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Abstract

The quark gluon plasma (QGP) forms when matter governed by quantum chromo-
dynamics (QCD) undergoes a transition at high temperature or high density from
hadronic bound states to deconfined quarks and gluons. The QGP at high temper-
ature is believed to be experimentally accessible in relativistic heavy-ion collisions,
such as those done at the Relativistic Heavy-Ion Collider (RHIC) at Brookhaven
National Lab and in the near future at the Large Hadron Collider (LHC) at CERN.
The results obtained so far reveal the production of energetic (hard) partons in the
early stages of a heavy-ion collision which propagate through the plasma. Results
also show that the QGP produced at RHIC is a nearly ideal fluid and that hard
partons may generate conical, Mach-like, disturbances in the QGP.

This thesis uses theoretical methods to address how the QGP responds to a hard
parton that propagates through the plasma and contains the first rigorous derivation
of how a hard parton deposits energy and momentum in a QGP which lead to the
formation of a Mach cone. A comparison of experimental results with the theory
introduced in this thesis could shed light on important properties of the QGP such
as its equation of state and transport coefficients like viscosity. I investigate this
problem by evaluating the source of energy and momentum generated by the hard
parton in the QGP. Formalisms are developed and applied for evaluating the source
of energy and momentum in perturbation theory with three different methods: clas-

sical kinetic theory, finite temperature field theory, and by including the energy lost
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by the hard parton to radiation. Having obtained the source of energy and momen-
tum generated by the hard parton, I evaluate the medium response using linearized
hydrodynamics. My results show Mach cone formation in the medium. I compare
the medium response for different viscosities and speeds of sound, from which I find
the Mach cone weakens and broadens as viscosity is increased. By studying the time
evolution of the medium response once the source of energy and momentum is turned
off, which occurs in a heavy-ion collision during the hadronic phase, I find that the
conical disturbance is enhanced relative to diffusive contributions over a time period

of several fm/c.
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Abbreviations, Symbols and
Conventions

Symbols and Conventions

Natural units are used h = kg = ¢ = 1. Indices given by Latin letters generally
range from 1 - 3, whereas indices given by Greek letter range from 0 - 3. Repeated

indices are summed over.

Abbreviations

QCD Quantum Chromodynamics (see chapter 1).
QGP Quark Gluon Plasma (see chapter 1).

RHIC Relativistic Heavy lon Collider, an experimental program at
Brookhaven National Laboratory designed to, among other things,
form and study the quark gluon plasma.
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Introduction

The work in this thesis is primarily concerned with investigating certain aspects of a
state of matter known as the quark gluon plasma, or QGP. The QGP is formed when
strongly interacting matter, that is matter governed by quantum chromodynamics
(QCD), undergoes a transition from hadronic bound states to deconfined quarks and
gluons. This chapter will contain a broad introduction to the QGP. I begin with an
introduction to QCD, which is the underlying theory of the QGP, and discuss the
order parameters associated with the transition. After this, some fundamental prop-
erties of the QGP which have been determined from various theoretical techniques
are listed. Finally, I introduce important experimental results which provide context

and motivation for what follows in the rest of the thesis.
1.1 QCD and the Transition to Quark-Gluon Plasma

QCD provides a theoretical description of strongly interacting, or color charged,
matter, that is, quarks and gluons (a more thorough introduction to QCD than that
contained here can be found in [1]). From a historical and phenomenological point

of view, the great success of QCD is that, as a non-Abelian gauge theory, it exhibits
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asymptotic freedom, which is the observation that the coupling between quarks and
gluons grows weaker as the distance scale becomes shorter. The reverse is also true:
the coupling becomes stronger at larger distance scales such that only color neutral
quark bound states (called hadrons) can be directly observed. The dynamics of the

theory is governed by the QCD Lagrangian, which is given by

Yoo g (1.1)

L= "y (iy' D, — my) by — 1S
7

where G is called the gluonic field strength tensor and is
G, = 0,A, — OA; + gf“bcAZAi (1.2)

where A? is the gluon field and % are the SU(3) structure numbers. The gauge

covariant derivative has the form
D,=0,1— igAZt“ (1.3)

where t* are the fundamental representation matrices of SU(3) and 1 is the identity
matrix. The index a can range from 1 to 8, as there are 8 gluon fields in QCD. The
quark fields are contained in the spinors, 1¢, where the subscript f indicates quark
flavor.

Having the Lagrangian, one can write down formal expressions for quantities of
interest, such as correlation functions, scattering amplitudes, etc, by using the path
integral formalism. In practice, the complex non-linear structure of (1.1) makes
finding exact solutions for these quantities essentially impossible. However, power-
ful techniques, in particular perturbation theory and lattice simulations, have been
developed which allow calculations to be performed under certain approximations.
One especially important result is that the strong coupling ’constant’, a, = g2 /4,

depends on the momentum transfer, k, of a given process such that, to leading order

() = a:(8) (1.4)

14 g (M) Z220 1 (K2)
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where Ny = 6 and A is the scale at which « is determined experimentally. Equation
(1.4) predicts that the strong coupling becomes smaller at larger momentum scales,
or smaller distances, and is the mathematical statement of asymptotic freedom.

The transition from hadronic bound states to deconfined quarks and gluons is as-
sociated with an increase in temperature and or baryon chemical potential, in other
words, an increase in the density of color charged particles. One can gain a straight-
forward physical intuition for why the transition should take place by considering
what happens to a system of hadrons as the density is increased. Eventually, the
quarks within the hadrons begin to overlap so that it’s no longer possible to iden-
tify individual hadrons within the system. Furthermore, the high density of color
charges creates a screening effect such that the long distance, confining growth of
the coupling constant is no longer important (a more detailed version of this line of
thinking can be found in [2]). The end result is that the relevant degrees of freedom
are no longer hadrons, but deconfined quarks and gluons.

Such a transition would manifest itself in a change in the number of degrees
of freedom, v(T), of QCD matter as temperature increases, where 7" denotes tem-
perature (in the rest of this section I will focus on the temperature dependence of
the transition, neglecting finite baryon chemical potential). For a thermodynamic

medium, v(7") can be defined through the relation

e(T) (7)1 (1.5)

=35V
where €(T) is the energy density of the medium. For the sake of context, one should
consider that an ideal gas of ultra-relativistic pions (the lightest hadrons) has v = 3,
while an ideal gas of gluons and three flavors of massless quarks has v = 47.5 [3].
Thus one expects to see a significant increase in v as the transition from hadronic
bound states to deconfined quarks and gluons occurs. As is obvious from the form of
(1.5), v can be determined from the ratio ¢(T')/T*, whereas €(T) can be determined

3



from the QCD partition function, Z(3, V), via the relation

() 1o

where V' is volume and 3 = T~!. By calculating Z(3,V), and in turn €(T), v(T)
can be established, providing an excellent probe of whether or not, and at what
temperature, the transition occurs.

The QCD partition function can be written down in terms of the Lagrangian

(1.1) as
Z(B,V) = /@A@w@wexp [—/dV/OBdTX] (1.7)

where Z signifies functional integration and 7 is the imaginary time. While the
above expression looks straightforward, its evaluation is very difficult and can only
be done in certain idealized approximations. One such approximation is to expand
the exponential term in (1.7) in powers of the strong coupling, o, = ¢*/4m, which
makes sense provided ay < 1. This perturbative expansion allows the partition
function to take on a Gaussian form which can be handled analytically, albeit with
much subtlety and effort. The running coupling, (1.4), ensures that a will grow as T’
is lowered, limiting the use of perturbation theory to regions of high temperature. To
calculate Z (3, V) over a wide range of temperatures, which is required to establish
that a transition has occurred, it is necessary to use an evaluation technique that is
not limited to small values of a.

The only available tool which can do this is lattice QCD, where the partition
function, (1.7), is evaluated numerically by dividing the continuous space of V, 7 into
a discretized lattice. I will not discuss the specifics of how QCD is evaluated on the
lattice here, but the reader can see [4] for an introduction. In what immediately

follows results are shown from lattice calculations which are representative of what
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FIGURE 1.1: ¢(T)/T* ~ v(T) as a function of temperature [5]. The curves are a
measure of the number of thermodynamic degrees of freedom in the medium, which
show a sharp increase in the vicinity of 7' = T..

is currently understood about the behavior of strongly interacting matter at high
temperature, that is, the QGP. The result for ¢(T)/T* ~ v(T) as obtained from
[5] is shown in Fig. 1.1. The calculation was performed with improved staggered
fermions for 2 massless flavors of quarks, 3 massless flavors of quarks, and 241 flavors,
which indicates 2 massless flavors and one massive flavor. The result is plotted as a
function of T'/T., where for 2 flavors T, = 173 MeV and for 3 flavors T, = 154 MeV,
which is roughly 10'2 Kelvin. The curves, which, as was discussed above, are a direct
measure of the number of thermodynamic degrees of freedom in the medium, show
a sharp increase in the vicinity of 7" = T,, and then asymptotically approach the
Stefan-Boltzmann limit for an ideal gas of non-interacting quarks and gluons, which
is indicated by the arrows. This is strong evidence for a transition from hadrons to
deconfined quarks and gluons at T' = T..

If the transition observed in Fig. 1.1 is a result of deconfinement, there must be
an order parameter associated with it. It has been shown [6] that the order parameter

of the deconfinement transition is the expectation value of the Polyakov loop, (L),
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FIGURE 1.2: The renormalized result for (L) as a function of temperature [7]. The
sharp rise around 7" = 190 MeV indicates the onset of deconfinement.

which is related to the free energy, F', of a static test quark
(L) ~eT. (1.8)

The free energy measures the amount of energy required to place the test quark in
a thermal medium of gluons. As long as we consider only infinitely massive quarks,
this energy will be infinite in the confined phase, and finite in the deconfined phase,

such that

(L) = 0 confined phase,

(1.9)

(L) # 0 deconfined phase.
The situation becomes slightly more complicated when we allow for quarks with
finite mass, since then the free energy is large, but not infinite, in the confined
phase. However, the behavior is similar to (1.9), and (L) is still a good probe of
the deconfinement transition. The result for the renormalized expectation value of
the Polyakov loop as obtained from lattice calculations presented in [7] is shown in
Fig. 1.2, where the calculation includes light quarks. The figure shows results for

different values of N, which refers to the number of lattice intervals in the imaginary
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time integration. The result shows a sharp increase in (L) around 7' = 190 MeV,
consistent with what might be expected from (1.9). One concludes that the transition
observed in Fig. 1.1 is associated with the onset of deconfinement.

There is a second order parameter in the QGP transition which is a result of the
restoration of chiral symmetry [8]. In the limit of m; — 0, the QCD Lagrangian,
(1.1), preserves the chirality of quarks, where left/right handed chirality is defined

through application of the pseudoscalar Dirac matrix, v°:

VLR = <W) V. (1.10)

Even for massless quarks, chiral symmetry is spontaneously broken in the QCD
vacuum by the formation of a quark/anti-quark condensate, (¢)). The term spon-
taneously broken here indicates that even though the original Lagrangian has chiral
symmetry (in the case of massless quarks), interactions spontaneously generate a
non-zero value of (y)) which breaks the original chiral symmetry. At high tempera-
ture or net baryon density, (¢1) tends to zero and chiral symmetry is restored. This
‘melting’ of the chiral condensate occurs for perhaps the same reason deconfinement
occurs: as the result of an increased color charge density in the medium. Whatever
the detailed nature of their relationship, it is widely believed that these two tran-
sitions occur simultaneously. A useful quantity to measure the restoration of chiral

symmetry is given by

(Wbr — (G0 oz
Ay o(T) = ST m 0, .
) = e = B )0 (L11)

where the subscript 0,7 refers to the temperature, and the subscript [, s refers to
quark flavor (I being the nearly massless u and d quarks, s being the massive strange
quark). As chiral symmetry is restored, A; ; will drop and approach zero. The result
for (1.11) given by [7] is shown in Fig. 1.3, where one indeed sees the chiral transition

at about 7' = 190 MeV.
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FIGURE 1.3: A, as a function of temperature [7]. As discussed in the text, the
result suggests the restoration of chiral symmetry at about 7" = 190 MeV.

It is important here to point out that the values of T, listed above are not rigor-
ously established, but rather give an idea as to where the transition occurs. Indeed,
the transition occurs over a finite width of temperature, leaving some freedom in how
to define where T, occurs. A common choice is to define T, at the steepest point in
the transition. When this is done, it is found that the chiral transition and decon-
finement occur at the same temperature, within numerical uncertainty, justifying the
idea that these two transitions occur simultaneously. The most recent calculations
9] suggest 180 < T, < 200 MeV.

The picture emerges that QCD matter undergoes a transition from hadronic
bound states to deconfined quarks and gluons at a temperature of about 190 MeV
and zero baryon chemical potential, ug. A commonly used QCD phase diagram is
shown in Fig. 1.4, where one can also get a sense of the jp dependence of the phase
structure. I have been careful not to use the term phase transition, since the QGP
transition at pup = 0 is now thought to be continuous in all of its thermodynamic
quantities. Generally, a phase transition is characterized by some non-analyticity in

the thermodynamic variables.
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FIGURE 1.4: Phase diagram of QCD [10].

Before moving on, it is worthwhile to consider some additional properties of the
QGP which have been calculated on the lattice and are presented in [11]. The first of
these is the strong coupling, a,, which is shown in Fig. 1.5 as a function of distance
for given temperatures. In the plot, o, is defined through the free energy of a static
quark anti-quark pair

3_7“2 dF(r,T)

O[q(j(,r7 T) - 4 d,r,

. (1.12)

Consider, for example, the points corresponding to T" = 1.987T,. Here, a; ~ 0.3
at r = 0.3 fm, and tends toward zero as r becomes large. This large r behavior
reflects what was mentioned earlier, that the high density of color charges in the

plasma phase creates a screening effect such that the long distance, confining growth
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FIGURE 1.6: A lattice result for the Debye screening mass divided by temperature,
mp/T, [11]. Roughly speaking, a potential, V(r), at 7' = 0 will be suppressed by a
factor of e™™P" at finite temperature.
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of the coupling constant is no longer important. A measure of the strength of the
in-medium screening is given by the Debye mass, mp. Roughly speaking, a potential,

mpr

V(r), at T = 0 will be suppressed by a factor of e~ at finite temperature. In

perturbation theory, the Debye mass has the form
> _ 1 AETE
mip, = 3(NC+ 2Nf)9 T, (1.13)

which gives mp /T ~ 2 for Ny = 0 and o, = 0.3. The lattice result for mp/T" is
shown in Fig. 1.6.

Finally, the speed of sound, ¢ = dp/0e, is shown in Fig. 1.7 (there labeled as v;).
The curves approach the Stefan-Boltzmann limit of ¢ = 1/3 at large T', but are much
smaller near T'= T,.. The speed of sound is interesting as it provides information on
the equation of state. It is also directly relevant to the work presented in this thesis,
which will focus on sound waves generated by supersonic particles in the plasma as

is discussed below.
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1.2 Experimentally Probing the Quark-Gluon Plasma

For quite some time now it has been predicted that the quark gluon plasma can
be formed experimentally in relativistic heavy-ion collisions [12]. In particular, the
heavy-ion program at the Relativistic Heavy-Ion Collider (RHIC) at Brookhaven
National Lab, and the future program at the Large Hadron Collider (LHC) at CERN,
are believed to produce matter that extends well into the QGP phase. These two
experimental programs are indicated on the phase diagram in Fig. 1.4, where it is
seen that they are expected to produce matter with high temperature and very low
baryon chemical potential.

RHIC began operating in the summer of 2000 and has since provided a wealth
of experimental data which has shaped the current understanding of QCD matter
at high temperature. RHIC’s heavy-ion program collides two gold nuclei at a peak
center of mass energy of 200 GeV per nucleon. A simple estimate for the initial
energy density in such a collision can be made using the Bjorken energy density [12]
(named for the author who first derived it)

(E) AN

where (F) is the average energy of the interacting particles, A is the nuclear overlap
area, y is the rapidity, 7 is the formation time, and N is the number of interacting
particles. For a formation time of 1 fm/c and using a naive extrapolation of p + p
(proton) data for the input parameters, one estimates that ep; ~ 5GeV/fm® for
the highest energy Au 4+ Au (gold) collisions at RHIC, well above the required €. &
1 GeV/fm?® required to form the QGP (e, is here used as the critical energy density
of the QGP transition, a value which can be obtained from Fig. 1.1). While ep; can
only provide an order of magnitude estimate for the initial energy density, it suggests
that Au + Awu collisions at RHIC are able to probe the QGP.
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The four experimental collaborations at RHIC: BRAHMS, PHOBOS, STAR, and
PHENIX, have published white papers [13, 14, 15, 16] which give a summary of the
significant experimental results obtained to that point in time (2005). The results
indicate “that the state of matter created at RHIC cannot be described in terms of
ordinary color neutral hadrons” [16], but rather that the QGP has been formed. De-
tailed experimental analysis reveals the initial energy density of the created medium
to be greater than 15 GeV/fm?®, much higher than the value needed to form the de-
confined phase. It is not possible to give a rigorous review of all of the important
results obtained so far from RHIC here, so instead I will focus on three which are
directly relevant to the rest of this thesis.

The first of these is the nearly ideal fluid behavior apparently exhibited by the
medium. The primary evidence for ideal fluidity comes from measurements of the
elliptic flow, ve. Elliptic flow is generated by an initial spatial anisotropy in the heavy-
ion collision caused by an incomplete overlap of the colliding nuclei. The amount of
anisotropy is characterized by the centrality, with the most central collisions having
the least anisotropy, and most participating nucleons. The initial spatial distribution
of the interacting matter takes the form of an ellipsoid. If the medium thermalizes
quickly, then the initial anisotropy creates a pressure gradient which is strongest along
the shortest direction of the ellipsoid. The spatial anisotropy can be characterized

by the eccentricity, €, which is given by
_ ()
€= ) (1.15)

where = and y are the directions transverse to the beam axis and () refers to the

spatial average of participating nucleons. vy is defined through the azimuthal distri-
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FiGure 1.8: Elliptic flow data from experiment along with predictions from an ideal
hydrodynamics calculation [18]. There is good agreement between the data points
and the ideal hydro predictions for p; < 2 GeV.

bution of emitted particles [17]

AN
oo <1+220ncos ¢>—<I>R)]> (1.16)

where ®p is the azimuth of the reaction plane. The success of ideal relativistic fluid
dynamics to reproduce the elliptic flow data seen at RHIC has lead to the idea that
the QGP is a nearly ideal fluid. Figure 1.8, taken from [18], shows elliptic flow data
from both STAR and PHENIX, along with predictions from an ideal hydrodynam-
ics calculation. One sees good agreement between the data points and the ideal
hydrodynamics predictions up until p; ~ 2 GeV.

Deviations from ideal fluidity are quantified by the viscosity of the medium. Much
effort has been given to extracting the dimensionless ratios of the shear viscosity to
entropy density, n/s, and the bulk viscosity to entropy density, (/s, of the QGP.
It is believed that 7/s is much larger than (/s except in the vicinity of 7. [19]
for the QGP, hence that is where most of the attention has been placed. Viscous
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FIGURE 1.9: A viscous hydrodynamics calculation for different values of the shear
viscosity to entropy density ratio along with a comparison to experimental data [20].
From the curves, it appears that the choice of 1/s &~ 0.16 matches the non-flow
corrected data for p; < 3 GeV.

hydrodynamics calculations which include non-vanishing shear viscosity have been
performed and compared to experimental data. The results of one such calculation
are shown in Fig. 1.9. In the plot, the filled circles are the raw experimental data and
the open circles are the same data corrected for non-flow effects. One sees that with
the choice of 1/s =~ 0.16 the non-flow corrected data is well reproduced by viscous
hydrodynamics. This number is remarkably small. For comparison, the /s for water
under normal conditions is roughly 180 times larger than this value. The value for
n/s which seems to describe the QGP data is not much larger than 1/47 ~ 0.08,
which has been proposed [21] as a universal lower bound for all relativistic quantum
field theories and is calculated for a large N, SUSY Yang-Mills plasma in the strongly
coupled limit using the AdS/CFT correspondence. The QGP produced at RHIC is
arguably the most ideal fluid ever observed experimentally.

The second important experimental result I will here discuss is the suppression

of high transverse momentum hadrons in relativistic heavy-ion collisions when com-
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FiGURE 1.10: The nuclear modification factor, R 44, which quantities the suppres-
sion of high pr particles in heavy-ion collisions relative to an incoherent superposition
of p+p collisions [22]. The strongly interacting particles, 7° and 7, show a noticeable
suppression, whereas direct photons are largely unaffected.

pared to p+p data. Early in a heavy-ion collision two partons may scatter at a large
angle relative to the beam direction and propagate with high transverse momenta
through the newly formed medium. The effect of the medium on these high energy
partons is quantitatively expressed in terms of the nuclear modification factor, Raa,
which gives the ratio of the measured yield of high pr hadrons produced in heavy-
ion collisions divided by the same yield from an incoherent superposition of p + p

collisions, i.e.

d2NAA/dedy

1.17
(Tan) - oy, /dprdy (1.17)

Raalpr) =

where (T'44) is the Glauber nuclear overlap function. The PHENIX measurement
of Rqs for the most central Au + Au collisions at RHIC is shown in Fig. 1.10.
Here one sees significant suppression of pions and etas, with Rs4 ~ 0.2. Compare
this to the direct photon production, which stays close to R44 ~ 1. The picture
emerges that high energy particles which interact with the QCD medium, that is

the QGP, lose substantial amounts of energy, and are suppressed, or quenched. This
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triggerjet

FIGURE 1.11: Early in the heavy-ion collision two partons may scatter at a large
angle relative to the beam direction and propagate back to back through the medium,
which is represented in the figure.

phenomenon, known as jet quenching, is one of the most striking results from the
heavy-ion program at RHIC.

Jet quenching can be further illuminated by examining azimuthal hadron corre-
lation measurements. As discussed in the previous paragraph, early in the heavy-ion
collision two partons may scatter at a large angle relative to the beam direction and
propagate back to back through the medium. If this initial scattering occurs near
the surface of the nuclear medium, one of the partons, known as the trigger jet, may
escape quickly and be easily observed as a high momentum hadron by detectors,
while the other parton, known as the back jet, travels through the medium losing
energy and momentum. This scenario is illustrated in Fig. 1.11. As can be seen from
the figure, in terms of an azimuthal angle ¢, the trigger jet defines the direction of
¢ = 0, and the back jet propagates in the direction of ¢ = 7. In the figure, the back
jet propagates parallel to the collision plane, however the direction of propagation
could be in any orientation. A trigger jet is observed experimentally by looking for a
hadron in some high pr bin. Once a trigger jet is observed, azimuthal di-hadron cor-
relation measurements look for secondary, or associated, high momentum hadrons

as a function of azimuthal angle relative to the trigger. For instance, the overall
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FIGURE 1.12: I44 gives the ratio of the measured Au + Au correlation excess
relative to the p + p correlation in the given azimuthal interval [23]. One sees signif-
icant suppression in the away side [44. The horizontal bars indicate the dominant
systematic error.

azimuthal pair distribution per trigger particle

D(6) ~ /anWm> (1.18)

trigger

quantifies the azimuthal distribution of secondary hadrons, where Ni.igger is the
number of trigger jets and the integral is over the space-time rapidity. In terms of
D(¢), the ratio of the measured Au + Au correlation excess relative to the p + p

correlation in some azimuthal interval is given as

(;)1512 d(b DAu_i_Au((ﬁ).
2 de D+ ()

Taa(01, ¢2) = (1.19)

As with Ra4, 144 has a straightforward physical interpretation: it should be unity
if the hard-scattering component of Au + Au collisions is a superposition of p +
p collisions unaffected by the nuclear medium. In other words, 144 describes the
quenching of secondary hadrons per trigger. The STAR collaboration has published
data on I44 [23] which is shown in Fig. 1.12. In the left panel the momentum of
the trigger hadron is between 4 and 6 GeV whereas in the right panel it is between
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3 and 4 GeV. In both cases the momentum of the associated hadron is in the range
2 GeV < pr < pi”g . Each panel has two sets of data points, one gives the 44
value when integrating over the interval |¢| < 0.75, and the other when integrating
over the interval |¢| > 2.24 (where ¢ ranges from —7 to 7). Physically, the interval
|p| < 0.75 represents the contribution from the direction of the trigger jet, whereas
|¢| > 2.24 gives the contribution from the back jet. The values are plotted as a
function of the number of participating nucleons, N,4. It is clear from the plots
that the /44 associated with the back jet decreases with increasing Np.¢, Wwhereas
the 44 associated with the trigger jet actually increases or remains constant. The
interpretation is that back jets, which have to propagate through the dense medium,
deposit large amounts of energy and are quenched.

Both the R 4 and 144 data indicate that highly energetic, or fast, partons deposit
large amounts of energy and momentum as they propagate through the QGP. It has
also been shown above that the QGP appears to be a nearly ideal fluid with strong
collective flow. In light of these two facts, it is natural to think that fast partons
may induce collective flow in the medium. The overall azimuthal pair distribution per
trigger particle, D(¢) mentioned above, may shed light into the medium’s response
to fast partons. The medium response to fast partons should manifest itself in the
distribution around ¢ = m, which is the direction of the back jet propagation (Fig.
1.11), or the away side. Fig. 1.13 shows the overall azimuthal pair distribution per
trigger particle as published by PHENIX in [24] for p 4+ p collisions in the upper
panel, and the 20 percent most central collisions for RHIC Au + Au collisions in the
lower panel. The numbers in the upper right hand corner of the plots indicate the
particular momentum bins for the trigger and the away side hadrons, respectively.
There is a noticeable difference in the distributions of p 4+ p compared to Au + Au
around ¢ = w. There, the p 4+ p spectrum shows a simple broad Gaussian peak
whereas the Au+ Au spectrum has a double-peak structure, with ¢ = 7 being a local
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FIGURE 1.13: The overall azimuthal pair distribution per trigger particle [24] for
p + p collisions (upper panel), and the 20 percent most central collisions for RHIC
Au + Au collisions (lower panel). The distribution for RHIC Au + Au collisions is
double-peaked around the away side (A¢ = ).

minimum. The behavior of the di-hadron correlation measurements has generated
much interest in understanding the response of the QGP medium to fast partons.
Many have speculated that the double-peak structure observed in the away side
distribution is generated by collective, Mach-like, conical flow induced by the fast
parton in the medium.

The complete picture is, however, more complicated. The structure of the away
side distribution depends strongly on the momentum bins, particularly of the trigger
hadron. It is also sensitive to the centrality of the initial heavy-ion collision. These
facets are highlighted in the overall azimuthal pair distribution per trigger particle
shown Figs. 1.14 and 1.15, also published in [24]. For instance, consider the plots
marked 2 —3® 1 — 2 in Fig. 1.14, which shows the data from the 20 percent most

central collisions, and Fig. 1.15, which shows the data from the 60-92 percent most
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FiGURE 1.14: Azimuthal di-hadron correlations from the 20 percent most central
Au + Au collisions at RHIC for a wide range of momentum bins [24]. Compare to
Figure 1.15 which shows data from less central collisions.

central collisions (which are some of the least central collisions). A quick inspection
shows the away side distribution is substantially altered when going from the most
central to the least central collisions, with the double-peak structure disappearing in
the least central collisions. Recall from the discussion above on elliptic flow that the
more central collisions have more participating nucleons, and hence a larger nuclear
medium. One is led to conclude that the double-peak structure observed in the away
side distribution of the most central collisions is associated with a medium effect.

1.14, starting with the plot marked
2—-3®1—2 GeV/c, and scrolling down through the subsequent plots ending at the
plot marked 5 —10® 1 — 2 GeV/c. As mentioned above, these numbers indicate the
particular momentum bins for the trigger and away side hadrons, respectively. It’s

clear that as the trigger hadron momentum is increased, the away side distribution
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FiGURE 1.15: Azimuthal di-hadron correlations from the 60-92 percent most central
Au + Au collisions at RHIC for a wide range of momentum bins [24]. Compare to
Figure 1.14 which shows data from the most central collisions.

changes shape and the double-peak structure is significantly altered, even though the
away side hadron momentum is the same. Recall the scenario illustrated in Fig. 1.11.
Due to conservation of momentum, as the trigger hadron momentum is increased,
the back jet momentum must also increase. If the initial momentum of the back
jet is large enough, it will propagate all the way through the medium, and escape
on the away side, in which case the away side distribution should be dominated by
the jet. On the other hand, if the back jet does not have enough momentum, it
will be absorbed by the medium, in which case the away side distribution should be
dominated by the medium’s response to the jet. We are again led to conclude that
the double-peak structure observed in the away side distribution is associated with a
medium effect, presumably observable when the back jet is absorbed by the medium.

In terms of the underlying physics there are two straightforward, yet significantly
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different interpretations of the double-peak structure in the away side distribution.
One is that a fast parton propagating through the medium is deflected by the medium
such that the final associated hadron spectrum gets shifted away from ¢ = 7 (this is
discussed in [25, 26]). This picture is commonly called the deflected jet scenario, and
suggests that the double-peak structure on the away side of the di-hadron correlations
is the result of averaging over many events. In any single event, the probability
of observing a hadron would be a single peak distribution displaced from ¢ = .
When averaged over many events, the double-peak arises because the direction of
the deflection is randomly distributed.

The second interpretation is that the fast parton creates a medium response such
that the final associated hadron spectrum becomes split with respect to ¢ = w. This
picture is typically associated with a conical hadron emission spectrum, in which case
the structure on the away side of the di-hadron correlations is legitimately double-
peaked. In other words, in any single event, the probability of observing a hadron
would be a double-peak distribution symmetric about ¢ = w. Two examples of
this scenario which I will discuss in the next chapter are Cerenkov radiation and
Mach cone induced flow. Three-hadron correlation measurements seem to rule out
the deflected jet scenario, and favor instead a conical emission pattern. In these
measurements, as with the di-hadron correlations, a high pr hadron serves as a
trigger, but now one looks for two associated hadrons instead of just one. Plots
a), b), and c¢) in the upper panel of Fig. 1.16 provide a simple schematic of what
three-hadron correlations might look like in different physical scenarios. Notice that
there are now two ¢ axes to consider, one for each of the observed secondary hadrons.
Plot a) demonstrates what a simple back-to-back jet scenario would look like, where
one only sees peaks at (¢1,¢2) = (0,0), (¢1,02) = (m,7), (¢1,02) = (m,0), and
(¢1,02) = (0,7), each corresponding to observing hadrons in either the trigger or
away side directions, or one in the trigger direction and one in the away side direction
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FIGURE 1.16: In the upper panel, simple schematics of what three-hadron corre-
lations might look like for a), a simple back-to-back jet scenario, b), the deflected
jet scenario and c), the conical emission scenario. Plot d) in the upper panel is a
simulation of the emission pattern expected from conical flow given in [37]). The
lower panel shows experimental data presented in [27]. Plot a) is three-hadron cor-
relation data from d + Au experiments, while plots b), ¢) and d) are the data from
Au + Au for increasing number of participating nucleons, with plot d) having the
most participants.

(it may be helpful to review Fig. 1.11). In plot b) one sees the deflected jet scenario
illustrated. Here one finds a structure not dissimilar to the back-to-back jet scenario,
except that now the peaks associated with the away side (¢ = ) are smeared out.
Finally, in plot c¢) the conical emission scenario is shown. Notice in particular the
blue dots, which are associated with the away side distribution. There are two off-
diagonal peaks which are unique to the conical flow scenario and are not seen in
either plot a) or b) (for the curious reader, plot d) in the upper panel is a simulation
of the emission pattern expected from conical flow given in [37]). These two off-
diagonal peaks provide a way to establish that the double-peak structure observed
in the di-hadron correlation measurements are legitimately double-peaked.

Now consider the lower panel of Fig. 1.16, which shows experimental data pre-
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sented in [27]. Plot a) shown in the lower panel is three-hadron correlation data
from d + Au experiments, while plots b), ¢) and d) are the data from Au + Au for
an increasing number of participating nucleons, with plot d) having the most par-
ticipants. In all plots the momentum of the trigger hadron is between 3 and 4 GeV
whereas the momentum of the associated hadron is in the range 1 < pyr < 2 GeV. For
d+ Au collisions, where no thermal medium is formed, the data looks very similar to
the back-to-back scenario discussed above. However, for the Au + Au data with the
most participants, the away side distribution has a similar form as the conical emis-
sion scenario discussed above, in particular, the two off-diagonal peaks indicative of
conical flow are present. From the above considerations one is led to believe that the
double-peak structure seen in the di-hadron correlations is generated by a conical
emission pattern. Further in-depth analysis presented by the STAR collaboration
[28] on three-hadron correlations also suggest the away side hadron distribution is
best interpreted as the result of a conical emission pattern.

The picture is now emerging that fast partons propagating in the QGP interact
strongly with the medium, and perhaps induce a medium effect which is observable as
a conical structure in the away side distribution of hadron correlation measurements.
In the next chapter, I will discuss two possible physical mechanisms to produce a
conical away side spectrum and then motivate the technical aspects of this thesis

which follow.
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2

Investigating the Medium Response: Overview

In the previous chapter a broad introduction to the QGP was presented as well as
some interesting results seen from experiments performed at RHIC. In this chapter I
will expand upon one of these results, specifically, the conical structure in the away
side distribution observed in hadron correlation measurements. In what follows, I
will present two of the proposed mechanisms for generating such a structure, and
offer some insights into the efficacy of each mechanism. Then I will discuss the
approaches implemented in the rest of this thesis for investigating the response of

the QGP to fast partons.
2.1 Two Mechanisms for Conical Emission

As discussed in the previous chapter, two commonly proposed mechanisms for gen-
erating a conical hadron emission spectrum are Cerenkov radiation and Mach cone
induced flow. It is useful here to review the classical picture of Cerenkov induced
radiation. When a fast charged particle travels through a dielectric medium it in-
duces a temporary polarization in the surrounding molecules. As the temporary
polarization decays, the changing fields of the constituent molecules emit radiation.
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The condition for this to become Cerenkov radiation is that the velocity of the initial
fast charged particle be greater than the phase velocity of light in the medium, in
which case the radiation combines coherently and forms a propagating cone. The
possibility of a fast parton to induce Cerenkov gluon radiation in the QGP has been
investigated in [29, 30]. The scenario turns out to be somewhat more complicated
than what is briefly outlined above, however, many features are similar. The pri-
mary restriction on Cerenkov induced radiation is that the medium consist of bound
states which facilitate resonant scattering of the radiated gluons. This restriction
poses difficulty for the QGP, where one is not likely to find bound states, except
perhaps in the region of 7' ~ T,. However, the biggest problem for Cerenkov induced
radiation is the predicted strong angular dependence of the emission angle on hadron
momentum, which arises from the momentum dependence of the dielectric screening.
One expects the opening angle of the cone to decrease as one increases the associated
hadron momentum, a feature which is not observed in the experimental data.

As with Cerenkov induced radiation, Mach cone induced, or conical, flow can be
given a simple intuitive picture. Recall the Doppler effect, which describes the fact
that when an object moving through some fluid emits sound, an observer at rest
in the fluid detects the sound at a modified frequency (see the left side of Figure
2.1). If the speed of the source surpasses the speed of sound in the medium, the
wavefronts which normally would be propagating ahead of the source can no longer
keep up with it. Instead, they join together to form an intense pressure front (see
the right side of Figure 2.1) which forms the boundary of a Mach cone. The fast
partons created in the early stages of a relativistic heavy-ion collision propagate with
velocity approaching the speed of light, and as has been seen in Chapter 1, the speed
of sound in the QGP ranges from about 1/2 to 1/3 the speed of light, depending
on temperature, so it is quite natural to think that fast partons may induce conical
flow, generated by pressure gradients in the cone, in the medium.
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FiGUurE 2.1: If the speed of a source of sound surpasses the speed of sound in the
medium, the wavefronts which normally would be propagating ahead of the source
can no longer keep up with it. Instead, they join together to form an intense pressure
front which forms the boundary of a Mach cone [31].

Indeed, there are now several studies [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42,
43, 44, 45] which address the issue of fast parton induced conical flow in the QGP
and what consequences it may have for experimental observables, in particular, the
hadron azimuthal correlations. There are many challenges to investigating conical
flow induced by fast partons, two of which are the background flow profile of the
underlying medium and the issue of hadronization. More will be said about these
complications in later chapters. Because of these different challenges, there has
yet to be a rigorous theoretical calculation which can equate the away side hadron
correlation measurements with conical flow induced by fast partons. However, of the
plausible mechanisms proposed so far, this seems to be the most likely candidate
able to describe the data. There are two primary reasons to believe this. First, the
three-hadron correlation measurements indicate the away side structure is indeed the
result of a conical emission pattern. Second, the angle of the peaks in the away side

distribution is independent of momentum. Both of these observations are consistent
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with a Mach-cone like emission pattern, which is both conical and has an opening
angle independent of momentum. The opening angle of a Mach cone in the QGP is
sensitive primarily to the ratio of the speed of the fast parton to the speed of sound
in the medium, and perhaps the geometry of the expanding medium, but not to a

particular momentum.
2.2 Investigating Induced Flow in the QGP

In the following chapter, I begin the technical aspects of this thesis. As stated in
the abstract, the primary goal will be to investigate how the QGP responds to fast
partons, or hard probes. In particular, in light of the discussion above, the emphasis
will be on investigating the medium response in terms of a fluid description. Before
beginning any calculations, however, it will be useful to give an overview of what
techniques will be employed and why.

A rigorous theoretical investigation into the response of the QGP to fast partons
is met with many challenges. Perhaps the primary difficulty is bridging the high
pr physics of jet quenching with the low pr physics of collective flow. While high
pr processes (i.e., pr = 6 GeV) can be treated with perturbative QCD, low pr
processes (i.e., pr < 2 GeV) are best treated with an effective fluid description such
as hydrodynamics. It’s not clear that either approach is appropriate in the region of
intermediate pr. From these considerations, it seems that a consistent investigation
from first principles may be an unrealistic goal.

Rather, one must develop a model which hopefully captures much of the relevant
physics. One such approach is to treat the fast parton as a source of energy and mo-
mentum coupled to the hydrodynamic equations of the medium. It was shown in the
previous chapter that nearly ideal hydrodynamics has been successful in describing
the bulk matter produced at RHIC, thus one anticipates that hydrodynamics is well
suited to describe the large distance (small momentum) medium response. In this
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approach, the high pr physics is bridged directly with the low py physics, and one
hopes the intermediate pr regime gets a reasonable description. In such a scenario,
the source term generated by the fast parton must be specified. Much of the work
presented in the rest of this thesis is devoted to calculating the hydrodynamic source
term generated by a fast parton in the QGP, and then solving the medium evolution
equations coupled to it.

The next three chapters, 3, 4 and 5, are devoted to calculating the source of energy
and momentum generated by a fast parton in the QGP. In Chapter 3 the approach is
to use kinetic theory by treating the fast parton as the source of an external color field
interacting with the medium through a Vlasov equation. This approach allows one to
use the classical field equations for color charges in the presence of an external field.
The primary restriction on this approach is that the medium must be describable
by on-shell distribution functions. Also, the Vlasov equation does not allow for
collisions between particles in the medium. This means that the external field must
be strong enough to change the momentum of medium particles on distance scales
shorter than the mean free path. Additionally, the fast parton is assumed to follow
a constant trajectory, in other words, the affect of the medium on the fast parton is
neglected. As far as this author is aware, the source term derived in Chapter 3 of
this thesis is the first hydrodynamic source term calculated for a QCD plasma from
first principles.

In Chapter 4, the approach is quite different than that adopted in Chapter 3.
There, I will be concerned with incorporating radiative energy lost by the fast parton
into the hydrodynamic source of energy and momentum, something which is not
included in the calculation of Chapter 3. To do this, the fast parton is treated as a
point source of energy and momentum deposition, and the source term becomes a
delta function centered at the position of the fast parton, whose coefficient is given
by the rate of energy absorbed by the medium. As discussed above, hydrodynamics
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is valid at large distance scales, so ignoring the spatial structure and focusing on the
magnitude of the source should be a reasonable first approximation which will allow
radiative energy loss to be incorporated.

In Chapter 5, a formalism is introduced which allows one to calculate the source
of energy and momentum by coupling a source current to the Lagrangian using finite
temperature field theory. This approach goes beyond the kinetic theory formalism
of Chapter 3 by allowing one to incorporate off-shell contributions to the source.
As a first step, a scalar field with quartic interaction coupled to a source current
will be examined. The result obtained using finite temperature field theory is then
compared to the kinetic theory formalism of Chapter 3. Afterward, the connection
to QCD will be discussed.

In Chapter 6 the connection to the bulk fluid dynamics is made by coupling
the QCD based source terms of Chapters 3 and 5 to a linearized hydrodynamic
evolution. The medium response is analyzed for different viscosities, speeds of sound,
and relevance of finite spatial structure of the source.

Before moving on, I note that much recent work in the field of QGP physics
has been focused on examining the strongly coupled N' = 4 supersymmetric Yang-
Mills plasma. Such efforts are motivated by the idea that the system is a useful
model of a real QCD plasma. Studies [46, 47] of a supersonic color charge passing
through this system have been performed, and it is possible to obtain solutions for
the medium response at all momentum scales. However, such a calculation has never
been performed for a QCD plasma for the reasons mentioned above. More will be said
about the calculation from the strongly coupled N' = 4 supersymmetric Yang-Mills

plasma in Chapter 7.
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3

Hydrodynamic Source Term from Kinetic Theory

As! has been discussed in the previous two chapters, fast partons (partons with
velocity approaching the speed of light) created by hard transverse scattering in the
early moments of a heavy-ion collision are a useful probe in understanding QGP
physics. Of particular importance is the process of jet quenching, in which fast
partons lose energy and momentum by interacting with the surrounding medium (see,
for instance, [48, 49, 50, 51, 52, 53, 54, 55]). Experimental evidence indicates that
fast partons lose a significant amount of energy and momentum as they propagate
through the medium. Additionally, hadron correlation functions suggest the away
side distribution may be dominated by the medium’s response to the fast parton. In
particular, 2 and 3 hadron correlations show a structure consistent with a conical,
Mach-cone like, emission pattern.

These observations have generated interest in understanding the response of the
QGP to fast partons. There is strong evidence that the matter produced at RHIC

obeys the hydrodynamic assumption of local thermal equilibrium. For this reason,

I Much of the work in this chapter originally appeared in a journal article I authored: R. B. Neufeld,
Fast Partons as a Source of Energy and Momentum in a Perturbative Quark-Gluon Plasma, Phys.
Rev. D 78, 085015 (2008) [43]

32



the common theoretical approach to examining the QGP’s response to a fast parton
has been to treat the parton as a source of energy and momentum coupled to the
hydrodynamic equations of the medium. This makes sense provided the medium
maintains local thermal equilibrium following the passage of a fast parton. Assuming
the medium does respond hydrodynamically to a fast parton the question arises as to
what is the distribution of energy and momentum deposited? It has been observed
(32, 38, 39] that the medium’s response to fast partons is sensitive to the specific form
of energy and momentum deposition, creating the need for a hydrodynamic source
term derived from first principles. For example, the hydrodynamic source vector,
which gives the momentum density deposited by the fast parton per unit time, of a

parton moving at constant velocity, u, can be written in Fourier space as [47]

J(w,q) = [u bulw, ¢*) + iqp,(w, qz)} 210 (w —u - q). (3.1)

The medium’s response then is encoded in the functions ¢, and ¢,. For instance,
if one sets ¢, = 0 then the source fails to excite diffusive momentum density in the
medium. The full momentum dependence of the source is necessary to predict the
spectrum and shape of the sound wave excited in the medium. The sensitivity of the
medium’s response to the specific form of energy and momentum deposition creates
the need for a hydrodynamic source term derived from first principles.

The careful reader may be curious why equation (3.1) does not contain a term
proportional to g xu. This is because q xu is a pseudo-vector under spatial inversion,
whereas J must transform as a vector (since it’s a measure of momentum). One can
also consider the time component of the hydrodynamic source term, J°, which gives
the energy density deposited by the fast parton per unit time. This can be written

as
T(w,q) = ¢p(w,¢*) 2m6(w —u- q). (3.2)
It is instructive to here consider the mechanism of energy and momentum deposi-
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tion and the different scales involved. In a QCD plasma fast partons interact with the
medium at a distance scale of the order of the inverse Debye mass, (mp)~!. This in-
teraction creates a disturbance which in turn interacts with the surrounding medium,
creating a new disturbance at some larger distance scale. The new disturbance again
interacts with the surrounding medium, and eventually the initial disturbance propa-
gates out to some arbitrarily large distance scale. At distances much greater than the
mean free path of particles in the medium, Ay, the medium’s response to the initial
disturbance can be accurately described by hydrodynamics. Thus an effective QCD
hydrodynamic source term should include the medium’s response up to distances of
order Ay, at which point the system evolves hydrodynamically. Whether the plasma
is weakly or strongly coupled, the initial energy and momentum deposition occurs at
a distance scale of the order of the inverse Debye mass, although the specific value
of the Debye mass depends on the strength of the coupling. However, in a strongly
coupled plasma, the concept of a mean free path loses meaning, and instead the de
Broglie wavelength sets the minimum scale at which the hydrodynamical description
is valid. In general, the application of hydrodynamics is valid on shorter distance
scales for more strongly coupled mediums.

In this chapter, I will derive the hydrodynamic source term expected from a fast
parton moving through a QGP in the context of kinetic theory by including the
medium response at a distance scale of the order (¢g7)~!. The approach will be
to treat the fast parton as the source of an external color field interacting with a
perturbative QGP through the collisionless Boltzmann equation. After obtaining the
microscopic equation of motion, I find the macroscopic evolution by taking moments
via the Chapman-Enskog approach and making the assumption of local thermal
equilibrium. It is found that the fast parton serves as a source distribution of energy
and momentum for the hydrodynamic equations of the medium. I then perform an
explicit evaluation of the distribution both with and without the inclusion of the

34



Distance scales in weakly coupled QGP

Debye | Boltzmann | Hydro —>>

@n* @'n*

FIGURE 3.1: Some of the distance scales relevant to the hydrodynamic response of
a weakly coupled QGP to fast partons.

medium’s response to screen the fast parton’s color field and interpret the results.
In a weakly coupled QCD plasma at high temperature, T', the inverse Debye mass
is of order (¢7")~!, where g is the strong coupling, while the transport mean free path
is of order (¢*T)~! [56]. The medium’s response to disturbances at distance scales
between (¢7)~! and (¢*T)~! is accurately described by the Boltzmann equation (see
Figure 3.1). The hydrodynamic source term derived below includes the medium’s
response at a distance scale of the order of the inverse Debye mass, at which point
the medium’s hydrodynamic response is invoked. This is a simplification of the true
QCD evolution, where the medium’s evolution between (¢7')~* and (¢*7")~! should
be described by the Boltzmann equation, after which the hydrodynamic response can
be invoked. However, in the QGP produced at RHIC, it is likely that the mean free
path is comparable in size to the inverse Debye mass (compare, for instance, [57] and
[58]). Thus, from a phenomenological point of view, physics at a distance scale of the
order (¢7)~! may be relevant to the specific structure of the medium’s hydrodynamic
response to fast partons. However, this also suggests the QGP produced at RHIC

may be strongly coupled, limiting the application of perturbation theory.
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3.1 Hydrodynamic Source Term

In this section, I will employ a formalism of kinetic theory for non-abelian plasmas
originally established in [59, 60]. What is novel about the work in this section
and those to follow is the application to a fast parton propagating through the
medium, which is specified by the choice of the external fields given by equations
(3.18,3.19,3.20).

Consider a system of partons in the presence of an external color field A}, and
described by the distribution f(x, p, ¢, Q) which includes the color sector through its

@ dependence. The Boltzmann equation for this distribution is given by [59]

dp oQ* 0

Jd  p
(a"‘gv‘r—i_avp‘i_ 8t 8@‘1

) £ P, Q) = 0 (3.3)

where the collision term is omitted. The chromodynamic equations of motion for a

parton with charge gQ“(¢) in a color field Af are given by [61]

— = 9Q"(t) (E* + (v x B)?) (3-4)

and

Q" (t)
dt

g A1) (3.5)
where v, = dx,/dt, fu. are the SU(3) structure numbers, and

E° + (v x B)* = F* (3.6)
is the color Lorentz force. Inserting (3.4) and (3.5) into (3.3) yields

0 )
(vﬂ@ +gQ"(t)F* -V, — gfabcAZU“Qc(t)aQa) f(x,p,t,Q) =0. (3.7)

The singlet and octet components of the parton distribution, f(x, p,t) and f*(x, p, t),

are obtained by taking the moments of f(x,p,t, @) in the color sector:

f(xpy 1) = / 4Q f(x,p.t, Q) = fo (3.8)
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and

Fxpyt) = / 1Q Q" f(x.p,t, Q) = f7. (3.9)

The notation f{ used in (3.9) is meant to emphasize that any contribution from
the color octet distribution must come from off equilibrium effects since it vanishes
in equilibrium. Assuming gAj can be treated as a perturbation in an otherwise
equilibrated system the contribution from f{* should be small and higher moments,
such as f3* (a # b), which are of higher order in gAj, will be ignored. Applying the

first two moments to (3.7) gives

9 fo

o gF V,fi =0 (3.10)
and
a 9C2 .,
V"D, f& = Ao 1F -V, fo (3.11)

where D, fi* = 9, f1 + gfabcALff is the covariant derivative. In obtaining (3.11) I

have used

/ QP (x.p Q) = gy gt (3.12)

where (5 is the eigenvalue of the Casimir operator of the medium partons and, as
mentioned above, f& is neglected.
An equation for fy can be obtained by solving (3.11) for f{* and inserting the

result into (3.10). Neglecting any space-time dependence in f; the solution is given

by
igc? Lk / 4! / 6“6.(96/_1‘) byt
a“_ _ P Uy (2. 2') R (a) - 3.13
/i N3—1/(27T)4 xUb(xx)wk—i—ze (@) - Voo (3.13)
where
Uw(z,2") = Pexp <—/ gfachde”) (3.14)
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is the path ordered gauge connection. The result (3.13) can be simplified with a
contour integration in k. It has one pole which is in the lower complex plane (i.e.,

t' < t). Ifind

C: d*k iv-k(t' —t)—ik-(x' —x
i =5 [ e [ AUt ) MR ) 9

(3.15)

C ¢ / / /
= —N92 - / AUy, 2 )F(2) -V, fo.

— 00

where now x' = x(t') = v(t’ — t) + x. Combining (3.15) with (3.10) gives the result

for fo [60]
w% Dy, fo =0 (3.16)
where
= N"; ?21 /_ ; 4t Fo(2)Unp(w, 2/ ) F2(2). (3.17)

The result (3.16) describes the phase space distribution of partons in the presence
of a soft external color field Af (the term soft implies the momenta in Af are small
compared to the average momentum in fy). My approach is to consider the external
color field to be generated by a fast parton propagating through the medium, which I
specify to be a perturbative QGP. In light of the perturbative nature of the medium
it makes sense to expand the path ordered gauge connection in (3.17) to zeroth order
in ¢g. In the hard thermal loop (HTL) approximation the source field for a fast parton

with constant velocity u at position x = ut has the Fourier representation

vy 199 [k (kw) wilw —u k)
E7(z) = 2n)? /d k 20— ep (k. w)o?) (3.18)
a(,y 9@y 4;. —ike (K 1)0(w—u-k)
Ef(z) = ~2n) /d ke o1 (k. )k k (3.19)
B*(z) = % / 'k etk (kkj fl‘%{;‘;@k) (3.20)
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where k* = (w, k), and the dielectric functions, €7 (k,w) and er(k,w), encode the

medium’s response to screen the fields. These functions read explicitly [35]

L {1_1 <1n[’”“’} —m@(lﬁ—wz))},

@

k2 2k k—w
(3.21)
m2 [w?  w (k*—w?) k+w
—1__9 | 4L =\ =/ o 2 2
er =1 2 {k‘Q + A <ln [k—w} im0k —w ))}

where m, = mp/v/3 and ©(k? — w?) is a step function which is unity if £ > w? and
zero otherwise. The derivation and momentum space representation of Egs. (3.18
- 3.20) is given in Appendix A. Note that in (3.18) and (3.19) the electric field has
been divided into transverse and longitudinal parts such that E = Er + Ej.

The macroscopic equations of motion are found by taking moments of the evolu-

tion equation (3.16):

dpp” (., 9f
/ (271')3 (U”a—xg — VpiDiijij) =0 (322)

where p” = (E,p). The integrals in (3.22) can be evaluated by boosting to the
frame co-moving with the volume element and then exploiting the hydrodynamic
assumption of local thermal equilibrium by using the thermodynamic relations (which

are only valid in the local frame of the medium element)

dp p'p”
/ (z:)sppf fo = (e+p)d"s™ — pg" (3.23)

where p is the local pressure, € is the local energy density and ¢g"” is the metric tensor.

Using the notation

| 909, = (3.24)

I find that the resulting equations of motion for the medium evolution are

8T = J (3.25)
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where the energy-momentum tensor is given by
T = (e + p)wtw” — pg"” (3.26)

and w* is the medium 4-velocity. The details of how Eq. (3.25) is derived are shown
in Appendix B.

The result (3.25) describes the macroscopic evolution of a perturbative QGP in
the presence of J”, which acts as a source of energy and momentum. In other words,
JV gives the distribution of energy and momentum deposited into a perturbative
QGP due to the passage of a fast parton. This is precisely the quantity I set out
to evaluate. In the derivation of (3.25) effects of viscosity in the medium have been
neglected, as can be seen from the ideal form of the energy-momentum tensor given in
equation (3.26). This is because off-equilibrium effects in the medium response have
been neglected. These effects could be incorporated by keeping the collision term
in the Boltzmann equation (3.3). In Chapter 6, where the linearized hydrodynamic
equations coupled to a source term are solved, the viscosity is included as a parameter
of the equations of motion. In the remainder of this chapter, I will evaluate the source
term (3.24) both with and without dielectric screening and examine the resulting

distribution.
3.1.1 A Comment on the Dielectric Screening

Medium screening of the color fields generated by the fast parton was implemented
using the dielectric functions (3.21). In light of the pertubative assumptions used in
deriving (3.16), one may ask whether it makes sense to include screening effects to all
orders in g, as is done in the fields listed above. The dielectric functions used in (3.21)
are derived in the HTL formalism, and are known to be gauge invariant [62], so in
terms of gauge invariance it does make sense. Additionally, the dielectric screening

cures an infrared divergence in the source which manifests itself when calculating
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the total energy deposited in the medium (see (3.59) below) or in taking the Fourier
transform of the source. This negates the need to introduce an infrared cutoff by

hand, which is necessary in the absence of screening.
3.2 Explicit Evaluation of the Source Term

[ begin by simplifying (3.24) with an integration by parts

dp p” dp pi
/ (271_)3 (vPiDijvpij) = —/ (271‘)3 (50,/p—0 + 5,',,)Dijvpjfo (327)

where g, is the Kronecker-Delta symbol and, as mentioned previously, ¢, j range
from 1 to 3. I specify the medium to be a locally thermal plasma of massless gluons

with the distribution

folp) = % (3.28)

where N, is the number of colors and 1/ = T is the local temperature of the medium.
With this specification the distribution, fy, now contains the only dependence upon

the magnitude of the momentum, p° = p, in (3.27). It follows that

P 5 P (N2 = 1)T? [dvv;
_/ (27T)3 (501/29_0 + 6iV)Diijjf0 - 3 / 47TJ (501/Vi + 6ZV)DZ] (329)

where v = p/p° is the directional velocity of medium particles.

Inserting the explicit form of D;; gives

mj ! / / V; —ik-x—ik’ ' ~ a a(r.t
J”(x):(%l;S /_oodt/d“k:d“kdvﬁe R (50, Vi 4 0 ) FH(R)FH(E')  (3.30)

where mp = \/N./3¢T is equal to the Debye mass for gluons in the HTL approxi-

mation, and I have introduced the Fourier representation of the color Lorentz force

Fo(z) = (27104 / At e (k). (3.31)
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The generalization to include Ny flavors of quarks/antiquarks in the medium can
be done in a straightforward way by adding the appropriate thermal distribution to
(3.28)

2N2—1) 4N.N;

fo=—m—1 T i1

(3.32)

and repeating the steps which lead to (3.30). The only modification is that the
expression for the Debye mass appearing in (3.30) now includes flavor: mp =
\/m gT'. In the numerical results that follow I have set Ny = 0.

I next make the assumption that the typical momentum transfer between the
source particle and the medium is small compared to the typical momentum of a
medium particle. This assumption allows a straight line approximation relating the

position of a medium particle at time ¢’ to its position at time ¢:
X' =x+v(t' —1t). (3.33)

The t' integration can be evaluated after plugging (3.33) into (3.30) and introducing

an exponential damping factor, ie, yielding

S (@) = b [ itk e Ot it
YT

(3.34)
L VEUK) (0o, - B + 0 (B (k) + (v x B){(k)))
Ar(w' — k' -V + i€) '

Next consider the integral over v. It can be evaluated by choosing a frame in
which k/ = k'z, performing the integral, and then rotating back into a frame in which
k' is arbitrary. The explicit details of the calculation are given in Appendix C. The
result is most easily expressed by dividing the source term into two pieces, J{ and
Jy, where Jy + J¥ = J¥. After integrating out the delta functions in (3.18 - 3.20) I

find
I im2D BEBE &HK)-=uwt) 0 1Y (5 B (K
1(r) _(27T)8 c 3{k) (G B ()

(3.35)
E(k) + 0;, (E*(K) x B*(k)),)
42



and

2
img

Jy(w) = s

/d3kd3k16i(k+k’)~(x—ut) (Ea(k/) . 12/)

(20060 K = 95K ) (G0 (B2 () - K) + 63, (K x BE(K)): ) + 0,82 (K) B (K))

(3.36)
where
0 (K) = ‘;klj In [i - t] - ”2‘;{;,'21‘, - (3.37)
02() = (10 | | 0 = (k0
(3.38)

—mi(k? — (u-K)?) + 2K - k’).

In the above expressions Kk’ is the unit vector in the kK’ direction, £’ is the magnitude
of K/, u is the source parton’s velocity. The exponential damping factor in (3.34), i,
sets the sign of the imaginary terms in (3.37), (3.38).

At this point it is convenient to specify a direction for the source particle’s velocity
which I do by choosing u = uz. I also choose to work in plane polar coordinates,
kr and ¢, such that k, = kpcos¢ and k, = krsing. With these choices the only
dependence upon the momentum space variable ¢ is in the exponential and terms
proportional to cos¢ or sin¢. The exponential depends upon ¢ through the term
ik (x cos ¢ + ysin ¢) which can be rewritten as ikrpcos|[¢p — «], where x = pcosa
and y = psina. With these simplifications the entire ¢ dependence of (3.35) and

(3.36) can be integrated out by using the relations

27 d¢ ]- Jo(ka)
/ 3 P [ikrp(cos [ —a])] {cos¢| = |51 (pkr) (3.39)
o 7 sin ¢ 2., (pkr)

where J,(z) is a Bessel function of order n. The calculation is further simplified due

to the fact that the k and k’ dependence can be completely factorized, reducing the
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remaining four-dimensional integration to a product of two-dimensional integrations.
Using the explicit field dependence listed above, I find there are 12 unique two-

dimensional integrations which must be performed. They are given by

& | | [ Jo(pkr) krk?
2| = [ avar TR (k) | Jophr)krk:
&~ kDL (k) Jo(pkr) K3
54_ _Jl(ka)kzk%
] = [ a2l (o)
6] TTURDs(k) | (pkr) k2K
' (3.40)
L [k |
= | dk.dkp———
|ﬁS_ " Du(k) | Jo(pkr)k.kr
59 | ( ok Jl (ka)]{?%]{?2
0| _ / e = T (pke )by
= | dk.dkp——+-—
11 "k2Dp(k) | Ji(pkr)k3k?
512_ JO(ka)kzk%“
where Dy (k) = k%ep(k), Dr(k) = k* — u?k2ep (k).
In terms of the above definitions the source term is
2.2 ()2
o) 9 MD(Q
g LI 20 (o, + (66— it + i), (34D
9292 (()a)2
. ig*mp(Q
J = % (u?&o(us + &1) — &1 (s — u?&r2)) (3.42)
and
9292 ()a)2
ig”mp(Q
P = = BT (6 s — i) — utugy + €0(6 + ). (B4

The problem is now reduced to the evaluation of the 12 ; terms. Before considering
the full results of such an evaluation it is useful to calculate the above expressions
without including the medium’s screening of the fields. I perform this calculation in

the next section and obtain an analytical result.
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3.3 The Unscreened Source Term

The unscreened source term is found by setting the dielectric function given in (3.21)
to unity, or, equivalently, setting Dy (k) = k* and Dp(k) = k* — u?k? in (3.40). Tt is
easy to verify that with this simplification (3.41) and (3.43) can be rewritten as

(y) _ g*mp(Q5)* z(y)

/ 6t p O (076 + (6 = v'6)) (3.44)
;1202 a\2
Jo :% x (u€g(ués + &1) — (ués — u?&5) (€ — u?rz)) (3.45)

A quick perusal of the source term given by (3.42,3.44,3.45) reveals that the only
combinations of &7, ..., &2 that need to be evaluated are (&g — u%£15) and &. These
relevant combinations are given by

¢!k T2 1) (okr) k3 &
dk.dkrr5—5 T = 0 3.46
/ Tk‘g + y2kZ [Jo(ka)ksz} {fg - u2§12} (3.46)

where 72 = (1 — u?)~%.
The above expressions can be evaluated in a straightforward manner by first

performing a contour integration in the k, variable. The general form needed is

e:l:ikz (z—ut) 72 k%
_ Flz—ubt)kry | 7
J g ] = [ 40
where + refers to the sign of (z — ut). Similarly, one can use the relation

/dk‘Tk’Te_kT’Yz—utl B;EZZ;;} -5 72(Zl_ — L‘Z f Ut‘] .

to obtain the result

{58 _622512] TP+ 72(?— ut)?)3/2 L‘(z ! ut)] (3.49)

Before attempting an explicit evaluation of &1, ..., & it is worthwhile to consider
the general form of the source term given by (3.42,3.44,3.45). It is interesting to note
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that (3.42) and (3.45) have a similar form. If one were to replace & — (u%&y — u3&s)

in (3.42) then one would find the relation
J, — udy. (3.50)

I am motivated to find a relationship between &, &, and & that would allow me to

write the source term in a form similar to that given by (3.50). I can (trivially) write

& = (& — uPs) + (6 — v6) + G (3.51)

which allows

. igPmp(Qy)?

I= 1674
+ (& — v*%) +0°8) (& — u?énn)) (3.52)

(w€o(ubs + &) — ((v°€ — v’5)

=uJ4+2(z — ut)Mv (W& + (& — u*6))
and

Jew) — QC,J(y)M7 (1€ + (& — u%6s)) (3.53)

where the function d is given by

QS(QZ)2m2D

81(p? + v2(z — ut)?)3/2

d(p, z,t) = (3.54)

Notice that J*®) now has the same form as J* — uJ? apart from the factors of = and

(z — ut). The source term can be written in the following compact form:
J'(z) = (J°(2),ut’(z) — Jy) (3.55)
where
_ 2y 3 2
JV - (X - Ut) ?d(pv Z, t) (U 55 + (51 —u 52)) . (356)
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FIGURE 3.2: Three-dimensional plots of the scaled energy density deposited per unit
time by a fast parton moving in the positive z direction for agy = 1/m and N, = 3
[see (3.57)]. The plots are scaled by m}(Q2)? ~ 20.4 GeV/fm" for a gluon moving
in a QGP at T'= 200 MeV. As one might expect, the distribution becomes Lorentz
contracted for large values of 7. (In the above plots, I have set y = 0.4 GeV ™" to
avoid plotting the origin where the source is divergent.)

I now continue by examining the terms &, ...,& which are considerably more
difficult to evaluate than &7, ..., &5 because of their dependence on the two €2; terms.
The result and method of their evaluation is discussed in detail in Appendix D.
Inserting the &; into (3.45) and (3.56) I eventually find for the source term

0 2 < yup?
J7(p, z,t) =d(p, z,t)yu <1 R <z_ + \/ﬁ)) (3.57)

Oés(QZ)zsz

Jo(p,z,t) =(x —ut
(po2ot) = e =) 25

ulp + (2292 + p?) <2z2 - (“2”)”2) (3.58)

2
v 2uz_

X J—
(2292 + p?)° W+ PP
where z_ = (z — ut).

Equations (3.57) and (3.58), combined with (3.55), give the distribution of energy
and momentum deposited into a perturbative QGP per unit time by a parton with

47



constant velocity u = uz at position x = utz in the absence of screening. That
this result can be expressed in closed form is remarkable. The result for J%(p, z,t) is
plotted in Fig. 3.2 for two different values of v for ay, = 1 /7 and N, = 3. The plots
are scaled by m$,(Q%)? ~ 20.4 GeV/fm" for a gluon moving in a QGP at 200 MeV.
As one might expect, the distribution becomes Lorentz contracted for large values
of 7. In the plots, I have set y = 0.4 GeV ™' (about 0.08 fm) to avoid plotting the
origin where the source is divergent.

The total energy deposited per unit time (or length) can be obtained by integrat-

ing (3.57) over all space:

dE $(Q4)*mi max
KU /deO(p,z,t) _a (Q;) mh {p } (1 B %) (3.59)
X Pmin fy [

where y = cosh™!(7) is the rapidity and ppax and pp, are infrared and ultraviolet
cut-offs for the p-integration. This result matches the standard leading-logarithmic
result [63] for collisional energy loss in the relativistic (v — 1) limit if one chooses
Pmax = 1/mp and ppi, = 1/(2@), where E, is the energy of the fast parton.
The divergence which arises in (3.59) when taking pyi, — 0 can physically be un-
derstood as the result of an infinite momentum transfer to the medium. The choice
of pot = 2,/E,T represents the maximum momentum transfer allowed by kine-
matic constraints. The divergence arising from pp,., — 00 is due to the unscreened
Coulomb potential generated by the fast parton, which decays like 1/p. In-medium
screening at the Debye scale naturally cures this divergence, which motivates the
choice of pmax = 1/mp. It is interesting to plot the u dependence of (3.59) which
is done in Fig. 3.3. The total momentum deposited per unit time can likewise be
obtained by integrating J(p, z,t) over all space (recall that J = uJ® — J,). One can

verify explicitly that the source term satisfies the energy-momentum relation

/dxu-.](p,z,t) = /dx J(p, 2, t). (3.60)
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FIGURE 3.3: The dependence of —dE/dz, as given by (3.59), on the magnitude of

the velocity of the fast parton, u, is contained in the term (1 — %) which is plotted
above.

A careful observer may notice that the denominators of (3.57) and (3.58) contain
terms involving both (2372 + p2), which encodes the Lorentz contraction of the fast
parton’s field configuration, and (zz + pz), which is sensitive to the rest frame of the
medium. One may ask why the result, in the absence of dielectric screening, should
depend on the rest frame of the medium. The answer can be traced back to the ¢/
integration in (3.30) which records the history of the fast parton’s interactions with
the medium. In that expression the fast parton interacts with a medium particle
at t', which is expressed by Fj;(k’), and again at ¢, which is expressed by Fj(k). In
between ¢ and ¢ the medium particle propagates with a momentum that depends on
the properties of the medium [see (3.33)]. Thus the second interaction, at ¢, depends
on both the field configuration of the fast parton and the properties of the medium,
even in the absence of screening. One can observe this effect in Fig. 3.4, where
J%(p, z,t)/(~yu?) is plotted as a function of vz_ for the parameters mp = 0.4 GeV,
as=1/mand p=1GeV~L If J%(p, z,t) depended only on the field configuration of
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FIGURE 3.4: A plot of J%(p, z,t)/(yu?) as a function of v(z —ut) for the parameters
mp = 0.4 GeV, ay, = 1/7 and p = 1 GeV~L. If J%p, z,t) depended only on the
field configuration of the fast parton the curves should be identical. As one can see,
there is a slight shift in the curve when going from v = 1.25 to v = 20. This shift
reflects the dynamics of the medium in between the two interactions at ¢’ and ¢ (see
discussion in the text). The fact that the shift in the curve is small even though ~
has changed by a factor of 16 suggests the effect is small.

the fast parton the curves should be identical. As one can see, there is a slight shift
in the curve when going from v = 1.25 to v = 20. This shift reflects the dynamics
of the medium in between the two interactions at ¢ and ¢t. The fact that the shift in
the curve is small even though + has changed by a factor of 16 suggests the effect is
small.

For a highly relativistic source parton Eqs. (3.57) and (3.58) can be written in a
simplified form by considering that terms with (2372 + p2) in the denominator will

be severely damped except for z ~ ut. In this case, I keep (z —ut) to first order (and

50



drop terms proportional to 1/, etc.) and the result becomes

J(p,z,t) = d(p,z,t)yu? (1 — L) (3.61)

u4
V224 p?

In the next section, I consider the numerical evaluation of the source term with

Jo(p,z,t) = (x—ut)d(p,z1) (3.62)

medium screening included and compare to the analytical result without screening.
3.4 Result With Screening

The evaluation of the source term (3.41,3.42,3.43) with medium screening included
must be done numerically. As mentioned before this amounts to evaluating the 12
& terms listed in (3.40). A discussion of the specific techniques used to perform
the numerical integrations is given in Appendix E. Also, a general discussion of the
software used and control of accuracy of the numerical integration performed in this
chapter and elsewhere in this thesis is given in Appendix H.

In this section all evaluations are for a parton moving along the positive z axis
with velocity v = 0.99 and I have set mp = 0.4 GeV, N. = 3 and a; = 1/7 (the
choice of u = 0.99 corresponds to v &~ 7, or £ ~ 3 GeV for the source gluon, which is
likely too small a choice for the fast partons produced at RHIC but lends itself nicely
to plotting the result). The result for the energy density deposited per unit time both
with and without medium screening is given in Fig. 3.5. One sees a very similar
structure in both cases except that the screened result is moderately damped in the
transverse direction. A similar plot is shown in Fig. 3.6 for the transverse momentum
density deposited per unit time. Here one finds more noticeable differences in the two
cases. For instance, the screened result has a positive bump just behind the source

parton which is absent in the unscreened result. This would correspond to matter
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FIGURE 3.5: Plots of the scaled energy density deposited per unit time by a parton
moving in the positive z direction with velocity u = 0.99 and ay = 1/m, both with
and without medium screening (compare with Fig. 3.2). There is a very similar
structure in both cases; however, as one would expect, the screened result shows
some damping in the transverse direction.

being pushed outward, away from the source parton, in the vicinity of the bump.
The differences are further highlighted in Fig. 3.7. Plots of the parallel momentum
density distribution, J#, are not included because they are very similar to JY for a

relativistic source.
3.5 Discussion

In this chapter, I have derived the space-time distribution of energy and momentum
deposited by a fast parton traversing a perturbative quark-gluon plasma by including
physics at the Debye screening scale. The approach has been to treat the fast parton
as the source of an external color field perturbing the medium. The final result
depends on two parameters: the source strength asQf, and the Debye mass mp =
N./3¢T.

Several assumptions were made in deriving the result. The first, and primary,

of these is that the medium is perturbative in the coupling . This assumption

is reflected in the derivation of (3.16), the expansion of the path ordered gauge
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FIGURE 3.6: Plots of the scaled transverse momentum density deposited per unit
time both with and without medium screening included for the same parameters as in
Fig. 3.5. The structure shows noticeable differences in the two cases. In particular,
the screened result has a positive bump just behind the source parton which is absent
in the unscreened result.

p=1.0[GeV ]
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—32 =23
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FIGURE 3.7: Plot of transverse momentum density deposited per unit time by a
gluon both with and without medium screening included (compare with Fig. 3.6).
The plot is for u = 0.99, mp = 0.4 GeV, and ay = 1/7.
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connection, Uy (x,2’), and the choice of fields (3.18 - 3.20). Another assumption
is that the medium is in local thermal equilibrium. This is the basic assumption
of hydrodynamics and is necessary to obtain (3.25). I also assume that the typical
momentum transfer between the source particle and the medium is small compared
to the typical momentum of a medium particle. This assumption allows the straight
line approximation given by (3.33). To get an idea of where this last assumption
breaks down one can use the equipartition theorem for massless particles to find a
relation between the typical momentum of a medium particle and the temperature:
p = 3T. For T = 350 MeV the typical momentum of a medium particle is about 1
GeV which places an upper limit on typical momentum transfers. It follows that the
straight line approximation breaks down somewhere on the order of & > 1 GeV~!
(or distances less than 0.2 fm).

In the absence of the medium’s response to screen the fields, it was possible to
obtain an analytical result which is given by (3.57) and (3.58). This result shows
many similarities to the result obtained when the medium’s response to screen the
color field is included. The most noticeable differences appear in the transverse
momentum density distribution. The total energy deposited per unit time is obtained

by integrating J°(p, z,t) over all space and is given by (3.59) for the unscreened result.

o4



4

Hydrodynamic Source Term with Radiation

In' the previous chapter the hydrodynamic source of energy and momentum gen-
erated by a fast parton in a QGP was calculated using kinetic theory. The result
captured the spatial structure of the energy and momentum deposition, assuming
the fast parton to be moving with constant velocity. However, the possibility of the
fast parton to emit radiation was not considered, rather only the collisional energy
loss was included.

In this chapter, I calculate the hydrodynamic source of energy and momentum
generated by a fast parton including both collisional and radiative energy losses. The
approach will be quite different than that adopted in the previous chapter, where
the full spatial structure of the source term was calculated. Here, the fast parton
is treated as a point source of energy and momentum deposition, and the source
term becomes a delta function centered at the position of the fast parton, whose
coefficient is given by the rate of energy absorbed by the medium. Thus, rather than

be concerned with the spatial structure of the source, in this chapter I am interested

I Much of the work in this chapter originally appeared in a journal article I co-authored with
Berndt Miiller: R. B. Neufeld and B. Miiller, The sound produced by a fast parton in the quark-
gluon plasma is a crescendo, Phys. Rev. Letters (in production 2009)
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simply in how the magnitude of the energy absorbed by the medium evolves in time.
As discussed in the previous chapter, hydrodynamics is valid at large distance scales,
so ignoring the spatial structure and focusing on the magnitude of the source should
be a reasonable first approximation.

As a fast parton propagates through the medium, it loses energy through collisions
and medium induced radiation. The collisional energy loss goes directly into medium
excitation, however, the radiated gluons still need to deposit their energy. The energy
deposited into the medium per unit length is then the sum of the collisional energy
loss of the primary parton and of the radiated gluons. In what follows, I calculate the
total energy deposited into the medium per unit length by a fast parton traversing
a quark-gluon plasma. The medium excitation due to collisions is taken to be given
by the well-known expression for the collisional drag force [63]. To calculate the
medium excitation due to radiation, I begin by deriving a differential equation which
describes how the spectrum of radiated gluons is modified as the radiated gluons
lose energy through collisions. This modified spectrum is then used to calculate the
differential energy loss due to the interactions of radiated gluons with the medium,
from which I find that the energy which goes into medium excitation is substantially
less than the total radiative energy loss. The final result for the energy deposited
into the medium per unit length, which is a sum of the primary and the secondary

contributions, is then treated as the coefficient of a local hydrodynamic source term.
4.1 Calculating the Energy Absorption

I start by considering the collisional energy lost per unit length by a fast parton in
the quark-gluon plasma. As mentioned above, for the collisional energy loss I will

use the familiar perturbative QCD expression [63]

2 2\/E,T

— | = 1
d{’ c 2 t mp
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where a, = ¢g?/4r is the strong coupling, mp is the Debye mass of the medium,
which I take to be given by mp = ¢7', E, is the energy of the fast parton, 7" is
the temperature of the medium, and C5 is the eigenvalue of the quadratic Casimir
operator of the color charge of the source parton, which is 4/3 if the fast parton is
a quark, and 3 for a gluon (I consider N, = 3). In (4.1), the subscript C' denotes
collisional energy loss and ¢ is the path-length traveled by the source parton.

[ am next interested in calculating the energy deposited, or gained by the medium,
due to gluons radiated by the fast parton. I begin by defining the quantity f(w,§) =
dIy;/dw, which gives the spectrum of radiated gluons with energy w in the medium.
f(w, &) is in general different than dI/dw, which is the spectrum of gluons emitted
by the fast parton, because gluons, once emitted, lose energy in the medium due
to collisions until they become part of the thermal bath. As a gluon with energy w
travels from £ to £ + AE, it loses collisional energy e(w) A, where €(w) is obtained

from (4.1) to be

3 2vVwT
e(w):§a8m%ln mC:) : (4.2)

Thus, in the absence of incremental radiation, in order to find a gluon with energy
w at position & + A, there must be a gluon with energy w + e(w) A at position

¢. Additionally, I require the total number of gluons, that is, fdw, to be invariant.

This means that as w — w + ¢(w) A€ one has dw — dw(1 + %Ag). In equation
form, this is
Je(w)
.6+ 86) = o+ () 26 1+ 2 ag) (43)

Furthermore, as the fast parton moves from £ to £ + A&, it will emit additional
gluons, A& x dI /dwd€, which add to f(w, &+ Af). The evolution equation for f(w, &)

thus takes the form

0 0 dl
o€ (w,§) — % [e(w) f(w,§)] = m(waf) (4.4)
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where I have taken the limit of A{ — 0.

Equation (4.4) provides a partial differential equation through which one can
determine the spectrum of radiated gluons in the medium, f(w,&). In order to solve
for f, it is necessary to specify dI /dwdg. T choose the spectrum calculated by Salgado

and Wiedemann in the multiple soft scattering approximation [64]

(1+1i)tan [uﬂ')\/gg}

dl \/5(1502
= — R 4.5
dwd§ 7 ¢ w3/2 (4.5)
where I use [65]
2/ E,T
G =2a,Com3T In L, (4.6)

mp

where the logarithm is consistent with (4.1).

In my approach, f(w,&) consists of two components: energetic gluons which lose
energy through collisions and low energy gluons which become a part of the medium.
The total energy being dumped into the medium is then given by the sum of the
collisional energy loss of high energy gluons and the energy absorbed by the medium
in the form of low energy gluons. I make the distinction that gluons with w > @ = 2T
are sources of collisional energy loss, while those with less energy are considered as
immediately part of the medium. For w > @ I solve for f(w,§) numerically from
equation (4.4) for a primary quark using the parameters: a, = 1/7, T'= 350 MeV,
and F, = 50 GeV. The total energy deposited into the medium by the secondary

gluons per unit length is then given by

(%)R - /:mx dwe(w)f(w,€)+/0w dww%;g +0f(@,8e@),  (47)

where I set wmax = F,/2. The last term in equation (4.7) accounts for energetic

gluons which have lost enough energy to become a part of the medium and thus
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FIGURE 4.1: Plot (a) shows the differential energy lost by the fast parton due to
radiation and that gained by the medium as a function of path-length, L, as well as
the collisional energy loss (the specific parameters are discussed in the text). The
differential energy deposition into the medium is the sum of the solid (black) and
dotted (red) lines. Plot (b) shows the breakdown of various the contributions to the
radiative energy gained by the medium. The dotted (red) line shows the collisional
energy loss of the radiated gluons. The dash-dotted (green) line shows the the energy
radiated in gluons with energy below @, which are assumed to immediately become
part of the medium. The (blue) curve marked ’Into thermal medium’ denotes the
last term in (4.7).

deposit their entire remaining energy. When solving (4.4), I multiply the spectrum
(4.5) by a factor of 1 — (w/wmax)® to ensure it goes to zero at w = Wyax.

The result of (4.7) is shown as the dotted red line in Fig. 4.1(a) for the same
parameters listed above, along with the differential collisional energy loss of the
primary parton (solid black line) and its differential energy loss to radiation (dashed
blue curve). One sees that the energy deposited by the radiation into the medium
per unit length has an approximately linear growth in pathlength, which results
from the steady increase in the number of gluons that deposit energy in collisions.
This linear growth is thus of a different origin than what is observed in the first
few fm of the differential energy loss to radiation, which is caused by the energy
dependent coherence length for radiated gluons. If one continues the curves shown
in Fig. 4.1(a) out to a large enough pathlength, the dotted red line reaches a steady

state solution and merges with the dashed blue curve. The individual contributions
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on the right-hand side of (4.7) are shown separately in Fig. 4.1(b), together with
their sum.
The total energy deposited into the medium per unit length, or time, is given by

the sum of (4.1) and (4.7), which I write as

dE dE dE

(@), (%), .
As discussed previously, I treat the fast parton as a point source of energy and
momentum deposition in the medium, with velocity u and energy E,. The hydrody-
namic source term, denoted as J", gives the energy and momentum density deposited
in the medium per unit time. For a relativistic point source, J” takes the following
form

J"(x) = %5(){ —ut) (1,u) (4.9)

where dE/dt is given by (4.8). For future reference, I note that the result of (4.7)

can be fit to a linear curve, from which it is found that

(d_E) ~ 04725V | 515V (4.10)
B f fm

dt m 2

The fit slightly overestimates the energy deposition rate for t < 0.5 fm/c. 1 will
be interested in considering two fast partons created in an initial hard interaction
at time ¢ = 0, which then propagate back to back for some time, t,;, before being

absorbed by the medium. In this case (4.9) is modified to

dE

JY () = =

(O(t) — O(t — tar)) X [6(x — ut) (1,u) + d(x +ut) (1, —u)]  (4.11)

where O(t) is 1 if ¢ > 0 and zero otherwise.
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4.2  Discussion

In this chapter I have derived an expression for the total energy deposited into the
medium per unit length (or time) by a fast parton propagating in the quark-gluon
plasma, including both collisional and radiative energy deposition. I have shown that
while the differential energy loss due to radiation is quite large, the contribution
to medium excitation is more modest, but growing with path length. This result
is similar, but less dramatic than the increase of the energy deposition by a light
quark obtained in the strongly coupled supersymmetric Yang-Mills theory [66]. In
my formalism, the magnitude of the wave depends on the specific value (4.6) of
G, as well as to the collisional energy loss (4.1). It is possible that in the quark-
gluon plasma produced at RHIC either one or both of these has a larger value than
that assumed here (see Bass et al. [67] for a range of values of § compatible with
experimental data). A general feature of the above result is that the perturbation
created in the QCD medium by a fast parton will be dominated by the last stage of
the phase in which color charges are deconfined and highly mobile, 7. e. just before
bulk hadronization. This observation is consistent with the measured peak emission
angle of secondary hadrons in the backward direction [72], which correspond to a
small sound velocity ¢s/c ~ 0.3 as deduced from lattice QCD for T' ~ T..

In the previous two chapters, two different approaches have been presented for
calculating the hydrodynamic source term generated by a fast parton in the QGP.
Up until now, however, nothing has been said regarding solving the hydrodynamic
equations coupled to a source. In Chapter 6, this will be addressed by presenting
a detailed method of solution for the hydrodynamic evolution with a source term.
Numerical results will be presented for a wide range of parameters and scenarios. In
Chapter 5, I consider a different approach for calculating the response of a QGP to

fast partons by utilizing finite temperature field theory.
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5

Finite Temperature Field Theory Evaluation

In this chapter I consider a different perspective on analyzing the response of a QGP
to fast partons by utilizing finite temperature field theory. For simplicity, a scalar
field with quartic interaction will be examined first. Afterward, the connection to
QCD will be discussed. It will not be my purpose to here go into great detail about
the background of finite temperature field theory, but rather I will focus on how to
apply it to a particular problem of interest. The interested reader can consult [68]

for an introduction to the background theory.

5.1 Scalar Theory with Source

5.1.1 General Form of the Energy Momentum Tensor

Consider a scalar field, ¢, with quartic self interaction and coupled to an external

source. The Lagrangian for this theory is given by

Z(2) = L0u0()00(a) — gmPo(a) — j(@)o(e) — Do) (5)

where m is the mass of the field, 2 is the strength of the self-interaction, and j(z) =

g0(x — ut) is the strength of the external source. In what follows I will neglect the
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mass term, m. The energy-momentum tensor of this theory is given by [69]
™ =09 0" — g L. (5.2)

To make connection to the previous chapters, I’ll be interested in calculating the
source of energy and momentum generated in the medium, or 9,7*", by the source,
j(x). Consider first the terms in 7" with derivatives. These can be related to the

two point correlation function between the field at position x and y as follows:

04096 = lim 040, (6(2)0 (1) (53
and
0,006 = Iim G508 (0(2)0 (1) (5.4
In this case,
0T = 5 (0 + ) [040) + 008 — g O50k] (6(0)o(w))  (59)

where the subscript p indicates terms with derivatives and the first derivative term
has been symmetrized with respect to x and y. This symmetrization with respect to
x and y is simply a matter of convenience. (¢(z)¢(y)) is equivalent to (¢(y)d(z)) so
that in any calculation the symmetry will be present.

Consider the momentum space representation of (5.5). In that case, if one assigns
a momentum p; to z, and p, to y, the derivative structure is

l
2

0

2(29?195 + p3 pY). (5.6)

(p1,, + p2,) [PADs 4 Piph — 9""p1 - 2] =

The result (5.6) will be useful in later calculations. One must also include the ¢*

term in 0,7"", which gives

0T = & o)), (57)
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where the subscript ¢ indicates the quartic term. I don’t include the source term,
Jj(x)o(z), in the energy momentum tensor because it’s considered to be external to

the system. The goal is to now calculate (¢(x)¢(y)) and (¢(x)*) to determine 9,7+ .
5.1.2  Calculating Correlation Functions in Real Time

I am here interested in using real-time finite temperature field theory to calculate
the correlation functions, (¢(x)@(y)) and (¢(x)?). As mentioned above, I will not
go into great background detail but rather focus on a particular problem of interest.
Recall from statistical mechanics that the thermal average of some operator, A, is

given by

Tr AePH
(A) = (5.8)

where I do not include any chemical potential and ( is the inverse temperature.
The quantity Tr e P = 7 is the partition function of the system and is the most
important function of thermodynamics.

The great power of finite temperature field theory is to be able to cast the partition
function in terms of a functional integration, which in turn allows perturbative or
lattice techniques to be used. In particular, for a scalar field ¢ the partition function

takes the form

7= / do (gle=""|) = / D el dr @=L (5.9)

where 7 = it and there is a restriction that ¢(0,z) = ¢(,z). No attempt has been
made to prove the above relation, which is done in any textbook on finite temperature
field theory.

Because the time variable in (5.9) is imaginary, it’s use is often termed the imag-
inary time formalism. The great restriction of the imaginary time formalism is that

it can only be applied to static, or time-independent, quantities. However, there is
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an alternate formulation of finite temperature field theory which allows the calcula-
tion of time-dependent quantities called the real time formalism. In the real time
formalism, one essentially doubles the degrees of freedom. Fields can be on what are
here referred to as the + and — contours. In this formalism, the partition function
is

Z = / Dl (5.10)

where the time variable is real and the the time integration goes from —oo to oco.

The notation fc d*z indicates that both the + and — contours must be integrated

/cd4z=/+d4z—/_d4z. (5.11)

In a perturbative expansion, any correlation function can be cast into a function

over

of free field (without any interactions) 2 particle correlations using Wick’s theorem.
Thus, all that is needed is the representation of the free field two particle correlation
functions. There are four to consider, because any two fields can be on ++, +—, —+
or —— contours. The time ordered, free field 2 particle correlations for a scalar field
theory are given by

d*p
(2m)*
d*p
(2m)*

ie” PG, (p) z and y on +

(6(2)d())o = /

(p(z)p(y))o = re ip'(m_y)GJr_(p) x on + and y on -

(5.12)

(2m)*

d*p
(2m)*

/
G0 = [ oL e DG (p) 2 on - and y on +
/

(P(x)o(y))o = ie P @ YG__(p) z and y on -
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where
1

p? —m? + e
G (p) = —2mi (0(—p°) + ns(|p°]) 6(p° — m?)

G_i(p) = —2mi (0(p") + s (")) 6(p* — m?)

1 .
p2 —m2 — e - 27ran(|p0|)5(p2 - m2)

Giy(p) = - 277inB(|p0|)5(P2 - m2)

(5.13)

G__(p) =—

and np is the Bose-Distribution. It is also helpful to note the following relations

1
GR(p) = p2 —m2 T iEpO = - G+— = G_+ —G__
1
GA(p) = :G++—G_+ :G+__G__ (514)

2 —m2 — iep®
Ge(p) = —2mi(1 + 2np(|p°)0(p* —m*) = Gos + G- = G+ Gy

5.1.3  Calculating the Source of Energy and Momentum

With the above definitions in place, it is now possible to consider the correlation
functions, (¢(x)¢(y)) and (¢(z)?). The convention is that both ¢(x) and ¢(y) are
on the 4+ contour. Final results should not depend on which contour one chooses for

the fields ¢(x) and ¢(y).
The Two Point Contribution
First consider (¢(z)¢p(y)), which is written as

[ 2¢ ¢(x)p(y) D¢ etled'=
f Do et [ d*z2

(P(z)o(y)) = (5.15)

where .Z is given in (5.1). Treating both A and g as parameters for a perturbative

expansion, the lowest order contributions are

(@(@)d(y))r =
[ 2¢ ¢(x)p(y) (1 — %f d'rd"w j(r)j(w)o(r)o(w))(1 —i% [, d4z¢ | (5.16)

2

J2¢e®(1 =% [ dird'wj(r)j(w)eé(r)é(w))( 1—Zif d*zp(z
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where the subscript ; means interacting, and all other quantities are free field. The
right hand side (RHS) of the above expression can be turned into correlation functions
by multiplying both the numerator and the denominator by the partition function.
Then, expanding the denominator in powers of the coupling terms yields a polynomial
expression for (¢p(x)o(y));. 1 am only interested in interaction terms which have a
¢*)\ coupling. Terms with only ¢ do not couple to the medium, and are temperature
independent. They reflect the source’s interaction with the vacuum. Terms with

only A do not couple to the source. In this case, after straightforward manipulation

2

A
(6r)1 = (60) + i / e (8:00006088) — (000,00

- <¢x¢y¢r¢w> <¢§> - <¢m¢y¢§> <¢r¢w>)

(5.17)

where ¢, = ¢(x), etc., and [ = [ d'r etc.
As mentioned above, Wick’s theorem allows correlations of many fields to be

written as products of correlations of two fields. One finds
(BaByPrduds) — (Buy) (brduds) — (Batydrdu)(2) — (Gathyd2)(Srdu) =
12 ({Par) (Dy =) (Duwz) (0202) + 2 = ) + 12 ((Gabu) (Dyd2) (drd2) (P202) + 2 = y)
+ 24(020:) {0y @) (Du®z) (D1 =)

(5.18)
Then, ignoring the free field contribution,
et =1 [ 5aal(600n) (6002 (000.) (6:6) 42 =)
(o) (6 000:0 4.9+ oo w68

Equation (5.19) has three distinct terms, which I label as
2

To= T2 [ duldudn) () (bubs) (bs) + 2 o y (5.20)

4 c,raw,z
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X y X y
x Z‘t
W r W r

FIGURE 5.1: Representative diagrams of the ¢* theory with a source. The diagram
on the left represents the lowest order source/medium interaction, while the diagram
on the right contributes to the screening of the source field.
g7 -
T2 =1— JrJw <¢x¢w><¢y¢z><¢r¢z> <¢z¢z> + T ) (521)

4 c,r,w, 2

and

2

T =2 [ 5ul0:02(6,6:) (900 (6:62). (522)

c,rw,z

It is instructive to consider the diagrammatic representation of T3, Ty and T3,
which is done in Figure 5.1. The diagram on the left represents T3, while the diagram
on the right is representative of 7T} and T,. It’s clear that 77 and 75 contribute
to the screening of the field due to thermal interactions, but are not indicative of
the essential source/medium interaction. They provide a thermal correction to the
source’s interaction with the vacuum. However, Tj legitimately represents the lowest
order source/medium interaction from (¢(x)¢(y)), thus I'll consider that term.

To evaluate T3, it’s helpful to write the » and w integrations as a product

75 = L2 ( / (826 {600) ~ / <¢x¢z><¢y¢z>) { / ,Tjr<¢r¢z>r (5.23)
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in which case one can consider the evaluation of

[ oty =i [t at)er G p) - G )

— d4 d4p 5 ip-(r—z)G 5.94
= r(27r)4 (r —ut,)e A/r(D) (5.24)

d* , 1
— / d'r L 5(r — ut,)e? )
(2m)* p* F iep’
The integration over d*r can be done trivially to yield a factor of 276(p° —u-p). Using
the ¢ function to integrate out p® and the relation (3.39) to evaluate the azimuthal

integration, one has

] — : z rp JO (pp ) eipz (zz—utz)

br o [ dp.dprpr T

U T - 5.25
/cm]< +) vy / (2m)? P2+ 2p3 & iep. ( )

The denominator can be factored as (p, — iypr £ i€)(p, + iypr * i€) from which it’s

clear that € has no further role. The contour integral over dp, then amounts to

d - ipz(zz—Utz) _7pT|Zz—Utz‘
/ D _ . =2 (5.26)
21 (p. — iypr + i€)(p. + iypr + de) 29pr
and finally
. . dprJo(ppr) e~ 7P7Iz=—ut:| Y 1
A Drpt) = —i = —j— :
/cmj (Prdz=) 7/ (2m) 2 47 \/p2+72(zz—utz)2
(5.27)
Going back to (5.23) gives
2 2
YT goA 1
T3 =— 2Pz z) Pz z
3=~ | [ 000 - [ 003060,00|
oy gz>\/ L dipydtpy e (@=2) =i (y=2) (5.28)
~ 3o (2m)®  p? +42(z, — ut,)?

X (Gt (p1) G (p2) — G (p1)Go—(p2)] .-
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Using (5.13) and (5.14) one can show that the term in brackets can be written as

the sum of a vacuum contribution and temperature dependent contribution

(G (p1)G i (p2) — G (p1)G—(p2)] =

VAC — 2mi [np(1p2])d(p2) Gr(p1) + nu(piDI(p1) Gr(p2)] -

(5.29)

I am here interested in the temperature dependent contribution, in which case

72 92)\ / . d4p1d4p2 e—ipl-(m—z)—ipg-(y—z)
16w 2m)* p? + 72 (z: —ut.)? (5.30)

T3 =

x [n5(1p2)d(P3) G r(pr) + ns([pi])d (1) Gr(p2)] -

At this point, in order to make connection to 0,77} it is helpful to recall (5.6),
where it was shown that if one assigns a momentum p; to x, and p, to y, the derivative

structure contributes £(p? p4 + p3pY). I then have

0, TH :zﬁz 92)‘/ 4 d*prdipy e iPrtp2)(2=2)
ulp 327 21 p? +2(z — ut,)? .

x (0t py + p3pY) [ne(|p3)0(p3) G r(p1) + nu(1pY])d(p}) G rp:)] -

where the limit of y — 2 has been taken. Enforcing the § functions on p? and p3 and
using the relation

Pl

—_ 1 5.32
e—0 p? + iep? - ( )

finally gives

0, T =i

2 2 4 4 —i(p1+p2)-(z—=2)
A’ A d pld P2 € v
/’4 s (7)52)

167 (2m)8  p? 4+ 4%(2, —uty)

2 92 4 —ip2-(x—=2
A% A d p e pa-( ) .
i /@% 2 Dy (P3P0 @ — 2)

2 2 4
= v 5
"16m 0% + 72z, — uty)? / (27r)4p2 ns(|p2])d(p3)
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It’s interesting that terms from the bare Lagrangian contribute nothing to 9,7"",
even when a source is present. In some ways, it’s not entirely surprising since in the
absence of interactions 9,7"" = 0. One expects the contribution from the interaction

term, (¢(x)*) to provide a non-zero contribution.
The Four Point Contribution

I now consider the interaction term from the Lagrangian, which as shown above is
given by

@J@”:é%%«ﬂxfy (5.34)

The lowest order contributions in both A and g are

AL Do) eS0(1— & [ dird'w j(r)j(w)(r)(w))
A [g¢eso(1— % [ dirdwj(r)j(w)o(r)d(w)

0, =0 (5.35)
where the subscript has been dropped, since this is now the only contribution to
0, T". As discussed above, I am interested in interaction terms which have a g?\

coupling. In this case the relevant contribution is found to be

2)\
01" = 075 / G (828r60) — (65 (Dr)
2 (5.36)
= -8”% / Grdul 6500 (Dabu) (Dat)-

It was shown previously that

[ / 7rjr<¢m+¢f>r B ! (5.37)

1672 p? + 2 (2, — ut,)?

so that one is left with

VoA, !
64m — p* + % (. — uty)

0T = (622). (5.38)
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Finally, it is necessary to consider (¢2). The convention is that x is chosen to be on

the + axis, which gives

d'p .
(Gutbe) = /WZ G1+(p)
d*p 1
_ . _ o 0 5 2
[ i (o~ 2mina( o))
(5.39)
1
38 d4P”B(|PO|)5(p2)
“o )y e —17 12
where again I have ignored a purely vacuum contribution.
The end result is that
22T\ 1
9,7 = LI = g (5.40)

768712 p? 4+ 92 (z — ut)?

As expected there is a non-zero contribution arising from the interaction term of the
Lagrangian. It’s interesting that the source term derived here is a pure derivative.
For instance, the total energy deposited into the medium per unit time (compare to

equation (3.59) for the QCD case) is

& /d (@ —ute) (5.41)

dt Xp2—|—72(z—ut)2

Thus the net energy deposited into the medium vanishes. More will be said about

the interesting dynamics of a pure gradient source term in Chapter 6.
5.2 Vlasov Equation for a Scalar Field Theory

In order to make a comparison to (5.40), consider the Vlasov equation of a scalar

field with quartic interaction in the presence of an external field ¢ given by [70]

(#0004 30206007100 ) S2:0) = 0 (5.42)
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where the on-shell distribution function is taken to be

f(x,p) = np(®”)d(p*)+ (5.43)

and 6(p?), indicates to sum only over the positive root of p°. Following the approach
of chapter 3, I take moments in momentum space, but now include an integration

over p°

[ (004 A0 (P30 <0 (a0

After integrating out the ¢ function, the first term in parenthesis becomes

1 dppy “anB(p) _1 0%
. / e = 50,1 (5.45)

where the equality was seen before in equation (3.25). Now consider the second term

of (5.44)

0806 [ G 0m 0057, (5.40)

After an integration by parts this is

- J080(aP) [ )3 (5.47)

The form of the integral was seen in (5.39)

d4p 1 00 P T2
/WTZB(]?O)5(ZJ2)+ = 4—7r2/0 dp B — 1 T on (5.48)
Finally, I find
v T2)\ 124

It is now left to determine the external field ¢ generated by the source current
j(xr) = gd(x —ut). The classical equation of motion for the field in the presence of
a source is

0,0l = —}. (5.50)
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In Fourier space, the source has the form
jk,w) =2mgd(w — u-k)
and the equation for ¢(k) becomes

_ 21g0(w—u-k)
o w2 — k2 :

¢(k,w)

The field ¢(x,t) is determined with a reverse transform, to give

d(x,t) = / (dﬂll€ 219000~ k) g

2m)4 w? — k2

d3k, 6ik-x—iuk2t

— 7 / (2m)3 u?k? — k2
97 1

S A PRzt
The final result is

29T\ 1
79 o

0, =
: 768712 p?+ 42 (2 — ut)?

which is identical to (5.40).

5.3 Discussion

(5.51)

(5.52)

(5.53)

(5.54)

It’s nice to see (5.40) and (5.54) in agreement. This provides an independent check on

the methods of Chapter 3. A subtlety arises when considering that the distribution

in (5.43) is different than the distribution used in, for instance, (3.28). In particular,

in Chapter 3 the distribution was already assumed to be on shell, with p° = E(p),

eliminating the need for the § function seen in (5.43). If one went back to (3.22) and

replaced

fo(p) = np(”)o(p*)+
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and let d*p — d*p, consistent with (5.44), the end result (3.25) would be unchanged.
In the derivation of Section 5.2, it was necessary to start with the distribution given
by (5.43) because the original Vlasov equation had an explicit dependence upon p°,
which was not the case in Chapter 3.

In the QCD case the interaction of the medium and the source occurred at two
different times, ¢ and ¢ in (3.17), making it qualitatively different than the ¢* theory.
However, QCD also has a 4 point gluon interaction which is similar in structure to
the ¢* interaction. It is possible that the Vlasov approach implemented in Chapter 3
misses some of the affects associated with the point-like interactions of the source and
medium. On the other hand, in the limit of ¢ — ¢ one expects the two interactions
expressed in (3.17) to take on a point-like form, in which case the effects of the 4
point gluon interaction may be captured, at least qualitatively. The only way to
test this is to perform the calculation for QCD which was done in section 5.1 of this

chapter for the scalar theory. This comparison will be done in a future work.
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6

Medium Response in Linearized Hydrodynamics

In' Chapters 3 and 4, different formalisms were presented to derive the hydrodynamic
source term generated by a fast parton in the QGP. In this chapter, attention will
now be given to solving the equations and examining the medium response at large
distance scales. For ease of reference, all numerical results are contained in Sec.
6.3, while the technical manipulations are in Secs. 6.1 and 6.2. Readers primarily
interested in the numerical results can skim through Secs. 6.1 and 6.2.

The first part of the chapter will focus on solving the hydrodynamic equations
coupled to the source term derived in Chapter 3 from kinetic theory. In Sec. 6.1.1
I consider the general form of linearized hydrodynamics with a source term. In
Sec. 6.1.2 the source term is expanded in terms of gradients of a delta function,
in an effort to understand the relevance of finite source structure. Both the full
source term and the delta function expanded form are then Fourier transformed into
momentum space. In Sec. 6.1.3 the hydrodynamic equations are solved in terms of

a one dimensional numerical integration. In Sec. 6.3.1 results are given for both the

1 Some of the work in this chapter originally appeared in a journal article I authored: R. B. Neufeld,
Mach Cones in the quark-gluon plasma: viscosity, speed of sound, and effects of finite source struc-
ture, Phys. Rev. C 79, 054909, (2009) [44]
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full source and the delta function expanded version, as well as different values of the
viscosity and speed of sound.

In the second part of the chapter, I examine the medium response when the
equations are coupled to the source derived in Chapter 4. Then, in Sec. 6.3.2,
results are presented for the case of two energetic back-to-back partons created in a

hard interaction.

6.1 Kinetic Source Term

6.1.1 Linearized Hydrodynamics With a Source Term

Recall in Chapter 3 the source term was coupled to the ideal hydrodynamic energy-
momentum tensor in equation (3.25). The rest of that chapter was devoted to explic-
itly evaluating the source term. The ideal hydrodynamic energy-momentum tensor
given by (3.26) contains no off-equilibrium effects. Of course, any physical fluid will
demonstrate non-ideal behavior, particularly in the presence of a disturbance such
as the propagation of a fast quark. As discussed in Chapter 1, non-ideal behavior is
described by viscous corrections. In hydrodynamics, the coefficients of viscosity are
phenomenological input parameters. In what follows, the energy-momentum tensor
given by (3.26) will be modified to include the first order deviations from equilib-
rium for a QGP with non-zero shear viscosity. In the derivation of (3.25), these
off-equilibrium deviations would appear in the collision term of the Boltzmann equa-
tion (3.3). Here, they will be incorporated phenomenologically via the hydrodynamic
equations of motion.

I consider the first order hydrodynamical equations for a medium with non-zero

shear viscosity, 77, in the presence of a source term, J”, which are of the form
o, = J” (6.1)

where T is the energy-momentum tensor of the system. Assuming that the en-

77



ergy and momentum density deposited by the fast parton is small compared to the
equilibrium energy density of the medium, the hydrodynamical equations (6.1) can
be linearized. Defining T* = T} + 0T, where 6T"" is the perturbation of the
energy-momentum tensor resulting from the source in an otherwise static medium,

one has
0,0T™ = J”, (6.2)
where 0,T}" = 0 and 07" is given by [71]

6T = §e, 6T = g,

; 3 g (6.3)
6T” = (SUC§5€ — ZFS <8’g] + 0]92 — §5UV . g) .
In (6.3) ¢s denotes the speed of sound, I'y = ﬁ = ;S—’; is the sound attenuation

length, and ¢y and py are the unperturbed energy density and pressure, respectively.

Introducing the general rule for Fourier transforms

1 L
F — 3 zkvx—zth k 6.4
(1) = g7 [ % [ o R (), (6.4)
the equations given by (6.2) are written in momentum space as
J' = —iwle+ik-g (6.5)
J = —iwg+ ikc e + ZPS kg + §(k -g) ). (6.6)

Solving for k - g in (6.6) allows for Je to be determined from (6.5):

k-J—ik%*c2de

—iw + ' k2 (6.7)

k-g=kg,=

hence
ikJr(k,w) + JOk,w)(iw — [k?)
w? — 2k? + il ywk?

Je(k,w) = (6.8)
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where the source and perturbed momentum density vectors are divided into trans-
verse and longitudinal parts: g = RgL +grand J = kJ, + Jp, with k denoting the

unit vector in the direction of k. Similarly, one has from (6.5) and (6.8)
kgr = —iJ° + wée (6.9)

yielding

iwkJp (k,w) + ic?kJO(k, w)
w? — 2k? + ilwk?

gr(k,w) =kg, = (6.10)

The transverse part of g can be obtained from (6.6). The calculation is simplified
by considering that any part of g proportional to k is a part of g;. This leaves

Wk, w
gT(kuw) =g—8L— L

= . 6.11
w + %iFSkZ ( )

Equation (6.11) is a diffusion equation and the quantity gr is interpreted as
diffusive momentum density generated by the fast parton. Equations (6.8, 6.10)
describe damped sound waves propagating at speed cs, it follows that de and g, are
interpreted as the energy and momentum density carried by sound generated by the
fast parton. The importance of the explicit form of the source term can be readily
seen. In a homogeneous medium symmetries ensure that the source vector, J, can
be written generally as

J(x,t) =up(r)+ Vq(r) (6.12)
where u is the velocity of the source particle and p(r) and ¢(r) are scalar functions
of the (possibly Lorentz contracted) magnitude r = \/m . If we instead write

(6.12) in momentum space we have (one can compare to equation (3.1))

Jk,w)=u / d*x e®*Tp(r) + ik/d4x e*rq(r) (6.13)

and J7 is found to be

Jrk,w)=J— k(l;z J) = <Uk _kl;(k : u)) /d4z e* T (r) (6.14)
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so that ¢(r) does not contribute to Jy. If one chooses the source (6.12) such that
p(r) = 0 then there is no excitation of the diffusive momentum density. It is clear
that the hydrodynamics of the system are sensitive to the specific form of the source
term. In particular, terms which are in the form of a gradient only generate sound.

As mentioned above, in this section I use the source term derived in Chapter 3.
For a gluonic medium at temperature 7" in the presence of a parton moving with
velocity u = u# at position r = ut2 in the relativistic limit (y = (1 — u?)""2 > 1),

the source is given by

J"(z) = (J°(2),ut’(z) — Jy) (6.15)
where
J(p,z,t) = d(p,z,t)yu? <1 — \/%) (6.16)
Jo(p,z,t) = (x—ut)d(p,z, t)\/% (6.17)
and
dp.ot) = — (@)D (6.18)

- 87 (p2 + 1222 )32

In the above expressions, (Qg)2 = 3 for a gluon and 4/3 for a quark, p = (2% +y?)/?

is the radius transverse to the z axis, a, = ¢g*/4r is the strong coupling, mp = gT'
and z_ = (z — ut). In what follows any numerical coefficient suppressed by powers
of 4% will be dropped. For instance, terms such as 72 + 1 will be taken as ~2.

The vector part of the source, J = uJ® — J,, is explicitly

a\2,,,2 ,,2 2 2
J _ aS(Qp) mDu 711 o Uu (xvyv z-7y ) (619)
8 (22 +p2)%2 (2297 4 %)

which, as one can verify, can be re-written in the form of (6.12),

00, (Q2) i ( Ju v )
( |

J= Ve
8m IR PR A )

(6.20)
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6.1.2 Delta Function and Momentum Space Representation

At distances increasingly far from the fast parton, one expects that the source term
will begin to look like a delta function. Since hydrodynamics is a long distance
effective theory, the hydrodynamic solutions (in the range of validity) should be
dominated by the lowest order terms in an expansion of gradients of a delta function
centered at the location of the source parton (a detailed discussion of this is given
in [47]). Higher order terms in the expansion, which are sensitive to the detailed
structure of the source term, will become less important at larger distances. In this
section, I will expand the source term, as given by (6.16) and (6.20), up to first
order in gradients of a delta function. Later, the hydrodynamic equations, (6.8),
(6.10), (6.11), will be solved for both the full source term and the truncated series.
A comparison of the solutions will highlight at what distance scales the detailed
structure of the source term becomes negligible. It will prove convenient to Fourier
transform the source into momentum space, which I will also do in this section, before
attempting to solve the hydrodynamic equations. The effect of color screening, which
is absent in (6.16) and (6.20), will be modeled by including a damping factor of the
form e=”™, where m~1 is a typical screening scale. In a perturbative QGP the inverse
screening scale is given by mp = ¢7', which appears as a coefficient in front of the
source term used here. However, in principle, at higher orders the screening scale
may be different than what appears as the coefficient of the source term. It is thus
instructive to keep m arbitrary; however, in solving the hydrodynamical equations
in Sec.6.1.3 T will set m = g7T'. Also, when necessary, a short distance cutoff will be
used to regulate ultraviolet divergences. A common choice, which will also be used
here, for the short distance cutoff in collisional energy loss is pin = (2@ )7L

where E, is the energy of the fast parton (see, for instance, [63]).
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Consider (6.16), which can be expanded as

J(p, z,t) = Cob(x_) + Cy - VI(x_) + ... (6.21)
where I have used the shorthand notation
d(x_) =d(x)0(y)d(z — ut). (6.22)

The coefficients, Cy and Cy, are found by taking the appropriate moment of J%(p, 2, t).

Introducing the damping factor, e ™, one has for Cj,

Co :/d?’:cjo(p,z,t) e P

_ / g e @pPmpu

x87r(p2 _|_7223)3/26 (6.23)

as(Qp)*mpu

2 m
G
2 ’ (z/E,,T) ’

where (24/E,T)" has been introduced as a short distance cutoff, and Gy is a repre-

sentation of the incomplete Gamma function

The coefficient given by (6.23) gives the total energy deposited into the medium per
unit time.

Similarly, C; can be obtained as

Cl - _/dgx (ZE’,y,Z_) Jo(p>zat)6_pm

_ /d3.§(] O‘S(Qg>2m12)72u3 Z— (ZE’, Y, Z—) —pm (6 25)
N PR TEAL |

0,0, ——
" 4 mry

%@W%ﬂ( m)
(Gt |
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The results from (6.23) and (6.25), together with (6.21), give

Oés(QZ)zszu2

2

X (Go (%/ﬁ) +4m782> d(x_)+...

where the subscript p is meant to indicate the expansion in gradients of a ¢ function.

J([))(p’ z,t) =
(6.26)

Proceeding in an analogous manner yields for (6.20)

o (Q4)*mu? m
Ip(p, 2. b) = 25iep) TDW (L o
plp,21) 2 Y\ ET

(6.27)

b (7 (e V) ) 50+

Equations (6.26) and (6.27) provide the expansion of the full source, (6.16) and
(6.20), up to first order in gradients of a delta function.

As mentioned above, it is easiest to solve for the hydrodynamics in Fourier space.
To do this, it is necessary to first transform the source terms into momentum space,
following the general rule (6.4). The details of the Fourier transforms of (6.16) and

(6.20) are given in Appendix F, and the result is

JO(k,w) = M@W)Mw — k) (GO (m—l- k‘T> i im(ua - k) )

2 2\/E,T 4’y\/k%+m2
a\2,,,2 ,,2
I(k,w) = O‘S(Qp)z Y 9m)8(w — uks)
m + kr it [ k7 +m?—m ) u(u-k)m
X llGo + — 3 u’k + B Ry
2y E,T ) Ay kp VE; +m

The above should be compared to the Fourier transforms of (6.26) and (6.27), which
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are found by making the replacements 6(z_) — (27)d(w — uk,) and V — ik:

m im(u-k)
(2m)0(w — uk,) (Go (2\/m> + P )

Ip(k,w) = W(Qﬂ‘)é(w —uk,) (uGo <2\/%> + 8?17 (v’k + uw))

as(@p)*mpu?

Jg(k, w) =

(6.29)

One can verify that (6.28) reduces to (6.29) by taking the kr — 0 limit in the
coefficients of 1 and k. (6.28) and (6.29) will be used in the next section to solve for
the hydrodynamic variables of the medium.

As discussed at the beginning of the section, at distances increasingly far from the
fast parton the source term is dominated by the lowest order terms in an expansion
of gradients of a delta function. It’s clear from inspection that the detailed structure
of the full source term, given by (6.28), becomes important at a momentum scale
k ~ m. This could have been anticipated, since the full source term is calculated up
to distances of the order of the screening length. A quantitative comparison of the
effects of (6.28) and (6.29) requires solving the hydrodynamic equations. This will

be done in the next section.
6.1.3 Solving the Equations

The result given by (6.28) is combined with equations (6.8), (6.10), and (6.11) to
yield de(k,w), gr(k,w) and gr(k,w). These are then transformed back to position

space using the relation (6.4). In de(k,w) and g (k,w), one can find J; by taking
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k - J, which is written conveniently as

_ as(Qp)*mpu’ mp + kr
Jp = T(Qw)é(w — uk,) ((u - k) (GO (W) +

im(u - k) imu? ( )
+ \VER4+mE —m (6.30)
4R +—m%) 4y T

'k JO Ol a2m2u2 - 2
_ (u k) - (QPQ)k D (2%)5(w—uk‘z)lzz (y/k‘%—l—m%—m]g)

where I am now taking m = mp. After integrating out é(w — uk,) and using (F-5),

the expression for de(x,t) is given by

5 a)2902 0,2 )2 ik, (z—ut)
Se(x, 1) — 2@ b / dhpdi, T 0ET)C

822 k2 — N2k2 +io

mp + kr iTuk, , o TU? < )
G + 2iuk, — Tk?) — — (\/kZ2 +m3 —m
(( °(2,/EPT> 4%//@%+m]23>( ) 4y ro e

(6.31)

where A2 = ¢2/(u? — ¢?), 0 = Tu(\?/c?)k. (k% + k?) and T am again working in plane
polar coordinates. The integral over k., can be performed using contour integration.
Poles are located at k., = £(k2\?Fi|o|)!/2, where |o] is itself a function of k.. When
evaluating the residues at these poles I make the approximation o(k,) ~ o(L£kr).
This approximation is valid at momentum scales for which the sound attenuation is
small (kr < ¢2/T), which should be reasonable in the hydrodynamic limit. Both

poles are located in the lower complex plane so that the integration only contributes
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for z < ut, i. e., behind the source parton. Performing the integration yields

a( g)zm%u2>\2

de(x,t) =

; ikr\/ A2 —ikra(z—ut)
Re / e JolPkr)e

vV )\2 — i/{ZTOé

Tu? mp + kr imukp/ A2 — ikro
X | — \/k2+m2—m)— G +
(47 ( TP b ( ’ (2\/EI,,T 4y\/k3 4+ m3,

« (2iuke /N = ikra — DAL+ A2 = ikra)) )|

(6.32)

where o = T'yu\®/(c2(A\?+1)). The final integration over kr is performed numerically.

The analogous expression resulting from (6.29) is given by

) = as(Qg)zm%zﬂ)\QR dk iJo(pky) etV A2 —ikra(z—ut)
ep(x,t) = I 2 e T =i

y Tk o mp N imukryV/ A% — tkra (6.33)
8ymp "\2/E,T dymp,
X (Qiuk:T\/)\? “ikra — TRA(1+ A2 — zkm)m

The same approach is applied to g (x,t). The contour integration proceeds in
the same manner as in (6.31) with the exception that one term has additional poles

at k, = tikp. The additional pole at k., = ikr allows for some contribution in the
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region in front of the source parton. The result is

for z < ut :
as(Qg>2m]2)u2>\2R 0 ke eikT\/)?—ikToz(z—ut)
X,t) = e
g(x.1) 4rc? / 4 VA2 —ikra

X (%ZJl(pk‘T), %Zjl(pk‘T), \V )\2 — Zk‘TOéJ()(pk‘T))

mp + k’T U2()\2 — ’ikT()é) 2)
G
8 ( ’ ( 2\/EPT> ((1+)\2 k) )T
’i?TU/{ZT vV A2 — i/{ZTOé (u2 i 02) i u2mD(mD — 4/ k% + m%)
4y /K2 + mi ° k4(1+ N\ —ikrar)

(6.34)
Ol Qa 2m2 U2 .
+ (Ig—D/dk‘T 6_kT|z—ut\ <__J1(ka)>_gjl(ka),Jo(ka)>
T P P
mp + kr TMp mp
x (krGo [t iT) M0 (g TD
(e (52 ) 5 (- )
for z > ut :
Ol Qa 2m2 u2 .
gL(X7 t) = _(IJS)—WD /dl{?T e_kT|z—ut\ (;J1(ka), %Jl(ka), Jo(pk;T))

i (Mot mmp [ mp
TU\eET) 0\ VEEeg) )

which must be done numerically. The analogous expression resulting from (6.29) is
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given by

for z < ut :
as(Qg)2mI2)u2)\2 kp eikT\/)\z—ikToz(z—ut)
grp(x,t) = 2 Re dkrp i

X (%ZJl (pk’T), %’ljl (pk‘T), AV A2 — ’lk’TOéJ()(pk’T))

20\2 _ .
mp u*(\? — ikra) 2)
G
( ’ (2,/EPT> ((1 N k) )T
imuky /A2 — ikra (W + )+ u? |
4~y mp 2(1 4+ X2 —ikra)

. (Q9)2m2 2 T
(%)—D/dkcp e krlz—utl <——J1(pk:p),—ng(PkT),Jo(Pk‘T))
T P P

mp W]C%
x | kr G — | +

for z > ut :

Oés(QZ)zszu2

8
mp k2
X | kr G — | — .

Combining (6.14) with (6.11) and following the same approach used above allows

_l_

g1 (x,1) = — [ byt (;J (k). L(phr) Jo<ka>)

(6.35)

for the determination of gr(x,t). The denominator of (6.11) has a simpler structure

than in (6.8,6.10) which allows the contour integration to be performed exactly.
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Defining Q2 = 4u/3[; it is found that
QP [y, e
(k7

" - @1+ 5
L AT Y aF
x (Jl(ka);A ilphr) L4 ,Jo<ka>kT)
< c mp +kr\  mmpAT VEE 4+ md —mp
"\ 2/E,T 4y k2/K2 + m3)

QS(Qg)2m2D

16um

( (mD—i—kT) WkaT (\/k‘%—l-m%—m])))
x | Go +

gr(x,t) =

+ /dk’T e_kT‘Z_UtI (ijl (pk‘T)%k’T, ijl(pk’T)%k‘T, —J()(pk’T)k’T)

2\/E,T 4y k2 k% 4+ m3
(6.36)
where F refers to the sign of (z — ut) and
Q 4k2
AT =— 11 1+—=L]. :
5 ( F\1+ o ) (6.37)

The analogous result from (6.29) is given by
ECAEL PR Yt
(k7

" — @1+ 5

mp T AT T Y )
G — Ji(pkr)— AT, T (pkr)= AT, Jo(pkr)k
( 0 (2 EPT) 87mD> ( 1(ﬂ T)p 1(/7 T)p O(P T) T

grp(x,t) = X

(@p)*m#,

+ &
16ur

% G mp g 7T/€T
"\2/E,T) " 8ymp )"

In this section, I have presented in detail a method of solution for the linearized

x
/ dky e~ Frlz=l (iJl (ka);k:T, +J) (ka)%kT, —Jo<pk:T>k:T)

(6.38)

hydrodynamical equations of a QGP coupled to the source term generated by a fast
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parton. The numerical results are presented in Sec. 6.3.1 below. In the next section,
I solve the linearized hydrodynamical equations coupled to the source term derived

in Chapter 4.
6.2 Source Term with Radiation

Recall the source term derived in Chapter 4, which included both the radiative and
collisional energy losses. For the case of back to back fast partons created in an initial
hard interaction at time ¢t = 0, which then propagate for some time, ¢,;, before being

absorbed by the medium, it is given by

_dE

JY(x) = o

(O(t) — Ot — tar)) x [6(x — ut) (1,u) + 6(x +ut) (1, —u)]  (6.39)

where ©(t) is 1 if ¢ > 0 and zero otherwise, and

E 2 9 /ET
‘Z—t - aso;mD In =V 0.4745Y | 05115V (6.40)
D

a fm fm?
I am here interested in coupling this source to the linearized hydrodynamic equa-

tions presented in the previous section, which are written in momentum space as

ikJr(k,w) + JO(k, w)(iw — Tsk?)
dell,w) = w? — c2k? 4+ il ywk? ’ (6.41)

iwkJp(k,w) + ic2kJO(k, w)
k = > 42
gLk, w) w? — 2k? +ilwk? (6.42)

’iJT(k, u))

) 6.43
w + %z’f‘sl@ ( )

gr(k,w)

In order to proceed, it is necessary to obtain the Fourier transform of (6.39), as

well as the decomposition of the source vector into longitudinal and transverse parts.
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The spatial Fourier transform proceeds in a simple manner to give

JY(k,t) = /dgx e~ kX V()
(6.44)
dE

= E(@(t) — Ot —tar)) x [e7™= (1,u) + "™ (1, —u)]

where u = 2. At this point I decompose the vector part of the source and find

Ji(k,t) = %Z—f(@(t) — Ot —tar)) (e7"= — ') (6.45)
Jrk,t) = (u — k%) Z—f(@(t) — Ot —ta)) (7= — =) (6.46)

And similarly,
JO = C;—f(@(t) — Ot —tar)) (e + ') . (6.47)

In order to take the time Fourier transform, it is helpful to introduce a small
exponential damping factor, 7y, into the above expressions, which will be set to zero
before any terms are evaluated. dFE/dt has a term which is constant in time and one

which grows linearly in time, which I write as

dE
— = ABy +tAB, (6.48)

Using this notation, the relevant time Fourier transforms are

/ dt d—E(@(t) — Ot — ty)) (e kT

dt
(i) (6.49)
9 . [i(1— etuliksty—iw))
= (AE, — AE,—
B 187)< w— k. +iy )
and
/ dtcil—f(@(t) — Ot — tar)) (=t
i) (6.50)
0 . [i(1 — etwliks—r+i))
= (AE,— AE;— .
(AL 1(97)< w+k, + iy )
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The expression for de takes the form

d4k ik-x—iw
e(x,t) = / L el (k W)

- A d4k ik-x—iwt
=10 / o) e X

(ik, +iw — Tk?)(1 — e_tM(ikz-i-“f—iw)) N (—ik, + 1w — T,k?)(1 — etM(ikz—v-l-iw))
(W2 — A2k% + il swk?)(w — k, + i) (W2 — A2k% + il wk?)(w + k. + 1)
(6.51)

where O = AEy — AE,0/8y. The details of the explicit evaluation of (6.51) are
contained in Appendix G. Similarly, one has

- A d4k ik-x—iwt k
gr(x,t) =10 / 2n) e ﬁx

(ks +ic2k2) (1 — eTH=50)  (Cigk, 4 ic2k2)(1— TR+
(W? — k2 +ilswk?)(w — k. + i) (w? — 2k%2 + iTswk?)(w + k. +i7)
(6.52)

and

4 — _ 2
gT(l’,t) =10 / d’k ik'X—iwt( kmkza kykz, ]{JT) y

(2m)i € 2
(6.53)
’L(l o e—T(ikz-i-'y—iw)) —Z(l o eT(ikz—'y—i-iw))

(w+ 20k (w — ks +17) (w4 30k (w + ks +17)

The explicit evaluation of (6.52) and (6.53) are given in Appendix G. In Sec. 6.3.2
the numerical results of integrating the above expressions are presented. In that case,
I will consider back to back quarks created at a time of ¢t = 0 which then propagate
until ¢ = 6 fm before being absorbed by the medium. A time interval of 6 fm for
a quark propagating in the medium is consistent with what may be expected in a

heavy-ion collision.
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6.3 Numerical Results

The technical details necessary to derive relevant quantities of the medium response
in linearized hydrodynamics were presented in the previous two sections. The nu-

merical results of integration are presented below.
6.3.1 Kinetic Theory Source Term

In Sec. 6.1 I obtained expressions for the hydrodynamic quantities de(x,t), gr(x, t)
and gr(x,t) for a medium coupled to the source derived in Chapter 3. I now con-
sider the results of numerical integration. All calculations are performed for a gluon
moving along the positive 2z axis at position ut and speed u = 0.99955¢ (v ~ 33).
The strong coupling, s, is chosen to be 1/, the temperature is taken to be T' = 350
MeV, and E, = 16 GeV. As mentioned above, I will compare the solutions resulting
from the the full source term and the delta function expanded source term, given
by (6.28) and (6.29), respectively. I will also make a comparison of the results for
a range of values of the shear viscosity to entropy density ratio, n/s, and speed of
sound, c,.

The solutions resulting from the the full source term and the delta function
source are shown in Figures 6.1 and 6.2. In both Figures the results are plotted
for n/s = 1/47 and ¢, = ¢/v/3. Figure 6.1(a) shows a contour plot of de(x,t)
for each source. In both cases a well define Mach cone is visible in the trailing
medium. Figure 6.1(b) shows the result for the magnitude of the momentum density,
lg| = |gr(x,t) + gr(x,t)]. One now sees both a sound contribution from g (x,t),
which excites a Mach cone, and a diffusive contribution from g (x, ), which is excited
in the region directly behind the source gluon. The diffusive momentum density
produces flow almost exclusively in the direction of the source parton’s velocity,

while the Mach cone generates flow outward and perpendicular to it’s boundary,
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FIGURE 6.1: Plots of (a): the perturbed energy density, and (b): the perturbed

momentum density, for both the full source term and the ¢ function expanded source

term. Here, n/s = 1/4m and ¢, = 0.57. The direction of the momentum density is

indicated by the arrows.

de[GeV]at p =1fm 0e[GeV]at p =2 fm
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2 T T I I I 1 1 1 1 1
A
1.5k - = Delta Source | - = Delta Source I

04

0.2

1 1 L L
) 0 V453 %) 0

-10 -8 -6 -4
(z -ut) [fm]

3 1
(z -ut) [fm]

FIGURE 6.2: A comparison of the perturbed energy density generated by the full
source term and the ¢ function expanded source term for two different values of p.
The two results converge at a distance of about 5-6 fm behind the source parton for
the chosen values of p.
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FIGURE 6.3: Plots of (a): the perturbed energy density, and (b): the perturbed
momentum density for different values of the shear viscosity to entropy density ratio,
n/s. The black lines in (a) are drawn where one would expect to find the boundary
of a Mach cone in the absence of dissipative effects. Plots scaled by the radius, p,
which factor in the conical broadening of the cone, are shown in Figure 6.4.

as indicated by the arrows. One can see from Figure 6.1 that the full source term
and the delta function expanded source term provide qualitatively similar results,
particularly in the region far from the source parton. In the region near z_ = 0, the
full source solution has a noticeably larger transverse extent than the corresponding
delta source result. A more quantitative comparison can be made by examining
Figure 6.2 where de(x, t) is plotted as a function of z_ for fixed p. Here one sees that
the two results converge at a distance of about 5-6 fm behind the source parton for
the chosen p values.

Results are next presented for three different values of the shear viscosity to
entropy density ratio, n/s. The first value chosen for n/s is 1/4m ~ 0.08, which
has been proposed [21] as a universal lower bound for all relativistic quantum field
theories and is calculated in the strongly coupled limit. The other two values for /s
are multiples of the previous value, 3/47 and 6/47, and are more consistent with the
application of perturbation theory, which is the method used to calculate the source
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FIGURE 6.4: Plots of (a): the total perturbed energy density, and (b): the total
perturbed momentum density, contained at a given radius in the p — z_ plane for
different values of 17/s. As one can see in (b) the total perturbed momentum density
carried by the sonic Mach cone exceeds that contained in the diffusive wake.

used in this paper. For example, Arnold et al. [73] found for the leading order result
n/s = 0.48 for a gluonic plasma with s = 0.3. More recently, Xu and Greiner found
n/s = 0.13 for a gluonic plasma with the same value of s by going beyond leading
order in the diluteness of the medium [74]. A small value of the shear viscosity, which
is required by the RHIC data [75], is not necessarily incompatible with perturbation
theory, especially if the viscosity is lowered by anomalous contributions [76].

The results for de(x,t) and |g| = |gL(x,t) + gr(x,t)| for all three viscosities are
shown in Figures 6.3 and 6.4, where ¢, = ¢/v/3. The black lines in the contour plots
of Figure 6.3(a) are drawn along the slope x = +A(z — ut) which is where one would
expect to find the boundary of a Mach cone in the absence of dissipative effects.

In Figure 6.4, the total energy density (figure (a)), and magnitude of momentum
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FIGURE 6.5: Plots of (a): the perturbed energy density, and (b): the perturbed

momentum density for different values of the speed of sound, ¢,. Plots scaled by the

radius, p, which factor in the conical broadening of the cone, are shown in Figure
6.6.

27p % ée [GeV/fm?] for cs = 0.57 cs = 0.45

27p = |g| [GeV{fm®] for cs = 0.57

A

FIGURE 6.6: Plots of (a): the total perturbed energy density, and (b): the total
perturbed momentum density, contained at a given radius in the p — z_ plane for
different values of ¢,. The magnitude of the Mach cone, when integrated, is similar
for the different plots.
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density (figure (b)), contained at a given radius are shown. It is clear from the plots
that the Mach cone broadens and weakens as the viscosity is increased.

Finally, results are shown for three different values of the speed of sound, ¢,. The
first value is ¢4 = 0.57, which is the the limiting value for a conformal ideal relativistic
gas, while the other two values are ¢, = 0.45,0.3. It’s likely that the QGP produced
at RHIC experiences a speed of sound close to all three of these values during its
evolution [11]. The results are shown in Figures 6.5 and 6.6, where I have chosen
n/s = 1/47. One should note that the diffusive contribution, gr(x,t), is independent
of the speed of sound.

The solution has been examined for different values of the shear viscosity to
entropy density ratio and speed of sound. Additionally, the relevance of finite source
structure has been investigated by performing an expansion in gradients of a delta
function centered at the location of the source parton. Comparison of the medium
response generated by the full source with that generated by the delta expanded one
shows that the result is sensitive to the finite structure up to distances of several fm
from the fast parton for the source examined here. In the next section I consider the

numerical evaluation of the expressions derived in Sec. 6.2.
6.3.2 Radiative and Collisional Source Term

In Sec. 6.2 expressions for the hydrodynamic quantities de(x, t), g1 (x,t) and gr(x, t)
were derived for a medium coupled to the source derived in Chapter 4. I now consider
the numerical results from those calculations. I consider two quarks created at a time
t = 0 which propagate back-to-back along the z axis until t = 6 fm, at which time
they are assumed to be absorbed by the medium. The medium response is plotted
below at times t = 2, 4, 6, 8, 10, and 12 fm. The strong coupling, ay, is chosen to be
1/m, the temperature is taken to be T'= 350 MeV, and E, = 50 GeV. Additionally,
n/s = 0.2 and ¢, = 0.57.
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On a technical note, it’s necessary to point out that the expressions derived in
Sec. 6.2 are only valid for times after the source is set to zero. To plot the medium
response at t = 2, and 4 fm, it is necessary to set the source to zero and then do the
calculation. So, for example, in the plots at ¢ = 4 fm, the source is assumed to be
zero at times greater than t = 3.5 fm, and similarly, in the plots at t = 2 fm, the
source is assumed to be zero at times greater than ¢t = 1.5 fm. In this way, one gets
a good idea of what the solution looks like at the plotted time, even though there is
a small delay resulting from the limitations of the expressions given in Sec. 6.2.

The results for de(x,t) are shown in Figure 6.7. The plots are shown in the z-z
plane, however, the results are cylindrically symmetric about the 2 axis. One is able
to get a sense of the time evolution of the medium response as the quarks propagate
away from each other. The Mach cone formation is visible, particularly at later
times. The radiative induced excitation leads to a ¢ growth in the source strength,
which manifests itself in the sharp rise of the induced wave at early times.

The results for |g(x,t)| are shown in Figure 6.8. These plots are also shown in
the z-z plane, but the results are cylindrically symmetric about the Z axis. In this
case, there is both a sound wave (from g;) and a diffusive wake (from gr). It is
interesting to note in the plot shown at ¢ = 10 fm, which is 4 fm after the source
is absorbed by the medium, that the sound wave has separated from the diffusive
wake to a large extent. This results because the sound wave propagates in the
medium, whereas the diffusive wake is deposited locally. Once the source is turned
off, the sound wave continues to propagate, but the diffusive part does not. This is
directly relevant to the di-hadron correlation measurements discussed in Chapter 1.
Recall that the double peak structure is observed for jets which are absorbed by the
medium. The above plots show that when the jet is absorbed, the sound structure of
the momentum density generated becomes enhanced compared to the diffusive part.
The reader interested in seeing the full animated evolution of Figures 6.7 and 6.8
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FIGURE 6.7: Time-evolution of de(x,t). The plots are shown in the z-z plane,
however, the results are cylindrically symmetric about the 2 axis. The Mach cone
formation is visible, particularly at later times. The radiative induced excitation
leads to a t growth in the source strength, which manifests itself in the sharp rise of

the induced wave at early times.
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FIGURE 6.8: Time-evolution of |g(x,t)|. The plots are shown in the z-z plane,
however, the results are cylindrically symmetric about the Z axis. There is both a
sound wave (from gy ) and a diffusive wake (from gr). One can see in the plot shown
at ¢ = 10 fm, which is 4 fm after the source is absorbed by the medium, that the
sound wave has separated from the diffusive wake to a large extent.

101



should visit the website: https://fds.duke.edu/db/aas/Physics/grad/rbn2/files.
6.4 Discussion and Conclusions

In this chapter results have been presented for the medium evolution of a static QGP
coupled to the source terms discussed in Chapters 3 and 4. The primary numerical
results are contained in the Figures above, where it has been shown that a conical
sound wave is induced in the energy density and momentum density solutions, and
that the momentum density also has a diffusive wake. It is interesting to consider how
the results presented here compare to experimental data. In the di-hadron correlation
functions measured at RHIC there is a double peak structure in the back-jet (source
parton) distribution which has been interpreted by some as the result of Mach cone
generated flow. In the spectrum presented here one indeed finds Mach cone generated
flow but also finds a substantial diffusive flow, which seems to be missing from the
RHIC data. In order to make a comparison, however, one must consider that the
matter created in heavy ion collisions at RHIC rapidly expands in contrast to the
static background assumed here. The diffusive momentum is deposited locally and is
thus probably difficult to observe in an expanding medium. On the other hand, the
Mach cone propagates at the speed of sound, which is of the same order of magnitude
as the expansion velocities in the matter produced at RHIC, and is likely more readily
observed experimentally. More will be said on the experimental implications in the

next chapter.
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7

Comparison of AdS/CFT and pQCD Results

As was mentioned in Chapter 2, the problem of a fast quark propagating through
a strongly coupled N = 4 supersymmetric Yang-Mills plasma has been examined
[46, 47]. In this chapter, I will compare the results obtained in those calculations
with what has been presented in this thesis. Gauge/string, or AdS/CFT, duality
[77] has enabled many calculations to be handled analytically in the strongly coupled
supersymmetric Yang-Mills plasma in the limit of the number of colors goes to infinity
N. — oo. Working in this limit, the authors of [47] have presented a detailed
comparison of the hydrodynamic response of the background plasma to a fast quark
and the exact solution. They found good agreement between the hydrodynamic
description and the exact solution down to distances of about 1/T" from the fast
quark. In their work, the authors extracted the effective hydrodynamic source term
generated by a fast quark in the theory and solved for the medium response in
linearized hydrodynamics, similar to what was done in the previous chapter. For

example, the source term presented there is expanded in gradients and written in
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Fourier space as

JO(k,w) = g\/XTQ u?y 270 (w — uk,)
i y (7.1)
J(k,w) = 5\/XT2’)/27T5(W — uk,) [u(l + Z—T) —iu*yk
T

where u = 12 is the velocity of the quark and vA = gv/N,. For the most consistent

comparison, recall the ¢ function expansion from Chapter 6, equation (6.29)

E,T 4dmpry
o, @QPmpu’ mp i )
JD(k,w)—f(Qﬁ)é(w—ukz) uGy N +8mD7 (v’k + uw)

In the above expression, Q? = 4/3 for a quark, kp = (k2 + k2)"/%, o, = g% /47 is the
strong coupling, mp = ¢7" and E), is the energy of the quark.

The two results show some similarities and differences. To better highlight the
comparison, it’s useful to note that in the limit of N, — oo one can write for a quark

. N2-1

@ 2N,

— N./2 (7.3)

in which case /N, = v/2Q. Then, the results in (7.1) are proportional to v/272T%y g Q
whereas the results in (7.2) are proportional to T?g* Q?/4 (where factors of u? are
taken as 1). Both are proportional to T2, however, the dependencies upon g and Q
are noticeably different. Equally significant is that (7.1) is proportional to . The
energy deposition of the AdS/CFT result is unbounded in the relativistic limit. For
numerical comparison, choosing g = 2, Q* = 4/3 and v = 7 one finds

2212
VariTPygQ o (7.4)
T2g* Q* /4

which is an enormous ratio.
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There is another striking difference which may have phenomenological signifi-
cance. The k vector in J shown in equation (7.1) is enhanced by a factor of ~,
whereas in equation (7.2) it is suppressed by a factor of 4. Recall the discussion
from Chapter 6 that terms in the source vector which are proportional to k are espe-
cially efficient at generating sound waves. Naively, one then expects the AdS/CFT
result to generate stronger hydrodynamic sound modes. However, consider that both
equations (7.1) and (7.2) are an expansion in powers of the momentum, k. On the
other hand, (7.2) is taken in the relativistic limit, in which case it’s not clear that
vk < 1. In other words, the expansion in powers of k given by (7.1) may not be valid
in the relativistic limit, making a comparison questionable. This could be remedied
by taking the Fourier transform of the full source (3.58), which I will not attempt
here.

It is also interesting to compare the resulting medium response. In the upper
panel of Figure 7.1 is plotted the solutions for the energy density and momentum
density waves induced by a fast quark in the QGP using linearized hydrodynamics
coupled to the relativistic limit of the source term derived in Chapter 3. In the
lower panel is the same for the exact solution obtained in the AdS/CFT correspon-
dence mentioned above. The plots have been scaled to dimensionless variables. One
observes a similar structure in the two cases.

As was mentioned previously, a study was performed [40] which compared the
azimuthal particle spectrum generated by a fast parton using an isochronous Cooper-
Frye freeze-out from a static medium, using the source term derived in Chapter 3
of this thesis, here called the pQCD model, and the one obtained from AdS/CFET
mentioned above. The authors found qualitatively different results when using the
different models of the jet-medium interaction. In particular, they found that the
long distance features of the medium response are too weak to generate a double peak
structure at hadron freeze-out in either model. However, in the region immediately
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FIGURE 7.1: Comparing AdS/CFT and pQCD medium response. The upper panel
shows the solutions [42] for the energy density and momentum density waves induced
by a fast quark in the QGP using linearized hydrodynamics coupled to the relativistic
limit of the source term derived in Chapter 3. The lower panel shows the same for
the exact solution obtained in the AdS/CFT correspondence [47] mentioned in the
main text.

near the fast quark, they found that strongly induced transverse flow present in
the AdS/CFT model, but absent in the pQCD model, is strong enough to generate
a double peak structure in the azimuthal particle spectrum. Their conclusion is
that the anomalous azimuthal hadron correlations observed at RHIC are likely the
result of flow generated by the non-equilibrium Neck zone in the Ads/CFT case, a
contribution which does not obey Mach’s law [41].

It is important to note that in the isochronous Cooper-Frye freeze-out scenario
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the entire volume of matter is assumed to hadronize at the same time, independent
of physical processes. This is in contrast to the freeze-out in a heavy ion colli-
sion, which occurs as the result of an expanding and cooling medium. The effect
of an isochronous freeze-out scenario is that any cylindrically symmetric, or conical,
contributions tend to be washed out (see the discussion in [45]). Any rigorous com-
parison to experimental results will require incorporating a realistic source term in

an expanding medium, and using a realistic freeze-out scenario.
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Summary

This thesis presented research concerning how hot quantum chromodynamic (QCD)
matter, or the quark gluon plasma (QGP), responds to a fast parton. The QGP is
formed when strongly interacting matter undergoes a transition at high temperature
or high density from hadronic bound states to deconfined quarks and gluons and is
experimentally accessible at high temperature in relativistic heavy-ion collisions, such
as those done at the Relativistic Heavy-Ion Collider (RHIC) at Brookhaven National
Lab and in the near future at the Large Hadron Collider (LHC) at CERN. Exper-
imental measurements of hadron azimuthal correlations suggest that fast partons
may generate conical, Mach-like, disturbances in the plasma. The work presented
in this thesis develops and applies new theoretical methods that, when compared
with measurements of hadron azimuthal correlations, could shed light on important
properties of the quark gluon plasma such as the equation of state and transport
coefficients like viscosity.

I investigated how the QGP responds to a fast parton by evaluating the source

of energy and momentum generated by the fast parton in the medium. I developed
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formalisms for evaluating the source of energy and momentum in perturbation theory
with three different methods: classical kinetic theory, finite temperature field theory,
and by including the energy lost by the hard parton to radiation. In Chapter 3,
my approach was to treat the fast parton as the source of an external field in the
medium using a Vlasov equation. It was possible to obtain an analytic expression
for the source in the case without screening, as shown in (3.57) and (3.58). The total
energy deposited per unit time by the fast parton in the medium predicted by (3.57)
was shown to match the standard leading-logarithmic result for collisional energy
loss in the QGP.

In Chapter 4, I adopted a different approach in order to include the radiative
energy lost by the fast parton into the source of energy and momentum, something
which was not included in the calculation of Chapter 3. Instead of considering
the spatial structure of the source term, I gave attention to the the rate of energy
absorbed by the medium and how that changes with time when radiative energy losses
are included. The numerical results of this analysis were presented in Fig. 4.1, where
it is seen that the rate of energy absorbed by the medium increases roughly linearly
in time. In Chapter 5, I introduced and used the formalism of finite temperature field
theory to calculate the source. The dynamics of a scalar field with quartic interaction
coupled to a source current was analyzed in the field theory approach, and then in
the Vlasov approach. Equations (5.40) and (5.54) showed the final results, from
which it is seen that the source of energy and momentum in the scalar field theory
is a total gradient with zero net energy deposition.

In Chapter 6, I obtained the response of the medium by coupling the source
terms of Chapters 3 and 4 to a linearized hydrodynamic evolution. The medium
response to the source derived in Chapter 3 was analyzed for different viscosities,
speeds of sound, and for the relevance of finite spatial structure of the source. The

results show a Mach cone formation in the medium, that weakens and broadens
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as viscosity is increased. Additionally, the result was shown to be sensitive to the
finite structure of the source term up to distances of several femtometers from the
fast parton. The time evolution of the medium response to the source of Chapter
4 was also presented. The Mach cone formation was visible, particularly at later
times. The radiative induced excitation led to a time growth in the source strength,
which manifested itself in the sharp rise of the induced energy density wave at early
times. The result for the magnitude of the momentum density showed that the
sound wave separated from the diffusive wake to a large extent at later times. This
may be directly relevant to the di-hadron correlation measurements discussed in
Chapter 1. The double peak structure in these measurements is observed for jets
that are absorbed by the medium. My results show that when the jet is absorbed, the
sound structure of the momentum density generated becomes enhanced compared
to the diffusive part. The reader interested in seeing the full animated evolution
of the response of the medium to the source of Chapter 4 should visit the website:
https://fds.duke.edu/db/aas/Physics/grad /rbn2 /files.

Finally, in Chapter 7, I presented a comparison of the source of energy and
momentum and the medium response of perturbative QCD (from Chapter 3 in this
thesis) with that from the AdS/CFT gauge/string duality. Equation (7.4) compared
the strength of the source in the two theories and Figure 7.1 compared the shape of
the medium response.

While the goal of this thesis was to examine how the QGP at high temperature
responds to fast partons, there are still many interesting questions which have yet
to be answered. One of these is whether a rigorous theoretical calculation can con-
clusively equate the away side hadron correlation measurements with conical flow
induced by fast partons. As was mentioned in Chapters 2 and 7, there are several
monumental challenges that must be overcome to do this, the foremost of which
is to implement a physically realistic formalism to describe the hadronization and
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freeze-out of the partonic matter.

Another question relevant to the theoretical treatment of the away side hadron
correlation measurements is whether or not hydrodynamics is the appropriate theory
to describe the problem of a fast parton in a heavy-ion collision. As was discussed
in Chapter 1, nearly ideal hydrodynamics has been successful in modeling the bulk
evolution of a relativistic heavy-ion collision. However, the two problems are qual-
itatively different. The bulk evolution of the nuclear medium is a geometrically
smooth system, for which gradient terms are small. On the other hand, a fast parton
generates large gradients in the medium. The region where one finds the highest
concentration of energy and momentum deposition is also the region where the hy-
drodynamic treatment becomes most questionable.

There are other interesting open questions related to the formal treatment of the
source and medium interaction. For instance, the energy-momentum tensor of the
AdS/CFT string theory coupled to a fast quark has been solved for exactly. As
discussed in Chapter 2, it’s unlikely the same can be done for QCD, however, the
question remains as to how far the QCD evaluation can be taken. In particular,
solving for the energy-momentum tensor in non-hydrodynamic regions could provide
a qualitatively different perspective on the source/medium interaction. A similar
question is what is the form of the complete hydrodynamic source term in QCD,
including processes up to (¢*7)~!. Also, it is yet to be seen if the field theoretic
methods of Chapter 5 provide significant corrections to the Vlasov derived source
term of Chapter 3.

The response of the QGP to fast partons will continue to receive interest from
the heavy-ion community because of its central role in understanding QCD at high
temperature. Whether or not conical flow generates the double peak seen in the di-
hadron correlation measurements, there is still a medium response to fast partons.
The forthcoming experiments at the LHC will allow the QGP to be probed at higher
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energies than ever before and will improve the experimental capabilities for measuring
the hadron correlation structure. I anticipate improved experimental results will be

available to continue to help guide the theoretical development.
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Appendix

Appendix A: Derivation of (3.18) - (3.20)

In the HTL approximation, the source fields obey Maxwell’s equations, which are

given by

V. D(X> t) = p(X> t) (A_l)
V x B(x,t) — —836(;’ ) (A-2)
V- -B(x,t) = 0 (A-3)
V x B(x,t) = j(x,t)+ % (A-4)

where the source density is
p(x,1) = gQud(x — ut) (A-5)
j(X, t) = up(x, t) (A'G)

(in the above equations u is the source particle’s velocity and I have suppressed the

color index, which I will restore in the final result). It is convenient to solve for the

113



fields by taking the Fourier transform of Maxwell’s equations. Using the general rule

Fx,t) = (2;)4 / & / o X P (K ) (A-7)

it is found that

ik -Dk,w) = pk,w) (A-8)
ik x E(k,w) = wB(k,w) (A-9)
ik-Bk,w) = 0 (A-10)
ik x Blk,w) = jk,w)—iwD(k,w) (A-11)
where
pk,w) = 279Q,0(w —u-k) (A-12)
ik,w) = upk,w). (A-13)

The function D is related to E through the dielectric tensor €;;:

(the summation over j is implied and I now suppress the (k,w) notation). In an
isotropic medium the dielectric tensor can be decomposed into transverse and longi-

tudinal parts such that

€ij = €L k2j +er (51']' - k—;) (A-15)

and D is now written as

D= ELEL + ETET (A-16)
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where E; = 1A<(1A< -E) and Er = E — E;. One should note that k - Er = 0 and

k x E;, = 0. Maxwell’s equations now take the form

ierk-Ep = p (A-17)
ik xEr — iwB (A-18)
ik-B = 0 (A-19)
ik xB = up—iw(e Ep + erEr). (A-20)

An equation for B can be obtained by crossing k into (A-20) which combines with
(A-18) and (A-19) to yield (with color index restored)

B% 27m'gQ;(k X u)

e k) (A-21)

One can then obtain Er by crossing k into (A-18)

B — YB ko 2migQiw (uk* — k(k - u))

k? k2(k2 — epw?) Ofw —u-kj. (A-22)

Combining (A-21) and (A-22) with (A-20) yields
i k2 :
E% = (—1)€L—w (up + Z;ET — ZCUETET))
(A-23)
_ 2migQy(k - u)

erwk?

ké(w —u - k).

These results can be back transformed to position space to yield (3.18 - 3.20).
Appendix B: Details of obtaining (3.25)

In this appendix, I will show how the form of equation (3.25) was obtained. The

relevant starting point is equation (3.22), which is written as

dp p'p” 0fo dp p”
/(271‘)3 pY Oxk :/vaiDijvpij (B-1)
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where p” = (E,p) and I have used v* = p*/p". As discussed in Chapter 3, assuming
the medium is locally thermal, in the frame comoving with any fluid element the

following thermodynamic relations are valid

dp p'p” , y
/ o) fo = (e +p)a™s™ — pg"”. (B-2)

[ will be interested in evaluating the left-hand-side of (B-1). For any given volume
element of the medium moving with a velocity, u, the energy and momentum are

related to the values in the comoving frame by

. /
p=p +yu( 2 45 (B-3)
v+1
and
E=~E +p - u) (B-4)

where the primed quantities are the values in the comoving frame and v = 1/v/1 — u?.

Similarly, the Jacobian determinant for this transformation is

B
dp = dp ok (B-5)

Thus, for the left-hand-side of (B-1), one has

dp p'p”, / dp’ p"p”
O | G o= | o >0
where
“w
po_ 0 ' P o B-
p lv(p +p'-u),p +vu<7+1 +p : (B-7)

What is left is to now explicitly evaluate the right-hand-side of (B-6). For in-

stance, using (B-2),

dp' (p°)? — (,0)2 _ -
[ G et = e+ ) = (B-3)
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where I have defined the medium 4-velocity w* = (1, u)*. Also,

dp/ popi .
/ (27m)3 PO fo=ww'(e + p) (B-9)
and
do’ pip’ L y
[ e+ (510

The results (B-8 - B-10) can be combined into one expression

dp’ p'p” Y

where T" = whw"(e + p) — ¢"p. Combining the above results with (B-1) yields
equation (3.25)
9, T" = J". (B-12)

Appendix C: Explicit evaluation of the v integration

In going from Eq. (3.34) to (3.35) and (3.36) I performed an integration over v by
choosing a frame in which k’ = 'z, performing the integral, and then rotating back
into a frame in which k’ is arbitrary. In this appendix the explicit details involved

will be given. The relevant starting point is

/d\A/V -E (50VV -E + 52’1/ (Ez + (V X B)z)) (C-l)

Ar(w' — K -V + ie)

where E'* is short for E*(k"), etc. There are two basic integrals to consider, which

have the form

v
dv . I C-2
/ V47T(w’ —k -v+ie) (6-2)

9,9
4% 7Vm - )
/ Vi —K v +ie) (C-3)
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Now specify that k' = £’z and consider that since v = (sin 6 cos ¢, sin  sin ¢, cos )
the integral over d¢ will ensure that only I, survives in (C-2). Making the replace-
ment dv — [ dfd¢sinf gives

sin 6 cos 6
L= /d9d¢47r(w’ — k' cos 0 + ie)

Lt deg
I Rt

Similarly, in (C-3) the integral over d¢ ensures only I,,, I,,, and I,, contribute:

(C-4)

. L[t oa-¢)
L = [yy - Z /;1 (w/ _ k/g —I—ZE) = QQ (C_5)
and
1 dg¢ & _
Izz - 5 /;1 (w/ _ k,€+26) = Q3' (C_6)

The €); terms are evaluated with the result

(k) 4 (1~ 2 [ 2] .

(k) = o7z (10| o] - 2 - 2) = Souch (c-9)
Equations (C-4 - C-6) can be rewritten as

I = 6.0 (C-10)

[jm - (5jx5mx + 5]:1,‘6777,:1}) Q2 + 5]'25sz3
(C-11)

w
- 5ij2 —|— 6j26mZ(E91 - Qg)
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In the above expressions the subscript z denotes the orientation of the k’ vector.
Generalizing to an arbitrary k' is done by making the replacement 9,, — k’; in

(C-10) and (C-11). Going back to (C-1) (and suppressing the color index) I find

/dQ\Af -E' (00, Vv - E* 4 0, (B 4+ (Vv x B)?))
Ar(w' — K -V + ie)

/ o (1 w
o, (B E) + (- B (I B)(0: - ) + (C-12)
5 ((12/ E)EQ.+
/ o N(1n w
(8 % B0, + ) x B0, —02))
which is the result given in (3.35) and (3.36).

Appendix D: Evaluation of &1, ..., &

In Sec. 3.3, I put off the explicit evaluation of the terms &, ..., & and directly went
to the results (3.57) and (3.58). In this appendix, I will give a detailed derivation of

the expressions:

&1 . -Jo(ka)/kaz
§a| _ / ke di ek (k) | Jo(pkr)kpk?
&l ) T kDL(k) Jo(pkr)ks,
&4 RALE (D-1)

[55} - / dk dkT—ei(z_m)kz%(k) [ Jo(pkr) kK3
&6 : k2Dp(k) | Ji(pke)kz k2]

Here, I am interested in the unscreened source term which is found by setting
Dr(k) = k* and Dp(k) = k* — w?k?. 1 start by changing to polar coordinates

(i.e., k and 6, where k, = kcosf and kr = ksinf) in which case the two {2 terms
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can be written as

(k) = ok (D-2)
Ga(0)
pum D_
k) = = (D-3)
where
G1(6) = 2u cos @ tanh ™' [u cos 0] — imu cosf — 2 (D-4)
and

Go(6) = 2tanh™ ' u cos 0] (1 — u? cos® )
(D-5)
—i7m(1 — u? cos® ) + 2u cos .

Defining A(f) as some generic function, I now write the general form of the k inte-

gration as

k(e Jo(pksin 0)
— tk((z—ut) cos 6) 0 ) _
& /dk‘dé’ sin fe {J1 (pk sin 9)} A;(0) (D-6)

which can be evaluated using the relations [78]:

/ dk €™ Jo(kb) = ! (D-7)
0 b2 — (y + ie)?

wy
(1 + R Z_E)2> (D-8)

where b > 0 and € is a positive infinitesimal quantity. Defining a = (z — ut)/p and

S|

/ dk ¢ J (kb) =

0

using the above integrals allows

& = /dk‘d@ sin fe’k((zut) cos ) [Jo(pk S 9)} Ai(0)

J1(pk sin 6)
B sin 6
T 1 \/sin2 60— (a cos 0+ie)?
== do— 1 + iz cos 6 AZ(Q) (D—9)
0 P i p\/sin2 0—(a cos O0+ie)?

_ /0 ’ d@% ggzﬂ A8).



where I have set ¢ = 0 for conciseness. Explicitly, the terms look like

gl T 1 U(H)
& = / d92—G1 @) | U(B)cos*b
€4 0 p | L(0) cos 0sin 0 (D-10)

&Gl [, 1 [U(6) cos 0 sin® 6
[&J _/0 de@GQ(e) | L(6) cos* Osin 6|

where &3 is omitted since it will not appear in the final expressions.

It is imperative to consider symmetry before trying to evaluate the various terms.
For instance, in &, ..., &4 the imaginary part of U(#) and the real part of L(f) only
need to multiply against the term —imu cosf due to symmetry considerations. Sim-
ilarly, the real part of U(#) and the imaginary part of L(#) do not need to multiply
against —imu cos @. It turns out that due to symmetry the terms involving the imagi-
nary part of U(#) and the real part of L(f) are easier to evaluate than those involving
the real part of U(#) and the imaginary part of L(#). It makes sense to first get these
simpler expressions out of the way and then focus on the more tedious ones. I intro-
duce the notation &; = &;, +&;;,, where &;, now denotes terms involving the imaginary
part of U(f) and the real part of L(#). Using Mathematica 6.0 these terms can be

evaluated and I find

mTau

2
gla 7rau[Z§+a2)
§2q| = 3px*
_ imu _ za(34+a?)
£4a I 3p (]_ P7X4 ) (D_l]_)

B mwa®
[&,a] _ N ]
o in z a(3+a
G |- (1 575)

where y = V1 + a2.

Now I turn to the more involved &;, terms which involve the real part of U(0)
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and the imaginary part of L(#). It is convenient to note that

Re[U(#)] = sinf Re

! ] (D-12)

\/sim2 0 — a? cos? 6

Tm[L(0)] = ZCZSGRe

\/sin2 0 — a?cos? 6

! ] | (D-13)

For the sake of bookkeeping, I note there are 7 distinct integrations which need to

be performed. These terms are given by the real parts of

ind
= [ do o T, (D-14)
V/sin? 6 — a2 cos?
where
v _ . -
T, cos? 6
T; cos f tanh ™" [u cos 0]
T, = cos® f tanh ™' [u cos ] : (D-15)
T; cos 0 sin® f tanh ™" [u cos 6]
Ts cos? §sin® 0/(1 — u? cos? 0)
|17 | | cos'0/(1 —u?cos®0)
In terms of these the &;;, are
§1b ups — ¢1
S| g |, M
Eap| = = | 5(uips —ip2) | . (D-16)
2 (105 + ups) /2
So, 55 (14 + iupr)
Using Mathematica 6.0 1 find for the real parts of the ¢ terms:
T
()0 = — D—17
1= (D-17)
s
= D-18
P2 20 ( )



o3 = — (X —Va?+ 1/72) (D-19)

S ux?
(X% + 2u?) 7
_ " e — D-20
P4 3uy? ¥3 Gux ( )
Y5 = P3 — P4 (D-21)
s 2x? + 7y*u? 1
Ye = 5 1 3 — (D—22)
Y 2X Va2 +1/+?
s 1 1
== |——t—F—| - D-23
L ( X a? + 1/72> i ( )

Combining the above results I find

(V@I — au)

6 pr—
' PX>
7 (2,/a? + 592 (@®u® + ) + (1 4+ a®y?) (2u? + x2(1 — 3u?)) — 3x*
& = ( u )

6PU3X4 /a2 + 7_12,}/2
T 1
& —u6y = “3 (@U3 (2+X%) + X7 (x — 3au) + 2y /a? + §(><2 - u2)) (D-24)

T (a (—2a72 +2uy?, /a2 + 7% + a) —1
uy — u’s =
M fa2 + %272
iTz (—a2 + (a® + 3) ua, /a® + ,Y% + 2u® — 1) iy

uée + 2§y = _ 2=

2X4,/a2+$2p 2

which are combined with (3.49) to yield (3.57) and (3.58).

Appendix E: Numerically Integrating Equation (3.40)

As mentioned in Sec.3.4, the evaluation of the 12 ¢; terms listed in (3.40) with

medium screening included must be done numerically. In this appendix I will discuss
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the specific techniques used to perform these numerical integrations. The &; terms

are given by

&1 B Jo(pkr)krk?
52 :/ e T le(k) J()(pk‘T)k‘T/{ig }
&| = ) R n Jo(pliy) . (E-1)
54_ Jl(ka)kzk%
& _ / e GOk, (k) [ Jo(pkr )k
= [ dk.dkp——n——7""2 E-2
[&s_ T k2Dr(k) | Ji(pkr)k2k? (E-2)
&) 2 / CETO T (phr )k :
& | e Ty (pkr) K2k
) = [ iy ST | ko) _
S| dkzdkaQDT(k) Jy(pkr) k3 k? (E-4)
512_ Jo(ka)kzk%

where the k, integration runs from oo and the kr integration ranges from 0 — oo.
Since each &; contains a double integration which ranges over an infinite interval,
care must be taken to cast each term in a form that will tend to zero as quickly as
possible in order to make numerical evaluation feasible. In the case of the integrals

over dk,, we can take advantage by the exponential term e(*—4)k=

by bending the
contour in the imaginary plane. The strategy works as follows: start with a function

of the form

/oo ei(z_ut)sz(kz)dkz (E—5)

[e.9]

where f(k,) is an analytic function. Next, bend the contour of the integral in the

complex plane by making the variable change
kz N TeiaSign[r] (E_6)

and
dk, — dr eSienlr] (E-7)

124
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Y

Re[r] Re[r]

FiGURE E-1: Bending the contour for numerical integration.

where the limits of integration on 7 are from —oo to co. Under this change, (E-5)

becomes

/ exp [Z(Z . ut),r,eiaSign [r}]f(reiaSign[r] )6iaSign (r] dr (E-8)

[e.e]

and now the exponential term is damped in (E-8) [provided « has the same sign as
(z — ut)] making the integral more numerically manageable. (E-8) and (E-5) will
be equivalent if the integrand vanishes as r — 400 and no poles from f(k,) are
crossed when bending the contour (this places a restriction on the value of «). This
method is illustrated in Figure E-1, where diagram (a) shows the inegration contour
before bending, and diagram (b) shows it after bending. The two green-yellow stars
indicate the possible location of poles, which restrict how large o can be.

Before applying this technique it is necessary to consider where the &; have poles.
Any poles located directly on the imaginary axis will not affect the result so we can
ignore those. That leaves us to consider where the zeros of Dy (uk,) and Dy (uk,) are.
An analytic solution for the zeros of Dr(uk,) and Dy (uk,) is impossible because of
the logarithmic terms. However, the zeros can be searched for numerically. Using the
parameters u = 0.992 and mp = 0.4 GeV, it is found that all poles are sufficiently
close to the imaginary axis so that the value of a used is not restricted for any
reasonable value for terms with Dr(uk.) in the denominator. I choose to use |a| = 1.

However, for terms with Dy (uk,) in the denominator, it is found that for values of
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kr < 1/2 poles become increasingly close to the real axis. For this reason, I choose

to break up the integration in the terms with Dy (uk,) in the denominator into a

/ dkr / dk. (E-9)
1 —00

which I bend in the complex plane with a value of |«| = 1 and a term

1 o]
/ dby / k. (E-10)
0 —00

which I do not bend in the complex plane. For the terms I do not bend in the

term

complex plane it is usually necessary to subtract off the asymptotic form of the k.,
integration in order to make the numerical integration efficient. The asymptotic form
must then be added back. Similarly, for the terms I do bend in the complex plane,
I usually must subtract off the asymptotic form of the kp integration to provide
efficient convergence.

In the case of z = wut, it does not make sense to bend the k. integral in the
complex plane since there will be no damping term from the exponential. In this
case, | instead perform the numerical integration by subtracting off the unscreened
form of & in the integrand (which has the same large k£ form) and then re-adding
after evaluation.

To make these ideas more concrete, consider &; for the case of z # ut. I write

0 0 . ]{?2
i(z—ut)k: T E-11
/_oo dkz/l dhre Silpkr) (DL(ukz) ) )

where [ have subtracted 1 to make the kp integration more efficient. I bend the

above contour in the complex plane and perform the integration and then re-add

/ dk. / dkreF k= I (pkr) ~ 6(2 — ut) (E-12)
—0o0 1
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which can be ignored, since it only contributes when z = ut. Next, I integrate

2

1 1
. k
dk. | dkpe’*="k= J (pkp) ——L
/_1 | okr) i)
dk dk: z—ut)k= 7 (ok M _kr E-13
¢ Nilpkr) Di(uk,) k2 (E-13)

/ dk. / dkp ez(z —ut) kZJ (ka> ]{;2 @
Di(uky) &2

where T have subtracted k2/k? to make the k, integration more efficient. I then must

]{72
2Re { / dk, / dkpel =Dk (ka)kJ -

re-add

(E-14)
% (2(cos(2) + z8i(z)) — 7lz]).
Considering &7 for the case of z = ut, I write
e BB
dk, dkrJy (pk — E-15
[ [ wntomn (55 - i) =
and then analytically re-add [see (3.49)]
= = i(z—ut)k ki
/_OO deA dkT@ zjl(pk’]“)w
(E-16)

_ mp
(7 + (= PP

and evaluate at z = ut.
Appendix F: Obtaining the Fourier Representation of (3.43) and (6.20)

In Sec.6.1.2 the explicit determination of the Fourier transform of the full source was

put off to this appendix. Including the damping factor, e ”™ one has for the inverse
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Fourier transforms of (3.43) and (6.20)

(@)

J(k,w) =
8T
2 (-1)
d4 ik-x—pm ( yu v u )
e R R CRE )
and
ko) = as(Qp)*mpy
’ 8T
(F-2)
- 1 YU z_
d4 ik-x—pm o )
/ . ((zW +p2)2 (2P +p2)2)
After an integration by parts, the second term in (F-1) takes the form
. u2 eik-x—pm . )
/d T m (Zk + m(COS (b, Sin (b, 0)) (F-B)

where I am working in plane polar coordinates, p and ¢, such that x = pcos ¢ and
Yy = psin @.

It is clear there are three distinct integral forms which need to be evaluated. After
(trivially) integrating out the ¢ dependence to bring down a factor of 2wd(w — uk.,),

the three distinct integral forms are

(1, cos ¢, sin ¢) A

dx e—ik-x—pm
/ a3 o\ (22924p2) = A2 . (F—4)
(2°7% +p?) S A

S 3
The exponential dependence upon the variable ¢ is in the term —ip(k, cos ¢p+k, sin ¢).

Re-writing this term as —ipkp cos [¢ — a], where k, = kyp cosa and k, = krsin a, the

¢ integration can be done using the relations

o 1
/ — [cos ¢ | exp [L£ikrp(cos [¢p — al)] =
0“7 lsing
(F-5)
Jo(pkr)
+iJy(pkr) cos o
+iJi(pkr) sin a
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where J;(x) is the Bessel function of the first kind of order i. The final result for A

is obtained by using the relation

_zzkz pmJO(PkT)
d d pr—
/ Z/ s (p? + 22%)?

(F-6)
B ik,
29y2\/k2 + (k7 + m?) 72 + 2my[k, |
which gives, in the large v limit,
(2m) ik, m
Np=————". F-7
NN (E-7)
The first component of A;, denoted by A,,, requires evaluating
—zzkz —pm k
/ dz / dp* J"(@ )P
(p* +7%22)
(F-8)

T
VEZ+ (B2 4+ m?) 42 + 2myk.|

The second two components of Ay, denoted by A;;, can be determined after evalu-

_zzkz pmjl(ka)
d d
/ Z/ s (p? +22%)

ating

(F-9)
I my + |k,|
kry VE2 4+ (k2 4+ m2) 42+ 2mr k.| )
Again, working in the large + limit, this gives for A,
A 272
e v/ k32 + m?
(F-10)

A 212 1 m ( . )
= —— — ———— | (cosa,sina).
t vkr k% 4+ m?

To determine Az it is necessary to evaluate
_zzkz pmJO(PkT)
/ dz/ 5 T (F-11)
(2272 + p?)
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The above form of (F-11) is difficult to evaluate analytically. However, it can be
made more manageable by including the screening factor in the z, rather than p,

integration. In this case, one has in the large v limit

_zzkz ’y\z\mjo(ka>
/ dz/ i (2292 + p?)*2
2 m + ]{ZT
— G
v "\ 2 /E,T

where Zpim = (274 /EpT)_1 has been used as a short distance cutoff in the z integra-

(F-12)

tion. This gives for Ag

47 m + kr
A3 =—0G . F-13

It is now possible to write down the final result for (F-2) and (F-1). Remembering

to include the factor of 270(w — uk,) from the ¢ integration, one has

Tk, w) = (QZ; DY V()
m + k:T im(u - k)
2,/E,T 47\/m
Ik.w) - M@w)a(w k) (F-14)

which is the result quoted in (6.28).
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Appendix G: Evaluating (6.51)

I here consider the evaluation of

d4k tk-x—iw
e(x,t) = / 2r) X Whe(k W)

- A d4k ik-x—iwt
=10 / ) e X

(ik, +iw — Tk?)(1 — e_tM(ikz-i-“f—iw)) N (—ik, +iw — T k?*) (1 — etM(ikz—v-l-iw))
(W2 — A2k% + il swk?)(w — k, + i) (W2 — 2k? + il wk?)(w + k. + 1)
(G-1)

where O = AE, — AFE10/07, as was discussed in Chapter 6. The first step is to
perform a contour integration in w. The poles are all in the lower complex plane and
are given by

A

N
w=-—— +/2k? —T2k4/4 ;and +k, — iy

T, k2
! 5 +csk ,and £k, — 1y

where the second order dissipative term has been dropped in the second line. T am
here taking ¢ > t); > 0 such that it is necessary to close the contour in the lower
complex plane for all terms in (G-1). It is helpful to note that the residues from the
poles given by w = +k, — iy contribute to zero (as the reader can check) and can be
ignored.

The first term from (G-1) requires evaluating

dw (ik, +iw — F5k2)(6_m — e_iw(t_tlw)_tl\l(ikz-i-“/))
o . G-3
| o TR ) o
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Summing over the residues gives

- (Zkfz + W — Psk2)(e—iwt o e—iw(t—tM)—tM(ikz—l—w)) 1 N
I (w— k. +i7) (Wit k)|
i i (G-4)
. (Zkfz + W — Psk2)(e—iwt o e—iw(t—tM)—tM(ikz—l—w)) 1
(w—Fk, +iv) (w+ ZFTkZ —ck)|
where ] _, means to evaluate the expression at w = —% + ¢4k. Plugging in the
appropriate expressions gives
» -(ikz ticgk — FSHk2)(6—FSHk2t—icSkt o e(—rsk2H—icSk)(t—tM)—tM(ikz+~,))'
| 2csk(ky — cok + 0, HE? — i) -
] ] (G-5)
. (Zkz —ick — FsHk2)(e—FsHk2t+icSkt _ e(—rsk2H+z‘cSk)(t—tM)—tM(ikz+~,))
o 2cok(k + cok + 0, HE® — i) |
where I'yH = I'y /2. The expression resulting from the first term is therefore
. Bl ekx—TsHkt
Oeqa(x,t) = (—)O X
€l t) = (=) / 2r)3  2c.k
(ik‘z +icek — FsHk2)(e—icskt o 6—icsk(t—tM)—tM(ikz+~,—rsHk2))
(k. — cok + 1T HE? — i) (G-6)

(Zl{iz o icsk o F£Hk2)<€icskt - eicsk(t—tM)—tM(ikz-i-'y—FSsz))
(k, + csk + il Hk? — i)

where the subscript @ is meant to indidicate this is the first term from (G-1). Per-

forming the ¢ integration and switching to spherical coordinates leaves

_ [ dkdu Jo(pkyV/1 — u?) k o~ To HE?t+ik2
o) = (10 [ SR 3

X

(Zk‘u + iCsk‘ _ FsHk2)(e—ic5kt _ e—icsk(t—tM)—tM(iku+'y—F5Hk2)) B
(ku — csk + iU HE? — i) (G-7)

(zku _ iCsk _ Fssz)(eicskt _ eicsk(t—tM)—tM(iku—l—fy—l"sHkQ))
(ku+ csk + 1l Hk? — i)
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which is evaluated can be evaluted numerically after performing the derivative in O
and setting v = 0. In the expression, u = cos @ and p = /22 + y2.
The second term from (G-1) can be evaluated in a completely analogous manner

to leave

N ) —TsHk?t+ik.z
Sey(,1) = (=)0 /dkdu Jo(pkv1 —u?) ke »
(2m)? 2¢4

[(—z’ku + icsk — FSH]{:z)(e_icSkt — e—icsk‘(f—tM)+tM(iku—’y+Fsk2H))

(—ku — csk + iU HE? — 1) TGy

(zk;u +icek + FsHk2)(€ic5kt _ eicsk(t—tM)-l-tM(iku—'y+Fsk2H))
(—ku + csk + il s HK? — i)

and the final result for de is the sum of de, and dep.

Next consider the longitudinal momentum density, which has the form

- ) d4k ik-x—iwt k
gL(xat) _ZO /(27‘(‘)46 ﬁx

(iwk, + ic2k?)(1 — etmlhty=iw)y (k. +ic2k?)(1 — etm (ih=—r+iw))
(w? — 2k + iTwk?)(w — k, + i) (w? — Ak2 + iDwk?)(w + k., + i)

(G-9)

The evaluation of g (x,t) proceeds analogously with the calculation of e. The result

is given by

O / dk:du 6—F sHE?*t+iku

(i\/l —u?Jy(kpV1 —u?) cosa,iv1l —u?Jy(kpvV1 —u?) sina, udy(kpv1 — u2)) X

(ik‘u(csk‘ _ iFSsz) + icgkz)(e—icskt _ e—icsk(t—tM)—tM(iku+’y—FsHk2))
(ku — csk + iU HE? — i7y)

(i/{:u(—csk _ iFsH]CZ) + icgkz)(eiCSkt _ eicsk(t—tM)—tM(iku+'y—F5Hk2))
(ku + csk + iU s HE? — i)
(G-10)
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and

X

dkdu e—F cHE?t+iku
ngb .',U t O /

(i\/l —u?Jy(kpV1 —u?) cosa,ivV1l —u?J(kpv1 — u?) sina, udy(kpv1 — u2)) X

(ik‘u(—csk‘ + iFSsz) + icgkz)(e—icskt _ e—z‘csk(t—tM)—tM(—iku+~/—FsHk2))
(—ku — csk + 1T HK? — i)

(z'k:u(csk + iFSHl{Z2) + icgk2><eic5kt _ eicsk(t—tM)—tM(—iku—i-’y—FsHkQ))
(—ku + csk + il s HEK? — i)

(G-11)

where « is the position space azimuthal angle around the 2 axis. The above integrals

are performed numerically.

The transverse momentum density is given by the expression

4 —_ _ 2
gr(z,t) =10 / (g l§4 eikvx—iwt( kok,, —kyk,, k7.) "
T

k2
(G-12)
i(l _ 6—tM(ikz+“/—iw)) —i(l _ 6tM(z‘kZ—fy+iw))
. — + . — -
(w+ 3D (w— k. +17)  (w+ 3i0k2) (w + k. + 1)
The w integration here takes the form
d . (1 — —tar (tkz+y—iw) —i(1 — tas (k. —vy+iw)
(2m) (w+ Tk (w — k. +1vy)  (w+ i) (w + k. 4 i)
whose only contributing pole is at
I E 9
W = _ersk = —ZQFSk (G-14)

which again is in the lower complex plane. The contour integration can be done to

give

. _or 21 2(1 o 6—tM(ik‘z+’Y—QFSk2)) _Z(l o etM(ikz_’Y'f‘QFsk‘Q))
(—iQU'sk? — k, + 1) - (—iQT' k2 + k. + i)
(G-15)

_OT.k (1— 6—tM(ikz+“f—QFsk2)) (1-— etA{(ikz_7+QFSk2))
(—iQFSkQ —k, + ify) B (_Z'QI‘S]{Q +k, + iv)
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and one is left to evaluate

s — _ 2
gr(z,t) =10 /% e—QFskztﬂ‘kx( kyk., —kyk., k7) y
T

k2
(G-16)

(1 _ e—tjvf(ikz—i-*y—QFskz)) B (1 _ etl\/l(ikz—’y-i-QFsk)z))
(—iQUsk? — k, + i) (—1QUsk? + k, + i)

Performing the ¢ integration gives

™

(—z’qu(kp\/ 1 —u?) cosa, —iuJy(kpvV1 —u?) sina, V1 — u?Jo(kpv1 — u2)> X

(1 o 6—tM(iku+’y—QF5k2)) (1 o 6tM(iku—’Y+QFsk2))
(—iQUk? — ku+1y)  (—iQUk? + ku + i)

(G-17)

which can be done numerically.
Appendix H: Numerical Integration

Several times in this thesis results were cast in the form of an integration which could
be done numerically but not analytically. In all numerical integrations the software
program Mathematica has been used. There are several ways to gauge the accuracy
of the numerical results of integration which I will discuss here.

The most straightforward gauge of accuracy in the numerical integration routine
of Mathematica is found by using the option of AccuracyGoal. Setting AccuracyGoal—
n effectively limits the error to be of order 10™". If the program takes an abnormally
long amount of time to converge to the specified accuracy, it issues a warning, but
continues the evaluation. In such a case, a result is obtained but the accuracy may
be less than specified in AccuracyGoal. In more extreme cases, the error may be
comparable in size to the integration value, in which case a warning is issued which

gives the result of the integration and the estimated error size. Finally, the program
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may be unable to obtain a finite result, in which case a warning is issued stating the
integral does not converge. For any given evaluation, the error messages provide a
natural check on accuracy. For most results, I have used an AccuracyGoal of 6.

A second, but less quantitative, check on accuracy is found in the amount of time
an evaluation takes. Typically, for a given AccuracyGoal, more straightforward ma-
nipulations converge quickly, while more difficult evaluations may take much longer.
Generally speaking, if an integration takes an inordinate amount of time, the pro-
gram is struggling to evaluate it and the answer may be wrong. Most of the plots
presented in this thesis required hundreds of evaluation points, providing a natural
deterrent to using very slowly evaluating integrals. However, the amount of time an
evaluation takes is only a rough guide for accuracy. Sometimes integrations where
the error is comparable in size to the integration value evaluate very quickly.

Finally, the most basic check on the accuracy of numerical integration is found
in plotting the final result. Clearly, results which vary smoothly and are consistent
with known results are more likely numerically accurate than choppy results which
are not consistent with physical intuition. Similarly, one can check how the plots
change when a parameter of the calculation is varied, such as was done in Chapter 6
for the speed of sound and shear viscosity. In these cases, one has a reasonable idea

ahead of time how the plots should change.

136



Bibliography

[1] M. E. Peskin and D. V. Schroeder, “An Introduction To Quantum Field Theory,”
Reading, USA: Addison-Wesley (1995) 842 p

[2] H. Satz, Ann. Rev. Nucl. Part. Sci. 35, 245 (1985).

[3] B. Muller and K. Rajagopal, Eur. Phys. J. C 43, 15 (2005).

[4] L. D. McLerran, Rev. Mod. Phys. 58, 1021 (1986).

[5] F. Karsch, Nucl. Phys. A 698, 199 (2002).

[6] L. D. McLerran and B. Svetitsky, Phys. Rev. D 24, 450 (1981).

7] F. Karsch, PoS LAT2007, 015 (2007).

8] E. V. Shuryak, Phys. Lett. B 107, 103 (1981).

9] A. Bazavov et al., arXiv:0903.4379 [hep-lat].
[10] J. Stachel, Nucl. Phys. A 654, 119C (1999).
[11] F. Karsch, Nucl. Phys. A 783, 13 (2007).
[12] J. D. Bjorken, Phys. Rev. D 27, 140 (1983).
[13] I. Arsene et al. [ BRAHMS Collaboration], Nucl. Phys. A 757, 1 (2005);
[14] B. B. Back ¢t al., Nucl. Phys. A 757, 28 (2005);

[15] J. Adams et al. [STAR Collaboration|, Nucl. Phys. A 757, 102 (2005);

[16] K. Adcox et al. [PHENIX Collaboration]|, Nucl. Phys. A 757, 184 (2005).

137



[17] K. Adcox et al. [PHENIX Collaboration|, Phys. Rev. Lett. 89, 212301 (2002).
[18] J. Adams et al. [STAR Collaboration], Phys. Rev. C 72, 014904 (2005).

[19] H. B. Meyer, Phys. Rev. Lett. 100, 162001 (2008).

[20] M. Luzum and P. Romatschke, Phys. Rev. C 78, 034915 (2008).

[21] P. Kovtun, D. T. Son and A. O. Starinets, Phys. Rev. Lett. 94, 111601 (2005).
[22] S. S. Adler et al. [PHENIX Collaboration|, Phys. Rev. Lett. 96, 202301 (2006).
23] C. Adler et al. [STAR Collaboration], Phys. Rev. Lett. 90, 082302 (2003).

24] A. Adare et al. [PHENIX Collaboration|, Phys. Rev. C 78, 014901 (2008).

[25] C. B. Chiu and R. C. Hwa, Phys. Rev. C 74, 064909 (2006).

[26] N. Armesto, C. A. Salgado and U. A. Wiedemann, Phys. Rev. Lett. 93, 242301
(2004).

27] J. G. Ulery, J. Phys. G 35, 104032 (2008) [arXiv:0807.1613 [nucl-ex]].

28] J. G. Ulery, arXiv:0801.4904 [nucl-ex].

[29] V. Koch, A. Majumder and X. N. Wang, Phys. Rev. Lett. 96, 172302 (2006).
[30] A. Majumder and X. N. Wang, Phys. Rev. C 73, 051901 (2006).

[31] http://www kettering.edu/ drussell/Demos/doppler/doppler.html

[32] J. Casalderrey-Solana, E. V. Shuryak and D. Teaney, J. Phys. Conf. Ser. 27, 22
(2005).

[33] H. Stocker, Nucl. Phys. A 750 (2005) 121.
[34] L. M. Satarov, H. Stocker and I. N. Mishustin, Phys. Lett. B 627 (2005) 64.
[35] J. Ruppert and B. Miiller, Phys. Lett. B 618, 123 (2005).

[36] T. Renk and J. Ruppert, Phys. Rev. C 73 (2006) 011901; Phys. Lett. B 646
(2007) 19; Int. J. Mod. Phys. E 16 (2008) 3100.

138



[37] T. Renk and J. Ruppert, Phys. Rev. C 76 (2007) 014908;
[38] A. K. Chaudhuri and U. Heinz, Phys. Rev. Lett. 97, 062301 (2006).

[39] B. Betz, M. Gyulassy, D. H. Rischke, H. Stocker and G. Torrieri, J. Phys. G 35,
104106 (2008).

[40] B. Betz, M. Gyulassy, J. Noronha and G. Torrieri, arXiv:0807.4526 [hep-ph].
[41] J. Noronha, M. Gyulassy and G. Torrieri, Phys. Rev. Lett. 102, 102301 (2009).
[42] R. B. Neufeld, B. Muller and J. Ruppert, Phys. Rev. C 78, 041901 (2008).

[43] R. B. Neufeld, Phys. Rev. D 78, 085015 (2008).

[44] R. B. Neufeld, Phys. Rev. C 79, 054909 (2009).

45] R. B. Neufeld, Eur. Phys. J. C 62, 271, (2009).

[46] J. J. Friess, S. S. Gubser, G. Michalogiorgakis and S. S. Pufu, Phys. Rev. D 75,
106003 (2007).

[47] P. M. Chesler and L. G. Yaffe, Phys. Rev. D 78, 045013 (2008).
(48] X. N. Wang and M. Gyulassy, Phys. Rev. Lett. 68, 1480 (1992).

[49] R. Baier, Y. L. Dokshitzer, A. H. Mueller, S. Peigne and D. Schiff, Nucl. Phys.
B 484, 265 (1997).

[50] B. G. Zakharov, JETP Lett. 65, 615 (1997).

[51] M. Gyulassy, P. Levai and I. Vitev, Phys. Rev. Lett. 85, 5535 (2000).

[52] X. f. Guo and X. N. Wang, Phys. Rev. Lett. 85, 3591 (2000).

[53] R. Baier, D. Schiff and B. G. Zakharov, Ann. Rev. Nucl. Part. Sci. 50, 37 (2000).

[54] N. Armesto, C. A. Salgado and U. A. Wiedemann, Phys. Rev. Lett. 94, 022002
(2005).

[55] P. Jacobs and X. N. Wang, Prog. Part. Nucl. Phys. 54, 443 (2005).

[56] P. Arnold, G. D. Moore and L. G. Yaffe, JHEP 0301, 030 (2003).

139



[57]

[58]

[59]
[60]
[61]
[62]
[63]

[64]

[68]

[69]

[70]
[71]
[72]
[73]
[74]
[75]

[76]

O. Kaczmarek and F. Zantow, Phys. Rev. D 71, 114510 (2005).

D. Molnar and M. Gyulassy, Nucl. Phys. A 697, 495 (2002) [Erratum-ibid. A
703, 893 (2002)].

U. W. Heinz, Phys. Rev. Lett. 51, 351 (1983).

M. Asakawa, S. A. Bass and B. Miiller, Prog. Theor. Phys. 116, 725 (2006).
S. K. Wong, Nuovo Cim. A 65510, 689 (1970).

E. Braaten and R. D. Pisarski, Nucl. Phys. B 337, 569 (1990).

M. H. Thoma, Phys. Lett. B 273, 128 (1991).

C. A. Salgado and U. A. Wiedemann, Phys. Rev. D 68, 014008 (2003).

R. Baier and Y. Mehtar-Tani, Phys. Rev. C 78, 064906 (2008).

P. M. Chesler, K. Jensen, A. Karch and L. G. Yaffe, arXiv:0810.1985 [hep-th].

S. A. Bass, C. Gale, A. Majumder, C. Nonaka, G. Y. Qin, T. Renk and J. Rup-
pert, Phys. Rev. C 79, 024901 (2009).

A. K. Das, Singapore, Singapore: World Scientific (1997) 404 p

C. Itzykson and J. B. Zuber, New York, Usa: Mcgraw-hill (1980) 705
P.(International Series In Pure and Applied Physics)

A. Patkos and Z. Szep, Phys. Lett. B 446, 272 (1999).

P. Arnold, G. D. Moore and L. G. Yaffe, JHEP 0011, 001 (2000).

S. S. Adler et al. [PHENIX Collaboration|, Phys. Rev. Lett. 97, 052301 (2006).
P. Arnold, G. D. Moore and L. G. Yaffe, JHEP 0305, 051 (2003).

Z. Xu and C. Greiner, Phys. Rev. Lett. 100, 172301 (2008).

P. Romatschke and U. Romatschke, Phys. Rev. Lett. 99, 172301 (2007).

M. Asakawa, S. A. Bass and B. Miiller, Phys. Rev. Lett. 96, 252301 (2006).

140



[77] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, Phys. Rept.
323, 183 (2000).

(78] A. Erdelyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Tables of Integral
Transforms, Vol. 1, New York, McGraw-Hill (1954).

141



Biography

Richard Bryon Neufeld, Junior

o Personal
— Born March 22nd, 1982 near Chattanooga, TN
« Education

— B.S. in Math and Physics, King College, Bristol, Tennessee, 2004

— A.M. in Physics, Duke University, Durham, North Carolina, 2007
« Academic Honors

— Co-authored publication (Phys. Rev. C 78, 041901 (2008)) which was high-
lighted in the APS Journal Physics

o Publications
— R. B. Neufeld, Mach Cones in the quark-gluon plasma: wviscosity, speed of

sound, and effects of finite source structure, Phys. Rev. C 79, 054909 (2009)

— R. B. Neufeld and B. Miller, The sound produced by a fast parton in the

quark-gluon plasma is a crescendo, Phys. Rev. Letters (in production 2009)

— R. B. Neufeld, Comparing different freeze-out scenarios in azimuthal hadron

correlations, Eur. Phys. J. C 62, 271, (2009).

142



— R.B. Neufeld, B. Miiller, and J. Ruppert, Sonic Mach cones induced by
fast partons in a perturbative quark gluon plasma, Phys. Rev. C 78, 041901
(2008)

— R. B. Neufeld, Fast Partons as a Source of Energy and Momentum in a

Perturbative Quark-Gluon Plasma, Phys. Rev. D 78, 085015 (2008)

— B. Miiller and R. B. Neufeld, The sound of a fast parton in QCD, J. Phys.
G 35, 104108 (2008)

143



	Abstract
	List of Figures
	Abbreviations, Symbols and Conventions
	Acknowledgements
	1 Introduction
	1.1 QCD and the Transition to Quark-Gluon Plasma
	1.2 Experimentally Probing the Quark-Gluon Plasma

	2 Investigating the Medium Response: Overview
	2.1 Two Mechanisms for Conical Emission
	2.2 Investigating Induced Flow in the QGP

	3 Hydrodynamic Source Term from Kinetic Theory
	3.1 Hydrodynamic Source Term
	3.1.1 A Comment on the Dielectric Screening

	3.2 Explicit Evaluation of the Source Term
	3.3 The Unscreened Source Term
	3.4 Result With Screening
	3.5 Discussion

	4 Hydrodynamic Source Term with Radiation
	4.1 Calculating the Energy Absorption
	4.2 Discussion

	5 Finite Temperature Field Theory Evaluation
	5.1 Scalar Theory with Source
	5.1.1 General Form of the Energy Momentum Tensor
	5.1.2 Calculating Correlation Functions in Real Time
	5.1.3 Calculating the Source of Energy and Momentum

	5.2 Vlasov Equation for a Scalar Field Theory
	5.3 Discussion

	6 Medium Response in Linearized Hydrodynamics
	6.1 Kinetic Source Term
	6.1.1 Linearized Hydrodynamics With a Source Term
	6.1.2 Delta Function and Momentum Space Representation
	6.1.3 Solving the Equations

	6.2 Source Term with Radiation
	6.3 Numerical Results
	6.3.1 Kinetic Theory Source Term
	6.3.2 Radiative and Collisional Source Term

	6.4 Discussion and Conclusions

	7 Comparison of AdS/CFT and pQCD Results
	8 Summary
	9 Appendix
	Bibliography
	Biography

