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ABSTRACT. We obtain upper bounds for the second Betti numbers of compact rank 2
locally symmetric spaces, namely I'\SL(3)/SO(3), T\Sp(4) /U (2), and I'\G5(2)/SO(4),
where I' is a cocompact, torsion free lattice. We use representation theory and directly
apply the techniques of Di Cerbo and Stern in [5]. In the case of T'\Sp(4)/U(2), we
also use unitary holonomy, the complex structure operator that arises from it and the
(p,q) decomposition of exterior powers to obtain stronger bounds. In particular, the
bounds we provide on the Betti numbers of I'\Sp(4)/U(2) and I'\Gy(2)/SO(4) are
exponential bounds involving injectivity radius. However, the bound we obtained for
I'\SL(3)/S0O(3) is a weaker polynomial one.
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1. INTRODUCTION

Some of the facts discussed in this introduction are adapted from the introduction
and appendix A of [4].

There has been great interest in studying bounds on Betti numbers of compact lo-
cally symmetric spaces, especially by number theorists and geometric group theorists.
For the geometric group theorists, this is in large part due to the Singer conjecture,
which predicts that on a closed, aspherical (higher homotopy groups m, (M) vanish
when n > 1) n-dimensional manifold, the k" L? Betti number vanishes if k # 2.

In 1967, Matsushima [14]| proved the following formula for the Betti numbers of com-
pact locally symmetric Riemannian manifolds:

Let G be a connected semi-simple Lie group, K a maximal compact subgroup of G,
and ' a discrete torsion free cocompact subgroup of G. Let g and £ denote the Lie
algebras of G and K respectively. Write the Cartan decomposition of g as g = €& p.
Let M := I'\G/K denote the corresponding compact locally symmetric space. Let T
be an irreducible unitary representation of G, and Tk be the restriction of 7' to K. Let
N(T',T) denote the multiplicity of T in L*(T'\G). Suppose that under the adjoint action
of K, Tk decomposes into irreducible representations of K as follows: Tx = 71 & ... B T,.
Let M (Tx:7;) denote the multiplicity of the irreducible representation 7; of K in A" p*.
Let b*(M) denote the k**-Betti number of M. Then the following formula holds:

bE(M) = S N TS M(Tiei 7).
T: T has vanishing Casimir i=1

The Selberg trace formula gives a way to evaluate N(I',T") but the results can be
difficult to interpret. DeGeorge and Wallach |7] provided a method which gives coarser
bounds on the multiplicities that are easier to interpret. There have also been several
published results on bounds on Betti numbers for complex hyperbolic manifolds. In
1989, Xue [16] used the trace formula and estimates on test functions that are supported
in an embedded ball in I'\SU(2,1)/U(2), which has complex dimension 2 to prove ef-
fective bounds on its first Betti number. Subsequently, these bounds were improved
on by Sarnak and Xue [15] and more recently by Marshall [13]|, who used a technique
from number theory, specifically the endoscopy classification of automorphic forms on
U(2,1).

In [5], Stern and Di Cerbo introduced a method for bounding Betti numbers on man-
ifolds without conjugate points and with a negative Ricci curvature upper bound. Like
the trace formula, their method gives bounds in terms of the volume of the largest em-
bedded geodesic ball. In their second paper [4], they applied these techniques to rank
one compact locally symmetric spaces, i.e. real, complex, quaternionic and octonionic
hyperbolic manifolds. In particular, on complex hyperbolic space, they used the com-
plex structure operator J arising from unitary holonomy to improve the bound on the
first Betti number derived by Xue [16]. However, they were unable to obtain stronger
bounds than Marshall [13] in complex dimension 2.

In this thesis, I build upon the methods by Stern and Di Cerbo in [4] and [5], and use
techniques in representation theory to study the Betti numbers of compact rank two
locally symmetric spaces. The spaces explored are compact quotients of SL(3)/SO(3),
Sp(4)/U(2), and Gaa)/SO(4). The dimensions of these spaces are 5, 6, and 8 re-
spectively. As a consequence of Kazhdan’s Property (T), the first cohomology of any



4 NATHANAEL ONG

irreducible rank two locally symmetric space vanishes, so we focus our computations
on second Betti numbers.
Before we summarize our results, we introduce a definition:

Definition 1.1. Let M be a Riemannian manifold. Define the vector space of L*-
harmonic k-forms on M by the following:

k
HY (M) = {w € F(/\TM)]dw =d'w=0, and/ |w]dp < oo}
M

where dy is the Riemannian measure on M. Denote the k" Betti number to be
VH(M) = dimgH*(M).

Denote our compact locally symmetric space by M := I'\G/K, where I' is a cocompact
torsion free lattice, G a non-compact semisimple Lie group with Lie algebra g, and K
a maximal compact subgroup of GG, with Lie algebra €.

From Bekka [2] and 5.1.5 of Kra [6], due to Kazhdan Property (T), we have the follow-
ing fact:

Proposition 1.1. Let I'\G/K be a rank 2 compact locally symmetric space. Then
HYT,C) = HY(T'\G/K,C) = 0.

So there are no harmonic 1-forms on rank 2 locally symmetric spaces and we focus
our attention on harmonic 2-forms.

On our three symmetric spaces we have the Cartan decomposition g = p ¢ €. We
decompose A\ p* @r C (we denote this as A>p* for short) into irreducible representa-
tions of £ as follows:

. Azp* @ ASp*, g = sl(3)
A =N e AP e At e AT (), 9 =sp(4)
A @ N& NG & A7 9 =02
where the subscripts denote the dimension of each representation.

This gives us the corresponding decomposition of the space of harmonic 2-forms on
M:

HZ @ H2, on [\SL(3)/SO(3)
H = He s My @ Hy' @My, on T\Sp(4)/U(2)
Hiy @ H3 D H3 ® HE, on I\Ga)/SO4).

Throughout the paper, we use the following notation:

On T\SL(3)/SO(3), denote b2°"® .= dim#2, v2°" .= dimH2. On T\Sp(4)/U(2),
denote b2PY = dimHM2 g, by " .= dimHy ", 62 == dimH}". Finally, on T\ Gy /SO(4),
denote b5 = dimH3,, by? = dimH2, b5 := dimH3, and b77* := dimH2.
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Let a be a maximal abelian subalgebra of g. Fix a Weyl chamber (defined in sec-
tion 3) a* C a. Letting AT = expa™, we write the Cartan decomposition at the Lie
group level G = KATK.

Let f: AT — R be defined by f(t1,t2) = t; + t2. Define
Q. = {(t1,t2) € AT : f(t1,t2) <7},

Q:q = {(tl,tg) < A+ . f(tl,t2> = T}.
Then K, and K are sublevel sets and level sets of f respectively on G/K.

Let n = dim M, and let d(n) denote a strictly positive constant that depends on
the dimension of M. Let inj, be the injectivity radius at the point p € M and set
inj,, = inf,epr inj,.
We then have the following bounds on the second Betti numbers, for I' a cocompact
torsion free lattice.

Theorem 1. Let M =T\ SL(3)/SO(3), and R = H\ljg. Then there exists a strictly
positive constant d(5) > 0 such that:
,SL
p2SL®) _ 2d(5)
Vol(M) = R
Theorem 2. Let M =T\ Sp(4)/U(2), and R = 11\1}%4. Then there exists a positive

constant d(6) > 0 such that:

r bg,Sp(4) R
< 4d(6)e”
vorran = 40
by o 2R
g < d(6)e”
Voran = A0e
b2,Sz}(4)
3P3 <d 6 —QR‘
\Varan = 40
Theorem 3. Let M =T'\Gy2/SO(4), R = 11\1}%4. Then there exists a strictly positive

constant d(8) such that:

[ bi5” _81d(8) _ymse
Vol(M) = 38
by - 85d(8)6_32R/81
Vol(M) — 16
by 2R
< d(8)e”
Vol(M) = (8)e
by
< 34d(8)e 117,
( Vol(M) — (8)e

Remark: Our methods did not yield estimates on the Betti number on H?(I'\Ga2)/SO(4))
and H3(T\SL(3)/SO(3)).
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2. CARTAN DECOMPOSITIONS

In this section, we discuss some preliminaries from Lie Theory required to understand
locally symmetric spaces, namely the Cartan decomposition. A full discussion of this
section can be found in Helgason [11].

2.1. Lie Algebras.
First we consider the Cartan decomposition at the Lie Algebra Level:

Definition 2.1. Let g be a Lie algebra over a field K and let + € g. The adjoint
endomorphism ad(x) of g is given by ad(x)(y) = [z,y] for all y € g. The Killing form
on g is given by

B(z,y) = trace(ad(x) o ad(y)).

Definition 2.2. Let g be a semisimple Lie algebra and let B( , ) be its Killing form.
An involution on g is a Lie algebra automorphism @ satisfying #> = 1. 6 is called a
Cartan involution on g if —B(0X,Y’) is a positive definite bilinear form for all X, Y € g.

An example in our case is the involution §(X) = —X* for X € sl(n).

Definition 2.3. The linear map 6 has two eigenvalues +1. Let £ and p denote the
eigenspaces corresponding to +1 and —1 respectively. Then g = € & p is called the
Cartan decomposition of g.

We have the following facts about the Cartan pair (¢, p) :
&6 CE [t p] Cp [pp] CE

The Killing form B is negative definite on p and positive definite on €.

2.2. Lie Groups.

Now, we consider the Cartan decomposition on the Lie Group level. The following
definition is taken from Fulton and Harris [8] section 21.1:

Definition 2.4. Let E be a Euclidean vector space with standard Euclidean inner
product (, ). A root system ¥ is a set of vectors R € E called roots satisfying the
following four properties:

) R is a finite set spanning E.

Ja€ R = —a€ R,but k-a ¢ Rif k is any real number other than +1.
) For a € R, the reflection W, in the hyperplane a maps R to itself.

) (8, @)
(a, @)
Definition 2.5. Let X be a root system and a; € X be the roots. Each connected
component of the complement of the set of hyperplanes a; is called a Weyl chamber.

(1
(2
3
(

4) For a, f € R, the real number 2 is an integer.
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FIGURE 1. Weyl Chambers for A, Root System
Image taken from: https://en.wikipedia.org/wiki/Weylgroup

Let G be a non-compact semisimple Lie group and g be its Lie algebra. Let 6 be
a Cartan involution on g and (& p) be the resulting Cartan pair. Let K be a maximal
compact subgroup of G with Lie algebra ¢.

Let a be a maximal abelian subalgebra of g contained in p, and let A = ¢*. Fix a
Weyl chamber at C a. Then writing At = ¢%", we have the following Cartan decom-
position at the Lie Group level:

G=KAK.

3. ON THE GEOMETRY OF I'\SL(3)/SO(3)

In this section, we study the geometry of compact quotients of SL(3)/SO(3). A key
tool in our computations is the Cartan decomposition at the Lie Group level. We also
make a quick comparison to hyperbolic 2-space, SL(2)/SO(2).

3.1. Metric Computation.

Consider the Cartan decomposition for G = SL(3) with K = SO(3). By Helgason
A
[1].], if we let AT = { Ao CAL > Ay > )\3, /\1)\2)\3 =1, with A\ > Ay > ]_},
A3
then G = KATK.

Now, choose the following basis for £ = so(3), the lie algebra of 3 x 3 skew sym-
metric matrices and a, the Cartan subalgebra of diagonal traceless matrices:

0 1 0 0 0 1 0O 0 O
{ylay2ay3}:{ -1 00 ’ 0 00 ) 0 0 1 }a
0 0 0 -1 0 0 0 -1 0



8 NATHANAEL ONG

1
{A1, A} =A{ -1 — 1 }.

Denote the dual coframe of {yi,ys,y3, A1, Ao} to be {w! w? w3 din\;,dIn\y}. We
want to express the Riemannian metric g on M = SL(3)/SO(3) in this coframe.

Recall that the Riemmanian metric g at p € M is a mapping g : T,M x T,M — R
that is symmetric, bilinear and positive definite. Let {X;} C X(M) be a local frame on
M, where X(M) denotes the vector space of smooth vector fields on M. In our case,
the frame we picked are the left invariant vector fields {yi, y2, y3, A1, Ao }. Let {w'} C
[(T*M) be the dual coframe to {X;}, in our case {wy, wa,ws, dIn A, dIn A\y}. With our
frame and dual coframe, denote g;; := ¢(X;, X;). But g(X;, X;) = gij(w' @ w’)(X;, X;).
So we can write g as g = g;jw'w’.

Proposition 3.1. The metric on SL(3)/SO(3) is:
1 (=)

1 - Aia2 1 - A2\

N 1\2 )\2 27 .2\2 )\2 27 .3\2
4 4
)\—%d)\f—l—)\—%d/\g.

Proof. For any h € SL(3), we have a map ¢ : SL(3) — SL(3)/SO(3) given by
h % hht. This induces the identification:

SL(3)/SO(3) — {positive definite, symmetric 3 x 3 matrices with determinant 1}.

Let p e M = SL(3)/SO(3) and let X, Y be left invariant vector fields on M coming
from p. We have the Riemannian metric g(X,Y), = Tr(p~'Xp~'Y") on SL(3)/SO(3).

Take the following curve in the product space SO(3) x A:

v(t) = (ke a1e™), X € 50(3), a € a, (ki,a1) € SO(3) x A,
and consider the map f : SO(3) x A — SL(3)/SO(3) given by f(ki,a1) = kia?k*.
First set a = 0. Then define ys50(3)(t) := (k1e'*, a1). We get

) d _ _
dfp(Yso@m) = E|t=0(/f1€tX)(a§)(k1€tX) b=k [X, aflk

The pullback metric is:

9(dfy(50)), dfp(Ys0)) 5wy = 9(ka[X, allky ' ki [X, adlhT ) 20 =

Tr((kratky ) (k[ X, @il ) (Rrathy ) (ki (X aflk ) = Te((ay [ X, af])) (+)
Let
A1

a; — )\2
A3
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A computation yields:

0 A2-2 0 0 0 AZ-N
il = A=A 0 0], [yai]l=| 0 0 0
0 0 0 N-X 0 0
0 0 0

[y37 (I%] =10 0 )\g - )\%
0 A2-X 0

Taking X = 1, ye, y3, and substituting this into (x) yields the desired result.

Next, setting X = 0, consider v4(t) = (ky, aze'®).
Then

: d - -
dfy(a) = Zli=o(k1)ai (k)™ = 2krajaky™,

g(2kia2ak;?, lea%akzl—l)klagk;l = 4Tr(a?).

1
Set a = A, Ay successively, and note that [d(In \)]? = ﬁd)\Q.

Finally, a computation yields that g(df,(Yso()), dfp(74)) = 0. O

3.2. Lie Derivatives.

We convert our basis into an orthonormal one:

Take

Ao A2\, A3
1= 5 WL L= o Y2, L3 = 5 Y3
22 21 A1

A A
atl = ?18)\17(22 = ?28)\27

giving us an orthonormal frame {Vi,...,V5} = {E}, Ey, E5,dt;, dty} and corresponding
orthonormal coframe {@', &2, @3, dty, dt>}.

Given a 1-form ¢, let e(¢) denote exterior multiplication on the left by ¢. Let e*(¢)
denote the adjoint operator. With this frame, the Lie derivative along J;, can be written
as

La, = Va, + e(@)e"(Vy,dt;).
Define the commutation coefficient ¢; as follows: [V;,V;] = ¢};Vi. Since we have an
1 ; ,
orthonormal frame, Vy,&* = —T% o™, with '}, = 5(653 — ¢}, — C3)- So this yields the
following result:

Proposition 3.2. The Lie derivatives along 0;, and 0;, are given by:

A FAN ey ML
Lo, = Vo, + - )\%)e(w e (o) + 21 1e(w e (&%)
214
1
Adg B 1oy (o9,

2(A1A3 — 1)
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A2 4 \2 A2\ +1
L@t2 :V6t2+2 11T A 1Ay + 6(@2)6*(@2)

RSO R T vay

MA+T g s
—i—me(w Yer (7).

3.3. Comparison with Hyperbolic 2-Space.

For the reader’s reference, we make a comparison with a similar (better known) re-
sult for hyperbolic 2-space:

Choose the following basis for so(2): y; = (O 1), basis for a: (é O) and

-1 0 —1
A= 1 7.
O N

The metric is

1 4
9= ()\—% AP (w')? + )\—%d)\%
So the Lie derivative is
|
Lo, = Vo, + L c(@h)er (@)

Take Ay = e%, this yields

Ly

t

where © = (M — =) w.

4. REPRESENTATION THEORY OF s0(3)

In this section, we provide a short discussion of Casimirs and show that the curvature
operator is a £-Casimir. With this knowledge, we decompose the second exterior power
of p* into irreducibles under the adjoint action of so(3).

4.1. Casimirs.
Definition 4.1. Let g be a semisimple Lie Algebra and let B be the Killing form

on g. Let {X;}" , be any basis for g, and let {X’} be the dual basis with respect to B.
Then the Casimir element € is defined by

0= zn: X, X?
=1
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Definition 4.2. Let p be a representation g — End(V) for some vector space V. The
Casimir invariant of p is defined by:

Note p(€2) is independent of basis.
For a full discussion of Casimirs, see Hall [9].

We now turn our attention to Casimirs on £, where G/ K is a locally symmetric space,
with € the Lie Algebra of K.

Recall the following Bochner-Weitzenbock formula:

Let M be a Riemannian manifold. Let {e;} be an orthonormal frame on TM, and
{w'} be the coframe dual to {e;}. Then

A =V*V — e(w)e* (W) R(e;, ex)

Definition 4.3. R := —e(w’)e*(w”)R(e;, ex) is called the curvature operator.
Proposition 4.1. For M = G/K, R is a ¢-Casimir.
Proof. We use the following result from Theorem 4.2 of Helgason [11]:

Lemma 4.1. On a Riemannian symmetric space, at the origin, the Riemannian cur-
vature tensor is given by:

for any X,Y, Z € p.

Proof of Proposition:
Let Xi; Xj, Xk, Y;l S

X0, X,) = (X0 X1, Y)Y = —Yatr[X,, X,)Ye = —YatrX,[X, Y] = (X, ad(Y,)X))Y,
(e (W ){[[X2 X1, Xl X, e(wr)e* ()
(e (6 ) [Yar X, X0) (Yo, Xil, X, )e(w?)e" ()
= e(ad (V) )e" (w Je(ad (Y )w?)e* (")

= Z ad(Yy)ad(Yy).
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4.2. Decomposition of /\2 p* into Irreducibles.

Choose the following orthonormal basis for p:

010\ /00 1\ /00 0\ /1 (!
{‘/17‘/27‘/37‘/;17‘/:’)}:{100 ; 0 00 5 0017 -1 s T = 1 }
000/ \1oo/ \o1o o] V3 9

Recall from section 2 that [€,p] C p. We can thus consider the adjoint action of € on p,
giving us the following proposition:

Proposition 4.2. Under A” of the adjoint action of so(3) on A*p ®g C, the fol-
lowing decomposition holds: A’p @r C = AJ@® A2, , where /\]2 is a j dimensional
50(3)-irreducible representation.

Proof. We have the following commutator relations on p:

[y1, Vil = 2Vi, [y1, Vo] = = Vi, [yr, Va] = Va, [yr, Va] = =2V, [0, V5] = 0,
[yz, Vl] = —Vj, [92, VQ] =Vi+ \/§V5, [y2,V5] =W, [927 ‘/4] = —Vs, [92, V5] = —\/§V27
[y, Vil = —Va, [ys, Va] = VA, [ys, Va] = V8V5 — Vi, [ys, Va] = V3, [ys, V5] = —V3V5.
Choose (y;) as a Cartan for s0(3). Over p ®g C, we then have
[y, Vi 4 Va] = =2i(Vi Vi), [y1, Va + iV3] = i(Va + iV3), [y, V5] = 0.

On /\2 p@rC, denote the eigenspace of y; with complex eigenvalue ci forc = -3, -2, -1,0,1,2,3
by X.. The y;-eigenspaces then are:

X3 = span{ (Vi — iVy) A (Vo +iV3)},
Xy = span{(V} —iVy) A Vs},
X = span{(Va + iVs) A Vi, (Vi — Vi) A (Vs — iVA)),

Xo = span{(Va +iV3) A (Vo — iV3), (Vi +iVia) A (Vi — Vi) },
X1 = span{(Va —iV3) A Vs, (Vi +iVi) A (Vo +iV3)},
X_o = span{ (Vi +iVy) A Vs},

X_3 = span{(V1 +iVy) A (Vo — iV3)}.

A lowering operator is an operator that lowers the eigenvalue of another operator. In
the case of s0(3), since [y1, yo — iys] = —i(y2 — iy3), y2 — iy3 lowers the y;-eigenvalue of
an eigenvector in p ®g C by 7, so yo — iy3 is a lowering operator.

Similarly, a raising operator is an operator that raises the eigenvalue of another op-
erator. Since [y1,ys + iys] = i(y2 + y3), Y2 + iys is a raising operator that raises the
y; —eigenvalue of an eigenvector in p @g C by 7.

Now, we pick a highest weight vector, (V; — iV;) A (Vo +iV3) € X3 and apply the
lowering operator ys — iy successively by its adjoint action, starting with ad(ys —
iys)[(Vi —iVy) A (Vo +iV3)]. We get the following:

Xy 27 X, 2T span{2i(Va 4+ iV3) A Vs — V3(VI — Vi) A (Vo —iV3)} C X,

Y2 span{(Vi+iVi) A(Vi—iVa)} C Xo L% span{2i(Va—iVs) AVs+vV3(Vi+iVi)A(Va+iVs)} € X_,
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y2—1iy3 X y2—iy3\X Y2—1Y3 0
-2 P X3 —

Take an orthogonal projection of the vector 2i(Vs +iV3) A Vs — v/3(V; —iV})) on the
eigenspace X;. This gives us the vector iv/3(Va+iVa) AVs+ (Vi —iVy) A (Vo —iV3) € X.
Repeating the same computation, we get:

span{iv/3(Va+iVa) AVs+(Vi—iVi)A(Va—iV3)} € X4 Y2, span{(Va+iVa)A(Va—iVs)} € X
Yo, span{v/3i(Va — V) A Vs + (Vi +iVi) A (Vo +iV3)} C X4 v, ),

This gives us the required decomposition. O
We now derive a basis for /\$ p* and /\3 p* from our computations:

Identifying p with its dual p*, and taking &', &%, &3, dt;, dts to be the dual basis to
V; we get the following basis for /\?

(P AN =P Adty, @ NG+ O Adty, @ A dty, dty A dty,
20 A dty + V30N A& + V3D A dty, 207 A dby + V3" AP — VB3O A dty, @b Adty ),

and the following basis for A}:
{D? N3 VB Ndty — 0 NG+ @ A dty, V3O A dty — 0t NG — & Adty )
5. ON BETTI NUMBERS OF ['\SL(3)/SO(3)

In this section, we derive the main results, bounds on Betti numbers of ['\SL(3)/S0O(3)
using Di Cerbo and Stern’s results in [4| and [5].

From the expressions of the Lie derivatives in section 3:

Set
A%—i_)\g ~1\ %/~ 1 A%)\g—i_l ~2\ %[~ 2 )\%)\4214—1 ~3\ *(~3
Q1= me(w Jer (@) + me(w )er (@%) + me(w e (@)
and
M+ A3 AN+ 1 AIAZ +1

Qy = m@(dl)e*(dzl) me(d’ﬂ)e*(wz) me(aﬁ)e*((;ﬁi)

M4+ XA+ AN+

(AT =AD) M -1 20N - 1)
AT+ A3 A3+ 1 A2+ 1
(A3 —=AD) 20— 1) AAS -1

H1 :tTQl = 5

H2 :tT‘QQ = B

Let
AT+ A3 XA L MM+

s T A o T apen )

Since A\; > Ay > )\3 with /\1,/\1/\2 > 1, have 01,02, Cg > 0.
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The Lie derivative with respect to the vector field 0;, + 0, is given by
Lows0, = Vou 0, + (Ca + C)le(@)e" (@) + e(@)e” (@)

Set:
H =Hy + Hy =2(Co + C3), Q = (Ca + Ca)[e(@)e" (@) + e(@”)e" (&%),
oy et (@) + € (dia) AP do
pn(r) = fKQ,T hEdo :
and
Q)h, h)dvol
Qh('r) — fKQ >

fK(L- \h|2dvol ’

where do is the volume form on K€ and dvol is the volume form on K(2,.
In our case,

<(§ —Q)h, h) = (Cy + C3)|h|*— < (Cy + C3)[e(@®)e* (&%) + e(@®)e* (@) h, h > .
Let 7 : G/K — T'\G/K be the universal covering map, and set M = I'\G/K. Let
injy, = injp\g/x = infzepinj,. Then if r < inj,,, for all balls of radius r, B,, the
map B, — '\ B, is 1-to-1. Therefore, if KQg C B,, where the radius r < inj,,, then
m: KQr — T\KQp is 1-to-1. So, we compute the values of R for which KQg C B,.
Let I5 be the identity element of G and p € Qg. To get the distance between any 2
points, (t1,t3), (t],t,) € Qr, use the usual Euclidean metric on R? i.e.

dist((t1,12), (£, 15)) = /() — t1)? + (th — t2)2.

We then have:
max,cq,dist(/g, p) <

max(tl7t2),(t/17t/2)EQRdist((t1, tg) (tl,t )) < maX(tth)eQR \/(751 + t2)2 —+ (tl -+ t2)2 S
V2R < inj,,.
), KQR — F\KQR is 1-to-1.

So when R € (0, %

For the remainder of the paper we assume that I' is a cocompact, torsion free lat-
tice.
Then the following lemma holds:

Lemma 5.1. Let M = I'\G/K. Given h € H*(M), r € (0, ”\1}%4),

1
/ g—me%w:/ an(r)| P dvol.
K<, KQ,

Proof. We follow the computation on page 6 of [5]. This gives us

/ (Lay, +o,,h, h)dvol = / (d([e*(dty) + €*(dta)]h), h)dvol
KQ, KQ

= / (e (dty)+€* (dts)]h, d*h>dvol+/

KQ,

|[e*(dt,)+e* (dts)]|h|Pdo = / |[e*(dt,)+e* (dta)]h|*do.

KQ!,
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We also get the alternate expression

\/KQ <L5t1+at2h, h)dUOl = /KQ <(V@t1+at2 +Q)h,h>d1)0l

1
_/ (Lo, +o1, — Q)|h|2dvol+/ (Qh, h)dvol
K

Q, 2 KQ,

H 1
= / (Q — = )h, h)dvol +/ ~|h|*do.
KQ, 2 KQ. 2

Equating both expressions gives us:
1
/ qn(r)|h|*dvol = 5/ (1 — 2pn(r))|h|*do
KQ, KQ,

as required. O]

- 1
Corollary 5.1. Let r € (0, M) If gn(r) > 0, then 3 wn(r) > 0.

V2

N —

In particular, 0 < pp(r) <

So in order to get estimates, we need to control the positivity of the geometric term
qn(r) using the decomposition of H? = H2 @ H3.

First, consider H2:
From the basis we computed in section 4.2, we have the lower bound ¢, (r) > 0.

We compute the Lie derivative with respect to (t1+t2)(0, +04,), and (t1+ta+1) (0, +0%, ).
A computation yields
Lty +2)(0,+01,) = V(t1412)(0r, +01,) T (t1 +12)(Co + Cs)[e(@?)e* (@) + e(@”)e* (@)

+(€(dt1) + e(dtQ))(e* (dtl) + e (dtg))
Taking a linear combination of L(t1+t2)(8t1+8t2) and L8t1+8t2 gives:

Lty +1241) (01, +01y) = V (t1-+t24+1) (01, +01y) T (t1 + 12+ 1)(Co + C3) [e(@?)e* (@%) + e(@®)e (@%)]
+(€(dt1) + e(dtQ))(e* (dt1> + e (dtz))

Using L(t1+t2+1)(8t1+8t2)7 we set

H=2(t; +t3+ 1)(Cy + C3)) + 2,
and
Q = (tl + t2)(02 + 03)[6(@2)6*(@2) + 6((;)3)6*((1)3)]
+(e(dtr) + e(dts))(e*(dty) + e (dts)).
Let i ~
() = fKQT«% — Q)h, h)dvol
T [hPdwol

From our basis of A\ p*, we get the lower bound g, (r) >

1
1
This gives us the following bound on the cohomology of H2:
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njy,

Theorem 5.1. Let M = I'\ SL(3)/SO(3), and R = ok

Then there exists a

strictly positive constant d(5) > 0 such that:

b SLE) _ 2d(5)
Vol(M) =~ R

We need to use Lemma 45 from [5]:

Lemma 5.2. Let (M", g) be a closed Riemannian manifold. There exists h € H¥(M)
with [|A||z2 = 1, such that:

K!(n — k)IbF (M)
n!Vol(M)

max,e | h|* >
and Lemma 51 from [5]:

Lemma 5.3. (Moser Inequality) Let M = I'N\G/K, and n = dim M. Given a har-
monic k-form o € H¥(M), for any p € M and R > 1, there exists a strictly positive
constant ¢(n) such that

ol Zoe (kg ) < el L2k

Define

Proof. Proof of Theorem 5.1: First, we need to prove the following monotonicity esti-

mate:

2
/ |h|?dvol < = |h|?dvol.
KQl R KQR

To show this, we adopt a similar computation as Theorem 96 in [5]. We have the
following bounds:

1
—/ \h|2dvol§/ (jh(r)|h|2dvol§/ G () | 2dvol
4 KQl KQl

KQg

1 1
= / (= — pp(r))do < —/ |h|*do.
Ko, 2 2 Jkay,

Integrating the above inequality from 0 to R gives us the desired monotonicity estimate.

Applying Lemmas 5.2, 5.3, and our monotonicity estimate implies that there exists
a unique h € HZ such that ||h||z2 = 1 and

p2SLE) 5 2d(5) 2d(5)
< h|?> < d(5 h|*d z<—/ h|*dvol < ==
Vol(M) — (2> I;g}‘?’ "< dl )/Km‘ [dvol < R KQR| ["dvol < R

OJ

Remark: We did not get any estimates on the Betti number for 3. This is because
for &2 A @3, qu(r) < 0.
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6. ON THE GEOMETRY OF I'\Sp(4)/U(2)

In this section, we study the geometry of compact quotients of Sp(4)/U(2), a 6-
dimensional Hermitian locally symmetric space using similar techniques to SL(3)/SO(3).

6.1. Metric Computation.

By Helgason [11], an element of the lie algebra sp(4) is given by
X1 X
X3 —X!

where X is a real 2 x 2 matrix, X5, X3 are symmetric 2 x 2 matrices.
Since K = U(2) = SU(2) x S*, u(2) = R & su(2).

Consider the following basis for u(2):

0 1 0 0 0 0 01 0 0 -1 0
1{=10 0 0ol 1o o 10| 1[0 o0 o0 1
XX, X Xd =451 o 0 0 1|°2l0o =1 00]'2|1 0 0o of
0 0 —1 0 10 00 0 -1 0 0
0 0 10
Lo o oo1]
>l=1 0 00
0 —1 0 0

where X, X5, X3 corresponds to su(2) C u(2) and X, corresponds to R C u(2).

a is the abelian subalgebra spanned by:

1
A, At = dia, —1,0), —=diag(0, 1,0, -1
{Ar, A} = {\/—g( )\/ﬁg( )}
Let G = Sp(4), K = U(2), then by Helgason [11], if we let
1 1
= {diag(A;, Ao, +—, ) A > Ao > 1}

AT Ao
we get the Cartan decomposition G = KATK.

Now, let {w!, w? w3 w* dIn A;,dIn Xy} denote the dual coframe to { X1, Xo, X3, Xy, Ay, Ao}
Then by the same computation as in Proposition 1, we have the following result:

Proposition 6.1. The metric on Sp(4)/U(2) is:

_ 3 =AD? e, (B=ARND)? o L (A= AD) (D=3 se gy

3 d)? X2 dAZ
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6.2. Lie Derivatives.

Convert our basis into an orthonormal one:

Take
A1 A2 Ao >\2)\2
Fi=——"=X,Fh=—+""X9, F X
DD A VOV R N5 ¥ G v CRp v 1§ R v Pl
DYDY A1 Ag
E 4 _ 25
VAT +A4(1—A;1)2’8“ g O O = 5 0

This gives us an orthonormal frame {E\, Es, E3, Ey, 04,0, } and the corresponding dual
coframe {@', ©%, &3, &4, dty, dty}. Following the formulas in section 4.2, we get the fol-
lowing result for the Lie derivatives:

Proposition 6.2. The Lie derivatives along 0;, and 0,, are given by:

M2 L N2+ o,
L@tl - Vatl + ()\2—>\2) ( 1)6 (wl) + m (w2)6 (wQ)

MM - 1)

N X2 41— Ag)2(e(af‘)e*(aﬁ') + e(@h)e*(@")).

_|_

A2 4+ \2 A2 +1
Ly = _1 T2 el S MA2 T L9 ko~ 2
Oty vatz + 2()\5 — )\%)e(w )6 (w )+ ()\2)\2 — 1) ( )6 (UJ )

/\411(/\3_1) ~3\ %/ ~3 ~AN x(~4
N = A2+ (1 —)\‘21)2(6<w Jer (@°) 4+ e(w™)e" (@%)).

Just like in section 5.2, we want to find a decomposition of A”p* into E-irreducibles.
Since I'\Sp(4)/U(2) is a complex manifold, we want to use the complex structure on
the locally symmetric space. We first need to introduce some notions from complex
and Kahler geometry.

7. COMPLEX AND KAHLER GEOMETRY

In this section, we look at some results from complex and Kéhler geometry. This dis-
cussion is based on Huybrechts [12].

Definition 7.1. Suppose {U,} is an open cover for a manifold M with coordinate
maps ¥, : U, — C". M is called complez if the maps zg o z,;' can be chosen to be
holomorphic.

The Tangent Bundle. Let M be a complex manifold with dimc¢M = n. Let
o = (2%,...,2") : U — C" be a local holomorphic chart on M. Then we have real
coordinates (z'...,z" y',...,y") defined by 2/ = x7 + iy’ for each j = 1....n. TM is

0
spanned locally by the coordinate vector fields {— oz, 8 i
It is useful to think of its complexification TM ®g C. TM ®gr C is locally spanned by

1 0 0.1, 0 0 o 0
GG ~ 9,3, Tig )t T g et
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Let
0 0

T = <%>7T0,1 = <82’>

Similarly, we have
T* Mg = T @ T
where
T = (d2"), T = (dZ").
We have

k pa
NTMc = ©prgr \T*M
where TP := NPYT*M = (dz! A dz7), with |[I| =p, |J| = q.

Definition 7.2. The almost complex structure J is the endomorphism J : T'M — T'M
satisfying J? = —1. J is defined by:

o 0
ami_ayz‘7
o 0
ayii ox;

Definition 7.3. Let M be complex. A Riemannian metric g on M is called Hermitian
if g(JX,JY)=g(X,Y) for any X, Y € TM.

Definition 7.4. Let (M, g) be Hermitian. Set the fundamental 2-form to be w(X,Y) :=
g(JX,Y).

Definition 7.5. A Hermitian manifold with fundamental 2-form w is called Kahler
if dw = 0.

Example. C" is a Kihler manifold with Kihler form w = dzt A dy' + ... + dz™ A dy™.

8. REPRESENTATION THEORY

In this section, we look at how /\2 p* decomposes into irreducibles using the (p,q)-
decomposition of the exterior power @, 4 A”?T*M described in the last section and
by considering the action of su(2) on p.

8.1. Decomposition of \”p*.

We first note that Sp(4)/U(2) has U(2) holonomy, making it a Kéhler manifold. We
thus get the following (p,q)-decomposition:

2,0 1,1 0,2

2
Ap@rC=/A\p@Co Ap @Co /\p*@:C
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where dim /\2’0 p* R C = /\0’2 p* ®r C = 3 and dim /\1’1 p*®r C=09.

For simplicity, we will just refer to p* @g C as p*.

Choose the following orthonormal basis on p:

01 0 0 000 1 0 0 —1 0
1{t1o o0 ofztfoor1o]1fo 0 01
{‘/17‘/27%7‘/217%7%}_ 5 0 0 0 —1 ’5 010 0 a§ 1 0 0 ol
00 -1 0 1000 01 0 0
0 010
1fooo 1] 1. 1
211 0 0 0 7ﬁdlag(170’_170)’Edlag(o?l’o’_l)}
01 00

We first derive the J operator for p. An element of p is of the form

A B
B —-A)’
A, B are real 2 by 2 matrices.

We claim that J = % < 0 b),since if we set i = (A 0 ) andg = (O B),

- 0 or  \0 —A oy B 0
we get:
A B B —-A
1, (B —A)] B (—A —B)’
so J satisfies J(‘?_x = %, and J(% = _(9%0'
We then have the following relations:
1 1
J V| ==V, [, V5] = —=(=V5 + V), |, V4] = —=(V5 + V§).
[/, ] 2 [/, V3] \/5(5 6), [/, Vil \/5(5 6)
If we set
0 1 , 0 1 7 0 1 i
90 5(‘/1 +1iVa), 92 Q(Vé - E(_% +V6)), 95 5(‘/ - ﬁ(% +V5)),

9 90 90 9 9
0217022 0237022 023
Letting {@', @2 &% @0, &% &%} denote the dual basis to {Vi, Vs, Vi, Vi, Vs, Vi}, with
& = dt,, &% = dt,, we have the following basis for A% p*:

then { } is a basis for T} o.

{o' +i?, &° + ot — V2008, &% — ot +ivV20°Y,
and A% p*:

{o' —ie?, &% + o' + V200, &% — ot — V2%

This gives us the following basis for /\2’0 p*:
{(@ i) A (@34 —iv2a°), (@ i) A& =t +iv20°), (B3 +0t =iV 208 A (P -t +iv20°) }
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and similarly the following basis for /\O’2 P
{(@" =i N @+ +iv20°), (' —i@?) AN (@ =0 —iv20°), (P +a +iv200 ) A (P -t —iv23°) ).

We have that A" p* = A" p* @ (w) where (W)= = Ay' p*. A basis for A, p* is given
by:

{2(@* NG +V2[(DP 4+ NG, (@3 +0*) A+ (@3 -0 AD®, (O 10PN (P +0* +iv20°),
(@' i) AN &P = —iv20%), (P40t —ivV2O N (@ —iw?), (&P +@' =iV 208 ) AN (&P —ot —iv/2a°),
(@ — &t +iV20°) A (@F —i@?), (@° — @ 4 iV25%) A (@° 4 & +iv20°)}

8.2. Action of su(2) on A" p*.

In this subsection, we consider A? of the adjoint action of su(2) on A" p*, and prove
that A’ p* = 3 @ 5 under this action.

Consider the following basis for su(2), embedded in u(2):
0 1 0 0 0 0 01 0 0 —-10
I{f-1r 0 o of 1f0o 0 1O 1J]0 0 0 1
FeXe Xl =151 0 0 0 1|°2{0 —10oo] 2|1 0 o of
0 0 —-10 -1 0 00 0 -1 0 0

Let (X3) be the Cartan for 5u( ). On p®g C, denote the eigenspace of X5 with complex
eigenvalue ci for ¢ = —1,0, —1 by X,. The X;-eigenspaces on p @ C are then:

Wy = span{V;, V,}
Wi = span{V + V — iv2V5, Vs — Vi — iv/2V5}
Wy = span{Vs + Vi +iV2Vs, Vs — V, + iv2V3},
where a lowering operator is X; — 1 Xs.

Apply ad(X; —iX5) to the basis of /\(1)’1 p g C, starting with the highest weight vector
(Va4 Vi—iv2Vs) A (Vs — V3 —i/2V5). Identify p with its dual p*. A similar computation
to section 5.2 gives us /\(1)’1 p* = 5@ 3, with the following bases.
Basis for 5:
{(@P 40 —iV208)N@P =t —iv20°), (' +i? N (@ =0t =iV 200 )+ (' —id®) AN (P 0t —iv/20°)
A A DY) = V2@ — N A+ V2P + &) AS,
(@' —i@?) A (&% — @ +iV20°) + (@ +i@?) A (@ + @ 4 iv200)

(@ + & + V2205 A (@ — & +iV25°) )
Basis for 3:

{(@" +i0?) A (@° — & — ivV20°) — (@ — i@?) A (@ + & +iv205),
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(@ — oM AQ® + (@ + @) AQ°,

(@' — i) A (@° — @' 4 iV25°) — (@' + i0%) A (@ + & — iv225)}.
Remark: \*° and A”? are irreducible under A of the adjoint action of su(2).

8.3. A Basis of 2-forms for Irreducible Summands.

We summarize the results from our computations of bases vectors below:
(i) (w) = 20" A @ — V2% N @® — V201 AN @S + V20° A D° — V201 N &P
(i) Basis for A" @ A"

{' AP+ NG V2P NGE, DPPAGP DA = V2 ADS, P ADP — D NG — V2P NG,
V2 AN+ P AP — P A, P A+ 0 AR,

PN+ N+ P A — D AT
(iii) Basis for 5 in A"

{PA* PN, PN —BANP A+ AN+ ADE,
20T AN &® 4+ V2P A DS — V27 ANGS, 20% At + V20" NG — V20 A &P,
40P NG — V203 NG 4+ V2N + V208 A8+ V20t A8}

(iv) Basis for 3 in A"

{20 At — V2PN — V2P NGS, 20 NP — V20N AN+ V20 N &S,

PN -G NG+ P NG+ O AGSY.

9. ON BETTI NUMBERS OF I'\Sp(4)/U(2)

In this section, we compute bounds on the normalized second Betti numbers. Con-
sider the Lie derivative with respect to the vector field 0;, + 0y, .

We have:

AZA2 + 1 e MBS N1 L e
L =V . 1712 2\ % (~2 1\7'2 2\7'1 3\ %[ ~3 4\ _x(~4
8t1+8t2 6t1+dt2+)\%)\% _ 16(&] )6 ((U ) )\121(1 _ )\411)2 +>\411(1 _ )\121)2 [e(w )6 (w )+6(CU )6 (w )]
Set 2y2 4018 4718
AN =1 A = A2+ A1 = AP
)\%)\%_Fl ~2\ k[ ~2 /\le(AS_l)—i_)\g()\%_l) ~3\ _*(~3 ~4\ k([ ~4
Q= —)\%)\g — 1e(w Jer (@) N = X2 £ (1 = A§)2[e(w )e* (@°) 4+ e(@™)e" (@%)],
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and as before

oo Do (= Q)
dh . fKQT |h|2 .

A computation yields the following lower bounds on g (r):

lonH3, Hi.s
qn(r) > 11 )

This gives us the following result on bounds on the second Betti numbers:

injy,

Theorem 9.1. Let M =T\ Sp(4)/U(2), and R = 7

constant d(6) > 0 such that:

. Then there exists a positive

bgvsp(4)

<
Vol(M) —
by o
< d(6)e
Voan = A0e
2,5’1)(4)
3@3 <d —2R‘
\Varan = 10

To prove Theorem 9.1, we first need the following proposition, taken from Proposition
16 in [5]:

inj,,

7

Proposition 9.1. Let (M, g) be a Riemannian manifold. Let R = Suppose

o <7 < R. Define ¢(7) := exp (— [} fi(:,il(ij))
2

Then for any strongly harmonic k—form h € H*(M) and for any o < 7 < R, we have
the equality:

o(o) /KQ qh(r)\h\deol:qb(T)/ qn(r)|h|*dvol.

KQ,

Proof. Proof of Theorem 9.1: We compute bounds for H3_; and H3. From the lower
bounds on ¢, (r), and the previous proposition, we get the following monotonicity esti-
mates:

qb(T)/ qh(r)|h|2dvol:/ qn(r)|h|2dvol 2/ |h|*dvol.
KQr KQq

K

1
We know that p,(r) < B since g(r) > 0. Integrating the lower bounds on g,(r), and
applying Proposition 9.1 gives:
d(6) / |h|2dvol < d(6)e™ / |h|?dvol.
KQ KQp

Applying Lemmas 6.2 and 6.3, we obtain the following desired bound:

bg,Sp(ll) 6 2 2 2R 2 2R
< max h §d6/ hl“dvol < d(6)e™ / hl“dvol < d(6)e™ =",
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25 and b7, O

Repeat the same computation for by 3

10. ON G5 AND ITS LIE ALGEBRA

In this section, we introduce the exceptional Lie group G, and introduce its real
forms and Lie algebra.

10.1. Real Forms of (5.
This discussion is based on Baez 1] and Harvey [10]:

G5, an exceptional Lie group, has 2 real forms, the compact form Gy_14y, and the
non-compact form Gy(z). An explicit description of these forms are as follows:

Ga_1p) = Aut(0) C SO(Im(0)) = SO(7)

Gia) = Aut() € SO(Im(0)) = SO(3,4),

where O refers to the octonions and O refers to the split Cayley octonions, defined by
the following multiplication:

Suppose we have a, b, c,d € H, then

(a,b)(c,d) = (ac + db, da + bE), on O
(a,b)(c,d) = (ac — db,da + bc), on O.

Equivalently, let e, ..., e; denote the standard basis of R7, and w',...,w" be the corre-
sponding dual basis. Write w™* := w! A w? A WP,

Definition 10.1. Define
¢ = W23 4 145 16T 246 95T 34T w356’

then
Ga—1a) = {9 € GL(7,R)|g"(¢) = ¢}
Definition 10.2. Define

b= —IP M5 | I6T 26 25T 34T 356

then
Gog) = {g € GL(T, R)|g*($) = (/B}

Remark: ¢ and ¢ differ by a single minus sign in one of the terms.
10.2. Lie Algebra of Gy().

For the rest of the paper, we focus on the non-compact split form Gy2). We give an
explicit description of its Lie algebra, denoted by go. This discussion is based on Bor [3].
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FIGURE 2. Root Diagram of g

Let g2 be the lie algebra of G2). An explicit matrix realization that first appeared in
Elie Cartan’s 1894 thesis is given by the set of 7 x 7 matrices of the form:

A Q. —2b
Qb —At —2c
¢t b 0

where A € s[(3,R), b, ¢ € R3, and for each u = (uy,us, uz)® € R?, let Q, denote the
skew-symmetric 3 X 3 matrix

0 —Us (5]
Qu = Us 0 —Uqp
—U2 (51 0

Its root diagram is given in Figure 2, which is taken from [3|. Furthermore, Gy
contains a 6-dimensional maximal compact subgroup K, a double cover of SO(3) x
SO(3), in which we typically make the identification K = SO(4), with lie algebra ¢
given by

Qa O —2b
Qp Qa —2b
b’ b' 0

We will use this matrix realization in our computations, and later show in a proposition
that € = s0(3) @ s0(3).

11. ON THE GEOMETRY OF I'\Gy(2)/SO(4)

In this section, we study the geometry of compact quotients of Gy9)/SO(4), an 8-
dimensional rank 2 locally symmetric space using similar techniques as the previous
cases.
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11.1. Metric Computation.

Choose the following basis for ¢:

00 0 00 0 0 0 01 0 000
00 100 0 0 0 00 0 000
o1 000 0 0 100 0000

X,==100 0 00 0 o], xo=={0o 00 0 010],
2100 0 00 =1 0 21 o 00 0 00 0
00 0 01 0 0 0 00 1000
00 0 00 0 0 0 00 0 000

0 -1 00 0 00
1 0 00 0 00
o000 0 00
Xs=-10 0 00 -1 0 0],
210 0 01 0 0 0
00 00 0 00
00 00 0 00
00 0 00 0 =2 000 0 01 0
00 0 00 —1 0 000 0 00 —2

Cloo o 01 0 0 S0 00 100 0

X,=——]oo0o 0 00 0 —2|.X;=——]0 01 0 00 0

23100 100 0 0 2310 00 0 00 —2
01 0 00 0 0 100 0 00 0
10 0 10 0 0 0100 10 0

00 00 10 0
00 01 0 0 0
Cloo 00 0 0 2
Xe=——|0 =100 0 0 0
2311 0 00 0 0 0
00 00 0 0 —2
00 10 0 1 0

and the following basis for the abelian subalgebra a of gs:

1 1
Ay = ~diag(1,~1,0,-1,1,0,0), Ay = ——diag(1,1, -2, —1,~1,2,0
1 = diag( ), Az e 8( )
Now, let G = Gy2), K = SO(4), then if we set AT = {diag(A1, A2, 1/ A1 Ao, 1/A1,1/ A9, M A9, 1)
AL > Ay > 1}, then G = KATK.

Denote the dual coframe of {X, ..., X5, A1, Ao} by {w!, ..., w8 dInA;,dIn),}. By a
similar computation as Proposition 4.1, we have the following metric:

Proposition 11.1. The metric on Gys)/SO(4) is:

MAI =12 1o (MM -1)2 ., (AT=XA)? 5, 13 -1)2 ,,
9= —gg W)+ —Fg— W)+ —5— (W) + —m7— (W)
Y NN N2 122
13()\% - 1)2 5\2 13<)\%)\% - 1)2 6\2 4 2 4 2
Ll 17 130AiA = 17 il 2oe
e W ot W i dh,
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11.2. Lie Derivatives.

Now, we convert our basis into an orthonormal one.

Take: ) )
A2 AaA2 Ao
)\%)\421_1 1,442 )\%)\%—1 2,443 )\%_)\% 3

12 A\ 12 A 12 A A
Ey=\| =Xy, By = \| = X5, By = || =2 X
1BA2—1"57° 13A2—1777° 13A2N2 17"

4
A A
atl - 318>\17 atz = _26/\2

2
Let {@!,...,0% dt;,dts} be the corresponding dual coframe. We get the following Lie
derivatives:

Ey

Proposition 11.2. The Lie derivatives along 0;, and 0;, are given by:

A2\ +1 M2 +1 A2 4+ \2
L = 2172 T o 2 T - 2N k2 1 2 ~3\ _%/~3
M+1 4w MM +1 6 .6
A2\ +1 M2 +1 A2 4+ \2
Lo = MA2T L~ 1y ok~ 172 ~ 2N ki ~2 1 2 ~3\ x/~3
O, Vat2+)\%/\% — 16(w e (wh) SN 1) 1>e(w e (@ )+—2()\% — )\%)e(w e (0°)+
)‘%_’_]‘ ~5\ */~Db /\%/\%‘I—l ~6\ */~6
00=1) 1)e(w Je* (@) 00N —1) 1)6(w e*(@°).

12. REPRESENTATION THEORY

In this section, we look at how /\2 p* decomposes into irreducibles considering the ac-
tion of € on p.

First, we give a proposition:

Proposition 12.1. £ = s0(3) @ so(3).

Proof. We have the following commutation relations:

(X1, Xo] = X3, [X1, X3] = =X, [ X1, Xy] =0, X1, X5] = Xe, [X1, X6] = —X5
[ Xo, X3] = X3, [Xo, X4] = — X, [Xo, X5] =0, [Xo, Xg] = Xy
(X3, X4] = X5, [ X5, X5] = =Xy, [X5,X6] =0
[ X4, X5] = 3X3 42X, [Xy, Xg] = —3X2 — 2X5
(X5, X6| = 3X1 42X,
Set:

1 ;1 oo 1
X, = Z<X1 + Xy), Xo = Z_l(X2 + X5), Xz = Z<X3 + Xg), and
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3 1 3 1 3 1
Yi=-X1—-X,,Yo=-"Xo— X5, Y5 =—-X3 — —X
1= a1 g da o= gds = 7ds, Iy = 2ds — A,

then we get:

[X1,X2] = Xs; [X27X3] = Xl; [X&Xl] = X2, and

[Y1,Ya] = Y3, [Ya, V3] = Y3, [Y3, V1] = V5,

with [X;,Y;] = 0 for all 4, j.

We can now take the Cartan subalgebra of £ to be span(X},, Y3).

12.1. Action of s0(3) @ s0(3) on p ®x C.

The matrix realization of p is given by

A Q, 2b
Qf —At 2D
b —b' 0

where A is a symmetric traceless 3 x 3 matrix, b € R3.

Choose the following orthonormal basis for p:

0000 O 0 O
0010 0 0 0
0100 0 0 O
Vi=|10 000 0 0 O
0000 O =120
000O0-1 0 0
0000 O 0 O
010

100

000

Va=10 0 0

0 00

000

000

0O 0 0 00 0 2
0 0 0 00 -1 0
1 o 0 0 0 1 0 O
Vi=—1]0 0 0 0 0 0 -2
\/5001000 0
0O -1 0 0 0 0 O
10 0 -10 0 O

, Vo

I
coocoroS

OO O OO oo

SO OO O oo

SR OO O oo

OO O OO oo

(e Nelololalall

SO OO O

DO OO O OO

o O O

o OO

OO OO O oo

(vl ev il ev il en Bl en il en]

SO OO OO

S O N O

o O
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0O 000 -1 0 0
0O 001 O 0 0
1 0O 000 O 0 2
Ve=—=10 1 0 0 O 0 01,
V3 -1 0 0 0 O 0 0
0O 000 O 0 =2
O 010 O -1 0
1 1
Vi = ~diag(1, 1,0, —1,1,0,0), Vs = ——diag(1, 1, =2, =1, —1,2,0).

Let V{4 be the eigenspace corresponding to the set of matrices M € p @r C such that
(X5, M| = aiM, and [Y3, M| = biM.

A computation then yields the following (X5, Y3)-eigenspaces for p @g C:

Vig) = span{Vs + iVz}, Vi_1s) = span{(Vi — V3V)) +i(Va + vV3V5)},
Vi = span{Vs +iVs}, Vi_1,-1) = span{(V3V1 + Vi) — i(V3Vz — V3)},
Vici,-3) = span{Vs — iV7}, Vi,—3) = span{ (V1 — \/51/21) —i(Va+ \/51/5)},

Va-ny = span{ Vs — iV}, Vany = Span{(\/g‘/i + Vi) + Z(\/§V2 -V}

The weight diagram is as follows:

.042 = (—1,3) .041 = (1,3)

.ag = (—1, 1) .ag = (1, 1)
(0,0)

[ = (—1,-1) = (1,-1)

.a5 = (—1, —3) .ag = (1, —3)

Figure 3: Weights of the Action of s0(3) & s0(3) on p ®g C.
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12.2. Decomposition of A\”p* into Irreducible Summands.

From the above weight diagram, we get the following weight diagram for /\2 of the
adjoint action of s0(3) @ s0(3) on A®p:

[(0.6)

(2.9 L(0.) 2.4

.(—2,2) 0,2) .(2,2)

@(—2,0) 0,0) @(2,0)

[(-2,-2) @0, —9) [(2,-2)

.(—2, —4) (0,—4) .(2, —4)
(0,6)

Figure 4: Weights of A\” of the Adjoint Action of s0(3) & s0(3) on \*p ®g C.
This gives us the following decomposition:
2
AperC=(35a(1,7a(1,3)8B6,1)=156763 3.
We get the corresponding decomposition of the space of harmonic 2-forms:

HE(T\Ga) /SO(4)) = HE, & H2 & HE & HY.

We now compute a basis for each of these irreducible summands.
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Let {&',...,&%} denote the dual coframe to {V4, ..., Vg}, where @ = dt; and &° = dt,.

Then, we get

(i) Basis for (3,5):

{—VBA NP+ N+ VBPANGT - NG, VBT NG+ NG+ VB AG+ P AP,

AN AP NP+ BN —OTADE, —A AR AP AN F BN - ADT,

DA = VBN — P A — VB AGE, D' AGE = VBGAGS + @2 NG + V3D AGS,

DA = P A VB AD? + 208 NG+ P NG+ VBT AP,
DA+ V3P NG+ PPN+ VB AGT = VB NG — G AGE — VBN + 00 A,
—'AGTHVBAANAD + P AD? — V3P NG — VB NG — D AGS +VBP A — P AGE,
PBANSP+OTADE, PPN+ A,

VB AP+ A VB2 AD H D AGTH(1-2V3) 0 A — (24V3) T AGS+ (1423 A+
(=2 +V3)@° A &F,

V32NN —VBOADT = AGT+(1-2V3) A+ (24+V3)@° A&l — (14-2V3) 0 AGS +
(=2 + V3)a'* A&,

S AOT+ 100 A D% — 2vBat AP — 2VBP A G — 60t AGD° — B8 AGSY

(ii) Basis for (1,7):

{0 NG = VB A+ P AT VB NG, = AGT+ VB AGT =2 NG+ VB3RP AG,
AP AN AP N — BN+ OTADE, =4 AR+ AP A — B A+ AGT,
— VB3I NS+ 0P NG VB AGTHD ADT+(2V3—1) D ADO+(—24+V3) @ ADS+(VB—1) @A+
(=2 +V3)2° A &E,
VBOEAG D3N VB NG -G NG~ (2V3—1) P A+ (24V3) D A — (2VB3-1) D AGB -
(2 4+ V3)a* A &P,
—PAGT =8 AD? + 4V3D A + 4V3B0% Aot + 308 A )

(iii) Basis for (3,1):

{O NG+ VBB AN+ DEADT VB AT+ VB NG+ DA+ VB AGE - P AGS,
DA+ VBPNAD =N+ VB AGT+ VI A+ AGE — VB AT+ AGE,
2 AN+ 2VBO A G + 2VBP At — 200 AG° — P AT — &8 A GB)

(iv) Basis for (1,3):

{—VBIMNGB+DP N —VBEAGT+ P ANGT, VBDEAGP+ DB NG — VBT AGT - AGT,
PPN+ 3 NS — VB AD® — VB NG — G AG®Y
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13. ON BETTI NUMBERS OF I'\Gy(2)/SO(4)
In this section, we compute the bounds on second Betti numbers of M = I'\G(2)/SO(4).

Consider the vector field 0;, + 0;,. Then:
SN T o 3N N+l .,
Loy, o1, = V6t1+8t2+2m e(@)e (w1)+2m e(@?)e (W2)+m e(wh)e (@

A2+ 1 Ve (o AMAS+1 20 e* (&P
()\2_1>( )6(0})4—)\2)\2_1( )e(w)'

Set:
NN+ o 3ANEHT L N+l 4 e
Q= QW e(w)e (w)+2m e(w)e (W)+m e(@)e (@) +
A2+ 1 Vet (5 N2+ 1 N
m( )€(W)+m( )et (&%),
and
H:§)\§>\3+1 3AAI+1 A +1 M+l N+
2NN —1  2XIA2 -1 202 —-1) 2(A2—-1) NX-1
Jia, (5 — Q)R h) o .
Setting g, (1) == T ’ h| 5 as before, a computation yields the following lower
KQ,
bounds for g (r):
(1
§—i onHi;
0 2
qh(T‘) Z 85 OHH7
1 onH2,
1
\3—40an.

Then the same computation as Theorem 9.1 yield the following theorem:

Theorem 13.1. Let M = I'\ Gy2)/SO(4), R = H\lj%”. Then there exists a strictly

positive constant d(8) such that:

—38R/81

(2o _ 81d(8)
Vol(M) — 38
by 85d(8)
<
Vol(M) — 16

bQ,Gz
3/ < d 8 —2R
Vo = 48

b27G2
T < 34d(8)c R
| Voian) =° (8)e

Remark: Our method did not yield estimates on the Betti number of H?*(I'\Go2)/SO(4)),
the space of harmonic 3 forms on I'\Gy(2)/SO(4).

—32R/81
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