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Abstract

L2-cohomology is a cohomology theory on Riemannian manifolds. It agrees with

de Rham cohomology in the compact case, but is often different in the non-compact

case. In some informative examples of stratified spaces, L2-cohomology of the regular

part often agrees with the middle-perversity intersection homology of the stratified

space, giving a de Rham-style theorem. Unfortunately, this doesn’t always happen;

we give a family of examples of real algebraic varieties for which the L2-cohomology

and middle-perversity intersection homology are not equal.

In both this family and in the case of complex singularities, it often happens

that we can decompose the space into regions where the metric looks like that of a

multiply-warped product, or like interpolations between such regions. An illuminat-

ing class of examples is that of normal complex surface singularities. In this case,

the decomposition was begun by Hsiang and Pati and completed by Nagase, and this

decomposition played a heavy role in the computation of L2-cohomology.

Cheeger, Goresky, and MacPherson conjectured that the intersection cohomology

of complex projective varieties and the L2-cohomology of their regular part are iso-

morphic. One hope at the time of the conjecture would be that the proof would shed

light on the local structure of complex algebraic singularities. If one instead looks

at the local L2-cohomology and ask that it is isomorphic to the local intersection
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homology, then the conjecture does imply restrictions on the cohomology which is

only apparent after a closer look at the local geometry around the singularity.

In this thesis, we calculate the local L2-cohomology for several examples of affine

real and complex algebraic varieties with isolated singularities with the metric in-

duced with the Euclidean metric. We give examples of real algebraic varieties where

the local L2-cohomology is not isomorphic to the middle intersection homology.

We give another example where the local L2-cohomology is not even a subspace

of the cohomology of the link. We also calculate the local L2-cohomology for a

class of weighted homogeneous hypersurfaces; this class of examples includes the Ak-

singularities in arbitrary dimension.
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1

Introduction

Cheeger studied the L2-cohomology of special types of spaces pX, gq called metric

cones and metric horns. These are spaces where X “ p0, 1s ˆ L is topologically a

cylinder for some compact Riemannian manifold pL, gLq, possibly with corners, and

the metric is given by g “ dr2 ` r2cgL for some c ě 1. In this case, he found the

following intriguing result:

Theorem 1.1. [5] Let X “ p0, 1s ˆ L for a compact manifold L, n “ dimL be odd,

and X be a metric cone or horn. Then the L2-cohomology of pX, gq is given by

Hk
p2qpX, gq “

#

0 k ą n`1
2

Hk
dRpLq k ď n`1

2
.

This truncation of the cohomology of the link is reminiscent of intersection co-

homology. In fact, in this case the intersection cohomology with middle perversity

is isomorphic to the L2-cohomology. This was an exciting discovery. Intersection

cohomology had shown itself to be a robust theory of cohomology for spaces with

singularities, possessing nice properties which ordinary cohomology did not, such as

Poincaré Duality. L2-cohomology presented itself as a possible de Rham-style coho-
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mology theory which could allow calculations involving intersection homology using

the techniques of analysis, in much the same way that standard de Rham theory and

Hodge theory are related to ordinary de Rham cohomology.

The question that is naturally posed next was, For which spaces pX, gq are the

L2-cohomology and intersection cohomology isomorphic? While intersection coho-

mology is a topological invariant, the L2-cohomology depends on the specific metric

g chosen, so the question can be restated as, Is there a metric g so that pX, gq has

isomorphic L2-cohomology and intersection cohomology?

These questions were inevitably turned towards complex algebraic varieties, and

Cheeger, Goresky, and MacPherson made the following conjecture:

Conjecture 1.2. [6] Let X be a complex projective variety, and let g be the metric

on the regular part of X which is induced from the Fubini-Study metric on projective

space. Then

Hk
p2qpX, gq – HompIHkpXq,Rq .

Due to the axiomatic description of intersection homology, it suffices to check this

locally only. Thus, they use the analytic results of [5] to prove the conjecture in the

case of algebraic varieties with only isolated singularities where the neighborhoods

of those singularities are metric cones or metric horns, or metrics quasi-isometric to

these.

In [15], Hsiang and Pati claimed to prove this conjecture in the case of surfaces

with isolated singularities. Unfortunately, their paper had a important gap which

was subsequently filled by [17].1 Together, the two papers prove the result by break-

1 Before finding this paper by Nagase, this gap was also filled independently by the author twenty
years later, demonstrating the importance of full literature searches.
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ing up the neighborhood of a singularity into regions in which the metric is well

known, then using the explicit description of the metric to prove the requisite ana-

lytic estimates.

There is a common theme in both Cheeger’s proof of the metric horn case and in

Hsiang-Pati and Nagase’s proof for algebraic surfaces. Topologically, X “ p0, 1sˆL.

There is the usual homotopy operator which takes a smooth form on X and outputs

the value of the form on t1uˆL. In “low degrees”, this operator is bounded and the

resulting form is an L2 form. In “high degrees”, any form in the domain of d must

vanish as r approaches 0. This allows us to “extend” the form to a form on the cone

with the vertex included. This space is contractible, and so we can homotope the

form to zero. Thus, in low degrees, the L2-cohomology of X equals the cohomology

of the link L, and in high degrees, the L2-cohomology of X vanishes. Of course,

there are many details that go into making this program rigorous.

Unfortunately, one can show that the degrees which are considered “low” by this

structure do not always necessarily match up with what intersection cohomology

would consider “low” degrees. For example, we prove the following Künneth-like

theorem for multiply warped products:

Theorem 4.30. Let L “ L1 ˆ ¨ ¨ ¨ ˆ Lm be the product of compact manifolds, and

X “ p0, 1s ˆ L. Give X the metric

g “ dr2 ` r2c1gL1 ` ¨ ¨ ¨ ` r
2cmgLm

for some constants ci and metrics gLi on Li. Then the L2-cohomology of X is

isomorphic to
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Hk
p2qpX, gq –

à

k1`¨¨¨`km“k
c1pn1´2k1q`¨¨¨`cmpnm´2kmqą´1

Hk1
dRpL1q b ¨ ¨ ¨ bH

km
dR pLmq.

In particular, Hk
p2qpX, gq Ď Hk

dRpLq.

Later, in Section 4.5, we show how to realize metrics of this kind as the metric on

real algebraic varieties with an isolated singularity. For some of these metrics, there

are forms in middle degree or higher which are L2 when extended independently of r.

Correspondingly, the local L2-cohomology of these spaces can vary wildly from the

middle intersection homology. We also give a relatively simple example of a space

whose local L2-cohomology is not even a subspace of the cohomology of the link.

These examples give us an idea of what could conceivably go wrong.

One of the original hopes of the CGM conjecture was that a proof would shed

light on the local geometry of complex singularities. In fact, a proof of the conjecture

was put forth by Ohsawa for complex varieties with isolated singularities (see e.g. [18]

and [19]). However, the proof involves the degeneration of certain complete metrics,

and does not give insight into the local geometry of these singularities. Therefore, one

might still look for a more explicit proof of the kind used by Hsiang-Pati and Nagase.

A proof working locally with the Fubini-Study metric (or equivalently, the met-

ric on affine varieties induced by the Euclidean metric) has its difficulties, however,

because the metric is incomplete. The proofs of this kind that the author is aware

of all involve decomposing the metric into regions where it is quasi-isometric to a

particularly nice model metric, then patching the result together. This patching to-

gether must be done carefully; standard techniques like the Mayer-Vietoris sequence

are often invalid in this context.
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We give a proof of this kind for hypersurfaces of the type

tzk0 ` gpz1, ¨ ¨ ¨ , znq “ 0u Ă Cn`1 ,

where g is a homogeneous polynomial of degree less than k. This includes, for

example, the Ak`1 singularities. In particular, we prove the following theorem:

Theorem 6.23. Let V Ă Cn`1 be the hypersurface determined by the vanishing of a

polynomial

fpzq “ zβ0 ` gpz1, ¨ ¨ ¨ , znq ,

for some integers α and β satisfying 2 ď α ă β and some homogeneous polynomial

g of degree α. Then the local L2-cohomology of V is given by

Hk
p2qpV q “

#

0 k ě dimCpV q

Hk
dRpLq k ă dimCpV q .

where L is the link of V at the origin.

Our proof involves splitting a neighborhood of V at the origin into regions which

are either multiply warped products of a special kind or interpolations between such

regions. In Chapter 5, we show familiar bounds and techniques are valid in each of

these regions, then in Chapter 6 we patch them together to get our result.
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2

Background

2.1 Basic Notation for Riemannian Manifolds

Let X be an n-dimensional, oriented manifold with corners with a Riemannian met-

ric g. Let Ω‚pXq denote the smooth differential forms on X; this, along with its

exterior derivative d, is a cochain complex. The cohomology H‚
dRpXq “ H‚ pΩ‚pXqq

of this cochain complex is called the de Rham cohomology. The de Rham theorem

states that H‚
dRpXq is isomorphic to the singular cohomology with real coefficients

H‚pX,Rq.

By definition, the metric g defines an inner product on the pointwise tangent

spaces TxX, and thus it defines a norm. Dually, there is an inner product and norm

on the cotangent space T ˚xX. This inner product (resp. norm) can be extended to

the wedge product
Źk T ˚xX, which can be thought of as a map from pairs of k-forms

ω, φ to scalar functions pω, φq (resp. from k-forms ω to scalar functions |ω|).

The top degree wedge product
Źn T ˚xX at a point x P X is a 1-dimensional
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real vector space. The orientation on X is a choice of which non-zero elements are

positive. There is a unique, positive element whose norm is 1, and this element varies

smoothly on X. This defines a form dV which we call the volume form induced by

the metric g and the orientation. Using the volume form, the pointwise inner product

and norm induce an inner product and norm on global forms via

xα, βy “

ż

X

pα, βq dV , and

}α} “

ˆ
ż

X

|α|2 dV

˙1{2

.

2.2 L2-Cohomology

We define dompdq Ă Ω‚pXq to consist of the forms α for which }α} ă 8 and }dα} ă

8. Because dompdq forms a subcomplex of Ω‚pXq, we can consider its cohomology

H‚
p2qpX, gq. We call this the L2-cohomology of pX, gq. This depends not only on the

topology of X, but also in an essential way on the metric g.

Example 2.1.

dimH1
p2q

`

p0, 1q, dx2
˘

“ 0, but dimH1
p2q

`

p0,8q, dx2
˘

“ 8

where dx2 denotes the standard metric on p0,8q.

Proof. To see the first one, notice that }fpxqdx}2 “
ş1

0
|f |2 dx. Therefore, if fpxq dx

is an L2 form, then
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›

›

›

›

ż x

1{2

fpyq dy

›

›

›

›

2

“

ż 1

0

ˇ

ˇ

ˇ

ˇ

ż x

1{2

fpyq dy

ˇ

ˇ

ˇ

ˇ

2

dx

ď

ż 1{2

0

˜

ż 1{2

x

|fpyq|2 dy

¸

dx`

ż 1

1{2

ˆ
ż x

1{2

|fpyq|2 dy

˙

dx

ď

ż 1

0

|fpyq|2 dy ă 8 .

Therefore,
şx

1{2
fpyq dy is an L2-form, and fpxq dx “ d

´

şx

1{2
fpyq dy

¯

. Thus, every

closed, L2 1-form is the differential of an L2 0-form, and H1
p2qpp0, 1q, dx

2q “ 0.

Now we consider the other example. For a positive real number s P
`

´1,´1
2

˘

,

consider the form p1` xqs dx . This form is L2, but there is no L2 function for which

this is the differential. Indeed, if df “ p1` xqs dx, then fpxq “ C ` 1
1`s
p1` xqs`1 for

some constant C, and no value of C can make f an L2 function. Even more than

this, any form which is a finite linear combination of such forms is an L2 form but

cannot be the differential of an L2 function.

Thus, the vector space spanned by tp1` xqs dxu for s P
`

´1,´1
2

˘

injects into

H1
p2q pp0, 1q, dx

2q, so the dimension of H1
p2q pp0, 1q, dx

2q is infinite.

The subcomplex dompdq is not complete under the norm } ¨ }; we denote the com-

pletion1 L2Ω‚pX, gq. The exterior derivative d on dompdq is not bounded. However,

we can extend d to a closed, unbounded operator on L2Ω‚pX, gq. There are two

common ways to do this: the weak extension and the strong extension. The weak

extension of d is the adjoint δ˚0 , where δ0 is the unbounded operator which acts as the

codifferential and whose domain consists of compactly supported smooth forms (and

1 This is the same completion as the one we get by completing the subcomplex of Ω‚pXq consisting
of L2 forms, ignoring the L2 condition on dω.
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compactly supported away from any boundary of X). The strong extension of d is the

operator whose graph is the closure of the graph of d. It is a classic result that these

extensions give the same operator; see [9] and [14]. We will denote the extension as d̄

and its domain as dompd̄q and use whichever definition is more convenient as needed.

The subspace dompd̄q is also a cochain complex, and we denote its cohomol-

ogy as H‚
p2q,#pX, gq. As [5] points out, the inclusion dompdq ãÑ dompd̄q is a quasi-

isomorphism of complexes. In particular,

H‚
p2qpX, gq – H‚

p2q,#pX, gq .

This can be proven using a smoothing homotopy operator; see Section 12 of [11] for

an explicit description of this process. Which complex to use in practice is a delicate

question: d̄ is a closed operator, which makes some calculations easier, while dompdq

consists of smooth forms, which makes other calculations easier. We will try to be

clear about when we are using each complex; as a rough heuristic, dompdq is sufficient

for low degree forms, while we may need to use dompd̄q for high degree forms.

2.3 Quasi-Isometry

Ideally, we’d like to make specific calculations for a few model metrics, then relate

the metrics we find back to these model metrics. The metrics we find in practice will

not be these exact model metrics, but they will be quasi-isometric to them. Here we

introduce the concept of quasi-isometry and look at some of the properties that are

preserved under this notion.

Definition 2.2. Take two oriented Riemannian manifolds (possibly with corners)

pX, gq and pY, hq and a diffeomorphism f : X Ñ Y between them. Then f is called

9



a quasi-isometry if there exist constants 0 ă c ă C ă 8 so that

c|v|pX,gq ď |f˚v|pY,hq ď C|v|pX,gq

for every v P TxX and every x P X. We will say that pX, gq and pY, hq are quasi-

isometric. Crucially, the same constants c and C must be used for every x P X.

Remark 2.3. Often in the literature, quasi-isometry means a slightly stronger notion.

Namely, the space X is fixed, and two metrics g and h on X are called quasi-isometric

if the identity on X is a quasi-isometry between pX, gq and pX, hq as defined here.

Our definition will allow us a little more flexibility in our calculations.

Lemma 2.4. Let f : pX, gq Ñ pY, hq be a quasi-isometry, and let dimX “ n.

1. f´1 is a quasi-isometry with constants 1
C

and 1
c
.

2. For a k-form α P ΩkpXq,

ckf˚|α| ď |f˚α| ď Ckf˚|α|

as functions on X.

3. The map f˚ : Ω‚pY q Ñ Ω‚pXq induces a bounded isomorphism of complexes

f˚ : dompdY q Ñ dompdXq, and this in turn induces isomorphisms

f˚ : Hk
p2qpY, hq Ñ Hk

p2qpX, gq .

Proof. 1. By definition, f´1 is also a diffeomorphism. For a tangent vector w P

TyY , apply the estimates in the definition to the vector v “ f´1˚ w to get

c|f´1˚ w|pX,gq ď |f˚f
´1
˚ w|pY,hq ď C|f´1˚ w|pX,gq

c|f´1˚ w|pX,gq ď |w|pY,hq ď C|f´1˚ w|pX,gq

1

C
|w|pY,hq ď |f´1˚ w|pX,gq ď

1

c
|w|pY,hq .

10



2. At a point x P X,

|f˚α| “ max
pv1,¨¨¨ ,vkqP

śk TxX
|vj |ď1

pf˚αqpv1, ¨ ¨ ¨ , vkq

“ max
pv1,¨¨¨ ,vkqP

śk TxX
|vj |ď1

αpf˚v1, ¨ ¨ ¨ , f˚vkq

ď max
pw1,¨¨¨ ,wkqP

śk TfpxqY

|wj |ďC

αpw1, ¨ ¨ ¨ , wkq

“ max
pw1,¨¨¨ ,wkqP

śk TfpxqY

|wj |ď1

αpCw1, ¨ ¨ ¨ , Cwkq

“ Ck max
pw1,¨¨¨ ,wkqP

śk TfpxqY

|wj |ď1

αpw1, ¨ ¨ ¨ , wkq

“ Ckf˚|α| .

For the other direction, apply the same reasoning to the quasi-isometry f´1 to

show

|α| “ |pf´1q˚f˚α| ď
1

ck
pf´1q˚|f˚α|,

apply f˚ to both sides, and rearrange.

3. Because the vector space
Źn T ˚xX is one dimensional for each x P X, there is

some non-vanishing function p : X Ñ R so that

f˚dVY “ ppxqdVX ,

where dVY and dVX are the volume forms induced by the metrics h and g,

respectively. Applying part 2, we get

cnf˚|dVY | ď |f˚dVY | ď Cnf˚|dVY |

cnf˚|dVY | ď |ppxq dVX | ď Cnf˚|dVY |

cn ď |ppxq| ď Cn .

11



Assume f is orientation-preserving, so ppxq ą 0; if not, just insert a minus sign

where appropriate below. We have the following estimate for the L2 norm of

f˚α:

}f˚α}2pX,gq “

ż

X

|f˚α|2 dVX

ď

ż

X

Ckf˚|α|2
ppxq

cn
dVX

“
Ck

cn

ż

X

f˚|α|2 f˚dVY

“
Ck

cn

ż

Y

|α|2 dVY

“
Ck

cn
}α}2pY,hq .

Similarly, we show that ck

Cn
}α}2 ď }f˚α}2. Combining these two estimates,

we’ve shown that α P ΩkpY q is an L2 form if and only if f˚α is. Likewise,

β P ΩkpXq is an L2 form if and only if pf´1q˚β is. Furthermore, f˚ and pf´1q˚

are bounded maps. Similarly, dpf˚αq “ f˚dα is L2 if and only if dα is.

Thus, f˚ : dompdY q Ñ dompdXq and pf´1q˚ : dompdXq Ñ dompdY q are well

defined and inverses of each other. Both commute with the exterior derivative,

so they give an isomorphism of chain complexes, which in turn induces an

isomorphism on the cohomology of those complexes.

Lastly, we have a lemma on the relationship between bi-Lipschitz maps and quasi-

isometries.

Lemma 2.5. Let A and B be smooth submanifolds of Rn, and assume that A and B

are each given the induced Riemannian metric with respect to the Euclidean metric on

12



Rn. Assume we are given a diffeomorphism f : AÑ B and constants 0 ă c ă C ă 8

so that

c}x´ y} ď }fpxq ´ fpyq} ď C}x´ y}

for all x, y P A. Then f is a quasi-isometry.

Proof. In this case, TxA and TfpxqB are subspaces of Rn, and the metric on them

is the usual Euclidean inner product. Thus, we want to show for a tangent vector

v P TxA that

c}v} ď }f˚v} ď C}v|| .

Because v P TxA, there is a smooth path γ : p´1, 1q Ñ A so that γp0q “ x and

γ1p0q “ v. Then

v “ lim
tÑ0

γptq ´ γp0q

t
, and

f˚v “ lim
tÑ0

fpγptqq ´ fpγp0qq

t
.

Thus, we calculate

}f˚v} “

›

›

›

›

lim
tÑ0

fpγptqq ´ fpγp0qq

t

›

›

›

›

“ lim
tÑ0

›

›

›

›

fpγptqq ´ fpγp0qq

t

›

›

›

›

“ lim
tÑ0

1

t
}fpγptqq ´ fpγp0qq} .

Using our assumption that f is bi-Lipschitz, we get the inequalities

c lim
tÑ0

1

t
}γptq ´ γp0q} ď lim

tÑ0

1

t
}fpγptqq ´ fpγp0qq} ď C lim

tÑ0

1

t
}γptq ´ γp0q}

c }v} ď }f˚v} ď C}v} .
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2.4 The Cheeger-Goresky-MacPherson Conjecture

We will give some motivation in this section for what will come later. Let V Ă CPn

be a complex projective variety. There is a natural metric on CPn called the Fubini-

Study metric. We can consider the Riemannian manifold Vreg which is the non-

singular part of V with the metric induced from its embedding in CPn.

Conjecture 2.6. [6] Let V be a complex projective variety, and let g be the metric on

the regular part Vreg of V which is induced from the Fubini-Study metric on projective

space. Then

Hk
p2qpVreg, gq – HompIHkpV q,Rq ,

where IHKpV q is the middle perversity intersection homology.2

We will not give a treatment of intersection homology here, nor do we use it later

(but one can learn about it more in the article [6] this conjecture comes from, as well

as in [8] and [16] or in the original articles [12] and [13]). This is because there is a

local description which does not make use of these definitions:

Lemma 2.7. [6] The Cheeger-Goresky-MacPherson conjecture holds if V has only

isolated singular points, and for every point x P V and every sufficiently small,

contractible neighborhood U of x,

Hk
p2qpU, gq “

#

0 k ě dimCpV q

Hk
dRpLq k ă dimCpV q

,

where L is the link of the point x in V .

There is a similar local description in the case of a non-isolated singular point,

but we will only consider spaces with isolated singular points in this thesis.

2 Note that in [6], they allow forms to take complex values, so in their notation the field of
coefficients is C, not R.
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Let U be a small contractible neighborhood in CPn of a point x P V ; then there

is a holomorphic map from U to a neighborhood U 1 of the origin in Cn. The image

of U X V under this map is U 1 X V 1 for some affine algebraic variety V 1 Ă Cn, and

the image of U XVreg is the non-singular part V 1reg of U 1XV 1. Furthermore, this map

is a quasi-isometry between U X Vreg with the metric induced by the Fubini-Study

metric and V 1reg with the metric induced by the Euclidean metric.

Therefore, to prove the CGM conjecture locally, it suffices to consider the local

L2-cohomology of affine, complex algebraic varieties with the metric induced by the

Euclidean metric. In fact, the conjecture was motivated by the independent discov-

ery of this kind of vanishing in the case of the L2-cohomology of metric cones and

horns by Cheeger and of the same vanishing results in the case of middle perversity

intersection homology by Goresky and MacPherson.

Let us now give some history of the progress of this conjecture. A proof of the

conjecture in the case of complex curves can be found in Brüning and Lesch [4].

Hsiang and Pati claimed a proof for normal surfaces in [15], but there was a vital

gap. Nagase found and fixed this gap in [17]. The original proof in [15] involves

noticing that singularities of normal surfaces are isolated, that the singularities can

be blown up so that the preimage of each singularity is the union of divisors with

normal crossings, and that the quasi-isometry class of the metric has a particularly

nice form with respect to certain blow-ups. Hsiang and Pati called this type of metric

a Cheeger metric; we discuss a small generalization of these in Chapter 5.

However, they failed to calculate that in a decomposition of the neighborhood

as p0, 1s ˆ L for the link L of the singularity, there are also regions which can be

understood as interpolations of the Cheeger metrics. The gap was found by Nagase
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and corrected in [17]. Similar calculations of the local geometry of algebraic surfaces

can be found in the recent work of Birbrair, Neumann, and Pichon [2]. There has

also been work in studying what have since been called Hsiang-Pati coordinates for

more general varieties; see [20] and [7] for more details.

In a different vein, Saper found a class of complete metrics on Vreg when V has

isolated singularities (see [22] for the surface case, and [23] for the general dimension

case). Ohsawa then proved the CGM conjecture in the case of isolated singularities

by expanding this class of complete metrics, finding a sequence of metrics in this class

which degenerates to the Fubini-Study metric, and showing the required vanishing

properties are preserved through this degeneration (see [19] for details).

One might then consider the matter closed for varieties with isolated singularities.

However, this proof technique is somewhat unsatisfying in that it does not give us

the same understanding of the metric locally as previous approaches. In particular,

one might hope that a proof of the CGM conjecture would give us the analytic tools

to work with the L2 differential forms on V directly, or some understanding of the

local geometry. This is certainly the hope of Cheeger, Goresky, and MacPherson in

their original paper, in which they write, “The analysis is extremely delicate and it

depends on as yet unexplored aspects of the metric structure of X near a singularity,”

and “The resulting understanding of the differential geometry of the singularities of

X would be extremely interesting in itself.”
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3

Metrics on Topological Cones

3.1 Common Notation

We will find ourselves in the following situation repeatedly. Let X “ p0, 1s ˆ L be a

product space, where L is a compact manifold with corners. We call L the link. We

will have different conventions for coordinates on L depending on what specifically L

is, but we will use r to represent the coordinate on p0, 1s. Let Ω‚pLq be the smooth

forms on L.

For any form α P Ω‚pXq, we denote its evaluation at a specific value of r as

αprq P Ω‚pLq
à

dr ^ Ω‚pLq .

We can write any form α P Ω‚pXq as a form α “ κrα`dr^ ιrα; this uniquely defines

κr and ιr as projection operators.1 For all r P p0, 1s, κrαprq and ιrαprq are forms

in Ω‚pLq. We can think of κrαprq and ιrαprq as forms on the link via the inclusion

L – tru ˆ L ãÑ X.

1 We will use similar notation when we can break the tangent space into a direct sum of more
summands.
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In this chapter, we consider metrics on X that are quasi-isometric to a metric g

of the form

g “ dr2 ` gr

where for each r P p0, 1s, we have a metric gr on the link, and gr depends smoothly2

on r. Notice that B

Br
is orthogonal to any tangent vector of the link at all points in

X. These metrics appear in practice under mild conditions:

Lemma 3.1. Take a metric g on p0, 1s ˆ L. Assume there are constants 0 ă c ă

1 ă C ă 8 so that for all v P T˚L,

ˇ

ˇ

ˇ

ˇ

g

ˆ

B

Br
, v

˙
ˇ

ˇ

ˇ

ˇ

ď p1´ cqg

ˆ

B

Br
,
B

Br

˙1{2

gpv, vq1{2 , and

c ď g

ˆ

B

Br
,
B

Br

˙

ď C .

Then the identity map is a quasi-isometry between g and dr2 ` gr, where gr is the

metric g restricted to T˚L.

Proof. Take an arbitrary tangent vector a B
Br
` v, where v P T˚L. We can use our

assumptions to get the following lower bound:

g

ˆ

a
B

Br
` v, a

B

Br
` v

˙

“ a2g

ˆ

B

Br
,
B

Br

˙

` 2a g

ˆ

B

Br
, v

˙

` gpv, vq

ě a2g

ˆ

B

Br
,
B

Br

˙

´ 2ap1´ cqg

ˆ

B

Br
,
B

Br

˙1{2

gpv, vq1{2 ` gpv, vq

“ c

ˆ

a2g

ˆ

B

Br
,
B

Br

˙

` gpv, vq

˙

` p1´ cq

˜

ag

ˆ

B

Br
,
B

Br

˙1{2

´ gpv, vq1{2

¸2

ě c
`

a2c` gpv, vq
˘

ě c2
`

a2 ` gpv, vq
˘

.

2 By this we mean that in a local coordinate patch of L, gr can be written as a symmetric matrix
whose entries are smooth functions of r.
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Similarly, we can use our assumption and the AM-GM inequality to get the following

upper bound:

g

ˆ

a
B

Br
` v, a

B

Br
` v

˙

“ a2g

ˆ

B

Br
,
B

Br

˙

` 2a g

ˆ

B

Br
, v

˙

` gpv, vq

ď a2g

ˆ

B

Br
,
B

Br

˙

` 2ag

ˆ

B

Br
,
B

Br

˙1{2

gpv, vq1{2 ` gpv, vq

ď 2a2g

ˆ

B

Br
,
B

Br

˙

` 2gpv, vq

ď 2a2C ` 2gpv, vq

ď 2C
`

a2 ` gpv, vq
˘

.

Therefore, g is quasi-isometric under the identity to dr2`gr, where grpv, vq “ gpv, vq

for v P T˚L.

Given that we have many metrics gr on the link (one for each value of r), there are

many relevant L2-norms for forms on the link. For a form ω P Ω‚pLq
À

dr^Ω‚pLq,

we denote by }ω}r the L2-norm of ω that we get by using gr. Then for a form

α P Ω‚pXq, the L2-norm can be calculated via

}α||2 “

ż 1

0

}αprq}2r dr .

Let dL be the exterior derivative on the link L, and let d be the exterior derivative

on X. Then for α P ΩpXq, we have the formula

dα “ dpκrα ` dr ^ ιrαq “ dLκrα ` dr ^

ˆ

Bκrα

Br
´ dLιrα

˙

.

3.2 Useful Lemmas

The following lemmas will often be useful. They aim to generalize results originally

proved for cones and horns in [5].
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Lemma 3.2. Let ω P Ω‚pLq. If there are constants A ą 0 and b ă 1 so that

rb}ω}2r ď Asb}ω}2s for all r, s P p0, 1s satisfying r ď s, then the extension of ω to a

form on all X independent of r is an L2-form, and

}ω}2 ď
A

1´ b
}ω}21.

Proof. Since L is compact and ω is smooth, }ω}2r ă 8 for all r P p0, 1s. Then, the

claim follows from the following estimates:

}ω}2 “

ż 1

0

}ωprq}2r dr ď

ż 1

0

Ar´b}ω}21 dr “
A

1´ b
}ω}21 ă 8 .

Lemma 3.3. Let dr ^ ω P Ω‚pXq. If there are constants A ą 0 and b ă 1 so that

rb}ωptq}2r ď Asb}ωptq}2s for all r, s, t P p0, 1s satisfying r ď s, then

›

›

›

›

ż r

1

ωpsqds

›

›

›

›

2

ď
A

2p1´ bq
}ω}2 .

Proof.

›

›

›

›

ż r

1

ωpsq ds

›

›

›

›

2

“

ż 1

0

›

›

›

›

ż r

1

ωpsq ds

›

›

›

›

2

r

dr

ď

ż 1

0

ˆ
ż 1

r

rb

Asb
}ωpsq}2r ds

˙ˆ
ż 1

r

Asb

rb
ds

˙

dr

ď

ż 1

0

ˆ
ż 1

r

}ωpsq}2s ds

˙ˆ
ż 1

r

Asb

rb
ds

˙

dr

ď }ω}2
ż 1

0

ˆ
ż 1

r

Asb

rb
ds

˙

dr .

Calculation A.1 shows that for b ă 1 (including b “ ´1, which is calculated as a

special case),
ż 1

0

ˆ
ż 1

r

Asb

rb
ds

˙

dr “
A

2p1´ bq
.
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Lemma 3.4. Let α P L2Ω‚pXq. If there is a constant A ą 0 so that r}αptq}2r ě

As}αptq}2s for all r, s, t P p0, 1s satisfying r ď s, then there is a sequence of numbers

εk P p0, 1q so that εk Ñ 0 and }αpεkq}r
εkÑ0
ÝÝÝÑ 0 for any fixed r P p0, 1s. Furthermore,

for any 0 ă δ ă 1, we can find such a sequence tεku so that αpεkq converges to 0 in

L2Ω‚ prδ, 1s ˆ Lq.

Proof. The proof is adapated from that of Lemma 1.2 in [5]. If α satisfies the

conditions of the lemma, then for any r P p0, 1s,

ż r

0

t´1}αptq}2r dt ď

ż r

0

1

Ar
}αptq}2t dt ď

1

Ar
}α}2 ă 8 .

Thus, the function fptq “ t´1}αptq}2r is L1 on p0, rq; because fptq is smooth on

p0, 1s, it is also L1 on p0, 1s and on p0, 1
k
q. On the other hand, pt| lnptq|q´1 is not

L1 on any interval p0, 1
k
q. If fptq ě pt| lnptq|q´1 for every value in p0, 1

k
q, we’d get a

contradiction, so let εk be any value in p0, 1
k
q so that fpεkq ď pεk| lnpεkq|q

´1. Thus

εkfpεkq “ }αpεkq}
2
r ď | lnpεkq|

´1 for all εk. Since the right hand converges to zero as

εk Ñ 0, }αpεkq}
2
r also converges to zero.

Choose such a sequence for a value 0 ă δ ă 1. Because }αptq}r ď A}αptq}δ for

r P pδ, 1s, we get
ż 1

δ

}αpεkq}
2
r dr ď p1´ δq

1

A
}αpεkq}δ .

The righthand side approaches zero, so αpεkq converges to 0 in L2Ω‚ prδ, 1s ˆ Lq.

Lemma 3.5. Let dr^ω P Ω‚pXq be an L2 form. If there is a constant A ą 0 so that

}ωptq}2r ě A}ωptq}2s for all r, s, t P p0, 1s satisfying r ď s, then for any fixed r P p0, 1s,

ż r

0

ωptq dt “ lim
εÑ0

ż r

ε

ωptq dt
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exists as a form on the link in L2Ω‚pL, grq. Furthermore, for any 0 ă δ ă 1 we get

that
şr

ε
ωptq dt converges in L2Ω‚ prδ, 1s ˆ Lq. We also have that

şr

0
ω is an L2 form

in L2Ω‚pXq, and
›

›

›

›

ż r

0

ω

›

›

›

›

2

ď
1

A
}ω}2 .

Proof. Notice that if 0 ă a ă b ă r ď 1,

›

›

›

›

ż b

a

ωptq dt

›

›

›

›

2

r

ď

ż b

a

}ωptq}2r dt ď

ż b

a

1

A
}ωptq}2t dt .

By assumption,
şr

0
}ωptq}2t dt is finite. For any η ą 0, we can choose b small enough

so that
›

›

›

şb

a
ωptq dt

›

›

›

r
ă η. Thus,

şr

ε
ωptq dt forms a Cauchy sequence with respect to ε

in L2Ω‚pL, grq, so it converges. Also, for a fixed 0 ă δ ă 1, then

ż 1

δ

›

›

›

›

ż b

a

ωptq dt

›

›

›

›

2

r

dr ď
1

A

ż 1

δ

›

›

›

›

ż b

a

ωptq dt

›

›

›

›

2

δ

dr “ p1´ δq

›

›

›

›

ż b

a

ωptq dt

›

›

›

›

2

δ

.

As we can make this value as small as desired by choosing b small enough, we get

that
şr

ε
ωptq dt converges to

şr

0
ωptq dt in L2Ω‚ ppδ, 1s ˆ Lq for any 0 ă δ ă 1.

Now that we’ve shown
şr

0
ω exists for each value of r, we will show it is in L2Ω‚pXq:

›

›

›

›

ż r

0

ωptq dt

›

›

›

›

2

“

ż 1

0

˜

›

›

›

›

ż r

0

ωptq dt

›

›

›

›

2

r

¸

dr

ď

ż 1

0

ˆ
ż r

0

}ωptq}2r dt

˙

dr

ď

ż 1

0

ˆ
ż r

0

1

A
}ωptq}2t dt

˙

dr

ď
1

A

ż 1

0

ˆ
ż 1

0

}ωptq}2t dt

˙

dr

“
1

A
}ω}2 .
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3.3 The Operators Ka and Their Homotopy Formulas

Definition 3.6. For a number a P p0, 1q, define the operator Ka : Ω‚pXq Ñ Ω‚pXq

as

Kapφ` dr ^ ωq “

ż r

a

ωptq dt .

If the limit

lim
εÑ0

ż r

ε

ωptq dt

exists for all r, then we define the operator K0 as

K0pφ` dr ^ ωq “ lim
εÑ0

ż r

ε

ω .

Here the codomain of K0 is perhaps best described as paths in L2Ω‚pLq, as K0α is

not necessarily in Ω‚pXq nor is it necessarily in L2Ω‚pXq.

Lemma 3.7. If a P p0, 1s, then given a smooth form α “ φ ` dr ^ ω P Ω‚pXq, we

have the identity

dKaα `Kadα “ α ´ φpaq .

Proof. This is a straightforward calculation:

dKapφ` dr ^ ωq “ d

ˆ
ż r

a

ω

˙

“ dL

ˆ
ż r

a

ω

˙

` dr ^
B

Br

ż r

a

ω

“

ż r

a

dLω ` dr ^ ω .
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Kadpφ` dr ^ ωq “ Ka

ˆ

dLφ` dr ^

ˆ

Bφ

Br
´ dLω

˙˙

“

ż r

a

ˆ

Bφ

Br
´ dLω

˙

“ φprq ´ φpaq ´

ż r

a

dLω .

Adding these two calculations together, we get our result.

Definition 3.8. Define the operator K as

Kpφ` dr ^ ωq “

#

şr

1
ω for degpωq ă dimRpXq{2

şr

0
ω for degpωq ě dimRpXq{2 .

This operator may not be bounded on any suitable domain, nor is it even neces-

sarily well-defined for the obvious choices of domains. We will always be careful to

show it exists before using it.

Notice also that the definition of K depends not on the quasi-isometry class of

X, but on the specific way that X is decomposed as p0, 1s ˆ L. Whether or not

K is bounded (or even well-defined) cannot be found merely by knowing the quasi-

isometry class of X. In fact, [15] makes the mistake of claiming that K is bounded

for a given decomposition when it may not be. Part of the contribution of [17] is in

finding an alternative decomposition for which K is bounded.

The following lemma will be helpful in showing certain forms are in the domain

of d̄.

Lemma 3.9. Take a sequence of forms tαiu Ă Ω‚pXq and forms α, β P L2Ω‚pXq

so that for all 0 ă ε ă 1, tαiu converges in L2Ω‚ prε, 1s ˆ Lq to α and

"

dαi

ˇ

ˇ

ˇ

rε,1sˆL

*
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converges to β
ˇ

ˇ

ˇ

rε,1sˆL
in L2Ω‚ prε, 1s ˆ Lq. Then α P dompd̄q and d̄α “ β.

Proof. We prove this by using the property that d̄ is the weak extension of d. Take

a compactly supported γ. Then there is some 0 ă ε ă 1 so that γprq “ 0 for r ă ε.

Use the notation xα1, α2yrε,1s to be the global inner product on rε, 1s ˆ L with its

induced metric. Then

xα, δγy “ xα, δγyrε,1s

“ lim
iÑ8

xαi, δγyrε,1s

“ lim
iÑ8

xdαi, γyrε,1s

“ xβ, γyrε,1s

“ xβ, γy .

Therefore, α P dompd̄q, and d̄α “ β.

Theorem 3.10. Give a space X “ p0, 1s ˆ L with real dimension dimRpXq “ 2n.

Assume that

1. K as defined in Definition 3.8 exists and is a bounded operator K : L2Ω‚pXq Ñ

L2Ω‚pXq, and

2. if φ P L2ΩkpLq for k ă n, then φ P L2ΩkpXq when considered as a form on X

by extending independently of r.

Take some α “ φ` dr ^ ω P dompdq.

1. If degpαq ă n, then Kα P dompdq and

dpKαq `Kpdαq “ α ´ φp1q .

2. If degpαq ą n and

r}αptq}2r ě As}αptq}2s
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for some constant A ą 0 and for all r, s, t P p0, 1s with r ď s, then Kα P dompd̄q

and

Kpdαq ` d̄pKαq “ α .

3. If degpαq “ n and

r}φptq}2r ě As}φptq}2s

for some constant A ą 0 and for all r, s, t P p0, 1s with r ď s, then there is

some β P L2Ωn´1pLq so that β `Kα P dompd̄q and

Kpdαq ` d̄pβ `Kαq “ α .

Proof. This proof is similar to the proof of the specific case of metric horns as given

in [5]. Take a form α P dompdq.

1. In this case, Kα “
şr

1
ω, and we have the calculation

dKα`Kdα “ α ´ φp1q

from Lemma 3.7. Because α P dompdq, α and dα are L2 forms. Because K

is bounded, Kdα is an L2-form. By assumption 2, φp1q is an L2 form. Thus,

dKα is also an L2 form, and Kα P dompdq.

2. We can write α as

α “ φ` dr ^ ω

Pick some 0 ă δ ă 1. Let tεku be the sequence found for the given δ in Lemma

3.4 for the form φ. Kεkα may not be an L2-form, but for a fixed r, it does

define a smooth form on the link. We can apply Lemma 3.5 to show that the

limit

Kα “ lim
εÑ0

Kεα
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converges in L2Ω‚ prδ, 1s ˆ Lq for any fixed value 0 ă δ ă 1, and Kα is an

L2 form on X. Similarly, Kεpdαq converges in L2Ω‚ prδ, 1s ˆ Lq to Kpdαq, and

Kpdαq P L2ΩpXq is an L2-form.

We also know that Lemma 3.7 says we have the following homotopy formula

on smooth forms

dpKεkαq “ α ´ φpεkq ´Kεkpdαq .

Using Lemmas 3.4 and 3.5, we see that the righthand side converges to α ´

K0pdαq in L2Ω‚ prδ, 1s ˆ Lq for all 0 ă δ ă 1. Therefore, we satisfy the condi-

tions of Lemma 3.9. This tells us K0α is in the domain of d̄, and we have the

formula

d̄pK0αq “ α ´K0pdαq ,

which given our definition of K, is the same as

Kpdαq ` d̄pKαq “ α .

3. We can write

α “ φ` dr ^ ω,

where degpφq “ n and degpωq “ n´ 1.

Notice that as smooth forms,

Kεpdαq “ φ´ φpεq ´

ż r

ε

dLω.

For fixed r,
şr

ε
dLω

εÑ0
ÝÝÑ

şr

0
dLω converges to a form in L2ΩpLq because all

the other terms converge as forms on the link. In particular, for r “ 1,
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ş1

ε
dLω converges. Now,

ş1

ε
dLω P Rangepd̄Lq for all ε; because Rangepd̄Lq

is closed,
ş1

0
dLω is also in the range of d̄L. Thus,

ş1

0
dLω “ d̄Lβ for some

β P dom
`

dL
˘

Ă L2Ωm´1pLq.

Now pick some 0 ă δ ă 1. Let tεku be the sequence found for the given δ in

Lemma 3.4 for the form φ. Kεkα may not be an L2-form, but for a fixed r, it

does define a smooth form on the link. We can apply Lemma 3.5 to show that

the limit

Kα “ lim
εÑ0

Kεα

converges in L2Ω‚ prδ, 1s ˆ Lq for any fixed value 0 ă δ ă 1, and Kα is an

L2 form on X. Similarly, Kεpdαq converges in L2Ω‚ prδ, 1s ˆ Lq to Kpdαq, and

Kpdαq P L2ΩpXq is an L2-form.

We can also compute the following identity on smooth forms:

dpK1αq “ α ´ φpεkq ´Kεkpdαq ´

ż 1

εk

dLω .

Therefore,

d̄pK1α ` βq “ α ´ φpεkq ´Kεkpdαq ´

ż εk

0

dLω .

Using Lemmas 3.4 and 3.5, we see that the righthand side converges to α ´

K0pdαq in L2Ω‚ prδ, 1s ˆ Lq for all 0 ă δ ă 1. Therefore, we satisfy the condi-

tions of Lemma 3.9. This tells us Kα ` β is in the domain of d̄, and we have

the formula

d̄pβ `Kαq “ α ´Kpdαq .

Kpdαq ` d̄pβ `Kαq “ α .
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Theorem 3.11. Assume that X satisfies the conditions of Theorem 3.10. Then for

k ă n,

Hk
p2qpXq “ Hk

dRpLq .

Proof. Consider the subcomplexes A‚ Ă Ω‚pLq and B‚ Ă dompdq where

Ak “

$

’

&

’

%

0 k ě n

closed forms k “ n´ 1

ΩkpLq k ă n´ 1

and

Bk
“

$

’

&

’

%

0 k ě n

closed forms k “ n´ 1

pdompdqqk k ă n´ 1

Then HkpA‚q “ Hk
dRpLq and HkpB‚q “ Hk

p2qpXq for k ă n. Assumption 2 of

Theorem 3.10 says there is an inclusion ΩkpLq ãÑ L2ΩkpXq for k ă n, which implies

there is an inclusion

A‚ ãÑ B‚.

Case 1 of Theorem 3.10 says this inclusion induces an isomorphism on cohomology.
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4

Multiply-Warped Products

4.1 Hodge Theory for Manifolds with Boundary

In this section, we will recall some standard results on the Hodge Theory of compact

manifolds with boundary.

Let pN, gq be an n-dimensional, compact manifold with a smooth boundary, where

g is a Riemannian metric on the interior of N , and g extends continuously to the

boundary BN . There is a tubular neighborhood T of BN which is diffeomorphic to

BNˆr0, 1q, and there is a coordinate q on T so that q|BN “ 0 and B

Bq
is perpendicular

to BN .

Definition 4.1. In the neighborhood T , we can write a form as α “ αN ` dq^αD.

If αD|BN “ 0, we say α satisfies Neumann boundary conditions, and we denote the

space of such forms Ω‚NpNq. If αN |BN “ 0, we say α satisfies Dirichlet boundary

conditions, and we denote the space of such forms Ω‚DpNq.

If the boundary is empty, then Ω‚NpNq “ Ω‚DpNq “ Ω‚pNq. Notice that if

j : BN ãÑ N is the inclusion of the boundary, then α satisfies Dirichlet bound-
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ary conditions if and only if j˚α “ 0, and α satisfies Neumann boundary conditions

if and only if j˚p‹αq “ 0.

In particular, the Hodge star gives a linear isomorphism ‹ : Ωp
NpNq Ñ Ωn´p

D pNq.

Definition 4.2. A strongly harmonic form is a form ω so that dω “ 0 and δω “ 0.

A weakly harmonic form is a form ω so that 4ω “ dδω ` δdω “ 0.

Lemma 4.3. (Stoke’s Theorem, [24], Proposition 2.1.2)

If α is a k-form and β is a pk ` 1q-form, then

ż

BN

α ^ ‹β “

ż

N

dα ^ ‹β ´

ż

N

α ^ ‹ δβ .

In other words,

xdα, βy “ xα, δβy `

ż

BN

α ^ ‹β .

Remark 4.4. On a compact manifold without boundary, strongly and weakly har-

monic forms are the same. However, if BN ‰ H, then while all strongly harmonic

forms are also weakly harmoninc, the converse is not necessarily true. For exam-

ple, linear functions on the interval r0, 1s with the usual metric are weakly harmonic

forms, but they are not strongly harmonic unless they are constant.

Theorem 4.5. (Hodge decomposition for manifolds with boundary, [24], Cor. 2.4.9)

Let pN, gq be a compact Riemannian manifold, possibly with boundary, so that g is

smooth on the interior and extends continuously to the boundary. Then there are the

following orthogonal decompositions of the smooth forms

Ω‚pNq “ E ‘ H ‘ C

“ E ‘Hex ‘HN ‘ C

“ E ‘Hco ‘HD ‘ C
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where

E “ forms which are the differential of a Dirichlet form

C “ forms which are the codifferential of a Neumann form

H “ strongly harmonic forms

Hex “ strongly harmonic forms which are exact

HN “ strongly harmonic forms which are Neumann

Hco “ strongly harmonic forms which are coexact

HD “ strongly harmonic forms which are Dirichlet .

Note that HN is orthogonal to exact forms and HD is orthogonal to coexact forms.

Theorem 4.6. ([24], Cor. 3.4.8) If α P E ‘ Hex ‘ C, then there is a form β P

E ‘Hex ‘ C which satisfies the equation

4β “ d δβ ` δ dβ “ α

and the boundary conditions

β P Ω‚NpNq, dβ P Ω‚NpNq .

This solution β is called the solution to the Poisson equation for α with Neumann

boundary conditions. Furthermore, there is some constant C independent of α so

that

}β} ď C}α}, and

}δβ} ď C}α} .

Definition 4.7. The Neumann Green’s operator G : ΩppLq Ñ ΩppLq is the operator

which takes a form α to the solution of the Poisson equation for α´Aα with Neumann

boundary conditions, where A : ΩppLq Ñ Hp
N is the orthogonal projection operator

to Hp
N .
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Lemma 4.8. The operator G satisfies dGα “ Gdα. This implies δG is a bounded

homotopy operator between the identity operator and the projection to the Neumann

strongly harmonic forms. In other words,

pdδG` δGdqα “ α ´ Aα.

Proof. First we must show that dGα satisfies 4dGα “ dα:

dδGα ` δdGα “ α ´ Aα

d pdδGα ` δdGαq “ d pα ´ Aαq

dδdGα “ dα

dδdGα ` δddGα “ dα

4dGα “ dα ´ Adα

where Adα “ 0 as all Neumann strongly harmonic forms are orthogonal to exact

forms. Next, we must check that dGα satifies the boundary conditions. But dGα P

Ω‚NpNq by assumption on G, and dpdGαq “ 0 P Ω‚NpNq trivially.

Remark 4.9. This lemma is why we use Neumann boundary conditions. There are

other boundary conditions that would give us similar theorems to Theorem 4.6.

These would give us potentially different Green’s operators. However, they will not

necessarily satisfy dGα “ Gdα.

Lemma 4.10. 1. (Symmetry of the Neumann Laplacian) If α, dα, β, and dβ are

all in Ω‚NpNq, then

x4α, βy “ xα,4βy .

2. (Positivity of the Neumann Laplacian) If α and dα are both in Ω‚NpNq, then

x4α, αy ě 0 .
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Proof. First notice that if γ P ΩppNq and ξ P Ωp`1
N pNq, then

xdγ, ξy “ xγ, δξy `

ż

BN

γ ^ ‹ξ “ xγ, δξy .

Now we can start our proof.

1. Assume α, β, dα, dβ P Ω‚NpNq. Then

x4α, βy “ xdδα ` δdα, βy

“ xdδα, βy ` xδdα, βy

“ xδα, δβy ` xdα, dβy

“ xα, dδβy ` xα, δdβy

“ xα,4βy .

2. Assume α, dα P Ω‚NpNq. Then

x4α, αy “ xdδα ` δdα, αy

“ xδα, δαy ` xdα, dαy

“ }δα}2 ` }dα}2 ě 0 .

4.2 Hodge Theory for Product Metrics

We now switch our attention to spaces of the form N “ N1 ˆN2 ˆ ¨ ¨ ¨ ˆNm, where

each factor Nk is a compact oriented manifold with boundary of dimension nk. Then

N is a manifold with corners. For such N , the tangent bundle of N decomposes as

a direct sum of smaller bundles

T˚N “

m
à

k“1

T˚Nk .

This implies that for each vector field v P Γ pT˚Nq, there is a unique decomposition

v “ v1 ` ¨ ¨ ¨ ` vm P Γ p
Àm

k“1 T˚Nkq.
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Assume each Nk comes with a metric gNk . Then we can create a product metric

g by setting

gpv, wq “

#

0 v P T˚Nj, w P T˚Nk for j ‰ k

gNkpv, wq v, w P T˚Nk

and extending bilinearly. The cotangent space can likewise be decomposed as

T ˚N “

m
à

k“1

T ˚Nk .

Therefore, any 1-form can be written as

α “ α1 ` ...` αm

where αk P T
˚Nk at every point of the link. This induces a decomposition on the

space of differential forms on the link Ω‚pNq:

Ω‚pNq “
à

0ďp1ďn1

¨ ¨ ¨
à

0ďpmďnm

Ωpp1,...,pmqpNq

where at each point x “ px1, ¨ ¨ ¨ , xmq, each form in Ωpp1,...,pmqpNq is spanned by

wedges of forms φ “ φ1 ^ φ2 ^ ...^ φm so that φk P
Źpk T ˚xkNk. The degree of each

form in Ωpp1,...,pmqpNq is
řm
k“1 pk.

Each Nk also comes with a volume form dVk. This allows us to define a volume

form on N :

Definition 4.11. We define the volume form dV on N to be

dV “ dV1 ^ ¨ ¨ ¨ ^ dVm

where dVj is the volume form on Nj pulled back through the projection map N � Nk.

Notice that this is a choice of orientation, and it may depend on the order of the

factors N1, ¨ ¨ ¨ , Nm.
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Lemma 4.12. Take a form α “ α1 ^ ¨ ¨ ¨ ^ αm P Ωpp1,¨¨¨ ,pmqpNq where αk is the

pullback of a pk-form on Nk through the projection map N � Nk. Let |α| and }α}

be the pointwise and global norms on α induced by g, respectively, and let |αk|Nk and

}αk}Nk be the local and global norms on αk considered as a form on Nk. Then

|α| “ |α1|N1 ¨ ¨ ¨ |αm|Nm

}α} “ }α1}N1 ¨ ¨ ¨ }αm}Nm

Proof. We prove the identity for the pointwise norm first, and we prove it by induc-

tion onm. First assumem “ 2. There is an orthonormal basis ξ1, ¨ ¨ ¨ , ξn1 , β1, ¨ ¨ ¨ , βn2

of T ˚xN “ T ˚x1N1bT
˚
x2
N2, where ξk P T

˚
x1
N1 and βk P T

˚
x2
N2 for each k. We can write

α1 “
ÿ

|I|“p1

aI ξIp1q ^ ¨ ¨ ¨ ^ ξIpp1q .

where I is a p1-tuple where Ipjq ă Ipkq for j ă k. The collection
 

ξIp1q ^ ¨ ¨ ¨ ^ ξIpp1q
(

I

forms an orthonormal basis of
Źp1 T ˚x1N1, so we can write

|α1|
2
“

ÿ

|I|“p1

|aI |
2 .

Similarly, we can write

α2 “
ÿ

|J |“p2

bJ βJp1q ^ ¨ ¨ ¨ ^ βJpp2q ,

and

|α2|
2
“

ÿ

|J |“p2

|bJ |
2 .

Then we calculate

α1 ^ α2 “
ÿ

|I|“p1

ÿ

|J |“p2

`

aI ξIp1q ^ ¨ ¨ ¨ ^ ξIpp1q
˘

^
`

bJ βJp1q ^ ¨ ¨ ¨ ^ βIpp2q
˘

“
ÿ

|I|“p1

ÿ

|J |“p2

aI bJ ξIp1q ^ ¨ ¨ ¨ ^ ξIpp1q ^ βJp1q ^ ¨ ¨ ¨ ^ βJpp2q .
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As the collection
 

ξIp1q ^ ¨ ¨ ¨ ^ ξIpp1q ^ βJp1q ^ ¨ ¨ ¨ ^ βJpp2q
(

I,J
forms an orthonormal

basis for
Źp1`p2 T ˚xN , we get

|α1 ^ α2|
2
“
ÿ

I,J

|aI |
2
|bJ |

2

“

˜

ÿ

I

|aI |
2

¸˜

ÿ

J

|bJ |
2

¸

“ |α1|
2
|α2|

2 .

This concludes our base case. Now assume we’ve shown what is desired for all spaces

N1 ˆ ¨ ¨ ¨ ˆ Nm. Then N1 ˆ ¨ ¨ ¨Nm ˆ Nm`1 “ pN1 ˆ ¨ ¨ ¨Nmq ˆ Nm`1. By what we

showed for m “ 2,

|α1 ^ ¨ ¨ ¨ ^ αm ^ αm`1| “ |α1 ^ ¨ ¨ ¨ ^ αm| ¨ |αm`1| .

By our inductive assumption,

|α1 ^ ¨ ¨ ¨ ^ αm| “ |α1| ¨ ¨ ¨ |αm| .

Thus,

|α1 ^ ¨ ¨ ¨ ^ αm`1| “ |α1| ¨ ¨ ¨ |αm`1| .

This concludes the result for the pointwise norm.

For the global identity, we use Tonelli’s Theorem:

}α}2 “

ż

N1ˆ¨¨¨ˆNm

|α|2 dV

“

ż

N1ˆ¨¨¨ˆNm

|α1|
2
¨ ¨ ¨ |αm|

2 dV1 ^ ¨ ¨ ¨ ^ dVm

“

ˆ
ż

N1

|α1|
2 dV1

˙

¨ ¨ ¨

ˆ
ż

Nm

|αm|
2 dVm

˙

“ }α1}
2
N1
¨ ¨ ¨ }αm}

2
Nm , .

This concludes the proof.

37



By an abuse of notation, denote by ΩjpNkq Ă ΩjpNq the pullback of the j-forms

on Nk through the projection map πk : N � NK . Then consider the injection

E :
à

p1`¨¨¨`pm“ p

Ωp1pN1q b ¨ ¨ ¨ b ΩpmpNmq ãÑ Ωpp1,¨¨¨ ,pmqpNq

obtained via

α1 b ¨ ¨ ¨αm ÞÑ π˚1α1 ^ ¨ ¨ ¨ ^ π
˚
mαm .

Give the left hand side the norm

}α1 b ¨ ¨ ¨ b αm} “

ˆ
ż

N1

|α1|
2 dV1

˙1{2

¨ ¨ ¨

ˆ
ż

Nm

|αm|
2 dVm

˙1{2

.

By Lemma 4.12, our injection E is an isometry onto its image.

Lemma 4.13. The induced map pE on the completions

pE :
à

p1`¨¨¨`pm“ p

L2Ωp1pN1q b ¨ ¨ ¨ b L
2ΩpmpNmq Ñ L2Ωpp1,¨¨¨ ,pmqpNq

where the lefthand side is tensor product of Hilbert spaces is an isomorphism of Hilbert

spaces.

Proof. Because E is injective, so is pE. By the BLT Theorem (see [21]), pE is bounded.

If we can show that pE is surjective, then we’ll be done by the Inverse Mapping The-

orem. We shall do this now.

At any point px1, ¨ ¨ ¨ , xmq P N1 ˆ ¨ ¨ ¨ ˆ Nm, there is a neighborhood U “ U1 ˆ

¨ ¨ ¨ˆUm, where each Uk Ď Nk is a neighborhood of xk such that there are coordinate

functions tukju
nk
j“1 where dukj span T ˚Uk at each point on Uk. By an abuse of

notation, we also allow ukj and dukj to be functions and 1-forms on U respectively

by pulling back through πk. Thus,
Ťm
k“1 tdukju

nk
j“1 forms a basis of T ˚U at each point

in U , and the collection of all possible wedges

 

du1j11 ^ ¨ ¨ ¨ du1j1p1 ^ du2j21 ^ ¨ ¨ ¨ ^ dumjmpm
(

1ďjkiďnk
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locally spans
Źp1`¨¨¨`pm T ˚U .

Because each Nk is compact, we can cover Nk by a finite collection
!

U `k
k

)

`k
of

such neighborhoods, and we can find a partition of unity
!

χ`kk

)

`k
on Nk subordinate

to this cover. Then the collection
 

U p`1,¨¨¨ ,`mq
(

“
 

U `1
1 ˆ ¨ ¨ ¨ ˆ U

`m
m

(

p`1,¨¨¨ ,`mq
of such

neighborhoods covers N . If we extend each χ`kk independently of the other variables,

and set χp`1,¨¨¨ ,`mq “
śm

k“1 χ
`k
k , the collection tχp`1,¨¨¨ ,`mqup`1,¨¨¨ ,`mq is a partition of

unity subordinate to the cover
 

U p`1,¨¨¨ ,`mq
(

. To see this, first note that it is clear

each χp`1,¨¨¨ ,`mq is compactly supported in U p`1,¨¨¨ ,`mq, and that

ÿ

p`1,¨¨¨ ,`mq

χp`1,¨¨¨ ,`mq “
ÿ

p`1,¨¨¨ ,`mq

˜

ź

k

χ`kk

¸

“
ź

k

˜

ÿ

`k

χ`kk

¸

“
ź

k

1 “ 1.

Therefore, we can write any pp1, ¨ ¨ ¨ , pmq-form α as

α “
ÿ

p`1,¨¨¨ ,`mq

χp`1,¨¨¨ ,`mqα ,

and we can write χp`1,¨¨¨ ,`mqα in local coordinates as

χp`1,¨¨¨ ,`mqα “
ÿ

1ďjkiďnk

χp`1,¨¨¨ ,`mq aJ du1j11 ^ ¨ ¨ ¨ du1j1p1 ^ du2j21 ^ ¨ ¨ ¨ ^ dumjmpm .

Because α is an L2 form, the functions χp`1,¨¨¨ ,`mq aJ are L2 functions. It is a well

known theorem that L2pN1 ˆ ¨ ¨ ¨ ˆ Nm, gN1 ` gN2 ` ¨ ¨ ¨ ` gNmq is isomorphic to

L2pN1, g1qb¨ ¨ ¨bL
2pNm, gmq, where the tensor product is a tensor product of Hilbert

spaces; see Theorem II.10 of [21] for more details. Thus, we can write the functions

as the infinite sum of seperable functions:

χp`1,¨¨¨ ,`mq aJ “
8
ÿ

i“1

b1ib2i ¨ ¨ ¨ bmi ,
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where bki is the pullback of a function on Nk. Therefore, we can write α as the

infinite sum

α “
8
ÿ

i“1

ÿ

p`1,¨¨¨ ,`mq

ÿ

1ďjkiďnk

`

b1idu1j11 ^ ¨ ¨ ¨ ^ du1j1p1
˘

^¨ ¨ ¨^
`

bmidu1jm1 ^ ¨ ¨ ¨ ^ dumjmpm
˘

.

Each of the terms inside the kth pair of parentheses is the pullback of a form on Nk,

so each of the terms in this sum is in the image of E. Therefore, α is in the image

of pE.

This lemma will help us a lot in the definition of some of the operators in this

chapter.

Definition 4.14. The exterior derivative dmaps Ωpp1,¨¨¨ ,pmqpNq into
Àm

j“1 Ωpp1,¨¨¨ ,pj`1,¨¨¨ ,pmqpNq.

Define the partial differential

dNk : Ωpp1,¨¨¨ ,pmqpNq Ñ Ωpp1,¨¨¨ ,pk`1,¨¨¨ ,pmqpNq

to be the corresponding component of d. Define dNk on all of ΩppNq by extending

R-linearly.

Lemma 4.15. If α “ α1 ^ ¨ ¨ ¨ ^ αm where αk is the pullback of a pk-form on Nk,

then

dNkα “ p´1qp1`¨¨¨`pk´1α1 ^ ¨ ¨ ¨ ^ αk´1 ^ dNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm .

Proof. By standard properties of the exterior derivative of wedge products, we have

dα “
m
ÿ

j“1

p´1qp1`¨¨¨`pj´1α1 ^ ¨ ¨ ¨ ^ αj´1 ^ dαj ^ αj`1 ^ ¨ ¨ ¨ ^ αm .

Now dNjαi “ 0 for i ‰ j, because αi is constant in all the Nj directions. Therefore,

dα “
m
ÿ

j“1

p´1qp1`¨¨¨`pj´1α1 ^ ¨ ¨ ¨ ^ αj´1 ^ dNjαj ^ αj`1 ^ ¨ ¨ ¨ ^ αm .
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The only one of these terms that resides in Ωpp1,¨¨¨ ,pk`1,¨¨¨ ,pmqpNq is

p´1qp1`¨¨¨`pk´1α1 ^ ¨ ¨ ¨ ^ αk´1 ^ dNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm .

We can define partial analogs to other geometric operators as well.

Definition 4.16.

1. We define the partial codifferential δNk : ΩppNq Ñ Ωp´1pNq to be

δNk “ p´1qnpp´1q`1 ‹ dNk‹ ,

where ‹ is the usual Hodge star on all of N .

2. We define the partial Laplacian 4Nk to be

4Nk “ δNkdNk ` dNkδNk .

These also have particularly nice forms when applied to separable forms.

Lemma 4.17. If α “ α1 ^ ¨ ¨ ¨ ^ αm where αk is the pullback of a pk-form on Nk,

then

δNkα “ p´1qp1`¨¨¨`pk´1α1 ^ ¨ ¨ ¨ ^ αk´1 ^ δNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm , and

4Nkα “ α1 ^ ¨ ¨ ¨ ^ αk´1 ^4Nkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm .

Proof. We first prove the identity for δN1 when m “ 2. Take a pp1, p2q-form α1 ^ α2

on N1ˆN2. Define ‹1α1 to be the Hodge star of α1 on pN1, g1q, and similarly define

‹2α2 to be the Hodge star of α2 on pN2, g2q. Notice that if η1^η2 is another separable

pp1, p2q-form, then

pη1 ^ η2q ^
`

p´1qp2pn1´p1q ‹1 α1 ^ ‹2α2

˘

“ pη1 ^ ‹1α1q ^ pη2 ^ ‹2α2q

“ pη1, α1q ¨ pη2, α2q dV1 ^ dV2

“ pη1 ^ η2, α1 ^ α2q dV
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Therefore, ‹pα1 ^ α2q “ p´1qp2pn1´p1q ‹1 α1 ^ ‹2α2.

We calculate using our above observation and Lemma 4.15 that

‹dN1 ‹ pα1 ^ α2q “ ‹
`

p´1qp2pn1´p1q pdN1 ‹1 α1q ^ ‹2α2

˘

“ p´1qp2pn1´p1q`pn2´p2qpp1´1q p‹1dN1 ‹1 α1q ^ p‹2 ‹2 α2q

“ p´1qp2pn1´p1q`pn2´p2qpp1´1q`pn2´p2qp2 p‹1dN1 ‹1 α1q ^ α2

And setting c “ p2pn1´p1q`pn2´p2qpp1´1q`pn2´p2qp2`npp´1q`1`n1pp1´1q`1,

we get

δN1pα1 ^ α2q “ p´1qcpδN1α1q ^ α2 .

We now can check that p´1qc “ 1, and we’ve shown

δN1pα1 ^ α2q “ pδN1α1q ^ α2 .

Now take a general m. Write M “ N2 ˆ ¨ ¨ ¨ ˆ Nm and β “ α2 ^ ¨ ¨ ¨ ^ αm, so

N “ N1 ˆM and α “ α1 ^ β. Applying the two factor case we’ve already shown,

we get

δN1pα1 ^ ¨ ¨ ¨αmq “ δN1pα1 ^ βq

“ pδN1α1q ^ β

“ pδN1α1q ^ α2 ^ ¨ ¨ ¨αm .

Lastly, if k ‰ 1, we can write

δNkpα1 ^ ¨ ¨ ¨ ^ αmq “ p´1qpkpp1`¨¨¨`pk´1qδNk pαk ^ α1 ^ ¨ ¨ ¨ ^ αk´1 ^ αk`1 ^ ¨ ¨ ¨ ^ αmq

“ p´1qpkpp1`¨¨¨`pk´1qpδNkαkq ^ α1 ^ ¨ ¨ ¨ ^ αk´1 ^ αk`1 ^ ¨ ¨ ¨ ^ αm

“ p´1qpkpp1`¨¨¨`pk´1q`ppk´1qpp1`¨¨¨`pk´1qα1 ^ ¨ ¨ ¨ ^ αk´1 ^ δNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm

“ p´1qpp1`¨¨¨`pk´1q α1 ^ ¨ ¨ ¨ ^ αk´1 ^ δNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm .
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This ends the proof for δNk . Now we turn our attention to 4Nk . Luckily, this is

much easier, using what we’ve already done and Lemma 4.15:

4Nkpα1 ^ ¨ ¨ ¨ ^ αmq “ pdNkδNk ` δNkdNkqpα1 ^ ¨ ¨ ¨ ^ αmq

“ α1 ^ ¨ ¨ ¨ ^ αk´1 ^ ppdNkδNk ` δNkdNkqαkq ^ αk`1 ^ ¨ ¨ ¨ ^ αm

“ α1 ^ ¨ ¨ ¨ ^ αk´1 ^4Nkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm .

Lemma 4.18. Assume tφju Ă Ω‚pNq is a sequence of smooth forms which converge

in L2 to a smooth form φ P Ω‚pNq, and take an integer k satisfying 1 ď k ď m.

If the sequence tdNkφju converges in L2, it converges to dNkφ. Similarly, if tδNkφju

converges in L2, it converges to δNkφ.

Proof. Take such a sequence of smooth forms tφju. It is a standard result that the

exterior derivative on a compact Riemannian manifold with boundary is a closable

operator; see [10] for details. But each of the spaces Ωpp1,¨¨¨ ,pmqpNq are orthogonal

to the others, and the operator dNk is the composition of d with the orthogonal

projection into one of these spaces. Therefore, dNk is closable, so the sequence

tdNkφju converges in L2 to dNkφ. Because the Hodge star is an isometry between

Hilbert spaces, δNk “ p´1qnpp´1q`1 ‹ dNk‹ is also a closable operator, so tδNkφju

converges in L2 to δNkφ.

We now prove some properties about these partial operators. The following

geometric identities hold:

Lemma 4.19. For j, k P t1, ¨ ¨ ¨ ,mu,

1. d “ dN1 ` ¨ ¨ ¨ ` dNm

2. δ “ δN1 ` ¨ ¨ ¨ ` δNm

3. dNkdNj “ ´dNjdNk
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4. δNkδNj “ ´δNjδNk

5. δNkdNj “ ´dNjδNk if j ‰ k

6. 4 “ 4N1 ` ¨ ¨ ¨ `4Nm

7. dNj4Nk “ 4NkdNj if j ‰ k .

Proof. 1. This directly follows from the definition of the dNk .

2. This is a straightforward calculation:

δ “ p´1qnpp´1q`1 ‹ d‹

“ p´1qnpp´1q`1 ‹ pdN1 ` ¨ ¨ ¨ ` dNmq‹

“ p´1qnpp´1q`1 ‹ dN1 ‹ ` ¨ ¨ ¨ ` p´1qnpp´1q`1 ‹ dNm‹

“ δN1 ` ¨ ¨ ¨ ` δNm .

3. First we show this for a separable form α1 ^ ¨ ¨ ¨ ^ αm. First, if j “ k, then

dNkdNkpα1 ^ ¨ ¨ ¨ ^ αmq “ p´1qp1`¨¨¨`pk´1dNk pα1 ^ ¨ ¨ ¨ ^ αk´1 ^ dNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αmq

“ α1 ^ ¨ ¨ ¨ ^ αk´1 ^ dNkdNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm

“ 0 .

Now assume that j ‰ k, and assume without loss of generality that j ă k.

Then

dNkdNjpα1 ^ ¨ ¨ ¨ ^ αmq “ p´1qp1`¨¨¨`pj´1dNk
`

α1 ^ ¨ ¨ ¨ ^ αj´1 ^ dNjαj ^ αj`1 ^ ¨ ¨ ¨ ^ αm
˘

“ p´1q2p1`¨¨¨`2pj´1`pj`¨¨¨`pk´1`1α1 ^ ¨ ¨ ¨ ^ dNjαj^

¨ ¨ ¨ ^ dNkαk ^ ¨ ¨ ¨ ^ αm .

Notice the extra 1 in the exponent of the leading ´1, due to the fact that dNj

raises the degree of the jth term by 1. On the other hand,

dNjdNkpα1 ^ ¨ ¨ ¨ ^ αmq “ p´1qp1`¨¨¨`pk´1dNj pα1 ^ ¨ ¨ ¨ ^ αk´1 ^ dNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αmq

“ p´1q2p1`¨¨¨`2pj´1`pj`¨¨¨`pk´1α1 ^ ¨ ¨ ¨ ^ dNjαj^

¨ ¨ ¨ ^ dNkαk ^ ¨ ¨ ¨ ^ αm .
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Therefore, dNjdNk “ ´dNkdNj on separable forms, and by linearity this is

also true on finite sums of separable forms. Take an arbitrary smooth form

α P Ω‚pNq. By Lemma 4.13, we can find a sequence of finite sums of separable

forms tφiu which converges to α in L2. By applying Lemma 4.18 twice, we get

that the sequence tpdNkdNj ` dNjdNkqφiu converges to pdNkdNj ` dNjdNkqα; as

the sequence consists of only zero terms, we get that pdNkdNj ` dNjdNkqα “ 0

as well.

4. This is also a straightforward calculation:

δNkδNj “
`

p´1qnp`1 ‹ dNk‹
˘ `

p´1qnpp´1q`1 ‹ dNj‹
˘

“ p´1qnp`1p´1qnpp´1q`1p´1qnpn´pq`1 ‹ dNk
`

p´1qnpn´pq`1 ‹ ‹
˘

dNj‹

“ p´1qnp´1 ‹ dNkdNj‹

“ p´1qnp´1 ‹ p´dNjdNkq‹

“ ´δNjδNk .

5. This proof will go almost identically to the one for part 3. First we show this

for a separable form α1 ^ ¨ ¨ ¨αm. Assume that j ă k; the proof for k ă j is

the same, except the extra 1 in the exponent of the leading p´1q will appear

in the second calculation instead of the first. Then

δNkdNjpα1 ^ ¨ ¨ ¨ ^ αmq “ p´1qp1`¨¨¨`pj´1δNk
`

α1 ^ ¨ ¨ ¨ ^ αj´1 ^ dNjαj ^ αj`1 ^ ¨ ¨ ¨ ^ αm
˘

“ p´1q2p1`¨¨¨`2pj´1`pj`¨¨¨`pk´1`1α1 ^ ¨ ¨ ¨ ^ dNjαj^

¨ ¨ ¨ ^ δNkαk ^ ¨ ¨ ¨ ^ αm .

Notice the extra 1 in the exponent of the leading ´1, due to the fact that dNj

raises the degree of the jth term by 1. On the other hand,

dNjδNkpα1 ^ ¨ ¨ ¨ ^ αmq “ p´1qp1`¨¨¨`pk´1dNj pα1 ^ ¨ ¨ ¨ ^ αk´1 ^ δNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αmq

“ p´1q2p1`¨¨¨`2pj´1`pj`¨¨¨`pk´1α1 ^ ¨ ¨ ¨ ^ dNjαj^

¨ ¨ ¨ ^ δNkαk ^ ¨ ¨ ¨ ^ αm .
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Therefore, dNjδNk “ ´δNkdNj on separable forms, and by linearity this is

also true on finite sums of separable forms. Take an arbitrary smooth form

α P Ω‚pNq. By Lemma 4.13, we can find a sequence of finite sums of separable

forms tφiu which converges to α in L2. By applying Lemma 4.18 twice, we get

that the sequence tpδNkdNj`dNjδNkqφiu converges to pδNkdNj`dNjδNkqα; as the

sequence consists of only zero terms, we get that pδNkdNj`dNjδNkqα “ 0 as well.

6. We finish with one more simple calculation, using what we’ve already proven:

4 “ dδ ` δd

“ pdN1 ` ¨ ¨ ¨ ` dNmq pδN1 ` ¨ ¨ ¨ ` δNmq ` pδN1 ` ¨ ¨ ¨ ` δNmq pdN1 ` ¨ ¨ ¨ ` dNmq

“

m
ÿ

j,k“1

dNjδNk ` δNjdNk

“
ÿ

j

pdNjδNj ` δNJdNjq `
ÿ

j‰k

pdNjδNk ` δNkdNjq

“ 4N1 ` ¨ ¨ ¨ `4Nm .

7. This follows directly from parts 3 and 5, using the fact that 4Nk “ dNkδNk `

δNkdNk .

Definition 4.20. Let GNk : Ω‚pNkq Ñ Ω‚pNkq be the Neumann Green’s operator;

we can extend GNk to finite sums of separable forms by defining

GNkpα1 ^ ¨ ¨ ¨ ^ αmq “ α1 ^ ¨ ¨ ¨ ^ αk´1 ^GNkαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm .

and extending by linearity. Similarly, let Ak : Ω‚pNkq Ñ Ω‚pNq be the projection

onto the Neumann strongly harmonic forms of Nk, HNpNkq, and define Ak on finite

sums of separable forms by defining

Akpα1 ^ ¨ ¨ ¨ ^ αmq “ α1 ^ ¨ ¨ ¨ ^ αk´1 ^ Akαk ^ αk`1 ^ ¨ ¨ ¨ ^ αm .
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Theorem 4.21. The operators GNk , δNkGNk , and Ak on Ωp1pN1q b ¨ ¨ ¨ b ΩpmpNmq

are bounded operators and extend uniquely to bounded operators on L2Ω‚pNq. The

operators GNk and δNkGNk have the same bound as the Neumann Green’s operator

for pNk, gNkq, while the operator Ak has the bound 1.

Proof. By Lemma 4.12,

}GNkpα1 ^ ¨ ¨ ¨ ^ αmq} “ }α1} ¨ ¨ ¨ }αk´1}}GNkαk}}αk`1} ¨ ¨ ¨ }αm}

ď Ck}α} .

where Ck is the bound for the Neumann Green’s operator for pNk, gNkq. By Lemma

4.13 and the BLT Theorem, GNk extends uniquely to a bounded operator with the

same bound on all of L2Ω‚pNq.

The same exact argument applies to δNkGk, replacing each instance of GNk with

δNkGNk , and it applies also to Ak, by replacing the instances of GNk with Ak and the

instances of Ck with 1.

Proposition 4.22. 1. GNk , δNkGNk , and Ak all map Ω‚pNq into Ω‚pNq (i.e. the

image of a smooth form through these operators is again smooth).

2. dNjGNk “ GNkdNj for all j.

3. dNkAk “ 0 and δNkAk “ 0.

4. dNjAk “ AkdNj and δNjAk “ AkδNj for j ‰ k.

5. dGNk “ GNkd.

6. dAk “ Akd.

7. We have the following homotopy formula

dpδNkGNkαq ` δNkGNkpdαq “ α ´ Akα
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Proof. In the proof of Lemma 4.13, we show that we can write any smooth form as

the finite sum of forms which can be written as

α “ a dukj1 ^ ¨ ¨ ¨ ^ dukjpk ^ β ,

where a is a function which is compactly supported in some coordinate neighborhood

U1ˆ¨ ¨ ¨Um, dukj1 , ¨ ¨ ¨ , dukjpk are a collection of the coordinates pulled back from Nk,

and β is a wedge of a collection of the coordinates pulled back from the other factors

Nj for j ‰ k. We define γ “ a dukj1 ^ ¨ ¨ ¨ ^ dukjpk so that α “ γ ^ β.

We show that GNkα, δNkα, and Akα are all smooth forms; then because these are

linear operators and any form can be written as a finite sum of such pieces, we will

be done. In fact, by the definitions of ANk and GNk and by Lemma 4.17, it suffices

to show that GNkγ and δNkGNkγ are smooth.

Notice that γ can be thought of as a function from N1ˆ¨ ¨ ¨Nk´1ˆNk`1ˆ¨ ¨ ¨Nm

into ΩpkpNkq. Then Ak is the pointwise projection to the Neumann strongly harmonic

forms; by the Appendix at the end of Chapter 2 in [24], this means that because γ

is smooth, then Akγ is smooth.

Now we look at GNk and δNkGNk . By elliptic regularity, GNkγ and δNkGNkγ are

smooth forms on Nk for every choice of values xj P Uj, j ‰ k. In other words, the

partial derivatives of GNkγ and δNkGNkγ which are composed of the operators B

Bxki

all exist. Because GNk and δNkGNk are linear operators which are independent of uji

for j ‰ k, they commute with B

Buji
. Therefore, iteratively all partial derivatives of

GNkγ and δNkGNkγ exist.

Now to prove parts 2 through 4, we first note that by Lemma 4.18 and the fact
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that compositions and linear combinations of closable operators are closed, that if

B : Ω‚pNq Ñ Ω‚pNq is an operator obtained by linear combinations of composition

of finitely many dN1 , ¨ ¨ ¨ , dNm , δN1 , ¨ ¨ ¨ , δNm and bounded operators, then if tφiu is

a sequence of smooth forms which converges in L2 to another smooth form φ, then

the sequence of smooth forms tBpφiqu converges in L2 to Bφ.

Then notice that we can rearrange each of the identities in parts 2 through 4 to

be such an operator, we can verify this operator is zero on finite sums of separable

forms, and we can apply Lemma 4.13 to see that the operator is zero everywhere.

For example, set B “ dNjGNk ´ GNkdNj . Assuming first that j ă k, we get by

Lemma 4.15 and the definition of GNk that

Bpα1 ^ ¨ ¨ ¨ ^ αmq “ pdNjGNk ´GNkdNjqpα1 ^ ¨ ¨ ¨ ^ αmq

“ p´1qpp1`¨¨¨`pj´1qα1 ^ ¨ ¨ ¨ ^ dNjαj ^ ¨ ¨ ¨ ^GNkαk ^ ¨ ¨ ¨ ^ αm

´ p´1qpp1`¨¨¨`pj´1qα1 ^ ¨ ¨ ¨ ^ dNjαj ^ ¨ ¨ ¨ ^GNkαk ^ ¨ ¨ ¨ ^ αm

“ 0 .

Now assuming that j “ k, we get by Lemma 4.15, the definition of GNk , and 4.19

that

Bpα1 ^ ¨ ¨ ¨ ^ αmq “ pdNkGNk ´GNkdNkqpα1 ^ ¨ ¨ ¨ ^ αmq

“ p´1qpp1`¨¨¨`pk´1qα1 ^ ¨ ¨ ¨ ^ dNkGNkαk ^ ¨ ¨ ¨ ^ αm

´ p´1qpp1`¨¨¨`pj´1qα1 ^ ¨ ¨ ¨ ^GNkdNkαk ^ ¨ ¨ ¨ ^ αm

“ p´1qpp1`¨¨¨`pk´1qα1 ^ ¨ ¨ ¨ ^ pdNkGNkαk ´GNkdNkαkq ^ ¨ ¨ ¨ ^ αm

“ 0 .

Part 5 comes from part 2 and the fact that d “ dN1 ` ¨ ¨ ¨ ` dNm . Part 6 comes

from parts 3 and 4, the fact that d “ dN1`¨ ¨ ¨`dNm , and the fact that the Neumann
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strongly harmonic forms on Nk are orthogonal to exact forms, i.e. AkdNk “ 0.

Finally, part 7 comes from the following calculation, in which we use Lemmas 4.8

and 4.19:

dpδNkGNkαq ` δNkGNkpdαq “ pdN1 ` ¨ ¨ ¨ ` dNmqδNkGNkα ` δNkGNkpdN1 ` ¨ ¨ ¨ ` dNmq

“

m
ÿ

j“1

pdNjδNkGNkqα ` pδNkGNkdNjqα

“ pdNkδNkGNk ` δNkdNkGNkqα `
ÿ

j‰k

pdNjδNkGNk ´ dNjδNkGNkqα

“ pdNkδNkGNk ` δNkdNkGNkqα .

When applying pdNkδNkGNk ` δNkdNkGNkq to a separable form, we get

pdNkδNkGNk ` δNkdNkGNkqpα1 ^ ¨ ¨ ¨ ^ αmq “ α1 ^ ¨ ¨ ¨ ^ pdNkδNkGNk ` δNkdNkGNkqαk ^ ¨ ¨ ¨ ^ αm

“ α1 ^ ¨ ¨ ¨ ^ pαk ´ Akαkq ^ ¨ ¨ ¨ ^ αm

“ α ´ Akα .

If we take an arbitrary form α, we can approximate it by a sequence of finite sums of

separable forms tαiu. Then the sequence tpdNkδNkGNk ` δNkdNkGNkqαi´αi`Akαiu

must converge to pdNkδNkGNk ` δNkdNkGNkqα ´ α ` Akα. As the sequence consists

of only zeros, we’ve the shown the identity.

Proposition 4.23. Take a sequence of Riemannian manifolds with boundary pNk, gNkq

of dimension nk, respectively, where each metric extends continuously to the bound-

ary (the boundary may be empty). Consider the product manifold N “ N1ˆ¨ ¨ ¨ˆNm

with the product metric g “ gN1 ` ¨ ¨ ¨ ` gNm. There exist linear operators A,B :

Ω‚pNq Ñ Ω‚pNq so that

α “ Aα ` dBα `Bdα and

Aα P HNpNq
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where HNpNq is the space of Neumann strongly harmonic forms in N . Furthermore,

if Ck is the bound for the Neumann Green’s operator GNk on pNk, gNkq, then we have

the bounds

}Aα}2 ď }α}2, and

}Bα}2 ď

˜

m
ÿ

k“1

Ck

¸

}α}2 .

Proof. Take a form α P Ω‚pNq. Let Ak and GNk be the operators defined in Definition

4.20. Define the operators Bk inductively via

B1 “ δN1GN1 and

Bk “ δNkGNk ` AkBk´1.

We will inductively show the homotopy formulas

α ´ AkAk´1 ¨ ¨ ¨A1α “ dBkα `Bkdα.

The base case is part 7 of the previous proposition applied when k “ 1. If it

holds for Bk´1, then we use parts 6 and 7 along with our inductive hypothesis to say

dBkα `Bkdα “ d pδNkGNk ` AkBk´1qα ` pδNkGNk ` AkBk´1q dα

“ dpδNkGNkαq ` δNkGNkpdαq ` AkdBk´1α ` AkBk´1dα

“ α ´ Akα ` Akpα ´ Ak´1Ak´2 ¨ ¨ ¨A1αq

“ α ´ AkAk´1 ¨ ¨ ¨A1α .

Set A “ Am ¨ ¨ ¨A1 and B “ Bm. Then we have the homotopy formula

dBα `Bdα “ α ´ Aα .

Using parts 3 and 4 of the previous proposition, it is clear that dNkAα “ 0 and

δNkAα “ 0 for all k, so α P HpNq. Furthermore, Ak maps forms into forms with
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Neumann boundary conditions on Nk, subsequent operators Aj do not change that,

and α P HNpNq if and only if α satisfies the Neumann boundary conditions for each

factor Nk. Therefore, Aα P HNpNq.

Note also that

}Akα} ď }α}

because it is an orthogonal projection, and so inductively we see that

}Aα} ď }α} .

Similarly, we have the bound

}Bkα}
2
“ }δNkGNkα ` AkBk´1α}

2

ď Ck}α}
2
` }AkBk´1α}

2

ď Ck}α}
2
` }Bk´1α}

2 .

Inductively, we can see that

}Bα}2 ď pC1 ` ¨ ¨ ¨ ` Cmq}α}
2 .

It will be helpful now to have a characterization of HNpNq.

Theorem 4.24. (Harmonic Künneth Theorem)

Every Neumann strongly harmonic form α can be written as a sum

α “
ÿ

i

α1i ^ ¨ ¨ ¨ ^ αmi ,

where each αki is the pullback of a Neumann strongly harmonic form on Nk. In other

words,

Hp
NpNq “

à

p1`¨¨¨`pm“ p

Hp1
N pN1q ^ ¨ ¨ ¨ ^Hpm

N pNmq .
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Proof. Pick values xj P Nj for j ‰ 1. Then choose a coordinate neighborhood

Uj Ă Nj containing each xj. The neighborhood N1ˆU2ˆ¨ ¨ ¨ˆUm is a neighborhood

of the fiber N1 ˆ tx2u ˆ ¨ ¨ ¨ ˆ txmu. We can write the restriction of any form in this

neighborhood as

α “
ÿ

I

αI ^ βI ,

where α P Ωpp1,0,¨¨¨ ,0qpUq and βI is the wedge of pp2 ` ¨ ¨ ¨ ` pmq many 1-forms duji,

where uji is the pullback of a coordinate function on Nj for j ‰ 1. Since dα “ 0

and δα “ 0, we know dN1α “ 0 and δN1α “ 0. Therefore, αIpy2, ¨ ¨ ¨ , ymq P HNpN1q

is a Neumann strongly harmonic form for each value py2, ¨ ¨ ¨ , ymq P U2 ˆ ¨ ¨ ¨ ˆ Um.

By Theorem 2.2.7 of [24], Hp1
N pN1q is finite dimensional. Choose a basis th1iu of

Hp1
N pN1q. Then we can write αI uniquely as a linear combination of elements of this

basis; the coefficients a1i,I will be smooth functions on U which are constant on each

fiber N1 ˆ tx2u ˆ ¨ ¨ ¨ ˆ txmu. Then we can rewrite α as

α “
ÿ

I

¨

˝

dimHp1
N pN1q
ÿ

i“1

a1i,I h1i ^ βI

˛

‚

“

dimHp1
N pN1q
ÿ

i“1

h1i ^

¨

˚

˝

ÿ

I
Ijp1q‰1

a1i,I βI

˛

‹

‚

.

Because these coefficients are chosen uniquely, these local characterizations patch

together to give us a global decomposition of α as

α “

dimHp1
N pN1q
ÿ

i“1

h1i ^ γi ,

where the forms γi are each Neumann, harmonic, and constant on each fiber N1 ˆ

tx2u ˆ ¨ ¨ ¨ ˆ txmu. After applying this procedure iteratively, we get our desired

result.
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4.3 Hodge Theory for Scaled Metrics

In this section, we examine the Hodge theory of a compact Riemannian manifold with

boundary when the metric is scaled. Let N be an n-dimensional compact Riemanian

manifold with boundary, with a smooth metric g which extends continuously to the

boundary. Denote p¨, ¨qλ, x¨, ¨yλ, | ¨ |λ, } ¨ }λ, dVλ, ‹λ, δλ,4λ, and Gλ to be, respectively,

the pointwise inner product, global inner product, pointwise norm, global norm, vol-

ume form, Hodge star, codifferential, Laplacian, and Neumann Green’s operator of

pN, λ2gq for some positive real number λ ą 0. A commmonly used choice will be

λ “ r2c for some c ě 1, but this will not always be the case.

Lemma 4.25. Let α, β P ΩkpNq. We have the following formulas:

1. |α|λ “ λ´k|α|1

2. pα, βqλ “ λ´2kpα, βq1

3. dVλ “ λndV1

4. xα, βyλ “ λp´2k`nqxα, βy1

5. }α}λ “ λp´k`n{2q}α}1

6. ‹λα “ λp´2k`nq ‹1 α

7. δλα “ λ´2δ1α

8. 4λα “ λ´241α

9. Gλα “ λ2G1α .

Proof. 1. The identity map is a quasi-isometry from pN, gq to pN, λ2gq where

|v|λ “ λ|v|1 (so we can use λ as both the upper and lower bound). Then

applying Lemma 2.4.2, we get our result.
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2. If α or β are zero at the given point, then the identity is trivial. Otherwise,

ˆ

α

|α|λ
,
β

|β|λ

˙

λ

“ 1 “

ˆ

α

|α|1
,
β

|β|1

˙

1

, so

pα, βqλ “
|α|λ|β|λ
|α|1|β|1

pα, βq1 “ λ´2k pα, βq1 .

3. We know dVλ is a positive scalar multiple of dV1 because the orientation on N

doesn’t change. The correct scaling factor comes from part 1.

4. xα, βyλ “

ż

N

pα, βqλ dVλ

“

ż

N

λ´2k`npα, βq1 dV1

“ λ´2k`nxα, βy1 .

5. }α}λ “ pxα, αyλq
1{2
“ λp´k`n{2q pxα, αy1q

1{2
“ λp´k`n{2q}α}1 .

6. For an arbitrary η P ΩkpNq, we have

η ^ λp´2k`nq ‹1 α “ pη, λ
p´2k`nqαq1 dV1

“ λ´2kpη, αq1 λ
ndV1

“ pη, αqλ dVλ

“ η ^ ‹λα .

This gives us our identity.
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7. δλα “ p´1qnpk´1q`1 ‹λ d ‹λ α

“ p´1qnpk´1q`1λp´2pn´k`1q`nq ‹1 d
`

λp´2k`nq ‹1 α
˘

“ λ´2p´1qnpk´1q`1 ‹1 d ‹1 α

“ λ´2δ1α .

8. 4λα “ pdδλα ` δλdqα “ λ´2pdδ1α ` δ1dqα “ λ´241α .

9. 4λλ
2G1α “ λ´241λ

2G1α “ α ´ Aα .

Furthermore, λ2G1α P Ω‚NpNq and d pλ2G1αq “ λ2d pG1αq P Ω‚NpNq, so it

satisfies the boundary conditions.

Corollary 4.26. The operators δλGλ and Aλ, where Aλ is the projection to the Neu-

mann strongly harmonic forms, are constant in λ. Furthermore, there is a constant

C, independent of λ, so that

}δGα}λ ď Cλ}α}λ, and

}Aα}λ ď }α}λ .

Proof. Lemma 4.25 tells us δλGλ “ λ´2δ1λ
2G1 “ δ1G1 is constant. Since δ1G1 is

bounded on the link pN, gq, we have on a k-form φ,

}δ1G1α}λ “ λ´pk´1q`n{2}δ1G1α}1 ď λ´pk´1q`n{2C}α}1 ď λC}α}r .

Notice that the codifferential on pN, λ2gq is a scalar multiple of its counterpart on

pN, gq. This implies the Hodge decomposition of Theorem 4.5 is constant in λ. Thus,

the projection operator onto the Neumann strongly harmonic forms is constant, and

the bound is always 1 for an orthogonal projection.
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4.4 L2-Cohomology of Multiply-Warped Products

Let X “ p0, 1s ˆ L be a topological cone where the link L “ L1 ˆ ¨ ¨ ¨ ˆ Lm is

the product of compact manifolds with boundary. Then the tangent space of X

decomposes as

T˚X “ T˚p0, 1s ‘ T˚L1 ‘ ¨ ¨ ¨ ‘ T˚Lm.

Say there are metrics gLk on T˚Lk for all k, and the metric on X is given by

g “ dr2 ` gr “ dr2 ` r2c1gL1 ` ¨ ¨ ¨ ` r
2cmgLm .

Then we call this a multiply-warped product.

Lemma 4.27. 1. The space of Neumann strongly harmonic forms HN on pL, grq

is constant1 in r.

2. The operators AL,r and BL,r obtained from applying Proposition 4.23 to the

link L with the metric gr are constant in r.

3. The operators

Bpφ` dr ^ ωq “ BL,1φ´ dr ^BL,1ω and

Apφ` dr ^ ωq “ AL,1φ` dr ^ AL,1ω

are bounded operators on L2ΩkpXq satisfying the homotopy formula

Bdα ` dBα “ α ´ Aα .

Proof. 1. Assume α P HNpL, grq. We will show that for s P p0, 1q, α P HNpL, gsq.

Note that α is also a weakly harmonic form, so by Lemma 4.19 and 4.25,

0 “ 4rα

“ 4L1,rα ` ¨ ¨ ¨4Lm,rα

“ pr´2c14L1α ` ¨ ¨ ¨ ` r
´2cm4Lmqα .

1 Note that this does not necessarily imply that the entire Hodge Decomposition is constant in r.
In particular, the image of the codifferential might change.
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Because xr´2ck4Lkα, αy ě 0 for each k by Lemma 4.10.2, we have r´2ck4Lkα “

0. Because r, s ‰ 0, we get for each k that s´2ck4Lkα “ 0. Therefore,

4L,sα “ s´2c14L1α ` ¨ ¨ ¨ ` s
´2cm4Lmα “ 0 .

In other words, α is a weakly harmonic form on pL, gsq. Notice also the Neu-

mann boundary conditions α P Ω‚NpLq and dα P Ω‚NpLq do not depend on

r.

Lastly, a weakly harmonic form α satisfying α P Ω‚NpLq and dα P Ω‚NpLq is a

strongly harmonic form by Proposition 3.4.5 of [24], so α P HNpL, gsq. Thus,

HNpL, grq does not depend on r.

2. The operators Bk from the proof of Proposition 4.23 are of the form δNkGNk `

AkBk´1. From Corollary 4.26, we see that δNkGNk and Ak do not depend on

r. Therefore, Bk does not depend on r; in particular, Bm does not depend on

r, which is what we call here BL,r, nor does Am ¨ ¨ ¨A1, which is what we call

here AL,r.

3. From Corollary 4.26 we learn that the corresponding bounds Ck used in the

proof of Proposition 4.23 can be chosen to be independent2 of r. Then we have

}Bα}2 “

ż 1

0

}Bα}2r dr

ď

ż 1

0

˜

m
ÿ

k“1

Ck

¸

}α}2r dr

“

˜

m
ÿ

k“1

Ck

¸

}α}2 .

2 We can do even better, but independent will suffice here.
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Similarly,

}Aα}2 “

ż 1

0

}Aα}2r dr

ď

ż 1

0

}α}2r dr

“ }α}2 .

As for the homotopy formula, this is a straightforward calculation since every-

thing is smooth:

dBpφ` dr ^ ωq “ d pBL,1φ´ dr ^BL,1ωq

“ dLBL,1φ` dr ^

ˆ

BBL,1φ

Br
` dLBL,1ω

˙

, and

Bdpφ` dr ^ ωq “ B

ˆ

dLφ` dr ^

ˆ

Bφ

Br
´ dLω

˙˙

“ BL,1dLφ´ dr ^

ˆ

BL,1
Bφ

Br
´BL,1dLω

˙

.

Since B

Br
commutes with BL,1 “ δL,1G1, we get

dBα `Bdα “ dLBL,1φ`BL,1dLφ` dr ^ pdLBL,1ω `BL,1dLωq

“ φ´ Aφ` dr ^ pω ´ Aωq

“ α ´ Aα .

Lemma 4.28. For α P Ωpp1,¨¨¨ ,pmqpLq,

}α}2r “ rc1pn1´2p1q`¨¨¨`cmpnm´2pmq}α}21.

Proof. First consider a form α “ α1^¨ ¨ ¨^αm where αk is a pullback of a pk-form on

Lk through the projection map L� Lk. Lemma 4.12 says that pointwise, we have

|α|2pL,grq “ |α1|
2
pL1,r2c1gL1

q
¨ ¨ ¨ |αm|

2
pLm,r2cmgLm q

.

59



By Lemma 4.25, we have

|αk|
2
pLk,r

2ckgLk q
“ r´2ckpk |αk|

2
pLk,gLk q

.

Combining these two facts, we get

|α|2pL,grq “ r´2pc1p1`¨¨¨`cmpmq|α1|
2
pL1,g1q

¨ ¨ ¨ |αm|
2
pLm,gmq “ r´2pc1p1`¨¨¨`cmpmq|α|2pL,g1q .

We can locally write a general α as a sum
ř

j α1j^¨ ¨ ¨^αmj, where the collection

tα1j ^ ¨ ¨ ¨ ^ αmju are mutually orthogonal. Then

|α|2pL,grq “
ÿ

j

|α1j ^ ¨ ¨ ¨ ^ αmj|
2
pL,grq

“
ÿ

j

r´2pc1p1`¨¨¨`cmpmq|α1j ^ ¨ ¨ ¨ ^ αmj|
2
pL,g1q

“ r´2pc1p1`¨¨¨`cmpmq|α|2pL,g1q .

Finally, we can calculate

}α}2r “

ż

L

|α|2pL,grq dVr

“

ż

L

r´2pc1p1`¨¨¨`cmpmq|α|2pL,g1q r
c1n1`¨¨¨`cmnm dV1

“ rc1pn1´2p1q`¨¨¨`cmpnm´2pmq

ż

L

|α|2pL,g1q dV1

“ rc1pn1´2p1q`¨¨¨`cmpnm´2pmq}α}21 .

Corollary 4.29. Let φ P ΩkpLq, and extend it to a form on all of ΩkpXq indepen-

dently of r. This extension is an L2 form if and only if

φ P
à

k1`¨¨¨`km“k
c1pn1´2k1q`¨¨¨`cmpnm´2kmqą´1

Ωpk1,¨¨¨ ,kmqpLq .

Proof. Take φ P Ωpk1,¨¨¨ ,kmqpLq, and set c “ c1pn1 ´ 2k1q ` ¨ ¨ ¨ ` cmpnm ´ 2kmq. Then

Lemma 4.28 says }φ}r “ rc}φ}1. If c ą ´1, then Lemma 3.2 says that φ extends
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to an L2 form on X. On the other hand, if c ď ´1, then Lemma 3.4 says that if φ

extends to an L2 form on X, then φ “ 0.

Now we are ready to state our version of the Künneth Theorem for multiply-

warped products:

Theorem 4.30. Let L “ L1 ˆ ¨ ¨ ¨ ˆ Lm be the product of compact manifolds, and

X “ p0, 1s ˆ L. Give X the metric

g “ dr2 ` r2c1gL1 ` ¨ ¨ ¨ ` r
2cmgLm

for some constants ci and metrics gLi on Li. Then the L2-cohomology of X is

isomorphic to

Hk
p2qpX, gq –

à

k1`¨¨¨`km“k
c1pn1´2k1q`¨¨¨`cmpnm´2kmqą´1

Hk1
dRpL1q b ¨ ¨ ¨ bH

km
dR pLmq.

In particular, Hk
p2qpX, gq Ď Hk

dRpLq.

Proof. Take α P dompdq so that dα “ 0. Use Lemma 4.27 to write

α “ Aφ` dr ^ Aω ` dBα.

We can write Aω “ ηlow ` ηhigh, where

ηlowprq P
à

k1`¨¨¨`km“k
c1pn1´2k1q`¨¨¨`cmpnm´2kmqą0

Ωpk1,¨¨¨ ,kmqpLq

ηhighprq P
à

k1`¨¨¨`km“k
c1pn1´2k1q`¨¨¨`cmpnm´2kmqď0

Ωpk1,¨¨¨ ,kmqpLq

for all r P p0, 1q. Due to Theorem 4.24, both ηlow and ηhigh are also strongly harmonic

forms; in particular, dLηlow “ 0 and dLηhigh “ 0. Using Lemmas 3.3, 3.5, and 4.28,

we find that
ż r

1

ηlow and

ż r

0

ηhigh
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are L2 forms. By Lemma 3.9 and the fact that d
`şr

ε
ηhigh

˘

“ dr^ ηhigh for all ε ą 0,

we get

d̄

ˆ
ż r

0

ηhigh

˙

“ dr ^ ηhigh .

Combining these facts and the fact that d
`şr

1
ηlow

˘

, we get

α “ Aφ` d̄

ˆ
ż r

1

ηlow `

ż r

0

ηhigh `Hα

˙

.

Thus, any class in Hk
p2qpX, gq can be represented as a Neumann strongly harmonic

form Aα P Hk
NpLq extended independently of r. Since Aα is independent of r yet is

still an L2 form, Corollary 4.29 implies

Aα P Hk
NpLq

č

à

k1`¨¨¨`km“ k
c1pn1´2k1q`¨¨¨`cmpnm´2kmqą´1

Ωpk1,¨¨¨ ,kmqpLq

P
à

k1`¨¨¨`km“ k
c1pn1´2k1q`¨¨¨`cmpnm´2kmqą´1

Hk1
N pL1q ^ ¨ ¨ ¨ ^Hkm

N pLmq .

Combined with the Hodge Theorem, this finishes the proof.

4.5 Examples

Example 4.31. Let X “ p0, 1s ˆ L for some n-dimensional compact manifold L

with boundary. Assume X is equipped with a metric g given by

g “ dr2 ` r2cgL

for some metric gL on L and real constant c ě 1. Then Cheeger shows3 in [5] (and

we’ve reproven in this chapter) that

Hk
p2qpXq “

#

0 k ě n
2
` 1

2c

Hk
dRpLq k ă n

2
` 1

2c

3 He includes the condition that d̄L on degree pn´ 1q{2 forms has closed range, but this condition
is satisfied in the case of a compact link; see [9] for details.
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In particular, if n is odd or H
n{2
p2q pLq “ 0, then the L2-cohomology is isomorphic

to the middle intersection homology.

Example 4.32. Let X “ p0, 1s ˆ L1 ˆ L2, where dimL1 “ 1, dimL2 “ n for some

even n, and L1 and L2 are both compact manifolds with boundary. Assume X is

equipped with a metric g given by

g “ dr2 ` r2gL1 ` r
2cgL2 .

for some metrics gL1 and gL2 on L1 and L2, respectively, and some real constant

c ě 1. Then c1 “ 1, c2 “ c, n1 “ 1, and n2 “ n. We must check when

p1´ 2p1q ` cpn´ 2p2q ą ´1 .

If p1 “ 0, then this happens when p2 ą
n
2
. If p1 “ 1, then this happens when p2 ě

n
2
.

Thus, overall, this happens when p “ p1 ` p2 ą
n
2
. Thus, we’ve shown

Hk
p2qpXq “

#

0 k ě n`2
2

Hk
dRpLq k ă n`2

2

The requirement that n is even is key.

Metrics of this kind are called Cheeger metrics in [15], though we will extend

this definition to slightly more general spaces in the next chapter. They play an

important role in the calculation of the local L2-cohomology of complex algebraic

varieties.

Example 4.33. In this section, we’ll construct a series of real affine algebraic vari-

eties with an isolated singularity whose local L2-cohomology at the singularity is not

isomorphic to its local middle perversity intersection homology. A similar question

was looked at in [1], and in fact our family of examples extends theirs.
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Let pn1, ..., nmq be a tuple of natural numbers nk ě 1, and let pc, ..., cmq be a

tuple of rational numbers ck ě 1; write in lowest terms ck “ pk{qk, where the pk and

qk are positive integers. Let X Ă R1`
řm
k“1pnk`1q be the real algebraic variety cut out

by the system of equations

z2p1 “

˜

n1
ÿ

j“0

x21j

¸q1

...
...

z2pm “

˜

nm
ÿ

j“0

x2mj

¸qm

.

Then X is a real algebraic variety with an isolated singularity at the origin. The

link L of X can be found in this case by intersecting X with a union of disjoint

hyperplanes defined by |z| “ 1, which gives the equations

z “ ˘1

1 “
n1
ÿ

j“0

x21j

...
...

1 “
nm
ÿ

j“0

x2mj .

Therefore, we see that the link is the union of products

L “ pN1 ˆ ¨ ¨ ¨ ˆNmq
ď

pN1 ˆ ¨ ¨ ¨ ˆNmq ,

where Nk is an nk-sphere. We also see that we have a diffeomorphism

p0, 1s ˆ L
ψ
ÝÑ X X t|z| ď 1u

given by

ψpr,˘1, y11, ¨ ¨ ¨ , y1n1 , y21, ¨ ¨ ¨ , ymnmq “ p˘r, r
c1y1, ¨ ¨ ¨ , r

c1y1n1 , r
c2y21, ¨ ¨ ¨ , r

cmymnmq .
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Lemma 4.34. This diffeomorphism is a quasi-isometry between the metric on X X

t0 ă |z| ď 1u induced by the Euclidean metric and the multiply-warped product metric

on p0, 1s ˆ L given by

g “ dr2 ` r2c1gN1 ` ¨ ¨ ¨ ` r
2cmgNm .

Proof. At a point pr,˘1, y11, ¨ ¨ ¨ , y1n1 , y21, ¨ ¨ ¨ , ymnmq “ p˘r, r
c1y1, ¨ ¨ ¨ , r

c1y1n1 , r
c2y21, ¨ ¨ ¨ , r

cmymnmq,

the pushforward of B

Br
is

ψ˚
B

Br
“ p˘1, c1r

c1´1y11, ¨ ¨ ¨ , cmr
cm´1ymnmq ,

while the pushforward of v “ p0, v11, ¨ ¨ ¨ , vmnmq P T˚L is

ψ˚v “ p0, r
c1v11, ¨ ¨ ¨ , r

cmvmnmq .

If v P T˚Nk, then vij “ 0 for i ‰ k, pvk1, ¨ ¨ ¨ , vknkq is orthogonal to pyk1, ¨ ¨ ¨ , yknkq,

and ψ˚v “ rckv. Thus, ψ˚v is orthogonal to ψ˚
B

Br
and any w P T˚Nj for j ‰ k, while

xψ˚v, ψ˚wy “ r2ckxv, wy for v, w P T˚Nk. Therefore, the pullback metric on p0, 1sˆL

through ψ is given by

}ψ˚
B

Br
}
2dr2 ` r2c1gN1 ` ¨ ¨ ¨ r

2cmgNm .

Thus,

›

›

›

›

ψ˚
B

Br

›

›

›

›

2

“ 1`
m
ÿ

k“1

nk
ÿ

j“1

c2kr
2pck´1qy2kj “ 1`

m
ÿ

k“1

c2kr
2pck´1q .

This gives us the bounds

1 ď

›

›

›

›

ψ˚
B

Br

›

›

›

›

2

ď 1`
m
ÿ

k“1

c2k .

Applying Lemma 3.1, we get our result.
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Therefore, X is quasi-isometric to a multiply-warped product. We know its

L2-cohomology by applying Lemma 2.4 and Theorem 4.30. Generically the L2-

cohomology of these varieties will be different from the middle perversity intersection

homology.

To illustrate this in a specific case, set m “ 2, pn1, n2q “ p3, 2q, and pc1, c2q “

p1, 4q. The link is the union of two copies of S3 ˆ S2. The L2-cohomology will

have rank 2 in degree 3 due to the top degree of S3 while the middle perversity

intersection homology will be trivial; conversely, the intersection homology will have

rank 2 in degree 2 due to the top degree of S2, while the L2-cohomology will be trivial.

Example 4.35. Though we showed in Theorem 4.30 that the L2-cohomology of a

product metric is always a subspace of the cohomology of link, this is not always the

case for more general spaces. Here, we contruct an example of a multiply-warped

fiber bundle with an L2 form which is exact but not L2-exact.

Let M be the unit tangent sphere bundle of the real 2-sphere. Then M is 3-

dimensional, and M can be decribed as a fiber bundle

S1 M

S2

π

The tangent space of M decomposes globally as T˚M “ T˚S
1 ‘ T˚S

2. In fact,

T˚S
1 is a natural subspace, but T˚S

2 is not. However, we can choose the subspace

of parallel vectors if we fix a metric on M .
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Now let X “ p0, 1s ˆM , pick such a decomposition, and put a metric gr on T˚M

for each r as follows:

gr “ r2 gS2 ` r7 gS1 .

Then put a metric g on all of X like so:

g “ dr2 ` gr

“ dr2 ` r2 gS2 ` r7 gS1 .

There is a natural map T ˚S2 ãÑ T ˚M , and the pullback through any fiber map

j˚ gives an isomorphism T ˚S1 “ pT ˚S2qK. T ˚S1 is a real line bundle on a simply

connected space, so it is trivial. Pick a nonvanishing section τ ; we can choose τ so

that |τ | “ 1 everywhere and pick the sign of τ so that
ş

S1 j
˚τ is positive for every

fiber j : S1 ãÑM .

It turns out τ has several desirable properties. First of all, τ pulls back to a

generator of the 1-dimensional cohomology of any fiber, i.e. τ is a global angular

form. This means that the differential of τ is the pullback of the Euler class, i.e.

dτ “ π˚e. For this fiber bundle, e is twice the volume form; this is Exercise 11.18 in

[3]. In particular, π˚e is a nonzero 2-form. Because π˚e vanishes on T˚S
1
Â

T˚S
2

and τ vanishes on T˚S
2, we can calculate their norms, when considered as forms on

X by extending independently of r:

}τ}2 “

ż 1

0

r2r´7{2}τ}21 dr “

ż 1

0

r´1.5}τ}21 dr “ 8 and

}π˚e}2 “

ż 1

0

r2´4r7{2}π˚e}21 dr “

ż 1

0

r1.5}π˚e}21 dr ă 8 .

Thus, τ is not an L2 form, but π˚peq is.

Theorem 4.36. π˚peq is an L2 form which is exact, but it is not the differential of

any L2-form.
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Proof. All that’s left to prove is that π˚peq is not the differential of an L2 form. Take

any 1-form ω P Ω‚pXq satisfying dω “ π˚e. Then dpω ´ τq “ 0. Since H1pMq “ 0,

this says that ω ´ τ “ df , where f is a function on M . We can write

df “ s dr ` tτ ` η

where s and t are smooth functions and η P ΓpT ˚S2q. Then if j : S1 Ñ M is an

inclusion of a fiber,

ż

S1

j˚tτ “

ż

S1

j˚ps dr ` tτ ` ηq “

ż

S1

j˚df “ 0 .

Over an arbitrary fiber,

ż

S1

j˚|1` t|2τ ě

ˇ

ˇ

ˇ

ˇ

ż

S1

j˚p1` tqτ

ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

ż

S1

j˚τ ` 0

ˇ

ˇ

ˇ

ˇ

2

ě c

for some positive constant c, since
ˇ

ˇ

ş

S1 j
˚τ
ˇ

ˇ

2
is a continuous, positive function on

the compact space S2. We can use this result to show that }ω}2r ě cr´1.5:

}ω}2r “

ż

M

`

|s dr|2 ` |p1` tqτ |2r´7 ` |η|2r2
˘

dVr

ě

ż

M

|1` t|2
r´1.5

2
τ ^ π˚e

“

ż

S2

ˆ
ż

F

j˚p|p1` tq|2τ

˙

r´1.5

2
e

ě

ż

S2

cr´1.5

2
e

“ cr´1.5 .

Therefore,

}ω} “

ż 1

0

}ω}2r dr ě

ż 1

0

cr´1.5 dr “ 8 ,

and π˚e is not the differential of any L2-form.
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5

Analysis of Model Metrics

5.1 Analysis of Metrics of Cheeger Type

Consider an pn` 2q-dimensional manifold X “ p0, 1s ˆL so that n is even, and L is

a fiber bundle with base S1 and fiber N

N L

S1

where pN, gNq is an n-dimensional, compact Riemannian manifold (possibly with

boundary). Then the tangent space TxX decomposes pointwise into T p0, 1s‘TS1‘

TN , and we assume there is a value c ě 1 so that the metric on X is given by

dr2 ` r2dθ2 ` r2cgN ,

where r and θ are coordinates on p0, 1s and S1 respectively. We will call metrics of

this kind metrics of Cheeger type (the terminology first appeared in [15], although

our definition is a little broader).
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We can write any α P ΩkpLq as α “ κθα`dθ^ ιθα, which allows us to split ΩkpLq

into

Ωk
pLq “ Ωp0,kqpLq

à

Ωp1,k´1qpLq

where

Ωp0,kq has no dθ part

Ωp1,k´1q has a dθ part.

Lemma 5.1. 1. Take ω P Ωp0,kqpLq. Then }ω}2r “ r2cpn´k´1q`1}ω}21.

2. Take ω P Ωp1,k´1qpLq. Then }ω}2r “ r2cpn´kq´1}ω}21.

3. For k ă n`2
2

and ω P ΩkpLq, r´1}ω}2r ď s´1}ω}2s for r, s P p0, 1s and r ď s.

4. For k ě n`2
2

and ω P ΩkpLq, r}ω}2r ě s}ω}2s for r, s P p0, 1s and r ď s.

Proof. If a collection of vectors forms a orthonormal basis of a vector space V with an

inner product g, then the corresponding collection of covectors forms an orthonormal

basis on the dual space V ˚ with the inner product that g induces on V ˚; this is the

definition of the induced inner product. Similarly, an orthonormal basis of the wedge

product
Źk V is given by k-fold wedge products of the elements of the orthonormal

basis of V .

At a point x P L and using the metric dθ2 ` gN , we can find an orthonormal

basis g1 “
B

Bθ
, v1, ¨ ¨ ¨ , vn of L where vk P TxN Ă TxL. If we instead use the metric

gr “ r2 dθ2 ` r2cgN , then the orthonormal basis can instead be given by

r´1
B

Bθ
, r´cv1, ¨ ¨ ¨ , r

´cvn .
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If we choose dual vectors dθ, ω1, ¨ ¨ ¨ , ωn for the vectors associated to g1, then the

dual vectors for the metric gr is given by

rdθ, rcω1, ¨ ¨ ¨ , r
cωN .

Thus, if |rdθ|r “ 1, then we must have |dθ|r “ r´1. Likewise, |ωk| “ r´c. Then

the orthonormal basis for
Źk T ˚xL with the metric induced by gr is given by the

collection

tr dθ ^ rcωJp1q ^ ¨ ¨ ¨ ^ r
cωJpk´1quJ

ď

trcωIp1q ^ ¨ ¨ ¨ ^ r
cωIpkquI .

In particular, the volume form is given at a point by r1`cn dθ^ω1^¨ ¨ ¨ωn. Therefore,

we have

|dθ ^ ωJp1q ^ ¨ ¨ ¨ ^ ωJpk´1q|r “ r´1´cpk´1q and

|ωIp1q ^ ¨ ¨ ¨ ^ ωIpkq|r “ r´ck .

We can write a form ω P Ωp0,kqpLq at x as

ω “
ÿ

I

aI ωIp1q ^ ¨ ¨ ¨ ^ ωIpkq .

Therefore, |ω|2r “
ř

I |aI |
2r´2ck “ r´2ck|ω|21 , and we can calculate

}ω}2r “

ż

L

|ω|2r dVr

“

ż

L

r´2ck|ω|2r r
1`cn dV1

“ r1`cpn´2kq}ω}21 .

This gives us part 1 of our Lemma. Similarly, if ω P Ωp1,k´1qpLq, we have

}ω}2r “

ż

L

|ω|2r dVr

“

ż

L

r´2´2cpk´1q|ω|2r r
1`cn dV1

“ r´1`cpn´2pk´1qq}ω}21 .
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This gives us part 2. For parts 3 and 4, merely notice that if k ă n`2
2

, then k ď n
2
,

and

´1` cpn´ 2pk ´ 1qq ě 1` cpn´ 2kq ě 1 .

On the other hand, if k ě n`2
2

, then

1` cpn´ 2kq ď ´1` cpn´ 2pk ´ 1qq ď ´1 .

Then we can apply parts 1 and 2.

Parts 3 and 4 of Lemma 5.1 will allow us to use the Lemmas 3.2 to 3.5 from

Section 3.1. One important theorem is the following:

Theorem 5.2. The operator K from Definition 3.8 is well-defined and bounded.

Furthermore, if ω P ΩppLq for p ă n`2
2

, then ω extends to an L2 form on X.

Proof. Using parts 3 and 4 of Lemma 5.1, we can apply Lemmas 3.2, 3.3, and 3.5.

5.2 Analysis of Interpolations of Metrics of Cheeger Type

In this section, we will introduce the notion of an interpolation of metrics of Cheeger

type.

Definition 5.3. Consider an pn` 3q-dimensional manifold with corners

X “ p0, 1s ˆ r´1, 2s ˆ S1
ˆN

where N is an n-dimensional compact manifold, possibly with corners. Then T˚X

decomposes into T˚p0, 1s‘T˚r´1, 2s‘T˚S
1‘T˚N . For ξ ą γ ě 1, give X the metric

g “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

dr2 ` r2ξdq2 ` r2dθ2 ` r2ξgN ´1 ă q ă 0

dr2 ` r2γdq2 ` r2dθ2 `
`

qrγ ` p1´ qqrξ
˘2
gN 0 ă q ă 1

dr2 ` r2γdq2 ` r2dθ2 ` r2γgN 1 ă q ă 2

(5.1)
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where dr generates T ˚p0, 1s, dq generates T ˚r1, 2s, dθ generates T ˚S1, and gN is some

metric on N . We will write rN “ S1 ˆN as a shorthand.

Remark 5.4. Some care is needed is dealing with this metric because it is not con-

tinuous. However, it is extends to a smooth metric on each of the three sections

´1 ď q ď 0, 0 ď q ď 1, and 1 ď q ď 2. When we need results from previous sections,

we will always be able to apply them to one of these three sections.

We call such a space an interpolation of metrics of Cheeger type. Note that we

require a product, and not merely a fiber bundle as in the previous section.

Because all the information for this metric is encoded in the middle section where

0 ď q ď 1, we will also describe the above metric as an interpolation of metrics of

Cheeger type with middle part

dr2 ` r2γdq2 `
`

qrγ ` p1´ qqrξ
˘2
gN .

The metric g is a metric of Cheeger type for ´1 ď q ď 0, a different metric of Cheeger

type for 1 ď q ď 2, and the region 0 ď q ď 1 sort of interpolates between the two

metrics on either side (although note how the norm of dq scales with r slightly dif-

ferently for ´1 ď q ď 0 than in the other two regions).

Because the tangent space of the link decomposes, the space of differential forms

on the link L “ r´1, 2s ˆ rN also decomposes:

Ωp
pLq “

à

pq`pθ`pN “ p

Ωppq ,pθ,pN qpLq

where a form in Ωppq ,pθ,pN qpLq is the linear combination of wedges of pq many dq, pθ

many dθ, and pN many 1-forms from T ˚N . We also define Ωppq ,pθ,pN qpXq Ă Ω‚pXq
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to be the subspace of forms α P Ω‚pXq so that αprq P Ωppq ,pθ,pN qpLq for all r P p0, 1s.

Because we have such an explicit description of the metric, we can write down

precise formulas for }ω}r and }ω} as defined in Section 3.1. Also, it will be helpful in

estimates to consider the portion of }ω} which comes from each of the three regions.

Definition 5.5. Let ω P Ωppq ,pθ,pN qpXq. We define

}ωpq, rq}q,r “

ˆ
ż

rN

|ωpq, rq|2r1´2pθrξp1´2pqqrξpn´2pN q dV
rN

˙1{2

for ´ 1 ă q ă 0

}ωpq, rq}q,r “

ˆ
ż

rN

|ωpq, rq|2r1´2pθrγp1´2pqqpqrγ ` p1´ qqrξqn´2pN dV
rN

˙1{2

for 0 ă q ă 1

}ωpq, rq}q,r “

ˆ
ż

rN

|ωpq, rq|2r1´2pθrγp1´2pqqrγpn´2pN q dV
rN

˙1{2

for 1 ă q ă 2 .

We also define

}ω}2´1ďqď0 “

ż 1

0

ż 0

´1

}ωpq, rq}2q,r dq dr

}ω}20ďqď1 “

ż 1

0

ż 1

0

}ωpq, rq}2q,r dq dr

}ω}21ďqď2 “

ż 1

0

ż 2

1

}ωpq, rq}2q,r dq dr

}ω}2r “

ż 2

´1

}ωpq, rq}2q,r dq .

Notice

}ω}2 “ }ω}2´1ďqď0 ` }ω}
2
0ďqď1 ` }ω}

2
1ďqď2 .

Theorem 5.6. Consider a p-form ω P Ωppq ,pθ,pN qpLq with degree p “ pq ` pθ ` pN .

1. If n´ 2pN ă 0, p ă n`3
2

, and npξ ´ γq ă 2, then there is some b ă 1 so that

rb}ω}2r ď sb}ω}2s

for 0 ă r ď s ď 1.
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2. If n´ 2pN ě 0 and p ă n`3
2

, then there is some b ă 1 so that

rb}ω}2r ď sb}ω}2s

for 0 ă r ď s ď 1.

3. If n´ 2pN ď 0 and p ě n`3
2

, then

r}ω}2r ě s}ω}2s

for 0 ă r ď s ď 1.

4. If n´ 2pN ą 0, p ě n`3
2

, and ω is independent of q for 0 ď q ď 1, then

r}ω}2r ě
s

n´ 2pN ` 1
}ω}2s

for 0 ă r ď s ď 1.

5. If n´ 2pN ą 0, p ě n`3
2

, and npξ ´ γq ă 1, then

}ω}2r ě }ω}
2
s

for 0 ă r ď s ď 1.

For the following proof, set

c0 “
1´ 2pθ ` ξp1´ 2pqq ` ξpn´ 2pNq

2
,

c1 “
1´ 2pθ ` γp1´ 2pqq ` ξpn´ 2pNq

2
, and

c2 “
1´ 2pθ ` γp1´ 2pqq ` γpn´ 2pNq

2
.

Proof. Assume 0 ă r ď s ď 1. For ´1 ă q ă 0,

}ωpqq}2q,r “
´r

s

¯2c0
}ωpqq}2q,s ,
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and for 1 ă q ă 2,

}ωpqq}2q,r “
´r

s

¯2c2
}ωpqq}2q,s .

For 0 ă q ă 1, we have

}ωpqq}2q,r “

ż

rN

|ωpqq|2r1´2pθrγp1´2pqq
`

qrγ ` p1´ qqrξ
˘n´2pN dV

rN

“

´r

s

¯1´2pθ`γp1´2pqq
ˆ

qrγ ` p1´ qqrξ

qsγ ` p1´ qqsξ

˙n´2pN

}ωpqq}2q,s .

By Lemma A.2, if n´ 2pN ą 0, then

´r

s

¯2c1
}ωpqq}2q,s ď }ωpqq}

2
q,r ď

´r

s

¯2c2
}ωpqq}2q,s ,

if n´ 2pN “ 0, then

}ωpqq}2q,r “
´r

s

¯2c2
}ωpqq}2q,s ,

and if n´ 2pN ă 0, then

´r

s

¯2c2
}ωpqq}2q,s ď }ωpqq}

2
q,r ď

´r

s

¯2c1
}ωpqq}2q,s .

If p ă n`3
2

, then p ď n`1
2

since it must be an integer, and using this, one can

check that both c0, c2 ě
1
2
. Furthermore, if npξ ´ γq ă 2, then

2c1 “ 1´ 2pθ ` γp1´ 2pqq ` ξpn´ 2pNq

“ 1´ 2pθ ` γp1´ 2pqq ` γpn´ 2pNq ` pξ ´ γqpn´ 2pNq

ě 2c2 ´ npξ ´ γq

ą 1´ 2 “ ´1 .

On the other hand, if p ě n`3
2

, then one can check that both c0, c2 ď ´
1
2
. Now

we have enough to check our theorem case-by-case.
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1. Assume that n ´ 2pN ă 0, p ă n`3
2

, and npξ ´ γq ă 1. If we set b “

´mint2c0, 2c1, 2c2u ă 1, then

rb}ωpqq}2q,r ď sb}ωpqq}2q,s .

By integrating in q, we get what is desired.

2. Assume that n´ 2pN ě 0 and p ă n`3
2

. If we set b “ ´mint2c0, 2c2u ď 0, then

rb}ωpqq}2q,r ď sb}ωpqq}2q,s .

By integrating in q, we get what is desired.

3. Assume that n´ 2pN ď 0 and p ě n`3
2

. Then maxt2c0, 2c2u ď ´1, so

r}ωpqq}2q,r ě s}ωpqq}q,s .

By integrating in q, we get what is desired.

4. Assume that n ´ 2pN ą 0, p ě n`3
2

, and ω is independent of q for 0 ď q ď 1.

Then we must have pθ “ 1, pq “ 1, and pN “
n´1
2

. This gives us c0 “ c2 “ ´1,

so for ´1 ă q ă 0 or 1 ă q ă 2, we get

r}ωpqq}2q,r “ s}ωpqq}q,s .

Because ω is independent of q for 0 ă q ă 1,
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ż 1

0

}ω}2q,r dq “

ż 1

0

ż

rN

|ωpqq|2r1´2pθrγp1´2pqqpqrγ ` p1´ qqrξqn´2pN dV
rN dq

“

ż

rN

|ω|2
ˆ
ż 1

0

r1´2pθrγp1´2pqqpqrγ ` p1´ qqrξqn´2pN dq

˙

dV
rN

“

ż

rN

|ω|2
ˆ

r1´2pθrγp1´2pqq
rγpn´2pN`1q ´ rξpn´2pN`1q

rγ ´ rξ

˙

dV
rN

“

ż

rN

|ω|2

˜

r1´2pθrγp1´2pqq
n´2pN
ÿ

j“0

rjγrpn´2pN´jqξ

¸

dV
rN

“

´r

s

¯1´2pθ`γp1´2pqq

˜

řn´2pN
j“0 rjγ`pn´2pN´jqξ

řn´2pN
j“0 sjγ`pn´2pN´jqξ

¸

ż 1

0

}ω}2q,s dq

ě
1

n´ 2pN ` 1

´r

s

¯1´2pθ`γp1´2pqq
´r

s

¯γpn´2pN q
ż 1

0

}ω}2q,s dq

“
1

n´ 2pN ` 1

´r

s

¯2c2
ż 1

0

}ω}2q,s dq

ě
1

n´ 2pN ` 1

´s

r

¯

ż 1

0

}ω}2q,s .

We can put all this together to get

r}ω}2r “ r

ż 2

´1

}ωpqq}2q,r dq

ě
s

n´ 2pN ` 1

ż 2

´1

}ωpqq}2q,s dq

“
s

n´ 2pN ` 1
}ω}2s

5. Assume that n´2pN ą 0, p ě n`3
2

, and npξ´γq ă 2. Then we must have pθ “ 1,

pq “ 1, and pN “
n´1
2

. This gives us 2c0 “ 2c2 “ ´1, and 2c1 “ ´1´γ`ξ ă 0,

so

}ωpqq}2q,r ě }ωpqq}
2
q,s .
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By integrating in q, we get what is desired.

Remark 5.7. Case 1 consists of forms with no dq or dθ part, because the conditions

on pN and p imply that pN “ p. Similarly, Case 4 consists of forms which are

linear combinations of dq ^ dθ ^ φ, where φ is an n´1
2

-form on the link, because the

conditions on pN and p imply p “ pN ` 2.

Theorem 5.8. Assume that npξ´ γq ă 1. Then the operator K from Definition 3.8

is well-defined and bounded. Furthermore, if ω P ΩppLq for p ă n`3
2

, then ω extends

to an L2 form on X.

Proof. Using cases 1, 2, 3, and 5 of Theorem 5.6, we can apply Lemmas 3.2, 3.3, and

3.5.

Unfortunately, we do not quite have enough control to apply Theorem 3.10 and

calculate the L2-cohomology directly. If npξ´γq ă 1, we are pretty close though! For

α P dompdq and degpαq ă n`3
2

, we can use Theorem 3.10 to show that Kα P dompdq

and

dpKαq `Kpdαq “ α ´ φp1q .

Likewise, for α P dompdq and degpαq ą n`3
2

, we can use Theorem 3.10 to show that

Kα P dompd̄q and

d̄pKαq `Kpdαq “ α .

Thus, we can see that if npξ ´ γq ă 1, then

Hk
p2qpXq “

#

0 k ą n`3
2

Hk
dRpLq k ă n`3

2

.

The only finicky degree is the middle degree, where unfortunately the bound from

case 5 of Theorem 5.6 does not give us quite enough information to guarantee the

conclusions of Lemma 3.4. We must do a little work to homotope any form in dompdq
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of degree pn` 3q{2 to the sum of a form with n´ 2pN ď 0 (case 3) and a form with

n´ 2pN “ 1 which is independent of q for 0 ď q ď 1 (case 4).

5.3 Decomposing Into Interpolations With Smaller Eccentricity

The value npξ ´ γq which appeared in the statement of Theorem 5.6 plays an im-

portant role; we will call it the eccentricity of the interpolation. For some of our

results to hold, we’ll need npξ´γq to be small enough. The following theorem shows

how to split an interpolation into the union of two distinct interpolations, each with

half the eccentricity. We can then repeat this process as often as we’d like until the

eccentricity is as low as we’d like; in particular, we can continue until the eccentricity

in each region is less than 1, which is sufficient for Theorem 5.6.

Theorem 5.9. Consider an interpolation of metrics of Cheeger type with exponents

γ and ξ as given by Equation 5.1. Set s “ 1
2
pξ ´ γq. Then the region ´1 ď q ď 1

2
rs

is quasi-isometric to an interpolation of metrics of Cheeger type with γ`s and ξ, and

the region 1
2
rs ď q ď 2 is quasi-isometric to an interpolation of metrics of Cheeger

type with γ and γ ` s.

First we will prove a lemma.

Lemma 5.10. If a, b, cθ, cN : X Ñ r0,8q are positive real functions and a is bounded

from above by some constant C, then the identity is a quasi-isometry between the

metric
`

1` a2
˘

dr2 ` ab pdr dp` dp drq ` b2 dp2 ` cθ dθ
2
` cN gN

and the metric

dr2 ` b2dp2 ` cθ dθ
2
` cN gN .

Proof. By assumption, a ă C for some constant C, so

1 ď 1` a2 ď 1` C2 .
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Furthermore,

ab ď
a

p1` a2q1{2
`

1` a2
˘1{2

b

ď
C

p1` C2q1{2

`

1` a2
˘1{2

b

where the last inequality comes from Lemma A.2 after defining q “ a2

C2 and rearrang-

ing

a

p1` a2q1{2
“

ˆ

p1´ qq ¨ 0` qC2

p1´ qq ` qp1` C2q

˙1{2

.

Then we can apply Lemma 3.1 to get our desired result.

Now let’s go ahead and prove Theorem 5.9.

Proof. We’ll first prove the theorem for the region ´1 ď q ď 1
2
rs.

We can define a piecewise-smooth homeomorphism

p0, 1s ˆ r´1, 2s ˆ rN ÝÑ

"

pr, q, xq P p0, 1s ˆ r´1, 2s ˆ rN | ´ 1 ď q ď
1

2
rs
*

pr, p, xq
f
ÞÝÑ pr, ψpr, pq, xq

where

ψpr, pq “

$

’

&

’

%

p ´1 ď p ď 0
1
3
prs 0 ď p ď 1

1
6
pp` 1qrs 1 ď p ď 2

.

Because this map is piecewise smooth, we can pull back the metric to get a metric

on p0, 1s ˆ r´1, 2s ˆ rN . To calculate this, we first pull back dq:

f˚dq “

$

’

&

’

%

dp ´1 ă p ă 0
1
3
prsdp` sprs´1drq 0 ă p ă 1

1
6
rrsdp` pp` 1qsrs´1drs 1 ă p ă 2
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Substituting our values for q and dq into Equation 5.1, we first find that on ´1 ă

p ă 0,

f˚g “ dr2 ` r2ξdp2 ` r2dθ2 ` r2ξg
rN .

This is already what we want in this region. Next, we find that on 0 ă p ă 1,

f˚g “

ˆ

1`
s2

9
p2r2pγ`sq´2

˙

dr2 `
1

9
spr2pγ`sq´1pdp dr ` dr dpq

`
1

9
r2pγ`sqdp2 ` r2dθ2`

ˆ

1

3
prγ`s ` p1´

1

3
prsqrξ

˙2

g
rN .

We apply Lemma 5.10 to see that f˚g is quasi-isometric to the metric

dr2 `
1

9
r2pγ`sqdp2 ` r2dθ2 `

ˆ

1

3
prγ`s ` p1´

1

3
prsqrξ

˙2

g
rN .

Rewrite 1
3
prγ`s ` p1 ´ 1

3
prsqrξ “ p

`

1
3
rγ`s ´ 1

3
rξ`s ` rξ

˘

` p1 ´ pqrξ, so that we can

use Lemma A.2 to see

1

3
ď

1

3
´

1

3
r2s ` rs ď

1
3
prγ`s ` p1´ 1

3
prsqrξ

prγ`s ` p1´ pqrξ
ď 1 .

Therefore, we can use Lemma A.3 to see that the identity is a quasi-isometry between

f˚g and the metric

dr2 ` r2pγ`sqdp2 ` r2dθ2 `
`

prγ`s ` p1´ pqrξ
˘2
g
rN .

Similarly, we find that on 1 ă p ă 2,

f˚g “

ˆ

1`
s2

36
pp` 1q2r2pγ`sq´2

˙

dr2`
1

36
spp` 1qr2pγ`sq´1pdp dr ` dr dpq

`
1

36
r2pγ`sqdp2 ` r2dθ2 `

ˆ

1

6
pp` 1qrγ`s ` p1´

1

6
pp` 1qrsqrξ

˙2

g
rN .

We apply Lemma 5.10 to see that f˚g is quasi-isometric to the metric

dr2 `
1

36
r2pγ`sqdp2 ` r2 dθ2 `

ˆ

1

6
pp` 1qrγ`s ` p1´

1

6
pp` 1qrsqrξ

˙2

g
rN .
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Rewrite

1
6
pp` 1qrγ`s `

`

1´ 1
6
pp` 1qrs

˘

rξ

rγ`s
“

1

6
pp` 1q ` rs

ˆ

1´
1

6
pp` 1qrs

˙

.

Therefore,

1

3
ď

1
6
pp` 1qrγ`s `

`

1´ 1
6
pp` 1qrs

˘

rξ

rγ`s
ď 2 .

Therefore, we can use Lemma A.3 to see that f˚g is quasi-isometric to

dr2 ` r2pγ`sqdp2 ` r2dθ2 ` r2pγ`sqg
rN .

Now we prove the theorem for the region 1
2
rs ď q ď 2. We can define a piecewise-

smooth homeomorphism

p0, 1s ˆ r´1, 2s ˆ rN ÝÑ

"

pr, q, xq P p0, 1s ˆ r´1, 2s ˆ rN |
1

2
rs ď q ď 2

*

pr, p, xq
f
ÞÝÑ pr, ψpr, pq, xq

where

ψpr, pq “

$

’

&

’

%

p2
3
` 1

6
pqrs ´1 ď p ď 0

2
3
rsp1´ pq ` p 0 ď p ď 1

p 1 ď p ď 2 .

Because this map is piecewise smooth, we can pull back the metric to get a metric

on p0, 1s ˆ r´1, 2s ˆ rN . To calculate this, we first pull back dq:

f˚dq “

$

’

&

’

%

1
6
rs dp` p2

3
` 1

6
pqsrs´1 dr ´1 ă p ă 0

p1´ 2
3
rsq dp` 2

3
p1´ pqsrs´1 dr 0 ă p ă 1

dp 1 ă p ă 2 .

Substituting our values for q and dq into Equation 5.1, we first find that on ´1 ă
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p ă 0,

f˚g “

˜

1`

ˆ

2

3
`

1

6
p

˙2

s2r2pγ`sq´2

¸

dr2 `
1

6

ˆ

2

3
`

1

6
p

˙

sr2pγ`sq´1pdp dr ` dr dpq

`
1

36
r2pγ`sq dp2 ` r2dθ2`

ˆˆ

2

3
`

1

6
p

˙

rγ`s `

ˆ

1´

ˆ

2

3
`

1

6
p

˙

rs
˙

rξ
˙2

g
rN .

We apply Lemma 5.10 to see that f˚g is quasi-isometric to the metric

dr2 `
1

36
r2pγ`sq dp2 ` r2 dθ2 `

ˆˆ

2

3
`

1

6
p

˙

rγ`s `

ˆ

1´

ˆ

2

3
`

1

6
p

˙

rs
˙

rξ
˙2

g
rN .

Rewrite

`

2
3
` 1

6
p
˘

rγ`s `
`

1´
`

2
3
` 1

6
p
˘

rs
˘

rξ

rγ`s
“

2

3
`

1

6
p`

ˆ

1´

ˆ

2

3
`

1

6
p

˙

rs
˙

rs .

Therefore,

1

2
ď

`

2
3
` 1

6
p
˘

rγ`s `
`

1´
`

2
3
` 1

6
p
˘

rs
˘

rξ

rγ`s
ď 2 .

Therefore, we can use Lemma A.3 to see that f˚g is quasi-isometric to

dr2 ` r2pγ`sqdp2 ` r2dθ2 ` r2pγ`sqg
rN .

Now we analyze the case where 0 ă p ă 1. Substituting our values for q and dq

into Equation 5.1, we find that

f˚g “

˜

1`

ˆ

2

3
p1´ pq

˙2

s2r2pγ`sq´2

¸

dr2 `

ˆ

1´
2

3
rs
˙

2

3
p1´ pqsr2γ`s´1pdp dr ` dr dpq

`

ˆ

1´
2

3
rs
˙2

r2γ dp2 ` r2dθ2 `
`

qrγ ` p1´ qqrξ
˘2
g
rN .

where q “ 2
3
rsp1 ´ pq ` p. We apply Lemma 5.10 to see that f˚g is quasi-isometric

to the metric

dr2 `

ˆ

1´
2

3
rs
˙2

r2γ dp2 ` r2 dθ2 `
`

qrγ ` p1´ qqrξ
˘2
g
rN .
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Rewrite

qrγ ` p1´ qqrξ

prγ ` p1´ pqrγ`s
“
prγ ` p1´ pq

`

2
3
rγ`s ` rξ ´ 2

3
rξ`s

˘

prγ ` p1´ pqrγ`s
.

We can use Lemma A.2 to see

2

3
ď

qrγ ` p1´ qqrξ

prγ ` p1´ pqrγ`s
ď 1 .

Therefore, we can use Lemma A.3 to see that f˚g is quasi-isometric to

dr2 ` r2γdp2 ` r2dθ2 `
`

prγ ` p1´ pqrγ`s
˘2
g
rN .

Lastly, we analyze the case where 1 ă p ă 2. Substituting our values for q and

dq into Equataion 5.1, we find that

f˚g “ dr2 ` r2 dθ2 ` r2γ dp2 ` r2γ g
rN .

As this is already what we want, we are finished.

Remark 5.11. In some contexts, there may be other, more natural, ways of decreasing

the eccentricity. For example, in the case of complex algebraic surfaces, [17] remarks

that this can be accomplished by taking extra blow-ups and redefining the flow in a

natural way.

5.4 Homotoping to Forms Independent of q

Some forms in dompdq may not be in the Cases 1-4 of Theorem 5.6, so we will work

to find a cohomologous form which is a sum of forms in these cases for every element

of dompdq. To do that, we will first use a harmonic projection operator associated

to N , and then we will average in the q direction. Harmonic projection and averag-

ing operators are a common tool when calculating L2-cohomology in other contexts;

both [22] and [25] use similar homotopies, as did we in Chapter 4.
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First, we define a the harmonic projection homotopy in the N directions. This

will proceed very similarly to Theorem 2.29 in [25]. Let dN , δNpq, rq, GNpq, rq, and

ANpq, rq be the operators on Ω‚pLq induced by the metric gr and which are associated

with the factor N as defined in Definitions 4.14, 4.16, and 4.20.

Lemma 5.12. 1. The space HNpN, pqr
γ ` p1 ´ qqrξq2 gNq of Neumann strongly

harmonic forms is constant in q and r.

2. The operators AN and δNGN are constant in r.

Proof. Setting λ “
`

qrγ ` p1´ qqrξ
˘

, these are both consequences of Corollary 4.26

in the section on scaled metrics.

Definition 5.13. Define the operators A,H : Ω‚pXq Ñ Ω‚pXq by

Apφ` dr ^ ωq “ ANφ` dr ^ ANω

Hpφ` dr ^ ωq “ δNGNφ´ dr ^ δNGNω .

Theorem 5.14. The operators A and H satisfy the following properties:

1. H,A, and dq ^H are all bounded,

2. dNpAαq “ 0,

3. A is a chain map, i.e. dA “ Ad, and

4. dHα `Hdα “ α ´ Aα.

Proof. 1. From Corollary 4.26 we learn that the corresponding bounds Ck used in

the proof of Proposition 4.23 can be chosen to be independent of r. Then by

combining Proposition 4.22 and Corollary 4.26, we have for ω P Ω‚pLq that‘

}δNGNω}q,r ď

$

’

&

’

%

Crξ}ω}q,r ´1 ă q ă 0

Cpqrγ ` p1´ qqrξq}ω}q,r 0 ă q ă 1

Crγ}ω}q,r 1 ă q ă 2 , and
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}Aω}q,r ď }ω}q,r .

Since pqrγ ` p1´ qqrξq ď rγ, we get

}dq ^ δNGNω}q,r ď C}ω}q,r , and

}δNGNω}q,r ď C}ω}q,r .

Therefore, writing α “ φ` dr ^ ω, we get

}Hα}2 “

ż 1

0

ż 2

´1

}Hα}2q,r dq dr

“

ż 1

0

ż 2

´1

`

}δNGNφ}
2
q,r ` }δNGNω}

2
q,r

˘

dq dr

ď C2

ż 1

0

ż 2

´1

`

}φ}2q,r ` }ω}
2
q,r

˘

dq dr

“ C2

ż 1

0

ż 2

´1

}α}2q,r dq dr

“ C2
}α}2 .

Similarly, we get

}dq ^Hα}2 “

ż 1

0

ż 2

´1

}dq ^Hα}2q,r dq dr

“

ż 1

0

ż 2

´1

`

}dq ^ δNGNφ}
2
q,r ` }dq ^ δNGNω}

2
q,r

˘

dq dr

ď C2

ż 1

0

ż 2

´1

`

}φ}2q,r ` }ω}
2
q,r

˘

dq dr

“ C2

ż 1

0

ż 2

´1

}α}2q,r dq dr

“ C2
}α}2 , and
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}Aα}2 “

ż 1

0

ż 2

´1

}Aα}2q,r dq dr

“

ż 1

0

ż 2

´1

`

}ANφ}
2
q,r ` }ANω}

2
q,r

˘

dq dr

ď

ż 1

0

ż 2

´1

`

}φ}2q,r ` }ω}
2
q,r

˘

dq dr

“

ż 1

0

ż 2

´1

}α}2q,r dq dr

“ }α}2 .

2. This is part 3 of Proposition 4.22.

3. By Lemma 4.19, we have

d “ dr ` dθ ` dq ` dN .

Then Ad “ dA follows by statement 8 of Proposition 4.22.

4. The homotopy formula follows from a straightforward calculation since every-

thing is smooth:

dHpφ` dr ^ ωq “ d pδNGNφ´ dr ^ δNGNωq

“ dLδNGNφ` dr ^

ˆ

BδNGNφ

Br
` dLδNGNω

˙

, and

Hdpφ` dr ^ ωq “ H

ˆ

dLφ` dr ^

ˆ

Bφ

Br
´ dLω

˙˙

“ δNGNdLφ´ dr ^

ˆ

δNGN
Bφ

Br
´ δNGNdLω

˙

.

Since δNGN is constant in r by Lemma 5.12, B

Br
commutes with δNGN . We can
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combine our calculations and use statement 7 of Proposition 4.22 to get

dHα `Hdα “ dLδNGN , φ` δNGNdLφ` dr ^ pdLδNGNω ` δNGNdLωq

“ φ´ ANφ` dr ^ pω ´ ANωq

“ α ´ Aα .

The following subspace is somewhat problematic on these interpolations, so we

will find a way of dealing with it.

Definition 5.15. We define M to be the subspace of Ω‚pXq given by

M “
à

pNă
n
2

Ωppθ,pq ,pN qpXq ‘ dr ^ Ωppθ,pq ,pN qpXq .

Notice that M is not a subcomplex.

Definition 5.16. Take a form α PM , and define the operator G : M ÑM as

Gα “ 2

ż 3{2

1

ˆ
ż q

c

ιqαpr, q
1
q dq1

˙

dc .

The following lemma will be useful.

Lemma 5.17. If α P M is an L2 form which is independent of q, then there is a

constant A ą 0 so that

}α}´1ďqď0 ď A}α}0ďqď1 ,

}α}´1ďqď0 ď }α}1ďqď2 , and

}α}0ďqď1 ď }α}1ďqď2 .

Proof. Because α is constant in q, we can write αpq, rq “ αprq. Set

ψprq “

ż

rN

|αprq|2 dV
rN ,

89



and then we can rewrite the definitions from Definition 5.5 as

}α}´1ďqď0 “

ż 1

0

ż 0

´1

ψprq r1´2pθrξp1´2pq`n´2pN q dq dr ,

}α}0ďqď1 “

ż 1

0

ż 1

0

ψprq r1´2pθrγp1´2pqqpqrγ ` p1´ qqrξqn´2pN dq dr , and

}α}1ďqď2 “

ż 1

0

ż 2

1

ψprq r1´2pθrγp1´2pq`n´2pN q dq dr .

Notice that if k ě 0, then

rξk ď pqrγ ` p1´ qqrξqk ď rγk .

Because n´ 2pN ą 0 and 1´ 2pq ě ´1, it must be that 1´ 2pq`n´ 2pN ě 0. Thus

we get our second and third inequalities directly.

For our first inequality, we must use that α is constant in q to allow us to integrate

in q to see

ż 1

0

pqrγ ` p1´ qqrξqn´2pN dq “
rγpn´2pN`1q ´ rξpn´2pN`1q

prγ ´ rξqpn´ 2pN ` 1q

“
1

n´ 2pN ` 1

`

rγpn´2pN q ` rγpn´2pN´1qrξ ` ¨ ¨ ¨ ` rξpn´2pN q
˘

ě
1

n´ 2pN ` 1
rγpn´2pN q
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Therefore,

}α}´1ďqď0 “

ż 1

0

ż 0

´1

ψprq r1´2pθrξp1´2pq`n´2pN q dq dr

“

ż 1

0

ψprq r1´2pθrξp1´2pq`n´2pN q dr

ď

ż 1

0

ψprq r1´2pθrγp1´2pq`n´2pN dr

ď pn´ 2pN ` 1q

ż 1

0

ż 1

0

ψprqr1´2pθrγp1´2pqqpqrγ ` p1´ qqrξqn´2pN dq dr

ď pn` 1q}α}0ďqď1 .

Setting A “ n` 1, this completes our proof.

Theorem 5.18. The operators G and dq ^G are bounded on M
Ş

L2Ω‚pXq.

Proof. First notice that κqGα “ Gα, so if dq ^G is bounded, so is G.

Next, let α be a form in L2Ωppθ,pq ,pN qpXq. Then referring to Definition 5.5 we

have

}dq ^ ιqα}
2
´1ďqď0 “

ż 1

0

ż 0

´1

ż

rN

|ιqα|
2r1´2pθr´ξrξpn´2pN q dV

rN dq dr

}dq ^ ιqα}
2
0ďqď1 “

ż 1

0

ż 1

0

ż

rN

|ιqα|
2r1´2pθr´γ

`

qrγ ` p1´ qqrξ
˘n´2pN dV

rN dq dr

}dq ^ ιqα}
2
1ďqď2 “

ż 1

0

ż 2

1

ż

rN

|ιqα|
2r1´2pθr´γrγpn´2pN q dV

rN dq dr

}dq ^ ιqα}
2
“ }dq ^ ιqα}

2
´1ďqď0 ` }dq ^ ιqα}

2
0ďqď1 ` }dq ^ ιqα}

2
1ďqď2 .

We will show the following inequalities

}dq ^Gα}2 1ďqď2 ď }dq ^ ιqα}
2
1ďqď2 (5.2)

}dq ^Gα}2 0ďqď1 ď }dq ^ ιqα}
2
0ďqď1 ` }dq ^ ιqα}

2
1ďqď2 (5.3)

}dq ^Gα}2´1ďqď0 ď }dq ^ ιqα}
2
´1ďqď0 ` A}dq ^ ιqα}

2
0ďqď1 ` }dq ^ ιqα}

2
1ďqď2 . (5.4)
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which together imply

}dq ^Gα}2 ď p2` Aq}dq ^ ιqα}
2
ď p2` Aq}α}2 .

This will complete the proof of Theorem 5.18. First, we show that for 1 ď q ď 2

and 1 ď c ď 2,

›

›

›

›

dq ^

ż q

c

ιqαpr, q
1
q dq1

›

›

›

›

2

1ďqď2

“

ż 1

0

ż 2

1

ż

rN

ˇ

ˇ

ˇ

ˇ

ż q

c

ιqα dq
1

ˇ

ˇ

ˇ

ˇ

2

r1´2pθr´γrγpn´2pN q dV
rN dq dr

ď

ż 1

0

ż 2

1

ż

rN

ˆ
ż 2

1

|ιqα|
2 dq1

˙

r1´2pθr´γrγpn´2pN q dV
rN dq dr

“

ż 2

1

}dq ^ ιqα}
2
1ďqď2 dq

“ }dq ^ ιqα}
2
1ďqď2 ,

for ´1 ď q ď 0,

›

›

›

›

dq ^

ż q

0

ιqαpr, q
1
q dq1

›

›

›

›

2

´1ďqď0

“

ż 1

0

ż 0

´1

ż

rN

ˇ

ˇ

ˇ

ˇ

ż q

0

ιqα dq
1

ˇ

ˇ

ˇ

ˇ

2

r1´2pθr´γrγpn´2pN q dV
rN dq dr

ď

ż 1

0

ż 0

´1

ż

rN

ˆ
ż 0

´1

|ιqα|
2 dq1

˙

r1´2pθr´γrγpn´2pN q dV
rN dq dr

“

ż 0

´1

}dq ^ ιqα}
2
´1ďqď0 dq

“ }dq ^ ιqα}
2
´1ďqď0 ,
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and for 0 ď q ď 1,

›

›

›

›

dq ^

ż q

1

ιqαpr, q
1
q dq1

›

›

›

›

2

0ďqď1

“

ż 1

0

ż 1

0

ż

rN

ˇ

ˇ

ˇ

ˇ

ż q

1

ιqαpr, q
1
q dq1

ˇ

ˇ

ˇ

ˇ

2

r1´2pθr´γ
`

qrγ ` p1´ qqrξ
˘n´2pN dV

rN dq dr

ď

ż 1

0

ż 1

0

ż

rN

ˆ
ż 1

q

|ιqα|
2
`

q1rγ ` p1´ q1qrξ
˘n´2pN dq1

˙ˆ
ż 1

q

`

q1rγ ` p1´ q1qrξ
˘´n`2pN dq1

˙

r1´2pθr´γ
`

qrγ ` p1´ qqrξ
˘n´2pN dV

rN dq dr

“

ż 1

0

ż 1

0

ż

rN

ˆ
ż 1

q

|ιqα|
2
`

q1rγ ` p1´ q1qrξ
˘n´2pN dq1

˙

˜

ż 1

q

ˆ

qrγ ` p1´ qqrξ

q1rγ ` p1´ q1qrξ

˙n´2pN

dq1

¸

r1´2pθr´γ dV
rN dq dr

ď

ż 1

0

ż 1

0

ż

rN

ˆ
ż 1

q

|ιqα|
2
`

q1rγ ` p1´ q1qrξ
˘n´2pN dq1

˙ˆ
ż 1

q

1 dq1
˙

r1´2pθr´γ dV
rN dq dr

ď

ż 1

0

ż 1

0

ż

rN

ˆ
ż 1

0

|ιqα|
2r1´2pθr´γ

`

q1rγ ` p1´ q1qrξ
˘n´2pN dq1

˙

dV
rN dq dr

ď

ż 1

0

}dq ^ ιqα}
2
0ďqď1 dq

“ }dq ^ ιqα}
2
0ďqď1 .

Now we notice that for 1 ď c ď 2,

dq ^

ż q

c

ιqα “

$

’

’

&

’

’

%

dq ^
` şq

c
ιqα

˘

for 1 ď q ď 2

dq ^
´

şq

1
ιqα `

ş1

c
ιqα

¯

for 0 ď q ď 1

dq ^
´

şq

0
ιqα `

ş0

1
ιqα `

ş1

c
ιqα

¯

for ´ 1 ď q ď 0 .

Combining these calculations and applying Lemma 5.17, we get for 1 ď q ď 2

and 1 ď c ď 2,
›

›

›

›

dq ^

ż q

c

ιqα

›

›

›

›

1ďqď2

ď }dq ^ ιqα}1ďqď2 ,
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for 0 ď q ď 1 and 1 ď c ď 2,

›

›

›

›

dq ^

ż q

c

ιqα

›

›

›

›

0ďqď1

ď

›

›

›

›

dq ^

ż q

1

ιqα

›

›

›

›

0ďqď1

`

›

›

›

›

dq ^

ż 1

c

ιqα

›

›

›

›

0ďqď1

ď

›

›

›

›

dq ^

ż q

1

ιqα

›

›

›

›

0ďqď1

`

›

›

›

›

dq ^

ż 1

c

ιqα

›

›

›

›

1ďqď2

ď }dq ^ ιqα}0ďqď1 ` }dq ^ ιqα}1ďqď2 ,

and for ´1 ď q ď 0 and 1 ď c ď 2,

›

›

›

›

dq ^

ż q

c

ιqα

›

›

›

›

´1ďqď0

ď

›

›

›

›

dq ^

ż q

0

ιqα

›

›

›

›

´1ďqď0

`

›

›

›

›

dq ^

ż 0

1

ιqα

›

›

›

›

´1ďqď0

`

›

›

›

›

dq ^

ż 1

c

ιqα

›

›

›

›

´1ďqď0

ď

›

›

›

›

dq ^

ż q

0

ιqα

›

›

›

›

´1ďqď0

` A

›

›

›

›

dq ^

ż 0

1

ιqα

›

›

›

›

0ďqď1

`

›

›

›

›

dq ^

ż 1

c

ιqα

›

›

›

›

1ďqď2

ď }dq ^ ιqα}´1ďqď0 ` A }dq ^ ιqα}0ďqď1 ` }dq ^ ιqα}1ďqď2 .

Lastly, for 1 ď q ď 2,

}dq ^Gα}1ďqď2 “

›

›

›

›

›

dq ^ 2

ż 3{2

1

ż q

c

ιqαpq
1
q dq1 dc

›

›

›

›

›

1ďqď2

ď 2

ż 3{2

1

›

›

›

›

dq ^

ż q

c

ιqα

›

›

›

›

1ďqď2

dc

ď 2

ż 3{2

1

}dq ^ α}1ďqď2 dc

“ }dq ^ α}1ďqď2 ,
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for 0 ď q ď 1,

}dq ^Gα}0ďqď1 “

›

›

›

›

›

dq ^ 2

ż 3{2

1

ż q

c

ιqαpq
1
q dq1 dc

›

›

›

›

›

0ďqď1

ď 2

ż 3{2

1

›

›

›

›

dq ^

ż q

c

ιqα

›

›

›

›

0ďqď1

ď 2

ż 3{2

1

´

}dq ^ α}0ďqď1 ` }dq ^ α}1ďqď2

¯

dc

“ }dq ^ α}0ďqď1 ` }dq ^ α}1ďqď2 ,

and for ´1 ď q ď 0,

}dq ^Gα}
´1ďqď0 “

›

›

›

›

›

dq ^ 2

ż 3{2

1

ż q

c

ιqαpq
1
q dq1 dc

›

›

›

›

›

´1ďqď0

ď 2

ż 3{2

1

›

›

›

›

dq ^

ż 1

c

ιqα

›

›

›

›

´1ďqď0

ď 2

ż 3{2

1

´

}dq ^ α}
´1ďqď0 ` A }dq ^ α}0ďqď1 ` }dq ^ α}1ďqď2

¯

dc

“ }dq ^ α}
´1ďqď0 ` A }dq ^ α}0ďqď1 ` }dq ^ α}1ďqď2 ,

These are the inequalities 5.2 – 5.4, so we are done.

Theorem 5.19. Assume that both α, dα PM and α P dompdq. Define the operator

Bα “ 2

ż 3{2

1

κqαpr, cq dc .

Then

1. B is a bounded operator, and

2. Gα is in dompdq and it satisfies the homotopy formula

dGα `Gdα “ α ´Bα .
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Proof. First we show B is bounded. Because Bα is independent of q, by Lemma

5.17 we get

}Bα}2 ď 3 }Bα}21ďqď2

“ 3

›

›

›

›

›

2

ż 3{2

1

κqαpr, cq dc

›

›

›

›

›

2

1ďqď2

“ 3

ż 1

0

ż 2

1

ż

rN

ˇ

ˇ

ˇ

ˇ

ˇ

2

ż 3{2

1

κqαpr, cq dc

ˇ

ˇ

ˇ

ˇ

ˇ

2

r1´pθ`γp1´pγq`γpn´pN q dV
rN dq dr

ď 3

ż 1

0

ż 2

1

ż

rN

˜

2

ż 3{2

1

|κqαpr, cq|
2 dc

¸

r1´pθ`γp1´pγq`γpn´pN q dV
rN dq dr

ď 6

ż 2

1

}κqα}
2
1ďqď2 dq

ď 6}α}21ďqď2 .

To get the formula on smooth forms, we calculate (using the shorthand dother “

dr ` dθ ` dN):

dGα “ pdq ` dotherq2

ż 3{2

1

ż q

c

ιqαpr, q
1
q dq1 dc

“ 2

ż 3{2

1

ιqαpr, qq dc` dother

˜

2

ż 3{2

1

ż q

c

ιqαpr, q
1
q dq1 dc

¸

“ ιqα ` dother

˜

2

ż 3{2

1

ż q

c

ιqαpr, q
1
q dq1 dc

¸

, and
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Gdα “ Gpdq ` dotherqpκqα ` dq ^ ιqαq

“ Gpdotherκqα ` dq ^

ˆ

Bκqα

Bq
´ dotherιqα

˙

“ 2

ż 3{2

1

ż q

c

ˆ

Bκqα

Bq
pr, q1q ´ dotherιqαpr, q

1
q

˙

dq1 dc

“ 2

ż 3{2

1

pκqα ´ κqαpr, cqq dc´ 2

ż 3{2

1

ż q

c

dotherιqαpr, q
1
q dq1 dc

“ κqα ´Bα ´ dother

˜

2

ż 3{2

1

ż q

c

ιqαpr, q
1
q dq1 dc

¸

.

Adding these together, we get our formula. Finally, we’ve shown that Gα is L2, Gdα

is L2, and Bα is L2, so dGα must be L2. This tells us Gα P dompdq.

Now we’ve come to the Main Theorem of this section.

Theorem 5.20. Let X be an interpolation of Cheeger metrics. Given an pn`3
2
q-form

α P dompdq so that dα “ 0, there is a form γ P dompdq so that the following holds:

1. γpqq “ 0 for q ă ´3{4 and q ą 7{4.

2. Set β “ α ´ dγ. Then there is a constant A ą 0 so that

r}κrβptq}
2
r ě As}κrβptq}

2
s

for all r, s, t P p0, 1s and r ď s.

Proof. Let χ1pqq and χ2pqq be smooth functions which depend only on q such that

χ1pqq “

#

1 ´1{2 ă q ă 3{2

0 q ă ´3{4 and q ą 7{4
and χ2pqq “

#

1 ´1{4 ă q ă 5{4

0 q ă ´1{2 and q ą 3{2
.

Let H and A be the operators from Definition 5.13, and let G and B be the opera-

tors from Theorem 5.19. Note that we can orthogonally write Aα “ ζ1 ` ζ2 so that
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ζ1 P M where M is the subspace of Definition 5.15 and ζ2 is in case 3 of Theorem

5.6. Remember that dNAα “ 0 which implies both dNζ0 “ 0 and dNζ1 “ 0, and thus

dζ1 PM . Note that ζ1 and ζ1 are both L2.

By using the homotopy formulas of Theorems 5.14 and 5.19, we can show

α “ β ` dγ

where

γ “ χ1Hα ` χ2Gζ1, and

β “ p1´ χ1qα ´ dχ1 ^Hα ` χ1ζ2 ` pχ1 ´ χ2qζ1 ` χ2Bζ1 ´ dχ2 ^Gζ1 .

Clearly γ “ 0 for q ă ´3{4 and q ą 7{4. γ P L2 because H is bounded, G is bounded

on M , and χ1 and χ2 are bounded functions. dγ P L2 because α P L2 and each of

the terms of β is L2, which we can see by using the fact that χ1 and χ2 are bounded

functions and dq ^ H, dq ^ G, and B are bounded operators on their appropriate

domains. Thus, γ and β are in dompdq. (As a side remark, be careful: the individual

terms of β are not necessarily each in dompdq.)

Furthermore, each term of β either satisfies n´2pN ď 0 or is independent of q on

0 ď q ď 1 (several of these terms satisfy this trivially because they vanish completely

on this interval). Thus, β satisfies the desired estimate by Theorem 5.6.
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6

A Special Case of Weighted Homogenous
Hypersurfaces

6.1 Preliminaries on Weighted Homogeneous Polynomials

Definition 6.1. Given a tuple of natural numbers pα0, α1, ..., αnq P Zn`1ě0 , the weighted

degree of a monomial zd00 z
d1
1 ¨ ¨ ¨ z

dn
n is

řn
k“0 αkdk. A weighted homogeneous polyno-

mial F pz0, z1, ..., znq for the weight pα0, α1, ..., αnq is a polynomial which is the sum

of monomials of equal weighted degree. Then the weighted degree of the polynomial

is the common weighted degree of its monomials.

Example 6.2. Any homogeneous polynomial is a weighted homogeneous polynomial

for the weight p1, 1, ..., 1q.

Example 6.3. F pz0, z1, z2q “ z30 ` z21 ` z22 is a weighted homogeneous polynomial

for the weight p2, 3, 3q, and the weighted degree is 6.

Remark 6.4. If F pz0, ¨ ¨ ¨ znq is a weighted homogeneous polynomial for some weight

pα̂0, ¨ ¨ ¨ , α̂nq, it is also weighted homogeneous for a weight pα0, ¨ ¨ ¨ , αnq for which

gcdpα0, ..., αnq “ 1.
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We will restrict our attention to weighted homogeneous polynomials of the fol-

lowing form

F pz0, z1, ..., znq “ zβ̂0 ` gpz1, ..., znq

where β̂ P Zě3 and gpz1, ..., znq is a (standard) homogeneous polynomial of degree α̂

satisfying 2 ď α̂ ă β̂. Then F is a weighted homogeneous polynomial for the weight

pα, β, ..., βq, where α “ α̂{ gcdpα̂, β̂q and β “ β̂{ gcdpα̂, β̂q. We will denote the set

where F vanishes the variety

V “
!

z P Cn`1
ˇ

ˇ

ˇ
F pzq “ 0

)

.

Example 6.5. For m ą 1, the Am polynomials F pz0, ..., znq “ zm`10 `z21` ...`z
2
n are

a class of examples satisfying the above conditions. When m is even, α “ 2, β “ m`1

and when m is odd, α “ 1, β “ pm` 1q{2.

Lemma 6.6. V has an isolated singularity at the origin.

Proof. As the vanishing set of the polynomial F , V has a singularity at a point z

if and only if F pzq “ 0 and dF pzq “ 0. We calculate dF “ rβ̂zβ̂´10 , dgs. Because g

is homogeneous of degree ě 2, dgpz1, ¨ ¨ ¨ , znq “ 0 if and only if z1 “ ¨ ¨ ¨ “ zn “ 0.

Therefore, dF pzq “ 0 if and only if z0 “ z1 “ ¨ ¨ ¨ “ zn “ 0. Since F p0, ¨ ¨ ¨ , 0q “ 0,

the origin is the lone singularity of V .

Using this lemma, the regular part of V is given by Vreg “ V ´ t0u. We endow

Vreg with the metric g induced from the Euclidean metric on Cn`1.

Definition 6.7. Define z1Ñn “ pz1, ..., znq P Cn and |z1Ñn| “ p|z1|
2 ` ...` |zn|

2q
1{2

.

Definition 6.8. The weighted flow is the action on Cn`1 by the multiplicative group

p0,8q via

λ ‹ pz0, ..., znq “ pλz0, λ
β{αz1, ..., λ

β{αznq .

Clearly the flow restricts to an action on V .
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We want to calculate the local L2-cohomology of V at the origin. To do this, we

can take any bounded, open neighborhood U 1 Ă Cn`1 of the origin that we like and

calculate H‚
p2qpVreg XU

1, gq. We would usually need to ensure that the neighborhood

U 1 was small enough, but V is weighted homogeneous, so for a small enough value of

λ, the map z ÞÑ λ ‹ z gives a bi-Lipschitz diffeomorphism between the neighborhood

we choose and a neighborhood of arbitrarily small size. Then we can apply Lemmas

2.5 and 2.4 to see that this map induces an isomorphism on the L2-cohomology.

As we can choose whichever open neighborhood of the origin that we like, we

define U 1 “
!

z P Cn`1
ˇ

ˇ

ˇ
|z0| ď η and |z1Ñn| ď 1

)

and U “ Vreg XU
1. We will choose

η “small enough”, which will be made more explicit in the next section. Then in

Section 6.4, we calculate H‚
p2qpU, gq.

Remark 6.9. One could use the weighted flow to decompose a sufficiently nice,

bounded neighborhood of the origin into p0, 1s ˆ L in the following way. First,

define L to be the intersection of V with the boundary of the neighborhood. Second,

define the map from p0, 1s ˆ L into V as

pr, zq ÞÑ r ‹ z .

There is a large problem with this approach, however: this map is not a quasi-

isometry between a metric of the form

dr2 ` gr

and the metric on Vreg. Therefore, very little of our previous analysis is applicable.

We will spend the next two sections finding a different map which is a quasi-isometry

between a metric dr2 ` gr and the metric on Vreg.

101



6.2 Finding Good Flow Lines

Definition 6.10. Define rL and N to be

rL “ tz P V | |z1Ñn| “ 1, |z0| ď δu

N “ tz P V | |z1Ñn| “ 1, z0 “ 0u Ă rL .

Lemma 6.11. For δ small enough, rL is diffeomorphic to BˆN Ď Cn`1 where B is

a closed 2-dimensional disk of radius δ. Furthermore, we can choose the diffeomor-

phism ψ : rLÑ B ˆN so that ψpzq “ pz0, ψNpzqq for some ψN : rLÑ N .

Proof. First, we notice that

V X
 

|z1Ñn|
2
“ c

(

is smooth for all c ą 0. One can do this by first observing that by Sard’s theorem

applied to spzq “ |z1Ñn|
2 restricted to Vreg, they can’t all be singular. Then notice

that all of these are homeomorphic to each other by using the weighted flow. So, in

particular, this space is smooth for c “ 1, and we denote this space as

M “ V X
 

|z1Ñn|
2
“ 1

(

.

The vectors p1, 0, ¨ ¨ ¨ , 0q and pi, 0, ¨ ¨ ¨ , 0q are tangent to t|z1Ñn|
2 “ 1u at every

point because |z1Ñn|
2 does not depend on z0. These vectors are also tangent to V

when z0 “ 0, because V is the vanishing set of f , and the differential of f at such a

point is given by

df “ pβ̂zβ̂´10 , dgq

“ p0, dgq .

Therefore, these vectors are tangent to M at points where z0 “ 0. This implies the

differential of the map

z0 : M Ñ C

102



is surjective at any point satisfying z0 “ 0. Therefore, we can find a δ ą 0 so that

the differential of this map is surjective at any point satisfying |z0| ď δ.

In particular, the map

z0 : rLÑ B

is a submersion. It’s also true that rL is compact and that this map is surjective.

Therefore, Ehresmann’s Lemma says that z0 is a locally trivial fiber bundle. Since

it is a locally trivial fiber bundle over the contractible space B, it is globally trivial.

Therefore, we can find a map ψN : rL Ñ N which trivializes the fiber bundle, i.e.

that makes the map ψpzq “ pz0, ψNpzqq : rLÑ B ˆN a diffeomorphism.

Definition 6.12. Define the subset W Ă Vreg as follows:

W “

!

z P Vreg

ˇ

ˇ

ˇ
|z0| ď δ|z1Ñn|

α{β, |z1Ñn| ď 1
)

.

Lemma 6.13. There is a quasi-isometry ψ : W Ñ X where

X “

"

z P Cn`1
´ t0u

ˇ

ˇ

ˇ

ˆ

0,
z1Ñn
|z1Ñn|

˙

P N, |z0| ď δ|z1Ñn|
α{β, |z1Ñn| ď 1

*

.

Further, we can choose ψ so that ψpzq “ pz0, ψNpzqq for some ψN : X Ñ N and so

that ψpλ ‹ zq “ λ ‹ ψpzq for λ P p0, 1s.

Proof. By Lemma 6.11, there exists a diffeomorphism

ψ̄ : rLÑ X X t|z1Ñn| “ 1u “ B ˆN ,

where B is the closed 2-dimensional disk of radius δ, so that

ψ̄pz̄q “ pz̄0, ψ̄Npz̄qq

for some ψ̄N : rL Ñ N . Note that both W and X are invariant under the weighted

flow by λ P p0, 1s.
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Given z “ pz0, z1Ñnq P W , there is a unique z̄ P rL and s P p0, 1s so that z “ s ‹ z̄.

In fact,

s “ |z1Ñn|
α{β and z̄ “ s´1 ‹ z “

ˆ

z0
|z1Ñn|α{β

,
z1Ñn
|z1Ñn|

˙

.

We define the map ψ : W Ñ X via

ψpzq “ ψps ‹ z̄q “ s ‹ ψ̄pz̄q .

Since ψ̄pz̄q “
`

z̄0, ψ̄Npz̄q
˘

, we see that ψpzq “ pz0, ψNpzqq, where

ψNpzq “ |z1Ñn| ψ̄N
`

|z1Ñn|
´α{β

‹ z
˘

.

Notice that |ψNpzq| “ |z1Ñn|, which in turn implies that }ψpzq} “ }z}.

Then ψ is a bijection between W and X. By Lemma 2.5, it now suffices to show

that ψ is bi-Lipschitz. Notice that for all b P B, ψ̄N restricts to a diffeomorphism be-

tween
!

z P rL
ˇ

ˇ

ˇ
z0 “ b

)

and N , which is bi-Lipschitz as it is a diffeomorphism between

compact manifolds. Further, we can choose the same lower and upper constants a

and A, respectively, for each value of b, because b ranges over a compact set. We can

choose these constants so that 0 ă a ă 1 ă A ă 8.

Now we show ψ is Lipschitz. Consider first z, x P W so that |z1Ñn| “ |x1Ñn|. Set

s “ |z1Ñn|
α{β. Then

|ψNpzq ´ ψNpxq|
2
“ |sβ{αψ̄Np

1

s
‹ zq ´ sβ{αψ̄Np

1

s
‹ xq|2

“ s2β{α|ψ̄Np
1

s
‹ zq ´ ψ̄Np

1

s
‹ xq|2

ď A2s2β{α|s´β{αz1Ñn ´ s
´β{αx1Ñn|

2

ď A2
|z1Ñn ´ x1Ñn|

2 .
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If |z1Ñn| ‰ |x1Ñn|, then we assume without loss of generality that |z1Ñn| ă |x1Ñn|

and we set t ă 1 so that |z1Ñn| “ tβ{α|x1Ñn|. Then x1Ñn is on a sphere of radius

|x1Ñn| and z1Ñn is on a sphere of radius tβ{α|x1Ñn|, so the distance between x1Ñn and

z1Ñn is at least the difference between the radii, i.e. |x1Ñn´z1Ñn| ě p1´ t
β{αq|x1Ñn|.

We also have the bound |tβ{αx1Ñn´z1Ñn| ď |x1Ñn´z1Ñn|, which we get from Lemma

A.4. We put this together with our previous result to get

|ψNpzq ´ ψNpxq|
2
ď |ψNpzq ´ t

β{αψNpxq|
2
` |tβ{αψNpxq ´ ψNpxq|

2

“ |ψNpzq ´ ψNpt ‹ xq|
2
` p1´ tβ{αq2|ψNpxq|

2

“ |ψNpzq ´ ψNpt ‹ xq|
2
` p1´ tβ{αq2|x1Ñn|

2

ď A2
|z1Ñn ´ t

β{αx1Ñn|
2
` |z1Ñn ´ x1Ñn|

2

“ pA2
` 1q|z1Ñn ´ x1Ñn|

2 .

Now we finally have

}ψpzq ´ ψpxq}2 “ |z0 ´ x0|
2
` |ψNpzq ´ ψNpxq|

2

ď |z0 ´ x0|
2
` pA2

` 1q|z1Ñn ´ x1Ñn|
2

ď pA2
` 1q}z ´ x}2 .

This gives us that ψ is Lipschitz.

Next we show the other direction. Consider first z, x P W satisfying |z1Ñn| “

|x1Ñn|. Set s “ |z1Ñn|
α{β. Then

|ψNpzq ´ ψNpxq|
2
“ |sβ{αψ̄Np

1

s
‹ zq ´ sβ{αψ̄Np

1

s
‹ xq|2

“ s2β{α|ψ̄Np
1

s
‹ zq ´ ψ̄Np

1

s
‹ xq|2

ě a2s2β{α|s´β{αz1Ñn ´ s
´β{αx1Ñn|

2

“ a2|z1Ñn ´ x1Ñn|
2 .
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If |z1Ñn| ‰ |x1Ñn|, then we assume without loss of generality that |z1Ñn| ă |x1Ñn|

and we set t so that |z1Ñn| “ tβ{α|x1Ñn|. Set s “ |z1Ñn|. Notice that by prior

reasoning,

|ψNpzq ´ t
β{αψNpxq|

2
ď |ψNpzq ´ ψNpxq|

2, and

p1´ tβ{αq|ψNpxq| ď |ψNpxq ´ ψNpzq| .

Putting this together, we get

|z1Ñn ´ x1Ñn|
2
ď |z1Ñn ´ t

β{αx1Ñn|
2
` |tβ{αx1Ñn ´ x1Ñn|

2

ď
1

a2
|ψNpzq ´ ψNpt ‹ xq|

2
` p1´ tβ{αq2|x1Ñn|

2

“
1

a2
|ψNpzq ´ t

β{αψNpxq|
2
` p1´ tβ{αq2|ψNpxq|

2

ď
1

a2
|ψNpzq ´ ψNpxq|

2
` |ψNpxq ´ ψNpzq|

2

ď

ˆ

1

a2
` 1

˙

|ψNpzq ´ ψNpxq|
2.

Now we finally have

}ψpzq ´ ψpxq}2 “ |z0 ´ x0|
2
` |ψNpzq ´ ψNpxq|

2

ě |z0 ´ x0|
2
`

ˆ

a2

a2 ` 1

˙

|z1Ñn ´ x1Ñn|
2

ě

ˆ

a2

a2 ` 1

˙

}z ´ x}2.

This concludes the proof.

Definition 6.14. Choose η “ δ{2, where δ is chosen small enough for Lemma 6.11

to work. Then define

U “
!

z P Vreg

ˇ

ˇ

ˇ
|z0| ď η, |z1Ñn| ď 1

)

, and

L “
!

z P U
ˇ

ˇ

ˇ
|z0| “ η or |z1Ñn| “ 1

)

“ BU .
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Let

Û “ U XW

“

!

z P U
ˇ

ˇ

ˇ
|z0| ď δ|z1Ñn|

α{β
)

.

Then ψ restricts to a quasi-isometry from Û to X̂ where

X̂ “

"

z P Cn`1
ˇ

ˇ

ˇ

ˆ

0,
z1Ñn
|z1Ñn|

˙

P N, |z1Ñn| ď 1, |z0| ď mintη, δ|z1Ñn|
α{β
u

*

.

Define a map pr, φq : U Ñ p0, 1s ˆ L via

rpzq “

#

|z1Ñn| if |z0| ď η|z1Ñn| ,

|z0|{η if |z0| ě η|z1Ñn| ,

φpzq “

$

’

’

’

’

&

’

’

’

’

%

ψ´1
`

1
r
ψpzq

˘

if a`2
3

´

|z0|
η

¯

ď |z1Ñn| ,

ψ´1
´

z0
r
,
`

qr ` p1´ qqrβ{α
˘´1

ψNpzq
¯

if 2a`1
3

´

|z0|
η

¯β{α

ď |z1Ñn| ď
a`2
3

´

|z0|
η

¯

,
`

z0
r
, z1Ñn
rβ{α

˘

if |z1Ñn| ď
2a`1
3

´

|z0|
η

¯β{α

,

where

q “
|z1Ñn| ´

2a`1
3
rβ{α

a`2
3
r ´ 2a`1

3
rβ{α

for
2a` 1

3

ˆ

|z0|

η

˙β{α

ď |z1Ñn| ď
a` 2

3

ˆ

|z0|

η

˙

and

a “ 2´β{α.

Note that r “ |z0|
η

in the region where q is defined above, and also notice that the

map ψ is not used in the definition of φ for z outside of Û . Lastly, notice that r and

φ are continuous and piecewise smooth, and pr, φq is invertible, with a continuous,

piecewise smooth inverse. In fact, we can define this map explicitly.
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a 1

η

2η

U1

U12
U2

|z1Ñn|

|z0|

Figure 6.1: Decomposition of Û

First, we point out a decomposition L “ L1 Y L12 Y L2 where

L1 “

!

z P L
ˇ

ˇ

ˇ
|z1Ñn| “ 1

)

L12 “

!

z P L
ˇ

ˇ

ˇ
|z0| “ η, z P Û

)

L2 “

!

z P L
ˇ

ˇ

ˇ
|z0| “ η, z R Û

)

.

We can extend the definition of q to all of L12 via

q “
|z1Ñn| ´

a`2
3
r

1´ a`2
3
r

` 1 for
a` 2

3

|z0|

η
ď |z1Ñn| ď 1

and

q “
|z1Ñn| ´ ar

β{α

1`2a
3
rβ{α ´ arβ{α

´ 1 for a

ˆ

|z0|

η

˙β{α

ď |z1Ñn| ď
2a` 1

3

ˆ

|z0|

η

˙β{α

.

There is a diffeomorphism L12 Ñ S1 ˆ r´1, 2s ˆN given by

ξ ÞÑ

ˆ

argpξ0q, q, ψ̄N

ˆ

1

|ξ1Ñn|α{β
‹ ξ

˙˙

,

where q is given by the three equations above.
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a 1`2a
3

2`a
3

1

η

|z1Ñn|

|z0|

Figure 6.2: Flow on U12

Now we can more easily write down the inverse pr, φq´1 : p0, 1s ˆ LÑ U :

pr, φq´1pr, ξq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ψ´1prψpξqq ξ P L1

ψ´1prψpξqq ξ P L12, 1 ď q ď 2

ψ´1
`

rξ0,
`

qr ` p1´ qqrβ{α
˘

ψNpξq
˘

ξ P L12, 0 ď q ď 1

prξ0, r
β{αξ1Ñnq ξ P L12, ´1 ď q ď 0

prξ0, r
β{αξ1Ñnq ξ P L2

In the next section, it will be useful to note that prξ0, r
β{αξ1Ñnq “ r ‹ ξ “

ψ´1pr ‹ ψpξqq “ ψ´1
`

rξ0, r
β{αψNpξ1Ñnq

˘

. This also makes it clearer that pr, φq´1 is

indeed continuous.

6.3 Calculating the Metric up to Quasi-Isometry

Ideally, we would precisely calculate the metric on p0, 1sˆL which we get by pullback

through pr, φq´1. However, this would get very ugly. It suffices to find a metric on

p0, 1s ˆL which is quasi-isometric to this pullback metric under the identity map on

p0, 1s ˆ L (this last condition, that a quasi-isometry between them is given by the

identity, is crucial to several of our later arguments). This will be the goal of this

109



section.

Let’s start by separating U “ U1 Y U12 Y U2, where U1 “ pr, φq
´1 pp0, 1s ˆ L1q,

and so on. We will deal with each of U1, U12, and U2 in turn. Notice that pr, φq

restricted to Û “ U1 Y U12 factors through X̂ via

Û p0, 1s ˆ pL1 Y L12q

X̂

ψ

pr, φq

h´1

for the diffeomorphism h : p0, 1s ˆ L1 Y L12 Ñ X̂ given by

hpr, ξq “ ψ
`

pr, φq´1pr, ξq
˘

“

$

’

’

’

&

’

’

’

%

rψpξq ξ P L1

rψpξq ξ P L12, 1 ď q ď 2
`

rξ0,
`

qr ` p1´ qqrβ{α
˘

ψNpξq
˘

ξ P L12, 0 ď q ď 1

r ‹ ψpξq ξ P L12, ´1 ď q ď 0

Lemma 6.15. If f : pX, gXq Ñ pY, gY q is a quasi-isometry and p : Z Ñ X is a

diffeomorphism, then the identity on Z gives a quasi-isometry between pZ, pf ˝pq˚gY q

and pZ, p˚gXq.

Proof.

}pf ˝ pq˚gY pvq} “ }pf
˚gY qpp˚vq} ď C}gXpp˚vq} “ C}pp˚gXqpvq}

The proof of the other direction is basically identical.

The actual metric on p0, 1s ˆ L is given by ppr, φq´1q
˚
gU , where gU is the met-

ric on U induced by the standard Euclidean metric. However, since ψ is a quasi-

isomorphism, this lemma says we can instead consider the metric on p0, 1sˆpL1YL12q

given by h˚gX̂ , where gX̂ is the metric on X̂. First we consider p0, 1s ˆ L1.
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Theorem 6.16. The identity on p0, 1s ˆ L1 is a quasi-isometry between the metric

ppr, θq´1q
˚
gU and the conical metric

dr2 ` r2 gL1 ,

where gL1 “ h˚ghpL1q is the pullback of the metric on hpL1q Ă X̂ induced by the

standard Euclidean metric.

Proof. By Lemma 6.15, it suffices to compare the conical metric with h˚gX̂ on p0, 1sˆ

L1. Remember that

hpr, ξq “ rψpξq .

We calculate two pushforward vectors: h˚
B

Br
and h˚v where v is a vector in TξL1.

h˚
B

Br
“

d

dt
pr ` tqψpξq

ˇ

ˇ

ˇ

t“0
“ ψpξq .

For v, let γ : p´1, 1q Ñ L1 be a curve with γp0q “ ξ and γ1p0q “ v. Then

h˚v “
d

dt
rψpγptqq

ˇ

ˇ

ˇ

t“0
“ rpψ ˝ γq1p0q “ rψ˚v .

Remember from the proof of Lemma 6.13 that

}ψpξq}2 “ }ξ}2 “ |ξ0|
2
` |ξ1Ñn|

2 ,

and ξ P L1, so |ξ1Ñn| “ 1 and |ξ0| ď η. Therefore,

1 ď h˚gX̂p
B

Br
,
B

Br
q ď η2 ` 1 , and

h˚gX̂pv, vq “ r2}ψ˚v} .

Also, since γptq “ pγ0ptq, γ1Ñnptqq P L1 for all t, |γ1Ñnptq| “ 1 for all t, and

|ψNpγptqq| “ |γ1Ñnptq| “ 1. Therefore, ψN ˝ γ lies entirely in the unit sphere, so
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if we write pψ ˝ γq1p0q “ pγ10p0q, pψN ˝ γq
1p0qq, we learn pψN ˝ γq

1p0q is orthogonal to

pψN ˝ γqp0q “ ψNpξq. Therefore,
ˇ

ˇ

ˇ

ˇ

h˚gX̂p
B

Br
, vq

ˇ

ˇ

ˇ

ˇ

“ xψpξq, rpψ ˝ γq1p0qy .

“ r|ξ0||v0|

ď ηr|v0|

ď p1´ cq}ψpξq} }ψ˚v}

for c “ 1 ´ η. Therefore, we’ve satisfied the conditions of Lemma 3.1, so h˚gX̂ is

quasi-isometric to

dr2 ` gr

for gr the metric on tru ˆ L induced by h˚gX̂ . But

grpv, vq “ }h˚v}
2

“ }rpψ ˝ γq1p0q}2

“ r2}pψ ˝ γq1p0q}2

“ r2g1pv, vq

and we have shown the identity is a quasi-isometry between h˚gX̂ and

dr2 ` r2gL1 .

Theorem 6.17. The identity on p0, 1s ˆ L12 is a quasi-isometry between the metric

ppr, θq´1q
˚
gU and the interpolation of Cheeger metrics

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

dr2 ` r2β{αdq2 ` r2dθ2 ` r2β{αgh´1pNq ´1 ď q ď 0

dr2 ` r2dq2 ` r2dθ2 `
`

qr ` p1´ qqrβ{α
˘2
gh´1pNq 0 ď q ď 1

dr2 ` r2dq2 ` r2dθ2 ` r2gh´1pNq 1 ď q ď 2

,

where gh´1pNq “ h˚gN is the pullback of the metric gN induced by the standard Eu-

clidean metric on the subspace N as given in Definition 6.10.
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Proof. By Lemma 6.15, it suffices to compare our desired metric with h˚gX̂ on p0, 1sˆ

L12. First we show this for 1 ď q ď 2. In this region, hpr, ξq “ rψpξq. Similar to the

previous theorem, we calculate the pushforward vectors h˚
B

Br
and h˚v where v is a

vector in TξL12.

h˚
B

Br
“

d

dt
pr ` tqψpξq

ˇ

ˇ

ˇ

t“0
“ ψpξq .

For v, let γ : p´1, 1q Ñ L12 be a curve with γp0q “ ξ and γ1p0q “ v. Then

h˚v “
d

dt
rψpγptqq

ˇ

ˇ

ˇ

t“0
“ rpψ ˝ γq1p0q “ rψ˚v .

This time we get slightly different bounds

η2 ď }ψpξq}2 ď η2 ` 1 .

And this time, because γ0ptq is constant, γ10p0q “ 0. By this and by Cauchy-Schwarz,

we get

ˇ

ˇ

ˇ

ˇ

xh˚
B

Br
, h˚vy

ˇ

ˇ

ˇ

ˇ

ď |ξ1Ñn||pψ˚vq1Ñn|r

ď
|ξ1Ñn|

p|ξ0|2 ` |ξ1Ñn|2q
1{2
}ξ}}ψ˚v}r

ď p1´ cq}h˚
B

Br
} }h˚v}

where c “ 1´ 1
p1`η2q1{2

; we can get the inequality

|ξ1Ñn|

p|ξ0|2 ` |ξ1Ñn|2q
1{2
“

1
´

1` |ξ0|2

|ξ1Ñn|2

¯1{2
ď

1

p1` η2q1{2
“ 1´ c

because |ξ0| “ η and |ξ1Ñn| ď 1. Therefore, we can apply Lemma 3.1 to get that

h˚gX̂ is quasi-isometric to

dr2 ` gr .
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And once again,

grpv, vq “ }h˚v}
2

“ }rpψ ˝ γq1p0q}2

“ r2}pψ ˝ γq1p0q}2

“ r2g1pv, vq .

Therefore, for 1 ă q ă 2, we get that h˚gX̂ is quasi-isometric to

dr2 ` r2gL12 .

Next, consider the region where ´1 ď q ď 0.

h : p0, 1s ˆ S1
ˆ r´1, 0s ˆN Ñ U12

is given by

hpr, θ, q, xq “

ˆ

rηeiθ, rβ{α
ˆ

a`
p1` qqp1´ aq

3

˙

x

˙

.

For convenience, set z “ hpr, θ, q, xq. Notice that |z0| “ rη and |z1Ñn| varies between

arβ{α and
`

1`2a
3

˘

rβ{α as q ranges between ´1 and 0. Also remember that }x} “ 1,

which implies that xx, vy “ 0 for v P TxN , viewing both x and v as in Cn.

Using this, we can calculate the pullback metric through h to be given by

˜

η2 ` pβ{αq2r2pβ{α´1q
ˆ

a`
p1` qqp1´ aq

3

˙2
¸

dr2 ` η2r2 dθ2 ` r2β{α
ˆ

1´ a

3

˙2

dq2

` r2β{α
ˆ

a`

ˆ

p1` qqp1´ aq

3

˙˙2

gN ` r
2β{α´1β

α

ˆ

1´ a

3

˙ˆ

a`
p1` qqp1´ aq

3

˙

pdq dr ` dr dqq .

We calculate

η2 ď η2 ` pβ{αq2r2pβ{α´1q
ˆ

a`
p1` qqp1´ aq

3

˙2

ď η2 ` pβ{αq2 .
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Furthermore, after noticing (by using Lemma A.2) that

pβ{αq2
´

a` p1`qqp1´aq
3

¯2

r2pβ{α´1q

η2 ` pβ{αq2r2pβ{α´1q
´

a` p1`qqp1´aq
3

¯2 ď
pβ{αq2

η2 ` pβ{αq2
ă 1

and setting c “ 1´ β{α

pη2`pβ{αq2q1{2
, we get

h˚gX

ˆ

B

Br
,
B

Bq

˙

“ r2β{α´1pβ{αq

ˆ

1´ a

3

˙ˆ

a`
p1` qqp1´ aq

3

˙

“

rβ{α´1pβ{αq
´

a` p1`qqp1´aq
3

¯

´

η2 ` pβ{αq2r2pβ{α´1q
´

a` p1`qqp1´aq
3

¯¯1{2

›

›

›

›

h˚
B

Br

›

›

›

›

›

›

›

›

h˚
B

Bq

›

›

›

›

ď p1´ cq

›

›

›

›

h˚
B

Br

›

›

›

›

›

›

›

›

h˚
B

Bq

›

›

›

›

.

Therefore, we’ve satisfied the conditions of Lemma 3.1, so h˚gX̂ on this piece is

quasi-isometric to

dr2 ` η2r2 dθ2 ` r2β{α
ˆ

1´ a

3

˙2

dq2 ` r2β{α
β

α

ˆ

a` q

ˆ

1´ a

3

˙˙2

gN .

Note that

pβ{αqa ď
β

α

ˆ

a` q

ˆ

1´ a

3

˙˙

ď pβ{αq
1` 2a

3
,

so using Lemma A.3, we finally get that h˚gX̂ is quasi-isometric to

dr2 ` r2 dθ2 ` r2β{α dq2 ` r2β{α gN .

Lastly, we will calculate the metric for 0 ď q ď 1. The map h is given by

hpr, θ, q, xq “
`

rηeiθ,
`

qr ` p1´ qqrβ{α
˘

Apqqx
˘

for a function Apqq “ p1`qqp1´aq
3

` a. Notice that 1`2a
3
ď A ď 2`a

3
for all q in this

region, and that A1pqq “ p1´aq
3

. Once again, we have that }x} “ 1 and xx, vy “ 0 for

v P TxN , as before. We calculate the pullback metric through h to be given by
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˜

η2 `

ˆ

q ` p1´ qq
β

α
rβ{α´1

˙2

A2

¸

dr2 `

ˆ

pr ´ rβ{αqA`
`

qr ` p1´ qqrβ{α
˘ p1´ aq

3

˙2

dq2

` η2r2 dθ2 `
`

qr ` p1´ qqrβ{α
˘2
A2gN

`

ˆ

q ` p1´ qq
β

α
rβ{α´1

˙

A

ˆ

pr ´ rβ{αqA`
`

qr ` p1´ qqrβ{α
˘ p1´ aq

3

˙

pdr dq ` dq drq .

We calculate

η2
ˆ

1` 2a

3

˙2

ď η2 `

ˆ

q ` p1´ qq
β

α
rβ{α´1

˙2

A2
ď η2 ` pβ{αq2 .

Furthermore, we get by applying Lemma A.2

h˚gX̂

ˆ

B

Br
,
B

Bq

˙

“

ˆ

q ` p1´ qq
β

α
rβ{α´1

˙

A

ˆ

pr ´ rβ{αqA`
`

qr ` p1´ qqrβ{α
˘ p1´ aq

3

˙

“

˜

`

q ` p1´ qqβ
α
rβ{α´1

˘2
A2

η2 `
`

q ` p1´ qqβ
α
rβ{α´1

˘2
A2

¸1{2
›

›

›

›

h˚
B

Br

›

›

›

›

›

›

›

›

h˚
B

Bq

›

›

›

›

ď

ˆ

1

η2 ` 1

˙1{2 ›
›

›

›

h˚
B

Br

›

›

›

›

›

›

›

›

h˚
B

Bq

›

›

›

›

.

Thus, we can apply Lemma 3.1 to see that h˚gX̂ on this piece is quasi-isometric to

dr2`η2r2 dθ2`

ˆ

pr ´ rβ{αqA`
`

qr ` p1´ qqrβ{α
˘ p1´ aq

3

˙2

dq2`
`

qr ` p1´ qqrβ{α
˘2
A2gN .

Note (using Lemma A.2 for the second set of bounds) that

min

#

ˆ

1

2

˙β{α´1
1´ a

3
,
A

2

+

ď
pr ´ rβ{αqA`

`

qr ` p1´ qqrβ{α
˘

p1´aq
3

r
ď 1 , and

2a` 1

3
ď A ď

a` 2

3
.
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(We get the top lefthand bounds from first considering the case where r ą 1
2

for the

left bound, then the case where r ă 1
2

for the right bound.) Therefore we can apply

Lemma A.3 to show that h˚gX̂ on this piece is quasi-isometric to

dr2 ` r2 dθ2 ` r2 dq2 `
`

qr ` p1´ qqrβ{α
˘2
gN .

Lastly, we compute the metric for U2.

Theorem 6.18. There is a Riemannian manifold with boundary pN 1, gN 1q where

the interior of N 1 is a complex pn ´ 1q-manifold so that T˚L2 decomposes pointwise

as T˚S
1 ‘ T˚N

1, and the metric on U2 with respect to this decomposition is quasi-

isometric to

dr2 ` r2dθ2 ` r2β{αgN 1

where r and θ are the coordinates on p0, 1s and S1, respectively.

Proof. We define N 1 “ tz P L2 | z0 “ ηu. Then we consider the bundle

N 1 L2

S1

where the projection L2 � S1 is given by z ÞÑ z0
|z0|

. This may not be a product, but

we can see it really is a fiber bundle by defining a variant of the weighted flow

µ :S1
Ñ L

µpθq “ peiαθz0, e
iβθz1Ñnq

and noticing that we can use this to flow N 1 into the other fibers.

Notice that that the tangent space of L2 breaks apart pointwise in an orthogonal

decomposition as

T˚L2 “ T˚S
1
‘ T˚N

1 .
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This decomposition is not natural, so by T˚S
1 Ă T˚L we mean the pushforward of

T˚S
1 through the map µ.

If g is a metric on N 1 and dθ is the pullback of the coordinate form on S1, then

the metric on L2 is given by

dθ2 ` gN 1 .

Now pr, φq´1 maps the product p0, 1s ˆ L2 onto U2 via

p0, 1s ˆ L2 Ñ U2

pr, ξq ÞÑ r ‹ ξ .

We get the following computations of pushforwards for B

Br
, B

Bθ
, and v for a given

vector v “ γ1p0q which is the gradient of a curve γ which lies entirely in the fiber of

the above bundle, i.e. which lies in T˚N Ă T˚L:

pr, φq´1˚
B

Br
“

ˆ

ξ0,
β

α
rβ{α´1ξ1Ñn

˙

pr, φq´1˚
B

Bθ
“
`

iαrξ0, iβr
β{αξ1Ñn

˘

pr, φq´1˚ v “
`

0, rβ{αγ11Ñnp0q
˘

“ r ‹ v .

By using these to pull back the metric to p0, 1s ˆ L2, we get

˜

η2 `

ˆ

β

α

˙2

r2pβ{α´1q|ξ1Ñn|
2

¸

`

dr2 ` α2r2 dθ2
˘

` r2β{α gN 1 .

There are no cross terms because if a vector v is tangent to N 1 at a point ξ1Ñn, then

xv, ξ1Ñny “ 0 since N 1 is a subset of the sphere.

Because the first coefficient satisfies

η2 ď η2 `

ˆ

β

α

˙2

r2pβ{α´1q|ξ1Ñn|
2
ď η2 `

ˆ

β

α

˙2

,
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we can use Lemma A.3 to see that our metric is quasi-isometric to

dr2 ` r2 dθ2 ` r2β{α gN 1 .

Remark 6.19. One should be careful when comparing the metrics of p0, 1s ˆ L2 and

p0, 1s ˆ L12 when ´1 ă q ă 0. They seem similar, in that both take the form of

dr2 ` r2 dθ2 ` r2β{αgM

for some manifold M . However, there are important differences! Most importantly

and confusingly, the dθ is not the same in both cases. On p0, 1sˆL12, the pushforward

of B

Bθ
through h equals d

dt
p|z0|e

it, z1Ñnq
ˇ

ˇ

ˇ

t“0
. On the other hand, on p0, 1s ˆ L2, we

have h˚
B

Bθ
“ d

dt
peit ‹ zq

ˇ

ˇ

ˇ

t“0
.

6.4 L2-Cohomology of V

In this last section, we calculate the L2-cohomology of a punctured neighborhood of

the entire variety V .

Lemma 6.20. Let Y , Y1, and Y2 be Riemanian manifolds (perhaps with corners)

so that Y “ Y1 Y Y2 and the metrics of Y1 and Y2 are the restrictions of the metric

of Y . Let α and tαju
8
j“1 be forms in L2ΩkpY q. Assume that the restrictions of the

αj converge to α on both Y1 and Y2. Then the sequence tαju converges to α on the

whole space Y .

Proof. If the sequence converges on both Y1 and Y2, then

}α|Yi ´ αj|Yi}
2
Yi
Ñ 0

for i “ 1, 2. Then

}α ´ αj}
2
Y ď }α|Y1 ´ αj|Y1}

2
Y1
` }α|Y2 ´ αj|Y2}

2
Y2
Ñ 0 .
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Theorem 6.21. Let K be defined as in Definition 3.8. Then K exists and is bounded.

Proof. Theorems 5.2 and 5.8 prove this theorem when restricting K to metrics of

either Cheeger type or Interpolations between metrics of Cheeger type (at least in

the case of low eccentricity, which we can always arrange using Theorem 5.9). In

Sections 6.2 and 6.3, we give a diffeomorphism V “ p0, 1sˆL and split V into pieces

U1 “ p0, 1s ˆ L1, U12 “ p0, 1s ˆ L12, U2 “ p0, 1s ˆ L2, where the identities on U1 and

U2 give quasi-isometies between the induced metric and Cheeger metrics, and the

identity on U12 gives a quasi-isometry between the induced metric and an interpola-

tion between Cheeger metrics.

Since Kεα converges in L2 on each of the three pieces, Kεα converges in L2 on

the whole thing by Lemma 6.20.

Further, K is bounded, since there are constants CU1 , CU12 and CU2 so that

}Kα}2 “ }Kα}2U1
` }Kα}2U12

` }Kα}2U2

ď CU1}α}
2
U1
` CU12}α}

2
U12
` CU2}α}

2
U2

ď maxtCU1 , CU12 , CU2u}α}
2 .

Lemma 6.22. 1. Let ω P ΩkpLq be a k-form for k ă dimCpV q. Then there are

constants A ą 0 and b ă 1 so that

rb}ω}2r ď Asb}ω}2s

for all r, s P p0, 1s satisfying r ď s.

2. Let ω P dompdq be a k-form for k ą dimCpV q. Then there is a constant A so

that

r}ω}2r ě s}ω}2s

for all r, s P p0, 1s.
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3. Let α P dompdq be a k-form for k “ dimCpV q. Then there are forms β and

γ P dompdq and some constant A ą 0 so that β “ α ` dγ and

r}κrβptq}
2
r ě sA}κrβptq}

2
s

for all r, s, t P p0, 1s and r ď s.

Proof. Because we can use Lemma 5.1 and Theorem 5.6 to prove 1 and 2 for the

regions U1, U12 and U2, we can combine these estimates to get 1 and 2 for all of V .

For case 3, we first restrict α to U12 and use Theorem 5.20 to get a form γ so

that the form β “ α ` dγ satisfies

r}κrβptq}
2
r,U12

ě sA}κrβptq}
2
s,U12

for all r, s, t P p0, 1s and r ď s. Because we γ vanishes on a neighborhood of the

boundary of U12 by Theorem 5.20, we can extend it to a form on all of V . Then we

use Lemma 5.1 to get the estimate for β in the regions U1 and U2. Combining these

three estimates, we get the end result.

Theorem 6.23. The L2-cohomology of V is given by

Hk
p2qpV q “

#

0 k ě dimCpV q

Hk
dRpLq k ă dimCpV q .

Proof. First, assume k ă dimCpV q. By Theorem 6.21, Lemma 6.22, and Lemma 3.2

we satisfy the conditions of Theorem 3.11, so Hk
p2qpV q “ Hk

dRpLq.

Next, assume k ą dimCpV q. Take a class rαs P Hk
p2qpV q and choose a representa-

tive α. Then α P dompdq. Again by Theorem 6.21, Lemma 6.22 and Lemma 3.2, we

satisfy the conditions of Theorem 3.10. Thus Kα is in dompd̄q and

α “ d̄pKαq.
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After using a smoothing homotopy operator if necessary, we see that rαs “ 0. Since

rαs was arbitrary, Hk
p2qpV q “ 0.

Last, assume k “ dimCpV q. Take a class rαs P Hk
p2qpV q and choose a represen-

tative α. We can use Lemma 6.22 to find forms β and γ in dompdq and a constant

A ą 0 so that β “ α ` dγ and

r}κrβptq}
2
r ě sA}κrβptq}

2
s

for all r, s, t P p0, 1s and r ď s. Then we can use Theorem 3.10 to say there is some

ξ P L2Ωk´1pLq so that ξ `Kβ P dompd̄q and

β “ d̄pξ `Kβq .

After using a smoothing homotopy operator if necessary, we see that rαs “ rβs “ 0.

Since rαs was arbitrary, Hk
p2qpV q “ 0.
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7

Conclusion

Theorem 6.23 gives us that the local L2-cohomology of certain specific varieties is

isomorphic to the intersection homology. These include, for example, the Ak simple

singularities. A natural next line of inquiry is to ask if the same methods as shown

here might work for other weighted homogeneous varieties (or to start, even other

Brieskorn varieties).

We see three major issues with extending this work, although none seem insur-

mountable. The first potential difficulty is that the analog of the interpolations of

Cheeger metrics as defined in Section 5.2 might involve more general fiber products,

and not merely true products as we assumed. Indeed, for the other simple singular-

ities (namely the Dk, E6, E7, and E8 singularities), most of the work in this thesis

will still apply, with this one exception. Some preliminary work has suggested that

the arguments here may be able to be adapted to these cases as well.

Another, slightly larger issue is that for more complicated singularities, we may

need to “interpolate” between three or more model metrics. For example, in the
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work of [7], they are able to calculate the metric near each divisor of a suitable

relation; however, near the intersection of these divisors, the metric will look like

an interpolation between them. This requires a bit more care, and it is not ob-

vious that the averaging arguments of Section 5.4 will still apply. However, again

some preliminary calculations by the author suggest that this too might be overcome.

The largest hurdle to extending this work to general weighted homogeneous poly-

nomials is that locally some of the metrics will not look like Cheeger metrics; instead,

one might get relatively arbitrary multiply-warped products. As we saw in Chapter

4, these will not necessarily have the requisite properties: K may not be bounded in

the correct degrees, there may be high degree forms independent of r which are L2,

and other difficulties. This does not necessarily mean the CGM conjecture is false,

however. For most such varieties, we expect there to be some topological reason why

any L2 closed form of a certain appearance must be L2-exact, and why any cohomol-

ogy class of the link is representable by an L2 form. Indeed, one major hope is that

work in this area will shine some light on possible restrictions that the CGM con-

jecure would place on the local geometry and topology of complex algebraic varieties.
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Appendix A

Extra Calculations

Calculation A.1. For b ă 1, we have the equality

ż 1

0

ˆ
ż 1

r

Asb

rb
ds

˙

dr “
A

2p1´ bq
.

Proof. We break this into the b ‰ ´1 case and the b “ ´1 case.

Case 1: (b ‰ ´1)

ż 1

0

ˆ
ż 1

r

Asb

rb
ds

˙

dr “

ż 1

0

A

rb

ˆ

1´ rb`1

b` 1

˙

dr

“

ż 1

0

A

b` 1

`

r´b ´ r
˘

dr

“
A

b` 1

ˆˆ

1

1´ b
´

1

2

˙

´ p0´ 0q

˙

“
A

2p1´ bq
.

Case 2: (b “ ´1)

125



First, verify that d
dr

`

1
2
r2 ln r ´ 1

4
r2
˘

“ r ln r. Then
ż 1

0

ˆ
ż 1

r

Asb

rb
ds

˙

dr “

ż 1

0

ˆ
ż 1

r

As´1

r´1
ds

˙

dr

“

ż 1

0

Ar pln 1´ ln rq dr

“

ż 1

0

´Ar ln r dr

“ ´A

„ˆ

1

2
ln 1´

1

4

˙

´ p0´ 0q



“
A

4

“
A

2p1´ bq
.

Lemma A.2. Let 0 ď a1, b1 be nonnegative real numbers and 0 ă a2, b2 be positive

real numbers. Then

max
0ďqď1

qa1 ` p1´ qqb1
qa2 ` p1´ qqb2

“ max

"

a1
a2
,
b1
b2

*

, and

min
0ďqď1

qa1 ` p1´ qqb1
qa2 ` p1´ qqb2

“ min

"

a1
a2
,
b1
b2

*

.

If 0 ă c, then we also have the inequality

qa1
qa2 ` c

ď
a1

a2 ` c
.

Proof. Denote fpqq “ qa1`p1´qqb1
qa2`p1´qqb2

. f is a smooth function, so its extrema can only

occur at values where f 1pqq “ 0 or at the endpoints. We can calculate

f 1pqq “
a1b2 ´ a2b1

pqa2 ` p1´ qqb2q2
.

Thus, fpqq is either strictly monotonic in q or constant. Either way, its extrema are

at the endpoints, which gives us the first part of our lemma.
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To get the last inequality, we can rewrite

qa1
qa2 ` c

“
qa1 ` p1´ qq ¨ 0

qpa2 ` cq ` p1´ qqc
,

and apply the first part of this lemma.

Lemma A.3. Let pX1, g1q and pX2, g2q be Riemannian manifolds with boundary. Let

X “ X1 ˆX2, and let f, h : X Ñ R be smooth functions. Construct the metrics gf

and gh on X via

gf “ g1 ` f g2 , and

gh “ g1 ` h g2 .

Assume lastly that there are constants 0 ă c ď 1 ď C ă 8 so that c ď fpxq
hpxq

ď C for

every x P X. Then the identity map is a quasi-isometry between pX, gf q and pX, ghq.

Proof. Given a point x “ px1, x2q, we can decompose any tangent vector v P TxX

as v “ v1 ` v2, where v1 P Tx1X1 and v2 P Tx2X2. Then gf pv, vq “ g1pv1, v1q `

fpxqg2pv2, v2q, and ghpv, vq “ g1pv1, v1q ` hpxqg2pv2, v2q. Clearly

gf pv, vq “ g1pv1, v1q ` fpxqg2pv2, v2q

ď g1pv1, v1q ` C hpxqg2pv2, v2q

ď C pg1pv1, v1q ` hpxqg2pv2, v2qq

“ Cghpv, vq .

Similarly,

gf pv, vq “ g1pv1, v1q ` fpxqg2pv2, v2q

ě g1pv1, v1q ` c hpxqg2pv2, v2q

ě cpg1pv1, v1q ` hpxqg2pv2, v2q

“ cghpv, vq .

127



Lemma A.4. Let x, z P Rn, and let x, z ‰ 0. Then the scalar t P p´8,8q which

minimizes the value }tx ´ z} is t “ |z|
|x|

cos θ, where θ is the angle between x and z.

Furthermore, if |x| ą |z|, then

›

›

›

›

}z}

}x}
x´ z

›

›

›

›

ď }x´ z} .

Proof. We prove this using the law of cosines. We can calculate

fptq “ }tx´ z}2

“ }tx}2 ` }z}2 ´ 2}tx} }z} cos θ

“ t2}x}2 ´ t p2}x} }z} cos θq ` }z}2

As this is a smooth function on a bounded , we find the minimum (if it exists) by

setting the derivative equal to zero. We get

f 1ptq “ 2t}x}2 ´ 2}x} }z} cos θ ,

and so f has a critical value at t “ }z}
}x}

cos θ, is increasing in t for larger t, and is

decreasing in t for smaller t. If }x} ě }z}, then for any θ, }z}
}x}

cos θ ď }z}
}x}
ď 1, which

gives us our second statement.
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