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Abstract

I characterize optimal multi-period contracts offered by a monopolist to a buyer
whose private valuation evolves according to a branching process with privately
known transition probability. The optimal contract can be implemented in a sim-
ple way, and presents the buyer with a tradeoff between a high initial fixed fee and
low future prices. In an interaction with a long time horizon, the relationship will
terminate prematurely with probability close to one. Optimal mechanisms are quite
different from models in which the transition probability is known, and the buyer’s
private information is his initial valuation. Optimal contracts resemble the struc-
ture of term life insurance contracts, and have features similar to actual interactions

between retailers and suppliers.
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1

Dynamic Screening in a Long Term Relationship

1.1 Introduction

Long term contracts are frequently encountered in a variety of situations including
trade, employment, finance, venture capital, supply chain management, and insur-
ance. In many interactions in which long term contracts are commonly used, impor-
tant features of the contracting environment can change through time. For example:
a buyer’s value for a good, an employee’s outside options, a borrower’s wealth, the
probability of success in a business venture, a producer’s cost, or the probability of
an insurance claim, all change through time in a stochastic way. In many cases, these
kinds of changes are privately observed by one of the contracting parties, creating
an adverse selection problem in each period of the interaction; therefore, optimal
contracts need to provide incentives for the informed party to reveal what it has
learned about ongoing changes to the state of the environment. Optimal long term
contracts in this kind of setting have been the subject of several recent papers (see
Battaglini 2005, Pavan 2007).

The primary purpose of this paper is to assess the impact of an additional source



of private information on the structure and properties of optimal long term contracts.
Besides private information about the state of the contracting environment, in this
analysis one party also has private information about the manner in which the state
evolves. This information is summarized by a parameter of the stochastic process
governing the state’s evolution. I analyze this issue in the context of an ongoing

! In this relationship,

trading relationship between a monopolist and a consumer.
the monopolist (seller) has all of the bargaining power and can credibly commit to
the terms of trade for the entire interaction at the very beginning, but the consumer
(buyer) has private information about his valuation for the good in each period and
about a parameter of the stochastic process which governs the way his value evolves
through time.

As one example of a setting with this type of information structure, consider a
long term contract offered by a large retailer to a small producer of some consumer
good. Under the terms of the contract, the retailer commits to allocate a certain
amount of shelf space to the producer in exchange for a slotting fee. The producer’s
value for shelf space is influenced by production costs, which are privately known and
can decrease over time because of innovations to the production process. Innovations
occur stochastically, with the same probability in every period, and this probability
is private information. The producer, therefore, has private information about both
his current value for shelf space (determined by his cost), and the manner in which
this value evolves (determined by the probability of an innovation).

As a second example, consider life insurance contracts. Under the terms of the
contract, the insurance provider agrees to pay the beneficiaries specified by the agree-
ment (usually dependents of the policyholder) a certain amount of money in case the

policyholder dies, and individuals purchase life insurance in order to provide for their

! This is the setting most frequently encountered in the literature, and describes many applications
of the theory.



dependents in case of death. Certainly, the probability of death in a given period is
a crucial factor in determining the value of life insurance to the individual. Because
the individual has private information about his physical and mental health, family
history, lifestyle, stress level, etc. his value for life insurance is private. He may
also have private information about how this probability is likely to evolve in the
future: for example, the individual may anticipate receiving a series of promotions
at work (with a certain probability), each of which will lead to more responsibility,
more stress, a more sedentary lifestyle, and more plane travel, all of which increase
the chance of death and the therefore the value for life insurance. In this setting
again, the buyer has private information about both his value for life insurance in
each period and about the manner in which this value evolves through time.

In this paper I characterize profit maximizing N-period contracts for a monopolist
facing a buyer whose private valuation evolves according to a branching process with
a privately known transition probability. For this type of stochastic process, each
transition changes the support of the buyer’s future valuations and thus local changes
to the valuation have long term consequences. Specifically, I assume that in each
period, the buyer’s valuation is multiplied by a random shock.? The magnitude of
the shock can take on one of two values: the good shock, u, with probability A,
and the bad shock, d < u with probability 1 — A. The quantities u and d are both
common knowledge, but whether the shock in any period is good or bad is known
only to the buyer. Furthermore, the parameter \, which determines the distribution
of the buyer’s value in all future periods, is known only to the buyer at the beginning
of the interaction. This parameter captures the buyer’s private information about
the evolution of his valuations. A buyer with a high value of A\ is more likely to

experience the good shock in each period, and the distribution for his value at any

2 The buyer’s valuation in a given period is therefore the product of the shocks he has experienced
over the course of the interaction. In the next version of this paper I plan to extend the model to
allow for a more general relationship between the buyer’s value and the history of shocks.

3



point in time first order dominates the distribution of a buyer with a lower value of
A

The seller’s goal at the beginning of the interaction is to design a long term
contract (or other general sales mechanism) to maximize her expected profit. The
techniques of mechanism design allow me to study the general problem in this set-
ting without restricting attention to any particular class of contracts or mechanisms
or otherwise limiting the power of the seller to design the interaction in the way
that she deems fit. Since I assume that the seller has full commitment power,® the
Revelation Principle? allows me to represent any equilibrium outcome of any game
by an incentive compatible direct revelation mechanism. A direct revelation mecha-
nism maps a history of buyer reports about his private information into a probability
of sale and an associated payment in each period. A direct revelation mechanism is
incentive compatible if, in equilibrium, it provides the buyer with incentives to truth-
fully report his private information in each period. Since the seller can not force the
buyer to participate in the interaction, the mechanism must also satisfy individual
rationality; that is, the mechanism must provide the buyer with incentives to volun-
tarily participate. The seller’s problem in its most general form is to design a direct
revelation mechanism that maximizes the expected payment she receives from the
buyer, given the incentive compatibility and individual rationality requirements.’

The main result of this paper is that any profit-maximizing mechanism can be
implemented by a contract with a simple structure. The seller commits to a finite
menu of price plans. Each price plan presents the buyer with a sign-up fee and a
price for the good in each period of the interaction. On the basis of X\, the buyer

can select any plan in the menu, and then participate or not in future periods as he

3 Under any optimal contract the seller will be tempted to renege throughout the interaction. I
assume that the seller can credibly committ not to do so.

4 Baron and Myerson (1982), Myerson (1979)

5 The seller’s cost is normalized to zero.



sees fit. Because the prices for all periods are set by the seller at the very beginning
of the interaction, the optimal mechanism can be implemented without eliciting
information from the buyer over the lifetime of the contract; the only information
that the seller needs to elicit from the buyer is his choice of price plan, which he
reports at the beginning of the interaction.

Each of the price plans in the menu begins with a honeymoon phase of length H.
During the honeymoon phase, the price for the good is the lowest possible valuation
that any buyer could have. After the honeymoon phase is over, the price of the
good is multiplied by a factor of u in each period.® In a price plan with a longer
honeymoon phase the price of the good in every period is (weakly) lower than in a
plan with a shorter honeymoon phase. In order to select a price plan with a longer
honeymoon phase, the buyer must pay a larger sign-up fee. Buyers with high values
of A\ will optimally choose price plans with longer honeymoons and higher sign-up
fees.

Under any price plan, the price of the good grows in the long run by a factor
of u, but the buyer’s valuation grows by a factor of u only some of the time (with
probability A). In a sufficiently long interaction, with high probability, the buyer’s
value will eventually drop below the price. Once this happens, the buyer’s value in
all subsequent periods will remain below the price, and the buyer will never choose
to buy the good again, effectively terminating the relationship prematurely. This
kind of endogenous early termination would not occur in a model in which the value
of A were known, and the buyer’s private information was his first valuation, the
standard case considered in the literature. Other differences between the ”standard
case” and the optimal contract when A is private will be discussed in sections four

and five. Connections between the optimal contract of this paper and features of

6 During the honeymoon phase, in period k = 1,..., H ,the price of the good is d*. j periods after
the end of the honeymoon phase, that is, in period j + H, the price is d7u/.



real-world interactions and contracts will be discussed in section six.

The analysis in this paper is closely related to the literature on dynamic price dis-
crimination, for example Battaglini (2005), Rustichini and Wolinsky (1995), Roberts
(1982),Townsend (1982), Pavan (2007). I depart from the common assumptions of
this literature in two ways. First, most of these papers consider stochastic processes
for the buyer’s valuation that have the same finite support in every period.” In this
kind of an environment, changes to the buyer’s valuation are transitory. Starting
from any value in the support, the buyer’s value will eventually return to any other
state. In my analysis, valuation shocks change the support of the buyer’s future
valuation and therefore have long run consequences. More substantially, in all of
these papers, the buyer’s initial valuation is private information but the stochastic
process giving rise to this buyer’s valuation is assumed to be common knowledge.
This assumption that the stochastic process is known is quite strong and has impor-
tant consequences for the optimal mechanism; the goal of this paper is to analyze
the implications of relaxing this assumption by making the stochastic process private
information.

Courty and Li (2002) also analyze a price discrimination model in which the
buyer is screened sequentially, first in his private information about a parameter of
the distribution giving rise to his valuation, and then in the valuation itself. In their
model there are multiple periods, but the good is sold only once, not multiple times
as it is here. Miravete (2003) looks at this type of sequential screening in the context
of contracts for telephone service and discovers significant evidence that sequential
screening considerations play a role in the design of these contracts.

This paper is also related to the literature on price experimentation and learning,

" Notable exceptions are Pavan (2007) and Pavan, Segal and Toikka (2008). Pavan analyzes
properties of the optimal mechanism and how they depend on the underlying stochastic process,
allowing for processes with long run consequences, including the binomial process considered here.
Still, in his analysis there is no private information about the process itself.



for example Kennan (2001), Taylor and Loginova (2008). In Taylor and Loginova, the
principal tries to learn a parameter of the stochastic process generating the buyer’s
value by offering different prices over time, and the buyer may strategically reject or
accept the seller’s offers in order to hide or signal information about his stochastic
process. In contrast to the present analysis, in Taylor and Loginova, the principal
can not commit to long term contracts and therefore must experiment in order to
learn about the buyer’s parameter. Finally, this paper is related to the literature
on dynamic agency models with moral hazard and adverse selection, for example
Sannikov (2007), Dai, Lewis and Lopomo (2006), and Lewis and Sappington (1997).
In Lewis and Sappington, an agent is hired by a principal to work on a project for
two periods. Neither the agent’s ability, nor the agent’s effort, are observable to the
principal. The principal must therefore design a compensation contract to induce
both the right amount of effort on the part of the agent and to screen the agent’s
ability initially. Lewis and Sappington’s main focus is on the effect of the outcome
of the project in the first period on the incentives offered to the agent in the second
period. In their model, the stochastic evolution of the project is under the control
of the agent and the state of the project is observable; in this paper, the evolution
of the buyer’s valuation is exogenous and private.

One paper that deserves special mention is a working paper by Pavan, Segal, and
Toikka (2008). Their paper develops a theory of dynamic mechanism design in a
general environment. They allow for settings in which the distribution of the agent’s
(buyer’s) type at each point in time can depend on both his history of past type
resolutions® and on the history of outcomes prescribed by the mechanism. They also
allow for general payoff functions and do not constrain payoffs to be time-separable.
They provide extremely useful and widely applicable results for the characterization

of incentive compatible mechanisms, including a dynamic analogue of the envelope

8 and is thus Non-Markov



formula familiar from static mechanism design, and conditions on the environment for
which this envelope formula is also a sufficient condition. Their setting is sufficiently
general to explore some of the issues that I consider in this paper; however, the model
presented here violates some technical assumptions made in their analysis. Because
of this, I derive the results without referring to their work explicitly.

The paper proceeds as follows: in sections two and three, I derive the solution
of the model, and discuss some of its the comparative statics properties. In sections
three and four I discuss properties of the optimal mechanism and assess the impli-
cations of private information about the stochastic process. In section five, I discuss
implications of the model in the context of the two previously mentioned examples:

supply chain management and life insurance. Section six concludes.
1.2 Two Period Model

I begin the analysis by solving the two period version of the model. This solution
will serve as the basis step of the inductive argument which I use to find the solution
of the model with arbitrary time horizon. The main features of the optimal contract
for the two period case are also present in the optimal contract for the N period
case, and the two period model is therefore a good starting point for the analysis.
One seller faces one buyer.? The buyer has a unit demand for the seller’s good in
period k = 1,2. Specifically, if the buyer is allowed to purchase the good in period k

with probability ¢, '° at a price t;, the buyer’s period k utility will be

VkQr — Tk

Scalar vy represents the buyer’s period k value for the good. This value evolves

9 Because the seller has zero cost of production, you can also imagine that the seller faces a
continuum of buyers.

10" Alternatively, you can think of q; € [0, 1] as a quantity of the good.



stochastically through time according to a recombinant binomial tree process'! with

transition probability A. Formally, the process is described by:

Pr(viy = uvglog) = A
Pr(vgy = doglog) = 1—=A

UQ:]_

Vv
W
V
o

u

Conditional on the buyer’s value at time k, there are two possible values at time
k + 1. One possible value is u multiplied by the value today, and the other possible
value is d multiplied by the value today. Think of the buyer’s value undergoing
one of two possible shocks in each period, a good shock or a bad shock. The good
shock results in a fixed percentage change in the buyer’s valuation, that leaves the
buyer with a higher valuation than the percentage change associated with the bad
shock. The probability of the buyer experiencing the good shock is the same in
each period of the interaction, and is given by parameter \. Because A captures the
buyer’s tendency or propensity to experience a relatively higher value, I sometimes
refer to A\ as the propensity parameter.

I assume that the magnitudes of the good and bad shocks u,d and the starting
point of the process, vy = 1 are common knowledge. The parameter A is privately
known to the buyer time zero, while the seller believes that A\ is drawn from a
twice differentiable cdf F' with support on [0, 1].12 At the beginning of each period
k = 1,2, the buyer privately learns his period k valuation shock, u or d, and thereby
his period k valuation. In this model, the buyer has two different kinds of private

information. In period zero, the buyer has private information about the evolution

11 This process is commonly used in finance to model stock prices. For example: Cox, Ross and
Rubinstein. ”Option Pricing: A Simplified Approach.” Journal of Financial Economics (1979) Vol.
7 pp. 229-263

12 There are some regularity conditions on F' which will be discussed later in the paper.

9
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FiGURE 1.1: A way to visualize the stochastic process.

of future demand and in each period, the buyer has private information about that
period’s valuation shock, or realized demand.

According to the Revelation Principle, any sales procedure to which the seller
can commit at time zero, is outcome-equivalent to an incentive compatible direct
revelation mechanism. In a dynamic environment, a direct revelation mechanism
can be described by a family of functions, which map histories of buyer reports
about his private information into an outcome for each period. In the trade setting
considered here, the outcome in each period is described a probability of delivery
of the good (sometimes referred to as an ”allocation”), and an associated payment.
Therefore, a direct revelation mechanism maps histories of buyer reports about his
private information into a delivery probability and an associated payment in each
period.

In period zero, the buyer’s private information is the parameter )\, and, since
the buyer first demands the good in period one, the delivery probability in period
zero is zero, but the buyer may be asked to make an initial payment or ”sign-up

fee.” The direct revelation mechanism therefore maps a period zero report of A,

10



denoted X', into a payment Ty (\'). In period one, the buyer is asked to report his
new information, that is, his first-period valuation shock, (either u or d), and on
the basis of the reported shock and his reported value of A, the buyer is assigned
a delivery probability and a period one payment. The direct revelation mechanism
therefore maps reported history (X, 1) into a delivery probability @ (X, 1) and an
associated payment T3 (X, r1) . In period two, the buyer is again asked to report his
new information, that is, his second period valuation shock, and on the basis of his
second reported shock, his first reported shock, and his reported value of A is again
assigned a delivery probability and period two payment.'® The direct revelation
mechanism therefore maps reported history (\,ry,r3) into a delivery probability

Q2 (N, 71,79) and an associated payment T (X, ry,75).1

13 Because of two sided commitment, the payment functions can be combined into one lifetime
payment, but I find the above representation to be more convenient.

14 Notice, that the buyer is only asked to report the new information that he has learned in each
period, and is not required to re-report all of his past information in every period. Allowing (or
requiring) the buyer to re-report his entire history of types in each period does not change the set of
incentive compatible mechanisms. The two approaches are equivalent, and I find the first approach
to be more convenient because the buyer is only ever asked to report a single piece of information.

11



Period 0
0.1
0.2
0.3
0.4

Period 1
1.1
1.2
1.3

Period 2
2.1
2.2
2.3

Game Ends

Buyer learns A, seller learns her prior F'(\)
Seller announces and commits to a direct revelation mechanism
Buyer makes a participation decision

If he chooses to participate, buyer reports A’ to the seller
and pays Tp(\)

Buyer draws his period one valuation shock s; € d, u

Buyer sends a report of his period one shock r; € d, u to the seller
Buyer is assigned the object with probability Q;(\, )

and pays T (N, 1)

Buyer draws his period two valuation shock s, € d, u

Buyer sends a report of his period two shock ry € d,u to the seller
Buyer is assigned the object with probability Qa(N,71,72)

and pays T1 (N, ry,rs)

The above table presents a detailed timeline of the interaction.

1.2.1  Incentive Compatibility

According to the Revelation Principle, the outcome of any game between buyer and

seller can be represented by an outcome of some incentive compatible direct revelation

mechanism. In a static setting, incentive compatibility simply requires that the buyer

has incentives to report his private information truthfully. In a dynamic setting, the

buyer is presented with multiple pieces of information over time, and a strategy

for the buyer is a complete contingent plan for reporting his private information at

every information set, including information sets that would never be reached in an

equilibrium of the mechanism. In particular, any mechanism induces an equilibrium

reporting plan, which is the reporting plan that the buyer anticipates using if asked

to participate in the mechanism.

Indeed, faced with a general direct revelation mechanism, the buyer plans to

12



F1GURE 1.2: The buyer’s equilibrium reporting plan in an arbitrary mechanism.

optimally report a value of A" (not necessarily equal to \) in period zero. Given that
he acted as planned in period zero, if he then experiences a valuation shock of u in
period one, he plans to optimally report a value of r}, but if his first period valuation
shock is d, then he plans to optimally report r{. In period two, given that he acted
according to plan in periods zero and one, then if he experienced a good shock in
period one, and then another good shock in period two, the buyer plans to optimally
report 7%%; which is not necessarily the same as 79 his anticipated report of a good
shock in period two, given a bad shock in period one. In period two (again assuming
everything went according to plan in periods zero and one), if the buyer experiences
a bad shock, but experienced a good shock in period one, he will plan to report 744,
and he anticipates reporting a bad shock in period two, given a bad shock in period
one as 3. The following picture represents such an equilibrium reporting plan:

In a dynamic setting, the Revelation Principle guarantees that any sales procedure
has an outcome equivalent representation as a direct revelation mechanism in which
truth telling is the buyer’s equilibrium reporting plan.!> Therefore, I can restrict

attention to direct revelation mechanisms in which the buyer’s equilibrium reporting

15 The Revelation Principle does not guarantee that there is no loss of generality in imposing
truth-telling constraints following past deviations.

13



plan is truthful, given that an equilibrium reporting plan which is truthful brings
him higher expected utility than any other equilibrium reporting plan.

Mathematically, this leads to the following set of constraints:

=]

® u.s]:u—(!?’) @ ”|5x=“—f'2w

|
u

dlq:u—@@

uls=d — ,.2""

(d

ot

—

dls,=d—( g dls=d— (3

Buyer expected utility from S Buyer expected utility from
a policy truth-telling ~  any other eq. reporting policy

Fi1GURE 1.3: The buyer’s equilibrium reporting plan in an arbitrary mechanism.
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VAN € (0,1), r; € {u,d}

Ty (N) +A[Q1 O w) u— Ty (A w)] + (L= A [Q (A d)d —Th (M, d)] +
A [Q2 (N uu) u? — Ty (A, u,u)] +

AL = 2) Q2 (Au, d)ud — Ty (A u, d)] +

AL =) [Q2 (A dyu) ud — Ty (A, dy )] +

(1=20?[Q(\d,d)d® = To (A, d,d)]

v

—ToN)+ A Q1 (Nor)u =Ty (N, + (1= A) [@ (Nor])d =Ty (N, r])] +
N [Qy (N, iy u? — Ty (X, )]

AL =) [Q2 (N, rs®) ud — Ty (N, vt r3 )] +

A1 =) [Qe (X, rd 78y du — Ty (N, 78, 18] +

(1= X2 [Qs (N, 18, r3®) d — Ty (N, r{, 74%)]

_|_

This set of conditions (IC) is the complete set of incentive compatibility con-

straints for this problem. This large set of constraints is difficult to work with
directly, but it seems reasonable to think that this large set of constraints contains
a lot of redundancy. In the next section I focus on reporting policies that deviate
from truth-telling in some simple ways, and derive a smaller and much simpler set
of necessary constraints. I will then solve the seller’s problem using this smaller set
of constraints and derive the optimal mechanism for this relaxed problem. In the
appendix, I use properties of the solution to the relaxed problem to show that it

satisfies conditions (IC). Because the solution to the relaxed problem is feasible in

the original problem, it is also optimal in the original problem.

15



1.2.2 Relazed Incentive Constraints

The set of inequalities in (/C) is a complicated object that is difficult to work with di-
rectly. By considering some simple reporting policies that deviate from truth telling,
I derive a set of necessary conditions that is easier to work with. I will use these
simpler constraints as the constraints for the relaxed problem. Following the best
traditions of dynamic programming, the policies that I consider in the relaxed prob-
lem involve single deviations only, and following the best traditions of mechanism
design, the deviations are downward, with high types mimicking the reports of low
types. These constraints are certainly necessary conditions for incentive compatibil-
ity, but at this point in the analysis there is no way of knowing whether they are also
sufficient. In fact, there are situations in dynamic mechanism design problems in
which the solution to a relaxed problem formulated by considering single deviations
only is not feasible in the original problem,'® but in this case the solution to the
relaxed problem satisfies all of the (/C') constraints, as verified in the appendix.

Period 2 Constraints.

Suppose the buyer follows a reporting policy that involves only one lie. The lie
occurs when the buyer draws a u in period one (which he reports truthfully) followed
by another w in period two, which the buyer reports to be a d. Call this reporting

policy 1:

Reporting Policy 1

Period 0 | ' = A

Period 1 |7 =u r{=d

Period 2 | ¥ =d r¥=d r¥*=u rid=d

Represented pictorally:

Substituting this reporting policy into IC leads to constraints (DIC2—u)

QZ(Av U, u)u2 B T2<)‘7 u, u) > QQ()‘7 u, d)u2 - TQ()‘a u, d)

16 See for example Boleslavsky (2009, working).
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Truth-telling Reporting Policy 1

FIGURE 1.4: Reporting Policy One

Suppose again that the buyer follows a reporting policy that involves only one lie.
The lie occurs when the buyer draws a d in period one (which he reports truthfully)
followed by a u in period two, which the buyer reports to be a d. Call this reporting

policy 2:

Reporting Policy 2

Period 0 | A = A

Period 1 [ =u 1¢=d

Period 2 | r{* =u 1% =d r{*=d rid=d

Represented pictorally:

Substituting this reporting policy into IC leads to constraints (DIC2—d)
Q2(N\, d, w)ud — To(\, d,u) > Q2(N, d, d)ud — To(A, d, d)

Period 1 Constraint.
Let’s turn our attention now to a policy which still involves only one lie. The
lie occurs when the buyer draws a w in period one, but reports d instead. Call this

reporting policy 3:
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Truth-telling Reporting Policy 2

FIGURE 1.5: Reporting Policy Two

Reporting Policy 3

Period 0 | ' = A

Period 1 |r*=d r{=d

Period 2 | ¥ =u 1% =d r¥=u rid=d

Represented pictorally:

@ an—®

Truth-telling Reporting Policy 3

F1GURE 1.6: Reporting Policy Three
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This leads to constraint (DIC1)

Q1N w)u — Ti (N, u) + A[Qa( N, u, u)u? — To(\, u,u)] +

(1 - )‘) [QQ()‘7 u, d)Ud - T2(>‘7 u, d)]

>

Ql()\, d)u — T1(>\, d) + )\[QQ()\, d, 'LL)UZ — Tg()\, d, 'LL)] +

(1 - >‘) [QQ(Aa d? d>Ud - T2<)‘7 d? d)]

Period 0 Constraint.

Finally, consider any policy involving deviations only in A. In a slight abuse of

policies)

notation, call this reporting policy 4 (which is actually a continuum of reporting

Reporting Policy 3

Period 0 | A" # A

Period 1 |7} =u r{ =
Period 2 | r¥* =u r¥l=d r

dd_d

2 = U 7”2 —=

Represented pictorally:

@ =

Truth-telling

G e

Reporting Policy 4

FI1GURE 1.7: Reporting Policy Three



This leads to constraint (DIC \)
VAN € (0,1)

—To(A) + X [Q1 (M u)u — Ty (A w)] + (1= N [Q1 (A, d)d— Ty (A, d)] +
A [Q2 (A uyu)u® — Ty (A, u,u)] +
A1 =N [Qa (M u, d) ud — Ty (N, u, d)] +
A1 =N [Qa (A dyw) ud — Ty (N, d, )] +
(1= 2)2[Qs (N, d,d)d* — Ty (), d,d)]
>
~To (V) + M Q1 (N, u)u — T (N, u)] + (1 =N [Q1 (N, d)d — Ty (N, d)] +
A Q2 (N, u,u®) u? = Ty (N, u,u?)] +
A1 =N [Qa (N, u,d)ud — Ty (N, u, d)] +
A1 =N [Qa (N, d,u) du — Ty (N, d,u)] +
(1=N?[Q2(N,d,d)d* — Ty (N, d,d)]
T(A[A) = m(N]A)

where

T(N|\) =
~To (V) + M@ (N, u)u— T (N, u)] + (1= N) [Q1 (N, d)d — Ty (N, d)] +
N [Qs (N u,w?) u* = T (N, u,u?)] +
A1 =N\ [Qa (N, u,d)ud — Ty (N, u, d)] +
A1 =N [Qa (N, d,u) du — Ty (N, d, )] +
(1—=X)?[Qs(N.d,d)d* — Tp (N, d,d)]
Individual Rationality Constraints.
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I assume two-sided commitment, so that a buyer who agrees to participate in
period zero must participate for all subsequent periods. This form of participation
constraint allows the seller the most freedom in designing the mechanism. The
assumption of two-sided commitment can be relaxed for the optimal mechanism, as
I discuss later. For now, under two-sided commitment, the seller must provide each

type A a weak incentive to participate, leading to constraint (IR):

VA, w(A[A) >0
1.2.3 The Relazed Problem

Abandoning the entire family of incentive constraints (IC) in favor of the simpler set
of necessary constraints derived in the previous section, I now formulate the relaxed

version of the seller’s problem.

max Ex{To(A) + A\T1 (A, u) + (1 = N)Ti (N, d)+
NN u,u) + (A= N [Ta(\, u, d) + To(N, d,u)] + (1 — N)?Ta(N, d,d)}

subject to YA, N € (0,1)

Qa( N\, u, u)u? — To(A u,u) > Qo(A, u, d)u? — To (A, u, d) DIC2-u

Q2(\, d,u)ud — To(A, dyu) > Q2(N, d, d)ud — Th(\, d, d) DIC2-d

Ql()\, u)u — Tl()\, U)+

NQa(\, u, u)u? — To(N, u,uw)] + (1 — N)[Q2(\, u,d)ud — To(N\, u,d)] >  DIC1

Ql()\, d)u — Tl(/\, d)+

NQa(\, d,u)u? — To(N, d,uw)] + (1 — N)[Q2(\, d, d)ud — Ty(N, d, d))

T(A|A) > w(N|A) IC-\

T(A|A) >0 IR
Constraints DIC2-u, DIC2-d and DIC1 are inequality constraints, which need

not bind for a mechanism to be feasible. To incorporate the possibility that in the
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optimal mechanism these constraints do not bind, I introduce the functions d;(\),

6%(N), and 64(\) > 0 which represent the slacks in constraints DIC1, DIC2-u, and

DIC2-d.
Qa( N\, u, u)u? — To(A u,u) = Qo(A, u, d)u? — To(A, u, d) + 6%(N) DIC2-u
Q2(\, d, u)ud — To(N, d,u) = Qo(\, d, d)ud — Ty (X, d, d) + 64(N) DIC2-d

Q1<>\, u)u — T1<>\, U)+

ANQo(\, u, w)u? — To(A u,u)] + (1 — N)[Qa(\, u, d)ud — To(N, u, d)] = DIC1
Q1( A\, d)u — Ty (N, d)+

NQ2 (N, d, w)u? — To(N, d,uw)] + (1 — N)[Q2(N, d, d)ud — To(N\, d, d)] + 51(N)

Applying the Envelope Theorem!” to condition (IC' \), with II(\) = w(A|)), and

then substituting the other constraints above gives'®

L= QN d)(u—d) +[Qa(N u,d) + Q2(N, d, u)| Mu? — ud)+
Q2(A, d, d)2(1 = A)(ud — d2>+A5"<A) + (1= A5\ + a1 (N)

and therefore,

M) = T(0)+ fy QA d)(u—d) + [Qa(A, u, d) + Qa(N, d, w)\u? — ud)+
Qa(\, d, d)2(1 — N)(ud — d?) + A6 (A) + (1 — N)dL(N) + 51 (N)dA
Conceptually, IT(A) is the amount of surplus the mechanism must give to a buyer
with type A in order to induce him to report A truthfully, given the relaxed structure
of the incentives for truthful reporting of the valuation shocks.
[ will simplify the problem further. From the expression for the derivative of IT (\),

it is clear that since the allocation functions and slack functions must be non-negative,

17T use the version of the Envelope Theorem presented in Milgrom and Segal 2002. This version
of the theorem requires absolute constinuity and boundedness of the function 7 (X' |)\) treated as a
function of A only (with X" held fixed). Because in my case the function 7 (\'|A) is a polynomial on
the closed interval from zero to one, the conditions are satisfied.

18 calculations in the appendix
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90 > 0. Therefore, since II(\) is weakly increasing, if the IR constraint II(A) > 0
binds at A = 0, it is satisfied for all other values of A, and therefore, individual
rationality need only be imposed for the lowest possible value of the propensity
parameter. Furthermore, recognizing that the expected payment conditional on A
can be written as the difference between the expected social surplus conditional on

A and the buyer’s expected surplus conditional on A, IT ()

Ex{To(\) + AT (O u) + (1 — T (A, d)+
A2Ty(A 1) + (A — A [Ta(\, u, d) + To(\, d, w)] + (1 — N2To(\, d, d)} =

Ex{AQ1(\, wu + (1 — NQy(\, d)d+
A2Qa (N, u, u)u® + (A — A2)[Qa(A, u, d) + Qa(\, dyw)]ud + (1 — A)2Qa(\, d, d)d* — TI(A)}

I rewrite the problem one more time as

max E\{A\Q1 (A, u)u + (1 — \)Q1 (A, d)d+
NQo(\, u,u)u? + (A — A)[Q2(\, u, d) + Qa( N, d, u)]ud+
(1 - )‘)2Q2()‘7 d7 d)d2 - H(A)}

subject to VA € (0,1)

51 (N) >0 C1
05 (A) >0 C2-u
a5(\) >0 C2-d

JA(u? —ud)+ C3

() =1(0) + f,' QA d)(u — d) + [Qa2(A, u, d) + Qa(), c(z 3”
d\

QoA d, d)2(1 — M) (ud — d2) + ASE(A) + (1 — A)o(N) + 6,

I1(0) > 0 C4

Conceptually, the inequalities in C1-C4 of the second version of the relaxed prob-
lem correspond to conditions DIC, IC-A, and IR of the initial formulation. It is

clear from constraint C2 that any positive value for I1(0), 6;()), 6%()\) or 64(\) only
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increases the buyer’s expected surplus without affecting the social surplus and there-
fore reduces the principal’s profit. Therefore, in any optimal mechanism, I1(0) = 0
and the slacks d;(A), 0%()\), and d4(\) must all equal zero for all A (except possibly
a set of measure zer). I proceed as in the static case.!® By reversing the order of
integration in the expression for the seller’s profit, I obtain an integral for the seller’s
expected profit which can be maximized by maximizing the integrand pointwise. The

integrand is:

AQ1 (A, u)ut

N2Qo(\, u, u)u?+

(1= Nd = 550w - )] 0, d)+

N (1= N)d = 550w — )] Qo u, d)+

Au [(1 —N)d — R0 d)] Qa(\, d, u)+

(1—\d [(1 —N)d - 25y d)] Qs(\, d. d)

and the optimal allocation functions are therefore

Q1<)\,U) =1
QQ()\vuau> =

Ond) =1 it [1=Nd=E00 —g)] >0 else0

QoM d) =1 if [1=Nd— =20 —g)] >0 else 0

Qo Ndu) =1 if [1=Nd— Oy —a)] >0 else 0

Qo0 d,d) =1 if [(1=Nd—22EN 0 —@)] >0 else 0

19 calculations in appendix
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Let Hj, represents some history of reports and j represent the number of d reports
in history Hy. The allocation function Qg (A, Hy) = 1 if and only if

C1-F(N

(1 —=X\)d 6y

ju—d)=0

This expression is similar to the standard expression for virtual utility. The
positive term in this expression, (1 — \) d, represents the benefit of selling the good
to a buyer with type A whose valuation has experienced j downward shocks. By
serving this buyer, the seller increases the expected social surplus generated by the
mechanism, which contributes positively to his expected profit. On the other hand,

in order to serve this buyer the seller must drop the price of the good. The negative

1-F()) -
o

term (u — d) implies that this price drop creates a rent for all buyers with

higher A who have experienced j or fewer downward shocks?® over the history of the
interaction. If the increase in the expected social surplus that selling to this buyer
generates is larger than the associated increase in the information rent, then the
buyer will be allowed to buy the object; otherwise he will be excluded.

The allocation functions can be rewritten as

e d 1-F())
Qr (A, Hy) = {1 = 2 fmay

0 otherwise

In what follows I assume that % is a non-increasing function. In standard

mechanism design problems, we frequently encounter a regularity condition requires

1-F())
f)

that the inverse hazard rate of the prior, is non-increasing. This condition
ensures that the solution to the relaxed problem (imposing on local incentive con-
straints) is incentive compatible in the original problem (which requires global that
global incentive constraints be satisfied). In this model, T impose a similar condi-

tion, requiring that % is non-increasing. Since this term is the ratio of the

20 and thus have a higher value for the good
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inverse hazard rate of the prior to the inverse hazard rate of a uniform distribution,
I sometimes refer to it as the "relative inverse hazard rate,” and to the assumption
that the relative inverse hazard rate is decreasing, as "relative regularity.” While
relative regularity is a stronger condition than ordinary regularity, many commonly
used priors have this property.

The allocation functions can be represented graphically in the following way:

1-F(i)
SIANI-4)

Hi—

1
|
|

al [
2u—d) |
|

T
|

|

|

l

A A )
FIGURE 1.8: Graphical Representation of Allocation Functions

In the above figure, the black hyperbola represents the relative inverse hazard

1-F())

rate, OIS while the horizontal lines represent values and The in-

_d_ _d
u—d 2(u—d) "
tersections between the relative inverse hazard rate and the horizontal lines define
cutoff values A} and A;, which partition the interval from zero to one into three

subintervals:

[07 1] = [0> X{) U [ T’ )‘;) U [)‘;7 1]
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Consider the first interval.[0, A]). For values of A in this interval,

d 1— F()\)
u—d TN (TN

and so even one down move reported in history Hj; means that the allocation
Qr (A, H,) = 0. Still, if there are no down moves reported in history Hj, then

Qr (A, H;) = 1. The allocation functions in this interval are therefore:

Q1(A\u) =1
Q2(N\,u,u) =1
Q1(\,d) =0
Q2(A\, u,d) =0
Q2(\, d,u) =0
Q2(N,d,d) =0

Consider now the second interval [\, A5). For values of A in this interval,

1-F())

d
w—d = TN

d
2(u—d)

1-F())
F)(A=X)

<

Therefore when A is in the second interval, following histories with one reported
down move, the allocation function is equal to one, but following histories with
two reported down moves, the allocation function is equal to zero. The allocation

functions in this interval are therefore:
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Q1(>\, U) =1

Q2(\,u,u) =1
Q1(\d) =1

Q2N u,d) =1
Q2(\, d,u) =1
Q2(A,d,d) =0

Consider finally values of A in the third interval [Aj,1]. For values of A in this

interval
d_ 1-F(X)
wd 2 TN
d 1-F(\)

2(u—d) = fFA(A-A)

It follows that the allocation functions are one following histories containing up
to two down moves. Since (so far) the exposition has confined itself to a two period
model, for values of A\ in this interval, the allocation functions are equal to one

following any history of reports:

Qi1(A\u) =1
Qa( N\, u,u) =1
Q1(\,d) =1
Q2(\ u,d) =1
Q2(\, d,u) =1
Q2(N,d,d) =1

Using standard techniques, in the appendix, I solve for payment functions that

are associated with the allocation functions in each of the three intervals. Because of
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two-sided commitment, only the lifetime payment conditional on a history of reports
is defined uniquely, and there are potentially many ways to decompose this lifetime
payment into per-period payments that satisfies incentive compatibility. I choose

one such decomposition, which I find intuitive:
A€ 0,A)) A€, A) A€ [N, 1]
To(A) =0 To(A) =71 To(A) =1
Ti(A\u) =u Ti(A\u)=d Ti(A\u) =d
Ti(\ d) = Ti(\,d)=d Ti(\d) =d
o\ u,u) =u? To(\u,u) =ud To(A\ u,u) = d?
To(Nu,d) =0  To(\u,d) =ud Ty(\ u,d) = d>
To(\d,u) =0 To(\dyu)=ud Ty d,u)=d>
To(\,d,d) =0 Ty(\,d,d)=0 Tr(\ d,d)=d?
where
o= N(u—d)+ (\)*(u? — ud)
T = (2X5 — X3 (ud — d*) + N2 (u? — ud) + Ni(u —d)

In the following pictures, I represent the allocation and payment functions for
buyers whose propensity parameters lie in each of the three intervals discussed pre-
viously. In each picture, the left panel depicts the allocation functions, while the
right panel depicts the payments. Specifically, in the left panel, the red branches
of the tree represent trajectories for the buyers valuation along which the allocation
functions are one, while the green branches in the right panel represent the price of
the good in each period.

From this figure it is clear that whenever the buyer’s valuation is greater than

or equal to the price, the optimal allocation function is equal to one, and whenever
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the buyer’s valuation is strictly below the price, the optimal allocation function is
equal to zero. Therefore, in order to implement the optimal mechanism, the seller
only needs to commit to a sign up fee and a price for each period, and then let the
buyer choose from among the available options. Over the course of the interaction,
the buyer can make his own decision about whether or not to purchase the good in
each period.

In particular, the seller can implement the optimal mechanism by presenting the

buyer with three plans specifying prices for each period:

Plan1 Plan2 Plan 3
tOIO t():Tl t(]:TQ
tl =Uu tl =d tl =d

t2:'LL2 tQZUd t2:d2

] A A
i u )
T 1 s -A T —A
- ™ 1*:/- ~ ™ 1\ A H“-\H
Soud o peeq | S~owud ~ ud
1- j// -4 d A -i )‘/
d -~ d
I~ -
— 1-4 T~ 1-4 1-
\\\ 4 \\ 3 2
~._d ~~.d’ d
Plan 1 Plan 2 Plan 3

FIGURE 1.10: The seller need only commit to a menu of price plans

Each of the price plans in the menu begins with a "honeymoon phase” of length
H, during which the price of the good in period t; = d*. For plan one, H = 0,

for plan two, H = 1, and for plan 3, H = 2. Once the honeymoon phase is over,

31



prices grow by a factor of u in every period. In order to select a plan with a longer
honeymoon period, the buyer must pay a larger sign-up fee in period zero. This
trade-off between a high initial fixed fee and low future prices is something that
is very familiar from every day life, and is the primary means by which the seller
separates buyers at the time of contracting. Indeed, in order to justify paying a large
fee initially, the buyer should anticipate that his future values will be high enough
that the future price discount he purchases will be enough for him to recover the
sign up fee. In other words, paying a larger fee for a future price discount is only
justified if the buyer has a sufficiently high value of the propensity parameter.

One important implication of the fact that the seller can implement the optimal
mechanism through a menu of price plans, is that the seller can do so without eliciting
any information from the buyer past period zero. In fact, the only thing that the
seller needs to keep track of when implementing the optimal mechanism is the plan
chosen by the buyer (or the fixed fee he paid) and the date that the contract took

effect.

1.3 N-period model

I tackle the N period problem using an inductive approach. I relate the solution of
the N + 1 period model to the solution of the N period model and use the solution
of the two period model as the basis step of the inductive argument. The derivation
is heavy on notation and is therefore relegated to the appendix. Speaking in general
terms, I find that the optimal allocation functions of the N+1 period model, following
a report of u in period one, are the same as the optimal allocation functions of the N
period model. The optimal allocation functions of the N 4 1 period model, following
a report of d in period one, contain an additional distortion not present in the optimal
allocation functions of the N period model. Simplifying the distortion and applying

an inductive argument, I find that, just as in the two period case, following history
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of reports Hj which contains j reported down moves, the optimal mechanism calls

for the principal to sell the object provided:

1—F(\) .
(1—/\)d—Wj(u—d)ZO

or equivalently

e d 1—F(A)
1 5055 2 sma—w

0 otherwise

Qr (N, Hy) = {

As in the two period case, when the prior is relative regular, the values

S ORI 1—F(\)
Ay = f{A'j(u—d)Zf(A)(l—A)}jl N

.....

define an increasing sequence of cutoffs. A buyer with A > A will be permitted
to purchase the object following histories in which his valuation has undergone j (or
fewer) downward shocks. By I'Hopital’s rule, if ' has a derivative of any order that
is nonzero at A = 1, then lim,_,; % = > 0. Therefore, under this condition,

for any u,d, and ~ there will always exist j* such that = < ~.2l This means

_d

(u—d)
that for a wide combination of parameters and distribution there exists some finite
number of down moves, j*, such that any buyer, regardless of A\, who experiences
7% or more downward shocks to his valuation will not be allowed to buy the object.
Therefore, it is never optimal for the seller to offer an infinite honeymoon period;
the optimal menu of price plans offered by the seller always has a finite number of
options.

The fact that for any combination of model primitives u, d, F' ()), there is a maxi-

mal possible length of the honeymoon phase which is independent of the time horizon

21 Notice that j* depends only on the choice of prior and the parameters u, d, and not on the time
horizon of the model.
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FIGURE 1.11: There are no infinite honeymoons

implies that for large N, early termination will occur with high probability. Indeed,
consider some ¢,0 and N. Because of the law of large numbers, for large enough
N , a buyer with a value of A € [0,1 — ¢] will experience more than j* downward
shocks over the first N periods with probability 1 — §. Once this happens, all of the
buyer’s future allocations will be zero, and the buyer will never again be allowed to
purchase the object. Therefore, an N can always be found such that with probabil-
ity arbitrarily close to one, the relationship between the seller and all buyers with
A € [0,1 —¢] will effectively terminate within the first N periods: the buyer will
make no additional payments, and will never again receive the good. The value of N
does not depend on N, the number of periods in the interaction. Hence, when the
number of periods exceeds N , the interaction will terminate prematurely with high

probability. Explained more simply, after the honeymoon phase is over, the price

will increase in every period, while the buyer’s value only increases some of the time
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(with probability A in every period). Since the honeymoon period is always finite,
given enough time the buyer’s value will eventually be overtaken by the price. Once
that happens, the buyer will never again purchase the good. The optimal mecha-
nism is therefore not renegotiation proof, and this early termination feature of the

mechanism dramatically hurts social welfare.
1.4 Comparative Statics

In this section I will discuss the way in which the optimal mechanism varies with the
primitives of the problem: wu,d, and F'(\). First, let’s discuss how the mechanism

depends on u and d. Recall that the optimal allocation functions are:

e d 1—F(A)
1 5055 2 sma—w

0 otherwise

Qr (N, Hy) = {

The first simple observation is that the allocation functions are homogeneous of
degree zero in wu,d. This is the reason why I did not include an explicit discount
factor in the model; it would play no role in the results. A second simple observation
is that the effect on the optimal mechanism of an increase in u is qualitatively the
same as the effect of a decrease in d. As the figure below illustrates, when u increases
the mechanism becomes more restrictive. For the smallest value of u, given by w4, all
types in the interval [\%;, 1], will experience a honeymoon phase of length (at least)
7. When u increases to us, the set of types with a honeymoon phase of at least j

shrinks to interval [A},, 1]. Types in the interval [A}}, A%,] originally experienced a
honeymoon phase of length not less than j, but after the increase in u, these types
will experience a honeymoon phase that is less than 7. When u grows sufficiently
large, for example to usz, no type will experience a honeymoon phase of length j.
The intuition for this effect is simple. In order to charge a given A type more
when he draws high valuations, the seller must restrict his allocation when he draws
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FIGURE 1.12: The effect of an increase in u

low valuations. As u grows relative to d the payoff to the seller from setting higher
prices when the buyer draws high valuations grows, and grows more for buyers with
high values of \. Therefore, if u is big, the seller gets more expected profit selling
only to buyers with high valuations at high prices, than selling to more buyers at
lower prices.

The second comparative static that I analyze is the effect on the optimal mecha-

nism as the prior distribution for A becomes concentrated at a single value of A\. To

that end, consider a family of distributions

Ga(\) = 207\ ifA <
ST 1 =201 = N A <

N N

As a grows, these distributions approach a degenerate distribution around A = %,
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as the following plots of the cdfs and pdfs illustrate

LoT

05

0.0 ' i i I
0.0 0.5 1.0 0.0 0.5 1.0

CDFs: Go(A), G4(A), and G7(A) PDF's: go(A), ga(N), and g(N)
FiGure 1.13: Family G,

For this family of priors, the relative hazard rate is given by

Ga(A)(1 = A) 1 it <

a

1—G,(\) _{% i <

D= N =

So, for a > 1 the relative inverse hazard rate has a decreasing left hand portion
and a flat right hand portion, as the following plot illustrates.

As is evident from the plot, as a grows, the relative inverse hazard rate approaches
an L-shape: a vertical line at A = %, and a horizontal line at height zero for \ > %
Therefore, in the limit, when the buyer reports a value of A > %, he will always
receive an allocation of one, regardless of how many down moves he reports, and is

charged a price path equivalent to a fixed payment of the full expected social surplus
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of a buyer with A = %.22 When the buyer reports a value of A < %, the only way that
the buyer is allowed to purchase object is when his valuation experiences sequential
u shocks.

Consider now what would happen if the value of A were known to the seller.
The seller would maximize the social surplus by always giving the good to the buyer
for free and then extract this maximized value of the social surplus as an entry fee.
In other words, the seller would charge ¢ty = F [Lifetime Utility|A] in exchange for
always delivering the good. Suppose now that, for some strange reason, the buyer’s
actual value of the propensity parameter N is bigger than the value of A that the

seller was expecting. In this situation, the buyer would be willing to take the deal

22 This may seem at first glance to contradict the claim that there are no infinite honeymoons.
Note however, that for any finite a, for which the distribution has the property that the derivative
of order a at one is non-zero, the inverse relative hazard rate has a strictly positive limit and there
is no infinitie honeymoon. In the limit, however, the assumption underlying the result is violated.
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FIGURE 1.15: In the limit

offered by the seller and would experience an allocation of one in every period. If,
however, the true propensity \ were below the value the buyer was expecting, the
buyer would not take the deal and would always be left with a zero allocation, never
paying the seller anything.

Comparing the two mechanisms, as the prior becomes concentrated around a
particular value of A\, the mechanism in which A is screened becomes a ”robust”
version of the full extraction mechanism. It treats all types larger than the one which
the seller believes the buyer to be in the same way as the full extraction mechanism,
but, unlike the full extraction mechanism, allows types below the expected type to
purchase the good for full value, giving the seller an additional opportunity to collect

a payment from these buyers.
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In order to highlight the impact of private information about A on the structure
and properties of the optimal mechanism, it is useful to briefly consider the standard
case considered in the literature. In this standard case, the value of A\ is common
knowledge, but the buyer has private information at the time of contracting about

his initial valuation for the good.

1.5  Benchmark: The Standard Case

This benchmark is the general model presented in Pavan 2007 adapted to the re-
combinant binomial process of this paper. Suppose everything about the model is
the same, except for two things. First, the value of A is known to the seller; second,
contracting happens at time one, when the buyer knows his first period valuation.
For simplicity I will discuss a two-period model, but the discussion extends trivially

to N periods.

H

FIGURE 1.16: Benchmark Model

This model is very closely related to a static price discrimination model with two
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types, for example Mussa and Rosen (1978). Indeed, in order to receive the good
for the duration of the contract, a buyer who drew a value of u in period one would
be willing to pay 7% = u (Au+ (1 — A) d). On the other hand, a buyer who drew a

value of d in period one would only be willing to pay 7% = d (Au + (1 — \) d).
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FiGURE 1.17: Benchmark Model

The seller therefore has two options. Option one is to post a price of T" and
serve only buyers who draw a u initially. This leads to a profit of XT". The seller’s
other option is to post a price of T and serve all buyers, leading to a profit of 7.

Therefore, it is easy to see that if Au > d then the seller will post the high price
T* and only u buyers will be served, while if d > A\u, then the seller will post price
T? and include all buyers.

Before moving on to a discussion of the optimal mechanism when A is unknown
and a comparison of the optimal mechanisms in the two settings, I would like to point

out that the "standard case” mechanism is neither incentive compatible nor individ-
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FiGURE 1.18: Benchmark Model

ually rational for a buyer whose true propensity parameter \ is less than the value
the mechanism designer believes it to be. Indeed, if N < A, then a buyer who draws a
value of d would rather quit and get zero than pay T = d (Au + (1 — \) d) . Similarly,
if the buyer drew a u, he would not be willing to pay 7% = u (Au + (1 — \) d) but
would be willing to pay 7% = d (Au + (1 — A) d). It is therefore crucial for the opti-
mality of this mechanism that the seller know \ exactly, quite a strong assumption.
The goal of this paper is to assess the implications of abandoning this assumption

by introducing seller uncertainty about A.
1.6 Discussion

To summarize some previous discussion, with private A, the seller can implement
the optimal mechanism by committing to a finite menu of price plans, and allowing

the buyer to choose an option from the menu at time zero. In future periods, the
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decision about whether or not to purchase the good is left to the buyer, and the seller
does not need to elicit any information from the buyer at any time past time zero.
Each price plan in the menu can be described by the length of its honeymoon phase
H and the sign-up fee. Recall that during the honeymoon phase the price in each
period is the lowest possible valuation, d*, while after the honeymoon phase is over,
the price of the good is multiplied by a factor of u in each period. Price plans with
longer honeymoon phases require a larger sign up fee. A buyer with a high value
of the propensity parameter will choose a plan with a longer honeymoon phase and
higher sign-up fee.

I mentioned in the section on individual rationality that the assumption of two-
sided commitment could be relaxed. In some settings covered by this type of long
term contract model, it is difficult to imagine that the seller could force the buyer to
be bound by the terms of the contract for its entire duration. In principle, the buyer
could refuse to participate in any particular period. While the seller is bound by the
contract terms which are easily enforced by a court, forcing a buyer to participate
through the court system could entail significant challenges (not the least of which
could be locating the buyer). Because of this, many models of long run contracting
allow for the possibility of buyer non-participation in some period. The common
assumption includes a kind of punishment for non-participation: if the buyer does
not participate in some period, the contract is invalidated, and the buyer is left
with zero payoff in all future periods. This assumption is referred to as ”one-sided
commitment.” In fact, this monicker is a bit misleading. The implication of the
name is that only the seller is fully committed, while the buyer is not committed
at all. In fact the seller is only committed so long as the buyer has participated in
the past. One could imagine a ”weak one-sided commitment” in which the seller
is fully committed to the terms of the contract, regardless of the actions of the

buyer. In other words, under weak one-sided commitment, the buyer should have
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incentives to participate in each period, even if the future contract terms are still in
place following a period of non-participation. If a contract satisfies ”weak” one sided
commitment, it certainly satisfies one-sided commitment, and if a contract satisfies
one-sided commitment then it satisfies two-sided commitment. The reverse chain of
implication does not necessarily hold.

Although in the derivation of the optimal contract I assumed two-sided commit-
ment, I find that the optimal contract satisfies weak one-sided commitment. Indeed,
once the buyer has accepted a price plan and paid the sign-up fee, the buyer would
never have a strict incentive to avoid participation in any period, even though he
could skip a period and have the future terms of the contract remain in place. This
is a consequence of the fact that when the allocation function in some period is equal
to one, the seller’s valuation is higher than the price of the good, and when it is
zero, the buyer’s valuation is below the price of the good.?® The mechanism thus
never forces the buyer to purchasing the good for more than it is worth to him by
threatening to eliminate all of his future surplus if he doesn’t comply.

A natural question to ask is whether the optimal contract can ever be imple-
mented by a sale of the production technology, rather than a quantity of the good
in each period. This type of solution frequently occurs in both one-shot and long
term contracting models.?* If the seller were to sell the production technology to the
buyer, then, because there is zero cost of production, the buyer would always choose
to produce the good. Therefore, selling the production technology following some
history of reports is equivalent to offering the buyer an allocation of one in all future
periods. Recall from the discussion of the N-period model, that for any combination

of model primitives (u,d, F' (\)) there exists some j* such that for any value of A,

23 This can be seen most clearly in the panels depicting the allocation and payment functions
presented in section 2.3.

24 Mussa and Rosen (1978), Battaglini (2005)
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Qr (N, H,) = 0 if Hy, contains j* or more reported down shocks. Therefore, if the time
horizon N exceeds j*, then selling the production to the buyer can not be optimal
at the time of contracting, because there is no type A who receives an allocation of
one in all future periods for every combination of reports. This is markedly different
from what happens in the standard case. The standard case contract is essentially
equivalent to a take it or leave it offer for the sale of the production technology at
time zero.

Another way to state this distinction is to say that in the standard case there is no
premature termination of the relationship. If the buyer pays the price in the initial
period, he will always receive the good in the future; if he doesn’t he won’t, but there
is never a circumstance in which he receives the good for a certain number of periods,
but not after. This is in stark contrast to the model with privately known A, in which
premature termination happens with high probability for long time horizons.

Although with a long time horizon it can not be optimal to sell the production
technology at the time of contracting, it can be optimal following certain histories.
Suppose that the buyer has a value of A in the interval from [\, A7, ), so that his
allocation is equal to one as long as he has reported j or fewer down shocks. If, for
example, the buyer has j —1 periods remaining in the interaction and has reported no
down moves, he will receive an allocation of one in all future periods, and following
this history the seller could just sell him the production technology. Notice, however,
that all histories with this property must be within last j* periods of the interaction.?®
When the time horizon is sufficiently long, the interaction will end with arbitrarily
high probability within the first N periods, where N is independent of N. Therefore,

when N > N + J, the histories following which sale of the production technology is

25 In period k € {1,..., N — j*}, for every type A, and every history of reports, a future sequence
of j* reported d shocks will lead to all future allocation functions set to zero. Therefore, there is
no history within the first N — j* periods, following which a sale of the production technology is
optimal.
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optimal, occur with probability arbitrarily close to zero.

One similarity between the optimal mechanisms in the two settings is that they
can both be implemented without eliciting information past time zero. In the stan-
dard case, the only relevant piece of information for the mechanism is the buyer’s
first valuation, whereas in my setting, the only relevant piece of information is the
buyer’s propensity parameter. This kind of result is encountered in other long term
contracting papers, for example in the literature on the ratchet effect. Still, it may
seem strange that in the optimal mechanism there is no cross-checking between the
buyer’s initial reported value of A and his reported shocks over the lifetime of the
contract. After all, since these shocks are reported truthfully, the seller can form a
running estimate of the buyer’s true value A using the buyer’s reported shocks, and
because of two sided commitment, if this estimate deviates sufficiently from the value
of A reported initially, the seller can punish the buyer. An extreme version of this
idea is for the seller always to sell the object to the buyer and to charge the buyer
the expected value of his lifetime utility, given his reported value of A, as an entry
fee. The seller would ask the buyer to report his valuation shocks, and if the run-
ning estimate of A given the reported shocks were too far from the initially reported
value, then the seller would punish the buyer. The problem with this scheme is
that because the seller commits to always sell the object, independent of the buyer’s
reported valuations, the seller has no way to ensure that the buyer will report the
valuation shocks truthfully. Indeed, under the proposed scheme, the buyer can al-
ways choose a sequence of reports that is consistent with his initially reported value
of A at no cost. The buyer can therefore initially report any value of A that he wishes
and avoid punishment. This would not be the case in a setting similar to that of
Strausz (2006), in which the seller receives exogenous information that is correlated
with the buyer’s private information. In such a setting the seller can achieve full
extraction by cross-checking the buyer’s reports with his exogenous information.
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1.7 Implications for Real World Situations

1.7.1  Supply Chain Management

To connect the model to the supplier-retailer example mentioned in the introduction,
imagine that the monopolist represents a large retailer and the buyer represents a
supplier. The retailer buys goods from the supplier to sell to consumers, or alterna-
tively, the retailer sells shelf space to suppliers. Without the retailer’s shelf space,
the supplier can not sell his goods to consumers. The profit the supplier would earn
if he could sell his goods directly to consumers is his value for the shelf space. In each
period of the interaction, there is a chance that the supplier will reduce his produc-
tion costs, thereby increasing this value. Indeed, in any period, there is a probability
A that the supplier’s production cost will decrease. In the model, an the occurrence
of an innovation is interpreted as the good valuation shock, leading to an increase
in the value by a factor of u > 1. If the supplier does not discover a cost reducing
innovation, that is experiences the bad shock, then the value of shelf space remains
the same, so d = 1. The retailer can not directly observe the supplier’s production
cost, and the supplier’s value for shelf space is private information in each period.
Moreover, the retailer does not have good information about the supplier’s R & D
department, and therefore the probability of the supplier reducing his cost in any
period is also private information.

Under the optimal mechanism the retailer will charge a supplier with a given A a
flat price for stocking the good for the first H periods, where H is the length of the
honeymoon phase associated with the supplier’s value of A. In periods H through
N, the price that the retailer will charge the supplier will grow by a factor of u in
each period. In other words, in the first H periods of the interaction, the retailer will
pay the supplier a fixed amount to purchase his goods, but in each of the remaining

periods, the retailer will pay a smaller and smaller price for the supplier’s goods. In
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a sufficiently long interaction, the drop in price will eventually become too great for
the supplier, and the supplier will stop selling his goods to the retailer.

The optimal mechanism matches some features of actual interactions between a
large retailer and its suppliers. Walmart, the largest retailer in the world, frequently
exercises considerable market power in setting the terms of trade with its suppliers.

Consider the following quotes from ”The Walmart You Didn’t Know” ¢

The retailer has a clear policy for suppliers: On basic products that don’t change,
the price Wal-Mart will pay [suppliers| must drop year after year.

One year, because of costs, [an umbrella manufacturer] went to Wal-Mart and asked for
a 5% price increase. Wal-Mart said, "We were expecting a 5% decrease.

We're off by 10%. Go back and sharpen your pencil.” The umbrella man scrimped

and came back with a 2% increase—...and he was out entirely.

From this we see that the interaction has two features that are predicted by the
model. First, the price that Walmart pays suppliers drops through time. Second,
early termination of the business relationship occurs frequently. Of course, both
of these features may have other plausible explanations, for example, competition
among suppliers. Still, this behavior on the part of the retailer is consistent with the
behavior predicted by the model with privately known A, and is not consistent with
the standard case in the literature. However, there is still no reason to think from
the quotes presented above that Walmart is explicitly screening producers for A. In
order to make such a claim, we would need some reason to think that producers with
better R & D capabilities would be treated more favorably, perhaps by being offered
a "honeymoon” or grace period in which the price Walmart pays does not drop (or
does not drop as much). There is nothing in the above discussion to suggest that

this is the case.

26 http://www.fastcompany.com/magazine/77 /walmart.html
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1.7.2  Term Life Insurance

As mentioned in the introduction, in term life insurance contracts, the buyer’s val-
uation for life insurance in any period is influenced by his probability of death in
the period, which evolves stochastically through time. Typically, we think of this
probability as increasing through time. If this probability increases in a given period,
then the buyer’s value for life insurance also increases, and so it is reasonable in this
setting to propose that v > 1 while d = 1.

The model predicts several things. First, the optimal contract can be imple-
mented without eliciting information from the buyer over the lifetime of the contract.
Second, the optimal mechanism can be implemented by the seller committing to a
finite menu of price plans. Each price plan is characterized by a combination of hon-
eymoon phase and sign-up fee. During the honeymoon phase the price is constant,
and after the honeymoon phase, the price will increase in each period. Plans with
longer honeymoon phases require larger sign-up fees. The first three entries of the

menu can be represented graphically in the following way:

u- u-

u i u

Plan 1 Plan 2 Plan 3

FIGURE 1.19: Life Insurance

Consider the following term life insurance plans, taken directly from State Farm’s
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website:2”

Select Term - 10 Year

Ages Features:
Available: ) L ) ) )

Pravides term life insurance protection to age 95 (age 80 in NY). Premiums are level for 10
20-75 years and are adjustahle thereafter. After 10 years, premiums increase significantly and go
(20 - 64 in WA; up annually. Four premium classifications are available: Preferred Non-Tobacco, Mon-
20 -85 in NY')

Tobacco, Prefered Tobacco (Mot available in WA), and Regular. Term conversien to any
whaole life policyis availahle, restrictions may apply.

Applization Minimum:
(Policy series 05020 in allstates except MT, NY', Wi, 08070 in MT, A06020 in NY" & W)
$100,000

Get a Quote Learn more about this policy

Select Term — 20 Year

Ages Features
Available: . . ) . .

Provides term |ife insurance protection 1o age 85 (age 80in MNY). Premiums are level for 20
20 -54 years and are adjustable thereafter. After 20 years, premiums increase significantly and go
(20 -50in 1Y up annuzlly. Five premium classiications are available: Super Preferred (application
20 -50in WA )

minimum $250,000 for Super Preferred rates), Preferred Non-Tobacca, Mon-Tobacca,
Preferred Tohacco (Mot available in WA) and Regular. Term conversion ta any whale life

P policy is available, restrictions may apply.

(Policy series 06020 in all states except MT, NY', OR, WI; 08070 in MT, ADS021in NY', 06021 in OR,
AD8020 in W)

$100,000

Get a Quote Learn more about this policy

Select Term - 30 Year

Ages Features:
Available: ) . } )

Provides term life insurance protection to age 95. Premiums are levelfor 30 years and are
20-45 adjustable thereafter. After 30 years, premiums increase significantly and go up annually.
(Not &vailable in NY') Five premium classifications are available: Super Preferred (application minimum

$250,000 for Super Preferred rates), Preferred Mon-Tobacco, Mon-Tobacco, Preferred
Tobacco (Mot available in WA) and Regular. Term conversion to any whole life policy is
Application Minimum: | 5.5 13pje restrictions may apply.

$100,000 (Policy zeriez 08020 in all states sxcept MT, NY', OR, W1, 08070 in MT, 08022 in OR, A06020 in W, and

not available in MY}

Get a Quote Learn more about thiz policy

FiGURE 1.20: Life Insurance Plans

State farm, therefore, offers buyers a choice of a period of time in which premiums
will be level, followed by an increasing premium thereafter. Plans with a longer
phase of flat prices cost more than plans with a shorter phase. Interestingly (and

perhaps surprisingly without this theory) State Farm does not elicit any kind of

27 http:/ /www.statefarm.com /insurance/life_annuity /life/term /termtabl.asp
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health information while the contract is in effect. The structure of the contract offered
by State Farm, therefore closely matches the structure predicted by the theory. In
this case, we can see that there is reason to think that State Farm is explicitly
screening the buyer’s private information about the evolution of his future value for

life insurance.
1.8 Conclusion

In this paper I study contracting in the context of a long term buyer /seller relation-
ship. The buyer’s value evolves over time and, unlike other analyses, the buyer has
private information about the manner in which this value evolves at the time of con-
tracting. This information is given by the buyer’s ”propensity parameter” which is
the probability that the buyer will experience a good valuation shock in each period.
The decision about whether or not to sell to a buyer with a particular propensity
parameter and valuation involves balancing two effects; on the one hand, selling to
a buyer with propensity A and a given valuation improves the seller’s profit because
it allows him to collect a payment from the buyer; on the other hand, it reduces the
price that the seller can charge to all buyers who have higher propensities and higher
valuations. In order to balance information rent and expected social surplus, the
optimal mechanism limits the number of "down” reports that any particular type A,
can make before the relationship is terminated.

The seller can implement the optimal mechanism by committing to a finite menu
of price plans, and allowing the buyer to choose an option from the menu at time
zero. In future periods, the decision about whether or not to purchase the good is
left to the buyer, and the seller does not need to elicit any information from the
buyer at any time past time zero. Each price plan in the menu can be described by
the length of its honeymoon phase H and the sign-up fee. During the honeymoon
phase the price in each period is the lowest possible valuation, d*, while after the

o1



honeymoon phase is over, the price of the good is multiplied by a factor of u in each
period. Price plans with longer honeymoon phases require a larger sign up fee. A
buyer with a high value of the propensity parameter will choose a plan with a longer
honeymoon phase and higher sign-up fee.

An interesting feature of the results is that, for long time horizons, the interac-
tion will end prematurely with probability close to one. This happens because the
tolerance assigned to a particular value of A is independent of the time horizon, and
as N grows, by the law of large numbers, the probability that the number of down
moves exceeds the fixed tolerance approaches one. Long term interactions of the kind
considered in this paper are therefore essentially finite in duration. This result does
not rely on cost considerations on the part of the seller or competition among buyers;
it arises purely from rent extraction given the nature of the buyer’s private infor-
mation. The structure of the optimal contract, and this early termination feature
resemble aspects of actual contracts used in the real world.

The model of this paper can be modified in several interesting ways. First, in
the current model the buyer’s valuation in each period is given by the product of
the shocks he has experienced over the duration of the contract. By allowing for a
more general dependence of value on the history of shocks, a more general theory
could be developed; one which connects the properties of the underlying valuation
process to the structure of the contract. Second, in the current model, the evolution
of the buyer’s valuation is exogenous; endogenizing this value could bring interesting
insights applicable to the literature on experience goods. For example, if the model
were modified so that probability that the buyer’s valuation grows in each period de-
pends on both his propensity and his allocation, (and can therefore be influenced by
the seller), this model could be interpreted as a model of a habit-forming or addictive
good in which the buyer has private information about his inherent susceptibility to

addiction. If, on the other hand, the buyer could influence the probability of the
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good shock through time, this could be interpreted as a model of explicit invest-
ment in R & D. Furthermore, the assumption that the buyer knows his propensity
parameter with certainty can also be modified with interesting results. If instead
of the buyer’s ex ante type being the probability A itself, but rather a belief about
A, then information about the buyer’s shocks would also reveal information about
his underlying run parameter A. In such a model, the short run shocks would serve
both as a source of rent for the buyer and as information about his true underlying
type, and manipulating reports would alter the principal’s beliefs about the buyer’s
underlying type.?® Finally, throughout this paper, the monopolist was granted full
commitment power. The full commitment assumption is particularly strong in a long
run contract environment. Because she will be tempted to renege on the contract
after learning A, full commitment power is essential for the seller to implement the
optimal contracts of this paper. Weakening the full commitment assumption in this

context could also be an interesting line of future research.

28 T analyze a simple model with these features in a related work
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Appendix A

Technical Details

A.1 Calculation of the Information Rent in the Two Period Model

The constraints of the Relaxed Problem are:
VAN € (0,1)
Qa(\ u, u)u? — To(N u,u) > Qa(N, u, d)u? — To(\, u, d)
Q2(\, d,w)ud — To(A, d,u) > Qo(N, d, d)ud — Tor(A, d, d)
Q1N uw)u — Ty (N u)+
NQa(\, u, u)u? — To(N, u,u)] + (1 — N)[Qo(\, u, d)ud — To(N, u,d)] >
Ql()\, d)u — T1(>\, d)"’
AQ2()\, d, u)u2 — TN\ d,u)] + (1 = N)[Q2(N, d, d)ud — To(N, d, d)]
argmaxy m(AN[A) = A

7(AA) >0

where
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T(N|A) =
“To(N) + X [Qr (N, u)u — Ty (N, u)] + (1= N [Qr (N, d)d — Ty (N, d)] +
A [Q2 (N u,u?) u?® — Ty (N, u,u®)] +
A1 =N [Q (N, u,d)ud — Ty (N, u, d)] +
A1 =N [Qa (N, d,u)du— Ty (N, d,u)] +

(1= X2 [Q(N,d,d)d* — Ty (N, d,d)]

~T(\N) +

M

Qr( N, wyu — Ty (N, u) +
AQa (N, u, w)u® — To(N, u,u)] +

(1= N)[Q2(N,u,d)ud — To(N,u,d)]} +
(1=x)N

Qi(N,d)d — Ty (N, d) +

AQa(N, d, u)ud — Ty(N, d, u)] +

(1 =N[Q2(N,d,d)d* — To(N,d,d)]}

This second "recursive” formulation is key to the solution of the model. Apply
the Envelope Theorem (as in Milgrom and Segal 2002) to condition IC A with II(\) =
T(AIA)
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dIl 87r]
d\ INN =N

o,
NN

= Q1N uwu—Ti(\u)+
MNQa(\, u, w)u® — To(N, u, u)] + (1 — N)[Qa(\, u, d)ud — To (N, u, d)] —
Q1(\, d)d — Ty (N, d) +

NQs(\ dy w)ud — To(A, d, w)] + (1 — N [Qa(A, d, d)d? — To(\, d, d)]
d / /
)\a{@l()\ ,U)U, — T1(>\ ,U) +
MQo( N, u, u)u® — To(N,u,uw)] + (1 — N [Qa(N, u, d)yud — To(N, u, d)]}y—x +
(1= N QN = TN, d) +
AQ2 (N, d,u)ud — To(N, d, u)] + (1 — N)[Q2(N, d, d)d2 —To(N,d, d)]}y=x

Simplifying this expression gives:

= Q1N uwu—Ti(\u)+
NQa (N, w, w)u? — To(\, u,u)] + (1 — N)[Qa(\, u, d)ud — To(N,u, d)] —
Q1(\, d)d — Ty (N, d) +
NQ2 (N, d, w)ud — To(N, d,u)] 4+ (1 — N)[Qa2(\, d, d)d* — Th(\, d, d)]
MQo (N, u, u)u? — To( N, u,u) — [Qa( N, u, d)ud — Ty (N, u,d)} +
(1= M{Qx(N, d, w)ud — To(N,d,u) — [Q:(N,d,d)d* — To(XN,d,d)]}
Substituting the DIC constraints gives:
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87T]
FhN=A

= Q1N d)u—Ti(\d)+
MQa(\, d,u)u? — To(N, dyu)] + (1 — N)[Qa(N, d, d)yud — To(\, u, d)] + 61 (A) —
{Q1(\, d)d — Ty (N, d) +
MQa(\, d,w)ud — To(N, d,u)] + (1 — N)[Q2(N, d, d)d* — To(A, d,d)]} +
MQa(\ u, d)u? — To(A, u, d) + 05 (N) — [Qa(N, u, d)yud — To(N, u, d)]} +

(1 = M{Q2(\, d, d)ud — To(\,d,d) + 63(\) — [Q2(\, d, d)d* — T(\, d, d)]}
Cancelling the payment functions and simplifying gives:

AQ1 (A, w)u+

N2Qo(\, u, u)u+

(1= N)d = 550w — )] @i, a)+

A [(1 —\)d — 1;{})” (u— d)] Qa(A, u, d)+

A [(1 —N)d — E0 d)] Q2(\, d, u)+

(1—\)d [(1 —N)d - 25 (y d)] Q2(), d, d)

A.2 Detailed Solution of the Relaxed Problem

In text I show that the relaxed problem can be written as:
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max Ex{A\Q1(\, u)u + (1 — N)Q1 (X, d)d+
AN2Qo (A, u, u)u? + (A — M) Qa2 (A, u, d) + Qa2(N, d, u)|ud+
(1= A)?Qa2(A d, d)d® —TI(A)}

subject to YA € (0, 1)

01(A) >0 C1
05 (A) >0 C2-u
64(\) >0 C2-d

() =T10) + [ Qi(A\, d)(u — d) + [@s(\, u, d) + Qo(A, d, )| A (u? — ud)+  C3
QQ()\, d, d)2(1 — )\)(ud — d2) + Aég()\) + (1 — )\)63()\) + 01 (A)dA
T1(0) > 0 C4

Obviously, I1(0) = §,(\) = 62()) = d3(\) = 0.

Ex{AQi (N w)u+ (1= XN)Qi(A, d)d + X’Qa (A, u, u)u’+

()‘ o AQ)[QQ()H u, d) + Q2()‘7 da U)]Ud + (1 - >‘)2Q2()‘7 d7 d>d2 o H(A)} =

E\{Q1 (N w)u 4 (1 — NQ1(\, d)d + N2Qa (N, u, u)u’+

(A = M) [Q2(\, u, d) + Qo (N, d, w)ud + (1 — N)2Qs(\, d, d)d>—

/OAQl(s,d)(u—d)Jr

[Qa2(s,u,d) + Qa(s, d, u)|s(u? — ud)+

Q2(s,d,d)2(1 — s)(ud — d*)ds} =
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1
/ DO w4+ (1= NO1 A d)d + N2Qa(\, u, )+
0

(A =M [Q2(\ u, d) + Qa(\, d, u)ud+

(1= X)?Q2(\, d, d)d”} f(N)dA—

/01 /OA{Ql(S’d)(U —d)+

[Qa2(s,u,d) + Qo(s,d,u)]s(u* — ud)+

Q2(s,d,d)2(1 — s)(ud — d*)} f(N)dsd\ =

1
/ Q1 (N, w)u 4 (1 = N)Q1(\, d)d + N2Qa (N, u, u)u+
0

(A=A [Q2(\ u, d) + Qa2(\, d, u)ud+

(1= X)?Q2(\, d, d)d”} f(N)dA—

[ [ t@t.aw-as

[Q2(s,u,d) + Qo(s,d,u)]s(u? — ud)+

Q2(s,d,d)2(1 — 5)(ud — d*)} f(N\)d\ds =

/OI{AQl(/\, w)u + (1 = NQ1(\, d)d + N Qa( N, u, u)u?+
(A= M) [Q2(\, u, d) + Qa(\, d, w)|ud+

(1= X)2Q2(\, d,d)d*} f(N)dA—

/0 (1= F(s){Qu(s, d)(u — d)+

[Qa(s,u,d) + Qo(s, d, u)]s(u? — ud)+
Qa(s,d,d)2(1 — s)(ud — d*)}ds =
59



1
| @i uu s (= V@A D+ X Qi+
0

(A= A)[Q2(\, u, d) + Q2(\, d, u)ud+
(1= \2Qa(0 d, d)—

1 F()\)
f(A)

[Qa(\, u, d) + Qa( N, d, w)] A (u? — ud)+

{Qi(A d)(u—d)+

Q2N d,d)2(1 — N)(ud — d*)} f(N)d\ =

This integral can be maximized by maximizing the integrand. Combining terms,

the integrand becomes

AQ1 (A, w)u+

N2Qo(\, u, u)u?+

(1= Nd— 550w = d)| Qi )+

A [(1 —\)d — 1;{})” (u— d)] Qa2(A, u, d)+

A [(1 —N)d — E0 d)] Q2(\, d, u)+

(1—\d [(1 —N)d - 25 (y d)] Qs(\, d. d)

A.3 Calculation of Payment Functions

In this section, I derive a set of optimal payment functions associated with the
optimal allocation functions found in the previous section. To accomplish this, I use
the optimal allocation functions to calculate II(\), the expected utility of a buyer
with type A, the integral derived in the body of the paper. I then take the difference

between the social surplus generated by a buyer of type A and the expected utility
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of a buyer with type A, II(A). This difference is the expected lifetime payment under
the optimal mechanism of a the buyer with type A. Because I have assumed two-
sided commitment, there are many decompositions of this expected lifetime payment
function into payment functions for each state that satisfy the constraints of the
relaxed problem. I propose one particular way of making this decomposition, which
I find natural and intuitive. Let the expected social surplus of a buyer with propensity
A be denoted ESS()).

Case I

Recall that for A < A}

Qi1(A\u) =1
Q2(N,u,u) =1
Q1(A\,d) =0
Q2(A\, u,d) =0
Q2(\, d,u) =0
Q2(\, d,d) =0

Applying the formulas, it is easy to see that
II(\) =0
ESS(\) = M+ Nu?
It follows that the total expected payment conditional on A\, which is the difference
between ESS()A) and TI()) is equal to () = Au + A\?u?

I decompose this total lifetime payment into per-period payment functions that

satisfy the constraints of the relaxed problem:
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Case 11

Recall that for A7 < XA < A3
Q1(A\u) =1
Q2(\,u,u) =1
Q1(\,d) =1
Q2(\ u,d) =1
Q2N d,u) =1

Q2(A,d,d) =0
Applying the formulas, it is easy to see that

— (M — 2 _
II(\) = f)q(u d) + 2s(u® — ud)ds
= (u—=d)(A=A]) + (N = A?)(u® — ud)
ESS(\) = M+ (1—=XNd+ \u?+2(\ — \)ud
It follows that the total expected payment conditional on A\, which is the difference
between ESS(A) and TI(A) is equal to
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tA) = (W —ud)A\P?+ (u—d)\+

A A+ (1 = N)d + Nud + 2(X — N)ud

I decompose this total lifetime payment into per-period payment functions that

satisfy the constraints of the relaxed problem:

To(A) = Aj(u — d) + (M)*(u® — ud)

Ti(\u)=d
Ty(\d) = d
To(\, u,u) = ud
To(\ u,d) = ud
To(\,d,u) = ud
To(\,d,d) = 0

Case II1
Recall that for A\j < A

Q1(\u)=1
Q2(N\,u,u) =1
Q1(\,d) =1
Q2(\,u,d) =1
Q2(A\,d,u) =1
Q2(N\,d,d) =1

Applying the formulas, it is easy to see that
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M) = fu(u—d) +2s(u? —ud)ds + [, 2(1 = s)(ud — d?)ds

= (u—d)AN=X}) + (A2 = 2?)(u? — ud)+
(2N = A3) = (A = A3%)) (ud — )

ESS(A) = Au+(1—Nd+ 2\u?+ 2\ — A2)ud + (1 — \)2d?

It follows that the total expected payment conditional on A\, which is the difference

between E£SS(A) and II(A) is equal to
t(A) = (2N — X (ud — d*)+
N2 (u? —ud) + Nj(u — d) + d + &

I decompose this total lifetime payment into per-period payment functions that

satisfy the constraints of the relaxed problem:

To(N) = (225 = X8 (ud — d?) + N2 (u® — ud) + Nj(u — d)

Ti(\u)=d
Ty(A\, d) =d
To(\, u,u) = d?
To(\ u,d) = d?
To(\, d,u) = d?
Ty(\, d,d) = d?

A.4  Verification of Incentive Compatibility

I have derived the optimal mechanism with in the class of mechanisms defined by the
relaxed constraints. However, the relaxed constraints are only necessary constraints,
derived from the infinite family of constraints IC. I now turn to the question of
whether the optimal mechanism for the relaxed problem is incentive compatible in
the sense of condition IC.
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First, notice that for any \,ry,ry € {u,d} the optimal mechanism satifies the

following conditions:

Q1N w)u — Ty (N u)
Q1(A\, d)d — Ty (), d)
Qa(\, u, w)u® — To(\, u, u)
Q2N u, d)ud — Ty (N, u, d)
Q2(\, d, u)ud — T (N, d,u)

Qa(\,d,d)d* — To(\, d, d)

v

vV

v

Vv

Vv

Vv

Q1N r)u—Ti(N\ 1)
Q1(\,m)d —Ti(\, )
Qa(\, r1, o) u? — To(N, 71,73)]
Q2N 1, r9)ud — To (A, 11, 79)
Q2N 1, m9)ud — To (A, 11, 79)

QQ()\7 ri, TQ)d2 - TQ()\a ri, TQ)

Therefore, multiplying each constraint by the appropriate coefficient implies that

/ U .d ud .du
for any A\, X any r{,r{, r§ “

A[Qi(N, w)u — Ty(N, w)]

1= N[N, d)d - T (N, d)]
A [Qa (N
N [Q2(N, u, dyud — To(N, u, d)]

cu, u)u? — To(N u, u)
A1 —
A1 —

(1= A\?[Qa(X, d, d)d?

MN[Q2(N, d,u)ud — To(N, d, u)]

—Ty(N,d,d)]

7“2 ,TQ ,7’2

vV vV VIV IV

v

A1 (X, r)u
(1-
M@ (X
AL = N[Q2(N

(1-

e {u,d}

-1 (A,v T?)]

Q1N rf)d = Ti(X, 1))

AL = N[Q2(N

) [Q2( T2(/\ 7’1:

T17T2 )d

iy rstyud — To(X,

Tl,r2 Yud — To(N, 7’1,

,T%, T; u)u2 - TQ(/\,7 TllL’ 7’;‘ u)]

ry")]
ry")]

ry?)]

Adding the inequalities and subtracting 75 (') from both sides gives the following

condition
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(V[N

v

—ToN)+ A Q1 (N u =Ty (Vo) + (1= A) [@ (Norf) d =Ty (N, r))] +

AL =N [Q2 (N, i, 7y )ud T (N 7}, ry )
A(1=N) [Qg (/\’,7’1, )du—T2 (/\’ rr )

(1= N2 [Qs (N, rf,rs®) d* — Ty (N, r{, 74%)]

]
AN [Qa (N 1y, ry)u® — Ty (N, 7, r5")] +

|+

]+

It is also easy to verify that even though I only used the local version of condition
IC-A (in the form of the Envelope Condition) that the global form of constraint IC-A
holds as well, so that for all A, w(A|A) > w(N|A). This implies that

T(AIA)

vV

—To(N)+ A QL (NorH)u =Ty (N, + (1= A) [@ (N,r]) d =Ty (X, r])] +
N [Qo (N, ri ) u — Ty (N,

A1 =) [Qa (N, 7Y, r8h) ud — Ty (X, ¥, 75%)

A1 =) [Qo (N, 8y du — Ty (N, 78, 18] +

(1-— >\)2 [Qz (X,Tf,'r’gd) > —T, ()\ rf,rgd)}

+

]
)]
|+
]+
which is nothing but condition (IC).

A.5 Analysis of the N-period Model

The general approach I will use for the analysis of the N period model is to relate
the solution of the N period model to the solution of the N —1 period model. To this
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end, I introduce the following notation. Consider the model above extended to N
periods. First, let My = (mq, ma,..,my) represent a sequence of messages of length
k. Similarly, let Hy = (hq, hs, .., hy) represent a sequence of past types for the agent.
To each sequence of past types Hy, = (hy, ho, .., hy) assign a scalar hy = ILi—i_ih;,
which represents the agent’s valuation for the good at the end of period k, given that
his sequence of types is Hy.

As before, let my (N |N), represent the agent’s expected utility in an N period
mechanism when he reports X' in period 0 given that his true type is A, and he plans to
make truthful reports in the future. As an extension of this, let 75 (X, My x|\, Hy )
represent the buyer’s expected utility in an N period mechanism from following a
policy of truthful reporting in periods k£ + 1 through N, given a past sequence of

reports )\, and true past types A\, H,. So for example,

T, dNu) = A[Qe(N,d,wu? — To(N, d,uw)] + (1 — N)[Qa(N, d, d)ud — To(X, d, d)]

TN dhu) = AQ(N, d,w)u® — To(N, d,u)] + (1 — N)[Qa(N, d, dyud — Ty(N, d, d)] +
N2[Qs(N, d,u, u)u® — Ty(N, d,u,u)] +
A1 = N[Qs(N, d, u, d)uld — Ts(X, d, u, d)] +
AL = N)[Qa(N, d, d, w)uld — Ts(X, d, d,u)] +

(1= N2[Qs(N.d,d,d)d® — Ty(N,d,d,d)]

As a convention, let 7Y (e]e) = 0.

It is also useful to introduce notation for the two separate pieces that compose
7R (N, My _i|\, Hy_1), the expected allocation and the expected payment. There-
fore, let ESS% (N, My_1|\, Hy_i) represent the agent’s expected allocation, and

EPE(N, My_i|\, Hy_p) represent the agent’s expected payment in an N period

67



mechanism from following a policy of truthful reporting in periods k + 1 through N,

given a past sequence of reports X', My_;, and true past types A, H;. Continuing the

example above,

ESSYN, A, u)

EPy (N, d|\ u)

ESSYHN, A, u)

EP;(N,d|\, u)

AQ2(N, d, w)u? + (1 — N)Qo(N, d, d)ud

AT (N, d, u) + (1 — N Ta(N, d, d)

AQo (N, d, u)u? + (1 — N)Qa(N, d, d)ud +
NQs (N, d,u, u)u® +

A1 = NQs(N, d, u, d)yu’d +

A1 = NQo (N, d, d, u)u’d +

(1—-N2Q3(N,d,d,d)d

ATo(X, d, ) + (1 — N)To(N, d, d) +
NTy(N, d, u, u) +

A1 = NN, d,u, d) +

A1 = NN, d, d,u) +

(1 - )\)2T3(>\,7 da da d)

One final piece of notation is Sy (A, My ), which is just the social surplus generated

in an N period model when the agent truthfully reports type A, with a sequence of

messages M appended to the history at the beginning of each allocation function.

For example,
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Sl()‘> d) = )‘Q2(>‘7 d, u)u + (1 o )‘)Q2()‘7 d, d)d

SiAd) = AQa(\, d,w)u+ (1 — N)Qa(\, d, d)d +
NQs (N, d,u, u)u® +
A1 = NQs(\, d, u, d)ud +
A1 = NQs(\, d, d, u)ud +

(1—X)?Q3(\, d,d,d)d?

Comparing the above notation, it is obvious that

ESSNA My_|A, Hy—x) = Sv—r(My_i)hn—s

The law of total expectation also implies the following recursive relationships:

av(NA) = ANQi(V, u)u — Ti (N, u) + (N, ulA, w)] +

(1 o )‘)[Ql()‘/> d)d -1 (X: d) + 77]1\7()‘/7 d’)‘a d)]

MQri1 (N, My, w)hgu — T (N, My, w) + 7 (N My, ul A, Hy, u)] +

(1 - )\)[Qk+l ()\/7 Mk7 d)Ekad - Tk+1()\/7 Mk7 d) =+ 71-]]i/'Jrl()\la Mk7 d‘)\a Hka d)]

Using this notation, it is easy to write down the relaxed family of IC constraints.
Just as in the two-period model analyzed in the body of the paper, the relaxed
constraints prevent only single deviations from truth-telling. In period 0, we get the

N period analog of constraint 1C-\.

v = T (V]A)
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In periods 1 through N we obtain the N period analogues of constraints DIC2-
u,DIC2-d,DIC1. Specifically,

Q1N u)u — Ti (N u) + (A ulh, u) > Qi d)u — Ti(A, d) + 7 (A, d|A, w)

Qr(\, Hy—1, u)hg_yu — Tp(\, Hy—y, u) + 75 (N, Hy—1, ul\, Hy_y, u) >
Qr(\, Hy—1, g1t — Tyy(N\, Hy—y, d) + 75 (N, Hy_y, d|X\, Hy_y, )

In the course of solving the two period problem, I showed that in the optimal
mechanism, the downward incentive compatibility constraints for values are binding.
Extending this to the N period case, I formulate the principal’s N period problem.

max Fyx{EPx(AN)}

subject to YA, N € (0,1)

Q1N uw)u — Ti (A u) + (N ulA u) = Qi(A\, d)u — Th (N, d) + 7 (A, d|A, )

for k=2,..,N, and all H,_, € x*"!(u,d

) i=1
Qr(A Hi—1, w)hi—1u — Tio(A, Hy—1,u) + TR (N Hy—1, ul A, Hy—1,u) =
Qr(\, Hy—1, d)hj—yu — Ti(N, Hy—1, d) + 7 (N, Hy—1, d|A, Hy—1, w)

~—

TN (AA) = 7 (VA

TN (A[A) =0

I proceed in the standard way, applying the Envelope Theorem to constraint

IC-A.
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arg max av(NA) = A

HN()\)EIH/\EILXWN()\/P\) = 7m(AA)

dHN 87'(']\/]
P )

Using the recursive relationship,

7TN(>‘,|)‘> = /\[QI(A,7 U)U - Tl()‘/u u) + 7T]1V()‘/7 u|>\7 u)] +

(1= N[N, d)d = Ti(N, d) + 7 (N, dIA, )]

it is easy to see that:

dIl
T = Q=T w) + mh(h ) -

AL Yl 1) +
d\ TN y WA, W) g =)

d /
(1 — )\)a{ﬂ']lv()\ ,d|)\, d)})\’:)\

Substituting the identities

ESSy(\ dIX\u) = Sy_i(d)u
ESSY O\ dN\d) = Sy_i(d)d

gives the following expression:
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dlly

. Q1(\ d)(u—d) + Sy—1(d)(u — d) +

[Ql()‘a d)d - Tl()U d) + 71—]1\/()‘7 d‘)‘a d)] +
AL O ) b+ (1= 2L g (VL] d))
d\ N ; ) A=A d\ N ; 3 A=\

For the remainder of the analysis let Ry () = dg—f, and Ry_(\, M) denote the
function Ry_(\) with sequence of messages M}, appended to the beginning of every

history of reports. For example, in the analysis of the two-period case, I show that

Ro(\) = Qi(\,d)(u—d) + 2 Qx(\, d,u)(u* — ud) + AQa(A, u, d)(u® — ud) +

2(1 — N)Q2(A, d, d)(ud — d?)

The expression for Ry (\) derived above contains the somewhat mysterious terms
L{rn (N ulh, w)}v—y and {7} (N, d|), d)} v—x. These terms, look similar to Ry_1(\) =
L {mn-1(N|A)} =y, though not identical. Still, they look similar enough that one
might suspect that there is a connection; in fact, there is connection, proved at the
end of the analysis.

The constraints of the relaxed problem imply that for 1 < k£ < N — 1, and any
N >2 Ligk (N, Hg|\ Hi)bvex = hpRy_i(X, Hy).

Making these substitutions implied by the lemma, gives a recursive formulation
for the information rent term, relating the information rent in period N to the

information rent in period N — 1.

RN()\) = Ql(/\, d)(u - d) + SN_1<d)(U — d) + )\URN_l()\, U) + (]_ - /\)dRN_l()\, d)

The seller’s profit function, after substituting the ICCs, is the expected social

surplus, minus the buyer’s expected information rent, which after changing the order
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of integration is reduced to the expected social surplus minus the inverse hazard rate

multiplied by the information rent term.

{Ql(/\7 d)(u - d) + SN_l(d)(U, - d) + )\URN_l()\, U) -+ (]_ - /\)dRN_1<)\, d)}

Expanding ESSy (\) one period recursively, I find that
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N\ = MQi(\uw) u+ ESSy_y (A ul\,u)] +

(1-=XN)[Q1(\d)d+ ESSy_1 (N d|\,d)] —

{O1 (N d)(u—d) + Sy_1(d)(u — d) + MuRy_1(\u) + (1 — NdRy_1(\, d)}

1-F ()

_ Ql()\,u))\u+Q1(>\7d){(I_A)d_ f (A

(u—d)}+

1—F(\)
)
(1—=X)ESSy_1 (N d|)\d) -

)\ESSN,1 ()\, up\, U) — )\URN,1 ()\, U) +

1-FK . -
oy (5w (d) (u= &)+ (1= NdRx— (0, D)
)

= Q1()\,u))\u+Q1()\7d){(I_A)d_ f\)

(u—d)}+
1—F(\)
f\)

1—F ()
)

Au {SN1 (A u) — Ry_1 (\, u)} +

(1—\)dSy_1 (A, d) — {Sn_1 (A d) (u—d) + (1 — NdRy_1(\,d)}

There are several things to notice about this expression. First, in any model

of arbitrary length, Q1 (A\,u) = 1 and Qi (A\,d) = 1 if and only if the coefficient

{(1 —A)d— %)\(;‘) (u— d)} is positive.

Second, the term {SN,l (A u) — 1}{/\())‘)RN,1 ()\,u)} is the same as IT§_; (\)

with the addition of a reported u at the beginning of every allocation function that

appears in this expression. Therefore, the optimal allocation functions in an N period

74



model following a report of u in period one are the same as the optimal allocation
functions in an N — 1 period model. To determine the allocation functions of the
N period model following a report of d in period one, consider the piece of the N

period information rent that involves these functions:

1-F ()

(1 —=X)dSn_1 (A, d) — e

{Sv1 O\ d) (u—d) + (1 — NdRy_1 (N, d)}

I will use an inductive argument. Let of ' be the coefficient on the allocation

function following history Hj in the expression Sy_1, and let p]kv ~! be the coefficient

N—-1
on the same allocation function in expression Ry_i.Assume that % =3 d(“__‘i)
k

where j is the number of d reports in history H; The case of N = 2 can be verified
by direct examination of the formulas derived in the body of the paper.
The the above expression implies that the coefficient on the allocation function

for history (d, Hy) in the expression for the principal’s N period profit is

1—F(\)
f)

which, following the inductive assumption, is just

(1—)\)d0k— {ak(u—d)—l—(l—)\)dpk}

1-F(\) . u—d B
(1 —=X\)doy, — Oy {Uk(u—d)-l—j(l—)\)dmo'k} =
L=F) i dY o) —

(1—)\)d0k— f()\) {k( d)—l—j( d) k}

o[- =S G+ ) - )

This implies that pY,, = o 7' (j + 1) (u — d) . Direct computation shows that

ol = (1= NMFIANAL G Nkl and o N1 = (1 — AP A1kl N1k T fol-
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N-1 N N-1

o o 1 P 0 . - . (u—d) .
lows that il eyt Hence, Uzﬁ = v (U +1) (u—d) = (j+1) g3y, which

verifies the inductive assumption.

The above argument shows that if H; contains j reports of d, then in the N period
model the coefficient on Q1 (d, Hy) is proportional to | (1 — \)d — %)\()’\) (G+1) (u— d)] :
Combining this fact with the fact that the coefficients on the allocation functions in

the N period model Q11 (u, Hy) = Qk (Hy) from the N — 1 period model brings me

to the following result: In a model with any number of periods,

1—F ()

jlu—d)=0

where j is the number of reported downs in history Hj. Verification of incentive

compatibility is similar to the case of two periods.
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