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Abstract. The purpose of this work is to provide a rigorous mathematical analysis of the expected superresolu-
tion phenomenon in the time-reversal imaging of electromagnetic (EM) radiating sources embedded
in a high contrast medium. It is known that the resolution limit is essentially determined by the
sharpness of the imaginary part of the EM Green’s tensor for the associated background. We first
establish the close connection between the resolution and the material parameters and the resol-
vent of the electric integral operator, via the Lippmann—Schwinger representation formula. We
then present an insightful characterization of the spectral structure of the integral operator for a
general bounded domain and derive the pole-pencil decomposition of its resolvent in the high con-
trast regime. For the special case of a spherical domain, we provide some quantitative asymptotic
behavior of the eigenvalues and eigenfunctions. These mathematical findings shall enable us to pro-
vide a concise and rigorous illustration of the superresolution in the EM source reconstruction in
high contrast media. Some numerical examples are also presented to verify our main theoretical
results.
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1. Introduction. In this work, we study the potential superresolution phenomenon when
using the time-reversal imaging method to reconstruct the electromagnetic (EM) sources em-
bedded in general media with high refractive indices. Among the various imaging algorithms,
the time-reversal approach is one of the simplest and most direct. Its principle is to exploit the
reciprocity of wave propagation. Intuitively, we retrace the path of the wave observed in the
far field backward in chronology to find the location of its generating source [38, 37, 19, 20].
For a far-field imaging system using the time-reversal method, we know from the Helmholtz—
Kirchhoff integral that its resolution is limited by the imaginary part of the Green’s function
of the wave equations associated with the background medium [12, 13]. It is connected with
the so-called Abbe diffraction limit (half of the operating wavelength) via the concept of full
width at half maximum [4, 8]. In a more precise way, the sharper the imaginary part of the
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Green’s function, the smaller the full width at its half maximum and the smaller the scale the
imaging system can resolve.

Over the past several decades, intensive efforts have been made to explore the potential
of breaking the diffraction limit twofold: generating better raw images and recovering the
finer details of raw images by postimaging processes. In this work, our discussion shall be
restricted to the first procedure, that is, how to physically improve the resolution by obtaining
better a priori information. The Abbe diffraction limit actually results from the fact that
the information about subwavelength details of the profile is carried out by the evanescent
components of the scattered field that is basically unmeasurable in the far field [15, 16] (see also
Proposition 3.18). To break the resolution barrier, we may need to capture the subwavelength
information. It has been demonstrated in many different settings that using resonant media is
a promising and feasible choice, e.g., the plasmonic nanoparticles [10, 11, 3], the bubbly media
[5, 4], the Helmholtz resonators [12], and the high contrast media [7, 13, 2]. Under specific
circumstances, these resonant media can excite the resonances and serve as an amplifier that
increases the strength of the subwavelength information of the sources encoded in the measured
data. In general, they are mathematically equivalent to eigenvalue problems [13, 5, 10]. It
was demonstrated in [10] that the surface plasmon resonance can be treated as an eigenvalue
problem of the Neumann—Poincaré operator, which was further used to analyze the imaginary
part of the Green’s function and the possibility of achieving the superresolution by using
plasmonic nanoparticles. For the bubbly media, it was shown in [4] that the superfocusing
of acoustic waves can be obtained at frequencies near the Minnaert resonance. The inverse
source problem was investigated in [13] for the Helmholtz equation and the superresolution
was explained based on the resonance expansion of the Green’s function associated with the
medium with respect to the generalized eigenfunctions of the Riesz potential K% (cf. (2.1)). As
a complement to the work [13], the imaging of the target of high contrast was studied in [2] for
the Helmholtz system and the experimentally observed superresolution was illustrated via the
concept of scattering coefficients. In this work, we consider the three-dimensional EM wave
governed by the full Maxwell equations, and, with the help of an electric integral operator T%,
a solid mathematical foundation is provided for the expected superresolution phenomenon in
the time-reversal reconstruction of EM sources embedded in a high contrast medium. We also
develop some analytical tools very different from the acoustic cases to discuss several critical
issues that were not covered in [13, 2].

The contributions of this work are threefold. First, we derive the Lippmann—Schwinger
equation to reveal the relations between the medium (shape and refractive indices) and its
associated EM Green’s tensor (cf. (2.10)), of which the explicit formula is not available. It
is worth emphasizing that this derivation is not as trivial and standard as one might think,
and, in fact, our arguments and analysis are very different from the ones in [13] for the
Helmholtz equation and are much more involved. The main difficulty in our case arises from
the strong singularity of the EM Green’s tensor so the standard approach (see, e.g., [21, 13])
that works for the functions with L2-regularity is not applicable. To deal with this problem,
we deliberately choose a smooth cutoff function to separate the singular part from the Green’s
tensor GG so that the remaining regular part can be represented by the Lippmann—Schwinger
equation. Since the singular term is explicitly constructed, our decomposition (see Theorems
2.1 and 2.2) may also have potential applications in the numerical computation of G. Second,
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as we shall demonstrate, the mechanism underlying the superresolution in resonant media
is closely related to the spectral analysis of TE, which is still far from being complete. For
the case of the electric permittivity being smooth enough on the whole space, the integral
operator involved in the Lippmann—Schwinger equation is compact and well-studied [21, 22].
When the material coefficients have jumps across the medium interfaces, the integral operator
is not compact and its spectral study is largely open. In [24], the authors investigated the
essential spectrum of the integral operators arising from the EM scattering on the Lipschitz
domain in two dimensions and gave a relatively complete characterization in various cases,
which extended their earlier results in [22, 23], where only the smooth domain was considered.
We refer readers to [36, 18] for the numerical study of the spectrum of EM volume integral
operators. To explore the spectral properties of the integral operator TE in three dimensions,
we first show that all the eigenvalues of T’ g, except —1, of which the corresponding eigenspace
consists of the nonradiating sources, lie in the upper-half plane of C; see Proposition 3.2.
Then, by using the Helmholtz decomposition of L2-vector fields, we obtain a characterization
of the essential spectrum of TII% in a more concise and constructive manner than the existing
ones [23, 24]. Combining the characterization with the analytic Fredholm theory, we further
characterize its eigenvalues of finite type and give the relation among these eigenvalues, the
eigenvalues (point spectrum), and the essential spectrum in Theorem 3.7. To the best of
our knowledge, it is the first time that the relations between the various types of spectra
of Tllg are clearly characterized in the literature. These results, along with the fundamental
properties of Riesz projections, allow us to write the pole-pencil decomposition of the resolvent
of TB. After that, we present more quantitative results for the case of a spherical domain.
We rigorously establish the asymptotic forms of the eigenvalues of the integral operator and
prove that these complex eigenvalues are rapidly tending to the real axis in Theorem 3.17. We
also observe that along these eigenvalue sequences, there is a localization phenomenon for the
associated eigenfunctions [30, 34], with a mathematical illustration provided in Theorem 3.19.
In Appendix B, we provide another possible perspective to investigate the spectral properties
of TB by regarding it as a quasi-Hermitian operator.

Our third contribution is that by applying the pole-pencil decomposition to the Lippmann—
Schwinger representation of the Green’s tensor, we write the resonance expansion (eigenfunc-
tion expansion) for the imaginary part of the Green’s tensor and find that both eigenvalues
and eigenfunctions are responsible for the superresolution in the reconstruction of the EM
embedded sources in the high contrast setting. Precisely, the localized eigenfunctions are
highly oscillating and can encode the subwavelength information of the sources. Such infor-
mation is further amplified when the high contrast approaches some resonant values and then
is back-propagated to reconstruct the subwavelength details of the sources.

The remainder of this work is organized as follows. In section 2, we first give a brief review
of the resolution of the time-reversal method for the inverse source problem and then derive
the Lippmann—Schwinger representation of the EM Green’s tensor. In section 3, we investigate
the spectral structure of the involved volume integral operator on a general domain (cf. (2.2))
and obtain the pole-pencil decomposition of its resolvent near the small regular value. We then
proceed to provide more quantitative analysis of spectral properties for the spherical domain.
With these mathematical findings, we provide a full explanation for the superresolution in
high contrast media in section 4. In addition, we will present the numerical evidences in the
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case of a spherical region to validate our main theoretical results. Some details and other
useful and interesting results are given in Appendices A, B, and C.

We shall use some standard notations for the Sobolev spaces (see [33]) throughout this
work. For a vector x € R3, we denote its transport by ! and its polar form by (|z|,%) with
& = z/|z| € S?, where S? is the two-dimensional unit sphere in R3. We denote the inner
product and outer product for two vector u,v € R? by u! - v and u x v, respectively. We
also need the tensor product operation ® of two vectors, i.e., given two vectors u € R™ and
v € R™, u®w is a n x m matrix given by (¢ ®v);; = u;v;. And we always let vector operators
act on matrices column by column. For a Banach space X and its topological dual X', we
introduce the dual pairing (I,z)x := [(x). We use @, to denote the orthogonal sum in a
Hilbert space, while the direct sum in a Banach space is denoted by .

2. Resolution of imaging EM embedded sources. In this section, we shall first introduce
the time-reversal reconstruction of EM sources embedded in a high contrast medium and then
review its resolution analysis. The main purpose of this section is to work out the explicit
relation between the resolution limit and the contrast between the refractive indices of the
dielectric inclusion and its surrounding medium.

Let us start with the introduction of some notation, definitions, and conventions in this
work. We consider a dielectric inclusion D embedded in the free space R3, where D is a
bounded connected open set with a smooth boundary 0D and the exterior unit normal vector
v. We assume the refractive index n(x) € L>(R?) of the form

n(x) =14+ 7xp(zx),

where 7 > 1 is a positive real constant and xp is the characteristic function of D. Let k
and k; := kv/1 + 7 be the wave numbers in the free space and in the medium D, respectively.
Then we introduce the fundamental solution of the differential operator —(A + k?) in R3:

eiklz—y|

g(z,y, k) := Ty k > 0. We define the Riesz potential K%,

(2.1) Klg] = /D g(e.y. K)p(y)dy for o € L*(D,RY),

which is a bounded linear operator from L?(D,R3) to H2 (R3,R3). This further allows us to
introduce the electric volume integral operator T,

(2.2) Thle] = (K* + Vdiv) K B[] € Hype(curl, R?)  for p € L*(D,R3?),
which satisfies

(2.3) V x V x Tplp] = K*Tp[¢] = K*oxp in R

in the variational sense, together with the outgoing radiation condition:

(2.4) || (V x TE[p](z) x & — zk:TB[go](x)) — 0 as|z|] = oc0.
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We say that an L2-vector field E solving the homogeneous Maxwell equations is radiating if
it satisfies the radiation condition (2.4) in the far field, and of which we define the far-field
pattern Eo (%) € L2(S?) by the asymptotic form:

etklz|
]

The following surface integral operators are also needed:

(2.5) E(z) = Ex(z)+ O <|1:1’2> as || — oo.

(2.6)
Shplel =/8Dg(:c,y,k)so((y)da(y), K] :/aD aig(w,y,k)w((y)da(y) for p € H2(D).

We recall the normal trace formula for the gradient of S(’;D:

2.7 o (Vstplel) = (5 + 65 ) @), v o,

where 7, [¢] = v!-¢ is the normal trace mapping which is well-defined on the space H (div, D).
For the case where the density function ¢ in SgD is the tangent vector fields from

H;l/ 2(div, 0D), we denote the operator by AgD instead in order to avoid any confusion.

When k£ = 0, we omit the superscript k in the above definitions for simplicity, e.g., we write

Syp for Sg p- We are now ready to state the inverse source problem of our interest in this work

and analyze the resolution of the time-reversal reconstruction of the EM embedded sources.
Consider the following forward source problem associated with the medium D:

(2.8) {V x V x E(z) - k*n(x)E(z) = f(z), =eR’,

E satisfies the outgoing radiation condition (2.4),

where f € L?(D,R3) is the electric radiating source in the sense that E has a nontrivial
far field pattern [1]. The corresponding inverse source problem is aimed at reconstructing the
source f by using the electric field data Epeas() collected on the far-field measurement surface
dB(0, R), where the radius R is large enough and B(0, R) contains D. In the distribution
sense, the measured data Eeas(z) on dB(0, R) can be written as

(2.9) Bunens() = /D Gla,y, k) f(y)dy, =€ 0B, R),

where G(x,y, k) is the Green’s tensor of Maxwell’s equations for the inhomogeneous back-
ground, defined by

(2.10) V x V x G(z,y,k) — E*n(z)G(z,y,k) = 6(x —y)I, zeR>, yecRNID,

such that each column of G satisfies the outgoing radiation condition (2.4). Here, I is the
3 x 3 identity matrix. The existence of G can be rigorously justified by the boundary integral
equations (cf. (2.16)—(2.17)). In our following representation, G(z,y, k) will usually occur
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with a unit polarization vector p € S2, i.e., G(x,y, k)p, physically denoting the electric field
generated by the point dipole source d(x — y)p located at y, and we will not give descriptions
for the other similar notation if there is no ambiguity.

To reemit the measured field Eyeas(z) in (2.9) back to the source, we multiply it by G
(phase conjugation is the frequency domain counterpart of time reversal), which immediately
leads us to the imaging functional:

(2.11) I(z) = /83( . G(z,2, k) Emeas(z)do (),

where z is any sampling point taken from the sampling region {2 which is a bounded domain
satisfying D € © C B(0, R). The resolution of the above imaging functional is a standard
consequence of the following corollary of the well-known Helmholtz—Kirchhoff identity [20, 31]:
for any p,q € S?,

(2.12)

k/ (G(&, 2,k)q) - G(&, 2, k)pdo(€) = ¢* - TmG(z, 2, k)p + O <1A> Va,ze Q\0D.
OB(0,R) R

To see this, we substitute (2.9) into (2.11) and then readily obtain from (2.12) that for an
arbitrary probing direction ¢ € S?, it holds that

qt'I(z) = /BB o) q - G(z,x, k) Emeas(z)do ()
-1/ G2 F)G (2, y. k) f(y)do(a)dy
aB( OR)
1 | amGeanswi o (1),

where we have used the reciprocity of the Green’s tensor: G(z,y, k) = G(y,z,k). Thus, we
have that I(z) can be approximated by

1) =1 [ Gy sy, ze0,

when R tends to infinity. To investigate the properties of I , it suffices to consider the imaginary
part of the Green’s tensor (with a polarization vector p),

ImG(z, 20,k)p, 20€D, peS?,

which is proportional to the raw image I(z) of the point dipole source f(y) = d,,(y)p asymp-
totically. It is worth emphasizing that JmG, unlike the acoustic case, is anisotropic in the
sense that ¢' - JmGp may present different features for different probing directions ¢ € S?
and polarization directions p € S? and hence yields a direction dependent diffraction barrier.
But we can still expect a better resolution in the image of f obtained from the approximate
functional I(z) if JmG(z, zo, k)p exhibits subwavelength peaks.
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To figure out how the high contrast 7 influences the behavior of the imaginary part of the
Green’s tensor, the Lippmann—Schwinger formulation may be adopted, as was suggested in
[13] for the acoustic case. However, it is not a trivial task to derive the Lippmann—Schwinger
equation here as in [13] due to the strong singularity of the current Green’s tensor G(z,y, k)
associated with the Maxwell equations for the inhomogeneous background. We observe that
JmGp does not satisfy the outgoing radiation condition (2.4) although it obeys

V x V x ImG(z,y, k)p — k*n(z)ImG(z,y,k)p=0, zcR® yecR3\OD.
Thus, we need to to deal directly with G(z, 2o, k)p that solves the equation,
(2.13) V x V x G(z, 20, k)p — E*n(2)G(2, 20, k)p = 9, (2)p, 20€D, z€ R3,
or equivalently,

V x V x [G(z, 20, k) — Go(z, 20, k)] p—k* [G(2, 20, k) — Go(z, 20, k)] p

(2.14) = kQTXDG(Z,Z(),k)p, 20 €D, zeR3,
where

1.
(2.15) Go(z,y, k) :== <]I + kQlev) g(x,y, k)l

is the Green’s tensor of Maxwell equations for the free space with wave number k. By (2.3)
and (2.14), the integral equation for G may be formally formulated as

G(27 20, k)p - GO(’Za 20, k)p = TTE [G(? 20, k)p] (Z)a z€D.

Nevertheless, there is a strong singularity of G(z, 29, k) near zy (cf. (2.18)), resulting in the
fact that G(z, 20, k)p ¢ L*(D,R3) and the evaluation of T% [G(, 20, k)] () makes no sense.

To address this issue, we need a priori information on the singularity of Green’s tensor
G, which we shall observe from the boundary integral equation for G. With the help of the
integral operator .AgD introduced earlier in this section, we assume that G(z,y, k)p has the
following ansatz: for y € D,

Go(z,y, kr)p+ V x A5y [9(2) + V x V x Aip[¥)(z), z€D,

(2.16) G(z,y,k)p = {v x AL [0](2) + V x V x AL [](2), z € R3\D,
and for y € R3\D,

V x AF[9](x) + V x V x Abm[Y](), zeD,

B b= {Go<x, YR+ V X AbpB](@) +V x V x Ajp (), @ € RA\D.

The densities ¢, € H;l/Q(div7 0D) in (2.16) and (2.17) can be found by solving a boundary
integral equation built via the trace formulas related to A%, [9, 6]. By (2.16), we readily see
that near zg € D, G(z, 20, k)p has the same singularity as Go(z, 20, k;)p in the sense that

(2.18) G(z,20,k)p — Go(z, 20, kr)p € L*(D,R?) .
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We are now prepared to derive the Lippmann—Schwinger representation of G in terms of
Tl’% and 7. The key idea here is to split G into a singular term with compact support in D and
a regular remainder and then establish the integral equation for the regular part instead. To
do so, we construct a smooth cutoff function Y, (z) with a compact support in D satisfying

Xz (%) =1 on a small ball B(zp,r) C D
and define
(2.19) 3(z, 20, k) = Xz (2)g(2, 20, k), 2z €R3,

which helps us to separate the singularity indicated in (2.18) locally. It follows that
V.div,(g(z, 20, k)p) is a distribution on R3 with its support and singular support, respectively,
given by the compact set supp(xzp) and the single point {z9}. We now write G(z, zo, k)p as

T . ~
(2.20) G(z, 20, k)p = Go(z, 20, k)p — ﬁvzdlvz(g(z, 20,k)p) + V(z,20,k)p, z€ R3,

T

where V (-, zo, k)p|p defined by the above formula is an L2-vector field, by (2.18) and (2.19).
Substituting (2.20) back into (2.13), we can find, by a direct computation, that V(z, zg, k)p
satisfies

V x V x V(z, 20,k)p — E*n(2)V (2, 20, k)p

1 .
(2.21) = 7k*xp(2)(Go(z, 20, k)p — pvzdlvz(g(% 20, k)p)) »

where we have used the fact that Gy is the fundamental solution to the homogeneous Maxwell
equations and a simple but important observation that

T

k.2

T

k2n(z) V.div.(g(z, 20, k)p) = 7V div.(g(z, 20, k)p), =z € R3.

The above observation also suggests the reasons why it is necessary to restrict the singularity
in the domain D. Note that the source term in the right-hand side of (2.21) is an L?-vector
field. We define a matrix function

~ 1

(2.22) G(z, 20, k) := Go(z, 20, k) 12 V.div, (9(z, z0,k)I) , z,20 € D.

Then the corresponding Lippmann—Schwinger equation for Vp reads as follows:

V(z, 20, k)p = TG (-, 20, k)p + V (-, 20, k)pl(2), z€ D.

If1- TTB is invertible (as we shall see in Proposition 3.2, this is always the case for a high
contrast 7), we further have

V(2 20, k)p = (1 — 7T5) " (7Th — 1+ 1[G (-, 20, k)p](2)
(2.23) = (1 —7TE)YG(, 20, k)pl(2) — G(z,20,k)p, z€D.
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Then it follows from the decomposition (2.20), the definition of G in (2.22), and the relation

kr = kv/1+ 7 that

~ 1 T .~
G(z,20,k)p = G(z,z0,k)p + <k52 — k‘2> V.div.(g(z, 20, k)p) + V (2, 20, k)p
~ 1 .
= G(z, 20, k)p + ﬁvzdlvz(g(z, 20,k)p) + V(z,20,k)p, 2,20 € D.

Combining this decomposition with (2.23), we arrive at the main result of this section.

Theorem 2.1. The Green’s tensor of the Mazwell equations (2.13) with a polarization vector
p € S? has the following representation.:
1
k2

T

(224) G(Z7 20, k)p = vzdiVZ(g(za 20, k)p) + (1 - TTB)_I[G(Z7 20, k)p] (Z) 5 Z,20 € D )

where § and G are given by (2.19) and (2.22), respectively.

In the above construction, the definitions of g and G depend on the position of zg and the
explicit choice of the cutoff function Y, (z). If we redefine g and G in (2.19) and (2.22) as

(2.25) (2,2 k) = X2 (2)g(2, 2/, k), 2 € R3, 2" € B(zo,7),
and
~ 1
(2.26) G(z,2' k) = Go(z, 2/, k) = 5 V.divo(g(z, 2, F)I), z€ R3, 2’ € B(z,7),

k
respectively, and revisit the proof of Theorem 2.1 carefully, we can find the same representation
of G(z,2',k)p as the one in (2.24) for z € D and 2’ € B(zo,) but with § and G replaced by
the ones in (2.25) and (2.26). More generally, given an arbitrary compact subset D’ of D, we
may replace the cutoff function X,(z) in (2.25) by another smooth cutoff function Xps such
that Xp/(z) = 1 on a small neighborhood of D’. Then, by a very similar argument as above,
we can derive an improved variant of Theorem 2.1.

Theorem 2.2. Given a compact subset D' of D, let g be given by (2.25) with X,,(z) replaced
by the smooth cutoff function Xp/(z) associated with D', and let G be defined as in (2.26) with
the newly defined g. Then the following decomposition of the Green’s tensor G(z,2' k) (cf.
(2.10)) holds:

1
¥

We can clearly see from (2.27) (or (2.24)) how the high contrast 7 affects the behavior of
G. In the high contrast regime, i.e., 7 > 1, the first term of (2.27) involves the contrast 7 in
an explicit way, and we can find that its imaginary part is of order 7~! and thereby negligible
since Jmg(z,2', k) is a sufficiently smooth function. At the same time, the second term in
(2.27) is strongly influenced by the property of operator (7=! —TF)~1. If there are some poles

(2.27) G(z,7,k) = =V.div.(§(z, 2/, k)I) + (1 — 7TH)VG(-, 2, k)(z), zeD, 2 eD".

of the resolvent of T near 7!, we may expect that the term (1 —775)~? [G(-, 2, k)](2) blows
up and hence JmG exhibits a sharper peak than the one in the homogeneous space. These
observations lead us to the investigations of the spectral structure as well as the resolvent of
T g in the next section, which serves as the mathematical preparations for a complete study
of the possibility of achieving the superresolution in high contrast media in section 4.
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3. Spectral analysis of the volume integral operator. For a bounded linear operator A
on a complex Banach space, we denote by o(A) its spectrum, by o,(A) its eigenvalues (point
spectrum), and by (A — A)~! the resolvent, which is an analytic operator-valued function
defined on the resolvent set p(A) := C\o(A). We refer to the elements in p(A) as the regular
values of A. We have seen in section 2 that the resolution limit in the EM inverse source
problem is closely related to the behavior of the resolvent (A — Tg)*1 near the small regular
value 771 < 1.

3.1. Spectral structure. In this subsection, we are going to first consider the distribution
of eigenvalues of T]:“) and then give characterizations of the essential spectrum and eigenvalues
of finite type. (Their definitions will be given after Corollary 3.3.) These results are funda-
mental to the pole-pencil decomposition of the resolvent (A — T]%)_1 that shall be derived in
section 3.2. We start with an easily observed but quite important lemma for our later use.

Lemma 3.1. For the integral operator T¥ defined by (2.2), we have 0 ¢ o,(T%). Moreover,
the eigenvalue equation (A — TE)[¢] = 0 has nontrivial solutions for some A € C (i.e., A\ €

Up(Tf‘))) if and only if the following transmission problem has a nontrivial radiating solution
u € Hype(curl, R3):

2
(3.1) Vxqu—k‘Qu:%uXD in R3.

In this case, the solution u to (3.1), restricted on D, is an eigenfunction of T¥ associated with
A

Proof. Suppose (A, @) is the eigenpair of ng, ie., Tg[np] = Ap, p # 0, which directly yields,
by (2.3),

(3.2) (VX V x —E2)TE[p] = (V x V x =k®)Ap = E%pxp in R3.

We readily see that if A = 0, then ¢ = 0 on D, from which it follows that 0 ¢ 0,(75) and X in
(3.2) does not vanish. Since ¢ is the eigenfunction of T% with eigenvalue A, we can write the
right-hand side of (3.2) as k2T%[p/Nxp and then conclude that T%[¢] is a nontrivial solution
of (3.1). Conversely, if u is a nontrivial solution of (3.1), by the uniqueness of a solution to
the Maxwell source problem and (2.3), we have u = T%[u/A], which also implies that u|p is
an eigenfunction of Tl’% associated with A. |

We denote the interior wave number kv/1 + A1 in (3.1) by k). Here and throughout this
work, we consider the principal branch of /- with the branch cut given by (—oo, 0]. It should
be stressed that (3.1) is defined on the whole space R® and understood in the variational
sense. This fact immediately yields V x u € Hjy.(curl,R?), and hence V x u € H} (R3 R?)
by noting that div(V x u) = 0 and making use of the embedding theorem (cf. [14, Theorem
2.5]). These facts can also be verified by the integral representation of u, i.e., u = TH[u/A].
We now give the first result of this subsection, concerning an a priori characterization of the
distribution of the eigenvalues and eigenspaces of TIIS; see also [25, Theorem 2.1] for a similar
result. The proof follows from the well-known Rellich’s lemma (cf. [21, Theorem 6.10]). We
give it here for completeness and pay a special attention to the ranges of the eigenvalues and
the topology of the domain.
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Proposition 3.2. For a bounded smooth domain D, we have that if X € op(TEN\{~1}, then
JmA > 0. Suppose that R3\D is connected. We have that if A\ = —1 is an eigenvalue of TB,
then the associated eigenspace must be contained in ¥V H} (D).

Proof. We assume that u € Hj,.(curl, R3) is a radiating solution to (3.1), or equivalently,
the following system:

Vxqu—k‘g\u:O in D,
(3.3) VXVxu—k*u=0 in R3\D,
[vxul=0, [¥xVxu=0 ondD,

where A # 0 is a complex number with JmA < 0. We shall prove that if A # —1 (equivalently,
kx # 0), u must be zero everywhere; if A = —1, then u € VH&(D), provided that the open set
R3\ D is connected. For this purpose, choose an open ball B(0, R) centered at the origin with
large enough radius R such that D C B(0, R), and multiply both sides of the second equation
in the system (3.3) by the test function 4. Then a direct integration by parts on B(0, R)\D
gives us

0:/ V XV xu-u—ku-udr
B(0,R)\D

z/ |V><u|2—k2|u2dx+/ f;xqu-ada(;p)—/ v x V xu-ado(x)
B(0,R)\D 9B(0,R) oD
(3.4)
1
= / IV x ul? — k2|u|?dz — zk:/ lul?do(z) + O () - / vx V xu-udo(x),
B(0,R)\D 9B(0,R) R oD
where we have used the radiation condition (2.4) and the fact that V x u € H. (R3 R3). By

taking the imaginary parts of both sides of (3.4) and letting R tends to infinity, we have

(3.5) gm [ v xV xu-ado(z) = —k/

luoo|2do () < 0.
oD S2

Here, uy, is the far-field pattern of u given by (2.5). We now consider the field inside the
domain. Similarly, with the help of an integration by parts over D and the first equation in
(3.3), we obtain

3.6 — V x ul? — k3 |uf’de = v XV xXu-udo(x
(3.6) | |” = kX
D oD
and its imaginary part
1
(3.7) Jm [ v xV xu-ado(x) = jm/ k2~ |ul?dx .
oD p A

Noting that JmA~! = —Jm()\/|\|?) > 0, we readily have

Jm vxV xu-udo(x) =0,
oD
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by (3.5) and (3.7), since the tangential traces of u and V x wu are continuous. Then, we see
from the above formula and (3.5) that the far-field pattern us, vanishes, and thus u vanishes
in the unbounded connected component of R3\D by Rellich’s lemma. Therefore, it follows
that

(3.8) vxu=0,vrxVxu=0 only,

where 'y is the boundary of the unbounded component of R\ D.

To complete the proof, let us first consider the simple case: A # —1, where the interior
wave number k) does not vanish. The desired result that u = 0 in D directly follows from (3.8)
and the Holmgren’s theorem (cf. [21, Theorem 6.5]). We now consider the other case where
A = —1 under the condition that R3\ D is connected. In this case, we only have V x u = 0 in
D, i.e., u € Hy(curl0, D), from (3.6) and the observation I'g = dD. Recalling (A.2), we have
the following characterization of Hy(curl0, D),

Hy(curl0, D) = VHY(D),

since the R3\ D is connected and thus the corresponding normal cohomology space Ky (D) is

trivial. Therefore, we can conclude u = Vp for some p € H}(D) if A = —1 is an eigenvalue
and complete the proof. [ |
The above theorem does not tell us whether A = —1 is an eigenvalue or not. However, if
we extend an L?-field u from VHE (D), or more generally, Hy(curl0, D), by zero outside the
domain D, i.e., xpu, we can find that it solves the system (3.3) for A = —1, which indicates
that A = —1 is indeed an eigenvalue of Tf‘). Thus, we actually have the following corollary.
Corollary 3.3. For a bounded smooth domain D, A = —1 is always an eigenvalue ofo) with

the associated eigenspace containing Ho(curl0, D). If R3\D is connected, then the eiganspace
is equal to VHE (D).

To proceed, we need the following concepts about the spectrum of a bounded linear op-
erator A. We say that A € 0(A) is an eigenvalue of finite type if and only if A is an isolated
point in o(A) and the corresponding Riesz Projection Py,

1
3.9 P\(A) = — —A)d
(3.9) N A
is a finite rank operator, where I' is a Cauchy contour in C enclosing only the eigenvalue A
among o(A), and the definition does not depend on the choice of I'. The other concept is the
essential spectrum oss(A) defined by

Oess(A) = {A € C; Al — A is not Fredholm operator} .

Inspired by the work [22], where the strongly singular volume integral equation associated with
the EM scattering problem was transformed to a coupled surface-volume system involving
only weakly singular kernels by introducing an additional variable on the boundary via an
integration by parts, here we exploit the Helmholtz decomposition of L2-vector fields to obtain
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another operator matrix similar to the one in [22] but with fully decoupled unknown variables.
This newly derived system enables us to see a clear and insightful spectral structure of TB.
We now recall from Proposition A.3 the Helmholtz decomposition of L?-vector fields:

(3.10) L*(D,R®) = VH}(D) @, Ho(div0,D) @, W,

where W is the function space consisting of H'-harmonic functions and Hy(div0, D) =
curlXQ @, Kr(D). Denote by Py, Py, and Py, the projections from L2(D,R?) to VHL(D),
Hy(div0, D), and W, respectively. In Appendix A, we show how these subspaces are con-
nected with the divergence, curl, and normal trace of a vector field. In particular, we have
Pou = —VSdivu and Pyu = 7, 1y, (u + VSdivu); see Appendix A for the definitions of oper-
ators S and 7, 1. For our subsequent analysis, we introduce a product space,

_1
X := VHy (D) x Hy(div0, D) x H, 2 (D),

equipped with the norm |[Flly := || fill p2(py . f2ll 2oy + I f3ll 12 gy Tor F = (f1. fo, f) €X,

which is isomorphic to L?(D,R?) via the isomorphism = : f —> E[f] = (Pof,Paf, mPwf). B
using the isomorphism =, we define an operator 7']“ on X by

(3.11) TE .= =TE="1,

which is similar to Tf) and hence has the same spectral properties as Tg. We remark that the
inverse of Z is given by Z71(f1, fo, f3) = f1 + fo + 7, L f3.

We proceed to consider the spectral analysis of T[’)“. We first observe that VH&(D) and
divergence-free vector fields H(div0, D) are Tg—invariant spaces. In fact, for ¢ € H}(D), we
have

(3.12) THIVe] = K*VEp[6] + VAKp[¢] = —V¢,

which can be verified by using integration by parts with the fact that ¢ has zero trace on dD.
On the other hand, by a density argument and the fact that div : L?(D,R3) — H~1(D), we
have

divI®[¢] = —dive for ¢ € L?(D,R3).

By these observations and the definition of T} (cf. (3.11)), we can write the operator matrix
Tk as follows:

-1 0 0
(3.13) Th=10 PgTY PTEA,?
0 %Tf} ’YnTD’Vn
To further analyze the properties of 7'5, we need to work out explicit formulas for the operators

involved in (3.13), which are only defined in an abstract way. To do so, a direct calculation
gives us that

(3.14) Tplyl = K*Kple]l = VShple - v] = kK Kp[Pag + Pwy] — VSip[1nPuy]
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holds for ¢ € H(div0, D). Then, we take the normal trace on both sides of (3.14) and find

1 * .
315)  uThlel = FuKblPag+Pugl = (3 + K5 ) huPusl for v € H(@n0. D).

where we have used the normal trace formula (2.7) for VS5,. By (3.14) and (3.15), we readily
have
(3.16)
PaTp[] = k*PaK B[], WIHl] = k7 Kpl]
on Hy(div0, D),

~ —_ ~ ~ 1 *
PaTH 1] = RPakb i 1 - PaVSioll, 1 Th 1 = Kkcbin 1] - (5455 ) 1

L on Ho_l/2(('3D) .

We are now in a position to prove the following lemma.
Lemma 3.4. RY, := Tk — diag(—1,0, —%) is a compact operator on X.

Proof. To prove the compactness of R’B on the product space X, it suffices to show that
each block in RIB is compact. By the mapping property of K ]f) and Rellich’s lemma for
Sobolev spaces, we can obtain that Pq K f) and fynTl’% are compact operators from H(div0, D)
to Hp(div0, D) and H61/2((3D), namely, the operators (RY)22 and (R%)39 are compact
(cf. (3.16)). Meanwhile, a further fact that IC(’;B is compact gives us the compactness of
(RK)3.3 = wTh31 + 1/2 on Hy “/*(0D), by (3.16). To show that (RK)ss = PaTEF;! is
compact from Hgl/Q(aD) to Ho(div0, D), we write it, by using (3.16), as

PaTHA, ] = (K°PaKpF,* — PaV(Shp — Sap))[] — PaVSan[],

where the first term is obviously compact, and the second term actually vanishes due to the
fact that VSypl-] € W. The proof is complete. [ |

By Lemma (3.4) and the fact that the essential spectrum is stable under a compact
perturbation [29], we directly have the characterization of the essential spectrum [23],

ess(T) = ess(TB) = 0as(ding(~1,0, ~ ) = {—1,0, —;} ,
and \ — Tg is an analytic Fredholm operator function with index zero on C\oess as a
consequence of the definition of essential spectrum and the fact that the Fredholm index
ind(\ — Tg) is a constant on a connected open set. Then, by using the analytic Fredholm
theory [29] and Proposition 3.2, we can conclude that (A — TE)~! is extended to a mero-
morphic function on C\oess(T%) with its poles being a discrete and countable bounded set
given by 0, (T5)\0ess(TE), and for some \g € 0p(T5)\0ess(T8) and A in a sufficiently small
neighborhood of A, (A — T%)~! has the following Laurent expansion:

[e.9]

(3.17) A=TH) = > (A=2)"Tn,
n=-q(Xo)
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where Tj is Fredholm operator with index zero, and T;, —q(\o) < ¢ < —1, are finite rank
operators with g(Ag) being a positive integer.

From now on we shall denote the set of all the eigenvalues of finite type of Tf) by o (Tl]%).
To better understand this set, we recall the following fundamental property concerning the
Riesz projection (cf. [29, Theorem 2.2]).

Lemma 3.5. For a bounded linear operator A on a Banach space X, let o be an isolated
part of o(A) and P,(A) be the associated Riesz projection. Then both imP,(A) and kerP,(A)
are the invariant subspaces of A with o(Alimp,) = 0 and 0(Alxerp,(a)) = 0(A)\o. Moreover,
X has the direct sum decomposition: X =imP,(A) @ kerP,(A).

From Lemma 3.5 it immediately follows that o(T%) is a subset of o,(T%). Conversely,
note from (3.17) that for A\g € 0(T8)\ess(TH),

1
P)\O(Tg) = 277TZ /F(/\ - Ao)_leld)\ =T,

is a finite rank operator. By this fact, together with the definition of eigenvalues of finite type
and o¢(TE) C 0,(TF), we readily have

(3.18) UP(TB)\UeSS(TLI%) =0y (TB)\UeSS(TLI%) .

In fact, we can obtain a sharper version of (3.18) by some further observations. We first note
from Lemma 3.1 and Proposition 3.2 that {0, —3} ¢ 0,,(T}) and further that

(3.19) Op(TEN\Oess(TH) = op(TE)\{—1} C {\ € C; TmA > 0}.

To consider the relation between o(TF) and oess(TF), we need a general result from [26,
Lemma 4.3.17].

Lemma 3.6. Let A be a bounded linear operator, and let Aoy be an isolated point in o(A).
Then we have Ng € 0ess(A) if and only if the Riesz projection Py,(A) has an infinite-
dimensional range. In particular, we have

UesS(A) m Uf(A) =0.
This lemma, along with (3.18) and (3.19), allows us to conclude that
(TH\{-1} = o4 (Tp)
Op\LD 0f\tD)-

With all the above arguments, we actually have proved our second main result of this subsec-
tion.

Theorem 3.7. The spectrum U(TE) 1s a disjoint union of essential spectrum and eigenvalues
of finite type, i.e.,

U(Tg) = UeSS(TJ%) UUf(TE) )
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where 0ess(TE) and op(TE) are given by

Uess(Tf)) = {_1707 _1} ’ O-f(Tl%) = UP(Tg)\{_l} C {)‘ € C? JmA > 0}7

2
and oess(TH) gives all the possible accumulation points of o (TF). Furthermore, (A — Tp) ™!
is a meromorphic function on C\o.ss(TF) with a discrete set of poles given by O'f(Tg).

Remark 3.8. This remark emphasizes the special roles of eigenvalue —1 and its eigenspace
and connects it with the nonradiating sources. We have observed in Corollary 3.3 that
Ho(curl0, D) is a T%-invariant subspace with o (T5| Ho(curlo,n)) = {—1}, which can also be
obtained by a direct calculation as in (3.12). In fact, we have

TH[¢] = curl K [curly] — curl AR p[v x @] — oxp  for ¢ € H(curl, D).

Hence, the space Hy(curl0, D) also corresponds to the nonradiating sources in the sense that
TE[¢] for ¢ € Ho(curl0, D) vanishes in the far field since 5[] = —pxp. A more general
version of this fact has actually been included in the proof of Proposition 3.2 implicitly. We
have proved therein that if u is the eigenfunction of TP with eigenvalue —1, then 7% [u] has
a vanishing far-field pattern. We refer the readers to [17] for the detailed characterization of
nonradiating sources for Maxwell’s equations in the homogeneous space.

3.2. Pole-pencil decomposition. To fully understand the structure of (A — Tl'g)_l, we
may need to perform the full expansion of a vector field with respect to eigenfunctions and
generalized eigenfunctions of Tl’% as the one given in [13] for the Helmholtz equation. Nev-
ertheless, such a full expansion does not work here since we do not know whether the set
of eigenfunctions and generalized eigenfunctions is complete in the space L?(D,R3). To cir-
cumvent this technical barrier, we develop a new pole-pencil decomposition (local expansion)
in this subsection for the resolvent (A — T%)~! near the reciprocal of the contrast 7 instead,
which relies on the concept of eigenvalues of finite type and Theorem 3.7.

For our purpose, we define an e-neighborhood of 77! in U(Tg):

(3.20) o:=B(r Y e)no(TF),

where ¢ is a given small enough constant. By the fact from Theorem 3.7 that Jf(T]:")) is
discrete, we readily see that ¢ must be a finite set of eigenvalues of finite type of T%, i.e.,

o=Ugcr{N}={\i; e B(r 1e)n Uf<Tg)}7

where I C N is a finite index set. Without loss of generality, we assume that ¢ is a nonempty
set. In view of the facts that VHE(D) is an invariant space of T and a(Tf,\VHé(D)) ={-1}

is disjoint from o, it suffices to consider the resolvent of the restriction of T}g on H(div0, D)

to derive the pole-pencil decomposition of (A — Tf‘))_l. In the remainder of this subsection,

we simply denote 75| H(divo,D) DY fg To proceed, we first note from (3.13) and Lemma 3.4
that Theorem 3.7 still holds with T° 1’% replaced by T f‘) except

0ess(TH) = {0,-1/2} and o (Th) = 0,(TH).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/20/21 to 174.109.87.33. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

SUPERRESOLUTION IN RECOVERING EM SOURCES 1483

It follows that both ¢ and its complement ¢ := a(fg)\a are closed subsets of U(Tl’%), which

allows us to choose a Cauchy contour I' in p(Tg) around o separating ¢ from ¢ and define the
Riesz projection corresponding to o:

1 ~
(3.21) Pri=—— [ (A=Tp)'dr=> Py,
r

2 ;
el

The Riesz projection corresponding to ¢ can be introduced similarly. By Lemma 3.5, H (div0, D)
can be decomposed into two invariant subspaces of T (and also T%),

(3.22) H(div0, D) = imP, & kerP,

with ker P, = imP;, and it holds that

o(Thlimp,) = 0 = Uier{\i},  0(Thlkerr,) = o(TH)\ Uier {\i}-

This decomposition (3.22), along with the Helmholtz decomposition (3.10), gives us the fol-
lowing Tg—invariant subspace decomposition of L?-vector fields:

L*(D,R?*) = VH{(D,R*) @, (imP, @ imF;).

On the associated product space, VH} (D, R?) x im P, x im P, the operator )\—Tl’% with A € C
has a diagonal representation, diag(A + 1, A — TF¥ X\ — T, Ck)’ where TF and T, Ck are shorthand
notation of Tg‘impa and T g’impg, respectively. With the help of this notation, we arrive
at the following representation of the solution to (A — T¥)[¢] = f for f € L*(D,R3) and
A€ B(t71e)\o:

1
+1

(3.23) ¢ =3P/ + (A= T 'Pof + (A=TE)'P.f .

To further understand the behavior of (A — T5)~! locally, we recall from the defini-
tions of o and P, that imP, is of finite-dimensional and T11§|impg is an operator acting on
a finite-dimensional vector space with eigenvalues {\; };cr. By the Jordan theory to the finite-
dimensional linear operator, there exists a basis such that the matrix representation of Tg limP,
has a Jordan canonical form, that is, the representation matrix is a block diagonal one con-
sisting of elementary Jordan blocks:

More precisely, suppose that A; has geometric multiplicity /V;, and then the associated Jordan
matrix Jy, will have the form J), = diag(Jii, ce J/]\\i[i), where Jf\i, 1 < j < N;, are the
elementary Jordan blocks. Suppose also that for each Jordan block J?,, there is a Jordan chain
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J,Mi5—

cp{\ = (gpi’o,pi’l, e Py ) N > n;; > 1, an ordered collection of linearly independent

generalized eigenfunctions, such that J7, ; is the representation matrix of 17, k restricted on EJ :
Tplg o3, = PrJa

where Ei is the invariant subspace of Tk spanned by the Jordan chain t,o)\ Without loss of
L2(D )—1forz€I,1§]§NZ,0§s§nw—11ntherest0fthe

exposition. With EJ ., we can write the following invariant subspace decomposition of imP,:

generality, we assume ng

imP, = @ GB Ej

In our notation, the eigenspace corresponding to A; is spanned by {<pj ’0};\,"1 with dimension V;

while the generalized eigenspace is given by 69 E] y, With dimension Z 1 nij (the algebraic

multiplicity of \;). For vector ¢ € EJ | denote by (©)pi = ((9) 5 (0),(p) 5 (1)s-- ()5 (nij—
¢ A A A A

1)) € R™i the coefficients in the expansion of ¢ with respect to the basis {(p&f} ey 1, ie.,

ni;—1

(3.24) =) () = D (), KA
k=0

With the help of these notions and (3.23), we arrive at the pole-pencil decomposition of
(A =Tp)™
Proposition 3.9. The resolvent (A — TE)™! on B(r71,e)\o has the following pole-pencil

decomposition:

N;

(325) (A =TH) ] = o Foll + 30D @ - = K B[y + =T R
icl

K3

=1

(2
are finite-dimensional projections from imPy; to E,;.
7

Here, Pi, = PijPAi 18 the composition of projections P’ and Py, , where Pf(z elL1<j<N)

By the above theorem, we clearly see that the behavior of (A — Tg)*1 is essentially deter-

mined by its principal part, ) . ; Z;V:’I eh =T )Py ['])(pj , in the sense that it contains
T T 7 )\7,

all the singularity of (A — 7%)~! on B(77!,¢) while the remainder term (A + 1)71Py + (A —

T Ck)_lPC is an analytic operator function on B(7~!,¢). In fact, if o has only one element \;,

the principal part here exactly matches the one in the Laurent series of (A—7T5)™1 (3.17) near
the pole A;:

-1

(3.26) ZsoA A= BT By = D A =2)"T.

n=-q(\;)
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We also note that (A — Jf\'i)_1 has the following explicit form,

A=) A=x)"2 ... (A=)

A=)t = A=x)~" : ’
i e (A=)
()\ )\i)_l

which readily gives us that the order g()\;) of the pole \; is determined by

(3.27) a(\i) = | i -

Hence, we may expect that there is a blow-up of (A — Tg)_ near the pole A; with order of
1/|A — ;|93 In fact, we have the following local resolvent estimate (see Proposition 3.10)
directly from (3.17) and the estimate for ||(A — Jf\i)*lH:

; 1
3.28 H A —Ji _1H <Crerro—,
where X is in a small neighborhood of )\; and C' is a generic constant depending on n;; and
the aforementioned neighborhood of );. Note that we do not indicate the matrix norm that
is used due to the norm equivalence property on a finite-dimensional space.

Proposition 3.10. Suppose that B(t~',¢) and o are given as in (3.20). There exists a
constant depending on € and the pole set o such that the following estimate holds for f €
L*(D,R3) and X\ € B(t7},¢)\o:

| =1k

where q(\;) is given by (3.27).

This subsection ends with two remarks for a further discussion of the resolvent estimate
of TB.

Remark 3.11. In [32], the author gives the following bound for the smallest singular value
of an n x n Jordan block J with A being its diagonal elements:

" A" A
nt A §1111115](J)<u f0r0<|)\|<7
n n+1 " 1<<n n n+1’
where s; (A);.l:1 denote the singular values for a general n x n matrix A. The above estimate
further gives us a sharper estimate for the induced 2-norm of the resolvent of Jii than (3.28):
1 Nij

. , ong+1
A—J) 71” = max s;i(A—JJ ) H= — < nij 4
H( A’) 2 1<5<n;; J(( /\1) ) minlgjgmj Sj(()\ — J/J\L)) (nij + 1) |>‘ - >\i|nij
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when 0 < [A—);| < n;;/(nij+1). It allows us to derive a new local resolvent estimate for 7%,

- N; y - i+ 1
|a=z8)77] .., < CZZW%:iU reserr R

icl j=1

for a generic constant C' and A € B(77!,¢), which seems to be a little bit shaper than the
one in Proposition 3.10 but actually does not provide us new information on the singularity

of (A —TK)~! and its blow-up rate near the regular value 1.

Remark 3.12. In general, it is very difficult to obtain a sharp global estimate for the
resolvent (\ — T]%)*1 of the nonselfadjoint and noncompact operator Tf). Nevertheless, by
noting that T[f) is a quasi-Hermitian operator, we can apply a general result to Tf) to obtain
its resolvent estimate. We put the detailed analysis and some relevant definitions in Appendix
B.

We have observed from Proposition 3.2 and Theorem 3.7 that 771 — T f') is invertible, and
then Propositions 3.9 and 3.10 permit us to write

N;
-1 ky—1 j -1 i \—1/ pJ
(3.29) T =ThH T~ e = )T B,
iel j=1 ¢
and to see that the behavior of (77! — T 5)_1 is indeed significantly influenced by the poles of
the resolvent of Tl% near 7' and their associated eigenstructures, as is suggested at the end
of section 2.

3.3. Spherical region. In view of the formula (3.29), both eigenvalues and eigenfunctions
can play a crucial role in the local behavior of (A — Tf‘))_l near the very small regular value
771, which motivates us to quantitatively investigate the asymptotic behaviors of eigenvalues
and eigenfunctions of the operator T’ l’% as A — 0 to further explore the mechanism lying behind
the superresolution. In this subsection, we consider the spectral properties of Tf) on the unit
ball D = B(0,1) in R3, where the Mie scattering theory is applicable.

We have seen in Lemma 3.1 that solving the eigenvalue equation (A — TK)[¢] = 0 is
equivalent to finding A and the associated nontrivial radiating solution to the transmission
problem:

k2
(3.30) VxVxE—-kE= ~Exo.

In this subsection, we assume A # —1 so that the wave number ky = kv/1 + A1 inside the
domain will never vanish; see Remark 3.14 and also Remark 3.8 for a discussion of the case
of A = —1. By the Mie theory, any solution E of the time-harmonic Maxwell equations
V XV x E — k*E = 0 in the far field can be represented in the following series form:

o0

(3.31) BE(x) =) Ynm Bt (k, ) + N B (k, @)

n=1m=-—n
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where the complex coefficients 7, ,, and 7,,, are to be determined and E}f g and E’;{ ]‘n{ are
vector wave functions defined in the Appendix C.1. Similarly, any solution E to the Maxwell

equations V x V x E — k‘?\E = 0 near 0 has the following representation:

(3.32) E(x)=> Y anmBELE(kx2) + BumErm(kx, @)

n=1m=-n

with undetermined coefficients oy m, Bnm € C (see (C.3) and (C.4) for the definitions of
E,{ B and E,{ My To establish the equations for eigenvalues A, we match the Cauchy data
(T x B,z xV x E)of (3.31) and (3.32) on the boundary 0B(0,1). By the trace formulas of
multipole fields (C.5) and (C.6) and recalling that {U!"} and {V,*} are an orthonormal basis
of L%(S’Q), matching Cauchy data reduces the original eigenvalue problem to solving infinite

linear systems,

(1) :
. Yn mPn (k) = Qp m]n(l@\)a
T X Ex)] =0« ' ' n=12,..., m=-n,...,n,
[ (2)] { M Hor (k) = B - T (k).

and

’Yn,m/Hn(k) = an,mjn(kA)z

a v E — 0
[Z x V x E(z)] ‘:’{ T kB (k) = Bo.mkingn (k),

which can be reformulated into the following independent equations with the undetermined
coefficients as unknowns:

: 1)
(3.33) [j”(k)‘) S (k)] [an’m] =0,n=12,..., m=-n,...,n,

jn(k)\) —Hn(k) Tn,m
and
E
(3.34) (k) _/Hq(k) [ﬁn’m] =0,n=12,..., m=—n,...,n.
kxgn(ky)  —kRD (K)| [

We readily observe that the coefficient matrices in the above linear systems do not depend
on the index m, and the equation (3.30) has nontrivial solutions for A € o,(T%)\{0} if and
only if (3.33) or (3.34) has nonzero solutions for some index n € NT, or equivalently, the
determinants of the associated coefficient matrices are zero:

(3.35) WD (k)T (k) — ju(kx)Ha (k) = 0

k’2

(3.36) k—ih,(})(k)jn(kk) — (k) Hn(k) = 0.

To proceed, let us focus on the first case, i.e., (3.33) and (3.35). We note from the fact
that all the zeros of j,(z)(n € NT), except the possible point z = 0, are simple [39] that

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/20/21 to 174.109.87.33. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

1488 HABIB AMMARI, BOWEN LI, AND JUN ZOU

Jn(ky) and J,(ky) cannot vanish simultaneously, and neither can hgll)(k:) and Hn (k) by a
similar observation. Then all the nontrivial solutions of (3.33) have the form (au m,Ynm) =
Cnm (0, Yn) With ap, v, # 0 and ¢, € C\{0}. Therefore, for A such that (3.35) holds for
some index n, there is an associated subspace spanned by the eigenfunctions {E,{ Eym=n .
If the same A happens to satisfy (3.33) for index n’ # n or (3.34) for index n”, we can find
another (sub)eigenspace spanned by {Eg,’?m %i’fn, or {Eg M mz’_‘:ﬂ,, which is orthogonal
to the aforementioned one. Moreover, the geometric multiplicity of A is the sum of the
dimensions of these subspaces, which must be finite, since all the eigenvalues of Tf) except —1
are eigenvalues of finite type (see Theorem 3.7). The same arguments can be applied to the

system (3.34) as well as to (3.36). We summarize the above facts in the following theorem.

Theorem 3.13. Denote by 0. and o2 the sets of A such that (3.35) and (3.36) holds, re-
spectively, and then we have that the set of eigenvalues of finite type of TJIS for a spherical
region B(0,1) is given by

o4(Th) = op(Tp)\{~1} = UpZy (0, U ay) -

And for each A € Uf(Tl’%), the finite-dimensional eigenspace is spanned by
Uzzzl Unen, U;Ln:an;’L,m(k)\v 1‘),

where A;, i = 1,2, is a finite subset of NT such that A\ € oi for n € A;. Here, E};m(k‘,\,x),
i = 1,2, denote the eigenfunctions ELE (ky,x) and E,ZM(k)\, x), respectively.

,m m

Remark 3.14. As we have seen in Corollary 3.3 and Remark 3.8, the eigenspace of eigen-
value A = 1 is given by VH&(D), which are the nonradiating sources. For the case of the
domain B(0, 1), it is spanned by the gradient of eigenfunctions wu, of the Dirichlet Laplacian,
that is,

Auy, = —k2u, in B(0,1),
up, =0 on 0B(0,1).

The explicit formulas of the Dirichlet eigenvalues k, and eigenfunctions w,, are available in
[27]. It is also worth mentioning that in the above argument, we have actually proved that all
of these eigenfunctions, Eg Fn and Eg % , are the radiating sources, since both solution spaces of
(3.33) and (3.34) are one-dimensional and spanned by some vector p € C? with nonvanishing

components p1, pa, i.e., p1,p2 # 0.

3.3.1. Asymptotic behavior of eigenvalues. This subsection is devoted to the under-
standing of the distribution of eigenvalues in of for i = 1,2, namely, the eigenvalues of Tl'%.
For this purpose, it suffices to investigate the zeros of fi(z) for i = 1,2 on C\{0}, where f(z)
are introduced by the right-hand side of (3.35) and (3.36) by setting z = kj, i.e.,

(3.37) Fa(2) = DD ()T (2) = gn(2)Ha (K).
2
(3.39) F2(2) = D (R Tu(z) — dn(VHah).
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Zeros for £1() <10 Zeros for £1(z) 1078 Zeros for fi(2)

(2)
>
g
)

I
S
=S
]
I
© & 4 5 & IS & o L o
I
S
o

0 50 200 25 0 50 100 150 200 250 30 0 50 100 150 200 250

x10° 1071 Zeros for f2(2)

0 50 100 150 200 250 300 35 0 50 100 150 200 250 30 0 50 100 150 200 250 300
Re(z) Re(z) Re(z)

Figure 1. 70 zeros of fi(z) for i =1 (the first row), i = 2 (the second row), and n = 1,5,9 (from left to
right) in the right half plane: {z € C; —F < arg(z) < §}.

We readily see from the analyticity of 27"j,(z) on C that f! for i = 1,2 and n € N* are
analytic on the whole complex plane C, except that fZ(z) is a meromorphic function on C
with 0 being its only simple pole. By the symmetry property of j,(z), jn(—2) = (=1)"jn(2)
[35], we have

TIn(=2) = jn(=2) + (=2)jp(=2) = (=1)"jn(2) + (=1)"2jp(2) = (=1)"Tn(2),

which directly gives us the following lemma.

Lemma 3.15. For fi(z), n € Nt i = 1,2, defined by (3.37) and (3.38), the following
symmetry properties hold:

fa(=2) = (=1)"fa(2),  fa(=2) = (-1)"f3(2).

As a consequence of Lemma 3.15, the zeros of f are symmetric with respect to the origin.
To obtain an intuition about the behavior of those zeros, we numerically compute the zeros
of fi for i = 1,2 and different values of n in the right half plane {z € C; —% < arg(z) < 3},
by Muller’s method [6]. As we can observe in Figure 1, the zeros of f(z) are complex and
lie in the lower half-plane. This fact has been theoretically justified by Proposition 3.2. Also
the overall magnitudes of their imaginary parts rapidly decrease as the value of n increases.
Moreover, it is remarkable to note that for fixed ¢ and n, there is a sequence of zeros of
f! tending exponentially fast to the real axis. It motivates us to investigate the asymptotic
behavior of zeros of fi(z) as |z| — co.
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For this, we first consider f!(z) and see the following asymptotics from (C.8) and (C.10)
that for |arg(z)| <,

Loy — p(D) _nmy_1 _nmm T |Jmz| 1
fo(z) = hy, (k) cos (z > ) Z?—[n(k:) oS <z 5 2) +e (@) <\z|
— M _nr me| o (L
(3.39) hy,” (k) cos (z 5 ) +e (@] <\z|> as |z| — o0,

where we have also utilized the fact that both hq(@l)(z) and H,(z) do not have real zeros. In
view of (C.11), we can find generic positive constants C7, Ca, and C3 depending on n such

that el
mz
e -1 _ e'jmzlcl 1

C
2 |Jmz| — 2

[fa(2)] = By, (R)]

when |Jmz| > (5. Combining the above estimate with the symmetry of the zeros, it readily
follows that the zeros of f!(z) must lie in the strip:

{z € C; |Tmz| < Cs}.

In this region, the remainder term el O(|z|~1) in (3.39) converges to zero as |z| — co. Since

all the zeros of the entire function cos(z — %F) are real and simple, given by

(3.40) g = W;Jr”)” leN,

we foresee that there are zeros of f!(2) lying near z,,; when |z is large enough, which is indeed
the case, by a direct application of Rouché’s theorem and the inverse function theorem. To
see this, we define the entire function g,(z) = hﬁ})(k:) cos(z — ") on the complex plane C,
which has the minimal period 27 in the sense that if a € C satisfies g, (z + &) = gn(2) for
all z, then a = 2mm for some integer m. Noting that g¢/,(%,;) # 0 for [ € N, by the inverse
function theorem, we can find an open neighborhood V;, of %, ¢ and an open neighborhood
W, of the origin such that g(V;, + I7) = (—1)'W,, and g is an analytic isomorphism from the
neighborhood V;, + I of Z,; to the neighborhood (—1)!W;, of 0 for each [ € Z, where we also
use the periodicity and symmetry of g, (2) : gn(z +17) = (—1)!gn(2), | € Z. We denote by r,
the radius of the largest ball contained in V,, with center at the z, ¢ and define

M, = inf 2)|,
" zeaB(zn,l,rn)‘g"( )

which is independent of the value of [. When [ is large enough, we can guarantee

sup | fp(2) = gn(2)| < My,
2€0B(Zn,1,rn)

by using the asymptotic expansion (3.39). Then, the Rouché’s theorem helps us to conclude
that in the region B(Z,;,7) C Vi, + I, f}(2) has a simple zero denoted by z,;. It then

n

directly follows that g, (zn;) € (—1)'W,, and

(3‘41) 0= gn(gn,l) = frlL(zn,l) = gn(zn,l) +0 < ! ) :

|Zn,l|
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Hence we have, by using (3.41) and the local invertibility of g/,

|an_gnl| ‘an_gnl| —1v/ / -1
5 5 — — ) ) S Sup g 5 = Sup g (Z < +OO y
1gn(2n1) — gn(Zn1)| |9 (2n,))] ce(=1)Iw, o) (€)1 zEVn’ n(2)]

which immediately implies

- 1 _
(3.42) |2n1 — Zng| < Cn7 < Cull| !

| n,l|

for large enough I, where C), denotes a generic constant depending on n and may have different
values in the following. Further, considering the fact that a nonconstant analytic function on
the closure of a bounded domain can only have finite zeros, we arrive at the following result.

Lemma 3.16. The zeros of fl(z) are symmetric with respect to the origin and contained
in the strip: {z € C; |Jmz| < C} for some constant C. Let {z} }ien denote the zeros with

—5 <arg(z) < 5. Then {z}%l} has the following estimate:
(3.43) 2n ) — Zpy| S Cul™" VIENT,

where {Z} |} is given by (3.40).
Recall that what we are truly interested in is AL, := k2/((z} )? — k%) € ol. We translate
the above lemma with respect to Z}Ll to )\711 ; and obtain

1 4k?

_ < —4
)‘n,l (1+2l+n)27r2 —4k2 = Cn|l| )

by applying the mean-value theorem to the one-dimensional function h(t) = k2/((z} ,+t(z} ,—

E}M))Q — k%) on [0,1]. This estimate can be further simplified as follows:

N 4Kk>
w1420+ n)272

<Cull™t asl— 4.

For our second case, by a very similar argument applied to zf2(z), which has the same
zeros away from the origin as f2(z) and satisfies the following asymptotic form:

k2 nmw nwtow 1
20,y = 2 (M) 20y 2tz [Tmz]| il
zfa(z) . hy,” (k) cos (z 5 ) H, (k) cos (z 5 2) + ™10 (]z\)
—_ _nm_ T omzl o (L
(3.44) Hy (k) cos <z 5 2) + ™10 <|z|> as |z| — oo,
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we can obtain that the zeros {272”} of f2(z) in the right half plane satisfy the estimate,

2l+n)m

(3.45) 200 — 2| < Cul™' with 22 = 5

vVl e N,

and the associated {\? ;} C 02 have the asymptotics,

\ 4k?
w2l 4 )22

We now give the main result of this subsection.

Theorem 3.17. Let {\! ;}ien be the eigenvalues in o'y fori=1,2 andn € NT. Then, when
[ = 400, the following asymptotic estimates hold:

4k2
AL — A2 — _ _=00"
n,l (1+21+n)2 2 n,l (2l—|—n)2 2 ( )

We refer readers to Proposition B.2 for an interesting related result.

<CpliI™ asl— 4o0.

4k

(3.46) =0o3™),

3.3.2. Asymptotic behavior and localization of eigenfunctions. Theorem 3.17 has clearly
described asymptotic behaviors of the eigenvalues in o, i = 1,2. We see from (3.46) and (3.29)
that when [ is large enough, Arlz,l and )‘i,l will most likely be contained in the e-neighborhood
of 771 so that the high-frequency resonant modes ETE o (kx, x), ETM o (kx, x) for the same value
of n and m will be excited simultaneously. Via the integral operator Tf‘), these resonant
modes carrying the subwavelength information of the embedded sources can propagate into
the far field. In this subsection, instead of considering the vector fields T [ETE (kx, -)](z) and

T [Eg My, )](x), we consider their tangential component measurements for ease of exposi-
tion, which can be explicitly represented by

1
z X TD[ETE (kx, )](z) = ik®/n(n + 1)A (k|2 U™( )/ Gr(kr) jn (kar)r2dr
0
and

& x THET 3 (ka, )] (2)

K n(n+1)
=TT n(klz])V, / Tn(kr) T (kar) + n(n + 1) jn(kr)jn (kar)dr

for |z| > 1, by (C.12) and (C.13) in Appendix C.3. These formulas motivate us to define the
following two propagating functions, respectively, responsible for the propagation of vector
spherical harmonics U] and V"

(3.47) oML (kt) = v+ DAjn(kxt) 0<t<l,
. n . kS\/mhgll) (k‘t) fol jn(kr)jn(kAr)Terj t>1 7
and
(3.48)
i\ n+1)
o2 (kt) == \/’7‘7"(’”) 0<t<1,

VRO 34 (kt) [ T(kr) T (kar) + n(n + 1) ja(kr)ju(kar)dr, ¢ > 1.
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ETE

and

Here, to define apﬁ’i inside the domain for ¢ = 1, 2, we have used the fact that Eg ]\n/;f

are eigenfunctions of T with eigenvalue A. From the definitions (3.47) and (3.48), we readily
see that when ¢ > 1, @y’ L(resp., @%2) is proportional to h;l)(kt) (resp., Hn(kt)) and thereby
has the same asymptotlc behavior as A )(k:t) (resp., Hn(kt)) as t — +o00. To understand the
roles played by @5’ ~ for different orders n in the far-field measurement, we give the result about

their asymptotics for large order n. The detailed calculations and estimates are included in
Appendix C.3.

Proposition 3.18. The following asymptotic estimates uniformly hold for t in a compact
subset of (1,+00),
(3.49)

Ay eyl kT X204 ek\"Th K
o) <t>—0<(2t) e ) et 0=0(5) Glmes) enoee

where we recall that the big-O terms are bounded by constants independent of n but depending
on other parameters: the wave number k, the eigenvalue A, and the compact set for variable
t.

In view of the exponential decay of propagating functions goi{’i in (3.49) when n tends to
infinity, we have theoretically justified the previously mentioned fact in the introduction that
the evanescent part of the radiating EM wave with the fine-detail information of the objects,
i.e., the remainder term of the infinite sum in (3.31) from large enough n, is almost negligible
in the measured far-field data. It is the low-frequency component,

n=1m=-n

that dominates the far-field behavior of the radlatlng Wave E, where N is a given small positive
integer. We plot both real and imaginary parts of cpn in Figures 2 and 3 for different values of
n and k = 1, from which we can clearly observe that the higher the resonant mode oscillates,
the smaller the amplitude is.

We also note from Figures 2(a) and 3(a) that the imaginary parts of gp' for different n
have very small amplitudes inside and outside the domain, while for the case gpﬁ’z, it is the real
part. However, it is not a surprising fact if we recall from Theorem 3.17 that the eigenvalues
A of TII% are near the real axis and there is an additional factor 4 in the definition of @%’2

compared to pp™ (cf. (C.3) and (C.4)).

We next consider the behaviors of the propagating functions gon"l (kt) for i = 1,2 inside
the domain. To simplify the notation, we redenote them as follows:

AL, .
(3.50) on 1 (kt) == pp™! 1(k:t) = V/n(n—+ 1), jn(zt)  for t €[0,1]
and
2 iX2 \/n(n+1
(3.51) gpiyl(kt) = 902"’“2(%) = = (t )jn(zilt) for t € [0,1].
!

n,
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o 02 04 [ 2 3 4 5 6

(a) w?’l(tj. Left: ¢t € (0,1); right: té (1,6). (b) @32(t). Left: t € (0,1); right: te (1,6).

Figure 2. Propagating function go?’i for the first four X from of, i = 1,2. First row: real part of @é‘i;
second row: imaginary part of npg’l fori=1,2.
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o 02 04 06 08 1 1 2 3 4 5 6 0 02 04 06 08 PR 2 3 4 5 6

(a) @) (¢). Left: t € (0,1); right: te (1,6). (b) @X2(t). Left: ¢ € (0,1); right: te (L,6).

Figure 3. Propagating function Lpg’i for the first four A from o}, i = 1,2. First row: real part of ga.;’i;
second row: imaginary part of gog"’ fori=1,2.

By estimates (3.43) and (3.45), the zeros z;"%l, i = 1,2, have very small imaginary parts when
[ is large enough (for the case n = 5, jmzf” ~ 1078 by numerical simulation; see Figure 1).
This indicates that SD’}L,I is almost a real fuilction while go%l is almost purely imaginary (for
the case n = b5, ngoihl ~ 10719 and %ecp?l’l ~ 107! by numerical simulation; see Figure 2).
We plot in Figure 4 the normalized real parts of propagating function @iyl(k\aﬂ),

Reg,, (k)

maxo<|q|<1 Rewy, ; (kfz])

9{39071171(]{’35‘) =
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e - '
{ y ()}

(a) I =1,5,20,50 (Rezt, = 11.6952, 24.7230, 75.2638, 216.7232) from left to right.

@ @ o «

(b) 1 = 1,5,20,50 (Rez2, = 9.3339,22.8956, 70.4700, 164.8413) from left to right.

Figure 4. (a) Normalized real part of ¢4 ,(|z|); (b) normalized imaginary part of ©3,(|x|) for different
values of I on the cross-sectional plane: |z| <1 with x3 = 0.

and the normalized imaginary parts of propagating function ¢? ,(k|z|),

e Jmey, ) (klz])
Jme? | (klz]) = =

maxo<|q|<1 Rews, ; (kfz])’

on a two-dimensional cross-sectional plane of the ball B(0,1) passing through the origin for
k=1,n=>5,and diﬁerenwes of [. Anéﬂe/ readily see from Figure 4 that for a fixed n, when
[ tends to infinity, both Rep! (|z]) and Jmep?,(|x|) present a remarkable localization pattern
in the sense that they are highly oscillating, essentially distributed in a small neighborhood
of the origin, and rapidly attenuated toward the boundary.

We now give a qualitative mathematical result to illustrate this localization phenomenon.

Theorem 3.19. Let {gof”}, 1 = 1,2 be the sequences of propagating functions defined by
(3.50) and (3.51). Then the following asymptotics hold:

maXie(a,1] |<Pi7z(kt)|

maxye(o,1] |80721,l (kt)]

maXie(a,1] |9071L71(kt)|
maxye(o,1] |S0711,l (kt)]

(3.52) =o(™Y, =0(™) asl— o0,
where a is a positive real number from (0,1).

Proof. The proof is direct and simple based on two lemmas in Appendix C. We only give
the argument for the first estimate in (3.52). The analysis for the second one can be conducted
by the same idea. In fact, by Lemma C.2 and the asymptotic expansion (C.8), we have

MaXie(q,1) "P}l’z(kt” _ MaXye(q,1] Un<z}z,lt)’ Cl\zi,l\*l

maXieo,1] ‘@}L,l(kt)’ B maXgeio,1] |jn(2f,11,zt)| - MaXe(o 1] |jn(z»,117lt)| - C2m_1 7
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where C7 and (5 are some generic constants depending on n. Note that letting [ tends to
infinity, both {z} ;} and {z} ,} vanish with the rate [~'. Then the result directly follows from
Lemma C.1. |

Remark 3.20. It is possible to obtain more subtle estimates for the localization speed under
various LP-norm (p > 1) in a similar manner as in [34], where the authors considered the high-
frequency localization of Laplacian eigenfunctions in circular, spherical, and elliptical domains
under various boundary conditions. However, detailed discussions are beyond the scope of this
work. Another important and very challenging problem is how to extend Theorems 3.17 and
3.19 to the arbitrarily shaped domain to provide a quantitative explanation of superresolution
for nonspherical domains.

4. Applications to superresolutions in high contrast media. We have established the
main mathematical results in this work concerning the spectral properties of Tg and the
behavior of the resolvent (A — T};)*l in the high contrast regime, as well as the asymptotic
estimates for the eigenvalues and eigenfunctions for a spherical domain. In this section,
we shall derive the resonance expansions for the Green’s tensor G and its imaginary part
JmG, by Theorem 2.2 and Proposition 3.9, and use it to explain the expected superresolution
phenomenon when imaging the source f embedded in the high contrast medium. We shall
also provide the numerical experiments for the case of a spherical region to show the existence
of the possible subwavelength peaks of the imaginary part of the Green’s tensor.

4.1. Resonance expansion of Green’s tensor. To write the resonance expansion for the
Green’s tensor G, we directly substitute the pole-pencil decomposition in (3.25) into the
representation of G in (2.27) with a polarization p € $? and then obtain

1 . 1
EvzdIVZ(g(zv Zlvk)p) + 1

N
1 N _ .
P22 A (= R) TR by
el )=

G(z,2 k)p = Poé(z, 2 k)p

i

(4.1) + (1= 7TE) PG, 2 k)pl(2)

for z € D and 2’ € D'; see Theorem 2.2 for the definitions of § and G here. To derive the
resonance expansion of JmG, we first recall the explicit form Py = —VSdiv and formula (2.22),
and then have

jm]P’oé(z, 2 k)p= Pojmé(z, 2 k)p

1 ~
= —V.Sdiv,ImGy(z, 20, k)p + VZSdivzﬁVzdivzﬁmg(z, 20, k)p

1

(4.2) =5

V. div, (Img(z, 20, k)p)

by noting that div,ImGq(z, zo, k)p = 0 and S is the inverse of —A in the variational sense (cf.
(A.1)). In view of (4.2), taking the imaginary part of both sides of (4.1) gives us the following
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resonance expansion of JmG,

N
1 Lo B s o
IG(z, 2 K)p=Tm—> > e (2) - (77! = K )N (B G 2 kp),,

i€l j=1 h
(4.3) + Jm(1 — TTf)_l[PCé(-,z',k)p](z) , ze€D, Y eD,

which has a more concise expression than (4.1). Note that the counterpart of the expansion
(4.3) for the imaginary part of the free space Green’s tensor JmGy can be derived from (2.22)
and (4.2):

ImGo(z, 2 k)p = —lev(JmE(z, 2 k)p) + Im(Py + P, + Pg)é(z, 2 k)p

N;
(4.4) =Jm ZZQO A G(., z’,k)p)vi + JmP:G(z,72 k)p, z€D, 2 eD,
el j=1 ‘

where we have used the fact that Py + P, + P is the identity operator, and the definition
of P, in (3.21) and the expression (3.24). The first term in the above expansion may be
viewed as the high-frequency part of JmGy that can encode the subwavelength information of
the sources due to the superoscillatory nature of the generalized eigenfunctions in the Jordan

chains goj)\i; see Figures 3 and 4. Comparing it with (4.3), we can find that this high-frequency

part is amplified by the resolvents of Jordan matrices: (1 — 7'J/J\Ai)_1 when 77! is approaching

the eigenvalues \;, ¢ € I. Therefore, the imaginary part of G may display a sharper peak than
the one of Gy for some specified high contrast parameters and thus help us more accurately
resolve subwavelength details.

4.2. Numerical illustrations. In this subsection, we numerically study the imaginary part
of the Green’s tensor G(x,y, k) corresponding to the spherical medium B(0, 1) with the high
contrast 7, as a complement of the analysis and the illustration for the superresolution pro-
vided in the previous subsection. For the sake of simplicity, we let y = 0 and write G(z, k)
(resp., Go(z, k)) for G(z,0,k) (resp., Go(z,0,k)). (If y # 0, we shall have an infinite series
representation for G(z,y, k)p in (4.5) and need to further truncate the series in order to per-
form the numerical simulations.) By the addition formula in (C.7) for Gy and noting that
ELL (k,0) =0 for n > 1 and EL(k,0) = 0 for n > 2, we have

. 1 L
Go(z, k) :% Z Em(k,z) ® En(k,0), x€R\{0}.

m=—1

Here and throughout this subsection, we simply denote ElT M- (resp., Eg My by B, (k,z) (vesp.,
Em) for m = —1,0,1. As in section 3.3, via the vector wave functions, we assume that the
Green’s tensor G with a real polarization vector p € R? has the following ansatz:

G(](x ]{77—)]) Z —_ amEm(kT l‘) |l‘| <1
45 G k)p — s m=—1 ’ ’ ’
(4.5) (2, k)p { S bmEm(k, ), 2| > 1,
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where a,, and b,, for m = —1,0,1 are complex constants to be determined and linearly
depending on p. To proceed, we note that, from (C.5) and (C.6), it follows that
(4.6)

& X Go(z, kr)p = —ﬁHl(MfUD 271712—1 Vlm(i)va‘m(k‘Tv O)t ‘P, xE RS\{O} )
2 =
& XV x Go(, ke )p = = 251D (ke |2]) ey U (2) B (kr, 0)F - p, @ € R3\{O}.
To avoid calculating the three coefficients a,,(m = —1,0,1), we choose a special real polariza-

tion vector p,

(4.7) p=—"—3 R, p=Eolks,0)/i,
1 Bo (-0
according to two easily verified observations that Em(k,O), m = —1,0,1, are orthogonal

vectors with the same /2-norms (cf. (C.13)), and E’o(kT, 0) has purely imaginary components
since Y(#) is a real vector function on S2. With this specially chosen p, we can simplify (4.6)
as follows:

7 X Gol, ke )p = A H (k|2 )VP(@), = € R\{0},

B x V x Golw, kr)p = 220D (k. |2 UD(3), = € R*\{0}.

Matching the Cauchy data of the field in (4.5) inside and outside the domain on the boundary
0B(0,1), we obtain, by using (C.5) and (C.6), that a_1 = a3 = 0 and b_; = b; = 0, and the
following equation for (ag, bp):

aJi(kr)  —gH(k) m_ SH (k)
—ikejr(ke) ik (R) | Do) T | E2RY (k) |

(4.8)

Then the solution ag to the above equation readily follows (we only need ag to investigate the
behavior of G inside the domain):

— B3 (k)P (k) + B Ay (R)RS (ky)
53 1 (S () = () Ha ()

We regard ag as a function of the real variable k; and plot its absolute value in Figure 5 for
k =1, from which we clearly see that it blows up when k., hits the real parts of the discrete
zeros 27, of f2(z).

Since the spherical harmonics has nothing to do with the contrast 7, in the following, we
shall pay attention to the imaginary part of the radial part,

apg =

i
Va2t

of the tangential component z x G(x, k)p of G(z, k)p:

2
Y2 T krt), te[-1,1],
aoithj( ) € ]

¢(kr,t) = Hi(krt) —

& x Gz, k)p Ha (ke )VP(&) — a0 Tu(kelz)VP(2) -

V2
ik;|z|

i
V2l
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Figure 5. |ao(k;)| as a function of k-, k, € [1,50].
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(a) kr = 1,Re(27,) for | = 2,3,4,5, i.e., k; =1, 7.5944, (b) k, =1, 15, 25.
10.8119, 13.9949, 17.1626.

Figure 6. Imaginary part of ¢(k-,t) for various k.

We remark that ¢(k,,t) is a one-dimensional function but keeping all the main features of
ImG (z, k)p we are interested in; and the radial part of the normal component z - G(z, k)p has
a very similar behavior as ¢(k;,t).

From Figure 6(a), where we present Jm¢(k,, t) for different values of k,, we see that when
k; increases and hits the real parts of z% ;> the imaginary part of Green’s tensor become highly
oscillating and exhibit a subwavelengthypeak, and hence the superresolution can be achieved
with the increasing likelihood. When 7 tends to infinity, we can even expect the infinite
resolvability of the imaging system, by Theorems 3.17 and 3.19. However, we would like to
stress that the superresolution phenomenon can only be expected for discrete values of 7. For
those 7 taking high values but not near the resonant values, the magnitude of IJmG(z, k)p will
not be significantly enhanced and have almost the same order of JmGy(z, k)p, although it is
more oscillatory than the one in the homogeneous space; see Figure 6(b).
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5. Concluding remarks. In this work, we have considered the time-reversal reconstruction
of EM sources embedded in an inhomogeneous background and tied its anisotropic resolution
to the resolvent of a certain type of integral operators Tf’) via a newly derived Lippmann—
Schwinger representation that reveals the close relation between the medium (shape and re-
fractive indices) and its associated EM Green’s tensor. We have then investigated the spectral
structure of Tg for a bounded smooth domain with a very general geometry and found that all
the poles of its resolvent in C\oess(T) are eigenvalues of finite type and lie in the upper-half
plane with oess(T 5) being all its possible accumulation points. With these new findings, we
have derived the pole-decomposition for the resolvent of Tl’% and obtained the local resonance
expansion for the Green’s tensor associated with the high contrast medium. More quanti-
tative results about the asymptotic behaviors of eigenvalues and eigenfunctions have been
also provided for the case of a spherical domain. As a byproduct of our spectral analysis, we
have given a characterization and discussion about the EM nonradiating sources (see Remarks
3.8 and 3.14). Some further interesting spectral results about the operator TE based on the
fact that Tl% is a quasi-Hermitian operator have been included in Appendix B. In section 4,
we have applied our new theoretical results to explain the expected superresolution in the
inverse electromagnetic source problem at some discrete characteristic values. It turns out
that both eigenvalues and eigenfunctions are responsible for the superresolution phenomenon
in the sense that the eigenfunctions are superoscillatory and can encode the subwavelength
information of the sources; while the eigenvalues serve as an amplifier when they nearly hit
the reciprocal of the contrast so that these subwavelength information can be measurable in
the far field. We finally remark that our analysis and results can be naturally extended to the
Lipschitz domain by noting the facts that the Helmholtz decomposition in Appendix A still
holds [14] and that for a self-adjoint operator on a Hilbert space, the essential spectrum is a
compact subset of the real line [29].

Appendix A. Helmholtz decomposition of L2-vector fields. In this section we give a
complete review of the Helmholtz decomposition of L2-vector fields in a unified manner due
to its great significance to our main analysis in the work. For a vector field u, the Helmholtz
decomposition provides us a procedure to separate its divergence, curl, and the normal trace
information. In the following, we show how to extract these information from a field v by
solving some subvariational problems. Let us first give a more precise description about the
geometry of the domain D. We denote by I';,0 < j < J, the connected component of 9D, in
which Ty is the boundary of the unbounded connected component of R3\ D. And the genus L
of D may be nontrivial, i.e., L > 0 (for L > 1, we can construct interior cuts: 3;,1 <i < L
contained in D such that D\ UL, 3 is simple connected; see [33, section 3.7]). A typical
example of D with L =1 and J =1 is a torus with a ball hole.

Denote by S : H~Y(D) — H}(D) the solution operator of the Dirichlet source problem,
namely, for [ € H=(D), Sl € H}(D) solves the variational problem:

(A1) Find ¢ € H}(D) such that (I, e aip) = (VU, Vo)r2p) Vo € HY(D).

We remark that S is an isomorphism between H ~!(D) and Hj (D). Note that div : L?(D,R?) —
H~Y(D) is the adjoint operator of =V : H}(D) — L*(D,R3). For u € L?(D,R?), we consider

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/20/21 to 174.109.87.33. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

SUPERRESOLUTION IN RECOVERING EM SOURCES 1501
(A.1) with

<laSD>Hé(D) = (u, Vo)r2p) V€ Hy(D).

Then there exists a unique solution 1y := —Sdivu € H}(D) satisfying (A.1), from which it
follows that u — Vi is divergence-free in the distribution sense, and the normal trace 7, is
well-defined.

To obtain the curl part of u, we need to solve a magnetostatics problem. To do so, we
introduce the Hilbert space Xy := Ho(curl, D) H(div, D) with the graph norm |||y =
[l 2(py + 1div-{[ p2(py + [lcurl-{| 2 py and its subspace X% := Hy(curl, D) H(div0, D). By
the well-known de Rham diagram (cf. [33, section 3.7]), we see that the kernel space of the
curl operator in Hy(curl, D), i.e., Hy(curl0, D), has the following orthogonal decomposition:
(A.2) Ho(curlo, D) = VH} (D) @1 Kn(D),
where Ky (D) is the normal cohomology space with the dimension J, given by

Kn(D) = {u € Hy(curl, D); V x u=0, divu =0 in D}.

Moreover, we have the following characterization of K (D) from [33, Theorem 3.42].

Lemma A.l. Ky(D) is spanned by Vp;, 1 < j < .J, where p; € H'(D) satisfies
Ap;j =01in D, and pj=90js onl, 0<s<J
tion (2Pi — 5. ; 9pj — _
In addition (5}, 1) g2,y = 6j,s, 1 < J < J, and (L 1) gepyy = —1.
By Friedrich’s inequality (cf. [14, Corollary 3.19]), on the space X, the seminorm

J
[ += leurl gy + Idiv-llao) + - [ Ve,
j=1

is equivalent to the graph norm |||y, . We now define the following quotient space:

Xy = Xn/Kn(D)

with the standard quotient norm ||[u]l| g =~ := infuexy(p) [u + v|xy, Where [u] € Xy denotes
the equivalent class of u. It is easy to see that the quotient norm has an explicit form:

(A.3) el g, = llewrlfull| o py + div[ulll 2(p)

where curl[u] and div[u| are well-defined. Indeed, we can choose

J
Z YnU, 1 H1/2 T. )Vp] S KN(D)
7j=1
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such that for the representation element u+ v of [u], the term Z}'le [{(Yn, 1) g1 /Q(Fj)] vanishes,

which directly leads us to (A.3). Moreover, on the subspace X9 := X /Kn(D) the quotient
norm reduces to [lcurl-[|;2(py. We are now ready to consider the following magnetostatic field

problem: for f € L?(D,R?), find v € Xy such that

curlcurly = curlf in D,
(A.4) divey =0 in D,
vxi=0 on 0D,

which shall be seen to have a unique solution. Its variational formulation is given by the next
lemma.

Lemma A.2. The system (A.4) is equivalent to the following variational problem: find
¥ € Xn such that it holds, for all ¢ € Xy, that

(A.5) (f,curl®) r2(py = (curly, curlg) r2(py + (dive), dive) r2(py -

Proof. If 1) is a solution of (A.4), by the first equation in (A.4), then it holds for all
¢ € Hy(curl, D) that

(f, curlg) r2(py = (curly, curlg) 2 py.

Therefore, by combining it with the fact that dive) = 0, we can directly see that (A.5) holds.
Conversely, if (A.5) holds, it suffices to prove that divy) = 0 to conclude the lemma. Recalling
(A.2), we have

(A.6)  Ho(curlo, D)[ ) H(div, D) = {Ve; ¢ € Hy(D) with Ap € L*(D)} &, Kn(D).

Denoting the space defined in (A.6) by X, we then obtain L?(D) = div(X/Ky(D)) since for
all v € L*(D), we can find ¢ € H}(D) such that A = v in the variational sense. By choosing
¢ € X/Kn(D) in (A.5), we readily see divy) = 0, and hence the proof is complete. [ ]

_ To show the existence and uniqueness of a solution, we introduce the isomorphism T :
X\ — X such that for [ € X}, Tl satisfies

{, ¢>)~(N = (curlTl, curlg) 2 py + (divTl, dive) 2(py Vv € Xn,

by (A.3) and the Riesz representation theorem. We note that curl can be regarded as a
continuous mapping from L?(D,R3) to X, by setting

(A7) (curlu, gb))}N = (u,curlg)r2(py,

which is well-defined since curlg is independent of the choice of the representative element of
[¢]. Then for u € L*(D,R?), there is a unique 99 := Tcurlu € X solving (A.5) or (A.4) with
f = u. By the above constructions, we can see that the remaining v of u € L?(D,R3),

(A.8) v:=u — Vi — curlpy = u + VSdivu — curlTeurlu € L?(D,R?),

is an irrational and divergence-free vector field, i.e., divv = curlv = 0.
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The last step regarding the normal trace is relatively simple by noting the fact that
the restriction of normal trace mapping 7, := v,|w on W is an isomorphism from W to
Hgl/2(8D). To be precise, for ¢ € Hgl/2((‘)D), 3. 1¢ is the gradient, which is unique, of a
solution to the following Neumann problem:

Ap=0 in D,
%:qﬁ on 0D .

By setting ¢ = v,v, where v is introduced in (A.8), we can find an element 7, 'y, v from W
to characterize the normal trace information of v (and also w).

However, after we remove the divergence, curl, and normal trace component of u, the
remaining part,

u— Vipy — curlihy — 3, v,

is still nontrivial if the genus L > 1, and it is located in the so-called tangential cohomology
space Kp (D), defined by

Kr(D) ={u € Ho(div,D); V xu =0, divu =0 in D},

which has dimension L. We remark that there exists a similar characterization as in Lemma
A1 for K7(D). We now summarize the above constructions in the following result, where the
L?-orthogonal relation can be verified directly.

Proposition A.3. L?(D,R3) has the following L?-orthogonal decomposition:
L*(D,R%) = VHY(D) &, curlX® &, W &, Kp(D),

where VH (D), curl)?%, and W are uniquely determined by divu, curlu, and vy, (u+ VSdivu),
respectively. Here, the operator S is given by (A.1).

Appendix B. Tg as a quasi-Hermitian operator.

B.1. A global resolvent estimate. In this subsection, we provide a resolvent estimate for
(A= TE)~L on p(TF) by applying a general spectral result from [28]. To do this, We first
introduce some notions. We consider the bounded linear operator A acting on a separable
Hilbert space H. The imaginary Hermitian component A; and the real Hermitian component
Apg are defined as follows:

A=A A+ AT

A
2 0 TRT T

where A* is the adjoint operator of A in the Hilbert sense. Moreover, we say that an operator
A is quasi-Hermitian operator if it is a sum of a self-adjoint operator and a compact one.
For such kinds of operators, we have a general resolvent bound under the condition (cf. [28,
Theorem 7.7.1)):

(B.1) Ay is a Hilbert—Schmidt operator.
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Proposition B.1. Under condition (B.1), the following bound for the norm of (A — A)~!
holds,

B V2 97(4)
(B.2) WA_A>1H§dm%&dA»@m<m%%&dA»>j

where the quantity gr(A) is given by

(B.3) () = V2| | Arlfs = S aman( )]

k=0

where A\, (A) are the eigenvalues of A counting multiplicity and ||-|| ;g denotes the Hilbert—
Schmidt norm.

For our purpose, we write Tllg as the sum of Tp and N ]’5 = TE — Tp, where Tp is known
to be a self-adjoint operator. We consider the kernel Ky of the integral operator N g:

KN((L',Z/) = (kQ + vxdlvm)(g(x7y7 k) - g((L’, Y, 0)) .

It is easy to see that when x approaches y, the kernel has the following singularity:

KN(:E,y):O< ! > ,

[z —y

It directly follows that N ,’3 and its imaginary Hermitian component N 3 ; are Hilbert—Schmidt
operators. We further note the relation,
Th-TH NN

Tk  — = — Nk
D.I 2i 2i D.I>

which helps us to conclude that Tf) is a quasi-Hermitian operator satisfying condition (B.1),
and thus Proposition B.1 can be applied.

B.2. Decay property and bound of the imaginary parts of eigenvalues. Formula (B.3)
has suggested to us that {JmA;(A)} is a bounded sequence and tends to zero when k — oo.
Its detailed proof can be found in [28, pp. 106-107]. Here we provide a sketch of the main
argument for the sake of completeness. For a quasi-Hermitian operator A satisfying condition
(B.1), we have the following triangular representation,

A=D+V,

such that o(D) = o(A), where D is a normal operator and V' is a compact operator with
o(V)={0} and

1Azl s = I1D1ll s + [ Vallzzs < +oo.
Then, by using 0(A) = o(D) and the fact that D is a normal operator, we can obtain

[e.o]

ID1l7rg =Y (ImAe(A))? < +o00.
k=0

We end this appendix with the corresponding result for TB.
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Proposition B.2. For the integral operator Tf) defined in (2.2), its spectrum O‘(Tg) is con-
tained in a strip in the complex plane,

o(Th) C{z€C; [Imz| <C} for some C,

and the imaginary parts of the eigenvalues in the spectrum consists of a 2-power summable
sequence, i.€.,

° 2
Z‘Jm)\i(Tl’%)’ <400, N €ap(Th).
=0

Appendix C. Some definitions, calculations, and auxiliary results for section 3.3.

C.1. Vector wave functions. Let Y,*(z),n =0,1,2,..., m = —n,...,n, be the spherical
harmonics on S2?. The vector spherical harmonics, which form a complete orthonormal system
of L2.(S5?) [21, Theorem 6.25], are introduced as follows:

1
U'= —=VsY,", V'"=zxUl' n=12,..., m=—-n,...,n.
n(n+1)

Define the radiating electric multipole fields in R3\{0} for n = 1,2,... and m = —m,...,n
[33]:

B (k) = V x {oh{) (k)Y ()}
(@) = /o -+ DA (k2 V" (2).
DMk, 2) = =V x ELE (k. 2)
b Z b

(©2) =V, el 0

~n(n+1)

() ™8
T 18 e Y @)

where h%l)(t) is the spherical Hankel function of the first kind and order n and H,(t) :=
hg)(t) + t(hg))'(t). The entire electric multipole fields E,:f?n(k,m) and Eg%(k:,a:) can be
similarly introduced [33]:

ELE (k,z) = V x {zjn(klz|)Y;"(2)}
(C.3) = —v/n(n+ 1)jn(klz|) V" (),
BIM (k) = —iv x ETE (k)

(©4) =V e @) - M ke v @)

where j,(t) is the spherical Bessel function of the first kind and order n and 7, is given
by Jn(t) := jn(t) + tjl,(t). Then, a direct calculation gives us the tangential traces of the
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multipole fields:

(.5 x By (k) = /n(n £ Dhs (e Up(@).
7 & x ELM (k,2) = = Y5 (kfal) Vi (2)

ik|x|

and
) & x BLE (ky, 2) = /n(n + D)ju(klz) U (#),
' & x EIM(ky,z) = —W%(k\x!)%m(@)

We end this section with the addition formula of the Green’s tensor Go(z,y, k) [21, The-
orem 6.29]:

. n TM TM
o,y b Znn—i—l ZE ) ® Enm(v)
-1
(C.7) +Z n+1 Z EI (x ®ETE(y) for |z| > |y|.

C.2. Asymptotic expansions for spherical Bessel functions. We collect some standard
results about asymptotic expansions for j,(z), n > 0. For the complex variable z with
|arg(z)| < m, the following asymptotics holds [39, p. 199]:

1 nmw
. _ = e |Jmz|
(C.8) jn(z)— Zcos (z 5 2>+ O(, ‘2) as |z]—>oo

Combining (C.8) with the following recurrence relations of Bessel functions [35, 39],

njn-1(2) = (n + 1)jns1(2) = (2n + 1)j,,(2),

we see the asymptotic form of j/ (z):

i) = X _nTY el (L
(C.9) Jn(2) = ~ cos <z 5 ) +e"™0o B as |z| = o0.

By definition of 7,(z), (C.8), and (C.9), it holds that

= Leon (s T s (== ) el (1)

(C.10) = cos (z—%)—i— |sz0<’ ‘> as [z| — oo,
where we have also used the observation

[Jmz| _ 4 iRez—Tmz —iRez+Imz 1 |Jmz|
(C.11) C < eos(a)] = | +2€ < +; .
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C.3. Auxiliary results for propagating functions. In this section, we first calculate the
tangential traces of & x T [ETE (kx,)](z) and & x TK [ETM(k)\, )](x) on the sphere 0B(0, |x]|)
with radius |z| > 1, where D = B(0,1). By the addition formula for the Green’s tensor (C.7)
and the definition of T, we have, by using the orthogonality of {U} and {V,"},

. ikd =
x THBLE (o ) = Loty B ) [ BT @)t B n, )i

1
=ik’% x BT (k,x) / Gr(kr) jn (kar)rdr
0

1
(C.12) = ik3\/n(n + l)hg)(km)Uﬁ”‘(ﬁc)/ Gn (k) jn (kxr)r2dr
0
and
& x THELM (ky, ))(z)
_ ikg A TM T M TM
-1.3
— % ETM k,x / Tn (k) T (kxr) + n(n + 1) jn (kr)jn (kxr)dr
A
(C13) = _W W(E2)V, / Tnlker) T (lexr) + n(n + 1) (kr)jn(kar)dr .

The integrals involved in (C.12) and (C.13) can be explicitly calculated by the Lommel’s
integrals [39] for n > 1:

1
(C.14) /O n(kr)gn (kxr)ridr = [Fexjin(B)jn—1(Fx) = kjn—1(k)jn (k)]

K2 — k2

and

1
/0 n(n + 1)jn(kr)jn(kxr) + Tn(kr) Tn(kxr)dr

1

o kk)\ ! . . 2
(C15) = <(n+1)/0 Jn—1(kr)jn—1(kxr)r dr+n/0

on+1 jn+1(k77“)jn+1(k>\7”)7“2dr> )

We next provide the calculations and estimates for Proposition 3.18. We recall the follow-

(1)

ing asymptotic forms of j, and hy,
of C away from the origin,

(C.16) jn(z) =0 ((ﬁ%)nH) . V() =0 <<€2|:|>n> as n — 00,

as a result of series expansions of j, and hY and Stirling’s formula (cf. [21, p. 30]). For the

for large n that uniformly hold for z in a compact subset

propagating function cp;\b’l(kt), by (C.12) and (C.14), a direct application of (C.16) gives us
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for ¢ from a compact subset of (1, +0c0),

-ofo () ) (40 (2 )
o v 14 () o s) )
¢ (”; B <2<jli|1>)n+l> 7 <(;)+1 M> |

A very similar but more complicated calculation yields the second estimate in (3.49). We omit

the details here.
The following two lemmas were used for Theorem 3.19.

Lemma C.1. Suppose that f(x) is a continuous function on [0,+o00) with f(x) — 0 as
x — +oo. We have

max |f(x)] = max x

max |f(@)] = max_ |f(a)
for any a € R larger than some fixed ay > 0. Moreover, let {a,} be a sequence such that
a, — +0o when n — 400, and then {f(a,x)} are localized near the origin in the sense that

i maX,cq,1] | f(an)|
im =0.
n—+00 maxye(o,1] |f(an®)]

Lemma C.2. For j,(2) and J,(z)/z, the following estimates uniformly hold fort € [0, 1],

In(25 1t) B In(Z2 1t)

2 2
zn’lt zn’lt

(C.17) [ (20at) = dn (G t)| = O, ‘ =0(™),

when 1 tends to infinity. Here, {z' ,} and {'zvfl’l}, i = 1,2, are the same as the ones in (3.43)
and (3.45).

Proof. For the first estimate, we first observe from (C.9) and (C.11) that |j],(z)| is bounded
by a constant M on the strip:

T T
T < N < —
(C.18) {z €C; |Jmz| < C, 5 < arg(z) < 2} ,

where the constant C' € R is chosen such that {z},},cy lie in (C.18). Then we have, by using
the analyticity of j,(z) and the contour integral,

|jn(Zn,lt) - jn(zn,lt” =

/ j;@)ds] < Mlzns — Zdllt], te0,1],
i

where v is the segment connecting z}%lt with Z}L7lt. Combining the above estimate with (3.43),
we can conclude that the first estimate in (C.17) holds. For the second estimate, it suffices to
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note that the derivative of J,(z)/z is entire and satisfies the following asymptotic form:

VA

1

(

z

z))’ _ a2z~ dal2)

1
-1/ _ = e |Jmz|
2 +]n(z)—zcos(z 5 >+e ZO(]zP) as |z|%oo

and can also bounded on a strip of the form (C.18) with a different constant C' such that it
contains the zeros {27} of f7(z). Then, in view of (3.45), the same argument as the previous

one allows us to complete the proof. |
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