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Abstract

The transport of photosynthates within plants from the production sites (mainly
leaves) to areas of consumption or storage (for example the roots) is drawing atten-
tion in plant physiology, eco-hydrology, and earth systems models. The phloem, one
of the plant’s hydraulic systems, provides the necessary pathway for this transport
mechanism. Its structure and function have been conjectured to be optimized for
the efficient transport of soluble organic matter (mostly sucrose). The implications
of efficient sucrose transport range from local impacts on plant growth and survival,
because of a potential link between phloem failure and plant mortality under ex-
treme weather conditions such as drought, to ecosystem-scale effects on carbon and
water cycling because of the possible link between stomatal control of photosynthesis
and sucrose (a main product of photosynthesis) transport within the phloem. Many
models for phloem transport and their possible deficiencies have been formulated and
discussed. The most commonly used and accepted hypothesis under which most of
these models rely on is the pressure-flow hypothesis, commonly known as the Munch
mechanism. In the pressure-flow hypothesis, sucrose and other photosynthates are
loaded in the phloem at the production site (leaves). This high sugar concentration
draws water from the xylem, which is another hydraulic system that provides the
necessary water reservoir for the Munch mechanism, by osmosis towards the phloem.
This inflow of water molecules builds the required pressure gradient along the phloem

pathway to drive sugars and water molecules through the phloem’s complex network

v



of narrow, elongated, interconnected, and cylindrical living cells (the sieve tubes).
Once sugars arrive at the desired location, sugar molecules are unloaded from the
phloem for consumption or storage by the cells and water is released back to the
xylem or other surrounding tissues. The difference in sugar concentration at the
production and consumption sites builds the pressure gradient along the phloem
needed for solute transport over long distances without any active pumping. Ex-
perimental challenges in measuring sugar fluxes within the phloem have led to the
reliance on theoretical models to understand and predict sucrose transport. These
models usually simplify physics to allow mathematical tractability. As expected
when using such models, calculated sucrose mass fluxes are not in agreement with
data, especially for long-distance transport. In addition, the theory of the Munch
mechanism has been under criticism where some argue that the sieve tubes seem to
have low hydraulic conductance along the phloem which makes it nearly impossible

for sucrose to be transported in the longest of plants.
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1

Introduction

This dissertation provides theoretical and experimental contributions toward mod-
eling sucrose transport within the phloem. Note that specific notations, definitions
and literature reviews are provided within each chapter. In chapter 2, we propose
a new one-dimensional model that includes Taylor dispersion for osmotically driven
laminar flows. In previous studies, this effect has been overlooked when simplifying
the problem into a one-dimensional model where radial variations in the solute (in
this case sucrose) concentration are negligible. However, as earlier noted by G.I.
Taylor that these small radial solute concentration variations lead to a new correc-
tion to the flow in closed pipes. This correction is modeled as a new dispersion term
that is added in the advection-diffusion equation (or the conservation of solute mass
equation), hence the name Taylor dispersion. This is not the case for osmotically
driven laminar flows because the radial inflow of water molecules due to osmosis
dictates a position-dependent (in the axial direction) pressure gradient instead of a
constant one as in closed pipe application. This will lead to a new correction in the
advection-diffusion equation where a new term is formulated and modeled as an ad-

vective term. In this chapter, we showed the mathematical derivation and required



assumptions to develop this new model with these corrections. We also showed their
impact on the flow from a general perspective and in the plant application specifi-
cally. In chapter 3, we re-address the problem by studying viscosity variations in the
flow. Previously, most studies simplify the physics by assuming a constant dynamic
viscosity that does not depend on the sucrose concentration. Other studies have
included viscosity variations along the tube (i.e. the phloem) in the one-dimensional
model or in a globally averaged model where dynamic viscosity is set equal to loading
sucrose concentration. In this chapter, we consider viscosity variations due to sucrose
concentration variations in the radial and axial directions using a simple numerical
model by re-considering the Navier-Stokes equations. We showed that the sucrose
speed increases when viscosity variations are included because of the pull-push mech-
anism of water molecules where the efficiency of pushing water outside the phloem
increases due to lower frictional forces. This result has an impact on understanding
the Munch mechanism and its ability to model sucrose transport within the phloem,
especially for tall trees. This result can also be generalized for other applications,
especially where solute concentration variations in the radial direction are higher
because of lower near-wall frictional losses. In chapter 4, we conducted experiments
on osmotically driven laminar flows using idealized elastic membranes. In these ex-
periments, the membrane is allowed to expand in the radial direction depending on
the osmotic potential that has been injected within the membrane where dextran
has been used as the solute to drive the flow. These experiments have allowed us
to shape an idea of the interaction between solute front speeds and membrane elas-
ticity which was not studied before. For phloem studies, the membrane (i.e. the
sieve elements) is usually assumed to be rigid with the exception of some studies
that include membrane elasticity by using the phloem elasticity predicted from field
data. These data are collected from plants that already have low elasticity because
of the existence of sieve plates, where their main role is still not fully understood.
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In these experiments, we showed that by allowing the membrane to expand, the so-
lute front speed decreases because some of the osmotic potential was lost to expand
the membrane, and by dilution of the injected concentration (increasing the volume
while maintaining the same amount of solute). These results have allowed us to
formulate a different theory regarding the role of sieve plates where their existence
might enhance phloem rigidity and hence transport efficiency. Chapter 5 summarizes
the under-studied effects in previous chapters where we developed a two-dimensional
numerical model. In this study, we included membrane elasticity using a simple for-
mulation for the evolution of the membrane radius in time. This formulation was
included by studying the data collected from the experiments in chapter 4 where an
exponential increase of the membrane radius in time was apparent. The results of
this study showed the impact of membrane elasticity on the front speed beyond the
experiments where two membrane properties were changed, the rate of increase, and
the maximum value for the radius. They also showed the interplay between mem-
brane elasticity and concentration-dependent viscosity. These results reinforce the
new role of sieve plates and provided a new comprehensive model for sucrose trans-
port which can be eventually simplified to be included in any vegetation model that
connects the phloem to the leaf-xylem-root system. Finally, in the conclusions and
future development chapter 6, we summarize the findings of this thesis and discuss

the possibility of implementing our model in future climate studies.
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Formulation of Taylor dispersion in osmotically
driven laminar flows

2.1 Introduction

The physics of sucrose transport in plants, introduced in the early 1930s by the
forestry scientist E. Miinch (Miinch, 1930), continues to be the workhorse model
today though this hypothesis is still not free from controversies (Curtis and Scofield,
1933; Spanner, 1958; Christy and Ferrier, 1973; Fensom, 1981; Lang, 1983; Thomp-
son and Holbrook, 2003a; Minchin and Lacointe, 2005; Ryan and Asao, 2014; Savage
et al., 2017; Knoblauch and Peters, 2017; Sevanto, 2018; Huang et al., 2018). The
Miinch hypothesis assumes that sucrose molecules produced during leaf photosynthe-
sis in mesophyll cells are loaded into phloem tubes (figure 2.1a). Through osmosis,
water is then pulled into the phloem from adjacent cells, or xylem vessels, creating a
positive pressure that pushes water along the phloem tube towards sink tissues where
sucrose is consumed or converted to other forms for storage (figure 2.1a). Because
the sucrose concentration in these sink tissues is much smaller than in source tissues,

the driving force for water movement in the phloem system can then be established.
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Figure 2.1: (a) Water and sucrose transport in the phloem (orange) driven by
water inflow from and back into the xylem (blue) from source (i.e. leaves) to sink
(i.e. roots). (b) Schematic of the experiment used by Jensen et al. (2009) to describe
sucrose transport (side and top views). The phloem geometry is assumed to be a long
and narrow tube of length L and radius a. The xylem is assumed to be a naturally
filtered water reservoir that surrounds the semi-permeable tube. Sucrose enters the
tube at t 0 in a radially uniform manner and is axially described by a smooth
function fpxgq. Sucrose is conserved in the tube during the entire experiment because
the tube top is closed (i.e. all sucrose molecules that enter the tube remain in the
tube). The axial and radial coordinates as well as the boundary conditions used are
shown.

The elegance, plausibility, simplicity, and partial experimental support gave this hy-
pothesis a broad acceptance in plant physiology (Wardlaw, 1974; Housley and Fisher,
1977; Rand, 1983; van Bel, 2003; Pickard and Abraham-Shrauner, 2009; Mencuccini
and Holtta, 2010; Jensen et al., 2011; Knoblauch and Oparka, 2012; Nikinmaa et al.,
2013; Knoblauch et al., 2016; Jensen et al., 2016; Jensen, 2018; Konrad et al., 2018).

The main critique of the Miinch hypothesis, which continues to draw research

interest even today, is whether such a driving force allows sucrose to be loaded and

5



transported sufficiently quickly over long distances as may be expected in tall trees
(Fensom, 1981; Turgeon, 2010). Best estimates of sucrose concentrations in leaves
raise some concerns about the generality and utility of the Miinch hypothesis. It has
been reported that sucrose concentration in some leaves of tall trees is smaller than
in shorter vegetation (Fensom, 1981; Turgeon, 2010). Such dependence of the con-
centration is not compatible with predictions that require the effective hydraulic con-
ductivity to diminish with increased tube length (Knoblauch et al., 2016; Knoblauch
and Peters, 2017; Savage et al., 2017) assumed to be proportional to plant height.

The focus here is on the inclusion of Taylor dispersion, an overlooked mechanism
that enhances the spread of solute in impermeable tubes (Taylor, 1953). It will be
shown that Taylor dispersion in osmotically driven flow such as the one described by
the Miinch hypothesis (i.e. tube walls are membranes) leads to further adjustments
apart from the apparent increase in diffusion. The physics of those adjustments and
their effects on phloem flow and sucrose transport rates are uncovered.

In the following sections, the system of equations that describe the physics of su-
crose transport in plants is presented. The governing equations and their associated
assumptions are first discussed. Next, the derivation of Taylor dispersion in osmot-
ically driven flows is featured after area-averaging the governing equations. A brief
description of the so-called Miinch mechanism, which has been derived and reviewed
elsewhere (Jensen et al., 2009, 2016), is then presented while accommodating Taylor
dispersion. Finally, a scaling analysis is used to demonstrate the existence of two
distinct flow regimes based on the magnitude of the Miinch number, which is defined
as the ratio of the axial (mainly viscous) to membrane flow resistance (Jensen et al.,
2009, 2016). The focus of the results and discussion is on the consequences of Taylor

dispersion on velocity and sucrose fluxes within these two ’end-member’ flow regimes.



2.2 Theory

The basic equations describing sucrose transport in plants are first reviewed. Since
the focus is on solute mass transport mechanisms, the conductive phloem geometry
is simplified to permit analytical tractability (figure 2.1b). It is approximated by a
long tube with length L and radius a connecting sucrose production at the leaf with
sinks anywhere in the tissues below the leaves such as in the roots (figure 2.1). The
phloem sieve tubes are long and narrow meaning that any dynamic scaling on flow
variables will be subject to the slender geometry with aspect ratio a{L ! 1.

The tube surface area is covered by a membrane with uniform permeability k
that allows water molecules, but not sucrose molecules, to be exchanged with the
surrounding aqueous environment. Because the tube is effectively immersed in a
water reservoir, the treatment of water flow can be achieved by placing the tube in a
vertical position so that X defines the longitudinal direction and r defines the radial
direction from the center of the tube (figure 2.1b). In this representation, sucrose
molecules enter the bottom of the tube at X 0 and propagate within the tube until
X L. The tube is closed at X L.

Throughout, sucrose concentration is denoted as ¢, fluid pressure as p, longitudi-
nal velocity component as U, and radial velocity component as v. The U in plants is
small, and therefore the flow can be approximated as a low Reynolds number flow,
where the Reynolds number is defined as Re  2au{ 1 1, { is the kine-
matic viscosity, and are the dynamic viscosity and density of water, respectively.
Hence, inertial effects in the longitudinal momentum balance can be ignored relative
to viscous stresses. Frictional losses due to the presence of sieve plates within the
phloem are also ignored though in some cases, this loss can be significant (Knoblauch
et al., 2016). This setup does not reproduce all the geometric complexities of the

phloem network in plants. The simplifications here are intended as a logical starting



point for exploring Taylor dispersion in osmotically driven flow in idealized settings.
The effects of these losses and the in-homogeneity produced due to the existence of
sieve plates are left for future work.

For mass transport, the molecular Schmidt number Sc, defined as {D where D is
the molecular diffusion coefficient, is large (j 10;000 for sucrose in water). The fact
that sucrose transport occurs at such a high Sc implies that the advective transport
term in the solute mass balance equation cannot be ignored (unlike in the momentum
balance). The strength of solute advective to diffusive contributions are quantified
using the Péclet number Pe  2au{D, which can also be expressed as Pe Re Sc.
While Re T 1, the advective transport in the solute mass balance equation need not

be small precisely because of S¢ *" 1.
2.2.1 The governing equations

It is assumed that water is an incompressible Newtonian fluid with density and

viscosity  satisfying the continuity equation

prrvq B_u
r Br Bx

(2.1)

For very high ¢, and need not be constant and can vary with c. However, for
low ¢, this dependency can be ignored. Assuming cylindrical symmetry, the flow
of water in the tube is described by momentum balance equations in the axial and

radial directions

Bu uBu VBu Bp B2u 1B Bu
Bt BX Br BX Bx2 rBr Br '’
(2.2)
Bv qu VBv Bp B2 18 er v
Bt Bx Br Br Bx2 rBr Br r2

Equations (2.2) assume that there are no external forces on the fluid and that the

gravitational forces are negligible (Thompson and Holbrook, 2003a). The normalized
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variables defined by u  ugU,v  voV,p poP,r aRandXx LX areintroduced,
where Ug, Vo, and po are characteristic axial velocity, radial velocity, and pressure.
The characteristic length scales in the axial and radial dimensions are the tube length
L and radius a. The radial velocity scale Vg Ug is determined from the continuity
equation, and po  pL Ueg{a? is the viscous pressure scale. The nondimensional
form for the fluid continuity is then

1 BpRVq BU

R BR  BX (2.3)

and the Navier-Stokes equations for the axial and radial velocities at steady state

are

BU _ BU BP B2U 1B _BU

R eV il o 22~ _ - R

¢ BX  BR BX BX2 RBR BR '

(2.4)

BV BV BP BZv 1B BV Vv
Re 3 U— V-= -2 22 5 2 Rl
© BX  BR BR BX2 RBR BR R?

As in lubrication theory, when the reduced Reynolds number tends to zero (i.e.

Re  0), the leading order terms in equation (2.4) satisfy

1 B BU BP BP
R .

RBR "BR BX' BR (2.5)

The boundary conditions needed to obtain the leading order term of the axial and
radial velocities as a function of the pressure gradient inside the tube from equation

(2.5) are as follows:

BU

UpR 1gq O; —

0; VpR 0q O: (2.6)

The first boundary condition in equation (2.6) states that the axial velocity within

the membrane is zero (though the radial velocity is finite at R 1 due to osmosis
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as later discussed). The second and third boundary conditions are derived from
symmetry considerations at the center of the pipe. Combining equations (2.5) with
the continuity equation (2.3) and imposing the aforementioned boundary conditions

(2.6), the axial and radial velocities are given by

1BP 1B2P R R®
-— 1 R%?; vV @ —-—— - — 2.
4BX ’ 4BX2 2 4 (27)
For completeness, these equations are also expressed in dimensional form as
1Bp , 1Bp a rd
——— a re ; \" — s —rr  — 2.8
4 Bx 4 Bx?2 2 4 (28)

Equation (2.8) represents the velocity components variation as a first-order approx-
imation in the limit of small reduced Reynolds number. A more general treatment
can be found elsewhere (Aldis, 1988). While the axial velocity profile is identical in
mathematical form to the Hagen-Poiseuille (HP) equation derived for impermeable
tubes, the radial velocity is not. In impermeable tubes, the no-slip condition at the
pipe wall (R 1) and symmetry considerations at the center of the pipe (R  0)
necessitate V.. 0 everywhere in the pipe, which is not the case here due to osmosis.

The use of the HP approximation to describe water movement in the phloem has
been the subject of some debate (Henton et al., 2002; Cabrita et al., 2013; Jensen
et al., 2012; Thompson and Holbrook, 2003a; Phillips and Dungan, 1993; Jensen
et al., 2009; Thompson and Holbrook, 2003b; Weir, 1981). The main cause for this
debate has been the assumption of an externally imposed constant pressure gradient
Bp{BX routinely invoked in the conventional derivation of the HP equation (Phillips
and Dungan, 1993). A constant Bp{BX requires B?p{Bx?> 0 and consequently v. = 0
everywhere (including at the boundary r  a). The expressions for u and v in
equation (2.8) are compatible with the HP assumptions of a force-balance between
pressure gradients and viscous stresses without requiring a constant Bp{BX. In os-
motically driven flow, the representation of the pressure and its gradients will be

10



elaborated upon later. While the combination of the continuity equation and the
two momentum balance equations provide three equations in three unknowns (p, v,
and U), they remain incomplete because of an additional boundary condition on v
at r ais required. This boundary condition must be supplied by Darcy’s law and
osmoregulation.

The conservation of solute mass, which adds one more unknown and one more
equation for C, is derived using the Reynolds transport theorem. The transport of
sucrose in axial and radial directions follows from advection and molecular diffusion.

The equation for the solute mass balance can be expressed as

Bc Bpucg 1Bprvcyg DBZC DlB Bc

Bt Bx r Br Bx2 rBr 'Br

(2.9)

The initial condition is that at t 0, (and X  0) sucrose enters the tube in
a radially uniform manner. However, axially, an initial distribution ¢ fpxq is
prescribed that is the same as the one used by Jensen et al. (2009) to ensure a
smooth initial profile along the tube (figure 2.1b). Along the axial direction, a no
mass-flux condition at X L (the tube is closed at this end) and an externally
specified uniform concentration at the source (X  0) are imposed. Along the radial
direction, symmetry considerations provide one boundary condition as before, which
is Bc{Br 0 at r 0 and the no-flux of solutes condition at r  a provides the
second boundary condition where

Bc
D

Ve —
Br

0: (2.10)

The no-flux of solutes ensures that the membrane allows for the exchange of water
molecules but not sucrose. As discussed before, another boundary condition is needed
for v at r a to mathematically complete the problem formulation. The equation

providing closure to both ¢ and v arises from a pressure difference relation across the
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membrane. This equation describes the radial flow of water from the surrounding
reservoir into the tube due to osmosis. This equation is best formulated as a boundary
condition that relates the radial velocity v to the driving gradient for water movement
involving the fluid pressure p and the osmotic potential (that varies with ¢) at r — a.
It is given as a Darcy type flow expression v kpp  II,q (Iberall and Schindler,
1973), where K is the membrane permeability and IIj is the osmotic potential at the
membrane (r  a). For small ¢, the van’t Hoff relation (I RgTc) can be used to
relate the osmotic potential IT to the sucrose concentration at the membrane (¢ ¢

at r a) leading to

% P RyTcCy, (2.11)

where Ry is the gas constant and T is the absolute temperature (assumed constant
throughout). Equation (2.11) provides the required boundary condition to link v to
p and ¢ thereby providing the necessary closure for the problem. It is to be noted
that at high ¢, not only the van’t Hoff relation requires modification but , ., and
D also become dependent on c. This high sucrose concentration limit is outside the

scope of the Taylor dispersion analysis featured next.
2.2.2 Taylor Dispersion in Osmotically Driven Flows

To elucidate the role of Taylor dispersion, equation (2.9) must be averaged over the
cross-sectional area of the tube. The second term on the left side, area averaged
BUc{BxX, is interesting given its connection to the original work of Taylor and is
now explored. Even in impermeable tubes, this term is not Bac{Bx. As noted by
Taylor (Taylor, 1953), the interaction between velocity and concentration variations
adds an apparent diffusion term labelled as dispersion. This dispersion term can
be related to the 'mixed’ Peclet number Pe  pupag{D that describes the influence

of the axial velocity on radial variations of concentration. Its effect is to increase
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the apparent diffusion coefficient and whence the name Taylor dispersion (Taylor,
1953). However, in osmotically driven flows, the radial component of the velocity
appears due to osmosis. The finite radial velocity results in a 'radial’ Peclet number
Per pvoag{D, which is the ratio of radial advection to radial diffusion. Both
flows will also have an influence from the ’axial’ Peclet number Pe, puoLg{D
that describes the ratio of axial advection to axial diffusion. In this section, the
new Taylor dispersion term is derived and its effect on osmotically driven flows for
different limits of Pe, and P e, is discussed. To arrive at expressions linking UC to UOC,
flow properties are decomposed into area-averaged and deviation components given
asC Cpx;tq epx;r;tg, u  upx;tg wpx;r;tqgand v vpx;tq vpX;r;tq, where

))a

2

c — rcdr (2.12)
as o

and similarly for other quantities. The average of any deviation is identically zero.

Inserting the decomposed variables into equation (2.9) leads to

Ct € pCUG pCuG PCUG  PC wgy
lI'(_I\7 1I’(_IV' 1I"C'\7 erV
CPICVQ  preVG  prevge - pre v, (2.13)

1 1
Dty Do D Fpr ¢ D Fpr CeQr;

where differentiation is now written with respect to the subscripted variables. Aver-

aging equation (2.13) radially while removing the last term on the right side of the
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equation (C only varies in X and t), the area-averaged equation is

2»a 2»61 2»6\ 2»a
2, rcedr 2, re.dr 2, r pcag, dr 2, r pcug, dr
2 »a 2 »a »a
2, r peag, dr 2, r pewg, dr 2, prcvg, dr
,7a ,7a ,7a (2.14)
2 . prcvg, dr = . prevg, dr 2 ) prevg, dr

))a ))a ))a

2 _ 2 2 .
gD ) Pr Cux( dr ?D ) pr €y dr ;D . pre.q, dr:

Eliminating terms that are the averages of deviations and evaluating other explicit

integrals, equation (2.14) becomes

»

2 @ 2 Be
Ct PpC U0y 2 i rpe ug, dr a cv Dﬁ D Cux: (2.15)
r a

The zero-mass flux boundary condition at the membrane, vc¢  DBc{Br|, 5 0, is
enforced so that no sucrose molecules cross the membrane. Hence, the area averaged

equation satisfying this boundary condition (while noting that Bc{Br  Be{Br) is

))a

2
Ct PC UQx 2 rpeug, dr D Cyy (2.16)
0

1
To determine the contribution from the integral 2a 2 g rpe uq, dr, a separate equa-
tion for € must be derived. This equation is obtained by subtracting (2.16) from

(2.13) to yield

))a

€ pCug, peOg,  pe g, % _rpe g dr

1 1 1
CPreve  Cprovg,  _prevy.  prevg, (2.17)
1
D € DFpr €

To proceed further analytically, additional simplifications to equation (2.17) must be
invoked. It is first assumed that € ¥ C as earlier discussed. Next, a dominant balance
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argument is employed. The most important term on the right side is p1{rgpr €.q,
because p1{rgpr €.q, Ope{a®q "* €  Ope{L?q. Unlike impermeable tubes, this
term must balance three dominant terms on the left side rather than just one where
the two new terms are the result of osmosis (v 0). These terms are the second, six
and seventh because all other terms are Opey, which can be neglected when noting
that pl{rgBpr € vg{Br = Op u ¢{aq (the sixth term can also be written as cv{r).
This argument holds when assuming that the boundary layer near the membrane
is negligible as reasoned elsewhere (Aldis, 1988; Jensen et al., 2010; Pedley, 1983,;
Haaning et al., 2013) and the term p€ wQx, which, even though averaged, remains
smaller than pw C0x. Hence, with these arguments, the dominant balance leads to a

simplified and solvable equation for the sought € given by

pcug, C CY, D%pr €Qr: (2.18)

=<

For the w, v{r and B¥{Br expressions, the result in equation (2.8) can be used when
noting that 0 pa?ps q lgBp{Bx, u wp2 p2{aqriq, v p7{15¢aty and v
Uy pr3{p2a?q rg. Hence, w, v{r and Bv{Br can now be solved as a function of the

area-averaged velocity as

_ _ 2 2 — 2 2
u u o a1 gr u, O, 1 gr (2.19a)
Vv r? 3
c oo 1 v, Uy 2_a2r2 1 (2.19b)

From this result, and noting that the area averaged concentration is only a function of
axial position and time, equation (2.18) is now separable in radial and axial positions

and can be solved for € by integrating in r to obtain

1 rr 1 1
ucx — —r* —

c R
D 4  8a? 4D

Apx;tqglnr  Bpx;tg; (2.20)



where A and B are integration constants to be determined. For the concentration
to be bounded at r 0 it is required that A 0. The area-averaged concentration
deviation is zero by its definition (i.e. ig pr egdr 0) andleadsto B  pa?{8Dquy C

pa?{12Dqu Cy. Hence, € can be approximated as a function of the area averaged

concentration and axial velocity using
C 5 7 w2 1 Y% 5 7 g &© (2.21)

From the concentration deviation given in equation (2.21) and the velocity deviation
given by equation (2.19a), the integral in equation (2.16) can now be determined to
include the Taylor dispersion effect. After some algebra, the new form of the area

averaged equation for conservation of solute mass can be shown to reduce to

Bc B a? Ba B a0? BC
S 2, &2y B, 5 9.9
Bt Bx 2aDBx ' Bx 48D Bx (2.22)

Some features in equation (2.22) should be pointed out when comparing it to the im-
permeable tube case of Taylor dispersion. The conventional Taylor dispersion term
paug?{p48Dq is recovered on the right-hand side of equation (2.22). This term is
always positive and must act to enhance the apparent diffusion coefficient . How-
ever, a new term emerges on the left-hand side of equation (2.22) that is absent in
impermeable tubes. This term is responsible for transport into or out of the do-
main and depends on concentration gradients in the domain. Its sign is problem-
and position-dependent because the mean velocity gradient can be either negative
or positive depending on whether the flow is accelerating or decelerating.

The second equation needed to close the problem in the area-averaged form is
equation (2.11). In this equation, the radial velocity v at r  a can be formu-
lated from equation (2.8) as a function of the area-averaged axial velocity, V|, a

pa{2quyx. The concentration at the boundary ¢, can be approximated by the area-

averaged concentration C. This simplification ignores any boundary-layer effects at
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the membrane though it abides by pragmatic considerations that K is experimentally
determined using averaged quantities when applying pressure and measuring the
average axial velocity. The implication of this assumption is further discussed in ap-
pendix A.1. After differentiating in X to relate the pressure term to the area-averaged
axial velocity, equation (2.11) can be written in the following form:

BC a B%u 8

—_— — u: 2.2
Bx 2kBx2 a2u (2.23)

9

Equation (2.22) can be coupled with equation (2.23) to offer a new closed-form
expression that describes axial sucrose transport in the phloem while accounting for

Taylor dispersion.
2.3 Simplified Model

The findings from equations (2.22) and (2.23) are now interpreted in the context
of prior 1-D (axial) theories of phloem transport (Thompson and Holbrook, 2003a;
Jensen et al., 2009; Huang et al., 2018). Prior models commence with the assump-
tion that v 1 u so that the momentum balance for v can be omitted. Using this
assumption, the area-averaged axial velocity is then directly related to the pressure

gradient (for low Re and neglecting gravitational forces) by the HP approximation

15p

- 2
a asps q ™

(2.24)

as shown in section 2.2.1 and discussed elsewhere (Thompson and Holbrook, 2003a;
Jensen et al., 2009). The flow through a membrane can be described using conser-
vation of mass for a constant around a small part of the tube length AX, where
the osmotic potential and pressure potential are balanced to create an advection dif-
ference across AX between inlet position i and outlet position i 1 given as (Jensen
et al., 2009)

aspu; 1 Ujq 2 aAxkpll pg O: (2.25)
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As before, for small ¢, the van’t Hoff relation I  RTC can be used to relate the
osmotic potential Il to €. Taking the limit Ax 0, a relation between C, U and p

can now be derived and is given by

aBu _ )
2 Bx kpRgTC  pa: (2.26)

Using equation (2.24), p can be eliminated resulting in an equation that is the same as
equation (2.23) as derived from the boundary condition (equation (2.11)) in section
2.2.2.

To mathematically close the problem, the area-averaging operation can be applied
to the advection-diffusion equation (2.9), which upon setting Uc  UC leads to

Bc BUC B%C

This resulting transport equation is different from equation (2.22) due to the ap-
proximation UC  OC. This latter approximation, which ignores Taylor dispersion,
has been used extensively in prior representation of sucrose transport in the phloem
(Jensen et al., 2016, 2012; Thompson and Holbrook, 2003a; Huang et al., 2018). Its
consequence is that area-averaged quantities also satisfy the same solute conserva-
tion equation. The inclusion of Taylor dispersion (i.e. arising from UC  OC) in the
aforementioned system of equations and tracking its consequences on sucrose front

speed frames the scope of the work presented here.
2.4 Non-dimensional form for both models

This section presents the non-dimensional form for the simplified model derived by
Jensen et al. (2009) and discussed in section 2.3 and the model that includes Taylor
dispersion derived in section 2.2.2. Because the non-dimensional forms are used to

construct model runs for the discussion, they are featured here for convenience.
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Table 2.1: Published (Jensen et al., 2009) experimental conditions for the five runs
analyzed here. The reported RgT ~ 0:1 bars (mM) .

Runs 1 2 3 4 5

Mean sugar concentration, ¢ (mM) | 1.5 | 2.1 | 24 | 4.2 | 6.8
Osmotic pressure, I (bar) 0.14 | 0.15 | 0.31 | 0.39 | 0.68
Membrane tube length, L (cm) | 28.5 | 20.8 | 28.5 | 28.5 | 20.6
Initial front height, | (cm) 49 | 3.7 | 6.6 | 6.5 | 4.8

2.4.1 Non-dimensional form of the simpli ed model

Choosing the following scaling for the concentration, velocity, length, and time ¢
coC (Co being the initial concentration released at X 0),u  ugU,x LX,t ¢t ,

equations (2.23) and (2.27) can be made non-dimensional and given by

BC B2U

2
LT iy
where tg Luo1 is the advection time scale, Ug 2kRgTcola 1 is the advection
velocity, M 16 L2ka 3 is the Miinch number that describes the forces responsible
for the axial variation of € (Jensen et al., 2009) and Pe UpL{D is the Péclet
number in the axial direction that can be significant for high Sc even when up is
small. It is to be noted that this nondimensional number is the inverse of D used by
Jensen et al. (2009).

In the limiting case where M is very large, the nondimensional variable U in

equation (2.28a) can be re-scaled by M to yield

BC 1 B2U
BC 1 BUC 1 B2C
(2.29b)

B M BX PgBX2
19



where U U{M and U Oplg. When M 8, the leading order axial velocity
becomes entirely driven by the mean concentration gradient (U BC{BX). The
analytical solution (when M 1C "* 1{Pe¢) for this equation can be found elsewhere

(Jensen et al., 2009) and follows well-established methods for solving such non-linear

diffusion problems (King and Please, 1986).
2.4.2 Non-dimensional form of the Taylor dispersion model

Using the same scaling analysis, equation (2.23) is not affected by the derivation
of the Taylor dispersion (as expected). However, the nondimensional form for the
conservation of solute mass must be revised to include the radial Péclet number Pe,.

This revision yields

BC B 1 Per BU uc Pe, B U2 48 BC

B BX 24 BX 48 BX Pe,Pe BX '

(2.30)

where the scaling for the time ty is the same as in section 2.4.1. The nondimensional
number Pe,  ave{D defines a radial Péclet number where vq Ug, with afL,
as expected from the continuity equation (2.1) in section 2.2.1. The nondimensional
number 48Pe, p er1 can also be written as 48p Pe|q 2 since Pe, 2Pe,. This
nondimensional number is always much smaller than unity (i.e. 48p Peq 2 1 Oplq)
since axial advection is much bigger than axial diffusion (Pe; ** Oplg as shown in
table 2.3) which will lead to Pe; ** Oplg. However, the nondimensional radial Péclet
number Pe {24 can be large (j 1 when radial advection dominates) or small (1 1
when radial diffusion dominates) depending on the problem and will affect the overall
sucrose transport time scale.

As before, in the limiting case where M is very large, the axial velocity can be
re-scaled by M. In this case, using the following change of variable for the axial

velocity, U U{M where U  Oplg, equation (2.30) can be written in the following
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Table 2.2: Different k values needed to match the analytical solution to measurements
for each run in figure 2.2.

Runs 1 2 3 4 5
Osmotic pressure, II (bar) 0.16 | 0.16 | 0.3 | 0.38 | 0.68
Permeability, K 10 1° cmpPasq * | 1.10 | 1.35 | 1.15 | 1.10 | 1.30

form:
BC B 1 Pe BU Pe, B 1, 48  BC 231)
B BX M 24M2BX 48 BX M2 Pe,Pe; BX ~ 7

For this case, the order of magnitude of the nondimensional number P e {p24M?q
will reveal the significance of the new terms in this model. In the results section,
the Taylor dispersion effect for the small to intermediate Miinch number (M ¥ 1 or

M  Oplq) and large Miinch number (M 8) cases are presented.
2.5 Results

The results are divided into two parts. In the first part, a comparison of both the
simplified model and the model including Taylor dispersion with published labora-
tory experiments (Jensen et al., 2009) is carried out. These experiments are in the
low Miinch number regime. From this comparison, indirect evidence of the impor-
tance of Taylor dispersion in osmotically driven flows is established. The second part
primarily focuses on the role of the new term - the radial Péclet number - Pe, pri-
marily because 48Pe, 'Pe, 11 Oplg. That is, molecular diffusion is smaller than the
dispersion coefficient for typical phloem dimensions. In each M limit, the behavior
of the flow is discussed depending on Pe,. The work here explores the flow proper-
ties and initial conditions affecting the behavior of the sucrose concentration front
shape traversing the tube. Flows characterized by small or negligible M (1 1) are
labeled as HP driven flows whereas flows characterized by very large M are labeled
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Figure 2.2: Log plot for the relative front position as a function of time t for the
measured concentration (dashed line) and the analytical result given by Jensen et al.
(2009) for the low M limit (solid line) for the five different experimental runs.

as osmotically driven flow. To be clear, both flow regimes are osmotically driven
- and such labeling simply reflects the roles of a fluid property and a membrane
property K on the relative magnitudes of the two terms in equation (2.23). Further
details about the consequences of large or small M on the scaling of p is featured in

the appendix A.2 for completeness.
2.5.1 Comparisons with Published Experiments

Indirect evidence for the significance of Taylor dispersion in osmotically driven lam-
inar flow is presented based on published experiments. The data used here were
extracted from an experiment described elsewhere (Jensen et al., 2009) where M

10 8. In this experiment, the authors compared an analytical solution derived for
very small M and D 1{P ¢ with measurements without including Taylor dispersion

in their model.
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Figure 2.3: Log plot for the relative front position as a function of time for the

experiments (cross), analytical model for the low M limit (dashed line) and Taylor
dispersion (solid line) using a single value Kk~ 0:8 10 © cm (Pa s) . The last
subplot shows the concentration profile for the fifth run as a function of the axial
position for the simplified model developed by Jensen et al. (2009) (dashed line)
and the Taylor dispersion model proposed here (solid line). The inclusion of Taylor
dispersion increases the front speed.

Experimental Setup

The experiment consisted of a tube with L 30 ¢cm and radius a  0:5 c¢m, with
semi-permeable membrane walls to allow water but not sucrose to be exchanged with
the tube. This tube was placed vertically in a water reservoir where the gravitational
forces can be assumed to be negligible compared to the pressure gradient. This setup,
shown in figure 2.1b, was used for five experimental runs where osmotic pressure and
L were varied. The reported constant values for the dynamic viscosity and molecular
diffusion in these experiments were 1:5 10 3*Pasand D 69 10 * m?
s 1. Table 2.1 summarizes the different parameters for the five runs. In all five runs,

the two non-dimensional numbers M and D ( 1{Peg) are small (M 10 8 and
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D 10 °) and are neglected in equations (2.28a) and (2.28b). In the absence of
Taylor dispersion, this approximation allowed an analytical result to be derived for

the mean concentration front position Xgptq given by (Jensen et al., 2009)

A E exp ti ; (2.32)

where | is the initial front height at t 0 and ty ap2kRyT¢q *  ap2kIlg *.
Figure 2.2 shows the relative front position pL  Xgg{pL Iq as a function of t for
the five runs. Equation (2.32) was used to compare their result with the experiment.
It is to be noted that in this equation, the reported radius a and length L as well as
the permeability K are in principle constants and the only variable that changes from
one run to another was the osmotic potential, which was reported in table 2.1. To
fit their analytical result from equation (2.32) to experiments using their reported
osmotic potential, different values for membrane permeability were needed. These
values are shown in table 2.2. To be clear, the low velocities across the membrane
should yield a constant permeability k (i.e. no Forchheimer correction is required
meaning the assumptions to use Darcy type flow for equation (2.11) are still valid).
Inspecting cases 1 and 4 in table 2.2, one can see that we have the same value for k
even when the osmotic potential is larger. The need to vary k across runs led to the
conjecture that the term Mx may not be pclgx and Taylor dispersion may have some
impact on this experiment. Other combinations can be formulated by changing the
osmotic potential for each run while changing the permeability. However, no other
combination led to a constant permeability for all the five runs. For this reason, we

use these values for the model in the following section.
Data-Model Comparisons

From section 2.5.1, different values of kK were necessary to fit the published analytical

solution to the measurements for each run. In this section, the model for X¢ptq that
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Figure 2.4: Published data for the relative front position extracted by us from
Jensen et al. (2009) as a function of the relative front position calculated from the two
different models for the five runs. Circle black points represent the Taylor dispersion

model (derived here) and grey crossed points represent the analytical approximation
as derived by Jensen et al. (2009) for k  0:8 10 ° cm (Pas) .

includes Taylor dispersion is now used to fit the data but using a single k value across
runs. For both models, the permeability k was set to a constant kK 0:8 10 % cm
(Pa's) !, which yielded the best fit for all runs when Taylor dispersion was included
(figure 2.3).

The Taylor dispersion model agrees with measurements for four out of the five
runs (figure 2.3). Only the second run did not agree well with the proposed model
for this k value at early times. One possible explanation for this discrepancy is that
the measured osmotic potential may have been reported incorrectly since it is related
to the mean concentration ¢ by II ~ RyT€ (published RgT ~ 0:1 bars (mM) * for
all runs). From table 2.1, when the lower limit for €  2:07 mM and the upper limit
for the osmotic pressure II ~ 0:16 bar are used, the van’t Hoff relation appears not
to be satisfied with published RgT ~ 0:1 bar (mM) *. The osmotic pressure should

have attained a higher value, which can increase the osmotic driving force leading to
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a faster flow and rapid X¢ advancement at early times. When revising the driving
osmotic pressure to be compatible with the concentration, the agreement with the
proposed model here is satisfactory (not shown).

The last plot of figure 2.3 presents the axial mean concentration for the fifth
run at different times. The addition of Taylor dispersion leads to a different shape
(not characterized by a front-like behavior) at small time scales. As shown in figure
2.3, the longitudinal mean concentration variation of the Taylor dispersion model
is different from the typical wave equation expected at the low M limit. At earlier
times, the concentration does not advance with a sharp front because of the highly
diffusive behavior at early times. However, at later times, the concentration recovers
the expected wave-like front.

In figure 2.4, the relative front position extracted from the data is plotted against
the relative front position calculated from the two different models (circle points
for the Taylor dispersion model and crossed points for Jensen’s model) for the five
different runs using a single k ~ 0:8 10 © cm (Pa s) ! value. The one-to-one
line is shown in solid. The Taylor dispersion model provides a better fit with less
scatter than the one derived without Taylor dispersion. As expected, the relative
front position for the second run does not lie on the one-to-one line for reasons related

to the published osmotic potential value earlier noted.
2.5.2 Results of the models in both regimes

The effects of Taylor dispersion over a broader range of conditions than those covered
by the experiments are now discussed. This discussion is centered on a comparison
between the formulation that retains Taylor dispersion and the standard approach
that ignores it. In appendix A.3, a comparison between these two models and a model
that ignores the advection term while maintaining the original Taylor dispersion term

as a local effect will be presented as well to describe the effect of the advection term
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Table 2.3: List of initial conditions and nondimensional numbers for the four different
cases discussed. All timescales are advection timescales (including the cases for high

Per).
Case 1 Case 2 Case 3 Case 4
L (m) 0:1 2 101 1 10
a (m) 10 4 10 8 1 10 ° 1 104
km (Pas) ! 10 12 104 1 10| 5 10%
Co mMol 10 20 10 40
Ug 2 10 4 8 104 | 2 101 4
to 5 102 2:5 102 5 2:5
M 24 10 % 196 10 %] 24 102 | 1:2 102
Re 1:33 10527 10°%|1:3 105|267 103
Pe 29 10° | 2:3 10%° | 2.9 10° | 5:8 10%
Pe, 29 10t | 58 1029 10t 58 10t

on the flow.

Now, when designing a broad range of flow conditions (for the finite P e, represen-
tation), it is imperative to assess how high Pe, can be reached without violating the
simplifications to the Navier-Stokes equations (2.2). To do so, it is assumed that the
highest order of magnitude that the reduced Re (i.e. Re) can reach is Op10 2q. The

nondimensional numbers Re and Pe, can be written as Re

p{dq Re
p Dg 1Op10 2g. Inserting the values for |,

uoa{ Voa{

and Pe, voa{D. This leads to vpa p { qOp10 2g, which means that

the highest Pe, is vpa{D , and D,
the highest order of magnitude for P e, that can be sustained without the addition of
inertial terms in the Navier-Stokes equations is Op10g. This result implies that the
radial advection can be equal to or higher than the radial diffusion. Obviously, with

such high radial advection, the osmotic efficiency might be overestimated (Aldis,

1988). The implication of this assumption is further discussed in appendix A.1.
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Results for HP driven ows

For this type of flow, the axial pressure gradient is the main driving force and is
scaled by viscous forces, hence the name HP driven flow. It either dominates or has
similar importance as the osmotic potential. As discussed in section 2.4.1, M is finite
(or M 0) and the velocity is scaled by the boundary condition, which as shown
in appendix A.2, results in Up  2kRgTcola *. For this case, the two dimensionless
numbers in the conservation of solute mass equation (2.30) can be written in the
following forms: Pe, 2kRyTcoaD ! and Pe;  2kRgTcol?a D 1.

In this section, the effect of Pe, for the HP driven regime will be presented. The
case where Pe, is very small forms a logical starting point for discussion. Its effect
on the flow when it reaches the aforementioned upper limit is then analyzed. To
do so, a numerical solution is obtained for both models. For the Taylor dispersion
model, the system of equations solved is equation (2.30) and equation (2.28a). For
the simplified model, it is equation (2.28b) and equation (2.28a).

In the case where Pe, ** (i.e. Pe, " 1{Pe), the molecular diffusion compared
to the dispersion due to advection can be neglected and the non-dimensional form

of the solute mass conservation (equation (2.30)) can be written as

BC B 1 Pe, BU uc Pe. B U2BC

B BX 24 BX 48 BX BX

(2.33)

From equation (2.33), the effect from Taylor dispersion decreases when Pe, 0.
At this limit, the equation exhibits similar behavior as the one derived in section
2.4.1, equation (2.28b) but with two adjustments 1{P e, and P e {48 now have differ-
ent orders of magnitude and the diffusion term itself is different. To illustrate the
difference, a set of variables and initial conditions have been selected as presented in
table 2.3.

From figures 2.5a and 2.5b, the effect of Taylor dispersion on front speed appears
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Figure 2.5 : Results of the numerical solution for lonM (rst and second cases in
table 2.3). (a,b) show the lowP e case for the time evolution of the concentration
and velocity pro les. (c,d) show the highP e case for the time evolution of the con-
centration and velocity pro les. Solid lines denote the result with Taylor dispersion
and dashed lines denote the result without Taylor dispersion.

small. The main dierence can be seen in gure 2.5a where the front shape is
smoother with the inclusion of Taylor dispersion. As mentioned before, the reason
behind this 'extra’ smoothing is the new dispersion term and its order of magnitude
is larger than molecular dispersion (i.eP&{48 Opl0 3q" 1{Pg Opl0 °q).

The second case of interest is higRe . For this type of ow, advection is large
enough to introduce a new behavior in the ow. Assuming that the only variables
that can be conveniently changed in an experiment are the dimensions of the tube
(i.e. radius a and length L), its property (i.e. the permeability k) and the initial

condition (i.e. initial concentration ¢,), the set of variables chosen for illustration
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are shown in table 2.3.

This ow exhibits a di erent shape than the previous illustration. In this case,
the advection term (from the analysis in section 2.2.2) is of the same magnitude as
the original advection term and the dispersion term is of orde®plg From gures
2.5c and 2.5d, a nite Pe alters the behavior of the ow, and the shape of the
advancing concentration front disappears. From gure 2.5¢, it is also evident that
when including Taylor dispersion, the concentration front will sense the 'end of the
tube' (downstream conditions) before the case where no Taylor dispersion is present.
In this case, the advection term due to Taylor dispersion is larger than the original

advection term (i.e. Ux Pe {24 1) leading to a higher front speed.
Results for osmotically driven ows

For this type of ow, the pressure can be scaled by the osmotic potential (as shown
also in appendix A.2), hence the name osmotically driven ows. However, to maintain
the same scaling for the velocity and pressure as for the case of bl the axial
velocity U can be re-scaled b as discussed in section 2.4.1. In this case, the system
of equations used to obtain the numerical solution is equation (2.31) and equation
(2.29a) for the Taylor dispersion model, while equation (2.29b) and equation (2.29a)
were used for the simpli ed model. As in section 2.5.2, the discussion on the e ect of
Pe on this type of ow will be presented. The non-dimensional form for the solute
mass is the same as equation (2.31). However, to illustrate the importance of Taylor
dispersion, the new non-dimensional form can be written using the linear relation
between velocity and concentration for very highM discussed in section 2.4.1. This

non-dimensional form is given as

B P 21 1 Pe B
% — & BC — _a_C C § : (2.34)
B BX 482 BX Pg M 24V 2BX 2 BX
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Figure 2.6 : Results of the numerical solution for highM (third and fourth case in
table 2.3). (a,b) show the lowP e case for the time evolution of the concentration
and velocity ) MU proles. (c,d) show the highPe case for the time evolution
of the concentration and velocityQ) ~ MU proles. Solid lines denote the result
with Taylor dispersion and dashed lines denote the result without Taylor dispersion
as before.

From equation (2.34), the importance of the new terms resulting from Taylor disper-
sion can be shown by varyind® e {M 2. In this case,M will be xed (M  Opl(?g)
and Pe will be varied from small (i,ePe ! 1) to its maximum limit (i.e. Opl0g).

For the low P e limit case, the tube properties and initial conditions, chosen to
model this behavior, are shown in table 2.3. As expected, one can see from gures
2.6a and 2.6b that both models behave approximately the same. The small value
for Pe{M ? implies that both models have the same leading order solution that was
discussed in section 2.4.1. One possible di erence can be the shape of the moving

solute front whenM C ! 1{Pgq, wherein this model, the new Taylor dispersion
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terms can have a higher order of magnitude in this region. However, this analysis
is tangential to the role of Taylor dispersion in the phloem and is better left for a
future inquiry.

As in section 2.5.2, the interesting case is the high€re . For this reason, the set
of initial and geometrical conditions, shown in table 2.3 with the resulting® e and
Re, are chosen for illustration. In gures 2.6¢c and 2.6d, the large dispersion term
has appreciably smoothed the mean longitudinal velocity and concentration along
X. Another interpretation for the e ect of Taylor dispersion can be seen from the
longitudinal concentration distribution in gure 2.6¢ where the two plots di er in be-
havior within the vicinity of the solute moving front. The reason for this di erence is
evident from equation (2.34) where the time derivative of the area-averaged concen-
tration along x is dependent on two new terms due to Taylor dispersion (advection
and di usion) unlike the case in the simpli ed model that depends on a constant
term. A simpli cation can be achieved using an asymptotic analysis for most of the
domain, which ultimately leads to a di usion coe cient that depends on concentra-
tion C only as discussed elsewhere (Jensen et al., 2009). However, for the moving
solute front, the other terms can be more important. From gures 2.6¢ and 2.6d,
the addition of Taylor dispersion speeds up the self-similar solution compared to the
simpli ed model.

In this type of ow, the axial velocity U scales aOpl{M g This means that
the radial advection is always much smaller than the radial di usion even for the
case wherePe | 1. For this reason, wherM " 1, the e ect of Taylor dispersion
decreases. However, in appendix A.4, a scaling analysis will show how the radial
Reclet number can have a bigger e ect if one uses a new scaling for the axial velocity
as discussed in appendix A.2 for the case wheve " 1.

The di erence in dynamics for both ows can be understood from comparing

equations (2.33) for smallM and (2.34) for largeM . The transport described by
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(2.33) is signi cantly di erent in terms of having an advective term while (2.34)
is a nonlinear di usion model with a di usion coe cient that depends on the con-
centration and its derivatives. This apparent di usion coe cient results from the
linear relation between the velocity and the concentration (i.,e0 B C{BX) as
a rst-order approximation. It is the outcome of molecular di usion, typical Taylor

dispersion, and the advection terms.
2.5.3 Model applicability in reference to sucrose transport in plants

In this section, the e ect of Taylor dispersion on sucrose transport in phloem is
discussed. As shown before, the e ect of Taylor dispersion is solely relatedR&

that arises from the radial in ow of water due to osmosis. This radial Reclet number
can be written asPe 2kRyT waD ! to illustrate the di erent parameters that

a ect its signi cance in the area-averaged solute balance. Based on typical phloem
values (Thompson and Holbrook, 2003a), this nondimensional number is small (i.e.
Pe ! Oplg meaning that the Taylor dispersion e ects will be more di usive than
increasing the speed of sucrose transport. Another limitation of this theory is the
simpli ed geometry of the tube noted in the introduction. Real phloem tubes consist

of series of small sieve elements connected by porous sieve plates. To accommodate
these porous sieve plates, the point-wise Navier-Stokes equations must be revised to
include a blockage term for the solid component of the plate (no velocity) whereas
the porous part allows the ow to occur (with a velocity speedup to conserve the ow
rate). In lieu of this treatment, the area-averaged Navier-Stokes may be amended
by including a drag force with a drag coe cient that depends on the bulk Reynolds
number upstream of the plate and a frontal area that is related to the solid space of
the plate obstructing the ow. In either treatment, the e ect of these plates on Taylor
dispersion remains an open problem. Thompson and Holbrook (2003a) showed that

head losses due to the presence of sieve plates may be included as reduced e ective
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hydraulic conductivity of the sieve tube by adding a reduction factor. This treatment
implies that the drag force from the plate can be replaced by an equivalent side-wall
shear stress thereby ignoring the disturbance the plate creates on the radial velocity
and concentration distribution. Jensen et al. (2016) and Thompson and Holbrook
(2003a) showed that for low Reynolds number ows, the distance needed to recover
the parabolic pro le for u starting from a radially uniform velocity is |, a. The
spacing of sieve elementk, can be small to moderate (19to 10* m for plants)
while the a can vary from 10 to 100 m in plants. It can be surmised that there are
situations where sieve plates introduce local (and minor) distortions to the existing
analysis whenly{ls, ! 1. Evidently, there are situations where @ I,{ls, 1 and
the e ect of Taylor dispersion predicted here is over-estimated. In these situations,
the analysis here only o ers 'upper bounds' on the role of Taylor dispersion in phloem
transport.

The new termpa?{D qBI{Bx is shown to be a general feature of Taylor dispersion
of osmotically driven ow but can act as an apparent local source or local sink
depending onBu{Bx. This gradient is sensitive to the imposed boundary condition
at the end of the tube. A closed tube forcee 0 at both ends. This necessitates a
BUO{Bx to be positive in the loading zone (mainly the photosynthetic tissues in leaves)
but becomes negative in the unloading zone (e.g. trunk parenchyma and root apex)
thereby switching the sign ofe?{D qBi{Bx. In plants, it is safe to assume that the ow
starts from rest in the loading zone andBu{Bx j 0. However and even though the ow
velocity decreases signi cantly due to loss of liquid volume during unloading, the exit
water ow rate need not be zero since water is recycled back with root-water uptake
entering xylem tissue. This boundary condition poses new challenges to representing
the pressure and associated velocity gradients in the unloading zone. Speci cally,
|Bu{Bx| can be ameliorated in this zone and the overall e ect gie?{D qBI{Bx may
be a reduction in the local sink strength by Taylor dispersion due to a weakened
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Bu{Bx O.
2.6 Conclusion

Description of osmotically driven low Reynolds number ows at high Schmidt num-
ber within narrow long tubes was revised to include the e ects of Taylor dispersion.
These ow conditions may arise in the phloem when describing sucrose transport in
plants. The conservation of solute mass suggests that the Reclet number, de ned
by the product of a low Reynolds number and the high Schmidt number, need not
be small. The immediate consequence of such an argument is that advective solute
transport is not small necessitating the inclusion of Taylor dispersion. A theory for
longitudinal sucrose transport was proposed by area-averaging three inter-related
expressions: the Hagen-Poiseuille equation linking velocity and pressure gradients, a
Darcy type ow expression linking velocity gradients to pressure and solute concen-
tration subject to the van't Ho approximation, and the advection-di usion equation

for solute mass linking velocity to concentration. The dominant balance subject to
small deviations in concentration from their area-averaged values allowed explicit
governing equations to be derived for the area-averaged pressure, concentration, and
velocity. The Taylor dispersion in the longitudinal direction, originally derived for
impermeable tubes, emerges but with new adjustments due to osmotic e ects. These
adjustments are responsible for local sucrose transport into or out of a di erential el-
ement, though their overall domain-averaged e ect is zero. The analysis highlighted
the unexpected role of a nondimensional radial Reclet numbéd? e, which acts upon
the area-averaged longitudinal velocity gradient. Unlike the original Taylor disper-
sion in impermeable tubes that increases the overall apparent longitudinal di usion,

a nite Pe here makes the degree of enhancement problem-dependent. The work
presented here is restricted to an idealized setting (long uniform tubes) and do not

take into considerations changing boundary conditions and head losses due to the
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presence of sieve plates, sucrose sources and sinks along the phloem path length,
variable viscosity, and water stress variations in the xylem. All these are required

for realistic models of the phloem and are left for future work.
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3

Concentration dependent viscosity

3.1 Introduction

The e ciency of photosynthate transport from the production sites (sources; usually
leaves) to areas of consumption or storage (sinks) within the vascular tissue known as
the phloem has been drawing signi cant attention in plant physiology. The implica-
tions of e cient photosynthate transport range from local impacts on tissue or plant
health and growth to ecosystem-scale e ects on carbon and water cycling because of
the potential link between phloem transport and stomatal control of photosynthesis
(Nikinmaa et al., 2013), and a possible link between phloem transport failure and
plant mortality under drought (Sevanto et al., 2014). Consequently, several models
for phloem transport and the connection between phloem structure and function, as
well as for the potential weak points in the transport system have been formulated
(Manch, 1930; Phillips and Dungan, 1993; Thompson and Holbrook, 2003a; Jensen
et al.,, 2009, 2012; Sevanto, 2014). The most commonly accepted concept, under
which all these models operate, is that phloem vasculature is optimized for e cient

transport of soluble organic compounds (mostly sugars) produced during photosyn-
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thesis as described by the pressure- ow hypothesis or Munch mechanism (Manch,
1930).

In the pressure- ow hypothesis, transport is initiated in leaves when sugars and
other metabolic products are loaded into the phloem. Once in the phloem, sugars
and water molecules move following pressure gradients through the phloem's complex
network of narrow but elongated, interconnected, cylindrical living cells (sieve tubes)
spanning the length of the plant. High sugar concentration at the loading site (leaves)
draws water by osmosis from the xylem tissues towards the phloem. At the sinks,
sugars are unloaded from the phloem to growing or storage cells, and water is released
back to the xylem or other surrounding tissues. The loading and unloading at sources
and sinks build a pressure gradient in the phloem creating a system where plant water
and mass ow of photosynthates over long distances occurs without active pumping.
This cycle of pressure buildup and transport without active pumping endowed the
phloem system with the labelmiracle of ingenuity (van Bel, 2003).

The simplicity, plausibility, and intuitive appeal of the Munch mechanism lead to
its proliferation in mathematical models (Nikinmaa et al., 2013; Jensen et al., 2016).

It is routinely used to connect plant carbon sources and sinks, and their concomitant
controls in a future CO, enriched climate (Mencuccini and Heltia, 2010; Fatichi et al.,
2019). It has been used to explain aspects of plant hydraulic failure during drought
(Savage et al., 2017; Konrad et al., 2018; Huang et al., 2018; Sevanto, 2018; Salmon
et al., 2019) and extreme cold temperatures (Swanson and Geiger, 1967; Wardlaw,
1968). The direct consequence of those two abiotic stresses should be a decrease
in the overall phloem ow rate because the viscosity of a sucrose solution increases
signi cantly with the drought-induced increase in sugar concentration required for
osmoregulation (Helt@a et al., 2009) and with decreasing temperatures.

However, the Munch mechanism is not free from controversy. The main critique

stems from the fact that the sieve tubes seem to have too low of a hydraulic conduc-
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tance along the phloem to drive sugar transport from leaves to roots in large and tall
plants (Curtis and Sco eld, 1933; Lang, 1979; Fensom, 1981; Knoblauch et al., 2016;
Liesche and Schulz, 2018). These studies also report lower leaf sucrose concentration
in tall trees compared to shorter vegetation. In general, plants can be categorized
based on sucrose loading mechanisms into two groups: passive loading species, that
transfer sugars by di usion from the mesophyll cells into the phloem, and active
loading species, that transfer sugars by actively pumping them into the phloem us-
ing metabolic energy. Typically, short plants such as herbaceous plants or crops are
mainly active sugar loaders and long plants such as trees exhibit the characteris-
tics of passive sugar loaders. The supplemental gure B.4 shows that active loaders
typically have higher loading concentration ( 22 % wt/wt) than passive loaders
(15 % wt/wt) for all the species considered in each category. This observation
seems to contradict the basic assumption of Munch mechanism, because pressure
gradients driving water and sugars down the phloem, when formulated as pressure
di erences between sources and sinks normalized by tube length must require higher
sucrose concentration to compensate for the longer phloem pathway to sustain the
same mass ow velocity.

To resolve the issues of inadequate conductance and too low-pressure gradient to
e ciently drive ow in tall plants, it has been suggested that rather than exchanging
water and sugars only at the source and sink ends of the phloem pathway, as sug-
gested by the original Munch mechanism, sugars and water could be exchanged at
di erent locations along the pathway essentially forming a "relay” system to facili-
tate transport (Lang, 1979). While plausible, and based on modeling studies, also
e ective in increasing transport capacity (Helta et al., 2009), there currently is no
clear evidence for unloading and reloading &ugarsfrom and to phloem conduits
along the transport pathway. There is, however, an increasing amount of evidence

that water might readily be exchanged between the conduits and their surroundings
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along the entire length of the pathway (Knoblauch and Oparka, 2012; Knoblauch
and Peters, 2017; Stan eld et al., 2017).

Answering the question of whether and how easily phloem conduits exchange
water with their surroundings outside the primary loading and unloading zones at
sources and sinks is becoming necessary for evaluating the validity of the Munch
mechanism, and because it determines how phloem transport is a ected under stress
(Sevanto, 2014, 2018). Theoretically, if no water exchange occurs, the necessary
increase in sugar concentration to maintain osmotic balance as xylem water potential
drops will increase phloem sap viscosity and be detrimental for plant functioning
and survival. If water exchange occurs readily along the entire transport pathway,
the ow may not be restricted by the same constraints that stem from the original
interpretation of the Munch mechanism (Phillips and Dungan, 1993; Sevanto, 2014,
Sevanto et al., 2014; Sevanto, 2018). In particular, the negative e ects of viscosity
buildup can be mitigated because of the diluting e ects of radial water ow, the
focus of the work here.

Motivated by these issues, we ask to what degree re nements and addressing
the model simpli cations in the description of the transport physics within the
Munch mechanism enhance the mass ux above and beyond expectations from ear-
lier theories. To address this question generically, an idealized, unsteady, and two-
dimensional osmotically driven pipe ow governed by the physics of the Munch hy-
pothesis is considered. No attempt is made to represent all the complexities of the
geometry of the phloem tissue or in the loading and unloading mechanisms of sug-
ars. Instead, the main novelty here stems from the inclusion of the simultaneous
e ects of concentration-dependent viscosity (Bouchard and Granjean, 1995) where
local changes in viscosity with concentration (axially and radially) are allowed. It
is shown that including such adjustments to viscous stresses lead to signi cant en-

hancement in the magnitude of the mass ux. Moreover, this enhancement in mass
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ux is shown to be accompanied by a reduced pressure gradient driving the ow.
Thus, the work here adds support to the Munch hypothesis by o ering a new per-
spective regarding the contribution of coordination between axial and radial ow to

the mass ux. This coordination is optimized especially in long tubes which explains
why high sugar concentration is not needed in tall trees and long-distance phloem

transport.
3.2 Results

The results presented here are generated using numerical simulations for a transient
ow with a closed-end tube. The e ects of including a concentration dependent
viscosity in the radial and axial directions on the ow are featured. First, the e ect

of a variable viscosity pcg on the mass ux J is discussed by comparing a 2-D
model with variable viscosity and a 2-D model with constant viscosity set by the
loading concentration. Second, the enhancement of mass transport due to local
coordination between axial and radial movement is presented with reference to long
distance transport in plants.

Transient ow simulations highlight how local variations dynamically a ect the
overall mass ux especially for closed ended tube simulation (a limiting case as later
discussed in section 3.4.1) where the steady state assumption leads to a uniform con-
centration everywhere. Steady state simulations are repeated with a constant initial
concentration ¢y at the loading zone and in nite sink atx{L 1 for sugars (all else
being the same). Conclusions are not a ected by the aforementioned assumptions.
In addition, steady state only shows the push of water mass from the tube in contrary
to transient simulation that shows the push and pull of water mass.

Moreover, the development of steady state requires a couple of hours based on
synthetic experiments (Comtet et al., 2017). In real plants, environmental factors
that a ect photosynthesis are changing at smaller timescales, and the ux of sucrose
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that is being loaded into the phloem is likely to change before any development of
steady state conditions. However, the ndings here about the e ects of variable
viscosity on mass transport are valid in all these situations independent of whether
the ow is at steady state or transient, or the sinks are in nite or nite. These
boundary conditions and time scales a ect only the magnitude but not the e ect

itself.
3.2.1 E ect of a concentration-dependent viscosity od pcyq

Resolving the local changes in viscosity results in an increase in the overall conduc-
tivity of the tube above and beyond the constant viscosity model ( gure 3.1a). The
variable viscosity model appears to have higher than the constant viscosity model
at a givenc, for all tube lengths except for the shortest lengthl{  0:1m) where the
two models are almost indistinguishable. The e ect of the tube length is present in
both models where an increase ib leads to an increase in the uxJ until a certain
value is reached after whichl starts to decrease with increasing.. For example, in
the variable viscosity model, the value o whenL  10m is lower than the value
of J whenL 5m for the samec, as discussed next. An interesting observation is
that the value of L for which there is a loss of conductivity (the sugar ux decreased
for the same initial concentrationc) is di erent for both models, L  5m for the
variable viscosity model and.  2m for the constant viscosity model. This result is
shown in the inset of gure 3.1a wherc, 50 % wt/wt.

These calculations were repeated for steady state conditions (constagtat the
entrance and in nite sink at exit) for variable L and ¢, in the Supplemental B.1.
In all cases, the variable viscosity model yielded higher mass ux compared to the
constant viscosity model. However, both models resulted in a reduction in mass ux
with increased distance. This can be attributed to the fact that pull of water in the

steady state model is only active over the entrance of the domain whereas the push is
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active over the entireL. Hence it is unsurprising that no optimalL will emerge in the
steady state calculations and the maximum ux will simply decline with increasing
L at a givenc.

Typical phloem conditions were used to generate the results in both models
with constant pcoq and variable pcg a 10 m, membrane permeabilityk
5 10 msPa ! and molecular di usion coe cient of sucrose in water at standard
temperature D 4 10 ®m2s 1. The L was varied from 0.1 to 10 m to describe
small or annual plants (e.g. herbaceous and crop plants) and perennials (tree species),
respectively. Re ecting the large range of sugar concentration found in plants, the
loading sugar concentration inside the tube&, was varied from 3.4to 61.6 %
wt/wt, which does not signi cantly a ect the applicability of the Van't Ho relation
and the Newtonian uid approximation for water. For the constant viscosity model,

Pcog does not vary in space and time. The variable viscosity model solves simulta-

neously forc and pcgaxially and radially in time. Results for larger variation in ¢y
(up to  83.9 % wt/wt where the viscosity e ects may be overestimated due to the
over-estimation introduced by the the Van't Ho relation and the Newtonian uid
approximation used), are presented in the Supplemental B.2.

The importance of variable viscosity can be evaluated by the relative di erence

in sucrose uxes

(3.1)

where the subscripts 'v' and 'c' denote variable viscosity and constant viscosity mod-
els, respectively (gure 3.1b). The results show that increases withL and ¢, as
expected. This is because the a ects the overall viscosity value itself andL a ects
the development of the velocity pro le over which viscosity gradients are allowed to

buildup and increase with increasind-.
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Figure 3.1 : Comparisons of transient simulation results between the variable and
the constant viscosity models when the sucrose front reachgd.  0:3 of the domain
(see section 3.4.2).4) Sugar mass uxJ (Kg s 1) as a function of the initial phloem
sugar concentrationc, for the variable viscosity model (solid lines) and the constant
viscosity model (dashed lines). Inset plot shows the ux for both models as a function
of the tube length wheng, 50 % wt/wt. (b) Relative di erence in sucrose uxes
e | Jv J{pdv Jcgas a function of the initial concentrationc,. Dierent tube
lengths are presented using di erent colors.
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3.2.2 Two-dimensional ow results

The concentration-dependent viscosity leads to an increase in the magnitude of the
mass ux J. This is the result of the coordination between axial and radial ow.
The direct e ect of resolving the viscous stress without any simpli cation is a smaller
viscosity in the vicinity of the membrane since the water in ux dilutes the solution
near the membrane. This process is also accompanied by an opposite process where
the decrease it near the membrane leads to a lower osmotic e ect and radial velocity
(Pedley, 1983). However, in the simulations here, the osmotic forcing is dynamic and
dictates the concentration at the membrane through a dynamic boundary condition.
This dynamic boundary condition is formulated using Darcy's law ((discussed later
in section 3.4.1) where the e ect of an 'unstirred' layer (Pohl et al., 1998) is accounted
for. This unstirred layer is further analyzed in the Supplemental B.3 and is shown
to be reasonably resolved in the simulations. The total e ect of the aforementioned
processes considered here remains an increase mear the membrane. This increase
in radial velocity near the pipe walls, when coupled to a zero radial velocity at the
pipe center (as required by symmetry), must be accompanied by an increase in axial
velocity gradients (due to the incompressibility approximation). Thus, a speeding

up of u is expected.
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Figure 3.2 : Variations of ow variables as a function of dimensionless axial distance
X and radial distanceR. Due to cylindrical symmetry, only half of the domain in
the radial direction R is shown. Results are for a tube length df 2m and sugar
concentrationc, 27:4 % wt/wt when the sugar front is located at approximately
30% of the domain. &) concentration pro les, (b) axial velocity pro les, and (c)
radial velocity pro les for the variable viscosity model (top), constant viscosity model
(middle), and the relative di erence (bottom), respectively. @) pressure (top gure),
pressure gradient (middle gure), and their relative di erence (bottom gure) for the
variable viscosity and constant viscosity models. The relative di erence between the
models is calculated bye.

To understand why the increase in mass ux occurs for the variable viscosity
model (vis-a-vis the constant viscosity model), the 2-D simulations are used to illus-
trate the radial-axial ow and their coordination. These simulations show the local
e ect of concentration gradients on ow velocity components a ected by viscosity

and its gradients. Model results show that the computed axial and radial velocities
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are higher in magnitude because of a lower viscosity after the front ( gures 3.2a,
3.2b, 3.2c). Additionally, the pressure gradient driving the ow is lower compared
to the constant viscosity case ( gure 3.2d). In plants, the concentration gradient be-
tween the source and sink leads to a viscosity variations in the axial direction. This
decrease in viscosity allows a higher radial velocity (out of the phloem) especially
near the sink level which increases the e ciency of the ow and leads in return to
a higher axial velocity. To the contrary, synthetic experiments (Jensen et al., 2009)
have higher viscosity variations in the radial direction (because of a higher aspect
ratio a{L as de ned in section 3.4.1) and the increase in radial velocity (into the
phloem) is near the source level.

The results presented here are for initial concentrationy,  27:4 % wt/wt, repre-
senting a mearc, found across plants, and.  2m for the time when the sugar front
is located at about 30% of the conduit length, chosen for illustration only. The time
t it took for the front to reach this location was also di erent for the two models:

t 4262 s for the variable viscosity model and 51:05 s for the constant viscosity
model (i.e. in the constant viscosity model the ow was about 1.2 times slower). De-
spite this di erence in ow velocity, the sugar front at this location appears similar
(gure 3.2a). The highest di erence is near the front location. The velocity pro le,
on the other hand, appears to be wider, and the di erence between the models is
higher after the front position ( gure 3.2b). The axial velocity is also higher in the
variable viscosity model compared to the constant viscosity model.

The e ect of local viscosity gradients generated by concentration gradients is
more apparent in the radial velocity than the axial velocity as expected ( gure 3.2c).
This nding can be anticipated from equation (3.8) since the radial velocity pro le
is directly related to viscosity gradients in the axial direction. These gradients are
generated based on concentration gradients from the axial direction that are large,
due to the wave nature of the problem (because the advection-di usion equation has
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a wave shape especially when it is advection-dominated). The relative di erenee
between the models is high near the front location. Similar to the axial velocity
pro le, the radial velocity pro le for the variable viscosity model has a wider veloc-
ity range, when compared to the constant viscosity model. Due to a lower sugar
concentration near the membrane after the front, the viscosity of the sap decreases
leading to less resistance to the radial out ow of water (resulting in a more e cient
transport) for the variable viscosity model. This can be conceptually understood as
a decrease in wall-friction when area-averaging the equations.

The variable viscosity model also has a smoother pressure eld compared to the
constant viscosity model (gure 3.2d). An interesting result in this gure is that
the global pressure gradient over the domain is smaller for the variable viscosity
model and yet the front travels at a higher speed. This paradoxical result can only
be explained by the increase in conductivity of the tube because of local viscosity

e ects being coordinated in radial and axial directions.

3.3 Discussion

Experimental challenges in measuring water and solute uxes within the phloem
(Curtis and Sco eld, 1933; Housley and Fisher, 1977) have led to reliance on math-
ematical models of simpli ed phloem transport or synthetic experiments to under-
stand transport mechanisms in the phloem. This fact is often used to justify (overly)
simpli ed description of transport physics in models. These simpli cations might
lead to biased mass uxes and estimates for total transport. An alternative to the
simpli cation approach is to assess the e ects of the simpli cation on the results, and
in the case of phloem transport, test whether the pressure- ow hypothesis predicts
increases or decreases in sugar mass ux when these simpli cations are relaxed or
re-addressed. In this work, the Munch mechanism is revised to include viscosity vari-
ations due to concentration variations in the axial and radial directions within the
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phloem. Transient ow numerical simulations were conducted to assess the e ects
of these additions over the conventional approach of setting a single viscosity value
that depends on the loading concentration.

These simulations show that the inclusion of viscosity variations with concen-
tration leads to a speed-up in the phloem sap ow when compared to a constant
viscosity model. This speed-up is also accompanied with a lower overall pressure
gradients along the phloem pathway. These co-occurring e ects show that viscos-
ity adjustments in a radial-axial coordinated system lead to tube permeability (i.e.
conductivity along the phloem pathway) enhancement. In this case, because of in-
creased conductivity, a lower osmotic potential is needed to maintain the same sugar
mass ow rate. This nding may o er new hypotheses about the resilience of plants
during drought condition where more negative xylem water tension requires a higher
osmotic potential to maintain phloem transport (Sevanto, 2014). For example, if one
assumes the xylem water potential can be added as a background pressure (Thomp-
son and Holbrook, 2003b), the amount of sucrose needed to overcome this xylem
water tension is lower when viscous stress modi cation is added to the Munch mech-
anism. In addition, the sieve elements of the phloem are less prone to failure because
of a lower pressure value under the same osmotic potential.

Furthermore, the results here add to the growing evidence on the relation be-
tween passive phloem loading and long-distance transport. As discussed in section
3.1, Gymnosperm and Angiosperm trees are usually passive loaders and there is
speculation on the e ciency of the Munch mechanism for these plants. Comtet et al.
(2017) showed that these large passive loaders are actually operating at their max-
imal e ciency using synthetic experiments. Here, numerical simulations show that
there is an inverse relation between the size of the plants and the loading concentra-
tion for optimally e cient transport. This is shown in gure 3.3 where the maximum
mass ux (J{Jmax 1) exists at an optimal tube length L value that decreases with
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increasing loading concentratiorc, for both models. However, plant optimallL is
expected to drop faster with increasing loading concentration for constant viscosity
model than for the variable viscosity model. This nding shows that plants are actu-
ally more resilient for increasing phloem length as long as the complexity in transport

physics is accommodated.

Figure 3.3 : Normalized ux J{Jmax as a function of tube lengthL (m) for the (a)
variable viscosity model and ) constant viscosity model. Direction of the arrow
indicates increasing loading concentratiommy wherec, 10, 20, 30, 40, 50 and 60
% wt/wt. Inset plots show the optimal tube length as a function of the loading
concentration for the @) variable viscosity model and ) constant viscosity model
using a standard error bar type.
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The increase in the resiliency of tall plants due to a concentration dependent
viscosity is highlighted in the inset of gures 3.3a and 3.3b. Due to the lack of data
(there are only ve tube lengths cases), these gures show the range of concentration
where plants operate at maximum e ciency for both models. They are shown as a
sensitivity analysis of the loading concentration for di erent tube lengths. Consider
maize that has typicalcs, 50 % wt/wt and is 2-3 m tall ( L) but can grow
taller in some cases. Using this, and inspecting gure 3.3a, the variable viscosity
model predicts e cient transport between 2 to 5 m (because of discrete values in
our simulations) whereas the constant viscosity model predicts e cient transport
between 1 to 2 m (gure 3.3b). This result shows that including viscous stress
modi cation to the Munch hypothesis can con rm the tendencies of some plants
to grow taller because of possible competition for light while maintaining the same
e cient sugar transport (and keeping high sucrose mass ux as shown in gure 3.1).

The importance of using the reformulation of the Munch mechanism to include
viscosity variations in a radial-axial coordinated system is mainly a ected by the
concentration gradient between the source and the sink. When this di erence is
large, viscosity gradients are large leading to a higher impact. Since this impact is
seen as an increased tube conductance, it adds more resilience to losing conductivity
when the phloem pathway increases (because of the inverse relation between phloem
length and tube conductance). This means that its e ect will increase for longer

plants.
3.4 Materials and methods

To isolate the e ect of a concentration-dependent viscosity on radial-axial ow coor-
dination, many simpli cations must still be invoked when representing the physics of
translocation in a cylindrical tube. In all formulations considered here, it is assumed
that i) the phloem vasculature can be approximated by a long slender tube of length
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L and radiusa ( a{L 1) with rigid semipermeable walls characterized by a
constant permeability k that allows the exchange of water molecules but not sugars
with the surroundings, ii) sieve plates act as dampers to increase wall rigidity and
have minimal e ect on the ow. They can be modeled as either an 'extra’ drag force
uniformly acting along with L or ignored altogether, (iii) the bulk ow is at very low
Reynolds numberRe au ! 1 whereu is a characteristic longitudinal veloc-
ity, the dynamic viscosity, and the density, so that creeping ow is maintained
throughout, iv) sugar sources and sinks are modeled as boundary conditions at the
entry and exit end of the tube. Hence, water can be exchanged with the surroundings

but not sugars thereby suppressing any enhancement due to a relay e ect.
3.4.1 Variable Viscosity Model

To derive the general model that includes concentration and viscosity variations in ax-
ial and radial directions, the governing equations under certain assumptions and sim-
pli cations are rst analyzed in Cartesian coordinates. Then, the non-dimensional
form of these equations, which are necessary for analyzing the numerical model re-
sults, are presented in cylindrical coordinates.

The model to be presented in this section is considered one 'end-member' case
in including a concentration-dependent viscosity. The other 'end-member' case this
model is compared to is the constant viscosity model that assumes a single viscosity
value in the domain setcy. An example of this model for globally averaged steady-
state conditions is discussed by Jensen et al. (2013). Thompson and Holbrook (2003a)
present a di erent model that is between these 'end-member' cases. In their work,
they included local variations in viscosity inside the domain but only using radially
averaged equations (i.e. variations in viscosity along radial directions ignored). Due
to the nonlinear relation in the viscous stress between velocity and viscosity, area-

averaging the equations leads to a simpli ed model that excludes the e ect of this
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non-linearity. This issue can be resolved at the expense of solving the equations in

axial and radial directions and frames the main approach here.
Governing equations

In a three-dimensional Cartesian coordinate system de ned by longitudinak{ x),
lateral (x, y), and vertical (x3  z) directions, water ow within the phloem

satis es the continuity equation

B Bpuiq

— — 0 3.2

X B (3.2)
wheret is time, i  1;2; 3 describe directionx;, and u; is the instantaneous velocity

along direction x;. Here, index notation is used with repeated indices implying
summation unless otherwise stated. The ow must also satisfy the conservation of

momentum, which describes the force balance along directign and is given as

where Dpg{Dt is the material derivative and j are the nine components of the

stress tensor. The j of a Newtonian uid can be approximated by
i P e (3.4)

wherep and are the local pressure and dynamic viscosity of the uid, respectively,
and the j is the Kronecker delta (i.e. ; O wheni | but unity otherwise). This
representation of j is approximate and assumes that the stress tensor is symmetric
(i i) and the so-called second viscosity coe cient (or volume viscosity) is
momentarily ignored (Panton, 2006). Equation (3.4) also assumes that there are no
external forces on the uid and that the gravitational forces cancel out (Thompson
and Holbrook, 2003a).
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In terms of uid properties, depends orcand strictly speaking cannot be treated
as constant whenc varies in time or alongx;. However, this dependence is minor
when compared to variations in as demonstrated in the Supplemental B.4 and
variations in  will be assumed small for simplicity so thaBu;{Bx; 0. In this case,
the j representation given by equation (3.4) is reasonable (Panton, 2006). Another
common assumption in phloem transport is that is constant set by the loading
concentration. This approximation is only applicable for small concentration values.
However, in plants, ¢ can range from 15% wt/wt to 35% wt/wt (and for maple
trees even up to 50% wt/wt). In this high concentration range, the dependence
of viscosity on concentration has not been fully analyzed in the context of three-
dimensional water and sugar transport. Some models include this dependence of

on c in an area-averaged formulation (Thompson and Holbrook, 2003a; Jensen
et al., 2016), but area-averaged formulations that evolve concentration axially and
presume uniform concentration along the radial direction cannot resolve radial-axial
ow coordination to be studied here. Therefore, the model proposed here includes the
dependence of on cin both axial and radial directions and tracks its consequences
on the shape of the] c relation as well as the magnitude ofl across diering L
and loading concentrations.

In terms of ow properties, the low Reynolds number Re! 1) and small aspect
ratio ( 10 %) can be used to show that under the so-called lubrication theory
(where the ow in one of the dimensions is signi cantly smaller than the others
because of geometric constraints), the momentum balance may be approximated by

(now written in cylindrical coordinates)

BU rBp. B
B o2 B U (3.5)

where x remains the axial direction withx 0 situated at the loading zoney is

the radial direction with r 0 de ning the center of the tube, andupx;rq and
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ViX; rgare the axial and radial velocity components respectively at any poink;r g
In Supplemental B.5, the derivation of this formulation and all its assumptions are
presented for completeness.

To understand how viscosity gradients a ect the ow, equation (3.5) can be
written in a compact form. First, the tube conductance is re-de ned aX; 1
as in the Supplemental B.4 (the geometric factoX; is absent since it is the result
of radial averaging). Integrating equation (3.5) in the radial direction while noting
that the pressurep is only a function of the axial position (as shown in Supplemental
B.5) leads to

18p '

upx;rq >Bx 0thp<;rqdr AXqg (3.6)

where Apxq is an integration function that varies in x. Using the no-slip bound-
ary condition on the longitudinal velocity componentupx;aq O at the membrane
surface set ag aleads toApxq p a’xK.y{4q pB{Bxq where xK .y is the ra-
dially averaged tube conductance. Similarly, the termngtdr can be written as
r2xK.y;{2 where the subscriptr denotes radial averaging until the current radial

position (r @ a). Using this form, equation (3.6) describes the axial velocity

a? r2
up;rq Zg XKtyrg X Kyy (3.7)

where both termsxK.y, and xK.y are functions ofx but only xK.y; is a function of
r.

Equation (3.7) is di erent from the HP expression because the variable viscosity
depends orcpx; r gthat itself varies radially and axially. To be clear, this dependence
is non-local because of the integral operator in thedirection. However, if a constant
viscosity is used at a giverx, XKy, andxK.yare equal to I , and the aforementioned
conservation of momentum equation becomes equivalent to the HP expression with
an adjustment. This adjustment is due to osmosis that generates a radial in ow
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of water leading to B?°p{Bx?> 0, which then leads to a variable pressure gradient
instead of a constant one as is common in HP applications in pipes (Phillips and
Dungan, 1993). However, the partiaBp{Bx not being constant does not violate or
invalidate the HP equation as discussed elsewhere (Thompson and Holbrook, 2003a;
Nakad et al., 2021).

The e ect of viscosity gradients is not directly apparent in equation (3.7). To
make it explicit, the continuity equation (3.2) in cylindrical coordinates is now con-

sidered. It is given as
Bu 1Brv

= B 0: (3.8)
Here variation with cis once again assumed to be small compared to the viscos-
ity variations with c as stated before. Using the expression for the axial velocity
from equation (3.7) in the continuity equation (3.8), one can see how axial viscosity
gradients impact the radial velocity v, which is not identically zero due to osmo-
sis. Moreover, the viscosity gradient is not only the result of the area-averaged tube
conductancexK .y but also stems from the radially-averaged (or non-local) tube con-
ductancexK.y; that depends on radial positiorr. Equation (3.5) with equation (3.8)
can be used to describe the ow of water characterized luyx; r g (axial velocity) and
vix; r g (radial velocity) inside the tube as a function of positionx;r.

Equations (3.5) and (3.8), however, remain incomplete since there are two equa-
tions with three unknownsu, v, and p. This mathematical setup is in sharp contrast
to ow in closed pipes wherev 0 everywhere due to the solid wall boundary con-
dition at r a and symmetry considerations at the pipe center. In phloem, osmosis
necessitates a nitev at the pipe walls while symmetry considerations alone result
in v 0 at the center of the pipe. Thus, the third equation that relatess to total
pressure inside the tube must be provided by osmoregulation. This equation is best

formulated as a boundary condition describing a ow through a porous media (a thin
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membrane here) ar a. Such a boundary condition may be given by a Darcy-type
formulation assuming a very low Reynolds number for the radial ow into or out of

the pipe walls. This boundary condition yields an expression farat r  a given by

Vlf a kl:p If aq (39)

where |, 4 is the osmotic potential at the membrane and is the membrane per-
meability assumed constant and independent of (i.e. no Forscheimer or quadratic
corrections to Darcy's law). This osmotic potential can be related t@ using the
Van't Ho relation, RyT ox; aqas before. This approximation is reasonable for
low ¢ and compatible with the assumption that the density and molecular di usion
(discussed below) do not vary appreciably witlt when compared to viscosity.

The last equation needed to describe the physics of sugar transport is the con-
servation of solute mass, which is also needed to solve @pv, and p. This equation
is derived using Reynolds transport theorem that describes the movement of solutes
(mainly sugar here) due to advection and molecular di usion. In cylindrical coordi-

nates, it is given by

Bc B 1B B’c 1B Bc
pucq ngrch D@ DF§ rg ; (3.10)

whereD  Sc !is the molecular di usion coe cient of sugar in water assumed to
be again insensitive tac variations when compared to , and Sc” 1 is the molecular
Schmidt number for sugars in water (usually of order Z{.

The nal step for describing the physics of sugar transport is to specify the
boundary and initial conditions. These are problem-speci ¢ and are selected here to
illustrate one restrictive ‘end-member' case of ow in a closed tube with no sugar
sinks. This case is dynamically interesting because sugar concentration keeps build-
ing up as no sugars are removed from the tube. The other 'end-member' case is
where sugars are instantly consumed at the end of the pipe (cgd.;rg 0 and sugar
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sinks are treated as 'in nite'). This latter case is expected to lead to a much larger
J in the tube, which is why the focus is on the more restrictive former case. In
plants, co_g{c0q 1 and thus osmotic gradients are much higher in the presence
of sinks than those set by the closed tube assumption. Thus, the physics of closed
tubes must require higher loading concentrations to drive the water velocity, which is
why they are more restrictive and thus dynamically interesting from the perspective
of exploring limitations on the Munch hypothesis. In a pipe closed at both ends
ux O0g umx Lqg O, water ow must accelerate to a well-de ned maximum
and then decelerate to zero velocity along.

For initial conditions selected here, sugar is released as an axially smooth function
cpx;t 0g f pxgwith no radial variation, meaning that radial di usion is initially
fast enough to ensure a uniform distribution of sucrose along The closed tube
assumption with no sinks requires sugar mass to be conserved inside the tube during

the entire period resulting in

Bc Bc

a0 gkt O (3.11a)
Bc

peaf a Dglr a O (3.11b)

Finally, a no-slip boundary condition at the membrane in the axial direction only, i.e.
uly a 0, and symmetry considerations at the center of the tube, wherd, ¢ O

and Bc{Br|, o O, are all enforced.
Non-dimensional form and key dimensionless numbers

To elucidate the key dimensionless numbers governing water and sugar movement,
and make interpretation of the equations easier, this section describes the scaling
analyses and the non-dimensional form of the equations used. To write the equations

in dimensionless form, the following scales were adopted: Tkeand r were scaled
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by the tube length L and radius a, respectively, leading tox LX,r aR. Time,
and axial and radial velocity as well as pressure and concentration were scaled by
their respective initial values atx 0 (subscript 0) leading tot to , u  uU,

v VV,p pP,c ¢C and o~ The dynamic viscosity was scaled by o,
determined fromcy and T. This ( will also be used in a constant viscosity model
as a reference to assess the impact of accommodating variable viscosity jinand

its spatial gradients. Using these scales, the non-dimensional equations for the two

velocity components and pressure are

BU 1BRV
BU RBP
-~ 2= A2
BR 2BX (3.12b)
VlR 1 MP ClR 1 (312C)

whereus kRgTe 1, vo  Uo, Po oLuga %, andM Kk ¢L%a 2 is the Munch
number de ned as the ratio of axial resistance over radial resistance as discussed
in (Jensen et al., 2009; Nakad et al., 2021). The complete scaling analysis for the
Navier-Stokes equations is shown in Supplemental B.5.

The non-dimensional form of the conservation of sugar mass, i.e. equation (3.10),

B 1B ,BC
Pegx VO Pergr RVCd gz

B

BC B8
B BR

R

33

: (3.13)

pul =

wheret, a’D 1! is the radial diusion timescale andPe vyaD ! is the radial
Peclet number de ned by the ratio of radial advection to radial diusion. This
expression explicitly shows the relative contributions of radial ow dynamics (through

P e) and simpli ed geometry (through the slender ratio ) to mass transport.
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3.4.2 Model calculations

The proposed model calculations provide the variations a¥px;rqg cpx;rqg up;rq
vpx; r g and ppx; rqat everyt. A description highlighting the numerical method used
to obtain the results is presented in Supplemental B.6. To link a representativi
with a ¢y in a manner that allows comparison with the priord,.x and optimal ¢
analysis, the following steps and approximations were taken in post-processing the
model results. With a radial Peclet numberPe ! 1, it is reasonable to assume
that the mass ow primarily occurs in the axial direction (Nakad et al., 2021). The
molecular di usion can also be neglected since the axial Peclet number, de ned by
the ratio of axial advection to axial di usion and derived fromPeby Pg ’Pe,
is large (i.e. Pg " 1). Using these assumptions, the area-averaged sugar ux can
be reasonably determined from post-processing time variations of the sugar front
position X . This front is also delineated from maximalBcp; r q{B«|.

To determinex; , we tted an exponential relation betweenx; andt using (Jensen

et al., 2009; Nakad et al., 2021)

Xt L pL lgexp Tt ; (3.14)

wherel  0:2 is the initial sucrose front position,L 1 is the length of the tube and
X¢ Is the front position all in non-dimensional form. Subtractingl from both sides
of equation (3.14), a linear relation between and InrpXinar Xt q{Xfinar S (Where
Xfinal L | 08 andX; X¢ 1) can be obtained. Hence, linear regression
applied to the 2D numerical solution was then used to obtain the constarftaway
from the entrance boundary condition (when the front reaches around 30 % of the
domain). The front speed was determined dd;  dx; {dt. Finally, the mass ux was
approximated by Joym  Qnum C Where Qnm is the numerical volumetric ow rate.

The Qnum Wwas determined using approximated spee@,un A{Us whereA; is the
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cross-sectional area of the tube. We present results from the two-dimensional (2-D)
model simulation for the axial velocity U, radial velocity V, concentration C, and
pressureP in the dimensionless form to illustrate the e ect of variable viscosity on
radial and axial variations of these variables. The model simulations were conducted

using MATLAB programming language (Mathworks, Natick, MA).
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A4

Experiments on osmotically driven ows in an
idealized elastic membrane

4.1 Introduction

A variety of uid transport phenomena in plants do not require active pumping

or externally imposed pressure di erence to move solutes and uids. Instead, they
rely on osmotic pressure, a passive transport process, to move loaded solutes and
water simultaneously. A prototypical example is sucrose transport in the phloem of
plants formulated in the 1930s by Ernst Munch and is now labeled as the pressure-
ow hypothesis Manch (1930) or PFH van Bel (2003). The PFH is routinely used

to describe the transport of photosynthates from production sites (leaves) to areas
of consumption or storage (growing tissues and roots). This mechanism has been
used to explain aspects of plant mortality under extreme weather conditions Sevanto
et al. (2014) and ecosystem-scale impacts on carbon and water cycling Nikinmaa
et al. (2013), which is why it continues to be a subject of active research in eco-
hydrology Helta et al. (2009); Huang et al. (2018); Konrad et al. (2018); Fatichi

et al. (2019); Salmon et al. (2019).

62



Many models for phloem transport have been formulated and discussed Phillips
and Dungan (1993); Thompson and Holbrook (2003a); Jensen et al. (2009); Cabrita
et al. (2013); Sevanto (2014); Nakad et al. (2021, 2022). One of the simpli cations
used in these models is that phloem is presented as a long cylindrical and relatively
rigid slender tube with semi-permeable walls that enable water but not sugar to be
exchanged between the tube and its surroundings (xylem). Since the phloem (e.g.
sieve cells in gymnosperms, sieve tube members in angiosperms and parenchyma
cells) is composed of living cells that are not lignied Sevanto et al. (2018), the
rigid tube assumption may not be appropriate. Tube wall rigidity can impact su-
crose transport rates through a number of mechanisms that remain to be uncovered
Tateshima et al. (2010). One latent mechanism is the dilution e ect. Membrane
expansion and consequent tube volume increase decreases the osmotic potential (i.e.
the main driving mechanism) by volumetrically increasing water storage within the
tube without altering the number of sugar molecules. In case of a rigid (or weakly
elastic) tube, any in ow of water is balanced by an equivalent out ow of water (due
to conservation of water mass) leading to a negligible water storage within the tube
and thus no dilution e ects. Prior mathematical models estimated the impact of
tube wall rigidity by assuming that volume expansion linearly relates to hydrostatic
pressure within the phloem Thompson and Holbrook (2003a). The model calcu-
lations suggest that when using typical values for the phloem's Young modulus of
elasticity, phloem elasticity had minimal impact on transport timescale. However,
this calculation might underestimate the phloem elasticity because the Young mod-
ulus values were based on measurements of the whole phloem tissue (i.e. sieve tubes
surrounded by other cell types at full turgor), which motivates the present study.

The work here employs laboratory experiments on idealized elastic tubes made of
semi-permeable membrane to explore generic relations between solute front speeds
and membrane elasticity. These experiments are only intended to replicate the in-
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terplay between the physical mechanisms linking solute movement in the phloem to
osmotic pressures from a structural point of view. As noted earlier, the phloem is
composed of many elongated cylindrical living cells interconnected by sieve plates.
These plates are thin with large perforations to allow large molecules (e.g. sugars)
to pass. Technically, they are modi ed plasmodesmata and are a consequence of cell
development Lucas et al. (1993); Kalmbach and Helariutta (2019). Current studies
consider these sieve plates as the "inevitable evil' because they do not o er any ob-
vious advantages and appear to increase ow resistance Savage et al. (2017); Jensen
et al. (2012); Jensen (2018). Others Lang (1979) suggest a hydraulic function that
supports ow because increased resistance may enable buildup of sucrose concen-
tration between sieve plates and thus partially contribute to increasing the osmotic
potential locally (i.e. functioning as a relay).

The hypothesis that sieve plates can add the necessary structural rigidity to
improve hydraulic transport e ciency within the con nes of the PFH is considered
here. This conjecture is explored indirectly through idealized experiments that seek
to quantify the consequences of tube expansion on sucrose front speeds. Comparing
sugar front speeds measured in an ideal elastic tube with a theoretical rigid tube
(using mathematical modeling) o ers a new perspective about the potential role
of sieve plates. It will be argued here that sieve plates act as structural dampers
thereby increasing rigidity and concomitant sucrose front speed. Without this added
rigidity, front speeds can theoretically decline by as much as 50% compared to their
rigid counterpart as will be illustrated here through idealized laboratory experiments.
More broadly, the experiments also o er benchmark data on tube expansion and front

speeds in osmotically driven laminar ows.
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4.2 Materials and methods

4.2.1 Experimental set-up

The experimental setup developed here allows the quanti cation of osmotically driven
laminar ow within closed elastic semi-permeable membrane tubes. Di erent mem-
branes (representing phloem sieve tube walls) and dextrans (representing sucrose
composition) were employed to cover a broad range of loading conditions on front

speeds when the walls are elastic.
Sugar

Two dextrans (Alfa Aesar, Tewksbury, MA, USA) with di erent molecular weights
(My) were used. Dextran J61216 and J62775 had average, of 20 kDa (referred
to as D20) and 6 kDa (referred to as D6), respectively. The initial concentration of
these dextrans (=¢p) were varied from 2 to 20 grams in 21 ml of distilled water to
represent low to high osmotic potentials. These solutions were mixed with a blue dye
Trypan Blue (thermoFisher Scienti ¢, Tewksbury, MA, USA) with a M,, of 960.79
Da for visualization and imaging. Even though the dye'$,, was smaller than the
molecular weight cut o (MWCO) of the membranes, preliminary experiments using

dyed solutions showed that the mixtures did not leak through the membrane.
Membrane

Two membranes with di erent MWCO of 3.5 kDa and 10 kDa were used with each
dextran. Both membranes were semi-permeable dialysis tubes (SnakeSkin Dialysis
Tubing, Thermo sher, Waltham, MA, USA) with wet initial radius of r=8 mm and
thickness of 0.1 mm. Before any experiment, the membrane was soaked in distilled
water for an hour to limit any possibility of damaging it upon stretching during the

setup.
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