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Abstract

Modern machine learning, especially deep learning, has shown remarkable empirical suc-
cess. The common practice is to train large overparametrized neural networks on non-convex
objectives using simple gradient-based algorithms. From a theoretical perspective, it is sur-
prising that neural networks can perform well and efficiently learn useful representations
under these conditions. To address this gap, this thesis examines overparametrized models
that capture essential practical aspects with minimal requirements: feature learning, poly-
nomial size, and polynomial convergence time. We refer to these as mildly overparametrized
models.

Analyzing the training dynamics of these mildly overparametrized models offers valuable
insights into the underlying mechanisms, allowing us to go beyond worst-case analysis. In
this thesis, we aim to understand the training dynamics of such mildly overparametrized
models. We leverage natural properties of these problems and provide theoretical analysis
of their optimization dynamics.

In the first part of this dissertation, we focus on the local optimization dynamic analysis
of mildly overparametrized models. We start with the simplest case of learning two-layer
neural networks with a low-dimensional structure. We show that when the loss is below a
certain threshold, the local loss landscape is benign and leads to training dynamics unique
to overparametrized settings. Specifically, we show that (1) two-layer neural networks with
positive second-layer weights using gradient descent, and (2) two-layer neural networks
with standard second-layer weights using gradient descent with weight decay, can efficiently
recover the target network. These results also suggest a strong form of feature learning,
where student neurons align with ground-truth directions at the end of training.

In the second part of this dissertation, we investigate the global optimization dynamic
analysis of mildly overparametrized models. We extend our analysis beyond the commonly
studied two-layer networks to consider two important cases that better reflect real-world
scenarios: multi-layer networks and feature learning under noisy data. First, we show that

gradient descent can learn certain three-layer network that cannot be efficiently represented

v



by any two-layer network. Using a newly proposed multi-layer mean-field framework, our
results reveal a hierarchical feature learning process from the bottom layer to the top layer,
even without direct supervision for learning the first layer’s features. Additionally, we
address the noisy sparse linear regression problem by proposing a new parametrization.
This parametrization guides gradient descent to first learn features and then memorize

noise, ultimately achieving benign overfitting.
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1. Introduction

In recent years, deep learning has played an undeniable role in advancing artificial intelli-
gence, including computer vision [92], natural language processing [146], game playing [172],
scientific applications such as protein prediction [5] and weather forecast [107]|, and many
more [108, 205, 40, 192|. However, despite recent research efforts, our understanding of its
underlying mechanisms remains incomplete. Often, even small changes to the system (e.g.,
network architecture, optimization algorithm, hyperparameters) yield unexpected results.
Recent empirical advances heavily rely on trial-and-error approaches, demanding significant
human effort and computational resources.

Therefore, there is a pressing need for a mathematical foundation for deep learning to
transition from the current trial-and-error methodology to a more principled approach in
algorithm design. This is not only of theoretical interest but also holds great potential for
practical impacts, potentially improving the efficiency and reliability of current machine

learning systems.

Gaps between theory and practice Classical statistical learning theory [184] has been
a cornerstone in the development of many machine learning methods, providing a rigorous
framework for understanding and improving their performance [91, 98, 134|. This theory
breaks down the final performance guarantee of learning algorithms into three key aspects:
(1) approximation, which focuses on the model’s capacity to represent the target function;
(2) generalization, which concerns the model’s ability to perform well on unseen data; (3)
optimization, which addresses the effectiveness of algorithms in minimizing loss functions.

However, classical machine learning theory fails to fully explain what happens in modern
deep learning. Traditional machine learning methods typically solve convex optimization
problems and use regularization techniques to prevent overfitting. In contrast, current prac-
tices often involve training large neural networks with gradient-based algorithms on highly
non-convex optimization problems. There are at least two notable differences compared to

classical machine learning methods (Figure 1.1):



local minima

‘good’ global minima

FiGURE 1.1: Illustration of optimization landscape for overparametrized models. The
optimization landscape is highly non-convex, with many spurious local minima. Due to
overparametrization, even among the global minima, some are ‘good’ and generalize well,
while others are ‘bad’ and do not generalize. In many cases, gradient descent follows the
‘best’ path to the ‘good’ global minima.

e Non-convex objectives: Finding global minima of non-convex functions, even for
degree-4 polynomials, is hard in the worst case [93]. First-order optimization al-
gorithms are, a priori, easy to get stuck at saddle points and local minima. Before
the deep learning era, the standard approach was to reformulate non-convex problems

into convex programs.

e Overparametrization: Overparametrized models, which have more parameters than
necessary, are often related to overfitting according to classical learning theory. Reg-
ularization techniques are traditionally used to mitigate this issue. However, Zhang
et al. [207] and Belkin et al. [32] observed that overparametrized neural networks
can be trained to achieve zero training loss yet still generalize well to unseen data.
Many global minima of training loss exist, but the algorithms seem to have their own

‘preference’ for certain minimum.

These observations challenge our conventional wisdom on machine learning and optimiza-

tion, indicating the need to develop new ideas to understand deep learning.

2



Goal of this thesis The past success of classical learning theory undoubtedly supports

the following quote from Kurt Lewin:
There is nothing so practical as a good theory.

The motivation of this thesis is to develop a ‘good’ theory for deep learning. Given the

huge success of deep learning in in practical applications, it is worthwhile to first have a

better understanding of current methods. This thesis is dedicated to this exploration.
The first step is to define the object of interest, ensuring it can be theoretically analyzed

while capturing the essential aspects of practice.

e Learning useful features is one of the most important abilities for deep learning.
Modern models are pretrained on large datasets in an unsupervised or self-supervised
way to learn these features [146, 155]. These features are then utilized in various
downstream tasks, demonstrating their power and utility. The term ‘feature’ may
seem ambiguous at this stage, as its definition often depends on the specific problem

at hand. It will become clearer when more contexts are given.

e From the perspective of complexity theory, successfully training these models means

computational efficiency — models have polynomial size and run in polynomial time.
Therefore, this thesis focuses on what we term mildly overparametrized models, defined as:
models that can learn features, operate in polynomial runtime, and have polynomial size.

We intentionally introduce only minimal requirements in this definition to ensure broad
applicability. These criteria are fundamental for any model of interest in the study of deep
learning theory relevant to practice.

Analyzing these models involves non-convex optimization, which is generally difficult
in the worst case. Thus, we need a fine-grained analysis to understand why these simple
algorithms can avoid local minima and converge to global minima that generalize well. This
often requires analyzing the training dynamics to gain insights into the trajectory of the

learning process.



However, without additional assumptions, analyzing training dynamics alone cannot
overcome the difficulties posed by non-convex optimization. It is widely believed that
real-world problems are often ‘easier’ than worst-case scenarios due to inherent natural
properties. We adopt this perspective and incorporate additional structural assumptions
into our analysis.

In the first part of this thesis, we begin by analyzing the local optimization dynamics
of mildly overparametrized models. We start with the simplest case of learning two-layer
neural networks with a low-dimensional structure. We demonstrate that gradient descent
can effectively learn two-layer networks when the loss is below a certain threshold, leading
to unique dynamics in the overparametrized setting. An overview of this part is provided
in Section 1.2.3.

In the second part of this thesis, we shift our focus to the global optimization dynamic
analysis of mildly overparametrized models. Since analyzing global convergence is more
challenging, we focus on more specific target functions with additional structures such as
symmetry and sparsity. We go beyond typical two-layer network setup to consider some
more interesting setting such as deep networks and noisy data. These results are also related
to approximation and generalization aspects, highlighting the importance of optimization

in deep learning theory. An overview of the second part is provided in Section 1.2.4.
1.1 Existing Works on Optimization and Overparametrization

Overparametrization has been recognized as a key factor of the success of deep learning
optimization. The size of modern neural networks has been increasing, guided by the so-
called scaling laws [103, 94]. Moreover, Safran and Shamir [165] showed that even in simple
setup like learning two-layer networks, adding a few neurons could significantly decrease the
probability of getting stuck at local minima, highlighting the benefit of overparametrization.

There is a growing interest in analyzing overparametrized models. Many previous
works have studied the optimization of such models, including Neural Tangent Kernel

(Section 1.1.1), mean-field framework (Section 1.1.2), and implicit regularization effect of



optimization algorithms (Section 1.1.3). We briefly review these studies below.

1.1.1 Neural Tangent Kernel (NTK)

One line of the recent research has established a connection between the training of
sufficiently over-parameterized neural networks using gradient descent and the NTK [97, 53,
68, 66, 15, 44, 217, 110, 59, 20, 19, 147, 80]. NTK is a kernel that is defined by the Jacobian
matrix of the model at initialization. In the NTK regime, training neural networks with
gradient descent is well-coupled with the dynamics of solving kernel regression with NTK.
A key technique in NTK analysis is to ensure that neurons remain near their initialization
by selecting a sufficiently large network width under a specific initialization scale.

The NTK has gained popularity mainly due to its simplicity in analysis. It can be
applied to almost any architecture and data distribution under mild assumptions. Example
includes two-layer ReLU networks [68|, multi-layer networks |66, 15|, convolutional neural
networks [20], residual networks [96] and graph neural networks [67].

However, NTK theory cannot fully explain the performance of neural networks in prac-
tice [20] and leads to lazy training dynamics that neurons stay close to their initialization
[53]. As pointed out in Chizat, Oyallon, and Bach [53], neural networks in NTK regime es-
sentially degenerate into linear functions and make the optimization convex. Several lower
bounds have been developed to show the gap between NTK (or kernel method in general)
and neural networks [204, 197, 79, 81, 13, 10, 112|. These results suggest that NTK can-
not adapt to the (low-dimensional) structure of data and learn data-dependent features.
This contrasts with neural networks, which are widely used in practice to extract powerful

representations of data for various downstream tasks.

1.1.2 Mean-field analysis

Another line of work has studied the optimization of overparametrized neural network
in the mean-field limit [52, 132, 131, 197, 140, 17, 143, 174, 160, 71]. In mean-field regime,
as the number of hidden neurons approaches infinity, a finite number of neurons is treated

as a distribution of neurons. Then, gradient flow on finite neurons becomes Wasserstein



gradient flow on their distribution. This Wasserstein gradient flow can be shown to converge
asymptotically to global optima.

Most existing mean-field results focus on two-layer networks. Several studies have at-
tempted to generalize these results to multi-layer networks [140, 150, 17, 173, 71, 121, 64].
However, this generalization is challenging because the width of intermediate layers tends
to infinity, often leading to complicated or degenerate limits.

Different from NTK regime, Chizat, Oyallon, and Bach [53] showed that the parameters
can move away from its initialization in mean-field regime and learn useful features. They
also showed that a small initialization scale could lead the model into the mean-field regime,
sometimes referred to as the rich regime [199], in contrast to the kernel regime.

However, even for mean-field analysis of two-layer networks, achieving non-asymptotic
guarantees is technically very challenging. Most existing works require exponential or infi-
nite number of neurons and do not provide a polynomial convergence rate. A few exceptions
either involve modifications to the training algorithms [197, 3| or focus on specific problems

[112, 127].
1.1.3 Implicit regularization

Benign overfitting, where overparametrized networks generalize well on unseen data
despite achieving zero training loss, is one of the major mysteries in deep learning [32, 207].
Implicit regularization is offered as an explanation for such phenomenon, which says that
the optimization algorithm implicitly favors the optimum that minimizes certain complexity
of the models (e.g., norm [89], margin [176], and rank [114]) despite the existence of many
other optima. We refer the readers to some surveys for more complete discussions |31, 61,
185].

In regression problems, the implicit regularization of gradient descent is often character-
ized by a specific norm: gradient descent converges to the minimum that has the smallest
norm among all minima. Examples include gradient descent converging to min-f2-norm

interpolator in linear regression [88], min-¢1-norm interpolator in certain parametrization



of linear model [199, 23, 206] and minimum nuclear norm solution in matrix problems [89,
111].

In classification problems, the implicit regularization of gradient descent is often charac-
terized by the margin with respect to a certain norm. Examples include logistic regression
[176, 138, 101], linear networks [100, 88, 206|, homogeneous networks [123, 99] and nonlinear
networks [51, 125].

Moreover, in some cases, the implicit bias of gradient descent cannot be characterized by
anorm [18]. Instead, using greedy-low-rank-learning dynamics [114], it has been shown that
the implicit regularization effect is captured by the rank of the model in full-observation
matrix sensing [82, 83|, matrix sensing [114], tensor problems [158, 157, 78] and neural
networks [182, 74]. Additionally, other cases of implicit regularization effects are discussed

for instance in [116, 166].

1.2 Overview of Thesis

In this section, we will first discuss our approach, then define the problem setup, and

finally provide an overview of this thesis.

1.2.1 Approach taken in this thesis

To capture the fundamental aspects of modern deep learning, this thesis focuses on a
family of ‘good’ overparametrized models. A ‘good’ model should be concrete enough for
analysis while remaining relevant to the practice. We argue that such a model should meet

at least three minimal requirements:

e Feature Learning: Neural networks are good at automatically learning features. This
is generally not true for traditional machine learning methods that heavily depend
on human knowledge for feature engineering. Many works have shown that neural
networks can outperform kernel methods, including NTK, by adapting to data struc-
tures [204, 197, 79, 81, 13, 10, 112|. Therefore, to study a ‘good’ model, it is essential

to consider models capable of feature learning, moving beyond the NTK regime.



e Polynomial Size: We aim to go beyond mean-field analysis, which requires an infinite
or exponential number of neurons. A ‘good’ model should be of polynomial size to

be practical and analyzable.

e Polynomial Convergence Time: We want the model to converge efficiently, meaning

it should have a polynomial convergence time.

In summary, we define such ‘good’ overparametrized models as mildly overparametrized
models, which can learn features, are of polynomial size, and operate within polynomial
time. The specific meaning of ‘features’ is often problem-dependent. It will be clarified in
the next section and as we go into specific problems.

Having established this definition, how do we study mildly overparametrized models?
Different from classic statistical learning theory that often treats approximation, optimiza-
tion, and generalization as separate issues, recent research in previous section suggests these
aspects are intricately interconnected in the context of modern overparametrized models
and must be considered together. In particular, implicit regularization effect shows that
the optimization procedure significantly influences the final convergence solution and its
generalization performance. This implies that focusing only on the loss is not enough, and
one has to know the exact minimum that the algorithm converges to. Dynamic analysis
becomes essential in this context as it provides a detailed characterization of the training
dynamics, allowing us to identify the specific minimum that the algorithm reaches.

Even with the perspective of training dynamics analysis for overparametrized models,
analyzing these non-convex optimization problems remains challenging as they are generally
NP-hard in the worse case [136]. A natural question arises: Why do these simple algorithms
work so well in practice? 1t is widely believed that additional hidden structures in real-
world problems make them ‘easy’ for these simple algorithms [145, 126]. These hidden
structures are impactful, enabling researchers to move beyond worst-case scenarios and
understand the performance of simple algorithms in more realistic settings. Some previous

examples include compressed sensing in sparse signal recovery problems [42, 65|, manifold



learning |34, 45] and strict-saddle property in matrix problems |75, 76].

In this thesis, we adopt the aforementioned perspectives: we study the optimization
dynamics and assume some natural properties of the problem structure.

We exploit natural properties in these problem, such as low-dimensionality, sparsity and
symmetry. These assumptions are not merely for technical proofs but also aim to capture
essential aspects of real problem structures. For example, in image classification problems,
predictions should be invariant to the rotation of the input image. Additionally, it is known
that the intrinsic dimension of images is often small [161, 154], and they are usually highly
compressible [54]. This suggests that real images can be represented in certain sparse forms
and have low-dimensional structures |16, 149|.

We hope our thesis could advance our understanding of the reasons behind the seemingly
unreasonable effectiveness of simple algorithms when tackling complex problems in practice
(e.g., (stochastic) gradient descent in deep learning training), and eventually leading to

better algorithms.

1.2.2 Problem setup

A typical setup we consider throughout this thesis is the following teacher-student setup.
It represents an idealized version of the standard supervised learning framework. In this
setup, a student model is trained to learn from a given teacher or target model. The goal

is to mimic the behaviour of teacher model.

Definition 1.1 (Teacher-Student Setup). Given a target function fi(x) and an input dis-
tribution D of input data x, the goal is to use a student model fg(x) (often in the same
or similar form to target function) parametrized by @ to learn the target function fi(x).
The learning problem can be formulated as an optimization problem with a choice of loss

function £:

o Population loss: we have access to infinite number of samples © ~ D

nbin L(0) := xINED[K(fg(m), fa(x))]. (Population Loss)



e Empirical loss: we only have accessed to a finite number of samples {x;}_ | ~ D

rrblnL(H) =

SRS

Z U fo(xi), f«(x;)). (Empirical Loss)
i=1

The benefit of the teacher-student setup is that the target function or ‘features’ we aim
to learn are clearly defined, allowing us to easily quantify the learning progress. These
‘features’ are often closely related to the structure of the target function. Also, when
studying the population loss in a realizable setting, this setup enables us to focus solely
on the optimization perspective without concerns about other aspects of learning, such as
generalization and approximation.

To address this optimization problem, we employ specific optimization algorithms. A
common choice in practice is (stochastic) gradient descent ((S)GD) and its variants. In this
thesis, we focus on gradient descent, the simplest yet fundamental optimization algorithm.

Given the loss function L, we repeat the following updates until the convergence

0:11 = 6: —nVeL(0), (Gradient Descent)

where 7 is the stepsize and VgL(0) is the gradient of (population or empirical) loss L.

In this thesis, we often consider the input distribution D as a standard Gaussian distri-
bution and the loss function ¢ as the square loss. As we will demonstrate in later chapters,
despite its apparent simplicity, this setting is already technically challenging and able to

capture interesting structures in the optimization of overparametrized models.

1.2.3 Local optimization dynamics of mildly overparametrized models

The global landscape of neural networks is often complicated and highly non-convex,
making global landscape analysis exceedingly challenging. In fact, even for the local land-
scape, where the loss falls below a certain threshold, the landscape is not well-understood.

In the first part of this thesis, we start by studying the local optimization dynamics of
mildly overparametrized models. Specifically, we consider a simple setup of learning two-

layer neural networks in teacher-student setup under (Population Loss) with square loss
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and Gaussian input. We use the following models:

fo(@) = > aio(w] x), (Student Model)
M
fa(x) = Z afo(w}'x), (Teacher Model)

where 8 = (a, W) are the parameters and o(r) = max{x,0} is the rectified linear unit
(ReLU) activation.

The student model f is similar to the teacher model f.. The primary difference is that
the number of neurons (width) in the student model can be larger than that in the teacher
model (m > m,). This overparametrization allows us to explore how gradient descent can
learn the target function f, particularly the ‘features” — individual teacher neurons w.
We assume the target network f, has a low-dimensional structure, meaning all neurons w;
lie in a low-dimensional subspace.

In Chapter 2, we study the local landscape of two-layer neural networks with positive
second-layer weight in the teacher-student setting using gradient descent. In Chapter 3,
we extend these results to two-layer networks with standard second-layer weights using
gradient descent with weight decay. The changes may appear minor, but they introduce
significant technical challenges and we develop new ideas to deal with them.

Under certain non-degenerate conditions, we show that the local landscape is benign
for GD to converge to global optima. Specifically, once the loss is below a threshold that
depends only polynomially on the complexity of target network, the landscape becomes
degenerate but still satisfies a special case of L.ojasiewicz property. This local geometry is
fundamentally different from the exact-parametrization setting where loss is often strongly
convex, leading to unique training dynamics. Moreover, at such optimum student neu-
rons align with teacher neurons in direction, highlighting neural networks’ ability to learn
features and recover ground-truth structure. In this process, weight decay helps prune

irrelevant neurons, facilitating a strong form of feature learning.
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1.2.4 Global optimization dynamics of mildly overparametrized models

In the second part of this thesis, we investigate the global training dynamics of mildly
overparametrized models. Analyzing global convergence is more challenging than local
analysis, even for learning two-layer networks [168, 130, 169, 165, 85, 63, 62, 22|.

These hardness results suggest the need to consider more specific target functions and
setups. Many previous works have studied the global convergence under two-layer network
setting in various settings [11, 12, 27, 26, 112, 175, 203, 73, 200, 38, 201, 35, 127, 56, 37,
177, 84, 204, 56, 24, 135, 57, 3, 2, 1, 60, 171, 28, 48, 43, 170, 216].

Despite significant contributions, the two-layer setting does not fully represent practical
scenarios where networks are deep and data is often noisy. In this thesis, we attempt to go
beyond the typical studied two-layer setting by considering two important and interesting

generalizations: multi-layer networks and feature learning in the presence of noisy data.

e In Chapter 4, we generalize the typical mean-field analysis for two-layer networks
to multi-layer networks and apply this framework to the problem of learning spe-
cific target functions using mildly overparametrized three-layer networks. We extend
previous depth separation result [162] from the approximation perspective to an op-
timization perspective: three-layer overparametrized neural networks can efficiently
learn a target function that any two-layer neural net cannot efficiently approximate.
Specifically, we consider (Population Loss) with square loss under a spherically sym-
metric distribution (see details in Chapter 4). We use the following models:

fo(x) = %J (vi % a('ijac) + bl-) , (Student Model)

i j=1

fu(@) = o(1 —[zy), (Teacher Model)
where 8 = (v,b, W) are the parameters. The activation o(x) = max{x,0} is again
the ReLU activation.

Target function f, can be represented by a three-layer network but not any polynomial-

size two-layer network [162]. Conceptually, it can be computed as the two-step pro-

12



cedure that (1) first layer computes the ‘feature’: a multiple of |z|, i.e., a|z|; (2)

second layer computes the target function using the first layer ‘feature’ o ||z|.

We propose a new multi-layer mean-field framework and use the idea of loss decom-
position similar in Chapter 2 to decouple the learning of different layers. These ideas,
along with the symmetry in the target function f,, help us to prove that polynomial-
size networks learn the feature in order from the bottom layer to the top layer, mim-
icking the aforementioned two-step procedure. This occurs even in the absence of

direct supervision for learning the first layer’s features.

In Chapter 5, we consider the noisy sparse linear regression problem and show how
gradient descent can learn ‘features’ from data with label noise. The target function
f+ is given by

fe(z) = B, (Teacher Model)

where 3, is a sparse vector, also referred to as the feature or signal in this setting.
We now consider (Empirical Loss) with square loss and Gaussian data, where labels
are corrupted by small Gaussian noise. We are interested in the overparametrized
case, where number of samples is smaller than the dimension. This leads to multiple

training loss minima, but not all of them generalize well.

In the context of linear regression, previous works have shown that GD with differ-
ent parametrizations of the linear model often converges to min-norm interpolators.
However, for sparse linear regression problem with label noise, none of them could

achieve benign overfitting in this overparametrization setting.

We propose a new parametrization that combines the benefits of implicit bias of

min-/1-norm and min-#s-norm interpolators:

fo(x) = (v + AMw®? — \u®?) T, (Student Model)

where 8 = (u,w,v) are the parameters. Here w®? := w ® w and u®? := u QO u
represent the element-wise square of w and w. Our model is a reparametrization of
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standard linear model 3" 2. Such element-wise product reparametrization w®? — u®?
is common in the implicit bias literature that leads to different implicit bias [199, 23,
206].

We show that training with GD can eventually lead to near-optimal test loss. Our
analysis reveals a new possible mechanism to achieve benign overfitting through this
new parametrization and dynamic analysis: models first learn the features to recover
ground-truth and then memorize the label noise following an NTK-type process which

has a small impact on the learned features in the first stage.
1.3 Bibliographic Notes

Chapter 2 is based on a joint work [214] with Rong Ge and Chi Jin. Chapter 3 is based
on a joint work [212] with Rong Ge. Chapter 4 is based on a joint work [159] with Yunwei

Ren and Rong Ge. Chapter 5 is based on a joint work [213] with Rong Ge.

1.3.1 Omitted works

During my Ph.D., I have also co-authored on the following papers that are not included

in this thesis:

e Work on optimization in overparametrized orthogonal tensor decomposition, showing

the gradient descent dynamic is similar to tensor deflation dynamic [78].
e Work on understanding self-supervised learning in topic model setup [122].

e Work on understanding Edge of Stability (EOS) phenomenon through training dy-

namic analysis [215].

e Work on understanding Montonic Linear Interpolation (MLI) phenomenon through

training dynamic analysis [194].
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Part 1

Local Optimization Dynamic
Analysis of Mildly Overparametrized

Models
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2. Local Convergence of Two-Layer Neural Networks

The ability of learning useful features is one of the major advantages of neural networks.
Although recent works show that neural network can operate in a neural tangent kernel
(NTK) regime that does not allow feature learning, many works also demonstrate the
potential for neural networks to go beyond NTK regime and perform feature learning.

In this chapter, we study feature learning in a simple yet fundamental setup of learning
two-layer networks (with positive second-layer weights) using gradient descent, focusing
on local convergence analysis. We show that as long as the loss is already lower than a
threshold (polynomial in the complexity of teacher network), the loss will eventually reach
zero. Moreover, all student neurons in an over-parameterized two-layer neural network will
converge to one of teacher neurons — the ‘features’. This demonstrates a strong form of
feature learning at the end of training.

Our result holds for any mildly overparametrized models as long as the number of
student neurons is at least as large as the number of teacher neurons, and our convergence
rate is independent of the number of student neurons. A key component of our analysis
is the new characterization of local optimization landscape—we show the gradient satisfies
a special case of Lojasiewicz property which is different from local strong convexity or PL

conditions used in previous work.
2.1 Introduction

In this chapter we consider a simple teacher-student setting, where the training data
(x,y) is generated by sampling x from a Gaussian and evaluating y using a ground truth
two-layer teacher network. The goal is to train a student network that mimics the behavior
of the teacher. In practice, even mildly over-parameterized neural networks can achieve 0
loss and recover the directions of teacher neurons — the ‘features’. Figure 2.1 illustrates
the differences between two lines of work in the teacher student setting — in the NTK /lazy

training regime (Figure 2.1a) student neurons do not move much, while in the mean field
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F1GURE 2.1: Training two-layer neural networks in 2 dimension with m = 20 student
neurons and r = 3 teacher neurons. Blue lines represent the direction of teacher neurons,
black curves represent the trajectories for each student neuron, and red points represent
their end positions.

regime (Figure 2.1b) student neurons converges to one of the directions of teacher neurons!.

However, when the number of neurons is small, there are no analysis that shows why
gradient descent can perform feature learning to recover the teacher neurons.

In fact, this feature learning phenomenon that student neurons converge locally and
match teacher neurons is not even understood in a simpler over-parameterization setting,
where initially there are already student neurons close to each teacher neuron (Figure 2.1c¢).
Safran, Yehudai, and Shamir [167] observed that traditional techniques that rely on local
strong convexity or PL conditions cannot be applied here. In this chapter we focus on the

following natural question:

When the initial loss is small, will feature learning happen so that student neurons always

match teacher neurons for an over-parameterized two-layer student net?

We show that this is indeed true. In particular, we prove

Theorem 2.1 (Informal). Given data generated by a two-layer teacher network® with r
neurons that are A-separated (see Assumption 2.1). There exists a threshold T = poly(A/r)

such that when loss is smaller than T, gradient descent converges to a global optimum where

! Similar empirical observations of student-teacher neuron matching were also known for deeper networks
[180].

2 The specific architecture of the network is specified in Definition 2.1 in Section 2.2.
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all student neurons match (in direction) one of the teacher neurons.

Note that the threshold 7 is independent of the student network size — as long as the
initial loss is low, even when the number of student neurons is equal or mildly larger than the
number of teacher neurons, gradient descent will still converge to the global optimal solution
where all student neurons match teacher neurons. In low dimensions or for simple teacher
neurons, we can also give initialization procedures that efficiently finds an initialization

with loss smaller than 7.

2.1.1 Related works

Local landscape analysis Several works have studied the local landscape property around
the global minima in the teacher-student two-layer neural network setting. Zhong et al.
[210] and Zhang et al. [209] studied the problem in the exact-parameterization case and
showed the Hessian around global minima is positive-definite. Chizat [50] studied the over-
parameterized neural network with a regularization term. They showed that when loss is
small, it satisfies PL condition. Roughly speaking, their analysis relies on several kernels to
be positive definite. However, they need to require some non-degenerate conditions that are
difficult to verify in the case of neural networks. Further, these kernels become degenerate
when the regularization term tends to zero. Later Akiyama and Suzuki 9] gives a result
for ReLU, but the non-degeneracy assumption is still required (and also focus on effective
1 regularization instead of ¢o regularization). Safran, Yehudai, and Shamir [167| studied
the over-parameterization case with orthogonal teacher neurons and showed that neither
convexity nor PL condition could hold even in the local region of global minima. This
indicates that the analysis discussed above cannot be applied in our over-parameterization
setting. In contrast, we could show a slightly different version of PL condition holds when
loss is small.

Also, several works have analyzed the training dynamics near the global minima man-
ifold [39, 55, 115, 21, 124, 198, 118, 193|. Our results are different from this line of works

as we consider a significantly large local region that only depends on the target networks.
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Learning single /multi-index models with neural networks Single/Multi-index mod-
els are the functions that only depend on one or few directions of the high dimensional input.
Many recent works have studied the problem of using 2-layer networks to learn single-index
models [175, 203, 73, 200, 38, 201, 35, 127| and multi-index models [56, 37, 177, 84]. These
works show the advantages of feature learning over fixed random features in various set-
tings. In this chapter, we consider target multi-index function that can be represented by a
small 2-layer network, and show GD can learn it and, moreover, recover the ground-truth

directions.

Student-teacher neuron matching and the lottery ticket hypothesis The lottery
ticket hypothesis [72] showed that it is possible to prune a neural network such that even
if training is done only on a small subset of randomly initialized neurons, the final network
still achieves good accuracy. Our local convergence result gives a partial explanation of this
phenomenon for two-layer teacher/student setting — as long as the initialization contains
student neurons that are close to each teacher neuron, the training process can converge to

a global optimal solution. See more discussions in Section A.5.4.

2.1.2 Outline

In Section 2.2 we formally define the neural network architecture that we work with.
Then in Section 2.3 we summarize our main results, including the formal version of Theo-
rem 2.1, potential initialization algorithms and generalizations in the setting of polynomial
sample sizes. In Section 2.4, we illustrate the unique challenges in establishing local con-
vergence results for overparameterized setting. In Section 2.5 we sketch the proof of a main
lemma that lowerbounds the norm of the gradient, which is the main contribution of this
chapter. We also show how the main lemma can be used to prove Theorem 2.1. Finally we

conclude in Section 2.6.
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2.2 Preliminaries

Teacher /student setting for two-layer neural network We consider the standard
teacher-student setting with Gaussian input  ~ N(0, I;). We parameterize the teacher/s-

tudent networks according to the following definition:

Definition 2.1 (Teacher-student setup). Teacher network is parameterized as f*(x) =
S |wiTa|, where {wf}t_, (wf € R?) are the r teacher neurons. Student network is
parameterized as f(z) = S, |lwi| |w] x|, where {w;}™, (w; € R?) are m student neurons
(m =1). Denote W = (wq,...,wy) as the weight matriz formed by student neurons. The

loss function we optimize is the population square loss:

m T 2
min L(W) = a0 % <2—21 Jwill [wi 2| ; Iwé"TfEI> - (2.1)
Choice of the neural network architecture Note that we use ||w;| as the top layer
weight in the student network. This parameterization of the student network ensures the
smoothness of loss function, which helps our analysis as discussed in the later section. The
same model was also used in Li, Ma, and Zhang [112|. Since the two-layer neural network
is 2-homogeneous, this restriction of the top layer weight is equivalent to requiring all top-
layer weights to be nonnegative. Nonnegativity is important to our result as without this
assumption, there might be two student neurons that completely cancel out each other and
they may not converge to the direction of any teacher neuron.

We also remark that absolute value function is used as activation function in both
teacher network and student network. We use absolute value function instead of ReLLU
(where ReLU(z) = max{z, 0}) to ensure identifiability of our model. For ReLU activation,
even at global minima, there may have student neuron that does not correspond to any

teacher neuron. See the Claim below and more discussions in Section A.1.2.

Claim 2.1. For problem (2.1) with ReLU activation, when loss is zero, there may exist a

student neuron whose direction does not match direction of any teacher neuron.
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On the other hand, using absolute value function as activation we can achieve student-

teacher matching at global minima. It is directly obtained by setting ¢ = 0 in Lemma A.6.

Theorem 2.2. For problem (2.1) with absolute value activation, when loss is zero, every

student neuron’s direction must match one of the teacher neuron’s direction.

We remark that we identify w and —w as the same direction and measure the angle
between directions up to a sign (i.e., Z(w,v) = arccos[|w v|/(|w| |v|])]) when using the
absolute value function as the activation. It is because absolute value function is an even
function so there is no difference between |w'z| and | — w'z|. Note that when ReLU
is the activation, we cannot identify w and —w as the same direction as ReLU(w'z) #
ReLU(—w'z).

Note that when the input data is Gaussian (or just symmetric), after first fitting the
optimal linear function to the data, a teacher network with ReLU activation becomes a

teacher network with absolute value activation. See more discussions in Section A.1.1.

Assumptions We make following two assumptions throughout this chapter.

Assumption 2.1 (A-separation). The teacher neurons wi, ..., w* € R? are A-separated,

)]-

ie., Z(wi,wi) = A foralli# j € [r], where Z(w],w}) = arccos[|wl’-“Tw;|/(Hw;“H Hw;‘

Intuitively, A indicates the level of difficulty to distinguish the weight vectors w} sep-
arately. When A is large, all weight vectors w] of the teacher network are well-separated.
When A is small, there may exist two weight vectors that are close to each other. In this

case, it may be hard to distinguish between them.

Assumption 2.2 (Norm Bounded). The teacher neurons wi,ws,...,w} € R? are norm

bounded, i.e., 0 < Wpin < | W] < Winaa for allie [r].

Casual readers may assume that A, win, Wmaz, T are constants. In this case, teacher

neurons are well-separated and their norms are approximately in the same order.
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Notations We will use [n] to denote the set {1,2,...,n}. For vector € R?, we use
|z = (2%, 22)'/2 to represent the 2-norm of z, and & = x/ || as the unit vector in the
direction of . For matrix A, we use |A| to denote the Frobenius norm of A. For vectors
w,v € R?, denote Z(w,v) = arccos[|wv|/(|wl| |v])] € [0,7/2] as the angle between w and
v (up to a sign). We will use Ig as the indicator of the set S. Denote the inner product
and norm between two function f and g on set S as {f,g9)s = E,.n(o,n[f(2)g(x)ls], and
If = 9l% = Eeuno.nl(f(z) — g(z))*Ls]. When S = R% we will omit S and denote it as
If =gl

2.3 Main Results

In this section we give a formal version of Theorem 2.1 and talk about generalizations.

We discuss proof ideas for the main results in the Section 2.5.

2.3.1 Gradient lower bound

We first present a result that characterizes the landscape of the loss function when the
loss is small. We show that the gradient norm can be lower bounded by the value of the

loss function, which is a special case of Lojasiewicz property [119] 3.

Theorem 2.3 (Gradient Lower Bound). For network and loss function L defined in Defini-
tion 2.1, under Assumptions 2.1, 2.2, there exists a threshold eg = poly(A, v~ 1, w L wmin)

such that for any W such that loss L(W) < €y, we have

[Vw LW)|p = kL(W),

where Kk = G)(r_l/2w;ull/zz).

This result indicates that when the loss is smaller than certain threshold, gradient is

zero only if the loss is zero. Hence there are no spurious stationary points.

3 The general Lojasiewicz property is known as |V f(z)| = C(f — f*)*, where f* is the optimal objective
value. Theorem 2.3 corresponds to the case a = 1. We remark that the well-known Polyak-f.0jasiewicz
(PL) property is also a special case of Lojasiewicz property with o = 1/2, which has been discussed in many
earlier works [see e.g. 104]
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2.3.2 Local convergence

Now we are ready to state the formal version of Theorem 2.1, which gives local conver-

gence for network defined in Definition 2.1.

Theorem 2.4 (Main Result). For network and loss function L(-) defined in Definition 2.1,

under Assumption 2.1, 2.2, suppose we run gradient descent on objective (2.1):

w™ = W — v, LW),  for any i€ [m]

)

there exists a threshold e = poly(A, v~ w,L, wmin) and ng = O(r~tw,L.) such that for
any € > 0, if initial loss L(W©) < ¢y and step size n < g, then we have LW ™)) < € in

T = O(rwmaz/(€n)) steps.

The proof relies on two geometric conditions about the landscape of loss function — the
gradient lowerbound as in Theorem 2.3, and a “smoothness” type guarantee for the loss
function (Lemma 2.12). See the proof in Section 2.5.5.

In Section 2.4 we show mild over-parameterization introduces significant difficulty for
local convergence results, but the theorem shows that gradient descent can still achieve
local convergence despite over-parameterization. The result only has mild requirement
on the over-parameterization. As long as m > r and the initial solution has low loss,
our local convergence result holds. Moreover, neither the initial loss requirement or the
convergence rate depends on the number of student neuron m. They only depend on the
intrinsic quantities of the teacher network. This demonstrates that gradient descent could
leverage the structure of a teacher network without explicitly knowing information such as

its number of neurons r or separation A.

2.3.3 Initialization

Next we talk about how one can find a good initialization to get into the local con-
vergence regime. We first consider a simple random initialization (see Algorithm 2 in Sec-
tion A.5), where the directions of neurons are chosen randomly, and the norm of neurons are

fitted by least-squares. We also give a more complicated initialization algorithm (subspace
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initialization, see Algorithm 3 in Section A.5), which first estimates a subspace spanned by

the teacher neurons and then randomly initialize student neurons in the subspace.

Theorem 2.5. For network and loss function L(-) defined in Definition 2.1, under Assump-
tion 2.1, 2.2, set €init = €o = poly(A, =1 w b wWmin), to achieve a good initialization that
has €inge tnitial loss, random initialization requires O ((rwm(m / \/%)d -rlog(1/ 5)) student
neurons and subspace initialization requires O ((rwmaz/+/€mit)" - r1og(1/8)) student neu-

rons with 5(dr6w4

b aw/€0is) samples. Suppose we run GD from either initialization, there

exists a threshold ng = O(r~tw;L,

) such that for any € > 0, if step size n < ny, with

probability 1 — § we have LW M) < € in T = O (rwmaz/(en)) steps.

When A = Q(1/7), Wnin, Wmae = O(1), random initialization gives global convergence
in polynomial time for d = O(1); while subspace initialization gives global convergence in

polynomial time when r < O(log d/loglogd).
2.3.4 Sample complexity

Previous theorems require us to optimize the population least squares loss directly, which
is impossible in practice with finitely many samples. Here we consider a setting where we
have access to N data points {(z, yx)}h_, where zj are i.i.d. sampled from N(0,1) and
yr = >_; |wiTzg|. In this case, we can define an empirical loss:

R 1 N m T 2
L(W) = 9N (Z i |wiT$k| - Z |w§kT$k|> :
i=1

k=1 \:=1

We can show the gradient on the empirical loss is close to the gradient on the population
loss when the number of data points IV is large enough, which is formalized in Lemma A.21.
Based on this, we can extend Theorem 2.4 to stochastic GD with mini-batch on training

samples. See the proof and more discussions in Section A.6.

Theorem 2.6. For network and loss function L(-) defined in Definition 2.1, under As-

sumption 2.1, 2.2, suppose we run stochastic GD on W with N fresh samples within each
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mini-batch at every iteration, i.e., for any i € [m]

w(tJrl) = wz(t) - vaiit(W)»

7

where Et() 1s the empirical loss using the N samples at iteration t. Then, there exists a
threshold eg = poly(A,r~ Y w k. wimin) and ng = O(r~Yw;,L ) such that for any € > 0, if

maxr

initial loss LW (©)) < ¢, step size n < nmg and batch size N = O (rPwd e d*n~te3671),

then with probability 1 — 6 we have LW ™) < € in T = O (rwmaz/(€n)) steps.

This shows that our local convergence results are robust even when we only use poly-

nomially many samples.
2.4 Exact-Parameterization v.s. Over-Parameterization

Before talking about our proof ideas, we first highlight the key difference between the
exact-parameterization setting and the over-parameterization setting, and the unique chal-
lenges in the latter setting. Consider a simple example where there is only one teacher
neuron w*. In the exact-parameterization setting, there is only one student neuron w.
Suppose w is close to w* within the distance § in the sense Z(w,w*) = ¢ under the nor-
malization |w|| = |w*| = 1. Then it is not difficult to show the loss (2.1) is ©(4?). This
illustrates that the Hessian around global minima is non-degenerate and positive definite
(which is formally established in Zhong et al. [210] and Zhang et al. [209]). Such proper-
ties immediately imply that the loss is locally strongly convex around the global minima,
therefore gradient descent initialized in a small local region can converge to the global
minima.

In sharp contrast, over-parameterization introduces a significantly more complicated
geometry around the global minimum. Consider again the simple example in the over-
parameterization setting where there are two student neurons and one teacher neuron (Fig-
ure 2.2). The claim below shows that when there are two student neurons that are J-close

to teacher neuron, the loss can be as small as ©(83) instead.

Claim 2.2. Suppose teacher neuron w* and two student neurons w1, wy belong to the same
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FIGURE 2.2: Warm-up Example: one teacher, two students.

hyperplane with position shown in Figure 2.2. If |w*|| = 1, Z(wi,w*) = Z(w2,w™) = 6,
|wi] = [lwz]| = 1/vV2cosd (so that |w1]|wi + |we| w2 = w*) for a small enough constant ¢,

then we have loss L(W) = ©(53).

Claim 2.2 indicates that the over-parameterization case is clearly different from the
exact-parameterization case. The scale L(W) = ©(4%) implies that the Hessian at the global
minima must be degenerate, therefore the loss is not locally strongly convex. Intuitively,
this is because that in the exact-parameterization case, we only have a set of isolated
global minima. While in the over-parameterization setting, different global minima are
connected and the loss could be small when the “average” student neuron (||wy || wy+ |wa | w2)
matches the teacher neuron. The observation above showcases the unique challenge in the
over-parameterization setting. A novel geometric characterization as well as corresponding

analyses is necessary, which will be developed in Section 2.5.
2.5 Proof Overview: Local Geometry and Gradient Lower Bound

In this section, we provide proof sketch for Theorem 2.3. First, we explain how the
gradient lowerbound can be reduced to constructing a descend direction (Section 2.5.1).
Then in Section 2.5.2 we explain the intuitions for why the descent direction works. To
prove our descent direction works, first we show that small loss implies that every teacher
neuron has at least one nearby student neuron by constructing test functions (Section 2.5.3),
then we exploit the notion of “average neuron” to decompose the residual into two terms
(Section 2.5.4) and bound them separately. At the end (Section 2.5.5) we show how one
can use Theorem 2.3 to prove the local convergence result in Theorem 2.4.

We also introduce following notations about the partition of student neurons that will
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be used in our analysis. For every teacher neuron w}, denote T; as the set of student
neurons that are closer to w; than other teacher neurons (break the tie arbitrarily), i.e.,
T; = {j € [m][£(wj,w]) < L(wj,wf) for all k # i}. It is easy to see that U7} is the
set of all student neurons, and T; " T; = @ for all @ # j € [r]. Also denote T;(5) = {j €
Ti| Z(wj, w}) < 6} as the set of student neurons w; that are d-close to teacher neuron w;.

Finally we use §; = Z(w], w;) to denote the angle between w} and w; for all j € T;.

2.5.1 Gradient lowerbound (Theorem 2.3): constructing descent direc-
tion

We discuss how to obtain the gradient lower bound (Theorem 2.3). We construct a
“descent direction g(W)” that is correlated to the gradient and prove that (VL(W), g(W)) >
L(W) = 0, this directly implies |[VL(W)| = L(W)/|g(W)|, which provides the result
in form of Theorem 2.3. Intuitively, we group the neurons into r + 1 categories, where
T;(0max) represents student neurons that are within angle dp,ax with i-th teacher neuron
(where dpmax is a parameter chosen later), and the r + 1-th group consists of neurons not
close to any teacher neuron. The direction we construct will move student neurons closer
to their corresponding teacher neurons, or 0 if it is in the last group. Formally, we prove

the following lemma on descent direction.

Lemma 2.7 (Descent Direction). For network and loss function L(-) defined in Defini-
tion 2.1, under Assumption 2.1, 2.2, there exists a threshold ey = poly(A, r=1 w L wmin)

such that for any W satisfying loss € = L(W) < €y, we have

r

20 2V LW, (I + wjw] )™ (wj — qij sgn(w] wiwf)) = LW),
i=1jeT;

where {qij }iclr] je[m] 5 any sequence that satisfies (1) gij = 0 for all (4,7), (2) qij =0 ifj ¢

T (6maz); and (3) Xjery(,man) G Wil =1 for alli € [r], where dmax = @(rwmmw;{;’f.el/?’).

In Lemma 2.7, the scalar ¢;; describes how much fraction of teacher neuron w; that
student w; should target to approximate. Recall that our activation is absolute value

function, so there is a symmetry between w and —w and we identify them as the same
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neuron. Therefore, (w; — gi; Sgn(w;wl’-")w;") can be unsterstood as the difference between

the current student neuron and its “optima”. We further multiply it by matrix (1 +u_)jij)_1
due to technical reason raised by our parameterization of student neural network as f(z) =

S lwg]| [w, 2| instead of f(z) = 3, |w] x| (see Section 2.2 for more details).
2.5.2 Descent direction (Lemma 2.7): high-level ideas

We briefly explain why the descent direction we constructed would reduce loss function
in this section. First, we introduce a quantity which plays a key role in the remaining of
Section 2.5:

i+ ), hwgllwy v sy —wf for ie[r] 22)

JET;
Intuitively, w; represents the “average neuron” for student neurons close to teacher neuron
w;; v; represents the difference between a teacher neuron and its corresponding average
student neuron. Note that in the above definition of “average neuron” w;, there is an
ambiguity of the direction of the neurons w; due to the symmetry of the absolute value
activation. To break this ambiguity, we will assume the direction of w; always has posi-
T

ie., wjw? > 0. This is without of generality because absolute

tive correlation with w? j

1
value function is an even function so that intuitively we can replace w; with —w; when

w!

; wi < 0 without affecting anything else. In fact, we can show if there is a descent direc-

tion (g(w1),...,g(wp)) for (wi,...,wy), then for arbitrary choice of a; € {+1} there is a
descent direction (a1g(w1),...,amg(wn)) for (a1wi, ..., anwy). We defer the proof to the
beginning of Section A.3.

In order to prove the Lemma 2.7, a main challenge is to properly exploit the precondition
that loss L(W) is small. Our strategy is to establish an intermediate result, and prove the

lemma by the following three steps:

1. Show that when the loss L(W) < e, for each teacher neuron there is at least one

5/3

student neuron that is dpax = Q(rwmazw;m et/ 3) close to the teacher neuron.

2. Show that loss L(W) is small implies that the |v;| is small for all i € [r] (average
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neuron close to teacher neuron).
3. Show that 1 and 2 imply the conclusion of Lemma 2.7.

In fact, the third step directly follows from our choice of “descent direction”, and alge-
braic computation. We refer readers to Lemma A.2 in Appendix A.3.5 for details.

For the first step, we formalize it as the following lemma:

Lemma 2.8. Under Assumption 2.1 and Assumption 2.2, there exists a threshold ey =
poly(A, v~ w, L wmin) and an absolute constant C' such that for any W satisfying loss
e = L(W) < e, if we choose dpax = C - rwmaxw;%g €3 then we have |T5(Omaz)| = 1 and

2 ,
D ieTy(bman) |Wil° = 5 |wi| for all i e [r].

The proof uses idea of test functions to lowerbound the loss, and will be discussed later
in Section 2.5.3.

Now that each teacher neuron has at least one nearby student neuron, average neuron
w; is never 0. Our second step shows that the average student neuron is always close to

teacher neuron when the loss is small:

Lemma 2.9 (Average Student Is Close to Teacher). Under Assumption 2.1, 2.2, there
exists a threshold ey = poly(A,r=1 w, L wpin) such that for any W satisfying loss € =
L(W) < €0, we have {v;}iepy) (defined in (2.2)) satisfy [vi] < poly(r, wimax, AN for all

i€[r].

The proof of this relies on a characterization of the loss, which we describe in Sec-

tion 2.5.4.

2.5.3 Local Property | (Lemma 2.8): lowerbounding loss using test
functions

To prove Lemma 2.8, we show its contraposition — if there is a teacher neuron that does
not have a nearby student neuron, then the loss must be large.
In order to lowerbound the loss, we use the idea of constructing a test function. The

similar idea has also been used in maximum mean discrepancy (MMD) [87], where they
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FIGURE 2.3: Left: Illustration for nonlinearity and nonlinear region. Here w and v

represent the vector that is orthogonal to w and v. Right: Test function h(x) in Lemma
2.8, where S = {z||w*"z| < 7}.

use test function to distinguish two distribution. Here, we try to explicitly construct
a test function so that its correlation with the residual can be lower bounded. For-

mally, when there is a teacher neuron without any student neuron within angle §, we

construct a test function h such that (R(z),h(x))/|h(z)| = Q(w an —3/2q,8/2 - 5%/2),
where R(z) = Y, |lwil| |w z| — Yi_, |wi x| is the residual. This directly implies that
LV W) = |R| /N2 = Qw3 Punis - 692).

Our choice of test function crucially relies on the nonlinearity of absolute function.
More specifically, absolution function |w' x| is a linear function everywhere else except the
hyperplane w2 = 0. We call the neighborhood of this hyperplane ({z||w"z| < 7} for some
small 7) the nonlinear region. The key observation here is that the loss in this nonlinear
region would be small only if there is another neuron w’ such that w’ ~ w, and they
cancel each other. See Figure 2.3 for an illustration. This gives the basic component for
constructing test functions for Lemma 2.8.

Suppose w* is a teacher neuron without any close-by student neurons. Consider the non-
linear region of w*, and construct test function h(z) = (|w*"z| — E,[|w* T z|Is]/ E,[Is]) Ls,
where S = {z||w* x| < 7} with a small enough 7 (see also Figure 2.3). Such a test function
has almost zero correlation with any function that is linear in region S (i.e. terms con-
tributed by student and teacher neurons far away from w*). On the other hand, it has a

large positive correlation with teacher neuron |w*"z| term in the residual. See Section A.3.2

in appendix for detailed bounds.
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2.5.4 Local Property Il (Lemma 2.9): residual decomposition

We first introduce the notion of residual and its decomposition, which turns out to
the key in the proof of Lemma 2.9. For any fixed student neurons W, recall the residual
function R(z) = Y7 |wil |w] x| — Xi_ |wiTz|. Intuitively, the residual is the difference
between the outputs of the student network and the teacher network. Clearly our loss
L(W) = E,[R(x)?]/2. We also note the gradient of loss is closely related to the residual as

Vu, L(W) = Ex[R(x) |w;| (I + ijjT)m sgn(w;x)]. We decompose the residual as follows:

Ri(x) = Z v zsgn(wix), Ro(zx) = Z Z [wj] ijm (sgn(w;x) —sgn(wi'x)). (2.3)
i1 i=1 jeT;

where v; is defined in (2.2). It is clear that R(x) = Ry(z) + Ra(z). As discussed at the
beginning of Section 2.5.2, we can fix the direction of student neurons to have positive cor-
relation with their corresponding teacher neuron, so there is no ambiguity in the definition
of “average neuron” w; and thus no ambiguity in the decomposition R; and Rs defined
above.

Intuitively, each neuron has a linear weight component and a nonlinear activation pat-
tern. R; describes the difference in linear weights, while Ry describes the difference in
activation pattern. In some sense, if one focuses only on R;, then the model becomes ez-
actly parameterized again because Ry only depends on the average neurons w; and does not
depend on individual neurons. Lemma 2.10 makes this observation more precise.

Using the decomposition and characterizations of Ry and Rs, we can now discuss the

proof strategy for Lemma 2.9.

High-level proof strategy for Lemma 2.9 To prove Lemma 2.9, i.e., to show that |v;]|

is small for all i € [r], we do following two steps.

1. Show that |Ry|? is strongly convex in (vy,...,v,). Thus to show |v;] is small for all

i, it is sufficient to show that |Ry|? is small.

2. Show |Ry|? is small. Since R; = R — Ry, and we know |R|? = L(W) is small, this
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implies ||R||? is small as we need.

Step 1 let v = (vy,...,v,), we observe that |Ry|* = v" Mv = ¥, - v] M;jv; where

9,7 1

M;; = x~]\IFEO,I) [z2" sgn(w}z) sgn(w;’fT )] (2.4)

In fact, M € R¥* also corresponds to the Hessian at global minima in the exact-
parameterization case. We can show Apin(M) = Q(A3/r3), which ensures that |R;]?

is strongly convex in v. See the proof in Section A.3.4.1.
Lemma 2.10. Under Assumption 2.1, we have |Ri||* = Q(A3/r3) ||v|.

Step 2 we first observe following upper bound on R.

T 2
|Ro|* =E (Z > lwjllw] @ (sgn(w] ) - Sgn(wZ‘Tw))> ST

i=1jeT;

(2 iju%;f’/?)

JET;

(2

We obtain the upperbound for 37 | lw;|* and 37| |w;|? 67 in Lemma A.5 and Lemma A.6.
The bound for the latter term uses similar ideas of constructing test functions as Lemma 2.8,
but the test function is more complicated. Combining the two upperbounds we have the

following result:

Lemma 2.11. Under Assumption 2.1 and Assumption 2.2, there exists a threshold ey =
poly(A, v~ w L wmin) such that for any W satisfying loss € = L(W) < ey, we have

|Ro|l* = O wpizze¥).
2.5.5 Proof sketch of local convergence theorem (Theorem 2.4)

Theorem 2.3 proves that the gradient norm is lower bounded by the value of loss function
when loss is small. In order to establish the convergence result, we need to additionally

characterize the local “smoothness” of the loss function.

Lemma 2.12 (Smoothness). Under Assumption 2.2, if loss L(W) = O(r*w?,,,), then

max

LW + U) SL(W) + (Vw LW), Uy + O 4w ) LY2 (W) U3 + O(rwmaz) U2

+O0) U]
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We note Lemma 2.12 is slightly different from the standard notion of smoothness in the
optimization literature, but it turns out to be also sufficient to prove our result. See the
proof in Section A.4.1. Furthermore, we can also prove that the function is Lipschitz when

loss is small.

Lemma 2.13 (Lipschitz). Under Assumption 2.2, if loss L(W) = O(r*w2,,,) is small,

max

then |V LW)|5 = O(r3wd,,.,.).

max

Finally, following the standard linear algebra calculations, Theorem 2.3, Lemma 2.12
and Lemma 2.13 jointly establish the convergence result (Theorem 2.4). We defer the

detailed proof to Section A.4.3.

2.6 Conclusion

In this chapter, we develop a local convergence theory for mildly over-parameterized two-
layer neural networks in the feature learning regime. By characterizing the local landscape
and showing gradient satisfies a special case of Lojasiewicz property, we prove that as long as
initial loss is below a threshold that is polynomial in relevant parameters, gradient descent
could converge to zero loss and learn features. Our result is different from NTK analysis
and mean-field analysis, since student neurons converge to the ground-truth teacher neuron
and we only have mild requirement on the over-parameterization. One immediate open
question is when can gradient descent find such a good initialization. We hope our result

could lead to stronger optimization results for mildly over-parameterized neural networks.
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3. Local Convergence of Regularized Two-Layer Neural
Networks

In this chapter, we extend our local analysis of learning two-layer networks in the feature
learning regime, previously discussed in Chapter 2, to a more standard setting. Specifically,
we consider two-layer networks with standard second-layer weights, trained using gradient
descent with weight decay. Although these modifications may appear minor, they necessi-
tate the development of new technical tools, such as new dual certificate analysis, to address
the significant challenges that arise in this context.

Our results complement the recent line of work showing the feature learning capabilities
of the early stages of gradient-based training. By combining early stage feature learning
analysis with a stronger local analysis than that in Chapter 2, we show that a variant of
gradient descent with a carefully regularized objective will capture ground-truth directions.
Our results demonstrate that feature learning not only happens at the initial gradient steps,

but can also occur towards the end of training.

3.1 Introduction

Recently, a growing line of works [60, 56, 3, 2, 1, 204, 171, 24, 135, 28, 57, 196, 141, 142]
showed that early stages of gradient training (either one/a few steps of gradient descent or a
small amount of time of gradient flow) can be useful in feature learning. These works show
that after the early stages of gradient training, the first layer in a 2-layer neural network
already captures useful features (usually in the form of a low dimensional subspace), and
continuing training the second layer weights will give performance guarantees that are
stronger than any kernel or random feature based models.

Given the local convergence results presented in Chapter 2, in this chapter we consider

the natural follow-up question:
Can we incorporate feature learning in both the early and final stages of gradient training?

We show that this is indeed possible: mildly overparametrized two-layer networks can

be trained using a variant of gradient descent to achieve feature learning. In particular, we
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prove the following result:

Theorem 3.1 (Informal). If the data is generated by a 2-layer teacher network fy, as long
as the width of student network m is at least some quantity mqg that only depends on fy, a
variant of gradient descent algorithm (Algorithm 1, roughly gradient descent with decreasing
weight decay) can recover the target network within polynomial time. Moreover, the student

neurons align with the teacher neurons at the end.

Our result highlights the different mechanisms of feature learning: previous works show
that in the early stages of gradient descent, the network learns the subspace spanned by the
neurons in the teacher network. Our local convergence result shows that at later stages,
gradient descent is able to learn the exact directions of the teacher neurons, which are much
more informative compared to the subspace and lead to stronger guarantees.

Analyzing the entire training dynamics is still challenging so in our algorithm (see
Algorithm 1) we use a convex second stage to “fast-forward” to the local analysis. The
early-stage feature learning serves a role similar to the initialization scheme discussed in
Chapter 2. Our technique for local convergence is similar to Chapter 2, however we consider
a more complicated setting with ReLLU activation and allow second-layer weights to be both
positive or negative. This change requires additional regularization in the form of standard

weight decay and new dual certificate analysis.

3.1.1 Related works

Early stage feature learning Researchers have recently tried to understand how neural
networks trained with gradient descent (GD) can learn features, going beyond the ker-
nel/lazy regime [97, 53]. A typical setup is to use 2-layer neural networks to learn certain
target function, often equipped with low-dimensional structure. Examples include learning
polynomials [204, 56], single-index models |24, 135|, multi-index models [57], sparse boolean
functions [3, 2, 1], sparse parity functions [60, 171, 28] and causal graph [142]. Also, few
works use 3-layer networks as learner model [141, 196]. These works essentially showed that

feature learning happens in the early stage of training. Specifically, they often use 2-stage
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layer-wise training procedure: first-layer weights/features are only trained with one or few
steps of gradient descent/flow and only update the second-layer afterwards. Our results
give a complementary view that feature learning can also happen in the final stage training
that leading student neurons eventually align with ground-truth directions. This cannot be

achieved if first-layer weights are fixed after few steps.
3.2 Preliminary

Notation Denote [n] as the set {1,2,...,n}. For vector w, we use |w]|, for its 2-norm
and w = w/ |wl||, as its normalized version. For two vectors w,v we use Z(w,v) =
arccos(jw Tv|/(Jw], [v|,)] € [0,7/2] as the angle between them (up to a sign). For matrix
A let |A|; be its Frobenius norm. We use standard O, €2, © to hide constants and 0,0,0
to hide polylog factors. We use O, 2., O, to hide problem dependent parameters that only

depend on the target network (see paragraph above (3.1)).

Teacher-student setup We will consider the teacher-student setup for two-layer neural

networks with Gaussian input @ ~ N (0, I;). The goal is to learn the teacher network of

size My
m*
fe(x) = Z afo(w;' x) + wi'x + by,
i=1
where o(x) := max{0,z} is ReLU activation, Sy := span{wy,...,w} .} is the target sub-

space. Without loss of generality, we will assume |w}|, = 1 due to the homogeneity of
ReLU.
Following the recent line of works in learning single/multi-index models [24, 56|, we

assume the target network has low dimensional structure.

Assumption 3.1. Teacher neurons form a low dimensional subspace in R%, that is
dim(Sx) = dim(span{wy,...,wi«}) =r < d.
We will also assume the teacher neurons are non-degenerate in the following sense:
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Assumption 3.2. Teacher neurons are A-separated, that is angle L('wl’-",'w;’-‘) > A for all
i# 7.
Assumption 3.3. H := fol a;"w;kw;“T 1s non-degenerate in target subspace Sy, i.e.,

rank(H) = r. Denote k := |\, (H)|.

Assumption 3.2 simply requires all teacher neurons pointing to different directions,
which is crucial for identifiability [214]. Assumption 3.3 says the target network contains
low-order (second-order) information, which is related with the notion of information ex-
ponent [22]. Indeed, one can show Eg[f«(x)ho(v'x)] = Gov' Hv, where hy(x) is the
2nd-order normalized Hermite polynomial and &9 is the 2nd Hermite coefficient of Rel.U.
See Appendix B.1 for more details. Many previous works also rely on same or similar as-
sumption to show neural networks can learn features to perform better than kernels [56, 2,
24].

In this chapter, we are interested in the case where the complexity of target network
is small. Therefore, we will use Oy, 2, O, to hide poly(r, m«, A, |a1], ..., |am,|, k), which
is the polynomial dependency on relevant parameters of target f. (does not depend on
student network).

We will use the following overparametrized student network:

flx;0) = i aio(wz) +a+ B, (3.1)
=1

where a = (a1,...,a,) €R™, W = (w1 - wy,)" e R™"*% and 0 = (a, W, a, B).

Loss and algorithm Consider the square loss function with ¢5 regularization under Gaus-

sian input

A A
E . ~ 2 A 2, A 2
Lx(0) :ENN(OJd)[(f(m’ 0) —9)°] + D) lal3 + B) W5 . (3.2)

We will use L to denote the square loss for simplicity. The ¢2 regularization is the same as
the commonly used weight decay in practice. Our goal is to find the minima of unregularized

problem (A = 0) to recover teacher network f,.
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In above, we use preprocessed data (x,%) in the loss function as in [56]. Specifically,

given any (x,y) with y = fi(x), denote o, = Ez[y] and B, = E,[yx], we get

~

f*($)=§=y—a*—ﬁlw- (3.3)

This preprocessing process essentially removes the 0-th and 1-st order term in the Hermite
expansion of . See Appendix B.1 for a brief introduction of Hermite polynomials and
Claim B.2.

Our algorithm is shown in Algorithm 1. It is roughly the standard GD following a given
schedule of weight decay A\; that goes to 0. Due to the difficulty in analyzing gradient
descent training beyond early and final stage, we choose to only train the norms in Stage 2
as a tractable way to reach the local convergence regime.

We will use symmetric initialization that a; = —a;1m,0, Wi = Wiy With a; ~
Unif{++/d}, w; ~ Unif((1/y/m)S%!), @ = 0, B = 0. Our analysis is not sensitive to

the initialization scale we choose here. The choice is just for the simplicity of the proof.

Algorithm 1: Learning 2-layer neural networks

Input: initialization 8(©), weight decay A, and stepsize 1,
Data preprocess: get (x,y) according to (3.3)
Stage 1: one step gradient update
o) — g0 _ UOVOLAD(ﬁ’(O))
Stage 2: norm adjustment by convex program
a(T2)7 a(TQ)aﬁ(TQ) A mina,a,,@ L(a’7 W(l)7 «, /6) + AZz HwZHQ ’az‘

Balancing norm between two layers s.t. |a;| = ||w;|, for all 4
Stage 3: local convergence
for k < K do // for each epoch, run GD until convergence

for T3p—1 <t <T3y do
o+l  g(t) _ TIVeLAM(B(t))
Output: 875.x) = (a(T5.5) W(Ts.x) o(T5x) 3(T5K))

3.3 Main Results

In this section, we give our main result that shows training student network using
Algorithm 1 can recover the target network within polynomial time. We will focus on the

case that d = Q,(1) when the complexity of target function is small.
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Theorem 3.2 (Main result). Under Assumption 3.1, 3.2, 3.3, consider Algorithm 1 on loss
(3.2). There exists a schedule of weight decay Ay and step size ny such that given m = mg =
04 (1)-(1/20)°") neurons with small enough g9 = O4(1), with high probability we will recover
the target network L(0) < € within time T = O (log(1/€)/n) where n = poly(e, 1/d,1/m).

Moreover, when ¢ — 0 every student neuron w; either aligns with one of teacher neuron

*

w;

as L(Wi,w;) = 0 or vanishes as |a;| = |w;| = 0.

Note that our results can be extended to only have access to polynomial number of
samples by using standard concentration tools. We omit the sample complexity for simplic-
ity. We emphasize that the required width mg only depends on the complexity of target
function f, (not on student network f or error ¢), so any mildly overparametrized networks
can learn f, efficiently to arbitrary small error.

Our result improves the previous works that only train the first layer weight with small
number of gradient steps at the beginning [56, 24, 3, 2, 1]. In these works, neural networks
only learn the target subspace and do random features within it. Intuitively, these random
features need to span the whole space of the target function class to perform well, which
means its number (the width) should be on the order of the dimension of target function
class. For 2-layer networks, random features in the target subspace need (1/¢)°(") neurons
to achieve desired accuracy €. In contrast, continue training both layer at the last phase of
training allows us to learn not only subspace but also exactly the ground-truth directions.
Moreover, we only use (1/50)0(7") neurons that only depends on the complexity of target
network. This highlights the benefit of continue training first layer weights instead of fixing

them after first step.
3.4 Proof Overview

In this section, we give the proof overview of these three stages separately.
Denote the optimality gap ¢ at time t as the difference between current loss and the

best loss one could achieve with networks of any size (including infinite-width networks)

_ N
G =L, (0") " Agl(lsgfl)ht(u), (3.4)
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where M(S?!) is the set of measures on the sphere S%~!. As an example, if y =
> ai |wi| 0w, then Ly(p) recovers Ly(0) when linear term «, 3 are perfectly fitted and
norms are balanced |a;| = |w;||. We defer the precise definition of Ly(u) to (B.1) in ap-

pendix.

3.4.1 Stage 1

For Stage 1, we show in the lemma below that the first step of gradient descent identifies
the target subspace and ensures there always exists student neuron that is close to every

teacher neuron.

Lemma 3.3 (Stage 1). Under Assumption 3.1,3.2,3.3, consider Algorithm 1 with Ao =
no =1and m = my = 6*(1) - (1/e0)°) with any g = O4(1). After first step, with

probability 1 — § we have

(i) for every teacher neuron w;, there exists at least one student neuron w; such that

L(w},w;) < eg.
(ii) Hw§1>H2 = 0,(1), 6V] < 0.(1/y/m) for all i € [my], a1 = 0 and By = 0.

The key observation here is similar to [56] that wgl) ~ —2770a§0) (63Hw;) so that

given H is non-degenerate in target subspace S, we essentially sample wgl) from the target
subspace. It is then natural to expect that the neurons form an ep-net in the target subspace

given mg neurons.

3.4.2 Stage 2

Given the learned features (first-layer weights) in Stage 1, we now perform least squares

to adjust the norms and reach a low loss solution in Stage 2.

Lemma 3.4 (Stage 2). Under Assumption 3.1,3.2,3.3, consider Algorithm 1 with \; = \/€q.
Given Stage 1 in Lemma 3.3, we have Stage 2 ends within time Ty = Oy (1/neo) such that

optimality gap (1, = Ox(ep).
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It remains an open problem to prove the convergence when training both layers simul-
taneously beyond early and final stage. To overcome this technical challenge, we choose to
use a simple least square for Stage 2. We use the simple (sub)gradient descent to optimize
this loss. There exist many other algorithms that can solve this Lasso-type problem, but
we omit it for simplicity as this is not the main focus of this chapter.

Note that the regularization in Algorithm 1 is the same as standard weight decay when
we train both layers. This regularization leads to several desired properties at the end of
Stage 2: (1) prevent norm cancellation between neurons: neurons with similar direction but
different sign of second layer weights cancel with each other; (2) neurons mostly concentrate
around ground-truth directions. As we will see later, these nice properties continue to hold

in Stage 3, thanks to the regularization.

3.4.3 Stage 3

After Stage 2 we are in the local convergence regime. The following lemma shows that
we could recover the target network within polynomial time using a multi-epoch gradient
descent with decreasing weight decay A at every epoch. Note that this result only requires

the initial optimality gap is small and width m > m, (target network width, not mg).

Lemma 3.5 (Stage 3). Under Assumption 3.1,5.2,3.3, consider Algorithm 1 on loss (3.2).
Given Stage 2 in Lemma 3.4, if the initial optimality gap (30 < O*()\g/os), weight decay A
follows the schedule of initial value A3 o = Ox(1), and k-th epoch X3, = A3 k—1/2 and stepsize
e =N < O*()\%?kd*:s) for all Ty ), <t < T3 p41 in epoch k, then within K = Oy (log(1/¢))
epochs and total Ty — Ty = O*()\;gn*I log(1/¢)) time we recover the ground-truth network
L(O) <e.

The lemma above relies on the following result that shows the local landscape is benign
in the sense that it satisfies a special case of Lojasiewicz property [119]. This means GD

can always make progress until the optimality gap ( is small.
Lemma 3.6 (Gradient lower bound). When Q4(\?) < ¢ < 04(AY5) and X < O4(1), we

41



have

[VoLlF = Qa(¢"/A%).

Note that this generalizes previous result in [214] that only focuses on 2-layer networks
with positive second layer weights. This turns out to be technically challenging as two
neurons with different signs can cancel each other. We discuss how to deal with this

challenge in the next section.

3.5 Descent Direction in Local Convergence (Stage 3): The Bene-
fit of Weight Decay

In this section, we give the high-level proof ideas for the most technical challenging part
of our results — characterize the local landscape in Stage 3 (Lemma 3.6).

The key idea is to construct descent direction — a direction that has positive correlation
with the gradient direction. The gradient lower bound follows from the existence of such
descent direction.

It turns out that the existence of both positive and negative second-layer weights intro-
duces significant challenge for the analysis: there might exist neurons with similar directions
(e.g., (a,w) and (—a,w)) that can cancel with each other to have no effect on the output
of network. Intuitively, we would hope all of them to move towards 0, but they have no
incentive to do so. Moreover, if they are not exactly symmetric it’s hard to characterize
which directions these neurons will move.

We use standard weight decay to address the above challenge. Specifically, weight decay

helps us to

e Balance norm between neurons. When norm between two layers are balanced, the £o
regularization Y, |a;|2+ |w;|* would become the effective £; regularization 2 Y, |a;| |w;|
over the distribution of neurons. Such sparsity penalty ensures most neurons con-
centrate around the ground-truth directions, especially preventing norm cancellation

between far-away neurons.

o Reduce cancellation between close-by neurons. For close-by neurons, weight decay helps
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to reduce the norm of neurons with the ‘incorrect’ sign (different sign with the ground-
truth neuron). This is because weight decay prefers low norm solutions, and reducing
cancellations between neurons can reduce total norm (regularization term) while keep-

ing the square loss same.

We will group the neurons (i.e., partitioning Sdil) based on their distance to the closest
teacher neurons: denote 7; = {w : Z(w,w]) < Z(w,wj) for any j # i} (break the tie
arbitrarily) so that u;7; = S¥~1. We will also use §; to denote Z(wj,w}) for j € T;.

As described above, weight decay can always lead to descent direction when norms
are not balanced or norm cancellation happens (see Lemma B.22 and Lemma B.23). The
following lemma shows that in other scenarios we can always improve features towards the

ground-truth directions.

Lemma 3.7 (Feature improvement descent direction, informal). When norms are balanced
and no norm cancellation happens, there exists properly chosen q;; = 0 and ZjeTi a;q;; = aj

such that

D DV L, wj — gijwi) = Q(Q).

ze[m*] ]67;

In words, this descent direction is the following: we move neuron w; € 7; toward either
ground-truth direction w} or 0 depending on whether it is in the neighborhood of teacher
neuron w;. Specifically, we move far-away neurons towards 0 (and thus setting ¢;; = 0) and
move close-by neurons towards its 'closest’ minima g;;w; (the fraction of w; that neuron
w; should target to approximate).

The proof of the above lemma requires a dedicated characterization of the low loss

solution’s structure, which we describe in Section 3.6.
3.6 Structure of (Approximated) Minima

In this section, we first highlight the importance of understanding local geometry by
showing the challenges in proving the existence of descent direction (Lemma 3.7). Then

after presenting the main result of this section to show the structure of (approximated)
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minima (Lemma 3.8), we discuss several proof ideas such as dual certificate analysis in the

remaining part.

3.6.1 Constructing descent direction requires better understanding of
local geometry

To show the existence of descent direction in Lemma 3.7, we compute the inner product
between gradient and constructed descent direction. We can lower bound it by (assuming

norms are balanced)
¢+2 > D E[R(@)ajgiw]! a0’ (w)e) — o (w]@))],
i€[mx] JET;
where R(x) = f(z) — f«(z) is the residual. Thus, in order to get a lower bound, the
goal is to show the second term above is small than (. As we can see, this term is

quite complicated and can be viewed as the inner product between R(x) and h(x) =

Diefma] 2jeT; 4idiw; @ (o' (wfx) — o' (w] z)).

Average neuron and residual decomposition To deal with above challenge, we use
the idea of average neuron and residual decomposition. For each teacher neuron w}, denote
v; = Zjeﬂ ajw; as the average neuron. Intuitively, this average neuron wv; stands for an
idealize case where all neurons belong to 7; (closer to w; than other w}) collapse into a
single neuron.

We decompose the residual R(x) = f(z) — fx(x) into the 3 terms below: denote the

difference between average neuron and corresponding teacher neuron v; = v; — w;

1
Z 0, xsign(w] ' x), Ry(x) = B Z a]wTw(&gn(wJT ) — sign(w} ' x)),
ze [ms] i€[my],j€T;
1 ) .
Ry(@) = = D af|wil,— ) ailwily | +a—a+(B-H)'=

i€[my] ie[m]

R; can be thought as the exact-parametrization setting (use my neurons to learn m,
neurons), where the average neurons {v;};* are the effective neurons. The difference

between this exact-parametrization and overparametrization setting is then characterized
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by the term Rp, which captures the difference in nonlinear activation pattern. This term
in fact suggests the loss landscape is degenerate in overparametrized case and slows down
the convergence [214, 201]. Overall, this residual decomposition is similar to Zhou, Ge, and
Jin [214], with additional modification of R3 to deal with ReLU activation and linear term
a, 3.

To some extent, our residual decomposition can be viewed as a kind of ‘bias-variance’
decomposition in the sense that the ‘bias’ term R; captures the overall average contribution
of all neurons, and the ‘variance’ term Rs captures the individual contributions of each

neuron that are not reflected in Ry.

High-level proof plan of Lemma 3.7 We now are ready to give a proof plan for

Lemma 3.7. The key is to show properties of minima that can help us to bound (R, h).
1. Show that neurons mostly concentrate around ground-truth directions.
2. Show that average neuron v; is close to teacher neuron w; for all i € [m].

3. Use above structure to bound (R;, h). Specifically, bounding (R, h) relies on the fact
that average neuron is close to teacher neuron (step 2); a bound on (Ra,h) follows
from far-away neurons are small (step 1); third term (R3, h) can be directly bounded

using the loss. Detailed calculations are deferred into Appendix B.8.3.

We give main result of this section that shows the desired local geometry properties

more precisely ((i)(ii) corresponding to step 1 and (iii) corresponding to step 2 above).
Lemma 3.8 (Informal). Suppose the optimality gap is ¢, we have

(i) Total norm of far-away neurons is small: 3 ;er,.q 2 e 195! | wjlly (532 = 04(C/N), where

angle 6; = Z(wj,w]) for w; that j € T;.

(it) For every wy, there exists at least one close-by neuron w s.t. Z(w,w)) < deose =

0.(¢"?).

(iii) Average neuron is close to teach neurons: we have |v; — w} ||, < Ox((¢/N)¥/4).
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These properties give us a sense of what the network should look like when loss is small:
neurons have large norm only if they are around the ground-truth directions. Moreover,
when (/A — 0, student neuron must align with one of teacher neurons (§; = 0) or norm
becomes 0 (|a;| |w;| = 0). This can be understood from the ¢; regularized loss (equivalent
to ¢y regularization on both layers) that promotes the sparsity over the distribution of
neurons. In the rest of this section, we discuss new techniques such as dual certificate that

we develop for the proof.

3.6.2 Neurons concentrate around teacher neurons: dual certificate
analysis and test function

We focus on Lemma 3.8(i)(ii) here. We will use a dual certificate technique similar to
Poon, Keriven, and Peyré [153] to prove Lemma 3.8(i), and a more general construction of
test function to prove Lemma 3.8(ii). In below, we consider a relaxed version of original
optimization problem (3.2) by allowing infinite number of neurons, i.e., distribution of
neurons, with o>o(2) = ReLU(z) — 1/4/27 — 2/2 instead of ReLU:

in Ly(p) := L(p; 05,) + Alpl1, 35
et AMp) == L(p;02,) + Alph (3.5)

where i} is the minimizer. We use o2 activation because this is the effective activation
when linear terms «, 8 are perfectly fitted (remove Oth and 1st order Hermite expansion of
ReLU, see Claim B.2 and (B.1) in appendix).

This is the loss function we would have in the idealized setting: (1) linear term «,
reach their global minima (this is easy to achieve as loss is convex in them); (2) use ¢;
regularization instead of £y regularization, since this is the case when the first and second
layer norm are balanced (weight decay encourages this to happen). Note that the results in
this part can handle almost all activation as long as its Hermite expansion is well-defined,
generalizing Zhou, Ge, and Jin [214] that can only handle absolute/ReLU activation. In

below we will focus on the activation o= for simplicity.

Dual certificate This optimization problem (3.5) can be viewed as a natural extension of

the classical compressed sensing problem [65, 42| and Lasso-type problem [181] in the infinite
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dimensional space, which has been studied in recent years [25, 153]. One common way is
to study its dual problem. The dual solution po(z) (maps RY to R) of (3.5) when A = 0
satisfies Eg[po(z)o=2(w ' x)] € 0|us|(S¥!) (more detailed discussions on this dual problem
can be found in e.g., Poon, Keriven, and Peyré [153]). Here n(w) = Eg[p(x)oso(w'x)] is
often called dual certificate, as it serves as a certificate of whether a solution u is optimal.
Its meaning will be clear in the discussions below.

We now introduce the notion of non-degenerate dual certificate, motivated by Poon,
Keriven, and Peyré [153]. Note that the condition 7(w) € d|p.|(S41) implies that n(w}) =
-

sign(a;

*) and ||n|,, < 1. The following definition is a slightly stronger version of the above

implications as it requires 7 to decay at least quadratic when moves away from w;.

Definition 3.1 (Non-degenerate dual certificate). n(w) is called a non-degenerate dual

certificate if there exists p(x) such that n(w) = Eg[p(x)osa(w'x)] for w e St and

(1) n(w}) =sign(a}) fori=1,... ,m,.

(i) In(w)| <1— ppd(w,w})? if we T;, where §(w,w}) = £(w,w}).

The existence and construction of the non-degenerate dual cer-

FIGURE 3.1: Dual
certificate 7.

tificate is deferred to Appendix B.7. We focus on the implications
of such non-degenerate dual certificate below.

Roughly speaking, the dual certificate only focuses on the position of ground-truth
directions w} as it decays fast when moving away from these directions (Figure 3.1). Thus,
if p exactly recovers ground-truth g, then we have (n, 1) = |p«]1. The gap between (n, u)
and |p|; is large when p is away from p,. Therefore, ) can be viewed as a certificate to test

the optimality of p. The lemma below makes it more precise.
Lemma 3.9. Given a non-degenerate dual certificate n, then
(i) <n,p*) = ¥ and [(n, p— )| < lply /L (w).
(ii) For any measure o€ M(S™Y), [(n, ] < |1l = py Diepny) S7: 6(w, w)? d|ul (w).
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In the finite width case, we have 3.1, ] S §(w, w})? d|u|(w) = Y, Ja;| |w;| 62. This
is exactly the quantity that we are interested in Lemma 3.8.
To see the usefulness of Lemma 3.9, we show a proof for total norm bound of the optimal

solution . The proof for general yu with optimality gap ( is similar (Lemma B.12).
Claim 3.1 (Lemma 3.8(i) for 113). Xicfm,] Sﬂ- §(w, wi)?d|pt|(w) < OL(N)

Proof. Tt is not hard to show |u}|; < |¢*|1 (Lemma B.10) so we have

x|y — |l =y — ) < =y pl — ).
Using Lemma 3.9 and the fact L(u}) = Ox(\?) from Lemma B.10,

LHS =[5l — (i3 = oy ), L §(w, w})? dlpil(w), RHS < [ply/L(1}) = Ox(N).
ie[ms] Vi

We have 3 §7: 8w, w?)? | (w) = Ou(A). O

Test function The idea of using test function is to identify certain properties of the target
function /distribution that we are interested in. Specifically, we construct test function so
that it only correlates well with the target function that has the desired property. Generally
speaking, the dual certificate above can be consider as a specific case of a test function:
the correlation between dual certificate 1 and distribution of neurons y is large (reach |u|q)
only when p ~ .

In below, we use this test function idea to show that every ground-truth direction has
close-by neuron (Lemma 3.8(ii)). Denote 7;(0) := {j : Z(wj,w;) < 0} N T; as the neurons

that are d-close to w;'.

Lemma 3.10 (Lemma 3.8(ii), informal). Given the optimality gap (, we have the total
mass near each target direction is large, i.e., p(7T;(0))sign(a’) = |af|/2 for all i € [my] and

any § = O, (C1/3).
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Note that although the results in the dual certificate part

(Lemma 3.9(ii)) can imply that there are neurons close to teacher

neurons, the bound we get here using carefully designed test func-
FIGURE 3.2: Test

tion are sharper ((1/3 VS. C1/4). This is in fact important to the function g.

descent direction construction (Lemma 3.7).

In the proof, we view the residual R(x) = fu(x) — f«(x) as the target function and
construct test function that will only have large correlation if there is a teacher neuron that
have no close student neurons. Specifically, the test function g only consists of high-order
Hermite polynomial such that it is large around the ground-truth direction and decays fast
when moving away (Figure 3.2). It looks like a single spike in dual certificate 7, but in fact
decays much faster than 1 when moving away. It is more flexible to choose test function
than dual certificate, so test function g can focus only on a local region of one ground-truth

direction and give a better guarantee than dual certificate analysis.

3.6.3 Average neuron is close to teacher neuron: residual decomposi-
tion and average neuron

We give the proof idea for Lemma 3.8(iii) that shows average neuron w; is close to
teacher neuron w; using the residual decomposition R = Ry + Ry + R3.

The key is to observe that R; is an analogue to exact-parametrization case where loss
is often strongly-convex, so we have |Ry1[3 = Q.(1) Y, |vi — wZ*Hg Then the goal is to
upper bound |Ry||. Given the decomposition R = R; + Ry + Rs, it is easy to bound
|R1| < ||R|| + | Rz + | R3] We focus on |Rg| as the other two are not hard to bound (loss

is small in local regime). Rp is in fact closely related with the total weighted norm bound
3/2

in Lemma 3.8: we show [|[Ra| = O«(1) (ZjeTi la;| H’ijQ(S]z) = 0.((¢/A)??). Thus, we

get a bound for |v; — w;|. See Appendix B.6.1.4 for details.

3.7 Conclusion

In this chapter, we strengthen the local convergence results in Chapter 2 by allowing

standard second-layer weights and ReLLU activation and combining the recent analyses on
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early-stage feature learning. We showed that gradient descent converges in a large local
region depending on the complexity of the teacher network, and the local convergence allows
2-layer networks to perform a strong notion of feature learning (matching the directions of
ground-truth teacher networks). We hope our result gives a better understanding of why
gradient-based training is important for feature learning in neural networks. Our results
rely on adding standard weight decay and new constructions of dual certificate and test
functions, which can be helpful in understanding local optimization landscape in other
problems. A natural but challenging next step is to understand whether the intermediate

steps are also important for feature learning.
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Part 11

Global Optimization Dynamic
Analysis of Mildly Overparametrized

Models
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4. Depth Separation with Multi-Layer Mean-Field
Networks

In the second part of this thesis, we shift our focus from local to global analysis of
optimization dynamics in mildly overparametrized models. As discussed in Chapter 1,
proving global convergence even for two-layer networks is generally hard [85, 63|, and many
works have considered various specific settings to analyze their training dynamics.

In this chapter, we take one step to go beyond the typical two-layer network setting
to deep multi-layer networks. We introduce a new extension for mean-field framework,
originally applied to two-layer networks, to address multi-layer networks. We apply such
framework to the depth separation problem: why a deeper network is more powerful than a
shallower one. Previous results often focus on representation power. For example, Safran,
Eldan, and Shamir [162] constructed a function that is easy to approximate using a 3-layer
network but not approximable by any 2-layer network. We show that this separation is in
fact algorithmic.

Specifically, we show that the function constructed by Safran, Eldan, and Shamir [162]
can be efficiently learned using an overparametrized network with polynomially many neu-
rons. Our result relies on a new way of extending the mean-field limit to multi-layer
networks, and a decomposition of loss that factors out the error introduced by discretizing

infinite-width mean-field networks.

4.1 Introduction

One of the mysteries in deep learning theory is why we need deeper networks. In the
early attempts, researchers showed that deeper networks can represent functions that are
hard for shallow networks to approximate[70, 179, 152, 58, 202, 117, 164, 151, 162, 128,
186, 188, 129|. In particular, seminal works of [70, 162| constructed a simple function
(f«(x) = ReLU(1 — |«|)) which can be computed by a 3-layer neural network but cannot
be approximated by a 2-layer network.

However, these results are only about the representation power of neural networks and do
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not guarantee that training a deep neural network from reasonable initialization can indeed
learn such functions. In this chapter, we prove that one can train a neural network that
approximates f.(x) = ReLU(1 — ||z|) to any desired accuracy — this gives an algorithmic
separation between the power of 2-layer and 3-layer networks.

To analyze the training dynamics, we develop a new framework to generalize mean-
field analysis of neural networks [52, 132] to multiple layers. As a result, all the layer
weights can change significantly during the training process (unlike many previous works
on neural tangent kernel or fixing lower-layer representations). Our analysis also gives a
decomposition of loss that allows us to decouple the training of multiple layers.

In the remainder of the chapter, we first introduce our new framework for multilayer
mean-field analysis, then give our main result and techniques. We discuss several related
works in the algorithmic aspect for depth separation in Section 4.1.3. Similar to standard
mean-field analysis, we first consider the infinite-width dynamics in Section 4.3, then we

discuss our new ideas in discretizing the result to a polynomial-size network (see Section 4.4).
4.1.1 Multi-layer mean-field framework

We propose a new way to extend the mean-field analysis to multiple layers. For sim-
plicity, we state it for 3-layer networks here. See Appendix C.1 for the general framework.
In short, we break the middle layer into two linear layers and restrict the size of the layer
in between. More precisely, we define

f(@) = - blo(WaF(@)), Flo) = - Aio(Wia),

mi

where W; € R™*4 A, e RP*™ W, e R™*P b, € R™ are the parameters, and
F(x) € RP represents the hidden feature. See Figure 4.1 for an illustration. Later we will
refer to the step of & — F'(x) as the first layer and F(x) — f(x) as the second layer, even
though both of them actually are two-layer networks.

In the infinite-width limit, we will fix hidden feature dimension D and let the number
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| |
W,
W,: 00 X © ‘ F(x) ‘
Ay
| |
wy wy

FIGURE 4.1: Difference between previous [140] (Left) and our framework (Right).

of neurons my, my go to infinity. Then, we get the infinite-width network

f(x) = E  aso(wy- F(x)), Fi(x)= E aro(wy -x), Vie|D],

(a2,w2)~ps2 (a1, w1)~p1,;

where (j11,:)ie[p) are distributions over R'*¢ with a shared marginal distribution over wj,
and ps is a distribution over R'*?. Note that, unlike the formulation in [140], here the hid-
den layers are described using distributions of neurons, whence are automatically invariant
under permutation of neurons, which is one of the most important properties of mean-field
networks. One can choose 1, pe to be empirical distributions over finitely many neurons
to recover a finite-width network. In fact, we will do so in most parts of the chapter so
that our results apply to finite-width networks of polynomially many neurons. The network
can be viewed as a 3-layer network with intermediate layer Wy A, which is low rank. This
is reminiscent of the bottleneck structure used in ResNet (|92]) and has also been used in

previous theoretical analyses such as [10] for other purposes.

Learner network Now we are ready to introduce the specific network that we use to learn

the target function. We set D = 1 and couple a1 with ws.

F(a) = Fz;m) = E {Jw]o(w-z)},

(4.1)

f(@) = f(xipo, 1) == E  o(welF(x;p1) + b2).
(w2,b2)~p2

Here, o is the ReLU activation, and y; € 2(R%) and us € & (R?) are distributions encoding

the weights of the first and second hidden layers, respectively. We multiply each first layer
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neuron by |w| to make F' more regular. This 2-homogeneous parameterization is also used
in [112] and [195]. In most parts of the chapter, u; and pg are empirical distributions over
polynomially many neurons. We use u1, o to unify the notations in discussions on infinite-
and finite-width networks.

Restricting the intermediate layer to have only one dimension (D = 1) is sufficient as
one can learn « — « ||| for some a € R with the first layer F'(z) and « |x| — o(1 — |z|)
with the second layer. For the network that computes F'(x), we do not need a bias term
as the intended function is homogeneous in . Though we restrict the first layer to be
positive, it does not restrict the representation power of the network as the second layer
can be either positive or negative. For the second layer, even though a single neuron is

sufficient, we follow the framework and over-parameterize the network.

4.1.2 Main result and our techniques

Our main result applies the framework in the previous section to the function con-

structed in [162] (see details in Section 4.2). Informally, we prove:!

Theorem 4.1 (Main result, Informal). Given the learner network defined in (4.1) with
input dimension d, for any € > 0, we can choose layer widths as my = poly(d,1/e), mo =
©(1) so that, with probability at least 1 —1/poly(d, 1/¢) over random initialization, running
a simple variant of gradient flow* reduces the loss L := Eq {(f«(x) — f(2))?} /2 to € within

T = poly(d, 1/€) time.

This result shows that one can train a multilayer neural network to learn the function
ReLU(1 — |z||) that cannot be approximated by any 2-layer network. There are some
technical details caused by the choice of a heavy-tail input distribution in Safran, Eldan,

and Shamir [162] which we discuss in Section 4.2.

! We say some quantity a is poly(d, 1/¢) if it is bounded by C(d/e)€ for some universal constant C' > 0
that may change across lines.

2 Though gradient flow, strictly speaking, is not a proper algorithm, it is common to use it as a surrogate for
gradient descent in theoretical analysis. See Appendix C.5 for discussions on how to convert the argument
to a gradient descent one.
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To prove such a result, we first characterize the infinite-width dynamics (see Section 4.3).
In particular, we show that in the infinite-width dynamics, the first layer will always com-
pute a multiple of ||, while the second layer will behave like a single neuron.

However, it is often difficult to discretize such an infinite-width analysis to a polynomial-
width network. The main difficulty is in the potential amplification of error in the network:
if at the beginning, the first layer is d-close to computing a multiple of |z||, this § value can
potentially increase exponentially during the training process ([132]). Given the large poly-
nomial training time for our dynamics, this exponential increase would not be acceptable.

To fix this issue, we partition the analysis into two phases, and for the time-consuming

second phase, we rely on a decomposition of the loss function:

1

£o=5 B {(fulx) — f(2))} ~

w3
2

2
2

E{(fu@) - f@)?} + ZE{(F(z) - P(x))*}. (42)

Here F(x) is a multiple of || that is close to the actual first-layer output F(z), f(x)
is the output of the network if the first layer is replaced by F (z) — that is, if the first
layer actually computes a multiple of |x| (see (4.5) for precise definition). The first term
therefore characterizes the loss conditioned on a perfect first-layer; while the second term
characterizes the difference between the first-layer output and a multiple of ||x||. We show
that the gradients of these two terms do not affect each other, at least approximately.
Therefore, we can view the training process as simultaneously doing two things: minimizing
the loss given a good first-layer representation (reducing first term), and making first-layer
output closer to a multiple of |z| (reducing second term). We believe such a decomposition
highlights how the lower-layer in the neural network receives useful gradient information to

learn good representation for this particular objective.

4.1.3 Related works

Algorithmic aspect of depth separation There have been other works that add al-
gorithmic insights into depth separation. Allen-Zhu and Li [10] showed that multi-layer

quadratic networks can learn certain target functions in a hierarchical way, which cannot
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be learned by any kernel methods or shallow neural networks. Our work deals with more
standard neural network architectures and target functions. A concurrent work Safran and
Lee [163] considers a similar problem as ours, where they show that GD with a certain
three-layer network can learn the ball indicator which is not approximable by any two-layer
network. Conceptually the main difference between our results lies in the training dynamics
— the first layer of Safran and Lee [163] is fixed while we train both layers. This leads to

very different training dynamics and proof techniques.

Multi-layer mean-field Although mean-field analysis has been successful for the opti-
mization of two-layer overparameterized network, it is not easy to extend it to multiple-layer
network since the width of intermediate layer goes to infinity. Many works have tried to
address this issue to generalize mean-field analysis to deep networks. See e.g., Nguyen
and Pham [140], Pham and Nguyen [150], Aratjo, Oliveira, and Yukimura [17], Sirignano
and Spiliopoulos [173], Fang et al. [71], Lu et al. [121], and Ding et al. [64] and references
therein. Unlike most of the existing works, our multi-layer mean-field framework still has
finite hidden feature dimension while the number of neurons can go to infinity to become a

distribution of neurons. See Section 4.1.1 and Appendix C.1 for more discussions.

Mildly overparameterized neural networks Recently there are many works that con-
sider the problem of learning certain target function with mildly overparameterized (poly-
nomial size) network [14, 13, 27, 69, 199, 26, 95, 47, 112, 195, 214|. In particular, these
works are different from the typical mean-field analysis where usually the infinite-width
network are considered, or the typical NTK analysis where neural network behaves like
kernel method. Our work is in a similar direction, but we need new insights to extend the

discretization to our new multilayer framework.

4.2 Preliminaries

In this section, we discuss the additional technical conditions for the input distributions

in [162], and how we deal with this in the training process.
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Notations For a vector @, we let |x| denote its Euclidean norm. We use a = b + ¢ as a
shorthand for the condition a € [b— |c|, b+ |¢|]. For a distribution u, we write v € p for the
condition v is in the support of . Other notations we use are mostly standard. We usually
use v; and w; to denote a first layer neuron, and (vg,r2) and (wse, b2) to denote a second
layer neuron. Keeping two sets of notations for neurons is intentional. When we are taking
expectations over neurons, we use wi and (wsg,be). When considering a single neuron, we
use v1 and (vg,r2). For vectors, we write v := v/ ||v|. We will use E, as a shorthand for

Ez~p when it is clear from the context. We also use v € p as a shorthand for v € supp(u).

Target Function and Input Distribution The target function we consider is fy(x) =

o(1 — |x|), where o : R — R is the ReLLU activation. To describe the input distribution,

first, we define p(x) := Q%ﬁ)dﬂ Ja2(2mRq |]), where Ry = ﬁ(r(d/Q +1))"/4 and J, is
the Bessel function of the first kind of order v. Let o, > 0 be the universal constants
from [162] (cf. the proof of Theorem 5). We assume the inputs = € R? are sampled from
the distribution D whose density is given by = — (vdBa)%p?(vdBax). It has been verified
in [70] and [162] that this is indeed a valid probability distribution. Also, note that D
is a spherically symmetric distribution. For more properties of D, see Appendix C.2.2.
By Theorem 5 of [162], no two-layer networks of width poly(d, 1/¢) can approximate fy
to accuracy e in L?(D).> This distribution is heavy-tailed in the sense that E,p[|z|?]
is undefined. The choice of such heavy-tailed distribution is mostly required for proving

the lower bound. Our training result holds for most reasonable spherically symmetric

distributions.

Training Algorithm and Main Result We use gradient flow with clipping over MSE

loss to train a polynomial-size network. We write the loss as

E {(fu(2) - f(@))*} = EL(@), (13)

x

N =

L= L1, p2) =

3 Strictly speaking, the result in [162] requires ¢ = O(1/d%). Even in that regime, our algorithm learns
the function using poly(d) neurons, which is not achievable by any two-layer network, therefore it is still a
valid separation.
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Define S(x) = (fu(z)—f(2)) Eyy by {0’ (w2 F'(x) + b2)wa}. One can verify that the dynamics

of the neurons are given by

(01 = E {llg, [S(@)(v:10(vi-2) + o] o' (01 - 2)z)]},

{ oo = E A{Tlg, [(fo(@) = f(@))o' (vaF (@) + r2) F ()]}, (4.4)

i = E (I, [(fx(@) - f@)0' (2 (@) +2)]}

\

where I stands for the projection to the ball of radius R, and Ry, = O(d), Ry, = ©(d?),
R,, = ©(1) are the projection threshold. We add these additional gradient clipping because
without them the gradients are not well-defined due to the heavy-tailed property of the
distribution D. Note that gradient clipping is indeed widely used in practice to avoid
exploding gradients [148, 208]. In fact, we believe our optimization result without using
gradient clipping would still be true for a general spherically symmetric distribution D as
long as it is more regular.

To initialize the learner network, we use Unif(o;S%"1) to initialize the first layer weights
wy, N(0, a%) for the second layer weights wo, and choose all second layer bias by to be o,
where 01, 03, 0, are some small positive real numbers. We initialize w; on the sphere instead
using a Gaussian only for technical convenience. We initialize the bias term to be a small
positive value so that all second layer neurons are activated at initialization to avoid zero
gradient.

Now we are ready to give our main result. It shows that gradient flow with a polynomial-
sized learner network (4.1) defined in our mean-field framework can learn f(x) = o(1—|x|)

efficiently, which is not approximable by any two-layer network [162].

Theorem 4.2 (Main result). Given the learner network defined in (4.1) with initialization
described above and suppose we run gradient flow, assuming it exists, on this finite-width
network with clipping (4.4) on loss (4.3). Then, for any € > 0, we can choose m; =
poly,,,(d,1/e), my = ©(1), o1 = 1/poly,, (d,1/€), oo = 1/poly,,(d,1/e), o, = O(1),
Ry, = 0(d), Ry, = ©(d?) and R,, = ©(1) so that with probability at least 1—1/poly(d, 1/¢)
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over the random initialization, we have loss L < ¢ within T = poly(d, 1/€) time.
4.3 The Infinite-Width Dynamics

Our proof consists of analyzing the dynamics of the infinite-width mean-field network
and controlling the discretization error. In this section, we characterized the infinite-width
dynamics. For ease of presentation, we pretend there is no projection and the gradients
are well-defined in this subsection and defer the discussion on handling the projections to
Section 4.4.

First, note that both the input distribution D and the infinite-width network are spher-
ically symmetric. That is, for any x, 2’ € R? with |x|| = |2’|, the density/function value
are the same. Any spherically symmetric g : R* — R can be characterized by a function
h : [0,00) — R which satisfies h(|x|) = g(x). For convenience, we will abuse notation to
also use g : R — R to denote this function A.

Assuming that the distribution pq of the first layer neurons is spherically symmetric,
which is true at least at initialization, we can approximate the first layer with a simple

function using the following lemma. The proof of it can be found in Appendix C.2.3.

Lemma 4.3. Let u be a spherically symmetric distribution. We have

_ T(d/2)Vd
|z|| where Cr:= ST (d+ 1)/2)

E N 2
E Jwlo(w- ) = cpoeelwl

Note that, as d — o, we have Cp — 1/4/2m, so Cr is universally bounded for all d.

This lemma implies that, in the infinite-width limit, we have F'(x) = « ||x|| for some real

a > 0, at least at initialization. This suggests defining the infinite-width approximation as:

Cr 9 . N i
=— E F = = E F . 4.5
a N lwil|*,  F(z):=alz|, f(z) " o(wa () + 72) (4.5)

Note that (4.5) is well-defined no matter p; is infinite-width or not, though only in the
infinite-width case will one have F' = F. Later in Section 4.4 we will show that F ~ F

throughout the entire process in the discretization part of the proof.
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For the infinite-width network, one can imagine that, thanks to the symmetry, as long
as p is spherically symmetric at time ¢, then no first layer neuron will change its direction
and the change in norm is also uniform, i.e., it does not depend on the direction v;. (See
Appendix C.2.4 for the proof.) As a result, y; will remain spherically symmetric. Formally,

one can show that, for any spherically symmetric g : R — R, we have

Elo(@)o(v-2)) = “LE{g(e)[ol} o] and E{o(@)o’(v-)e} = LB {o(a) 21},

where v = v/ |v||. Again, the proof of these two identities can be found in Appendix C.2.3.

Apply these identities to ©v1 with ¢ = .5 and one can obtain

i = nglgw(w) ]} v1.

As a result, ju; is always a uniform distribution over some sphere. Moreover, we have?

2
- TLBS@ e} B il = L E (@) el) o

P Oa dwq
w Jwy dt
This implies that the dynamics of the first layer can also be characterized by « alone. This
reduces the dynamics of the first layer to a single real number «. That is, the outputs of the
first layer depend only on « and @, and the dynamics of « also depend only on « instead of
every single neuron w;. In other words, we do not need to look at the actual dynamics of w;
in this infinite-width case. We will later show that the spread of the second layer is always
small, hence the second layer can be approximated by o |z| + o(wsa || + ba) where
(9, b2) = E(ws,by). Combining these observations, one can characterize the dynamics of
the entire network using three quantities: a, wy and by.
We close this section with another interpretation of F, which is going to be handy in
Section 4.4.2. Since we know that, in the idealized case, F' should be spherically symmetric.

Hence, it makes sense to define the “idealized” F' to be the average over the sphere, that

4 As in the standard mean-field arguments, we rescale the gradients by m so that it does not go to
0 as m — o0. In most cases regarding gradient calculation, this is equivalent to using the formal rule
Ov Eny g(w) = a’vg('v)'
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is, F(x) = Eqree)si-1 F'(x'). Note that in Lemma 4.3, the expectation is taken over the
neurons while here it is over the inputs. However, similar to the proof of Lemma 4.3, one
can still show that

]E - 2
F@)= E B |wfo@@ a)= Slem vl

I T =ao|x|.
z'e|x|Sd-1 ) w~p1 e Sd-1 \/& H H H H

In other words, these two derivations are equivalent. In some sense, this means that the
infinite-width network can be interpreted as a symmetrization of the actual finite-width

network.

4.4 Discretizing the Dynamics with Polynomial-size Network
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FIGURE 4.2: Simulation results. The left figure shows the loss during training. Each
vertical dashed line corresponds to a time point plotted in the other two figures. The
center figure depicts the shape of f at certain steps. The right figure shows the values of
the second-layer neurons at certain steps. One can observe that f ~ f indeed holds, and
the second layer neurons are concentrated around (s, by), which matches our theoretical
analysis. Simulation is performed on a finite-width network with widths m; = 512,

meo = 128 and input dimension d = 100.

In this section, we show how to discretize the infinite-width dynamics to get our main
results. See Fig. 4.2 for simulation results. As we can see, even though the network has
a finite width, at any time step, the function f(z) is close to a function of the form x —
o (by —waal|z||), and throughout the training the second layer weights are well-concentrated.

Let 02 1= max(y, 1), (v, [|(V2,72) — (v3,75)| be the spread of the second layer, we will
split the training procedure into two stages. Recall that (wa, b2) := E(y, py)~pu, (W2, b2). In

Stage 1, wo will decrease to — poly(d)d2. We show that after this condition is true, the
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projection operators in (4.4) can be ignored (that is, the corresponding terms never exceed
the thresholds, see Lemma 4.4). In Stage 2, we show that the network can fit the target

function in polynomial time.

4.4.1 Stage 1: removing the projections

Our first step shows that after a short amount of time in training, it is OK to ignore
the projection operators in (4.4). To see why the projections can be ignored in certain
circumstances, first note that if f ~ f , second layer neurons concentrate around their mean,
by = O(1) and wy < 0, then f ~ o(wea || + bg) vanishes outside {|x| < ©(1/|w2al)},
whence the gradients also vanish for those large ®. Meanwhile, by upper bounding the
norm of the gradients, one can show that in order for the projections to be triggered, it
is necessary for |z| to be large. As a result, when f decreases sufficiently fast, f(x) will
reach 0 before |x| becomes too large. Formally, we have the following lemma, whose proof

can be found in Appendix C.3.

Lemma 4.4. Choose the projection thresholds Ry, = O(d), R,, = O(d®) and R,, = ©(1)
in (4.4). Suppose that o = ©(1/+/d). Then, the projection operators in v, ¥1 and vy will
no longer be activated if all second layer weights are nonpositive, —wy > ©(1)dy for some

large constant, and —wy = O(1)/R,, for some large constant, respectively.

Based on this lemma, we further split Stage 1 into three substages. We define T} 1 to be
the first time all second layer weights become negative, and 77 o and 7} 3 the first time |ws]
becomes O(d)d and O(1/R,,), respectively. They represent the end time of Stage 1.1, 1.2,
and 1.3, respectively. We require |wz| to be ©(d)ds instead of ©(1)d, at the end of Stage 1.2
so that the starting state of Stage 1.3 is more regular. By definition and Lemma 4.4, after
each substage, one more projection can be ignored, and all of them can be ignored after
Stage 1.

The main lemma of Stage 1 is as follows. Recall that R,,, R,,, R,, are the clipping

thresholds.
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Lemma 4.5 (Stage 1, informal). Define the end time of Stage 1 as T := inf{t > 0 :
—wa(t) = C1/Ry,} for some large constant Cy. Under the assumptions of Theorem 4.2, we

have Ty < poly(d,1/e) and the following conditions hold throughout Stage 1.

(i) Approximation error of the first layer. For each vy € py, both the tangent

movement and the radial spread can be controlled as ||v1(t) — 01(0)] < 5%1%(15) and

lor|? = (1 + (55’1})2@))1!3 |wi|?, where 5%1% and (5%122 are two processes which are always

) )

small.

(i1) Spread of the second layer. For any (va,r2), (vh,74) € pa, |(va,r2) — (vh,7h)|| is

small.

(i) Regularity conditions. ro = O(1) for all (v2,72) € pa, |We| = O(1/R,,) = O(1/d?)
and o = O(Vd/Ry,) = O(1/d").

The first two conditions mean the approximation f(x) ~ o(waa |z| + b2) is valid
throughout Stage 1 and the third condition describes the shape of f in Stage 1. To main-
tain these conditions, we use the so-called continuity argument, which can be viewed as a
continuous version of mathematical induction. See Appendix C.2.1 for explanations of this
technique.

With the approximation F(x) ~ a|z| and the fact f(x)o’(voF (x) + r2) = f(x) for

most @, we can rewrite the dynamics of vo as
vy ~ E{Ilg,, [(f+(z) — f(z))a ][]}

Since f is much flatter than fy, f is still Q(1) when f, vanishes because of |x| = 1. As
a result, the RHS is always negative. In fact, we show that it is —O(«alogd). Recall that
T} 2 is the time |ws| reaches ©(ddy). If 62 roughly remains constant, the time needed for
Stage 1.1 and Stage 1.2 is proportional to the initial d5. Then, we can make the initial do
small by selecting a small enough oo. This also helps control the movement of v; and 79 in

Stage 1.1 and Stage 1.2 as their dynamics depend on |ws|.
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One also needs to show that do cannot increase too much during Stages 1.1 and 1.2 to
maintain the approximation f(x) ~ o(woF () + bz). Intuitively, this is because for inputs
with small |z, the gradient V,,£L(x) does not depend on (va, ) itself; for the inputs with
a large norm, they cannot contribute too much to the gradient due to gradient clipping. As
a result, the dynamics of vy are approximately uniform in Stage 1.1 and Stage 1.2, whence
the distance between different (vg,72), (vh,75) stays small.

The same method does not work in Stage 1.3 as now the target value of ws no longer
depends on 9, and we need a finer analysis for the first layer. Recall that, after Stage 1.2,
the projection in ©1 can be ignored. Therefore, we can decompose v along the radial and

tangent direction as
V] = Rad(’i)l) + Tan(i}l) = <’i]1,1§1>171 + (I — 17)117;)’('}1

= 2E{S(x)o(vi - @)} + [v1| E{S(x)o'(v1 - @) (I — 019] )z} .

Then, we write S(x) ~ (f«(x) — f(2))wy = (felx) — f(x))ws + (f(x) — f(x))we. The

terms related to fy — f is essentially what one should expect to have in the infinite-width
dynamics. For those terms, the radial movement is uniform and tangent movement is 0.

Then, we bound terms related to f — f using the radial spread and tangent movement of

the first layer to obtain % ((5511)_3 + 551%) < 32(,15) (5&11)% + 65%) (cf. Lemma C.21). Though,

with this bound, the error can grow exponentially fast (exp(t/d*®)), this is sufficient since

Stage 1.3 only takes O(d!®) time.

4.4.2 Stage 2: fitting the target function

The goal of Stage 2 is for the gradient flow to converge to a point with loss at most
€ in polynomial time. The main difficulty in this stage is that we need to bound the
approximation error of the first layer more carefully, as Stage 2 is potentially long and
the brute-force estimations used in Stage 1 is too loose towards the end of training. We
write I := F/a and measure the approximation error using ||F|§d71 — lH and HF - H”2HL2

Strictly speaking, for the L? error, we only consider those & with |z| < ©(1/|wa|) = poly(d)
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since otherwise it can be ill-defined. This is valid because, as we have discussed earlier, f
vanishes for large . In Stage 2, Ey always means Ejz|<o(1/jwyq|) and, for the simplicity
of presentation, we usually do not explicitly state this. The main result of Stage 2 is as

follows.

Lemma 4.6 (Stage 2, informal). Define the end time of Stage 2 as Ty := inf{t = T} :
L = e}. Under the assumptions of Theorem 4.2, we have Ty — T} < poly(d,1/e) and the

following conditions hold throughout Stage 2:

(1) Approximation error of the first layer. Both HF — HHHL2 and HF|Sd*1 — 1HLOO are

small.
(ii) Spread of the second layer. max(y, ) () [(v2,72) — (v5,75)| does not grow.
(i1i) Regularity conditions. The shape of f is similar to the one shown in Figure 4.2.

As we mentioned, the main technical challenge is to bound the approximation error of
the first layer. The overall strategy is to first show that, in Stage 2, the L? error barely grows
and then show that, as long as the L? error is small, the L® error can also be controlled.
Unlike Stage 1, |weq| is fairly large in Stage 2 and, as a result, the first layer can receive
some signal from the loss function. Intuitively, this signal should push the first layer to
become closer to a multiple of |x| as that is what the global optimal solution would do.

Formally, we first show the following approximation:

LE{(f@) - F@)?} + ZE{(Fl@) - F@)?} (46)

in the sense that the gradients V,, of both sides are approximately the same, where f (x)

is defined as E o(waF(x) + by). The first term of (4.6) measures the distance

wa,b2)~ 2
between the target function and the infinite-width network and the second term measures
the approximation error of the first layer. In some sense, one can view this formula as a

bias-variance decomposition for discretizing mean-field networks.
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With this approximation in hand, we then show that, thanks to the 2-homogeneity of
F', the first term, after certain normalization, does not affect the approximation error of
the first layer. Meanwhile, since we are following the gradient flow, the second term can
only decrease the approximation error.

To establish (4.6), we first decompose the loss function as
L= B{(lw) — @)} + L B{(7@) — @)’} +E { (@) — [@) (@) - ()]
=: L1+ Lo+ L3.

We claim that L9 is approximately the second term of (4.6) and the third term is approxi-
mately 0°. Let X be the largest spherically symmetric set on which veF(x) + ro > 0 for
all (ve,72) € po. We show that those @ outside X7 contribute a little. Therefore, we can

rewrite Lo as

Similarly, we can rewrite L3 as L3 ~ wy Eg {(f* () — f(x))(F(x) — F(m))} . Recall from
Section 4.3 that F'(z) = Eyejasi—1 F'(z). With this in mind, one can easily verify that, for

any spherically symmetric function g : R? — R, B, {g(z)F(x)} = Eq {g(m)p(w)} Setting

g = f«(x) — f(z) gives L3 ~ 0. Combine these two estimations together and we obtain
(4.6).
Provided that the L? error is always small, we show that, up to some higher order terms,

gF(:E)

3 F@)| O |[F [ 2, vEes™

In words, the change of %F(m) can be bounded by the L? error. Hence, HF|Sd—1 — IHLOC is

always small as long as we choose a sufficiently large m; so that F(z)|,csd—1 is close to 1 at

5 For the ease of presentation, here we are talking about the function values instead of the gradients.
Strictly speaking, this is incorrect as the function value being small does not necessarily imply the gradient
is small. The ideas, however, are essentially the same. See Section C.4.2 for the actual proof.
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initialization. This should not be a surprise since, after all, in the infinite-width dynamics
F(z)|yesa—1 = 1. The formal proof of the above argument can be found in Section C.4.2.
Given that the approximation error can be controlled, one can then derive a convergence

rate using the infinite-width dynamics. See Section C.4.3 for details.

4.5 Conclusion

In this chapter we give a new framework for extending mean-field limit to multi-layer
networks, and use this framework to show that three-layer networks can learn a function
that is not approximable by two-layer networks. There are still many open problems: for
the current objective the loss is spherically symmetric so the first-layer neurons don’t move
much tangentially, what if the function is instead o(1 — |Psx|) where Ps is projection to
some unknown subspace? How about functions that require an intermediate layer of size
more than 17 Can one generalize the saddle point analysis to deeper networks? We hope
this work will be a starting point for understanding how deep neural networks can learn

useful features.
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5. Implicit Regularization Leads to Benign Overfitting
for Sparse Linear Regression

In deep learning, often the training process finds an interpolator (a solution with 0
training loss), but the test loss is still low. This phenomenon, known as benign overfitting,
is a major mystery that received a lot of recent attention. One common mechanism for
benign overfitting is implicit reqularization, where the training process leads to additional
properties for the interpolator, often characterized by minimizing certain norms.

In this chapter, we consider a simple sparse linear regression problem y = B*Tx + ¢
with sparse 8*. We focus on the overparametrization regime, where the number of samples
is smaller than the dimension. While many minima can achieve zero training loss, not
all of them can learn the feature and generalize. In fact, neither minimum ¢; or f5 norm
interpolator gives the optimal test loss.

We give a different parametrization of the model which leads to a new implicit regular-
ization effect that combines the benefit of ¢; and ¢y interpolators. We show that training
our new model via gradient descent leads to an interpolator with near-optimal test loss.
Our result is based on careful analysis of the training dynamics to show gradient descent
first learn the feature 8* and then memorize the noise. Our work provides another example

of implicit regularization effect that goes beyond norm minimization.
5.1 Introduction

Benign overfitting — the phenomenon that the training loss becomes 0, but the test loss
remains low — is a major mystery in deep learning. Recently, a long line of works [32, 30,
33, 90, 8, 105] tried to explain why interpolators (solutions with 0 training loss) can still
enjoy good test loss for various models. This phenomenon is interesting and was studied
extensively even for simple models of linear regression (see e.g., Bartlett et al. [30], Tsigler

and Bartlett [183], and Hastie et al. [90]), where data (x,y) is generated as

y=p"Tx+¢
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Here, 8% is an unknown vector that we hope to learn, x is generated from a data distribution
and £ represents the noise.

One of the major explanations for benign overfitting is implicit reqularization, which
suggests that the training process promotes additional properties for the interpolator that
it finds. In the context of the simple linear regression, it was known that fitting the
model y = BTx directly by gradient descent gives the 8 with minimum ¢, norm; while
parametrizing 3 as 8 = w®? —u®? (here ©2 represents entry-wise square) gives the 3 with
minimum ¢; norm.

However, for sparse linear regression, implicit regularization in the form of ¢; or /s
norm minimization does not lead to benign overfitting. More precisely, if 3% € R? is an
s-sparse vector, given n samples (x;,y;) for i = 1,2,...,n where n « d, ; ~ N(0,I) and
& ~ N(0,0?), one can still hope to find a parameter 3 such that the test loss  E[(y—8"x)?]
is on the order of 0?slog(d/s)/n. Neither minimum /£; or £5 interpolator achieves anything
near this guarantee: the best £ norm interpolator achieves a test loss of Q(|8*[3) [30, 90]
while the best ¢; norm interpolator achieves a test loss of Q(o%/log(d/n)) [46, 191].

In the sparse regression setting, Muthukumar et al. [137] showed that when the model
is significantly overparametrized (d » n), it is still possible to find an interpolator with
near-optimal test loss. The interpolator in Muthukumar et al. [137] has to be constructed
explicitly through a 2-stage process which combines #; and 9 norm minimization. In this
chapter, we ask whether such an interpolator can be found via implicit reqularization — by

directly minimizing the loss using a new parametrization.

5.1.1 Our result and technique

We show that implicit regularization can indeed give near-optimal interpolators (up to

polylog factors) and therefore achieve benign overfitting in the sparse regression setting:

Theorem 5.1 (Informal). In the sparse linear regression setting with unknown s-sparse

target B*, suppose we parametrize linear function B'x as

B = v+ Mw®? — u®?).
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IfQs*) <n < 5(\/&), with proper choice of parameters, gradient descent converges to a
solution B with 0 training loss and test loss

5
18- 8%l = 0 [ oy 22D

More formal versions of this theorem appear as Theorem 5.3 and Corollary 5.4. Note
that the test loss is within polylog factor to the minimax rate.

The model we use is similar to a 2-layer scalar network (which gives the w®? — u®?
term) with a skip-through connection (the v term) like in the ResNet [92]. Intuitively, the
term A\(w®? —u®?) promotes minimum ¢; norm properties and can be used to fit the sparse
signal B*, while the term v promotes minimum {5 norm properties and can be used to fit
the noise.

Of course, showing that training this model via gradient descent leads to the correct
trade-off between fitting the signal and noise is still challenging. We rely on dynamics
analysis and show that the term \(w®? — u®?) first grows fast to recover the sparse signal
and then the term v grows to fit the noise. Interactions between all parameters v, w,u
makes it difficult to directly derive an accurate dynamics analysis. To address this issue,
we introduce a new way to decompose v that allows us to separate the effect of learning
signal and fitting noise and leads to a better characterization of the training dynamics. See

details in Section 5.4 and Section 5.5.

5.1.2 Related works

There is a long line of work trying to understand implicit regularization effect, we refer
the readers to some surveys for more complete discussions [31, 61, 185]. Here, we first
summarize implicit regularization effect for interpolating linear models and their variants
in regression setting. We then discuss related works for implicit regularization that are

more related to training dynamic analysis instead of norm-minimizing.
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Min-/y-norm interpolator When using linear model 3"a for regression ﬁ Y. (8w —
yi)?, it is known that gradient flow /descent with 0 initialization will converge to the solution
that minimizes its £2 norm (e.g., Gunasekar et al. [88]). Recently, many papers have studied
the generalization error of such min-fo-norm interpolator in the overparametrized regime
where the dimension is much larger than then number of samples: Hastie et al. [90] and
Mitra [133] focused on the asymptotic regime where d,n — oo with fixed ratio, Bartlett
et al. [30] and Tsigler and Bartlett [183] gave the non-asymptotic results under certain data
assumption, Belkin, Hsu, and Xu [33] studied Gaussian data case, and Zhou, Sutherland,
and Srebro [211], Negrea, Dziugaite, and Roy [139], and Koehler et al. [105] developed
different frameworks to analyze low-norm interpolator. In particular, these results suggest
that min-fo-norm interpolator can achieve benign overfitting when the spectrum of input
data covariance matrix has certain structure. On the other hand, it suffers from large test

loss with isotropic features (identity covariance matrix for x).

Min-/;-norm interpolator Going beyond the simplest linear model 8"z, when the un-
derlying signal is known to be sparse, one could reparametrize 3 by B(w, u) = w®F —u®L,
where OL represents element-wise L-th power for integer L > 2. Woodworth et al. [199],
Azulay et al. [23], and Yun, Krishnan, and Mobahi [206] showed that gradient flow with
such parametrization converges to min-£1-norm solution when using small initialization and
min-fo-norm solution when using large initialization. Researchers have studied the test loss
of the min-£;-norm interpolator in the sparse noisy linear regression: Mitra [133] and Li and
Wei [113] studied the asymptotic regime with d,n — oo with fixed ratio, Ju, Lin, and Liu
[102] focused on the Gaussian data case, and Chinot, Loffler, and Geer [49] and Koehler
et al. [105] developed different frameworks and analyzed min-£;-norm interpolator as an
example.

Lower bounds are also shown in Chatterji and Long [46] and Wang, Donhauser, and
Yang [191], which suggests that min-¢;-norm interpolator does not have good generalization

performance due to its sparsity. Vaskevicius, Kanade, and Rebeschini [187] and Li et al.
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[109] showed that gradient descent with early stopping can still achieve near-optimal test

loss, but these results do not give interpolating models.

Hybrid model Muthukumar et al. [137| proposed an interpolation scheme called hybrid
interpolation (Definition 5 in their paper) to achieve optimal test loss. Specifically, the
hybrid interpolation is a 2-step procedure to achieve benign overfitting: (1) use any esti-
mator to recover signal (e.g., Lasso [36]); (2) use min-/3-norm interpolator to memorize the
remaining noise. Such two-step procedure shares similarity with the learning dynamics in
our analysis: our model will first recover the signal using the second-order term and then
fit the noise using the linear term. Different from the hybrid interpolation scheme that
requires a 2-step procedure, in our setup such learning dynamics arise naturally just by

running gradient descent.

Beyond norm-minimization for implicit regularization Many of the earlier works
for implicit regularization shows that the training process minimizes a certain norm (or
maximizes margin with respect to a norm). The first example of implicit regularization
that goes beyond norm minimization works in the setting of matrices. Arora et al. [1§]
observed that for low-rank matrix problems the solution found does not always minimize
the nuclear norm. Similar idea has also been exploited in the full-observation matrix sensing
[82, 83]. Later Li, Luo, and Lyu [114] was able to characterize the implicit regularization
effect in matrix sensing problems via a greedy-low-rank-learning dynamics. Such implicit
rank regularization and dynamics analysis are also studied in tensor problems [158, 157,
78] and neural networks [182, 74]. The implicit regularization effect in our setting can
be characterized using the results in Li et al. [116], but it does not directly imply the
generalization guarantee. Our result shows that dynamics analysis can be important even

in the simpler sparse regression model to achieve benign overfitting.
5.2 Preliminary

In this section we first introduce basic notations. Then we define the precise sparse

recovery problem we are solving, and the learner model/algorithms we use. Finally we
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state several useful properties for the data that we will use throughout our analysis.

Notation Denote [n] = {1,2,...,n}. We use bold symbols to represent vectors and ma-
trices. For vector 3 € RY, given any set A  [d], let B4 := Y,_, Bie; be the same as 3 for
the entries in set A and 0 for other entries, where {e;} is the standard basis. We use stan-
dard big-O notations €2, O to hide constants and SNZ, O to hide constants and all logarithmic
factors including log(d), log(n),log(1/c). We will drop the time sub/superscripts when the

context is clear.

Target function and data Suppose the ground-truth function is

f* (l’) = IB*T:B’
where 3* € R? is s-sparse. Without loss of generality, we assume |5f| > ... > |8 > 0
and 8%, = ... =[] = 0. Denote S, := {i: B} > 0} be the set of positive signal entries,

S_ :={i : B < 0} be the set of negative signal entries, and S := Sy U S_ = [s] be the
set of all signal entries. We use Bg := Zz‘:,@;";&o Bie; to be the vector that is same as 3 for
the signal entries in S and 0 for other entries, and 3, := Zi:ﬁ;“ _o Bi€; to be the vector that
is the same as 3 for the non-signal entries that are not in S and 0 for other entries. We
similarly define Bg,,Bs_,Be, ,Be_. Denote Bnax := |5}| be the maximum absolute value
entry of 8% and PBumin := |fZ] be the minimum absolute value entry of 3%. We assume
Brmin, Bmax = ©O(1) for simplicity. Our results can generalize to arbitrary Bmax, Smin With
the cost of an additional polynomial dependency on them.

We generate n training data {(x;,v;)}’_; by

y = fu(x) + ¢,

where x is the input data, & ~ N(0,02) is the label noise and y is the target. Denote
X = [x1,x2,...,2,]" € R™? as the input data matrix, y = (y1,...,ys)  as the target

vector and & = (&1,...,&,) " as the noise vector.
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Learner model, loss and algorithm To learn the target function f.(x), we use the
following model

Fumwo(@) = (v + Xw® — 3u®?) T, (5.1)

Here w®? ;= w ®w and u®? := u ® u is the element-wise square of w and w. In general
we use u ® v to denote the element-wise product of w and v. Our model can be viewed
as a linear model B8 with reparametrization 8 = v + Aw®? — \u®?. Such element-wise
product reparametrization w®? — u®? is common in the implicit bias literature [199, 23,
206]. In the view of neural networks, the learner model can also be viewed as a 2-layer
diagonal linear network with a shortcut connection [92]. For simplicity of notation, denote
B = v+ Aw®? — Mu®?. We are particular interested in the overparametrized regime n « d,
where the model has the ability to overfit the data without learning the target 3*.

)T

Denote residual 7; 1= fywv(x;) —y; for i € [n] and 7 := (r1,...,r,) . We will use

gradient descent to minimize mean-square loss, that is

1 n
L(u,w,v ::2; fuw'v wz yi)Q-
The gradient for this loss is given below:

)
WD — ® _ y 70 Lu®, w®, p®) = ® _ <iXT (t)) O (22w

Properties the input data We use several key properties of the input data matrix X
and noise €. First is the notion of Restricted Isometry Property (RIP), which is standard

in the literature [41].
Definition 5.1 ((k,9)-RIP). A n x d matriz X /y/n is said to be (k,0)-RIP if for any

k-sparse vector 3 we have

(1-0) 815 < |XB/vn[; < (1+0)[8]5.
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We will assume data matrix X //n satisfies (s+1,6)-RIP with & = O((1+n/v/d) " ts~/2)
and some regularity conditions on X, &, as summarized in the Assumption 5.1 below. These

conditions can be easily satisfied under some choice of X, £, as shown later in Lemma 5.2.
Assumption 5.1. Input data matriz X /A/n satisfies (s + 1,8)-RIP with
§ < cs(1+n/y/dlogd)'s 3 log3(d)

where c5 is a small enough constant, and X, & satisfy the following reqularity conditions:

1€y = O(ov/n),

‘ SBg =0|o logd s
© n

Ix"¢], =0 (ovin).

e
n

’;XTQHOO =0 <5’%2> for any vector 3,

(1= O(Vn/d))d < Apin(XX ") < Anax (XX T) < (1+ O(y/n/d))d.

Note that the notation B = O(o\/W) not only is for notation simplicity, but also
intuitively stands for the best error in £, that one could hope with Gaussian noise. Indeed,
Lounici et al. [120] showed that the minimax optimal /s test error is Q(o+/log(d/s)/n).
Later in our analysis, we show the test loss is closely related with B,.

When each entry of data matrix X is i.i.d. Gaussian and noise £ is i.i.d. sampled
from N(0,02I), all the conditions above are satisfied as long as Q(s) < n < O(d/s*). See

Appendix D.1.1 for details.
Lemma 5.2. Suppose X is a Gaussian random matriz and & ~ N(0,0%I). Then if
Q(s*) < n < O(d/s*), we have Assumption 5.1 is satisfied with probability at least 1 —1/d.

5.3 Main Result

Our main result, formalized in the theorem below, shows that gradient descent on the

learner model (5.1) achieves benign overfitting.
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Theorem 5.3 (Main result). Under Assumption 5.1, suppose there exists constant C' such
that o < C. We train model (5.1) with initialization v®© = 0, w® = u® = a1 and

follow the gradient descent update (5.2). If Q(s) <n < O (min{d/s,d*?3}) and we choose
A=0 <da‘1n_1(\/log(d)/n +4/n/d)~1 logfl(n)> ,

a = 1/poly(d O(x/n/sd/X3), then for every t = T = O(log(n/ag)n/nd) with any

given € > 0 we have training loss L(u®, w® v®)) < e and test loss

ofema(o )

Note that the final test error depends on log(1/«). Since we choose o = 1/ poly(d), it

-

appears as log(d) in the final error bound. Also, the test loss does not depend on 1/¢, so it
remains small when training loss ¢ is very close to 0.

For any interpolator 3, its test loss has lower bound |3 — B8*|, = Q(o+/slog(d/s)/n +
ov/n/d) [137], where o4/n/d comes from the min-f5-norm interpolator that fits the noise.
Thus, the above test loss is optimal up to poly(logd, s) factors. The additional logd, s
dependencies in our result (and the fact that n cannot be larger than d?/?) are due to

technical difficulties in analyzing the dynamics. When n = O(+/dlogd), the first term
dominates the second term, and the above test loss becomes O(cy/slog®(d)/n). This is

close to the minimax optimal rate Q(o+/slog(d/s)/n) up to polylog(d) factors [156].

For the Gaussian data case (& ~ N (0, I)), by Lemma 5.2 we in addition need n = Q(s*)

to satisfy Assumption 5.1. This leads to the following corollary:

Corollary 5.4 (Near minimax rate). Under the setting of Theorem 5.3 and the choice of
A, a,m, suppose input data X is Gaussian matriz and noise & ~ N(0,0%I). If (~2(34) <n<
O(Wd), then for every t = T = O(log(n/ag)n/nd) with any given e > 0 we have training

loss L(u®, w® v®) < e and test loss

_ols slog5(d) 7
n

o0 -,
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FIGURE 5.1: Training dynamics of model (5.1) following gradient descent update (5.2)
under d = 5 x 104, n = 3v/d, o = 0.1, 8* = (1/v/3,-1/v/3,1/4/3,0,...,0)" and Gaussian
data @; ~ N(0,I). We set A = 100d/onlog(n)(y/log(d)/n + 4/n/d) and run gradient
descent with = 1076 from initialization a1 with o = 10710 until training loss reaches
10~°. Red vertical line stands for the transition between Stage 1 and Stage 2. Left:
training loss L goes to 0 and test loss |8 — B*||5 remain small at the end. Right: norm of
second-order term \(w®? — u®?) grows large to recover the signal in Stage 1 and linear
term v remain small during the training. Both z-axis are in log scale as Stage 1 is
significantly shorter than Stage 2.

which is near-optimal up to polylog(d) factors.

5.4 Intuitions for the Training Dynamics

Consider the training of our model (5.1) using gradient descent. Ideally, one would
hope the training process to combine the advantages of min-¢;-norm and min-£s-norm
interpolator as done explicitly in [137]: first use w®? — u®? to learn the sparse target 3*
and then use v to memorize the noise with small /5 norm. This would require us to fix v = 0
when learning the signal and fix w®? — u®? when fitting the noise. However, since training

is done on all parameters simultaneously, it’s unclear why it follows this ideal dynamics.

Stages of training At a higher level, we show that the actual training dynamics of pa-

rameters v, w, u approximately follow the above ideal dynamics in 2 stages (Figure 5.1):

e In Stage 1, the linear term v remains small so that essentially the second-order term

w®? — u9? learns the signal using its bias towards sparse solution.

e In Stage 2, v moves to memorize the noise while w®? — u®? roughly stays the same.

Since v is biased towards small /5 norm, the final test loss remain small after inter-
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polating the data.

However, things are not as simple when we examine the dynamics carefully. It turns
out that even though v does not grow to be too large in Stage 1, it still becomes large
enough so that existing analysis on w and w will no longer apply. To address this problem,
we keep track of the dynamics of v very carefully throughout the training process. This is

done through introducing the following decompositions of X " Xv/n and v.

Decompositions of X Xv/n and v To keep track of the dynamics of X " Xv/n and v,
we first consider the ideal dynamics for v. We hope v to fit the noise. If we were actually
given the noise, we can use the loss function |Xwv — £H§ /2n. Running gradient descent on
this function gives a trajectory for v, which can be computed explicitly. Our decomposition
tries to highlight that the true trajectory of v is close to this ideal trajectory.

There are a few more issues that we need to work with. First, for simplicity, in the
ideal trajectory we approximate X X | by dI (which is accurate as long as d » n). Second,
because of the signal, the entries of v in S may deviate significantly and in fact contribute
a little bit to the fitting of the signal.

Based on these observations, we decompose both v and X T Xv into three terms — a
signal term, a noise-fitting term and an approximation error term. They are defined in the

following equations:

%XTXv(t) = %vf;) + (X TE) + Ty, (5.3)
v® = vg) +aXE+ Agt), (5.4)

where

Here HI‘(t)HOO < vy Aq(f)

‘ < (G give fop-norm bounds on the approximation error. Also
o0
recall the notation Bg = Zizﬁ*io Biei, Be = Zi:ﬁ*zo Bie;. Intuitively in the decomposition
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of v, vg part tries to fit the signal, X "€ part tries to fit the noise and the remaining term is
approximation error (the decomposition of X T X v has the same structure). We will show
in our analysis that vg contributes little for learning the signal while X T¢ fits all the noise
and approximation errors remain small.

The recursions of a; and b; are exactly the dynamics of v in the ideal setting, where we
fit | Xv — &5 /2n (and approximate X X | by dI).

Finally, the d/n factor appears in front of vg in the decomposition of X " Xwv/n. This
is because in the ideal setting (approximate X X ' by dI) the change of X X Tv/n is d/n
times larger than the change of v. One can then use simple calculations to show that the
signal part (X" Xwv/n)g corresponds to (d/n)vg. The non-signal part has the same factor

but the ¢y, norm there is small and hence bundled into the approximation error term.
5.5 Proof Sketch

In this section, we give the proof sketch of our main result Theorem 5.3 with several key
proof ideas. We first combine the tools we discussed in Section 5.2 and the decomposition
of X" Xwv/n and v defined in Section 5.4 to give the approximation of gradient. Then, we

give the proof sketch of Stage 1 and Stage 2 in Section 5.5.1 and Section 5.5.2 respectively.

Approximation of gradient Given that X isa (s+1,d)-RIP matrix, the following lemma
gives useful approximation that allows us to approximate the gradient in Lemma 5.6. The

proof is a standard consequence of RIP property, which is deferred to Appendix D.1.2.

Lemma 5.5. Given n x d matriz X /\/n satisfying (k + 1,0)-RIP, for any B € R?, let
A = (%XTX — I) 3, then the following hold:

o If B is k-sparse, then |A|., < VES B,
e For any vector B, we have |A|,, < §|B|;-

The following lemma gives the approximation of the gradient. For the gradient of

second-order term w, u, it would become the same as the gradient on the population loss
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H)\w®2 —Au®? — ,@*H; /2 if (d/n)vg and A, are small. In particular, this suggests that the

second-order term Aw®? — AMu®? will learn the target when v remains small.

Lemma 5.6 (Gradient approximation). Under Assumption 5.1, we have the following gra-

dients and their useful approximation:

1 d
Vol = =X"Tr) 0 @2\w) =2X [ —vs + Awd” — M - g* + A, | Ow,
n n " -

1 d
Vol = — (XTr> O (2Au) = —2A (vs +AMwE? - Ml - B* + Ar) Ou,
n n - B

1 d
Vol = =X Tr = —vg + Mw” — f” — 8" + A,
n n -

where recall Si,S_ are the set of positive and negative entries of B* and e, = [d]\S4+,

e_ = [d]\S— are the corresponding complement set,

d
[Arfoe =O (1 + |nb = 1]) Be) + /56— [[vs]], + 5

d 2 2
‘nvs + )\wgr — \ug? - B

d
#0 (o) (o [+ e 2) 47

and b and |T'|, <~y are defined in (5.3).

oo

Note that the factor d/n in front of vg naturally arises when we using the decomposition
of X" Xwv/n in (5.3). This suggests that the actual part to fit the signal 8* is (d/n)vg +
/\ng — )\UCEQ, instead of the naive vg + /\wg2 — )\u%)2 from the form of learner model. On
the other hand, since vg remains small, it does not affect the final test error because they
are both close to )\ng — )\ugg.

The forms of gradients highlight the difference between the parametrization v and w®?—
u®?. For each coordinate, w; (same for u;) moves according to w; < (1 + n\;)w; for some
growth rate A;, which would grow exponential fast when A; > 0. However, the gradient for
v is not proportional to v, so it only grows linearly with time. Such difference allows us to
control the order of learning dynamics (v or w®? — u®? grows up first). Thus, we could

have the desired 2-stage learning dynamics by properly choosing the growth rate A.
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5.5.1 Stage 1: learning the signal

In Stage 1, our goal is to show that the linear term v will be characterized by the
decompositions (5.3)(5.4), and the second-order term w®?, u®? will recover the signal 3*.
The following lemma gives the ending criteria for Stage 1. We can see only the signal
entries wg, ,us_ grow large to recover 3* and others such as non-signal entries we, , U._
and linear term v are remain small. Also, the loss reduces to O(o+/n), which is essentially

the norm of noise [£],. The detailed proof is deferred to Appendix D.2.

Lemma 5.7 (Stage 1). Let Cp, be a large enough universal constant, denote

1
+

T]_ = lnf {t : 'dngl) + )\w,(ST )®2 o )\U(STl)®2 _ /6*
n _

= CTl(Bg + (f\/n/d)}.

Then we know Th = O(log(1/a)/nA) and the following hold with a large enough universal

constant C1:

(T1) (T1)

[ ] w6+ 5 e_ < Cla
0
o 05", < Crvstn/d) og*(A)(Be + o/nfd) and [o1™V], < Cro/n/d.

. [F], < Croyi

Recall By is the target infinity norm error for recovering the entries in 3%, when d » n,

%vs + )\wgf — )\ug_Q achieves this error at the end of Stage 1. We focus on this term instead

of vg + /\wgf — /\ug?f due to its connection with the gradient shown in Lemma 5.6. Given
that vg is small, these two terms are in fact roughly the same.

As we discussed, a key step in the analysis is to characterize each term in the decom-
position of X " Xwv/n and v, which would imply that v remains small in Stage 1. This is

formalized in the following lemma.

Lemma 5.8 (Informal). Consider the decomposition of X Xv/n and v in (5.3) (5.4), we
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have for t < O(log(1/a/nX))
b= (1= (1 —nd/n)")/n<1/n,

ar = (1 — (1 —nd/n)")/d < 1/d

IT¢|, <7t = O(on/n/d+ Be),

[ Al < G = O(ov/n/d).

Note that v will memorize the noise when b; = 1/n and a; = 1/d, since Xv® =~
X (0, X7¢&) ~ & However, since T} = O(nA) = o(n/nd), we know a; = o(1/d) in Stage 1.
This shows that v is still small and does not yet interpolate the noise part.

Combine the above lemma with Lemma 5.6, we have the following gradient approxima-

tion

1 d
VwlLl = (nXTT> O (2 \w) = 2)\(505 + 2w - 2 - B* + A) Ow,

1 d
VuL = - <nX> O (2hu) = =20(_vs + A —dug® - 8"+ A;) Ow,

where

|A],, =O(B¢ + or/n/d) + s6

d
"vg + )\wgf — /\u(él?2 -3
" -

0

Intuitively, this suggests if a coordinate of the residual %'vs + )\w?Q — )\qu — B* has
large absolute value, then one of w or uw will grow exponentially depending on the sign of
the residual.

Given such gradient approximation, our goal is to show that vg and A, remain small
so that w and w essentially follow the gradient on population loss H)\w®2 —\u®? — 3% H; /2
to recover the target 3*.

In the simplest case of s = 1, we can see that whenever the signal error |(d/n)v; +
Mw? — M2 — B = O(B¢ + o4/n/d) is still large, it leads to a large gradient for either
u1 or wy, which in turn decreases the error. Therefore, at the end the error will decrease

to O(B¢ + 04/n/d). In fact, due to the parameterization of w®?, u®?, their growing rate

would be exponential so they will grow up fast to recover the signal.
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At the same time, we can control the growth of v; by choosing a large enough A to
ensure the length of Stage 1 77 is short. The non-signal entries we, ,u._ will also remain
almost as small as their initialization, as their growth rate is much smaller compared with
the signal entries.

For higher sparsity s, the analysis becomes significantly more complicated because of

the signal error term H%vs + )\'wgf — )\ugf — 3*

in |[A Not all the entries of 3* are
0

1“”00
of the same size, which results in different growth rates in the entries of w and w. The

entries with larger 8 will be learned faster than the smaller ones, which could lead to

the case where H%vs + Aw?f - Au?f - B*

is much larger than the error for a particular
e}

entry k € S of (%vs + /\wgf - )\ug_Q - B%)k.

To deal with such issue, we show the following lemma that bound the time for reducing
the signal error by half. Similar result was shown in Vaskevicius, Kanade, and Rebeschini
[187] where they do not have the linear term v. The proof relies on the observation from the
gradient approximation above that the signal error will monotone decrease before reaching

|A and is made possible by the decomposition of v.

rlloos

Lemma 5.9 (Informal). Given any time ty, assume

> Q(Be + o+/n/d).

0

HZ”gO) F @)~ @2 - g

Let

0

< szgo) F @) - A@l)? - g

g

be the time that signal error reduces by half. Then, we know T' = O(1/n\).

Repeatedly using the above lemma, we know it takes 71 = O(1/7)) time to reach the de-

sired accuracy. Other claims follow directly. Detailed proofs are deferred to Appendix D.2.
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5.5.2 Stage 2: memorizing the noise

Given that in Stage 1 we know Aw®? — \u®? has already recovered signal 3*, in Stage
2 we show that the remaining noise will be memorized by the linear term v without in-
creasing the test loss by too much. This allows us to recover the ground-truth 3* despite
interpolating the data to € training error, as formalized in the following lemma. The proof

is deferred to Appendix D.3.

Lemma 5.10 (Stage 2). Let Ty := inf{t > 0 : L(w®,u® v®)) < c}. Then, we have the
length of Stage 2 is To —T1 = O((n/nd)log(n/e)) and the following hold for every t = T

with large enough universal constant Cy:

d, ()

o |Tvg’ + /\wg}r®2 - )\ugEQQ - B* . < Co(Be + 04/n/d)
° wé? , ug)‘ < Oy
0¢]

o [o] < Cav/stn/d) og?(d) (B¢ + o /nfd) and [o0], < Coory/n]d

Similar as in Stage 1, we still need to characterize each term in the decomposition of

X" Xv/n and v.
Lemma 5.11 (Informal). Consider the decomposition of X Xv/n and v in (5.3) (5.4),
we have for t < O((n/nd)log(n/c))
b= (1= (1 —nd/n))/n < 1/n,
ar = (1 —(1—nd/n)")/d<1/d
ITtlo < vt = Olon/n/d + By),
Al < G = O((Be + o/n/d)nlog(n)/d).
Unlike in Stage 1, the signal has mostly been fitted in Stage 2. This makes the gradient

smaller and the time it takes for Stage 2 (To — 11 = O((n/nd)log(n/c))) is much longer

than Stage 1. Because of this longer time, we now have by ~ 1/n, a; ~ 1/d at the end
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of Stage 2. This implies that we essentially use linear term v to interpolate the noise as
Xol®) ~ X (0, XT€) ~ €.

In the analysis of Stage 2, we have two major goals that are closely related: first, we
want non-signal entries of w, u to stay small; second, we want the residual |7, to decrease
exponentially.

For w, u, combine the above lemma with Lemma 5.6, we know

Vol = <iXTr> O (22 w),
Lo

Vol =— =X "7 ) O (2\u),
n

where

1
Xy
n

- IZ”S + 2w - 2u§? - B* + A,

= O(B¢ + o+/n/d).

‘ oe]

The infinity norm bound on %X Tr follows from a case analysis for signal and non-
signal entries. For the signal entries, using the above gradient approximation similar as
in Stage 1, we can show that the signal error H%vs + )\ng — /\ug2 —B* + ATHoo remains
O(B¢ + a\/m). For the non-signal entries we, , u._, we know its exponential growth rate
is O(\(B¢ + 04/n/d)) from the gradient approximation.

The bound on H%XTTHOO limits the movement of w and w. As long as O(nA(B¢ +
or/n/d) (T — T1)) < 1, the non-signal part of u and w will remain small.

On the other hand, for the decrease rate of ||r|,, the standard approach is to use ideas
from Neural Tangent Kernel (NTK) [97, 68, 15], and approximate the dynamics of r as
rt+l) — (I —nH (t))r(t) where H® is the neural tangent kernel. The decreasing rate of
|7], can then be bounded by lowerbounding the minimum eigenvalue of H®. However,
bounding H® naively by its distance to some initial H® does not work in our case.

To fix this problem, we again rely on the dynamics of v. Lemma 5.11 suggests that v(*)
gets close to X T€/d with a rate of Q(d/n) as v) ~ a; X T€ (this can also be viewed as

the minimum eigenvalue of the NTK kernel restricted to v). This convergence rate gives a
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bound on the length of T3 — T4, which allow us to choose an appropriate A to keep we, , Ue_
small.

Once we have the bounds for the convergence rate and non-signal entries of w,w, other
claims follow directly. Details are deferred to Appendix D.3.

Note that in the argument above, since the length of Stage 2 T5 — T} is proportional
to log(1/e), it cannot be used when € is very close to 0 as A is proportional to 1/(T> — T1)
and would become very small. In fact, we can get rid of the dependency on log(1/¢) with a
more careful analysis. In the actual proof, we have two sub-stages for Stage 2, which uses
different ways to bound the growth rate HX Tr/nHoo. For Stage 2.1, we use the argument
above until |r|, = O(c). In Stage 2.2, given the training loss is already small enough,
we use a NTK-type analysis to bound HXTr/n”OO = (1 = Qnd/n))"110(a//n) as ||,

decreases with rate Q(d/n). See Appendix D.3 for details.

5.6 Conclusion

In this chapter, we give a new parametrization for the sparse linear regression problem,
and showed that gradient descent for this new parametrization can learn an interpola-
tor with near-optimal test loss. This highlights the importance of choosing the correct
parametrization, especially the role of linear terms in fitting noise. Our proof is based on a
new dynamic analysis that shows it is possible to first learn the features, and then fit the
noise using an NTK-like process. We suspect similar training dynamics may apply to more

complicated problems such as low-rank matrix factorization or neural networks.
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6. Conclusion

Understanding deep learning requires a ‘good’ theory for optimization in mildly over-
parametrized models. In this thesis, we analyze both the local and global optimization
dynamics of several mildly overparametrized models, ranging from linear models to neural
networks. These training dynamics reveal the unique challenges posed by overparametriza-
tion. To address these challenges, we develop various techniques and frameworks, including
‘bias-variance decomposition’ (residual/loss decomposition in Chapter 2, 3, 4), a multi-
layer mean-field framework (Chapter 4), and a new ‘feature learning + NTK’ dynamic
(Chapter 5).

Our exploration, however, covers only a small portion of the vast deep learning theory,
focusing on a few specific settings. Despite the ‘training dynamic + additional structure’
approach taken in this thesis appearing effective, it remains challenging to go beyond case-
by-case analysis to develop a unified framework. It seems we have not yet to discover the
appropriate mathematical tools and inherent structures within these problems. We hope
our studies shed light on and inspire the development of a ‘good’ theory of deep learning,

and ultimately, a ‘good’ theory of learning and intelligence.

Wir miissen wissen, wir werden wissen. (We must know, we will know.)

— David Hilbert
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Appendix A. Supplementary Materials for Chapter 2
In this chapter, we give the omitted proofs for Chapter 2.
A.1 Discussions about ReLU Network and Absolute Network

We first show the relation between ReLU networks and Absolute networks. We then

give the proof for Claim 2.1.

A.1.1 Two-layer ReLU network and two-layer absolute network

We discuss two ways that reduce learning a two-layer teacher network with ReLLU acti-
vation to a two-layer teacher network with absolute value activation with infinite number of
data. Consider the following problem for learning two-layer ReLLU net in the teacher-student

setting with Gaussian input (or symmetric input! as long as E,[zz "] is full rank)

fwiit, @ | 2 i=1

m T 2
min E | = (Z Jwi| ReLU(w] ) — 3 ReLU(w;%)> . (A1)
=1

The first way is to first fit the optimal linear function to the data, that is

=1

2
o1 S
B* = arg mﬁmla[*; 3 (BT:(: — Z ReLU(wac))
Since Ey[z ReLU(w'z)] = 1 E[z2"]w [86, 77|, we know
T 1 T
Z ReLU(w} z) — g* Tz = 3 Z lwi Tz
i=1 i=1
This implies once we first find the optimal linear function 8*"z, we can then reduced the
problem to learn a teacher network with absolute value activation.
The second way follows similar idea. We claim that the problem (A.1) is equivalent to
problem (2.1) in the way described below.

2

1 m s

; {Hll}n E 5 (ﬁTx + Z |lws|| ReLU (w, ) — Z ReLU(w;"T:):)> , (A.2)
Awilit, © i=1 =1

1 We call z follows a symmetric distribution D if for any z, the probability of observing « ~ D is the same
as the probability of observing —z ~ D.

89



where we have an additional linear term in the two-layer ReLLU student net.

To see the equivalence, let us first optimize 8 which is essentially a least square problem,
we will obtain 8 = 1> | w¥ — 337" |lw;| w;. Then, plugging in the expression of /3 into
(A.2), we have
- 1 (1< T Lo st :

{5)11}17151; I:[;: B <2; Jwill w; | = 2; |w; 95’) )
which is exactly the same as the problem (2.1) where we use absolute value function as

activation. Therefore, our results can also be extended to the ReLU activation case with

some modifications as discussed in the above way.

A.1.2 Proof of Claim 2.1

Claim 2.1. For problem (2.1) with ReLU activation, when loss is zero, there may ezist a

student neuron whose direction does not match direction of any teacher neuron.

Proof. We give one example to show Claim 2.1 is true. Consider a teacher network that is
parameterized as f*(z) = Y.I_; ReLU(w}Tx) with Y)|_; w} = 0. For the student network
f(x) = 3", |wi|| ReLU(w/ ), let m = r and |w;||w; = —w} for i € [r]. Using the fact
that ReLU(z) — ReLU(—x) = z, we have

flz)— f*(z) = Zr: ReLU(|Jwg|| w; ) — ZT: ReLU(w} z) = — Zr] wile = 0.
i=1 i=1 i=1

This indicates that when loss is 0, it is possible that student neuron does not match the

direction of any teacher neuron. O

A.1.3 Proof of Claim 2.2

Claim 2.2. Suppose teacher neuron w* and two student neurons wy, we belong to the same
hyperplane with position shown in Figure 2.2. If |w*|| = 1, Z(wi,w*) = Z(we,w™) = ¢,
|wi]| = wz| = 1/vV2cosd (so that |wi|wy + |we| w2 = w*) for a small enough constant §,

then we have loss L(W) = ©(53).
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Proof. Since |w1]|wy + |Jwa| wa = w*, we know |w1||w{ x| + |wi| |w] x| = |w*Tx| when

sgn(w{ r) = sgn(wy x). Thus,
T T T2
L(W) :IE [(Hw1H |w1 :E‘ + le ” |w1 'T| - |w* ‘T|) Hsgn(w?x)#sgn(w;x)]

T T T~1\2
=E| (lwal o] & + | o] & = [0 &) Lga (w7 2y pogncufa) |

T
where 7 is a 3-dimensional Gaussian since the expectation only depends on three vectors

wy, wg and w*. Note that when sgn(w{ %) # sgn(wg 2), |Jw1 | |w] Z| + w1 | |w] | —|w*T&| =

O(§|Z]). Therefore, we know L(W) = O(3%). O
A.2 Proof of Gradient Lower Bound (Theorem 2.3)

Recall that in Lemma 2.7 we construct a descent direction and show that it has a

positive correlation with the gradient. Then using Lemma 2.7 with ¢;; = %
JE€T; (Smax) ij

for j € Ti(6maz) and g;; = 0 otherwise, we can show a lower bound on gradient norm.

Theorem 2.3 (Gradient Lower Bound). For network and loss function L defined in Defini-
tion 2.1, under Assumptions 2.1, 2.2, there exists a threshold ey = poly(A, v~ w,b  wmin)

such that for any W such that loss L(W) < €y, we have
IVw LW)|p = sL(W),

where k = @(1"_1/210;1%2).

Proof. By Lemma 2.7, we know

Z 22 Vo, LV, (I + )~ (w; = gij sen(w] wi)wi)) = LW),
=1 jeT;
where {qi; }ie[r] je[m] 15 any sequence that satisfies (1) g;; = 0 for all (i, j), (2) ¢i; = 0if j ¢

—5/3 ,61/3).

min

T:(6maz); and (3) Xljer (5,mae) % |wil =1 for all i € [r], where dmax = O(rwmazw
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Hence,

(Z 2 HijL(W)HQ)l/2 (Z S + ) ;g s w0y )1/2

i=1jeT; i=1jeT;
(A.3)

>3 |V, LOW)| (T + w0) ™ (w; — gij sgn(w] w))w})| = LW).
i=1 jeT;

To lower bound the gradient norm, we have to give a upper bound for the following

term.
T '
Z Z H(I+1Z)jlbj)_1 — qij sgn(w wy w* <Z Z ij ij sgn( w w; ) w; H
i=1jeT; i=1jeT;
T
2 2
<2} Y (sl + lasgwf )
=1 jeT;
T
= Z Z ;] +22 > a wil?
i=1 jeT; i=1 jeT;
Let ¢;; = % for j € Ti(0maz) and ¢;; = 0 otherwise. We have
ZjETi(‘smaz) Hw] H
T T T
2 Jw | | Jwi|?
DI e D S ) ) ;=
B st (S l05lF) 51 Zietonan 1041

Using Lemma 2.8 with 0,4, = @(rwmaxw;ﬂs - €1/3), we have DTy (5mas) Jw;? = L Jw?].

Thus, with Lemma A.5, we have

T
D + i) (wy — gij sgn(w] wiwy)| <2Z D7 ws? + 22 > a lwy|?

i=1 jeT; =1 jeT; =1 jeT;

<O(rwmaz) +2 Y 2w} = O(rwmaz).
i=1

Together with (A.3), we have

1/2
IVNwLW)|p = (Z D[V, LW > = kL(W),

1=1j€T;

where Kk = © (7‘_1/210;%2). O
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A.3 Proof of Descent Direction Lemma (Lemma 2.7)

We first give the proof of Lemma 2.7, then give the proof of each step (Lemma 2.8,
Lemma 2.9, Lemma A.2) in the proof sketch accordingly in the following subsections.
Before presenting the proof of descent direction lemma, we first show that we can
arbitrarily change the sign of student neurons and still have the direction of improvement.
T

As discussed at the beginning of Section 2.5.2, this allows us to assume w; w; > 0 for any

j €T;. In the rest of this section, we assume the above always hold.

Lemma A.1. Suppose there exists {g(wj)}je[m) such that W = (wq, ..., wy,) satisfies

Z <ijL(W),g(lUj)> = L(W)

jelm]

Then, for any a; € {£1} if we replace W with W' = (aqwy, . .., amwsy,), we have
>V LW'),ajg(wy)y = LW).
jelm]

Proof. To specify the dependency on W, let Ry (z) = " wi| |w]z| — Y, [wi ).

1= (] (2
Denote w; = a;w;. Using Ry = Ry, we have

(T, LW, glwy)) =E [Ru(a) g ) (1 + 0y, sgn(w] )]

= I:E;l [Rw () |w)] g(wi) (I + W) sgn(w}T:(:aj)]

=E[ Ry (2) |wj] 9(w;) (I + @j))aj sgn(w; )]

(Vs LOW'), a;9(wy))
Since L(W) = L(W'), we know the result holds. O
A.3.1 Proof of Descent Direction Lemma (Lemma 2.7)
We need the follow lemma to prove Lemma 2.7. In fact, this lemma corresponds to
the third step of proof sketch as described in Section 2.5.2. It shows that as long as every
teacher neuron has close-by student neuron and the difference between average neuron w;

and w} is small, the direction we construct is indeed a descent direction. The proof is

provided in Section A.3.5.
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Lemma A.2. Under Assumption 2.2, if |vi|| < a and |T;(0pmaz)| = 1 for all i € [r], then

S STy LOW), (1 + ) g sgno] wd )y > IR — O wimanidlsns),
i=1 jeT;

where {qij}ier je[m] 5 any sequence that satisfies (1) qij = 0 for all (3,7), (2) qij = 0 if
J ¢ Ti(Omaz); and (3) deT Smaz) 967 |wj| =1 for allie [r].
Now we are ready to prove Lemma 2.7 by following the three-step proof sketch in

Section 2.5.2.

Lemma 2.7 (Descent Direction). For network and loss function L(-) defined in Defini-
tion 2.1, under Assumption 2.1, 2.2, there exists a threshold eg = poly(A, v~ 1w L wmin)

such that for any W satisfying loss € = L(W) < €, we have

D0 DV, LW, (I + wjw ] )™ (wy — gij sgn(w] wlwk)) = LW),
i1 jet;

where {Gij }ielr],je[m] 5 any sequence that satisfies (1) gij = 0 for all (4,7), (2) ¢ij =0 ifj ¢

Ti(6maz); and (3) X jery(s,man) i W5l = 1 for alli € [r], where dmax = @(rwmazw;%?’-el/i”).
Proof. Using Lemma 2.8, we know there exists such 0,4, = © <rwmamw 5/3 et/ 3) satisfies

. , _ 11/4,, 1/4 A —3/2 = 3/8
(2 max = . ) 1 ~ max
|T;(Omaz)| = 1. From Lemma 2.9, we know |jv;| < a = O™/ wya: A=32 . €3/8) for all
i€ [r].
Then, by Lemma A.2 we have

3 STy L), (1 + ;) 10 — i sl o)y > IR — O umasa)
i=1 jeT;

_ O(r27/4w},f’éiA_3/2w_l-0/3 . 625/24)'

By the choice of §4z, we have O(r?wimapd2,,,) min

Then with the fact that |R|> = 2L(W) = 2¢, when € < g = O(A30w0 r=162¢-78) e

mzn
have

Z Z <ijL(W), (I + u_)z-ju_)ij)_l(wij — Qij sgn(ijf)wf)} >2¢ — O (

27/4  13/4
r27/ wméx 25/24)
i=1 jeT;

m'm

€.
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A.3.2 Proof of Lemma 2.8

We give the proof of Lemma 2.8, which is the first step of the proving Lemma 2.7 as
described in Section 2.5.2. It shows every teacher neuron has at least one close-by student
neuron when loss is small. The proof follows the idea of test function as described in Section

2.5.3.

Lemma 2.8. Under Assumption 2.1 and Assumption 2.2, there exists a threshold ey =

poly(A, r~Y w, L wmin) and an absolute constant C' such that for any W satisfying loss

—5/3

min

N

e = L(W) < e, if we choose dpax = C - "Wz -€'/3 then we have |T5(0maz)| = 1 and

2 ,
ey (man) 1wil” = 3 i | for all i€ [r].

Proof. The following proof has two parts: In Part 1, we aim to show |T;(dpmaz)| = 1; In
Part 2, we aim to show > ;e (5. |w;|® = 3 |wi|. Denote erf(z) = % 5o et dt as the
error function. We will use § instead of §,,4, to simplify the notation in the proof. WLOG,

assume § < A as we can choose small enough €y = poly(A, r =L w, L wmin).

Part 1: We aim to show every teacher neuron has at least one close student neuron.
Assume toward contradiction that there is a teacher neuron w; such that for all stu-
dent neurons w;, we have Z(w},w;) > 6. Denote set S = {z € RY||wf'z| < 7}. To
simplify notation, we will use w* to represent w;. Let w be a normalized vector satis-
fying ¢ = Z(w*,w) = 4. In following part (i)-(iii), WLOG, assume |w| = |w*| = 1,

w* = (1,0,---,0)" and w = (cos ¢,sin ¢, 0,---,0)". We are going to focus on |w ' z|, so we

T

5S¢ for a sufficiently small constant

can further assume ¢ € [, 5]. Also, we will assume 7
c.

(i) Estimate {Jw* 2|, |w z|)s. We have

1 T o0
u* Tz, [w'z|)s =5 |x1\ex%/2f |z1 cos ¢ + x2 sin<b|e*”3%/2 dag da;.
—00

-7
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Note that since ¢ € (0, 5], we know x1 cos ¢ + z2sin ¢ > 0 is equivalent to xo > —x1 cot ¢.

Thus,

0
. 2
j |z1 cos ¢ + xasingle 23/2 Ay

—00
0 5 —x1 cot ¢ )
= f (1 cos ¢ + xgsin (;5)67‘%2/2 dzy — f (1 cos ¢ + xosin qﬁ)e*%/2 dzs
—x1 cot ¢ —0
A4
1 cot ¢ 9 0 ) ( )
=x1C08 ¢} e /2 dzy + 2sin 10} zoe 722 Ay
—x1 cot ¢ |z1 cot @]

t
=271 cos g exf (561\0/05 ¢> + 2sin ge Tt /2,

This leads to

(" t
Yuw*T 2|, |w'z|)s :J a1 172 <\/%x1 cos ¢ erf (xl «© ¢> + 2sin ge 71OV ¢/2> day
2 J_, V2

_cosg [T

V2T J_r

1 cot sin T :
|1§1|I167m§/2 erf (1\f2¢> dzy + ¢ ‘ajl|67:13%/281r12d’dxl7
T

(A.5)
For the first term in (A.5), we have

f |x1|xle”3%/2 erf <$1\C/O§t¢) dx1 = QJ‘ Q:%e*"”%p erf <$1\C/O§t¢> dzy.
—T 0

To get the upper bound, using the fact that x; cot ¢ = 0 and erf(z) < % for x = 0, we

T t 2 -
J |:c1|m1e"”%/2 erf <x1 © ¢> dx <2\/>cot¢f xz{’e*x?ﬂ dwy
=T V2 T 0

22\/Zcot »(2—(2+ T2)6_T2/2).

To get the lower bound, using the fact that zjcot¢ < % < c and erf(z) > -~ for

have

g
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x € [0, 1], we have

T 2 x1 cot ¢ \/5 JT 3 2279
x1|mre 12 erf dzy1 =4/ — cot e "1/ dy
[ et < o ) 12\ Zooto [ ot 1

=\/zcot B2 — (247,

For the second term in (A.5), we have

J |x1’67w%/251n2 o) dzy = 2J0 xlefm%/QSmQ(i) dz; =2 sin? ¢(1 . 67T2/2Sin2 ¢)

-7

Therefore, combining the above two term, we have the upper bound

COS¢ 2 2 _ 2/2 2 .3 _ 2/2sin2d)
24 [ —cot p(2 — (2 + 7)™ 7 + —sin 1—e 7
o= coto(2 - (24 7)) 4 Zsin o )

2 cos? ¢ 9 T2 2 .3 72 T4
2—(2 1—— — si —
msin ¢ ( 2+7) 2 )> - — ¢ 2sin®¢  16sin* ¢

4

(w*Tal, jw'a)s <

N

cos’¢p 4, sing , T
: T - -
7 sin ¢ T 8msing’

. _ a2 4
where the second inequality is because 7 < ¢, Si;(ﬁ < %T <cand 1 —e™ <2?— T < z?

for z € [0,1].

Also, we have the lower bound

cosg 2 cot (2 — (2 + 7'2)6772/2) + 2 sin® ¢(1 — e

V2 N T T

cos? ¢ 9 2 7t 2 72 T4
2—(2 1—— + — = sin? —
wsinqb( @+m)(1=-5+ 8)> e ¢<2sm2¢ 851n4¢)

_ cos? ¢ (7'4 7'6> N sing , T4

rsing \ 4 8 | 4nsing

<‘w*T.CC’,‘wa|>S > *72/251n2¢)

A\

. . . .2 4
where the second inequality is because 7, 77> >0 and 1 —e™ > z? — % for z > 0.

Thus, we have the estimation

sin T
Ju* Tz, w2 = %7’2 + 06 (gb) .
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(ii) Estimate (1,|w'z|)s. We have

1 T
a4, |lw'z)s =5 J e i/ J |1 cos ¢ + o sin (;5\6_9”%/2 dzo dx;
TJ—r -0

| z1cot o . 2 .9
- 23/2 |/ 1 a3 cot” ¢/2
5 776 1 < 27y cosd)erf< 7 > + 2sin e 1 > dz1 (A.6)

:CO;¢ ' z1e” /2 erf <x1\C/O§t¢> dzy + sing [ e ¥1/250% & g
V2m ™

-7

where we use (A.4) in the second line.

For the first term in (A.6), we have

T 422 (xl cot (;S) _ J’T 222 (ml cot ¢>
x1e” 1% erf dr1 =2 | xz1e7 "V *erf dxi.
JT V2 0 V2

To get the upper bound, using the fact that 1 cot ¢ = 0 and erf(z) < % for x > 0, we

T t 2 T
J_T .%‘1671‘%/2 erf (561\0/05 ¢> dzy <2\/; cot (bL x%e*‘”%/z dz
—2\/5 cot ¢ —re T2 4 \/?erf T
\Nrw 2 V2, )

To get the lower bound, using the fact that z;cot¢ < 7 < ¢ and erf(z) >

have

for

Sl

€ [0, 1], we have

JT a:lefg”%/Q erf <301C\/c;¢5> dxq 2\/2 cot ¢L x%@ﬂ?fﬂ dry
—\/5 cot ¢ —7e T2 4 \/?erf T
=\~ 5 %))

For the second term in (A.6), we have

T —z%/2sin? ¢d _2j —z%/2sin? ¢d \/7 f< >
f_T T ; e T = sin ¢ er fsmgb
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Therefore, combining the two terms above, we have the upper bound

(L, |w'z])s

cos¢_ |2 "y T T sin ¢ . T
T zeno (e fFt () + B ansa ()
2cos? ¢ 72 \/5 . 9 \/5 T
< sin ¢ <_T(1_2)+T> * 7o ¢ 7 sin ¢

2 .
cos 2sin

- ¢ ™+ ng
T sin ¢ s

A

)

. . . _.2 4
where the second inequality is because 7 < ¢, siIT1¢> < %T <e, l—e™@ <a?— T < z? for

x € [0,1] and erf(z) < % for x > 0.

Also, we have the lower bound,

A, lw'xl)s
> cos ¢ 2 cot ¢ <—T6T2/2 + \/?erf <T>) + Sinqb\/%smqﬁerf <T>
“ Vor N 2 V2 0 V/2sin ¢

cos? i 72 N 7'4) N 73 N \/?SiHQ s \/5 T 2 73
B It “ _
7 sin ¢ 2 8 6 T wsing  34/T24/2sin3 ¢

cos? ¢ (7‘3 7‘5) N 2sin ¢ 73

. - - = T—
7 sin ¢ T 3rsing’

\%

3 8

where the second inequality is because 1 —em > g2 % for x > 0 and erf(z) > % — #1,3

for x = 0.

Thus, we have the estimation

Qe =222 20 (2).

*T‘z‘71>5

(iii) Determine g. Let g = %, which implies that

{uw* 2| - g,9)s = 0.
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Note that

1 T 2 2 2
(urTel, s = —= | laale 12 day = \[(1 —eT),
2m J_; ™

1 T 2 T
1,1)g = — 2124z = erf () .
< >S ,—271_ . (& 1 er \/i

Thus,
el s 21oe TR s
1,1)g s erf(%) 2 '

(iv) Complete the proof. Note that

1 T 9
Ju*T |, jw*Tz])g = NGz - x%e_r%ﬂ dry = \/; <_Te_72/2 + \/zerf <\;§>> 7

1 (7 _ 2 .
A, |lwTzl>s = T | mle /2 Q) = \Eu _ e ),

Now, combining with the results in (i)(ii)(iii), we have
<‘w*T‘r| - 979>S = 07

{u* x| = g, [w* T z)s = (uw* |, |w* a))s — g1, [w* " z])s = O(77),
sing , T4 T 3 2sin ¢ 73
e () - (5ror) (e (5)))

7_4
<@(¢)'

In the following, we will no longer assume [|w*| = 1, and will directly use |w™*|. Recall

[KJw* | - g, Jw"al)s| =

that Z(w;,w*) > 3§ and R(z) = 27", |wi| |wz| — YI_; |wiTz|. We have

m 7_4 7_4
Tl g B(as 2069 [ = Y 1ol 0 (5 ) = 3 gl (5 )
=1

J#i

_ <@(73) Jw*| —© (W)) Jw?[,

where we use § < ¢, § < A and Lemma A.5.
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Hence, when 7 < @%min§ with a sufficiently small constant c;, we have (Jw*'z| —

TWmax

g, R(x))s = O(73) |w*||*. Thus,

2 {w*Ta| — g, R(x))2 2 wh; 2
RIS > fostor o reTa e = O w1 = @ goes® ) fu)?,
—g,|w .%" _g>5 T Winax

3,,3
%e with a sufficiently large constant Ct,

min

where we choose 7 = SL¥Wmin§  Sipce §° >
TWmazx

we have

T

2
m
2 2
€>Ey N (Z Jewill i 2| = ) IwS‘TxI> = B[ = [R]s =«
i=1 i=1

which is a contradiction.

Part 2: We aim to show that the total mass of student neuron is large. Assume toward
contradiction that there exists a teacher neuron w} such that > ;cp ) [w;] < 2 w¥]. We
follow the same notations and assumptions as mentioned at the beginning of Part 1. We
also assume ¢ < c¢ for a sufficient small constant c.

We are going to show that when ¢ < 6, h(¢) = {|w* x| — g,|w'z|)s is non-increasing,

ie., W (¢) <0. With (A.5)(A.6), we have

/ —72/2( —72/2 —712/2 T erf(%)
h(p) =1 |2e (e — 1) +V2me " Pref | — | | ——~—
V2 werf(%)
20\ .
+4 OwenT(7,cot ) — 1 + > sin ¢
7r
f(Tcotq§)
_ 77'2/2 77'2/2 o 77'2/2 i o z i er V2 :
<26 (e 1) +V2me T erf (\/?) \/gTerf<ﬂ)>J7rerf(\;§) sin ¢
hl‘(('r)
2¢ T T cot ¢ .
+ (4OWenT(T,cotqﬁ) -1+ - + merf( 7 )) sin ¢,
hQE;v(ﬁ)

where OwenT(z,a) = 5- {7 e“”2(1+t2)/21+% dt.
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For hy(7), we have

hi(r) =2 7272 — 1) + V2me T 21 et <\;§> _\/?Terf (k)
(

™ 76
=——+—<0
4 8 ’
where in the first inequality we use erf(x) < %, et —-1<—z+ %2 forx > 0and 7 < cin

the last line.
For ha(7, ¢), by Lemma A.8 we have ha(7,¢) < 0 when 7,¢ < ¢

Therefore, we have h'(¢) < 0 when 7, ¢ < ¢. This implies that when 7, ¢ < ¢,

h(¢) = (|o*Tz| — g, |w z])s < (J@*Tz| — g, |@* z[)s = h(0).

In Part 1, we know that when 7 < ¢, 5 <, Ko Tz — g, |wTz])g| < © (%) Thus, if

7 < min{c, ¢} and ¢ > ¢, we have

4
a7 = g luTabs| < © (5 ) < el = g o Tabs = 05

In summary, we have when 7 < min{c, ¢?},

(' a| - g, lw'z)s < | x| — g, [0 2|)s.

Recall that R(z) = Y0 |lwi] |w] 2| — Y, |wi 2|, we have

(o] — g, R(@)ys = o] [l = 3 Jugl? | Tl — g 0" as
]eT,(é)
Y rw*e( ) E\wjnrw*e( )
JE[m\T5(9) J#i

_ (@(73) Jw*| —© <W>> Jw*[,
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R1 (1‘)

Juyllw] @ (sgn(w] z) - sgn(w?Ta))

O(a)
O(a) w*l w

FIGURE A.1: Illustration for the decomposition of residual R(x) in Lemma A.3 (assume

|z| = 1). Here w' represents a vector that is orthogonal to w, and

*

(S e, gl g — wi] < o for all i ],

where we use § < A and Lemma A.5.

Then, following the same argument at the end of Part 1, we get the contradiction

2
m T
e > By (Z il [ 2] = Iw?Tx\> = |RI* > |RI§ > ¢,
i=1

i=1

which finishes the proof.

A.3.3 Lemma A.3: Property of The Residual

Before we give the proof of second step (Lemma 2.9) and third step (Lemma A.2) of
the proof sketch, we first present the following result that characterize the property of the
residual. This lemma will be useful in the later analysis. Recall that we have the residual
decomposition that R(z) = Ry(x) + Ra(x). The two terms have different properties — one
can further show that R; is “flat" (whose value is uniformly bounded for all z) while Rj is
“spiky" (whose value is large only in a local region), see also Figure A.1. More precisely,

we have

Lemma A.3 (Property of The Residual). Under Assumption 2.2, if |v;|| < « for alli € [r],

then Ry, Ry as defined in (2.3) satisfy |R1(z)| < ||z|| re and Ra(x) = 0, for all x.

Proof. 1t is easy to verify R(x) = Ri(x) + Ra(x) for all z.
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For R;(x), we have

r

T
< 2, ol esen(wiTa)[ < 3 Juil el < rafe].
i=1 =1

|Ri(2)] =

T
Z v zsgn(w} x)
i=1

For Ry (x), note that for any x, i € [r] and j € T;, we have

ijx(sgn(ija:) —sgn(w} x)) > 0.

Therefore,

Ry(z) = 2 Z [wj] ’LU]-TiL‘ (Sgn(ijac) — sgn(wa:B)) = 0.
i=1jeT;

A.3.4 Proof of Lemma 2.9

In this subsection, we first following the proof sketch in Section 2.5.4 to give a proof of
Lemma 2.9 (the second step of proving Lemma 2.7). Then, we give the proof of Lemma 2.10
and Lemma 2.11 respectively. In this subsection, we focus on the residual which is invari-
ant with the sign change of student neuron. Recall the discussion at the beginning of

T

Section 2.5.2, we can assume w, w; = 0 for all j € T; due to the symmetry of the absolute

value function.

Lemma 2.9 (Average Student Is Close to Teacher). Under Assumption 2.1, 2.2, there
exists a threshold ey = poly(A,r=Y w L wmin) such that for any W satisfying loss € =
L(W) < €y, we have {vi}ie[y) (defined in (2.2)) satisfy |vi]| < poly(r, wmax, A8 for all

ie[r].

Proof. For Ry, from Lemma 2.10 we have |R;||* = Q (f—;) o

For Ry, from Lemma 2.11 we have |Ry|* = O(r5/2w%2xe3/4).

With |R|? = 2L(W) < 2¢, we have

A3/2
© <3,/> ol < 1] < Rl + [Ral = O(e + 1wl ),
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2
which leads to szeTi |wj|w; —wE| = |vi]* < |v]* = O <r11/2w71n/2xA_3 . 63/4) with our

choice of e. O

A.3.4.1 Proof of Lemma 2.10

Before proving Lemma 2.10 (the first step of proving Lemma 2.9), we need the following
lemma that shows M is positive definite. The proof relies on the fact that teacher neurons
are A-separated. Intuitively, this matrix M corresponds to the Hessian matrix at global
minima in the exact-parameterization case. When teacher neurons are well-separated, one

can imagine this matrix is positive definite.

Lemma A.4. Under Assumption 2.1, for matric M € R¥>I defined in (2.4), we have

Amin (M) = Q(A3/r3).
Now given the relation between | R;| and matrix M, we are ready to prove Lemma 2.10.
Lemma 2.10. Under Assumption 2.1, we have |Ry||* = Q(A3/r3) ||v|.

Proof. Recall that Ry(z) = Y., v xsgn(w} " z). We have

2
'
2
1R :m~]\1?(0,1) (;v;xsgn(wfx)> =0 Mo,

where M € R¥*4" is a matrix with block entry M;; = E,[zz" sgn(w} ) sgn(w;‘Ta:)] as

i

defined in (2.4) and v = (vq,...,v,) € R%. Therefore, we have |Ry|* = Q(A3/r?) |v|?. O

We now give the proof of Lemma A.4. The high-level idea of this proof is that when
teacher neurons are well-separated, it is hard to cancel the nonlinearity induced by each

teacher neuron.

Proof of Lemma A.4. WLOG, assume ||w}| = 1. Denote vector v € R¥ with |jv| = 1 as

v=(v1,...,v,), where v; € R% Tt suffices to give lower bound on v Muv.

T 2 T T 2
v Mv =E <Z va:z: sgn(w;'-‘Tac)> > Z E <Z va:z: sgn(w;'-‘Tx)> Is, |, (A7)
i=1

j=1 J=1
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where set S; will be determined later and satisfies S; N .S; = @ for ¢ # j.
Denote S(w,d) = {z € R¥||w'z| < 6} as the nonlinear region of neuron w. We will use
S¥(d)to represent S(wy, ). Also denote

A(O[, Bv 517 52)

— {z||a"z| < 6y, there exists y s.t. |a'y| < 01,87yl <02, (I —aa )z = (I —aa’)y}

as the projection of S(c,d1) N S(fB,02) onto S(«,d1) in the direction of a. We will use
A¥(B, 61, 02) to represent A(w}, B, 01, d2).
Let set

Si = SFOUN (Ujep Al (w3, 81,681))

with §; = O(%) and 6; < 1. It is easy to see that S; 0 S; = @ for i # j, since S}(61) N

S¥(61) € Sf(61) n Af(w], 61,01). By Lemma A.7, we know

2 1 62(1 4+ cos A)
Ellsx )] = \/;6 201, ElLyxur 50)] < T anA

s

Together with sinz > 27”” for 0 <z < 5, we have

2
E[]Igi] >0 (51 — Til> = 101,

where ¢; is a constant.

In the following, we focus on one term in (A.7), and show it can be lower bounded.

That is,

2
.,
T T
x~]£]72(0,1) (;vj rsgn(wj a:)) Is,
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We know that when 2t € S;, 7,27, 27~ € S;. Further, we have
— — 4 * 1 % T
= €S, =5 nS; (5)rw{:c|wZ x < 0},

ettt eSHt =8 n (Sf(él)\Sf((;l)> A {z|wi Tz = 0},

rT €S, T 2S5 n <SZ”‘(51)\S:‘(621)> A {z|wiTz <0},

andS;ruS;’JruSi_uSi__ = S;.

Consider g(z) = 37, Uij sgn(w;‘T:E) on these four data points 27,z , 27,2~ ~. Note
that when data has the form z = 2% + yw} for any fixed 2™ € S;, we have g(z) =
a+ BTz + vl-Tx sgn(w;“Taz), by the choice of S;. Here «, 3 only depend on the choice of z%.

Thus,

0-g(z™") —g(@™") —g(=™) +29(=7)

=0- <a + 87 (=" + %lw;") +o] (2T + 52110;")) — (a+ Bl (xT — sywf) — v (zF — Swy))

— (a+ﬁT:1:+ +U;|—l’+) +2 <a+ﬁT($+ - %w:‘) —U;r(11+ — w:‘))

=— 2v;ra:+,

which indicates that max{lg(a**)],lg(z= ), lg(z ), lg(z )} > Loy a*].

Note that
Bl ()] = | e
Elg™(x)Ig; a2 S_g T)e T
2
]. (5]_ H:E'*'—%w;k /2d$+

= 20+ _ Lok,
= on)ie Lj g (z 5 Wi Je

=+ 5
> : J 92($+—ﬁw*)e <” H +4>/2dx+
S+

+ 4

where the second line is because we change x to x Swy, the third line is because
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wiTazt > 0, and the last line is due to ; < 1 and 2~ = 2+ — 5—1w Similarly, we have

Ew[QQ(x)Hsf*] > e 1/2 E,+ [92(*7377)}154 and Ex[gz(x)]lsﬂ] > e 38 Ex+[92<$++)ﬂs+]-

2 i 2

Therefore,

E[g*(2)Is,] =E[g*(2)(Ig+ + Lg- + Igr+ + Lg—-)]

e PE[(¢*(x7) + ¢°(27) + ¢* (a7 ) (a7 ))Tg]

x [

> 17 Elvla* 1],

where we use max{lg(z**)|, lg(z= )], lg(z")] lg(z )]} = 3lv] =

Recall that
St = Sin 81 A falwrTa = 0} = (ST A {elwf T = 0} )\ (Ve AT (0], 61,50))

By Lemma A.7, we know

63
Elg, o)) = | 2 'IE[HA;"(w;‘,Jl,&)] > <51 - Al> = C201.

1
Ells: 1= 3

Let S;r’ = S(vs,4/%201). By Lemma A.7, we know E“[Hsj’] < %6;. Hence, E[]ISJr\S‘Jr/] >

261 and |v] 2z "] = \/Fc2dy ||vi] for at € SH\S;'. Therefore,

1
2 T,.+2 2
]E[g (2)Ls,] 24\@ EHW z”| ]Isj\sj = 4\[ 3 25 H%H [ S+\S+’]

s C3A
> =307 v =

~644/e

Jos ]

Therefore, by (A.7), we have

CgA Ag
v M > ZE > 3 2l = (5 o

i=1

which implies that Ap,in (M) = Q (%3) O
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A.3.4.2 Proof of Lemma 2.11

We need the following two lemmas to prove Lemma 2.11 (the second step of proving
Lemma 2.9). Lemma A.5 claims that when loss is small, the sum of norm of the stu-
dent neurons would be bounded by a fixed quantity. Lemma A.6 claims student neurons
should not be far away from teacher neuron when loss is small. See more discussions and

corresponding proofs in the next two subsections.

Lemma A.5. Under Assumption 2.2, if loss L(W) = O(r?w?,,,), then >.I_, 2ijer, ||w]H

ma:v

O(rwmaz)-

Lemma A.6. Under Assumption 2.1 and Assumption 2.2, there exists a threshold ¢y =

poly(A, v~ w, L wmin) such that for any W satisfying loss € = L(W) < ey, we have

et 2jer lwj 1? 5]2 = O(e'/?).

Now we are ready to prove Lemma 2.11 by combining above two lemmas and Holder’s

inequality.

Lemma 2.11. Under Assumption 2.1 and Assumption 2.2, there exists a threshold ey =
poly(A, r~Y w, L wmin) such that for any W satisfying loss € = L(W) < €y, we have

|Ro|)? = 052wk 2034,

Proof. Recall that Ra(z) = 33_; Dlier, |wil w x (sgn(ﬂu}]T ) — sgn(w} :):)) We have

- 2
IRl = E (2 ) gl w]w (s 2) - sgn(w:‘Txn)

i=1jeT;

r 2
% By (ZmteT ot - smier"a) )

i=1 jeT,;

In the following, we focus on one term in the above sum. Since we use absolute value

function as activation, WLOG assume ijw;" > 0 for all j € T; as discussed at the beginning
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of Section 2.5.2. We have

2
Mo [(Z Jw;l w) z (sgn(w] z) — sgn(ﬂf”ﬂﬁ)))
E

JET;

[l fud wlw (sanw] ) — senut ) (sen(uwlz) - sen(u? )]
JskeT; ’

< ). e wg? |wgl? 6565 min{5;, 64}
J,keT;

2
( Jw; 5”)
jE i

/ 3/4\ 2
angu <2ijr25§-> _ O 2w, ),

JET; JET;

where we use Lemma A.10 in the first inequality, Holder’s inequality in the last ineqality,
and Lemma A.5 and Lemma A.6 in the last line.

Thus, we have |Ry|* = O(r5/2w,%a2xe3/4). O
A.3.4.3 Proof of Lemma A.5

Intuitively, when loss is small, the norm of student neurons are bounded. The proof

follows by simple calculations.

max

Lemma A.5. Under Assumption 2.2, if loss L(W) = O(r*w?,,,), then >)_, Dijer, ||w]\|
O(rwmaz)-

Proof. We have

(i2|w;x|)2 22| (3 - zrw*w) r28 (z|w|)

i=1 jeT; 1=1jeT;
=0(r’*w?,,.)-

max

Also, we have

<§] > |w}xr>2 > (2 5 |wj>2

i=1 jeT; i=1jeT;
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where c is a constant. Thus, >3 >\cr. [lwj| = O(rwimaz)- O
A.3.4.4 Proof of Lemma A.6

Recall that 6; = Z(w}, w;) as the angle between w} and wj; for all j € T;. Lemma A.6
upper-bounds the weighted norm of student neurons by the value of the loss, where the
weights depend on the angle between student and teacher neuron. Since more weights are
assigned to the student neurons that are far away from any teacher neuron, this lemma
implies that if there are many far-away neurons with large weights, then the loss is also
large. The proof idea is to use test function as described in Section 2.5.3. We construct a
test function such that it has large correlation with far-away student neurons and almost

zero correlation with teacher neurons and near-by student neurons.

Lemma A.6. Under Assumption 2.1 and Assumption 2.2, there exists a threshold ey =
poly(A, v~ w L wmin) such that for any W satisfying loss € = L(W) < ey, we have

Sy Djer, lwil* 67 = O(€7?).

Proof. Since we use absolute value function as activation, WLOG assume ijw;" = ( for all
j € T; as discussed at the beginning of Section 2.5.2. We will first choose our test function

in (i) and then complete the proof in (ii).

(i) Choose test function. Let h(x) = /5—>_; U%hl(w;g%) be the test function, where
hi(z) is I-th Hermite polynomial, ; is I-th Hermite coefficient of absolute value function

and | = 2max{[log__1 _ 1],1}. See Section A.3.7 for the definition of Hermite polynomial

cos(A/2)

and some properties. By Lemma A.11, we know (312 = @(l*:}/ 2). We are going to estimate

(h(x), R(x)), where R(z) = 37" |wi| |w 2| — Xi_; JwiTz] is the residual.

By Lemma A.11 and Claim A.1, for any w with |w|| = 1, we have

(@) @), fwlaly = ) 6y Ehy(0] o)y (w' 2)] = 6:(@f, w),

k=0
2
1. lw’ — \/>
ATl =42
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Denote ¢ = Z(w},w). When sin? ¢ < 2/I, we have

sin? ¢
4 )

1
(=hy(wf" z), [w'z]) = cosl ¢ = (1 —sin? §)/? <1 — ﬁsim2 p<1
61

where we use (1 —2)" <1— 2 for z € [0,1/n]. When sin® ¢ > 2/, we have

/2 .92
(L b (@ T2), T ]y = cos! 6 = (1 — sin? $)/2 < <1 _ ?) <Lleq SO
)

This implies that <&ilhl(w;”x), lwTz) <1 - % holds for any ¢.

Further, when Z(w},w) > %, by the choice of I, we have

1 A
0 < (=Mo" z), |w'z]) < cos! 5 Se
o

Note that for j € T; and k # i, we have A < Z(wj,w}) < Z(w§,w;) + L(w],w;) <

2/ (wj, w;). This indicates that Z(w},w;) = A/2 for all k # i. Thus, for j € T;, we have

(bl aly = /341 o)~ 2< (a2, ] o)

> <1 - (1 - Sini 5j) —(r— 1)6) s

= 5 lwjll sin0; = (r = 1) ;| e.

We also have for every teacher neuron w;‘-‘,

<h(w)7|w7Tx>=\/§<1,w}‘Tﬂfl> Z< fulw z), [w} Tal)

= 1—1—Z<;lhl(wk )|w $|> Hw]H

k#j

Therefore, for residual R(z) = Y |w;l |w] x| — Xi_; |wiT x|, we have

1 m . m
(W), R(z)y = 7 ) il sin® 6 — (r = 1) ) Jwil e = Z [willsin* 6; — O(r*wmaae),
i=1 i=1

where we use Lemma A.5 in the last inequality.
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(ii) Complete Proof. Recall that |R|? = 2L(W) < 2e. From (i) we could have

) <
|l V2 = [h] | R] = (h(x) Zl\wz\l sin? §; — O(r*wmaac),

pM»—'

We now estimate the norm of h. Recall that 67 = ©(17/2), we have

2
™ d 1 g ¥
<\/g_ k; élhl(wkaE)> =5t T k]21<wk;v >l

1
= g + O(l3/27"26) =0 <1 + 7“2610g3/21 > )

cos(A/2) €

A

Therefore, we have

m

) Z il 67 < Z wi] sin® 6; < [|B]| v2€ + O(r*wpmaze)

z 1

1
:O<61/2+'r Wnaz€ + T 63/210g/ ),

W €
which finishes the proof. O

A.3.5 Proof of Lemma A.2

Finally, we give the proof of Lemma A.2, which is the third step of proving Lemma 2.7.
It shows that when the first two steps (Lemma 2.8 and Lemma 2.9) hold, the inner product
between the gradient and descent direction can be lower bounded. The proof is involved

and relies on algebraic computations.

Lemma A.2. Under Assumption 2.2, if |vi|| < a and |T;(0pmaz)| = 1 for all i € [r], then

Z Z<ijL ), (I + wjw T) 1( — 4ij sgn(wTw Jwy)) = HRH - T2wmawa5max)
i=1 jeT;

where {Gij}ic[r],je[m] 1S any sequence that satisfies (1) qij = 0 for all (i,7), (2) ¢ij = 0 if
7 ¢ TiOmaz); and (3) Xjer,(5,1,) G [w5] =1 for all i € [r].

T

Proof. We focus on the case where w; w

> 0 for all j € T;. The general case directly
follows from Lemma A.1. Recall that residual R(z) = Y | |wi|| |w 2| — >}_; |wiTz|. For
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any student neuron w; where j € T;, we have
(Vu, LOW), (I + i)~ (wy — qiwy))

=E[R(@) o] (1) — i) "wsgn(w] o)

:IE [R(x) (Hw]H |ijx| — qij |wy | ’w;kaD]

+E [R(:U)qij |wj] wz’-"T:B (sgn(w;"T:L‘) — sgn(ij:U))] .

Sum over all student neurons w;, we have

r

D0 DV, LW, (1 + wjwg) ™ (wy — qiguw))

i=14eT;

r

=E R*(z) + R(z) Y, D aij |wjl wiTa (sgn(w ') — sgn(w] )
i=1 jeT;

(A.8)

r
—|RI>+E | R(x) s ] i (sgn(wi o) — sgn(w] @) |
1=17€l;(0Omax

"

I ()

where the last line is because we set g;; = 0 if j ¢ T;(dmaz)-
We are going to lower bound the second term E;[R(z)[;(x)] in the last line. Note that

*T

when sgn(w} " z) # sgn(ija:), we have w} 'z (sgn(w;"T

x) — sgn(w%x)) = 2w} Tz|. Hence,

E [R(2)qij |w;]|wi "z (sgn(w] " z) - sgn(w] 2))]

=2ij [w;| E [R(l’) [ 2l gy o) s m)]
=2 [w; | E [Rl(m) i |l

"

Iz

sgn(w:‘Tz);ésgn(w].Tz)]

J

sgn(wi* T z) 7'ésgn(w;r x) ] )

_

+ 243 [y | B | Ra(a) - [w} o]l

~"

I3

where R;(x) and Ra(z) are the residual decomposition as defined in (2.3).
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According to Lemma A.3, we have residual R(z) = Ri(z) + Ra(x) satisfies |R;(x)| <
||| rev, Ra(x) = 0 for all .
For the first term Iy, recall that Ry(x) = Y_; v zsgn(w}'z) and |v;| < a. We have

r
- T
I:EC:[RI( )|w* xmsgnw o) #sgn(w] :1:] Z [ z sgn( w $)|w* stgn(wax)#sgn(w;—x)]
i=1

Z vl i | E[|5;' 2|} "L

sgn(w;“Tx)yﬁsgn(w;rx)]

2 Hw*H(s E “ Hsgn(w;“Ti);ﬁsgn(wI:ﬁ)]

2
= — C1TWmaz 0],

where in the second to last line & represents a 3-dimensional Gaussian since the expression
only depends on three vectors v;,w;, w;, and we use Lemma A.9 in the last line and ¢; is
a constant.

For the second term I3, recall that Ra(z) = 0. Hence,

E [Rz( YT 2|L > 0.

sgn(w Tac);ésgn(w;:v)]

Therefore, we have

.
IE[R( Z Z 2¢1qij5 |wy| rwmaxaéjz
i=1 T (dmax)
= — QClrwmaxO‘(ﬁnax Z Z qij ijH = 2617’ wmaiﬂaémax?

i=1 ]GTZ (Jmuz)

where in the last line is because > jcr (5,...) %ij [wij| = 1 for all i € [r].

Thus, with (A.8) we have

S S (T, LOW), (1 4 i) (w5 — aigu?)) = LRI — O( a0y
i=1 jeT;
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A.3.6 Technical Lemmas

Lemma A.7. Consider o, 3 € R® with |a| = |8| = 1 and x ~ N(0,I). Denote Z(a, 3) =

2 9
—01e7% <E[lary1<5,] < 51,

2 2 cos
01(d2 + 91 cos (b) % <E[L,] < 91(d2 + .(51 cos ¢)
7 sin ¢ T 7 sin ¢

¢, then if sin¢ > 0, we have

I\J

I

where A = {z||a"z| < 61, there emists y such that |a'y| < 61,|8"y| < 62, (I — aa’ )z =

(I —aam)y}

Proof. WLOG, assume o = (1,0,...,0)" and 8 = (cos¢,sin¢,0,...,0)" with ¢ € (0, 5l

We first prove the first inequality. We have

. B
Ellarai<a) =Elle<a] = 75= Lmsl o = \/>J0<:c1<61 *da

Therefore, we have the upper bound

Elloma)<s] < \[51,
2. _a
IE[H|aTx|S51] 2\/;516 2,

Now, we prove the second inequality. We have the set A is

and the lower bound

A ={z||z1] < 01, there exists y such that |y1]| < 01, |y1 cos ¢ + yasin@| < b2,z = y;,1 = 2}
={x||z1| < d1, there exists y; such that |y1| < d1, |y1 cos ¢ + z2sin ¢| < 2}
When cos ¢ = 0, we have A = {z||x1| < 61, |z2sin@| < J2}. Thus,

1 @? a3
E[l4] = f ez’ldmf e” % drs.
x 4m lz1]|<é1 |z2|<d2

We could have the upper bound

1 51(52
< .
IE[]IA] gy 201 - 209 =
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and lower bound

V]
DO
<

no
®

Il

1 52 52 516 52462
E[I4] > — - 201" 2 -200e 3 = —~2¢ 3.
x 47 T

When cos ¢ # 0, we have

A ={z||z1| < 01, there exists y; such that |y1]| < d1,|y1 cos ¢ + zasin¢| < o}

_ 52 — X2 Sin¢5 —52 — X9 singb
={z|z1] <517w> 51;w<51}
92+ 01005¢

}.

~{alfoa] < b1, laa| < 222

Thus,
1 _af a3
E[la] = — e 2dr e 2 dxs.
A i e

We could have the upper bound

)

E[l4] < 4i Lgg, . 202+ 01005¢) _ 0192 + 0105 ¢)

T m sin ¢ msin ¢
and lower bound

2sin2 ¢

1
ElT > — . 20-e” 25sin? ¢
x[ & 4w 7 sin ¢ 7 sin ¢

Lemma A.8. Suppose 0 < 1,¢ < ¢ for a sufficiently small constant. Then, we have

h(r,¢) = 4OwenT(7,cot ¢) — 1 + ? + \/%? orf <Ti;)%¢) <0,

a g 2 T 42
where OwenT(x,a) = 1 o€ 21+t )/2 = dt and erf(x) WS t dt.
Proof. We have
dh(Tq ¢) 1 —i '7_2 _ 72 cot? ¢
SRDO) 2 (2 - 2e 3w — =) = op .
do T < ¢ sin? gbe ’ 1(7,¢)
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Further,

2

T 72 co 2 72 co 2
dhu(r, ¢) — 9¢ TTh — 2" 5 4 e~ 5 72 cot? ¢
dr sin? ¢

T 72 cot? ) 72
T2 (262 — 24 7% cot? gb)

=———c¢
sin? ¢
T 7‘2cot2¢> T2 2 2
> e 2(1 — —)— 2+ 7°cot
sin? ¢ ( ( 2 ) ¢
T _T2cot2¢

2 2
=—F—¢€ 2 7%(cot“p—1) =0,
sin2 10} ( ¢ )

where we use % > 1 —x when x > 0 in the first inequality and ¢ < 7 in the last line.

Hence, when ¢ < 7§, hi(7,¢) = h1(0,¢) = 0. This implies that if (7, ¢o) < 0 for some
¢o < 7, then we have h(7, ) < h(T,¢o) < 0.

We are going to show that when ¢g = arccot 3 < 7 and 7 < ¢, we have h(r, ¢g) < 0.

T cot
dh(r, ¢0) :e—MTCOt ) i erf( C\O/;O) B ze_é erf(Tcotqﬁo

dr T V2 T V2

<(1 72c0t2¢0+74cot4¢0>Tcot¢0+ 1 2 7cotgg
h 2 8 I V2r AT A2

\/5(1 72> (27cotqbo 2 7300t3¢0>
T 2 VT2 VT 242
3 5 3
_ (cotqbo _ cot ¢0> N (cot ¢o  cot <Z>> 5 _ 7&7_3+ &775 <0,

T 6 8 6m 2 8

)

2 3 .
where we use e < 1 -2+ %5, e > 1~z and erf(z) > % — 32% for x > 0 in the first

inequality, and 7 < ¢, ¢g = arccot 3 in the last line.
Therefore, we have h(T, ¢9) < h(0,¢0) = 0, when 7 < ¢. Together with hi(7,¢) > 0

when ¢ < T,we know h(7,$) < h(7,¢0) <0, when 7 < cand ¢ < J. O

Lemma A.9. Consider o, 3 € R with Z(a, ) = ¢ and o' = 0. We have

IE[H‘THZ Hsgn(aTx)#sgn(BTa:)] = O(¢)
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Proof. WLOG, assume a = (1,0,0)" and 3 = (cos ¢,sin¢,0)". We have

]E[H'I‘F Hsgn(aTx);ésgn(,BTa:)]

2 2 2
= ml,E,mg[(xl + x5+ $3)Hsgn(:c1);ésgn(x1 cos ¢+x2 sin ¢)]

2 2
x}%@ [(.7}1 + xQ)Hsgn(:L‘l)#sgn(xl cos ¢+ sin d))] + IE@ [Hsgn(xl);ﬁsgn(xl cos ¢+x2 sin ¢)]

1 o0 2 2m
= % f rie”” /2 dr j I[sgn(cos 0)#sgn(cos ¢ cos 0+sin ¢ sin H) de
0

0
Q0 2/2 us
+ 27 re”" d?"f Hsgn(cos 0)#sgn(cos ¢ cos O+sin ¢ sin 0) do
T Jo 0
=0(¢).
O
Lemma A.10. Consider wj, wy, w* € R? with |w;| = |wg| = [|w*| = 1 and ijw*,w,Iw* >

0. Denote ¢p; = Z(wj, w*) and ¢, = ZL(wy,w*). We have

0<

E [w] z - wjz (sgn(w] x) —sgn(w*z)) (sgn(wiz) —sgn(w* 2))] = O(¢;¢5 min{e;, or}).

Proof. Given that there are only three vectors wj, wy, w* and  ~ N (0, I), it is equivalent
to consider a three dimensional Gaussian & € R? that lies in the span of wj, wg, w*. In
the following, we slightly abuse the notation and use x to denote this three dimensional
Gaussian.

For any =z, it is easy to see that

ijx (Sgn(ijx) —sgn(w*'z)) >0, wiz (sgn(wjz) —sgn(w* z)) = 0.

Therefore, we have the lower bound

x~1\IfE(0,I) [ij:c wl x (sgn(ijx) —sgn(w*'z)) (sgn(wy x) — sgn(w*Tx))] > 0.

For upper bound, note that when sgn(ij:c) # sgn(w*"z), we have ijx = O(¢; ||lz|)-
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Similarly, we have w] z = O(¢y, |z|) when sgn(w; ) # sgn(w*'z). Thus, we have
x~]\1?(0 N [w;rx w, x (sgm(w;r ) — sgn(w*Tx)) (sgn(w,jx) - sgn(w*T:p))]

O(¢J¢k) IE‘[HxHQ Hsgn(w;z)sﬁsgn(w*T:ﬁ),sgn(w,jx)#sgn(w*T;t)]
O(¢j¢k) mln{ImE[Ha:HQ Hsgn(w}x)#sgn(w*T ]? [”‘TH Hsgn (wy, z)#sgn(w*Tz)]}

where we use Lemma A.9 in the last line. O

A.3.7 Some Properties of Hermite Polynomials

In this section, we give several properties of Hermite Polynomials that are useful in our

analysis. Let Hj be the probabilists’” Hermite polynomial where

dk

Hy(x) = (-1 * (e

—r2/2)
and hy = ﬁH & be the normalized Hermite polynomials.
The following lemma gives the Hermite coefficients for absolute value function.

Lemma A.11. Let o(z) = |z|. Then, o(z) = >}_, 6xhe(z), where {hx}{", are Hermite

polynomials and

0 , k is odd
\/g k=0

%k = 1 Jk=2
(—1)%‘1\/%0@ —3) | ks even andn = 4

are Hermite coefficients of |z|. Here, 67 = ©(k™3/2).

Proof. We calculate 6y, for the following cases. Case 1: k is odd.

Since hy(z) is odd when k is odd, we have

6 = (o(z), hi() || hys (z)e ™" 2da = 0.

- L
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Case 2: k= 0.

Case 3: k= 2.

52 = (o(w).ha(e)) = - L}O e g L

3

Case 4: k is even and k > 4.

When k is even, we know hj is even. Thus,

o= o) = = [l Th e

k
k_ x2%/2 d —z2/2 —x2/2
—1)ke®/ dxk(e 2y e 2 g

e d BN

G .2wa.cw(ew2/2)dx

V27 - k! 0 dak
2(-1 k dkfl 2 S 0 dkfl 2
- \/;(% .>k! ' (m = 0 _Jo at 1 /2)d$>
B 2(_1)k B dk—2 (6—x2/2) [e)
CV2r k! dah=2 0
2
=V el
2

- m(—n%—l(zf — 3,

where we use Hy(z) = (—l)ke‘EQ/Qdd—;(e*xzp) and Hy(0) = (—1)%2(k — 1)!! when k is even

[4]. O
The following is another helpful property of Hermite polynomial.

Claim A.1 ([144], Section 11.2). Let (x,y) be p-correlated standard normal variables (that
is, both x,y have marginal distribution N(0,1) and E[zy] = p). Then, E[hy,(x)h,(y)] =
0" 0mn -
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A.4 Proof of Local Convergence (Theorem 2.4)

In this section, we first show that the loss function is “smooth" (Lemma 2.12) and Lip-
sheitz (Lemma 2.13). At the end, we give the proof of local convergence theorem (Theorem

2.4).

A.4.1 Proof of Theorem 2.12

As the first step to prove local convergence theorem, we show that the loss function
satisfies “smoothness"-type conditions as below. The proof is involved and relies on algebraic

computations to carefully bound each term.

Lemma 2.12 (Smoothness). Under Assumption 2.2, if loss L(W) = O(r*w?,,,), then
LW +U) SLW) + (Vi LOW),U) + O g )LY2W) [U 22 4 Orwma) U]

O U] -
Proof. Denote the residual as

-
s o] = e T ).
i=1

[l
D3

Then, we have

LW +U)—LW)—<(VwL(W),U)

B[Ry o (@)] — 5 B[Ry )] ~ | R (@) D) luy|u] (7 + ai] Jasan(w] « >]
j=1

E | Rw(x) (RW+U( 2 |wj\|u (I + w;w T)acsgn(w]T ))]

-

Iz
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For term I, let 75 = [w; + ;| (w; + u;) — |w;| w;. Note that

2 2 2
Il <2 (Wl + gl s = g | + [l + 5] 51°)
2 2 2 2

<2 (g a1 + e + 151 1)

2 2 2
<2 (3w + 2 s ?) s

Hence, we have

m 2
I =E[(Rwu/(x) - Rw(x) <2 [y + s (w; + ) x|—\|ij}x|)>
J=1
m 2
<E (Z !'ijfB\)
j=1
m 2
< (2 mn)
Jj=1
1/2 2
<co <Z (6 Jw;]? +4|\Uj|\2) \Uj)
j=1
<eo 30 (612 + 41 12) - 3 51? = Ofrman) 3 Iyl + O (2 uw)
j=1 j=1 Jj=1

where we use Lemma A.15 in the third line, and the last line is because of Lemma A.5.

For term I, we have

I =E | Ry (x) (RW+U( Z |w]Hu (I + wjw )acsgn(w]T ))]
=E [Rw (z)-
2 ( (N + | (w; + ) "l = [ s w] o] = Jwj | uj (I + @] )z sgn(w; 2))
j=17 ~
Ij(x)

Z | B || 1451

j—
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Denote o = |w; + uj| (w; + u;) and = |w]| (wj + (I + u’)ju’)jT)uj) In the following, we

drop the subscript j for simplicity. We have

111* =E[(la"al - BTasgn(w 2))’]
<21§ [(|aTx| - |BT9U])2 + (BT z(sgn(8z) — sgn(wTa:))2]
<2E|((a=8)"e)’| + 2B (872)" Lun(sa ssenwT

=2 HO[ - /BHQ + 2]]5 [(ﬁ—l—x)z Hsgn(ﬁTm)?&sgn(wTw)] :

N~

I3

For first term |la — 3, let g(w) = |w| w. By Lemma A.12, we know
g(w +u) = g(w) +{Vug(w),u) + A,

where |A| < ¢; |u]? for some constant ¢;. Note that g(w+u) = « and g(w)+{(Vg(w), u) =
. Hence, we have || — B < ¢1 [[ul®.

For second term I3, by Lemma A.13, we have

2 [Ell§
I3 =E [(BTm) Hsgn(ﬁTx);ésgn(sz)] = T

x

2
(6 —simgeosg) < g3

where ¢ = arccos(3'w) and we use ¢ — sin ¢ cos ¢ < ¢ for ¢ = 0.
Denote 6 = arccos(w ' ). We have
Blw _ Jw|® + 2]w|w'u _ |w] + 2 |uf cos @

cos ¢ = = =
el TRl o+ ul® + 3 Jul? cos? 6 + 4w fu] cos

|w| + 2|u| cos @
V/(w] + 2] cos6)% + Ju]*sin? 6

Note that cos¢ <1 — %2 for 0 < ¢ < 7. We have

3/2
2
Is < M53/2 1_ |wl + 2 ||u| cos 6 (4.9
" V(] + 2 Jul cos 8)? + Jul? sin? 0
Note that when |u| = 0, it is easy to verify that Is = 0. In the following, we assume

|ul > 0.
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Case 1: |w| = 4|ul.
In this case, we have |w] + 2|lul cos@ = H%H > 2|ul| > 0. Using 1 — ﬁ < %2 with

(A.9), we have

3/2
592 | 5|2 Jul? sin? 0 !
T 2(|lw| + 2 |Jul| cos )2

52 [l ((lwl +2 ful cos )2 + ul sin? 0)

w
N

3 . 3
= ull” | sin @
2ir el + 2 Jal cos O el sin ]
5 ol (ul & 20 cos6) & [ulPsin s
227 [Twl + 2[u[cosf]  [Jw] +2]u] cosO]2
5%/2 sin? 3 . a3
<
<20+ 220 fuf Juf? | sin g
3
<4 ] Jul

Case 2: ||w| < 4|u].

In this case, we have |8]* = |Jw|? ((ku + 2| u) cos 0)? + |ul? sin? e) < 592 |ul*. With

(A.9), we have I3 < %‘uw&)’/gf’/?

Combine above two cases, we have Iy < co max{|w| |u|?, ||u|*}, where ¢, is a constant.

1/2 3/2

Therefore, we have |I;]| < c3 max{[w;|"? |u;|*?, |u;j|*}, where c3 is a constant. This leads

to

m m
1/2 3/2 2
L < Y[Rl 7] < [Rwl D es max{|w; |V u;|*?, ]}
j=1

j=1
m m
1/2 3/2 2
<IRw Y. es w2 Ju 7% + | Rw | Y es |luy]
j=1 J=1
. /4 7/ m 3/4 m
2 2 2
<cs | Rw| (2 ] ) (Z s ) + o3 |Rw | Y i
j=1 j=1 J=1

where we use Holder’s inequality in the last line.
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Denote U3 = PV |u;]?. With Lemma A.5, we have
LW +U) = LW) = (VwL(W),U)
<hi+ 1>
3/2
<O(rtwmaz) U5 + O() U} + O A wild ) LY (W) [UF + O() LY (W) U

=0 Wit VLY (W) [UX2 + O(rwpnas) [U % + OQ) U

A.4.2 Proof of Lemma 2.13

The second step is to show the loss function is Lipschitz, i.e., the gradient norm is

upperbound. The proof follows from simple computations.

Lemma 2.13 (Lipschitz). Under Assumption 2.2, if loss L(W) = O(r*w?,,,) is small,

max

then [V L(W) |5 = O(r¥w}, ).

Proof. Denote R(z) = 33" >y [lwjl| \w]Tx| — 37, JwfTx| as the residual. For any k €

[m], we have

IV LOV)| = [E [R(@) e (I + weio] )z sgn(w2)]|

=[]

EKZ 2 leslbeel - Z'w*”') ”wkwmsgn(w;x)”

=1 jeT;

r
< (2 3 B [yl ] /(1 + wyn] )z sen(w] 2)] |

i=1 jETi

+ ZT: HIE [lwiT2|(I + wywy, )x sgn(w,?:c)]”)
i—1

< J|wg <Z D w2 0) + > wi - 0(1)>
i=1jeT; i=1
<O(rwmaz) |will,

where we use Lemma A.14 in the second to last line, and Lemma A.5 in the last line. This
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leads to

IVw LW)|7 = Z [V, LaW)|* < 0?00 00) D i F = O ,),
j=1 j=1

where we again use Lemma A.5. 0

A.4.3 Proof of Theorem 2.4

Now we are ready to prove the local convergence result given the smoothness and Lip-

schitz of loss function.

Theorem 2.4 (Main Result). For network and loss function L(-) defined in Definition 2.1,

under Assumption 2.1, 2.2, suppose we run gradient descent on objective (2.1):

wgtﬂ)

= wz@ — NV, L(W),  for any i€ [m]

there exists a threshold ¢g = poly(A, v~ w, L wmin) and ng = O(r~tw;, L)

such that for
any € > 0, if initial loss L(W©) < ¢y and step size n < no, then we have LW ™)) < e in

T = O(Twmax/(en)) steps.

Proof. Using Theorem 2.12 with u; = -V, L(W), we have

L(W +U) SL(W) =0 | Vw LOW)[F + O *r! wyld ) L2 (W) |V LOW) [
+ O rwmaz) [V LW + O (") [Vw L(W)
_ . 3/2,.1/4, 1/4 ,_—1/2 2
<LW) = (0= O (P2 At k™2 & iPrwman + 0wl ) ) [V LOV) I

2
2w,

<z(w) -2

where in the second line we use gradient norm upper bound (Lemma 2.13) and gradient

norm lower bound (Theorem 2.3), in the last line we use Theorem 2.3 again and n < 1y =

O(r~tw,L ). This implies that

2
ELQ(W(t)).

LWy < Lw®)y — 1

Then, note that 0 < L(W®D) < LW ®), we could have

1 1 s LW _ 1 R’
LW®) = LWty 4 LWy T Lw)) 4
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This implies that

which leads to

Therefore, we have L(W(T)) < € for some T = O (””;%) O

A.4.4 Technical Lemmas
Lemma A.12. Let g(w) = |w|w. Then, g is (1 4+ +/3)-smooth.

Proof. The gradient is

Vug(w) = |w| (I +aw").

Note that when w = 0, V,,g(w) = 0.

For any u, we have

IVwg(w +u) — Viyg(w)| g

—lw+u|I+wFuwFu)—|w|T+ww")
F

— 7T _ T
<|(w +ull = w15 + |lw +ulwFu wFa = ujosT|

< ful +

lw+u|wruwtu —|w] waHF.

-

~~

I

Since V,9(0) = 0, when w = 0 or w + u = 0, we know ||Vg(w + u) — Vyg(w) |z < 2|Jul.
For I, we have

2
2= HHw rulutuwTa — | mTHF

2
=tr <(|w tulwtuwtu — |w| u‘nET) >

2
~(lw + ul = Jol)? + 2 o + ol fu (1~ (777" a)’)

2 S—
<Jlul|* + 2w + u| |w] 1—(w—|—u w) .
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Denote § = arccos(w'u). Then,

2
TETAR . |lw]” + [w]| [u] cos _ [w] + [lu] cos
wi |lw+u 2 2
follw =l + Jul? + 2 o] Jul cos8
B Jw] + Ju cos
V(] + T cos )2 + ] sin? 6
Hence,
2 . .
o+ ][] (1_ (wrwy) el of?sin®e_ ufsin®e o
(Jwl + [ul cos0)2 + [ulZsin20  [w + uf

[w| sin 6

fogar < 1. Thus, we have If < (1 + 2sin0) [u|* < 3 [lu[*. Therefore,

It is easy to check

for any u

[Vwg(w + 1) = Vugw)|p < (1+V3) Jul.

O
Lemma A.13. Consider o, 3 € R? with |a| = |8 = 1. Denote ¢ = arccos(a' B), then
1 .
mN]\]][E(O’I)[(/BT*T)2Hsgn(aTm)7’:sgn(6Tm)] = ;(Qﬁ — sin ¢ cos ¢) = @(¢3)
Proof. WLOG, assume (3 = (1,0,...,0)" and o = (cos ¢,sin ¢,0,...,0)T. We have
z~]\%0 1)[(BTQC)Q]Isgn(a%)#sgn(fi%)]
2
= :t:~]\IszO D [xlﬂsgn(xl cos ¢+xa sin d));ésgn(xl)]
L[ 3 _—r2/2 o 2
:% re dr COs mlsgn(cos@cos ¢+sin 6 sin ¢) #sgn(cos 6) d¢
0 0
/24
:1-2~2J cos® 0 dé
27 71./2
2 1 ) 1 : 3
== §(¢ —singcos @) = —(¢ — sinpcos p) = O(¢°).
T T
O
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Lemma A.14. Consider o, 8 € R? with || = 3| = 1. We have

2

E [laTz|(I +88T)zsen(8T2)]| =O0(1).

xz~N(0,I)

Proof. WLOG, assume = (1,0,...,0)" and a = (a1, a9,0,...,0)".

We have
2
E Ta| (1 + 687 T
:p~N(0,1)Ua 2l(I+ B8 )wsgn(p )]
2

= E + I+ T

gg~1\f(0,l)[|oqw1 axa|(I + BB )z sgn(a1)]

2 2

- B + 229 - + E + Do -

<%N(O’I) [lorz1 + agws| - 221 sgn(xl)]> <x~N(0,I) [laiz1 + aowa| - a9 sgn(xl)]>
< E [ + -2z - 2] + E [ + o - 2]

2~N(0,1) (‘OélfUI a2$2’ I Sgn(fvl)) s~N(0.1) (’0611’1 CYQZL'Q’ x9 Sgn(l'l))
<4$~J£]7£(071) [’alﬂfl + a2332|2 . (J;% + .’E%)]
<4 E 2 | ,2)2

2~ N(0,1) [(1‘1 3) ]
=0(1),

where we use Jensen’s inequality in the first inequality. O

Lemma A.15. Consider o;; € R? for i € [n]. We have

E ; < il ]
E <Z o; as|) o (2 Jo |)

where ¢cg 1 a constant.

Proof. We have

n 2 n n n 2
E (Z;IOJJUO =I§[Z |a;rx”a;'rx|] < 2, allail laj] = co (Z Iai!|> :
1=

6j=1 ij=1 i=1
To prove the first inequality above, it suffices to prove the following
T T
E [loj zllaj =[] < co el o]

x~N(0,1)
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Note that the LHS above only depends on two vectors, so it is equivalent to consider the

expectation over a 2-dimensional Gaussian . We have

~ ~ ~ 112
E lelallofa) = B Tlal#llo]#l] < il los B |12°] = co ol L1

where ¢q is a constant. O
A.5 Initialization

We present the details of two initialization algorithms: (1) random initialization (Algo-
rithm 2) and (2) subspace initalization (Algorithm 3) and prove their correctness respec-
tively in the following two subsections. At the end of this section, we give the proof of

Theorem 2.5.

A.5.1 Random Initialization (Algorithm 2)

Random Initialization (Algorithm 2) initializes the direction of neurons randomly and
adjust the norm of neurons by least-squares. In the proof we show that as long as every
teacher neuron has at least one close student neuron in direction, the solution returned by

least-squares will be small.

Algorithm 2: Random Initialization

Input: number of student neurons m.
Initialize student neurons as wi, wa, ..., wy, ~ N(0, 1)
Set new student neurons W’ = (wf,...,w;,) as w, = 1/zF/||w;| - w; where
{zF}™ is the solution of the following least-squares problem

1 m T 2
min —E Z zilw, x| — Z lwi x|
{2} :Vig[m],z;20 2 @ =

=1

Output: W’

Lemma A.16 (Random Initialization). Under Assumption 2.2, for any €z > 0, if we use
Algorithm 2 with m = mg = O ((rwm(m/1 [Eimit)® - rlog(l/é)), then with probability 1 — 4,

we have L(W') < €init-
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Proof. For simplicity, we use € instead of €;,;; in the proof. Recall that after random

initialization, we adjust the norm of student neurons by setting new student neurons W’ =

/

(wy,...,w),) as w, = +/zF/ |wi| - w; where {zf}7, is the solution of the following least-

squares problem

. 1 S T SIS i
{zi}gglz{fr;ér[lm],zizo 519[;1 (; zi|lw; x| — ; |w x’)
Therefore, it is equivalent to consider wy, ws, . .., w,, ~ Uniform(Sy_1). First, we are going
to show that for every teacher neuron w}, with probability 1 — ¢ and with O(y%log %)
neurons, at least one of these neurons satisfy Z(w,w}) < 7.

Note that for a single neuron w,

2 Sg sin?—2 01 d6,
Sg sind—2 61 d6

P(L(w,w}) <) = = Q(v%.

Hence, with O(y~¢ log%) number of neurons, the probability of none of these neurons
satisfy Z(w,w}) < v is at most (1 — Q('yd))o(v_dlog%) < 6. Therefore, with m = mg =
O(ry~log %) neurons, we guarantee that with probability 1 — §, every teacher neuron has
at least one student neuron satisfy Z(w;, w}) < ~.

Then, we show that if every teacher neuron has at least one student neuron satisfy
L(wi, w}) < ~, then after doing least square to fit the norms |w;||, the loss L(W) <
O(r®w?,,..v*). We prove this by constructing a feasible solution that satisfy the constraints.

Denote student neuron w; as the one that satisfies Z(w;, w}) <. Let z; = [|w}|| / |wi]

for i € [r] and z; = 0 otherwise. Consider the least-squares objective under this case, we

have

2
1 m T
L(W) =3 E (Zzirwix\—ﬂwm) -
=1

i=1

M\P—‘

(2 ] (] | - |w:T:r\)>2

[ 2 2
1 S T c [~ -
<E (Z Ju | (= ) xD <2 <Z g s = wf] ) = O i0n?),
i=1 i=1
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where we use Lemma A.15 and Z(w;, w}) <~ in the last line.

Therefore, let v = O(r—w;, L €/?), we know after least square L(W) < e. In this case,

d
we need m = mg = O (r <”€”1%> log %) neurons at initialization. O

A.5.2 Subspace Initialization (Algorithm 3)

Subspace Initialization (Algorithm 3) first uses samples to estimate the subspace space
spanned by the teacher neuron. Then following the same argument in Random Initialization
(Algorithm 2), if we random initializes the direction of neurons in this subspace and adjust

the norms by least-squares, we could have a small initial loss.

Algorithm 3: Subspace Initialization

Input: number of student neurons m, number of teacher neuron r, N samples
(x;,y;) where z; ~ N(0,1) and y; = >,
Let M = %Zf\; yi(ziz] —1I).
Let S be the subspace spanned by the top-r eigenvectors of M and Q € R be
a matrix formed by an orthonormal basis of S.
Initialize student neurons as w1, ws, ..., w, ~ N(0,QQT).
Set new student neurons W’ = (wf,

cowh) as wi = A/zF/ |Jwi] - w; where
{zF}™, is the solution of the following least-squares problem

1 m T 2
min —E Zzz|wZTa:| - 2 lwi " x|
{2} :Vig[m],z;20 2 @ =

i=1

Output: W’

We need the following results for our second initialization that show the span of top

eigenvectors of M is approximately the span of teacher neurons.

Recall that f*(x) =
Dy lwfTal.

Lemma A.17 (Claim 5.2, [210|, with our notation).

M

[P

* T _ _ - #|| sk kT
x~Z\IF(O.I) [f (x) (:U:U I)] c; [wi || W} w; (A.10)

Lemma A.18 (Lemma E.2, [210], with our notation). For M defined in (A.10), denote

M = %ZZ]L f*(@i)(wix{ —1I). If there are N = O(d/e?) samples (x;,;), where y; = f*(x;),
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then with probability 1 — & we have

HJ/\/[\— MH2 = O(rwmaz€)-

Lemma A.19 (Lemma 3.6, [63], with our notation). For M defined in (A.10), let M e Réxd

be a matriz such that HM MH e and let V be the subspace of R that is spanned by the

top-r eigenvectors of M. There exist r vectors v € V such that
2
OI) (Z 0@ Tg| — Z |wz*Tx|> = O(r*wpaz€)-

Now we are ready to prove the lemma for Subspace Initialization.

Lemma A.20 (Subspace Initialization). Under Assumption 2.2, for any € > 0, if we
use Algorithm 3 with ey < O(r*w?,,), N = Ny = O(dr® Whaw/€2nis) and number of
neurons m = mo = O ((rwmax/«/emit)r . rlog(l/é)), then with probability 1 — 5, we have
L(W’) < €init-

Proof. For simplicity, we use € instead of €;,;; in the proof. We use d to represent an

upperbound of . From Lemma A.18 and Lemma A.19 and N > Ny = O(drbw? . /€2), w

know with probability 1 — & there exists r vectors v(® € S such that
2
Z lo®T Z |w:‘Tx|) < ¢€/2.
$~N(OI ( O

Since w1, wa, ..., W ~ N(0,QQT) and Q € R4*4 is a matrix formed by an orthonormal
basis of S, we are effectively sampling in S. That is, w; = Qu; with u; ~ N(0, I3).
Then, following the similar arguments in proof of Lemma A.16, we know using m = mg =
0 (T’y*d log %) neurons, with probability 1 — & every v(¥ has at least one close enough

neuron w; in the sense of Z (v, w;) < v and when z; = Hv(i)H / |w;| for i e [r] and z; = 0

>2

otherwise, we have

m T 2 T
3 (Z SCEEDY |v<l‘”x|) - (Z o
i=1 i=1

=1
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By Lemma A.5, we know >/_; Hv(i) | = O(rwmaz). Therefore, let v = O(r—tw,,} /2

max ) ’

we have

m T 2
E (Z DY W@-O = O(r?w?,,,7%) < ¢/2.
=1

T
i=1

Hence, the loss after least square is bounded by

2

T T 2 m T
LW)< E Z 0@ T | — Z jw T x| +E Z zilw] x| — Z 0@ T g| <e
e~NO.I) [\ i=1 v 1 i=1

1=

d
This implies when m = mg = O (r (Tf{’jgl) log é), the loss after least square is at most

€. O

A.5.3 Proof of Theorem 2.5

Now we are ready to prove Theorem 2.5 given the above two initialization procedures.

Theorem 2.5. For network and loss function L(-) defined in Definition 2.1, under Assump-
tion 2.1, 2.2, set €iniy = €o = poly(A, r— 1, w;lax,wmm), to achieve a good initialization that
has €inir initial loss, random initialization requires O ((Twmax/\/%)d . rlog(1/5)) student
neurons and subspace initialization requires O ((rWmaz/+/€mit)" - rlog(1/8)) student neu-

rons with 5(dr6wﬁmx/e?mt) samples. Suppose we run GD from either initialization, there

exists a threshold ng = O(r~tw, L ) such that for any e > 0, if step size n < ny, with

probability 1 — § we have LW D)) < € in T = O (rwmaz/(€n)) steps.

Proof. Set €nit = €0 = poly(A,r~ 1w, L wmin). By Lemma A.16 and Lemma A.20, we
know the initial loss returned by Algorithm 2 and Algorithm 3 satisfies L(W’) < ¢y. Then,
combining Theorem 2.4 we finishes the proof. O

A.5.4 Student-Teacher Neuron Matching and the Lottery Ticket Hypoth-
esis

In this subsection, we give a more detailed discussion about the connection between

student-teacher neuron matching as indicated in our local convergence result and the lottery
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ticket hypothesis [72]. The lottery ticket hypothesis suggests that one can prune a neural
network such that even if we only train the neural network with a small subset of randomly
initialized neurons (the pruned network), we can still have a model with good performance.
Our local convergence result shows if one can maintain at least one student neuron close
to every teacher neuron at every step, gradient descent will eventually converge to the
global optimal solution and recover the teacher neurons. This gives a partial explanation
for lottery ticket hypothesis int the two-layer teacher/student setting — as long as the
initialization contains student neurons that are close to each teacher neuron and one can
prune away neurons that were not close to teacher neurons at initialization, then the training
process will converge to the global optima. Intuitively, the two initialization algorithms in
Section A.5 use least-squares to prune away the useless neurons given enough number of

student neurons at initialization.

A.6 Sample Complexity

Recall we have the empirical loss

N r r 2
~ 1
B - (2 NI D |ws%k|) ,
1

k=1 \i=1 jeT; i=

where N sample {(xg,yx)} are iid. sampled from zp ~ N(0,I) and yr = f*(xp) =

We first give the following concentration result that shows when the number of sample
is large enough, the gradient on empirical loss is close to the gradient on population loss.

The proof follows from standard concentration tools.

Lemma A.21. Under Assumption 2.2, for any fized W, if loss L(W) = O(r*w?,,,) and

max

the number of data N = O (7’374)3 d26*25*1), with probability 1 — & we have

max

HVWE(W) - VWL(W)HF <e
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Proof. We have
p (HVWE(W) — VwL(W) HF > e)

[ L1, TN

L [[weton -swsnft] - 13 e
:

[vajE(W) - ijL(W)H2]

2

iNZ '(anzm 2] - Zm*%) Jwj| (I + ;0] )z sgn(w] 2) — Va, L(W)

1

2

m T
22N Z E H (2 IDEEDY \wz%r) Juog| (2 + ;5] ) sgn(w] 2)
=1 =1

22NN |V, LW
j=1

We now bound the first term above. We have

i(Z il |, | - Zm*%y) ;| (I + @ ) sgn(w,)
i=1

2

x)

S

i=1

m T 2
2 4 T~ T~
=4 [w;["E | [] (Z Jwill [w] 2| = ) |w} $I>
i=1 i=1

<4ijHZE ] (Z Jei]” +Zw*\>

=0(r*whged?®) [wj]?,

ma:c

where in the last line we use Lemma A.5, which gives 37 |w;]* = O(rtwmaz). Hence, use

Lemma A.5 again, we upper bound the first term by O(e 2N ~1r3w3 _d?).

max

For the second term, from Lemma 2.13, we know

m

3 Vu, LW)|* = 05w
j=1
Therefore, we have
~ s s
(vt syt ) o ()
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By our choice of N, this finishes the proof. O

Given the above concentration result, we are ready to prove Theorem 2.6. The proof is

very similar with the proof of Theorem 2.4.

Theorem 2.6. For network and loss function L(-) defined in Definition 2.1, under As-
sumption 2.1, 2.2, suppose we run stochastic GD on W with N fresh samples within each
mini-batch at every iteration, i.e., for any i € [m]

wi™ = wz@ — nvwif/t(W),

)

where it() 1s the empirical loss using the N samples at iteration t. Then, there exists a

threshold eg = poly(A,r~ Y w k. wimin) and no = O(r~Yw;,L ) such that for any € > 0, if

maxr

initial loss L(W () < ¢, step size n < 1o and batch size N = O (rPwl e d*nte3671),

then with probability 1 — 6 we have LW ™) < € in T = O (rwmaz/(€n)) steps.

Proof. By Lemma 2.13, we know
[Vw LOW) 7 = O(rPwihes)-

max

By Theorem 2.3, we know
IVwLW)|p = L(W),
where kK = @(ril/Qw;Z}I{f).
Now, using Theorem 2.12 with u; = —anjE(W) , we have

L(W +U) <L(W) = n(Vw L(W), T L)) + O il ) LV (W) |V T (W)E/z

+ O(ngrwmm)

wuzonf + 00 [,

Using Lemma A.21 with N > O(r3w? d2e;259_1) samples where 63 <1 IV LW,

max
then with probability 1 — ¢, we have HVWfJ(W) - VWL(W)HF < ¢4. Hence,

(VwL(W), VwL(W)) = [Vw LW)[7: + (Vw L(W), Vw LW) = Vi L(W))
> |V LOW) [ = [Vw LOV) | |V L) = Vi L(W)|
> IVw LW
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v

U L) < (19w L)l + [ow ) — vwzon)| )" < o) 1vwLm)?,
[Vw )| <2 IVw L)1 +2[VwEw) - TwLon)| | < 00) [9wLn)l;..

With the above bounds, we have

LW +U) <LW) = (1= O (02wl k=2 4 i1 wman + 11w, ) ) IV w LW

/2 -1

where in the last line we use n < 19 = O(min{r‘l/meax K, 7w, This implies that

max )

with probability 1 — 4,

Then, note that 0 < L(W D) < L(W®), we could have

1 - 1 B ne? LW®) 1 B nK?
LW®) = LWy 4 LWy T LWy 4

This implies that

which leads to

Therefore, with probability 1 — T'0,, we have LWy <einT = O (%) Setting

g =6/T and €5 = tre < § [V L(W)| ; finishes the proof. O
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Appendix B. Supplementary Materials for Chapter 3
In this chapter, we give the omitted proofs for Chapter 3.

B.1 Some Properties of Hermite Polynomials

In this section, we give several properties of Hermite polynomials that are useful in our
analysis. See [144] for a more complete discussion on Hermite polynomials. Let Hj, be the
probabilists’ Hermite polynomial where

dk

Hy(z) = (~1)fe" P

gl

and hy = ﬁH & be the normalized Hermite polynomials.

Hermite polynomials hi(x) are classical orthogonal polynomials. This means that
Eyono,)[hm(®)hn(z)] = 1 if m = n and otherwise 0. Given a function o, we call
o(z) = Y3 o0khi(x) as the Hermit expansion of o and 6 = E,n(o1)[o(z)hi(2)] as
the k-th Hermite coefficient of o.

The following is a useful property of Hermite polynomial.

Claim B.1 (|144], Section 11.2). Let (z,y) be p-correlated standard normal variables (that
is, both x,y have marginal distribution N(0,1) and E[zy] = p). Then, E[hy(x)hy,(y)] =

P 0mn, where 6y = 1 if m = n and otherwise 0.

The following lemma gives the Hermite coefficients for absolute value function and

ReLU.

Lemma B.1. Let 6 = Eyn(o,1)[0(x)hi(z)] be the Hermite coefficient of o. For o is

ReLU or absolute function, we have |6y = ©(k=5/4).

Proof. From Goel et al. [85] and Zhou, Ge, and Jin [214] we have

O , k is odd

a-abs,k = \ k=0

£ (k—2)! .
\/7\/>2k/2 12/2 Il , kis even and k > 2
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0 ,kisodd and k > 3

v 1/27 k=0

Oreluk = 1/2 k=1

(_1)5—1 1 (k‘*?)!

21 /k12k/2-1 (k/2—1)! , kiseven and k = 2

Using Stirling’s formula, we get |Gaps k|, [Grerur] = O(K~4). 0
B.2 Useful Facts and Proof of Theorem 3.2

In this section we provide several useful facts and present the proof of Theorem 3.2.
The following claim shows that the square loss can be decomposed into 3 terms, where
«, B are corresponding to Oth and 1st order of Hermite expansion. The effective activation

is in fact o9 as defined below.

Claim B.2. Denote & = —\/% Dt ai |wil|s, B = —% Dt aiw;. We have square loss

12 ~

L) = la— a2+ 8- B +El(fs2(x) - (@)
where fxo(@;0) = 3 ic(m) aios2(w) x) and 02(z) = o(z) — 1/v/21 — x/2 is the activation
that after removing Oth and 1st order term in Hermite expansion.
As a result, when «, 3 are perfectly fitted and norms are balanced we have
Lx(8) = E[(f>2(@) — fx(@)*] + A Y lail |wi,
1€[m]

Proof. Following Ge, Lee, and Ma [77]|, we can write the loss L(0) as a sum of tensor

decomposition problem using Hermite expansion as in Section B.1 (recall |w}|, = 1 and

preprocessing procedure removes 0-th and 1-st order term in the Hermite expansion of o):

2

El| Y ailwily Y sehi@ @) + o+ hi(8T2)— Y af [wll, 3 buhi(w! )

i€[m] k=0 i€[mx] k=2

141



We can further simplify it as

2 2

L(O) =|a+ 60 Y, ai|wily| +|B+61 ). aw

i€[m] i€[m] 2

2

N k k
+ 0% 2 aillwil, WP — 7 af [wi]yw®

k=2 i€[m] i€[my] Vo

Note that 9 = 1/4/27, 61 = 1/2 as in Lemma B.1, we get the result. O

The proof of main result Theorem 3.2 is simply a combination of few lemmas appear in

other sections. We refer the detailed proof and discussion to their corresponding sections.

Theorem 3.2 (Main result). Under Assumption 3.1, 3.2, 3.3, consider Algorithm 1 on loss
(3.2). There exists a schedule of weight decay Ay and step size ny such that given m = mg =
04 (1)-(1/£0)°") neurons with small enough g = O (1), with high probability we will recover
the target network L(0) < e within time T = O (log(1/€)/n) where n = poly(e, 1/d,1/m).
Moreover, when € — 0 every student neuron w; either aligns with one of teacher neuron

wi as Z(w;,w)) = 0 or vanishes as |a;| = |w;| = 0.

Proof. Combine Lemma 3.3 (Stage 1), Lemma 3.4 (Stage 2) and Lemma 3.5 (Stage 3)
together and follow the choice of A; and 7; we get the result.
For the student neurons’ alignment, it is a direct corollary from Lemma B.13 and

Lemma B.12. O

B.3 Stage 1: First Gradient Step

In this section, we show that after the first gradient update the first layer weights
wi, ..., wy, form a gg-net of the target subspace Sy, given m = (1/g9)°") neurons. The

proof is deferred to Section B.3.1.

Lemma 3.3 (Stage 1). Under Assumption 3.1,3.2,3.3, consider Algorithm 1 with Ao =
o = 1 and m = mg = O4(1) - (1/20)°) with any o = O4(1). After first step, with
probability 1 — & we have
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(1) for every teacher neuron wy, there exists at least one student neuron w; such that

L('w;k,wj) < €p.-
(ii) |wl] = ©.(1). al"] < 0u(1/y/m) for alli & [my], a1 = 0 and By = 0.

The proof relies on the following lemma from [56] that shows after the first step update

w;’s are located at positions as if they are sampled within the target subspace Si.

Lemma B.2 (Lemma 4, [56]). Under Assumption 3.3, we have with high probability in the

{5 norm sense

wgl) = —novwiL(a(O),W(O)) = —QnOaEO) <6§Hwi + 6(?)) ,

where 6, 1= Ey|o(x)hi(x)] is the k-th Hermite polynomial coefficient.
B.3.1 Proofs in Section B.3

We now are ready to give the proof of Lemma 3.3.

Lemma 3.3 (Stage 1). Under Assumption 3.1,3.2,3.3, consider Algorithm 1 with Ao =
o = 1 and m = mg = O4(1) - (1/20)°) with any o = O4(1). After first step, with

probability 1 — & we have
(1) for every teacher neuron wy, there exists at least one student neuron w; such that
Z(w],w;) < eg.

(i) || = 0.01), 1" < 0u(1/yim) for all i € [m), oy =0 and By = o0.

Proof. We show them one by one.

Part (i) From Lemma B.2 and the fact that EEO) samples uniformly from unit sphere,
we know the probability of L(Egl),'w) for any given w is at least (). Applying union

bound we get the desired result.

143



Part (ii) We have

~

w") =~ Vi, L(a®, W) = a” E[J.(2)0" (w] w)z]

i —

For the norm bound, using Lemma B.2 we know

(||, 0C)) < |

-0 < «a(Hngo>(2 +5<W>).

2 d

(0)

Since w; ~ initializes from Gaussian distribution, we know the desired bound hold. Similarly,

1
one can bound \a,g )|.
Since we use a symmetric initialization and have preprocessed the data, it is easy to see

a, 3 remains at 0. O
B.4 Stage 2: Reaching Low Loss

In Stage 2, we show that given the features learned in Stage 1 one can adjust the norms

on top of it to reach low loss that enters the local convergence regime in Stage 3.

Procedure We first specify the procedure to solve ming ming g L(6) + A Y, [|w;l|5 |a;|. For
a at current point, we first solve the inner optimization problem, which is a linear regression
on «, 3. From Claim B.2 we know the global minima is (&, B) For simplicity of the proof,
we just directly set (o, 8) = (&, B) Then given the «a, 3, the outer optimization is a convex
optimization for a, which can also be solved efficiently. Specifically, we perform 1 step of
(sub)gradient on the loss function. We repeat the above 2 steps until convergence.

From Claim B.2 we know the actual objective that we optimize is

xr

Lia(a) =E[(a'os2(Wa) - §)*] + /\Z Jwilly |ail-

The following lemma shows that after Stage 2 we reach a low loss solution given the first
layer features learned after first gradient step. The proof requires n to be small enough that
depends on 1/m, mostly due to the large gradient norm. We believe using more advance
algorithm for this type of problem can alleviate this issue. However, as this is not the focus

of this chapter, we omit it for simplicity.
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Lemma 3.4 (Stage 2). Under Assumption 3.1,3.2,3.3, consider Algorithm 1 with \; = \/€g.
Given Stage 1 in Lemma 3.3, we have Stage 2 ends within time Ty = Oy (1/neo) such that
optimality gap (1, = Ox(ep).

Proof. Denote a4 as the minima of El, A Then, we have

la® &, Hz _[a® — &, z —o(Valia(@D), a® — i) + 12 Hvaim(a“))uz

(a) ~ |1 > TN
< |a® —a, , 2?7(L1,>\(a(t)) — L1A(@4)) + 00 (m)

2 ~ ~
—|la® _ &, = 2n(L1x(a®) — Ly A (@) + neo/2,

where (a) we use idea loss L ) is convex in a.

Iterating the above inequality over all ¢ we have

2 2 ~ ~
o™ —a,| <|a® —a.| —20 ) (Taa@®) = Lia@n) +nTeo/2,
2 2 t<T
which means
LT () ¥~ 1 7 (t) T Ha’(l) — a*Hz
?él%lL17A(a ) — LL)\(a*) < Tt;,(Ll’A(a ) — LL)\(G*)) <T + 80/2.

It is easy to see Ha(l)H2 ,[|@x]; = Ox(1). Thus, when T' > O (1/neo) we know f/l,,\(a(TQ)) -
L1x(@4) < 3e0/4.
This means the optimality gap after balancing norm (so that Ly (8("2)) = EL A(a(T2)))

N7 (G N
Cr, =LA(67) e Agl(lggfl)h(u)

=L (@™ = Ty \(dy) + L1a(d) — min L )
1A(a7?) = Lia(@x) + Lia(Gx) et ()

For Iwzlﬂ,\(a(TQ)) - ZL,\(CNL*), we just show above that it is less than 3eg/4.
For ZLA(&*) — min,e vq(ga-1) La(p), we have

Li(ds)— min L <Liy(a4)— min L
@) = min | Ia(p) <Dia(@s) = min | L)

<Ox(e) + Mas]y = A3l < 0+ (V)
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where in the last inequality we use Lemma B.10 and p} = argmin,cpqse-1) La(p). Here
as is a rescaled version of as and is constructed as: for every teacher neuron w; choose
the closest neuron wj; s.t. Z(wj,w;) < &g and set @4 ; = af/ |w;[,. Set all other @y = 0.

Together with above calculations, we have (5, < Ox(g0). O

B.5 Stage 3: Local Convergence for Regularized 2-layer Neural
Networks

In this section we show the local convergence that loss eventually goes to 0 within
polynomial time and recovers teacher neurons’ direction.
The results in this section only need the width m > m, as long as its initial loss is

small.

Lemma 3.5 (Stage 3). Under Assumption 3.1,5.2,3.3, consider Algorithm 1 on loss (3.2).
Given Stage 2 in Lemma 8.4, if the initial optimality gap (30 < O*(Ag{g), weight decay A
follows the schedule of initial value A3 o = O4(1), and k-th epoch X3, = A3 k—1/2 and stepsize
e =N < O*()\é?kd_3) for all Ty ), <t < T3 p41 in epoch k, then within K = Oy (log(1/¢))
epochs and total Ty — T = O*(Aggn*I log(1/¢)) time we recover the ground-truth network
L(O) <e.

The goal of each epoch is to minimize the loss L) with a fix A. The lemma below shows
that as long as the initial optimality gap is O*(A9/5), then at the end of each epoch, L
could decrease to O4(A\?). Therefore, using a slow decay of weight decay parameter \ for
each epoch we could stay in the local convergence regime for each epoch and eventually

recovers the target network.

Lemma B.3 (Loss improve within one epoch). Suppose |al(-0)| < H’LUZ(O)HZ for all i € [m].
If ¢ < 0.(N5) and A < O4(1) and n < O (A\2d=3), then within O.(A\~*n=1) time the

optimality gap becomes Ly — L(u%) = O«(\?).

The above result relies on the following characterization of local landscape of regularized

loss. We show the gradient is large whenever the optimality gap is large. This is the main
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contribution of this chapter, see Section B.6 for detailed proofs.

Lemma 3.6 (Gradient lower bound). When Q,(\?) < ¢ < 04(AY5) and X < O4(1), we

have

[VoLlF = Qa(¢"/A%).

In order to use the above landscape result with standard descent lemma, we also need
certain smoothness condition on the loss function. We show below that this regularized loss
indeed satisfies certain smoothness condition (though weaker than standard smoothness

condition) to allow the convergence analysis.

2
Lemma B.4 (Smoothness). Suppose |a;| < |w;l|, and “Em[R(a:)a’(ﬁgt)Taz)w] H2 = O4(d)
for allie [m]. If n = O4(1/d), then

L0 —nVoLy) < Lx(0) — 1 |VoLx|% + Ox(n*/?d*?)
B.5.1 Proofs in Section B.5

We now are ready to show the convergence of Stage 3 by using Lemma B.3 to show the

loss makes progress every epoch.

Lemma 3.5 (Stage 3). Under Assumption 3.1,5.2,3.3, consider Algorithm 1 on loss (3.2).
Gwen Stage 2 in Lemma 3.4, if the initial optimality gap (30 < O*(Ag{(?), weight decay A
follows the schedule of initial value A3 = O4(1), and k-th epoch X3, = A3 —1/2 and stepsize
N3k =N < O*()\é?kd_?’) for all T ), <t < T3 11 tn epoch k, then within K = Oy (log(1/¢))
epochs and total Tz — Ty = O*()\;én_l log(1/¢)) time we recover the ground-truth network
L(O) <e.

Proof. Since |a§0)| < le@ H2 for all 7 € [m] at the beginning of Stage 3, from Lemma B.5

we know they will remain hold for all epoch and all time t¢.
From Lemma B.3 we know for epoch k it finishes within O, (A, *n~") time and achieves

Ly, — Ly, (u}“\k) = 04(\?). To proceed to next epoch k + 1, we only need to show the
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solution at the end of epoch k @) gives the optimality gap ¢ = O*()\Zfl) for the next

Ak+1- We have

L)\k+1 (a(k)) - L)\]ﬁ.l (u;k\kJrl)

A 2 A 2
—L(0™) - L(3,.,,) + 2 [a®)] + S WO~ xa i,

() 2y, A+l (A | w2 Ak k|2
0.0+ 2 (3 [a®], + WO, 2l

(b) A
<0.(\2) + ;“
k

(0.08) + L(3,) — L(6™))

(0)
<OL(\}) < 0.\

where (a) due to Lemma B.11 that L(8®*)) is small; (b) the optimality gap at the end of
epoch k is O, (A7) and 3, = 1i3, ., [1 = O«(Ag) from Lemma B.10; (c) due to Lemma B.10
that L(,uf\k) is small. In this way, we can apply Lemma B.3 again for epoch k + 1.

From Lemma B.11 we know at the end of epoch k the square loss L(%)) = 0,()\?).
Thus, to reach e square loss, we need A\, = O4(¢'/2?), which means we need to take
O, (log(1/e)) epoch. Since epoch k it finishes within O, (A, *n~1) time, we know the total

time is at most O (A *n~'log(1/¢)) time. O

To show the lemma below that loss makes progress within every epoch, we rely on the

gradient lower bound (Lemma 3.6) and smoothness condition of loss function (Lemma B.4).

(0) ‘

Lemma B.3 (Loss improve within one epoch). Suppose |a, (0)H2

< sz for all i € [m].

If ¢o < O+(\P) and X < O4(1) and n < OL(A\'2d™3), then within Ox(A\"*n~1) time the

optimality gap becomes Ly — L(u%) = O4(\?).

Proof. Since |a£0)| < le@) H2 for all ¢ € [m] at the beginning of current epoch, from

Lemma B.5 we know they will remain hold for all time . Then combine Lemma B.6
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and Lemma B.4 we know

Ly(0 —1VeLy) < LA(0) — n[|VoLa|3 + Ox(n*2d/?).

Recall ¢; = L (0")) — Ly(p3). Using gradient lower bound Lemma 3.6 and consider the
time before (; reach O4(A\?) we have

Gt < G — (/AP + 0L (PPd%?) < G — Qu(nGl /NP,

where we use 77 = O, (A\'2d~?) to be small enough.

The above recursion implies that

Go= 0a((t/X* + G717,
Thus, within O, (1/\*) the optimality gap (; reaches O, (A\?). O

The lemma below shows a regularity condition on the norm between two layers.

Lemma B.5. If we start at |a( )| ()| H'wgt)

H'wzgo) H2 and 1 = O (1), then we have |a ‘2

for all i € [my] and all time t.

Proof. Denote R(x) = f(x) — f«(x). Assume |a Hw < 0 we show it remains at
t + 1. We have
\GSHI)P - szwrl)”z (t) RAPNCIC Hw(t) — NV L,\(O(t))H
—Ja{¥ Hw(t \ 4 2|V, LA (6D) 2 Hv Ly 0<”)H2

2
1o~ |0 + PRER@)o (T 2)] + Al

-7 HQE )agt)a’(ﬁgtﬁm)m] + )\'wgt) Hz

We first focus on the last 2 terms. We have

|215[R(w)0(w§mw)] + AP - HQE (@)alo’ (@0 2)z] + A E
~ [ 2 EIR@o @ TP + 2 — o2 [2ElR @) @ )| - 32l

< (0 = i) (3 - [t @l el [).
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7

where (a) due to [2E4[R(z)o(@\" 2)]? < H2 ]Ew[R(sc)a’(wZ(» GB)SB]H ~
Therefore, plug it back to the above equation, we have

|a(t+1)|2 B ngtﬂ)H? < <|a(t)|2 B Hw(t) ‘2
i ) i i

) (e =t pstore el o)

<0,

2
where (a) due to |a§t)|2 - H'wzgt) H2 < 0 and we use HQ Ew[R(m)a’(Egt)Tm)]xH = Ox(d) from
Lemma B.6 and 7 is small enough.

2
t)|2 - wagt) ’ < 0 remains for all ¢. O
2

Therefore, we can see that ]al(-

This lemma shows the smoothness of loss function. The proof requires a careful calcu-

lations to bound the error terms.

Lemma B.4 (Smoothness). Suppose |a;| < |w;l|, and HEw[R(w)a/(Egt)Tm)m] H2 = O4(d)

for allie [m]. If n = Ox(1/d), then

Lx(0 —nVeLy) < LA(0) — n |[VoLa|? + Ou(n*2d*?)

Proof. Denote Rg(x) = fo(x) — f«(x) to denote the dependency on 6. For simplicity, we

Eq[R(z)o' (@

apll,

9 = O*(d)7 we

will use Vg = —nVeL) and same for others. Since ‘ x)x]

know [V, = Ou(5 [wily d) and |V,

L= Ox(na;|d)
We have
LA( — nVa) — LA(0) + 1 |[Vo|%

=Lx(0 —nVg) — LA(0) —{(Ve,—nVae)

oo @14 2 Ja+ Sl + 2w [ - ElRo@)?) - 2l - 3 1WS

- ) E[Ro(@)o(w]2)Va] = ) E[Rp(@)aio’ (w] @)a V] — E[Ro(a) V]
ic[m)] i€[m]

~ E[Ro(2)2" V] = Xa, Va) = XW, V)
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We can further simplify the above by combining terms together:

2|
2

~ 12 A~ |2
LA(8 ~1Ve) = LA(8) + 1| Vol} = (1) + (1D + 5 |Va | + 5 | Vw| .

where

(1) =E[(Ry, 5, (=) — Ro(x))’]

(I1) =2E | Ry ()

ReJﬁe (x) — Rg(x) — Z U(wiT:c)%ai - aia'(wiTm)mTVwi - %a - :IZTV5

i€[m] ie[m]

The last term is easy to see on Oy (n?d?) using norm bound in Lemma B.19, so in below we
are going to bound (I) and (II) one by one. The goal is to show they are small in the sense

of on order o(n).

Bound (I) For (I), we can write out the expression as
E[(Rg ¢, () = Rg(x))?]

2

- IwE 2 (a’i + %ai)(j((wi + %wi)Tw) - aia(w;r;c) + %a + wT%ﬁ

i€[m]
2

~ ~ - ~ \2
<2E 2 (a; + Va,)o((w; + Va,) @) — a0 (w] x) +2E [(Va + :cTV@) ]

x

i€[m] -—

~- I.ii
(1) (L-4)

For (I.i), we can split into 2 terms as

8=

D (@i + Va)o(wi + Vu,) @) — a;o(w] )

1€[m]

_ 2 2
<2E | | Y] Vao((w +%1)Tm)) ] +2E [(Z ;o (w; + V) ) aia('wg—m)) ]

i€[m] i€[m]
r 2

2
E | [ 3 Fallw+Vu) el | | +28| [ 2 jall¥hal
i i€[m]

i€[m]
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We then can bound them separately as

Vo,

)

2 2
()
<O4(d%) (Z nlwil3 + n*lai] |wil, d) + 04 (d?) (Z na?)
ie[m]

2
(1.4) o) ( V] [ +%12) +0(1) (Z la
i€[m]

=

i€[m]

ie[m] i€[m

(c)
< O* (772d2 ) )

where (a) we use Lemma B.7; (b) recall ’%aﬂ = Ox(n||w;|,d) and H%wl

= Oulnfasl
() llal, [Wlp, 2icpm lail [will, = Ox(1) from Lemma B.19 and Lemma B.11, as well as n
is small enough.

For (I.ii), we have

T

E {(% + mT%ﬁ)z] <O(¥a + H%Hz) = Ou(n*d?),

where we use Lemma B.11.

Combine (1.i) and (Lii) we know (I)=0(n?d?).

Bound (II) For (II), we have

E[Re(z)
(RGJF%B () — Ro(x) — Z o(w] @)V, — ;0" (w] ®)x "V, — Vo — wT%g)]
i€[m] i€[m]
=E[Re(x)

D (i + Va,)o(wi + Vu,) '2) — ai0(w] @) — o(w] 2)V,, — aio’(w] )z Vo,
i€[m]

< ). | Rel 4]
ie[m]

152



We focus on bound | ;|| below. The goal is to show it is o(n). For I;(x), we have

~ ~

~ ~ 2
IL[2 =E {((ai + Vo )o((w; + V) @) = aio(w] @) — o(w] 2)V,, - aio’ (w] 2)2T V) ]

k3

<E |2 (Vulol(wi + Tu) ) - ow]a))’

~

+2 (ai(o(('wi + V) @) — o(w] @) - UI(me)mvai))Q}

4|

~

7

<2 [V, PV, 22| +202 E [|(wi + Vo) T2 (0 (w1 + Vo) @) = o' (w] @))%

_

(I1.4) (Hv.n')

For (ILi), recall [Va,| = Oy (1 |wi]l, d) and H%“’i

.= O4(n]a;|d) we have

2

B[V PV L] < 10,2 [Va, | = Osn'ail? i) ).

For (ILii), we have

E|hwi + V5,@l(o’ (w; + Vo) @) = o' (w] 2))?

— T,.12
= ]];; [’(wl + v’wz) 33’ ﬂsign((wﬁ-%wi)Ta?)#Sign(szm)]

~ 2 3
<O(Hwi + V| 8%,

where 0 = Z(w; + %wi,'wi) is the angle between w; + %wi and w;. Since H%WH =
2

O+« (n)a;|d) = Ox(n |w;|, d), we know § = O(H%wl ) given n = O4(1/d) to be small enough.

Combine (ILi) and (ILii) we have

~ 2~ 3
1113 < Oua? [wil} d*) + O(a? |wi + Vo |_[Va|) < Onlra? w3 ).

2

Since | Rgl|| = O« (1), this implies
(D) < Y Ou(n’ai |wily d*?) = Ou(n*2d*?).

i€[m]

Combine (I)(II) Finally, combing (I) and (II) we have
LA(0 = nVe) — La(8) + 1| Vel = Ox(y*2d*?).

Going back to the beginning of this proof, we get the desired result. O
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B.5.2 Technical Lemma

We present technical lemmas that are used in the proof of this section. They mostly
follow from direct calculations.

2
Lemma B.6. We have HEw[R(m)a’(ﬁgt)Tm)m] H2 = Ox(d)

Proof. Tt is easy to see given |R| = O4(1). O

Lemma B.7 (Lemma D.4 in [214]). Consider a; € R? fori e [n]. We have

n 2 n 2
E T < i )
8] = 50

i=1

where cg s a constant.
B.6 Local Landscape of Population Loss

In this section, we are going to show Lemma 3.6 that characterizing the population local

landscape with a fixed A by giving the lower bound of gradient.

Outline We generally follow the high-level proof plan that outlines in Section 3.6. In
Section B.6.1 and Section B.6.2, we characterize the local geometry as in Lemma 3.8.
Then, we use it to construct descent direction in Section B.6.3. Finally we give the proof
of Lemma 3.6 in Section B.6.4.

We start by identifying the structure of (approximated) solution of a closely-related

problem in Section B.6.1 (rewrite (3.5)):

in  Ly(u) :==L(p) + A|p|1 := E — 9?1+ A B.1
Lo M) :=L(p) + Alph m:j[(fu(w) 971+ Alpl (B.1)
2
:IwE [(J U;Q(wTa})dM—,u*> ] +)\’M’1, (B.2)
where M(S?1) is the measure space over unit sphere S%!, u, = Zie[m*] af0,,x and

os2(x) = o(x) — 1/v/2m — x/2 is the activation that after removing Oth and 1st order

term in Hermite expansion. Note that when p represents a finite-wdith network, we have
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W= Zie[m] a; ||w; |, 6w, is a empirical measure over the neurons. In particular, when p = g,

model f,, recovers the target f*

We call (3.5) as the ideal loss because the original problem (3.2) would become the
above (3.5) when we balance the norms (|w;||y = |a;|), perfectly fit o, 8 and relax the
finite-width constraints to allow infinite-width (see Claim B.2). This is why we slightly
abused the notation to use Ly in both (3.2) and (3.5).

In Section B.6.3 we will use the solution structure to construct descent direction that are
positively correlated with gradient and also handle the case when norms are not balanced

or a, 3 are not fitted well.

Notation Denote the optimality gap between the loss at 1 and the optimal distribution
w1y as

C(p) := La(p) — La(p3),

where % is the optimal measure that minimize (3.5). For simplicity denote @; = a; |w;|4
so that |ul1 = @], when po = > },cr, 1 ai [wil, 0w, Often we use ¢ = ((u) to denote the
optimality gap at time ¢ and just ¢ for simplicity. We slightly abuse the notation to also
use ¢ = Ly(0) — Lx(p}). Finally denote p* = 3,

ie[ma] 0w (assuming [wf ], = 1) so that

Jux(x) = Egp [os2(w )]

B.6.1 Structure of the ideal loss solution

In this section, we will focus on the structure of approximated solution for the ¢; regu-
larized regression problem (3.5).

In the rest of this section, we will first introduce the idea of non-degenerate dual cer-
tificate and then use it as a tool to characterize the structure of the solutions. The proofs

are deferred to Section B.8.

B.6.1.1 Non-degenerate dual certificate

We first recall the definition of non-degenerate dual certificate, which is similar as in

[153] but slightly adapted for fit our need.
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Definition 3.1 (Non-degenerate dual certificate). n(w) is called a non-degenerate dual

certificate if there exists p(x) such that n(w) = Eg[p(x)oss(w'x)] for w e S and

(1) n(w}) =sign(a)) fori=1,...,m,.
(ii) In(w)| < 1— pod(w,w?)? if w e T, where 5w, wf) = £ (w, w}).

We first show that there exist such non-degenerate dual certificate. More discussion

and a detailed proof are deferred to Section B.7.

Lemma B.8. There exists a non-degenerate dual certificate n = Eg[p(x)osa(w'x)] with

py = O(1) and |py < poly(ms, A)

The following lemma (restate of Lemma 3.9) gives the properties that will be used in
the later proofs: the non-degenerate dual certificate n allows us to capture the gap between

the current position p and the target p*.
Lemma B.9. Given a non-degenerate dual certificate n, then
(i) n,p*) = |
(ii) For any measure jre M(S®), ()] < il = py S by 0w, w?)? g ().

(iii) {0, — p*) = {p, fu = fux), where fu(x) = Ew~plosa(w@)]. Then [(n,p—p*)| <

[Pl v/ L (1)

B.6.1.2 Properties of 11}

Given the non-degenerate dual certificate 7, we now are ready to identify several useful
properties of ;3. The lemma below essentially says that p} is similar to p* in the sense
that most of the norm are concentrated in the ground-truth direction and the square loss

is small. The proof relies on comparing p} with ©* using the optimality conditions.

Lemma B.10. We have the following hold

. 2
(1) el = Al < [p3l < el = lla*],
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(ii) L(p3) < N |ply = 0:(X)

(i66) S iepma) S7: 8w, w2l () < Al /py = Ou(N)
B.6.1.3 Properties of . with optimality gap ¢

We now characterize the structure of p when the optimality gap is (. The proof mostly
relies on comparing p with ;3 and the structure of u3 in previous section.
The following lemma shows the square loss is bounded by the optimality gap and norms

are always bounded. Note that the conditions are true under Lemma 3.6.

Lemma B.11. Recall the optimality gap ¢ = Lx(p) — La(p}). Then, the following holds:
(i) L(p) < 5N p]* +4¢ = Ou(A? + ().

(ii) if ¢ < Alu*| and A < |u*[o/ |pll5, then |uh < 3|p* = 3 [a*],.

The following two lemma characterize the structure of u using the fact that the square
loss is small in previous lemma. The lemma below says that the total norm of far away

neuron is small.

Lemma B.12. Recall the optimality gap ¢ = Lx(p) — La(py). Then, we have

3 j 5w, w?)? dlul(w) < (/A + 2\ [pI2)/py = Ou(C/A+ N).

ic[ms] V7T

In particular, when p =, @i [wil, 0w, represents finite number of neurons, we have

D0 2 lagllwil, 6 < (¢/A +2Xpl3)/py = Oul(G/A+ N,

i€[ms] J€T;
where 0; = Z(wj, w)) for j € T;.

The lemma below shows there are neurons close to the teacher neurons once the gap
is small. The proof idea is similar to Section 5.3 in Zhou, Ge, and Jin [214] that use test

function to lower bound the loss, but now we can handle almost all activation.

157



Lemma B.13. Under Lemma 3.6, if the Hermite coefficient of o decays as |6y = (k=)

with some constant c, > 0, then the total mass near each target direction is large, i.e.,

w(Ti(8)) sign(a¥) = |a¥|/2 for all i € [my] and any Spse = € ((%)1/(46"_20 with large

enough hidden constant. In particular, for o is ReLU or absolute value function, dose =

~

Q ((%)1/‘9’), Here apin = min |a;| is the smallest entry of a in absolute value.

As a corollary, if optimality gap ¢ = Lx(p) —Lx(1}), then dcose = Q. ((C + )\2)1/(4%*2))

and for ReLU or absolute Spse = s ((¢+ >\2)1/3).

B.6.1.4 Residual decomposition and average neuron

In this section, we introduce the residual decomposition and average neuron as in [214]
that will be used when proving the existence of descent direction.
Denote the decomposition R(x) = f,(x) — fux(x) = Ri(x) + Rao(x) + R3(x) (this can

be directly verified noticing that osq(z) = |z|/2 — 1/4/27),

-
1
Ri(xz) = 3 Z (Z a;w; — wf) x sign(w} ' x),

i€[mg] \j€T;

Ry(x) = % Z Z ajijm(sign(ij:c) — sign(w} ' x)), (B.3)

i€ [m*] ]67;
Ry@) == | X atltly= 3] alwil,
Vom o\ . .
1€[my] i€[m]

In the following we characterize Ry, Rs, R separately. In Lemma B.14 we relate Ry with
the average neuron. In Lemma B.15 and Lemma B.16 we bound R, and Rj3 respectively.
Lemma B.14 (Zhou, Ge, and Jin [214], Lemma 11).

2

|Rafl3 = (A /mY) )

i€[mx]

*

J€Ti

2

Lemma B.15. Under Lemma 3.6, recall the optimality gap ¢ = Lx(p) — La(py). Then
[Rallz = Ox((¢/A + N)¥?).
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Lemma B.16. Under Lemma 3.6 and recall the optimality gap ¢ = Lx(p) — La(p3). If
60 =0 and 65 > 0 with some k = O((1/A?)log(¢/ |ax|,)), then
[Bslly =04 ((¢ +X)"2 /65 + (C/A+X) +0).

Now we are ready to bound the difference between average neuron with its corresponding

ground-truth neuron.

Lemma B.17. Under Lemma 3.6, recall the optimality gap ¢ = Lx(p) — La(p}). Then for

any i € [my], ¢ = Q()\Z) and ¢, A < 1/poly(ms, A, [ax],)

* *
Z a;Ww; — w; < Z Z a;w; — w;

JET; 2 \delms] lieTi

o\ 1/2

= O0.((¢/N).

2

B.6.2 From ideal loss solution to real loss solution

In previous section, we consider the ideal loss solution that assumes the norms are
perfectly balanced (|a;| = |w;,) and «, B are perfectly fitted. However, during the training
we are not able to guarantee achieve these exactly but only approximately. This section
is devoted to show that the results in previous section still hold though the conditions are

only approximately satisfied. Recall that the original loss

A A
1:(6) = L(0) + 5 lal3 + 5 [W}..

When norm are balanced and o, 8 are perfectly fitted, Ly(0) = L(0) + XY, |ai| |wi], =

Li(w).
The lemma below shows that the properties of ideal loss solution in previous section

still hold for the solution of original loss, when «, 3 are approximately fitted.

A2
Lemma B.18. Given any 0 = (a, W ,a, B) satisfying |a — a|?> = O((), |8 — ,3”2 = 0((Q),
where & = —(1/3/2m) X" ai|wi|, and B = —(1/2) 3" amw;. Let its corresponding

balanced version Oy = (@pai, Whai, Oval, Bral) 05 Gpari = sign(ai)/|ai| |wily, Wpai =
Wi/ |a;| |willy, apar = & and Bpu = ,@ Then, we have

L7(8) — Lz(Ou) =l — 6+ |8 =B + 5 2 (aul — o) > 0.
i€[m]
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Moreover, let the optimality gap ¢ = Lx(60) — Lx(u}), we have results in Lemma B.11,
Lemma B.12, Lemma B.13, Lemma B.14, Lemma B.15, Lemma B.16 and Lemma B.17

still hold for Lx(0), with the change of Rs in (B.3) as

1 R
Rs(@) = —= D aflwily = > ailwily |+ a—a+ (8- 0)

i€[my] i€[m]
The following lemma shows the norm remains bounded.

Lemma B.19. Under Lemma 5.6, suppose optimality gap ¢ = Lx(0) — Ly(n}). Then

lals + W% < 3ax;.
B.6.3 Descent direction

In this section, we show that there is a descent direction as long as the optimality gap
is small until it reaches O(\?). We will assume ¢ = Q(A\?) in this section for simplicity.
We first show gradient is always large whenever «, 3 are not fitted well. This is a direct

corollary of Claim B.2.

Lemma B.20 (Descent direction, o and 3). We have

~ 112
VaLal? = 4a = &), |VpLals =48 -8,

Before proceeding to the following descent direction, we first make a simplification

assumption that

Assumption B.1. For every T, for all neuron wj € T;, assume ijw;‘ = 0.

This is because due to the linear term 3, the effective activation is symmetry osq(x) =
0s2(—x). This introduce the ambiguity of the sign of neurons. Such assumption clarifies
the ambiguity of neurons’ direction.

As the lemma below shows, there always exists a set of parameter (by flipping the sign of
neurons) that satisfy the assumption and gives almost same gradient norm. Thus, making

such assumption will not cause any issue when «, 3 are perfectly fitted.
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NE
Lemma B.21. Suppose (o — &), |3 —,BH < 7 to be small enough and |all,,||W |z =
2

O4(1). Then, given any parameter 0, there exists another set of parameter 6 that satisfies

Assumption B.1 such that fg = f5 and | |[VeLy| — HV@L,\HF | < O.(y/7).

Proof. Denote 8 = (a, w1, ..., w,, o, 3). We first construct 0= (a,wn,... ,ﬁ;m,&,ﬁ).
Let @ = a. For w;, there exists such sign vector s = (s1,...,5,) € {1} so that by

flipping the sign of neurons we have w; = s;w; satisfies Assumption B.1. Let & = « and

~

B = ,@ + + Zi:sizfl a;w;.

One can verify that fg = fz. Moreover, for the gradient of o, 3 we have

Valy = Valy, VpLy = VizLy,

For gradient of a,w;, when s; = 1 we know they are the same. When s; = —1, note

that

Vo Ln — Vi Ly = 2E[R(z) (0 (w] @) — o(@] z))] = 2(8 — B)Tw,

(3 K3

Vo, Ly + Vg, Ly = 2q; IE[R(m)(U’(wiTaz) + o' (W] x))x] = 2a:(8 — B).

Therefore, we get the desired result by noting the norm bound.

O

We then show that if norms are not balanced or norm cancellation happens for neurons
with similar direction, then one can always adjust the norm to decrease the loss due to the

regularization term.

Lemma B.22 (Descent direction, norm balance). We have

2 2 KV, Ly =a) + (VL wp)| =AY

i jeT; i€[my]

2
a? — Jwil})

>max < Alfal; — W% LA Y (lail = Jwil,)?

1€ [m*]
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Lemma B.23 (Descent direction, norm cancellation). Under Lemma 3.6 and Assump-
tion B.1, suppose the optimality gap ( = Lx(0) — La(p}). For any w}, consider dsign
such that dcose < Osign = O(N/C'?) with small enough hidden constant (Seose defined in
Lemma B.13), then

I

SE{-&-,—} jETi,s(ésigrl) ZjETi,s(ésjgn) |a.7‘ ||w] HQ

+ ijL)\a w] = Q()\)
2yt o (Buign) 93] 0515

where T,y (8agn) = {J € T ¢ 6(wj, w?) < Sugn, sign(ay) = sign(a?)}, To (Sagn) = 1 € T
d(wj, w) < Osign, sign(a;) # sign(a;)} are the set of neurons that close to w; with/without
same sign of a;.

As a result,

IVaLals + IVwLalf =X > oyl fwjl,
J€T;,— (Jsign)

Now given the above lemmas, it suffices to consider the remaining case that «, 3 are well
fitted, norms are balanced and no cancellation. In this case, the loss landscape is roughly
the same as the ideal loss (3.5) from Lemma B.18. Thus, we could leverage these detailed
characterization of the solution (far-away neurons are small and average neuron is close to

corresponding ground-truth neuron) to construct descent direction.

Lemma B.24 (Descent direction). Under Lemma 3.6 and Assumption B.1, suppose the

optimality gap ¢ = Lx(0) — Ly(n3). Suppose
(i) morms are (almost) balanced: | |[W [~ lal3 | < (/A Y (lajl—wjl,)* = OL(¢%/A%)

(it) (almost) no norm cancellation: consider all neurons w; that are dggn-close w.r.t.
teacher neuron w; but has a different sign, i.e., sign(a;) # sign(a)) with dsgn =
0. (A/CY2), we have ZjETi,f((;sign) laj| |lw;]l, < 7 = O4(¢¥°/X\) with small enough hid-

den constant, where T; _(0) defined in Lemma B.23.
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~12
(iii) a,B are well fitted: |a — a2 = 04(C), |8 - 5”2 — 0.(¢) with small enough hidden

factor.

Then, we can construct the following descent direction

(o + ax)Vo Ly +{VgLx,B8 + B:) + Z Z<VwiL/\7 w; — gijw; ) = Q(C),

’LE[’ITL*] ]57-1

where q;; satisfy the following conditions with Ocose < Jsign and Oclose = O+ (¢ (1)
Z]’eTi a;qij = a;k; (2) qij = 0; (3) qij = 0 when Sign(aj) ta Sign(a’;k) or 5]' > 5close- (4)
Zie[m*] Zje’/’i inj = 0.(1).

B.6.4 Proof of Lemma 3.6

Now we are ready to prove the gradient lower bound (Lemma 3.6) by combining all

descent direction lemma in the previous section together.

Lemma 3.6 (Gradient lower bound). When Q,(A\2) < ¢ < O.(\®) and X < O4(1), we

have

IVoLalli = 2u(¢"/X%).

Proof. We check the assumption of Lemma B.24 one by one. We first assume Assump-

tion B.1 holds to get a gradient lower bound.

For assumption (i) (norm balance) in Lemma B.24, whenever ),

2
i€[ma] aj — H’wz||2‘ =

2,(¢%/)?), by Lemma B.22 we know

DY KVa, L, —a;) + (Vs L, wj)| 2904(C%/N).

i jeT;

With Lemma B.19, this implies

\/I\VaLAH% +|VwLalp - O(lax,) = \/I\VaLAHg + HVWLAH?\/HGHE + W5 = (/).

which means

IVoLal% = [VaLals + [VwLalz = Qu(¢*/A%)
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For assumption (ii) (norm cancellation) in Lemma B.24, whenever it does not hold, by

Lemma B.23 we know

VoLl > [VaLal} + [VwLalh 20 3 layl oyl > .7,
jeTi,f(ésign)

For assumption (iii) (e, 3) in Lemma B.24, whenever it does not hold, by Lemma B.20

we know

Valal? = (0 = aP = (@), IVaLal} =4]8- 8] = 2.(c?),

which implies
IVoLal3 = [VaLal? + |VaLals = Qu(¢?).
Thus, the remaining case is the one that all assumption (i)-(iii) in Lemma B.24 hold

and also )

i€[ms ]

a7 — Jwi 3] = 0.(C?/3?), we choose

JET; + (Sclose) @;
0 , otherwise

a;a¥ i
{ ﬁ , if JE€ T%’-;-((Sclose)
qij =

so that condition (1)-(4) on g;; all hold: condition (1)-(3) are easy to check, Lemma B.31

shows condition (4) holds. Now we know from Lemma B.24 that

(0 + @) VaLy + (VL B+ B+ Do DV, L, w; — gjw)) = Q(Q).
i€[my] J€T;
Note that
(0 + @) VaLy +(VaLa, B+ By + D) D1V, Ly, w; — gijw))

ZE[m*] ]67;,

i€[mx] J€T;

< IVGLAIQ\/(OZ a2+ 1B+ Bulz+ ) D lwi — aiwil;

and

. (a)
|+ | < @] + o] + 04(¢) < Ox(1)

18 + 8.1, < 8], + 181, + 0.0) < 0.1

(©)
D 2w =il <2 5 Y fwils + g wils < 0.(1),

i€[my] JET; i€[mx] 5€T;
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where (a)(b) by Lemma B.11; (c) we use Lemma B.19 and condition (4) on g;;.

Therefore, we get

IVoLal% = [VoLal> + IVLAl; + [ VaLals + [Vw L5 = Q.(¢).

Combine all cases above, we know

IVaLalls + [V Lal7 = Qu(min{¢*/X%, 70X, ) = Qu(¢Y/N%),

as long as ¢ = O(AY%/ poly(r, m, A, |asl|; , Gmin))-
We now use Lemma B.21 to show when Assumption B.1 is not true, we can get similar
gradient lower bound. Denote the above gradient lower bound as 75 = Q.(¢*/A?). Let

T = Tp/2.

When (o — &)? > 7 or HB —B| =7, from Lemma B.20 we know IVoL|% = 7.

2
2

2 ~
< 7, using Lemma B.21 we know there exists 8 such that
2

When (a — &)?, |8 — 3

IVsLal2 = 70 and || V5La| ;. — [VeLalr | < /7. Thus, we know [VoLy|% = 0.17.

Therefore, combine above we can show HV@L,\H% = Q.(C*/N\?). O
B.7 Non-degenerate Dual Certificate

In this section, we show that there indeed exists a non-degenerate dual certificate that

satisfies Definition 3.1 and therefore proving Lemma B.8.

Lemma B.8. There exists a non-degenerate dual certificate n = Eg[p(x)ose(w' )] with

pn = O(1) and |p||, < poly(ms,A)

Recall that we want to use the dual certificate 1 to characterize the (approximate)

solution for the following regression problem:

2
min Lm=g§[<fu<w>—@“>2]+wl=Ig[( | a>2<wTw>du—u*) ]+Aluh,

peM(Sd-1)

where o> is the ReLU activation after removing Oth and 1st order (corresponding to «

and f terms) and py = Zie[m*] a}d,,% is the ground-truth.
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Notation We need to first introduce few notations before proceeding to the proof. Denote

the kernel Ks¢(w,w) = Epono,n)[05¢(W @)o=¢(u' )] as the kernel induced by activation

osi(w), where Ti(x) = Yoy o1 (2)/ 2o, Zo = ozl = A/ Dyze 07 = O is the
normalizing factor, hi(z) is the normalized k-th (probabilistic) Hermite polynomial and 6y
is the corresponding Hermite coefficient. We will specify the value of £ later and use K
instead of K5, for simplicity.

We will construct the dual certificate n following the proof strategy in Poon, Keriven,
and Peyré [153] with the form below (the difference is that we now only keep high order

terms that are at least ¢):

n(w) = Z o K(w], w) + Z a;jle(w;‘,w)

jelma] jelms]
such that it satisfies
n(w;) = sign(a)) and Vn(w]) = 0 for all i € [m.]. (B.4)
Here oy = (ov,...,00m,)" € R™, 00 = (ag,..., a3, )" € R™* are the parameters

that we are going to solve and V; means the gradient w.r.t. i-th variable (for example,
V1K (x,y) means gradient with respect to x).

One can rewrite the above constraints (B.4) into the matrix form:

88 (0‘1> — b, (B.5)

(85}

where ¥ = Eg[y(x)y(x)'] € Rm#(d+1)xms(d+1) f — (sign(aj‘),...,sigm(a;’fn*),O;*d)T €
Rm*(d+1)’ and

v(z) = (Foe(wi @), ..., 550wk x), Vozi(@) 2) ", ..., Veosi(@), x)")" e R+,

Here V,o5¢(w} ) = P s«o=/ (wf x)x € RY where P, is the projection matrix defined
below.

Notions on the unit sphere As we could see, the kernel K is invariant under the change

of norms, so it suffices to focus on the input on the unit sphere S*~!. On the unite sphere,
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we could compute the gradient and hessian of a function f(w) on the sphere (e.g., Absil,

Mahony, and Trumpf [7])
grad f(w) = PyV f(w),

H f(w)[z] = Pyu(V2f(w) —w' Vf(w)I)z for all tangent vector z that z'w = 0,

where P, = I —ww' is the projection matrix.
Then, we could define the derivative as in Poon, Keriven, and Peyré [153] and Absil,

Mahony, and Sepulchre [6]: for tangent vectors z, 2’
Do f(w) := f(w)
Dy f(w)[z] := (z,grad f(w)) = 2" P,V f(w)

Dy f(w)[z, 2] := (H f(w)[2], 2) = 2" Pu(V? f(w) — @'V f(w)I) PyZ',

and their associated norms

ID1 f(w)lly, := sup Dy f(w)[z] = [PV f(w)],,

Izl =1

ID2 f(w)ly, :=  sup Dy f(w)[z,2"] = [Puw H f(w) Pyl

12127 |y =1

where [],, = | Puz],.
For simplicity, we will use K@) (w, u) to denote ViVLK (w,u). One can check that
this is in fact the same as the one defined Poon, Keriven, and Peyré [153] under our specific

kernel K, 7+ j <3 and 1,5 < 2. Let
HK(ij)(w,u)H = sup K@ (w,uw)[z0,...,20],
w,u

2] 2], - o

w28 =uT2{0 =0 vpelil qe[4]

(») (@)

where z,,° applies to the dimension corresponding to w and similarly z,” for u.

Before solving (B.5), we first present some useful proprieties of kernel K that will be
used later (see Section B.9 for the proofs). The lemma below shows that kernel K (w,u) is
non-degenerate in the sense that it decays at least quadratic at each ground-truth direction
#

(w ~ u ~ w;

¥) and contributes almost nothing when w, u are away.
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Lemma B.25 (Non-degeneracy of kernel K). For any h > 0, let £ = ©O(A~?log(ml/hA)),
kernel K=y is non-degenerate in the sense that there exists r = O((~Y2), py = ©(1), pa =
©(£) such that following hold:

(1) K(w,u) <1—p; for all §(w,u) := L(w,u) >r.
(ii) K@) (w,u)[z,z] < —ps |z|? for tangent vector z that zTw = 0 and 6(w,uw) < r.
(iii) HKW‘)(wT,w;)HwM: < h/m? for (i,7) € {0,1} x {0,1,2}
The following lemma shows that K and its derivatives are bounded.

Lemma B.26 (Regularity conditions on kernel K). Let Bj; 1= sup,,,, HK(U) (w,u)”wu

and By = Bgg + B1g + 1, Bs = Bog + Bo1 + 1. We have By = 0(1), By = 0(61/2),

B11 = O(f), BQQ = O(E), BQl = 0(53/2), and therefore BO = O(KI/Q), B2 = O(£3/2)

The following lemma from Poon, Keriven, and Peyré [153| connects the non-degeneracy

of kernel K to the dual certificate n that we are interested in.

Lemma B.27 (Lemma 2, Poon, Keriven, and Peyré [153|, adapted in our setting). Let
a € {+1}. Suppose that for some p > 0, B > 0 and 0 < r < B~Y? we have: for
all §(w,wy) and z € R? with z"w = 0, it holds that —K©? (wy, w)[z, 2] > p|z|; and
HK(OQ)(wO,w)Hw < B. Let n be a smooth function. If n(wy) = a, Vn(wy) = 0 and
|a Dy n(w) — K (wo, w)|,, <7 for all §(w,wo) < 7 with T < p/2, then we have [n(w)| <

1—((p—271)/2)6(w,wg)? for all §(w,wy) < 7.

We now are ready to proof the main result in this section Lemma B.8 that shows the
non-degenerate dual certificate exists. Roughly speaking, following the same proof as in
Poon, Keriven, and Peyré [153], we can show that o ~ sign(a.) and as ~ 0 and therefore

we can transfer the non-degeneracy of kernel K to the dual certificate n with Lemma B.27.

Lemma B.8. There exists a non-degenerate dual certificate n = Egz[p(x)oss(w' )] with
py = O(1) and |p[, < poly(m., A)
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Proof. Note that Y = SD'YDS, where

I, I,

P, (Zyr | Zs) Iy,

’Ll)m*

are block diagonal matrices, ¥ = Eg[¥(x)¥ ()] € Rm#(d+1)xms(d+1)
Z

Y(w) = (@e(wf%), o ),

.
Z:,@’(wi%)w s ZU,@'(U’*T w)wT>

Zgr = 1Yo 62k = ©(£71/4) is the normalizing factor so that the diagonal of Y are all 1.

Thus, to solve (B.5), it is sufficient to solve the following: denote K =DYD

K (‘:’21> —b, (B.6)

(85}

and let oy = &, o = (Z,/Z, )02, to get the solution of (B.5).
In the following, we are going to first show that K ~ DD because all the off-diagonal
terms of X are small due to Lemma B.25 (iii) (we can choose h to be small enough, and

we will choose it later). Specifically, we have

HI?/—DDH = sup \zT(R:—DD)z|
2

Izl2=1

1,J 1,3

+ (ZU/ZU/)2 Z Z;iV1V2K(W?, w;)Tszj

Y]
<YK @}, w))] + 0 | K@l w))| |+ ) [k @l w)| <o,
2,7 i i W
where z = (2],29)", 21 = (211,...,21m,) " and 22 = (25,,...,25,,,) has the same

block structure as (a1, az) and we use Lemma B.25 and Lemma B.26 in the last line.
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Note that DD has exactly m.d eigenvalues of 1 and m, eigenvalues of 0, and K
also has m, eigenvalues of 0. By Weyl’s inequality, we know |y; — 1| < 2h where K =
Zie[m*d] %viv; is its eigendecomposition. Here we have viT'vL =0 for all v, e V| =
span{(0, w},0,...,0)",...(0,...,0,w} )"} in the null space of D. Since b'vy = 0 for
all v; € V|, we have

(c:n) Kb = Z v v b = Z (v = Do b+ 2 v, b

o2 ie[mud] ie[mud] ie[mud]

= > (=D b+b.

€ [m* d]

Therefore,

2 i€ [m* d]

< Z (7' = Do b < 1r11laxlvi_1 — 1|y/my = O(hy/my) =2 1.
2

= [au —sign(a.)|, < ', |aal, = @], < 1+ A" and

This implies [|a; — sign(ax) "

[
laally = (Zo/Zy) |G2ill, < O(R'EY?).
Now, given the o, as, we can show the corresponding 7 is non-degenerate. Choosing
h = O(m;1/2) and ¢ = O(A~2log(ms/A)) so that the condition in Lemma B.25 holds.
Consider w € T;, when 6(w, w?) = r = O(£~?), using Lemma B.25 and Lemma B.26
we have

In(w)| = Z a1 K (w], w) + Z a;jle(w;‘,w)
]

jE[M* ]E[m*]

< D felIE (wiw) + )] Haszw;« |ViK (w], w)|
je[ma] je[ms] !

<L+ R) (L= p1+h) + OR ) (Bio +h) <1—p1/2 < 1—O(p1)d(w, wi)?,

where we choose h = O(m,,fl/Q) to be small enough.
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When 6(w, w}) < r = O(¢{~1/2), again using Lemma B.25 and Lemma B.26 we have

a} Dy n(w) - K (w}, w)

<o KO (w w) = KO (w},w)| 4+ Y o KO (w),w)|

K2 (w}, w)

+ > oy, lu

Je[ms]

w;‘,w

<I'Boa + (1 + I')h + ©(W'€7Y?)(Byy + h) < pa/16,

where again due to our choice of small h. Using Lemma B.27 we know that |n(w)]

1= (p2/4)6(w, w})?.

Combine the above two cases, we have |n(w)| < 1 — ©(1)6(w,w})? and n(w)

Eg[p(x)o(w'x)] with
pla) =5 | X eosdwTa) + Y o (I —wiw! zol,(w] )
7 \Jgelms] Jje[ms]
We have |p]| = O(63*m, + m W' 0-Y205/%) = O(A~32m,,).
B.8 Proofs in Section B.6

In this section, we give the omitted proofs in Section B.6.

B.8.1 Omitted proofs in Section B.6.1

We give the proofs for these results that characterize the structure of ideal loss solution.

The following proof follows from the definition of non-degenerate dual certificate 7.

Lemma B.9. Given a non-degenerate dual certificate n, then
(1) <n,1*) = [p*h

(ii) For any measure jie M(S™), [(n, m)] < |t = py gy S 6w, w2 dlul (w).

(iii) (= 1*) = (p. fy — fur), where fu(@) = Euulosa(wTa)]. Then [(g,u — u*)| <

Iplly A/ L ().

Proof. We show the results one by one.
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Part (i)(ii) We have

[l < Z]L [n(w)| dlul(w) < |uh —py Y] Jﬂ5(w,w2‘)2d\u!(w)-

ie[m* ZE[WL*]

where the last inequality follows the property of non-degenerate dual certificate (Defini-

tion 3.1). The other part then follows directly by the definition of p*.
Part (iii) We have

(o — iy = fS () (= ) (w) = L Elp(2)os(w ' @)] d(u - u*)(w)

d—1 &

€T

“E @) [ | asatwe)dn - i)w)]

= IEJ[P(“’)(fu(‘B) = fux(@))].

Note that L(1) = |fy — |2, this leads to [(n, it — %] < [pl /(). =

Given the above lemma and the optimality of i}, we are able to characterize the struc-

ture of 3 as below: norm is bounded, square loss is small and far-away neurons are small.

Lemma B.10. We have the following hold

(i) I = Alplz < 3k < 10*)1 = la*],
(ii) L(p3) < N |pl = 0:(X)
(i) Sionay $7: 80w, w?)2 i (w) < Al /s = O,V
Proof. We show the results one by one.
Part (i) Due to the optimality of p, we have
L(px) + Alpxle = La(py) < La(p®) = L) + Alp*[s.
Rearranging the terms, we have
Alpxl = Ay < L(p®) — L(py) = —L(13) < 0.
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For the lower bound, with Lemma B.9 we have
O < lpxle = 1w = Gy = 1) < Xl = (% + [plly A/ L(13)-
Using part (ii) we get the desired lower bound.
Part (ii) We first have the following inequality due to the optimality of u} and adding

X, py — p*) on both side:

L(px) + Mpxls = |p*l) = X, px = p*) < L") = X, px — 7).
()

For (I), we have
(1) = Allpxl = <, w30) + A(Gns ™) = ) = 0,

where we use Lemma B.9 in the last inequality.

Therefore, the above inequality leads to

L(p) < L(*) = X, iy — ) < Alplly A/ L(13),

where we again use Lemma B.9. This further leads to L(uf) < A2 |p]3.

Part (iii) Using part (i) we have
laxle = |l = G, px = %) < =y px — %)
With Lemma B.9, LHS and RHS become

LHS =|ufls — 0,5 = py Y L 5w, w?)? djug ()
] I3

iE[M*
RHS < |plly 4/ L(13)-
Then using part (ii) we have the desired result. O

We are now ready to characterize the approximated solution by comparing p and p3.
Lemma B.11. Recall the optimality gap ¢ = Lx(p) — La(p}). Then, the following holds:
(i) L(p) < 572 [p]” +4¢ = 0. (3 + Q).
(id) if ¢ < Mp*h and A < [p*|1/ [pl3, then |uh < 3|u*|i = 3]a*],.

Proof. We show the results one by one.
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Part (i) By the definition of the optimality gap ¢ and adding —A{(n, u — u*) on both side,

we have
L(p) + Mpl = [p3]1) = A — p*) < L(p3) + ¢ = A, p— p*).
Note that on LHS,
AMlple = [al) = X o= 1) = M|l — <) + A(|etl = |e3li) =0,

where we use Lemma B.9 and Lemma B.10.

Therefore, with Lemma B.9 and Lemma B.10 we get

L(p) < L(p3) + ¢ = M p = 5y < X pl + ¢+ A ply v/I(1)-

Solving the above inequality on L(yu) gives L(u) < 5A\%|p|3 + 4¢.

Part (ii) Again from the definition of the optimality gap ¢, we have

Al < L(ug) + Al + ¢ = L) < N pll3 + A1+ ¢,
where we use Lemma B.10. Thus, |1 < A |p|3 + %1 + ¢/A < 3|1 O

The lemma below shows that far-away neurons are still small even for the approximated
solution. Intutively, we use the non-degenerate dual certificate to certify the gap between

p and py and give a bound for it.

Lemma B.12. Recall the optimality gap ¢ = Lx(p) — Lx(p}). Then, we have

> f 6(w, wi)? dlu|(w) < (/A +2X[pl3)/py = Ox(¢/A + A).

ie[my] 7 Ti

In particular, when p =Y, ] @i |w; |, 0w, represents finite number of neurons, we have

ie[m

D 2 laglllewslly 8 < (C/A +2X pl3) /oy = Ox(¢/A + N,

i€[ms] J€T;
where 0; = Z(wj, w)) for j € T;.

Proof. By the definition of the optimality gap (, we have

L(p) + Mply = L(py) + Alpyl + ¢
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Rearranging the terms and adding —(n, u — p*) on both side, we get
1
e = 1pxle = (= 1) = S (L(K3) = L) +€) = Cny pp = 7).
For LHS, with Lemma B.9 and Lemma B.10 we have

LHS = |u — () — i+ ot = py S L 5w, w?)? || (w).
] 7

iG[WL*
For RHS, with Lemma B.9 and Lemma B.10 we have

RHS < 5 (% pl3 — L) + O) + ol VI = § + Aol — X8 4 ppl, /2,

> =

When L(u) = A |p|3, we have RHS < (/A + A|p|2. When L(u) < A2 |p|3, we have
RHS < (/A + 2)\|p|3. Thus, in summary RHS < ¢/A + 2X |p[3.
Combine the bounds on LHS and RHS we have

o Y L 5w, w?)? dljal(w) < ¢/ + 2X [p[2.

i€[mx]
O

The following lemma shows that every teacher neuron must have at least one close-by
student neuron within angle O, (¢/3). This generalize and greatly simplify the previous
results Lemma 9 in [214]. In particular, we design a new test function using the Hermite

expansion to achieve this.

Lemma B.13. Under Lemma 3.6, if the Hermite coefficient of o decays as |6%| = O(k™¢)

with some constant c, > 0, then the total mass near each target direction is large, i.e.,

w(Ti(8)) sign(a¥) = |a¥|/2 for all i € [my] and any Sose > € ((%)1/(46"_20 with large

enough hidden constant. In particular, for o is ReLU or absolute value function, deose =
Q ((%@)1/3) Here api, = min |a;| is the smallest entry of ay in absolute value.

As a corollary, if optimality gap ¢ = Lx(p) —Lx(i}), then dcose = Q. ((C + )\2)1/(4%’2))

and for ReLU or absolute Supse = s ((C+ A3,
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Proof. Assume towards contradiction that there exists some i € [m,] with some 0gpse =

Q ((%i‘:j)l/(‘lcf’ﬂ)) with large enough hidden constant such that p(7;(9)) sign(al) < |aj|/2.
For simplicity, we will use § for . in the following.

Let g(z) = Yycponpsign(a¥) sign(dy)hy(w; ) be a test function, where hy(z) is the
k-th normalized probabilistic Hermite polynomial and ¢ will be chosen later.

Denote R(x) = f.(x) — fux(x) so that ||R||g = L(p). We have

VL) |glly =(=R,9)

-5 | (atotwr™e) - | ot @) dutw) ) o(o)|

o (w* ) — o(w'z w x)|.
+g[<z%a< o[ e >> o >]

VEall

Recall the Hermite expansion of o(z) = >,-( drhe(z) and its property in Claim B.1.

For the first term, it becomes

S (lition = [ il sientadyw"wt)t dutu)) > Glatl 3 (ol

I<k<2( I<k<2¢

For the second term, it becomes

> (Z@*|0k|81gn I (wi Twi)* f |6 sign(a})(w " w})* dp(w ))
0<k<20 \j#i SA=I\T;(3)

<(la*, +lpl) Y, 16l max (wlw))*

%
1<k<2l Z(w,wi)=0

<(la*, +lul) Y 16xl(1—6%/5)

I<k<2l

<dla*], (1 —6*/5)" > loxl < 4Ial >, loul,

I<k<20 I<k<2l

where (i) in the third line we use cosd < 1 — §2/5 for 6 € [0,7/2] and (ii) in the last line
we use Lemma B.11 and choose ¢ = [(5/6%)log(16 |a*|, /|a}|)].

Thus, given |G| = ©(k~°) we have

mﬂ=vL(u)Hgllg>ilaZ‘| >0 16wl = Z|a| ST 0k = laz|e(r ).

I<k<2( I<k<2¢
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. . ~ ~ L(n) 1/(4ce—2) .
With the choice of £ = O(1/6%), we have § = O ( L ) . Since we have § >

laf|2

~

Q ((%)l/ (4C<’_2)> with a large enough hidden constant, we know this is a contradiction.

As a corollary, with Lemma B.11 that L(p) = 4¢ 4+ 5A%|p|3, we have the bound § >
5 <(4§+52,\2HpH§)1/(4%—2))'

a .
min

For the activation o is ReLU or absolute function, by Lemma B.1 we know ¢, = 5/4,

which gives the desired result. O

The lemma below bounds R using the fact that it is spiky (has small non-zero support).

Lemma B.15. Under Lemma 3.6, recall the optimality gap ¢ = Lx(p) — La(py). Then
[Rallz = O ((¢/A + 2)¥?).

Proof. Using the same calculation as in Lemma 12 in Zhou, Ge, and Jin [214], we have

1/2 3/2
|Ral3 <O(ma) )] (ZlajlleHz) (Z |aj|"wj|25]2')

ie[mx] \J€T J€Ti
With Lemma B.11 and Lemma B.12, we have | Ry|5 = O(m2|u*|V2(¢/A + N)¥?). O

The following lemma bounds R3. In fact, in the view of expressing the loss as a sum of
tensor decomposition problem, R3 corresponds to the 0-th order term in the expansion. It

would become small when high-order terms become small, as shown in the proof below.

Lemma B.16. Under Lemma 3.6 and recall the optimality gap ¢ = Lx(p) — La(p}). If
60 =0 and 61 > 0 with some k = O((1/A?)log(¢/ |ax|,)), then

|Rsll, =04 ((C + A)Y2/61, + (¢/X + A) +€).

Proof. As shown in Ge, Lee, and Ma [77] and Li, Ma, and Zhang [112], we can write the

loss L(p) as sum of tensor decomposition problem (recall |w}|, = 1):

L(p) =), 67 f

k;o ’U)ESd71

2
w dp(w) = Y af Jwf],wi®

i€ [m*] F
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Thus, we know for any k£ > 1

2

| S antw) = Y a ] < L/aE
we -

Given any w; and even k, we have

| ) = 3 a il w®
WES" ™

i€ [m*] F

> D af |w) ], wi® J w® dp(w), wik
’LE[m* weSd-1
> a2 Jw], - f(w w?* dps(w ‘ S a7, Cw?, wh — f (w, wy du(w)
i#j dil\ﬁ'
> laj g, — | dutw) ~ || dutw) — | wwpt dutw
Tj 7j 7j

— D205 il (w}, wi)* —L T<w7w}‘>’“du(w)‘

vy I\T;

We show the last 2 terms are small.

For the second term on RHS, we have

| ) - L}_<w,w;f>’“ du('w)‘

J

<[ (- wwph) dinltw) 2 [ 1- (0 sw.w)2)t i (w)
Tj Tj

(®)

<

O(k) - 6(w, w})* d|p|(w) + dlpl(w)

Jﬁ,é(w,w?)zgl fﬁ,é(w,w;‘)2>l

<O(0) | (.2l a).

where (a) cosd = 1 — 62/2 for 6 € [0,7/2]; (b) (1 — ) =1 — ka for x € [0,1].
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For the third term on RHS, we have

> af fwf | (wf whH — f (w, w) dp(w)| <(laxl; + |uh) — max  (w'w))*
oy S4-1\T; L(w,w;‘)zA/Q

(a) (b)
<(laxly +uh) (@ - A%/10)* < O(C),
where (a) cosd < 1 —6%/5 for 6 € [0,7/2]; (b) we choose k = O((1/A?)log(¢/ |ax],)) and
Lemma B.11.
Therefore, we have

IR R N
WES" ™

\\/

i il = [ o] 000 [ st e~ 0

i Tj
This implies that

man/L(p) /6 > )

J€[ms]

il [ ) -1

2| X atlwtly— [ (w) - 0u(/A+X) =~ O(m).

lG[M*]

Zf w, w2l () — O(ma()

Je[ms]

where we use Lemma B.12. Rearranging the terms and recalling L(1) = O4(¢ + A?) from
Lemma B.11, we get the bound.

O

The following lemma gives the bound on the average neuron to its corresponding teacher
neuron. It follows directly from the residual decomposition and previous lemmas that

characterize Ry, Rs, R3 respectively.

Lemma B.17. Under Lemma 3.6, recall the optimality gap ¢ = Lx(p) — La(py). Then for

any i € [m,], ¢ = Q(A?) and ¢, A < 1/poly(ma, A, |a,,)

* *
2 a;W; — Ww; < Z Z a;W; — W;

j€Ti 9 i€[mx] 115€T;

o\ 1/2

= O0.((¢/N).

2

179



Proof. Using Lemma B.14, Lemma B.15 and Lemma B.16, as well as with the relation of
residual decomposition, we have for any i € [m]

9\ 1/2

QA /m?) | Y < [Bally < [Rlly + [ Refly + [ Rsll,

i€[my]

*
Z CL]"I_U]' —w;

J€Ti

2

=0, ((C+ M)+ (/N + ) + 0L ((C+ M)+ (¢/A+N) + ).

Rearranging the terms, we get the result. O

B.8.2 Omitted proofs in Section B.6.2
In this section, we give the omitted proofs in Section B.6.2. The key observation used

in the proofs is that balancing the norm and setting «, 3 perfectly to their target values

only decrease the optimality gap.

A2
Lemma B.18. Given any 0 = (a, W ,a, 3) satisfying |a — a]*> = O(¢), |8 — B , = 0(Q),
where & = —(1/v/2m) X7 ai |wil, and B8 = —(1/2) 3", a;w;.  Let its corresponding

balanced version Opy = (@pat, Woal, Qbat, Bval) @S apar; = sign(a;)+/|as| |wily, weai =
Win/|ai |willy, b = & and Bra = B Then, we have
2 2 A )
LA(8) = La(Oha) = [a =l + 8= B]_+5 Y (jail — wil,)* > 0.
i€[m]
Moreover, let the optimality gap ¢ = Lx(0) — Lx(u}), we have results in Lemma B.11,

Lemma B.12, Lemma B.183, Lemma B.14, Lemma B.15, Lemma B.16 and Lemma B.17
still hold for Lx(0), with the change of Rs in (B.3) as

1 * * N 2
Ry(@) = —= | D} af|wil,— >, ailwil, |+a—a+(B-p) =
V2T \ sl ie[m]

Proof. Recall in Claim B.2 we have

2
~12
LO) =la—al+ |88 + Y, 62| Y ailwil, @ = Y af ], w®

k=2 i€[m] 1€[my| I
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~12
Note that |a;| |wily = |@bar| |Weaill, so that L(0) = L(Opu) + | — &|* + H,@ - BHQ. We
then have
X A2 A A A A
LA(8) = L(Ob) =la =& + |8 = B + 5 lall + 5 IW 13 = 5 laval} — 5 [ Woal3

“la—a* + 8- 8] + 2 3 (il — e, )*

ie[m]

Therefore, we have the optimality gap ¢ = Lx(0) — La(1}) = Lx(Opar) — Lx(12}) = Cpar-
Note that @y, corresponds to a network that has perfect balanced norms and fitted «, 3,
thus all results in Lemma B.11, Lemma B.12, Lemma B.13, Lemma B.14, Lemma B.15,
Lemma B.16 and Lemma B.17 hold for 8y,. Since ¢ = Gyar, |ai] [|willy = [@bari| |[Whai,i], and
L(0) = L(6pa) + O(C), we can easily check that all of them also hold for 8. For the bound

on Rg3, note that

1 * * ~ 2
IRsly < o= | D5 af oty = 35 ailfwily| + o~ al + |6 - B,
1€[my] i€[m
so that the same bound still hold for Rs. O

Lemma B.19. Under Lemma 3.6, suppose optimality gap ¢ = Lx(0) — La(ny). Then
lal3 + W < 3[axl;.
Proof. We have

Sl + S IWI = ¢+ L0s) + Myt — L8) < ¢ + X pl2 + Alul,
where we use Lemma B.10. Rearranging the terms, we get the result by noting that
X < flaxl; - [

B.8.3 Omitted proofs in Section B.6.3

In this section, we give the omitted proofs in Section B.6.3. We will consider them case
by case.

The lemma below says that one can always decrease the loss if norms are not balanced.
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Lemma B.22 (Descent direction, norm balance). We have

M N (Va, L —a) + (Ve L wp)| =2 Y

i jeT; ie[ms]

2
a? — i}

>max § Al aly — [WIELA Y (Jail = wil,)?

i€[mx]

Proof. We have

Z |<VajL)\a *CL]'> + <V’ij)\a w]>|

i€[m]

=] ‘—QE — fe(@))ao(w] @)] - Aa} + 2E[(f(@) — fu(x))ajo(w]@)] + A |wi;

i€[m]

a? — w3

i€ m

Note that |a;| + ||w;lly = ||ai] — |wi, |, we get the result. O

The following lemma shows that one can always decrease the loss if there are close-by
neurons that cancels with others. Intuitively, reducing such norm cancellation decrease the
regularization term while keeping the square loss term, which decreasing the total loss as a

whole.

Lemma B.23 (Descent direction, norm cancellation). Under Lemma 3.6 and Assump-
tion B.1, suppose the optimality gap ( = Lx(0) — LA(p}). For any w, consider Jggn
such that dcose < Osign = O()\/Cl/Q) with small enough hidden constant (8cose defined in

Lemma B.13), then

%Y (abeg )

SE{+>7} jETi,s(ésign) Z‘jETi’s(ésign) |a] ‘ Hw] H2

+{ Vi, Ln, ke —Q(\).
Sen oo sl Tl

where T; 1 (Osign) = {j € T; : §(wj, w}) < dsign, sign(a;) = sign(af)}, T;—(dsign) = {7 € T :

d(wj, w) < dsign, sign(a;) # sign(a;)} are the set of neurons that close to w; with/without

same sign of ar.
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As a result,

2 2
IVaLals + IVwLnlf =X > oyl fwl,
jETi,f(‘Ssign)

Proof. Denote R(x) = f(z) — fy(x). We have

a; w;
VoL J +{ V. L, J
SE{;—} jeTi§$sign) “ ’ ZjETi,s((Ssign) ’a’]‘ Hw] HQ > < s ZjETi,s(6sign) ’a’]‘ ij ”2

_ 2 Z 7 HwJHQ X 2]E[R(.’B)O’(@JT:I})] + j
S€{+,—} jETi,s(ésign) ZjETi,s(ésign) |a]‘ ||w]H2 z ZjETi,s(ésign) |a‘7| Hw]HQ

2
A ”wJHQ

2LjeT o (Buign) 3] 10512

+ ¢ ol 2E[R(x)o (W] x)] +

se{+,—} JET; s (Osign) Zﬁﬂ,s@sign) lajl lwily =

We split the above into two terms (depending on square loss or regularization). WLOG,

assume sign(a;) = 1. For the first term that depends on gradient on square loss,

=+ Y Y 9% [l E[R(x)o(w] )]

se{+,—} j€T;,s (3sign) 2T o (buge) |23 il 2

» a5 1,

jETi,+ (6sign)

2LjeTi 4 (buign) 1] [Willy @

4 Z |aj] lwjll, E[R(e)o (@] )]
JET;,_ (Ssign) ZjeTi,—(6sign) ’(I]‘ Hw]HQ T
=4 5 . |w|JCL2| [w; | E[R(z)(o(w, ) — o(w] z))]
jETi,+(6sign) jETi,+(5sign) J Ji2
|a;] w,| - _
—4 ) LI E[R(z)(o(w] x) — o(w) )]

jETi,—(gsign) ZjETi,—(ésign) ’a.7| Hw]HQ T

Since W is dsign-close to w; and HRH% = L(0), we have

()] < O(8sign) | Rll; = Ox(dsignC ™),

where we use Lemma B.18 that L(0) = O,(().
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For the second term that depends on regularization, we have

2
e a ) @ T |05l

=2\ + 2\ = 4.
S et o s sl ~

(IT) =X
se{+,—}

Therefore, when (I) < 2), i.e., dsign = Ox(\/¢'/?), we have

2 Z V. Ly sign(a;)|a,| < L,\
aj; b w4 )
! ZJ(;TZ «(Bsign) |a;] HwJHQ ! JeTZ s (Bsign) ’CLJ| lw; Hz

SE{-‘,—,—} jETi,s((ssign)

)\ Z]eTz s(éqlgn) J + Hw] ||2

2 el Dety (g 103 w55

=

We compute a upper bound for LHS. Note that

a; w;
Va,-Lx\a 4 + vw-L)\a z
2 D R |aj\|wj2> < S sl T

SE{J’V*} ]ETi,s(asign)

2 2
2 a; + Hw]”g
20 ) NVal?+Vulilyy 20 ) & 0,1 w32
se{+,—} jeT; s (8sign) se{+,—} 5€T} o (Ssign) JET; o (Bsign) % ills
Ber g G il
<\/HV LAHQ + HVWL)\”Q J 1,5 Osign ]
' 2 F\ se{+,—} (Z'jeTi,s(‘ssign) |a]‘ ijHQ)
_l’_
<\/HVGL)\H§ + HVWL)\”% ZJETZ S(éslgn) j Hw] ||2 1 |
\se{+,_} 22Ty o () 191 0515 \/ZjeTi,f(asign) ol wil,

where the last line we use Lemma B.13: ZjeTi,_(ésign) laj] [lw;], < ZjETi,+(5sigt\) laj] [lw;|,

because i(T3(6)) = Syer, s @i sl > 0.

Combine with the above descent direction, we have

7+ w3 1

T74 S 6‘31 n
\/”vaL/\Hg + HVWL)\H%‘ Z ZJE () 2 ‘J | [w,|
SE{+ } ]ET’L s(lsslgn J T2 \/Z]ET (6s1gn) ’a]| HwJHQ

Z]GTZ < (Bsign) 7+ |w; Hz

SE{«I»’*} ZjeT‘i;S((;sign) |a]| Hw]HQ

=

ro | >

184



which implies
2 2
IVaLals + IVwLnlf =X > oyl fwl,
jETi,f(‘Ssign)

O

The lemma below shows that when all previous cases are not hold, then there is a descent
direction that move all close-by neurons towards their corresponding teacher neuron. The

proof relies on calculations that generalize Lemma 8 in [214].

Lemma B.24 (Descent direction). Under Lemma 3.6 and Assumption B.1, suppose the

optimality gap ¢ = L\(0) — Lx(p}). Suppose
(i) norms are (almost) balanced: | |W |z —llal3 | < (/A Xipm (a1 =w;],)* = Ox(C3/A?)

(it) (almost) no norm cancellation: consider all neurons w; that are dOggn-close w.r.t.
teacher neuron w; but has a different sign, i.e., sign(a;) # sign(a)) with dsgn =
0.(N\/¢'?), we have Z]‘ETi,f((ssign) la;| |lw;]l, < 7 = O4(C%%/X\) with small enough hid-

den constant, where T; _(6) defined in Lemma B.23.

112
(iii) o, B are well fitted: |a — a?> = 0.(¢), |8 -8 , = O4(¢) with small enough hidden

factor.

Then, we can construct the following descent direction

(@+ aa)Valn +(Vala, B+ B+ D, D (N, Ln,w; — giwi) = Q((),

i€[my] JET;

where q;; satisfy the following conditions with Ocose < Osign aNd Oclose = O.(C'3): (1)
et 4% = ai; (2) ¢ = 0; (3) qij = O when sign(a;) # sign(aj) or 6; > dcose- (4)

Zie[m*] ZjeTi qzzj = O4(1).
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Proof. Recall residual R(z) = f(x) — fi(z). We have

(0 + ) VaLy +(VaLy, B+ B+ D) DV, La,w; — gijw])

i€[my] J€T;

D2E[R(@)(a + ax)] + 2E[R(@)(8 + B.) =]

+2 Z ZIE[R(az)aj zz: ] —2 Z ZE x)a;q;0(w! x)]

i€[msy] J€T; i€[my] JET;

+2 3 D) ElR(@)ajg;w! T@(o' (wfTx) — o' (w] @))]
i€[my ] JET;

+A Z HwJHQ —A Z Z Q%Jw;—w
i€[m] i€[ms] J€T;

(B.7)

where (a) we plug in the gradient expression and also add and minus the following term

2 Y icfmy) 2jers Bal R(@)ajgijo (wfTx)].

Hencen, we have

(@+ ) Valn +(VaLy, B+ By + Y, D (Vu, L, w; — gijw))

i€[ms] J€T;

)
=2 R+ AW =X Y Y ayw/w!

i€[my] J€T;
+2 ) D) E[R(@)ajgw! T2(o' (wiTe) — o' (w]2))]
i€[my] J€T;
(C)
ZLA(py) +C+ 5 (IIWHF* lal3) = A >0 > ai lwl,
i€[ms] J€T;
+2 Z ZE x)a;q;wi z (o' (wx) — (ija:))], (B.8)

i€[my] J€T;

where (b) rearranging the terms; (c) using Lx(8) = |R[5 + (\/2) [W|% + (\/2)|la| =
La(p3) + ¢

186



For the first line on RHS of (B.7), we have

La(py) +C+ 5 (HWHF —A Z 2 aij |wjll,

i€[ms] J€T;

(a)
>C/24 L(p3) + Auil =X D0 > ai lwjl,

i€[my] J€T;
(b)
>C/2+ Mgl = Masly + X Y0 Y ai(lag] — [lw;ll,)
’LG[M*]]EIE

1/2 1/2

S0 X Na ] | Dl lwl?] Fon
i€[my] jeTi ie[m]

where (a) due to assumption that norms are balanced; (b) we ignore L(u}) and add and
minus A ||a.||;; (¢) due to Lemma B.10; (d) due to assumption that norms are balanced and
the choice of g¢;;.

In the following, we will lower bound the last term of (B.7) to show it is no smaller than
—(/8 so that we get the desired lower bound. Recall the residual decomposition (B.3) that
R(x) = Ri(x) + Ra(x) + R3(x), we have

> Z E[R(z)a;q;jw} @ (o' (w] x) — o' (w} z))]

i€[msx] J€T;

= Y D ElRi(@)ajqw] (o' (w] ) — o' (w] @))]

i€[ms] J€T;

~—

()

+ Z ZER2 x)a;qiw; m( ("U*Tm) (w;x))]

i€[my] J€T;

(11)

+ Z Z ajqzjw*Tm( "(w ;ﬂ—m) (w;—m))]

ze [ms] 5€Ti

(111)

Bound (I) For (I), recall Ri(x) = (1/2) Xic(m,] v, xsign(w} ), where v; = DjerT AjW;—

wy is the difference between average neuron and corresponding ground-truth. Also note
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(Dicma] |vi]2)/? = 04((¢/N)**) from Lemma B.17 and Lemma B.18. We have

> 2 E[Ri(@)ajqw) @ (o’ (w] @) — o (w] @))]

i€[mx] JET;
@ 1
= = 5 Z Z Z |vkm||a]%]||w*Tm|]]'51gn(w;m)¢sign(w;"Tm)]
i€[my] J€T; ke[m*]
(b 1 I~ *T o~
5 Z Z Z ’a‘]qw’ HkaQ kame m‘ﬂmgn(w T&)sign(w? *Tg )]
i€[ms] JET; ke[mx]
Z Z Z ’anZJ’ H,UkH26 E[HwHZ sign( w.:E);ésign(w?‘Ti)]
ze[m*] JET; ke[ms|
-5 Z > 2 lagail ol ©05)
ze[m*] J€Ti ke[ms]
©
= = ((C/)\ 3/450lose Z 2 |a]qu| - ((C/A)3/4(Sclose)

i€[my] J€T;

where in (a) we plug in the definition of R; and using the fact that w} z(o/(w} ) —

o' (wjx)) = w1 T (D) & is a 3-dimensional Gaussian since the ex-

sign(w;'—:v);aésign(w?<
pectation only depends on vg, w}, wy; (c) |w}T&| < §; |&|, when sign(w, &) # sign(w; ' Z);

(d) a direct calculation bound as Lemma B.29; (e) definition of ¢;;.

Bound (II) For (II), recall

Ry (x) =% Z Z ajijm(sign(ij:B) — sign(w! ' x))

i€[my] J€Ti

Z 2 a]’w m’ﬂ&gn(w Ta)#sign(w *T x))”

i€[my] JET;

For each term in (II) with j € 7;, we can split it into two terms that corresponding to
T; and other T.’s.

E[Ra(w)asi0; (o’ (w] ) — o' (] )]

Z Z Ig[adngu‘agn(w m);:f':&gn('w*T ) " 4 qiW; Tm(o‘ (w*Tw) g (w;—x)]
ke[my] LTk
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This can be further breaks down into

E[Ry(x)ajqiw] " x(0' (w] ' a) — o' (w] x))]

- i T Nw*T
- Qpa;qi; EH’LU[ m‘ﬂsign w] x)#sign w¥T g ’wl w|]lsign w*T g #sign(w] ]
x 4 k 2 7
ke[m*] f€7’k

*T
= Z ala](b] |’LU£ m”w mH‘agn(wZz);ﬁsign(w?Tm) ’ ]]‘Sign('w;kTm);ésign(wIz)]
LeT;
(I1.4)

T *T

+ Z Z Aeaiqij ImEHwE m”wz m|]lsign(w2m)7ésign(w;:Ta:) ’ ]lsign('w;kTm);ﬁsign(ijm)] : (Bg)
ki 6eTh,
(IL.ii)

For (ILi), we further split neurons into 7;(dsign) and others:

(L) = Y, wayg;Elw] o|lw} |1
Z67'2‘(‘55ign)

sign(w/ ) #sign(w} T )'lsign(w;“Tm)#sign(w;m)]

Y e Ellw] zllw! Tz
eeﬂ\ﬁ(gsign)

SIgn(wa);ésign(w;kTm) ’ lsign(waw) #sign(w;w)]

(B.10)

Consider the first line of (B.10), from the choice of ¢;; we know a;g;;af > 0. For ¢ e
Ti.+ (0sign ), we know sign(a,) = sign(a}), which implies asa;q;; > 0 for these terms. We thus

only need to deal with neurons in TZ-,_(ésign), we have the first line is bounded as

*T
Z Aa;qij [|wé .CL'H’LU m|]]'51gn(w2m)¢sign(wam) ) 11sign('u;;."—ra:)7ésig;n(ij:13)]
567—1‘(55@1)

> ) ey Eflw] @llw} el
ge’n,f(ésign)

sign(w, m)#sgn(w*T )’ ]]‘sign(w;kTa:);ésign(ijz)]

@ -

= - |anij| Z |af| Hw5H2 [|w£ m”w* |]]‘51gn (w] @) #sign(w} T &) ﬂsign(w;kTi)isign(iji)]
geﬂ,*(ésign)

() ~|12

= — |anij| Z |af| waHQ 5K5j IE’[H"BHQ ﬂ'sign(w[%)#sign(w?‘ﬂi) ’ 11sign('w;"T:E)7v£sign('ij;§)]
Z€,7tb',7(55ign)

()

(
> —lajggl D) lael |wely, 0(6657) = —1a;qif|O(T6signdliose )
ée’Ti,—(ésign)
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where (a) & is a 3-dimensional Gaussian since the expectation only depends on wy, w;, w};
(b) [w] Z| < 8, ||&[, when sign(w} ') # sign(w] ), |wi'Z| < §; ||Z],, and sign(w]'T) #
sign(w] &); (c) a direct calculation as in Lemma B.29; (d) assumption that norm cancella-
tion is small.

For the second term of (B.10), similar as above, we have

*T
2 Z e@;qij [|’LU£ me $|]ls1gn(wzm);ésign(w;sz) ) ﬂsign(w?‘Tm);&sign(ijm)]

eeﬂ\ﬂ(ésign)

> —2aqi5] Y.l wi Effw &[|w; T E[1 1 &) s )]

= jdij 0 L2 & 14 sign(w/] &)#sign(w ' &) “sign(w} a:);émgn('ijm)
Ee'n\lrz‘(‘ssign)

b

2 taggyl Y farlfuorl 008 EDE L g )

= jdij 4 Lli2 0L0; > 2 mgn(w?‘Tm)#&gn(w;m)
ée,Ti\ln(‘ssign)

(c)
> —20ajq;|0(57) D, ael e, 6
567—1\7’1‘(55@;‘)

(d)
ZlanZJ’O (5close<)‘ 16 1)

sign

where (a) & is 3-dim Gaussian vector since the expectation only depends on wy, w;, w};
(b) [w, 2| < & ||, when sign(w} &) # sign(w/ &), |w}" & < §; |],, and sign(w}' &) #
sign(ij%); (c) a direct calculation as in Lemma B.29; (d) choice of ¢;; and Lemma B.12
and Lemma B.18 that far-away neurons are small.
Thus, for (ILi) we have (I1.i) = —2|a;qi;|Ox(T0sign0% 5 + 040seCA~ lé;gn)
For (ILii), we have
|(II”)| <2 Z Z |(Ig||(l]'ql'j| IwE[|w;m||w;k—rm|lsign(w[m)#sign(wz‘Tm) ’ ]lsign(w;sz)séSign(ijm)]

ki 0Ty

Z Z ‘a£||a]%1| HwZHQ 555 E[“mHQ sign(w, &)#sign(wi ') ﬂsign(w;"—rﬁ)yésign(w;%)]
k#i LeTy,

<22 2. laellazais| [welly e0; BINE S 1oy ay<s, i, * Lt a1<s, 121,
k+#1 LTy,

(c) 1A
<20a;qiil6; > D lal welly 6 - O(8e5; /A) 2 2]a;q104 (82 A AT,
ki leTs,
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where (a)(b) @ is a 4-dimensional Gaussian vector, [w] Z| < &, |Z|, when sign(w} %) #
sign(w; &) and |w} " &| < §; |Z|, when sign(w} &) # sign(w] Z); (c) by Lemma B.28; (d)
choice of g;; and Lemma B.12 and Lemma B.18 that far-away neurons are small.

Combine (IL.i) (ILii), we have for (B.9)

T

IE’[RQ( )anUw* m( (w*Tx) /(w;rw))] = _2‘(1](11]‘0( Slgnéclose + 5closec)\ léslgln)

This further gives the lower bound on (II):

> Y ElRa(@)asgw; @ (0 (wiTw) - o' (w] )]

i€[my | JET;

-2 Z Z |a]qU|O T(sSlgH(Sclose close<>‘ 165_1gn)

i€[my] J€T;

= O (7_651@16(:1056 + 5closec)‘ 15 : )

sign

Bound (IIT) For (III), recall R3(x) = —— (Zze[m*] ai [w}ly — D) @i leHQ> +a—a+

(B — B)Ta: We have

2 Z%[Rs(w)ajqz‘jwffﬁ( o' (w}x) — o' (w]x))]

i€[my] J€T;

(@)

= — C/)‘ Z Z ‘a]qZJ’EHw w‘lmgn(w w);é51gn(w*Ta;)]
i€[my] JET;
Z Z |a]q’LJ|E[|(5 ,3) me*TxH]‘mgn(w :1:)7'£51gn('w*T )]
i€[msy] J€T;
(b)
O (¢/A) Z Z \a3q1]|0
i€[mx] J€T;
Cl/Q Z Z |a]‘.hj|5 E[HmHQ s1gn('w &) #sign(w} & )]
i€[mx] j€Ti

220, Y Y lasaslo?)

ze[m*] ]67;

(d)
= — O*((szlosec//\)7
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where (a) plugging in the expression of R3 and using Lemma B.16 and Lemma B.18; (b)
using Lemma B.30 and the fact that & is a 3-dimensional Gaussian vector and |w}'&| <

8 || &), when sign(w}' %) # sign(ijcE); (c) Lemma B.29; (d) choice of g;.
Combine all bounds Combine (I) (II) (III) we now get the last term of (B.7)

Y X ElR@ajgw 2(0'(w]w) - o'(w] 2))

i€[my] JET;

> — 04 ((C/N)262 50 + TOsign02pse + 020seCA 1051 )

close close sign

From Lemma B.13 we can choose d¢ose = O4(¢'/?) and from Lemma B.23 we can choose

Ssign = O (N\/CY?). Also with 7 = O(¢%/%/)), we finally get

> 2 ElR@)ajgw] a0 (w]a) — o' (wiT@)] = (/8,

i€[my ] JET;

as long as ¢ = O(A”®/ poly(r, M4, A, ||@x|, , Gmin)) With small enough hidden constant.

Thus, we eventually get the lower bound of (B.7)

(0 + @) Valy + (VL B+ B+ Do DV, Ln,wj — qjw)) = (/4 — (/8 = (/8.

i€[my] J€T;

B.8.4 Technical emma

In this section, we collect several technical lemmas that are useful in the proof.

Lemma B.28. Consider o, 3 € R* with ¢ = Z(e,3) € [0,7] and ||, = ||B], = 1 and

x ~ N(0,I). Then, for any 0 < 01,92 < ¢ we have

Ig[\lw\lg LT a|<: ], 187 2/<6s |z],] = O(6102/sin @).

Proof. We first consider the case when at least one of 41,2 = c¢ for a fixed small enough
constant. WLOG, suppose d2 > c¢. In this case, it suffices to show a bound O(d;). We

have

2 2
Ell23 LjaTai<s1 2l 187zl <t l2l,] < EllZ]2 LaTel<s 12),] = O1)-
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Then, we focus on the case when d1, d2 < c¢ for a fixed small enough constant. WLOG,

assume a = (1,0,0,0)", B = (cos ¢,sin ¢,0,0) and ¢ € [0,7/2]. Then we have

2
Ellzl; LaTal<s |l 187 e|<t o, ]

_ 1 Oor5efr2/2 dr
_(277)2 0

2
sin 92 d02 dﬂl J 1 d03

f sin2 91 j
0<01 <m,| cos 01|<d1 0<02<,| cos 01 cos ¢p+sin 01 cos 02 sin p|<Ja 0

20(1) . J sin2 91 J sin (92 d92 d(91
0<01 <m,| cos 01|<d1 0<0o<m, —9p—cos b} i;s ? <cos o< 9g—cos0; cos ¢

sin 01 sin sin 01 sin ¢

. 02
| sin 6y - O ( a6,
0<61 <m,| cos 01|<d1 sin 64 Sll’lgﬁ

0102
=0 (sin d)> '

O

Lemma B.29 (Lemma C.9 in [214]). Consider o, 3 € R® with /(a,3) = ¢ and o' 3 = 0.

We have

[E[HmH2 ]lsign(aTm);ésign(,BTz)] = O(¢)

Lemma B.30. Consider v, 3 € R? with (e, 8) = ¢, ||, = [|B], =1 and "B = 0. We

have

IE[’O[TQ:| ]lsign(aTm);ﬁsign(,@Tm)] = O(¢2)

Proof. Tt suffices to consider a, B, € R2. WLOG, let a = (1,0)" and B = (cos ¢,sin¢) "

We have

21

1 (™ 2
EHaTm‘ ]]'sign(aT:E);ésign(,BTm)] o f re /2 dr f COS Hlsign(cos 0)+#sign(cos(6—¢)) de
x 21 0 0

=0(¢%).
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Lemma B.31. Under Lemma 3.6, let

jeTi,+ (6close) aj
0 , otherwise

aja;k e
ﬁ ’ Zf] € T%,—&-((Sclose)
qij =

If X ictma]

2
a2 — i3] < auin/2, then Sicgyyy Syer; % = Ollasl).

Proof. We have

9 a?a;‘2 a¥?
Z Z %ij = Z Z Nz Z :
(ZjeTM_( )

: a? > a?’
ze[m*] jeﬂ ze[m*] je7;7+(6Cl055) 5close) J ’LE[m*] jETi,+(6ClOSE) J

In the following, we aim to lower bound ZjeTi,+(5czose) a?. Given ZjeTi,+(6close) |aF —

w3 | < |af]/2, we have

|}

2
2 Y dz Y @+fwli-lell2z2 Y gl a2z

jETi,+(6close) jeTi,+(6close) jETi,+(6close)

where the last inequality is due to the fact from Lemma B.13 that >};.r. (s, |a;| [w;], =
| 26T (burone) @ 1willy | = [af]/2. Thus, we have 3. Yer, @ = Olal)- -
B.9 Proofs in Section B.7 (non-degenerate dual certificate)

In this section, we give the omitted proofs in Section B.7. The proofs are mostly direct

computations with the properties of Hermite polynomials in Claim B.1.

Lemma B.25 (Non-degeneracy of kernel K). For any h > 0, let £ = ©O(A~?log(ml/hA)),
kernel Ksq is non-degenerate in the sense that there exists r = ©(0~1/2),p1 = O(1), py =

O©(¢) such that following hold:
(i) K(w,u) <1—pp for all 6(w,u) := L(w,u) > 7.
(ii) K@ (w,u)[z,z] < —ps |z|* for tangent vector z that zTw = 0 and §(w,u) < r.

(i) | K (w, i) |y e < B/mi for (i, 5) € {0,1} x {0,1,2}
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Proof. With the property of Hermite polynomials in Claim B.1, we have

K(w,u) = E[O’>g(me)0>g (@'z)] = Zakcos 9,
Z3 it

KO0 (w, u) =23 2 62k cos" 1 O(I —ww ' )u,
7 k=L

1
KM (w, u) = > 67k(k — 1) cos* 2 0(I —ww uw' (I —wu')
O k=t

Z 2kcost 1 O(I —ww')(I —wu')

72
‘7 k=t

K (w, u) —2 Z 1) cos* 2 0(I — ww uw' (I —ww')
25 it

2 62k cos* ! ow u(I —ww")

k=4
K(Ql) (w’ u)i :anK(QO) (’lU, ’U,)

Z —2)cos* 3 0e] (I —wu" \w- (I —ww')uu' (I —ww')
U k=t

2 k—1) cosF=29

k=t

(I —ww") ((I—WT)e w' +ue] (I —uu )) (I-ww")

1
5 Zc}z (k—1)cos*20e] (I —wu \w-w'u(l —ww')
1
—— 2 62kcos® 0w (I —uu " e;(I —ww'),
>
(B.11)
where 0 = arccos(w'w) and assume |w| = |u| = 1.

Part (i) Given that r = ©(1/v/¢) with a small enough hidden constant, we know for

d(w,u) =r

Qw

Z 22 (1= =c<1,
k=t Zs k>t
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where ¢ is a constant less than 1. Thus, p; = ©(1).
Part (ii) For tangent vector z that z'w = 0, we have (HwH2 = |luf, =1, §(w,u) <)

K (w,u)z, 2] 72 2 62k(k —1)cos* 20 (@' 2)? — 72 Z 62kcos" 10w w23

f’ k>0 T k=4
2
z _
:ZlQ Z k—1) cosk~ 26 Za kcos* 10 .- w'w
g k=( k=0

2
<;2|2 (Z k—1)cos* 26 sin?60 — Z &,%k;cosk0>.

o k>/ I<k<2(

For the first term, we have

D 6tk(k — 1) cos" 2 0sin*0 < > 67k(k—1)-O(1/k) + >, Ok )’

k=¢ k=1/r2 1<k<1/r?

< D ek +e(r) =6(r),

k=1/r2

where we use Lemma B.32 and 67 = ©(k~%2) in Lemma B.1.

For the second term, we have

Z 62k cos® 0 = 0~V (1 —rH)*.

e<k<2e
Given that r = ©(1/+/¢) with a small enough hidden constant, we know

z _
K w,0)[z,2] < 2o ) - ~00) 1213

since Z2 = ©(£73/2).
Part (iii) Recall that 6(w}, w?) > A fori # j. It suffices to bound HK(“) ('w,u)H2 < h/m?

for 0 = 6(w,u) > A. Given that £ > ©(A~2log(m.¢/hA)) with large enough hidden

constant, from (B.11) we have for |w| = |u| =1

1 R
K(w,u) < Z 62(1 — A?/5)" < h/m?2,

S>>V

HK<1O>(w,u)H 72 Z 52k cost L 9sinf < O(0)(1 — A?/5)L < h/m2,
w 7 k>t
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1
HK(ll)(w7 U)H =— sup Z 62k(k —1)cos* 2 0u' 2 - W' 2y
w,u Za le'w=z2Tu=O7 k>t

Iz1lly=[=22],=1

+ Z 62k cost 1 0z] 2,
k=t

Z&,% (k — 1) cos* 2 sin® 9+—ZU,§I{:COS
k>/ ‘T k=t

O(£*2) Y O(k™2)(1 — A%/5)F 2 + O(0)(1 — A*/5) 1 < h/m,
k>0
1
=22 sup Z 62k(k—1)cos* 20 -u' 2z - u' 2
o zlw z2w 0, k>¢
Iz1lla= |\22\Iz—1

|, w)

— Z 6lkcos"™ 0w w2 2
k={

1
<ﬁ Z 62k(k —1)cos* 2 fsin? 6 + — Z 62k cos™™
Y Z k>t

O(£32) YTO(k12)(1 — A%/5)F 2 + ©(£)(1 — A?/5)! < h/m2,

k>t
KO (w,w)
w,u
1
= sup 5 62k(k — 1)(k — 2) cos® 3 HZ ge; (I —uwu' \w-u' 2, -0 2o
zIw:z;w:un:O, O k>/(
Iz1la=lz2l2=lqlla=1
+ 3 2 62k(k — 1) cos"2 0 (Z gz, (I —uw')e; - u' 2y + quzZ (I —uu')e; - uTz1>
T k>t
22 k — 1) cosk~ 292% (I —wu' )W -w'u- 2z 2

k=t

Z 2kcosk 1«92% (I — uuT)ei-lezg

k=0

=

N
-

Z k—1)(k —2) cos" 3§ sin® H—i——Z (k—1)cos"26sind
k=(

2
o U k=(

—22 62k cosh™ 1«9s1n«9 h/m*,
T k>t
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where we use 67 = ©(k~%/?) in Lemma B.1 and (a) the last two terms bound similarly as
in K% and first term % >, 67k(k—1)(k —2) cos* 3 0sin® 6 < ©(£32) Y, , O(kY?)(1—

A?/5)F < h/3m2. O

Lemma B.26 (Regularity conditions on kernel K). Let By := Sup,,.,, |[K®) (w,u)ku

and By = Boy + Big + 1, By = Byy + Boy + 1. We have By = O(1), Byy = O(£Y/?),
Bll = O(@), BQO = O(E), Bgl = 0(53/2), and therefore Bo = 0(61/2), BQ = 0(63/2)

Proof. We compute B;; one by one from (B.11) (see part (iii) proof in Lemma B.25). Using

Lemma B.32 we have

1
Grkcos™ ™ 0sin 0 < O(632) Y Ok k—= = O(£'?),
k=( k=( \/E

62k(k —1)cos" 2 f0sin? 0 + — Z 62k cos”
k=0 Z3 =

CIGEDY @(k‘5/2)k2% +O?) Y O(k)k = 0(0),

k>t k>t

Bsyg —22 k—1) cos" 2 9 sin? 9+—ZJ k cos® 0
0' 2 0'k>é

CIGE DI k21 O(£*2) Y 0(k™)k = O(),

k>t k=¢

2
By < 73 Z —1)(k —2) cos" 3 @sin® 0 + 72 Z 62k(k —1) cos* 1 fsind
Zg e, o k>0

72 2 chosk Lgsing

0 k=¢

53/2 Z k1/2 02/5)k7393 + 9@3/2) Z e(kfl/Q)(l - 02/5)19719

k=t k=(
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For first term above Y}, _, O(k'?)(1 — 6?/5)*~3¢, using Lemma B.33 we have

301 - %570 < 3 o ln(l/(ll )L 0
skg/f@(e?)u — 0?/5)k/23 = @(02)(1_5022/5% = 0(1).
For second term above Y, _, ©(k~Y/2)(1 — 6%/5)*10 we have
k;@(k—m)u —0%/5)"10 < 0(h) Loo 2721 - 6%/5)" < ©(9)O( ln(l/(ll — 92))) = 0(1).
Therefore, we have By = O(£3/2). O

B.9.1 Technical lemma

We collect few lemma here used in the proof. They mostly rely on direct calculations.
Lemma B.32. For large enough integer k, we have
max | cos® 0 sin 0] < ©(1/Vk),
max | cos® sin? 9| < O(1/k),
max | cos® fsin® 0] = ©(1/k%2).

Proof. We only compute the first one max | cos® @ sin 6| = 1/v/k. Others are similar.
We compute the gradient of f(#) = cos* 6sin 6 and get f'(6) = cos* 1 §(cos? —k sin? 6).
We only need to consider 6 € [0,27]. So the maximum is achieved either at boundary

0 = 0,7 or f'(#) = 0. Then one can verify that the bound is true. O

Lemma B.33. For 3 <1 and k > 0, we have kY2552 < \/ﬁ

Proof. Let f(k) = k'2p%2. We have f'(k) = 1k=1/28%2 4+ 1/2p%21n(B/2). Set f'(ko) =0

we have kg = ﬁz/ﬁ) It is easy to see max f(k) = f(ko) < \/ﬁ il
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Appendix C. Supplementary Materials for Chapter 4
In this chapter, we give the omitted proofs for Chapter 4.

C.1 Multi-layer Mean-Field Networks

In this section, we first briefly review existing theories of two-layer mean-field networks,

and then introduce our framework for multi-layer mean-field networks.

C.1.1 Two-layer networks and permutation invariance
A two-layer network f of width m can usually be represented by*

f(x; W, b) = leU(W:B) = — 2 a;o(w; - x). (C.1)

m m ‘

where W e R™*? is the weight matrix of the hidden layer and b € R™ the output weights.

Let u be the empirical distribution of {(a;,w;)}", < R¥!. Then, we can write

fle;p) = E  {ao(w-x)}. (C.2)

(a,w)~p

By allowing p to be an arbitrary sufficiently regular distribution over R?, we obtain a neural
network, represented by (C.2), that can contain infinitely many neurons.

To describe the gradient flow of this infinite-width network, it suffices to assign a vector
field to R4*! that describes how each neuron (a,w) € R%*! should move at time t. One
simple heuristic way to do so is to first compute the gradient in the finite-width case and
then replace all summations with expectations as in (C.2) and treat the gradient as a vector

field. We now illustrate the idea under realizable setting and with the MSE loss

£ = SE{(fule) - f@)?}.

The theory can be generalized to much more general settings and can be formally justified

using the theory of Wasserstein gradient flow. Readers can refer to, for example, [52] and

1 Here, w; € R¢ means the i-th row of W. Later we will notations v;, b; to denote i-th row or column of
the corresponding matrix. Whether it is a row or column can be easily inferred from the dimension. The
general rule is that if V € RPX™ where m represents the number of neurons, then v; € R? is i-th column,
and if W € R™*P | then w; € R is the i-th row.
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[132] for details. For a finite-width network (C.1), the gradient of £ w.r.t. a neuron (ay, wx)
is
—mVo, L = E{(fu(®) - f(z; W, b))o(wy, - x)},

—MV o, L = IE {(f«(x) — f(z; W, b))ago’ (wy, - )z} .

Replace f(x; W,b) with f(x; u), treat (ag, wi) as a generic neuron, and we obtain a vector

field V : R4t — RA+1

V(o) = B{ (@)~ sl | 2 2|

ac’(w - x)x

At each time ¢, we update the neurons in u according to —V.

One of the most important properties of this mean-field formulation is that it factors
out the permutation invariance of neurons. That is, we can permute (a;, w;) without
changing the output of the network. However, when we treat training as an optimization
problem over the space of (b, W), i.e., R™ x R™*¢ permuting (a;,w;) entirely changes
(b, W). On the other hand, if we describe the network using a distribution u over R4+,
then it is automatically permutation invariant. Note that this is not restricted to infinite-
width networks. When we choose p to be an empirical distribution over finitely many

neurons, we recover a finite-width network without breaking the permutation invariance.

C.1.2 Multi-layer mean-field networks

Unfortunately, the above strategy cannot be directly generalized to multi-layer networks.

Consider the three-layer network

1 1
f(x; 0, Wy, W) = m—bTa (Wih(x;W1)), h(x; W) = HU(W1$),
2 1

where b e R™2, W, e R™2*™1 W, e R™*¢, One can still write

f(x;b,Wg,W1)=%Zaia(wg’i-h(a:;wl))z E  {ao(ws- bz Wh))}.
=1

(aj,w2)~p2
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However, now po is a distribution over R™ | and if m; — 00, it will become a distribution
over R® which is not readily defined. One way to resolve this issue is to view W5 as a
function from [mg] x [m;] to R and then generalize it to handle the infinite-width case by
replacing the index sets [mg], [m1] by two general index sets Io, I; that can potentially
be uncountable. For example, we can choose I; = I, = R. This is the strategy employed
by [140]. (See [150] for a more accessible version of this paper.) The drawback of this
formulation is that, with the introduction of index sets, the permutation invariance is no
longer factored out. Though with this formulation, it is still possible to obtain global con-
vergence results for infinite-width networks, it become less useful when we want to analyze
a finite-width network as it becomes essentially the same as the usual matrix formulation.

We now present a formulation that does factor out the permutation invariance of neu-
rons, and it is built upon composing a sequence of vector-valued two-layer networks. As a

first step, we consider a two-layer network with D-dimensional outputs:

Fl@: AW) = 2 Ac(Wa), (C.3)

m

where A € RP*™ and W e R™*4. For each index i € [D], we still have

1 m
e A W) = > g )= E fao(w @)},
where f1; is the empirical distribution of {(a;j, w;)}jefm; © R*™. Range over i and we
obtain the output vector of this network. For two-layer networks with scalar outputs, in
order to obtain its mean-field counterpart, it suffices to allow p to take a general distribution
over R x R%. This, however, is not the case for networks with vector outputs as the W parts
of p; are coupled. Hence, we need to additionally impose the constraint that all (1;)ie[p
share the same second margin, that is, mo#u; = puw for some distribution puw over R and
all € [D], where 75 : R x R? — RY is the projection that takes (a,w) to w. Intuitively, this
condition says that they share the same first layer weights W. We formalize this idea in

the following definition.
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Definition C.1. Let (p1:)ic[p) be D sufficiently reqular® distributions over R x R%. We call
()2, an admissible configuration of dimension (D, d) if there exists a measure iy

over RY such that mo#tp; = pw holds for all i € [D].

Remark. Note that, by a neuron, we mean a (D + d)-dimensional vector (aq,...,ap,w).
In the finite-width network (C.3), this corresponds to a row in W and the corresponding
column in A. This point of view is important when deriving the infinite-width gradient
flow since, as in the two-layer case, the vector field at the position of a certain neuron can

only depend on the other neurons as a whole. &

To complement the discussion, here we consider the problem that, given an admissible
infinite-width configuration (j;);e[p], how to obtain a finite-width network with m neurons.
For a scalar-valued mean-field network characterized by p, it suffices to generate m samples
from u. For a vector-valued network, the procedure is slightly different. We first sample a
weight vector w from the shared margin pw . Then, for each i € [D], we generate a real
number a; conditioning on w. This gives us a neuron (ai,...,ap,w) € RP x RY. Repeat
this procedure m times and we obtain a finite-width network with m neurons.

We formally define two-layer vector-valued mean-field networks as follows.

Definition C.2. Given an admissible (j1;)iep), the two-layer vector-valued network it de-
fines is

F(x;p,...,nup) = (Fi(w; ), ..., Fp(®; up)), (C.4)

where

Fi(z;pu))= E {ac(w-x)}, Viel|D].

(a‘vw)'\y’i

Now, we are ready to define a multi-layer mean-field network. Basically, a multi-layer

mean-field network is a composition of a sequence of two-layer vector-valued networks (C.4).

2 Our focus is on factoring out the permutation invariance and, in this chapter, essentially all distributions
are empirical distributions over finitely many neurons, with respect to which the integral is just summation
and is always well-defined. We leave the work of figuring out specific regularity conditions to future works.
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Definition C.3. Let L > 1 be an integer. Let DY, ... DWW be a sequence of positive
integers and put D©) = d. For each | € [L], let (,u,(l))ie[Dl] be an admissible configuration

of dimension (DY, DY), The L-layer mean-field network f defined by the configuration

O := ((Mgl))ie[Dl])le[L] is defined recursively as
f(x:0) = FP(z;0),
FO(z;0):= F (FU*)(m;@);ug”, . ,Mg) Vi1, (C.5)
FO(x;0) := ,
where F' is the two-layer mean-field network given by (C.4).

Example As an example, we consider the case L = 3 here. In this case, the finite-width

network corresponding to (C.5) is
1 1
f(l'; AQ, WQ, Al, Wl) = 7A20' <W2A10(W1$)> s
ma my

which is exactly the usual multi-layer network used in practice except the normalizing
terms 1/mg, 1/m; and an additional matrix A; € RP1*™ This matrix compresses an m;
dimensional feature vector to a Dy dimensional one, where D; is an integer that does not

go to oo. It is a reminiscent of the bottleneck structure used in ResNet (|92]).

Remark. Note that this formulation is indeed invariant under permutation of each layer’s
neurons. However, it does not factor out all permutation invariance of a deep network.
For example, one can permute the columns of W7 and adjusting A, W5, Ay accordingly
without changing the output of the network. In some sense, this corresponds to permuting
the entires of the hidden feature F(!). We believe it is not necessary or useful to factor out
this symmetry since, after all, even in the two-layer case, we do not permute the entries of

the inputs x. s

Finally, we consider the problem of formulating mean-field gradient flow so that it

matches the usual gradient flow. The idea is simple: We compute the gradient in the finite-
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width setting and then replace summations with integrals. For the ease of presentation,
we consider a three-layer network and the MSE loss. Again, this framework can be easily

generalized to deeper networks and other loss functions. We write

f@) = f(@;b, Wa, Vi, Wh) = —bT0 (WoF(@; Vi, Wh)),

ma
F(z) — F(z: Vi, W) — Tilvla(Wlw),
L= 'C(ba WZ’ V7 Wl) = %E{(f*(x) - f(mvba WQa Va Wl))2},

where b e R™2, W, e R™*P vV, e RP*™1 W, e R™1%¢ We have

—m2Ve, L = E{(fi(x) = f(z))o(ws; - F())},

—myVa, L = B{(fu(®) = f(2))aio’ (wy; - F(z))F ()},

—mVy, L = IEI {(f*(a:) — f(a:))w}b2 Z ajo’ (ws ;- F(x))ws jo(w; :c)} ,
j=1

—mM1Vay, L = IE {(f*(w) - f(w))n; Z ajo’ (we ;- F(x)) (wyj,v1,)0 (wy, - :c)w} .

Replace summations with integrals and we obtain

T = E{ @) @) | b5 |1

Fswy ~E{ (1@ - 1) B fao'twr @), S0 T

(a,w2)~pa <1.U2, v1>a’('w1 . :B)ZL'
(C.6)

Namely, at each step ¢, we update the second layer neurons (a, ws) with _6(07102)7 and first
layer neurons (v, w;) with _?(vl,wl)- Note that, unlike many other multi-layer mean-field
frameworks, we do not introduce any notion of paths. The dynamics of each first layer
neuron depends on the second layer as a whole as we take expectation over pg in (C.6).
The same is also true for second layer neurons. In some sense, the additional matrix V;

decouples the dynamics of the first and second layer neurons.
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C.2 Preliminaries
C.2.1 Induction hypothesis and continuity argument

We extensively use the continuos-time version of mathematical induction in our proof,
which is also called the continuity argument. We briefly discuss this technique in this
subsection and explain some conventions we employ in the writing of the proof. One may
refer to, for example, Chapter 1.3 of [178] for details.

Similar to the discrete-time induction argument, the goal is to maintain a collection of
conditions, which we call the Induction Hypothesis, throughout a period of time (cf. In-
duction Hypothesis C.7 and Induction Hypothesis C.24). There are mainly two types of
conditions.

The first type has the form “certain process A; is bounded by another process B;”. In
the proof, A; is usually the error we want to control and B; an non-decreasing process
representing the corresponding upper bound. To maintain this type of condition, it suffices
to show that A; < B; at initialization and At < Bt as long as the Induction Hypothesis is
true.

For this type of condition, usually we also have an upper bound for By, say, By < Bg.
The most rigorous way to maintain these bounds is to argue by contradiction. Let T be
the minimum between the time 7; the process ends and the time T, this bound first get
violated. By definition, the Induction Hypothesis holds for any ¢ < T'. Using the Induction
Hypothesis, one can then derive an upper bound 7" on T3, which then leads to an upper
bound on T'. Then, all we need to show is that By is smaller than By, so that T is attained
by T} instead of 1. For the ease of presentation, for this type of conditions, instead of
arguing by contradiction explicitly, we will simply show that, provided that the Induction
Hypothesis is true over [0,7}], then By, < By, holds.

The second type has the form “certain process C; is bounded some value D”. Here, C}
is usually some quantity related to the shape of the learner function such as wy and a. In

order to maintain, say, Cy < D, we show that when C; € [D — ¢, D], we have C; < 0. This
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implies that, as long as C} is continuous, this implies C; can never reach D.
C.2.2 Properties of the input distribution

In this subsection, we derive some basic properties of the input distribution that will
be useful in later analysis.

The following lemma gives the distribution of || and its tail bound.

Lemma C.1. Let € ~ D and let |D| denote the distribution of |x|. We have

D] (r) = gjg/Q(QﬂRdﬁa\/gr) _0 <1> CWrso.

2
As a result, we have the tail bound: for all R > 0, P[||z| = R] < O (1/R).

We now give some regularity conditions on the input distribution that will be used in
our proof. Roughly speaking, it shows that the distribution is heavy-tailed and still has

large enough mass for |z| € [0, 1]

Lemma C.2 (Regularity conditions on input distribution). For the input distribution D,

we have
(i) Ejzj<o.9 ] = O(1).
(i) Eg~p fo(x) = Q(1).

(i) Ejzj<o) || = O(logd) and Ejg|<pory(a) [2[ < O(log(d)).

Proof of Lemma C.1. Recall that the input distribution of x is
d 4
(Bavd) ¢ (Bavda),

where a, 8 > 0 are the universal constants from [162] (cf. the proof of Theorem 5),

R\ 2 )
o(@) = (|m|> Jua2rRalel), @R,
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R; = ﬁ(r(d/Q +1))4 = ©(+v/d) (Lemma 5 in Eldan and Shamir [70]) and .J, is the Bessel
function of the first kind of order. Note that since ¢ only depends on |z|, we can abuse
the notation to use ¢(r) to denote ¢(x) with ||| = 7.

For any test function ¢ : R — R, we have

E lo(le)) = | allel) (3avid)" *(savidz)da

x~D

- (Bax/&)d S JOO g(r)g02(5a\/3r)rd_1dr,

0
where Sq_1 = 27%2/T'(d/2) is the surface of unit ball S*~!. Therefore, we have the density
of |x| with ||| = r is

d
d/2 ( )
2w ,304\/3 Rle
CD (i)

(ﬂaﬂ)deq@Q(ﬂa\/Er)rd_l = ng/Q(Qﬂ'RdﬂCM\/g’F)Td_l

=gJ3/2(27erﬁa\/ar)

o(2).

where we use the fact that J,(z) = O(1/4/2) ([106]). Then, it is easy to see that P(|z]| =
R) = O(1/R).

Proof of Lemma C.2.
(i) It is easy to see the upper bound

E || <0.99.
Ja]<0.99

For lower bound, note that E|zj<.99 [z] = 0.1P(0.1 < ||| < 0.99). Hence, it suffices

to lower bound P(0.1 < |z| < 0.99). We have
0.99 4
P(0.1 < |x| < 0.99) =f ;Jg/g(QﬂRdﬂa\/ar)dr
0.1
1.987RgBan/d
>Q(1)J J3a(r)dr = 9(1),
0.2 RgBad
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where in the last line we use Lemma 23 in Eldan and Shamir [70]. This implies that

Ejazj<0.90 |x]| = ©Q(1). Together with the upper bound, we have E|zj<o.99 [|2[ = ©(1).

(ii) We have

E = E [1- > E |1-
E @)= EN-|ell> E -]

= 0.01P(Jx| < 0.99) > 0.01P(0.1 < ||| < 0.99) = Q(1),
where the last inequality we use the calculation in (a).

(iii) The upper bound follows directly from the tail bound ||D| (1) < O(1/r?). For the lower
bound, recall the density of |z| when ||z = r is %Jg/Q(QWRdBOé\/ET). For notational

simplicity, put Rp = ©(d). We have

Rp
E |ar:||=fo ng/Q(QﬁRdﬂa\/gr)dr

|z|<Rp
cd?

J2(r)dr = Q(1) f T a(r)dr,

J‘Zﬂ'RdRDﬁOL\/a
cd

d
 2nRg4Ban/d Jo

where c is a large enough constant.

To lower bound E ||, it suffices to lower bound Szgz JC%/Q(r)dr. In the following, we will
lower bound it by following a similar calculation in Lemma 23 in Eldan and Shamir
[70]. From the proof of Lemma 23 in Eldan and Shamir [70], we have for x > d > 2

(d+1)m

2
J§/2(a:) > Ecos2 <— 1

+ fdxl’) — 3x_2,

where f;, is a quantity that depends on d and z, and satisfies 1.3 > f;, > 0.85.

Then, we have

cd? cd? cd?
2 d+1
f J§/2(x)dx Zf — cos? <_(+4)7r + fdyxx> do — f 3r%dx

cd cd TX cd
2 [ 1 d+1 d—1
I WYQUES P P
T ) T 4 ’ cd?
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Note that in the proof of Lemma 23 in Eldan and Shamir 70|, it is shown that

0 d? -1

—(fgax) =11 — —— < 1.
ax(fd’ ?) 42

Then, since 1.3 > f4, = 0.85 we have

cd?
2J 1 cos? (_(d+41)77 + fd@a:) dz

2 (e 0.85 d+1
>— cos’ (—( * D +fd,a::n>

T Jea fauT 4 (fazx)de

S

2 (fecaze® (.85 d+1
=Jd T o2 <—(+4)7T+z> dz

T Jfa cacd Z

17 0.85¢d? 1 d 1
=— = cos? <_(+)7r + z> dz.
T J1.3¢d * 4

Then, using integration by parts and the fact that cos?(z — (d + 1)7/4) = £(z/2 +
sin(2z — (d + 1)m/2)/4), we have
0.85cd?
1 d+1
f — cos? (—H)W + z) dz
1.3cd # 4

(5 + fsin(2e — (50))

4 2
5 dz

0.85cd? N J<0.85cd2 (% +1 sin(2z — (d+1)7r))

z 1.3cd 1.3cd z

- 1 1 N 1 N
~ 4\0.85¢d? " 1.3¢d

0.85¢d?

1

—dz
1.3cd 4z

1 1 N 1 +11n0.85cd2
4 \0.85¢d? " 1.3¢d 47 1.3cd

= Q(logd).

Therefore, we have

cd?
| ate)de = 20z,
cd

which implies EHwHSG(d) ”33” = Q(log d)
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C.2.3 Properties of spherically symmetric functions and distributions

In this subsection, we give some useful proprieties of spherically symmetric functions and
distributions. These will be useful tools in our later analysis. Basically, these lemmas allow
us to disentangle input & and neuron v when considering integration against spherically

symmetric function.

Lemma 4.3. Let p be a spherically symmetric distribution. We have

L(d/2)Vd
2y/ml((d+1)/2)

2
B~y |w]

Vd

E ||lw[|o(w-x)=Cr |x|| where Cr :=
w~p

Note that, as d — o, we have Cr — 1/4/27, so Cr is universally bounded for all d.

Lemma C.3. For any spherically symmetric g : R* - R and v € R?, we have

Elol@)o(v =)} = L Eda@) lal} o]

Corollary C.4. Let g : R? — R be a spherically symmetric function. We have
E {g()F(x)} = 0B {g(x) |a]}

Lemma C.5. Let g : R? - R be a spherically symmetric function. Then, for any v € R?,

we have

E {g(@)o'(v-z)z} = E_{g(x) ]} 33"’

Proof of Lemma 4.3. For simplicity, put g() = Ey~, |w] o(w-x). Since o is 1-homogenous

and p is spherically symmetric, we have

@) = | ol ol 2)utw) dw



For the first term, note that3

fRd |w]? p(w) dw = LOO Ldl r2p(rw) do? = (w)dr = 1?(7;‘1//22) JOO L) dr

Hence,

J~oo rd+1,u(r) dr — '(d/2) J ||’wH2,UJ('w) dw — I'(d/2) E HwHQ
Rd

0 27rd/2 2742 w~p

Then we compute the second term as follows. Since it is also spherically symmetric, we

have
J o (- @) do' () — |m|f o (i) do () — ‘w‘f (1| do=L (D).
Sd—1 Sd—1 2 Sd-1

Define I = SRd \w1|e*H“’”2 dw. We have

d 2 Q0 9 d o0 )
I'= J | ] [e™ dw = (f |wy e dw1> f e du; = w(@ /2,
Re i=1 —0 il

i —00

We also have

0 0
I= f J rlwy e " drdo® ! (w) = j e rd er 1| do®~! ()
Sd—1 Jo 0 Sd—1

_ F((d'gl)/2) Ld_l \wlldad_l(w).

Therefore,

[kl V2

v-x)do?H(w 1| do? (W) = ——— ||| . .
|, oot i) = L[ oot @) - s el (©)
Thus,
_ D(d/2) -2 _ o Buy|w)”
g($) - 271.(1/2 wI?,u ”’UJH2 F((d—i— 1)/2) ||$|| - CF \/a H$|| .
O

d
# Recall the surface area of the d-dimensional unit sphere is {do? ' = ?E’ - //;
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Proof of Lemma C.3. We compute

E {o@oo-a)) = | g(@)o(o-o)Dla)de
= wf g(r@)o(v - (rz)) D(re)rt do (z)dr
0 Jsa-1
_ f L gl @) D)t Ao (@)dr
_ foo g(r) D(r)rd dr f o (v - @) do’ (3)
0 sd-1

= JOO (r) D(r)r? driﬂ(d_l)/2
") ! ((d+1)/2)

[

where the last line comes from (C.7). (Note the integral is taken w.r.t. & instead of w here.)

For the first term, note that

E Ag(@) =]} = fRd 9(x) |=| D(x) dz

_ L ’ L g D)t do™ ()ar

_ L N L gl D) do (@)

B 27Td/2 o) J
= TP fo g(r)D(x)r dr.
Thus,
ord/2 \ Tt (d=1)/2
B l@oto-a) = B (o@)lel} (35 )  trasrz v

= ) |T ﬁ v
= B o(@) 2]} 7 ol
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Proof of Corollary C.4. By the previous Lemma, we have

Elo(@)F (@) - B {o(a) B (lw]olw o)}

w

——

{Iw] E{g(@)o(w - 2)}

E
w~ 1

2 Cr - x) |z
- 5, ol B @ el } = oot o).

w~ [y
O

Proof of Lemma C.5. Define R = v9' — (I; — v9') = 209 — I;. That is, R is the
reflection matrix associated with ©. Since D is spherically symmetric, we have R# D = D.

For the same reason, g o R = g. Moreover, by construction, Rv = v. Hence,

—_

E {g(@)o'(v- @)z} = - ( E {g(@)'(v o)z} + E {g(m)a%v-m)as})

z~D 2 \z~D z~R#D

(mng {9(2)o’ (v - z)z + g(Rx)o’ (v - Rac)Rac})

N |

N % (E {9@)0'(v- @)z + g(Ra)o'(Rv - @) Ra})

-+ (B, (o(@)o'(v - 2) (@ + Ra)})

Note that  + Rz = 209 = = 2(¥,x)®. Hence,

E {g@)o'(v-z)z} = E {g(@)o(@-x)}5 = F {g(x)

where the second identity comes from Lemma C.3. O

C.2.4 The infinite-width network remains spherically symmetric

In this subsection, we show that the infinite-width network remains spherically symmet-
ric throughout the whole process. Clear that uy is spherically symmetric at initialization.
Now, assume that it is spherically symmetric at time ¢. We claim that v; does not move tan-
gentially, and its radial speed does not depend on its direction ©;. That is, v; = h(|v1])v1

for some function h.
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By our induction hypothesis, S is also spherically symmetric at time ¢. Let T :=
21‘2161T — I; be the reflection w.r.t. v;. Clear that T'w; = v;. Moreover, it does not change

the norm and, as a result, S(Tx) = S(x), T#D =D and [To T = T o II. Hence, we have

o1 = E {IIg, [S(z) (B10(vi - @)+ |vi] o' (v1 - 2)z)]}

x~D
N %JED {Ilg,, [S(2) (Bro(v1 - @) + [01] o' (v1 - 2)2)]}
;%;E#D {IIg,, [S(z) (Bio(v: - z) + |v1] o' (v1 - 2)2)]}

For the second term, we have

B, e, [S(@) @10 @) + o] o' (01 @)2)])

= wIE:D {Hva [S(z) (v10(v1 - Tx) + |v1| o' (v1 - Tx)Tx)]}

= E {llg,, [S(x) (@io(v1-2) + |v1] 0'(v1 - 2)T2)]}

= B {Tla,, [S@)T (001 2)or + o] o' (01 - 2)a)]}

= mI~ED {THva [S(x) (o(vy - )01 + ||v1] o' (01 - a:)w)]} .

Thus,

v==-IT+T) :cI~ED {Hva [S(z) (v10(vy - @) + ||v1] o' (v1 - m)m)]}

Do =

= 2<61,mI~ED {Tlg,, [S(x) (Bio(v1 - ) + |v1] o' (01 x)a:)]}>171
Namely, ©1 = h(vy)v; where

h()) =201, E {Iln,, [S@) @101 -@) + [or] o' (01 - @))]} ).

Now, we show that h is spherically symmetric to complete the proof. Let R be an arbitrary
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rotation matrix. We have

W(Rv1) = 2(Ron, B {Tn,, [S(x) (Roro(Ror - ) + [or]| o' (Ror - 2))]})
= 2(Roy, B {Tly,, [S(z) (Ro10(v1- R'2) + [01] o' (01 - R2)RR )]} )
~2(Ro | B {ln, [SG) (Rowo(o,-2) + foilo'(vr-2)Re)]} )
—2(Ro,, R E {Iln,, [S(z) (@010(v1 - 2) + 0] o' (01 - 2))]})

=2 <61,wI~ED {Hva [S(x) (v10(vy - @) + ||v1] o' (v1 - w)w)]}>
= h(vl).

Thus, h is spherically symmetric.
C.3Stage 1

The goal of Stage 1 is for all vy to decrease to —O(1/R,,) so that we can ignore all
projection operators in 79, ©7 and vo. We split Stage 1 into three substages, in which v
decreases to 0, —poly(d)dy and —O(1/R,,), respectively. By Lemma C.8, at the end of
each substage, one more projection operator can be ignored. We also show that, in Stage 1,
the approximation error of the first layer and the spread of second layer cannot grow too
much.

First, for the initialization, by some standard concentration argument, we have the

following lemma.

Lemma C.6 (Initialization). We choose m; = poly(d,1/e), ma = O(1), o1 = 1/V/d,
oy = 1/poly(d, 1/€), and o, to be a small constant. We initialize wy ~ Unif(a1S1) for
w1, and wy ~ N(0,03) and by = o, for ps.

Given 61,1 = 1/poly,(d, 1/e), we choose a sufficiently large my so that, at initialization,

with probability at least 1 —1/poly(d),

Flga-1 — 1HLOC < 017 We also choose o3 = 61 1/d".

With probability at least 1 — 1/ poly(d), we have max,, |ws| < O(logd)os.

Then, we formally state the Induction Hypothesis we are going to maintain for Stage 1.
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Induction Hypothesis C.7 (Stage 1). We define Ty := inf {t > 0 : —wa(t) = O(1)/R,,}

for some large constant. Define (587)1, 5;1])%, 651) ast

(1)
51,T

— o~

— max {5 L(0). max | 81(t) — By (0)|} :
V1€ML

2 2
[o1]]” = B, [ewn]

X 58])% = max {5512%(0), max

B , in Stage 1.1 and Stage 1.2,
Ewl leH

65”=max{6§”<o>, max |<v2,r2>—<v;7r;>|},

(v2,r2),(v5,75)

and
(d o) _ d . .
01 = RelU ( 3 Dax[[oy(t) — o (O)I) :
d d [01] = By [l | .
6;»=ReLU | — L )
1 atLR e (dt max Eoy 1] ) wn Stage 1.5,
d (1) (d /AW >
05’ = ReLU max V9, To) — (Va, T ,
i T m ) = (1))

with initial value 69%(0) = 55711)%(0) =0 and 551)(0) = O(oylogd).

We say that this Induction Hypothesis is true at time t € [0, Ty] if the following hold.®
(i) Approximation error of the first layer. For each vy € uy, |01(t) — 01(0)| < (5%1%
and Jor* = (1480 ) Euy 01|

(ii) Spread of the second layer. For any (va,73), (v, 75) € pa, [(v2,72) — (vh,75)| <

5.

4 Note that we define these §’s to be upper bounds of the corresponding values instead the values them-
selves. The only reason we define these §’s in such a twisted way is to make the proof easier to write
rigorously. See the footnote in Induction Hypothesis C.24, where this type of definitions plays more tech-
nically important role, for further discussions.

5 The first two conditions actually follow directly from the definition of the §’s. We put repeat them here

only for easier reference. The actual result we need to prove for these §’s is condition (e), which says that
these d’s are always small.
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(i7i) The bias term. For any (ve,72) € pa, r2 = O(1).
(i) Size of f. |y = O(1/R,,) = O(1/d*) and a = O(Vd/R,,) = ©(1/d").
(v) Bounds for the errors. 551) < O(d"*(log d)o) and (581)%—1-55’1% < O(d"(logd)og+61.1)

The next lemma describes when the projection operators can be ignored. Roughly
speaking, we first bound the gradients to show that in order for a projection operator to
be triggered, |x| must be larger than a certain quantity. Meanwhile, note that f, whence
the gradients, vanishes for those & with |z| > ©(1/|wza|). Hence, as long as ©(1/|wac)

is smaller than that quantity, we can ignore the projection.

Lemma C.8. Suppose that Induction Hypothesis C.7 is true. The projection operators
in 1o, U1 and ve will no longer be activated if all second layer weights are monpositive,
—Wo > @(1)551) for some large constant, and —wy = ©(1)/R,, for some large constant,

respectively.

Remark. Though we only need —ws to be @(1)551) to ignore the projection operator in

v1, we will actually define the end of Stage 1.2 to be the time —ws becomes poly(d)égl) to

get a more regular start for Stage 1.3. )

Now, we present the main lemma of Stage 1. One can see that, by properly choosing
the parameters, the errors can be made arbitrarily small without affecting the final value
of a and wy. To prove the main lemma, it suffices to combine Lemma C.11, Lemma C.14

and Lemma C.15 together.

Lemma C.9 (Main lemma of Stage 1). Induction Hypothesis C.7 is true throughout Stage 1.

Stage 1 takes at most O(d*ce + 1/d*5) amount of time. At the end of Stage 1, we have
a = O(1/d"?) and —wy = O(1/d®). For the errors, we have 552) < O(d*®logdos) and

oty + 0% < O(0u1).
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Proof of Lemma C.8. First, note that when all v5 are nonpositive, we have f = O(1). Since
we choose R,, to be a large constant, this implies the projection operator in 7, will not
be activated. When —wy > @(1)651), we have f(x) < o(cwea x| + O(1)) for some small
constant ¢ > 0. As a result, f vanishes on {|z|| > (—cwya)~'}. Then, for those & with

|z| < (—cwaa) ™, the gradient w.r.t. v; can be bounded as

_ ) 1
[V L()|| < O1)[ws ] [v1] < O1)[ws] [0 AR O(d).

Since we choose R,, = ©(d) with a large constant, this implies the projection operator in

v; will not be triggered. Finally, for v, for those  with |z| < (—ctwea) ™!, we have
o)
Vo, L(z)] < O(D)a 2] < —
| 2]
By assumption, |ws| = O(1)/R,, for some large constant. Hence, this inequality implies
the projection operator in v9 will not be triggered. O

C.3.1 Stage 1.1

The goal of Stage 1.1 is to make sure that all second layer weights vy become non-
positive, that is,

Ty :=inf{t = 0 : V(vg,72) € o, va < 0}.

As a result, at the end of Stage 1.1, f is O(1) and, by Lemma C.8, the projection operator
in 79 can be ignored. Since this stage only takes a very small amount of time, we shall
control the first layer error by directly bounding the movement of v;. For the second layer,
we bound the movement of the bias term in the same brute-force way. For second layer
weights, we show that those positive vo’s decrease faster than the negative wvs’s, so the

spread will not increase.

Lemma C.10. Suppose that Induction Hypothesis C.7 is true at timet andt < Ty1. Then
the following hold.

(i) |01 < Ry, and |F2] < Ry,
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(11) maxy, we — min,, we is non-increasing.
(iii) For any positive second layer weight va, we have vy < —O(logd/d'®).

Remark. In fact, (c¢) holds whenever a = Q(1/d'%) and voF(z) + ro = O(1) for any
(va,72) € g and x € {||z|| < d'*}, which is always true throughout Stage 1. This estimation

will also be used in Stage 1.2 and Stage 1.3. &

Lemma C.11 (Main lemma of Stage 1.1). Stage 1.1 takes at most O(d1'55§1)(0)) amount of
time. At the end of Stage 1.1, all second layer weights vy are non-positive. Hence, f = O(1)

and, by Lemma C.8, the projection operator in 79 can no longer be activated.
For the errors, we have (551)(T1.1) < O(dl'séél)(O)), and both 6;%(TM) and 58%(T1_1)

can be bounded by O(dgégl)(O)).

Proof of Lemma C.10.

(i) This is obvious.
(ii) First, we decompose vy as

{(fulx) = f(@)F(x)} = E ATk, [f(x)o'(vF () +1r2) F(2)]} .

o] <1 ]| >1

Note that the first term does not depend on vq, and, for the second term, o’ (vo F'(x) +
r9) = 1 whenever v, > 0. As a result, the speed of positive vy is uniform and more

negative than those vy < 0. Thus, max,,, ws — min,,, ws is non-increasing.
(iii) Clear that Ezj<i {(f«(x) — f(x))F(x)} = O(a). For the second term, first note that

for any = with |z| < d"?, we have

f(x)F(x) <O (1 + max wax |a:\> alz| < Ry,, f(x) = O(1)—max |we|a |z = O(1).
w2 w2
As a result,

E {TIg,, [f(2)0'(v2F(z) + 2)F(z)]} > O(a) E x| =0 ((logd)a).

]>1 1< || <d?-5
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Thus, ¥ < —O(log d/d"?).
O

Proof of Lemma C.11. By Lemma C.10, it takes at most O(d1'56§1)(0)) amount of time for
all vy to become nonpositive. Within this amount of time, ry at most changes O(d1'55§1) (0)).
Since the spread of wy does not increase, this implies 5§1) (Th1) < O(d1'55§1) (0)). Finally, the
change of v; can be bounded by O(d2‘55§1)(0)). As a result, both (581)%(T1_1) and 58%(T1_1)

can be bounded by O(dgéél)(O)). O

C.3.2 Stage 1.2

The goal of Stage 1.2 is to make sure —wo > d5§1)(TM). Namely,

Tio :=inf {t =T, : —wy = d(;él) (Tll)} .

We will also show that (551)(T1.2) = O((Sél)(TM)) SO 551)(T1,2)/|1D2] = O(1/d) at the end of
Stage 1.2. Moreover, by Lemma C.8, at the end of Stage 1.2, the projection operator in v;
will no longer be activated. We also show that ry remains ©(1) throughout Stage 1 in this
subsection.

The first layer error is again controlled in a brute-force way. For the second layer spread,
we show that since |vg| is small, o/(voF(x) + 72) = 1 for most of « and, as a result, the

change of (vq,72) is approximately uniform.

Lemma C.12. Suppose that Induction Hypothesis C.7 is true at time t. Then, for any
(v2,72) € fa, 72 > 0 when r < E f,/2 and 7o < 0 when r = 2K f,. As a result, ro = O(1)

throughout Stage 1.

Lemma C.13 (Spread of the second layer). Suppose that Induction Hypothesis C.7 is true

at time t and t < Ty9. Then, for any (ve,r2), (v, 75) € ua, we have

d 2
S lwa,m) = ()| < 0@ (8")
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Though, by this Lemma, the error 551) can grow exponentially fast and the growth rate
is quite large, it will not blow up as v < —O(logd/d'®), so the time needed for Stage 1.2

is much shorter than 1/d*°.

Lemma C.14 (Main lemma of Stage 1.2). Stage 1.2 takes at most O(d2'55§1)(T1_1)) amount
of time. At the end of Stage 1.2, we have, for any (ve,T3) € pa, —vy = @(d)(sél)(TM).
For the errors, the spread of the second layer is (1 + 0(1))(551)(T1_1), and both (58])%(T1_2)

and 5§71%(T1,2) can be bounded by O(d46§1)(T1,1)).

Proof of Lemma C.12. We write
ty = E{(fu(z) — f(®))0" (v2F (2) + 12)} = E fu(@) — E{f(x)0" (v F'() + r2)}

Since the spread of by is 0(1), when 79 < Eg fi(x)/2 = ©(1), the RHS is a positive constant.
In other word, ro will keep grow. Meanwhile, since the second term can be bounded as
Eo {f(z)o'(12F(x) + r2)} = Ejgjeaz {f(x)} = (1 — 0(1))bz, when 75 > 2E fy(x), 7o will
become a negative constant and ro will decrease. Combine this two cases together, and we

complete the proof. O
Proof of Lemma C.13. Since |vg| < déél)(TM), F(x) = O(a) ||z and r, = O(1), voF(x) +
ro > 0 for all x with |z| < @(\/&/(5&1) (Th1)). Hence, we can rewrite vy as

Uy = E {ITg,, [(fe(2) — f(®))F(2)]}

<O (vd/s5" (T1.1))

— E {Il,, [f ()0’ (vaF (x) + o) F ()]} .
Je|=0(vd/s" (T1.1))

The first term does not depend on wve and, by the tail bound, the second term can be
bounded by O(R,, 551)(T1‘1)/\/a). Similarly, for 72, we have
2 = E  {ful@) - fl@)} £ 0 (o (1)/Vd).
||<0(Va/si (T1.1)
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Hence, for any (ve,rs), (vh, %) € 2, we have

d VN / Ry, 8y (T1.1) / 35" (T1.1)
at (v, m2) — (v5, m5) " <(v2 — v5)O (\/E> + (r2 —15)0 <\/&

<o(@?) (")’
]

Proof of Lemma C.14. Recall from Lemma C.10 that 95 = —0(log d/d"%), whence Stage 1.2

takes at most O(d2'55§1)(T1,1)) amount of time. By Lemma C.13, we have

(58 (112) " < (37(T1n)) exp (03" (1)) < (1-+ (1)) (o (T1))

For vy, similar to the proof of Lemma C.11, both 55’13%(T1,2) and 65’1%(T1,2) can be bounded
by O(d45§1)(T1.1))- O

C.3.3 Stage 1.3

The goal of Stage 1.3 is to make sure —wy = O(1/R,,) for some large constant, so that,

by Lemma C.8, the projection operator in vs can be ignored. That is, we define
T1_3 ;= inf {t = TLQ . —U_}Q(t) = @(1/RU2)} .

The time needed for this stage is longer than the time needed for previous stages, so we
need less brute-force ways to control the errors. For the first layer, we show that the tangent
movement is almost zero and the radial movement is approximately uniform. For the second

layer, we show that the spread 551) cannot grow too fast.

Lemma C.15 (Main lemma of Stage 1.3). Stage 1.3 takes at most O(1/d*5) amount of

time. At the end of Stage 1.3, we have —iy = O(1/R,,) and o = O(Vd/Ry, ).

For the errors, the spread of the second layer is O (551)(T1_2)> and the first layer errors

are O (557123(T1_2) + (5571%(T1_2) + 011+ log(d)5§1)(T1_2)).

223



Proof. Since vy = —Q(logd/d'®) and R,, = O(d?), Stage 1.3 takes at most O(1/d")

amount of time. Within this amount of time, by Lemma C.23, we have

(55" (T1))* < (85" (11.2)) exp (25.15) dl> = (1+0(1))(” (T1.2))*,

For the first layer, by Lemma C.21, we have

U N(Ts) + 60T )

o(1 o) 1
< <5§}1§(TL2) + 00 (T12) + 653 5,140 (1og(d)5§1>)> exp ( d§,5) d1,5>

5
o) <5§};(TL2) + 8\ (T12) + ;;f + 10g(d)6§1)(T1.2)> .

Finally, by Lemma C.22, we have a(T13) = (1 + o(1))a(T1.2). O

C.3.3.1 Estimations related to o’/ (vo F'(x) + 73)

First, we need some helper results to handle o’(vo F(x) + r2). The conditions for them
to hold are mild and are always true throughout the entire training procedure, and we will
use these results in later stages, too.

First, we show that when the value of o’ (vo F'(x)+r2) can change across different (vq, r2),
the function value must be small. Note that the error here depends on the ratio do/|ws|

and this is why we need |wsz| to be ©(d)d, instead of merely ©(1)d2 at the end of Stage 1.2.

Lemma C.16. Suppose that ro = O(1), —vg = Q(d2) for any (ve,72) € g, where o2 is the
spread of the second layer. If voF' () 4+ ro = 0 for some (va,72) € pa, then viF(x) + rh <

O((Jwe] ™t + 1)82) for all (vh,1h) € pa.

Remark. It is not necessary that there really exists a (vg,72) € o with voF'(x) + 79 = 0.
As long as v4F(x) + rh, < 0 and vjF(x) + r5 = 0 for some (v),75), (v5,r5) € ua, by the
continuity, there always exists some point (ve,r2) between (vh, ) and (v4,r5) such that
voF(x) + ro = 0. Moreover, this point is within the spread of the second layer, so this

lemma, still applies. )
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Then, we show that we can absorb ¢’ into f, and f.

Lemma C.17. Suppose that the hypothesis of Lemma C.16 is true, and all second layer

neurons are activated on {|x| < 1}. Then, for any (va,72) € po and x € R, we have
fe(@)o' (vaF () +12) = ful®) and f(z)o' (v2F(x) +12) = f(x) £ O ((Jwa| " + 1)d5) .
As a corollary, we have

f(@) = o(v2F(x) +72) £ O ((Jwg| ™" + 1)d2)

f(x) = o(woF () + bs) + O ((Jwa]| " + 1)) .

As a corollary of Lemma C.16, the measure on which o'(voF'(x) + 73) can differ for
different (ve,73) is also small. Here we also use the fact that those « are around ©(1/|wac)

the tail bound |D| (r) < O(1/r?).

Lemma C.18. Suppose Induction Hypothesis C.7 is true at time t. For any (va,2)(v5,175) €

L2, we have

E{|o’(v:F (@) +15) — o' (hF (@) + 19)[} < O (ad}").

Proof of Lemma C.16. For any (v),15) € p2, we can write

! J—

Vo F () + 1y = vaF () + ro +(vy — vo) F(x) + (1, — 1r3)

—_—
-0
vy — v vy — v}
= 2—2(0aF (@) + 19 —12) + (1} — 12) = r9——2 + (1}, — 12).
V2 —_— Vg
-0
The last term can be bounded as O((|wa| ™! + 1)d2). O

Proof of Lemma C.17. Since all second layer neurons are activated on {|x| < 1}, we always
have fi(x)o'(vaF () +12) = f«(x). Now we consider f(x)o'(voF (x)+r2). If voF (x)+re >
0, then we are done. If v5F'(x) + 15 < 0 for all (v, ) € pa, then both f(x)o’ (vaF () + 72)
and f(x) are 0. Therefore, it suffices to consider the case where voF'(x) + ro < 0 while
f(z) > 0. By Lemma C.29, in this case, we have f(z) < O ((|wa|™! +1)ds). O
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Proof of Lemma C.18. Since the norm and direction of @ are independent, it suffices to fix

a direction & and consider

r~I%DH {|lo" (varF(Z) + 12) — o' (vyr F(Z) + 15)|} .

For notational simplicity, define h(vq,re,7) = vorF (&) + ro. The integrand is nonzero iff
the signs of h(vq,re,r) and h(v), 4, r) are different. To bound the length of the interval on
which the signs can differ, we write

h('UQ,TQ,T) = ZTJQTF(CE) + EQ + (UQ — Ujg)?”F(.’i‘) + (7’2 - Z_)Q)
- (wz +0 (55”)) rF(&) + by + O (55”) .
Therefore, the length of this interval can be bounded by O(5§1) /(w3a)). Moreover, note
that this interval is at ©(1/|w2a|), whence the density on it is O(w3a?). Thus, the measure

of this interval is O(aéél)). O

C.3.3.2 Estimations for the first layer

Before we control the error growth, we need a lemma that relates the approximation

error with the tangent movement and radial spread of the first layer.

Lemma C.19. Suppose that the tangent movement and radial spread of the first layer

neurons can be bounded as |By(t) — 91(0)| < 610 and |v1]* = (1 + 61.8) Ew, |wi|?>. Then
Fla; ) = (1 + 8y + Vo g + \/&m) o] .

As a simple corollary, we have the following,.

Corollary C.20. Suppose that Induction Hypothesis C.7 is true at time t. Then, we have
@) = F@)| = (611 + Vo[, + Vas')) wsa |

As a result, we have

E{(f(@)~ f@) o]} < (610 + Vas) + Vo)) mra E ]

< Our + Vo) + Vdsy')
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Now, we are ready the control the error of the first layer.

Lemma C.21. Suppose that Induction Hypothesis C.7 is true at time t and t € [T12, T} 3].

Then we have

% (1% +015) < O (011 + Vol + Vo) w) + 0 (log(@)ss” )

o) (. ! O(1) )
< Do (0% +010) + =501 + 0 (log(@)af)

Finally, we estimate the radial speed of v; to provide an estimation for the magnitude

of o at the end of Stage 1.

Lemma C.22. Suppose that Induction Hypothesis C.7 is true at time t and t € [T} 2,T13].

Then we have

d logd\ _
Gl =0 (5 ol

Proof of Lemma C.19. Define N2 = E,,, |w;|?>. Let g be the distribution obtained by

setting the norm of neurons in p; to N. We have

F(z;p) = E {(1+6,8)N°0(w, - x)} = F(wm; 1)) + O(61,rN? ).

wi~p
Let pf be the distribution obtained by moving ©1(t) to ©1(0) in pj. Then, we have

Fla:p) = N*  E Aol @)} + 0 (5,7N? [2]) = Fla:uf) + O (517N |2])

wi~p1(0)
Finally, note that
N? N?
Fa; i) = 2 F(@;1(0) = S5 (1 £ dun)ao 2] = (14 61,1)e [
0 0
Combine these together and we complete the proof. O
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Proof of Lemma C.21. First, we decompose v; along the tangent and radial directions as

follows:

Rad(vl) = <’i)1,’l_Jl>’l_)1 = 215;{5(213)0’(1)1 . 113)}1_)1,

Tan(¥,) := (I — 019] )01 = vy E {S(z)o’ (v1 - x)(I — 010 )z} .

Note that v; = Rad(¢1) + Tan(v;). By Lemma C.17, we have
Rad(in) = 202 E{(fu(@) — /(@) (01 - @)} 91 £ O (log(d)oS” |vn]])

Tan(é1) = o1 @2 E {(f.(2) — f(@))o’ (01 - @)(T = 019] )} £ O (log(d)sy” [vn])

For the radial term, by Lemma C.3 and Lemma C.20, we have

Rad(d1) =202 { (/u(@) ~ f(@))o(vr- @)} o1 + 20, E{ (f() ~ J(@))o (v @) |

(%1

+ 0 (log(d)dy” vn])

2B { (@)~ F@) lal} o

+0 ((51,1 + V6" + Vd 5“)) s Hmu) +0 (1og(d)5§” HmH) .
Therefore,
d 9 .
X lv1]* = 2<v1, Rad(01))

4CTrwe 7
= I B0 @)~ @) lal o ?

((51, + Vsl + \Fa(”) s \|v1\|2) +0 (1og(d)5§” HleQ) .

For any vy, v} € puy with [|vq] = |v]], we have

d 2_ 7112 9
d o |? = o> (Iorl? = 1041?) ol = )P S

2 - 2 2
dt ] v v vl
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This becomes

d Joi|* = [o1|* _ 4Cra@, ; lod|* = ot )
- = E ) — xr xTr —_——

+ 0 (611 + Vaolly + Vaoly) w;) + 0 (tog(@)sy")

_ o] — i 1* 4Cr @

i Vd

E{(fu(@) - [@)) ||}
+ |v1|TvZ|lv’120 <(51,I+\/g5§71) [5(1)) )

o1 ]* — 3]

2
w1l

— 20 (1 + Vasl) + Vaol)) @) + 0 (tog(d)sy”)

0 (1og(d)5§”)

Now we consider the tangent movement. By Lemma C.5 and Lemma C.20, we have
Tan(61) = o1 52 E{ (fu(@) ~ f(@))o'(v1 - 2)(T — 010] )}
+ Jor| w2 E{(f(@) = f(@))o’ (v1 - @)(T = 519] ) | £ O (log(d)of" o)

— 0 ( (611 + Vol + Vsl ) ws [on]) + 0 (tog(@)al ) .

As a result,

dg, Tl _ g ((51,1 + Vsl + \F(s“)) ) +0 (log( )5“)).

dt o1
Combine these two bounds together and we complete the proof.

Proof of Lemma C.22. By the proof of Lemma C.21, we have

2CTr 1wy
Vd

£0 (81 + Vady j + Vs ) s o] ) + O (1oa(d)a} o)

Rad(i)l ) =

E{(fo(@) - f(@)) 2]} v

logd
e ( \% ) @avy + O ((m + Vsl + \/&5%) Wy |y | + log(d)ss) |\v1||) .
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Recall that 5&1) < |ws]/d. Hence,

d log d
i Tout® = © (250 ol .0 ( (14 Vsl + Vasy) a forl® + og(@)of” o )

logd\ _ 9
=0 vl
(ﬁ)wl|

C.3.3.3 Estimations for the second layer

Now, we bound the growth of the spread of the second layer. Readers may first check
the proof of Lemma C.37, which is essentially a simpler case of this result where we do
not need to deal with the projections. In Lemma C.37, we show that the spread will never

grow. Here, the error comes from the projection.
Lemma C.23. Suppose that Induction Hypothesis C.7 is true at time t. Then we have

d < 0o(1)
7(6 )2< 25

5@ (85)°.

Proof. Let (va,73), (v5,75) € po and define ho(x) = vaF'(x) + ro and hh(x) = v4F (x) + 14.

We write

2= E {(fulx) - f(x))F(x)} — E AT, [f(x)0’(ha(@)) F ()]} =: T1(i2) + Ta(i2).

<1 =1

T, does not depend on vy. For T5, note that

g, [f(x)o’ (ha(@)) F(®)] = Ug,, /@) [f(@)] o' (ha(2)) F ().

Similarly, for 75, we have

d

2 rp)? = 2 o {f(@) (' (ha(z)) — o (Ry(2))) (ra — 7))}

=2 E T, r@[f(@))(0' (ha(®)) — o' (Ry()))(r2 — 74) }

] =>1

—2 B {(f@) ~ I, /re)f(@)]) (' (ha(@)) = o' (y(@))(r2 = 19) |

=1
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Combine these two equations together and we obtain

(02— + (r2 = 14)?)

= =2 B {Ta, e [F@)] (o' (a(@)) — o' (H(w)) (ha(w) — ()}

=1

—2 B {(f(@) — I, rw)f@)]) (o' (ha(@)) — o' (y(@)))(r2 = 19) | .

=1

Since o’ is non-decreasing, the first term is nonpositive. For the second term, by Lemma C.16

and Lemma C.18, it can be bounded as

max —
a:sgn(ha(x)) El |02 | d?5

#sgn(hy(z))

f(@) E {lo' (hal)) — o (By(@))|} Ir2 — 7] < O <a<5§1))3> <o)

C.4 Stage 2

The goal of Stage 2 is for gradient flow to converge to a point with loss €. Similar to

Stage 1, we maintain a set of induction hypotheses.

Induction Hypothesis C.24. Define Ty := inf{t > T\ : L = e}. Define 6@ (51’Loo,(5§2)

1,L2’
as
d d - d d - d
30012 = ReLU (dt |F— ||L2> . 30ite = ReLU (dt | Flgas — 1|LOO) S

with initial value satisfying®

d'T (2 1 @) )
S} <€(51,L°0) ) < 517L2 <06 (%51,1300 )

2 2
(2) € (2) € ) €
6%, <0 <d7> L 0em) <0(5y). o <0 <d10> _

For any t € [T1,Ts], we say that this Induction Hypothesis is true if the following hold.

6 As we have mentioned in the footnote in Induction Hypothesis C.7, these &’s are defined as upper
bounds for the corresponding errors. This gives certain degree of freedom in choosing their initial value.
By Lemma C.9, we can choose the parameters so that the errors at the beginning of Stage 2 is arbitrarily
small and these conditions can indeed be satisfied. The first condition, which requires the L? error to be
left and right controlled by the L® error, may seem strange at the first sight. The only reason we need it
is to merge some second order error terms into first order ones.
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(i) Error of the first layer. |F —|-[|,, < 5?222 and |Flgar — 1], < (5§’2%oo.

(i1) Spread of the second layer. |(vq,r2) — (v),74)| < 5;2) for all (ve,ra), (Vh,1h) € pa.

(iii) Regularity conditions. by < 1 — O(y/2). waa = —1 + O(y/2). |wo| < d. |wy| =

O(1/d®). a = O(1/d"?).
(iv) Bounds for the errors. (53%00 = O(éfzw (T1)) and (55222 = 0(5322 (T1)).
The main lemma for Stage 2 is as follows.

Lemma C.25 (Stage 2). Induction Hypothesis C.2/ is true throughout Stage 2 and Stage 2

takes at most O(d®/e) amount of time.

The rest of this section is organized as follows. In Section C.4.1, we collect some auxiliary
results that will be used later. In Section C.4.2, we show that Induction Hypothesis C.24
is always true throughout Stage 2. (Also see Section C.2.1 for discussion on the techniques
used and some conventions.) Then, we derive a lower bound on the convergence rate in

Section C.4.3. Finally, we prove Lemma C.25 in Section C.4.4.

C.4.1 Auxiliary lemmas
C.4.1.1 The dynamics of F, f and £

Recall that, in Stage 2, we can ignore the projection operators, whence the dynamics of
the neurons is given by

o1 = E{S(x) (v10(v1 - @) + [v1] o' (v1 - B))},
by = E{(f(x) — f(2))o" (v2F () + r2) F ()},

ry = E{(fu(@) - f(@))0’ (v2F (@) +12)}.
Now, we derive the equations which describes the dynamics of «, F', and the loss L.

Lemma C.26 (Dynamics of «). In Stage 2, we have

&= 455 E{S(a')F(a)}.
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Lemma C.27 (Dynamics of F). In Stage 2, for each fized x, we have

d

L F@) =4E {S(w’) E {o(w: - a')o(w - @}}

+ E {S(sc') E {H’leQ o' (v1 - &)o' (v1 - ) (I — v19] )2/, a:>}} :

Note that in the above lemma, we decompose & F(x) into two terms where the first

term corresponds to the radial movement of v, and the second term the tangent movement.

Lemma C.28 (Dynamics of £). Define Wa(x) = Eqy, b, {0’ (waF(x) + ba)wa}. In Stage 2,

we have
d 2
aﬁ - - w2’l]57w1 vag,bz,’uu H 9
where
o' (wo F(x) + by) F(x)
o' (woF(x) + b
Vastnoon = E{ (f(@) — f(2) T e )

[w: | Wa(@)o' (w - 2)(I — wiw) )@

The entries of V, b, w, correspond to the movements of vy, 7, radial movement of v,
and tangent movement of vy, respectively.

The proofs of these three lemmas are as follows.

Proof of Lemma C.26. Recall that o := %Ewl |lwy|?. Hence, & = %Ewl (wy,wy). We

compute
(01, v1) = E{S() (0(vy - ®) (01, v1) + [[0a] o' (01 - @) (=, 01))} = 2B AS(@) [lvr] o (w1 - )}

Hence,

o =% g (B (S(@) wil olwr @)}

_ﬁ xr wi|ol\wy -
- 20 e {s@ B (il otwn o)

Jd @

4Cr
= E{S@)F()
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Proof of Lemma C.27. First, we write

d d 9 _ od
7@ = B{ (G hol*) o)} + £ {loil* Gotwn o)}
By the proof of Lemma C.26, the first term is 4 E,/ {S(x) Ey, {o(w1 - &')o(w; - x)}} . For

the second term, we compute

d ’ = =T U1
= L) = ) I— e
dta(vl x)=o0'(v1x) <( 10, ) Tor’ w>

=o'(v; - x) <LE, {S(z)o’ (v1 - ') (I — v10] )2’} ,m>
= E {S(z)o' (v1-2')o' (v - ) (I — v19] )2, z)} .

Hence, the second term is

= { 1wl fotor o) - B{s@) B {loul o020/ (0 2) (1 - oo’ )} ]

Combine these together and we complete the proof. O

Proof of Lemma C.28. First, we write

%f(m) = wg?bg {o'/(waF(m) + bg)ng(w)} + wg?bg {g’(ng(CC) + b2)b2} + WQ(%)%F(m)

., (if@)) LTy (if@)) LTy (if@)) .

Note that $£ = — 2?21 Ez {(fe(x) — f(2))T; (£ f(x))}. Now we compute each of these

three terms separately. We have

IE{(f*(w) — f(z))T, (;tf(gc)) } _



Meanwhile, for T3, by Lemma C.27, we have

B{ (@)~ )T (5700 |
~E{ () - @) Wala) (@)}

+2{ (@) = @) Wafe) E{S(a) E {Junl* o -2 (- )’ (T~ wvan] o |

1 E{ (B is@otwn o)} + £ {[E(3@) 101l )T - ww]a)['}.

Combine these together and we complete the proof. O

C.4.1.2 Error-related estimations

We collect some error-related estimations here. Most of them have been proved in
Stage 1 except that here we have used |wy| = ©(1/d?) to replace (Jwg|~t + 1) with O(d?).

We repeat the statement here for easier reference.

Lemma C.29. Suppose that Induction Hypothesis C.24 is true at timet. If voF(x)+r9 =0

for some (va,73) € g, then v4F () + 14 < O <d35§2)) for all (v, 1) € ps.
Proof. See Lemma C.16. O

Lemma C.30. Suppose that Induction Hypothesis C.24 is true at time t. Then, for any

(va,79) € o and © € R, we have
fu(@)o! (02 F (@) + 72) = ful@) and (@) (v2F(x) +13) = f(2) £ O (a5

As a corollary, we have

F(®) = o(vaF(2) +12) + O (d35§2)) ,
F(x) = o(waF(x) + by) £ O (d35§2>) .
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Proof. See Lemma C.17. O

Lemma C.31. Suppose that Induction Hypothesis C.24 is true at time t. Then we have

=7

L, <0 (|lealof?).

Proof. Since o is 1-Lipschitz, we have

E {a(ng(m) +by) — o(waF(x) + bg)}‘ <0 (|w2||F(m) - F(;c)|) .

=7 i <0 (@e?|F — |||7.) < 0 (@3e2(67)?) .

C.4.2 Maintaining the induction hypothesis
In this section, we show that Induction Hypothesis C.24 is true throughout Stage 2. See

Section C.2.1 for discussion and conventions on the techniques used here.

C.4.2.1 Error of the first layer

Recall that we can decompose the loss as
= SE{(h@) - f@)7} + S E{ (/) - 1@} + E{(fu(@) - @) (f(@) - f(x)]

=: L1+ Lo+ L3.

As we have discussed in the main text, the goal is to show that Ly ~ g {(F(m) - F(ac))2}

and L3 ~ 0, so that £ can be decomposed into two terms where the first term captures the
difference between the target function f, and the infinite-width network f, and the second
term measures the approximation error between F' and F. We will show in Lemma C.34
that, as one may expect, £; does not affect F. Estimating the gradients of £, and L3 is
slightly more complicated. First we need to introduce the following partition on the input

space.
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Lemma C.32. Define
R, := {R >0 : Y(ve,72) € g, x € RS 1, voF(x) + 19 > 0},

Ry:={R>0 : I(vy,72) € po, T € RS vy F(x) + 1y > 0}.
Then, we partition the input space into
Xi={le| <R}, Xoi={Ri<[a] <R},  Xoi= {Rs < ||}

In words, X1 s the largest spherically symmetric set on which all second layer neurons are
activated, and X1 u Xg is the largest spherically symmetric set on which at least one second
layer neuron is activated. Suppose that Induction Hypothesis C.24 is true at time t. Then

the following hold.

(1) f« vanishes on Xo U X3, i.e., Ry = 1, f vanishes on X3, and R3 < O(1/|ws]/a).

(ii)) Re — Ry <O ((552%00 + dééz)) 1 : 5&?. As a corollary, we have P[X5] < O (5&?2))

[afa — * “Xo
(iii) f <O (5@) on Xo.

Above lemma implies Lo ~ 5 Ex, {(f(:l)) - f(:c))g} = %gExl {(ﬁ’(m) - F(:B))Q} and

£~ By, {(fol@) = f(@)(f(@) = f(2)} = w2 Ex, {(fu(2) = [(@))(F(2) - F(2))} = 0.

We formally establish this approximation in the following lemma.

Lemma C.33 (Gradient of £o and Ls3). Suppose that Induction Hypothesis C.24 is true at

time t. Then, for each vi € u1, we have

2

Vo=V (2 E{(F@) - F@)?}) 20 ((82) 1) fuul,

2 X
2 1
Vo L3 = £0 ((5@) a) [or].

Now, we are ready to derive the equation that governs the dynamics of F. Note that

this Lemma implies that, at least approximately, the dynamics of F depends only on L.
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Lemma C.34 (Dynamics of F'). Suppose that Induction Hypothesis C.24 is true at time t.

Then, for each fized x, we have
4w = -2 g [V, F(z). Ve E [((F) ~ P} )20 (Vi (52) 1) el
dt 2 w w1 P pexy - X2/ o )

Then, we show that the signal term in %F(w) can only decrease the L? error, which is
intuitively true as, after all, Lo is the (rescaled) L? error. As a result, the L? error barely

Erows.

Lemma C.35 (L? approximation error). Suppose that Induction Hypothesis C.24 is true

at time t. Then we have
d 7 2 552 (s
G 1P <0 (@5 (62)).
Finally, we show that the change F|gs—1 depends on the L? error. As a result, as long

as the L? error is small, the L* error cannot grow too fast.

Lemma C.36 (L* approximation error). Suppose that Induction Hypothesis C.2/ is true

at time t. Then, for any & € S*!, we have

d -, _
&F(w)

352 o (s2))?
<O (d 02+ d (6X2) ) :
The proofs of these lemmas are as follows.

Proof of Lemma C.32.

(i) This one follows directly from the construction of the partition and Induction Hypoth-

esis C.24.

(ii) First, we write

- 5(2)
_ 2 1,L%
F(z) = alz| +alz| (F() - 1) = a|z]| + a|z| 6} = afz| + O < o] )
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where the last equality comes from the fact f vanishes on {|z| > Q(—bo/(a|w2|))}.
Similarly, for any (ve,r2) € ua, we have

oD -G D ) )
By F(@) + by + O (@W)

— @oF () + by + O (d35§2)) .

]

=l

Hence, for any R > 0 and x € RS, we have

v F(x) + ry = waa || + by 2O <5§Z%QO> +0 <d35§2)> .

=:‘ngp
Therefore,

by — & .6
0 F(x) +710>0, if 2] < 20— T
—'LUQOé — W

by + & N )
0 F(x) + 1y <0, if |@ > 20— = R4 T
— W — W

In other words, Ry > R — 5“‘“’ and Ry < R+ 6““’ . Thus,

To complete the proof, it suffices to invoke Lemma C.1.

(iii) Note that by the definition of Ry, for any xo € RoS? !, we have f(x) = 0. Hence,
for any x € X, there exists some xy with f(xg) = 0 and | — x¢| < Ry — Ry = 5%)

Since f is O(1)-Lipschitz, we have, for any € Xs, f(x) = f(x) — f(xo) < 0(5%)
0l

Proof of Lemma C.33. Since both f, and f vanishes on X3, it suffices to consider X; and
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X5. Recall that that all second layer neurons are activated on X;. Hence,

& =5 E{UE - e} - 5 B {0 - rer},
& = E{(1(e) = F@)(F@) - f@)f = w E {(£(@) - F@)(F(a) - Fle)} =0

where the last equality comes from Corollary C.4. Now, we bound the influence of X5. Note
that both V,, f() and V,, f(x) are bounded by O(|@s| |v1 ] |x[). Recall from Lemma C.32

that f < O(3%)) on X, and P[X,] < O(6%)). Therefore,

1 21
Vo Lo | <06@)x0(6P) x0|(|w — ) <o((s2) = .
Lo =06 x 0(8) x 0 el ol 7 (52) 5 ) Il
The proof for V,, L3|x, is the same. O

Proof of Lemma C.34. For fixed x € R%, we write
d " ®) gy - L g v F@), Ve £+ F@) B (Ve,a, Ve, £
dt o) Ta ™ Taw e\ E Ve g w N or® Yt/

First, we consider £y. For each v; € u1, we have

Vo £1 = —E{(fu(@) ~ [(2)) V0, f ()}

|
|
=

rp{ (le) — ) B (otwsala] + bua o1 = Crgron

Meanwhile, note that

(Vo F(@),01) = (Vo (J01] (81 - 2)), 01 ) = 2 01] o (81 - @),

. CF 2 o 26’1" 2
Tna o) = = (Vo [0l 1) = 7
Hence,

d - 1 _ 1
a (w) =——F <Vw1F($>,Vw1£1> + F(w)i [ <vﬂ71a7 vw1£1>

L1  wy  wi

2 _ _ 12Cr
= _CTmp,la }E {”'wl”2 o (w 517)} + CTmp,lF(iB)a% }E ||le2

2 _
= *CTmP,lEF(m) + QCTmpJF(CC) = 0.
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Namely, £; does not affect F. Now we consider £o. By Lemma C.33, we have
d

CR@)| - _Eg (Vo (), Voo, L) + F(a,-)ég (Vo1 0, Vo L2
Lo 1
_ —;“fg {<VM1F(CB),VW B (@) - F(w’))2}>}

+ ;“fF( 2) E {<leoz E {(F(m') - F(m/))2}>}

io(f(cs(?)) a) Iz .

Note that we can rewrite the V., F(x) in the first term as (Vi @) F () + aVy, F(z) so

that part of it cancel with the second term. Then, we get

d w3 ~
—F =-—2E w F wi E J(F(z) - F(x))?
G| == E (V@) Y B (P - rae) )
+0 (Vd (5
20 (Va(52)" 2 ) el
For L3, we can simply merge it into the error term of %F(m)]@. O

Proof of Lemma C.35. By Lemma C.34, we have

S - E{ (F@) - e P @)}

-~ 2e{(F@ - lo) & {(Vu F@).Vun E, {(F@) - F@)P})}}

+15{(F(m)—|m)o< 5(2’ 2;) Iw}

The second term can be bounded by O ( §222 (2) > The first term is equal to

top 1= 22 & (Vi B{(F@) ~ [ol)?} Y B, {(ale’] - F)} )}

w

To complete the proof, it suffices to show that this is negative. For each w;, we have

Vw, E {(a]z'|-F@))?’} = E {(F(z)—|2'])*} V0’

:IE/GXl :B/EXl

+a {V, (F(2') — |2'])?} -

a:eX
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Since the distribution of @ is spherically symmetric, Egrcx, {Vuw, (F(z') — |2'[)?} and

Ez {Vuw, (F(z) — ||z[)?} have the same direction. Hence,

top <~ B (0, B{(F@) - |21} .Vura?)} B {(Fa) - |a/))?}

eXq
-~ ga B {<F<m/>—|m’|>2}lg{g{<vm( ~ [2])? w1>}}

Then, we compute

(Vo (F() — ], wn) = 2(F () — rw|><w—ﬁ<m>Vw1a,wl>

(0% (&%

— 2(F(z) - [a]) (2'“’1' LA (O )

. 7wl

Take expectation over w; and one can see that this is 0. Thus, Tmp < 0. O

Proof of Lemma C.36. Recall from Lemma C.34 that

2

G =2 B {(Vu P,V B {(F@) - P} ) fr0 (VA (52)" L) ol

:l:/GXl

For the first term, we have

[V Fl)]| < ‘V“’QF() +'F(w)z
<o (lmllel),
'vwl JE {(F(zc') - F(ac’))2} ‘ < E {|F@) - F@)| (|Vur F@)| + Vi F(@)]) }

<0(1) E {‘F(az’)—F(m’)

m/€X1

I}
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2g {lwllel e 1 )21
gOG%m{ o O e el | 0 (VA (3) 2 ) sl

\/gw 1.5 21
<o<‘ﬂﬁgum+0Q@@%)ayw

C.4.2.2 Spread of the second layer

Lemma C.37. Suppose that Induction Hypothesis C.24 is true at time t. Then for any

(va,72), (Vh,7h) € pia, & [(va,m2) — (W, 1)|* < 0. In words, the spread of the second layer

never grows.

Proof. Let (vg,12), (v),15) € ua be two second layer neurons. For notational convenience,

we define ho(x) = voF(x) + ro and hb(x) = v4F(x) + 5. We have

(024 + (2 = 75)

N | =

= (v = v3) E{(fu(@) — f(®)) F () (o' (ha()) — o’ (h3()))}
+ (r2 = r3) E{(fu(@) — f(®)) (0" (ha()) — o' (h3(2)))}
= E{(f+(z) = f(®)) (ha(@) — () (0" (ha (@) — 0’ (h5 ()} -

By Lemma C.32, ¢'(ha(x)) — o’ (hy(x)) = 0 for all  with ||| < 1. Hence,

S (2= 100+ 2 =)
= w:‘&m {(f«(@) — f(@)) (ho(x) — By(x)) (0" (ha(z)) — o’ (R (x)))}
T wrl\}cE\|>1 {f(x) (ha(x) — h)(x)) (o' (ha()) — o' (R5()))} -

Note that f > 0 and, since ¢’ is non-decreasing, (ho(x) — hh(x)) (o' (ho(x)) — o’ (Rh(x))) =
0. Thus, 24 ((v2 — v5)? + (12 — 15)?) < 0. O
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C.4.2.3 Regularity conditions

As we have mentioned earlier, we will mainly use the continuity argument to maintain
the regularity conditions, so the problem can be reduced into estimating the derivative on
the boundary. As an example, suppose that by = 1 — § for some small § > 0. Then by
Lemma C.38, which upper bounds the loss using 1 — by and —1 — wya, we know | — 1 — waq|
must be large, otherwise we would have £ < e. Then, we can use the fact that | — 1 — W]
is large to estimate the derivative. The proof for the other regularity conditions is similar

except the proof for |ws|, which is in the same spirit with the ones for first layer errors.

Lemma C.38. Suppose that Induction Hypothesis C.24 is true at time t. Then we have

_ —1 — Woax)? 2
L<O ((1 g SO (62 + a%6) > .

0202
w0

Lemma C.39. Suppose that Induction Hypothesis C.24 is true at time t and by = 1 —
O(y/). Then, $bs <O0.

Lemma C.40. Suppose that Induction Hypothesis C.24 is true at time t and wocx = —1 +
O(v/2). Then we have & (w2a) > 0.

Lemma C.41. Suppose that Induction Hypothesis C.24 is true throughout Stage 2. Then

|1D2| <d.

Lemma C.42. Suppose that Induction Hypothesis C.2/ is true throughout Stage 2. Then
|wa] = ©(1/d?) and a = O(1/d*).

The proofs of this subsubsection are gathered bellow.

Proof of Lemma C.38. For any x € R? by Lemma C.30 and the Lipschitzness of o, we

have, for any x € X7 u Xo,

f(x) = o(weaF () + by) + O (d35§2))
=o(1—|e]) £ |1 —bf + ‘— || — wQQF(a})‘ 10 (d35§2)> '
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By Induction Hypothesis C.24, for any x € X; u Xo, we have

= =] — @2aF (x)] = |-1 — woaF (2)| |z

o —1—w
< |1 — ool [o] + |1 = F(@)|Jalafe] < 0 (L2200 52 )
|[wac] ’

Therefore,

_ N
F(@) = fu(@) £ |1 —bs| + O <’“’20"> +0 (5@@ + d35§2>) .

| w2

O e e R G e R C )

|wacrl

g2y CL @ s s
<O<(1 ba)” + Eope +(517Lw+d 52> .

Proof of Lemma C.39. By Lemma C.30, for any (vq,r2) € u2, we have
P2 = E{fu(@) — o(@:F (@) + b)} £ O (d6)
Then, by Induction Hypothesis C.24 and the Lipschitzness of o, we have

o (T2 F () + by) = o(@aar | & F(Z) + b) = o(@sa || + b2) + O (552;00) .

)

Therefore,

by = E{fu(@) - o(@sa 2] + b2)} £ 0 (670 + a0 .

Since L > ¢, by Lemma C.38, we have

(—1 — 11_)206)2

3
wa

2
2 0() - 0(6) - 0 (5% + d35§2>) > Q(e).

Since wpax > —1, this implies woax = —1 4+ Q(Jwz]a/e). In fact, this implies woax >
—1 + Q(4/e) even when |ws|a is o(1), as, in that case, woa = —1 + Q(4/€) directly holds.
Hence,

oc(Waa x| +b2) =0 ((-1+Q(Ve)) || +1—6) =0 (1— || + Q2 (Ve |x]) —9).
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Thus,
b = E{fu(2) — o (1= || + @ (VE|]) — )} £ O (67). + &5

< B {1- |- (1-|e|+9 (Ve lzl) - 0)} +0 (6] + d6”)

lf<

= —Q(Ve) + 6+ 0 (88, + a5

As long as the constant in § = ©(4/e) is sufficiently small, this implies l;g < 0 when

by =1—4. O

Proof of Lemma C.40. By Lemma C.26 and Lemma C.30, we have

4 g0 = E{(f.(z) — o(wsa || F(Z) + bs)) F(2)} |+ ACr iy
4CTw3
+ 3 (2 s
+0 (d log(d)ds ) ala+ Nz
Now we estimate the coefficient of the first term. Suppose that woax = —1 + § for some

§ < ©(y/e) with a sufficiently small constant. Then, by Lemma C.38, we have (1 — by)? >
Q) — 0(6%) = Q(e). Hence, by < 1 — O(y/€). Also note that woar = O(1) implies that it
suffices to consider & with || = ©(1). As a result, we have

o(wa0 2] F(@) + ba) = o(na ] +b2) + O (57

<o (1| - O(vE) +0 (57

Then, we decompose the coefficient as

E{(fs(x) — o(wra @] F(z) + b2)) F(2)} = E{(fu(z) — o(th2a || F(2) + b)) F()}

> E {(e(\/g)—o(5§?gw)>F(m)}

=] <1
> Q (/).
Thus,
%(wga) > (v2) — 0 (5 log(d)) <a + 4%1’5) -0,
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Proof of Lemma C.41. By Lemma C.26 and Lemma C.30, we have
iy = E{(fu(x) — f(x))F(z)} + (d*log doy”
w2 o P xr X o Og 2

4Cr

6= "B (@) ~ f@)F@)) s £ 0 (d*(og )5

As a result,
d 2C)
Sla-=2ag)| <o (a).
dt Vd
Also recall that w3 « « at T7. Thus, throughout Stage 2, we always have ‘oz — %w%‘ < 1/d.

Since |woa| < 1, this implies |[wy| < O(dY®) < d. O
Proof of Lemma C.42. Recall from the proof of Lemma C.41 that |a — %wﬂ < 1/d.
Hence, when o = ©(1/d"?), we have |ws| < O(1/d). The estimations in Stage 1, mutatis

mutandis, show that both o and |wy| will grow in this case. O
C.4.3 Convergence rate

Recall from Lemma C.28 that $L = —Ey, 4w, | Vg bsw |*, where

o' (waF(x) + bg)F)(cc)

Vosnan =B 1 (@) ~ /(@) Tt

Jwi | Wa(2)o! (wy - 2)(I — wiw )®

Lemma C.43. Suppose that Induction Hypothesis C.24 is true at time t. Then we have

%L < - H@HQ 40 ((55?;2 + d35§2)) d4) ,

where

2 QUJZO(
Vﬂg{(f*(w)—f(w)) ['“’" AN ]}

Lemma C.44. Suppose that Induction Hypothesis C.24 is true at time t. Then we have

\Y

> Q(aL) - 0 (07), + d*oY)
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Lemma C.45 (Stage 2). Suppose that Induction Hypothesis C.2/ is true throughout Stage 2.
Then Ty — T} < O(dg/E)
Proof of Lemma C.43. Since it is the norm of V, p, w,, We can safely ignore the last entry

and only consider the first three entries. By Lemma C.30, we have

F(x) o log(d)
[vw27b27w1]113 = IE’ (f* (w) - f(w)) 1 +0 d35§2) 1 .
2wy0 (w1 - ) W |[w|log(d)

Furthermore, we have

E{(fs(x) — f(@))F(2)} = E{(fu(z) - f(x))e 2]} + E{(fi(z) - f(x))(F(z) - |z])}

— E{(fu(@) — f@)a 2]} + O (ad), )

Meanwhile, for [V, by, |3, by Lemma C.3 and Lemma C.31, we have

20, E {(fu(z) — f(@))o(w: - @)}

=20, E{(ful@) = f(@)o(wi - @)} + 202 E{(f(2) - f(2))o(w: - 2)]

- 2 g {1 (0) - @) ol tnl 20 funl |1 - ], BT
2CTwa

= T2 E{(fu(@) — F(@) |2l | w1 £ 0 (sl 2a® fwi] 67, )

Repeat the above procedure and we can replace the f in the first term with f. Therefore,

afz|
[vwz,bg,un]l::} = IE {(f*(m) - f(m)) [20 _ 1 ] }
aev i LA RECA
a alog(d)
o(ﬁgl 0 ])+o(&$w f ])
|| ?a%? w | Wy w1 | log(d)
allz|
=EJ (f(z) - f(=)) . 1
T o]l i

alog(d)
£ 0| (57, + o) 1

|@s| [[w || log(d)

-+
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Now, we estimate the the expected norm of [V, py w, J1:3. First, we have
2
Vs taan )} = (E{(Fu@) = f(@) [2]}) " 0? £ 0 (67 + d*657) a?log(d) ) .
2
Vst 3 = (E{fu(@) = f(@)}) £0 (6%, + a5}

For [V, by, |3, We have

_ acqs

E[Vuspuli = * 52 (E{(fule) ~ f@) |2]}) E Juwi]?

2
@) @) 2 E |w]
+0 (((51’L2 + d35, ) w3 Nz Llog(d)

2 4Cr w3

Vd

+0 ((5% + d35§2>) w2a 1og(d)) .

= (E{(f.(@) - f(2) |21})

(07

Thus,

Vantnan sl = (E{(52() = sl al})” (02 + 250 4 (B4 () = sla)
£0 (61, +d%f”) a')

_ H@Hz +0 ((5322 v d35§2)> d4) .

O]
Proof of Lemma C.44. For notational simplicity, put A := 4/a? + %wga. Then we can
write
= Alx
¥~ { (fa) - ) |11
Define

—1 — aws

V- [A(l —52)} '
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By Induction Hypothesis C.24,

@H < O(1). Hence, in order to lower bound H@

, it suffices

to lower bound <@, @> We have

(V.V) = AB{(fu(@) — f(@)) (~ 2] + 1 = (itz 2] + b))}
First, for those z € {|z| < 1}, we have f,(x) = — || + 1 and
F(®) = 0o F(x) + by = e || + by + wae(F() — |]).
Hence, we have

{(fs(@) = f(@)) (= =] + 1 — (a2 |x] + b2)) }

<1

B A@ = f@P B (@) - f@)wa(F(z) - o)

{(fel@) = F(@)*} + O (|m20ld).)

lz<1

Then, for € {|z| > 1}, note that — || + 1 < 0 and f.(x) = 0. Therefore, we have

E {(fu(x) = f(z) (= 2| + 1= (aw: || + b)) }

=1

=— E {f(@) (=] +1-(awz ]| +b2))} > E {f(zx)(aw:|z]+b)}.

=1 =1

Then, we compute

E {f(z)(aws |z +b2)}

=1

E {f(@)(wF(z) +b2)} + E {f(z)(abs(|z] - F(z)))}

lz|=>1 =1

E {f%(2)} 0 (%) £ 0 (awss), )

2
J&)>1 LL

where the second equality comes from Lemma C.30 and Induction Hypothesis C.24. Com-

bine these two cases together and we obtain

<@,@> > AIE{(f*(gc) — f(®)*} -0 (y@ay&fb) -0 <d35§2)) .
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Finally, note that A > «. Thus,

H@H > Q(aL) — O (5(2> + d35§2)> .

1,12
O
Proof of Lemma C.45. By Lemma C.43 and Lemma C.44,
d 2 2 @), 35D g c
SL< =00 +0 (00 +d'o ) a') <~ =
Thus, for any T € [T1, T3],
1\ d’
LT)<(Qd)(T-T <O :
& ( @)1 1)+£(T1)> <T—T1>
Thus, it takes at most O(d®/e) amount of time for £ to reach ¢. O

C.4.4 Proof of the main lemma

Proof of Lemma C.25. The Induction Hypothesis is maintained in Section C.4.2 and by
Lemma C.45, we have Ty — Ty < O(d?/¢). Now we consider the first layer errors. Recall

that

d 2 @ (@)
30122 =0 (d%LLQ (5X2) ,
d (2 @) 2>
ol =0 (df’)&l,LQ + d2 (5X2) .

Recall that dx, := O(1)d*® (552%00 + d35§2)). For simplicity, we choose 557 zoc > d35£2) so that
0x, = O(d4'55§?%w). Then, we have

d 5@

2 _ 145(2) (5(2) 2
dt 17L2) =0 (d 51,L2(51,L00) )a

d
08k = O (%8, + " (37))?)

We choose 55222 (Ty) and 552200 (T1) such that

ar € £
e (6(59;00)2) <, <o (Fs;gw) and 6%).(T1) < © (ﬁ) . (C.8)
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Note that this is possible because 5?112 (T7) and 5§’2]);w (T1) can be chosen to be arbitrarily

polynomially small. When this is true, we have

2)2)2> and 25(2)00 =0 ( - 5?%00) .

d ‘2 \2 (
(6 )<O< LL dt bt a3

& 1,L2 (6

€

il
Thus, by induction, within O(d®/e) amount of time, these two errors can at most 0(65222 (T1))
and 0(58%@ (T1)), respectively. O
C.5 From gradient flow to gradient descent

Converting the above gradient flow argument to a gradient descent one can be done in
a standard one, provided that we can generate fresh samples at each iteration. First, by
choosing a sufficiently small step size, one can make sure within each step, the difference
between gradient descent and gradient flow is inverse polynomially small. Note that our
argument is built upon the induction hypotheses. Hence, we do not need to worry about
the accumulation of errors. Moreover, our estimations can tolerate an inverse polynomially
large error. Then, at each step of gradient descent, we generate sufficiently (but still
polynomially) many samples to ensure that with high probability, the difference between
the population gradient and the finite-sample gradient is sufficiently small. Since it only
takes polynomial iterations to finish the process, the total amount of samples needed is

polynomial.
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Appendix D. Supplementary Materials for Chapter 5
In this chapter, we give the omitted proofs for Chapter 5.

D.1 Preliminary

In this section, we prepare some useful lemmas for the later analysis. In Section D.1.1,
we show that Assumption 5.1 is true when data matrix X is a Gaussian random matrix
and noise & ~ N(0,0%I). In Section D.1.2, we give the proof of Lemma 5.5 and Lemma 5.6

for gradient approximation.

D.1.1 RIP and regularity conditions

In this subsection, we show that Assumption 5.1 can be satisfied when X is a Gaussian
random matrix and £ is a Gaussian random vector with variance o?.

We use standard proof to show the RIP property, and the rest of the properties follow
from simple concentration. First, the following shows random Gaussian matrix is a (s +

1,9)-RIP matrix with 6 = ©(4/(s/n)log(d/s)). To satisfy Assumption 5.1, with simple

calculation we see that we only require 2(s?) < n < O(d/s%).

Proposition D.1. Let X be a n x d Gaussian random matriz. Then, there exists uni-

versal constant c1,co such that X /v/n is (k,0)-RIP for any k < cin/log(d/k) and § >
car/(k/n)log(d/k) with probability at least 1 — (k/d)* =1 —1/d.
Proof. From the proof of Theorem 5.2 in [29]|, we know the error probability is at most

e~ C0 (6/2)n+k[log(ed/k)+log(12/5)]+log(2)

where cg(e) = €2/4 — £3/6. Note that it suffices to consider § < 1, which implies that
co(6/2) = 62/48 and k < n/c3/log(d/k). Then the exponent can be upper bounded by with
d = co4/(k/n)log(d/k)

—n6%/48 + (4 + log(1/c2))k log(d/k) < —(c3/48)klog(d/k) + (4 + log(1/ca))k log(d/k)

< —(c3/50)k log(d/k),

where the last inequality is true since we can choose cs to be large enough constant. O
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The following lemma shows that the regularity conditions on X, & in the second part
of Assumption 5.1 are satisfied with high probability when X is a Gaussian matrix and &

is sampled from N(0,c%I).

Lemma D.2 (Regularity conditions). Suppose X is a Gaussian matriz and &€ ~ N(0,021I).
With probability at least 1 — de= ™ We have
[€]l; = O(ov/n),

<B€ =0 |0 logd ,
o n

|X7¢|, = 0 (oVdn).

1
~X'¢
n

1
[77s
n

; =0 (‘\ﬁ/%> for any vector 3,

(1—0(/n/d)d < Apin(X X T) < Anax (X X T) < (1 + O(y/n/d))d.
Proof. The first three and the last one are standard consequences of Gaussian vector/matrix
concentration, see e.g., Lemma A.5 in Vaskevicius, Kanade, and Rebeschini [187] for the
proof of HXTE/nHOO and Theorem 3.1.1 and Theorem 4.4.5 in Vershynin [189] for the rest.

For the third one, denote X[:, 4] is the i-th column of X . Then,

XTB/nHOO < max; |[BT X[:

,1]]/n < | By max; | X[:, ]|, /n. Then it follows from standard Gaussian concentration. [
Now we are ready to prove Lemma 5.2 that shows Assumption 5.1 holds under Gaussian

input and Gaussian noise. It immediately follows from Proposition D.1 and Lemma D.2

above.

Lemma 5.2. Suppose X is a Gaussian random matriz and & ~ N(0,0%I). Then if
Q(s*) < n < O(d/s*), we have Assumption 5.1 is satisfied with probability at least 1 — 1/d.
Proof. It suffices to combine Proposition D.1 and Lemma D.2. O
D.1.2 Gradient approximation

Lemma 5.5 and Lemma 5.6 give ways to approximate several important terms in the

gradient. Here we give their proofs.
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Lemma 5.5. Given n x d matriz X /\/n satisfying (k + 1,6)-RIP, for any B € R?, let
A = (%XTX — I) B, then the following hold:

o If B is k-sparse, then | A, < VES B,
e For any vector B, we have |A|, < §[B];.

Proof. For the first part, it is a standard consequence of the RIP condition, see e.g., Lemma
A.3 in Vaskevicius, Kanade, and Rebeschini [187]|. For the second part, notice that 8 =

> Bie; where {e;}L, is the standard basis, it then follows from the first part. O

Lemma 5.6 (Gradient approximation). Under Assumption 5.1, we have the following gra-

dients and their useful approximation:

1 d
Vol = (nXTr> O (2 \w) = 2\ (nvs + )\wgf — )\ugf - 6%+ Ar> O w,
Lo d o2 o2 *
Vol = — EX r) O 2\u) = -2\ Evs + )\ws+ —Aug" -G+ A, ) Ou,
1 o d 2 o2 *
VoL =-X"r = —'vg+)\ws+ —Aug” — 6B+ A,
n n -

where recall S;,S_ are the set of positive and negative entries of B* and ey = [d|]\S4,

e_ = [d]\S- are the corresponding complement set,

d
[Ar]s, =0 ((1+ [nb—1]) Be) + /56— |lvs|l; + 5

d *
'nvs + )\'wgf — /\ugf -3

oo
oL ’ ’
£ 0 (S50l + e [2)
and b and |T'|,, <~ are defined in (5.3).
Proof. By the decomposition of X' Xwv/n in (5.3), we have

1 1 1 1 1
“XTr==XTXv - —XT¢+ - X" XOw?? - 2 - ) + X OAXwP? - AXu?).
n n n n + - n *
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We further have
LX e~ = 2)(XT) — H(X€)s + Tvs + X X (g — € — BY)
n n € n n n Sy S_
+ lXT(AXwg? —AXu®?) +T
n

1 T 1 T d ©2 ©2 *
=(b — E)(X E)e — E(X f)s + ﬁ’vs + /\w5’+ — )‘U’S, — 6

1 T d ®2 ®2 * 1 T d
+ <EX X —I)(;’US + )\’LUS+ — )\U’S, —,6 ) — (EX X —I>g’05‘
1
+ - XTAXw - A\ XuP*) +T
n
—gv + A w? — \u? — B*
“n S Sy S_

+ (b — %)(Xﬂs)e — (X TEs + (%XTX — I)(%vs + A wd? — u§? - g%)

1
n
I o1 d I o1 o2 o2
— (X' X -I-vs+—-X' (AXw?>” —A\Xu>*)+T.
n n n e+ €

Denote the last two lines in in the last equation above as A,. We know

1 d
—XTr = —vg+ Aw§? — Mg - 8" + A,
n n + -

To bound ||A, |, by Lemma 5.5 and Assumption 5.1, we know

0= DO, - LX)

- =0 ((1 + |nb—1]) Be)

0

1 d
(CXTX —I)(oos + Mg — @’ — 7)) =vso

oe]

d
‘vs + )\wg?f —\u§® - g*
n -

2

<sd

d
‘nvs + )\wgf — )\u% - G

0

1 d
(- X'X —I)-vg
n n

d
<v/s6— ||vs]
. n

1
“XTOAXw®? — AXu®?)
n + -

~0 <A | Xw®? - Xul?
o Vn

)

=0 () e 2+ eI,
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Thus, we have

[ Al =O (1 + [nb—1]) Be) + 56

d
‘nvg @ - g - g

d
+ /50— [,
© n

d
#0 (Lon) e+ e 2+

D.2 Proof for Stage 1

Recall that our goal in Stage 1 is to show (1) variables wg and ug grow large to recover
B* (specifically, wg recovers the positive entries of 8* and wug recovers the negative entries
of B*); (2) the other variables w,, u. and v remain small. This is summarized in the

following main lemma:
Lemma 5.7 (Stage 1). Let Cp, be a large enough universal constant, denote

= CTl(Bg + Ux/n/d)}.

T) := inf {t : széﬂ) + )\ng—l)@? . )\ug:l)@Q — B

Then we know Ty = O(log(1/a)/nA) and the following hold with a large enough universal

constant Cy:

(Th)

o |we, o ugl) . < Cha.
o |v5V), < Cuv(n/d)log* (d)(Be + on/n/d) and [v™)], < Ciov/n/d.

o [r], < Ciovi

To prove this lemma, we need to maintain the following inductive hypothesis which
assumes the approximate error comes from the non-signal entry is small and other regularity
conditions. Later we will use these assumptions to bound different error terms and finish

the induction.

Lemma D.3 (Inductive Hypothesis for Stage 1). For t < T := Cy, log(1/a) /nABrmin with

large enough universal constant Cﬁ, the following hold with large enough universal constant

~

Cl N
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()

® |we, ) < Cla.

OO ‘ 0

)\ng—GQ t)®2 ﬁ* (t) + )\,w(t)QQ AHSEQQ . ﬁ*

< Cl}

o [0, < O], < O1vEm

We finally remark on the constant dependency in Stage 1 here. All the lemmas appear in
this section, except the main result Lemma 5.7, should only depend on universal constants

Cry, 5’1, Cﬁ. Perhaps the one that needs the most careful proof is the induction hypothesis

Lemma D.3. In the proof, we rely on the condition (s) < n < O(d/s) to make sure that
the terms like Be + Jm are smaller than any universal constant, especially the constant
that only depends on universal constants Cr, 6’1, C'ﬁ. In this way, it ensures that we can
choose another universal constant C; that only depends on CTl,CH,Cﬁ to serve as the

upper bound in Lemma 5.7.

D.2.1 Dynamics of v

As we discussed earlier, even though in Stage 1 we hope to use the corresponding
entries of w, w to learn the signal, the same entries of v will also grow and it’s important
to understand the dynamics of v.

The dynamics of v roughly follows the trajectory for optimizing |Xv — & Hg /2n. We
formalize that in the following two lemmas. First, we give a decomposition of X X Tv/n
as follow. This term plays an important role when we estimate the gradient as shown in

Lemma 5.6, therefore we here give a careful analysis.

Lemma D.4. Recall the decomposition in (5.3)

1 d
EXTX’U(t) = E'Ug) + bt(XTg)e + I‘ta

d 1
brp1 = by — L <bt>,
n n

where HI‘(t) HOO < v and recall the notation Bs = 3 5% .o Bi€i, Be = Xi.5%_o Pi€i. Suppose
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Lemma D.8 holds. We have fort < T
by = (1= (1 —nd/n)")/n < 1/n,

O((+/sd/n + dsé/n)nt) = O(on/n/d + Be).
We then give the decomposition of v.

Lemma D.5. Recall the decomposition in (5.4)
vl = ’vg) +aX e+ AV,

Ayl = Ay — n(bt — 1/7’1)

where ) N < G- and recall the notation Bs = ;. g% .o Bi€i, Be = D5 _ Bi€i. Suppose
0 i i

Lemma D.8 holds. We have fort < T
= (1 (1 —nd/n)")/d<1/d

G = O((Be + 80 + o+/n/d)nt) = O(o+/n/d).

O], = O(ay/n/d), [0f| = O(vs(n/d)log*(d)(Be +

2

Moreover, for every t < ﬁ
oy/n/d)).
D.2.2 Implications of Inductive Hypothesis Lemma D.3

Given the understanding of dynamics of v and X " Xw in Appendix D.2.1, we have the

following approximation of gradient, using Lemma 5.6.

~

Lemma D.6. In the setting of Lemma D.4 and Lemma D.5, we have fort < T}

Vol = <1XT7'> O (2 \w) = 2)\(d'vs+)\'w g -+ A)Ow
n _
L=—(1xT 2 oA(Los + dw@ Al — B+ A
Vul = — X O (2 ) = — (’vs—i- wg ui- —B*+A,)OQu

d
VoL==-XTr="vwg+ )\ng — )\ug2 -6+ A,
n n + -

where

HAQ)HOO = (Bg + of) +56

=:Bg

' _I_ A\w (t)®2 )\ug)_@Q _ B*

)
0
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Now we are ready to estimate the dynamics for the relevant entries of 4 and w using

Lemma D.6. We first show in Lemma D.7 that ws, ,us_ will grow to Q(Bmin). Then in

Lemma D.8 we show it takes O(1/nABmin) to decrease H%’vg) + )\(wg)2 - )\(ug)2 - B*

0

by half. The proofs are deferred to Appendix D.2.4.

Lemma D.7. Suppose Lemma D.3 hold. Then for every T11 < t < Tl with Ty =

O(log(1/202)/nABuin), Aw?)2 = Buin/4 for ke Sy and Au)? = Buin/4 for ke S_.

Lemma D.8. Suppose Lemma D.3 and Lemma D.7 hold. Given any time tg, assume

> 4B, where By is defined in

0

at time tg By = H tO) + Mw (tO))2 _ )\(ugg)y _ B

Lemma D.6. Let

d

o)

< ‘ d (to) + Aw (to))2 _ )\(ugo))Q _ B
Y _

g

be the time that signal error reduces by half. Then, we know T' = O(1/9ABmin)-

As a technical condition in proving the two lemmas above, we need to make sure that
once we fit the signal using the corresponding entries in u, w, v up to error u, the error will

not become much worse later. We formalize this as the following stability lemma.

Lemma D.9 (Stability). Suppose that Lemma D.6 and Lemma D.7 hold. Assume that
H%U(to) + Mw®0)02 _ \qu(t0)®2 _ B*Hw < u at time to, then |%Ul(ct)+)‘(wl(ct))2 Au (t)) —Bi| <

max{p,2(Bs + sop)} for allt = tg and k € S, where By is definied in Lemma D.6.
Now we are ready to bound the time 77 for Stage 1 using the above lemmas.

Lemma D.10. Suppose Lemma D.8 hold. Recall

d
Ty :=inf {t : "Ug) + )\(ngr)2 — )\(ug) )2 — 3*
n _

< O, (Be + oy /n/d)} ,

where Cr, is a large enough universal constant. Then, we know Ty = O(log(1/a)/MABmin)-
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D.2.3 Proof of Inductive Hypothesis Lemma D.3 and Lemma 5.7

Finally, we are ready to prove in the induction hypothesis and finish the proof of

Lemma 5.7.

Lemma D.3 (Inductive Hypothesis for Stage 1). Fort < T} := Cy, 1og(1/a) /mABmin with

large enough universal constant Cﬁ, the following hold with large enough universal constant

~

Ch:
° wéﬁr ut(gt_) SCNHa.
w
o P - g <G, [0 + 2l -3 | <
o 11O, <01, < Gy
Proof. We claim that both Hw ) ‘OO a(l + OMA(Bg + a4/n/d + 56)))t and

H (t) + )\'w(t)@2 t)®2 5* < Oy /2 are true. If such claim is true, then we prove

the first 2 points as ¢t < T} = 0(77_1)\_1(3,5 + oy/n/d + s6)71) and (d/n) |vs]|,, < Ch/2.
The latter one is true because we can choose C; to be large and use Lemma D.5. Also, the
condition €2(s) < n < O(d/s) makes sure that we can ensure B¢ +04/n/d to be smaller than
any universal constant, especially the constant that only depends on universal constants
Cr, 6’1, Cﬁ in this case.

We show the above claim by induction. We know all the conditions hold at ¢ = 0.
Suppose before time ¢ it holds, then consider the time ¢ + 1.
d gtJrl) + )\ngl)m _ /\ugﬁjl)cﬂ e

For 'Ev A+ AW Y)? < Bain/4, then

it is easy to see it is bounded by CN’l /2. Otherwise, we can see it from the proof of Lemma D.8

and Lemma D.10 that shows it continues to decrease and stay small.

Now consider H'w(tH)H and Hugjl)H . By Lemma D.6 we have for k ¢ S
0
lw!™ V| <(1+ 2090(Be + o+/n/d + s6))w”],
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which implies that |w,(:+1)| < (1 4+ O(A(Be + o4/n/d + 86)))a as w,(go) = «a. Similarly,
we get the same bound for uy with k ¢ S.
It remains to consider wy with k € S_ and wug with k € S;. We will focus on wj with

k € S_, the other follows the same calculation. We have
1 1

w,(fﬂ)ugﬂ) = (1 — 2nA <XTr(t)> > w,(ct) . (1 + 2nA (XTr(t)> ) u,(:) < w,(f)ug) < o’
n k n k

From the proof of Lemma D.10 we know u,(f) > «. This implies that |w,(f)| < a.

We now prove the last part on Hr(t“)HQ. We have

'l"(t+1) :X,v(t+1) + )\Xw(t+l)@2 o )\Xu(tH)@Q o E
1 4 402
:Mﬂ—nX.nXTM0+XX(—n$pXUﬁ®u@2+n2$(XWﬂ@%Dw@>

4\ 4\?
—\X (Un(XTT) 0) u®2 + 772?()(1'7@)@2 o u®2> )
This suggests that

‘(t+1)‘ n Ty AN’ : o2 o2\ v T ®)
] < (1= Dhn(XXT) = TN (X diag(w® + u®)X ) ) [r

‘ 2

)\2
+A%ﬁ0<ﬁﬁdhg>

(o)

where we use Lemma D.12 and Assumption 5.1. We finish the induction.

2

Now we are ready to proof the main result Lemma 5.7 for Stage 1.

Lemma 5.7 (Stage 1). Let Cr, be a large enough universal constant, denote

= CTl(Bf +O'\/n/d)}.

d
T, := inf {t : 'ngl) + )\ng_})@Q _ )\ung)QQ - B
n _

Then we know Ty = O(log(1/a)/nA) and the following hold with a large enough universal

constant C1:
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(T1) (T1)

i w€+ w7 Ue 0 < Cla’
o |05, < C1v/s(n/d) 1og*(d) (Be + o/n/d) and [0 ™], < Crov/n/d.

. [r], < Croyin

Proof. Combine Lemma D.3, Lemma D.5, Lemma D.10 we prove the first 2 points and

bound the time 7T7. For the last point, by Lemma 5.5 and Assumption 5.1

o

<oz ooz X @l + awf P - e - )

2

x|

<O(Ada?) + O(Vns(Be + ov/n/d) + (d/n — 1) | Xo{V|

+ H (an, XX — D¢+ A

<O(1) [€], + O(\da®) + O(v/ns(Be + a+/n/d)) + O(v/ns(Be + o+/n/d)) + V(r,
:O(J\/ﬁ)a

where we use ar, < 1/d and (5, = O(0+/n/d) from Lemma D.5. Note that the constants

hide in big-O in these lemmas only depends on universal constants Cr, 5’1, Cﬁ’ SO we can

choose another large enough universal constant C; to appear at these upper bounds. [

D.2.4 Omitted proofs in Section D.2.1 and Section D.2.2

In this subsection, we give the proof of Lemma D.4, Lemma D.5, Lemma D.6, Lemma D.7,

Lemma D.8, Lemma D.9 and Lemma D.10 in previous subsections.

Lemma D.4. Recall the decomposition in (5.3)
1

d
gXTX’U(t) = ﬁvg) + bt(XTg)e + I‘t;
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where HI‘(t) HOO < v and recall the notation Bs = Zz‘:ﬁj‘;ﬁo Bi€i, Be = ZM?ZO Bie;. Suppose
Lemma D.8 holds. We have for t < T;
b= (1= (1=nd/n)")/n < 1/n,
< O((+/sd/n + dsd/n)nt) = O(o+/n/d + Be).
Proof. We first write the update of b; and I'; using the update of v.

1 d
b1 (X T€)e + Tipn ZEXTXU(fﬁl) B Evgﬂ)

:lXTXU(t) _ gv(t) _ anTXlXTr(t) + ng lXTr(t)
n n 9 n n n\n s

d (1
=by(XTE)e + Ty — %XTXXTr(t) + - <XTT,(t)>
n n\n s

d (1
=b (X T€). + Ty ——XT(XXT dI)r(t)—n; (nXTr(t)> :

We bound the last two terms one by one. For HXT(XXT — dDr®, we have by

Assumption 5.1 and Lemma D.3

1
H il XT(xxT - dI)r(t)H < QO(— “AVdn - +/sn) = O(n\/sd/n).
w nooa/n
For n4 (%XTT(@)@7 we have

1 1 1 1
(XTr(t)> = (XTXW + = XTX (i - €l - ) - —XTe
n e n n n

LXTOX w0 )\Xu(t)@2)>
n [CEE €e_

e

d 1 1
_ (nvg) + EXTX(Awgﬁ@2 — Ml — g%y 4 (b, — )X+ T,

XX w2 - )\Xu(t)®2)>
n [CEE €e_

e

1 1
= (b — g)(XTE)e + ((nxTX — I)(/\ngr@ _ Aug@z — B*) + T}

+1XT()\X'w(t)®2 - AXu(t)®2)> .
n [CEE e_

e
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Therefore, by Lemma D.3 we know

nd 1
(bt n)

bit1 = by —

Yerr €9+ O(n/3dn) + 12055 + (d/Vm)Na?) = 5 + nO(/sdfn + dsn).

This implies
by = (1= (1 —nd/n)")/n < 1/n,

< O((W/sd/n + dsé/n)nt) = O(o+/n/d + Be).

Lemma D.5. Recall the decomposition in (5.4)
v® = vg) +a; XTE+AD,

azr1 = ar — n(by — 1/n)

where HAg)

. < (. and recall the notation Bs = Zi:ﬁj‘;&o Bi€i, Be = Zi:ﬁ;kzo Bie;. Suppose
Lemma D.8 holds. We have for t < T

=(1—(1—nd/n)")/d<1/d
(= O((Be + 80 + o+/njd)nt) = O(o+/n/d).

Moreover, for every t < Ti, Hv(t)HQ O(or/n

‘ H2 = f(n/d)log (d)(Be +
oy/n/d)).

Proof. We write the update of a; and Ag,t) using the update of v

a1 X T€ + ALY gD _ vét+1) — o _ vg) —n <1XT,’,(t)>
n e

= XTE+ AV —p <1XTr(t)> .
n &
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For (%XTr(t))e, using the decomposition of X " Xv/n in Lemma D.4, we have

1 1 1 Lx
( wa) _ ( X" X0 + XX (™ — - g% - ~XT¢
n . n n K

+1XT(AXw<“®2 - AXu(t)®2)>
n €+ €e__

e

d 1 1
_ (nvgy + ﬁXTX(Ang@? — Al — g 4 (b — XTEHT

+1XT(AXw“>®2 — AXu(t)®2)>
n 6+ e__

e

~(0r = T+ (XX - DO <2l - ) + T

—i—lXT(AXw(t)m — )\Xu(t)®2)> .
n 6+ e__

e

Therefore, we have the update of a; and (; by using Assumption 5.1, Lemma 5.5 and

Lemma D.3
agy1 =ap — 77(bt - 1/”)7

Cie1 < G +nO0(|nby — 1|Be + 80 + or/n/d + Be + (d/v/n)Aa?).

This implies

at—nt/n—an (1—(1—=nd/n)")/d<1/d

T<t

G < O((Bg + 86 + on/n/d)nt) = O(o+/n/d).

Thus, we have Hv(t) t)H < a,0(oVdn) + Ct = O(o4/n We now bound

|vs|,. Since its gradient norm |V L[, = [(XTr/n)s|, < O(y/s) by Lemma D.3 and

Assumption 5.1, we can bound [jvgl|, as

[osly =n ), vasm < O(v/snt) = O(v/s(n/d)log?(d)(Bg + o+/n/d)).

Tt

This also implies |v|, = O(oy/n/d). O
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~

Lemma D.6. In the setting of Lemma D.4 and Lemma D.5, we have for t < T

1
VwLl = <nXTr> O (2 \w) = 2)\(de + )\w - - B+ A)Ow

Vul = - (1XT’°> © (27 ) = —2>\(d’vs AP -z - B+ A)Ou
n

1 d
VoL = X Tr = Sos @ <@ - Bt AL
n n + -

where

’
[og]

HA,@HOO = (Bg + ar) +56

—Bs

’ + \w (t)®2 . )\ug)_QQ B ﬁ*

Proof. By Lemma D.4 and Lemma D.5 and the choice of parameter, the result directly
O

follows from Lemma 5.6.

Lemma D.7. Suppose Lemma D.3 hold. Then for every Ty; < t < JNH with Ty =

O(log(1/Aa2)/nABunin), Aw'™)2 = Buin/4 for k € Sy and Mul")2 = Buin/4 for ke S_.

Proof. For t < ﬁ, by Lemma D.6, we have for k € S, (note that (ug_); = 0 in this case.

The case k € S_ is similar, we omit for simplicity)

d
Wt _ < _on ( O L Aw™)? = B2 + O(Be + ov/n/d + 55))> w®,
d
UI(:H) (t) 0 (nvlgt) n )\(wl(ct))Q —Bi £ O(Be + U\/m + 85)> .

Since va)Hoo = O(y/s(n/d)log*(d)(B¢ + 0+/n/d)) by Lemma D.5, we know (d/n) va)Hw <

Brmin/4. Thus,

2
Aw{ )2 = (1 — 2 <d Y+ Mw)? — B+ O(Be + on/nfd + 35)>> Aw)?

> (1 — 2\ (A(w,(f)) Bk/2)> Awi)2.

Therefore, by Lemma D.11 within time O(log(1/Aa?)/nABmin) We have )\(w,(:))2 >
Bumin/4 and will remain for ¢ < T;. n
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Lemma D.8. Suppose Lemma D.3 and Lemma D.7 hold. Given any time tg, assume

at time ty By := H%vg()) + /\(w(gtf))Q - )\(ugf))Q - B

> 4B, where By is defined in

o)

Lemma D.6. Let

d
T’ ::inf{t—to>0:H vl + Mwl) )2 = Mu) )? - g*
- .

ee]

d
< | =g + Awi?)? - Aug?)? - B

n

|

be the time that signal error reduces by half. Then, we know T' = O(1/9APmin)-

Proof. Denote E; = H%'vg) + )\('wg)2 - )\(ugz)Q —B*| .Fort<ty+T' by Lemma D.6,

o0

we have for k € S, (note that (us_)r = 0 in this case. The case k € S_ is similar, we omit

for simplicity)

d
Wt — (1 — oA ( Vo Aw)? = B £ (B, + S5Et)>> w,

d
v,(fﬂ) = ’U](:) -7 (nv,(f) + )\(wl(f)) —Bf £ (Bs + séEt)> .

We claim H ) + Mwy (t) 2 ) )\(ug‘?)z _ B
o0

< 4080 + MWl — Auf)? -

o0

By for tg <t < tg +T'. We show this by induction. At ¢ = ty it holds. Suppose before ¢

the claim holds. For time ¢ + 1,

d (t+1) t+iye _ d @ d (d o (t)42
= A — Sy _Z A — B+ By/3
n“k + Awy, ™) nvk n77 n + AMwy”) B + Bo/

2
+ (1 — 29\ (Zu,(f) + Mw)? - B + B0/3>> A(w”)?
d d d
> o+ M) (n M) - gr + Bo/3> (n + 4A2(w,<j>)2> .

This implies for ¢t < tg + 1"

d d d
n (t+1) + \w t+1)) B> <n () | )\( ) — g;:) <1 _g <n +4)\2(w,(ct))2>>

><Z O 4\ (w®y? 5;:) (1= QA Puin) -
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where in the last line we use Lemma D.7. Thus, if %v,(:) + )\(w,(:))2 — B < —By/2, then
it will increase so that |Zv; 4 Aw (t))2 — B¥] < Byp. Similarly, one can show that if

v 4+ Aw”)2 — B > By/2, then it will decrease so that [2v\) + A(w(”)? — 8| < By. In
this way, we finish the induction.

Moreover, from the above calculations, we can see that if d (t) +A(w (t))2 — B¢ < —DBy/2,
then within time O(1/nABwin), |2v (t)+)\( (t)) —Bf| < By/2. Similarly, if 4 (t)+)\( (t))Q—
Bf > By/2, then within time O(1/nABmin), |20, “ 4 AMw (t))Q — B < By/2. By Lemma D.9,
we know once |£v; 4 AMw (t))2 — B¥| < By/2, it will remain bounded by By/2. Therefore,

we know T = O(1/9\Buin)- O

Lemma D.9 (Stability). Suppose that Lemma D.6 and Lemma D.7 hold. Assume that
H%U(to) + Mw )02 _ \qu(t0)®2 _ B*Hoo < u at time to, then |d (t)+>\( (t))z—/\(ul(:))Q—BZ‘ <

max{p,2(Bs + sou)} for allt = to and k € S, where By is definied in Lemma D.6.

Proof. By Lemma D.6, we have for k € S, (note that (ugs_)r = 0 in this case. The case

k € S_ is similar, we omit for simplicity)

d
w™ = (1 — 29\ <nv,§f) + Aw)? — Bt £ (Bs + s@))) wy,
d
U](€t+1) U](Ct) . < (t) " )\( Y2 _ g% + (B, + SM))

Since )\(w,(f))2 = Bmin/4 by Lemma D.7, we have

d

(t+1 t+ye _d @ d (d @ (t)y\2 *
@ A L _ 2.2 A — B+ (By + 6
v + AMw, ) U 1 (nvk + Mw,” )" — B £ (Bs + s ,u)>

(1= 2 (k! + 2wl)? - 5 = 8 +sau>)>2A<w§:’>2

d (t) (t) 2
+ AMw

d d
o Sl 2wl - ot (B o) | (L 02l?)2).
n | — n

=!err
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This implies for ¢t > t, if d ( )+ AMw (t))2 — B¢ < —2err, we have

d (t+1) (t+1)\2 o d (1 n(d 2, (D2
v + AMwy, )2 Bk?(n +)\( ) %) (1—2(n+4A(wk)>>
> (S0k? 4 AP = 5 ) (1= 2\

Thus, %U,Ef) + )\(w,(f))2 — B¢ will increase in this case. Therefore, we know %v,(:) + )\(11)/,?))2 —
By = —max{y, 2err} = —max{p,2(Bs + sou)} for all ¢ > ¢y. Similarly, given 7 is small

enough, we can also get a similar upper bound. Thus, we finish the proof. O

Lemma D.10. Suppose Lemma D.3 hold. Recall

Ty :=inf{t:‘i $+ Awi) ) = Al )? - g

< CT1(35 + U\/n/d)},

where Cr, is a large enough universal constant. Then, we know Ty = O(log(1/a)/NABmin)-

Proof. We can first use Lemma D.7 and then repeatedly using Lemma D.8 log(1/4Bs)
times. We get within time O(log(1/Aa?(Bg¢ + o4/n/d))/n\Bmin) = O(log(1/a)/n\Bumin),

[0 + w2 < Al = 3] < 48 = Oy e+ o) -

D.2.5 Technical lemmas
In this subsection, we collect several technical lemmas that are used in the proof.

Lemma D.11. Suppose z;11 = (1 —n(2z¢ — p))%2¢ with 1, p, z0 > 0 and zg < pu—e. Then if
< w/2, within time T = O((1/nu)(log(u/z0) +log(u/e))) we have |zr — p| < e. Moreover,

we have |z — p| < e fort = T.

Proof. Denote Ty := inf{t : z; > p/2} and Ty := inf{t : |2, — p| < e}. We bound T and
T5 — T} respectively in below.

For t < Ty, we have 2,41 = (1 +np/2)%2 = (14 nu/2)? 2. Thus, Th = O(# log(p/70)).
For 7 < t < Ty, we have zi41 = 2zt — 2n(z — p)ze = 2z — n(z¢ — p)p.  This implies
Zep1—p = (L=np)(ze—p) = (1=np)' =" (21, —p). Therefore, To—T = O((1/np) log(u/e))-
Together we know T' = T1 + To» = O((1/np)(log(p/z0) + log(p/<))).
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We then show once |z — u| < e, it will stay close to u. To see this, if —e < zz — pu < 0,
then from the above calculation we know zp41—p = (1—np)(ze—p) = —e. 0 < z—p < g,

then 241 = (1 —n(2e — p))?2 < 2t < p+e. Therefore, we know |z — pu| <efort =Ty, O

Lemma D.12. For o, 3 € R?, we have

2O B,y < ey 18]

aGkHQ la|| for k =

Proof. We have

la ©Bll; = Za252 a3 1815 »

a® (5 = X a?* = Jal3t < al3*
(2

D.3 Proof for Stage 2

In Stage 2, we will show that the training loss goes to ¢ while the test loss |8 — 8%|,
remains small. In particular, we will split into 2 sub-stages: in Stage 2.1, train loss decreases
to |r|y, = O(o) (Lemma D.13), and in Stage 2.2 we use a NTK-type analysis (Lemma D.18).
Note that it suffices to combine Lemma D.13 and Lemma D.18 to get Lemma 5.10.

Throughout Stage 2, we mostly rely on v, to fit the noise in order to reduce the loss;
at the same time, we show that the variables used in Stage 1 continue to fit the signal and
all the other variables remain small. This can be done by an NTK-type analysis when the
loss is very small. However, for the first part of Stage 2 we still need to track the dynamics

of v and X " Xw carefully.

D.3.1 Stage 2.1: train loss decreases to |||, = O(0)

Our goal in this stage is to show that the loss decreases to O(c?) and that the non-signal

entries remain small. We formalize this in the following main lemma.

Lemma D.13 (Stage 2.1). Let Ty, := inf{t : [r®|, < Cp,, 0} with large enough universal

2

constant Cr,,. Then, we have To; —T1 = O((n/nd)log(n)) and the following hold with large

enough universal constant Coy :
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(21)/\ (T21)®2 —\u T21)®2 ,3*

< Cgl(Bg +0«/n/d)

To1
we(a+ ) Oy c.

o)

0

o [v™V)|, < Coron/n/d and H (T21)

Cglf(n/d) log Bg + o/Nn

To prove this, we will maintain the following inductive hypothesis, which shows the
non-signal entries remain small. The overall strategy is to show that entries of v will allow
us to fit the noise and hence reduce loss, and we do this by using a similar strategy to track

the dynamics of v as in Stage 1.

Lemma D.14 (Inductive Hypothesis for Stage 2.1). For time T < t < Tgl =T +

Cj,, (nlog(n)/nd) with a large enough universal constant Cg, , we have the following hold

with large enough universal constant 5’21:

° d (t) + )\,w t)®2 )\ug)_QQ — 3%

< Co1(Be + o+/n/d)
[e'e}

()

° we+

Ue ~ < 02106.
0

° )H Cglf n/d)log*(d )(Be + ar
o Hr(t)H2 = (1 —Q(nd/n))"T1 . Cioy/n.

In particular, the first and third point imply H)\wgi(az — )\ugEGQ — B*

= 2Ch1/5(B¢ +
0
o+/n/d)log?(d). The last point implies that Tyy — T} = O((n/nd)log(n)). Moreover, by the

2 2
choice of parameters, O(d/\/n)\ ng ‘ = O(B¢/logd), O( ul) ’ = O(B¢/logd).
ee] ee]

Similar as Stage 1, we discuss the constant dependency here. All the constants in big-
O in this subsection, except main result Lemma D.13, should only depends on universal

constants Cry,,, 6’21, Cfm as well as the constants in Stage 1. To ensure this, we especially

need to choose the constant in A = <da‘1n (\/log(d)/n + +/n/d)"tlog™ 1 (n > to be
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small enough to ensure the nonsignal entries do not grow large. See the proof of Lemma D.14

for details.
D.3.1.1 Dynamics of v

As in Stage 1, we analyze the decomposition of X " Xv/n and v separately. The proofs
are very similar to Lemma D.4 and Lemma D.5 in Stage 1, but several terms will now have

a tighter bound. We defer the proofs to Appendix D.3.1.4.

For the decomposition of X " Xwv/n we have

Lemma D.15. Recall the decomposition in (5.3)
LTy _ 2 ) T
EX Xov'" = ﬁvs +b(X &) + Ty,

d 1
O]

n

bt+l = bt

where HI‘(t) HOO < Y and recall the notation Bs = D 5% 4 Bi€i, Be = X 5% _o Bi€i- Suppose
Lemma D.14 holds. We have for Ty <t < Ty
b= (1~ (1 - nd/n))/n < 1/n,

Y <1y, + O(o+/d/n + (dBg/nlog d)nt) = O(o+/n/d + Be).
For the decomposition of v we have

Lemma D.16. Recall the decomposition in (5.4)
o® = vg) +aXe+AD,

a1 = ay —n(by — 1/n),

where HAg,t)

. < (. and recall the notation Bg = Zi:ﬁ;";s() Biei, Be = Zi;,@j‘:o Bie;. Suppose
Lemma D.14 holds. We have for T} <t < Tgl

a; = (1—(1—nd/n)")/d < 1/d

G =Cn +O((Be + on/n/d)n(t —T1)) = O((Be + o+/n/d)nlog(n)/d)
In particular, we can show that Hv(t)HQ = O(o4/n/d).
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D.3.1.2 Implications of Inductive Hypothesis Lemma D.14

Given the dynamics of v, we now have the approximation of gradient by Lemma 5.6.
Lemma D.17. In the setting of Lemma D.15 and Lemma D.16, we have for Ty <t < T

1 d .
Vol = <nXTr> O (2 w) = 2)\(5115 +Awg? — MG - B+ A) Ow

Vol = — (;XTr> O (2 \u) = —2>\(d'v5 +owg? = G - 6%+ A,)Ou

where

HAS) HOO -0 (Bg + UW) + 50

ld O 4 2w )% g

o0

D.3.1.3 Proof of Inductive Hypothesis Lemma D.14 and Lemma D.13

Now we are ready to prove the induction hypothesis for Stage 2.1 and Lemma D.13.

Lemma D.14 (Inductive Hypothesis for Stage 2.1). For time T} < t < Tzl =T +

Cj,, (nlog(n)/nd) with a large enough universal constant Cg, , we have the following hold

with large enough universal constant 6’21:

° (t) + )\,w(t)@Q /\ug?@? _ ﬁ*

. vg“H < Coi/5(n/d) log?(d)(Be + or/n/d).

< 6’21(35 +aq/n/d)
o)

. ~
° w((ng < Cya.

o0

. Hr(t)HQ = (1 - Q(nd/n))=T1 . Cio/n.

In particular, the first and third point imply H)\'w —\u (t)@ - 3* L= 26’21\/§(B§ +

o+/n/d)log?(d). The last point implies that Tyy — T = O((n/nd)log(n)). Moreover, by the

2
choice of parameters, O(d/y/n)A Hwéi) = O(B¢/logd), O ul! ’OO = O(Bg¢/logd).
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Proof. We show these inductively on ¢t. For t = Tj, we know it holds by Lemma 5.7.

Suppose it holds before time ¢, then at time ¢ + 1 we will show it still hold.

For H d g“ + )\ngl)@ — )\ugjl)@ — B*|| ,let ke Sy (the case k € S_ can be han-
e¢]

dled similarly, we omit for simplicity). Since by the choice of parameter (d/n) Hvéﬂ H <
0

Brmin/2, we know )\(w/,(:))2 = Bmin/4. For Ty <t < Tzh by Lemma D.9 and Lemma D.17,
we know 2ot 4 MO — Ny (D02 — g% || — Co1(Be + 0/n/d) with large enough
Cor.

For k ¢ S, consider wy (ur can be bounded similarly), we have the dynamics by

Lemma D.17

w,Eerl) < (1 + 2n\O(B¢ + J«/n/d)) w,(:).

This means |w,(:)| = (1 4+ O(nA(B¢ + o4/n/d))!" 11 - Cya. To show |w,(:)| remain as O(a),

recall the choice of A = <do’ n- «/10g )/n+4/n 1log ) and Tgl - T <

C’Tmnlog(n) /nd, we only need to choose the constant in A to be small enough. In this way,

we get |wk | < < Cyrar with large enough constant Coy.
It remains to consider wy with k € S_ and u with k£ € S,. We will focus on w; with

k € S_, the other follows the same calculation. Similar in the proof of Lemma D.3, we have

wlit+1)u](€t+1) :< 277/\< XTr (t)) )wl(ct) . ( + 277/\< XTr (t)> ) z(f)“k <ol
k k

We know ug) > «. This implies that |w,(:)| < o
For |vg|,, we have by Lemma D.17 and Lemma 5.7

1

o7, <] e <o

+O Bg—f‘(f\/ t—Tl

=O0(v/s(n/d)log?(d)(Be + o+/n/d))
<Ch1v/5(n/d)log?(d)(Bg + o+/n/d)

with large enough constant Cor.
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For the bound on Hr(t*l)HZ, using the same calculation as in the proof of Lemma D.3,

we can show it is true. O

Given the above induction hypothesis, we are ready to prove the main result for Stage 2.1.

Lemma D.13 (Stage 2.1). Let Ty := inf{t : Hr(t) < Cp,, 0} with large enough universal

2

constant Cr,, . Then, we have To; —T1 = O((n/nd)log(n)) and the following hold with large

enough universal constant Coy :

(21)/\ (T21)®2 D T21)®2 /3*

< Cgl(Bg —i—a«/n/d)

(T21)

(T21)
We Ue_

02104.

0

)
ee}

° Hv(Tm)” < Cyrov/n/d and H (T21)

< Co1+4/5(n/d) log?(d)(Be + a+/n

Proof. The first two points and the bound on T5; — T3 follow from Lemma D.14. The last
point follow from Lemma D.16 and Lemma D.14. As mentioned earlier, we can choose
large enough universal constant C; to serve as upper bound, since all big-O here only hide

constants depend on universal constants Cr,, , Co1, C

Ty and the constants in Stage 1. [

D.3.1.4 Omitted Proofs in Section D.3.1.1 and Section D.3.1.2
In this subsection, we give the proof of Lemma D.15, Lemma D.16 and Lemma D.17.

Lemma D.15. Recall the decomposition in (5.3)
1 d
~X X0 = Zo0 4 b(XTE), + T,
n n

d 1
b1 = by — l(bt - =),

n
where Hl"(t) HOO < v and recall the notation Bs = Zi:ﬁ*?&o Biei, Be = Zi:ﬁ*:o Bie;. Suppose
Lemma D.14 holds. We have for T} <t < fgl

b= (1~ (1 - nd/n))/n < 1/n,

Y <1y, + O(on/d/n + (dBe/nlog d)nt) = O(o+/n/d + Be).
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Proof. The proof here is almost the same as in the proof of Lemma D.4 in Stage 1. The
only difference is that we know have better bounds on the error terms. We first write the

update of b; and I'; using the update of v.

1 d
i1 (X T€)e + Tipn :HXTXU(t+1) B Evgﬂ)

:lXTXU(t) _ gv(t) _ anTXlXTr(t) + ng lXTr(t)
n n 9 n n n\n s

d (1
=b(XTE)e + Ty — %XTXXTr(t) + - (XTT(t)>
n n\n s

d (1
=by(XT€) + Ty — %XT(XXT —dD)r® — = (XW“) .
n n n e

We bound the last two terms one by one. For HXT(XXT — dDr®, we have by

Assumption 5.1 and Lemma D.14

| LXT(XXT - dI)r(t)Hoo <ZO(\/1% Vdn)(1 = Q(nd/n))"""O(o/n)

=0(nov/d/n)(1 = Q(nd/n))"~".
For n4 (%XTr(t))e, we have

1 1 1 1
(XTr(t)) = <XTXv<t> + = XTX Owd — €l - g7 - —XT¢
n e n n n

+1XT(AXw<t>®2 - AXu(t)®2)>
n 6+ e_

e

d 1 1
_ (nvf;) + EXTX(AwgiQZ — 2 — 8% 4 (b, — X+ T,

1
+5XT()\Xw§t+)®2 - AXugtj®2)>

e

1 1
(= X+ (XX = DOwE ™ - )

—i—lXT(AXw(t)@ — Axu“)@?)) :
n €+ e__

e
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Therefore, we know by Lemma D.14

nd 1
(bt n)

bir1 = by —

Yer1 <%+ (1= O(nd/n))" 1O (nov/d/n) + ?7%0(35/ log d + (d/v/n)Aa?)
=% + (1= O(nd/n))'"O(nov/d/n) + nO(dBg/nlog d).
By Lemma D 4, this implies
b = (1 —nd/n)""bry + (1 — (1 —nd/n)"~")/n = (1 — (1 —nd/n)")/n < 1/n,

v < 1y + O(on/n/d + (dBe/nlog d)n(t — T1)) = O(o~/n/d + Be).

Lemma D.16. Recall the decomposition in (5.4)
o® = vg) +aX'e+AD,

atr1 = ar — (b — 1/n),

where H N < (. and recall the notation Bs = Zizﬁ*;ﬁo Bie;, Be = ZM*:O Bie;. Suppose
o0 k3 [3

Lemma D.1J holds. We have for T} <t < Tm
= (1—(1—nd/n)")/d<1/d
G =Cn +O((Be + on/n/d)n(t —T1)) = O((Be + on/n/d)nlog(n)/d)

In particular, we can show that Hv(t)H2 = O(o+/n/d).

Proof. The proof here is almost the same as in the proof of Lemma D.5 in Stage 1. The
only difference is that we know have better bounds on the error terms. We write the update

of a; and Aq(f) using the update of v

a1 X T€ + Ag}t—&-l) —pt+D) _ vgﬂ) — o _ vg) —n <1XT,,,(t))
n &
=, X"e+ AP —y <1XT’I’(t)> .
n &
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For (%XTr(t))e, using the decomposition of X " Xv/n in Lemma D.15, we have

1 1
(nXTr(t)) — ( XTXU(t) + XTX()\ (t)®2 u‘(slfz@z o ﬁ*) o EXTS

1
+=X TAXwl®? — )\Xuff)@Q)>
- i

e

d 1 1
_ (nvg) + EXTX(Ang@? — 2~ 8%) 4 (b, — X+ T,

Jrl)(T(AXu;(“@2 - )\Xu(t)®2)>
n €+ €e__

e

~(tr = DT+ (XX - DO <l - 5 + T

+1XT(AXw<t>®2 — AXu(t)®2)> :
n E+ e__

e

Therefore, we have the update of a; and (; by using Lemma 5.5, Assumption 5.1 and

Lemma D.14
a1 = a; — (b — 1/n),

Civ1 < G +nO(|nby — 1|Be + Be/logd + o+/n/d + Be + (d/v/n)A\a?).

By Lemma D.5, this implies

at—nt/n—an (1— (1 —nd/n)")/d<1/d

T<t
(o < Cry + O((Be + o4/n/d)n(t — T1)) = O((Be + o+/n/d)nlog(n)/d)
We now bound |v|,. Since its gradient norm
VoLl = HXTr/nH2 < (1- Q(nd/n))t_TlO(a d/n)
by Lemma D.14 and Assumption 5.1, we can bound

ol < -

+77 Z HV LT)

1ST<E

_ H”(Tl)

,+Olo/afd) = 0(o/fd).
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Lemma D.17. In the setting of Lemma D.15 and Lemma D.16, we have for Ti <

1 d
Vel = (nXTr> O (2 w) = 2A(~ws + MG = G - "+ A,) Qw

1
Vol = — (nXTr> O (2\u) = —2)\(dv5 AW = Mu§? - B+ A)Ou

where

HA?) HOO = (Bg + 0\/7) + 50

‘ O 1 A%~ 30 g

0

t <

15

Proof. By Lemma D.15 and Lemma D.16 and the choice of parameter, the result directly

follows from Lemma 5.6.

D.3.2 Stage 2.2

O

After Stage 2.1, the loss is already very small. This allows us to further tighten the

bound of several terms and use an NTK-type analysis to show that the parameters do not

move much while reduce the training loss to €.

Lemma D.18. Let Ty := inf{t : L(u®, w®, v®) = Hr(t)HQ/n < e}. Then Ty — Toy =

O(nlog(o/e)/nd) and the following hold:

o d (T22) +\w (T22)®2 /\ugi’:m)@? — B =O0(B:+ Jm)
o0
o ,wg;n) : ug_bz) = O(a)
e¢] Q0

o [v!™)], = O(0n/n/d), = O(y/5(n/d)log?(d)(Bg + o+/n/d))

o [r@], = (1 —Q@nd/n)""10(0)

In particular, the above imply that HB(T22 — B* H2 =0O( \flog )(Be+0o+/n/d)). Moreover,

for every t = Ty, the above still hold and train loss L™V < e.
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For the constant dependency, the big-O here can be replaced by a large enough universal

constant, similar to the argument in Stage 1 and Stage 2.1. We omit here for simplicity.

Proof. We show these by induction. At t = Tb;, we know they hold by Lemma D.13.
Suppose before time ¢ they hold, then at time ¢ + 1 we know HXTT(T)/nHOO = (1-—
Q(nd/n))"~1210(0/4/n) for any T < t by Assumption 5.1.

For H (Hl) + Aw (t+1)®2 )\USH)GQ — B*| , consider the k-th entry with k€ S, (k€
- oo

S_ can be bounded similarly). The proof is similar to the proof in Lemma D.14, we omit
for simplicity.
We now consider Hwe + )H and Hugjl)H . For k ¢ S, consider wy (uj can be bounded
a0

similarly)

|w,(€t+1)| < (1 + 2\ HXTr(t)/nH ) w,(:)
oe]

< [ @+ Qmd/n)"0@mAs/vn) Oa)

T21 <7<t

< (1 + ), (1= Q(nd/n))T-TﬂO(nAa/ﬁ)> O()

T21 gTSt

<O(a + Aov/na/d) = O(a),

where in the second to last line we use the fact that [[;(1 + ¢;) = eZim(+%) < eXi®i <
14+ 0(3;4) for >, qi = O(1).
It remains to consider wy with k € S_ and u, with k£ € S,. We will focus on w; with

k € S_, the other follows the same calculation. Similar in the proof of Lemma D.3, we have

1 1
w}(€t+1)u§€t+1) _ (1 — 2m\ <nXTT,(t))k> () (1 +2nA (nXTr(t)>k) ;C l(ct)ul(ct) <ol

We know u,(:) > a. This implies that ]w,(f)] < a.

For |r||,, we can bound it the same as in the proof of Lemma D.3.
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For |vg|, we have by Lemma D.13

(T1)

o5, X T70)s

=[S

<[5, +0]

St 2 (1=00d/n) 100/ Vi)

To1 <1<t
=0 (Vs(n/d)log*(d)(Bg + +/n/d))
For |v|,, we have

val »(T21) XTrm

<n2

To1 <7<t

=0(o+/n/d).

< D (1=Q(nd/n)10(ne/v/n)

2 To1 <7<t

Note that |v("21)], = O(on/n/d), thus we have [v!"™V |, = O(o+/n/d).

In this way, we finish the induction proof. It remains to bound Ty — T5;. Given
Hr(t) ||2 = (1 —Q(nd/n))!O(c), we know Thy — To; = O(nlog(o/e)/nd). Moreover, we can
see in the above proof that it will still hold after 755, thanks to the geometric decreasing of

[,

D.4 Proof of Main Result (Theorem 3.2)

In this section, we give the proof of main result. Given that we have already charac-
terized the training dynamics to the convergence in Stage 1 and Stage 2, it immediately

follows from the results for Stage 1 (Lemma 3.3) and Stage 2 (Lemma 3.4).

Theorem 3.2 (Main result). Under Assumption 3.1, 3.2, 3.3, consider Algorithm 1 on loss
(3.2). There exists a schedule of weight decay Ay and step size ny such that given m = mg =
04 (1)-(1/£0)°") neurons with small enough ey = O (1), with high probability we will recover
the target network L(0) < e within time T = Oy (log(1/€)/n) where n = poly(e,1/d,1/m).
Moreover, when € — 0 every student neuron w; either aligns with one of teacher neuron

w? as Z(w;, w}) =0 or vanishes as |a;| = |w;| = 0.

Proof. First note that Lemma 3.4 follows from Lemma D.13 for Stage 2.1 and Lemma D.18
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for Stage 2.2. Then, it suffices to combine Lemma 3.3 and Lemma 3.4 in Section 5.5, since

Y :
18- 81, < | s + M@~ g -

‘ d
+ |—vg ‘
2 n 2

+ ol + 2w - A
2

D.5 Synthetic Experiments

1071 4 - )
hybrid interpolation

log(d)/Vd
— V+AW®2 —Au®?
--= log}(d)Vd
— WOZ_UOZ
--- 1/log(d)

10—2 4

10-3 4

102 10° 10° 10° 106
d
FIGURE D.1: Test loss vs. dimension d when fixing the ratio d/n = v/d/3 for 3 different
interpolating method: hybrid interpolation with Lasso [137], model v + Aw®? — A\u®? as
we focused in the chapter and model w®? — u®? that only keeps the second order term.
Solid lines represent the mean and shaded regions represent the standard deviation of test
loss during 3 experiments. Dashed lines represent the corresponding order.

Table D.1: Test loss bound of different methods
Hybrid interpolation [137] | Min-/;-norm [191] Ours

o2 log® (d log? d
O(ULI%gd + 02%) O(]og(d/n)) (0] <(0278 Oi( ) | y2snlogtd = >>

In this section, we run synthetic experiments to verify our theoretical results. We choose
d from 100 to 10° and set n = 3+/d. The target 8* = (1/v/3, —1/4/3,1/4/3,0,...,0)7, data
x; ~ N(0,I) sampled from Gaussian distribution and noise level o = 0.1. We compare 3

different interpolation method:

e Hybrid interpolation [137]: As a 2-step procedure, we first use Lasso (implemented in

sklearn) with ¢; regularization coefficient on the order of ©(o+/log(d)/n) (Theorems
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7.13 and 7.20 in Wainwright [190]). We choose the coefficient with the best test loss
among the choice of {1/10,1/5,1/2,1,2,5,10} * o4/log(d)/n. In the second step, we

use the min-fo-norm interpolator to fit the residual.

e Model v + AMw®? — M\u®?: As suggested in our main result, we initialize v = 0 and

w=u = al with a = 1071%. We set A\ = 100d/onlog(n)(+/log(d)/n + r/n/d) and

run gradient descent with stepsize = 1075 until training loss reaches 10~4.

e Model w®? — u®2: We use small initialization that sets w = u = a1 with a = 10715,

We run gradient descent with stepsize 7 = 1076 until training loss reaches 1074,

Our results are shown in Figure D.1. We can see that with fixed ratio d/n = \/d/3,
as d increases, the test loss of different method decreases with different rate. The hybrid
interpolation gives the smallest test loss and our learner model v + Aw®? — \u®? gives
a similar performance. This agrees with what our theoretical result suggests. The model
w®? — u®? that only uses second-order term performs worse than others. This is expected
as we know such parametrization with small initialization converges to min-£;-norm in-
terpolator [199], and min-¢;-norm interpolator gives large test loss Q(c0?/log(d/n)) in the

sparse noisy regression setting [46, 191].
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