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Abstract

This dissertation propels the frontier of Bayesian inference, particularly for struc-
turally diverse data, by developing innovative methodologies and robust theories,
delineated into three distinct segments, each tackling Dynamical systems, continuous

time Markov Chains, and data with low-dimensional structures.

The initial part presents the Hierarchical Shrinkage Gaussian Process (HierGP),
a novel model adept at detecting structured sparse features within limited data from
response surfaces. Incorporating the principles of effect sparsity, heredity, and hierar-
chy into a Gaussian process framework, HierGP demonstrates superior performance
compared to its contemporaries. This superiority is backed by a range of numerical

experiments and its successful application to dynamical system recovery.

The dissertation’s second segment introduces the Bayesian Approximation Spec-
tral Inference (BASI) method. Inspired by the necessity for pragmatic inference
techniques for continuous-time Markov chains, BASI innovatively employs proba-
bilistic matrix factorization to estimate a continuous-time Markov chain generator’s
low-rank representation. This approach effectively circumvents the computational
challenges of assessing implicit likelihood functions inherent in previous methods,
with our theoretical support for BASI showcased via the asymptotic properties of
the posterior distribution.

In its final part, the dissertation delves into posterior contraction rates for Gaus-
sian process regression in the context of data with low-dimensional structures. The
conditions established enable adaptivity to any intrinsic dimension, thereby giving
the optimal posterior contraction rate. This exploration is further enriched by an in-
novative empirical Bayes prior of bandwidth, dispensing with the necessity for prior

knowledge of the intrinsic dimension.
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Cumulatively, these three essays enhance Bayesian statistics for data with varying
and intricate structures. The dissertation seamlessly intertwines theoretical contribu-
tions with practical numerical experiments, lending empirical weight to our innovative

propositions.
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Chapter 1

Introduction

In this section, we review the literature and give an outline of our contributions in

each essay.

1.1 Computer code emulation and dynamical sys-

tem recovery

Scientific computing is playing an increasingly important role in solving modern scien-
tific and engineering problems, particularly with recent breakthroughs in mathemati-
cal modeling and computing. Quantities of interest that were difficult or infeasible to
observe from physical experiments can now be reliably simulated from computer code.
Such computer experiments typically involve solving a system of differential equations
based on physical models and have had a wide-reaching impact in many fields, in-
cluding rocket engine design [MSW*18], personalized surgical planning [CMJZ21],
and universe expansions [KBH*11; JMS*21]. One critical bottleneck, however, is
that these virtual experiments can be very resource-intensive for computation. For
example, the full-scale simulation of a single rocket engine injector can require mil-
lions of CPU hours [MSW*18]. This in turn places heavy demand on computational
resources for design exploration and optimization.

One way to address this is to train an emulator model that can efficiently predict
(or emulate) the expensive computer code f(x) at different parameters . The idea
is to run the computer code at carefully chosen points over the parameter space
X, then use this as training data to fit the emulator model. A popular choice of

emulator model is the Gaussian process (GP; see Ras03), a flexible Bayesian model
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for probabilistic predictive modeling. GPs have two key advantages for computer
code emulation [SWNWO03]: they offer closed-form expressions for prediction and
uncertainty quantification of the emulator, and provide a flexible non-parametric

framework for modeling the black-box response surface.

Despite this, standard GPs have several notable limitations for emulation. One
problem is that, when the training sample size n is small, the highly flexible form of
a GP can become more of a vice than a virtue. In particular, with limited sample
sizes, the GP posterior may distribute probability across a wide range of functions,
thus resulting in not only poor predictive performance but also high predictive uncer-
tainty. A promising solution is to elicit prior knowledge on the response surface f (for
example, based on knowledge of the physics underlying the applied domain), and in-
tegrate this within the probabilistic GP model. This knowledge can take the form of
mechanistic models [WDP*14], boundary conditions [DMW19], or shape constraints
[GBCC15; WB16], and can greatly improve the predictive performance of a GP model
with limited data. However, for highly complex physical systems, the specific prior
knowledge for such existing models can be difficult to elicit with confidence and too
complex to integrate for probabilistic modeling. In lieu of this, alternate emulators
are needed to learn useful structures for prediction in data-limited settings. In the
statistics literature on GPs, some relevant existing ideas include GPs with variable
selection [SVS11] and graph Laplacian GPs [DWW20], which allow the inputs to be
restricted to an unknown lower-dimensional manifold.

We refer to our proposed approach as the hierarchical shrinkage GP (HierGP),
which embeds this structured sparsity of effects (namely, the principles of effect hier-
archy and effect heredity) via carefully-designed shrinkage priors within a Gaussian
process framework. The HierGP begins with a basis expansion of a GP, then assigns

hierarchical shrinkage priors on basis coefficients to capture the desired hierarchical



sparsity structure. In particular, we adapt the cumulative shrinkage priors proposed
in [LDD20] (which was used for factor analysis), and show that the HierGP model
with such priors embedded indeed has the desired properties of effect hierarchy and
heredity. We then propose an efficient Gibbs sampler that leverages a data augmen-
tation trick for efficient posterior computation. Under mild conditions on sparsity,
we then prove posterior contraction results for the HierGP model for both fixed and
randomly-sampled design points. Finally, we demonstrate the effectiveness of the
proposed HierGP over existing methods in a suite of numerical experiments and an

application to dynamical system recovery.

1.2 Inference of continuous-time Markov chains
(CTMC)

Inference on continuous-time Markov chains (CTMC) from discretely observed data
is of increasing interest in many fields ranging from biology and physics to finance
([CVE06], [MFKO08], [MDJS07]). For instance, molecular dynamics employs large
state space CTMCs to investigate protein folding. The state space corresponds to pro-
tein conformations, and transitions indicate folding or unfolding events. Researchers
attempt to infer the CTMC parameters from discretely-observed time series data.
However, substantial computational challenges arise, particularly in settings involv-
ing many states, due in part to the intractability of the likelihood function. In prac-
tice, Markov processes with large state spaces often display approximately low-rank
structures ([ZLWZ22], [RZMC11], [BGL17]). This motivates us to develop low-rank
Bayesian spectral approximation models, Bayesian Approximation Spectral Inference
(BASI), for the estimation and reconstruction of CTMC from high-dimensional dis-

cretely observed data.

For inference in CTMC models, it is natural to focus on estimating the generator.



However, direct estimation of the CTMC generator is difficult due to the implicit na-
ture of the likelihood function for discretely observed data. Several approaches have
been proposed to evaluate the implicit likelihood and then infer the generator. One
classical type of method relies on data augmentation ([BS05; BAVX21]) to evaluate
the implicit likelihood. [EDBI18], instead, uses the solutions of the C-K equation,
based on the empirical transition probabilities, to evaluate the likelihood and further
estimate the generator. [She21] evaluates the likelihood via a direct matrix exponen-
tial. All of these approaches are computationally heavy and difficult to scale up to

large state spaces and long time series ([She21]).

This paper presents approximate Bayesian techniques for inference on continuous-
time Markov chains (CTMC) using their spectral representation. Rather than di-
rectly estimating the generator of the CTMC, we instead estimate its spectral char-
acteristics under a low-rank approximation. Leveraging this property, we introduce
approximation methods that can identify the optimal spectral representation of the
CTMC from the data. To efficiently approximate the likelihood under the low-rank
spectral representation, we develop innovative probabilistic matrix factorizations.
This approach results in an explicit likelihood function for the spectral features,

significantly reducing computational complexity.

Similar to us, [HKWBC14] and [MDJS07] do not evaluate the implicit likelihood
function of the generator. [HKWBC14] use a particle-based Monte Carlo approach,
where the holding times are marginalized analytically, to estimate the generator. Our
paper, compared to [HKWBC14], can achieve lower computational complexity via the
low rank approximation. [MDJS07]| consider matching the spectral properties of the
generator via quadratic programming. [MDJS07] consider recovering the generator,
while we focus on the low-rank approximation. Our methods, as Bayesian approaches,

further provide natural uncertainty quantification for the reconstructed CTMC and



associated spectral characteristics.

Previous literature has discussed the model reductions and low-rank approxima-
tion of discrete-time dynamical systems ([Gial9; LWZ18]). For Markov processes,
[ZW19] and [ZLWZ22] study low-rank transition matrix recovery for the discrete-
time case. However, continuous-time cases have been less studied. To the best of
our knowledge, our paper is the first to develop a low-rank approximation of Markov

processes in continuous-time.

1.3 Data with Low Intrinsic Dimension

The curse of dimensionality in statistical learning theory refers to the significant im-
pact of input space dimensionality on the convergence rates of nonparametric methods
used in regression and classification. As a result, researchers have invested consid-
erable effort in establishing the concept of intrinsic dimension in data, aiming to
improve the dependency on the ambient space dimension for well-known learning
rates. The primary objective of this approach is to achieve faster convergence rates
by assuming a substantial disparity between the intrinsic dimension of the data and
the dimension of its ambient space. This assumption holds practical importance
for real-world datasets, as indicated by the multitude of techniques developed for
dimensionality reduction. Thus, there is a compelling interest in conducting theo-
retical analyses to evaluate the performance of common learning methods under the
assumption of low intrinsic dimension in the data [HS21].

Intrinsic dimensionality in data analysis has been extensively studied. The prevail-
ing notion assumes the data-generating distribution is supported on a low-dimensional
smooth manifold M C RP | as observed in previous studies [BL07a; SN06; YD16;
YZ08; YZ09; DWW22|. Specifically, previous literature on Bayesian nonparametric

regression methods focus on the manifold assumption with known [CKP14] and un-

5



known manifold [YD16; DWW22; NDCW23]. So far, there is a lack of study using
the low intrinsic dimensionality beyond the manifold assumption in Bayesian non-
parametric regression setting. To fill this gap, our work uses the covering number of

the subspace which considerably generalizes the manifold assumption.

Some works have explored the notion of intrinsic dimension goes beyond the tra-
ditional manifold assumption by utilizing the box-counting dimension of the distri-
bution’s support [HS21]. Existing research primarily focuses on elementary learning
algorithms within notions of low intrinsic dimensionality, such as local polynomial
regression, k-nearest neighbor, Nadaraya-Watson kernel regression,decision trees, and
least-squares kernel ridge regression [BLO7a; Kpoll; KG13; KP95; SN06; HS21].
However, the above explorations beyond the manifold assumption do not cover any

Bayesian nonparametric regression setting.

In this essay, our focus is on the Gaussian process (GP) for the data with unknown
low intrinsic dimension. Gaussian process (GP) is one of the most popular nonpar-
metric Bayesian methods, and has gained considerable popularity as non-parametric
priors for modeling unknown functions. In the context of nonparametric regression,
Gaussian processes can be employed as priors for capturing the uncertainty associ-
ated with the unknown function. In this work, we focus on the regression model

under Gaussian noise:

Y, = £(X) + wi, w; ZN(0,0%),i=1,...n (1.1)

for which ¥; € R and X; € X where X be a measurable subset of [0,1]7, f*: X —
R, and o is known. Xj,..., X, are either fixed or i.i.d samples from a distribution
Px on X. Our goal is to estimate the f* by an estimator f and minimize the Lo
population loss ||f* — f|[3 := [,(f*(x) — f(2))*Px(dz) or in-sample empirical loss
1= fl12 = Po(lf* — f]?) = LS LX) = F(X;))?, where P, is the empirical

measure P, = = 37" | dy,.



A few paper analyze the performance of GP under the assumption of low intrin-
sic dimensionality. [CKP14] rescale solutions of the heat equation to construct a
nonstationary Gaussian process prior on a known manifold. It is important to note
that in numerous scenarios, however, the underlying manifold is not known a priori.
[YD16] introduced a methodology that achieves a minimax-optimal adaptive rate in
estimating the function f on unknown manifold. This adaptive rate is designed to
adapt to the manifold and smoothness of the regression function, while their order
of smoothness should not be larger than 2 and dimension needs to be estimated
first. In their work, [DWW22] propose a covariance construction that incorporates
the intrinsic geometry of the data for building the Gaussian Process (GP). However,
as acknowledged in their paper, their posterior contraction rate results are subopti-
mal on manifold, suggesting potential avenues for future research exploration for the

optimal results.

In this study, we establish the conditions under which the posterior contraction
rates adapt to low intrinsic dimensionality, as measured by the covering number. To
demonstrate our findings, we introduce a Gaussian process that satisfies these de-
rived conditions. To address the challenge of lacking prior knowledge of the intrinsic
dimension, we employ a novel empirical Bayes priors approach using kernel count
statistics and the K-nearest neighbor (KNN) algorithm to determine the bandwidth
prior. This approach eliminates the need for prior knowledge and allows for adap-
tive estimation. The proposed Gaussian process exhibits optimal adaptive posterior
contraction rates, up to a logarithmic constant, for any order of function smoothness

(0 < s < 00) on a unknown manifold, subject to the intrinsic conditions.



Chapter 2

Hierarchical shrinkage Gaussian processes
for dynamical system recovery

2.1 Introduction

In this section, we describe the HierGP and discuss connections with existing GP
models. We first review standard GPs and their representation as an infinite basis
expansion with random coefficients. In what follows, we let f(x) denote the expen-
sive black-box function to be emulated, where € R? are its input parameters. A

Gaussian process [Ras03; SWNWO03] adopts the following probabilistic prior on f(x):

fC) ~ GP{u(), k(- )} (2.1)

Here, pu(-) is the mean function of the process, and k(+, -) its covariance function. A key
appeal for GP modeling is that, conditional on observed data f(x),--- , f(x,) from
the black-box system, the posterior predictive distribution [f()|f(®x1), -, f(2n)]
remains a GP with closed-form posterior mean and covariance. This facilitates pre-
diction and uncertainty quantification via a flexible Bayesian nonparametric model.

In order to integrate the desired hierarchical shrinkage structure, however, we will
employ an alternate representation of the GP as an infinite basis expansion. This
relies on the well-known Karhunen—Loéve theorem (stated below), which shows that

a GP can be represented as an infinite basis expansion of orthonormal functions.

Theorem 2.1.1 (Karhunen-Loeéve, Theorem 5.3 of Alel5). Let X C R? be the input
space of interest. Let f(x) ~ GP{0,k(-,-)} be a zero-mean Gaussian process, with

covariance kernel k continuous on X x X, and k(x,x') € L*(X). Then there exists
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an orthonormal basis {¢y(x)}32, of L*(X) such that:
fl@) =" Meor(m), (2:2)
k=1

where the coefficients {\,}32, are independent Gaussian random variables given by

Mo = [ [(@)on(x)de, and satisfy E(Ar) = 0 and E(A\;\y) = 1(j = k)Var(\y).

Here, the conditions on kernel k ensure the Gaussian process f is mean-square
continuous, with f € L*(X x Q) [Alel5]. (2.2) is also known as the Karhunen-Loeve
expansion, which is widely used in statistics [Wan08] and uncertainty quantification
[Xiul0; GS91]. This expansion can be viewed as a stochastic analogy of the classical
Fourier expansion.

As a tangible illustration, consider the case with dimension d =1 and f : R — R.
Suppose f(x) follows the Gaussian process in (2.2) with mean function p(-) = 0 and

squared-exponential covariance function:
—(r — SL’/ 2
k(x,2') = o exp {—g} : (2.3)

Then one can show (see, e.g., Ras03) the corresponding Karhunen-Loeve decomposi-

tion of f(x) to be of the form (2.2) with

Ak = \/%kak, or(z) = exp {—(c — a)z”} H,(V2cz), (2.4)

where & ESh N(0,1), Hy is the k-th order Hermite polynomial (see, e.g., Xiul0),

with a ™' =402, b~ = 2%, c = Va® +2ab, A=a+b+cand B =b/A.

For our motivating problem of emulation of expensive computer codes, the decom-
position in (2.2) highlights a potential limitation of the standard GP as an emulator
model. From a prior specification perspective, the use of independent Gaussian pri-
ors on the coefficients \; for each basis function ¢y (x) may not reflect the modeler’s

9



prior belief that there are a sparse number of structured dominant features in the
response surface. This is because such coefficients are all non-zero (and thus active)
with probability one. Thus, when such sparse structure indeed is present in the re-
sponse surface, the use of standard GPs for emulation may result in poor predictive
performance and high uncertainty, both of which are undesirable. We present next a
novel modification of the basis representation (2.2), which embeds the desired hier-
archical sparsity structure within the prior specification of (A;)72,, thus allowing for

the structured sparse learning of dominant features for the response surface f(x).

2.2 The univariate HierGP model

We now present the model specification of the HierGP, which provides a sparse mod-
ification of the GP basis representation in (2.2). For simplicity, let us introduce the
model first for the d = 1 dimensional setting. Suppose the design space is the unit in-
terval X = [0, 1], and we obtain the training data {(z;, y;)},, where zy,--- ,x, € X
are the training input parameters, and y, - - - ,y, are its corresponding outputs. We

assume the outputs are obtained from the model:

Y; = f(l’l) + €, €; Zfz\ﬁi N(O, 62), 1= 1, e, N (25)

For the earlier problem of computer code emulation, the error term ¢; reduces to zero
for deterministic simulators, since observations from f are obtained without noise.
For the sake of generality, we will adopt the above noisy model specification for the
remainder of the paper, and reduce the error term to zero whenever appropriate.
Following (2.2), the HierGP assumes a basis expansion model on the response

surface f:

f(x) = Z Ne@r (). (2.6)
=1

10



Here, {¢x(x)}32, is a fixed L?*-orthonormal basis on X, and {)\;}32, its correspond-
ing coefficients. We then adopt the following hierarchical prior specification for the

coefficients Ax:
A~ N(0,07),  of ~wpmp+ (1 —wi)dpz, k=1,2,- (2.7)

The prior of ~ wgmg + (1 — wy)d,2 is shorthand for the spike-and-slab prior [IR05],
where 7y, is the slab distribution and d,2 (a point mass at 02,) is the spike distribution.
With probability wy, this prior samples from 7y ; otherwise, it samples a point mass at
o2 . The first case can be seen as the coefficient \;, being active, i.e., influential for the
response surface f, whereas the latter can be seen as Ay being inactive, i.e., inert for
the response surface. A common choice for the slab distribution is 7, = IG(a,, b, );

we later adopt this in Section 2.4 for the proposed Gibbs sampler.

For spike-and-slab priors, it is well-known that the point mass d,2 with o2 =0
may cause computational instability and poor mixing of the resulting MCMC chain
[SFK12]; we have encountered similar issues in our implementation. A common work-
around is to set o2 as a small (but non-zero) constant, such that o2 is much smaller
than the mean of the slab distribution F(7y). The specification of hyperparameters

ay, by and ago will be discussed in later sections.

Of course, prior to data, the probability wy (for Ax to be active) is typically
unknown. We thus assign the following cumulative prior on {wy}72,, adapted from

the cumulative shrinkage priors in [LDD20] for sparse factor modeling.

k
wp = [JA=v), v "% Beta(l,a;=0a), wo=1, j=1,2,---.  (28)

j=1
To complete the specification, we assign an independent Inverse-Gamma prior on
the noise variance as 6* ~ IG(ag,by). Prior (2.8) provides an appealing cumulative

property which addresses the aforementioned need for effect hierarchy in the response
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surface f. To see why, note that E(wy) = (a/(1 + «))*. Thus, for smaller indices
k, one can see that the prior favors larger values of wy; similarly, for larger indices
k, it favors smaller values of wj. This cumulative property nicely captures effect
hierarchy [WHO09], a widely-used statistical principle in experimental analysis which
asserts that lower-order effects are more important than higher-order ones. The prior
(2.7) directly embeds this property by placing greater weight on larger coefficients

for lower-order coefficients, and on smaller coefficients for higher-order ones.

2.3 The multivariate HierGP model

With this univariate case in hand, we now present the multivariate HierGP model.
Suppose the design space is the unit hypercube X = [0, 1]¢, and suppose we collect
training data {(x;,y;)}!~,, where @, -+ , @, € X are training input parameters, and
Y1, ,Yn its corresponding outputs. As before, we assume the outputs are obtained

from the model:

yi = f(x:) + e, &~ N@0,6%), i=1,---n, (2.9)
where f takes the form
f@) =) (@), k= (k- k), (2.10)
k
where k € Nd. Here, {or(x)}5 =, 1s an L*-orthonormal basis on X = [0,1]%, and

{)‘k}m:l are its coefficients. As before, we adopt independent spike-and-slab priors
on the coefficients:
)\k m%p' N(O, U]%;)? U;% ~ WETE + (1 — wk)é(,go, k¢ Ng, (2.11)

where 7, and d,2 are again the slab and spike distributions, respectively.
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In the earlier univariate setting, the prior (2.8) on spike-and-slab probabilities
embeds the first principle of effect hierarchy. We now generalize this prior to the

multivariate setting to capture the second principle of effect heredity:

d km
i.1.d.
Wy = H Wkpyomy  Whpyyym = H(l - Vj,m)a Wo,m = 1a Vim =~ Beta(la Ojm = CM),
m=1 j=1

(2.12)
form=1,--- ,dand j = 1,2,---. Recall that the principle of effect heredity [HW92]
(or the marginality principle; see MN89) presumes an interaction effect is active only
when all of its component variables are also active. Here, the j-th variable is deemed
“active” if its cumulative term wy,, ,,, is large and “inactive” if wy,, », is small, since
a larger wy,, ., results in a larger probability that its corresponding coefficient is
non-zero and vice versa. To see why the above prior embeds this principle, note
that the probability wy for each multi-index k is modeled as a product of separate
cumulative terms wy,, »,, for each of the d dimensions. By setting wy, as the product
form (2.12), it follows that term k is active (i.e., large) only when all of its component
variables (represented by its cumulative terms) are active, which is precisely effect
heredity. One can thus view the prior model (2.12) as a structured shrinkage prior
on coefficients, which captures the desired hierarchical effect principles for response
surface modeling.

The hierarchical shrinkage framework (2.12) can be easily modified in several ways
to incorporate additional prior information from the modeler. First, in some cases,
a modeler may have preference on a choice of basis {gbk(a:)}r,j‘:l (which may not be
Ls-orthonormal) for which this hierarchical sparsity is expected to hold. This non-
orthonormal basis can be directly integrated within this modeling framework and the
later posterior sampler (our assumption of orthonormality is, however, needed in later

theoretical results). Second, if a modeler expects heavier-tailed effects for coefficients,
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they can easily adopt heavier-tailed distributions (e.g., the horseshoe priors in CPS09)
within the spike-and-slab prior framework (2.11). One can also integrate heavier tails
via a careful specification of the hyperparameter sequence «;,,. For example, with
ajm set as an increasing sequence (e.g., O(m?)), we can place greater weights on

latter terms in the expansion and thus impose heavier tail behavior.

2.3.1 Alternate choices of shrinkage priors: HierGP,

For certain problems, one may not have a strong prior belief for hierarchical cumu-
lative shrinkage of the coefficients A\, despite knowing such coefficients are likely
sparse. In such a setting, an alternate prior model on A\ may be the exchangeable

sparse priors given by:
Melog ~ N(0,027%), o ~V, keNg (2.13)

where W is a distribution supported on (0, +00). Such priors are known as global-local
(GL) mixtures: {0y} are typically called the local shrinkage parameters, and 7 the
global shrinkage parameter. The GL prior provides a flexible framework for Bayesian
shrinkage and approximate feature selection: heavy-tailed distributions on ¥ allow for
identification of strong signals, and its concentration around zero provides the desired
(approximately) sparse behavior. Examples of GL priors include the Horseshoe prior
[CPS10], the Dirichlet-Laplace prior [BPPD15|, and the generalized double Pareto
prior [ADL13]. We shall call the basis expansion model (2.10) with GL priors (2.13)
the HierGP5 model; in later experiments, the HierGPy is implemented with ® taken
as the horseshoe prior from [CPS10]. When the underlying response surface has
sparse features which do not adhere strongly to effect sparsity or effect heredity, we
show later the HierGP5 can also yield improved predictive performance over existing

emulation models.
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2.4 Posterior Sampling

With the HierGP in hand, we present next an efficient MCMC algorithm for posterior
sampling of the response surface f(-) given data. We first present a Gibbs sampler

for the univariate HierGP, then extend this to a Gibbs sampler for the multivariate

HierGP.

2.4.1 Gibbs sampling for the univariate HierGP

Suppose we collect training data {(z;, y;)}; from model (2.5), and let
O = {(M)2y, ()32, 6%} be the parameter set for posterior inference. One can write

the likelihood function!® as:

1 (i f@)?

LOH (s, yi) Fio) = {2, 4i) 1z €] :H\/W W (2.14)

where the response surface f is a function of parameters (A\;)52; (see (2.6)). Condi-

tional on data, we then wish to draw samples {O }£2_; from the posterior distribution:

(O (i, yi) Y] o LOK (i, vi) Fizy) (O] (2.15)

Here, (O] = [(v;)32,, (Ak)32y, 0%] follows from the prior model in (2.6) and (2.7) for
the univariate HierGP. With samples {©p;}#,, posterior predictive samples on f
(call this {fi)(-)}£.;) can then obtained by plugging {Op}£_; into (2.6).

To sample from (2.15), we will make use of a data-augmented Gibbs sampler
[GCSR95], which leverages closed-form full conditional distributions for efficient pos-
terior sampling. This sampler is similar in spirit to the Gibbs sampler in [LDD20)]
for factor models, but adapted for the GP setting at hand. As mentioned earlier, we

adopt the choice of 1, = m = IG(a,, b,) for the slab distribution in (2.7). We further

'Here, [X] denotes the distribution of a random variable X.
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employ the following truncation for f(-):

flz) = Z/\kéﬁk(l‘) (2.16)

for a sufficiently large choice of truncation index K; further details are provided in

Appendix 2.9 on an adaptive choice of K, following [LDD20].

We now derive the required full conditional distributions. Let

X = (¢1(1’i), T >¢K($i))?:1

be the design matrix for the data. Further, for £ = 1,--- | K, let 2, be a latent
categorical random variable, defined conditionally as P(z, = [|©) = yuw,_; for | =

1,2,---, K. It can be shown? that:
[02]21]) ~ {1 — 1(z, < k)} G (as,bs) + 1(z1 < k)do, (2.17)

where 1(-) is the indicator function. With this data augmentation trick, one can then

easily derive the full conditional distribution of z; as:

vwi—16(A; 0, 02,), l=1,--- L
2 = 1]=] o (2.18)
vw_iteq, (Ag; 0, (b, /as)), l=k+1,--- | K,

where ¢(\; 0,02 ) and t5,(); 0, (b, /a,)) are the densities of the normal and ¢-distributions

(with 2a degrees-of-freedom) evaluated at A, respectively.

Consider now the full conditional distributions for the parameter set ©. Let
D = diag{o?}¥ , and y = (y1, -+ ,yn). For the coefficient vector A = (\,)E_,, its

full conditional distribution can be shown to be:

[Al-] ~N(VO' Xy, V), V=(D"'+02X"X)". (2.19)

2For brevity, the notation [#|—] denotes the full conditional distribution of parameter #, conditional
on both the data yi,--- ,¥y, and all parameters in © except for the considered parameter 6.
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Algorithm 1: Gibbs sampling for the univariate HierGP

Inputs: hyperparameters a,, b,, ag, by, 02, data {(z;,y;)}"_;, number of iterations
B.

1: Set initial parameters Oy = {()\LO])le, (v 0])]K 1 0%}

2: forb=1,---,B do

3: for k=1,--- ,K do

4: Sample z,[cb] from the full conditional distribution [zx = [|—] in (2.18) with
Ae = AP

5: end for (Step 1)

6: fork=1,.--- | K do

7 If z” < k let o = o2 ; else sample o7 ~ IG(a, + 0.5,b, + 0. 5(/\[ ])2).

8: end for (Step 2)

9: for j=1,--- K do

10: Sample UH ~Beta(1+ 5 1z = j), 0; + 2K 1z > §)); update w;
in (2.12).

11: end for

12: Sample 9[2&;] ~ IG(ag+ N/2,by + STS/2) where S =y — Ap_ 1]X (Step 3)

13 Sample Ay = (\)k<x ~ N(VO,2Xy, V), where V = (D~ + ,2XTX) !
and D = diag(o?)<xk- (Step 4)

14: end for

Similarly, for parameter v;, its full conditional distribution becomes:

k=1

[vj|—] ~ Beta (1 + Zl(z’f =7j), 05 + Zl(z’f > ]))) , Jg=1,--- K. (2.20)

Lastly, for the noise parameter 62, its full conditional distribution can be shown to

be:

T ~
[6%]—] ~ IG <a9+g w> , S=y-—AX. (2.21)

A complete derivation of these full conditional distributions is provided in Appendix
2.8.

Algorithm 1 presents the detailed steps of the Gibbs sampler, which combines the
above full conditional steps (2.18) - (2.21) for sampling the desired posterior distri-
bution [O|{(x;, y;)},]. Here, all sampling steps are quite straightforward; for (2.18),
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we sample from this K-point discrete distribution via inverse transform sampling,

with probabilities given by normalizing the weights in (2.18) to sum to one.

2.4.2 Gibbs sampling for the multivariate HierGP

We now extend the above Gibbs sampler for the multivariate HierGP model®, which

leverages the full cumulative shrinkage prior (2.12). Suppose we obtain data

{(xi,y:) -, and let © = {O‘k)\oljlzl’(Uj:m)?ilfn:1’92} be the parameter set. As

before, we adopt the choice of 7, = 7 = IG(a,,b,) for the slab distribution. We

employ the following truncation for f(-):

f@) =" eou(@), (2.22)

k<K

where K = (Kj,---,Ky) is the vector of truncation indices for each dimension.
Again, these indices K, -+, Ky should be set sufficiently large (further details are
provided later in the appendix).

We now derive similar closed-form full conditional distributions of © for the mul-
tivariate HierGP. Let X = (Ok(xi)) k<K izt n € R Il be the design matrix for
the data, where k € N¢ is a multi-index which iterates over K and || K || = []%_, K.

Also let zg be the vector of latent random variables, defined conditionally as:
d
P{zi= (b, l)|wya, - wial = [] vt —1m, (2.23)

m=1

where wy,, ,, is as defined in (2.12). With this, we can leverage a similar data aug-

3We will refer to the multivariate HierGP model as simply “the HierGP model” from here on.
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Algorithm 2: Gibbs sampling for the multivariate HierGP

Inputs: hyperparameters a,, b,, ag, bp, 02, data {(x;,y;)}";, number of iterations
B.
Set initial parameters O = {()\Eg])kg{, (v][»?ln)ngmmgd, 9[2(”}.
forb=1,--- B do
3: for kin (1,---,1): (Ky,---,K,y) do
Sample z,[cb] from [z = l|—] in (3.15) with A\ = Az_l]. (Step 1)
end for

6 fork=(ki, - ks)in (1,---,1): (K1, , Ky do
b

if 3m: 2, < ki, thenlet o = 02 ; else 0} ~ IG(ap+0.5, bg—|—0.5()\5_1})2).
(Step 2)
9: end for
forminl,---,d do
for jinl,--- K, do
12: Sample v][bln ~ Beta(l + >,k l(z,[cb}m =7) i+ D <k 1(21[5,]771 > 7).
end for
end for

15: Update w,,, and wy, from (2.12). .
Update 0[21)] from IG(ag + N/2,bg + STS/2) where S =y — Ap_yj X. (Step 3)

Sample Ay = A ek ~ N(VG[;]QXy, V), where V = (D™ + G[Z]ZJZ'TX)_1
and D = diag(o; )x<k- (Step 4)
18: end for
mentation trick to derive the full conditional distribution of 2z = [zk1, - , 2k.q4) as:
(/ d
(H ’ulm,mwlml,m> (Mg 0,02), otherwise,
m=1
[z =1|—] x (2.24)
d
(H Ul7,L,mwlm—1,m> t2a, (M3 0, (b/a)), 1 > ki, la > ka
\ m=1

by marginalizing out all o;. Details on this marginalization are provided in Appendix

2.8.

Let us consider now the full conditional distributions for the parameter set ©.
Let D = diag(o:)k<x- For the coefficient vector A = (A\g)r<k, its full conditional

can be shown to be the same form as (2.19). For parameter v7", its full conditional
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distribution follows:

[U;m|—] ~ Beta (1 + ) Wzem =4) 05+ Y Wzkm > j)) ,

k<K k<K (2.25)

j:17"'7Km7 m:]-?"'ad'

Finally, the full conditional of 6% follows the same form as in (2.21). Algorithm
2 details the steps in this Gibbs sampling algorithm. As before, one can adopt a
sufficiently large choice of truncation indices K, or adopt an adaptive choice of K;
further details on the latter is provided in Appendix 2.9, following [LDD20].

We provide a brief analysis of computational complexity for the Gibbs sampler
in Algorithm 2. The computation cost for Step 4 can be shown to be O(dn| K| +
(|IK|)?), since it requires the computation of X7 X from n observations and || K|
bases, and a matrix inversion step for computing V. The computational cost for
Step 3 is O(|K|) as we update O(||K||) variables and each update costs O(1). The
cost of Step 2 is O(|| K||?), since it iterates through || K| variables, with each sam-
pling step requiring O(||K||) computation. The cost of Step 1 can similarly be
shown to be O(||K||?). Combining this, we thus have a computational complexity
of O{B(dn|| K| + || K||*)} for this Gibbs sampler, where B is the number of Gibbs

iterations.

2.4.3 Gibbs sampling for HierGP,

In situations in which one expects sparsity of basis coefficients but does not have
strong prior belief of effect hierarchy or heredity, the alternative HierGP5 model in
Section 2.3.1 (which makes use of GL shrinkage priors) may be an appealing alter-
native. We present next an analogous Gibbs sampler for this alternate model with ®
taken as the horseshoe priors in [CPS10]. Here, the posterior sampling of the param-

eter set © = {(\¢)2,,6?} reduces to the same setting as Bayesian linear regression
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Algorithm 3: Blocked Metropolis-within-Gibbs sampler for the HierGP,

Inputs: hyperparameters ag, by, 7, data {(x;,y;)}I~,, number of iterations B.

1: Set initial parameters G = {012y,

2: forb=1,---,B do )
Sample AY = (AP ... APy from N(V(9EU) 1 XTy V), V = (D! +

(0"~ XTX)~" and D = diag((o} )% -+, (o) )?), (Step 1)
4: Sample {ag’]}fz1 via Metropolis-Hastings from the density proportional to
— /\[b] 270
Hfﬂ (ﬁ) exp(%). (Step 2)
5: Update (912 from IG(ag+ N/2, (bg + STS)/2) where § = y — APIX . (Step
3)
6: end for

with horseshoe priors, for which there are existing posterior sampling algorithms. Al-
gorithm 3 provides a direct extension of the blocked Metropolis-within-Gibbs sampler

in [JOB20] for the HierGPy model.

2.5 Consistency results

We now present several theoretical results which confirm consistency for both the
(multivariate) HierGP and HierGP,. These results extend existing theory on consis-
tency for high dimensional linear regression, specifically results in [SL17] and [CS07].

As mentioned before, for the HierGP, we will adopt point masses m, = (50’2“) for the

slab distributions, where {03} is pre-specified; this is commonly used in the literature
for theoretical analysis. We further show a Bernstein-von-Mises-type theorem for the
shape approximation of the HierGP, model with horseshoe priors, which extends
theory from [SL17] to the current GP setting. Main theorems and corresponding

assumptions are presented next, with proofs deferred to the Appendix.
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2.5.1 The HierGP model

To prove consistency for the proposed HierGP model in Section 2.3, we will require

some of the following assumptions:

(A1)

(A2)

(A5)

Basis representation: Let fy(+) denote the true function we wish to predict. We
assume that f, takes the form

fol@) =Y Ndw(w), (2.26)

keS

where S C N{ is a finite index set of size s = card(S). This further implies that

fo € LA(X)NCH(X).

Smoothness: We further assume ax = sup,ey |or ()| < 00, b = SUp e |k (T)]
00, Y kOko < 00 and Y . broro < oo. These assumptions control the

smoothness of the underlying function fo(x).

Random design: The design points {x;}°, are sampled i.i.d. from some prob-

ability distribution Py on X = [0,1]%. We will use this in Theorem 2.5.2.

Fized design: The design points {x;}3°, satisfy the following condition. For
each hypercube H in X = [0, 1]%, there exists a constant 0 < Ky < 1 such that,
whenever its Lebesgue measure A\(H) > (K4n)~!, the hypercube H contains at
least one design point. This can be seen as an extension of the balance condition
for digital net sampling in Quasi-Monte Carlo (see, e.g., Owe97; DKS13), which
ensures the design points are uniformly spaced out over X’. This assumption

will be used in Theorem 2.5.1.

Prior modification: In the fixed design setting, we will also require a small
modification on the prior to prove L;-consistency. Let II] denote the prior
for the HierGP model in Section 2.3, and let V' be a constant satisfying V' >
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SUpP(p 1] | foloo- Define @ = {f : [f'[c < V}. We can then define the modified
prior model as II3(-) = II7(- () Q) /I1;(2) with II;(€2) > 0. This is a standard
modification used for proving consistency in high-dimensional Bayesian linear

regression (see, e.g., [CS07]).

Next, we introduce several types of neighborhoods for proving consistency, two
for random designs and the other two for fixed designs. Here, let o2 denote the true

noise variance for observations.
1. Hellinger neighborhood:

H.=A{(f,0)|du(p,po) < €}

where dp is the Hellinger distance dg(p1,p2) = [(v/P1 — /D2)*d€. Here, p is
the probability density function of (x,y) with respect to & = Py x A, namely
p(z,y) = ¢(ly — f(x)]/o)/o where ¢ is the standard normal density and A is

the Lebesgue measure.

2. Empirical measure neighborhood:

Wen={ 0.0+ [ 1@ - fula)l drs(e) < |7~ 1] < e}

where P,(z) =n~tY " | I, () is the empirical measure.

3. Ly-neighborhood:

{ /|f — Jo(@)|dz <,

——1‘<€}

4. Py-neighborhood:

= {(f,a) dp,(fo, f) <€

i—1‘<6}
0o

where dp,(f,g9) = inf{e: Po({x: |f(x) — g(x)|ec > €}) < €}.
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We can now prove consistency results, first for fixed designs then for random

designs.

Theorem 2.5.1 (Consistency of HierGP, fixed design). Let f follow the modified
HierGP prior 115 above. Let Qo be the conditional distribution of the data {y;}",
given fized design points {x;}?_,. Suppose Assumptions (Al), (A2), (A4), and (Ab)
hold. Then:

(a) For any € > 0, we have:

I ((f,0) € WE Ky, @i}iny) = 0, [Qo] almost surely. (2.27)

(b) We also have:

(L (g @i }y) = 0, [Qo] almost surely, (2.28)

Theorem 2.5.2 (Consistency of HierGP, random design). Let f follow the HierGP
prior 115 in Section 2.3. Let Qo denote the joint distribution of {x,,y,}5>,. Suppose
Assumptions (A1), (A2) and (A3) hold. Then, for any random design following

measure Py, we have
(UK ys, i }y) — 0, [Qo] almost surely, (2.29)

and

I (H {yi, xi}iq) = 0, [Qo] almost surely. (2.30)

Theorems 2.5.1 and 2.5.2 show that, under regularity conditions, the posterior
distribution of the regression function and variance parameter indeed converge to
the truth under appropriate topologies, as sample size goes to infinity. This estab-

lishes posterior consistency of the proposed model, and guarantees that the employed
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shrinkage prior provides enough support for predicting the class of functions outlined
in Assumption (Al). The proofs of these theorems extend results in [CS07]; details
are provided in the Appendix.

We provide some insight on why only consistency is shown for the HierGP model.
While there exists a rich literature on contraction rates for standard shrinkage priors,
the employed hierarchical cumulative shrinkage prior in the HierGP is quite new.
Standard analysis tools for high-dimensional Bayesian linear regression (see, e.g.,
CSHVdV15, SL17, JG20) are not suitable in this setting, due to the highly structured
nature of our shrinkage prior. We thus focus on establishing consistency of our model
for this novel prior setting, and defer the more complex question of contraction rates

to future work.

2.5.2 The HierGP> model

We now present some results for the HierGPy from Section 2.3.1 and 2.4.3. We
let (X2,00) = ((A\),---,2%),0) be the true coefficients and variance of the model,
and Ay, Xg denote the coefficients and design matrix for the index subset S’ €

(1,---,K). Here, we require the following assumptions:

(B1) Truncation level: Let K, be the truncation level employed given a sample size
of n. We assume that K, > n, i.e., the truncation level is always larger than

the sample size.

(B2) Design: There exists constant integer C' (depending on n and Kj,)) and scalar
Ao, such that C' > s, and )\min(Xg,XS/) > n\g for any subset 8" C {1,---, Kp; }
where |S’| < C, and s = card(S) is the size of the active index set S for the

true model.

(B3) Sparsity: We further assume that slog(K[,) < n. This can be seen as a sparsity
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assumption on the true function fj.

(B4) Coefficient magnitude: Suppose max [\ /6y < 3 E,, for some fixed 73 € (0,1),
where E, is non-decreasing with respect to n. This provides an upper bound

on the magnitude of basis coefficients.

With this in hand, we can then show the following contraction and Bernstein-

von-Mises (BvM) shape approximation result for the HierGPy model.

Theorem 2.5.3 (Contraction & BvM theorem for HierGP5). Let f follow the HierGPs
prior I in Section 2.53.1. Let P* be the joint measure of {x;, y;}1, under the true

function fo(+) with noise variance 63. Suppose Assumptions (B1)-(B5) hold. Then:

(a) (Posterior contraction) We have
P <H ULf = foll2 = er6oen {2, yi ki) = B_CW%) < e, (2.31)

for some positive constants ¢, co and cz, where €, = M\/slog(Kp,)/n is the

contraction rate and M s a fived constant.

(b) (BvM shape approximation) The posterior distribution I1([f— fol(x), 0*|{x;, y: }1—,)

converges in total variation to the distribution

K
Meoi(z)|67 | [67], (2.32)

k=1

where

{3167 = 6 (0: A5, 2(XEX9) ™) [T 7 Ol62),
k¢S

N n—s 02(n—s)
st 2
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m(M|62) is the conditional prior distribution in (2.13), and Ag and 62 are the

MLEs of As and 6 given data {Xg,y;}",.

Theorem 2.5.3 implies that, under regularity conditions, the posterior distribution
of the regression function and variance parameter concentrates around the truth at
a rate of ¢€,, and is asymptotically normal under proper topologies as sample size
goes to infinity. The latter is known as a “Bernstein-von-Mises” type theorem. Such
results are stronger than the earlier posterior consistency results for the HierGP, since
they provide not only an explicit posterior contraction rate, but also shed light on
an adaptive choice of truncation level which varies by sample size. The proof of this

theorem extends results in [SL17].

2.6 Numerical Experiments

We now explore the proposed HierGP and HierGP, in a suite of numerical experi-
ments. We first investigate their performance for computer code emulation, and then

demonstrate effectiveness for recovery of dynamical systems.

2.6.1 Computer code emulation

For our experiments on computer code emulation, we will consider a suite of test
functions and compare the proposed models (HierGP and HierGP3) with several
popular and/or related GP-based emulators. This includes the standard GP emulator
with Matérn-3/2 kernel [Ste99]; the additive GP model in [LBH22], which builds off
of recent work [DNR11] on leveraging additive low-dimensional structure; the “least-
squares” model, which makes use of a least-squares fit of the data {(x;,y;)}"; using
a pre-specified basis matrix X; and the sparse least-squares fit, which makes use l;-
regularized estimates under the same set-up (with penalty parameters tuned via cross-
validation). The latter two are akin to surrogate models used in polynomial chaos; see
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[LMS21] for a comprehensive review. Both models provide useful benchmarks for the
HierGP in highlighting potential advantages of embedding effect sparsity, hierarchy
and heredity within the GP. For a fair comparison, both models make use of the same

basis matrix as the HierGP.

Consider first the simple setting where test functions are simulated from the Hi-
erGP prior in Section 2.4.2, in d = 2 and d = 3 dimensions. This simulation is
performed with parameters o = 6,a, = 1,b, = 1,0, = 0, a truncation limit of
K = (8,8) and (4,4,4) for d = 2 and d = 3, respectively, and sinusoidal basis
o(x) = 1% _, sin(27k,,x,,). The simulated functions thus capture the presumed
effect sparsity, heredity, and hierarchy principles. For model training, we use n = 70
uniformly-sampled design points. For the HierGP, least-squares, and sparse least-
squares, we assume the perfectly-specified setting where the basis matrix and trun-
cation levels are set to be the same as the simulation model; we will explore a mis-
specified setting next. This simulation is then replicated 50 times to measure error
variability.

Figures 2.1 and 2.2 show boxplots of the prediction errors for 400 uniformly-
sampled testing points, for each approach in d = 2 and 3 dimensions. We see that
the HierGP yields improved predictions over competing models. This is not surprising
— when structured sparsity is present in f, the HierGP successfully leverages such
structure for improved predictions. The HierGPy (which adopts a less structured
horseshoe prior on basis coefficients) also does quite well, but has slightly higher errors
since it does not integrate prior information on effect heredity and hierarchy. The
standard Matérn GP and the additive GP both yield significantly worse predictive
performance; this is intuitive since such models do not embed structured sparsity in
f. Finally, the two least-squares fits (even with a perfectly specified basis) also yield

poor performance, which is expected since such fits also do not capture the desired
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structured sparsity, despite having a perfectly-specified basis.

Table 2.1 compares the uncertainty quantification performance of these models,
by reporting the empirical coverage rates of 95% posterior predictive credible inter-
vals and corresponding average predictive interval widths. Here, we compared only
the two HierGP models with the standard GP, as the other methods are not fully
probabilistic. We see that, for both d = 2 and d = 3, the empirical coverage rates for
the HierGP models are noticeably higher than that for the standard GP, which can
dip below the nominal 95% rate. Furthermore, the credible interval widths for the
HierGP models are significantly smaller than that for the standard GP. This suggests
that, when f has the presumed hierarchical sparsity structure, the proposed models
can indeed leverage such structure to provide more precise probabilistic predictions
with improved coverage over standard GPs, as desired.

Consider next the emulation of the two synthetic test functions in the literature,

the Branin function [SFKO0S]:
f(x) = a(zs — bxy + cxr — r)* + s(1 — t) cos(xy) + s,

where a = 1, b = 5.1/(47?), ¢ = 5/m, r = 6, s = 10 and ¢t = 1/7, and the Cheng &
Sandu function [CS10]:

f(x) = cos(z1 + x2) exp(z122).

These two functions vary in their degree of adherence to the effect heredity and hier-
archy principles. Here, the HierGP, least-squares, and sparse least-squares methods
make use of the above sinusoidal basis with truncation limit K = (8,8). This provides
a good test for how robust the proposed models are when there are minor violations
of the effect principles with respect to the chosen basis functions. As before, n = 70

uniformly-sampled design points are used for training.
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Figure 2.1: Prediction error boxplots for d = 2 dimensions. From left to right are
zoom-in versions of the boxplots.

Figure 2.3 shows boxplots of prediction errors for 400 uniformly-sampled test-
ing points for each test function. For the Branin function, the HierGP provides the
best predictive performance of all the considered models, with the HierGP5 a close
competitor. Upon further inspection, this is not surprising since its functional form
suggests some form of effect heredity and hierarchy is present. For the Cheng &
Sandu function, we see that the HierGPy provides the best predictive performance,
with the HierGP a close competitor. This can be explained by the more complex
interaction structure present in its functional form, which may be difficult to identify
with the presumed structured sparsity in the HierGP. Regardless, the above exper-
iments suggest that, when effect hierarchy and heredity are present in f (even with
minor violations), the proposed models can learn and integrate such structure for

improved predictive performance.

2.6.2 Recovery of dynamical systems

We now further investigate the HierGP for the problem of dynamical system recovery

and prediction, which is widely used in climatology, ecology and finance (see, e.g.,

30



300

20

200

150

100

HerGP

HerGo2

SparselS

MatemGP

AdditiveGP

HerGo2 Sparsels

Figure 2.2: Prediction error boxplots d = 3 dimensions. From left to right are

zoom-in versions of the boxplots.

Figure 2.3:

Ls

HierGP
HierGP2
SparselS
MaternGP
AdditiveGP

Cheng_Sandu

Brain

5.4 x10°

52x10°

5x10°

48x10°

46x10°

B HierGP
W HierGP2
SparselS

L

(Cheng_Sandu

Barplots of mean prediction error the Branin and

Brain

Cheng & Sandu

function. From left to right are zoom-in versions of the barplots.

31



Table 2.1: Empirical coverage rates for 95% posterior predictive credible intervals
and corresponding average interval widths.

HierGP HierGP2 MatérnGP

Empirical coverage rate (d = 2) 100.0% 100.0% 91.0%
Empirical coverage rate (d = 3) 97.7% 99.1% 92.2%
Average credible interval width (d = 2) 1.721 1.313 4.062
Average credible interval width (d =3)  1.277 1.798 7.250

GE22, LOT*11, Mud19). We first provide a brief review of this problem, following

[BPK16]. We consider here dynamical systems [GH13] which take the form:

Lalr) = (1) = f(a(), (2.34)

Here, x(t) € R? denotes the states of the system at time ¢, and f(x(t)) captures

dynamical constraints which govern the equations of motion for system states. The

formulation (2.34) covers a broad range of dynamical systems used in ecology, biology,
and other scientific disciplines [DK22].

Consider now the setting where data {(x(¢;), (t;)}*_, are observed on the system

states, where tq,--- 1, are the sampled time points. We can rearrange this into the

state matrices:

wi(t) xa(t) - zalty)

X = @) e () = | T g
nltn) walta) o walta)
9}"1(151) 9}"2(751) ?d(tl)

X = (@"(tr), - " ()" = xl_(.tf) xz_(.tf) . xd(f” e R
i(tn) @alta) o dulta)

With this, we will then construct a “library” of candidate functions for recovering
the function f in (2.34), thus recovering the underlying system dynamics. Suppose

32



these candidate functions F = {¢g(x)}r are parametrized by the multi-index k =
(k1,-+- ,kq), k < K. Given the sampled time points, this library can be represented
by the model matrix:

| | |
O(X)= X)) ... X ... X)E| e RPIKI

where || K|| = anzl K,, is the total number of basis functions in F, and ®(X)*! is
the model matrix consisting of the basis functions in F with multi-index k.
The dynamical system (2.34) can then be represented by the linear system of

equations:

X =9(X)= (2.35)

where 2 = (&;,--- ,&;) € RIKIX4 i5 the matrix of coefficients for f, and &,, € RIXI

is the coefficient vector for the m-th component of f.

Given data matrices X and X, the goal of recovering f can be viewed as a regres-
sion problem on estimating the coefficient matrix Z. In a seminal paper, [BPK16]
argued that, since for many physical systems there are only a few dominant terms
that govern the underlying dynamics, the coefficients in E should be estimated in a
sparse manner. To achieve this, they proposed a method called Sparse Identification
of Nonlinear Dynamics (SINDy), which makes use of compressed sensing algorithms
for sparse estimation of E, thus allowing for a sparse identification of the system f.
Since then, there has been further developments on SINDy via sparse regression and
deep learning; see [CZAT20] and [BCSK21].

A potential limitation with the above SINDy-based methods is that, as mentioned
in section 2.1, sparsity in physical systems is often structured via the principles of
effect hierarchy and heredity [HW92]: main effects typically have greater influence
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Figure 2.4: Visualizing the true and predicted dynamical system trajectories from
the 2D cubic system.

than interactions, and interactions are only present when component main effects are
present. One way to capture such structure is to assign the proposed hierarchical
cumulative priors (2.11) and (2.12) independently over each row of the coefficient
matrix 2. With these priors, the resulting linear system (2.35) can be viewed as
fitting m independent HierGP models, with basis functions taken from the function
library F. The recovery of governing equations can thus be performed via posterior
sampling of the coefficient matrix 2 given data {(x(t;), (¢;)},, using the Gibbs
sampler in Section 2.4.2. With posterior samples {E;,--- |2} generated, one can
then predict and quantify uncertainty on the dynamical system via forward solves of
(2.34) using each coefficient matrix sample Ey, b=1,--- | B.

In problems when structured sparsity exists in the governing equations, it is in-
tuitive to expect that the integration of such structure within the HierGP can yield
improved dynamical system recovery with greater certainty, particularly with limited
data. We explore this below in numerical comparisons with existing methods on two

dynamical systems.
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Figure 2.5: Prediction errors (in x and y coordinates) of the HierGP (top) and
SINDy (bottom) for the 2D cubic system with 500 time-steps.
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Figure 2.6: Visualizing the forward runs of 50 posterior sample draws of the HierGP
for the 2D Lorenz System in x-y-z coordinates (from left to right).
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Figure 2.7: Visualizing the true (right) and recovered (left) 3D Lorenz system using
the HierGP.
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Figure 2.8: Prediction errors (in z-, y- and z-coordinates) of the HierGP (top) and
SINDy (bottom) for the 3D Lorenz system.
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Figure 2.9: Visualizing the forward runs of 50 posterior sample draws of the HierGP
for the 3D Lorenz system in x-y-z coordinates (from left to right).

2D cubic equations

Consider the following two-dimensional planar dynamical system (see [BPK16] for

further details):

da;it) = —ax(t)’ + by(t)?, )
dy(t) ' |

where a and b are constant parameters. While this system is simple, it has two
appealing features which allow interesting comparison of recovery methods. First, its
derivative functions capture effect sparsity and hierarchy as they depend on only two
basis functions of relatively low order. Secondly, one can show for any initial point
((0),y(0)), the system will always converge to a stationary point (0,0) with quasi-
periodic behavior (BPK16), thus providing stability and predictability to numerical
solutions. In the following experiment, we set the true parameters as a = 0.1 and
b = 2, with initial condition (zg,yo) = (2,0). We then generate the training data by
numerically solving the dynamical system (2.36), then sampling n = 500 observations

(with a time step of 0.04) from one trajectory corrupted with i.i.d. Gaussian noise
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(with variance 0.01). Finally, we set K = (5,5) for the HierGP.

Figure 2.4 shows the trajectory of the true dynamical system forward simulations
of recovered systems from SINDy and the proposed HierGP. For the latter, we first
performed posterior sampling on model parameters ©, then used its posterior mean
as parameters for a forward solve of the system (2.36). Visually, we see that the
HierGP trajectory captures well the desired periodic and asymptotic behavior of the
cubic system. Figure 2.5 shows the corresponding prediction error of the recovered
systems for the HierGP and SINDy in each of the two coordinates. We see that the
HierGP indeed yields noticeably improved predictions over SINDy; this shows that
when such structured sparsity is present in the governing equations, integrating such
structure within the prior specification indeed allows for improved system recovery.
The errors for both methods are relatively small, which is unsurprising since the true
dynamical system is quite simple. These errors do grow slightly with time; this is
again intuitive since recovery errors should propagate in time given estimation errors
for dynamical system coefficients.

Figure 2.6 further explores the uncertainty quantification of the proposed method,
by showing the forward runs of 50 posterior sample draws for © for the 2D system
(2.36) in a- and y-coordinates. The existing SINDy method [BPK16] does not pro-
vide such a quantification of uncertainty. We see the recovered trajectory from the
HierGP not only recovers the true system well but also does so with relatively high
certainty. We do note that the posterior uncertainty from our model grows grad-
ually in time; this is not surprising, since it is known that uncertainties in model

parameters accumulate over time for such systems.
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Chaotic Lorenz system

Consider next the following three-dimensional chaotic Lorenz system [Lor63], given

by:
D — oyte) — 2te),
WO o) 2(0)) ~ (0. (2.37)
EO — ot - 5200

where o, § and p are constant parameters. Although these equations have rich and
chaotic dynamics that evolve on a strange attractor [BPK16], the modeled equations
for each derivative are sparse and of relatively low order, thus satisfying the three
effect principles. In particular, the derivative functions are typically influenced by
only a few low-order terms which have sparse and hierarchical structure [BPK16]. In
the following, we set the true parameters as o = 10, 5 = 8/3 and p = 28 with initial
conditions (x(0),y(0), 2(0)) = (—8,7,27). As before, the training data are generated
by solving the dynamical system (2.37) and then sampling n = 200 (with time step
0.05 unit time) observations corrupted with Gaussian noise (with variance 0.01) from
the resulting solution with K = (5,5, 5).

Figure 2.7 shows the trajectory of the true Lorenz system, as well as the trajec-
tories of the recovered system from both SINDy and the proposed HierGP. Visually,
we see that both recovered systems capture the desired strange attractor behavior
and short-time dynamics: all trajectories move locally and predictably initially, but
more globally and chaotically as time progresses, constrained within the region with
complex geometric structure [Lor63]. Figure 2.8 shows the corresponding prediction
errors of the recovered system in each of the three coordinates. We again see that the

HierGP yields noticeably improved performance over SINDy, which again supports
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the fact that when structured sparsity is present, the integration of such structure can
indeed aid in more accurate system recovery. We note that the errors grow rapidly
as time progresses, which suggests recovery becomes increasingly difficult over time;
this is not too surprising given the chaotic nature of this system.

Figure 2.9 further investigates the uncertainty quantification for the HierGP, by
showing the forward runs of 50 posterior sample draws on © for the 3D Lorenz system
in x/y/z -coordinates. Initially, we see the recovered trajectory using the HierGP has
little uncertainty, with all sample paths quite close to each other. However, as time
progresses, we see much greater posterior uncertainty, with sample paths growing
further apart as uncertainty accumulates over time. This is not surprising given the
chaotic nature of the system and its error propagation over time, and again suggests

that long-term prediction of such systems is a challenging problem.

2.7 Technical Proofs
2.7.1 Proof of Theorem 2.5.1

Proof. For notational simplicity, we will prove this result first for the wunivariate
HierGP, then extend this argument for the multivariate HierGP. We use the following
notation below: 6 denotes (f, o) with 8y = (fo, 00). The density f;(x, o) is the normal
density with mean f(x;) and variance o?. The parameter space © is a product space
of a function space ©; and R*. the prior on # is the product measure II = IT; x II,.

The theorem is analogous to Theorem 4 in [CS07] for our prior, and it is enough
to check the conditions in Theorem 1 of the same paper for the prior II. According to

the equivalence conditions given in Section 4.2 of that paper, it is enough to check:

(1) Prior Positivity: 11(Bs) > 0, Bs = {(f,0) : |f = folee <6,|% — 1| <€} for any
0>0
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(2) Probability of ©%: Pr(0%) < Che =", 0% = 05,1J05,, 65 = {f : [fle >

n,1»

M,},05, ={f :1f'lc > M} where M,, = O(n®) for 1/2 < a < 1.
(3) Ewmistence of tests: See Equation 3 and Theorem 2 in [CS07].

We first show that (1) is true. As Ily(| 2= — 1| < €) are always positive, it’s enough
to show I, (| f — folse < ) > 0. Notice that {|f — foloo < 6} D {| D pes(Mndr(x) —
Nor(2)]oo < §/2F NI > ks MOk(2)]oo < /21 = A()B. Here we know that con-
ditional on w, A and B are independent as )\, are conditionally independent. So
P(AN B|w) = P(Alw)P(B|w).

For the set C. = {wy > €,k € S} where € is small enough, we claim that IT;(C,) >
0 and P(AJw) > t(e, A\g) > 0 for some function ¢ and any w € C.. The first claim
is clear as wy > 0 almost surely and S is finite; The second claim is true as D =
{\x ~ N(0,09) for k € S} with probability large than €™l(the probability of choosing
slab part for all covariates in S) on C, and P(A|w,{ox}tr,k € S) = P(A{or}r =
{onotr, k € S) = P(| Xpes(Medr(z) — Nidn(@)loe < 0/2{onte = {onotn,k € S) =
HiesPlag| i — AL < 6/(2|S)){ok}r = {oko}tr, k € S) = s > 0, then by marginizing
out o, we prove the second claim: P(A|w) > s * e%l = t(e, \g) > 0.

Now we claim that P(B|w) > 0 almost surely. If this is true, then II;(A( B) =
En, (P(A() Blw)) = En, (P(Aw)P(Blw)) > B, (P(Bluw)-P(Alw)1c.) > En, (P(Bluw).
t(e,\%)1¢,) > 0. The last step is due to P(BJw) > 0 almost surely and II;(C,) > 0.

With this shown, notice that P(Blw) = E(P(B|w, {0k }32;)|w). Further note that
we have P(B|w, {o}}72,) almost surely, from the definition of B = {[ 3,45 A ()]
< 6/2} and the fact Y = 3,5 Moy ()|w, {ow}32, follows a Gaussian process with
> kg¢s WkOko. (For this Gaussian process, we always have P(|Y[o < d) > 0, see the
argument outlined in [CS07]). It thus holds that P(BJw) > 0 almost surely. So we

prove the claim and (1) is true.
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Neat, we show that (3) is true. This follows by Theorem 2 of [CS07] and our
assumption on the sampling of design points.

Finally, we show that (2) holds. We follow below a similar argument as in Example
6.1 of [CSOT].

Since | Yo Medn()| < Doy ar] k|, it follows by Markov’s inequality, Chernoff

bounds, and the fact that [A\x] < [N(0,0%,), @ > 0 in distribution sense, that:

11, (sup > Medi(@)| > ]\/[n) <1 (Z ag|\| > Mn>
k=1

k=1
< exp(—tM,)E(exp( > _ a| )
k=1

= exp(—tMy)E(E(exp()_ ag|A])w))

1 o0
< eXp(—tMn)E(E(eXP(§t2 > a3} 0)28(a;040t)|w))
k=1

1 e}
= exp(—tMn)E(exp(§t2 Z a0 0)2®(a;ok0t)).
k=1

Now the left side is precisely the same as Example 6.1 of [CS07]. We can thus follow

the arguments there to show

> n
IL (sup| > Medu(@)| > M, | <exp | —=s—55 | -
( ; 4350 a0k

In the same way, we can show II;(sup | D> ;- Ae¢) ()| > M,) < eXp(—m)7
thus showing (2).
A similar argument as the above can then be extended for the multivariate Hi-

erGP. It is enough to check the same three conditions (1)-(3), with normal random
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variables changed to multivariate normal random variables. Analogous proofs can be

used to show these conditions. OJ

2.7.2 Proof of Theorem 2.5.2

Proof. This theorem is precisely Theorem 6 in [CS07] for our prior, and thus it
is enough to check the conditions in Theorem 1 of the same paper for the prior II.
According to the equivalence conditions given in Section 4.2 of that paper, it’s enough

to check:

(1) Prior Positivity: 11(Bs) > 0, Bs = {(f,0) : |f = fole < 4,|% — 1| <€} for any
60>0

(2) Probability of ©%: Pr(0F) < Cye™ ", OF = @g,OU@C 0% =1{f : |fle >

n,1’ n,

M, },05, ={f : 1/l > M} where M,, = O(n®) for 1/2 < a < 1.
(3) Ezistence of Tests: See Equation 3 and Theorem 2 of [CSO07].

The verification of such conditions is the same as the last Theorem. O

2.7.3 Proof of Theorem 2.5.3

Proof. By Theorems 2.1, 2.4, 3.1 of [SL17], we get the consistency and shape ap-
proximation for {\.}:,. As {¢y}i", are orthonormal basis in L2, by the isometry
of Iy — Ly and the contraction of total variation under coefficients-function mapping,

the result is proven. O

2.8 Derivation of the (Gibbs sampler for the Hi-
erGP

The derivations present here are akin to the derivation in [LDD20], but we provide
them below for completeness.
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For the univariate HierGP, define the independent indicators z, with probabilities
p(ze = v, wp ) = vwy_(k,l = 1,--- | K), and the conditional probabilities of
o given by:

(O’k’Zk) ~ (1 — 1zk§k)[G(ag, bg) =+ 1Zk§k59oo' (238)

Note that marginalizing out the z;, gives the original prior distribution. To get
the full conditional probability p(zx|—), first we get the joint conditional distribu-
tion p(z1, ox|—) by the distribution of p(zx = I|[{vg, wi}E_ ), (B.1) and \|oy. Then
marginalizing the z; we can get the p(zx|—). Specifically, oy, ~ IG(a,, b,) when z >
k, and marginalizing out oy gives us p(z, = l|—) o« vwi—1 - [ p(A|ow)p(or]—)doy,
Vw;_1 - taa, (Ar; 0, (by/a,)) where we use the fact that normal density integrating with
inverse gamma leads to density of ¢-distribution. Similarly, when z; < k we have
p(zr = 1|—) x yw;_1 - N(A\g;0,04), as in this case o = 0, which is a constant.

For the multi-variate case, we define the multi-index independent indicators
P(zhyoky = (- L){vt, - vt Hw) - wlh}) = T wi® _y, and define the

conditional distribution
(0k|zk) ~ (1 — lzkgk)IG(am bg) + 1zk§k59w- (239)

Note again that the marginalization of the z; gives the original prior distribution.
As above, we first get the joint distribution p(zg, ox|—) and then marginalizing out

2, by (B.2), which finally gives us

(I v w® _; - N(A\k; 0,00), otherwise,
pzi =1]—)
(I _ v w™ ) - toa, (M3 0, (bo/ay)),  for by > ki, -+ 1y > ka.
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2.9 Adaptive truncation limits for the HierGP

We provide here an adaptive implementation of the Gibbs sampler for fitting the
proposed HierGP model. The adaptivity here relates to the increase in the truncation
limit K as more data are observed from f. We adopt the approach in [LDD20], which
iteratively (with probability decaying with time) removes the indexes for inactive
basis functions and adds indices for additional bases. This probabilistic approach
enables the HierGP to adaptively update the truncation limit as we collect more
data on the response surface f, similar to the approach in [LDD20] for factor models.
Below we outline such an adaptive Gibbs sampler first for the univariate HierGP,

then for the general multivariate HierGP.

Algorithm 4: One cycle of the adaptive Gibbs sampler for the univariate HierGP

Inputs: number of iterations until adaptivity B, initial truncation K, constants a
and «;.
forb=1,---,B do
2: Perform one iteration of the Gibbs sampler in Algorithm 3.1.
end for
4: if b > B then
With probability p(b) = exp(ag + a1b) ...
6: if K* = Zk 1Zl[vb]>k < K then
Set K + K*+ 1.
8: Drop the inactive columns in A together with the associated parameters
in A,o,w,v.
Add a final component to A, o, w, v sampled from the corresponding priors.
10: else
Set K < K + 1.
12: Add a final column sampled from the spike to A, together with the asso-
ciated parameter in o, w, v, sampled from the corresponding priors.
end if
14: end if
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Algorithm 5: One cycle of the adaptive Gibbs sampler for the multivariate HierGP

Inputs: number of iterations until adaptivity B, initial truncation K, constants oy

10:

12:

14:

16:

and ;.
forb=1,---,B do
Perform one cycle of the Gibbs sampler in Algorithm 3.2.
end for

. if b > B then

With probability p(b) = exp(ag + a1b) ...
for min1:ddo
if K = Zk 12;[:]m>km < K,,, then
set K, = K + 1.
Drop the inactive columns in A together with the associated parameters
in o, w, v.
Add a final component to A, o, w, v from the corresponding priors.
else
Set K,, = K,, + 1.
Add a final column sampled from the spike to A, together with the
associated parameter in o, w, v, sampled from the corresponding priors
end if
end for
end if
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2.10 Conclusion

We proposed in this work a novel hierarchical shrinkage Gaussian process (HierGP),
which embeds the well-known principles of effect sparsity, heredity and hierarchy
[HW92] within carefully-constructed cumulative shrinkage priors in a Gaussian pro-
cess model. Similar to the use of such principles for classical analysis of experi-
ments (see, e.g., WHO09), the embedding of this structured sparsity structure within
a Bayesian nonparametric predictive model allows for improved predictive perfor-
mance given limited experimental data. We then derived efficient posterior sampling
algorithms for model training and prediction, and proved desirable consistency re-
sults for the HierGP. Numerical experiments confirmed the improved performance of
the HierGP over existing models, for both computer code emulation and dynamical

system recovery.

Despite promising results, there are many avenues for fruitful future work. One
direction is in establishing posterior contraction rates for the HierGP. In the case
where f has the presumed structured sparsity, it would be interesting to explore
whether the HierGP rates improve upon standard contraction rates for GPs, which
are known to suffer from a curse-of-dimensionality [vdVvZ08]. Another direction is
in exploring cumulative shrinkage priors which can capture a weaker form of effect
heredity (see, e.g., WH09; MW19), where interactions effects can be active when at
least one component effect is active. This can provide a more flexible model in cases

where there may be minor violations to the effect principles.
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Chapter 3

Bayesian Spectrum Inference for
Continuous-time Markov chain

3.1 Introduction

In this chapter, we focus on continuous-time Markov chains on a finite state space S.
A CTMC is defined by (1) its state space S, (2) a transition rate matrix (generator)
L with dimensions equal to that of S, and (3) an initial distribution X, ~ m. For
p,q € S,p # ¢, we denote the non-diagonal elements of L as L,, or L(p,q), and
they are non-negative and describe the rate of the process transitions from state p to
state g. The diagonal elements {L,,},es are chosen to be negative for mathematical
convenience to restrict ) gLy, = 0 for all p.
For a CTMC, the generator can be defined as

lim
t—0+

Epf(Xti —I®) ) = > L(p,9)f(q)

q€eS

for all suitable test functions f : S — R, where E, denotes expectation conditional

on X;—g=p and X; is a CTMC sample path.

We can define the transition probability matrix P! as

P(p7Q):P(XtZQ|X0:p):]\}1m -

I

where 1) is the indicator function. We can write the Chapman-Kolmogorov equation

as

— —LP".
dt
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By spectral theorems, the solution of this equation can be expressed as

Pt _ etL — i (tL)n,

n!
n=0

computation of which is often intractable [CVEO06].

Discretely observed model. In this paper, we consider observing the data discretely
{X4, }, at equally-spaced times t; = At with S = {1,..., N}. From such data,
our goal is to infer the parameters characterizing the CTMC, including uncertainty
quantification in estimation. Parameter estimation is more challenging than in the
discrete-time case due to the intractability of the likelihood function. The issue is
that we do not observe the transition times but only have observations of the state
of the process at different time steps. The intractability of the likelihood, and the
need for dimensionality reduction to improve the quality of parameter estimates from
sparse data, motivates us to define an alternative representation of a CTMC instead

of relying directly on the generator.

3.2 Spectrum decomposition and approximation
for generator of CTMC

Defining a spectral decomposition of the generator L in terms of right and left eigen-

vectors, we have

Loy = e, el = Nty ) = O (3.1)

with ¢ = (Yr(1), ..., (V). ¢k = (Pk(1), ..., dx(N)), and order Re(A) > Re(Apt1).
Assuming uniqueness of the first eigenvector (k = 1), the first eigenvector encodes

the invariant distribution p(z):
Vr=p, ¢ =(1,...,1)T, A\ =0 (3.2)
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If we further assume that all eigenvalues have multiplicity one, L has spectral repre-

sentation
9) =D Mi(p)Pr(q)- (33)
k=1

This spectral representation of L can simplify computation of the exponential of L.

Indeed, the transition probability matrix P2 can be represented as

P (p,q) = Y M(At)dr(p)vn(a), (3.4)

where Ay (At) = exp(A\yAt). Conversely, if we know the eigenmodes of P2t for which
the above decomposition holds, then L = 3; log(P#) can be represented as in (3.3)
with Ay = (A#)"'log{A,(At)}. Letting ¢; = iAt, we can express the likelihood

function as

L({Xe }im | PY) = LX) O, dn, it i)

= H PAt(Xti—1 ) th)

i=1
n

H { Zexp AeAE) P (X, )JUi(Xe, )} (3.5)

Although low-rank approximations of dynamical systems and Markov processes
are of increasing interest ([ZLWZ22; BTBK14]), there has been limited considera-
tion of the continuous-time case. For a discrete-time Markov chain, a common ap-
proach for reducing computational and statistical complexity in estimating the tran-
sition probability matrix is to rely on a low-rank approximation ([ZW19; GGK*23]).
However, such approximation methods cannot be directly applied to CTMCs, as
we are not only concerned with the fixed-time transition matrix P!, but also the
underlying CTMC and its generator. For CTMCs, we need to consider the rela-

tions between the generator and the transition matrix in the approximation. To
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the best of our knowledge, in the previous literature, no low-rank approximation
method has been established for CTMC. In this paper, we use new approximations

for both the generator and the transition matrix as L(p, q) = ZZ:1 Mok (p)r(q) and

P2 (p,q) = Y4y (A (p)vn(q) with d < N.

As in [CVE06], we focus on equally-spaced observations in time, but extensions
to unequally-spaced data are straightforward, as we will discuss later. In our setting,
the low-rank approximation is natural for two reasons. First, in many real applica-
tions, the generators for the underlying CTMC models are approximately low-rank
[GGK™*23]. Second, when At is large, the transition matrix P2* will become closer
to low rank as the larger eigenvalues decay to 0 faster. This is similar to the two-
time-scale approximation of Markov chains ([YZ05]): for low-frequency observations,
the process can be approximated well by the small eigenvalues and eigenvectors (low-
frequency terms), and large eigenvalues/eigenvectors can be ignored. We rely on
likelihood (3.5) along with a low-rank approximation. If we can obtain an approach
for inferences on the eigenmodes {1y, ¢r, \x }{_,, then we can directly infer the sta-
tionary distribution g through the first eigenvector 1)1, the eigengap through the
second eigenvalue Ay, and the eigenvalue decay A\ — A\x_1. Motivated by a desire to
characterize statistical uncertainty in estimating the spectral representation of the
generator, we propose to take a Bayesian approach to inference. This is facilitated

by a careful reparameterization described in the next subsection.

3.3 Spectral Approximation of the Likelihood

Potentially, we may start by choosing priors for the eigenmodes {¥x, ¢r, A\ }r=1.. 4
and then update these priors with the likelihood function (3.5) to obtain a posterior
for the eigenmodes. Then, for each sample from this posterior, we can calculate the

low rank approximation of the generator L to obtain corresponding posterior samples
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of L.

However, this direct approach is difficult to implement in practice. First, we
have discussed in Section 3.1 that the likelihood is difficult to evaluate if we directly
parameterize L. Computing P?* from L will be costly and numerically unstable.
Second, regarding parameterization in terms of {¢y, dr, A\ (Ax)}4_,, while we get a
closed form likelihood from (3.5), it is hard to use it directly in practice. Without
carefully imposing constraints, the estimated transition matrix will likely not be
valid [She21]. However, implementing appropriate constraints in estimating L is
difficult due to the Markov chain embedding problem [CVEO06]. Third, while directly
estimating P2 is manageable, the estimated P2 does not necessarily belong to the
set {PA*|3L such that (1) 30, Ly; = 0, (2)Li; > 0Vi # j, and (3)PA! = exp(AtL)}.
This is again due to the embedding problem [CVE06].

To tackle these difficulties, we propose a different inferential strategy. We aim to
estimate the transition probability PA* and the corresponding eigenmodes

{bn, dr, Ae(Ag) }{_, at the same time using the following pseudo log-likelihood:

IOgL({th ?:1|PAt7 {wka ¢k7 Ak}z:l)

d
= log(IT, P (X, X)) — /2|[P2 = 3 exp(MAt) gt |7

k=1
2

= > 10g(PY (X, Xu)) — /2 D [PA(p) = Y exp(MA) o (p)n(a)

i=1 pa=1

(3.6)
with @ > 0 and || - || the Frobenius norm. Equation (3.6) has two parts: (1) the
sum of the log transition probabilities between states at adjacent time observations,
and (2) the Frobenius norm of the difference between transition probability P4 and
its spectral approximation. Term (2) is equivalent to the log likelihood under a

matrix factorization model that expresses the mean as low rank and assumes i.i.d
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Gaussian measurement errors across the cells. Hence, (3.6) combines log likelihoods
for transition estimation and low-rank decomposition together, leading to a useful

pseudo log likelihood, which we rigorously justify in Section 3.5.

3.4 Pseudo Posterior Inference for BASI

In this section, we specify prior probability distributions for the unknowns in our
model and propose a (pseudo) Bayesian approach for statistical inference. The pro-
posed approach uses a modular strategy for inference relying on (3.6). We start by
conducting inferences on the first module corresponding to the first term of (3.6)
to obtain an initial posterior for the transition probability matrix that relies on a
conjugate Dirichlet prior that does not exploit the low rank approximation. We then
proceed to conduct inferences on the second module corresponding to the terms in
the eigen decomposition conditionally on the inferred transition matrix. Under ap-
propriate priors, Gibbs sampling can be used to generate samples from our pseudo
posterior as described in Section 3.4.1, while Section 3.4.2 sketches Markov chain

Monte Carlo sampling under arbitrary priors.

3.4.1 Gibbs sampling

Let ¢ = (¢7,..,0%) € R and ¢ = (¥7,...,¢T) € R4 Letting P2 (p,-) =
(P2(p, Q)i “E Dir(a,...,a),p =1,..., N, the first module posterior is

PAtHXti ?:1 - ®éV:1PAt<p7 )|{th zT'L:l ~ ®2V:1DZ.T(OC + CP)7 (37)
where ¢, = ()L, with ¢f = oV 1{x,,=p,x,,, =q}) the empirical transition counts.
Hence, the first stage posterior is independent Dirichlet on the rows of the transition

matrix.
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Proceeding to the second module, we put priors on the components {t¢, ¢, A }¢_; .
Prior specification and posterior computation are made more difficult by the orthogo-
nality constraint. For recent related work, refer to [JHD20] and [JHD21]. To simplify
computation, we follow [DYND20] and [MHD22], and define a prior that relaxes the
orthogonality constraint by shrinking strongly towards the Stiefel manifold. Recall-
ing 1 = p, ¢T = (1,..., )T, and A\; = 0 (A; = 1), the resulting logarithm of the joint

prior density is (up to a constant):

log P({%, o Ak}izl) =

d
(loul® = 161[7) /207 = |[9][3:/207 = log(P({A}Yi_y)) = > (050 — bjtbx)* /207
Jk=1
d d d
= llokll?/20% = 1wnl?/207 = log(P{AY_,)) — Y (5 — ¢5ebn)° /207
k=2 k=1 Gk=1

(3.8)
This expression implies multivariate Gaussian priors for {¢y}¢_,, {¢r, }¢_,. For
{Ar}¢_,, we choose a uniform prior subject to an identifiability constraint on the

eigenvalues:
P({Ak}%zl) X 14, A= {{Ak’}Z:lu = A1 > A2 > .2 Ad > 0}

The last term in (3.8) shrinks towards orthogonality to an extent determined by the
value of 02; in practice we choose 02 & 0 to obtain near orthogonality. By our ap-
proximation {9y, dr, Ap Yo [{ X 1oy, P2 = {Un, dr, A}, | P2, the full conditional

distribution of vy is

N d
log P(¢e[{ bk, A1, Ui, P2 oc —a/2 > 7 [PA(p,q) = Y Mo (p)ton()]’
k=1

e (3.9)
d d
= MwllP/207 = D (G55 — djue)? /207
k=1 k=1
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and we have (¢|—) ~ N(py,, 2y, ) where

Sy = (L/og + allAgil )+ 9" [o7, = Ty, (A (Y) b + (Vi)' /07)

Y (p.a) =P (p.q) - Z Aj6;(P)s(@) + Audr(p)vi(a), Vi = (dj0)5-1.

Similarly, the full conditional distribution of ¢y is

N d
log P(¢x[{tn, Ak Yimr, S-a, PAY) o< —a/2 Y [P (p,q) = Y Mehi(p)vn(q)
k=1

P,q=1
d d
= MekllP/of = D (S5x — b5 - i)/ 0
k=1 k=1

(3.10)

and we have (¢gx|—) ~ N (g, , g, ) Where
Son = (1/og + allAn| )L + 99" /07, g, = S, (@M Y05 + 9 (Yy)"/00).

Finally, we have the full conditional distributions of A as

N d
log P(Ax|{tok, dx ey, {Ax Y-, P2) oc —a/2 > [PY(p,q) = > Muor(p)ve(g)|’
k=1

—log(P({A}i=1)
(3.11)

and we have Ay ~ N(ua,,0on, )] y where

Apy1,Mk—1

O-Z2\k = 1/Oé(||¢k||2 * ||¢k||2)7,U/Ak = (Oé Z gbk(p)d}k(q)Y}gO(p’ q)) * O-Z2\k

p,q=1

and we set Ay, = 0 for convenience.

All the full conditional distributions turn out to be Gaussian or truncated Gaus-

sian. Thus, they all can be sampled directly within a Gibbs sampling algorithm;
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Algorithm 6: Gibbs sampler for generating samples from our pseudo posterior
Inputs: hyperparameters «, qo, 0y, 04, 0¢, data { X, }I;, number of iterations B.
1: Set initial parameters Og = {PA40 ( ,[CO}, E)}, AE})ZZI}.

2: forb=1,---,B do
: Sample P24 {X, } | from Dirichlet distributions ®2, Dir(a + ¢,). (Step
1)

40 Sample {/"}¢_ |- {X,}", from Gaussian distribution 3.9, (Step 2)
Sample {qbg’]}ﬁ:ﬁ—, {Xi, }1, from Gaussian distribution 3.10. (Step 3)
6: Sample {Agf}}gzll—, {X4,}1-, from the truncated Gaussian 3.11 by simulating
pa, + 0, N(0,1)1, ) where a = Ak%_:’\’“, c= M%_:Ak . (Step 4)

7: end for
refer to Algorithm 6, where we use “—” to denote all other parameters and use

|—,{ Xt },” to denote the full conditional distribution.

3.4.2 Estimation of low-rank representation for generator
with MCMC

In this section, we consider the non-conjugate priors for the eigenvectors and eigen-
values. When we assign the non-conjugate priors, we can use the general MCMC
methods like MALA to sample from the posterior.

Specifically, we can propose the prior of P2 (p, ) as
P (p,-) = (P2 (p,q)), "= TI(PAY), ¥p =1,.., N

for some II(+) such that II(P2!(z,y) > qo/N) = 1 for some 1 > gy > 0 (which means

its support on the probabilistic matrices that are bounded below). The priors of

{Wk, Pr, Ak}%:l are

d d
log P({tb, ¢r, Ak }i_) = — Z | pwl|?/ o’ — Z |wl|? /o,
k=2 k=1

(3.12)

=) (A —A))?*/o} — Z(%’ — ¢n)? /ol = Z Z Z Mok (p) o (q)

d
k=1 k=1 p=1 gq=1 k=1
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Algorithm 7: MCMC sampler for general priors
Inputs: hyperparameters «, qo, 0y, 0g, 0, 0, 3, data { Xy, }I,, number of iterations

B.

1: Set initial parameters Oy = {PA40 ( ,[CO}, E)}, Ag)ﬁzl}.

2: forb=1,---,B do

3: Sample Op = {PALL) (w,[f],gb,%],Agf])‘,j:l} via Metropolis-Hastings from the
density proportional to equation 3.13.

4: end for

The log-posterior is

log P(P2, {t, o, M Heoy [{ X0, Hiy) o< log P({tk, ok, A }ioy) + log P(P2)

+ 1OgL({th ?:1|PAt’ {¢ka ¢ka )\k}gzl)

(3.13)

Then, we can do the posterior sampling by general MCMC algorithms, for example,
MALA or HMC, using the log-posterior 3.13. The sampling algorithm is given in

algorithm 7.

3.4.3 Discussion

We have developed two types of algorithms for spectrum inferences with different
priors. For the conjugate priors, the Gibbs updating provides efficient sampling for
the posterior. For the general priors, we can do the inferences in one stage and
can integrate the property of the generator into the priors of the spectrum. For
the hyperparameter «, we should be careful to set it with respect to n (for example
a = O(n)), as it represents how much confidence we have in estimated P2!. For
{oy,04,0x,0.}, we can further put priors on them (for example, inverse gamma) to

give our models more flexibility.
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3.5 Error estimates and theoretical justification

In this section, we present the theoretical results which confirm the posterior consis-
tency and error estimates for our methods. These results extend the existing theory
on consistency for the transition matrix of the Markov Chain as well as the eigen-
vectors and eigenvalues. We first prove a Bernstein-von Mises (BvM) theorem for
discrete-observed CTMC and then give consistent results for eigenvalues and eigen-
vectors based on the BvM theorem.

Let 0 = (P2) € © C [0,1]% be the parameter of a CTMC. Let 6y be the under-
lying true value which locates in the interior of ©, and denote the local parameter
h = /n(6 — 6y). When there is no confusion, we denote X;, = X;a;. Following
[Conl4] and [Conl6], we first state the BvM theorem for CTMC. We list out the fol-
lowing assumptions for the theorem. We also give the detailed proof for the theorem

and validity of assumptions for our models in the appendix.

(A1) Dominated family: For each n, the likelihood functions L({X;},|0) are domi-
nated by a common o-finite measure. L({X;}"_,.6) is the density with respect

to the common dominating measure.

(A2) Prior mass: The prior I1(6) is absolutely continuous with respect to the Lebesgue
measure in a neighborhood of 6, € R? with a continuous positive density at

6.

(A3) Uniformly consistent test: For every e > 0, there is a sequence of uniformly

consitent test ¢x such that

n—oo n—oo

Eo,(pn) — 0 and  sup Egp(1—¢,)) — 0
[10—60||>¢
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(A4)

(A5)

(A6)

(A7)

Local asymptotic normality: There is an invertible matrix I and a sequence of
random variables A,, = \%Vgo log(L({X;}X,10)) converging weakly to N (0, )

under 6, such that, for every h,, — h:

dpy, 1
log(—=) = WA, — =l Ih n(1
Og( dpg ) n 2 + Opo( )

where p}! is the likelihood function L({X;}? ,|6) under local parameter.

Local linear lower bound for the score: Let s, = \%An where A,, is defined
in assumption (A4). There is np € N,§ < 1 and ¢ > 0 such that for any

1160 — 6o|] < 9, andy n > ng:

|| Eo(sn) — Ep=(sn) = c[|6 — 6o

Large deviation inequality for the score: The two sided McDiarmid-type in-

equality for s,, holds. That means, there is nyp € N and ¢ < oo such that:

1 u?
Py(||sn — Eo(sn)|| > u) < Qexp(—ic/—n)

for any 6 and n > ny.

Large deviation inequality for blocks: We assume a one-sided Hoeffding-type
inequality for non-overlapping consecutive blocks of X;. To be explicit, let R €
N and X% be the non-overlapping blocks of R consecutive X;, ie X7 = (X;)E |,
XEF = (X;)2B,, ., etc. Write g, = g(XF). Then there is ny € N and cp < 0o

such that for any bounded function 0 < g < 1, any 6, any n > ng:



Our assumptions are identical to those in [Conl4] with minor notations changes.
Assumptions (A1)-(A4) are standard for i.i.d BvM theorems while (A5)-(A7) guar-
antee that the data ({X;,} ) is "weakly dependent” in terms of the score function.
In [Conl4], the BvM theorem for weakly dependent data is proved in a similar spirit
to the i.i.d case. The main technical difficulty in [Conl4] is to show the existence of
exponential powerful tests from the uniformly consistent tests with the assumption

(A5)-(AT). We refer interested readers to [Conl4] for further details.

In our models, we further need the following assumptions for the underlying

discrete-observed CTMC:

(B1) Mixing property of embedded discrete-time Markov chain: For any P2 (x,y) =

0 € ©, the Markov chain {X;,} , is reccurent and mixing.

1=

(B2) Identification: If 0,0’ € O induce the same joint stationary distribution on
X _ o000, then 0 = ¢,

(C1) Full support of true embedded discrete-time Markov chain: the finite time tran-
sition matrix P2%(z,y) has full support, or equivalently, bounded below as

PAYO(x.y) > ¢°/N > 0.

(C2) Prior Modification for Conjugate priors: The prior in sec 3.1 is modified as

iid. .
(PAt(p, q))f]\[:1 ~ Dir(a, ..., @)l pagy)spo/n

for some small p® > 0.

(B1) and (C1) pertain to ensuring uniform mixing for the discrete-time Markov chain
and guaranteeing the regularity of the parameter region which we study. They are
natural assumptions for the embedded Markov chain if the underlying CTMC is
ergodic and irreducible. (B2) represents the identification condition. In our proof,
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we show that (B2) is satisfied naturally for our models. (C2) is a standard minor
modification in prior to ensure the consistency for conjugate priors in sec 3.1.

Now we can state our BvM theorem:

Theorem 3.5.1. (Bernstein-von Mises theorem for (discrete-observed) CTMC) Un-
der assumption (C1) (C2), the assumptions (A1) to (A7), and (B1) to (B2) hold for
the (discrete-observed) CTMC BASI models in sec 3.1 and 3.2. As a corollary of the
main theorem in [Conlj], we have the Berstein-von Mises theorem for the transition

matriz 0 = PAt:

g™ (h) = N (B)| [ — 0 (3.14)

where ¢"(h) is the local version of the posterior p(0|{ X;},) o< L({X;}",]0)p(0) and
N™(h) = N(I'A,, I7Y) for I in (A4).

Roughly speaking, the above theorem shows that the posterior of P2t converges
to PAt + e with e ~ N(0, %I ) when the model is well-specified. This distribution is in
the same form as that in the noisy matrix completion problem. Thus, it is reasonable
to use the probabilistic matrix factorization in our approximation algorithm. Our
proof is based on [Conl6] and postpone to the appendix.

To further justify the consistency and efficiency of our algorithms, we state the
consistency of eigenvalues and eigenvectors based on the BvM theorem in the blow

theorem 3.5.2, which is in a similar spirit to [CVEO06].

Theorem 3.5.2. (Posterior approzimation for the eigenvalues and eigenvector) In
the same setting of Theorem 3.5.1, we have the following convergence estimates of
the eigen decomposition (1, dr, Xk)szl for the empirical generator L = ﬁlog(f’m)
with a sample from the posterior PAt ~ PA{ X}

Vi = ) =~ exp(-AADUQ o]
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V(s = 0) = VAR Q™
Vi(or = o) = VALREQ6);

. . N 0 OAf
in probability, where Q* ~ N(0,2171) and R (x,y) = z#k(eAkm — MR
@)Y (y) with the true transition matriz P2 and its eigen decomposition

(YR, Ok AR = exp(ARA))EL,.

The theorem 3.5.2 shows that the direct calculations obtained from the eigen
decomposition of the posterior transition matrix are reliable. Our algorithms accom-
plish the eigen decomposition by probabilistic matrix factorization while being more

computationally efficient and offering a natural uncertainty quantification.

In our algorithms, the coverage credit interval for the transition matrix (P2?) is
equal to two times of the inverse Fisher information when the model is well-specified.
Thus, our approximation methods are asymptotically consistent and efficient for well-
specified cases. When the model is misspecified, it is known that, for i.i.d case, the
posterior variance no longer matches the minimal lower bound on the variance of
unbiased estimators ([Boc22]). We can expect that the similar phenomenon happens
in the Markovian cases. However, to the best of our knowledge, there is no existing
results for BvM theorem for misspecified models beyond i.i.d case. [Boc22] presents
several approaches to adjust the posterior variance to make the Bayesian inference
efficient for misspecified models. In our algorithms, to get the correct uncertainty
quantification when the model is misspecified, the simplest solution is to use maxi-
mum likelihood estimation (MLE) for the transition matrix instead of its posterior.
To summarize, the credit interval for our approaches is accurate for well-specified
models, and we have adjustment methods for the misspecified cases. As the result,
theorems 3.5.1 and 3.5.2 justify the reasonability of our methods both in consistency

and efficiency.
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3.6 Numerical Simulation

In this section, we explore the proposed two-stage methods in a suite of numerical
experiments. We investigate its performance for simulations from exact/non-exact

CTMC simulations.

3.6.1 Simulations from exact CTMC

We first consider the data simulated from exact CTMC with generator:

—-06 04 02 0

1 05 —-12 04 03

@= 0.3 0 -06 0.3
0 0.1 02 =03

with At = 1. From figure 3.1 we see the convergence and uncertainty quantification

of the posteriors are close to the true eigenvectors and eigenvalues.

3.6.2 Simulations from non-exact time series

Next, we consider the data simulated from non-exact CTMC without a generator,
similar to the example considered in [CVEO06]. We take the transition matrix:

Cx

ifx £y
Ph(z,y) =4 17 7Y (3.15)

Ca otherwise
where ¢, is a normalizing constant such that Va, > P"(z,y) = 1. For simulation,
we take h =1 and NV = 10. From figure 3.2 we see the convergence and uncertainty
quantification of the posteriors are close to the true eigenvectors and eigenvalues. As
the models are non-exact, we have the true leading eigenvalues to be negative. The
posterior of the leading eigenvalues concentrate around zero, and the posterior of the
eigenvalues and eigenvectors give a reasonable approximation continuous time model

for the non-exact model.
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Figure 3.1: Posterior of eigenvalues, first left and second right eigenvectors for exact

CTMC data.
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non-exact CTMC data.
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3.7 Technical Proofs
3.7.1 Proof of Theorem 3.1

To prove Theorem 3.5.1, we follow closely from [Conl6]. We first verify each of the
assumptions (B1)- (B2), and then use them to verify the assumptions (Al) - (A7).
We first state the following lemmas needed.

The first lemma states the concentration inequalities for Markov chain with mix-

ing:

Lemma 3.7.1. Concentration inequalities for Markov Chain ([Paul5])

Let X; be a discrete-time Markov chain, and let 7(€) be the emizing time. Let
Tmin = Ifg<ect T(e)(f—:z)Q. Let f be a function of n arguments with bounded differ-
ences:

f(X1, 0 X)) = f(XT, 0 X)) < Zcz’lxﬁéxg
i=1

. Then, the following one-sided and two-sided concentration inequality hold:

2

u
n 2
Trmin Zi:l Ci

P(f < B(f) —u) < expl—3 )

1 u?
P(f = E(f)+u) < exp(—EW)
min 2 =1 Ci
1 u?
P(|lf —E(f)l| > u) < 26XP(—§m)

Proof. See the corollary 2.11 of [Paul5] O

Next lemma derives the mixing property of (possibly non-homogeneous) Markov

chain under the minorization conditions:
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Lemma 3.7.2. Theorem 4.9 of [Sen06]

If the transition probability of a (not necessarily homogeneous) Markov Chain X;
15 uniformly minorized in the sense that there are probability distribution v; and a > 0

such that for any value of X;, X1
P(Xi11]Xi) > av(Xig)
Then X; s mizing:
drv (L(Xi| Zo ~ ), L(Xi| Zo ~ p2)) < (1 = a)’
Proof. See the Theorem 4.9 of [Sen06]. O

Next we verify the (B1) and (B2):

Theorem 3.7.3. Assumptions (B1) and (B2) hold for the models in sections 2.4 and
2.5

Proof. (B1) is the direct consequence of Lemma A.2 and the transition matrixs P2
in priors are bounded below. (B2) is clear by the way we parametrize the Markov

N
Zi:l lXi:P,Xi+1:q n
N .
>lim1 Ix,=p

chain, or using the convergence of transition count statistics:

Now we prove X; is uniformly mixing:
Lemma 3.7.4. For any P? =0 € O, there is Tpi, < 00 such that:
VO € O, Tiin(0) < Trmin

Proof. We know that © is compact and that for any 6, X is recurrent and mixing.
Putting (3.12) of p. 16 together with bound (2.9) p. 10 in Paulin (2014), we have
the following bound:
1+ 2log(2) + log 1/ ptmin(0)
1—X\(0)
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where fimin(0) is the minimal of stationary distribution, and A(6) is the second largest
eigenvalues of the multiplicative reversibilization of §# = PA! ([Fil91]). Stationary
distributions and eigenvalues are continuous functions of 8, and thus A(#) is bounded
away from 1 and fiyin(6) is bounded away from 0. Then we know we have a uniform
low bound of 7,,;, as in the statement.

Similarly, we can show the blocks of X, are also uniformly mixing. Let XlR =
(Xj);'.i(ifl) » hon-overlapping consecutive blocks of R. X; is uniformly mixing and
thus X; us uniformly mixing. And we denote 7, ; ¢ as the low bound for mixing

time. O

Now we prove the uniform law of large number for log-likelihood, observed in-
formation, and central limit theorem for score function similar to [Conl6]. Without
loss of generality, we assume the Markov Chain X is stationary in the following two
lemmas: Xy ~ p where p is the stationary measure. The non-stationary results can
be extended from the stationary ones via the coupling argument similar to A.12.5.2

of [Conl6] thanks to boundness.

Lemma 3.7.5. ULLN for log-likelihood and observed information

For discrete-observed CTMC models under the assumption (C1), we have
1 n Pog
1= Log(L({Xi}i-1/0) — L(6))]]o — 0
1 2 n . PGO
1V log(L({Xi}im[0) — i(6))lloc — O
where L(0) = Ey,(log(IL(X1|X,0))) and i(0) = Ey,(V?log(L(X1| Xy, 0)))

Proof. We first prove the uniform law of large number for the log-likelihood function.

By Markov property, we can further write the log-likelihood function as:

L OB(LXE0) = D os(LONXoo1.0)
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Now we can prove the ULLN via the almost sure ergodic theorem in function space.
Note the log-likelihood function log(L(X;|X;_1,#)) is continuous and bounded in ©.
Now define C(©) be the set of continuous functions from © to R, the shift operator
s+ {Xitiez = {Xit1}tiez, and mapping | : {X;}iez — L(0) = log(IL(X;[X;-1,0)).

Then we have

IR
—Zlog (XilXio1,0)) = — > s'l({ Xi}iez)
i=1
where {X;};cz is stationary ergodic. Since (C(©), ]| -||) is separable by compactness,

we have a vector version almost sure ergodic theorem (see A 2.14 of [Conl6] and

theorem 2.1, p.167 in[Kre85]). And we have

P90

||—Zlog (Xi|Xi—1,0)) — L(0)|| —>

where L(0) = Ey,(log(L(X1]Xo,0))).
Similarly, for each element of V?log(LL({X;},|6) we get the ULLN of the ob-

served information. O
Lemma 3.7.6. CLT for score functions

For discrete-observed CTMC models under the assumption (C1), we have

Ay = =V log(L({X:}2,10)) ~% A0, 1)

1
\/ﬁ
where I =1i(6y)

Proof. Let V; = Vg, log(IL(X;|X;-1,0), then it is ergodic stationary. We show that

it is also a martingale difference with respect to the filtration 7; = o({X;}_,). By
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dominated convergence theorem, we have
EQO(‘/il‘E—l) = E90 (Veo log(L(Xl|XZ—la 9)|E—1)
= Vi, (Eg, (log(L(Xi| X -1,0)|Fi-1))

=0

where the last equality comes from that kl divergence is minimized at the prob-
ability itself. And by the central limit theorem of ergodic stationary martingale

difference, we have
1 - Py
— Vi — N(0, 1
NG z_; N(0,1)
where I = Eq,(V1V]) = i(0y) O

Then we prove the local asymptotic normality for the Markov chain (A4):

Theorem 3.7.7. (A4) is satisfied: There is an invertible matriz I and a sequence

of random variables A,, converging weakly to N(0,1) under 6* such that, for every

h, — h:

dpy 1
log(—22) = W'A, — =h'I n(1
og( dp{)‘) A, 2h h + opn (1)

Proof. As we have lemma A.5 and lemma A.6, the (uniform) LAN condition is an easy

corollary of the limit theorems of log-likelihood /score/information by [VAV00] [

One can also use the theorem 1.24 of [HJLI0] for checking the LAN conditions

while we follow [Conl6|’s approach for consistency.

Next, we show there are uniformly consistent tests.

Lemma 3.7.8. (A3) is satisfied: For every € > 0, there is a sequence of uniformly
consitent test oy such that

n—oo

Eg,(pn) — 0 and sup  Ep (1 —¢p))
[[0—00]|>€
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Proof. we prove the existence of tests via the construction of uniformly consistent
estimators. Define the consecutive non-overlapping block X 2 = (Xyi, Xoi41), and its

stationary distribution 7. Notice 7 can identify the P2t as P2 (p, q) = %. We
q b

then define the empirical estimator of 7

1 n—00
X? 1T) = —1g . — (2
({ i Ji=1 ) Z n Xl?fx ( )
almost surely. We will show it is also a uniformly consistent estimator, that is

Ve, sup Py(dry (7, m) >€) =

S~—
|
o

First, as dpy (i ({X Y1), m) — dry (R (X)), m) < 322 S, 1 g, Lemma

A.1 gives us

By u(drv (mn({Xi}iln), ™) > B u(drv (T ({Xi}il0), ™)) + ) < eXp(—lu—zn)

2 Tmin ﬁ

where g is the initial distribution of X;. Then we first bound the Ey ,(dry (7, ({Xi} 1),
7)) for the stationary Markov chain (1 = po) and then extend it to the non-stationary

case. As a corollary of (3.31) of [Paul5], we have

N2

3 2V =\ [y

E, d T, <
0,410 (d7v (T, ) m/

where 7 is the pseudo spectral gap and N? is the dimension of X,’s state space. We

can futher bound

| B o (dry (Tn, ™)) — Eg u(dry (n, m))| <

71



where ¢, p are parameter of mixing for X;. Gather the bounds together and we get
Pou(dry (Fn({Xi}ily), 7) = €)
= Pou(drv (Tn({ X} ), ) 2 Ep u(drv (T, 7)) + (€ = B yu(dry (T, 7))

< exp(—l (6 — E&M(dTV(ﬁ-na W))>2)
- 2 Tminm '

This bound is independent of 6, and thus we have a Dvorestzky-Kiefer-Wolfowitz
type inequality
V0,  Py(dry(Tn({Xi}iii), m) 2 €) < a(n)

. Therefore, 7 is a uniformly consistent estimator. We can construct the tests as
Gn = lapy (7,m)>c/2 and it is easy to verify they are uniformly consistent (see A.12.7.2

of [Conl16]). Then we finish the proof. O
Then we state the proofs of (A5)-(A7):

Lemma 3.7.9. (A5) is satisfied: There is ng € N,;§ < 1 and ¢ > 0 such that for any

[0 — 0ol| <0, andy n > ny:
[ Eo(sn) — Eg-(sn) = c[[0 — bol|
Proof. We have the Taylor expansion
Eo(sn) = Egy(5n) + Vo gy (50)(0 — o) + (0 — 00)" 1(0) (0 — 60)

where 0 = 0+ (1—1)6 for some 0 < ¢t < 1 and h(0) = V2Ey(s,). As Vg, Ep,(sn) — I
as n — oo (see Lemma A.6), I is invertible and & is bounded over © by smoothness
and compactness, there is ng,d < 1 and ¢ such that for any ||0 — 6y|| < §, n > ng the

statement is true:

[ Eo(sn) — Eg-(sn) = ¢[[6 — bol|
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Lemma 3.7.10. (A6) is satisfied: There is ng € N and ¢ < oo such that:

1 u?
Py(||sn — Eo(sn)|| > u) < Qexp(—ﬁc/—n)

for any 6 and n > ny.

Proof. As the score is bounded by assumption, the above statement is an easy corol-
lary of Lemma A.1. Let s* be the k—th component of score, and ¢; be the difference

bound of (Vg log(IL(X;|X;_1,0)))*. We have

Py(|sk — (k)] > u) < 2exp(—i ) <oexp(-3 L
s’ — FE(s U exp(—= exp(—=——
o3%n n = O i (O S (er/m)2’ = TP TR Le/n
And let ¢ = max<p<yck, we then have the vector concentration

Polllsn — Eo(s)ll > 0) < 2exp(—2 —

5, — Ey(s, u) < 2exp(—=——
o 0 P 2 TninC/M

. which means the statements is true for ¢ = TyinC ]

Lemma 3.7.11. (A7) is satisfied: There is ng € N and cg < 0o such that for any

bounded function 0 < g <1, any 0, any n > ng:

1< 1< 1 w2
— E — E —_) < _-_-
PQ(S — gS < E(S — gS) u) e — exp( 2CR/S)

Proof. As g is bounded (0 < g < 1) and X7 is uniformly mixing with mixing time

bound by 7 . ¢, the statement is direct corollary of Lemma A.1:

1< 1< 1w
Po(5 D ga< E(5 > g —u) < exp(—3
s=1

s=1 %min,f( /S

)

So the statement is true with cgp =7, ¢
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Finally, we can have the proof of Theorem 3.5.1.

Proof. As we have checked assumption (B1)-(B2), it is enough to check the assump-
tion (Al) to (A7) by [Conl4],. (Al) is true for the finite state Markov chain and
(A2) is true as the way we set priors in sec 3.4.2 and 3.4.1 with the assumption (C1).
(A3)-(A7) are proved in Lemma/Theorem A.8; A.7, A.9, A.10, A.11 separately. And

by the main theorem of [Conl4], we have the BvM approximation:
n n P90
llg" () = N"(R)[|l7v — 0

in theorem 3.1. That concludes the proof.

3.7.2 Proof of Theorem 3.5.2

Proof. Proof of the theorem 3.5.2 is contained in the above lemmas by similar com-

putations of equation (24) in [CVE06]. O

3.8 Conclusion and outlook

In this essay, we develop an innovative method, the Bayesian Approximation Spectral
Inference (BASI), designed to infer continuous-time Markov chains (CTMCs) from
discretely observed data. This development was stimulated by the mounting inter-
est in CTMCs across various disciplines and the computational hurdles encountered
when dealing with large state spaces. We observed that CTMCs frequently exhibit
a nearly low-rank structure in such situations. BASI capitalizes on this low-rank
structure to approximate the generator of the CTMC, focusing on its spectral char-
acteristics rather than a direct estimation. By approximating the likelihood within

the low-rank spectral representation, BASI significantly diminishes the computational
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complexity associated with high-dimensional data. Simultaneously, it provides a nat-
ural framework for uncertainty quantification for the reconstructed CTMC and its

corresponding spectral characteristics.

While our results thus far are encouraging, there are abundant opportunities for
future research. One potential avenue involves developing similar spectral methods
for CTMCs with non-uniform time observation cases. The extension to a finite num-
ber of choices for At seems straightforward, although the general time duration case
may necessitate additional work. Another promising research direction is to explore
more structures and constraints of the CTMC generator, such as sparsity and symme-
try in the generator matrix. Inferring the generator by taking into account spectral

information and considering the embedding problem is also a promising direction.
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Chapter 4

Adaptive (Gaussian process for Data with
Low Intrinsic Dimension

4.1 Introduction

In this section, we set up the notations and review background information on the
Gaussian process (GP), Reproducing kernel Hilbert space (RKHS), and RKHS on
the general measurable subset X in R”. Throughout the work, we focus on the case

of compact X, and assume that X is a bounded set inside [0, 1]7.

4.1.1 Basic review for Gaussian process

Gaussian process (GP) are widely used as non-parametric prior for unknown func-
tions. For instance, in the context of nonparametric regression, one can utilize a
Gaussian Process (GP) as a prior for the unknown function. Let f* € R™ be the
discretization of a continuous function f* over Xi, Xs, ..., X, such that f* = f*(X;).
A Gaussian process (GP) prior for f implies that the conditional distribution of f*
given X1, Xo, ..., Xy is denoted as p(f*| Xy, Xo, ..., X,,), which follows a Gaussian
distribution N (0, Xg«g«). Here, Ygsgs € R™ ™ represents the covariance matrix in-
duced from the kernel k£ of the GP. The (7, ) element of Y¢«¢« corresponds to the
covariance between f(X;) and f(X;), denoted as cov(f(X;), f(X;)) = k(X,;, X;),
where 1 < 4,5 < n. By combining the prior distribution N(0, X¢«p<) with the like-
lihood function under equation 1.1, we can obtain the posterior distribution. This
posterior distribution serves as the foundation for conducting inference and making

predictions.
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4.1.2 Basic review for Reproducing kernel Hilbert space

Reproducing kernel Hilbert space (RKHS) is a powerful tool to study the theoretical
properties of GP. We will rely on some lemmas of RKHS to prove posterior behaviour
for our prior. We provide a brief overview of key definitions and concepts of RKHS,
which can be found in section 4 of [SC08]. A symmetric function £ : X x X — R
is considered a kernel on a non-empty set X if it is positive definite, satisfying the
condition that for all Vn € N and choices z1,...,z, € X and ay,...,, € R, the
inequality >, >~ ok (i, ¢;) > 0 holds.

A reproducing kernel Hilbert space (RKHS) is a Hilbert space H of functions
f X' = R in which the evaluation functional H — R is continuous for every z € X.
Each RKHS H has a unique reproducing kernel £ : X x X — R, satisfying the
property

(f,k(-,x))g forall f e HzeX (4.1)
as stated in equation (4.1).

Conversely, for any given kernel k, there exists a unique reproducing kernel Hilbert
space (RKHS) H in which k serves as the reproducing kernel. An alternative way
to define a kernel k£ : X x X — R is by considering the existence of a Hilbert space
Hy and a mapping ¢ : X — Hy, such that k(z,y) = (®(z), ®(y)) g, for all z,y € X.
Here, H, is referred to as the feature space, and ® is known as the feature map. It
is worth noting that we can always select the RKHS H as the feature space using
the canonical feature map ® : X — H, defined as ®(x) := k(z,-), where the inner

product on H is entirely determined by the chosen kernel.

4.1.3 Gaussian process and RKHS on the general set X

In this work, we focus on Gaussian process and RKHS on the general set X'. Recall

that X is a bounded set inside [0, 1]P. Let us define the squared exponential kernel
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on X x X :

where || - || is the Euclidean distance on the ambient space [0,1]”. In fact, as we
use the Euclidean distance, this kernel can be extended to be defined on the [0, 1].
Using Bochner’s theorem, we can express the kernel function hy(x,y) in terms of its
spectral representation on the D-dimensional Euclidean space. Specifically, hq(z,y)
can be represented as [, e " ¥ (d)\), where p is the spectral measure of hy(z, y)
and has a sub-Gaussian tail. A sub-Gaussian tail satisfies a sub-exponential decay

requirement, which means

/e‘”’\”u(d)\) < 00. (4.3)

for some (in fact, any) 6 > 0.

The GP with squared exponential covariance/kernel h¢(z,y) is frequently used.
The law of the centered GP, {W*¢(z) : x € X'} with squared exponential covariance
he(z,y), is entirely determined by its kernel. Although our results mainly focus on
suqare exponential kernel and its associated GP, we can extend h(z) : [0, 00) — [0, 00)
to a general function satisfies some regularity conditions. We leave the discussion in
the appendix and we take h(z) = exp(—x) from now on.

We assign II(f), a squared exponential Gaussian process with bandwidth prior

on X, as the prior for f:

(P) Gaussian process on X:

WHt ~ GP(0, hy), t ~ p(t) (4.4)

We will give conditions under which priors can give good posterior behaviour in the

next section. Finally we define the estimator f (x) for f* as the posterior mean:
flo) = [ sana, viye). (15)
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Following the definition of RKHS on general set from section 4 of [SC08], RKHS
assoaciated with h. on X = [0,1]” and X = X is defined as the completion of the
linear space H = {f : X = R|f = 37, a;h(w;,x), where

a1y ey @ € Roxy, oz, € X;m € N} under the norm (he(z, ), he(y,-)) = he(z,y).
We denote the associated reproducing kernel Hilbert space of h. on [0, 1]P as H, and
denote the associated RKHS on X as ]I:]Ie. The properties of H, and ]I:]I6 are reviewed

in the appendix.

4.2 Posterior contraction rates on low-dimensional
set

In this section, we give conditions on the posterior contraction rate of GP on general
set X. Following [GGVDV00], [vdVvZ08], and [YD16], the posterior contraction rate

of the GP prior is said to be at least ¢, under a semimetric d,, if

(d,(f, f*) > e {X:, Yi}iy) — 0 in probability as n — oo. (4.6)

where {X;,Y;}? | denotes the dataset and TI(A|{X;,Y;} ) is the posterior of an
event A. The semimetric d,, is used to measure the discrepancy between f and the

truth f*.

4.2.1 General assumptions

First, we state the assumptions on data and underlying truth for the regression model

equation (1.1):

(A1) Low intrinsic dimension via covering number: We assume X € [0,1]”. There

exists a constant C'y, 0 > 0 and gy € (0, 1) such that for all 0 < & < gy we have

N(e, X, || |]oo) < Cye™®. (4.7)
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(A2) There exist s, Cy, Cy, €o > 0, such that Ve < ¢, we can find a function F¢ € H,

to let the below equations hold
sup |[F<(z) — f*(z)| < Cye/? (4.8)

reX

[P (2)|[3, < Coe®” (4.9)

Condition (A1) describes the complexity of data input through the covering number
while the condition (A2) require that f* can be well approximated by the RKHS
on X. There can be multiple o satisfy condition (A1l). The infimum over all ¢ that
satisfy the condition (A1) alongside a finite constant C'y corresponds to the upper
box-counting dimension of the X', which is defined as

log(N (e, X, || -
i sup 2V E 1)
e—0 log (<)

(4.10)

The lower box-counting dimension is defined as the common limit when the lim sup
is substituted with lim inf in equation . If these values coincide, the resulting limit
represents the box-counting dimension of X'. As mentioned in [HS21], one advantage
of assumption (Al) is that the upper box-counting dimension can be defined for
any bounded subset X € R” and is at most D. Essentially, this means we impose
no requirements for smoothness or regularity on X', which differs from the manifold
assumption found in the literature.

As for the condition (A1), there are many natural examples shown as below. (A2)
is usually satisfied by functions with nice properties, and we will discuss more in the

next section.

Example 4.2.1. Let X = [0,1]”. By proposition 1.3.1 of [SC08], there exists con-

stants ¢,C' > 0 such that

ce P <N, X, || ||oo) < Ce™P (4.11)
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for all e € (0,1). As a result, in fact, any bounded X € RY with non-empty interior

will satisfies the assumption (A1) with o = D.

Example 4.2.2. Let X = M C [0,1]P be a d—dimensional compact connected
smooth Riemannian manifold (without boundary) isometrically embedded in [0,1]”
with d € Z". One can prove that M satisfies assumption (A1) with o = d. We leave

the proof in our appendixz A.

Example 4.2.3. A stratified space is a mathematical object that generalizes the con-
cept of a manifold by allowing for more complicated geometric structures. It is a space
that is divided into different "strata” or "layers,” each having its own well-behaved ge-
ometric properties. The covering dimension of a stratified space measures its topologi-
cal complexity. It is the mazimum dimension among the strata. A stratified space has
finite covering dimension if and only if all of its strata have finite dimensions. A very
simple example is X = My |J My where My, My C [0,1]P, a dy/dy—dimensional
compact connected smooth Riemannian manifold with dy,dy € Z*. One can check

that X satisfies assumption (A1) with o = max(dy,ds).

4.2.2 Convergence rate with well-specified prior

In this subsection, we show the convergence rate with well-specified prior. We further

state the following condition on our prior (P):

(A3) Well-specified prior support on bandwidth: There exists ¢1, ¢a, 3, a1, as, K,
Ky, C,Cy > 0, such that

-2 ( ) -2 ( ) K
Vt € [eyn2te log *+e (n), con?+e log #+e (n)],p(t) > Cit™ eXp(_te_/lz),
(4.12)
2 —4(14 D) - K,
vt € (0, csnz+e (log(n)) @rerse], p(t) < Oyt~ exp(_w) (4.13)

81



Roughly speaking, the condition (A3) says that, there is enough probability mass
of p(t) on the interval around the order nﬁ, while the probability p(¢) when ¢ is

smaller than the order n®+z can be controlled. The below example, the frequently
used inverse gamma prior with correct rescaling [vdVvZ08|, satisfies (A3) for any

s €RT.

Example 4.2.4. The rescaled inverse gamma prior is frequently used in adatpive

GP. It is defined as

1

w7 ™ Ga(ag, bo) (4.14)

where o is the intrinsic dimension of X, Ga(ag,by) is the gamma distribution with

p.d.f p(t) o< t®o~te=b! where ag, by > 0.

One drawback of the rescaled inverse gamma prior is that one has to estimate
o before processing the regression, and the estimation error on dimension o might
lead to a sub-optimal rate [YD16]. In the next section, we introduce an empirical
Bayes prior which can achieve optimal contraction rate without knowing the intrinsic
dimension.

Now we can give the posterior contraction rate results for prior (P) under the
metrics || - ||, and || -||2. First, we state the posterior contraction rate results for fixed

design:

Theorem 4.2.1 (Bayesian contraction rate in ||-||,). Under the assumptions (A1)(A2)
(A8) with the prior (P), the posterior contraction rate with respect to || - ||, will be at
least £, = Cn=%/?579 (logn)P*', for any s € RT and some positive constant C, that
15
I(||f = flln > en{Xs, Yi}iey) — O in probability as n — oo. (4.15)
To get the posterior contraction rate for randomly sampled data, we further need
post-process the posterior as
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(B1) Posterior post-processing: Let |f*| < M. For any f, denote its trunca-
tion fy; = min(M, max(—M, f)). Then our posterior after post-processing

is the posterior of fy and we denote the corresponding estimator fy(z) =

J P dT(F{XG, VT,
Now we can state the rate for random design.

Theorem 4.2.2 (Bayesian contraction rate in ||-||2). Under the assumptions (A1)(A2)
(A3), and post-processing (B1) with the prior (P), let €, be a multiple of

n=/ 259 Jog(n)P+1. Then

(max(||far — [ lns 1 far — 7 l2) > €nl{ X5, Yi}iy) — 0 in probability as n — oo.
(4.16)

Moreover, with probability tending to one, the following holds:

max(|| far = f*llns [ far = f7l2) < Cen S 0=+ (log(n)) P! (4.17)
with €, given above and C' a positive constant.

Remark. These theorems suggest that the prior (P) can adapt to the low dimen-
sional structure of X. The ambient dimension D appears on the logarithm terms of
the rate in the above theorems. When X is a manifold, the logarithm term in the
above theorems can be further improved to (log(n))e™ with minor modification of the

assumption (B1) on logarithm terms. The proofs’ details are discussed in the section

4.5.

We extend the previous posterior contraction results of the Gaussian process
([vdVvZ08], [CKP14] and [YD16]) to the general set X via a covering bound of
RKHS, which is derived by the covering number of X ([HS21]).
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4.2.3 Convergence rate with miss-specified prior

We next show that, even when the prior is not well specified, under some conditions,
one could hope to have a posterior contraction result, while the rate can be sub-
optimal. This is shown in the below proposition 4.2.3. To get the proposition 4.2.3,

we first modify assumption (A3) to (A3’).

(A3’) Miss-specified prior support on bandwidth: There exist positive constants ¢y,

Ca, C3, a1, a9, K1, Ko, C1, Cy, and o, > o_ > 0, 0, > p such that

_92 2(1+D) -2 2(1+D) K1
Vit € [eyn®er log®Fer (n), cen®Ter log» et (n)],  p(t) > Cit™ ™ exp(—tg+/2),
(4.18)
—204 —4(1+D) K2
Vt € (0, c3n@Fere (log(n)) @re/De=] p(t) < Cot™* exp(—m). (4.19)

Remark. The condition o, > o_ is to ensure the equation (16) and (17) are con-
sistent with each other, i.e, the intervals will not overlap. The requirement o™ > o
is natural as the exponential power of the tail probability t~+/% would degenerate to
t=2/2 when o0 > o..

This can be directly seen through the proof of the following proposition and we

leave the details in section 4.5.

Theorem 4.2.3. Under assumptions (A1)(A2)(AS3’) with the prior (P), if

O+

- > , 4.20
O et or (4.20)
then the posterior contraction rate with respect to || - ||, will be at least a multiple of
n~T(@e+:5) (1og(n))* where
1 04 0
(0, 0+,8) = 5 — (4.21)




p=15s=1 p=1.55s5=2 p=2.55=1 o= 2.5;5=2

., A
p—

Figure 4.1: r(p, o+, s) changes with g4 given p,s. The red lines denote the lower

_ o
bound po_ = Sator

k=(1+D)/(2+0/s)ifo<o ,and k=720 4 LD if o> p .

If additionally (B1) holds, then the posterior contraction rate with respect to || -||n
and ||-||o will be at least a multiple of n="(@2+9) (log(n))*, with k = (14+D) /(2404 /s)

if o< o_, and k = 2@_"5:;5))_/8 + X2 if o> 0.

Remark. This theorem suggests that the prior (P) can adapt to the low dimensional

structure of X even when the prior is miss-specified. The rate n="(@9=%) js slower

Jan

than the well specification rate where the well specification rate is n zre =n (GTE),
The rate n~"(@+5) gets better when o4 and o_ get closer and finally recover the well
specification rate when o = p. When o_ = o., we fully recover the results in
theorem 2.2 of [YD16], where they give the miss-specification rate with miss-specified
dimension of the gamma prior as in example 4.2.4. We require the o_ is not too
small to make sure the rate n~"(©%%%) s meaningful. Larger s and smaller o, will
give less constraints on the feasible o_. Illustration of the feasible region and the
change of r(o, 0+, s) with o+ are shown in Figure j.1. The proof of proposition 4.2.8

15 discussed in section 4.5.
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4.3 Adaptive rates for Holder functions on Mani-
fold

In this section, we focus on the special case when X is manifold. From now on we
let X = M be a d—dimensional compact connected smooth Riemannian manifold
(without boundary) isometrically embedded in [0,1]” C R? via t: M — RP. We
will see that we can get optimal contraction rate results for Holder functions with
any smoothness s > 0 adaptively without knowledge of intrinsic dimension. The key
novelties in this section are two folds. Firstly, we propose a new empirical Bayes prior
based on kernel count statistics and KNN, which enables us to get the optimal rate
without the knowledge of intrinsic dimension. Secondly, we use a new approximation
scheme in RKHS to avoid the low-order approximation error induced by curvatures.
These allow us to extend the results to any smoothness order of f. The main results

are presented in this section while more details of the proofs are left in section 4.5.

4.3.1 Improved approximation in RKHS on Manifold

The key in our proof is to find an approximation of f* in RKHS and to bound the
RKHS norm of the approximation. To get the approximation, we develop an analysis
of kernel integral on manifold which extends the previous analysis in literature (lemma
8 in [CL06]). The new analysis, Lemma 4.3.1, applies to any function smoothness
order 0 < s < oo. Before stating the theorem, we need some further notations. We
denote G, (f)(z) = (2¢)~42x~2 [ WYY f(4)dV (y) = hex f. Let x € M be a
fixed point on manifold M. T, M is the tangent space to M at x and (ey, ..., €4) is the
fixed orthonormal basis of T, M. Let us start by introducing normal coordinates as
our first consideration. Using the exponential map exp,, we can generate a group of
orthogonal geodesics (71, ...,74) that intersect at x and have velocities (ey,..eq). For
any point y within a sufficiently small neighborhood of x, there exists a corresponding
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set of normal coordinates (s, ..., Sq) along these geodesics. Thus, for any function f
defined on M in the neighborhood of z, we can view the function f as f : (S1y.eey Sa) =
fy(s1, ..y 8q))-

We use the notation p to denote the exponential map exp, and p~! to denote
its inverse. Specifically, we have p~'(z) = (0,...,0). Let u be coordinates of y in
(e1,...,€q), 1., u; = (y — z,¢;). Then we have the submanifold locally parametrized

as y = (u, g(u)) where g : R — RP~4. Locally, we can have the following diagrams:

(S1,.0y 8q) Gralp y &%y,

We will use the multi-index 3 to express the multi-derivative of a function f (denoted

olal f
as D99

) or multi-integral [p, u?h(||u||*)du when it is needed. We denote the generic
homogeneous polynomials of degree ¢ with variables v = (vy,...,vq) as P,;(v). Let
s > 0, and suppose f € C¥(M) = CLIB(M) where |s] € N, 0 < 8 < 1, and
|s] + 8 = s. We say that a function f is polynomially determined by some other

functions {g;}Y, if it can be expressed by a multivariate polynomial of {g;}Y, as

i .
f=>7 I;g;" where N,m, o] € N. We are ready to state our lemma:

Lemma 4.3.1 (Kernel integral on manifold). Under Assumption (A1), let h(z) =
e, there is ¢¢ > 0 a constant depending on M, such that 0 < € < €y, for any
f e (M) =CLB(M) where s > 0,

iy [ gl =l SN :
o [ ISV = 1)+ 3 @ 0, (42)

where f; is only polynomially determined by

(i) Functions which are the derivative of f: {%(0)} where |7| < 24,

(11) Functions which are the local derivative of the extrinsic manifold coordinate at

v, {755 (O} {500} where |§] < 2i, and

oud
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(iti) Numbers which are finite order moments of the kernel: { [paw?h(||ul|?)du}

where 7| < |2s].

For the O(e*/?) term, denoted as v, (), it satisfies that sup,c v |71 ()] < C(f)e*/?,
where C(f) = M)+ X1 11Dl + 1D fllcos ). Here c(M) is some con-
stant, determined by the manifold M, only depends on the {||D'p™||oo}, {||D'g| }

where | < |s].

Remark (More general h). Lemma 4.3.1 can be extended to when h is generally a
differentiable and decay function on [0,00). Specifics of such a generalization are

given in lemma 4.6.1 in Appendix with proof.

The boundedness of O(e*/?) term uniform for + € M will be used in constructing
the RKHS approximation of Holder f in proposition 4.3.2 to show that the approx-
imation error term can be bounded by the s-order Holder norm of f. The declared
bound is due to that the constant in the O(e*?) term is bounded by polynomials
of (i) {|[D'fllsc} where I < [s] and [[D¥) fllgos , (i){||D'p™ ||oc}, {I|D'glloc} where
[ < |s], and (iii) finite order moments of kernel: { [, u?h(||u||*)du} where || < 2s.

Finally, we can use the lemma 4.3.1 to construct a better approximation of f.

Proposition 4.3.2. For f € C3(M) = ClsIF(M),s € RT and € < ¢, we can find

—1

F(x) = f(x)—i-zl[i/lﬂ_l F(z)e" where Fy(z) are polynomials of{a(,;iljf}, {8%'5]. 1, {38'2']9}

where | 3| < 2i, such that

sup |Ge(F)(z) — f(z)] < Cre®/? (4.23)
reM

|Ge(F)(@)|[f, < Coe™? (4.24)

where the constant Cy > 0 depends only on the volume of M and ||f||e, and Cy > 0
depends only on (i) {||D' ||} where I < |s] and ||[D fllcos; (i) {ID'p~"]so},
{|1D'g||oe} where 1 < |s] .
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4.3.2 Posterior contractions for Holder function

Having theorem 4.2.1, 4.2.2, and proposition 4.3.2 in hand, We now give optimal

contraction rate results for f* € C*(M) as the following corollary:

Corollary 4.3.3. Assume (A1) and f* € C*(M), with the prior (P) satisfying with
(A8). The posterior contraction rate with respect to || - ||, will be at least e, =

Cn=s/2s+d)(logn)™!, for any s € RY and some positive constant C, that is

(|| f = f*||ln > en{Xi, Yi}y) — 0 in probability as n — oo. (4.25)

Moreover, with post-processing (B1), we have
(max(|| far — [ || || far — fll2) > Cien{ X4, Vi) — 0 in probability as n — oo
(4.26)

and with probability tending to one,

max (|| far — f*|lns || far = £7]]2) < Coen (4.27)

with Cy, Cy positive constants.

4.3.3 Empirical Bayes prior on Bandwidth

In this section, we construct the bandwidth prior satisfied with (A3). To avoid
the estimation of intrinsic dimension d in prior construction, we instead estimate
bandwidth prior p(t) by kernel count statistics and KNN. Since the normalizing
constant of prior and likelihood does not matter in MCMC, we just give the prior up

to a constant.

(P’) Gaussian process with empirical Bayes prior on bandwidth:
Wt ~ GP(0, hy), (4.28)

—bo

On(t)

p(t) oc t7% exp( ) when t > T?; otherwise set p(t) =0 (4.29)
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where 0, () = 237" | R;(t) for R(t) = >z i(Xi, X;), and T, is the average
of k—nearest neighbor distance on a subset {X;};cs with & = log(n)?, where

S C{1,...,n}. ag,byp > 0 are some pre-chosen constants.

In order to make prior (P’) satisfies with (A3), we further require the assumption
that the density Py has a continuous second-order derivative and is bounded from

below and above on the manifold M:

(A4) Px € C*(M) and is uniformly bounded both from below and above, that is

0< Pmin S ]PX S Pmax < OO,VJI € M (430)
for some Pmin, Pmax > 0.

Details of the implementation of the KNN algorithms are left in appendix B. We will
show that the prior (P’), with high probability, is satisfied with the condition (A3).

As a result, this prior can get the optimal posterior rate adaptively.

Proposition 4.3.4. With probability tending to 1 as n goes to +oo, (P’) satisfies

with (A3) with some suitable constants under (A4).

Corollary 4.3.5. As a result of corollary 4.53.3 and proposition 4.3.4, under as-
sumption (A1)(A4) and that f* € C°(M),Vs > 0, with prior (P’), the posterior
contraction rate with respect to ||-||, will be at least a multiple of n=°/5*® (log n)a+1.
If additionally (B1) holds, then the posterior contraction rate with respect to || - ||

and || - ||2 will be at least a multiple of a multiple of n=5/s+d (log n)®*+!

All proofs are postponed to section 4.5.

4.4 Numerical experiments

In this section, we present various empirical results to validate our theoretical findings.
For the estimation of f* we do the posterior sampling of the bandwidth to get
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the Bayes estimator f . Specifically, we do the Metropolis-Hasting algorithm on the
marginal posterior p(t|{X;, Y;}Y ) of bandwidth, and then do the evaluation of f via
the closed form of GP condition on each sample of bandwidth and take the average.

We leave the numerical implementation details in the appendix.

4.4.1 Swiss roll data

The dataset consists of samples lying on a 2D manifold embedded R3. Specifically,
X is generated according to the following procedure: the data is sampled from a two-
dimensional Swiss roll, denoted by T' = (11,75, T3), in a three-dimensional ambient

space as

Ty =Ucos(U), Ty =V, Ty = Usin(U) (4.31)

where the variables U and V follow uniform distributions Uni f (%, %) and Uni f(0, 20)

respectively. The response variable Y is dependent on X through the relationship

U—7rn/2, (V—15)?r

Vese gy

)+ N(0,0.1%) (4.32)

To evaluate the quality of the fit, we utilize the empirical and population error,
represented as ||f — f*||. and ||f — f*||2, which measures the discrepancy between
our estimator f and the true function f* at the design points and the whole space
respectively. In the Gaussian Process (GP) approach, we employ the empirical Bayes
approach outlined in section 4.3.3. For each replicate, we conduct 3000 iterations with
the first 1000 iterations discarded as burn-in. The average empirical error and pop-
ulation error are then computed over 50 replicates, as shown in figure 4.2. Notably,
the GP estimator demonstrates a relatively rapid convergence rate in this example,
and its performance is close to the performance of GP with the post-select bandwidth

when number of training data n goes large. This is consistent with our theory that
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Figure 4.2: The empirical error ||f — f||, and population error ||f — f||s for GPs
with different prior and GP with best post-select bandwidth.

we can use KNN to estimate the bandwidth of prior and get good performance of

estimating f*.

4.4.2 Low dimensional X of mixed local dimension

We construct a dataset consisting of samples on two subsets, one is the Swiss Roll
which is a 2D manifold, and the other is a curve which is a 1D manifold. Both
subsets are embedded in R3, see Figure 4.3 as an illustration. Specifically, X is

generated according to the following procedure: With 1/2 probability, we randomly
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pick the points from the Swiss roll which is defined in last section with the same Y”'s
dependency on X; with 1/2 probability, we randomly pick the points from the 1d
curve S = (51, SQ, Sg)i

7 7 7 7
Sy = gcos(ﬂU) cos(47U), Sz = §+§COS(7TU) sin(4nU), S5 = ;Sin(ﬁU) (4.33)

where the variables U follows Unif(—1,1), and the response variable Y is dependent

on X on the curve through the relationship

/ Q2 2 - 2
Y = 5 +37€/2 77/2) + (5 1;5) Ty + N(0,0.12) (4.34)

To evaluate the quality of the fit, we again use the empirical and population error,
represented as || f- f*||n and || f- f*l|l2. We employ the empirical Bayes approach
outlined in section 4.3.3. For each replicate, we conduct 3000 iterations with the first
1000 iterations discarded as burn-in. The average empirical error and population
error are then computed over 50 replicates, as shown in figure 4.3. Consistent with
section 4.4.1, figure 4.3 shows that the GP estimator has a relatively rapid convergence
rate in this example, and its performance is close to the performance of GP with the
post-select bandwidth when number of training data n goes large. This is consistent
with our theory that we can estimate f* even when X is not manifold but a general

subset.

4.4.3 Lucky Cat data

The lucky cat data from [NNM™96] exhibits an intrinsic dimensionality of one, which
corresponds to the rotation angle 6. We possess knowledge of the true value of 6,
allowing us to create the ground truth function f(6) = cos(f), which represents
a continuous function on the unit circle. To simulate the responses, we introduce
independent Gaussian noises w; ~ N(0,0.1%) to the true values, resulting in Y; =

93



0
20
10
022 s 401 i
—4~ Best bandwith in sample —4— Best bandwith out sample
0.20 1 t= Likelihood weighted 35 1 ¥~ Likelihood weighted
—4— Grid posterior —4— Grid posterior
0.18 —4— Grid posterior knn 301 —4~ Grid posterior knn
—4— Single point
_c 016 o 251
o014 = 20
€4 .
= 0121 — 15 1
0101 |r|.—lr— ; 10
008 054
0.06 4 oo i L
T T T T T T T T T T T T T T T T T T
o 200 400 B0 800 1000 1200 1400 1600 o 200 400 600 800 1000 1200 1400 1600
Number of Training Data Number of Training Data

Figure 4.3: ||f — f||» and ||f — f||> for GPs with different prior and GP with best
post-select bandwidth.
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f*(0) + w;. In this model, the total sample size is N = 72, and the predictors X;
reside in R? with D = 16, 384.

To evaluate the impact of the sample size n on the fitting performance, we ran-
domly partition n = 18, 36, and 64 samples into a training set, treating the remaining
samples as a testing set. The training set is employed for model fitting, while the
testing set is used to assess the estimation accuracy. This process is repeated m =
100 times for each training size n, and population error || = f*|]2 is calculated on
the testing set and taken average.

We apply Gaussian Process (GP) with empirical Bayes prior on bandwidth as well
as GP with post select bandwidth. To assess prediction performance, we compare
our GPs with Lasso [Tib96] and elastic net (EN) [ZH05] under the same settings.
These competing models were selected due to their wide usage in high-dimensional
regression settings and their notable performance, particularly in sparse model sce-
narios. Additionally, for each simulation, we run 3,000 iterations with the first 1000
iterations designated as burn-in.

The results, presented in figure 4.4, demonstrate that under each training size n,
the GP models are consistent with each other and outperforms the other methods.
Furthermore, as n increases, the prediction error of the GP model decays much faster

compared to the EN and Lasso methods.
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4.5 Proofs
4.5.1 Proofs in sec 4.2

The proofs of theorem 4.2.1 and 4.2.2 are similar to the proofs in [VAVVZ09] and
[YD16] Before proceeding the proof, we first establish some results similar to the

previous papers adaptive to our settings in the appendix.

Proofs for Them 4.2.1. First, we need to prove that the below equations will be satis-

1+D

fied for &, a multiple of nz+a log(n)** and &, a multiple of £, (log(n))*? with k; = 51d/s

and ko = #

2

P([W' = flloc S €n) Z ™0

2

P(Wt ¢ Bn) S 6—4116”

log N(¢,, By, || : ||<><>) < néi

with some Borel measurable subsets B,, of C(X) and for n sufficiently large. This
implies that, by [vdVvZ08], the posterior contraction rate with respect to || - ||,, will

be at least €, V &, < n~%/ s+ (log(n))P+! and this will finish the proof.

To prove the above equations, we define the centered and decentered concentration

function of the Gaussian process W* for each fixed bandwidth ¢* by
0 (") = —log P(||W" ||« < &)

CE = inf (g}, —log P(IW fle < &)
g€y illg—f* [l <e’

where the sup norm || - ||o is on X. By definition, we know P(||[W" || < &) =
exp(—6f (), and

P([WE = f*[le < 26") > e )

by [KLL94]. By conditions (A2) and lemma 4.6.7, for t* < min(eg, (¢0/C)**,
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1) and g9 > &’ > C(t*)*/2,

EE) < D) 4 Oyt) 2 log(—m )P < K (1) 2 (log(— )P

Vtre! tre!

By condition (A3), There exists c¢1, ¢a, czaq, az, K1, Ky, Cy,Cy > 0, such that

= - K
Vt € [clnﬁ log21j+De (n), anﬁ log%jfe (n)],p(t) > Cit™* exp(—tg—/;), (4.35)
- K.
vt € (0, cgnﬁ],p(t) < Cot™® exp(—tg—/QQ) (4.36)

Therefore, we have bounds of probability
P(I[W" = [lloe < 2¢") 2 P(IW" = [*]loo < 26,87 € [(C')*, ea(C)))

03(08')2/5 .o
Z/ ef(bf*(g)p(t*)dt*
(051)2/5

> Cye~ K1/ (os(/ENH (0 hy2aafs (02 s

14D 14D

for £’ that satisfies [(C<')/*, ¢y (C')?/%] C [clnﬁ log?+e (n), conoe log?+e (n)]. There-

fore

P(IW" = f*||oo < ) > exp(—ne2)

for &, a large multiple of n=*/(2s7@ Jog(n)* with k; = (1 + D)/(2 + o/s) when n
is large enough. Similar to proof of theorem 3.1 in [VAVVZ09] and theorem 2.1 in
[YD16], we have

Biaer = (N[5 + B U () (VL) + <B)

t*>52

with By is the unit ball of C'(X), and it contains the set NHL + &/B, for any t* €

—4(1+D)

[7=2,6-2]. And we claim, if 72 < cyn7ie (log(n)) @re/e et ) < 1/4 and N >

4/ ¢ " ('), then

20! 2(ag—p+1) ,—Kar®
P(Wt ¢ BN,T,§,€’) < 5" K © -+ 67N2/8.
40
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This is because P(W' ¢ By o) < P(t* < r72) + [, POW" ¢ By )p(t*)dt*.

For the first term, we have P(t* < r=2) < fOT_Q Co(t*) %2 exp(— Ky (t*) ") dt* <

—4(1+D)

if r=2 < c;»,nﬁ(log(n))(?ﬂ/s)@ (lemma 4.9 [VAVVZ09] and con-

2c4r2(a2—g+1)e—K4r9
Kao

dition (B1)). Now we deal with the second term. For any fixed t* > 772, we
have P(W' ¢ By,so) < P(W' ¢ NHL + &B;) < 1 — &(® (e ) + N) <
1 - <I>(<I>_1(e_¢372(5/)) + N) (last second step by Borell inequality) as e—9b &) =
P(sup [W"| < &) is increasing with t*. So when N > —2@‘1(6_¢5_2(5')), the right
hand side is bounded by 1 — ®(N/2) < e~™*/8. The later condition is satisfied when
e=% ) < 1/4 and N > 41/¢f *(2) by lemma 4.10 [VAVVZ09)].

We know the conditions are satisfied if

2 0 N\\14+D 1 5 2(14D) / /
N*=>16Cyr¢(log(r/e")) ™, r > max(1, ?, csn®+e(log(n))@re/de), & < g
€0

for some fixed €, e, > 0 by lemma 4.6.7 and condition (Al). Therefore,
P(W' ¢ By se,) < exp(—Cone?)

for r and N satisfying

2C,
re = Fonefl, N? = max(8Cy, 16Cy)ne? (log(r/e,)) .
4

Denote 7, N,, the solutions of the above equations. By lemma 4.6.5, for N\/m > 2¢/
1 1 2(14D)
and r > max(1, T /ean e (log(n))@+ersie),

r

TR
] o)

log N (2¢', N\/gﬁi_z + By, || - [|oo) < log N(e', N

< i log(FY L0

6/
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By lemma 4.6.4, every element of NHL for ¢t* > 62 is uniformly at most v/ D7 N
distant from a constant function for a constant in the interval [-N, N]. Therefore

for ¢’ > 6v/ DTN,

NG, |J (VHE) + Bl [loo) < N(&, [-N, NL | -]) < =

/
t*>52

With § = //(2/D7N), combining the above displays, for B = By,,.5. with

1 2(1+D)
N > & N¥*V2rrDV > 2(')*2 1 > max(1, —=, /esn 72 (log(n)) GFere)
v €o

which is satisfied when r = r,, and N = N,, with big enough n, we have

N3/2\/2rr DV4

2N
log N(3¢', B, || - |oe) < Krd(log( ()37 ))Hd + log(—-

€/

).
Now for B,, = Bn, r,.6,.c., W€ have
10g N (&0, By, || - ||oo) < mé,

for £, a large multiple of &,(log(n))* with Ky = (1 + D)/2. This finishes the proof
for general X.
For the case when X is a manifold, we can use the manifold part of lemma 4.6.7

and use lemma 4.6.6 instead of 4.6.5. Then the logarithm term can be improved to

log™™(n). And this finishes the proof. O

Proof of theorem 4.2.2 is based on theorem 4.2.1 and the comparison between

|- and [} -],

Proof for theorem 4.2.2. To prove theorem 4.2.2, we use the lemma 6.1 and 6.2 in
[YD16] to boost the result of theorem 4.2.1, and the proof then is exactly the same
as their theorem 2.3. O
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Proof for proposition 4.2.5. First, we recollect the three conditions in the poof of

theorem 4.2.1 and 4.2.2. Under condition (A3’), the first condition becomes

P([W" = f'lles < 2) 2 P(IIW" = f|loc < 268" € [(CE)?/*, ea(CE)))

C4(CE/)2/S .o
> / e Or-Ep () dt*
(

Cer)2/s
> (e K1/ e/ log(1/2) 0 g /s (el
The second condition becomes
P(W' ¢ Byser) < 2o e eV

K4Q_

2(14 D)

with N? > 16Cyre(log(r/e))' P, r > max(1, \/La,\/c_gn%*l@f (log(n))®re-79e-) ¢ <

€y, where € is the constant in lemma 4.6.7. The third condition on entropy number

is given by
N3/2\/27rr D4 2N
log N(3&', B, || - ||oo) < Kr°(log( 37 NP 4 log(—-)
(e £

1. o1 > 0. Now take g, = n~*/+e+)(log(n))* with k; = (1 4+ D)/(2 + 0+/s),

and

N? = max(8Cy, 1604)n€31(10g(r/5n))1+D~

: B i . (1+D)
Then we can get &, amultipleof n= @ *ele= (log(n))k2 with ky = m
14D And the validity of &, gives the conditions o_ > ﬁ.

2. 0> o0y Now take g, = n=%/2+0)(log(n))* with ks = (1+ D)/(2 + o/s), and

2C,
ré- = Fonefl, N? = max(8Cy, 16Cy)ne? (log(r/e,)) .
4
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o_ (2s40)— 0>

Then we can get &, a multiple of n~ 22592~ (log(n))* with ky = -232)

20— +00-/s +

%. And the validity of &, gives the conditions o_ > #ig. So the final rate
_o_(2s+0)—0?

will be &, Ae, =n  2F9e= (log(n))k.

To summarize, the final rate will be £, A g,, =

o ks — =275 mreve) ks
l.p>p_:é,=n + (log(n))™ =n +vo " (log(n))

o4 Ve

—r s 1+D
= nrlees)(log(n)) e where ks = 5 {0 + 152

2. p < p_: g, =n"¥Fer)(log(n))ks where k; = (14 D)/(2 + 04/5)

and the condition po_ > % is needed to let the rate valid. This leads to the
natural assumption o, > p and change all the g, V 0 to p,. And this finishes the

proof. O

4.5.2 Proofs in section 4.3

The proof strategy of lemma 4.3.1 are similar to lemma 8 in [CLO06]. The key dif-
ference here is that we extend their expansions into higher orders without keeping
explicit coefficients.. To finish the proof, we need a lemma on generic homogeneous
polynomials and extensions of lemma 6 and 7 in [CLO6], which we leave in the Ap-

pendix.

Proof for lemma 4.3.1. First we prove the theorem when s € N. Following the
proof of lemma A.5 in [CW22], we first write G.f, with truncation and for 2¢ < €.

€ is defined as in lemma A.5 in [CW22] such that the conditions of their lemma A.3
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is satisfied. Now we get

~d/2 - |z — ylP?
Gef = (2¢) d/2/ h( )F(y)dV (y)
y€M:||y*IH§\/a02610g(i) 2¢

2
+ ey | pE =0 ppavy @450
yEM:||y—z]|>+/a02e Ioa( L) 2¢

=ay + as

1 d+s+10

where ag = 5577

= ﬁa’ and @ = 1. Then the second term a, < Ce*t10 by
similar computation of [CW22]. Tt is enough to finish the proof by bounding a;. To
get the estimation of a;, we do the Taylor expansion on each term of the integral,

similar to [CLO6]. By the mapping f : (s1, ..., 54) = f(y(s1, ..., 54)), we get:

[s]—
10
SRS T

= 33+0 HZ s2[|5/%). (4.38)

Combined with lemma 4.6.9, we further get:

[s]—1

Z ) 4+ O(||ul ") (4.39)

where coefficients of the terms in homogeneous polynomials Pl{ ;(u) just depend on

{86‘??]'];(0)} ,{6“'971( 0)}, {‘9‘]‘9( 0)} where |j| < 4, and the residual term just depends

oud oud

1

9lil il ,— oldl .
on the { 05jf} 7{ 851' }7 { auag} Where ‘J’ S S.
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Next we do the Taylor expansion of kernel h(”x yl® ) to [s/2] order:

||z — y|? ul > e —=yllP [|ul]?
h =h _
( 2¢ ) ( 2¢ +( 2¢ 2¢ )

[s/2]-1 2 2 2

[Jul[? Loyl ez =yll® lull?y;

= h(*=— —h® —~ ‘
( 2¢ )+ Z 7! ( 2¢ ) 2¢ 2¢ )

=1

2 2
O(hIs/21) ||z —yl| _ |l [s/2]
+0( ( 2€ 2€ ) )

H H2 el Huw (ST Q) + O(Jful[4142))

ZCh s

4[s/2]
(rsya [l 11721
+ O(h 577 )

(4.40)

Combined with the lemma 4.6.10, now we can write 7%2(2¢)%2a, as

||z — yl|?
(26)d/2ﬂd/2a1 :/ h(————=)f(y)dV (y)
yeM:|ly—z||<+/ao2elog(L) 2e

/ (h(||u||2)—|— Z_ Cfih(i)(HuHQ)*
(wg(u)|<y/an2elog(X)  2€ P 2¢

(S @)+ O o B,
€l s

[s]—1 [s]—-1
(f(0) Z w) + O(full*)) # (14 Vaao(w) + 3 Ves(w) + O(|[ull*)du (4.41)

( = . =
/|(u,g(u>)||g\/aogdog(;€) 2¢ P 2¢
(0 Quy(u) + O[] |+1+2) )i

€t

)

[s]—1
(F0)+ D Priu)) + ORIV [y 11721) 1 O (he?||ul|[*)du

=1
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where the last line comes from the product of the expansions of f (s order) and

V' ([s] order). By lemma 4.6.8, we know coefficients of each term in P, ;(u) is

1

polynomials of {22£(0)}, {252 (0)}, {22£(0)} where |j| < i.

Since 2¢ < ¢y, we can recall lemma A.3 in [CW22] and have 09|y — z||gp =
0.9[|(u, g(w))||gp < [Ju(y)||re < 1.1]Jy — z||rp. We use the condition 0.9||y — z||gp <
||(u, g(u))||rp and exponential decay of h/h") to extend the integral domain to R?,

by adding a small order term O(e(s+10+d)/2);

2 ul 2 [s]-1
r By s+ [ wdED) Y

2e :
1=1

(2€)d/271_d/2a1 _ /

Rd 26

s/2]1—1 s|+1 ; s|—1
NElN (I Qug () + O(fu|1+2)) i ] |2

N 0 + 3 Pty

k=1

+/ O(h([s/Ql)Ed/Q—(s/ﬂHu‘|4(s/2])_{_O(hed/QHuHs)du_i_O(E(s+10+d)/2)
R4

(4.42)
So we get
a1 = (26)_d/27T_d/2[/ <|| H )f( ) ] (26)_d/27r_d/2/ HuH2 [ilp
1 . % :cz
[s/2]-1 fSHlQ (u )—Q—O(Huwﬂ'ﬂ))i
2 —d/2 —d/2 / z,j : r 0
+ (2€) Z 9 . (f(0)+
- y
D Praw)hO (G )du] + (20) Va2 | OVl o0 ] 412/
k=1 R
O (he?||u|[*)du] + O(es+10/2)
(4.43)

Now we do the variables changing u — v/2eu, and we get the last integral

(2¢) 2= 42 [ O(RUI/2D /218214y ||415/21Y 1 O(he?||ul|*)du = O(e¥/?)  (4.44)

R4
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and its coefficient is satisfied with the dependency in our lemma 4.3.1 by tracking

the constant and bounds of remainders for expansion. For the first two terms of ay,

we get

@dw%%”/fﬂ%?ﬁmmmzﬂm4J~WMMWMu=ﬂm=f@>MAm

R4

g [s]-1 [s]—1
<%rw%%ﬂ/‘M%?AEZRMWMu—/'fW%UWW>§IW%@wwu
Rd S — Rd i=1

[s]—1
= R
i=1

(4.46)
where F} is satisfied with (1)(2)(3) in our lemma 4.3.1, as the integral of odd order

polynomials goes zero.

For each term in the third term of a;, using lemma 4.6.8 and 4.6.10, the derivative

of h = exp(—x), and cancellation of the integrals of odd order polynomials, and

carefully tracking the order, we have

[s]+1 (u wllls1+2)yé
%rmfmg/<2F4@w>+omu D o

R4 €t
[s]—1

+ 3 Pog(u)) RO
k=1

[l

2€

)du

[s1+1 oy i/ [s14+2¢[s/2141))i
o [ Q) P O

E’L

[s]-1
+ D Pep(w)e)RO(||u]|*)du
k=1

[s]-1
= Z F2'eE 4 O+

k=1
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where F' and the residual term are satisfied with (1)(2)(3) in the lemma 4.3.1.

Combining above three computations, with lemma 4.6.8, we finally get

= — I -
(26)—d/27r—d/2/M h(Q—Ey) fy)dV (y) Z fiz)e + 0(e?)  (4.48)

where f; and the residual term O(e*/?) is satisfied with (1)(2)(3) in the lemma.
For the general case when s ¢ N, the proof is exactly the same as the above proof,
except that we use Taylor expansion for Holder function rather than the usual Taylor

expansion to get the equation 4.38. And this ends the proof. O]

Proof for proposition 4.53.2. By lemma 4.3.1 with s > 0 , we have G.f(x) = f(z) +

Zl[i/lﬂ_l fi(z)e + O(e¥/?). To cancel the first order term of G F(z) — f(x), we can

1

9l f aldl ,—
f}{ p

oldl

oud

let i = —f;. Then we know F} is polynomials of {
|7] < 2, and F}; € C*%(M). Again we can use lemma 4.3.1 to get eG.F} = eFy +
ez[ s=2)/21- Fuei 4+ O(e*/?), and we can let Fy = —F — Fy 1 to cancel the € term.

In general, for i < [s/2] — 1, given Fy = f, F, ..., F;_1, we can sequentially define

Fi = —( Fyivj) (4.49)

and F; € C*?/(M), which guarantees the induction can continue and we have the

expansion
G F,=¢F,+¢ Z Fj e +0(e?). (4.50)
j=1
Finally, we have
sup |GeF(z) — f(x)] < Cre/? (4.51)

reEM

by computation and cancellation of all lower order terms, where C; only depends on

f and M by lemma 4.3.1.
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Now we turn to prove ||GF(x)]|2 < Cye~¥2. Similar to lemma 5.2 of [YD16],

as (he(z,-), he(y, ), = he(z,y), we have

1
6P, = gacia [ [ B ) F@) Fg)av (@)av(y)
< @) JpmJm
(4.52)
1 1
< 2_ - -
<Pz | V@) g [ el av o)
Applying Lemma 4.3.1 to f = 1, we get
1
- - -1 < < .
e /M he(,y) + 14V (y) — 1| < Ce < C (4.53)
Therefore,
1G(F)I[E, < 1+ O)|F|Ze " VolM)
< L+ O) (| lloo + 1A e V2 Vol(M) (4.54)
S C2€7d/2
And this finishes the proof. n

Proof of proposition 4.3.4. According to the condition (A3) and prior (P’), it is suf-

ficient for us to prove the following stronger results: the two events

1. Vt € [cm%2 log™ (n), colog ! (n)], C1t¢? < o(t) < Cyt?? for some positive

constants aq, ¢, ¢, Cq, Co

2. Can'e log™(n) < T? < Cun® log®(n) with some constants C5,Cy > 0 and

as >a; >0

hold together with a high probability. To do this, we give two technical lemmas
4.6.11, 4.6.12 characterize the orders and concentration of R, (t) and T, with high

probability in the given regions. And this finishes our proof. O
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4.6 Appendix for proofs

4.6.1 Extension of lemma 4.3.1 for general kernel

In this section, we extend 4.3.1 for a general kernel with some regularity assumption.
To extend lemma 4.3.1 for a general kernel ky : [0,00) — [0,00), we require the

decaying and moment conditions:

(C1) Smoothness: ky € CI*/21(]0, 0)).

(C2) Decaying condition: Ja,a; > 0, s.t., |k[()l)(£)] < ayexp(—a&) for all £ > 0 and
[=0,..,[s/2].

(C3) Normalization: mg[ko] = [ ko(||ul||*)du = 1.

We have the following variant of lemma 4.3.1 for general kernel k:

Lemma 4.6.1 (Extension of lemma 4.3.1). Under Assumption (A1) and (C1)-(C3),
there is €g > 0 a constant depending on M, such that 0 < € < €, for any f €

C3(M) = CLLB(M) where s > 0,5 ¢ ZF, and f = s — m,

[s/2]—

ed/2 ||z — y||2 el /2
/Mm—) (9)dV () Z fi@)e +0(e?)

€

where f; is only polynomially determined by

(1) Functions which are the derivative of f: {a;s!f( 0)} where |5] < 21,

(11) Functions which are the local derivative of the extrinsic manifold coordinate at

71

o, {222 (0)}, {222(0)} where || < 2i, and

oud

(11i) Numbers which are finite order moments of the kernel and its derivative:
milk§") = fra kS (|lul?)du, |§] < 00,0 < 1 < [5/2]
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For the O(e*/?) term, denoted as 1, (), it satisfies that sup,c v |7 ()] < C(f)e*’?,
where C(f) = c¢(M)(1 + ZztiJo D' fllos + || DY fllcospny). Here c(M) is some con-
stant, determined by the manifold M, only depends on the {||D'p™ s}, {||D'9l|o0 }

where | < |s].

Proof. Lemma 4.6.1 can be proved in the exact same way as Lemma 4.3.1, and the
only difference is that the derivative of the kernel k(()l) shall be kept in the expansion.

]

4.6.2 Technical lemmas for section 4.2

In this section we review the lemmas on RKHSs we need in section 3. The proofs are

very similar to their analogue in [vdVvZ08] and [YD16].

Lemma 4.6.2 (Analogue of lemma 5.1 in [YD16]). Consider the squared exponential
covariance kernel he and its associated RKHSs H, on [0,1]° and H, on X. For any

f e H,, there exists g € H, such that glx = f and ||g|

H = HfHHe. Moreover,
for any other ¢ € H, with ¢'|x = f, it holds that ||¢'|
|1f]

u, > ||fllg,. This implies

He = ngHE,g‘X:f Hg||He

Lemma 4.6.3 (Analogue of lemma 8.1 in [YD16] and lemma 4.7 in [VAVVZ09]).
For the squared exponential covariance kernel h. and its associated RKHS, H., on X,
we denote the unit ball in ]I:]Ieas Hi If €1 > €9, we have the relation

el_Z]I:Hi1 - eQ_Z]I:]Ii2

Lemma 4.6.4 (Analogue of lemma 8.2 in [YD16] and lemma 4.8 in [VAVVZ09]).
Assume q(z) € H! satisfies |q(x)] < 1 and |q(z) — q(z')| < e 2|z — &'||7 for any
z, 2" € M, where 72 = [ ||\||*Pdu(N).
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Lemma 4.6.5 (Covering bounds on RKHS via covering on X, corollary A.8 in
[HS21]). Assume X C [0,1]7 satisfied with condition (A1).For any 0 < € < ¢y and
g >0, we have
~ _ 1
log(N(¢/, He, || [1s0)) < N(Ve, X, || []oo) Jog (N (', H, |- [|o)) < Ke p/Q(log(Q))D“
A better covering bounds can be gotten when X is a manifold.

Lemma 4.6.6 (Lemma 5.4 in [YD16], covering bounds of RKHS on Manifold). There
exists a constant K depending only on d, D and M, such that for any e < 1/2 and
462d

e < min(e; = =5, 1) where 0y is defined in lemma 7.7 of [YD16] and § in eq 4.8, it
holds that

- B 1
log(N (e, Hy, || - [|=)) < Kt d/Q(log(;))‘”1

Similar to the proof of lemma 4.6 in [vdVvZ08], the covering bounds on RKHS

can imply an upper bound on — log(||W!||o < €’), as shown in the next lemma:

Lemma 4.6.7 (small ball probability of Gaussian measure). Consider the kernel h;
and its associated Gaussian process Whon X satisfying with condition (A1). Then
for some €y > 0, there ezists constants C and £}, that only depend on €y, p, p, D and
X, such that for all t < min(ey, 1) and €' < €,

1
—log(sup |[W']| < &') < Ot~ (log(—))"*!
zeEM

Ve

. When X is a d—dimension manifold, the logarithm term on the right-hand side can

1

Ve

be further improved to (log(—=))*+t with €, substituting e

4.6.3 Technical lemmas for section 4.3

Lemma 4.6.8 (Closeness of a class of generic homogeneous polynomials). Consider
the polynomials A = {P(u)|P(u) = Zf:o P, ;(u),Yk € N} where the coefficients of
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each term in the generic homogeneous polynomials P, ;(u) are polynomials of deriva-

tives of another function {6 |9}( 0) up to i order (|g| <i). Then, A is closed under

product and summation, which means, A is a ring.

Proof of lemma 4.6.8. Let R(u) = 7 o PF(u) and S(u) = Y7 PF,(u) belong to
A. Tt is enough to check R+ S € A and RS € A. It is enough to keep track of the
coefficients of each generic homogeneous polynomial in R + .S and RS. We notice
ngs(u) = Pfi(u) —i—Pﬁi(u) and Pff(u) = Zj‘:o Px () * Pfl ;(u). By keeping track

of the order and the ring property of polynomials, the coefficients of both of generic

homogeneous polynomials are polynomials of { 8uJ( )}, 17| < i. Therefore, we finish

the proof with R+ S € A and RS € A. O

Lemma 4.6.9 (Extension of lemma 6 in [CLO06]). If y € M is in a Euclidean ball of
radius €% around z, then, for e sufficiently small, then

[s]—1

Si = uj + Z u) + O(||u]|1 (4.55)

where Pa’”(u) are generic homogeneous polynomials of degree v coefficients of which

are polynomials of local coordinate derivative {8|;ka7 (0)}, {88‘3‘,49( 0)} where |k| < j.

The residual terms O(||u||*!) just (polynomially) depend on the {%},{%}

where |k| < [s].

Proof of lemma 4.6.9. Directly do the expansion and we get

17 51l () (. a(u ,
=70 — o7 (@) = () = 3 FOEIOD 04 o)

ld1=1

[s]—1

Z u) + O([[ull™)
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Now we only need to prove P} ,(u) = u; and P} ,(u) = 0. We claim that u; =
s; + O((XL, 82)%?) . If the claim is true, P! (u) = u; and P?,(u) = 0 follow by
substitute uq, ..., uy to the expansion and compare the terms with the same order.

Next we prove the claim. Consider the geodesic v connecting x and y parame-

terized by arclength with v(0) = z and y(7) = y where 7 = /3.7, s2. By Taylor

=11

expansion

2

y=7(r) = 7(0) + 77 (0) + 57" (0) + O(*).

Notice that u; = (y(7) — 7(0), ¢;), 79'(0) = (51, ...54), and v (0) is orthogonal to the
tangent plane at z. Then, we have u; = (77 (0) + 227”( )+ O(T3),e;) = s + O(73).
So our claim is true.

And we finish the proof. m

Lemma 4.6.10 (Extension of lemma 7 in [CL06]). If y € M is in a Fuclidean ball

of radius €'/? around =, then, for e sufficiently small, we have

[s]—1

Iy —2||* = [|ul|® + Qu.a(w) Z Qui(u) +O(|[u]|"*1)  (metric comparison) (4.56)
dy [s]—1
det(d ) =1+ V,o(u Z Vii(u) +0 (||| (volume comparison) (4.57)
u
1=3

where Q. ;(u) are generic homogeneous polynomials of degree i, and coefficients of

aldlg(0
o}

all items in it are polynomials of { ;7] <1 =2 and V,;(u) are generic ho-

mogeneous polynomials of degree i, and coefficients of all items in it are polynomials

Of{alalg(o)} 17| <i. Finally, both of the residual terms O(||u||*®) just (polynomially)

oud

depend on the {8|7|g} 17| < [s].
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Proof of lemma 4.6.10. First, we have

D
ly = al® = [lul® + > gf(u)

i=d+1

D 5171 o5 .
= Jul]* + Z (9:(0) + a—g(-o)lﬂ + O([Jul|1))?

i=d+1 ljl=1 oul
_0g(0)
[s]— 1
0
P+ 3 ” w + O(|[ul| )2
i=d+1 |j|=2

_||U||2+ZQM + O( |u||(8)

where coefficients of (), ;(u) are polynomials of {a\a\g 1171 < i —2 and the residual

oud

term O(||u||"*!) just depend on the {B‘j‘g}’ |7] < [s], by tracking the dependency on

oud

the {8‘3“(]} On the other hand, we know J = [d_y] [La, %]T'
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So we have
dy.o T N
|det(du)\ = det(J" J) = det(Iy + (8u) au)

= det([(dpy + Z * 00 8gk

du, Ou, ba)
= det([(v,.v,) + <§—i, aa—jqﬂpq) (determinant of Gram Matirz) det([<§—i, g—i»]pq)
=det<[6pq+<[s,]_l g;i% 0)u +O(|ful| ), %jla 28 00+ ()
l41=0 l41=0
(52 =0
det([équr([jll gz}lzg( Yyud + O(||ul|™1), :i:ja '89 w? + O(||ul|*1))]pq)

[s]—1
= det([0pq + Z Pli(u)+ 0O (Jlul]"*1)  defenition of determinant

[s]—1
=3 sgn(o) T (3,00, +ZP’“’” )+ O(||ul|™1))

0ESy

where Sy is d-order permutation group, and Pff @) (u) is generic homogeneous poly-

nomials of degree i. The coefficient of each term in PJ7 ®)(4) is polynomials of

3\3\
auJ

91 1] < i, and the residual term O(||u|'*1) just depend on the{amg} 7] < [s]

by tracking dependency carefully. Then, by direct expansion and lemma 4.6.8, we

get
222 = . [s]
[det(S)[* = 1+ Pra(u) + Y- Prslu) + O(|Jull ™)

i=3
where coefficient dependency of each term in P, ;(u) and residual are the same as

before. Finally, by expansion of I+ = 1+ 3% Cjpr" + O(@™") and lemma
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4.6.8, we get

[s]—1

dy s
| det(—)] = 1+ZP“ )+ O(||ul| s

Lls1/2] [s]-1 [s]-1

=1+ Z Clia( D Poal) + O([ul|*N)Y + O(( D Prilu) + O(|[u]| 1)) Ie1/2+)

7=2 =2

[s]—1
=1+ Via(uw) + > Vai(w) + O(]|ul|"*)

1=3

where V. ;(u) are generic homogeneous polynomials of degree 7,and coefficient of each

term in V, ;(u) is polynomials of {8‘ ‘9(0)} |7] < i. The coefficient dependency of the

Oud

residual term O(||u||*!) are the same as before. So we finish the proof. O

Lemma 4.6.11 (Uniform Concentration of R, (t)). With high probability, R, (t) =

O(t) for allt € [eyn log*(n), s log ™ ().

Proof. The proof is essentially the same to the proofs of proposition 2.2 and theo-
rem 2.3 in [CW22], where they give the concentration of the kernel count statistics.
Following the same way, we get the concentration for the Rn(t) for each t, and the

uniform bounds comes from the union bounds and continuity argument. O]

Lemma 4.6.12 (Concentration of T,,). With high probability, T,, = O(n@ log"/(n)).

Proof. Similarly, the proof is essentially the same to the proofs of proposition 2.2 and

theorem 2.3 in [CW22], . O

4.7 Appendix for numerical results

4.7.1 Algorithms

The marginal log-likelihood of ¢ is
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log(L(Y]X, 1)) = log(P(Y]X)) = log(/p(le; Hp(Y1X, f,t)df)

(4.58)
1 1
= SV (X, X) 4+ 0°D)7'Y = log([he(X, X) + 0°1]) - glog(%r)
And then the marginal posterior of ¢ is
PHIX,Y) & L(Y|X, (1) (4.59)

As in MCMC the constant in prior and likelihood does not matter, we give the prior
up to a constant in algorithm 2. Given ¢, we have the posterior mean on testing data
X' as

E(f(X"™)Y,X,t) = YT (h(X, X) +o*) " hy(X", X) (4.60)

We can use the above equations to get the posterior sample of f(X%). We finally

give the numerical implementation in algorithm 1.

Algorithm 8: KNN algorithm for (log-)prior construction

Input: hyperparameters ay, by, So, data X = {X;},,

1: Set k = log(n)"'. Pre-compute T,, = ﬁzz@sTé where T! = inf,-o{r >
0,s.t Z?f:l’#ihxi,xﬂ > k}, and S a random subset of {1,...,n} with size s
with R R

2: For given value {t}, compute 9,(t) = £ 37" | R;(t) for R;(t) = >z (X X5).

3: set log(p(t)) = —aglog(t) — bo#(t) if t > T2, else log(p(t)) = —o0

4.8 Conclusion

This essay presents improved results regarding the rates of posterior contraction in
Gaussian process (GP) regression, taking into account the existence of low-dimensional
structure in the data as described by the covering number. We establish the condi-
tions under which the posterior contraction rates can adapt to any intrinsic dimension
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Algorithm 9: M-H Algorithm for Bayesian Estimator for f on {X ]’?5 )

Input: hyperparameters 62, ag, by, , data X = {X;}i_), Y = {Yi}iL), X' = {X[}]e),
number of iterations B.
Output: {f[b}(X;e) Mte

j=1

1: Set initial parameters O = {tl}.
2: forb=1,---,B do
3: Sample tPI[{X;,Y;}?, from the posterior via Metropolis Hasting from

marginal posterior equation 4.59 with prior in algorithm 1. (Step 1)
4: Sample the posterior mean of {fP(X!)}" [{X;, Vi}r,, t* from the condi-
tional posterior mean via equation 4.60 . (Step 2)
5: end for
6: Take the average and get the {f(X;e) ey =13 S fe (X7}

0, based on the covering number of the domain X. We prove the optimal posterior
contraction rate of O(n=*/(2s7@) up to a logarithmic constant, assuming an approx-
imation order of the reproducing kernel Hilbert space (RKHS) on X. When X is
a o-dimensional compact smooth manifold, we prove the RKHS approximation for
s-order Holder functions on the manifold for any positive s, using a novel analysis of
kernel approximation on the manifold. This leads to achieving the optimal adaptive
posterior contraction rate. To eliminate the need for prior knowledge of the intrinsic
dimension, we introduce a novel empirical Bayes prior of bandwidth, which utilizes
kernel count statistics and the K-nearest neighbor (KNN) algorithm. We validate
our theoretical findings through various numerical experiments.

Despite these significant advancements in theory and algorithm, there remain
several promising areas for future research. One trajectory includes extending the
approximation theorem for RKHS in general spaces. The process of naturally ex-
tending the continuous function beyond manifold to a general set remains unclear,
and the relationship between the convergence rate and the intrinsic property of the
underlying function is worth exploring. Further, there’s room to extend our findings

to more flexible kernels, such as the Mat’ern kernel, and to evaluate the theoretical
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and practical behavior of these kernels, along with the resulting smoothness and co-
variance behavior for various structures. Finally, studying the posterior contraction
rate of other advanced Gaussian processes on restricted domains and comparing the
practical and theoretical properties with the present method, poses an interesting

avenue for further exploration.
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Chapter 5

Conclusion

This dissertation studies Bayesian inference, specifically in the context of structurally
diverse data, by developing cutting-edge methodologies and robust theoretical frame-
works. The research work is well-structured into three distinctive sections, each ad-
dressing unique data aspects: Dynamical systems, continuous-time Markov Chains,

and data with low-dimensional structures.

In the first chapter of the dissertation, we propose a new hierarchical shrinkage GP
(HierGP), which incorporates such structure via cumulative shrinkage priors within
a GP framework. We show that the HierGP implicitly embeds the well-known prin-
ciples of effect sparsity, heredity and hierarchy for analysis of experiments [HW92],
which allows our model to identify structured sparse features from the response sur-
face with limited data. We propose efficient posterior sampling algorithms for model
training and prediction and prove desirable consistency properties for the HierGP.
Finally, we demonstrate the improved performance of HierGP over existing models,

in a suite of numerical experiments and an application to dynamical system recovery.

In the second chapter of the dissertation, we present a new Bayesian method,
Bayesian Approzimation Spectral Inference (BASI), for estimating the low-rank rep-
resentation of the generator of a Continuous-Time Markov Chain (CTMC) from
discretely observed data. This development is motivated by the need for practical
inference methods from continuous-time Markov chains in fields ranging from biology
and physics to finance. Our method relies on a novel probabilistic matrix factoriza-
tion approach in approximating the likelihood under a low-rank spectral representa-

tion. This avoids the computational challenges of evaluating the implicit likelihood
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function of generators in previous approaches. We provide theoretical justification
for BASI by showing asymptotic properties of the posterior distribution including a
Bernstein-von Mises (BvM) type theorem. For numerical implementations, we de-
scribe a Markov chain Monte Carlo (MCMC) algorithm relying on Gibbs updating.

Our methods are demonstrated through numerical experiments and applications.

In the final part of the dissertation, we present enhanced results on the posterior
contraction rates for Gaussian process (GP) regression, considering the presence of
low-dimensional structure in the data described by the covering number. We estab-
lish the conditions under which the posterior contraction rates become adaptive to
any intrinsic dimension p in terms of the covering number of the domain X', and prove
the optimal posterior contraction rate O(n=%/ (25+@)), up to a logarithmic constant,
assuming an approximation order of the reproducing kernel Hilbert space (RKHS)
on X. When X is a ¢-dimensional compact smooth manifold, we prove the RKHS
approximation to s-order Holder functions on manifold for any positive s by a novel
analysis of kernel approximation on manifold, leading to the optimal adaptive pos-
terior contraction rate. We also employ a new empirical Bayes prior to bandwidth
using the kernel count statistics and K-nearest neighbor (KNN) algorithm, which
eliminates the need for prior knowledge of the intrinsic dimension. We validate our
theoretical findings through various numerical experiments.

Overall, these three essays contribute to Bayesian statistics for data with di-
verse and complex structures. The dissertation integrates theoretical contributions
with practical numerical experiments, providing empirical support to the innovative

propositions.
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