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Abstract

In this article, we study the parameter estimation of interacting particle systems
subject to the Newtonian aggregation. Specifically, we construct an estimator 7 with
partial observed data to approximate the diffusion parameter v, and the estimation
error is achieved. Furthermore, we extend this result to general aggregation equations
with a bounded Lipschitz interaction field.

Keywords: Inverse problem, parameter identification of agent based mode, mean-field limit, data
assimilation, concentration inequality, discrete observation.

1 Introduction

Parameter estimation of (stochastic) dynamical systems has ubiquitous applications in many
areas in science and technology. This is often known as data assimilation (see the recent
book [32] for a mathematical introduction) in particular in the context of numerical weather
forecast. In such problems, a physical model of the form of a dynamical system is proposed
with a few unknown parameters, (partial) observations of the evolution of the system are
then used to determine those parameters and to give predictions of the dynamics in the
future.

In this work, we are interested in a particular class of physical systems that can be
modeled by interacting particle systems. This means that the dynamics of the system
is determined by interactions between agents (particles) together with some intrinsic or
extrinsic random effects. Such systems are widely used to establish different mathematical
models describing collective behaviors of organisms and social aggregations, for instance
flocks of birds [23], aggregation of bacteria [3], schools of fish [22], swarms formed by insects
[4], opinion dynamics [35] and robotics and space missions [29]. We study the parameter
estimation of such interacting particle systems with partial observed data.

More precisely, the microscopic agent-based model investigated here describes the evo-
lution of positions of N agents, denoted by {X!} C R i = 1,..., N, whose evolution is
governed by a system of stochastic differential equations (SDEs) of the type

t 1 < t t t
X} =+ F(X!—X!dt+V2vdB!, i=1,--- N, (1)
J#i
where F' models some pairwise interaction between the agents and B! are independent
realizations of Brownian motions which count for extrinsic random perturbation of the agent
positions. In such systems, the agents are assumed to be identical, so that the noise level v
is the same for each agent. In this work, we assume that the interaction kernel F' between
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agents are known, while the noise level v is to be determined. More specifically, we will focus
on the case when the interaction between agents are given by Newtonian type interaction
for dimension d > 2, or more precisely, a regularized Newtonian interaction, to be specified
below. Suppose we observe or track the trajectories of K agents on the time interval [0, T,
where 1 < K < N, the question we address in this work is how to estimate v and to quantify
the error of the estimator.

A more general situation one may consider is the problem for which the interaction
kernel is also to be determined, this will be left for future works. We note the recent work
[7] which considers learning the interaction kernel for a deterministic interacting particle
systems through a variational approach.

Observe that the scaling of (1) is chosen such that we are in the mean-field regime, as the
interaction strength decreases as 1/N as the number of agents N — oo. It is thus expected
that in the limit N — oo, the system can be well described by a mean-field dynamics, which
can be described as the following nonlinear partial differential equation (PDE)

Oip=vAp—V-(pF xp), xeR’ t>0, (2a)

where the noise level v > 0 enters the PDE system as a diffusion parameter. In particular,
here the interaction kernel is chosen as Newtonian:

Cix

P =T

Ve R\{0}, d > 2, (3)

with C, = %. Here the sign F indicates that the interaction between individuals can
either be attraction or repulsion. Specifically, when the mechanism of interaction is at-
traction, the mean field equation (2) becomes the parabolic-elliptic Keller-Segel equation
[30, 36], which is a prototypical model for chemotaxis and has been used in many related
modeling scenarios.

While it would be intriguing to study the parameter identification problem for the particle
system (1) with the Newtonian interaction (3), such microscopic system is however ill-posed,
as shown by the recent deep result by Fournier and Jourdain [18, Proposition 4]: For any
N >2and T > 0, denote {X;(t);t € [0,T],i =1,..., N} the solution to (1) with F given
in (3), then

P(3se€[0,7],31 <i<j < N:X(s)=X;(s)) >0,

i.e., the singularity cannot be avoided in any finite time with a positive probability and thus
the particle system is not well-defined. As a result, on the microscopic level, one has to use
a regularized interaction kernel for (1). We will in this work consider the regularized kernel
FN.

FN=Fxyy, Pn(z)=NPH(N°z), (4)
where § the cut-off index and 0 < (x) € C°(RY) is a cut-off function, which satisfies
Y(x) = Y(|z]) and [pq ¥ (x) de = 1.

Then we have the regularized stochastic particle system {X!}Y | satisfying

N
1
t_ Nyt t t
dXi_mZF (Xf—X!)dt+V2vdB!, i=1,--- N, (5)
J#i
where the initial data {X?}Y | are independently, identically distributed (i.i.d.) with com-
mon density function pg. Since the regularized kernel is Lipschitz for fixed IV, the system

above has a unique global strong solution. The corresponding aggregation equation has the
form

op=vAp—V-(pFN xp), zecRI t>0, (6a)
p(x,0) = po(x). (6b)

The analysis of the scaling limits of interacting particle system (5) is usually called the
mean-field limits, which pass limits from microscopic discrete particle systems to macroscopic



continuum models. Classical results for globally Lipschitz forces was obtained by Braun and
Hepp [9] and Dobrushin [14]. Then Bolley, Canizo and Carrilo [6] presented an extension of
the classical theory to the particle system with only locally Lipschitz interacting force. The
last few years have seen great progress in mean-field limits for singular forces by treating
them with an N-dependent cut-off. In particular, the mean-field limit for the Keller-Segel
model has been rigorously proved in [19, 24, 25]. And the deterministic particle method for
aggregation equations can be found in [10, 12]. For a general overview of this topic we refer
readers to [11, 20, 28, 38].

Considering the parameter estimation problem for diffusion processes, there is a huge
literature in statistics and econometrics, often related to the estimation of volatility in
financial models. A complete literature review is beyond our scope and we refer the readers
to the book [37] for an overview. To make the scenario more realistic, instead of assuming
the availability of some trajectories { X!}V | for all time t € [0, T, we consider the case that
trajectories are only observed at discrete time snapshots during the time interval. Diffusion
parameter estimation problems based on discrete observations have been discussed by many
authors [1, 2, 5, 13, 15, 16, 27, 31, 39]. However, to our knowledge, no previous work has
been done for diffusion estimation in the context of interaction particle systems. Specifically,
there are a few differences between our work with these works: 1) We consider parameter
estimation of a interacting particle system, however authors mentioned above studied a single
diffusion process. 2) Our estimator (8) concerns the information of interacting particles,
but they only investigated one trajectory and take the expectation value of this stochastic
process. 3) In our setting, the interacting force F' is singular, while the drift function is
assumed to be regular enough in usual statistics literature as mentioned earlier. Our main
result, given below in Theorem 1.1 after we make precise the estimator 7, quantifies the
estimation error of the proposed estimator.

Take a time step At > 0 and let ¢, := nAt and M := £ (we assume that % is an
integer). Denote XZ-(n) = Xf" as the solution to (5) at time ¢,. Namely, one has
)y _ [ L S ‘ .
n n) s s n+l n
x" - x| 7/t N_le (X7 — X3) ds + V2v(B; Bi")
" J#i
lnt1 1 N N (n)
. i
where /\/i(n) ~ N(0,1)%, i.e. the standard Gaussian distribution in dimension d.
Then we are ready to define our estimator for the diffusion parameter
| K M- ) 2
V= —— xmD o x 8
. 6dKT; nz:% X i ®

where 1 < K < N, which means we only have partial observations.
Our main result quantifies the estimation error of the proposed estimator (8), which is
summarized as below

Theorem 1.1. Suppose the initial data 0 < po(x) € L' N L=®(R?) and let p(x,t) be the
reqular solution of the aggregation equation (6) with local existence time T such that p €

L>°(0,T; L' N L>=(RY)). Take a time step At >0 and let t, := nAt and M := L. Assume

{an)}fi’%lzo be the K (1 <« K <« N) sample trajectories satisfying (5) with the cut-off
indexr 0 < § < é at time t,. For any o > 0, there exists some constants C,, > 0 and
No > 0 depending only on v, a, T and ||po| p1nLewe), such that for N > Ny, the estimator

U defined in (8) is an approximation of v, and the following estimate holds
= —257. 2 —a _dKMA?
P(|I/*I/| < CoAt(1 + N™*°log (N))+’yy) >1—-N"%=2" 5 | 9)
with all v € (0,1). In particular, if we choose At = = K%~2 it follows from (9) that

P(|ﬁ—y| < CaK‘S_%) >1- K~ (10)



To prove the estimate error, we split the estimator 7 into three parts:

1 K M-—1 ( ) ()
% n+1 n
Y= KT z; nz_: REED
2
K M-1 p— tot1 N |
S2dKTZZ X —/ %:F (X7 — X3)ds
n=0 oy
2
K M-1 trnt1 1 N N N
WTZ,; / FoT2 ) - | Y = oty | s
K M=1| ., ., )
N s
2dKT; ;O /t /R X = y)oly, s)dyds
= Il +IQ +1-3; (11)

then one has the error estimate
U —v| <|Th —v| + [To| + |Z5]. (12)

In the sequel, we will see that the estimate of |Z3| is a direct result from the property of
regularized kernel F~V. And the estimate of |Z,| is an estimate of interaction, which follows
from the mean-field limit theory. As for the estimate of |Z; — v, it can be deduced from a
concentration inequality of chi-squared distribution.

The work is organized as follows: In the next section, we will give a rigorous proof of the
mean-filed limit for aggregation equations with Newtonian potential. Base on this, we also
obtain an error estimate on interaction. Section 3 is devoted to prove that our estimator
v is a good approximation of v and the convergence rate between them is achieved. Then
in Section 4 we further extend our result to the case where the aggregation equation has a
bounded Lipschitz interacting force.

2 Mean-field limit and estimate on interaction

In this section we will prove the mean-filed limit for particle system (5). Namely, given the
solution p to the mean-field equation (6), we construct a mean-field trajectories {Yt ie1
from (6), then we prove the closeness between X; = (X1,--- , X&) and V; = (Y{,--- | Y}).
To do this, we shall consider again a Newtonian system with noise, however, this time not
subject to the pair interaction but under the influence of the external mean field FN % p(x, t)

v} :/ FN(Y! —y)ply,t)dy dt + V2vdB!, i=1,--- N, (13)
]Rd

here we let {Y;}Y | has the same initial condition as {X}}, (i.i.d. with common density
po). Since the particles are subject to an external field, the independence is conserved.
Therefore the {Y;!}¥ | are distributed i.i.d. according to the common probability density
p. We remark that the aggregation equation (6) is Kolmogorov’s forward equation for any
solution of (13), and in particular their probability distribution p solves (6).

2.1 Preliminaries

Notations: The generic constant will be denoted generically by C, even if it is different

from line to line. For a vector X; = (X1,..., X% ), we denote
[ Xelloo :=_sup X1, (14)
=1,

Since error estimates obtained later are valid when the solution of PDE (6) is regular
enough, we assume that
0 < po € L' N L>®(RY), (15)



then equation (6) has a unique local solution with the following regularity

||pHL°°(O,T;L10L°°(Rd)) <C (HPOHleLoc(Rd)) = Cpoa (16)

where 7' > 0 depends only on ||po| 111 (re). The proof of this result is a standard process
and it can be found in [17, Proposition 3.2].
Let us recall some estimates of the regularized kernel FV defined in (4):

Lemma 2.1. ([24, Lemma 2.1])
(i) FN(0) =0, FN(z) = F() for any 2| > N~ and |FN (2)] < |F(z);
(i) 0P FN (z)| < CNW@HBI=DI for any x € RY;

(iii) |FN|j, < CN(E=D9,

Next we define a cut-off function LY, which will provide the local Lipschitz bound for
FN,

Definition 2.1. Let

6d
N Td’ if |‘T| Z 6N—6a
LY (z) = q || (17)
Nd‘s, else ,

and LY : R®Y — RN be defined by (LN (Xy)); := 7= > LN (X} — X!). Furthermore, we

i)
define T (V;) by (T" (V1)) i= fuu LN (Vi — )p(a, t)da.
Denote

1
Nyt . Nyt t
(PN )= =g 2PN 0 =Y, (18)
J#i
then we have the local Lipschitz continuity of F'V:

Lemma 2.2. [26, Lemma 2.3] If | X; — Yilloo < 2N 79, then it holds that
IFY (Xe) = FY(Y2)[loo < CILY (Vo) ool Xt — Yelloo, (19)
for some C > 0 independent of N.

The following observations of F¥ and LY turn out to be very helpful in the sequel:

Lemma 2.3. [26, Lemma 2.4] Let L™ (x) be defined in Definition 2.1 and p € L* N L>(R?).
Then there exists a constant C > 0 independent of N such that

1LY # pllso < Clog(N)(llpll + lIplloc),  I(LY)? % plloc < ON®(llplls + llpllc);  (20)

and
IFN 5 plloo < Cllplls + llolloc),  IVEN % plloe < Clog(N)(llplls + [lolle)-  (21)

Also, we need the following concentration inequality to provide us the probability bounds
of random variables:

Lemma 2.4. Let Z;,--- ,Zy be i.i.d. random vectors with E[Z;] = 0, E[Z2] < g(N) and
|Z;| < C\/Ng(N). Then for any o > 0, the sample mean Z = + Zfil Z; satisfies

P (lZ' > Ca\/ g(N)lOg(N)) <N, (22)

VN

where C,, depends only on C' and «.

The proof can be seen in [21, Lemma 1], which is a direct result of the Taylor expansion
and the Markov’s inequality.



2.2 Mean-field limit for the aggregation equation with Newtonian
potential

In this section, we obtain the maximal distance between the exact microscopic dynamics (5)
and the approximate mean-field dynamics (13). Denote

F) = [ PN = a)platyda, (23)

then we can introduce the following lemma of consistency at fixed time:

Lemma 2.5. At any fized time t € [0,T], suppose that Yz satisfies the mean-field dynamics
(13) with i.i.d initial data sharing the common density po satisfying (15). Assume that FN

and F" are defined in (18) and (23) respectively, L™ and TV are showed in Definition 2.1.
For any >0 and 0 < § < é, there exist a constant Cy o > 0 depending only on o, T and
Cp, such that

s(d—2)—1

P (HFN(Yt) - FN(Yt)Hoo > O N 1og(N)) < N, (24)

and

(AR Al

> C1oN" log(N)) < N7, (25)

Proof. We can prove this lemma by using Lemma 2.4. Due to the exchangeability of the
particles, we are ready to bound

N N
_ 1
(FN Vi) —(F" (V) = —— S PN =Y - | PNV -a)p(a,t)de = —— > Z;,
= R3 N -1 =
(26)
where

Zj=FNY! -vhH - / FN(Y] — z)p(z, t)dz.
Rd

J

Since Y{ and Y} are independent when j # 1 and FN(0) = 0, let us consider Y{ as given
and denote E'[-] = E[|Y{]. It is easy to show that E'[Z;] = 0 since

E [FNY —YH] = | FN(Y{ —2)p(x,t)da.
Rd

To use Lemma 2.4, we need a bound for the variance

E'[|Z;|’] =E ‘FN(Yf -Y)) —/ FN(Y{ — 2)p(x, t)dx

R3

2
] . (27)
Since it follows from Lemma 2.3 that

. FY(Y] = 2)p(x,t)dz < C(llpllx + llpllso), (28)

it suffices to bound

E[FY (Y - Y))] = /Rd FY (Y = 2)p(z, t)dz < C(lpll + llplle) < C(T,Cpy), (29)

and
J

E[FY(Y! - Y])’] = /Rd FY (Y] —2)*p(z, t)de < [pllllFV|5 < C(T, G, )N, (30)

where we have used ||[FN |y < Ce%(2=D in Lemma 2.1 (iii). Hence one has

E'[|Z;]?] < CNO@=2), (31)



So the hypotheses of Lemma 2.4 are satisfied with g(N) = CN%¢=2), In addition, it
follows from (ii) in Lemma 2.1 that |Z;| < CN°@=1) < C'\/Ng(N). Hence, using Lemma
2.4, we have the probability bound

s(d—2)—1

P(|(PY i) = (FY ()| 2 Cla, T,C) N5 log(V)) <N (32)

Similarly, the same bound must also apply hold to other term with ¢ = 2,--- | N, which
leads to

s(d—2)—1

> C(a, T, Cpy )N 1og(N)) < Ni-e, (33)

P (| Yo - F )

Let C o be the constant in (33), we conclude (24).
To prove (25), we follow the same procedure above

N N
N N _ 1 Nyt t Nyt _ 1 )
(=0 = g 30 )= [ LX)t e = w1 2
(34)
where
Zj =LYV (Y{ - Y}) - /R3 LN (Y] — z)p(z, t)dz.
It is easy to show that E'[Z;] = 0. To use Lemma 2.4, we need a bound for the variance.

One computes that

B (L7 Y] = [ 10 —a)ptant)de < Clog(N) (ol + pll) < C(T, G og(N),
(3)

and

B [LYN (Y -Y))?] = /Rd LYY =2)*p(z,t)dz < CNP(|lpll1+lpllo) < C(T, Cpy )N, (36)

where we have used the estimates of LY in Lemma 2.3. Hence one has
E'[|Z;|*] < CN%. (37)

So the hypotheses of Lemma 2.4 are satisfied with g(N) = CN9. In addition, it follows
from Definition 2.1 that |Z;| < CN% < C\/Ng(N). Hence, we have the probability bound

—N —1 —a
P ([N = @7 ()| = Cla, T )N Log(V) ) < N7 (38)
by Lemma 2.4, which leads to

dé—1

P (HLN(Yt) —ZN(Yt)Hoo > C(a, T, Cpy ) N5 log(N)) < N1-e, (39)

Thus, (25) follows from (39).
O

Next we improve the consistency error to all time through the same procedure in [26,
Proposition 3.1]. To do this, we need the following lemma:

Lemma 2.6. Assume that the time step size At = t,11 —t, = N—7 for B> 2 and Y,
satisfies the mean-field dynamics (13). There exists some constant Cp > 0 depending only
onv, T and Cy,, such that it holds

P (Sup sup ||V — Vi, |l > CBN%ZQ> < CpN2t exp(—CpN"°).  (40)

N t€[tn,tnt1]



Proof. Notice that for t € [t,, t,t1]

Yi-Y, = / / FN Yé—y) (y,s)dy ds + V2vAt(B" — B™)
t, JRd
=t Li(t) + Ia(2). (41)
It follows from Lemma 2.3 that

sup |11 (t)]]oo < CAL < CN™17, (42)

tn <t<tn41

where C' depending only on T and Cy,. To estimate I5(t), recall a basic property of the
Brownian motion [25, Lemma 2.7]:

P < sup  ||B* — BY||oe > b> < C1L(VAL/b) exp(—Cab? / At), (43)

t<s<t+At

where C7 and Cy depend only on d. Choosing b = N~ in (43), it leads to

]P’( sup || Lz()]|s0 > N—%—ff) < OINF exp(—CoN 7). (44)

tnStStn+1

Collecting (42) and (44), it yields that
_B+2 2-8 B-2
Plsup sup |[|Y; =Yi, [ =>CN 20 | <CiN 2@ exp(—CoeN @), (45)
N t€[tn,tnt1]
for some B > 2, which concludes the proof. O
Now we can prove the consistency error in all time.

Proposition 2.1. (Consistency) Let Y; satisfies the mean-field dynamics (13) with i.i.d

initial data sharing the common density po satisfying (15). Assume that FN and " be
defined in (18) and (23) respectively. For any o >0 and 0 < § < é, there exist a constant
C,a > 0 depending only on depends on v, o, T' and C,, such that

N —N S(d—2)—1 _
P( sup HF ¥) —F )| = CaNF " l0g(N) | < N7, (46)
tEOT S
and

P| sup HLNYt ~Vm) >CMN T log(N) | < N7 (47)

te[0,7)

Proof. Denote events:

_B+2
e dsp s Y- vi, < CpN-5E L (1)
N t€[tn,tny1]

and
5(d— 2) 1

Cr, o= {||FY () = FY ()] 2 CLaVFF T 10g()} (49)

where C'p and (', are used in Lemma 2.5 and Lemma 2.6 respectively. According to the
Lemma 2.5 and Lemma 2.6, one has

P(C{) < N, P(H?) < CpN 2 exp(—CpN @), (50)

for any a > 0 and g > 2.



Furthermore, we denote
N =N
B, = {[| ¥ () ~ T (%i)|| < CLaN* T log()} (51)
then under the event B, it holds that

1LY (Vi )lloo < 1T (Ye,)lloe + C1.oaN T log(N) < C(a, T, Cy,) log(N). (52)
and P(Bf ) < N~* by Lemma 2.5.
For all t € [t,, t,41], under the event B;, NC;, NH, we obtain
—N
|F¥on) - F )

o0

<|[FY ) = P+ Y ) - FY )

|+ [P v -Fr e

[e ]
s(d—2)—
pl

<CILY (Vi )loollYe = Ye, lloo + CraN
<C(a, T, Cp, ) log(N)N =57 4+ Cy o N™
<C(a,T,Cy )N

“log(N) + Clog(N) |V — V3, |
== log(N)
“log(N), (8> (d—2)(1 - dd))

where in the second inequality we have used the local Lipschitz bound of FV

|FYN (V) — FN(Y3,)

oo < CILY (Vi) oo 1Ye = Y, lloo (53)

under the event H (see in Lemma 2.2). It yields that

5(d— 2) 1

sw_[FY) - F )| < cwa T Cp)N
tEOT S

log(N), (54)

M—1
holds under the event () B:, NC;, NH. Therefore

n=0

5(d—2)—
2

P(sup HF (Y7) FN(Yt)H > C(a,T,Cy, )N
tel0,T oo

“log(N ))

<ZPB° +Z )+ P(H°)

* 4 CpN2t exp(—CpN"7 ) < N« (55)

Denote C5 o to be the constant C(v, o, T, Cy,) in (55). Since o > 0 is arbitrary and so is
o/, hence (46) holds true. The proof of (47) can be done similarly. O

In order to prove the convergence, we still need the stability result which states:

Proposition 2.2. (Stability) Assume that trajectories Xy = (X{)i=1..-. v, Yo = (Yi)iz1.... N
satisfy (5) and (13) respectively with the initial data Xo = Yo, which is i.i.d. sharing the
common density po satisfying (15). Let events By, and H be defined in (51) and (48)
respectively, FN be defined in (18) . Denote events:

A= { sup X, — Yill., < N’S}, (56)

te[0,T

and

S()i= {7 (X0 < FY 00 < Alog(N) X, — il + Alo(NIN =5, ¥ € 0,71},



For any o > 0, there exists some C3 o > 0 depending only on v, o, T and C,, such that

M
() B.. NANH C S(Cs.a).

n=0

Here the event S(Cs.o) can be seen as the stability result and the events By, , A and H can
be treated as the stability conditions.

Proof. First, we split S(A) into the union of non-overlapping sets {S, }N_,(A), where
Sa(4) = {HFN(Xt) — P () oo < Alog(N) [ X, — i
+Alog(N)N~%7, Vte [tn,tn+1]}.

Notice that for any ¢ € [t,,, tn+1], under the event A N #H, one has

sup | Xe = Vi, [l £ sup [[Xi = Vil o+ sup [[Vi—YV, [l
tE[tn,tny1] t€[tn,tnt1] t€[tn tnt1]
B+

<N+ CpN~—"20 <2N° (8> 2d5—2)
and

sup ||V — Vi, ||l < CpN~2¢ < N5 (8> 2d5 —2)
te(tn tnt1]

Then applying the local Lipschitz bound of FV (see in Lemma 2.2) leads to

1N (Xe) = FY(Yi)lloo < [FN(Xe) = FY (Ve oo + [1FN (Y2,) = FY (YD)l
< OILY (Ve lloo (16 = Yo, [l + 1Yo, = Yallo)
< OILY (Ve ) oo [1Xe = Yill oo + 2CN LY (Ve ) lloo Y2, — Vel o

under the event AN #H.
Furthermore, under the event By, , it follows from (52) that

LY (Y:,)|lso < Clog(N), (57)
Hence, for all ¢ € [t,,, t,41] one has

[FY(Xe) = FY(Yy)lloo < O, 0, T, Cpy) log(N) [ Xy = Vi
+C(v,a,T,C,y) log(N)N~ 20"

under event A NH N B,. Denote the C(v,a,T,C,,) in the above as C3 . This implies
ANHNB;, C Sn(Cs,4), which yields

M-1
() B, NHNACS(Csa)

n=0

Thus, the proposition has been proved.
O

Our next theorem states that the N-particle trajectory X; starting from Xy (i.i.d. with
common density pp) remains close to the mean-field trajectory Y:; with the same initial
configuration Yy = Xy. More precisely, we prove that the measure of the set where the

maximal distance sup || X; — Yi||oo on [0, 7] excedes N~ decreases exponentially with the
t€[0,T]
number of particles IV, as N grows to infinity:

10



Theorem 2.1. (Convergence) Assume that trajectories Xt = (X})iz1... N, Y2 = (Y{)iz1,... N
satisfy (5) and (13) respectively with the initial data Xo = Yo, which is i.i.d. sharing the
common density po satisfying (15). Then for any a > 0, there exist some constant Ny > 0
depending only on v, o, T and C,,, such that for N > Ny, the following estimate holds with
the cut-off index 0 < § < é

Pl sup [|[X; = Vi[oo < N° | >1-N"°
te[0,7)

Proof. We can prove the convergence result by using the consistency from Proposition 2.1
and the stability from Proposition 2.2. Denote the event

Ci= 9 sup [FYY) =T ()| < CoaN™F log(N) - (58)
te[0,T] 00
Consider the quantity e(t) defined as
e(t) = 11X, — Vil (59)

Computing under the event C N S(C3 ) and using the fact % < |||, one has

T e -
—N
< [P (X)) = YY) + |[FY ) - T )
_ B+2 s(d—2)—1
< O30 10g(N) | Xy = Y|, + O30 log(N)N™ 28 4+ Cy o N7 2 log(N)
< C(v,0,T,Cpy) log(N)e(t) + C(v, o, T, Cpy )N "5 log(N). (60)
Using Gronwall’s inequality with e(0) = 0, it follows from (60) that
sup e(t) < CTN"“F log(N)eCT 10s(N) (61)
te[0,7]
Where C depends only on v, o, T and C,,.
We denote the event
M =1 sup e(t) < OTN"“ZF log(N)eCTloe™) | (62)
te[0,7)
then it follows from Proposition 2.2 that
M—1
cn () B, NHNACCNS(Csa) C M. (63)
n=0

Notice that for 0 < § < % there exists some Ny depending only on v, a, T" and C,,,, such
that for N > Ny
sup [ Xi — Vil < sup e(t)
te[0,T] te[0,T]

s(d—2)—1
2

1
<CTN log(N)e“Tee(V) < §N“5 < N9,

Since sup || X — Y|, is a continuous function and it vanishes at ¢ = 0, it can never reach
t€[0,T]
N—%. So the condition A defined in (56) has never been used. The above argument is a
standard a-priori estimate in PDE analysis, which has been used in [21, 25, 33, 34]. Thus
it follows from (63) that
M-1

cn () B, NnHCM, (64)

n=0

11



which concludes that

P ( sup e(t) > N_6> <P(M°) < 21 P(B;,) + P(H®) + P(C)

t€[0,T] n=0

<TNT~* 4 CpNat exp(—CpN @ )+ N™® < N~

by using Proposition 2.1, Lemma 2.6 and Lemma 2.5. Since v > 0 is arbitrary and so is o/,
we have proved Theorem 2.1. O

2.3 The error estimate on interaction

Using Theorem 2.1, we obtain the error estimate on interaction:

Theorem 2.2. Under the same assumption as Theorem 2.1, let p(x,t) be the reqular solution
to the aggregation equation (6) up to time T such that p € L>=(0,T; L' N L>(R%)). Assume
that { X!} | satisfy the particle system (5) and FN satisfies (4). Then for any a > 0 there
exists some constants Cy o > 0, Ng > 0 depending only on v, o, T' and C,, such that for
N > Ny the following estimate holds with the cut-off index 0 < § < %

N
1
P( sup sup FN(fc—y)p(y,t)dy—NZFN@—X})
0<t<T =z |JRrd =

< CyaN7° log(N)) >1-N"2,

Proof. Let us denote

1 N
ebfe) = | [ FV G~ p)ola. 0y - 5 3PN - X))

then one split it into two parts:

N
es(x Nz — - — Nz -Y!
o) < | [ o= oty > Fa- )
1 & 1 &
+ NZFN(x—th)fNZFN(:cfX;)

j
=: e (z) + eby(x).

To estimate eby(x), we can directly use the result from Theorem 2.1. Let us recall the
event

Az{ sup IIXt—Yt||oo§N_6}, (65)
t€[0,T]
then it follows from Theorem 2.1 that
P(A°) < N7« (66)
Furthermore, we define event
N +N ds—1
By :=1{ sup HL @-Y)-IV(@ -1 <CouN“T log(NV)}, (67)
te[0,T] oo

and according to Proposition 2.1 one has that

P(BS) < N~ (68)
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Hence under the event A N By, it follows from Lemma 2.2 and Lemma 2.3 (i) that
eho(x) < CILY (2 = Vi) oo Xt — Yilloo
< C(IT" @ = ¥i)lloo + CoaN "5 log(N)) N~
< C'log(N)N~?,

which implies that
P ( sup sup eh,(r) < Clog(N)N_‘s) >1-N7¢, (69)
0<t<T =

where C' depends only on v, a, T and C),.
To estimate ek, (z), we will use by using Lemma 2.4. Let us define

N N
%Z(FN(:CY;)/RdFN(xy)p(y,t)dy) :%;Z;, (70)

j=1
where

2= PN vf) = [ P y)otat)do @
Rd

And it is obvious that E[Z}] = 0. Since {Y}'}}Y, are i.i.d., we know {Z/}}Y, are also i.i.d..
To use Lemma 2.4, we need a bound for the variance

2
E[|Zj]’] =E ‘FN(fE —Y)) - /Rd FN(z —y)p(y,t) dy ] : (72)
Since it follows from Lemma 2.3 that
BIFY (0= Y))) = [ Y@~ 0)olo. 0 < Lol + ol (73)

it suffices to bound

E[FY(z - Y})*] = /Rd FN (@ —y)?py, t)dy < |lpllocllEV3 < C(T, Cpp ) N2, (74)

where we have used ||[FN |y < Ce%(2=D in Lemma 2.1 (iii). Hence one has
E[|Z}[?] < ON°W=2), (75)

So the hypotheses of Lemma 2.4 are satisfied with g(N) = CN%@=2) In addition, it follows
from (#i) in Lemma 2.1 that [Z![ < CN°@=1) < C\/Ng(N). Hence, using Lemma 2.4, we
have the probability bound at any fix time ¢ € [0, T

N
P /FN(zfy) t)dy — — Z -Y}) > ON™“F " log(N) | < N—@, (76)
R4 =

where C' depends only on v, «, T" and C,,. Then following the same procedure as in
Proposition 2.1, we can improve the estimate (76) to all time, which is

P ( sup supeb (x) < CON T log(N)) >1—- N« (77)
0<t<T =
Collecting (77) and (69), it yields that
IP’( sup supeb(z) < CN‘;log(N)> >1- N2 (78)
0<i<T =

13



where C' depends only on v, a, T" and C),,, which concludes that

N
1
N N t
]P’< sup sup /RdF (x —y)p(y, t)dy — ]Ele (z — Xj)

0<t<T =
<CN7? log(N)) >1- N,

where C' depends only on v, a, T" and C),,, which finishes the proof. O

3 Parameter estimation and the proof Theorem 1.1

In this section, we obtain the diffusion parameter estimation and prove our main Theorem
1.1. Let us define

2

;] K Mo i) » .
L n o n) _ N s s
VKN = —2dKTZ > X X, /t —N_le (X7 —X$)ds| . (79)
=1 n=0 n Jj#i
and recall (11), one concludes that
v —v| <lven — v+ |T2| + [Ts], (80)
where
2
1 KM i ;X N N
Ty = ——— —_ FY (X —X3) — FY(X? — dy | d
= 2|, 7o o P - X)) [ FN = oty | ds|
(81)
and
1 K M-1 tnt1 2
Ty = ——m FN(XP - dyd 2
= a7 o | L oty sy (52)
According to Lemma 2.3, one has
75| < OAt, (83)
where C' depends only on 1" and C,,. Then it follows from Theorem 2.2 that
P (|Z;| < CAtN~*log?(N)) > 1— N, (84)

where C depends only on v, a, T and C,,,. It is left to estimate the error between vg n and
v, which can be done by using the concentration property of x? random variable.

Proposition 3.1. Under the assumption as in Theorem 1.1. Suppose that vk n satisfies
(79), then the following estimate holds

dK M~2

P(lvgny —v| >qv) <2e” s , forallye(0,1). (85)
Proof. Recall that
1 tnt1 1 N
xm ) = x +/ 1 STEN(XP - X$)ds + VUALNTY, i=1,-- K, (86)
tn i
then we know

n+1 n 2% N s s
X X [ g S PN (XS - X)) ds
V2UAL

~ N(0,1)%. (87)
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Notice that the random variable

2

1 ARy (n+1) (n) bnt 1 al N ) ;
S = 2”“;; X" - X, —/tn mgF (X7 — X$)ds

is distributed according to the chi-squared distribution with dN M degrees of freedom. This
is usually denoted as
S ~ Y*(dKM). (88)

Recall a simple fact from probability theory, we know E[S] = dKM and
Var[S] = E [(S — dKM)?*] = 2dK M. (89)
Recall that the estimate of v is given by

2

1 K M-1 i) » i q N
= — X X — S V(x5 - x5
VKN 2dKT;nZ:0 i i /tn NljZ# (X7 = X7)ds| . (90)
which leads to 5 )
VK,N
E ( N _ 1) - 1
[ v } dK M O1)
Hence we have
E[(v — 1/)2] _ (92)
KN T AKM’

Also by the concentration of x? variable, we have the following two sided tail bound

dK M

S 2
Pl|l———-1 < 2e” fi 11 1
(’dKM ‘ > 7) < 2e s, forally e (0,1), (93)

which is a direct result from the Bernstein’s inequality as the form showed in [8, Corollary
2.11]. And it leads to

_ dKM~?

P(lvgn —v|>v) <2~ s , forallye(0,1). (94)

Hence it concludes the proof. O
Collecting estimates (94), (84) and (83), one has

_dKM~?
8

P(|0—v| < CAt(1+ N *log*(N)) +qv) > 1 - N* -2~ 5 (95)

for all v € (0,1). Hence Theorem 1.1 has been proved.

4 Extension to regular interacting kernel F € TW1>(R%)

In this section, we will extend our result to the particle system with regular interacting force
F', which satisfies
F e Whe(RY). (96)

Since F' is non-singular, there is no need to mollify the force F' anymore. To be specific, we
consider trajectories { X!}, satisfying SDEs:
;X

dX} = 1 F(X}—X})dt+V2vdB}, i=1,---,N, (97)
J#i
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where the initial data {X?}Y, are i.i.d. sharing the common density py € L' N L>(R%).
Then the solution p to the mean field equation:
Ohp=vAp—V-(pFxp), zeR’ ¢t>0, (98a)
p(z,0) = po(z), (98b)

has the following regularity for any 7" > 0

HPHLO@(O,T;leLw(Rd)) <C (Tv Hp0||L1ﬂL°°(Rd)7 HF”WLOO(Rd)) = CF,po- (99)

Take a time step At > 0 and let ¢, := nAt and M := % (we assume that £ is an

integer). Denote XZ-(n) = X!" = X" as the solution to (97) at time ¢,,. Namely, one has

N

tni1 1
X xm o / o7 2 F (X - XG) ds + V2UrAIN™, (100)
tn T

where M(n) ~ N(0,1)%, i.e. the standard Gaussian distribution in dimension d.
Then we are ready to define our estimator for the diffusion parameter as before

1 K M-1 2

~ n+1 n

vi= > Y [ x| (101)
i=1 n=0

where 1 < K < N, which means we only have partial observations.
The extended result can be described in the following theorem.

Theorem 4.1. Suppose that F(x) € WE(R?) and 0 < po(z) € L' N L>=(R9). For any

T > 0, take a time step At > 0 and define t,, == nAt and M = % Let {Xi(")}fi’yn:o

be the sample trajectories satisfying (97) at time t,,. Then there exists some C, > 0 and
No > 0 depending only on v, o, T, || F||y1.0c ey and ||pol| L1npee (ray, such that for N > Ny,
the estimator U defined in (101) is an approximation of v, and the following estimate holds

2
P (17— v| < Calrt(l + N og?(N)) +17) > 1= N~® —2e~ "5 (102)

for all v € (0,1). In particular, if we choose At =~ = K~1, it follows from (102) that
P(|ﬁ—y| < CQK—%) >1- K~ (103)

Proof. First, let us we split the estimator 7 into three parts:

1 iMil (n+1) (n)|2
v= |xX;" = X
6dKT — ~—

K M-1

! (1) _ ey _ [ 1
S ST X=X - F(X;—X3)d
< SarT 2 2 | i N7 2 P - XG) ds
i=1 n=0 n i
1 K M-1 tni1 1 N 2
SI1T —_— F(X?—-X7?)— F(X5 — d d
+2dKTi_Zlnz_%/tn Nl; (X7 —X3) . (X7 —yply,s)dy | ds
1 K M=1 ..., 9
ST F(X; - dyd
+ gdKT; n;) /tn » (X7 —y)p(y, s) dyds
=11 +1, +7Is. (104)
According to Lemma 2.3, one has
1Zs| < CAL, (105)
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where C' depends only on T', || F|yy1,00 (ray and |[po|| ,1npe we)- It follows from Proposition
3.1 that

dK M~2
P(Zy —v|>~v) <2~ s , forallye(0,1). (106)
Now it is left to get the estimate of Z5. The main idea behind the proof is also to
construct a mean-field dynamic system {Yf}fil without interaction:
dy; = / F(Y! —y)ply, t)dydt + V2vdB;, i=1,--- N, (107)
Rd

here again we let {V;!}~, has the same initial condition as {X!}¥, (ii.d. with common
density pg) . Consider the quantity e(t) defined as

e(t) == 1 X; — Yill. - (108)

Following the same procedure as in Lemma 2.5 and Proposition 2.1, one can prove that there
exists some C ,, depending only on v, o, T', [|[F'||yy1,5re) and [|po|| 1AL ey such that

N
1 1
Plly—7 2 F( -Y]) —/ F(Y! —y)ply,t)dy| > CraN"%log(N) | < N7

[ R o
(109)
We denote the event
;X
1
Ci= |l g7 2P0 =) —/ F(Y! —y)ply,t)dy| < CraN"2log(N) ¢, (110)
i R -
Then using the fact % < ||%||, one concludes that under the event C
N
de(t 1
) <l F(X - X]) —/ F(Y! —y)p(y,t)dy
dt N 14~ 2
J#i o
. 1 &
<l=—YF(X!-X}) - — > F(V/ -V}
—Nil‘l (Z J) N*l‘, (1 J)
J#i J#i o
;N
t t t
g S0 =) - [ P )t 0y
JFi oo
< CJ[X, ~ Yilloo + ON~F log(N), (111)
which leads to )
sup |1 X, — Yill, < ON~# log(N), (112)
te[0,T]

where C' depends only on v, a, T, ||F|ly1.(ray and ||pol| 1z (rey. Based on this mean-
field limit result, we can prove error estimate on interaction as in Theorem 2.2. It is easy to
compute that

N
IR e > Fle- X))
1 N
S/RdF(wy)p(y,t)dyN;F(ij)
+ N%ZF(SC*}/;)*%ZF(:E*X;)
j#i j=1
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Using (112) implies that under the event C

sup supeh(z) < CN~z log(N), (113)
0<t<T =«

where C depends only on v, a, T, || Fly1.(ray and [|po|| L1nze(ray- As for ef (z), following
the procedure in the proof of (77), it yields that

P ( sup supel(z) < CN™2 log(N)> >1-N"° (114)
0<t<T =
Combining (113) and (114), it leads to

N
1
P| sup su /Fac— ,Ody — — F(z — X!
<0<th wp| | F@ =yl dy N; (w = X)

<CN~2 log(N)) <1-N"°,

which leads to
P (|Zo| < CAtNtlog*(N)) > 1 - N2, (115)
where C' depends only on v, o, T, || F||y1.00 (ray and [|po|| L1z ra)-
Collecting (106), (115) and (105), we obtain our result

_ dKM~?

P (|0 —v| < CAt(1+ N 'log*(N)) +vy) >1—-N"*—2¢" s , forallye(0,1),

where C' depends only on v, o, T', [|[F'||yy1,00 ray and [|po|| ,1qpee (re)- O
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