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Abstract

We explore three geometric optimization problems with multifaceted goals, including

efficiency, fairness, solution quality, and interpretability. The problems we study pose

significant challenges because they involve complex geometric objects that interact in

high-dimensional spaces. To contend with these challenges, our work utilizes realistic

input structure to design algorithms that provide provably good solutions. Alterna-

tively, we can approach the general problem statement with heuristic or approximate

schemes.

The first problem domain addressed is trajectory clustering, where the goal is to

partition noisy trajectories (polygonal curves) into clusters based on shared structure

and find a representative trajectory for each cluster. We present a near-linear time

(1 + ε)-approximation algorithm for k-median clustering of polygonal trajectories

under the discrete Fréchet distance and finite point sets under the Hausdorff distance.

The algorithm leverages the geometric properties of the trajectories, specifically that

centers come from a “simpler” metric space, to achieve efficient clustering results.

The second problem we consider is redistricting, aiming to partition a given popu-

lation into geographic regions in a fair and representative way. Redistricting involves

drawing boundaries for electoral districts, which can significantly impact political

representation and decision-making processes. We introduce a new model of fairness

for the problem of fair redistricting and investigate the existence and computability

of fair partitions. We consider this problem in both one and two dimensions. We also

propose a new method of generating redistricting plans that leads to more compact

(geometrically “nice”) districts.

The final problem addressed is optimal motion planning for multiple robots in

polygonal environments with obstacles. Each robot is represented as a simple polyg-
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onal object, such as a unit disc or square. We present algorithms for generating

motion plans which approximately minimize the sum of distances traveled from a

start to target configuration. For the simplified case of two robots and given the

paths the robots must traverse, we also give an algorithm to minimize the makespan

(latest arrival time) of our schedule.
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Chapter 1

Introduction

The convergence of the physical and virtual realms through modern technology has led to

an unprecedented generation of vast amounts of data. Although this data is often high-

dimensional and complex, much of it has geometric structure that can be leveraged by

algorithms. These algorithms enable researchers to develop insights and solve problems

in various fields, including data science, machine learning, GIS systems, and computer

graphics.

Due, in part, to the exponential growth of available data, algorithmic problem-solving

has become an integral part of various domains, ranging from computer science to finance,

healthcare to transportation. These problems often involve complex optimization tasks

that demand efficient and effective solutions. However, the very nature of these problems

presents significant challenges, even in their most basic settings. Many questions also

encompass diverse goals, such as efficiency, fairness, solution quality, and explainability,

each of which demands careful consideration.

Nevertheless, by incorporating domain-specific knowledge and constraints, we can tai-

lor algorithms that are theoretically sound and practically applicable. This dissertation

demonstrates how we can use geometric techniques to design efficient algorithms that an-

alyze complex data and solve a variety of high-dimensional problems. By leveraging the

structure present in realistic input data, our approaches aim to present simple algorithms

that perform well in the face of difficult optimization questions. Our techniques exploit

geometric properties and relationships within the data to guide algorithms toward accurate

and effective solutions. Thus, we endeavor to design algorithms that account for biases,

address potential inequalities, and provide provable and interpretable solutions. Toward

this end, we focus on three different problem domains: clustering trajectories, redistricting,

and optimal motion planning.
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1.1 Trajectory Clustering

Trajectories model a variety of systems that change over time, such as data from GPS traces.

Since individual trajectories contain noise and uncertainty, partitioning the trajectories

into clusters, or groups of trajectories, allows us to better understand the data. Our goal

is for the trajectories within each cluster to resemble each other; furthermore, for each

cluster, we want to pick a trajectory that represents those in the cluster. This process

can be viewed as a compression scheme that performs non-linear dimension reduction.

These representative trajectories are useful in a variety of contexts (e.g., route planning,

similarity search, anomaly detection), as they are less prone to the noise found in individual

trajectories. Clustering trajectories is often a first step to summarizing and compressing

GPS data while preserving high-level shared structure.

We focus on studying the k-median clustering problem, a well-studied formulation of

the general clustering problem. The main objective is to choose k “centers” in such a way

that the total distance from each input element to its nearest cluster center is minimized.

In a basic scenario, the elements belong to Rd and the distances are calculated using the

Euclidean metric. In our work, each element itself consists of multiple points, like a tra-

jectory or a point cloud in Rd. Our research focuses on the discrete Fréchet and Hausdorff

distances, which are commonly used for trajectories and point sets, respectively.

The k-median problem is hard to solve exactly, even in Euclidean space. Previous work

has proposed approximations algorithms, whose efficiency depends on k and the dimension

of the metric space. However, many of these approaches require the metric space to have

a bounded doubling dimension. Unfortunately, we prove that neither the discrete Fréchet

nor Hausdorff distances satisfy have doubling dimension bounded by a constant, rendering

previous methods ineffective.

On the positive side, we give the first near-linear-time (1 + ε)-approximation algorithm

for k-median clustering of polygonal trajectories under the discrete Fréchet distance, and

finite point sets under the Hausdorff distance (provided the complexity of each cluster

center, ambient dimension, and k are bounded by a constant). Our approach provides a

2



general framework for solving clustering problems where the cluster centers are restricted

to come from a “simpler” metric space. We precisely characterize conditions on the simpler

metric space of the cluster centers that allow faster (1+ε)-approximations for the k-median

problem. We also show that the k-median problem under Hausdorff distance is NP-Hard.

The results on trajectory clustering appear in Chapter 2 and are based on joint work with

Abhinandan Nath [NT21].

1.2 Redistricting

One challenge in designing algorithms for large-scale decision-making is eliminating bias,

which could result in unfair outcomes for specific population segments. For example, for

some problems finding a globally optimal solution may systematically underserve subsets of

the population. Geometric concepts are also relevant for modeling attributes of individuals

and for defining a suitable model of fairness. For instance, consider the fair representation

problem, in which we want to partition a population into groups so that each group has a

representative chosen by attributes of individuals within the group. Population groups may

be defined as geometric regions with natural desirable geometric properties (e.g., compact-

ness, convexity, balanced sizes). This problem is challenging in that we want to consider

the space of all geometric k-partitions, which is not a well-characterized space. In addition

to geometric structure, we want to ensure that each segment of the population is satisfied

with their representative. In this vein, we define a new model of fairness for the problem

of fair redistricting and study whether fair partitions of populations based on some criteria

always exist and whether they are computable.

More specifically, given a set of n points in the plane, each belonging to one of two

parties, and a parameter k, our goal is to compute a partition Π of the plane into regions

such that each region contains roughly σ = n/k points and Π satisfies a criterion known

as “local” fairness. Each region is associated with the majority party in that region, and a

point is unhappy in Π if it belongs to the minority party. A group D of roughly σ contiguous

3



points is called a deviating group with respect to Π if majority of points in D are unhappy

in Π. Such a set of points have a justified complaint with how the partition was drawn.The

partition Π is locally fair if there is no deviating group with respect to Π. This idea of local

fairness is related to the well-studied notion of the core from cooperative game theory.

We first focus on a restricted case when points lie in 1D. The problem is non-trivial

even in this setting. We consider both adversarial and “beyond worst-case” settings for

this problem. For the former, we characterize the input parameters for which a locally fair

partition always exists; we also show that a locally fair partition may not exist for certain

parameters. We then consider input models where there are “runs” of red and blue points.

For such clustered inputs, we show that a locally fair partition may not exist for certain

values of σ, but an approximate locally fair partition exists if we allow some regions to have

smaller sizes. We finally present a polynomial-time algorithm for computing a locally fair

partition if one exists. These results appear in Chapter 3 and are based on joint work with

Pankaj K. Agarwal, Shao-Heng Ko, and Kamesh Munagala [AKMT22].

In Chapter 4, we extend the concept of local fairness for auditing and ranking redis-

tricting plans. For redistricting problems on real data, we typically work on a graph, where

each vertex represents an indivisible geographic unit. We show that the problem of auditing

a given plan for local fairness is NP-complete. We present an Markov Chain Monte Carlo

(MCMC) approach for auditing as well as ranking redistricting plans. We also present a

dynamic programming based algorithm for the auditing problem that we use to demon-

strate the efficacy of our MCMC approach. Using these tools, we test local fairness on

real-world election data, showing that it is indeed possible to find plans that are almost or

exactly locally fair. Further, we show that such plans can be generated while sacrificing

very little in terms of compactness and existing fairness measures such as competitiveness

of the districts or seat shares of the plans. This chapter is based on joint work with Pankaj

K. Agarwal, Shao-Heng Ko, and Kamesh Munagala [KTAM22].

To complete our discussion of redistricting, in chapter 5, we focus on the increasingly

popular MCMC methods for generating and auditing redistricting plans. These methods

4



generate a large ensemble of representative plans that satisfy desirable properties, such as

competitiveness, compactness, and seat share. An important question that arises is how

the chain should be constructed so that it runs efficiently, generates an ensemble of desir-

able plans in terms of the above outcomes, and covers the space of desirable plans in the

sense that the ensemble contains a plan close to any desirable plan (a property we term

“coverage”). We propose a novel MCMC method that adapts the widely used recombina-

tion chain to incorporate geometric partitioning. Our experimental results show that this

method achieves better compactness scores, measured both via graph cuts and geometric

properties, compared to previous methods, while preserving their competitiveness and sim-

ilar seat share outcomes. Though our method generates an ensemble from a smaller space

of plans than traditional methods, we show that this ensemble achieves good coverage.

Finally, our method is computationally efficient and gracefully handles large-scale redis-

tricting problems. This chapter is based on joint work with Pankaj K. Agarwal, Kamesh

Munagala, and Zeyu Shen.

1.3 Optimal Motion Planning

The final problem we consider is motion planning. As the fields of artificial intelligence

and robotics continue to develop, it has become increasingly essential to develop efficient

and reliable decision processes. Moreover, many applications involve the coordination and

orchestration of multiple robots, which increases the difficulty of the underlying algorithmic

tasks. For example, warehouses for large businesses such as Amazon rely on teams of robots

to transport goods in the presence of obstacles. These obstacles also raise the complexity

of designing robot motion plans.

More formally, in our motion planning problem, we are given a collection of robots,

along with their initial and target positions in some continuous, polygonal environment,

which may contain obstacles. Each robot is modeled as a unit disc. Our goal is to find a

plan, or set of paths, for the robots that avoids robot-robot and robot-obstacle collisions.

5



We assume that the robots are labeled, i.e., each robot has a specific target position, and the

robots are not interchangeable. We consider two objective functions: minimizing the sum

of the distances traveled by the robots, and minimizing the makespan (i.e., latest arrival

time) across all robots where their speed is limited to at most unit speed. We model each

robot as a unit disc, and we consider polygonal environments. We note that this problem

has a large number of degrees of freedom: the placement of each robot can be represented

by 2 parameters, so the entire placement of a system of k robots has 2k degrees of freedom.

We study the problem of motion planning for a collection of n labeled unit disc robots

in a polygonal environment. We assume that the robots have revolving areas around their

start and final positions: that each start and each final is contained in a radius 2 disc lying

in the free space, not necessarily concentric with the start or final position, which is free

from other start or final positions. This assumption allows a weakly-monotone motion plan,

in which robots move according to an ordering as follows: during the turn of a robot R

in the ordering, it moves fully from its start to final position, while other robots do not

leave their revolving areas. As a moving robot passes through a revolving area, there is

enough space inside the revolving area for another robot to maneuver to avoid a collision.

Notwithstanding the existence of a motion plan, we show that minimizing the total traveled

distance in this setting, specifically even when the motion plan is restricted to be weakly-

monotone, is APX-hard, ruling out any polynomial-time (1 + ε)-approximation algorithm.

For this problem, we present the first constant-factor approximation algorithm for com-

puting a feasible weakly monotone motion plan. (Note that the optimal motion plan need

not be weakly monotone.) Moreover, our algorithm extends to an online setting in which

the polygonal environment is fixed but the initial and final positions of robots are spec-

ified in an online manner. We also consider the problem of finding the optimal ordering

of robots to avoid robot-robot collisions. This task is important because, as we show, the

overhead in the total cost we incur while editing the paths varies significantly depending on

this ordering. It is known that solving this problem optimally is NP-hard; we provide an

O(log n log logn)-approximation algorithm. These results are are joint work with Pankaj

6



K. Agarwal, Tzvika Geft, and Dan Halperin [AGHT22].

For the makespan objective, even in the absence of obstacles, characterizing the optimal

paths has been a challenging research question. Instead, we show how to schedule move-

ment along given paths for two robots to achieve the optimal makespan among all feasible

schedules restricted to the given paths. This result is joint work with Pankaj K. Agarwal

and Alex Steiger. All of the results on motion planning appear in Chapter 6.
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Chapter 2

k-Median Clustering under discrete
Fréchet and Hausdorff distances

2.1 Introduction

We study the k-median problem for an arbitrary metric space X = (X, d), where the

cluster centers are restricted to come from a (possibly infinite) subset C ⊆ X. We call

it the (k,C)-median problem. We prove general conditions on the structure of C that

allow us to get efficient (1 + ε)-approximation algorithms for the (k,C)-median problem

for any ε > 0. As applications of our framework, we give (1 + ε)-approximation algorithms

for the metric space defined over polygonal trajectories and finite point sets in Rd under

the discrete Fréchet and Hausdorff distance respectively, where the cluster centers have

bounded complexity. For trajectories, our algorithm runs in near-linear time in the number

of input points (Theorem 16) and is significantly faster than the previous best algorithm

([BDS19], Theorem 11). For point sets, ours is the first (1 + ε)-approximation algorithm

that runs in linear time in the number of input points (Theorem 18) for bounded dimensions

and cluster complexity. Our results are summarized in Table 2.1. We also show that the

k-median problem under Hausdorff distance is NP-Hard.

Table 2.1: Our results for (1 + ε)-approximate k-median for n input trajecto-
ries/point sets in Rd, each having at most m points. Each cluster center can have
at most l points. While stating running times, we assume k, l and d are constants
independent of n,m, and Õ hides logarithmic factors in n,m.

Metric space Our result Previous best

Polygonal traj., discrete Fréchet Õ (nm) Õ
(
ndkl+1m

)
[BDS19]

Point sets, Hausdorff O(nm) –
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The k-median problem has been widely studied. We are given a set P of n elements from

a metric space. The goal is now to select k centers so that the sum of the distances of each

element to the nearest cluster center is minimized. In the simplest setting, P ⊆ Rd under

the Euclidean metric. In this chapter, each individual element of P is itself a collection

of points in Rd, e.g., a curve traced by a moving object, or a point cloud. Since the

objective of clustering is to group similar objects into the same cluster and to summarize

each cluster using its cluster center, it is important that a meaningful distance function

is used to compare two input elements. In our work, we look at the widely used discrete

Fréchet and Hausdorff distances for trajectories and point sets respectively.

Trajectories can model a variety of systems that change with time. As such, trajectory

data is being collected at enormous scales. As a first step, clustering is hugely important in

understanding and summarizing the data. It involves partitioning a set of trajectories into

clusters of similar trajectories, and computing a representative trajectory (a center) per

cluster. It can be viewed as a compression scheme for large trajectory datasets, effectively

performing non-linear dimension reduction. If the centers have low complexity, this rep-

resentation can reduce uncertainty and noise found in individual trajectories. Information

provided by the set of centers is useful for trajectory analysis applications such as similar-

ity search and anomaly detection [SFR12]. The Hausdorff distance is another widely used

shape-based distance [BGLR16, HKR93]. In shape matching applications, we may want to

cluster similar shapes into one group (where a shape is represented by a point cloud).

The k-median problem is hard to solve exactly, even in Euclidean space [FG88, MS84].

There is a long line of work on both constant factor and (1 + ε)-approximations, with

varying running time dependence on k and the ambient dimension (if applicable). Many of

these algorithms require the underlying metric space to have bounded doubling dimension

(e.g., see [ABS10]). However, it can be shown that both the discrete Fréchet and Hausdorff

distances do not have doubling dimension bounded by a constant (Section 2.6.2). We

circumvent this problem by considering cluster centers from a somewhat simpler metric

space compared to the input metric space. For trajectories and point sets, we restrict

9



Figure 2.1: The red, green and blue trajectories are similar to each other and form a
single cluster. If the cluster center trajectory is restricted to have four vertices, it will
look like the black trajectory at the bottom. However if the center is unrestricted, it
will contain a lot of vertices inside the four noticeable noisy clumps of vertices of the
input trajectories, thereby overfitting to the input.

each center to have low complexity, i.e., a bounded number of points. This approach has

been used before ([BDG+19, BDS19, DKS16]). It has the added benefit of preventing the

cluster center from overfitting to the elements of its cluster. This is crucial, since real-life

measurements are noisy and error-prone, and without any restrictions the cluster center

can inherit noise and high complexity from the input (see Fig. 2.1). As another example, in

clustering financial time-series data using Hausdorff distance [BBDC+07], frequent intra-

day fluctuations may not be useful in capturing long-term trends, and we want to avoid

them by restricting the cluster centers’ complexity. However, our work differs from previous

approaches in that we precisely characterize general conditions on the simpler metric space

for the cluster centers, which leads to faster (1 + ε)-approximation algorithms for the k-

median problem for the discrete Fréchet and Hausdorff distances.

Problem definition. A metric space X = (X, d) consists of a set X and a distance

function d : X × X → R≥0 that satisfies the following properties : (i) d(x, x) = 0 for all

x ∈ X; (ii) d(x, y) = d(y, x) for all x, y ∈ X; and (iii) d(x, z) ≤ d(x, y) + d(y, z) for all

x, y, z ∈ X.

Given subsets P,C ⊆ X, the (k,C)-median problem is to compute a set C ′ ⊆ C of k

10



center points that minimizes

∑
p∈P

d(p, C ′),

where d(p, C ′) = minc∈C′ d(p, c). Here P is finite, but C need not be.

Let T l (resp. U l) be the set of all trajectories (resp. point sets) in Rd, where each

trajectory (resp. point set) has at most l points. Thus, T =
⋃

l>0 T
l and U =

⋃
l>0 U

l

are the set of all trajectories and finite point sets in Rd respectively. As special cases of

the (k,C)-median problem, we discuss the (k, T l)-median and the (k, U l)-median problems

for the metric spaces T = (T, dF ) and U = (U, dH) respectively, i.e., each center trajectory

or point set can have at most l points. Here, dF and dH denote the discrete Fréchet and

Hausdorff distances respectively.

1

Challenges and ideas. As mentioned before, both the discrete Fréchet and Haus-

dorff metrics do not have low doubling dimension, so a number of previous techniques do

not directly apply to our setting to yield efficient algorithms. One approach would be to

embed these metrics into other metric spaces. Backurs and Sidiropoulos [BS16] give an

embedding of the Hausdorff metric over point sets of size s in d-dimensional Euclidean

space, into ls
O(s+d)

∞ with distortion sO(s+d). However, both the distortion and the resultant

dimension are too high for many applications. It is not known if the Fréchet distance can

be embedded into an lp space using finite dimension.

We circumvent the problem by restricting the cluster centers to come from a subset C

of the original space X, namely trajectories and point sets defined by a bounded number of

points each. As mentioned earlier, this approach was used before as well for the k-median

problem under the discrete Fréchet distance [BDS19], where the input has n polygonal

trajectories and at most m points each, and the cluster centers are polygonal trajectories

with at most l points. They obtain a (1 + ε)-algorithm by first running a fast constant

1Note that the term points can refer to both elements of a metric space X, as well as to the points
of the individual trajectories/point sets. However, the usage should be clear from the context.
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factor approximation algorithm, then enumerating all subsets of k trajectories (with at

most l vertices each) whose vertices lie on hypercube grid points around the vertices of the

approximation, then choosing the subset with minimum cost. However, the number of such

grid points depends on n for k > 1, causing a O(ndkl) factor in their running time. On

the other hand, we describe a more general framework that takes advantage of the simpler

structure of C (compared to X), and show that if every metric ball in C can be covered

by a small number of metric balls of a fixed smaller radius, then we can use a sampling-

based algorithm similar to the one in Ackermann et al. [ABS10]; we make this precise by

introducing the notion of coverability of C. We crucially show that the centers of the balls in

the cover can be arbitrary, and need not come from C. This is more general than C having

bounded doubling dimension. This allows us to approximate the optimal (1, C)-median of

P using the (1, C)-median of a constant sized random sample of P , allowing us to use the

framework of [ABS10].

It is not known how to efficiently compute the optimal (1, C)-median under the discrete

Fréchet and Hausdorff distances. However, we show that all we need is to compute a

constant number of candidate centers in time independent of the size of the input, at least

one of which is a good approximation to the optimal (1, C)-median of the input. We show

how to compute these candidates for a coverable set C. Then, we can apply the sampling

technique of [ABS10] and recursively use this property to find k centers that approximate

the cost of the (k,C)-median optimal solution. Although our work heavily relies on the

framework of Ackermann et al.[ABS10], it is a significant improvement from existing work

on clustering under the discrete Fréchet distance, and the first such result for clustering

under the Hausdorff distance.

Previous work. Trajectory clustering has a lot of practical applications, e.g., dis-

covering frequent movement patterns in trajectory data. As such, there has been work

on trajectory clustering [GS99, HPL15, XZLZ15], and possibly computing a representa-

tive trajectory for each cluster. Many proposed algorithms and models have no provable

performance gaurantees and are experimental in nature.
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Driemel et al. [DKS16] started the rigorous study of clustering trajectories under the

continuous Fréchet distance under the classic k-clustering objectives. However, they only

deal with 1D-trajectories. They introduce the (k, l)-clustering problem, i.e., clustering

trajectories with k cluster centers such that each center can have at most l points. For 1D-

trajectories, they give (1+ε)-approximation algorithms for both the (k, l)-center and (k, l)-

median problem that run in near-linear time for constant ε, k, l. Buchin et al. [BDG+19]

study the (k, l)-center clustering problem for trajectories in Rd under the discrete and

continuous Fréchet distances, and give both upper and lower bounds. The most closely

related work to ours is the one by Buchin, Driemel and Struijs [BDS19], where they give

algorithms for the (k, l)-median problem under discrete Fréchet distance; however their

running times are much slower (see Table 2.1). They also show that the 1-median problem

under discrete Fréchet distance is NP-Hard, and W[1]-Hard in the number of input

trajectories.

On the other hand, clustering under Hausdorff distance has received much less atten-

tion. There is work on hierarchical clustering of financial time series data using Hausdorff

distance [BBDC+07]. Chen et al. [CWLS11] use the DBSCAN algorithm [EKSX96] while

Qu et al. [QZC09] use spectral clustering for trajectories and using the Hausdorff distance.

We are not aware of any theoretical analysis for k-median clustering of point sets under the

Hausdorff distance.

In general metric spaces, a polynomial time (1 +
√

3 + ε)-approximation algorithm to

the k-median problem exists [LS16], whereas no polynomial time algorithm can achieve an

approximation ratio less than (1+2/e) unless NP ⊆ DTIME [nO(log logn)] [JMS02]. For the

Euclidean k-median problem in d dimensions, Guruswami and Indyk [GI03] showed that

there is no PTAS for k-median if both k and d are part of the input. Arora et al. [ARR98]

gave the first PTAS when d is fixed, whose running time was subsequently improved

in [KR07]. Kumar et al. [KSS10] gave a (1 + ε)-approximate algorithm with runtime

2(k/ε)
O(1)

dn, this was extended by Ackermann et al. [ABS10] to those metric spaces for

which the optimal 1-median can be approximated using a constant-sized random sample;
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this holds true for doubling metric spaces. There are coreset-based approaches with run-

ning times linear in n and either exponential in d and polynomial in k [HPM04, HPK07], or

vice versa [BHPI02]. Recently, Cohen-Addad et al. [CAKM19] gave a PTAS for k-median

in low-dimensional Euclidean and minor-free metrics using local search.

We also note that subsequently after publication, there was a line of followup work giving

algorithms for k-median clustering under the continuous Fréchet distance, see [MMR19,

BDR23].

2.2 Preliminaries

We formally define the discrete Fréchet and Hausdorff distances. We also define properties

on C and d which allow us to design efficient clustering algorithms. Finally we give an

overview of our algorithm.

Discrete Fréchet and Hausdorff distance. Consider two finite sets ζ1 and ζ2. A

correspondence C between ζ1 and ζ2 is a subset of ζ1 × ζ2 such that every element of ζ1

and ζ2 appears in at least one pair in C. For ζ1, ζ2 ⊆ Rd, the Hausdorff distance [Hau78]

is defined as

dH(ζ1, ζ2) = min
C∈Ξ(ζ1,ζ2)

max
(p,q)∈C

∥p− q∥,

where ∥.∥ denotes the l2 norm, and Ξ(ζ1, ζ2) is the set of all possible correspondences

between ζ1 and ζ2.

A trajectory γ is a finite sequence of points ⟨p1, p2 . . .⟩ in Rd. For any integer m > 0, let

[m] denote the set of the first m positive integers. Given two trajectories γ1 = ⟨p1, . . . , pm1⟩

and γ2 = ⟨q1, . . . , qm2⟩, a walk W between γ1 and γ2 is an ordered sequence of points in

[m1]× [m2] with the first and last members of the sequence being (1, 1) and (m1,m2). Such

a walk W is said to be monotone if for every consecutive pair of elements (i1, j1), (i2, j2)

in W, we have i2 ∈ {i1, i1 + 1}, j2 ∈ {j1, j1 + 1}. The discrete Fréchet distance [EM94]
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between γ1 and γ2 is then defined as

dF (γ1, γ2) = min
W∈ΞM (γ1,γ2)

max
(i,j)∈W

∥pi − qj∥,

where ΞM (γ1, γ2) is the set of all monotone walks between γ1 and γ2. Our algorithms

compute a clustering in the metric space defined by the discrete Fréchet and Hausdorff

distances.

Strong and weak sampling properties. We define two properties that make ef-

ficient clustering algorithms possible. These are generalizations of the strong and weak sam-

pling properties defined by Ackermann et al.(see Theorem 1.1 and Property 4.1 in [ABS10]).

The major difference is that the cluster centers are restricted to a subset C of the metric

space X. These properties allow fast approximation of the (1, C)-median using only a con-

stant sized random sample of the input. We later show how to get an efficient (k,C)-median

algorithm using the fast (1, C)-median algorithm as a subroutine. We denote the optimal

(1, C) median of any set P ⊆ X by cP .

Definition 1 Strong sampling property. Let 0 < ε, δ < 1 be arbitrary. (X,C, d) is said to

satisfy the strong sampling property for ε, δ iff

(i) For any finite P ⊆ X, cP can be computed in time depending only on |P |.

(ii) There exists a positive integer mδ,ε depending on δ, ε such that for any P ⊆ X, the

optimal (1, C)-median cS of a uniform random multiset S ⊆ P of size mδ,ε satisfies

Pr

∑
p∈P

d(p, cS) ≤ (1 + ε)
∑
p∈P

d(p, cP )

 ≥ 1− δ.

The strong sampling property characterizes those instances in which the optimal (1, C)-

median of a constant-sized random sample is a good approximation to the optimal (1, C)-

median of the whole set. However, in many cases it is impossible to efficiently solve the

(1, C)-median exactly (e.g., when C,X = Rd and d is the Euclidean metric). This is also

true for the discrete Fréchet and Hausdorff distances for polygonal trajectories and finite

point sets respectively. The following definition becomes helpful then.
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Definition 2 Weak sampling property. Let 0 < ε, δ < 1 be arbitrary. (X,C, d) is said

to satisfy the weak sampling property for ε, δ iff there exist positive integers mδ,ε and tδ,ε

depending on δ, ε such that for any P ⊆ X and a uniform random multiset S ⊆ P of size

mδ,ε, there exists a set Γ(S) ⊆ C of size tδ,ε that satisfies

Pr

∃c ∈ Γ(S) |
∑
p∈P

d(p, c) ≤ (1 + ε)
∑
p∈P

d(p, cP )

 ≥ 1− δ.

Furthermore, Γ(S) can be computed in time depending on δ, ε, |S| but independent of |P |.

The weak sampling property characterizes those instances in which it is possible to

generate a constant number of candidate cluster centers in time independent of the size

of the input set, and at least one of which is guaranteed to be a good approximation to

the optimal (1, C)-median of the input set. We later show that the discrete Fréchet and

Hausdorff distances satisfy the weak sampling property. We use mδ,ε to denote the size of

the random sample for both the strong and weak sampling properties.

Algorithm overview. We give an overview of our algorithm, denoted Cluster, in

Fig. 2.2. It is similar to the algorithm Cluster from [ABS10], with the small but crucial

difference being that the set of candidate cluster centers CS comes from C; this also changes

how the candidates are generated. We show that with a careful choice of C, our instance

satisfies one of the sampling properties (Definitions 1, 2), and we can apply the framework

of Ackermann et al.[ABS10].

The algorithm takes as input the set of points P ⊆ P that are yet to be assigned cluster

centers, the number of cluster centers k still to be computed, and the centers C ⊆ C already

computed. It returns the final set of cluster centers. To solve the (k,C)-median problem

for P , we call Cluster(P, k, {}) with values of α,mδ,ε, F that we will specify later.

Briefly, the algorithm has two phases. In the pruning phase no new centers are added.

Rather, the set N containing half of the points of P closest to C are removed from P , and

the algorithm is called recursively on P \N . In the sampling phase, new centers are added.

The algorithm first samples a uniformly random multiset S of P of size 2
αmδ,ε for some
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Cluster(P , k, C):

input: Point set P , remaining number of centers k, computed centers C

if k = 0: return C
else:

if k ⩾ |P |: return C ∪ {cp | p ∈ P}, where cp is such that d(p, cp) ≤ (1 + ε)d(p, C)
else:

/* Pruning phase */

N ← set of 1
2 |P | minimal points p ∈ P w.r.t. d(p, C)

C∗ ← Cluster(P \N, k,C)
/* Sampling phase */

S ← uniform random multisubset of P of size 2
αmδ,ε

CS ←
⋃

S′⊂S,|S′|=mδ,ε
F (S′)

for all c ∈ CS :

Cc ← Cluster(P , k − 1, C ∪ {c})
return Cc or C∗ with the lowest cost described in 2.2.

Figure 2.2: Algorithm Cluster computes a (k, C)-median clustering.

constant α and mδ,ε to be defined later. Then for each subset S′ ⊂ S of size mδ,ε, a set of

candidate centers F (S′) is generated; the function F varies depending on certain conditions

satisfied by (X,C, d); in particular F (S′) = {cS′} for the strong sampling property, and

F (S′) = {Γ(S′)} for the weak sampling property. Each candidate center is in turn added to

C, and the algorithm is run recursively. Finally, the solution with the lowest cost is returned.

Organization of the chapter. The rest of the chapter is organized as follows. In

Section 2.3, we show that for (X,C, d) satisfying the strong and weak sampling properties,

the algorithm Cluster (using the appropriate α,mδ,ε, F ) computes a (1+ε)-approximation

to the optimal (k,C)-median; we also bound the running time. In Section 2.4, we prove

sufficient conditions on C for the sampling properties to hold. In Section 2.5, we give

clustering algorithms for the discrete Fréchet and Hausdorff distances using the framework

developed in previous sections. In Section 2.6, we show that the k-median problem for

Hausdorff distance is NP-Hard, and that the doubling dimension for the discrete Fréchet

and Hausdorff distances is not bounded by a constant.
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2.3 Clustering via sampling

We show that the Cluster algorithm (Fig. 2.2) computes an approximate (k,C)-median

for instances satisfying the sampling properties and for appropriate α,mδ,ε and F , i.e., if

we use F (S′) = {cS′} for the strong sampling property and F (S′) = Γ(S′) for the weak

sampling property. The analysis closely follows that of Ackermann et al. [ABS10].

2.3.1 Correctness of CLUSTER

The superset sampling lemma (Lemma 3) shows how to draw a uniform random multiset

from P ′ ⊆ P while only knowing P (without explicitly knowing P ′), provided P ′ contains

a sufficient fraction of the points of P . In our algorithm in Fig. 2.2, we use this property

in the sampling phase in order to sample points from a single cluster, without explicitly

knowing the points in the said cluster.

Lemma 3 Superset sampling. Suppose 0 < α < 1
4 and ε, δ ∈ (0, 1). Suppose (X,C, d)

satisfies either the strong or weak sampling property. Let P ⊆ X of size n and P ′ ⊆ P

with |P ′| ⩾ αn. Let S ⊆ P be a uniform sample multiset of size at least 2
αmδ,ε. Then

with probability at least 1−δ
5 , there exists a subset S′ ⊆ S with |S′| = mδ,ε satisfying the

following.

∃c ∈ F (S′) s.t.
∑
p∈P ′

d(p, c) ≤ (1 + ε)
∑
p∈P ′

d(p, cP ′).

Here, F (S′) is either {cS′} or Γ(S′) for (X,C, d) satisfying the strong or weak sampling

property respectively.

Proof. This proof is similar to that of Lemma 2.1 in [ABS10]. Define Y to be a random

variable denoting the number of points from P ′ contained in S. Note that E[Y ] ≥ 2mδ,ε,

since S is sampled with replacement. By applying a Chernoff bound, we obtain

Pr[Y < mδ,ε] ⩽ Pr

[
Y <

E[Y ]

2

]
≤ e−mδ,ε/4 ≤ e−1/4 <

4

5
,

since mδ,ε ⩾ 1. Thus, with probability at least 1
5 , S contains at least mδ,ε points of P ′.

This along with the strong or weak sampling property finishes the proof.
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Using the superset sampling lemma and the strong and weak sampling properties, we

now show that the Cluster algorithm indeed computes a solution with a good approxi-

mation factor.

Lemma 4 Correctness of Cluster. Let α < 1
4k be an arbitrary positive constant. Suppose

(X,C, d) satisfies the strong or weak sampling property (Definitions 1, 2) for some ε, δ ∈

(0, 1). Given P ⊆ X, algorithm Cluster run with input (P, k, {}) and appropriate F

computes a set C̃ ⊆ C of size k such that

Pr

∑
p∈P

d(p, C̃) ≤ (1 + 8αk2)(1 + ε)
∑
p∈P

d(p, C∗)

 ≥ (
1− δ

5

)k

,

where C∗ is an optimal solution to the (k,C)-median problem for P .

Proof. We prove the lemma for k = 2; it generalizes in a straightforward manner for

k > 2. We assume n = |P | is a power of 2 for simplicity. Suppose P1, P2 are the clusters

with centers C∗ = {c∗1, c∗2} corresponding to the optimal (2, C)-median for P . Assume

|P1| ⩾ 1
2 |P2| w.l.o.g. Let opt1(Q) and opt2(Q) denote the values of the optimal (1, C)-

median and (2, C)-median respectively of any set Q.

By Lemma 3, during the sampling phase of the initial call to Cluster, CS contains a

c1 such that
∑

p∈P1
d(p, c1) ⩽ (1 + ε)opt1(P1) with probability at least 1−δ

5 . We consider

two cases: when the algorithm selects c1 and recurses with (P , 1, {c1}) where P contains a

suitably large number of points from P2, and when this does not occur.

Case 1: Suppose there exists a call with (P , 1, {c1}) such that |P2∩P | ⩾ α|P |. Then, by

Lemma 3, during this call CS contains a c2 such that
∑

p∈P2∩P d(p, c2) ⩽ (1+ε)opt1(P2∩P ).

In this case, we upper bound the cost of C = {c1, c2}. Let N = P \P be the points removed

by the pruning phases between the sampling of c1 and c2. P1, P2 ∩N , and P2 ∩ P form a

partition of P . We have that:

∑
p∈P

d(p, C) ⩽
∑
p∈P1

d(p, c1) +
∑

p∈P2∩N
d(p, c1) +

∑
p∈P2∩P

d(p, c2). (2.1)

By the definition of c1, we can bound the first term of Equation 2.1:
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∑
p∈P1

d(p, c1) ⩽ (1 + ε)
∑
p∈P1

d(p, c∗1).

Next, we bound the last term of Equation 2.1. By the selection of c2:

∑
p∈P2∩P

d(p, c2) ⩽ (1 + ε)
∑

p∈P2∩P

d(p, cP2∩P ) ⩽ (1 + ε)
∑
p∈P2

d(p, c∗2).

Now, we only need to bound the middle term of Equation 2.1. We first assume N ̸= ∅,

otherwise we are done. Suppose there are t recursive calls (and thus pruning phases)

between sampling c1 and c2. Then, N = N (1) ∪ · · · ∪N (t) where |N (i)| = n
2i

, since in each

pruning phase 1
2 |P | points are removed. Intuitively, each N (i) contains only a few points

from P2. Let P
(0)

= P and P
(i)

= P
(i−1) \ N (i). Recall that when |P2 ∩ P | ⩾ α|P |, we

assign these points to c2. Thus, |P2 ∩ P
(i)| < α|P (i)| for all i < t. Thus, we bound the

number of points of P2 in each N (i) for i ⩽ t:

|P2 ∩N (i)| ⩽ |P2 ∩ P
(i−1)| < α|P (i−1)| = 2α

n

2i
, (2.2)

because N (i) ⊂ P (i−1)
. We can also bound the number of points of P1 in each N (i):

|P1 ∩N (i)| ⩾ |N (i)| − |P2 ∩N (i)| ⩾ (1− 2α)
n

2i
. (2.3)

We first show that assigning P2 ∩N to c1 has small cost. If p ∈ N (i) and p′ ∈ N (i+1), it

must be that d(p, c1) ⩽ d(p′, c1) since minimal points with respect to C are chosen at each

step to be removed. Thus we can sum over such p, p′, and for all i < t

1

|P2 ∩N (i)|
∑

p∈P2∩N(i)

d(p, c1) ⩽
1

|P1 ∩N (i+1)|
∑

p∈P1∩N(i+1)

d(p, c1)

⇒
∑

p∈P2∩N(i)

d(p, c1) ⩽
|P2 ∩N (i)|
|P1 ∩N (i+1)|

∑
p∈P1∩N(i+1)

d(p, c1).

Combining this with Equations 2.2 and 2.3, for all i < t we obtain
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∑
p∈P2∩N(i)

d(p, c1) ⩽
2αn/2i

(1− 2α)n/2i+1

∑
p∈P1∩N(i+1)

d(p, c1) ⩽
4α

1− 2α

∑
p∈P1∩N(i+1)

d(p, c1). (2.4)

Finally, we bound the cost of assigning points in P2∩N (t) to c1. Our previous observation

that minimal points with respect to C are pruned at each step yields:

1

|P2 ∩N (t)|
∑

p∈P2∩N(t)

d(p, c1) ≤
1

|P1 ∩ P
(t)|

∑
p∈P1∩P

(t)

d(p, c1)

⇒
∑

p∈P2∩N(t)

d(p, c1) ≤
|P2 ∩N (t)|

|P1 ∩ P
(t)|

∑
p∈P1∩P

(t)

d(p, c1).

We further have |P1 ∩ P
(t)| = |P (t)| − |P2 ∩ P

(t)| ⩾ |P (t)| − |P2 ∩ P
(t−1)| > (1− 2α) n

2t .

Combined with Equation 2.2 we get

∑
p∈P2∩N(t)

d(p, c1) ≤
2αn/2t

(1− 2α)n/2t

∑
p∈P1∩P

(t)

d(p, c1) ≤
2α

1− 2α

∑
p∈P1∩P

(t)

d(p, c1). (2.5)

Now, we have computed a bound for assigning points of P2 to c1 in eachN (i). Combining

these:

∑
p∈P2∩N

d(p, c1) =

t∑
i=1

∑
p∈P2∩N(i)

d(p, c1)

⩽
4α

1− 2α

t−1∑
i=1

∑
p∈P1∩N(i+1)

d(p, c1) +
2α

1− 2α

∑
p∈P1∩P

(t)

d(p, c1)

⩽ 8α
t−1∑
i=1

∑
p∈P1∩N(i+1)

d(p, c1) + 8α
∑

p∈P1∩P
(t)

d(p, c1)

⩽ 8α
∑
p∈P1

d(p, c1)

⩽ 8α(1 + ε)
∑
p∈P1

d(p, c∗1),

for α ≤ 1
4 .
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Thus for Case 1, we can bound the algorithm cost from Equation 2.1:

∑
p∈P

d(p, C) ⩽
∑
p∈P1

d(p, c1) +
∑

p∈P2∩N
d(p, c1) +

∑
p∈P2∩P

d(p, c2)

⩽ (1 + ε)
∑
p∈P1

d(p, c∗1) + 8α(1 + ε)
∑
p∈P1

d(p, c∗1) + (1 + ε)
∑
p∈P2

d(p, c∗2)

⩽ (1 + 8α)(1 + ε)opt2(P )

Case 2: If there is no recursive call with |P2 ∩ P | ⩾ α|P | the pruning phase will be

called recursively ⌈log n⌉ times until there is a single point q ∈ P which can be assigned to

a cluster by itself with a cluster center cq ∈ C at a cost of d(q, cq) ≤ (1 + ε)d(q, C). Then,

N = P \ {q} and the proof of the previous case also bounds the cost of assigning P ∩N to

c1.

For k > 2, consider the algorithm as each center is added. Let Ci = {c1, . . . ci} be the

i medians already approximated, corresponding to supercluster P ′
1, with P ′

2 consisting of

clusters whose medians are yet to be found. Similar analysis as above shows that the cost

of points incorrectly assigned to centers in Ci in the pruning phases can be bounded by

8αk
∑

p∈P ′
1
d(p, Ci). See the proof of Theorem 2.5 of [ABS10] for full details.

2.3.2 Running time of CLUSTER

We characterize the running time of Cluster in terms of d, C and F , and certain operations

involving them.

For any ε′ ≥ 0, a (1 + ε′)-approximate nearest neighbor or closest point in C for any

x ∈ X is a point y ∈ C such that d(x, y) ≤ (1 + ε′)d(x,C); note that ε′ = 0 gives an exact

nearest neighbor. Let Q(C) denote the maximum time required to compute a (1 + ε′)-

approximate nearest neighbor in C for any x ∈ X and ε′ ≥ 0; h depends on ε′, and the

value of ε′ itself depends on the context (and is usually O(1) or O(ε)) but for simplicity

we will ignore this dependence for now, and make it explicit later. Further, h is a non-

increasing function of ε′. Let D(C) denote the maximum time required to compute d(x, y)
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for any x ∈ X, y ∈ C. Finally, let w(m) = maxS⊆X,|S|=m |F (S)|, and let f(m) be the

maximum number of operations needed to compute F (S) for any S ⊆ X of size m, where

computing d between points in X and C, and computing an approximate closest point in

C to any point in X count as one operation each.

Remark. The previous conference version of this work [NT20] only considered ε′ = 0;

in this work we relax this restriction and show that computing an approximate nearest

neighbor is sufficient, which allows us to get faster clustering algorithms in certain cases.

Lemma 5 Running time of Cluster. Suppose (X,C, d) satisfies the strong or weak sam-

pling properties (Definitions 1 and 2) for some ϵ, δ ∈ (0, 1). Given P ⊆ X containing n

points, algorithm Cluster runs in time

n · 2O(kmδ,ε log( 1
α
mδ,ε)) · (w(mδ,ε) · f(mδ,ε))

O(k) · (Q(C) + D(C)).

Proof. The proof is similar to the running time analysis from [ABS10]. We will first count

the number of operations required, where computing d between points in X and C, and

computing an approximate closest point in C for any point in X both count as one operation

each.

Let T (n, k) denote the number of operations required by Cluster with n input points

and k medians to be found. For k = 0, we clearly have T (n, 0) = O(1). For n ≤ k, we can

put each input point in its own cluster, and return a (1 + ε)-nearest neighbor in C for each

input point as the cluster medians. Thus, T (n, k) ≤ O(n).

Let us consider the case n > k ≥ 1. In the sampling phase, the number of candidate

centers generated is 2O(mδ,ε log( 1
α
mδ,ε)) · w(mδ,ε), each taking f(mδ,ε) operations. Each of

the candidate centers is then tried recursively, each taking T (n, k − 1) operations. The

pruning phase takes O(n) operations. After pruning, the algorithm is called once for the

remaining point set, requiring T (n/2, k) operations. We thus have

T (n, k) ≤2O(mδ,ε log( 1
α
mδ,ε)) · w(mδ,ε) · (f(mδ,ε) + T (n, k − 1)) + T (n/2, k) +O(n)

≤2O(mδ,ε log( 1
α
mδ,ε)) · w(mδ,ε) · f(mδ,ε) · T (n, k − 1) + T (n/2, k) +O(n).
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Solving the recurrence yields

T (n, k) = n · 2O(kmδ,ε log( 1
α
mδ,ε)) · (w(mδ,ε) · f(mδ,ε))

O(k) .

Taking into account the time to compute d and an approximate closest point in C, we get the

total running time to be n · 2O(kmδ,ε log( 1
α
mδ,ε)) · (w(mδ,ε) · f(mδ,ε))

O(k) · (Q(C) +D(C)).

By setting α = ε
8k2

, the approximation factor in Lemma 4 becomes (1 + 3ε). Moreover,

the error probability can be made arbitrarily small by running the Cluster algorithm 2Θ(k)

times and taking the minimum cost solution, without changing the asymptotic running time.

We thus get the following. Note that w(mδ,ε) takes on values 1 and tδ,ε for the strong and

weak sampling properties respectively.

Theorem 6 Cluster with strong sampling. Suppose (X,C, d) satisfies the strong sampling

property (Definition 1) for some ε, δ ∈ (0, 1). Further, suppose cS can be computed in

A(mδ,ε) operations, where computing d between points in X and C, and computing an

approximate closest point in C to any point in X count as one operation each. Given

P ⊆ X having n points and k ∈ N, with probability ≥ 1−δ, a (1+3ε)-approximate solution

to the (k,C)-median problem for P can be computed in time

n · 2O(kmδ,ε log( k
ε
mδ,ε)) ·A(mδ,ε)

O(k) · (Q(C) + D(C)).

Theorem 7 Cluster with weak sampling. Suppose (X,C, d) satisfies the weak sampling

property (Definition 2) for some ε, δ ∈ (0, 1). Further, suppose Γ(S) can be computed

in G(mδ,ε) operations, where computing d between points in X and C, and computing an

approximate closest point in C to any point in X count as one operation each. Given

P ⊆ X having n points and k ∈ N, with probability ≥ 1−δ, a (1+3ε)-approximate solution

to the (k,C)-median problem for P can be computed in time

n · 2O(kmδ,ε log( k
ε
mδ,ε)) · (tδ,ε · G(mδ,ε))

O(k) · (Q(C) + D(C)).
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2.4 Covering metric spaces

We specify sufficient conditions on C for the strong and weak sampling properties to hold.

These conditions characterize how well can certain subsets of C be covered using a small

number of sets.

Let X = (X, d) be a metric space. Given x ∈ X, let Bd(x, r) = {x′ ∈ X | d(x, x′) ≤ r}

denote the ball of radius r (under d) centered at x; we will drop the subscript d if it is clear

from the context. An r-cover of a subset X ′ ⊆ X for some r > 0 is a set Y ⊆ X such that

X ′ ⊆
⋃

y∈Y B(y, r). Note that the elements of Y need not be in X ′. Also note that if Y is

an r-cover for X ′, it is also an r-cover for any subset of X ′.

Suppose g : R≥0 → R≥0 is a non-decreasing function that does not increase very rapidly.

Formally, for any ε, δ ∈ (0, 1) there exists a sufficiently large m such that

g

(
30m

δε

)
exp

(
−ε2m
144

)
< δ/2.

Then, a subset Y ⊆ X is said to be g-coverable for such a function g iff for all y ∈ Y and

r > r′ > 0, there exists an r′-cover of B(y, r) ∩ Y of size at most g(r/r′). Note that if Y is

g-coverable then any subset Y ′ ⊆ Y is also g-coverable.

Intuitively, if C has a small cover, then for any metric ball in C there exists a small set

of points (not necessarily from C), termed the cover, such that the distance from any point

in the ball to a point in the cover is smaller than the radius of the ball.

2.4.1 Sufficient conditions for the strong sampling property

We give sufficient conditions for the strong sampling property to hold in terms of coverability

of C. Note that the strong sampling property requires that the optimal 1-median can be

computed efficiently, and usually does not hold for many common metric spaces such as the

Euclidean metric (and by extension, the discrete Fréchet and Hausdorff metrics). The proof

is similar to Lemma 3.4 of [ABS10] but has been adapted to our setting. It is worthwhile to

note that the notion of coverability of C is more general than C having constant doubling

dimension – in particular the cover of any subset of C need not come from C.
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The following two useful lemmas hold for any metric space X = (X, d), and are restated

for convenience.

Lemma 8 [ABS10], Lemma 3.2. Let c ∈ X, P ⊆ X of size n, and δ > 0. A uniform

sample multiset S ⊆ P of size m satisfies

Pr

∃q ∈ S | d(q, c) ≥ 1

δn

∑
p∈P

d(p, c)

 ≤ mδ.
Lemma 9 [ABS10], Lemma 3.3. Let ε ∈ (0, 1], P ⊆ X of size n, and b, c ∈ X be such that∑

p∈P d(p, b) > (1 + 4
5ε)

∑
p∈P d(p, c). A uniform sample multiset S ⊆ P of size m satisfies

Pr

∑
s∈S

d(s, b) ≤
∑
s∈S

d(s, c) +
εm

5n

∑
p∈P

d(p, c)

 < exp

(
−ε

2m

144

)
.

Intuitively, Lemma 8 says that if we are sampling points uniformly, the probability of

sampling a point far away from a fixed point is small and can be upper-bounded, but the

bound increases with the size of the sample. Lemma 9 states that if the average distance of

a point set to a point c is smaller than to a point b, then the average distance of a uniform

sample of the point set to c relative to b is also small, with some probability that can be

lower-bounded.

We now prove the main theorem.

Theorem 10 Sufficient conditions for strong sampling. If C is g-coverable, and for any

P ⊆ X, cP can be computed in time depending only on |P |, then (X,C, d) satisfies the strong

sampling property (Definition 1) for any ε, δ ∈ (0, 1). Here, the constant mδ,ε = mδ,ε,g also

depends on g.

Proof. Let P, S, ε, δ be as specified in Definition 1. Let |P | = n and |S| = m; the value of

m will be set later in the proof.

Let r = 6m
δn

∑
p∈P d(p, cP ). Let r′ = r

3 , U = B(cP , r), and U ′ = B(cP , r
′). By Lemma 8

we have

Pr
[
∃s ∈ S | d(cP , s) > r′

]
= Pr

∃s ∈ S | d(cP , s) >
2m

δ
· 1

n

∑
p∈P

d(cP , p)

 ≤ δ/2.
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Thus, for all s ∈ S, d(cP , s) ≤ r′ with probability at least 1 − δ/2, and hence S ⊆ U ′

with probability at least 1− δ/2. Now if cS /∈ U , then d(cP , cS) > r = 3r′ and by triangle

inequality

∑
s∈S

d(s, cS) ≥
∑
s∈S

(d(cP , cS)− d(cP , s)) >
∑
s∈S

2r′ = 2r′m.

However since S ⊆ U ′, we have
∑

s∈S d(s, cP ) ≤ r′m <
∑

s∈S d(s, cS), contradicting the

claim that cS is the optimal (1, C)-median of S. Thus, with probability at least 1 − δ/2,

cS ∈ U .

Since C is g-coverable, there exists a
(

ε
5n

∑
p∈P d(p, cP )

)
-cover of U ∩C of size g

(
30m
δε

)
.

Let C ′ be such a cover. Define

C ′
bad = {c ∈ C ′ |

∑
p∈P

d(p, c) > (1 + 4
5ε)

∑
p∈P

d(p, cP )}.

Setting m to be the sufficiently large constant mδ,ε,g and using the union bound and

Lemma 9 we get

Pr

∃c ∈ C ′
bad |

∑
s∈S

d(s, c) ≤
∑
s∈S

d(s, cP ) +
εm

5n

∑
p∈P

d(p, cP )


<g

(
30m

δε

)
exp

(
−ε2m
144

)
<δ/2.

Thus, with probability at least 1− δ/2, for all c ∈ C ′
bad we have

∑
s∈S

d(s, c) >
∑
s∈S

d(s, cP ) +
εm

5n

∑
p∈P

d(p, cP ).

Let c′ be the closest point in C ′ to cS . By definition of C ′ and the fact that cS ∈ U ∪ C,

we have d(cS , c
′) ≤ ε

5n

∑
p∈P d(p, cP ). We then have

∑
s∈S

d(s, c′) ≤
∑
s∈S

(
d(s, cS) + d(cS , c

′)
)
≤

∑
s∈S

d(s, cS) +
εm

5n

∑
p∈P

d(p, cP )

≤
∑
s∈S

d(s, cP ) +
εm

5n

∑
p∈P

d(p, cP ) <
∑
s∈S

d(s, c)
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for all c ∈ C ′
bad from previous inequality. Thus c′ /∈ C ′

bad and hence

∑
p∈P

d(p, c′) ≤ (1 + 4
5ε)

∑
p∈P

d(p, cP ).

We then conclude

∑
p∈P

d(p, cS) ≤
∑
p∈P

d(p, c′) + nd(c′, cS) ≤ (1 + ε)
∑
p∈P

d(p, cP ).

This event holds with probability at least (1− δ/2)2 > 1− δ.

From Theorems 6 and 10, we get the following.

Corollary 11 Clustering with coverability and strong sampling. Suppose C is g-coverable

and the optimal (1, C)-median of any subset of X can be computed in time depending on

the size of the subset. Let ε, δ ∈ (0, 1). Given P ⊆ X having n points and k ∈ N, with

probability ≥ 1− δ, a (1 + 3ε)-approximate solution to the (k,C)-median problem for P can

be computed in time

n · 2O(kmδ,ε,g log( k
ε
mδ,ε,g)) ·A(mδ,ε,g)O(k) · (Q(C) + D(C)),

where mδ,ε,g is a constant depending only on ε, δ, g, and A(m) is the number of operations

needed to compute the optimal (1, C)-median of m points in X, where computing d between

points in X and C, and computing an approximate closest point in C to any point in X

count as one operation each.

2.4.2 Sufficient conditions for the weak sampling property

We give sufficient conditions for the weak sampling property to hold in terms of coverability

of C.

For Y ⊆ X, let RY

(
r
r′

)
be the number of operations required to compute an r′-cover of

B(y, r) ∩ Y for any y ∈ Y (if such a cover exists) where computing d between points in X

and C, and computing an approximate closest point in C to any point in X count as one

operation each (we assume that the number of operations can be expressed in terms of r
r′ ).
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Compute-Q(P,C, ε, δ, a, b):

input: Point sets P,C ⊆ X; ε, δ ∈ (0, 1); and a, b > 0
ε1 ← 1, ε2 ← ε

3 , ε3 ← 1
q ← chosen uniformly at random from P

C ′ ← (ε2a)-cover of B
(
q′ε1 ,

(2+ε1)b
δ

)
∩ C, where q′ε1 is a (1 + ε1)-nearest neighbor of q in C

Q← {c′ε3 | c ∈ C
′} where c′ε3 is a (1 + ε3)-nearest neighbor of c in C

return Q

Figure 2.3: Algorithm Compute-Q.

The following lemma will be helpful, and states that if C has a small cover and if we have

a good estimate of the cost of the optimal (1, C)-median, then the algorithm Compute-Q

(Fig. 2.3) computes a small set of points in Q ⊆ C such that at least one of them is a good

approximation to the optimal (1, C)-median. Further, this can be done in time independent

of |P |. Both of these properties are necessary for the weak sampling property (Definition 2).

Lemma 12. Let P ⊆ X and ε, δ ∈ (0, 1). Suppose C is g-coverable. Then given a, b such

that a ≤ 1
|P |

∑
p∈P d(cP , p) ≤ b, algorithm Compute-Q computes a set Q ⊆ C of size

O(g
(

9b
εδa

)
) such that

Pr

∃q ∈ Q |∑
p∈P

d(p, q) ≤ (1 + ε)
∑
p∈P

d(p, cP )

 ≥ 1− δ.

Further, Compute-Q takes O
(
RC

(
9b
εδa

)
+ g

(
9b
εδa

))
operations, where computing d between

points in X and C, and computing a (1 + ε
3)-approximate closest point in C to any point

in X count as one operation each.

Proof. For any x ∈ X, we define x′ = argminy∈C d(x, y). Further, for any ε′ > 0, define x′ε′

to be a (1 + ε′)-nearest neighbor of x ∈ X in C.

Let ε1 = 1, ε2 = ε
3 , and ε3 = 1, as used in Compute-Q.

Consider q ∈ P chosen uniformly at random. By Markov’s inequality, d(q, cP ) ≤
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1
δ|P |

∑
p∈P d(p, cP ) with probability ≥ 1− δ. In such a case,

d(q′ε1 , cP ) ≤ d(q′ε1 , q) + d(q, cp) ≤ (1 + ε1)d(q′, q) + d(q, cp)

≤ (2 + ε1)d(q, cP )

≤ 2 + ε1
δ|P |

∑
p∈P

d(p, cP ).

Thus, cP ∈ B
(
q′ε1 ,

(2+ε1)b
δ

)
with probability at least 1− δ.

Let C ′ be an (ε2a)-cover of B
(
q′ε1 ,

(2+ε1)b
δ

)
∩C. Since C is g-coverable, |C ′| = g

(
(2+ε1)b
ε2δa

)
=

g
(

9b
εδa

)
. We will argue that Q = {c′ε3 | c ∈ C

′} returned by Compute-Q satisfies the in-

equality stated in the lemma. Let x = argminy∈C′ d(y, cP ). Since C ′ is an (ε2a)-cover,

d(x, cP ) ≤ ε2a. Also,

d(x′ε3 , cP ) ≤ d(x′ε3 , x) + d(x, cp) ≤ (1 + ε3)d(x, x′) + ε2a

≤ (1 + ε3)d(x, cP ) + ε2a

≤ (2 + ε3)ε2a.

We then have

∑
p∈P

d(p, x′ε3) ≤
∑
p∈P

(
d(p, cP ) + d(x′ε3 , cP )

)
≤

∑
p∈P

d(p, cP )

 + (2 + ε3)ε2a|P |

≤ (1 + (2 + ε3)ε2)
∑
p∈P

d(p, cP )

≤ (1 + ε)
∑
p∈P

d(p, cP ),

by our choice of ε2 and ε3.

Computing C ′ takes RC

(
9b
εδa

)
operations. Computing the output set takes |C ′| =

O
(
g
(

9b
εδa

))
operations.

The next theorem shows that with a small random sample of P , one of two things

can happen. Either one of the samples is close to an approximate (1, C)-median, or we

can approximate the cost of the optimal (1, C)-median in time independent of |P |. This

along with Lemma 12 shows that the weak sampling property holds if C is g-coverable. The
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Compute-Γ(P,C, ε, δ):

input: Point sets P,C ⊆ X; 1 < ε < 4
9 and (1− 5

18ε) < δ < 1
ε1 ← ε

4 , ε2 ← 1
Q← uniform random multiset of P of size 1

ε1
q ← chosen uniformly at random from P
q′ε2 ← (1 + ε2)-nearest neighbor of q in C

a←
(

ε31
2+ε2

)∑
p∈Q d(p, q′ε2)

b← 1
ε1

∑
p∈Q d(p, q′ε2)

Q1 ← Compute-Q(P,C, ε, δ1, a, b), where δ1 ← 2ε1 − 9
5(1− δ)

return Q1 ∪ {q′ε2}

Figure 2.4: Algorithm Compute-Γ.

proof is inspired by the proof of Theorem 1 in [KSS05], and it also shows that the algorithm

Compute-Γ (Fig. 2.4) computes Γ for the weak sampling property (Definition 2).

Theorem 13 Sufficient conditions for weak sampling. If C is g-coverable, then (X,C, d)

satisfies the weak sampling property (Definition 2) for 0 < ε < 4
9 and

(
1− 5

18ε
)
< δ < 1.

Further, the constants mδ,ε = 1 + 4
ε and tδ,ε = O

(
g
(
6912
δ1ε5

))
; and algorithm Compute-

Γ computes Γ(S) in O
(
1
ε + RC

(
6912
δ1ε5

)
+ g

(
6912
δ1ε5

))
number of operations, where δ1 = ε

2 −
9
5(1−δ), and computing d between points in X and C, and computing a (1+ ε

3)-approximate

closest point in C to any point in X count as one operation each.

Proof. Let ε1 = ε
4 , ε2 = 1 and r̄ = 1

|P |
∑

p∈P d(p, cP ). Also, let x′ = argminy∈C d(x, y) for

any x ∈ X. Further, for any ε′ > 0, define x′ε′ to be a (1 + ε′)-nearest neighbor of x ∈ X in

C.

Let Q ⊆ P be a uniform random multiset of size 1
ε1

, and q ∈ P be another point chosen

uniformly at random. We will show that Q ∪ {q} plays the role of S in Definition 2.

Using Markov’s inequality and union bound, we have

Pr

[
d(q, cP ) >

r̄

2ε21

]
< 2ε21 and Pr

[
∃p ∈ Q | d(p, cP ) >

r̄

2ε21

]
<

(
1
ε1

)
2ε21 = 2ε1.

Thus with probability ≥ 1 − 2ε1 − 2ε21, q and Q are in B
(
cP ,

r̄
2ε21

)
. We assume that this
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event happens. Now, by definition of q′ and q′ε2 , we have d(q, q′ε2) ≤ (1+ε2)d(q, cP ). Hence,

d(q′ε2 , cP ) ≤ d(q, q′ε2) + d(q, cP ) ≤ (2 + ε2)d(q, cP ) ≤ (2 + ε2)r̄

2ε21
.

Let B1 = B
(
cP ,

(2+ε2)r̄
2ε21

)
, B2 = B

(
q′ε2 , ε1r̄

)
and P ′ = P ∩ B1. Then, q′ε2 ∈ B1 and

Q ⊆ P ′. We consider two cases now.

Case 1: P ′ has at least 2ε1|P ′| points outside B2. For any p ∈ Q, the probability p

is outside B2 is ≥ 2ε1. Thus, with probability at least 2ε1, there exists p ∈ Q such that

d(p, q′ε2) ≥ ε1r̄ and hence
∑

p∈Q d(p, q′ε2) ≥ ε1r̄. Also, d(p, q′ε2) ≤ d(p, cp) + d(q′ε2 , cp) ≤(
2+ε2
ε21

)
r̄, for any p ∈ Q. Hence,

∑
p∈Q d(p, q′ε2) ≤

(
2+ε2
ε31

)
r̄.

Let δ1 = 2ε1− 9
5(1−δ). We can now use Lemma 12 with a =

(
ε31

2+ε2

)∑
p∈Q d(p, q′ε2) and

b = 1
ε1

∑
p∈Q d(p, q′ε2) to compute a set Q1 ⊆ C, using Q1 = Compute-Q(P,C, ε, δ1, a, b)

with |Q1| = O
(
g
(

9b
εδ1a

))
= O

(
g
(
6912
δ1ε5

))
candidate centers, one of which is a (1 + ε)-

approximate center with probability at least 1− δ1. The total probability of getting a good

set of candidate centers is (2ε1 − δ1)(1− 2ε1 − 2ε21) > 1− δ.

Case 2: P ′ has at most 2ε1|P ′| points outside B2. We further consider two cases.

Case 2(a): d(q′ε2 , cP ) ≤ 4ε1r̄. Then

∑
p∈P

d(p, q′ε2) ≤
∑
p∈P

(
d(p, cp) + d(q′ε2 , cp)

)
≤ (1 + 4ε1)

∑
p∈P

d(p, cP ) ≤ (1 + ε)
∑
p∈P

d(p, cP ).

Thus, {q′ε2} is the set of candidates.

Case 2(b): d(q′ε2 , cP ) > 4ε1r̄. Let α =
2ε21
2+ε2

. By our choice of ε1 and ε2, α ∈ (0, 1). Also,

by definition of P ′, d(p, cP ) ≥ r
α for all p ∈ P \ P ′. We then have

r · |P | ≥
∑

p∈P\P ′

d(p, cP ) ≥ r

α
· (|P | − |P ′|)

⇒ |P ′| ≥ (1− α)|P |.

Hence, we have |P ′| ≥
(

1− 2ε21
2+ε2

)
|P |. Then, the number of points of P that are outside
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B2 is at most

|P \ P ′|+ 2ε1|P ′| =|P | − (1− 2ε1)|P ′|

≤|P | − (1− 2ε1)

(
1− 2ε21

2 + ε2

)
|P |

=

(
1− (1− 2ε1)

(
1− 2ε21

2 + ε2

))
|P |.

Thus, |P ∩ B2| ≥ (1 − 2ε1)
(

1− 2ε21
2+ε2

)
|P |. Now, suppose we assign all points from cP

to q′ε2 . For p ∈ P ∩ B2, the decrease in cost on switching from cP to q′ε2 is at least

d(p, cP )−d(p, q′ε2). By definition of B2, we have d(p, q′ε2) ≤ ε1r. Also by triangle inequality,

d(p, cP ) ≥ d(q′ε2 , cP )−d(p, q′ε2). We can thus lower bound the decrease in cost for p ∈ P ∩B2

by

d(p, cP )− d(p, q′ε2) ≥ d(q′ε2 , cP )− 2d(p, q′ε2) ≥ d(q′ε2 , cP )− 2ε1r̄.

For p ∈ P \B2, the increase in cost on switching from cP to q′ε2 is at most

d(p, q′ε2)− d(p, cP ) ≤ d(q′ε2 , cP ).

The overall decrease in cost is

|P ∩B2|(d(q′ε2 , cP )− 2ε1r̄)− |P \B2|d(q′ε2 , cP )

>|P ∩B2|
d(q′ε2 , cP )

2
− |P \B2|d(q′ε2 , cP ).

by our assumption that d(q′ε2 , cP ) > 4ε1r. Hence, the decrease in cost will be positive if

|P ∩B2|
2

− |P \B2| =
|P ∩B2|

2
− (|P | − |P ∩B2|) =

3

2
|P ∩B2| − |P | ≥ 0,

which can be shown from our earlier bound |P ∩ B2| ≥ (1 − 2ε1)
(

1− 2ε21
2+ε2

)
|P | and our

choice of ε1, ε2. But cP is the optimal (1, C)-median of P , a contradiction. Hence case 2(b)

cannot occur.

From the two cases above, we have shown that Q1 ∪ {q′ε2} plays the role of Γ(S) in

Definition 2, and this is the exact set returned by Compute-Γ.

Sampling Q, q takes time O(1ε ). Computing
∑

p∈Q d(p, q′ε2) involves |Q| = O(1ε ) compu-

tations of d between a pair of points fromX, at least one of which comes from C. Computing
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the set of candidates takes O
(
RC

(
6912
δ1ε5

)
+ g

(
6912
δ1ε5

))
operations. Thus, total number of

operations needed is O
(
1
ε + RC

(
6912
δ1ε5

)
+ g

(
6912
δ1ε5

))
. Moreover, mδ,ε = |Q∪{q}| = 1+ 1

ε1
=

1 + 4
ε , and tδ,ε = |Q1 ∪ {q′ε2}| = O

(
g
(
6912
δ1ε5

))
.

From Theorems 7 and 13, we get the following.

Corollary 14 Clustering with coverability and weak sampling. Suppose C is g-coverable.

Let ε ∈ (0, 49), δ ∈ (1− 5
18ε, 1). Given P ⊆ X of size n and k ∈ N, with probability ≥ 1−δ, a

(1 + 3ε)-approximate solution to the (k,C)-median problem for P can be computed in time

n · 2O( k
ε
log( k

ε )) · (G(mδ,ε) · tδ,ε)O(k) · (Q(C) + D(C)),

where G(mδ,ε) = O
(
1
ε + RC

(
6912
δ1ε5

)
+ g

(
6912
δ1ε5

))
, tδ,ε = O

(
g
(
6912
δ1ε5

))
, and δ1 = ε

2−
9
5(1−δ).

Here, h(C) denotes the time required to compute a (1 + ε
3)-approximate nearest neighbor

in C for any point in X, and t(C) denotes the time required to compute d(x, y) for any

x ∈ X, y ∈ C.

2.5 Clustering discrete Fréchet and Hausdorff dis-

tances

In this section, we show how the results from the previous section can be used to cluster

trajectories and point sets under the discrete Fréchet and Hausdorff distances respectively.

Clustering under discrete Fréchet distance. Recall that T l is the set of all tra-

jectories in Rd having at most l points each; thus T =
⋃

l>0 T
l is the set of all trajectories in

Rd. Given T = (T, dF ) and trajectories P ⊆ T , the (k, l)-median problem [DKS16, BDS19]

is equivalent to the (k, T l)-median problem in our setting, i.e., the center trajectories con-

tain at most l points. We show that T l is g-coverable for some g that depends on l.

Lemma 15 Coverability under discrete Fréchet distance. T l is g-coverable under dF for

g(x) = l2l · xO(dl). Further, an r′-cover of BdF (γ, r) ∩ T l for r > r′ > 0 and γ ∈ T l can be

computed in l2l ·
(
r
r′

)O(dl)
time.
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Proof. Let r > r′ > 0 be arbitrary. Let γ = ⟨p1, . . . , pl′⟩ ∈ T l for some l′ ≤ l. Since the

Euclidean metric in Rd has doubling dimension O(d), for any p ∈ Rd there exist
(
r
r′

)O(d)

points in the Euclidean ball BE(p, r) centered at p such that any point in BE(p, r) is at

most r′ distance away from one of these points; denote these points by Bp(r, r
′). Consider

the set of points
⋃l′

i=1Bpi(r, r
′); this set has cardinality l′ ·

(
r
r′

)O(d)
.

Next, consider the set of all trajectories T ′ defined by at most 2l points from
⋃l′

i=1Bpi(r, r
′)

and containing at least one point from Bpi(r, r
′) for every i; further these points respect

the ordering of the sets that they belong to, i.e., if p ∈ Bpi(r, r
′), q ∈ Bpj (r, r

′), and i < j,

then p appears before q in the trajectory (for points coming from the same set Bpi(r, r
′) all

possible orderings are considered). Note that |T ′| ≤
(
l′ ·

(
r
r′

)O(d)
)2l

. Further, dF (γ, γ′) ≤ r

for all γ′ ∈ T ′.

We will show that for any γ′′ ∈ BdF (γ, r)∩T l, there exists γ′ ∈ T ′ such that dF (γ′, γ′′) ≤

r′. Thus T ′ is the desired cover, completing the first part of our proof. Let γ′′ = ⟨q1, . . . , ql′′⟩

for some l′′ ≤ l. By definition of dF and the fact that dF (γ, γ′′) ≤ r, each qi has a

corresponding sequence of points ⟨pji , pji+1, . . . , pj′i⟩ each of which is at most r distance

away from qi. Moreover, for all 1 ≤ i < l′′ we have j′i ≤ ji+1 ≤ j′i + 1, and j1 = 1, j′l′′ = l′.

For each qi and j ∈ {ji, ji + 1, . . . , j′i}, let uj denote the point in Bpj (r, r
′) that is

closest to qi. Note that qi ∈ BE(pj , r) and ∥qi − uj∥ ≤ r′. Consider the sequence of points

γ(qi) = ⟨uji , uji+1, . . . , uj′i⟩. Then, dF (⟨qi⟩, γ(qi)) ≤ r′. Let γ′ be the trajectory obtained

by concatenating γ(q1), . . . , γ(ql′′) in order. Then we get dF (γ′, γ′′) ≤ r′. Further, by

construction γ′′ ∈ T ′.

As far as running time is concerned, computing the set
⋃l′

i=1Bpi(r, r
′) takes time l′ ·(

r
r′

)O(d)
. From this set, computing T ′ takes time l2l ·

(
r
r′

)O(dl)
.

For a trajectory having m points, computing dF to any trajectory in T l takes time

O(ml) using the standard dynamic programming algorithm, whereas computing the closest

trajectory in T l under dF takes O
(
lm logm log

(
m
l

))
time (see [BJW+08], Theorem 3).

This, along with Corollary 14 and Lemma 15 give the following.
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Theorem 16 Clustering under discrete Fréchet distance. Let ε ∈ (0, 49), δ ∈ (1 − 5
18ε, 1).

Given a set of n trajectories P ⊆ T each having at most m points and k ∈ N, with probability

≥ 1− δ, the algorithm Cluster (Fig. 2.2) computes a (1+ 3ε)-approximate solution to the

(k, T l)-median problem for P under the discrete Fréchet distance in time

nm logm log
(m
l

)
· 2O( k

ε
log( k

ε )) ·
(

l

δ1ε

)O(kdl)

,

where δ1 = ε
2 −

9
5(1− δ).

Clustering under Hausdorff distance. Recall that U l is the set of all point sets

in Rd containing at most l points each. Thus, U =
⋃

l>0 U
l is the set of all finite point sets

of Rd. Given U = (U, dH) and subsets P ⊆ U , we show how to approximately solve the

(k, U l)-clustering problem for P and k, l > 0.

Lemma 17 Coverability under Hausdorff distance. U l is g-coverable under dH for g(x) =

ll ·xO(dl). Further, an r′-cover of BdH (ζ, r)∩U l for r > r′ > 0 and ζ ∈ U l can be computed

in ll ·
(
r
r′

)O(dl)
time.

Proof. Let r > r′ > 0 be arbitrary, and let ζ = {p1, p2, . . . , pl′} for some l′ ≤ l. Since the

Euclidean metric has doubling dimension O(d), there exist
(
r
r′

)O(d)
points in the Euclidean

ball BE(p, r) such that any point in BE(p, r) is at most r′ distance away from one of these

points; denote these points by Bp(r, r
′).

Consider all subsets of size l of the set
⋃l′

i=1Bpi(r, r
′), denote this set by U ′. Note that

|U ′| =
(
l′ ·

(
r
r′

)O(d)
)l

.

Next, consider any point set ζ ′ ∈ BdH (ζ, r) ∩ U l. By definition of Hausdorff distance,

the points of ζ ′ (there are at most l of them) must lie in
⋃l′

i=1BE(pi, r). Thus, for each

p ∈ ζ ′, there is some i ∈ {1, . . . , l′} such that ∥p − q∥ ≤ r′ for some q ∈ Bpi(r, r
′). Thus,

there exists ζ ′′ ∈ U ′ such that dH(ζ ′, ζ ′′) ≤ r′. Then, U ′ is the desired cover, completing

the first part of our proof.

Computing
⋃l′

i=1Bpi(r, r
′) takes time l′ ·

(
r
r′

)O(d)
. Computing U ′ from it takes time(

l′ ·
(
r
r′

)O(d)
)l

.
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Computing dH between two point sets of size m1 and m2 in Rd takes time O(m1m2).

Given ζ ∈ U of size m, computing the closest point to it in U l (under dH) boils down to

finding l disks in Rd of minimum radius such that all the points of ζ lie inside the union

of these disks; the centers of these disks give the desired set in U l. This is the l-center

problem in Rd for the Euclidean metric. Solving this problem is NP-Hard when l is part

of the input, and the brute force exact algorithm proceeds as follows. Note that the total

number of subsets of ζ induced by disks in Rd is mO(d). By looking at l such subsets at a

time, we can pick the one that covers ζ and minimizes the radius of the largest disk; this

takes total time mO(dl), and results in a factor of nmO(dl) in the final running time of the

clustering algorithm [NT20].

Fortunately by Corollary 14, a
(
1 + ε

3

)
-approximate nearest neighbor in U l for ζ ∈ U

suffices; this means that the Euclidean l-center problem in the preceding paragraph has to

be solved only approximately to within a factor of
(
1 + ε

3

)
of the optimal, and can be done

in time O(m log l) +
(
l
ε

)O(l1−1/d)
[AP02]. This along with Corollary 14 and Lemma 17 give

the following much faster running time.

Theorem 18 Clustering under Hausdorff distance. Let ε ∈ (0, 49), δ ∈ (1 − 5
18ε, 1). Given

a set of n point sets P ⊆ U each having at most m points and k ∈ N, with probability

≥ 1− δ, the algorithm Cluster (Fig. 2.2) computes a (1+ 3ε)-approximate solution to the

(k, U l)-median problem for P under the Hausdorff distance can be computed in time

nm · 2O( k
ε
log( k

ε )) ·
(

l

δ1ε

)O(kdl)

,

where δ1 = ε
2 −

9
5(1− δ).

2.6 Hardness and unbounded doubling dimension

In this section, we show a few negative results.
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2.6.1 Hardness of clustering under the Hausdorff distance

We prove the following hardness result for k-median clustering under the Hausdorff distance.

Theorem 19. The k-median clustering problem for finite point sets under the Hausdorff

distance is NP-Hard.

Proof. We reduce the Euclidean k-median problem, which is known to be NP-Hard [MS84].

The reduction is fairly straightforward – for each input point p of an instance of the Eu-

clidean k-median problem, we have a singleton set {p} as input to the Haudorff k-median

problem. Any solution to the Euclidean k-median problem is also a solution to the Haus-

dorff k-median problem of the same cost – we replace cluster center c in the Euclidean

version by the cluster center {c} for the Haudorff version, and for each p assigned to c, we

assign {p} to {c}.

On the other hand, consider a solution to the instance of Hausdorff k-median problem.

In particular, let S be a cluster center that is assigned the sets {{p1}, . . . , {pn}}. The cost

of this single cluster is

n∑
i=1

dH({pi}, S) =
n∑

i=1

max
s∈S
∥s− pi∥,

by the definition of dH . Thus, replacing S by a singleton set {s} for any s ∈ S does not

increase the cost of clustering. Hence we can assume that all cluster centers are singleton

sets. We can then construct a solution for the Euclidean k-median problem by assigning p

to s, where {s} is the cluster center that {p} was assigned to in the Hausdorff clustering

solution. This does not increase the cost of the clustering as well.

2.6.2 Doubling dimension of discrete Fréchet and Hausdorff
distances

We show that the discrete Fréchet distance does not have a doubling dimension bounded

by a constant. The Hausdorff case can be shown similarly.

Suppose T = (T, dF ) has a constant doubling dimension D. Then by definition, for any

trajectory γ ∈ T and any r > 0, there exist 2D trajectories T ′ ⊂ T such that any trajectory
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γ′ ∈ BdF (γ, r) is at most at distance r
2 from a trajectory in T ′. By the pigeon hole principle,

any set of 2D + 1 or more trajectories in BdF (γ, r) will have at least two trajectories that

have the same closest trajectory in T ′, and are therefore at most r distance apart (by the

triangle inequality).

Consider a trajectory γ′′ consisting of a sequence of points ⟨p1, p2, . . . , pm⟩ in a straight

line in Rd, with a distance of at least 3r between every consecutive pair of points, for some

m, r > 0. For each pi, let Pi = {ai, bi} be such that ∥ai−bi∥ > r and ∥ai−pi∥, ∥bi−pi∥ ≤ r

(e.g., ai and bi can be the diametrically opposite points of the Euclidean ball of radius r

centered at pi). Consider the set of trajectories T ′′ = {⟨q1, q2, . . . , qm⟩ | qi ∈ Pi}. Then

by construction, T ′′ ⊂ BdF (γ′′, r), and dF (γ1, γ2) > r for any γ1, γ2 ∈ T ′′. Further, |T ′′| =

2m ≥ 2D + 1 for sufficiently large m, contradicting the fact that T = (T, dF ) has doubling

dimension D.

2.7 Conclusion

We have given a framework for clustering where the cluster centers are restricted to belong

to a simpler metric space. This is a reasonable definition for working with objects such

as trajectories, where we may expect the data to contain noise due to the application

domain. We characterized general conditions on this simpler space that allow us to obtain

efficient (1 + ε)-approximation algorithms for the k-median problem by proving we can

use sampling to help solve the approximate 1-median problem. As special cases, we gave

efficient algorithms for clustering trajectories and point sets under the discrete Fréchet and

Hausdorff distances respectively.

We believe the general framework can be extended to other metric spaces as well. The

next step would be to see if it can be applied to the continuous Fréchet distance, and to

non-metric distance measures such as dynamic time warping. It would be interesting to

provide other characterizations on the metric space for the cluster centers (as alternatives

to the notion of covering discussed in this chapter) that are amenable to efficient clustering
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algorithms.
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Chapter 3

Locally Fair Partitioning

3.1 Introduction

Redistricting is a common societal decision making problem. In its basic form, there are two

parties, say red and blue, and a parliament with some k representatives. Each individual

(or voter) in the geographic region is aligned with one of the two parties. The goal is to

divide the region into k parts – called districts – so that each part elects one representative

to the parliament. It is typically assumed that each district does majority voting, so that if

a district has more red voters than blue voters, then the chosen representative will be red.

The societal question then is how should these districts be drawn? One natural constraint

is that the district is a connected region and, more preferably, has a compact shape. Another

consideration is that each district is population balanced, i.e., has roughly the same number

of individuals. 1 A final consideration, and one that will be the focus of this work, is

fairness. If society has a large fraction of blue voters, the districts should not be drawn so

that most representatives end up being red.

In this chapter, we consider a local and strong notion of fairness. Let us say that a voter

is unhappy if she is in a majority blue (resp. red) district, but her party is red (resp. blue).

We say that a given set of districts is locally fair if no subset of unhappy voters of the same

party can deviate and form a feasible district (nicely shaped and balanced) so that they

are the majority in that district. In other words, these deviating voters have a justified

complaint – there was a different hypothetical district where they could have been happy.

This notion is akin to that of the core from cooperative game theory [Sca67]. As such, if a

partition is locally fair, then it is as fair as possible to the relevant parties – there are no

1US courts have ruled that districts be population balanced, compact, and contiguous; see, e.g.,
https://en.wikisource.org/wiki/Reynolds_v._Sims.
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groups could potentially form a region and do better.

There are examples in which a group of voters have argued they have a justified com-

plaint regarding the redistricting. In the 2012 election in North Carolina, 13 House seats

were allocated, 4 to Democrats and 9 to Republicans. In contrast, the percentage of voters

who voted for a Democrat candidate was 50.60%. The U.S. Court of Appeals ruled that

two of the districts’ boundaries in this map were unconstitutional due to gerrymandering

and required new maps to be drawn. Considering this map, it is clear there exist compact

potential districts which could be considered a deviating group with respect to the district-

ing. This case (Cooper v. Harris (2017)) is just one in a long line of judgements on the

fairness of districting plans in the U.S. 2 The exhibition of deviating groups may help a

political group or group of voters justify their complaint that a redistricting is unfair, and

it may be effectively used in auditing proposed plans.

In contrast, some input instances may exhibit “natural gerrymandering”, when the

distribution of the population prevents redistricting plans from being representative to all

groups [BLSS18]. For example, if the minority party had 40% of the vote in total but the

voters are uniformly distributed, it is unlikely that any deviating groups with a justified

complaint would exist. In this case, one could argue no reasonable redistricting could

ensure the minority group elects its fair share of the representatives. Thus, the notion of

local fairness introduced in this work allows us to distinguish between natural and artificial

gerrymandering. In contrast, when a redistricting plan is not globally fair (proportionally

representative), it is not clear whether any group has a justified complaint regarding the

redistricting, or if it is an unavoidable consequence of the geometry of the map.

3.1.1 Our Results

In this work, we study the existence and computation of a locally fair partition in the

one-dimensional case, where we assume the n voters lie on a line or a circle. A feasible

2See also, Benisek v. Lamone (2018), Gill v. Whitford (2018), Rucho v. Common Cause (2019),
etc.
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district or region is now an interval containing σ = n/k voters. The “niceness” aspect

is captured by the region being an interval, and the “balance” aspect is captured by the

number of points in each interval being n/k. Even in this setting, we show that locally fair

partitioning is surprisingly non-trivial, and leads to a rich space of algorithmic questions.

Relaxed local fairness notions. In the 1D case, regulating each interval to be con-

taining exactly σ voters is extremely restrictive, and it is relatively easy to show that even

a balanced (not necessarily fair) partition need not exist. We will therefore allow ourselves

to relax the interval size. We parameterize this by ε, so that the number of voters in any

allowable interval lies in [(1− ε)σ, (1 + ε)σ]. This also relaxes the number of intervals to

be some number in [ k
1+ε ,

k
1−ε ].3 Further, we also relax the notion of deviation, so that if

a subset of voters deviate, they need to become “really happy” – they need to be a strict

majority in the interval to which they deviate. We call this parameter β ∈ [1/2, 1], so that

unhappy points only deviate to a new allowable interval if their population size is at least

βσ. If a fair partition exists under such relaxations, we term it (ε, β)-fair.

Under these relaxations, our first set of results in Section 3.3 characterizes the (ε, β)

values for which a fair partition exists, and those where it may not. For ε ≤ 1/5, we show

a sharp threshold at β = 1 − ε: When β < 1 − ε, for large enough values of n, there is an

instance with no (ε, β)-fair partition, while when β ≥ 1− ε, the simple strategy of creating

uniform intervals is (ε, β)-fair. If we restrict points to deviate only when the interval they

create has exactly σ points, this sharp threshold holds for all ε ≤ 1/3. To interpret this

result, when ε = 1/3, this means there is a fair partition where all intervals have size in

the range
[
2
3σ,

4
3σ

]
, and no subset of unhappy points can create an interval with σ points,

where they form 2/3-majority. Furthermore, there is an instance where the bound of 2/3

on the majority cannot be reduced any further.

Beyond worst-case. The negative results above are adversarial: they need careful

constructions of sequences of runs of red and blue points with precise lengths, so that

3Many of our results extend to the setting in which the number of intervals must be exactly k.
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any partitioning scheme that needs intervals of certain size to eventually straddle both

red and blue points in a way that allows a deviating interval to take shape. However,

this is an artifact of the intervals needing almost precise balance, i.e., their lengths being

approximately σ. The next question we ask is: suppose we are allowed to place a small

fraction α of points in intervals whose sizes can be smaller than (1 − ε)σ. In particular,

we could construct intervals for these points so that they are all happy, preventing them

from deviating; or we could think of it as eliminating these points. Then is it possible to

circumvent these lower bounds?

In Section 3.4, we show that the above is indeed the case when the input sequences are

reasonably benign. By “benign”, we mean that the input is clustered, i.e., composed of runs

of red and blue points of arbitrary lengths, as long as these lengths are lower bounded by

some value ℓ. This models phenomena like Schelling segregation [Sch71, Zha11, IKLZ17],

where individuals have a slight preference for like-minded neighbors and relocate to meet

this constraint, which leads to “runs” of like-minded individuals.

For such input sequences, we show that as long as all runs are of length at least ℓ = 2σ,

once we allow a small fraction α = O( 1k ) of the points to be placed in unbalanced regions,

there is a locally fair partition even for the strictest setting (ε, β) = (0, 1/2): the remaining

points are placed in intervals of size exactly σ, and no deviating interval of size σ has a

simple majority of unhappy points.

Efficient partitioning. In Section 3.5, we finally study the algorithmic question: given

parameters (ε, β), decide whether a given input of length n admits a (ε, β)-fair partition.

Note that the results so far have been worst-case existential results, and it is possible that

even when β < 1 − ε, many inputs would have an (ε, β)-fair partition. The challenge in

designing an algorithm is that a deviating interval could involve points from more than

one interval in the partition. We resolve this via a dynamic programming algorithm whose

running time is polynomial in n for any ε ∈ [0, 1/2].
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3.1.2 Related Work

Fairness notions. Proportionality is a classic approach to achieving fairness in social

choice. In a proportional solution, different demographic slices of voters feel they have been

represented fairly. This general idea dates back more than a century [Dro81], and has re-

cently received significant attention [CC83, Mon95, BKS07, ABC+17, SFEL+17, AEH+18].

In fact, there are several elections, both at a group level and a national level, that attempt to

find committees (or parliaments) that provide approximately proportional representation.

The notion of core from cooperative game theory [Sca67] represents the ultimate form of

proportionality: every demographic slice of voters feel that they have been fairly represented

and do not have incentive to deviate and choose their own solution which gives all of them

higher utility. In the typical setting where these demographic slices are not known upfront,

the notion of core attempts to be fair to all subsets of voters. Though the core has been

traditionally considered in the context of resource allocation problems [Lin58, GS62, Fol70,

SS74], one of our main contributions is to adapt this notion in a non-trivial way to the

redistricting problem.

Redistricting vs. clustering. The redistricting problem is closely related to the

clustering problem. In a line of recent work, various models of fairness have been pro-

posed for center-based clustering. One popular approach to fairness ensures that each

cluster contains groups in (roughly) the same proportion in which they exist in the popu-

lation [CKLV17, ZVGRG17]. The redistricting problem we consider may take the opposite

view – we effectively want the regions or clusters to be as close to monochromatic as possible

to minimize the number of unhappy points in each region.

Chen et al. studied a variant of fair clustering problem where any large enough group

of points with respect to the number of clusters are entitled to their own cluster center,

if it is closer in distance to all of them [CFLM19]. This extends the notion of the core in

a natural way to clustering. However, this work defines happiness of a point in terms of

its distance, while in the redistricting problem, the happiness is in terms of the color of
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the majority within that region. The latter leads to fundamentally different algorithmic

questions.

Redistricting Algorithms. There has been extensive work on redistricting algorithms,

going back to 1960s [HWS+65], for constructing contiguous, compact, and balanced dis-

tricts. Many different approaches, including integer programming [God14], simulated an-

nealing [AM10], evolutionary algorithms [LCW16a], Voronoi diagram based methods [SBD07,

CAKY18], MCMC methods [BGH+17, DDS21a], have been proposed; see [BS20] for a re-

cent survey. A line of work on redistricting algorithms focuses on combating manipulation

such as gerrymandering: when district plans have been engineered to provide advantage to

individual candidates or to parties [BLSS18]. For example, Cohen-Addad et al. propose a

districting strategy with desirable geometric properties such as each district being a con-

vex polygon with a small number of sides on average [CAKY18]. Using similar methods,

Wheeler and Klein argue that the political advantage of urban or rural voters tends to be

dramatically less than that afforded by district plans used in the real world [WK20]. In

fact, Chen et al. show that district plans can also have unintentional bias arising from

differences in geographic distribution of two parties [CR13].

Auditing. Another line of work in redistricting focuses on developing statistical tools to

detect gerrymandering given a districting plan [HKL+20]. In many redistricting algorithms,

existing methods generate maps without explicitly incorporating notions of fairness, but

instead focusing on compactness. Popular methods generate an ensemble of plans and

compare the number of representatives each party gets in the generated maps with the

number received under the actual proposed maps [BS20]. In practice, political groups use

many justifications for whether a plan is fair, and our work offers a new formal model which

may be used for auditing– arguing that various plans satisfy properties of fairness [PTF22,

DDS21a]. Our work in contrast takes a more algorithmic approach – given a natural

definition of what a fair redistricting should look like, we show existence and computational

results.

46



3.2 Preliminaries

Let X be a set of n points in R1, each colored red or blue, and let σ ∈ [n] be a parameter

called ideal population size. 4 We wish to construct a locally fair partition of X into

intervals so that all intervals have roughly σ points. Only ordering of points in X really

matters, so we describe the input as a (binary) sequence X = x1, . . . , xn, where xi ∈ {R,B}

represents the color of the i-th point on the line.

Define R := {i ∈ [n] | xi = R} and B := {i ∈ [n] | xi = B} to be the subset of all red

points and blue points, respectively. An interval is a contiguous sequence, defined by a pair

of integers i, j ∈ [n] and denoted as either [i, j] (where both points i and j are included)

or (i, j] (where only j is included). For an interval I ⊂ [n], let |I| denote its size, i.e.,

|[i, j]| = j − i+ 1, |(i, j]| = j − i.

An alternative way to describe the input. Sometimes it is useful to re-describe

the input as a series of alternating maximal monochromatic intervals. When appropriate,

we denote the input as X = R1, B1, R2, . . . , Rη, Bη, where each Rj ⊆ R (resp. Bj ⊆ B) is

a maximal sequence of red (resp. blue) points, Rj ̸= ∅ for j > 1, and B ̸= ∅ for j < η.

For each Rj , Bj , it suffices to specify its size.

Balanced Partition. We are interested in partitioning [n] into pairwise-disjoint inter-

vals, i.e., computing a partition Π = ⟨π1, . . . , πT ⟩, where T = |Π|, πt = (it−1, it] for all

t ∈ [T ], and 0 = i0 < i1 < . . . < iT = n.

We parameterize the population deviation in an interval using an input parameter ε:

For ε ∈ [0, 1/2], an interval πt ∈ Π is called ε-allowable (or allowable for brevity) if it

satisfies (1 − ε)σ ⩽ |πt| ⩽ (1 + ε)σ. The partition Π is balanced if each of its interval is

allowable. Note that a balanced partition may not always exist (take n = 100, ε = .01, and

σ = 40). In the remainder of the chapter, we assume that σ is chosen such that a balanced

partition exists.

4We assume points lie on a line for simplicity; our results extend to the case of a ring in a
straightforward manner.
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For ε = 0, each interval has exactly σ points; and for ε = 1/2, each interval contains

between σ
2 and 3σ

2 points. In principle, we can choose ε to be any value in [0, 1]; but as the

value of ε increases, the sizes of intervals in the partition become increasingly unbalanced.

At an extreme, when ε = 1, every point could form its allowable interval. Thus, we only

consider the setting of ε ∈ [0, 1/2], though most of our results extend to settings of larger

ε.

For an interval I ⊆ [n], it is sometimes more convenient to work with the ratio |I| /σ,

which is 1 for an interval of σ points. We define the measure of I, denoted by ∥I∥, as

∥I∥ = |I| /σ.

Locally fair partition. Next, we turn our focus to defining the notion of local fairness.

For an interval I, let C(I) represent its majority color. Formally, C(I) = R if the interval

I has red majority, i.e. |R ∩ I| > |B ∩ I|. Similarly, set C(I) = B if |R ∩ I| < |B ∩ I|.

Without loss of generality, if |R ∩ I| = |B ∩ I|, i.e., there is no majority in I, we define

C(I) = B.

A point i is happy in Π if it is assigned to an interval matching its color, i.e., C(πt) = xi,

where πt ∈ Π is the interval containing i; otherwise i is unhappy in Π. For an interval

I ⊆ [n], let uhp(I,Π) := {i ∈ I | i is unhappy in Π} denote the subset of unhappy points

in I in partition Π. Note that here I can be any interval and is not necessarily a part in

Π. If Π is fixed or clear from the context, we write uhp(I) := uhp(I,Π).

Intuitively, a partition Π is locally fair if there is no large set of unhappy points which

could form an allowable interval in which they would be the majority. We make this concept

more precise below:

Definition 20. Given an input instance (X,σ) and a parameter β ∈
[
1
2 , 1

]
, a β-deviating

group with respect to a partition Π is an allowable interval D with more than max
{

|D|
2 , βσ

}
unhappy monochromatic points, or equivalently,

max {∥uhp(D) ∩R∥, ∥uhp(D) ∩B∥} > max

{
∥D∥

2
, β

}
.
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D

π1 π2 π3 π4 π5

π
′

1
π
′

3
π
′

2
π
′

4

Figure 3.1: An instance with n = 15 points, σ = 4, ε = 1/2, and β = 2/3. The top
partition {π1, . . . , π5} admits a blue deviating group D, whereas the bottom partition
{π′

1, . . . , π
′
4} is (1/2, 2/3)-locally fair.

Note that we do not require the existence of a balanced partition with D being one of its

intervals.

D is called a β-deviating group because D may deviate from Π such that at least βσ

points that were unhappy in Π become happy if D was made a standalone part in another

partition. We sometimes omit β and use the term “deviating group” when the context is

clear. Intuitively, β controls how difficult it is for a set of unhappy points to deviate and

form an interval in which they are happy. As β grows, the set of unhappy points that

may form a deviating group must grow larger with respect to the desired interval size σ;

to deviate when β = 1/2, a set of more than σ/2 unhappy points must lie in an allowable

interval in which they are the majority. At β = 1, the number of unhappy points required

to form a deviating group increases to σ. See Figure 3.1 for an example.

Definition 21. Given (X,σ), ε ∈ [0, 1/2], and β ∈ [1/2, 1], we call a balanced partition Π

(ε, β)-locally fair if there is no β-deviating group with respect to Π.

Remark. While we focus on β ∈ [1/2, 1], the largest possible range to consider is β ∈

[(1− ε)/2, (1 + ε)]. For applications of our model, we would expect the requirement on β

to be stronger than a simple majority, so that we bias towards solutions (partitions) which

are presumably fair to the rest of the points.
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3.3 Existence of Locally Fair Partitions

In this section, we present our results on the existence of locally fair partitions. We first give

characterizations of parameters ε and β for which a locally fair solution is guaranteed to

exist. We show that for every ε ∈ [0, 1/2], there is a threshold β̄(ε) such that if β is above

this threshold, a simple partitioning strategy into small intervals results in a (ε, β)-fair

partition.

Theorem 22. Let (X,σ) be an input instance as defined above. For any ε ∈ [0, 1/2], there

is a value β̄(ε) such that for any β > β̄(ε), there exists an (ε, β)-fair partition, where

β̄(ε) =


max

{
1− ε, 1+3ε

2

}
+O(δ) for ε ∈

[
0, 13

]
,

max
{

3(1−ε)
2 , 2ε

}
+O(δ) for ε ∈

[
1
3 ,

1
2

]
,

and δ ⩽ 1
n
σ
−1 + 1

σ .

Proof. We first consider the case of ε ∈ [0, 1/3]. We call a partition Π of [n] almost-uniform

if there is some q ∈ [1 − ε, 1 + ε] such that σ′ = qσ is an integer, and |πt| ∈ {σ′ − 1, σ′}

for all t = 1, . . . , |Π|. Consider the following partition: construct
⌊

n
(1−ε)σ

⌋
intervals of

(1− ε)σ points each. Then, uniformly distribute the remaining points (less than (1−ε)σ of

them) across the intervals. Every interval then gets at most

⌈
(1−ε)σ⌊

n
(1−ε)σ

⌋
⌉

additional points.

Therefore, the total number of points in the largest interval is given by

σ′ = qσ = (1− ε)σ +

⌈
(1− ε)σ
⌊ n
(1−ε)σ ⌋

⌉

⩽ (1− ε)σ +
(1− ε)σ
n

(1−ε)σ − 1
+ 1

⩽ (1− ε)σ +
(1− ε)2σ2

n− (1− ε)σ
+ 1.

Hence we have

δ = q − (1− ε) ⩽ (1− ε)2σ
n− (1− ε)σ

+
1

σ
⩽

σ

n− σ
+

1

σ
=

1
n
σ − 1

+
1

σ
,

when n≫ σ.
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Hence take the almost-uniform partition Π with this value of q. Consider any potential

deviating group D of Π. First, suppose D intersects at least four contiguous intervals of Π.

Then it must contain at least two intervals in the middle, and therefore |D| > 2(1− ε)σ ⩾

(1+ε)σ for ε ∈ [0, 1/3], which violates the requirement that D must be allowable. Hence, D

can intersect at most three (contiguous) intervals of Π. If D intersects one or two intervals

of Π, then

|uhp(D,Π)| ⩽ 2 · σ
′

2
⩽ σ′ = qσ ⩽ β̄(ε)σ < βσ,

which implies D cannot be a deviating group itself. Hence, no deviating group intersects

at most 2 intervals. Finally, if D intersects 3 intervals, {πt, πt+1, πt+2}, then it completely

contains the middle interval πt+1, which has size at most σ′. Since at most half of the

points in πt+1 are unhappy, we have |uhp(πt+1)| ⩽ σ′

2 . On the other hand, we have

|D ∩ (πt ∪ πt+2)| ⩽ (1 + ε)σ − |πt+1| ⩽ (1 + ε)σ −
(
σ′ − 1

)
.

Thus we have

|uhp(D,Π)| =
t+2∑
j=t

|uhp(D ∩ πj)| ⩽ |D ∩ (πi ∪ πt+2)|+ |uhp(πt+1)|

⩽ (1 + ε)σ − σ′ + 1 +
σ′

2

⩽

(
1 + ε− q

2
+

1

σ

)
σ

⩽

(
1 + 3ε

2
− δ

2
+

1

σ

)
σ

⩽ β̄(ε)σ < βσ,

which again implies D cannot be a deviating group. Hence D does not exist, and the

proposed almost-uniform partition Π is (ε, β)-locally fair for ε ∈ [0, 1/3]. The proof for

ε ∈ [1/3, 1/2] follows analogously by increasing the largest number of intervals the deviating

group can intersect by one, from three to four.

Remark. When n = c(1 − ε)σ for some integer c, the partition proposed in the proof

of Theorem 22 becomes a uniform partition with interval size (1 − ε)σ, and thus δ = 0.
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Otherwise, we try to create an almost-uniform partition such that the intervals are as small

as possible. For Theorem 22 to give a β̄(ε) bound below 1, we need δ to be roughly O(ε),

or ε > σ/n. If σ/n = c for a constant c, the desired interval size is Θ(n), and the number

of intervals in a balanced partition will only be O(1). In this setting, it is likely that any

fair partitioning scheme must take into account the coloring of the input.

Theorem 22 can be extended for any ε ∈ [0, 1]. Following the same proof approach gives

the general form of β̄(ε) = max
{

t(1−ε)
2 , (3−t)+(t+1)ε

2

}
+ O(tσ), where t is an integer such

that ε ∈
[
t−2
t ,

t−1
t+1

]
, or in other words, (t+ 1) is the largest number of intervals a deviating

group can intersect.

Next, we show that for smaller values of β, a locally fair partition may not exist.

Theorem 23. Let ε ∈ [0, 1/2) and β ∈ [1/2, 1 − ε). For any σ ⩾ 1, there exists an input

instance (X,σ) with |X| = O
(

βσ
1−ε−β

)
for which no (ε, β)-locally fair partition exists.

Proof. We construct an instance for which there is always a deviating group. For simplicity,

assume βσ is an integer; we will relax this assumption later. Specifying the input using

the runs of monochromatic intervals, let X = R1, B1, R2, B2, . . . , Rη, Bη for η =
⌈

n
2βσ

⌉
. Set

|Rj | = βσ for j = 1, . . . , η and |Bj | = βσ for j = 1, . . . , η−1, and |Bη| = n−(2η−1)βσ ⩽ βσ.

In any fair partition Π, each Rj (resp. Bj) must intersect a red (resp. blue) interval of

Π; if there exists an entire Rj (resp. Bj) contained in a blue (resp. red) interval of Π, Rj

(resp. Bj) could form a deviating group with its own βσ unhappy points, and (1− ε− β)σ

points from a neighboring Bj (resp. Rj). Since β ⩾ 1/2, these unhappy red (resp. blue)

points are the majority in the deviating group. As a consequence, in any fair partition

Π, there exists no red (resp. blue) interval πt that intersects multiple monochromatic red

intervals Rj , Rj′ (resp. blue intervals Bj , Bj′) in X.

Suppose there exists a fair partition Π for (X,σ), and let π1 be a red interval of Π

that intersects R1. Since β < 1 − ε, π1 must include points from a neighboring blue

monochromatic interval; without loss of generality, let it intersect with B1.
5 Then π1 cannot

5We assume the input lies on a circle. Since π1 must intersect at least one of the two blue
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intersect R2; otherwise B1 would deviate. Therefore, π1 includes at most βσ points from

R1 and some points from B1. Now, consider interval π2 of Π which is blue and intersects

B1 (but not B2). By size constraints, ∥π2∥ ⩾ (1− ε), and ∥π2∩B1∥ < β, since π1∩B1 ̸= ∅.

This implies ∥π2 ∩ R2∥ > (1 − ε − β). Next, interval π3 is red-majority and intersects R2

(but not R3); moreover, we have ∥π3 ∩ R2∥ ⩽ ∥R2∥ − ∥π2 ∩ R2∥ < β − (1 − ε − β). This

then implies ∥π3 ∩B2∥ ⩾ ∥π3∥ − ∥π3 ∩R2∥ > (1− ε)− (β − (1− ε− β)) = 2(1− ε− β).

Continuing this argument, it can be shown that (i) every Rj must intersect a red interval

in Π that also intersects with Bj ; and (ii) every Bj must intersect a blue interval in Π that

also intersects with Rj+1. Combined with the fact that each red- (resp. blue-) majority

πt cannot intersect multiple monochromatic red (resp. blue) intervals of X, for every j it

must hold that:

• π2j−1 is red-majority and intersects Rj ;

• π2j is blue-majority and intersects Bj ;

• ∥π2j−1 ∩Rj∥ < β − (2j − 3) · (1− ε− β);

• ∥π2j−1 ∩Bj∥ > (2j − 2) · (1− ε− β);

• ∥π2j ∩Bj∥ < β − (2j − 2) · (1− ε− β);

• ∥π2j ∩Rj+1∥ > (2j − 1) · (1− ε− β).

Denote j′ =
⌈

3−3ε−2β
4(1−ε−β)

⌉
, and assume η ⩾ j′. By the above, π2j′ is blue-majority, and

we have ∥π2j′ ∩ Bj′∥ < β − (2j′ − 2) · (1 − ε − β) < 1−ε
2 , which implies π2j′ cannot be

blue-majority, a contradiction. In other words, there are not enough points in π2j′ to create

a majority matching its color. Since η =
⌈

n
2βσ

⌉
, the above holds for n

2βσ > 3−3ε−2β
4(1−ε−β) , or

n > (3−3ε−2β)βσ
2(1−ε−β) = O

(
βσ

1−ε−β

)
. Finally, if βσ is not an integer, let β′ = ⌈βσ⌉

σ . Then the

above argument still holds for n > (3−3ε−2β′)β′σ
2(1−ε−β′) .

monochromatic intervals neighboring R1, we can order the input so that the intersected
interval is B1.
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π1 π2 π3 π4

· · ·

Bd
5
8
σ

Figure 3.2: An instance so that each monochromatic interval has length 5σ/8, which
does not admit a

(
1
4
, 5
8

)
-fair partition. For example, partition Π is made of intervals

of length (1 − ε)σ = 3σ
4
; however, Bd forms a deviating group by pulling in points

from neighboring intervals.

See Figure 3.2 for an example of the construction. For ε ∈ [0, 1/5], Theorem 22 and

Theorem 23 provide an almost sharp threshold: if β > 1 − ε + O(δ) (for δ defined in

Theorem 22), a locally fair partition always exists, but for β < 1 − ε there are instances

that do not admit fair partitions. In fact, if we enforce the deviating group to have exactly

σ points, Theorems 22 and 23 become almost tight for all ε ∈ [0, 1/3]. We next extend

Theorem 23 so that a single instance X has no locally fair partition for a wide range of σ

values.

Corollary 24. Let ε ∈ [0, 1/2), β ∈ [1/2, 1− ε), and let S = {σ1, σ2, . . . , σM} be the set of

desired interval sizes. If n
Mσm

>
⌈

1
1−ε−β

⌉
holds for all m ∈ [M ], there exists an input X

such that (i) |X| = n; (ii) for all m = 1, . . . ,M , the instance (X,σm) has no (ε, β)-locally

fair partition.

Proof. We construct X as follows. Let X1, . . . , XM ⊆ X be subintervals of X, each of size

n/M . For each part Xm, we apply Theorem 23 with (Xm, σm). For each σm, a deviating

group exists in Xm.

Remark. (i) In light of Theorem 23, we observe that if we are given a periodic instance,

it is always possible to define a σ̃ for which the instance has a locally fair solution, even if

the instance had no locally fair solution for the given σ. Specifically, σ̃ = Θ(σ). In the next

section, we define an approximate version of the problem, in which we allow some fraction

of points to lie outside of allowable regions. We focus on “periodic-like” instances, when
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the input consists of monochromatic intervals of size Ω(σ).

(ii) In some applications, it may be desirable to ensure there is a fixed number of

intervals in a partition. Given a desired number of intervals k, the negative results of

Theorem 23 extend to this setting, i.e., we can construct periodic instances similar to

those in Theorem 23 in which no locally fair solutions exist, for even larger ranges of (ε, β)

parameters.

3.4 Clustered Instances

As manifested in the previous section, under many specific parameters ε, β, there exist

adversarial input instances (X,σ) that rule out the existence of any locally fair partition.

However, such negative instances often seem artificial, and are not robust to perturbation.

In this section, we turn our attention to a category of interesting inputs, when points are

“clustered” into large monochromatic intervals. Such instances arise in applications in

which we expect points of the same color to gather together. We show that fair partitions

exist when the input instance is comprised of large monochromatic intervals, while incurring

a small approximation on the balancedness of the fair partition.

For a constant α ∈ [0, 1), we say a partition Π of X is α-balanced if the union of all

its allowable intervals make up at least a (1− α)-fraction of the total input. Formally, let

Π̃ := {πt ∈ Π | |πt| ∈ [(1− ε)σ, (1 + ε)σ]} be the set of allowable intervals in Π. Then Π is

α-balanced if
∣∣∣⋃πt
{πt ∈ Π̃}

∣∣∣ ⩾ (1− α)n.

In fact, in this section our results hold for any β ∈ [1/2, 1], so we omit β as a parameter,

and instead refer to a fair partition as ε-locally fair.

First, we show that if the size of each monochromatic interval in X is at least 2σ, we

can compute a fair partition by letting allowable intervals not contain a small fraction of

the population.

Theorem 25. Given instance (X = R1, B1, R2, . . . , σ) with ∥Rj∥, ∥Bj∥ ⩾ 2, for all j and

parameter ε ∈ [0, 1/2], there is a
(
(1−ε)σ

n

)
-balanced, ε-locally fair partition Π.
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Proof. We assume that the first monochromatic interval R1 is red and the last monochro-

matic interval Bη is blue. The other cases follow analogously. Consider an arbitrary max-

imal monochromatic red interval Rj with measure ∥Rj∥ ⩾ 2. We divide Rj into allowable

intervals such that the residual interval R′
j (points of Rj not assigned to an allowable inter-

val) is as small as possible. Note that ∥R′
j∥ ∈ [0, 1−ε). We assign the points of R′

j to a size

⌈(1− ε)σ⌉ interval using ⌈
(

(1− ε)− ∥R′
j∥
)
σ⌉ points from the next interval, Bj . Partition

the entire instance in this manner and let Π be the resulting partition. All intervals of Π

are allowable except for the residual interval B′
η from the last monochromatic interval Bη.

Since |B′
η| < (1− ε)σ, Π is

(
(1−ε)σ

n

)
-balanced.

We next show Π is locally fair regardless of the value of ε. Suppose there exists a

deviating group D. Without loss of generality, assume D is red-majority and D intersects

two consecutive red intervals Rj and Rj+1 of X. Then we have Bj+1 ⊂ D. Since ∥Bj+1∥ ⩾

2, we have ∥D∥ > 2 > (1+ε), a violation of the size constraint. Hence, D can only intersect

one monochromatic red interval Rj for some j.

Define R′′
j ⊆ Rj (resp. R′

j ⊆ Rj) to be the (not necessarily non-empty) set of red points

assigned to the same interval, denoted by π′′ (resp. π′) as a subset B′
j of Bj (resp. B′

j+1 of

Bj+1) (See Figure 3.3). If π′ is blue majority, then ∥R′′
j ∥ < 1−ε

2 , by construction. Similarly,

if π′ is blue majority, then ∥R′
j∥ < 1−ε

2 . Assume D intersects both R′
j and R′′

j . Then both

π′ and π′′ need to be blue-majority, and we have R \
(
R′

j ∪R′′
j

)
⊂ D. But this implies

∥R \
(
R′

j ∪R′′
j

)
∥ > 2− 1−ε

2 −
1−ε
2 = 1 + ε and thus ∥D∥ > 1 + ε, a contradiction.

Hence, D can only intersect either R′
j or R′′

j . In both cases, ∥uhp(D)∥ < 1−ε
2 , implying

D does not have sufficient points to form a deviating group. Therefore, no deviating group

exists in Π.

In fact, we can use the same partitioning strategy to find balanced fair partitions (i.e.,

every point belongs to an allowable interval πt) if each monochromatic interval of an instance

has size at least
⌈
(1−ε)2

2ε

⌉
.

Corollary 26. For an instance (X,σ) and parameter ε, such that for all j: ∥Rj∥, ∥Bj∥ ⩾⌈
(1−ε)2

2ε

⌉
, there is always a balanced ε-locally fair partition Π of X.
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R′′
j R′

j

· · · · · ·

Rj

D

Figure 3.3: No deviating group D intersects R′′
j and R′

j.

Proof. Observe that the residual interval for each Rj , Bj defined in Theorem 25 has length

zero. Accordingly, by uniformly partitioning each Rj , Bj into equally-sized monochromatic

intervals, we have a locally fair partition of X in which no points are unhappy.

Remark. For all ε ⩾ 3 − 2
√

2 ≈ .17, Corollary 26 requires monochromatic intervals

to have size at most that of Theorem 25, but achieves exact balancedness. However, the

threshold
⌈
(1−ε)2

2ε

⌉
is non-increasing in ε: when ε→ 0,

⌈
(1−ε)2

2ε

⌉
→∞, while when ε ⩾ 1/2,⌈

(1−ε)2

2ε

⌉
= 1. Thus, for small values of ε, it is preferable to apply Theorem 25.

Next, we relax the requirement that every monochromatic interval is long and consider

“mostly” clustered instances. Specifically, assume that at most γn points of X lie in

monochromatic intervals smaller than size 2σ. Applying Theorem 25 to this setting, we

can construct an α-balanced fair partition with α depending on γ.

Theorem 27. Given (X,σ) and parameter ε ∈ [0, 1/2], where X = R1, B1, . . . , Rη, Bη, let

Y denote the set of monochromatic intervals of X of length smaller than 2σ: Y := {I ∈

{R1, . . . , Rη, B1, . . . , Bη} | ∥I∥ < 2}.

If
∣∣⋃

I∈Y I
∣∣ ⩽ γn, then there is a

(
(1−ε)σ

n + γ
)
-balanced, ε-locally fair partition.

Proof. We partition X into two parts: the bad part Y and the good part Z = X \ Y . X

can be regarded as an alternating sequence of Zis and Yjs.

Apply Theorem 25 to each good part Zi. For each Zi, the residual points Z ′
i of the last

monochromatic interval in Zi satisfies ∥Z ′
i∥ < (1− ε). Then we consider two cases:

• ∥Z ′
i∥+∥Yi∥ ⩾ 1−ε. We define an interval Ii containing Z ′

i and (1−ε−∥Z ′
p∥)σ points

of Yi, and add Ii to the partition. For each remaining monochromatic interval Rj (or
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Bj) in Yi, we create a (not necessarily allowable) standalone interval in our partition,

so that all points are happy and do not contribute to any potential deviating groups.

• ∥Z ′
i∥ + ∥Yi∥ < 1 − ε. In this case, we apply the partitioning scheme in the proof

of Theorem 25 on Zi, Yi, Zi+1, namely, there is an interval πi containing Z ′
i, Yi and

⌈(1− ε− |Zi| − |Yi|)σ⌉ points of the first monochromatic interval of Zi+1.

In both cases, no deviating group exists since the interval containing Z ′
i and points of Yi are

adjacent to intervals with no unhappy points, although there may be a total of γn points

lying in non-allowable intervals πi ∈ Π with |πi| < (1− ε)σ. Additionally, for the last good

part Zi, there may be an additional
(
(1−ε)σ

n

)
points lying in non-allowable intervals, as a

direct consequence of applying Theorem 25. (Note that its counterparts in Z1, . . . , Zi−1

are handled in the above process.) Thus, there is a
(
(1−ε)σ

n + γ
)

-balanced, ε-locally fair

partition.

For all ε, α improves (i.e., decreases) as γ decreases, as more of the input lies in larger

monochromatic intervals. Similar to Corollary 26, if ε ⩾ 3− 2
√

2, we can prove the above

process gives a γ-balanced, ε-locally fair partition.

Remark. Here we defined the approximation concept in terms of the balancedness of

fair partitions. If we want to ensure the partition is strictly balanced, we can instead define

the approximation concept in terms of the total number of points in the union of deviating

groups, i.e., we allow a maximum of α-fraction of the points to deviate (participate in some

deviating group). Still assuming that at most γn points in the input lie in monochromatic

intervals smaller than size 2σ, if ε ⩾ 3 − 2
√

2, we can get an exactly balanced partition

which is
(γ
2 + 1−ε

4

)
-approximately fair. For smaller ε, we still require a non-zero α, but the

γ parameter could be moved into the fairness approximation.
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π1 · · · πt−3 πt−2 πt−1 πt

i j

i3 i2 i1

Figure 3.4: Π is a partition of interval (i, j], where i1, i2, and i3 are the last three
boundaries.

3.5 Partitioning Algorithm

Finally, we shift our focus to following algorithmic question: Given an instance (X,σ) and

parameters ε ∈ [0, 1/2], β ∈ [1/2, 1], does a (ε, β)-locally fair solution exist for (X,σ)?

In this section, we focus on a fixed input instance, so throughout this section, treat

X,σ, ε, and β as fixed, and describe an algorithm that determines whether an (ε, β)-locally

fair balanced partition, possibly with additional constraints, exists, for an interval I ⊆ [n]

of the input, where |X| = n.

We now define the recursive subproblems. For any interval I = (i, j] ∈ [n] and for

i ⩽ i3 ⩽ i2 ⩽ i1 < j, define LF(I, i1, i2, i3) = True if and only if there exists at least one fair

partition Π = {π1, . . . , πT } of I that satisfies the following conditions:

i1 = i2 = i3 = i, Π = {(i, j]}, for T = 1;

i1 > i2 = i3 = i, Π = {(i, i1], (i1, j]}, for T = 2;

i1 > i2 > i3 = i, Π = {(i, i2], (i2, i1], (i1, j]}, for T = 3;

i1 > i2 > i3 > i, Π = {π1, . . . , (i3, i2], (i2, i1], (i1, j]}, o/w.

In other words, i1, i2, and i3 are the last three “interval boundaries” in Π; see Figure 3.4.

We first define the base cases of our algorithm. Consider every interval I = (i, j] that

is allowable, i.e., (1 − ε)σ ⩽ |I| ⩽ (1 + ε)σ. Without loss of generality, let χ(I) = B.

We consider letting Π = {(i, j]} be the trivial partition for I. This is locally fair if and

only if no deviating group can form within I, i.e., there exists no (i′, j′] ⊂ (i, j] such

that (i) (1 − ε)σ ⩽ (j′ − i′) (so that (i′, j′] is allowable), and (ii) |uhp((i′, j′] ∩R)| ⩾

max{βσ2 ,
j′−i′

2 } (so that (i′, j′] is deviating). If the above holds, we have LF(I, i, i, i) = True,

and LF(I, i1, i2, i3) = False for any other values of i1, i2, and i3.
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Intuitively, if an interval I = (i, j] ⊆ [n] has a fair partition, either I is a standalone fair

allowable interval (i.e., LF((i, j], i, i, i) = True), or there must exist a point j′ ∈ [j − (1 +

ε)σ, j − (1− ε)σ) such that

(i) there is a fair partition for (i, j′];

(ii) (j′, j] is a fair unpartitioned standalone interval;

(iii) no deviating group is formed by the last 3 intervals of fair partition of (i, j′] and the

interval (j′, j].

To see this, simply observe that any fair partition of (i, j] that contains at least two

intervals has at least one interval boundary j′ between (j − (1 + ε)σ) and (j − (1 − ε)σ)

(so that the last interval (j′, j] is allowable). There is no deviating group formed within

interval (i, j′], (j′, j] or straddling j′ (such a deviating group cannot span more than three

intervals of a balanced partition of (i, j′]). Accordingly, we have the following lemma:

Lemma 28. LF((i, j], i1, i2, i3) = True if and only if there exists a point i4 ∈ [max{i, i3 −

(1 + ε)σ}, i1] such that

• LF((i1, j], i1, i1, i1) = True, and

• LF((i, i1], i2, i3, i4) = True, and

• There is no deviating group forming within (i4, j] with the partition

{(i4, i3], (i3, i2], (i2, i1], (i1, j]}.

Proof. Recall that ε ⩽ 1
2 . Thus, every allowable interval, as well as a potential deviating

group, has size between σ
2 and 3σ

2 . Suppose there exists a deviating group D for a partition

Π of (i, j] intersecting more than four contiguous intervals in Π. Then D must strictly

contain at least three intervals πi, πi+1, πi+2, and thus we have |D| > 3 · σ2 , a contradiction.

Hence D can intersect at most four contiguous intervals in any partition Π for X. Suppose

LF((i1, j], i1, i1, i1) = LF((i, i1], i2, i3, i4) = True for some i4. This means (i) interval (i1, j]
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is fair as a standalone interval; (ii) there is a fair partition Π′ of interval (i, i1], with the

last three interval boundaries being i2, i3, and i4. Concatentate Π′ with (i1, j] as Π.

By the discussion above, any deviating group D for Π intersects at most four contiguous

intervals in Π. Suppose a such D intersects (i, i4]. Then it must not intersect (i1, j] as a

consequence, which implies D is also a deviating group for Π′, a contradiction. Hence D

must be contained in (i4, j]. However, by the third criteria, there is no deviating group in

(i4, j] either. Therefore, no deviating group exists in D, which means Π is a fair partition

for (i, j].

In other words, for i1, i2, and i3 to be the last three interval boundaries in a fair partition

for (i, j], the last interval (i1, j] must be fair itself, and there must exist a point i4 as the

next (fourth last) interval boundary. Note that it is possible that i4 = i3 in the degenerate

case when (i, j] is partitioned into less than 4 intervals. Accordingly, we know that (i, i1]

must also be fair with last three interval boundaries being i2, i3, and i4, as well as (i4, j]

must be fair with the interval boundaries being i1, i2, and i3.

For ε ⩽ 1/3, as (i4, i3] cannot be further separated into multiple allowable intervals,

Lemma 28 can be simplified as follows:

Corollary 29. For ε ⩽ 1/3, LF((i, j], i1, i2, i3) = True if and only if there exists a point

i4 ∈ [max{i, i3 − (1 + ε)σ}, i1] such that

• LF((i1, j], i1, i1, i1) = True, and

• LF((i, i1], i2, i3, i4) = True, and

• LF((i4, j], i1, i2, i3) = True.

Proof. The proof follows from Lemma 28. Since LF((i4, j], i1, i2, i3) = True, there must

exist a fair partition for (i4, j] with the last three intervals being {(i3, i2], (i2, i1], (i1, j]}.

By the fact that LF((i, i1], i2, i3, i4) = True, we know (i4, i3] is an allowable region. For

ε ∈ [0, 1/3), this implies |(i4, i3]| ⩽ (1 + ε)σ < 2σ
3 < 2(1−ε)σ

3 , i.e., there is no other way

to partition (i4, i3] in a balanced fashion other than making it a standalone part. Hence,
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the partition {(i4, i3], (i3, i2], (i2, i1], (i1, j]} must be the only fair partition for (i4, j] with

the last three intervals being {(i3, i2], (i2, i1], (i1, j]}, which implies the third criterion in

Lemma 28 is met.

Hence, for a general interval (i, j], to compute LF((i, j], i1, i2, i3), it suffices to check

for all possible values of i4, each incurring two lookups of previously computed subquery

results and one check of fairness in a partition for an interval of length at most 4(1 + ε)σ.

For ε ∈ [0, 1/3), it can be simplified to three lookups of previously computed subquery

results.

Algorithm. We use Corollary 29 and dynamic programming to compute∨
1⩽i1⩽i2⩽i3⩽n

LF ([0, n], i1, i2, i3) ,

as follows. Our algorithm first enumerates all possible allowable intervals (i, j] as base

cases (i.e., (1 − ε)σ ⩽ j − i ⩽ (1 + ε)σ), and computes LF((i, j], i, i, i) for each such

(i, j]. Then, for general (i, j], the algorithm computes LF((i, j], i1, i2, i3) for all possible

values of i1, i2, and i3 given i and j, in increasing order of (i + j); this ensures all the

intermediate subqueries are already computed before LF((i, j], i1, i2, i3) is evaluated. After

it computes LF((i, j], i1, i2, i3) for all possible values of i, j, i1, i2, i3, it examines whether

LF((0, n], i1, i2, i3) = True for some i1, i2, i3; any such true entry implies a fair partition of

[n], i.e., the original input. Note that (0, n] = [1, n] is the complete set of points.

Running time and Enhancements. For interval (i, j] to belong to the base cases,

it must hold that j ∈ [i+ (1− ε)σ, i+ (1 + ε)σ], for which i ∈ [0, n− (1− ε)σ]. Hence, there

are O(nσ) such pairs. For each such interval (i, j], whether or not it contains a deviating

group as a standalone interval can be checked naively in O(σ3)-time. Hence all base cases

can be computed within O(nσ4)-time.

For every general interval (i, j], the algorithm needs to enumerate all possible values of

i1, i2, and i3. Note that the ranges for all possible values of i1, i2, and i3 are exactly 2εσ, 4εσ,

and 6εσ; hence the number of such 3-tuples are bounded by O(ε3σ3). For each subquery
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LF((i, j], i1, i2, i3), the algorithm needs to enumerate all O(εσ) possible values of i4; for

each i4, the lookups of previously computed subqueries incur O(1) computation, whereas

the check for fairness for (i4, j] can be done naively in O(σ2)-time. Hence the algorithm

computes the values of all subqueries in O(ε4σ4)-time for ε ∈ [0, 1/3) and O(ε4σ6)-time for

ε ⩾ 1/3.

For the last step, the algorithm linear scans LF((0, n], i1, i2, i3) for all O(ε3σ3) possible

values of (i1, i2, i3), which is O(ε3σ3)-time. Therefore, the total time complexity of the

algorithm is given by

O(nσ4) +O(ε4σ6) +O(ε3σ3) = O(nσ5),

as σ = O(n) and ε = O(1). For ε ∈ [0, 1/3), it is O(nσ4) with the second term being

O(ε4σ4).

Running time enhancement with precomputation. In the algorithm above, the

naive check for deviating group within a standalone interval for base cases incurs redundant

computations. Instead, with standard dynamic programming techniques, one can precom-

pute in O(nσ)-time for each allowable region (i, j]: (i) the number of blue points and the

number of red points in (i, j], i.e., |(i, j] ∩B| and |(i, j] ∩R|; and thus (ii) the number of

unhappy points in (i, j] if (i, j] is contained in a blue-majority (resp. red-majority) interval.

These values can be stored using O(nσ)-memory. When checking if a deviating group (i′, j′]

exists within (i, j], note that both (i′, j′] and (i, j] need to be standalone allowable intervals;

this gives i′ ∈ (i, i+ 2εσ] and j′ ∈ (j− 2εσ, j]. Therefore, the check can be done in O(ε2σ2)

constant-time lookups.

This idea is also useful for speeding up the step of checking whether the partition

{(i4, i3], (i3, i2], (i2, i1], (i1, j]} is a fair partition of (i4, j]. Again using standard dynamic

programming techniques, similar to the above, one can precompute in O(nε4σ4)-time for

each (i1, i2, i3, i4, j) whether the above partition is fair (observe that there are O(n) possi-

bilities for j, then at most 2εσ possibilities for i1, then at most 4εσ possibilities for i2, and

so on), such that the check can be replaced by O(1)-time lookups when evaluating each
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LF((i, j], i1, i2, i3).

For ε ∈ [0, 1/3), only the first enhancement is needed, for which the total time com-

plexity of the algorithm is improved to

O(nσ) +O(nε2σ3) +O(ε4σ4) +O(ε3σ3) = O(nσ3);

for ε ∈ [1/3, 1/2], with both enhancements, the total time complexity of the algorithm is

improved to

O(nσ) +O(nε4σ4) +O(nε2σ3) +O(ε4σ4) +O(ε3σ3) = O(nσ4),

as σ = O(n) and ε = O(1).

Theorem 30. Given an instance (X,σ) with |X| = n and σ ∈ [n], and parameters ε ∈

[0, 1/2] and β ∈ [1/2, 1], a (ε, β)-locally fair partition of [n] can be computed, or report that

none exists, in time O(nσ3) for ε ∈ [0, 1/3) and O(nσ4) for ε ∈ [1/3, 1/2].

3.6 Conclusion

We note that many of our results do extend to the fixed k version. The existence results in

Section 3.3 extend to the fixed-k case naturally. The dynamic program of Section 3.5 can

be extended to handle a fixed k in a straightforward manner.

The main open question is extending the model to two dimensions, which poses several

challenges: how to define feasible regions, how these regions tile the plane, how a deviat-

ing group/region is defined. Part of the difficulty stems from the fact that points are no

longer linearly ordered. Although Voronoi region based methods have been proposed to

construct compact regions, incorporating fairness seems very hard, and none of the exist-

ing algorithms extend to this case even to construct an approximate solution for clustered

inputs. Currently, no polynomial-time algorithm is known even if each region of the parti-

tion is restricted to be an axis-aligned rectangle. In contrast, the additional freedom when

defining two dimensional regions suggests a fair partition exists for a larger value of pa-

rameters assuming the input points are not concentrated along a 1D curve. Despite the
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challenges, the lower bounds presented in the chapter directly extend to two dimensions.

Additionally, the algorithm described in Section 3.5 may extend to 2D when the partitions

considered have sufficient structure, such as when we restrict to a hierarchical partition of

simple shapes, and the deviating region spans O(1) regions of the partition. In the next

chapter, we consider local fairness for redistricting US states, using the standard approach

of modeling each state as a planar graph.
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Chapter 4

Redistricting via Local Fairness

4.1 Introduction

In this chapter, we focus on the redistricting problem as a practical application. To recall,

redistricting in the United States is the process of partitioning a state into districts, each

of which elects one representative to the Congress, for the most part, via simple majority

voting. As of April 2022, one year after the US Census Bureau released the results of the

2020 decennial census, 41 out of the 50 states have finished redrawing the congressional

redistricting plans for the next decade [Lev22]. This process has triggered numerous de-

bates and litigation along the way. Much of this debate centers on whether the plans are

gerrymandered so that one of the two parties gets more representatives. Given its high-

stakes impact and mathematical richness, there has been persistent interest in tackling

redistricting as an algorithmic question since the early 1960s [BS20].

There is ongoing debate around what a “desirable” redistricting plan should be. It is

commonly agreed that “desirable” plans should, at minimum, produce population balanced,

contiguous, and compact districts [Rey64]. Beyond this basic agreement, there is still debate

on richer notions of desirability, particularly notions related to the “fairness” of a plan.

This has motivated a long line of recent work [DDS21b, DDS20, HRM17] as well as software

tools [Pro22, Lev22] on auditing a given redistricting plan against various fairness concepts.

Some of these concepts have since been adopted in Wisconsin’s and Michigan’s redistricting

efforts [Che21]. It should be noted that under most notions of desirability proposed in

literature, the problem of redistricting is computationally hard [KMV19], leading to the

study of heuristic approaches, which we outline later.

Global versus Local Fairness. Zooming into fairness criteria, most extant notions of

fairness focus on the global outcomes of the redistricting plans, e.g., whether the seat shares
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proportionally represent the demographics [War18], or how competitive the districts drawn

are [DDS20]. However, it is argued in [AKMT22] that global metrics do not always dis-

tinguish between natural gerrymandering – when the distribution of voters unavoidably

prohibits certain globally fair outcomes – and artificial gerrymandering – when the plans

are manipulated to favor a demographic group. This issue is typically addressed via statis-

tical tests [DDS21b]: a probabilistic method is used to generate an ensemble of population

balanced, contiguous, and compact plans, and the global fairness score in question is com-

puted for each of these plans, yielding a histogram of scores. The plan in question is deemed

“fair” if its global fairness score is not an outlier in this histogram.

Global fairness, such as proportional seat shares, despite being desirable and statistically

testable, may not represent the local concerns of voters. For instance, imagine the blue party

cares about rising sea levels and climate change, while the red party does not. In North

Carolina, if at least one seat on the eastern coast has blue majority, that representative

may advocate to mitigate the impacts of climate change to the coastal residents on the

state or federal level. On the other hand, a better seat share may lead to a plan in which

all districts near the coast have red majority, while the districts in the western mountains

have blue majority. However, the latter set of representatives may not advocate for issues

impacting the coastal residents, since it is not of local concern to the geographic area. This

motivates the need for local fairness as a separate fairness measure, capturing at some level

the saying “all politics is local”.

Borrowing the notion of core from cooperative game theory, the work of [AKMT22]

defines local fairness notion as follows: given a redistricting plan, a voter is unsatisfied if the

majority demographic in her district does not match her own demographic. A redistricting

plan is locally fair if no group of unsatisfied voters could deviate and draw a different district

such that this group of unsatisfied voters has a majority in the new district.

As in the scenario above, such a local notion of fairness has the advantage of capturing

justified complaints of groups of voters, as has happened in earlier court judgements [Coo17].

It also provides a way of auditing enacted plans without resorting to statistical tests, making
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it more human interpretable and explainable.

Research Questions. The notion of local fairness is appealing; however, the analysis and

results in [AKMT22] are theoretical and apply only to a simplified one-dimensional model.

In this chapter, we develop algorithms to audit plans for local fairness, and systematically

study this concept on real-world electoral data. In particular, we study the following

questions:

• Given a redistricting plan, can we efficiently test (or audit) whether the plan is locally

fair?

• Are locally fair plans achievable in real redistricting tasks? If not, can we quantify

how far a given plan is from being locally fair?

• Is local fairness empirically compatible with other existing global fairness concepts?

4.1.1 Related Work

Redistricting as Optimization. We first focus on the task of drawing plans, or compu-

tational redistricting. The idea of using computational tools in redistricting dates back to

the 1960s [Vic61, HWS+65]. Since then, an extensive line of work (see [BS20] for a compre-

hensive survey) cast the redistricting task as an optimization problem, in which the input

contains only spatial location of individuals, but not their political affiliations. The objec-

tive and constraints capture the population balance, contiguity, and compactness criteria of

the districts. This problem is computationally intractable in the worst case [CKM+21], and

multiple algorithmic approaches have been proposed, including Voronoi diagrams [LF19,

GKM+21], local search [KJS15], simulated-annealing and hill climbing [AM11], and spatial

evolutionary algorithms [LCW16b]. On the flip side, it is argued in [CR13, WK20] that

such “neutral” districting plans – as outputs of algorithms without political inputs – may

contain unintentional biases, as well as unexpected outcomes such as “natural gerrymander-

ing” [BLSS18, GGRS22], i.e., the geographic distributions of voters naturally lead to dis-

proportionate seat shares. Therefore, fairness objectives such as partisan representativeness
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are typically incorporated into the redistricting problem as objectives; however, these ad-

ditional requirements further add to the computational difficulty of the problem [KMV19].

Ensemble Approaches to Redistricting. Instead of optimizing and finding a single best

redistricting plan, another line of work focuses on generating a large ensemble of districting

plans, with the hope of some of these plans being fair. These methods include Flood

Fill [CDO00, MM18], Column Generation [GS21], and the widely adopted Markov Chain

Monte Carlo (MCMC) approach [TCL16, FHIT20, LCC+22]. The latter approach samples

from the space of feasible plans with a bias towards “desirable” or fairness properties. For

instance, it is shown in [PTF22] that the widely used ReCom MCMC method [DDS21b]

provably biases towards compact plans. We provide a more in-depth description of ReCom

in Section 4.4. The work of [EGB22] proposes a method for choosing one representative

plan from such an ensemble based on defining distances between plans.

Auditing and Combating Gerrymandering. A somewhat different question from

constructing a desirable plan is the question of auditing a given plan for desirability and

fairness. As mentioned before, ensemble based approaches provide a natural, statistical way

of auditing [HRM17, HKL+20]: The properties of the enacted plan is compared against the

histogram of the corresponding property on the ensemble; if the plan is a statistical outlier,

then it is considered more “gerrymandered” and hence less desirable. The recent work

of [LCC+22] instead uses plans in the ensemble as comparators to identify manipulation

in redistricting plans. On the non-statistical side, numerous approaches to auditing have

also been proposed via appropriate desirability scores. These are either scores based on

compactness of the plan (such as the Reock [Reo61] and Polsby-Popper [PP91] scores), or

scores based on partisan outcomes generated by the plan (such as the efficiency gap [SM15],

mean-median gap [Wan16], partisan symmetry [War18], and the GEO metric [CRSV22]),

or scores based on competitiveness of the plan [DDS20]. Many of these measures are

used in publicly available tools [Pro22, CRSV22]. Finally, there is a recent line of work

that attempts to eliminate gerrymandering by completely revamping the winner-takes-all,

single-member district mechanism into a multiwinner election [GGRS22].
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4.1.2 Our Contribution

In this chapter, we take the standard view of redistricting as partitioning a planar graph on

precincts into population-balanced, contiguous, and (in a heuristic sense) compact regions.

We naturally extend the local fairness concept proposed in [AKMT22] to this task.

We first focus on the question of auditing a given plan for local fairness, that is, the

non-existence of a population-balanced contiguous region in which a majority of voters

are of the same party and is minority in the given plan. We show that this problem is

computationally intractable in the worst case. Our first contribution is two heuristics for

the auditing problem. Our first approach, that is scalable and practical, extends existing

ensemble-based methods in a novel way: we assume the districts in the ensemble are the

only districts to which voters can deviate, and given a plan to be audited, we test each of

these districts as a potential deviation on that plan. Our second approach drills deeper into

plans where the ensemble based method finds no deviating group; indeed, if the method

found a deviating group, the plan was already deemed not locally fair. On the former

set, we generate several random spanning trees, and devise a polynomial time dynamic

programming algorithm that audits each tree for local fairness. If any of these audits finds

a deviating group, the original plan was not locally fair. The dynamic program is not as

efficient as the ensemble-based method; however, we provide empirical evidence that the

ensemble method suffices to deem a plan locally fair, and the dynamic program typically

does not find additional compact deviating groups. Finally, for redistricting plans that are

not locally fair, we propose a measure that quantifies the unfairness of the plans by the

portion of population with a justified complaint.

As our second contribution, we empirically study the notion of local fairness on real

data on recent elections in the US. We generate plans using the (by now) standard Re-

Com [DDS21b] ensemble method, and audit each plan for local fairness using the ensemble

method, thereby producing an ordering of the plans via our unfairness measure. We em-

pirically show that applying the criterion of local fairness prunes the space of candidate

plans considerably, while still returning a set of potential candidates. Most global and
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statistical notions of fairness fail to do such pruning, since they are endogenously defined

relative to the order statistics on the ensemble. We further show that not only is local

fairness achievable on real redistricting tasks, but it is also compatible with extant global

fairness properties. Indeed, when we compare locally fair plans and those with many devi-

ating groups, the former tend to be just as compact, have comparable seat share outcomes,

and sacrifice only a small amount of competitiveness. Thus local fairness can be used as

an additional fairness criterion in conjunction with a global fairness criterion. We also

investigate robustness of the local fairness concept, and show that fair redistricting plans

remain consistent across different elections used. We finally show visualizations of fair and

unfair plans; in particular showing that the visualization of deviating groups makes the

local fairness notion explainable.

Taken together, our results demonstrate local fairness as an effective pruning criterion

for candidate redistricting plans while sacrificing little in other desired properties. We also

note that in practice, there could be other considerations when choosing the “best” plan

even among many locally-fair plans; we leave the question of choosing these considerations

to policy makers.

4.2 Model and Preliminaries

In keeping with recent literature [DT18, DDS21b, CKM+21, GS21], the input to the redis-

tricting problem is a planar connected graph G = (V,E) where each vertex v ∈ V represents

an indivisible geographic unit (a precinct or a census block),1and an edge is placed between

two vertices if they are geographically adjacent. Going forward, we refer to each v ∈ V as

a precinct and G as the precinct graph.

Redistricting Plans. For each precinct v ∈ V , let ρ(v) > 0 denote its population and let

τ(v) ∈ [0, ρ(v)] denote the number of voters in v.2.We let γ(v) ∈ [0, 1] and β(v) = 1− γ(v)

1Typically, precincts are not split by redistricting plans [DDS21b].

2We assume that we know the exact number of people who cast a vote in each precinct,
along with which candidate they voted for, such as is available for historical elections
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denote the fraction of τ(v) who vote red and blue, respectively. Note that it is assumed

each individual voter is exactly one of the two colors. For an arbitrary subset of precincts

W ⊆ V , set ρ(W ) :=
∑

v∈W ρ(v), τ(W ) :=
∑

v∈W τ(v), γ(W ) :=
∑

v∈W (γ(v)·τ(v))
τ(W ) , and

β(W ) := 1− γ(W ).

Definition 31 k-redistricting plan. A k-redistricting plan of G = (V,E) is a partition of V

into k pairwise-disjoint subsets D1, D2, . . . , Dk ⊆ V , called districts. Each district assumes

the color of the majority of its voters. For a redistricting plan Π, let BΠ (resp. RΠ) denote

the set of precincts in blue (resp. red) districts in Π.

In the following, we fix an error parameter ε > 0, and the desired number of partitions

k. Note that the average population per district is ρ(V )
k . We say a district D ⊆ V is

ε-feasible if: (1) D induces a connected subgraph, and (2) the population of D is at most

ε away from average, i.e., (1 − ε) · ρ(V )
k ⩽ ρ(D) ⩽ (1 + ε) · ρ(V )

k . A redistricting plan Π is

ε-feasible if each district Di ∈ Π is ε-feasible.

We note that this definition of an ε-feasible plan is consistent with the general practice

in the U.S, where the sizes of districts should be balanced in terms of their population,

based on census information, not in terms of the number of eligible voters. Since ε and

k will be fixed throughout, we drop the prefixes and refer to k-redistritcting plans and

ε-feasible districts as redistricting plans and feasible districts, respectively.

Local Fairness. We extend the notion of local fairness proposed by [AKMT22] to the

graph-based redistricting problem. We say that a feasible district W ⊆ V is red-majority

(red in short) if γ(W ) ⩾ β(W ), and blue-majority (blue) otherwise. We call this majority

color as the color of W . Given a redistricting plan Π, any voter whose color agrees with

the color of its assigned district in Π is deemed happy with respect to Π, and the remaining

voters are unhappy.

Definition 32 c-locally fair. Given a feasible redistricting plan Π of G and a constant

c ∈ [1/2, 1], a feasible district W ⊆ V is a red c-deviating group with respect to Π if

W is red and at least a c-fraction of its voters are unhappy red voters in Π, or formally,
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∑
v∈W∩BΠ

γ(v) ·τ(v) > c ·τ(W ). A blue c-deviating group is defined analogously. We call a

feasible redistricting plan Π of G c-locally fair if there are no red or blue c-deviating groups

with respect to Π.

When c = 1/2, only a simple majority of voters in a deviating group must be unhappy.

In this special case, we omit the prefix c by referring to red deviating groups, blue deviating

groups, and locally fair redistricting plans. Throughout, we refer to locally fair redistricting

plans as fair plans.

We are thus interested in the following two problems.

LF Auditing problem. Given a feasible redistricting plan Π and a parameter c ∈ [1/2, 1],

decide whether Π is c-locally fair.

LFP Generation problem. Given a precinct graph G and parameters ε, k and c, com-

pute a feasible redistricting plan Π of G such that Π is c-locally fair, or report that

none exists.

For a redistricting plan Π that is not locally fair, we quantify its degree of unfairness

as follows. Consider all deviating groups of Π, and define the unfairness score of Π as the

fraction of all voters that are unhappy in some deviating group. Formally, let

W ∗
B(Π) := RΠ ∩

(⋃{
W ⊆ V |W is a blue deviating group of Π

})
denote the set of red precincts that lie in some blue deviating group of Π. Similarly, define

W ∗
R(Π). Then the unfairness score of Π is defined as:

unf(Π) :=
β(W ∗

B(Π)) · τ(W ∗
B(Π)) + γ(W ∗

R(Π)) · τ(W ∗
R(Π))

τ(V )
.

This score captures the fraction of voters that are both (i) unhappy in Π and (ii) in the

majority color of some deviating group of Π. Note that unf(Π) ∈ [0, 1], and equals zero if

Π is locally fair.

Compactness. In addition to requiring that districts be contiguous and population bal-

anced, many redistricting models also require that the districts be compact. However, in
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contrast to the former two criteria, there is no universally agreed measure of compact-

ness [BS20, GS21]. For example, the Princeton Redistricting Report Cards3 uses Re-

ock [Reo61] and Polsby-Popper [PP91] scores, both of which are derived from the area

and perimeter of the geographic districts drawn. It also uses the number of counties split

into multiple districts. In the discrete model of precinct graphs, one common measure

of compactness is the number of cut edges formed by the plan, i.e., the number of edges

whose endpoints lie in different districts of Π [DDS21b, CKM+21]. Though we do not en-

force compactness in the generation and audit problems, the algorithms we use are biased

towards compact plans, as we empirically demonstrate.

Organization. In Section 4.3, we show both the LF Auditing and LFP Generation

problems are NP-hard. In Section 4.4, we present two algorithms for the LF Auditing

and LFP Generation problems. We then describe the experimental setup and empirical

results in Section 4.5. Additional methodological and experimental results are presented in

the Supplementary Material.

4.3 Hardness

In this section, we show that both LF Auditingand LFP Generationare NP-complete.

Theorem 33. LF Auditing is NP-complete.

Proof. We reduce the NP-complete Connected k-Subgraph Problem on Planar Graphs with

Binary Weights (CkS-PB) [HP94] to the LF Auditing problem. Given a connected planar

graph G = (V,E) where V = {v1, v2, . . . , v|V|}, a vertex weight ω(vi) ∈ {0, 1} for each vi ∈ V,

a size M ⩾ 2, and a targeted total weight Ω ∈ Z+,4 the decision version of CkS-PB asks

whether there is a subset W ⊆ V of M vertices such that its induced subgraph H ⊆ G is

connected and
∑

vi∈W ω(vi) ⩾ Ω. Here it is assumed that M ⩽ |V| and ω(vi) < Ω for each

vi ∈ V; otherwise the problem is trivial.

3https://gerrymander.princeton.edu/

4We use M and Ω here to avoid confusing with the notations k and W in our problem.
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Given an arbitrary instance of CkS-PB, we construct an instance for LF Auditing as

follows. For each vertex vi ∈ V, we construct two precinct nodes vi and ui, and an edge

between vi and ui. For each edge (vi, vj) ∈ E, we construct an edge between vi and vj .

Hence, the resulting graph G = (V,E) has 2 |V| precinct nodes and (|V|+ |E|) edges, and

is still planar.

For all i = 1, 2, . . . , |V|, we let ρ(vi) = τ(vi) = 2MΩ and γ(vi) =
(
M−1
2M + ω(vi)

2Ω

)
;

note that each γ(vi) is in (0, 1) and each γ(vi) · τ(vi) is an integer. For all i, we let

ρ(ui) = τ(ui) = 2M(M − 1)Ω, and γ(ui) = 0. We call the precinct nodes vi regular and

the precinct nodes ui auxiliary. Let k = |V|, c = 1/2, and pick ε such that 0 < ε < 1
M .

Finally, let Π = {D1, D2, . . . , Dk}, where Di = {vi, ui} for all i = 1, 2, . . . , k. Observe that

we have β(Di) >
1
2 for all i = 1, 2, . . . , k, i.e., we have BΠ = V and RΠ = ∅. Note that

since 0 < ε < 1
M , we have (2M2−2M)Ω < (1−ε)2M2Ω and (2M2+2M)Ω > (1+ε)2M2Ω,

and thus every feasible district has total population exactly 2M2Ω.

Suppose the CkS-PB instance is a Yes instance, i.e., there is a subset W ⊆ V of M

vertices such that its induced subgraph H ⊆ G is connected, and
∑

vi∈W ω(vi) ⩾ Ω. Let

W = {vi | vi ∈W} be the set of regular precinct nodes corresponding to the vertices in W.

Then we have |W | = M and thus ρ(W ) = 2M2Ω. Furthermore, we have

∑
v∈W∩BΠ

γ(v)τ(v) =
∑
v∈W

γ(v)ρ(v) =
∑

i:vi∈W

((
M − 1

2M
+
ω(vi)

2Ω

)
· 2MΩ

)
⩾

(
M − 1

2
+

Ω

2Ω

)
· 2MΩ = M2Ω = c · τ(W ).

Since W induces a connected subgraph of G, it is a red c-deviating group of Π.

For the other direction, suppose the LF Auditing instance is a Yes instance, i.e., there

is a red c-deviating group W of Π. Suppose W contains at least one auxiliary precinct node

ui. Recall that ρ(W ) = 2M2Ω. Hence, we have

∑
v∈W∩BΠ

γ(v)τ(v) =
∑
v∈W

γ(v)ρ(v) <
∑

v∈W\{ui}

ρ(v) = 2MΩ ⩽M2Ω = c · τ(W ),

a contradiction. Hence W can only contain regular precinct nodes. Then we have |W| = M ,
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and

∑
vi∈W

ω(vi) =
∑

v∈W∩BΠ

(
2Ωγ(v)− (M − 1)Ω

M

)
=

1

M
·
∑
v∈W

(γ(v)ρ(v)− (M − 1)Ω)

⩾
ρ(W )

M
− (M − 1)Ω = MΩ− (M − 1)Ω = Ω.

Since W induces a connected subgraph of G, the corresponding CkS-PB instance is a Yes

instance.

Combining the above, there is a polynomial-time reduction from CkS-PB to LF Au-

diting. Since LF Auditing is trivially in NP, we conclude that it is NP-complete.

We then observe that the same reduction also gives the hardness of LFP Generation.

Theorem 34. LFP Generation is NP-complete.

Proof. Observe that in each LF Auditing instance constructed in the proof for Theo-

rem 33, the associated plan Π is the only feasible redistricting plan. To see this, notice that

every auxiliary node ui has a single neighbor vi and does not possess enough population

to form a feasible district itself, and thus every ui must be paired with its corresponding

vi to make a district. Therefore, the LF Auditing and LFP Generation are identical

on this family of instances, and the hardness of LFP Generation follows from the same

reduction.

Remarks. We note that the proofs above still hold even if we add more edges to the

constructed graph. More specifically, for both the proof of Theorems 33 and 34, we can

safely add edges as long as (i) planarity is preserved and (ii) at least one of the endpoints

of each additional edge is an auxiliary precinct node. To see this, observe that adding

additional edges does not impact the feasibility of Π, and since valid deviating groups

contain only regular precinct nodes, the set of possible deviating groups for Π remains

identical. For the proof of Theorem 34, the additional edges may allow multiple feasible
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redistricting plans, but each of the feasible redistricting plans must still contain k districts

of one regular and one auxiliary precinct node each, and by the same reduction, either all

or none of them are locally fair (corresponding to Yes and No CkS-PB instances).

Note further that in both LF Auditing and LFP Generation, we do not explicitly
require the districts and deviating groups to be compact with respect to any specific criteria.
Under certain restrictive compactness constraints, the problems may become tractable. For
example, if the districts and deviating groups are restricted to be subsets of precincts fully
contained in a circle centered around a precinct point, then the set of possible districts and
deviating groups has polynomial size, and thus LF Auditing can be solved by enumeration
in polynomial time.

4.4 Heuristics for Efficiently Auditing Local Fair-

ness

We have shown that both the LF Auditing and LFP Generation problem are NP-

complete, thereby necessitating heuristic or approximately optimal approaches.

Our main contribution in this section is efficient heuristics for LF Auditing. The

methods trade off computational efficiency for accuracy in determining local fairness. We

describe the types of inaccuracy (one-sided versus two-sided error) that arise after describing

the methods. We also provide empirical evidence that the more computationally efficient

of these methods suffices to deem plans as locally fair. For LFP Generation, we simply

generate an ensemble of feasible redistricting plans using existing MCMC approaches, and

run the LF Auditing algorithm to find the unfairness score unf(Π) for each generated plan

Π, thereby ranking the plans in the ensemble in terms of fairness.

4.4.1 Ensemble-based Auditing

The computationally more efficient approach makes use of ensembles in a novel way as

follows:

1. Generation. Generate an ensemble of t redistricting plans E = {Π1,Π2, . . . ,Πt}.

2. Districts to test. Let ∆ =
⋃t

j=1 Πj be the collection of districts in the plans in E.
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3. Audit. Treat ∆ as the candidate set of deviating groups. For each plan Π ∈ E,

compute if each D ∈ ∆ is a c-deviating group (either red or blue). This step yields,

for each Π ∈ E, the set W̃ ∗
B(Π) ⊆ V of precincts in blue deviating groups D ∈ ∆

(which we use as an approximation of W ∗
B(Π)), and similarly W̃ ∗

R(Π). We then use

W̃ ∗
B(Π) and W̃ ∗

R(Π) to compute the unfairness score unf(Π) for each Π ∈ E.

For the first step of an ensemble of plans E, we use the ReCom algorithm [DDS21b].

This algorithm develops a Markov Chain whose state space is the full set of (ε-)feasible

(k-)partitions of G. In each step, it randomly combines two (or more in its general form)

districts of the current redistricting plan, generates a random spanning tree of the sub-

graph induced by the combined districts, and re-partitions the subgraph into two parts by

cutting edges in the spanning tree so that the new resulting districts remain population

balanced. The random spanning tree step biases the Markov chain towards plans with

compact districts, where compactness is measured by number of cut edges [PTF22].

In the remainder of the chapter, we describe our auditing framework when ReCom is used

as the ensemble generation technique. We note however that we can use any other method

that produces compact plans, for instance, iterative-merging flood-fill algorithms [CR13].

4.4.2 Auditing via Dynamic Programming on Trees

The ensemble-based LF Auditing method makes one-sided error – if it finds a deviating

group, then the plan is not fair, while the absence of a deviating group from ∆ only means

the plan is likely fair. Indeed, in our experiments, there are often multiple redistricting

plans that the ensemble-based audit deems likely fair, calling for a more systematic method

for further analyzing the candidate plans that are potentially fair. This motivates the

approach we now describe.

We show that the LF Auditing problem is efficiently solvable if G is a tree. We then

exploit this fact and use this as a heuristic to solve LF Auditing on a general planar graph

G, given partition Π, as follows:
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1. Random spanning trees. First generate a collection of random spanning trees T

of G.

2. Audit each tree. For each tree T ∈ T, decide if there exists a feasible deviating

group with respect to Π such that this district is a connected subtree of T . Note that

such a district will also be a connected subgraph in G.

We implement step 2 for a tree T using dynamic programming. We check for the

existence of a blue deviating group for c = 1/2 in a tree T as follows; the case for red

groups and larger c follows similarly. Note that the range for the size of a district is

[(1 − ε)σ, (1 + ε)σ], where σ = ρ(V )/k. For each precinct v ∈ V , let D(v) denote the

district that contains v in Π. Let the number of unhappy blue individuals in precinct v

be denoted uhp(v) = β(v) · τ(v) if D(v) ∈ RΠ, and zero otherwise. The task is to decide

whether there is a connected subtree W ⊂ T such that
∑

v∈W ρ(v) ∈ [(1 − ε)σ, (1 + ε)σ]

and
∑

v∈W uhp(v) > 1
2 ·

∑
v∈W τ(v).

For each v ∈ V , let Tv be the subtree of T rooted at v. For a vertex v ∈ V and two

parameters i, p ⩽ (1+ε)σ, let A[v, i, p] denote the maximum number of unhappy blue voters

in a subtree W ⊆ Tv such that v ∈W , τ(W ) ⩽ i, and ρ(W ) = p. To compute A[v, i, p], we

take the best subset of children of v such that unhappy blue voters are maximized subject

to population and voter constraints.

For a leaf v of T , A[v, i, p] = uhp(v) if i ⩾ τ(v) and p = ρ(v), and A[v, i, p] = 0

otherwise.

Next, let v be an internal node of T . Let U = children(v) = {u1, . . . , udeg(v)} denote

the set of v’s children in T . Let i′ = i− τ(v) and p′ = p− ρ(v). We have

A[v, i, p] = uhp(v) + max
{ij ,pj}

{ deg(v)∑
j=1

A[uj , ij , pj ] |
(deg(v)∑

j=1

ij ⩽ i′
)
∧
(deg(v)∑

j=1

pj = p′
)}

. (4.1)

To compute the second term in Equation (4.1) efficiently, let Bv,i,p[j, x, y] denote the

maximum number of total unhappy blue voters in a union of subtrees rooted at {u1, . . . , uj}

with total voter count at most x and total population level y. The second term of the RHS
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in Equation (4.1) is Bv,i,p[deg(v), i′, p′]. We then have Bv,i,p[1, x, y] = A[u1, x, y] for all x, y,

and for all j ⩾ 2 we have

Bv,i,p[j, x, y] = max
x′∈[0,x],y′∈[0,y]

{
Bv,i,p[j − 1, x− x′, y − y′] +A[uj , x

′, y′]
}
. (4.2)

The algorithm thus proceeds by computing all A[v, i, p] in an outer loop in increasing

order of i and p and in bottom-up order of v. Each computation of A[v, i, p] proceeds with

an inner loop that computes Bv,i,p[j, x, y] in increasing order of j, x, and y. For each v,

after computing all A[v, i, p], we check if there is any p ∈ [(1 − ε)σ, (1 + ε)σ] such that

A[v, i, p] > i
2 . If so, there exists a blue deviating group rooted at v with population p, total

voter count at most i, and total number of unhappy blue voters A[v, i, p].

Time complexity. The algorithm computes O(|V |·σ2) values of A[v, i, p], each computing

O(deg(T ) · σ2) values of Bv,i,p[j, x, y]. Computing each Bv,i,p[j, x, y] requires O(σ2)-time to

loop through all values of x′ and y′. Hence the overall time complexity is O(|V |·σ6 ·deg(T )).

We conclude the following.

Theorem 35. LF Auditing problem on a tree T (V,E) can be solved in time O(|V | · σ6 ·

deg(T )). Here, deg(T ) is the maximum degree of a node in T .

Ensemble-based Auditing is Approximately Sufficient The dynamic program-

ming method is less desirable because of two significant limitations. The first is its running

time, which is prohibitively high for practical use. The second limitation is the introduc-

tion of a different type of error from the ensemble-based method. Note that as with the

ensemble-based method, the non-existence of a deviating group in the DP only provides

high confidence (but not absolute certainty) about the plan being locally fair. At the same

time, there is a more subtle type of error the DP can make in the other direction: even if

it finds a deviating group on the tree, this may not be a compact deviating group in the

original graph. Therefore, the algorithm can output “not locally fair” when the only devi-

ating groups are non-compact. We therefore need a final step where we check the deviating

group to see that it is both feasible and compact on the original graph.
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4.4.3 Speeding up the DP and Sufficiency of Ensemble-based
Auditing

Although our dynamic programming algorithm for solving LF Auditing on trees run in

polynomial time, the time complexity of the algorithm is prohibitively high to be efficient

in practice. Our goal in this section is to empirically demonstrate that this approach

is not needed in practice, that is, it does not find reasonable deviating groups on plans

that the ensemble-based method deems locally fair, hence showing that the ensemble-based

auditing method is sufficient and obviating the need for the computationally inefficient

dynamic programming.

Towards this end, we first show that the dynamic program can be sped up significantly

if (among other things) we interpolate the voter information to the entire population of a

precinct, so that τ(v) = ρ(v) for each precinct v. After performing such interpolation on

the data used in our experiments (Section 4.5), we first run the ensemble-based auditing

method to find fair and unfair plans for c = 0.5. Next, for each of these plans, we run

the dynamic program to find deviating groups, checking each one for compactness and the

value c for which it is a c-deviating group. We show that the dynamic program is unable

to find compact deviating groups with c ≥ 0.52 on the ensemble-audited 0.5-locally fair

plans (on the interpolated data). This demonstrates the the sufficiency of ensemble-based

auditing if we relax the strength c of the deviating group slightly.

We note that our main experiments in Section 4.5 use actual voter data, since it is

unclear how such data should be interpolated in a principled way to the entire population.

In the current section, we perform the interpolation in a simple way only to make the DP run

efficiently, which in turn enables us to demonstrate the conceptual point that the ensemble-

based method suffices. This provides strong evidence that even without interpolation, the

ensemble-based method will suffice.

Improving Running Time of Dynamic Program We first describe our approach

to speed up the running time of the dynamic program.
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Special case of τ(v) = ρ(v). We first assume that τ(v) = ρ(v) holds for all v ∈ V , i.e.,

every individual is labeled red or blue in every precinct. In this case, we can reduce the state

space by dropping the state variable p, that is, we let A[v, i] denote the maximum number

of unhappy blue voters in a subtree W ⊆ Tv such that v ∈ W and τ(W ) = ρ(W ) = i. In

this case, for leaf precincts v we have

A[v, i] =


uhp(v), i = τ(v) = ρ(v);

0, otherwise,

and for general precincts v (with children {u1, . . . , udeg(v)}) we have

A[v, i] = uhp(v) +Bv,i[deg(v), p− ρ(v)], (4.3)

where Bv,i[1, x] = A[u1, x] for all x, and for all j ⩾ 2 we have

Bv,i[j, x] = max
x′∈[0,x]

{
Bv,i[j − 1, x− x′] +A[uj , x

′]
}
. (4.4)

Now, the algorithm computes O(|V | ·σ) values of A[v, i], each computing O(deg(T ) ·σ)

values of Bv,i[j, x], each requiring O(σ)-time to loop through all values of x′. The overall

time complexity thus drops to O
(
|V | · σ3 · deg(T )

)
.

Relaxing size of deviation. We next modify the state A[v, i] to be the maximum

number of unhappy blue voters in a subtree W ⊆ Tv such that v ∈W and τ(W ) = ρ(W ) ⩽

i, i.e., it is now allowed that the subtree W has an aggregate population of less than i.

Note that this induces a potential one-sided error in checking for the existence of deviating

groups. To see this, consider the case when the algorithm finds some (v, i) such that

i ∈ [(1− ε)σ, (1 + ε)σ] and A[v, i] > i/2. Now this corresponds to a subtree W rooted at v

with a population (or voter count) of at most i and a total number of unhappy blue voters

of at least i/2. While this still ensures a majority of voters in W are unhappy voters of the

same color, the actual population size may be less than i and thus outside of the acceptable

range [(1−ε)σ, (1+ε)σ]. However, we observe that this error is one-sided: Suppose there is

indeed a deviating group W of the correct population size i ∈ [(1−ε)σ, (1+ε)σ] with a total
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number of unhappy blue voters of at least i/2, our algorithm must either find W , or find a

deviating group W ′ with population at most i and a larger number of unhappy blue voters.

Therefore, if the algorithm does not find any deviating group under the relaxed definition,

we can still conclude that there is no deviating group (with respect to the current spanning

tree T ).

Pruning the states. Under the modified semantics of A[v, i], we observe that each

A[v, i] is non-decreasing in i and each Bv,i[j, x] is non-decreasing in x. Now consider the

computation of some fixed Bv,i[j, x]. We maintain an upper bound ub and a lower bound

lb of Bv,i[j, x]. whenever lb ⩾ ub, we terminate the computation early and return lb = ub

as Bv,i[j, x]. Since the Bv,i[j, x] are computed in increasing order of x, we initialize lb =

Bv,i[j, x− 1] and let lb = 0 if x = 0. We also initialize ub = Bv,i[j − 1, x] +A[uj , x].

When the max function in Eq. (4.4) is evaluated in increasing order of x′, we update:

• lb← max{lb, Bv,i[j − 1, x− x′] +A[uj , x
′]};

• ub← min{ub,Bv,i[j − 1, x− x′] +A[uj , x]}.

The second step is because that for any x′′ > x′, we have

Bv,i[j − 1, x− x′′] +A[uj , x
′′] ⩽ Bv,i[j − 1, x− x′] +A[uj , x].

Therefore, Bv,i[j − 1, x − x′] + A[uj , x] is the maximum possible value of Bv,i[j, x] if the

function is maximized at any x′′ > x′. If this is matched by lb, then the final maximum

value will be exactly lb. In this case, we terminate the computation without examining any

x′′ > x′ in Eq. (4.4).

The same idea is applied to the computation of A[v, i]: We maintain a lower bound lb′

for A[v, i] (initialized to A[v, i− 1]), and whenever

lb′ ⩾ ub′ = uhp(v) +

deg(v)∑
j=1

A[uj , i
′],

we return A[v, i] = lb′.
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Rounding the population. For a fixed threshold parameter P , we round each ρ(v)

down to the largest multiple of P that is smaller than or equal to ρ(v). Formally, let

ρ′(v) =
⌊
ρ(v)
P

⌋
· P . For any subtree W ⊆ T , we have

∑
v∈W

ρ′(v) ⩽
∑
v∈W

ρ(v).

Let A′[v, i] denote the output of the algorithm when the rounded population level ρ′(v)

is used instead of ρ(v). Then we have A′[v, i] ⩾ A[v, i]. Therefore, running our algorithm

with rounding introduces one-sided error: If there exists any deviating group W of Π of

population level i, then the algorithm with rounding can also output W since it has the

same number of unhappy blue voters with a rounded-down population level. We must then

relax the acceptable size range from [(1− ε)σ, (1 + ε)σ] to [(1− ε)σ − P · |V |, (1 + ε)σ] to

accommodate this error and so that W becomes a candidate deviating group.

Final running time. With all these strategies incorporated, the running time of the

dynamic program is reduced to O
(
|V | · ( σ

P )3 · deg(T )
)

as there are now only O
(
σ
P

)
popu-

lation levels. This is the version of the algorithm that we implement.

4.5 Experiments

In our experiments, we attempt to answer the following questions. First, is local fairness

achievable on real redistricting tasks? Second, is it compatible with extant measures of

global fairness? Finally, is the notion robust if the underlying data changes? Given the

previous discussion, our experiments in this section focus exclusively on the ensemble based

method. In Section 4.4.3 we discuss the experiments for auditing via dynamic programming.

4.5.1 Datasets and Methods

All data used in our experiments is obtained from the MGGG States open repository [MGG22].

We obtain shapefiles and precinct graphs for Massachusetts (MA), Maryland (MD), Michi-

gan (MI), North Carolina (NC), Pennsylvania (PA), Texas (TX), and Wisconsin (WI).5We

5These are chosen to represent a spectrum from states whose elections are typically com-
petitive (e.g., NC, WI) to states whose elections are typically lopsided (e.g., MA, TX).
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Table 4.1: Properties of data and ensembles.

State |V | |E| ρ(V ) τ(V ) k |∆|

MA 2.1K 5.9K 6.55M 5.13M 9 8.5K

MD 1.8K 4.7K 5.77M 4.42M 8 7.8K

MI 4.8K 12.5K 9.88M 7.54M 14 14.0K

NC 2.7K 7.6K 9.53M 7.25M 13 12.9K

TX 8.9K 24.7K 25.14M 18.28M 36 35.9K

PA 9.2K 25.7K 12.70M 9.91M 18 18.0K

WI 7.1K 19.5K 5.69M 4.35M 8 7.87K

set ρ(v) to the 2010 census total population in each precinct v. The default election we

use is the 2016 presidential election, while the 2012 presidential election is also used in the

robustness tests. For each precinct v, we collect the number of total votes for the Republi-

can party rv and the total vote amount for the Democrat party bv in the 2016 presidential

election from [MGG22]. We set γ(v) = rv/(rv + bv), β(v) = 1− rv, and τ(v) = rv + bv, so

τ(v) is the total number of red (Republican) and blue (Democrat) voters.

Using the ReCom algorithm, we generate an ensemble of redistricting plans for each

state.6 Each ensemble consists of 1, 000 redistricting plans, each being the outcome of an

independent 10, 000-step Markov chain (with default population balance parameter ε =

0.02) seeded with a recent congressional electoral plan of the state. We set k to be the

number of congressional districts in the 2016 election in each state. We then obtain the

collection ∆ of candidate districts for each state by taking the union of the districts in each

plan in the ensemble. The properties of input graphs of states and their corresponding

ensembles are summarized in Table 4.1.
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Table 4.2: Percent of plans without c-deviating groups for different c values.

State MA MD MI NC PA TX WI

c = .5 100% 26.7% 0.3% 4.9% 12.0% 2.8% 76.9%

c = .51 100% 27.0% 1.6% 8.7% 28.6% 5.4% 83.6%

c = .52 100% 28.0% 11.9% 14.8% 41.4% 8.7% 87.2%

c = .55 100% 31.5% 35.2% 63.9% 95.2% 26.0% 94.0%

(a) NC Fair Plan (b) NC Plan with blue dev. group

(c) PA Fair Plan (d) PA Plan with blue dev. group

Figure 4.1: North Carolina and Pennsylvania plans without and with deviating
groups. The blue deviating groups are drawn with a black outline. In these figures,
the districts are coded by its color and the extent of partisanship: districts with a
larger value of γ (resp. β) are colored in darker red (resp. blue).
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4.5.2 Locally Fair Plans: Counts and Visualizations

We first use the ensemble-based audit method to audit each plan in the ensemble against

the set ∆ of districts from the entire ensemble. For each c ∈ {0.5, 0.51, 0.52, 0.55}, we count

the number of plans in the ensemble without c-deviating groups in ∆. We present the

results in Table 4.2. For all values of c, there exists plans in the ensemble that admit no

c-deviating groups in ∆ and thus are identified locally fair by the ensemble-based algorithm.

Clearly, a larger value of c implies more plans are identified as locally fair. With c = 1/2,

very few (but a non-zero number of) plans are identified as fair in four of the seven states.

Every plan in the MA ensemble is identified as fair with all districts won by one party.

Hence, we omit MA from all subsequent experiments.

In Figures 4.1a and 4.1c, we present examples of fair plans (with no 0.5-deviating groups)

in NC and PA respectively, while in Figures 4.1b and 4.1d, we present “unfair” plans with

many 0.5-deviating groups. We show visualizations for other states in Section 4.8.

(a) MD (b) MI (c) NC

(d) PA (e) TX (f) WI

Figure 4.2: Precincts shaded in lighter color are contained in more deviating groups.

We note that a large fraction of plans are locally fair in some states (WI), while others

6Note that ReCom generates plans without taking into account electoral data.
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have many deviating groups, even for a large setting of c (MI). To understand where

deviating groups are located, in Figure 4.2, we plot a heat-map of the precincts, counting

the number of 1/2-deviating groups (of either color) that contain that precinct, with yellow

representing large counts and purple representing low counts. In every state except MD,7

we observe that precincts with highest counts are located either in an urban area or in

proximity of one. This phenomenon is consistent with the perceived correlation between

voter distribution and type of residence [BLSS18, WK20]. In states with multiple dense

urban areas (e.g., NC), there is sufficient flexibility in the redistricting process to “crack”

a highly-concentrated urban demographic into multiple districts. In this case, the urban

area may form a deviating group resulting in high numbers of unfair plans.

We note that our visualizations – in particular, the deviating groups in unfair plans, as

well as the heat-map of likelihood of unhappiness of a precinct – make the local fairness

concept explainable.

(a) Seat shares as percent of districts with blue majority.

(b) Percentage of districts being competitive (having less than 53.5% voters in majority).

(c) Minimum Polsby-Popper score of districts in a plan.

Figure 4.3: Distribution of fairness and compactness metrics among subsets of
generated plans

7We discuss MD in more detail in Section 4.8.
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4.5.3 Compatibility with Extant Fairness and Compactness
Notions

The ensemble-based auditing approach can be viewed as a pruning method that identifies

a subset of plans as locally fair. We now ask: how do locally fair plans perform on ex-

tant global fairness and compactness criteria compared to average plans in the ensemble?

Towards this end, for c = 1/2, we rank the plans in the ensemble by the unfairness score

unf(Π). We compare properties of the top 5% plans in the ranking (which are most locally

fair) against the entire ensemble, as well as a recent enacted congressional redistricting

plan.8

Seat share outcomes. For each plan, we compute Blue%, the percentage of seat shares

claimed by the Democratic candidate. The resulting distribution is shown in Figure 4.3a.

The seat share distributions of the top 5% locally fair plans are comparable to the entire

ensemble, sometimes achieving lower variance.

Number of competitive districts. The Princeton Gerrymandering Project [Pro22]

defines a district as competitive if the majority color is at most 53.5% of the total votes.

Following this definition, in Figure 4.3b, we compare the percent of competitive districts

in a plan. The locally fair plans produce slightly fewer competitive districts: since larger

majorities reduce the number of unhappy voters, finding a deviating group becomes harder.

However, there exist fair plans that produce the median percentage of competitive districts

in the ensemble in all but one state, and they are comparable with or better than the

enacted plan in all states. We present results using a different competitiveness metric in

Section 4.6.

Minimum compactness. Another measure of quality of districting plans is compactness

– a non-compact district not only makes less geographic sense, but is also more likely to

have been gerrymandered to favor one party over another. Two commonly used metrics

to evaluate the compactness in redistricting plans are the average and minimum Polsby-

8If more than the 5% of the plans are locally fair, we take an arbitrary subset of the locally
fair plans to serve as the top 5%.
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Popper scores [PP91] of the districts in the plan [Pro22]: For a district D ∈ Π, the Polsby-

Popper score is defined as 4πA(D)/P (D)2, where A(D) and P (D) are the area and the

perimeter of the planar region D, respectively; a higher value implies a more compact

district. In Figure 4.3c, we show that the minimum compactness of the locally fair plans

remains comparable to that of the entire ensemble. We present results on the average

Polsby-Popper score in Section 4.6.

Taken together, our results show that local fairness is compatible with fair seat share

and compactness, while sacrificing only a small amount on number of competitive districts.

4.5.4 Actual Plans

We also compute the local fairness of plans actually enacted for previous elections. As it is

relatively easy to find a locally fair plan in WI, its actual plan is indeed locally fair, while

the actual plans for all other states are not locally fair.9Using the unf ranks, the enacted

plan falls in the 55th percentile (fairer than 45% of the plans) in MD, 73th percentile in MI,

84th percentile in NC, 29th percentile in PA, and 22nd percentile in TX. While the MI and

NC plans are (somewhat surprisingly) above average in local fairness, they have very few

(or no) competitive districts. In general, enacted plans that achieve above average local

fairness compared to the ensemble (MD, MI, and NC) have fewer competitive districts, and

enacted plans with more competitive districts perform below average in local fairness. On

the other hand, our results demonstrate that it is possible to find locally fair plans with a

comparable (to the ensemble) amount of districts remaining competitive.

4.5.5 Sufficiency of Ensemble-based Auditing

We now use both our ensemble approach and the dynamic program to audit the ensemble

for NC. We use the same experimental setup as in Section 4.5, except for one change.

Since the DP assumes τ(v) = ρ(v), we need to interpolate the voter labels to the entire

9Note that all experiments use the 2016 presidential election data, while the plans in use
are mostly drawn in 2011, except the NC one that is drawn in 2019.
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precinct. We do this in the natural way. We keep the same γ(v) and β(v) values determined

from an election, but let τ(v) = ρ(v). The number of red and blue voters in a precinct

v become γ(v) · ρ(v) and β(v) · ρ(v), respectively. This is equivalent to assuming that in

each precinct v, the rate of red/blue preferences of non-voters is identical to that of the

voters. Accordingly, a c-deviating group must have a c fraction of the total population

being unhappy individuals of the same color.

Using the interpolated voter labels on NC data, we first run the ensemble-based auditing

method assuming c = 0.5. We find that 52 among the 1,000 plans (5.2%) in the ensemble

do not have 0.5-deviating groups and are deemed fair by the ensemble approach. We again

rank the plans in the ensemble by their unfairness score unf(Π). We then construct two

groups of plans: (1) 26 Plans deemed 0.5-fair by the ensemble approach; (2) 10 Plans in

the bottom 5% (most unfair, in terms of unf score) in the ranking. We generate 5 random

spanning trees of the NC precinct graph. For each plan and each spanning tree, we run

the dynamic program where the population rounding parameter is set as P = 750. For

each group of plans (fair and unfair), we obtain the set of all deviating groups found by

the dynamic program on any spanning tree. We measure the Polsby-Popper compactness

score of each deviating group on the original graph and the strength c for which the group

is a c-deviating group in that plan (the largest c for which the group is indeed deviating).

Note that a larger value of c implies the deviation is robust to small population changes,

and is more significant in terms of unfairness.

In Figures 4.4a and 4.4b, we plot the heatmaps of the deviating groups found by the

dynamic program for the fair and unfair sets of plans, respectively, where the x-axis and

y-axis demonstrate their Polsby-Popper score and their strength respectively. As shown,

for the plans deemed 0.5-fair by the ensemble approach, most deviating groups are either

not compact (having low Polsby-Popper scores of < 0.1) or not strong (having strength

values close to 0.5). As context, the minimum and average Polsby-Popper scores over

all NC districts in the ReCom-generated NC ensemble are 0.053 and 0.177, respectively

(corresponding to the two vertical lines in both plots); in other words, deviating groups
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(a) Fair plans. (b) Unfair plans.

Figure 4.4: Heatmaps of deviating groups found by the dynamic program on fair
and unfair NC plans.

(a) A .512-deviating group with a .152
Polsby-Popper score (D1 in Fig. 4.4a).

(b) A .572-deviating group with a .020
Polsby-Popper score (D2 in Fig. 4.4a).

(c) A .593-deviating group with a .234
Polsby-Popper score (D3 in Fig. 4.4b).

(d) A .730-deviating group with a .161
Polsby-Popper score (D4 in Fig. 4.4b).

Figure 4.5: Deviating groups found by the dynamic program for two fair plans (left
two maps) and two unfair plans (right two maps).
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with Polsby-Popper scores of < 0.053 (to the left of the dashed vertical line) are less compact

than every one of the 10k districts in the ensemble.

In fact, our dynamic program finds no deviating group with an above-average Polsby-

Popper score for any 0.5-fair plan. The closest deviating group, shown as D1 in Figure 4.4a,

has Polsby-Popper score 0.152 and a strength of 0.512; we visualize it in Figure 4.5a. In

Figure 4.5b, we visualize another deviating group found by the dynamic program (shown

as D2 in Figure 4.4a) with a Polsby-Popper score of 0.020 and a strength of 0.572. As

manifested in the visualizations, deviating groups with very low Polsby-Popper scores like

0.02 are spurious with artificial shapes (such as holes) and should not be considered when

it comes to determining whether a redistricting plan is fair. All the deviating groups

for the 0.5-fair plans with a Polsby-Popper score at least 0.053 have lower strength (<

0.55). In summary, we can reasonably conclude that most of the fair plans found by

the ensemble-based auditing approach do not admit strong, contiguous, and reasonably

compact deviating groups even when audited by the dynamic program.

In contrast, for the plans ranked in the bottom 5% according to the ensemble-based

approach, the dynamic program is able to find both strong and compact deviating groups

quite easily. In Figures 4.5c and 4.5d we show (a) a .593-deviating group with a .234

Polsby-Popper score (D3 in Figure 4.4b), and (b) a .730-deviating group with a .161 Polsby-

Popper score (D4 in Figure 4.4b) that the dynamic program find for one of the unfairest

plans. These results show that the strengths of deviating groups for fair plans (according

to ensemble based auditing) are considerably lower than that for unfair plans. In other

words, the results via DP validates that via the ensemble based approach.

4.6 Alternative Fairness and Compactness Met-

rics

Average partisanship. For each district, let its partisanship be the percentage of votes

in the majority color. Therefore, a low partisanship (towards 50%) implies better com-

petitiveness in that district. We define the average partisanship of Π to be the average of
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(a) Average partisanship

(b) Average Polsby-Popper score

Figure 4.6: Distribution of alternative fairness and compactness metrics among
subsets of generated plans.

partisanship values over its districts (ignoring small differences in population) as an alter-

native to the competitiveness metric used in Figure 4.3b. In Figure 4.6a, we compare the

average partisanship among the three subsets of plans used in Section 4.5.3 (top-5% fairest

plans, whole ensemble, and real enacted plans).

Results show that fair plans generate slightly more partisan districts. However, com-

pared to the whole ensemble, the (roughly) 2-3% of shift in average partisanship is small

and comparable to other uncertainties (e.g., voter turnouts or year-to-year election result

gaps). Furthermore, the median average partisanship of the fair plans is smaller than that

of the real-world redistricting plan for all but one state, showing that local fairness remains

compatible with reasonably small partisanship.

Average compactness. We define the average compactness of Π to be the average of

Polsby-Popper scores over its districts. In Figure 4.6b we compare the average compactness

among the three subsets of plans. Similar to the results for minimum compactness, the

average compactness of the locally fair plans remains comparable to that of the entire

ensemble. On the other hand, the enacted plans perform better on average compactness

than on minimum compactness, showing that enacted plans have larger variances in the

compactness scores than plans in the ensemble.
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Figure 4.7: Histograms of unf scores. The top plots compute 0.5-fair maps using
2016 voter data, and the blue bars plot the histograms of unf scores when these plans
are audited using 2012 voter data. The orange bars represent the histograms of unf
scores of the entire ensemble when audited using 2012 data. The bottom plots switch
the roles of 2016 and 2012, so the 0.5-fair plans are generated using 2012 data and
audited using 2016 data.

4.7 Robustness of Local Fairness to Voting Pat-

terns

To test the robustness of the local fairness notion to changes in voting patterns, we repeat

the ensemble-based audit process in Section 4.5 for MD, NC, PA, and TX with γ(v), τ(v),

and β(v) values replaced by label values obtained from the 2012 presidential election. We

do not consider MI (only a few plans are fair, so the sample size is too small) and WI (most

plans are fair, and thus the ensemble and fair plans yield similar statistics).

For c = 0.5, we obtain the set of locally fair plans (i.e., plans without c-deviating groups)

when audited using 2012 (resp. 2016) voter labels. We then compute the unfairness of these

plans using the 2016 (resp. 2012) voter data, i.e., from the other election. We repeat this for

all the plans in the ensemble, obtaining the unf score for each plan. We plot the histograms

of these unf values in Figure 4.7, where the x-axis is the bucketed unf score, and the y-axis

is the percentage of plans among the fair maps (resp. ensemble) that fall in that bucket.

For MD, NC, and TX, the blue bars are skewed significantly towards the left compared

to the entire ensemble, showing that the fairest plans identified by auditing with a specific

election remains significantly fairer compared to the entire ensemble when measured by
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another election. This shows the local fairness notion is fairly robust, or insensitive to

year-to-year election result fluctuations. For PA, the fair plans are more sensitive to the

specific election used, which reflects the role of PA as a swing state across elections.

4.8 Visualization of Fair and Unfair Plans for Other

States

We show additional visualizations of fair plans and deviating groups found using ensemble-

based auditing. As before, we show deviating groups with black outline, and the districts

are coded by its color and the extent of partisanship: districts with a larger value of γ

(resp. β) are colored in darker red (resp. blue). For each state (MD, MI, TX, WI), we

show a fair plan (Figures 4.8a, 4.9a), and an example of a deviating group of each color.

We discuss the deviating groups in each state.

In MD, the central blue districts tend to not be competitive, and the geography of the

state contributes to the difficulty of forming red deviating groups. Thus MD is the only

state where the precincts in the most deviating groups are not densely populated areas (see

Figure 4.2a). Instead, the two “panhandles” (the western and coastal eastern regions of

the state) tend to be part of deviating groups, see Figures 4.8b and 4.8c.

(a) MD fair plan (b) MD plan with a blue
deviating group

(c) MD plan with a red de-
viating group

Figure 4.8: Maryland plans without and with deviating groups

In Figures 4.9b and 4.9c we show a red and a blue deviating group in MI. Michigan had

the lowest number of fair plans in the ensemble (see Table 4.2). The precincts in deviating

groups are clustered in one region of MI, where the districting is sensitive to which precincts

belong in red or blue districts. Both red and blue deviating groups are concentrated around
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this area.

(a) MI fair plan (b) MI plan with a blue
dev. group

(c) MI plan with a red de-
viating group

Figure 4.9: Michigan plans without and with deviating groups

4.9 Conclusions

In summary, in contrast to extant global notions of fairness in redistricting such as seat

distribution or district competitiveness, the notion of local fairness is an explainable notion

that mitigates justified complaints of populations in compact geographic regions. Our

experiments show that local fairness is not only possible to achieve in practice, but choosing

locally fair plans also does not come at the expense of other global fairness properties.

Several open questions arise from our work. In terms of algorithm design, it is an

open question of whether there is an approximation algorithm for either the LF Auditing

or LFP Generation problem, and whether such an algorithm could take into account

compactness. It would also be interesting to extend our methods to capture additional

real-world criteria used in redistricting, such as a penalty for splitting up counties, or

a requirement for a majority-minority district. In particular, can fair plans be locally

modified so that they remain fair and such real-world criteria are satisfied?

Finally, our exploration of robustness of local fairness to voter turnout is preliminary,
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since it compares the outcomes between two election data in one state. It would be inter-

esting to extend our work to a stochastic setting, where each individual in the population

has a “likely voter” score (or probability to vote), and we need high confidence in the

non-existence of a c-deviating group.
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Chapter 5

Redistricting via Random Geometric
Partitioning

5.1 Introduction

In this chapter, we continue our study of electoral redistricting in the United States. As

mentioned, while redistricting is intended to ensure fair representation, it has a long history

of controversy and litigation. One major issue is whether a redistricting plan is “gerryman-

dered” to favor one political party or demographic group over another. Gerrymandering

refers to the manipulation of district boundaries in a way that gives one group of voters an

unfair advantage in the elections of a state. This practice has become a contentious issue

in American politics, as it can result in one party gaining more seats in government than

they would have received under a fair and impartial redistricting plan.

There has been growing interest in approaching the process as an algorithmic problem

since the 1960s [BS20]. Various attempts have been made to develop algorithms that can

draw district boundaries fairly and impartially, but this remains challenging. Nevertheless,

the question of how to design a fair and transparent redistricting process continues to be an

active research topic. There is ongoing discussion about what properties a redistricting plan

must have. It is commonly agreed that plans should, at minimum, produce population bal-

anced, contiguous, and compact districts [Rey64]. However, even with this basic desiderata,

exactly how to measure compactness and what constitutes a “reasonably” compact plan

is a subject of dispute. Additionally, there is still debate on richer notions of desirability,

particularly notions related to the “fairness” of a plan. This has motivated a long line of

recent work [DDS21b, DDS20, HRM17] as well as software tools [Pro22, Lev22] on audit-

ing a given redistricting plan against various fairness concepts. It should be noted that

under most notions of desirability proposed in the literature, the problem of redistricting
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is computationally hard [KMV19], leading to the study of heuristic approaches. We have

investigated these fairness notions in the previous chapter, and we now delve deeper the

ReCom algorithm and other Markov chain approaches to redistricting

Markov chain approaches. More recently, there has been a focus on generating en-

sembles of redistricting plans1, which are then used to audit a redistricting plan. For any

measure of interest, such as compactness or partisanship, the goal is to sample redistricting

plans to form a sufficiently rich ensemble over the set of all plans, which can capture the

properties of the distribution on the property of interest. Most methods are non-partisan,

in that they only take into account geographic information on individuals – that is, state

geography and population distribution – while generating the ensemble, and this ensemble

is subsequently used to compare a plan being audited on their partisan and non-partisan

properties. A natural approach for ensemble generation is Markov Chain Monte Carlo

(MCMC). In this work, focus on the recombination MCMC method (called ReCom) be-

cause it is a widely adopted tool for generating ensembles, and is also among the most

efficient of such MCMC methods. In this method, at each step, a pair of adjacent districts

is merged, a random spanning tree is computed on this merged district, and this tree is split

into two population balanced parts. The recombination chain can produce a large set of

different redistricting plans along with explanation of how various properties on the plans

are distributed [DT18]. We note that such an ensemble approach can not only be used for

auditing, but also for generating a plan itself, since the planners can examine the plans in

a small ensemble and choose one that is desirable on their metrics of choice.

One drawback of ReCom is its viewing of redistricting as a graph partitioning problem:

Its input is a planar graph representation of the state where vertices are precincts, and

roughly speaking, it views the redistricting as finding a random spanning tree and parti-

tioning this tree into the right number of population balanced districts.2 While there is

some evidence that this biases the chain towards compact districts [PTF22], in practice, the

1Recall, an ensemble is a set of outcomes produced by an iterated random sampling process
such as a Markov chain.

2This is not strictly speaking true; see [CLLV22] for a discussion.
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districts produced don’t “look” compact. In other words, the outcome of ReCom appears

closer to the ensemble of all possible redistricting plans, with some bias towards compact

plans. Though one could bias the chain much more towards producing more compact dis-

tricts, this approach is not principled and may not preserve other desirable properties such

as seat share.

In this chapter, we ask: Is there an alternate view of the redistricting problem where

a naturally defined Markov Chain produces much more compact plans, while not only

preserving all other desirable properties of ReCom such as computational efficiency, but

also generating an ensemble that is “close to” the (roughly) all-encompassing ensemble

produced by ReCom? Such a chain would yield a compact analog of sampling a random

redistricting plan. We answer this question in the affirmative by viewing redistricting as a

geometric problem instead of a graph problem.

5.1.1 Our Contribution

In this chapter, we introduce a new family of Markov chains for redistricting, which we

call Geometric ReCom, by modifying the standard ReCom chain. As with ReCom, Geomet-

ric ReCom merges and splits neighboring districts in each iteration. However, we adopt

a geometric approach in the split step by fitting an ellipse on the combined district, and

picking a random direction on the ellipse to cut the combined district into two. We em-

pirically show that compared to ReCom, Geometric ReCom produces a smaller ensemble of

redistricting plans that are significantly more compact under multiple measures of com-

pactness. Surprisingly, we show that though this ensemble is much smaller, it preserves the

distribution of other desirable properties such as seat shares and competitiveness. Further,

this ensemble achieves good coverage of the ReCom ensemble in the sense that for any plan

in the latter ensemble, there is a plan in the former ensemble that is close under a natural

notion of closeness. Therefore, it can be viewed as a compact analog of sampling a random

redistricting plan.

In Section 5.3, we present Geometric ReCom. We illustrate how Geometric ReCom works
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on a 6 × 6 grid and show that Geometric ReCom mixes quickly on this toy example. We

show that under a natural initial partition, ReCom generates all possible partitions on this

example, while Geometric ReCom is much more focused, generating only around 40% of

the partitions, and these are significantly more compact compared to the average partition

generated by ReCom. Nevertheless, we show that the Geometric ReCom ensemble is dense

in the set of all partitions in some sense.

In Section 5.4, we empirically compare Geometric ReCom with ReCom on data from

real-world elections. We again show that Geometric ReCom produces significantly more

compact plans compared to ReCom, and these plans are comparable in metrics such as

seat share outcomes and the number of competitive districts. Though Geometric ReCom

generates a different and possibly smaller ensemble, we empirically show in Section 5.4.2

that for any plan in the ReCom ensemble, there is a plan in the Geometric ReCom ensemble

that is similar enough, which provides some evidence that Geometric ReCom is sampling a

random compact redistricting plan.

5.1.2 Related Work

The utilization of computational tools in the field of redistricting has a longstanding his-

tory, tracing back to the 1960s [Vic61, HWS+65]. Over the years, extensive research (refer

to [BS20] for a comprehensive survey) cast the task as an optimization problem, in which

the goal is to generate a feasible redistricting plan. The objective is to generate a feasible re-

districting plan that satisfies crucial criteria such as population balance, connectedness, and

compactness, while solely relying on spatial information pertaining to individuals within a

state. This problem is computationally intractable in the worst case [CKM+21, KMV19].

Nonetheless, numerous techniques have been proposed to address this challenge, including

the use of Voronoi diagrams [LF19, GKM+21, CAKY18], local search algorithms [KJS15],

simulated-annealing [AM11], and evolutionary algorithms [LCW16b]. Like the proposed

method, the Voronoi diagram approach to redistricting has a similar geometric flavor.

However, these methods focus on computing a single optimal redistricting plan, rather
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than sampling from the space of feasible plans.

In addition to generating feasible redistricting plans, there is also much interest in au-

diting a proposed plan, including in court cases and for state legislatures [MKS+22, Mat21].

The goal of auditing is to determine whether a redistricting plan has been gerrymandered.

Several approaches to auditing have been proposed, such as relying on appropriate de-

sirability scores. These are typically scores assigned to a redistricting plan and can be

based on a number of properties, such as compactness, including the Reock [Reo61] and

Polsby-Popper [PP91] scores. Other scores take into account electoral outcomes, and in-

clude the efficiency gap [SM15], mean-median gap [Wan16], partisan symmetry [War18], the

GEO metric [CRSV22], and the competitiveness of the plan [DDS20]. Many of these mea-

sures are used in publicly available tools for current enacted districtings [Pro22, CRSV22].

Other work on auditing proposes new fairness metrics [KTAM22] or methods for combat-

ting gerrymandering, such as a recent work that attempts to show the effects of gerry-

mandering can be tempered by replacing single-member district winners with multiwinner

elections [GGRS22].

Since the 2010s, a popular line of work has focused on generating ensembles of re-

districting plans for use in auditing. An ensemble is a diverse set of redistricting plans,

usually containing thousands of plans, that is a representative sample of the space of de-

sirable redistricting plans. In this space, Chen and Rodden provided the first example

in which randomized plan generation would be used to quantify the bias in a proposed

or enacted plan [CR13]. Other methods include Flood Fill [CDO00, MM18], Column

Generation [GS21], and the widely adopted Markov Chain Monte Carlo (MCMC) ap-

proach [TCL16, FHIT20, LCC+22]. It is shown in [PTF22] that the widely used MCMC

method [DDS21b] provably biases towards compact plans, we provide a more in-depth de-

scription of ReCom in Section X. Ensemble based approaches provide a natural, statistical

way of auditing [HRM17, HKL+20]: The properties of the enacted plan is compared against

the distribution of the corresponding property on the ensemble; if the plan is a statistical

outlier, then it is considered more “gerrymandered” and hence less desirable. New uses for
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ensembles of plans have also emerged. The recent work of [LCC+22] instead uses plans

in the ensemble as comparators to identify manipulation in redistricting plans. The work

of [EGB22] proposes a method for choosing one representative plan from such an ensemble

based on defining distances between plans. There is also work to produce ensembles that

are publicly available for use in auditing [MKS+22].

5.2 Preliminaries

The input consists of a precinct map M of a state, which is a polygonal planar subdivision,

each of whose face is a polygon called a precinct. Let G = (V,E) be the planar dual graph

of M , where each vertex v ∈ V represents a precinct of M , and there is an edge between

two vertices if and only if the corresponding precincts are geographically adjacent. We refer

to G as the precinct graph.

For each precinct v ∈ V , let ρ(v) > 0 denote its population and let τ(v) ∈ [0, ρ(v)]

denote the number of voters in v. Let γ(v) ∈ [0, 1] and β(v) = 1− γ(v) denote the fraction

of τ(v) who vote red and blue, respectively. It is implicitly assumed that each voter is exactly

one of the two colors. For an arbitrary set of precincts W ⊆ V , let ρ(W ) =
∑

v∈W ρ(v),

the total population of precincts in W .

Definition 36 k-redistricting plan. A k-redistricting plan Π of G = (V,E) is a partition

of V into k pairwise-disjoint subsets (or districts) D1, D2, . . . , Dk ⊆ V .

Given k, desired number of districts and an error parameter ε ∈ (0, 1), we say a district

D ⊆ V is ε-feasible if

(i) D induces a connected subgraph and

(ii) the population of D is at most ε away from average, i.e.,

(1− ε)ρ(V )

k
⩽ ρ(D) ⩽ (1 + ε)

ρ(V )

k
.
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A redistricting plan Π is ε-feasible if each district Di ∈ Π is ε-feasible. Note that this

definition is consistent with the general practice in the U.S. where the population of a

precinct v is determined not by eligible voters τ(v), but by the total population ρ(v).

Compactness. In addition to requiring that districts be contiguous and population

balanced, many redistricting models require that the districts be “compact” as well. In

real redistricting tasks, a non-compact district not only makes less geographic sense, but

is also more likely to have been gerrymandered to favor one party over another and is

one important measure to evaluate proposed redistricting plans in US states. There is

no hard constraint on the definition of compactness as it can be defined both in terms

of the geometry of districts and the edges of the precinct graph. Intuitively, a district is

compact if the ratio of its perimeter and area is small (geometric property) or has few

”cut” edges whose endpoints are in different districts (graph property). There are widely

accepted measures of compactness, some of which have been used by the courts to rule on

whether a redistricting plan is legal [Mil95, BH17]. In our work, we consider the following

two measures of compactness:

(i) Polsby-Popper score: The Polsby-Popper score of a district D is 4πA(D)
P (D)2

, where P (D)

is the perimeter of the district D, and A(D) is the area of the district D. A higher

score indicates a district is more compact. This score is also used to evaluate the

compactness of plans in practice [BH17, Mat21].

(ii) Percentage of Cut Edges: For a redistricting plan Π, we count the number of edges

whose endpoints lie in different districts of Π: the size of C = {e = (u, v) : u ∈

Dj , v ∈ Di, i ̸= j}. Intuitively, more compact redistricting plans have fewer number

of cut edges. Let the cut edge measure of compactness be defined as |C|/|E|.

Similarity and Coverage. Given two districting plans Π1 and Π2, let the similarity

matrix S be a k×k matrix S where Sij is the number of precincts assigned both to district

Di ∈ Π1 and to district Dj ∈ Π2. Note that if Π1 = Π2, there will be exactly k non-zero
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entries in S. Let the similarity of Π1 and Π2 be the sum of the largest k entries in S over

the total number of precincts: |V |, and denote this score by sim(Π1,Π2).

We use this similarity measure to evaluate coverage. Let the set of all plans generated

by ReCom be P = {Π1, . . . ,Πn}. We compute sim(Πi,Πj) for all i ̸= j. Let the scores

computed be S. Let the plans generated by Geometric ReCom be G = {Γ1, . . . ,Γm}. For

each plan Π ∈ P, we compute the plan Γ ∈ G that is the most similar to Π, as measured

by sim(Π,Γ) and let these matching scores be denoted by M . To see how well the set of

plans of Geometric ReCom covers the same space of plans of ReCom, for each plan Π ∈ P

we compute the percentile rank of scores in M with respect to S. If there is a large fraction

of M with a high percentile rank, this indicates that for most plans of ReCom, Geometric

ReCom can generate a similar plan.

5.3 A New Family of Markov Chains

ReCom Overview. The family of Markov chains known as recombination is widely

used in both theoretical and applied work related to redistricting, and has been used in

the auditing process of real redistricting proposals [DDS21b, BS20]. The ReCom chain is

a large-step random walk in the space of partitions. The “large” step changes multiple

districts’ compositions at a time. The state space is the full set of (ε-)feasible (k-)partitions

of a precinct graph G. In each step, ReCom randomly combines two (or more in its general

form) districts of the current redistricting plan, generates a random spanning tree of the

subgraph induced by the combined districts, and re-partitions the subgraph into two parts

by cutting edges in the spanning tree so that the new resulting districts remain ε-feasible.

This approximately targets the spanning tree distribution on plans, i.e., the probability

it generates a given plan depends on the spanning-tree compactness of the plan as measured

by the product over the districts in the plan of the number of spanning trees in that district.

It is shown that the random spanning tree step biases the Markov chain towards plans

with compact districts, where compactness is measured by number of cut edges [PTF22].
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However, ReCom may produce unrealistic redistricting plans that are too non-compact when

viewed as geometric regions rather than a planar graph.

In the following, we present a new family of Markov Chains, which we call Geometric

ReCom, that produce redistricting plans which are more compact than those produced by

ReCom, while achieving similar distributions in other aspects (such as seat share percentages

of electoral parties).

5.3.1 Geometric ReCom Proposal

In this section, we present the detailed procedure for Geometric ReCom. The algorithm

is similar to ReCom at a high level, but adopts a geometric approach to split districts at

each step. As with ReCom, the basic splitting procedure will not consider demographic or

election information other than precinct population. For a vertex v ∈ V in the precinct

graph, we choose a point pv ∈ R2 that lies in the precinct represented by v (in the precinct

map), say, the centroid of the precinct (if it indeed lies within the precinct).

At each step of the chain, we have a map Π. We randomly combine two adjacent

districts, Di and Dj , of Π and then re-split D̄ = Di ∪Dj into two districts D′
i, D

′
j . Π′ =

(Π\{Di, Dj}) is a new map. We describe the splitting procedure that splits D̄ into D′
i, D

′
j .

For a district Dk ∈ Π, let Pk = {pv | v ∈ Dk}. Set P̄ = Pi ∪ Pj to be the set of points

corresponding to the precincts in D̄. For a line ℓ ∈ R2, let VL(ℓ) ⊆ D̄ (resp. VR(ℓ) ⊆ D̄)

be the set of precincts v such that pv lies to the left (resp. right) of ℓ. First, we fit an

ellipse E through P̄ based on least-squares fitting [GGS94]. In particular, the sum of the

squares of the distances of the points of P̄ from ∂E, the boundary of E, is minimum. Let

xo be the center of E. We randomly pick a point q on ∂E. We project P̄ onto the line g

containing the segment xoq. For a point x ∈ g, let ℓx be the line passing through x and

orthogonal to g. Let I = {x ∈ g | VL(ℓx), VR(ℓx) are ε-feasible}. We choose a random point

a ∈ I. If VL(ℓa), VR(ℓa) form connected subgraphs, i.e., the corresponding regions in the

precinct map M are connected, we set D′
i = VL(ℓa) and D′

j = VR(ℓa). We give an example

of a feasible cut in Figure 5.1 The detailed algorithm for this update step is presented in
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pv

E

Figure 5.1: For our initial plan Π on the right, the set of precincts P̄ are the black
points and the ellipse is E. After choosing the red line as ℓa, we obtain the partition
on the right as our new plan Π′.

Algorithm 5.2.

Compactness. Here is the intuition on why our splitting procedure leads to more com-

pact maps. First, the ellipse E is an approximation of the polygon Di ∪Dj . By choosing

a random point q on ∂E and partitioning E into two parts by a line orthogonal to xoq, we

partition E into two parts by a chord whose expected length is not much larger than the

length of its minor axis. If the precincts of M are compact then the boundary line of D′
i

and D′
j is roughly the same as the length of the chord that generates the splitting of D̄ into

D′
i and D′

j . In other words, our procedure biases the split of D̄ into two districts D′
i, D

′
j

such that their common boundary has small length. Choosing this point q is equivalent to

transforming the ellipse to a circle and choosing a random direction. We show an example

of a plan found by ReCom and a plan found by Geometric ReCom in Figure 5.3 in two dif-

ferent states (Wisconsin and Pennsylvania). For this figure, we show a ReCom plan and a

similar map found by Geometric ReCom. Note that the boundaries of districts generated by

Geometric ReCom are shorter and thus the districts are more compact (see e.g., the purple

and orange districts in Figure 5.3c and the corresponding districts in Figure 5.3d).

Coverage. Although there are exponential number of ways to partition P̄ , and thus D̄,

we consider only O(|P̄ |2) of them since that is the number of distinct partitions by a line.

Since we partition P̄ by a line, the boundary of D′
i and D′

j is much smoother, as evident

from Figure 5.3. The goal of computing an ensemble is to sample in the space of desirable
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Geometric ReCom:
input: G = (V,E), the current partition Π = {Di, . . . , Dk}, population parameter ε
Select two distinct adjacent districts Di, Dj from Π uniformly
Let D̄ = Di ∪Dj and P̄ = Pi ∪ Pj

E← Least-squares ellipse with center xo on P̄
q ← uniform random point on ∂E
Let g be line containing segment xoq
Compute I = {x ∈ g | VL(ℓx), VR(ℓx) are ε-feasible}
Pick a ∈ I uniformly at random
if the subgraph of G induced by VL(ℓa) or VR(ℓa) is not connected:

return: Π′ = Π
else:

return: Π′ = Π \ {Di, Dj} ∪ {VL(ℓa), VR(ℓa)}

Figure 5.2: Geometric ReCom

plans (those which are ε-feasible and compact). We do not want to narrow the space of

plans we sample from too much compared to ReCom, we discuss this more in Section 5.3.2

and 5.4.2.

5.3.2 Behavior of Markov Chain on Simple Graphs

Before presenting our main empirical results in Section 5.4, we first present results on a

simple example. We show that Geometric ReCom not only mixes quickly on a grid graph, but

also finds more compact partitions. The input is a 6×6 grid, with each square representing

a precinct. We want to divide the grid into 4 districts of equal size, so that each district

contains 9 squares. Figure 5.4 presents a schematic of a Geometric ReCom recombination

step on this example.

There are roughly 20,000 ways to partition a 6 × 6 grid into 4 districts so that each

district is connected if we count isomorphic partitions as a single partition. Using computer-

assisted search, we find that starting with any partition as the initial partition and running

Geometric ReCom, we can reach the most compact partition (the leftmost partition in

Figure 5.4) within 1,000 steps of the chain with probability higher than 90%. This implies

that Geometric ReCom mixes quickly on this example.
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(a) ReCom, with P.P. score .145.
(b) Geometric ReCom, with P.P.
score .246.

(c) ReCom, with P.P. score .177.
(d) Geometric ReCom, with P.P.
score .307.

Figure 5.3: Comparison of Plans generated by algorithms, the average Polsby-
Popper score is shown.

Producing Compact Partitions. We demonstrate that Geometric ReCom produces

more compact partitions than ReCom on this example. We use the most compact partition

(the leftmost partition in Figure 5.4) as our initial partition, as any initial partition can

reach this partition in a small number of steps with high probability. We run ReCom and

Geometric ReCom for 100,000 iterations, respectively, and compare the compactness of the

partitions produced by these two algorithms. Figure 5.5a (resp. Figure 5.5b) presents the

distribution of the average Polsby-Popper score of the four districts (resp. the percentage

of cut edges) for both ReCom and Geometric ReCom. In Figure 5.5a, higher x-axis value

is better; in Figure 5.5b, lower x-axis value is better. We see that when compactness is

measured in terms of either criteria, Geometric ReCom tends to produce more compact

partitions.
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Figure 5.4: Illustration of a Geometric ReCom step for a 6× 6 grid with 4 districts.

Coverage of Geometric ReCom. Using computer-assisted search, we find that: If we

use the most compact partition as our initial partition, ReCom could generate all possible

partitions, while Geometric ReCom generates around 40% of the partitions. However, as we

have seen, Geometric ReCom tends to focus on more compact partitions. Moreover, we show

that for any possible partition, there exists a partition that Geometric ReCom produces and

is similar to this partition by computing similarity scores between ReCom plans S and scores

between ReCom plans and their best matching Geometric ReCom plan M , as described in

Section 5.2. We find that for all Π ∈ P, sim(Π, σ(Π)) is above the 80th percentile in S; for

over 95% of Π ∈ P, sim(Π, σ(Π)) is above the 90th percentile, and over 90% is above the

95th percentile. This implies that the Geometric ReCom ensemble nicely covers the set of

all possible partitions.

5.4 Experiments

As discussed, one goal of ReCom is to sample the space of desirable redistricting plans. If

the set of plans generated will be used to audit a real plan, it is important that we have

sufficient coverage of the space of compact feasible plans, otherwise we may label a good

plan an outlier compared to our ensemble or label an undesirable plan “good” if we miss

sampling from large parts of the state space.

In our experiments, we attempt to answer the following questions. First, does using

Geometric ReCom compute a set of more compact redistricting plans than ReCom? Is the

resulting set of plans suitably diverse, or have coverage similar to ReCom? Does it produce

comparable distributions on other measures of interest?
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(a) Polsby-Popper score comparison.

(b) Percentage of cut edges comparison.

Figure 5.5: Comparison between ReCom and Geometric ReCom on the simple ex-
ample. The horizontal axis is the average Polsby-Popper score (resp. percentage of
cut edges) and the vertical axis is the number of plans with that Polsby-Popper score
(resp. percentage of cut edges) value.

5.4.1 Datasets and Methods

Data used in our experiments is obtained from the Redistricting Data Hub and MGGG

states [MGG22, Hub23]. We obtain precinct graphs and voter information for Maryland

(MD), Michigan (MI), North Carolina (NC), Pennsylvania (PA), Texas (TX). We set ρ(v)

to the 2010 census population in each precinct v. The default election we use is the 2016

congressional election. For each precinct v, we collect the number of total votes for the

Republican party rv and the total vote amount for the Democrat party bv in the election.

We set γ(v) = rv/(rv + bv), β(v) = 1 − rv, and the total number of votes τ(v) = rv + bv.
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We generate two ensembles of redistricting plans: one by running ReCom and the other

running Geometric ReCom. Each ensemble consists of 1, 000 redistricting plans, each being

the outcome of a 10, 000-step Markov chain with population balance parameter ε = 0.02.

We seed each chain with a recent congressional electoral districting plan of the state. We set

k, the number of districts, to be the number of congressional districts in the 2016 election

for each state.

Compactness We compare the average and minimum Polsby-Popper scores of the re-

districting plans generated by both Geometric ReCom and ReCom, see Figure 5.6a and 5.6b.

For each state, we show a split violin plot: on the left in the lighter color is the distribution

of ReCom (denoted by ‘R’ in the legend), and on the right in the darker color is the dis-

tribution of Geometric ReCom (denoted by ‘G’). For all states Geometric ReCom produces

more compact plans than ReCom. The minimum Polsby-Popper scores tend to be more

similar between the two algorithms, but this could be due to geographic features of the

state.

We also compare the number of cut edges generated by the two algorithms as a per-

centage of total edges in the graph. For this measure, a lower percentage intuitively implies

a more compact district. The percentage of cut edges in a plan are lower for the ensemble

of plans generated by Geometric ReCom, though to a lesser difference than in the Polsby-

Popper score. This is somewhat surprising, as Geometric ReCom does not use a graph-based

splitting method like ReCom.

Other Metrics We compare the set of plans generated by the two algorithms and

measure two properties of interest: the seat outcome and the competitiveness of a plan.

While we want to produce more compact plans, we do not want the cost of such plans

to limit the possible distribution on other measures of interest. Our main finding is that

Geometric ReCom and ReCom find similar distributions of each property.

The resulting distribution is shown in Figure 5.7a. The Princeton Gerrymandering

Project [Pro22] defines a district as competitive if the majority color is at most 53.5% of
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(a) Average P.-P. Scores. (b) Min. P.-P. Scores. (c) Cut Edge Scores.

Figure 5.6: Compactness comparison between Geometric ReCom and ReCom. On
the horizontal axis is the state, on the vertical axis is the score distribution.

the total votes. We count the number of such districts, and compute the percentage of

competitive districts. We show the distribution of the percentage of competitive districts

in Figure 5.7b.

(a) Seat shares. (b) Competitiveness.

Figure 5.7: Other metrics of interest comparison between Geometric ReCom and
ReCom. In (a), seat share is represented as percent of districts with a blue majority.
In (b), we plot the percent of districts being competitive (having less than 53.5%
voters in majority).

5.4.2 Sampling Space

We next consider whether the plans generated by Geometric ReCom are similar to plans

generated by ReCom, our goal is to show that we achieve good coverage of relevant redis-

tricting plans. We compute sets S and M as described in Section 5.2. For each plan Π ∈ P,

114



we compute the percentile rank of sim(Π, σ(Π)) with respect to S. We plot the fraction of

scores in M above a percentile, see Figure 5.8a. In Figure 5.8, we show the graph for the

90th-100th percentile. As shown, for all states, there is a large fraction of scores in M above

the 90th percentile. This indicates that for each ReCom plan, a similar Geometric ReCom

plan can also be generated.

(a) Matches above xth percentile. (b) Breakdown of the 90th−100th percentile.

Figure 5.8: Coverage of ReCom by Geometric ReCom and. On the horizontal axis
is the percentile in S and on the vertical axis is the fraction of matches above the
corresponding percentile.

5.5 Conclusion

In this chapter, we presented a novel Markov Chain Monte Carlo (MCMC) method for elec-

toral redistricting which aims to generate redistricting plan ensembles. By adapting the

widely used recombination chain and incorporating geometric partitioning, our method out-

performs previous approaches in terms of compactness scores, both through graph cuts and

geometric properties, while maintaining competitiveness and similar seat share outcomes.

Despite generating plans from a smaller space, our method demonstrates good coverage,

ensuring the ensemble contains plans close to any desirable configuration. Future work

could further explore the potential of the proposed method, including how to incorporate

additional constraints required for real redistricting applications and further describe the
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space of plans the chain finds.
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Chapter 6

Multi-Robot Motion Planning for Unit
Discs with Revolving Areas

6.1 Introduction

Multi-robot systems are already in use in logistics, in a variety of civil engineering and

nature preserving tasks, and in agriculture, to name a few areas. They are anticipated to

proliferate in the coming years, and accordingly they attract intensive research efforts in

diverse communities.

A basic motion-planning problem for a team of robots is to plan a collision-free paths

for the robots between given start and final positions. Among the many dimensions along

which the multi-robot motion planning (MRMP) problem has been studied, we focus on

three: (1) we distinguish between distributed and centralized control. In the former each

robot has limited knowledge of the entire environment where the robots move, and each

robot may communicate with few neighboring robots. In the latter, which is typical in

factory automation and other well-structured environments, a central authority has control

over all the robots and the planning for each robot takes into consideration knowledge about

the state of all the other robots in the system. (2) In the labeled version the robots are

distinguishable from one another and each robot has its own assigned target, whereas in the

unlabeled version the robots are indistinguishable, i.e., each target can be occupied by any

robot in the team and the motion-planning problem is considered solved if at the end of the

motion all the target positions are occupied. (3) We further distinguish between continuous

or discrete domains. Much of the study of motion planning in computational geometry and

robotics assumes that the workspace is continuous. In AI research, where the problem is

typically called multi-agent path finding (MAPF) [SSF+19], the domain is modeled as a

graph. Nowadays the MAPF problem is studied in diverse research communities, often as
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an approximation of the continuous domain.

In our study here we consider a centralized, labeled, and continuous version of MRMP.

Furthermore, we are not only interested in finding a solution to the given motion-planning

problem, but rather in finding a high-quality solution. Specifically, we aim to find a solution

that minimizes the total path length traveled by the robots.

Related Work. Computing a feasible motion plan (not necessarily a good one) itself

is in general computationally hard for MRMP (see, e.g., [HSS84, BCD+21, SH16, GH21]).

In the results that we cite next, some additional mitigating conditions are assumed on the

system to obtain efficient motion-planning algorithms.

There are few results that guarantee bounds on the quality of the motion plans for

multi-robot systems. For complete algorithms1in the unlabeled case, there are bounds on

the length of the longest path taken by a robot in the system [TMMK14], or on the sum of

distance traveled by all the robots [SYZH15]. For the labeled case, Demaine et al. [DFK+19]

provide constant-factor approximation algorithms for minimizing the execution time of a

coordinated parallel motion if there are no obstacles. Still for the labeled case, Solomon and

Halperin obtained a very crude bound on the sum of distances [SH18] (the approximation

factor can be linear in the complexity of the environment in the worst case) in a setting

identical to the setting of the current chapter, namely assuming the existence of revolving

areas—see below for a formal definition. No sublinear approximation algorithm is known

for MRMP even if we assume the existence of revolving areas and the cost of a motion plan

is the sum of the lengths of individual paths. In the current work we significantly improve

over and expand the results in [SH18] in several ways, as we discuss below.

An alternative approach to cope with the hardness of motion planning is to use sampling-

based methods [Sal19]. In their seminal paper, Karaman and Frazzoli [KF11] (see also [SJS+20])

introduced an algorithm, called RRT*, which guarantees near optimality if the number of

samples tends to infinity. A related algorithm dRRT* handles the multi-robot case with

1A motion planning algorithm is called complete if, in finite time, it is guaranteed to find
a solution or determine that no solution exists.
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the same type of guarantee [SSD+20]. Recently Dayan et al. [DSPH21] have obtained

near-optimality with finite sample size for the multi-robot case.

Problem Statement. Let W be a polygonal environment, that is, a polygon with holes

in R2 and a total of m vertices. Let R1, . . . , Rn be n robots, each modeled as a unit disc,

that move around in W. Let O = R2 \W be the obstacle space. For a point p ∈ R2, let Dp

denote the unit disc centered at point p. Let F = {x ∈W : Dx ∩ O = ∅} represent the free

space of W (with respect to one Ri). A path is a continuous function π : I → R2 from an

interval I to R2, and is collision-free if it is contained in F. Let ℓ(π) denote the arc length of

π, i.e., ℓ(π) =
∫
I |π

′(t)| dt. The position of each Ri is specified by the x- and y-coordinates

of its center ci and we use Ri(c) to denote Ri being at c (note that Ri(c) is the same as

Dc), and a motion of Ri is specified by the path followed by its center. Let int D denote

the interior of disc D. A path ensemble Π = {π1, . . . , πn} is a set of n paths defined over a

common interval I, i.e. πi : I → R2, for 1 ⩽ i ⩽ n; Π is called feasible if (i) πi ⊂ F for every

i ⩽ n, and (ii) for any t ∈ I and for any pair i ̸= j, int Ri(πi(t)) ∩ int Rj(πj(t)) = ∅, i.e.,

the Ri’s remain in W and they do not collide with each other (but may touch each other)

during the entire motion. We also refer to Π as a motion plan of R1, . . . , Rn. The cost of

Π, denoted by ¢(Π), is defined as ¢(Π) =
∑n

i=1 ℓ(πi).

We are given a set of start positions s = {s1, . . . , sn} where the n robots initially lie

and a set of final (also called target) positions f = {f1, . . . , fn}. Our goal is to find a path

ensemble Π∗ = {π∗1, . . . , π∗n} over an interval [0, T ] where T denotes the ending time of the

last robot movement,

(i) π∗i (0) = si and π∗i (T ) = fi for all i, and

(ii) ¢(Π∗) = minΠ ¢(Π) where the minimum is taken over all feasible path ensembles.

We refer to the problem as optimal multi-robot motion planning (MRMP). In this chap-

ter, we investigate optimal MRMP under the assumption that there is some free space

around the starting and final positions of R1, . . . , R1, a formulation introduced in [SH18].

A revolving area of a start or final position z ∈ s ∪ f , is a disc Az of radius 2 such that:
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t1

t3

t2

t4

Figure 6.1: We show an instance of MRMP-RA. Each robot is shown as a filled
disc in its starting revolving area, and its target revolving area is shown in the same
color. Obstacles are dark gray.

1. Dz ⊆ Az,

2. Az ∩ O = ∅, and

3. for any other start or final position y ∈ (s ∪ f) \ {z}, Az ∩Dy = ∅.

That is, each Ri lies in a revolving area at its start and final position (note that z need not

be the center of the revolving area Az) and does not intersect any other revolving areas, and

the revolving areas do not intersect any obstacles. We remark that the revolving areas may

intersect one another; this makes the separation assumptions in the current work lighter

than in related results (e.g.,[AdBHS15]), which in turn makes the analysis more involved.

See Figure 6.1 for an example. Set A = {Az : z ∈ s ∪ f}. We refer to this problem as

optimal multi-robot motion planning with Revolving Areas (MRMP-RA).

We define the active interval τi ⊆ [0, 1] as the open interval from the first time Ri leaves

the revolving area Asi of si to the last time Ri is not in the revolving area Afi of fi. If the

active intervals {τ1, . . . , τn} are pairwise disjoint then we call Π a weakly-monotone motion
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plan (with respect to revolving areas).2Finally, an instance of optimal MRMP is specified

as I = (W, s, f) where W, s, f are as defined above. Let Π∗(I) denote an optimal solution

of I and let ¢∗(I) = ¢(Π∗(I)).

Our Contributions. The chapter contains the following three main results:

(A) Hardness results. In Section 6.2, we show that MRMP-RA is APX-hard under the

weakly-monotone assumption. The NP-hardness of optimizing sum of distances (i.e.,

optimal MRMP) for the monotone and the general (non-monotone) case was shown in

[GH22], but without revolving areas. Our main result here is the extension of the NP-

hardness construction to prove that MRMP-RA, under the weakly-monotone assump-

tion, is in fact APX-hard, which rules out a polynomial-time (1 + ε)-approximation

algorithm for it. To the best of our knowledge, this is the first APX-hardness result

for any MRMP variant.

(B) Approximation algorithm. In Section 6.3, we present the first O(1)-approximation

algorithm that given an instance I = (W, s, f ,A) of MRMP-RA computes a feasible

path ensemble Π from s to f such that Π is weakly-monotone and ¢(Π) = O(1) ·

¢∗(I); note that Π∗(I) need not be weakly-monotone, i.e., we approximate the general

optimal path ensemble. In fact, we show that the robots can be moved in any order,

so our algorithm can be extended to an online setting where the robots Ri, and

their start/final positions, (si, fi) are given in an online manner, or Ri’s may have to

execute multiple tasks which are given in an online manner– the so-called life-long

planning problem. Our algorithm ensures an O(1) competitive ratio, i.e., the cost is

O(1) times the optimal cost of the offline problem.

The algorithm begins by computing a set of shortest paths Γ that avoid obstacles

but ignore robot-robot collisions. Then, Γ is edited to avoid robot-robot collisions by

moving non-active robots within their revolving areas. Our overall approach is the

2We use the term “weakly-monotone” because a plan is called monotone if the active interval
of Ri is defined from when Ri leaves si for the first time until Ri reaches fi for the last
time, (rather than the leaving/reaching the revolving area Asi/Afi).
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same as by Solomon and Halperin [SH18], but the editing of Γ differs significantly

from [SH18], so that the cost of the paths does not increase by too much. We use

a more conservative editing of Γ, which enables us to prove that the cost of the

edited path ensemble is O(1) · ¢(Γ) (see Section 6.4), while the cost of the edited

path in [SH18] is3 O(¢(Γ)+mn+m2). Our main technical contributions are defining

a more conservative retraction, proving that the motion plan remains feasible even

under this conservative retraction, and bounding the total cost of the motion plan

by using a combination of local and global arguments. Analyzing both the feasibility

and the cost of the motion plan are nontrivial and require new ideas.

(C) Computing a good ordering. The result above shows that editing the paths in-

creases the total cost of the motion plan only by a constant factor irrespective of the

order in which we move the robots. However, the overhead in the overall cost due

to editing (to avoid robot-robot collisions) can vary significantly depending on the

ordering we chose. This raises the question whether we can find a “good” ordering

that minimizes the overhead. The result in [SH18] implies that the problem of finding

a good ordering that minimizes the amount of overhead is NP-hard.4 We present a

polynomial time O(log n log log n)-approximation algorithm for finding a good order-

ing. This is achieved by reducing the problem to an instance of weighted feedback

arc set in a directed graph, and applying an approximation algorithm for the latter

problem [ENSS98]. This result is described in Section 6.5.

We emphasize that without additional, mitigating, assumptions, MRMP is intractable.

Sampling-based planners assume that the full solution paths have some clearance around

them—namely, each robot has some distance from the obstacles along its entire path, as

well as from the other robots. Here, we assume certain clearance only at the start and goal

positions; we do not make any assumption about the clearance along the paths. Indeed, we

3Notice that the roles of m and n here are reversed with respect to [SH18].

4The model in [SH18] for defining the overhead is different from ours, their construction
can nevertheless be adapted to our setting.
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assume non-negligible clearance, as we require that each robot at a start or goal position is

encapsulated inside a disc of radius 2, which does not contain any other robot at its start

or goal position. The choice of the number 2 here is not arbitrary. In a couple of related

results for MRMP of unit discs [AdBHS15, BdBB+22] this is the critical value of clearance

below which there does not always exist a solution to the problem.

6.2 Hardness of Optimal MRMP-RA

In this section we present our hardness results. Throughout this section all path ensembles

are weakly-monotone, unless otherwise stated. With a slight abuse of notation we use ¢∗

to denote the cost of the optimal weakly-monotone path ensemble. Finding monotone path

ensembles has been shown to be NP-hard in [GH21] using a similar grid-based construction

without revolving areas.

NP-Hardness of weakly-monotone MRMP-RA Let Q(x1, . . . , xn) =
∧m

i=1Ci be

an instance of 3SAT with n variables and m clauses. Each clause Ci is a disjunction of three

literals, which are variables or their negations. We construct a corresponding MRMP-RA

instance I := I(Q) = (W, s, f ,A) with N = 3m+1 robots and choose a real value d ≥ 0 such

that ¢∗(I) ≤ d if and only if Q is satisfiable. Let d(I) :=
∑N

i=1 di, where di is the length of

the optimal path of Ri from si to fi in W, ignoring other robots. In fact, our construction

will choose d to be d(I), that is, d is the lowest possible cost of a feasible path ensemble

from s to f in W. Our construction will ensure that the lowest cost is attained if and only

if Q is satisfiable. I is constructed so that a path ensemble with such a cost is possible if

and only if (a feasible) monotone motion plan exists. An example of the construction is

shown in Figure 6.2.

Overall description. The workspace W consists of m + n rectangular gadgets, one for

each variable and each clause, referred to as variable and clause gadgets, respectively. All

the gadgets have unit-width passages that are wider around revolving areas. For simplicity,

the widened areas are shown as circular arcs, but they can easily be made polygonal. Each
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a1 b1 c1a2 c2 a1 a1 a2

a1 b1 b2 c1 c1 c2 c1

b1 b2 b1

︸ ︷︷ ︸
variable gadget

︸ ︷︷ ︸
clause gadget

R0 R0

Figure 6.2: The MRMP-RA instance I that corresponds to the formula Q = (a ∨
b ∨ c) ∧ (a ∨ b ∨ c) ∧ (a ∨ b ∨ c). The start and target positions are the filled and
unfilled discs, respectively. Positive literal robots are green, negative literal robots
are red. Obstacles appear in black. Start and target positions of literal robots are
labeled with unique indices in order to distinguish between appearances of the same
literal. The path π0 is shown in blue for the assignment a = T, b = F, c = T for
which the corresponding path ensemble has robots moving in the following order:
c1, b1, a1, r0, a2, a1, b2, c2, b1, c1.

gadget has an entrance on the left and an exit on the right. The vertical positions of

entrances and exits alternate so that a gadget’s entrance is connected to the exit of the

gadget on its left.

There are N = 3m + 1 robots, each being a unit disc: one robot for each appearance

of a literal in Q, which are collectively called literal robots, and one special pivot robot

R0 (shown in blue in Figure 6.2). The robot R0 has to pass through all the gadgets from

left to right, by which it is able to verify the satisfiability of Q, and the literal robots will

constrain its motion in order to ensure that ¢∗(I) ≤ d.

Each variable (resp.clause) gadget contains two (resp. three) horizontal passages, which

offer two (resp. three) shortest paths from its entrance to its exit. Each such path consists

of vertical and horizontal line segments. The horizontal passages of the gadgets contain all

the start and target positions of literal robots. All the revolving areas are centered at their

respective start or target positions, and they do not overlap.

Gadgets. Each variable gadget initially contains robots representing literals of a single

variable of Q. The top and bottom horizontal passages of the gadget contain robots rep-

resenting only positive and negative literals, respectively. Each clause gadget has three

horizontal passages, each containing a target position of one the literals in the correspond-
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ing clause. The gadgets are placed within a horizontal strip from left to right such that

variable gadgets are located to the left of clause gadgets. The order of gadgets of the same

type is arbitrary, however it determines the order of the start positions, which is critical:

the left to right order of start positions within each variable gadget is set to match the left

to right order of the corresponding target positions. We refer to this order as the intra-

literal order property. We say that a revolving area A is congested if it contains two robots

at the same time. Intuitively, both optimal path ensembles and monotone path ensembles

need to prevent revolving areas from becoming congested. We first establish that finding

an optimal weakly-monotone path ensemble is equivalent to finding a monotone one, then

show the equivalence between a satisfying assignment and a monotone path ensemble.

Lemma 37. I has a weakly monotone path ensemble with a cost of d if and only if I has

a monotone path ensemble.

Proof. Let A be a revolving area in W. We first note that without any loss of generality,

in any path ensemble of I a robot may either be contained in A at some point or never

intersect A at all. That is, a robot will not partially penetrate a revolving area without

ever fully entering it.

Let Π be a feasible path ensemble with ¢(Π) = d. We fix a robot Ri and examine

the motion that occurs during its active interval τi. We claim that any motion of a robot

Rj , j ̸= i during τi is redundant, i.e., if Rj does not move during τi then Ri can still perform

the same motion. This suffices in order to conclude that Π can be made monotone. Observe

that during the execution of Π no revolving area A can become congested, as otherwise the

two robots that are simultaneously in A will have to take a path that is longer than the

shortest path that ignores other robots. Therefore, whenever Ri is inside a revolving area

A, it is the only robot in A, and any motion by other robots is redundant. Whenever Ri is

not contained in any revolving area, all other robots must be contained in revolving areas,

by definition. Hence, any motion by other robots at such point in time is also redundant.

So overall, Ri may travel along its whole path without other robots moving.

For the other direction, in a monotone path ensemble it also holds that no revolving
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area may become congested (as otherwise robots move simultaneously). Therefore, any

revolving area that some robot Ri intersects during its motion must not contain other

robots. For any gadget g that Ri needs to traverse, this allows Ri to take some shortest

path through g. Therefore, Ri is able to take the shortest path that ignores other robots

overall. Hence, a path ensemble with a cost of d exists.

Lemma 38. Q has a satisfying assignment if and only if I has a monotone path ensemble.

Proof. Assume that Q has a satisfying assignment Λ. Let R+ (resp. R−) denote the set of

robots corresponding to literals that evaluate to true (resp. false) according to Λ. That is,

for each variable gadget, R+ contains robots that are all initially either in the top or the

bottom passage, according to Λ. We show that the robots can move along optimal paths

in the order R−, R0, R
+, which is made precise below.

Let π0 be a shortest collision-free path from s0 to f0 that passes only through the start

positions of R− and targets of R+; see Figure 6.2. The path π0 exists because each clause

gadget must contain a target of some robot in R+, or else Λ does not satisfy Q.

In the path ensemble, each Ri ∈ R− follows the subpath of π0 from si (through which

π0 passes) up to the gadget containing fi, from which Ri can reach its final position fi using

the shortest path. The order in which the robots in R− move is the right to left order of

their start positions, which guarantees no collision with another robot located at its start

position. Since the robots in R− move before R+, the targets through which π0 passes

are unoccupied when the robots in R− move, guaranteeing no collisions at clause gadgets.

Next, R0 moves using π0, which passes through empty passages at this point. Finally, each

Ri ∈ R+ joins π0 at the vertical passage to its right, from which point it continues similarly

to R−. The order of motion of the robots in R+ is the right to left order of their targets,

which guarantees no collisions in the clause gadgets. Note that due to the intra-literal order

property we also have no interferences among R+ within variable gadgets.

For the other direction, let us assume that there is a monotone path ensemble for I.

Let π0 denote the path taken by R0. Without loss of generality, π0 is weakly x-monotone.
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Specifically, it passes through only one horizontal passage in each variable gadget. There-

fore, we define an assignment Λ as follows: x is assigned to be true if and only if π0 goes

through the bottom passage of x’s variable gadget, which corresponds to negative literals.

Let C be a clause of Q and let fj be a target in C’s clause gadget that is unoccupied during

R0’s motion, which must exist. It is easy to verify that the literal corresponding to Rj is

true according to Λ. Therefore, C is satisfied.

The construction can be carried out in polynomial time, therefore by combining Lemma 37

and Lemma 38 we obtain the following:

Theorem 39. MRMP-RA for weakly-monotone path ensembles is NP-hard.

Hardness of Approximation We now show that MRMP-RA is APX-hard, ruling out

any polynomial time (1 + ε)-approximation algorithm. We first go over some definitions.

For an MRMP-RA instance I, we use ¢∗(I) to denote the cost of the optimal weakly-

monotone path ensemble for I. For a 3SAT formula Q, let SAT(Q) denote the largest

fraction of clauses in Q that can be simultaneously satisfied. We say that a revolving area

A is occupied if it contains the robot whose start or target position lies in A.

To prove the hardness of approximation we present a gap-preserving reduction from

MAX-3SAT(5), which is APX-hard [Vaz01]. The input to MAX-3SAT(5) is a 3SAT formula

with 5 appearances for each variable and the goal is to find an assignment maximizing the

number of satisfied clauses. Let Q be a MAX-3SAT(5) instance with n variables and m

clauses and let I := I(Q) be the MRMP-RA instance resulting from the NP-Hardness

reduction described above, which we slightly modify as follows. Instead of the single pivot

robot R0 in I, we now have m pivot robots. To this end, we modify the construction so that

there is a horizontal passage that extends to the left of s0 in I. The passage is lengthened

to accommodate m start positions that lie on the same horizontal line, passing through s0

in I. Similarly, another such passage is created to the right of f0 to accommodate m target

positions. The left to right order of the start positions of the pivot robots is set to match

the left to right order of the corresponding target positions. Let I′ denote the resulting
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MRMP-RA instance.

Lemma 40. Let Q be a 3SAT formula such that for any assignment to Q there are at least

k unsatisfied clauses in Q. Then ¢∗(I′) > d(I′) + km.

Proof. Let us examine Π∗(I′), an optimal path ensemble for I′. We say that a robot Ri has

a bad event during the execution of Π∗(I′) when Ri traverses an occupied revolving area.

Note that each bad event results in Ri having a path longer than 1+di, di being the length

of Ri’s shortest possible path. We claim that each of the m pivot robots has k bad events,

which suffices for proving the lemma.

Let us assume for a contradiction that one of the pivot robots, say Ri, has q < k

bad events. We will show how to obtain an assignment for Q where there are at most q

unsatisfied clauses. Since Π∗(I′) is optimal, πi, the path taken by Ri, is weakly x-monotone.

We define an assignment Λ as follows (the same way as in the second direction of the proof

of Theorem 38): x is assigned to be true if and only if πi goes through the bottom passage of

x’s variable gadget. In other words, Λ sets a literal to be true if and only if the corresponding

literal-robot’s starting position does not lie on πi. Let us examine πi right before it is Ri’s

turn to move. Let R denote the set of robots that are intersected by πi and are located at

variable gadgets at this point in time. We can assume without any loss of generality that

R is empty. If it is not, then let us examine the path ensemble Π where the robots in R

move to their targets before Ri’s turn. The number of bad events for Ri can only decrease

in Π. This holds because by having some Rj ∈ R move before Ri we eliminate a bad event

(for Ri) in Rj ’s variable gadget and possibly introduce a bad event in Rj ’s clause gadget.

Since there are q bad events for Ri, there are at most q clause gadgets where such an

event occurs. Therefore, to get a contradiction it suffices to show that all other clause

gadgets correspond to clauses that are satisfied by Λ. Let C be such a clause, i.e., in the

corresponding clause gadget πi passes through some empty revolving area Afj . Since πi does

not pass through any occupied revolving areas in the variable gadgets, the corresponding

start position sj must not lie on πi. Therefore, rj corresponds to a literal that is true by

Λ, and so C is satisfied.
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We now make d(I′) explicit using an upper bound for an arbitrary di. First, we bound

the length of each vertical segment in the corresponding path πi by 10, which provides

sufficient distance for our gadgets. Since each variable appears in Q five times, we bound

the horizontal length of an variable gadget by 4 · 2 + 3 = 11 (i.e., there at most 4 revolving

areas on a horizontal passage and some additional length). Therefore, the path length

through any gadget is O(1). Hence, we have di = O(m) and the number of robots is also

O(m) (we have m = 5n/3). Therefore, we can set d(I′) = cm2 for some sufficiently large

constant c (we can easily lengthen paths in I′ if that is needed for the bound).

We can now combine the latter equality with Lemma 40 and the NP-Hardness reduction.

Let us define f(Q) := d(I′).

Theorem 41. There is a polynomial time reduction that transforms an instance Q of

MAX-3SAT(5) with m clauses to an MRMP-RA instance I′ such that SAT(Q) = 1 ⇒

¢∗(I′) = f(Q) ⩽ cm2 for some constant c > 0 and otherwise SAT(Q) < α ⇒ ¢∗(I′) >

f(Q) + (1− α)m ·m =
(
1 + 1−α

c

)
f(Q), for all 0 < α < 1.

6.3 Algorithm

Let I = (W, s, f ,A) be an instance of MRMP-RA. Let n be the number of robots and m

be the complexity of the environment W . We describe an O(n(n+m) logm) algorithm for

computing a weakly-monotone path ensemble Π̃ := Π̃(I) for R1, . . . , Rn such that ¢(Π̃) =

O(1) · ¢∗(I). We remark that Π̃ is weakly-monotone but Π∗(I) need not be, i.e. Π̃ is an

O(1)-approximation of any feasible motion plan. We parameterize the paths in Π̃ over the

common interval J = [0, n]. We need a few definitions and concepts related to revolving

areas. For any z ∈ s∪ f , let cz denote the center of the revolving area Az, and let Cz (resp.

Bz) be the disc of radius 1 (resp. 3) centered at cz, i.e., Cz ⊂ Az ⊂ Bz. If x ̸∈ Bz then

Dx ∩Az = ∅. We refer to Cz and Bz as the core and buffer, respectively, of revolving area

Az. See Figure 6.3.
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1
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Figure 6.3: Revolving area Az for some z ∈ s∪ f with Dz ⊆ Az, core Cz, and buffer
Bz. (b) On the right, we show an instance of MRMP-RA. Each robot is shown as a
filled disc in its starting revolving area, and its target revolving area is shown in the
same color. Obstacles are dark gray.

Overview of the Algorithm. The algorithm consists of three stages. We note that

Stage (I) and (II) are used in [SH18]. However, Stage (III) differs significantly from previous

work in order to ensure the total cost of paths is within an O(1) factor of that of the optimal

motion plan. We describe all stages for completeness.

I. We compute the free space F (with respect to a single robot) using the algorithm of

Ó’Dúnlaing and Yap [Yap87, OY85]. If si and fi, for some i ∈ [n] := {1, 2, . . . , n}, do

not lie in the same connected component of F, then a feasible path does not exist for

Ri from si to fi. Therefore, we stop and return that no feasible motion plan exists

from s to f . Next, for each i, we compute a shortest path γi from si to fi, ignoring

other robots using the algorithm of Chen and Wang [CW15]. Let Γ = {γ1, . . . , γn}

be the path ensemble computed by the algorithm.

Although Γ does not intersect O, it may not be feasible since two robots may collide

during the motion. The next two steps deform Γ to convert it into a feasible motion

plan. We take an arbitrary permutation σ of [n]. Without loss of generality assume

σ = ⟨1, 2, . . . , n⟩. We say that Ri is active during the subinterval [i−1, i] of J := [0, n],
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Figure 6.4: Path γ1 is shown in blue from s1 to f1. Assume R1 is active before
R2. In γ̄1, the dotted portion of the path is replaced with the green arc along ∂Cs2 .
Path π2 is shown in red from s2 to f2. R1 must follow the red retraction during the
movement of R2 in Bf2 .

during which it moves from si to fi. During [0, i − 1] (resp. [i, n]) Ri only moves

within the revolving area Asi (resp. Afi).

II. For each i, we first modify γi, as described below in Section 6.3.1, so that it does not

intersect the interior of the core Cj of any revolving area Aj that is occupied by

a robot Rj , for j ̸= i; see Figure 6.4. Let γi be the deformed path. Abusing the

notation a little, let γi : [i− 1, i]→ F denote a uniform parameterization of the path

γi, i.e. Ri moves with a fixed speed during [i−1, i] from si to fi along γi. We extend

γ̄i to the interval [0, n] by setting γ̄i(t) = si for t ∈ [0, i−1] and γ̄i(t) = fi for t ∈ [i, n].

Set Γ̄ = {γ̄1, . . . , γ̄n}.

III. Next, for each distinct pair i, j ∈ [n], we construct a retraction map ρij : F → F that

specifies the position of Rj for a given position of Ri during the interval [i−1, i] when

Ri is active so that Ri and Rj do not collide as Ri moves along γi. The retraction

map ensures that Rj stays within the revolving area Asj (resp. Afj ) for j < i (resp.

j > i), and it does not collide with any Rk for k ̸= i, j, as well. See Figure 6.4. Using

this retraction map, we construct the path πj : J → F as follows:

πj(t) =


ρij(γi(t)) for t ∈ [i− 1, i] and i ̸= j,

γj(t) for t ∈ [j − 1, j].
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We prove below that each πj is a continuous path. In Section 6.4, we prove that

Π = {π1, . . . , πn} is a feasible path ensemble with ¢(Π) = O(1) · ¢∗(I).

6.3.1 Modifying initial path

Fix an i ∈ [n]. For j < i, let zj = fj and for j > i, let zj = sj . Set Z = {zj : 1 ⩽ j ̸= i ⩽ n}.

This step modifies γi to ensure that the path of Ri does not enter the core Cz of any z ∈ Z.

Fix a z ∈ Z. If γi ∩ Cz = ∅, then Rj does not affect γi. If γi ∩ Cz ̸= ∅, then we

modify γi as follows: let pz, qz be the first and last intersection points of γi and Cz along

γi, respectively. Let Qz be the shorter arc of ∂Cz, the boundary of the core Cz, between

pz and qz. We replace γi[pz, qz] with Qz. We repeat this step for all z ∈ Z. Let γi be the

resulting path from si to fi; γi does not intersect int(Cz) for any z ∈ Z. Note that Czj ’s

are pairwise disjoint, and that γi is a shortest path from si to fi in F, therefore γi[pz, qz]

and γi[pz′ , qz′ ], for any pair z, z′ ∈ Z, are disjoint. We can thus process Z in an arbitrary

order and the resulting path does not depend on the ordering. Furthermore Cz ⊆ F (since

Az ⊆W), so γ̄i ⊂ F for all i.

6.3.2 Retracting a robot

We now describe the retraction motion of Rj when Ri is active, so that they do not collide.

Note that for all t ∈ [i−1, i], γ̄j(t) = zj , i.e., before applying the retraction Rj is at zj when

Ri is active. We define the retraction function ρij : R2 → R2 that specifies the motion of

Rj within Aj during [i − 1, i]. Since i is fixed, for simplicity we use ρj to denote ρij , and

we use Cj (resp. Aj , Bj) for disc Czj (resp. Azj , Bzj ). If the center of Ri is at distance

at least 2 from zj , then Ri does not intersect Dj , so there is no need to move Rj from zj .

Therefore we set ρj(p) = zj for all p ∈ πi such that ∥p − zj∥ ⩾ 2. On the other hand, γi

does not intersect the interior of Cj so ρj(p) is undefined for p ∈ int(Cj). We thus focus on

the case when ∥p− zj∥ ⩽ 2, in which case p lies in the buffer disc Bj , and p ̸∈ int(Cj), i.e.,

p ∈ Bj \ int(Cj).
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Figure 6.5: Retraction Map: A sector type retraction (when zj lies in S(p)).

Let D+(p) be the disc of radius 2 centered at p. Note that for a point q ∈ R2, int(Dp)∩

int(Dq) ̸= ∅ if and only if q ∈ D+(p). Intuitively, we move the center of Rj from zj (within

Cj) as little as possible so that Rj does not collide with Ri(p). Formally, we define ρj as:

ρj(p) = argminq∈Cj\D+
p
∥q − zj∥ if p ̸∈ int(Cj), and undefined otherwise.

In the remainder of the discussion, we assume ∥zj − p∥ ⩽ 2 and p ̸∈ Cj , so p ∈ Bj \Cj .

Therefore, ρj(p) exists and additionally ρj(p) is unique. We now discuss the two possible

types of retraction. Refer to Figure 6.5 and 6.6 throughout this paragraph. Note that

∂Cj and ∂D+
p intersect at exactly two points since p ∈ Bj \ Cj , say, xj1(p), xj2(p). Let

σj(p) be the smaller of the two arcs of ∂D+
p induced by xj1(p) and xj2(p), and let S(p) =

conv(σj(p) ∪ {p}) ⊆ D+
p be the sector of D+(p) induced by xj1(p), xj2(p). Observe that

the retraction point ρj(p) lies on σj(p).

If zj ∈ S(p), then ρj(p) is the intersection point of the ray −→pzj with ∂D+
p , as the closest

point in Cj \ D+
p from zj is on the straight line from zj to D+

p . Since zj lies inside S(p),

ρj(p) ∈ ∂S(p). See Figure 6.5.

If zj ̸∈ S(p), the retraction point is argminq∈{xj1(p),xj2(p)}∥q− zj∥, i.e., the closest point

to zj in Cj \D+
p is an endpoint of σj(p). See Figure 6.6. Note that our retraction ensures

that Rj will be centered back at zj after robot Ri moves away.

In the remainder of the chapter, if ρj(p) ∈ {xj1(p), xj2(p)} we say the that the retraction

is of intersection type, otherwise we say that the retraction is of sector type. Since ρj(p) ∈
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Figure 6.6: Retraction Map: an intersection type retraction, zj lies outside S(p),
the retraction point is xj1(p).

Cj for all p ̸∈ Cj and none of the γ̄i’s enter Cj , the retraction path πj of Rj lies in F. We

conclude this section with the following lemma, which follows from the fact that ρj is a

continuous function, ρj(p) = zj for all p such that ∥p−zj∥ ⩾ 2, and ∥zj−si∥, ∥zj−fi∥ ⩾ 2.

Lemma 42. For any 1 ⩽ i ⩽ n, πi is a continuous path from si to fi.

6.4 Correctness and Analysis of the Algorithm

We first prove that Π is feasible (Section 6.4.1), then we bound ¢(Π) (Section 6.4.2), and

finally analyze the running time in Section 6.4.3. We begin by summarizing a few relevant

properties of revolving areas (see Figure 6.7), which are straightforward to prove.

Lemma 43. Let x, y ∈ s ∪ f such that x ̸= y:

1. x ∈ Cx, that is, each start or final position lies inside the core of Ax;

2. ∥cx − cy∥ ⩾ 2, i.e., int Cx ∩ int Cy = ∅;

3. for any p ∈ Cx, ∥p− y∥ ⩾ 2, i.e., int Dp ∩ int Dy = ∅;

4. ∥x − cy∥ ⩾ 3, i.e., each start/final position lies outside the buffer of any other

start/final position.
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Ax

Cx
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Figure 6.7: Illustration of Lemma 43. Dx and Dy are two robots located in their
respective revolving areas Ax, Ay. The distance between cx and cy is at least 2; y lies
outside the buffer of x, i.e., y ̸∈ Bx.

6.4.1 Feasibility

In this section, we show that path ensemble Π is feasible. Recall that stage (I) of the

algorithm reports that there is no feasible solution if any si ∈ s and fi ∈ f do not lie in the

same connected component. So assume that Stage I computes a feasible path γi for each Ri.

Stages II and III modify these paths so that they remain in F. Hence, we only need to show

that no two robots collide with each other during the motion, i.e., for any 1 ⩽ i ̸= j ⩽ n

and for any t ∈ J , int Dπi(t) ∩ int Dπj(t) = ∅. We fix some i ∈ [n] and the corresponding

active interval Ti := [i − 1, i] ⊆ J and prove the feasibility of Π during this interval. Note

that Ri is the only active robot in Ti and other robots stay in their revolving areas. By

the definition of retraction, for any t ∈ Ti, and for any j ̸= i, ∥πi(t)− ρij(πi(t))∥ ⩾ 2, so Ri

does not collide with Rj during interval Ti.

Lemma 44. For any j ̸= k and zj , zk ∈ s ∪ f , the minimum distance between the line

segments cjzj and ckzk is at least 2, i.e., minyj∈cjzj ,
yk∈ckzk

∥yj − yk∥ ⩾ 2.

Proof. Let yj , yk be the closest pair of points on the segments cjzj and ckzk. Note that
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Figure 6.8: Illustration of Lemma 44.

zjcj and zkck are disjoint since zjcj ∈ Cj and zkck ∈ Ck and these cores do not intersect

(cf Lemma 43). This implies that either yj or yk must be an endpoint of the respective

segment.

Assume without loss of generality that yj is an endpoint of zjcj . By Lemma 43, ∥cj −

zk∥, ∥ck−zj∥ ⩾ 3. Let y′k be the endpoint of czzk at distance 3 from yj (y′k = zk if yj = cj and

y′k = ck otherwise). Since zk ∈ Ck, ∥yk−y′k∥ ⩽ 1, Then ∥yj−yk∥ ⩾ ∥yj−y′k∥−∥y′k−yk∥ ⩾

3− 1 = 2.

Lemma 45. For any j ̸= k, Rj and Rk do not collide during the interval T .

Proof. In view of the above discussion, we assume j, k ̸= i. The claim is equivalent to

showing that ∥ρj(πi(t)) − ρk(πi(t))∥ ⩾ 2 for every t ∈ T . Let p = πi(t). There are two

cases:

Case 1: ρj(p) = zj or ρk(p) = zk. Without loss of generality, assume that ρj(p) = zj .

By construction, ρk(p) ∈ Ck, therefore by Lemma 43(iii), ∥ρj(p)−ρk(p)∥ = ∥zj−ρk(p)∥ ⩾ 2.

Case 2: ρj(p) ̸= zj and ρk(p) ̸= zk. Recall D+
p is the disc of radius 2 centered at p,

and xj,1, xj,2 are the intersection points of the core of Aj and ∂D+
p .
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Figure 6.9: Illustration of Lemma 45, The angle α ⩾ π/3.

We consider the triangle formed by the retraction points ρk(p), ρj(p) and p. We show

that ∠ρk(p)pρj(p) ⩾ π/3. We will first define a point fj(p) based on the current retraction

type of Rj .

If the retraction of Rj is type sector, then zj lies within the sector S(p), let fj(p) = zj .

Otherwise, the retraction is of type intersection and without loss of generality we assume

ρj(p) is xj,1(p). In this case, consider the segments pxj,1(p) and zjcj . These two segments

must intersect, as cj ∈ S(p) and zj ̸∈ S(p). We let fj(p) be the intersection point of

segments. Note that in either case, fj(p) lies on segment pρj(p). We analogously define

fk(p). See Figure 6.9 for an example where fj(p) = zj and fj(p) = zk.

By definition, fj(p) ∈ zjcj and fk(p) ∈ zkck and Lemma 44 implies that ∥fj(p) −

fk(p)∥ ⩾ 2. Additionally, fj(p) ∈ D+
p , so ∥p− fj(p)∥ ⩽ 2 (similarly ∥p− fk(p)∥ ⩽ 2).

Let α be the angle ∠fk(p)pfj(p). Since ∥p − fj(p)∥, ∥p − fk(p)∥ ⩽ 2, and ∥fj(p) −

fk(p)∥ ⩾ 2, α ⩾ π/3. Now consider the triangle formed by the retraction points and p. By

construction, ∠fk(p)pfj(p) = ∠ρk(p)pρj(p). The distance between p and each retraction

point is 2: |pρj(p)| = |pρk(p)| = 2. This implies the other two angles in the triangle are equal

(∠pρk(p)ρj(p) = ∠pρj(p)ρk(p)). Since ∠ρk(p)pρj(p) = α ⩾ π/3, ρj(p)ρk(p) is the longest

edge of the triangle△pρj(p)ρk(p). The other two sides have length 2, so ∥ρj(p)−ρk(p)∥ ⩾ 2,
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as desired.

Since Lemma 45 holds for any interval Ti for i ∈ [n], we obtain the following corollary.

Corollary 46. The path ensemble Π returned by the algorithm is feasible.

6.4.2 Cost of path ensemble

In this section, we analyze the cost of the path ensemble Π the algorithm returns. Stage

(I) of the algorithm computes Γ, the shortest paths of all robots in F while ignoring other

robots. Clearly, we have ¢(Γ) ⩽ ¢∗(I). We will show that ¢(Π) = O(¢(Γ)).

Cost of Γ. Stage (II) of the algorithm deforms Γ to Γ. Path γi ̸= γi only if γi∩ int Cj ̸= ∅

for some j ̸= i, otherwise ℓ(γi) = ℓ(γi). Suppose γi ∩ Cj ̸= ∅ for some j ̸= i. Then in

γi, γi ∩ Cj is replaced with the shorter arc σ of ∂Cz, determined by the first and last

endpoints, say p and q, of γi∩∂Cj . Therefore, ℓ(σ) ⩽ 2 sin−1
(
∥p−q∥

2

)
⩽ 2ℓ(Cj ∩γi). Hence,

ℓ(γ̄i) ⩽ 2ℓ(γi) and we obtain the following bound on ¢(Γ̄).

Lemma 47. ¢(Γ̄) ⩽ 2¢(Γ).

We now focus on bounding the length of retraction paths of non-active robots. Let

πji = πj [i− 1, i], and let ∆ij = {t ∈ [i− 1, i] : ∥πi(t)− zj∥ ⩽ 2}, i.e., πji is the retraction of

Rj due to the motion of Ri and πi[∆ij ] is the part of πi that causes the retraction motion of

Rj . Refer to Figure 6.4. We show that ℓ(πji) = O(ℓ(πi[∆ij ])) (cf Corollary 52) and charge

πji to πi[∆ij ]. We bound ℓ(πji) by splitting into two scenarios. Roughly speaking, if πi

does not penetrate the buffer Bj too deeply, we use a Lipschitz condition on the retraction

map to show ℓ(πji) = O(ℓ(πi[∆ij ])). More concretely, for z ∈ s ∪ f , let Wz be the disk of

radius 3/2 centered at cj . We prove a Lipschitz condition when the active robot lies outside

Wj (cf Corollary 50). On the other hand, if πi travels into Wj then the Lipschitz condition

may not hold, but we argue that ℓ(πi[∆ij ]) = Ω(1) and that ℓ(πji) = O(1) (cf Lemma 51).

Finally, using a packing argument, we show that each “point” of πi is only charged O(1)

times, and thus ¢(Π) = O(¢(Γ̄)) = O(¢(Γ)).
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Retraction of Rj outside Wj. As in Section 6.4.1, we fix an interval [i−1, i] for some

i ∈ [n] \ {j}. Let ∆o
j = {t ∈ [i− 1, i] : ∥πi(t)− zj∥ ⩽ 2 and πi(t) ̸∈Wj}. That is, ∆o

j is the

interval(s) of time in which the path of robot Ri forces the retraction of robot Rj while the

center of Ri lies outside Wi. Let Φij be the restriction of path πi of robot Ri during the

interval ∆o
j , i.e. Φij(t) = πi(t) for t ∈ ∆o

j . Let Ψji : ∆o
j ⊂ ∆ij → Cj be the retraction of Rj

during ∆o
j , i.e., Ψji(t) = ρij(πi(t)) for t ∈ ∆o

j . We show that ℓ(Ψji) = O(ℓ(Φij)) by proving

a Lipschitz condition on ℓ(Ψji).

We will divide Φij into subpaths, referred to as pathlets, so that there is only one

type of retraction point associated with the subpath. We call a time instance t ∈ ∆o
j an

event if t is either an endpoint of a connected component of ∆o
j (i.e., ∥πi(t)− cj∥ = 3/2 or

∥πi(t)− zj∥ = 2) or zj ∈ ∂Sj(πi(t)), (i.e., the type of retraction point ρj(πi(t)) changes at

time t). Let t0 < t1 < · · · < tk be the event points. We divide Φij and Ψji into pathlets at

these events, i.e., Φij = φ1◦φ2◦· · ·◦φg and Ψji = ψ1◦ψ2◦· · ·◦ψg where φk = πi[tk−1, tk] and

ψk = ρj(φk) = πj [tk−1, tk]. We prove the Lipschitz condition for each pathlet. All points

on ρj(φk) have the same type of retraction by construction of Φji. We call φk a sector-type

(intersection-type) pathlet if all points have sector (resp. intersection) type retraction.

Lemma 48. For a sector-type pathlet φk of Φji, ℓ(ρj(φk)) = O(ℓ(φk)).

Proof. For each p ∈ φk, ρj(p) is type sector, i.e. ρj(p) lies on the ray −→pzj at distance 2 from

p. In this case, the retraction map ψk = ρj(φk) traces a portion of a Conchoid [SS83].

We parameterize points on φ := φk and ψ := ψk using polar coordinates, with zj as the

origin. Let φ(θ) = (r(θ), θ) be a point on φ, where θ is the orientation of the point with

respect to the x-axis (with zj as the origin). Then, ψ(θ) = ρj(φ(θ)) = (2 − r(θ) − θ). See

Figure 6.10. Note that ∥φ′(θ)∥2 = r2(θ) + (r′(θ))2 and ∥ψ′(θ)∥2 = (2 − r(θ))2 + (r′(θ))2.

Since φ lies outside Wj and zj ∈ Cj , we have r(θ) ∈ [1/2, 2]. Therefore, 2 − r(θ) ⩽ 3r(θ)

and ∥ψ′(θ)∥ ⩽ 3∥φ′(θ)∥. Hence,

ℓ(ψ) =

∫
∥ψ′(θ)∥dθ ⩽ 3

∫
∥φ′(θ)∥dθ = 3ℓ(φ).

Lemma 49. For an intersection-type pathlet φk of Φji, ℓ(ρj(φk)) = O(ℓ(φk)).
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Figure 6.10: Illustration of Lemma 48. The figure shows a sector-type retraction.
p(θ) = (r(θ),−θ) and ρj(p(θ)) = (2− r(θ), θ).
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Figure 6.11: Illustration of Lemma 49. The figure shows an intersection-type re-
traction. The arc ψ on ∂Cj is the retraction path.
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Proof. Again, we prove the lemma by showing that a Lipschitz condition holds. Let φ := φk.

We parameterize both φ and ρj(φ) in polar coordinates, but with cj as the origin. Let

I = [a, b] be the interval over which φ is defined. Let φ(t) = (r(t), θ(t)) for t ∈ I. We

assume that φ is sufficiently small (otherwise we divide it into smaller pathlets and argue

for each pathlet) so that φ both r- and θ-monotone.

Set ∆φr = |r(b)− r(a)| and ∆φθ = |θ(b)− θ(a)|. Since φ lies outside Wj , r(t) ⩾ 3/2

for all t ∈ [a, b]. W.l.o.g., assume both r(t) and θ(t) are monotonically non-decreasing. We

obtain:

ℓ(φ) =

∫
I

√
r′(t)2 + r(t)θ′(t))2 ⩾

1√
2

∫
I

(
r′(t) +

3

2
θ′(t)

)
dt ⩾

1√
2

(∆φr + ∆φθ).

The retraction path ψ(t) varies monotonically on the unit circle ∂Cz. Thus, we param-

eterize ψ by its direction on ∂Cz, and ℓ(ψ) =
∣∣∫

I ψ
′(t) dt

∣∣ = |ψ(b)− ψ(a)|. To bound ℓ(ψ),

consider the following path from φ(a) to φ(b), see Figure 6.11. Let φ1 be the arc from

φ(a) to point ξ = (r(a), θ(b)) along the circle of radius r(a) centered at cz. Let φ2 be the

segment ξ to φ(b), this is a radial segment on line ξcz. Then, ℓ(ψ) ⩽ ℓ(ρj(φ1)) + ℓ(ρj(φ2)).

Since the radius along φ1 does not change, ℓ(ρj(φ2)) = |θ(b)− θ(a)| = ∆φθ.

For a point p = (r, θ), the orientation of ρj(p) is θ+cos−1
(
3−r2

2r

)
(by the law of cosines,

considering triangle △ρj(p)czp). Since θ does not change along φ2 and r(a), r(b) ∈ [3/2, 3],

we obtain ℓ(ρj(φ2)) = O(∆φr).

Putting everything together, ℓ(ρj(ψ)) = ℓ(ψ) = O(∆φr + ∆φθ) = O(ℓ(φ)).

Applying Lemmas 48 and 49 to all pathlets of Φij , we obtain the following:

Corollary 50. Let 1 ⩽ i ̸= j ⩽ n. Let Φij be the portion of πi during the interval

t ∈ [i− 1, i] such that ∥πi(t)− zj∥ ⩽ 2 and ∥πi(t)− cj∥ ⩾ 3/2, and let Ψji be the retraction

of Rj corresponding to Φij. Then ℓ(Ψji) = O(ℓ(Φij)).

Retraction path inside Wj. Recall that πi does not intersect (int Cj), but possibly

travels along ∂Cj . For a point p ∈ πi, if p ∈ ∂Cj , then ρj(p) is the point on ∂Cj diametrically

opposite p. Thus, ℓ(πi ∩ Cj) = ℓ(ρj(πi ∩ Cj)). In the following, we consider only πi \ ∂Cj .
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Lemma 51. For a pathlet φ (i.e., a connected subpath) of path πi such that φ ⊂ Wj \ Cj

for some j ̸= i, ℓ(ρj(φ)) = O(ℓ(πi ∩Aj)).

Proof. Since φ ⊂ Wj , ℓ(πi ∩ Aj) = Ω(1), therefore we only need to argue that ℓ(ρj(φ))

is constant. We will bound the length of both types of retraction maps (intersection and

sector) separately for φ, and use the sum as an upper bound on the length of the actual

retraction map.

Sector retraction. We consider the sector type retraction map. Let zj be the origin and

consider polar coordinates. Let ρsj(p) be the sector type retraction point with respect to p.

Since φ is a subpath of a shortest path in F, we can divide πi∩Wj into at most two pathlets

such that each piece is r, θ-monotone. Abusing notation, let φ be one of these pieces with

endpoints (r0, θ0) and (r1, θ1).

We write the retraction point parameterized by θ as (ρ(θ), θ). Using the fact that

ρ(θ) ⩽ 2 for all θ, the arc length of the retraction map is

ℓ(ρsj(φ)) =

∫ θ1

θ0

√
ρ(θ)2 +

(
dρ

dθ

)2

dθ ⩽
∫ θ1

θ0

ρ(θ)dθ +

∫ θ1

θ0

dρ(θ)

dθ
dθ

⩽ ρ(θ1 − θ0) + (ρ(θ1)− ρ(θ0)) ⩽ 2(θ1 − θ0) + 2.

Therefore, ℓ(ρsj(φ)) = O(1), for each φ.

Intersection retraction. We consider the retraction map defined by an intersection point

of ∂D+
p and ∂Cj . We now let cj be the origin and consider polar coordinates. Let ρij(p)

be the intersection type retraction point closest to zj with respect to p. Again, we divide

πi ∩Wj into at most two pathlets such that each of them is r, θ-monotone (one pathlet is

the portion of πi coming closer to the core Cj , and the other moves away from Cj). Let φ

be one of the pathlets with endpoints (r0, θ0) and (r1, θ1). The retraction point lies on the

unit circle ∂Cj , and as θ changes monotonically from θ0 to θ1, the retraction point ρij(θ)

moves monotonically on ∂Cj . Therefore, ℓ(ρij(φ)) = O(1).

Finally, ℓ(ρj(φ)) ⩽ ℓ(ρsj(φ)) + ℓ(ρij(φ)) = O(1).

Applying Lemma 51 to each of (at most two) connected components of (πi ∩Wj) \ Cj

and combining with Corollary 50, we obtain the following:
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Corollary 52. For 1 ⩽ i ̸= j ⩽ n, let ∆ij be defined as ∆ij = {t ∈ [i−1, i] : ∥πi− zj∥ ⩽ 2}

and let πji = πj [i− 1, i]. Then ℓ(πji) = O(ℓ(πi[∆ij ])).

Cost of Path Ensemble. We are now ready to bound the cost of the path ensemble

Π returned by the algorithm.

Lemma 53. For an instance I of optimal MRMP with revolving areas, let Π(I) be the path

ensemble returned by the algorithm. Then ¢(Π(I)) = O(1) · ¢∗(I).

Proof. Set Π = Π(I). We already argued that ¢(Γ) = O(¢∗(I)), where Γ is the path

ensemble computed in stage II of the algorithm. We thus need to prove ¢(Π) = O(¢(Γ)).

For a pair 1 ⩽ i, j ⩽ n, let πij = πi[j − 1, j]. By construction, ℓ(πii) = ℓ(γi). For a fixed i,

ℓ(πi) =
n∑

j=1

ℓ(πij) = ℓ(γi) +
∑
j ̸=i

ℓ(πij) = ℓ(γi) +
∑
j ̸=i

O(ℓ(πj [∆ji])).

Where the last equality follows from Corollary 52. Hence,

¢(Π) =

n∑
j=1

ℓ(πi) =

n∑
i=1

ℓ(γi) +

n∑
i=1

∑
j ̸=i

O(ℓ(πj [∆ji])) = ¢(Γ) +

n∑
i=1

∑
j ̸=i

O(ℓ(πj [∆ji])).

By definition of ∆ji, ∆ji ⊆ [j − 1, j] and πj [∆ji] ⊆ Bzi . Fix a point x ∈ R2. Consider

a disk D of radius 4 centered at x. If x ∈ Bz for some z ∈ s ∪ f , then Cz ⊆ D. Since

cores are pairwise-disjoint (cf Lemma 43(i)), D can contain at most 16 core disks and any

t ∈ [j − 1, j] lies in O(1) ∆ji’s. Therefore,

∑
i ̸=j

O(ℓ(πj [∆ji])) = O(ℓ(πj [j − 1, j])) = O(ℓ(γj)).

Finally, we obtain ¢(Π) = ¢(Γ) +
∑n

j=1O(¢(γj)) = O(¢(Γ)).

6.4.3 Running-time Analysis

The algorithm has three stages. In the first stage, we compute the free space F with

respect to one robot, which takes O(m logm) time, by computing the Voronoi of W, see

the algorithm of [Yap87], and see [BHKP12] for details. In the same stage, we compute

143



a set of shortest paths Γ for n discs, using the algorithm of [CW15], taking O(mn logm)

time in total over all robots. Each path γi ∈ Γ has complexity O(m). In stage two of the

algorithm, γi is modified to avoid the core of any occupied revolving area, increasing the

complexity of each curve to O(m+n). In stage three of the algorithm, the deformed paths

γ̄i are again edited to include retraction maps in which non-active robots may move within

their revolving area. It suffices to bound the number of breakpoints in the final path πj

that correspond to retracted maps. Let ξ be such a breakpoint on πj , which is ρij(γ̄i(t)) for

some t ∈ [i− 1, i]. There are two cases: (i) the preimage of ξ on γ̄i is a breakpoint of γ̄i, or

(ii) ∥ξ − zj∥ = 2 (i.e., γ̄i forces Rj to move within the revolving area). We charge both of

these breakpoints to γ̄i. Since the preimage of ξ lies in the buffer disk of Rj , using a packing

argument similar to the proof of Lemma 53, we can show that O(m + n) breakpoints are

charged to γ̄i.

Theorem 54. Let I = (W, s, f ,A) be an instance of optimal MRMP with revolving areas,

and let m be the complexity of W. If a feasible motion plan of I exists then a path ensemble

Π of cost O(¢∗(I)) can be computed in O(n(m+ n) logm) time.

We conclude this section by noting that since the ordering σ (of active robots) is arbi-

trary, the algorithm can be extended to an online setting where Ri and (si, fi) are given in

an online manner (as long as each si, fi given satisfies the revolving area property). Our

algorithm is O(1)-competitive for this setting, i.e., the cost is O(1) times the optimal cost

of the offline problem.

6.5 Computing a Good Ordering

In the previous section, we proved that the total cost of the path ensemble Π is O(1) · ¢∗(I)

irrespective of the order in which the robots moved. However, the order in which robots

move has a significant impact on how the paths are edited in Stages (II) and (III). The

increase in cost because of editing may vary between 0 and O(nm) depending on the

ordering (see [SH18] for a related argument). For a path ensemble Π computed by our
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algorithm, let ∆¢(Π) = ¢(Π)− ¢(Γ), which we refer to as the marginal cost of Π, where Γ

is the path ensemble computed in Stage (I). For a permutation σ of [n], let Πσ be the path

ensemble computed by the algorithm if robots were moved in the order determined by σ.

Set ∆¢(σ) := ∆¢(Πσ). Finally, set ∆¢∗(I) = minσ ∆¢(σ), where the minimum is taken over

all permutations of [n].

Adapting the construction in [SH18], we can show that the problem of determining

whether ∆¢∗(I) ⩽ L, for some L ⩾ 0, is NP-hard. We present an approximation algorithm

for computing a good ordering σ such that ∆¢(σ) = O(log n log logn)∆¢∗(I).

Our main observation is that ∆¢(σ), the marginal cost of an ordering σ, is decomposable,

in the sense made precise below. For a pair i ̸= j, we define wij ⩾ 0 to be the contribution

of the pair Ri, Rj to the marginal cost of an ordering σ, assuming i ≺σ j, i.e., how much

the shortest path γi has to be modified because of γj and vice-versa assuming Ri is active

before Rj . Note that if i ≺σ j then Ri (resp. Rj) is at fi (resp sj) when Rj (resp Ri) is

active. There are two components of wσ
ij :

1. Ri (resp. Rj) enters the core Csj (resp. Cfi) in γi (resp. γj),

2. retraction motion of Rj (resp. Ri) when Ri (resp. Rj) enters the buffer disc Bsj

(resp. Bfi).

Let ϕij (resp. ϕji) be the arc of ∆Csj (resp. ∆Cfi) with which γi ∩Csj (resp. γj ∩Cfi)

is replaced with. Then αij = ℓ(ϕij + ℓ(ϕji) − ℓ(γi ∩ Csj ) − ℓ(γj ∩ Cfi) is the contribution

of (i) to wij . For (ii), we define ρ<ij (resp. ρ>ij) be the retraction map of Rj because of Ri

when Ri is active before (resp. after) Rj . Then wij = αij + ℓ(ρ<ij(γ̄i)) + ℓ(ρ>ij(γ̄j)). From

the previous two components, we have ∆¢(σ) =
∑

i,j:i≺σj
wij .

We now reduce the problem of computing an optimal ordering to instance of weighted

feedback-arc-set (FAS) problem. Given a directed graph with weights on the edges, G =

(V,E), w : E → R⩾0, a feedback arc set F is a subset of edges of G whose removal makes

G a directed acyclic graph. The weight of F,w(F ), is
∑

e∈F w(e). The FAS problem asks

to compute an FAS of the smallest weight. It is known to be NP-complete.
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Given an MRMP-RA instance I = (W, s, f ,A), we first compute Γ as in stage (I) of

the algorithm. Next, for each pair i, j ∈ [n], we construct a directed graph as follows.

G = (V,E) is a complete directed graph with V = [n], one representing each robot, E =

{i→ j : 1 ⩽ i ̸= j ⩽ n}, w(i→ j) = wij . It can be shown that each feedback arc set F of

G induces an ordering σF on [n], and vice versa. Furthermore, w(F ) = ∆¢(σF ). Even et

al. [ENSS98] have described a polynomial-time O(log n log log n)-approximation algorithm

for the FAS problem. By applying their algorithm to G, we obtain the following.

Theorem 55. Let I = (W, s, f ,A) be an instance of optimal MMP with revolving areas,

and let m be the complexity of W. Let the optimal order of execution of paths be σ∗. An

ordering σ with ∆¢(σ) = O(log n log log n)∆¢(σ∗) can be computed in polynomial time in n

and m.

6.6 Makespan

The sum of lengths is not the right objective function for time-sensitive applications, as

it does not distinguish between whether the robots move simultaneously or sequentially.

In this section, we focus on the question of scheduling two unit square robots: given two

paths, we want to compute a parameterization such that the time the second robot arrives

at its final position is minimized, or the min-makespan of the given Π. In this setting, we

constrain each robot to move with speed s ∈ [0, 1]. For simplicity we do not impose any

constraints on the acceleration of a robot, so the speed can change instantaneously. We

first discuss known result for the scheduling problem.

Related Work. In the discrete setting, the scheduling problem, in which you are given

a set of paths and asked to find a feasible schedule, is called the routing problem. More

formally, a routing problem Q = (G,Π, P ) on graph G of n vertices consists of a set of

N packets Π that are to be routed on their given paths P , and the goal is to determine a

feasible schedule for the packets, minimizing the total amount of time steps. At each time

step i, the packets are located at a vertex, and in the next time step can move to an open
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(unoccupied) neighboring vertex. For a given set of paths, we also define the edge-congestion

as the maximum number of packets that use an edge in G, and the node-congestion as the

maximum number of packets that use a node in G, and the dilation as the maximum

path length in P . Let C be the congestion and D be the dilation for a given instance.

Additionally, for each edge, there is allowed a queue, where packets can wait to move from

one vertex to the next. In a seminal result, it is proved that there exists a schedule using

O(C + D) time steps and constant size queues at every edge, through random injection

times of packets [LMR94]. In another result, there is a randomized bufferless (queueless)

routing algorithm with routing time O((C + D) log3(n + N)). The main component is

constructing a bufferless algorithm by emulating a buffered algorithm. While a packet is

being “buffered” it circulates in a local area of the graph. Typically in routing problems,

the input paths are considered to be fixed, but in order to circumvent lower bounds and

eliminate queues, in this work the input paths are edited [BMIM04]. There are multiple

challenges extending these results to our setting: a queue in our setting means that multiple

robots may be colliding, and the bufferless algorithm relies on packets being able to “swap”

places, which in our setting corresponds to two robots moving along colliding paths.

For results in the continuous setting, if there are no obstacles and every robot is a

constant distance away from each other, the work shows that you can fit a mesh grid over

the robots and work in the discrete setting of a grid graph. This work relies on the fact

that all grid spaces are free, which is not the case once obstacles are introduced citede-

maine2019coordinated.

Continuous Setting. More formally, suppose we are given Π: two continuous polyg-

onal paths πa, πb : I → W from s = {sa, sb} to f = {fa, fb}. Let LA = ℓπA denote the L2

length of path πA (similarly define LB). Since the paths are polygonal, we can write them

as a sequence of straight line edges, let πA = (e1, e2, . . . , ew) and πB = (g1, g2, . . . , gz). We

will work in the free configuration space diagram C, which is the parameter space in which

the x-coordinate corresponds to the point robot RA is at along πA (resp. the y-coordinate

corresponds to the point robot RB is at along πB). We call a point (x, y) ∈ C a configura-
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tion. To construct C, construct a LA × LB rectangle. The row (resp. column) boundaries

of the diagram are at values y (resp. x) such that πA(y) (resp. πB(x)) is a vertex of the

path. Each row corresponds to an edge ei of path πA with length equal to ℓ(ei). Let the

L∞ distance be denoted by ∥·∥∞. Note that two rectangular robots do not collide as long

as their L∞ distance is at least 2.

C = {(p, q) | (p, q) ∈ [0, LA]× ∈ [0, LB] s.t. ∥πA(x)− πB(y)∥∞ ⩾ 2}.

Let the x-coordinate (resp. y-coordinate) of a point be denoted px (resp. py).

Lemma 56. A directed segment pq in C corresponds to a feasible motion plan H from

configuration p to q where makespan(H) = ∥p− q∥∞

Proof. Without loss of generality, we assume px < qx and y(p) < y(q). Let δx = qx − px

and δy = qy − py, and assume δy > δx. Let pA be the point πA(py), qA be the point πA(qy)

and similarly let pB be the point πB(px) and qB be the point πB(qx). We claim there is a

feasible plan from (pA, pB) to (qA, qB) with makespan equal to ∥p − q∥∞ such that A and

B move at constant speeds of at most 1 along their respective paths PA, PB. We define the

plan as follows. robot A moves at unit speed for ∥p− q∥∞ = δy time (moving δy distance),

and robot B moves δx distance at δx/δy speed for δy time. After δy time, A and B lies at

point p and B lies at point q along their paths. Since pq is a segment in C, A and B this

motion is feasible, and has makespan δy = ∥p− q∥∞.

To find the optimal scheduling of Π, we first construct the configuration space in time

O(wz log(wz)) using the algorithm of Alt and Godau [AG95]. We next compute a minimum

cost L∞ path in C in O(t log t) time [SR94] where t is the number of pairs of edges ei, gj ∈

πA, πB such that the segments are within distance 2. In the worst case, t = wz. Each

new edge of the path defines a change in speed for the robots, and Lemma 56 gives us the

parameterization of the schedule. We obtain the following theorem.

Theorem 57. Given two paths πA, πB we can find the optimal min-makespan scheduling

of the paths, or report that no feasible schedule exists in O(wz logwz) time.
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6.7 Conclusion

In this work, we presented the first constant-factor approximation algorithm for comput-

ing a feasible weakly-monotone motion plan to minimize the sum of distances traveled.

Additionally, the algorithm can be extended to an online setting where the polygonal envi-

ronment is fixed, but the initial and final positions of the robots are specified in an online

manner. On the hardness side, we prove that minimizing the total traveled distance, even

with the restriction of a weakly-monotone motion plan, is APX-hard. For the makespan

objective, we showed how to schedule movement along given paths for two robots to achieve

the optimal makespan among all feasible schedules restricted to the given paths.

There are several interesting open questions. The first is whether the constant fac-

tor approximation presented in this work can be improved; another is whether there are

instances in which the separation bounds for revolving areas are not required or can be

tightened. There are other objectives to consider; instead of the sum of distances objective,

one can consider the makespan (latest arrival time), where little is known even for a small

number of discs in the presence of obstacles.
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Chapter 7

Conclusion

We conclude by giving a high-level overview of our problems and results and then discuss

open problems for future research. At a high level, this research has focused on three

distinct geometric optimization problems, employing various strategies, assumptions, and

algorithms to address the challenges they present. Each problem encompasses a high-

dimensional domain: in the clustering problem, we are in a metric space with unbounded

doubling dimension, In the redistricting problem, we are searching over the space of all

balanced, compact, k-partitions, and in the motion planning problem, we have 2k degrees

of freedom. By giving novel algorithms to solve problems in each domain, we have con-

tributed to advancing efficient, fair, and high-quality solutions in the realm of geometric

optimization.

For the trajectory clustering problem, we gave approximation algorithms for k-median

clustering under the discrete Fréchet and Hausdorff distance. It would be interesting if we

could extend our results to a non-constant number of cluster centers k or to other distance

measures such as the continuous Fréchet distance or dynamic time warping (though this is

not a metric and presents additional challenges). It would also be interesting to provide

other characterizations on the metric space for the cluster centers (as alternatives to the

notion of covering discussed in this) that can fit into the same efficient clustering algorithm

sampling paradigm.

For the redistricting problem, we considered the new notion of local fairness. It would

be interesting if we could give explicit approximation algorithms for finding locally fair

partitions in two-dimensions or the planar graph setting. It would also be interesting to

extend our work to a stochastic setting, where each person has a probabilistic score of

voting for a certain outcome, and we need high confidence in the non-existence of a c-
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deviating group. For computing compact redistrictring plans, it would be interesting if we

further explored the potential of the proposed cutting method, including how to incorporate

additional constraints required for real redistricting applications.

Finally, for the motion planning problem, we presented algorithms for computing an

approximately minimum distance plan when the initial and final configurations of robots

satisfy some separation properties. It would be interesting to further characterize solutions

when a small number of robots fail to exhibit the required separation. For the makespan

objective, we showed that we could optimally schedule given paths to minimize makespan for

two robots and compute an approximate schedule for three robots. It would be interesting

to extend this approximation to k robots or to show how to compute paths that achieve

the optimal makespan.

Overall, we propose that in the face of immense amounts of data and interesting prob-

lems, there is value in finding provable good solutions, and analyzing the worst-case out-

comes of algorithmic schemes can alleviate potential unexpected bad outcomes. Moreover,

as the use of algorithms to automate decision-making in many impactful domains increases,

these problems and results become more vital.
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