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Abstract

Fast electromagnetic (EM) forward solvers have been developed for the subsurface
detection, with application includes producing synthetic logging data and instructing
large-scale field test and inversion. Deep learning based full wave inversion methods
have also been developed to reconstruct the underground anomaly.

Since the gas and oil industry has very high demands for the forward modeling
speed when doing inversion, the inversion model is usually simplified to a 1D or 2D
problem by supposing the geometry of object invariant in two or one direction. The
full 3D inversion is still a hot topic for research, which requires both fast 3D forward
solver and efficient inversion method. The bottleneck for the forward solver is how to
solve the large-scale linear system efficiently; the bottleneck for the inversion is how
to pick the global minimum from lots of local minimums efficiently for the inverse
problem.

For the forward part, the domain decomposition method (DDM) inspired discon-
tinuous Galerkin frequency domain (DGFD) method has been extended to model
the vertical open borehole resistivity measurement with structured gradient meshes;
besides, the DGFD method has been extended to model the logging-while-drilling
(LWD) resistivity measurement in high-angle and horizontal (HA/HZ) well and
curved layers with a flipped total field /scattered field (TF/SF) mixed solver. An ap-
proximated casing model has also been proposed to accelerate the large-scale curved

casing modeling with borehole-to-surface measurements.
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For the inversion part, a convolutional neural network based inversion has been
developed to reconstruct the lateral extent and direction of the hydraulic frac-
ture through scattered electromagnetic field data under borehole-to-surface measure-
ments; further, the deep transfer learning is applied in the same scenario to improve
the performance of the inversion. Additionally, a fully connected neural network has
been developed for the Devine field data and successfully map the proppant distribu-
tion inside the hydraulic fracture with good agreement to the conventional inversion

result.
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1

Introduction

1.1 Multiscale Forward Modeling

In computational electromagnetics (CEM) research, the prevalent techniques are -
nite di erence method (FDM), nite element method (FEM) and method of moments
(MoM). The FDM is widely used in time domain simulation due to its e ciency in
time integration, but cannot model irregular geometries accurately owing to the lim-
itation of the structured meshes; The FEM is dominating in the frequency domain
simulation due to its exibility to model complicated geometries with unstructured
meshes, but requires to solve a large complex symmetric sparse matrix, which is ex-
tremely expensive when the problems involve millions of unknowns; The MoM for the
surface (volume) integral equation (SIE/VIE) is based on the Green's functions, and
therefore can achieve high accuracy for radiation and scattering problems by only
discretizing the boundary elements (the scattering objects). However, the MoM is
limited to the problems that Green's functions are available, typically homogeneous
or layered background and therefore is not as general as the FDM and FEM.

For multiscale problems, the dimension of di erent objects can be dramatically



di erent. For hydraulic fracturing, the fracture can be a very thin sheet with thick-
ness of millimeters but transversal dimension of hundred meters; the radius of open
or cased boreholes are around centimeters, but the length of them can be more than
1 km; the background formation layers may be curved and of di erent conductivity.
To tackle with this problem, the FDM will lose the accuracy due to curved objects
and the MoM will also be not accurate due to the approximation of the Green's
function. In contrast, the FEM is more suitable for this problem, with the help of
some novel techniques like the domain decomposition method (DDM).

In the rst part of the dissertation, | will extend the DDM inspired discontin-
uous Galerkin frequency domain (DGFD) method to model multiscale problems in
frequency domain, which hybridizes the spectral element method (SEM) and the
FEM. As a branch of the FEM, the SEM [Lee and Liu (2007)] employs hexahedral
elements to discretize the computational domain and achieves spectral accuracy with
arbitrary high-order basis functions. Based on the Gauss-Lobatto-Legendre (GLL)
integral points, both the elemental mass matrices and elemental sti ness matrices
can be sparse for the high-order basis functions due to the GLL points-based La-
grangian polynomials' orthogonality. Moreover, the higher-order basis functions the
SEM employs, the fewer meshes and fewer degrees of freedom (DoFSs) it requires
for the same accuracy. When modeling multiscale problems, the whole computation
domain is decomposed into several subdomains according to their geometry charac-
teristics to balance the accuracy and e ciency. The irregular structures are generally
modeled by the dense unstructured meshes with low-order basis functions to capture
the detailed shapes; the large-scale background is generally modeled by the coarse
structured meshes with high-order basis functions to save the DoFs. By following
this spirit, a hierarchical sudoku mesh has been proposed for the vertical well log-
ging problem to reduce the memory consumption [Zhang et al. (2019a)]. To couple
di erent subdomains together, the numerical ux should be calculated correctly. In

2



this dissertation, the Riemann transmission condition (RTC) has been employed to
ensure di erent subdomains are cemented accurately [Sun et al. (2017)]. The RTC
originates from the upwind ux scheme in the discontinuous Galerkin time domain
(DGTD) method [Cockburn et al. (2000)] and appears a little di erent in frequency
domain, like a combination of a correctly modeled numerical ux term and the rst-
order transmission condition [Zhao et al. (2007)]. Therefore, this type of DDM can
be called the DGFD method. The numerical validations show that the RTC can
accelerate the computation while guaranteeing the required accuracy [Sun (2017)].

However, the SEM encounters more serious dipole source singularity problem
than the FEM, since the high-order basis functions inside one element cannot al-
leviate the singularity impact, but the rst derivative discontinuity at the element
interface can. Therefore, if we are interested in the eld distribution near the source,
several elements are required between the sources and receivers to reduce the source
singularity e ect. The extra element requirement for the source region may induce
a large amount of unnecessary DoFs, especially for the logging-while-drilling (LWD)
problems since the source is moving and all places the source reaches require denser
meshes. To solve the LWD problem elegantly, a ipped total eld/scattered eld
(TF/SF) DGFD solver has been proposed [Zhang et al. (2019b)] by extending the
mixed TF/SF DGFD solver [Sun et al. (2018)] to distribute the incident elds of
the dipole source to the interface between the source subdomain and source free
subdomain.

Besides, to model extremely thin structures like hydraulic fractures and cas-
ing walls e ciently without dense meshes in the thickness direction, the impedance
transition boundary condition (ITBC) [Mitzner (1968)] is employed to treat the thin
structure as a surface and only discretize along the transversal dimension. For the
large-scale curved casing problem, the ITBC can help to reduce up to 19/20 un-

knowns. To further reduce the unknowns and accelerate the solution phase of the
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large-scale curved casing, an approximated casing model has been proposed to reduce

up to 9/10 meshes with a limited accuracy loss [Zhang et al. (2020)].
1.2 Deep Learning Inversion

One of the most important applications of the forward modeling is to solve the inverse
problem [Calvetti and Somersalo (2018)], which is usually ill-posed due to the insuf-
cient data to identify the cause unambiguously. A traditional method to solve it

is the regularization-based algorithm [Tikhonov (1963)], which replaces the ill-posed
problem by a nearby well-posed one; another family of methods is based on the
Bayesian methodology [Tarantola (1987)], which can incorporate extra information
to supplement the noisy data by modeling unknowns as random variables to empha-
size the uncertainty about its value. Both approaches can then mathematically be
viewed as a optimization problem [Fletcher (2013)]. To solve the optimization prob-
lem, again there are two directions. One classical optimization method calculates
the rst and/or second derivatives of the cost function in terms of the unknowns and
employs iterative optimization algorithms to repetitively call forward solvers. How-
ever, it only guarantees a local minimum instead of the desired global one. Another
optimization method family is zero-order optimization methods or "metaheuristics”
[De Castro (2006)], for example genetic or evolutionary algorithms. They are gen-
erally iterative stochastic algorithms, progressing toward the global extreme of the
objective function through sampling. Though e ective in some cases, they cannot
always be characterized by convergence theorems and computational heavy for large-
scale problems.

Due to the great success of applying deep convolution neural networks (CNNs) on
object classi cation and segmentation tasks, they have also been employed to improve
the resolution of inverse problems in imaging [McCann et al. (2017)] such as denois-
ing, deconvolution, super-resolution, and medical image reconstruction. Taking the

4



advance in medical image reconstruction as example, one of highest cited paper [Jin
et al. (2017)] applied a CNN-based method to the X-ray CT, which showed improve-
ment for sparse-view reconstruction by substituting the regularization-based iterative
inversion with a CNN. However, the CNN still needed the Itered back projection as

a direct inversion solver to preprocess the sinogram to guarantee a good signal-to-
noise ratio (SNR). The similar application in geophysics originally lies in the ground
penetrating radar (GPR) society, where the CNN is used for image segmentation
[Travassos et al. (2018)], as well as in the exploration geophysics society, where the
CNN is used to extract features from 3D seismic volumes [Araya-Polo et al. (2017)].
In recent two years, some pioneering work has been done towards the EM geophysi-
cal inversion. For example, a deep NN based on fully convolutional architecture has
been trained by large synthetic datasets in [Puzyrev (2019)]. The performance of the
method was demonstrated on models of strong practical relevance representing an
onshore controlled source electromagnetic (CSEM) CO2 monitoring scenario. The
pre-trained networks can reliably estimate the position and lateral dimensions of the
anomalies, as well as their resistivity properties.

Another family of inverse problems in subsurface detection is well logging interpre-
tation. The presence of thin beds, anisotropy, and di erent borehole trajectory can
make raw and apparent resistivity logs abnormal [Pardo and Torres-Verdn (2015)],
which cannot be interpreted without corrections. Apparent resistivity \horns" and
abnormal separation of multi-resolution resistivity curves are two common situa-
tions of interpretation. Without numerical simulation, it becomes impossible to
detect, quantify, and reduce those e ects to reliably assess hydrocarbon saturation.
Therefore, the e cient simulation methods and the robust inversion procedures are
required to produce practical, e cient, and reliable automatic inferences of true
layer resistivities and permittivities and/or determine the bed boundary [Wang et al.
(2018)] in the presence of geometric and other environmental e ects.
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The use of neural networks (NN) in well logging has been popular for nearly
two decade [Nikravesh (2007)]. Many successful applications have been documented,
including the use of NNs for predicting permeability from well logs [Bruce et al.
(2000)]. In this application, a Bayesian NN was used as a nonlinear regression tool
to develop transformation between well logs and core permeability. The same tool
can also be applied to estimate porosity and uid saturations. Another important
application is the clustering of well logs for the recognition of lithofacies [Rogers et al.
(1992)], which provides useful information for improved petrophysical estimates and
well correlation.

Recently, a CNN and recurrent neural network (RNN) combined method [Shahri-
ari et al. (2018)] was proposed to map the conductivity of a 1D layered subsurface
model from the borehole resistivity measurement in real time, to assist the geosteering
application in LWD. A speci c class of RNN, the Long Short-Term Memory (LSTM)
Network was rst employed to reduce the dimensionality of the input measurements;
then a series of 1D CNN based on a modi ed residual block was connected with
interleaved pooling operators; at last, the fully connected layer mapped the CNN's
results into the space of subsurface resistivity properties. The signi cant acceleration
over all other conventional inversion methods made the machine learning (ML)-based
well logging inversion promising; however, the reported results can only indicate the
formation to some extent of large errors. On one side, the extracted property needs
to be more representative; on the other side, the faster 2D or 3D forward solvers
need to be involved to produce a massive number of training data.

The second part of the dissertation will focus on reconstructing the hydraulic
fracture with a deep learning (DL)-based inversion, including two scenarios. The
rst scenario is a follow-up work for the large-scale curved casing, where the vertical
fracture's direction and dimension have been estimated by a CNN. Two di erent
training strategies have been proposed to train the network, where one is purely

6



using the approximated casing data and the other one is mixing a few true casing
data to the approximated casing data. Furthermore, a deep transfer network is
applied to provide another approach to reconstruct the fracture. A relatively large
amount of approximated casing data is employed to train a CNN, which is then
adapted to true casing data by ne-tuning top layers. The second scenario is to
reconstruct proppant distribution inside a horizontal fracture from the Devine eld
data. The proppant distribution is rst parameterized by using the B-spline closed
curve with 16 control points. The fast EM solver is then employed to produce the
synthetic data to train a fully connected NN.

To begin with, the numerical methods for subsurface problems have been reviewed
in Chapter 2, including the SEM, the ITBC, the SF solver, the RTC, the DDM and
the TF/SF mixed solver. The hierarchical sudoku mesh and the ipped TF/SF mixed
solver have been proposed in Chapter 3 to save DoFs for the vertical well logging
and the LWD problem; one cavity identi cation case and one large-scale oil trap
case including a salt dome, a fold and a fault have been showcased to demonstrate
their advantages. The approximated casing model is then proposed and used to
generate the approximated casing data to train the CNN to reconstruct the hydraulic
fracture's direction and dimension in Chapter 4; a deep transfer learning is also
developed and applied to the same problem. In Chapter 5, a fully connected NN has

been developed to reconstruct the fracture shape from the Devine eld data.



2

Review of Numerical Methods for Subsurface
Problems

In subsurface detection area, EM methods play an important role [Chen et al. (2016)]:
1. Borehole EM methods [Doll et al. (1949)] are an important part in well logging.
Since water is conductive while hydrocarbons (oil and gas) are insulated, resistivity
measurements are good indicators of the presence of hydrocarbon-bearing zones.
On the other hand, water has a high dielectric constant, and propagation resistivity
measurement is therefore a good sensor of moisture content. 2. GPR [Daniels (1996)]
has been routinely used in geological surveying, especially to obtain high-resolution
near-surface imaging for geological, archeology, environmental (including demining),
geotechnical, and urban planning applications. 3. Magnetotelluric (MT) methods
[Chave and Jones (2012)] are to use natural EM elds to investigate the electrical
conductivity structure of the earth, with frequencies from 0.001 Hz to ¥0Hz and
investigation depth from 50 m to several kilometers. The shortcomings are limited
resolution and low SNR. 4. Airborne EM methods (AEM) [Ward et al. (1988)]
are widely used in geological surveys and prospecting for conductive ore bodies.

These methods are suitable for large area surveys because of their speed and cost
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e ectiveness. In contrast to ground EM methods, airborne EM methods are usually
used to outline large-scale structures while ground EM methods are preferred for
more detailed investigations. 5. Other EM methods include: Inductive EM method
[Keller and Frischknecht (1966)], time-domain EM method [Danielsen et al. (2003)]
and CSEM [Constable (2010)].

In this dissertation, I will focus on the numerical models for borehole EM meth-
ods. When numerically modeling the borehole measurements, one rst needs to
balance the delity in the approximation of the tool's physical geometry, trans-
mission/reception scenario, geophysical environment's characteristics (inhomogene-
ity, anisotropy, and dispersion), expected precision, required runtime, and available
computation resources, and then decide to include or neglect the following: borehole,
drilling uid and invasion zone, casing, nite antenna geometry, mandrel, transient
e ects in a narrow-band transmission, material anisotropy, two or three-dimensional
geophysical inhomogeneities, and so on [Chen et al. (2016)].

The general comparison between di erent numeric techniques has been given in
Section 1 and the conclusion is that the FEM is the most general solver to handle
complicated and multiscale models. The recent advances of the FEM mainly focus
on more e cient Krylov subspace-based iterative solvers [Saad (2003)] and corre-
sponding preconditioners, high performance direct solvers [Davis et al. (2016)], non-
conformal meshes/DDM [Lee and Peng (2017)], adaptive meshes [Paszyski et al.
(2010)], and parallel computation [Puzyrev et al. (2013)]. For borehole EM forward
solvers, a DDM [Ma et al. (2014b)] is employed to design the tool more e ciently
by meshing the tool with dense hexahedron meshes and background formation with
coarse hexahedron meshes; another DDM [Chen (2017)] is employed to model a 2D
layered medium with borehole, where the layer with irregular borehole washout or
nonuniform invasion of drilling uid can be solved with conventional FEM and the
layer with longitudinal homogeneity can be e ciently solved by the semi-analytical
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FEM; a 2.5 D FEM [Chaumont-Frelet et al. (2018)] is employed with non- tting
mesh for the LWD to release the meshing burden for the FEM.

The DGFD method combines the FEM and the SEM through the DDM and has
been reviewed in this chapter to demonstrate its basic idea and characteristic. This
chapter is organized as follows: the basic concept and formula for the SEM has been
reviewed in Section 2.1; | then discuss how to determine the computational region in
Section 2.2; a special boundary condition ITBC and a scattered eld (SF) solver have
been reviewed in Section 2.3 and Section 2.4 to model the fracture and to remove
the source singularity, respectively. Finally, the DGFD method has been reviewed,
including the Riemann transmission condition (RTC), the work ow and the TF/SF

mixed solver respectively in Section 2.5, Section 2.6 and Section 2.7, .
2.1 Spectral Element Method

The frequency domain SEM method starts from the vector Helmholtz equation for

electric elds
1 1 . 1 1
- rp-~-r Eq j! o~E J o r p~ Mq (2.1)
LI P oo
where the complex relative permeability ~ rooT and the complex relative
permittivity ~ P

i" o

Employ the edge basis functions to test (2.1), we can get the weak form of the

Helmholtz equation as

» » »
T qpy'r Eq@V jl oo ~EdV P HoS
' B

» »

Jdv 1
J!

Foqp MgV (22

0

The (2.2) includes one integral by parts for the second-order derivative term and
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one integral by parts for the magnetic sourcé. The second is correct when the
magnetic source does not contact the boundary.

To evaluate the boundary integral in (2.2), we generally employ three equations
for perfect electric conductor (PEC), perfect magnetic conductor (PMC) and absorb-

ing boundary condition (ABC), respectively.

A E 0 on pec (23)
f H 0 on PMC (24)
lim prr H jkr Egq O on agc (2.5)

ri8
For the electric eld-based Helmholtz equation, both the PEC and PMC have zero
boundary condition while the PEC does not require the boundary tangential basis
functions at all; therefore, the PEC is the most e cient boundary condition when
computing.

In this dissertation, the high-order accuracy of the SEM is achieved in use of
the Lagrangian polynomials [Lee et al. (2006)] and the tangential continuity of the
electric eld is taken care by the vector basis functions [Peterson et al. (1998)]. The
elemental mass and sti ness matrices generated from the exact integral will be full
matrices, which means the number of the nonzero entries is quadratic to the cube of
the basis function order (N) and usually linear to the element number. Since the
number of nonzero entries is critical to the runtime of the nal linear system solver,
the quadratic growth of the nonzero entries is generally unacceptable. To reduce the
quadratic growth to the super-linear growth, the GLL type Lagrangian polynomial

pl xXdgymq .
NFN 1q—Np(mqp( qu’

Mg 0o M (2.6)

is employed to interpolate the testing and basis functions, wheiley pxqis the Leg-
endre polynomial of degree N ana,, are the GLL points. If the integration also

employs the Gauss-Lobatto quadratures that collocates with the governing points of

11



the basis (testing) functions, the elemental mass matrix will have N nonzero entries
per row and the sti ness matrix will have 4N° 3N nonzero entries per row for a
N -order basis function, while the column number is 3N 6N? 3N. Therefore, the

number of the nonzero entries is of ordeg to the cube of the basis function order.

The sparsity of the element matrix iSsi' 1z 53y 1+

only true for structured mesh; for unstructured mesh, due to the Jacobian matrix,

However, the conclusion is

the elemental matrix may not be sparse as expected. Therefore, the high-order basis

function can be more e ective for the structured mesh.
2.2 Computational Boundary

Most geophysics problems are open boundary problems and therefore how to choose
the computational region size and boundary condition is critical. For the wave prob-
lems, the ABC is generally required because the outgoing waves cannot be absorbed
by either the PEC or the PMC. However, the geophysics problems are more similar
to di usion problems than wave problems, because the relative permittivity .~is
nearly pure imaginary given low frequency and high conductivity. For the di usion
like problems, the elds may decay very rapidly from the source region; therefore,
the ABC may not be necessary sometimes. Instead, a PEC or PMC boundary can be
used to truncate the domain and the boundary can be placed where the eld inten-
sity is 10 percent of the eld intensity at the receiver region to guarantee a 1 percent
error. The incident eld for homogeneous or layered media can be easily obtained
by analytical solution, while the scattered eld may need some approximation.

Let's use a simpli ed experimental setup in Devine [Ahmadian et al. (2018)] to
illustrate the methodology. The diagram is shown in Fig. 2.1: One 5-mm thick, 25-m
radius circular fracture of , 10, 1, 100 S/m, locates horizontally at
z 60 m. The background formation is supposed homogeneous,of 1, , 1,

0:02 S/m. Monitors 1 to 4 are four vertical observation wells with position
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Figure 2.1 : Diagram of the Devine case

(21,0,-100 0) m, (0,21,-100 0) m, (-21,0,-100 0) m, (0,-21,-100 0) m, respectively;
Monitors 5 and 6 are two horizontal observation wells with position (-2121,0,0) m,
(0,-21 21,0) m. The positive electrode and negative electrode are put at (21,0,-59)
m, (-21,0,-59) m with a horizontal direct connecting cable. The working frequency

is 1 Hz.

By calculating the complex relative permittivity ~ 10 5— e

10° j3:60 10%, we can nd that the real part is smaller than the imaginary part
as expected and this is a di usion like problem. Therefore we can use the analytical
solution to nd the position to truncate the computational domain. The normalized
eld distribution contour (log scale) on ax z plane aty 21 m is plotted in
Fig. 2.2; the 100 O m portion of the middle vertical line will correspond to the
Monitor 2.

Notice that the relative eld intensity around the Monitor 2 is above -20 dB for the
main componentE,; to ensure a -40 dB attenuation between the re ected eld and
the incident eld, we can put PEC boundaries atx;y 200 m andz 235115
m, where the relative eld intensity is between -40 dB and -50 dB. Compare the

determined computational domain to both the wavelength, 300 km and the skin
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Figure 2.2 : Relative eld intensity contour at a vertical plane in log scale

Figure 2.3 : Main component for the incident elds along with the Monitor 2

depth 3:56 km, we can nd the domain size is only about 10 percent of the
skin depth, which indicates that when the source is involved in the computational
domain, the elds actually decay faster than that the skin depth implies, because
the skin depth is more meaningful for the plane wave.

By using gradient meshes ranging from 15 m to 50 m, the above PEC truncated
domain can be discretized into 1404 hexahedrons with the third-order basis functions
and then generate a nal linear matrix of 108,276 DoFs with 0.64% error compared
to the analytical solution. To achieve the same level of accuracy, the COMSOL
will require about 120,000 tetrahedrons and 750,000 DoFs. The eld distribution
on Monitor 2 from z 50 mtoz O m are compared in Fig. 2.3 for three main

components k&, H, and H,.
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Figure 2.4 : Diagram for the thin layer modeled by the ITBC

2.3 Impedance Transition Boundary Condition

Hydraulic fracturing is one important technique to exploit subsurface fossil resources
like oil and natural gas as well as geothermal energy. The generated fractures can
provide e cient seepage for uid to ow through the earth formation. To monitor
the hydraulic fractures, EM survey is considered as one of the e ective geophysi-
cal tools with the aid of high conductivity proppants inside the fracture. Several
numerical methods are applied to analyze the EM responses of fractures under dif-
ferent geophysical environments. The integral equation (IE) is prevalent [Yang et al.
(2015)] due to its high accuracy and small computation domain, especially with the
introduction of thin dielectric sheet-based surface integral equation method for frac-
ture modeling [Ren et al. (2016)]. However, the IE methods are limited to scenarios
that the Green's functions are available and not suitable for complicated geophysical
environments, where the FEM is more general [Weiss et al. (2016)].

In this section, we introduce the ITBC [Mitzner (1968)] to approximate the e ect
of thin imperfect conductor or dielectric to surrounding media as depicted in Fig. 2.4
for the SEM; the ITBC simpli es the 3D interaction among the elds around the thin
layer into a 2D interaction between the tangential elds at two sides of the thin layer.
The basic assumption for the ITBC is that inside the thin layer, the elds vary much
faster in the vertical direction than the transverse directions, which degenerates the

3D source-free Helmholtz equation into the 1D source-free Helmholtz equation as
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follows,

% K’E 0 (2.7)

with the solution
Epg E poye ™ E poye ™ (2.8)
Hprg H poye ™ H poye @ (2.9)

where E [x;yq represents the electric eld distribution of px;yq for the positive
propagating waves ance px; yqrepresents the electric eld distribution ofpx; yqfor
the negative propagating waves. On the other hand, the 1D Maxwell equation can

also be discretized as
ﬁ]_ P H2 H]_q JI eth P El E2q h]_ (210)

ﬁ]_ P E2 E]_q JI eqﬁl p H]_ qu ﬁl (211)

for the three layer model as in Fig. 2.4. When considering the re ection and trans-
mission at interfaces ; and », the thickness of the thin layer should be updated
to q [Karlsson (2009)]

elk ek 2 1 K

eq Kpe & & g Etanp?q (2.12)

by substituting the Eq;E,;H1; H, from (2.9), (2.8) into (2.10), (2.11). A matrix

representation for the ITBC will be then

ﬁl Ez hl T hl El I‘\1

A, H, A, H. (2.13)

where

2.14
1 K2 2l o 1 KZ (2.14)
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Similar to other boundary condition, the ITBC is also combined to the SEM through
the boundary integral term [Sun et al. (2017)] and therefore it is more straightforward

if we rearrange theph; H.gm, H,gas the vector at the left hand side as

ﬁl H 1 Y11 Y12 n1 El ﬁl

2.15
N, H» Yo1 Yoo Az Ez N3 ( )
where the entries of the admittance matrix are
le ZlZ
Yiu Y S53—557 Yz Yz ST 53 (2.16)
ZH 24 ZH Zh
Z L Z L 2.17
Mo ktank g Y ksink g (2.17)
By incorporating the ITBC into (2.2), we can get the updated weak form
l » » »
T qpy'r Eq@V jl oo ~EdV A HoS
' B
» »
pY11h: E1 Ny Yiohy Ez AocdS PY21h1 E1 Ny Yooy Ep NocdS
1 2
» 1 »
Jadv o q p, ‘MaV (2.18)

oo
It is worthwhile to notice that the derivation until now only excludes the thin layer
from the computational domain but keep the distance between two interfaces,
and , unchanged. However, when implementing the ITBC, the structure is usually
replaced by coplanar interfaces. This simpli cation can induce a redundant phase
di erence and amplitude decay due to the extra traveling distance in the background.
Fortunately, for the fracture modeling, the side e ect is usually negligible. To validate
the ITBC's accuracy, we continue the Devine case study with the same setup but use
the ITBC to model the fracture; the normalized scattered elds from the fracture
are compared in Fig. 2.5. The relative errors between the DGFD and COMSOL are
0.9% for scattered electric elds and 1.3% for scattered magnetic elds.
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Figure 2.5 : Main component for the scattered elds along with the Monitor 2

2.4 Scattered Field Solver

To review the source singularity problem, a salt dome case is reviewed as shown in
Fig. 2.6. One 2-m thick fan shape salt dome with inner radiug; 5 m and outer
radiusa, 10 m locates horizontally atz 0 m. Its conductivity s 0:001 S/m.
The background formation where the salt dome resides is of conductivity, 0:01
S/m and thickness 2 m. The conductivity of the top layer formation is ,;  0:02
S/m and of the bottom layer formationis 3  0:005 S/m. The borehole is of radius
rrn 0:5 m and of conductivity p, 0:1 S/m. The permittivity and permeability

of all the materials mentioned above are, 80 and , 1. A 25 kHz magnetic
dipole polarized at z direction is put at (0.01,0,-25) m and the receivers are put at
(0.01,0,-20 to 20) m.

By employing the method discussed in Section 2.2, the computational domain is
determined at 100 ma x & 100 m, 100 ma y & 100 m, 101 ma= z=a 101 m
with PEC truncation. To show the source singularity problem, we can use the
homogeneous background with middle layer property to show the source singularity.
For example, even if we use the gradient mesh (total element number 4,619) as shown
in the Fig. 2.7 with the z-direction mesh size 2.5 m around the source, the main
component H in Fig. 2.8 shows strong variation inside the 21 ma za 185 m

element. The reason is that the problematic element is only one element away from

18



Figure 2.6 : Diagram of the salt dome case

the source element. One straight forward but costly approach is to increase the z-
direction density of meshes around the source as shown in Fig. 2.9, which increases
the total element number to 6,109. Consequently, the main component in Fig. 2.10
shows good agreement as expected, since the closest element for the eld plotting
is now three elements away from the source element. Our experience shows that
for the magnetic dipole, in the direction along with the polarization direction, the
source singularity require at least two elements to disappear. For convenience, we
denote the region where the eld is erroneous due to the source singularity as the
source singularity region. Notice that not only the receivers, but also the domain
decomposition cutting face should not be put inside the source singularity region.
Since the singularity is caused by the imposed dipole source, we can extract the
imposed source from the governing equation and solve the scattered elds instead.
The source for the SF equation will then be the equivalent sources from the objects

di erent from the background. The SF equation only modi es the source term of
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Figure 2.7 : Relative coarse meshes of the salt dome case to show the source singu-
larity

the (2.1) as

i Or p~'r Esq j! ovEs i opy Wb r pl o~ t~pdHp (2.19)

Instead of only integrating over the elements that contain sources, the SF equa-

tion requires us to integrate over all elements with material properties di erent from

Figure 2.8 : Main component H to show the source singularity
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Figure 2.9 : Relative dense meshes of the salt dome case to remove the source
singularity

the background. For layered background cases, like the salt dome case, it can be
approximately considered that most elements in the computational region are inte-
grated over twice; one for the system matrix assembling, and the other for the source
term assembling. If the source is xed, then the time complexity for assembling the

linear equation is still linear to the element number. However, if the source is mov-

Figure 2.10 : Main component H, to show the removal of the source singularity
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Figure 2.11 : Main component H, of the incident eld

ing, then the time complexity for assembling the linear equation will be dominated
by the source term and bilinear to both the number of elements and logging steps.
A elegant solution will be discussed in the Section 3.2.

Let's come back to the salt dome case. With the help of the SF solver and
select the top formation layer as the background material, the incident eld for
the layered medium with no salt dome is computed as shown in Fig. 2.11 for 10-m
homogeneous meshes in z direction, except the 2-m meshes for the middle layer as
shown in Fig. 2.12. The real part shows some errors aroun@0 ma zao 10 m, but
the relative error for the magnetic eld is still as small as 0.8%, because the real part is
much smaller than its imaginary part. The error of the real part is because the mesh
is too big compared to the 10-m skin depth (borehole) to capture the smaller real
part. The total element number therefore reduces to 3,129. As expected, increasing
meshes at the erroneous region can eliminate the error but make the total unknowns
larger. For application, since generally it is hard to detect a smaller component like
the real part of magnetic eld in this application, it is more reasonable to use these

meshes than denser meshes.
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Figure 2.12 : Nearly homogeneous meshes for the SF solver

2.5 Riemann Transmission Condition

The accuracy and convergence of the DGFD method relate directly to the transmis-
sion condition (TC), which is used to ensure the tangential elds continuities across
the interfaces as well as supply numerical ux to the subdomain systems to correctly
model the boundary e ects. The widely used TC in DDM is the rst-order Robin
transmission condition [Li and Jin (2007); Zhao et al. (2007)], and then is improved
to a few high-order TCs [Peng and Lee (2012)]. Another category of the TC is the
RTC and origins from the discontinuous Galerkin time domain (DGTD) method
with Riemann solver (upwind ux) to model the ux [Luo et al. (2013); Sun et al.
(2017)].

A standard way to develop the upwind ux scheme is to use an operator-splitting

method [Gonzalez (2013)]. From time domain Maxwell curl equations

BH

- E 0 2.20
o (2.20)

BE

5 [ H £ 0 (2.21)
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we can separate it into two sub-problems by using %n rs,
B BE B

Sub-problem 1: B Eh E O " En H O (2.22)
BH BE
Sub-problem 2: B r<« E O " r< H cE O (2.23)

The rst sub-problem is a homogeneous conservation law, imposing a discontinuous
Riemann problem at the interface between two subdomains; while the second sub-
problem is a fully continuous problem, which can be abandoned for our derivation of
upwind ux. Therefore, the problem degenerates to a 1D problem where the waves
are only propagating perpendicular to the interface. Then the two vector equations

of sub-problem 1 can be separated to four scalar equations

B';” B;‘z 0 (2.24)
Bgtz BI;” 0 (2.25)
B;‘l B;‘Z 0 (2.26)
B;‘z B;l (2.27)

(2.28)

wheretl andt2 represent two tangential directions of the interface and conform to

the left hand rule together with .

If make u p Hi1; Hiz; B Erod', the hyperbolic system can be represented by

Bu , Bu
— A_— O 2.29

The eigenvalues and corresponding eigenvectors of matAxare

1 1
1 2 =, 3 4 P (2.30)

vi p0O; Y;L00;v, pY;00;19;vs pO;Y;L00;vs p Y;0,01q (2.31)
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where Y 2 { is the wave admittance. The eigenvalues amplitude is the wave
speed in corresponding material; plus signs represent waves going outside and minus
signs represent waves coming back. The materials at di erent sides of the interface
can be identi ed by matrix A' and A!. Solving the Riemann problem is equivalent

to impose the Rankine-Hugoniot jump condition at both sides of the interface; the
Rankine-Hugoniot jump condition states that the jumps of the solution at each side

of the interface is a linear combination of eigenvectors at that side, which leads to one
intermediate state (U ) that constitutes the actual solution of the Riemann problem.

We then de ne two internal statesu' and u’ inside corresponding domains and
express the jumps between intermediate states and internal states as a linear com-
bination of eigenvalues. Note that the direction of jumps should conform to the
eigenvectors physical direction (demonstrated by eigenvalues) as follows,

u u v (2.32)

TUY RV AV (2.33)

where i; L. L | are scalar coe cients. Then we can get the general form of the
solution of the Riemann problem as

n pYE YiElg A npH Hg
Yioyi

= (2.34)

A pZH' ZHg A N pE E'qg
Zi 7

A H (2.35)

To review the RTC, let's revise the weak form of the Helmholtz equation for the
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whole domain to that for the subdomain i as follows

» »
o qp.'r Eaqv jl o  ~EdV

» »

pA Hgs g Hgs

B XB i i pB i [}

» »

Jdv o8 q p, ‘MaV (2.36)

By comparing with the whole domain governing equation, except the change of the
domain of integration, the only di erence is the appearance of the boundary integral
for the interfaces . One may notice that the integral term for domain interfaces
has one more star than the integral term for exterior boundaries. The reason is that
the exterior boundary eldst H are totally determined by the elds inside the
computation domain, while the interface eldsm® H are determined by both the
elds inside subdomains i and j. Therefore, how to evaluate the numerical ur *H

is crucial to the accuracy and convergence of the modeling. Inspired by the upwind
ux, (2.47) is employed to calculate the ux. However, the Helmholtz equation itself
only enforces the subdomain i and subdomain j share the same numerical ux term,
but leaves the electric elds and boundary magnetic elds in di erent subdomains
independent to each other. To enforce the tangential continuity of the elds across
the domain interfaces, an explicit TC should be imposed. Most TCs directly equate
the linear combinations of the tangential electric and magnetic elds of adjacent
subdomains, but here we introduce a di erent derivation for it. Recall the unused
upwind ux equation (2.46), which is an intermediate condition betweem” E' and

A E'. If we directly equate boundary tangential® E' andrt E' tobent E ,
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we will have

A pYE YEqgq A ApH Hiyg

i

A E' A E ST (2.37)
: A pYE YEqQ A ApH Hg
J

A E A E T (2.38)

Rearrange the (2.37) and (2.38), we will get

Y E'qg A A H Ym Eqgan A H (2.39)
Y E'gq A A H Y@ Egn A H (2.40)

which is exactly the same to the rst-order TC proposed in [Zhao et al. (2007)]. By
solving (2.39) together with (2.40), we can have
A E A E (2.41)

A A H A A H (2.42)

indicating that the (2.37) and (2.38) actually impose the tangential continuity for
both the electric and magnetic elds. Therefore, the RTC employs the general rst
TC to enforce the tangential eld continuity, but models the numerical ux term
A H with a universal Riemann solver instead of roughly make it equal to the

local, adjacent or the average of the tangential magnetic elds.
2.6 Domain Decomposition Method

To elaborate the work ow for the DDM, we take a sphere scattering case as example,
which resides in a three layer formation. To start with, we consider only the three
layer formation rst as shown in Fig. 2.13. A electric dipole at 100 kHz polarized
in all three directions is put at the origin; an array of receivers is placed at4 mo
Xa 4m,y 1m, z 0 m. For the top and bottom layers, |; 3 40,

'l 3 1, 1 r3 0:05 S/m, and the skin-depth is 7.13 m; for the middle
layer, ,» 80, 2 1, ;2 0:5S/m, and the skin-depth is 2.25 m. With the help
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Figure 2.13 : Diagram of the three layer formation

of the analytical solution for homogeneous background of the middle layer's property,
the relative error can be safely kept less than 40 -dB if put the PEC boundary at
X 8 mandy 8 m. To further squeeze the computational domain, a second-
order scattering boundary condition (SBC) is employed [Peterson (1988)]

A pr Eq jkAh pE nAqg 2jikr phh pr Eqq O (2.43)
Therefore, the SBC is put atx 6m,y 6 m and z 5 m. A comparison
between SBC and PEC for the same computational domain will be provided later.
Currently, because no object is present, structured meshes can be applied to keep the
sparsity of system matrix for high-order basis functions, as well as to speed up the
matrix assembling process. Further, since the middle layer has smaller skin-depth and
contains both a source and receivers, it is appealing to nonconformally decompose

the domain at the formation layer interfaces to allow the middle layer discretized by
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denser meshes. The mesh information is also shown in Fig. 2.13, with the mesh in
the top and bottom layers (the middle layer) 1.7 m (0.63 m) in x,y directions and

1 m (0.22 m) in z direction. By employing the third-order basis function for the
top and bottom layers and the second-order basis function for the middle layer, the
DoFs are about 19,000 for top and bottom layers and 90,000 for the middle layer. To
balance the DoFs in di erent subdomains, we decompose the middle layer again but
conformally this time at x 2 m to make each of them about 30,000 DoFs. One
may notice the middle layer employ low-order but dense meshes to avoid the source
singularity, which can be replaced by more e cient high-order but coarse meshes if
SF solver is employed for the middle layer. For the top and bottom layers, however,
since they don't include sources and have di erent formation than the middle layer,
the total eld (TF) solver is more suitable. Therefore, we propose a TF/SF mixed

solver [Sun et al. (2018)] to solve di erent subdomains with di erent solvers.
2.7 Total Field/Scattered Field Mixed Solver

It is not hard to show that the mixed solver will only change the RTC by adding or
subtracting a incident eld term for adjacent TF-based subdomains and SF-based
subdomains [Sun et al. (2018)]. For a TF-based subdomain i coupled with a SF-based
subdomain j, the RTC will be revised as

A pYE YE, Exgg A n pH., Hp, H'qg

" E YV

(2.44)

A pZH ZpH., Hyg n n pEL E, E'qg

"o z 7

(2.45)
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Figure 2.14 : Comparison between the TF solver and the TF/SF mixed solver for
the dense mesh setup

For a SF-based subdomain i coupled with a TF-based subdomain j, the RTC will be

revised as
A pYE. YipgE E A ApH H, H
h E, PYEs YiE FEwqq h N p b 140 (2.46)
YioYi
A pZH. ZmH H A ApE E, E!

To validate the TF/SF mixed solver, the same mesh setup as shown in Fig. 2.13 is
used for both the TF and TF/SF solvers; the corresponding electric eld distributions
are compared with the analytical solution of the three layer formation in Fig. 2.14,
with the relative error 11.7% for the TF solver and 0.37% for the TF/SF solver. It
is clear that the TF results for the three central meshes di er from the analytical
result and can be attributed to the source singularity.

Further, by using the TF/SF solver for the mesh in Fig. 2.14, we can compare the
performance between the SBC and the PEC as shown in Fig. 2.15. The relative error

for the SBC is 0.37% while for the PEC is 1.61%; the shift of the imaginary part

30



Figure 2.15 : Comparison between the SBC and the PEC for the TF/SF mixed
solver of the dense mesh setup

of the electric eld from the PEC is visible and can be attributed to the inadequate
decay distance between the receivers and the PEC boundary.

To demonstrate the singularity removal ability of the TF/SF mixed solver, we
change the meshes in the middle layer to be the same as other two layers as shown
in Fig. 2.16 with the fourth-order basis function. The DoF for the middle layer then
becomes about 25,000. With the new mesh setup, the TF and TF/SF solvers are em-
ployed again and their corresponding electric eld results are compared in Fig. 2.17.
Clearly, the TF solver totally fails in the near source region, while the TF/SF can
still maintain a 0.3% relative error. When employing the BiCGStab(L=10) iteration
method to solve the TF/SF solver generated interface matrix for a 13 convergence
tolerance, each iteration only takes 10 s for the coarser meshes while takes 25 s for
the denser meshes, which is nearly linear proportional to the total DoFs.

With the three layer formation frames, we then place a sphere object of
04 m, s 80, ¢ 0001 S/m at (1,0,0.2) m inside the middle layer. A new

subdomain is decomposed just wrapping the sphere as shown in Fig. 2.18, where
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Figure 2.16 : Diagram of the three layer formation with larger elements in the
middle layer

Figure 2.17 : Comparison between the TF and TF/SF solvers for the coarse mesh
setup
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Figure 2.18 : Diagram of the three layer formation wrapping a spherical object in
the middle layer

the sphere subdomain employs the second-order basis function and second-order
geometry mapping to capture the curved surface, the transition shell domain employs
the sixth-order basis function to capture strong near object scattered elds, and the
middle (top/bottom) layers employ the fourth(third)-order basis functions. The
DoFs of the middle layer from inside out are about 9,000, 16,000 and 12,000 and
other two layers are about 19,000. The middle transition layer and middle outer
layer employ the SF solver to relieve the source singularity and other regions use
the total eld to avoid the equivalent source assembling. Each iteration will take

about 18 s and only 2 steps are required for a 10convergence tolerance and a 1%
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relative error compared to the analytical solution for the incident elds, while the
COMSOL needs more than 700,000 tetrahedrons to achieve the same accuracy for
the incident elds and runs about one and half hour. The SF solver here relieves
the mesh burden for the source, and only geometries need to be captured by dense
unstructured meshes; therefore, the resultant system matrix can be smaller than
normal FEM due to the spectral convergence of the SEM and the orthogonality of
brick meshes.

The calculated scattered electric and magnetic elds from the sphere are com-
pared with the COMSOL multiphysics are plotted in Fig. 2.19 and Fig. 2.20. Both
the DGFD and COMSOL require two computation; one for the incident elds and
one for the total elds. The relative error are about 5% for both elds. The enlarged
relative errors can be attributed to the small amplitude of the scattered elds, which
serve as the denominators for the relative errors. Notice that the COMSOL needs
more than 700,000 tetrahedrons to achieve less than 1% relative error compared to

the analytical solution for the incident elds and runs about one and half hour.
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Figure 2.19 : Comparison between the TF/SF equipped DGFD and COMSOL for
the electric eld
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Figure 2.20 : Comparison between the TF/SF equipped DGFD and COMSOL for
the magnetic eld
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3

DGFD Method for Well Logging Problems

Part of this chapter was originally published in [ Zhang, R., Sun, Q., Wu, Z., Fang,
Y., Hu, Y., Huang, W.-F., and Liu, Q. H. (2019), Fast Induction Logging Modeling
With Hierarchical Sudoku Meshes Based on DGFDOEEE Geoscience and Remote
Sensing Letters 16, 1683{1687] and [Zhang, R., Wu, Z., Sun, Q., Zhuang, M., Cali,
Q.-M., Wang, D., and Liu, Q. H. (2019), Memory-e cient 3-D LWD solver with
the ipped total eld/scattered eld-based DGFD method, IEEE Geoscience and
Remote Sensing Letter and is reprinted with permission. | designed the algorithms,
developed the codes and wrote the articles.

Well logging is an essential technique and widely used in oil and gas exploration
and development. Simulation of these measurements in complex subsurface forma-
tion and borehole environments usually requires 3D modeling techniques, which are
very memory demanding and time consuming. In this chapter, | am going to intro-
duce two improvements towards the forward modeling of the well logging problems
based on the DGFD method, both of which can reduce the memory consumption as

well as computation time.
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3.1 Hierarchical Sukudo Mesh for Vertical Well Logging

This section extends the DGFD-based DDM to model the vertical well environment
accurately with a newly developed hierarchical sudoku mesh. Both the borehole and
mud invasion e ects can be modeled by this framework e ciently. Furthermore,
deep reading measurements can be modeled conveniently by inserting arbitrarily
shaped objects into the hierarchical sudoku meshes; the capability to distinguish a
cavity saturated with either oil or water with di erent borehole-object distances are
then studied for a deep reading tool in an open borehole carbonate environment.
The DGFD with hierarchical sudoku meshes shows six times faster speed than the

traditional FEM for the deep reading case.
3.1.1 Background

Induction logging is an essential approach in oil and gas industry for the formation
evaluation, where numerical modeling can help to design induction tools and interpret
data. The 1.5D and 2.5D simulation methods are well developed and widely used in
the industry; however, with the ever large depth of investigation (DOI) of the deep
reading induction tools, reservoir-scale mapping [Hu et al. (2017); Seydoux et al.
(2014)] and hydraulic fracture mapping [Fang et al. (2018); Pardo and Torres-Verdn
(2013)] become possible, which generally cannot be simpli ed to lower dimensional
problems.

To numerically model the objects' EM responses under deep reading induction
tools in an open borehole in 3D, however, is very challenging. First, the borehole is a
very narrow cylindrical hole (5 25 centimeter radius) while the DOI can range from
a few meters to up to 30 meters, raising a multiscale problem in transverse direction.
Second, to guarantee enough signal responses for the large DOI, the transmitter-

to-receiver (TR) spacing of the logging tool should also range from meters to thirty
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meters long, which sets a lower bound of the simulated borehole length for a xed tool
position. To compute the logging curve, however, the tool needs to be moved along
with the borehole, which requires us to either remodel the problem for every tool
position [Zeng et al. (2018b)], or include the tool trajectory to our modeled region
[Fang et al. (2018)]; the rst strategy breaks the logging curve problem into multiple
independent xed-tool problems without sharing any intermediate stage; the second
strategy processes and assembles matrices for the whole model, and then solves the
same linear system for di erent tool positions. The drawback of the rst strategy

is the reduplicate mesh processing and matrix assembling, and correspondingly high
computational cost per logging point. On the contrary, the second strategy shares
the mesh processing and matrix assembling, and therefore lowers computational cost
per logging point, under the condition that the larger linear system can still be solved

e ciently.

To leverage the second strategy, many e orts are put to develop fast solvers for
the large linear system. The VIE-based method is traditionally used to minimize
the unknowns of the linear system, which only discretizes the region di erent from
the Green's function modeled background [Fang et al. (2018); Yang et al. (2015)].
The Green's function leads to high e ciency and high accuracy, but restricts the
application to homogeneous or layered media. For induction tool modeling in an open
borehole under complicated geophysical environments, the FEM is more universal
at the cost of modeling the anomaly, the borehole, together with the formation.
To alleviate the large sparse matrix generated from the FEM [Ma et al. (2014b);
Pardo et al. (2007)], the DGFD-based DDM is introduced in [Sun et al. (2017)] to
split the computational domain into multiple subdomains, thus greatly reducing the
computational complexity. However, the case study of borehole environments in [Sun
et al. (2017)] is very preliminary, not showing the e ciency of the DDM and also not

scalable for deep reading tool modeling. To Il this gap, we develop a sudoku mesh
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Figure 3.1 : Comparison of the top-views between the hierarchical sudoku mesh
(left) and the tetrahedron mesh from COMSOL (right)

to extend the DGFD-based DDM to model the open borehole environment with high

e ciency.
3.1.2 Hierarchical Sudoku Mesh

The formulas for the DGFD-based DDM are provided in (2.36). To capture the
geometrical and wave property of the open borehole environments e ectively and
e ciently, instead, a non-conformal gradient structured mesh design concept, the
hierarchical sudoku mesh, is introduced here, which can generate a well-behaved
DDM preconditioned interface system with fewer DoFs than traditional FEM-based
linear system.

Because the borehole can usually be modeled as a long straight cylinder, we can
focus on its transverse cross section plane rst and design a 2D mesh; by extruding
the 2D mesh along with the longitudinal direction, we will then obtain a 3D mesh.
Let's start from the transverse cross section of a practical borehole with 20 cm radius;

guadrilaterals with the second-order geometry mapping are employed to model the
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cross section of borehole (blue) and invasion zone (red) as the left gure of Fig. 3.1.
Traditionally, unstructured tetrahedra are employed to model the borehole resistiv-
ity measurement because the mesh size can progressively increase outwards from the
borehole [Um et al. (2015)]. To model deep reading tools, however, larger forma-
tion and anomaly regions need to be included, where high-order basis functions are
usually favored over their low-order counterparts due to the high-order convergence
rate and reduced DoFs. One consequence of the high-order basis function is the en-
larged non-zero blocks in the global matrix, because generally all basis functions of
the same direction within one element are coupled together. To reduce the non-zero
entries in the global matrix, the spectral element method (SEM) employs hexahedra
in seismic modeling [Komatitsch and Tromp (1999)] with Lagrange interpolants of
nodal points at the Gauss-Legendre-Lobatto (GLL) quadrature, and the GLL integral
can then guarantee the mass matrices diagonal, even for well-de ned unstructured
hexhedra, because the mapping of scalar basis functions does not involve Jacobian
matrix multiplication or division. In computational EM, the orthogonality of the
GLL polynomials [Lee et al. (2006)] with unstructured hexahedra degrades because
the covariant (contravariant) mapping of the curl-conforming basis functions (the
curl of curl-conforming basis functions) makes the elemental mass (sti ness) matrix
full. However, structured meshes can still keep their sparsity to the maximum extent;
therefore, the resultant global matrix will have fewer non-zero entries than those gen-
erated by unstructured meshes or other basis functions given the same mesh size and
order, reducing the memory overhead. To make full use of the structured hexahedra
with high-order GLL polynomials, a quadrilateral bu er layer of the second-order
geometry mapping is employed to transition the internal unstructured hexahedra to
the external structured hexahedra.

To realize progressively increasing structured meshes, a DDM-based hierarchi-
cal sudoku mesh is introduced here. As we know, the sudoku includes nine equal
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squares; at the beginning, the transition layer wrapped borehole/invasion, which can
be thought as the zeroth-level sudoku, locates at center, surrounded by the rst-level
sudoku, a ring of eight squares; next, the rst-level sudoku serves as the center square,
surrounded by the second-level sudoku, a ring of eight squares again; by following
the same spirit, the sudoku structure grows outwards, with a linearly growing mesh
number and an exponential growing computational domain, both in terms of the
number of layers. To mathematically demonstrate the advantage of the hierarchical
sudoku mesh, we consider a homogeneous case and focus on the wave amplitude
at the intersections (orange stars) of an arbitrary radial line (blue dashed line) and
boundaries of the hierarchical sudoku's as shown in Fig. 3.1. For kilohertz induction
measurements, the {Ir® term of the spherical waves dominates the attenuation; the
amplitude ratios between the adjacent intersections is then approximately a constant
1{ 3%, which conforms to the constant DoFs for the one element span if equipped with
same order basis functions.

To extrude the 2D mesh into 3D meshes, the longitudinal span can be di erent;
for example, to extrude all squares into cubes, the span will have a growth rate
of 3 for the cubes from inside to outside, and the total number of the structured
mesh number will then be bounded by one and a half times the structured mesh
number of the rst-level sudoku; in other words, the DoFs for the rst-level sudoku
will dominate over the DoFs for all other high level sudokus, reducing the FEM's
burden of modeling background while still capturing the wave di usion phenomenon.
Furthermore, recall that the attenuation coe cient is about 1{3° across one layer of
the sudoku, which indicates that if we wrap the computational domain with one
more PEC truncated sudoku, the re ection coe cient will be less than 13%; the
re ection is around 0.1% with only NP%3™ 19 gdditional DoFs, wherem is the
sudoku level andN P9 is the DoFs of the rst-level sudoku. Notice that in borehole
resistivity measurement, the source usually moves along with the borehole; therefore,
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to preprocess, assemble and factorize the matrix only once, the meshes of sudokus
at all levels should keep invariant along the longitudinal direction and the direct
solver can then be applied. However, the direct solver will encounter the memory
over ow for large linear systems; in this section, we factorize smaller subdomain
matrices once instead of the global matrix and then use them to precondition and
solve the global system iteratively. To further reduce the unknowns for the borehole
resistivity measurement in the future, sudoku meshes with variant sizes along the
borehole direction are promising; two issues, however, need to be addressed: 1. the
repeated matrix assembling needs to be accelerated, potentially with the hp-grid-
re nement [Pardo et al. (2007)]; 2. a good preconditioner without subdomain matrix
factorization is required to reduce the condition number while avoiding repetitive
factorization.

To model arbitrarily shaped anomalies, we rst locate the sudoku meshes they
occupy; then we aggregate the occupied sudoku meshes into rectangular boxes, one
box per sudoku level; nally, the rectangular boxes are discretized with unstructured
hexahedra to capture the geometry of anomalies, where the meshing density de-
creases with the increase of the corresponding sudoku level. Although the hexahedra
are not as exible as tetrahedra when modeling complicated geometries, they can
model most structures through mapping and sweeping techniques after appropriate
geometry decomposition. Further, the non-conformal DDM between the anomaly
subdomains and surrounding hierarchical sudoku subdomains allows anomaly sub-
domains meshed nearly independently, further alleviating the meshing burden for
the unstructured hexahedra. The only requirement is that the anomaly subdomain
should keep the number of points per wavelenth (PPWSs) higher than the same level

sudoku region to guarantee the accuracy of the anomaly modeling.
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3.1.3 Results and Discussions

To verify the accuracy and e ciency of the hierarchical sudoku mesh for the borehole
environment, two kinds of numerical experiments are conducted in this section. We
rst apply our hierarchical sudoku meshes to a classical layered formation evaluation
problem with invasion zones; then, we study the capability of distinguishing a water
saturated cavity from an oil saturated cavity by using deep reading tools in carbon-
ate environment. At the linear equation solution phase, a two-step matrix solution
procedure [Peng and Lee (2012)] is used to reduce a large linear system involving all
the unknowns to an interface unknown system involving only the interface unknowns.
To avoid the matrix-matrix division, we do not assemble the interface matrix explic-
itly, but use a Krylov subspace iterative method, the BiCGStab(L) [Sleijpen and
Fokkema (1993)], to perform only matrix-vector multiplications for coupled matrices

and forward (backward) substitutions for subdomain L (U) matrices.
Veri cation: Layered Formation Case

A 15-cm radius borehole with water-based mud of conductivity 5 S/m is modeled in
this section with a three-layer formation including the invasion e ects. The corre-
sponding electromagnetic and geometric parameters are listed in Table 3.1. Notice
that the thickness of the middle layer is 4.5 m while other two layers are half in -
nite modeled by a 13.5 m-thick layer. To measure the formation resistivity, induced
currents need to escape from the invasion zones and inject into the virgin zones,
which can be achieved by an triaxial induction tool of 1-m TR spacing at 13 kHz.
The lateral boundaries can then be set 10 m away from the borehole with scattering
boundary condition to achieve a boundary re ection below 40 dB.

The hierarchical sudoku mesh in Fig. 3.1 (a) is designed as follows: the zeroth-
level sudoku models the borehole together with invasion zones; the rst-level sudoku
wraps the zeroth-level sudoku, modeling the virgin zones; the second-level sudoku
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Table 3.1. Parameters for the layered formation model

Layer Formation Invasion zone conductivity
[thickness (m)] conductivity (S/m) (S/m) [radius (cm)]
Top [13.5] 0.25 0.8 [30]
Middle [4.5] 0.05 0.4 [61]
Bottom [13.5] 0.5 1.0 [30]

Table 3.2: Model statistics for the layered formation model

Subdomain Mesh size [order] Total [Interface] DoFs

Zeroth-level p0:05 0:3¢¢ 0:25r2"s 115,752 [15,392]
First-level 1:5% r5ihs 80,320 [30,560]
Second-level %° r5hs 25,660 [2,840]

wraps the rst-level sudoku and decays the waves until the boundary. By comparing
the sudoku mesh with the traditional tetrahedron mesh as shown in Fig. 3.1 (b),
we can nd that they share some similarities: 1. Both meshes become coarser away
from the borehole, corresponding to the fast attenuation of elds in near- eld region;

2. The smallest meshes appear at the center with about 0.05 m side length, which
can relieve the singularity caused by the imposed magnetic dipole. However, the dif-
ferences are also obvious: 1. The sudoku mesh outside the borehole/invasion region
is structured, which better supports the high-order GLL basis function due to the
orthogonality; therefore the mesh can be much coarser compared to the lower-order
tetrahedron mesh; 2. The unstructured mesh inside the zeroth-level sudoku is ob-
tained by sweeping the 2D quadrilaterals along with the longitudinal direction, which
not only keeps the orthogonality between the longitudinal vector basis functions and
the transverse vector basis functions, but also ts the sweepable borehole/invasion
structure naturally; 3. The gradient sudoku mesh involves non-conformal mesh in-
terfaces, requiring appropriate trasnsition condition to take care, while the gradient

tetrahedron mesh is conformally connected.
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Figure 3.2 : Comparison of imaginary parts of co-planar components between the
DGFD and COMSOL

The corresponding numerical information obtained for the sudoku mesh is pro-
vided in Table.3.2. Since the DDM is used as a preconditioner in our DGFD method,
the unknowns involved in our iterative solver are only at the interface; therefore, al-
though the total DoFs is above 200,000, the dimension of the actual linear system is
below 50,000. On the contrary, COMSOL will need to solve all unknowns together in
the linear solution phase, which includes more than 1,000,000 unknowns to achieve
the same accuracy.

The co-planar components ki ; Hyy ; H,, are plotted in Fig. 3.2 to verify the pro-
posed sudoku mesh; note that only the imaginary parts of the elds are plotted,
because the real parts are directly coupled with the magnetic dipole and cannot
re ect the induction current information; besides, though all nine components are
computed, only non-zero co-planar components are shown here. All three compo-

nents in general agree very well between the sudoku mesh-based DGFD and the
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Table 3.3: Model statistics for the deep reading case

Subdomain Mesh size [order] Total [Interface] DoFs
Zeroth-level  p:1  0:5¢ 0:25r2"s 437,152 [96,800]
First-level 13 r4ths 435,808 [193,664]
Second-level 3r4hs 145,504 [64,640]
Third-level 9% raths 46,740 [21,248]
Fourth-level 27 r4hs 16,388 [7,424]
Fifth-level 812 p54 8lq s 6,064 [800]
Anomaly (inner) pl - 2¢f r2vs 79,606 [20,960]
Anomaly (outer) R 4q r29s 32,414 [9,600]

tetrahedron mesh-based COMSOL,; a little error occurs for the transverse compo-
nents at the formation interface, which can be attributed to the accuracy loss of the
DDM. When both codes are run on a 8-core server, the 111 independent iteration
processes (37 logging points 3 polarization directions of the source) take about 15

min for DGFD and 50 min for COMSOL.
Application: Cavity Identi cation by Deep Reading Tools

In hydrocarbon exploration eld, the seismic surveys can provide the porosity of
formation; for high porosity region, the logging tools are employed to identify whether
they are saturated with oil or water. By following the same spirit, we migrate the
techniques from formation evaluation to deep investigation, where the seismic surveys
can nd the cavities deep embedded in the carbonate rocks by porosity, and then
the induction tools can distinguish the oil from water by conductivity contrast.

To set up the model, we suppose a composite cavity with the nearest edge 6
m away from the borehole along the positivex axis as shown in Fig. 3.3, where
meshes of di erent sudoku levels are shifted a bit along the direction to make
the details clearer. The cavity includes a frustum of 10-m bottom radius, 5-m top

radius and 5-m thickness with a 5-m radius hemisphere on its top. Further, since
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Table 3.4: Parameters for the deep reading case

Material Conductivity (S/m)
Carbonate rock 0001
Oil-based mud borehole 05
Water saturated cavity 1
Oil saturated cavity 0:05

Figure 3.3 : Hierarchical sudoku mesh of the deep reading case. The cavity (pink
regions) is decomposed into two subdomains with di erent mesh density conforming
to the level of adjacent hierarchical sudoku meshes.

the cavity crosses two levels of hierarchical sudoku meshes, it is decomposed into two

subdomains with the inner subdomain meshed denser than the other one as shown
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in the inset. All three dimensions are around 200 m to reduce the boundary e ect
together with the scattering boundary condition. Detailed mesh grid information in
Table 3.3 shows the total DoFs with hierarchical sudoku meshes ar2Q 1C; to
secure the same accuracy, COMSOL employs the second-order basis functions and
needs about 1D 1C° DoFs. The one order DoF reduction can be attributed to
the lower PPWs requirement of the high-order basis functions over the low-order
basis functions and the lower PPWs requirement of swept hexahedra over tetrahedra
for cylindrical structures under the same order basis functions. Moreover, since the
number of interface unknowns reduces by two thirds per sudoku level starting from
the rst-level sudoku, only about 0415 1 interface unknowns are actually solved
by the linear system, which helps to improve the convergence behaviour.

Detailed electromagnetic properties are listed in Table 3.4. To read the deep
buried anomaly, the TR spacing of the deep reading tool should be proportional to
the required DOI and then larger than that of the traditional induction tool. In this
case, we employ a 8-m TR spacing and the dominant triaxial results of 24 logging
points are plotted in Fig. 3.4. The DGFD results agree with the COMSOL results
well, and only take 3 iterations and 1.5 min per component per logging point to arrive
at a relative residue around 3 10 ¢, while COMSOL needs 8.4 min per component
per logging point on a 8-core server.

Let's dive deeper into Fig. 3.4; all the ve components have tremendous di erence
between the responses of an oil saturated cavity and a water saturated cavity, where
the water saturated cavity induces larger response than the other cavity due to
the larger conductivity contrast. Among co-planar components, K has largest
normalized response around 50 % (4 %) for the water (oil) saturated cavity. The
normalized response of cross-coupled componentg Bind H,, are 57 % (8 %) and 50
% (5 %) for the water (oil) saturated cavity, respectively. When focusing on the water
induced responses, we can divide the ve gures into two groups according to the
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Figure 3.4 : Dominant components of 8-m TR spacing are plotted to determine a
cavity (6 m away from the borehole) saturated with water or oil.

number of peaks. K, and Hy, have one peak, showing that one cavity exists;i H,,
and H,, have two peaks, indicating the cavity has two pieces; particularly, the shape
of H,x is similar to half of the cross section of the cavity. The di erent sensitivity of
components can be attributed to the stronger scattering from components normal to
the cavity; y-polarized magnetic elds are tangential to both frustum and hemisphere
and therefore cannot distinguish them; x-polarized magnetic elds are normal to the
lower part of hemisphere and z-polarized magnetic elds are normal to the bottom
of frustum, inducing larger responses in those areas.

To challenge the deep reading tools, we move the same cavity 11 m away from
the borehole along thex axis; the cavity then ts into the fth-level of the hierar-
chical sudoku mesh and only needs to be wrapped by one subdomain. A 18-m TR
spacing is employed based on the borehole-object distance; the corresponding domi-
nant components are plotted in Fig. 3.5. Let's rst compare Fig. 3.5 with Fig. 3.4,
both of which can distinguish the water saturated cavity from the oil saturated cav-

ity well. Moreover, curves in Fig. 3.5 can be approximately extended from those
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Figure 3.5 : Dominant components of 18-m TR spacing are plotted to determine a
cavity (17 m away from the borehole) saturated with water or oil.

in Fig. 3.4; the similarity indicates the target anomaly is the same, while the lower
spatial resolution results from the tool's larger TR spacing to achieve a larger DOI.
The normalized responses drop a lot, with |1 around 3 % (0.5 %), Hy around 6 %

(1.5 %) and H,, around 3 % (0.6 %) for the water (oil) saturated cavity.
Computational Analysis

At the linear equation solution phase, a two-step matrix solution procedure [Peng
and Lee (2012)] is used to reduce a large linear system involving all the unknowns to
an interface unknown system (3.1) involving only the interface unknown<; is the
coupled interface unknown matrix between subdomainsand j; P; can restrict the
total DoFs to interface DoFs for subdomairi while P,” can revert it; L; and U; are
the LU decomposed matrices of subdomain u; and b are the interface unknowns
and interface sources for subdomain, respectively. To avoid the matrix-matrix
division, we don't assemble the interface matrix explicitly, but use a Krylov subspace
iterative method, the BICGStab(L) [Sleijpen and Fokkema (1993)], to perform only

matrix-vector multiplication (MVM) for coupled matrices and forward (backward)
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Figure 3.6 : Hierarchical sudoku mesh to demonstrate the computational analysis

substitutions for L (U) matrices of all subdomains; the LU decompositions are only
required to perform once per subdomain and computationally light since all the
subdomain matrices not only have smaller DoFs due to the unconformal meshes,
but also have block diagonality thanks to the nite basis functions; to overcome the
convergence problem raised by the large complex eigenpairs of the linear system,

L = 6 is employed for the BiCGStab(L), which requires 12 forward (backward)
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Table 3.5: Matrix properties for the rst deep reading case. Note that the data in
the i diagonal entry represents: total DoFs ( 10°) [nnz of the L matrix ( 1CP)] of
the i subdomain; the data in the o -diagonal positionij represents: the interface
DoFs of the subdomaini :j ( 10%) [nnz of the coupled matrix Cij ( 10°)]. Since

the system is complex symmetric, only the diagonal and upper triangular part are
shown.

substitutions per subdomain and 12 MVMs per coupled subdomain pair in each

iteration.
| PipliUiq P Cy, P.pl1Uqq P{ Ciu up b
PoploUzq P, Cyy | Popl2Upq 1P Cowm u b
PupbmUug Py Cv1 PupbmUvqg Py Cuz | Uwm bv
(3.1)

Since the multiplication number of both forward (backward) substitutions and the
MVM are linear to the number of non-zero entries (nnz) of L (U) matrices and

coupled matrices, respectively, the total number of multiplications can be obtained
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as

N N N
numMultiplication 12 numLogging numiterr = p;nnzL; nnzUqgq =~ mnzGC;gs
i1 i 1) 1

(3.2)
where numLogging is the number of the logging points, numiter is the iteration
number of the BICGStab(L), ; is positive correlated to the ratio between interface
DoFs and total DoFs of subdomaini, nnzL; (nnzU;) is the nnz of L; (U;), and
nnzG;; is the nnz of C; ; notice that since the total unknown system is complex
symmetric, the nnzG; nnzG; and nnzl; nnzU;. For coupled subdomains;j,
the right-hand-side (RHS) of the forward substitutions is padded with zero to its
top by left multiplying P,T, increasing its length from the interface DoFs to the
total DoFs, and therefore the intermediate solution will contain the same amount of
zeros and the multiplication number is much less than the nnz of;Lthe subsequent
backward substitutions, however, do not bene t from the zeros of the RHS, because
its substitutions start from the non-zero bottom part of RHS.

We take the example in Fig. 3.6 and analyze the computation complexity to
solve it with the information listed in Table 3.5. By summing up the total DoFs
of all subdomains, the total DoFs with hierarchical sudoku mesh are obtained as
1:07 10°; to secure the same accuracy, COMSOL will need about:51 1 DoFs.
The one order DoF reduction can be attributed to the spectral convergence of the
high-order basis functions and the higher accuracy of structured or swept hexahedra
over tetrahedra. Moreover, the actual unknown of the linear system to solve only
involves the interface unknowns, which reduce to:815 1(P. The approximate

number of multiplications for each iteration can also read from the Table 3.5 as

NopinnzLy nnzUg ', Y nnzGy p 5628 27:8q 10°, where we suppose

i 0:05 for all coupled subdomains; the large di erence between these two nnz
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indicates the forward (backward) substitution dominates the computational burden
of the iterative solver. In use of (3.2), the number of the multiplications will be
around 18 10%2, given numLogging = 24 3 for 24 logging points with 3 polarizations
and average numlter = 35 for a relative residue around 3 10 8. The computational
time shows the DGFD code beats COMSOL for the Deep reading | with 100 min to
600 min.

3.1.4 Summary

A hierarchical sudoku mesh is introduced to model the induction logging problem
e ciently based on the DGFD. It inherits the gradient property from the progressive
tetrahedron mesh and the high-order structured mesh, and then combines them by
the DGFD-based DDM. Because the hierarchical sudoku mesh's speci ¢ spatial dis-
cretization conforms to the di usion pattern and the geometrical characteristics of
the logging problem with as few unknowns as possible, it provides both fast conver-
gence and short running time in each iteration step. A formation evaluation problem
is used to verify the accuracy of the proposed hierarchical sudoku mesh, and a deep
reading induction tool is employed to distinguish a cavity saturated with water from
oil 6 m (17 m) away from the borehole in carbonate environment successfully. Both
cases demonstrate that with the help of hierarchical sudoku mesh, the DGFD-based
DDM, and theoretically all DDM schemes, can have a better performance when

modeling borehole logging problem over the traditional FEM.
3.2 Flipped TF/SF Mixed Solver for LWD Problems

This section presents a fast and memory-e cient 3D electromagnetic solver for LWD
tools based on the ipped TF/SF DGFD method. The new method inherits the
RTC with surface current sources from the mixed TF/SF DGFD method to couple

non-conformal meshes as well as TF/SF solvers; it then extends to the moving tool
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scenarios for the LWD application with a solver ipping technology and delivers

a single global matrix of dramatically reduced dimension for all source positions,
which can be solved directly on a normal-memory computer. By incorporating the
tetrahedra/hexhedra mixed mesh and the curved domain decomposition method, the
new solver is applied to two LWD cases and about 70% unknowns can be saved for

the ipped TF/SF DGFD remeshed regions.
3.2.1 Background

Electromagnetic LWD tools [Pardo et al. (2006); Wang et al. (2006); Hong et al.
(2014); Pardo and Torres-Verdn (2015); Chen (2017)] have been widely used in the
oil and gas industry to improve the e ciency of the well placement; through mea-
suring the formation resistivity, both porosity and hydrocarbon saturation can be
estimated. The new generation of LWD tools, such as the deep directional resistivity
(DDR) tool, can provide an improved depth of investigation DOI of over 30 m, and
then can better map the near-wellbore reservoir structure [Hu et al. (2017)], near-
wellbore hydraulic fractures [Fang et al. (2017); Dai et al. (2018)] and navigate the
wellbore trajectories [Chaumont-Frelet et al. (2018)]. To interpret the DDR measure-
ments in high-angle and horizontal (HA/HZ) wells, however, is very di erent from
wireline logging modeling technologies for vertical wells; a full 3D inversion method
[Yu et al. (2017)] is required to process the DDR measurements and reconstruct the
3D distribution of electrical conductivity in real time [Puzyrev et al. (2018)]. Nev-
ertheless, one of the major di culty of the 3D inversion is the high computational
burden, which can be attributed to the involved large number of forward modelling
for the moving tool (di erent transmitter-receiver positions in a long HA/HZ well).
Therefore, a fast 3D forward solver [Ma et al. (2014b,a); Ren et al. (2017); Zeng et al.
(2018a); Zhang et al. (2019a)] is demanded to model this problem.

To e ciently model the LWD tool, the most intuitive way is to include all
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transmitter-receiver positions by a single mesh [Wang et al. (2019)]; then the dis-
cretization of the governing equation will generate one sparse linear system with
multiple RHSs, which can be solved by a parallel direct solver [da Silva et al. (2012);
Puzyrev et al. (2016)] at a comparable cost to one matrix factorization. This elegant
approach, however, can easily generate a large amount of unknowns, because: 1.
the long wellbore trajectory requires to be meshed densely to guarantee the com-
putational accuracy, because the directly imposed dipole sources lead to the eld
singularity and requires a large amount of elements near the sources to alleviate;
2. a large area of formation background needs to be included because the large
DOI of DDR tools. As the direct solver is much more memory demanding than
the iterative solver [Puzyrev et al. (2013); Grayver and Buarg (2014)], several million
unknowns (the speci c number depends on both the model and the solver) can be
hard to solve on a single computer with 128 GB memory (one of the most com-
mon con gurations for a high-performance computing node). To t the sparse linear
system of the 3D LWD model into the direct solver on a single computer, or more
generally, to increase the computing capability under the same computing resource,
a ipped TF/SF DGFD method is employed to reduce the dimension of the lin-
ear system. The TF/SF DGFD method is rst proposed in [Sun et al. (2018)] for
xed-source subsurface problems based on hexahedra and an iterative solver; the
SF DGFD framework is employed for subdomains with sources and the TF DGFD
framework is employed for the remaining subdomains. The advantage of this TF/SF
decomposition strategy is: 1) the SF solver can model the source region more ac-
curately than the TF solver given the same mesh by removing the eld singularity;

2) the source is always wrapped by a homogeneous subdomain with the SF solver
and all other regions employ the TF solver; consequently, the equivalent source can
be added at the interface between the TF-based subdomain and the SF-based sub-
domain rather than added over the scattering objects as the pure SF solver does,
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and correspondingly the time-consuming elementwise volume integral is transformed
into the cheap surface integral. This decompaosition strategy, however, is not suitable
and not comprehensive to model the moving tool in LWD applications. First, the
anomaly region is usually employed with dense meshes to capture its geometry fea-
ture; therefore, when the source locates inside this region, the TF solver should be
Su cient to guarantee a good accuracy and the SF solver is then redundant. Second,
the work ow of the domain decomposition and the solver distribution is not provided
for the moving tool, and most importantly, whether the TF/SF solver can keep the
invariance of the system matrix for the moving tool is not studied yet. Third, if the
system matrix is invariant for di erent source positions, then a direct solver should
be used instead of the iterative solver to handle multiple RHSs all at once. Fourth,
the subsurface can be very distorted and the layered formation can be curved, which
requires to incorporate other techniques into the TF/SF DGFD framework to model
complicated scenarios.

To extend the TF/SF DGFD to the LWD application and answer above four ques-
tions, we propose a ipped TF/SF DGFD method in Section 3.2.2, which not only
keeps the advantage of avoiding elementwise integration of the scattering objects, but
also handles the moving source scenario e ciently and elegantly; the modi ed do-
main decomposition strategy is then demonstrated to share the same system matrix
for di erent source positions in Section 3.2.2; tetrahedra/bricks mixed meshes are in-
troduced to e ciently model a cylindrical lithologic reservoir w/ or w/o a transition
zone in Section 3.2.3; the tetrahedra/hexahedra mixed meshes and curved domain
decompositions are then introduced to model a large-scale oil trap case including a
salt dome, a fold and a fault in Section 3.2.3. For all cases, the parallel sparse direct
solver intel MKL PARDISO (called as PARDISO in the following) is employed to

solve multiple RHSs together e ciently [Schenk and Gartner (2004)].
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3.2.2 Flipped TF/SF DGFD Method

New Domain Decomposition Work ow

Based on the time harmonic assumption with theg" time dependence, both the

TF-based and SF-based wave equations can be written as the uni ed formula

rp . lr Et{sq JW 0 rEt{s

Jifeq jwior P Mieqq (3.3)
where E; is the total electric eld radiated from imposed electric dipoles); and
imposed magnetic dipoledM ;, and Eg is the scattered electric eld due to equiva-
lent electric dipolesJeq JW opr  w0OEbL and equivalent magnetic dipoledv ¢4
JW op ¢ w»Hp. The background elds E, and Hy interact with the object to
serve as the equivalent sources.op oG (p G bP g are the vacuum permittivity
(permeability), material and background relative permittivity (permeability), respec-
tively.

With the Galerkin's method, the curl-conforming basis functions are employed
for testing. Assuming that the computational domain is divided into N nonoverlap-

ping subdomains, the weak form of (3.3) is given for thieth subdomain as:

1 . . .
: r me mat posegy
JW 0 piq
» Y
jw o . pq ?th{s’jqu Pg ARd Ht{st
B nig
» »
pig W o0 g
pq lrlq M i{eqpqdv (3_4)
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For LWD applications, the TF solver will require dense meshes around both sources
and anomalies; while the anomalies indeed demand dense meshes to capture complex
geometries, the excessive meshing near the sources can be alleviated by employing
the SF solver [Puzyrev et al. (2018); da Silva et al. (2012); Grayver and Bdrg (2014);
Sun and Nie (2008)]. To further save unknowns, coarse meshes with high-order basis
functions [Sun and Nie (2008)] can be employed to capture the smooth scattered
elds more e ciently.

However, (3.5) shows that the equivalent sources of the SF solver add nontrivial
computations as integrating over scattering objects as many times as the number
of source positions. Even worse, the layered formation can make the volume of
scattering objects comparable to the whole computational domain. To tackle the
undesired integrals, a new domain decomposition strategy is proposed here for LWD

applications:

1. Assingle mesh grid and a single domain decomposition are employed for di erent

source positions to reuse the system matrix;

2. Anomalies require dense tetrahedra to capture complicated or distorted struc-
tures; therefore, the TF solver can be employed for these subdomains naturally

without introducing the eld singularity.

3. Planar or curved layered formations can be discretized e ectively by hexahedra

from sweeping quadrilaterals;

(a) For each single source, the subdomain that contains it should use the SF
solver to avoid eld singularity, and also be homogeneous to avoid the
undesired volume integrals; other subdomains can contain di erent media

but require the TF solver to avoid volume integrals.
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(b) To model all the sources with a single mesh, any subdomain that ever
uses the SF solver should be homogeneous; in other words, each layer
through which the tool penetrates should be distributed into independent

subdomains.

(c) Since subdomains are either using the SF solver or away from the source,
the computed elds are supposed to be smooth, where high-order basis

functions t well with fewer unknowns.

The solver distribution can be summarized as follows: the subdomains of anoma-
lies and the subdomains of formations that the tool does not penetrate through
always employ the TF solver; the subdomains of formations that the tool penetrates
through will ip between the TF and SF solver for di erent source positions. Since
subdomains are not assigned with a single solver but may ip between two solvers,

we call this new strategy the ipped TF/SF DGFD method.

Invariance of the System Matrix

To use a single matrix for all sources in the LWD problem, we need to make sure
the ipping of the TF/SF solver honors the invariance of the system matrix. Let's
consider a uni ed weak form of wave equation for the TF/SF solver in nonoverlapping

subdomaini as,

1 . . .
- r pa ?q 1r Et{qudV
JW 0 piq
» ¥
jW 0 . pq Pth{andV Ad Mg Ht{sds
B pig
» »
pig JW o g
LI VIV (3.5)
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where is the curl-conforming testing functions [Necelec (1980)],E; is the total
electric eld radiated from imposed electric (magnetic) sourcel (M), and E; is the
scattered electric eld from equivalent electric (magnetic) sourcedeq JW op;
wEb (Meq W op ¢ w»0Hp). The background elds Ej E: Es and
Hy, H: Hs interact with the object to serve as the equivalent sources.op g
P G bP pgare the vacuum permittivity (permeability), material and background
relative permittivity (permeability).

If the computational domain has not been divided into subdomains, the surface
integral term in (3.5) will be replaced by appropriate outer boundary conditions
like the ABC or the perfectly matched layer (PML); then it is clear that a single
bilinear term and system matrix will be shared for di erent sources and di erent
solvers. However, the TF/SF DGFD method introduces a modi ed RTC between
the subdomains of di erent solvers, di ering from the normal one by a current source
term as detailedly shown in [Sun et al. (2018)]. Whether this will alter the invariance
of the system matrix under solver ipping has not been studied and will be tackled
here. By supposingi as the local subdomain and as the adjacent subdomain,
we unify the RTC of the numerical magnetic ux for two di erent TF/SF solver

combinations (: TF solver & j: SF solver, andi: SF solver &j: TF solver)

APd Ht{s priq ijqql r ZPdpAd Ht{sldq
Z A apAa pHs{tqu Hbq

AP APY p E A9 p E Y Epqgs (3.6)

whererf??® denotes the outward normal unit vector from subdomaim at boundaries,
p q denotes the theoretical eld at the boundaries.ZP9 and YP9 are the complex
impedance and admittance in subdomain. From (3.6) we read, when the local

subdomaini uses the TF solver and the adjacent subdomain uses the SF solver,
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the numerical ux generated by the scattered elds from subdomain need to add
the background elds to ensure the energy conservation; conversely, when the local
subdomaini uses the SF solver and the adjacent subdomajnuses the TF solver,
the numerical ux generated by the total elds from subdomainj need to subtract
the background elds to ensure the energy conservation.

To demonstrate that the additional current source term will only appear as a
RHS term in the linear system and will not alter the system matrix, we plug (3.6)

into (3.5) and only keep the surface integral term, the equation will then become
Y
ds nfa pzldq Z”qq 1
B pid
r ZPdpAa Ht{spiq ZAapAq Hs{tqu
Afd  ApRa p Et{spiq Es{tquqs
Y
ds Pa p ZAapAq Hy Afa  ApRa Evq (3.7)
B pig
The left-hand-sides (LHSs) will contribute to a system matrix the same as a normal
RTC, sinceEg; Hg; will be merged into the eld unknowns and not a ect the system
matrix; the RHS is the additional term enforced by the energy conservation, which
can also be viewed as a surface current source because no unknowns are involved.
Recall that the ipped TF/SF DGFD method ensures that only the formation sub-
domain with sources employ the SF solver: from the adjacent TF-based subdomains'
view, the elds from imposed source are \delayed" until the surface current source,
which e ectively remove the eld singularity from the imposed dipole sources; from
the SF-based subdomain's view, the background eld information from the TF-based
domains is Itered out by the surface current source and only the scattered elds in-
formation is fed back. The RTC of the numerical electric ux can get the same

conclusion and will not be repeated here.
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Figure 3.7 : Comparison between the conformal tetrahedra and non-conformal
tetrahedra/bricks mixed meshes for the in nitely long lithologic reservoir model

3.2.3 Numerical Results and Discussions

Cylindrical Lithologic Reservoir Model w/ or w/o a Transition Zone

We start from an in nitely long lithologic reservoir model similar to that in Section
IV-A of [Wu et al. (2019)]. For one thing, this is a 2D model, for which the 2.5D
fast algorithm proposed in [Wu et al. (2019)] can validate the ipped TF/SF DGFD
method; for another, we can then taper the reservoir along the invariant direction
and demonstrate the full 3D model's in uence on both the conventional LWD tool
and the DDR tool.

As shown by Fig. 3.7, an in nitely long cylindrical reservoir (pink region, 1 S/m
conductivity) with a semi-elliptical cross section of 8-m major axis and 3-m minor
axis lies along the y direction in a homogeneous formation (light blue region, 0.01

S/m conductivity). The computational domainisa 35 m 20 m 35 m box, half
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of which is depicted here to expose the 20-m long logging path with a 4fviation
angle (orange solid line) on a center section vertical to the y direction. The TF
solver (Fig. 3.7a) requires dense tetrahedra (0.2-m mesh size) along the logging path
to accurately model the elds near sources. In contrast, the ipped TF/SF DGFD
method divides the whole computational domain into three subdomains (Fig. 3.7b);
the middle anomaly subdomain keeps the same mesh, while the top and bottom
formation subdomains employ structured meshes with high-order basis functions to
save the total unknowns. Notice that if we notate the solvers for di erent subdo-
mains in the order of top/middle/bottom, we will have SF/TF/TF for the source
located at the top subdomain (green line), TF/TF/TF for the source located at the
middle subdomain (orange line) and TF/TF/SF for the source located at the bot-
tom subdomain (blue line). The meshes of the top and bottom subdomains become
coarser away from the middle subdomain, because all the sources are either directly
imposed inside the middle subdomain, or added as the surface current sources at the
middle subdomain's top/bottom boundary.

The logging curves of a conventional LWD tool working at 100 kHz with a 8-feet
TR spacing are computed by the 2.5D FDM, the 3D FEM with conformal tetrahedra
and 3D TF/SF DGFD as shown in Fig. 3.8. The label of y-axis represents the true
vertical depth (TVD) of the midpoint between the transmitter and the receiver, with
the TVD of the reservoir's horizontal plane as zero; besides, the component direction
is denoted by tool coordinates. Notice that for the DGFD results, all the receivers in
the SF-based subdomain have already added a background eld; the background eld
is the same for di erent receivers because the formation background is homogeneous
and the TR spacing is xed. Fig. 3.8 shows good agreement for the complex coplanar
components among three methods. The 2.5D FDM computes a sliding 12 nil2 m
square domain for every logging point and employs excessive meshes (16,926 DoFs)

to correctly capture the curved reservoir to serve as the reference. The 3D FEM
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Figure 3.8 : Comparison of all three complex coplanar components among the 3D-
DGFD, 3D-FEM and 2.5D-FDM

discretizes the whole computational domain as shown in Fig. 3.7a with tetrahedra
of the second-order basis functions; the PARDISO complex and symmetric matrix
solver requires 25 GB and 3 minutes on a single Intel Xeon E5-2680v3 processor of
12 cores to numerically factorize its linear matrix of 1,306,972 DoFs. The 3D DGFD
divides the computational domain into three subdomains as shown in Fig. 3.7b, and
models the middle subdomain with the same tetrahedra as its counterpart in the
3D FEM modeling and the top/bottom subdomains with bricks of the fth-order
basis functions; the dimension of the resultant system decreases to 653,420 (295,890
for the middle subdomain and 178,765 for the top(bottom) subdomain), and can be
factorized by the PARDISO solver with 17 GB and 2 minutes on the same processor.
Note that if we only compare the TF/SF DGFD remeshed region, the DoFs reduces
from about 1,000,000 to 357,530, which saves up to 65% unknowns. Additionally,

one may notice that the decrease of the running time and memory cost is not as large
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