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Nuclear and cytoplasmic determinants jointly influence the sex ratio in 

several organisms. A mathematical model of a maternally inherited extra- 

chromosomal agent that affects the fitness of its carriers and distorts the sex ratio 

m their broods is analyzed. The agent is transmitted through the cytoplasm 

from mother to daughter, or it may pass contagiously among females of the same 

generation. It is shown that under natural selection the deviation between the 

population sex ratio and Fisher’s optimum value evolves to a minimum. 

1. INTRODUCTION 

The theoretical investigation of the adaptive significance of the sex ratio 

begins with Darwin in 1871. Darwin (1871) proposed that a preponderance of 
one of the sexes may in some situations be advantageous to the species or group 

by allowing more efficient group defense or mate selection. However, he could 
not conceive of an individual advantage associated with the production of unequal 

proportions of the sexes and deferred the problem. Fisher (1930) introduced a 
notion of fitness defined as representation through sons and through daughters 
and concluded that parental expenditure invested in offspring evolves to equality 

between the sexes. In an effort to interpret Fisher’s theory, Shaw and Mohler 
(1953) proposed an expression for representational fitness without explicit 

reference to the underlying genetic mechanism of sex ratio distortion. Several 
papers, including Bodmer and Edwards (1960) Kolman (1960), and MacArthur 
(1965), confirmed that representational fitness as defined by Shaw and Mohler 
(1953) is maximized when parental expenditure is equalized between the sexes. 
Several theoretical investigations concerning the evolution of specific sex ratio 
modifier loci have recently appeared and are summarized below. Each of these 
papers falls into one of the following categories according to the mechanistic 
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basis of sex ratio modification that is assumed: (1) sex-linked, (2) autosomal, and 
(3) extrachromosomal. Results of the models indicate that qualitative predictions 
concerning evolution of the sex ratio depend critically on the underlying genetic 

basis of sex ratio distortion. 
Gershenson (1928) reported that Drosophilu obscura males bearing certain 

X-chromosomes almost exclusively produce daughters. Similar sex-ratio 
conditions mediated by determinants on the sex chromosomes have been observed 
in several species of Drosophila (Sturtevant and Dobzhansky, 1936; Stalker, 
1961; Colaianne and Bell, 1970, 1972), in the mosquito Aedes uegypti (Hickey 
and Craig, 1966), in the butterflies Acraea encedon (Chanter and Owen, 1972) 
and Danaus chrysippus (Smith, 1975), and in the wood lemming Myopus schisti- 
color (Fredga, Gropp, Winking, and Frank, 1977). It was immediately recognized 
(Gershenson, 1928; Sturtevant and Dobzhansky, 1936) that populations con- 
taining sex-linked sex ratio distorters will not attain the 1:l sex ratio. Hamilton 
(1967) pointed out that Fisher’s argument does not apply to sex-linked genes 
because in this case representation through sons is not genetically equivalent 
to representation through daughters. Theoretical models of sex-linked .sex 
ratio modifiers have been investigated by Edwards (1961), Hamilton (1967), 
Thomson and Feldman (1975), and Bengtsson (1977). Fitness of the sex ratio 
chromosome may be functionally described as the product of the degree of 
meiotic drive and the fertility of sex ratio individuals (Thomson and Feldman, 
1975; Bengtsson, 1977). In general, the dynamic behavior of such systems 
conforms with that expected under meiotic drive, and polymorphisms cannot be 
maintained ‘unless viability differences act against the driven chromosome 
(Edwards, 1961; Thomson and Feldman, 1975). 

Autosomal modifiers directly influencing the sex ratio have been reported in 
D. melunogaster (Bell, 1954; Sandler, 1970, 1972) and D. simuluns (Faulhaber, 
1967). In addition, autosomal suppressors of sex-linked sex ratio complexes 
have been found in natural populations of Drosophila (Novitski, 1947; Stalker, 
1961) and Dunuus chrysippus (Smith, 1975). Using much the same reasoning as 
Fisher (1930), Novitski (1947) argued that autosomal suppressors of the sex 
ratio chromosome are greatly favored and suggested that natural populations 
containing sex ratio chromosomes escape extinction through the evolution of 
such suppressors. Mathematical models of autosomal sex ratio loci have been 
constructed for the case in which males and females are equally costly (Shaw, 
1958; Spieth, 1974; Nur, 1974; Eshel, 1975). Eshel(1975) showed that the stable 
equilibria of the system are those which minimize the deviation between the 
population sex ratio and unity. 

A third mechanism by which the sex ratio may be modified involves extra- 
chromosomal agents which infect the offspring of sex ratio females and kill 
zygotes of one sex. Hereditary infections have been implicated in the control 
of the sex ratio in the mosquito Culex tarsalis (Kellen and Wills, 1962), in the 
bark beetle Orthotomicus Zatidens (Lanier, 1966; Lanier and Oliver, 1966), 
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in the butterfly Hypolimnas bolina (Clarke, Sheppard, and Scali, 1975), in 
several species of terrestrial isopods (Howard, 1942; Bacci, 1965; Johnson, 1977), 
and in various species of Drosophila, of which most are in the subgenus Sopho- 
phora (see Poulson, 1963 f or review). The sex ratio condition is apparently 
maintained in appreciable frequencies in natural populations of isopods 
(Howard, 1958; Johnson, 1977) and C&x tarsalis, in which 13 To of the females 
were found to harbor benign or attenuated infections (Kellen and Wills, 1962). 
Detailed experimental investigations have been carried out in Drosophila and 
these are described in the next section. The cytoplasmic sex ratio condition 
appears to be endemic in diverse populations of Drosophila, attaining frequencies 
among females of about 20 0; in D. prosultans (Cavalcanti and Falcao, 1954), 
6 ::A in D. bi’asciata (Ikeda, 1970), and 4 9,; in D. nebulosa (Marques and de 
Magalhaes, 1974). In addition, sex ratio females have been reported in D. willistoni 
(Malogolowskin and Poulson, 1957), D. paulistorum (Malogolowskin and 
Poulson, 1957), D. equinoxalis (Malogolowkin, 1959), D. robusta (Poulson, 1966), 
and D. borealis (Carson, 1956). The purpose of this paper is to assess the adaptive 
significance of the cytoplasmic sex ratio condition by means of a non-Mendelian 
transmission model of the kind studied by Feldman and Cavalli-Sforza (1976) 
in connection with cultural inheritance. Watson (1960) formulated the first 
study investigating extrachromosomal modification of the sex ratio. Other 
models of cytoplasmic transmission include Watson and Caspari (1960), Caspari, 
Watson, and Smith (1966), Anderson and Lustbader (1975), and Stewart and 
Levin (1977). The model contained in the present paper assumes that the sex 
ratio condition may be transmitted from mother to daughter with a certain 
probability determined by an autosomal susceptibility locus, or it can pass 
contagiously among females of the same generation. The cytoplasmic agent 
confers on its carriers a fertility advantage or disadvantage which interacts 
with the sex ratio effect. 

2. DESCRIPTION OF THE BIOLOGICAL SYSTEM 

While the phenomenon of extrachromosomal modification of the sex ratio 
has been described in several organisms, the main body of experimental investi- 
gation has been concerned with the identity of the causative agent and its mode 
of transmission in various neotropical species of Drosophila. The analytical 
model presented in the next section incorporates the following four characteris- 
tics of the biological system in Drosophila. First, the agent is transmitted 
matrilineally through the cytoplasm. Second, the condition may be mildly 
contagious, passing between unrelated individuals with low frequency. Third, 
selective effects involving altered viability or fertility in the host are associated 
with the condition. Fourth, complex interactions between the host genotype 
and the extrachromosomal agent affect the expression of the agent and the effi- 
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ciency with which it is transmitted. Extrachromosomal sex ratio infections have 
been reviewed by Poulson (1963) and Preer (1971). 

2.1. The Nature of the Extrachromosomal Agent 

In D. bzfasciata the condition causes virtually complete suppression of males 
in the broods of sex ratio females (Magni, 1954; Ikeda, 1970). The rare males 
which manage to survive in sex ratio broods neither carry nor transmit the 
condition (Magni, 1953). Infected females undergo normal development and 
survive to transmit the sex ratio condition to their offspring. The infectious 
agent can be cultured in witro in chick embryo cell lines without loss of virulence 
(Leventhal, 1969). Magni (1954) has demonstrated that the male-lethal effects 
of the condition occur during the zygotic rather than gametic phase by showing 
that incubation of infected eggs at high tempeatures during the first seven 
to eight hours allows the survival of males. 

In members of the D. willistoni group a similar sex ratio condition displaying 
matrilineal transmission and zygotic mortality is associated with helical endo- 
symbionts which were originally thought to be Treportema-like spirochetes 
(Poulson and Sakaguchi, 1961a) but which are now called spiroplasmas (William- 
son and Whitcomb, 1975). Spiroplasmas have not been observed in D. bifasciata 
(Sakaguchi and Poulson, 1962; Leventhal, 1968) or in D. robusta (Poulson, 1966). 
The sex ratio conditions in D. b$asciata and in the D. willistoni group differ 
in several fundamental aspects and are described separately. The sex ratio 
condition in D. willistoni, D. nebulosa, D. equinoxalis, and D. paulistorum is 
mediated by distinct strains of spiroplasmas called WSR, NSR, ESR, and PSR, 
respectively. Each strain of spiroplasma is associated with a different virus which 
causes lysis and clumping of foreign spiroplasmas (Sakaguchi, Oishi, and Koba- 
yashi, 1965; Oishi and Poulson, 1970; Poulson and Oishi, 1973). Intraspecific 
and interspecific transfers of the spiroplasma infection together with a fully 
expressed sex ratio condition have been accomplished by means of injections 
of hemolymph and tissue homogenates from sex ratio flies into normal, unrelated 
flies and are reviewed by Poulson (1963) and P reer (1971). Sex ratio spiroplasmas 
produce a substance termed “androcidin” (Oishi, 1971) which is toxic to (male) 
zygotes bearing single X-chromosomes (Sakaguchi and Poulson, 1963; Moriwaki 
and Oishi, 1975; Watanabe, 1975). In injected D. bifasciata, spiroplasma 
infections which are fully expressed at 20” C are suppressed at 25” C; bisexual 
broods appear, and males carrying spiroplasmas in their hemolymph are observed 
(Poulson and Sakaguchi, 1961b; Ikeda, 1965). Spiroplasma infections have also 
been observed in the hemolymph of a fraction of the rare males from sex ratio 
broods in D. willistoni (Sakaguchi and Poulson, 1961) and D. melanogaster 
(Williamson, 1965). It is questionable whether these infected males, which are 
often small and weak (Sakaguchi and Poulson, 1961), could have survived to 
reproductive age. In general the rare males from predominantly female broods 
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sire bisexual broods and do not transmit the condition to their daughters 
(Malogolowkin, 1958). 

2.2. Contagious Transfer of the Sex Ratio Infection 

While hereditary infections in Drosophila as a rule are not contagious, 
contagious, infections of the spiroplasma-mediated sex ratio condition may be 
communicable at low levels. Carvalho and da Cruz (reported by Counce and 
Poulson, 1962) have successfully induced the infection in normal D. willistoni 
flies by feeding them macerated sex ratio flies, demonstrating that transfer may 
occur following less artificial forms of exposure than injection. However, normal 
D. prosaltans flies do not acquire the sex ratio condition when reared in the lab 
with sex ratio flies (Cavalcanti and Falcao, 1954). Poulson (1963) suggests 
that latent infections may contagiously pass among normal flies of appropriate 
genotypes. 

2.3. Selective ESfects Associated with the Sex Ratio Condition 

The sex ratio condition in D. bifasciata induces a variety of selective effects 
in its carriers. Moriwaki and Kitagawa (1957) and Magni (1958) observed an 
initial increase in the frequency of sex ratio flies in population cages. Magni 
then observed a partial recovery of normal females and concluded that selection 
acts upon the sex ratio condition in a complex manner involving evolutionary 
changes in both the host and the agent. Ikeda (1970) also monitored population 
cages and reported a decline in the frequency of sex ratio females. Ikeda detected 
no significant difference between normal and sex ratio flies in time to eclosion, in 
time to attainment of sexual maturity, or in incidence of female sterility. Sormal 
females produce a greater number of daughters per day during their reproductive 
lives than do sex ratio females (Ikeda, 1970). Leventhal(1968) observed lowered 
survival rates and a greater incidence of sterility in flies injected with homo- 
genates from sex ratio flies compared to controls injected with Ringer’s solution. 

The spiroplasma-mediated sex ratio condition alters brood size, but the 
direction and magnitude of the effects are difficult to assess. In some strains of 
D. melanogaster, the average number of daughters per brood among females 
injected with hemolymph from sex ratio flies may be as much as three times as 
great as that of controls injected with normal hemolymph (Sakaguchi and 
Poulson, 1963). Using D. melanogaster strains in which the infection had been 
maintained for several generations, Counce and Poulson (1966) observed a less 
than twofold increase in the average number of daughters per brood among sex 
ratio females compared to their non-sex ratio sisters. These studies suggest 
that sex ratio and normal broods may be of comparable size in spite of heavy 
male mortality in sex ratio broods. 

Spiroplasma infections affect the duration of the reproductive lives of sex 
ratio flies. Mean reproductive life among injected sex ratio flies was shortened 



476 UYENOYAMA AND FELDMAN 

by more than ten days in the two stains of D. melanogaster studied by Sakaguchi 
and Poulson (1963). Sex ratio females from D. nebulosa strains derived from 
wild-caught flies mate at least one day earlier after eclosion than do noninfected 
females (Malogolowkin-Cohen and Rodrigues-Pereira, 1975). Malogolowkin- 
Cohen and Rodrigues-Pereira suggest that this “sexual drive” confers a fertility 
advantage on sex ratio females which allows the maintenance of the infection in 
natural populations. 

Female carriers may not be completely immune to the deleterious effects of 
spiroplasma infections. The black eggs of male zygotes characterize sex ratio 
broods and are readily distinguishable from the brown eggs which are indicative 
of deaths occurring earlier in development from other causes (Poulson, 1963). 
However, Counce and Poulson (1962) reported that three black eggs in the D. 
willistoni sex ratio broods examined were found to be female. Malogolowkin 
and Poulson (1957) observed that mortality in the egg stage occurs at two times 
during development, presumably corresponding to the deaths of the male 
zygotes and a smaller number of female zygotes. Counce and Poulson (1962) 
have observed necrotic cells in sex ratio female embryos of D. willistoni which 
indicate the sublethal expression of the infection. In adult D. melanogaster, 
the mean survival time of infected sex ratio females was found to be shorter than 
that of injected controls (Sakaguchi and Poulson, 1963). 

The sex ratio infection affects the fertility and viability of its carriers in a 
variety of ways. While the adaptive significance of the infection and the extent 
to which it influences total fitness in natural populations is not fully understood, 
evidence exists which suggests that the sex ratio condition may not be strictly 
deleterious to its carriers. 

2.4. Effects of Host Genotype on Matrilineal Transmission of the Sex Ratio 
Condition 

In D. prosaltans an autosomal susceptibility locus controls the maternal 
transmission of the extrachromosomal agents such that females homozygous 
for a recessive allele at that locus do not inherit the sex ratio condition from their 
infected mothers (Cavalcanti, Castro, and Falcao, 1957). While males neither 
carry nor transmit the agent, they influence the response of the host population 
to the sex ratio infection through the susceptibility locus. No selective effects 
are associated directly with the susceptibility locus apart from the effect on 
maternal transmission. 

Large scale differences in persistence of the condition from generation to 
generation have been observed between lines of D. willistoni (Malogolowkin, 
1959) and D. melanogaster (Sakaguchi and Poulson, 1963; Counce and Poulson, 
1966). Resistant strains have been made “genotypically favorable” to maternal 
transmission of the agent through artificial selection (Malogolowkin, 1959; 
Sakaguchi and Poulson, 1963; Counce and Poulson, 1966; Williamson, reported 
by Counce and Poulson, 1966). Malogolowkin (1958) crossed sex ratio females 
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from inbred lines of D. willistoni and D. paulistorum to males from various 
mutant and wild-type lines in order to detect the effects of male genotype on the 
transmission of the sex ratio agent. Differences in the proportion of males 
arising in sex ratio broods and in the efficiency of transmission were observed. 

The experiments described above indicate that the efficiency of transmission 
of the cytoplasmic agent can be modified by nuclear determinants in the host. 
There evidently exists variation among and within strains of flies for suscepti- 
bility to maternal transmission of the agent and its subsequent reproduction 
and expression in the progeny. 

Control of reproduction and expression of the sex ratio condition is quite 
complex. Williamson (1965) first suggested that lethality in males from ses 
ratio broods may be separable from spiroplasma infections. Evidence supporting 
the hypothesis of separability of maternal transmission, development of the 
infection per se, and expression of the male-lethal effects is summarized in 
Fig. 1. The prototype of the extrachromosomal sex ratio condition is represented 
by the compartments in which maternal transmission of the sex ratio agent occurs 
and predominantly female broods appear only when the mother is infected. 
Instances in which the complete reverse is true have never been reported; 
indeed, such observations would challenge the assignment of the sex ratio effect 

FIG. 1. Summary of experimental evidence demonstrating the functtonal separability 
of transmission of the agent, development of the infection per se, and expression of the 
male-lethal effects. Compartments labeled “Prototype case” represent the usual form of 
reproduction and expression of the agent. See text for discussion of observations described 
in other compartments. 
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to extrachromosomal agents. All other combinations demonstrating the separa- 
bility of transmission, infection, and expression have been observed. In D. 
mdanogaster and D. robusta, many females from unisexual broods produced 
fairly early or fairly late in the reproductive lives of infected females fail to 
inherit the sex ratio spiroplasma infection (Williamson, 1965, 1966, 1969). 
Latent transmission of spiroplasma infections has been observed in several 
species (Malogolowkin, Poulson, and Wright, 1959; Sakaguchi and Poulson, 
1963; Counce and Poulson, 1966) and demonstrates that transmission of the 
agent can occur without triggering its expression. The cases cited earlier in 
which spiroplasma infections were observed in males incubated at high tempera- 
tures are further examples of suppressed expression. Instances in which the sex 
ratio condition spontaneously appeared (Sakaguchi and Poulson, 1961; Poulson, 
1963) indicate that transmission may occur even without observable infection 
in the mother. Irradiation by X-rays blocks transmission of the condition to the 
next generation in D. bifaxiata even though irradiated flies continue to produce 
unisexual broods (Moriwaki and Ikeda, 1962). In D. melanogaster, injection of 
WSR into flies carrying NSR causes lysis of all observable spiroplasmas and 
stops transmission of the sex ratio condition, although unisexual broods continue 
to appear (Oishi, 1971). Evidently transmission of the agent may be prevented 
without apparent decrease in its expression. 

Nuclear genes may conceivably interact with the extrachromosomal sex 
ratio condition through the separate modification of transmission of the agent, 
its subsequent reproduction in the offspring, and the expression of its male- 
lethal effects. Complete elucidation of the exact nature of genotypic control of 
those aspects remains an unsolved problem, but it is clear that host genotype has 
a significant effect on the maternal inheritance of the sex ratio condition. 

3. ANALYSIS OF THE MODEL 

The extrachromosomal agent affects the fertility of its carriers and the sex 
ratio in their broods. Infected females produce broods of which a proportion a! 
is female, and noninfected females produce broods with the normal 1 :l sex 
ratio. Female carriers have fertility (1 + s) relative to noninfected females. Males 
neither carry nor transmit the infection. 

Evolution within this system can be described in terms of nine variables. 
Two alleles, A and a, may segregate at an autosomal locus which governs the 
efficiency of transmission of the sex ratio condition from mother to daughter. 
A female of genotype AA acquires the condition from her infected mother with 
probability Ni . In addition, a noninfected female of genotype AA contagiously 
acquires the infection from a randomly encountered infected female of the same 
generation with probability h, . A proportion K, of AA females carries the sex 
ratio infection. N2 , Na , K, , K3 , ha , and ha are analogous quantities for Au and 
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au. In the following analysis only the special case h, = h, = & = h is considered. 
The frequencies of AA, Au, and aa among females arefr , f2 , andf, , respectively, 
where xtfi = 1. The corresponding frequencies among males are ml , m2 , and 
m3 , where x.i m, = 1. Table I summarizes the variables and parameters of the 
system. 

3.1. Recursions of the System 

Recursions describing changes in the system may be written in terms of the 
nine variables. The population passes through the stages of the life cycle as 
follows: (1) Males and both infected and noninfected females mate at random, 
and sex ratio distortion and maternal transmission of the infection occur in the 
broods of carrier females; (2) random mass action encounters occur among the 
offspring, leading to contagious transmission of the condition. The cycle of 
events is depicted in Fig. 2. For example, the frequency of matings of AA males 
with infected AA females is m,k,f, . This pair produces a brood of size (1 + S) 
relative to broods of noninfected females, and a proportion (Y of the brood is 
female. Proceeding in this manner, one constructs the genotypic frequencies at 
birth among the female and male offspring as expressed in (1). 

Tff; = I%,{~( 1 + s)[k, fi + +k&] + f[( 1 - k,)f, + &( 1 - &)fJ}, 

where p,, = ml + $5, qm = (1 -PA and T, and T,,, ensure that zif: = 
x1 rnj = 1. The frequency of females at this stage is 

Ft = 4 + W,f, + hfz + hfs) + 6lX - kdf, + (1 - k&h + (1 - k&&l 
1 + s&f, + Uz + WJ 

Of the AA females born to infected mothers, a proportion Nr are themselves 
infected. The proportion of infected AA female offspring is AT. The corre- 
sponding quantities for Au and au female offspring are given by k: and kz. 
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TABLE I 

Summary of the Variables and Parameters of the System 

Genotype 

Frequency among females 

Frequency among males 

Female susceptibility to 
maternal transmission 

Female susceptibility to 
nonfamilial transmission 

Proportion infected 
among females 

Aa 

f* 
m2 

N2 

h, 

k, 

aa 

f3 
m3 

N3 

ha 

k, 

FIG. 2. Schematic diagram representing the various stages of the life cycle. Refer to 
Table I for explanation of the variables and parameters of the system. 
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k” = h4’ + 4 PmM + v%f*l 
1 qf; 

, 

At this point, maternal transmission is complete and random encounters 
among the offspring occur during which the infection may be contagiously 
transmitted to noninfected females. The probability that an individual contacts 
an infected female is equal to the frequency of infected females among the 
offspring. For example, the probability that a noninfected female of genotype 
--L-I meets an infected female is (1 - I$) f&*F’. Given that an infected female 
and a noninfected female meet, the noninfected female will contract the condi- 
tion with probability h. After contagious nonfamilial transmission, the frequency 
of infected females of genotype i is given by 

k; = ki” + (1 - k;) hF’K*, 

where K* --= kT& +- kzfi + k,*fj. At this stage the generation cycle is complete. 
We can condense the above system of equations into four recursions using 

the following change of coordinates: 

(2) 

The analysis of the model involves the following four recursion equations in 
terms of the four variables p, , p, , Kl , and K. 

[a(‘+~)-h]K++ ’ (3) 

*f Jpr,, ‘[(‘--a)(‘+s)--lK~+~P, 
01 2 2 [(1 -a)(l+S)-+]K+; ’ (4 

A-; = K1’( 1 - hF’K*) + p;hF’K”, 

K’ = K*(l - hF’ - hF’K*), 

(5) 

(6) 

where 
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For validity we require that p,, p, , and K lie in (0, 1) and, from (2) that 
the following inequalities hold, with carets denoting equilibrium values: 

R > R, > 0, 
$f > 4 3 
8, > rz, = R - R, . 

(8) 

3.2. Classification of the Equilibria 

Let p be the frequency of the A allele in the population over both sexes 
To find the equilibria of the system, we use the following two forms of p= 
p,,M + p,F, where M = (1 - F): 

p’ = ipm, + IPf + SKI 
2 1+X 

p, = p, [(I - a)(1 + s) - 41 K + 8 + p’ [a(1 + s) - *] K - 4 
,?Z 1 fsK f 1 + SK . 

At equilibrium the primes may be removed and the second equation subtracted 
from the first to produce 

0 = ( $m - jf)b - 4]( 1 + s> K + $s(R, - @). (9) 

From (4) we obtain 

( j _ j ) = [(I - 4u + 4 - 411(G - zw) m f [(l - a)(1 + s) - $1 R + g . 
(10) 

Substitution of (9) into (10) produces 

0 = (fL - BfPw + 4 - Ml - 41 + 4 - 41 + &I. 

Therefore, there exist two classes of equilibria which are denoted symmetric 
and asymmetric, following the terminology of Eshel (1975). At symmetric 
equilibria the frequencies of A among males is equal to the frequency of A among 
females. The asymmetric equilibria are characterized by 

R = KA = [cX(l + s) - $I[(? &)(I + s) - 41 ’ 

(Y(1 + s) - $ 
(11) 

F = FA = 2(fI - a)(1 + s) . 

3.3. Existence and Stability Conditions for the Symmetric Equilibira 

At symmetric equilibria $, = &, = j, leading to $&? = RI from (9), and the 
genotypic frequencies within each sex attain Hardy-Weinberg proportions. 



INFECTIOUS SEX RATIO 483 

Rearrangement of $& = i?l produces up to three genetic symmetric equilibria: 

(1) p = 0, 

(2) b = 1, 
4 - A2 

(3) p = R, + /g - 2& * 

3.3.1. Fixation Equilibria 

The equilibrium $ = 0 is considered here; the j = I equilibrium is analogous 
in form. In this case from (6), &? either equals zero, corresponding to extinction 
of the infection, or it is a solution of the following quadratic: 

.f,(K) = s[a(l + s) - 61 AI2 
+ ([a( 1 + s) - $1 + 4 - 4 + 4 r\l;l 
- ha( I + s) NJLY(1 + S)( 1 - NJ - 811 k’ 
+ [l - cX( 1 + s) Ns(2 + h)] 4 = 0. (12) 

There can exist at most two roots in the valid range (0, 1). A single valid root, 
termed a Type I root, exists when the following condition holds: 

(1 + 4 > U[oJv,(2 + 4. (13) 

Two valid roots, termed the Type II roots, come into existence when the param- 
eters of the system fall into the following ranges: 

l/[oJv,(2 + 41 > (1 + s) > (1 + s*h (14) 

% > 
2ci+ &h 

42 + h + @“I ’ 
a > 1:‘(2 + h), 

where (1 -L s*) is the larger root of the following quadratic: 

{wv,[l i- 4 1 - %)1)2(1 + sj2 
+ 2wi,( 1 + s)b[( 1 + bh)l[l + (1 - %)( 1 - h~,)l 
- (a I *)[I + hoc(1 - NJ]} + [or(l - NJ - +(I - ~cYN,)]~ = 0. 

The two Type II roots exist only for negative s, i.e., when the infection is 
deleterious to its carriers. When (14) is satisfied, the contagious spread of the 
infection is sufficiently rapid to balance the viability disadvantage suffered by 
its carriers. 
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3.3.2. Summary of the p = 0 Case 

The equilibria of the system at fixation of the a allele fall on the plane p = 0 
over all possible values of K. Within the p = 0 plane, equilibria correspond to 
K equal to 0, the Type I root, and the two Type II roots, when these values 
exist. The Type 0 or extinction equilibrium is neutrally stable at best, and is 
unstable if (1 + s) olN, > 1 or if (13), th e existence condition for the Type I 
root, is satisfied. Type I roots are uniquely stable within the p = 0 plane when 
condition (13) is satisfied. Type I roots will be called the maintainer equilibria 
with reference to the strains in Drosophila which are genotypically favorable to 
matrilineal transmission of the agent because when (13) holds, the infection will 
attain nonzero frequencies in the population from all starting conditions on the 
p = 0 plane. When (12) is satisfied the larger of the Type II roots is stable 
within the p = 0 plane, the smaller root is always unstable, and the extinction 
root K = 0 is stable. Type II roots will be referred to as the epidemiological 
equilibria because they come into existence only when the sex ratio condition is 
sufficiently contagious. The infection is quickly eliminated if its frequency upon 
introduction is less than the threshold value set by the smaller Type II root, 
whereas a major outbreak occurs, leading to the establishment of the condition 
in the population, if the initial frequency exceeds threshold. The p == 0 plane 
itself is locally stable when K # 0 only if the following condition holds: 

(N3 - N,){[a(l + s) - &][(l - a)( 1 + s) - $1 R + :s> > 0 (15) 

When R = 0 the p = 0 plane is unstable if (1 + s) (yN2 > 1. 

3.3.3. Polymorphic Equilibria 

Substitution of the expressions fork r , k, , and ka into the equilibrium formula 
for p produces 

This value lies in the valid range (0, 1) only when NZ is greater than both N, 
and Na or less than both N1 and Na . Validity conditions given by (8) are 
satisfied whenp* and R fall in (0, 1). R is either zero, or is given by the solutions 
of a quadratic identical to (12) with i?, the average value among the Ni at p* 
substituted for Na . The maintainer and epidemiological roots exist when 
conditions analogous to (13) and (14), respectively, are satisfied. 

3.3.4. Summary of the p = p* Case 

The extinction equilibrium is again neutrally stable at best and is unstable if 
the maintainer root exists. Within the p = p* plane the maintainer equilibrium 
and the larger epidemiological root are locally stable, and the smaller epidemio- 
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logical root is always unstable. The p = p* plane is locally stable if the following 
condition holds: 

(N, - 16){[,(1 + s) - &][(l - ol)(l + s) - 91 R + as> > 0. (16) 

In general, the existence and stability conditions for the phenotypic equilibria 
within a genetic plane of equilibria (p = j for $ = 0, 1, or p*) are identical to 
those obtained under a certain pure phenotypic evolution model. Specifically, 
at genetic equilibrium (6) may be considered as a function solely of K: 

K’ = @P(K) = K*[l + hF(1 - K*)] 

for fixed m = j2N, + 2&jN, + G2N3, F as defined by (7), and 

The function K’ = a(K), viewed as a recursion equation in K within the 
genetic equilibrium plane p = $, specifies phenotypic equilibria which are 
identical to the phenotypic equilibria of the full model. It can be shown that 
@(K) defines a monotone function in K which is represented in Figs. 3,4, and 5 

” 

K 1 

FIG. 3. Recursion equation K’ = G(K) for the pure phenotypic evolution model 
plotted as a function of K for the case in which the Type 0 equilibrium is stable. In this 
case, no other phenotypic equilibrium exists and K = 0 is approached from all starting 
conditions. 
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D 
K 

I 

FIG. 4. Recursion equation K’ = (P(K) for the pure phenotypic evolution model 
plotted as a function of K for the case in which the Type I equilibrium comes into 
existence. K = 0 is unstable, and the Type I root is globally stable. 

for conditions under which Type 0, Type I, and Type II equilibria, respectively, 
are stable. In the pure phenotypic evolution model as well as in the full model, 
the Type 0 equilibrium at K = 0 always exists and is stable except for the 
case in which the Type I equilibrium comes into existence. The Type I equi- 
librium is stable whenever it exists. If the existence conditions for the two Type II 
equilibria are satisfied, then K = 0 and the larger Type II root are stable, and the 
smaller Type II root is unstable. 

3.4. Existence Conditions for the Asymmetric Equilibria 

Asymmetric equilibria are characterized by K = KA from (11). That expres- 
sion is valid when (1 + s) lies in the following range: 

1 < (1 + s) < l/[&(1 - a)] (17) 

Asymmetric equilibria therefore never coexist with epidemiological (Type II) 
equilibria which come into existence only when s is negative. 

Equations 3 and 4 are dependent when K = KA , leaving (5) and (6) to deter- 
mine the two unknown values for j,,, and &r . Define the variable u by uKA = 
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0 1 
K 

FIG. 5. Recursion equation K’ = 9(K) for the pure phenotypic evolution model 
plotted as a function of K for the case in which the two Type II roots come into existence. 
The domains of attraction for the larger Type II root and K = 0 are separated by the 
smaller Type II root. 

KI . From (6) it is evident that X = u(M$,,~ + N&J + (1 - ~)(Nrj,~, + IV.&) 
solves the following quadratic: 

g(x) = hK,c2(1 + S)2x2 

- a(1 + s)[(l + sK4) + &(l -I- s) - $1 K,4 + +)1x 

+ (1 + K4){[4 + 4 - 41 44 + g. (18) 

A necessary condition for validity of& and u is that X lie in (0, 1). The quadratic 
g(X) has at most one valid root, and this root exists when the following inequality 
is satisfied: 

(1 + SK,&( 1 + S) - *I + &hor( 1 + 9) > 0. (19) 

For h equal to zero, (17) together with (19) requires that OL be greater than 4. 
However, when h is sufficiently large, (19) may be satisfied for 01 in a limited 
range extending below 4 as well. For the case in which (y. is less than &, (19) 
holds when the following inequalities are satisfied: 

653!74/3-1 I 
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h> 
4-a 

or(1 - a) ’ 

where LX* is the unique root in (0, 1) of --a2 + 2a - Q = 0. An extrachromo- 
somal sex ratio infection may be maintained at an asymmetric equilibrium 
even if it causes the preferential production of noncarrier males (LX < +), provided 
the infection is sufficiently contagious. Finally, an equation in u and jrn may be 
obtained from (5) and (6) and combined with (18) to produce the following 
quadratic in p, : 

where m = pm2N1 + 2p,q,,,N2 + qm2N3 . The roots of j(pm) explicitly deter- 
mine the asymmetric equilibria. 

The existence conditions for the asymmetric equilibria are directly implied 
by the stability conditions for the symmetric equilibria. Note that (18) is a 
rearrangement of (12) evaluated at K = KA . In fact, g(N,) =fi(KA), g(N,) = 
h(G), and g(fiRi) = f#L), where fi and f p* are the expressions analogous to 
(12) which determine the equilibrium values of K at the symmetric equilibria 1 
and p*, respectively. For example, when (17) holds x > Ns is equivalent to 

{[4 + s) - $][(I - a)( 1 + s) - 61 ql + $4 > 0, (22) 

where K,, is the maintainer root at the p = 0 symmetric equilibrium. Condition 
(22) is closely related to (15), the stability condition for the Type I equilibrium 
at p = 0. Enumeration of each case shows that one or two asymmetric equilibria 
corresponding to the roots of (21) come into existence and satisfy (8) exactly 
when the ranges in which the symmetric equilibria are stable do not cover the 
parameter space. 

Determination of local stability conditions for the asymmetric equilibria 
involves conditions on the roots of a quartic polynomial and has eluded analysis. 
When h = 0, the asymmetric equilibria can be shown to be locally stable pro- 
vided the quartic has four real roots. Computer iteration studies for the case in 
which h is positive suggest that the asymmetric equilibria are stable whenever 
they exist. 

The qualitative results of this section can be summarized by diagrams which 
compare the sex ratio at asymmetric equilibria to the sex ratios at symmetric 
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equilibria. Consider the functionsf,(K),f#), andf,,(K) to be points along the 
curve f( p, K) which is defined as follows: 

f(p, K) = +u + s) - iI K2 
+ K{[or(l + s) - $1 + s[i - cu(1 + s)rn] - ha(l + s)rn[,( 1 + s)(l - m> - J~1-I: 
+ i[l - LY(1 + s)rn(2 + h)] = 0, 

where m = p2N, -k 2pqN, + q*N3. For any particular value of p in [0, 11, 
f(p, K) may have up to two roots for K in (0, 1) which correspond to the 
maintainer or epidemiological roots at the symmetric genetic equilibria. Given 
that one or two real roots exist in (0, I), the larger of these roots R(p) uniquely 
determines the frequency of females p(p) f rom (7). If no roots exist in (0, l), 
then set k(p) equal to 0. It can be shown that g(p) is a monotone function of 
N and p(p) is in turn a monotone function of R(p). Therefore, E(p), the fre- 
quency of females over symmetric points, preserves the form of m and in 
particular the extrema of@(p) for p in (0, 1) occur at the genetic symmetric 
equilibria. In Fig. 6, P(p) constructed in this manner is plotted as a function of 

FIG. 6. The frequency of females over symmetric points, P(p), plotted as a function 
of the gene frequency. Symmetric equilibria occur at the extrema of P(p) for p in (0, 1). 
Arrows point toward stable symmetric equilibria and away from unstable equilibria. 
The line F = FA represents the frequency of females at the asymmetric equilibria. 
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p for the case in which Na is greater than both N1 and Na and OL is greater than 4. 
(If (Y were less than * then p(p) would be reflected about the line F = 4.) Local 
stability of the symmetric equilibria is represented in Fig. 6 by arrows pointing 
toward stable equilibria and pointing away from unstable equilibria. In this case 
two asymmetric equilibria exist; in general the number of asymmetric equilibria 
is exactly equal to the number of times the line F = FA (see Eq. 8) interesects 
the curveP(p). Watson (1960) considered the case of strict matrilineal inheritance 
of the sex ratio condition controlled by an autosomal locus showing dominance. 
Watson assumed complete suppression of males without replacement by females, 
leading to a reduction in brood size among sex ratio females. That model 
corresponds to a special case of the model analyzed here with h = 0, 01 = 1, 
NI = N, = (1 - t), N3 = 0, and (1 + S) = 2X Watson showed that a single 
stable polymorphism exists for which the sex ratio condition is maintained. A 
graphical representation of the system is shown in Fig. 7. 

Representations for all possible values of 01, (1 + s), and the Ni can be 
constructed in the same manner. FA lies above the curve P(p) when (1 + S) is 
greater than 1/[4~(1 - a)] and below the curve when (1 + S) is less than 1. 

FIG. 7. Graphical representation of the case investigated by Watson (1960). A 
neutrally stable symmetric equilibrium corresponding to extinction of the infection 
occurs at p = 0. 
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Epidemiological roots come into existence only when FA is negative. In cases 
such as these in which FA does not intersect P(p) (i.e., asymmetric equilibria 
do not exist), the symmetric equilibria which locally increase the representational 
fitness of the population are stable. If the representational fitness of infected 
individuals (given by (1 + s)[ol/F + (1 - a)M]) is greater than that of non- 
infected individuals (s/F + +/M), then the population will evolve towards 
higher susceptibility and higher equilibrium values of K. 

4. DISCUSSION 

The question of the evolutionary significance of the sex ratio has been dis- 
cussed in the literature from a variety of viewpoints almost continuously since 
Darwin (1871) first considered the problem, failing to discover any selective 
advantage or disadvantage associated with the production of a given sex ratio. 
Indeed, it has been suggested (Edwards, 1962; Williams, 1966) that the prevailing 
1: 1 sex ratio may simply be a concommitant effect of the general adaptiveness of 
1:l Mendelian segregation. Purely mechanistic explanations are even more 
appealing when applied to the phenomenon discussed in this paper in which a 
distinct endosymbiont modifies the sex ratio in the broods of its carriers. How- 
ever, such explanations do not address the question of the adaptive significance 
of the sex ratio; deviant sex ratios observed in natural populations may in fact 
represent closer approximation to the optimum sex ratio in some sense (Novitski, 
1947). Fisher (1930) argued that because the male and female parents contribute 
equally to the genetic constitution of their offspring, the collective genetic 
representation of females always equals the collective genetic representation of 
males. Therefore, individuals who produce a preponderance of the rarer sex 
have higher representational fitness per offspring. If the rarer sex is more costly 
to produce then the cost in fertility must be weighed against the advantage in 
representation through offspring. Fisher proposed that if males cost a value 4 
relative to unity for females, a balance in the population is equal to $I( 1 + 4), at 
which value parental expenditure is equalized between the sexes. An explicit 
expression for the representational fitness discussed by Fisher was proposed b! 
Shaw and Mohler (1953) and is defined as the average representation of direct 
descendants through sons and through daughters, 

1 01 -- 
2F 

+!(11 
2 (1 -F) ’ 

where F is the frequency of females in the population, and (Y is the frequency of 
females in a sex ratio brood. Numerous authors (Bodmer and Edwards, 1960; 
Kolman, 1960; Verner, 1965; MacArthur, 1965; Charnov, 1975) have constructed 
models incorporating the above expression for fitness without reference to the 
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underlying mechanism of sex ratio distortion. Eshel (1975) analyzed a model 
involving control of the sex ratio by an autosomal locus for the equal cost case, 
using Fisher’s terminology, in which parental fitness is not a function of the sex 
ratio in the brood and showed that evolution tends to minimize the deviation 
of the population sex ratio from unity. 

In the model analyzed in this paper, a matrilineally inherited extrachromosomal 
agent which may also be contagiously transmitted distorts the sex ratio in the 
broods of its carriers and induces a selective effect (1 + s) in terms of fertility 
of infected females. The population controls the level of the infection and hence 
the sex ratio through an autosomal susceptibility locus which governs the 
efficiency of maternal transmission. Evolution minimizes the deviation of the 
frequency of females in the population from a certain value FA , which depends 
on the relative fitness of infected females and the degree of sex ratio distortion 
caused by the agent. In agreement with Eshel’s (1975) results, FA reduces to 4 
for the case in which the fitness of sex ratio females is equal to that of normal 
females. The frequency FA is highly attracting, and may be considered to 
correspond to the optimum population sex ratio in the following sense. The 
total fitness of sex ratio females, defined as the product of the representational 
fitness and the viability or fertility fitness induced by the cytoplasmic agent, is 
equal to the total fitness of normal females when the following is true: 

The frequency of females which solves this equation is F = FA , at which value 
the evolutionary forces of sex ratio distortion and induced fitness are exactly 
balanced. The frequencyF, is an optimum in the Fisherian sense as well. Suppose 
that production of a male costs a value 4 relative to production of a female and, 
following Spieth (1974), assume that sex ratio and normal females expend an 
equal amount of energy on reproduction. The product of brood size and the 
average cost per offspring for sex ratio females must equal the analogous 
quantity for normal females, 

(1 + s)b + (1 - 441 = [ii + til. 

Under this assignment of (1 + s), FA reduces to 

a(1 +s>-9 
FA = 2[LY - i](l + s) 

d =- 
1 +d 

which is exactly the value predicted by Fisher at which parental expenditure 
is equalized between the sexes. 

Transmission of the agent is critically related to the survival and reproduction 
of its carriers. If the infection reduces the fitness of its carriers then the condition 
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cannot exist stably in the population unless it may also be contagiously trans- 
mitted. If the infection is contagious and deleterious then a conflict develops 
between the contagious spread of the condition and the removal of its carriers. 
Extinction of the infection may result if the fitness of carriers is severely reduced. 
The maintainer equilibria for which high, stable frequencies of the infection are 
attained represent the case in which the contagious spread of the infection 
overcomes the deleterious effects imposed on infected individuals. Deleterious 
infections which are not sufficiently contagious cannot be maintained in the 
population. Elements of both situations are observed for moderately deleterious 
infections when the epidemiological equilibria come into existence. The sex 
ratio condition can establish itself in the population only if its initial frequency is 
above threshold. In addition, the incorporation of contagious transfer allows the 
existence of the highly attracting asymmetric equilibria even for sex ratio condi- 
tions which cause the preferential production of noncarrier males. All of the 
reported cases implicating a cytoplasmic modifier of the sex ratio, with the 
exception of the condition in isopods, involve the production of predominantly 
female broods. Assuming that natural populations which display the sex ratio 
condition are near the highly attracting asymmetric equilibria, that observation 
is consistent with the fact that the condition is not contagious or only slightly 
contagious. 

The phenomenon in isopods is unique in that some sex ratio females preferen- 
tially produce males, which do not carry or transmit the condition (Howard, 
1940). Field data indicate that in some natural populations the sex ratio 1s 
indistinguishable from unity in spite of significant frequencies of sex ratio females 
(Johnson, 1977). Johnson (1977) b e ieves that females in those populations have 1 
adapted to the widespread infection by evolving some genetic means by which 
the expression of the infection is reversed in some individuals, so that the popula- 
tion sex ratio approaches unity even though family sex ratios are highly skewed. 
However, Howard (1940) has argued, and the analysis of the model presented 
in this paper confirms, that an infection which promotes the production of 
noncarrier males may require an alternative route of transmission such as 
contagious transfer. It would be most interesting to investigate nuclear-cyto- 
plasmic interactions in an extended model which incorporates a range of 
expression for the sex ratio condition in hosts of various genotypes. 

Many of the features of the extrachromosomal sex ratio condition in Dros~phiZa 
described above are far beyond the scope of the model analyzed here. In particular 
while this paper considers evolution only in the host population, there is 
evidence for variation between strains of spiroplasmas as well (Sakaguchi, 
Oishi, and Kobayashi, 1965; Sakaguchi and Poulson, 1962; Poulson and Oishi, 
1973). Further, Malogolowkin and Carvalho (1961) and Sakaguchi and Poulson 
(1963) have reported that certain experimental transfers of the sex ratio condi- 
tion between species and between strains within species are successful only if 
the infection is incubated in an intermediary. Evidently there is variation within 



494 UYENOYAMA AND FELDMAN 

spiroplasma populations which can be adapted to coexistence with a variety of 
host genotypes. The model presented here can be extended toward a fully 
coevolutionary model which allows adaptation in both the host and in the 
endosymbiont. In addition, models may be constructed incorporating phenomena 
referred to in Fig. 1, including latent transmission of the infection, suppressed 
expression of the condition by temperature or other environmental factors, 
transmission by males, and temporal patterns of transmission of the infection 
from mother to daughter. 

Acquisition of traits by infection or by other “cultural” routes occurs separa- 
tely from, though perhaps not independently of, underlying genetic processes 
and may allow the rapid establishment of phentotypes without extensive genetic 
evolution. The preceding analysis shows that cytoplasmic sex ratio conditions 
in particular are not necessarily maintained only as deleterious endemics, but 
rather they provide a means of adaptation through which natural populations 
may adjust the sex ratio without interfering with the fundamental processes of 
Mendelian segregation of the sex chromosomes. 
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