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Abstract

This dissertations presents the estimation methods of financial models for which the
density function is not known in closed form, but the characteristic function (or
Laplace transform) is available in the analytical form. In this case the estimation
is done via Generalized Method of Moments, where moment conditions are defined
on frequency domain. The dissertation consists of three chapters. The first chapter
develops a method of selection of finite set of moment conditions out of infinite
number of possibilities using proposed optimality criterion. The second chapter
describes the estimation of parametric asset price models using finite set of moment
conditions based on characteristic function. The final chapter proposes a method
for estimating parametric models for stochastic volatility using moment conditions
based on the integrated Laplace transforms.

Chapter 2 develops a new estimator for the case where the moment function is the
difference between model-implied and data-implied characteristic functions. There
is an optimal GMM estimator that attains the Cramer-Rao lower bound and uses
all continuum of moment conditions. However, the implementation of continuum
moments GMM is not practical. I develop a practical and consistent procedure to
select small finite subset of moment conditions that yields a nearly efficient estimator.
The moment selection algorithm works by approximating the span of the continuum
of moment conditions by an optimal finite subset. The method involves a metric to

evaluate how close the asymptotic variance is to the maximum likelihood estimator
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asymptotic variance in relative terms. The Monte Carlo application for a jump-
diffusion model indicates that it is enough to use 9 moment conditions to have almost
efficient estimator.

Chapter 3 is co-authored with Professor George Tauchen. We present parametric
estimation of models for stock returns by describing price dynamic as the sum of
two independent Lévy components. The increments (moves) are viewed as discrete-
time log price changes that follow an infinitely divisible distribution, i.e. stationary
and independent price changes (zero drift) that follow a Lévy-type distribution. We
explore empirical plausibility of two parametric models: Jump-Diffusion (C-J) and
pure jump model (TS-J). The first component of each model describes the dynamics
of small frequent moves and is modeled by Brownian motion in C-J model and by
tempered stable Lévy process in TS-J model. The second component is responsible
for big rare moves in asset prices and is modeled by compound Poisson process in both
models. Using high frequency data on 13 stocks of different market capitalization
for 2006-2008 sample period we find that C-J model performs well only for large cap
stocks, while medium cap stock dynamics are captured by TS-J model.

Chapter 4 is co-authored with Professor George Tauchen and Professor Viktor
Todorov. We propose analytically tractable way to estimate parametric models for
unobserved stochastic volatility. The estimation works my matching moments of the
integrated joint Laplace Transform of volatility with those implied by parametric
volatility model. We use so-called Realized Laplace Transform of volatility to receive
a model-free and jump-robust estimate of integrated empirical Laplace transform of
the unobservable volatility. Monte Carlo reveals the proposed estimation method is
very efficient. Empirical application using the method reveals that market volatility
has both persistent and transient volatility spikes and both of them are sufficiently
volatile which necessitates rich jump specifications to capture the observed patterns

in stochastic volatility.
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1

Introduction

This dissertation develops an analytically tractable methodology of estimating a class
of financial models for asset prices and stochastic volatility using high-frequency data.
There is a broad class of financial models for asset prices and stochastic volatility that
have the joint characteristic function available in the analytical form. The examples
of such models are affine jump-diffusion models of Duffie et al. (2000) and Duffie
et al. (2003). Given this class of models is widely used in financial applications, it is
important to verify their plausibility and flexibility in fitting key features of behavior
of asset price and its volatility.

The estimation methods presented in this dissertation are based on matching mo-
ments of joint characteristic function (or integrated Laplace transform) implied by
the model to the one implied by the data. The idea behind using the characteristic
function in the estimation is not new, and traces back to Parzen (1962). One of
the novelties of this dissertation is the methodology of selection an optimal finite
subset of moment conditions that yields nearly efficient estimator. In addition, the
estimation methodology is analytically tractable, computationally feasible, and pro-

duces unbiased results as compared to the Maximum likelihood estimation as was
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supported by Monte Carlo evidence presented in Chapters 2, 3, and 4 of this
dissertation.

The second chapter ”Practical and Efficient Estimation Using Characteristic
Function Based Moments” develops a practical and efficient procedure of selecting
a finite set of moment conditions based on the characteristic function out of infinite
number of possibilities. It also presents a measure of efficiency of GMM estimator
based on selected set of moment conditions. Monte Carlo evidence shows that de-
veloped method is fast, computationally tractable, and produces unbiased results as
compared to either Maximum likelihood or GMM based on continuum number of
moment conditions.

The third chapter, ” Infinitely Divisible Models for Financial Prices”, is co-authored
with George Tauchen. This chapter explores the possibility of describing the behav-
ior of asset prices by the infinitely divisible process, which is an affine combination
of simple Lévy-type distributions with different activity indexes. These models fall
in the categories of models with known joint characteristic function described in the
previous chapter. The estimation methodology, therefore, is based on constructing
moment conditions that match model implied and data implied characteristic func-
tions, and, then, performing finite number of moment GMM. We find that large-cap
stock price data is described by the linear combination of Brownian motion and
compound Poisson process, while the medium-cap stock price data follow the pro-
cess which is a sum of tempered stable and compound Poisson processes.

The fourth chapter, ”Realized Laplace Transforms for Estimation of Jump Dif-
fusive Volatility Models” is co-authored with George Tauchen and Viktor Todorov.
This chapter develops a convenient and analytically tractable methodology to esti-
mate a large class of models for stochastic volatility of asset prices. Since the volatil-
ity is a latent factor, we employ an integrated joint Laplace transform of volatility(
that integrates out the volatility) instead of the characteristic function to construct

2



moment conditions. Then, the estimation methodology is GMM based on this set
of moment conditions. We fit a few one and two-factor models to the SP 500 fu-
tures index. We find that stochastic volatility consists of two factors: persistent and

transient, both of which are jump processes with different activity levels.



2

Practical and Efficient Estimation Using
Characteristic Function Based Moments

2.1 Introduction

There are many continuous time asset pricing models that do not have a distribution
function available in a convenient analytical form. Examples of such models are
stable processes, Lévy processes, and affine models where the state vector is the linear
function of the drift and diffusion process.(Duffie et al. (2000), Duffie et al. (2003)).
Exceptions are Inverse Gaussian and Gamma processes, as well as Gaussian and
square root diffusion processes. In situations when either the density function is not
available in a closed form or does not exist, using the maximum likelihood estimation
becomes complicated. However, for these types of financial econometrics models
the characteristic function is known in a closed form. Since the characteristic and
distribution functions are in a one-to-one correspondence, the characteristic function
contains exactly the same information about the distribution as the density function
does. Hence, model estimation based on the characteristic function can be efficient as

well. Employing the characteristic function in econometric analysis was introduced



by Parzen (1962).

Currently, there are two possible estimation techniques based on the characteristic
function. The first is to perform inverse Fourier transformation of the characteris-
tic function and, then, estimate the model by maximum likelihood. For example,
Singleton (2001b) considers inverting the conditional characteristic function of one
factor square root diffusion model for short-rate, and optimizing the computed con-
ditional density. Even though maximum likelihood estimator is theoretically efficient
and consistent, the estimation methodology is computationally challenging because
of the need to numerically integrate (highly) oscillatory functions.

The second inference method is the method of moments estimator that matches
model implied and data implied characteristic functions. If (X;),_1, are sampled ob-
servations from some continuous distribution with a known characteristic function,
¥(Xy, 7;0), then the moment conditions are of the form E[¢(X;, 7;60) — e*XtT| = 0,
where 7 is a real number, ¢ is the imaginary unit, and # is the model parameter.
Since 7 can take an infinite number of values, several frequency domain estimators
can then be constructed. One of them is GMM that uses all continuum of moment
conditions. For example, GMM estimators based on the unconditional characteristic
function where all continuum of moment conditions are weighted by an exponen-
tial kernel function were developed in Knight and Satchell (1997), Knight and Jun
(2002), and Jiang and Knight (2010). The resulting GMM estimator is consistent,
but it is not efficient because the exponential weighting kernel is not optimal. It
has been shown that the optimal weighting kernel for the unconditional (Feuerverger
and McDunnough (1981a)) and conditional (Singleton (2001b)) characteristic func-
tion based moment restrictions is the inverse Fourier transformation of the score.
However, this approach is infeasible when the density function is unknown. Jiang
and Knight (2010) computed the optimal weighting kernel by approximating the un-

known score function. Carrasco and Florens (2000), Carrasco and Florens (2002),
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and Carrasco and Florens (2010) developed a new method for computing the opti-
mal weighting kernel that does not require the knowledge of the density function.
They implemented continuum of moments efficient GMM estimator using the uncon-
ditional characteristic function in the i.i.d setting and the conditional characteristic
function for Markov or dependent models. Their estimator is asymptotically efficient,
but the computation of an optimal weighting kernel is cumbersome and requires the
order of n? numerical integrations, where n is the dimension of data. Therefore, for
large datasets the implementation of their procedure is computationally intractable.

A simple approach is to construct a GMM estimator using a finite number of
moment conditions based on the unconditional characteristic function, as in Schmidt
(1982) and Feuerverger and McDunnough (1981a) for the i.i.d settings, and in
Feuerverger (1990) for Markov stationary time series. It was shown in these pa-
pers that it is possible to achieve asymptotic efficiency once the number of moment
conditions approaches infinity. In practice, having a large number of moment condi-
tions leads to a singular GMM weighting matrix. Chacko and Viceira (2003) used a
finite number of moment conditions based on the conditional characteristic function
to estimate stochastic models for volatility. A finite number of moments GMM is
appealing due to its consistency property as well as its quick and straightforward im-
plementation. The drawback of the method is its lack of efficiency and the problem
of selecting the finite set of moment conditions (MCs) from the continuum of possible
MCs. For example, there is a tradeoff between increasing efficiency by increasing the
number of MCs, and invertability of the GMM weighting matrix.

The paper develops a method for selecting a finite set of moment conditions
based on unconditional characteristic function such that the corresponding GMM
estimator is essentially fully efficient. Given a specific form of the moment function,
it is known that the optimal GMM asymptotic variance can be written as the inverse
of the norm of the score projection onto any set of moment conditions (Hansen (1985)

6



and Carrasco and Florens (2010)).

The moment selection procedure developed in Section 2.3 of the paper chooses
a finite subset of moment conditions so that its span well approximates the span
of all available moment conditions. The algorithm works in the following way. At
each step of the moment selection algorithm the norm of the projection error of
the infinite set of moment conditions on its finite subset is computed. Since the
projection error contains information about the moment function not yet explained
by the finite subset, the moment condition that maximizes this error contributes
the most additional information about the moment function. Therefore, the unused
moment condition assorted with the highest unexplained part is then added to the
finite set. Intuitively, moment functions are selected in a way that drives the norm
of the maximum projection error to zero.

This paper develops a criterion for stopping this iterative procedure. We show
that the ratio of Maximum likelihood estimator variance to the finite moment GMM
variance can be expressed as the ratio of the norm of the score projection on the
selected finite set of moment conditions and the norm of the score spanned by the
sequence of moment conditions. Since the numerator and denominator can be written
as a quadratic form with the same unknown coefficient vector, the upper and lower
bound on this ratio has the form of a generalized eigenvalue of the corresponding
operator equation. Hence, for a given finite set of moment conditions, we can evaluate
how far the given GMM estimator variance is from the MLE efficient variance. The
computation of the largest eigenvalue does not require the knowledge of the density
function, and it is used to evaluate the efficiency upper bound on the ratio of Cramer
Rao lower bound and the optimal GMM estimator based on the given set of moment
conditions.

Derivation of the moment selection procedure is based on the moment conditions
evaluated at the true unknown parameter of interest. We compare this infeasible mo-

7



ment selection procedure with the selection method based on the consistent estimate
of the parameter vector. Comparison results are presented in the Monte Carlo study
in Section 2.4. We consider the Merton (1973) Jump diffusion model for 5 minute
returns and find that both GMM procedures deliver very similar estimation results
and only 9 moment conditions suffice for a nearly efficient GMM estimator. We also
compare the GMM estimator based on the selected set of MCs with the GMM based
on the equispaced grid of 9 MCs. The latter estimator has the same point estimates,
but standard errors are smaller. Finally, we compare the GMM estimator to the
MLE estimator based on the density computed by inverse Fourier transformation of
the characteristic function. Because of numerical difficulties of inverting the oscilla-
tory integrand, the MLE estimates appear to be biased, and the estimation time is
much longer than it is in GMM.

In the empirical application, we estimate the marginal distribution of 5 minute
stock returns. The method can discriminate between different models. The estima-
tion results using the equipsaced grid of MCs are comparable to the results obtained
with the GMM based on the selective set of MCs. However, the latter is more precise,
even though it uses the same number of MCs. Consistent with Tauchen and Grynkiv
(2011), we find that 5 minute marginal distribution of a large-cap stock, IBM, can
be described by the Jump-Diffusion model, while this model fails to fit the 5 minute
returns of a middle-cap stock, AKS. On the other hand, the pure jump model, which
is a linear combination of compound Poisson and tempered stable process, succeeded
in modeling marginal distribution of AKS 5 minute returns.

The rest of the paper is organized as follows. In Section 2.2 we present the
theoretical background for the moment conditions selection approach. Section 2.3
develops a consistent finite moment selection procedure and demonstrates it on sev-
eral examples. The Monte Carlo study of the selection algorithm for the case of the

jump-diffusion model is presented in Section 2.4. We also compare several estimation
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techniques in this section. The empirical application based on two 5 minute return
data for IBM and AKS stocks is presented in Section 2.5. Section 2.6 concludes the

paper. Technical details are given in the Appendix A.

2.2 Theoretical Setup

2.2.1 Moment selection problem

Let X be a stochastic process defined on a complete probability space (2, F, FY) that
takes its values in S C R. Assume {X7, ..., X,,} be independent realization of X, that
have the distribution function F°(f) not necessary available in the analytical form.
Let 6 € © C RP be the vector to be estimated by GMM. We consider the moment
function, h : I x S — C, that is the differences between data implied and model

implied characteristic functions:
h(X;0) = exp(itX;) — Elexp(it X;) (2.1)

Because of the specific form of the moment function (2.1), 7 takes an infinuum of
possible values, I = R. Therefore, the moment function (2.1) defines the infinite
number of moment conditions, {h(X;;0) : E%[h.(X;;0)] = 0, T € I}. Let ¢ be
the finite dimensional set of elements of I, ¢ = {m,..., 7k}, K < o0, and 7; € [ for

any ¢ = 1, K. Then, each set ¢ uniquely defines a set of moment conditions:
c—={h (X;0), ..., h (Xi50)} (2.2)

Let stack moment functions defined by the finite set ¢ in a vector, and denote this
vector by h(c; 0):
h(c;0) = (hr (X5 0), ..., hr (X4 0)) (2.3)

For an ease of an exposition, we refer to the vector of moment functions (2.3) as the

moment conditions indexed by c. In this paper an inference is based on the finite



subset of moment condition indexed by c. The inference is made using the relation:
E%[h,(X;0)] =0,7€ G (2.4)

where G =1 or G =c¢ C I, |c| = K < oo depending on infinite or finite number of

moment conditions. Assume that identification condition holds:

Assumption 1 . (Identification Condition)
E®[h.(X;;0)] = 0,V7 € G, < 0 = 6, (2.5)

If (2.5) holds and |G| is finite, it has to be that number of moment conditions is not
smaller then the dimension of parameter of interest 6, K > p. In what follows the

following notation is used,

n

Elf] = El(X0)] = 3 £(X) (2.6

t=1

The GMM estimator based on the G set of population moment conditions (2.4), is
then defined as:
0n(G) = arg min || B, E, [A(G; 0)]| (2.7)
€

where ||.|| is the norm in some Hilbert space, finite or infinite dimensional, depending
on the number conditions |G|, and B, converges to a liner operator B. The interest
of this paper is how to select finite number of moment conditions, ¢, such that GMM

estimator, 6,(c) is nearly efficient. We denote the set of all finite dimensional sets

whose components belong to I as:
C={c={n,.,7x} 1 €l,K <o} (2.8)

By construction, C' is infinite dimensional, therefore, there is an infinite number of

GMM estimators, én(c), where ¢ € C. The paper addresses a problem of selection a

10
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finite set ¢ so the resulting GMM variance, Avar(6,(c)), almost attains Cramer-Rao
lower bound. Before presenting the methodology of selecting ¢ € C, the conditions

under which GMM estimator (2.7) is asymptotically efficient, are described.
2.2.2  Continuum of moments GMM.

This subsection considers GMM estimators that use a continuum of moment con-
ditions (2.1). Let L*(F°) be the space of functions Z(X) : R — C such that
EF[Z(X)Z(X)] < oo. L?*(F°) is a Hilbert space of square integrable functions

with the product:

(¢, 9) 1270y = B [$(X) (X)) (2.9)
where ¢,1) € L*(F°). The product imposed norm in this space is then ||¢[|7z poy =

(¢, ®)r2(poy. Let L*(h) denotes the closure of the subspace of L?*(FY) spanned by
moment functions from the set {h,(Xy;6) : 7 € I'}. This space consists of all possible

linear combinations of the form:
T =Y wihy (X3 6p) (2.10)
i=1

for some wy, ..., w,,, € R and some 74, ...,7,, € I, together with its limit Z in the
sense || Zny, — Z||2(poy — 0 as m — oo. The continuum of moment GMM is then

based on the following estimating equation:
/ B(r, 0)E, (h[I: 0)]dr — 0 (2.11)

where B : L*(F°) — L?*(F") is the linear bounded operator. We next repeat the
result from Carrasco and Florens (2000) about the asymptotic behavior of GMM

estimator based on possible continuum of moment conditions:
Proposition 1 Under Assumption 1 — 11, the asymptotic distribution of 0, is given

11



(6, — 05) % N(0,V) (2.12)
where
oOh, . Oh, o Oh, oh, .
V= ||BE(W(X15;90))H *(BE B (X5 00), (BKB )BEW(X&90))||BE(W(X580))H ?

where K is the covariance operator of moment conditions. Let ¥71(I) denotes the
Cramer-Rao lower bound. Next, we consider cases when V equals ¥7(I). One way
to achieve MLE asymptotic efficiency is to use a specific weighting kernel B(T,6)
(Feuerverger and McDunnough (1981a)):

_ 1 —iT:z:alng9<X)

If the distribution function f(x;#) is not available in a convenient (analytical) form,
computing the optimal weighting function (2.13) is challenging. Carrasco and Flo-
rens (2000) propose another way to compute an optimal weighting function B(,0)

that does not require a knowledge of the density function. For the case of an optimal

GMM estimator, B = K™z, they show that V = | BE(% (X4;600)) |72 = S71(1).
Here K is the covariance operator of moment functions with the kernel k(7,s) =
EF (h.(Xy; 0)hs(X,;0)) (in i.i.d case). To find the optimal weighting function, the
inverse of covariance operator is computed. Carrasco and Florens (2000) methods
involves calculating the optimal weighting function, which is the inverse of covariance
operator of moment conditions, that entitles solving numerically Fredholm integral
equation of the first kind. To find the inverse kernel, they approximate k(7,s) by
degenerate kernel and perform an eigenvalue decomposition. Rank of the degenerate
kernel is the dimension of the data, and finding the inverse operator K ! entails per-
forming an order of (n? + n) numerical integrations. Therefore, for a large data sets

the numerical solution to optimal weighting function is intractable and numerically
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not trustworthy.

Another way to achieve MLE efficiency is to compute the density function by in-
verse Fourier transformation of the characteristic function (as in Singleton (2001b))
and then optimizing the maximum likelihood objective function. Calculating Fourier
transformation may be tricky since the integral can demonstrate highly oscillatory
behavior. In addition,this method can be time consuming because the order of nu-
merical integration can be too big. For example, in case when optimization procedure
requires evaluating the objective functions at different values of parameters and data

point, time consuming.
2.2.3  Finite number of moments GMM

Next the GMM estimator based on finite number of moments (2.3) is considered.

This GMM estimator is defined as

~

0,(c) = arg ropiél B (3 0) Wi ha(c; ) (2.14)
S

where h, (c; 0) = (En[exp(iTkXt)]—]Ee[exp(iTkXt)])(k:LfK), € ¢, Vk=1,K. And W,

is positive semidefinite weighting matrix that converges in probability to S(h;c)™!:

S(h;¢) = lim Var(n'?hy(c;0,)) (2.15)

n—o0

Under regularity conditions (Hansen, 1982a) GMM estimator has the following asymp-

totic distribution:

Assumption 2 .
n'2[0,(c) — o) 5 N(0,571(c)) (2.16)
where 3(c) is the p x p matrix equal to

S(c) = E[0h(c; 0y)/00') S (h; ¢) " E[dh(c; ) /90| (2.17)
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The GMM estimator (2.14) based on ¢ moment conditions is straightforward and
quick to compute. However, since there are an infinite number of possibilities to
chose ¢, the problem how to select a set ¢ is then arises. Schmidt (1982) propose to
select the set ¢ € C, such that an asymptotic GMM variance, X~!(c), is minimized
given number of moment conditions, K, is fixed. However, the question how to
select K remains unanswered. In what follows we propose a method how to select ¢
when K is not known a priori. In Section 2.3 we present the algorithm of selecting
¢ € C, such that GMM asymptotic variance, ¥ !(c), is close to the Cramer-Rao
lower bound, X71(T).

2.2.4 Efficiency Bound

In this section we consider an alternative form of the asymptotic GMM variance based
on the moment function (2.1). First, we repeat the results of Hansen (1985) (for the
finite set of moment conditions) and Carrasco and Florens (2010) (for arbitrary
dimension set of moment conditions) on the bounds on GMM asymptotic covariance
matrix. For the ease of exposition we repeat the Assumption 4.1 and Proposition

4.1 as stated in Carrasco and Florens (2010) below.

Assumption 3 (i) X; is a stationary ergodic Markov chain of order q

(ii) Let sy = 222 (X,| X7 |)|o=g,. The information matriz E[s,s}] exists and is

positive definite.

(iii) (differentiation under the integral sign) Let a(zl ™, 0) = h(r,z97; 0) fo(xl*1)

where fo(xd ™) denotes the joint density of xl ™ = (g, x_1,...,x_7). a(zl ™, 0) is

continuously differentiable in the neighborhood of N of 0y and

/sup |Voa(xd ™™, 0)||dz™ < o (2.18)
eN
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The next result of Carrasco and Florens (2010) answers the question when the

asymptotic variance of GMM estimator equals the Cramer-Rao lower bound:

Proposition 2 Assume that Assumption (3) and equations (2.16) and (2.17) hold.
(i) The inverse of the asymptotic variance of é, the GMM estimator based on
{h-(Xy;00), 7 € I} is given by

¥ = (Proj, Proj)2(m) (2.19)

where Proj is the orthogonal projection (in L*(F°)) of s; on L*(h) and L*(h) the
closure of the span of {h.(X;0o),7 € I}. (ii) Moreover, ¥ coincides with Fisher’s

information matriz if and only if
sy € L2(h) forall i=1,2,..,p (2.20)

where sy; is the ith element of s;.
For example, if there is the finite set of moment conditions ¢ = {7, ..., 7k }, then

the projection of s; on the h(c, Xy;6p) is equal to

P?"Oj = h(c, Xt, 90)(]1, h>z21(FO) <h, S>L2(FO)

() = <h78>/Lz(F0)<h’ h>221(F0)<h7 S) L2 ()
= E%(s(X;)h(c, Xs;00))E% (h(c, Xi;00)h(c, Xi;00) )EP (s(X,)h(c, Xy; 00))

That is exactly the finite moment condition inverse GMM variance from Hall
et al. (2007). The expression for this GMM asymptotic variance is not new. Similar
results were obtained in Tauchen (1997) in a static case, Gallant and Long (1997).

It should also be noted that maximum likelihood efficiency is obtained only for the
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case of the optimal GMM estimator, e.g. when the optimal weighting matrix S(h, ¢)
from (2.15) is used.

Given the specific form of moment function (2.1) as a difference between data
implied and model implied characteristic functions, and some light conditions on
the distribution of X;, L?(h) space contains all the functions from L*(X) = {G :
E%[G(X)?] < oo}. Since the score s; belongs to L?(X), it means that the span
of all possible moment conditions contains the score. Applying Proposition 2, the
asymptotic GMM variance based on continuum of moment conditions I, $7(I),

then equals the inverse of Fisher information matrix:

sy € L*(h) =
Proj; = sy =
E(I)U = <Sti7 Stj)LQ(FO) =

£(1) = Iure

for any i,7 = 1,p, where Iy;rp is the Fisher information matrix. Feuerverger and
McDunnough (1981a) and Carrasco and Florens (2010) proved the efficiency result
for continuum of moment conditions base(2.1) for i.i.d case by showing that the score

s is the solution to the equation:

E® (U, (X;00)] = E%[Voh,(X;0)] (2.21)

for all 7 € R. Singleton (2001b) proved the analogous results for the case of moment
function based on conditional characteristic function and for stationary and ergodic

X
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2.3 New Method of selecting finite number of moment conditions

2.8.1 Notations

In this section we develop a procedure of selecting a finite set of moment conditions
¢ so that the GMM asymptotic variance, ¥(c)™ !, is nearly efficient. GMM methods
that achieve maximum likelihood(MLE) efficiency use the continuum of moment con-
ditions, however, as discussed above they are numerically intractable. We, therefore,
conduct an GMM inference based on the finite number of moment conditions, with
the GMM variance matrix close to the Cramer-Rao lower bound. To evaluate how
close to the MLE efficiency is the GMM estimator based on ¢ = {m,....,7x} C I
moment conditions, the upper bound on the relative distance between the GMM

~1 and the inverse of Fisher information matrix is evalu-

asymptotic variance, Y(c)
ated.
For a finite set of moment conditions indexed by ¢ = {71, ..., 7k }, where K < o0,

let a finite dimensional Hilbert space that consists of all possible linear combinations

of moment functions be:

L*(c) = {Gx : Gx = Y _ wihr(X;;0,) (2.22)

1,K}

for some wy,...,wg,€ R and 7, €c Vi

By construction, L?(c) C L?*(h) and by definition of Cramer-Rao lower bound,
Y (I)~' < X(c)~!.! The intuition behind the moment selection procedure is to select
the finite set ¢ of moment conditions in a way that the resulting finite dimensional
space L?(c) approximates the span of all moment conditions, L?*(h). The asymptotic
variance of GMM estimator based on moment conditions ¢, ¥(c)™! is, therefore, ap-
proximately equal to the GMM asymptotic variance, ¥(1)~!, based on the continuum

of moment conditions.

! In the sense that X(I)~! — £(c)~?! is negative definite matrix.

17



Let denote the vector of orthogonal projection coefficients of h,(X;;60y) onto the
set of moment functions h(c;6y) as 89(c) = (8°(71), ..., B%(7k))’. Then, orthogonally
projecting the infinite set moment functions, {h.(X¢;6p) : 7 € I} on its finite sub-
set indexed by ¢ each moment function, h,(Xy;6p) is the linear combination of the

projection part and the error part:

K
he (X1 60) = B27i)hay (X4, 60) + €x(c; 60)

i=1

or, in vector notation:
he (X3 85) = B2V h(c50) + er(c56)
where 7 € I and ¢ = {7, 7o, ..., 7} C I.

2.3.2  Bound on the distance between GMM asymptotic variance and the Cramer-
Rao lower bound

In this section the distance between GMM asymptotic variance and the Cramer-Rao
lower bound is evaluated. In case when the density function is not known is a closed
form there is no analytical expression for the Cramer-Rao lower bound. Therefore,
computing the difference between GMM asymptotic variance based on the fixed set of
moment conditions ¢ and MLE efficient variance is infeasible. However, it is possible
to compute the upper bound on the ratio of the norms of two variances. The upper

bound is specified in the following proposition.

Proposition 3 Let Assumptions 1 and 3 hold and F(6y) is X, distribution function.
Then, for a given finite set of moment conditions (2.4) indexed by ¢ = {m,..., Tk }
the ratio of the trace of the optimal GMM asymptotic variance ¥~ (0y; ) to the trace
of the MLE efficient variance ¥~ (I) satisfies the following inequality:

trace(X71(1))

m > (1 - )‘maz(c; 60)) (2'2?’)
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where A\paz(c; 0p) is the mazimum generalized eigenvalue of the following operator
equation:

E.on = AHay (2.24)

where «y, is the generalized eigenvector, H(t,s) = E(h,(Xy;00)hs(Xy;00)) is vari-
ance covariance kernel of continuum of moment functions h.(Xy;600), 7 € I, and

E.(1,8) = E(e-(c)es(c)) is variance covariance kernel of projection error function.

Comment 1. The inequality in Proposition 3 can be strengthened even further.
The upper bound in the inequality (2.23) is also the upper bound on the ratio of the

diagonal elements of two matrices, X ~1(I) and X7!(c),

> (1 = Amaz(c;60)) (2.25)

for j = 1,p. For each j the ratio is the same because the bound on the score is
derived only using the information that the score is spanned by the continuum of
moment functions. And since the distance between two sets, L*(h) and L?(c) is the
same, the bound for each score element is the same as well.

Comment 2. 1 — A\paz(c;09) describes the worst case scenario of how far from
the MLE efficiency GMM estimator based on ¢ moment conditions is. Since A4z €
0.0, 1.0] by definition, A,qz(c; 0p) = 0 means that ¥(c)~! equals to Cramer-Rao lower

bound.
2.3.8 Consistent moment selection procedure

Proposition 3 specifies a method to compute an efficiency bound on the GMM asymp-
totic variance based on a fixed set of moment conditions ¢. However, it does not
propose an algorithm how to select the finite set c¢. In the case of finite dimensional

set C, Andrews (1999) develops a consistent procedure of selecting the set of true
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moment conditions that identify the parameter of interest, while Hall et al. (2007)
propose an efficiency based procedure of moment selection for a GMM estimator
based on the entropy. In both cases the set of all available combinations of moment
conditions, C, is finite. In case of infinite C', the optimization of the GMM optimal
variance over ¢ € C' by simple search does not work. We, therefore, develop a consis-
tent procedure to select a finite set of moment conditions ¢ € C' in the case when C'
has an infinite number of elements. We start by introducing the following notations.

Let I be a compact subset of I, such that it contains most of the information
in Elexp(iX,7)], and let 7ybe the bound point of I, I = [—7, 7], or in the case of
the symmetric characteristic function, I = [0, 71]. The procedure how to select 7y is

described later. Then, let

e-(cx; 6

70*: 7'7...,7—'5‘ CC‘
Tel ||hT(Xt;90)||L2(F0) { 1 } }

AC is the set of 7’s at which the next 7 is the argument of the maximum of the ratio
of the norm of projection error computed at previous 7’s to the norm of the moment
function. Then, let define the set of all possible finite sets of moment conditions for
which the ratio of the norm of projection error to the norm of moment function is

less then some specified number, v € R

e (c; 00)l 227y
127 (Xe; 00) || 2 (ko)

Lv)={ceC: < v}

By construction, the ratio of the norm of projection error to the norm of the moment

ler (c:00)l 21y

function (% 0)

€ [0,1], therefore, L(v) = C, for v > 1 and L(v) = () for

HLQ(FO>
v < 0. In addition, it is easy to check that for vy < vy, L(11) C L(r2). Next, we

assume the following condition,
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Assumption 4 . For any ¢ € AC, there is unique 7* € I such that

* — argmax lex(c; 00)| 22()
rel ||hT(Xt;90)HL2(FO)

Condition 4 is guarantees that the set A] is well defined. In addition, this as-
sumption is used to show a strict monotonicity of the relative projection error defined
specified in definition of the set AC.

In Lemma 7 in Section A it is shown that the maximum of relative projection
errors specified in AC is the decreasing function of moment conditions in the sense

that for any two sets of moment conditions such that one is strict subset of another,

ler (c)ll 25 ller(c2)ll 2
0) L= (Fp)
C1,Co € C, C1 C Co, C1 # Co, ”hT(Xt;eO)”LQ(FO) HhT(XﬁeO)”LQ(FO)'

Moreover, since by

definition ||e;(I)||z2(m) = 0 for any 7 € I , a sequence of moment conditions ¢ =

le() 112y

=0 < for any v
T (X000 2y yv~>

{1, 7,...} € AC can be constructed in a way that

0. Therefore, the set MAC(v) = L(v)[).AC is nonempty for any v > 0. The
condition MAC(v) = L(v)[()AC # 0 guaranties that it is possible to approximate
the moment function (2.1) in terms of L?(F,) norm by the set of moment conditions
¢ € L(v) to any precision v > 0. The following assumption will specify the ”speed”

of approximation of the moment function:

Assumption 5 . (Approzimate sparsity). For some v* = o(+) there exists ¢ € C,

such that max__;[E,[€2(c; 0)]]°° < v* and |c| < s, where s = o(n).

rel

Condition (5) assumes that each moment condition can be well approximated
by the same finite set of moment conditions: h,(Xy;6) = B2(c) h(c;0y) + €, (c; ),
€1, ¢l <s=o(n),so that the sample norm of the error function is negligible
Ly (X bo)e, (Xy, ¢;600) < o(%). Tt is important to note that ¢ is not unique

here. For example, if ¢ satisfies Assumption 5, then c¢,., = ¢ U 7,, where 7,, € I /c

will satisfy Assumption 5 as well.
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Assumption 6 . There exists v* = 0(\/%;), such that for all v > v*, E(h,(c)h.(c))
is invertible for any ¢ € MAC(v) and (1,0) € I x O .

For the covariance matrix based on the selected set of moment condition ¢ to be
invertible, the determinant of ¥(c) = E%(h(c, Xy; 6o)h(c, X3 6p)) should be bigger

then 0. For any vectors cx.1 = {71, ..., 7, T 11} € AC and ¢ = {7, ..., 7k }, such

that cx C cxy1 the following holds

det(X(cxt1)) = det(X(ex)) * [l€rye, (ex; 00) | 2 (o)

% ||hTK+1 (‘90>HL2(F0)
||hTK+1(‘90)||L2(FO)

= det(X(ck)) * llergp (x5 Oo) |l 2o

ler(cx; 90)||L2(F0)

Tz, * e

> det(X(ck)) *

therefore AC consists of finite sets, such that each next chosen moment condition
maximizes the ration of the determinant of the optimal GMM weighting matrix,
det(X(ck 1)), to the norm of moment function computed at 7x,1. Therefore, the
next point 75,1 selected in a way specified by set AC has lower chance of turning
the matrix Y (ck41)) into a singular matrix.

Now, we turn to defining the procedure of selecting a finite vector of moment
conditions, c¢. We start by listing several motivation for the below Algorithm of
selecting c. First, ¢ should be such that the GMM asymptotic variance matrix %(c) ™!
is "close” to the efficient MLE variance, 3(I)~!. Since, the efficient variance is not
known in analytical form, the bound A...(c; 6p) on the relative distance between two
variances can be used to asses if moment conditions ¢ contain enough information
about moment function (2.1). Second, there is an infinite number of possibilities
for selecting ¢. Minimizing the bound A4, (¢; 0p) over continuum of choices of finite
dimensional ¢ € C' is, therefore, infeasible. Since, the set of moment conditions that

spans the score is not known, we select ¢ that approximates moment function (2.1) in
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the L?(F°) norm for any 7. Therefore, the vector ¢ is chosen in a way that decreases
the maximum relative distance between moment function (2.1) and its projection on

the span of h.(c). Finally, from Proposition 3
(Ee — AmacH)avy,,,, =0 (2.26)

where H does not depend on ¢ and is fixed, and elements of FE, are decreasing in
c and are in the form E.(7;,7;) = (e(c;60),€x(c;60)) r2(roy < max_; |le-(c;60)].
Therefore, for a particular \,.. = A* > v* the procedure that uniformly in 7
decreases ||e,(c; 0p)|| should eventually find ¢ that forces (3) to hold.

Next we introduce several notations. Let 6, = 6, and let the objective function
for moment selection procedure be:

lle-(Xe, ¢ 0)]|7 (F0)
[h2(X4;0)

QO,1,c) = (2.27)

HL2(FO

which is the ratio of squared norm of projection error based on moment conditions
¢ to the squared norm of the moment function. Its empirical counterpart takes the

following form:

En[e2(X:, ¢;0)]
En[h2(X:;0)]

Qun(0,7,¢) = (2.28)

where the error function e, (X3, ¢; én) is the residual of the following projection equa-
tion:
Xta Z/BT Tz Ti Xt> )+€T( en)

and 0, is some consistent estimate of 6. Then, the maximizers of both objective

functions (2.27) and (2.28) are denoted as:

7(c) = argmax_; Q(0o, 7, ¢) (2.29)
To(c) = argmax_.; Qn(0,, 7, ¢) (2.30)
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Since the true parameter vector €, is unknown, the optimization of the objective
function (2.28) is infeasible. Therefore, a consistent estimate 6, of 6y is used to
evaluate (2.27). We now state basic assumptions under which the results below

hold.

Assumption 7 (a) {X;} isii.d. process

(b) I x © is a compact set

(¢) B-(7:;0) is continuous in (7,0) € I x © for any 7; € I

(d) h.(2:0) is continuous in (7,6) € I x © for all z in the support of X,
(€) Sup, ,peive E(B2(7i; 0)h?(75;0)) < oo for any 7; € I

(f) (Stochastic equicontinuity). Ve > 0 there exists ¢ > 0 such that

lim sup P(w(Q,(0,7,¢) — Q(8,7,¢),0) > ¢€) <,

n—o0

where

w(fmo) = Ssup sup ’fn((Tﬁ 9)) - fn(T*ae*)’

(T,Q)GfX © (T* 70*)65((779) 70')

is modulus of continuity of f,.

Assumptions 7 (c¢) and (d) are not restrictive since the characteristic function for
the considered financial models is smooth. Assumption7 (f) is needed to show the
uniform convergence of the objective function. Next, we provide the result of conver-
gence of the maximizer of the empirical objective function, (2.28), to the maximizer

of its theoretical counterpart, (2.27).
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Proposition 4 . Let 0% 0,. Suppose Assumptions 7, 4. and 6 hold, for v > v*
and c € MAC(v). Then,

sup Qn(én77—7 C) £> sup Q(e()?Ta C) (231>

rel rel

For a given fixed value of v, we propose to find the set of moment conditions, c,
that belongs to MAC(v) using the following algorithm:
Algorithm 1.

1. Set ¢; = {7 },where

ry = argmax(Y e (X 0,)he (X,: 6,))

Tel i—1

2. If Qn(én, ¢1) > v move to the next step, otherwise stop and set ¢y ¢ = ¢
3. For ¢ 1 ={m,..,7k_1} find

T = argmax Q, (0, cx_1)
Tel

4. Update cx = {11, .., Tk -1, TK }

5. If max, ¢ Qn(én, ck) > v move to the third step, otherwise stop and set cjc =

CK

There is the positive relation between the cut-off level v and the upper bound
Amaz(Crrc,s én)) on how far the GMM estimator variance is from the Cramer-Rao lower
bound. For example, setting small values of ¥ = 0.01 or lower should provide near
efficient estimator, and upper bound on the relative distance between two variances
can be checked by computing corresponding eigenvalue A4 (carc, én)

In the following proposition, we show consistency of the selected vector cpse:
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Proposition 5 Let 6% 0. If Assumptions 7 and 6 hold, then for v > v*, cyo €
L(v) wp — 1.

Next we demonstrate how the Algorithm 1 works using several examples.

Example 1.(toy example.) First consider the case when X; N(0,032), where
the scale parameter is the only unknown parameter, # = o. The true value of
09 = 1.0, and since the density function is known in analytical form, the Cramer-Rao
lower bound for ¢ is Avar(c?(I)) = 2.0. The characteristic function of the normal
distribution is ¥(7) = exp(—oc?7?/2), and since this is symmetric distribution, the
imaginary part is absent. The moment function, therefore, is of the following form,
h. (X, 00) = ¥(7) — cos(7X;). As can be seen from the Figure 2.1 that shows the
graph of model implied characteristic function, I can be set equal to the following
set, | = [0,3.0]. Applying the Algorithm 1, the first moment condition is set at point
71 = 3.0. Then, iterating on the steps of moment selection procedure, the Algorithm
1 produces the results presented in Table 2.1. The second row of the Table 2.1 shows
the moment condition selected at the Kth step of the algorithm, while the third row
shows the variance of GMM estimator based on the vector of moment conditions cx
selected at the iteration K. As the Table 2.1 demonstrates, it is enough to use only
6 moment conditions to achieve full efficiency. The vector of moment conditions is
then, cyc = [3.0,0.1,1.7,0.9,2.5,0.4]. Also, Figure 2.2 plots the objective function
Q(6o, T, cxc) computed at each step, K, of the Algorithm. As the figure demonstrates,
after 6 iterations, the objective function becomes equals to zero at each 7 € I.

Example 2.(Jump-Diffusion Model.) Let X, follows Jump diffusion process, so
that dX; = odW; + vJ;, where W, is standard Brownian motion, J; is the com-
pound Poisson with normally distributed jumps and intensity parameter A > 0, and
scaling parameters ¢ > 0 and v > 0. Then, the characteristic function of X, takes
the following form, 1 (t; 6) = exp(—0.50%> + M(e %57 — 1)), where the parameter
vector 0 = (02, \,~?). Let the true value of parameter vector be § = (0%, \,7?) =
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FIGURE 2.2: Plot of the ratio of the norm of the projection error based on moment
conditions, cx selected by Algorithm 1 to the norm of the moment function.
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Table 2.1: Results of Algorithm 1, A(0, 0?) distribution

cyve 3.0 0.1 1.7 0.9 2.5 0.4 2.1 2.8 1.3 0.2
Var(6y)) | 400.10 208.30  6.35 2.35 2.23 2.01 2.00 2.00 2.00 2.00

Note: ck is the moment condition selected at step K, Var(0y) is the variance of
optimal GMM estimator based on set of moment conditions selected at step K

FIGURE 2.3: Plot of characteristic function of the Jump-Diffusion process, dX; =
odW, +~vJ; at 0 = (02, \,7?) = (1.7,0.12, 2.5)

(1.7,0.12,2.5). Then, the Figure 2.3 shows the plot of theoretical characteristic func-
tion, so that the compact subset I has the upper bound T, = 2.5. As can be seen
from Figure 2.4, after 6 iterations of Algorithm 1, the objective function Q(6y, 7, ck)
dies out to zero, meaning that the set of selected moment conditions cg spans the
continuum of moment conditions. The results of the Algorithm 1 are presented in

Table 2.2. The last row of Table 2.2 contained an estimate of the A from (2.23),
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which is one minus the ratio of the Cramer-Rao bound to the GMM variance based
on ¢ moment conditions. As we see A decreases drastically, and the GMM variance
based on only 6 moment conditions is almost efficient. The Algorithm 1 selects the

following set of moment conditions, ¢y o = [2.5,0.1,1.39,0.76,2.0,0.4] .

1
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0.8 - - =K=4
------- K=5
K=6
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lle Il

0.2
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FIGURE 2.4: Plot of the ratio of the norm of the projection error based on moment
conditions, cx selected by Algorithm 1 to the norm of the moment function.

Table 2.2: Results of Algorithm 1, Jump-Diffusion model

K=1 K=2 K=3 K=4 K=5 K=6 K=7 K=8 K=9 K=10

CK 2.5 0.1 1.39 0.76 2.0 0.4 1.7 2.31 1.06 0.22

Amaz (Cxc; 00) — — 1.0 0.55 0.26 0.12  0.0063 0.0058 0.00 0.00

Note: ck is the moment condition selected at step K, Var(6y) is the variance of
optimal GMM estimator based on set of moment conditions selected at step K,

S\max(c;{; 0o) is an estimate of the upper bound, \
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2.4 Monte Carlo study

We next test the performance of the moment selection procedure on the simulated

data from the following Jump-Diffusion model,

where is W, standard Brownian motion, ¢ > 0 and v > 0 are constant scale pa-
rameters, and J; is a compound Poisson process with Gaussian N(0, 1) jumps and
intensity parameter A. Processes W; and J; are independent. The characteristic

function of the model (2.32) is
(1) = exp(—0.5 % (o7)* + Mexp(—0.5 x (y7)?) — 1.0)) (2.33)
The parameter values are set at
0o = (00, Mo, v0) = (1.3038,0.12,1.5811) (2.34)

The parameter’s values are selected to match the stock return characteristic doc-
umented in nonparametric literature. Given the vector of parameters (2.34) the
variance of X; equals 2.0, jumps variation accounts for 15% of total variation, and
the expected number of jumps per year is 30 which is consistent with earlier non-
parametric evidence.

For each scenario we simulate 250 days of data with 76 intraday 5 minutes returns
within each day, accounting to 19, 000 observations which is compatible with the data
set used in an empirical application. There are total 1,000 Monte Carlo replications.
The optimization of the objective functions is performed using Laplace likelihood
technique of Chernozhukov and Hong (2003b) with flat priors and the length of the
MCMUC chain set at 15, 000.

Like in Todorov et al. (2011) we select 7,4, such that 1%()(}) = 0.01, that results
into 7,4, &~ 20.0. To implement Algorithm 1 we need a consistent estimate of

parameter vector #. We consider three types of GMM estimation:
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e I-GMM: an optimal GMM estimation based on the moment conditions se-

lected by Algorithm 1 evaluated at the true infeasible parameter vector (2.34);

e ES-GMM: an optimal GMM estimation based on the K equispaced over in-

terval [0.0, T,4.] moment conditions;

e MMRSS-GMM: an optimal GMM estimation based on the moment con-
ditions selected by Algorithm 1 evaluated at the initial consistent parameter
vector §. Abbreviation MMRSS-GMM stands for min max residual sum of

squares;

In ES-GMM we set K = 9, that satisfies the rank condition 9 > 3. In MMRSSS-
GMM we use the consistent ES-GMM estimate of § with K = 9 moment condi-
tions.

We compare finite sample performance of infeasible I-GMM and feasible MMRSS-
GMM. Even though the MMRSS-GMM estimator uses a consistent estimate of
the parameter of interest 6, it is not a two stage estimator in a usual sense. The first
stage estimate of 6 does not enter the objective function of MMRSS-GMM as a
classical nuisance parameter, since we use the continuum moment GMM estimator.
The first stage 6 is employed only to find the finite set of moment conditions for the
second stage estimation. To implement the Algorithm 1, the maximization of the
ratio of the norm of the error function to the norm of the moment function is done
over interval 7 € [0, Tynae|. The optimization is performed by a grid search over the
set {7 11 = Ll.ipmaz, s = hx i, h = 0.1, Mgz = Tinaz -

To compare two estimation methods, we consider four stopping rules for Algo-

rithm 1. The following four threshold levels v are considered:
e v =0.005

e »=0.01
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The results of the estimation are presented in Table 2.3 and Table 2.4. We can see
from the Table 2.3 both estimation methods produce virtually unbiased estimates for
all specifications of v, and for a given v standard errors of each method are basically
the same. As we decrease the target parameter v, the standard errors drop. For the
two lowest values of v, v = 0.01 and v = 0.005, however, there is no big improvement
in the standard errors even though the target parameter v is is 100% smaller in the
second case.

We also compute the efficiency bound A« defined in Proposition 3 to evaluate
how close from the efficient MLE asymptotic variance the optimal GMM variance
based on the selected set of moment condition is in relative terms. To compute
an estimate of A..., we approximate the kernels of linear operators E. and H by
discretized kernels, E. and H. Let GR = Ti, ..., Tq be discretization points. Then,

A

E. = (ui); j—1q and H= (2ij)s j=1a are d x d matrix with the elements:

1 & . R
Uij = D en(Xi, ¢ 0)er, (X, ¢;0) (2.35)
t=1
1 & R .
g = ; hr (X5 0) by (X5 0) (2.36)

where ¢ is the set of moment conditions used in GMM estimation, and 6 is the
first stage parameter estimate, and e, (X, ¢; é) is the projection residual. Then, the
estimate of \,,.; is the maximum generalize eigenvalue of the equation E’Ca A= MHa A-
We select the discretization grid GR in a way that matrix H is well post and solve

for A4z using Cholesky factorization of H in Matlab.
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Table 2.4 reports the number of moment conditions, ||, selected by Algorithm 1
for each target case of v, and also the corresponding efficiency bound \,,... We can
see from the table, that as the norm of the projection error decreases, the number
of moment conditions increases, and the GMM asymptotic variance approaches the
efficient variance since \,,,, drops to 0. Again the results for two estimation methods,
I-GMM and MMRSS-GMM are very similar. It is enough to set target level of
v = 0.01 to get to the 95% efficiency using only 8 moment conditions selected by
Algorithm 1.

Next, we turn to the J-test of overidentifying restrictions for MMRSS-GMM
method. Table 2.6 shows slight overrejections, that might be consistent with earlier
evidence when the number of moment conditions is large. The overall performance
though is satisfactory.

Finally, we compare two two-stage estimation methods I-GMM and MMRSS-
GMM for v = 0.005 with the GMM based on 9 equispaced set of moment conditions,
ES-GMM and Maximum likelihood estimator, MLE.

To implement MLE estimator we need to compute the density function by inverse
Fourier transformation of unconditional characteristic function:

+oo
fO; Xy) = i/ Re{e ™ t)(7,0)Ydr (2.37)

21 J_o

where (7, 0) is model implied characteristic function and Re denote the real part
of complex numbers. Since we consider the symmetric model, inversion formula in
(2.37) is equivalent to cosine transformation of characteristic function. Therefore,
we use the following formula for evaluating the density function:

FO: X)) = — / " cos (rX,) (. 0)dr (2.38)

2 J_
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The MLE estimator is then defined as

Ovrre = arg Igleaexﬁ Zlog (0; Xy)) (2.39)
From (2.39) we see that computation of MLE objective function requires numerical
integration of the cos (7.X;)1(7,0) function. Figure 2.5 shows two integrands, one
of them computed at data point X; = 0.2 and the other computed at X; = 2.0,
while both evaluated at the true parameter value (2.34). As Figure 2.5 suggests the
integrand in (2.38) demonstrates highly oscillatory behavior at some data points.
Moreover, the level of oscillation also depends on the parameter vector 6.

The computation of the density function (2.38) at each parameter value 6 and X
is challenging because it has to take into account possible highly oscillatory behavior
of the integrand. We used numerical integration QAWF and QAWO 2 routines
from GNU scientific library, that are designed specifically to compute the inverse
Fourier transform when the oscillatory nature of the integral is only because of the
cosine transform. The maximization in (2.39) was done via the MCMC approach of
Chernozhukov and Hong (2003b) to classical estimation, with length of the MCMC
chain of 15, 000.

The results of a comparison of four estimation methods are presented in Table 2.5.
We can see from the table, that all GMM estimators are virtually unbiased, however
MMRSS-GMM is virtually 50% more efficient than ES-GMM GMM estimator
based on the same number of moment conditions but equispaced on the grid. In ad-
dition, there is practically no loss in efficiency when the moment selection procedure
uses an consistent estimate of parameter vector én instead of the true parameter 6,
as Monte Carlo results for -GMM and MMRSS-GMM case shows. However, as

Table 2.5 demonstrate MLE estimates are biased. This outcome can be explained by

2 Source: www.gnu.org/s/gsl/
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the challenges of numerical integration of oscillatory functions, which yields numer-
ically unstable results. Moreover, since for each possible parameter value 6 integral
(2.38) has to be computed n times, the estimation time for MLE is much longer
then for any of the three GMM estimation methods. For example, when MCMC
optimization method of Chernozhukov and Hong (2003b) with MCMC chain length
of 15,000 was employed to optimize either MMRSS — GMM or MLE objective
function using data sample with n = 19,000 observations, it took approximately
2 seconds to minimize the first objective function, while it took 41,026 seconds to

maximize the second objective function.

-20 -15 -10 -5 0 5 10 15 20

F1GURE 2.5: Plot of real part of integrand for computing density at two data points
X; = 0.2 (dashed line) and X; = 2.0 (solid line).
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Table 2.3: Monte Carlo Results: Jump-Diffusion model

Par True Value I-GMM MMRSS-GMM
Median MAD SE Median MAD SE

v = 0.005

o 1.3038 1.3037  0.0055 0.0070 1.3038  0.0055 0.0076

A 0.1200 0.1046  0.0248 0.0312 0.1041 0.0248 0.0312

v 1.5811 1.2662  0.2333 0.3080 1.2676  0.2371 0.3157
v=0.01

o 1.3038 1.3036  0.0055 0.0070  1.3036  0.0055 0.0070

A 0.1200 0.1119  0.0260 0.0328 0.1124  0.0260 0.0329

y 1.5811 1.3500  0.2282 0.2997  1.3491  0.2295 0.3038
v =0.05

o 1.3038 1.3048  0.0061 0.0077 1.3048 0.0061 0.0077

A 0.1200 0.1169  0.0310 0.0427 0.1172  0.0311 0.0428

v 1.5811 1.6161  0.4005 1.1638 1.6135 0.3047 0.5772

v =20.1

o 1.3038 1.3048  0.0067 0.0085 1.3045 0.0067 0.0085

A 0.1200 0.1182  0.0430 0.0838 0.1181  0.0435 0.0887

v 1.5811 1.6606  0.3457 0.6353 1.6599  0.3369 0.5875

Note: MAD stands for median absolute deviation; SE stands for standard error;
2.5 Empirical Application

2.5.1 Model specification

We turn now to the implementation of the moment selection procedure in the empir-
ical application. To estimate the marginal distribution of 5-minute stock prices we
adopt Tauchen and Grynkiv (2011) parametric model specification for the two stock
return data series. Specifically, let the price dynamic be modeled by the sum of two

independent Lévy processes, L£q1; and Lo
dXt == dﬁlt -+ dﬁgt, (240)

The first component, Ly, is Compound Poisson process with an independent Gaus-
sian increments that is used to model rare ’big’ moves in asset prices. The second
component, Lo, is either Brownian motion or tempered stable Lévy process re-
viewed by Rosinski (2007a) and is used to describe 'small’ frequent moves in stock

36



Table 2.4: Monte Carlo Results: JD model

Par

]
)\maa: (Cv 90)
trace(X71(c))

c]
Amaac (C, 90)
trace(371(c))

€]
)\maz (C, 6)0)
trace(X71(c))

¢]
)\max (C, 90)
trace(X71(c))

I-GMM MMRSS-GMM
Median MAD SE Median MAD SE
v = 0.005
1 1.1189 9 0.9102 1.1221
0.0266  0.0127 0.0178 0.0266 0.0146 0.0179
562.75 3982 3591 42459 1.22e + 5
v =10.01
0 0.742 8 0.5000 0.7435
0.0491  0.0297 0.0391 0.0492 0.0333 0.0392
632.32 12489 4205 49187 1.37e + 5
v =0.05
0 0.5132 5 0.4183 0.5125
0.4568  0.1090 0.1366 0.4558 0.1192 0.1370
299740 119733 223430 2.70e+5 T.47e+5 1.89¢e+6
v=20.1
0 0.1179 4 0.0238 0.1180
0.6045  0.0927 0.1584 0.6047 0.1229 0.1589
361550 77129 3.2e+7 352915 9.6le+6 448+ 7

Note: MAD stands for median absolute deviation; SE stands for standard error;

Table 2.5: Monte Carlo Results: Methods comparison

Par True Value Median MAD SE

o 1.3038
A 0.1200
v 1.5811
o 1.3038
A 0.1200
v 1.5811

I-GMM
1.3037  0.0055 0.0070
0.1046  0.0248 0.0312
1.2662  0.2333 0.3080

MMRSS-GMM

1.3038  0.0055 0.0070
0.1041  0.0248 0.0312
1.2676  0.2371 0.3157

Median MAD SE

MLE
1.2638  0.0847 0.0557
0.8109  0.0393 0.1987
0.1456  0.0394 0.3740
ES-GMM
1.3042  0.0056 0.0070
0.0966  0.0309 0.0397
1.7136  0.5577 1.1840

Note: MAD stands for median absolute deviation; SE stands for standard error;
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Table 2.6: Monte Carlo Results: J-test, MMRSS-GMM

Case Median df Nominal Size

1% 5%
v = 0.005 9 220 7.30
v =0.01 8 2.10 7.30

prices. Since the density function for (2.40) is not available in an analytical form,
the inference is conducted in the time domain. The estimation methodology is the
continuously updated GMM Hansen et al. (1996a) based on the moment conditions
that match an empirical and theoretical characteristic functions.

The first parametric specification for the process describing 5 minute stock price
movements is:

C-J: dX; = odW, + ~vdJ; (2.41)

with characteristic exponent:
Ly —1~272
ey (r,0) = =507 + ) (4 -1), (2.42)

where W; is a standard Brownian motion, ¢ > 0 and v > 0 are constant scale
parameters, and J; is a compound Poisson process with Gaussian N(0, 1) jumps and

intensity parameter A\. The second parametric specification is:
TS-J: dX; = cdT; + vdJ; (2.43)

where ¢ T is a tempered stable process. The characteristic exponent of the tempered

stable component is

(

—T(—a)cop® ( — < + (£)2>g cos <a arctan(é))) i I<a<?2
Urs(T;0) = ¢ ¢ <O 5log (1+(5)? ) a%arctan(é)) : if a=1
I(—a)cp® ( (g) >5 Cos <a arctan(é)) - 1) , if 0<ax<1

\

(2.44)
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as given in Rosiniski (2007a), where v < 2, ¢ > 0, ¢ > 0. The characteristic exponent

of the TS-J model is thus
Urs3(750) = Ups(7) + A (e—%WW - 1) . (2.45)

For both TS-J and C-J models the model implied characteristic function can then

written in a a convenient form:
Ur(Xi0) = E (™) = 0 (2.46)

where U(7;6) is the model implied characteristic exponent and 6 is corresponding

p X 1 parameter vector. Next, let

n

U (Xy) = % > e (2.47)

k=1

be data implied characteristic function. Then, the moment function that matches

the data implied (2.47) and model implied (2.46) characteristic functions is,
he (X5 0) = €™ — b, (X5 0) (2.48)
2.5.2  Data description

For an empirical investigation we choose two stock return data sets, IBM and AKS.?
Both IBM and AKS are selected randomly from the first and fourth Famma-French
sized-based deciles respectfully. Data source is the TAQ data set; data observations
that were not recorded in the original data set were backfilled to previous seconds.
After eliminating two days of not full trading, price observations were sampled at
5 minutes frequency and checked via volatility signature plots for the absence of
micro structure noise. This procedure yields two data samples of 5 minute frequency

spanning 248 trading days of 2007 year period.

3 IBM is the stock price of International Business Machines (develops and manufactures informa-
tion technology (IT) products and services worldwide) and AKS is the stock of AK Steel Holding
Corporation (through its subsidiaries, produces flat-rolled carbon, stainless, and electrical steels)
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To correct the data for volatility patterns we rescale each log 5 minute return
by the square root of 2 weeks moving average of the realized variance. In addition,
we adjust each data set for the well documented deterministic diurnal patterns in
volatility Andersen and Bollerslev (1997a) by dividing each k" within day log return
by the square root of the corresponding variance of k" log prices across all 248 days
of data. For comparability reasons we rescale each return to have zero mean and unit
variance. The upper graph of Figure B.1 shows raw price data at 5 minute frequency,
while the middle graph depicts unadjusted and the bottom figure depicts adjusted
for diurnal and secular affects 5 minute returns. Figure B.1 suggests that volatility
patterns were successfully removed from raw returns and we can treat them now as

increments of a Lévy process.
2.5.8  Estimation results

Let Xf = {Dtt(kt1)/m — Petk/m}pes be the b minute increments of the rescaled for
volatility patterns log price data for day ¢, where m is the number of intraday 5 minute
returns. After volatility adjustments we treat X as ani.i.d. observations from either
TS-J or C-J Lévy processes. We are interested in the parametric estimation of these
two models using finite number of moments GMM. To select the set of moment
conditions (2.48) for GMM, we note that for a given two data sets IBM and AKS it
is enough to use only real part of characteristic function. Indeed, for both stock price
data in consideration Figure B.3 shows the modulus of the real part of characteristic
function dominates the modulus of the data implied characteristic function since the
ratio of these two quantities is equal to 1 almost on the whole interval. Imaginary
part of the characteristic function thus does not have any significant information
about the data. Therefore, the moment function is defined as the difference between
the real part of empirical and theoretical characteristic functions.

We start first by fitting the C-J model to two data series. Like in Todorov et al.
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(2011) we select Ty,4, such that ﬂ’T(Xt) = 0.01. Since the characteristic function is
decreasing in 7, it contains very little information when 7 > 7,,,,... For the IBM series
Tmaz ~ 6.9 and for the AKS series 7,4, =~ 7.1. To get the first consistent estimate
of 6§, we implement finite moment GM M estimation, ES-GMM, with the moment
vector ¢g being equispaced along the interval [0.5, Tpq.]. Based on the Monter Carlo
evidence we select 9 moment conditions to receive the consistent first estimate of
0*. The results of ES-GMM for C-J model are presented in the first and second
column of Table 2.7. As we see from the table, C-J model describes the marginal
distribution of IBM 5 minute returns very well, while J statistic for AKS is not
small enough. Therefore, we stop fitting C-J model to AKS data, while continue
fitting this model to IBM data series.

Using the first stage estimate of 6, we proceed to moment selection procedure
described in Algorithm 1. After setting v = 0.01 the following vector of 12 moment

conditions is selected in the IBM case:
eBM () = {6.8,0.1,3.3,5.0,1.7,5.9,0.9,4.1,2.5,0.5,6.4, 4.5}, (2.49)

After computing the efficiency bound as described in Monte Carlo section, we receive
j\max(612) = 0.0104, therefore, the resulting MMRSS-GMM estimator is very close
to the efficient one. By looking at GMM standard errors shown in the parentheses
we observe approximately 25% increase in the efficiency in comparison to the ES-
GMM. Not all the increase in efficiency can be contributed to the specific moment
selection procedure, since the second stage estimation was based on 12 moment
conditions, while the first estimator was based on only 9 moment conditions.

Next we move to the fitting TS-J model to AKS data. Again, we start by
estimating the first stage consistent parameter 6 by performing ES-GMM with 9

moment conditions on the interval [ = [0.5, Trmaz), Where 7,4, = 7.1. The results

4 To estimate first stage # any estimation procedure yielding a consistent estimate can be used.
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of this GMM estimation is presented in the fourth column of Table 2.7. Based on
J statistic the T'S-J describes marginal distribution of AKS 5 minute returns very
well. To increase efficiency, we proceed to the MMRSS-GMM estimation, using
the estimate § from the fourth column of Table 2.7. After setting ¥ = 0.1 and

applying Algorithm 1, we get the following set of 14 moment conditions,

A

etl5(0) = {7.0,0.1,3.5,5.2,1.8,6.1,0.9,4.4,0.5,6.6,2.2,4.0, 5.6}, (2.50)

At these 14 moment conditions we compute the efficiency bound j\max(612) ~ 0.001

that suggests that moment function h, () is precisely approximated by the set of

moment conditions ¢ S(é) and the GMM estimator based on these moment condi-

tions nearly attains Cramer-Rao lower bound. The fifth column of Table 2.7 presents

MMRSS-GMM estimation results for TS-J model. There is nearly 25% reduction

in the GMM standard errors when the estimation is based on ¢455(6) set of moments

as compared to the equispaced set of 9 moment functions.

To sum up, the estimation results shows that jump -diffusion modelC-J manages
to describe marginal distribution of large cap stock IBM, while fails at fitting the one
for medium-cap AKS. On the other hand, pure-jump model TS-J fits the marginal
distribution of AKS 5 minute returns which is in line with the results obtained in
Tauchen and Grynkiv (2011). In addition, while both GMM estimation procedure
yield approximately the same estimates of the parameter vector, the 2S-GMM

estimator appeared to be very close to the MLE efficient one.
2.6 Conclusions

This paper develops a consistent moment selection procedure for GMM. It consider
the case of financial econometrics models for which the characteristic function is
known in the closed form, while density function is unavailable in convenient form.
The moment function than is the difference between model implied and data implied
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Table 2.7: Estimation Results

C-J TS-J
IBM AKS AKS
Parameter ES-GMM MMRSS-GMM ES-GMM | Parameter ES-GMM MMRSS-GMM
A 1.5921 1.3264 1.5525 A 1.2012 1.1999
(0.2296) (0.1684) (0.1722) (0.3744) (0.2788)
y 0.6840 0.7571 0.6908 ~ 0.6208 0.6348
(0.0401) (0.0365) (0.0334) (0.0565) (0.0418)
o 0.3963 0.4395 0.3603 o 1.1559 1.1848
(0.0427) (0.0355) (0.0327) (0.0209) (0.0141)
10) 0.4514 0.4709
(0.0439) (0.0312)
c 0.2481 0.2364
(0.0465) (0.0395)
J Test (df)  7.44(6) 17.66 (9) 16.86 (6) J Test (df) 4.33(4) 5.11(9)
(P-Val) (p=0.28) (p=0.04) (p=0.0099) (P-Val) (p=0.41) (p=0.83)

Note: Estimation results of two Lévy models for 5 minute stock returns, AKS and
IBM. The estimation is done by two GMM methods, ES-GMM and MMRSS-

GMM. GMM standard errors of the parameter estimates are reported in parenthe-
ses.

unconditional characteristic functions, meaning that there are a infinite number of
possible MCs. The finite set of moment conditions is selected in a way, that the set
of its all linear combinations closely approximates the span of continuum of MCs.
The estimate of the upper bound on the ratio of the Cramer-Rao bound to the
GMM asymptotic variance based on the given finite set of MCs is developed. This
bound is used as a stopping rule in the algorithm for MC selection. As several
considered examples demonstrate it is enough to use only 8 —15 moment conditions to
get very close to efficiency GMM estimator. In Monte Carlo study we compare GMM
based on MCs selected by developed algorithm to the GMM based on equispaced
grid of point conditions and Maximum likelihood estimation that uses the density
obtained by Fourier inversion of characteristic function. In class of considered GMM
estimators MMRSS-GMM has the smallest standard errors, all GMM methods
produce unbiased estimates. MLE on the other hand appear to be biased which we

believe are because of the problem with inverting the characteristic function. Also,
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MMRSS-GMM works faster then MLE.

Finally, the empirical application illustrates the ability of MMRSS-GMM es-
timator differentiate among different models for high frequency stock returns. Even
though two GMM procedures, MMRSS-GMM and E-GMM employed to estimate
the marginal distribution of IBM and AKS 5 minute returns produce the same point
estimates, MMRSS-GMM is more precise, even in case where the same number of
moment conditions was used in two estimation methods. Consistent with Tauchen
and Grynkiv (2011) we find that IBM 5 minute stock returns marginal distribu-
tion can be modeled by classical jump diffusion model, this model fails to describe
marginal distribution of AKS returns. Th latter appeared to be modeled by the
pure jump model consisting of two independent Lévy processes, tempered stable and
compound Poisson with Gaussian jumps. In both cases it was enough to use only 12

and 14 MCs to obtain nearly efficient GMM estimates.
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FIGURE 2.6: Data series for representatives of Large-Cap and Mid-Cap stocks IBM
and AKS respectfully are presented for 2006-2008 period. For each stock the first
panel depicts price series,the second panel depicts raw 5 minutes returns, and last
panel presents 5 minute returns adjusted for secular effects and diurnal pattern and
centered to have zero mean variance 1.
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and AKS indexes in 2007.
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3

Infinitely Divisible Models for Financial Prices

3.1 Introduction

In this chapter we examine an empirical plausibility of relatively simple but flexible
and convenient parametric model for the 5-minute returns(log price changes) in in-
dividual stocks within a broad cross section. It is important to know the probability
distribution of stock price increments over short time intervals to conduct risk man-
agement and other applications. The stocks considered in this chapter are divided in
three capitalization subcategories: large-, mid-, and small-cap stocks spanning the
period 2006 — 2008. The increment (5-min return) of each stock is assumed to be
stationary and serially independent random variable that follow an infinitely divisible
distribution. The independence of price increments is considered to be over time not
cross sectional and is motivated by the following idea. Since high frequency specula-
tors trade against predictable movements relative to any risk premium induced drift,
the drift is essentially zero at high frequencies. Also stationarity over a span of time

series is a reasonable assumption which we check later in the paper and it essentially
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necessary for conducting inference.! The use of infinitely divisible distribution is thus
motivated by the evidence that only independent pieces of new information generate
moves in stock prices, so the bits of information of relative importance accumulate
to contribute in the stock price changes. Finally, we are particularly interested in the
relationship between the characteristics of the price-change distribution the liquidity
of the stock.

In this chapter we consider the estimation of parametric models that have in-
finitely divisible distributions (Lévy-type). Even though this class is a strict subset
of the set of all probability distributions, it is still very big since integrability condi-
tions required on the Lévy density are very mild, in addition some other restrictions
are imposed for estimation and testing to proceed. Omne of the scalar parameters
of Lévy-type distribution, called the activity index, (hypothetically) measures the
vibrancy of the price moves separately from the scale parameter. For practical pur-
poses, in estimation the activity index serves just as another parameter that adds
more flexibility to the model fit. We consider two parametric models where the price
increments follow the process that is the superposition of two Lévy-type random
variables with different activity indexes, and each summands has two different but
related possible specifications. The first model is classical jump diffusion, where
Gaussian component are assumed to capture frequent small moves in asset price,and
has the highest activity index of 2. Another component of this specification, a com-
pound Poisson, is responsible for modeling big rare moves and has activity index of
0. The second model is a tempered stable (Carr et al., 2002; Rosinski, 2007b) plus
a compound Poisson. The second specification differs in important ways from that
used in (Carr et al., 2002) and subsequent research, where the tempered stable is

used either to capture all moves, regardless of size, or in conjunction with a Gaus-

L After taking account of micro-structure noise and re-scaling to remove systematic movements in
volatility, as described in Section 3.3 below.
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sian random variable. In our specification though tempered stable serve for model
small frequent moves in asset prices, where large changes are described by compound
Poisson.

The inference is made using fixed frequency long-span asymptotic approximation.
As theoretical results of Ait-Sahalia and Jacod (2010, 2011) show, for the two com-
ponent models considered here it is impossible to recover the activity index of the
smallest activity component over fixed span of data using in fill asymptotic. The ex-
ception is to use implausibly large data sets that are not accessible in practice. Since
it is not realistic that presumed density will remain constant over time, therefore we
assume that the density is constant over yearly data periods.Thus, in the empirical
work we divide data into three subsamples, 2006, 2007, and 2008. 2

The remainder of the chapter is organized in the following manner. Section 3.2
describes models used to estimate density of 5 minute stock return destitution. Sec-
tion 3.3 contain review of data sample used in practical implementation. After that,
Section 3.4 presents method used to estimate the parametric models. Section 3.5
shows the results of Monte Carlo study. Then, Section 3.6 follows by describing the

results of empirical application. Finally, Section 3.7 concludes.
3.2 Models
3.2.1 Background Discussion

As a Lévy process, the characteristic function of the log-price p, with pg = 0 must
be of the form
c(u) = B(ePr) = W, (3.1)

2 If the parameters are very slowly drifting over the sample, then the reported estimates are the
pseudo-true values — essentially a weighted average of the of the (slowly) evolving parameters. If
the parameters change violently over the period, then reliable inference is impossible and we are
left with economic theory alone to explain the large parameter shifts.
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where U(u) is the usual characteristic exponent of a centered Lévy process. For the

purpose of discussion, it proves convenient to write the price dynamics as
dpt = d,Ct, (32)

where dL; symbolically represent the local increment of the Lévy process.

The simplest model for (3.2) is the pure diffusion (Black-Scholes) model, where £,
is scaled Brownian motion. Although analytically convenient for derivatives pricing,
the pure diffusion model breaks down empirically because discretely sampled financial
prices are known either to have too many small moves or too many large moves to
be consistent with a Gaussian distribution. An early alternative for £; explored
by Fama (1965), Fama and Roll (1968), and Fama and Roll (1971) is an a-stable,
0 < a < 2, for the Lévy process. The a-stable is a pure jump process, which has
some intuitive appeal because prices move discretely. It was abandoned, however,
as empirically untenable because the a-stable predicts too many large moves than
seen in financial price data.®> These empirical shortcomings are documented by Clark
(1973), among others.

In view of the small-move large-move dichotomy, a more empirically plausible
strategy for modeling price dynamics is to use two Lévy processes, one for the small

moves and and other for large moves,
dpt = dﬁlt + dﬁgt, (33)

where £, and Lo, are two independent Lévy processes. Indeed, the well known

model of (Merton, 1976) is of this form where £y, is scaled Brownian motion for

3 Only moments of order « or less exist.

4 In a theoretical analysis, Ait-Sahalia and Jacod (2008) introduce a new class models of the form
(3.3) where at least one, and in some cases both, of the processes are a-stable. This approach yields
interesting theoretical results, but as noted above, a model with an a-stable can be expected to
predict too many large moves.
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the small moves and Lo is a compound Poisson process, sometimes called the rare
jumps, for the large moves.

(Carr et al., 2002) consider analogous models with a scaled Brownian specification
for £1; and a tempered stable, instead of a compound Poisson, for the jump compo-
nent Lo;. The tempered stable, reviewed by Rosiriski (2007b), is an a-stable with the
Lévy density tempered, or damped, by an exponentially declining weight function.
The tempering attenuates the large moves to such an extent that all moments (even
exponential) exist. The strategy of Carr et al. (2002) adds additional flexibility for
the jump component, but at the same time it restricts the jump component Lo to a
model for the small jumps, which is possibly too confining.

Here we consider an alternative strategy, which is to use the tempered stable to
capture the small moves, leaving the compound Poisson process to capture the large
moves. In other words, we replace the Brownian component of the Merton jump
diffusion by a tempered stable. Near the origin the Lévy density of the tempered
stable is the same as that of the a-stable. It is the behavior of the Lévy density
near the origin that defines the importance of the small moves, and the a-stable is
infinitely active (o > 1.0) with higher values of the index indicating relatively more

important small moves.
3.2.2  Specification of Parametric Models for Price Dynamics
We now give the details of the parametric models to be estimated.
C-J
The first is the Merton jump diffusion
dp; = odW; + ~d J;, (3.4)

where is W, standard Brownian motion, ¢ > 0 and v > 0 are constant scale pa-

rameters, and J; is a compound poisson process with Gaussian N(0, 1) jumps and
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intensity parameter \. We denote this model by C-J, for continuous plus jumps.®

The characteristic exponent is

Wes(u,0) = —%o—%ﬁ +A (e*W“Q - 1) , (3.5)
and parameter vector is 8 = (o \).

The C-J model places certain restrictions on realized trajectories of the price
process. As is well known, the Brownian motion component is continuous and of
infinite variation. The compound Poisson process, on the other hand is finitely active
and thereby of finite variation. Thus the price trajectories are piecewise continuous
over intervals of random length, where the lengths of the intervals are distributed
exponentially with parameter A, the intensity parameter. At the jump times the
magnitude of the jump is a N(0,~?) random variable. These restrictions are very

tight, but perhaps plausible for highly liquid securities.

TS-J

As discussed above, the alternative explored here uses a the tempered stable in
place of the Brownian motion, while keeping the compound Poisson.® This model is
written

dp; = cdT; + vdJ; (3.6)
where ¢ T is a tempered stable process (denoted TS(a, ¢, ¢)) with Lévy density

1 —ox
v(z) = cWe oz (3.7)

with parameters a < 2,¢ > 0, ¢ > 0). The model (3.6) is labeled TS-J, for

tempered-stable plus rare jumps. The tempered stable is a classical a-stable process

% Some specifications for data sampled at a much coarser frequency model entail a non-zero mean
for the jumps, but we find this unnecessary in the empirical work.

6 Of course many have considered additive Lévy process models, but to our knowledge specification
and estimation of this particular formulation is original to this paper.
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with the tails of the Lévy density exponentially damped with tempering parameter
¢. The tempering attenuates the larger jumps, and unlike the classical a-stable
the tempered stable has moments (even exponential moments) of all orders.” The

characteristic exponent of the tempered stable is

( —I'(—a)cop® ( < (%) >; o (a arctan(%))) i IT<a<?2
Upg(u) =< co (0 Slog (1+(3) ) — 4 arctan(%)) , if a=1
+(

[(—a)co® < %) )‘2‘ oS (04 arctan(%)) — 1) , if O0<a<1

(3.8)

\

as given in Rosinski (2007b). The characteristic exponent of the T'S-J model is thus

Urpsg(u) = Ups(u) + A <e_%72“2 - 1) . (3.9)
3.3 Data

We define a panel comprised of three groups: Large-, Medium-, and Small-Cap
stocks; the stocks within in each group shown in Table B.1. The three large-cap stocks
are very familiar stocks used in previous studies, while the five The Medium-Cap
stocks are chosen randomly from the fourth Fama-French size-based decile, excluding
ETFs and other financial holding companies. Likewise, the Small-Cap stocks are
selected randomly from the ninth decile using the same exclusion criteria.® The
source was the TAQ data base, 2006-2008, using transactions prices back-filled to
preceding seconds where no trades occurred, and then sampled at the conventional

five minute frequency and cross-checked via volatility signature plots for robustness

7 A good exposition of the tempered stable is (Cont and Tankov, 2004, pp 116-129). The model
has long been known in applied probability and apparently first suggested for financial price data
by (Carr et al., 2002)

8 Preliminary work indicated that the stocks from the tenth Fama-French decide are so very thinly
traded as to be useless for this sort of study.
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to microstructure noise. This yields a panel of 13 stocks sampled at the 5-min
frequency, 2006-2008.

Table B.2 shows the capitalizations of the stocks in the three panels along with
measures of the average times between trades and the average number of trades per
day. The average time between trades is computed as a ratio of the total number
of seconds during trading time of one year to the total number of trades in that
year. The table suggests that the characteristics of the stocks within each panel are
roughly comparable, and span a wide range liquidity. The sharp increase in trading
in 2008 is most evident for the Large-Cap stocks.

Since our interest is modeling the distributional characteristics of stock price
movements and not volatility patterns, we use standard adjustment procedures to
adjust for the latter. We scale each within-day log return by the square-root of
a trailing two-week moving average of the realized variance, and we use standard
cross sectional variance techniques to remove the within-day diurnal pattern of stock
volatility. For comparability, we re-scale each return to have unit variance, a harm-
less re-normalization. Figure B.1 shows the raw price series, along with raw and
adjusted 5-min log returns series 2006-2008, for IBM, AKS, and CCC, which are
representative of the stocks in the three capitalization groups. The figure suggests
that the adjustments successfully removed the volatility patterns and it is reasonable
to treat the series as realizations of a Lévy process. Finally, since 2006 was a year of
very low volatility, while 2007, and 2008 were years of exceptionally high volatility we
separate the series for each stock into three yearly sub-segments. Figure B.2 shows
the volatility signature plot for the same three stocks as in Figure B.1 in 2007, and
they suggest 5-min sampling is reasonable, especially for the Large- and Medium-Cap

stocks.
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3.4 Methods

Let {Apr = prr — p(k_l)T}Zzl denote the log-price increments over a short interval of
time 7 after re-scaling to remove diurnal and secular volatility changes, as described
in Section 3.3 below. We treat the data as i.i.d" realizations from either the C-J or
TS-J models of Section 3.2, so we are interested in parametric estimation of these
models. Since the distribution function for both these models is not available in
analytical form, we base out estimation method on the characteristic function.
Both C-J and T'S-J models provide convenient closed form expressions for the

implied characteristic function
c(u,0) = E(eAPr) = (o) (3.10)

where W(u,#) is the model implied characteristic exponent with p x 1 parameter
0. Although conceptually simple, the numerical integrations required to invert these
particular characteristic functions (associated with the tempered stable) to obtain the
density for maximum likelihood estimation are unstable because they entail highly
oscillatory integrands over parameter-dependent domains, making Fourier inversion
maximum likelihood® over many data sets impractical.

Thus, we consider method of moments. Let
~ 1 IXIPAN
¢(u) = — Ze Pk, (3.11)

Then the task is to match c(u,8) to ¢(u). This estimation context, of course, is
classical empirical characteristic function estimation initiated by Parzen (1962).1°
Essentially all extant characteristic function-based methods reduce to application

of minimum chi-square, or GMM, to a J x 1, J > p, system of estimating equations

9 As in Singleton (2002) and Bates (2006) for financial data.

10 The literature is vast but a recent survey relevant for econometrics is Yu (2004a).
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of the form
g(0) = / [¢(u) — c(u, 0)] w(u, 0) du (3.12)

where w(u, 0) is a data- and parameter-dependent J x 1 vector of kernel-weighting
functions, which might contain atoms. One approach is to use a single (Gaussian)
kernel weighting function over the entire v € R domain in (3.12), as explored in the
series of papers Knight and Satchell (1997), Knight and Jun (2002), and Jiang and
Knight (2010), among others, which have origins in Paulson et al. (1975). In our
case, as to be seen presently, the empirical characteristic function is very smooth, but
the curvature changes greatly over the u-domain, so it probably seems inadvisable in
this case to impose aprior: a single kernel-function specified up to a scalar tuning pa-
rameter over the entire domain. Moreover, this kernel function would not guarantee
us an efficient estimator, since an optimal in the sense of efficiency kernel function is
a Fourier transformation of the score Feuerverger and McDunnough (1981b), which
in our case is unknown in closed form. Another approach is to follow Carrasco and
Florens (2000, 2002) and Carrasco et al. (2007) to determine a model-based opti-
mal kernel function in (3.12). The computations are very demanding and include,
for instance, a regularization scheme with an adjustable tuning parameter to avoid
problems associated with a nearly singular GMM-weighting matrix. As to be see,
this apparatus seems to be more complicated than needed here because the empirical
characteristic function in this particular application is so smooth well-behaved.

We use the classical method of choosing a grid points in the u-domain and then
doing GMM, i.e., minimum chi-squared, which amounts to using a purely atomistic
kernel function in (3.12). Of course, a larger numbers of grid points can be expected
to increase efficiency and power, but for reasons discussed in Carrasco and Florens
(2000, 2002) the number cannot be so large as to render ill-conditioned matrix inver-

sion, which need to be inverted compute the GMM weighting matrix. Furthermore,
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for a given number of points, there is no reason to lay them out in an equi-spaced
manner but rather to make the grid finer where the curvature of the characteristic
function is the highest.

For the 13 stocks in our panel, it turns out that the real part dominates the
empirical characteristic function (3.11), with little or no contribution from the imag-
inary part, which means the distributions are essentially symmetric. The top panel of
Figure B.3 displays the relative contribution of the squared real part to the modulus
of the empirical characteristic function, R1%[¢(u)]/|é(u)[?, across the relevant domain
of u. For the Large-Cap stocks in the top panel the real part essentially equals

2~ 0] for

the imaginary part of the characteristic function over |u| < 5, and |é(u)|
|u > 5| so there is little of evidence if any of asymmetry at the 5-minute level. Sim-
ilarly, the second panel of Figure B.3 indicates the real part completely dominates
the characteristic functions across all u with essentially no imaginary part for the
selected Medium-Cap and Small-Cap stocks, which are completely representative
and a subset selected just to keep the figure less cluttered. Thus, in what follows
we discard the imaginary part of the empirical characteristic function and fit only to
the real parts for the 13 stocks.

The dashed line in Figure B.4 shows the real part of the empirical character-
istic function and the grid points for IBM in 2007. The characteristic function is
so smooth, that it should seem evident that there is little need for local averaging
as would be the case for a continuous-kernel based method instead of an atomistic
kernel. To select a subset of u € R to lay out grid points u; we consider only positive
part of the real curve, since the characteristic function is symmetric. Further, to
select the upper bound for set of grid points,u,,., we take the minimum point across
all 13 stocks at which the derivative of (3.11) is equal to —0.05. Since for all stocks
the empirical characteristic function at u > w,,,, is essentially 0, it carries very little

information about the parameters of interest and can be disregarded. We obtain an
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estimate of U,q, to be around 8. The grid of points u;, therefore, is laid out on
interval (0,8). We experimented with different sets of grid points. It turned out that
estimation based on very small number of grid points would not identify the parame-
ters of interest, while too many grid points will cause problems of inversion of weight-
ing matrix. In addition, high curvature areas of characteristic function are believed
to yield more information about parameters suggesting placing more grid points in
thous places. After some initial experimentation and checking the condition num-
ber of the covariance matrix, the 10 points {0.5, 2.0, 3.0, 4.0,5.0,6.0,6.5,7.0,7.5,8.0}
marked by diamonds sufficed.

Mainly in the interest of simplicity and ease of interpretation, we use continuously

updated GMM (Hansen et al. (1996b)) with the criterion function
g(0)G(®)"3(0) (3.13)

where (g)(#) is a J x 1 vector comprised of the .J moment conditions defined by
evaluating (3.12) over the grid u, usg, . .., uy, J = 10, and G(6) is the usual covariance
matrix defined by the outer product of the individual terms of g(#). The estimation
technique the Laplace likelihood technique of Chernozhukov and Hong (2003a) with
flat priors, the log of the optimized objective function properly scaled to make it
asymptotically a chi-squared random variable, and standard errors determined from
the covariance matrix of the MCMC chain.

It is to be emphasized that the parametric specifications from Subsection 3.2.2
that give rise to the parametric characteristic function (3.10) are presumed to ap-
ply for a particular sampling interval (5-min here). The asymptotic theory for the
continuously updated GMM (3.13) is long span with a fixed sampling interval. The
distribution of the increments of a Lévy process is infinitely divisible, but by no

means is it locally Gaussian nor the same distribution for each sampling interval.'*

11 The only requirement is that for any integer J the distribution can be written as the .J-fold
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In other words, the distribution needs to be adjusted for the particular sampling in-
terval 7. Another way to see this is that if we had inverted the characteristic function

to get the density

1 .
fr(x]0) = 2—/ e~ VW) gy, (3.14)
s

then f,.(z|f) varies with 7. There is no simple scaling rule connecting the distribu-
tions at different sampling frequencies, except in the case of the a-stable which as
noted above is empirically implausible. Thus, our strategy is to specify a parametric
distribution for the particular sampling interval, adjust it as needed to fit the data

for that interval, and keep in mind that it applies only to that interval.
3.5 Monte Carlo Study

Next we test the performance of the estimation technique described in previous
section on simulated data. We simulate data from the model C-J with four differ-
ent specifications for values of parameters, A-D and from the model C-J with one
specification of parameters value E. The parameter’s specifications are presented in
Table B.3. In each case the 5 minute variance is set to 1. Different specifications
A-D differ in the ration of quadratic variation due to jumps in the total variation
and in the magnitude of the big compound Poisson jumps. In cases A and B the
variance due to jumps is 20% of total variance, while in cases C and D it is 75%.
Also cases A and D have shorter time between the arrives of jumps as compared to
other cases.

For each scenario we simulate 250 days of data with 76 intraday returns, that
correspond to 5 min frequency and is comparable with data sets in empirical appli-

cation. The number of Monte Carlo replication is set to 1000. The estimation of

convolution of a particular distribution with itself, but the the latter distribion varies with J and
the sampling interval.
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each data set is performed using Laplace likelihood technique of Chernozhukov and
Hong (2003a) with flat priors and the length of the MCMC chain set at 15, 000.

Table B.4 summarizes the results from Monte Carlo. The parameter estimates
of both TS-J and C-J models are virtually unbiased for all specifications A-D.
Comparatively small bias in the parameters estimates of tempered stable part of the
TS-J model is due to simulation error of the Tempered stable distribution, and it
might be eliminated by considering bigger sample. For example, when we increase
the simulated number of days from 250 to 1200 (case F') we obtain virtually unbiased
estimates and standard errors are reduced significantly.

As we look at the results of the test of overidentifying restrictions summarized
in Table B.5, J test overall performs relatively well, it slightly over rejects in case
A and underrejects in case C (but current results are only based on 80 Monter
Carlo simulation). Overall, the performance of our estimation technique on the both

models is satisfactory.
3.6  Empirical Results

Table B.6 shows the outcome of fitting the classical Merton model with rare jumps
(CJ-J above) to the three large-cap stocks for each of the three years. Perhaps not
surprisingly, the model clearly fits well within each year. There is some evidence,
however, for parameter instability across years, which is perhaps not too surprising
given the substantial changes within financial markets across these three years. By
way of contrast, the goodness of fit tests in Table B.7 indicate that the CJ-J model
provides a poor fit for the Medium-Cap stocks. Evidence of poor fit for Small-Cap
stocks for CJ-J can be available upon request.

Interestingly, as seen from Table B.8 the TS-J fares quite well in terms of fit-
ting the the Medium-Cap stocks, suggesting that infinitely active pure-jump models

provide reasonable approximations to the distribution of 5-min log returns for these
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series. Models of finite variation (o < 1) or infinite variation (o > 1) seem appro-
priate depending upon the year and the stock. On other hand, Table B.9 indicates
this same model fares badly on the Small-Cap stocks, suggesting high frequency
data for these stocks might not be well modeled as discretely sampled data from an
underlying continuous time process.

The upshot of these findings is that Large-Cap stocks are generally so vibrant
that they take many small moves over short intervals of time that are best modeled
as realizations from Brownian motion, which is continuous and has an index value
a = 2. Of course, these same stocks are subject to occasional relatively large moves
as captured by the compound Poisson component. On the other hand, the Medium-
Cap stocks generally take fewer small moves over short intervals and thereby are
poorly model by a process with a continuous Brownian component. A pure jump
tempered stable process with activity level a < 2 appears more appropriate for the
small moves. There are still occasional large jump-like movements as captured by
the compound Poisson piece. Lastly, for the Small-Cap stocks, the trading frequency
data in Table B.2 along with the lack of fit in Table B.9 reveal the inadequacies of
discretely sampled models for such thinly traded stocks.

The results also reveal interesting cross-sectional aspects of the activity index «
relative to trading levels. Figure B.8 is plot of the estimated indexes against the
average time between trades from Table B.1. Clearly, stocks trading between once
every 2-3 seconds are best modeled as processes with very high values and perhaps
the limiting case of continuous Brownian motion with index o = 2. For stocks that
trade between 5-20 seconds the best model is likely one with an index of a ~ 0.75.
There appears to be a clear separation at 20 seconds per trade where stocks less
frequently appear always to have an index level of zero.

Next we perform two robustness checks of the estimated models. We report the

results of the below tests for two representative data sets, CF 2007 and IBM 2008.
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We use the Probability Integral Transformation Theorem to check if the data series
is consistent with the estimated marginal distribution. To do that, we evaluate
empirical CDF [ (z) implied by the estimated model at each data point and test if
the newly created random variables U; = F (x;) are uniformly distributed. For the
first test, we make quantile-quantile plot of the transform data series against U(0, 1)
distribution. As two overlapping straight lines in Figure B.9 show, IBM 2008 data
series can be described by C-J model evaluated at the parameters values presented
in Table B.6. On the other hand, QQ plot in Figure B.10 verifies that the C-J
model evaluated at the estimated values from Table B.7 does not describe marginal
distribution for CF index, since there is a discrepancy at the right upper and lower
left portions of the plot of the two quantiles. Finally, QQ plot from Figure B.11
suggests that CF 2007 data set is well approximated by T'S-J marginal distribution.
The little wiggles around 0.5 seen on some quantile plots indicate the presence of too
many small returns, more than the respected distribution can accommodate. This
is consistent with the presence of rounding error for the stock prices and could be
eliminated with jitter.

The second test looks at the distribution of (U;,U; — 1) pairs across the unit
square. For each data set we plot the number of (U, U; — 1) that fall into one of 100
sub squares of the unit square against the indices of the corresponding sub squares.
Figures B.12 -B.14 show the number of (U;, U; — 1) pairs in each of 100 squares as
well as 95% uniform confident bounds. Consistent with the first specification test,
Figures B.12 and Figures B.13 demonstrate that Large-cap IBM 2008 5 minute
return data are well described by fitted C-J model, while CF 2007 is not. Unlike the
first specification test, Figure B.14 does not really support the fit of CF 2007 data
series by TS-J distribution. Overall, both specification test support the estimation

outcome.
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3.7 Conclusion

We use characteristic function methods to estimate models with two additive in-
finitely divisible Lévy components for the discrete-time distribution of individual log
stock returns. One model is the classical Merton model, comprised of a mixture of
a Gaussian and a compound Poisson distribution, while the alternative model is a
mixture of a tempered stable and a compound Poisson. The latter model replaces the
Brownian component with a tempered stable, while maintaining the compound Pois-
son component. The estimation is conducted for 5-min returns by year, 2006, 2007,
2008 separately. The evidence suggests that the Merton model is adequate for 5-min
returns on large-cap stocks but fails on the mid-cap stocks. The alternative, which
has extra flexibility near the origin and the tails of distribution, appears to provide
an adequate fit for the mid-cap stocks. Neither model fits the low-cap stocks, and
it is suggested that these stocks are so thinly traded that most any two-component
model is likely to fail, and market micro-structure effects need to be accounted for
directly. The main findings are quite robust with respect to the sample year, but of
course the specific parameter estimates vary across the three years in the sample. In-
terestingly, the estimated index parameter of the tempered stable is inversely related
to the average time between trades. For extremely liquid stocks trading on average
every few seconds, the index parameter is essentially 2, indicating Gaussianity. For
less liquid stocks trading every 30 to 60 seconds, the parameter is well less than 2 and
progressively closer to 0. This parameter controls the combined mass near the origin
plus the tails relative to that of the shoulders of the probability distribution, with
smaller values indicating relatively less mass in the shoulders and more near origin
and the tails.!? The finding is intuitive, because one could expect relatively fewer

moderate moves per unit time and more zero-moves and tail moves in log returns of

12" But not too much tail mass so moments of all orders still exist.
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less liquid stocks.
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4

Realized Laplace Transforms for Estimation of
Jump Diffusive Volatility Models

4.1 Introduction

Stochastic volatility and jumps are two well-recognized by now features of asset
price dynamics which differ in an economically significant way. Given the substantial
compensation that these risks receive by investors, evident from option prices, it is of
central importance to better understand their dynamic characteristics. When using
coarser sampling of stock prices, the separation of volatility from jumps becomes
relatively hard and importantly it depends crucially on the correct modeling of all
risks in the asset pricing model. Misspecification of any feature of the model for the
asset dynamics can lead to erroneous evidence about the role and significance of each
of those risks. On the other hand, the availability of high-frequency data provides a
model-free way of disentangling the two risks. Even after disentangling in a robust
way the stochastic volatility, however, its dynamics is still rather complicated, see
e.g., the findings for two factors in Bollerslev and Zhou (2002) and Barndorff-Nielsen
and Shephard (2002) (se also Andersen et al. (2002) and Chernov et al. (2003) for
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earlier evidence on low frequency) and the evidence for jumps in volatility in Todorov
and Tauchen (2009b) (earlier evidence for this using low frequency data is provided
by Eraker et al. (2003)). Therefore, to better understand the dynamic properties of
volatility risk, one needs a parametric or at least semiparametric model to further
disentangle the different components of stochastic volatility.

In this chapter we propose an efficient way to perform a parametric estimation
of stochastic volatility using long span of high frequency data. The method uses
advantages of high-frequency data to separate the stochastic volatility from the price
jumps in a model-free way. In addition, methods profits from the fact that the joint
Laplace transform of volatility extracts the information about the volatility dynamics
in an efficient and (often) analytically tractable way.

The main idea of the estimation method can be described in the following way.
Following Todorov and Tauchen (2009a) we compute the Realized Laplace trans-
form of volatility for each of the sample day using high-frequency data. The Real-
ized Laplace transform is just a sum of cosine transformation of the high-frequency
increments. As shown in Todorov and Tauchen (2009a) the Realized transform of
volatility is an estimate of the unobservable integrated Laplace transform of volatil-
ity over the days. Moreover, this estimate is robust to the presents of jumps in the
price process. After that, we form products of the Realized Laplace transforms over
different days and then average over time. The last quantity is the sample model-free
estimate of the integrated joint Laplace transform of volatility(over different lags).
The estimation then proceeds by simply matching the latter with the model implied
one.

The main advantage of our proposed methods is its analytical tractability. The
big class of models for stochastic volatility has a joint characteristic function known
in analytical form. The examples of such models are affine jump-diffusion models

of Duffie et al. (2000) and Duffie et al. (2003). In this case, we can compute the
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moments of integrated joint Laplace transform simply by one-dimensional numerical
integration. Given this class of models is widely used in financial application, it is
important to explore its full flexibility and verify whether specification in this class
can capture the key characteristics of volatility risk present in the data. Our method
provides a convenient and efficient way to do that.

The estimation method used in this paper is based on (conditional) characteristic
function estimation, see e.g., Feuerverger and Mureika (1977), Singleton (2001a),
Jiang and Knight (2002), Yu (2004b) and Carrasco et al. (2007). Since volatility is
not directly observable, using empirical joint Laplace transform of volatility directly
is impossible. We, therefore, employ high-frequency data to ”integrate out” the other
components of the model (driving martingale in the price and the jumps) first. And
then, contrary to previous work, we use a daily integrated version of empirical joint
Laplace transform.

Next, we compare the method with the earlier work on parametric(semiparametric)
estimation of continuous-time stochastic volatility models using high frequency-data.
Prakasa Rao (1988) and the many reference therein are the example of the previous
work on the estimation of diffusion models from high-frequency data. Unlike this lit-
erature, which is focused on the estimation of directly observed Markov models, our
work deals with the estimation of the hidden states, e.g. volatility and jumps. Indeed,
our Realized Laplace transform measure is aimed exactly at estimating the volatility
hidden in the price. More recently, Bollerslev and Zhou (2002), Barndorff-Nielsen
and Shephard (2001a), Corradi and Distaso (2006) and Todorov (2009) consider es-
timation of stochastic volatility models using either method of moments or QML
estimation on a model-free estimate of the daily Integrated Volatility constructed
from high-frequency data.

We compare our estimation method with the above alternative, QML estimation,

in the Monte Carlo application. The comparison is done using several one-factor
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pure-continuous and pure-jump models as well as two-factor model. Unlike the QML
based on the high-frequency estimate of integrated volatility, our methodology based
on the Realized Laplace transform performs well and is almost unbiased. Significant
biases in the QML approach come from the high-frequency estimation. Also, com-
parison with the Cramer-Rao efficiency bound for the infeasible observation scheme
of daily spot variance further reveals that our method has good efficiency properties
and is able to extract the relevant information about volatility in the high-frequency
data.

The empirical application conducted in this chapter is aimed to estimate the
model for market volatility using the long series of the S&P 500 index futures sam-
pled at 5 minutes. Specifically, we fit the market volatility to a big class of affine
jump-diffusion models. The results of the estimation reveal several new results about
the dynamics of the S&P 500 index futures volatility. In particular, we find tat
volatility consists of two factors, transient and persistent, both of which are mov-
ing through jumps. However, these two factors have different activity levels. The
persistent volatility component is a low activity process, which is moving through
rare big jumps. The transient volatility component, on the other hand, demonstrates
more active behavior. It moves through small frequent jumps with the exception of
a few big spikes. Our estimation method however detects some problems of the pre-
ferred model in reproducing the shifts from very low to very high levels of volatility
“observed” in the data.

The rest of the paper is organized as follows. In Section introduces the Realized
Laplace Transform constructed from high-frequency data and develop the estimation
technique based on it. Section 4.3 presents the various jump-diffusion models for
the stochastic volatility that we estimate on simulated and real data. Section 4.4
contains the Monte Carlo study. In this section we also compare our method with

a feasible alternative based on QML estimation on integrated volatility. Section 4.5
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contains the empirical application based on high-frequency S&P 500 Index futures

data. Section 4.6 concludes. All technical details are given in an Appendix.
4.2 Estimation via the Realized Laplace Transform

Assume we observe at discrete points in time a process X, defined on some filtered

probability space (2, F, (Ft)i>0, P) that has the following dynamics

dX, = cydt +\/VidW, + / §(t—, z)a(dt, dz), (4.1)
R

where «; and V; are cadlag processes (and V; > 0); W, is a Brownian motion; p is
a homogenous Poisson measure with compensator (Lévy measure) v(z)dz; 6(t, x) :
RT x R — R is cadlag in ¢ and ji(ds, dx) = pu(ds, dx) — v(zx)dzds.

Our interest in the paper is estimation of parametric models for the stochastic
process V; which is robust to the specification of the rest of the components in
the model, i.e., the drift term a; and the price jumps. Importantly, given prior
empirical evidence in e.g., Andersen et al. (2002) and Chernov et al. (2003), we will
be interested in developing estimation method that does not depend on the V; being

a Markov process (with respect to its own filtration).
4.2.1 Constructing the Realized Laplace Transform

We start with constructing the Realized Laplace Transform on which the proposed

estimation is based. We assume that we observe the log-price process X at the

i
ey s

equidistant times 0, %, ..., I" where our unit interval will be a day, n denotes
the number of high-frequency returns within a day, and 7T is the total span of the
data. For simplicity we will denote the log-price increment over a high frequency
interval as A?X = X: — X i1 Our results in the paper will rely on joint asymptotic

n

arguments: fill-in (n — o0o0) and long-span (T — 00).
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Using the high-frequency data over a given day [t — 1,t], we can estimate in a
model-free way the empirical Laplace transform of the latent variance process over
that day. In particular, provided price jumps are of finite variation and under some
further mild regularity restrictions (satisfied for all parametric models considered

here), Todorov and Tauchen (2009a) show

nt

1 t

Ziwy =~ Y cos (\/2WM?X> :/ e ™Veds+0, (1/y/n), u>0. (4.2)
" imn( 1)1 -l

We refer to Z;(u) as the Realized Laplace transform of the variance over the day.

Then using long-span asymptotics combined with standard stationarity and ergod-

icity conditions for V;, and provided T'/n — 0, one can show (see the analysis in

Todorov and Tauchen (2009a))

( Ev<u):l/OTe—uVsdHopa/\/T),

T
R , . . - (4.3)
Ly (u,v; k) = T % Z /t—l e "WVads /t—k—l e~ Vads + op(l/\/T),
\ t=k+1
where we define
R 1 T R 1 T
Lv(u) == ; Zi(u), Ly (u,vik) = t§1 Zy(u) Zy_i(v). (4.4)

From here using a standard Law of Large Numbers, we easily have!
Ly (u) N Ly(u), Ly(u,v:k) N Ly(u,v;k), u,v>0, keZ, (4.5)

for

k1 1
Ly(u)=E (™), Ly(u,vk)=E (/ e“VSds/ e“VSds) : (4.6)
k 0

1 'We refer to Todorov and Tauchen (2009a) for the technical conditions required for this.
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Ly(u) is the Laplace transform of V; and Ly (u,v;k) is just an integrated joint
Laplace transform of the variance during two days which are k days apart; Zv(u)
and Ev(u, v; k) are their sample counterparts. The connection between Ly (u,v; k)
and the joint Laplace transform of the variance at two points in time can be directly

seen from the following. First, we denote the joint Laplace transform of the vector

(Viyy oo, Vi) as
Ly(ut)=E (e*ZfiﬂiV%) u= (U, ...,ur) > 0,t = (t1,...,tx) > 0. (4.7)

Then by a change of variable, and using the fact that V' is a stationary process and
therefore for ¢ > s we have Ly ([u,v];[t, s]) = Ly ([u,v]; [t — s,0]), we can write for

kE>1

Ly (u,v; k) = /1:1 /kit Ly ([u,v]; [t + s, s])dsdt + /:H /0k+1—t Ly ([u,v]; [t + s, s])dsdt

- /k (t =k + 1)Ly ([u, 0]; [t 0])dt+/k+1(k+ 1 — )Ly (Ju, v]; [t, 0])dt.
(4.8)

Thus, although we cannot estimate the joint volatility Laplace transform of the
volatility process at two arbitrary points in time, we can get very close to it by the
use of Ev(u, v; k). The potential loss of information that occurs in estimation based
on Ly (u,v; k) instead of Ly ([u, v]; [t+k, t]) is for volatility dynamics with very short

persistence.
4.2.2  Estimation Methodology

In the infeasible case when the variance process V; is directly observed, one can
match the empirical and model-implied joint Laplace transform at a given lag K. As
shown in Feuerverger and Mureika (1977), see also Carrasco et al. (2007), appropriate

weighting of these moments can lead to asymptotic equivalence to the estimation
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equations

T
1
= 2 Vop(VilVies, Vi, .. Vi p) = 0. (4.9)

t=K+1

where p(V;|Vi_1,Vi_a, ..., Vi_k; p) denotes the conditional density of V; on the vector
(Vie1, Viea, ..., Vi_k). The latter achieves the Cramer-Rao efficiency bound in the
case when V; is Markovian of order K.

Our case here is more complicated as we do not observe V; and hence for the
estimation problem here we can “only” work with Ly (u, v; k) instead of Ly ([u, v]; [t+
k,t]). Using the above analysis, we propose to base inference on matching the model-
implied Ly (u,v; k) with the sample estimate Ev(u, v; k). If the volatility is constant
within a day, then exactly as above appropriate weighting of these moment conditions
will yield the Cramer-Rao efficiency bound based on daily direct observations of V;.

In particular, our vector of moment conditions is given by

mir(p) = { | (Bt = 2okl w(dwdv)} . Rk CRS,

j=1,....J, k=1,..K
(4.10)

where we describe the construction of the regions R;; and the weight measure
w(du, dv) below. Then our estimator is a GMM with moment vector given in (4.10)
and some weight matrix W converging in probability to a positive definite matrix
W

p = argmin my(p) Wmq(p). (4.11)
p

We set W to be an estimate of the optimal weight matrix given the set of moment
conditions my(p). Note that because of the separability of data from parameters in
the moment vector myp(p), we construct our optimal weight matrix W using only the

data, i.e., only Zv(u, v; k). This in particular means that all moments are weighted
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the same way regardless of the model that is estimated (provided the set of moments
used in the estimation is kept the same of course).

Consistency and asymptotic normality of the estimator in (4.11) follows from
classical conditions required for GMM estimation, see e.g., Hansen (1982b), as well
as the conditions in Todorov and Tauchen (2009a) that guarantee that (4.3) above
holds.

The intuition behind our estimator is as follows. We split R? into regions. Within

~

the regions we weight the distance L(u,v;k) — L(u,v;k|p) by the weight measure
w(du, dv), while we let the data determine (through the optimal weight matrix /W)
the relative importance of each pair region-lag. This approach can be viewed as
a feasible alternative to the use of a continuum of moment conditions based on
L(u,v;k|p) (over u, v and k) as in the case when the stochastic process of interest
(here V}) is fully observable considered in Carrasco et al. (2007). While for many
models, e.g., the affine jump-diffusion class, the joint Laplace transform is known
analytically, this is not the case generally for the integrated one, L(u,v;k|p), and
hence the latter has to be evaluated by (one-dimensional) numerical integration which
is quick and easy. On the other hand, using a continuum of points (u,v,k) in the
estimation would (generally) involve high-dimensional numerical integrations which
are unstable. This can be viewed as the price to be paid for making V; from latent
to “observable”.

The weight measure w(du, dv) we consider here is of the form 37, 8, e 05 v/¢
for 05 denoting Dirac delta at the point x, and ¢ = 2 X Upyax Where ., is the maxi-
mum value of 4 and v that we use in the estimation. We explain how we set . later
in our numerical applications: the goal is to pick umax such that [0, umax] X [0, Umax]
contains “most of” the information in £(u,v; k|p). e %5#*+v)/¢* weighs the informa-

tion coming from the different points in the region that included with points closer
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to (0,0) receiving more weight. Given our choice of ¢, the lowest weight corresponds
to the density of a normal distribution at 2 standard deviations and this is exactly
the region where the normal density has curvature (and hence weighs differently the
different points (u,v)). This is similar to the use of the Gaussian kernel in empiri-
cal characteristic function based estimation in Carrasco et al. (2007) and Jiang and
Knight (2002). From a practical point of view, using dirac deltas would probably not
lead to much loss of information as the joint Laplace transform is typically rather
smooth.

The regions that we look in the estimation are of the form

Rj,k - {(u U) € [[_)jjgumax Bj,kumax] X [b;',kumax 5;',kumax]}7 J=1. J, k= L., K,

(4.12)

where b, b; 1,

b;y and b; . are all in [0, 1], and in the numerical applications in the
next sections we will explain how to choose them. The general idea is to cover all
useful information in the (integrated) joint Laplace transform, making sure at the

same time that the regions contain sufficiently different information so that we do

not end up with perfectly correlated set of moment conditions in the GMM.
4.3 Parametric Volatility Specifications

The proposed estimation procedure based on the Realized Laplace transform is par-
ticularly easy to implement in volatility models for which the joint Laplace transform
is known in closed form (or up to numerical integration). The general affine jump-
diffusion models proposed in Duffie et al. (2000) and Duffie et al. (2003) are a leading
example. They have been used widely in many finance applications. Therefore, in our
Monte Carlo study as well as the empirical application we illustrate the proposed
estimation technique to estimate multi-factor affine jump-diffusion models for the

unobserved market volatility process. Using earlier evidence from daily estimation,
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e.g., Andersen et al. (2002) and Chernov et al. (2003), we will focus on two-factor

specifications
Vi=Vie+ Vo, t>0,
(4.13)
dVir = ki(0; — Vig)dt + 0in/ViedWiy + d Ly, 0= 1,2,
where L;; are Lévy subordinators with Lévy measures v;(dx).

The list of the particular model specifications that we estimate and compare

performance are

e Pure-Continuous Volatility Model: one or two factor specification of (4.13)

e Pure-Jump Volatility Model: one or two factor specification of (4.13) with

o; = 0; = 0 and jump measure of L specified with (4.15) below.

e Continuous-Jump Volatility Model: one-factor is pure-continuous and the

other is pure-jump with jump measure of L specified with (4.15) below.

The pure-continuous volatility models are just a superposition of the standard
square-root diffusion processes. The pure-jump volatility factors are also known as
non-Gaussian OU models, see e.g., Barndorff-Nielsen and Shephard (2001a). In those
models the volatility factor moves only through positive jumps and it reverts after-
wards back to its unconditional mean level till another jump arrives (infinite activity,
but finite variation, jumps are allowed). The marginal distribution is infinitely divis-
ible (see e.g., Sato (1999)) and hence by Lévy-Khinchine theorem can be represented
(identified uniquely) by its Lévy measure. Here we follow an approach proposed by
Barndorff-Nielsen and Shephard (2001a) and model the process by specifying the
marginal distribution of the volatility factor and backing out from it the model for
the driving Lévy process. This has the advantage that the parameters controlling the

memory of the volatility process are separated from those controlling its distribution.
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In particular we work with pure-jump volatility factors whose marginal distribu-
tion is that corresponding to the increments of a tempered stable process (Carr et al.
(2002) and Rosinski (2007¢)). The latter is known to be a very flexible distribution.
Its corresponding Lévy density is given by

o Niw

vy (x) = Ciml{mo}a c¢i >0\ >0 0 <1. (4.14)
The parameters «; control the small jumps in the volatility factors, while \; control
the big jumps. A value a; < 0 corresponds to finite activity jumps and «; > 0
to infinite activity. Intuitively, the activity of the volatility jumps determines the
vibrancy of the volatility factor trajectories. There are two special cases of (4.14):
the case @ = 0.0 corresponds to Gamma marginal distribution (which is also the
marginal distribution of the square-root diffusion) and the case a = 0.5 corresponds
to Inverse Gaussian marginal distribution. Using (C.12) in the Appendix, we have
that the Lévy density of the driving Lévy process for our pure-jump volatility factors
with the specified marginal distribution by (4.14) is given by

Qicikie N \ikie TN

xarFl roi
4.4 Monte Carlo Study

We test the performance of our estimation method on simulated data from the follow-
ing models for the stochastic volatility: one-factor square-root diffusion, one-factor
non-Gaussian OU model with Inverse Gaussian marginal distribution, and two-factor
superposition of the above non-Gaussian OU model. The different simulated models
are summarized in Table 4.1. In all models the mean of V; is set to 1 (variance
reported in daily percentage units), and the different cases differ in the volatility

persistence as well as the volatility of volatility.? Also, in each of the scenarios we

2 We do not consider a pure-jump alternative to case C, i.e., a persistent one-factor pure-jump
model as the numerical integrations needed for the Cramer-Rao bound are relatively unstable since
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Table 4.1: Parameter Setting for the Monte Carlo

Case Paramaters
One-factor Pure-continuous Models

A R1 = 0.50 01 =1.0 o1 = 0.5

B R1 = 0.15 91 =1.0 o1 = 0.2

C k1 =003 6;=1.0 op=0.1

One-factor Pure-jump Models

D k1 =050 a3 =05 ¢ =0.7979 M\ =2.0
E K1 = 0.15 o] = 0.5 CcCl = 0.7979 )\1 =2.0
Two-factor Pure-jump Model
F k1 =100 a3 =05 ¢ =0.2257 A\ =1.0

k1 =003 a; =05 ¢ =0.7596 X =5.0

set the price jumps to be of Lévy type with the following Lévy density (i.e., jump
compensator)
e

7

which corresponds to compound Poisson jumps with normally distributed jump size.

vx(x) =0.2 x (4.16)

The selected values of the parameters in (4.16) imply variance due to price jumps is
0.1, which is consistent with earlier non-parametric evidence.

Each simulated scenario we have T' = 5,000 days and we sample n = 80 times
during the day, which mimics our available data in the empirical application. The
Monte Carlo results are based on 1, 000 replications. Finally, each estimation is done
via the MCMC approach of Chernozhukov and Hong (2003a) to classical estimation,
with length of the MCMC chain of 15,000. The weight matrix W is computed using
Parzen kernel with lag length of 70 days. The results are summarized in Tables 4.2
and 4.3.

In the estimation, we set Upax = 2‘71(().005) which corresponds to Uya, of around

the integrands have too much oscillation. Note, however, that case F' contains a persistent pure-
jump factor (for this case we do not compute Cramer-Rao bound).
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8. The moment conditions that we use are

(a) regions [0.1tmax 0.2Umax] X [0 0], [0.3Umax 0.5Umax] X [0 0] and [0.6umayx 0.9Umax] X
[0°0],

(b) squares [0.1tumax 0-2Umax]?, [0-3Umax 0-5Umax]? and [0.6umax 0.9Umax]? for lags

k=1,
(c) square [0.1tmax 0.2umax]? for lag k = 5,10, 30,
(d) square [0.3umax 0.5Umay]* for lag k = 5,10, 30.

We refer to this set of moment conditions henceforth as MC1. This results in 12
moment conditions, and as we confirm later in the Monte Carlo, this moment vector
captures well, in a relatively parsimonious way, the information in the data about
the distribution and memory of volatility. Finally, in each of the two-dimensional
regions we evaluate the integrated joint Laplace transform only in the four edges.
This is done to save on computational time and does not have significant effect on
the estimation.

For the one-factor models in our Monte Carlo, we can compare the efficiency
of our estimation method with the infeasible case when we observe directly the
variance process at daily frequency. The Cramer-Rao efficiency bound for the latter
observational scheme is easily computable in the one-factor volatility setting with
details provided in the Appendix. Note that our benchmark is daily variance and
not a continuous record of the latter. Continuous record of V; would imply that the
parameter o in the square-root model and « and ¢ in the one-factor non-Gaussian OU
model can be inferred from a fized span of data without estimation error. Instead,
our goal with this comparison here is to gauge the potential loss of efficiency due
to the use of our moments based on L(u,v; k) instead of working directly with the
infeasible daily transitional density of the latent variance.
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In the one-factor models, we also compare our estimator with a feasible alternative
using the high-frequency data that has been widely used to date. It is based on

performing inference on the Integrated Variance defined as

t
I‘/[tfl,t} = / ‘/;ds (417)
t—1

In many models, and in particular the ones we use in our Monte carlo, see e.g.,
Meddahi (2003) and Todorov (2009), the Integrated Variance follows an ARMA
process whose coeflicients are known functions of the structural parameters for the
volatility (for the simulated one-factor models it is ARMA(1,1), see the Appendix
for the details). Then one way of estimation based ont the integrated variance is
to match moments like mean, variance and covariance, see e.g. Bollerslev and Zhou
(2002) and Corradi and Distaso (2006) int the continuous setting and Todorov (2009)
in the presence of jumps. An alternative, following Barndorff-Nielsen and Shephard
(2001a), that we use here to compare our method with is to do Gaussian Quasi-
Maximum Likelihood for the sequence {I V[t—l,t}}te% The details of the necessary
computations are given in the Appendix.

Integrated variance is of course unobserved, but it can be substituted with an
estimate from the high-frequency data. One possible such estimate that we use here

is the Truncated Variance, proposed originally by Mancini (2009), defined as

nt
TV (e, @) = Z AP X PLanx|<an-=y, @ >0, @€ (0,1/2),  (4.18)
i=n(t—1)+1

where here we use w = 0.49, i.e., a value very close to 1/2 and we further set
a=3xVBVy_14 for BV;_; 4 denoting the Bipower Variation of Barndorff-Nielsen

and Shephard (2004) over the day (which is another consistent estimator of the

79



Integrated Variance in the presence of jumps):

nt

BVig=5 > IALXIALX] (419)
i=n(t—1)+2

Under certain regularity conditions, see e.g., Jacod (2008), the Truncated Variance

is model-free consistent and asymptotically normal estimator (for the fill-in asymp-

totics) of the (unobservable) Integrated Variance defined in (4.17). The asymptotic

justification for the joint fill-in and long-span asymptotics of the QML estimator in

the presence of price jumps can be done exactly as in Todorov (2009).

Table 4.2 summarizes the results from the Monte Carlo for the different one-
factor models with Table 4.3 reporting the rejection rates for the corresponding test
of overidentifying restrictions. In the case of the QML estimation of the pure-jump
model we fix the parameter « at its true value, since the QML estimation cannot
identify such richly specified marginal distribution of the volatility.®> We can see from
the table that our proposed method behaves quite well. It is virtually unbiased for
almost all parameters - the only exception perhaps is the parameter A; in the pure-
jump models which is the hardest parameter to estimate (recall it controls the big
jumps in volatility). However its bias is still very small, especially when compared
with its standard deviation.

Comparing the standard errors of our estimator with Cramer-Rao bounds for
the infeasible scheme of daily observations of V;, we see that the performance of the
proposed method is very good. In general the biggest deviation from the efficiency
occurs for models with lower persistence of volatility. One of the reasons for this
is in the observational scheme: our estimator is based on integrated volatility mea-

sure whereas the Cramer-Rao bounds are computed for daily observations of spot

3 Of course a method of moment estimator based on the Truncated Variation could have identified
that moment.
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volatility. We see also that for the square-root diffusion the standard errors for oy
are somewhat bigger than the efficient bound.

The only effect of the presence of price jumps and the frequency of sampling on
our RLT-based estimation is in the standard errors (this also can partially explain
the difference from the efficiency bound). Comparing our estimator with the feasible
alternative of QML on the Truncated Variance, we can see that overall the former
behaves much better than the latter. The main problem of the QML estimation is
that it is significantly biased for the parameters controlling memory and persistence
of volatility. The standard errors of the QML estimators are smaller for the low
persistence cases (even from the efficiency bounds) and much higher for the high
persistence case, but this is hard to interpret because of the very significant biases
in the estimation.

What is the reason for the significant biases in the QML estimation based on the
Truncated Variance? Using a Central Limit Theorem for the fill-in asymptotics we

have approximately

t
TVi—1(a, @) %/ Vids + (4.20)
-1

1
ﬁetv
where conditional on the volatility process, ¢ is a Gaussian error (whose volatility
depends on V; and does not shrink as the sampling frequency n increases). Then
note that the objective function of the QML estimator involves squares of the In-
tegrated Variance. Substituting T'Vj,_1 4(a, @) for IVj,_1 4 in the objective function
thus introduces error in the latter whose expectation is not zero (as it will involve
squares of ¢;) and this in turn generates the documented biases. This error of course
will decrease as we sample more frequently, i.e., as n — oo, but it clearly has a
very strong effect on the precision of the QML estimator for the frequency we are
interested in. A possible solution to this problem of the QML estimation based on

the Truncated Variance is to recognize the approximation in (4.20) and derive an ex-
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pression for the variance of ¢ as done for example in Todorov (2009) in the context
of GMM estimation. This, however, becomes quite complicated because the variance
of ¢; will depend on the price jumps and its distributional properties.

We can use similar reasoning as above to explain why our proposed RLT-based
estimation does not suffer from the above problem. A Central Limit Theorem, see

Todorov and Tauchen (2009a), implies

t
1
Zt(u)z/t_le_“vsds—l—%et, (4.21)

where conditional on the volatility process, & is a Gaussian error (whose volatility
depends on V; and u and does not shrink as n increases) with E(€,é5) = 0 for ¢t # s and
t,s € Z. Note that our estimation is based on the idea that EV(U, v; k) contains all
the information for V; in the high-frequency data and hence uses only these moment
conditions in the estimation. Using the approximation (4.21), we see that Ev(u, vy k)
are unbiased for Ly (u,v; k).

Turning to the test for overidentifying restrictions, we can see from Table 4.3
that overall the test performance is satisfactory although in some of the cases there
is moderate over-rejections. The worst performance is for case B in which the finite
sample size of the test is bigger with 10% from its nominal level. Such finite sample
over-rejections though are consistent with prior evidence for GMM reported in An-
dersen and Sgrensen (1996) particularly when the number of moment conditions is
large (as is the case for scenario B).

Finally the results for case F' are given in Table 4.4. We see that our estimator
behaves well in this richly parameterized model. Some of the parameters have small
biases (particularly as) but they are insignificant compared with the magnitude of
the associated standard errors. The hardest parameters to estimate are those of the

transient factor, which is also twice as volatile as the persistent factor.
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Table 4.2: Monte Carlo Results: One-factor Models

Par True Value RLT-based Estimation QML Estimation CRB
Median IQR SE Median IQR SE
Case A
K1 0.5000 0.4739 0.0262 0.0213 0.2999 0.0096 0.0093 0.0187
0, 1.0000 1.0099 0.0174 0.0125 1.0057 0.0171 0.0121 0.0142
o1 0.5000 0.4916  0.0165 0.0128  0.4068  0.0087 0.0062 0.0063
Case B
K1 0.1500 0.1480  0.0198 0.0132  0.1855  0.0105 0.0085 0.0086
0, 1.0000 1.0095 0.0267 0.0169 1.0040 0.0231 0.0159 0.0188
o1 0.2000 0.2014 0.0114 0.0072  0.2488  0.0047 0.0035 0.0021
Case C
K1 0.0300 0.0336  0.0076 0.0049  0.1121  0.0117 0.0199 0.0035
0, 1.0000 1.0059 0.0631 0.0413 0.9971 0.0564 0.0553 0.0465
o1 0.1000 0.1019  0.0063 0.0049  0.2050  0.0060 0.0079 0.0010
Case D
K1 0.5000 0.4936  0.0401 0.0319 0.3032 0.0167 0.0118 0.0085
o 0.5000 0.5048  0.0256 0.0256 — — — 0.0163
c1 0.7979 0.7828  0.1000 0.0995 0.7664  0.0222 0.0163 0.0968
A1 2.0000 1.9137  0.2140 0.2005 1.8361 0.1042 0.0743 0.2136
Case E
K1 0.1500 0.1492  0.0178 0.0142 0.1396 0.0110 0.0087 0.0231
o 0.5000 0.5096  0.0662 0.0512 — — — 0.0419
c1 0.7979 0.7651  0.2226 0.1780  0.7491  0.0363 0.0274 0.2283
A1 2.0000 1.9038 0.4491 0.3181 1.7513 0.1687 0.1255 0.4539
Note: IQR stands for inter-quantile range; SE stands for standard error; CRB

stands for Cramer-Rao bound;

Table 4.3: Monte Carlo Results: J-test

Case df

HEHQOQ®E

1%
4.13
7.90
0.87
3.91
4.89
2.33

= 00 00 © © ©

Nominal Size

5%
8.72
16.41
4.13
13.28
10.33
11.63
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Table 4.4: Monte Carlo Results for RLT-based Estimation of Case F

Par True Value Median IQR SE

K1 0.0300 0.0283  0.0138 0.0099
o 0.5000 0.4913  0.0527 0.0572
c1 0.7596 0.7932  0.2262 0.1809
A1 5.0000 49114  1.3955 0.9917
K2 1.0000 0.9823  0.2378 0.1922
% 0.5000 0.4386  0.2548 0.1979
C2 0.2257 0.2656  0.1082 0.0946
A2 1.0000 1.1102  0.4651 0.3795

Notation as in Table 4.2.

Overall we can conclude from the Monte Carlo that our method has very good

finite sample properties in a variety of models.

4.5 Empirical Application

4.5.1 Initial Data Analysis

In our empirical application we use 5-minute level data on the S&P 500 futures in-
dex covering the period January 1, 1990, to December 31, 2008. Each day has 80
high-frequency returns. The data frequency is sparse enough so that microstructure-

noise related issues are of no series concern here.?

On Figure 4.1 we plot the raw
high-frequency data used in our estimation as well as (a log transformation of) the
Truncated Variation, which as explained in Section 4.4 is a model-free measure for
the daily Integrated Variance. The high-frequency returns have clear distinguish-
able, which underscores the importance of using in the estimation robust to jumps
volatility measure which is the case for the Realized Laplace Transform. Also the

bottom panel of the figure suggests a complicated dynamic structure of the stochastic

volatility with both persistent and transient volatility spikes present.

4 For example, the autocorrelations in the 5-minute returns series are very small and insignificant.

84



S& P 500 Index 5-minute returns
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FiGURE 4.1: S&P 500 Index Data.

Before turning to the estimation we need to modify slightly our analysis because of

the well-known presence of a diurnal deterministic within-day pattern in volatility,

see e.g., Andersen and Bollerslev (1997b).

replaced by V, =

To this end, V; in (4.1) needs to be

Vi x f(t — [t]) where V, is our original stationary volatility process

and f(s) is a positive differentiable deterministic function on [0, 1] that captures the

diurnal pattern. Then we correct our original Realized Laplace transform for the

deterministic pattern in the volatility by replacing Z; with

nt

Z Cos <v2u\/ﬁﬁ71/21{]§¢0}A?X> . fi= 7

i=n(t—1)+1

Z(u) = =

N n < = g 1
gi:—z PXPLAYX] < an” ,g:E;

’ﬂ

where iy =t —1+4+i—[i/n|n, fori=1,...,nT and t =1, ...,
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of the Truncated Variance in Section 4.4, we set & = 3 x VBV, and w = 0.49. We
further put tilde to all estimators of Section 4.2 in which Z; is replaced with Z.
In this setting of diurnal patterns in volatility (4.5) will still hold when we replace
Ly(u) and Ly (u,v:k) with Ly (u) and Ly (u,v;k).> Intuitively, fi estimates the
deterministic component of the stochastic variance, and then in Z(u) we standardize

the high-frequency increments by it.
4.5.2  Estimation Results

We proceed with the estimation of the different volatility models discussed in Sec-
tion 4.3. In our estimation we set Upax = E{,l(().l) which results in a value close
to 8 as in the simulated models. In the estimation we use the same set of moment
conditions as in the Monte Carlo but we drop the last three moments in (d) of MC1,
which results in 9 moment conditions. We refer to this reduced set of moments as
MCO. As for the estimation on the simulated data, for all results here the optimal
weighting matrix is estimated using Parzen kernel with lag length of 70. Also, we
always impose the stationarity restriction o; < v/20;x; for i = 1,2 for the square-root
processes.

The results for the one-factor volatility models are given in 4.5. Not surprisingly
these models cannot fit the data very well as evidenced by the extremely large values
of the J test. The pure-jump model performs far better than the pure-continuous
model and this is because it is more flexible in the type of marginal distribution
for the volatility it can generate. We also note that the estimated mean reversion
parameters in the two models are very different as both models struggle to match the
initial fast drop in the autocorrelation of the volatility caused by the many short-term

volatility spikes evident from the bottom panel of Figure 4.1.

5 One can further quantify the effect from the correction for diurnal pattern on the standard errors
of Ly (u,v; k) but this effect is relatively small and therefore we ignore it in the subsequent work.
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Table 4.5: Estimation Results: One-factor models

Pure-Continuous Pure-Jump
Parameter Estimate | Parameter Estimate
K1 0.0212 K1 2.6834
(0.1162) (0.1926)
0, 2.1841 o 0.5593
(0.2756) (0.0247)
o1 0.2400 cy 0.2047
(0.0830) (0.0178)
A 1.9459
(0.2669)
J Test (df) 320.18(6) 209.64 (5)
(P-Val) (p=0.00) (p=0.00)

Note: The set of moment conditions MCO defined in the text is used in the estima-
tion. Standard errors for the parameter estimates are reported in parentheses.

We turn next to the two-factor stochastic volatility models. The estimation re-
sults for these models are given in Table 4.6. As we see from the table, the J-tests
for the two factor models drop significantly as these models have a better chance
to capture simultaneously the short-lived spikes in volatility together with its more
persistent shifts. At the same time the performance of the models differ significantly:
two-factor pure-continuous and continuous-jump models have still significant difficul-
ties in matching the moments from the data, unlike the two-factor pure-jump model.
Where is that difference in performance coming from? Looking at the mean-reversion
parameter estimates, we see that they are quite similar across models: one is very
persistent (capturing the persistent shifts in volatility) and the other one is very fast
mean-reverting (capturing the short-term volatility spikes). Also, the implied mean
of the volatility across models is very similar.

Where the models start to differ, which explains their different success, is the
ability to generate volatility of volatility in the different factors. First, the pure-
continuous model cannot generate enough volatility of volatility both in the persis-
tent and the transient volatility factors. This explains its very bad performance. This

fact is most clearly seen by noting that for both factors, the parameters are on the
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Table 4.6: Estimation Results: Two-factor models

Pure-Continuous Continuous-Jump Pure-Jump

Parameter Estimate | Parameter Estimate | Parameter Estimate

K1 0.0213 K1 0.0575 K1 0.0188

(0.0033) (0.0870) (0.0075)

0, 0.6063 0, 0.2728 oy 0.1403

(0.0608) (0.1128) (0.1089)

o1 0.1600 ozl 0.1770 c1 0.2986

(0.0079) (0.0441) (0.0714)

A 0.6265

(0.2016)

Ko 2.0321 Ko 4.7087 Ko 3.4790

(0.1622) (0.6418) (0.3349)

0, 0.4434 Q9 0.6213 Qa9 0.6175

(0.0188) (0.0734) (0.0436)

09 1.3398 Co 0.0765 Co 0.1042

(0.0601) (0.0354) (0.0148)

Ao 0.2740 Ao 0.5363

(0.1704) (0.0990)

J Test (df) 95.16 (3) 40.53 (2) 1.48 (1)

(P-Val) (p=0.000) (p=0.000) (p=0.224)

Note: The set of moment conditions MCO defined in the text is used in the estima-
tion. Standard errors for the parameter estimates are reported in parentheses.

boundary of the stationarity restriction (which generates the highest possible volatil-
ity of the factors). When we move from the pure-continuous to the continuous-jump
model, we can see a significant improvement of the fit: the J-test drops approximately
by half. It is interesting to note that in this model the persistent volatility factor is
the square-root diffusion and the pure-jump factor captures the transient day-to-day
moves in volatility. Now the volatility of the transient factor can increase. Indeed,
its coefficient of variation (standard deviation over mean) rises from 1.00 to 2.17.
However, as for the pure-continuous model, the persistent factor is on the boundary
of the stationarity condition as the model is struggling to reproduce the pattern of
the persistent shifts in “observed” volatility. This shows also that our set of moment
conditions identify not only the unconditional distribution of the volatility and its
persistence, but it also extracts from the data information about the volatility of the
persistent and transient shifts in volatility.

Finally, when we model the two volatility factors to be of pure-jump type, we see
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that the J test falls to a level that corresponds to p = 0.224, i.e., such specification
does not “struggle” any more to fit the moments from the data. We discuss briefly
the parameter sets of this best performing two-factor pure-jump model. First, the
implied mean of the persistent V; is 0.4925 while that of the transient V5 is 0.3071.
This implies that the estimated unconditional mean of the diffusive volatility is 0.80
(recall we quote in daily percentage units) which constitutes approximately 80% of
the total price variation. Note that the Realized Laplace Transform captures only
the diffusive volatility and is robust to the price jumps. It has “built-in” truncation
and we did not have to remove the “big” price increments in its construction to make
it robust to jumps as is done in the Truncated Variation. We will later compare the
estimated model’s implications for the Integrated Variance with the one estimated
from the data via the Truncated Variation. The half life of the persistent factor is
36.87 trading days and of the transient is 0.2 trading days. This provides good fit
for the persistent and transient shocks in the volatility observed in the bottom panel
of Figure 4.1.

The coefficient of variation for the persistent factor is 1.6692 while that for the
transient factor is 1.5239. Interestingly, the data “requires” quite a volatile persistent
factor in addition to the already present volatile transient factor. On Figure 4.2, we
compare the implied Lévy densities of the driving Lévy processes of the two factors.
Both factors differ very strongly in the “activity” of their jumps: the persistent factor
is far less vibrant (its coefficient ay is much closer to 0) than is the transient factor.
This can be easily seen by the much higher level and slope of the curve corresponding
to the transient factor on Figure 4.2. Note that since both driving jump processes
of the volatility factors are infinitely active, their Lévy densities explode at 0. On
the other hand, the behavior of the “big” jumps in the volatility factors is similar.
Indeed, the tempering coefficients \; and A, are very similar. They are both relatively
low, which means that there are quite a few “big” jumps in both factors (more in

89



the transient factor).

Levy Densities of Volatility Jumps in the Two—Factor Pure—Jump Model
10 B T T T T T T T

log Levy density

_15 | | | | | | | | |
-7 -6 -5 -4 -3 -2 -1 (0] 1 2 3
log jump size

FIGURE 4.2: The Lévy densities of the volatility jumps are defined in (4.15) and
the parameter estimates used in the calculation are reported in the last column of
Table 4.6. Solid line corresponds to Vj; and dotted line to V5.

To sum up, the estimation results suggest a very persistent component of volatility
which moves mainly through big jumps and fast-mean reverting component which is
much more vibrant and captures day-to-day moves in volatility as well as occasional
spikes. This behavior of the components of the volatility can be clearly seen from
Figure 4.3 which plots a simulation of the two factors over a period of length as our
sample.

We next we test the performance of the best performing model, i.e., the two-factor
pure-jump model, in two ways. First we add additional moments of the integrated
joint Laplace transform and also try alternative cutoff levels uy.c. The list of the

alternative sets of moment conditions we test the model are listed below
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simulated V1
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FIGURE 4.3: Simulated volatility from the estimated two-factor pure-jump model
with parameter estimates reported in the last column of Table 4.6. The units on the
horizontal axes are simulated days.

(1) MC1: Defined in Section 4.4,

(2) MC2: We replace (d) in MC1 with region [0.6upay0.9umay]? for lags k =
9,10, 30,

(3) MC3: We replace (d) in MC1 with region [0.12max0.2Umax] X [0.6Umax0.9tUmax]
for lags k = 1,5, 10, 30,

(4) MC4: We replace (d) in MC1 with region [0.6tmax0-9%max] X [0.1max0. 20U max]
for lags k =1, 5,10, 30,

The results of all the above robustness checks are reported in Table 4.7. First,
we see from the first columns of the table that our findings are very stable under

changes in u.,: none of the parameters moves in any statistically significant way.
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Turning to the results for the alternative sets of moment conditions, we can see from
the third column in Table 4.7 that under M C1, the model performs relatively well.
The parameter estimates do not change by much. The J statistic increase to an
implied p-value of around 2%, but given the slight finite sample overrejections we
found in the Monte Carlo the overall fit of the model under MC1 is still quite good.
The same conclusion remains true under the set of moment conditions MC2.
Finally, we see from the last two columns of Table 4.7, that the model struggles
somewhat with fitting the integrated joint Laplace transform for the two extra regions
of the moment sets MC3 and M C4, most notably for those of MC3. In these two
regions, u is high and v is low and vice versa (recall the definition in 4.4). Intuitively,
high/low level of u puts relatively more importance to very low/high levels of V; (for
this moment condition) and the same holds true for the link between v and V;_.
Given the slight overrejection in the Monte Carlo, the p-value of the J test for moment
set MIC4 is reasonable. The fit to the moment set M C3 is much worse. Given the
above interpretation of the added moments in this moment set, the model clearly
appears to struggle in matching simultaneously the persistence in volatility and the
frequency and speed with which volatility moves from very low to very high levels.
Our second test for the model performance is to verify how successfully it can
fit the moments of the Truncated Variation (which is directly observed). The latter
has not been used in the estimation as our inference is based only on the Realized
Laplace Transform, and hence this provides a stringent test for the model perfor-
mance. In Table 4.8, we compare the first, the second moment and the autocorre-
lation of log[TV};—1,4(o,w) + 1] implied by the model with that in our data. The
transformation log(1 + ) behaves like = for small values of x but is more robust to
the outliers, and hence this transformation of the Truncated Variation is much more

reliably estimated from the data. This is the reason why we use it in our analysis
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Table 4.7: Two-Factor Pure-Jump Model Diagnostics

Alternative u-cutoffs

Alternative Moments

Par Ly(tmax) =15 Ly(umax) =.05 ~MC1  MC2  MC3  MC4
K1 0.0177 0.0183 0.0176  0.0166  0.0273  0.0292
(0.0085) (0.0066) (0.0057) (0.0059) (0.0078) (0.0053)

a 0.3027 0.0538 0.0410  0.1368  0.0346  0.1261
(0.1115) (0.1213) (0.0922) (0.0929) (0.0985) (0.1041)

¢l 0.2210 0.3689 0.3400  0.2935  0.2938  0.3331
(0.0764) (0.0867) (0.0606) (0.0653) (0.0546) (0.0765)

At 0.4173 0.8123 0.7109  0.6264  0.6046  0.8112
(0.2569) (0.2486) (0.1573) (0.1967) (0.1530) (0.1968)

Ko 3.3189 3.7156 40347 38743 45580  4.3449
(0.3491) (0.2976) (0.3066) (0.2986) (0.6873) (0.2711)

a 0.6068 0.5961 0.6430  0.6274  0.6172  0.6274
(0.0501) (0.0280) (0.0335) (0.0341) (0.0372) (0.0318)

e 0.0997 0.1171 0.0973  0.1011  0.1160  0.0967
(0.0160) (0.0127) (0.0137) (0.0137) (0.0206) (0.0107)

Ay 0.4467 0.7209 05444  0.5347  0.8334  0.5225
(0.1036) (0.1336) (0.1001) (0.1122) (0.1252) (0.0791)

J Test (df) 0.801 (1) 3.08 (1) 12.02(4) 8.90(4) 23.31(5) 16.59(5)

P-Val p=0.371 p=0.079 p=0.0172 p=0.064 p=0.000 p=0.005

Note: The alternative sets of moment conditions MC1, MC2, MC3, and MC4.
Standard errors for the parameter estimates are reported in parentheses.

here.® As seen from the table, the model can very comfortably match the moments
of the Truncated Variation estimated from the data.” This is due to the fact that
our estimation procedure selected the model not only by its fit to the mean, variance

and persistence of volatility, but also by fitting its whole transitional density.

4.6 Conclusion

In this paper we propose an efficient method for estimation of parametric models for

the stochastic volatility of general [to semimartingales sampled at high-frequencies.

6 This is similar to the transformations of measures of realized variation used in e.g., Andersen
et al. (2003) when constructing reduced-form based volatility forecasts.

7 We also redid the calculations in Table 4.8 by “removing” the deterministic component of
volatility in constructing TV,_; 4)(, @) using f; in (4.22). This resulted in very small changes in
the last column of Table 4.8.
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Table 4.8: Two-Factor Pure-Jump Model Diagnostics: Implied Moments of Trun-
cated Variation

Moment Model-Implied 95% CI from data
E (log[TVi_1.4(c, @) + 1]) 0.4346 [0.4253 0.5613]
E (log[TVi_1.4(c, @) + 1])° 0.3782 [0.2739 0.5564]
AC 1 of log[TVjy_y(a, @) + 1] 0.8303 [0.7948 0.9051]
AC 5 of log[TVi—1 4(cv, @) + 1] 0.7741 [0.6240 0.8420]
AC 10 of log[TVj_1.4(ct, @) + 1] 0.7319 0.5423 0.8114]
AC 30 of log[T'V};—1,(c, @) + 1] 0.5799 [0.2324 0.6921]

Note: The model implied moments are computed from a long simulation of the
estimated two-factor pure-jump model with parameters reported in the last column

of Table 4.6. Standard errors for the confidence intervals in the last column are
computed using Parzen kernel with lag length of 70.

The estimation is based on the model-free Realized Laplace Transform of volatility
proposed in Todorov and Tauchen (2009a) and is robust to presence of jumps in the
price dynamics. The technique is particularly tractable and easy to apply in volatility
models with joint characteristic function known in closed form (up to numerical
integration). The latter is the case for the class of the general affine jump-diffusion
models of Duffie et al. (2000) and Duffie et al. (2003), which are widely used in
financial applications.

Our Monte Carlo documents good robustness and efficiency properties of the
estimator in empirically plausible settings. The empirical application illustrates the
ability of the proposed estimator to extract useful information in the data about the
dynamic properties of stochastic volatility. Our method identifies two components of
volatility, which is consistent with earlier empirical evidence. However, the method
has the power to discriminate among different models for the dynamic properties
of the two volatility components. In the preferred volatility model, the transient
volatility component has occasional big spikes but also a lot of small jumps that
capture day-to-day variation. On the other hand the persistent volatility factor moves

only through big jumps - its dynamics is somewhat similar to a regime switching type
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model but with gradual decay of the high volatility “regime”.

Finally, our estimation here is robust to jumps. This is an advantage as the
inference for the volatility is not influenced by a potentially wrong specification
for the price jumps. However, in an application one would be naturally interested
also in the jumps as they form an integral part of the risk associated with the asset.
Inference for the jump part of the price in the general case is complicated as different
parameters of the jump specification can be estimated at various rates even in the
relatively simple i.i.d. setting as shown in Ait-Sahalia and Jacod (2008). In the
case of finite activity jumps, however, one can adopt the approach of Bollerslev
and Todorov (2010) for estimation of jump tails. We leave systematic study of the

problem of parametric estimation of the jump component of the price for future work.
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Appendix A

Appendix to Chapter 2

Proof of

Proposition 6 3. Let fix the finite set of moment conditions indexed by ¢ =
{71,...,7}, 7: € I. Let L?(c) be corresponding Hilbert space defined in (2.22). Since
L*(c) C L*(h), we can write the Hilbert space of moment conditions as a direct sum
of L?*(c) and its orthogonal complement, L°(c): L*(h) = L?*(c) & L°(c). Then each

moment condition h,(Xy;6y) € L*(h) can be written as
K
he(Xei60) = D B2(1i)hn, (X1, 60) + ex (c: 60) (A1)

i=1

or in vector form:
he (X 00) = B7(c)'h(c; 00) + er(c: 6o)

where (2(c)'h(c;0p) € L*(c) and €,(c;6) € L°(c). Here 82(c) = (B(7:))i—1x 18
the vector of orthogonal projection coefficients of h,(X;;#) onto vector of moment

conditions h(c, 0y)
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For moment conditions of type (2.1), for each 7 = 1,p the score s, lies in L*(h),
therefore the score can be written as a direct sum of two components, sy, = s} + 52,
where s}, € L*(c) and s?. € L°(c).

Since s;; € L*(h),

m
Sy = lim 5 a;hs,
m—00 J

=1

m K
= lim 21 0@(2 B (Ti)hz, + €7, (c)) (A2)
J= 1=
K m m
. . 0 .
= Dk lim e () + Tim > e (0 (4.3
i=1 j=1 j=1
K
- Z wihy, 4+ €-(c) = s + 57 (A.4)
i=1

where w; = limp, 00 D770, ;87 € L?(c) and €; = limyn 00 350 je(Ty) € LO(c).
The equality in (A.2) follows from the equation (A.1) of projection moment condition
onto the finite subset of moment conditions c. The lim and the summation can be
interchanged in the first part of (A.3), because the sum is finite. The first component
of the sum (A.3) exists because by construction €., (c) € L%(c) for each Vi, L°(c) is
closed and both components s;,. and Zf; w;h,, are finite.

Taking squared norm of two parts of (A.4), we obtain
B(1) = llseell® + st |I? (A.5)

Since by construction s}, is the projection of the score on the finite set of moment
conditions ¢, by (2.19) ||s;.||? = X..(c;0p)'is the inverse of asymptotic variance

matrix of the optimal GMM estimator based on ¢ vector of moment conditions.
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¥ (1) is the inverse of asymptotic variance matrix of MLE estimator. Now let divide

both parts of (A.5) by ||ss||:

[ I

sl st
sl s

(A.6)

The squared norm of the score is then written as:

2

m
ser|? = Hniiggozaihn
=1
m m
_ %gnoozaihmggozajmj)lm
i=1 j=1

= Z Qi <h7-ih7-j>p0 (A?)

ij=1
Because the the product of two moment conditions by definition
(hoihr,) o = E% (hey (Xy; 00) by (Xe3 60)) = k(3. 75) (A.8)

is the kernel at points (7;,7;) of covariance operator of the moment conditions. Let
fix sequence of unknown 7* = (79,79, ...) used in the sum (A.7) to span the score
si, and denote A(7*) be the linear space of all infinite sequences of real num-
bers a = (ai,as,...) such that 3% | a;a;(hyhr)po < oo for the fixed sequence

*

of 7*. Then the product in this space can be defined as usual product in [? space.
In addition, consider an operator H : A(7*) — A(7*) with the covariance kernel
k(r,s) = BEF°h.(Xy; 00)hs(X,; 00), which is positive definite. After that the sum in
(A.7) can be written as the norm induced by the product in A(7*) space, which is
[ norm:

[[ser]| = Z O‘iO‘j<hnth>F° = (o, Ha)p (A.9)

1,j=1
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In the similar the norm of the score projected on the space L°(c) is defined as :

Isill = Y cia{er (e 0o)er, (c; 00)) o = (o, Evaee (A.10)
ij=1
where E.is the linear operator E, : A(7*) — A(7*) on the space of infinite sequences
« defined above. Here, the kernel of operator E, is just the covariance kernel of
error functions e, (X;;0y), defined as e(r,s) = EF e, (¢; 0y )es(c; 0y) which is positive
definite. Operator E, depends on the finite set of moment conditions c.
Then, using equations (A.9) and (A.10), second part of right hand side of equation
(A.6) takes the following form:

[s21? _ (@ Eeale
5ol = o Hae

(A.11)

which is a function of o and ¢. Since in this relation ¢ is fixed, the quantity (A.11)

is a function of a:

Ao, Eea)pe
fla,e) = —(a,Ha>12 (A.12)

Because neither av or 7* are not known (A.12), therefore, function f(a,c) can not
be computed. f(«) has Generalized Rayleigh quotient form, since both H and E.
are positive definite operators. Therefore, the maximum of f(«,¢) is the maximum

generalized eigenvalue of the following operator equation:
ECOC)\ = )\HO()\ <A13)

where ) is generalized eigenvalue and « is the generalized eigenvector. Both H and

E. are positive-definite operators, therefore, the generalized eigenvalues \ are always

_ E’!‘,’l‘ (0;90) )

nonnegative. Since \,q, = max, f(«) is the upper bound on the ratio (1 S

for any r = 1, p, then

Zr:l pEm(c; 90)
S SR R
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and the proof is complete.

Lemma 7 . Let VK < oo,cxy1 = {11, Tk -1, Tk, Tk+1} be an element of AC and

assumption 4 holds. Then,

E(e, - E(er(cx—1)€r(ck-
sup (- (er)er (c)) < (1.0 — p(ck)) sup (e (ex l)e(il)) (A.14)
rel E<hT(Xt)hT<Xt)) rel E<hT(Xt)h‘T<Xt))
where p(ck) € (0,1)
Proof. For any cx = {7, ..., 7k }, a moment function is written as:
K
hr (Xi;60) = Z B2(7i) ha, (X, 00) + € (cxc; o) (A.15)
i=1
or alternatively (A.15) takes the following form
K
he(Xi;00) = > 22(7i)er (Xo, cim1; 0) + € (cx; bo) (A.16)
i=1

where 72(7;) are the orthogonal projection coefficients of h. on the set of {e, },_17%.
By construction E(e, (X, ci—1; 00)er, (X, ¢j—1;6p)) = 0 for any 7; # 7;. After taking
squares of both parts of equation (A.16) and taking expectation of each part, (A.16)

becomes:

K
E(hT(Xt700 Xt700 Z ’77 7—1 2E 67’ Xtacz 170())67' (Xtacz 1700))
i=1 (Al?)

+ E(e, (cx; 00)er (cxc; 00))

Writing (A.17) for both vectors cx and cx_1, and subtracting one from another

results in:

E(er(cx; bo)er(cr; 00)) =E(er (k15 00)er(cx—1; 60))
(A.18)

— (V2(7x))*E(€rye (¢x—15 00)€ryc (cr—13 00))
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After division of both parts of (A.18) by E(h,(X};600)h-(X:;00)) the following
holds:

E(e;(cr;0o)er(cre;00)  E(er(cr—1500)e-(cx—1;60))

E(hr(X¢; 00)hr (X 60)) E(hr(X¢; 00)hr (X5 600))

(A.19)
. (72(7K>)2]E(€TK (CK—l; 90)67'}{ (CK—1; 90))
E(h’T(Xt; eo)hT(Xt; 90))
Then, after (A.19) is evaluated at T7x1, and using the fact that
Ti = arg max E(e-(cx-1;00)e-(cx—1; 90))’
T E(he(X4;00)hr (X5 600))
the following holds:
E(ETKJrl (CK; 90)67K+1 (CK; 00))
E<hTK+1 (Xtﬂ eo)h‘TK-H (Xt7 00))
_ Elereyi (ek—1;00)€rc,, (ck-1560)) (0 () E(€ry (cx—1;00)€re (CK71‘;Q‘0)))n)
E(hTK+1 (Xt; 00)h7K+1 (Xt; 90)) e E(hTK+1 (Xt; HO)hTKH (Xt; 00))

2 E(hrK (Xt; Qo)hTK (Xt; 90)) E(ETK (CK—l; 9())67'[( (CK—l; 90))

< (10— (77, (%)) )

R IE:<h7'K+1 (Xt;eo)hTK+1 (Xheo))J E<hTK<Xt;90)hTK(Xt;00))
P(C;(,-H)

Next, evaluating (A.18) at 71, and using E(e;,, (cx;00)€rg,, (cx;60)) > 0, we

get :

E(€ry,s (cr-1500)€r,,, (cre-1500))
]E(GTK (Xt, CK-1, 90)671( (Xt7 CK-1; 90))

0 < (Yo, (TK))? < (A.21)
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Now, p(ck1) takes the form:

_ 0 T 2 E(hTK (Xt; QO)hTK (Xt; 90))
0 < plcrs1) = (%KH( K)) E(h X, @o)h—Xt;Ho))

TK+1( TK+1(

- Elergs (cr-1300)€ney (k-1300)) B(hr (X3 60) ey (Xi56h))

E(h Xi; eo)hTKH (Xi:60)) E(€rs (cx-1300) €7y (cx-1360))

<1 (A22)

TK+1(

the first inequality in (A.22) is because of (A.21), and the second inequality in

(A.22) is because of definition of 7. The proof is complete.
Lemma 8 Let Assumption 6 hold. Then, v > v* and for c € MAC(v),

Br(c;0) = B-(c;0) + 0,(1)

Proof . Since B, (h(Xy;0)h(Xy, ¢;0)) 2 B%(h (X5 0)h(Xy, ¢;0)) and
En(h(Xt> G e)h(Xh & 9)) £> Ee()(h(Xta G e)h(Xta & 9)1)

by LLN for any (7,60) € I x © and the denominator is invertible by assumption 6 ,

then G,(7:;0) % B.(7::6).

Lemma 9 . Let0 5 6,. If Assumptions 7 and 6 hold, forv > v* and ¢ € MAC(v),

the following convergence holds:

sup  |@Qn(0,7,¢)) —Q(0,7,¢)| 20 (A.23)
(1,0)elx©

Proof of Lemma 9. By Lemma 8 BT(C; 0) = B (c;0) 4+ 0,(1). Therefore, the

estimated projection error can be written as

K+1 K+1
e2(Xy, ¢;0) = €(X,,¢;00) + 0p(1)er(Xp,c:00) Y hi+0,(1)(Dhe)* (A24)
=1 =1
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Since IEQO((ZZ.I;rl h;)?*) < oo, and

K+1 K+1

B (e(Xy, ¢:00) > hi) < (EP((Xy, ¢;00))E® () hi))*)"? < o0
=1 =1
by assumption 7 (6). So,
LS (X0 6.0) B ER (X, ¢;0)) (A.25)
n
t=1

Next, by law of large numbers:
1 n
- D (RP(X4:0)) B E*(h*(X,;6)) (A.26)
t=1

Therefore, using the Theorem and equations (A.25) and (A.26),

Qn(0,7) = Q0,7 (A.27)

for any 7 € I and 0 € ©. By eqiucontinuity assumption 7(f) and Theorem 21.9 of
Davidson (1994) the proof is complete.
Proof of Proposition 4. Lema (9) implies for any v > 0 and § > 0 there exists

N; > 1 large enough that for n > Ny:

1 1
P( sup [@Qn(0,7) —Q(0,7)[ < zv)>21— =6 (A.28)
(r,.0)eix© 5 10

Let By be an open subset of © that contains 6y. Since én LN 0y, there exists Ny > 1
that for any n > Ns:
N 1
P(6, € By) >1— 50 (A.29)

Since

e BN s 1Qu(0.7) — Q0,7)] < 30}

(r,0)eix© (A.30)
« A 1 '
g {SHP |Qn(0m T) - Q(e’mT” < glj}
Tel
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for n > max{Ny, No},

P({51p |Qu(Bn, 7) — Q(n, 7)] < %y}> > 91 — 1—105) -1 %5 (A31)
Tel

By definition of 7,,(¢) in (2.30) as maximization point,

; ; 1
P(Qu(0n, %) > Qu(Br, 7%) — §> >1-29 (A.32)
for any n > Nj.
From uniform convergence (A.31),
Aoa P v 1
P(Q(0n: Ta) > Qulbn, 7o) — =) <=1— 20 (A.33)
for any n > N4, and
5 ; 1
P(@n(On, 7) > Q(0n, 7%) — %) <=1-20 (A.34)
for any n > Nj5. Using continuity at 6,
5 1
p(Q(QMT*) > Q(HO:T*) - %) <=1- 55 (A35)
for any n > Ng, and
. Foa v 1
P(Q(00,7) > Qb T) — ) <=1- 20 (A.36)

for any n > Ny.

Since,
{Q0.72) > Q. 7) =2} N QW) > Qulbr.7) — £)
@0 7) > QuBur) = 23 N {Qu0 ") > QU7 — 2} (ABT)

14

5} g {Q(Q()v%n) > Q(907T*) - V}
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then for any n > max{Ny, ..., N;} using equations (A.32)-(A.35),
P(Q(0y, ) > Q(0, 7") —v) >1—4§ (A.38)

Let Bs be an open subset of I containing 7*. Using the fact that I () Bs is compact,

and from assumption 7 (c¢) and uniform convergence

sup  Q(0o, 7) = Q(bo, 7) < Q(bo, ") (A.39)

TEfr]Bg

for some 7 € I () BS. Let v = Q(6b, 7'*)—supT€fnt Q(6o, 7) then it follows P(Q (0o, 7)) >
SUD, e/ pe Q(0, 7)) > 1 -0, s0 7, € Bs. The proof is complete.

Proof of Proposition 5 Since ¢y ¢ € AC by construction, then cpe €

MAC(v) = eye € L(v) for any v. For any v > v* such that ey € MAC(v),

sup Qn(én77—7 CMC) RS sup Q(‘9077'7 CMC) >V (A-40)
Tef Tef

using Proposition 4. Now suppose that cyc € MAC(v), then

sup Qn(én, T, CrC) LN sup Q(0y, T, cprc) < v (A.41)
Tef Tef

using Proposition 4. Thus c¢y¢ € MAC(v) wp — 1, that implies ¢y € L(v) wp

— 1.
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Appendix B

Appendix to Chapter 3

B.1 Continuity of the Characteristic Function of the Tempered Stable

For completeness, we want to show that exp¥(u) in (3.8) is continuous in « for
a € (0,2). For a € (0,1)J(1,2) , ¥(u) is continuous, since all its multiples are
continuous functions. When o = 1, I'(«) is infinity, so we will prove continuity in
a = 1. Without loss of generality put ¢ = 1 and ¢ = 1, and consider the convergence
from the left (convergence from the right can be proved in the same way.)

Consider function: W(u) = —I'(—a)(1 — (1 + u?)?2 cos(a arctan(u)));

’

We can write :

1

(1+u?)? =VI+u2(1+u?)" 7, (B.1)
also ,

1
V1+u?

= cos(arctan(u)) (B.2)
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Then, using trigonometric formula for cosine of product:

cos(avarctan(u)) = cos(arctan(u)) cos((1 — «) arctan(u)) (B.3)

+ sin(arctan(u)) sin((1 — «) arctan(u))

and formula for gamma function :

I'(—a)=- (B.4)

we get by plugging in (2) — (5) in ¥ (u):

™

V) = ey sin(x = ) (

1 - (1+ uz)_% cos((1 — a) arctan(u)) (B.5)

— u(l+ u2)’177a sin((1 — «) arctan(u)))
Now, using Taylor expansion:

(sin(r(1—-a))™" ~ (7(1—a)+0((1—-a))

~ 7T(1_(%)(1—1—0((1—()4) )~ (B.6)
~ (1= O((1 - )
(1l — )
and

(4 u) "4 o (1= 2% log(1+ 02 + O((1 — ) log(1 + ) (B.7)

and
cos((1 — a) arctan(u)) ~ (1 — O((1 — a)?)) (B.8)

and
sin((1 — a) arctan(u)) ~ ((1 — a) arctan(u) + O((1 — a)?)) (B.9)
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arl(a)ﬁ(l —O0((1—a)?)(1— (1 - 1_Ta cos(1+u?) + O((1 — a)?)))
X(1—=0((1-a)?) —u(l—0(1 —a))((1 —a)arctan(u) + O((1 — )?)))

Which for a — 1 — 0 is exactly 0.51log(1 + (u)?) — uarctan(u)
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B.2 Figures and Tables

Table B.1: Stocks within Panel

Ticker
XOM

IBM

WMT

CF
AKS
RBA
BPL

CTV

EXM
CcCC

CRNT
CMO

CYD

Large Cap Stocks

Exxon Mobil Corporation (engages in the exploration, production,
transportation, and sale of crude oil and natural gas)

International Business Machines (develops and manufactures information
technology (IT) products and services worldwide)

Wal-Mart Stores, Inc. (operates retail stores in various formats worldwide)

Medium Cap Stocks

CF Industries Holdings, Inc. (manufactures and distributes
nitrogen and phosphate fertilizer products)

AK Steel Holding Corporation (through its subsidiaries, produces
flat-rolled carbon, stainless, and electrical steels)

Ritchie Bros. Auctioneers Incorporated (an industrial auctioneer, sells
various equipments to on-site and online bidders worldwide)

Buckeye Partners, L.P. %)rlmarlly operates refined petroleum products
pipeline systems in the United States)

CommScope, Inc. (provides 1nfrastructure solutions for communication
networks worldwide

Small Cap Stocks

Excel Maritime Carriers Ltd. (provides sea borne dry bulk cargo
transportation services worldwide)

Calgon Carbon Corporation (provides services, products, and solutions for
purifying water, air, food, beverage, and industrial process streams
internationally)

Ceragon Networks Ltd. (engages in the design, development, manufacture,
and sale of point-to-point wireless backhaul solutions)

Capstead Mortgage Corporation (operates as a self-managed
real estate investment trust)

China Yuchai International Limited (through its subsidiaries, manufactures
and sells diesel and natural gas engines in China and internationally)

Note: Source is Yahoo.com
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Table B.2: Average Capitalization, Seconds Between Trades, and Number of Trades

Ticker Cap($M) Time between Trades Number of Trades
2006 2007 2008 2006 2007 2008

XOM $313,65 20 1.0 1.0 11835 24434 28044
IBM $165,77 3.8 18 1.8 6158 12619 12860
WMT $196,97 3.6 1.7 1.3 6484 13270 17133
CF $4,58 272 5.8 3.5 849 3976 6595
AKS $2,33 9.6 4.5 4.1 2395 5092 5622
RBA $2,17 94.1 732 25.3 245 316 915
BPL $2,85 118.5 80.9 67.5 195 286 342
CTV $2,63 122 8.0 8.7 1899 2890 2659
EXM $50 93.2 194 11.9 248 1192 1949
CCC $80 372 218 18.3 620 1060 1261
CRN $39 139.9  60.5 78.1 167 387 299
CMO $73 141.7  73.8 17.1 165 317 1367
CYD $63 77.0 649 126.8 304 361 185

Note:  Market capitalization is computed on the day of making the ta-
ble.Capitalization is reported in millions of US dollars. Time between trades is
computed as the ration of total number of trading dates per year multiplied by the
number of seconds in a trading day and dividing by the total number of trades per

year. We omit the first 5 minutes of trading day, so the trading day we consider is
9:35am - 3:59pm.

Table B.3: Parameter Setting for the Monte Carlo

Case Paramaters

C-J Models
A oc=0.8944 X=0.05 v =20
B o = 0.8944 A=1.1 v = 0.4264
C oc=20.5 A=11 v = 0.8257
D oc=20.5 A=0.5 v = 3.8730

TS-J Models
E c=0.518 «a=0.6971 ¢=0.8171 ~+=0.6797 X =0.8319
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Table B.4: Monte Carlo Results: C-J Models

Par True Value Median MAD SE True Value Median MAD SE

A B
o 0.8944 0.8968  0.0051 0.0100 0.8944 0.8847  0.0143 0.0215
v 2.0000 2.0606  0.0335 0.2533 0.4264 0.4427  0.0231 0.0422
A 0.0500 0.0474  0.0034 0.0299 1.100 1.0977  0.0319 0.0357
C D
o 0.5000 0.4922  0.0132 0.0177 0.5000 0.5007  0.0017 0.0028
¥ 0.8257 0.8212  0.0143 0.0200 3.8730 3.8917  0.0559 0.2276
A 1.1000 1.1248  0.0604 0.0696 0.0500 0.0500  0.0017 0.0036
E F
& 0.5186 0.5584  0.0990 0.2909 0.5186 0.5243  0.0362 0.0807
o 0.6971 0.6557  0.1297 0.2030 0.6971 0.6855  0.0458 0.0997
0] 0.8171 0.8805  0.1046 0.2992 0.8171 0.8366  0.0176 0.0636
vy 0.6797 0.6797  0.0436 0.0685 0.6797 0.6883  0.0165 0.0279
A 0.8319 0.8283  0.0037 0.0039 0.8319 0.8268  0.0015 0.0035

Note: MAD stands for medium standard deviation around the true value; SE stands
for standard error; In case F each Monte Carlo simulation was done for 1200 days

Table B.5: Monte Carlo Results: J-test

Model df Nominal Size Model df Nominal Size

1% 5% 1% 5%
A 7 1.67 10.83 B 7 1.18 5.88
C 7 0.00 3.81 D 7 270 8.11
E 5 0.00 6.90
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Table B.6: Estimation Results: C-J Model

Stock  Year o v A x2(7) p-value

IBM 2006 0.5635 0.7924 1.0742 7.21 0.407
(0.0423) (0.0508) (0.2062)

2007  0.4297 0.7561 1.3683 6.35 0.500

(0.0207) (0.0276) (0.1321)

2008 0.3364  0.6280 2.1634  13.07  0.070
(0.0576) (0.2982) (0.0336)

XOM 2006 0.5258  0.6765 15620  13.38  0.063
(0.0554) (0.0442) (0.3267)

2007 0.6544  0.8948  0.7010 10.11  0.182
(0.0108) (0.0174) (0.0270)

2008 0.6447  0.8757  0.7449 1111  0.134
(0.0113)  (0.0170) (0.0283)

WMT 2006 0.3656  0.6342  2.1262 9.48  0.220
(0.0568)  (0.3039) (0.0309)

2007 0.4100  0.7259 15157  12.08  0.098
(0.0365) (0.0313) (0.1750)

2008 05816  0.8264  0.9460  21.02  0.004
(0.0449)  (0.0562) (0.2119)

Note: Table presents estimation results of model C-J with characteristic exponent
(3.5) for Large-Cap stocks. Standard errors are reported in the parentheses.
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Table B.7: Estimation Results: C-J Model

Stock  Year o v A X*(7)  p-value

CF 2006 0.2918  0.8762 1.0734 138.4 0.000
(0.0133) (0.0204) (0.0498)

2007 0.3268 0.7897 1.3513 36.70 0.000
(0.0173) (0.0197) (0.0747)

2008 0.5253 0.6700 1.5957 10.79 0.148
(0.0858) (0.0631) (0.5029)

AKS 2006 0.3818 0.7491 1.4557 30.13 0.000
(0.0361) (0.0314) (0.1514)

2007 0.4031 0.7773 1.2954 34.06 0.000
(0.0277) (0.0297) (0.1239)

2008 0.3469 0.6770 1.8497 29.84 0.000
(0.0462) (0.0313) (0.2208)

CTV 2006 0.3820 0.7602 1.4089 35.75 0.000
(0.0277) (0.0259) (0.1235)

2007 0.3804 0.7937 1.2790 28.91 0.000
(0.0222) (0.0243) (0.0951)

2008 0.3239 0.7255 1.6434 12.94 0.074

(0.0236)  (0.0203) (0.1089)

BPL 2006 0.0864 1.0658  0.8247 4148  0.000
(0.0079) (0.0123) (0.0239)

2007 0.0894  0.9685 09196 14591  0.000
(0.0082) (0.0132) (0.0246)

2008 0.1163  0.8850  1.1120  183.50  0.000
(0.0083) (0.0129) (0.0273)

RBA 2006 0.1020 1.0272 08138  171.72  0.000
(0.0078)  (0.0150) (0.0245)

2007 0.1010  0.8974  0.9430  319.38  0.000
(0.0082) (0.0152) (0.0261)

2008 02122  0.8459 11356 206.16  0.000
(0.0092) (0.0159) (0.0364)

Note: Table presents estimation results of model C-J with characteristic exponent
(3.5) for Medium-Cap stocks. Standard errors are reported in the parentheses.
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Table B.8: Estimation Results: TS-J Model: Medium-Cap Stocks

Stock  Year c a ¢ v A x*(7) p-value

CF 2006 1.2900 0.0267 1.1813 0.4536 0.2515 8.39 0.139
(0.0728) (0.0346) (0.0396) (0.0702) (6.3467)

2007  0.5186 0.6971 0.8171 0.6797 0.8319 5.53 0.351
(0.0961) (0.1226) (0.0374) (0.0598) (0.1291)

2008 0.0511 1.4175 0.1113 0.4608 3.7554 7.03 0.218
(0.0197) (0.3549) (0.0383) (0.0367) (0.7411)

AKS 2006 1.5205 0.0033 1.5211 0.5103 1.2171 4.73 0.450
(0.4284) (0.0889) (0.1650) (0.1251) (0.2865)

2007  0.0713 1.5754 0.0008 0.6158 1.5652 7.6 0.180
(0.0172) (0.0785) (0.0487) (0.0376) (0.1863)

2008  0.179 0.8957 0.5050 0.5122 2.4761 6.27 0.281

(0.0270) (0.2431) (0.1110) (0.0318) (0.3481)

CTV 2006 17701 00118 15311 04843 09458  11.74  0.039
(0.3229) (0.1948) (0.1389) (0.0960) (0.2175)

2007 05333 0.7614  0.8369  0.6469  0.8926 534  0.376
(0.6338) (0.2177) (0.2043) (0.2725) (0.2235)
2008 0.8406  0.5353  1.2876  0.7063  0.9380 248  0.780

(0.7739) (0.2872) (0.3804) (0.0894) (0.2204)

BPL 2006 0.1780 0.0574 07943  1.0834  0.6024  13.13  0.022
(0.0590) (0.0214) (1.0913) (0.0254) (0.0595)

2007  0.1905  0.0022  0.5791  0.8339  0.6579 889  0.114
(0.0289) (0.0710) (0.0710) (0.0314) (0.0432)
2008 0.3012  0.0010  0.6826  0.7215  0.7608 395  0.557

(0.0395) (0.0531) (0.0559) (0.0241) (0.0603)

RBA 2006 02494  0.0065 0.6097 08759  0.4732 8.53  0.129
(0.0370)  (0.0968) (0.0851) (0.0528) (0.0447)

2007 0.1875  0.0015  0.5097  0.6818  0.7252  12.32  0.031
(0.0271) (0.0456) (0.0502) (0.0185) (0.0517)

2008  0.9853  0.0009  1.0671  0.5685  0.2993 499 0417
(0.1755) (0.1046) (0.1148) (0.0931) (0.1415)

Note:Table presents estimation results of model TS-J with characteristic exponent
(8.8) for Medium-Cap stocks. Standard errors are reported in the parentheses.
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Table B.9: Estimation Results: TS-J Model: Small-Cap Stocks

Stock  Year c a ¢ v A X*(7)  p-value

CCC 2006 0.0038 0.0021 0.0002 0.6922 1.4311 177.72 0.000
(0.0042) (0.0543) (0.0203) (0.0091) (0.0233)

2007  0.3875 0.0009 0.7636 0.4960 1.4158 28.14 0.000
(0.0929) (0.0656) (0.0966) (0.0140) (0.1543)

2008  1.8816 0.0067 1.5077 0.5582 0.4998 10.78 0.056
(0.2534) (0.0613) (0.0858) (0.1208) (0.2180)

EXM 2006 0.2517 0.0008 0.6063 0.7263 0.6289 11.23 0.047
(0.0348)  (0.0763) (0.0699) (0.0246) (0.0473)

2007  0.1732 0.7245 0.3657 0.6627 1.1709 5.71 0.335
(0.0024) (0.0517) (0.0227) (0.0223) (0.0589)

2008  2.1381 0.0046 1.5875 0.4104 0.8452 6.82 0.234
(0.7013) (0.1302) (0.4816) (0.3749) (1.0753)

CMO 2006 0.0000 0.0460 1.1473  1.0761  0.7920  703.36  0.000
(0.0076) (0.3504) (0.3616) (0.0132) (0.0104)

2007 0.0512  0.0019 02136  0.7104  1.0067 49.13  0.000
(0.0275)  (0.0647) (0.0944) (0.0170) (0.0584)

2008 1.0825  0.0248  1.0878  0.2981  0.8503 3.98  0.552
(0.1155) (0.0769) (0.0577) (0.1069) (0.2294)

CYD 2006 0.0321 0.0001 0.1077  0.6490  1.0805 98.6  0.000
(0.0278)  (0.0549) (0.0948) (0.0115) (0.0627)

2007 0.1064  0.0035  0.3789  0.6507  1.0623 29.67  0.000
(0.0383) (0.0536) (0.0874) (0.0139) (0.0778)

2008 0.0795  0.0040  0.2870  0.8478  0.6042 588  0.318
(0.0334) (0.6440) (0.2855) (0.0984) (0.0554)

CRN 2006 0.0050 0.0126  0.0001  0.8661  0.6697 61.65  0.000
(0.0166) (0.0498) (0.2157) (0.0748) (0.0277)

2007 0.1982  0.0460  0.5649  0.6208  1.2103 6.14  0.293
(0.0539) (0.0152) (0.0779) (0.0135) (0.1003)

2008 0.2795  0.0007  0.6353  0.6393  0.9286 811  0.150

(0.0401) (0.0512) (0.0542) (0.0178) (0.0645)

Note: Table presents estimation results of model T'S-J with characteristic exponent
(3.8) for Small-Cap stocks. Standard errors are reported in the parentheses.
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F1GURE B.1: Data series for representatives of Large-Cap, Mid-Cap and Small-Cap
stocks IBM, AKS, and CCC respectfujly; are presented for 2006-2008 period. For
each stock the first panel depicts price series,the second panel depicts raw 5 minutes
returns, and last panel presents 5 minute returns adjusted for secular effects and
diurnal pattern and centered to have zero mean variance 1.



26 107 Volatility signature plot, XOM, 2007

2.5

24

22

211

2 . . . . .
0 100 200 300 400 500 600 700
seconds

118 x10° Volatility signature plot, AKS, 2007

1.16

114

'Y _AJ

1121
11r
1.081 Y

1.06 ° °

1.04 . . . . . 'Y .
0 100 200 300 400 500 600 700

seconds

18 x107° Volatility signature plot, CCC, 2007

16
15
14
13+ @@
1.2

11
° ° .

. . @ . .
0 500 1000 1500 2000 2500

Ficure B.2: Volatility Signature Plots for representative XOM, AKS, CCC 2007
data series 117



15

15

= = =—aks
cce

0.5f b

-0.5 I I I
-10 -5 0 5 10
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Cap, AKS and CCC respectfully.
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F1GURE B.5: C-J Model: Empirical(dashed line) and Model implied Characteristic
functions(solid line) of IBM stock in 2006 — 2008 years
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FI1GURE B.9: Empirical Plot of quantile of the U(0, 1) distribution vs the quantile
of the data obtained in the results of empirical CDF function evaluated at IBM 2008
data. The empirical CDF is the CDF computed from data with C-J distribution
evaluated at parameter estimates for IBM 2008 from Table B.6
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F1GURE B.10: Empirical Plot of quantile of the U(0, 1) distribution vs the quantile
of the data obtained in the results of empirical CDF function evaluated at CF 2007
data. The empirical CDF is the CDF computed from data with C-J distribution
evaluated at parameter estimates for CF 2007 from Table B.7
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F1GURE B.11: Empirical Plot of quantile of the U(0, 1) distribution vs the quantile
of the data obtained in the results of empirical CDF function evaluated at CF 2007
data. The empirical CDF is the CDF computed from data with TS-J distribution
evaluated at parameter estimates for CF 2007 from Table B.8
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F1GURE B.12: Plot of #(U;,U;_1)mk = U; € (0.1(m — 1),0.1m), U,y € (0.1(k —
1),0.1k) : m, k = 1,10) against (m — 1) % 10 + k. Here (U;) is the value of empirical
CDF of estimated IBM 2008 C-J model evaluated at IBM 2008 data set. The
horizontal lines are 95% uniform confidence bounds.
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FIGUure B.13: Plot of #(Uj,Ujfl)mk : Uj € (Ol(m — 1),0.1m),Uj,1 € (Ol(k —
1),0.1k) : m,k = 1,10) against (m — 1) x 10 + k. Here (U;) is the value of empirical
CDF of estimated CF 2007 C-J model evaluated at CF 2007 data set. The horizontal
lines are 95% uniform confidence bounds.
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FIGURE B.14: Plot of #(Uj,Ujfl)mk : Uj € (Ol(m — 1),0.1m),Uj,1 € (Ol(k —
1),0.1k) : m, k = 1,10) against (m—1)%10+k. Here (U;) i the value of empirical CDF
of estimated CF 2008 TS-J model evaluated at CF 2007 data set. The horizontal
lines are 95% uniform confidence bounds.
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Appendix C

Appendix to Chapter 4

C.1 Laplace Transforms for Affine Jump-Diffusion Models

In general, if V; is a superposition of independent factors, i.e., if V; = Zle Vi, then

we have
k
Ly(uit) =[] Ly, (ut). (C.1)
7j=1

Therefore, for our inference methods, we will need a formula for Ly, (u; t) for each of
the individual factors.

We do the calculations first for a general affine jump-diffusion volatility factor, and
then we specialize to its two special forms: pure-continuous (square-root diffusion)
and pure-jump (non-Gaussian OU model) models. For simplicity in the subsequent
calculations we refer to the factor as V, i.e., we drop the subscript. Also in what
follows we denote with lower case [ the log-Laplace transforms (both marginal and
joint).

We denote
P(u) = /(ewC — Dv(dz), u € C with R(u) <0, (C.2)
R
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where recall v(dz) is the Lévy measure of of the Lévy subordinator L;. ¢ (u) is the
characteristic exponent of L;. We note that [ (u) = ¢ (iu) for u € R, where recall
I (u) denotes the log-Laplace transform.

Set f(t,v) = E (e™7|V; = v). Then f(t,v) solves the following partial integro-

differential equation

Gorne-0F i [ - s, €3

with terminal condition f(0,v) = e™*. Guessing a solution of the form:
f(t, ’U) _ ea(u,T—t)—l—B(u,T—t)v. (04)
Therefore, the problem reduces to the following system of ODE-s:

o =rkOB+Y(B), a(u,0)=0,
/ a2 02 : (C5>
B :_’iﬂ_’_?ﬂ ) B(U,O):lu7
where o and 8’ denote derivatives with respect to t.
Thus, finally for v € R and T" > ¢, we have:
E (ewVT|}"t) =exp (a(u, T —1t) + B(u, T — t)V})

O./(U, 5) = kb /Osﬁ(u, Z)dZ + /OS @Z}(ﬁ(u? Z))dZ, (CG)

Kiu
Kk —iuc?(l —e ) /2

Plu,s) =

C.1.1 Square-root Diffusion

Specializing (C.6) for this case, we get

Lo (fu, s [t,5]) = (1 + ﬁ)ww X Ly (1 !Z;J;_' 3 —H}) SN (eXy

where



The marginal of the square-root diffusion is a Gamma process, see e.g., Cont and

Tankov (2004), p. 476, and we have

Lo(u) = (;(M)WGZ. (C.9)

14+ uo?/

C.1.2 Non-Gaussian OU Process

Specializing (C.6) for this case (or even by direct computation), we get

63|
Ly ([u,v];[t,s]) = Ly (ue_“‘t_‘SI +v) X exp </0 I, (ue™") dz) : (C.10)

For the non-Gaussian OU model there is a very convenient link (for the purposes
of volatility modeling) between the Laplace transform of the driving Lévy subordina-
tor L; and that of the process V;. In particular, we have (see e.g., Barndorff-Nielsen
and Shephard (2001a))

I (u) = uk X I, (u), u>0. (C.11)

Hence, once we specify the the Laplace transform of the marginal, we can determine
that of the driving Lévy subordinator L;, and from here easily calculate the joint
Laplace transform Ly (u,v;t, s).

Further the Lévy densities of V; and L;, vy and vy, respectively, are linked via

(Barndorff-Nielsen and Shephard (2001a), Sato (1999))
vip(z) = —k(vy (z) + avy, (). (C.12)

Example: Non-Gaussian OU model with Tempered Stable marginal dis-
tribution.
The log-Laplace transform of V', i.e., the log-Laplace transform of the tempered

stable process, is

cl(—a) [N+ uw)* =], ifae(0,1),
W(w) = { —clog(1 + u/N), if a =0. (C.13)
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where I'(—a) = —=1T(1 — a) for o € (0,1) and I is the standard Gamma function.

From here, using (C.11), we easily get

11 (u) = { I olomu(d+u)*™, ifa€ (0,1)

— g if @ =0.

(C.14)

[t v g [ el (=a) [N+ uw)® — (A +ue =] i a € (0, 1),
/0 o (ue)dz = { —c [log(g + u) — log(A + ue *=1)] }, if @ =0.

(C.15)

C.2 Details on the Simulation of Volatility Models in the Monte Carlo

To keep notation simple we continue to remove the subscript for the volatility factors.
The simulation of the square-root diffusion is done by a standard Euler scheme. The
simulation of the non-Gaussian OU processes is done via the following scheme (recall

that we need the volatility process V; on the grid 0, %, %, ...,nT) using

Vi =e /" (v“ + / ' e’*(s(il)/")dLs>
n n i—1

n

m
— izt .
~ e K/n <Vl—1 + E e nm (LQ_FL - LH+J—1>> y U= ]-7 ,TLT
n n nm n nm
=1

(C.16)

In our case T' = 5,000, n = 80 and m = 80, which corresponds to discretization of
around 4 seconds.
The simulation of the driving Lévy subordinator in the Monte Carlo is done as

follows. We make use of the following representation of L; for o > 0 which follows
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immediately from (C.12) (see also e.g., Barndorff-Nielsen and Shephard (2001b))

d
Ly = Lyt + Loy, Lyy L Loy,

-z
. 7 . /7 e
Ly, is Lévy process with Lévy measure ﬁcam Liz>o1,

Ny
Lu=)Y
j=1

N; ~ Poisson process with intensity ¢t X keA“I'(1 — a) and Y; ~ G(1 — a, M),
(C.17)

where G(a, b) stands for the Gamma distribution with probability density:

bapa— 1
I(a)

m1{1>0} for a,b > 0.

For a« = 0.5, Ly; has Inverse-Gaussian distribution, denoted as IG(u,v), with

1I(0.5)kct

parameters 1 = 53— 2= and v = (kct)*(T'(0.5))%. The Laplace transform of a

1
2

variable Y with Y ~ IG(u,v) is given by

E(e™) = exp ((v/p) [1 = VI 22u/v]).

To simulate Y ~ IG(u,v), do the following: z ~ N(0,1) and v ~ U(0,1) and

denote z = u + “23 — 2oy/4pva? + p?zt. Then

{ z ifu<p/(p+2),
Y — 2
)z else.

The simulation of the driving Lévy subordinators in the estimated two-factor
pure-jump volatility model in Section 4.5 in which a; # 0.5 is done using (C.17)
together with a shot-noise decomposition of the Lévy measure of Ly, in (C.17) with

500, 000 shot noise terms on average in each discretization period.
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C.3 ARMA representations for Integrated Variance in one-factor mod-
els

Easy but rather tedious calculations show that, see e.g., Todorov (2010),
the ARMA(1,1) representation of IV in the one-factor pure-continuous and pure-

jump model is given by
IV, —p) —e "(IViey — p) = € + P, (C.18)

where €, is white noise, i.e., E(ee5) = 0 for ¢t # s. In both cases we have

b= 14+e7 2" — 2pe=" — \/(1 + e —2e7rn)2 —4(n — e7r)? e (e — 1)2
B 2(n —e*) 1= 20 +r—1)
(C.19)

For the rest of the parameters in the ARMA representation we have:

e pure-continuous model

0, Var(e) = 20 (e~ 1) a4 5 — 1) (C.20)
=70, aret—2ﬁﬁ2¢e e K , .
e pure-jump model
p=cl(l—a)\>1 (C.21)

Var(e;) = S egralttEal[(emr — 1)2 — 2(e™ 4 5 — 1)]. (C.22)

The QMLE estimators are found by maximizing the Gaussian likelihood

1 & & 1
— LB .2
2T par Var(ﬁt) 2 Og(var(et))7 (C 3)

where for a given parameter vector, € is determined recursively from the data by
& =1V, —p) —e "(IV,_qy — pu) — ¢p&—1 with € = 0 (note that the MA coefficient is
smaller than 1 in absolute value). IV is estimated from the high-frequency data via
(4.18)-(4.19).
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C.4 Computing the Cramer-Rao Lower Bound

We wish to compute the Cramer-Rao lower bound for the parameter vector p of
model defined by (4.13) in the main text on the assumption the volatility process V;
is observed at integer values of t. Let p(Vi41 |V;, p) denote the model-implied density

so the task is to compute the information matrix

e ({5 toelpVies Vi 1} { 2 ooV |vt,p>1}/) S (o

C.4.1 Pure-Continuous Volatility Models, Cases A-C

For these cases the parameter vector is p = (k 6 o)’ and the conditional density of

2 ¢(p) Viy1 is non central chi-squared where

2K

c(p) = 21— e )’ (C.25)
the degrees of freedom parameter is
df(p) = 40%0, (C.26)
and non-centrality parameter
wlp) = 20(p)e V4. (C.27)
Thus the gradient term for (C.24) is
0 0
5 10g[p(Vir [V, p)] = =log {2¢(p) n [2¢(p)Vira |df (p), vi(p) ] } (C.28)

ap ap

where n(-|df,v) is the noncentral chi squared density. We use numerical derivatives,
which appeared quite stable and accurate, to compute the gradient term immediately

above and then Monte Carlo to compute the expectation in (C.24).
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C.4.2  Pure-Jump Volatility Models, Cases D and E

For these cases p = (k @ ¢ A)’. We need to work from the conditional characteristic
function because the density p(V;41 |V;, p) is not available in convenient closed form.

Define the conditional characteristic function
U(u, Vi, p) = E (™Y1 V) (C.29)

and from the Fourier inversion formula the transition density is up to a constant
/ Re [e 7™V (u, Vi, p)] du (C.30)
R4

with gradient

/R Re [e ™Y+1(8/0p)p(u, Vi, p)] du (C.31)

Recalling that (0/9p)log(p) = (1/p)(0/Ip)p and assuming the conditions for differ-

entiation of improper integrals holds, the quantity (C.24) becomes

fR+ Re [e™™Vi+1(0/0p)ip(u, V;, p)] du Je, Re [e™™Vi+1(0/0p")ip(u, V,, p)] du
{Je, Relem™Verrdp(u, Vi, p)] du}?

(C.32)

where the derivatives of characteristics functions are:

(0/0k)Y(u, Ve, p) = (u, Vi, p) (Vi + acl(—a) (A — due™ )@ V)iude™";
(0/00)6(u,Vivp) = —(u, Vi p)eT(—a)((1 — ) + 1/a) (A — iu)®
—(\ — due(") ) )+ log(A — iu) (N — iu)®;
—log(\ — iue ") (X — iuel~9))*

(0/0c)(u, Vi, p) = (u, Vi, p)T (=) (A — i)™ — (A — iue™)*);
(0/ONY(u, Vi, p) = (u, Vi, p)cl(—a)a((A —Zu)(a_l)—()\—z'u@(_’“s))(a—l));

The inner integrals are computed numerically, while the outer integration over the
joint distribution of Vj, V;,; is done by Monte Carlo.

The integrand Re [e=™V+1(9/9p)p(u, Vi, p)] in (C.32) may exhibit highly oscil-
latory behavior, which make numerical integration difficult. Filipovic et al. (2010)
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employ special routines QAWF and QAWO from the GNU scientific library to numer-
ically compute Fourier integral of a characteristic function. However, those routines
assume that the main source of oscillations in the integrand is the sine (or cosine)
factor coming from the Fourier transform. Wild oscillations of the characteristic
function and its gradient, which in our case happen for several values of V;, V, 1, and
p, may make the QAWF and QAWO algorithms fail.

In such cases, we employ the adaptive Gauss-Kronrod integration. This numerical
integration procedure handles oscillatory behavior of integrands quite well and is
implemented both in Matlab and GNU scientific library.

In Case D, when x = 0.5, we can use the QAWF and QAWO algorithms to com-
pute the inner integrals in (C.32). However, in Case E, when  decreases to 0.15, the
frequency of oscillations in the characteristic function and its derivatives increases
too much so that QAWF and QAWO stop working. Case E, therefore, is computed

using the QAGIU routine, which implements the adaptive Gauss-Konrod integration.
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