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1. Introduction

In hyperthermia skin cancer treatment, the objective is the con-
trol laser heating of the tumor (target temperatures of 42-46 °C) so
that the temperatures of the normal tissue surrounding the tumor
remains low enough not to damage the normal tissue. However, it
is not easy to obtain an accurate determination of the temperature
field over the entire treatment region during clinical hyperthermia
treatments, because the number of invasive temperature probes
that can be used is limited due to the pain tolerances of the
patients. Hence, it is important to determine the laser intensity
and pattern of laser exposure for optimizing the temperature dis-
tribution in the treated region. The determinants of temperature
distributions during thermal therapy include the power deposition
pattern of the heating source, heat removal by conduction, and
heat removal by blood flow forced convection.

There are many numerical and experimental methods devel-
oped based on the Pennes’ bioheat transfer equation [1-22].
Among these, Liauh and Roemer [2] presented a semi-linear state
and parameter estimation algorithm that decreases the total com-
putational time between the temperature and the blood perfusion
based on the Pennes’ bioheat transfer equation (BHTE) in the
hyperthermia temperature estimation problem. Huang [4] considered
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the heat transfer within a perfused tissue in the presence of a
vessel. Payne [6] designed a phantom from the combination of
the convective fin equation and the Pennes’ BHTE, and developed
a phantom model using an inverse technique applied to experi-
mental data from a thin layer phantom to determine model param-
eters. Liu [8,9] modeled wave-like behaviors of bioheat transfer in
a 1-D triple-layered skin structure which was solved by using a
finite difference method. Sun et al. [10] developed a system that
can treat tumor tissue and monitor the heating and cooling during
the treatment by means of an invasive probe. The prediction of the
temperature distribution in the tumor was modeled using the Pen-
nes’ equation. Dai and his colleagues [11-13] developed a domain
decomposition method for solving the 3-D Pennes’ BHTE in a
triple-layered skin structure. In particular, Zeng et al. [14] devel-
oped a model for a 3-D triple-layered skin structure with a vascular
countercurrent network that employed a modified Pennes’
equation which accounts for thermal lag of the tissue where the
vascular network is designed based on the constructal theory of
multi-scale tree-shaped heat exchangers. Majchrzak and col-
leagues [15] developed a model based on the Pennes’ equation to
study the hyperthermia and hypothermia processes and to identify
thermal parameters in a biological medium. Jamil and Ng [16]
developed a model that predicts the leading factor for hyperthermia
treatment using electromagnetic radiation in a single-layered
human tissue structure with an embedded tumor based on the
Pennes’ equation. Randrianalisoa et al. [18] investigated effects of
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short-pulsed laser radiation transient heating of superficial human
tissues. Majchrzak [19] modeled the dual-phase lag equation in a
3-D skin structure and obtained a solution numerically with an
explicit finite difference method. Kumar and Srivastava [20]
numerically investigated the influence of pulsatile blood flow on
temperature distribution within the body of laser-irradiated bio-
logical tissue phantoms.

For hyperthermia cancer treatment, a recent advance is to inject
golden nanoparticles into the tumor region in order to heat it up
quickly [23-36]. Bayazitoglu and her colleagues [23-25] developed
a model that used the finite difference time domain (FDTD) to cal-
culate the heat distribution of nanoshells on a single layer of
human biological tissue at varying particle distribution densities
in different host mediums. Recently, they [26-28] have extended
their study to the modeling and numerical investigation of
nanoparticle assisted laser-induced thermotherapy for tumor and
cancer treatments. Cai et al. [29] discussed the applications of gold
nanoparticles in cancer nanotechnology. Pignol et al. [30] used the
Monte Carlo method to predict gold nanoparticle radiosensitiza-
tion needed to be lethal in a cell media on the nanoscale. Singh
et al. [31] numerically studied the laser-induced hyperthermia of
nanoshell mediated vascularized tissue. Lin et al. [32] also used
the Monte Carlo method to model the effect of gold nanoparticles
in response to multiple beam intensities to enhance the effect of
proton beam therapy. Zunino et al. [33] developed a model that
predicts the effect of nanoparticles in a tumor microenvironment
in the form of temperature, by using the finite element method
while taking into account the tumor’s vascular system and heat
transfer of the vascular system with the distribution of nanoparti-
cles. Sazgarnia et al. [34] developed a model with gold nanoshells
to predict the temperature distribution of a prostate with a tumor
irradiated by a laser, which was solved numerically by the finite
element method. Liu et al. [35] presented nanoscale optomechan-
ical actuators for controlling mechanotransduction in living cells.
Frieboes and Curtis et al. [36] evaluated the effects of drug-
loaded gold nanoparticles in highly vascularized tumors, where
the effect of the nanoparticles decreased tumor size in comparison
to drug-free nanoparticles.

Up to date, modeling the laser heating in a 3-D triple-layered
skin tissue where the tumor is injected by nanoparticles with a
nearby countercurrent vascular network has not been seen. For
this purpose, the present study develops a mathematical model
that can accurately determine the temperature in the tumor region
and surrounding normal tissue. Our model is based on a modified
Pennes’ equation for the bioheat transfer in a 3-D triple-layered
skin structure embedded with a vascular countercurrent network
and a tumor appearing in the subcutaneous region. The vascular
network is designed based on the constructal theory of multi-
scale tree-shaped heat exchangers. The tumor is injected with
golden nanoshells in order to be heated quickly. The proposed
model is then solved numerically using a stable finite-difference
scheme. Such research may provide an useful tool for optimizing
laser irradiation to kill the tumor while keeping the damage to
the surrounding healthy tissue to a minimum during the hyper-
thermia cancer treatment. Our preliminary idea and outline for this
study with not yet obtaining numerical results was presented in
the 2015 Constructal Law Conference held in Italy in May 2015
and was included in the conference proceedings, which appeared
in a special issue in International Journal of Heat and Technology
[37]. The present article not only improves the model by consider-
ing the thermal lag of heat flux on the skin surface and a different
thermal lag in the tumor than in the healthy tissue, but also com-
pletes the study with computational procedure and numerical
results.

The organization of the rest of the text is given as follows. In
Section 2, the bioheat transfer model for thermal analysis in a

3-D triple-layered skin structure with a countercurrent vascular
network with an embedded tumor and nanoshells in the subcuta-
neous region is presented. In Section 3, we propose a finite differ-
ence method and computational procedure for solving the model.
In Section 4, we test the method by an example.

2. Mathematical model
2.1. Network design

For simplicity, we consider the skin tissue to be a rectangular
structure embedded with a seven-level countercurrent vascular
network, which is a highly branching and hierarchical network as
described in [38], under the tumor region in the subcutaneous
layer. The tumor region is assumed to locate directly below the
dermis layer, as shown in Fig. 1. It should be pointed out that only
large blood vessels can be seen in the subcutaneous tissue because
the significance of the blood vessel in light propagation is depen-
dent on the relative diameter of the blood vessel to the mean free
path (MFP, i.e., the reciprocal of the total attenuate coefficient of
light in tissue) of photon in tissues. If the vessel diameter is much
less than the photon MFP, the contribution of these vessels to the
light distributed can be collectively represented by a continuum
model [40]. Therefore, we combine the tissue and capillary blood
vessels together and use one heat transfer equation for both the
capillary beds and tissue. Furthermore, the dermis is very sparingly
supplied with capillaries and the capillary beds of skin lying imme-
diately below the epidermis, and thus, the contribution of these
small vessels to the heat transfer can be ignored [39,40]. In
Fig. 1, the red! color dendritic network represents arteries while
the blue color dendritic network represents veins, where all are con-
sidered as slender cuboids for simplicity. Levels of arteries are
designed such that the first-level artery runs from right to left along
the x-coordinate; the second-level artery branches from the left end
of the first-level artery and flows along the y-coordinate; the third-
level artery has two vessels branching from the two ends of the
second-level artery, and flowing along the z-coordinate; there are
four fourth-level arteries branching from the four ends of the
third-level arteries, which flow along the x-coordinate; the fifth-
level artery has eight arteries branching from the eight ends of the
fourth-level arteries, and so on. The vein network has the same num-
ber of blood vessels as its counterpart artery in corresponding levels.

In sum, there are 128 blood vessels in total in the considered
skin structure. Although the orthogonal structure of blood vessels
(Fig. 1) is a special design, the constructal-design literature has
shown convincingly [41,42] that when the complexity of the tree
is as high as in the present model, the volume averaged flow per-
fusion properties (such as the permeability) do not change if the
details of the tree architecture change. The tree flow architecture
is robust, and this is why the use of assumed structures in the
numerical modeling of previously untractable ‘complex’ flow
structure has a real opportunity for advances.

To determine the diameters of the blood vessels on each level,
we follow the constructal theory of multi-scale tree-shaped heat
exchangers [41-44] and assume that the diameters of arteries
are decreasing by a constant ratio y between successive levels of
branched vessels, given by [44],

NL*T Nwp! |
V) = = = 3
NL] — Nwy

m=1,...,6, (1)

where NL;' and NW;! are the length and width of the cross section of
a blood vessel in level m, respectively. The length of a blood vessel is

! For interpretation of color in Fig. 1, the reader is referred to the web version of
this article.
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Fig. 1. Three-dimensional triple-layered skin structure with seven levels of
countercurrent vasculature and with an embedded tumor.

assumed to double after two consecutive construction steps, which
can be expressed in the length-doubling rule as follows:

LM =2 m=1,...6, (2)

where L} is the length of the blood vessel in level m. The mass flow
of blood in the mth level vessel, M, = v,,F,,, satisfies

MmZZMerla m:17...76, (3)

where vy, is the blood flow velocity and F,,(= NLj' x NW}') is the
area of the cross-section in the mth level vessel.

For the blood flow in the vascular countercurrent network, we
assume that the blood temperature in the cross-section of a vessel
is assumed to be uniform. We further assume that a steady-state
energy balance in the blood vessel can be reached because the
length of the considered blood vessel is relatively short and the
blood velocity is relatively high. However, one may use the tran-
sient heat transfer equation for a more accurate solution. Hence,
the convective energy balance equations, which are used to calcu-
late the artery (levels 1-6) blood temperatures, can be expressed as
[12-14,45-47]

1

CsM; oy _ Py (T, — T}) =0, (4a)
ox
oT?

CsMy =L — aPy (T2 — T2) = 0, (4b)
ay
oT? 3 .3

CMs =L —aP3(T3, —T;) =0, (4c)
0z

CsMy %ﬁ — aPy(T} —T}) =0, (4d)
T3

CMs =L — aPs(T2 —T3) =0, (4e)
ay
ot 6 -6

CsMs szb — aPs(TS —TF) = 0, (4f)

where Cp is the heat capacity of blood, o is the heat transfer coeffi-
cient between blood and tissue, and P,, is the vessel perimeter. In
addition, Ty and T} are the wall temperature and the blood temper-
ature in the mth level vessel. For the smallest, terminal arterial ves-

sels (level 7), a blood flow rate (P ) is included in the energy balance
equation

7

CsM, %TXW — aP+(T}, — T}) — PCsF,T] = 0. (4g)

The venous network is assumed to be similar to the arterial net-
work, except that the blood flow direction in each vein is opposite
of that in the artery; i.e., countercurrent flow occurs in these two
kinds of vessels (see Fig. 1). Also, the diameter ratio, length ratio,
and mass flow ratio of the blood between the successive levels of
the branched veins take the same form, as shown in Egs. (1)-(3)
for the arteries. Moreover, the convective energy balance Egs.
(4a)-(4g) used to calculate the blood temperature in the artery
domain are applied to the vein domain at the corresponding levels.

2.2. Bioheat transfer equation

For the skin tissue, the modified Pennes’ equation that gives the
temperature distribution in a 3-D triple-layered skin tissue can be
written as follows [8-10,13,14]:

oT,  _ &°T, 14 0Ty (T Ty O°T,
p,C1<W+T1W +‘E,WbeE_k, W+a—}12+ﬁ

7]
FWLC T T +Qu+ 08 12123 (5)
Here, T, is the temperature of the Ith skin tissue layer; T, is the
blood temperature at the exit or entrance of the seventh level vessel
for the artery or vein; p,, C;, and k; denote the density, specific heat,
and thermal conductivity of the Ith skin tissue layer, respectively;

C}, is the specific heat of blood; W} is the blood perfusion rate;
and Q, is the volumetric heating due to spatial heating. 7, is the
relaxation time due to the thermal lag of the heat flux in the Ith skin
tissue layer. Note that when 7, is zero, the above equation reduces
to the Pennes’ equation. It should be pointed out that Eq. (5) is
obtained based on the CV (Cattaneo-Vernotte) model which intro-
duces a phase lag into the heat flux and has taken into account
the nonhomogeneous cell structures such as scattering properties.

Since the tumor has golden nanoshells embedded into the tis-
sue, we must consider the effective thermal conductivities and
heat capacities for the part of the tumor region that contains the
golden nanoshells. Although they can be calculated using some

other different formulas, such as m = ,fj + 1;[& [48,49], we take
a weighted average to obtain them as follows [50]:

(kt)eff = gtkgp + (1 — gt)kh (Ga)
(PC)gg = €tPgoigCeota + (1 — &), Ct, (6b)

where & and kg, are the porosity of the tumor and the thermal con-
ductivity of the gold nanoshells, respectively. Similarly, Cgq and
Pgoiq are the specific heat capacity and density of gold, respectively.
The porosity of the tumor, &, is defined as the volume fraction of
empty space that is not occupied by the tumor tissue. In our study,
the gold nanoshells are assumed to occupy the empty space and to
be uniformly distributed in the nanoshell-embedded region inside
the tumor region. Here, we consider the nanoshell-embedded
region to be slightly smaller than the entire tumor region, in order
to avoid diffusing the heat quickly to the healthy tissue surrounding
the tumor and hence possibly damaging the healthy tissue. In other
words, we are using the tumor region without nanoshells as a buffer
zone so that the healthy tissue does not rise to the hyperthermia
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levels while the tumor tissue is raised to the hyperthermia levels.
However, for the tumor region outside of the nanoshell-
embedded region, we set ¢ = 0. Furthermore, we refer the related
heat transfer in porous media to these recent articles in [51-53].
Here, kg, is given based on

kgold

kgp - 1 4 Kn ’ (7)
where K, is the Knudsen number defined as K, = Ze,/Dp, and kgoiq is
the thermal conductivity of gold. It should be noted that A, and D,
are the effective mean free path of the electron and the diameter of
the gold nanoshells, respectively. Furthermore, the tumor region
has a different thermal lag, t,, than the healthy tissue region
[54,55]. Thus, the modified Pennes’ equation in the tumor region
can be written as

6Tt 827} t taTt

(pc)eff<at +Tt—— o + W Cb Bt
, PTe  9*T, T, FWAC (T — T 0Q,
=W Ga g oz ) TG T T+ Qer TG

8)
where Q, is the volumetric heating in the tumor region.
2.3. Heat source

We assume that the laser power is continuous and spatial with
a normal distribution and express the heat source Q; as [13,56]:

e~ (=% O +y-yo(01*}/20% p

Po(1 — Reffy), (9a)

Q, = e nhi—? 2;02 e*{[xfxu(f)]zﬂyfy@(f)]z}/2621)0(1 —Reffy), (9b)
Q; = oz~ li—o2la—sz —21;0-2 e~ (=x0(OP +ly-yo(1*})/20% p Po(1 — Reff3),
(9¢)

where o, 0,03 are laser absorptivities of the three layers, respec-
tively; Reff1, Reff, and Reffs are laser reflectivities of the three layers
of the skin, respectively; o is the standard deviation of the width of
a normally distributed laser beam; and L;,L,, and L; are depths of
the three layers, respectively. Here, [xo(t),yo(t)] is the location
where the laser is focused at time t. Py is the laser intensity, which
will be determined later, so that an optimal temperature distribu-
tion can be obtained.

However, in the nanoshell-embedded tumor region, the heat
source is different. Here, we consider the nanoshells’ heat spec-
trum in conjunction with the heat generation from the laser and
give the heat source as

Qr =&u" + (1 —¢)Qs, (10)

where u” represents the local heat generation spectrum being gen-
erated by the gold nanoshells in the tumor region in which the
derivation is given in [23,24] and can be seen in Appendix.

It should be pointed out that because the heat source in Eq. (9)
is a 2-D Gaussian distribution, the main heating spot area can be
calculated by the formula: 27 [§e /27 rdr = g2(1 — e K'/27%),
where R is the radius of the spot. For instance, if taking the ratio
of the main heating spot area over the total heating area to be
95%, one may obtain R ~ 20.

2.4. Boundary, initial, and interfacial conditions

On the skin surface, we assume that heat exchanges with the
surrounding and there is a thermal lag of the heat flux on the sur-

face. Thus, combining —k; ‘),TZ‘ =q+11 % AL with g, = h(T; — T,), we
obtain a boundary condition as
ko oT o = (T —Ta) + 1 88Tt1 (11)

where h is the convective heat transfer coefficient, g, is the heat flux
of the first layer in the z direction, and T, is the ambient tempera-
ture. For simplicity, other boundary conditions in the tissue are

assumed to be [9,13,14]
My, (12)
on

where 1 is the unit outward normal vector on the boundary. At the
entrance to the first level vessel, we have

Th = T, (13)

where T;, is the blood temperature at the entrance of the artery. At
the exit of the artery, the blood temperature is equal to the sur-
rounding tissue temperature

Ty = Tout (14)

The continuity of heat transfer between the lateral blood vessel
and the tissue requires [13,14]

m
Mo _prn—1m=1,...7. (15)
on
The interfacial condition between three skin tissue layers and the
tumor is assumed to be perfectly thermal contact and is given by
[13,14]

B 0T17 0T, g
T, —Tz, k] oz k2 82’ Zle., (163)
oT oT
T,=Ts, ky 822—1@8—23, z=1L +Ly; (16b)
in
Ty = Tg”f, ks — LE =k o ,
0z 0z (16C)
z=1 g<x<% H< <y'
— Lty 3 X X 3 ] 3 \y\ 3 9
. in out
Ty = Tng ke I = k3 o5 )
0z 0z (16d)
z=L+L <x<% H< 2Ly
=L+ 1Ly, 3 I A X 3 3 NS 3
in out
Tgn:Tguts kt o 7138T3 )
%y (16e)
—LY 2Ly Li<z<Li+L X X<2LX'
=3 3 t S ZS L+ Ly, EREEEE
. in out
Tgn — Tgut7 kt 8T3 _ l<3 6T3 7
ox 1924 (16f)
LX 2ILX LY 2LY
=3 3 L <z< L +1r, ?SY<T7

where Ly and L, are the length of the tumor and the location of the
top of the tumor region in the z-direction, respectively. Due to part
of the tumor’s interior being saturated with golden nanoshells, we
employ the following interfacial condition for the nanoshell-
embedded region within the tumor as
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in eff
T} kB T (17)
on

=17 K

on
Because the blood flow in the vein is oriented against the arterial
flow, the entrance of the blood to the vein is located at the 7th level,
and the blood temperature is equal to the surrounding tissue tem-
perature. The initial conditions are assumed to be

or, _ T,
ot~ ot
where T, is the temperature in the tumor region, T, is the initial

temperature in the tissue, and Tq, T, and T are the tissue temper-
atures in skin layer one, two and three, respectively.

T, =T, =To, -0, t=0,[=1,2,3, (18)

3. Numerical method
3.1. Finite difference method

The numerical method includes a stable finite difference
scheme for solving the modified Pennes’ equation, the fourth-
order Runge-Kutta method for blood flow equations, the least
squares method for optimizing the laser power, and the computa-
tional procedure.

We denote (u,)}}k and u, the numerical approximations of
Ti(iAx,jAy, kAz, nAt) and T,, respectively, where Ax, Ay, Az, and At
are the spatial and temporal mesh sizes, and i,j, k are integers,
0<i<N,,0<j<Ny;,,0<k<N}; sothat NyAx =LX, NyAy =LY,
and NfAz=L},1=1,2,3. In this mesh, we assume that
(u3)jj, = (up"); when the grid point (i,j, k) is in the mth level blood
vessel. If T}, is known, then Egs. (4a)-(4g) for blood temperature
become first-order ordinary differential equations, which can be
solved by using the fourth-order Runge-Kutta method [57]. Once
the blood temperature u, is determined, Eqgs. (5)-(18) can be
solved by using an unconditionally stable finite difference scheme
that was used in [14,58]. For convenience, we list those equations
as follows:

(51)3‘::1 + (sl):'}k _ WLCI (ul)yk + (ul)g‘k (ul)g‘k (ul)uk
Sy VUK + ,
2 At
(19)

PG

S s w4 ()
W'A% wicl {W—(mm}

ot
1=1,2,3,t, (20)

w)i A+ ()} n+1/2
= k{(éi + (3}2, + OE)M +(Q )321/2 41 <8Q,> 7

where (s)}, is the numerical approximation of S;(iAx, jAy, kAz, nAt)

ijk
defined as S;=(1+ ‘E( p )T, + 10 m 52 < Uk =
on, for the y and z dlrectlons. Similar scheme can be obtained for
Eq. (8). It should be pointed out that the unconditional stability of
the above scheme (Egs. (19) and (20)) can be proved using a similar
argument to that in [59].

The discrete interfacial equations for Eq. (16) is assumed to be,
for any time level,

Uj_jj— 22U +Ui 1k and so
Ax2

(U )iz — (U )iz )y — ()
ki N A L kz( Z)U] A ( Z)UO, (m)}}w = (HZ)E‘o;
(21a)
(UZ)H z *(Uz)q z_ us)h — (us)h
k ijN3 NG k3( B)UIAZ( 3)1107 (UZ)E‘NZZ = (u3)g<0‘

(21b)

Similar discrete interfacial equations can be obtained for the rest of
Egs. (16) and (17). The interfacial condition, Eq. (15), between the
tissue and the lateral blood vessel is discretized as follows

(u3)({+1 (u3)1+1ﬂ< + B AX(U3)1 1jk

=T (11 BAx) (22)

and similar discrete equations for the y and z directions, where the
grid point (i,j, k) is on the lateral walls of the blood vessel in the
X,y,z directions, respectively. When the grid point (i,j, k) is in the
tissue, the initial and other boundary conditions are discretized as
follows:

(W) =To,  (s1)j = O; (23)

(“l)o;k = (ul)ljk (ul)l,zlxik = (Ul);lvruk% (24a)

()ige = (W) (ul)?Nyk = (u’)g\ly—lk; (24b)
() — W) ()" — (w)jo

by 0 g T a0 )

(u3)go = (u3)317 (Ua)E-N; = (u3)yNZ it (24d)

for any time level n.
3.2. Least squares method

To determine the laser intensity Py so that an optimal temper-
ature distribution can be obtained, we pre-specify the temperature
elevations to be obtained at the center of the tumor and some loca-
tions in the perimeter on the skin surface. The reason that these
locations are chosen is because the highest temperature is
assumed to be around the center of the tumor tissue, and it is nec-
essary to have the temperature in the perimeter below a certain
threshold so as not to cause damage to the normal tissue. In addi-
tion, the temperature can be easily measured at these locations. By
guessing an initial laser intensity Py and pre-specifying a laser
exposure pattern, one can solve the above equations to obtain a
temperature field in the entire 3-D skin structure. Once the
temperatures, ul, are calculated at the given locations
(i=0,1,...,M), a least squares approach can be employed to
minimize the difference between the pre-specified temperature
U, and the calculated temperature u.y as follows::

M i 2
Z pre lcal 5 i:O,17...7M. (25)
i=0

Minimizing S(Py), one obtains

d o
d ZZ|: cal :| pre —Ueq) =0,

Thus, a new Py can be calculated iteratively as follows [13,60]:

i=01,....M. (26)

PYY = PO (XX + o) X (Upre — Ueqy), (27)

where o is a relaxation parameter, I is an identity matrix, and
X is the sensitivity coefficient matrix, which is an (M +1) x 1
vector

A(ugy) I(uly) 8(““)
X = cal cal N cal 28
9Py ' 0Py 0P (282)
and

t
Wpre = [ugre’ u;lare7 RER) %e] y U = [u?al’ ugal‘r (RN} cal] . (28b)
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3.3. Computational procedure

To reduce the computational time, we solve for (sl)g-;1 from Eq.

(19) and then substitute it into Eq. (20). This gives

wicl 2t
1 b~b | “*l n+1
( FEpc A ) M

wich 27
+ (1 +T plcl - E (ul)g'k - 2(51)3'k

u )_1.+1 —(u n
+MQFE%;Jﬁ*%M}

W (! aQ\ "2
H + (Q;)ZZ”Z T (5) ik
—1,2.3.t.
1=1,2,3 .

P
At

=ki(; + . +62)

)

n+1

We further employ a preconditioned Richardson iteration for (uy)
as follows:
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where wis the relaxation factor, [ = 1,2, 3, t, and the preconditioner
is chosen to be
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It should be pointed out that the convergence for this iteration can
be proved using a similar argument to that in [59]. Thus, the linear
system, Eq. (29), can be transferred into a tridiagonal linear system,
Eqs. (30) and (31). If we denote (u3)j; = (up');; when the grid point
(i,j, k) is in the mth level blood vessel, then the Thomas algorithm
[61] can be used line by line along the z-direction. Thus, our compu-
tational procedure for predicting the skin’s temperature distribu-
tion in a 3-D skin structure induced by laser-heating can be
described as follows:

Step 1. Pre-specify the temperature levels u}, at given (M +1)
grid points i =0,1,...,M; on the skin surface and the
tumor’s center, and pre-specify the laser exposure pattern
for obtaining these pre-specified temperatures.

Step 2. Guess an initial laser intensity Py and its small increment
Py + APq.

Step 3. Guess the wall temperature of the blood vessel ull and
obtain the blood temperature uj’ by solving Egs. (4a)-
(4g) using the fourth-order Runge-Kutta method. It should
be pointed out that at each program loop, we first calculate
the temperature of each level of blood vessel, where the
coordinates of blood vessels are independent of the coordi-
nates of consideration of skin domain.

Step 4. Update the wall temperature of the blood vessel, ul, by
Eq. (22).

Step 5. Obtain the temperature distribution u., in the entire 3-D
skin structure by solving Egs. (30) and (31) coupled with
the interfacial equations, the initial and boundary condi-
tions, Egs. (21)-(24).

Step 6. Repeat steps 3-5 until a convergent solution, u., at time
level n + 1 is obtained.

Step 7. Determine a new P, based on Eqgs. (27) and (28).

Step 8. Repeat the computation until the following criterion for
convergence is satisfied:

1S((Po)"™") = S((Po))|
S((Po)"*")

< Elaser- (32)

Step 9. With the optimized Py, repeat steps 3-6 for the given time
period.

4. Numerical example

To illustrate the present method, we chose a 3-D skin structure
with the dimensions 1.62cm x 1.62cm x 2.6cm and with
embedded seven-level dendritic countercurrent vascular network,
as shown in Fig. 1. The values of the biological parameters used are
listed in Table 1. We assumed heat convection occurring on the
skin surface (h = 0.001 W/cm?) where the surface is exposed to
an ambient temperature of 25 °C. The thermal relaxation time
was taken to be 7, = 7, = 73 = 20 s for the healthy skin tissue [8]
and 7, = 6.825 s for the tumor region [55]. Other parameters used
in these computations are listed in Tables 2 and 3. The tumor
region is in the volume of 0.54cm <x<1.08cm, 0.54cm <y <
1.08 cm, 0.240cm <z<0.490cm and the nanoshell-embedded
region within the tumor exists in the volume of
065cm<x<097cm, 065cm<y<097cm, 0315cm<z<
0.415 cm. It should be pointed out that values of the thermal
parameters for the tumor region were chosen based on those given
in [63]. Depending on the detailed situation, one may choose dif-
ferent values given in [48,49].

The pattern of the laser irradiation was designed as follows. The
laser with beam width of 0.1 cm was focused on the center of the
skin surface, which gives a heating spot around 0.4 cm in diameter
with 95% heating. The pre-specified temperatures, u,., for the cen-
ter of the tumor and four perimeters of the skin's surface are
defined as u,, = [54.0,34.0,34.0,34.0,34.0]'. When the tumor’s
center temperature rose to 54 °C, the laser was turned off; the laser
was then turned on when the temperature at the center of the
tumor decreased by 4 °C. Our goal was to raise the tumor’s central
temperature from 34 °C to 54 °C within 10 s while maintaining the
minimum temperature of the tumor region to be 42 °C. Once the
optimized laser intensity was obtained, we then took the opti-
mized laser intensity and obtained the temperature distribution
for 600 s. Here, we assumed that our laser is exciting the nano-
shells at 633-nm to exhibit peak absorption and minimal scatter-
ing [23-25] and that the number of nanoshells occupying a

defined voxel of 0.01 cm x0.01 cm x0.001 cm is 7.0 x 10° parti-
cles/cm®. Parameters used in obtaining local heat generation spec-
trum being generated by the gold nanoshells are listed in Table 3.

It should be pointed out that the wavelength (633 nm) was
selected here because a laser at this wavelength would have a high
transmissivity [25]. This allows for low absorption of the laser
when it comes into contact with whole blood and water in the tis-
sue, implying that the laser would have little effect on healthy,
blood-filled tissue such as the skin. Second, it is based on the
geometry of the nanoshells used. The optimal nanoshell geometry
is constructed based on Mie theory such that the configuration
exhibits peak absorption with minimal scattering. As a result at
the wavelength (633 nm) being used, the nanoshell geometry with
a core radius of 16 nm, a shell thickness of 6 nm, and a tolerance of
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Table 1
Parameters for a 3-D skin structure [8,13,14,63].
Parameters Values Parameters Values
G (J/g°0 36 pe (g/cm?) 1
G2 (J/g°0) 34 Pgola (8/cm?) 193
Cs (J/g°C) 3.06 (PC)egy (J/em3 °C) 3.5027, 3.75
C: (J/g°C) 3.75 Reff; 0.1
Caoid (1/8°C) 0.129 Reff 0.1
G, U/g°0) 0 Reff; 0.1
Cﬁ (J/g°0) 4.2 o (1/cm) 1.8
Ci (J/g°0) 4.2 o (1/cm) 1.8
Gy J/8°0) 42 %3 (1/cm) 18
ki (W/cm °C) 0.0026 o (1/cm) 1.8
ky (W/cm °C) 0.0052 W} (g/cm?s) 0
ks (W/cm °C) 0.0021 W2 (g/cm2s) 0.005
ke (W/cmC) 0.00642 W2 (g/cm?s) 0.005
kgola (W/cm °C) 3.17 W} (g/cm?s) 0.005
kep (W/cm °C) 1.7405 vy (cm/s) 8.0
ke (W/cm©°C) 12745, 0.00642 o (W/cm? °C) 0.2
p1 (g/cm?) 12 P (1/s) 0.5x 1073
p2 (g/cm?) 12 h (W/cm?) 0.001
p3 (g/cm?) 1 Cp (J/cm? °C) 4.134
Table 2
Parameters used in computations.
Parameters Values Parameters Values
Bi = o/ks 95.23 NL},NW3 (cm) 0.12
Ly (cm) 0.008 NLg,NW‘b‘ (cm) 0.1
Ly (cm) 0.2 NL},NW; (cm) 0.08
Ly (cm) 0.25 NLg,NWg (cm) 0.06
L¢ (cm) 0.24 NLZ’NWZ (cm) 0.04
Ls (cm) 1.792 To (°C) 34
Llla (cm) 1.0 Tin (°C) 37
12 (cm) 0.72 Ax (cm) 0.01, 0.005
3 (cm) 0.5 Ay (cm) 0.01, 0.005
4 (cm) 0.36 Az (cm) 0.001
1§ (cm) 0.26 o (cm) 0.1
I_fb3 (cm) 0.18 T1,T2,T3 (S) 20 [8]
17 (cm) 0.14 7 (s) 6.825 [55]
LX,LY (cm) 1.62 & 04,0
LZ (cm) 2.6 Tq (°C) 25
NL},NW} (cm) 0.2
NL?,NW} (cm) 0.16
Elaser 0.02
Table 3

Parameters used in obtaining local heat generation spectrum being generated by the

gold nanoshells [23,24,50].

Parameters Values
Nr (Particles/cm3) 7.0 x 10°
Qy; (efficiency) 0.059492
Qg (efficiency) 0.0092968
R; (cm) 16x10°¢
Ro (cm) 22x10°°
Dy (cm) 44x10°°
Jep (cm) 3.614x10°¢
Opma—; (1/cm) 66.9
Kma_; (1/cm) 0.1
2 0.9984
€) 1.0
Brot—s 67.0073
ws_; (1/cm) 9.8952 x 107
ks—; (1/cm) 63 x 1073
otgotd (1/cm) 5.76969

1 nm has a peak absorption with minimal scattering, making it a
prime suspect to allow maximum absorption of the laser for the
nanoshells while having minimal scattering in the healthy, or
anomalous, native tissue. Furthermore, the density of the nano-
shells was chosen based on the sources given in [23,24]. The
assumption being if we have more nanoshells in the nanoshell-
mediated region of the tumor, then it would offset the need for a
stronger laser because a higher-powered laser may increase the
risk for damaging healthy tissue that is in the path of the laser.
We would like to point out here that a latest article [62] presented
a numerical investigation of thermal response of laser-irradiated
biological tissue phantoms embedded with gold nanoshells and
discussed the influence of the concentration of embedded nano-
shells on absorption, scattering and total extinction coefficients.
This could be an effective way to determine the optimal concentra-
tion of nanoshells.

We performed two studies using this model in the mesh of
162 x 162 x 2600: one where nanoshells exist in part of the tumor
region (¢ =0.4) and the other where no nanoshells exist in
the tumor region (& = 0). For the study where nanoshells are

P 0 (W/em)
N
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40 :

25 // \

20t / \ .
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10} / \ |
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Fig. 2. Number of iterations versus (a) laser intensity (Pp), and (b) least squares
sum, S(Po).
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embedded in the tumor region, we optimized P, based on the algo-
rithm described in the previous section with an initial value of Pgy
as 1.295 W/cm and the value of AP, to be 1% of Py. Fig. 2 shows
Py and the least-squares sum versus iteration, respectively. It can
be seen that Py is convergent to 1.601 W/cm. We then used this
convergent value of Py to compute the temperature distribution
in the 3-D skin structure.

Fig. 3 shows the temperature distribution in the cross-section of
the tumor center at x = 0.81 cm, where levels 1, 5-7 of the arterial
system are visible. At t = 10 s, the laser just turned off the first
time in the simulation. As seen in Fig. 3(b), the temperature in
the core tumor region (around 0.61 cm <y < 1.01 cm) rises over
46 °C with the maximum 54 °C in the center of the tumor, while
the rest of the region being below 42 °C. This is because the nano-
shells absorb heat quickly, resulting in the temperature rise
promptly in the core tumor region. Also, it can be seen that the
laser does not heat up much for the rest region due to the lower
intensity of the laser. Furthermore, the blood vessels (levels 1, 5-
7) are clearly visible because the arterial component of the vascular
system is set to have a blood temperature of 37 °C. At t =50s as
shown in Fig. 3(c), the temperature in the entire tumor
(0.54 cm < y < 1.08 cm) is in between 45 and 54 °C while the nor-
mal tissue is below 42 °C. The heat diffusion from the core to the
entire tumor and the surrounding is seen. At t =200 s as shown
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in Fig. 4(d), the entire tumor keeps the temperature over 44-
46 °C and the normal tissue is below 42 °C. It can be seen that
the overall elevated temperature field slightly expands due to the
heat diffusion, as compared with that in Fig. 3(c). At t =400s as
shown in Fig. 3(e), it can be seen that the tumor still keeps the tem-
perature over 46 °C and the normal tissue is below 42 °C. At
t =600 s as shown in Fig. 3(f), the contour shows slightly lower
temperature levels on the edges of the tumor because the laser is
turned on and off. Due to the symmetricity of the tumor about
the center, similar results can be seen in Fig. 4 for the cross-
section of the tumor center at y = 0.81 cm, where level 1 of the
artery is visible. In summary, numerical results from Figs. 3 and
4 indicate that our method can control laser heating of the tumor
(target temperatures of 42-54 °C) and, on the other hand, keep
the temperatures of the normal tissue surrounding the tumor
low enough to not damage the normal tissue, which meets the
objective of hyperthermia. It should be noted that the center of
the tumor’s desired temperature level is 50-54 °C so that the tem-
perature in the entire tumor is elevated to the hyperthermia level
and the center of the tumor enters the necrosis temperature range
(temperatures greater than 50 °C).

Fig. 5 shows the temperature distribution in the cross-section of
the tumor lateral side at x = 0.54 cm, where levels 2-4 of the arte-
rial system are visible. At t = 200 s as shown in Fig. 5(b), the center
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Fig. 5. Contours of temperature distribution in the yz-plane at x=0.54 cm at (a) t=0s, (b) t =200 s, (c) t =400 s, and (d) t = 600 s. Here, levels 2-4 of the arterial system are

visible.
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of the tumor side has risen to around 44 °C and the surrounding
region in the tumor is within the temperature range of 38-42 °C.
On the other hand, the rest of the normal tissue is below 38 °C. Fur-
thermore, the blood vessels (levels 2-4) are clearly visible because
the arterial component of the vascular system has a blood temper-
ature of 37 °C. At t = 400 s as shown in Fig. 5(c), the temperature at
the center of the lateral face has risen to around 45 °C, while the
immediate surrounding region is between 41 and 44 °C. As a result
of the diffusing of heat from the center of the tumor, the area
showing elevated temperatures has slightly expanded. At
t = 600 s as shown in Fig. 5(d), the contour shows slightly lower
temperature levels than those compared with the contours at
t =400 s. Similar results can be seen in Figs. 6-8 for the cross-
sections of other three tumor lateral sides with various branches
of the vascular network. Results from these figures confirm again
that our method can control laser heating of the tumor (target tem-
peratures over 42 °C) and keep the temperatures of the normal tis-
sue surrounding the tumor low enough to not damage the normal
tissue.

For the study without nanoshells, again we optimized P, based
on the algorithm described in the previous section with an initial
value of Py as 1.295 W/cm and the value of APy to be 1% of Py.
Fig. 9 shows Py and the least-squares sum versus iteration,
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respectively. It can be seen that P, is convergent to 13.193 W/cm.
Compared with Fig. 2, we can see that without nanoshells, a larger
laser power is needed in order to achieve the same criterion as the
nanoshell case.

Fig. 10 shows the temperature distribution in the cross-section
of the tumor center at x = 0.81 cm, where levels 1, 5-7 of the arte-
rial system are visible. At t = 10 s as shown in Fig. 10(b), after the
initial heating of the center of the tumor has occurred and the laser
has turned off, the center of the tumor is at 54 °C, while areas that
are directly above and below the tumor are ranging from 60 to
70 °C due to lower diffusivity and higher conductivity than the
tumor region itself. The core tumor region (0.71 cm <y < 0.9 cm)
is between 37 and 54 °C and the rest of the region not affected
by the laser is below 37 °C. At t = 50 s as shown in Fig. 10(c), the
elevated temperature field has expanded laterally in the tumor
and surrounding regions. The temperature in the center of the
tumor is between 50 and 54 °C while the regions directly above
and below the tumor are at necrosis-inducing temperatures (60-
65°C). At the same time, the rest of the tumor region
(0.54 cm < y< 1.08 cm) is between 38 and 41 °C and the rest of
the normal tissue unaffected by the laser is below 38 °C. At
t =200 s as shown in Fig. 10(d), the center of the tumor and sur-
rounding regions are in similar temperature fields as Fig. 10(c).
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Fig. 14. Contours of the temperature distribution in the xz-plane at y =0.54 cm at (a) t=0s, (b) t =200, (c) t =400 s, and (d) t = 600 s. Here, levels 2, 6, and 7 of the arterial

system are visible.
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At t =400s and t = 600 s as shown in Fig. 10(d) and (e), respec-
tively, the temperature fields are at similar levels throughout the
contour as Fig. 10(d). Similar results can be seen in Fig. 11 for
the cross-section of the tumor center at y = 0.81 cm, where level
1 of the artery is visible. From our computation, we found that
our method can control laser heating, however, due to the diffusiv-
ity of the tumor and lack of nanoshells, the laser turns on and off at
a high frequency. In comparing the laser intensity to the case with
the nanoshells, the laser intensity is much higher which results in
more heat being deposited into the system. From these two figures,
it can be seen that the laser is heating up not only the center of the
tumor, but is also heating up some normal tissue to levels that can
cause damage.

Fig. 12 shows the temperature distribution in the cross-section
of the tumor lateral side at x = 0.54 cm, where levels 2-4 of the
arterial system are visible. At t =200s as shown in Fig. 12(b),
the center of the tumor lateral side has risen to around 39 °C and
the surrounding region is below 38 °C. Furthermore, the blood ves-
sels (levels 2-4) are clearly visible because the arterial component
of the vascular system has a blood temperature of 37°C. At
t =400sand t = 600 s as shown in Figs. 12(c) and (d), respectively,
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the temperature field has slightly expanded due to the diffusing
heat from the center of the tumor with temperatures remaining
similar to Fig. 12(b). Similar results can be seen in Figs. 13-15 for
the cross-sections of other three tumor lateral sides with various
branches of the vascular network being visible. Results show that,
without nanoshells, the heat is transferred at such a high rate
mainly along the thickness direction, resulting in not only failing
to heat up the entire tumor region over target temperatures of
42-46 °C, but also damaging the normal tissue above and below
the tumor.

In comparison between Figs. 3-8 and Figs. 10-15, we conclude
that using the nanoshells has an advantage to heat up a tumor
region quickly while keeping the surrounding healthy tissue from
being damaged.

Because the present scheme, Eqs. (19) and (20), is uncondition-
ally stable and the Richardson iteration, Egs. (30) and (31), is con-
vergent (implying that the numerical solution is convergent to the
analytical solution according to the theory related to the finite dif-
ference method [61]), we finally tested the grid-independence of
our algorithm for stability. Fig. 16 shows four temperature profiles
selected at t=50s by using three different meshes of
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Fig. 15. Contours of the temperature distribution in the xz plane at y=1.08 cm at (a) t=0s, (b) t=200s, (c) t=400s, and (d) t = 600 s. Here, levels 2, 6, and 7 of the arterial

system are visible.
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162 x 162 x 2600,162 x 324 x 2600, and 324 x 162 x 2600 with a
time step At = 0.1 s in the computation. Fig. 17 shows four tem-
perature profiles selected at t = 150 s by using three different time
steps of 0.1s,0.15 s, and 0.2 s with a mesh of 162 x 162 x 2600 in
the computation. It can be seen from these two figures that there

are no significant differences among these solutions, implying that
our scheme is grid-independent.

5. Conclusion

We have developed a numerical method for obtaining an opti-
mal temperature distribution in a 3-D triple layered rectangular
skin structure with an embedded countercurrent vascular network
comprised of seven-level blood vessels, arteries and veins. The
mathematical model takes into account the relatively large
thermal relaxation time of biological tissue with the effects of
golden nanoshells that were injected in a tumor region appearing
in the subcutaneous region. The dimensions and blood flow rates
are determined based on the constructal design of multi-scale

tree-shaped heat exchangers. Numerical results show that the
tumor tissue, with an optimized laser intensity and golden nano-
shells, can be heated and maintained above 42 °C while the
surrounding healthy tissue is kept from being damaged.

Further study will be focus on the use of the dual-phase lagging
equation as a new modified bioheat transfer equation as consid-
ered by other researchers [19,54,55,63-71], where the relaxation
times associated with both heat flux and the temperature gradi-
ents are considered. In particular, we have noticed that the overall
tissue can be considered to be a porous medium consisting of the
vascular region and the extravascular region. As a result, Eq. (5)
for the temperature field can be revised to a two-equation porous
model, which leads to a dual-phase lagging equation [19,54,68-
70]. In addition, we will consider irregular geometries for a skin
structure and tumor region where the finite element method
may be included. Such research may provide an useful tool for
optimizing laser irradiation to kill the tumor while keeping the
damage to the surrounding healthy tissue to a minimum during
the hyperthermia cancer treatment.
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Appendix A. Appendix
A.1. Nanoshell heating equations

In the development of the u” term, it is observed that [23,24]

_ dqg,

s, (A1)

mno__

u

where the spectral radiative heat flux, qg;(z), is the sum of the col-
limated radiation, q.,(z), and the heat generation caused by diffuse
radiation, q4;(2). The collimated radiation is defined as

4:(2) = (1 - p,)geTe, (A2)

where «, is the absorptivity of the golden nanoshells. The diffuse
radiation is defined as

qd/‘.(z) = Cl eé1bor-i2 + Czefélﬁmtle + B1 e*ﬂmrﬁil? (A3)

where C; and C, are calculated by using the values that are defined
by Eq. (A3) in the following manner:

[a}:[m Bﬂ*TBwl+&}‘ (Ad)
G, Bs B; BBy + Bg
From above, B; through By are defined as
1 CU/QZU &;
B]:—f =, 32:2—4 517 (ASa)
He =& 2-&)(1-w)
A
B3 *2"!‘ (2 *8,1)(1 7w2)517
g 1
By=—(24++—-Ft—— —), A5b
= eaira (A5b)
) w,, "
B5 = (2 — 8/1) (1 — (i),',) qin./l7
_ Sk 2 Sk
Bs = (Ze” +(2782)(17wi)§1e”), (A5¢)
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9,81y & —&11T1
B; = —2e 1T +(2_81)(] _w;)fle 1
L
L & e fe
Bg = 2¢ 7 — z —, ASd
’ 2-e)1-w) g (A0
A W, -
By =~ ey Ty e =30 (ASe)

From Eqs. (A1)-(A5), we obtain &, Ty, U, i, ;> £, Oror—i- HeTe, &,
represents the proportion of incoming light that is transmitted
through the boundary surface; it is equivalent to 1— p,(0) and
1 - p,(t1,) at the entry and exit boundaries, respectively. For our
study, as in the study in [23], reflections at the boundaries are
going to be minimal and insignificant resulting in p, to be very
small, thus all the p, will be considered zero. From this assump-
tion, we conclude that ¢; = 1.

Since p, is very small, Eq. (A2) can be slightly changed to

q.;(2) :q;;,_le%. w, is the scattering albedo for the system, so
equivalently w; and wy,_; are the same term, and is defined as

W, = % 7, represents the optical length of the tumor region

tol

defined as 7., = o, L1-

The extinction coefficient is defined as By = Kma—; + Oma—s»
where k4, and o,4_, are the spectral absorption and scattering
coefficients of the medium, respectively. However, for the tumor
region, the extinction coefficient also has to take into account the
nanoshells that are scattering and absorbing the laser. The extinc-
tion for such would be defined as By ; = kmd—; + Oma—; + ks_i+
ags_;, where k;_; and o;_; are the spectral absorption and scattering
coefficients of the nanoshells, respectively. ks ; and o, ; are
defined as ks , = mr2Qy;Nr, 0s_, = nr2Q,;Nr, where 1,,Q,;, Qs
and Nr are the outer radius, spectral scattering efficiency, spectral
absorption efficiency of the nanoshells, and the amount nanoshells
per unit volume, respectively.

Finally, p, represents the angle of incidence, which is defined as
U, = cos(0) and qf, , represents the heat flux entering the subcuta-

in,
neous region and is defined as g}, , = %e*“l’q*“zlz_
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