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Abstract

Using a new method [I1] it is possible to derive mean field equations
from the microscopic N body Schrodinger evolution of interacting parti-
cles without using BBGKY hierarchies.

Recently this method was used to derive the Hartree equation for sin-
gular interactions [5] and the Gross Pitaevskii equation without positivity
condition on the interaction [I2] where one had to restrict the scaling
behavior of the interaction.

In this paper more general scalings shall be considered assuming pos-
itivity of the interaction.
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1 Introduction

In this paper we analyze the dynamics of a Bose condensate of N interacting
particles when the external trap — described by an external potential A; — is
changed, for example removed.

We are interested in solutions of the N-particle Schrodinger equation

d
i—WU, =HWV 1
Tt ! S
with some symmetric (under exchange of any two variables) ¥ we shall specify
below and the Hamiltonian

N N
H:—ZAJ-+ Z VB(Ij_Ik)+ZAt(xj) (2)

1<j<k<N

acting on the Hilbert space L?(R3" C), where 3 € R stands for the scaling
behavior of the interaction. Note, that ¥ depends on N. For ease of notation
this shall not be indicated (as well as for many other N-dependent objects).
The V3 scale with the particle number in such a way, that the total interaction
energy is (like the total kinetic energy of the N particles) of order one.

For the moment one may think of an interaction which is given by Va(z) =
N33V (NBz) for a compactly supported, spherically symmetric, positive po-
tential V' € L*. The interactions we shall choose below will be of a more general
form.

The Ay describing the trap potential is a time dependent external potential
which we shall choose — in contrast to V3 — N-independent. Note, that H
conserves symmetry, i.e. for any symmetric function ¥ also H¥( and thus ¥,
is symmetric.

Assume moreover that the initial wave function ¥y is a condensate in the
sense that the reduced one particle marginal density

o ::/\I/*(~,x2,...,J:N)\I/(~,x2,...,:cN)dgzzrz...dgzer

converges to |¢o){po| in operator norm.

Under these and some additional technical assumptions we shall show that
also 1%t will be a condensate, i.e. that there exist L? functions ¢; such that in
operator norm

lim p% =
NE)DOOM le) (e

uniform in ¢ on any compact subset of RT and — under additional decay con-
ditions on ¢; — uniform in ¢ € RT.
In addition we shall show that ¢; solves the differential equation

d -
Zagﬁt = (—A + At + V@t) ©®t (3)



with (g as above, where the “mean field” V., depends on ¢ itself, so (@) is a
non-linear equation.

For different regimes of 3 different effective mean field potentials will appear:
For 3 = 0 each particle feels N~! Zj\; V(zr — ;) = [V(z — y)|led*(y)dPy
interactions as long as the particles are roughly |p;|?-distributed. Hence the
mean field is given by V,, = V x [p;|2. This case is less involved than scalings
0 < B <1, thus it fits best to introduce the new method (see [LI]).

For 0 < f the interaction becomes d-like. To be able to “average out” the
potential it is important to control the microscopic structure of ¥;. Assuming
that the energy of W, is small, the microscopic structure is — whenever two
particles approach — roughly given by the zero energy scattering state of the
potential V. Let us for the moment call this zero energy scattering state fév ().

Changing to coordinates y = NPz the zero energy scattering state satisfies
1
N (=D + SNV () N () = 0.

For 8 =1 the scaling of the potential is such that the zero energy scattering
state f2'(x) of the potential Vj just scales with y, i.e. fi'(z) = f{(Nz). Since
[ Vs(z) fév (x)dx equals 87 times the scattering length of Vj it follows that the
mean field is given by 2a|p;|?, where a/(47) is the scattering length of V.

The microscopic structure formed by the wave functions enables us to gen-
eralize the interactions when 8 = 1 and V is compactly supported: Since the
scattering length of the potential is always smaller than the radius of the support
of the potentials, the coupling constant of the interaction may grow arbitrarily
fast in NV in that case. Hence we shall also consider interactions of the form

Viu(z) = NFV(N 1) (4)

with g > 2. In this case the wave function avoids the interaction regions and
still the scattering length and thus the effect of each interaction is of order N 1.

For 0 < 8 < 1 the scaling is “softer” and the microscopic structure disap-
pears as N — co. Thus the mean field is given by V,,, = ||[V||1|¢¢|?. One can
also argue, that for “soft scalings” the scattering length is in good approxima-
tion given by the first order Born approximation and thus roughly the Li-norm
of the interaction divided by 8.

Note that the cases 8 < 0 and 8 > 1 are of minor interest: In both cases the
interaction becomes negligible. In the case S < 0 the interactions are more or
less constant over the support of ¥, in the case 8 > 1 the radius of the support
(and with it the scattering length) of the interaction shrinks faster than N~1.
Thus the effective interaction felt by each particle becomes negligible.

A proof for the cases 0 < 5 < 1 without external fields based on a hierarchical
method analogous to BBGKY hierarchies can be found in [2] 3]. The simpler,
one dimensional case is treated in [I]. We shall give an alternative proof in
three dimensions including time dependent external potentials and generalize
to scalings of the form (). Furthermore we shall prove that the convergence
holds uniform in time, assuming that ¢; shows sufficient decay behavior.



In recent years there has been a growing number of experiments with Bose
Einstein condensates where the influence of the mean field has been analyzed
(see for example [6]). In many of these experiments the condensate propagates
while an external field is present, for example in the well known atomic laser
experiments the condensates are dropped in the gravitational field. Thus a the-
oretical understanding of the dynamics of Bose Einstein condensates in external
fields is appreciated.

2 Formulation of the Problem

2.1 The new method

The method we shall use in this paper is in details explained in [I1]. Heuristically
speaking it is based on the idea of counting for each time ¢ the relative number of
those particles which are not in the state ¢; and estimating the time derivative
of that value. To put that onto a rigorous level we need to define some projectors
first.

Definition 2.1 Let ¢ € L?*(R3,C).
(a) For any 1 < j < N the projectors pj : L2(R3N C) — L2(R3N,C) and
q; L2(R3N C) — L2(R3*N,C) are given by

Py = go(:vj)/go*(xj)\ll(:vl, ox)diz; YU e LR C)

and qf = —p;‘.’.

We shall also use the bra-ket notation p? = |p(x4))(p(x;)|-
(b) For any 0 < k < N we define the set

N
Ak = {(a1,a2,...,a1v)1(lj € {071}7 Zal :k}

j=1

and the orthogonal projector P¢ acting on L*(R3N C) as

T 3 | (o

ac A j=1
For negative k and k > N we set P := 0.

(¢) For any function m : N> — R we define the operator m# : L>(R3Y | C) —
L2(R3N C) as
N
me =Y m(j,N)Pf . (5)
3=0



We shall also need the shifted operators m¥ : L*(R3N,C) — L*(R3*YN,C)

given by
+

Z (j+d,N)P

2.2 Derivation of the Gross-Pitaevskii equation

This paper deals with the case 0 < 8 < 1 only. Then (B]) becomes the Gross
Pitaevskii equation

d
1Pt = (—A+ Ay) or + 2alpi o1 = Py . (6)

Following [I1] we shall define a functional a : L?(R3Y,C) ® L?(R?,C) — R*
such that

(a) La(V, ;) can be estimated by a(¥y, ¢;) 4+ (1), giving good control of
a(Py, o) via Gronwall.

(b) a(¥,¢) — 0 implies convergence the reduced one particle density matrix
of U to |¢){yp| in trace norm.

In the case 8 = 0 it turned out that the choice
a(¥,¢) = (v, () v)

(again n(k,N) = \/k/N and (-) is scalar product on L?(R3" C)) for arbi-
trary j > 0 does the job (see for example [I1] and [5], where the cases j = 2
respectively j = 1 are treated for different interactions).

Depending on the particular setting slight adjustments of the functional o«
are sometimes needed to get sufficient control of %a(\lft,cpt). When dealing
with interactions which peak very fast as N tends to infinity, adding a func-
tional which takes care of the smoothness of ¥ proves to be helpful. Doing
the estimates it turns out that one needs that ||[V1¢{¥|| is small (see Lemma
{4 (d)). With the Grgnwall argument in mind the first idea one might have
is to add precisely this term to «, but on the other hand the time derivative
of [V1g¥ | is hard to control. Therefore we add the difference of the energy
per particle of ¥ and the Gross-Pitaevskii-energy of ¢ to our functional. It is
natural to assume that — if u¥ — |p)(p| — this difference is initially small and
one expects that during time evolution the energy change per particle of ¥ and
the energy change of ¢ are approximately the same.

Therefore we shall need the energy functional £ : L2(R3",C) — R

E(V) =N"'(¥,HY) ,
as well as the Gross Pitaevskii energy functional €47 : L2(R3?,C) — R

E (p) :=(V, Vo) + (o, (A + alo*)p) = (@, (hF —ale)p) . (7)



Doing the estimates it turns out that ||[V1¢{ ¥| is small in terms of the energy
difference plus (¥, n?¥). Therefore we choose a in the following way:

Definition 2.2 Letn(k,N) := \/k/N. We define for any N € N the functional
a: L2(R3N,C) x L2(R%,C) — RS

(P, ) = (U, n°0) +[E(T) - €97 ()] .

To get good control of (¥, n¥*W,), the solutions ¢; of the Gross Pitaevskii
equation we shall consider have to satisfy some additional conditions.

Definition 2.3 We define the set of “good” solutions of the Gross-Pitaevskii
equation

d
G :={o iz =hTpn; [lelloo + [Api]l <00V >0}

Furthermore we shall — depending on 3 — need some conditions on the in-
teraction Vg. These conditions shall include the potentials we used in the in-
troduction, i.e. potentials which scale like Vg(z) = N30V (NPz) as well as
scalings of the form () for compactly supported, spherically symmetric, positive
potentials V' € L.

Definition 2.4 Let a > 0. For any 0 < 8 <1 we define the auxiliary set
Us = {Vj pos. and spher. symm., Vz(z) =0V x > RN~? for some R < oo}
as well as the set of potentials with appropriate scaling behavior for 0 < g <1
Vg :={Vg €Us: lim ]\]1735”‘/5”OO < 00;
N—o00
A}im N ||NVg|l1 — 2a| < oo for some n > 0},
—00

and for =1

Vi i={V1 el : A}im N"4rwNscat(Vy) — a| < oo for some n > 0},
—00

where scat(V') is the scattering length of the potential V.
With these definitions we arrive at the main Theorem:

Theorem 2.5 Let 0 < 8 <1, let Vg € Vg, let Ay be an external potential with
SUp, s er |Ai| < 00, Let op € G and Yo be symmetric with ||[Wo| = 1. Then
there exists a n > 0 and constants C1,Cy < oo such that

Oé(\Ijt, (Pt) S 01602(IHN)1/3 f[f ”‘PS||OO+||VAPS”6,loc+HASHcod5 (0&(\:[}0, 900) + an) ,

(8)

where || - ||6,10c : L*(R3,C) — R is the “local LS-norm” given by

||90||6,loc ‘= Ssup ||]l|v—m|§1</7||6 :
z€R3



Remark 2.6 (a) Lieb, Seiringer and Yngvason have proven that for the ground
state W9° of a trapped Bose gas and the ground state p9° of the respective
Gross-Pitaevskii energy functional E(W9%) — EGF(p9%) — 0 as N — oo
[9]. In [7] Lieb and Seiringer show that u*’" — |©9%)(¢9%|. Hence for the
ground state of a trapped Bose gas limpy oo (V9% 09%) = 0.

(b) For all 7 > 0 one can find a N > 0 such that (In N)/3 < nln N. Thus
eM)V? < Cenin N — CN", so if a(¥g,po) < CN" for somen >0 and
if fg l2slloo + | V@sll6.10c + || Aslloods < oo it follows that the right hand
side of (8) is small.

bounded by the square of the Gross-Pitaevskii Energy.

(c) Using Sobolev ||Vs|lsioe < [|Veslle < [Ag|l. Thus ||Ves|leioe can be

On the other hand ||V ¢sll6,10c < [|[V@loo. Since we are in the defocussing
regime one expects when the potential is turned of that ||¢|le and ||Vl oo
decay like t=3/2. Whenever [;° ||¢slloo + | Vs ll6,i0c + || As||ocds < oo the
right hand side of (8) is small uniform in t.

(d) It has been shown in [11)] that

lim (¥, n?¥) =0

N—o0
implies weak convergence of the reduced one particle density matriz of U
against |p){p| and vice versus. For other equivalent definitions of asymp-
totic 100% condensation see [10)].

(e) The set V1 includes potentials with scalings of the form ().

2.3 Skeleton of the Proof

We shall prove the Theorem via Grgnwall, so our goal is to show that there
exists a 7 > 0 such that

a0 < ClalWip) + N77) )
Therefore we shall define a functional o : L?(R*N,C) @ L?(R3",C) — R such
that S a (W, o) < o/ (W4, ¢¢). It is convenient to split up o’ = af+af + a4 and
treat these summands separately (see Definition and Lemma B.6]). Then we
will show that we can find a respective bound for o (U4, ;). A nice feature of
the method we use is that we can avoid propagation estimates on ¥, to get ([@):
Similar as in in [I1] one can estimate the functional o/(¥, ¢) uniform in ¥ and
¢ in terms of a(¥, ¢) and N7 times some polynomial in ||¢||ee, [|V¢ll6,10c and
|Ap|l < co. Under the assumption ¢, € G we get (9.
The proof is organized as follows:

(a) The respective estimates of the ag ; (¥, ) shall be given in section [
The procedure is similar as in [I1]. It turns out that
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o We get good control of af for all 0 < § < 1.
o We get sufficient control of a; for § < 1/3, only.

e For as some of the estimates are in terms of |Vi¢1¥| and some
estimates require that g < 1.

So the next step will be to show that |V1q1¥|| is small: For later reference
we shall give in section 1] an estimate of the interaction energy and an
implicit estimate on ||V1¢1¥|| which holds for all 0 < 8 < 1. The result
will be used in section to control ||[V1g1¥| in terms of a(¥, ) and
N~ for some 1 > 0 under the restriction 0 < 5 < 1.

This enables us to finish the proof of the Theorem for 5 < 1/3 using
Grgnwall (section [A.3]).

After that we generalize the proof of the Theorem to the case § < 1. We
already have good control of af, and a. To make ) controllable we use
the microscopic structure to adjust « in such a way that the respective
adjusted o) is controllable. Therefore we need some estimates on the
microscopic structure of the wave function. These are given in section (.1}
In section 522l we adjust o and prove, that the adjustment in fact changes
the respective o) such that it is controllable for all 0 < 5 < 1. Then we
complete in section the proof of the Theorem for 0 < 8 < 1.

Our final goal is to treat the case § = 1. To be able to use our results of
the previous sections, we have to generalize our estimates on ||V1g1¥| to
the case f = 1 first. It turns out that |Vig1¥| is in fact not small for
B = 1: Some non-negligible part of the kinetic energy is used to build up
the microscopic structure in that case. Nevertheless we are able to control
the kinetic energy of ¢; ¥ outside some small set around the positions of
the other particles (section [621]).

In the next section we show that this new estimate is in fact sufficient to
recover our old estimates, in particular Lemma 4] (d).

Similar as in (b) we now make another adjustment of «a using again the
microscopic structure. We adjust « in such a way that the respective o
is controllable also for 5 =1 (section [63).

Finally we complete the proof of the Theorem (section [G.4]).

Preliminaries

Notation 3.1 (a) Throughout the paper hats = shall solemnly be used in

the sense of Definition [21 (c). The label n shall always be used for the
function n(k,N) = \/k/N.

b) In the following we shall omit the upper index @ on p;, q;, P;, P; ) and™.
js 45> L5 175,

It shall be replaced exclusively in a few formulas where their ¢-dependence
plays an important role.



¢) We shall need the operator HEP := 5. h¢P where h&T is the Gross
j=1""3 J

Pitaevskii () operator acting on the j™ particle.

(d) In our estimates below we shall need the operator norm || - ||op defined for
any linear operator f : L2(R3N C) — L2(R3*N,C) by

[fllop := sup [[fP]].
=1

(e) Constants appearing in estimates will generically be denoted by C. We
shall not distinguish constants appearing in a sequence of estimates, i.e.
in X <CY < CZ the constants may differ.

First we need some properties of the objects defined in Definition 2.1
Lemma 3.2 (a) For any weights m,r : N> — R{ we have that

o~

mr =mr =

=)

m T/T\ij = pjfl\”b 7’/T\LP1C = P;CT/T\L .
(b) Let n : N> — R be given by n(k,N) := \/k/N. Then the square of 1i

(c.f. (3)) equals the relative particle number operator of particles not in
the state ¢, i.e.

N
A =N ;. (10)
j=1
(¢c) For any weight m : N> — R{ and any function f : RS — R and any
Gk =0,1,2
mQ; f(x1,22)Qr = Q; f(w1,x2)Mj Qe ,

where Qo 1= p1p2, Q1 € {p1g2, a1p2} and Q2 := q1¢z.
(d) For any weight m : N> — RBL and any function f : RS = R

[f(x1,22),m] = [f(x1,22), p1o2(M — M2) + prg2(M — M) + qip2(m — my)]

(e) Let f € L', g€ L?, h € L3 with h(x) =0 for all |z| > 0.

lpi f (x; = zi)pillon <IFIlllell3 - (11)
l9(z; = z)pillop <llgll2lllloo , (12)
[h(z; = xk)Vpillop <[Pl Vell6ioc - (13)

Proof:

(a) follows immediately from Definition 2], using that p; and g; are orthog-
onal projectors.

10



(b) Note that UY_ Ar = {0,1}",s0 1 = Ziv:o Py. Using also (qx)? = g and
qrxpr = 0 we get

N N N N N N
Ny e =N"Y ) PB=N'> > aP=N") jP
k=1 k=1 j=0 j=0k=1 j=0
and (b) follows.

(¢) Using the definitions above we have

N

MQ; f(w1,22)Qk = > m()PQ; f (w1, 22)Qx

=0

The number of projectors ¢; in P;Q); in the coordinates j = 3,...,N
is equal to { — j. The p; and ¢; with j = 3,..., N commute with
Q;f (w1, 22)Qk. Thus PQ; f(21,22)Qk = Q; f (21, 22)QiPi—j1k and

N
mQ; f(x1,22)Qr = Zm(l)ij($1,$2)QkPl—j+k
N+k—j i
= > Qif(zr,z)m(l+j— k)PQx = Q; f(z1,m2); 1 Qs -
I=k—j

(d) First note that
[f(z1,22),m] — [f(x1,22), p1p2(M — Ma2) + p1g2(M — M) + qip2(m — Mmy)]
=[f(z1,22), q1q2m] + [f (21, x2), p1p2ma + p1gaimy + q1paima] . (14)

We shall show that the right hand side is zero. Multiplying the right hand
side with pypo from the left one gets

pip2f(x1, 2)q1q2m + p1p2 f (21, 22)pr1pama — pipema f (1, 22)
+ p1p2 f (%1, 22)p1gaMma + p1p2f(x1, T2) 1D

Using (c) the latter is zero. Multiplying (4] with p1g2 from the left one
gets

p1g2f (21, 22)q1g2m + p1ga f (w1, 2)p1p2ma + p1gaf(T1, 22)p1g2ma
+ 12 f(z1, 22)q1pama — p1gama f(x1, x2)

Using (c) the latter is zero. Also multiplying with ¢1po yields zero due to
symmetry in interchanging x; with zo. Multiplying (I4)) with g1¢g2 from
the left one gets

Q@2 f(z1,22)Mq1q2 — qrgamf(x1, x2) + qiga f (21, X2)p1p2ma+
q1q2f (1, x2)prgama + quq2 f (21, 22)q1pama

which is again zero, thus (I4]).

11



(e) To show (II)) we use the notation p; = |p(z;)){p(z;)]

pif(zj —zi)pj =le(x;)) (o) f(z; — zi)le(@;)){o(z;)]
= p(@))(f * o) (@r){ple;)] = pi(f * o) () -
It follows that
D5 f (25 — 2)pillop < I Fll1lloll% -
With Young we get ().
For ([I2) we write
lg(x; — 2)pill5, = sup [lg(z; — x;)p; V||* =
(Iw)=1

= ”\sljtﬁpl<<‘1’,pjg(:vj —z;)%p; )

<|lpjg(z; — ;)?p;llop -

With ([ we get (I2). For [I3) we have using Young’s inequality

1725 — 2)VDjllop < sup (Ve h?(- = y) V)|
yeRe

1/2 1/2
< sup [[B2]135 11— <1 | Velll3
yER3

=[Plls[IVellsioc -

(15)

d

When doing the estimates we will encounter wave functions where some of the
symmetry is broken (at this point the reader should exemplarily think of the
wave function Vg(z1 — x2)¥ which is not symmetric under exchange of the
variables z1 and x3 for example). Therefore we want to formulate some of our
results for wave functions which are not symmetric under exchange of any two

variables z;, xj. This leads to the following definition

Definition 3.3 We define for any finite set M C N the space Hpy C L*(R3N,C)

of functions which are symmetric in all variables but those in M

VeHyoU(xr,...,T5,. .., Tpy ..., ZN) = V(T1,. .0, Ty oo, TG, - -
forall j,k & M.

and the operator norm || - [|pm on Hag — L*(R3N,C) by

1Al a1 = sup {(x, Aw) .
WX EH i | W =Xl =1

7$N)

With Definition [Z1] we arrive directly at the following Lemma based on

combinatorics of the p; and g;:

12



Lemma 3.4 For any f : N> = Re and any finite set M, C N with 1 ¢ M,
and any finite set My C N with 1,2 ¢ My, there exists a C > oo such that

~ 2 ~

|Fary|” <cufaw|?  for any W e Har,, N> Mo (16)
N 2 212
|Fara® | <CIFEPUI? for any W € Hayy, N> IMo]. (17)

Proof: Let U € Hq, for some finite set 1 € M, C N. For (1) we can write
using symmetry of ¥ and Lemma (b)

IFawl? =, (7)) 12 Paw)
NS () = %«w, ()
k¢ M,
Ml e

Similarly we have for ¥ € Hy,

IF 20| =, (F2 @) ) > N2 3" (0, (f) g0 )

7 kg My
SN =M= (P + 20 . (Fraw)
> _W'(]]VV; MY fg

and the Lemma follows.
O

Our next step is to define the functionals 043», j = 0,1,2 which, as explained
above, control the time derivative of a(Uy, ;).

Definition 3.5 Using the notation

2a 2a
Zp(wj, xk) = Va(wj — ax) — —_1|80|2(33j) - —_1|<P|2(33k)

N N
we define functionals of ; 5 : L*(R*N,C) — R* by
ag(W, @) = |{(Ur, AV) — (@, Ap) (18)
oy (W, ) =2N(N = ) ((¥, Zs (1, 22)p1p2(R — R2) U)) (19)
a5(¥, @) =AN(N = 1)S ((¥, Zs (21, 32)p1ga2(7i — 71 T)) - (20)

Lemma 3.6 For any solution of the Schrédinger equation Wy and any solution
of the Gross-Pitaevskii equation p; we have

‘—a \I’ta%

2
< Za;‘(‘l’t,@t) ' (21)
=0

13



Proof: For the proof of the Lemma we shall restore the upper index ¢; to
pay respect to the time dependence of n%t. We have for the time derivative of
the first summand of «

G WY = — R W) (R )
+ iy, [HTT 7% 1,)
= — (W, [H — HET 7% |0,

=—IN(N = 1){¥y, [Zs(x1,22), 0% |T,) .
Using Lemma B2 (d) it follows that the latter equals

—iIN(N = 1){(Wy,[Zs(x1,22), prp2(n?* — 05" )W)
— 2iN(N — 1)( Uy, [Zs(x1, 22), prga (A — 7))

Since Zg is selfadjoint this is o + 5.
For the second summand of  we have

(600 = £7(2) = (01, Ale)8) — (g (o) 20

— (e, Avpr) — (01, [(R9F = ale]®), hF ) py)
=Wy, At(xl)‘l’t» — {4, AtQOt> + (o, [a|90t|27 hGP]‘Pt>
— (o1, [aled®, Ky (22)

Hence d
X |E(W) = E9F (01)] < (T, ) (23)

which proves the Lemma.

4 Control of the o/ for < 1/3

As a first step we shall prove the Theorem for scalings § < 1/3. It is not
surprising that this case is special: 8 < 1/3 means that the mean distance of
two particle is much smaller than the radius of the support of the interactions
as N — co. Thus we are in a regime where for |¥|?-typical configurations many
of the interactions overlap and one arrives directly at a mean field picture.

Our goal is now to control the functionals g ; 5 in such a way, that we can
conclude that a(¥y, ;) is small via Grgnwall. Remember that for the ¢’s we
are interested in |||, and ||V¢|l6,10c > ||A¢p|| are bounded (see Definition 23)).
Hence it is sufficient to estimate oz;, 7 =0,1,2 in terms of a + N~7 for some
n > 0 times an arbitrary polynomial in [|¢]l, [V¢ll6,10c and [[Ag|. So we
define
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Definition 4.1 The set F of functionals L?(R3,C) — R is given by

K € F & there exists a polynomial K : (RT)> — R such that
K(e) = K(llglloo, 1Awl]) -

And we want to show that for some K € F, somen >0 and j =0,1,2
o < K(p)(a(¥,9) + N7

uniform in (¥, ¢) € L*(R*N,C) ® L*(R3,C).
Rewrite o} 5 multiplying Zg with 1 = p1p1 + p1ga + q1p2 + q1q1 from the
right. Lemma [3:2] (¢) shows that

p1p2Zp(x1, x2)p1p2( — N2) = pip2( — N2) Zg(x1, x2)p1D2

is selfadjoint and so is p1g2Zg(x1, 2)p1g2(W — N1).

The operator q1p2Zs(21,z2)p1g2(R — A1) is invariant under adjunction plus si-
multaneous exchange of the variable x1 and z3. Thus the sandwiches with ¥ of
the respective operators are real and using Lemma (c)

o} (¥, ) =4N(N — 1) ((¥,p1ga(f—1 — N1) Zs (21, 22)p1p2 V) (24)
+2N(N = DS (¥, q1g2(n—2 — 1) Zg (21, 22)p1p2 V) (25)
ay(W, ) =4N(N — 1)S ((¥, p1p1 Zs(21, 22)p1g2 (i — 11 ) T)) (26)
+AN(N = DS ((V, q1g2(n—1 — ) Zg(z1,72)p1g2V)) (27)

The task of this section is to estimate all the terms on the right hand sides
of 24)) and 26l as well as «f. This will be done in Lemma 4] below, but let
us first give some heuristic arguments why they are small

e From a physical point of view (24)) and (28] are the most important. Here
we use that in leading order the interaction and the mean field cancel out.
Note first that one of the mean field parts in Zg is zero: p;q; = 0, thus
piqrale(z1)|pip2 = 0. For the interaction part in Zg we use formula (I5]):
p1Vs(r1 — 22)p1 = Vg * |p|*(z2)p1. Since Vj is d-like and its integral is
a/N the latter is ~ a|p|?(x2)p1, cancelling out most of the mean field part
in Zg. Thus (24) and (28] are small.

e Since there is neither a p; nor ps on the left side of V3 in ([25]) the latter
seems at first view to grow with N. It is indeed not small for general
non-symmetric normalized W: If all the mass of ¥ was concentrated in
an area where z1 &~ x5 (which is of course not possible for symmetric ¥),
then (28) would in fact grow with N. So to estimate (25) we have to use
symmetry of W. The trick is to estimate

N

NS | (A2 — W)@ ¥, > q;Zs(x1, 2;)p1p; V)
j=2
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which is for symmetric ¥ equal to (23). Note that in view of Lemma
(b) (M_y — n)q1 ¥ is of order N~1. Using Cauchy Schwarz we have to
control

N

1Y i Zs(zy,2)pips NP = Y (W, pip; Zs(w1,7;)q; Zs (21, 75)p1p; V)
i=2 2<j<N

+2 Z (V. p1peZp(z1, 21)qkq; Zs (71, 25 )p1p; V)
2<k<j<N

The first line has only N summands. Since ||Vj]|1 is of order N~! this line
is small if ||Vg||oo < 1 which is the case for 8 < 1/3.
For the second line we can write

Z <<\/Zﬂ($la$k)pk\/Zﬂ(xlaxj)pl%\l}a

2<k<j<N

\/Zﬂ (@1, 2;)p; \/ZB (21, 2x)pr1ae V) -

Now we have enough projectors p on both sides of the interactions to be
able to integrate them against ¢ (c.f. Lemma B.2] (e)) and it is clear that
it at least does not grow with N. Below we shall show that for 8 < 1/3
28) and (26) are in fact bounded by oo+ N~" for some 7 > 0.

To show that (27 is small one needs to use smoothness of ¥. We do so in
the following way: We introduce a potential Ug, g with moderate scaling
behavior and the same L' norm as V. This is done in definition The
scaling 81 of Ug, g will be chosen such that [27) with V3 replaced by Ug, g
can be controlled. The difference — [27)) with Vjz replaced by Vs — Ug, g
— we integrate by parts. It follows that (Z7]) can be controlled in terms
of ||[V1¢1¥| which is small in view of Lemma [0

Before we prove the Theorem let us first do the preparations needed to

control (21 as explained right above, i.e. introduce the smeared out interaction
Usr,p-
Definition 4.2 For any 0 < 8y < 8 <1 and any Vg € Vg we define

%||V/3||1N3ﬂ1, forx < N=P1;

Upy,p(x) = { 0

else.
ovale) = [ 1o =3l (Vi) = Usp ) (28)
Lemma 4.3 For any 0 < 5y <8 <1 and any Vg € Vg
Ah =Vz —Ug 3, Usg, g € Vs, » (29)
lhgy sl SCN 717572 gy slls < ON“HIN)Y2 o (30)
IVhs, sl <CN TP, [Vheg, sl < CN~HHE/2 (31)
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Proof: The Lemma gives in fact a well known result of standard electrostat-
ics: V3 can be understood as a given charge density, Ug, g was defined in such
a way, that the “total charge” is zero. Hence the potential hg g, is constant
outside the support of Ug, g in our case, by definition (hg g, () = 0 decays like
7! as z — 00) this constant is zero.

The first statement of the Lemma is almost trivial

Ah(a) = [ Al =4I (Val) = s o))y
=Vs(x) = Up, p(2) -

By definition Up, s € Us,, |Us, sl = [Vl and limy—seo N' =25 (|Up, 5]l <
00. Since Vg € Vg we get that limy oo N1F7(||Up, gll1 — a/N) < oo implying
Usp,.p € Vg, which completes the proof of line 23)). Since ||Ug, gll1 = ||Vslh
and Ah(z) = 0 for # > N=P it follows that h = 0 for + > N~#1. Further-
more |hg, g(z)| < CN~7z|~! and |Vhg, g(z)| < CN~!z|~2, implying the two
equations in line ([BQ) as well as the first equation in (3II).

To get the second equation in ([BI) we write for Vhg,

r—y
Vi () = [ Lamyan s T (Vo(w) = U )

z —yl
+ /1 LY (Vi(y) - Us, () d?
|m*y|>N*5|x_y|3 B\Y B1,8\Y Y

Using Young’s inequality it follows that

0
Vo slloe < H”KWW (Vslloo + 1Usn.510)

1

()
+H]1->NBW Vsl + 1Us1,811)

o0

<CN PN-H38 L ON2AN—T |

Since |Vh5175| < C]\771|:E|72

IVhspll? <C [ NHal~tda + ON | Ths, e
SCN7*H 4+ ON724F0
(]

We now arrive at the central point of this section which is estimating o

@3), o (@4) and 25)) and of, (([28) and 7)) following the strategy explained
above.

Lemma 4.4 Let M C N with 1,2 ¢ M and m : N> — Rt with m <n~1.
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(a) Let 0 < 8 <1, f € L. Then there exists a C < 0o such that
(W, f(2)P) = (. f(@)@)| < 2/ fllocC(¥, )
for any ¥ € Hq.

(b) Let 0 < B < 1, V3 € Ug with impy_0o N"(N||Vsfs,,8]1 — al] < oo for
some n > 0. Then there exists a K € F and a n > 0 such that

Nlpip2Zp(w1, x2)qipam|m < K(@)llplloo N 7"

(c) Let 0 < B8 < 1/3, Vg € Vg. Then there exists a K € F and a n > 0 such
that

NI{Up1p2Zs(21, 22)Mq1g2X)| < ’C(SD)||SD||oo((<<‘I’=ﬁ‘I’>><<XaﬁX>>)1/2+N_n) :
for any U, x € Ha.

(d) Let 0 < 8 <1, Vg € V. Then there exists a K € F and an > 0 such that

N|{(Upr1g2Zs (w1, x2)ma1g2 ¥ )| <K () ([|¢lloo + (InN)*[Vol6 10c)
(U, 20) + Vi P[> + N77) .
for any symmetric ¥ (i.e. U € Hy).
Proof:
(a) Using 1 = p1 + p2 and Lemma B4
(W, f(z1) W) — (o, fz)0)]

=[{P, prf(21)prP) = (g, f(2)p) + 2R ((¥, q1 f (21)p1 7))
+ (¥, 1 f(21)1 P)|

<(1 = @12, F@)p) +2 R (0, a2 @07 *a ) )|
+ (¥, 1 f(z1) @ V)
<a(¥, )| flloo + CW, )| flloo + (¥, )| flloo -
(b) In view of B4
NV, p1p2Zs(z1,22)q1p2mV) <N|p1p2Zs(z1, 22)q1p20pll1MV||
SCNHPlp?ZB("Elux2)qlp2||op .

lp1p2Zs (21, T2)q1p2]l0p can be estimated using p1gn = 0 and ([IH):

2a
N —

2a

1|<P(901)|2 - ﬁ|¢(x2)|2)q1p2||op

[p1p2(Va (21 — 22) —
2
=llpapa(Va(ar = 22) = =7 le(@)Pp2lles
2a

<lapa (V *loP)on) = 2ol ?)

18



We introduce an := |Vg||1 Since Vg € Vg we can find a n > 0 such that
<llp1 (Vs — and) *[o*) (1) lop + CN "l 0ll3
<llellooll(Vs — and) x o[ + CN"[l]1%, -

Let h € L*° be given by

Ah(z) = Va(z) —and(z) .

As above (see Lemma [3)) we have that h(z) = 0 for z > RN~#, where
RN ~# is the radius of the support of V3 and that ||Vh|; < N~175. Partial
integration and Young’s inequality give that
1(Vs = and) * [l =I|(Vh) * (V]el)]
<IVRILIVIeP < 20V Vel ells -
Hence

2a
N -1

[p1p2 ((Vﬁ *|ol*) (1) = |¢(I1)I2) P2llop < Cllelloo N7 ([Vell + llplloc)
(32)
for some 1 > 0 and (b) follows.

Let us first find an upper bound for
[ Z qu(l’h953‘)?1711?3“1’”2
JEM

for general r : N2 - R* f e L2N L' and ¥ € Hpq with 1,2 ¢ M. Using
Lemma 34

[ Z qj f(z1— xj)?plpj‘l’nz (33)
JEM
= Y (P @, f (21— 25)giqn f (@1 — 2r)pepi 7 0)
J#EkEM
+ Y (PO pip; a1 — x5)q;f (w1 — 2;)pip, 7 T)
JEM
< Y (@Y pF @ — 2)pi e — )
J#EkEM

V(@1 — ze)peV/ fla1 — 2)p1g;7 )
+ Y (T pap; far — x;) fw1 — x)pip;T O
JjEM
<NV F(z1 — z2)p1llsy, P U2 + NI 2l 17112,
SN2l A3 17 @12 + NI FIPllellZ, sup [r(k, N)?|.
1<k<N
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We now come back to (c). We define for some ¢ > 0 we shall specify below
the functions m®? : N2 — R+ by

m®(k,N):=m(k,N) for k<N'"™=; m*kN)=0 for k>N'"*

and m® = m — m® Note also that pa|o(z1)|%q2 = p1]p(x2)?q1 = 0. Tt
follows that (c) is bounded by

NI, p1p2Vs(z1 — z2)Mm*qrg2x )| + N[(¥, p1p2Vs (21 — I2)77A1b(J1Q2X>>| :
(34)
Defining also g : N> — RT by g(k,N) =1 for k < N*=¢, g(k, N) = 0 for
k > N17¢ we have that m® = m%g and the first summand in (34)) equals
NV, gap1p2Vs(z1 — 22)q1g2m" X))

=N(N = M| = 1), Y Goprp; Vs (a1 — x5) @457 x)
JEM

<> Goq;Va(wr — z)pip; ¥ [l - (35)
JEM
In view of (B3] and Lemma B4 the latter is bounded by
NlellZ Vsl [17g2xIl + N2 (Vs llelleo sup |g(k, N)|
1<k<N
SON"|p|3, +ONTVE2) ) .
Using Lemma [34] the second summand in ([34) is bounded by

NV, p1p2f(21, $2)Q1Q2ﬁ1bx>>
=N(N = |M| =17, 3 @) 2pipy f (w1, 2)auy () )

igM

<C|| Y gif(zr,z)(@5) 2 pip | [[(M°)2qr x|
igM

<C|| Y gif @, 2) (@) pip; | Valx, @) - (36)
igM

Since m(k, N) < \/N/k one has sup; << |(m®(k, N))*/?| = N¥/* and
(b)) /23w ||? < C|lfy* |2 < Ca(W, @) + CN 2,

Thus B3) and Lemma B4 imply that the second summand in (34) is
bounded by

CValo?) (NlelZl fll Val@d) + N2 7] el V)
<CllellZValx P)a(¥,¢) + CN T30/ g
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Summarizing we have that

NI(¥, p1p2f (21, 22)Ma162 ¥ )| <Clloll3e v alx, p)a(¥, ¢)
+ Cllplloo N T2 4 Ol 5, N5/
Choosing 0 < & < (—1+308)/2 and n < min{—1+38+2¢,£/2} (c) follows.

(d) Let Ug, g be given by definition As a first step we show that for
0 < B1 < B <1 and for hg, g given by Definition .2 there exists a K € F
and a n > 0 such that

N{¥.p1g2(Vg (21 — 22) — Ug, p(x1 — 22))Mq162 V) (37)
<K (@) ([I¢llse + IVl 100 (In N)/?)
(T, A0) + N~ | Viq¥[? + N~7) .

Lemma and integration by parts gives

N{¥.p1g2(Vg(21 — 2) — Up, (21 — 22)) g1 62 V)
=N[(¥, 1p2mi (Vihg, g(@1 — 22))2V1ig1 V)| (38)
+ N(Viq1¥, p2(Vihg, s(z1 — 22))q1g2mP)]| . (39)

For (B8) we write

N

BR) <N(N = )78, qipein (Vihg, s(z1 — 21))qx Vigr U)|
k=2

N
<CI> " ar(Vihg, (@ — 2x))qupma || [ Vig ] .
k=2

For the first factor we have

N
1Y gk (Vihg, p(@1 — 2x))quprima |
k=2
<2, D qpiin(Vihg, sz — 25))g (40)
2<k<j<N
ak(Vihg, g(x1 — k) @pema V)|
+1(T, > aprima(Vihg, glar — z1)) (41)
2<k<N

qk(vlhﬁlﬁ(fﬂl —xk))qiprma V)|

Using that Vihg, g(z1 — zx) = —Vihg, g(x1 — zx) and integrating by
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parts gives

(@)
<N?|(V, g3q1p2mia (Vshg, (1 — 23))(Vahg, s(21 — 22))g2qupsia V)|
<N?[(V2Vsqsqp2ima ¥, hg, s(x1 — x2)hs, 5(21 — 23)q2q1p3my V)|
+ N?|(Vsaqsqip2mn ¥, hg, g(z1 — z2)hs, 5(21 — 23) Vagaqipsima V)|
+ N?|(asq1 Vapami ¥, hg, g(z1 — z2)hs, 5(21 — 23)q2q1 Vapsina V)|
+ N?|{asqrp2ma ¥, hg, p(z1 — 2)hp, p(v1 — 23)VaV3gaqipsima V)|
<N?(|Vagzqma ¥ | ||k, p(x1 — 22)Vapallopllhs,,6(x1 — 23)p3llopllgzgima ¥ |
+ N2||Vagsquma V| [[p2hs, p(x1 — 22)|lopllhg,,a(
+ N2(lgsqrma ¥ || (b, 5 (1 — 22)Vapallopllhs, 5(21 — 23)Vaps|lopllgeqrma ¥
+ N2lgzqrma ¥ | (|hg,p(x1 = 22)p2llopllhp, 5 (21 — 23) Vapsllopl| Vageqrma ¥ -
Note that

z1 — x3)P3||opll V2g2q1 71 V||

@1Va2qg2mV =q1p2VagemV + q1g2VagemV
=q1p2m1V2q2¥ + q1mgaVaq U .
With Lemma B4l it follows that
1 Vagem¥|| < C[|[Vaq2 ¥ . (42)

This and Lemma [3.2] (e) give

@) < CN?(IVigu¥|*[|al3lel5 + N2(, 2@ la ¥ |1?[R]31 VelE o) -
with Lemma it follows that

@D < C(N " olZ I Vian W |* + (U, 0 ) |1 ¥ [*|| Ve § 1o (In N)*/?) .
For (@Il we have

@D <N Mg ®|P|lp2(Vihg, (a1 — 22))]12,
<CN'"# I3, -
It follows that (B8] is bounded by the right hand side of [37]).
To control [B9]) we use once more that
Vihg, p(z1 — 22) = —Vahg, g(x1 — x2)

and integrate by parts

B <[(V2p2Viq1¥, hp, s(z1 — v2)q1 2V |

+ (Vi ¥, pahg, (21 — 22)1 Vagam V)|
<IVig¥|llhs, p(x1 — 22)Vapz|lopllqrg2m ¥
+ IViar V| [[p2hs, p(z1 — 22)llopllgr Vagom V||
<7101 %]l (@]l (in M) Vells00 + N~ [l V1 ¥1l) -
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and (37) follows.
Now (B7) together with Lemma 3] gives

IN(Up1g2Zs(21, 22)Mq1g2x))| < CN[(¥, p1g2(Uo (21 — 22)Mq1q2V )|

a
+ON(Y, praz 57—

+ CNI(¥, p1g2(Va(z1 — 22) — Uo,p(z1 — 22))Maqrg2 V)|
<CN|lg2¥|| [[p1Uo,5(z1 — 22)lop||Mq162 ||
+ Cllg2¥ | llolZ Mg g2 ||
+ K@) (Ielloo + 1V ll6 tocqin nyrr) (U, ATY + [|V1gr ®||* + N~1/2) .

Since by definition N||Up g|| < C' we get with Lemma [3.4] that
Np1Uo.g(z1,22)|lop < C|l¢|loc and (d) follows.

lo(21)*Marg2 V)|

4.1 Controlling the smoothness of ¥

To get good control for the term in Lemma [£4] (d) we need in addition a bound
on ||[Vig1¥| in terms of a(¥, ) +0(1). ||[V1q1 || is a part of the kinetic energy
of U so the idea is to show that the other contributions to the energy £(¥) are in
leading order cancelled out by E4F and thus | V11 V|| = £(V)—ECF < a(¥, ).
In the next Lemma we estimate as a first step ||V1¢1¥| in terms of « and the
difference between interaction and effective mean field. Note that the following
Lemma holds for any 0 < 8 < 1 and shall be useful when we generalize to 8 = 1.
We shall use this estimate in the following section to control ||[V1g1 ¥| in terms
of a(¥, p)+ o(1) restricting to 0 < 8 < 1. For later reference we shall also show
that the total interaction energy ||/Vs(z1 — x2)¥||? stays bounded.

Lemma 4.5 For any 0 < 8 < 1 there exists a K € F such that

Ny Va(@1 — 22)[* <a(¥, ) + [Vol|* + 2/ All + 2all¢]1Z (43)
V11 W]* <(¥, 2alp(a1)]* — (N = 1)Vs(a1 — 22)) )
+E(P)a(¥, ) - (44)

uniform in (¥, ¢) € L2(R3N,C) ® L*(R3,C).

Proof:
Using symmetry of W

E(T) = €97 (o) =|V1¥|* ~ IVell* + (N = 1), Vs (a1 —a2)¥)  (45)
+ (T, A(21)T) — (p, 2alp]® + A(w1)p) -

Since |£(T) — ECF (p)] < (T, p)

(N =1)ll\/ V(21 — 22)¥|* < (T, ) + [ Veol|* + 2] Al + 2l I3
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and ([43) follows.
For (@) note that

(Vi W, Vip )| =[(q ¥, 7} *7; 2 Arp W)
= (¥, 7, P Ay WY <[|Agl| |7y a7y v

Thus with Lemma B4 and using that % < 34/ % we get that

Vi1, Vip V)| < CllAplla(P, ¢) , (46)
implying
IV10]2 = [Vipr¥)* > Vi1 ¥ )* = Ol Aplla(¥, ¢) .

Since
IVipr¥|? = [Ipy @ [1* [Vell® = (1 = [l @ [*)][Vel? (47)

it follows that
V1] = [[Vol* > Vi1 P ]* = ClAplla(P, @) — Vel ?a(T,¢) . (48)
Using this and Lemma 4] (a) setting f = A + 2a|¢|? we get with (@3]

E(W) = E°P(@) ZViqr¥||* + (¥, (N — 1)Vp(z1 — 22) — 2alp(z1)*)¥)
— C(l[A]los + 2all 0|13 + 1A¢l + [Vl *)a (¥, o) -
Since
IVl = (Ve, Vi) = —(p, Ap) < [|Ap]|
we get (b).

4.2 Controlling ||V,q V| for § < 1

With Lemma .5 we have found a bound on ||V1¢1 ¥|| for all 0 < § < 1 in terms
of effective mean field minus interaction. Note that in view of LemmalLH (a) the
interaction is bounded. The mean-field term is bounded by (¥, |¢|?¥) < [|¢]%
and we have for any 0 < 8 <1

IViar¥* < K(@)(a(¥, ) +1) . (49)

But — as explained above — we want to show that ||V1¢ ¥|| is small using that
the effective mean field cancels out the leading order of the interaction.

Lemma 4.6 Let 0 < B < 1, Vg € Vg and m : N> — RT with m < n~'.
Then there exists am > 0 and a K € F such that for any ¥ € Hy and any
o € L2(R*,C)
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(a)
NI(W, p1paVs (21 — 22)(1 = prp2) )| < K(p)(a(T, ) + N77) .

(b)
(@ (2alp(x1)?) = (N = 1)V(1 — 22)T) < K(p)((¥, ) + N7").
(c)
IVia1¥* < K(p)(a(¥, ) + N7T)., (50)
Proof:

(a) Since 1 —pip1 = p1g2 + ¢1p2 + q1¢2 it suffices to show that

NI, prpaVs (21 — 22)p1g2 V)
N{¥, p1p2Vs (21 — 2)q1¢2 V)
For (BI)) we use Lemma (c) and (e) as well as Lemma B4 to get
GI) =N (¥, 7; pipaVis (a1 — 22)ity *pra2 )|
<N (A7 2| Vs (a1 = 22)palloplls > g2 0|
<CllellZa (P, ) -

=

| <K()(a(T, )+ N7")  (51)
| <K(p)(a(T, )+ N7")  (52)

=

For 0 < 8 < 1/3 (52) is Lemma 4] (c) for the special case m =1 (recall
that p1|p|?(z2)p1 = pa|p|?(z1)p2 = 0). To generalize to 0 < B < 1 we use
Definition

NV, p1p2Vs(z1 — 22)q102V )| < NI, p1p2Ui 4, 5(21 — 72)q12V) |
+N[{V, p1p2(Vs — Uyjap) (w1 — 22)q1q2V))|

Since Uy/4,3 € V174 (Lemma [A3)) the first summand has the right bound
(Lemma [£4] (¢)). To finish the proof of the Lemma we verify the following
formula, which shall be also of use later on.

NI(¥, p1p2(Ahyys) (21 — 22)q12 V)| < C([|0lloc + [[Vlloc) N7 (53)

to get (B2) in full generality. Integrating by parts we get

N[V, p1p2(Ahy/4.8)q1G2V )]
SN, p1p2(Vihy g s(zr — 22))V1gig2 V)| (54)
+ NI{(Vip1p2¥, (Vihyjap(21 — 22)) 1929 )| . (55)

To control (B4]) we use similar ideas as in the proof of Lemma 4]

N
G2 <C|1 Y q;(Vihijaplar — 2;))pip; YN [Vig ¥ -

Jj=2
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The second factor is bounded (see ([@)). For the first factor we write

N
1Y a5 (Vihajaplar — z;)pip; ¥
=2
= > (U, pipe(Vihyjap(ar — 2x))qeg; (Vih(zs — z;))pip; U)  (56)
#kA
N
+ ) (W, pip; (Vihayap(x1 — ;) pip; ¥) - (57)
=2

(6D can be estimated using Lemma (e) and Lemma

G = > (V.pig;(Vih(er = 2))pipe(Vilijaper — o) )prax¥)
J#k#1

<NZ|lpy(Vih(zy = 2))pslls, = N2 M@l V ik a6l
<SON?||@llsN =2 = Cllplls N2

D) is bounded by

N||Vhiap(er—z;)pillop < NIV glei—a) | ollZ < ONTH )%, .

It follows that (B4) is bounded by K(¢)N~" for some 1 > 0.
Integration by parts yields for (B5)

BE) <N[(A1p1p2Y, hiys5(21 — 22)q1G2V )]
+ NI{(Vip1p2¥, hy 4 p(71 — 22) V1102V
SN[|A1p1¥||[|p2hisa,p(z1 — 22)llop
+ N||V1p1\11||p2h1/4)5(;v1 - $2)||0p||v2Q2‘I’H
<N[A¢l ¢l 1714l
+ NIVl el [h1/apll [Vag2 ¥ |l

with Lemma 3 and [{@3) we get (B3) and (E2) follows.
(b) We get using selfadjointness of the multiplication operators
(w, (2alp(z1)* — (N = 1)Vs(21 — 22)) ¥)
=(p1p2¥, (2alp(z1)]? = (N = 1)Vs(z1 — 22)) p1p2¥) (58)
+2R(p1p2 ¥, (2alp(z1)]” — (N = 1)Vs(21 — 22)) (1 = p1p2)¥) (59)
= (N = D1 = p1p2) ¥, V(21 — 22)(1 — p1p2) ¥) (60)
+2a((1 = p1p2) ¥, (1) P (1 = p1p2) W) . (61)

([B8) is controlled by formula (32)).

26



Using symmetry of ¥ and pa|¢(21)|?q2 = 0, the absolute value of (5J) is
bounded by
2 |(prpoy ¥, 2alp(an) i 2 qipa )|
+2(N = 1) [{p1p2 ¥, 2V (1 — 22)(1 — p1p2) V)|

The first line is controlled by Lemma B.2] (e) with Lemma [B:4] and thus
bounded by ||¢]|%, a(¥, ). The second line is controlled by by part (a) of
the Lemma. Thus we can find a K € F such that

B < K(p)((¥, ) + N7").

Positivity of V implies that line (60) is negative. (GI)) is bounded by

(P12 + ap1 + a) ¥ [P[lellZ, < CllellZ e, ¢)
and we get (b).

(c) follows from (b) with Lemma .5

4.3 Proof of the Theorem for 0 < § < 1/3

With Lemma 4] and Lemma we can now estimate o for j = 0,1,2 for
B < 1/3. We arrive directly at the following Corollary.

Corollary 4.7 Let 0 < 8 < 1/3, V3 € V. Then there exists a K € F and a
1n > 0 such that for any symmetric ¥, any ¢ and any j =0,1,2

105(Z, )] < (|¢lloo + (I N2 Vell6,10c + [| 4]0 ) K () (@( T, ) + N77) . (62)

The Theorem follows for 0 < § < 1/3 via Grgnwall.

5 Generalizing to 1/3< < 1

For 8 > 1/3 the radius of the interactions is much smaller than the mean dis-
tance of the particles, so the interactions do not overlap for typical configurations
any more. Still the interaction of our N-body system can be approximated by
an effective mean field, let us explain why: Whenever two or more particles come
very close the wave function is affected on a microscopic length scale by the in-
teraction of the particles. Neglecting three particle interactions the microscopic
structure can be constructed from the zero energy scattering states of V. This
can be made more clear with the following heuristic argument: In principle one
could control the time evolution of ¥; by generalized eigenfunction expansion.
The relevant eigenfunctions are on a microscopic scale approximately given by
this zero energy scattering state.
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By this microscopic structure the effect of the interactions is smeared out.
For the smeared out effective interactions the old mean field argument holds.
Therefore the first step when generalizing the Theorem is to say something
about the microscopic structure of the wave functions.

Below we shall use our estimates on the microscopic structure in two places.
On the one hand it makes a better control on ¥; and thus a better control of
a(Py, 1) for f > 1/3 possible. On the other hand for 8 = 1 the interaction
energy of U; can only be controlled in a suitable way when the microscopic
structure of ¥, is known.

5.1 Microscopic Structure

For technical reasons we shall make a smooth spacial cutoff of the zero energy
scattering state. We do so by defining — depending on Vg — a potential
Wpg, € Ug, with softer scaling behavior 81 < § in such a way that the potential
Vs — Wg, has scattering length zero, i.e. the zero energy scattering state of
Vs — Wp, is outside the support of W, equal to one.

Definition 5.1 Let 0 < 1 < f < 1, Vg € Vg and an/(47) be the scattering
length of Vg /2. We define the potential Wg, via

an N3P, or NP\ < & < Rp,;
Wﬁl (I) = { ON 6]286. B

Rg, is the minimal value which ensures that the scattering length of Vg — Wpg,
18 2ero.
The respective zero energy scattering state shall be denoted by fg, g, i.e.

(—A + %(VB - W61)> fo.8=0, (63)

we shall also need
98,8 =1— fp,-

Lemma 5.2 Forany 0 < 51 < <1, Vg eV

(a)

W, f5..6 € Vs, » i NNV fa,60l1 —af < oo

(b)
lgp, 6l < ONT1720n lgs, 6l < ONTI=/2
llgs/0.1ll3 < CN~Y(InN)'/3

(c) For any 2 € R® and any ¥ € L2(R3N C)

1
1L je, o< s, VIO + S (0, (Ve = W, ) (21 — 22)¥) 2 0.
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Proof:

Let jg be the zero energy scattering state of the potential Vg/2.

Before we prove the different points of the Lemma, let us give some properties
of fg, p first.

Since Vp is positive and has compact support of radius r it follows, that
1> jg(x) > 1—an/(4nz).

Note, that the potential Wpg, is zero inside the Ball around zero of radius
N1 hence fs.,5 is inside this Ball a multiple of jg, i.e. there exists a Kpg,
such that

Kp, fp.,5(x) = js(x) for & < N~71

in particular the derivative d, Kz, fs, s(x) is positive for x = N=51,
For z > N~/ the fs.,8 “sees” a negative potential, namely —W3,. Due to
spherical symmetry fg, g is in that region a linear combination of an in- and an

outgoing spherical wave with momentum kg = \/ayN351.

By definition Rg, is the minimal value which ensures that the scattering
length of Vg — W3y, is zero, i.e. the minimal value which ensures that fs, g is
constant for x > Rg,. In other words Rg, is the minimal value satisfying

d|m|f317ﬂ(|x|)|‘w‘:Rﬁl =0.

It follows that fg, s is a positive function and that d|,|fs, s > 0.
Finally we have to control the constant Kz, which ensures that fs, g(x) =1
for > Rg,: Since Wy, is positive, that Kg,d, fs,,8 < dzjs and Kg, fz, 3 < jg.
Since fg, 5(x) =1 for x > Rg, and lim,_,« jg(x) = 1 we get that Kg, < 1.
On the other hand we have, since

1> f(N"P) = js(N~7)/Kp, > (1 —an/(4mN "))/ Kp, (64)

that
(1 —an/(AnN~P)) < Kg, <1. (65)

(a) Using that fz, g > js it follows that

195,.8(2)| < an/(4mz) . (66)

Thus

NP oo
Nlgn Vsl =N [ lan s@Vo@lade + N [ las, ol@)Vs(a)la*do
<CNN-'3ON-1720 L CNNTIPN- = CNPT

Since V € Vg it follows that there exists a 7 > 0 such that limy_,oo N7|||V3||—
al < oo and we get the second statement in (a).

The scattering length of the potential V3 — W, is zero. Thus [(Va(z) —
W, (€)) g, p(x)dz = 0 and also imy o NT(N[|Wp, f5, 5]1 — 2al| < oc.
This implies in particular that Rg, is of order N=5* thus W, f5, 3 € Vs, -
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(b) Since gg, s(x) =0 for x > N~ it follows that

1 Roy L
o sl <qmon [ lal Mt < o1
Q 0

2 1 2 Rpg, 93 o g
ll951,5ll SWGN/O |z|"?d°z < ON 1

1 R,
3~ g8 / SBPr<CN3InN.
lg6,.5l3 —647T3aN , 2| T n

(c) To prove (c) we first show that for any n € N and any subset X,, C R3
with | X,,| = n which is such that the supports of the potentials W, (- — x)
are pairwise disjoint for any x € X,, the operator

HXm = = At > (Va, (- — 2k) = W, (- — )
TR E€EXn

is nonnegative.

This one can see in the following way: For any such X,, the zero energy
scattering state of HX» is given by

Fitp = 11 Josl =)

TrEXn

By construction the fg, g are positive, so is Fgf"ﬁ. Assume now that HX»

is not nonnegative, i.e. that there exists a ground state ¥ € L? of HX»
of negative energy E. Since the phase of the ground state can be chosen
such that the ground state is positive we get

(Fjng, HX" W) = (Fing, EU) < 0. (67)

On the other hand we have since F; ﬂ)f”ﬂ is the zero energy scattering state
Xn n _ n [ Xn _
<<F511ﬁ7HX \Ij>>_ <<HX Fﬁlﬁﬁuq]»_o

This contradicts (67) and the nonnegativity of H*X» follows.
Having shown that the H*X" are nonnegative we prove (c) by contradiction.
Assume that there exists a ¥ € D(H) such that

1Ljz1<rs, VI¥I 4+ (O, (Vs (21) — Wa, (21))¥) = £ <O0.

Since Vg, and Wp, are spherically symmetric we can assume that ¥ is
spherically symmetric and ¥(z) = 1 for |z| > Rg,. We shall construct now
a set of points X,, and a x € L? such that {(x, HX"x) < 0, contradicting
to nonnegativity of HX».
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For any R > 0 let

R?/2?, for x > R;
$n(w) = { 1, else.
Let now X,, be a subset X,, C R® with |X,,| = n which is such that the
supports of the potentials Wpg, (- — x) lie within the Ball around zero with
radius R and are pairwise disjoint for any z; € X,,. Since we are in three
dimensions we can choose a n which is of order R3.

Let now xr == &{r[[,,ex, Y(# — 2x). The energy inside the ball Br(0)
equals En, thus it is negative and of order R3. Outside the ball we have
only kinetic energy 4 [, _ . R*/x%d*z which is of order R. Choosing R
large enough we can find a X,, such that

(xr, H"XR)

is negative, contradicting nonnegativity of HX.

5.2 First adjustment of the functionals

As mentioned in the introduction we shall use the control on the microscopic
structure, i.e. the control of the zero energy scattering state of (Vg — Wpg,)/2
with some potential W3, with softer scaling 81 < /5 to get a control of ¥ when
[ increases. The first idea one might have is to divide ¥ through a function
which approximates the microscopic structure (e.g. the product HJ— 2k fs,,5 for
some suitable 0 < 81 < f3), but this is not what we shall do. One reason is that
(H itk fglyg) ' gets very large when many particles get very close.

Instead of dividing ¥ through its microscopic structure we equip the pro-
jectors with the respective microscopic structure to get the desired estimates.
Roughly speaking: The operator (—A; — Ay + V(21 — x2))p1pe is hard to
control for large § since Va(z1 — x2)) is peaked for small |21 — z2|. But since
fa,.p is the zero energy scattering state of —A; + (V3 — Wp,)/2 it follows that
(—A1 — Ay + Vg(x1 — x2)) f3,,sp1p2 ¥ is smoother.

To get good estimates we shall incorporate this idea in a very sensible way.
How this can be done is easiest explained for a different functional, namely
a(v,p) = (¥,n20) = (¥, q¥) (see formula [I0)). Taking the time derivative
and using that ¢ = 1 — p; one gets among other terms

d

(W) = iy NTHW [Vale — ), p]T) -
i<k

Most of the interaction terms commute with py, only i, _, N=1(V, [Va(21 —
xy),p1]¥) remains. Hence the microscopic structure only for the interaction
Va(z1 — ) matters.
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This insight can also be used for our ;. Here many of the interactions cancel
out due to Lemma [3.0)) (d). Looking at Lemma 4l and considering 1/3 < 8 < 1
for the moment, it is (25) which we do not have good control of. Consider the
following functional

a(V, ) + N(N = 1)S (¥, q19298,,6(x1 — 22) (0 — N2 )p1p2¥)) - (68)
Taking the time derivative of this new functional one gets among other terms a
NN =13 (¥, qra2[-A1 — A, g, (21 — 22)|(n — N2)p1p2¥)) . (69)

The commutator equals (1 — gg, 8)(Va(z1 — z2) — Wp,)(z1 — 22)) plus mixed
derivatives and one sees, that the interactions in ([25]) are “replaced” by W, for
the price of new terms that have to be estimated.

Note that this adjustment is not sufficient to get good control of the adjusted
functional: Taking the time derivative of this new functional one gets terms
where the potential V3 does not cancel. As one shall see below one of these
terms is not small for all 8 < 1, but still it is better than (25]). Therefore we
make a similar adjustment as before. We arrive at an iterative adjustment which
leads to terms which we get better an better control of. With the iteration we
will define below it turns out that five steps are enough to get sufficient control.

Guided by these ideas this section is organized as follows:

e We need different weights m? for each step of the iterative adjustment.

Note that there is some freedom in choosing the starting point of our
iteration. It does not necessarily have to be a(¥q,¢p) but it should be
close to a multiple of a(¥g, o). Hence there are many possible choices
for m?. All important properties the weights have to satisfy in order to
generalize the Theorem are stated in Lemma [5.3] We prove the Lemma
(i.e. the existence of a weight which satisfies all the important conditions)
by construction.
Looking at (68) one can already guess that starting with some weight m?,
m?! has to satisfy m*(k, N) = m®(k, N) — m°(k + 2, N). This explains (a)
of Lemma[53l (b) ensures that the starting point of our iteration (which
will be (¥, m°W¥)) is in fact close to a multiple of a(¥q, pp). (b) and (c)
of the Lemma are needed for the estimates.

e Having defined the weights m? we construct some operators R;j, S;
and T} j, (Definition [5.4]). These operators shall then be used to define the
functionals 7;, and ;s (Definition B.6) as well as 7/, (Definition (£.8)
which are the basic elements of the iterative adjustment:

— The v;, are defined such, that Lk (U, o) = Vi (We, 1) (see
Lemma [5.9]).

— 70,0(¥,¢) = (¥, m°V) is the starting point of the iteration. &g
plays the role of oj. Note that ;g — &o,0 is small (Corollary E.10).
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— In the I*" step of the adjustment we add ZHk:l v,k to our func-
tional. The respective Zj kel 7;-1,6 cancels out the “old” term we
have no sufficient control of (namely > .., _, ;&x) but leads to a
“new” term which — as long as j + k < 5 — we have no sufficient
control of (whichis 3>, _; & x). All other terms of 37, _, 7}, are
controllable (Lemma B.TT) below.

e Finally we construct functionals I' and IV with ST(Wy, ) = I'(Uy, ;)
such that TV(¥, @) can be estimated in terms of a(¥, ) (Corollary
(c)) and (¥, ) can be estimated in terms of I'(¥, ¢) (Corollary 512 (b)).
This allows to estimate I'(¥y, ¢;) via Grgnwall. Since a(U, ¢) is controlled
by I'(U, ¢) (Corollary 512 (b)) we have good control of a(¥, ¢) for 5 < 1.

Lemma 5.3 There exists a set of weights {m*, m?, ..., m°>;m/ : N2 — Rt}
(a) For0<j<5

m? Tk, N) =m? (k,N) —m?(k +2,N)
(b) For any j > 0 there exist constants ¢; > 0 such that for any k > 0

c;N™In'=2(k +2,N) <m?(k,N) <N In' "2 (k +2,N). (70)
(c) There exists a C' < 0o such that for k >0

|m? (k, N) —m?(k +1,N)| <CN 7~ 'n=1"2(k +1,N)
im? (k, N) = 2m/ (k + 1, N) +m/ (k + 2, N)| <CN 720" % (k + 1,N) .
Proof:

Let m®(k, N) := N~'/2(k+1)~°+/2. We prove the Lemma by constructing
m? for j € {0,1,...,4}: We define the functions m? for even N + k via

mI (N, N) =(N +2)~7
m (k,N) =m? T (k, N) +m? (k+2,N) .
For odd N + k we set m? (k) = (m?(k — 1) + m/ (k + 1)) /2.
(a) For even N + k (a) follows by construction. For odd N + k one has
w1 (e, N) =(m* (k= 1, N) + mi+ (k + 1, N)) /2
=(m’(k—1,N) —m/(k+1,N))/2
=m? (k,N) —m?(k +2,N) .
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(b) Tt suffices to prove (b) for even N + k. By construction it follows then also
for odd k+ N. We shall do so via induction over j. For j = 5 (0] follows
directly from the definition of m?®.

Assume that ([70)) is satisfied for some 0 < j < 5. By construction we have
for even N + k that

| even
m? Lk, N) =m! Y (N,N)+ > mi(l,N)
k<I<N
| even
=(N+2)7+ Y mI(IN) (71)
k<I<N

By assumption there exist ¢; > 0, for later use we assume that
25 —1
< (27 —1) 7
3J
such that

l even l even
¢ > (1+2)7n(l+2,N)< > |m/(l,N)|
k<I<N k<I<N

| even
< ) (@+2)77n(l+2,N).
k<I<N
By monotonicity of the function (-)=7+1/2 for j > 0 it follows that

l even

N71/2 N-—-2 ) )
6 / (2 +2) 71 2d < 3 i, N)|
k k<I<N

N—1/2 )
< / (z +2)77T1/ 24y
2 Jite

—1/2
ch / ((k+2)‘j+1/2—N_j+1/2)
27 —1
[ even ) N,1/2 1o
< J(I,N)| < k+2)77 .
< D MM < g +2)

k<I<N

With ([[2) and (1) we get for N >0

N2 —j+1/2
S (ka9)
c;jN—1/2 , cjN—J
< (pa)itY2 0T L (N 492)7d
_2]_1(+) 2j_1+( +2)
N—1/2 )
<m?~Y(k,N) < Tk + 2)~IH/2
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Since (2§ — 1)~ < 1 it follows that (Z0) holds for j — 1. Now (b) follows
for even N + k via induction.

(c) Let us first prove (c¢) for even N + k. It follow that
m? (k) —m? (k + 1)| =[m? (k) — (m? (k) +m” (k +2))/2]
=|m’ (k) —m/ (k +2)|/2 =m/T' (k)/2 .
With (b) we get the first formula in (c). For the second formula we have
|m? (k) — 2m? (k + 1) + m? (k + 2)|
=|m? (k) — (m? (k) + m?(k+2)) + m?(k+2)|=0.

For odd N + k one has

[m? (k) —m? (k + 1)| =|(m? (k + 1) + m?(k — 1))/2 — m? (k + 1)

=m?(k—1) —m?(k+1)|/2=m/T! (k- 1)
and
|m? (k) — 2m? (k + 1) + m? (k + 2)|

=|(mI(k+1)+m!(k—1))/2 —2m? (k + 1)
+(m! (E+1)+m’(k+3))/2]
:%|mj(k: 1) = 2mI (k4 1) 4+ mi (k +3)|
=g = 1) = P D] = T R
With (b) we get (c).
O

Having shown that there exist a weight satisfying the conditions of Lemma

B3 we use this weight to define some operators that shall be used in our iterative

adjustment of a below. Due to symmetry we have some arbitrariness in defining

these operators, in particular in choosing the coordinates on which they act. For
easier reference below we keep the coordinates 1,...,4 free, so the operators we
shall define next act on the coordinates x5, xg, . . . only.

Definition 5.4 For any j,k € Ny we define the operators Q; via

Qj = (J2j+3Q2j+491/4,ﬁ($2j+3 - $2j+4)]92j+3p2j+4
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and the operators Rjy, Rjj and R acting on L*(R3N, C) via

N!
L. j+k
Rijk -_(N—Qj—Qk 'k'j'HQl m’ ll_[lQlJrJ

N 4
S, = ~J+k+1 *
PR —2j — 2k - 2)l1K] HQl " 11211 Qs

Ty =

k
~ itk ~jtk *
(N —2j —2k 2)!1k! HQl (7 —mit) [1QF, -

=1

For later use it is convenient to define S_1j := 0.

Lemma 5.5 Let j,k € Ng, M C N with |IMN{5,6,...,25 +2k + 4}| = M.
Then

R kllm SCN—UTR/8| |11k FMN{5,6,...,2j+2k+4} =0,
J» oo
1B kg SNTHEEMPZZGERE| QTR if MO {5,6,...,2j + 2k + 4} £0.
Let furthermore v : N> — RY with r < n, then

17 Sjkllag < CNPHMP2ZCHR/E o) 250

IFTjkllm < ONTHMPRZGER/S ) IEk
Proof: First note that in view of Lemma (e) and Lemma (b)

lg1/a,6(21 = 22)p1llop < ON T80l

Roughly estimating, || R; x||op has j+k such factors, giving a power N~ (+k)(1+1/8)
Furthermore we have 2j 4+ 2k projectors ¢ in the definition of R;j, while mItF
is of order n(k)k=7=F. So the projectors ¢ give in view of Lemma [3.4] together
with m7t* a factor N=7=*. Since e TR T 1IN N?2+2k one gets by this rough
estimate the result above.

In detail: Let M C N. Let ¥, x € Haq; ||¥] = ||x|| = 1. Using Lemma B.2]
()

N!

JUENN — 25 — 2k)!

j
~—2j41 ~2j—1 ~jk~2k ~—2k
v,y HQl ”2J+1mj+ N2k+1 HQH—; XD

=1

With Lemma (b) we have that ||ﬁgj+}ﬁ13+kﬁ§’;§+1||0p < CN—77F thus we
get with Lemma [3.4]

(W, Rjpx)| =

2j+4 2j+2k+4
(¥, R ex)| SCNPPENT R TT @ 137 [ ax
1=5 1=5+2;

l91/4,8(71 — $2)p1||”k
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The estimate on |7, %/ 1! fi;4 V| and ||[n—2k+! Hfi;i§j4 qix|| now depends
on the symmetry of ¥ respectively x. If M N{5,6,...,2j + 2k + 4} = 0 we

can use Lemma B4 for all ¢; with j = 5,...,2j 4+ 2k + 4. Then it follows that
AT 1274 | < € and [a=2+1 [R242%5H il < € and thus
(T, R, 4x)| < CN-GHR/S| )itk

If M C N with I Mn{5,6,...,2j +2k+4}| = M > 0 we can define M, :=
MnA{5,6,...,25 + 4} and My = MN{2j + 5,25 +6,...,25 + 2k + 4}
and assume without loss of generality that [M,| > 0. Then it follows that
17 T2 @) < ONUM=D/2 and [[@=2440 [RZE2H gy | < CNIMI/2
and thus

(0, Rjx)| < ONTUFRETENE )| IEE
7S5 can be estimated in a similar way by

[{(W.755.x)|

j k
i+2k 21 ~2j+1 ~ jk+1~2k a2k
SNFHRR| (P I I Qu Ay R I I Qi X))

=1 =1
24 2j+2k+4
SCN2J+2k+2—J—k—1”?ﬁ;%fl H Ql‘I’H H qu”
1=5 1=5+2k
lg1a,8(z1 — z2)pall5)* 7 2
Using Lemma [3.4]
o 2t4 2j+2k+4
a2 T avll < CNM2 and a2 ] adl < ONPRIZ,
=5 1=5+2j

(0,7 Sjkx)| SCNIFRHLNIMA/2 ||| Tk N —00+R/8

=CNITM/2=(+R)/8)| |3+
For the last equation note that in view of Lemmal53| (¢) mf —im? < m’ —ms,
hence we get the same estimate as for ||7.S; k|| m-

d

Using the operators defined in Definition (.4 we now adjust the functional
o as explained at the beginning of this section using the functionals +; ; which
we shall define next.

Definition 5.6 For any j,k > 0 with j + k < 5 we define

Yk (Y, ) =(¥, R; V)
(W, ) =V, Zg(x1,22)p1p2S; k V) for j, k>0
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As explained above we have after the I*" step of our iteration a remainder
> jik=t §ik- We wish to show that this remainder is controllable after suffi-
ciently many steps of iteration. It turns out that five steps are enough:

Proposition 5.7 (Control of the remainder) There exists a K € F such that
€.6] < CNVZZUHRE ]| K () -

Proof: Let us first prove the following three formulas which shall also be of
use below.

11251, 2)lprllop SCN Il (73)
I/1Zs(er,22) ) SONTY2 (14 Va(@,0) + Vel +ligle) — (74)
1221, 22) 0] SCN " glloo (1+ V(@ 0) + Vel + ¢l ) (75)

([@3) follows from Lemma[44] (a) together with Lemma (e):

I\/1Zs (21, 22)|p1l12, =Ilp1Zs(x1, 22)p1 | op
2a 9 9
< llp1Vs(@y = z2)piflop + 7 IPa(le(@0)[” + le(@2) Ppillop
<CNHell2, -

(@) follows from Lemma [L.5] together with Lemma 4] (a)

2a 2a
/125 (1, 22) [0 <(@, (Vs (21 — 22) + mls@(fﬁ)l2 + ﬁlw(mlz’)\l’»
<SN~'a(¥,0) + CNH (1+ Vel + [lellZ)

and (78) is a direct consequence of (73)) and (4.
It follows that

&3] <lprZs @r, o)W1 AT opla Syl ,23
SONY2= GBI GIEH (14 Vallg) + Vel + el -
O

Definition 5.8 For any j,k > 0 let the functional v} ,, - L*(R*N,C)® L*(R?,C) —
R* be given by

1 1
Yiw = =28 [ Y e+ e+ Z”Ygd,k Y5k YL — Gk — S8k
k=1

where the different summands are
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(a) The mized derivative term

Vik (W, 0) =¥, qrq2[H, g(z1 — 22)|p1p2Sj—1,5 )
+ 34, qra2(Wiya — V) fra,p(x1 — 22)p1p2Si—1,6 V)

(b) The smoothed out interaction term

(U, 0) = = (W, a2 (Waya — Vi) fryap(z1 — 22)p1p2Si—1 1 P)
= &im1k(Vs ) + 5, [Zs(25, 26), Rj] T)

(c) Three particle interactions
Vik() = (N =2 = 2k)j (¥, [Zp(21, x5), Rjir] W)
(d) Interaction terms of the correction first type
V(¥ 0) i=(N = 2j = 2k)(N = 2j = 2k = 1)(¥, [Z5(21,22), R; 4] ¥)
=&V 0) + & ;(V, 9)
(e) Interaction terms of the correction second type
Vik(Wp) =30 = DY, [Zs(ws, 77), Rjin] W)
(f) Interaction terms of the correction third type
v (T, 0) = GES (U, [Zs(s5, 2545), Rjk]T))

Lemma 5.9 For all0<[<5

d
Z E’Vj,k(\l}ta@t) = Z '7]/‘7k(‘11t7§0t)~

k=l k=l

Proof: First note, that the R; are time dependent, since the operators m/
depend on ;. The time derivative of Q); is

Q; = —i[H,Q;] +igaj1+3q0j+4[HOT, 91/4,8(T2j43 — T2j14)]P2j43D25 14
thus by symmetry

(W, (Rjx) W) = — (¥, [HEF, R; ] 01)
+ (W, ua2[HYT  g1/a,5(1 — 22)1p1p2Sj—1,6 V)
+ ik (W, Sj 10102 [HE g1 /a.5(x1 — 22)]q1q2Vs) -
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Note that after exchanging some variables the adjoint of S;  equals S ;. Using
symmetry and changing the label £ — j in the last line

Yik(We, 0) =i( Wy, [H — HOP R; 1] W)
+ 15U, u2[HT, g1/a,5(x1 — @2)Ip1p2Sj 1,6 W)
—15(Ws, 1g2[HT, 91/4,5(1 — 22)p1p2Sj— 1,6 T4 )" .

So the Lemma follows once we have shown that

D)= >0 (W[ D Zs(w,wm), Rikl)

k=l b= 1<I<m<N
— 253 ((¥, 1q2[HT, g1 4 p (21 — 22)]p1p2S;—1,1T)) . (76)

As above we want to get rid of the sum 1 <! < m < N using that many sum-
mands are equal because of symmetry. R;; = (N+.L2k)!/ljﬁzj+kBj1k breaks
some of the symmetry but it is still symmetric in exchanging any two variables
with indices in M, = {5,6,...,2j + 4} as well as in exchanging any two vari-
ables with indices in My = {2j 4+ 5,25 +6,...,2j + 2k + 4} and in exchanging
any two variables with indices in M, = {1,2,3,4,2j4+2k+5.2j+2k+6,...,N}.

We arrive at three different cases for the variable x;: x; € My, 11 € M,
and z; € M,.. For the case x; € M. we arrive at three different cases for the
variable x,,. For the case x; € M, more symmetry is broken via the factor
Qq+191/4,8(T1 — Trx1)pipi+1 (4 if is odd, — if 1 is even) appearing in R; ;. (see
definition [5.4]). Similar for the case the case x; € M;,. Hence we arrive at the
following eight different summands:

WOl Y Zpla,zm), Rjsl¥)

1<l<m<N
=5 (V = 2j = 2k)(N = 2j — 2k = 1)(¥, [Z5(21, 72), Ry )W)
+1(N —2j — 2k)j (¥, [Zs (21, 25), Rj k] V)
+ij(V, [Zs(ws5, 26), Rj 1] V)
+i(N =25 = 20)k(¥, [Zs(z1, 22j45), Rjk] ¥)
+ik(V, [Zs(z2j15, ¥2j+6), Rjk] V)
+17(27 — DY, [Zs(xs, 27), Rjpk] T
+172k(V, [Zp(z5, T2j+5), Ry k| T
+ik(2k — 1), [Zs(v2j+5, T25+7), Ry k| ¥) -
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Using that after exchanging some variables the adjoint of R, equals Ry, ;

WO Y Zs(on, o), Rjal V)

1<l<m<N

= (N = 2) — 2R)(N — 2] — 2k — (W, [Zs(rs,22), Ry ] )

— 2(N = 2j = 2k)(N = 2j — 2k = )(¥, [Zp(a1, 32), R ¥)"
+ (N =25 = 2k)j (¥, [Zs(z1,25), Rj k] ¥)
+ 17 (Y, [Zs(z5, z6), Rj k] V)
—i(N —2j —2k)k <‘1/,[Zﬁ(l‘1,135) Ry ;W )"
- 1k<<\117 [Z,@(.’L'5, xﬁ)v Rk,]]q}»
+1j(25 = DY, [Zs(as, 27), R 1] V)
+ 1k, [Z (25, v2j45), Ry k] ¥)
— kY, [Zs(22j45, x5), Ry 5] ¥
- ik(2k - 1)<<\I]= [ZB(‘TEH ‘T7)7 Rk,j]q}»*
It follows that >, ;7 (¥, ¢) equals

=5 ST (V2= 2N - 2 — 26— DS (¥, [Zp(01, 22), Ryl 0))

k=l
-2 ) (N =2 = 2k)§S ((¥, [Zs(21, 25), R; £]¥))
j+k=l
-2 Z IS (¥, [Zs(xs, x6), Rj k] ¥))
j+k=l
-9 Z (25 — 1S (¥, [Zs(xs5,27), Rj k] T))
Jt+k=l
-2 Z JES (Y, [Zs(x5, 2545), Rjk] V)
Jt+k=l
-2 Z IR (<<\If,q1q2[H,g1/4,ﬁ(fE1 —902)]1?119253‘—171@‘1’») .
k=l
Adding
_9 Z IS (¥, qra2(Wiya — V) f1a,8(x1 — 22)p1p2Si—1,6P))
k=l

to the last line and subtracting it form the third line, as well as subtracting
=23 k=1 S(§j-1,%) from the third line and adding it to the total and sub-

tracting =23, 4 (k) /2 = =232, S((§6 — &5 ;) /4) from the first line
and adding it to the total gives that the right hand side of (76l equals

1 : 1
—23 Z 17}1,1@ F U+ Vo VT ”Y]{k + Ykt Si—1k + 5%k
j+k=l
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which proves the Lemma.
O

Having proven that the functionals 7’ can be understood as the time derivative
of the functionals - our next step is to control the functionals 7. To start with

70,0-
Corollary 5.10 Let 8 < 1. Then there exists a K € F and a n > 0 such that
for & =50 — S (€0,0)

£, ) < K(@)(I8lloo + (In N2V l6,100) ((¥, A0 + [Vigr ¥ + N77) .

Proof: By Definition 5.8 one sees, that for v o — S (£0,0) only (d) remains. And
here the problematic term in fact cancels out In view of Lemma (d) and
Lemma (a)

§(0, ) = — 1) ((¥, [Zs(x1, 22), mO]W) — (@, [Zg (21, 22), prp2im' V)
:2N( = 1)(, [Zs(x1, 22), praga(M® — )| W) (77)
=2N(N )%( (¥, p1p2Zs (21, 22)p1g2(M® — MY )‘I’>>)

+2N(N — 1) ((P, 1225 (w1, 22)p1g2(7° — M) WY)

Since 5 < 1 this is controlled by Lemma 4] (b) and (d) using the bounds from
Lemma ().

O

Lemma 5.11 For any 1/3 < 8 < 1,1 > 0 there exists a K € F, n > 0 such
that

> (T 0) + 23 (§5-16(T, 0)) + S (€ .4(T, )

JAk=l
< (llelloo + (I N) 2|V 6, 10e) () (AT, ) + N 7).
Proof:
To prove the Lemma we shall estimate the imaginary parts of Vi ko 7]1?7 Ky 7{7 &
separately.

(a) The commutator in 7§, equals

[H, g1/a,5(x1 — 22)] = — [H, f1/4,5(x1 — 22)] (78)
=[A1 + A, f1/4,8(71 — 2)]
=(A1 + A2) fr/a,5(x1 — 22)
+ (Vifijap(er —22))Vi = (Vafia (w1 — 22))Va
= (Wija = V) fijap(z1 — 22)
+ (Vigi/ap(z1 — 22))V1 — (Vagija p(z1 — 22))Va .
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This and integration by parts gives
177k (¥, 0)| <251€¥, q1g2(V1g1/4,8(x1 — 22))Vip1p2Sj—1.1 V)|
<2j|(V1q1q2ni; 'V, (91/4,5(x1 — 22))Vip1paniaS;—1,1¥)
+ 251(¥, 77 ' q1q2(91/4,8(21 — 22)) A1p1p2iisSi—1 xV))|
< 2§ Vigreny | Vel l91/a,8(x1 — 22))p2llopl3S5- 1,11l {1,2)
+ 2507 N 1 Ae]l llg1/a8(z1 = z2))p2lloplla2Si—1,ll (1,2} -
Using (@2), Lemma B2 (¢) and Lemma [34] the latter is bounded by

CN-URE o L (V]| + (1 Awl) -

(b) Using symmetry it follows that

(W, Zg (w5, 26)Rjx V) = (¥, Zs(w1,22)q1G291 /4,8(T1 — 22)Pp1p2Sj 1,6 T)

It follows that

V2 (U, 0) = — 5 (¥, q1g2(Wi/a — Vi) f1/a,5(x1 — 22)p1p2Si—1,1P)
— (¥, Zg(x1, 2)p1p2Sj—1,£ V)
+ (¥, Zs(21,22)q19291/4,8(x1 — 72)p1p2Sj—1,6 V)
— (Y, Rk Zs(x5,26) V)
— 3%, qrq2 (Whya — Vi) fija,8) (x1 — 22)p1p2Si—1,5¥)
— (¥, Zg(x1,22) f1/2,8(x1 — T2)p1p2Sj— 1,6 ¥)
—Jj{w, Zﬁ(xlafh)(l - Q1Q2)91/4,5($1 - $2)p1p25j—1,k\11>>
I, Rk Zs(zs, 26) V)
and thus
| > SO, 9)
k=l
. 4a
<3 AT, q1ga (W ja(en — 2) — N1 (x1)?)) (79)
k=l

Jijap(x1 — 22)p1p2Sj—1,5 V)|

+ | Z J SV, p1paZp(x1, 22) f1/4,58(x1 — 22)p1p2Sj 1,1 V)| (80)
k=l

+ Z 25[(¥, prgaZp(1, ) f1/4,8(x1 — 22)p1p2Sj 1,1 V)| (81)
k=l

+ ) G, Zg (@, 22) (1 — qug2)g1/4,8(x1 — 22)p1p2Si 1P| (82)
k=l

+ > (Y, Ry Zp (s, w6) V)] (83)
k=l
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If (j,k) = (1,0) we get in view of Lemma (4] (c) (recall than Nm® <
Cn~1) that there exists a K € F

|| < Z INZ(, q1g2 Wi jaf1)a,5(x1 — 22)p1pem®¥Y|

j+k=l
, 4a .
+ Z JN2|<<‘I’7Q1Q2ﬁ|@($1)2|91/4,5($1 — z2)p1p2m V)|
j+k=1

<K(@)|@lloc (¥, 7T + CNT)]I%, -

For (j + k) > 1 we shall use Lemma 4] (¢) to control (79). Note, that
although for x := S;_1 ¥ some symmetry is broken, still x € Haq for
M=1{5,6,...,2j + 2k +4}. We write

(@) = Z 3140, AT qrga(Wa a(ar — a2) —
k=L
J1a,8(x1 — w2)N3p1p2Si—1,£V)|

4a
N -1

l(x1)?))

< > il a2 Wiyafijas(@ — z2)pipellmllfsS; -1kl (1.2
k=l

2a5 N

£ Y 2t el AsS il
jk=l

Due to Lemma Lemma Wiaf17a,8 € Vija. Thus Lemma [£4] (c) and

Lemma 5.5 imply that |(f9)| has the right bound.

Note that S 1 becomes after exchanging some of the variables the adjoint
of Sk, ; selfadjoint, thus ([80) = 0 for all I.

For (BI) we use Lemma 4] (b) and Lemma

. — 2a
@D < > 21(¥. 7 'praa(Vafiyaplan — 22) — N 1|80(1?1)|2

Gtk=l

2a

- m|<P($2)|2)p1p2ﬁ35j71,k‘1’>>|
2a

+ 2, 7y ' p1g2g1 a6 — w2)(ﬁ|s@($1)|2

b ()P pipasS; 1,k )]
<Oy ' p1a2(Va frja,5(x1 — 22) — %W(Mﬂz)pwzﬂx\/t||ﬁ35j71,k||{1,2}

+ ClnT @V || [prg1yas(xr — z2)[lopN " lollZo 172851,k 1,23
SCON~UFRB o L (|l gl oo + 1) -

For (82)) note, that (1 — ¢1g2) = p1p2 + p1g2 + 1p2. Since all factors in
[B2) are symmetric in exchanging x1 with x9 it is sufficient to control

(W, Zg(21,72)p17291/4,8(21 — 2)p1P2Si 1,1 V) (84)
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for ro € {p2,q2} to get good control of |B2)|. Using (7H) line (B4) is
bounded by

Ip1Zs(21, 22) V| P11 /a,5(x1 — 22)P1 lopl AT lop 1 Sj—1,k ]l {12}

SCN-2VRHRNI-GHIS| g2tk < ON- |
For (83) we use that p; = p3, thus

®3) = > (¥, RykpspoZs(ws — w6) V)

j+k=l

With Lemma [5.5] it follows that

@< D IRwls.6lp1Zs (1, 22) 0|

k=l
SCNV2HI=GHR/S | o175 N ]| oo
<C|llZFFHI N2

Using p? = ps we have R = R; yps, thus

1951 (T, )| NG, Rj kps Zp (w1, 25) V) (85)
+ NIV, Zg(21,25) Ry V)| - (86)

For (83 we use Lemma [55 and (73]

|@B)| <NJIIR;j k{1,505 Va(x1 — 25) 0]
SC”SD”gk-‘rlN—(j-i-k)m )
For (B6]) we write using g3 = p1¢s + ¢193 = p1gs + ¢1 — @1p3

@8) =NI|(¥, Zs(x1,23)q3qag1 /4,8(73 — T4)p3paS;—1,£ V)|
<N, Zs(21, 23)p1ny 430491 /4,5(23 — 4)p3panizSj—16¥)| (87)
+ NIV, Zs(w1,23)q19491/4,8(T3 — ©4)p3paSj—1,1 V)| (88)
+ NIV, Zs(w1,23)q103q491/4,8(¥3 — ©4)p3paSi—1,x V)| . (89)

For (87) note that p1 Zg (w1, 23)¥ € Hy1 3y, so with Lemma 3.2 (b)

177" gap1Zp (21 — @3) || < CllprZp (a1 — 23) ] < CN 7|l -
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Using also Lemma we get

BD) <Cliplloo l91/4,8(z3 — z4)psllopllTisSi—1.kll 11,34y
<Ol|pllfFHHIN=UHR/E

For (B8) we use Lemma

|B8)| <NI[{y/|Zs(z1,23)|¥,
q491/4,8(x3 — T4)par/ | Zs (21, 23)|p3S;—1 10y ' P
<CN||\/|Zp(x1, 3)[ V]| llg1/4,5(x3 — 24)P4llop
/125 (1, 23) psllopl7i1 Sj—1,6 1 1,3,03 77 T aa |
—ON=UHI |k
Again using Lemma [5.5] we get for the last term in (c)

@) <Nllp3Zp(w1,23)¥]||g1/4,8(3 — T4)pallop
(7116l {1,341 177 @0 0
<C|lp|iTF NGRS

(d) Using Lemma [32] (d) we get that

)
(N — 2] — 2k)(N — 2] — 2]€ — 1)[ZB(,’E1,!E2), Rj)k]
=[Zg(x1,22),p1p2Sjk) + [Zs(21, 22), P142T k]
+[Zs(x1,22), 1p2Tj k] -

Hence
ViE(W,0) == 2(, [Zg(a1, 72), pra2Tyk] , )
thus
V(W )| <2(, Zg(21, 22)p1 Tj ki1 7y g2 W)
+ 2, goniy "1 Ty p1 Zg (w1, 22) )
Lemma gives

k(O @) <Ol Tkl 1,2y P12 (21, 22) | (77 g2 0|
SO||¢||gk+lle(j+k)/8fl )
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(e) Again using R;, = R, xps as wellas g1 =1 —pq

k(2 0) <55 — DKV, Rjkps Zs(as, x7) V)| (90)
+ (7 = DICY, Za(z1, 25)p14291/4,6(x1 — 22)p1p2Sj—16 V)| (91)
+ (7 = DAY, Zs(21,25)q291/4,5(x1 — 2)p1p2S;— 16N . (92)

Lemma 5.5 gives

(@) <C||Rjkll{5,73lp5 Z5 (s, 27) V||
SOH<p||gk+lN1/2f(j+k)/8fl

as well as
(@I <Cllp1Zs(z1,25)9| [IP191/4,8(T1 — 22)P1l0p
171851kl {1,2,53 177 llop
<O |2 N—IT1L/243/2= (G- 14 R) /8+1/2
and

@2)| = — (G — D/ Zs(1,25) 7,
q291/4,5(71 — 2)p21/ Zp(71,75)p15j-1,5 V)
|@2)| <Cll\/Zs(z1,25) Y] [|g1/4,5(z1 — 22)P2|l0p

I/ Zs(x1,25)p1llopllP1S5 -1,k {1,2,5) ”ﬁl—l lop
<C|||| it N—1/2-1-1/8=1/243/2= (= 14k) /841/2
< It '

(f) Using as above R; = R, xp5 = paj+sRjk

V] L (B, 0)] <5k |V, R kpsZs (w5, 22j45) V)|
+ Jk |V, Zg(z5, 2)+5)p2j+5 5k V)|

<C||Rjkllt5.2j4+5 |P5 Zs(25, B2j45) V||
<C||p||iktt N2 Gtk /81

5.3 Proof of the Theorem for 1/3 <5< 1

Summarizing the last section we get the following Corollary, which directly gives

the Theorem.

Corollary 5.12 Let 0 < 3 < 1. There exists a functional T : L*(R3" C) @
L*(R3,C) — R*, a functional T" : L>(R*N C) ® L?(R?,C) = R and a ¢ > 0

such that
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(a)

pn D(Wg, 00)] < T(y, 00)] -

(b)
ca(U,0) —CNTT"<T(V,p) <a(P,p)+ CN7"

uniform in ¥, o
(c) There exists a functional K € F such that

(2, 0)| < (lelloe + N2 Vellg 100 + | All o) K (@) (@(¥, ) + N7T)

uniform in W, p.

Proof: Set
T(W,p) =Y 2797 F (W, 0) + [E(F) — £ (p)] and
J+k<5
d
= D 27 )+EI5(\P)—5GP(<P)|-
j+k<5

(a) follows from Lemma B9 with (23]).
(b)

D(W, ) =(W,m°0) +[E(¥) =P ()| + D (U, Rju¥) +T(T, )
1<j+k<5

In view of Lemma we have that
coa(W, ) < (U, M) + () = E7T ()| < a(T, ) .

The other summands are in view of Lemma bounded by CN~" and
(b) follows.

(c) Recall that £_1 1 = 0, thus

p)= > 277F (9 (T, 0) + 23(&-1k) — S(&5in))

J+k<5

£ Y 27086 + € — £97 ()

j+k=5

The first line is controlled by Lemma[E.TTl The second line is bounded by
Proposition 5.7 and (23).

O
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From (b) and (c) it follows that
(T, ¢) < (l¢llse + N3 Vell6 100 + [|All o) K(0)(T(T, ) + N77)
and we get via Grgnwall
F(\Ijt, gﬁt) S 6]3(”%75”004’(1“ N)1/3||V<P5H6,loc+”ASHDO)K(V’S)dS(F(\IJO7 <P0) + N*n) .

For ¢ € G we have that sup,cp{K(¢s)} < co. Again using (b) we get the bound
on a(Ps, 1) as stated in Theorem

6 Generalizing to =1

Lemma [5.17] holds for 3 = 1. When generalizing the Theorem to 8 = 1 below
one “only” has to adjust I" in Corollary such that the £ in Corollary
becomes controllable.

Recall that (c.f. Corollary E.10)

&= —-2N(N - 1S ((¥, Zs(z1, 22)p1g2(M° — M) ¥)) .

The method we use is similar as above: We add a functional v to I' such that
the interaction term in & is smoothed out by the cost of additional terms. It
turns out that all the additional terms are controllable so in contrast to section
this first adjustment will be sufficient.

The “new” interaction term will scale moderately and can — using Lemma
M4 (d) — be controlled in terms of ||¢1V1¥|. But we only got good control of
IV1g1¥| for 8 < 1. Hence we have to generalize our estimates on ||V1¢1 || to
B =1 first.

6.1 Controlling ||V,¢ V| for =1

For 8 =1 a relevant part of the kinetic energy is used to form the microscopic
structure. That part of the kinetic energy is concentrated around the scattering
centers. Hence |V1¢1¥|| will in fact not be small.

The microscopic structure is — neglecting three particle interactions — given
by Lemma 5.2l So we shall first cutoff three particle interactions, i.e. we define
a cutoff function which does not depend on x; and cuts off all parts of the wave
function where two particles x;, xp with j # k, j, k # 1 come to close (see By in
Definition [6.1]).

After that we shall cutoff that part of the kinetic energy which is used to
form the microscopic structure. The latter is concentrated around the scattering
centers (i.e. on the sets A; given by Definition [B.1).

Then we show that ||1.4,V1¢1 7] is small (see Lemma [6.4] below).

Having good control on ||14,V1q1 7| instead of ||Vig1¥| Lemma A4 (d)
has of course to be changed appropriately. This will be done in Lemma
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Definition 6.1 For any j,k =N let

ajr = {(z1,22,...,2N) € R3N . |z; — k| < N726/27} (93)

J_4j = U Qj k Aj = RBN\Jle Ej = U Akl Bj = RgN\Ej .
k#j k,l#j

Proposition 6.2 (a)

115, prllop < Cllplloc N1/

(b)
|15, 0] < ONTT 9w
() 7/54
115, < CN~T/3| v 0.
Proof:
(a)

||]1ij1||017 S”SDHOOH]le |
=[lplloo[As 12 < llipll oo NI—26/9/2
sing Holder and Sobolev under the xg-integration we get
b) Using Hold d Sobol der th i i
1, Wl =10, U210 < 12, 21921 < [A; 22 V5012
SHV1\IJ”2(NN—26/9)2/3 < N_34/27||V1\I/||2 )
Since [|[V1¥]] < C (b) follows.

c) We use that B; C _, Ar. Hence one can find pairwise disjoint sets
J k=1 ce
Cr, C Ay, k =1,...,N such that B; C [J,_; Ck. Since the sets C;, are
pairwise disjoint, the 1¢, ¥ are pairwise orthogonal and we get

15, 2% = > L, I° < D [, WIIP < ONTT2T|| V02 .
k=1 k=1

Next we prepare estimates of some energy terms we shall need below.

Corollary 6.3 LetV; € V1, 0 < 81 < 1. Then there exist a K € F and an >0
such that for all ¥ € Hy and all p € L*(R3,C)

(@, (2alp(@1)* — (N = 1)1Lp, W, (21 — 22)) ) < K(p)(a(¥, ) + N7")
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Proof:
(@, (2al@(x1)? = (N = 1)1, Wp, (21 — 22)) ©)

=15, ¥, p1pa (2a|p(x1)> — (N — )Wp, (21 — 22)) 1, p1p2¥) (94)
+2a((¥, |@(x1)[* = Lg,prp2e(a1)*prp2ls, ¥) (95)
+2(N = 1), 1g,p1p2Wp, (1 — 22)(1 — p1p2) 15, V) (96)
= (N = D(V, 15, (1 = p1p2)Wp, (z1 — 22)(1 — p1p2) 15, V) . (97)

Using ([3) and ([B2) we get that ([@4) is bounded by
(@2)] < K(p) (¥, 0) + N7T) .
Due to Lemma [34]
[, o (z0) 2T — (. [0%[9)] < CllelZale, @) -
On the other hand we have
(W, 15, pipo|(a1) Ppap2ls, V) = (o, [¢°]0)|lp1p2ls, U]
and with Proposition that
llp1p2 1, W2 = 1] < [llp1p2ls, OI* = [lp1p2¥|?| + [[lp1p2¥* — 1]
<SCONT/5 L (T, ) .
Thus
@3] < K(p) (¥, 0) + N7T) .
For (@6) we use that the support of Wp, (21 — x2) and A; are disjoint, thus
@0) = — 2(N — 1)(¥, 15,p1p2Wp, (v1 — 22)p1p21p, 17 V) (98)
+ 2(N - 1)<<\I]7 ]131 ]ljlplp2W31 (‘Tl - .%'2)(1 - p1p2)]151]l,41‘1’>> (99)
+ 2(N - 1)<<\I]7 ]131]]'A1p1p2W31 (‘Tl - .%'2)(1 - p1p2)]151]l,41‘1’>> : (100)
Using Proposition [6.2] and Lemma (e) we have
|@8)| < 2N|[p1We, (21 — 22)p1[lopll L5, ¥l < CllollZN 127
For (Q9)) we have using Proposition and Lemma (e)
09 <2N|[17, Y| [[1z,p1llopllprWs, (21 — 22)[op
SCNNTT240lloa N1 o] oo [ W, |
SCN_11/72+3/2(B_1)||(PH20 )

Note that 1,1 4, R3V\ Ujzx @j, thus 1, 14, € Hy. Therefore (I00) is con-
trolled by Lemma [0l (a) and also bounded by the right hand side of the Corol-
lary.

Having good control of ([@4]), (@) and ([@f) and using that ([@7) is negative
the Lemma follows.
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Lemma 6.4 Let Vi € Vi. Then there exists an > 0 and a KC € F such that for
any ¥ € Hy and any ¢ € L*(R3,C)

(a)
114, Va1 [* < K() (¥, ) +N77)
(b)
(N —1)[[1g, v/ Vi(z1 — 22)¥|* < K(0) (AT, 0) + N7
(c)
115, Viar [ <K(p)(a(¥, ¢) +N7")
Proof:

(a)+(b) For any 0 < 81 < 1 we have
IV1qu®|* + (P, (N = DVi(z1 — 22) — 2alp(21)]*)¥)
=04, Vi ¥|* + 115,15, Vigi V|1 + [ 15,1, Vig1 ¥
+(N = 1)[[15,VV1i(z1 — 22) 0|
(0D s, (Vi = W) (21 — ;)W)
j#1
(U, | 1, W, (21 — 25) — 2alp(1)* | ©)
j#1

Using that ¢; = 1 — p; and symmetry gives (after reordering)

=(N = D15, VVi(21 — 22)¥|* + |14, V11 | (101)
+ 15,14, Viar¥|* + 15,14, Vip1 ¥? (102)
— 2R ((Vin ¥, 15, 15, Vi1 7)) (103)
+ s, I, Vi |* + (U, Y s, (Vi = W) (w1 — ;)W) (104)

i#1
(O, (D 18, W, (21 — 2) — 2alp(z1)* | ©) (105)

i#1
Proposition [6.2] (b) and @) yields that for some K € F

|(@@3)] <2|R ((Viqr ¥, 14, Vipils, U))|
<IVign ¥l [Velll[1s, Y|
SIC((/?)N77/54 )
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Choosing 81 < 1 large enough the support of the potentials V; (x1 — x5)
and Wp, (21 — x;) are subsets of A; = R3M\A; (c.f. Definition BG.]).
Furthermore we have that the support of the potentials

Ig, Vi(zr = 25) = W, (21 — 25))
are pairwise disjoint for different j. It follows with Lemma (c) that

([I04) is positive.
Corollary [63] gives a abound on ([I05) it follows that

(@0 + @02) <K(p)(a(¥, @) +N").

Since all the summands in (I0I) and ([I02) are positive, it follows that
each of them is bounded by K(p)(a(¥,p) + N~7) and we get (a), (b) as
well as

115,14, Vig¥[* < K@) (¥, ) + N77) . (106)

(¢) (I08) and (a) give
115, Vi ¥ <[[1g, 14, ViqiV|? + |1z, 14, Vi V|
<g, 12, Vigr 9[* + 1.4, Vi1 V|
<K(o)(a(P,0) + N7T).

6.2 Generalizing Lemma 4.4 (d)

For 8 = 1 our plan is again to smoothen out the interaction using the microscopic
structure and use Lemma [£.4] for the smoothed interaction terms. To be able
to do so we first have to estimate Lemma [£4] (d) in terms of |14, Vi1 7|
(Remember that for § =1 [|[V1¢1 || is not small).

Lemma 6.5 Let for 0 < 8 <1 Vs € Vg, g € L? and m : N> — R" with
m < n~'. Then there exists a K € F and an > 0 such that for any ¥ € M
with {1,2} C M
N{¥qip2Vs(z1 — 22)Mq1g2V) (107)
< K@) ([¢lloo + (0 N)2[Vll6 10c) ((¥,AT) + |14, V1gr¥||* + N ")
Proof:

We first prove the Lemma for some small 0 < 8 and generalize to all 0 <
B < 1 thereafter.
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In view of Definition

NIV, q1p2Vp (1 —22)Mq1q2 ¥ )| = N[V, q1p2Uo,5(z1 — 22)Mq102V)|
+ N{U, migip2(Aho g)(x1 — x2)q1g2 )|
<NI(Y, qip2Uo g(z1 — x2)Mq1g2 V)|

(108)
+ NIV, q1p2imi (Viho g(z1 — 72))g217, Vit ¥)|  (109)
+ N1z, Vi1 ¥, p2(Vihog(z1 — 22))q1gem¥)|  (110)
+ NIV, qip2m1(Vihog(x1 — 22))q2l 4, Vit V)|  (111)
+ N{LA, Vi1 ¥, p2(Viho (1 — 22))g1g2m T Y| . (112)

For (I08) we have
(@08) < N1 ¥[| [Uo,slloc[IMarg2¥[| < CNa(¥, @) [[Vs]l1 -
For (I09) and (II0).

([09) + [II0) <N|[1,q2(Viho,s(w1 — z2))m1qip2¥| [[Vig1 V||
+ NVig1 V|| |17, p2(Viho s(21 — 22))q1gam V||

Using Proposition and Lemma

(I[09) + @) <CN'/%||V1q2(Vihos(x1 — 22))R1qip2¥ | Vi P
+ CNYPT V1@ | | Vipa(Vaho p(@r = 22))qigem¥ |
<ON'Y/27||go(Arho g(21 — 22))Maqrpa V||
+ CN"7||go(V1ho,p(z1 — 22)) Vi qipa ¥ |
+ ONY2 |y (Arho (21 — 22))qu e ¥ |
+ CNY||py(Viho g1 — 22))Vigrgem¥||
Note that for any m < Cn~! and any ¥ € H

IVigigem¥ || <[[p1Vigqigem¥|| + [|¢1 Vigigem V|
=||migp1 Vigi ¥ + |mea1 Vigi ¥||
<C|Vig ¥|| (113)

and similarly
IVigipem¥ | <Climlopl| V1gr ¥]| -
Since ||V1¢1 || is bounded (see (49)

@) + [@@0) <CN'27(|p|l || (|| A1hosll
+ [ VihogIN7V2 + | Avrho gl + | Vihos])
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Using the bounds on ||A1hg gl and ||V1ho gl from Lemma E3 it follows that
for 8 small enough we can find a n > 0 and a IC € F such that

@@ + @@ < LP)llello N7

N
N I
(1D SN I 1w, ZQkaml(vlhO,ﬂ(l'l — o)) gk LA, Vigr V)|

N
<zl qu Viho g(z1 — z1))Maqipr¥| 1.4, Vi ¥

k=2

Due to @9) ||1.4,V1¢17] is bounded. For the other factor we write

N

1 ak(Viho s(z1 — 2x)Faqupr ¥ |1
k=2

= Z (¥, m1q1p; (Viho,p(x1 — 25))a;ak(Vihog(@1 — x))Mm1qipr¥)
2<j<k<N

(114)

N
+ Y (W Mg (Vihos (21 — @) ar(Vihos(z1 — zp))aqpe ) . (115)
k=2

For (II4) we use that for any 2 < k < N Vihog(z1 — xr) = Viho,g(r1 — xk).
Partial integrations yield

1sel)
< > UVRVipimar¥, qiho s(z1 — 25)ho (21 — 2x)Maq1peq; )|

2<j<k<N

+ ) (Vipimaae¥, qrhos(zr — z5)ho p(21 — k) Viinaquprg; V)|
2<j<k<N

+ Y UVema Y, aipsho (@ — 5)ho s(x1 — xk) V1 qipra; U)|
2<j<k<N

+ Y gk, aipiho s — x)ho p(er — wx)V;Viingiprg; )| -
2<j<k<N
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Due to symmetry the first and the fourth line are equal and
(1) <2N?|(V2p2Vsmiqs¥,qihos(z1 — x3)psho,p(z1 — 22)M1q1q2 V)|

+ N?|[(Vainip2qs¥, qiho,s(v1 — 22)ho p(v1 — 23) Vi qipsqa V)|
+ N?|(VsmiqsV, qrho s (z1 — 23)psp2ho,p(1 — 22)Vainiqiga V)|

<2N?||psho,p(z1 — 3)Vaim1q1g3¥|||ho,s(x1 — 22) Vapa|lopl 1 q1¢2 9|
+ N?||ho,p(x1 — 22)Vapa |2, lM1q1g3 ¥ |
+ N?||Ip2ho,p(z1 — 22)Vaiiqrg2 ¥ ||

<CN||p2ho g1 — 22) Vo q1g2¥|| [ Vepll6.ioc(In N)/3/a(¥, )
+ C|IV@§ 10e(In N)*2(T, )
+ N?|p2ho,s(x1 — 22)Vamiqiq2 ¥ || .

Let us next control the factor ||p2ho g(21—22)Vami1q1g2¥||. Using 1 = La,+15,
and exchanging the variables x; and z2 we have

Ip2ho,p(71 — 22)Vami1q1g2 ¥ <|lp1ho,s(r1 — 22)llopl| V1g1gema L a, V||
+ |lp1ho,a(x1 — 22) Vi |opllg2mal g, a1 V|| -

Using formula (II3)) on the first and Lemma B4 on the second summand (note,
that 1.4,V € 7‘[{1}) we get

[p2ho,p(w1 — 22)Vamiqi1ge¥|| <Cllprho,s(z1 — 2)llopl| Vi1l a, 1 V||
+ lprho,s(z1 — 22)Vi[opl| 17, V]| -

The first summand is in view of Lemma (e) and Lemma 3 bounded by
ON"Hlplloo T4, Vigr ]l -

Partial integration, Proposition (6.2) and again Lemma [3:2 (e) with Lemma
give for the second summand

[p1ho,s(z1 — 22)Vil|opllLg, a1 ¥l
<CN~YPT(||ho g(z1 — 22)Vapillop + [(V1ho,s(z1 — 22))p1llop) V101 ¥
SCNTT (N7 Vepllstoclln N)2 + N7l ) V161 2]

Using ([@9) and choosing 3 sufficiently small there exists an > 0 and a K € F
such that

Nl|p2ho,p(z1 — 22)Vami1q1g2 V|| (116)
< K(@)(ll¢lloe + I N)2IVells0c) (1L, Vigr ¥ )> +N77)
Thus ([II4) is bounded by the right hand side of (I07). For (II5) we have

(@3B) <N|mq¥|? [p2(Vihos(zr — 22))2,
<CN|lo||2, [ V1ho,|> < CNTV2428| 1|12

56



For small enough 3 that there exists a n > 0 such that [[IH) < CN "¢
and thus (III)) is bounded by the right hand side of (I07) for some K € F.
Again using that Viho g(x1—x2) = —Vaho g(r1 —22) and partial integration
yields for (I12)
[I2) <N[{ho,s(x1 — 22)Vap2l a4, Vi1 ¥, q1g2m¥))|
+ NI{La, Vi1 ¥, p2ho p(x1 — 22)q1 Vag2m V)|
<N|lho,s(21 = 22)Vapa|lopl|Ta, V1g1 V||l q1g2m P ||
+ NLa, Vigr ¥ | [|p2ho,p(z1 — 22)q1 Vagam ¥ || .
Using ([II6) it follows that N ([{I12)) < C which completes the proof of the Lemma

for 0 < 8 < By for some 0 < By < 1.
To prove the Lemma for fy < 5 < 1 we write

|<<‘I’7Q1P2VB(5U1 — 22)Mq1g2 V)| :|<<‘I’7Q1P2UBU,B"A”LQ1Q2‘I’>>|
+ N{Up1g2(Vs(z1 — 22) — Up, p(21 — 22))Mq1g2 V)

In view of Lemma Ugy,3 € V3,. The case § = fy has just been shown,
so the first summand is bounded by the right hand side of (I07). The second
summand is controlled by (87) and the Lemma follows in full generality.

O

6.3 Second adjustment: Making o) controllable

Next we adjust the functional I'" from Corollary such that & (defined in
Corollary B.10) becomes controllable.
Recall that (see (7))

§=—2N(N = 1)S ((¥, Zs(a1, 22)p1g2(° — M) W) (117)

Following the ideas in section[5.2 we define now a functional which smoothens
the “bad” interaction term in &.

Definition 6.6 Let Vi € Vi, let in = m® —my.
We define the functional v : L2(R3N C) ® L%(R3,C) — R* by

(W, ) == N(N = 1S ({V, 1929891 (z1 — 22)Mp1g2V))
and the functional ' : L*(R3V C) ® L*(R3,C) — R by
V(¥ 0) =7+ + 1+t €
where the different summands are

(a) The mized derivative term

S (¥, q102 [H, gs /9.1 (w1 — x2)] Mip1g2¥))

v*=—-N(N &
IS ((¥, q1a2(Ws 9 — Vi) fayo,1 (21 — 22)mp1g2¥))

~1
—~N(N -1
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(b) The new interaction term

W =—¢E+ NN -1 ({0, [Z5(21, 22), q14298/9,1 (21 — T2)Mp1ga] V)
+ N(N = 1)S ((¥, q1q2(Ws 9 — Vi) fs/9,1(x1 — 2)Mp192¥))

(c) Three particle interactions
v¥=N(N-1)(N-2)
S ((V, [Zs(a1, 23) + Zs(w2, 23), 14298 /9,1 (21 — T2)Mp1ga] )
(d) Interaction terms of the correction
31 = N(N — 1)(N — 2)(N - 3)
S ((¥, 1029891 (21 — 2)p1a2 [Z5(w3, 24), 7] V)
Lemma (7] (a) together with Lemma (a) imply directly
Corollary 6.7 There exists a n > 0 such that
V(¥ 0)| < CN7"]|¢lloo -
Next we show that in fact 7 satisfies v/ (U, ) = Sv(¥y, )
Lemma 6.8

d
av(‘l’t,%) =7 (Uy, 1)

Proof:

d ~
Ey(q/t, pr) == NN = 1)S ((¥,q192 [H, gs0.1(x1 — 22)] Mp1g2¥))
+ NN -1 ((\I/, [H - HGPleQQQS/Q,l(Il - 1’2)771?1‘12} W))

Using symmetry

=— NN =13 (¥, q192 [H, gs/9,1(x1 — x2)] Mp1g2¥))
+ N(N = 1)S (¥, [Zs(z1,22), 414295 9,1 (x1 — z2)Mp1g2] V)
+ N(N = 1)(N = 2)S ((, [Zs(x1,23) + Zp(22, 3), 14298/9,1 (21 — T2)Mp1g2] V)
+ N(N = 1)(N = 2)(N = 3)S ((¥, q1q29s/9,1 (1 — 2)p1q2 [ Zs (23, T4), M] ¥)) .
O
Subtracting

N(N = 1S (¥, q102(Ws /9 — V) f3/9,1(x1 — 22)Mp1g2 )

from the first line and adding it to the second line, as well as subtracting & from
the second line and adding it to the total gives that the right hand side of (@)
equals 7% + % + ¢ + v + ¢ which proves the Lemma.
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Lemma 6.9 Let 8 = 1. There exists a K € F such that
V(T 0) = € < (I @lloo + (0 N)2[[Vell6,10e) C(0) (AT, 0) + N7T)
Proof:

(a) Using (@8) and Vigg/g,1(z1 — 2) = —Vaggg.1(z1 — 72) and integrating
by parts we have
(W, )| SN?I(T, qrgai—1(Vags o1 (z1 — 22)) Vap1g2 V)|
+ N2[(¥, q1g2m—1(V1gs 9,1 (x1 — 22))Vip1g2 V)|

<2N?|(¥, q1g2m—19s/9,1(x1 — 22)V1Vap1g2 V)| (118)
+ N?[(Vim—1q1¢2V, gs 9.1 (21 — 22)Vap1g2¥)|  (119)
+ N2|<<V2(J1(J2‘1’798/9,1(331 — x2)Vimp1g2V)| . (120)

We use that for any xy € L2(R*Y,C) by Hélder- and Sobolev’s inequality

Ly —any<rv-3/93 X7 =0X L (21— 2n)<mRN-3/93X)
<y )< rv-579y 137211 I3
<CN7IP) v ix|? .

This, (#2), Lemma (3] and Lemma B2 (e) give
([8) <N?|1L{(zy—ap)<rN-3/9yM—1q1G2 V|
llgs/9,1(x1 — 22)Vipillopl| V2g2 ¥ ||

<CON?89 Vi1 V|| |gs/9.1]13] V6,10
<CN~32(n N)Y3||Vol6.10c -

For (I19) we get
@) <N?[|m-1V10102¥ || |gs /9,1 (x1 — 22)p1lop|| V22 ¥
<CN"?||p]|oo -

To control (I20) we use symmetry and write

N2

@) = (V2a2?, > 4598701 () — 22)Vinp;qa V)|
J#2
N? al R
sy 7 IVea 2l > 4igs/0.a (x5 — 21)Vimp;qr V|
j=2
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As above ||[V2¢q2¥| < C. For the second factor we write

N
1> 4598701 (x5 — 20)Vimp;a 1?

=2
N

= Z«vjpjﬁ“h‘l]u gs/9.1(xj — 21)q59879,1(25 — 1)V p;maq1 ) (121)
j=2

N

+ > (Vipmar ¥, gs o1 (@ — 21)q50k98 /0,1 (xk — 21) Vipemaqr ) .
i#h=2
(122)

For (I21)) we use symmetry, Lemma[3.2] (¢) and Lemma B4 (recall that in
view of Lemma 5.3 m(k, N) < CN~'n='(k +1,N)) and get

@2I) <(N = 1){(Vapamq1 ¥V, ggo,1(xj — 71)gs/9,1(v2 — 71)Vapaing V)
<Nllgs/o.1(z2 — 1) Vapa ||, || ¥
SN_3(1D N)2/3||vspl|g,loc .
For (I22) we get

|22 <N*(Vapal (s, —uy)<rn-s/0yMG143Y,
9s/9,1(x2 — 21)98/9,1(23 — 1)Vapsly(y, —p)<rn-5/93 0102V )
<N?||gsjo.1(z2 — 21)Vapal |2l {4y —ap) < RN-3/9y M1 G2 V|| .
Since {(z1 —x2) < RN78/%} C A, we get with Proposition 6.2 and (I13)
104 0y =0y < v -5/9y g1 g2 0 || SON Y27V 171 g W |
<CN~'VRY| V0|
It follows that
(@22 < CN7>732T) V0§ 1o N)*2 | Vigr 0|2

thus
N

1Y " 4jg8790.1(2—21)Vimp;qn || < CN 73| V|6 10c(In N)/3 (14| V1gr ¥])).
j=2

With {9)) it follows that also |([I20)| has the right bound and (a) follows.

(b) For v* we can write in view of (IT7) and using qi|¢(x2)|*p1 = 0
YP(U, ) < N?|(V, 192M—198/9,1(T1 — 22)p1g2Z1 (21, 22) V)| (123)
+ N2|(¥, Z1 (21, 22)(q1g2 — 1)gs /0.1 (21 — 22)p1g2mV)| (124)
+ N2[(¥, 102 (W o (w1 — m2) — Vi(21 — @2) + Z1 (21, 22)) (125)

fs/0,1(x1 — w2)Mp1g2 V)| .
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For (I23) we have

(@23)| <N?[[-1g29| l|gs /9,1 (21 — z2)p1llopllpr Zi (21, 22) ¥
<CN"*?|lgll3, -

For (I24)

[24) <N?|(V, Z1 (w1, 22)p1p2gs/o,1(x1 — x2)Mp1g2 V)|
+ N?|(¥, Zy (21, 22)p1g2gs 9,1 (21 — T2)Mp1g2 V)|
+ N2 (¥, q1g298 /9,1 (x1 — 2)Mp1g2 V)|
SN?||p1Z1 (w1, 22) ¥ [Iprgsyo,i(z1 — 22)p1lopll g2 ¥ ||
+ N?||pr1Z1 (1, 22) || [Ip1gsso.1(z1 — 2)p1lopl| g2 ¥ ||
+ N?||p1Z1 (21, 22) 9| |lgsjo.1(x1 — 2)p1llop -[g2 ¥

Recall that m(k, N) < CN~'n(k+1,N)~!, thus
@22 < ON?27190 )%, + ON22742 12, .
For (IZ0) we have

@23) < N|{V, q1g2Ws/9(21 — 22) fa /9,1 (21 — 22) NMp1g2 V)|
2

+N—1

(¥, qraam—1 (2alp(a1)|* + 2alo(x2)]?) fsyo.1(x1 — 22)pra2P)| .
We get with Lemma [6.5] that the first line is bounded by

K@) (lollse + (I N2 Vells0c) ((T,AT) + | La, Ve ¥[|* + N77)
For the second line recall that || fg/9.1]|cc = 1, thus it is controlled by

ONllqigem—1 || ol3lle2 || < Clll % (¥, nw) .

(c) Using g2 = 1 — po the left hand side of (c¢) is bounded by
(2, )| SNPIS(W, [Z1 (22, %3), qraami—1gs /9,1 (21 — T2)p1p2] V)
(126)
+ N3, [Z1 (w2, 23), q1q2Mi—19s 9,1 (¥1 — T2)p1] V)|
(127)
+ NS, [Z1 (21, 23)q14295 9,1 (1 — T2)Mprge] U] .
(128)

Using symmetry (I26) can be controlled like in the proof of Lemma
(c). For easier reference we repeat the formulas here: Using 1 = p3 + g3
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and g1 =1—p

([@2Z6)| <N°|(¥, qraai—_19s/9,1(x1 — 22)p1p2Z1 (22, x3) V)
+ N3|(¥, Z1 (22, 23)p3 q1G2M—198/9.1(21 — T2)p1p2 T )|
+ N3|(U, Z1 (2, 23)p142gs 9,1 (T1 — T2)Mp1p2gsm V)|
+ N3|(W, / Z1 (w2, 23) G298 9,1 (T1 — ®2)p2r/ Z1 (22, 23)p1gsmP))|
<N? |11 [lgsyo,1(x1 — 2)p1lopllp1Z1 (w2, x:3) ¥ ||
+ N3 g2 1ps Z1 (w2, 23) V|| ||gs /0,1 (1 — 22)p1 [l op
+ N?||p1Z1 (2, 23) V|| [|gs /0,1 (1 — T2)p1[lopllgsm ||
+ N2V Zi (w2, 23) 9| ||gsj0.1(x1 — 22)p2llopll v/ Z1 (22, 23)p1 | op | gz ¥
<SCN?||| 2 N1 14971 = ON=42 g2, .

Using g2 = 1 — p2 we can write for (I21)

27) <N?3(V, [Z1($27$3)7Q1ﬁ17198/9,1(l’1 — z2)p1| V)| (129)
+ N?|S( 0, q1p2m_19s/9,1(x1 — v2)p1Z1 (72, 23) V)| (130)
+ NS, Z1 (22, m3)qupaimi—19gs 9.1 (21 — 22)p1 U)| . (131)

Using that q1gs/9,1(z1 —22)p1 commutes with Z; (22, r3) and then Lemma
B2l (d) we have

[@29) <N*|S(V, [Z1(22, x3), M—1] q1g8/9,1 (21 — 22)p1 V)|
N3, [Z1 (w2, 3), p2ps (i1 — )] qrgs /o1 (21 — 22)p1 V)|
+ N33, [Z1 (22, 73), p2g3 (Mi—1 — T1)] q198/9,1(x1 — 22)p1 V)|
+ N3, [Z1 (22, 23), gop3(M—1 — )] q19s /9,1 (1 — z2)p1 ¥
<N3S(W, Zy (x2, 23)paps(_1 — m1)q19s9,1(x1 — x2)p1 V)|

+ N3, q1(M—1 — M1)paps Z1 (w2, ©3)gs 9,1 (21 — 22)p1 V)|
+ NS, Z1 (2, m3)p2qs (M1 — M1)q1gs 9,1 (1 — 22)p1 L))
+ NS, q1(M—1 — M1)p2qsZ1 (22, 23)gs 9,1 (11 — 22)p1 V)|
+ NS, Z1 (2, m3)qops (M1 — M1)q1gs 9,1 (z1 — 22)p1 L]
+ N?|S(W, g1 (M1 — ) qeps Z1 (22, 23)gs /9.1 (21 — 22)p1 )|
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Using Lemma [3.4]

<CN?|p2Z1(x2,23)¥| |lgs /0,1 (1 — 22)p1lop
+ CON?||p2v/ Z1 (22, 23) ||opllgs 0,1 (x1 — 22)p1[lopll v/ Z1 (w2, 23) V||
+ CN2||P2Z1($27953)‘I’|| ||98/9,1(=’E1 — 22)p1llop
+ ON?|lp2v/ Z1 (22, 23) |l opllgs 9,1 (x1 — 22)p1 llopll\/ Z1 (w2, 23) ¥ |
+ CN2||P3Z1($27953)‘I’|| ||98/9,1(=’E1 — 22)p1llop
+ CN?|psv/ Z1 (w2, 23) |l opllgs 0,1 (21 — 22)p1llopll v/ Z1 (w2, 23) V|
<CN>2 |2, = N2, .

Using Lemma B.4] (I30)) is bounded by

@30) =N3S(V, im—1p2y/Z1 (22, 23)gs /9,1 (21 — 2)p1V/ Z1 (22, 23) U))|
<CN?||p2v/Z1(x2, 23)|lopllgs /9,1 (x1 — 22)D1lopll v/ Z1 (2, :3) V||

<CN~g|% -
For (I31) we have again with Lemma B.4]
@) < CN?[[p2Zi(w2, 23) ¥l gs /0.1 (1 — w2)p1lop SCN~?||1%, .

Having controlled (I26]) and all terms in (I27) we split up (I28) using
l=pstgzand g =1—p

[@28) =N3|(¥, q1g2m—19s)9,1(x1 — T2)p1g2Z1 (21, 23) V)| (132)
+ NN_3 1 (P, alle(@1)? + e(x3)1*)q1a29s 9,1 (1 — 2)Mp1g2 V)|

(133)

+ N3|(W, Vi (21, 23)q19298 /9,1 (21 — T2)Mp1gaps V)| (134)

+ N3|(W, Vi (1, 23)p1429s /9,1 (T1 — 2)Mp1g2q3 V)| (135)

+ N3|(W, Vi1, x3)p2gs 9,1 (z1 — x2)Mp1gaqs V)| (136)

+ N30, Vi (21, 3)q298 /9,1 (21 — 22)Mp1gagslg; V)| (137)

+ N?|(, Vi(w1,23)q298/9,1 (71 — T2)Mp1g2q3ls, V) . (138)

Using Lemma 34 (I32), (133), (I34), (I33) and ([I36) are bounded by

CN®||m—1q2V||; lgs 9.1 (x1 — ®2)p1loplP1 Z1 (21, 23) 0|
CN?[llZlgs o1 (@1 — z2)pillopl Mg ¥ ,

N|[lpsVa(z1, 23) ¥ [lgs/o,1(z1 — z2)p1llopll M2 ¥l
N3||p1Vi (21, 23) ¥l llgsyo.1(z1 — 22)p1[lopl g2 Pl

N3/ Vi (21, 23) 9| pags o (21 — 22)l|oplV/ Vi (21, 23)p1 [lop | g2 ¥ -
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All these are smaller than C|p||2 N~%/°.

Next we turn to (I37). Since the support of gg/g1(x1 — 22) is a subset of
Bs we get that (I37) is bounded by

]\]3”]153 \/Vl(ﬂflv 333)‘1’” ||98/9,1(l’1 - $2)\/V1(3317 953)771171(12%]152‘1’”
The first factor is controlled by Lemma (b)
[@3T) <N/ (K(e) (oW, ) + N 1))/
lgs/9,1(x1 — $2)\/V1($17563)771]916]2(13]132\1’” .

For the remaining factor we use for any fixed x1,xs,...,xy Holder and
Sobolev under the zo-integral. Setting x := vV (21, 23)p1 q2qzmig, ¥

19s/0.1(21 = 22)X]1* <l198 /.1 13/2 || I1X7 13 in 2. |
=llgs/0.1 1311 [HIIXIIG i 2o || < Nlgs /o1 ll31Vax]? -
With Lemma 52 and (II3]) we get
lgs/0,1(x1 — 22)VV 1 (21, 73)Mp1g2gsly, V|
<llgsjo.1llsIV2VV1(21, 23)p1g2q5m 15, V||

<CN ™Y In N)Y2|VV (21, 23)p1 [l op| Vag2g37 15, Y |
<CN™2(InN)'?||Vagol5, V||

Since

V20215, V|| <2(|Volg, V|| + 2[|Vop2lg, V|
<2||Valg, Ul + 2(| Ve 15,9

we get with Lemma [6.4] (¢) and Proposition [6.2] that the latter is bounded
oy 1/2
by (K(p)(a(, ) + N~)"/%
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Using symmetry ([I38]) is bounded by

N

CN?[(¥, Vi(z1,23) Z gs/9,1(71 — x)Mp1g3q;lp, V)|
=4

=CN?[(¥, /Vi(z1,23)(p1ps + P14s + ¢1P3 + q143) (139)
N

VVi(zy,3) 298/9,1(901 — ;)mp1g3qils, V)|

j=4

=CN?|(V, \/Vi(z1,23)(p1psim1 + prgsim + qipsm + qiqsim_,)

N
298/9,1(331 — ;) Vi(z1, x3)p1g3q;1s, V)|
j=4

SCN?|VVi(@y, 23) ¥ [Mallopllpry/Tsen (@1 — 22)]lop (140)
I3/ Vi(21, 23)|loplly/ds/0,1 (21 — 22)p1|op
+ CN?||(prgsm + qipsm + qgsm—1)y/ Vi (z1, 23) V|| (141)

N
| 298/9,1(331 — ;) Vi1, 23)p1g3q; 1, Y| -
=4

(I40) is bounded by
CN271P g3, .

Using Lemma [34] and Lemma [ the first factor of (I4I)) is bounded by
CN—3/2, Using the abbreviation X;j = VVi(z1,23)p1gsq;1s, ¥ we can
write for the second factor

N
1) " gsjo.1 (w1 — 25)[1* <N?(Xagsjo (@1 — £4)gs/o,1 (21 — 25)X5)
j=4

+ N{xa(gs/9,1 (1 — 24))*x4)
Since gg/9,1(21 — x5) and ggj9.1 (21 — 24) commute we get
<N?|lgso,1(z1 — z4) x5 (1> + Nllgsyo,1(x1 — 24))xall®
Using this and g3 = 1 — p3 it follows that
(M) <CN3?||gg /91 (x1 — 24)\/Vi(a1,23)p1as 1, V|| (142)
+ CN3/2||98/9,1(=’E1 —T4)V/ ‘/1($1,!E3)P1P3Q51165‘I’||
+ CONl||gs/o.1(x1 — 24))V/ Vi(21, 73)p1g3qalp, V||

Note that for large enough N the function /Vi(x1,23)gs/9,1 (21 — 24) is
different from zero only inside the set as 4. Since Bs and as4 are by
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definition disjoint it follows that

98/9.1(x1 — 22)Vi(21,23)98 /9,1 (1 — 25)p1g51 8, ¥
=9gs/9,1(r1 — x4)Vi(21,23)98/9,1(21 — 25)p1G51ay , 15, ¥
=0.

Thus the second summand in ([[42) is zero. Using as above Holder and
Sobolev under the zs-integral of the third summand in ([42) we get that
(41 is bounded by

CN =285, + CN2 |/ Vi (w1, 23)ps |l opll g5 /9.1 (21 — 24)p1 ]l op
+ N||98/9,1||§||V4\/71(l’1, r3)g8/9,1(T1 — z4)Mp1g3qalp, V|
<ON“) g, + ON =i N3\ /Ti (o1, 25)n 1 |V aiasasds, ]2
<ON~Ylp2,(In N)*/?..
Using symmetry and Lemma [32 (d) v¢ is bounded by
4 <N ({0, q1298 /9.1 (21 — 22)P1G2 [Z1 (23, 24), p3pa (i — T22)] )
+ 2N ((, q1g29s)9,1 (21 — 22)p1a2 [Z1 (23, 24), p3qa (i — 721)] )
SNS ((, Z1 (23, 24)p3paqraeiy *gs 9,1 (x1 — T2)prgenis (i — mo) V)
+ NS ((¥, q1g2my 2gs 9.1 (21 — 22)p1gaiis (M — M2 )pspaZy (23, 24) V)
)P))
)P))

+ 2N ((, Z1 (3, 24)P3qaq1g2niy *gs 9,1 (21 — 22)p1gafis (M — M
+ 2N ((, q1g277 2gs 9,1 (T1 — 2)p1aaiis (M — M )p3quZi (z3, 4
With Lemma 3.4 it follows that

A

v <CN*|psZi (s, 24) | ||gs/9.1(x1 — 2)p1|opl| i3 (7R — 720 ||

+ CN*lgsjo,1(x1 — w2)p1[lopl [R5 (0 — 1002) | op | P3 21 (23, 24) V|

A

+ ONYpaZi(x3,24) Y| Nl gs/0,1(x1 — 22)p1[|op| [R5 (M — 1) V||

+CON*gs 9,1 (w1 — w2)p1 || op|[A703 (112 — 701) || opl| 3 Z1 (25, 24) ] -
Recall that m = m® — m?. Due to Lemma [70
m(k) —m(k+1) =m°(k) —2m°(k + 1) + m°(k +2) < CN *n(k+ 1)~
and

m(k) — m(k +2) =m°(k) —m°(k + 1) — m°(k + 2) + m°(k + 3)
<CN2n(k+1)73.
It follows that
7! <CN*|psZi(x3,22) || [|gsjo.1 (21 — x2)p1]lopN 2 .

In view of (5) we get that also ¥4 is bounded by the right hand side of
©.9).
O

66



6.4 Proof of the Theorem for g =1

Corollary 6.10 Let 3 = 1. There ezists a functional T : L2(R3N  C)®L*(R3,C) —

R*, a functional T" : L2(R*N ,C) ® L*(R3,C) — R and a constant ¢ > 0 such
that

(a)

d
dtr(‘l’ta%ﬂ < U0, 1) -

(b)
ca(¥,p) —CN™"<T(V,0) <a(¥,p)+ CN"

uniform in U, @
(¢) There exists a functional K € F such that
IT(%,9)] < (¢lloo + (0 N) 2 Vell6,100 + [ Alloo)K(0) (¥, ) + N7

uniform in W, p.

Proof: Set
T(W, ) :=y(T,0) + Y 277 %y (W, 0) + [E(T) — 97 (p)] and
J+k<5
d
D0, g) = (W) + 30 279K (W) + SIEW) — £97(p)
J+k<5

(a) follows from Lemma B9l with Lemma [6.8 and (23]).
(b) follows from Corollary BT2] (b) together with Corollary [6.7].
(c) Remember that & := vy o — ' (£0,0) (see Corollary [5.10). Thus
T'(W,0) =7, ¢) = £(T, )
Y 2T (W) + 291 k) — S(& )

1<j+k<5

£ Y 27086 + € — £97 ()

j+k=5

The first line is controlled by Lemmal[6.9 The second line by Lemma[5.111
The third line is bounded by Proposition 517 and (23]).

(]
From (b) and (c) it follows that
(¥, ¢) < ([@lloc + (In N2Vl t0e + [| All o) () (T(¥, ) + N77)
and we get via Grgnwall
T(Ty, ) < ef(f(llwsl\ooﬂlnN)”3||Vsas|\a,zoc+|\x43Hoo)K(ws)dS(p(\I,m(po) + N

For ¢ € G we have that sup,cp{K(¢s)} < co. Again using (b) we get the bound
on (U, o) as stated in Theorem
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