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Abstract

Efficiency and fairness are two major objectives in designing economic systems —
they provide guidelines on the desirability of economic solutions. However, perfectly
efficient and fair utopian economies are often nonexistent or impractical, due to in-
centives, lack of information, computational hardness, etc. In this dissertation, we
address this impossibility with methodology from the study of approximation algo-
rithms. Through various cases in the field of computational economics, we demon-
strate how to establish and improve the design of provably guaranteed approxima-
tions on an ideal yet impossible level of efficiency and fairness. En route, we resolve

several open questions in computational social choice and mechanism design.
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Introduction

1.1 Overview

1.1.1 The Holy Grail: Efficiency and Fairness

A primary purpose of the study of economics is to understand how economic struc-
tures affect people, and to use that knowledge to improve the well-being of the society.
To this end, economists design systems with good efficiency and fairness.

There are various interpretations of the terms. A commonly adopted, natural
view of efficiency is the utilitarian (Benthamite) one, where an economic system is
efficient if it maximizes the sum of utilities of its participants. For instance, if a
social planner is allocating several unrelated indivisible items to a group of people,
then the efficient solution will be to allocate each item to the person who wants it
the most.

A prominent criticism of the utilitarian view is that it ignores the distributional
inequality: It treats an additional unit of utility for a wealthy, satisfied person the
same as that for a person in great need. The pursuit of fairness suggests that max-
imizing the sum of utilities should not be the sole criterion on the desirability of

economic solutions. At one mathematical extreme under the fairness guideline, the



max-min (Rawlsian) fairness aims to maximize the utility of the person with the
least utility. There are notions that interpolate between the utilitarian view and the
max-min fairness, such as the Nash welfare which maximizes the geometric mean of
the utilities. Many other fairness concepts exist, such as equal opportunity, balanced
representation, envy-freeness, etc; we do not attempt to list all of them.

Note that the utilitarian view needs to add up utilities of different people, bringing
the philosophical question of whether utilities of different people are comparable.
What we mean by fairness in this dissertation can be expressed as follows: We
do not compare utilities of different (groups of) people, but instead, we require an
efficiency guarantee to hold for all (groups of) people. It shall become clear as we

discuss the models later.
1.1.2  The Impossibility of a Perfect World

For various reasons, we often cannot reach the state of perfect efficiency or fairness
as we ideally desire.

In many situations, the lack of information prevents the ability to design an
efficient /fair economy. This includes cases where the designers are in want of infor-
mation, and cases where the participants are so. Imagine a company is making a
hiring decision between two candidates. As it cannot perfectly know its compatibil-
ity with the candidates, there might be a chance that it makes the wrong decision —
leading to an inefficiency.

Different notions of efficiency and fairness themselves often go against each other.
As a simple example, utilitarian efficiency and max-min fairness objectives may be
optimized at different solutions. We look at another example of methods of charging
income tax. Governments necessarily impose taxes to provide public services, as in
“nothing is certain except death and taxes”. Many countries adopt the structure of

progressive income tax, which means the overall tax rate increases as one’s income



increases, and consider it the fair way of taxation. However, this (along with other
common methods such as the flat-rate tax) mis-aligns the incentives: A rational per-
son might output a lower, sub-optimal level of effort as a result of the distortion of
marginal income rate per unit of effort. On the other hand, under benign assump-
tions, the lump-sum tax, which charges a fixed amount from each person, is the only
tax form that has a marginal tax rate of 0 and thus leads to efficiency. It is on the
extreme opposite of the fairness idea that the rich should be taxed more since they
are the ones who benefit the most from public services.

In lots of scenarios, people who participate in the economic systems are rational
and self-interested. They act to maximize their own well-being, often neglecting the
societal consequences of their actions. The tragedy of the commons is a standard
example, where public resources are overused as a consequence of each agent minding
their own business. Another example is the Myerson-Satterthwaite impossibility
theorem, stating that bilateral trade generally cannot be efficient between two self-
interested agents with private information. A desired trade may not happen due to
the agents’ tendency to lie to get better prices.

In practice, simplicity is desired or even required in designing economic systems.
Indeed, if people cannot understand the system, how can they react properly? As
an example, many countries use tax brackets for income taxes instead of having
a continuous optimized function to describe the marginal tax rates. Additionally,
interpretability is needed in some applications such as credit scoring, which also
limits the potency of the systems.

Some economic problems are computationally hard. For example, even for the
simplistic setting of dividing indivisible items to two people with the same utility
function, optimizing the max-min fairness or the Nash welfare is NP-hard by a
reduction from the partition problem, which suggests that some instances of the
problem cannot be quickly computed. There are computational hardness results

3



about various notions of market equilibria. According a well-known argument, if
algorithms cannot quickly find the equilibrium solutions, how can real people find
them?

Finally, for some efficiency or fairness notions, desired solutions simply may not
exist. For instance, Arrow’s impossibility theorem points out that no voting rule can

simultaneously satisfy some basic, intuitive axioms.
1.1.8 The Compromise: Guaranteed Approzimations

In light of the omnipresent situations where the ideal solutions are unreachable, we
take the compromise of providing guaranteed approximations. We use the standard
framework in the field of approximation algorithms: First, we define a way to measure
efficiency or fairness in an economic system (say higher is better). Next, we define
a benchmark that represents the level of efficiency/fairness in an ideal state. We
then provide a solution that can guarantee some explicit, uniform fraction of the
benchmark in every situation.

In this dissertation, we explore several economic models, mostly in the areas of
social choice and mechanism design. We show how to achieve approximate efficiency
and/or fairness for each model. All our presented approximations are constant-
approrimations, meaning that for some absolute constant ¢ > 0, our solutions
can guarantee at least a c-fraction of the benchmark in terms of predefined effi-
ciency /fairness measurements. In the rest of this introductory chapter, we discuss

each model that we are about to dive into.
1.2 Approximate Efficiency in Metric-Ordinal Social Choice

Voting in practice usually does not elicit the cardinal utilities of each voter on each
candidate. In a single-winner election, social choice rules where they only have access

to the ordinal preferences of the candidates are common and extensively studied. An



existing model assumes all voters and candidates locate in an unknown metric space,
and the cost of a voter on a candidate is the distance between them. The social cost
of a candidate is therefore the sum of its distances to all the voters. The efficiency
objective naturally aims to minimize the social cost.

This line of work tries to answer the following question: “What social choice rule
with only ordinal information achieves the best efficiency guarantee compared with
the optimal rule with full information?” In Chapter [2, we describe a simple rule that
broke an approximation barrier, which also remains the best till this dissertation
among the class of rules with only knowledge of global comparisons of each pair of
candidates. We additionally identify structures of the problem, which later helped

in settling the optimal efficiency guarantee ratio.
1.3 Approximate Fairness in Committee Selection — the Core

Multi-winner elections are also commonly seen in practice, where voters cast their
votes on candidates, with the goal of electing a committee of a given size.

A closely related problem is participatory budgeting, where voters use their votes
to decide what public projects to fund, conditional on a given limited budget.

In both democratic processes, fairness is an essential objective. A long-standing
idea is that every demographic of voters should feel that they have been fairly repre-
sented. We study the classical notion of the core in these settings, which states that
no group of voters can exit the democratic process and find an alternative solution
of size scaled down proportionally with their voting power, so that each voter in the
deviating group is now better-off.

In Chapter |3, we demonstrate that though the exact core solutions may not exist
even in simple situations, approximations of them always do in quite general settings.
The approximations are either in the sense that the voters lose a fraction of their
voting power during deviation, or in the sense that the voters will only deviate if this

5



makes them better-off by a given multiplier.
1.4  Approximate Efficiency under Chamberlin-Courant Scoring Rule

We again look at multi-winner elections, this time on finding an efficient solution.
A classical method in the literature to aggregate voters’ preferences is the (Borda-
)Chamberlin-Courant scoring rule. However, the rule has a major drawback in that
its exact optimization is NP-HARD. In Chapter [4, we show that simple election rules
can give almost optimal efficiency guarantees through our novel analysis framework,

greatly improving the results of existing work.
1.5 Approximate Efficiency in Bilateral Trade

In a bilateral trade, a seller is trying to sell an item to a buyer. The buyer has some
utility for getting the item, and the seller has some utility for not selling the item
(either from keeping the item or from saving the production cost of it). The utilities
are private information and are unknown to each other. We look at the classical
Bayesian setup, where the utilities are drawn from publicly known distributions.

In a perfectly efficient world, the item should go to the person with the higher
utility. This will maximize the gains-from-trade — the expected net utility gain
because of the bilateral trade. The Myerson-Satterthwaite impossibility theorem
states the unfortunate: Efficiency is generally impossible in bilateral trade between
two rational, self-interested people, regardless of the trading mechanism in use, as
long as the mechanism itself is not subsidizing the two people in the trade.

Using our approximation framework, we naturally reach the question: Can we
always guarantee a constant fraction of the gains-from-trade, compared with that in
the perfectly efficient world? In Chapter [5, we answer this in the positive, resolving

a major research question in the field.



1.6 Approximate Efficiency and Fairness in Auctions via Persuasion

In a classical Bayesian auction setting, a seller aims to maximize her revenue by
selling one item to a group of buyers. The seller has no value/cost on the item,
meaning that her producer surplus is equal to his revenue. The buyers as a group,
gain a consumer surplus equal to the value of the winner (if there is one) minus their
payment.

In an efficient allocation, the item should always go to the buyer with the highest
valuation. This may not happen if we simply allow the seller to design the auction,
since her objective is different — to maximize the producer surplus. Instead, we use
Bayesian persuasion to signal to the seller about the buyers’ realized values.

If our goal is merely to maximize efficiency, we can directly tell the seller all the
information about the realized values. In this case, the auction is efficient, and the
seller harvests all the gains-from-trade, leaving the consumer surplus to be 0.

In Chapter [6] we additionally impose the fairness constraint that the mechanism
should result in good consumer surplus as well. Following an existing idea, notice
that the total surplus is at most the efficient-case gains-from-trade, and the producer
surplus is at least her without-signaling revenue, since she can always choose to ignore
the signals. Their difference gives a natural upper bound of consumer surplus, which
we take as the benchmark. Under commonly used distributional assumptions, we
show that a simple signaling scheme can simultaneously approximate the consumer
surplus and the producer surplus well, which we consider to be approximately fair

to both groups.

1.7 Bibliographic Notes
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2

Approximate Efficiency in Metric-Ordinal Social
Choice

2.1 Introduction

Collective decision making and social choice are the cornerstones of modern democ-
racy. Mathematically, a social choice rule is a function that maps ordinal preferences
of voters for alternatives (or candidates) to a single winning alternative. One way to
characterize social choice rules is by adopting the axiomatic approach. Exemplary
works include [Gib73| and [Sat75], where several natural desirable properties of social
choice rules are proposed, and many of them are shown to be incompatible with each
other.

An alternative approach is to adopt the utilitarian view, where agents have latent
cardinal preferences underlying the ordinal preferences [PR06, [CP11, BCH™15]. The
goal is to optimize certain social objectives, the most common being the sum of
utilities of the voters. We view it as a measurement of efficiency. The term distortion
of a social choice rule refers to the worst-case ratio between the objective value that

the rule achieves and the optimal one, where the worst case is over all cardinal
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preferences that are consistent with the given ordinal preferences. However, it has
been established that many common rules have unbounded distortion [PR0O6] and
even randomized social choice rules have distortion of at least Q (y/n), where n is the
number of candidates [BCHT15].

These impossibility results necessitate imposing additional structure on the un-
derlying cardinal preferences. One common approach is the spatial model, where
voters and candidates are located in a certain space (e.g. the Euclidean space) and
the distance between a voter and a candidate is part of the cost function of the
voter [DHG66, [EH84, [EHI0, MIMG99, [Sch07]. For instance, for the social issue of
building a facility serving a neighborhood, it is natural to assume the cost of an
individual is the distance between the her and the facility. As another example, con-
sider a government in the process of making a public policy. If people are viewed to
be on the left-right political spectrum, the cost of an individual can be modeled as
the distance between her and the policy on the spectrum. In both cases, the voters
and candidates are located in a metric space and the costs are the corresponding
distances.

When the cardinal costs are assumed to be distances in an underlying metric
space, it is possible to achieve constant distortion. The work of [ABE™ 18] shows that
selecting any candidate in the uncovered set [Mou86] — for instance, the Copeland
voting rule — guarantees distortion of 5. (Please refer to Section for descrip-
tion of several common voting rules.) They also show a lower bound of 3 for the
distortion for any (deterministic) social choice rule. The exact value of the opti-
mal distortion was an open question — neither the upper bound of 5 nor the lower
bound of 3 had been improved. The work of [SE17] shows that the well known voting
schemes of using scoring rules, as well as the popular single transferable vote, have
super-constant distortion. The work of [GKMI17] shows the ranked pairs rule and
the Schulze method, both of which work on the weighted tournament graph over
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candidates, have distortion of at least 5 contrary to previous belief that they could
improve the bound of 5. The weighted tournament graph places a directed edge
between two candidates with weight equal to the portion of voters who prefer the
first candidate over the second. The work of [GKMI17] then conjectured any social
choice rule that only looks at the weighted tournament graph over candidates cannot

beat 5.
2.1.1 Our Results

Our first result in Section disproves the conjecture that weighted tournament
rules cannot improve the distortion bound below 5. We improve the distortion upper
bound to 24++/5 ~ 4.236 using a weighted tournament rule. We achieve the bound by
generalizing the notion of uncovered sets to a class of weighted rules. We show 4.236
is indeed the best distortion achievable by this new class of social choice rules. This
distortion ratio remains the best known among the class of weighted tournament
rules.

This still leaves a gap between the best lower bound of 3 and the upper bound
of 4.236 for deterministic social choice rules. In Section [2.4] we propose another
social choice rule based on bipartite matchings that generalizes uncovered sets in
a different way. In Theorem [2.4.4] we show that if a candidate that satisfies our
criterion exists, then choosing this candidate yields distortion of 3. In Section [2.4.3]
we present a combinatorial conjecture that implies such a candidate always exists.
This conjecture is finally proved later by the breakthrough work of [GHS20]. A

different, simpler proof of our conjecture is given by [KK22].
2.1.2 Related Work

We refer to the readers a comprehensive survey of the topic by [AFSV21]. Below we

briefly mention some interesting lines of related research with their central problems
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still being open.

Distortion of randomized social choice rules In addition to deterministic social choices
rules, randomized rules have been studied in the metric distortion setting. It is
possible that they can achieve better distortion than deterministic ones: Randomly
selecting a voter to be the dictator achieves distortion of 3 [FEG16, [AP17]. On the
other hand, no randomized rule can get distortion better than 2.112 [CR22]. The
remaining gap gives a fascinating research direction. It is known that no truthful
randomized rule can beat 3 [FFGIL6] and no weighted tournament rule can beat
3 [GKMI7]. We focus on deterministic rules since one might argue that randomized
rules are unsatisfying for practical implementation and interpretability, and much

literature on social choice has therefore focused on deterministic voting rules.

Other Graph Problems in the Metric Distortion Setting The metric distortion frame-
work is powerful enough to be applied to settings beyond that considered in this work.
For example, low-distortion algorithms for the maximum bipartite matching problem
and other graph problems in metric spaces are proposed in [AS16a, [AS16b]. How-
ever, distortion bounds for minimum-cost versions of graph problems remain elusive.
The best known results still have polynomial dependence on n [FFZ14, ICFET16]. It

is an open prominent question whether better bounds are possible.

2.2  Preliminaries

2.2.1 Social Choice Rules

Let C = {1,2,...,n} be a set of n candidates and V = {1’,2',...,m'} be a set of
m voters. Let A = C UV be the set of entities in the voting system. For each
voter v € V, she has a strict preference ordering o, on the candidates in C. We call

o = {0, }vey the voting profile. If v € V prefers ¢; € C to ¢y € C, we write ¢1 >, ¢
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or ¢ <, ¢1. Let Oy be the family of strict orderings on k elements. A social choice

rule is a function

f+ U )" =N

n,m=1

that takes m orderings on n candidates and outputs one of the n candidates. The
output of f is the winner of the social choice rule.

Throughout the paper, we reserve upper-case letters A, B, C, D, X, Y, Z to denote
candidates. AB is the set of voters that prefer A to B. ABC'is the set of voters
that both prefer A to B and prefer B to C. For any set S, we use |S| to denote the
size of S. E.g., |AX| is the number of voters who prefer A to X.

We will need the following definition later.

Definition 2.2.1. For any voter v € V and any candidate X € C, P,(X) := {X} U
{Y eC|Y =, X} is the set of candidates that v likes at least as much as X.
Similarly, Q,(X) :={X}U{Y € C|Y <, X} is the set of candidates that v likes at

most as much as X.
2.2.2  Metric Distortion

We assume the candidates and the voters are located in the same metric space (A, d),
where d : A x A — R> is the metric (distance function). As a metric, d satisfies the

following conditions:
1. Positive definiteness: Vi,j € A,d(i,7) > 0 and d(i,j) =0 < i =j.
2. Symmetry: Vi,j € A, d(i,5) = d(j,1).
3. Triangle inequality: Vi, j, k € A,d(i,j) + d(j, k) > d(i, k).
We say a metric d is consistent with a voting profile o if

Vo EV.VA,BEC: A=, B = d(A,v) < d(B,v).
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Here we allow a voter to have equal distances to different candidates. This is only

to eliminate the need of infinitesimal distances in later analysis. Similar results can

be derived if we require d(A,v) and d(B,v) to be different in the above definition.
We define the social cost of a candidate X with respective to a metric d as:

S(X,d) =) d(v,X)

veY

and the distortion of a social choice rule f as:

A(f) = sup sup 5(f(),d)

o d consistent with o minAEC S(Aa d)

2.2.3 Weighted Tournament Graphs

We can construct a tournament graph on the candidates by looking at their pairwise
relationships: Let C be the set of vertices. For each pair of A, B € C (A # B), draw
an edge from A to B if A pairwise beats B: |AB| = |{ve V: A >, B} > 3 (break
ties arbitrarily). The result is a directed graph where there is exactly one directed
edge between any pair of vertices. If a social choice rule makes decision only based
on the tournament graph, it is called a tournament rule, or a C'1 rule [Fis7T].

One way to generalize the class of tournament rules is to further consider the
margin of each winning. For each pair of A,B € C (A # B), draw an edge from
A to B with weight %. In the resulted weighted tournament graph, there are two
directed edges between any pair of vertices. A social choice rule making decision

only based on the weighted tournament graph is called a weighted tournament rule,

or a C2 ruldl| [Fis77].
2.2.4  FExamples of Social Choice Rules

Now we present some social choice rules from existing literature, along with their

distortion bounds.

1 To be precise, in [Fis77], a social choice rule is C2 only if it is not C'1.
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UNcoVvERED The uncovered set of a tournament graph consists of those candidates
A € C such that for any other candidate B, either there is an edge from A to B,
or there is another candidate C' so that there are an edge from A to C' and an edge
from C to B [Mou86]. The uncovered set is always nonempty for any tournament
graph. UNCOVERED is a C'l rule that selects the alphabetically smallest candidate

from the uncovered set. It has distortion of 5 [ABET18].

CoPELAND COPELAND selects the candidate that has the most pairwise wins, i.e.,
the candidate with the largest out-degree in the tournament graph (break ties al-
phabetically). COPELAND is a C'1 rule as well, and it can be seen as UNCOVERED
with a specific tie-breaking method. It does not improve the 5-distortion of UNCOV-

ERED [ABET1§].

RANKEDPATRS RANKEDPAIRS is a C2 rule proposed in [Tid87]. In RANKEDPAIRS,
the edges of the weighted tournament graph are sorted to have decreasing weights.
We start from an empty graph and add one edge at a time (in the order of decreasing
weights) if it does not create a cycle. A directed acyclic graph (DAG) is resulted
in the end, and the source of the DAG is selected as the winning candidate. It
achieves distortion of 3 when the tournament graph has a circumference (size of
the largest cycle) of at most 4 [ABET18]. However, its distortion is at least 5 in
general [GKMI17].

SCHULZE SCHULZE is a C'2 rule proposed in [Schll]. For two candidates A and B in
the weighted tournament graph, define p(A, B) to be the maximum p so that there
is a path from A to B with each edge having weight of at least p. It can be shown
that there is a candidate X € C so that p(X,Y) > p(Y, X) for any other Y € C.

This X is selected as the winning candidate by SCHULZE. Its distortion is at least
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5 [GKMIT].

OptiMALLP In [GKMI17], the authors show that the optimal distortion can be
achieved by OPTIMALLP involving solving linear programs. The distortion of se-
lecting candidate A comparing to selecting B in an instance is given by the following
linear program:
P(A,B,o) := maximize Z d(A,v)
veY
subject to Zd(B,v) =1,

veV

d is consistent with o.
OPTIMALLP selects the candidate arg min 4., maxgec P(A, B, o). Its distortion was

known to be between 3 and 5 (inclusive). Our work implies OPTIMALLP has distor-

tion of at most 2 + /5.
2.3  Weighted-Uncovered-Set Voting Rule

In this section, we present the WEIGHTEDUNCOVERED rule that has distortion of
2+/5 ~ 4.236 (Theorem , improving the best existing upper bound of 5 for any
deterministic social choice rule. WEIGHTEDUNCOVERED is based on the \-weighted
uncovered set (Definition [2.3.1]), a generalization of the uncovered set [Mou8G]. We
show our analysis is tight by giving a matching lower bound (Theorem . We
also give a lower bound for the fairness ratio (Theorem [2.3.12).

We start by introducing A-weighted uncovered sets.

Definition 2.3.1. Let A € [0.5,1] be a constant. The \-weighted uncovered set is

the set of candidates A € C such that for any candidate B # A, we have:
e cither |[AB| > (1 — \)m,

e or there is another node C' ¢ {A, B} so that |[AC| > (1 —A)m and |CB| > Am.
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F1GURE 2.1: The Cycle in Lemma

Now we present our key lemma showing the A\-weighted uncovered set is a mean-

ingful concept.
Lemma 2.3.2. For any X € [0.5,1], the A\-weighted uncovered set is nonempty.

Proof. We prove by contradiction. Suppose there is no such node A. Then there
must be nodes Xy, X, ..., Xi, Xpi1 = X; in the graph. If we set A = X; and
B = X;41 (i =1,2,...,k), then both of the conditions in the lemma are violated.
Figure |2.1] shows such a cycle.

Letaj:p(in—xj'. Wehaveak:p(in—x’“‘>)\anda2:%<l—)\. When j goes
from k£ down to 2, a; has to drop below A at some time, so we have a; > A while
aj—1 < A. Thus we have | X1 X;| > Am and |X;_;X;| > (1 — A\)m. This contradicts
with the assumption that when A = X;_; and B = Xj, there is no such C' = X,

satisfying the second condition in the lemma. O
Throughout this section, we use ¢ to denote the golden ratio @ ~ 0.618.

Definition 2.3.3. WEIGHTEDUNCOVERED is a social choice rule that picks the

alphabetically smallest candidate in the p-weighted uncovered set.
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Because of Lemma [2.3.2] WEIGHTEDUNCOVERED is well-defined and always
picks a candidate in the p-weighted uncovered set. We state the main property

of WEIGHTEDUNCOVERED below in Theorem and prove it later.

Theorem 2.3.4. WEIGHTEDUNCOVERED has distortion of at most (2+ \/5) R

4.236.
2.3.1 Main Theorem: Improved Distortion Bound

Recall that S(X,d) =", ., d(v, X) is the social cost if X is selected and the metric
is d. First, if |AB| > (1 — ¢)m, the social cost gap between choosing A and B can

be easily bounded.

Lemma 2.3.5. If|AB| > (1—¢)m, then S(A,d) < (2+ v/5) S(B,d) for any metric
d.

Proof. We have

(2 + \/S) S(B,d) — S(A, d)
= ((2+VB)dB.v) —da,0) + > ((2+V5) d(B,v) - d(4,v))

vEAB vEBA
>3 (1 +5)d ) -3 d(AB)
vEAB veEBA

>3 1+2\/5d(A, B)— Y d(A,B)

vEAB vEBA
—d(A,B) - (3 V5 g - )

>0. [l

When showing COPELAND has distortion of at most 5, [ABET18] crucially uses

the following lemma:
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Lemma 2.3.6 (Theorem 15 in [ABET18]). If|AC| > % -m and |CB| > 3 -m, then
S(A,d) <55(B,d) for any metric d.

Lemma [2.3.6] itself is tight, but worst-case analysis is deployed when we assume
every edge in the unweighted tournament graph has weight of 0.5. Actually, if
every edge has weight approaching 0.5, any social choice rule will have distortion
approaching 3 by a similar argument as Lemma [2.3.5] Instead of having the stronger
condition in the uncovered set that |AB| > 0.5m, we allow those candidate A’s
with |[AB| > (1 — A\)m to be in the A-weighted uncovered set. In this way, we can
use unbalanced |AC| and |C'B| and still guarantee the A-weighted uncovered set is
nonempty (Lemma [2.3.2). It turns out that better distortion can be achieved with

carefully chosen parameters.

Lemma 2.3.7. If|AC| > (1—¢)m and |CB| > ¢m, then S(A,d) < (2+v/5) S(B,d)

for any metric d.

To prove Lemma [2.3.7, We need the following technical lemma from [ABE™1§],
whose proof is included here for completeness. Recall that Q,(A) is the set of can-

didates that v likes at most as much as A.

Lemma 2.3.8 (Lemma 14 in [ABET1S]). If >, .\, d(v, B) > % Y wepa Minceq, 4) d(B, C),

then S(A,d) < (14 v)S(B,d) for any metric d.
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Proof. By definition of @),(A) and the triangle inequality,

S(A,d) Zvev d(A,v) _ ZvEAB d(A,v) + ZUEBA d(A,v)

S(B,d) Y ,epd(B,v) Y ey d(B,v)

2 vean AB,v) + 3 cpald(A,v) — d(B,v) + d(B,v))
Zvev d(B> U)

< > ey A(B,v) + 3 cpamingeq,4)(d(C,v) — d(B,v))
N Z’UEV d(87 U)

<14 > vepa Minceq, 4y d(B, C)
Z’UEV d(B7 U)

<

<1+4n7. O

Proof of Lemma[2.3.7. We perform different analysis depending on whether d(C, B) >
d(A,B) or d(C,B) < d(A, B).
Case (1): When d(C, B) > d(A, B):

1 1
> dw,B)> ) d(v,B) > 5 > d(C,B) = 5ICB| - d(C, B).

veVY veCB veCB
Using the assumption that d(C, B) > d(A, B) in this case,

Y d(v,B) > %- (A, B) > g. Y d(A,B).

veY veEBA

Then we apply Lemma [2.3.8 to get S(A,d) < (1 + %) S(B,d) = (2++/5) S(B,d).

Case (2): When d(C, B) < d(A, B):

> d(v,B) > > d(v, B)

veY veABUBACUCBA
1 1
> 5 S dA B+ > d(v, B) + 5 > d(B.C).
vEAB veEBAC veCBA

Notice that for v € BAC, d(v, B)+d(B,C) > d(v,C) > d(v, A) > d(A, B)—d(v, B).
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Thus,

SdwB)> 3 S d(AB) + 5 Y (A B)—d(B.C)+5 Y d(B.C)

vey vEAB vEBAC veCBA
= 3 (AB| + [BAC) - d(A, B) + (CBA| ~ |BAC)) - d(B, )
= 2 ((|AB| + |BACI) - (d(4, B) — d(B,0)) + (|CBA| +|AB) - d(B,C)) .

Because AC C BACUAB and CB C CBAU AB,

> d(v,B) > % (JAC|- (d(A, B) — d(B,C)) + |CB| - d(B,C))

veY

(1 =¢)m-(d(A,B) —d(B,C))+¢m-d(B,C)).

N | —

The second inequality above comes from the conditions that |AC| > (1 — ¢)m,

|CB| > ¢m and the assumption that d(A, B) > d(B,C) in this case. Therefore,

Zd(v,B)

veY

1
>

1—
>2 (7 |CA| - (d(A,B) —d(B,C)) + ¢ - |BA| - d(B, C))

>= ((|CBA| + |BCA|) - (d(A,B) —d(B,C)) + (|CBA| + |BCA| + |BACY|) - d(B, (C))

IR IR S

((|ICBA| +|BCA|)-d(A,B) + |BAC| - d(B,())

:%( YoodAB)+ Y d(B,C)),

veCBAUBCA veEBAC

where the second inequality is from CBAUBCA C CA and CBAUBCAUBAC =
BA. Again by BA=CBAUBCAUBAC, we apply Lemma 2.3.8 to get S(A4,d) <

(1+2) S(B,d) = 2+ V5) S(B.d). O

Proof of Theorem |2.53.4. By Lemma WEIGHTEDUNCOVERED always selects a
candidate in the uncovered set. By Lemma [2.3.5] Lemma [2.3.7] and the definition
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of WEIGHTEDUNCOVERED, WEIGHTEDUNCOVERED has distortion of at most 2 +

V5. =
2.8.2 Lower Bounds

An immediate question is whether our upper bound is tight. Also, is it possible to
choose a A\ # ¢ in the A-weighted uncovered set to improve the distortion? In this
section, we show that our choice of A = ¢ and our analysis are indeed tight. Before
showing the lower bounds, we complete the definition of A-weighted uncovered sets

for A < 0.5.

Definition 2.3.9. Let A € [0,0.5) be a constant. The A-weighted uncovered set is

the set of candidates A € C such that for any candidate B # A, we have:
e cither |AB| > Am (different from the case where X\ > 0.5),
e or there is another node C' ¢ {A, B} so that |AC| > (1—X)m and |CB| > Am.

We did not define A\-weighted uncovered sets for A < 0.5 earlier because for any
such A, selecting any candidate in the A-weighted uncovered set can have distortion

worse than 5. Now we show lower bounds for all A € [0, 1].

Theorem 2.3.10. For any X € [0,1], choosing the alphabetically smallest candidate

in the A-weighted uncovered set has distortion of at least 2 + /5.

Proof. The tight examples are illustrated in Figure 2.2 In both cases, all points lie
on a straight line. In the left case, let p portion of voters be of type v; and 1 — p
portion of voters be of type UQH When p < 1 — ¢, the distortion of choosing A

is at least (=@)lte2

o) ites = 2 + /5. Since A is in the p-weighted uncovered set and

(1 — p)-weighted uncovered set, we rule out A <1 — ¢ and A > .

2 Technically this is only doable for A € Q, but we can add an arbitrarily small portion of other
voters to make A in the A-weighted uncovered set.
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When A € (1 — ¢, ¢), consider the right case in Figure . Let 1 — X\ portion of
voters be of type v; and A portion of voters be of type vy. A is in the A\-weighted

uncovered set. However, the distortion for choosing A comparing to B is at least

8:;\3% =3+2- % When A < ¢, the distortion is greater than 2 + /5. O]

vj:A>y B vy: B>, A v B>y Ay, C

2 1 1

I
|
|
|
|
|
|
! — o o o
|
|
|
|
|
|

X _, ) :
A B

{

A B 7 C
vg:C>v;B>v2A
F1GURE 2.2: Tight Examples for WEIGﬁTEDUNCOVERED with Other Parameters

The fairness ratio of social choice rules was proposed in [GKMI7]:

Definition 2.3.11. The fairness ratio ®(f) of a social choice rule f is:

MAaXRCy:|R|=k d(v, f(o))
O(f) =sup sup max — :
o d consistent with o 1<k<m MIN Acc MAXRCY:|R|=k d(U, A)

The fairness ratio ®(f) is at least the distortion A(f) because it approximates
the sum of k largest costs for any k including m. The distortion of COPELAND is
5 [ABE™18] and its fairness ratio is 5 [GKM17] as well. Since WEIGHTED UNCOVERED
improves the distortion, one may ask whether it improves the fairness ratio as well.

We answer this in the negative:

Theorem 2.3.12. For any X € [0,1], choosing the alphabetically smallest candidate

in the A-weighted uncovered set has a fairness ratio of at least 5.

Proof. When A = 0 or A = 1, the uncovered set contains every candidate so the
fairness ratio is +0o0. Otherwise, consider a setting where C = {A, B,C} and V
contains multiple copies of v; and vy. The distances between pairs of points are
given in Table 2.1l One can verify they satisfy the triangle inequality.
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The preference of v, is C' = B > A and that of vy is C' = A = B. Let Am voters
be of v; type and (1 — A\)m voters be of v, typef]| A is in the A-weighted uncovered
set, but the fairness ratio for choosing A is at least 5 comparing to B, given by the

worst-off 1 voter (vy). O

Table 2.1: Adjacency Matrix of the Tight Example for Fairness

Points | A| B | C | v | vy
A 0|4 4|5 |3
B 4 10 |2 |1 |1
C 4 12 (011 |3
U1 511|110 |2
Vg 311131210

2.4  Matching-Uncovered-Set Voting Rule

In this section, we present the MATCHINGUNCOVERED rule, which is based on an
alternative generalization of uncovered sets. We introduce matching uncovered sets

and the MATCHINGUNCOVERED rule in Section [2.4.1 after which we analyze its

distortion (Theorem [2.4.4)) in Section [2.4.2| In Section [2.4.3] we propose a conjecture

(Conjecture [2.4.8)) which implies the distortion of MATCHINGUNCOVERED is 3. We
use computer-assisted search to verify it holds when at most 14 entities are involved.

This conjecture was finally proved true by [GHS20l [KK22].
2.4.1 Description

Recall that as in Definition 2.2.1] P,(A) is the set of candidates that v likes as least

as much as A and Q,(A) is the set of candidates that v likes as most as much as A.

3 Again, this is only doable for A € Q, but we can add an arbitrarily small portion of other voters
to make the A-weighted uncovered set include A. Instead of looking at the worst-off 1 voter in the
end, we look at the worst-off € portion of voters for a small €.
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Definition 2.4.1. The matching uncovered set is the set of candidates A € C such
that: For any other candidate B # A, there is a perfect matching in the bipartite

graph G(A, B) constructed in the following way:
e The vertices on the left and vertices on the right are both V.

e For a vertex v on the left and a vertex v’ on the right, we draw an edge between

them if P,(B) N Qy(A) # 2.
Example 2.4.2. Let C = {A, B,C} and V = {1, 2,3}. The preference profile is:

A= B»= C
B>y (C =5 A
C»=3 A3 B

A is in the matching uncovered set because G(A, B), G(A,C) both have perfect
matchings, as shown in Figure [2.3| and Figure [2.4, By cyclic symmetry, B and C' are

in the matching uncovered set too.

Py(B) = {A,B,C} @‘@ Qs(A) = {A, B}
FIGURE 2.3: The Bipartite Graph G(A, B)

P(C)={A,B,C} Q\vg Q:(A) ={A,B,C}
P(C) ={B,C} 9" (2) Qa2(4) = {A}

PC)={C}(3)  [3)Qa(A) = {4 B}
FIGURE 2.4: The Bipartite Graph G(A, C)
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Definition 2.4.3. MATCHINGUNCOVERED is a social choice rule that picks the
alphabetically smallest candidate in the matching uncovered set. It picks the alpha-

betically smallest candidate if the matching uncovered set is empty.
2.4.2 Distortion Analysis

The next theorem is the main reason why we introduce matching uncovered sets.

Theorem 2.4.4. Selecting any candidate from the matching uncovered set guarantees

distortion of at most 3.

Corollary 2.4.5. If the matching uncovered set is nonempty, MATCHINGUNCOV-

ERED has distortion of at most 3.

Before proving Theorem [2.4.4] we introduce a new notation specifically for prov-

ing distortion of 3. Fixing the preference orderings {oy}7" ,, define

U(v, A, B,d) .= d(A,v) — 3d(B,v).

Lemma 2.4.6. A social choice rule f has distortion of at most 3 if and only if for

any voting profile o = {ox}i, and for any other candidate B # f (o),

> U, f(e),B,d) <0

veY

for any metric d that is consistent with o .

Proof. Let A = f(o). A social choice rule f has distortion of at most 3 if and only if
for any profile o and any metric d consistent with o, > .\, d(A,v) <33 ., d(B,v)

for any other B € C, i.e., >, ., U(v,A, B,d) <0. a

veEY
Lemma 2.4.7. For a voter v and any consistent metric d:
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1. If v has preference Y =, B =, A =, X, then U(v,A,B,d) < d(B,X) —
d(B,Y).

2. If v has preference Y =, B =, A, then U(v, A, B,d) < d(A,B) —d(B,Y).
3. If v has preference B =, A =, X, then U(v, A, B,d) < d(B, X).

4. If v has preference A =, B, then U(v, A, B,d) < —d(A, B).

5. For any v, U(v, A, B,d) < d(A, B).

Proof. By the preference of v and triangle inequality:

1. If v has preference Y =, B >=, A >, X, then
U(”? A7 B, d) = (d(l}, A) - d(”? B)) - (d(l}, B) + d(”? B))

< (d(v,X) —d(v,B)) — (d(v, B) + d(v,Y))
<d(B,X)—d(B,Y).
2. If v has preference Y =, B =, A, then
U(v, A, B,d) = (d(v, A) — d(v, B)) — (d(v, B) + d(v, B))
< (d(v,A) — d(v, B)) — (d(v, B) + d(v,Y))
<d(A,B) —d(B,Y).
3. If v has preference B >, A =, X, then
U(v, A, B,d) = (d(v, A) — d(v, B)) — 2d(v, B)
<d(v,X)—d(v, B)
< d(B,X).
4. Tf v has preference A =, B, then
U(v, A, B,d) = 2(d(v, A) — d(v, B)) — (d(v, A) + d(v, B))
< —(d(v, A) + d(v, B))
< —d(A, B).

28



5. For any v,
U(v,A, B,d) =d(v,A) —d(v, B) — 2d(v, B)
< d('U, A) - d('Uv B)

< d(A, B). O

Proof of Theorem|[2.4.4. Using Lemma we only need to show ) ., U(v, 4, B,d) <
0 if there is a perfect matching in G(A, B).

We divide the set of voters into two disjoint subsets: AB (those who prefer A to
B) and BA. By (4) in Lemma [2.4.7, we have

> U A Bd)=> U®wABd+ > UvABd

veY vEAB vEBA
< —|AB|-d(A,B)+ Y U(v,A,B,d).
vEBA
For a voter v, we use L, to denote the vertex on the left representing P,(B) and R,
the vertex on the right representing @), (A). Because there is a perfect matching in
the graph G(A, B), there has to be a matching of size at least m — 2|AB| within the
vertices representing BA: {L, |v € BAYU{R, | v € BA}. We write M (u) to denote
the boolean variable whether the vertex u is matched in this smaller matching. If
M (u) is true, we write K(u) to denote the common candidate that u uses in the

matching. Note that the common candidate cannot be A or B between vertices
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representing BA. We have

> U(v,A,B,d)

vEBA

_ 3 Uv, A, B,d) + > Uv, A, B,d)

vEBA:M (Ly)AM (Ry) vEBA:M(Ly)A~M(Ry)

+ > U(v, A, B,d) + > U(v, A, B, d)

vEBA: =M (Ly,)AM(Ry) vEBA:=M (Ly)A\-M(Ry)

< > (d(B,K(R,)) — d(B, K(Ly,))) + > (d(A, B) — d(B, K(L)))
vEBA:M (Ly)AM (Ry) vEBA:M (Ly)A-M(Ry)

+ > d(B,K(R,)) + > d(A, B)

vEBA:=M (Ly)AM(Ry) vEBA: =M (Ly)A-M(Ry)

= > d(A, B) + > d(A, B)

vEBA:M (Ly)A-M(Ry) vEBA:=M (Ly)A-M(Ry)

= ) d(AB).

vEBA:-~M(Ry)

The inequality above is by Lemma [2.4.7, The second last step is because the terms

of d(B, K(R,)) and —d(B, K(L,)) cancel out in a matching. Therefore,

> U(v,A,B,d) < —|AB|-d(A,B)+ ) U(v, A, B,d)

veV vEBA
< —[|AB|-d(A, B) + [{v € BA| =M(R,)}| - d(A, B)
<0.
The last step is because [{v € BA | =M (R,)}| is the number of unmatched vertices on

the right in the smaller matching within BA, which is at most |BA| — (m —2|AB|) =
|AB. O

2.4.3 FExistence Conjecture

We present a combinatorial conjecture which, if true, will guarantee MATCHINGUNCOVERED
has distortion of 3.
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Conjecture 2.4.8. For any C = {X1, Xs, ..., X,,} and V, for any voting profile, at
least one of the bipartite graphs G(Xi, X2), G(X2, X3), G(X3, X4),...,G( X1, X,)
and G(X,,, X1) has a perfect matching.

Conjecture|2.4.8[immediately implies that MATCHINGUNCOVERED has distortion
of 3: If the matching uncovered set is empty, we can start at any vertex A, find the
graph G(A, B) without a perfect matching, then go to B and repeat until we find
a cycle X7, Xs, ..., X;. We delete any candidate not on the cycle from the voting
profile and maintain relative orders for other candidates. Since G(Xj, Xy11) does
not have a perfect matching before the deletions, G(X, Xx+1) constructed after the
deletions does not have a perfect matching either. However, Conjecture denies
the existence of such a cycle. (C in Conjecture is the set of candidates on the
cycle.)

Our conjecture was later proved by [GHS20, [KK22], showing that MATCHIN-

GUNCOVERED indeed achieves a distortion of 3.

Theorem 2.4.9 ([GHS20, KK22]). Conjecture holds, and thus the optimal

distortion of 3 can be achieved by a deterministic social choice rule.
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3

Approximate Fairness in Committee Selection — the
Core

3.1 Introduction

Consider the following scenario: A city is deciding what public projects to fund using
its limited budget b. There is a list of m candidate projects (forming a set C'), where
each j € C' is associated with a cost s;. The city needs to select a subset O of these

projects whose total cost is at most the budget, that is, > ._,s; < b. There are n

j€0
residents or voters (forming a set V') in the city, and each of them has preferences
on how the city should spend its budget. These preferences may not be perfectly
compatible with each other: For instance, families with children may prefer a public
school, while others may prefer a park; people living in the east may prefer projects
there, and so for those living in the west. It is desirable to have a fair process to
decide on the projects to pay for. In participatory budgeting, voters express their
preferences through their votes and influence the decision process. The paradigm has

been implemented in numerous cities across the world [Cab04, [AS21], [pbs, (GKSA19].

A similar problem is seen in multiwinner elections [ABES19, [End17, BCE™16,
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CC83|, [Thi95], where voters select a committee of size b from m candidates. Each
voter holds her own opinions on the committees, and a fair method to incorporate
the preferences of all voters is called for. Mathematically, it is a special case of the
participatory budgeting problem, where each candidate has the same “cost”.

In these settings, simple methods to aggregate the preferences may have draw-
backs. In majority voting, the utilities of a coherent minority group might be entirely
ignored in favor of the majority. Utilitarian ways (maximizing the sum of utilities)
may overly focus on a certain group, disregarding the welfare of the vast majority.
Indeed, many practically implemented voting rules for choosing parliaments and civic
body members, such as the well-known Single Transferable Voting (STV) [TR00],

attempt to address precisely this issue. We naturally ask:

What is a fair solution for participatory budgeting and multiwinner elec-

tions, and how do we reach such a solution?
3.1.1 The Core and Its Multiplicative Approximations

Recall that there are n voters forming a set V', and m candidates forming a set C,
where candidate j has size (or cost) s;. We need to choose a subset O of candidates

with total size at most b (that is, > ._,s; < b). Following social choice terminology,

2
this subset of candidates is called a committee, and the problem of choosing a budget-
constrained committee is called the committee selection problem. Denote the utility
of voter i for a committee T by a utility function w;(T). We naturally assume this
function is non-negative and monotone, with u;(2) = 0.

Although there are copious notions of fairness for committee selection, the core
is a classic and influential one among them. This idea has existed for more than a
century [Dro81l [Thi9%, [Lin58], and serves as a strong notion of proportional represen-

tation. Towards defining this concept, imagine we split the size b among the voters,

so that each voter has an endowment of % that they can use to “buy” candidates.
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A candidate of size s; requires an endowment of s; to “buy”. A committee O C C
with total size at most b is said to be in the core, if no subset S of voters can deviate
and purchase another committee T" C C' by pooling their endowments, so that each
voter in S prefers the new committee 7" to the original one O. Note that the total
endowment of S is [S]2, so that this set of voters can buy a committee 7" of size at

most |S|2. Formally,

Definition 3.1.1 (Core). A committee O is in the core if there is no S C V and

committee 7' C C' with 37,7 s; < I—i' - b, such that u;(T") > u;(O) for every i € S.

The core has a “fair taxation” interpretation [Lin58, [Fol70]. The quantity %
can be thought of as the tax contribution of a voter, and a committee in the core
has the property that no sub-group of voters could have spent their share of tax
money in a way that all of them were better off. As such it subsumes notions
of fairness such as Pareto-optimality, proportionality, and various forms of justified
representation [ABCT17, [FELT17, [AEH™18] that have been extensively studied in
multi-winner election and fairness literature.

Despite the satisfying properties of the core, its strength is also its limitation:
Even in the simple setting of unit sizes, integer budget, and additive utilities (the
so-called approval-set setting with general utilities), the core can be empty. (See for
example, [FMSI§]|.)

A natural approach to circumvent this problem is to show the existence of a com-
mittee that multiplicatively approximates the core. There are two natural directions
of introducing a multiplier. First, stemming from the idea where deviation can be
costly, we say a deviating voter can only retain a constant fraction of its original

endowment.

Definition 3.1.2 (a-Endowment Core). An outcome O is in the a-endowment core

n

if there is no S C V and 7' C C' with } . ;. s; < L. 51 b, such that u;(T) > u;(O)
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for every i € S.

Another generalization is to say any voter must obtain a constant times more

utility in order to be willing to deviate. We define the a-utility core as follows.

Definition 3.1.3 (a-Utility Core). A committee O is in the a-utility core if there
isno S CVand T C C with )7, ;85 < |nﬂ - b, such that u;(T) > a - u;(OU{q}) for

every 1 € S and ¢ € C. We call the candidate ¢ an additament.

Note that we introduce the additament in the definition, since no multiplicative
approximation is possible without it even in the setting with unit candidate sizes
and additive utilities. This follows from examples in previous work [FMSIS].

The idea of a bicriteria (multiplicative and additive) approximation to utilities
in this context was first introduced by [FMSI8]. [PPS21] present an almost identical
definition as Definition [3.1.3] except that the additament ¢ must come from the set

T. This makes their definition more restrictive and the a-core smaller. They show
that when utilities are additive, an O (log %)—utility core solution not only exists,

but can also be computed in polynomial time, where . and uy;, are the largest

and smallest non-zero utilities any voter has for any feasible committee.
3.1.2  Our Results

Our main result is to show the existence of these approximate cores. In Section [3.3]
we show the existence of an O(1)-endowment core solution as long as the utility
functions are monotone. In Section [3.4, we show the existence of an O(1)-utility
core solution when the utility functions of the voters are monotone and submodular,
which can be computed in polynomial time. Submodular utilities capture the notion
of “diminishing returns”, and are therefore well-motivated in participatory budgeting
and multiwinner election settings where each additional project or candidate provides
diminishing marginal utility.
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Theorem 3.1.4 (Main Theorem for Endowment Approximation). For general mono-

tone utilities, a 32-endowment core is always non-empty.

Theorem 3.1.5 (Main Theorem for Utility Approximation). For monotone sub-
modular utilities, a 67.37-utility core is always non-empty. One such solution can be

computed in polynomial time.

In Section [A.2] we improve the approximation ratio for the well-studied special

case of additive utilities for O(1)-utility cores:

Theorem 3.1.6 (Additive Utilities). For additive utilities, a 9.27-core is always

non-empty.

Lower Bounds. In Section [3.5] we present our lower bounds. We briefly discuss
them here. For the a-endowment core, a natural question is whether a multiplicative
approximation factor is necessary. We present the following lower bound to answer

it.

Theorem 3.1.7 (Endowment Core Lower Bound). In the unweighted RANKING or
additive-utility setting, (2 — €)-endowment core of integral size limit b may not exist

for any constant € > 0.

The next natural question is whether our results can be extended to arbitrary
monotone utilities. We show that this is not possible. We present an example in
Section [3.5] to show that an O(1)-utility core (or even any f(n,m)-utility core where
n is the number of voters and m is the number of candidates) may not exist for

general monotone utilities.

Theorem 3.1.8 (General Utility Lower Bound). For general monotone utilities, for

any function ¢ : Zt x Zt — Rt a p(n, m)-utility core can be empty.
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We also show that the case of submodular utilities does need a multiplicative
approximation to the core, and the 1-utility core can be empty. This justifies the
form of Theorem that involves both a multiplicative approximation and an

additament.

Theorem 3.1.9 (Submodular Lower Bound). For monotone submodular utilities, a

1.015-utility core can be empty.
3.1.8 Technical Overview

Our main technical idea is to consider randomized versions or fractional relaxations
of the problem. For the fractional relaxations, for submodular utilities, we extend the
utility to fractional values via the so-called multilinear extension [Von08, [CCPVII];
for additive utilities, the extension is straightforward. We then construct an exact
or approximate core outcome for the randomized or fractional version. We finally
round this solution to find an integer deterministic approximate core solution. The
randomized or fractional solution that we use are entirely different for Theorem [3.1.4]
Theorem m and Theorem m, and we use both dependent rounding [GKPS06,
BPR17| and independent rounding based on the situations. The details are deferred
to each section.

During the rounding procedures, we lose the guarantee that any subset of vot-
ers will not deviate to a new affordable solution. Instead, we can only guarantee
it for any subset of the class of “satisfied” voters. The remaining unsatisfied set of
voters can still deviate to a different coalition. To resolve this issue, we propose an
iterative rounding framework: We recurse on the unsatisfied voters to find a ran-
domized /fractional solution with a smaller budget on total size. The key idea is that
every voter is satisfied at some level of the recursion. We now use the approximation
property of the randomized/fractional solution at each level of recursion to argue

that the number of voters deviating to any fixed committee is bounded. Summing
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this argument over all levels completes the proof.
3.1.4 Related Work

Proportionality and the Core. One classic objective in committee selection is achiev-
ing fairness via proportionality, where different demographic slices of voters feel
they have been represented fairly. This general idea dates back more than a cen-
tury [Dro81], and has recently received significant attention [CC83| Mon95|, BKS07,
ABCT17, [FELT17, IAEHT18]. In fact, there are several elections, both at a group
level and a national level, that attempt to find committees (or parliaments) that
provide approximately proportional representation. For instance, the popular Single
Transferable Vote (STV) rule is used in parliamentary elections in Ireland and Aus-
tralia, and in several municipal elections in the USA. This rule attempts to find a
proportional solution.

A long line of recent literature has studied the complexity and axiomatization of
voting rules that achieve proportionality; see [ABES19, [End17, BCE™16] for recent
surveys. Proportionality in committee selection arises in many other applications
outside of social choice as well. For example, consider a shared cache for data items
in a multi-tenant cloud system, where each data item is used by several long-running
applications [KFMBI17, [FGPS19]. Each data item can be treated as a candidate,
and each application as a voter whose utility for an item corresponds to the speedup
obtained by caching that item. In this context, a desirable caching policy provides
proportional speedup to all applications.

The core represents the ultimate form of proportionality: Every demographic of
voters feel that they have been fairly represented and do not have the incentive to
deviate and choose their own committee of proportionally smaller size which gives
all of them higher utility. In the typical setting where these demographic slices are

not known upfront, the notion of core attempts to be fair to all subsets of voters.
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Fisher Markets. Our fractional solutions are superficially related to the Fisher mar-
ket equilibrium [BS05|, Nas50l, [AD54] when divisible items need to be allocated to
agents, and agents’ utilities are additive. For the Fisher market, the optimum Nash
Welfare solution finds market clearing prices. However, in a Fisher market, the prices
are common to the agents while the allocations are different, while in a Lindahl equi-
librium, the prices are per-voter while the allocation (or committee) is common and
provides shared utility to all the voters. This is a key difference — the Fisher market
has a polynomial time algorithm via convex programming [EGS9], while no poly-
nomial time algorithm is known for the Lindahl equilibrium even when candidates
have unit sizes and voters’ utilities are additive (or linear till the maximum size of
the candidate). Similarly, though the Nash Welfare solution finds market clearing
prices for the Fisher market via strong duality, in the case of public goods, there is
no obvious way to interpret the dual of the Nash Welfare solution as market clear-
ing prices. Moreover, for submodular utilities and multilinear extensions, the Nash

Welfare objective is no longer a convex program, so that strong duality does not

apply.

Approzimate Core. In this chapter, we partially focus on approximating the utility
voters obtain on deviating (see Definition . As mentioned before, this notion
first appeared in [FMS18], and the notion of a single additament in approximation is
due to [PPS21]. The latter work present a logarithmic approximation for the special
case of additive utilities. [PS20] show that the well-known Proportional Approval
Voting method [Thi95] achieves a 2-utility core for the special case where the utilities
are additive and candidates are unit size, with each voter having utility either zero
or one for each candidate. This algorithm can be viewed as maximizing a discrete
version of Nash Welfare, and in essence, Theorem extends this result to the

case of submodular utilities and general costs, showing that it yields a 2-utility core
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for the fractional case of multilinear extension via a polynomial time local search
algorithm. The work of [CEFLMI19] presents a constant approximation for the K-
clustering problem, where the committee is a set of K centers in a metric space, and
the cost of a voter is the distance to the closest center. However, these ideas do not

extend to the committee selection problem we consider in this chapter.

Rounding Techniques. 'The notion of multilinear extension and correlation gap has
been widely used in stochastic optimization [ADSY10], mechanism design [Yanll],
and rounding [Von08, [CCPVTI] [CVZ14]. Typically, it has been used to develop
computationally efficient approaches; on the other hand, we demonstrate an appli-
cation to showing a purely existential result. Similarly, rounding of market clearing
solutions has been used to show approximately fair allocations of indivisible goods
among agents [BKV1S8, [CG15]. The structure of these problems (common prices but
different allocations) is very different from ours (common allocations and different
prices), and we need different techniques. Again, in contrast with the resource allo-
cation literature, we need the rounding just to show an existence result as opposed

to a computational one.
3.2 Model and Preliminaries

Recall that C is a set of m candidates and V' is a set of n voters. Each candidate
j € C is associated with a size s; > 0. For each ¢ € V' and each T C C, we denote by
u;(T") the utility of voter ¢ on committee 7. We always assume u; is a monotone set
function with u;(@) = 0. For some of our results, we assume u; is either submodular

or additive. Below are their formal definitions.
e Monotonicity: w;(T) < u,(T") YI' CT" C C.
e Submodularity: w;(TU{t})—u;(T) > u;(T"U{t})—w;(T") VT CT' C C,t ¢ T".
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o Additivity: wi(T) =) ,cpui({t}) VI CC.

We have a constraint of b on the total size of the committee. We call a committee

O C C feasible (with respect to b) if: Y. ,s; <b.

j€O0
Our goal is to show the existence of the a-endowment or a-utility core for a =

O(1). Recall their definitions:

Definition 3.1.2 (a-Endowment Core). An outcome O is in the a-endowment core
if there is no S C V and 7' C C with } . ;. s; < L. 51 b, such that u;(T) > u;(O)

n

for every i € S.

Definition 3.1.3 (a-Utility Core). A committee O is in the a-utility core if there
isno S CVand T C Cwith } ;785 < |nﬂ - b, such that u;(T) > a - u;(O U {q}) for

every ¢ € S and ¢ € C. We call the candidate g an additament.

Randomized Allocations. We consider randomized committees, which we also call
lotteries, as an intermediate step in our proof later. Let A denote a distribution of

outcomes, where each O € supp(A) is a feasible outcome (i.e. Cost(O) < b).

Definition 3.2.1 (a-Endowment Stable Lottery). A randomized outcome A is an a-

endowment stable lottery if for any T C C of size b', we have Eo A [V (T, 0)] < a-%-n,

where V(T', O) denotes the number of voter ¢’s with u;(7") > u;(O).

When A is deterministic, the definition is equivalent to Definition [3.1.2]

Fractional Allocations. In the sequel, we will consider continuous extensions of the
committee and the utility function. We define a fractional committee as a m-
dimensional vector x > 0. The quantity x; denotes the fraction to which candidate

7 is allocated.

We denote by Cost(x) := > .., ;- s; as the cost of the allocation x. Without

jeC

loss of generality, we assume that > jecSi > b.
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Similarly, we consider continuous utilities U;(x) for the voters, whose construction
will be specified later. Given this notation, an a-utility fractional core, for a > 1 is

defined as follows:

Definition 3.2.2 (a-Utility Fractional Core). A fractional committee x > 0 with

Cost(x) < b lies in the a-utility fractional core if there is no S C V and allocation

z > 0 with Cost(z) < % - b such that U;(z) > aU,;(x) for all i € S.

When a = 1, we call the fractional committee x as simply lying in the fractional

core.

3.3 Existence of a 32-Endowment Core Solution

3.3.1 Fuxistence of 2-Endowment Stable Lotteries

In this section, we consider choosing a stable lottery over committees of weight at

most b. Recall the definition in this setting.

Definition 3.2.1 (a-Endowment Stable Lottery). A randomized outcome A is an a-
endowment stable lottery if for any T C C of size I/, we have Eo A [V (T, 0)] < a-%-n,

where V (T, O) denotes the number of voter ¢’s with u;(7") > u;(O).

We consider the dual formulation of selecting stable lotteries. The existence of a

c-approximately stable lottery is equivalent to deciding:

mAinmSz}x E |V(S,8) —c- w(S) ‘n| <0, (3.1)

S~A b
where A is a distribution (lottery) over committees of weight at most b. Viewing
A as a mixed strategy over the “defending” committees and S’ as the “attacking”
strategy, we treat Eq. (3.1) as a zero-sum game. Duality (or the min-maz principle)

now allows us to swap the order of actions by allowing the attacker to use a mixed
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strategy. Eq. (3.1]) is thus equivalent to

max  min E |V(S4,S.) —c- w(Sa)

. <0 3.2
Do Syw(Sq)<b Sa~ia p " , (3.2)

where A, is a lottery over committees of weight at most b chosen by the attacker.
This dual view provides a convenient tool for showing the existence of approximately
stable lotteries. The rest of the section is devoted to proving Theorem (3.3.1], that we

restate here.

Theorem 3.3.1. For any value b and all monotone preferences, a 2-approrimately

stable lottery over committees of weight at most b always exists.

Per-Voter Guarantee

b

Assume we are given a lottery A,. If there is a committee S, in A, with w(S,) > 3

then 2‘% n>n > V(Sy, S,) for any Sy. This implies V(Sg, S,) —2- @ n < 0.
Therefore, the attacker can remove these strategies from its lottery, and we can
assume A, only has committees with weight at most g.

Given any distribution A, over committees of weight at most g, we need to show
there is a defending committee S; with weight at most b, such that

w(S,)
b

E {V(Sd, Sa)—2-

. n} < 0.
Sar~lqg

Suppose that the strategy A, chooses S; with probability a;, committee Sy with

probability as, ..., S; with oy, where t = 2/¢I. Let

" Sa~Aa b b

i, [18)) - Zaeus)

be the ratio between the expected total weight of the attacking strategy and b, the

allowable weight for the defending strategy. We need to find an Sy of weight at most
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b so that:

E [V(Sa, Sa)] < 25n. (3.3)

~

a a

We will construct a distribution A, over committees S; that satisfies a stronger

property:
Sd~AE£'a~A,1[Sa =, Sq) <28 Yo € [n]. (3.4)

Summing over all voters v implies the existence of a lottery Ay satisfying Eq. (3.3)),
and hence a deterministic committee Sy satisfying the same. This will imply the

theorem statement.

Dependent Rounding

Let p; = min (1, ;‘—&) for i € [t]. We have:

® D€ [0, 1] for all 7 € [t]; and

We will construct the defending committee by including each attacker committee
S;,1 € [t] with probability p;; the details of which are below. We use the random
variable X; to denote whether we include .S; in our defending committee Sy, so that
Sq = Uie[t]; X,;>0 S;. We therefore obtain a distribution Ay over committees S;.

We use the dependent rounding procedure in [BSS18| to construct {X;} given

the {p;}. This has the following properties.

e (Almost-Integrality) For any realization of X;’s, all but at most one of them

takes value in {0, 1} (the remaining one takes value in [0, 1]).
e (Correct Marginals) E[X;] = p; for all i € [t].
e (Preserved Weight) Pr [Zie[t] w(S;) - X; < g] = 1.
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e (Negative Correlation) VI C [t], E [[[,cr(1 = Xi)] < [Ler E[1-Xi] = [,er(1—
Pi)-

To have full integrality instead of the almost-integrality, in any realization, we
include S; in our S; as long as X; > 0 (instead of only fully including it when
X; =1). Since we assumed w(S;) < 2 for all i € [t], using the almost-integrality and
preserved-weight conditions, for any realization of {X;}, the weight of the resulting

S, satisfies

w(Sd) S Z w(SZ) + Z ’LU(SZ) S g + g =b.

i€ft]: X;=1 1€[t]: X;€(0,1)
Analysis

Fix a voter v. W.l.o.g. assume her preference over the sets in A, are S; =, Sy =,

: tv St~
< = . = = e = . =
ool [Samu 54 < GZM JPr 18, = S and X; = X, X; = 0]
= e B = Xe= = X0
1€[t]
<2 o [J0—p)
1€[t] Jj=1
=> 28-p;- [[(1—p)) <28
i€[t] Jj=1

Here, the first step follows because when the adversary chooses set 5;, it only
beats S, if S; included none of Si,5,,...,5;. Here, we are using the monotonicity
of the preference structure: Since S; =, S; for j < ¢, this implies S; =, S; when
S; € S4. The second step follows since the realization of the adversary’s lottery is

independent of that of the defender, and since o; = Pr[S, = S;]. The third step
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follows by the negative correlation property of {X,}. To see the fourth step, note
that if a; > 23, then p; = 1, so that o, - [[_, (1 —p;) =0 =28-p; - [T;_, (1 — p)).
Otherwise, a; = 208p;.

To see the final inequality, note that Zie[ﬂ pill i ~;(1 = p;) is the probability of
the following stopping process picking some set: Pick S; with probability p;; if not,

pick Sy with probability ps, and so on. Therefore, Zie[t] D Hj (1 =pj) < 1. Thus

> iep Pi [ 1j<i(1 = pj) < 1. This proves Eq. (3.4), and hence Theorem m

3.3.2  FEuxistence of a Deterministic Solution

In this section, we show that a O(1)-endowment core solution always exists. We
show this by iteratively rounding the lottery constructed in Section [3.3.1 We first
restate Theorem B.1.41

Definition 3.1.2 (a-Endowment Core). An outcome O is in the a-endowment core

n

if there is no S C V and T'C C with } . ;.s; < 1. 51 b, such that u;(T) > u;(O)

for every i € S.

For the proof, fix a deviating committee S, of weight w(S,). Suppose our final

committee is T" of weight at most b. Our goal is to show that: V(T S,) < 32- w(f“) “n.

Good and Bad Committees

Throughout the proof, we fix two constants 0 < 8 < a < 1, whose choice will
be determined at the very end. To begin, we define a subroutine that returns a
2-endowment stable lottery (via Theorem |3.3.1)) for any subset of voters, and any

committee size.

Definition 3.3.2. Given candidate set [m], voter set V', and committee size b', let
LoTTERY(V', V') return a lottery A over committees of weight at most ¢’ that is 2-

endowment stable for the set of voters V. Similarly, let V3 (S, S,) = [{v € V' | Sa =, S}
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Let x; be the probability that A includes committee S;.

Definition 3.3.3. Given a voter v, we define the set of good and bad committees

relative to A, G,(A) and B,(A) respectively, as follows:

Gu(A) = {S cc

ingl—ﬁ} and BU(A):{SQC

Siivs

ingﬁ}.

Sijvs

The idea is that the good committees appear sufficiently high up in v’s ranking,
while the bad committees are lower down in the ranking. The notion of high and

low is relative to the probability mass A. The following lemma is immediate.
Lemma 3.3.4. If S ¢ B,(A), then S, =, S only if S, € G,(A).

Proof. 1f S ¢ B,(A), then } ¢ ¢x; > 3. This implies } ¢ ¢x; < 1— 3. Since
S, = S, we have Zsitvsa x; < 1—f, so that S, € G,(A). O

The next lemma implies that (a) Any committee S, cannot lie in too many good
sets relative to its weight; and (b) There is some committee (with non-zero support
in A) that does not lie in more than a constant fraction of the bad sets. The previous
lemma rules out the possibility where too many voters prefer S, to such a committee,
relative to the weight of S,, which will be crucial for the algorithm we subsequently

design.

Lemma 3.3.5. Given A = LOTTERY(V', V'), we have the following upper and lower

bounds:

1. For all committees S,, we have

w(S,)
b/

2
H{veV' | S, €G,(A)} <B- V.

2. There exists S with non-zero support in A such that

{oveV' | S¢B.(A}=(1=5)- V]
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Proof. To see the first part, for any committee S,, we have: 1 — ZS¢>uSa T; =

Prs,~a[S; <y Sa|. Summing over v € V',

’UEV/ Sztv Sa

where the inequality comes from the fact that A is 2-endowment stable. Thus there

are fewer than % w(b‘?“) |V'| voters v € V' with 3 ¢ ¢ x; < 1— 3, which is necessary
for S, € G,(A).

To see the second part, suppose S ~ A. Then for each v € V', since ) | Si¢Bu(a) Ti =
1 — B, we have: Pr[S ¢ B,(A)] > 1 — 3. Therefore, the expected number (over the
choice S ~ A) of v such that S ¢ B,(A) is at least (1 — ) - |V'|. Therefore, there

exists an S for which the lemma holds. O
Algorithm

Algorithm (1] shows our full procedure. The main idea is the following: If we pick a
committee S that does not lie in B,(A) for most voters v, then by Lemma [3.3.4 S,
is forced to lie in G,(A) for these voters if S, beats S. But since A is 2-endowment
stable, by Lemma, , there are only a small number of v where S, can lie in G, (A).
We can therefore remove these set of voters for whom S ¢ B, (A), since S makes sure
no S, can capture too many of these voters. This reduces the number of voters by a
constant factor. For the remaining voters, we recursively find another committee of
smaller (but not too much smaller) weight, which reduces the number of voters by
another constant factor; and so on. The key point is that the total weight of all these
committees is a geometric sequence, and the number of voters who can be captured
by S, in each round is also a geometric sequence, showing a constant-endowment

core solution.
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Algorithm 1 Iterated Rounding

1: 4 0; VO« [n]; TO « @; bO) « (1 — a)b.
2: while V) # @ do
3 A® < LorTeRY(V®, 50).
4: Let S® be any committee such that [{v € V¥ | S® ¢ B, (AD)}| > (1 -
B) - [V,
W« {ve vt | 5O ¢ B, (AD)].
YD O\ W),
A SONYFNON
b+ ap®.
9: t+—t+1.
10: end while
11: return 77 < T®,

Analysis

Line [ in Algorithm [I] is valid by Lemma [3.3.5] We next bound the weight of the

final set.
Lemma 3.3.6. w(T/) <b.
Proof. w(TT) < 37,0, w(SW) <37, a1 —a)b <b. O

We finally show that the resulting set is approximately in the core, completing

the proof of Theorem [3.1.4]

Lemma 3.3.7. When a = % and B = }1, then T7 is a 32-endowment core solution

of weight at most b.
Proof. Given S, since V = [n] = {5, W® and TY = Uzt S () using monotonicity,

we have:

Vv (Tf7 Sa) < Z Vw(t) (Tfa Sa) S Z VW(t) (S(t)> Sa) .

t>1 t>1
Since S® ¢ B, (A(t)) for v € W®_ by Lemma , S, =, S® only if S, € G, (A(t)).
By Lemma [3.3.5

2 w(S,)
B b

{v eV |5, eq, (AM)}] < Yo
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Note now that [V®| < B[V so that VD] < Bn. Furthermore, b = abt=Y),
so that b1 = af(1 — a)b. Therefore,

Vo (89,5,) < [{oe V0| 5, €6, (a0)}]

) e < (BT 2 w(Sl)
o1 'S(a> G—ap b "

o

Summing over all ¢, we have

f 0 2a L w(S) |
VT8 £ 2 Ve (8950 < sy Te

This is minimized when 8 = 5. Setting o = %, this is at most 32- w(f“) -n, completing

the proof. O
3.4 67.37-Utility Core for Submodular Utilities

Our overall algorithm proceeds via constructing approximate fractional core for a
well-known continuous relaxation, called the multilinear relaxation. We use a contin-
uous time local search procedure for the Nash Welfare objective to find this fractional
solution. We show that it is almost in a 2-utility fractional core, and subsequently
round it iteratively to find a solution in the approximate integer core. Our overall
algorithm runs in time polynomial in the number of voters and candidates. We first
present the entire algorithm as an existence proof, and then delve into the details of

the running time in Section [A.T]
3.4.1 First Observations

The following steps are without loss of generality, aiming to simplify future deriva-

tions in this section. We will assume ¢ € (0,1/20) is a small constant that we choose
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later. In a proof of existence we can set ¢ = 0; however, we need £ > 0 to achieve

polynomial running time.

o Let v :=max;{u;({j})}, the maximum utility of voter i with a single item.

max
K3

We scale down every u;(T") by a factor of u/"®* and denote this normalized

utility as u}(T) := % (We ignore every voter with u;(C) = 0, since they
will not deviate in any situation.) By submodularity of the utility functions,
w,(T) € [0, m] for every i and T' C C. This step preserves the original problem,
since every voter multiplicatively compares utilities of different committees in

Definition [3.1.3| and different voters compare separately. Therefore, without

loss of generality, we assume max;{u;({j})} = 1 and thus u,;(T") € [0, m],VT C
C.

o We further assume s; < b for each j € C, as otherwise, the candidate cannot

be selected in any feasible committee.

e Now define

Cui={j| 5; < eb/m}

as a set of “small enough” candidates. We place all these candidates in the
solution. Clearly all candidates in Cy take up a total budget of at most b
— the remaining budget is at least (1 — ¢)b. Our algorithm then works with
candidates in:

Co:=C\Cs={j|s; >eb/m}.
Note that each candidate j in Cy now has size s; > eb/m.
3.4.2  The 2-Utility Fractional Core

We now present a procedure that finds an approximate fractional core solution for an

arbitrary budget B € [ﬁb, b], and an arbitrary subset W C V of voters. We present
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the algorithm and its optimality properties below; however, we defer the polynomial

running time analysis to Section [A.1]
Multilinear Extension

Recall that the utility function u;(S) of voter i for S C C' is non-negative, monotone,
and submodular. We first extend these utilities to fractional allocations. A natural

way to do that is to use the multilinear extension.

Definition 3.4.1 (Multilinear Extension, [CCPV11l Von08]). Given a monotone,
non-negative submodular function f, its multilinear extension F is defined for any
x € [0,1]™ as:

F(x)=>_ f(T) <H %‘) [T ==

TCC jET j&T
We will apply the following property of this function.

Lemma 3.4.2 (Concavity along Positive Directions, [CCPV11]). Given a monotone,
non-negative submodular function f, its multilinear extension F' is concave along
positive directions, i.e., for all xo and all d > 0, we have that Fx, a(A\) = F(xo+Ad)

s a monotone, non-negative and concave function of \.

We denote the multilinear extension of voter ¢’s utility function w; for a fractional

committee x as U;(x). The above lemma implies that % >0forallee W,5€C.
J

The next lemma upper bounds the gradient. Here, x_; is x with the j® dimension
removed, and T ~ x_; means that 7" is chosen by including ¢ € C'\ {j} independently

with probability z,.

Lemma 3.4.3 (Bounded Gradient, [CCPV11]).

) _ 5~ py T] - (wi(T U {j}) = wi(T)) < maxy({j}) = 1.
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Nash Welfare and Local Search

The input of the algorithm consists of three parts: The utility function w;(7T) for
each committee 7" C C' and voter i € W, the sizes of the candidates {s;} and the
total budget B € [5Lmb7 b} on candidates in (. Recall that we assume all candidates

in Cy have already been chosen. We assume w.l.o.g. that > s; > B. In our

JEC,
algorithm, we treat the utility function as an oracle which returns the utility of an
agent ¢ on a given committee in O(1) time.

In our algorithm, we will lower bound the allocation z; by an amount z; that is

{1 j €,
€Tr. =

£ B-e :
Zjece s; ] 6 CE.

defined as follows.

Nash Welfare. We will find a local optimum to the following Nash Welfare program

to find the fractional solution.

Maximize Z log U;(x)
iew

Zjngijj < B
r; € [z;,1] Vjel

Let ¢;(x) = log U;(x), and ¢(x) = >,y ¢i(x). This is the objective value of the

above program.

Local Search. 'We call the local search procedure as NW(C, W, {U;}, B). This proce-

dure has a step-size parameter § = % We start with any allocation xg € [gj, 1™
with > ., sjz; = B. Note that such an allocation always exists since we assumed

> jec, i > B, and further, 3., s;jz; = eB.
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Given the current allocation x, we find candidates j,¢ € Cy such that (i) z; <
1-— s%; (ii) zg > 2, + %; and (iii) the following condition holds:
06(x) _ 20x) | =

—. 3.5
Oxj - s 83:g-3g+b (3:5)

Recall that b is the budget for the overall problem, not for the subroutine. While
such a pair of candidates (j,¢) exists, the algorithm increases x; by ¢/s;, and de-
creases xy by §/s,. Note that this update is feasible for the program, and preserves
the cost of the allocation in C} at exactly B, and is hence feasible for the above

program. The procedure stops when such a pair of candidates (j, ¢) no longer exists.
Analysis

In the analysis below, we assume the local optimum can be efficiently computed
and present properties of this solution. The running time analysis is presented in
Section [A.1]

We show the following result, which at a high level, extends the analysis of the
PAV rule for binary additive utilities and unit sizes in [PS20] to the continuous
setting, with submodular utilities and arbitrary sizes. This result will show as a

corollary that NW(C, W, {U;}, B) finds a 2-utility fractional core outcome.

Theorem 3.4.4. Given a set of voters W with utilities {u;} and multilinear ex-
tensions {U;}, and a cost budget B € [5imb’ b} on Cy, let x denote the solution to
NW(C, W, {U;}, B). Suppose a subset S C W of voters can choose an allocation
y € [0,1]™ with Cost(y) < b such that U;(y) > 0U;(x) for all i € S, where 0 > 1.

Then:

(Wl Cost(y)
(1—e) 6—1—2¢

S < =

Proof. Given the local optimum x with 3, s;z; = B. Let My = {j € C'| rj+2 <
J
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yitand My ={j € C | z; <y; < x; + %} Note that M; U My C CYy, since for all
Jj € Cs, we have z; =1 > y;.

Let y" be the allocation where y: = y; for j € M), and y; = z; otherwise.
Note that when moving from x to y’, utility increase for i € S can only come from
allocation increase of candidates in M;. Further, note that the direction y’ — x is

non-negative, since y; > x; for j € My and y; = x; for j ¢ M.

By applying Lemma|3.4.2|to the multilinear function U; and observing that gTU; >

0, we have

ag;(;c) y+Ui(x) 2 ) oz, Wi~ %)+ Uilx) 2 Uiy,

JjeM

where the last inequality follows from the concavity of U; in non-negative directions.

Consider now the allocation z, where z; = y; if j € M; U M, and z; = z;
otherwise. Note that z >y, so that U;(z) > U;(y). Further, the direction z — y’ is
non-negative, since z; = y; > x; = y; for j € My, and z; = y; otherwise. Applying

Lemma [3.4.2] again gives

i) < Uty + 3 50 =y~ o)+ 3 By, ).

ox
JjEM2 J

Combining the relations above and observing that U;(z) > U;(y), we have

oU;(x)

oUi(y')

By Lemma (3.4.3] we have %(j',) < 1forall j € My. Further, y; —y; = y; —x; <

[ b : € _ € ; .
5 < 3755, since s; > =b and § = 55 5. Therefore, for any ¢ € S, we have:

6

oU,;(x) g8 5
TR > Uy — Us(x) — D% — —
J;Ml oz, W= Ui(y) = Uix) = 3150 > (0 = DU() = 555
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where we have used that U;(y) > 0U;(x) for all i € S.

Note now that

B . 2, b 2
Uix) > gy = D> WM (3.6)
7 ZjEC[ S; b-m m2

where we have used that s; < b for all j € C, and B > :=b. Combining the two

inequalities above gives

Zag;x('}{)-yjzw—l—e)-m(x).

JEM; J

Summing this inequality over all candidates in S, we have

>y ax] Do 28l e-1-9).

1€S jEM;
. 0pi(x) 1 8U (x)
Since e, = TG0 0w o Ve have

8¢(X) 8¢z(x) 8U¢ X 1
EjeMl (yj ©Sj - m) - EjeMl <Zi€$ dz;s; Y 3]’) - >ics ZjeMl ax(j) : %

ZjeMl Yj - S5 N ZjeMl Yj - Sj N ZjeMl Yj - Sj
lsl0-1-2)
- Cost(y)
Therefore,
e 200 181 0=1-9) |s|-(0=1-29)

jEMy Oz - 8, Cost(y) n Cost(y)

where we have used that Cost(y) < b and |S| > 1. Let j; denote the j € M; that

achieves the maximum in the previous inequality.

Now, let Ry = {j € C¢ | 2; > z; + Si} Applying Lemma [3.4.2| along the positive
J

direction x gives » ;(x). Since ag;x(jx) > 0 for all j € C, we have

]EC

ij 8% gUi(x).

JER
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Summing this over all : € W, we have:

0¢i(x) _ ZJERI ) axj (x)
ZZIJ'Sj'axj_Sj_Z Us(x) (x) =Wl

iEW jER iew o U
Therefore,
08(x) 93 (x)
D jer, Tt S5 aa;j.);j B 2 iew 2 jer, Vi " S ﬁ < (W] < Wi
D ek Ti " S D jer Tj S T Dem Tics; ~ B(l—e)

The last inequality holds since Do\ g, 5+ 55 < deC/\Rl =55 <md < eB, where
J

we have used that § = 575> —=b o and B > =-b. This implies } jer, Siti > B(1— £).

Therefore,

99(x) W
< .
Jnel}%ri dr;-s; — B(l—¢)

Let jo denote the j € Ry that achieves this minimum.

Note that z;, < y; and xj, > z; by assumption. Further, since x is locally

optimal, Eq. 1' cannot hold for j = j, and ¢ = j;. This means 06(a) o Oe(a)

0z -8j; — 0Tjy-Sjy

e/b. Therefore, we have

[S]-(0—1—2¢)  9¢(x) O¢(x) W]
—e/b< < :
Costly)  ~0apsn S Bay s, S BlI—2)
Rearranging completes the proof. O]

As an aside, the following corollary is immediate if all one wants is an approximate
fractional core on the utilities {U;} and budget b. Note that the proof trivially
extends to any continuous, concave utilities {U;}, since these are concave in positive

directions.

Corollary 3.4.5. The solution x of NW(C,V,{U,;},b) is in a 2-utility fractional
core for any continuous concave utilities {U;}.
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Proof. Setting 6 = 2 and e = 0 in Theorem [3.4.4] if there exists an .S and a solution
y such that U;(y) > 2U;(x) for all i € S, then |S| < @ - Cost(y). This contradicts
Definition and thus completes the proof. O

3.4.3 Randomized Rounding and Satisfied Voters

We now present a randomized rounding scheme on the fractional solution constructed
above. Since the utilities of voters are different but the allocation is the same, we
will need the rounding of the fractional allocation to be oblivious to the utilities.
The natural approach is therefore randomized rounding. Clearly, if we randomly
round, the expected utility of a voter in the integral committee is at least that in the
fractional core. However, the same cannot be said for an arbitrary realization of the
randomization: there can be many voters having lower-than-expected utilities, and
they can form a coalition and deviate. Further, the size of the resulting committee
can exceed the bound B. Therefore, we cannot directly argue that the resulting
integral committee will lie in the core.

Our contribution in this section is to show a rounding procedure that ensures that
with constant probability, a constant fraction of voters obtain at least a constant
fraction of the utilities they obtained in the fractional solution. We will use this as a
subroutine in our main procedure in Section in order to argue that these voters

will not form part of any deviating coalition.
Rounding Procedure

To begin with, in the sequel, we will distinguish between items that are fractionally

and integrally allocated as follows:

Definition 3.4.6 (Fully and Fractionally Allocated Items). An item j € C' in the
fractional solution is fully allocated it x; > 1; we call it fractionally allocated if

z; € (0,1). Note that all items in Cj are fully allocated.

58



The rounding procedure has a parameter x < 1, and executes as shown in Algo-

rithm 2

Algorithm 2 Randomized Rounding of Fractional Allocation x

1: function Rounn(C, W, {U.}, B)

2 x < NW(C,W,{U;},kB)

3 0O+ C4

40 T+ {jeC/|s; <kB}

5 Include j € T3 in O independently with probability min(1, z;)
6 return O
7. end function

Satisfied Voters

We now define what it means for a voter to be satisfied, and present a bound on the

number of satisfied voters after the procedure ROUND is applied.

Definition 3.4.7 (y-Satisfied). Let x be the fractional solution of NW (C, W, {U;}, kB),
and O be the resulting integer committee found by Rounp(C, W, {U;}, B). For

v > 2, we say that voter i is v-satisfied by O w.r.t. solution x if there is a ¢ € C

such that u;(0 U {q}) > “.

Our main result in this section is the following theorem.

Theorem 3.4.8 (Constant Fraction of Constant-Satisfied Voters for Submodular
Utilities). Given the fractional solution x produced by NW(C,W,{U;}, kB) where
|W| = n/, there is a integral committee O produced by RouND(C, W, {U;}, B) with

at least (1 — B)n' y-satisfied voters, where

+ (y — 1)e*. (3.7)
Further, this committee is feasible, so that ZjeOmcé s; < B.

For the proof, we will need the following lemma, which is the analog of Lemma[A.2.7]
for submodular functions.
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Lemma 3.4.9 (Lower Tail Bound, [CVZI10]). Assume f({j}) € [0,1] for all j € C,
and let po = F(x), where F is the multilinear extension of f. Let O denote the
outcome of independent randomized rounding applied to x € [0,1)™. Then for any

p>1:

Pr {f(O) < %} < (per) "

Proof of Theorem[3.4.8. We show that for each voter i, the probability that i is -
satisfied is at least 1 — 3. This implies the number of y-satisfied voters is at least
(1—p)n’ in expectation, and thus it is at least (1— )n’ for some realization produced
by ROUND.

Let T = {j € C¢ | s; > kB} and Ty, = C'\ T}. Fix voter ¢ with utility function
u;, and multilinear extension U;.

Let GG denote the multilinear extension restricted only to candidates in 7}, that
is,

Gi(x) = > w(T) (H%) IT a-=p ],

TCT jeT JETI\T

and similarly, G5 denote the multilinear extension restricted to 75, that is,

Ga(x) = > u(T) (H xj) IT -2
TCT, JjeT JETL\T
By sub-additivity of u;, we have U;(x) < G;(x) + G2(x), and by monotonicity of u;,
we have U;(x) > max (G1(x), Go(x)).
We now split the analysis into several cases:

Case (1): Suppose G;(x) > %Ui(x). In this case, we make two observations. First,

Gix) < ) (Zui({j})) (H%) [T G—a)) <> wu{ih.

TCTy \jeT jET JETI\T jen
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Further, since ZjeTl sjz; < kB, and since s; > kB for all j € T7, we have Z]ETI x; <

1. Putting these together, we have

G1(x) <maxu;({j}).

JET:

Therefore, using j* = argmax;.r,u;({j}) as additament makes i achieve utility at
least 1/v fraction of U;(x). Therefore, i is y-satisfied just by the additament.

Case (2): We now assume G;(x) < %Ui(x) and thus Gy(x) > (1 — 1/9)Ui(x).
Suppose there exists ¢ € Ty such that w;({{}) > ,Y_ilGQ(X). Then, just using ¢ as
additament causes the utility of i to be at least 1/~ fraction of Fj(x) and voter ¢ is
~-satisfied by the additament /.

Case (3): In the final case, we have Gy(x) > (1 — 1/7)U;(x), and we assume that
for all j € Ty, u;({{}) < ﬁGz(x). Let O' =0nNC,.

First note that E [Z icor sj] < kB, since O’ is the result of randomized rounding

of x and since ) s;x; < kB. Further, O' C T, N Cy, and for all j € T, N Cy, we

JEC,

have s; < kB. Therefore, a standard application of Chernoff bounds yields:

< (ke' ™)

Pr[Zsj>B

je0’

Further, note that for all ;7 € Ty, we have that the marginal u;({¢}) < TLGQ(X).

Applying Lemma [3.4.9 with p = v — 1, we have:

Q

2(x)
v—1

prfu0) < 209 < (- e

Therefore, by union bounds, with probability at least 1 — 3, we have both events:

(1) The committee O’ is feasible for size B; and (2) u;(O) > C;%(’l‘) > Uisx), implying

1 is y-satisfied by O. This completes the proof. O
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The following corollary shows that this step can be implemented in polynomial

time.

Corollary 3.4.10. For [ defined in Eq. (3.7), n' = |W| and any ¢ € (0,1), a
committee O C C with (1—3—e)n’ y-satisfied voters can be computed with probability

1 in time poly(n,m,1/¢c).

_ 1
poly(m,n)

Proof. Let X be the random variable indicating the number of ~-satisfied voters
returned by ROunD(C, W, {U;}, B). By Theorem [3.4.8, we have E[X] = (1 — g)n’.

Further, X < n'. Therefore, Pr[X > (1—-—¢)n| > 5; >

5. A standard application

of sampling bounds now completes the proof. O
3.4.4 The Constant-Utility Core

In this section, we design an algorithm for the overall problem, and prove that it
returns a committee in an O(1)-utility core. The algorithm will repeatedly construct
fractional solutions and round them, using the algorithms developed above as sub-
routines. The analysis critically requires the local optimality property of the Nash

Welfare objective, captured in Theorem |3.4.4}
Algorithm

Algorithm |3 finds an approximate core solution in the following way: It iteratively
computes the fractional local optimum to Nash Welfare on the remaining voters
with a scaled-down budget, rounds it, eliminates voters that are 7-satisfied with
respect to the solution at this iteration, scales down the budget again, and iterates
on the remaining voters with the smaller budget. The scaling parameter w for the
budget will be determined later. The overall structure of the algorithm is similar to
that in [JMW20], though the details of constructing the fractional solution, and the

resulting proof of correctness are entirely different.
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Algorithm 3 Iterative Rounding of the Nash Welfare Solution

1: function ITERROUND(C, V, {u;;},b)

2 t <0

3 Vo<V

4: T <+ C

5: bp + (1 —¢)(1 —w)b

6 while b; > =b do

7 x; < NW(C, V;, {U;}, kby)

8 O, «+ Solution of ROUND(C, W, {U;},b;) that satisfies Corollary

9 W; < Voters in V; that are y-satisfied by O; with respect to the solution

Xt
10 Vit ¢ ViAW,
11: T < T*U O,
12: bt+1 — Wbt
13: t+—t+1
14: end while
15: return 7™ as the final integer solution

16: end function

Analysis

Let n = |V, and recall that b is the initial budget. We will show that the solution
T lies in the a-utility core for the set V' of voters with size constraint b. First note

that since ) s; < eb, and since each O is feasible for budget b;, we have:

7€Cs

Zsjgeb—l—ZZsjgeb—l—thzeb—i—(l—e)(l—w)Zwtbgb.

JET* t jeOy t t>0

Therefore, the solution T is feasible for the size b.

First note that when b; < =b, since all items in C; has s; > =b, we have
>jec, Tt < 1. Since Cs C T™, for any fractional solution x¢, we have max;jec u({j}) >
Ui(xy), so that all voters are 1-satisfied. This implies V; = @ at termination, so that
any voter ¢ € V belongs to Wy for some t'.

For the purpose of contradiction, we assume the resulting solution 7™ is not in
the a-utility core (Definition [3.1.3]), where a@ > 1 is a quantity we will determine

later. Let S denote the set of voters that deviate, and let A denote the set of items
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they deviate to. We have ) jeaSi < |nﬂ - b, and A provides an a-factor larger utility
to voters in S even after including any additament.

Consider the voters in W;, and let S; = S N W,. These voters are ~y-satisfied by
O, with respect to the fractional solution x; (Definition . Therefore, if i € S;
deviates to A to obtain an a-factor larger utility, it must be that U;(A) > £ - Ui(x).
Let = . We will assume 6 > 1 below.

Usmg Theorem [3.4.4] since x; is a local optimum, using y as the set S;, and

observing that all agents i € S; have U;(y) > 0U;(x;), where § = £, we have:

Ty _ ZjEA 5

< .
|St‘_mbt-(1—5) 0—1—2¢

Summing this over all ¢, and using ZjeA 55 < %b, we have:

Z' 455 n _ |9 b n
S S J€ . << . . —_—.
151 = Z’ = —2)(1—¢) ;/fbt_ n (0—1-2)(1—¢) ;/@bt
Therefore, for a blocking coalition to exist, we need:

E.ZZ; (9—1—26)(1—8):(9—1—25)(1—5). (3.8)

n gl

We will now set the parameters w, vy, a so that the above inequality is false. First
note by Corollary [3.4.10 that ny,yq < (5 + €)ny where 8 satisfied Eq. (3.7]). Further,
bir1 = wby. Therefore,

41 54‘5 U
bt+1 W bt

with Zl—g = Therefore,

= T

(1—e)b o m 1 . B+e t: w
n ;libtg(l—w)lﬁ ;( w ) (1—w)(w—-pF—¢e)k (3.9)
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Combining Eq. (3.8) and Eq. (3.9)), for a blocking coalition to exist, we need

wy
= k(1 —w) (w —(y—1)e* 7 — (/fel*")% — 5) (1—¢)?

+ (14 2¢) - 7.

For an « slightly larger than the right-hand side, a blocking coalition will therefore
not exist. Then The right-hand side of the above inequality is approximately min-
imized when w = 0.23, v = 7.435, kK = 0.21 and € — 0, yielding o < 67.37.|H This
finally yields the following theorem; the only missing detail is the running time of

local search in Section [3.4.2] which we address in Section [A.1]

Theorem 3.1.5 (Main Theorem for Utility Approximation). For monotone sub-
modular utilities, a 67.37-utility core is always non-empty. One such solution can be

computed in polynomial time.
3.5 Lower Bounds on Approximations

In this section, we provide lower bound examples, complementing our main theorems

of Theorem [3.1.4] and Theorem [3.1.5
3.5.1 Lower Bound for a-Endowment Core

It is relatively easy to construct a participatory budgeting preference profile where a
(2 — e)-endowment core solution does not exist. This instance has cyclic preferences.
There are m candidates {c;}icim) of unit weight, and n = m voters {v;}icpy. Let

b =2 — 5. The preference of v; is:
Ci > Ciqg1 > > Cy > CL >+ > Ci—1.

Any feasible committee is some single candidate ¢;, but all voters except v; can
deviate and choose ¢;_1 (or ¢, if i = 1). Therefore, the approximation ratio is at

least mT_l b= ’”T_l . (2 — %) > 2 — ¢ when m is large enough.

! Note that for this choice of x, the subroutine NW(C, V;, {U;}, kb;) is run with budget at least
kby > K=b > £=b, so that the precondition of Theorem holds.

5
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We now strengthen this example to show that even for the RANKING or additive-
utility setting with unit-weight candidates and integral committee size limit b, there
exist instances where a (2 — ¢)-endowment core is empty. In the RANKING setting,
a voter prefers a committee S; to Sy if and only if she prefers some ¢; € S to any
cy € Sy. In other words, when evaluating any committee, a voter only cares about

her favorite candidate in that committee.

Theorem 3.1.7 (Endowment Core Lower Bound). In the unweighted RANKING or
additive-utility setting, (2 — €)-endowment core of integral size limit b may not exist

for any constant € > 0.

Proof. We first prove the theorem for the RANKING setting. For any positive integer
r > 2 and ¢, we construct the following instance with n = r - £ voters and m =r - ¢
candidates. We view the candidates {ci,j}ie[r],jem as a matrix with r rows and ¢

columns. The voters are {v; ;}icir] jelg, where v;; has the following preference:

e For candidates not in the same row, her preference is

Ciji 7 Citlygigr 7 " 7 Crjgp 7 Clgp > 00 7 Cimlj;

for any ji, Jo, -, Jr-

e For candidates in the same row ', her preference is

Cirg 7= Citj1 7= =+ > Cipg = Cirx > -+ = Cit j—1-

Let b = r — 1. For any deterministic committee Sy of size b, there must be some
i € [r], so that no candidate from the i-th row is in Sy, and at most one candidate
from the (i 4+ 1)-th (or first if ¢ = r) row is in S;. Otherwise, every row where no
candidate is selected must be followed by a row where at least 2 candidate is selected.
Thus, on average, at least 1 candidate is selected from each row, contradicting with
b=r—1.
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Let the candidate in the (i + 1)-th row in Sy be ¢;41; if there is one. Notice
that c;11 -1 is preferred to Sy by at least 2 — 1 voters: those in the ¢-th row and

the (i + 1)-th row except v;41;. Therefore, the approximation ratio c is at least

Q0-1b _ (20—1)(r—1)
n - 2

, which is close to 2 when ¢ and r are large.

For the additive-utility setting, we use the same instance, except that every voter
assigns utility of 2,2™~1 ... 2 for the candidates according to her preference order-
ing. The new preference on committees is strictly more refined than the one in the
RANKING setting, and therefore the instance gives a lower bound for the additive-

utility setting too. O
3.5.2  Lower Bound for a-Utility Core: General Monotone Utilities

We restate our lower bound for general monotone utilities for the a-utility core. This

rules out extending our constant factor bound to general monotone utilities.

Theorem 3.1.8 (General Utility Lower Bound). For general monotone utilities, for

any function ¢ : ZT x Z+ — RT, a ¢(n, m)-utility core can be empty.

Theorem is proved by the following example. (The same structure of 2

groups of 3 cyclically symmetric voters appears in [FMSIS8| [PPS21].)

Example 3.5.1. We have n = 6 voters and m = 30 candidates. The candidates
are grouped into 6 disjoint sets, each of which contains 5 candidates and is called
a “gadget”. We name the gadgets gi,...,gs. Each voter i has a favorite gadget gy,
and a second favorite gadget gs,, given by:

h=1 fo=2 f3=3, fs=4, fs =5, f¢ =6;

81:2,82:3,83:1,84:5,85:6,86:4.

For any committee E, let z;(E) = £|E N gy,| and y;(E) = 1|E N gs,|, denoting the

fraction of candidates in the favorite / second favorite gadget of voter i being selected
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into E, respectively. The utility of voter ¢ on E' is given by
ui(E) = (a+1) - 1ai(E) = 1] + 1[yi(E) = 1].

Here a = ¢(n,m) = (6,30). Her utility is monotone and supermodular.

Each candidate is of unit size 1 and the budget b = 15. For any feasible committee
E, there must be at least 3 gadgets ¢g’s with |F N g| < 3 — otherwise the committee
has at least 4 -4 = 16 > b candidates. Therefore, either {g1, 92,93} or {94, g5, g6}
includes at least 2 gadgets with |E N g| < 3. Without loss of generality, assume
{91, 92,95} does and |[ENgi| < 3, |[ENgs| < 3. In this case, voters 1 and 2 can

deviate and buy g¢., as they have a budget of b - % = 5. For any additaments ¢ and
q:
ui(g2) =1, w(EU{q}) =0;

us(ge) =a+1, w(EU{g}) <1
We have u1(g2) > aui(E'U{q}) and uy(g2) > aus(E U {¢'}).
3.5.8  Lower Bound for a-Utility Core: Submodular Utilities

Next, we modify Example to show a lower bound for monotone submodular
utilities. We show that for submodular utilities, there is a lower bound on approx-
imation of an absolute constant a > 1, and therefore the multiplicative factor is

necessary for the a-utility core to always exist.

Theorem 3.1.9 (Submodular Lower Bound). For monotone submodular utilities, a

1.015-utility core can be empty.

Example 3.5.2. We use the same setting as Example [3.5.1], except the utility of

each voter 7 is given by
wi(E) = zi(E) + 2 - (1 — 2:(E)) - yi(E),

where z € (0,1) is a constant to be determined later.
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Lemma 3.5.3. The function u; is monotone and submodular.

Proof. Fixany £ C C and t ¢ E and consider w;(EU{t})—u,;(T). Since g5,Ngs, = &,

this ¢ lies in one of these two sets but not both. Suppose t € g,,. Then,
ui(BEU{t}) —ui(E) = z- (1 = :(E)) - (y:(EU{t}) — %:(E)) = 0.
Similarly, if ¢ € gy,, we have
ui(EUA{t}) —wi(E) = (1 — zp(E)) - (2:(EU{t}) — 2i(E)) =20,

where we have used that y;(£) < 1 and z € [0, 1]. This shows that u; is a monotone
function.
Similarly, if £ C E', then 1 — z;(E) > 1 — x;(E’) since the coverage function is

monotone. Further, by the submodularity of the coverage function, we have

yi(EU{t}) — yi(E) > yi(E' U {t}) — yi(E").
Therefore, if ¢ € g,,, then
u(BEU{t}) —wi(E) = z- (1 = i(E)) - (yi(EUA{t}) — si(E))
>z (1—ay(E)) - (y(B"U{t}) — yi(E"))
= wi(E' U {t}) — w(E").

A similar argument for the case where t € gy, completes the proof of submodularity.

]

For any feasible committee F, again without loss of generality, assume |ENg; | < 3,
|ENgs| < 3. In this case, voters 1 and 2 can deviate and buy g,. For any additaments
g and ¢’:

ui(ge) = 2z, w(EU{q}) <08+ 2-0.2-0.6;

us(ge) =1, ug(FU{q}) <08+2-02-1.

_ V689-17 i u1(g2) u2(g2) 5v/689—115
When z = Y255 & 0.925, the gap is min (Ul(ES?q})’ UQ(EUg{Qq,})> > o > 1.015.
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4

Approximate Efficiency under Chamberlin-Courant
Scoring Rule

4.1 Introduction

Again we look at the multi-winner election problem in social choice. Recall that in
this problem, the goal is to find a set of candidates (or winning committee) of fixed
size k from voter preferences over the m candidates.

In this chapter, we consider the setting where the voters express ordinal rankings
over these candidates, as we did in Chapter 2] In many applications such as parlia-
mentary democracies, it is reasonable to assume voters can compare candidates or
projects and hence can rank them ordinally, while they may not be able to articulate
cardinal utilities for the same.

A classic method to aggregate the ordinal preferences is to use the (Borda)-
Chamberlin-Courant scoring rule. It has been extensively studied in computational
social choice [LB11], [SFLI16L [SFS15, [FLPTI1S8, [EFSS17, BEST19], starting with the
work of Chamberlin and Courant [CC83].

In the minimization (or dissatisfaction) version, the Borda score of candidate ¢ for
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voter v, denoted r,(c), is the ordinal rank of ¢ in v’s ranking. Here, the top-ranked
candidate has Borda score 1, and the bottom-ranked candidate has score m/[f| Let
V denote the set of all voters, with n = |V|. Given a committee (that is, a set of

candidates) T of size k, the Borda score of this committee is given by

1
T)=— i . 4.1
) = & om0 (41)

Throughout the chapter, we will set the benchmark as the minimum possible score:
OPT := minpce jpj=k Tv(T).

The Chamberlin-Courant scoring rule assumes each voter is represented by the
best candidate in T" according to her ranking, so that optimizing this score achieves
a form of aggregate efficiency. We will use the name Borda and Chamberlin-Courant
interchangeably in the context of this chapter.

Our goal is to study the computational complexity (in m,n) of finding good
committees according to the Borda score. In particular (though not exclusively), we
focus on the analysis of greedy algorithms, which are appealing for their simplicity
and ease of use, especially in settings involving human decision making, such as

parliamentary elections or participatory budgeting with ordinal preferences.
4.1.1  Our Contribution

The Borda score is an ordinal version of the celebrated k-medians problem |[AGK™04].
Unfortunately, for the ordinal version, it is not possible to approximate the minimum

score, OPT, to any constant factor in polynomial time unless P = NP [SFS15].

The GREEDY Algorithm. A natural algorithm for the 1-Borda score is the GREEDY

algorithm that iteratively adds the candidate that decreases the 1-Borda score the

! Existing literature also uses a score of 0 for the best ranked and m — 1 for the worst ranked
candidates. Since our results concern absolute scores, they carry over to this setting by simply
subtracting 1 from the bounds. We use a minimum score of 1 since it is the more challenging
setting for showing hardness results.
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most. This algorithm was analyzed in [LB11] as follows. Consider the maximization
(or satisfaction) version where the score of a candidate ¢ for voter v is m+1 —r,(c),
so that the score of a committee T is m + 1 — ry(T'). Clearly, the maximization and
minimization versions have the same optimum solutions, though they are very dif-
ferent from an approximation perspective. It is easy to check that the maximization
objective is submodular [LB11], so that GREEDY is a (1 — %)—approximation by the
classic result of [NWFTS8]. However, this analysis only shows that GREEDY yields a
solution of score at most m/e for the minimization objective.

Our first, and technically most challenging, contribution is an almost-tight anal-
ysis of this GREEDY heuristic for the minimization version. In Section we show
that it achieves a score (given by Eq. ) of at most 2 - % for any instance with
m candidates from which we need to choose a committee of size k. We complement
this analysis by exhibiting an instance where GREEDY has score at least 1.962 - 7]?7*11

For the maximization (or satisfaction) version, since the maximum possible score

is m, the above result directly implies the following theorem.

Theorem 4.1.1. GREEDY s a (1 — k—il)—approximation for the maximization ver-

sion of 1-Borda score.

For k larger than a small constant, this significantly improves the submodularity-
based analysis [LB11] that only yields a (1—1/e)-approximation. Furthermore, it also
improves on the best known approximation algorithm for this problem, Algorithm P
in [SESI5], which achieves an approximation factor of (1 — O (12£)).

At a technical level, the standard analysis of GREEDY for maximizing submodular
functions shows that the next candidate yields an improvement in objective that is
at least 1/k fraction of the gap between the current solution and the optimum.

We use Cauchy-Schwarz inequality on per-voter improvements to show an overall

improvement per step that has a quadratic dependence on the gap. This yields a

72



significant improvement when the gap is large, and is the crux of why we are able
to improve the upper-bound analysis of the maximization version significantly. Our
lower bound instance works by carefully choosing per-voter improvements that make
Cauchy-Schwarz inequality almost tight. This requires a non-trivial construction
where the candidates chosen by GREEDY have ranks that lie on a carefully chosen
spiral, and these are interspersed with candidates for whom voters’ preferences are
random. The ranks in each subsequent layer of the spiral decrease by a factor equal

to the golden ratio.

A Benchmark and an Optimal Algorithm. The next natural question we ask is: How
much better can we do in polynomial time? In Section [4.4] we show some hard-
ness results for the minimization version (Eq ) Our main result significantly
improves the constant factor hardness of approximation result of [SFST5] and shows

the following:

Theorem 4.1.2. Unless ZPP = NP, no polynomial-time algorithm can distinguish

between instances with OPT > (1 — o(1)) - T]?TJFII from those with either:

1. OpTr < (%)5, where § € (0,1) is a constant; or

2. OpT < kia . ’]’;T*f, where o > 0 is a constant.

This construction yielding this theorem is delicate. We require the full power
of Feige’s hardness proof of MAX COVER [Fei9§|, in particular, that it works on
“regular” instances where each set has the same size, and where a collection of
disjoint sets cover the instance completely in the “YES” case.

Theorem motivates us to define the score 2%11 as a reasonable benchmark for

this problem, and we call any efficient algorithm achieving this score as an “optimal

algorithm”. Such a benchmark is appealing in that it helps us analyze other simple
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and natural algorithms that have been proposed in literature, and perform a more
fine-grained comparison. As we have already seen, the GREEDY algorithm is always
within a factor of 2 of this benchmark.

We now observe that if we pick a subset of k candidates at random from C, the
expected score is exactly the benchmark Wﬂl We therefore denote the score ’%“11
as RAND. Now, we can design a deterministic optimal algorithm via derandomizing
this randomized algorithm. Interestingly, we show that this derandomization yields
a greedy algorithm that is exactly the same as the BANZHAF algorithm proposed
in [FLPTI8] as a polynomial time heuristic for this problem. In that work, the
BANZHAF algorithm was derived by viewing the problem as a cooperative game
where players are candidates, and coalitions are committees, and adapting the notion
of Banzhaf score of coalitions [Ban65l, [DS79]. It was emprically shown to be a
very effective heuristic for this problem, beating GREEDY on most instances. We
justify this empirical observation by viewing the BANZHAF algorithm instead as a

derandomization of an optimal randomized algorithm.

In summary, we show the following theorem.

Theorem 4.1.3. The BANZHAF algorithm achieves a minimization objective of at

most RAND = ’;TJFII i polynomial time, and is a (1 — k%l)—approximation to the

maximization objective of Borda.

To complete the picture, we show that an easy consequence of Theorem [4.1.2

is that the approximation factor of (1 — k%l) is best possible for the maximization

version unless NP = ZPP.

Committee Monotonicity. One appealing property of GREEDY is that it is committee-
monotone [EFSS1T]: The committee found for a smaller k is always a subset of a

committee found for larger k’s. This is immediate because GREEDY adds the next
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candidate to the committee based on the improvement in the 1-Borda score, and
this improvement does not depend on k. On the other hand, the BANZHAF algo-
rithm requires knowledge of k£ at each greedy step, and is therefore not committee-
monotone. We therefore ask: Is there a committee-monotone algorithm that can
achieve the benchmark RAND? In Section 4.5 we answer this question in the neg-
ative: There exist instances where any committee-monotone algorithm has score at
least 1.015-RAND. This shows a separation between committee-monotone algorithms

and an optimal algorithm such as the BANZHAF algorithm.
4.2  Preliminaries

We consider the problem of selecting a subset of cardinality £ from a set C of m
candidates. We call this subset a committee. A set V of n voters express their
preferences on the candidates ordinally. Each voter v has a bijective ranking function
ry + C — {1,2,...,m}, and v prefers those ¢’s with smaller r,(c). For example,
the top-ranked candidate of v, denoted by ciop(w), satisfies r, (ctop(v)) = 1, and the
bottom-ranked cpo(v) satisfies 7, (cbot(v)) =m.

In Borda score, the cost for a voter v of a committee 1" is her rank of the top
candidate in T r,(T") = ming.er r,(c). Further, the Borda score of a committee 7' is
the average cost for all voters:

ry(T) = %ZTU(T) ! Zminrv(c).

n
veY veY

Fix a voter v and look at her ranking on C. If we pick a random size-k subset of

C, the t'" smallest rank is ¢ - % in expectation. (See Section for a proof of this

well-known fact.) Therefore, the expected performance of a random committee is



Define the benchmark RAND to be the expected performance of a random committee
— RAND := ’,?Tﬂl We will justify this benchmark in the subsequent sections.

We consider two simple committee-selection rules: GREEDY and BANZHAF. These
algorithms run in £ iterations, during which they build sets @ =Ty C Ty € --- C Ty,
and declare T}, as the selected committee.

In the j* iteration, GREEDY picks candidate ¢; € C \ Tj_; that minimizes

rv(Tj—1 U {c;}), and let T; = T;_; U {c¢;}. BANzHAF [Ban65, [FLPTIS], on the

other hand, picks candidate ¢; € C \ T;_; to minimize

> ()

Scc:|S|=k
SOTj1U{c;}

in the j™ iteration, and then sets T; = T;_; U {c¢;}. In other words, it greedily
picks the candidate that minimizes the final score if the rest of the committee is
chosen uniformly at random. Both GREEDY and BANZHAF can run in polynomial
time [FLPT18].

Throughout the chapter, we use RAND, GREEDY and BANZHAF to denote either

the algorithms or their performances, which should be clear from the context.
4.3 Analysis of GREEDY

In this section, we analyze the performance of GREEDY, evaluated with respect to the
benchmark RAND. We first show an upper bound that GREEDY < 2-RAND, and then

present an almost-matching lower-bound instance where GREEDY > 1.962 - RAND.
4.8.1 Upper Bound

Now we show GREEDY < 2-RAND as an upper bound. We first present the following

lemma, which gives a lower bound on the improvement at each iteration.
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Lemma 4.3.1. Let T; and T;y1 be the set of candidates produced by GREEDY in the

t" and (t + 1) iterations, and ry(T}), ry(Tit1) be their respective score. We have:

2wy Mo (L) (ro(Ty) — 1)
2n(m —t) ‘

rv(Ti) — rv(Tig1) >

Proof. For a candidate ¢ ¢ T}, define A, := r,(T}) — ry(1; U {c}), i.e., the current

marginal contribution of ¢ to the Borda score. Taking the sum of A. over ¢ ¢ T;:

ro(Tt)—

ol r’u(ﬂ)(rw(ﬂ) - 1)
Y A=y Z Leey -
ceC\Ty ’UEV j=1 2n

GREEDY chooses ¢* = argmax, A, at the (¢ + 1) iteration, giving us

1 _ ey (T)(ro(Ty) — 1)
_ . > - veY .
rv(Ty) = rv(Tig1) = Dex > — 2 A. 2nlm — 1) O

Now we prove our upper bound of 2.
Theorem 4.3.2. GREEDY < 2 - RAND.

Proof. We prove by induction. As the base case where k = 1, GREEDY < m <
m + 1 = 2 - RAND. Now suppose that the claim holds for some k£ — 1 and we will

prove that it also holds for k. By induction hypothesis, we have:

m+ 1
TV(Tk71> < 2- T

Ifry(Tpq) < 2- ?Tﬂl, then (1)) < 1ry(Tr-1) < 2- ?:11 finishes the proof. Thus,

we only need to consider the following case:

m—+1 m—+1

. 7. )<o. . mTl
1 <o) K
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We now have the following, where the first inequality is by Lemma and

second by Cauchy-Schwarz inequality:

2 vey "o (Th-1) (ro(Th—1) — 1)
2n(m —k+1)

%(ZUEV TU(Tk’*l))Q - Zvev Ty (Tk71>
2n(m —k+1)

- (Zvev Tv(Tk—l))2 ) m+1 ) Zvev(rv<Tk—1) —1)
o 2m2(m 1) m—k+1 Y, r(Teo1)

ry(Th-1) —rv(Ty) >

>

Since ry(Tj_1) > 2 - T,;‘T”Lll by assumption, we have:

m+1 Zvev(rU(Tk_l)—1)> m+1  2-7H -1

m—k+1 Y vey To(Tez1) “m—k+1 2.%

C2m+1) k-1
o2(m+1) -2k

Combining the previous two inequalities, we therefore have:

Cvermo(Te1))®  rh(Thn)

(M) = rv(T) 2 mAm+1)  2m+1)

which is equivalent to:

1

TV<Tk) < —m

T%(kal) + TV(Tk,ﬁ.

Notice that the right hand side is a quadratic function in ry(7Ty_1), which is
monotonically increasing for 7, (Ty—1) < m + 1. Since ry(Tp—1) < 2- mTH <m+1,

the right hand side reaches its maximum at 2 - mT“ Thus, we have:

1 20m+1)\>  2m—+1) _2(m+1)
) < — . <
i) < =50 ( K ) L T
which concludes our induction. OJ
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Proof of Theorem [{.1.1. For the maximization version, the above result implies

GREEDY achieves score at least (m + 1) - (1 — k%l) Since the maximum possible

score is m, this implies that GREEDY is a (1 — ﬁ)—approximation.

4.3.2  Lower Bound

Now we complement our result with a lower-bound example for GREEDY.

Theorem 4.3.3. There exists an instance in which ry,(Ty) > 1.962 - RAND.

Construction. In the sequel, we will prove the above theorem. In the instance we
construct, m, n, and k are all sufficiently large. For convenience of illustration, we
scale down the ranks by a factor of m: now the ranks are W%, %, e mT_l, 1. As
m — 00, % — 0, so the set of ranking {%, %7 ..., 1} will become dense in [0, 1], and
thus we regard the ranking as being continuous from 0 to 1. Our goal becomes to
construct an instance in which GREEDY gives 1, (7T}) > 1.962 - k%l

There are sufficiently many voters, enabling us to view them as a continuum
from 0 to 1, forming a circle (the base in Fig. 4.1)) with angular position ranging
from 0 to 27. Imagine that each voter writes down her favorite, her second favorite,
..., her least favorite candidate in that order vertically. The result is the side of a
cylinder with height 1, as depicted in Fig. 4.1 Each point on the side identifies a
candidate, whose distance to the top, d, indicates the corresponding voter ranks him

as her (dm)'™" favorite candidate (i.e., the candidate has a rank of d in the voter’s

preference after scaling).
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Rank: 0

~——__ Higher-Layer Candida Decreasing

_Critical Candidates // Preferences

Lower-Layer Candidates

‘\ / YRank: 1

FIGURE 4.1: Construction of the Bad Instance for GREEDY

We divide the set of candidates into two types — critical and dummy. The former
set has size k < m, and the latter has size m — k. Our proof will show that GREEDY
will choose the critical candidates in a fixed order, and will not choose any dummy
candidate.

The critical candidates are present in ¢ “layers” as shown in the red spiral in
Fig. [4.1, where ¢ is sufficiently large. This figure shows the ranks of the critical
candidates in the voters’ profiles. We parametrize this spiral by 6, which maps to
the voter at the corresponding angular position 2w6. We place critical candidates in
order, where each candidate appears a number of times consecutively on the spiral.
Therefore, each voter has one critical candidate from each layer t = 0,1,..., ¢ in the
spiral part of its ranking.

In the #*" layer, the parameter @ lies in [t — 1,¢). The critical candidate when the

parameter is 6 has rank g(6) = a@? for the voter at angular position 27wf. Here, ¢

denotes the golden ratio */52_1 ~ 0.618, and a is a sufficiently small constant so that
rounding to the nearest integer does not change the analysis. This critical candidate
is placed for a certain length h(6) on the spiral, which means this candidate appears

at rank g(#) for voters in the range [276,27(6 + h(6))]. In our construction, h(6) will
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be very small, so that we will say this candidate appears h(#) times at rank g(6) for
parameter 6. The greater 6 is, the smaller h(f) has to be, and we will calculate its
expression later.

For the convenience of analysis, at the layer ¢ = 0, that is, for § € [—1,0), there
is a special candidate appearing on the spiral throughout the layer. This special
candidate is picked first by GREEDY. Other than its appearance on the spiral, any
critical candidate is placed at the very bottom, i.e., rank 1, for the other voters.
Denote the total number of critical candidates by k. Then we have m — k dummy
candidates. These dummy candidates are symmetrically placed at other ranks. We
copy each voter (m — k)! times, once for each possible permutation of the dummy
candidates to place in the remaining ranks.

The idea of this construction is to trick GREEDY into picking every critical can-
didate on the spiral in order, while in fact, lower-layer critical candidates have no
contribution to the objective once higher-layer ones have been selected. The following

analysis computes the optimal parameters to realize this plan.

Not Choosing a Dummy Candidate. We first ensure GREEDY does not choose a dummy
candidate in this instance by setting h(#) properly. We assume that GREEDY chooses
critical candidates in increasing order of 8, and we will justify this assumption later.

To simplify notation, denote X = fol ap’df and Y = fol a’¢* df. Computing

these explicitly:

a (IQ

(0 —1) v e+ 1)Ing

2 1y 2
& (P-1)=X 2(p — 1)

:E :21n<p

Using this notation, consider the critical candidate at the beginning of the first

layer, that is, at # = 0. Since GREEDY chooses the candidate at layer ¢t = 0, the
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decrease in score due to this critical candidate is:

h(0) - (g(=1) — 9(0)) = h(0) - a- (1 - 1) —h0)-a-p. (1.2

¥

where we have used that since ¢ is the golden ratio, ¢ + ©? = 1.

Now consider the dummy candidates. Just after GREEDY has chosen the special
candidate at layer ¢ = 0, each such candidate improves the rank of g(f — 1) fraction
of voters at 6 € [0,1). This is because we placed all permutations of the dummy
candidates with each voter 6, and GREEDY has already chosen the special candidate.
By the same reasoning, conditioned on improvement, the average improvement is

g(0 — 1)/2. Therefore, the decrease in score due to a dummy candidate is:

1 2 2 1
g (60 —1 a 1

Since we want GREEDY to choose the critical candidate, we need to set

Y

hO) = 550

By the symmetry of the spiral, an identical calculation now holds for all # > 0. To
make GREEDY choose the critical candidate at this location (assuming it has chosen
critical candidates for smaller values of ), we need:

Y

h(6) .

- 2¢%a
Note that h(f) depends linearly on a, so that for very small a, we can pretend this

set of voters lies exactly at 6. Further, h(0) is decreasing with 6.

Choosing Critical Candidates in Order. We now show that GREEDY chooses the crit-

ical candidates following the order on the spiral.
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Lemma 4.3.4. GREEDY chooses the critical candidates in increasing order of 6.

Proof. The calculation is identical at any step of GREEDY, so we focus on the step
where GREEDY is at the beginning of the first layer, that is, considering the critical
candidate at # = 0. Recall that GREEDY has chosen the special candidate at layer
t = 0. The previous analysis showed that the critical candidate at 8 = 0 yields
decrease of %. For critical candidates in the same layer ¢t = 1 (that is, for § € [0, 1)),

the contribution of the candidate at 6 is

Y

h(8) - (9(0 = 1) —g(0)) = 255

o’ (" = ¢%) = - %,

which decreases with 6, so that the current candidate, # = 0, offers the best decrease.
Here, we have used that since ¢ is the golden ratio, ¢* + ¢ = 1.

For ¢ > 1, suppose we instead considered a candidate t 4 6 for § € [0, 1) located
in layer ¢t + 1. Conditioned on having chosen layer ¢ = 0, this candidate gives a

contribution of
h(t+0)-(g(0 —1) —g(t+0)) <h(t) (g(=1) —g(?t))

< max (h(2) - g(=1), h(1) - (9(=1) — g(1)))

Y Y 1 Y
—max| —, — -a | —— =
202 202%a © 14 202’

where the first inequality uses that h(6) is decreasing in 6, and that ¢ < 1.
Therefore, GREEDY will pick the critical candidate at ¢ = 0 instead of another
candidate at the same or a higher layer. Since the argument is identical at each 6,

GREEDY picks critical candidates in order on the spiral. O]

The Lower Bound. So far we have shown that GREEDY chooses critical candidates in
increasing order of layers and does not choose dummy candidates. We finally put it all
together and show the following bound, which completes the proof of Theorem |4.3.3|
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Proof of Theorem[4.3.3. The number of critical candidates on the "™ layer (0§ €
[t —1,t)) is

o 20%a (7 2a  [° 20 (! 2X
—df = 00 = —— 30 = —— 0dp = ——.
/tl h(Q) Y /tl 4 e!=3Y /1 4 i3y /0 4 =3y

Therefore, when it is done with the ¢! layer, the number of candidates GREEDY has

picked is

2X

2X
e

(1= @)%Y

when /¢ is large. Meanwhile, the Borda score of GREEDY is

k l+o+@* 4+ =

1
T‘V(Tk) = / g(g —1 + 9) d9 = QOZ_IX.
0

Therefore, the approximation ratio is

2X _
(k + V)ry(Ty) > (e O IX
B 2¢2X2
(1—=p)Y

27 20— 1)

(1-¢) (p+1)ng

2
_ e 0
(p+1)Ine

4.4 Hardness and an Optimal Deterministic Algorithm

m—+1

717, and show that a deterministic

We justify our choice of benchmark RAND =
algorithm, BANZHAF, achieves this benchmark optimally. First, notice that if the
input consists of one voter for each possible preference of m candidates (thus n = m!),

picking any committee has the same Borda score by symmetry, so OPT is just RAND.

Thus, we have the following proposition:

Proposition 4.4.1. For any m and k, there exist instances where OPT = RAND.
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4.4.1 Hardness Result: Theorem[{.1.9

We now show Theorem [£.1.2} Even if OPT is very small, it is computationally hard
to significantly beat RAND. To prove this hardness result, we show a reduction from

the decision version of the REGULAR MAX K-COVER problem.

Definition 4.4.2. In REGULAR MAX K-COVER, there is a universe U of n elements
{a1,as,...,a,}, and a family F = {S,Ss,...,S,} of subsets of U. Each S; has the

same size T The wvalue of an instance is the maximum size of the union of k sets

from F. For any constant € > 0, we consider the following decision version:

e “YES” instances are those with value n. Therefore, there exist k disjoint sets

each of size n/k that cover all the elements.

e “NO” instances are those with value at most %n.

The above problem known to be NP-hard to approximate via the following lemma

that is implicit in the proof of Theorem 5.3 in [Fei9g].

Lemma 4.4.3 ([Fei98]). The decision version of REGULAR MAX K-COVER from
Definition [{.4.9 is NP-hard, that is, unless P = NP, there is no polynomial time
algorithm that can decide always answers “YES” for “YES” instances and answers

“NO” for “NO7” instances.

Note that if the instance has value n, there exist k disjoint sets each of size
n/k that cover all the elements. This aspect will be crucial in our reduction. Also
needed in our reduction, we state the following lemma for constructing a profile with
polynomial number of voters, where the best solution with score OPT has similar

performance as RAND.

Lemma 4.4.4. Fiz any € > 0 and let n > {%‘51)2—‘ Consider the instance where

the preference of each voter is an independent and uniformly random permutation.

85



Let OPT' denote the expected value of the optimum score, and RAND' = %, then

Pr[OPT < (1 —¢) - RAND] < 2

5, where the probability is over the randomness in the

permutations.

Proof. Fix any committee T of size k. Notice that E[ry(T)] = RAND' since the
preferences are uniformly random. We have

1
Pr[ry(T) — RAND' < —¢ - RAND'] = Pr [— E ro(T) — RAND' > ¢ - RAND'
n

veY

—2n(e - RAND')? —2ne?
< exp 2 < exp EnA

where the second step comes from Hoeffding’s inequality. By union bound,

Pr[OpT’ < (1 —¢)-RAND'| < (k

m) - Pr[ry(T) — RAND' < —¢ - RAND/]

—2ne? |
Sexp(m—i—m)ge <§ O

Now we are ready to prove Theorem 4.1.2]

Proof of Theorem[{.1.9. Fixae > 0 and let & = 10e. We will choose € appropriately
later. Given any instance of REGULAR MAX K-COVER with n elements and z sets
each of size n/k (as in Definition [4.4.2)), we construct the following instance for our
problem:

e There are N = nR voters v;; where i € [n] and j € [R]. We have m = 2kz

candidates. The first z candidates {c1, ¢, ..., ¢, } are “critical” candidates, and
the other m — 2z candidates are “dummy” candidates. Each voter corresponds
to an element in the universe and each critical candidate corresponds to a set

in REGULAR MAX K-COVER.

e If a set S; covers a;, then voters v;; for j € [R] rank ¢; within top ¢’ fraction.
Otherwise, v;;’s rank ¢; within bottom ¢’ fraction.
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e Independently for each voter, fill the rest of her preferences with the m — z

dummy candidates uniformly randomly.

e The copies of a voter only differ in the ranking of the dummy candidates. We
set the number of copies to be R = {%W These copies are there to ensure

Lemma [4.4.4] applies to the dummy candidates.

Clearly, the above construction has size poly(1/e,n, z, k). Let OPT denote the

m+1

optimal score on this instance. Recall that RAND = 7°5-.

First suppose the instance
of REGULAR MAX K-COVER has value n (“YES” instance) so that there are k sets
that cover all n elements, then it is easy to check that choosing the corresponding
critical candidates as the committee yields OpT < z < ¢’ - RAND.

On the other hand, suppose the instance of REGULAR MAX K-COVER is such
that any collection of sets of size k only covers at most (1 —1/e+¢e)n < 3n clements
(“NO” instance). Consider any committee 7" and suppose ' = R U D where R is
a subset of critical candidates and D is a subset of dummy candidates. Let r =
|R| and d = |D| = k — r. Let n’ be the number of elements R covers in the
REGULAR MAX K-COVER instance. By assumption, n—n' > % since any collection
R covers at most %n elements. Further, since the instance is regular, n —n' < 27,
so that n —n' > d7.

Using Lemma with probability > % over the choice of the ranking of the

dummy candidates, the optimal score of D on the (n —n’) R uncovered voters using

m—=z

d+1"

the m — z dummy candidates is greater than (1 — ¢) Inserting the critical
candidates cannot decrease this score for these voters, since the candidates in R
appear last in their ordering. Further, we have assumed m = %kz Therefore, with

probability > %, we have:

! _ o/ /
OPT>n n(l_g)m zZn n 1_5_ .m+1
n d+1 n



We now split the analysis into two cases:

1. Suppose d + 1 < %. Since n —n' > %, we have

1 ! 1 ! 1
OPT>Z~(1—%)~m+ > (1—6—)-7”Jr > (1 —£)RAND.

k4l Q;
2. Suppose d +1 > %=, Since n —n’ >

EadisH

n, and since d, k = w(1), we have:

d g\ m+1 d k+1 g\ m+1
-2, - 1-2). >(1—¢ .
OPT >3 ( 4) dr1 _d+1 k ( 4) pr1 = (L-e)Rawn

Therefore, our construction ensures that with probability > %, we have OpT >

(1 — ¢')RAND if the original REGULAR MAX K-COVER instance has value at most
5,

Now suppose there is a polynomial time algorithm that can distinguish between
instances with OPT < ¢’'RAND and OPT > (1 — ¢/)RAND. Then, feeding the output
of the above construction to this algorithm implies a coRP algorithm for the decision
version of REGULAR MAX K-COVER, which by Theorem implies NP C coRP.
Since RP C NP, this implies RP C coRP, so that ZPP = RPN coRP = RP. Since ZPP
is symmetric with respect to “YES” and “NO” instances, this implies ZPP = coRP,
so that ZPP = NP.

1

We now show how to set . For the first part of the theorem, we set € = 35 (%) 0

This can be achieved by choosing m such that (%)6 = 20kz. Note that this ensures

m = poly(k, z) when 4 is a constant, so that the construction runs in polynomial time.

1-6

For this setting, we have &’ - ’,’;TJrll < (F*f)a, while ¢/ = (%)175 = (5) ° =o(1),

completing the proof.

[~

For the second part of the theorem, we set m = 20k'*%z, and ¢ = k% Again,

1

o

we have m = poly(k, z), and € = o(1), completing the proof. O
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Theorem now implies the following easy corollaries.

Corollary 4.4.5. Unless NP = ZPP, there is no k“-approximation to the Borda

score for any constant o > 0. Similarly, there is no (%)1_5—approximation for any

constant 6 € (0,1).

The next corollary adapts the hardness proof to the maximization version of the

problem.

Corollary 4.4.6. For the mazimization version of Borda, there is no polynomial

time (1 — ;jj)—appmxz’mation for constant € € (0,1/2) unless NP = ZPP.

Proof. Set ¢ > 0 to be a small constant in the proof of Theorem 4.1.2, Then,

in the “NO” instance, the maximization score is at most (m + 1) (1 — ﬁ), while

for the “YES” instance, the score is at least (m + 1) (1 —55). For e € (0,1/2),

1—2¢
k+1

the approximation factor achievable is therefore at most (1 — ), completing the

proof. O]
4.4.2  An Optimal Deterministic Algorithm

Given the lower bound and the hardness result, an immediate question is whether
there is a deterministic rule to achieve the benchmark RAND. We answer in the
affirmative: The BANZHAF algorithm [Ban65, [DS79, [FLPT18] can be viewed as a
derandomization of RAND: Instead of randomly picking a candidate at each iteration,
it picks the candidate that gives the best expected performance if the rest of the
committee is randomly constructed. It is shown in [FLPTI18] that this algorithm

runs in polynomial time. The following theorem implies Theorem [4.1.3]
Theorem 4.4.7. BANZHAF < RAND.

Proof. Recall that BANZHAF builds sets @ =Ty C 11 € --- € T}, where at step 7,
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BANZHAF picks ¢; € C \ T;_; such that:

¢j = argmin.ce\p, Z ry(S). (4.4)
SCC:|S|=k
52Tj-1U{c}

We now use induction to show that for any j € {0,1,...,k},

1

ey E my(S) < RAND,
(k—j> SCc:|S|=k
SDOT;

which is clearly true when j = 0, and gives the desired result BANzZHAF < RAND
when j = k.

For the inductive step, assume it holds for some j—1. Now in the j* iteration, we
have the following inequalities that complete the proof. Here, the first step follows
since BANZHAF picks ¢; in step j. The second step follows since BANZHAF solves
Eq , so that the score from adding c; beats the average score of adding one of

the m — j + 1 candidates in C'\ Tj_;. The final equality follows since (f:j:ll) =

7;__]]: (7,’;__]] ), and by observing that for any S O T}, there are & — j + 1 choices of
cE S \ T‘j—l-
1 1
(m9) Z mv(S) = (m9) Z ()
k—j/ scec:|S|=k k—j/ scc:|S|=k
SOT} SOT;_1U{c;}

1 1
<o - ry(5)
( ?) m—j+1 cGC\Zle SCC%|=I<
S;)ijlU{C}

1 kg1 1
) m—j+1 | k—j+1 2. 2. )

k—j c€C\Tj_1 SCC:|S|=k
SQijlu{C}
1
:W Z Ty(S) < RAND. ]
k—j+1/ SCc:|S|=k

S2Tj-1
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To complete the proof of Theorem [4.1.3], for the maximization objective, BANZHAF

achieves a value at least (m + 1) (1 — k%l) Since the maximum possible value is m,

this implies a (1 — k%l)—approximation.

4.5 Lower Bound on Committee-Monotone Algorithms

A nice property of GREEDY is that it is committee-monotone: In each iteration, the
candidate chosen by GREEDY only depends on which candidates have been chosen in
previous iterations and not on k, and thus when k increases, the committee selected
by GREEDY includes all the candidates GREEDY used to select. On the other hand,
BANZHAF does not satisfy committee monotonicity, as the candidates chosen by
BANZHAF does depend on k.

This naturally brings up the question: Is there a committee-monotone algorithm
which is optimal with respect to the benchmark RAND? We answer this question
in the negative, by presenting a lower bound of 1.015 for all committee-monotone

algorithms.

Theorem 4.5.1. For any large enough m, there exist instances with m candidates
where any committee-monotone algorithm ALG satisfies ry(Ty) > 1.015 - RAND for
some value k € {1,2}. Here, Ty is the set of candidates ALG chooses when the size

of this set is k.

Proof. The construction goes as follows: There are two types of candidates, X and
Y. Candidates of type X are ranked between [am, bm] by every voter and candidates
of type Y are ranked between [1,am]| U [bm, m] by every voter, where 0 < a < b < 1
are two parameters. We construct sufficiently many voters so that all candidates of
the same type are symmetric (by having all permutations of candidates of type X
and those of type Y). We want to find proper a and b, so that when k = 1, the

optimal choice is to choose a candidate of type X, while when k£ = 2, the optimal
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choice is to choose two candidates both of type Y. This means that no committee-
monotone algorithm can produce optimal choice for both the first iteration and the
second iteration. We optimize over a and b to find the maximum lower bound.

In particular, the search procedure goes as follows. Let ry,(Y") denote the 1-Borda
score of choosing a candidate of type Y; m,(XX) denote the score of choosing two
candidates both of type X; and r,(XY") denote the score of choosing a candidate of
type X and a candidate of type Y. We can easily see that, when m goes to infinity,

up to an o(1) additive error:

mLHrV(Y) = ¢ -Pr[Yisat [1,am]] + 17”’ -Pr[Y is at [bm,m]] = § 1_(Z_a) + 17+b . 1_1(3361)
—Lorp(XX) = 2
g m(XY) = & - PrY s at [1,am]] + %52 - Pr[Y is at [bm,m]] = § - =i + %52 - =5

A committee-monotone algorithm either chooses Y in the first iteration, or chooses
XX or XY in the first two iterations. Therefore, to give a lower bound, we maximize
min (mLHTV(Y), miHrV(XX), miHTV(XY)) (note that the value on the numerator

corresponds to the value of k+ 1) over 0 < a < b < 1, and find that, for a = 0.377

and b = 0.552, it achieves a lower bound greater than 1.015. ]
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5

Approximate Efficiency in Bilateral Trade

5.1 Introduction

In a bilateral trade, a seller holds an item and is trying to sell it to a buyer. The
buyer’s private value v is drawn from a cumulative distribution function (CDF) F,
and the seller’s private cost c for selling the item is independently drawn from a CDF
G. If a transaction happens between v and ¢, the society as a whole gains utility of
v —c. The gains-from-trade (GFT) refer to the expected utility gain from trading. If

trading probability between v and ¢ is x(v, ¢), then

GFT = U]S)F [(v—rc)-z(v,c)].
c~G

Ideally, to maximize GFT, a trade should always happen when v > ¢ and never
happen when v < ¢. The resulting optimal GFT is termed the first best (FB).
Namely,

FB = U]NEF [(v—rc)-1{v>c}].

The seminal work of [MS83] shows that if both agents are self-interested, it is
impossible to devise a Bayesian incentive-compatible (BIC), individually rational
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(IR) and weakly budget balanced!] (WBB) mechanism that achieves the first-best
GFT, as long as the distribution supports of F' and G “overlap”. This impossibility
result motivates the natural question of whether there exists a mechanism with these
properties (BIC, IR, and WBB) that guarantees a constant fraction of the first-best
GFT.

Benchmarks and Simple Mechanisms 'To better explain related work and our results,
we first introduce some benchmarks and simple mechanisms. For simplicity, we
assume I and G are both continuous distributions supported on a bounded interval
[0, 1] with positive densities. We show in Remark why this is without loss of
generality. We slightly overload the notations below and use them to denote both

the mechanisms and the gains-from-trade they obtain.

e FB: the first best. It captures the optimal GFT if the agents are not strategic
and there is a trade whenever v > ¢. Formally, FB = fol fcl(v —c)dF (v)dG(c).

e SB: the second best. It captures the optimal GFT achieved by any Bayesian
incentive-compatible (BIC), individually rational (IR) and weakly budget bal-
anced (WBB) mechanism.

e FixedP: the fixed-price mechanism. The mechanism sets a fixed price p, and
there is a trade if buyer’s value is at least p and seller’s cost is at most p. For-
mally, FixedP = max, [ fpl (v —c¢)dF(v)dG(c). The mechanism is dominant-
strategy incentive-compatible (DSIC, stronger than BIC), IR and strongly bud-
get balanced (SBB, stronger than WBB).

e SellerP: the seller-pricing mechanism. The mechanism delegates the pricing

L A mechanism is weakly budget balanced if the total payment of the participants is ex-post non-
negative, i.e., the payment from the buyer is always at least the revenue of the seller. Moreover, a
mechanism is strongly budget balanced if the total payment of the participants is ex-post exactly
0, i.e., the payment from the buyer is always the revenue of the seller.
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power to the seller, who in turn posts a price r. to maximize her profit with
knowledge of ¢ and F. The buyer then decides whether to buy depending on
whether v > r.. Formally, SellerP = fo fr v — ¢)dF(v)dG(c), where r. €
arg max,(p—c)- (1 — F(p)) is the price the seller sets when she has cost c¢. The
mechanism is BIC, IR and SBB.

e BuyerP: the buyer-pricing mechanism. Symmetric to SellerP, the mechanism
delegates the pricing power to the buyer, who sets a price 7/ to maximize his
utility, and then the seller decides whether to sell based on whether ¢ < r!.
Formally, BuyerP = fol forg’ (v—c) dG(c) dF (v), where r}, € arg max,(v—p)-G(p).
The mechanism is BIC, IR and SBB.

With these notations, the result of [MS83] demonstrates SB < FB whenever the
supports of F' and G “overlap”. It has remained an open question ever since, on how
far apart SB and FB can be. Specifically, is it the case that SB is always at least a
constant fraction of FB? We answer this question in the positive. In particular, the
better of (or a randomization over) SellerP and BuyerP guarantees at least 10% of

the first-best gains-from-trade.
Theorem 5.1.1. FB < 2- SellerP + 8 - BuyerP < 10 - max(SellerP, BuyerP) < 10 - SB.
Remark 5.1.2. In Section[A.4] we improve the constant to get a 8.23-approximation.

5.1.1 Related Work

There has been a large body of work towards answering whether SB = Q(1) - FB.
In particular, [McAO8] shows FixedP > 1 - FB when F and G are i.i.d. and [BMIG]
show SellerP > % - FB when F satisfies the monotone-hazard-rate condition. As for
the negative direction, [BM16] show that for any ¢ > 0, SB < (% + 6) - FB in some
instance. [BD16] show that for any € > 0, there is some instance where FixedP < ¢-FB

(and further FixedP < ¢ - SB).
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A closely related question of welfare approximation has also been extensively
studied before. In this line of work, the welfare is defined to be GFT plus the term
E..¢|c|, i.e., the welfare gains buyer’s value when trade happens and it gains seller’s
cost when no trade happens. Maximizing the welfare is equivalent to maximizing the
gains-from-trade, but providing a constant approximation to first-best gains-from-
trade is much harder than doing the same for first-best welfare. For instance, not
having any trade at all already gives a non-zero (and often good) approximation
to welfare, but it gives a zero approximation to gains-from-trade. [BDI16] show a
(1 — %)—approximation to the first-best welfare. [KPV22] improve the approximation
ratio to 1 — é + 1074,

[BCWZ1T] present a 2-approximation against second-best gains-from-trade; in
particular, they show SB < SellerP + BuyerP. Our result is “stronger” in the sense
that we show the better of SellerP and BuyerP is a constant-approximation of FB and
not only SB. [DFL"21] and [KPV22| consider settings without full knowledge of the
distributions.

The double auction is a generalized version of bilateral trade, where there are
multiple buyers and sellers in the market. There has been a significant amount of

work on characterizing and approximating the efficient solutions in related settings;

see e.g. [CAKLTT6, CGAKT 17, BCWZI17, BCGZIS, BMPLZIY, BGG20, CGMZ21).
5.2  Proof of Efficiency Approximation

Recall that F' and G are independent continuous CDFs supported on [0,1] with
positive densities (see Remark for why everything apart from independence is

without loss of generality). Let u(x) be the median of Fj>, (where Fj>,(z) = 0 for

z < x and Fls,(2) = %&m for z > ), i.e., p(r) = FY (@) Let pu®)(.)

be the composition of k functions of p(-), and p{=®)(-) be its inverse (0 if it does not
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exist). We first give immediate bounds for FB, SellerP and BuyerP:

FB — /Ol/cl(v ) dF(v)dG(c)
<9 /0 1 /M :C)(v o) dF(v) dG(e),

where the second step holds since p(x) is the median of Fj>,, and we preserve the
better half.

For SellerP, we have

SellerP > /0 1 /H (lc) (,u(c) - c) dF(v) dG(c).

The right-hand side (RHS) is the seller’s expected profit when setting the price at u(c)
for each ¢, which is at most her optimal profit and thus at most the gains-from-trade
in the profit-optimal seller-pricing mechanism (which is the left-hand side (LHS)).

Similarly, for BuyerP, we have

1 p(=2 (v)
BuyerP > / / <U —pu? (v)) dG(c) dF(v)
1 (0) Jo

_ /0 1 /M ;)(C) (v =12 w)) dF(v) dG o).

Again, the RHS is the buyer’s expected utility when setting the price at (=2 (v) for
each v, which is at most the gains-from-trade in the utility-optimal buyer-pricing

mechanism (the LHS).

1

For each cost ¢, define FB(c) = qu(c)<v — ¢)dF(v), SellerP(c) = f:(c) <H(C) -

c) dF(v) and BuyerP(c) = [ e (v — p=2 (v)) dF(v). The bounds above simplify

p?

to:

1 1 1
FB < / FB(c)dG(c), SellerP > / SellerP(c) dG(c), BuyerP > / BuyerP(c) dG(c).
0 0 0
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We now show that, for any ¢, FB(c) < 2-SellerP(c¢)+8-BuyerP(c), thus proving our
result. The crux of our proof is a partition of value space by quantile. We decompose

FB(c) into two parts and bound them by SellerP(c) and BuyerP(c) separately.
Lemma 5.2.1. For any ¢, FB(c) < 2 - SellerP(c) + 8 - BuyerP(c).
Proof. We first have

FB(c) = 2/ (v—rc)dF(v)

= /#:c) <u(c) — c) dF(v) + 2/“(10) (U - M(C)> dF(v)

1

= 2 - SellerP(c) + 2/

p(c)

We now proceed to show that f:(c) (v — u(c)) dF(v) < 4 -BuyerP(c). Observe that

[ mw@)are =3 [ (o w0 arto
00 M(k+1)(0)
<3 / » (H# () — p(e)) dF(v)

ii/#(kﬂ)(c (41 () — ,u(t)(c)) dF(v)

k=1 t=1 (k)

POSIE

| ( 0 (e) — u(0)) dF (v)

u®) (c

o pultt(e)

=2y / (1)~ 9 0)) AP ().
t=1 ﬂ(t)(c)

The last step uses the definition of p(-): & = ¢ counts for half the probability of all

k >t.
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On the other hand, for BuyerP(c), recall that BuyerP(c) = f:@)(c) <v—,u(_2) (v)) dF (v)
and we have
1 o0 u(t-&-l)(c)
[ (=n2w)ar =3 [ (o= u ) are)
1? (c) =2 7 u(c)

u(+D) (¢

- tio;/u(t)(r:) ' <’u(t)(c) a M(t_l)(c)> dF(v)

where the last step again applies the definition of p(-). Therefore, we conclude the

proof that FB(c) < 2 - SellerP(c) + 8 - BuyerP(c). O

Remark 5.2.2. It is without loss of generality to consider bounded continuous dis-
tributions with positive densities: For any general distributions F' and G on [0, 1],
there is a sequence of continuous distributions on [0, 1] with positive densities con-
verging to it in the Lévy metric. All of FB, seller’s profit in SellerP and buyer’s utility
in BuyerP are continuous in F' and G (in the Lévy metric). It is also without loss of
generality to consider bounded supports: As long as FB is finite, almost all of the

contribution comes from (v, c) € [—M, M]? for some M.

Remark 5.2.3. By symmetry, we also have FB < 8-SellerP +2-BuyerP. Thus, using
SellerP with probability o and BuyerP with probability 1 — « for any « € [0.2,0.8]

gives a 10-approximation to FB.

Remark 5.2.4. We can use a parameter to control the quantile of u(x) (instead of
using the median) in Fj>,. This improves the approximation constant to 8.23. The

details are deferred to Section [A.4]
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6

Approximate Efficiency and Fairness in Auctions
via Persuasion

6.1 Introduction

Consider the case where a seller is selling an item to a buyer, whose private value
V' is drawn from some known distribution D. The seller has the pricing power, i.e.,
she can announce a price to the buyer, and then the buyer will decide whether he
will buy it. The overall social welfare is maximized — i.e., the trade is efficient —
when the seller sells the item for $0, assuming the seller has no cost for the item. In
contrast, to maximize the (average) revenue, the seller’s optimal strategy is to sell
at a revenue-maximizing price, which may lead to welfare loss due to the item going
unsold.

More generally, in a single-item Bayesian auction with n buyers with independent
private valuations, an efficient mechanism is the second-price (or VCG) auction,
which always gives the item to the highest-valued buyer. In contrast, even when the
buyers have i.i.d. regular valuations, the revenue-optimal mechanism was shown by

[Mye81] to be a second-price auction with a reserve price; this may lead to the item
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going unsold. The situation is more complex for non-regular distributions, and/or
non-i.i.d. buyers, where the revenue-optimal mechanism may in addition sell the
item to a buyer with lower value than the highest, leading to additional welfare loss.
We visualize this via a revenue-CS trade-off diagram (Fig. , where, for different
mechanisms and value distributions, we plot expected consumer-surplus (i.e., value
minus payment), denoted CS, versus expected seller-revenue, denoted by R. Any
welfare-maximizing mechanism including VCG (point V') lies on the R + CS = W*
line. In contrast, Myerson’s mechanism (point M) has revenue R greater than that

under VCG, but can also lie below the maximum-welfare line.

Information Intermediary. Now consider the same setting, but with an additional
information intermediary: a third-party who knows the true buyer values Vo=
(V1,Va, ..., V,) and can provide a “signal” or side-information to the seller and the
buyers. Both the signal and signaling scheme are common knowledge to all agents
(buyers and seller), who can thus use Bayes’ rule to update the prior over valuations
given the signal. The signal “re-shapes” the joint prior over the buyer valuations in
a Bayes-plausible manner (i.e., such that the posterior averaged over signals equals
the prior). Though the intermediary can modulate information, it does not control
the mechanism, which still resides with the seller. Such a setting is motivated by ad
exchanges, where the platform (or intermediary) acts only as a clearinghouse, and
does not itself run a mechanism. Therefore, given the signal, the seller then proposes
the revenue-maximizing mechanism, and buyers bid optimally, under the posterior
distribution. We illustrate this in Fig. [6.1a]

Formally, consider a setting where n buyers have independent private valuations
V drawn from a distribution D = Dy x Dy x---xD,. The valuations V are known to
the intermediary, who maps them to a signal ¢ via a public signaling scheme Z. (For

our positive results, only the seller needs to receive the signal. It does not matter
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if the buyers receive them.) Given o, all agents compute the posterior S over buyer
values; note these can now be correlated. The seller then proposes a mechanism Mg
(comprising allocation and payment rules) which maximizes its expected revenue
assuming buyers act in a manner which is ex-post incentive-compatible (IC) and
interim individually-rational (IR) given S. If ¢ is such that S = D, then Mg is
Myerson’s auction (point M in Fig. [6.1b]); on the other hand, if the signal fully
reveals \7, then the seller can extract full surplus (i.e., get revenue W*, point A
in Fig. . Moreover, the seller gets revenue at least R under any signaling
scheme, as she can always ignore the signal (see Section [6.2]). Thus any signaling
scheme Z must give a point in the shaded triangle with consumer surplus CS(Z2)
and revenue R(Z), and the maximum possible surplus OPT is achieved at point O

in Fig. [6.1bl Now we can ask:

What revenue-CS trade-offs can an information intermediary achieve via
signaling? More specifically, what is the mazximum possible consumer

surplus that is achievable?

In the single-buyer case, the seminal work of [BBM15] completely answer these
questions by showing that the entire shaded region is always achievable. In particular,
the point O is met by a simple signaling scheme where the revenue is ezactly R,
and the item is always sold thus the mechanism is efficient.

In this chapter we study the effectiveness of an information intermediary in a
multi-buyer (i.e., n > 2 buyers) Bayesian auction. In brief, we expose a sharp
separation between the single and multi-buyer settings, as in the latter, no signaling
scheme can guarantee more than a constant fraction of the optimal consumer surplus
(OPT in Fig. [6.1Db)).

On the positive side, we obtain a novel yet simple signaling scheme with strong

approximation guarantees for a wide range of settings.
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While our main focus is on theoretical results, our work has broader practical rel-
evance. Consider an agency like the FCC with privileged information about bidders
in a spectrum auction, or a bid optimizer working for multiple competing clients in an
ad-exchange. These intermediaries have private information about the buyers, and
can selectively release it to influence the auction. For instance, in an ad exchange, the
platform running the exchange (intermediary) typically uses machine learning and
advertiser features to infer true valuations. However, the pricing rules are decided
by the publishers (seller) and not the exchange. For its own long term viability, the
platform clearly has incentives to make both parties — publisher and advertisers —
as happy as possible, and would therefore like to release information selectively to
the publisher in order to maximize advertiser happiness (consumer surplus) while
keeping publisher happiness (revenue) at least what it is without its presence. In
effect, we use the alternate view of the market segmentation problem in [BBM15] as
a special case of a signaling problem where a more informed intermediary works for
the benefit of the buyers.

Our work also fits in a broader space of multi-criteria optimization where a third-
party platform or government agency can release information about agents to a
principal in charge of an activity such as admissions or hiring, so as to trade-off the
principal’s objective such as maximizing quality of hire (or revenue in our setting),
with a societal objective such as fairness or diversity (or the consumer surplus in our

setting).
6.1.1 Our Results

We consider a single-item auction with n buyers with discrete valuations. We assume
the buyer valuations are independent, so D = D; X Dy X --- X D,,, where D; has
support size IC;, and the size of the union of the supports is K.

Our first set of results (Section [4.4)) shows a sharp demarcation between the cases
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(a) Auction with Information Intermediary (b) Revenue-CS Trade-off Diagram

FIGURE 6.1: (a) The auction with information intermediary setting, where the in-
termediary has full knowledge of valuations ‘7, and can use this to provide a signal
o to the seller and the buyers. The seller then uses the revenue-optimal mechanism
M for the posterior distribution over valuations S given o.

(b) Two-dimensional space of seller revenue, R, and consumer surplus, CS, of dif-
ferent signaling schemes. The points M and V correspond to Myerson’s and VCG
mechanisms, and the point A corresponds to selling to the highest-valued buyer at
her value when the seller has full information.

of n = 1 and n > 2 buyers. In contrast with the former case (where signaling
achieves the entire shaded region in Fig. |6.1bf), we show in the latter case, the entire
segment BO is not achievable; indeed, the only achievable points on segment AO
are arbitrarily close to A. Therefore, achieving full welfare requires sacrificing an

arbitrarily large fraction of consumer surplus compared to the no-signaling baseline.

Theorem 6.1.1 (Proved in Section . For any given constant € > 0, there are
instances with n = 2 buyers each with IC; = 2, where any signaling scheme Z under
which the revenue-optimal auction obtains full welfare (i.e., allocates to highest-value
buyer), has CS(Z) < e-CS(D), where CS(D) is the consumer surplus of Myerson’s

auction without signaling.

We next ask if we can sacrifice on welfare, but raise a consumer surplus arbitrarily
close to OPT? We again answer in the negative, and show a lower bound of 2 on the

approximation ratio.
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Theorem 6.1.2 (Proved in Section |A.5). For any constant € > 0, there are problem
instances with n = 2 buyers each with IKC; = 2, where any signaling scheme Z has

CS(2) < (L +¢) - OpT,

We note that the above results are existential impossibility results, and do not

depend on the complexity of the signaling schemeﬂ Overall, the negative results in

Theorems [6.1.1) and [6.1.2] strongly suggest that in this setting, the focus should be

on approximating the consumer surplus.

The situation improves in Section [6.2.3| when we restrict to D; that are identical
and (discrete-)regular. Here, we first circumvent Theorem by showing a simple
signaling scheme that achieves the point B (i.e., optimal welfare, and same consumer
surplus as under Myerson’s auction).

One problem that remains, however, is that Myerson’s auction may have arbi-
trarily poor CS: for example, if the D;’s are regular, and chosen such that the reserve
price is the highest value in the support, then CS = 0, while OpT > 0 (and so the
approximation factor of Myerson’s auction is unbounded). Indeed, even restricting
to MHR priors, one can construct instances where the reserve price is close to the
maximum value in the support, leading Myerson’s auction to have vanishing CS rel-
ative to OPT. This is one reason why getting any non-trivial approximation to OpPT
is challenging, and we present more discussion in Section [6.3.1}

In Section [6.3] we present our main technical result, where we show that when
buyers’ valuations are drawn from i.i.d. regular distributions, then a simple signaling
scheme achieves a constant-approximation to OPT. In more detail, our RANK; sig-
naling scheme is based on two simple but critical steps: First, the intermediary can
use its knowledge of agent valuations to perform a pre-screening step that eliminates

all but the top-t buyers (for a carefully chosen t). Second, given the top ¢ buyers, it

L Qur proofs also imply the same lower bounds when the seller is constrained to run an ez-post
IR mechanism, provided the intermediary’s signals induce a product-form posterior distribution.
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can then choose a uniform buyer among this set to serve as a hold-out buyer, who the
seller can sell to in case she is unable to raise sufficient revenue from the remaining
t — 1 buyers via an auction; this can be achieved by using the single-buyer signaling
scheme of [BBM17] on the chosen buyer. Using a combination of these two ideas, we

get the following:

Theorem 6.1.3 (Proved in Section [6.3). When the D;’s are identical and regular,
there is a signaling scheme that achieves an O(1)-approzimation to the optimal con-

sumer surplus OPT, and has computation time polynomial in n and IC.
6.1.2 Intuition and Techniques

For any n, the optimal signaling scheme for maximizing surplus can be obtained
via an infinite-sized linear program (see Eq. in Section with variables for
every possible signal, i.e., every possible joint distribution over buyer valuations.
Further, for each such signal, the quantity of interest is the consumer surplus of
the revenue-optimal auction given the signal. For n = 1 case, Bergemann et al.
show this LP has a special structure in that it admits a basis comprising of “equal-
revenue distributions” containing the revenue-maximizing price (see Section .
Our work shows that this breaks down for optimal auctions with signaling involving
n > 2 buyers.

To understand why things change dramatically from n = 1 to n > 2 buyers, in the
former case, the optimal mechanism is a simple posted price scheme and its revenue is
continuous in the distribution D. However, with multiple buyers, the optimal auction
does not have simple structure even for independent buyers (see Algorithm, and we
need to analyze the consumer surplus of this auction, which can be a discontinuous
function of the prior. (See Section for examples.) Further, for correlated buyers,
the revenue of the auction itself may not be continuous in the prior! Indeed, a
celebrated result of [CM88] shows that slightly perturbing an independent prior to
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a correlated one can discontinuously increase the revenue to W*, hence decreasing
consumer surplus to 0. (See Theorem in Section [6.2]) This makes it tricky to
reason about the optimal signaling scheme, leading to the gap between our upper
and lower bounds.

In more detail: Our proofs of Theorem and Theorem [6.1.2] use a special
case of the Crémer-McLean characterization |[CMS8S§]: for n = 2 buyers each with
IC; = 2, under any non-independent prior the seller can extract full social surplus as
revenue. This lets us focus on signaling schemes where buyers’ posteriors given each
signal are product distributions. Using Myerson’s characterization of the optimal
auction for discrete valuations [EIk07], we show a structural characterization that
reduces the space of optimal signals to a sufficiently simple form, yielding the desired
counterexamples. Note that we still need to reason about a large space of possible
product distributions as signals, which makes our constructions quite non-trivial.

The technically most interesting result is the O(1)-approximation signaling scheme
for i.i.d. buyers (Theorem in Section . The challenge is the following: Even
if we restrict the space of signals so that the posteriors are (non-identical) product
distributions, this space is still infinite size, with CS being a discontinuous function
in this space. Our signaling scheme in Section balances the trade-off between
revealing enough information about valuations so that the item is sold to a high-
value buyer, and revealing too much information such that the seller extracts all the
surplus. Balancing these is delicate; nevertheless, our final scheme is simple with
polynomial computation time and signal complexity. We present more intuition in
Section [6.3.1] where we argue that the guarantee in Theorem [6.1.3|cannot be achieved

in a straightforward fashion.
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6.1.3 Related Work

The general problem of information structure design considers how sharing additional
information can influence the outcome of a mechanism. Different variants of this
problem have been formulated and studied; we refer the reader to [BM19, Dugl7]
for surveys. Of particular importance to us is the Bayesian persuasion problem
formulated by [KGI11], where a receiver selects a utility-maximizing action based
on incomplete information about the state of nature. A sender who knows the
state of nature can signal side-information to the receiver so that the action taken
by the receiver is utility-maximizing for the sender. This general problem has
been widely studied in different domains such as monopoly pricing and advertis-
ing [BBM15, [CH14, XRDT15, [HS22]. For this problem, there is a distinction be-
tween existence and computational results, and the work of [DX19] studies the com-
putational complexity of finding the optimal signaling scheme under different input
models.

The restriction of our problem to one buyer is the monopoly pricing problem.
Here, the intermediary is the sender whose utility is consumer surplus, and the
seller is the receiver whose action space is take-it-or-leave-it prices and whose util-
ity is revenue. Beginning with the work of [BBM15], several works [DKQ16, [STZ18|
CDHW20, [CEF 20, [HS22, [KM22, MPLW22| have considered various extensions and
modifications to this basic problem. Unlike monopoly pricing where the buyer is per-
fectly informed, in our setting, not only the seller, but also all the buyers are receivers,
in the sense that they have imperfect knowledge of the true valuations of other buy-
ers, and modify their respective bidding strategies in response to the intermediary’s
signal to maximize their own utilities. Our setting is therefore a Bayesian persuasion
problem with multiple receivers, and this aspect makes it significantly more complex.

There has been work on signaling in auctions that cannot be modeled as Bayesian
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persuasion, i.e., in which the common signal is not generated by an intermediary
who knows all the true values of the buyers. For instance, in the work of [BP07], the
auctioneer has perfect information about buyer valuations and controls the precision
to which buyers can learn it, and in the work of [FLLT18], the seller’s signal is drawn
from a distribution that is correlated with the buyer’s value, In both these works,
the goal is to maximize seller revenue. Finally, [STZ19] studies equilibria of optimal
auctions when each buyer commits to a signaling scheme with imperfect knowledge of
other buyers’ valuations, while [BBM17] studies equilibria in first price auctions when
buyers are provided correlated signals about other buyers’ valuations. In contrast
with the former, our work considers a richer space of signals via an information
intermediary, while compared to the latter, in our setting the seller’s mechanism is

not fixed, but is instead also a function of the information structure.
6.2 Preliminaries

We consider Bayesian single-item auctions with n buyers, with independent private
valuations V = (V1, Vo, ..., V) drawn from a known product distribution D = D; x
- X D,,. Unless otherwise stated, we present our results for the setting in which
each D; is discrete. We denote by KC; the size of the support of D;, and by K the size
of the union of these supports.
For distribution D;, we use fp, to denote its probability mass function, and define
Sp,(x) = Pry,.p,[Vi > x| and Fp,(x) = Pry,.p,[Vi < z|. For a joint distribution D
and vector ¥, we use Pr[D = 9] = fp(¥) as shorthand for denoting the probability of

v drawn from D.
6.2.1 Revenue-Maximizing Auctions

Given any shared prior D’ on the valuations of the buyers, which in the case of

signaling, can be different from D and arbitrarily correlated, the seller runs an opti-
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mal (revenue maximizing) auction that satisfies ex-post incentive compatibility and
interim individual rationality. Let D. denote the marginal distribution of buyer i.
Using the revelation principle [Mye81], the optimal auction is specified by an alloca-
tion rule z*(¥) > 0 and a payment rule 6*(¥) (that can be positive or negative) given
any realized valuation profile ¥. The quantity z}(¢)) is the probability buyer i gets
the item given the valuation profile #. The allocation is always non-negative, while

the price could be negative. The auction maximizes revenue:
R(D') =max y Pr[D' =1]- 0;(v
(0) = g S Pr{P =71 60

subject to the following constraints. The ez-post incentive compatibility (IC) con-
straint states that the utility of any buyer does not increase by misreporting its
valuation. Formally, for every buyer ¢, for every value ¢, and for every valuation
vector U = (q,7_;) (where ¥_; denotes the valuations of the other buyers), and every

other possible report r,
q-2i(q, V) — 0i(q, ) = q - 2i(r,v;) — 0i(r,05).

The interim individual rationality (IR) constraint says that for any buyer ¢ and any

value ¢, the expected utility under the mechanism is non-negative:

Pr[D' = (¢, v_;
3 [ (¢, 7-4)]

v
. .. U_:) — 0: 7)) > 0.
PD =g (¢ @) — 04, 9-4)) 2 0

T_i

Finally, we have the constraint that the item is allocated probabilistically to at

most one buyer:

dowm(m) <1, W

For any prior D', let (R(D’), W(D'), CS(D’)) denote the expected revenue, wel-

fare (or total surplus) and consumer surplus under the revenue-maximizing auction.
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Then we have CS(D’) = W(D') — R(D’), and:
R(D') = Z Pr[D' = 4] - Z 0:(v) and  W(D') = Z Pr[D' = 7] - Z v (D),

where z*(0) > 0 and 0*(¥/) are the allocation rule and the payment rule of the optimal
auction given any realized valuation profile /.
Our work builds on two special cases — independent valuations, and full surplus

extraction.

Optimal auction for independent valuations. When D = Dy x --- x D,, is a product
distribution, the optimal auction has a simple form given by [Mye81]. For distribution

D, with support z; < 23 < -+ < 2, its virtual value function pp, is defined as:

SDi (ZZJrl)

o) Ve <k (6.1)

op.(z) =2z and  wp,(20) = 20 — (2041 — 20)

If buyer ¢ is the only buyer in the system, the optimal auction sets a fixed price, and
the buyer buys the item when her valuation is at least this price. The reserve price
of D;, denoted 7p, is the smallest value r in the support of D; that maximizes the
corresponding revenue rSp,(r). It is easy to check that ¢p,(rp,) > 0.
Throughout this paper, we assume the distributions D; are regular, so that ¢p, (2)
is a non-decreasing function of z. Therefore, for all v < rp,, we have ¢p,(v) < 0.
For discrete regular distributions, Myerson’s auction takes the form [EIk07] in

Algorithm [4] Note that this auction is also ez-post IC and IR.

Algorithm 4 Myerson’s Auction with prior D and valuations v.

1: Sort the buyers in decreasing order of ¢; = ¢p,(v;). Assume no two values are
identical (can be ensured by using a fixed tie-breaking rule).

2: Allocate to the bidder j with highest virtual value g;, provided ¢; > 0.

3: Let m be the bidder with second highest virtual value, and let w = max(0, ¢,).

4: Charge j the smallest value z in the support of D; such that ¢p, (2) > w.

111



Extracting full surplus as revenue. At the other extreme, a celebrated result of [CMS8§]
shows that for distributions D’ which are “sufficiently correlated”, the optimal auc-
tion extracts full surplus (i.e., the revenue equals the maximum valuation in each
valuation profile). Formally, the result requires that for each agent, their conditional
distribution over others’ values given their own value is full rank; for our purposes, we

require a restriction of their result to n = 2 buyers, each with two possible valuations.

Theorem 6.2.1 (J[CMS88]). For n = 2 buyers, where each buyer i has K; = 2 and
the joint distribution over the valuations is D', the seller (who faces an interim IR
constraint) can extract the entire social welfare (i.e. get expected revenue equal to
the expected value of the mazimum of the buyer’s valuations) when D' is a correlated

(i.e. not independent) distribution.
6.2.2 Auctions with an Information Intermediary

We next formalize the model of an information intermediary illustrated in Fig. [6.1a]
Since the effect of the intermediary’s signal is captured by the resulting posterior
distribution over valuations, for ease of notation, we henceforth use “signal” to refer
to a distribution & over valuations.

A signaling scheme Z = {v,, Sy }qepm) comprises a collection of signals (i.e., joint
distributions over valuations) Sy, Ss, . .., S, and corresponding non-negative weights
Y152y« -+ Ym- Lhe scheme Z is feasible (or “Bayes plausible” [KG11]) if it satisfies
>V = 1and > 7S, = D. The intermediary commits to scheme Z before the
auction, and it is known to the seller and all buyers.

The intermediary maps observed valuation profile 7 ~ D to signal S, with prob-

ability %. The seller uses S, as the shared prior and runs an optimal auction
on the buyers. Note that though D is a product distribution, the {S,} can be cor-

related. Abusing the notations introduced earlier in Section [6.2.1] we denote the
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revenue generated by signaling scheme Z as R(Z) = > R(S,), its consumer
surplus by CS(Z) =3~ 7,CS(S,), and its welfare by W(2) = > 7, W(S,).

When D is a product distribution, the revenue from any signaling scheme must
be at least the optimal revenue of Myerson’s auction without signaling, R(D). To
see this, we note that Myerson’s auction on D is ex-post IC and IR. This means that
this allocation and payment rule is still a feasible (interim IC and IR) mechanism
conditioned on receiving any signal, completing the argument. Therefore, the con-
sumer surplus CS(Z) under any signaling scheme Z is bounded by the difference

of the maximum possible welfare W* = E-__[max; V;| and the maximum revenue

V~D
without signaling R(D). We henceforth denote this bound as OpPT, which is defined
as follows:

OpT =W* - R(D).

We say that Z is a 7-approximation signaling scheme if CS(Z) > 2. Our goal is
to find the best approximation factor 7 via a signaling scheme whose computation
time is polynomial in n and K. In the rest of the paper, we omit the dependence on

D when clear from context.

Optimal signaling for a single buyer. For n = 1 buyer, [BBM15] present a signaling
scheme with consumer surplus exactly equal to OPT (1.e., implementing the point O
in Fig. Their signaling scheme constructs distributions (signals) 81, S, ..., S
and assigns weights 71,79, ..., ¥m to them such that Zq ¢S, = D.

Let prior D takes value v; with probability 7;, where 0 < vy < -+ < vg. Let
7= (M,m2, -+ ,Mk). In each iteration ¢, the algorithm constructs an equal revenue
distribution &, and subtracts it from the prior D. This equal revenue distribution
assigns positive probability n;, to v; if 1; > 0 and assigns 7;; = 0 if 5, = 0. In Sy, the
seller raises equal revenue by setting the price to be any of the values v; with 7; > 0.

It is easy to see that the equal revenue condition specifies a unique distribution S,.
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Note that since this signal is equal revenue, (we may assume) the seller sets the lowest
value as price, so that the item always sells and the consumer surplus is maximum
possible.

Let 7 be the probability vector of S;. We set the largest weight 7, such that
77— v > 0. We update D by setting 77 to 7 — vy, and increase ¢ by one. We
repeat this till the support of D becomes empty. The {~,,S;} specifies the signaling

scheme. We illustrate this procedure by an example.

Example 6.2.2. Suppose the type space is {1,2,3} and D = (%, %, %) are the prob-
abilities of these types. The monopoly price is § = 2 with revenue R(D) = %, while
the point A in Fig. has social welfare R(A) = W* = E[D] = 2. Suppose
S = (%,é,%> with v = %; Sy = (O,%,§> with v = %; and S3 = (0,1,0) with
V3 = %. It is easy to check that the monopoly price for each signal is the lowest

price in its support so that the item always sells, and Y vR(S;) = %. Therefore,

> 7CS(S;) =2 — 3 = 2 = OPT, which corresponds to point O in Fig. m

We henceforth use BBM (v, D) to refer to this scheme when the buyer has valu-
ation distribution D and the realized value is v ~ D. Below we state some critical

properties of the BBM scheme which we use in our results.

Lemma 6.2.3 (Implicit in [BBM15]). For a single buyer with value distribution D

(with reserve price rp), the BBM mechanism satisfies the following properties:
1. For any signal Sy, @s,(v) > 0 for all v in the support of S,.
2. CS(BBM) = OpPT > Pryp|V < rp|-Ey.p[V |V <rp| =3 . vfp(v).
6.2.3 Achieving the Pareto-Frontier in the I.I.D. Case

We now ask if there are cases where we can circumvent Theorem [6.1.1] and maximize

welfare while ensuring at least as much surplus as Myerson’s auction (that is, achieve
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a point on the line BO in Fig. . Note that Theorem rules this out for non-
ii.d. distributions. Surprisingly, however, for i.i.d. regular distributions D;, the
following simple signaling scheme turns out to be sufficient for achieving point B in
Fig. Morally this shows why our lower bound constructions are delicate.
Suppose the common reserve price of D; is r, and the maximum value of any

buyer is v,,.

1. If v,, < r, then the intermediary reveals v,, and the identity of the highest

buyer to the seller, who then sells to this bidder at price v,,.

2. If v, > r, the intermediary only reveals the information that some buyer has
value > r (but does not reveal either v, or the identity of the highest bidder).
In this case, though the posterior is not a product distribution anymore, it can
be shown that the seller’s optimal auction remains the second price auction

with reserve r

It is easy to check that the item always sells to the highest buyer, and the CS is
exactly the same as in Myerson’s auction without signaling, thereby achieving point
B. Note however that this scheme does not give any guarantees on approximating
CS itself, since the surplus of Myerson’s auction is not an approximation to OPT.
The question of approximating OPT is much more challenging even for the i.i.d.

regular setting, and this is what we focus on in the next section.
6.3 Approximating Consumer Surplus: The i.i.d. Case

In this section, we present our main result (Theorem [6.1.3): An O(1)-approximation

to OPT when the buyers’ valuation distributions D; are identical and regular.

2 Note this is the only case when the seller gets non-zero revenue in the optimal auction for the
original product distribution. Suppose for the purpose of contradiction that the seller can do better
for this posterior, she can also do better than the optimal auction for the original distribution.
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Recall we start with a product distribution D = D; X Dy X --- x D,,. Let 1 <
xg < --- < xx be the supports of value distributions. R(D) denotes the revenue of
the optimal auction (Algorithm {4 on D, and OpT = Ez.p|max; v;] — R(D).

When D;’s are identical and regular, since the highest virtual-value and highest
value buyers coincide, the optimal auction (Algorithm assigns the item to the
buyer with highest value if this value is above the common reserve price. Therefore,

we decompose OPT into two components:
e Myerson’s surplus: The CS generated by Myerson’s auction, denoted by CS(D).

e Non-allocation surplus: The loss in CS due to Myerson’s auction not allocating

the item, denoted by CS.

We therefore have OpT = CS(D) + CSy. In the remainder, we will present
an O(1)-approximation for the non-allocation surplus CSp, which will imply Theo-
rem when CSy > CS(D). (When CS(D) > CSy, sending no signal is already

a 2-approximation.)
6.3.1 Preliminaries and Intuition

Our approximation bound for the non-allocation surplus will also apply when D; are
independent but not necessarily identical or regular. Therefore, in the sequel, we
will proceed assuming the more general case that D;’s are not necessarily identical
or regular, and derive signaling schemes that approximate the non-allocation surplus
CSy for this case.

We denote a realization from D by ¢ = {v;}. Let p;, = Pr,.p,[v; < rp,] for
any buyer ¢, where rp, is the reserve price of D;. Let Y; = Di|<TDi denote the
distribution of D; conditioned on being smaller than rp,. Suppose we draw a sample
independently from each distribution Y;. Let Z, denote the distribution for the ¢*®

largest value among these n draws.
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We first derive an expression for CS,.
Lemma 6.3.1. Let P =[[_, p;. Then, CSy = P -E[Z,].

Proof. Note that CSy is the expected surplus lost due to not allocating the item in
Myerson’s mechanism. This happens only when all realized values are below their
corresponding reserve price. In this case, the value lost is the maximum valuation,

since this value contributes to the welfare, and the revenue raised is zero. Therefore,

we have:
CSy = (11]%) -E LIInann v; | Vi, v < rpl}
where the expectation is over ¥ ~ D. This is equal to P - E[Z;]. O

Vanilla Signaling Schemes. Before presenting our general signaling scheme, it is in-
structive to first consider simpler schemes to understand the challenges posed by this
problem. One possible scheme is to pick a random buyer and apply the single-buyer
BBM signaling scheme defined in Section to it. Denote this buyer by i. Such a
single-buyer signaling scheme will construct the set of BBM signals for buyer i by
decomposing D; and pretending the other buyers don’t exist. Given the valuation
v; ~ D; of this buyer, the scheme will send a signal BBM(v;, D;) just as in single-
buyer case, and reveal the identity of this buyer. There is no signal sent for the other
buyers, so that the seller’s information for j # ¢ is their prior D;.

The nice property of the BBM signaling scheme is that the virtual value of buyer
1 1s always non-negative (Lemma. Therefore, in the event when all buyers j # @
have values v; < rp, (so that their virtual values are negative), the seller allocates the
item to i. Since v; is independent of other buyers’ values, the mechanism therefore
behaves exactly as BBM(v;, D;) from the perspective of buyer i. In other words,
with probability [] i Pj, we generate the single-buyer CS from Lemma , which
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is at least:
CS(BBM) from buyer i > Pr[v; < rp,| E[v; | v; < rp,] = p; E[Y}].

Since buyer ¢ is a randomly chosen buyer, the overall CS generated is:

Overall CS > %; (gp]> p; ElY)] = (jlj[lpJ) ZzlnE[Yl] _ pZe1nE[Ze] > PE[nZl]
where P = H?Zl p;. Therefore, comparing the expression above with that in Lemma ,
this scheme yields an n-approximation to CSy. Further, we can construct identical
regular distributions for which the expected value of the max is comparable to the
expected value of the sum, that is, Y, E[Z)] = O(E[Z)]). Therefore, this analysis
cannot be improved.

On the other hand, the above scheme does achieve CS = OPT for two-valued
i.i.d. distributions (K = 2 and arbitrary n). To see this, assume the support is
a < b, and let ¢ = Pr[D; = a]. If the reserve price is a, Myerson’s auction is
already efficient, that is, CS(D) = OPT; else Myerson’s auction has CS(D) = 0.
We now have Z; = a for all i and p; = ¢, so that the above scheme has surplus

q"a = q"E[Z;] = CSy = OpT. Therefore, in either case, we extract CS = OPT.

Interestingly, this also shows that our lower bounds in Theorems [6.1.1| and [6.1.2]

do require non-i.i.d. distributions when each IC; = 2 regardless of the number n of
buyers.

Moving beyond the I = 2 setting to general I and n, it is tempting to run the
BBM signaling scheme directly on the buyer with highest value, hoping to extract
surplus P E[Z;]. However, this requires revealing the identity of the highest buyer
to the seller, since the signaling scheme itself is public knowledge. But if the seller
knows the identity of the highest buyer, she can always increase the reserve price

to be the second highest bid. In other words, the posterior of the highest buyer
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is truncated at Z,. This case needs a more careful construction of the signal and
analysis, since the event of a buyer being the largest and hence BBM being applied
to it is now correlated with the surplus this buyer generates in BBM. We perform
this construction and analysis in Lemma [6.3.3 Intuitively, signaling using BBM
on the largest buyer will only yield CS > PE[Z; — Z,], which is again an Q(n)-
approximation to P E[Z;].

Our signaling scheme in the next section chooses a middle ground between these
extremes — we will choose arank ¢ € {1,2,...,n} carefully, and choose a buyer whose
value lies in the top t ranks at random. We will then perform the single-buyer BBM
scheme on this buyer as we describe below. Surprisingly, this improves the naive

n-approximation to an O(1)-approximation!
6.3.2 Ranking-Based Multi-Buyer Signaling Scheme

We now introduce the family of signaling schemes RANK;. We will derive a lower
bound for the CS obtained by these schemes in our key lemma, Lemma [6.3.3] We
present this scheme assuming D; can be non-identical for generality.

Recall the definitions of p;, rp,, Y;, Z, from above. In order to define the signaling
scheme, we need an additional definition. For agent i with V; ~ D;, we use Dj5,
to denote the conditional distribution of V; given V; > a, and D;, to denote the
conditional distribution of V; given V; < a. Moreover, we use Djj», — b to denote the
distribution of V; — b given V; > a; we refer to it as the distribution of V; truncated
at a and reduced by b.

The following result relates the reserve price of the truncated and the original

distributions.

Lemma 6.3.2. Let D; = Djj~0 — v° for any v°. Then we have rp; 2> Tp, — V%, and

moreover, for any v > v°, we have p/ (v —v°) = pp,(v) — v°.
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Proof. We first prove the result about reserve prices. Let r = rp, and 7" = rp,. If
r < v° the inequality is trivial. Otherwise, suppose for contradiction that for some
' <r—v°,r"-Sp(r') = (r—v°)-Sp/(r—v°). Then we would have: (r'+v°)-Sp/(r') >
7 Sp(r—v°), since Sp/ (') > Spi(r —v°). Thus, (r' +v°) - Sp,(r' +v°) > - Sp,(r),
a contradiction to the assumption that r is the smallest optimal reserve price of D,;.

To see the second part, if we condition the distribution on v > v°, this does not
change the virtual value function for values v; > v°, since both the numerator and
denominator in Eq. scale by the same amount. If we now subtract v° from the
support of the distribution, it reduces the virtual value by the same amount. This

completes the proof. O

Note that D] = D;~,0c — v° represents buyer i’s excess value compared to v°.
Lemma [6.3.2] shows that for any threshold v° and any buyer ¢, given the side-
information that V; > v°, her new reserve price is greater than her original reserve

price.

The RANK; signaling scheme. We now present the family of signaling schemes RANK;
parameterized by the rank ¢t € {1,...,n}. For any realized joint valuation profile
U = (v1,v9,...,vy,), the signal sent by RANK; consists of two parts. In the first part,
RANK; observes ¢ and outputs (v°,T'), where v° is the value of (t41) largest realized
value (or 0 when ¢ = n), and T is the subset of buyers with realized value strictly
greater than v°. For the second part of the signal, RANK; chooses a buyer 7 uniformly
at random from 7', and computes her excess distribution Do —v°. It then reveals
both the identity of j, as well as the signal BBM(v; — v°, Djjs0 — v°) generated by
the single-buyer BBM scheme on a buyer with value distribution Dj~,c — v°. The

scheme is formalized in Algorithm [5
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Optimal mechanism under RANK,. Conditioned on receiving the signal generated by
RANK;, the seller is guaranteed a revenue of v° from the (¢ + 1) largest buyer, and
knows that only buyers in 7' can pay more than v°. The seller can now charge at least
v° to any buyer in T, and can further run an auction over the excess value of buyers
in T, where for buyer i € T, her excess value has distribution D] = D~ —v°. Note
that for any buyer i € T" except the randomly chosen buyer j, a value drawn from D;
represents how much more than v° she is willing to pay. Moreover, distributions D;
are independent, and also, since the identity of j is chosen uniformly at random, the
BBM scheme modifies the distribution of buyer j in a fashion that is independent
of Di.

By Lemma [6.2.3], we know that the BBM scheme ensures the virtual value
of buyer 7 is always non-negative. From the characterization of the optimal auc-
tion [Mye81], [EIK07], since the item is always allocated to the highest virtual value
buyer as long as this value is non-negative, the item will always be allocated to buyer
J it all other buyers i € T',i # j have excess values v; —v° < rp; (and hence, negative

virtual values).

Algorithm 5 RANK,(¥, D)

1: v° < (t + 1) largest value in ¥/

2: T« {i:v; >0°}

3. if T # ¢ then

4: j < Buyer chosen uniformly at random from 7'
5: s <~ BBM(v; — v°, Djjsp0 — 0°)

6: return v°, T, j, and s

7: else

8: return v°, and T = ¢

9: end if

Consumer surplus under RANK;. We require the following key lemma, that gives a
lower bound for the consumer surplus generated under RANK;. This lemma forms the

crux of our subsequent analysis, helping us quantify how the BBM signal recovers
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much of CS lost by Myerson’s auction. The difficulty in proving it arises because the
random choice of buyer j in Algorithm [5| is correlated with its rank, which in turn
is correlated with its winning the auction and the surplus it generates in BBM. We
get around this correlation by carefully coupling the surplus generated when buyer
values are above the reserve with the order statistics of buyer valuations below the

reserve.

Lemma 6.3.3. For 1 <t <mn, the consumer surplus of RANK; satisfies:

CS(RANK;) > (sz) (( ZE Zg> Ztﬂ]).

Proof. For convenience, denote r; = rp,. Fix a buyer b, and any valuation profile
Ty = {v;,i # b} such that v; < r;Vi # b. Define v} as the t'™ largest value in

{vi,i # b}. Now consider the event
Q(V_y,b,t) = {V, > v} AND b selected for BBM signaling}.

Conditioned on Q(v_p,b,t), we have that the RANK; scheme (Algorithm [5) with
parameter ¢ sets threshold value as v° = vf. By Lemma , we have that for
every ¢ € T,i # b, their value v; is smaller than their new reserve price v° + rp,
since v; < rp,, and modifying D; to D. = Djj>o — v° does not decrease the reserve
price. Therefore, conditioned on Q(¥_y, b, t), the auction behaves like the single item
mechanism BBM(vy, D), where vy = v, — v, Dy = Dy — v Let 75 denote
the reserve price of Dj; again using Lemma we have r, > r, — vl. Now,
using Lemma [6.2.3] we get that the expected consumer surplus generated by RANK;

under Q(V_y, b, t) is at least:

be( )
Sp, (v3)’

E[CS(RANK,) | Q(U_p,b,0)] > > vy Pr[Dy=vj] > > vb—vb

vb<rb vb<vb<rb
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Note also that Pr[Q(v_,,b,t)] = 1 (H#b I, (vl-)]l{wqpi}) -Sp, (v}). Thus for any
buyer b, and any valuation profile v_, with v; < r; for all 7 # b, we have

E[CS(RANK) - 1@, b)) = PrlQ(v_s, b, t)] - E[CS(RANK;) | Q(V_s,b,1)]

> % (H sz(Ul)> Z (Ub - Uli)fpb(vb)
i#b vf <vp<ry
-y (H fmm) max{ (v, — ¢}), 0}.

For any @ let v denote the ¢™ largest value, and I,(¥) to be the indices corresponding

to the top ¢ values in ¥. Summing up over all b, and all v_; such that v; < r; Vi # b,

we have
S Y mesune) taesal> 3 1 ([Ta o) (St 1)
body v <r; i b

= 2. (1:[fpi<vi>) DEACETER)

Tl <r; i€l (V)

- Z <Hsz(Uz)> Z % — D)

1€ (V)

(6.2)

Let D! = Di\<?“z>i be the distribution of buyer i’s value conditioned on V; < rp,.
Recall we define p; = Pr,,.p,[vi < rp,]; thus fps(v) = fp,(v)/pi. Suppose we

independently sample Y; ~ Djj,,, for each ¢, and define Z, as the (0 largest value
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in {Y;}. Then Eq. (6.2) can be written as

> Y E[CSRANK) - Tgw e

b ﬁ—b|”i<"'i Vi#b

> ) (Hp) for@ | | D % ~ V(e+1)

Tloi<r; i€l (V)

(1) ((37) m)

Finally, noting that the Q(v_p, b,t) events are all non-overlapping, we can write

CS(RANK;) > > Y E[CS(RANK,;) - Lo, b0,

b U_b|’l)i<7“iVi;£b
thereby completing the proof.

6.3.8  Approzimating Non-allocation Surplus CSg and Proof of Theorem

Given the above signaling scheme, approximating CSy (and hence showing Theo-

rem [6.1.3)) is now simple: We choose the parameter ¢ € {1,2,...,n} that maximizes

CS(RANK;) and run RANK;. We denote this scheme as {Sy(?, D)}z, and present it

in Algorithm [6]

Algorithm 6 Sy(v, D)

1: Choose t = argmax},_; CS(RANKy ).
2: return RANK (0, D)

The following theorem shows that this scheme approximates CSy when the D; are

a common regular distribution ©. Since OpT = CS(D) + CS( when D; are regular

and identical, Theorem [6.3.4] shows the better of no signaling and Algorithm [6]is an

O(1)-approximation to OPT, completing the proof of Theorem [6.1.3]

Theorem 6.3.4. The consumer surplus of the signaling scheme Sy(¥, D) is an O(1)-

approximation to the non-allocation surplus, CSy.
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Let ALG denote the CS of Sy(v, D). The above theorem will follow from the
following, since ALG is at least the LHS by Lemma and CS is equal to P-E[Z;]
by Lemma [6.3.1

Theorem 6.3.5. When each D; is i.i.d. and reqular with common distribution ©,

then we have:

P - max ((% ZZIE[ZZO - E[Zt+1]) > ﬁ - P-E[Zy].

The rest of this section is devoted to proving Theorem [6.3.5. Note that the above
theorem is not true if the distribution Y (the conditional distribution of © below its
reserve) on which the order statistics Z; are defined, is a generic regular distribution

such as an Exponential distribution. Consider the following example:

Example 6.3.6. Suppose Y is Exponential(l). Then E[Z] = >" 1 = H, —

j=ij
H,_,, where H; = 2321% Therefore CSy = E[Z;] = H,. It is easy to check

that (137 | E[Z)]) — E[Zu1] = 1 + H, — H, — (H, — H;) = 1. Therefore, CS; =
Qlogn) - ALG.

Note however that Y is of a more specific form: It is the conditional distribution
of a regular distribution © below its reserve r. This means in particular that Y
cannot be an Exponential distribution (or its discrete counterpart, the Geometric
distribution). We will crucially use the property that the revenue of © when the
price is set below the reserve r is a concave function of the quantile of the price, and

further, this function is non-decreasing. Formally, we use the following.

Lemma 6.3.7. For any regular distribution © with S(v) = Pr[© > v] and reserve r,

and for any u < v < r in the support of ©, we have: (1) u-S(u) > i:‘;g; v - S(v),

and (2) u-S(u) <v-S(v).
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Proof. Let f; = Pr[D = i]. Regularity means the quantity ¢(z;) = x; — (x;31 —

xz)% is non-decreasing in i. Let R; = x;5(x;) be the revenue when the price is

;. Note that

R; — Riq
plai) = S(x;) — S(%’H)‘

Consider the revenue as a function of S(x;). Regularity means this function is concave
on S(x;) where z; is within the support of D. The lemma then follows since the curve

is non-increasing in S(z;) for z; < r. ]

The next idea in the analysis is to decompose the distribution Y into the “core”
and “tail”, so that values v with Pr[Y > v] = O(1/n) lie in the tail, and the rest lie
in the core. Roughly speaking, we will show that the expected value of Y in either
the core or the tail is upper bounded by CS(RANK;) for suitable choices of ¢. Such

choices are non-trivial and form the crux of our analysis.
Core-Tail Decomposition

To fix notation, recall that every D; is the same regular distribution ©. The values
1 < Xy < --- < xx form the support of © and its reserve price is r. Recall
S(x) = Pr[© > z] and Y is the conditional distribution of © strictly below r.

First, if n < 1000, ALG > ﬁ E[Z,]| = ﬁCSO. Therefore, we assume n > 1000
in the following analysis. We further assume r > x; since otherwise CSy = 0
and Myerson’s auction itself raises optimal CS. Suppose r = x; with ¢« > 1, then
{z1,...,2;_1} is the support of Y.

Let u™ be the smallest value in the support of ¥ with Pr[Y > «*] < 2 and let
u~ be the largest value in the support of Y with Pr[Y > u~] > %. Both of these

values exist since Pr[Y > z1] =1 (we assumed r > x;) and Pr[Y > r| = 0. Further,

u~ and uT are consecutive values in the support of Y.
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We divide CSg into CORE and TAIL, based on whether there is a realized value

at least u™.
Definition 6.3.8. CORE := P -u~, and TAIL := P -n-E[Y - 1(Y > u™)].
Lemma 6.3.9. CSy < CORE + TAIL.

Proof. This comes immediately from
<P-(u -Pr[Z;<u|+n-E[Y 1Y >u")])

< CORE + TAIL.

where the first inequality upper bounds the max of n i.i.d. samples from 1(Y > u™)

by their sum. O]
Upper Bound on CORE and TAIL

We will separately bound CORE and TAIL — O(1) - CORE in terms of ALG. We first

bound TAIL using the following lemma.

Lemma 6.3.10. ALG > 75 - (TAIL — 4 - CORE).

Proof. It Pr[Y > u™] = 0, then the inequality trivially holds since TAIL = 0. Other-
wise,
ALg > CS(RANK,) = P - E[Z, — Z]

>P-PriZi>ut NZy<u | EB[Zy— Zy | Zy > ut N Zy < u”]

ZPPI'[Z12U+/\ZQSU,7](E[Zl‘lequ/\ZQSUi]—ui)

Now, to bound the term Pr[Z; > u™ A Zy < u~], we have the following. Note here
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u~ and u" are consecutive values in the support of Y.

Pr(Z; > ut AN Zy < u™
Pi{Z) > ut A Zy <u-| = Pr[Zy >t DAL Z W N2 S

Pr[Z; > ut]
(1 =Pr[Y <u7])-Prly <u "t
ez > ]
R 1 —PrfY <u ]
=Pr[Z > u'] —— n L Prly <)t
D i PrlY <w”]

> Pr[Z; > ut]-Pr[Y <u "t

>Pr[Y <u]"=Pr[Z, >ut] - Pr[Z, <u).

We now bound Pr[Z; > u™] and Pr[Z; < u~| separately. To bound Pr[Z; > u'],

note that

1 — —4
Pr(Z, >ut]=1—(1—=Pr[Y >u™])" > 1 —exp(—n-Pr[Y >u']) > 46 n-PrlY > u”]
where the final inequality follows since the function ¢ (z) = d:::i;x > 1 when

r=1.n-Pr[Y >u*] < 1. To bound Pr[Z; < u~], note that:

'

Pr[Z; <u]=(1-Pr[Y >u™])* > (1—4/n)" > 0.018
where we have used n > 1000 in the last inequality. Therefore, we have
Pr[Zy >ut ANZy <u”| >Pr[Zy >ut]-Pr[Z; <u”] > 0.004-n-Pr[Y >ut].

To bound ALG, we also need to simplify the term E[Z; | Z1 > ut A Zy < u™].

For this, let Y7,...,Y, be independent draws from Y. We have:

n

1
EZ | Zi>u" ANZy<u] =) —-EY; |V >u" AY; <u”, Vj#i]
n

=1
=E[Y, | Vi >u" AY; <u, Vj#1]

—E[Y; |V, >ut] = E[Y |V > ut].
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Here, the first equality follows since any Y; is equally likely to be the maximum value,
and the third equality follows by the independence of Y;’s. Putting all this together,
we bound ALG as:
ALG>P -Pr[Zi >u"ANZy<u™|- (BlZ1 | Zy>ut ANZy <u™]—u”)
> 0.004P -n-Pr[Y >u*]- (E[Y | Y > u'] —u™)
= 0.004P - (n-E[Y - 1(Y >ut)] —n-Pr[Y >ut]-u")
> 0.004 - (TAIL — 4 - CORE).

where the last inequality uses n - Pr[Y > ut] < 4. O

Next, we bound CORE, crucially using the regularity of © (via Lemma [6.3.7)).

Lemma 6.3.11. ALG > 7 - CORE.

Proof. We divide the proof into four cases based on the value of S(u™).

Case (1): S(u™) > 0.1 and there is a value w with S(w) € [0.75-S(u")+0.25,0.25-S(u") +
0.75].  We have w < v~ < r. Note that S(u~) > 0.1 and S(w) <0.25-S(u") +0.75
together imply S(u~) > %L . S(w). Also note that S(w) > 0.75 - S(u~) + 0.25
implies 1 — S(w) > $(1 — S(u™)). Using Lemma|6.3.7, we now have

1 0.1
- N> e — ]
Swr)z 3v g SW)

1—S(w)
=T 8w

so that w > 3L1 -u~. To bound the performance of ALG, we have

BN 1n/10]
ALc > ANK,)=P--S E[Z]>P. EZ.
LG > CS(RANK,) ”21 2] - Zpo10]
1
>P. Ln/n 0] 'w'Pr[Z[n/loj > wl
>P.(1-Pr[Z <)) 1
1
T 320 (1 = Pr[Z};/10) < w]) - CORE.
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where we have used w > 3% -4~ and n > 1000.

Now notice that Pr[Y > w] > Pr[© > w]| = S(w) > 0.25. Consider the sum
of n ii.d. samples from Bernoulli(1,0.25). The quantity Pr[Z},/1o] < w] is upper
bounded by the probability that the above sum is at most [n/10]|. We apply Chernoff

bounds [MUO5] to this Bernoulli sum to obtain:

(0.25n — 0.1n)?
2-(0.25n)

Pr[Z|/10) < w] < exp (— ) < exp (—0.045 - n) < 0.001.

where we have used n > 1000.

We conclude that ALG > ﬁ - CORE in this case.

Case (2): S(u™) < 0.1 and there is a value w with S(w) € [2-S(u™),4-S(u")]. As
< 0.1 and S(w) <4-S(u")
S(w). Using Lemma m,

before, we have w < u~ < r. Further, note that S(u

)
together imply 1 — S(w) > §2(1 — S(u™)) and S(u~) > 1

we have

1—Sw) _ 0.6

so that w > % T

Let b be the largest value within the support of Y with Pr[Y > b] > 2-Pr[Y > w].
This implies Pr[Y > b] < 2Pr[Y > w|. Note that such a value b exists since
Pr[Y > z1] = 1. Since b < w < r, by Lemma [6.3.7} we have b- S(b) < w- S(w) and

thus

b<w. S, (S =50) +50)
() (S(b) — S(r)) + S(r)

S)=S(r) _ Pry>uw] _ 1

Further, using the fact that FF=s5 Py st = 2

and S(w) — S(r) > S(r) (this

is since S(w) >2-S(u™)), we get b < 2 - w and thus

w—>b>—--w> u- .

L
18

W=
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Choose t > 40 so that Pr[Y > w| € [0.2-t/n,0.3 - t/n]. We now show that such
a t exists. First note that these intervals overlap for consecutive ¢. Next note that
Pr[Y > w] > 2-Pr[Y > u7] > 2 (by the choice of u™), so that when ¢ = 40, the
value 0.2 -t/n is a lower bound on Pr[Y > w]. Further, since Pr[Y > w] < 4Pr[Y >
u~] < 0.4, this means that when ¢ = n, the value 0.3 - t/n is an upper bound on
Pr[Y > w]. This shows such a ¢t must exist.

Putting these together, we now have:

1 ¢ t/10
ALG > CS(RANKt) =P ; Z E[ZZ — Zt+1} >P- L}fj . E[ZU/IOJ — Zt+1]
=1

t/10
> P- |-/t J -PI"[ZLt/IOJ >wAZy <b-(w—0)
r
>P-(1- PT[ZLt/loj < w] — Pr[Z; > b]) - 00 ”
1
=195 (1= PrlZuro) < w] = Pr[Z, > 1)) - Core.

where we have used w — b > % -u~ and n > 1000. Now notice that Pr[Y > w| >
0.2-¢/n and Pr[Y > b] < 2Sy(w) < 0.6 - t/n. We apply Chernoff bounds as in Case
(1) to obtain:

(0.2t — 0.1t

2
Pr(Zj1/10) < w] < exp (— 7030 ) ) < exp (—0.025 - t) < 0.368.

and
(t — 0.6t)?
(1+1/0.6) - (0.6t)

Pr[Z, > b] <exp (— ) <exp(—0.1-%) < 0.019.

where we have used ¢ > 40. Combining this with the lower bound on ALG, we derive:

1 1
AUEZiﬁa-Un—PﬂZWmJ<1ﬂ——PﬂZt>bD-COREZEﬁﬁ-CORE

Case (3): S(u™) > 0.1 and there is no value w with S(w) € [0.75 - S(u™) + 0.25,0.25 -
S(u~)+0.75]. Let w™ be the smallest value within the support of © with S(w™) <
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0.75 - S(u~) + 0.25, and let w~ be the largest value within the support of © with
S(w~) > 0.25- S(u™) + 0.75. Using the same argument as in the previous cases,
notice that wt > % -u~, since

wh - S(wt) > L= Swh)

_ O +
_T(U_).u 'S(U)ZZ‘U C—nr S(wT).

Furthermore, w™ and w™ are consecutive in the support of Y and both values are
less than 7.

If Pr[Y > w™] > 0.25, the proof is similar to Case (1) that

1
ALc > CS(RANK,) > P - Pr[Z,/10) > w'] - [n/10] ot

n
r
1 +
Z @ . (1 — PI'[ZLn/loJ <w ]) . CORE,

and by Chernoff bounds analogous to Case (1) we have,

(0.25n — 0.1n
2 (0.25n)

2
Pr(Zn/10) < w'] < exp (— ) ) < exp(—0.045-n) < 0.1.

Now assume Pr[Y > w™] < 0.25. Choose t > 20 so that Pr[Y > w™] € [0.2 -
t/n,0.25 - t/n]. Using the same argument as for Case (2), this ¢ exists since Pr[Y” >

wt] > Pr[Y > w7 > 2 and Pr[Y > w*] < 0.25. Similar to Case (2), we have

1/10) (0

ALG > P -Pr[Zjo > 0w NZy < w7 - - w™)
t/10
>P-(1—=Pr[Zjo <w']—Pr[Z, >w])- L/t—J (wt —w7)

=P-(1=Pr[Z0 <w']—Pr[Z, > w])- Lt/t—lm (wt —w7).

where we have used that w™ and w™ are consecutive values in the support of Y.
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Now notice that Pr[Y > w™] > 0.2-t/n and Pr[Y > w'] < 0.25-¢/n and as in

Case (1), we apply Chernoff bounds as follows:

0.2t — 0.1t)?
Pr[Z1/10) < w'] < exp (—( ) > < exp (—0.025 - t) < 0.607.

2-(0.2t)
and

(t — 0.25t)?
(14 1/0.25) - (0.25¢)

Pr[Z; > w'] < exp <— ) < exp(—0.45-t) < 0.001.

Therefore, ALG > &= - P (w™ —w™).
On the other hand, we have

2
ALG > CS(RANK,) > P Pr{Z),y0 > w]- X2

Notice that Pr[Y > w™| = S(lf:?g?f)(” > S(lf:?ng,(qu) > 0.75 and as in Case (1),

we apply Chernoff bounds as follows:

(0.75n — 0.5n
2-(0.75n)

2
Pr(Z|u/0 <w™] < exp (— ) ) < exp (—0.041 -n) < 0.01.

Therefore, ALG > % - P-w™ and further ALG > % -Powt > ﬁ - CORE.

Case (4): S(u™) < 0.1 and there is no value w with S(w) € [2-S(u™),4-S(u™)]. Let wt
be the smallest value with S(w*) < 2-S(u™), and let w™ be the largest value with
S(w~) >4-S(u"). These values are consecutive in the support of Y.

We have wt —w™ > % -u~, since by Lemma W,

. L 1=S(w) 0.8

and



where we have used w™ > w™. These imply wt > g cu” and wo < W

5, S0 that

wt —w™ > % SuT.

Choose t > 20 so that Pr[Y > w'] € [0.2-¢/n,0.25 - t/n]. This ¢ exists since
Pr[Y > w*] > Pr[Y > w7| > 2 and Pr[Y > w'] < 0.2. Similar to Case (2), this now
gives

[¢/10]

ALG > CS(RANK;) > P - Pr[Z|;/10] > wrANZy <w]- o (wr —w™)
+ N
> P-(1=Pr[Zj10 <w'] =Pr[Z; >w ])%u
1
> o (1 —Pr[Z1/10) < wt] = Pr[Z; > w?]) - CORE.

Now notice that Pr[Y > w*] > 0.2-¢/n and Pr[Y > w'] < 0.25-¢/n. As in Case

(1), we apply Chernoff bounds:

0.2¢ — 0.1¢)?
Pr[Z4/10) < w] < exp (—ﬁ) < exp (—0.025 - t) < 0.607.
and
(t — 0.25t)?
Pr|Z, > b < — < —0.45-t) < 0.001.
2 >0 < eXp( 1025 (020 ) = ! )
Therefore, ALG > 1 - CORE. m

250

Completing Proof of Theorem

Using Lemma [6.3.9, Lemma [6.3.10] and Lemma [6.3.11} we obtain:

CSo < CORE + TAIL = 5 - CORE + (TAIL — 4 - CORE) < 1650 - ALG + 250 - ALG = 1900 - ALG.

This completes the proof of Theorem [6.3.5 and hence, Theorem [6.3.4] and Theo-

rem [0.1.5
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7

Conclusions

Computational economics is a rapidly growing interdisciplinary subject that com-
bines models and ideas in computer science and economics. In this dissertation,
we demonstrated how to use techniques from computer science to approximate ef-
ficiency and fairness — primary objectives in the study of welfare economics. We
looked into several developing theories in social choice and mechanism design, and
provided foundations and breakthroughs in them.

There are countless economic models where exact efficiency and fairness are in-
accessible, and guaranteed approximations to them are desirable. We believe the
framework used in this dissertation can see its application in more settings in the

coming years.
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A

Omitted Proofs

A.1 The Running Time of Local Search

We now show that Algorithm [3[runs in polynomial time. This requires showing that
the local search procedure in Section [3.4.2 runs in polynomial time; the rest of the
steps in Algorithm [3| can easily be implemented efficiently. We will show this in
9¢i(x)
oz;

two parts: The partial derivatives can be approximately computed efficiently;

and the number of iterations (finding the candidate pair (j,¢) and updating the

allocations) performed by the local search procedure is polynomially bounded.
Estimating the Gradient of the Nash Welfare Objective

We first show how to estimate the derivative of ¢(x) in the procedure in Section [3.4.2]
First, the estimation procedure for U; and its derivative is the same as that in
[CCPV11]: Each time we compute U;(x), we pretend x is a product distribution
over candidates, and sample it H times. Denote the samples as the committees
On ~ x where h € {1,2,..., H}. We calculate the quantity U;(x) = - S ui(Oy)

as the estimation of U;(x). The following lemma gives a bound on the additive error

of estimation on U;(x) if H is sufficiently large.
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LmnnmJAJJ_QCCPVHD.Pr[UXX)—Lwa:>A}<2€J%¥.

Since the derivative of U; is given in Lemma |3.4.3] its error is bounded by esti-

mating the multilinear function twice. This yields the following lemma:

Lemma A.1.2. In the local search procedure in Section suppose the total
number of times the multilinear function U; and its derivative is evaluated is N.
Then, using poly (N,m, %) samples, the additive error in each estimate is bounded

by A with probability 1 — m.

el =. We denote the estimated derivative of

In the sequel, we will set A = =—s

U, (x)

the multilinear function as =", and the estimated derivative of ¢;(x) and ¢(x) as

%ﬂfj") = Ui 6[;;(;‘) and 8;9(;) =3, 8‘73’;] *) respectively. We have the following lemma

8;’55) . Si For this proof and subsequent ones,
J J

we crucially need that the Nash Welfare program in Section [3.4.2] lower bounds the

allocations as x; > ;.

Lemma A.1.3. Let A = —= 555, and suppose x; > x; for all candidates j € Cy,
where x; is as defined in Section [3.4.2 If for any j € Cy and all i € V', we have:

99(x) _ 94(x)

<
8xj 817]'

< A, then it holds that =

U;(x) — Ui(x)‘ < A and ‘é(g;(j 8U (x)

£
8b*

Proof. We have

0pi(x)  Poi(x)
anj P(L’j




By Lemma |3.4.3, we have PU) < 1. If A < =5, then by Eq. 1} we have

Pz; 2m?>

2A < U;(x), thus:

N PU;(x
du; Pe; || (Ux)—AP | T U4 | T4 T e
Since s; > =b for j € Cy, we have
1 |0¢(x)  0¢(x) _1 |0¢i(x)  Pei(x) _[8a-mt o m_8A-mPn e
s; | Ox; éxj T8 éxj Px; |~ g4 b-e .b 8
finishing the proof. O]

Number of Iterations in Local Search

The local search procedure in Section iteratively finds a pair of candidates (7, ¢)
such that
0 10 1 3
ox) 1 96(x) 1 3¢
Or; Sj Or, Se 4b

(A1)

Each time it finds such a pair, it increases z; by ¢ - Si and decreases x; by 0 - % Note
J

that at stopping, Eq. (A.1)) does not hold, which by Lemma implies Eq. (3.5)

also does not hold with high probability. Therefore, the termination condition in
Section [3.4.2] is satisfied.
In order to bound the number of iterations of this procedure, we first show that

the first and second partial derivatives of ¢ are bounded from above.

Lemma A.1.4. If ¢;(x) = logUi(x) and x; > z; for all candidates j € Cy, where
x; is as defined in Section[3.4.9, then we have the following bounds for all j, k € Cy

of)

and i1 e W:

0< 9i(x) =0 (m_2) and
896]-

62¢i (X)
Ox 0z,




Proof. Sinceg;(x) = log U;(x), using Lemma 3.4.3, we have a¢’( ) <

this with Eq. 1} gives Rﬁ;gﬁ(jx) < o2

We next bound the second order derivatives as follows. Here, x_;x is x with the

Ui Combining

J™ and k™ dimension removed, and T' ~ x_; means that 7" is chosen by including
¢ € C\ {j,k} independently with probability x,. The first inequality below uses
Eq. (3.6).

0% p;(x)
al'j 8[Ek

U;(x)2 Oz, Ui(x) Ox;0xy

LB, 5ﬂ S Pr (1) (T U {5k} = w(T U {j}) — (T U{k}) +ui(T))
Teo\(ik

L2om +5_”;‘2. S P [T].(ui(TU{k})—ui(T)—ui(TU{j,k})JrUi(TU{j}))

4 ~X_ s
c reonay
25m*  5m? 26m*
e D 3 /A BB ey
o4 2 T-xo i o4
TCC\{j .k}
This finishes the proof. O

The next lemma now follows from a standard application of first order Taylor
approximation. We assume the local search procedure in Section iteratively

finds a pair of candidates (7, ¢) such that Eq. (A.1)) holds.

Lemma A.1.5. Assuming all the estimates on© x) during execution of local search

are within & of the true values, the total number of iterations is poly (m n, )

Proof. Since all estimates of d’ durlng execution of local search are within g of

139



the true values, if Eq. (A.1]) holds for j, k € Cy, then:

Pocx) 1 _06(x) 1 = _d6(9) 1 3 =

P$j Sj ax] Sj 8b — ég;e Sy 4b 8b P.Tg 8_4 %

We next lower bound the increase in ¢(x) when x = (x_j, z;, z;) moves to x' =

<X,j,k, T+ = 0 1y — —) By Taylor approximation, we have:
¢@0—ww>wf—xyvmm—fﬂf—xfﬁf
- gt r T 2

where M is an upper bound on the absolute value of the second derivatives of ¢.

Since M = O ( ) by Lemma |A.1.4] this implies:

/ Pp(x) 1 Po(x) 1 26m* 362
P(x') — p(x) >0~ (x—gg_l'—gs_g)_ S

where sy, = mingeg, s¢ > =b and 0= Plugging these values in and simplify-

312m6

ing, we have:
)
o)~ o) = () =poty (=171,

Since ¢(x) lies in (log <%> ,nlog m), the number of iterations is poly (m, n, %) O

Combining the previous lemmas, the following theorem is now immediate by
union bounds, where we assume € > 0 is a small enough constant. This completes

the proof of Theorem [3.1.5

Theorem A.1.6. With probability at least 1 — , the local search algo-

1
pOly(na m, E)

rithm in Section has running time poly(n,m, 2).

Proof. By Lemma [A.1.5] if we estimate all the U;(x) and —5-= PU ) within £A additive

error, the algorithm ends in poly(n,m, 1) iterations. Since within each iteration we
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estimate U; and %;,x) for poly(m) times, the total number of evaluations is bounded
J

by N = poly(n,m,1). Then by Lemma we need at most poly(N,m, ) sam-

ples for all additive errors to be bounded by A with probability 1 — polif ik Since
A = 64525 = pOIY(ln,m,é) and the number of iterations is bounded by poly(n, m, 1),

the total running time including sampling steps is poly(n, m, ). O
A.2 Improved Approximation for Additive Utilities

In this section, we present a 9.27-utility core for the special case of additive utilities.
Recall that for such utilities, u;(S) = >~ ;¢ uij, where S C C'is a subset of candidates
and ¢ € W is a voter. Though we could use the approach as in the submodular-
utility case, we lose constant factors first because the local optimum to the Nash
Welfare objective only finds an approximate fractional core, and secondly because
the randomized rounding needs to scale down budgets to satisfy the size constraints.

We address the first issue by using an exact core solution to the fractional problem.
We do this via the classic Lindahl equilibrium that we describe in Section [A.2.1] To
address the second issue, we use dependent rounding that preserves the budget con-
straint with probability 1 for additive utilities, and we describe this in Section [A.2.2]
This yields a 9.27-utility core, though we do not know how to implement the resulting
algorithm in polynomial time, since the fractional solution is now via a fixed point

argument.
A.2.1 Fractional Solution: Lindahl Equilibrium

Our algorithm for constructing a committee in the approximate core will make use
of the Lindahl equilibrium [Lin58| [Fol70]. This equilibrium yields a fractional com-
mittee that lies in the fractional core (Definition for = 1).

We follow the approach in [FGMI16] for specifying the Lindahl equilibrium. Let

141



x; > 0 denote the fraction to which candidate j is chosen. Here, we will assume for
technical reasons that this can be a quantity greater than 1. We assign endowment
% to each voter ¢ € V, and a price p;; of j € C for ¢ € V. The Lindahl equilibrium

is now defined as follows.

Definition A.2.1 (Lindahl Equilibrium). Let p;; be the price of j € C fori € V, and
let 2; > 0 be the fraction with which item j is allocated. The prices and allocations

constitute a Lindahl Equilibrium if:

1. For all ¢ € V, suppose the voter computes allocation y > 0 that maximizes
her utility U;(y) subject to her endowment constraint > .. pijy; < % then we

have that y = x.

2. The profit of the allocation given by D .y, > i ¥iPii— > _jec Si¥j, is maximized

when y = x.

The main result in [Fol70] is the following theorem proved by a fixed point argu-

ment. (The setting in [Fol70] is much more general.)

Theorem A.2.2 ([Fol70]). If the utility functions U;(x) have continuous derivatives,
are strictly increasing, and are strictly concave, then a Lindahl equilibrium always

er1sts.

Properties of the Lindahl Equilibrium

We will need the following corollary to Theorem [A.2.2]

Corollary A.2.3. It holds for a Lindahl equilibrium that:
1. For all voters i € V, we have ), p;;z; = b

2. For each candidate with x; > 0, we have Y. p;; = sj, and for each candidate
with x; = 0, we have ), p;; < s;.
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3. ZjEC’ Sjl‘j = b

Given Corollary[A.2.3] it is easy and instructive to see that a Lindahl equilibrium
lies in the core. Since this proof idea will be crucial to our analysis, we present it for

completeness.

Corollary A.2.4 ([Fol70]). The Lindahl equilibrium lies in the fractional core (Def-
inition fora=1).

Proof. Given the equilibrium x, suppose for the purpose of contradiction that there
exists a subset S C V of t voters that can deviate and choose a committee z of size
>, 8i%; < b such that Uj(z) > Ui(x) for all i € V. Since x is utility maximizing for
the voter 7 at endowment %, and since by Item |1| of Corollary , this endowment
is spent exactly, the committee z must cost more than b/n. Therefore, for all i € V|

we have:
YR
. Z . —.

However, by Item [2] of Corollary |A.2.3, > . p;; < s; for alli € S,j € C. Summing

the previous inequality over all ¢ € S, and applying > . p;; < s;, we obtain:
SIUED SIEED o 0SSN B o
, A 4 , — 1, n
J JAEV i€S J i€S

This contradicts the fact that z could have been purchased with the endowments of

1 € .5, that is, Zj 552 < t%, and thus completes the proof. O
Lindahl Equilibrium for Additive Utilities

So far, we have presented the Lindahl equilibrium in its generality for continuous,

concave, non-decreasing utilities. We now specialize it to additive utilities. Given
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the additive utility function w;, we make it continuous and unconstrained using the
following natural definition:
Ui(x) := Zmin(l, z;) - wi({7}).
jec
It is clearly a concave function.ﬂ Given this utility function, the Lindahl equilibrium
is defined exactly as in Definition [A.2.1] and this implies Corollary holds as is.

The Lindahl equilibrium computation will be encapsulated by a subroutine below.

Definition A.2.5 (Subroutine LINDAHL(C, W,{U;}, B)). Given the set of candi-
dates C, a subset W C V of voters with continuous and concave utilities {U;}, and
a size constraint B, this procedure finds a fractional solution x > 0 over C' with

> jec 8j%; < B, such that this solution is a Lindahl equilibrium.

Note that the size B could be different from b. Using Definition [3.2.2] the solution
x of this subroutine satisfies the following condition: There is no subset S C W of

552 < 151 B such that

voters who can find a committee z > 0 over F, with ) W]

jeE

Ui(z) > U;(x) for all i € S.
A.2.2  Randomized Rounding and Satisfied Voters

Note that if in the Lindahl equilibrium, we have z; > 1 for some j € C, then
all items must be integrally allocated. This is because we assumed U;(x) = u; (y)
where y; = min(1,z;). This means that if z; > 1, then it can be reduced to 1
without affecting any utilities. Therefore, if some item is fractionally allocated, we
can decrease the allocation of j with z; > 1 and increase the allocation of a fractional
item, improving the utility of some agent. This violates the core condition. We will

therefore assume throughout that x; € [0,1] for all j € C.

L As a technicality, to make the function satisfy the preconditions in Theorem |A.2.2] we perturb
U; slightly to make it be strictly increasing, strictly concave, and have continuous derivative. This
perturbation preserves U; to within a (1 + €) approximation for e > 0 being arbitrary small, which
will suffice for our approximation guarantees.
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Rounding Procedure ROUND(C, W, {u;}, B)

Assume we are given a fractional solution x > 0 to LINDAHL(C, W, {u;;}:;, B). The
procedure ROUND(C, W, {u;;}, B) uses the algorithm of [BPR*17] to the fraction-
ally allocated items in this solution. This produces a committee (O, /), where the
candidates in O are chosen integrally, at most candidate ¢ is chosen fractionally, and
the total size is always at most B.

Let X; be the random variable denoting whether candidate j is selected: X; =1
if j €0, X; =00f j ¢ OU{{}, and X; is the fractional weight if j = ¢. Then the
procedure ROUND preserves the marginals: E[X;| = min(1,z;) for all j € C, and
the {X,} are negatively correlated [GKPS06, [PS97]. Note that the candidates with
X; =1 define O, while the one with X, € (0, 1) is the fractionally chosen candidate
(it may not exist).

Note that

E

Ui + ZuU] >E [Z uinj] = Zuij min(1, z;) = U;(x) (A.2)

FEO jeC jeC

where the expectation is over the random choice of O. Further, the size constraint

is never violated, so that:

ZS]' SZS]'X]' SB

j€EO jeC
regardless of the outcome of the rounding procedure. Note finally that any candidate

that is fully allocated by x, that is, with z; > 1, must be present in O.

Satisfied Voters

The procedure ROUND(C, W, {uw;;}, B) returns the committee O. Given the definition

of y-satisfied from Definition [3.4.7, we can strengthen Theorem [3.4.8| as follows:
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Theorem A.2.6 (Constant Fraction of Constant-Satisfied Voters). Given the frac-
tional solution x produced by LINDAHL(C, W, {u;;}, B) where |W| = n/, there is a
integral committee O produced by ROUND(C, W, {u;;}, B) with at least (1 — B)n' ~-

satisfied voters, where 3 = ~yel™7.

Proving Theorem requires a concentration bound for the sum of negatively

correlated weighted Bernoulli random variables.

Lemma A.2.7 ([PS97]). Let By, Bs, ..., By be k negatively correlated Bernoulli ran-
dom variables. Let X = 3% | 8;B;, where f; € [0,1]. Let E[X] > p. Then for any

constant § € (0,1) we have:

PriX < (1-9)u] < (%)M.

Using the above bound, we complete the proof of Theorem [A.2.6]

Proof of Theorem[A.2.6. Let I C C be the set of fully allocated candidates in LIN-
DAHL(C, W,{u;;};;,B) (i.e. I ={j € C|x; > 1}), and let FF C C be the set of
fractionally allocated ones (i.e. F'={j € C[z; € (0,1)}). Let u;(F) = >, xjui;.

There are two cases:

w; (F)

Case (1): Suppose these is some candidate ¢ € F' so that w;, > . In this case,

voter ¢ is y-satisfied with probability 1, since

icF TjUij o ugsmin(l, z;
Uiq+zuij > —Zjel; Y ‘I‘ZUz‘j > ZJEE Y ( ’ j),

j€O jel v

where the first step uses that I C O.

Case (2): Suppose for every candidate j € F, u;; < . In this case, we con-
sider the candidate ¢ from the procedure ROUND as the additament, and invoke

our concentration bound of Lemma [A.2.7 Notice X;’s are negatively correlated
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Bernoulli random variables. Let u = E [Z ier

Lemma [A.2.7] we have

uij.ﬁ.xj]:fyandézl—%. By

6—5 © .
Pr ZUU i X < 1] (m) = ye 'Y.

JjeF

If the event ) jer Wij* T - X; < 1 does not happen, the utility of ¢ with additament

? is at least

Uig—FZUij ZU%X@—F Z uinj—i—Zuij :ZUUX]—{_ZUU

jeo JEF\{¢} JjeI JeF Jel
JGE w;; min(1, x;)
U5 = )
jel v
where the first step again uses that I C O. [

A.2.3 The Constant Approximation to the Core

In this section, we modify the algorithm in Section and prove that it returns
a committee in an O(1)-utility core. The analysis of our algorithm now critically

requires the market-clearing properties of the Lindahl equilibrium presented in Def-

inition [A.2.1] Corollary [A.2.3] and Corollary

Algorithm. The algorithm is the same as Algorithm [3] except the following lines:
e Line 7: x; + LINDAHL(C,V,, {U;}, by).

e Line 8: O; < Solution of ROUND(C, V;, {u;}, b;) that satisfies Theorem [A.2.6]

Analysis.  'The analysis follows the same outline as that in Section |3.4.4] First, using
the same argument as in that section, the solution 7™ is feasible for the size b.
As before, we proceed to show a contradiction. Let S denote the set of voters

that deviate, and let A denote the set of items they deviate to. We have ) jeaSj <
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|—n| - b, and A provides an a-factor larger utility to voters in S even after including
any additament. Consider the voters in W;, and let S; = S N W,. These voters
are ~y-satisfied by O, with respect to the fractional solution x; (Definition .
Therefore, if i € S; deviates to A to obtain an a-factor larger utility, it must be that
Ui(A) > % ~Ui(xy). Let 6 = % We will assume 6 > 1 below.

We will now show the analog of Theorem using the prices computed by the
Lindahl equilibrium. Let p' denote the prices computed by LINDAHL(C, V;, {U.}, by),
and let n; = |V;|. The following lemma generalizes Corollary and bounds the

price of the set A via the optimality conditions of the Lindahl equilibrium x;.

Lemma A.2.8. For alli € S, we have Y., pl; > 6 - 2.

ne
Proof. First note that x,; < 1 for all items j. If any xz;; > 1, then all items must
be integrally allocated (see Section [A.2.1]), which means A cannot achieve a #-factor
larger utility. Note that x is the utility maximizing solution to a packing problem
for voter ¢ where the “size” of item j is pfj and the “size” constraint is Z—’; This
constraint is exactly satisfied by Item [I] of Corollary [A.2.3] Since U; is concave, any
solution that produces 6 factor more utility must have “size” at least # times larger.

Therefore, the price of A is 0 times larger than that of x;, completing the proof. [

We now bound the size of set S; as follows:

0

Lemma A.2.9 (Analog of Theorem [3.4.4). [S;| < 7* - Lieat,

Proof. Summing the bound in Lemma over i € Sy, we have

b
DD v ‘St|‘9’n_i~

1€St jEA

By Item [2] of Corollary [A.2.3] we have

Zpﬁjﬁsj \Z = ZZPZSZST

1eVy €S jEA JEA
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Combining these inequalities completes the proof. O

This proves the analog of Theorem|3.4.4] Continuing as before, we sum Lemma

over all ¢, and using ZjeA 5; < ‘—ilb, we have:

]GA Sj S b Uz
1= 2151 < DN R P
Therefore, for a blocking coalition to exist, we need:
b > N (A.3)
no 4= b = oy '

We will now set the parameters w,y,a so that the above inequality is false. First

note by Theorem that n,1 < fn; where 8 = ~e!™. Further, b1 = wb;.

Therefore,
! < é g
biy1 w b
with Z—g = (1_"—w)b Therefore,

Z 1_w>‘§(§>t=(1_w;w_ﬁ). Ay

Combining Eq. (A.3) and Eq. (A.4), for a blocking coalition to exist, we need

o< wYy _ wYy

1-w(w=-0) (1-w)(w=re)

where the last step uses 3 = ve!™" according to Theorem [A.2.6]
For an « slightly larger than the right-hand side, a blocking coalition will therefore
not exist. Plugging w = 0.15 and v = 6.7 shows a < 9.27, which yields the following

theorem:
Theorem 3.1.6 (Additive Utilities). For additive utilities, a 9.27-core is always
non-empty.
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A.3 Expected Ranks in a Random Committee

The following is a well-known proof of the statement that if we pick a random size-k
subset of C, the t'" smallest rank is ¢ - % in expectation. Mark m + 1 points on
a circle. Pick a subset of k 4+ 1 points uniformly at random, and then choose one
point P of these k + 1 as the cut-off point uniformly at random. Starting from P
and going clockwise, mark the next point as the candidate with rank 1, and the
point after that as the candidate with rank 2, and so on, until the last point which
is marked as the candidate with rank m. The picked subset comprises P and a
uniformly random size-k subset of C. By symmetry, the expected clockwise distance

going from the t"-smallest ranked chosen candidate to the (¢ + 1)t is the same for

every t € {0,1,...,k}, if we view P as simultaneously the 0*" and the (k + 1)

m+1

smallest. Since these k + 1 distances sum to m + 1, all of them should be P

A.4 TImproving the Constant of Theorem [5.1.1

To improve the approximation constant of Theorem instead of setting u(z) to
be the median of Fj>,, we introduce a parameter A to control the quantile of y(z) in

Fiza:
() = FCY (A +(1- A)F(x)).

Similar to the proof of Theorem [5.1.1] we have

FB — // (v — ) dF(v) dG(c // (v — ) dF(v) dG(c),
SellerP > /0 1 A :C) (u(c) - c) dF(v) dG(c),
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and

— =2 (v)) dG(c) dF(v)

1 n=2 (v)
Buyeer/ / (v
p2(0) Jo
1,1
) Lt
0 Ju®@(e)

(v—c)dF(v), SellerP(c) = ful(c)(u(c)—c) dF(v) and BuyerP(c) =

— 12 (v)) dF(v) dG(c).

Let FB(c

:1>\f

ful(Z)(c) (v — N(_2) (v))dF(v). We have

1 1 1
FB g/ FB(c)dG(c), SellerP 2/ SellerP(c¢) dG(c), BuyerP 2/ BuyerP(c) dG(c).
0 0 0

Fix any ¢ from now on.

1

1
FB(C) = m ( )(U — C) dF(U)
(e
L 1 (u(c)—c)dF()%—; l (v—u(c))dF(v)
L= i L= Ao
1 1 o0 u(k+1)(0)
= SellerP(c) + T—x ; /ﬂ(k)(c) (U — ,u(c)) dF(v)
! Lose Y e
< T SellerP(c) + T /(k)( ) (1" (c) = ple)) dF (v)
k=1 H"AC
1 1 oo k pkE+D) (¢
— iy SellePlo) £ - >SS () (¢) = p(e)) dF (o)
1—A 1—/\;; 1) (c)
1 R+
=T SellerP(c) + —)\ / p () — uP(c)) dF (v)
=1 k=t Y1)
1 @455 [ g - w00) ar
= —— - SellerP(¢) + ——— / w(c)) dF (v
1 - )\ )\(1 - )\) =1 “(t)(c)

The last step uses the definition of u(+): k = ¢ counts for M-fraction of the probability
of all k£ >¢.
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Additionally, we have

Therefore, FB(c) < %5 - SellerP(c) + - BuyerP(c). Setting A = 0.311 gives

1
M1—N)2

FB < 8.23 - max(SellerP, BuyerP).

A.5 Lower Bound Instances

We now prove Theorems [6.1.1f and [6.1.2l We note that though our lower bounds

assume that the seller runs interim IR and ex-post IC mechanisms, and the interme-
diary can send arbitrary signals, the same lower bounds hold even when the seller
runs ex-post IC and IR mechanisms, provided we restrict the intermediary’s signals
to induce posteriors that are product distributions.

Our lower bounds are based on a 2-buyer instance illustrated in Fig. [A.T} given
values @ > b > ¢ > d, buyer 1 has value Vi € {a,b} with probabilities o and
1 — «a respectively, while buyer 2 has value Vo € {¢,d} with probabilities 8 and
1 — [ respectively. We choose aa = b and fec = d; thus, the virtual values satisfy:

v1(a) = a, pa(c) = ¢, and p1(b) = pa(d) = 0. Call this distribution D.
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FIGURE A.l: Illustrating the setting for Theorems [6.1.1) and [6.1.2f On the left
(below the axis) we show the setting without signaling, where buyer 1 (blue) has
values (a,b) and buyer 2 (red) has values (¢,d); we also show the corresponding
virtual values (above the axis). On the right, we show the two settings characterized
by Theoremunder which a signal s has non-zero consumer surplus (the changed
virtual values are highlighted).

Characterization of optimal signaling. By Theorem [6.2.1, we know any signal that
correlates the buyers raises zero consumer surplus. Therefore, the only signals S of
interest are those under which buyer values are independent. Abusing notation we
denote such a signal as s = («/, 8'), where Prlv; = a] = o and Prfv, = ¢] = f.
Note that in this instance, for a signal to get maximum welfare the resulting optimal
mechanism must always award buyer 1, and for non-zero consumer surplus it must
award the item to buyer 1 at price b, or buyer 2 at price d.

Let CS(s) denote the consumer surplus under any such a signal s, and ¢;(b|s)
and ¢(d|s) denote the new virtual values (note that by definition, ¢;(als) = a and
a(c|s) = ¢ under any signal s with o/, 5" > 0). We can use Myerson’s characteri-
zation (Section to exhaustively characterize the resulting optimal mechanisms

as a function of (¢1(b|s), v2(d|s)):
Proposition A.5.1. Conditioned on receiving a signal s, we have the following cases:

(1) If p1(b) > ¢, then the optimal mechanism is to sell to Buyer 1 at price b.
CS(s) = (a —b)a/.

(2) If pa(d) > max(0, p1(b)), then the optimal mechanism is to try selling to Buyer
1 at price a then to Buyer 2 at price d. CS(s) = (1 —«)f'(c — d).
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(3) If ¢1(b) < 0 and po(d) < 0, then the optimal mechanism is to try selling to

Buyer 1 at price a then to Buyer 2 at price c. CS(s) = 0.

(4) If 0 < ¢1(b) < ¢ and @a(d) < ¢1(b), then the optimal mechanism is to sell
to Buyer 1 at price b if Buyer 2 has valuation d; otherwise, it tries selling to

Buyer 1 at price a then to Buyer 2 at price c. CS(s) = /(1 — ")(a —b).

Our main insight, however, is that the setting can be further simplified to get the

following structural property for the optimal signaling scheme.

Theorem A.5.2 (Structural Theorem). In an optimal signaling scheme, the only
signals s = (o, ') that raise non-zero consumer surplus have the following form:
(1°) Under signal s, ©1(b|s) = pa(c|s) = ¢ and CS(s) = o/(a —b).
(2°) Under signal s, ps(d|s) = 1(b|s) >0 and CS(s) =a/'(1 — p')(a —b).

Proof. Recall that we restrict ourselves to signals S under which the buyer valuations
remain independent. Any such signal can be alternately written as s = (o/, §’) where
o/ = Prlv; = a] and B’ = Prvy = ¢]. For ease of notation, we henceforth drop the
conditioning of virtual valuations on signal s (i.e., write ¢(+) for ¢(+|s)) when clear
from context.

Next, let 75 denote the weight of any signal s = (o/, 5"). The signaling scheme

that maximizes consumer surplus is the solution to the following linear program

written over signals s = (a/, 5'):

Maximize Z 1sCS(s)
Subject to Z;(a,ﬁ,) s B < aff
S ma(1- ) < a(l- ) (A5)
Zs:(a/,ﬁ’) Vs(1 =) < (1-o)B
D (I =a)(1=5) < (1-a)(1-p)
Vs Z 0 Vs
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We examine the cases in Proposition with positive consumer surplus, and

characterize the optimal solution:

e In Case (1), we have ¢ (b) = c. To see this, consider any signal s with ¢;(b) > c.
Suppose we increase o' and decrease 7, while preserving the product o’~,. Since
7sCS(s) = vsa/(a—b), this is preserved by the change. Therefore, the objective
of LP (A.5)) is preserved, and so are the first two constraints. Further, since
(1—a') and 7, decrease, this only makes the third and fourth constraints more

feasible. This transformation decreases ¢1(b).

e In Case (2) and (4), we have @y(d) = ¢1(b). It does not help to make them
unequal by a similar argument as above: In case (2), if ¢o(d) > p1(b), we
can increase ' while preserving v,/3’. Since v,CS(s) = v5(1 — ') (c — d), this
does not change the contribution to the objective of LP , and preserves all
constraints. This transformation decreases ps(d). In case (4), if pa(d) < p1(b),
we can increase o while preserving vsa/. Since v,CS(s) = v,0/(1 — f')(a —b),
this does not change the contribution to the objective of LP , and preserves

all constraints. This transformation decreases ¢1(b).
Therefore, the only two types of signals s that give positive CS are
(1’) If ¢1(b) = ¢, then CS(s) = a/(a — b).
(2)) 1f ¢a(d) = 1(b) > 0, then CS(s) = max((1 — a")8'(c — d), a’(1 — F)(a — b)).

As (1 —p')(b—d) > 0, we have

(b—d+ 1f/5/(c—d)) (1—8)> Bc—d).

Notice that in Case (2), we have ¢1(b) = b — 1f—/a,(a —b)=d- 1?—/5,(0 —d) = pa(d).
This gives
o (1=p)a=b) = (1—a)f(c—d).
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Thus, the two types of signals s that give positive CS become
(17) If p1(b) = ¢, then CS(s) = o/(a —b).

(27) If pa(d) = ¢1(b) > 0, then CS(s) = a/(1 — F')(a —b). O

Using the above structural theorem, the proofs of Theorems|6.1.1]and [6.1.2|follow

by different choices of the parameters (a, b, ¢, d). Suppose the virtual values of b and
d are slightly above zero with ¢1(b) > ¢a(d) so that Case (4) in Proposition

is uniquely optimal for the seller. The optimal auction generates consumer surplus
CS(D) = a(l — B)(a—b) =2- =% (a—b) according to Proposition

A.5.1 Proof of Theorem|6.1.1

To prove Theorem [6.1.1 we set b — ¢™ | Now in Proposition [A.5.1] in Case (1),

we must have o/ — 07 since b — ¢*, so that CS — 0. Also if o/ = 1 in a signal
then CS = 0 here. The only other signal where the item is allocated to the higher
bidder is in Case (4) when 5’ = 0. Let v denote the probability of the signal of this
type s = (o/,0). (Having multiple signals of this form gives the same CS as having
a single signal as their average.) Since ¢;(b) > ¢2(d), we have o/ < 2=4.

By the constraints of LP (A.5]), we have:
Prlvy =bAvy=d =~(1—-a') < (1—a)(1-5),

(a=d)-(c=d)

which simplifies to v < . The consumer surplus in this case is therefore:

(b—d)-(c—d) b—d

CS =~CS(s) =vd'(a —b) < (a—b) < — CS(D).

ac

Setting d = (1 — £) b and combining with the fact that CS — 0 in Case (1), we have

the consumer surplus of any efficient signaling, CS — 5 - CS(D) so CS < e-CS(D).

2 01(b) — po(d) and po(d) can be arbitrarily small as long as positive, so we take the limits for
them first, i.e., we are calculating limy,_, .+ limg, (4)—0+,¢, (5)— s (a)+ CS in the following part of the

proof. This allows us to treat o = g and = % in calculating (1 — a)(1 — ), as « and S are not
infinitesimally close to 1 for any fixed . (We will define d = (1 — £/2)b.)
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A.5.2  Proof of Theorem

Without signaling, E[maxv;] = aa + (1 — a)b and R(D) = aa + (1 — a)fec. (Case
(2), (3) and (4) in Proposition give the same revenue R(D).) Therefore

OpT = E[maxv;] — R(D) = (1 — a)(b — Be).

Now we assign the values as: a ==1—0;a = ﬁ, b= ﬁ, c=1,d=1-¢
with § — 0". Then we plug in the values and the two possible types of signals s in

Theorem [A.5.2] become

(1) If o = 322 < 1 then CS(s) < 26(1 + o(1)).

(27) If o S 1 — 5’ 6/ _ 1-3(1—a/)+35(1—a/)—%(1—a') > 1—3(1—(1'%7 then CS(S) S O[/(l .

1-2(1-a/)+6(1—a) 1-2(1—a/
A)5(1 + o(1)).

The consumer surplus maximizing signaling scheme should use ¢ signals Sy; of
type (27), with ay,, By, and weight w(Ss;). There is an additional signal S; (with
weight w(S7)) of type (1’) with o/ and ;. (Having multiple signals of type (1’) gives
the same CS as having a single signal as their average.) Denoting the valuation of
the first buyer by v; and the second buyer by wv,, the constraints in LP imply

the two constraints:

Prlv; = b = (1 — o))w(S1) + Z(l —ah;) - w(Sy;) <1 —a =0, (Constraint (T))

i=1

t

PT[Ul =bAvy = d] - Z(l - 0/2,7;)<1 - Béz) ) w(S2,i) < (1 - O‘)(l - 5) S

=1

(Constraint (II))
Note that OPT = (1 — ) (b — Bc) = 26%(1 + o(1)).
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The total consumer surplus therefore is:

1
CS §§5(1 +0(1)) - w(S1) + Za2z — 3,001 +0(1)) - w(S,;)

S%(S(l +0 <(5 Z S2Z)> _'_6 1+0 Za2z 62z ’ (SQ,i)

t

=8%(1+o(1) +6(1+0(1) Y (an,;(1 = Bh;) = (1 = ay)) - w(Sa)

i=1

t

<6 (14 0(1)) +6(1+0(1) Y (1 —ab,)(1 = Bh,) - w(S2)

i=1

<6 (14 0(1)) + 8(1 +o(1)) - 6% = 6*(1 + o(1)).

Here the second inequality follows from |Constraint (I)| and } < 3 by the condition of

(17). The third inequality uses the implication of ¢o(d) = ¢1(b) that 35 ; > %

The fourth inequality uses|Constraint (IT)} This establishes a lower bound of 2, since

OpT = 26%(1 + o(1)).
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