Takakura (2001).) We can see these anomalies in our
simulations, but our model does not lend itself to predicting or understanding them,
and changing this is a likely avenue for future efforts. We would also like to examine
the effects of different hole shapes, multiple films in sequence, and defects on the
surface of the film. Finally, we would like to include nonlinear effects of the metal,
which would mean allowing the dielectric constant to be a function of the field

strength.
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Appendix A

Explicit Waveguide Mode-Plane Wave Inner
Products

The inner products (Wy, M,,) corresponding to the overlaps of the plane waves W
outside the metal and the waveguide modes M, inside the holes can be computed
exactly for the case of 2-dimensionally periodic rectangular holes and 1-dimensionally
periodic infinite slits. In this Appendix we list their explicit expressions.

The inner products are computed using the expressions in Sec. 2.2 and Egs.
(2.14) and (2.15). These equations imply that, in all cases, reverse inner products

are complex conjugates:

(Mo, Wy) = (Wi, Ma)". (A1)

For the 2-dimensional system with rectangular holes, the plane waves are enumer-
ated by two numbers k,, k, which may each be any integer. The waveguide modes
are enumerated by two nonnegative integers m,n. For the one-dimensional system,
the plane waves are enumerated by only one integer k,, as we take k, = 0; the

waveguide modes are similarly enumerated by only one nonnegative integer m.

75



The inner products take different forms depending on whether k, or k, is zero
and whether m,n are even, odd, or zero. They are further divided depending on
whether the plane wave is p- or s-polarized, and whether the waveguide mode is a
TE or TM mode.

We label the inner products by the following notation:

(Wi, M) = (polarization; properties of ky, ky,; TE/TM:;properties of m,n).
(A.2)
For example, the label (p; k, = 0,k, # 0;TE;m,n odd) refers to the inner product

of a p-polarized plane wave with a TE mode with the listed properties of k., k,, m, n.
A.1 2-dimensionally Periodic Rectangular Waveguide

Let the film be two-dimensionally periodic with period widths L,, L, in the z- and
y-directions, respectively. Let the holes be rectangular with side widths a, b in the
- and y-directions, respectively. Finally, let L = /L, L, and [k| = \/kZ + k2. Then

the inner products have the following forms:

TE mode, k;, k, # 0, m,n # 0:

8ivab(n?a®k? — m*b?k2)m cos(kya/2) cos(kyb/2)

a |k|Lv/n2a? + m2b%(a®k2 — m%ﬂ)(b%i — n27?)

(A.3)

(p; ko by # 0; TE;m,m odd) =

8vab(n?a®k2 — m*b*k2)m cos(kya/2) sin(k,b/2)

|k|Lv/n?a? + m2b%(a?k? — m27r2)(b2k:§ —n?n?)

(A4)

(p; ks, ky # 0; TE;m odd,n even) =
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8Vab(n?a®k? — m*b*k2) sin(kya/2) cos(kyb/2)
\k|Lv/n2a2 + m2b2(a2k2 — m?n?)(b%k2 — n?r?)
(A.5)

(p; kg, ky # 0; TE;m even,n odd) =

8ivab(n*a®k? — m*b?k2)w sin(k,a/2) sin(k,b/2)

|k|Lv/n?a? + m2b?(a?k2 — m?m?) (b?k2 — n?r?)

(A.6)

pi ke, ky, # 0; TE;m,n even) =
( v

The corresponding expressions with s-polarizations are the same as above, save
that the term (n*ak} — m?b°k}) in each numerator is replaced with —k,k,(n’a® +

m?2b?).

TM mode, k,, k, # 0, m,n # 0O:

8imn|k|(ab)3/*m cos(kya/2) cos(k,b/2)
Lv/n%a? + m2b%(a2k2 — m?n?)(b%k2 — n?r?)

(p; kg, by # 0; TM;m,n odd) = (A.7)

8mn|k|(ab)®?m cos(k,a/2) sin(k,b/2)

tky, ky # 0;TM;m odd,n # 0 even) = —
(p Y # 7£ ) I/n2a2 + m2b2(a2k§ _ m27T2)(b2k’Z . n27r2)

(A.8)

8mn|k|(ab)??m sin(k,a/2) cos(k,b/2)

ke, k 0;TM;m # 0 even,n odd) = —
v v 7 7 ) n2a? + m2b%(a?k2 — mQWZ)(kag — n272)

(A.9)

8imn|k|(ab)3/*m sin(k,a/2) sin(k,b/2)

kg, ky # 0;TM;m,n # 0 even) = —
(p Yy ?é ?é ) n2a2 _|_ m2b2(a2k£ _ m27.‘.2)(b2k§ . n27T2)

(A.10)
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The inner products of TM modes with s-polarized waves are zero. Furthermore,

when m or n is zero, the above expressions are replaced with zero.

TE mode with either m or n zero, and k,, k, # 0:

_47171’\/% sin(k,a/2) cos(k,b/2)

(p; ks, ky # 0; TE;m = 0,n odd) = LIkla(t?k2 — nr?) (A.11)
(p; ks, ky # 0; TE;m odd,n = 0) = —4m7r%2€52(:§%22?2()kyb/2) (A.12)
(p; ks, ky # 0; TE;m = 0,n even) = _4ni7T\/12/|7;|Zi(r;)gl;/‘g%ainQS;r;gkyb/Z) (A.13)
(p; kyy ky # 0; TE;m even,n = 0) = _4mi7r\/% sin(k,a/2) sin(kyb/2) (A.14)

L|k|b(a?k2 — m27?)

To get the equivalent expressions with an s-polarized plane wave, multiply the

above by —k,/k, if n # 0, or by k,/k, if m # 0.

TE, m =0, n # 0, one of k,, k, is zero:

(pyky =0,k #0; TE;m=0,n#0)=0 (A.15)

2nmyv/2ab cos(k,b/2)sign(k,)

(s;ky =0,ky, #0;TE;m —0,n odd) = L2 — o) (A.16)
2inmy/ 2absin(k,b/2
(s;ky =0,k, #0;TE;m =0,n # 0 even) = inm v 2absin(kyb/2) (A.17)

L(k2 — n?7?)
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4bv/2 sin(k,a/2)

L./abk2nm

(pyky #0,ky = 0;TE;m = 0,n odd) =

(py ke #0,ky =0;TE;m =0,n%# 0 even) =0

(siky #0,ky =0;TE;m=0,n#0)=0

TE, m # 0, n =0, one of k,, k, is zero:

4av/2sin(k,b/2)
L abk‘gmw

(pyky =0,ky # 0; TE;m odd,n =0) =

(pyky =0,ky # 0; TE;m # 0 even,n =0) =0

(s;ky =0,ky #0;TE;m #0,n=0) =0

(pyky #0,ky =0;TE;m #0,n=0)=0

_ 2mmv/2abcos(kza/2)

(s;ky #0,ky = 0;TE;m odd,n =0) = (k2 — mn?)

_ 2miry/2absin(kya/2)

(s:ke # 0,ky = 0;TE;m # 0 even,n = 0) = L(a?k2 — m?2m?)

TE, k, = k, = 0
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(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)



2v/2ab

Lnm

(p;ky =ky =0;TE;m =0,n odd) =

(pi ks =ky =0;TE;m = 0,n # 0 even) = 0;

(s;ky =k, =0;TE;m =0,n# 0) = 0;

(pyky =k, =0,TE;m #0,n=0) =0;

2v/2ab

(s;ky =ky =0;TE;m odd,n =0) = —

$;ky =k, =0;TE;m # 0 even,n =0) = 0;
)

TE or TM, k, =k, =0, m,n # 0:

(porsiky, =k, =0;,TE or TM;m,n # 0) = 0;

TE or TM, m,n # 0, k, =0 and k, # 0O:

8ib*k, cos(kyb/2)

(P ke = 0,ky # 0;TE;m,n odd) = —

Lr(b2k2 — n?w2)\/n2a/b+ m2b/a

8b%k, sin(k,b/2)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)

(pyky =0,ky # 0; TE;m odd,n # 0 even) =
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(py ke =0,ky # 0;TE;m # 0 even,n #0) =0 (A.36)

8niabk, cos(k,b/2)

ke =0,k, #0;TM;m,n odd) = — A.37
v v ) Lrm(b?k2 — n?n?)\/n%a/b+ m?b/a ( )
bk, sin(k,b/2
(py ke = 0,ky # 0; TM;m odd,n # 0 even) = Snabky sin(k,b/2)
Lrm(b?k2 — n?w?)\/n%a/b+ m?b/a
(A.38)
(pyky = 0,ky # 0; TM;m # 0 even,n odd) =0 (A.39)
(s;ky =0,k, #0;TE or TM;m,n#0)=0 (A.40)
TE or TM, m,n # 0, k, # 0 and k, = 0:
a’k, kya/2
(p ko # 0, k, = 0; TE;m, n odd) = — Bia”k, cos(ksa/2) (A.41)
Lr(a2k2 — m272)\/n2a/b+ m2b/a
(p; ky # 0,ky = 0; TE;m odd,n # 0 even) =0 (A.42)
8a’k, sin(kya/2
(pyky #0,ky = 0; TE;m # 0 even,n odd) = @"ky sin(kya/2)
Lr(a2k2 — m272)\/n%a/b+ m2b/a
(A.43)
(p;ky #0,ky = 0; TE;m,n # 0 even) = 0; (A.44)
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8miabk, cos(k,a/2)

ke #0,k, =0;TM;m,n odd) = A .45
ke 7 0. Ky ) Lnm(a?k2 — n?mw2)\/n2a/b+ m2b/a) (4.45)
(pyky #0,ky, = 0; TM;m odd,n # 0 even) =0 (A.46)

bk, sin(k,a/2

(p; by # 0,k = 0; TM;m # 0 even,n odd) = — Smabk, sin(ka/2)
Lnm(a2k2 — m272)\/n2a/b+ m2b/a
(A.A47)
(pyky #0,ky = 0;TM;m,n # 0 even) =0 (A.48)
(s;ky #0,k, =0;TE or TM;m,n # 0) = 0; (A.49)

A.2 1-dimensionally Periodic Slit Waveguide

Let the film be periodic in the z-direction with period width L = L,, and constant
in the y-direction. Let the slits have width a. Then the inner products have the

following forms:

(p; any ky; TE; any m) = 0; (A.50)
(s;any k.; TM;any m) = 0; (A.51)
—ik2/2 . ,
(p; k. 7é O;TM; m 7£ ()) = v $\/_ (6—1169;&/2 COS(mﬂ‘) o ezkza/Q)

 VLpalke|(—=k2 + (mm/a)?)
(A.52)
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(p; ke = 0;TM;m #0) =0 (A.53)

i —ikza ikya
(p;k:x%O;TM;mzo):\/L_—aW(e haa/2 _ gika /2) (A.54)
(p; by = 0:TM;m = 0) = Li (A.55)

k.mmv/2 . .
;ka: O; TE, - z —ikga/2 _ ikga/2
(s 2 0T B any m) = T R + () & costmm) =)
(A.56)
V2
(s;ky = 0;TE;any m) = —mﬂ\/aL_x(cos(mﬁ) —1) (A.57)
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Appendix B

Asymptotic Expression for the Propagation
Constant of a Circular Waveguide Mode Bounded
by an Imperfect Conductor

In this section we compute the first two terms of an asymptotic series for the propa-
gation constant of a waveguide mode in a circular waveguide bounded by a metal of

finite conductivity.
B.1 Derivation

Waveguide modes in a circular waveguide may be enumerated in part by an integer
n > 0 denoting the index of the Bessel functions which the mode is composed of. For
each n there are infinitely many modes which we enumerate with the integer m > 0,
roughly associated with the zeroes of either the Bessel function J, or its derivative
J!. For each pair m,n, there are two modes, which in the perfectly conducting case
are TM TE modes. (See Sec. 4.1.1 for further details.)

Suppose that the waveguide has radius a; that it is filled with material of dielec-

tric constant €; and bounded by metal of dielectric constant €; that the magnetic
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constant p is constant throughout both regions; and that the frequency of illumina-
tion is w. Let k. be the propagation constant of the mode, and define k? = w?ue;;
k3 = w?peg; \F = kI — k?; and \3 = k? — k3. Then k, is determined by the following

equation found in Snitzer (1961),

Jn(A1a) K7, (A20a) 2 Jn(Ma) o Ki(hea)
ki + k5 =
AlaJn()\la) )\QGKn<)\2(l) )\1&Jn<)\1a) )\QCLKH()\QG)

n’k? ((Alla)2 + ()\;)2)2. (B.1)

Here we consider the asymptotic limit in which the metal bounding the waveguide

approaches a perfect conductor, that is, |es|] — oo. In this limit, the propagation

constant k, approaches that of a perfect conductor, that is, k, — \/w? — (U /a)?,
where U, is the m™ root of either J, or J!, depending on whether the limiting
mode is a TM or TE mode, respectively.

When the bounding metal is of finite conductivity, the waveguide modes are
called hybrid modes, being partially composed of both TE and TM modes. When
the limiting mode as |e3] — oo is TE, we will call the hybrid mode “TE-like”; when
the limiting mode is TM, we will call the hybrid mode “TM-like.”

For brevity we will suppress the dependence of each variable on the indices m, n,
as the values associated with one mode do not influence the other modes. Define hg to
be the propagation constant of the limiting TM or TE mode. Thus A is determined
by the relation uy = a\/m, where ug is a zero of the Bessel function J,, in
the TM-like case, or a zero of the derivative J), in the TE-like case. We will solve
Eq. (B.1) for k. asymptotically under the limits 1/|es| — 0 and hy = k, — hg — 0.

Set u = ay, w = aXy, m = J}(u)/uJ,(u), and 9y = K] (w)/wK,(w). Then Eq.
(B.1) becomes
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1 1\?2
1+ 1s) (K2 + kmg) = 2 (—+ ) (.2)

w2 w?

Divide both sides of this equation by k? and set € = €y /€;:

21.2 2
9 s nk; (1 1
+(1+ =—=|=+—= . B.3
M+ (1 €)mns + eny BRIt (u2 + w2> (B.3)

We note that 7, and w both explicitly depend on €5, while 1; and u do not. We solve

this quadratic equation for n; in terms of 7, to find

2 (I+e)mE | (1+€)?n; —4|ens k(] + LY’ (B.4)
=— € € —4 | en; — —+ — .
m 2 Up Ub) w2/,t€1 u2 'LU2 )
which can be simplified and written as
4n?k2 (1 12
o = —(1+ )y £ (1 — )y | 1 + 24 Gz +52) (B.5)
m Up Up (=2 .

We intend to begin by expanding 7y, and we shall find that it is of order 1/e'/2.

Thus, the denominator within the square root in Eq. (B.5) tends to infinity.

Expanding 7

We begin by finding an expansion for n,. First, note that the asymptotic expan-
sions of K,, and K for large arguments z are, as found in Abramowitz and Stegun

(1964),

4n? —1  (4n* —1)(4n*—9)  (4n* —1)(4n* — 9)(4n* — 25)

8 282 31(82)%
(B.6)
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7T 4n*+3  (4n? —1)(4n® +15)  (4n? — 1)(4n* — 9)(4n® + 35)
K (2) ~ =y | e (1
(=) ‘ ( T T 21(82)2 N 31(82)3

2z
(B.7)
The first of these equations implies via the binomial expansion that 1/K can be

expanded as

2 _ 2 _1\2 _ | 2 _ 2 _
o Q—ZGZ 1 dn® — 1 N (4n® —1)* — (1/21)(4n* — 1)(4n* —9) L)
K, (z) T 8z (82)2
(B.8)
and therefore, after some simplification,
K! (z) 1 1 4n?—1
- ~—|-+=— o] B.9
2K, (2) (Z * 222 * 823 N (B.9)

The value of z we will be using in the above expression is of course w = a\/k? — w?pes.

We must expand the appropriate powers of this expression:

1 1
X =
a3 (—wner)?? 1 — k2/(w?peq)?

1 3( Kk 15 ( k2 \* 105 ( k2 \°
—_—5 1+ - = — = — = B.10
a?(—w?pey)3/? % ( T3 <w2,u62) * 8 <w2,u62> * 48 (wQ,ueg) * ( )

w3 =

1 k2 K\ K\’
a2(—w2ueg) x (1 + (WQMEQ) + (uﬂueg) + (Q;?MEQ) + ) <B'11)
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1 1
w! =

a(—wpe) 2 " (1= k2 (wpen) ?)

1 L[ k2 30 K2\ 150 K\’
——= X |14+ = - - - — - .. (B.12
a(—w?peg)1/? ( T3 (w2,u62) T3 (WZ[LEQ) U (w2u62) * (B.12)

Let 6 =1 /eé/ ?. Then, incorporating the last three expressions into Eq. (B.9)

along with k, = hg 4+ h,, we obtain

K! (w) s 1 5 1 s dn® =1 h?
wk,(w) a(—w?u)l/? 2a2(—w?p) 8ad(—w?p)3/2  2a(—w?pu)3/?

2h 1
3 0 31,2
53h, (—m(_w%w) + 53D (—Qa(—wz,u)?’/?) +... (B.13)

correct to order 3 in 6. This is our final expansion for ny. For simplicity, we shall

write it as

T2 ~ Al(s + A2(52 -+ A353 —+ A37153hs -+ A3’2(53h§ + ... y <B14)

where the values of Ay, As, etc. may be read from Eq. (B.13).

Expanding the Square Root

Next, we will find an expansion for the square root term in Eq. (B.5). For the

time being, call this term S:

4n2k2 ( 1 112
14 _)
o w?pe; \u? w?
S =\ 1+ (B.15)

We discovered above that 7y decays proportionally to 1 /eé/ 2, so the denominator
(1 — €*)n3 inside the square root tends to infinity as |es] — oco. As long as the

fraction is less than 1, we may write
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2

4n?ki (14 12 AnPkE (14 12
s( (& +3) >8< G ) AT

(1 —e)%n3 (1 —e)?n3

Let us begin with the denominator:

[(1 — 62)7]5]71 = [(1 — 6)2(141(5 -+ A2(52 -+ A353 + A3,153hs -+ A37253h§ —+ )2] -

A
_ -2 3,1
= (Aide) A0 T A, A, A,

24, AN\2 A
— 52 1+5( )+52 —% +( 2) +953 | &
A2[ A, A, A,

52h, <2jj’1) + §2h2 (2:3?2) +.

(B.17)

The terms involving ¢ tend to zero, so we may use the binomial expansion and collect

powers to obtain

—24 A\?2 24,  4A2
2 2 2 B e 2 Tt S e’
_5A2[1+5( Al )+5 (261 <A1> Al + A%)‘i‘
2031 2A32
62h, (——) 52h2< )+ B.18
C A ]. (B.18)

We have already expanded w™2 above. Incorporating k., = hg + h, gives
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K\ KO\’
w? = =)+ )+
a2(—w?pies) w IU/GQ (CL)QIU/GQ) (uﬂuez)
h3 2hg 1 h{
0 272 4 0
( M) (w2u> o (oﬂu) 0 (w4u2> !
) 54h2( 0 ) 54h3(4h2) +54h§( 41 2) o]
T wip

(B.19)

(

It remains to expand uw 2. The number u does not depend on ¢, so it will have an

expansion solely in terms of hy:

-1 -1 —-1/2
1 2hohs + h?
= (ayK2-R2) = B2 —(hg+he)?) = ———— 102

- [1+h( 2l )+h2( L 132 )+
wE—m e\ -R) T e ) 2 k)

, 1-3-4hg 1-3-5-2%h3
hS 2 2 22+ 3 2 2\2 +
22 21(k2 — h2)2 ' 23 31(k2 — h2)

y 1-3 L L3-54my  1-3.5-7-2' !
22 20(k2 — h2)2 22 3I(kF— h2) 24 Al(kZ—h2)t)
(B.20)

1 2h,
e 1402 s
et T ) T

1 1-3-22h2 2h 2
h2< 2 0 ___“ho
4 Q%%%®+?QW%4®J+(%%—%W)}+

1-3-4h 1-3-5-23n2
3 9 0 0
il <22-2!(k%—h3)2 T )"

) 2ho 1 . 1-3-22h2 o
20(kT — hg) ) \2(kf — hg) 22 2\(k} — hg)? o
(B.21)
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Set Dy = 1/(a*(k? — h?)), and Dy = —1/(a*w?u). Then we can combine the last two

expansions and collect powers to obtain

1 1\?
( +—) = 1D+

u2

4h
hyD? ( P °h2> + (B.22)

h 2 2 6h2
h2D? 0 0
: 1[6<k%—ha) TEem Ty

Although further terms of this series contain powers of § as well, we will find that

only the first two terms are found in the leading two series of the final asymptotic
expansion. Call the coefficients of this series B;;, where ¢ is the power of 0 and j is

the power of hs. Then, correct to order % and h?,

1 1)?

By¢0% 4+ By 16%hs + Bg90°h? + By 36%h3+
By o6* 4+ By16*hy + Byad*h? + By30*hd. (B.23)

Finally we multiply this by (2k%n? /w?ue;) and the expansion for [(1—¢€)?n3]~! above,

again using k, = hg + hs, to find

a2 M1 1 2n’e
-t 8 () =0 | et +

W= [L€q w

2
52h, Lﬂn :2 (2hoBoo + h BOl)] +

2
(52h§ |: ;L 22 (B(] 0o+ 2hoBO 1+ h Eo 2):|
(B.24)
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Again, we will only end up using the first two terms of this series. For completion,
we will formally continue keeping terms up to order §* and h3. To do this we need
the first terms of the square of the above expansion, as we see in Eq. (B.16) (this

time we multiply by —2(k*n?/w?pe;)?):

2
a2 (1 1 2n’e?
o S e n) | = (i)

—4n*e
54hs( — A}lthQo(QhoBop+h§BO,1)) + ...

(B.25)

The final expansion of Eq. (B.16), then, is 1 plus the sum of the last two expansions.
For simplicity we will write the coefficients of this sum as C; ;, where ¢ is the power

of 6 and j is the power of hy. Then

S =1+ 6%Cy + 6*hCoy + 6°h2Cy 9 + 6*h3Cy 3+
52C30 + 0°hC31 + 6°hoCag + PR3 Cs 5+

§'Cup + 8*hsCyy + 6*h2Cy0 + 6*h2C, 5+ ... . (B.26)

Expansion of n;, TE-like mode

It remains to find an expansion for the term 7;. This will have to be done twice,
once for TE-like modes and again for TM-like modes. In the limit of a TE-like hybrid
mode as |e3| — 00, the numerator of 7; becomes zero, whereas in the limit of TM-like
mode, the denominator becomes zero instead.

We begin with the TE-like mode. There is no dependence on ¢ of 7;, so the
expansion will depend solely on h,. The argument u = am of the numerator

J] tends towards a zero of J); we will continue to call this zero wg; it is equal to
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a\/k} — h3. Therefore, we will write a Taylor expansion for J/ and also for the

denominator J,, about this zero of J),:

n uo 7’(L4) ,U/O 3
J(2) = J(uo)(z — ug) + J 2(! >(z — ) + J 3(! >( —up)” + (B.27)
Tn(2) = Ju (o) [1 T 3&1‘23) (= uo)? + 3{J($3) (> — o)) + }  (B28)

Then in the limit,

Jn(z) Jn(luo) [T+ (;ﬁfﬁﬁi) (2 —up)* + <%> (z — uo)’+

I (uo)? I (ug) .
<2!2Jn(u0)2 - 4!Jn(UO)> (z —uo)" +..], (B.29)

so that taken together,

T L M)
To(2) = Ty U0z = ) £ S (= = )
0 )
<_Jg(u0) 2{3,5(1;3) + ’ 3(! )> (z —up)°+

i (w) I (wo) (o) i (o)

<_Jg(u0)3!jlfn(u0) 23 () Al >(2_“°)4}'

(B.30)

The value of z in the above expressions will, of course, be u:
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k¥ —hd

= up[l — h o) _p2 L 4 g
- " \kf — hg P\2(kF —hg) - 2(ki — h()?
ho hd
_hi(Q k2—h22+2k‘2—0h2 3)
(kf — h{) (kT — hi)

— ht O S L + ..
TAB(KE —hg)? AR — RGP 8(K —hy)t)

w=ay/k — k2 = ayJkE — (ho + ho)? = ay [k - h?O—Q%h+h>

(B.31)

so that u — ug has the same expansion, without the leading term. Putting this into

the above expression for J),(z)/J,(2), we obtain

J! (u) 1 —hg
7u(a) %mﬂm%(JW”m m>+

—1 —hj 2 Iy (wo) [ ho )
<W]%(<m o are) et () )

(Erhg 4+ Exh? + Esh? + ...) .

Finally, we have already found the expansion of 1/u in Eq. (B.20). Thus,

J(w) 1 5 ho
P ) g ag) )\ B B )

h 1 352 (B.33)
h? | Bs+ E E 0 .
(3+ k2 —n2 hf%lg%%w@+%%—@9)+]

= Fih, + Fyh? + Fsh® + Fyhl +

Solving for h,, TE-like mode
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Now we can put all of this together. Returning to the original equation (B.5),

2m = —(1+€)m = (1 — €)X
2

n2k2 2 n?k? ?
L (ERGERN (EEG RN
2 (1— )23 8 (1—e€)*n3 N

we incorporate the series expansions we found above:

2(Fihs + Fyhl + F3h2 + ..) =

—O+9)m@+@ﬁ+&ﬁ+mﬁ%ﬁAwﬁ@+q

€1

+ (1 — 6—2) (A10 + Ap6® + A36° + A316°hs + A390°h% + ...)

€1

X [1+02Cog + 0°hyCoq + ... + 8*R23C3 3+ ...], (B.35)

where we have included terms of each series correct to order 6%, h? and combinations
(recall that 7y does not have a 6°h3 term).
The left side of this equation tends to zero as hy — 0, so the right side must tend

to zero also. This means that we must choose the + sign. After cancellation:

— 2(A10 + Ap6® + A36° + A316°hy + A390°h2 + ..))
— (1 ! > (A0 + Ap6® + A36° + A316°hs + A320°h2 + ...)

61(52

X [1 + 520270 + 52h50271 + ...+ (SSthg,g + ] (B36)
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The largest term on the left must balance the largest term on the right. Hence

to first order,

hy ~ AL (—1 + %) 6. (B.37)

Therefore, the second-order terms include the 62, h? and dh, terms:

2F hy + 2F5h? ~

— (2A1)6 + (AlCZ’O) 5+ (245) 6% + (M) 52 + (Ang,l) Shs. (B.38)

€1 €1 €1

We apply the quadratic formula to solve for hy:

A
4Fh, ~ — (2F1 — 102’15) +

€1

2
\/ <2F1 - Alcﬂa) — 4(2F) {(zAl) 5 — (M) 52 + (245) 62 — (%) 52}
€1 €1 €1

(B.39)

In order that h be of order 9§, we must take the positive sign.

A
AFoh, ~ — (QF1 — 102’15) +

€1

- [ e o (49)e v aaye - ()

€1

(27, — 20y’

€1

| [ 4eR) [(2A1)5—(A102°)5+(2A2)5 ()]

2 <2F1 _ Alecf,lé) 8
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where the term X is the same as in the previous parentheses. We expand the de-

nominator in powers of §, minding that we only need to record terms of order §%:

AiCyy \ 72 L — A0y, \ 7P
2, — ) = (2F 14+ —==§
( ! €1 ) ( 1> + 2F161

—A1C5, —A1C5, 2

(B.41)

= (2F))7?

Multiplying this by the numerator, we find

_4(2F) [(2A1)(5 - (&) 5+ (245)02 — (&) 52]

€1 €1

2
(2F1 _ —Ang’lé)

5 {—2F2F12 <2A1 - AICQ’O)} + AR F? <_—A10271) (2A1 - AlCZ,O)

€1 2F1€1 €1

AyCs

€1

— 2R, F? (2142 - )]. (B.42)

The 6" term in this equation will be squared in the X? term of Eq. (B.40) in order

to achieve all of the 62 terms. Finally we find that

Al C’2,0
o {7 (1-2) b
C? C C C C C
2 1 2,0 2,0 2,1 2 2,0
T 220 20 2l 2 220 L By
5 {Fl (1 261) |: + 261 2F1€1] F1 < 2€1>} <B 3)

Expansion of 7;, TM-like mode

In the previous sections we saw that in the limit of a TE-like mode as |es| — 00,
the numerator of 1; becomes zero. In the limit of a TM-mode, however, the denom-
inator of 77 becomes zero instead. Therefore we must compute a new expansion of
M-
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In the limit of a TM-like mode, the propagation constant k, tends to a zero of

the Bessel function J,. We call this zero ug; it is equal to a\/k? — h2, where hy is
the propagation constant of the limiting TM mode. We begin by writings Taylor

expansions for J,, and J;, about ug:

5u(2) = J(uo)(z — o) + D200 o gy IOy (B
J(z) = J;(uo) + J; (uo)(z — ug) + Jg;io) (z —ug)*+ ... . (B.45)
The Bessel function J, is in the denominator of 7;:
1 o / Jg(uo) 2 -
Ao J! (uo)(z — up) + o1 (z —up)” + ... B.16)
= [ (up) (2 — uo)] " (1 — (X) + (X)? = (X)* +...)
where the term X is equal to
I (uo) I (uo) 2
:W(z—uo)—l—m(z—uo) + ... (B.4T7)
Collecting powers of z — ug, we obtain
L L T2 o)
e [J] (uo)(z —up)] ~ [1+ (2 — up) [_Q!J{l(uo)} +
o [ Tuluo) \* | T (uo)
(z = ) (2!J;L(u0)> * 3!J,;(u0)] *
R (O AN T A A CORN M COAY
S (o) 2 (5o (o) 3!J7;<uo>> teo
(B.43)
and so
J,,;(Z)_ "(u -1 Z — 1 -1 "(u ao _J;z,(uO) aen
= U] (G = o)t + 1 () (55 ) ) +
: Th(uo) \* | T (uo) " Iy (uo) I (uo)
(2 = ) <‘]"(“°) [(2!J,g(uo)> * 3!J;L(u0)] + Ju(u) [_Q!J;L(uo)] M ) *
(B.49)
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As before, the value of z will be u = a\/k# — k2. The full expression for u — ug

is the same as it was for the TE-like mode for u — ug:

it ()~ (e * )
u — Uy = ug|—hy — h;
v K —hg 2(kf — hg) - 2(k{ — Rg)?

—n? T (B.50)
T2k = h5)? 0 2(k = hg)? '

e 1 N h? N 5hg i
TAB(K —hg)? AR — RGP 8(R —ho)t)

This time, we also need an expansion for the inverse:

(o)t = ( —heu g 4U+h L e 3y
R W =y 2ho | 21(k2 — h2)
1 h2
@( + 0 )+
-
1 ho 5h3 .
B3 e
: (4ho<k% By Ty T h%)?) + el

:(_hwo(wh;ﬂ))_nl—(X>+(Xf—«Xf+nq

(B.51)

where X is the sum of the terms of order h! and above; collecting powers, we find
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Y R ! + i
2ho  2(k? —hg) ) \2(kf —hg) = 2(k? — h{)

- 1 L h s
Sho(ki —hg) — A(kf — hg)? — 8(kf — hp)?
(B.52)

Incorporating this into the expansion for J/ /J,, we find

(1)

-1
' —uoho 1 ho ' Iy (uo) "
1 R ni 70/
[J"(“°><k%—h3) (i~ )~ o) (35 ) + 00
, 1 ho 2 1 h,g —Uoh() !
el (o) [(%+2<k%—h3>2> ~(aorg * 30wy | (2

(o [ (Y ] - [ )

+

+

1 9
- J;L(UO) (G—lhs + GO + Glhs + Gth + )
(B.53)

Finally, we already have the expansion for 1/u from Eq. (B.20). Incorporating this,
we find
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Jl ('U/) 1 -1 hO
— _n = h _ 1 _
M= ) i (g e Gt (G°+G ! (k2 h2)) i

ho 1 3h? (B.54)
h, <G1 + Gy (kz hz) G (g(kg —13) oG- h%)2>) T

= L_1h;' + Lo+ Lihg + Lah? +

Solving for h,, TM-like mode

Again we return to Eq. (B.5):

2m = —(1+e)na £ (1 — €)max

k2 (1 1)\2 k2 (1 1)\ 7
1+% <w2u€1 (E—l-p) ) _1 (oﬂ“el (uz +w2) > +...|. (B55)

(1—e)*n; 8 (1—€)’n3

We incorporate the series expansions of each term:

2(L_1h;t + Lo+ Lihs + Loh? + ..) =

- (1 + E—Q) (A16 + Asd? + A30® + A318%hy + A328°hy + ...)
1

+ (1 - _) (A6 + Ax6® + A30® + A310°h + A320°h% 4 ...)

€1

X [620270 -+ (52}130271 + ...+ 53h30372], <B56)

correct to order 63, h? and combinations. Because the left side tends to infinity, the
right side must do the same, and hence we must take the + sign, which reduces this

equation to
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2(L_1h;' 4+ Lo+ Lihg + Loh? + ..) =

— z5—2(,415 + A90” + A30° + A310°h + A320°h2 + )
€1

+ (1 — 152) (A10 + Ap6® + A36° + A316°hs + A390°h2 + ...)
X [(520270 + 52h50271 + ...+ 53h§03,2 + ] (B57)

THe first appearance of h, on the right side is accompanied by d. If we keep on the

right side the three lowest-order terms, we find

2 (L_1h;' + Lo+ Lihs + Lah? + ...) =

51 (_ﬁ) i1 (_%> 5 (_2_A3 - AL) .. (B5S)
€1 €1 €1 €1

The terms tending to infinity on either side must balance, so we must have

hy ~ <_A_1) 5. (B.59)

Therefore the second order terms are

2L 1h;' + 2Ly =0"" <—2—Al> + (—Q—AQ> : (B.60)

€1 €1

Solving this for hg, we obtain

L_1€1 L_1€1 A2 L0€1 2
~ — — . B.61
s (A1)5+<A1)(A1+A1)5 (Bo1
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While it seems that we could use the quadratic formula to find a third term in the
expansion, this would in fact require us to calculate several more terms in each series

expansion.
B.2 Final simplified form of asymptotic expansions

To review, each waveguide mode we are considering can be identified by three values:
an integer n > 0, which is the index of the Bessel functions the mode is composed
of; whether the mode is TM-like or TE-like; and an integer m > 0 which enumerates
the zeroes of J, in the TM-like case, or the zeroes of J), in the TE-like case. For
brevity we suppress the dependence of each term on m,n, as the values associated
with one mode have no bearing on the other modes.

For the TE-like case, set ug to be the m'" zero of J/, and define hqy by the relation
uy = ar/epw? — hZ (so that hy is the propagation constant of the limiting TE mode).

Then the propagation constant of a TE-like hybrid mode is

k. ~ ho+ % + @, (B.62)
€9 €2
where the constant coefficients are
_Jn(uo)(k% - h%) n2h8
— 14+ —"F—— B.63
O = o=t ) \ = 122 (B.63)

—#mm%—h@< 212 )
= 14+ 0 )«
Q= T () CEE

1 1 n?hd Jn(ug)n? 4h?
R e 2 . (B.64
Voo (2 e+ e ) ) B8

For the TM-like case, set uy to be the m'* zero of J,, and define hy by the
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relation uy = ay/euw? — h3 (so that hg is the propagation constant of the limiting
TM mode). Then the propagation constant of a TM-like hybrid mode is
R R
ko~ ho + —5 + —2, (B.65)

1/2
62/ €2

where the constant coefficients are given by

61(—w2u)1/ ?
RR=——"—-—"— B.66
! CLhO ( )
2 "
€L 1 1 J! (ug) €1
_ _ _ B.
It 2hyg <a2h8 ud * uoJ! (ug) + 2a%hy (B.67)
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Appendix C

A Theoretical Formula for Bound States in 3D

In this Appendix we extend a result of Shipman and Venakides (2005) from two
dimensions to three. This result is a partial formula for transmission through a
periodic array of holes in a film near a bound state, that is, a state in which energy
is localized in the vicinity of the film. In particular, we examine nonrobust bound
states, those which disappear upon perturbation of the wave number.

(The topics discussed in this Appendix are not directly related to those found
previously in this work, and follows the notation of the above cited paper.)

This formula is essentially the same as in Shipman and Venakides (2005), except
that it is valid for a two-dimensionally periodic film, instead of a one-dimensionally
periodic array. The bulk of what follows may be found in the reference. It is repro-
duced here for completeness.

We will work with Maxwell’s equations at constant frequency w. The scatterer is a
sheet of finite thickness with dielectric properties that are 2-D periodic. We assume
no losses in the materials that compose the sheet or in the surrounding material.

Besides periodicity, our approach does not pose any additional restrictions on the
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geometry of the slab.
Maxwell’s equations give rise to a system of integral equations on the material

interface, which we write symbolically as

Ap = ¢. (C.1)

Here ¢ and v take values on the material interface, and A is a bounded integral

operator. ¢ is the trace of the source (incoming) electromagnetic field on the interface

(a vector function with 6 components, which we will take to be a plane wave), and 1)

is the trace of the total external electromagnetic field, which is the sum of the source
and scattered fields.

Each component u of the electromagnetic field will, for the complex pair (k,w)

have an expansion in Fourier harmonics away from the slab:

Z C:I: +inmz zm—Hf) x’ (CQ)

meZ?

where 12, = eouow? — (my + K1)? — (mg + K2)?. We require that each component
also satisfies an outgoing condition: n,, should chosen to be positive when it is real,
and to have positive imaginary part when it is imaginary. Those finitely many m
for which 7, is real are said to contribute propagating harmonics to the sum, while
those for which 7, are imaginary contribute decaying harmonics. (Henceforth the
dielectric and magnetic constants €y and pg will both be taken to be 1.)

For our purposes, we extend all of these notions to complex w and . The outgoing
condition is extended, with the exponents n,, analytically continued in w and &; it
remains true that all but a finite number of the harmonics will decay as |z| — oo.
The operator A depends analytically on w and x as well.

A solution 1 of the equation Ay = 0 is called a resonance; thus, resonances occur

at values of (k,w) for which A has an eigenvalue [ = [(k,w) that equals zero. A bound
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state is a resonance which decays at infinity. Henceforth use the term resonance only
when it is not a bound state. A conservation of energy argument shows that bound
states can only occur at real frequencies and wave numbers. We identify two types

of bound states:

(1) A robust bound state is one for which there are arbitrarily small real perturbations
of k that result in real perturbations of those w at which the bound state exists; that
is, we have a real local dispersion relation w = W (k). A robust bound state will only
occur at values of (k,w) for which there are no propagating harmonics in the Fourier

expansion above.

(2) At a nonrobust bound state, real perturbations of x result in complex perturba-
tions of w. In this situation, there do exist propagating harmonics, but they attain
zero coefficients ¢; (often as a result of some sort of symmetry, for example, k = 0).

As k is perturbed and w becomes complex, the bound state devolves into a resonance.

In this Appendix we examine transmission properties at (k,w) close to a nonro-
bust bound state at w = wy > 0, k = kg = 0 where the eigenvalue [ has a simple zero.
We assume there is exactly one propagating harmonic, at m = (0,0), which attains
a zero coefficient ¢q at (Ko, wp), and the rest of the harmonics decay. (We will write
n="o.)

Choose (k,w) so that I(k,w) is close to but different from zero. Our source field
¢, as input into the integral equations Ay = ¢, is a plane wave, normalized by the

eigenvalue [ and with time dependence suppressed:

lp = [Ugelrxtn?), (C.3)

where = /w? — |k|?, and Uy = (Hy, Ey) is a unit vector in R® consisting of

two vectors in R?® which specify the directions of the magnetic and electric fields.
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Maxwell’s equations require that Ey and Hy both be perpendicular to (K1, ke, 7),
and also to each other.
Solving the integral equation gives the full field which, at large |z|, behaves (since

there is only one propagating harmonic) as

Y ~ (Ugle™ 4+ Uyre "#)e™™ (2 — —o0) (C.4)

Y ~ Ugte e (2 — o0), (C.5)

where t is the transmission amplitude and r is the reflection amplitude. The direction
vector Uy may not be preserved by the actions of reflection and transmission; hence
we introduce U; and U, which satisfy the same restrictions as did Uy,.

Due to the analyticity of A, we know that [,  and t are all analytic in the variables
K,w in a complex region of (k,w) = (0,wp). Also, computation of the energy flux
through the slab gives us the conservation of energy relation |I|? = |r|* + |t for real
values of (k,w). Since we have assumed that [ has a simple zero at (0, wy), this means
among other things that ¢ and r are both also zero there. The following expression

for [ is then a consequence of the Weierstrauss preparation theorem:

| = PG+ c1hy 4 cokg+c11R2+ craki kg + Cagkis + H (1) [lo+ 1151 +lako 4 1sw+ H (r, w)],

(C.6)

where w = w — wy; lp is positive, and H is simply a placeholder for higher order
terms.

The Weierstrauss preparation theorem, in somewhat less than full detail, concerns

an analytic function of several variables (I(k,w) in our case), which is zero at a

certain point ((k,w) = (ko,wp)). The function can be written as the product of

(a) a polynomial in one of the variables (w) with coefficients that depend on the
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other variables (k), that equals zero at the point in question, times (b) an analytic
function which is nonzero at that point. We have assumed that [ has a simple zero
at (Ko, wp); so the polynomial factor given by the Weierstrauss preparation theorem
can be factored into a term which is zero at that point and is linear in w, times a
term which is nonzero there. The linear term is retained and the nonzero part is
absorbed into the auxiliary analytic function.

Similarly, we make the generic assumptions that 9t/0w(0, wy), Or/0w(0,wy) are

both nonzero. This allows us to find similar expressions for r and t:

r=er [@+P1/f1+,02/'i2+p11H%+P12/€1/€2+p22/€%+[‘1(/€)][T0+T1/€1+T2K2+T3@+H(’f7 w)]
(C.7)

t = et [0+ T1 k1 +Tokg +T11K] +Tiok1 Ko +Tooks -+ H (K)|[to +t1k1 +aka + s+ H (K, w)]
(C.8)
where again ry and ¢y are positive.

We observe several properties of the coefficients:

(i) The coefficients obviously vary with the geometry of the scatterer.

(ii) A pseudoperiodic (Bloch) outgoing Helmholtz field with real wavevector must
have I'm(w) < 0. Hence, for real x near xg, we have Im(w) < 0 whenever [(k,w) = 0.
(ii) The previous item forces ¢; and ¢, to be real, for otherwise we could easily choose
real x; such that, in setting [ = 0, w must have a positive imaginary part.

(iii) For the same reason, we must have Im(cj;) > 0, j = 1,2. The condition

Im(ci2) < 2v/Im(eqiegs) is sufficient to ensure no trouble from the mixed term.

The relation [[|* = [t|*> + |r|?, applied to the expressions above, gives several

further relationships between coefficients:
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(1) Collecting w?* terms give I3 = rj + t3.

(2) The &3 terms, j = 1,2, give |¢;|*15 = |p;I*rg + |75,

(3) The wk; terms, j = 1,2, give [2Re(c1) = riRe(py) + t3Re(11).

(4) The K1k terms give [ZRe(cicy) = 13 Re(pips) + t3Re(T172).

(5) If we allow k,w to tend to zero along a path on which ry = x%, and w + ¢k +
coky = 0, then the quadratic terms of |/|* disappear and what remains is O(k}).
The quadratic terms of |r|? and |t|*> must also vanish, then, which requires that

p1 = 71 = c;. Performing the same manipulation with x; = 2 instead leads to

P2 = Ty = Ca.

Of course, we are also interested in the total transmission, which is defined either

as the ratio
t t

1 1+ |t/r?

or, in the physics literature, as the square of this quantity. Rather than including

the entire expansions, we expect to get acceptably accurate results by writing

-, 2 2
|t ’ — t0|w -+ C1RkR1 + CoRk9 + T11R7 + T12K1K9 + 7'22l<&2|

— 2 2
r 7"0|w + C1R1 + Coko + P11R7 + P12K1K2 —+ 022&2’

(14 Cik1 + Gkr + ) (C.10)

N
i (C.11)

where (; =t; —r; for j =1,2,3. Then

N
T~ —Q (C.12)
/N2Q)2 + D2
If ko = 0 identically, then this reduces to the same formula found in the two-

dimensional reduction of the problem (Shipman and Venakides (2005)).
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If symmetries of the problem cause some of the coefficients to have simple forms,

we may find further relations between them. For example:

(6) Suppose that ci1,c12, co2 are real. Then, if we allow k,w to tend to zero along
a path on which ks = k%, and all first- and second- order terms of [ cancel (in the
previous point only the first-order terms cancel), then what remains of |I|* will be
O(r$). The quadratic and quartic terms of |r|* and |¢|? must also vanish, then, which
requires that p;; = 711 = ¢1;. Repeating the process with x; = 2, and then finally
with k1 = Ka, tells us also that pas = T2 = ca2, and p12 = T2 = c10.

(7) If ¢y = ¢ = 0, the @k terms, j = 1,2, give Re(c;;)l§ = Re(pj;)rg + Re(7);)t5.
(8) If ¢; = ¢y = 0, the WKk terms give Re(cy2)l2 = Re(pio)rd + Re(i9)t2.

(9) If ¢; = 0, the k] terms give |cy1|*12 = |p11]*rg +|711|*t2. The same holds replacing

all 1 and 11 indices by 2 and 22.

111



Bibliography

Abramowitz, M. and Stegun, 1. (1964), Handbook of mathematical functions with
formulas, graphs, and mathematical tables, Dover Publications.

Bethe, H. A. (1944), “Theory of diffraction by small holes,” Phys. Rev., 66, 163-182.

Chen, C.-C. (1970), “Transmission through a conducting screen perforated periodi-
cally with apertures,” IEEFE Trans. on Mic. Theory and Tech., MTT-18, 627-632.

Chen, C.-C. (1971), “Diffraction of electromagnetic waves by a conducting screen
perforated periodically with circular holes,” IEEE Trans. on Mic. Theory and
Tech., MTT-19, 475-481.

Chen, C.-C. (1973), “Transmission of microwave through perforated flat plates of
finite thickness,” IEEFE Trans. on Mic. Theory and Tech., MTT-21, 1-6.

Ebbesen, T. W., Lezec, H. J., Ghaemi, H. F., Thio, T., and Woff, P. A. (1998),
“Extraordinary optical transmission through sub-wavelength hole arrays,” Nature,

391, 667-669.

Garcia-Vidal, F. J., Martin-Moreno, ., Moreno, E., Kumar, L. K. S., and Gordon, R.
(2006), “Transmission of light through a single rectangular hole in a real metal,”

Phys. Rev. B, 74.

Hou, B., Hang, Z. H., Wen, W., Chan, C. T., and Sheng, P. (2006), “Microwave
transmission through metallic hole arrays: Surface electric field measurements,”
App. Phys. Let., 89.

Jackson, A. D., Huang, D., Gauthier, D., and Venakides, S. (2012), “Importance
of conductivity, periodicity and collimation in a model for transmission of energy

through sub-wavelength, periodically arranged holes in a metal film,” Submitted
2012.

Jackson, J. D. (1999), Classical Electrodynamics, John Wiley & Sons, Inc., New
York.

Kuchment, P. (1993), Floquet theory for partial differential equations, Birkhauser
Verlag.

112



Martin-Moreno, L. and Garcia-Vidal, F. J. (2004), “Optical transmission through
circular hole arrays in optically thick metal films,” Opt. Ezpress, 12, 3619-3628.

Martin-Moreno, L. and Garcia-Vidal, F. J. (2008), “Minimal model for optical trans-
mission through holey metal films,” J. Phys.: Condens. Matter, 78.

Medina, F., Mesa, F., and Marques, R. (2008), “Extraordinary transmission through
arrays of electrically small holes from a circuit theory perspective,” IEEE Trans.
Mic. Th. Tech., 56, 3108-3120.

Nikitin, A. Y., Zueco, D., Garcia-Vidal, F. J., and Martin-Moreno, L. (2008), “Elec-
tromagnetic wave transmission through a small hole in a perfect electric conductor
of finite thickness,” Phys. Rev. B, T8.

Przybilla, F., Degiron, A., Genet, C., Ebbesen, T. W., de Leon-Perez, F., Bravo-
Abad, J., Garcia-Vidal, F., and Martin-Moreno, L. (2008), “Efficiency and finite
size effects in enhanced transmission through subwavelength apertures,” Opt. Fx-
press, 16, 9571-9579.

Rayleigh, L. (1907), “Note on the remarkable case of diffraction spectra described
by Prof. Wood,” Phil. Mag. Series 6, 14:79, 60-65.

Shipman, S. P. and Venakides, S. (2005), “Resonant transmission near nonrobust
periodic slab modes,” Phys. Rev. E, T1.

Snitzer, E. (1961), “Cylindrical dielectric waveguide modes,” J. Opt. Soc. Am., 51,
491-498.

Snyder, A. W. and Love, J. D. (1983), Optical Waveguide Theory, Kluwer Academic
Publishers, London.

Takakura, Y. (2001), “Optical resonance in a narrow slit in a thick metallic screen,”
Physical Review Letters, 86, 5601-5603.

Ung, B. and Sheng, Y. (2007), “Interference of surface waves in a metallic nanoslit,”
Opt. Ezxpress, 15, 1182-1190.

Wood, R. W. (1902), “On a remarkable case of uneven distribution of light in a
diffraction grating spectrum,” Phil. Mag. Series 6, 4:21, 396—402.

113



Biography

Aaron David Jackson was born November 15, 1984 in San Diego. He has earned
a Bachelor of Science degree in mathematics and a Bachelor of Arts degree in mu-
sic from Northern Arizona University, and a doctorate in mathematics from Duke
University. He is the subject of the book The Unauthorized Biography of a Western
Superhero by Anne McCaffrey. He currently teaches mathematics and I Liq Chuan;
is in training for a professional rugby team; and is a board member along with his
sister at the Lily Jackson Institute of Science.

Primary findings in this work are undergoing journal submission, reference Jack-

son et al. (2012).

114



	Abstract
	List of Figures
	List of Abbreviations and Symbols
	Acknowledgements
	1 Introduction
	2 Basic Formulae
	2.1 Derivation of the Matrix Equations
	2.1.1 Maxwell's Equations and Matching Conditions
	2.1.2 Bloch Theory and the Field Outside the Film
	2.1.3 Waveguide Modes Inside the Holes
	2.1.4 Properties of Plane Waves and Waveguide Modes
	2.1.5 Field Expressions in Terms of Basis Elements
	2.1.6 Applying the Matching Conditions at the Hole Openings
	2.1.7 Defining the Final Matrix Equations and Calculating Transmission

	2.2 Explicit Waveguide Mode and Plane Wave Expressions in the 2-dimensionally Periodic System
	2.2.1 Plane Waves for the 2-dimensionally Periodic System
	2.2.2 Waveguide Modes in a Rectangular Waveguide
	2.2.3 Waveguide Modes in a Circular Waveguide

	2.3 Explicit Waveguide Modes and Plane Waves for the 1-dimensionally Periodic System
	2.3.1 Plane Waves for the 1-dimensionally Periodic System
	2.3.2 Waveguide Modes for the 1-dimensionally Periodic System

	2.4 Structure of the Matrix Equation and Alternate Formulations
	2.4.1 An Equivalent Matrix Formulation
	2.4.2 The One-sided Film


	3 Rayleigh Anomalies and Transmission Maxima
	3.1 Incidence at an Angle and the Rayleigh Anomaly
	3.2 Supercells
	3.2.1 Alterations to the Matrix Equation
	3.2.2 Examples: Rectangular, Triangular, and Hexagonal Arrays

	3.3 Transmission Maxima and the Single Mode Calculation
	3.3.1 Matrix Equation and Transmission Formula for One Waveguide Mode
	3.3.2 Maximizing Transmission
	3.3.3 Comparison with the Full Simulation

	3.4 Resonance and the Null Space of the Matrix Equation

	4 Simulating Real Experiments
	4.1 Finite Conductivity
	4.1.1 Explicit Expressions for the Waveguide Modes
	4.1.2 Asymptotic Expression for the Propagation Constant
	4.1.3 Remaining Changes to the Matching Procedure
	4.1.4 Results, and Comparison with Other Numerical Techniques

	4.2 Finite Hole Arrays
	4.3 Imperfect Collimation

	5 Summary and Discussion
	A Explicit Waveguide Mode-Plane Wave Inner Products
	A.1 2-dimensionally Periodic Rectangular Waveguide
	A.2 1-dimensionally Periodic Slit Waveguide

	B Asymptotic Expression for the Propagation Constant of a Circular Waveguide Mode Bounded by an Imperfect Conductor
	B.1 Derivation
	B.2 Final simplified form of asymptotic expansions

	C A Theoretical Formula for Bound States in 3D
	Bibliography
	Biography

