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Abstract

L2-cohomology is a cohomology theory on Riemannian manifolds. It agrees with
de Rham cohomology in the compact case, but is often different in the non-compact
case. In some informative examples of stratified spaces, L2-cohomology of the regular
part often agrees with the middle-perversity intersection homology of the stratified
space, giving a de Rham-style theorem. Unfortunately, this doesn’t always happen;
we give a family of examples of real algebraic varieties for which the L?-cohomology

and middle-perversity intersection homology are not equal.

In both this family and in the case of complex singularities, it often happens
that we can decompose the space into regions where the metric looks like that of a
multiply-warped product, or like interpolations between such regions. An illuminat-
ing class of examples is that of normal complex surface singularities. In this case,
the decomposition was begun by Hsiang and Pati and completed by Nagase, and this

decomposition played a heavy role in the computation of L?-cohomology.

Cheeger, Goresky, and MacPherson conjectured that the intersection cohomology
of complex projective varieties and the L2-cohomology of their regular part are iso-
morphic. One hope at the time of the conjecture would be that the proof would shed
light on the local structure of complex algebraic singularities. If one instead looks

at the local L2-cohomology and ask that it is isomorphic to the local intersection
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homology, then the conjecture does imply restrictions on the cohomology which is

only apparent after a closer look at the local geometry around the singularity.

In this thesis, we calculate the local L?-cohomology for several examples of affine
real and complex algebraic varieties with isolated singularities with the metric in-
duced with the Euclidean metric. We give examples of real algebraic varieties where
the local L2-cohomology is not isomorphic to the middle intersection homology.
We give another example where the local L2-cohomology is not even a subspace
of the cohomology of the link. We also calculate the local L?-cohomology for a
class of weighted homogeneous hypersurfaces; this class of examples includes the Aj-

singularities in arbitrary dimension.



Dedicated to my wife.
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1

Introduction

Cheeger studied the L2-cohomology of special types of spaces (X, g) called metric
cones and metric horns. These are spaces where X = (0,1] x L is topologically a
cylinder for some compact Riemannian manifold (L, g1), possibly with corners, and
the metric is given by g = dr? + r*g; for some ¢ > 1. In this case, he found the

following intriguing result:

Theorem 1.1. [5] Let X = (0,1] x L for a compact manifold L, n = dim L be odd,

and X be a metric cone or horn. Then the L*-cohomology of (X, g) is given by

3
T
N

0 k >
H(k2)(X7 g) = k
HE(L) k<

£+
N+ o
—

This truncation of the cohomology of the link is reminiscent of intersection co-
homology. In fact, in this case the intersection cohomology with middle perversity
is isomorphic to the L?-cohomology. This was an exciting discovery. Intersection
cohomology had shown itself to be a robust theory of cohomology for spaces with
singularities, possessing nice properties which ordinary cohomology did not, such as
Poincaré Duality. L2-cohomology presented itself as a possible de Rham-style coho-
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mology theory which could allow calculations involving intersection homology using
the techniques of analysis, in much the same way that standard de Rham theory and

Hodge theory are related to ordinary de Rham cohomology.

The question that is naturally posed next was, For which spaces (X, g) are the
L?-cohomology and intersection cohomology isomorphic? While intersection coho-
mology is a topological invariant, the L?-cohomology depends on the specific metric
g chosen, so the question can be restated as, Is there a metric g so that (X, g) has

isomorphic L?-cohomology and intersection cohomology?

These questions were inevitably turned towards complex algebraic varieties, and

Cheeger, Goresky, and MacPherson made the following conjecture:

Conjecture 1.2. [6] Let X be a complex projective variety, and let g be the metric
on the regular part of X which is induced from the Fubini-Study metric on projective
space. Then

H{ (X, g) = Hom(I Hyx(X),R).

Due to the axiomatic description of intersection homology, it suffices to check this
locally only. Thus, they use the analytic results of [5] to prove the conjecture in the
case of algebraic varieties with only isolated singularities where the neighborhoods
of those singularities are metric cones or metric horns, or metrics quasi-isometric to

these.

In [15], Hsiang and Pati claimed to prove this conjecture in the case of surfaces
with isolated singularities. Unfortunately, their paper had a important gap which

was subsequently filled by [17].! Together, the two papers prove the result by break-

! Before finding this paper by Nagase, this gap was also filled independently by the author twenty
years later, demonstrating the importance of full literature searches.
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ing up the neighborhood of a singularity into regions in which the metric is well
known, then using the explicit description of the metric to prove the requisite ana-

lytic estimates.

There is a common theme in both Cheeger’s proof of the metric horn case and in
Hsiang-Pati and Nagase’s proof for algebraic surfaces. Topologically, X = (0,1] x L.
There is the usual homotopy operator which takes a smooth form on X and outputs
the value of the form on {1} x L. In “low degrees”, this operator is bounded and the
resulting form is an L? form. In “high degrees”, any form in the domain of d must
vanish as r approaches 0. This allows us to “extend” the form to a form on the cone
with the vertex included. This space is contractible, and so we can homotope the
form to zero. Thus, in low degrees, the L?-cohomology of X equals the cohomology
of the link L, and in high degrees, the L2-cohomology of X vanishes. Of course,

there are many details that go into making this program rigorous.

Unfortunately, one can show that the degrees which are considered “low” by this
structure do not always necessarily match up with what intersection cohomology
would consider “low” degrees. For example, we prove the following Kiinneth-like

theorem for multiply warped products:

Theorem 4.30. Let L = Ly x --- x L, be the product of compact manifolds, and
X =(0,1] x L. Give X the metric

g=dr* +r*g, +-- +r¥mg

for some constants ¢; and metrics gr, on L;. Then the L*-cohomology of X is

1somorphic to



Hiy (X, g) = D Hp(L1) ® - ® Hii (Li)-
fey o+ hom =k
c1(n1—2k1)++cem(nm—2km)>—1

In particular, H(’“Q)(X, 9) € Hjp(L).

Later, in Section 4.5, we show how to realize metrics of this kind as the metric on
real algebraic varieties with an isolated singularity. For some of these metrics, there
are forms in middle degree or higher which are L? when extended independently of r.
Correspondingly, the local L2-cohomology of these spaces can vary wildly from the
middle intersection homology. We also give a relatively simple example of a space
whose local L2-cohomology is not even a subspace of the cohomology of the link.

These examples give us an idea of what could conceivably go wrong.

One of the original hopes of the CGM conjecture was that a proof would shed
light on the local geometry of complex singularities. In fact, a proof of the conjecture
was put forth by Ohsawa for complex varieties with isolated singularities (see e.g. [18]
and [19]). However, the proof involves the degeneration of certain complete metrics,
and does not give insight into the local geometry of these singularities. Therefore, one

might still look for a more explicit proof of the kind used by Hsiang-Pati and Nagase.

A proof working locally with the Fubini-Study metric (or equivalently, the met-
ric on affine varieties induced by the Euclidean metric) has its difficulties, however,
because the metric is incomplete. The proofs of this kind that the author is aware
of all involve decomposing the metric into regions where it is quasi-isometric to a
particularly nice model metric, then patching the result together. This patching to-
gether must be done carefully; standard techniques like the Mayer-Vietoris sequence

are often invalid in this context.



We give a proof of this kind for hypersurfaces of the type
{Zg + 9(2’1, U 7Zn) = 0} - CTH_I )

where ¢ is a homogeneous polynomial of degree less than k. This includes, for

example, the A, singularities. In particular, we prove the following theorem:

Theorem 6.23. Let V < C*™! be the hypersurface determined by the vanishing of a
polynomial

f(z):zg+g(zl,-~- ,Zn),

for some integers o and [ satisfying 2 < o < 8 and some homogeneous polynomial

g of degree . Then the local L?-cohomology of V is given by

0 k> dime (V)

Hiy(V) = {HG’;R(L) k < dime(V).

where L is the link of V' at the origin.

Our proof involves splitting a neighborhood of V' at the origin into regions which
are either multiply warped products of a special kind or interpolations between such
regions. In Chapter 5, we show familiar bounds and techniques are valid in each of

these regions, then in Chapter 6 we patch them together to get our result.



2

Background

2.1 Basic Notation for Riemannian Manifolds

Let X be an n-dimensional, oriented manifold with corners with a Riemannian met-
ric g. Let Q°(X) denote the smooth differential forms on X; this, along with its
exterior derivative d, is a cochain complex. The cohomology Hj,(X) = H* (Q*(X))
of this cochain complex is called the de Rham cohomology. The de Rham theorem

states that HJ,(X) is isomorphic to the singular cohomology with real coefficients

H*(X,R).

By definition, the metric g defines an inner product on the pointwise tangent
spaces T, X, and thus it defines a norm. Dually, there is an inner product and norm
on the cotangent space T*X. This inner product (resp. norm) can be extended to
the wedge product /\k T X, which can be thought of as a map from pairs of k-forms

w, ¢ to scalar functions (w, ¢) (resp. from k-forms w to scalar functions |wl).

The top degree wedge product A" 7T#X at a point z € X is a 1-dimensional



real vector space. The orientation on X is a choice of which non-zero elements are
positive. There is a unique, positive element whose norm is 1, and this element varies
smoothly on X. This defines a form dV which we call the volume form induced by
the metric g and the orientation. Using the volume form, the pointwise inner product

and norm induce an inner product and norm on global forms via

(o, By JX(a, 8)dV, and

1/2
ol = ([ tarav)
X

2.2 L*-Cohomology

We define dom(d) = Q°*(X) to consist of the forms « for which [|a| < o0 and ||da| <
o0. Because dom(d) forms a subcomplex of Q°*(X), we can consider its cohomology
H (X, g). We call this the L2-cohomology of (X, g). This depends not only on the

topology of X, but also in an essential way on the metric g.
Example 2.1.

dim Hyy ((0,1),dz*) = 0, but dim Hy, ((0,0),dz*) = oo
where dz? denotes the standard metric on (0, ).

Proof. To see the first one, notice that || f(z)dz|* = S(l) |fI?dz. Therefore, if f(z)dx

is an L? form, then



T

f(y)dy

1/2

2
dz

2 E f / £(y) dy

[ ( [Firwre dy) v | (

1

<| lf)fdy <.
JO

N

| |f(y)|2dy) dr

1/2

Therefore, Sf/zf(y) dy is an L*-form, and f(z)dz = d (ST/Q f(y) dy). Thus, every

closed, L? 1-form is the differential of an L? 0-form, and H/, ((0,1),dz?) = 0.

Now we consider the other example. For a positive real number s € (—1, —%),
consider the form (1 + x)* dz . This form is L?, but there is no L? function for which
this is the differential. Indeed, if df = (1+ x)*dz, then f(z) = C'+ (1 + z)**! for
some constant C, and no value of C' can make f an L? function. Even more than
this, any form which is a finite linear combination of such forms is an L? form but

cannot be the differential of an L? function.

Thus, the vector space spanned by {(1 + z)*dz} for s € (—1,—1) injects into
H iy, ((0,1),dx?), so the dimension of Hpy, ((0,1),dz?) is infinite. O

The subcomplex dom(d) is not complete under the norm |- |; we denote the com-
pletion! L2Q°*(X, g). The exterior derivative d on dom(d) is not bounded. However,
we can extend d to a closed, unbounded operator on L?*Q*(X,g). There are two
common ways to do this: the weak extension and the strong extension. The weak
extension of d is the adjoint d;, where dy is the unbounded operator which acts as the

codifferential and whose domain consists of compactly supported smooth forms (and

! This is the same completion as the one we get by completing the subcomplex of 2°(X) consisting
of L? forms, ignoring the L? condition on dw.



compactly supported away from any boundary of X'). The strong extension of d is the
operator whose graph is the closure of the graph of d. It is a classic result that these
extensions give the same operator; see [9] and [14]. We will denote the extension as d

and its domain as dom(d) and use whichever definition is more convenient as needed.

The subspace dom(d) is also a cochain complex, and we denote its cohomol-

ogy as H('Q)’#(X, g). As [5] points out, the inclusion dom(d) < dom(d) is a quasi-

isomorphism of complexes. In particular,

H(.Z)(Xv g) = H(.Q),#(Xa g) :

This can be proven using a smoothing homotopy operator; see Section 12 of [11] for
an explicit description of this process. Which complex to use in practice is a delicate
question: d is a closed operator, which makes some calculations easier, while dom/(d)
consists of smooth forms, which makes other calculations easier. We will try to be
clear about when we are using each complex; as a rough heuristic, dom(d) is sufficient

for low degree forms, while we may need to use dom(d) for high degree forms.

2.3  Quasi-Isometry

Ideally, we’d like to make specific calculations for a few model metrics, then relate
the metrics we find back to these model metrics. The metrics we find in practice will
not be these exact model metrics, but they will be quasi-isometric to them. Here we
introduce the concept of quasi-isometry and look at some of the properties that are

preserved under this notion.

Definition 2.2. Take two oriented Riemannian manifolds (possibly with corners)

(X,g) and (Y, h) and a diffecomorphism f : X — Y between them. Then f is called

9



a quasi-isometry if there exist constants 0 < ¢ < C' < o0 so that

cv|x,g) < [fav|ovn) < Clvlix,g)

for every v € T, X and every x € X. We will say that (X, g) and (Y, h) are quasi-

1sometric. Crucially, the same constants ¢ and C' must be used for every x € X.

Remark 2.3. Often in the literature, quasi-isometry means a slightly stronger notion.
Namely, the space X is fixed, and two metrics g and h on X are called quasi-isometric
if the identity on X is a quasi-isometry between (X, g) and (X, h) as defined here.

Our definition will allow us a little more flexibility in our calculations.
Lemma 2.4. Let f: (X, g) — (Y,h) be a quasi-isometry, and let dim X = n.
1. 71 is a quasi-isometry with constants % and %
2. For a k-form a € QF(X),
Ffrlal < [f*al < C*f¥a|
as functions on X.

3. The map f*:Q*(Y) — Q*(X) induces a bounded isomorphism of complezes

f* dom(dy) — dom(dx), and this in turn induces isomorphisms

e H(kQ)(Yv h) — H@)(X,Q)-

Proof. 1. By definition, f~! is also a diffecomorphism. For a tangent vector w €

T,Y, apply the estimates in the definition to the vector v = f,'w to get
clfitwlixg < fufi wlm < Clf M wlixg

dfitwlxg < |wlvn < Cfilwlixg

1

) 1
5|wl(y,h) < |filwlxg <=

w .
C| (v,

10



2. At a point z € X,

Fol=  max (Fa)uw)
(Ulf"ﬂ}k)el_[k TIX
vjl<1
= max a(fevr, -, fevr)
(Ulf"ﬂ}k)el_[k TIX
vjl<1
< max afwy, -+, wy)
(wl7"'7wk)enk Tf(I)Y
lwj|<C
= max a(Cwy, - -+, Cwy,)
(w17“'7wk)enk Tf(“")y
lw;|<1
=k max a(w, -, wg)
(w1, wi) e[ 17 T Y
wj|<1
— 0ol

For the other direction, apply the same reasoning to the quasi-isometry f=! to

show
1
ck

o = [(f)"frol < Z(f)*If*al,

apply f* to both sides, and rearrange.

3. Because the vector space /\" T#X is one dimensional for each x € X, there is

some non-vanishing function p : X — R so that
f*dVy = p(ZE)dVX y

where dVy and dVx are the volume forms induced by the metrics h and g,
respectively. Applying part 2, we get
A fHdVy | < | ffdVy | < C"fFdVy|
" f*ldVy| < |p(x) dVx| < C™ f*|dVy |
"< plx)] <C".

11



Assume f is orientation-preserving, so p(x) > 0; if not, just insert a minus sign

where appropriate below. We have the following estimate for the L? norm of

fra:

a2, = L Fal? dVy

< J C’“f*\oz|2p($) AV
X

cn
Ck * %
c Jx

Clc
= — J |CM|2 dVy
ch Y

= C_nHaH(Y,h) .
Similarly, we show that é—iHaHZ < |f*a|?. Combining these two estimates,
we've shown that a € QF(Y) is an L? form if and only if f*« is. Likewise,

B e QF(X)is an L? form if and only if (f~!)*3 is. Furthermore, f* and (f~1)*

are bounded maps. Similarly, d(f*a) = f*da is L? if and only if da is.

Thus, f* : dom(dy) — dom(dx) and (f~1)* : dom(dx) — dom(dy) are well
defined and inverses of each other. Both commute with the exterior derivative,
so they give an isomorphism of chain complexes, which in turn induces an

isomorphism on the cohomology of those complexes. O

Lastly, we have a lemma on the relationship between bi-Lipschitz maps and quasi-

1sometries.

Lemma 2.5. Let A and B be smooth submanifolds of R™, and assume that A and B
are each given the induced Riemannian metric with respect to the Euclidean metric on

12



R™. Assume we are given a diffeomorphism f : A — B and constants 0 < ¢ < C' < o

so that

clz =yl <f(z) = fy)] < Cle—y|

for all z,y € A. Then f is a quasi-isometry.

Proof. In this case, T, A and Ty B are subspaces of R", and the metric on them
is the usual Euclidean inner product. Thus, we want to show for a tangent vector
veT,A that

cloll < |fevll < Clol]-

Because v € T, A, there is a smooth path v : (=1,1) — A so that y(0) = = and
7'(0) = v. Then

v = lim (t) —(0) and
t—0 t ’
o — i £0(0) = F(0)
* t—0 t

Thus, we calculate

lim

[ vl =

f(y(®) — f(7(0)) '

=0 t
i [ 0®)) = F(4(0)) '
=0 t

Using our assumption that f is bi-Lipschitz, we get the inequalities

clim 7 (6) — O] < lim =+ 17((0) ~ F6O)] < C T+ |4(1) — (0)]

t—0 t t—0 t—0 t

clo| < [fevl < Clol. O

13



2.4 The Cheeger-Goresky-MacPherson Conjecture

We will give some motivation in this section for what will come later. Let V < CP"
be a complex projective variety. There is a natural metric on CPP" called the Fubini-
Study metric. We can consider the Riemannian manifold V;., which is the non-

singular part of V' with the metric induced from its embedding in CP".

Conjecture 2.6. [6] Let V' be a complex projective variety, and let g be the metric on
the regular part V,., of V- which is induced from the Fubini-Study metric on projective
space. Then

H(kQ)(‘/rega g) = HOHl(IHk(V), R) )
where [Hy (V') is the middle perversity intersection homology.>

We will not give a treatment of intersection homology here, nor do we use it later
(but one can learn about it more in the article [6] this conjecture comes from, as well
as in [8] and [16] or in the original articles [12] and [13]). This is because there is a

local description which does not make use of these definitions:

Lemma 2.7. [6] The Cheeger-Goresky-MacPherson conjecture holds if V' has only
1solated singular points, and for every point x € V and every sufficiently small,

contractible neighborhood U of z,

1 (g - {0 k> dime (V)
ORI T gk (D) k < dime(V)

where L is the link of the point x in V.

There is a similar local description in the case of a non-isolated singular point,

but we will only consider spaces with isolated singular points in this thesis.

2 Note that in [6], they allow forms to take complex values, so in their notation the field of
coefficients is C, not R.

14



Let U be a small contractible neighborhood in CP" of a point z € V; then there
is a holomorphic map from U to a neighborhood U’ of the origin in C". The image
of U n V under this map is U’ n V' for some affine algebraic variety V' < C", and
the image of U NV, is the non-singular part V., of U’ nV'. Furthermore, this map
is a quasi-isometry between U n V,., with the metric induced by the Fubini-Study
metric and V/, with the metric induced by the Euclidean metric.

Therefore, to prove the CGM conjecture locally, it suffices to consider the local
L?-cohomology of affine, complex algebraic varieties with the metric induced by the
Euclidean metric. In fact, the conjecture was motivated by the independent discov-
ery of this kind of vanishing in the case of the L2-cohomology of metric cones and

horns by Cheeger and of the same vanishing results in the case of middle perversity

intersection homology by Goresky and MacPherson.

Let us now give some history of the progress of this conjecture. A proof of the
conjecture in the case of complex curves can be found in Briining and Lesch [4].
Hsiang and Pati claimed a proof for normal surfaces in [15], but there was a vital
gap. Nagase found and fixed this gap in [17]. The original proof in [15] involves
noticing that singularities of normal surfaces are isolated, that the singularities can
be blown up so that the preimage of each singularity is the union of divisors with
normal crossings, and that the quasi-isometry class of the metric has a particularly
nice form with respect to certain blow-ups. Hsiang and Pati called this type of metric

a Cheeger metric; we discuss a small generalization of these in Chapter 5.

However, they failed to calculate that in a decomposition of the neighborhood
as (0,1] x L for the link L of the singularity, there are also regions which can be
understood as interpolations of the Cheeger metrics. The gap was found by Nagase

15



and corrected in [17]. Similar calculations of the local geometry of algebraic surfaces
can be found in the recent work of Birbrair, Neumann, and Pichon [2]. There has
also been work in studying what have since been called Hsiang-Pati coordinates for

more general varieties; see [20] and [7] for more details.

In a different vein, Saper found a class of complete metrics on V;.., when V' has
isolated singularities (see [22] for the surface case, and [23] for the general dimension
case). Ohsawa then proved the CGM conjecture in the case of isolated singularities
by expanding this class of complete metrics, finding a sequence of metrics in this class
which degenerates to the Fubini-Study metric, and showing the required vanishing

properties are preserved through this degeneration (see [19] for details).

One might then consider the matter closed for varieties with isolated singularities.
However, this proof technique is somewhat unsatisfying in that it does not give us
the same understanding of the metric locally as previous approaches. In particular,
one might hope that a proof of the CGM conjecture would give us the analytic tools
to work with the L? differential forms on V directly, or some understanding of the
local geometry. This is certainly the hope of Cheeger, Goresky, and MacPherson in
their original paper, in which they write, “The analysis is extremely delicate and it
depends on as yet unexplored aspects of the metric structure of X near a singularity,”
and “The resulting understanding of the differential geometry of the singularities of

X would be extremely interesting in itself.”
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3

Metrics on Topological Cones

3.1 Common Notation

We will find ourselves in the following situation repeatedly. Let X = (0,1] x L be a
product space, where L is a compact manifold with corners. We call L the link. We
will have different conventions for coordinates on L depending on what specifically L
is, but we will use r to represent the coordinate on (0, 1]. Let Q°*(L) be the smooth

forms on L.

For any form a € Q°(X), we denote its evaluation at a specific value of r as

a(r) e Q(L)EP dr n Q°(L).

We can write any form « € Q°(X) as a form o = k.« + dr A t.«; this uniquely defines
Kk, and ¢, as projection operators.! For all 7 € (0,1], k,a(r) and .a(r) are forms
in Q°(L). We can think of k,«(r) and ¢,a(r) as forms on the link via the inclusion

L>{r}xL—X,.

1 'We will use similar notation when we can break the tangent space into a direct sum of more
summands.
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In this chapter, we consider metrics on X that are quasi-isometric to a metric g
of the form
g=dr’+g.
where for each 7 € (0, 1], we have a metric g, on the link, and g, depends smoothly?
on r. Notice that a_ar is orthogonal to any tangent vector of the link at all points in

X. These metrics appear in practice under mild conditions:

Lemma 3.1. Take a metric g on (0,1] x L. Assume there are constants 0 < ¢ <

1 < C < o so that for allveT,L,

0 o o\’ )
_ _ - 2 /2
‘g <8T7v)‘ <(l-o0yg (ar’ ar> g(v,v)""*, and

J 0
ng(a,g)éc

Then the identity map is a quasi-isometry between g and dr® + g,, where g, is the

metric g restricted to T, L.

Proof. Take an arbitrary tangent vector aa—ar + v, where v € T, L. We can use our

assumptions to get the following lower bound:

a2+vaﬁ+v = a® ﬁﬁ + 2a gv
g or " or -9 or’ or g or’

)
> a’g (ﬁ %) —2a(l —c)g (ﬁ i)1/29(% )%+ g(v,v)

—c (an (a—i, %) + g(v, v)) +(1-c) (ag (a—i, %) v - g(v,v)1/2>2

> c¢(a’c+ g(v,v))

+ g(v,v)

> c? (a® + g(v,0)) .

2 By this we mean that in a local coordinate patch of L, g, can be written as a symmetric matrix
whose entries are smooth functions of r.
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Similarly, we can use our assumption and the AM-GM inequality to get the following

upper bound:

ai+vai+v =a’ o9 + 2a iv + g(v,v)
I\ TV %y Y9\ ar I\ or I

< 2a*C + 2g(v,v)
<20 (a® + g(v,v)) .

Therefore, g is quasi-isometric under the identity to dr? + g,, where g,.(v,v) = g(v,v)

for ve T,L. n

Given that we have many metrics g, on the link (one for each value of r), there are
many relevant L?-norms for forms on the link. For a form w e Q°*(L) @ dr A Q°(L),
we denote by |w|, the L:norm of w that we get by using g,. Then for a form

a € Q°(X), the L?>norm can be calculated via

1
loll? = f la(r)|2dr.

Let dy, be the exterior derivative on the link L, and let d be the exterior derivative

on X. Then for o € Q(X), we have the formula

da = d(k.a +dr A o) = dpk.a + dr A <8/(<;'roz — dLLTa) .
r

3.2 Useful Lemmas

The following lemmas will often be useful. They aim to generalize results originally

proved for cones and horns in [5].
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Lemma 3.2. Let w € Q°*(L). If there are constants A > 0 and b < 1 so that
rlw|? < Ast||w|? for all r,s € (0,1] satisfying r < s, then the extension of w to a

form on all X independent of r is an L*-form, and

2

Proof. Since L is compact and w is smooth, |w]|? < oo for all r € (0,1]. Then, the

claim follows from the following estimates:
1 1 A
olf = | Joldr < | artoliar = L2l <o O
0 0 -

Lemma 3.3. Let dr n w e Q°(X). If there are constants A > 0 and b < 1 so that

rblw(t)|? < Asb||w(?)|? for all r,s,t € (0,1] satisfying r < s, then

| s

1

< 57— vl
2(1—b)

Proof.

2

f w(s)ds| dr
1 r

([ ) (40
T
o ([ 4)

Calculation A.1 shows that for b < 1 (including b = —1, which is calculated as a

1 IASb A

20

2 ~1

I

L " w(s) ds

N

VA

special case),




Lemma 3.4. Let o € L*Q*(X). If there is a constant A > 0 so that r|a(t)]|? =
As|a(t)|? for all v, s,t € (0,1] satisfying r < s, then there is a sequence of numbers
er € (0,1) so that e, — 0 and |a(ex)||: 2290 for any fized r (0,1]. Furthermore,

for any 0 < 6 < 1, we can find such a sequence {ex} so that a(e) converges to 0 in

L2Q° ([6,1] x L).
Proof. The proof is adapated from that of Lemma 1.2 in [5]. If « satisfies the
conditions of the lemma, then for any r € (0, 1],

T B T 1
| ez < | oz < el <.

Thus, the function f(t) = t~|a(t)|? is L' on (0,7); because f(t) is smooth on
(0,1], it is also L' on (0,1] and on (0,1). On the other hand, (¢|In(¢)])~" is not
L' on any interval (0, ). If f(t) = (¢t|In(¢)])~" for every value in (0, 1), we'd get a
contradiction, so let &, be any value in (0, 1) so that f(ej) < (ex|In(ey)|) " Thus
erf(er) = |a(er)|? < |In(eg)| ! for all €. Since the right hand converges to zero as

er, — 0, |a(eg)|? also converges to zero.

Choose such a sequence for a value 0 < 6 < 1. Because |a(t)|, < A|a(t)|s for

r e (0,1], we get
1 ) 1
f le(er) - dr < (1= 0) 7 la(er) s
5
The righthand side approaches zero, so a(g;) converges to 0 in L2Q° ([5,1] x L). O
Lemma 3.5. Let dr nw € Q*(X) be an L? form. If there is a constant A > 0 so that

lw(@®)|? = A|w(t)|? for all r,s,t € (0,1] satisfying r < s, then for any fived r € (0, 1],

frw(t) dt = lim Tw(t) dt

0 e—0 €
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exists as a form on the link in L*Q°®(L,g,). Furthermore, for any 0 < § < 1 we get

that §” w(t)dt converges in L*Q* ([6,1] x L). We also have that §;w is an L* form

g

Proof. Notice that if 0 <a <b<r <1,

b 2 b b 1
fwwa <jw@ﬁﬁ<fzwmfw

By assumption, § |lw(t)|7 dt is finite. For any n > 0, we can choose b small enough

in L*Q° (X), and

—HwH2

so that HSZ dtH < n. Thus, § w(t)dt forms a Cauchy sequence with respect to &

in L?Q*(L, g,), so it converges. Also, for a fixed 0 < 6 < 1, then

J dr — J Lb w(t)dt

As we can make this value as small as desired by choosing b small enough, we get

2
t)dt

wlt) de|

dr=(1—5)

)

that §” w(t) dt converges to §jw(t)dt in L?Q® ((6,1] x L) for any 0 < < 1.

Now that we’ve shown { w exists for each value of r, we will show it is in L?Q*(X):

[ty " A (] [ty ) r

(-

rl rr
< ( |w(t)]2 dt) dr
Jo \Jo
rl rr 1
< dt
[ ([ Frwtorzar) ar

<i£(jmwwﬁw

/
i



3.3 The Operators K, and Their Homotopy Formulas

Definition 3.6. For a number a € (0, 1), define the operator K, : Q*(X) — Q°(X)

as

T

K, (¢ +dr nw) =J w(t)dt.

a

If the limit

lim | w(t)dt

e—0 c
exists for all r, then we define the operator K, as

r

Ko(p+dr nw)=lim | w.

N
6[)5

Here the codomain of Ky is perhaps best described as paths in L?Q®(L), as Ky« is

not necessarily in Q°(X) nor is it necessarily in L?Q®(X).

Lemma 3.7. If a € (0,1], then given a smooth form a = ¢ + dr A w € Q*(X), we

have the identity
dK,a + K,dao = o — ¢(a) .

Proof. This is a straightforward calculation:

dK. (¢ +dr Aw) =d (jw)

a

zdL(f w)—s—dr/\gj w
a alra

:J drw+dr A w.

a
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K d(¢p+dr nw) =K, (dub +dr A (g—f — de>>

Adding these two calculations together, we get our result. O]

Definition 3.8. Define the operator K as

flw for deg(w) < dimg(X)/2

K(p+dr nw) = {SSW for deg(w) = dimg(X)/2 .

This operator may not be bounded on any suitable domain, nor is it even neces-
sarily well-defined for the obvious choices of domains. We will always be careful to

show it exists before using it.

Notice also that the definition of K depends not on the quasi-isometry class of
X, but on the specific way that X is decomposed as (0,1] x L. Whether or not
K is bounded (or even well-defined) cannot be found merely by knowing the quasi-
isometry class of X. In fact, [15] makes the mistake of claiming that K is bounded
for a given decomposition when it may not be. Part of the contribution of [17] is in

finding an alternative decomposition for which K is bounded.

The following lemma will be helpful in showing certain forms are in the domain

of d.
Lemma 3.9. Take a sequence of forms {a;} = Q*(X) and forms a, 3 € L*Q*(X)

[e,l]xL}

so that for all 0 < e < 1, {a;} converges in L*Q° ([e,1] x L) to o and {dai
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converges to 3 in L*Q* ([e,1] x L). Then a € dom(d) and do = 3.

[e,1]xL

Proof. We prove this by using the property that d is the weak extension of d. Take
a compactly supported . Then there is some 0 < & < 1 so that y(r) = 0 for r < e.
Use the notation {ay, az)p-1] to be the global inner product on [e,1] x L with its

induced metric. Then
(o, 07) = {a, 07
= lim oy, 09)[ 1
71— 00
= hm<daiv 7>[s,1]
7—00

= <67 7>[€,1]
=B, 7).

Therefore, o € dom(d), and da = f3. ]

Theorem 3.10. Give a space X = (0,1] x L with real dimension dimg(X) = 2n.

Assume that

1. K as defined in Definition 3.8 exists and is a bounded operator K : L?*Q*(X) —
L*Q*(X), and

2. if g € L2QF(L) for k < n, then ¢ € L*Q*(X) when considered as a form on X

by extending independently of r.
Take some a = ¢ + dr A w € dom(d).
1. If deg(a) < n, then Ka € dom(d) and

d(Ka) + K(da) = a—¢(1).

2. If deg(a) > n and
rla@)]; = As|a(t)]:
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for some constant A > 0 and for allr,s,t € (0,1] withr < s, then Ka € dom(d)

and

K(do) +d(Ka) = «.

3. If deg(a) = n and
rlo)]; = As|ot)]?

for some constant A > 0 and for all r,s,t € (0,1] with r < s, then there is

some 3 € L*Q""Y(L) so that 3 + Ka € dom(d) and

K(da) +d(f + Ka) = a.

Proof. This proof is similar to the proof of the specific case of metric horns as given

in [5]. Take a form « € dom(d).

1. In this case, Ka = SIw, and we have the calculation
dKa + Kda = a — ¢(1)

from Lemma 3.7. Because a € dom(d), a and da are L? forms. Because K
is bounded, Kda is an L?-form. By assumption 2, ¢(1) is an L? form. Thus,

dKa is also an L? form, and Ka € dom(d).

2. We can write « as

a=¢+dr nw

Pick some 0 < § < 1. Let {e;} be the sequence found for the given ¢ in Lemma
3.4 for the form ¢. K., a may not be an L?-form, but for a fixed r, it does
define a smooth form on the link. We can apply Lemma 3.5 to show that the
limit

Ka = il_I)% K.a
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converges in L?Q° ([§,1] x L) for any fixed value 0 < § < 1, and K« is an
L? form on X. Similarly, K.(da) converges in L2Q° ([6,1] x L) to K(da), and
K(da) € L*Q(X) is an L*-form.

We also know that Lemma 3.7 says we have the following homotopy formula

on smooth forms

d(K., a) =a—¢(e) — K., (da) .

Using Lemmas 3.4 and 3.5, we see that the righthand side converges to o —
Ko(da) in L?Q* ([6,1] x L) for all 0 < § < 1. Therefore, we satisfy the condi-
tions of Lemma 3.9. This tells us Ky« is in the domain of d, and we have the

formula

d(Koa) = a — Ky(da) ,

which given our definition of K, is the same as

K(da) +d(Ka) = a.
. We can write
a=o¢+dr nw,

where deg(¢) = n and deg(w) =n — 1.

Notice that as smooth forms,

T

K. (do) = ¢ — ¢(¢) —f drw.

)

For fixed r, S; drw =% Sg drw converges to a form in L?*Q(L) because all

the other terms converge as forms on the link. In particular, for r = 1,
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Si dpw converges. Now, S; drw € Range(dy) for all e; because Range(dy)

is closed, Sé drw is also in the range of dj. Thus, Sé drw = dpf for some

B e dom (dr) = L*Qm~(L).

Now pick some 0 < § < 1. Let {€;} be the sequence found for the given § in
Lemma 3.4 for the form ¢. K. «a may not be an L*-form, but for a fixed r, it
does define a smooth form on the link. We can apply Lemma 3.5 to show that
the limit

Ka= lir%Keoz

converges in L?Q°® ([,1] x L) for any fixed value 0 < § < 1, and Ko is an
L? form on X. Similarly, K.(da) converges in L?*Q° ([d,1] x L) to K(da), and
K(da) € L*Q(X) is an L*-form.

We can also compute the following identity on smooth forms:

1

d(K10) = a — dlex) — K. (da) — J drw.

€k

Therefore,

d(Kia+ B) = a — ¢(e1) — K., (da) — fgk drw.
0

Using Lemmas 3.4 and 3.5, we see that the righthand side converges to o —
Ko(da) in L?Q* ([6,1] x L) for all 0 < § < 1. Therefore, we satisfy the condi-
tions of Lemma 3.9. This tells us Ka + 3 is in the domain of d, and we have

the formula

d(f+ Ka) = a— K(da) .
K(da)+d(B+ Ka) =a. O
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Theorem 3.11. Assume that X satisfies the conditions of Theorem 3.10. Then for
k <n,

Hly) (X) = Hig(L).

Proof. Consider the subcomplexes A* < Q°*(L) and B* < dom(d) where

0 k=n
A* = { closed forms k=n—1
QF(L) k<n-—1
and
0 k=n
B* = { closed forms k =n—1

(dom(d))* kE<n-—1

Then H*(A*) = HE.(L) and H*(B*) = Hé‘:Q)(X) for £ < n. Assumption 2 of
Theorem 3.10 says there is an inclusion Q¥(L) < L*Q*(X) for k < n, which implies
there is an inclusion

A — B*.

Case 1 of Theorem 3.10 says this inclusion induces an isomorphism on cohomology.

]
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4

Multiply-Warped Products

4.1 Hodge Theory for Manifolds with Boundary

In this section, we will recall some standard results on the Hodge Theory of compact

manifolds with boundary.

Let (N, g) be an n-dimensional, compact manifold with a smooth boundary, where
g is a Riemannian metric on the interior of N, and g extends continuously to the
boundary ¢ N. There is a tubular neighborhood T" of ¢ N which is diffeomorphic to
ON x[0,1), and there is a coordinate g on T so that ¢|on = 0 and a% is perpendicular

to ON.

Definition 4.1. In the neighborhood T, we can write a form as o = ay + dg A ap.
If aploy = 0, we say « satisfies Neumann boundary conditions, and we denote the
space of such forms Q%(N). If ax|sy = 0, we say « satisfies Dirichlet boundary

conditions, and we denote the space of such forms Q% (N).

If the boundary is empty, then Q%(N) = QL(N) = Q°(N). Notice that if
j : ON — N is the inclusion of the boundary, then « satisfies Dirichlet bound-
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ary conditions if and only if j*a = 0, and « satisfies Neumann boundary conditions

if and only if j*(xa) = 0.

In particular, the Hodge star gives a linear isomorphism * : Q% (N) — Q7 "(N).

Definition 4.2. A strongly harmonic form is a form w so that dw = 0 and dw = 0.

A weakly harmonic form is a form w so that Aw = déw + ddw = 0.

Lemma 4.3. (Stoke’s Theorem, [24], Proposition 2.1.2)
If o is a k-form and B is a (k + 1)-form, then

LNa/\*BZJNdaA*ﬁ—JNaA*éﬁ.

In other words,

<da,6>=<a,5ﬁ>+] anxf3.

ON

Remark 4.4. On a compact manifold without boundary, strongly and weakly har-
monic forms are the same. However, if 0N # ¢J, then while all strongly harmonic
forms are also weakly harmoninc, the converse is not necessarily true. For exam-
ple, linear functions on the interval [0, 1] with the usual metric are weakly harmonic

forms, but they are not strongly harmonic unless they are constant.

Theorem 4.5. (Hodge decomposition for manifolds with boundary, [24], Cor. 2.4.9)
Let (N, g) be a compact Riemannian manifold, possibly with boundary, so that g is
smooth on the interior and extends continuously to the boundary. Then there are the

following orthogonal decompositions of the smooth forms
Q' (N)=E@ H @®C

=ED@He: DHNDC

=ED@HoDHpDC

31



where
E = forms which are the differential of a Dirichlet form
C = forms which are the codifferential of a Neumann form
H = strongly harmonic forms
Hew = strongly harmonic forms which are exact
Hy = strongly harmonic forms which are Neumann
Heo = strongly harmonic forms which are coexact

Hp = strongly harmonic forms which are Dirichlet.

Note that Hy is orthogonal to exact forms and Hp is orthogonal to coexact forms.

Theorem 4.6. ([24], Cor. 3.4.8) If « € € ® Her @ C, then there is a form [ €
E D Her D C which satisfies the equation

AB =dif+ddf =«
and the boundary conditions
BeQy(N),  dBeQy(N).

This solution [ is called the solution to the Poisson equation for o with Neumann
boundary conditions. Furthermore, there is some constant C independent of o so
that

18] < Clal, and

1681 < Clle -

Definition 4.7. The Neumann Green’s operator G : QP (L) — QP(L) is the operator
which takes a form « to the solution of the Poisson equation for «— Ao with Neumann
boundary conditions, where A : QP(L) — M~ is the orthogonal projection operator
to HY.
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Lemma 4.8. The operator G satisfies dGa = Gda. This implies 6G is a bounded
homotopy operator between the identity operator and the projection to the Neumann

strongly harmonic forms. In other words,
(d0G + 0Gd)a = o — Aav.

Proof. First we must show that dGa satisfies AdGa = da:
déGa + 6dGa = o — A
d(déGa + ddGa) = d(a — Aa)
dédGa = do
dédGa + dddGa = da

AdGa = da — Ada

where Ada = 0 as all Neumann strongly harmonic forms are orthogonal to exact
forms. Next, we must check that dGa satifies the boundary conditions. But dGa e

Q%N (N) by assumption on G, and d(dGa) = 0 € Q% (N) trivially. O

Remark 4.9. This lemma is why we use Neumann boundary conditions. There are
other boundary conditions that would give us similar theorems to Theorem 4.6.
These would give us potentially different Green’s operators. However, they will not

necessarily satisfy dGa = Gda.

Lemma 4.10. 1. (Symmetry of the Neumann Laplacian) If o, de, B, and df are
all in Q%N (N), then

(Ba, B) =L, AB).
2. (Positivity of the Neumann Laplacian) If o and dov are both in Q%(N), then

(Da,ay = 0.
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Proof. First notice that if y € Q?(N) and £ € Q%™ (N), then

(. € = (7.66) + f

Y AR = {y,08).
ON

Now we can start our proof.
1. Assume a, 8, da, df € 0y (N). Then
(A, ) = {(dda + dda, )
= {dda, B) + {dda, B)
= (0, 68) + (da, dB)
= {a, dof) + {a, 0d)
— (@, 5.
2. Assume a,da € Q3 (N). Then
(Na, o) = {doa + dda, @)
= (0, da) + {da, dor)

= [6a|® + |da|* = 0.

4.2 Hodge Theory for Product Metrics

x N,,, where

We now switch our attention to spaces of the form N = Ny x Ny x - -

each factor Ny is a compact oriented manifold with boundary of dimension n;. Then

N is a manifold with corners. For such N, the tangent bundle of N decomposes as

a direct sum of smaller bundles

T.N = DTNy .
k=1

This implies that for each vector field v € I' (T, N), there is a unique decomposition

v=v1+---+vmef(@z";1T*Nk).
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Assume each Nj comes with a metric gy,. Then we can create a product metric

g by setting

0 veTyN;, weT,Nyfor j #k
g(v,w) =

gn, (v,w)  v,w e TNy

and extending bilinearly. The cotangent space can likewise be decomposed as
T*N = (—D T* Ny .
k=1

Therefore, any 1-form can be written as
a=oa1+ ..+ ay,

where oy, € T* N, at every point of the link. This induces a decomposition on the

space of differential forms on the link Q°(N):

Q'(N): @ @ Q(ph--.,pm)(N)

0spi<m 0<pm<nm

where at each point = (1, ,,,), each form in Q®-Pm)(N) is spanned by

wedges of forms ¢ = ¢1 A g2 A ... A ¢y 50 that ¢ € AP T Ni.. The degree of each

form in Q®-Pm) (N) is S | py.

Each N; also comes with a volume form dVj. This allows us to define a volume

form on N:

Definition 4.11. We define the volume form dV on N to be
dV =dVi A -+ A dV,,

where dV is the volume form on N; pulled back through the projection map N — Nj.
Notice that this is a choice of orientation, and it may depend on the order of the
factors Ny, -+, Np,.
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Lemma 4.12. Toke a form o = oy A -+ A auy € QP Pn)(N) where ay, is the
pullback of a px-form on Ny through the projection map N — Ny. Let |a| and |«
be the pointwise and global norms on « induced by g, respectively, and let ||y, and
|||, be the local and global norms on ay considered as a form on Ny. Then

ol = laa|m - - lam|n,

ledl = laalw - o s

Proof. We prove the identity for the pointwise norm first, and we prove it by induc-
tion on m. First assume m = 2. There is an orthonormal basis &1, - -+, &y, b1, Bny

of TYN =T} Ni®T,, Ny, where & € T) N1 and 3y € T, N for each k. We can write

2

a1 = Z algl(l) AN /\gl(m)‘

[7|=p1

where I is a pi-tuple where I(j) < I(k) for j < k. The collection {&;¢1) A -+ A fl(pl)}f

forms an orthonormal basis of A" T% N1, so we can write

Similarly, we can write

and

jasf = Y bl

‘ J | =p2
Then we calculate

arnay= Y D (ariay A A Ggn) A (b By A A Brg))

[I|=p1 |J|=p2

= Z 2 a]bJSI(l)/\”'/\fl(m)/\ﬂJ(l)/\"'ABJ(pz)'

[I|=p1 |J|=p2
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As the collection {51(1) A N A Baay A A ﬁJ(pz)}I7J forms an orthonormal
basis for AP T*N, we get
jor A as* = > Jarlb,)”

1,0

(B3

= \041’2|042|2-

This concludes our base case. Now assume we’ve shown what is desired for all spaces
Ny x -+ x Np. Then Ny x -+ Ny, X Nppop = (Ny X -+ Npy,) X N1 By what we

showed for m = 2,
lag Ao A A Q] = ar A A ag| - o] -
By our inductive assumption,
lag A A | = |ag| - || -

Thus,

jon A A | = o] - Jamaal

This concludes the result for the pointwise norm.

For the global identity, we use Tonelli’s Theorem:

O I
Ny XX Nm

() - (], )

= floalF, -+ lamlR,

This concludes the proof. O
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By an abuse of notation, denote by Q’(N,) < €7(N) the pullback of the j-forms

on Nj through the projection map 7 : N — Ng. Then consider the injection

E - @ PN ® - @™ (Nyy) — Q(ply"wpm)(N)

p1t+pm =p

obtained via

Q) Qv Q> T A A T Oy

Give the left hand side the norm

1/2 1/2
|a1®---®am||=(f |a112dv1) (j |am|2dvm) |
Ny Np,

By Lemma 4.12, our injection F' is an isometry onto its image.

Lemma 4.13. The induced map E on the completions

E: (—D L2QP1(N1) ® - ® L*QPm (N,,) — LQQ(p174..7pm)(N)

pit+pm =p

where the lefthand side is tensor product of Hilbert spaces is an isomorphism of Hilbert

Spaces.

Proof. Because E is injective, so is E. By the BLT Theorem (see [21)), E is bounded.
If we can show that E is surjective, then we’ll be done by the Inverse Mapping The-

orem. We shall do this now.

At any point (x1,--+ ,x,) € Ny X -+ x N,,, there is a neighborhood U = U; x
-+« x Up,, where each U, < Ny is a neighborhood of x; such that there are coordinate
functions {ukj}?il where duy; span T*Uj, at each point on U,. By an abuse of
notation, we also allow uy; and dug; to be functions and 1-forms on U respectively
by pulling back through 7. Thus, | ;" {dus; }?i | forms a basis of 7*U at each point

in U, and the collection of all possible wedges

{dulju A ceduggy, A dugjy, A A dumjmpm}lgjkignk
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locally spans AP P T

Because each N} is compact, we can cover Ny by a finite collection {U,f’“} of
L,

such neighborhoods, and we can find a partition of unity { Xﬁ’“ } on N, subordinate
1o

to this cover. Then the collection {U(el""’ém)} = {Uf1 X e X Uf;lm} ) of such

(€1, m
neighborhoods covers N. If we extend each Xﬁ’“ independently of the other variables,
and set x(rtn) = T, Xf;’“, the collection {X(el’”"zm)}(517...75m) is a partition of
unity subordinate to the cover {U (151’"'7&")}. To see this, first note that it is clear

each x(+fm) is compactly supported in U“ém) and that

Sy =Y (HXQ“> -] (Z;&) = 1:[1 = 1.

(Elz"'zzm) (le'"/m) k k 12

Therefore, we can write any (p1, -+ , Py )-form « as

a = Z X(ﬁlf"vém)a,

(81:"‘ 7Zm)
and we can write x““ ) in local coordinates as
(elv"'vf ) — (617"'7£ ) . e . . N .
X ™o = X ™ ayduy,, A duljlp1 A dugjy, A A AUy, -
I<jrisng

Because « is an L? form, the functions (0 m) q; are L? functions. It is a well
known theorem that L?(Ny x -+ X Ny, gn, + gy, + -+ + gn,,) is isomorphic to
L*(N1,91)®- - - ®L?*(Nyn, gm), where the tensor product is a tensor product of Hilbert
spaces; see Theorem I1.10 of [21] for more details. Thus, we can write the functions

as the infinite sum of seperable functions:

0¢]
X(th em) ajy = Z blibQi T bmz 9
i=1
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where by; is the pullback of a function on N,. Therefore, we can write o as the

infinite sum

o = Z Z Z (blidulju VANRIRIREVAN duljlpl) VANRIRVAN (bmiduljml VANRIRILEVAN dumjmpm) .

i=1 (€1, lm) 1<jpi<ng

Each of the terms inside the k™ pair of parentheses is the pullback of a form on Ny,
so each of the terms in this sum is in the image of E. Therefore, « is in the image

A~

of F. O

This lemma will help us a lot in the definition of some of the operators in this

chapter.

Definition 4.14. The exterior derivative d maps Q®1 =) (N) into D)., Q1 Pl pm) (N,

Define the partial differential
dy, Q(pl7“'7pm)(N) N Q(p1,~--,pk+l,--~,pm)(N)

to be the corresponding component of d. Define dy, on all of Q”(N) by extending

R-linearly.

Lemma 4.15. If a = a3 A -+ Ay, where ay s the pullback of a py-form on Ny,
then

dn,

++pr—
k&:(_l)pl Pk 1061/\"'/\0%71/\de@k/\Oék+1/\"'/\Oém-

Proof. By standard properties of the exterior derivative of wedge products, we have

m
da = Z(—l)p”"'“’jflal A Ao Adag A QG A A Qo
J=1

Now dy,a; = 0 for 7 # j, because «; is constant in all the N; directions. Therefore,

m
do = 2(—1)p1+.-'+pj_1061 ZANMRANN @ 7 RAN deOéj N QG N N Qg
j=1
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The only one of these terms that resides in QP Prtl-pm)(N) ig
(—1)PHF Pty A A gy A AN, A Qi A A Q. O
We can define partial analogs to other geometric operators as well.
Definition 4.16.

1. We define the partial codifferential dy, : QP(N) — QP71(N) to be
61\7 _ (_1)n(p—1)+1 * de*’

k

where * is the usual Hodge star on all of V.

2. We define the partial Laplacian Ay, to be

Ay, = 0n,dn, +dn, 0N, -

These also have particularly nice forms when applied to separable forms.

Lemma 4.17. If a = a3 A -+ Ay, where oy is the pullback of a py-form on Ny,

then
oy, = (=1)PF PRty Ao A gy A ONQE A Qg1 A A Q. and

AN, =0a1 A AQg_1 ADANQE A Qg1 A A Oy

Proof. We first prove the identity for dy, when m = 2. Take a (py, p2)-form a; A as

on Ni x Ny. Define x1a; to be the Hodge star of oy on (N1, ¢1), and similarly define

*9015 to be the Hodge star of aip on (Na, go). Notice that if 7, A 79 is another separable

(p1, p2)-form, then
(m A m2) A ((_1)p2(n1_p1) *1 0 A *2042) = (m A *1a1) A (M2 A *200)
= (m, 1) - (2, 2) dVi A AV
= (M A 2,1 A ) dV
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Therefore, x(a; A ag) = (—1)P2(M=PY) « ) o) A *o0y.

We calculate using our above observation and Lemma 4.15 that
*le * (Oél AN 042) = % ((_1)[)2(1@1*])1) (le *q 061) A *20[2)
- (_1)102(n1—p1)+(n2—p2)(p1—1) (,.,1le *1 041) A (*2 *o 042)

- (_1)1’2(m—P1)+(n2—P2)(P1—1)+(n2—P2)P2 (x1dn, %1 1) A Qi

And setting ¢ = pa(n1—p1)+(n2—p2)(p1—1)+(n2—p2)pa+n(p—1)+ 1+n1(p1 —1)+1,
we get

Ong (a1 A ag) = (—=1)%(0n, 1) A g

We now can check that (—1)¢ = 1, and we’ve shown
On, (o A ag) = (On, 1) A g

Now take a general m. Write M = Ny x --- x N, and = ag A -+ A Quy, SO
N = Ny x M and o = a7 A . Applying the two factor case we’ve already shown,
we get
Ony (1 A o) = O (o1 A B)
= (6nou) A B

= (0N, Q1) A Qg A+ e Qs

Lastly, if £ # 1, we can write
On, (01 Ao A ay) = (=1)PEPIF PO (g A g A A Qo A Qg A - A Q)

= (_1)pk(p1+---+pk71)(6Nk05k) AQL A ANQp_1 A Qg A A Qy

_ (_l)pk(pl+"'+pk—1)+(pk_1)(p1+“'+pk—1)al A A Qg A 5Nk04k A Qg1 A -

= ()Pt g A A g A ONLOE A Qi1 A s A Q.
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This ends the proof for dy,. Now we turn our attention to Ay,. Luckily, this is
much easier, using what we’ve already done and Lemma 4.15:
An (a1 A A ay) = (dy,On, +On,.dn, ) (ag A A )

=ar A A g1 A ((dnOn, + 0N AN )Ok) A Qg1 Ao A Qo

= A A Q1 ADN O A Qg A A Qs O

Lemma 4.18. Assume {¢,;} < Q°(N) is a sequence of smooth forms which converge
in L? to a smooth form ¢ € Q*(N), and take an integer k satisfying 1 < k < m.
If the sequence {dy,¢;} converges in L?, it converges to dy,¢. Similarly, if {0y, &;}

converges in L?, it converges to Oy, ¢.

Proof. Take such a sequence of smooth forms {¢;}. It is a standard result that the
exterior derivative on a compact Riemannian manifold with boundary is a closable
operator; see [10] for details. But each of the spaces Q1 Pm)(N) are orthogonal
to the others, and the operator dy, is the composition of d with the orthogonal
projection into one of these spaces. Therefore, dy, is closable, so the sequence
{dn,®;} converges in L? to dy,¢. Because the Hodge star is an isometry between
Hilbert spaces, 6y, = (—1)"®~D*l % dy * is also a closable operator, so {dx,¢;}

converges in L? to dy, ¢. O

We now prove some properties about these partial operators. The following

geometric identities hold:

Lemma 4.19. For j ke {l,--- m},
1.d=dy, +---+dn,
2.0 =0nN,+ -+ 0n,

3. dy,dy, = —dy,dy,
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4. 0N, ON; = —ON;0n,
5. Snydn, = —dn,0n, if j # k
6. A=Ay, +-+ Dy,

7. deANk = AdeNj ij #k .

Proof. 1. This directly follows from the definition of the dy, .

2. This is a straightforward calculation:

§ = (_1)n(p71)+1 * d*

— (_1)n(p—1)+1 * (dy, 4+ -+ dy,, )

_ (_1)n(p—1)+1 % le 4o F (_1)n(p71)+1 *de*

= 0N, + -+ 0N, -

3. First we show this for a separable form a; A - -+ A ayy,. First, if j = k, then
dn,dy, (a1 A A ) = (1P Petdy (o A A Qe A AN O A Qg At A Q)

=1 A A1 AN AN O A Qi A A Quy,
=0.

Now assume that j # k, and assume without loss of generality that 7 < k.

Then
dn,dn, (00 Ao A ogy) = (ZD)P T Pitdy (g A A gy A dng o A Qe A A Qo)

_ (_1)2p1+-~~+2pj_1+pj+~~-+pk,1+1

ap A AdnagA
NN O A A Qg

Notice the extra 1 in the exponent of the leading —1, due to the fact that dy,

raises the degree of the j** term by 1. On the other hand,

oot pp
dy.dy, (aq A A ) = (=D)PPTPed (g A A Qe A AN Qe A Qg A s o s A Q)
7 k 7 k
2p1+++2p; 1+t P
:<_1) P1 Pj—1TPj Pk 1@1/\"'/\de@]'/\

NN A A Qo
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Therefore, dede = —dede on separable forms, and by linearity this is
also true on finite sums of separable forms. Take an arbitrary smooth form
a € Q*(N). By Lemma 4.13, we can find a sequence of finite sums of separable
forms {¢;} which converges to « in L?. By applying Lemma 4.18 twice, we get
that the sequence {(dn,dn, + dn;dn, )¢:} converges to (dy,dn; + dn;dn, )c; as
the sequence consists of only zero terms, we get that (dy,dy, + dy,dy, )a = 0

as well.

. This is also a straightforward calculation:

Sy, = (17 dy, ) (1) s dy )
_ (_1)np+1(_1)n(p71)+1(_1)n(nfp)+1 % de ((_1)n(nfp)+1 . *) de*
= (1) x ¢

= (_1)np71 * (_dede)*

— —O,0n, -

. This proof will go almost identically to the one for part 3. First we show this
for a separable form a; A ---,,. Assume that j < k; the proof for k < j is
the same, except the extra 1 in the exponent of the leading (—1) will appear

in the second calculation instead of the first. Then

Ongdn, (i A v A ) = (1) P1g g (ag A A gy A dn oy A Qg A

— (_1)2p1+...+2pj71+pj+---+pk71+1a1 A A deaj/\

O AONL QG A A Qs

Notice the extra 1 in the exponent of the leading —1, due to the fact that dy,

raises the degree of the j* term by 1. On the other hand,

dn,On (01 A - A gy) = (=) dy (g A A Qe A ON, Qg A Qg A -

_ (_1)2p1+“'+2pj71+pj+-~-+pk71al Ao A dN]aj/\
O AONL QA A Qs

45

A )

A Q)



Therefore, d N; on, = —On.d N, on separable forms, and by linearity this is
also true on finite sums of separable forms. Take an arbitrary smooth form
a € Q*(N). By Lemma 4.13, we can find a sequence of finite sums of separable
forms {¢;} which converges to « in L?. By applying Lemma 4.18 twice, we get
that the sequence {(dn,dn;, +dn,0n, ) @i} converges to (dn,dn, +dn,0n, )a; as the

sequence consists of only zero terms, we get that (0, d N, +dn;0 N, ) = 0 as well.

6. We finish with one more simple calculation, using what we’ve already proven:
A =do+dd
=(dy, +---+dn,) (On, + - +0n,) + On, + -+ 0n,) (dn, + - +dn,,)

= > dn,On, + dn,dy,

J,k=1

= Z(deéNj + 5N,]de) + Z(de(SNk + 5deNj)

J Jj#k

=An, + -+ An,, -
7. This follows directly from parts 3 and 5, using the fact that Ay, = dn, N, +
6deNk- ]

Definition 4.20. Let Gy, : Q*(Ng) — Q°*(Ng) be the Neumann Green’s operator;

we can extend Gy, to finite sums of separable forms by defining
Grn(oa A Aay) =01 A Aoy AGN Qe A Qir Ao A Qi

and extending by linearity. Similarly, let Ay : Q*(Nx) — Q°(N) be the projection
onto the Neumann strongly harmonic forms of Ny, Hx(Ny), and define Ay, on finite

sums of separable forms by defining

A(ar A Aag) =ag A A g1 A ARQp A Qg Ao A Qi
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Theorem 4.21. The operators G, , On,Gn,, and Ay on QP (N;) ® - - - @ QP (N,y,)
are bounded operators and extend uniquely to bounded operators on L?*Q®*(N). The
operators G, and on,Gn, have the same bound as the Neumann Green’s operator

for (N, gn, ), while the operator Ay has the bound 1.

Proof. By Lemma 4.12,
|G lar Ao nam)| = llaa] - - law-a [|Granl ks - - [l

< CkHOéH

where Cj, is the bound for the Neumann Green’s operator for (N, gy, ). By Lemma
4.13 and the BLT Theorem, Gy, extends uniquely to a bounded operator with the
same bound on all of L?Q*(N).

The same exact argument applies to dy, G, replacing each instance of G, with
dn,Gn,,, and it applies also to Ay, by replacing the instances of Gy, with A; and the

instances of ('}, with 1. O

Proposition 4.22. 1. Gy, 0n,Gn,, and Ay all map Q°*(N) into Q*(N) (i.e. the

image of a smooth form through these operators is again smooth).
2. dy,Gn, = Gy, dn, for all j.
3. dn, Ak = 0 and dn Ai = 0.
4. dn,Ap = Apdy, and oy, Ay = Aydy; for j # k.
5. dGy, = Gn,d.
6. dA, = Axd.
7. We have the following homotopy formula

d((stGNkOd) + 5NkGNk(dOé) =a— Ao
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Proof. In the proof of Lemma 4.13, we show that we can write any smooth form as

the finite sum of forms which can be written as
a = adugj, Ao A dugg, A B,

where a is a function which is compactly supported in some coordinate neighborhood
Uy x- - Up, dugj,, -, dukjpk are a collection of the coordinates pulled back from Ny,
and [ is a wedge of a collection of the coordinates pulled back from the other factors

Nj for j # k. We define v = aduyj, A -+ A duy;, so that o =~ A S.

We show that Gy, «, dn, v, and Ay are all smooth forms; then because these are
linear operators and any form can be written as a finite sum of such pieces, we will
be done. In fact, by the definitions of Ay, and Gy, and by Lemma 4.17, it suffices

to show that G'n,v and dn, Gy, v are smooth.

Notice that v can be thought of as a function from Ny x -+« Ng_1 X N1 X+ N,
into QP+ (Ny,). Then Ay, is the pointwise projection to the Neumann strongly harmonic
forms; by the Appendix at the end of Chapter 2 in [24], this means that because

is smooth, then Ay is smooth.

Now we look at Gy, and dn, Gy, . By elliptic regularity, G,y and dn, Gy, are
smooth forms on NV, for every choice of values z; € U;, j # k. In other words, the
partial derivatives of G,y and dy, G,y which are composed of the operators ariki
all exist. Because Gy, and dn, G, are linear operators which are independent of uj;
for 7 # k, they commute with %ﬁ. Therefore, iteratively all partial derivatives of

Gn,y and dn, G,y exist.

Now to prove parts 2 through 4, we first note that by Lemma 4.18 and the fact
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that compositions and linear combinations of closable operators are closed, that if
B :Q*(N) — Q°*(N) is an operator obtained by linear combinations of composition
of finitely many dy,, -+ ,dn,,, On,, - ,0n, and bounded operators, then if {¢;} is
a sequence of smooth forms which converges in L? to another smooth form ¢, then

the sequence of smooth forms {B(¢;)} converges in L? to Bg.

Then notice that we can rearrange each of the identities in parts 2 through 4 to
be such an operator, we can verify this operator is zero on finite sums of separable

forms, and we can apply Lemma 4.13 to see that the operator is zero everywhere.

For example, set B = dy,Gy, — Gy, dy;. Assuming first that j < k, we get by
Lemma 4.15 and the definition of Gy, that

Blai A -+ A o) = (dy,Gr, — Grdng ) (Ao A auy)
— (=1)PrttPi-agy A A dy,aj A NG A A Qo

Hedpy
— (—1)prttps 1)041A--~/\deOéj/\---/\GNkak/\”-/\Oém

Now assuming that j = k, we get by Lemma 4.15, the definition of Gy, , and 4.19
that

B(ay A -+ A ay) = (dy, Gy, — Gndn,) (0 A A )
= (_1)(p1+~~-+pk_1)a1 A Adn, GN e A A
_ (_1)(P1+"'+pj71)a1 A A G dn, O A A Oy
= (=)t A A (dy, Gy — Gndy ) A A
=0.

Part 5 comes from part 2 and the fact that d = dy, + --- + dy,,. Part 6 comes

from parts 3 and 4, the fact that d = dy, +---+dy,,, and the fact that the Neumann
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strongly harmonic forms on Nj, are orthogonal to exact forms, i.e. Aidy, = 0.

Finally, part 7 comes from the following calculation, in which we use Lemmas 4.8
and 4.19:
d((SNkGNkCY) + (SNkGNk(dCY) = (le + -+ de)(stGNkCY + 5NkGNk(dN1 + -+ de)

Z dN 5NkGNk o+ (6NkGdeN )

= (deéNkGNk + 5deNkGNk)Oé + Z(de(stGNk — dN].(stGNk)Oé

j#k
= (deéNkGNk + 5deNkGNk)a

When applying (dn,6n,Gn, + On,dn,Gn,) to a separable form, we get
(de(SNkGNk + 6deNkGNk)(051 VAN RVAN Oém) = Q1 N\ A (de(stGNk + (SdeNkGNk)Oék VAN RVANN 6 7
=g A A (o — Agag) A A ag,

=a-— Ao

If we take an arbitrary form «, we can approximate it by a sequence of finite sums of
separable forms {«;}. Then the sequence {(dn,0n,Gn, + On,dN,GN, )i — o + Aoy}
must converge to (dn,On,Gn, + 0N, dn, G, )oe — o + Apa. As the sequence consists

of only zeros, we’ve the shown the identity. O

Proposition 4.23. Take a sequence of Riemannian manifolds with boundary (N, gn, )
of dimension ny, respectively, where each metric extends continuously to the bound-
ary (the boundary may be empty). Consider the product manifold N = Ny x ---x N,
with the product metric g = gy, + -+ + gn,,. There exist linear operators A, B :

Q*(N) - Q*(N) so that
a = Aa + dBa + Bda and

Aa € HN(N)
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where Hy(N) is the space of Neumann strongly harmonic forms in N. Furthermore,
if Cy is the bound for the Neumann Green’s operator Gy, on (N, gn, ), then we have
the bounds

|Aa]* < [laf?, and

| Bal* < (Z Ck) o]
k=1

Proof. Take a form o € Q°(N). Let A and G, be the operators defined in Definition

4.20. Define the operators By inductively via
By = dn,Gn, and
By, = 0n,Gn, + ArBj—1.
We will inductively show the homotopy formulas
oa— ALAr_1 - Aja = dBra + Bido.

The base case is part 7 of the previous proposition applied when £ = 1. If it

holds for Bj_1, then we use parts 6 and 7 along with our inductive hypothesis to say
dBra + Brda = d (0n, G, + AxBr—1) a + (0n,Gn, + AxBi-1) do
= d(0n,Gn, ) + 0N, Gn, (da) + ArdBy—100 + AgBi_1da
=a— Ara+ Ap(a — A 1 Ao - Aja)

= a—AkAk,1-~-A1a.
Set A= A,,---A; and B = B,,. Then we have the homotopy formula
dBa + Bda = a — Aa.

Using parts 3 and 4 of the previous proposition, it is clear that dy, Ao = 0 and

dn,Aa = 0 for all k, so o € H(N). Furthermore, A, maps forms into forms with
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Neumann boundary conditions on Nj, subsequent operators A; do not change that,
and a € Hy(N) if and only if « satisfies the Neumann boundary conditions for each

factor Ny. Therefore, Ao € Hy(N).

Note also that

| Avar < e
because it is an orthogonal projection, and so inductively we see that
|Aal < faf .

Similarly, we have the bound
| Bratl* = 0w, G + ApBrra®
< Cila? + | Ax By-1af®

< Cillal® + | Br-raf.
Inductively, we can see that
|Ba|* < (Cy + -+ + Co)laf*. O
It will be helpful now to have a characterization of Hy(N).

Theorem 4.24. (Harmonic Kinneth Theorem)

FEvery Neumann strongly harmonic form o can be written as a sum

OKZZCYMA“'/\OZW',
i

where each ay; is the pullback of a Neumann strongly harmonic form on Ny. In other
words,

Hy(N) = @D HEN) A AHE (N).

pit+pm =p
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Proof. Pick values z; € N; for j # 1. Then choose a coordinate neighborhood
U; € Nj containing each x;. The neighborhood Ny x Us x - - - x U,, is a neighborhood
of the fiber Ny x {xa} x -+ x {x,,}. We can write the restriction of any form in this

neighborhood as
a=>Y o nBr,
I

where a € QP10 0(U7) and f; is the wedge of (py + -+ + p,,) many 1-forms duy;,
where u;; is the pullback of a coordinate function on N; for j # 1. Since daw = 0
and da = 0, we know dy,a = 0 and dn,« = 0. Therefore, a;(y2, -+ ,ym) € Hn(Ny)
is a Neumann strongly harmonic form for each value (yo, -+ ,ym) € Uy x -+ x U,,.
By Theorem 2.2.7 of [24], HY(N;) is finite dimensional. Choose a basis {hy;} of
HY (N1). Then we can write oy uniquely as a linear combination of elements of this
basis; the coefficients a; 1 will be smooth functions on U which are constant on each

fiber Ny x {2} x -+ x {z;,}. Then we can rewrite « as

dim HY} (V)

o = Z Z Q14,1 hii N Br

I i=1
dim HR} (N1)
= Z ha; A Z Q4,1 Br
i=1 I

I;(1)#1

Because these coefficients are chosen uniquely, these local characterizations patch

together to give us a global decomposition of o as

dim HY} (N1)

= Z hyi A i,

i=1
where the forms ~; are each Neumann, harmonic, and constant on each fiber N; x
{xo} x -+ x {x,,}. After applying this procedure iteratively, we get our desired
result. O]
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4.3 Hodge Theory for Scaled Metrics

In this section, we examine the Hodge theory of a compact Riemannian manifold with
boundary when the metric is scaled. Let N be an n-dimensional compact Riemanian
manifold with boundary, with a smooth metric ¢ which extends continuously to the
boundary. Denote (-, ), (-, Dxs | [a, | [x; dVi, %2, Ox, Ay, and G to be, respectively,
the pointwise inner product, global inner product, pointwise norm, global norm, vol-
ume form, Hodge star, codifferential, Laplacian, and Neumann Green’s operator of
(N, \%g) for some positive real number A > 0. A commmonly used choice will be

A = r% for some ¢ > 1, but this will not always be the case.

Lemma 4.25. Let a, 3 € Q¥(N). We have the following formulas:
L |afy = A*|al;
2. (o, B)x = A% (e, A
3. dVy = \"dV;
4. o, By = X, B,
5. ey = A2y
6. o = N2kE0) o o
7. 6 = N\ 25«
8. Nya ="M«
9. Gha = N2 Gha .

Proof. 1. The identity map is a quasi-isometry from (N,g) to (N, \%g) where
lv|x = Alv]; (so we can use A as both the upper and lower bound). Then

applying Lemma 2.4.2, we get our result.
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2. If a or 8 are zero at the given point, then the identity is trivial. Otherwise,

() ()
lalx” [B]a A ol B 17

_ JolalBla
[ahlBl:

(Oé,ﬁ)/\ (aaﬁ)l = )‘_2k (aaﬁ)l :

3. We know dV), is a positive scalar multiple of dV; because the orientation on N

doesn’t change. The correct scaling factor comes from part 1.

4. <Oé, 5>)\ = J (Oé, B),\ dV)\

N

= f A (o, B) dVy
N

_ )\72k+n<a7 6>1 )

5. ledlx = (Casapn)™® = ATFH2) (G @) 2 = AF D

6. For an arbitrary n € Q*(N), we have
n A ATE) o = (g, \CE Q) AV,
= A" (n,a)1 A"V
= (n,a)dV,

=1 A*\Q.

This gives us our identity.
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7. 5/\(1 = (*1)n(k_1)+1 *\ d *y\

_ (_1)n(k71)+1>\(72(n7k+1)+n) * d ()\(72k+n) * Oé)

_ )\—2(_1)n(k—1)+1 * d*l o

= )\_2(5104.
8. Axa = (doya + dzd)a = N2 (dora + 61d)a = AN 2 A\«
9. AN Gra = \T2A 0 Ga = a — Aa.

Furthermore, NGy € Q%(N) and d (A\°Gia) = Nd(Gia) € Q%(N), so it

satisfies the boundary conditions. m

Corollary 4.26. The operators 6,G and Ay, where Ay is the projection to the Neu-
mann strongly harmonic forms, are constant in \. Furthermore, there is a constant

C, independent of X\, so that
[0Galx < CA[aly, and
[Aafx < Jlafx.

Proof. Lemma, 4.25 tells us 0,Gy = A\ 201\2G, = 6,G, is constant. Since §,;G; is

bounded on the link (N, g), we have on a k-form ¢,

[0:G1axfx = ATEDT25,Graly < ATFTUIECaly < AC ol

Notice that the codifferential on (N, \%g) is a scalar multiple of its counterpart on
(N, g). This implies the Hodge decomposition of Theorem 4.5 is constant in A\. Thus,
the projection operator onto the Neumann strongly harmonic forms is constant, and

the bound is always 1 for an orthogonal projection. O]
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4.4  L*-Cohomology of Multiply-Warped Products

Let X = (0,1] x L be a topological cone where the link L = Ly x -+ x L, is

the product of compact manifolds with boundary. Then the tangent space of X

decomposes as
T.X =T, (0,1 T L1 ® - D TsLyy,.

Say there are metrics gz, on T, Ly, for all £, and the metric on X is given by

g =dr*+ g, = dr* +r2qu1 + o r2mgyp

m*

Then we call this a multiply-warped product.

Lemma 4.27. 1. The space of Neumann strongly harmonic forms Hy on (L, g)

is constant' in r.

2. The operators Ar, and Br, obtained from applying Proposition 4.23 to the

link L with the metric g, are constant in r.

3. The operators
B(¢+dr nw) = Bri¢ —dr A Bpjw and
Alp+dr nw)=Ap1¢+dr n Apw
are bounded operators on L*QF(X) satisfying the homotopy formula

Bda + dBa = a — A«

Proof. 1. Assume « € Hy(L,g,). We will show that for s € (0,1), o € Hn(L, gs).

Note that « is also a weakly harmonic form, so by Lemma 4.19 and 4.25,

0=A_A«
= ALl,T'OC +oe ALmﬂ”a

= (A et AL o

I Note that this does not necessarily imply that the entire Hodge Decomposition is constant in 7.
In particular, the image of the codifferential might change.
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Because (r~2*Ap, o, @) = 0 for each k by Lemma 4.10.2, we have r ?* A o =

0. Because r, s # 0, we get for each k that s™>*/A\, o = 0. Therefore,
Apsa = S_QClALla +- 4+ 3_2C’”ALma =0.

In other words, « is a weakly harmonic form on (L, gs). Notice also the Neu-
mann boundary conditions a € Q%(L) and da € Q3%(L) do not depend on

r.

Lastly, a weakly harmonic form « satisfying a € Q%(L) and da € Q% (L) is a
strongly harmonic form by Proposition 3.4.5 of [24], so o € Hn(L, gs). Thus,

Hn (L, g.) does not depend on r.

2. The operators By, from the proof of Proposition 4.23 are of the form oy Gy, +
A Bj_1. From Corollary 4.26, we see that oy, Gy, and Ay do not depend on
r. Therefore, B; does not depend on r; in particular, B,, does not depend on

r, which is what we call here By, ,, nor does A,, - - A;, which is what we call

here Ay ,.

3. From Corollary 4.26 we learn that the corresponding bounds C} used in the

proof of Proposition 4.23 can be chosen to be independent? of r. Then we have

rl

|Bel® = | 1Balydr
0

rl

0

(Z Ck) Jel? dr
k=1

VA

k=1

2 We can do even better, but independent will suffice here.
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Similarly,

1
| Aa|? = f | Aol dr
0

As for the homotopy formula, this is a straightforward calculation since every-

thing is smooth:
dB(¢p +dr nw) =d(Bpi1¢ —dr A Bpiw)

0Br1¢

= dLBL’lgb +dr A ( + dLBL,lw) i and

Bd(¢p+dr nw) =B (dL¢+dr A (g—f —de>)

= BLJdLQb —dr A (BL712—¢ — BL,lde> .
r

Since a_ar commutes with By, = 651G, we get
dBa + Bda = dLBLJQb + Blequb +dr A (dLBlew + BLJde)
=¢p—Ap+dr A (w— Aw)

=a— Aa. O]

Lemma 4.28. For a € Q@1Pm)(L),

R L

Proof. First consider a form a = oy A -+ - A @y, Where y, is a pullback of a p-form on

Ly, through the projection map L — L. Lemma 4.12 says that pointwise, we have

|Oé|%L’9r) - |O{1‘%L11T2619L1) o |am|%Lm7r20mng) :
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By Lemma 4.25, we have

2 o 2cKDK 2
|ak|(Lk:T26k9Lk) =T |ak|(Lk,ng) :
Combining these two facts, we get
2 _ »—2(apr1+-+empm) 2 . 2 _ —2(api+Fempm) | |2
[ty =7 [z gy lml(z gy =7 [ f(z.g1) -

We can locally write a general a as a sum Zj Q1 A A Qoyj, Where the collection

{a1; A -+ A @y} are mutually orthogonal. Then

lalty g = Z la; A A Qg
7

J

_ —2(aapi+-+cmpm) 2
= (L6, -

Finally, we can calculate
ol = | ol :

) r01n1+-~+cmnm d‘/l

_ —2(c1p1+--+cmpm) | o |2

_ r01(n1_2p1)+...+6m(7’lm—2pm) JL |04|%L,g1) d‘/l

_ rc1(n172p1)+---+cm(nm72pm)HQH% . u

Corollary 4.29. Let ¢ € QF(L), and extend it to a form on all of Q*(X) indepen-

dently of r. This extension is an L* form if and only if

e D Qkrbm) (L)

ki+-4km=k
c1(n1—2k1)++cem(nm—2km)>—1

Proof. Take ¢ € QU1kn)(L) and set ¢ = c1(ny — 2k1) + - -+ + cm(nm — 2ky,). Then
Lemma 4.28 says |¢|, = r°|¢[;. If ¢ > —1, then Lemma 3.2 says that ¢ extends
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to an L? form on X. On the other hand, if ¢ < —1, then Lemma 3.4 says that if ¢

extends to an L? form on X, then ¢ = 0. O

Now we are ready to state our version of the Kiinneth Theorem for multiply-
warped products:

Theorem 4.30. Let L = Ly x --- x L, be the product of compact manifolds, and
X =(0,1] x L. Give X the metric

g=dr* +r*gy, + - +1*"gL

for some constants ¢; and metrics gr, on L;. Then the L*-cohomology of X is

1somorphic to

Hiy (X, g) = D Hp(L1) ® - ® i (Li)-
fey -+t hom =k
c1(n1—2k1)++cm(nm—2km)>—1

In particular, H) (X, g) < Hjp(L).
Proof. Take a € dom(d) so that daw = 0. Use Lemma 4.27 to write

a=Ap+ dr n Aw + dBa..

We can write Aw = Mo + Nhigh, Where
Mhow(T") € D Qlakm) (1)

kl +"'+k7n:kf
c1(n1—2k1)++cm(nm—2km)>0

Nhigh(T) € ) QU k) (1)

ki+-+km=Fk
c1(n1—2k1)++cm(nm—2km)<0

for all 7 € (0,1). Due to Theorem 4.24, both 7;4,, and 74, are also strongly harmonic

forms; in particular, dpmiew = 0 and dpnpign = 0. Using Lemmas 3.3, 3.5, and 4.28,

f Niow and J Thigh
1 0
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are L? forms. By Lemma 3.9 and the fact that d (S; nhigh) = dr A Npgn for all € > 0,

d (J nhigh) = dr A TNhigh -
0

Combining these facts and the fact that d (S; nlow), we get

Oé=A¢+d<J nlow‘FJ nhigh—f—HCk) .
1 0

Thus, any class in H, (’“2) (X, g) can be represented as a Neumann strongly harmonic

we get

form Aa € HE (L) extended independently of r. Since A« is independent of r yet is

still an L? form, Corollary 4.29 implies

Aa e Hi(L) () @D QUkm) (1)

ki+-+km=k
c1(n1—2k1)++cem(nm—2km)>—1

€ P HY (L) A AHE (L)
feyt oo thm =k
cl(n172k1)+~--+0m(nm72km)>71

Combined with the Hodge Theorem, this finishes the proof. n
4.5 Examples

Example 4.31. Let X = (0,1] x L for some n-dimensional compact manifold L
with boundary. Assume X is equipped with a metric g given by
g =dr’+r*g;

for some metric g; on L and real constant ¢ > 1. Then Cheeger shows® in [5] (and

we’ve reproven in this chapter) that

0 k>

Hin(0 = {H&(L) k<

S |3
_|_
—

3 He includes the condition that d, on degree (n —1)/2 forms has closed range, but this condition
is satisfied in the case of a compact link; see [9] for details.
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In particular, if n is odd or H (”2/)2([/) = 0, then the L2-cohomology is isomorphic

to the middle intersection homology.

Example 4.32. Let X = (0,1] x Ly x Ly, where dim L; = 1, dim Ly = n for some
even n, and L; and L, are both compact manifolds with boundary. Assume X is

equipped with a metric g given by

g=dr* +r°g, + %91,

for some metrics g, and gz, on L; and Lo, respectively, and some real constant

c>=1. Then ¢; =1, co = ¢, ny =1, and ny = n. We must check when
(1 —2py) +c(n—2py) > —1.

If p1 = 0, then this happens when p, > 2. If p; = 1, then this happens when p, > .

Thus, overall, this happens when p = p; + po > 5. Thus, we’'ve shown

3
+
[\

0 k>
Hr (L) k<

3
NI
no

H(kQ)(X) = {

M‘

The requirement that n is even is key.

Metrics of this kind are called Cheeger metrics in [15], though we will extend
this definition to slightly more general spaces in the next chapter. They play an
important role in the calculation of the local L2-cohomology of complex algebraic

varieties.

Example 4.33. In this section, we’ll construct a series of real affine algebraic vari-
eties with an isolated singularity whose local L2-cohomology at the singularity is not
isomorphic to its local middle perversity intersection homology. A similar question

was looked at in [1], and in fact our family of examples extends theirs.
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Let (n,...,n,) be a tuple of natural numbers n; > 1, and let (c,...,c,) be a
tuple of rational numbers ¢; = 1; write in lowest terms ¢, = py/qx, where the p; and

i are positive integers. Let X < R*Zk=1(m+1) he the real algebraic variety cut out

ni a1
Al DI
J=0

o am
20m 2
o= (N2 )

j=0

by the system of equations

Then X is a real algebraic variety with an isolated singularity at the origin. The
link L of X can be found in this case by intersecting X with a union of disjoint

hyperplanes defined by |z| = 1, which gives the equations

z==1
ni
2
7=0
Nm,
2
7=0

Therefore, we see that the link is the union of products
L= (Nyx - x No) | V1 x - x Ny )
where N is an ng-sphere. We also see that we have a diffeomorphism
0,1] x L5 X A {lz] <1}
given by

T/J(T,ilayn, s Ying s Y21, 7ymnm) = (ira r01y17' t 7r01y1n17r62y217 o 7rcmymnm)-
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Lemma 4.34. This diffeomorphism is a quasi-isometry between the metric on X N
{0 < |z| < 1} induced by the Euclidean metric and the multiply-warped product metric

on (0,1] x L given by

g=dr* +r*gy, + - +1r""gy

m

P’I”OOf. At apOint (T7 il’ Y11, - s Yings Y21, - 7ymnm) = (irv rth e 7r61y1n17r62y217 e

the pushforward of 5—‘1 is

cm—1

0 _
¢*_ = (iLClTCl lyllv L, CpT ymnm) 5

or

while the pushforward of v = (0,v11, -+, Ump,,) € TxL is
e = (0,711, TV, ) -

If v e TuNi, then v;; = 0 for i # k, (vg1,- -+, Un,) is orthogonal to (yk1,- -, Ykn,),
and 1,v = r%v. Thus, 1,v is orthogonal to @/J*% and any w € T, N; for j # k, while
(v, Yew) = r¥*&{v, w) for v, w € Ty Nj. Therefore, the pullback metric on (0,1] x L

through v is given by

0
[umPdr® + 1 g, + - 7% gy

m *

Thus,

(,} 2 m Nk m

‘¢*a_ =1+ Z Z cirQ(ck_l)y,zj =1+ Z cirz(ck—l) _

" k=1j=1 k=1

This gives us the bounds
1< ] <14 >l
k=1

Applying Lemma 3.1, we get our result. [
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Therefore, X is quasi-isometric to a multiply-warped product. We know its
L2-cohomology by applying Lemma 2.4 and Theorem 4.30. Generically the L2-
cohomology of these varieties will be different from the middle perversity intersection

homology.

To illustrate this in a specific case, set m = 2, (ny,ns) = (3,2), and (¢1,¢2) =
(1,4). The link is the union of two copies of S® x S?. The L?-cohomology will
have rank 2 in degree 3 due to the top degree of S® while the middle perversity
intersection homology will be trivial; conversely, the intersection homology will have

rank 2 in degree 2 due to the top degree of S2, while the L-cohomology will be trivial.

Example 4.35. Though we showed in Theorem 4.30 that the L2-cohomology of a
product metric is always a subspace of the cohomology of link, this is not always the
case for more general spaces. Here, we contruct an example of a multiply-warped

fiber bundle with an L? form which is exact but not L?-exact.

Let M be the unit tangent sphere bundle of the real 2-sphere. Then M is 3-

dimensional, and M can be decribed as a fiber bundle

Sl — M

(e

512

The tangent space of M decomposes globally as T, M = T,S' @ T,S% In fact,
T.S' is a natural subspace, but 7,52 is not. However, we can choose the subspace

of parallel vectors if we fix a metric on M.
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Now let X = (0, 1] x M, pick such a decomposition, and put a metric g, on Ty M
for each r as follows:
gr =1gs + 77 gor.
Then put a metric g on all of X like so:
g=dr’+g,

=dr* +r*gs + 17 g1,

There is a natural map T%S? < T*M, and the pullback through any fiber map
j* gives an isomorphism T%S' = (T*S%)+. T*S! is a real line bundle on a simply
connected space, so it is trivial. Pick a nonvanishing section 7; we can choose 7 so

that |7| = 1 everywhere and pick the sign of 7 so that Ssl J*7 is positive for every

fiber j : St < M.

It turns out 7 has several desirable properties. First of all, 7 pulls back to a
generator of the 1-dimensional cohomology of any fiber, i.e. 7 is a global angular
form. This means that the differential of 7 is the pullback of the Euler class, i.e.
dr = m*e. For this fiber bundle, e is twice the volume form; this is Exercise 11.18 in
[3]. In particular, 7*e is a nonzero 2-form. Because m*e vanishes on T, S' ) T..S?
and 7 vanishes on 7,52, we can calculate their norms, when considered as forms on

X by extending independently of 7:

1 1
ol = [ e ear = | e dr = 0 and
0 0

1 1
|m*e|? = J r2 =412 %2 dr = J 0| 7*e|d dr < oo
0 0

Thus, 7 is not an L? form, but 7*(e) is.
Theorem 4.36. 7*(¢) is an L? form which is exact, but it is not the differential of
any L?-form.
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Proof. All that’s left to prove is that 7*(e) is not the differential of an L? form. Take
any 1-form w € Q°*(X) satisfying dw = 7*e. Then d(w — 7) = 0. Since H'(M) = 0,

this says that w — 7 = df, where f is a function on M. We can write
df = sdr+1tr+n

where s and ¢ are smooth functions and n € I'(T*S?). Then if j : S* — M is an

inclusion of a fiber,

Jj*thf j*(sdr+t7+n)=J g*df = 0.
st st st

Over an arbitrary fiber,

2 2

=c

f F* A+ tPr =
S1

Ll JA+)T

J J*r+0
Sl

for some positive constant ¢, since ‘Ssl ] 7" is a continuous, positive function on

the compact space S?. We can use this result to show that |w|? = er™!®:

Wl = (lsdrP + (1 + 872 + [n2r) av,
JM
~1.5
> ( |1+t\2r T ATYe
JM
( 3 2 T71‘5
= (| snpr) T
JS2 F
~15
. f cr .
Je 2
=cr 10,
Therefore,
1 1
] = J |2 dr > J oY dr — o,
0 0
and 7*e is not the differential of any L?-form. O
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5

Analysis of Model Metrics

5.1 Analysis of Metrics of Cheeger Type

Consider an (n + 2)-dimensional manifold X = (0, 1] x L so that n is even, and L is

a fiber bundle with base S and fiber NV

where (N, gy) is an n-dimensional, compact Riemannian manifold (possibly with
boundary). Then the tangent space T, X decomposes pointwise into 7(0,1]®TS* ®
TN, and we assume there is a value ¢ > 1 so that the metric on X is given by

dr? + r2do® + TQCgN ,

where r and 6 are coordinates on (0, 1] and S* respectively. We will call metrics of
this kind metrics of Cheeger type (the terminology first appeared in [15], although

our definition is a little broader).
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We can write any o € QF(L) as a = kga+df A 19, which allows us to split QF(L)

into
OF(L) = QO (L) P QUE-1 (1)
where
OOk has no db part
Q=1 has a df part.
Lemma 5.1. 1. Take we QOF(L). Then |w|? = r2er=F=D+1| )2,

2. Take w e QUWFD(L). Then ||jw|? = r2=F=1||w|2.

8. Fork < ™2 and we QF(L), r|w|? < s7w|? forr,s e (0,1] and r < s.

4. Fork>"™2 and we QF(L), r|w|? = s|w|? for r,s € (0,1] and r < s.

Proof. 1f a collection of vectors forms a orthonormal basis of a vector space V' with an
inner product g, then the corresponding collection of covectors forms an orthonormal
basis on the dual space V* with the inner product that g induces on V'*; this is the
definition of the induced inner product. Similarly, an orthonormal basis of the wedge
product /\k V' is given by k-fold wedge products of the elements of the orthonormal
basis of V.

At a point x € L and using the metric df? + gy, we can find an orthonormal

i, vy, , 0, of L where v, € T,N < T,L. If we instead use the metric

basis g1 = 5

gr = r*d0? + r*gy, then the orthonormal basis can instead be given by
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If we choose dual vectors df,wq,--- ,w, for the vectors associated to ¢y, then the

dual vectors for the metric g, is given by
rdf, r‘wy, - -, rwy .

Thus, if [rdf|, = 1, then we must have |df|, = r~'. Likewise, |wi| = r~¢. Then
the orthonormal basis for /\/LC T*L with the metric induced by g, is given by the
collection

{rdf Anrwiay A AT WrR-1)}s U{?‘caqm A AT W -

In particular, the volume form is given at a point by r*+* df Aw; A - - - w,,. Therefore,

we have
|dO A wyay A A Wg— | = rimet=D and
Wiy A A Wiyl =77

We can write a form w e QO (L) at z as

WZZCL]W[(D AN /\(U[(k).
1

Therefore, |w|? = Y, |ar[*r=2* = r=2%*|w|? | and we can calculate

ol = f w2av,
L

_ J T_2Ck|W|?T1+Cn dV1
L

_ T1+c(n—2k:) ”w H% )

This gives us part 1 of our Lemma. Similarly, if w € Q*=Y(L), we have

] = f w2 dv,
L

:J‘ 7’_2_2C(k_1)|W|3 Tl+cnd‘/1
L

—14+c(n—2(k—1)) H

=7 wa
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This gives us part 2. For parts 3 and 4, merely notice that if k£ < ”T“, then £ < 7,
and

—1+cn—2k—-1)=14cn—2k)>1.
On the other hand, if k£ > ”T“, then
l+c¢(n—2k)<—-14c¢n—-2k—-1)) <-1.
Then we can apply parts 1 and 2. O

Parts 3 and 4 of Lemma 5.1 will allow us to use the Lemmas 3.2 to 3.5 from

Section 3.1. One important theorem is the following:

Theorem 5.2. The operator K from Definition 3.8 is well-defined and bounded.

Furthermore, if w € QP(L) for p < ”T”, then w extends to an L? form on X.

Proof. Using parts 3 and 4 of Lemma 5.1, we can apply Lemmas 3.2, 3.3, and 3.5. [
5.2 Analysis of Interpolations of Metrics of Cheeger Type

In this section, we will introduce the notion of an interpolation of metrics of Cheeger

type.
Definition 5.3. Consider an (n + 3)-dimensional manifold with corners
X =(0,1] x [-1,2] x S* x N

where N is an n-dimensional compact manifold, possibly with corners. Then T, X

decomposes into T, (0, 1]@Ty[-1,2]| @ T ST @ T N. For £ > v > 1, give X the metric

(dr? + r28dg? + r?df? + r25gN —-1<qg<0
g =4 dr*+r¥7dg* + r?df* + (gr7 + (1 — q)rg)QgN 0<g<1 (5.1)
\dr2 +r2dg? + r2df? + r¥ gy l<g<?2
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where dr generates T*(0, 1], dg generates T*[1, 2], df generates T*S', and gy is some

metric on N. We will write N = S x N as a shorthand.

Remark 5.4. Some care is needed is dealing with this metric because it is not con-
tinuous. However, it is extends to a smooth metric on each of the three sections
—1<¢<0,0<g<1,and 1< g < 2. When we need results from previous sections,

we will always be able to apply them to one of these three sections.

We call such a space an interpolation of metrics of Cheeger type. Note that we

require a product, and not merely a fiber bundle as in the previous section.

Because all the information for this metric is encoded in the middle section where
0 < g <1, we will also describe the above metric as an interpolation of metrics of

Cheeger type with middle part
dr* + r®dg® + (gr” + (1 — q)r£)2gN.

The metric g is a metric of Cheeger type for —1 < ¢ < 0, a different metric of Cheeger
type for 1 < ¢ < 2, and the region 0 < ¢ < 1 sort of interpolates between the two
metrics on either side (although note how the norm of dg scales with r slightly dif-

ferently for —1 < ¢ < 0 than in the other two regions).

Because the tangent space of the link decomposes, the space of differential forms

on the link L = [—1,2] x N also decomposes:

QP(L) = C_B OPa:popN) (L)

Pqt+Pe+pPN =P

where a form in QPaP¢:P¥) (L) is the linear combination of wedges of p, many dg, ps
many df, and py many 1-forms from T*N. We also define QP«PoPy)(X) < Q*(X)
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to be the subspace of forms a € Q°*(X) so that a(r) € QP«Po-PN) (L) for all r € (0, 1].

Because we have such an explicit description of the metric, we can write down
precise formulas for |w||, and |w| as defined in Section 3.1. Also, it will be helpful in

estimates to consider the portion of |w| which comes from each of the three regions.

Definition 5.5. Let w e Q®oPoPN)(X). We define

1/2
lw(q,7)]lgr = < [ |w(g, ) |Prt2Pep(1=2pa) pL(n=2pn) dVN> for —1<qg<0
J

N

1/2
|lw(gq, r)|lgr = < w(q, 7Y [2ri= 2o (=200 (g7 4 (1 — ¢)r€)nm 2Py dVN> for0<g<1
J

] Zﬁ

1/2
|w(q, )|t 2oy (1=2pa) (0 =2pw) dVﬁ) for 1 <¢g<2.

oy = ( )

N

We also define

1 0
ol scgeo = [ |tz daar
0 J-1

1 1
- f (g, )2, dq dr
0 Jo

1 2
wlPeyer = f [ teta i, dgar
1

2
ol = f (g, 7|2, dq.
-1

Notice
? = w1 cqe0 + wlicger + wlicqeo -
o]
Theorem 5.6. Consider a p-form w € QWPaPe-PN) (LY with degree p = p, + pe + pn-

n+3

1. Ifn—2py <0, p < 23=, and n(§ — ) < 2, then there is some b < 1 so that

rwlf < 8wl

for0<r<s<l.
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2. Ifn—2py =20 and p < ”TH, then there is some b < 1 so that
o]} < 8wl
for0<r<s<l.
3. Ifn—2py <0 andp > ”TH, then
rlwly = slwl;
for0<r<s<1.

4. If n—2pny >0, p > "TJFP’, and w is independent of q for 0 < q < 1, then

S

rlwly = w3

n—2py+1
for0<r<s<l1.

5. [fn—2pN>O,p>”T+3, and n(§ —v) < 1, then

T S

for0<r<s<1.

For the following proof, set

1 —2pp + &(1 —2p,) + &(n — 2py)

Co = 9 )
1—2 1—2 —2
o= L2t (L=2pg) + & = 2px)
2
o = 17290 +9(1 = 2py) +7(n — 2py)
2 — .

2

Proof. Assume 0 <7 <s< 1. For -1 <¢ <0,

2
q?s ’

@)z, = (5) ™ lo(a)
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and for 1 < ¢ < 2,

2
q,s *

@z, = (5) " le(a)

For 0 < ¢ < 1, we have

HW((]) 2’7" _ JN ‘w(q)‘2rl—2per’7(l—2pq) (qr”r + (1 _ q),r,g)nf2p1v dVN
N

B <C>1—2p9+7(1—2pq) qr’ + (1 —q)r¢ n2pN ()
~\s qs” + (1 —q)s¢ Dlg,s -

By Lemma A.2, if n — 2py > 0, then

r

r 2cq 9 9 2co 9
(5) @ < @2, < (%) w2

if n — 2py = 0, then

2
q?s ’

o(@)z, = (5) " lo(a)

and if n — 2py < 0, then

r 2¢co r 2cq
C) @, < @2, < (2) " lw@l

n+3
2

then p < 2 since it must be an integer, and using this, one can

If p < 5

check that both ¢y, cy = % Furthermore, if n(§ — ) < 2, then
2¢1 = 1= 2pg + (1 = 2pg) + &(n — 2pw)
=1 —=2py + (1 = 2pg) +7(n — 2pn) + (§ = 7)(n — 2pw)
= 2¢y —n(§ — )

>1-2=-1.

On the other hand, if p > "TH, then one can check that both cg,co < —=. Now

1
3

we have enough to check our theorem case-by-case.
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1. Assume that n — 2py < 0,p < ”TJFS, and n(§ — ) < 1. If we set b =

— min{2cy, 2¢1,2¢o} < 1, then

rlw@)z, < s'lw@)].-
By integrating in ¢, we get what is desired.
2. Assume that n —2py > 0 and p < "T”’ If we set b = — min{2cy, 2¢co} < 0, then

2
q7S :

(@), < s"lwla)
By integrating in ¢, we get what is desired.

3. Assume that n —2py < 0 and p > ”TJFP’ Then max{2cy, 2co} < —1, so

rlw(@)lg, = slw(@)g.s-

By integrating in ¢, we get what is desired.

4. Assume that n —2py > 0, p > ”T”, and w is independent of ¢ for 0 < ¢ < 1.
Then we must have pg = 1, p, = 1, and py = "T_l This gives us ¢y = co = —1,

sofor -1 <qg<Oorl<gq<2 weget

|q7s ‘

rlw(@)lz, = slw(a)

Because w is independent of ¢ for 0 < ¢ < 1,
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1
ir dq = L fﬁ |w(q)|2T1—2perv(1—2pq)(qrv + (1 _ q)T5>n—2pN dVN dgq

1
= J~ |w|2 <J T1—2perv(1—2pq)(qrv + (1 _ q)rﬁ)"‘%’N dq) dVN
N

0

n—2pn+1 n—2pn+1
_ J~ w]? <r1—2p97¥¥(1—2pq)r7( Pl — e )> dVy
N

rv —7"5

n—2py
= J~ \w|2 <T1—2perv(1—2pq) Z ijr(n—QpN—jK) dVﬁ
N

J=0

<T>12p9+7(12pq) Z;LigpN rIvt(n=2pN=3)¢ H ”
\s Z;l Osz gIv+(n—2pN—j)¢ s da

)1—2p0+w(1—2pq) r\ Y(n—2pN)

VR

e
n—2py+1
1 ry\2e2 [ 9
S d
o ()7 et

> (2 [ e
n—Zp +1

We can put all this together to get

q,S

2
rlwl? = r f w(g)]2, dg
-1

2
S 2
> d
T el IO

S 2
P
n PN + 1

5. Assume that n—2py > 0, p = "+3 ,and n(§—+) < 2. Then we must have py = 1,
pg =1, and py = "T_l This gives us 2cy = 2co = —1,and 2¢; = —1—7+& < 0,
SO

lw(@)lgr = lw(@)lg
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By integrating in ¢, we get what is desired. O

Remark 5.7. Case 1 consists of forms with no dq or df part, because the conditions
on py and p imply that py = p. Similarly, Case 4 consists of forms which are
linear combinations of dq A df A ¢, where ¢ is an ”T_l—form on the link, because the

conditions on py and p imply p = py + 2.

Theorem 5.8. Assume that n(§ —~) < 1. Then the operator K from Definition 3.8
is well-defined and bounded. Furthermore, if w € QP(L) for p < ”T*?’, then w extends

to an L? form on X.

Proof. Using cases 1, 2, 3, and 5 of Theorem 5.6, we can apply Lemmas 3.2, 3.3, and
3.5. ]

Unfortunately, we do not quite have enough control to apply Theorem 3.10 and
calculate the L2-cohomology directly. If n(é —v) < 1, we are pretty close though! For
o € dom(d) and deg(or) < 2, we can use Theorem 3.10 to show that Ko € dom(d)
and

d(Ka) + K(da) = a—¢(1).

Likewise, for o € dom(d) and deg() > ™2, we can use Theorem 3.10 to show that

Ka € dom(d) and

d(Ka) + K(da) = .

Thus, we can see that if n(§ — ) < 1, then

0 k> ntsd

HE (X)) = .
@) {Hz;R(L) <o

The only finicky degree is the middle degree, where unfortunately the bound from
case H of Theorem 5.6 does not give us quite enough information to guarantee the

conclusions of Lemma 3.4. We must do a little work to homotope any form in dom(d)
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of degree (n + 3)/2 to the sum of a form with n — 2py < 0 (case 3) and a form with

n — 2py = 1 which is independent of ¢ for 0 < g < 1 (case 4).
5.3 Decomposing Into Interpolations With Smaller Eccentricity

The value n(§ — «) which appeared in the statement of Theorem 5.6 plays an im-
portant role; we will call it the eccentricity of the interpolation. For some of our
results to hold, we’ll need n(§ —+) to be small enough. The following theorem shows
how to split an interpolation into the union of two distinct interpolations, each with
half the eccentricity. We can then repeat this process as often as we’d like until the
eccentricity is as low as we’d like; in particular, we can continue until the eccentricity

in each region is less than 1, which is sufficient for Theorem 5.6.

Theorem 5.9. Consider an interpolation of metrics of Cheeger type with exponents

s

v and & as given by Equation 5.1. Set s = % (€ — 7). Then the region —1 < q <

N

r
s quasi-isometric to an interpolation of metrics of Cheeger type with v+ s and &, and
the region ir® < q < 2 is quasi-isometric to an interpolation of metrics of Cheeger

2

type with v and v + s.
First we will prove a lemma.

Lemma 5.10. Ifa,b,cp,cn : X — [0,00) are positive real functions and a is bounded
from above by some constant C', then the identity is a quasi-isometry between the

metric

(1+a*) dr* + ab(drdp + dpdr) + b dp® + co d6* + cn gy

and the metric

dr? + b2dp* + co db* + cn gn .
Proof. By assumption, a < C' for some constant C, so

1<1+a®<1+C2.
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Furthermore,
a 2\ 1/2
(1 + a2)172 (1 +a ) b
C
< e
(1+ C2)1/2

ab <

(1 +a2)l/2b

where the last inequality comes from Lemma A.2 after defining ¢ = 8—22 and rearrang-

ing

a ( (1—y¢q)-0+ qC? )1/2
(1+a2)2 \(1-4q)+q(1+C?) ’

Then we can apply Lemma 3.1 to get our desired result.

Now let’s go ahead and prove Theorem 5.9.

S

.

N[

Proof. We'll first prove the theorem for the region —1 < g <

We can define a piecewise-smooth homeomorphism

N | —
=3

w
——

(0.1 % [-1,2] x K — {<r,q,x>e<0,1] < [-1,2] x ¥| —1<q<

(r,p,x) > (r,00(r, p), @)

where
P -1<p<0
U(r,p) = 1 spr’ 0<p<l1
p+1)rs 1<p<2

Because this map is piecewise smooth, we can pull back the metric to get a metric

on (0,1] x [-1,2] x N. To calculate this, we first pull back dg:

dp —-1<p<0
frdg = { 5(rsdp + sprs=tdr) 0<p<l
fredp+ (p+ Dsre~tdr] 1<p <2
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Substituting our values for ¢ and dq into Equation 5.1, we first find that on —1 <
p <0,

f*g = dr® + r*¢dp?® + r2d6* + rzggﬁ.
This is already what we want in this region. Next, we find that on 0 < p < 1,

2
1
g = (1 + %p2T2(7+5)_2) dr® + §spr2(7+8)_1(dp dr + dr dp)
1 1 1 2

+§r2(“’+s)dp2 + r?do*+ <§p7‘7+8 +(1- gprs)rf> g -

We apply Lemma 5.10 to see that f*g is quasi-isometric to the metric
1 1 1 ?
dr® + §T2(7+S)dp2 + r2do* + (ngrs + (1 - gprs)ré) gy -

Rewrite gpr7* + (1 — $pre)rs = p (31775 — 2r*% + %) + (1 — p)r¢, so that we can

use Lemma A.2 to see

_ spr7 e+ (1 — gpro)rt

. < <1.
3 prots + (1 —p)ré

Therefore, we can use Lemma A.3 to see that the identity is a quasi-isometry between

f*g and the metric
dr? + 7~2(7+5)dp2 + r2dh* + (p?”’“ + (1 - p)rg)g IN -

Similarly, we find that on 1 < p < 2,

2
1
frg = (1 + 3—6(19 + 1)2r2(7+5)_2) dr*+ 2z s(p + 1)r*0") 7 (dpdr + dr dp)

1 1 1 2
+%r2(v+s>dp2 + r2d0? + <6(p )+ (1= e+ 1)7“5)7“5) 95 -

We apply Lemma 5.10 to see that f*g is quasi-isometric to the metric

1 1 1 ?
dr® + %r2(7+5)dp2 +r2do* + (g(p + 1)+ (1 - g(p + 1)7“8)7"5> gy -
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Rewrite

tp+ )+ (1= L(p+ r)rt
/r"Y“FS

:é@+1y+ﬁ<1—é@+1ﬁﬁ.

Therefore,

_ tp+ Dt (1= L(p+ 1)re) rt

<
= /r'YJFS = 2 :

Wl

Therefore, we can use Lemma A.3 to see that f*¢g is quasi-isometric to
2 20v+s) 12 1 22702 1 20+
dr? + 20 dp? 4 r2d* + 20t g

S

Now we prove the theorem for the region %r < q < 2. We can define a piecewise-

smooth homeomorphism

~ ~ 1
(0,1] x [-1,2] x N — {(r,q,a:)e(O,l] x [—1,2] ><N|§7"S<q<2}

(r,p,x) & (r,0(r, p), )

where
(2 + 2p)r® -1<p<0
W(r,p) = %rs(l—p)—i-p 0<p<l1
P I1<p<2.

Because this map is piecewise smooth, we can pull back the metric to get a metric

on (0,1] x [-1,2] x N. To calculate this, we first pull back dq:

ridp + (3 + gp)sretdr -1<p<0
frdg=< (1 =2r)dp+2(1—p)srtdr 0<p<l1
dp l<p<?2.

Substituting our values for ¢ and dg into Equation 5.1, we first find that on —1 <
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3 6 6\3 6

. 9 1 2 1 ?
+%T2(’Y+S) dp2 + 7’2d‘92+ <(§ + ép) T’YJFS + <1 — (g + gp) TS) 7’5) an -

We apply Lemma 5.10 to see that f*g is quasi-isometric to the metric

2
dr? + ir2(7+8) dp® + r? do® + 2 + 1 7t 41— 2 + l rs ) ré o
36 P 37 6P 3 6P IN -

Rewrite

2,1 Y+s _ (2,1 s\ €
G+ap)r ™+ (- (F+gp)r°)r _2 1 (1_<2+1p)rs)rs.

* 2 1 ? 2,.2(y+s)—2 2 172 1 2(y+s)—1
ffg=(1+|s+=p]) srV dre4+ - -+ =zp | sr (dp dr + dr dp)

r+s “3Te T 376
Therefore,
|G (-G
2 ryts

Therefore, we can use Lemma A.3 to see that f*g is quasi-isometric to
2 L 20v+8) 12 1 22002 1 20+
dr? + r?09)dp? 4 r2dg* 4 r20 S)gﬁ.

Now we analyze the case where 0 < p < 1. Substituting our values for ¢ and dg

into Equation 5.1, we find that

2 ? 2\ 2
/9= (1 - (§<1 — p)) 5%2(%5)2) dr? + (1 = grs) (1 =p)sr® ™" (dpdr + dr dp)
2 ? 2 2 2 102 £\2
+ 1—57“8 r?dp® + 26 + (" + (1= @)r®) g5 -

where g = %7"5(1 —p) + p. We apply Lemma 5.10 to see that f*g is quasi-isometric

to the metric

9 2
dr® + (1 — grs) r¥ alp2 +r2do* + (qr7 + (1 - q)rg)Qgﬁ.
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Rewrite

gr'+ (L—q)r®  pr7 + (1 —p) (377 478 — 2r8F9)

prY + (1 —p)rrts prY + (1 —p)rr+s

We can use Lemma A.2 to see

3 pr+ (1 —p)rvts =

v _ '3
2< g’ + (1 —q)r

Therefore, we can use Lemma A.3 to see that f*¢g is quasi-isometric to
dr® + r7dp® + r?d6® + (pr" + (1 — p)r“’“)2 g -

Lastly, we analyze the case where 1 < p < 2. Substituting our values for ¢ and

dq into Equataion 5.1, we find that
f*g = dr? + r2d6* + r¥ dp* + %7 g5 -
As this is already what we want, we are finished. m

Remark 5.11. In some contexts, there may be other, more natural, ways of decreasing
the eccentricity. For example, in the case of complex algebraic surfaces, [17] remarks
that this can be accomplished by taking extra blow-ups and redefining the flow in a

natural way:.
5.4 Homotoping to Forms Independent of ¢

Some forms in dom(d) may not be in the Cases 1-4 of Theorem 5.6, so we will work
to find a cohomologous form which is a sum of forms in these cases for every element
of dom(d). To do that, we will first use a harmonic projection operator associated
to N, and then we will average in the ¢ direction. Harmonic projection and averag-
ing operators are a common tool when calculating L?-cohomology in other contexts;

both [22] and [25] use similar homotopies, as did we in Chapter 4.
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First, we define a the harmonic projection homotopy in the N directions. This
will proceed very similarly to Theorem 2.29 in [25]. Let dy,dn(q,7),Gn(g,7), and
An(q,7) be the operators on Q°*(L) induced by the metric g, and which are associated
with the factor NV as defined in Definitions 4.14, 4.16, and 4.20.

Lemma 5.12. 1. The space Hy (N, (qr? + (1 — q)r%)? gn) of Neumann strongly

harmonic forms is constant in q and r.
2. The operators Ay and SnG N are constant in r.

Proof. Setting \ = (qr7 + (1 - q)rf), these are both consequences of Corollary 4.26

in the section on scaled metrics. O

Definition 5.13. Define the operators A, H : Q*(X) — Q°*(X) by
A(p+dr nw) = Axyop +dr A Anw

H(p+dr nw)=0yGno—dr A INGrw .
Theorem 5.14. The operators A and H satisfy the following properties:
1. H, A, and dg n H are all bounded,
2. dy(Aa) =0,
3. A is a chain map, i.e. dA = Ad, and
4. dHa+ Hda = o — Aav.

Proof. 1. From Corollary 4.26 we learn that the corresponding bounds Cj used in
the proof of Proposition 4.23 can be chosen to be independent of r. Then by

combining Proposition 4.22 and Corollary 4.26, we have for w € Q°*(L) that’

Cré|wqr —1<g<0
[onGrwler < § Clar” + (1= q)r¥)|wles 0<g<1
Cr|wlq.r 1<g¢g<2, and
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|Aw|gr < |wl g -
Since (gr” + (1 — q)r®) < 7, we get
ldg A nGrw|gr < Clw|qs, and

[onGrwllgr < Clwllgs -

Therefore, writing a = ¢ + dr A w, we get

1 2
\mw=Lj1Ha;@w
1 2
—JJ‘UM@WMHWM@WQJMW
0 —1

1 2
<ﬁ£jﬁwm+wawwr

1 p2
e[ [tz dgar
0 J-1

= C%af?.
Similarly, we get

1 r2
g n Hal? = | [ da n Hal?, dyr

0 J-1

1 pr2

[ [ Odan6xGuof2, + 1 n b3Gl?, ) dar

0 J-1

rl r2
<c* | | (ks + ol2,) doar

r‘l 2
2| [ Jali dgar
0 J-1

J

= CQHOzHQ, and
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1 2
|Aa2:—£)J1|Aaﬁqudr

1 2
- [ GAvelz, + 1 Avwls,) daar

-1

1 pr2
<fj(w;+w3»mm

-1

1 pr2
=fj|a;@m

= [af®.

2. This is part 3 of Proposition 4.22.
3. By Lemma 4.19, we have
d=d, +dy+d,+dn.
Then Ad = dA follows by statement 8 of Proposition 4.22.

4. The homotopy formula follows from a straightforward calculation since every-

thing is smooth:
dH(¢ +dr nw) =d(ONGnd — dr A OnGyw)

= deNGN¢+d7’ A (W —I—dL(SNGNw) , and

Hd(¢ +dr nw)=H (dL(b—l—dr A (g—f —de>)

= 5NGNdL¢ —dr A (5NGN2—Z? — 5NGNdLO.)) .

Since dyG v is constant in r by Lemma 5.12, a_ar commutes with d5G . We can
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combine our calculations and use statement 7 of Proposition 4.22 to get
dHo + Hda = dL(SNGN, ¢ + (SNGNdLQb +dr A (dL(SNGNCU + 5NGNdLW)
=¢—Anod+dr A (w— Anw)

=a— A«a. 0

The following subspace is somewhat problematic on these interpolations, so we

will find a way of dealing with it.

Definition 5.15. We define M to be the subspace of Q°*(X) given by

M = @ Q(P&Pq@N)(X) D dr A Q(pe,pqypzv)(X) )

PN<T
Notice that M is not a subcomplex.

Definition 5.16. Take a form « € M, and define the operator G : M — M as

3/2 q
Ga = 2J (J tea(r,q') dq’) dc.
1

The following lemma will be useful.

Lemma 5.17. If o € M is an L? form which is independent of q, then there is a

constant A > 0 so that
o] —1<g<0 < Al afloggst s
o] “1<g<0 < [allicg<2, and

ledlosg<r < llafi<ose

Proof. Because « is constant in ¢, we can write a(q, ) = a(r). Set
v(r) = [ ()P vy,
N
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and then we can rewrite the definitions from Definition 5.5 as

1 O
r [‘ ¢(T) r1—2p@r§(1—2pq+n—2pN) dq dr ’

laf~1<q<0 = ]
0 J-1

rl 1

laogq<t = Jo [ W(r) 1“1’21”"7”(1’23"1)(qv"7 + (1 - q)ré)”’QpN dgdr, and
J

rl 2

lof1<q<a = J Y(r) pl 2oy (1=2pgtn=2pN) dqdr.
0 Ji1

Notice that if £ > 0, then
< (g7 + (1= g)r®)t <

Because n —2py > 0 and 1 —2p, > —1, it must be that 1 —2p, +n —2px = 0. Thus

we get our second and third inequalities directly.

For our first inequality, we must use that « is constant in ¢ to allow us to integrate
in ¢ to see

rY(n=2pn+1) _ &(n—2py+1)

(rv—r&)(n —2py + 1)

1
f (g7 + (1 — q)ré)™ 2~ dg =
0

_ 1 (r020) 4 pan=2on D)€ L pEn2ow))

n—2py+1

1

> = =2y
n—2py+1
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Therefore,

1 0
||04H—1<q<0 _ J ¢(7”) 701—2139705(1—219q+n—2pzv) dq dr
0o J-1
1
_ J W(r) y172p0 p€(1=2pg+n—2pN) ..
0
1
< J w(,,a) T1_2p9r7(1_2pq+n_2PN d,r.
0

1,1
<(n—2py+1) f f W (r)rt 2o (=20a) (Y 4 (1 — q)r®)" 2PN dg dr
0 Jo
< (n+ 1)llafocq<r -
Setting A = n + 1, this completes our proof. m
Theorem 5.18. The operators G and dqg A G are bounded on M (| L*Q*(X).

Proof. First notice that k,Ga = Ga, so if dg A G is bounded, so is G.

Next, let o be a form in L2Q®ePoPN)(X). Then referring to Definition 5.5 we

have

rl 0
|dg ~ quz||2_1<q<0 = J J |quz|27’1_2p9r_§7“5(”_2p1v) dVy dqdr
0o J-1JN

rl rl _
Ildgq A an\\3<q<1 = J J~ |Lq04|27“1_21”‘97"_V (qr” +(1-— q)rg) 2PN dVy dqdr
0o Jo JN

rl

r2
Ildgq A anH%qu = J J~ |an|2r1_2p‘97"_77”(”_2p1v) dVy dg dr
1 JN

0 J
lda A gal® = [ldg A tqa2i<oeo + dg A tgelicger + Ida A galicy<n

We will show the following inequalities

ldg A G| 1<g<2 < ldg A LqO‘H?qu (5.2)
Ildg A GO‘HQ 0<q<l S |dg A anH(Q)sq<1 + |[dg A an”%@@ (5.3)
lda A Gal21<qo < ldg A 1ga|2 1cqeo + Alldg A tgcr5eger + dg A tga|icgen - (5.4)
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which together imply
ldg n Gal* < (2 + A)|dg A rgal* < (2 + Ao

This will complete the proof of Theorem 5.18. First, we show that for 1 < ¢ < 2
and 1 <c <2,

2

an dq' rl’zp‘)r’”r”(”ﬁp”) dVy dgdr

q
‘dq A f ve(r,q') dq'

[

1<q<2 JO

J J <J \anF dq’) p1=2p0 =7y (n=2pN) dVy dgdr
JO

= qu A qu‘”1<q<2 dq
J1

N

2
Idg ~ anHquQ ’

for -1 < ¢ <0,

2
r1_2p97’_77‘7(”_2p1\’) AV dgdr

q
qu A J vga(r,q') dq

0

an dq'

rl 0 0
J J~ <J \quz]2 dq') 1 2P0 =7 ¥ (n=2pN) dVy dqdr
o Jo1Jn \J-1

dq

—1gg<0  JoO

A

= Idg A lq

J—-1

2
O‘”flsqso

2
qu A anH—lgqgo )
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and for 0 < ¢ < 1,

2

q
Hdcp\f vea(r,q') dq

1

0<g<1

2
pl=2po = (qr7 + (1 - q)rg)nfsz dVy dgdr

a(r,q) dq

< Ll Ll fﬁ (Ll ltgaf? (g'r7 + (1= ¢/)ré)" dQ’) (E (¢r7 + (1 —g)rs) " dq’)

rl=2por=y (qr7 + (1 - q)rf)n_sz dV dg dr

S LS e ([ () )

ri=2po =7 dV dqdr

1
J f f (f |an| qr7 + (1 — q’)rg)n_QpN dq’) (J 1dq') rl=2po = dVy dgdr
q
1,1 1 _2
< J f J~ (J |an|2r1_2p“’7"_7 (q’?” + (1 - q’)rg)n PN dq’) dVi dgdr
o Jo JN \Jo

1
< J Idg A anHgsqgl dgq
0

= |dg A LqO‘”g@sl .

Now we notice that for 1 < ¢ < 2,

dg ~ ( §ga)  for 1
q
dq A J g =} dg A 900+ §Lega)  for 0

C

dg n (§§ e+ 5l g+ fLga)  for —1<q<0.

Combining these calculations and applying Lemma 5.17, we get for 1 < ¢ < 2

q
‘dq A J LgQ

and 1 < c¢ <2,

< |dg A anHKqQ ]
1<q<2
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for0<g<land1<c<2,

q
'dq A f e

q 1
quAJquz +dQAJquz
C

0<g<l1 1 0<¢<1

q 1
<dQAJquz +quJan
(&

1 0<g¢g<1

< lldg A tgllgcqer + ldg A gl <o

and for -1 <¢g<0Oand 1<c<2,

q q 0 1
qu A J e < |dg A J e + qu A J e + qu A J LgQx
c —1<¢<0 0 —1<¢<0 1 —1<¢<0 c —1<¢<0
q 0 1
< |dg A J e + A qu A J e + ‘dq A f e
0 —1<¢<0 1 0<¢<1 c 1<g<2

< |dg A LqO‘H_quo + Aldg A [’anO<q<1 + |ldg A LqO‘HquQ :

Lastly, for 1 < ¢ < 2,

3/2 rq
dg ~ QJ tea(q’) dq' de

1 Je
3/2
< QJ
1

3/2
< QJ Idg A @H1<q<2 dc
1

ldg n Gallycper =

dg A | e
Je

1<¢g<2

= qu A angqéQ ’
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for 0 < ¢ <1,

3/2 rq
ldg A Gallgeyer = [dg A 2J ] tea(q') dq' de

1 c
3/2
<2f
1

3/2
< 2J (qu A a“0<q<1 + ||dg A 0‘H1<q<2) de
1

0<q¢<1

ra
dQ/\J LgQ

[

0<g<1

::”dq A Ow0<q<1‘+ ”dq A Oﬂ1<q<27

and for —1 < ¢ <0,

||dq A Ga||—1<q<0 =

3/2 rq
dg A 2f J tea(q') dq' de
1 c

3/2 1
< QJ dg ~ J e
1 c

3/2
<2 (1o nalycyen + A1da A alpcyer + [da 8 0l cpcr) de
1

—1<¢<0

—1<¢<0

= qu A a|’—1§q<0 + A qu N O‘Hogqsl + qu A O‘H1<q<2 )
These are the inequalities 5.2 — 5.4, so we are done. O

Theorem 5.19. Assume that both o, doc € M and o € dom(d). Define the operator

3/2
Ba = QJ Kqo(r, c) dc.
1
Then

1. B s a bounded operator, and

2. Ga is in dom(d) and it satisfies the homotopy formula

dGa + Gda = o — Ba .
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Proof. First we show B is bounded. Because Ba is independent of ¢, by Lemma

5.17 we get

|Bal* < 3| Bali e

2

3/2
=3 QJ Kqo(r, c) de

1

s rl (\QJN
Jo J1 JN

rl r2
ST
Jo J1 N

r2

<0 ||’fq0‘|‘%<q<2 dgq
Ji

1<qg<2

2

3/2
2 f Kqo(r, ) de

1

pl=Poty(1=py)+y(n—pn) dVN dq dr

3/2
J |kqo(r, c)|2 dc> pl=Po+y(1=py)+7(n—pnN) dVy dgdr
1

< 6HO‘”%<q<2-

To get the formula on smooth forms, we calculate (using the shorthand dype, =

d, + dg + dy):

3/2 prq
dGOé = (dq + dother)zj J an(T’7 q/) dq/ dC
1 c

3/2 3/2 rq
= 2] g (r, q) de + dother QJ f tea(r,q') dq' de
1 1 c

3/2 prq
— 1,00 + dogher QJ J ta(r,q')dq de |, and
1 c
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Gda = G(d, + dother) (kg + dg A tq0)

OKq0x

= G(dother'%qa + dq A ( aq - dotherbqa)

— 2[3/2 Jq (a’iqa
1 c aq

3/2 3/2 rq
= QJ (kg — Kqau(r, c)) de — QJ f dothertq(r,q') dq’ de
1 c

1

3/2 rq
= kg — Ba — dotper QJ J vga(r,q')dq' de | .
1 c

Adding these together, we get our formula. Finally, we've shown that Ga is L?, Gda

(T, q/> - dothequa(r, q/>) dq/ de

is L2, and Ba is L?, so dGa must be L?. This tells us Ga € dom(d). O
Now we’ve come to the Main Theorem of this section.
n+3

Theorem 5.20. Let X be an interpolation of Cheeger metrics. Given an (“3=)-form

a € dom(d) so that do = 0, there is a form vy € dom(d) so that the following holds:
1. v(q) =0 for g < —=3/4 and q > 7/4.
2. Set 8 = a —dvy. Then there is a constant A > 0 so that
rlr B = As|k.B(t)]2
for allr,s,t € (0,1] and r < s.

Proof. Let x1(q) and x2(q) be smooth functions which depend only on ¢ such that

1 —1/2<q<3/2 1 —1/4<q<5/4
xi(q) = / / and x2(q) = / / :
0 g<—3/4and ¢>T7/4 0 ¢g<—1/2 and ¢ > 3/2

Let H and A be the operators from Definition 5.13, and let G and B be the opera-

tors from Theorem 5.19. Note that we can orthogonally write Aa = (7 + (5 so that
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(1 € M where M is the subspace of Definition 5.15 and (, is in case 3 of Theorem
5.6. Remember that dy Aa = 0 which implies both dy(y = 0 and dy(; = 0, and thus
d¢, € M. Note that ¢; and (; are both L2

By using the homotopy formulas of Theorems 5.14 and 5.19, we can show
a=Lp+dy

where
v =xiHa + x2G(, and

f=010—-x1)a—dxinHa+ x1G+ (x1 — x2)G + x2BG —dx2 A GG .

Clearly v = 0 for ¢ < —3/4 and ¢ > 7/4. v € L? because H is bounded, G is bounded
on M, and y; and Y, are bounded functions. dy € L? because o € L? and each of
the terms of 3 is L2, which we can see by using the fact that y; and y, are bounded
functions and dg A H, dq A~ G, and B are bounded operators on their appropriate
domains. Thus, v and § are in dom(d). (As a side remark, be careful: the individual

terms of  are not necessarily each in dom(d).)
Furthermore, each term of 3 either satisfies n —2py < 0 or is independent of ¢ on

0 < ¢ < 1 (several of these terms satisfy this trivially because they vanish completely

on this interval). Thus, (§ satisfies the desired estimate by Theorem 5.6. O
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6

A Special Case of Weighted Homogenous
Hypersurfaces

6.1 Preliminaries on Weighted Homogeneous Polynomials

Definition 6.1. Given a tuple of natural numbers (ag, v, ..., ) € Z’;gl, the weighted

degree of a monomial 230z ... zdn

is Y _oowdi. A weighted homogeneous polyno-
mial F(zo, 21, ..., 2n) for the weight (ag, aq, ..., @) is a polynomial which is the sum
of monomials of equal weighted degree. Then the weighted degree of the polynomial

is the common weighted degree of its monomials.

Example 6.2. Any homogeneous polynomial is a weighted homogeneous polynomial

for the weight (1,1,...,1).

Example 6.3. F(z,21,29) = 25 + 27 + 22 is a weighted homogeneous polynomial

for the weight (2,3, 3), and the weighted degree is 6.

Remark 6.4. If F(z,- - z,) is a weighted homogeneous polynomial for some weight
(g, -+ ,ay), it is also weighted homogeneous for a weight (ag,--- ,a,) for which

ged(ag, ..y ) = 1.
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We will restrict our attention to weighted homogeneous polynomials of the fol-

lowing form

F(z0,21, .y 2n) = zg + g(21y .y 2n)
where 3 € Z=3 and g(z1, ..., z,) is a (standard) homogeneous polynomial of degree &
satisfying 2 < & < 3. Then F is a weighted homogeneous polynomial for the weight

(o, B, ..., 8), where @ = d/gcd(d,@) and = B/gcd(d,/@). We will denote the set

where F' vanishes the variety
V= {zeC"“’F(z) 20} :

Example 6.5. For m > 1, the A, polynomials F(z, ..., z,) = 20" + 22+ ...+ 22 are
a class of examples satisfying the above conditions. When m iseven, a = 2,8 = m+1

and when m is odd, a = 1,8 = (m + 1)/2.
Lemma 6.6. V' has an isolated singularity at the origin.

Proof. As the vanishing set of the polynomial F', V' has a singularity at a point z

if and only if F/(z) = 0 and dF(z) = 0. We calculate dFF = [Bzg_l, dg]. Because g

is homogeneous of degree > 2, dg(z1, -+ ,2,) = 0 if and only if z; = --- = 2, = 0.
Therefore, dF(z) = 0 if and only if zg = z; = -+ = 2, = 0. Since F(0,---,0) = 0,
the origin is the lone singularity of V. O

Using this lemma, the regular part of V' is given by V.., = V — {0}. We endow

Vyeg With the metric g induced from the Euclidean metric on Ccrtt,
Definition 6.7. Define z,_,,, = (21, ..., z,) € C" and |21, = (J21]2 + ... + |2]2) "

Definition 6.8. The weighted flow is the action on C*™! by the multiplicative group
(0,0) via

Ax (20,00 2n) = (N2, N2y, . NP2 2,)
Clearly the flow restricts to an action on V.
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We want to calculate the local L?-cohomology of V' at the origin. To do this, we
can take any bounded, open neighborhood U’ = C™*! of the origin that we like and
calculate H ('2)(Vreg nU’, g). We would usually need to ensure that the neighborhood
U’ was small enough, but V' is weighted homogeneous, so for a small enough value of
A, the map z — X * z gives a bi-Lipschitz diffeomorphism between the neighborhood
we choose and a neighborhood of arbitrarily small size. Then we can apply Lemmas

2.5 and 2.4 to see that this map induces an isomorphism on the L2-cohomology.

As we can choose whichever open neighborhood of the origin that we like, we
define U’ = {z e Cnt! ' |2z0] <7 and |21, < 1} and U = V¢, n U’. We will choose

n “small enough”, which will be made more explicit in the next section. Then in

Section 6.4, we calculate H(, (U, g).

Remark 6.9. One could use the weighted flow to decompose a sufficiently nice,
bounded neighborhood of the origin into (0,1] x L in the following way. First,
define L to be the intersection of V' with the boundary of the neighborhood. Second,

define the map from (0,1] x L into V" as
(ryz) —r*z.

There is a large problem with this approach, however: this map is not a quasi-

isometry between a metric of the form
dr® + g,

and the metric on V,¢,. Therefore, very little of our previous analysis is applicable.
We will spend the next two sections finding a different map which is a quasi-isometry

between a metric dr? + g, and the metric on Vieg-
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6.2 Finding Good Flow Lines

Definition 6.10. Define L and N to be
L={zeV ||z =1, |20] <8}

N={zeV||znon|=1,20=0}c L.

Lemma 6.11. For § small enough, L is diffeomorphic to B x N € C"*! where B is
a closed 2-dimensional disk of radius d. Furthermore, we can choose the diffeomor-

phism 1 : L — B x N so that ¥(z) = (20, ¥n(2)) for some ¢y : L — N.

Proof. First, we notice that

VN {]zlﬁn|2 = c}

is smooth for all ¢ > 0. One can do this by first observing that by Sard’s theorem
applied to s(z) = |21-,|? restricted to V,¢,, they can’t all be singular. Then notice
that all of these are homeomorphic to each other by using the weighted flow. So, in

particular, this space is smooth for ¢ = 1, and we denote this space as

The vectors (1,0,---,0) and (i,0,---,0) are tangent to {|z1,|*> = 1} at every
point because |z;_,,|> does not depend on zy. These vectors are also tangent to V/
when 2y = 0, because V is the vanishing set of f, and the differential of f at such a

point is given by
df = (Bzy ", dg)

= (07 dg) :

Therefore, these vectors are tangent to M at points where zy = 0. This implies the
differential of the map
20 - M — C
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is surjective at any point satisfying zg = 0. Therefore, we can find a 6 > 0 so that

the differential of this map is surjective at any point satisfying |zg| < 0.

In particular, the map

~

ZoiL—’B

is a submersion. It’s also true that L is compact and that this map is surjective.
Therefore, Ehresmann’s Lemma says that 2 is a locally trivial fiber bundle. Since
it is a locally trivial fiber bundle over the contractible space B, it is globally trivial.
Therefore, we can find a map ¥y : L — N which trivializes the fiber bundle, i.e.

that makes the map ¥(z) = (z0,¥n(2)) : L > B x N a diffeomorphism. O

Definition 6.12. Define the subset W < V,, as follows:
IVz{zeW@‘Mﬂéﬂhwfwjmﬁdgl}.

Lemma 6.13. There is a quasi-isometry ¢ : W — X where

X = {Z € Cn+1 - {0} ‘ (0 ﬂ) € Na |20’ < 5‘21—>n|a/ﬁv le—m\ < 1} .

)
|21m]

Further, we can choose 1 so that ¥(z) = (z0,¥n(2)) for some Yy : X — N and so
that (A% z) = Ax(2) for A e (0,1].

Proof. By Lemma 6.11, there exists a diffeomorphism
0:L—>Xn{|zon| =1} =BxN,

where B is the closed 2-dimensional disk of radius ¢, so that

(2) = (Z0,¥n(2))
for some 1y : L — N. Note that both W and X are invariant under the weighted
flow by A e (0,1].
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Given z = (20, 21,) € W, there is a unique z € L and s € (0,1] so that z = s« 2.

In fact,

_ o/f and 5 — s w2 — 20 Rl-n '
S |Zl—>n| ana z S z (’Zl_)n‘a/ﬁ ) ’Z]__,n‘

We define the map ¢ : W — X via

U(z) = P(s* 2) = s % P(2).

Since ¥(2) = (%0, ¥n(Z)), we see that ¥(2) = (20, ¥n(2)), where

N (2) = 2100 Un (|2100] P 2)

Notice that [y (2)| = |21-n|, which in turn implies that |¢(2)| = |z]|.

Then v is a bijection between W and X. By Lemma 2.5, it now suffices to show

that 1 is bi-Lipschitz. Notice that for all b € B, ¥y restricts to a diffeomorphism be-
tween {z el ‘ 2o = b} and N, which is bi-Lipschitz as it is a diffeomorphism between

compact manifolds. Further, we can choose the same lower and upper constants a
and A, respectively, for each value of b, because b ranges over a compact set. We can

choose these constants so that 0 <a <1 < A < 0.

Now we show v is Lipschitz. Consider first z,x € W so that |z1,| = |x1,]. Set

5 = 21508, Then

[Un () — @) = [5G (- x2) = 7w a)f

= (5 +2) = Ol + )P

< A2$2ﬁ/a‘5_’8/a21%n o S_B/Oé.’ll'lﬁn|2
< A2’21Hn — xlan’2 .
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If |z1n] # 2150, then we assume without loss of generality that |z1,| < |z1-,]
and we set t < 1 so that |z,,| = t¥/¢|z1_,,|. Then z,_,, is on a sphere of radius
21| and z;_,,, is on a sphere of radius t*/%|x,_,,|, so the distance between z_,,, and
21, is at least the difference between the radii, i.e. |21n —21n| = (1 —t%%)|z10].
We also have the bound [t%/%z1_,,, — 21_n| < |#1_n — 21_.n|, Which we get from Lemma

A.4. We put this together with our previous result to get
[on(2) = on ()| < [on(2) = 79 (@) P + [P (2) — ()
=[x (2) = w(t )] + (1= 7% [y ()
= [n(2) = w(t * ) + (1= 7))
< A2z — P02 P+ 210 — T1on|?

= (A2 + 1)|Zl~>n - xl*)n|2 .

Now we finally have

[9(2) = (@) = |20 — wof* + [ihw(2) — Y (@)
< |ZO — I0|2 + <A2 + 1)|Zl—>n — I1—>n|2

< (A2 + 1))z — xH2 )

This gives us that 1 is Lipschitz.

Next we show the other direction. Consider first z,x € W satisfying |z1_,| =

|Z1n|. Set s = |21,|*?. Then

[9n (=) = @) = |5 (- x2) = P w )l

= N (; #2) ~ Ol w2

> a2826/a|576/azlﬂn . Siﬁ/al‘lﬁnp
2 2
= a|z1n — T1o0|" -
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If |z1,] # |z15n], then we assume without loss of generality that |z1.,| < |z1n,]
and we set t so that |21, = t*/%|z;.,|. Set s = |21.,|. Notice that by prior

reasoning,
[n(2) = 17PN ()P < [on(2) — on (), and
(1=t [on ()] < [ow (@) — ¥ ()]
Putting this together, we get

|Zl—>n - x1—>n|2 g |Z1—>n - tﬁ/axl—m|2 + |tﬁ/axl—>n - x1—>n|2

< S lon(e) — i« @)+ (1= P
- ai [Un(2) = 7 Un ()P + (1= t79) [n ()
< = on(2) — (@) + 0w () — on ()P
<<%+QWMd~W@W

Now we finally have

[9(2) = (@)[* = |20 — wol* + [ (2) — v ()]

a?+1

a2 2
> () be - ol

This concludes the proof. O

a2
= ’Zo—$0‘2+ ( ) |Zl—>n_-1'1—>n2

Definition 6.14. Choose = /2, where § is chosen small enough for Lemma 6.11

to work. Then define
U={2€ Vi |20l <n, |21n <1}, and
Lz{zeUl |z0| =m or ]zl_,n\zl}zﬁU.
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Let

U=UnW

- {z € U‘ | 20| < 5],zbn‘a/b’} :
Then ) restricts to a quasi-isometry from U to X where

X = {ZE(C"H

(O Zl—_m> €N, |z15n] <1, |20] < min{n,5|zlan\°‘/ﬂ}} :

b
‘Zl—>n|

Define a map (r,¢) : U — (0,1] x L via

|210n| 3 [20] < 2150
r(z) =
| =7

20l/m i |20 = Mlz15nl
v () 22 (51) < .
Z 1 . a 2 B/a a 5
9(2) = v (2 (ar+ (L= )r?e) () i 2t ()7 < e < o2 (K
B
(3. 372) i 21| < 22 (L) 70
where
|21 0| — 2B/ 2a+ 1 (|2 Ble a+2 |z
. . 3 7 e
and
a =28

Note that r = |’;—°‘ in the region where ¢ is defined above, and also notice that the

map v is not used in the definition of ¢ for z outside of U. Lastly, notice that r and
¢ are continuous and piecewise smooth, and (r, ¢) is invertible, with a continuous,

piecewise smooth inverse. In fact, we can define this map explicitly.
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|20]

Uy Uiz

Uy |21 n]

FIGURE 6.1: Decomposition of U

First, we point out a decomposition L = L; U Lis U Ly where

L1= {ZGL |Zl—>n| :1}

ngz{ZEL ’20’277,260}

ng{zeL |zo|=n,z¢U}.

We can extend the definition of ¢ to all of L5 via

2
— —|Zl_’”‘ — +1 for

1—“7”7“ 3

and

21| — arP/® P 2a+1 (|20
= — —_— < < —_—
L2 yfla_ grf/a 1 for a 7 < |21 < 3 " :

There is a diffeomorphism Ly — S' x [—1,2] x N given by

- 1
§— (Wg(go)aq,%v (m *f)) )

where ¢ is given by the three equations above.
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|20]

|Zl—>n‘

FIGURE 6.2: Flow on Uq,

Now we can more easily write down the inverse (r,¢)~!: (0,1] x L — U:

(V=1 (r(€) (el
= rp(€)) §eliy, 1<q<2
(r,0) " (r,&) = ¥~ (réo, (ar + (L= @)r?*) ¥n(€)) €€ Lin,0<g<1
(réo, r71%&1 ) el —1<q¢<0
| (ré&o, 77261 0) §€ Ly
In the next section, it will be useful to note that (ré&,r%°&.,,) = r+ ¢ =

Y xp(€)) = 1 (7‘50, rﬁ/a¢N(§1_,n)). This also makes it clearer that (r,¢)™! is

indeed continuous.

6.3 Calculating the Metric up to Quasi-Isometry

Ideally, we would precisely calculate the metric on (0, 1] x L which we get by pullback
through (r,$)~'. However, this would get very ugly. It suffices to find a metric on
(0,1] x L which is quasi-isometric to this pullback metric under the identity map on
(0,1] x L (this last condition, that a quasi-isometry between them is given by the

identity, is crucial to several of our later arguments). This will be the goal of this
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section.

Let’s start by separating U = U; u U U Uy, where Uy = (r,¢)7 1 ((0,1] x L),
and so on. We will deal with each of Uy, Ujs, and U, in turn. Notice that (r, ¢)

restricted to U = Uy u Uy, factors through X via

U (O, 1] X (Ll U ng)

for the diffeomorphism A : (0,1] x Ly U Ly — X given by
h(r,€) =4 ((r,0)7'(r,€))

rY(§) §e Ly

) ry(€) el 1<qg<?2
(réo, (qr + (1 — q)r?*) Yn(§)) €€ Lp,0<g<1
r* (&) Eely, —1<q<0

Lemma 6.15. If f : (X,gx) — (Y, gy) is a quasi-isometry and p : Z — X is a
diffeomorphism, then the identity on Z gives a quasi-isometry between (Z, (fop)*gy)

and (Z,p*gx).

Proof.

[(fop) gy (W) = [(f*gv)(pv)] < Clgx (pv)ll = Cll(p*gx) ()]
The proof of the other direction is basically identical. m

The actual metric on (0,1] x L is given by ((r,¢)™")" gir, where gy is the met-
ric on U induced by the standard Euclidean metric. However, since 1 is a quasi-
isomorphism, this lemma says we can instead consider the metric on (0, 1] x (LU L2)
given by h*g¢, where g¢ is the metric on X. First we consider (0,1] x Ly.
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Theorem 6.16. The identity on (0,1] x Ly is a quasi-isometry between the metric

((r,0)™Y)" gu and the conical metric
dr* + 1% gz,

where gr, = h*gnr,) s the pullback of the metric on h(Ly) < X induced by the

standard Euclidean metric.

Proof. By Lemma 6.15, it suffices to compare the conical metric with h*gy on (0, 1] x

L;. Remember that

h(’l“, 6) = T¢(€) :

We calculate two pushforward vectors: h*ﬁ_ar and h,v where v is a vector in T¢ L.

0 d
h*g = %(T + 1)1 (&)

t=0

For v, let v : (—1,1) — Ly be a curve with v(0) = £ and 7/(0) = v. Then

hev = S| = r(wo)(0) = ri.

t=0

Remember from the proof of Lemma 6.13 that

[P = lg]* = [0l + 1&1nl*
and £ € Ly, s0 |{1,] = 1 and [§] < 1. Therefore,

0 0
1 <h*ge(=—,=—)<n*+1 d
gX(aT7aT> 77 + 7a‘n

h*gx(v,v) = r’[ew].

Also, since y(t) = (y(t),v1-n(t)) € Ly for all ¢, |y1-,(t)] = 1 for all ¢, and

YN (7(t))] = |71on(t)] = 1. Therefore, 1y o v lies entirely in the unit sphere, so
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if we write (¢ o) (0) = (74(0), (x4 ©)'(0)), we learn (1 o y)'(0) is orthogonal to
(Yn 0)(0) = ¥ (&). Therefore,

B3 (2 )| = C(E), r(w ) (0).
- riellen
< 7]7”|U0|

< (1= L@ v«

for ¢ = 1 — 7. Therefore, we've satisfied the conditions of Lemma 3.1, so h*gg is
quasi-isometric to

dr? + g,

for g, the metric on {r} x L induced by h*gy. But
9-(v,v) = [ hv]®

= |[r(¢ o) (0)]?
=r?|(y 0 7)'(0)|?
=r%g1(v,v)
and we have shown the identity is a quasi-isometry between h*g¢ and
dr* +r?gp, . O

Theorem 6.17. The identity on (0, 1] x L3 is a quasi-isometry between the metric

((r,0)~Y)* gu and the interpolation of Cheeger metrics

(dr? + r28/edg? + r2d6? + 7“26/0‘gh71(1v) -1<¢<0
$dr® +r2dg® + r2d6% + (qr + (1 — q)rP*) ghyy 0<q<1
\dr2 + r2dg® 4+ r2d0* + r*gp-1 () l<gs<?2

where gp-1(ny = h*gn 1s the pullback of the metric gy induced by the standard Eu-
clidean metric on the subspace N as given in Definition 6.10.
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Proof. By Lemma 6.15, it suffices to compare our desired metric with 2*gy on (0, 1] x
Lys. First we show this for 1 < ¢ < 2. In this region, h(r,§) = r¢(€). Similar to the
previous theorem, we calculate the pushforward vectors h*a—‘i and h,v where v is a

vector in T¢ L.

0

d
h*g = E<T + 1)1 ()

= (£) .

t=0

For v, let v : (—1,1) — L5 be a curve with y(0) = £ and +/(0) = v. Then

=7r(poy)(0) =riuv.

t=0

d
hev = — t
v = Sru(a(0)
This time we get slightly different bounds

< [P <n*+1.

And this time, because ~,(t) is constant, 7,(0) = 0. By this and by Cauchy-Schwarz,
we get

'<h*3 hav)

= hat)| < [€all ()l

1o0n
N ‘+|§ ’ il

0
< (1= Olhus-| o0l

where ¢ = 1 733 we can get the inequality

_ 1
(1+n?)

€1l 1 1
2 2z S NCEE ¢
(160l + [€1-nl2) (1 N |£\§0|2‘2> R
1-n

because |§y| = n and |£;_,| < 1. Therefore, we can apply Lemma 3.1 to get that
h*g ¢ is quasi-isometric to
dr® + g, .
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And once again,
gr(v,v) = [hav]?
= [r(s 0 y)(0)[
=r?|(¥ o) (0)[
=r?g1(v,v).
Therefore, for 1 < ¢ < 2, we get that h*g¢ is quasi-isometric to
dr? + T29L12 .
Next, consider the region where —1 < ¢ < 0.

h:(0,1] x S* x [~1,0] x N — Uy,

is given by

h(r,0,q,2) = (rne”,rﬁ/"‘ (a - W) x) ,

For convenience, set z = h(r,0,q, x). Notice that |zy| = rn and |z,_,,| varies between
arf/® and (4£2%) 79/* as ¢ ranges between —1 and 0. Also remember that ||z| = 1,

which implies that (x,v) = 0 for v € T, N, viewing both x and v as in C".

Using this, we can calculate the pullback metric through A to be given by

1 1—a)\’ 1—a\?2
(nQ + (B/a)>r?@ey (a yUrold-a) q)g( “)) ) dr? + n?r? do? + e <_3 “) dg®

4 p28/a (a + (—(1 i Q)S(l — “)>)29N + 7’25/0‘1§ (1_7&) (a + W) (dqdr + drdq).

We calculate

(1+q)(1—

2
n’ <0’ + (Ba)r2eml) (a + 2 a)) <n’+ (B/a)’.
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Furthermore, after noticing (by using Lemma A.2) that

(8/a)? <CL+(1+‘1)3M)2r2(6/a—1) By
T e S

2<1

and setting ¢ = 1 — B/a 77, we get

(m?+(B/)?)

o ) () 22 2)

a— (1+g)(1=a)
P 1(B/a) (a+ Grofze)

0 0
- (1+q)(1-a) \ | /2 h*g h*a_q
(772 + (B/a)2r2(B/a-1) <a + qT))
0 0
< (I- * A * A | -
a-a g g

Therefore, we've satisfied the conditions of Lemma 3.1, so h*gg on this piece is

quasi-isometric to
1—a)? 1—a\\?
dr? +7727’2 do? + 2Bl <—3 ) dq* —|—7’25/a§ (a—i—q ( >) gn -

Note that

g2 (ara(152)) < @52

so using Lemma A.3, we finally get that h*gy is quasi-isometric to
dr? + r? do? + 2P dg? + 120/ gn -
Lastly, we will calculate the metric for 0 < ¢ < 1. The map h is given by

h(r,0,q,x) = (rnew, (qr + (1 - q)rﬂ/a) A(q)x)

(+9)(1—a)

for a function A(q) = 3 + a. Notice that ££2¢ < A < 222 for all ¢ in this

region, and that A’'(q) = @ Once again, we have that |z| = 1 and {(z,v) = 0 for

v e T, N, as before. We calculate the pullback metric through h to be given by
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(772 + (q + (1 - q)grﬁ/a_l> A2> dr? + <(7" — rﬁ/o‘)A + (qr + (1 - q)rﬁ/o‘) (1 ; a)) dq?

+ 0P do® + (qr + (1 — q)rﬁ/‘”)2 A’gy

—~

1—a)
3

+ (q +(1— q)grﬁ/o‘l) A ((r — rﬁ/o‘)A + (qr + (1 - q)rﬂ/o‘) ) (drdq + dqdr) .

We calculate

1+2a\> )’
772< 3 ><772+<Q+(1—Q)§7”5/ 1> A <n? + (B/a)?.

Furthermore, we get by applying Lemma A.2

h*g% <£, a%) = (q +(1- q)grﬁ/M) A ((7’ — P A+ (gr + (1= g)rP) (1 ; a))

g+ (-t 1/2’h£ iH
2+ (q+ (1 - q)2rofa=1)” 42 “orl o
1/2
“(71) sl
n?+1 or oq

Thus, we can apply Lemma 3.1 to see that h*g¢ on this piece is quasi-isometric to
2,22 12 Bla Bla (1—a) ? 2 Bla\2 42
dr+n“r=df“+ (r —r )A+(q7"+(1—q)7“ )T dq+(qr+(1—q)r )AgN.

Note (using Lemma A.2 for the second set of bounds) that

Bla=1 4 _ — rBley A 1 — g)fle) G=a)
(L l—a A Lm0 A (gr+ (11— g)r”) 5 <1 and
2 3 2 r
a1 _ , _a+2
3 3
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(We get the top lefthand bounds from first considering the case where r > % for the
left bound, then the case where r < % for the right bound.) Therefore we can apply

Lemma A.3 to show that h*g¢ on this piece is quasi-isometric to
dr® + r*d6® + r*dg® + (qr + (1 — q)rﬁ/a)QgN . O
Lastly, we compute the metric for Us.

Theorem 6.18. There is a Riemannian manifold with boundary (N',gn:) where
the interior of N' is a complex (n — 1)-manifold so that TyLy decomposes pointwise
as T,S* @ T, N', and the metric on Uy with respect to this decomposition is quasi-
1sometric to

dr? + r2df* + r*/* g

where r and 0 are the coordinates on (0,1] and S*, respectively.

Proof. We define N’ = {z € Ly | z9g = n}. Then we consider the bundle

N/%’LQ

|

Sl

where the projection Ly — St is given by z — é—g‘ This may not be a product, but

we can see it really is a fiber bundle by defining a variant of the weighted flow

p:St— L
U(e) _ (6ia02076i6921_m)

and noticing that we can use this to flow N’ into the other fibers.

Notice that that the tangent space of Ly breaks apart pointwise in an orthogonal
decomposition as
T.Ly =T, S'®T,N'.
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This decomposition is not natural, so by T:S* < T, L we mean the pushforward of

T, S through the map u.

If g is a metric on N’ and df is the pullback of the coordinate form on S!, then
the metric on Ly is given by
do* + gn .
Now (r,¢)~! maps the product (0,1] x Ly onto U, via
(0, 1] X L2 — U2
(r,§) —>r*&.

0 0

5, 35, and v for a given

We get the following computations of pushforwards for
vector v = ~/(0) which is the gradient of a curve v which lies entirely in the fiber of

the above bundle, i.e. which lies in T, N < T, L:

<T7 ¢);13i = (507 _Tﬁ/alélan>

or (e

C (iaréo, Zﬂrﬁ/a&—»n)

<T7 Qﬁ);l%

(r,¢)s v = (0,777, ,,(0)) =r*v.

By using these to pull back the metric to (0, 1] x Lo, we get
3\ 2
(772 + (5) 7"2(5/‘11)\51%1!2) (dr2 + o?r? d92) + 2B/ N’ -

There are no cross terms because if a vector v is tangent to N at a point &;_,,, then

(v,&1,) = 0 since N’ is a subset of the sphere.

Because the first coefficient satisfies

2 2
772 <772+ (g) T2(5/a—1)|§1_m|2 < 772+ (é) ,

(67
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we can use Lemma A.3 to see that our metric is quasi-isometric to
dr® + 12 de? + v gy . O

Remark 6.19. One should be careful when comparing the metrics of (0,1] x Ly and

(0,1] x L1s when —1 < ¢ < 0. They seem similar, in that both take the form of
dr? + r*df* + rzﬁ/agM

for some manifold M. However, there are important differences! Most importantly

and confusingly, the df is not the same in both cases. On (0, 1] x L12, the pushforward

of & through h equals %(|zle™, z1,)| . On the other hand, on (0,1] x Lo, we

have h, 5 = 4 (e « 2) o

6.4 L?*-Cohomology of V'

In this last section, we calculate the L2-cohomology of a punctured neighborhood of

the entire variety V.

Lemma 6.20. Let Y, Yy, and Ys be Riemanian manifolds (perhaps with corners)
so that' Y =Y, U Yy and the metrics of Y1 and Yy are the restrictions of the metric
of Y. Let o and {o;}2, be forms in L*Q*(Y'). Assume that the restrictions of the
a; converge to a on both Yy and Ys. Then the sequence {c;} converges to a on the

whole space Y .

Proof. If the sequence converges on both Y; and Y3, then

2
laly; = ajlyv: [y, — 0

for : = 1,2. Then

2 2 2
lo = ajly < llalvy —ajlwl, + llaly, — ajlwnly, = 0. O
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Theorem 6.21. Let K be defined as in Definition 3.8. Then K exists and is bounded.

Proof. Theorems 5.2 and 5.8 prove this theorem when restricting K to metrics of
either Cheeger type or Interpolations between metrics of Cheeger type (at least in
the case of low eccentricity, which we can always arrange using Theorem 5.9). In
Sections 6.2 and 6.3, we give a diffeomorphism V' = (0, 1] x L and split V' into pieces
Uy = (0,1] x Ly, Uz = (0,1] x Lqa, Uy = (0, 1] x Lo, where the identities on U; and
U, give quasi-isometies between the induced metric and Cheeger metrics, and the
identity on Ujs gives a quasi-isometry between the induced metric and an interpola-

tion between Cheeger metrics.

Since K.a converges in L? on each of the three pieces, K.« converges in L? on

the whole thing by Lemma 6.20.

Further, K is bounded, since there are constants Cy,, Cy,, and Cy, so that

|Kal? = |Kalf, + |Kal?, + |Kalf,
< CUl HQH?]l + CUIQHQH?le + CUQHO[”?]Q
< maX{CUUCUm?CUQ}HaHQ' L

Lemma 6.22. 1. Let w € Q¥(L) be a k-form for k < dimc(V). Then there are

constants A > 0 and b < 1 so that
rlwl? < As®|w|?
for all r,s € (0,1] satisfying r < s.

2. Let w € dom(d) be a k-form for k > dim¢(V). Then there is a constant A so
that
rlwl? = slwl?
for all r,s € (0,1].
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3. Let a € dom(d) be a k-form for k = dimc(V'). Then there are forms 8 and

v € dom(d) and some constant A > 0 so that f = o + d7y and

kB = sAlw, B3
for allr,s,t € (0,1] and r < s.

Proof. Because we can use Lemma 5.1 and Theorem 5.6 to prove 1 and 2 for the

regions Uy, U and Us, we can combine these estimates to get 1 and 2 for all of V.

For case 3, we first restrict a to U;o and use Theorem 5.20 to get a form ~ so

that the form 8 = o + dv satisfies

kB2, = Ak B0 0,

for all r,s,t € (0,1] and r < s. Because we « vanishes on a neighborhood of the
boundary of U;s by Theorem 5.20, we can extend it to a form on all of V. Then we
use Lemma 5.1 to get the estimate for 3 in the regions U; and U,. Combining these

three estimates, we get the end result. O]

Theorem 6.23. The L?-cohomology of V is given by

0 k > dime (V)

Hiy(V) = {HgR(L) k < dime(V) .

Proof. First, assume k < dimc (V). By Theorem 6.21, Lemma 6.22, and Lemma 3.2
we satisfy the conditions of Theorem 3.11, so H(ICQ)(V) = Hh(L).

Next, assume k > dim¢(V'). Take a class [a] € H (’“2)(1/) and choose a representa-
tive a. Then « € dom(d). Again by Theorem 6.21, Lemma 6.22 and Lemma 3.2, we

satisfy the conditions of Theorem 3.10. Thus K« is in dom(d) and

a=dKa).
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After using a smoothing homotopy operator if necessary, we see that [«] = 0. Since

[a] was arbitrary, H ("“2)(‘/) =0.

Last, assume k = dim¢ (V). Take a class [a] € H, (’“2)(\/) and choose a represen-
tative . We can use Lemma 6.22 to find forms § and «y in dom(d) and a constant

A > 0 so that f = o + dy and

rlr B = sAlkA)3

for all r,s,t € (0,1] and r < s. Then we can use Theorem 3.10 to say there is some

¢ e L2QFY(L) so that £ + K3 € dom(d) and

B=d(§+Kp).

After using a smoothing homotopy operator if necessary, we see that [a] = [8] =0

Since [a] was arbitrary, H (’“2)(1/) =0. O
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7

Conclusion

Theorem 6.23 gives us that the local L?-cohomology of certain specific varieties is
isomorphic to the intersection homology. These include, for example, the Ay simple
singularities. A natural next line of inquiry is to ask if the same methods as shown
here might work for other weighted homogeneous varieties (or to start, even other

Brieskorn varieties).

We see three major issues with extending this work, although none seem insur-
mountable. The first potential difficulty is that the analog of the interpolations of
Cheeger metrics as defined in Section 5.2 might involve more general fiber products,
and not merely true products as we assumed. Indeed, for the other simple singular-
ities (namely the Dy, Fs, E7, and Eg singularities), most of the work in this thesis
will still apply, with this one exception. Some preliminary work has suggested that

the arguments here may be able to be adapted to these cases as well.

Another, slightly larger issue is that for more complicated singularities, we may

need to “interpolate” between three or more model metrics. For example, in the
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work of [7], they are able to calculate the metric near each divisor of a suitable
relation; however, near the intersection of these divisors, the metric will look like
an interpolation between them. This requires a bit more care, and it is not ob-
vious that the averaging arguments of Section 5.4 will still apply. However, again

some preliminary calculations by the author suggest that this too might be overcome.

The largest hurdle to extending this work to general weighted homogeneous poly-
nomials is that locally some of the metrics will not look like Cheeger metrics; instead,
one might get relatively arbitrary multiply-warped products. As we saw in Chapter
4, these will not necessarily have the requisite properties: K may not be bounded in
the correct degrees, there may be high degree forms independent of r which are L2,
and other difficulties. This does not necessarily mean the CGM conjecture is false,
however. For most such varieties, we expect there to be some topological reason why
any L? closed form of a certain appearance must be L?-exact, and why any cohomol-
ogy class of the link is representable by an L? form. Indeed, one major hope is that
work in this area will shine some light on possible restrictions that the CGM con-

jecure would place on the local geometry and topology of complex algebraic varieties.
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Appendix A

Extra Calculations

Calculation A.1. For b < 1, we have the equality

Ll U A_d) "

Proof. We break this into the b # —1 case and the b = —1 case.

Case 1: (b# —1)

1 1 4. 1 bt
f <J A—ids) drzf%(l ! )dr
o \J, T 0o T b+1

- Olﬂil(r—tr) dr
:bfl (<1ib_%>_(0_0))
A

2(1—b)°

Case 2: (b= —1)
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First, verify that d% (%TQ Inr — zllr2) =rlnr. Then

1 1 b rl 1 —1
J JA—Sds dr = JAS ds ) dr
0 r /rb .JO r T_l
rl

:J Ar(Inl—Inr) dr
0

rl

= J —Arlnrdr
0

=—A[<%ln1—i> —(0—0)]

A
1

A

ETEDR -

Lemma A.2. Let 0 < ay,b; be nonnegative real numbers and 0 < as, by be positive

real numbers. Then

gar + (1 — q)by a b
max = max<{ —,— ¢, and
0<g<l gag + (1 — q)be as by
. qa; + (1 —q)by . far by
min =My —, 7= .
0<q<1 gas + (1 — q)bs az be

If 0 < ¢, then we also have the inequality

a a
qai < 1

qas+c¢  as+c

Proof. Denote f(q) = %. f is a smooth function, so its extrema can only

occur at values where f’(q) = 0 or at the endpoints. We can calculate

a1b2 — CLle
(qaz + (1 — q)b2)*

f(q) =

Thus, f(q) is either strictly monotonic in ¢ or constant. Either way, its extrema are

at the endpoints, which gives us the first part of our lemma.
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To get the last inequality, we can rewrite

gan _ qu+(1-¢)-0
qag +c¢  qlag+c¢)+ (1 —q)c’

and apply the first part of this lemma. n

Lemma A.3. Let (X1, g1) and (X2, g2) be Riemannian manifolds with boundary. Let
X = X1 x Xy, and let f,h : X — R be smooth functions. Construct the metrics gy
and g, on X via

gr =g+ [ g2, and

gh=01 +hgs.

Assume lastly that there are constants 0 < ¢ <1 < C < o0 so that ¢ < % < C for

every x € X. Then the identity map is a quasi-isometry between (X, gr) and (X, gp).

Proof. Given a point x = (x1,23), we can decompose any tangent vector v € T, X
as v = v + Vg, where vy € T, Xy and vy € T, Xo. Then gf(v,v) = g1(ve,v1) +
f(x)g2(v2,v2), and gn(v,v) = gi(v1,v1) + h(x)ga(ve, v2). Clearly
95(v,v) = gi(vr,v1) + f(2)g2(v2, v2)
< g1(v1,v1) + C h(x)ge(ve, v2)
< C(gi(vr,v1) + h(w)g2(v2, 12))

= Cgp(v,v).

Similarly,
9r(w,v) = gi(vr, v1) + f(x)g2(v2, v2)
> g1(v1,v1) + ch(x)g2(ve, v2)
> c(g1(v1,v1) + h(x)ga(va, v2)
= cgp(v,v). O
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Lemma A.4. Let z,z € R", and let x,z # 0. Then the scalar t € (—o0,0) which

minimizes the value |tx — z| is t = %COS 0, where 0 is the angle between x and z.

Proof. We prove this using the law of cosines. We can calculate

F(#) = Itz — 2|

= [tz[* + [}2]* — 2l 2] cos?

Furthermore, if |z| > |z|, then

=1

x < |z - 2.
]

—z

= t*z[* — ¢ 2]z | 2] cos 6) + []2]*

As this is a smooth function on a bounded , we find the minimum (if it exists) by

setting the derivative equal to zero. We get

f1(t) = 2t|z)* — 2z 2] cost,

and so f has a critical value at t = H cos @, is increasing in ¢t for larger ¢, and is
decreasing in t for smaller ¢. If ||z > |z, then for any 6, H cosf < H < 1, which
gives us our second statement. O
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