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Abstract

We consider stochastic hybrid systems that stem from evolution equations with right-
hand sides that stochastically switch between a given set of right-hand sides. To
begin our study, we consider a linear ordinary differential equation whose right-hand
side stochastically switches between a collection of different matrices. Despite its
apparent simplicity, we prove that this system can exhibit surprising behavior.
Next, we construct mathematical machinery for analyzing general stochastic hy-
brid systems. This machinery combines techniques from various fields of mathematics
to prove convergence to a steady state distribution and to analyze its structure.
Finally, we apply the tools from our general framework to partial differential equa-
tions with randomly switching boundary conditions. There, we see that these tools
yield explicit formulae for statistics of the process and make seemingly intractable

problems amenable to analysis.
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1

Introduction

In this thesis, we consider stochastic hybrid systems that stem from evolution equa-
tions with right-hand sides that stochastically switch between a given set of right-
hand sides.

Stochastic hybrid systems are a type of stochastic process that are used in many
areas of biology (for example, molecular biology [10], [27], [9], ecology [32], epidemiol-
ogy [15]) and many other applied areas outside of biology [31]. The word “hybrid” is
used because these processes involve both continuous dynamics and discrete events.
For the example of an evolution equation with a stochastically switching right-hand
side, the continuous dynamics are the different right-hand sides and the discrete
events are when the right-hand side switches.

In general, a stochastic hybrid system is a continuous-time stochastic process with
two components: a continuous component (X;)i=o and a jump component (J;)¢=o.
The jump component J; is a jump process on a finite set, and for each element of its
state space we assign some continuous dynamics to X;. In between jumps of J;, the
component X; evolves according to the dynamics associated with the current state

of J;. When J; jumps, X; switches to following the dynamics associated with the
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new state of J;.
In Chapter 2, we consider the stochastic process driven by an ordinary differential
equation whose right-hand side randomly switches between a collection of different

linear terms.! Explicitly, we consider the process (X;, J;) where X; € R? solves

Xt = AJtXt

with J; a continuous-time Markov jump process on a finite set £ and {A,},ex a set
of real matrices. Despite their apparent simplicity, we prove that these systems can
have surprising behavior.

Specifically, we construct planar examples that switch between two matrices
where the individual matrices and the average of the two matrices are all stable
(all eigenvalues have strictly negative real part), but nonetheless the process goes
to infinity at large time for certain values of the switching rate. To state our result
precisely, let r scale the rate at which the right-hand side switches by letting .J; have
generator r(Q), and define the average matrix A := Y B Ajm; where 7 is the invariant

measure of J;.

Theorem. There exist matrices Ay, A1 € R?*? so that Ay, Ay, and A are each stable,

but nonetheless | X;|| — oo almost surely as t — oo for some switching rate .

We further construct examples in higher dimensions where again Ay, A;, and A
are all stable, but ||.X;| has arbitrarily many transitions between converging to o

and converging to 0 as the switching rate varies:

Theorem. For any positive integer n, there exist matrices Ay, A1 and n non-overlapping

intervals {(ag, b))}, so that

1. Ay, Ay, and A are each stable.

2. If the switching rate v ¢ |J;_,(a;,b;), then | X;| — 0 almost surely as t — 0.

! The contents of Chapter 2 overlap significantly with [22].
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3. For everyie {1,...,n}, | X;| — oo almost surely as t — oo for some switching

rate r € (a;, b;).

Our work in Chapter 2 also has important implications for the general study
of stochastic hybrid systems. [12], [5], [4], and [1] all study invariant measures for
stochastic hybrid systems. Our work shows that the existence of invariant measures
may depend on the switching rates in a complicated way. In [16], [17], and [3],
the authors provide conditions under which their randomly switched systems behave
according to the individual systems for slow switching and according to the average
system for fast switching. In Chapter 2, we prove that stochastically switched linear
ODEs also obey this principle by proving that if the individual matrices are each
stable, then lim,_,, | X;| = 0 for sufficiently slow switching rate and if the average
matrix is stable, then lim;,o, | X:| = 0 for sufficiently fast switching rate. However,
the theorem above shows that the transition between the slow and fast switching
regimes can be arbitrarily complicated.

In Chapter 3, we develop general mathematical machinery for analyzing stochas-
tic hybrid systems.? We are able to cast many stochastic hybrid systems into this
framework. This machinery combines techniques from various fields of mathematics,
including probability, ergodic theory, and functional analysis, to yield explicit formu-
lae for important statistics of these processes. Our methods are particularly useful
for infinite-dimensional processes, such PDEs with randomly switching boundary
conditions.

This machinery examines stochastic hybrid systems from the viewpoint of iterated
random maps on abstract spaces. We consider a stochastic hybrid system (X, J;) €
H x {0,1} with H a separable Hilbert space. For each j € {0,1}, we define ®, : H —

H to be the flow map for the continuous dynamics associated with state j. Thus X,

2 The contents of Chapter 3 overlap significantly with [21].



is constructed by repeatedly applying the flow maps according to the evolution of
the jump component J;.

We prove that if J; does not depend on X; and the flow maps q); are contracting
in some average sense, then X; converges in distribution as ¢ — oo. Furthermore, we
prove that this limiting distribution is invariant under applications of the flow map
®¢ for random variables 7 and ¢ chosen appropriately. This invariance property is
the main tool that yields explicit formulae for statistics of the process.

In Chapter 4, we apply the tools from Chapter 3 to PDEs with randomly switching

3 There, we see that these tools yield explicit formulae for

boundary conditions.
important statistics of the solution. These tools are especially useful when the PDE
switches between boundary conditions of different types, such as switching between
Dirichlet and Neumann conditions.

Our work analyzing PDEs with randomly switching boundary conditions was
prompted by various biological problems, including questions in cell polarization,

neuroscience, immunology, and insect respiration. We conclude Chapter 4 by apply-

ing our results to an open problem in insect respiration.

3 The contents of Chapter 4 overlap significantly with [21].
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2

Stochastically switched linear ODEs

To begin our study of stochastic switching in evolution equations, we consider an
ordinary differential equation whose right-hand side randomly switches between a
collection of different linear terms. Despite their apparent simplicity, we prove that
these systems can have surprising behavior. The contents of this chapter overlap

significantly with [22].!
2.1 Background and setup

We consider the stochastic process (X;)i>o € R¢ where X; solves Xt = A, X, with I; a
Markov process on a finite set E and {A,;};cp a set of d x d real matrices. The stability
of this system when the switching process I; is deterministic has been extensively
studied in the past decade; see [2] and [25].

In [6], the authors study the stochastic problem in the plane with [, a Markov
process and E = {0,1}. The authors assume both Ay and A; are Hurwitz (all

eigenvalues have strictly negative real part) and prove the surprising result that | X;||

! First published in Communications in Mathematical Sciences in 2014, published by International
Press.



may converge to 0 or 400 as t — o0 depending on the switching rate as long as an
average matrix A = AAg + (1 — \)A; has a positive eigenvalue for some \ € (0, 1).

In this chapter, we show that the assumption that the average matrix has a
positive eigenvalue is not necessary to ensure a blowup. Specifically, we construct
examples in the plane where Ay, A;, and A = My + (1 — \)A; are all Hurwitz,
but |X;| — +oo almost surely as ¢ — oo for certain values of the switching rate.
This is significant for the general study of switching processes because it shows
that the dynamics of the switching process can be very different from both the
individual dynamics (in this case, the A;’s) and the averaged dynamics (in this case,
A). These planar examples are also interesting because they have multiple transitions
between ||.X;| going to 0 and going to +o0 at large time as the switching rate varies.
Furthermore, we construct examples in higher dimensions that have arbitrarily many
such phase transitions.

Recently researchers have devoted considerable attention to randomly switched
systems and we now comment on our work in this broader context. [12], [5], [4], and
[1] all study invariant measures for such processes. Our work shows that the existence
of such invariant measures may depend in a complicated way on the switching rates.
In [16], [17], and [3], the authors provide conditions under which their randomly
switched systems behave according to the individual systems for slow switching and
according to the averaged system for fast switching. We prove that our system also
obeys this principle in Theorems 3 and 4. However, we show in Example 2 that the
transition between the slow and fast switching regimes can be quite complicated.
Furthermore, Example 3 shows that it can be as complicated as we want.

As background for these surprising results, we first prove sufficient conditions to
ensure stability for all switching rates in Section 2.2. Furthermore we also show in
Section 2.2 that the individual matrices determine the stability for slow switching

and that the average matrix determines the stability for fast switching. In Section
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2.3 we use these theorems to construct examples that show “medium” switching can
induce blowups even when the individual matrices and the average matrix are all
Hurwitz.

We conclude this introduction by defining notation. Let E = {0,1,...,n — 1}
and let {A;};.cp be a set of d x d real matrices. For a given switching rate r > 0,
let (I;);=0 be an irreducible continuous time Markov process with state space E and
generator (). Under these assumptions, the Markov process on E with generator
r(@ has a unique invariant probability measure which we denote by 7. Furthermore,
7 is the unique probability vector satisfying 7@) = 0.

Define (X;)¢>0 to be the solution of

t
X, = X + f AL X ds, (t>0). 2.1)
0

Then (Xy, I;);>0 is a Markov process on R? x E. Unless otherwise noted, assume
throughout that the distribution of the initial condition (X, Iy) is some given prob-

ability measure on R? x F satisfying E|X,| < o0. Define the average matrix

)

The following description of our process will be useful. Let &, &, ... denote the
succession of states visited by I, 71, T2, ... the holding times in each state, N(t) the
number of switches before ¢, and a; = t — Zl]{v:(tl) T the time since the last switch.

Observe that we can write X, as

Xy = exp(Aey,, @) eXp(Aey TN ) - - - exXP(Ag, 1) Xo. (2.2)
2.2 Basic stability theorems

Theorem 1 (normal case). If A; is normal and Hurwitz for eachi € E, then | X;| —

0 monotonically as t — oo almost surely.



Proof. Since each A; is normal and Hurwitz, there exists a 7 > 0 so that for each A;

and for every t > 0,

lexp(A;t)| < e < 1.

Therefore

[ Xl = [Texp(Aeyyy.r @) exp(Agyy Tve) - - exp(Ag, 71) Xo

N(t)
< | exp(Agyy )l ( [T lexp(Ag 7o)l )1 Xol

k=1

<e | Xo| -0 ast— 0.

To see that the convergence is monotonic, let 0 < s < ¢ and replace Xy by X, in the

calculation above. O

Theorem 2 (commuting case). Assume {A;}icg is a commuting family of matrices.

If A is Hurwitz, then | X;| — 0 as t — oo almost surely.

Proof. Since A is Hurwitz, there exist positive 3 and 7 so that for each t > 0

| exp(At)]| < pe™".

For each t > 0, define

N(t)

1 1
= ;( Z Angk + A§N<t)+1at> = ZA,L;J 17— ds.
k=1

el 0

C

Now since {A;}icp is a commuting family of matrices, Equation (2.2) becomes

N(t)
X0 = exp (3] Aamic+ Agyy,,0) Xol = | exp (Cit) Xol
k=1

— [l exp (A1) exp ((Ci — A)t) Xa| < B el A x, |

Since Q is irreducible, C; — A almost surely as ¢t — oo since % Sé 17,—ids — m; almost
surely as t — o0 (see [28], page 126). Thus, || X;| — 0 almost surely as t — c0. [
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Remark. If {A;}icp is a commuting family of matrices and each A; is Hurwitz, then
A is Hurwitz. This is an immediate consequence of the fact that eigenvalues “add”

- in some order - for commuting matrices.

Theorem 3 (slow switching). Assume A; is Hurwitz for each i € E. Then there

exists a constant a > 0 so that if r < a, then | X;|| — 0 as t — oo almost surely.

Proof. Since each A; is Hurwitz, there exist § > 1 and v > 0 so that for each A; and

eacht =0

| exp(A;t)]| < Be ™.

Therefore from Equation (2.2), we have that

N(t)
X0l < | exp(Aey @)l ( [T I exp(Ag 7l )Xo

k=1

(2.3)

N(t)+1
<00 = exp (MO 105 )1 ) 1ol
Next we claim that we have the following almost sure convergence as K — o

%kz_;ﬂg — (rZwiqi)’l, (2.4)

ieF

where ¢; is the ith diagonal entry of ). To see this, let sj- denote the duration of

the jth visit of the process I; to state i € E and let Vi(K) := S& | 1¢,—; denote the

number of visits to ¢ before the Kth jump of the process I;. Then

IS T IS )
K k=1 ek K j=1 ! i€k K V;(K) j=1 ’

For each i € FE, V"g() — ¢/ (QDper @Tx) almost surely as K — oo since @ is

irreducible. And by the strong law of large numbers, Vvl ZVZ'(K)

L5 i, L
T 2ujm1 S o almost

surely as K — 0. Therefore, Equation (2.4) is verified.
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By the definition of N(t) we have that Zk [T <t < Zk )t 7. Therefore

N(t) \N(t)\ N()+1 N(t) ' ’

Since each 7 is almost surely finite, N(t) — oo almost surely as t — oo. It then
follows from combining Equations (2.4) and (2.5) that

N(t

L —r Z m;q; almost surely as t — 0.

t
S

So if r < y(2log B3 ,cp miqi) ', then | X;| — 0 almost surely as ¢ — c by Equation
(2.3). O

Theorem 4 (fast switching). Assume A is Hurwitz. Then there exists a constant

b > 0 so that if r > b, then | X;| — 0 as t — o0 almost surely.

The proof relies on the following lemma. Let E, denote the expectation with
respect to the measure of the process (I;)i=o with I distributed according to v. Since
we will consider processes with different switching rates, let us momentarily make the
dependence on the switching rate explicit by letting ([t(r))tgo be the Markov process
on E with generator rQ and define (X{”);=o with respect to (I{"))i=o as before.

Define S(T) to be the operator that maps Xy to X . Observe that S( is a function

of ([y))ossst-

Lemma 1. For every probability measure v on E and for every t > 0,

E,|S"| — | exp(At)| asr — .

Proof. Define {1}, {71}, {N'(t) }+=0, and {a} };=0 as before but now with respect

to {Lt1 }i=0. Let the distribution of Iy be a given probability measure v on E and
for A > 0 define

1 1

1
SA T Ti T T2 T TN (M) T )¢
S} = exp <A511 3 > exp <A§% 3 ) ... exXp (Ale(m 3 ) exp <A5N1(m+1 3 >

10




where we denote the transpose of a matrix B by BY. Observe that if 7 = A, then S‘t)‘
has been defined so that (S})7 and St(r) are equal in distribution.

By [19], S} — exp(ATt) almost surely in the strong operator topology as A — 0.
Since R? is finite-dimensional, we actually have that the convergence holds in the

uniform operator topology. Since |B| = ||B| for every matrix B, it follows that

ISM — | exp(At)| almost surely as A\ — .

Since |S}| < exp(max; |A;]t) for every A > 0, the bounded convergence theorem

gives

E|S} — [ exp(At)] as A — o.
Since |5} and |S7| are equal in distribution, the proof is complete. O

of Theorem 4. Since A is Hurwitz, there exist positive numbers 3 and v so that for
every t = ()

| exp(At)| < pe™".
Thus we can choose T' > 0 so that ||exp(AT)| < 1. By Lemma 1 there exists a b > 0

so that if r > b, then IEZHSF}”)H < 1 for each i € E, where E; denotes the expectation
with respect to the measure of the process (1;);>0 with initial measure P(Iy = i) = 1.

Let r > b and define the process {M,,}>_, and the filtration {F,}*_, by
M, = | X7 | and F,=0((Xy, L;):0<t<nT).

We claim that M,, is a supermartingale with respect to F,. It’s immediate that
M, € F, and E|M,| < AT < oo for A := max;cp ||4;]. For 0 < s < t, define S(s,t)

to be the operator that maps X, to X;. We now check the supermartingale property.
E[My1|Fn] < E[S(nT, (n + 1)T)| | Xz || F]

= M,E[|S(nT, (n + 1)T)||F,]

= MRy |S(nT, (n + 1)T)]

11



Taking the expectation of the above inequality and iterating yields EM,, < %EMO.
Therefore M,, converges in L' to 0 since M,, > 0. Also since M,, > 0, the martingale
convergence theorem implies that M, must converge almost surely. Therefore M,
converges almost surely to 0.

To conclude that |X;| — 0 almost surely, we need to control || X;| at times
between multiples of T. This is easily obtained since | X;| cannot grow faster than
eM. Let w € Q be such that M,(w) — 0 and let € > 0. There exists N = N(w, ¢€) so

that for all n > N,

[M,(w)| < e Me,

Thus for all t = NT,

[ Xe(w)| < (S = T1t/T]. ) Xrpm) (@) < X Myyry(w) < e.
Since this set of w’s has probability one, the proof is complete. O

Example 1. Assume E = {0,1} and Q = (' ). Define

1 4 ~2 0
AO:(O 2> Al:(o 1)'

Then Ay and A; each have a positive eigenvalue, but A = %(AO + A;p) is Hurwitz. So
despite the fact that each individual matrix is unstable, Theorem 4 guarantees that

| X — 0 almost surely as t — oo for sufficiently fast switching rate.
2.3 Medium switching can be complicated

We will now construct a switching example with two matrices, Ag and A, that is
surprising for the following two reasons. First, the individual matrices Ay and A;
and the average A = 1(Ay + A;) are all Hurwitz, but | X;| will still blow up at large
time for certain values of the switching rate. In [6], the authors show that | X;| can
blow up if the two individual matrices Ay and A; are Hurwitz as long as the average

12



matrix has a positive eigenvalue. Thus our result shows that this assumption on the
average matrix is not necessary.

Second, the asymptotic behavior of the following example has multiple “phase
transitions” as the switching rate varies. That is, the process goes to zero at large
time for both slow and fast switching, but blows up for medium switching.

We also remark that we can choose the negative real part of all the eigenvalues

of Ay, A1, and A to have arbitrarily large absolute value.

Example 2. Assume P(Xy = 0) = 0 and let £ = {0,1} and Q@ = (7' ;). We will

show the existence of matrices Ay, A; € R?*? and positive numbers a < b, so that
1. Ay, A, are each Hurwitz.
2. A=1(Ay+ 4) is Hurwitz.
3. If r ¢ (a,b), then | X;|| — 0 almost surely as ¢ — oo.
4. | X;| — oo almost surely as ¢t — oo for some value of r € (a, b).

For positive « and ¢, we define

- —a 0
we(0 ) ()

Observe that Ay and A; each have —a < 0 as their only eigenvalue. The two
cigenvalues of A = 1(Ay+ Ay) are —a +ic/2. Thus Ay, A, and A are each Hurwitz.
By Theorems 3 and 4, | X;| — 0 as t — oo almost surely for sufficiently large r and
for sufficiently small ». We will show that |X,;| — 400 as ¢t — o0 almost surely for
some intermediate values of r.

We use polar coordinates to study the large time behavior of | X;||. Our technique
follows [6] in this setting and the well known utility of the polar representation when

studying Lyapunov exponents (especially in two-dimensions) which dates back to at

13



least [18]. Define the radial process R; := | X;|| and define the angular process U;
as the point on the unit circle S! given by X;/R;. A short calculation shows that

between jumps R; and U, satisfy
Rt - Rt<AItUta Ut> (26)

Ut = AItUt - <AItUt7 Ut>Ut. (27)

The advantage of this decomposition is that the evolution of the angular process
doesn’t depend on the radial process. Therefore (U, I;) is a Markov process on

St x {0,1}.

Lemma 2. If we identify 0 € R with (cos0,sin@) € S, then the unique invariant

measure of the angular process Uy is given by

p(df, i) = pi(; 7”/‘3)1[0,27@(9) do

where for any parameter A > 0, the functions py and p; satisfy
pi(0;A) = pr—i(0 + 7/2;A) = pi(0 + ™ A)  for 0 e R, (2.8)

and po(0; ) < pi1(0;\)  for e (—g,O). (2.9)

Proof. Define the process ©; € R to be the lift of U, € S! from the circle to its covering
space R. That is to say O, is the unique process so that U; = (cos ©y,sin ©,), ©, is
continuous in ¢, and Og € [0, 27). It follows from Equation (2.7) and plugging in our

values for Ag and A; that between jumps O, satisfies

O, = —c[I, cos*(©,) + (1 — I,)sin?(©,)] < 0.

Since min,e(,1; —c[i cos?(6) + (1 — i) sin®(6)] < —¢/2 < 0 for all f € R, it follows that
O, — —oo as t — oo almost surely. Since O, is continuous, we conclude that the
Markov process (U, I;) is recurrent and irreducible and must have a unique invariant

measure.

14



If we identify # € R with (cos,sin) € S, then the adjoint of generator of the

Markov process (U, I}) is
(L*q)(0,1) = 0y (c [(1 —4)sin?(0) + icosz(e)] q(6, 2)) +1r(q(0,1 —1i)—q(6,1)).

For § € (—%,0) and A > 0, define

H(0; ) = exp (—2A cot(2€))L exp (2\ cot(2y)) sec?(y) dy

po(0; \) = Cesc®(O)NH (0)
p1(0;\) = C'sec®(0) [1 — NH(9)].

where
—1

C(\) = [4 J_ sec’(x) + (esc?(z) — sec?(x))NH (x) dx

Define H(0;A) = 0 = po(0; \) and p;(0; \) = C(N). Extend p; and py to be defined
on the rest of the real line by Equation (2.8). It is easy to check that these three
functions are well-defined.

Writing p;(0; \) as p(6,1i; \), it is easy to check that £*p(0,i;\) = 0 for all e R
and for ¢ = {0,1}. Thus, the measure u defined in the statement of the lemma is the
unique invariant measure for (U, I;).

We now check that py and p; satisfy Equation (2.9). Let A > 0 and observe that

for 6 € (—%,0), writing 1 = sin®(y) csc?(y) in the integrand gives
0

H(0; \) = exp (—2A cot(20)) L exp (2) cot(2y)) sec?(y) sin?(y) csc?(y) dy

< exp (—2A cot(260)) sinQ(G)L exp (2\ cot(2y)) sec?(y) csc?(y) dy (2.10)

1
=3 sin?(6),

since sin®(6) is strictly decreasing on (—%,0) and

% [exp (2) cot(2y))] = —Aexp (2) cot(2y)) sec?(y) csc?(y).

15



Observe also that for 6 € (—7,0)

H'(0; ) = MNH(0; \)(sec®(0) + csc?(0)) — sec?(0) = %(po(ﬁ; A) —pi(6;0).  (2.11)

Combining Equations (2.10) and (2.11), we have that for 6 € (—7,0)

é(po(ﬁ; A) —pi(0;N)) < 0.

Thus Equation (2.9) holds. O

Lemma 3. For A\ > 0, define

G(\) = J 7r(])0(9; A) — p1(0; X)) cos() sin(0) db.

0

Then G(A) > 0 and
o IfG (%) > 2, then | Xy — o0 as t — o0 almost surely.
e IfG (%) <2, then | X,| — 0 ast — o almost surely.

Proof. By Equations (2.8) and (2.9) in the statement of Lemma 2, we have that
(po(0; N) — p1(0; X)) cos(f) sin(f) > 0 for all # and thus G(\) > 0.

Now by Equation (2.6), we have that

1 R, 1 (7

-1 — ) =-| (AU, Us)ds.
o () = 1 [ cArvvas

Identify 6 € R with ey := (cosf,sinf) € S*. Tt follows from Lemma 2 and Birkhoff’s

ergodic theorem that there exists a set A € S* with u(A) = 1 so that if Uy € A, then

1
i log (%) — J<AZ’€9, eq) 11(df,1) almost surely as t — 0. (2.12)
0

Define T4 := inf{t > 0 : U, € A} and observe that for any Uy € S', we have that
Ty < oo almost surely since Uy is recurrent. Since T4 is a stopping time, we have
that the convergence in Equation (2.12) actually holds for every U € S.
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Plugging in our choice of Ay and A; and the definition of y yields

J<AZ»69, eq) pu(dl, i) = L 7T<Aoe@, egypo(0;1/c) db + Jo 7T<Ale@, egyp1(0;1/c) do

= cf 7r(po(é’; r/c) —p1(0;r/c)) cos() sin(0) df — «

0
= cG (E) — .

Hence if G (£) > 2, then lim;_o 1 log (g—é) > 0 almost surely and thus || X;| — oo

as t — oo almost surely. Similarly if G (£) < 2, then |X;| — 0 as t — oo almost

surely. O]

Since G (E) > () for every pair of positive numbers r and ¢, it is immediate that

we can choose r, ¢, and « so that | X;| — 0 as ¢t — o almost surely.

Remark. Relating this example to the deterministic problem studied in [2], the pair

A, Ay defined above fall in to case S4 with R > 1 of Theorem 1 in [2].
2.3.1 Many transitions between stable and unstable

The following example shows that there exist two matrices such that as the switching
rate varies from zero to infinity, the asymptotic behavior of the system will switch
between converging to zero and converging to infinity at least any prespecified number

of times.

Example 3. Assume P(X, = 0) = 0 and let £ = {0,1} and Q = (' *}). We
will show that for any positive integer k, there exist matrices Ay, A; € R%**2¥ and

positive numbers a1 < by < ag < by < -+ < ap < by so that
1. Ag, Ay are each Hurwitz.

2. A=1(Ao+ Ay) is Hurwitz.
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3. Ifr¢ Ule(ai, b;), then | X;| — 0 almost surely as t — oo.

4. For every i € {1,...,k}, | X;| — oo almost surely as t — oo for some value of

T e (CLZ‘, bz>

Let k be a given positive integer and define the two block diagonal matrices

A07A1 e R2kx2k by

A%) o --- 0 A% o --- 0
0 Ag e 0 0 A2 ... 0

0= : : .. : Al: : : . : (2'13>
0 0 - Af 0 0 --- AF

where
Al = (_g"' - > Al = (:O‘?' v > (2.14)
o C; Q;
for some positive numbers {c;}* | and {a;}¥ ;. It’s immediate that Ay, A;, and A
are all Hurwitz.
Let X; denote the R*-valued process corresponding to (2.13) and Xt(i) the R%-
valued process corresponding to (2.14) for each i € {1,...,k}. Since the ODEs for

X® and XU are not coupled for i # j, we have that X, = (th), o ,Xt(k)) when

viewed as an (R?)*-valued process. In particular, one has

k
1% = DX
=1

Thus || X;| — 0 if and only if ||Xt(z)\| — 0 for every i € {1,...,k}. Furthermore if
| X — oo for some i € {1,...,k}, then | X;| — oo

The proof proceeds by choosing the parameters «; and ¢; as in Example 2 so that
X is unstable for switching rates 7 in an interval (a;, b;) but stable out side of the
interval. By arranging so that the collection of intervals {(a;,b;) : j = 1,...,k} are
disjoint we will succeed at constructing the desired matrices Ay and A;.
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More explicitly, it follows from Lemma 3 and Theorems 3 and 4 that we can

choose r1, ¢1, aq, and a; < by so that

G (_) Y G<L) < Uit g (an,by).

&1 1 &1 &1

Choose N > % and for i € {2,..., k} define

ax by o G N
Ni—1’ bi = i1 Y= N 97 e TPT e

To see that our intervals (a;, b;) don’t overlap, observe that a; < b; for each i and

bl Nal
<

b = Ni—1 = N1

= aj—1-

Next observe that if r ¢ (a;, b;), then rN=1 ¢ (ay,b;) and therefore
i(0)-o ()<
C; C1 C1

Thus, HXt(Z)H — 0 almost surely as t — oo if r ¢ (a;, b;).

Finally observe that r; € (a;,b;) and
T r a o
o()-o(2)-2-2
C; C1 C1 G
Thus, HXt(Z)H — o0 almost surely as ¢t — oo if the switching rate is r; € (a;, b;).

2.4 Conclusions

Stochastically switched linear ODEs are one of the simplest examples of stochasti-
cally switched systems. However despite their simplicity, we have shown that their
behavior can be quite rich. First, the large time behavior can depend on the switch-
ing rate in a very delicate way. Second, this large time behavior can be very different

from the large time behavior of both the individual systems and the average system.
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3

Abstract setting

We now consider stochastic switching in evolution equations in a general Hilbert
space. Under certain assumptions, we prove that the process converges in distribution
at large time and we show that the limiting distribution satisfies certain properties.
Although applicable to a wide range or stochastic hybrid systems, the contents of
this chapter will prove particularly useful when we consider PDEs with randomly
switching boundary conditions in Chapter 4. The contents of this chapter overlap
significantly with [21].

In Sections 3.1 and 3.2, we construct the process and prove that elements of the
limiting distribution satisfy certain invariance properties. In Section 3.3, we prove
that the process converges to a steady state distribution. Section 3.4 is devoted to

proving the lemmas that were needed to prove this convergence.
3.1 Discrete-time process

We first define the set €2 of all possible switching environments and equip it with a
probability measure. Let po and pq be two probability distributions on the positive
real line. Define each switching environment, w € 2, as the one-sided sequence
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w = (wi,wy,...), where each wy is a pair of non-negative real numbers, (75, 7F),

drawn from pg x p;. We endow §2 with the infinite product measure generated by

to % p1. We will use P to denote this measure. To summarize some notation

w = (W15W27W37---> = ((7_[%77—11)7(7—0277_12)7(7_(:)377—13)7"') € Q.

For each t > 0, let ®)(x) and ®}(x) be two mappings from a separable real
Hilbert space H to itself. Assume that for both ¢ = 0 and 1 and for each x € H,
E|®! (x)| < o0, where 7; is drawn from ;. Assume that ®)(z) = x = ®;(x) if t = 0.
Assume that for each t > 0 there exists a K;(t) so that for every z,y € H

|y (x) — Di(y)] < Ki(t)|z — ] (3.1)

for both i = 0 and 1. Assume EKy(m)EK;(m) < 1 where 79 and 77 are drawn from

1o and pp. Furthermore assume that for each fixed x € H, the mapping
te ®d(z)e H

is continuous for both ¢ = 0 and 1.
For each w € €2, x € H, and natural number k, define the compositions G} : H —

H and Fy : H — H by
Gi(x) == Pre,,

For each w € 2, x € H, and natural number n > 0, we define the forward maps
©" and y" and the backward maps ¢~ and 7" by the following compositions of G
and F":
ph(x) = GLoGL o 0G0 Gy ()
vl(w) = FoFy oo FjoF()
(3.2)
p (@) = G, 0G0 0 G o Gi(a)
1" (@) = F o Fjo- o Fy o Fj(x).
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To make our notation complete, we define ©°(z) = z = 7°(z).

These are iterated random functions, (see [13] for a review). Assuming Equa-
tion (3.1) and EKy(m)EK1(m) < 1 ensures that G and F are contracting on average.
Thus, {¢"}n,>0 and {y"},>0 are Markov chains with invariant probability distribu-
tions given by the distributions of the almost sure limits of ™ and v~ as n — o,
respectively. Moreover, the distributions of the Markov chains ¢™ and 4" converge
at a geometric rate to these invariant distributions. These results are immediately
attained by applying theorems in [13]. Nonetheless, we prove the following theorem

to make our results self-contained.

Theorem 5. Define

Yi(w) = lim ¢5" () (3.3)
Yolw) = lim 15"(z). (3.4)

These limits exist almost surely and are independent of x.

Remark. Random variables such as these are often called “pullbacks” because they

take an initial condition x and pull it back to the infinite past.

Proof. We will show the ¢~ "(z) is almost surely Cauchy. Let z1, 2 € H and n = m.

Using the triangle inequality, we obtain

o7 (@1) — @ (@) = |GT o0 GM(31) = Gl o0 G (zy)]

N
< D 1G o0 G )~ Gro 0 G (a)
i=M+1

N ‘ i—1 4 4
< ) |G — (HW)K(%))
i=M+1 j=1
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Observe that
N ‘ i—1 ' ' N .
E > |G'(x1) -z (HMT&)MT@) = E|G (11) — x| ), (EK(m)EK(r}))"”
i=M+1 i=M+1

- E|G! (1) — x,]
T 11— EK(1H)EK(T))

<< 00.

Thus, > |G'o- -0 G¥(x1) —G' o+ -0 G~ (x3)| converges almost surely. Therefore
@ "(x1) is almost surely Cauchy and thus Y] exists almost surely. Note that Y; is
an H-valued random variable as a limit of H-valued random variables. Since x; and
o were arbitrary, Y is independent of the x used in its definition. The proof for Y

is the same. N
The random variables Y; and Y} satisfy the following invariance properties.

Theorem 6. Let 1y and 71 be independent draws from pg and py, respectively. Then
Yo =4 @,(V1) (35)

and Y, =4 OL (Yp) (3.6)
where =4 denotes equal in distribution.

Proof. We will show that (IDQO (Y1) =4 Yo. Let y € H and observe that for any n € N,

we have that

Yo" (W) =a 2 (el (DL (1)) -

Taking the limit as n — oo yields

n—o0

lim 5" (y) =a lim @9, (2 (®L, (1)) = @0, (Tim @ (@%, (1)) (3.7)

since ®Y(z) is continuous in z for each t. Recalling that the definitions of Y, and
Y1 in Equations (3.3) and (3.4) are independent of z by Theorem 5, we have that
Equation (3.7) becomes Yy =4 ®9 (Y7). The proof that Y; = ®L (Vp) is similar. [
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Theorem 7. Suppose there exists a set S < H so that for allt =0, ®!: S — S for

i =0 and 1. ThenYy and Y, are in the closure S almost surely.

Proof. Let w € Q be given. If z € S, then ¢ "(x) € S for all n > 0 by assumption.
Thus, lim,, . ¢ "(x) = Y; € S. But by Theorem 5, Y is independent of the initial

x used in its definition, so Y; € S almost surely. The proof for Y; is the same. O
3.2 Continuous-time process

To define the continuous time process, we need more notation. The following notation

is standard in renewal theory. For each w € €2 and natural number n, define

n

k| _k

Sy = Z To + 71
k=1

with Sy := 0. Define S/, := S, + 70" for n > 0. Observe that S/, < S, < S/,,; <

Sp+1. Define

N; :=max{n >0:5, < t}.
We also define the state process Z; for t > 0 by

(3.8)

Zt = ,
]_ SNt"rl < t.

Finally, define the elapsed time since the last switch, called the age process, for ¢ > 0
by

Ay = Zt(t - S;Vt+1> + (1 - Zt)(t - SNt)

We are now ready to define our continuous-time H-valued process. For ug € H,

we ), and t = 0, define

u(t,w) = Zi®,, 0 @ (0™ (u0)) + (1 = Z) g, (9™ (up))- (3.9)
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3.3 Convergence in distribution to mixture of pullbacks

In this section we will find the limiting distribution of u(t) as ¢ — oo. In order
to describe this limiting distribution, we will need to define three more random
variables. Define a® and a! to be two random variables with the following cumulative

distribution functions:

1 ( E min(y, x)

P’ <x)= — dy = ———2"=
(" <2) =~ ) po(y, ) dy B

1 ( E min(r, x)

Pla' <z)= — dy = ——— 27
(" <o) =% ) pa(y, o) dy B

We will see in Lemma 4 that the distributions of ¢ and a' can be thought of as the

limiting distributions of the age process conditioned on either Z; = 0 or 1. Let £ be

Er
a Bernoulli random variable with parameter p := ﬁ, the probability that
T0 1

O a', and £ are all chosen to be mutually independent

Z; = 1 at large time. Assume a
and independent of (75, 7F) for every k.

Recall that a measure p on the real line is said to be arithmetic if there exist a

d > 0 so that u({0,d,2d,...}) = 1.

Theorem 8. If the py and py are non-arithmetic, then as t — oo we have the
following convergence in distribution as t — oo:

u(t) —d U:= 5(13(111 (}/0) + (1 - f)q)go(yl),
where 1y s drawn from pgy independently from the other random variables.

If the sojourn times, 7y and 71, are assumed to be exponentially distributed, then
we have the following immediate corollary of Theorem 6 and Theorem 8 since the

age of a Poisson process is exponentially distributed.

Corollary 1. If ug and py are exponential with respective rate parameters ro and ry,

then
u(t) —q @ :=EY1 + (1 - §Yy
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and p = ro/(ro +11) and 19 is an independent draw from pyg.

Proof of Theorem 8. In light of Theorem 6, it is sufficient to prove that u(t) converges
in distribution to @}, o ®9 (¥7) + (1 — )% (Y1). We will show that for any A, B,
and C' Borel measurable subsets of R and D a Borel subset of H, we have that
Pla,e A, Zyr) e B, Z, € C, o™ (uy) € D)
(3.10)
- Pa'+(1-6ad’eAérneB,EeC,Y e D) ast— .

Once this convergence is shown, the conclusion of our theorem quickly follows. To
see this, assume the convergence holds. Define the (R? x H)-valued random variable
X = (ay, ZtTéVt“, Zy, o™ (ug)). Note that R? x H is separable since R and H are
each separable. Thus, we can apply Theorem 2.8(i) in [7] to obtain the following

convergence in distribution:

X; —q (Ca' + (1= €)a’,&70,6, Y1) ast — 0.

Define the function g : R® x H — H by g(a,t,z,y) = 2®L 0 ®9(y) + (1 — 2)®Y(y) and
observe that u(t) = g(as, 70", X1, ¢™*) and that the limiting random variable in the
statement of our theorem is g(a',79,&,Y). Since g is continuous, the conclusion of
our theorem follows from the continuous mapping theorem. Therefore, it remains
only to show the convergence in (3.10).

In what follows, we will make extensive use of indicator functions. For ease of
reading, denote the indicator 14 = 14(w) by {A} = {A}(w).

For each ¢ > 0, define F; to be the o-algebra generated by Sy, and { (75, 7))}y, 41

N¢+1

Since a;, 7, '" ", and Z; are measurable with respect to J;, the tower property of con-
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ditional expectation and the triangle inequality give

‘E{at e A, Z7V e B, Z e C, o™ € D)

CB{a + (1-6)d’ e AeneBEeC,Y e D}’
:’E [{a, € A,z e B, 7, € CYE[{¢™ e D} F]]
CE{d + (1-6)d e At e B EcC,Y e D}’
<|E[{a e 4, 27" € B, 7, CLE[(¢™ € D}| 7]
— E[{a € A, Z7)" € B, Z, € C}E[{Y; € D}]] ‘

+ ‘E [{a, € A, Z ' € B, Z, e CYE[{Y: € D}]]

CB{ea + (1—6)a’ e Aemye B,Ee CMHY, e D}‘.

By Lemma 9, E [{¢™ € D}|F,| — E[{Y1 € D}] almost surely as ¢ — . There-
fore, the first term goes to 0 by the dominated convergence theorem. Since Y] is
independent of &, a', a°, and 79, the second term is bounded above by

|El{a, € A, Zyrg ™t € B, Z; € C} — E{éa' + (1 —€)a’ € A, émg e B, C}|. (3.11)
To show that (3.11) goes to 0 as ¢ — o0, we consider the four possible cases for the
inclusion of 0 and 1 in C. If both 0 and 1 are not in C, then (3.11) is 0 for all £ > 0
since Z; and £ are each almost surely 0 or 1.

Suppose 0 € C' and 1 ¢ C'. Then the indicator function in the first term of
(3.11) is only non-zero if Z; = 0. Hence, we can replace {Z;, € C'} by (1 — Z;) and
{(Z,7)**" € B} by {0 € B}. Similarly, in the second term we replace {¢ € C} by
(1 =), {¢79 € B} by {0 € B}, and {&a' + (1 — £)a® € A} by {a° € A}. Thus (3.11)
becomes

(3.11) = |E{ar € A,0€ B}(1 — Z;) — E{a® € A,0 € B}(1 —¢))|
< |E{ay e AY(1 — Z,) — E{a® € A}(1 —¢€)|.
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By Lemma 4, this term goes to 0 as ¢t — 0.
Suppose 1 € C and 0 ¢ C. Then the indicator function in the first term of (3.11) is
only non-zero if Z; = 1. Thus after performing similar replacements to those above,

(3.11) becomes
(3.11) = |E{a, € A, 70" € B}Z, — E{a' € A, 1y € B}¢|.

Define F; to be the o-algebra generated by Sh,,q, 71", and {(7§, 7¥)} 2y, 2. Ob-
serve that Z; and a; are both measurable with respect to F;. Therefore, by the tower

property of conditional expectation and the triangle inequality we have that
|E{a, € A, 70" e B}YZ, — E{a* € A, 7y € B}¢|
< |E[{ar € AAZE [{70""" € B}Y|F/]] — E[{a: € A}Z,E [{r9 € B}]]|

+ |E[{a, € AYZ,E[{m € B}]] — E{a' € A, 7 € B}¢|.

Lemma 10 gives us that Z,E[{7*"' € BY|F'] = Z,E[{r} € B}|F;] almost surely
and Lemma 11 gives that E[{rg € B}|F";] — E[{m0 € B}] almost surely as t — oo.
Therefore, the first term goes to 0 as ¢ — o by the dominated convergence theorem.
Finally since 7y is independent of ¢ and a!, we have the following bound on the
second term

|E[{a; € A}Z,E[{ro € B}]] — E{a' € A, 7y € B}{|

< |B{as € AYZ, — B{a' € Ak

This goes to 0 as t — o by Lemma 4.

Finally, if both 0 € C' and 1 € C, then (3.11) becomes
(3.11) = |F{a € A, Z,7) " e B} — E{¢a' + (1 — €)a’ € A, &y € B}

<|Ef{a, e A, Zy7" ™ e BYZ, — E{¢a' + (1 —€)a’ € A, émy € BY¢|
+|E{la,e A, Z,) e BY(1 - Z,) — E{éa' + (1 —€)a’ € A, &9 € B}(1 —¢€)).

We've already shown that each of these terms go to zero as t — o0, so the proof is

complete. O
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3.4 The lemmas

We now state and prove all of our lemmas. This first lemma calculates the limiting
distribution of the age process. It can be interpreted as first flipping a coin to
determine if Z; is 0 or 1, and then choosing from the limiting distribution of the age

conditioned on Z;.

Lemma 4. Ast — w0

a; —q €a' + (1= €)a’.

In particular, for any © = 0 with A := (—o0, x|, we have that as t —

|E{a, € AYZ, — BE{a* € A}¢| + |E{a, € A}(1 — Z,) — E{a" € A}(1 —¢)| — 0.

Proof. Let x = 0 and define A := (—o0,z]. Observe the following bound
Bia € A} — B{éa' + (1 - §)a° € A}

< |E{a, € A}Z, — B{a' € A)¢| + |E{a, € A}Y(1 — Z,) — E{a® € A}(1 - £)|.

We will show that the first term goes to zero. The second term goes to zero by the
analogous argument.

For our given x > 0, consider the alternating renewal process that is said to be
“on” when 0 <t — Sy, ; < x and “off” otherwise. Formally, we define the “on/off”

state process

0 otherwise.

{1 fO<t—Sy ., <
bt: ¢

Observe that the the lengths of time that the process is “on” are {min(7f,z)}% ;.
Similarly, the lengths of time that the process is “off” are 74 and {7&+ (7 —x)*}%.,,

where as usual (y)* is equal to y if y = 0 and 0 otherwise. Since the distribution of

k=1

min(7F, z) + 7§ + (7} k=1

z)* is nonarithmetic, and since E[min(7’, z) + 7§ + (777" —
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x)*] < oo, we can apply Theorem 3.4.4 in [29] to obtain

Emin(r,x)

lim P(b, = 1) =

. 3.12
t—o0 E[min(rf, z) + 78 + (Tf_l —x)*] ( )

Informally, this intuitive result states that the probability that the alternating re-
newal process is “on” at large time is just the expected length of an “on” bout
divided by the sum of the expected lengths of an “off” bout and an “on” bout. Since
E[min(rF, ) + ¢ + (rf7! — 2)"] = E7o + E7 and since the distribution of a' is
chosen so that E1i P(a' < x) = F min(7, z), Equation (3.12) simplifies to

, ErP(a' < )
lim P(by =1) = ———
s (b ) Ety+ Eny

Therefore
El{a; <x}Z] =Play <z, Z; =1) = P(0<t— Sy,41 < )

EnP(a* <)

= E[{a* < .
t-o By + En [{a ]

The last equality holds because ¢ and a! are independent and E€ = E1,/(ETo+ ETy).
The analogous argument shows that |E{a; € A}(1— Z;) — E{a" € A}(1—¢&)| -0

as t — oo and the proof is complete. O]

The next 3 lemmas are general results that are all relatively standard. We return

to lemmas directly related to our problem in Lemma 8.

Lemma 5. Suppose X; — X, a.s. ast — o and X; < B a.s. where B is a random
variable satisfying EB < . If F; < Fg for 0 < s <t, and Fo, := Ny=oFy, then

E|[Xi|Fi] = E[Xo|Fr] almost surely as t — 0.

Proof. We first show the convergence for an X = X; independent of t. Let X be any

integrable random variable and for ¢ < 0 define

M, = E[X|F_].
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We claim that {M;}, is a backwards martingale. For s < ¢ < 0 we have that
F_s < F_; and therefore by the tower property of conditional expectation,

E[Mt|f—s] = E[E [X’F—t] |~F—s] = E[X|‘F—s] = M.

Since by definition of conditional expectation M; € F_;, and since M; < B al-
most surely where EB < oo, we have that M, is indeed backwards martingale. By
the backwards martingale convergence theorem, M_. := lim;_,_,, M, exists almost
surely and in L'(9).

We claim that M_,, = F [X|F,]. Since for t < T < 0 we have that M; € F_;
F_rp, it follows that M_,, € F_p. Since T' < 0 was arbitrary, M_, € Fu.

Let Ae F,. Then

|EM_1a — EM_o, 14| < E|M_;14 — M_,14|
< E|M_y — M_y|

—0 ast— w

since M_; — M_, in L'(Q). But,
EM 14 = E[E[X|F]1a] = E[E[X14]|F]] = EX14.

Therefore EX14 = EM_,14, and so we conclude that M_,, = F [X|F,].
We now show the convergence for the case where X; depends on ¢t. Let T > 0
and define By := sup{|X; — X;| : t,s > T'}. Br < 2B, so Br is integrable. Thus,
limsup E [|X: — Xoo| Fi] < lim £ [Br|Fi] = E [Br|Fy]

t—o0
By assumption, Br — 0 a.s. as T' — o0 so by Jensen’s inequality
|E[Xi| F] = E[Xo| F]| < E[|X: — X | Fi] — 0.
Therefore,
[E[Xi|F] = E[Xo|Fo] | < |E[Xi|Fi] = E[Xo| ]|
+ | B [Xoo| Ft] = B [Xeo| Foo |
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We’ve just shown that the first term goes to 0, and we’ve shown that the second

term goes to 0 since X, doesn’t depend on ¢, so the proof is complete. O

Lemma 6. If X,, - X, a.s. asn — o and Ny — o© a.s. ast — o0, then

Xy, & Xy a8 ast— 0

Proof. Let A :={X,, » Xy} and B := {N; -» «©}. Then

P(Xy, - X)) < P(AU B) < P(A) + P(B) = 0.
O

We now give some standard definitions. Let (€2, F, P) be a probability space. A
measurable map 7 : Q — € is said to be measure preserving if P(7~'A) = P(A)
for all A € F. Let w be a given measure preserving map. A set A € F is said to be 7-
invariant if 7714 = A, where two sets are considered to be equal if their symmetric
difference has probability 0. A random variable X is said to be m-invariant if

X = X o7 almost surely.

Lemma 7. Let m: Q) — Q be a measure preserving map. If X is m-invariant, then

so is every set in its o-algebra.
Proof. See, for example, [14] Exercise 7.1.1. ]

Lemma 8. For each t > 0 define F; to be the o-algebra generated by Sy, and

{75, TN, 41 If D is a Borel set of H, then for each t >0

E[{¢" e D}|F] =E[{¢ M eD}F] as

Remark. To see why this Lemma should be true, observe that (a) the random vari-
ables o™t and =™ are equal after a re-ordering of the first N;-many w;’s and that (b)
the random variables generating F; don’t depend on the order of the first N;-many
wy’s.
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Proof. Fix at > 0 and let A € F;. By the definition of conditional expectation, we

have that

| Bl e DIF] @) AYw) P = | (6 € DY) AYw) dP

Define o; : 2 — Q to be the permutation that inverts the order of the first N;-
many wy’s. That is, (0¢(w))r = wn,—k41 for ke {1,..., N} and (o4(w))r = wy for
k > N;. Observe that N;(w) = Ny(0;(w)) and thus o™ (w) = o N (04(w)). Also, Sy,

and {(7§, 77)}72 n, 41 are op-invariant, so A is oy-invariant by Lemma 7. Thus
| 16" e DAY @) aP = | 197 € DY) AN o) dP,

Since oy is measure preserving and by the definition of conditional expectation,

[ e DDA ar = [ (o e DY) A P
_ L E[{¢~™ € D}|F] (w){A}(w) dP.

Putting this all together,

fQ E[{p™ € DY FJ{A} dP = j E[{¢™™ € D}|F]{A} dP.

Since A was an arbitrary element of F;, the proof is complete. n

Recall that the random variable Y] is defined by Y] := lim, o ¢ "(z), and is

independent of the choice of x € H, Theorem 5.

Lemma 9. For each t > 0 define F; to be the o-algebra generated by Sy, and
{(Té“, Tf)}zo:Nt+1. If D is a Borel set of H, then with probability one
E[{¢™MeD}|F] - E{Yie D} ast— w (3.13)

and E[{¢™ e D}|F] - E{Yie D} ast— (3.14)
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Proof. In light of Lemma 8, it suffices to show the convergence in line (3.13).
Since ™" — Y] almost surely as n — o and since N; — oo almost surely as
t — oo, we have that ¢~ — Y| almost surely by Lemma 6. Define F., := n=0F;

and observe that F;, < F; for t > s > 0. Thus, by Lemma 5

E [{SO_Nt € D}|-7:t] — E[{Y1 € D}|F,] almost surely as ¢t — 0.

To complete the proof, we will show that for every A € F,, P(A) =0 or 1. To
show this, we will show that F,, is contained in the exchangeable o-algebra and then

apply the Hewitt-Savage zero-one law. Let n € N, A € F, and 7, be an arbitrary

permutation of wy,...,w,. Define m, : 2 — Q by
n(w Ny =n
m(w) = {W ) t
w N; < n.

Since Sy, and {(75, 7))}/ n,.1 are m-invariant, then A is m-invariant by Lemma 7

as A e F, < F;. Therefore

P(AAT, YA, N; = n) = P(AA7;'A, N; = n) < P(AAm; ' A) = 0.

Hence
P(AAT,'A) = P(AA7, YA, N; = n) + P(AAm, ' A, N; < n)
< P(AAT YA, N, < n)

Since t was arbitrary, and because P(N; < n) — 0 as t — o0 since N; — ©
almost surely, we conclude that P(AA7, 'A) = 0. Since m, was an arbitrary finite
permutation, we conclude that F,, is contained in the exchangeable o-algebra. By
the Hewitt-Savage zero-one law, F,, only contains events that have probability 0 or
1. Thus, {Y; € D} is trivially independent of F,, and therefore F [{Y} € D}|F,]| =
E{Y; € D}. O
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Lemma 10. For eacht > 0, define F| to be the o-algebra generated by Sy, , 1, et

and {(78, )}y za- Then

Z,E [{70""" € B} F'y| = Z,E [{ry € B}|F's] almost surely.

Remark. Recall that Z, is either 0 if Sy, <t < Sy, or 1if S), ., <t. Hence, this

Lemma states that E [{r"*' € B}|F,| = E[{r{ € B}|F,] if Z, = 1.
Remark. The proof of this Lemma is very similar to the proof of Lemma 8.
Proof. 1f w is such that Z; = 0, then the equality is trivially satisfied. Let A € F].

Since {w € Q: Z;(w) = 1} € F}, we have by the definition of conditional expectation

that

L E[{r"*" € B}|F/]{An {Z, = 1}}dP = L{TOMH e B}(w){An{Z, = 1}}(w)dP.

Define o : 2 — Q) by

(ot ifk=1and Z, =1
(W) = { (7}, 7Nt ifk=N,+1and Z, =1
0: 71

W otherwise.

That is, oy switches 73 and TéVtH if Z; = 1 and otherwise does nothing. Since S}, ,,
Ve and {(78, T N, 42 are all o-invariant, we have that A is o,-invariant by

Lemma 7. Also observe that {Z; = 1} is oy-invariant. Thus
L{#“ e B)(w){An{Z = 1}}(w) dP = L{T& e BY(o,(){A n {Z = 1}}(01(w) dP.

Since o; is measure preserving, and by the definition of conditional expectation, we

have that
fg{rg e Bl (o)A n {Z, = 1}}(01(w)) dP = L{r& € BYW){A n {Z = 1}}(w) dP
_ LE [ € BYFI|{An {Z = 1}}dP.
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Putting all this together,

L E[{r* e BYF{An{Z, = 1}}dP = L E[{ry € B}|FJ{An{Z, = 1}}dP.

This implies that E[{7**! € B}|F",] = E[{r} € B}|F;] almost surely on {Z, =
1}. To see this, let € > 0 define A := {w e Q : E[{7)""' e BYF,] — E[{1} €

B}|F'{] = €}. This set is in F}, so by the above calculation we have that

0= J E[{m"*' e B}|F,] — E[{r{ € B}|F{]dP = eP(A n {Z; = 1}).
An{Z;=1}

So P(A n{Z; = 1}) = 0. The same argument with A’ := {w € Q : E[{7} €
BYF!] — E[{=l*™" € B}|F/] = ¢} completes the proof of the claim. Therefore,
ZtE[{TéVtH € B}|F{] = ZtE[{TOl € B}|F/] almost surely. ]

Lemma 11. For eacht > 0, define F| to be the o-algebra generated by Sy, 4, Nt

and {(Té"’, le)},zo:NtJrQ. Then

L [{7'(} € B}|-7:/t] — E{r9 € B} almost surely as t — .
Remark. The proof of this Lemma is very similar to the proof of Lemma 9.

Proof. Define F'o, := n=oF] and observe that F's o F'; for 0 < s < t. Thus, by

Lemma 5

E [{ry € B}|F'\] - E[{rg € B}|F,] almost surely.

We claim that for each A € F,, P(A) = 0 or 1. To show this, we will show
that F., is contained in the exchangeable o-algebra and then apply the Hewitt-
Savage zero-one law. Let n € N, A € F/ , and m, be an arbitrary permutation of
(10, 71)s oy (T3, 7).

Define 7, : 2 — € by

n Ny =
w Nt < nNn.

36



Since Si,.q, 7, and {(7§, 7))} N, 12 are m-invariant, then A is m-invariant by
Lemma 7 as A € F!, < F/. Therefore

P(AAT YA, N, > n) = P(AAT YA, N, = n) < P(AA7;'A) = 0.

Hence
P(AAT,'A) = P(AA7, ' A, N; = n) + P(AAm, ' A, N, < n)
< P(AAm,'A, N, < n)

Since ¢t was arbitrary, we conclude that P(AAm,1A) = 0 because P(N; <n+1) — 0
as t — oo since Ny — o0 almost surely. Since 7, was an arbitrary finite permutation,
we conclude that F. is contained in the exchangeable o-algebra. By the Hewitt-
Savage zero-one law, F! only contains events that have probability 0 or 1. Thus,
{rd € C} is trivially independent of F., and so we conclude E [{7} € C}|F. | = E{1j €
C} = FE{rpe C}. O
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4

PDESs with randomly switching boundary
conditions

We now use our results from Chapter 3 to study partial differential equations (PDEs)
with randomly switching boundary conditions. Our results apply to a range of spe-
cific problems, so in Section 4.1 we explain how to cast a problem in our framework
and give an example. In Section 4.2 we collect assumptions and in Section 4.3 we
prove theorems about the mean of the process. In Sections 4.4 and 4.5 we apply the
results from Section 4.3 and Chapter 3 to the heat equation on an interval with a
randomly switching boundary condition. In Section 4.7, we use our results to analyze
a model of insect respiration. There, we will see that switching between boundary
conditions of different types can have surprising biological implications. The contents

of this chapter overlap significantly with [21].
4.1 Motivating examples and general setup

Our results can be applied to the following type of stochastic switching problem.
Suppose we are given a strongly elliptic second order differential operator L on a

domain D < R? with smooth coefficients which do not depend on t. Assume the
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domain D is bounded with a smooth boundary and a pair of boundary conditions,
(a) and (b). We then consider the stochastic process u(t,x) that solves
ouw=Lu in D (4.1)

subject to boundary conditions that switch at random times between (a) and (b).
We allow (a) and (b) to be different types. For example, one can be Dirichlet and
the other Neumann. For the sake of presentation, we assume (a) are homogenous,
but our analysis is easily modified to include the case where (a) are not homogenous.

We formulate this problem in the setting of Chapter 3 as alternating flows on the
Hilbert space L?*(D). We define

Au:=Lu ifue D(A)
where D(A) is chosen so that A generates the contraction Cy-semigroup that maps
an initial condition to the solution of Equation (4.1) at time ¢ subject to boundary
conditions (a). Similarly, we define
Bu:=Lu ifue D(B)

where D(B) is chosen so that B generates the contraction Cy-semigroup that maps an
initial condition to the solution of Equation (4.1) at time ¢ subject to the homogenous
version of boundary conditions (b). We then choose ¢ € D(L) to satisfy boundary
conditions (b) and Lc¢ = 0. Then the H-valued process defined in Equation (3.9) in
Chapter 3 with ®}(f) = e f and ®Y(f) = eP!(f — ¢) + ¢ corresponds to this PDE
stochastic switching problem.

We now give a specific example of possible boundary conditions.
Example 4. Consider the solution to Equation (4.1) that switches between
u|aD =0 and u|aD =b>0.

To cast this problem in the setting of Chapter 3, we define D(A) = H(D) n H*(D)
and A = L on D(A). Further we define B = A on D(B) = D(A) and we choose
ce D(L) so that Lc =0 and ¢ = b on dD.
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4.2  Assumptions

We now formalize the setup from Section 4.1. Let H be a real separable Hilbert
space and let A and B be two self-adjoint operators on H, each with strictly negative
spectrum. Hence, A and B generate contraction Cp-semigroups, denoted respectively
by e and eP!. Assume A = B on D(A) n D(B). Assume there exists an operator
L on D(L) o D(A) u D(B) so that

Au ifue D(A)
Lu=
Bu if ue D(B).

Suppose ¢ € D(L) satisfies Lc = 0.

Recalling notation from Chapter 3, let the holding time distributions, po and
1, be continuous. Let u(t,w) be the H-valued process defined in Equation (3.9) in
Chapter 3 with

®;(f) = e™f

OY(f) = (f—c)+e

Observe that for each t > 0, the maps ®? and ®; are contractions. Also observe that
for each fixed z € H, ®%(z) and ®}(x) are continuous in t.

Assume that there exists a deterministic M = M (ug) so that with probability
one, |u(t)| < M for each t > 0, where |z| := 4/(z,z) with (-,-) denoting the inner
product in H.

For every 0 < s < t, define n(s, t) to be the random variable that gives the number
of switches that occur on the interval (s,t). Formally, we define (s, t) by taking the

supremum over partitions o of the interval (s,t), s =09 <01 < -+ < 0} < 41 = t,

k
77(‘97 t)(w) = Sgpz |Z0'i+1 (w) - ZUi (w)|,
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where Z; is as in Equation (3.8). Assume that po and p; are such that for every

t > 0, we have that as s — 0,
P(n(t+s,t)=1) = O(s)

P(n(t+s,t) =2) =os).
4.3 The mean satisfies the PDE

In what follows, fix ¢ € D(A) n D(B), which will serve as our test function. Observe
that each realization of our stochastic process satisfies the weak form of the PDE
away from switching times. That is, for a given w € €2, if ¢ is not a switching time,

then

d
a(gb,u(t,w)) = (L¢vu(taw))' (4'2)

The following theorem states that the mean satisfies the weak form of the PDE as

well.
Theorem 9. For every t > 0, we have that

d
E(gba Eu(t>) = (L¢7 Eu<t))

To prove this theorem, we will need the following lemma which states that our

process satisfies a certain weak uniform continuity condition.

Lemma 12. For every € > 0 and non-negative integer n, there exists a 6(e/n) > 0

so that if |t — s| < d(e/n), then

(0, u(t,w) —u(s,w))lysy=n| <€ a.s.

Proof. Observe that if there are no switches between s and ¢t and Z; = 0, then

(¢, u(t,w) —u(s,w))| = |(, [ = Tu(s,w))| < "¢ — ¢ M,
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since A is self-adjoint and |u(t)|| < M a.s. by assumption. Similarly, if there are no

switches between s and t and Z, = 1, then

(¢, u(t,w) —u(s,w))| = (@, [ = I[u(s,w) — )| < ) — §| (M + [c]]).

Let € > 0 and let n be a non-negative integer. Since e* and e®! are both C-

semigroups, we can choose a § > 0 so that if 0 <t < 9, then

At t €
max{[e™¢ — ¢, "¢ — o[} < n(M £ )’

Let w € Q be given and assume |t — s| < §. If w is such that n(s,t)(w) # n, then the
result is immediate. Suppose 7(s,t)(w) = n. Let {ox}7_; be the n switching times

between s and t and let s =0¢g <01 < -+ <0, < 0,11 =t. Then

n

(@, ult,w) —uls,w))| < Z\(@ (Okt1,w) = u(og, w))|

3

< > max{fee — ¢, %' — o[} (M + |c]) <

k=0

Proof of Theorem 9. We seek to differentiate E(¢,u(t)) with respect to t. Define

[t w) = (¢, u(t,w)).
Let h, — 0 as n — oo. For a given ty, > 0, define the difference quotient

(@) = (Flto + s w) — F(to,w))

hn,
1
_h_ (f(to + hn7w) - f<t07 (U)) 177(t0+hn7t0)=0
1
+o- (f(to + hn,w) = f(to, w)) Lntothn to)=1
1
+ . (f(to + hn,w) — f(to, w)) Lyto+hn to)>2

3
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We will handle each the these three terms differently.
We first consider (1). Assume that w is such that ¢y # Si(w) for all k. Observe
that

1 d
h_ (f(tO + hn>w) - f(to,(&))) - %f(to,(&)) = (L¢a u<t0))
Also observe that for such an w, we have that 1,)+h, t)=0(w) = 1 for n sufficiently

large. Since this set of w’s has probability 1, we conclude that

(1) = hin (f(to + hn,w) — f(to,w)) Lytg+hnto)=0 = (L, u(t)) as.

We will now apply the bounded convergence theorem to (1). Define B := |L¢| M.

We will show that for each n,

1
(1] = |h_ (f(to + hn,w) = f(to,w)) Lytto 4 hnto)=0l < B as.

Let n and w be given. If n(ty + hy,to)(w) # 0, then the bound is trivially satisfied.
If n(ty + hn,to)(w) = 0, then f(t,w) is differentiable in ¢ for all t € (to,ty + hy).

Therefore we can employ the mean value theorem to obtain the upper bound

- (Fto + o) = f(t0,) (i) =

dt sup ’(L¢,U(t07W))| < B7

te(to,to+hn)

< sup
te(to,to+hn)

since |u(t)| < M by assumption. Thus B is an almost sure bound for (1) and so by
the bounded convergence theorem, F(1) — E(L¢,u(t)) as n — .
To complete the proof, we need only show that (2) and (3) both tend to 0 in

mean as n — 00. We first work on (2). Observe that

1
(f(t() + hna w) - f(t07 w)) lﬂ(t0+hn,t0):1

E|(2)] = E h_n

1
< h_eSS sup,, ‘(f(to + hna w) - f(t()y C'L)))117(1‘/0Jrhn,t0):1‘ E (177(t0+hn7t0):1) .

By the Lemma 12, esssup, |(f(to + hp,w) — f(to,w))ln(tﬁhmto):l‘ — 0 as n — .
Since by assumption P (1(to + hy,to) = 1) = O(h,,), we conclude that E|(2)| — 0 as
n — oo.
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Finally, we show that F(3) — 0 as n — oo. By the assumption that |u(t)| < M,

1
E|(2)| =F (f(to + hp, W) - f(to,w)) 1n(t0+hn,t0)>2

h,

2M
< h_P (T](to + hmto) = 2) .

n

Since by assumption P (n(to + hy,to) = 2) = o(hy,), we conclude that E|(3)] — 0 as
n — oo.

Therefore

E(¢, ulto + hn)) — E(, ulto))
hn

= Egn

— E(L,u(t)) as n — o0.

Since h,, was an arbitrary sequence tending to 0 and ty was an arbitrary positive
number, we conclude that £ E(¢,u(t)) = E(L¢, u(t)) for all t > 0.

Since taking the inner product against ¢ or L¢ are both bounded linear operators

on H, we can exchange expectation with inner product to obtain

d d
6, Bult) = LE(6.u(t) = E(Lé,u(t) = (Lo, Bu(t)).

We now show that the mean at large time satisfies the homogeneous PDE.

Theorem 10. Let u have the limiting distribution of u(t) ast — o, as in Theorem 8.

Then Eu(t) — Eu weakly in H as t — o and Eu satisfies

(Lo, Eu) = 0.

Remark. We will often assume the differential operator L and the domain D to
be sufficiently regular so that Eu is actually a C* function satisfying LEu = 0

pointwise.

44



Proof. By Theorem 8, Fg(u(t)) — Eg(u(t)) as t — oo for every continuous and
bounded g : H — R. For any n € H, the function (n,-) : H — R is continuous and
since by assumption, [|u(t)| < M a.s., we have that

E(n,u(t)) — E(n,u) ast— .

Since taking the inner product against 7 is a bounded linear operator on H, we
can exchange expectation with inner product to obtain (n, Fu(t)) = E(n,u(t)) and
E(n,u) = (n, Eu). So, Eu(t) — Eu weakly in H as t — o0.

Of course it follows that in particular

(¢, Eu(t)) — (¢, Eu) and (L, Eu(t)) — (Lo, Eu) ast — .

By Theorem 9, %£(¢, Eu(t)) = (L¢, Eu(t)). Thus, (¢, Eu(t)) and 4 (¢, Eu(t)) both
converge as t — o0 and so we conclude that %(gb, FEu(t)) must actually converge to

0. Hence, (Lo, Eu) = 0. O

4.4 Dirichlet/Dirichlet switching

In this section and the next, we apply our results from Section 4.3 to the heat
equation on the interval [0, L]. We impose an absorbing Dirichlet boundary condition
at x = 0 and a stochastically switching boundary condition at = L. In this section,
we consider switching between two Dirichlet boundary conditions at = L. In the
next section, we consider switching between a Dirichlet and a Neumann boundary
condition at x = L.

Consider the stochastic process that solves

O = DAu in (0, L) (4.3)
and at exponentially distributed times switches between the boundary conditions

u(0,t) =0 u(0,t) =0
and
u(L,t) =0 u(L,t) =b>0.
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To cast this problem in the setting of previous sections, we set our Hilbert space

to be L?[0, L] and define the operator
D(A) := H}(0, L) n H*(0, L)

Au = Au if ue D(A).

We set B = A on D(B) = D(A), and ¢ = 2z € L*[0,L]. Let our switching time
distributions, po and py, be exponential with respective rate parameters ry and r;.
Let u(t,w) be the H-valued process defined in Equation (3.9) of Chapter 3 with
DL(f) = e f and Y(f) = P(f —¢) + c.

We are interested in studying the large time distribution of u(¢). By Theorem 8,
we have that wu(t) converges in distribution as ¢ — oo. Let @ have this limiting
distribution. By the definition of Yy and Y7, it is immediate that « is almost surely

smooth, and using Theorem 7, it is immediate that for each z € [0, L], u(z) < 2z.

4.4.1  Ezpectation

We will now use the tools from Chapter 3 and Section 4.3 to find the large time
expectation of the solution to this stochastic switching problem. We will see in
Section 4.4.2 that it is possible to find this expectation using only the results of
Chapter 3 since we are switching between two Dirichlet boundary conditions. How-
ever, the results of Section 4.3 will be needed when we consider switching between
Dirichlet and Neumann boundary conditions in Section 4.5. Thus, we go through
the calculation in this section in order to compare to the calculations in Section 4.5.

It is immediate that all of the assumptions in Section 4.2 are satisfied, except for
one; we need to check that there exists a deterministic M so that |u(t)| < M almost
surely for all £ > 0. We show that and more in the following Lemma. Recall that Y;

and Yy are the pullbacks defined in Equations (3.3) and (3.4) in Chapter 3.
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Lemma 13. Under the assumptions of the current section, we have that

[u(t)| < VL max{|uo|x, b},
where | - || denotes the L*[0, L] norm. Furthermore,
1Yilow <b and |Yo|w <b almost surely.

Proof. First note that |c|o = |2z] = b. If f € L?*[0, L], then by the maximum
principle, we have that for any ¢ > 0

le*flloo < Ifllec and % (f =€) + cloo < max{b, | o} (4.4)

Hence, max{||u(t)|w, b} is non-increasing in ¢ and so the bound on |u(t)|| is proven.
Since S := {f € L*[0,L] : ||f]o < b} is a closed set in L?[0, L], Equation (4.4)

and Theorem 7 give the desired bounds on |Y;]s and |Yol|e. O

As in Theorem 8, let @ have the limiting distribution of u(t) as t — co. Then by
Theorem 10, Fu € L?[0, L] satisfies
(Aé, Ba) = 0

for each ¢ € C3°(0, L). By the regularity of A on [0, L], we have that Ew is the linear
function

(Eu)(z) = sz +d

for some s,d € R. By Corollary 1 of Chapter 3, we have that

st +d=pEY, + (1 —p)EY, (4.5)

where p = 1¢/(ro+71). We will use Equation (4.5) to determine s and d. While it can
be shown that EYy and EY; are smooth functions, we will instead use test functions
and take limits to avoid evaluating EY; and EY; at specific points in [0, L].

Let {¢,}2, € CF(0, L) be such that |[¢,||,: = 1 for each n and

I (60, f) = (L)

47



for each f € C[0, L]. Since the inner product with ¢, is a bounded linear transfor-

mation in L?[0, L], we can interchange expectation with inner product to obtain

sL+d = lim (¢, Ba) = lim [(6,,pEY: + (1 - p) EYy)] (46)
= lim [pE (¢, Y1) + (1 = p)E(¢n, V)] (4.7)

We want to exchange the limit with the expectation. To do this, first observe that
Yi(z) and Yp(x) are each almost surely continuous functions of z € [0, L] with Y} (L) =

0 and Yo(L) = b almost surely. Thus,

lim (¢, Yp) =b and  lim (¢,, Y1) =0 almost surely.
n—o0

n—0o0

Using Lemma 13 and the assumption that |¢,[,;1 = 1 for each n, Holder’s in-
equality gives

[(¢n, Yo)| <b and |(¢,,Y1)] <b almost surely.
So we apply the bounded convergence theorem to Equation 4.7 to obtain
SL+d = pE lim (6, Y1) + (1~ p) E lim (6,,.Y0)
=p0+ (1 —p)b = (1—p)b.
The same argument shows that d = 0 and so we conclude that

b
Fu=(1 —p)za:.

We comment on this result in Section 4.6
4.4.2  Statistics of Fourier coefficients

Switching between two Dirichlet boundary conditions is significantly simpler than
switching between boundary conditions of different types. This is due to the fact
that the two solution operators that we use when switching between two Dirichlet

boundary conditions employ the same semigroup and thus the same orthonormal
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basis. Hence, we only need to consider the projections of the stochastic process in
this basis.

o0
and the cor-

In this example, this orthonormal basis is {«/Z/L sin(xlmr/L)}
k

responding eigenvalues are {—D(kr/L)?};_ . Denote this basis by {b;}?, and the
eigenvalues by {—/i}r_,;. Observe that for each k, the Fourier coefficient uy(t) :=
(bg, u(t)) € R is the solution to a one-dimensional ODE with right-hand side that
switches between —fuy and — B (ux, — ¢ ), where ¢, = (by, ¢). We remark that The-
orem 7 gives that (b, u) is almost surely between 0 and ¢, on the real line since this
set is invariant under both the solution operator to each of those one-dimensional
ODEs.

In [8], the authors considered such one-dimensional ODE stochastic switching
problems. From their results, we obtain the distribution of the Fourier coefficients

of Yy and Y;. In particular, we have that for each k,

(Yo, b) T o (Y1, by) T To
e 0) ~ Beta (E +1, E) and br0) ~ Beta (E’ E + 1) ) (4.8)

From this, we immediately obtain statistics of the individual Fourier coefficients of

Y, and Y7, such as expectations

E(Yo, br) = %(C, be) and  E(Y1,by) = m(a b).
We also obtain variances
Var(Yo, by) = (Br + roﬁfﬁ()flzz;:i To +7T1) (¢, br)’
Var(Y7, by) = B (Be + 7o) (c, be)?.

(Br + 10 +71)2(28k + 10 +171)

However, knowing the distributions of the individual Fourier coefficients of Y or

Y] is of course not enough to obtain their joint distributions. Nonetheless, we can use
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Theorem 6 from Chapter 3 to obtain joint statistics. To illustrate, we will calculate
E (Yo, b,) (Yo, by). Theorem 6 gives

E(Yo,b,) (Yo, bm) = E(eBTO(eB“YO —c) +c, bn)(eBTO(eB“Yo —¢)+ ¢, by),

where 79 and 7 are independent exponential random variables with rates ry and
r1. After recalling some basic facts about exponential random variables and making

some algebraic manipulations, we obtain that E(Yy, b,)(Ys, b,,) is equal to

(ﬁm + ﬁn + Tl)((ﬁm + Bn)(ﬁm + Tl)(ﬁn + Tl) + (Qﬁmﬁn + (ﬁm + Bn)rl)ro)
(B + B) (B + 11+ 10)(Bu + 71+ 10) (B + Bu + 71+ 10)

(¢, bm)(c, by).

From this, we can readily compute the covariance of (Yp, b,) and (Yp, by,). Other joint

statistics of (Yo, b,), (Yo, bm), (Y1,0,), and (Y7, b,,) are found in analogous ways.
4.4.8  L*-variance

To further illustrate the statistics that we can compute when the PDE switches
between two Dirichlet boundary conditions, we now calculate the L?-variance at
large time. By Corollary 1,

Elal* = pE[Yi|* + (1 — p) E[ Yo",

As above, denote the orthonormal set of eigenvectors of B by {bx}{_; and corre-

sponding eigenvalues by {—0};2;. It follows from Theorem 6 that

E(by, Yy)? = E(by, €™ (e™Yy — ¢) + ¢)?

This simplifies to

(r1 4 Br) (11 + 25)
(7’0 + T1 + ﬁk)(To + (&} + Qﬁk)

E(by, Yp)* = (by, ¢)?, (4.9)

since A = B and Fe™#" = # if 5 > 0 and 7 is exponentially distributed with rate

r. Similarly,

r1(r1 + Br)

2 _
E(bg, Y1)" = (ro +r1+ Br)(ro + r1 + 26%)

(b, ¢)*. (4.10)
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Note that Equations (4.9) and (4.10) could also be obtained from Equation 4.8.

Adding Equations (4.9) and (4.10) and summing over k yields

0

Blaf = ) — Iy, o

e (TQ + 7“1)(7‘0 +7r + Bk)

Now B, = D(km/L)?, bi(z) = +/2/Lsin(zkn/L), and (b, 2z)? =

Hence,

8

2Lb2’f‘1

w2 (rog +11) h

r1 + D(kn/L)?

Elu|* =
Il 4 (rg + 11 + D(kn/L)?)k?

_ *ra[LPri(ro + 71) + 3Dro(y coth(y) — 1)]

N 3L<?"0 + 7’1)3

where v = L+/ro + r1/D. Since Bt = (1 — p)2x, we conclude

e o L b\
Bla- al - Blal - 5 ()

_ V*Dryro(ycoth(y) — 1)
B L(rg +71)3 '

4.5 Dirichlet/Neumann switching

Again we consider the stochastic process that solves

o = DAu in (0, L)

k+1bV2L
(=17 5e

(4.11)

and at exponentially distributed times switches between two sets of boundary con-

ditions. But now suppose the boundary conditions switch between

u(0,t) =0 u(0,t) =0
and
u(L,t) =0 u(L,t) =b>0.

Again we cast this problem in the setting of previous sections, setting our Hilbert

space to be L?[0, L]. We define B, ¢, pg, and p; as above in Section 4.4 case, but
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now we define
D(A) := {gb e H*(0,L) : g—ﬁ(L) =0= ¢(0)}
Au = Au ifue D(A).

Let u(t,w) be the H-valued process defined in Equation (3.9) of Chapter 3 with
D(f) = e f and ®0(f) = eP(f —¢) +c. Denote the orthonormal set of eigenvectors
of A by {ax}{_, and corresponding eigenvalues by {—ay}7 ;.

We are interested in studying the large time distribution of u(¢). By Theorem 8,
we have that wu(t) converges in distribution as ¢ — oo0. Let @ have this limiting
distribution. By the definition of Yy and Y7, it is immediate that u is almost surely

smooth, and using Theorem 7, it is immediate that for each x € [0, L], a(z) < %x
4.5.1 Ezpectation
We will need the following Lemma which is exactly analogous to Lemma 13.

Lemma 14. Under the assumptions of the current section, we have that
2
()] < £ (‘max{luol 1)

where | - | denotes the L*[0, L] norm. Furthermore,
Yilo <b and |Yo|w < b almost surely.

Proof. The proof is the same as the proof of Lemma 13. O

As in Section 4.4, we have that

(Eu)(z) = sz +d = pEY1 + (1 — p)EY,

where p = r9/(r9 + 71). Since Yj(z) and Yp(x) are each almost surely continuous
functions of = € [0, L] with Y¥1(0) = 0 = Y5(0) almost surely, d = 0 by the same
argument that we usedin Section 4.4.
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We now find the slope s. Since >, (ay, EY])ay converges to EY; in L*[0, L] as

n — o, we have that for any ¢ € C°(0, L)
(¢, 57) = (¢, pEY1) + (1 — p)(¢, EY0) (4.12)

o0
( 6.3 e, EYija )+ (1 - p)(6, BYy). (4.13)
We will need the following Proposition which is an immediate corollary of Theo-

rem 6 and Corollary 1.

Proposition 1. Under the assumptions of Section 4.5, we have that for each k € N
Ele~**™|(ax, EYy) = (ag, EY7).

This Proposition combined with sx = pEY; + (1 — p)EY) yields

ag, BY;
s(ax, x) = p(ay, EY1) + (1 —p)%-
Rearranging terms gives
s(ay, )

(@, BY) = E[e_am]pE[e*ak“] +(1—-p)

Plugging this into Equation (4.13) gives

S e s(ax, )
(¢, sz) ( Z_] Ele=o+m] + (1 —p) ak) + (1= p)(0, EY))

Solving for s, we find that

s = (1= p)(, BY) (<, ( 3} Bl eaiff]’j)(l_p)ak)>

Let {¢n}r_, € C(0, L) be such that ||,/ ,: = 1 for each n and lim, (¢, f) =

f(L) for each f e C[0,L]. Observe that lim, _,(¢,,x) = L and using Lemma 14
and the same argument as in Section 4.4, we have that

lim (¢, EYp) = b.

n—00
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Now, we want to show that

. = —aT1 (akh :L’)
i (¢" DI —p>“k>

(4.14)
i E[ 7ak7-1] (CLk,ZE) (L)
= e ag .
P pEle=m] + (1 —p)
To do this, we need to show that Y., E[e““m]pE[e,(g‘;’i{ﬁ(lfp) ai(x) is a continu-

ous function of z. To show this, we need to show that the series converges uniformly in

x. This is easily obtained. Note that oy = MZ%W and ag(z) = \/%sin( Sky) =

\/%sin (%) Hence, E[e™*"] = 21— < 1 and pEe™"™ + (1 —p) > 1 —p.
Furthermore, |ag < \/% and

L A2 32 k+1 D(—1)k!
[ e = W2 1 \f

ag(z)x

(a,2) = | 72 (2k 1)

So for any N € N

% 70%7-1 (a’k’ l‘)
Z pEle=m] 4+ (1 —

e¢]
< D) law2)| lar(@)ll,.
k=N

16L

mﬁo as N — oo.

I
m

Hence, (4.14) is verified.

Thus,
(1-p)b
L—pXy, Bleown ]zt —a(L)

S =

Using the assumptions on g, p1, o and ay, this simplifies to

s = % (1 + gtanh(fy)) B (4.15)

where v = L+/(ro +71)/D and p = ro/ry.
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4.6 Comparison

In both the Dirichlet/Dirichlet and Dirichlet/Neumann switching considered above,
the large time expectation is a linear function. The slope of this function is very
simple expression in the Dirichlet/Dirichlet case. It depends only on the proportion
of time the system has a particular boundary condition.

However in the Dirichlet/Neumann case, the slope of the function also depends
on the rate of switching between the two boundary conditions. Observe that if we
keep the ratio ro/ry fixed, and let the overall switching rate ro + r; go to 0, then

the slope for the Dirichlet/Neumann case in Equation (4.15) approaches the same

slope as in the Dirichlet/Dirichlet case, namely < £l ) % And if we keep the ratio

ro+r1
ro/r1 fixed, and let the overall switching rate ro + r1 go to infinity, then the slope
b

for the Dirichlet/Neumann case in Equation (4.15) approaches 7. The biological

implications of this result are discussed in the following section.
4.7 Application to insect physiology

Essentially all insects breathe via a network of tubes that allows oxygen and carbon
dioxide to diffuse to and from their cells [30]. Air enters and exits this network
through valve-like holes (called spiracles) in the exoskeleton. These spiracles regulate
air flow by opening and closing. Surprisingly, spiracles have three distinct phases of
activity, each typically lasting for hours. There is a completely closed phase, a
completely open phase, and a flutter phase in which the spiracles rapidly open and
close [24].

Insect physiologists have proposed at least five major hypotheses to explain the
purpose of this behavior [11]. In order to address these competing hypotheses, phys-
iologists would like to understand how much cellular oxygen uptake decreases as a

result of the spiracles closing.
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To answer this question, we consider the following model. We represent a tube by
the interval [0, L] and model the oxygen concentration at a point x € [0, L] at time ¢
by the function u(x,t). As diffusion is the primary mechanism for oxygen movement
in the tubes (see [26]), the function u satisfies the heat equation with some diffusion
coefficient D. We impose an absorbing boundary condition at the left endpoint of
the interval to represent cellular oxygen absorption where the tube meets the insect
tissue. The right endpoint represents the spiracle, and since the spiracle opens and
closes, the boundary condition here switches between a no flux boundary condition,
uz(L,t) = 0 (spiracle closed) and a Dirichlet boundary condition, u(L,t) = b > 0
(spiracle open). We suppose that the spiracle switches from open to closed and from
closed to open with exponential rates ro and r; respectively.

Then, the oxygen concentration u(z,t) is the same process described above in
Secion 4.5. Using the results from that section, if we let p = ro/r; and v =
L\/m, then the expected oxygen flux to the cells at large time is given
by

bD !
T <1 + gtanh(fy)) :

This formula is noteworthy because it shows that the cellular oxygen uptake not only
depends on the average proportion of time the spiracle is open, but it also depends
on the overall rate of opening and closing. In particular, note that if we keep the
ratio p fixed, but let v become large, then the oxygen uptake approaches bTD.

In biological terms, the insect can have its spiracles open an arbitrarily small
proportion of time, and yet receive essentially just as much oxygen as if its spiracles
were always open.

More work needs to be done to make this model more applicable to the actual
biological problem. In addition to oxygen flux, there are other variables that are
affected by the opening and closing of spiracles. For example, the carbon dioxide
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concentration in the tubes and the amount of water loss due to evaporation are
affected by the opening and closing of spiracles. Future work would incorporate
these variables into the model. In addition, this model assumed that the tubes do
not branch. Hence, future work would extend this model to the consider branching

tubes.
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