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Abstract

This dissertation studies approximation methods for a broad class of sequential decision
problems comprised of separate sub-systems that are coupled by linking constraints as well
as shared exogenous information (or “signals”). Such problems arise in a variety of appli-
cations and can be formulated as stochastic dynamic programs (DPs), which in principal
can be solved optimally through the corresponding Bellman equations. However, problems
with such a structure suffer from the “curse of dimensionality,” rendering a solution of the
Bellman equations impractical unless the number of sub-systems is small. Thus, we focus
on developing approximation methods that are computationally efficient and have strong
performance guarantees in theory and practice.

In this dissertation, we first focus on upper bounds, which can serve as benchmarks
to evaluate the performance of feasible policies. Two widely studied approximations of
such problems are approximate linear programs (ALP) and Lagrangian relaxations. It is
well-known that both approximations provide upper bounds on the optimal policy and that
the ALP provides a tighter upper bound. However, the ALP relaxation is typically much
harder to solve. We develop a framework to explicitly characterize the gap between the
two approximations. Our results show that under mild conditions, the gap is bounded from
above by a constant that is independent of the number of sub-systems; and the gap equals
zero for several widely studied problems.

The second part of the dissertation focuses on analyzing the performance of feasible

v



policies generated from Lagrangian relaxations, which involves relaxing the linking con-
straints and penalizing violations of the constraints with a Lagrangian penalty. However,
even with the linking constraints relaxed, the shared signals induce correlation between the
sub-systems and we need to choose the Lagrange multipliers carefully so that the gener-
ated policies achieve good performance. In particular, we develop a “special” Lagrangian
relaxation and a DP formulation of the corresponding fluid relaxation, which can be solved
by our iterative primal-dual algorithm. We then analyze the performance of the feasible
dynamic fluid policy. Our analysis implies, under mild conditions, that the policy achieves
asymptotic optimality as the number of sub-systems grows large. Finally, we demonstrate
the results in two applications: (i) a dynamic capital budgeting problem and (ii) a multi-

location inventory management problem with “world-driven” demands.
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Chapter 1

Introduction

Many sequential decision problems have a weakly coupled structure in that a set of linking
constraints couple an otherwise independent collection of sub-systems. This structure arises
in a wide variety of applications, including multi-armed bandits ([Whi80] ), inventory routing
and dispatch ([Ade04]), interactive marketing ([BMO07]), and assortment planning ([CGOT]),
to name a few. A key aspect of these problems is that the decision maker (DM) not only
needs to balance the immediate rewards and potential high future rewards, but also needs
to carefully coordinate decisions across the sub-systems. Such problems can be formulated
as stochastic dynamic programs (DPs). However, in practice, the DP approach is usually
intractable because such problems suffer from the so-called “curse of dimensionality” —
the number of states grows exponentially with the number of sub-systems. [AMOS] is
a seminal paper that develops theory and methodology for such problems, called weakly

coupled stochastic dynamic programs.

In this dissertation, we consider a generalization of weakly coupled DPs by incorpo-
rating randomly-evolving exogenous shared information (or “signals”). In each period, the
decision maker (DM) observes the signal and then makes decisions while satisfying linking
constraints. Incorporating signals into weakly coupled DPs allows us to expand the classi-
cal weakly coupled DP framework to a number of applications. For example, in adaptive
clinical trials, the DM needs to allocate patients to different treatments in order to learn the
efficacy of treatments but the number of available patients may vary randomly over time.
The framework also generalizes Markovian multi-armed bandit problems by (a) incorpo-
rating exogenous information through the signal and (b) allowing for more general actions.
However, shared signals also impose more challenges in order to design good policies since
the DM needs to dynamically adjust actions by taking the new information into account.

First, we analyze two widely-studied approximations for such problem. Next, we design



and analyze computationally efficient relaxations and policies.

1.1 On the Strength of Relaxations of Weakly Coupled Stochas-
tic Dynamic Programs

Given the structure of weakly coupled DPs, it is natural to consider approximations which
decompose value functions across subproblems. Two widely studied techniques to decom-
pose value functions are approximate linear programs (ALP), which involve optimizing value
function approximations that additively separate across subproblems, and Lagrangian re-
laxations, which involve relaxing the linking constraints. It is well-known that both of these
approximations provide upper bounds on the optimal value function in all states. Moreover,
although Lagrangian relaxations are more computational appealing, the ALP provides a
tighter upper bound in the initial state. The purpose of Chapter [2]is to provide theoretical
justification for the fact that these upper bounds are often close if not identical. Therefore,
our results suggest that for large scale problems satisfying conditions we specified in the

discussion, Lagrangian relaxation should be a preferred tool. Specifically, we show:

i. For any weakly coupled DP, the difference between these two upper bounds — the
relazation gap — is bounded from above in terms of the integrality gap of the sepa-

ration problems associated with the ALP;

ii. If subproblem rewards are uniformly bounded and some broadly applicable condi-
tions on the linking constraints hold, the relaxation gap is bounded from above by a

constant that is independent of the number of subproblems; and

iii. When the linking constraints are independent of subproblem states and have a uni-

modular structure, the relaxation gap equals zero.

The conditions for (iii) hold in several widely studied problems: generalizations of restless
bandit problems, online stochastic matching problems, network revenue management prob-
lems, and price-directed control of relocating resources. These findings generalize and unify

existing results.



1.2 Dynamic Programs with Shared Resources and Signals:
Dynamic Fluid Policies and Asymptotic Optimality

In Chapter [3] we consider a special class of weakly coupled stochastic dynamic programs
with exogenous signals, where the linking constraints represent the limited amount of shared
resources across subproblems. We refer such problems as dynamic programs with shared

resources and signals.

We focus on the design and analysis of policies generated from Lagrangian relaxations
in Chapter Although Lagrangian relaxations relax the shared resources constraints
and yield a decomposition across subproblems, the shared signal still induces correlation
between subproblems, thereby complicating the performance analysis. In order to address
this challenge, we develop a “special” Lagrangian relaxation and a DP formulation of the
corresponding fluid relaxation — a dynamic fluid relaxation — that provide upper bounds
on the optimal value function as well as a feasible policy. We develop an iterative primal-
dual algorithm for solving the dynamic fluid relaxation and analyze the performance of the
feasible dynamic fluid policy. Our performance analysis implies, under mild conditions, that
the dynamic fluid relaxation bound and feasible policy are asymptotically optimal as the
number of subproblems grows large. Our Lagrangian relaxation uses Lagrange multipliers
that depend on the history of past signals in each period: we show that the bounds and
analogous policies using restricted forms of Lagrange multipliers (e.g., only depending on
the current signal state in each period) in general lead to a performance gap that is linear
in the number of projects and thus are not asymptotically optimal in the regime of many
subproblems. We demonstrate the model and results in two applications: (i) a dynamic
capital budgeting problem and (ii) a multi-location inventory management problem with
limited production capacity and demands that are correlated across locations by a changing

market state.



Chapter 2

On the Strength of Relaxations of Weakly
Coupled Stochastic Dynamic Programs

2.1 Introduction

We consider a broad class of stochastic dynamic programs (DPs) comprised of subproblems
that are coupled by a set of linking constraints in each period but are otherwise independent.
Solving such weakly coupled DPs is typically difficult, as the number of states to consider
grows exponentially with the number of subproblems. As a result, it is natural to consider
approximation techniques that decompose the weakly coupled DP across subproblems and
are therefore much easier to solve.

In a key paper, [AMOS] develop theory and methodology for two decomposition methods
for weakly coupled stochastic DPs: value function approximations that separate additively
across subproblems and Lagrangian relaxations. [AMOS| show that the “best” additively
separable value function approximation can be found by solving a linear program (LP)
and we refer to this approach as the approximate linear programming relazation (ALP);
they also show that the optimal Lagrangian dual problem that jointly optimizes over the
Lagrange multipliers and Lagrangian value functions can be formulated as an LPE]

[AMOS8] show a number of related results. First, both relaxations provide upper bounds
on the optimal value function in every state. Second, compared to the Lagrangian relax-
ation, the ALP relaxation provides a tighter upper bound in the initial state, i.e., on the

performance using an optimal policy in the weakly coupled DP. Third, although the gap

'TAMOS] typically refer to what we call the ALP relaxation as the “LP-based relaxation.”
Other researchers (e.g., [IFR03]) use the term “approximate LP” to refer to approxima-
tions involving weighted sums of basis functions, which can be applied to DPs without
a weakly coupled structure. Also, in our discussion, when we refer to either the ALP
or Lagrangian relaxations, it should be understood that we are usually referring to the
optimal form of both (i.e., optimized to obtain the tightest upper bound in the initial
state).



between these upper bounds — the relaxation gap as we call it — can grow linearly with
the number of subproblems (Section 4.3.1 in [AMO0S]), they find on extensive numerical ex-
periments that the relaxation gap is typically small especially in relative terms with many
subproblems and prove that the relaxation gap is in fact zero for restless bandit problems
when at most one arm can be pulled per period. Finally, the ALP relaxation is typically
much harder to solve as the number of constraints in the ALP relaxation grows exponen-
tially with the number of subproblems. From classic results in optimization [GLS81], the
difficulty in solving the ALP is closely related to the difficulty in solving the associated
“separation” problems: i.e., given a candidate solution to the ALP, verifying that the solu-
tion is feasible to the ALP or finding a violated constraint (corresponding to a state-action
pair). For finite-state DPs, in general solving the ALP separation problems requires solving
a sequence of integer programs.

The closeness of the two upper bounds is consistent with findings from other researchers
(e.g., [KT16] and [VZ15] show that the relaxation gap is zero in network revenue manage-
ment problems) and is also consistent with our own experience. Given that a large number
of applications may be modeled as weakly coupled stochastic DPs, it is natural to ask when
the much easier-to-solve Lagrangian relaxation will provide a comparable upper bound to
the ALP relaxation. The purpose of this chapter is to fill a gap in the approximate DP
literature by providing some bounds on the relaxation gap in terms of problem primitives
(e.g., number of subproblems, structure of the linking constraints, etc.). Our main message

is that the relaxation gap is often small if not zero.
2.1.1 Literature Review

Our main setup follows that of [AMOS] and also includes exogenous states that evolve
randomly (and independently) of subproblem states; the inclusion of exogenous states does
not create any technical challenges but allows us to capture applications (e.g., network
revenue management) that we otherwise could not. Unlike [AMOS] we focus on finite-
horizon DPs, although we show in Appendix how results carry over to discounted,

infinite-horizon problems.



The basic idea of additively separable value functions is used widely in the approximate
DP literature and dates back to [SS85]; this theory is developed further by [dFR03]. Similar
approaches have been employed in many applications including network revenue manage-
ment ([KT16, VZ15]), stochastic inventory/routing ([Ade04]) and ambulance redeployment
(IMRHT10]).

Lagrangian relaxations have been used widely in the stochastic optimization literature.
In the stochastic programming literature, [DR98] and [TB00] use Lagrangian relaxations in
weakly coupled stochastic programs and derive duality gap results that leverage structure of
the underlying scenario tree. [Haw03, BM16] and [BS20] study Lagrangian relaxations and
fluid relaxations of weakly coupled DPs similar to the Lagrangian relaxation we describe in
Section[2.3.2] Lagrangian relaxations of DPs have been used in many applications, including
marketing [BMOT7], assortment optimization [CG0T7], network revenue management [Top09],
dynamic pricing [BBC21], restless bandit problems (e.g., [HE17] and [BS20]), and multi-
location inventory management [MJC22|, among many others. Several of these recent
papers (e.g., [BBC21, BS20, HF17, MJC22]) focus on analyzing the optimality gap for
feasible policies based on Lagrangian relaxations; our focus in this chapter is instead on the

relaxation gap, i.e., the gap between the Lagrangian and ALP upper bounds.

For network revenue management problems with independent demand models, it is
known that the ALP is equivalent to a particular Lagrangian relaxation introduced by
[Top09): see Section 5.4 of [VZ15], who study a general reduction framework for ALP re-
laxations in network revenue management, and Proposition 2 of [KT16]. These papers also
study customer choice models that go beyond the weakly coupled stochastic DP frame-
work. For the equivalence of the bounds in the case of independent demands, both of these
papers establish and use structural properties of an optimal ALP solution. Although these
properties are useful in their own right, Theorem [2.4.1] in this chapter provides a direct
path for showing this equivalence in network revenue management as well as several other
widely-studied problems (Theorem . Theorem also allows us to show the relax-

ation gap is small — bounded by a constant independent of the number of subproblems —



under a broad set of conditions on the linking constraints (Theorem [2.4.5). We provide a

more detailed comparison in Section [2.4.3

Contributions and Outline. Section [2.2| describes the problem formulation and Sec-
tion [2.3| provides necessary background for the two relaxations. In Section [2.4] we derive
a sharp upper bound on the relaxation gap that holds for general weakly coupled DPs
(Theorem : the key quantity that emerges in the analysis is the integrality gap of
the separation problems associated with the ALP. In Section [2.4.2| we use Theorem [2.4.1
to provide sufficient conditions on the structure of the linking constraints and rewards that
imply the relaxation gap is bounded from above by a constant that is independent of the
number of subproblems. In Section [2.4.3] we use Theorem to show that when the
linking constraints are independent of subproblem states and have a unimodular structure
the relaxation gap is zero and show that these conditions hold in several widely studied

problems. Proofs, extensions, and additional discussions are in the Appendix [A]

2.2 Model and Problem Formulation

We consider a decision maker (DM) making decisions over a finite-horizon, with time periods
denoted by t € {1,...,T}. In each period, the DM makes decisions for N subproblems,
indexed by i € {1,...,N}. A state variable s; = (s¢1,...,5; ) summarizes the DM’s
information about each subproblem ¢ in period t. We denote the state space for subproblem
i by S;; and the state space for all subproblems by S; = ®i]i15t,iv where ® denotes the
Cartesian product. In each period ¢, the DM also observes exogenous information with
state e; that evolves randomly over a state space E. We assume that S;; and F are finite
and the initial state (s1,e71) is given.

In each period ¢, after observing (s¢,e:), the DM selects an action a;; for each sub-
problem i from the set Ay ;(s¢,€;), assumed finite. We denote the actions selected for all
subproblems in period ¢ by a; = (a1, ...,a:n) and denote the set of actions in period ¢

and state (s¢,e¢) by Ay(se,er) = ®Z~]\L1At,i(st7i, et). In period ¢, the DM also faces a set of



N

Ly linking constraints of the form _ €;;(sti,et,at:) < bi(er), where €4 ;(st,€t,at:) € RL:
i=1

and by(e;) € RFt. We denote the DM’s set of feasible actions in a given period and state

by
N
Ai(s¢,e4) = {at € Ay(sy,e) Zet,i(st,iaehat,i) < bt(et)} ,

i=1

and assume this set is nonempty in every period and state.

In each period ¢, subproblem i generates a reward r¢ ;(s, e, at;) and we denote the to-
tal reward in period ¢ by r(s, e, a;) = g: 7t,i(St.i, €t, ar;). The states for each subproblem i
evolve randomly according to transitionZgrlobabﬂities, which we denote by P, ;i(st41.i|5ti, €t, ati),
and we assume these transitions are independent across subproblems conditioned on (s, e, a;).
Exogenous states also evolve randomly and independently of all subproblems; we denote
the corresponding transition probabilities in each period by Q:(ei+1]er).

A policy m = (ﬂt)g;l is a sequence of functions that map from states (s, e;) to actions
a; € Au(st,e) and a policy is feasible if mi(se,e;) € Ai(sy, e;) for every period and state.

The DM’s goal is to find a feasible policy that maximizes the expected total reward over

the horizon, i.e.,

T
Vi'(s1,e1) =max E [Z ri(se, e, at)
mell P

(81,61)] s (2.1)
where II denotes the set of all feasible policies and the expectation is taken over the stochas-
tic process induced by the policy.

Standard DP arguments (e.g., [Put94]) imply that there exists an optimal policy and,
using the terminal value function V7, ,(s7y1,er41) = 0, that we can express the optimal

value function as

Vi (s, e) = ategltf(ii e {Tt(st, er,ar) +E [‘/t:-l(st-‘rla €t+1))‘(3t7 Et, at)]} : (2.2)

It will help our discussion to have the following notation for some state-action sets of

interest:

Iyi= {(St,i7 et7at,i) : 81 € Stiser € Boag; € At,i(st,i7 et)} s
Tyi(er) = {(stisaei) = Sti € Sti,ari € Avi(sti er)},

8



Iy = {(st,et,at) 18 € St,et € F,a; € At(st,et)} ,

ft = {(Staetvat) ely:a; € At(st,et)} .

2.3 Approximate Linear Programs and Lagrangian Relax-
ations

In this section, following [AMOS], we describe two relaxations that decompose the DP across

subproblems, albeit in different ways.
2.3.1 Approximate Linear Programming Relaxation

The first approximation we consider draws inspiration from the well-known fact that the

optimal value V}*(s1, e1) equals the optimal value of the LP:

minimize  Vj(s1,€1)
Vt(St, €t)

subject to (2:3)

Vi(st,er) > ri(st,er,ar) + E [W+1($t+1, etv1)|(se, e, at)] , Yt (8,e4,a4) € I
LP is of little help computationally unless N is very small as both the number of con-
straints and variables — like the number of states in the DP — grow exponentially
with N. LP is, however, useful conceptually in forming approximations. Specifi-
cally, we consider an approximation that assumes the optimal value function is additively

separable across subproblems:
N
Vi(st,er) ~ Z Vii(stirer) s (2.4)
i=1

where V} i(s¢4,e:) is subproblem i’s approximated contribution to total valueE] By con-
straining the value function variables in LP (2.3) to satisfy the additive separability condi-
tion (2.4), we obtain the approximate linear program (ALP):

N
minimize Z V1,i(s14,€1) (2.5a)
V;t,i(st,i, et) i=1

ZWe could also include a constant “offset” in (2.4]) that in each period only depends on
e; but not s;. However, it is straightforward to extend Proposition 3 in [AMO§| to show
that we can take such an offset to be zero without loss of optimality.

9



subject to

N N

> Viilseirer) > ri(sienan) +E | Vigri(siyr )
i=1 i=1

(St76t7at)] ) Vtv (Stvetvat) € Ft-

(2.5b)

In general, although the number of constraints in ALP (2.5 grows exponentially with N,
the number of variables in only grows linearly with N: this makes amenable to
solution by constraint generation methods, as we describe shortly. We denote the optimal
value of the ALP by Vi*¥(s1,e1). From the above discussion it is clear that this value

is an upper bound on V{*(s1,e1).
Proposition 2.3.1. V{*(s1,e1) < VI (s1,¢€1).
2.3.1.1 Solving the ALP Relaxation with Constraint Generation

In this section, we describe a constraint generation approach that solves the ALP relaxation:
this approach is standard but we describe it formally here, as specific steps of the approach

will later play a key role in our theoretical analysis.

Given a candidate solution V' = (Vi i(Sti; €t)) (1,5, ;,e,) t0 the ALP relaxation, we define:

5¥(St,ia ety ari) = Vii(stirer) — rei(Sti e ari) — B [Vir1i(ser14, eer1)| (St e, ana)]

which represents the “slack” in the DP optimality condition for a given (t,1, s, €, ari).
For each time period ¢ and possible exogenous state e;, we consider the binary integer

program:

N
minimize Z Z Tyi(St,s €t at,z’)5¥(3t,z‘a et, ati)
ri(stir e, ari) € {01} 50 (o, aelia(en)
subject to
. (2.6)
Z Z L i(Stiser,ari)xei(Sed, e ari) < b(er),

1=1 (s4,4,a¢,:)€lt,i(et)

E Ty (St,iser,aeq) = 1, Vi

(s¢,5,a8,:)€T,i(et)

10



We refer to (2.6]) as the (¢, e;)-separation problem (or simply the separation problem) associ-
ated with the candidate solution V. Problem is in general NP-hard: this follows from
the fact that a multiple-choice knapsack problem (known to be NP-hard; see e.g., [Lin98])
reduces to a special case of with a single linking constraint. Each feasible solution of
problem ([2.6) selects a feasible state-action pair (sj;,a;;) for each subproblem 4 and this

corresponds to the constraint at (¢, s}, e, aj) in ([2.5D) in the ALP relaxation[]

For the constraint generation approach, in each iteration, we first solve an LP with
objective function and a subset of the constraints , represented with a set C
of feasible state-action pairs. By construction this provides a lower bound on V{*"(s1,e1)
and a (generally infeasible) candidate solution. We then solve the separation problem
for each period t and exogenous state e;. If the optimal value of is negative, this
corresponds to a constraint that is violated by the candidate solution. We then add
these constraints to C and repeat the procedure. At a given iteration, either no violated
constraints are found — proving optimality of the candidate solution in — Oor new
constraints are added. Since there are a finite number of constraints in , it follows that
the approach converges to an optimal solution in a finite number of iterations. Algorithm
provides a formal description of this approach.

We can improve the efficiency of the constraint generation approach in a variety of
ways, such as (a) solving the separation problems over all (¢,e;) in parallel and (b) using
warm start (e.g., with the dual simplex method) to solve the LP in step 6 at each iteration.
Even with such enhancements, the computational effort in solving the ALP relaxation can

be considerable, especially when solving the separation problems is challenging.
2.3.2 Lagrangian Relaxations

Given that the subproblems are coupled only through the linking constraints, it is natural

to consider relaxing these constraints. Specifically, we consider Lagrangian relaxations of

3[AMOS] use column generation to solve the dual LP of the ALP relaxation; the corre-
sponding reduced profit problem at each iteration of their column generation algorithm

is equivalent to (2.6)).
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Algorithm 1: Constraint Generation Algorithm

Input : Vi,(ss,e:), C =@, error = 0o, tolerance.
1 While error > tolerance
2 For all (t,e;) € {1,..., T} x E
3 Solve the separation problem and obtain the optimal objective

value z*(t, e;).

'y

If 2*(t,e;) < 0, add the corresponding constraint to C.
5 End (t,e;)
6 Solve the LP with objective function and constraints C and denote
an optimal solution by f/m(st,i, er).
7 Update: error= Hf/ — V| and V;;(sts, 1) = ‘Zgﬂ-(st,i, er)-
8 End
Output: V; (st er).

the original problem where we relax the linking constraints g: L i(stiser,ari) < b(er)
and penalize violations of this constraint with a Lagrangian penazl:t)lf. Here we focus on non-
negative Lagrange multipliers A = (Ai(e1),...,Ar(er)) that depend on the time period
and exogenous state e; in each period . We denote the feasible set of Lagrange multipliers
by A ={A:A(er) >0,V (t,e)}.

Analogous to the DP (2.2)), we can solve the Lagrangian relaxation through the DP

recursion

N
VtA(Sn €t) = max {T’t(st, €t, at) + A:(et) [bt(et) - Zet,i(st,i, et,at,i)]
i=1

ateAt(st,et)
+E [Wi1(3t+1»€t+1)‘(8t,%W)} } ,

A
where we take V7 (s741,ery1) = 0.

The following result is standard (see, e.g., Section 2.3 of [AMOS]).

Proposition 2.3.2. For any XA € A, the following hold for all t and (s, e;):

12



(a‘) (Wea'k DuahtY) V;‘,*(Sh et) < Vi)‘(sta et);

(b) (Decomposition). The Lagrangian value function satisfies

T

VA(st.e0) = D Ee, | AL (er)bi(er)

T=t

N
A
€t] +> Vii(staser)
i=1
where Vf;(st,i, etr) is a value function for subproblem i in isolation, which satisfies

Vt);(sm, er) = max Tt,i (St €ty ari) — A:(et)et,i(st,iv €, at,;)
’ at,; €At ;i (S¢e,i.et)

+E [Va-l,i(st+1,ia€t+1)|(5t,ivetvat7i)] } ,
where Vf‘+17i(sT+17i, ery1) = 0; and
(c) (Convexity). VX (sy,et) is piecewise linear and convex in X.

Thus, for any A € A, the value Vl)‘(sl, e1) is an upper bound on the performance using
an optimal policy to (2.1). Moreover, the Lagrangian DP decomposes across subproblems.

The Lagrangian dual problem is the problem of finding the tightest such upper bound:
A* o A
Vit (s1,e1) = min Vii(sy,en).
2.3.2.1 Computational Methods for Solving the Lagrangian Dual

Following [AMO0S], V" (s1,e1) equals the optimal value of the LP:

T N

minimize Y E., [Aj (et)bt(et)] + 3 VA (s14,e1) (2.72)
Ailes), Vi (seirer) =1 i1

subject to

‘/t,)%(st,iv et) > 7’t,z‘(8t,z‘, €t, Clt,z‘) - AZ(et)et,i(St,iy €t, at,z‘) +E [‘@‘rl,i(stﬂ,i, €t+1)‘(8t,i, €t, at,i)] s
V(t,), (stiet,ati) € L, (2.7b)
At(et) 2 07 \V/(t, et)7 (27C)

where we take VT>‘+1J-(ST+M, er+1) = 0. Constraints (2.7b]) impose Bellman optimality for

the Lagrangian relaxation value function, represented through the LP variables th\z-(st,i, et).
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In contrast to the ALP relaxation , both the number of variables as well as the
number of constraints in grow linearly with V. Moreover, unlike the ALP relaxation,
the Lagrangian relaxation preserves a DP structure across each subproblem, as noted in
Proposition M(b) This allows the use of methods that leverage this structure for addi-
tional efficiency gains, e.g., subgradient methods as in [Top09] or cutting plane methods as

in [BS20]; these methods also leverage the piecewise linear, convex structure in A described

in Proposition [2.3.2fc).
2.3.3 Relationship Between the ALP and Lagrangian Relaxations

[AMOS] show that V" (s1,e1) < V*(s1,e1) for any A € A, i.e., the ALP relaxation provides
a tighter upper bound than the Lagrangian relaxation does. Here we provide another
interpretation of this ordering. In short, we show that the Lagrangian relaxations of the
original problem can also be viewed as Lagrangian relaxations of the ALP relaxation with
a particular (restricted) form of Lagrange multipliersﬂ

Specifically, we consider Lagrange multipliers A (= Ai(s, €4, a;)) that, in addition to
time and exogenous states, also depend on subproblem states and actions. We let AS*
denote the set of such Lagrange multipliers that are non-negative for all ¢t and (s, e, at) €
I'y. The ALP relaxation only enforces constraints at feasible state-action pairs, i.e.,
(s¢,e4,a;) € T'y. We instead consider imposing these for all state-action pairs (s, e, a¢) € T
and include Lagrangian penalties on the right-hand side of the constraints.

Putting these relaxations together, we arrive at the following LP:

N
minimize Vii(si,,e1) (2.8a)
Aa ‘/t,l'(st,ia et) ;
subject to
N N
Z V%,i(st,iv €t) > Tt(3t7 €t, at) + At(su €t, at)T bt(et) - th,z‘(st,u et7at,i)
i=1 =1

4Theorem 3 of [AMOS§| provides sufficient conditions for the Lagrangian and ALP bounds
to coincide — these conditions seem difficult to verify a priori. The discussion following
Theorem 3 in [AMOS|] also provides a similar interpretation of the relaxations but using
different analysis and reasoning.
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N

+E D Visvi(siriier)
=1

(St, €, at)] s Vt, (St, €, at) S ]._‘t, (28b)
At(St, €, at) 2 07 Vt, (St, €, at) € Ft. (28C)

We denote the optimal value of by V4(s1,e1). It is clear that V*(si,e1) >
VP (s1,e1): this follows from the fact that for any fixed A € A®*, and any feasible state-
action pair (s;, e, a;) € Ty, constraint has a larger right-hand side compared to
the corresponding constraint in the ALP relaxation . On the other hand, by tak-
ing (s, er,ar) = 0 for (sg,eq,a;) € Ty and Ai(sy, e, ap) sufficiently large for (s¢, e, as) €
[';\I';, problem reduces to the ALP relaxation and hence V4 (s1,e1) < V' (s1,e1).

We can also consider constraining A in to be independent of subproblem actions,
thereby leading to a somewhat weaker upper bound V{*(sy, e1). Finally, if we constrain A in
to be independent of subproblem states and actions, we recover the optimal Lagrangian
dual problem in §2.3.2L As a result, we have V3*(s1,e1) < V¥(s1,e1) < VPN (s1,e1).

The following result formalizes this and provides a sufficient condition for V®(s1,e1) =

Vf‘* (81, 61).
Proposition 2.3.3. It holds that
Vit(s1,e1) < Vi¥(s1,e1) = VP (s1,e1) < Vi(s1,e1) < VP (s1,e1).

Moreover, if for all (t,e;) the feasible action set Ai(si,er) is independent of sy, then

Vi(s1,e1) = VN (s1,e1).

Thus, the ALP relaxation provides a tighter upper bound than the optimal Lagrangian
relaxation, and any gap between the two relaxations can be interpreted as due to the loss
in enforcing Lagrange multipliers in the ALP relaxation to be independent of subproblem

states and actions.

Approximation Architectures for Exogenous States. For simplicity we have
assumed that the ALP approximate value functions and the Lagrange multipliers in the

Lagrangian relaxation depend on exogenous states in each period only through e;. We could
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also consider other approximations that in each period depend on some function involving
the full sequence of exogenous states (e1,...,e;). As long as the same approximation
architectures involving the exogenous states are used in both the ALP and Lagrangian

relaxations, Proposition [2.3.3| and all results in apply.
2.4 The Relaxation Gap

In this section, we study the gap between the ALP and Lagrangian relaxations, i.e.,
VN (s1,e1) — VP (51, €1), which we refer to as the relazation gap. Proposition m shows
that the relaxation gap is non-negative. We first characterize the relaxation gap in terms
of the integrality gap associated with the separation problem then use this general
result to show that the relaxation gap is small — in some cases zero — for some specific

problem structures[]
2.4.1 General Upper Bound on the Relaxation Gap

The key quantity in our analysis is the integrality gap between the (¢, e;)-separation problem

(2.6) and its LP relaxation. Given a candidate solution V' to the ALP, this LP relaxation
of (2.6) is:
N
minimize > > ei(Stis €1, 14)0) 5 (51,6, €1, t.7) (2.9a)
Tei(st, e, atq) € [0,1] 55 (st,isat,:) €L i(et)
subject to
N
> > L1 (St,is €ty 1) Tei(Sti, €y ari) < b(er), (2.9b)
1=1 (s4,4,a¢,:) €Ly, (et)

Z i (St €, ar) =1, Vi (2.9¢)

(st,irat,:)€T,i(er)
The optimal values of (2.6) and (2.9) depend on £; ;(s¢, e, ari), bi(er) and V. We denote

the corresponding integrality gap, i.e., the difference between the optimal values of (2.6))

SRegarding the potential benefit of state-dependent Lagrange multipliers, in Appendix
we study the relaxation gap with V;(s1,e1) in place of V2 (s1,e1). The results
are qualitatively similar although the bounds are somewhat tighter and the required
conditions for zero relaxation gap are weaker.
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and (2.9), by AY (er, £, b;). By construction AY (e, £, b;) > 0.
The following result gives a bound on the relaxation gap that holds for any weakly

coupled DP.
Theorem 2.4.1. For any optimal solution V' to the ALP relaxation (2.5), the relazation
gap satisfies

VI)‘*(Slael) 81761 |: et,ﬂt,bt)} .

||Mﬂ

To gain intuition for Theorem con51der a fixed time ¢ and exogenous state e; and

denote by V any feasible solution to the ALP relaxation. By definition, we have

N N
> Viilseirer) = ri(sp e ar) +E | D Vigri(Serri eep1)| (st er, at)] Vst ar € Ai(sg, er),
i=1 i=1

e., V satisfies the DP optimality conditions at all feasible state-action pairs. With an

optimal Lagrange multiplier Af(e;) to the LP relaxation , we show in the proof that

N
D Viilstired) + AY (er, £, b1) > vi(sy e, ar) + Af(er) " (bt et) thz Stmetaatz)>
i=1

N

Z Vis1,i(St41is €141)
i=1

(Staetvat)] Vs, ar € Ay(se,er).

We can thus interpret AY (es,£;, b;) as an upper bound on the error in the ALP solution
V satisfying the DP optimality conditions in the Lagrangian relaxation.

In the case of a one-period problem, we have

Vit(si,e1) = max  ri(s1,e1,a1) ( max Zm 811,61,a11)> :

a1€A;(s1,e1) a1€A;(s1,e1)
and

*

A . T
Vit (s1,e1) =min  max  ri(s1,e1,a1) + A (e1) | bi(er) E Lii(s1,i,e1,a1,4) | -
A>0 a1€A1(S1,61)

It follows from well-known results in integer programming (e.g., Theorem 1 of [Geo74]) that
in this case the optimal value of the Lagrangian relaxation equals the optimal value of the

corresponding LP relaxation. Thus, we have
VN (s1,e1) = ViF(s1,e1) = AV (er, 01, b1).
This shows that the bound on the relaxation gap in Theorem is sharp.
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2.4.2 Problems with Constant Order Relaxation Gap

By analyzing the integrality gap of the separation problem (2.6)), we can obtain more

insightful results on the relaxation gap. In this section, we use the following assumption.

Assumption 2.4.2. There exist constants T and r independent of N that bound 1 (¢, €, ai)
from above and below for all t, i and (St;,et,ar;) € I'v; and at least one of the following

hold:
(i) For allt, i, and states (5;,,e:), there exists an action ai; € Ay (544, €:) such that
Li(8ei,€t,ar) < Lei(Stiyer,ars) V(sti,ae:) € Tei(er), (2.10)
where the inequality holds componentwise across all Ly linking constraints; or

(ii) For all t,i, and states (St;,et), there exists an action ai;(Sti,er) € Ari(Sti,er) such
that

Lei(stiser,ari) < Lii(Sti,et,ar) Vai; € Ari(Se,et) (2.11)

where the inequality holds componentwise across all L, linking constraints and the

following constants exist independent of N :

(a) € > 0 such that for all a;; € A¢i(st,i,et) for which £y ;(Sei, et ari) # Lei(Sti, €, Qi)

it holds that £y ;(Sti, et ars) — £ei(Sti, e, Q) > €-1; and

(b) £ and £ such that £-1 < L (e, e, an;) < 0-1 for allt, i, and (St,i,et,ari) € s

In addition to uniform bounds on rewards, Assumption [2.4.2| requires conditions on the
linking constraints. Condition (i) (see ) requires existence of an action a;; in every
state such that €;; is componentwise minimized over all state-action pairs. Condition (ii)
(see ) weakens this considerably to only requiring existence of an a;; in every state
that componentwise minimizes £;; in that state. Condition (ii) also requires that actions
that do not minimize £;; be sufficiently “separated” from a;; — we use these conditions in
constructing feasible solutions to integer program that we show are close to optimal

solutions of the LP relaxation (2.9)). In general, Assumption holds in many problems.
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For example, holds in any weakly coupled DP with a single linking constraint and
holds in any weakly coupled DP in which the linking constraints correspond to
consumption of shared resources and the DM always has the option to assign none of the
shared resources to a subproblem.

The following result generalizes Proposition 3 of [SZ79], which shows that any basic
solution to the LP relaxation of a multiple-choice knapsack problem has at most two frac-
tional variables. We prove the result by showing that any basic solution to problem

has at most min{NN, L;} fractional variables.

Proposition 2.4.3. If Assumption|[2.4.3 holds, then there exists a constant ¢ independent
of T and N such that for any (t,e;) and any ALP solution V', the integrality gap between
the separation problem (2.6) and its LP relazation (2.9) satisfies

Atv(et,ft, bt)

<c-min{N, L} z‘:r?,%.},(N {(St,i,ag)aexn,i(etss:;(St’h €t, at,i) —(Sma%iélrt!i(et()sx(St,z‘, €t, at,i)} .
Together with Theorem |2.4.1) Proposition [2.4.3] implies that for problems in which
Assumption holds and with a fixed time horizon and a fixed number L; of linking
constraints, the relaxation gap is bounded from above by a constant independent of N
provided we can uniformly bound the differences in 6¥LP (St,i,€t,at,;) by a constant inde-
pendent of N as well. Intuitively, we expect this to hold whenever an optimal solution

V™ to the ALP relaxation does not assign a disproportionate amount of value to any one

subproblem. The following result shows that this is true if Assumption holds.

Proposition 2.4.4. If Assumptz’on holds, then there exists an optimal solution V'**
to the ALP relaxation (2.5) and constants ¢; independent of N such that for any t, i, e,
sti and sy ;

(VA (starer) = Vi (siirer)| < e

Combining Propositions [2.4.3] and [2.4.4] with Theorem we obtain a bound on the
relaxation gap that is independent of NV if the time horizon and the number of linking

constraints is fixed.
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Theorem 2.4.5. If Assumption[2.4.4 holds, then there exists a constant C' independent of
N such that

Vf‘*(sl,el) — VlLP(Sl,el) S C . mtath .

The constants in the three previous results depend on whether condition (i) or (ii) is
satisfied in Assumption We provide expressions (depending on T, 7, r, £, £, and )
for these constants in the proofs. For Theorem when (i) holds, the constant C' grows
quadratically in T'; when (ii) holds, the constant C' grows exponentially in 7.

For problems with a fixed time horizon and a fixed number of linking constraints,
Theorem [2.4.5] implies that the ALP and Lagrangian relaxations provide asymptotically
equivalent upper bounds whenever the optimal value V;*(s1,e;) grows faster than a con-

stant E

Corollary 2.4.6. Consider a sequence of weakly coupled DPs indexed by N with both T

and Ly fized. If Assumption|2.4.2 holds and ]\}im Vi*(s1,e1) = oo, then
—00

- VN (s1,e1) — VIR (s1,€1)

=0.
N—oo Vl*(sl,el)

In Appendix we provide numerical examples based on a dynamic production and
allocation application in which Assumption [2.4.2] holds and find the relaxation gaps to be

quite small, consistent with Theorem [2.4.5
2.4.3 Problems with Zero Relaxation Gap

Theorem implies that the relaxation gap is zero if the integrality gap of equals
zero for every period t and possible exogenous state e;. In this section, we provide sufficient
conditions for the separation problem to have a totally unimodular structure — and
thus zero integrality gap — and we show that these conditions are satisfied by some widely

studied problems.

6Section 4.3.1 of [AMO§] provides an infinite horizon example with a single linking con-

straint in which the relaxation gap grows linearly with N. Although this appears to
conflict with Theorem the relaxation gap in this example can be tightened to a
constant by allowing the Lagrange multipliers to depend on time — see Appendix for
additional details.
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Assumption 2.4.7. For allt and e; the following hold:

(i) For alli, st;, and ay;, the vectors £y i(Sti,er, ari) (= Leiler,ari)) are independent of

Sti; and

(i) be(et) is integral and for the variables xyi(et,ar;) € {0,1} the constraint matriz
associated with the system
N
> e an)miiler ari) < by(er) (2.12a)
i=1 q; ;€Ay ;(er)

> mlena) =1 Vi=1,...,N, (2.12Db)
at i €A: i (et)

is totally unimodular, where Ay ;(et) = USt €5, Api(sti,er).

In the case of binary action sets, i.e., A¢;(sti,e:) € {0,1}, Assumption (ii) is
equivalent to the matrix L;(e, 1) — L4(et, 0) being totally unimodular, where L£y(es, ar) =

[€:1(e,at) - Len(er,ar)] and we take € ;(er, ar) = 0 if given (£, e;), a; is not in Az ;(er).

Theorem 2.4.8. If Assumptz’on holds, the relaxation gap is zero, i.e., Vl)‘*(sl, e1) =

VlLP(Sl, 61) .

To understand Theorem consider the case when Ay ;(s¢i, e:) = Ari(er), i.e., action
sets are independent of s;;. When Assumption [2.4.7 holds, this implies that the feasible
sets Ay(sy, e;) are independent of s;. Now consider the ALP separation problem (2.6) for a
given (t,e;) and candidate ALP solution V. Since the constraints in (2.6)) are independent
of states, for each subproblem action a;; € A ;(e), it is optimal to set x4 (544, s, a14) =1
for any state §;; such that 5¥(§t7¢, e, ay;) = ming, ; 5,};(3157@-, et, ;) S ét‘;-(et, at;). Thus the
ALP separation problem ([2.6) reduces to

N
minimize Z év; et, Gt .’Bt z(et, ag z)
zeilet, ari) € {0,1} i
subject to
N
S e an)wrilen ari) < bi(er)
1=1 a; ;€A i(et)

21



Z zeiler, ar) =1 Vi=1,...,N.
at,; €A i (et)

Due to Assumption m(ii), the optimal value of this integer program equals the optimal
value of its LP relaxation, and there exists an optimal Lagrange multiplier for the linking
constraints such that the Lagrangian dual of the LP relaxation obtains the integer optimal
value as well.

When Assumption holds, leveraging the construction within the proof of Theorem
we can make a stronger statement that the LP forms of both relaxations provide the

same upper bound in all states.

Corollary 2.4.9. If Assumption holds, then for any optimal solution V** to the
ALP relazation (2.5)), there exists an optimal solution (A}, Vtﬁ*(sm, et)) to the Lagrangian
relaxation LP [2.7) such that VN (sy, er) = Vi** (54, e) holds for all t and e; that occur with

positive probability.

We now describe four widely studied problems in which Assumption holds.

Generalizations of Restless Bandit Problems. In the traditional restless bandit
problem ([Whi8§]), the subproblems correspond to N “arms” and the action a;; € {0,1}
indicates whether the DM “pulls” (or “activates”) arm i in period ¢. Arms evolve randomly
and independently with state transition probabilities that may depend on a;; and the DM
can pull up to b; arms in a given period and receives reward ry (s, at;) in period ¢ for arm
1. The goal is to maximize the total expected reward, summed across all arms and time

periods.

We consider a generalization of the restless bandit problem in which:

1. The arm action sets are general finite sets including 0 and the linking constraint
limits the number of arms for which a;; # 0, i.e., up to b; arms can be activated with

any positive action in period t.

2. There is an exogenous state e; that may affect arm rewards, arm state transition
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probabilities, arm action sets Ay ;(s¢, e¢), and the constraint b;(e;) on the number of

arms that can be activated in a given period.

By including exogenous states, this model generalizes the multi-action restless bandit model
considered in [ZCJW19| as well as the “bandit superprocess” model considered in [Whi80],
in which non-activated arms do not change states and b; = 1.

This problem is a weakly coupled stochastic DP with a single linking constraint in each

period:

N
At(st,et) = {at = At(st,et) : Zﬂ{at,ﬁéo} S bt(et)} s

i=1
where 1.3 denotes the indicator function and we assume b;(e;) is integral without loss of

generality.

That Assumption holds in this problem follows from the fact that the constraint
matrix in Assumption m(u) contains only zero-one entries, there are at most two ones
in each column, and one of them must be in the first row (i.e., corresponding to constraint
(2.12a])), which implies the constraint matrix is totally unimodular ([HT56]).

The following result generalizes Theorem 7 in [AMO0S], which shows that for the (binary
action) restless bandit problem without exogenous states and with b; = 1 in every period,
the relaxation gap is zero. The proof technique for Theorem 7 in [AMOS] differs from ours

in that [AMOS] analyze the dual LPs associated with the ALP and Lagrangian relaxations.

Corollary 2.4.10. For the multi-action restless bandit problem with exogenous states, the

relazation gap is zero.

Online Stochastic Matching Problems. In the online stochastic matching problem
([EMMMO09]), the subproblems correspond to N advertisers and the action a¢; € {0,1}
indicates whether or not the DM assigns the arriving impression to advertiser ¢. Impression
e; € E arrives with a known probability in each period. Advertiser states represent the
number of remaining ad displays, which evolve as s;11,; = s¢; —a;;. The DM can assign an
impression to at most one advertiser. The goal is to maximize the total expected rewards

Tti(St,i, €r, ar;) summed across all time periods and advertisers.
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The action sets A;i(s¢q,e) € {0,1} capture the bipartite graph structure between
advertisers and impressions: we have Ay ;(s;;,e;) = {0,1} if (i) advertiser ¢ and impression
e are connected and (ii) s;; > 0 and we have Ay (s¢;,e;) = {0} otherwise. This problem
is a weakly coupled stochastic DP — in fact, a special case of the (binary action) restless
bandit problem with exogenous states described in the previous section — with a single
linking constraint in each period and feasible action set:

N
At(st,et) = {at € At(st,et) : Zat,i < 1} .

i=1
Corollary 2.4.11. For the online stochastic matching problem, the relazation gap is zero.

Network Revenue Management with Markovian Requests. In network rev-
enue management ([Top09]), the subproblems correspond to N resources with limited ca-
pacity (e.g., flights) and the exogenous state e; represents a randomly-arriving request for
a subset of resources (e.g., a flight itinerary, which is a collection of flights). The request
process (e;)._; follows a general time-dependent Markov process with transition proba-
bilities Q¢(es+1]e;), which includes the standard case of independent requests (but with
time-varying probabilities). This formulation could in principle capture problems with
randomly-evolving — and potentially serially correlated — market conditions that influ-
ence the distribution of requests, as such market conditions could be included as part of
the exogenous state.

The decision in each period is whether to accept or reject a request and accepting
request e; generates reward 7¢(e;). Requests consume resources: we denote the number
of remaining units of resource ¢ in period t by s;; and request e; consumes ¢;(e¢) units of
resource i. We denote DM actions by a;; € {0, 1}, which indicates whether or not resource

7 is used in period t to fulfill the current request e;. The action sets are

{0,1} if s > ci(er),
At,i(st,ia €t) =
{0}  otherwise,

and the linking constraints reflect the fact that the DM has to either accept or reject the

full request, meaning that the actions a;; need to be the same for all . We can write these
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linking constraints as a;; = a,i4+1 for all ¢ < N, which is equivalent to
N
Ai(st,er) = {at € Ay(sy,er): Zﬂiam = 0} ,
i=1
where £; denotes the i column of the (totally unimodular) matrix £ € {—1,0, 1}(N-DxN
with, for all i < N, £;; =1 and £; ;41 = —1 and all other entries equal to zero.

We can write the rewards as ry;(s¢, e, ati) = ft(et)]l{ci(et)>o}/|l(et)\, where I(e;) de-
notes the set of resources i such that c¢;(e;) > 0. Finally, the number of remaining units of
each resource transition as s¢y1; = s¢; — ¢i(er)ar;. (In this formulation for ease of notation
we assume the DM has to simultaneously accept or reject all resources for each request
but the definitions of the reward and state transition functions capture the facts that only
resources ¢ € I(e;) generate rewards and requests only consume resources i € I(e;)).

The following result generalizes Proposition 2 in [KT16], which shows that for network
revenue management problems with ¢;(e;) € {0,1} and independent request arrivals, the

relaxation gap is zero.

Corollary 2.4.12. For the network revenue management problem with Markovian requests,

the relaxzation gap is zero.

Rather than analyzing the integrality gap of the ALP separation problems, [KT16]
consider the Lagrangian relaxation of the ALP, as in . By showing existence of optimal
Lagrange multipliers that perfectly coordinate acceptance decisions across resources in this
relaxation of the ALP (see Proposition 4 of [KT16]), they show that this relaxation of the
ALP separation problems incurs no additional loss, which leads to the equivalence result.

The equivalence result in [KT16] also follows from Proposition 3 of [VZ15], which shows
that their column generation subproblem for the ALP relaxation can be formulated as
a compact LP; [VZI15] prove this result by showing total unimodularity of their column
generation subproblem. Their formulation is different than our ALP separation problem
in that they use different variable definitions related to linearizing the effect of capacity
in the ALP relaxation value functions as well as additional forcing constraints on their

binary variables.
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The proofs in [KT16] and [VZ15] rely on structural properties of optimal solutions to
the ALP relaxation — namely, diminishing marginal value in remaining resource capacity
and time. Although these structural properties are useful in their own right, the relaxation
gap from Theorem [2.4.5allows us to establish equivalence of the bounds in network revenue

management problems without using properties of optimal ALP solutions.

Price-Directed Control of Relocating Resources. Motivated by applications in
logistics networks (e.g., [Ade(7]) and shared vehicle systems (e.g., [BBC21] and many ref-
erences therein) a number of researchers have studied optimal control policies for resources
that circulate over a network of locations. Consider a network with N locations, represent-
ing the DP subproblems, and a finite number of resources distributed at these locations.
In each period, a request e; = (o, ds, py) arrives according to some Markov process; the
request represents a customer who wants to move one unit of a resource (e.g., a rental car)
from location o; to location d; for a price p;.

The DM has to decide whether to accept or reject the request with the goal of maximiz-
ing the total expected rewards. We denote the number of resources in location ¢ in period
t by s¢;. The action sets are

{0,1} if (i =o0; and s; > 0) or (i = dy),

At,i(st,i, et) =
{0} otherwise,

and the linking constraint reflects the fact that the actions a;; have to be the same for

locations o; and d;. We can write this linking constraint as a;,, = a; 4,, which is equivalent

to
N
At(St,et) = {at € At(Suet) : Zgi(et)at,i = 0} )
i=1
where £y, (e;) =1 and ¢4,(e;) = —1 and all other coefficients are zero. The reward function

is 7¢i(St,i, €4, ari) = %t “atilic{ond )} and the number of resources in each location evolves
as S¢41,4 = St T at,i]l{i:dt} - at,i]l{i:ot}’
Computing an optimal policy to this problem is challenging due to the fact that an

optimal policy requires keeping track of the number of resources at all locations. The ALP
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relaxation finds the best value function approximation that additively separates across
locations and the Lagrangian relaxation relaxes the linking constraints a,, = a4 q,, which
allows the DM to manage the locations independently. Other researchers (e.g. [BBC21])

have applied Lagrangian relaxations to variations of this problem.

Corollary 2.4.13. For the relocating resources problem described above, the relaxation gap

18 Zero.

2.5 Conclusion

Inspired by [AMOS], in this chapter we have studied two widely used approximation tech-
niques for weakly coupled stochastic DPs: ALP relaxations and Lagrangian relaxations.
Our own experience aligns with the computational findings in [AMOS|: the ALP approxi-
mations (which involve solving integer programs in each iteration of a constraint or column
generation procedure) are quite difficult to solve compared to the Lagrangian dual (which
typically involves solving a DP for each subproblem in isolation as part of a first-order
method). Moreover, this dramatic increase in computational effort often comes with little-
to-no benefit in terms of bound quality. The theory in this chapter confirms that this is

not a coincidence.
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Chapter 3

Dynamic Programs with Shared
Resources and Signals: Dynamic Fluid
Policies and Asymptotic Optimality

3.1 Introduction

In this chapter, we consider a decision maker (DM) making decisions across separate sub-
systems that are coupled by both a shared resource constraint as well as shared information.
Such problems arise in a variety of applications. For example, in applications such as adap-
tive clinical trials or online advertising, the DM has a constraint on the number of “arms”
(e.g., treatments or ads) that can be selected in each period, as well as exogenous informa-
tion that evolves randomly over time (e.g., the number of arriving patients or the number
of impressions during a given time interval). In capital budgeting problems, firms may con-
duct costly R&D to learn about the likelihood of success or failure of new products while at
the same time observing fluctuations in outside investments that affect the firm’s ability to
launch new products to market. In some inventory management problems, firms may have
limited production capacity across many locations (e.g., stores or warehouses) while observ-
ing changing market conditions that simultaneously affect demands over these locations. In
these and other problems with this structure, in order to achieve good performance the DM
needs to carefully coordinate resource allocation decisions across the subsystems as well as
dynamically adjust allocations in response to new information.

Motivated by these applications, we formulate and study a class of stochastic dynamic
programs (DPs) that we refer to as dynamic programs with shared resources and signals.
In each period the DM observes a signal, which describes the shared information, then
allocates a limited amount of a shared resource across a set of projects. The signal evolves
randomly according to an exogenous, finite-state Markov process and the signal may affect

the shared resource constraint, the rewards of each project, the state transition probabilities
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of each project, and the resource consumption of each project.

Solving the resulting DP is impractical unless the number of projects is small: the
number of states to consider in an optimal policy grows exponentially with the number of
projects. Because projects are coupled by the shared resource constraint, it is natural to
consider approximations based on Lagrangian relaxations that relax the shared resource
constraint in each period. These relaxations provide an upper bound on the performance
with an optimal policy and also decompose the problem across projects. However, even with
the shared resource constraints relaxed, the signal process nonetheless induces correlation
between the projects and we need to choose the Lagrange multipliers carefully in order to
achieve good performance. In particular, we consider Lagrange multipliers in each period
that depend on the history of signals up to that period. This choice fully “decouples” the
projects in the Lagrangian relaxation in that the project state distributions are independent

conditional on the signal history in each period.

The optimal Lagrangian dual problem, which chooses Lagrange multipliers to provide
the tightest possible upper bound, can be formulated as a linear program (LP) and its dual
LP can be interpreted as a form of a fluid relaxation. With Lagrange multipliers depending
on the history of signals in each period, the corresponding fluid relaxation is difficult to
solve directly as an LP. To address this challenge, we develop a dynamic fluid relazation
that we show generates optimal policies and value functions to the fluid relaxation. This
dynamic fluid relaxation is based on a DP formulation that we show is piecewise linear and
concave in the fluid states. We exploit this structure and develop an iterative, primal-dual
algorithm that we show converges to the optimal value functions for the dynamic fluid
relaxation.

We also use the dynamic fluid relaxation to generate a feasible policy to the original
DP, i.e., the DP with shared resource constraints enforced. We analyze the performance
of the feasible dynamic fluid policy and derive an explicit bound on the performance loss
associated with this policy. Our analysis implies, under mild conditions, that the feasible

dynamic fluid policy and the dynamic fluid relaxation bound are asymptotically optimal

29



as the number of projects grows large. We also provide analytical examples that show that
similarly constructed policies and performance bounds from Lagrangian relaxations with
restricted Lagrange multiplier forms (e.g., depending only on time or the current signal
state in each period) are not asymptotically optimal as the number of projects grows large.

We illustrate the framework and results on two of the applications described above.
The first is a dynamic capital budgeting problem with Bayesian learning in which a DM
decides which projects to select for R&D and, ultimately, which projects to fund given
uncertainty in the funding budget. The second is a multi-location inventory management
problem combining models studied in [EHN90] and [DARIS8] in which a firm faces a limited
production capacity to fulfill demand in each period and the signal represents an observable

and changing market state that affects the distribution of demands at all locations.
3.1.1 Literature Review

Our model falls into the class of stochastic dynamic programs with both endogenous (i.e.,
action-dependent) and exogenous states. [Bral9] studies Markov decision processes that
include exogenous variables and develops “endogenous” forms of traditional DP algorithms
(policy and value iteration) with improved convergence speed for these problems. Although
our model fits into this framework with project states being endogenous and signal states
being exogenous, our focus is on the regime of many projects — and hence many endogenous
states — when exact solution of the stochastic DP is impractical. Our model is also
a “weakly coupled DP” in that it is comprised of subproblems that are coupled by the
shared resource constraints but otherwise independent. [Haw03, [AMO8, BM16] and [BS20]
study Lagrangian relaxations and fluid relaxations of weakly coupled DPs similar to the
Lagrangian relaxation in Section below. Lagrangian relaxations of DPs have been used
in many applications including marketing [BMO7], assortment optimization [CG07], network
revenue management [Top09], dynamic pricing [BBC21], and restless bandit and dynamic
selection problems (e.g., [HF17] and [BS20]), and multi-location inventory management
[MJC22]. The presence of exogenous state information (the signal) plays a central role in

our model and analysis and differentiates our work from all of these papers.
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The problem we study can be viewed as a generalization of the restless bandit problem
introduced by [Whi88| where (i) the DM may “select” each project multiple times in every
period, corresponding to allocating more of the shared resource to a project, with projects
potentially consuming different amounts of the shared resource; and (ii) there is exoge-
nous information (the signal) that can affect the shared resource constraint as well as each
project’s rewards, transition probabilities, and resource consumption amounts. [Whi8§]
proposes a heuristic index policy by viewing the index as a breakeven Lagrange multiplier
and conjectured that in the infinite-horizon average reward setting this policy is asymp-
totically optimal as the number of projects (or “arms”) grows large. This conjecture was
later proved to be true under certain conditions by [WW90]. [BS20] develop an optimal
Lagrangian index policy for finite-horizon restless bandit problems (“dynamic selection
problems”) and prove this policy is asymptotically optimal in the regime of many arms;
they also provide examples in which Whittle’s index policy may not perform well and fails
to achieve asymptotic optimality. [HF17] study a restless bandit problem with a priori iden-
tical arms and a constant budget and prove their index policy is asymptotically optimal.
[ZCIW19] study a multi-action restless bandit problem and develop and analyze a policy
based on a perturbation of a fluid relaxation; we use a similar idea (in Appendix when
analyzing the performance of the feasible dynamic fluid policies as the time horizon grows
with the number of projects.

The problem we study can also be viewed as a generalized form of a finite-horizon
contextual bandit problem in which the “context” (signal, in our case) evolves according
to a given Markov process. Most of the literature on contextual bandits has focused on
minimizing regret — the performance gap between the proposed algorithm and an optimal
strategy with known parameters (e.g., [DHKOS8| [AGI3] and [RVR18]) — with an unknown
stochastic model. Our focus is instead on optimizing over non-anticipative policies in a
given stochastic model with a Markovian signal process.

The primal-dual algorithm we use to solve the dynamic fluid relaxation relates to the

literature on the Stochastic Dual Dynamic Programming (SDDP) approach to solving linear
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multistage stochastic programs. The SDDP algorithm proposed by [PP91] generates a
feasible policy using approximations of the value functions computed by Benders cuts. A
number of researchers have studied related variations that leverage the structure of the
particular applications studied (e.g., [CP99] and [BZ08]). [CP99] provide the first formal
proof about the convergence of their algorithm. [LP05] extend this proof and ideas to
other SDDP algorithms. [PGO8] provide an alternate proof of this result that exploits the
fact that the subproblems have a finite number of extreme points and our algorithm and

convergence proof leverage similar ideas.
3.1.2 Contributions and Outline

Our main contributions are (i) a detailed analysis of Lagrangian relaxations and the de-
velopment and analysis of a corresponding dynamic fluid relaxation; (ii) the development
of the feasible dynamic fluid policy and a performance analysis that implies asymptotic
optimality of the policy as the number of projects grows large; (iii) the development of
a primal-dual algorithm for solving the dynamic fluid relaxation and a proof of its con-
vergence; and (iv) illustration of the model and methods on two applications that are of

practical interest but are difficult to solve.

We begin in Section by describing the model, formulating the shared resource and
signal DP, and describing some applications that fit into the framework. In Section we
first describe the Lagrangian relaxations with Lagrange multipliers depending on the history
of signals and study the structure of these Lagrangian relaxations; in Section we also
describe some Lagrangian relaxations with Lagrange multipliers restricted to simpler forms.
We develop the fluid relaxation in Section[3.3.2] In Section[3.4] we develop the dynamic fluid
relaxation, establish its relationship to the Lagrangian dual problem developed earlier, and
define feasible dynamic fluid policies. In Section [3.5] we develop a primal-dual algorithm
for solving the dynamic fluid relaxation and show that the algorithm converges. In Section
B-6] we analyze the performance of the feasible fluid dynamic policy and show that under
mild conditions the policy is asymptotically optimal in the regime of many projects for

problems with a fixed time horizon. Finally, in Section we demonstrate the model and
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approximations in the two applications described above. Proofs and additional discussions

are in the Appendix.

3.2 Model and Problem Formulation

We consider a special class of the problem described in Section where the linking
constraints represent the limited amount of shared resources across subproblems. In each
period, the DM allocates a limited amount of a shared resource across a set of N projects,
indexed by ¢ € {1,..., N}. The projects evolve randomly over different states and we denote
the state of project i at time t by s;; and state of all projects by s; = (s¢1,...,5¢n)-
We denote the set of states for project i by S; and the set of states for all projects by
S = @M ,S;. We refer to the exogenous information as the shared signal (or simply the
signal) and denote the state of the signal in period ¢ by z; and the set of signals by Z. We

assume that S and Z are finite.

In each period, the DM observes (s¢, z:) and selects an action a; for each project from
the set A¢;(st,2¢), which we assume to be a finite set within Ry that contains 0 (a “no
allocate” / “no select” action) for all ¢, i, s;; and z;. We denote the actions selected for all
projects in period t by a; = (a1, . .- ,at,N) and denote the set of actions in period t and
state (s¢,2¢) by A¢(st, zt) = ®Z‘J\L1At,i(5t,i7 z1). We interpret a;; as an allocation to project
1 of some amount of a limited resource that is shared across all projects in each period.
Project ¢ consumes by ;(S¢., 2, at;) units of the resource in period ¢ when the state of the
project and signal are s;; and z;, respectively, and action a;; is selected. We denote the
total amount of shared resource available in period ¢ when the signal is z; by By(z); we
assume for all ¢, i, s¢;, and z¢, that be;(se, 2¢,0) = 0, by (e, 2t,ae:) > 0 for all a;; not
equal to 0, and By(z;) is nonnegative. We denote the DM’s set of feasible actions in period

t by A:(s¢, z¢), where

N
Ai(8¢,2¢) = {at € Ai(se, ) th,i(st,i;ztaat,i) < Bt(zt)} .

i=1

Although we focus here on the case of a single shared resource constraint, in Appendix
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we extend the model and performance analysis to the case of multiple shared resource
constraints.

In each period, each project generates a reward that depends on time, the state of the
project, the signal, and the action for the project. We denote the reward for project ¢ in

period t by ¢ ;(S¢4, 2, ar,;) and the total rewards in period ¢ by

Staztvat E rtl Stuzt;atz)

Project states evolve randomly according to transition probabilities that depend on time,
the current project state, the signal, and the action for the project; we denote these tran-

i» 2t at;) for each project i and assume that transitions

sition probabilities by P; ;(
are independent across projects conditioned on (8¢, z¢, a;). Signals evolve randomly accord-
ing to a time-varying Markov chain that is independent of all the projects; we denote the
corresponding transition probabilities by Q¢(z¢+1|2¢).

A policy p = (pt)thl is a sequence of functions, where p; maps from the period-t state
(st,2t) to AlA(sez)l e g probability distribution over actions; actions are then selected
randomly according to this distribution in each period given (s, z;). We say a policy p
is mized if p; is supported on more than one action for some t and in some state (s, z¢)
(otherwise, we say p is deterministic). A policy p is feasible if p, maps to a probability
distribution that is supported on A;(s¢, ;) in every period ¢ and every state (s, z;). We will
typically denote feasible policies by m = (ﬂt)thl and we denote the set of feasible policies
by II. We will use the shorthand a] to denote the action selected by 7 in period ¢ given
the current state (s¢, z;), where it should be understood that this action may be generated
randomly when 7 is mixed. We also use s] to denote the state process with policy .

The DM’s problem is to find a feasible policy that maximizes the total expected reward

over all periods given the initial state (s1, zl), ie

where the expectation is taken over the stochastic process ((sg,zt))thl induced by the

Vl*(sl,zl = max E
well

(81721)] ; (3.1)

policy.

34



Following standard DP results (e.g. [Put94], Theorem 4.5.1) we have:

(a) For any initial state (s1,21) we can calculate the optimal value recursively as

Vi (se, 2t) = acnax {ri(st, 2, a0) + E Vi (S0, 2041) | (86, 20,a) ]}, (3.2)
where Vi (8741, 274+1) = 0;

(b) There exists a deterministic optimal policy 7* € II; and

(c) If 7} (s¢, 2¢) maximizes the right-hand side of equation (3.2) for every t and in every

state (s, z¢) then 7* is optimal.
Finally, for a feasible policy 7, we define the associated value function

T
V?(Stv Zt) =E ZTT(S:’ 2T a:)
T=t

(87-, ZT)] )

which we can write recursively as
Vi (81, 2t) = E[re(se, 21, a7 )] + E [V (8441, 2e41) | (86, 21, a7 )]

where, in the case of mixed policies, the expectation includes an averaging over the actions

selected by .
3.2.1 Illustrative Applications

To help motivate the model, we now describe some applications that fit into this framework.

We provide numerical results based on the first two applications in Section [3.7}
3.2.1.1 Dynamic Capital Budgeting

We consider the problem of a firm conducting research and development (R&D) on and
allocating an uncertain and limited amount of capital to fund a set of projects. The first
T — 1 periods are research periods in which the firm can gather information on each project
at a cost (e.g., by conducting R&D tests or experiments on the projects). The final period T’

is the funding period in which the firm has a limited budget to fund a subset of the projects
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and only funded projects generate rewards (e.g., expected NPV of future revenues). The
firm funds projects in period T through an outside investment with values (z;)Z_; that are
observable to the firm in each period and evolve randomly according to a given stochastic

process, with Br(zr) representing the realized funding budget.

Projects rewards are uncertain and the firm has a prior distribution on the rewards for
each project. In research periods, conducting R&D on a project randomly and indepen-
dently generates information about that project and based on this observed information
the firm updates its beliefs about the project through Bayes’s rule. The firm’s goal is to
choose an R&D and funding policy to maximize the expected reward.

The optimal funding decision in this problem is straightforward: in period 7', the firm
selects the subset of projects with the highest expected reward subject to the funding
constraint given zp. Finding an optimal R&D policy is, however, much more difficult.
In a given research period t, a high anticipated funding budget signaled by z; creates an
incentive for the firm to spend less in R&D, as incurring costs to learn about and distinguish
projects when a high funding budget is signaled may be wasteful. On the other hand, a
low anticipated funding budget signaled by z; creates an incentive for the firm to be more
selective and thereby invest more in R&D in an effort to find the best projects. Balancing
this trade-off even with a known funding budget is by no means obvious as there can be many
projects and projects themselves evolve randomly over heterogeneous states. Randomness
in the funding budget further complicates the challenge, as the firm needs to make R&D
decisions in each research period taking into account the random future evolution of the

funding budget.

In our examples, we consider a beta-binomial model in which all projects are a priori
identical and each project has an unknown success probability following a beta distribution
with parameter s;; = (o, fti); if a project is funded in period 7', the firm receives an

QT 4 . . .
i, where r; is a profit margin. In research periods, the firm can

expected reward of P

conduct R&D on project ¢ up to a;; < a times at cost ca;;. The firm then observes a;; €

{0,...,as;} “successes” for project i (and a;; — ar; “failures”) from these a;; experiments,
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where a;; follows a beta-binomial distribution with a;; trials and parameters (o i, Bsi)-
The firm then updates the state for project @ as s¢11; = (ou,i + Gui, Bri + ari — ari). We
assume the signal z; follows a discrete geometric Brownian motion process with a given

drift and volatility. Our specific numerical assumptions are described in Section [3.7.1
3.2.1.2 Multi-Location Inventory Management with Correlated Demands

In many inventory management problems firms face the challenges of both (i) limited
production capacity for managing inventory at multiple locations and (ii) demands that
are correlated across the locations due to shared market conditions that fluctuate over
time. We consider the problem a firm managing inventory of a product at a potentially
large number of locations (e.g., stores or warehouses) over a finite horizon. The state s;;
for each location ¢ is the inventory level of the product at location ¢, which evolves as
St41 = (St +ai — dt,i)+, where d;; is the random demand for the product at location
¢ in period t and a;; is the firm’s decision about how much of the product to allocate at
location ¢ in period ¢. Each location has a limited capacity a; for inventory and the firm
has limited total production capacity B; in each period, i.e., we require Zf\il at; < By.

A similar multi-location model is studied in [DAR9S], who assume demands are indepen-
dent across locations. In many settings, however, we may expect the demand for products
to exhibit correlation across locations due to shared market conditions that fluctuate over
time (e.g., [EHNOQ, [SZ93), [CS01]). We adopt a demand model similar to [EHN90| in which
(2¢)L_, represents an observable market state that affects the demand distributions at all
locations (e.g., macroeconomic factors that systemically influence demands or variations in
weather that affect the demand for seasonal products). The product demand at location i
in period t is given by d;; = szt + €¢,i, where ‘it,i is a forecast of the expected demand
at location ¢ in period t given z; and €;; is a zero-mean forecast error. We assume &;; are

independent over locations and time.

The firm generates revenue for selling the product and incurs production costs as well

as holding and shortage costs for leftover inventory and unmet demands, respectively. We
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can express the expected reward for location 7 in period ¢ as

Tei(Stir 26, ari) =B [(pri — hei) (st + ari — dei)t =i (si+ar; —dii)” ’Zt]

+ pridiize — criag

where p;;, ¢ii, hy; and by; are the per unit revenue, production cost, holding cost, and
unmet demand cost for the product at location ¢ in period ¢, respectively. The firm’s
objective is to find a feasible production and allocation policy that maximizes expected

profits.

Similar to [EHN90], the observable market state (z;)]_, follows an autoregressive pro-

cess. We provide more details in Section [3.7.2
3.2.1.3 Other Applications

By virtue of allowing projects to consume various amounts of a shared resource and in-
corporating exogenous information through the signal process, the model we study can
capture a variety of other applications. For example, models of response-adaptive clinical
trials involve Bayesian learning to find the best treatment for a disease (e.g., [AB16]) and
include the ability to assign multiple patients (the shared resource) to various treatments
(the projects). This ability to “batch” patients to treatments is necessary in practice, as
time lags in observing treatment outcomes render a fully sequential, response-adaptive al-
location of each patient to a treatment impossible. The model we study could also describe
generalizations of such problems in which the number of arriving patients evolves randomly

over timeE|

Problems with a similar structure also arise in marketing. For example, [BMOT7] con-
sider an interactive marketing problem in which a marketer learns about a set of marketing
“messages” (the projects) by assigning them to customers with a specific segment (the
shared resource). In practice the number of available customers in each period may be ran-

dom. Recent research in A /B testing (e.g., [BEMS20]) also involves dynamically assigning

For example, dealing with uncertainty in the number of available patients has been an
ongoing challenge in clinical trials for COVID-19 treatments; see, e.g., [NDS20].
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subjects either a new or a control “treatment” (e.g., a website design) in the presence of
random, covariate information about each subject. Although much of the literature on A /B
testing takes a frequentist approach, our model and results may be relevant and useful for

Bayesian forms of A/B testing, particularly with multiple treatments.

Our model also captures online matching problems: for example, advertisers (the
projects) have the capacity to display a certain number of advertisements to particular
impressions (the signal), which arrive randomly in each period. Here the shared resource
constraint represents the limit on the number of assignments per arriving impression (typi-
cally one), and only advertisers “connected” to an arriving impression may be assigned. Al-
though the literature on online matching problems focuses on different asymptotic regimes
than we study here (usually, as the time horizon and/or initial capacities grow large, vs.
number of projects and shared resource constraints growing large, as is our focus), the dy-
namic fluid relaxation and feasible dynamic fluid policy can be applied to these problems

and may perform well in many instances.

3.3 Lagrangian and Fluid Relaxations

The DP is difficult to solve due in part to the shared resource constraint, which
couples projects and leads to a total number of DP states that grows exponentially with
the number of projects. In this section, we describe Lagrangian relaxations that relax the
shared resource constraint and include a Lagrangian penalty that penalizes violations of
the shared resource constraint. These Lagrangian relaxations greatly simplify the DP by
decomposing the problem across projects. We then describe an equivalent dual form of the
Lagrangian relaxation in terms of fluid relaxations.

Lagrangian relaxations are well-studied in the literature on weakly coupled stochastic
DPs (e.g., [Haw03l [AMOS| BM16], and [BS20]). A key innovation in the Lagrangian re-
laxations we consider is to allow the Lagrange multipliers in each period ¢ to depend on
the period-t history of signals z; = (z1,...,2) in every period ¢. This dependence on

signal histories, while unnecessary for optimal policies to the original DP (3.2), has impor-
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tant implications for the performance of these Lagrangian relaxations, as we will explain
shortly. On the other hand, the dependence of the Lagrange multipliers on z; also presents

computational challenges that we will later address.
3.3.1 Lagrangian Relaxations

In this section we consider Lagrangian relaxations of where we relax the shared re-
source constraint Zf\il bei(st,i,2t,at,i) < Bi(z) and penalize violations of this constraint
with a Lagrangian penalty. Here we focus on nonnegative Lagrange multipliers A =
(M(21),..., Ar(z7)) that depend on the time period and may also depend on the his-
tory of signals z; in each period t. We denote the feasible set of Lagrange multipliers by
A={X:\(z) >0Vt 2 € Z"}.

Analogous to the DP , we can solve the Lagrangian relaxation recursively as a DP

given by

N
Lt)‘(st, Zt) = max {Tt(sta Zt, at) + )\t(zt) Bt(zt) - Z bt,i(st,iv Zt, at,i)]
i=1

ar€A¢(st,2t)

(3.3)
+E[L} 1 (St41, Ze41)| (8¢, 21, at)]} ,

A _
where we take Ly (s711,2741) = 0.

The following result is analogous to Proposition [2.3.2] but with Lagrange multipliers

depending on the history of signals.
Proposition 3.3.1. For any A € A, the following hold for all t and (s, z¢):
(a) (Weak Duality). V;*(ss, z¢) < L} (8¢, 2¢); and

(b) (Decomposition). The Lagrangian value function satisfies

T N
LNsez0) = Y E(z0)Br(zn)lzd + > L (500 z0) (3.4)

T=t =1
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where Lt):i(sm, z¢) 1s the value function for the project-specific DP, which satisfies

Lt}\i(st,ia z) = max Tt (St 26, ati) — Ae(2e)bei(Stis 2t, i)
’ atyiEAt,i(St,mZt)

(3.5)
+ E[Lt}\—&-l,i(st—l-l,i, Zt—i—l)’(st,iv Zt, at,i)]} ’

A _
where LT—}-I,z’(STJrLi? zry1) =0.

Thus, for any A € A, the value L{(s1,21) is an upper bound on the performance of
an optimal policy to that can be used as benchmark to evaluate the performance
of feasible policies. The advantage of the Lagrangian relaxation is that, for any set of
nonnegative Lagrange multipliers, the Lagrangian DP can be decomposed into independent
project-specific problems and the project-specific value function for project ¢ in period ¢
only depends on s;; as opposed to the states of all projects s;.

Although the Lagrangian relaxation decomposes into a sum of project-specific DPs, the
signal state space for each of these project-specific DPs grows exponentially in ¢, which
makes a direct solution (e.g., by backwards recursion) of the project-specific DPs
impractical unless |Z| or T are very small. For example, in the dynamic capital budgeting
examples we consider in Section we take |Z| = 50 and T' = 12. The number of states
for the project-specific DPs at time t in these examples equals |Sy| x 50¢~1, which at

time T is larger than |S7| x 4 x 10'8.
3.3.1.1 The Optimal Lagrangian Dual Problem

As discussed in Proposition the Lagrangian relaxation provides an upper bound for
the optimal value function. It remains to identify Lagrange multipliers to provide tightest

possible upper bound. The optimal Lagrangian dual problem is

&IIGIRI L) (s1,71).

Following standard results in the literature on weakly coupled DPs (e.g., [AMO0S]), we
can formulate the optimal Lagrangian dual problem as a linear program (LP) :
T N
minimize > E(z0)Bi(z)] + Y LY (s14,21) (3.6a)
Ae(zt), Li,i(sti, 2¢) =1 i—1
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subject to
Lt)}-(st,u zt) > 1ei(Se, 2t ari) — Me(2e)be (S, 2t a15) + E Lt)‘+1,¢(8t+1,i, Zt-i—l)‘(st,ia zmat,i)} ,
V(t7 Z.a St,iy 2ty at,i)7 (36b)

)\t(zt) Z 0, \V/(t, Zt) . (36C)

where we set L% +1,i(ST+1,z’a zr + 1) = 0. Constraints impose Bellman optimality for
the Lagrangian relaxation value function, represented through the LP variables Lai(st,i, Zt).

Although in principle we can solve the optimal Lagrangian dual problem in several ways
(e.g., a subgradient method as in [Top09], a cutting plane method as in [BS20], or directly

as an LP), these approaches are impractical unless |Z|T is small.
3.3.1.2 Restricted Lagrangian Dual Problems

In this section we describe two restricted Lagrangian relazations that are both natural to
consider and also lead to simpler dual problems. Specifically, we can consider Lagrange

multipliers restricted to being within the sets:

1. As = {X : M(z1) = M(2)) Y(t, 24, 2}) s.t. 2z = 21}, i.e., the Lagrange multipliers
in every period ¢t depend only on the current signal z; (S for “signal-dependent”

Lagrange multipliers).

2. At ={X : M(z1) = M(2}) Y(t, 2z, 2}) }, i.e., the Lagrange multipliers in every period

t are constant (T for “time-dependent” Lagrange multipliers).

In both cases, the Lagrangian relaxations decompose across projects, but now the project-
specific DPs greatly simplify in that project-specific value functions depend only on the
states (s, 2;) in every period. Given that At C As C A, it follows that the corresponding

Lagrangian dual problems satisfy

min L (s1,21) < ){IEHADS L (s1,21) < ){IelknT LY(s1,21) .

Restricting Lagrange multipliers to be within these two sets reduces the number of

states in the project-specific DPs to be linear in |Z|. Thus these two relaxations are easier
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to solve and may provide reasonable approximations to the original DP in some cases. Of
course, other forms of restricted Lagrange multipliers are possible and may also perform
well in some cases.

In general the restricted Lagrangian relaxations described above, however, do not pro-
vide asymptotically optimal performance bounds or policies due to the fact that project

states are not independent in these relaxations. We now provide some intuition for this.

Intuition for Needing Lagrange Multipliers to Depend on Signal Histories.
Figure [3.1| gives some intuition as to why the restricted Lagrangian relaxations lead to de-
pendence across projects despite the fact that these relaxation value functions decompose
across projects. In Figure [3.I] we use the optimal solution of restricted Lagrangian relax-
ation dual with A € Ag for the dynamic capital budgeting example described in Section
(and later in Section assuming all projects are a priori identical and that
at most one R&D experiment can be performed on each project in research periods. In
this example there are T' = 12 periods. Panel (a) shows the distribution of the number of
times a project is selected for R&D using an optimal policy to the restricted Lagrangian
relaxation, averaging over all signal processes and project states, conditional on zp = 24
(corresponding to a funding budget in period T' of 48% of projects). Here we see that a
given project will be selected for R&D anywhere from 1 to 5 times and on average a project
is selected for R&D about 2.25 times.

In panel (b), we show two possible signal histories 2z} and 2% both ending at 2z = 24.
Signal history z1. (dashed blue with squares) grows quickly initially — suggesting in the
first few periods that a large funding budget may be realized — then decreases to zp = 24
from period 8 onwards. Signal history 22 (dotted red with circles) on the other hand grows
smoothly to zp = 24.

With signal history le, the funding budget is initially anticipated to be large, and an
optimal policy in the restricted Lagrangian relaxation will not select a project for R&D
more than twice and on average will select a project for R&D only about 1.5 times (panel

¢). Intuitively, given that a large funding budget is initially anticipated, the optimal policy
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Figure 3.1: Illustration of how the signal process induces dependence in the

grangian relaxation with A restricted to be in As.

La-

prefers to allocate R&D effort towards finding a large number of projects that are of “good”

but not necessarily “great” quality (i.e., one or two successful R&D results). On the other

hand, with z%, an optimal policy tends to select a given project for R&D more, up to 5

times and about 2.45 times on average (panel d): in this case, a funding budget initially
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anticipated to be smaller leads to an optimal policy that aims to find a smaller subset

projects that are of higher quality (i.e., three or more successful R&D results).

Because the signal process affects all projects, it follows that project states are correlated
using this restricted Lagrangian relaxation: if one project has been selected for R&D several
times by period 7', this provides information about the possible signal history leading to

zr, which in turn provides information about the state distribution of other projects.

With Lagrange multipliers that depend on the signal history in each period, however,
all information about the signal history is embedded within the Lagrange multipliers and
projects are thus conditionally independent. Although restricted Lagrangian relaxations
may provide good approximations in some cases, conditional independence of the projects
in the Lagrangian relaxation is essential for obtaining asymptotically optimal policies in

general and we provide more detail in Section [3.6]
3.3.2 Fluid Relaxation

The dual LP of the optimal Lagrangian relaxation LP (3.6) provides “state occupancy
measures,” which arise frequently in the study of weakly coupled DPs (e.g., [AMOS, BM16],
and [HEF1T]). Specifically, the dual variables represent the probabilities of visiting particular
states and taking specific actions in the optimal Lagrangian relaxation. We will use this
dual formulation in generating feasible policies that we can apply to the original problem.
Specifically, the dual LP of the optimal Lagrangian relaxation LP ({3.6]) is
T N
maximize Z Z Z 43 (Styis 2ts Qi) i (Stis Zt, Qi) (3.7a)
/J“tyi(stv'h Zt, atfi) t=1 i=1 St,i,2t,0¢,;
subject to
N
SN brilsi 2 ari)pei(sei 2 aei) < Qu(ze)By(z), V(t, z), (3.7b)
i=1 St,i,0tq

Z Mt+1,i(5t+1,i7 Zt+1, atJrl,'i) = Z Pt,i(5t+1,z'|8t,i, 2ty at,i)Qt(thrl|Zt)Mt,i(5t,ia Zt, at,i)7

At41,i St,is0t,i

Vt < T, (i, St41,0, Zt41), (3.7¢)
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Zm,i(sl,i,zl,al,i) =1, Vi, (3.7d)

ai;

Mt,i(st,iv Zt, at,i) > 07 V(t, i) St iy 2t at,i) ) (376)

where Q¢(z;) = H';;ll Q@+ (z741|2r) denotes the probability of a signal history z;.

We can interpret the variable pu;(sti, 2z¢,at;) as the probability that project ¢ in pe-
riod t visits state (s, 2¢) and action a;; is selected. Constraints require that these
probabilities sum to one in the initial state and constraints are “flow balance” con-
straints that describe the evolution of these probabilities over time. Constraint is
a relaxation of the shared resource constraint: for every history of signal states z; up to
period ¢, this constraint requires the shared resource constraint hold in expectation, where
the expectation is taken over the possible project states s; conditional on z;. The objective
of is to maximize the total expected reward.

The following result formalizes this intuition and adds a bit more.

Proposition 3.3.2. The optimal values of the optimal Lagrangian relazation LP (3.6))
and the fluid relaxation LP are the same. Moreover, consider any optimal solution
()\*,LQ; (st,i,zt)> to and any optimal solution u;i(st,i,zt,at,i) to and consider
a mixed policy (pf)thl that, independently for each project i, selects action as; in period t
and state (s¢;, z¢) with probability

1y i (Stis Zt5 Gt i)

* . / :
Zai,iGAt,i(St,mZt) /u’tji(st,’l,, Zit, atﬂ-)

(a) p* is an optimal (mized) policy to the Lagrangian relaxation with A*.

(b) For any state (s¢4, 2¢), if a given action a; is uniquely optimal (respectively, strictly
suboptimal) to the Lagrangian DP (3.3) with X*, then pj (s, zt) = at; with proba-

bility one (respectively, pz‘ﬂ-(st,i, zt) = ag; with probability zero).

(c) For every period t and every z;, we have

(E

where L indicates that at least one of these conditions is binding.

Zt

N

(P p*
E :bt,z(sm" Zt) at,i)
i=1

= Bt(Zt)) L (A(z) 20), (3.8)
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Thus we can interpret the fluid relaxation LP (3.7) as an optimization over mixed
policies that satisfy the shared resource constraint in expectation for every period ¢ and
every signal history z;.

The corresponding dual problems for the restricted Lagrangian relaxations described in
are provided in Appendix For Lagrange multipliers that depend on time and
current signal state, i.e., optimizing over Ag (respectively, just time, i.e., optimizing over
A7), the shared resource constraint holds in expectation for each time period for each signal
z (respectively, for each time period). Moreover, the dual formulations of the restricted
Lagrangian relaxations also relax the flow balance constraints by aggregating over

signal histories z;.

3.4 Dynamic Fluid Relaxation

In this section, we derive a dynamic fluid relaxation of the original problem (3.1)) in the
form of a DP and show that this DP is equivalent (in a sense we make precise) to the
fluid relaxation LP (3.7). This DP formulation will be the foundation for the primal-dual
algorithm that we use in Section to solve the fluid relaxation. The fluid relaxation
written as an LP in is difficult to solve because, although the project fluid states
evolve in a deterministic manner according to the flow balance constraints , we need
to solve for the optimal distribution across actions in every period and project for every
history z; of signals. We address this difficulty by writing the fluid relaxation as a stochastic
DP that is Markovian with respect to the current signal z; but represents the project states

with continuous variables.

Specifically, we recast the state variables at time ¢ to be: (i) the proportion of project i
in state s;; € S; at time ¢, which we denote by f;;(s¢;); and (ii) 2z, as before. Similarly, the
decision variables at time ¢, which we denote by w¢ ;(st, 2t, at,i), represent the proportion
of project ¢ that is in state s;; and have action a;; selected. By construction, we have

Z ft,z‘(St,i) =1, V(tvi% Z ut,i(8t7i7zt7at,i) = ft,i(St,i), V(t,i73t,z‘72’t)-

5t,i€85; at, €A (S¢t,i,2t)
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By letting f; = (fi(s¢,4)) and w; = (u,i(S¢,4, 2, ar,)), we consider the “fluid” DP

Vi (Ffi,2) =  max {Z Z Tti (St 2t Qi ) Ui (Stis 2t5 Qti)

wt €U (f4,2t) 1 seoaci
b

(3.9)
+ E [‘/1‘,:*1 (ft+17 Zt+1) ’(.fh Zt, Ut)] }7
where
N
Up (f1:2t) = {ut >0 : Z Z be,i(St,is 2t Qri ) ui(Sty 26, ari) < Bi(z),
1=1 5¢,4,0¢,5
S uni(sii 2 ani) = fralses) Vi, st,»}
at;
and
Jevvi(serna) = Z Z Py i(St41,i|50, 2t r.) i (St,00 265 Q1) (3.10)

5t,i€5i ay, i €Ay i (St,i,2t)
which we denote with the shorthand f,,; = P;(2;)u;. In this formulation, the project
states evolve in a deterministic manner as a “fluid” according to and a given project
may “split” across states. We refer to as the dynamic fluid relazation.

We will develop an algorithm solving the dynamic fluid relaxation in Section
This algorithm relies on some structural properties. First, the dynamic fluid relaxation
value functions V" (f,,2:) are concave and piecewise linear in f,. Since a concave and
piecewise linear function is differentiable almost everywhere and the right-hand side of
equation is a convex optimization problem — in fact, an LP, as we now show — given
any (f,, z:), we can also obtain a supergradient of VF(f,, z:) at f, from the corresponding

dual variables.
Proposition 3.4.1.

(a) (Concavity). For every zi, Vf (fy,2t) is concave and piecewise linear in f,.

(b) (Supergradients). For any (f,,zt), the optimization problem in (3.9)) can be written

as a linear program. Let 0, denote any optimal dual variables corresponding to the
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constraints Za“ U i(Sts 2, ae) = fri(sei) V(i,84). Then 0y is a supergradient of

Vi(fez) at fy:

VI (F1o2) S VE(Fo2) + 0] (F — £1) for all fi.

Finally, the following result establishes the relationship of the dynamic fluid relaxation

to the relaxations developed in Section

Proposition 3.4.2. Let (f;, z¢,u)) denote an optimal process associated with the dynamic
fluid relazation (3.9) and py;(st, 2t,ar:) denote an optimal solution to the fluid relaxation
LP (7).

(a) pi(Sei, 2e,ap4) = Q(zt)u;i(sm, 24, at4) i an optimal solution to LP (3.7). Moreover,

for any z; with Q(z¢) > 0, actions (w.)._, where uri(Sri,2r, ar;) = D)

are optimal to the DP (3.9)).

(b) For every t and any (f;,2) and random initial state 8¢ such that 5., is distributed

as (ft,i(st,i))sz,iesi P

E [V;t*(éh Zt)] < V;tF(ftv Zt) .

(¢) For any X € A and for any (f,, z¢),

T N
VE(fi2) €D ED(20)Br(z)lze] + > ) frilsei) L (04, 2).

=t i=1 St

(d) For any optimal solution ()\;"(zt),Lé;(sm, zt)) to the optimal Lagrangian relazation

LP (3.6) and for any zq,

T N
VE(Fr ) =Y BN (20)Br(zn) |z + > Y ffilsei) LY (s1: 21).
T=t

=1 St

Moreover, Lt}‘: (St,i,2t) is a supergradient of V' with respect to f, at (fy,z).

Proposition [3.4.2(a) asserts that we can obtain an optimal policy to the dynamic fluid
relaxation (3.9) from any optimal solution to the fluid relaxation LP (3.7 and vice versa.
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Figure 3.2: In this illustration, there are three signal histories z;, each with the
same signal z; in period t. The dynamic fluid relaxation value function is plotted in
green. The blue (dashed) hyperplanes are active at one of three possible fluid states,

and the red (dotted) hyperplanes are active at other fluid states, which are not visited

by the optimal dynamic fluid policy.

Parts (b) and (c) show that the dynamic fluid relaxation provides a performance bound on
the optimal value function that is weakly tighter than any Lagrangian relaxation, although
part (d) adds that the dynamic fluid relaxation and the optimal Lagrangian relaxations

coincide along an “optimal fluid path.”
3.4.1 Feasible Dynamic Fluid Policies

An optimal policy to the dynamic fluid relaxation can be implemented as follows. First,
given a signal history z; and the dynamic fluid relaxation value functions V7, we can solve
for a sequence of fluid optimal actions uf in each period ¢ by repeatedly solving given
the current state (f},z:) — by Proposition u; can be calculated by solving a linear
program in each period. We then update the fluid states as f;, ; = Py(z)u;. Then,
independently for each project i, when in state s;; we select action a;; with probability
u;i(st?i’Zt’at7i)/(Zaé’iEAt,i(St,th) uz‘,i(sm,zt,a;i)). Note that for a given signal history zp

the process (u})]_; is deterministic. The following definition formalizes this construction.
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Definition 3.4.1. The dynamic fluid policy p* selects action a;; for project ¢ in state s;;
in period ¢ with probability u;i(st,i, Zt, am)/(za; AL (500,74 uf (st,i, 2t, at4)), independently

across projects, where

N
ui € argmax > Y ri(Sed 2 an)uni(Seis 2 aei) + B Vi (Fepn 2e0) [(FF 20u0)] ¢

ue €U (£1,2t) | =1 St,isQt i

and fluid states evolve as f7, | = Py(z)u;.

Propositions [3.3.2|(a) and [3.4.2|(a) imply that the dynamic fluid policy is also an optimal
mixed policy to the Lagrangian relaxation with optimal Lagrange multipliers A*. The
dynamic fluid policy may not be feasible to the original DP because the shared resource
constraint may be violated with positive probability in some states, although according to
Proposition m(c) for every signal history z; the period-t shared resource constraint will

hold in expectation.

We now describe one way to obtain feasible policies from the dynamic fluid relaxation.
Given a current state and action af " for the dynamic fluid relaxation, the feasible policies
we consider will first rank the projects according to states (and possibly actions using p*),

p*

then assign either 0 or aj, resources to each project in their ranked order, ensuring shared
.

resources are used in maximal fashion. We make this precise with the following definitions.

Definition 3.4.2. A priority index ranking, given a state (s, z;) and an action a; in period
t, calculates a value vy ;(S¢ 4, 2, ar ;) for every project i then sorts the projects in decreasing
order of these values. We assume this ranking is unique for every period, state, and action

(i.e., no ties).

We will denote priority index rankings by o, suppressing the dependence on time, states,
and actions. Definition is a natural generalization of an index policy (e.g., [Whi88])
from the literature on multi-armed bandit problems. However, this definition does not fully
specify a policy in our model because it does not describe how to allocate shared resources
across the projects. We now describe how we do this in the feasible dynamic fluid policies

we consider.
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Definition 3.4.3. Given a randomly generated action af " for the dynamic fluid policy in

the current state, a feasible dynamic fluid policy me: (i) ranks projects according to any

priority index ranking o using the current state and af " and (ii) assigns projects shared

resources in order of o, i.e., for j = 1,...,N, we take a;" ., = a’ L if enough shared
t,0(j) t,0(j)

resource remains and affr(j) = 0 otherwise.
b

In words, a feasible dynamic fluid policy 7 “follows” the dynamic fluid policy p* as
closely as possible in that if the realized actions from p* satisfy the shared resource con-
straint in a given state, then 7 allocates the shared resource identically to p*; otherwise,
if the realized actions from p* violate the shared resource constraint in a given state, then
7 allocates the shared resource to a subset of actions by p* in a maximal way, as defined
above. Many priority index rankings are possible: in our numerical examples, we will use
a priority index ranking that simply ranks projects by project index number, i.e., we take
o(j) =g forall j =1,...,N in every period and state. More sophisticated rankings (e.g.,

based on an approximate value function, such as Lg‘z ) may perform even better.

In our examples in Section and in some of the performance analysis in Section
we will discuss policies from the restricted Lagrangian relaxations in Section
We generate these policies analogously as in Definition with the difference that we
start with an optimal mixed policy from the corresponding restricted Lagrangian relaxation

rather than p*.

3.5 Primal-Dual Algorithm for the Dynamic Fluid Relax-
ation

In this section, we discuss how to solve the dynamic fluid relaxation (3.9) with a primal-
dual algorithm that is a form of stochastic dual dynamic programming applied to our
problem. The algorithm uses the piecewise linear, concave structure of the dynamic fluid
value functions to build approximations to VF(f,,2;) from above; these approximations
improve with each iteration of the algorithm. We refer to the algorithm as primal-dual

because it generates an approximate value function to the fluid optimal value function that
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in every iteration provides (a) a feasible policy in the fluid relaxation — and hence a lower
bound on Vi (f,21) — and (b) a dual upper bound on V" (f,, z¢) in every period ¢ for every
(fer2t)-

At each iteration j, the algorithm maintains sets K7(z) of slope-value pairs (8,v),
where @ € REZ1 18] and v € R, that provide a piecewise linear, concave approximation of

the form

Vi(fnz)= min  {0Tf 40},
(0.v)EK] (=)

for every (t,z), where we take V/(f,,z) = 0 if Ki(z) = @; we take K%H = o for all j.
These piecewise linear, concave approximations will provide upper bounds to V7 (f;, z;) in

all states.

Each iteration j of the algorithm proceeds as follows:

M
m=1

1. Signal sampling. We sample M independent (27) signal sequences.

2. Primal evaluation step. For every sampled signal sequence, we calculate the fluid se-
quence (f}")I_, forwards in time, starting with the initial state f]* = f,. Given (f}", 2/),
we take fil; = P(2")u}", where u}” is any optimal solution to the right-hand side of

N
VI(f7 ") = max {Z D et 7" an)uni(sei, 21" ati)

we U (£12") i=1 St,,G¢,; (3 11)
+E [‘Zﬁjﬂ (ft+1azt+1)‘(f§n7zfn,ut)} )

which can be solved as an LP (see problem (B.2]) in Appendix [B.2]). The fluid sequence
()L, represents the fluid states that are visited by the fluid policy that selects actions
“greedily” with respect to the approximate value functions Vt]H given z7'. In addition,

as explained below, we can use the values th (f7', 2{) to estimate the performance of this

feasible policy in the fluid relaxation.
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3. Dual improvement step. We improve the approximations V;j by adding new pieces to
generate th + Specifically, working backwards in time starting from 7', we calculate the
values

VI(f", )=  max {Z Z T (Stis 2t Qi) Ui (Stis 2t Qi)

welri | & .5, (.12)
1
[thfl (ft+1azt+l)‘(.f?72taut):| ;

for each of the M sampled fluid states f}* and for every signal z; € Z, which can be done by
solving a set of LPs. We show that V (£, z;) < V{ (£, z;). Moreover, analogous to Propo-
sition (b), an optimal dual variable 6}"(z;) for the constraints ) ars Ur,i(Sti, 26, Qi) =
ft”}(sm) provides a supergradient to the expression on the right-hand side of , i.e.,
the linear function V7 (f7°, z,)+ 07 (z) T (f,— f") is an upper bound to the right-hand side
of for all fluid values f;.

In this way, we add the new “pieces” (0;”(2,5),17,3(]“;”,%) - Of(zt)Tf?l) to the set
K/ (z) to form the set Kngl(zt) After doing this for all z;, we repeat at ¢t — 1.

Algorithm [2] above provides a formal descriptionf] and the following result summarizes

some properties about these values.

Proposition 3.5.1.

(a) (Dual Values in Algorithm [2). For all iterations j > 1, periods t and states (f, z):

(i) V/(fy,2) is nonincreasing in j; and

2Although Algorithm [2 |_| as stated adds all possible pieces in every iteration, it is sufficient
for convergence to only add pieces that strictly improve the approximation, i.e., only add
pieces when Vj (f72) < Vj (f7", z). This follows from Lemma which shows that
if no new improving pieces are added for a sufficiently large number of iterations, then
the approximation is optimal with probability one.

3 Although we do not take advantage of this in our examples step 7 can be performed over
all (z¢, fi) in parallel. It is also possible to replace V i1 ! with Vt "1 in calculating the
dual improvement in , which would also admit parallel computations across time
(but require a modified V,* to ensure an upper bound in each iteration). We thank an
anonymous referee for these insightful observations.
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Algorithm 2: Primal-Dual Fluid Relaxation Algorithm
Input : K?(z;) = @ and an iteration limit .J.

1 Forj=0,...,J—1

2 Sample M independent signal sequences (27)M_ .

3 Primal evaluation: compute M fluid sequences (f7")_, according to
(13.11)).

4 Dual improvement: for ¢t =1T,...,1

5 For all z;, € Z

6 For all (f7)M_,

7 Calculate V7 (£, z,) by solving and obtain 0}"(z;) from

an optimal extreme point solution to the dual LP.

8 End (f")5

. K{ ™ (z) = K () U { (8720, VI (7, 20) = 07(z0) T 1) }

10 End (z)

11 End (¢)

12 End (j)

Output: V,/(f,, 2)-

(i) V(o) 2 VE(f1o ).
(b) (Primal Values in Algorithm [2)).

M
(i) The quantity 57 > V™, where

m=1
T
v =V () + Y (V) = V()
t=2
is an unbiased estimate of the performance of the fluid policy that selects actions
greedily with respect to ‘_/tj(ft, 2t).

(ii) For every zift, V™ < Vlj(fl, 21), with equality holding if and only if th satisfies

the Bellman equation (3.9) at states (f}*,z}") for all periods t.
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Although the description of the algorithm above takes an iteration limit J as input,

we can also take a tolerance ¢ > 0 as an input and stop the algorithm whenever the
iy M

suboptimality estimate V{(f1,21) — ;7 >, V™ is less than or equal to e. For a large

m=1
enough number of iterations the algorithm converges to an optimal solution to the fluid

DP.

Theorem 3.5.2 (Convergence). With probability one, ‘_/tj satisfies the Bellman equation

(13.9) at any fluid optimal state (f,z¢) in a finite number of iterations.

We briefly explain the intuition for Theorem We approximate VF(f,,z) by the
minimum of a set of linear functions. In each iteration, we enlarge the set of linear functions
by adding pieces. Since V7 (f,, z;) is piecewise linear with a finite number of pieces, as the
set of pieces in the approximation grows large the approximation should be close to the

true value function. The sketch of the proof is:

e We show that th (f,z) is an upper bound for VJ(f,, z) that is decreasing over

iterations since we preserve all pieces that are generated.
e We show that for every (¢, z¢), Vi (f, 2t) has a finite number of pieces.

e We then show with probability one, if no new pieces are added in a finite number of

iterations, the resulting policy is optimal to the dynamic fluid relaxation (3.9)).

If we enumerate all possible signal sequences in step 2 (i.e., M = |Z|T~1), then in the
worst case, each iteration only adds one piece. The proof of Proposition [3.4.1| provides an
upper bound on the number of pieces for th (f, zt), which grows rapidly in T in the worst
case. In our numerical examples, the algorithm converges in a few iterations even with
a relatively small sample size M in each iteration, and in practice the algorithm can be
terminated after any number of iterations, thereby providing an upper bound to the optimal
value function (and fluid relaxation) that can generate a feasible policy as in Section

as well.
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Figure 3.3: [llustration of the recovered value function (yellow) for the example illus-
trated in Figure Algorithm [2| has converged to optimality when all hyperplanes
corresponding to every possible fluid state f7(z;) are present in the approximation.
Hyperplanes that are active at other fluid states (e.g., the dotted red hyperplanes in

this illustration) may not be included in the recovered value function.

3.6 Performance Analysis

In this section, we analyze the performance of feasible dynamic fluid policies described in
Section and develop a performance bound that implies asymptotic optimality of the
dynamic fluid relaxation bound and feasible policy in the regime of many projects for a

fixed time horizon

In what follows, we let 7 (r) denote an upper (lower) bound on r¢;(s¢ 4, 2¢, at), b denote
an upper bound on by (¢, 2¢, at;), and b denote a lower bound on by ;(s¢;, 2¢, at;) (over all

actions a;; > 0). In everything that follows, we assume 7, r, b, and b exist as constants

independent of N.

4Appendix|ﬁ| generalizes this analysis to the case of multiple shared resource constraints.
In Appendix [B7] we also describe a variation of the dynamic fluid relaxation that “per-
turbs” the shared resource constraints and analyze the performance of the corresponding
policies. The performance analysis in the perturbed case is slightly weaker in N but
under mild conditions provides policies and performance bounds that are asymptotically
optimal as both the number of projects and the time horizon simultaneously grow large.
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The following result provides a bound over all problem instances on the performance

loss associated with any feasible dynamic fluid policy.

Theorem 3.6.1 (Performance Guarantee). For any feasible dynamic fluid policy g, there

exist constants ¢ and d; depending only on t and T such that

T
Vi(on,20) = Vi (o1, 21) < L2 (51,21) = W (o1,20) < (= 1) (Z E [VE{z)] + &) |
t=1

The proof of Theorem has similarities to the proof of Proposition 5 of [BS20] in
that the proof also analyzes the difference in rewards and decisions between an optimal
dynamic fluid policy p* and 7 along the state process visited by p*. There are however
some important differences due to (a) the presence of signal states and (b) the action sets
in our model involving the ability to allocate different amounts of the shared resource to
each project, with projects in general consuming different amounts of the shared resource.

An overview of the proof of Theorem [3.6.1] is:

e We denote the states visited by an optimal dynamic fluid relaxation policy p* by
s ". As discussed in Section p* also provides an optimal mixed policy to the
optimal Lagrangian relaxation and thus achieves a performance of L{‘* (s1,21). The
difference between L} (s1, 21) and V;™(s1, 21) can be bounded from above by a sum
of T terms, each being a constant times the number of actions that differ between
p* and 7 at s " In determining the constants in this upper bound, we use the fact

that b/b is bounded from above by a constant.

e We denote the amount of shared resource used by p* in a given period and state
by Bf* = Zfil btyi(sf7;,zt,a£). By Definition if Ef* < By(z), then p* and
7 select the same actions for all projects. If Ef S By(zt), then 7 allocates the
shared resource to a subset of projects selected by p*. In this case, we show the
number of projects for which actions differ under p* and 7 is bounded from above
by 1+ % (Bf T Bt(zt)>; here we use the fact that 7 uses a “maximal” amount
of shared resource, as in Definition [3.4.3] Considering both cases, the number of

. +
projects with different actions is bounded from above by 1 + % (Bf — Bt(zt)) .
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e We show that conditioning on a signal history z; in period ¢, in the dynamic fluid
relaxation each project evolves independently according to the project-specific policy
pi; — this uses the fact that p* satisfies the “flow balance” constraints in every
period t for every signal history z;. This then implies that

N

/\p* . p* p*
Var [Bt ’zt} = E Var [bt,i(styi,zt,at’i)
i=1

.

Using this and the fact that p* uses no more than By(z;) of the shared resource on
average in every period (Proposition [3.3.2(c)), we bound from above the conditional
expectation of (B — By(z))" by \/bB;(z;). Combining this with the result in the
previous point, we bound from above the expected number of projects with different
actions by 1+ _%\/m . Using this bound within the result in the first point above
and taking expectations over the signal process leads us to the result in Theorem

B.6.11

Although the constant terms 7; and d; in Theorem [3.6.1] grow exponentially in T, for
fixed T" the bound is tight in order in that there exist examples such that the performance
gap grows as O(E[y/By(z)]). For example, in the special case when z; is deterministic
and B; = O(N), Theorem implies that the performance loss of 7 is no worse than

O(VN), and we can construct examples for which this rate is attained.

In addition, under the mild assumption that the optimal value function grows at a faster
rate than v/ N, Corollary implies that any feasible dynamic fluid policy is asymptot-
ically optimal as the number of projects grows large and the time horizon is fixed, as the

following result shows.

Corollary 3.6.2 (Asymptotic Optimality). Consider a sequence of problems with fized

Vl* (81,21)

T indexed by the number of projects N. If imy_ oo N

— 00 then for any feasible
dynamic fluid policy ¢

lim L (s1,21) — V" (s1,21)

=0.
N—oo Vl*(sl,zl)
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On the other hand, the analogous policies and the performance bounds from the re-
stricted Lagrangian relaxations described in Section [3.3.1.2] fail to achieve asymptotic op-

timality.

Proposition 3.6.3. The restricted Lagrangian relaxations in Section provide asymp-
totically optimal feasible policies and performance bounds in special cases but in general

these policies and performance bounds lead to a gap that is linear in N.

We show the first part of Proposition by providing sufficient conditions which
guarantee asymptotic optimality for the restricted Lagrangian relaxations; these conditions
are restrictive and do not hold in the applications we study in Section We also pro-
vide two examples that show that both restricted Lagrangian relaxations fail to achieve

asymptotic optimality in general.
3.7 Applications

In this section, we study the performance of feasible dynamic fluid policies and the dynamic
fluid relaxation bound as well as the policies and bounds generated by restricted Lagrangian
relaxations on the applications described in Section and Section We imple-
mented all experiments in Matlab on a personal computer with a 3.1 GHz dual-core Intel
i5 processor and 8 GB of RAM. For the feasible dynamic fluid policies in both applications
we use the (static) priority index ranking that first ranks project in order of their index

numbers, 1 through N. All Monte Carlo simulations use 10,000 trials.
3.7.1 Dynamic Capital Budgeting

The dynamic capital budgeting example described in Section[3.2.1.1]involves a firm deciding
how to conduct R&D on projects in periods 1,...,7—1 and then selecting which projects to
fund in period T. Conducting R&D on a project is costly but provides sample information
about the quality of the project. In this problem, the signal corresponds to the funding

budget, which evolves randomly over time (e.g., due to randomness in outside investments).

60



For our specific numerical assumptions, we consider the beta-Bernoulli case, i.e., the
firm can conduct at most one R&D experiment on each project during every research period.
All projects start in state (aq,81) = (1,1). We take T'= 12 and assume the signal evolves

according to discrete geometric Brownian motion with drift; namely,

2 1 [ 1
Zt+1:zteXp<(M—X2>T_1+ T—lX'Xt)’

where X; follows an independent standard normal distribution and we assume a drift p =

0.1 and a volatility x = 0.2. We use |Z| = 50 points in the discretization, set the initial
state to be z; = 13, and assume that Br(zr) = (27/|Z|) - N = (27/50) - N. The initial
signal state thus corresponds to a funding budget for 26% of the projects, although the
signal process evolves randomly until time 7. With these parameters, the average funding
budget is about 0.29N, although there is significant volatility: the funding budget can
range anywhere from 0.15N to 0.45N (see Figure . Finally, we assume that conducting
R&D on a project costs 0.01 and assume that any funded project ¢ has a profit margin r;

of 1.

For the primal-dual algorithm, we run 6 iterations with M = 20 samples in each itera-
tion. In the dual improvement step, we add pieces whenever th (f72) < th (7, z)—107°.
Table reports the results: we see that the primal-dual algorithm converges to an abso-
lute error in the 10~% — 1075 range after 6 iterations, which takes a few minutes in total.
Optimizing the restricted Lagrangian relaxation with time-dependent Lagrange multipliers
takes about 46 seconds (using the cutting plane method from [BS20]) and optimizing the
restricted Lagrangian relaxation with signal-dependent Lagrange multipliers takes about

40 seconds (solving as an LP).

Table reports the asymptotic performance of policies generated from the three re-
laxations and their upper bounds. The last column shows the relative gap for different

relaxations, where

upper bound-asymptotic policy

relative gap =
&ap asymptotic policy

The asymptotic gap of dynamic fluid relaxation is 0.025%, which is not quite zero due to
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Figure 3.4: Distribution of Br(z7)/N conditioned on z; in the dynamic capital

budgeting examples.

the fact at the output of the primal-dual algorithm is an approximation of the optimal
dynamic fluid value function with a small error tolerance (see the last column of Table
1)

Figure illustrates the performance of the feasible dynamic fluid policy and the cor-
responding feasible policies from the restricted Lagrangian dual problems. The vertical
axis represents total rewards (or Lagrangian bounds) scaled by N. We take the number
of projects to be 22,23 ... 214 Although the restricted Lagrangian bound with signal-

dependent Lagrange multipliers (i.e., A € Ag) is close to the dynamic fluid relaxation

bound, the optimal policy to this restricted Lagrangian relaxation frequently violates the

Increasing the number of iterations and/or the sample size M mitigates these er-
rors, consistent with the convergence result in Theorem [3.5.2 For example, with
10 iterations and M = 50, the asymptotic gap reduces to 0.002%, although this
takes longer (about 48 minutes). Ignoring estimation error for the lower bound (i.e.,
assuming ﬁzn]\le V™ = E[V™]), we can extend the result in Theorem @ to

Vi(s1,21) = Vi (s1,21) < V{(s1,21) = V(" (s1,21) < V{ (s1,21) —E[V™]+ O(E[/Bi(21)))-
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Iteration 1 2 3 4 5 6

Upper bound 0.220437 0.210131 0.204209 0.204134 0.203861 0.203848
Mean policy performance 0.142000 0.183564 0.188381 0.203481 0.203674 0.203800

Policy lower 95% CI 0.133052 0.177667 0.184135 0.203233 0.203535 0.203769
Policy upper 95% CI 0.150948 0.189461 0.192628 0.203729 0.203816 0.203814
Time (seconds) 7.791523 18.63974 33.80265 40.89813 49.52600 66.39211

Table 3.1: Primal-Dual algorithm results (per project) for the dynamic capital

budgeting examples.

Relaxation Upper Bound/N  Asymptotic Policy/N  Gap (%)
Dynamic Fluid Relaxation 0.203848 0.203796 0.025
Restricted Lagrangian Relaxation (As) 0.204560 0.195937 4.401
Restricted Lagrangian Relaxation (Ar) 0.206650 0.187698 10.097

Table 3.2: Simulation results for the dynamic capital budgeting examples.

shared resource constraint and results in a policy that performs relatively poorly even when
N is large. We also compare our policies to two benchmark policies: a myopic policy and a
“research until first failure” policy. Using an argument similar to Proposition 7 in [BS20],
the myopic policy can be shown to be equivalent to a Whittle index policy in which the
DM does not conduct R&D on any project in research periods and randomly funds By (z7)
projects in the funding period. In the limit of many projects, this policy is about 40.58%
suboptimal. With the research until first failure policy, the DM conducts R&D on every
project in each research period until a project yields a negative result (a “failure”). In the
limit of many projects, this policy is about 6.95% suboptimal. (We also experimented with
policies that conduct R&D on projects until k failures for a project and found on these

examples that k = 1 performed best among such policies.)
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Figure 3.5: Simulation results for the dynamic capital budgeting examples. Solid
lines show the performance of the feasible policies and dashed lines show the corre-

sponding performance bounds.

3.7.2 Multi-location Inventory Management with Correlated Demands

The multi-location inventory management example described in Section [3.2.1.2] involves a
retailer deciding how to allocate a product to multiple locations (N) given limited pro-
duction capacity in every period. Demands for the product are correlated across locations
through an observable market state (z;); specifically, the demand at location 4 in period
t is given by di; = szt + €4,i, where the ¢;; follow a standard normal distribution and
are independent over time and locations. Unmet demand is lost and the objective is to
maximize the expected revenue net of costs (ordering, holding, and unmet demand costs).

For our specific numerical assumptions, we assume all locations are a priori identical
with zero initial inventory. We take T = 10 and z;+1 = 0.92; + X, where X; is a discrete
approximation of an independent normal random variable with mean 0.1 and variance 0.019,

and dy; = 10 for all (¢,7). We use |Z| = 50 points in the discretization and z; corresponds
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Figure 3.6: Distribution of expected demand conditioned on z; in the multi-location

inventory management examples.

to an initial expected demand of about Jt,i = 10 at each location i. With these parameters,
the expected demand at each location can vary from 20% lower to 20% higher in later
periods (see Figure depending on how z; evolves. The capacity at each location is
a; = 20 and we use a total production capacity of By = 10N in every period. For the
remaining parameters, we take the unit revenue p;; to be 0.45, the unit holding cost h;; to

be 0.2, and the unit unmet demand cost b;; to be 0.3.

For the primal-dual algorithm, we run 6 iterations with M = 20 samples. In the dual
improvement step, we add pieces if th( itz < th( f', ) — 1075, Table reports
the results. For this problem, convergence of the primal-dual algorithm is rapid: within
a few iterations the absolute error is around 1076. Optimizing the restricted Lagrangian
relaxation with time-dependent Lagrange multipliers takes about 55 seconds (using the

cutting plane method from [BS20]) and optimizing the restricted Lagrangian relaxation

with signal-dependent Lagrange multipliers takes about 553 seconds (solving as an LP).

Figure|3.7]illustrates the performance of different policies. As a benchmark, we compare
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Iteration 1 2 3 4 5 6

Upper bound 12.071134 12.070947 12.070823 12.070823 12.070823 12.070823
Mean policy performance 11.985426 12.069718 12.070946 12.070820 12.070816 12.070817
Policy lower 95% CI 11.811057 12.067804 12.070945 12.070819 12.070815 12.070816
Policy upper 95% CI 12159785 12.071632 12.070947 12.070821 12.070817 12.070818
Time (seconds) 22.274039 59.597396 88.591169 92.788280 89.900549 97.259553

Table 3.3: Primal-Dual algorithm results (per location) for the multi-location in-

ventory management examples.

Relaxation Upper Bound/N  Asymptotic Policy/N  Gap (%)
Dynamic Fluid Relaxation 12.070823 12.070803 0.000
Restricted Lagrangian Relaxation (As) 12.071134 11.939558 1.102
Restricted Lagrangian Relaxation (Ar) 12.511402 11.633796 7.544

Table 3.4: Simulation results for the multi-location inventory management exam-

ples.

to the myopic policy in which we select production and allocation decisions to minimize
the current costs in each period (we solve the LP relaxation of the corresponding integer
program and then choose a feasible action by randomly drawing from the corresponding
optimal solution, as in the dynamic fluid policy). The asymptotic performance of the
myopic policy is about 2.33% suboptimal. On a per-project basis, the performance of the
feasible dynamic fluid policy converges to the dynamic fluid relaxation bound, consistent
with the analysis in On the other hand, the policies and bounds using the restricted
Lagrangian relaxations converge to a performance gap that is constant on a per-project

basis (i.e., a gap that is linear in N in absolute terms).
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3.8 Conclusion

In this chapter, we study a class of weakly coupled DPs with shared resources and signals.
We develop a class of feasible policies based on dynamic fluid relaxations that we derive
from the dual of a Lagrangian relaxation with Lagrange multipliers depending on the signal
history in each period. Our numerical examples provide evidence that the feasible policies
and bounds from the dynamic fluid relaxation outperform analogous policies and bounds
from restricted Lagrangian relaxations. Our performance analysis — which shows the
dynamic fluid relaxation provides an asymptotically optimal policy and bound in the regime
of many projects — provides strong, theoretical support for the use of the dynamic fluid

relaxation for these shared resource and signal DPs as well.

An interesting follow-up to this research would be to consider more complex signals
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processes. For example, the primal-dual algorithm developed in this chapter entails solving
an LP |Z] times per period in each iteration, so problems with high-dimensional or possibly
continuous signal spaces pose both practical and theoretical challenges. One possibility is to
use a form of a sample average approximation for SDDP (e.g., [Shall]) for such problems
although this would complicate implementation of the policy as well as the theoretical
analysis. Finally, although the dynamic fluid relaxation in principle provides asymptotically
optimal policies and bounds as the number of projects and the time horizon grows with
the number of projects (see Appendix , solving the dynamic fluid relaxation with
long horizons nonetheless presents computational challenges. For these shared resource
and signal DPs, it is not clear that there are “simpler” approximations with candidate
policies that provide strong performance guarantees in the regime of many projects and

time periods, but studying this issue in more detail remains the focus of ongoing work.
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Chapter 4

Conclusion

In this dissertation, we have developed and analyzed upper bounds and the performance
of feasible policies for dynamic programs with linking constraints and shared signals. This
structure arises in a wide variety of applications, such as network revenue management,
dynamic selection problem, and multi-location inventory management, to name only a few.
We provide a detailed theoretical analysis of two approximations (ALP relaxations and
Lagrangian relaxations) and show that, under broad conditions, these two approximations
lead to very close upper bounds. Our theory suggests that Lagrangian relaxations should
usually be the preferred choice for applications involving weakly coupled structures. We
then focus on a special Lagrangian relaxation and develop a dynamic fluid relaxation.
Our performance analysis shows the dynamic fluid relaxation provides an asymptotically
optimal policy and bounds in the regime where the number of sub-systems grows large.
In conclusion, for these dynamic programs with linking constraints and shared signals,
our analysis provides guidance in choosing between ALP relaxations and Lagrangian relax-
ations; and also supports the use of Lagrangian relaxations as a computational manageable
approach for generating strong policies. I hope that the techniques developed in this dis-
sertation will be further studied and applied in more applications of weakly coupled DPs

and perhaps other problems with similar structures.
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Appendix A

Appendix to Chapter

A.1 Proofs in Section 2.3

Proof of Proposition|2.3.5.

We show that if the feasible action set A;(s¢, e;) is independent of state s¢, then Vi(s1,e1) =
Vf‘* (s1,€1). Consider the LP with Lagrange multipliers restricted to be independent
of states and actions; this problem is equivalent to the Lagrangian relaxation as

discussed in section 2.3.3] and can be written as

N
minimize Z Vii(s1,i,e1)
Vii(stirer) i

subject to

&I:g%{ min (thz (5t,i, €4, at,3) — be(et) ) +Z5tz Stuet,atz)} > 0,Vt, eq.

(st,at)el(er) i—1
(A1)

Similarly, the ALP relaxation with state-dependent Lagrange multipliers (i.e., the LP (2.8))
corresponding to V;*(s1,e1)) can be written as

minimize Z Vi j (51 > e1)

Vii(stiser) i

subject to

N
min{ max min A, Ly i(Sti,et,a bi(e + 8V (sei e, a > 0,Vt, eq.
St {)\tzoatEAt(St,Et) t (zz; tﬂ( Lot tﬂ) ¢ t) ; “ b o “)}_ !
(A.2)

Since A¢(s¢, er) is independent of s, we have that A (sti,er) and l¢;(s¢i, er, ae;) are also

independent of s; ;. Therefore,

N
: \%4
min { max min E L i(e, ari) — bier) +E Oi(Sti» et ari)
St At>0ai€A; et)

=1
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N

. T Vv

=min { max Z Z (At Ly i(er, arq) + 013 (8tis et am‘)) Tyi(a;)
St >0 i Z(at 1)6[0 1]: 1 AL i(er)

Z T, 1(at 1)

at ;€A ;(et)

— A bi(er)

@ v
= min min E g xt,i(at,i)0p; (Stiset, At i)
St thXt 6t) ’
=1 a; ;€A i (et)

= min mlnz Z xt,i(atyi)éz’/;(sm, e, ;)

xtEX(e
teX(en) i=1 a; €Ay i (et)

® . T .V
= max (Jin > > (At Lei(er, ar;) + min Ot (Stis et at,i)) Tt (ati)
t - It" at,~ s1]t N %
ZZ ZﬂUt i(at,i)=1 =l ai€A¢i(er)

at ;€A i(et)

— )\:bt (et)

N
\%Z
=max<{ min min )\ E L i(er, ar;) — bier) +E Oi(Sti» et ati)
A:>0 St ai€A; et)

i=1
where
Xi(er) = { ilatq) €10,1] Z Z L i(er, ari)xei(ar:) < bi(er),
=1 a; ;€A ;i (et)
Z xt,i(at,i) = 17VZ}7
at,; €A i(et)
and equalities (I) and (2) follow from LP strong duality. O

A.2 Proofs in Section 2.4]

Proof of Theorem [2.4.1]
Let V' denote an optimal solution to the ALP relaxation (2.5). It is sufficient to con-
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sider an exogenous state e; that occurs with positive probability. Let ﬁy Lp(et,ft, b)) >0
denote the optimal value of (¢, e;)-separation problem with V. = V™. Therefore, by
definition, the optimal value of the LP relaxation is 192/LP (er, £, by) — AYLP (e, 21, by).
Since the LP relaxation is feasible and bounded, by LP strong duality, there exists a
At(et) > 0 such that the optimal value of

N
minimize A e (D > 1 (St e, a1,0) T (Stas €xs ari) — bi(er)
mt,i(st,ia €t, at,i) € [07 1] i=1 (s¢.4,a1.:)E . (er)

N
VLP
+ E E th,i(St,u@t,at,ﬁ)(St,i (St,is€t,at5)
i=1 (s¢,4,a¢,:)€l¢ 5 (et)

subject to

g @i (St,is e ars) = 1, Vi

(8¢,i,a¢,:) €Tt (et)

(A.3)
VLP VLP
equals 9 (e, £e, b)) — AY (e, £, by). Moreover, let
. LP
griler) = min 87 (Stirersari) + N/ (er)€ (54, e, ar;)
(8t,i,at,:)€i(et) 7
= min Vit (seiser) = rei(se en ani) — B [V i (se1is eei1) | (e, er, az )]
(st,i,0¢,5)€lei(ee) ’
+ A/ (€)i(stier,ary) -
Then the optimal value of problem (A.3)) also equals
N LP LP
> griler) = Al (e)bi(er) =0Y " (er, £, br) — AV (er, €1, by) (A.4)
i=1
We then define the quantity f;;(e;) through the following recursion:
Jriler) = griler) + Eep o [fr1i(eer)|ed, Y(t,i,er), (A.5)

where fT+1,i(€T+1) =0.
Let th;(st,i, er) = Vil (st er) — fri(er). We claim that thg(sm, et) is a feasible solution
to the Lagrangian relaxation LP (2.7). Note that for any ¢, i, and (s¢;, e, ar) € 'y, we

have

Vi (sive) — Tei(Sis e, aii) — B [V}i‘rl,i(stﬂ,i, €t+1)‘(5t,i, et, at,i)} + A (e0)u (st €0, ar)
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=V (stirer) — rei(seis e aes) — E [V i(Se41, €e41) | (105 €0, ani) ] + A (e0)ri(sei, et ani)
— fri(ed) + Elfirr,i(ess1)ed

ZVt,LiP(St,u et) - T’t,i(St,z‘, €t, at,i) —-E [thu(stﬂ,z‘, 6t+1)‘(5t,z‘, €t, at,z‘)] + Aj(et)bt,i(st,ia €t, at,i)
— gr.i(er).

By the definition of g;;(e;), the equation above is non-negative. Therefore, the solution is

feasible to (2.7). For the objective value, we have

T ~ N
> Ee (M (eobilen)] + 7 Visiaen)
t=1 ) i=1
T B N
=> E, A:(et)bt(et)} + ) (Vi (s1.e1) = friler))
t=1 ) =1
4 [ & vLP vLP Y LP
= Ee, | Y _griler) =07 (er, e, br) + AV (er, £,be) | + > (ViF (514, €1) — friler))
t=1 Li=1 =1

I
WE
VR
M=
&
)
i&?
t"*
3
\_/
+
1=
Or
L”
E

t
N
vazp S1,i, €1 +ZEet|: “(er b, br) —0) (€t7£t7bt)]7

where the second equality follows from equation (A.4) and the last equality follows from

D).
Therefore, the optimal value V) (s1,e1) of (2.7) satisfies

VN (s1,€1)

<ZV11 (s1,i,€1) +ZEet|: etaetybt) 19 (et,eubt)

<ZV1,L 811,61 +ZEet |:AVL (€t7£t7bt)
=1 =

which shows the result. O

Proof of Proposition[2.].3
First, since LP (2.9)) has N 4 L; constraints, there are at most min{N, L;} subproblems that
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can have more than one basic variable. To see this, note that we can add a non-negative
variable to make constraint an equality constraint, obtaining a standard form LP with
N + L; constraints. According to the definition of a basic solution and constraint (2.9d), for
any 4, there exist at least one (s, a;;) such that z;;(s, et, ar;) is a basic variable, which
constitutes NV basic variables. In the worst case that maximizes the number of subproblems
that have more than one basic variable, the remaining L; basic variables can be assigned
to all NV problems if Ly > N and L; subproblems otherwise. Thus the maximum number
of subproblems with more than one basic variable is bounded from above by min{N, L;}.

Since LP (2.9) is feasible, there exists an optimal basic feasible solution z};(s,;, ez, ar,;).
Let N = {1,...,N}, NV = {i : subproblem i has only one basic variable} and N" =
NM\N’. For any subproblem i € A, the basic variable must equal one according to con-
straint (2.9¢). For any i € N7, the basic variables can be all fractional. We have that
IN"| < min{N, L;} and

Z Lii(sys e, ap;) + Z Z i (8t,is €ty ari)Lei(Stiy et, ari) < bi(er),
ieN’ 1EN St,4,0¢,i

where (s}, er,a;;) = 1,¥i € N'. We now construct a feasible solution xy;(st, et, ar;)
to the separation problem respectively under Assumption parts (i) and (ii),
respectively.

Assumption (i): We consider a solution (s, €, at;) such that
(a) For subproblems i € N, mti(st,, et, at,i) = @y ;(5t,i, €, ar;) for all s;; and ayz;
(b) For subproblems i € N, x;(s;;, e, a;;) = 1 where (s;;,a;,) achieves the smallest
£:i(Sti,et,ar;) in subproblem ¢ — which exists due to — and x¢i(St4,er,at:) =0
otherwise.

The constructed solution is feasible to , which implies that the integrality gap

satisfies
At‘/(etu ’et7 bt)

N
< Z Z 5¥(St,z’7 e, arq) (ei(sei e ari) — 7 i (St0, €0, a1,0)

1=1 (s¢,4,a¢,;) €l s (et)
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\4 : \4
< E max 5t7i(3t,i, €t at,i) - min 5t,i(8t,z', €, at,i)
PEN (st,i,a¢,:) €T, i(et) (st,i,ae,:)€ i (et)

: \4 . \4
<min{N, L;} - max{ max O (Stiy e, agi) — min Ot (8tis et am-)} .
4 (st,i,0¢,:) €Tt i (et) (8¢,4,a¢,5) €t i (et)

Assumption m(ii): We consider a solution ¢ ;(st, €, ar,;) such that:
(a) For subproblems i € N, x; (8¢, €t,a:;) = 1 where §;; is an arbitrarily chosen state
and a;; achieves the smallest £; (5, e, a:;) in state §;; — which exists due to (2.11]) —

and x¢ (s, e, ar;) = 0 otherwise. Note that

Z Z Loi(stirer ars) (7 (st €0, ani) — Tei(Seis €, a04)) | < min{N, Le} - (0 —£) - 1.
1EN" St,i,at,5
(A.6)
(b) For subproblems ¢ € N7, we first let x¢;(s¢4, e, ari) = xzi(st,i,et,at,i) for all s;; and
at;. The solution x;;(s¢4,er, ar;) may not be feasible for now. We then consider the
state s; where s;; = s7,;,Vi € N' and s;; = 8;;,Vi € N". Since there exists a feasible
action to state s;, by taking a “minimal” action d;; (instead of a;i) for some states s;i
we can eventually obtain an action that satisfies the linking constraints. Since switching
£i(Se4, €4, azi) — Ly i(st4,€¢,ae3) > €1, in the worst case (when holds with equality),
the number of actions that change is min{N, L;}(¢ — £)/e. Then the constructed solution

is feasible to (2.6]), which implies that the integrality gap satisfies

Ay(etu ’et7 bt)

N
<> > 6 (stirer, ar) (Tei(seiser, ari) — o7 (54, €, )

i=1 (s¢,4,a¢,:) €Lt 5 (et)

\%4 : \4
< g max 5t7i(3t,i> €t, at,i) - min 5t,i($t,z’, €t, at,i)
PEN! (st,i,at,i)€T i (et) (st,i,a¢,:)€ i (et)
L—1
. £ 1% . 1%
+ min{N, L;} max max Ori(Stiset, Qi) — min Ot (5ti» et ati)
€ deN” ((st,at,:)€Ti(er) (s¢,i,ae,) €0 i (et)

4 (st,irat,i)€ i(et)

-y
<min{N, L;} (1 + _> max { max 51;Vz'(3t,iv et ;)
6 9

(st,irat,i)€ i (et)

: \%4
- min O (5es et atyi)}.
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Lemma A.2.1. There exists an optimal solution V' to the LP ([2.5)) such that for any

period t, exogenous state ey, subproblem j and state sg,j

N N
min | Z Vi (seiser) —ri(se,er,ar) — B Z ViEi(se1is er1)| (8t e0,a0) | = 0.
SUSLITSG =l i=1

ai€A(st,et)

Proof of Lemma[A.2.1]
Let V' denote an optimal solution of the LP (2.5)) and

et,i(sf‘,,i) €t, V)

N N
= min , Z Vt,z‘(St,z‘, €t) - Tt(5t7 €t, at) —E Z V;t—l—l,i(st—&-l,ia €t+1) (3t7 €t, at) .
Stlst,izst’i i=1 i—1

at€A:(st,et)
We construct an optimal solution ‘A/m-(sm, er) satisfying e ;(s¢4, es, V) =0V(t,4, e 5:). Let

7 denote the largest time period such that there exists a subproblem j and state (S’T i el)

such that eT,j(s’ﬁj, e, V') > 0. Then we have € ;(s¢i, e, VF) =0, Y(t > 7,4, e, 5¢.). We

consider a solution

LP(, . o / LP Y o
‘/t’i (St,27 et) eT,j(37—7j7 €ry \4 )7 = T,1=0,€6t = €5,S8t; = 87—7‘7'7

Vii(sei e =

LP ] .
Vii (5t €t), otherwise.

Note that 317, Vii(s1i,e1) < Y1y Vi (s14,e1).

/ !/

We are left to show that the constructed solution is feasible. Since Vm-(sm-, e’) only

appears in constraints for time period 7—1 and 7, it is sufficient to consider these constraints.

For time 7 — 1, we have for any (s,—1,e,—1) and a,—1 € A;_1(87-1,€7-1),

N N
> Veri(srvirer1) =Y VI i(sr14601)
i=1 i=1

ZTT—l(ST—la €r—1, a’T—l) +E [‘/7—%71;3(57',1') 67’) ‘ (37’—17 €r—1, a’T—l)}

ZrTfl(STfla €r—1, 0,7-,1) +E [VT,i(ST,ia eT) (37'717 €r—1, a’T*l):| .

/

-, we have for any s; such that s;; = s . and a, €

For time 7 and exogenous state e .j
/
AT(ST7 67’))

N

N
Z VT@(ST,% 6;) = Z 71:71?(87'72'7 6;.) - GT,j(sfr,ja efr: VLP)
i=1 =1

76



N
>1r(8r,€par) +E | D VI i(5r41, erp1)

=1

(87'7 6:—) a’T)]

Vi1 (Sr41ds €ra1)

M= 1

:TT(ST762-7G’T) +E

(87'7 62'7 aT)] )

i=1
where the inequality follows from the definition of €, ;(s) e e, V). Therefore, Vt,i(sm, et)
is also an optimal solution to the LP ({2.5). Note that e ;(s, e, V) < €i(St4, e, V') for

any t,1, e, S¢; and €7 (875, €r, V) = 0. By repeating this process, we can obtain an optimal

solution such that e; (s, et, V) =0 for any (,1, e, St.i)- O

Proof of Proposition[2.4.4).
Let V" denote an optimal solution of the ALP relaxation (2.5) satisfying Lemma

For any time t, exogenous state e;, any subproblem j and state sg’j, let

N N
(Stva’t) S al"gmln Z‘/;fz St 7,7€t) rt(st)etaa’t) Z‘/tipl,i(st+1,iaet+l) (St7€t7at)] )
Sti5t J_stj i=1 i=1
at€A(s¢,e¢)
then by Lemma
N
ZVZ (stire) —mi(st,enal) =B > VI (siyienin) (S§7€t7af)] = 0. (A7)
=1

For any state s; such that s;; = sfﬂ- for all ¢ # j, we find an action a; € Ay(s,e;) under
the two conditions in Assumption [2.4.2] respectively.

Assumption (i): By taking a; ; € argmin £ (s j, e, az j), we have that a, is feasible
and differs from aj in one element (i.e., a;; = ay; for any i # j).

Assumption [2.4.2(ii): We claim that there exists a feasible action such that

N
Z ]l{a:fk,i
=1

For subproblem j and state s; ;, we take a;; to be the action that attains the minimum in

@11). 1

€ j(stg e ang) + > Lrilsiienap;) < bi(er),
i#]
then the claim holds. Otherwise, since there exists a feasible action, then there exists ¢ such

that ay; # a¢;, where a; is the corresponding action in the minimum in (2.11]) at state S
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To maximize the number of different actions, since Et,j(s;j,et,a;j) — L (st et ae)| <
(¢ — £) - 1, the maximum number of different actions is thus bounded from above by 1 +

(¢ — £)/e. Therefore, the claim holds.

We conclude that for any state s; such that s;; = sj, for all ¢ # j, there exists

a; € A(sy, ) with Ef\il L tary <1 if Assumption [2.4.2(i) holds and Zfil Liar #ar} <
1+ (€ — £)/e if Assumption [2.4.2)(ii) holds.

Since the optimal solution satisfies constraint (2.5bf), we have

N N
Z V&P(St,z‘, et) — re(se,ep,a) — E Z ‘/tl-li-Pl,i(St+1’i’ err1) (8¢, e, at)] > 0. (A.8)
i=1 =1

Combining (A.7) and (A.8), let I = {i: ay; # at;}, then for any s ;,
Vit (st et) — Z (rei(seir e ari) — B [V i(sea1i €e1)| (st €6 ari)])
el

>V;§] (St]a t) - Z (rt,i(sziv €t, a;i) —E [%L—fl,j(st+17iv et+1)}(5;i7 €t, azz)]) )

iele

which implies
‘Qﬁ;(stjvet) ‘/ (St]7 et)

>c <r — 7+ min {IE [mln Vi (st ee11) fe
7

St41

)

(A.9)

} E [max Vi (8t 1, €441)
St41

We now show the result by induction. For time T', exogenous state e; and any subproblem
1, fix a state sih By inequality (A.9)), we have for any s7;,
Vi (stiser) > Vi (s, er) —c(F —r).

Since the inequality above holds for any fixed state S’Tﬂ., we have for any two states s7; and
S/T,i’

Vi (stiser) +c(F—1) > Vi (s, er) > Vi (st er) — ¢ (F —r).

Now assume the statement holds for time ¢ + 1, then we have for any e;;; and 4,

T

LP = T—71+1
min Vi (s, €41) — max VI j(se41, €0401) > (0 = 7) E ¢ :
St41,i St41,i i1
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Therefore, for time ¢, exogenous state e; and any subproblem ¢ and states s;; and s} ;, we

have

T
Vi (seiver) = VP (shinen) + (r = 7)Y el T,
T=t

Since the inequality above holds for any state Sé,i and s¢;, we have

T
(Vi (seiver) = Vit (shine)| < (F—1) Y " THL

The statement then follows. O

Proof of Theorem [2.4.5,
Let V" denote an optimal solution of the ALP relaxation (2.F)) satisfying Proposition [2.4.4]

. / /
Then for any ¢, i, e, (st,at,i) and (s} ;, a;,;), we have

VLP VLP / /
‘6t,i (St,i7et7at,i)_5t,i (St,i7et7at,i)

=| Vi (10, €0) = risis ety ari) — B [V (80410 €e41)| (51,0, er, ari)]
— Vil (stired) + (st e, ap;) + E [Wfl,i(stﬂ,ia et+1)’(3:‘/,i7 €t, a;,i)] ‘
< Vi (seiser) = VI (st ed) | + [rei(seis e, ani) — rei(sy e apy)|
+ |E [V i(ser1s ee01) | (86, €6 ae0)| — B [V i(ser1s e001)| (85 €4, ap )] |
r=t+1
where ¢ = 1 under Assumption (1) and ¢ = 1 + (¢ — £)/e under Assumption m(“)
Therefore, combining Theorem and Proposition the relaxation gap satisfies:

V1>\*(517 e1) — Vi (s1,e1)
T

< Zc -min{N, L;} - E,

P (st,4,0¢,i) €T, i (et)

VLP
min Or;  (Sti»e€tsari)

VLP
max { max Ot (St,iy €ty at)

(St i»0t,i) €T i (er)

Pjﬂ

r)min{N, L;} (1 4+ 9 Z = TH)

T=t+1

I
15
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Therefore, there exists a constant C such that

VN (s1,e1) — VI (s1,e1) < C- mtath.

Proof of Theorem [2.4.8
Under Assumption m (i), the separation problem (2.6) can be written as
N
minimize Z Z Z 1‘,571'(875’@‘, €t, at,i)ét‘,/;(sw, €, CLtﬂ')
Ti(stis e ari) € {0,1} 5 at €A i(et) st,i€St i(at i,et)
subject to
N
Z Z Ly i(er, a;) Z T1i (514, €, a04) < by(er),
i=1 a; ;€A ;(er) 5t,i€St,i(at,i,et)
> > Tei(Sti, e, aei) = 1, Vi,
ar ;€A i (et) st,:€5:,i(at,i.et)
(A.10)

where S’t,i(at,i, er) = {sti € Sti:ar; € Ari(Sti,er)}, which is nonempty by the definition of
flt,i(et).

For any optimal solution to the problem (A.10)), for any subproblem i and action a;; €

1 . . . . . . . _ V . .
A i(et), it is sufficient to consider s;; € argming, .c3, (a, ;) 6t7i(8t,z,et,am). Therefore,

denoting by ét‘;(et, ai;) = Mg, €3, (ar.i,e) 6¥(st7i, et, at;), problem ([A.10) is equivalent to

N
minimize Z Z Yei(et, (lt,i)ést‘;(eta ati)
Yriles, ai) € {0,1} i ag €A i(et)

subject to

N (A.11)
Z Z L i(er, ari)yei(er, ari) < be(er),

i=1 at,iefit,i(et)

Z yei(es, arg) =1, Vi

at,ieAt,i(et)
By Assumption ii), the constraint matrix is totally unimodular for problem ({A.11))
and by(e;) is integral, and therefore it follows that the integrality gap is zero.

O]
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Proof of Corollary|[2.4.9.
Let V*" denote an optimal solution of ALP (2.5). Using the construction within the proof

of Theorem and using Theorem it follows that (Vﬁf(sm, er) — fri(et), A¢) is an

optimal solution of (2.7)). Moreover, for any (¢, e, s¢),

ZE 67— ‘et +ZV,;Z S“,et)

=1

N
_ZE -(er)]et] +ZVM Sty €t) th,i(et)
i=1

=1
N N
v [z gratener] + 3V (e = 3 fusten
=t i=1 i=1 i=1
N
= Z Vt,LiP(St,iy et).
=1

A.3 Infinite Horizon Problems with Discounting

In this section, we present analogs of the results above for infinite-horizon DPs with discount

factor v € [0,1). In what follows we drop subscripts on time. The corresponding ALP is:

N
minimize Z a(s,e) Z Vi(si, €) (A.12a)
i=1

Vi(siae) s,e

subject to
N

ZV si,e) > r(s,e,a) +~E ZVi(si,e) (s,e, a)] , V(s,e,a) €T, (A.12D)
i=1

where a(s, e) denotes the initial state probability. The corresponding Lagrangian relaxation

LP is

N
minimize als,e) | [(T=vQ) " Al +) VA(s, 6))
N <[ AP

subject to
‘/;A(Sia 6) Z Ti(Si, €, a’i) - AT(e)Ei(Si) €, a’i) + ’Y]E [‘/;A(Sh 6) ‘ (Si7 €, al)i| 3
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Vi? (Sia €, ai) € Fia

A(e) >0, Ve,

where I is the identity matrix, ) is the transition probability matrix for the exogenous

states, [-] denotes the e-th row of a matrix [-] and A = (AT(e)b(e))eeE.

Theorem A.3.1 (Analog of Theorem [2.4.1)). For any optimal solution V' to the ALP
relazation (A.12)), the relazation gap satisfies

VY -V <Y a(s,e) [(T-1Q) AV (e b)]

where AV (8,b) = (AVLP(e,B, b))

eEE'

Proof of Theorem[A.53.1. The proof is similar to that of Theorem [2.4.1 O

Proposition A.3.2 (Analog of Proposition[2.4.4). If Assumption[2.4.9 holds and v < 1/c,

where ¢ = 1 under Assumption (z) and ¢ = 1+ (£ — £)/e under Assumption (u),
then there exists an optimal solution V** to the ALP relazation (A.12) such that for any

ezogenous state e, subproblem i and subproblem states s; and s,

‘ViLP(Si?e) - ViLP(Sgﬂe)‘ < 1 (77_7:) .

Proof of Proposition[A.3.3
Let V" denote an optimal solution of the ALP relaxation (A.12)) satisfying (the infinite-

horizon analog of) Lemma For any exogenous state e, any subproblem j and state

s}, let
N N
(s,a%) € argmin 3 VPP(si,€) — (s, e,0) 7 | S V(54 0)|(s, a>] .
s:sj-:s;- i=1 i=1
acA(s,e)
Then by Lemma
N N
Z V" (s, e) —r(s*,e,a”) —yE Z V* (8, €)|(s™, e, a*)] =0. (A.13)
i=1 i=1
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For any state s such that s; = s} for any ¢ # j, we find an action a € A(s, e) under two
conditions in Assumption respectively.

Assumption [2.4.2(i): By taking a; € argmin £;(s;, e, a;), we have that a, is feasible and
differ from aj in one element (i.e., a;; = ay; for any i # j).

Assumption [2.4.2(ii): We claim that there exists a feasible action such that

N

Iy
D Mapzay ST+ ——
1=1

For subproblem j and state s;, we take a; to be the minimizing action in (2.11)). If

i(s5,e,a;) —f—ZE (si,e,ar) < b(e),
i#]

then the claim holds. Otherwise, since there exists a feasible action, then there exits some
subproblems 4 such that there exists a; # a;, where a; is the corresponding “minimal”

action at state s;. Since

‘KJ(S €,a; ) E](S%e?&])‘ < (Z_g) : 17

Jro g

the maximum number of different actions is thus upper bounded by 14 (£—£)/e. Therefore,

the claim holds.

We conclude that there exists a constant ¢ such that for any state s with s; = s} for all
i # j, there exists a € A(s, e) with Zivzl Liar#ay < c.

Since the optimal solution satisfies constraint (|A.12bf), we have

Z VLP S“

Combining (A.13) and (A.14)), let I® = {i : a} # a;}, then for any s;,

N
ZY/;LP(si, r(s,e,a) —VE

(s,e, a)] > 0. (A.14)

ijLP(Sjv 6) - Z (Ti(siv €, ai) - 7E [ViLP(‘gi’ é)‘(siv €, al)])

iela

E‘GLP(S;We) - Z (ri(3j7eva:) - ’YE [‘/}Lp(givé)l(sjveﬂar)]) )

S
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which implies

‘/jLP(S/- e) _ V}LP(Sj,e)

]7

3

Si

e] —Es [min V" (8;,¢€)

Si

i

<c <r — 7 + ymax max {mﬁx Vi (8i,€) — min V7 (8, é)}>

7 é S; S;

Since the inequality above holds for any exogenous state e, subproblem j, state s; and s;.,

we have
max { max V;""(8;,€) — min V;""(8;, é)
<c |7 —r+ymax< max V"' (5;,é) —min V;""(8;,€) ¢ | ,
1,6 8 3
and

min {min VI*(8;,€) — max V;"" (8, é)}

%,€ S; S;

>c (r — 7+ ymin {min Vi (8, €) — max V;"" (8, é)}) ,

2,€e S; S;

which are equivalent to

max max {max Vi*(8i,€) — min V;"" (&, é)} < ¢ (r—r),
? e S5 Si

—~

min min {min V" (8;,€) — max V;*7 (3, é)} L T).
i e s 8 I —cy

Therefore, for any exogenous state e, subproblem i, state s; and s/,

Vi (si,0) = V7 (s} )| € 7 (F 1),

O]

Theorem A.3.3 (Analog of Theorem [2.4.5). If Assumption[2.4.9 holds and y < 1/c, where
¢ = 1 under Assumption (z) and ¢ = 1+ (£ — {)/e under Assumption (m), then

there exists a constant C such that the relaxation gap satisfies

VN VP <O L
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Proof of Theorem[A.5.5,
Let V¥ denote an optimal solution of the ALP relaxation (A.12]) satisfying Proposition

Then for any i, e, (s;,a;) and (s}, a}), we have

LP LP
(5Z-V (si,e,ai)—div (si, e, a;)

=V (siye) = rilsiy e, ai) = VE [V (56, €)[(si, €, a5)]
YV (she) 4 rilsesal) 49 [V 32|50
< !Vin(si,e) — ViLP(s;,e)‘ + ‘n(s,;,e,ai) — (s, e, a;)‘
+ B[V (56, 8)|(siy e, )] — E [V (3], €) (55, e, a)] |

_ c cy _ 1+c¢
<(r— 1 =(r— .
<(r r)< +1—cv+1—cv> (T r)l—cv

Therefore, combining Theorem and Proposition (which is the same for infinite

horizon problems), the relaxation gap satisfies

c(l+c¢)

VA*ivLP<
— 1l—-cy

(-

1=

e

)Ly als,e) [(T-1@) "1
s,e
where 1 denotes the vector of ones. Therefore, there exists a constant C' such that
VAN V<O L
O

A.4 Relaxation Gaps with State-Dependent Lagrange Mul-
tipliers

Following the discussion in Section the ALP relaxation with Lagrange multipliers
depending on subproblem states s; provides a tighter bound than the Lagrangian relaxation
in Section In this section, we develop bounds on the relaxation gap V*(si,e1) —

Vi (s1,e1). We denote by

Vii(Stisersari) = rei(Stis ety ari) + E [Vigri (St41.0s €141)| (Stiy €6, ari)] -
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For each period t and state (s, e;), we consider the binary integer program:
N
maximize E E $t,i(€t, at,i)Vt,i(St,ia €, at,i)
xt’i(et’ at’i) € {0’ 1} =1 a; ;€A (5t,i,et)

subject to
N (A.15)
Z Z L i(Stiser,ari)xei(es, ari) < b(et),

=1 at,iGAtyi(St,i’et)

> ziler, ar;) =1, Vi.

at,; €A (St,i-et)

We let AY (s¢, e, £, by) denote the corresponding integrality gap of problem (A.15)).

Theorem A.4.1 (Analog of Theorem [2.4.1)). For any optimal solution V'F to the ALP

relaxation (2.5)), the relazation gap satisfies

V1S(S1,€1) 31,6’1

IIMﬂ

VLP
et [Ir;ax At (St7 €t, ‘eta bt)
t

Proof of Theorem [A]1]
Let V' denote an optimal solution to the ALP relaxation (2.5). We construct a feasible

solution to the state-dependent ALP. Consider a solution

1 LP
Vii(seier) = ViF (seived) + ) ~ Ber [H;ax AY" (37, e7,47,b;)
p—

For any (¢, s, e;), by the definition of AtVLP (st, e, £, by), we have

ai€A(st,et)

max (8, e, ar) +>\t(8t [bt et) thz (St,i,€t, O z)]

N
> Vst eq) (St’%at)]
i=1
N
= max 7 E VEY ; NG £, b
= t(st e, ar) + Z ti1,i (St ee1) |(Se, e, @) | + AF  (Se, €4, 41, by),
at€Ai(st et) i1

where A;(s;) is the optimal Lagrange multiplier for the LP relaxation of problem (A.15]).

Therefore, for any (¢, s¢, er, at),

N
Z Vii(Stiset)
i1
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N T
= Z V;f,Lip(st,i, er) + Z E.. |:II;ELX AYLP (sr,er,8:,b;)

1=1 T=t

:

(St, €t, at)]

N
LP
Y VAR (st eern)

i=1
€t:|
N

> VIR (ser1ieri1)

i=1
€t:|

>  max 7Sy, e, ar) +E
at€AL(st,et)

T
LP
*2 B {f%?XATV (87,7, 47, br)
T=t

> max rt(st,et,at) +]E <St,€t,at) + AYLP(St,et,ft,bt)

T at€A(se,et)

T
T Z EST [rgaXAYLP(STaeTaenb’r)

T=t+1
N N
>1i(s, e, ar) + N/ (8¢) [bt(et) - Zﬂm(st’i,et,am) +E Z‘Q}fl,z‘(stﬂ,ia@tﬂ) (Staet,at)]
i=1 i=1
d LP
+ Z ]Ee'r |:H1&X AY (ST7 €r, ’87'7 b‘r) et:|
St
T=t+1
N N
=r(ss, er,at) + N/ (1) [bt(et) - Z&,z’(st,i,et,at,i) +E ZW+1,¢(3t+1,i,€t+1) (st,et,at)] .
=1 i=1
Therefore, the constructed solution is feasible and the statement then follows. O

The following result provides a tighter bound (up to constants) for the relaxation gap
with state-dependent Lagrange multipliers compared to using Lagrange multipliers inde-

pendent of states, as in Theorem [2.4.5

Theorem A.4.2 (Analog of Theorem[2.4.5)). If Assumption[2.4.3 holds, then the relazation
gap satisfies

C
Vls(sl,el) - ‘/iLP(Sl,el) < ? . m?th .
Cc

where ¢ and C' are the constants defined in the proof of Theorem [2.4.5

Proof of Theorem [A].3.
Similar to the proof of Proposition there are at most min{N, L;} subproblems that

can have more than one basic variables. Let x},(es, at;) denote an optimal basic feasi-
b

ble solution to the LP relaxation of problem (A.15). Let N' = {1,...,N}, NV = {i :
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subproblem i has only one basic variable} and N = N\N’, we then have

Y lilseisenas) + Y > abilen ani)lii(seis e ai) < bier),

ieN’ 1EN" at,i
where z},(es,af;) = 1,¥i € N'. Note that under Assumption (Condition (i) and
(ii)), for any i € N and state s;;, there exists an action a;; such that £€;;(sy;, e, @) <
£:i(sti,et,ar;),Var;. Therefore, the action a; such that a;; = aj;, Vi € N and ap; =

ati, Vi € N is feasible to the integer program ([A.15]). Hence, we have

Ai}/(stv €t7£t7 bt)

<min{N, L;} - max max Vii(Sti er,aei) — min Vii(Sti e, ari) ¢ -
i=1,....N | a¢; €A i(s¢,i,et) at,i €A i (S¢,5.€t)

Let V'F denote an optimal solution of the ALP relaxation satisfying Propositionm
Then for any ¢,7, e, s¢4,a:,; and a;’i, we have
“Z;i(st,i, €t, at,i) - ‘_/m(st,i, €t, aé,i)’
=|rei(seis e ars) + B[V i (st eee1) | (st er, ani)]
—rei(seir e ap ;) — B [V (s ecv) | (seirens a )] |
<|reilseis er, ani) — rei(seis e ahy)|

+ |E [V (st10s e041) | (St exs azi)| — B [V (seq1 ee41) [ (st en, ap3)] |

T
<(r—1) (1 + D cTT“) :

T=t+1

where ¢ = 1 under Assumption i) and ¢ = 1+ (£ — £) /e under Assumption [2.4.2(ii) as

shown in the proof of Proposition Therefore, the relaxation gap satisfies
Vi(s1,e1) = Vi¥(s1,e1)

T
LP
gZEet [msztxxAY (3t76t7£t7bt):|
=1

t=1 T=t+1
C
<— -max Ly,
2c t
where C is the constant shown in the proof of Theorem [2.4.5 O
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As for the equivalence result, using state-dependent multipliers allows additional flexi-

bility - in particular, Assumption m (i) is no longer required.

Assumption A.4.3. Forallt, e; and s, bi(e;) is integral and for the variables x4 (et ar ;) €

{0,1} the constraint matriz associated with the system

N
Z Z L i(Stiser,ari)xei(er, ari) < be(et)

=1 a; ;€A i(s¢,i,et)

Z zyi(er, ani) =1 Vi=1,...,N,

at,;i €A i (St,i,et)

1s totally unimodular.

Theorem A.4.4 (Analog of Theorem [2.4.8)). If Assumption holds, the relaxation

gap is zero, i.e., VS(s1,e1) = VI (s1,e1).
A.5 Discussion of Example 4.3.1 in [AMOS§]

In this section, we consider Example 4.3.1 in [AMOS§|. This example (set in infinite horizon
in [AMOS]) satisfies Assumption [2.4.2] (under condition (ii)) and [AMOS] show that the
relaxation gap is linear in N. This appears to contradict Theorem and we explain
this here.

There are N identical subproblems. Each subproblem has two states and two actions,
ie., S; ={1,2} and A;(s;) = {0, 1} for all s; € S;. Furthermore, the rewards 7;(s;, a;) do not
depend on time and are given by 7;(1,1) = 1 and r;(s;, a;) = 0 for all other state-action pairs.
All state-action pairs transition into state s; = 2 with probability one. The initial states
are s; = 1 for every subproblem 4. There is a single linking constraint Zf\il li(si,a;) <1,
where

6;(1,1) =2, £,(1,0) =0, £;(2,1) = —1, £;(2,0) = —1.

Since action a; = 1 is not feasible in state 1 and state s; = 2 is absorbing, the optimal

expected reward equals zero, regardless of the time horizon.
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This example satisfies Assumption and therefore Theorem implies that the
the relaxation gap is bounded from above by a constant independent of N. We now show
this explicitly.

We first consider the finite horizon case. For the ALP (2.5), V/'"(s;) = 0 is an optimal
solution. Thus, the ALP provides an optimal upper bound.

For the Lagrangian relaxation, it is optimal to take A\; = 0 for all ¢ > 1 and ‘/?;(2) =0
for all ¢ and t > 1. The value of Vf;(l) for t > 1 does not affect the optimal value of the
Lagrangian relaxation since state s; = 1 will not be visited in any time periods ¢ > 1.
Therefore, for solving the Lagrangian relaxation, it is sufficient to solve:

N
minimize A; + Z Vf‘i(l)
AL V(1) i=1
subject to
V(1) > 11— 2\, Vi,

VN(1) > 0,Vi.

The optimal solution is A\; = 1/2 and Vﬁ‘i(l) = 0, which gives a Lagrangian bound equal to
1/2. Thus, consistent with Theorem the relaxation gap is bounded from above by a
constant independent of N.

[AMOS] consider this problem over an infinite horizon with a fixed discount factor, which
we denote by v and the same initial state. [AMOS8] show that the ALP relaxation provides
a tight upper bound of zero and the Lagrangian relaxation upper bound equals N, where
the optimal Lagrange multiplier A* = 0. Thus, the relaxation gap equals N, in conflict
with Theorem [A.3.3

Note, however, that to obtain the tight ALP relaxation bound of zero, [AMOS| strengthen
the ALP relaxation bound by imposing constraints only at states that can be visited by
policies (in this example, the only possible states are all subproblems in state 1 or all sub-
problems in state 2). We show in Propositionbelow that the standard ALP relaxation

bound as we define it leads to a gap that is constant with respect to V.

90



In addition, [AMOS8] remark “..in the example of Section 4.3.1 ... the difficulty lies
in that A is not state dependent.” In fact, allowing A to depend on time alone (but not
subproblem states) is sufficient to reduce the relaxation gap to a constant, even with the
strengthened ALP relaxation bound used in [AMOS].

Specifically, we consider time-dependent Lagrange multipliers X = (A1, \2,...). Then

the Lagrangian DP given A is

V1) = ae?gaxN} {/\1 +a —2a\; + V(2 - 1)} ,

VAM2-1) =M+ NX\ +4V2A(2-1),VE > 1.

To minimize VA (1), it is optimal to take \; = VA (2-1) = 0 and we are left to consider the
problem

min {/\1 + max a(l— 2/\1)} .
A1>0 a€{0,....N}

The optimal solution is A\; = 1/2 and V*(1) = 1/2. Thus with the (strengthened) ALP
relaxation bound of zero, using time-dependent Lagrange multipliers leads to a relaxation
gap of 1/2. Intuitively, having the Lagrange multipliers depend on time captures the
necessary state dependence, since the absorbing state 2 is visited by all subproblems in the

second period.

Proposition A.5.1. In Example 4.3.1 in [AMOS§], using the (non-strengthened) ALP re-
laxation (A.12)), the relaxation gap is bounded from above by a constant independent of
N.

Proof of Proposition[A.5.1}
Similar to [AMOg], we assume 3y —2 > 0. As shown in [AMOS], the optimal Lagrangian
bound is N. For completeness, we include the Lagrangian LP here. The Lagrangian
relaxation LP is
o 1 A
minimize ——A+ NV*(1)
AVAs) L

subject to
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VA1) > 1—=2X+4V2(2),
VA1) > 4VA(2),

VA(2) > A+ VA (2).
The problem is equivalent to

min

)\+Nmax{7)\,1—2)\+7)\}
L—n L=y

>0 1 —7y
A 3y —2 A
=minmax ¢ N + —— + AN 7 , + AN i .
A>0 11—~ 1—7 1—7 1—x

Since we assume 3y —2 > 0, all coefficients of A are non-negative, therefore, we have \* =0
and the optimal Lagrangian bound is N.

For the ALP , since all subproblems are identical, it is sufficient to consider solutions
with Vi(s) = Vj(s) for any subproblem 4, j and state s. Moreover, for any states with k
subproblems in state 1, since all subproblems transition to state 2, it is sufficient to consider
the constraint that maximizes the one-period total rewards for this state, i.e., the action

that solves the problem

k k
max y r(l,a;), st. > ((1,a) <1+ N~k
‘ =1

= i=1
The optimal solution is to take action 1 for as many subproblems in state 1 as possible
and the optimal value is min{k, [(1 + N — k)/2]}. Therefore, the ALP relaxation reduces

to

minimize NV""(1)
VLP (S)

subject to

1+N -k

EVI (1) + (N = k)V™(2) = min {"‘ { 2

J } +yNV*(2), Vk =0,..., N,
(A.16a)
where k denotes the number of subproblems in state 1. With k = 0, constraint (A.16a) is

equivalent to V*F(2) > 0. Hence, the problem can be further simplified as

. . 1[14+N—Ek (1—~)N
LP (1) — 1. = . LP LP(9)
V(1) VLIgl(er)lZO pJmax mm{ T { 5 J } p VP (2) + V' (2)
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We focus on the case where N > 2. There are three possible cases:

(i) N mod 3 = 0. There exists m € Z, such that N = 3m. Then we have

NV*"(1) >N - Lrgl(ir)l kma)ifmin{l,]i r +J;[_ kJ } _a _kV)NVLPQ) + V' (2)
VLP(2)>0 k=m,

=N - mi 14 (3y = 2)V'"(2),7V*"(2)} = N
VLrPn(g)lzomax{Jr(v WVH(2),7VH(2)}

(ii) N mod 3 = 2. There exists m € Z44 such that N = 3m — 1. Then we have

NV™(1) >N - vLIF¥l(i2I)1>0 kr_na%vmin {1, % {1 i ];[ — kJ } — u _kV)NVLP(Q) + V' (2)

1
=N i 1 3y -2+ —(1 - V' (2),7V*™(2) p = N
L max {14 (3724 L)) V)@ )

(iii) N mod 3 = 1. There exists m € Z 4 such that N = 3m — 2. Then we have

) ) 1|1+N-k (1—~)N
LP S - _ LP LP
M ZN - i e win {1, | R G v

- . 1 LP LP
=N . VLIF{1(12I)120 max {1 + (37 -2 m(l — ’Y)) VE(2),7V(2)

~
(2—!—%) (1—7)

Note that since the Lagrangian bound is NV, the only possible case when the relaxation gap

=N - min , 1

is positive is when N = 3m — 2 and v < (2 + ﬁ) (1 — ) for some m € Zy . In this

case, we have

v

V)\*_VLP SN—N<2+m11> (1_7)

~
(2+:5) -7
Sm2(1—7) — (3y —2)(3m — 2)
(2+75) -
_3m—2 Im—2 3y —2
S 2m—1 2+ﬁ 1—7
3 3Im—23y—-2 3
<7 - 1 <z

=Bm—-2)|1-

Therefore, the relaxation gap is bounded from above by 3/2. O
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A.6 Dynamic Production and Allocation Example

We consider the problem a firm allocating limited production capacity for a product at N
locations (e.g., stores or warehouses) over a finite horizon. The state s;; for each location
i is the period ¢ inventory level of the product at location 4, which evolves as s;y1; =
(Sti+ agi — clm-)+7 where d; ; is the random demand for the product at location ¢ in period
t. Each location has a limited capacity a; for inventory and the firm has limited total
production capacity By in each period, i.e., we require Zf\i 1a¢; < b The firm generates
revenue for selling the product and incurs production costs as well as holding and shortage
costs for leftover and unmet demands, respectively. We can write the expected reward for

location ¢ in period ¢ as

ri(Stirani) = E [pridei + (pri — he) (St + ars — dii) T = bei(ds — sei — ar) 7| — crian,

where py ;, ¢ti, hi i and by ; are the per unit revenue, production cost, holding cost, and unmet
demand cost for the product at location 7 in period ¢, respectively. The firm’s objective is
to find a feasible production and allocation policy that maximizes expected profits. This
problem has a single linking constraint and Assumption holds under both conditions
(i) and (ii).

We consider examples in which all locations are symmetric each with zero initial inven-
tory. We let d;; be a discrete approximation of a normal distribution with mean Jt,i =10
and variance 1. The capacity at each location is a; = 20 and we use a total production
capacity of by = 10N in every period. For the remaining parameters, we take the unit
revenue p;; to be 0.45, the unit holding cost h;; to be 0.2, and the unit unmet demand

cost b;; and the unit production cost ¢;; to be 0.3.

For the Lagrangian relaxation, we solve the problem using the cutting plane method
described in [BS20] with an error tolerance of 107°. For the ALP relaxation, we use

constraint generation with error tolerance 107°. Given a candidate ALP solution Vii(se4),
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let ét‘; (at,;) = ming, 5,}2(8::,1‘, a;); then the separation problem ({2.6) can be simplified to

N
minimize Z Z xt,i(at,i)ét‘,/@'(at,i)

xt,i(at,i) € {Ov 1} i=1 a¢;

subject to
N (A.17)
SN aiwrilars) < b,
i=1 a¢;
> wpilar:) =1, Vi.
at,i

We use several enhancements to increase efficiency in solving the ALP. First, at each
iteration of the constraint generation algorithm, we solve the separation problems across
time in parallel using 8 workers. Second, since locations are symmetric, it is sufficient to
consider solutions with V;;(s;;) = V4 j(s¢:) for any location 4, j and state s;;. Therefore
we have LSX@'(at,i) = ét"fj(am) for any location ¢, j and action a;;. The LP relaxation of the
separation problem is equivalent to:

minimize Zyt(at)étv (at)
ye(ar) € 0,1] 75

subject to (A.18)

Z aryr(ar) < by/N.

at

Finally, rather than solving the separation problems exactly, we instead first solve the
LP relaxation ; let y;(a;) denote a corresponding optimal solution. We then assign
ly; (a;) - N| locations the allocation a;. For the remaining locations, we solve by
replacing N with N — > |y (at) - N|. This heuristic reduces the size of the separation
problem but the solution may not be optimal. Therefore, the output of the algorithm
provides a lower bound on the ALP relaxation.

Table reports the numerical results. On a per-location basis, the ALP relaxation
converges to the Lagrangian relaxation, consistent with Theorem and the relaxation
gaps are quite small in all cases (note that the Lagrangian relaxation is independent of N

on a per-location basis). Moreover, despite the enhancements to solve the ALP relaxations,
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Expected value per location

T N=1 N =3 N=9 N=27 N=81 LR

10 1240585 12.40754 12.40757 12.40757 12.40757 12.40757
20 24.92696 24.93047 24.93142 24.93142 24.93142 24.93142
30 37.44807 37.45368 37.45520 37.45528 37.45528 37.45527
40 49.96918 49.97689 49.97913 49.97913 49.97913 49.97913
o0  62.49029 62.50013 62.50297 62.50299 62.50299 62.50299

Run times (seconds)

T N=1 N =3 N=9 N=27 N=81 LR

10 0.86405  1.55403  2.23475  2.03349  2.29733  0.04637

20 1.27835 4.58919 4.11424  3.91494  3.99941  0.09643

30 1.79537  7.62609  5.33953  6.34776  6.28313  0.23380

40 2.20932  21.48491 7.69511  9.37272  7.47482  0.23303

50 250208  14.31427 8.87012  8.10283  7.88087  0.40232

Table A.1: Results for the dynamic production and allocation examples.

The

columns with N correspond to the ALP relaxations with N locations and the column

“LR” denotes the Lagrangian relaxation.

the time required to solve the ALP relaxations ranges from 6 to about 50 times the time

to solve the Lagrangian relaxation.
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Appendix B

Appendix to Chapter

B.1 Proofs in Section [3.3

Proof of Proposition|3.3.1].
(a) We prove the result by induction. Given the initial state (si,z21), the optimal value

Vi*(s1, z1) can be solved recursively as:

Vi(st,ze) =  max  {ri(se, 2, a0) + B[V (141, 2e41)| (80, 20, a0)] }
atE.At(st,zt)

where V7 (8741, 2711) = 0.
For period T + 1, we have V', (s741,2741) = L%H(STH, zr41) = 0.
Assume that for period ¢ 4 1, Vi (8441, 2¢41) < Lt)‘+1(st+1, z¢11). Then for period ¢,

we have

Vi*(st, 2t)

at€AL(st,2t)

By(z) g be i Stmztaatz)]

+E [V (see1, 2e101)| (81, 21, a1)] }

By(z) E be.i( Stz,Zt,atz)]

E [V;t:-l(st-ﬂvzt—&-l)‘(staztyat)] }

< max {rt(st, 2, CLt) + /\t Zt

§ max ’I"t(St, 2ty at) + >\t Zt
at€A¢(Sst,2t)

S max ’I‘t(St, Zt, at) + )\t Zt
atCA¢(st,2t)

N
Bt Zt E btﬂ Sty 2ty atz)
=1

A
+E|:Lt+1(3t+1azt+1 (8¢, 2¢,ay) }

:Lt)‘(st, Zt).
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The first inequality follows from the fact that A\;(z¢) > 0 and Zf\il bei(st,is 2ty ari) < By(z)
for any a; € Ai(s¢,2¢). The second inequality follows by As(st, z¢) € Ay(se, 2¢). The last
inequality follows from the induction assumption.

Hence, we can conclude that for any A > 0, state (s¢, z¢), we have V,*(s¢,2¢) <
L} (s¢, z¢). By standard DP results (e.g., [Put94] Theorem 4.4.2), V;*(s;, z;) depends on z;
only through z;, and V;*(sy, z;) = V;*(s¢, 2¢). Therefore, we have V;*(s¢, z:) < L} (s¢, 2).
(b) It is sufficient to show that and satisfy the Bellman equation for the La-
grangian DP , ie.,

N

T
> E[M(20)Br(zr)|zd] + > L(sei, 21)

i=1

= max ri(Se, 2, ar) + Ae(2¢)
at€A¢(st,2t)

N
By(z) — Z be.i(St4, 2t at,i)]
i—1

T N
Z E (A (z7)Br(27)|ze41] + Z Lt>‘+1,i(5t+1,iv Zt41)
T=t+1

T=t+1 =1
Zt]
T T

=A(z0)Be(2t) + Y B[ (20)Br(zr)|2d] = ) E[Ar(20)Br (1)l 4],

T=t+1 =t

+E

(St, Zt, at)] }

First note that

T

M(z0)Bi(z) +E | > E[A(27)Br(zr)|2e11]

where the first equality follows from tower property. Therefore, we are left to show
N
Z Léi(St,ia z¢)
i=1

N
= max {Tt(st; Zt, at) - At(zt) Z bm‘(St,i’ Zt, at,i)

at€A¢(8t,2t) 1

N
+E ZLi\ﬂ-l,i(St-&-Liy zi11)|(st, 2, at)] },
i=1
which can be obtained by summing Léi(st,i, z;) over i using equation (3.5). 0

Proof of Proposition[3.3.9
Note that (3.6)) and (3.7)) are both bounded and feasible LPs, and (3.7)) is the dual problem
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of (3.6). Therefore, the optimal values of (3.6)) and (3.7) are the same by strong duality

for linear programming.
(a) At time t, for project ¢, at state (s¢;, 2¢), according to the policy p*, the probability for
this project taking action ay; is

1y i (8tis Zt, Qti)

* . I\
Za;yieAtyi(st,i,zt) Mt,i(st’l’ Zt, at,i)

Note that when uzi(sm, zt,at;) > 0 for some a;;, constraint holds with equality by
complementary slackness, which implies that a;; is an optimal action. Also there must
exist some a;; such that p ;(s¢4, 2¢,a:,;) > 0 by constraint and , otherwise the
state (s, z¢) will not be visited. Therefore, the mixed policy is optimal for the Lagrangian
DP (3.3).

(b) For any state (s, 2¢), if an action a;; is strictly suboptimal, the corresponding con-
straint holds as a strict inequality. By complementary slackness, we have constraint
holds with equality, i.e., ,u;i(st,i,zt,at,i) = 0, which implies that p;i(sm,zt) = a;
with probability zero. On the other hand, if a;; is the unique optimal solution, then any
other action aai is suboptimal and thus u;i(sm, Zt, a;i) = 0, which implies that a;; is the
unique action such that u;i(st’i,zt,am) > 0, and thus p;i(st’i,zt) = ay; with probability
one.

(¢) Under the mixed policy p*, conditional on the signal history z;, the probability that

project i is in state s;; and action a; is selected is ) (¢, 2¢, ati)/Qi(2¢). Therefore, we
b

have
N 1 N
E th,i(sfpztaafi) Zt| = Z Z bt,i(st,iyztaat,i)ﬂzi(st,ivztaat,i) < Bt(Zt)-
i=1 ’ ’ Qulz) 7 .5
= = t,i,%t
(B.1)
By complementary slackness, we have
N
A:(Zt) (E Z bt,i(sﬁia Zt, af’z) Zt| — Bt(Zt)> =0.
i=1
O
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B.2 Proofs in Section [3.4]

Proof of Proposition|3.4.1].
(a) We prove the result by induction. Note that Vi (f71,27r+1) = 0 for any 211, which
is concave and piecewise linear in f, ;. Now assume for any zq that V7 (f, 1, 2141) is

concave and piecewise linear in f;,, which we write as

Vi1 (Fii1 241) =  min {flr19t+1,k:(zt+1)+Ut+1,k(zt+1)}-
keKty1(ze+1)

Then the right-hand side of equation (3.9)) can be written as an LP:

N
maximize Z Z Tt (Stis 2es Qp i) Ut i (St i, 2t Gr) + Z Qt(zt4+1|26)V (2t41)
U, ft+17 V(zt+1) i=1 S¢,4,0¢5 Ft+1

subject to

N
Z Z bei (St 2t r,i)Ut,i(Sti» 2t r6) < Bi(zt),

i=1 St,i,0t,i

D utilsti 2 ) = frilsei), V(i s0),

at,q

fir1 = Pi(z)uy, u >0,

V(2t41) < FlaOri1p(zee1) + vesin(ze1), Vo, k € K (zi41).

(B.2)

The dual problem of (B.2) is:

eminimize 0, f,+ CBi(z) + Z Z Qt(zt11126) Ve 1,k (Ze41) M1,k (Ze41)

ty Ct7 Net1s 2t4+1 k€K1 (2¢41)

subject to

Do mp(zn) =1, Yz,
kEKty1(2e+1)
e (St, 26, i) — Cebei(Stis 2, ar3) + B Z Or1, (15 St1,65 264 1) M1,k (2e41) | (82,45 225 Gt5)
k€Kiy1(zt41)
S et,’i(st,i)7 V('l, St,’h a’t,i)) (Bga)

77t+1 Z 07 Ct Z 0.

100



Since both and are bounded and feasible LPs, the optimal values of
and are the same and equal to Vf(f;, z). The LP has 1 + Zf\il |Si| +
> .s [ Ke1(ze41)| variables and 1+ 37, [Kip1(ze00)] + 12] + 200, 3, [Ari(sti, 20)]
constraints. Thus, the number of extreme points is at most

(1 + Y K ()| 4 12] + 0 S, N Ai(se, zm)

N
L+ 32 1Sl + 22, K (o)
Since f, only appears in the objective of the LP (B.3) and there exists an extreme point

to that is optimal, VF(f,, z¢) is a concave and piecewise linear function in f,.

(b) As shown in Proposition (a), the optimization problem in can be written
as a linear program and 6; is the dual variable corresponding to the constraints
Zam i (St 2, aeq) = fri(Seq) V(i,804). Let (0F,¢f,n;;) denote an optimal solution of
LP (B.3). Then (6},¢/,n;,,) is feasible to the corresponding linear program of V;"( £ zt)

with f} in place of f, in the objective. Therefore,

‘/tF(fg’ Zt)

<O;TFi+ Y Y Qulzlz)ve(ze)n k(ze) + G B(z1)

2t+1 k€Ki (Zt+1)

=V (f1.20) + 07 (1 — fo)-

Proof of Proposition|3.4.%
(a) First, from Proposition (3.3.2), the optimal value of LP equals L (s1,21). Let
(f7, z¢,uf) denote an optimal process associated with the DP , and consider the solu-
tion gt i(Stq, 2t, ar,i) such that e ;(se, ¢, ati) = Qt(zt)u;i(st,i, zt,a¢3). We first show this
solution is feasible to LP (3.7)).

Since uzi(st,i, Z¢,a;) > 0 and

S pilsiiz,a1s) =Y i (s14,21,010) = fi(s1:) =1, Vi,

ai;q ai;q

constraints (3.7d)) and (3.7¢]) are satisfied. For constraint (3.7bl), V(¢, z¢),
N
Z Z bei (St 2t ti) fo,i (St.i> 25 Qti)

=1 St,i,at,i
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N

=Qu(z0) Y D builsei, 2 ari)uii(sei 2, ani) < Qu(z0) Bi(zr),

=1 S¢,i,0¢,4

where the inequality follows from u; € Uy (f7, 2;). For constraint (3.7d)), Vt < T, (¢, St41,4, Z¢41),

> Prilsiprilsei 2 a0)Qu(ziea 20 i (1.4, 20, ar)

St,is0t,i

=Qi(z1) Z Pri(se41,6l 8,05 205 ari) Qe (21 |z0)ug  (Se, 21, i)

St,i,0t,i

ZQt+1(zt+1) Z Pt,i(8t+1,i|8t,i7Zt,at,i)uzi(st,uzt,at,i)

St,isQt,i

=Qt+1(2e+1) fi1i(8t41.0) = Qer1(2e41) Z Uiy i (St41,6, 2641, Qt41,1)
Q41,5

= E 1,0 (St41,i5 21415 Qg1,i) -
At+1,4

Therefore, the solution is feasible to (3.7]). For the objective value, we have

T N
ZZ Z rt,i(st,ivZtaat,i)#t,i(st,iaztaat,i)

t=1 i=1 St,i,2t,0¢,i

T N
=SNN Qulz) D st 2 ana)u (s, 2 ang)

t=1i=1 =2t St,i,0t,4

:‘/iF(flv Zl))

which implies that L (s1,21) > VF(fq, 21).

On the other hand, let ,uz‘ﬂ-(st,i, zt, at,;) denote an optimal solution of . We consider
a history dependent policy for the fluid DP such that given z; with Q;(z;) > 0, the
DM takes action w (s, 2¢, ari) such that w;(sei, 2¢, ari) = ,uf’i(st,i,zt,at,i)/Qt(zt). We
show this policy is feasible, i.e., u; € Uy(f,, z:). Note that u; > 0 and

N

E E bt,i(st,h Zt, at,i)at,iut,i(stm Zt, at,z‘)

=1 St,i,Qt,q

N
:WZ Z be,i(St,i, 2t; ari)a s i (Stis 2ty aei) < Bi(z).
t(2t

=1 sm,am

We use forward induction to show this policy satisfies the flow balance constraint. In period
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t = 1, by constraint (3.7¢c|), we have

D uri(sii 2 a1d) = Y i (51,21, a1) = fri(si) =1, Vi

ai,i ai;q

Assume that for period t,

> uri(se 2 ani) = fri(sea), V(i s04).

at;

Then for period ¢ + 1 with signal 211, we have (i, st4+1,)

fr+1,i(St416) = Z Py i(St41,6|50,4 2t Qi) e i (St,is 25 Qi)
St,i,0¢,

1
:Qt(Zt) Z Pt,i(5t+l,’i|8t,i7 2ty atai)/‘l’zi(st,ia Z4, at,i)

St,iyAt,0

1
C Qera(ze41)
1

T Qui(zin1)

> Pralsiprilsei 2 a0)Qu(ziia |20 1 (1.4, 20, ari)

St,isQt,i

*
E i1 (Sea1sis 2415 Qer1)
41,

= E Ut+1,i(3t+1,i7Zt+17at+1,i)a
at41,:

where the second last equality follows from constraint ([3.7¢)).
Therefore, this policy is feasible and the expected total reward is

T
Z Z ZQt(zt)rt,i(st,iaZtvat,i)uui(st,iaztvat,i)

t=1 S¢4,at,5 2t

T
= Z Z Zrt,i(st,h 2t )i i (Se 2, arg) = LY (81, 21),

t=1 s¢5,00,i =t
which implies L} (s, 21) < V{(fy, 21). In conclusion, we have L} (s1,21) = V{ (£, 21).
(b) For any state (t, 3;, z), let f, denote the corresponding fluid state. Proposition M(a)
implies that VtF(}t, zt) is equal to the optimal value of the optimal Lagrangian dual prob-
lem with (t,3;,2) as the initial state. Therefore, we have V;*(3;, 2) < Vi (fy, 2). Since

Vi (f, 2¢) is concave in f,, by Jensen’s inequality, we have

E(V; (50, 20)) < B |VE(Feo )| < VE(EIFL ).
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Since E[f}z(sm)] =E[1(5:; = st4)] = P(5i = St5) = fr.i(se,), it follows that

E [Vi*(’éh Zt)] < V;fF(]E[}t]v Zt) = V;‘,F(fh Zt) .
(c) For a random initial state (t,8;,z;) such that §;; is distributed as (fii(s¢:))s,,es;5
consider the optimal Lagrangian dual problem analogously as (3.6)) but instead with the

objective
T

N
Z E[Ar(27)Br(2)| 2] + Z Z ft,i(sm)Lai(st,iv Zt).

T=t i=1 St
The corresponding initial state constraint in the fluid relaxation LP analogously as ({3.7))
is

Zﬂt,i(st,iy Zt, at,i) = ft,i(st,i)a V(i, St,i)-

at

Using an analogous argument as in the proof of Proposition a), it follows that V7 (f;, z¢)
is equal to the optimal value of the optimal Lagrangian dual problem with a random initial
state (t, 8¢, z¢). Therefore, for any A € A and for any (f,, z¢),

T

N
VE(Fs2e) <D ED(20)Br(zn)lzd + DY frilsea) L (sei 2e)-

T=t =1 St

(d) Let (Af(z¢), Lf:;(st,l-, z¢)) denote an optimal solution of (3.6). We show this result by
induction. For time T + 1, let ZZ:THE [N:(z7)Br(2:)|zr+1] = 0. Thus, the base case
holds. Now assume for time ¢ + 1 that
T N
Vi (Fia z01) = Z E [)\:(zr)Br(zrﬂthHZ Z Fin (o) L i (St 2e41)-
T=t+1 =1 5411,45€S5;

Then for time ¢, we have

N

DD frilsea) L (e 1)

=1 s; ;€S5;

N
=Y > fiilsi)max {rt,i(sm, 2 a83) — A (20)bei (56, 21, ar)
2

i=1 543017 (5¢,:)>0

+E [Lg\—:l,z‘(sﬂrl,i?zt+1)‘(3t,iaztaat,i)} }
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©) N . uy (St 2t Qti) .
=YY falsa) D o  rilses 2 ans) — N (20bea(Seis 2 ar)

*
; NE
=1 sp,q:f7 5 (56,1)>0 at,i ftﬂ( t’l)

+E {Li\—&tl,i(sﬂrl,i,zt+1)‘(st,ia Z¢, at,i)} >

N
=3y (sei 2 ars) (Tt,i(st,z‘, 2t ati) — AL (26)bi (8¢, 24, ati)

i=1 St,i,Q¢,i

+E [Lt+1 i(8t414, Zt41) ’ (8t,is 2t at,i):| )

N
= Z Z uy (St 2t5 @) (T4, (Se05 26, i) — Af (20)bei(Stis 21, ari))

i=1 St,i,Q¢t,i

N
+Z Z u;z‘(st,i,ztaat,i) Z Pt,i(5t+l,i|5t,i>Ztaat,i)Qt(ZtJrl|Zt)Lt)£1,i(5t+1,i?ZtJrl)

=1 St,i,0t,4 St41,ir2t+1

N
Z Z utz Styis 2ts At) (Ti (St 26, ani) — Ay (Z0)bei(St, 21, ari))

=1 St,i,0¢t,4

N
+> > @izl fin () L (s 2e41)

1=1 St41,i,2t+1

N
= Z Z Ug ;(Stis 2ts Ati) (T (St 26, ani) — Af(20)bei(Sts 2, ari))

i=1 St,i,0t,4

T
+ Z Qt(zt412t) (VtFH(ffH?ZtH) - Z E [)\i(zr)Br(zrﬂth])

Zt+1 T=t+1

T
V(s - BB o) 2.

T=t

From Proposition (a), it follows that (s, 2e,at4) = Qt(zt)uf’i(st7i,zt,at7i) is
optimal to . Thus, solutions ()\Z(zt),Lt}:; (Sti,2¢)) and gt i(sei, 2¢, ar;) satisfy com-
plementary slackness. Equality (I) holds because ft":i(st,i) = Zam uzi(st,i,zt,at,i) and if
uf (e, 26, ari) > 0, then gy i(se i, 2, ae:) > 0 and thus action ay; is optimal to by

complementary slackness. Equality (2) follows from the definition of VF(f}, z), which is

fmZt Z Z u“ Stzaztvatz)rtz(stuZtvatz +ZQt zt+1’2t)‘/,f+1(ft+1azt+l)

i=1 St,i,Q¢t,i Zt+1
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as well as complementary slackness, which implies

N
Z Z g i (St,is 2t ari )AL (2)bei (S5 2t, ari)

i=1 St,i,0t,4
_ 1
Qt(Zt)

N
Z Z Mt,i(st,i, Zt, at,i)/\:(zt)bt,i(st,i, 2ty at,i) = )\f(zt)Bt(Zt)-

1=1 St,4,0¢,3
Therefore, we conclude that

T

N
VE(frz) =Y BN (z0)Br(zo)lzd + > D frilsed) LY (64, 20).
T=t i=1 s ,E€S;
Moreover, for any f,, we have
N
VEF )+ 30> (Frilsea) = fii(sea)) Ly (sei, 2e)

1=1 St

T

N
=Y BN (z)Br(z) |z + DD fralse) L (e, z1)
T=t =1 St,i

ZWF(ftJ zt)a

where the inequality follows from Proposition |3.4.2(c).

B.3 Proofs in Section [3.5|

Proof of Proposition [3.5.1]

(a-1) By construction, we have K7 (z) C Ki™(z) for any j and (t,z), as we keep adding

pieces over iterations and no piece is removed. Thus V}(fy, z) is nonincreasing in j.

(a-ii) We show this result by induction over ¢, first at j = 1. We first show for all ¢

and (fy, 2¢), that VH(fy,z) > Vi (f, 2¢). For time T + 1, we have VI (fry1,2041) =

Vi1 (fri1,2741) = 0, which proves the base case. Now assume that for time ¢ + 1,

‘7t£r1(ft+1» zev1) > VI (Fia1, 2e1) for any (f,4q, 2e41). Every piece in Ktl(zt) represents a

linear function that is an upper bound of the function

N

i Z Z Tti(8tis 2t At )ur (51, 26, ari) + B [Vt%&-l(ft—i-l?Zt+1)‘(ftaztaut)]

we€le(fozt) | S
- IRl )
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Therefore, for any (f,, 2¢),
th(fw zt)

N
> max Z Z 7, (8es 20 @i i (805 26 aei) + B [Via (F s ze00) | (Fos 22, )]
wi €U (fy,2t) i=1 St,3,0¢,;

N
> max Z Z i (St 2ty Qi) Ut i (St,iy 205t i) + E [Vtﬂ(ftﬂaZt+1)|(ft7zt’ut)]
wi €U (fy,2t) i=1 St,3,0t,;

:V;F(fta Zt)a

which shows that V,'(f,, zt) > VF(f,, ) for any (¢, fy, 2t)-

We now consider iteration j > 1. For time T + 1, we have ij+1(fT+1,zT+1) =
Vio1(Fry1,2741) = 0. Now suppose for time ¢ + 1, it holds that Vt+1(ft+1vzt+1) >
Vi (Figrs zeq1) for any (49, 2e41). For time ¢ and any z, K] (z) is updated by adding
pieces to form upper bounds of the function

N

max Z Z Ttl Sty 2ty At z)utz(st is 2ty At 2) +E[ t+1('ft+1’Zt+1)‘(ftvzt’u¢)}

ut €U (‘ft7zt =1 S¢,i,0¢t,4
b

Since VgH(ftH, Z4+1) is nonincreasing in j for any (f;, z¢41), it follows that any piece in
Kt] (z¢) forms a linear function that is an upper bound for the function above as well. Thus,

we have

th(fu zt)

Mz

> max

> Z Tt (St,is 26> Qe ) Ut i (St, 2t, api) + E [ t+1(ft+1’zt+1)’(ft’Zt’ut)}
uteut(ft’zt

=1 St,i,at,i

=

e Z Z T.i(Stis 2t Qi )uti (St 2ty ari) + E [V;‘,+1(ft+17Zt—l—l)‘(ftvzt;’u/t)}
wi €U (f4,2t) i=1 S¢,i,a¢,;

:VtF(ftv Zt)'

(b-i) We have

1 M
2 V"
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E

[l
<[ -
M=

T
V(fra)+ 3 (VG 2m = Vi ;“,zz”))]
t=2

3
IL

iI‘IH
M=
M=

E [(ro(a) T + (B (Vi (Fis ) |287| = V2 (200
1

3
il
i

EI\IH
M=
M=

E | (ra(:m) ]

_.
-
I

1

3

Therefore, V' is an unbiased estimate of the fluid policy that is greedy with respect to th .

(b-ii) For any z/* and any t, we have
V(£ )

- max E § Tt Stuzt 7atz)utz(3tuzt 7atz>
wr €U (f7,277)

=1 St,i,0t,4
+E [WH (ft+1,zt+1)‘(f§”,zfl7ut)} }
<V/(f1" 21,

where the inequality follows from the proof of Proposition [3.5.1)(a-ii). Therefore, we have
. T . . .
=V (120 + D (V2 () = VU ) < V7 (fr0) < W (1),
t=2
In addition, we have V™ = Vlj (f1,71) if and only if for every ¢
V(£ A
=V (£, 2")

= max { E E Tt Stuzt 7atz)utz(5tz’zt 7at’b)

we €U (Fi"27") 1=1 S¢,i,0¢,4
b

+E [V (Frons )| (7 207 )| }

The proof of Theorem [3.5.2] uses the following two lemmas.

Lemma B.3.1. For every (t,z), there exists a finite set K;(z) with such that, for every

iteration j, it holds that Kg(zt) C Ki(z).
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Proof of Lemma[B.3.1]
We show the result by induction. We have that K7y1(2751) = @ holds as the base case.
Now suppose that Kf+1(zt+1) C Ki11(2441) for any j and consider LP (B.3)) with f7* and

K], (z41) in place of f; and K;y1(241), respectively. By construction, every piece in

K () corresponds to an extreme point of this LP. Therefore, we have

VI ) =07 () T =0 Y Qulzalz) vk (G ek (ze1) + GBi(z),

A1 ke KT (2041)

which implies that piece (67" (z), f/tj (f, 2) =07 (2) " fi) corresponds to an extreme point
solution (07" (2),(t, My, 1). Since Kth(zHl) C Ki1(zt41) and Kyy1(2¢41) is finite by the
induction assumption, it follows that there is a finite number of extreme points to the
LP (B.3). Let K(z) denote the finite set formed by the union of all extreme points for
all possible Kth(zHl). By the above argument, we have that Ktj(zt) C Ky(z), which

completes the proof. O

Lemma B.3.2. If we enumerate all possible zp in an iteration j and Ki(z) = KI1'(z)
holds for every (t, z), then the corresponding approzimations \7tj(ft, z¢) are optimal to the

fluid DP (3.9).

Proof of Lemma[B.53.3,
In iteration j, let (2)M_, denote the sampled signal histories and (f}*)7_; denote the

fluid states corresponding to 2/ in Algorithm If we enumerate all possible zp and

Kt](zt) = Ktjﬂ(zt) for every (t,z;), then for any (m,t, fi*, 2{"*),
VI ) =V (F T 210)

N
m m
= max E g Tei(Stiy 24 Qe i) Uti(Stis 24, Qi)

ue U (£7"21") 1=1 St i,0¢,i
+E [‘7t]4r1(ft+172t+1)’(f§na Z;n:ut)] }

That is, for every possible signal history 277, th (f,, z+) satisfies the Bellman equation for

the fluid DP (3.9)) and thus is optimal. O
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Proof of Theorem|[3.5.3.
Combining Lemma [B.3.1] and [B.3.2] if we enumerate all possible signal histories in each

iteration, the algorithm converges in a finite number of iterations. If we sample M signal
histories in each iteration, then with probability one, all possible signal histories will be
enumerated in a finite number of iterations since the number of possible signal histories is
finite. Therefore, with probability one, th satisfies the Bellman equation at any fluid

optimal state in a finite number of iterations. O

B.4 Proofs in Section [3.6

The proof of Theorem [3.6.1] uses the following four lemmas.

Lemma B.4.1. For a given initial state (s1,z21), let (sf*,af*) denote the period-t states

and actions using the dynamic fluid policy p*. Then, for any policy =,

LY (s1,21) — Vi (81, 21)

t=1

Xi(z0) (Bilze) = BY') 4 vtz af) = vtz mals! 24)

* * * *
+E [W11(3t+172t+1)|sf 7Zt7atp } —E [Vt11(5t+1,zt+1)’3tp ,Zt,ﬂt(stp ,Zt)} ]7

where
N

Ap* o p* p*
BY = E bei(8 40 265 Ay ;)
i=1

Proof of Lemma [B.4.1]
Since p* is an optimal policy for the Lagrangian DP ({3.3) given A* starting in state (s, 21),

by definition we have

T
LY (s1,21) = ZIE [)\;f(zt) (Bt(zt) — Bf) + rt(stp*,zt,af*)
t=1
Moreover, we have
E[Vi"(s1, 21)]
T T
B[V (s1,20)] + 3B [V (s 20| = SB[V (sl 20)]
t=2 t=2
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. T
Vi (sy azt)} - ZE |:‘/t7—r}-1(5tp+17zt+1):|
) t=1

p;gﬂ

-
Il
—

p;qﬂ

Vi (sf 21) = Vi (30 2e)]

W
Il
—_

*

E |ri(sy 2z, (st ,2z1)) + E [%11(8t+1,Zt+1)‘Stp 2, T (8), 2¢) —V;erl(sfﬂ,ztﬂ) .

-

it
I\

The statement follows by combining the two equations above. O

Lemma B.4.2. If s; and 8; differ for m or fewer projects, then for any t and z, the

number of actions that differ under me across states s; and 8; is at most <% + 1) m+ 2%.

Proof of Lemma[B.Z.3.

Since the dynamic fluid policy makes decisions independently across projects, for two states
8¢, 8, if s;; = 544, then the actions generated for project 7 are same under policy p*. Thus
the actions generated by p* in states s; and 8; (denote these by af " and ay *, respectively)
will differ for at most m projects.

We denote the priority index ranking in state s; by o and the priority index ranking
in state 8; by . That is, o(j) is the index i € {1,..., N} corresponding to the j'"-highest
ranked project in state sy, and similarly for 6. We denote by I the index set corresponding
to projects having the same states, i.e., I ={i € {1,...,N} : s;; = 5 ,}, and denote by I¢
the index set corresponding to the remaining projects. By assumption, |I¢| < m.

We consider the following:

J J

Vi = Bi(2z) — Z bt,a(i)(st,a(i)a 2ty atp:;(i))a Y= Bi(2z) — Z bt,&(i)(gt,&(i)v 2ty dtp:;(i)),

i=1 =1

l=inf{je{l,....N}:9;<b}, I=inf{je{l,...,N}:%; <b},

L={o(j):1<j<l}nI, L={6(j):1<j<i}nI.

If both I and [ do not exist, the shared resource constraint is never depleted at s; or s; and
the claim holds as at most m actions differ according to the definitions of ¢ and p*. If only

I (1) does not exist, we take [ (I) to be N.
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Without loss of generality, we assume |L| < |L|. From the definition of a priority index
ranking, since states (and actions using p*) are the same for any project in I, it follows

that L C L. Let

j*=sup{je{l,....N}:o(j) € L}, 1" =(5)" (o (s)),

so that project o(j*) is the [*-th project we try to assign resources to in state 8;. We let
I* = 0 if such a j* does not exist. Then we have I* < [ since (") =0(j*)€Land L C L,
which implies

Ln{o():1<j<ly=LN{5(j):1<j<I*} (B.4)

By the definitions of I, [ and b, for any j < I (j < [), it is feasible with 7 to use af;(j)

TF

(af,a—(j)) in state s; (8;) (i.e., a’ tor(j

=Pt ~TE 7
bo( ) and W 5(5) = atﬁ(j)) as at least b shared resource

=aq
)
remains. Therefore, we have
TF STEY
E ]l{at,i # at,i} =0,
ieL
and, in addition, we have

l
Z bt,a(j)(st,a(j)y 2t af’o-(j Z bt ,0(j st ,0(5)» Zt, G t o'(j))

j=1

= Z bt,o(j)(st,cr(j)a 2ty azg(j)) - Z bt,&(j)(gt,&(j)v 2ty @Z&(j))
{7:9<lo(5)¢L} {7:9<1*,6(5)¢L}

<li)m7

where the equality follows from and the last inequality follows from [{j : j <1,0(j) ¢
L}| < |I¢| € m. The inequality above implies 7« < ; + bm.

For projects ranked [ 4+ 1 through N in state s;, the number of remaining actions that
are positive using 7 is at most 7;/b. Similarly, for projects ranked [* + 1 through N in

state §;, the number of remaining actions that are positive using 7¢ is at most 4;+ /b. Since
NLC{o(j) : 1+1<j<N}n{e(j): I"+1<j< N},
it follows that

>ty Aary < 10

iel\L

IS
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Putting this all together, we have

N
o £ = > Malt AT+ Y el £aTh+ Y Lafl £ a7
i=1

iele i€l i€l\L
<m+ M+
b
<m 4 27+ bm
b
b b
<(1+- 2-
< < + b) m + b’
where the last inequality follows from the fact that 7; < b by the definition of . O

Lemma B.4.3. If s; and 38; differ for m or fewer projects, then at any time t and state

z:, there exists a nonnegative constant ky depending only on t and T such that
Vi (81, 2¢) = Vi (8¢, 2¢)| < k(7 —1)m.,
Proof of Lemma[B.4.3.

We prove this result by induction. For time T + 1, we have

Vit (sTy1, 2r1) = Vit (8741, 2741) = 0,

thus k741 = 0, which establishes the base case.

Now assume the inequality holds for time ¢ + 1, then for time ¢, we have
(Vi (st, 20) — Vi7" (81, z0)
= |re(se, 20, e (8e, 20)) — e8¢, 20, et (30, 2¢0)) + B [V (8041, 2e41) — Vi (B, 2e41) ] |

< |re(se, 26, mee(St, 2¢)) — e (8e, 26, et (8e, 2¢) )| + |E [V (8041, Ze41) — VIR (841, 2e41)] |-

By Lemma the number of actions using 7 that differ across states s; and 3; is

at most (% + 1) m + 2%. Therefore, we have

N ~ b A
[7¢(8t, 20, Tee (St, 2t)) — Te(8e, 26, Tt (8e, 20) )| < <<b + 1> m + 2b) (r—r).
With at most (% + 1) m + 2% different actions, the next states will differ for at most

b

(Q + 1) m 4+ 2% projects. Thus, by the induction hypothesis,

™ TE (= _ b b
E [V (st41, 2e01) = VI (Bey1, 2e01) ]| < kea (7 — 1) <<b + 1> m + 2b> :
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Therefore, if m > 1,

Ve o2V Gzl < (b)) ( (341 ) m+ 2 ) < (b)) (37 +1) m

Also note that if m =0, |V;"" (s¢, 2¢) — V;"" (84, z¢)| = 0. Therefore, for any m, we have

b
V7 (o120) = VG 2)| < (1 b)) (35 1) m

We obtain the result by setting

B B T—t+42 B
kt:(3b+1> (1+kt+1):<3b+1> —<3b+1>.

O]

Lemma B.4.4. For any period t, the states of each project generated by the policy p* are

conditionally independent given the history of signals z.

Proof of Lemma[B-.J)
We prove this result by induction. At period ¢ = 1, the initial state is given and thus is
independent across projects by construction. Now assume that at time ¢, given the history

of signals z;, for a state s} " visited under the policy p*, it holds that

N
P(s] |z0) = [ [ P(s{;20)-
=1

Note that

IP’(sfH,th) _ P(sf+1,zt+1|zt)IP’(zt)
P(z¢11) P(z41)

P(Sf+1|zt+1) = = P(Stp+1|zt)a

where the last equality holds because the signal evolves independently of the projects. Then

P(Sf+1|zt+1) = ]P)(Sf+1|zt)

* * * * * *
- Z Pt(stp+1|stp 7Zt7ap )]P)(atp "Stp 7zt)]P)(Sf |Zt)

* *
p* _p
sy ,a

N
* * * * * *
= Z HPt,i(Serl,i’SﬁwZt7af,i)Pi(af,ilsﬁwzt)Pi(Sﬁi‘zt)
P art =1
t 2t
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N

* * * *
H Z Pya(sy oy ilshs, 2o af Paal sty z0)Pi(sy;|z0)
18t 77 tz

N

p*
H E , Py St+lz73tz7atz|zt)

=1

tz’ tz

N
H CHPENE | R {CHFEN)

=1 =1

2

This verifies the induction hypothesis and shows that the states of each project are condi-

tionally independent. O

Lemma B.4.5. At time t and given a signal history z:, the expected number of projects

with actions that differ under m¢ and p* is bounded from above by 1 + \/bBi(z)/b.

Proof of Lemma [B.Z.5,

Consider a time period t, state, (sf*,zt), and action using p*.
Case (1): Bf T < By(z¢). Then the policy 7 and p* generate the same actions.

Case (2): BY > By(z:). We claim that the difference in the number of actions is no larger

than

+ Ll? (Bf* — Bt(zt)> .

To show this, note that according to the definition of the feasible dynamic fluid policy, 7
consumes By (z) — A of the shared resource for some 0 < A < b, and any projects that have
different actions under 7 and p* must consume at least max {A,b} of the resource under

p*. Therefore, the number of projects with different actions is at most

Btp* — Bt(Zt) + A
max {A, b}

This expression is maximized over A € [0,b) when A = b.

Combining the two cases, we conclude that the number of projects with different actions
is at most

1+ (Bf’ Bt(zt)>+ .

IS | =
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Averaging over all project states sf *, we can bound the difference in the number of

actions as

=Var [Bf ’ ‘zt]
N

D beilst 2 al)

=1

N

(P p*
g Var [bt7l(3t7i,zt,at7i) z
=1

=Var Z4

(5 —E [bt7i(sﬁz,zt,aﬁ) ztD E [btﬁi(stp’z,zt,aﬁ)

=1
N
<bD O [bralsf, 20 afy)| 2]

:

<.
Il
_

Inequality (2) follows from Jensen’s inequality, and equality (3) uses the fact that all projects
are conditionally independent given z; from Lemma Inequality (4) follows from the
Bhatia-Davis inequality since 0 < b“(st i zt,at ) < b. Both inequality (I) and (5) follow
from E[B’" |z;] < By(z) by Proposition (c). Therefore, we have

ll)E |:<Btp* - Bt(Zt)>+ Zt:| < ll) bBi(z).

Using this with the cases described above shows the result. O

Proof of Theorem|3.6.1].

As shown in the proof of Lemma m at time ¢ and state (st , Z¢), the number of projects

with different actions under p* and 7 is at most

+ ll) (B - Bt(zt)>+ .
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Since state transitions are independent across projects, it follows that applying p* and 7

starting from state (s} ", 2;), the next-period states differ in at most

+ 2 (B - Bt(zt)>+

projects. Using this as well as Lemmas |B.4.1| and [B.4.3] we have

LY (s1,21) — V™ (81, 21)

* *

E (N (z0) (Belze) = B ) + vt 200 ) = ulsl sz, mea(st 22)

t=1

+E |V (841, zes1) |80z, al | — B |V (Sp41, zep1) |80, 2o, mee (8P 20)
t+1\9t+1, ~t+1 t 2 ~t, g t+1\9t+1, ~t+1 t <ty TFt\o¢ 5 <t

SET:E WED) (Bt(zt) — Btp*) +(r—r) <1 + % (B’f* _ Bt(zt))+>
t=1 )
+ ki (F—1) (1 + Ll) (]%f* B Bt(zt)>+> ]

=3 (B [0 (B - B)] + (0 k)= B L4 (B -~ Blan) ] )
T
<3 (B i (Bt - B)] + 0+ k=) (148 [ y/bmG) ) )

The last inequality follows from Lemma By complementary slackness, we have
E A (z0) (Bi(z) - B")| =o.

Therefore, we have

LY (s1,21) = V" (s1,21) < ZT: (’YtE [ B, Zt)} + 5t> ,
t=1

where

Vb
Y= (1+ kt+1)7 and 6y = 1 4 k.

Proof of Corollary|[3.6.3.
Without loss of generality, we assume B;(z;) < bN. We then have:

lim Li\*(slv Zl) - V17FF(317 Zl)

N—o0 Vl*(Sl,Zl)
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(r = 1) S E [VBil)| +

< i

_Ngnoo Vl*(sl,zl)

ooy ToDXiamVON +6
~ N—oo Vl*(Sl,Zl)

Since L{‘*(sl, z1) > V" (s1,21) and impy_,o Vi*(81, 21) is positive by the assumption that
Vi*(s1, z1) grows faster than v N, it follows that

i L2 (51:21) = V" (81, 21)

=0.
N—o0 Vl*(sl,zl)

Proof of Proposition[3.6.3

We show three results: (a) The restricted Lagrangian relaxation with A € At may fail to
achieve asymptotic optimality even in a two-period problem; (b) the restricted Lagrangian
relaxation with A € As may fail to achieve asymptotic optimality; and (c) the restricted
Lagrangian relaxation with A € Ag may achieve asymptotic optimality in some special
cases.

(a) Consider a two-period problem in which all projects are a priori identical and the project
states do not change. In every period, there are two possible actions {0,1}. The initial state
of every project is s. In period 2, the signal will transition to either Z or z with probability
0.5, respectively. Assuming the number of projects N is divisible by 4, the DM can select
up to Bi(z) = N/2 projects, B2(Z) = 3N/4 projects, and Bs(z) = N/4 projects. The
rewards for selecting a project is given as ri(s,z,1) = 2,72(s,z,1) = 1 and rao(s, z,1) = 4.
In both periods, not selecting a project provides zero reward.

Solving problem (B.5|), the optimal objective value is 3N and an optimal solution is

* * 1 * * — 1 * * —
:ul(s’za 1) = Ml(saZ,O) = 5, M2(Sa§a 1) = :LLQ(S’ZaO) = 57 /‘2(&5,0) = M2(83Za 1) = 0.

Let p denote the optimal mixed policy to the restricted Lagrangian DP and 7 denote the
feasible policy generated analogously as in Definition In period 1, p selects each

project with probability 0.5. Let n denote the total number of projects selected by p. Then
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7 selects
N (N +
—— | =-n
2 2
projects. In period 2, if the signal is z, p never selects projects and thus 7 also does not
select any projects. If the signal is z, p selects all projects and 7 can only select up to N/4
projects. Therefore,
s LA , _ V7r ,
gXlT 1(s,2) 1 (s:2)
1
=3N - E [N — (N =2n)" + 2N]
N +
——n
()

=2E + 2N

2

>3
2

Therefore, the policy 7 generated by the restricted Lagrangian relaxation with A € At has

a performance gap linear in .

(b) Consider a three-period example in which all projects are a priori identical and the
signal only affects the shared resource constraint. In every period and state, there are two
possible actions {0,1} for each project. There are two possible signal states z and z with
Q(z]z) = Q(z]z) = 0.5. There are two possible project states s and s’. Each project state
transitions to the other state if and only if the project is selected. The initial state of
all projects is (s’,Z). The DM can select up to B;(Z) = 3N/4 projects and Bi(z) = N/4
projects. There are no rewards in the first two periods. In period 3, for any signal, we have

r3(s’,z,1) = 0 and there are no rewards if a = 0 or the state of a project is s.

Solving problem , the optimal objective value is N/2 and an optimal solution is

3 1 3
M1(8/7271) = Ea /-1'1(8/727 O) = Za M2(3727 1) = gﬂ :U'Q(S:Zv 0) = 07 H2(3,727 1) = 07
o 1 1 1 , , |
MZ(S 7270) = ga /J'2(87§7 1) = év M2(87§70) = Za M?(s ) 2y 1) = 07 MQ(S 7§7O) = gv
_ _ 1 _ 3 _
M3(87Z7 1) =0, M3(3az70) - gv :U'3(S/7Z7 1) - §7 M3(Slaza0) =0, /’L3(37§7 1) =0,
1 1 1
M3(87§70) = §7 ,u3(8/7§7 1) - év M3(8/7_70) - Z



Let p denote the optimal mixed policy to the restricted Lagrangian DP and 7 denote the
corresponding feasible policy. Under policy p, the expected rewards with z3 = Z and 23 = 2
are 3N/4 and N/4 respectively, which also equals the shared resource constraint in each
case. Therefore, for any signal history, the expected total reward under policy 7 is no more
than the expected reward under p.

Consider the signal history z3 = (Z,z,Z) and let n; denote the number of projects
selected by policy p at time ¢. In period 1, 7 selects min {ny,3N/4} projects and then all
chosen projects transition to state s. In period 2, 7 selects min {ng, N/4} projects which

are in state s. Thus, in period 3, there are min {n;,3N/4} —min {ng, N/4} projects in state

. |3 . 3 . N
mln{4N,N—mm{n1,4N} + min {n2,4}}

: LA "' _VT(s. 3
}I\Ielkns 1(872) I(S,Z)

oA (sl o) o 1))

e e )

(3 G- () )]

e (- Gvn) - G))
) N

>Png > §N —
= Y=4" ) 16

Since nq is a binomial random variable with N trials and probability 3/4, P (n; > 3N/4) >

s. m then selects

projects. Therefore,

1/4 for N > 2 following from Theorem 1 of [GM14]. Therefore, the policy 7 generated by
Lagrangian relaxation with A € Ag has a performance bound that is linear in N.

(c) For two-period problems, the restricted Lagrangian relaxation with A € Ag achieves
asymptotic optimality: this follows from the fact that Lagrangian relaxations with A € A

and A € Ag are the same for two-period problems.
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Another case in which this restricted Lagrangian relaxation achieves asymptotic opti-
mality is when the following two conditions hold. First, the signal only affects rewards and

does not affect any other problem parameters, and the dependence of rewards on signals is:

(St 26, ani) = (13 (seq) + i (20)) ari

for some functions r/,7”. Second, all projects ¢ consume a;; resources when action a;; is
selected. Consider the restricted Lagrangian relaxation with A € Ag and A* > 0 and set
1y i(Stis 2ty ari) = Qu(zt) Zz; 1y i (St 2y, at,i), where Wi (St,is 2t; i) is an optimal solution
to the dual LP of the restricted Lagrangian relaxation (see Appendix . Then we claim
this solution is an optimal solution to the fluid relaxation LP , which uses full signal
histories. To show this, it is sufficient to show that such a ,u;i(sm,zt,am) is feasible to

and achieves same objective value as minyeca L{‘(sl, 21).
By construction, this solution satisfies constraints and - For constraint
B.7),
Z > aniQu(z ZMM St,is 24 ati) < Qu(2¢) By

i=1 5¢,4,0t,i

For constraint ,

> Pulseprilsei ani)Qi(zi1|20)Qu(20) > pii(s04r 24, ari)

St,iy0t 4 2

=Que1(zer1) D Prilsernalsei aviigi(sei 21, a)

!
St,1,0t,i,%¢

=Qe1(ze1) D D Pralserralsei an)Qe(ziialz)ug i(sei 24, ari)

! !
ZtJrl St,i50¢,3,%¢

=Qi+1(2141) Z (51,3 (St41,0s 241, G410

Zé+1vat+1,i
* /
= Qui1(Zer1) D i1 (Stats Zhy1s Grg1)-
Ap41,i sz_l

For the objective value, we have

T
YoX T D ((halse) +rfE))ari) | Que(ze) Y pii(seis 245 ars)

t=1 i=1 St,;,2t,0¢,; Zrlt
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:ZZ Z Zﬂtz St,is 21> Qi) (Z(Tfls,i(st,i)+T1€/(Zt))at,iQt(Zt)>

Zt

T

33 S (St | (et s Srmaie).
t=1i=1 8t,i,0t,i \ z Zt

Let Q¢(zt|21) = >_,, | Qi(z:). Note that since A* > 0, by complementary slackness, we
have

ZZT Zt Qt zt ZZ Z atl:u’tzstzazmatz)

t=1 =z¢ Z; 1=1 St,i,0¢,i

_ZZW 2t)Qi(2t]21) ZQt z|21)B

t=1 =z

- Z Z 7 (20) Qe (2t)21) By

t=1 =z

SIS m o)

t=1 i=1 5¢,i,2t,0¢,i

Therefore, the objective value is equal to minyecag L{‘(sl, 21) > minjea L{‘(sl, z1) and thus

the solution is optimal. O
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B.5 Restricted Lagrangian Relaxations

For Lagrange multipliers that only depend on time (i.e., A € At), the corresponding dual
LP is:
maximize ZZ Z Tt (Stir 2t Qi) e (St 2t Qi)
fi,i (St 26 Qei) 121 121 sesvmaan.
subject to

Z Z bei(St,is 2t ni) pei(Stiy 2t ari) < E[Bi(2)], Vt,

i=1 S¢,i,2t,0¢ 4

St it ariis) = 0 Pralseenals 2 000)Qelzesa )i (s, 2 a0 B)

At+1,i St,iy2t
at 4

Vt < T, (i, 5410, 2641),

Z p1i(s1,i,21,014) =1,

aiq

pot,i(Stiis 2> Gri) = 0, Y(,4, 814, 2t, Gr5)-

For Lagrange multipliers that only depend on time and the current signal state (i.e., A €

As), the corresponding dual LP is:

maximize E g g th St,iy 2ty At z)ﬂt Z(St iy 2ty O, z)

fi,i (St 26 Qei) 121 121 spsvmaan.

subject to

N
Z Z bt,i(st,iaZt,at,i)ﬂt,i(st,i7zt7atz > ZQt Zt Bt Zt) V(t,zt),
i=1 S¢,i,0¢, Zt—1

B.6
> perri(Servis 21, end) = Y Prilstnilsas 20,0 Qu(zria|20)pei(seis 1, anaf O

At41,i St,is2t
at g

Vi <T, (i7 St+1,i5 Zt+1),

Z p1i(s1,4,21,014) = 1,

ai;q

Mt,i(st,ia Zt, a‘t,i) Z 07 V(t, Z.7 Stis 2ty at,i)-
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B.6 Multiple Shared Resource Constraints

In this section, we discuss how to generalize the framework and performance analysis to
the case with multiple (say, K) shared resource constraints. We denote by By(z) € RX
and by ;(sti, 2t, ati) € RE the vector of shared resources and vector of resources consumed,
respectively. The feasible action set in each period ¢ and state s¢, z; then is

N
At(St,Zt) = {at € At(St,Zt) : th,i(st,iaztaat,i) < Bt(Zt)} .

i=1

We assume for all ¢, 1, s¢ 4, z¢ that by ;(se, 2¢,0) = 0 and by ;(s¢4, 2¢,a¢4) > 0 for all a;; > 0,
and denote by By(z) = maxy By x(z:). The definition of b (b) is analogous to the single
constraint case, where we also take the minimum (maximum) over all constraints.

The definitions of the Lagrangian relaxation, dynamic fluid relaxation, and feasible
dynamic fluid policy can be modified in straightforward fashion to accommodate multi-
ple shared resource constraints. The Lagrange multipliers are now K-dimensional and
complementary slackness implies that there exists an optimal policy in the dynamic fluid
relaxation that uses at most By ;(2¢) units in expectation for every constraint £ and signal
history z;, with equality holding if A} (2¢) > 0. The feasible dynamic fluid policy extends
in an obvious way (i.e., as the next project o(j), where o is any priority index ranking, is

p*

considered being assigned aj ()

, we need to be sure enough shared resources remain for all
constraints).

The performance of the feasible dynamic fluid policy with multiple constraints remains
asymptotically optimal under similar conditions, with the performance loss scaling linearly
in K. The analysis is similar to that in Section [3.6] Here we describe the technical results

that require substantive changes to the proofs; the other technical lemmas in Section [B-4]

extend in straightforward fashion.

Lemma B.6.1. If s; and s; differ for m or fewer projects, then for any t and z, the

number of actions that differ under w: across states s; and 3; is at most (% + 1) m + 2%.

Proof of Lemma [B.6.1]

We denote the priority index ranking in state s; by o and the priority index ranking in
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state 3; by . That is, o(j) is the index i € {1,..., N} corresponding to the j*'-highest
ranked project in state sy, and similarly for 6. We denote by I the index set corresponding
to projects having the same states, i.e., I ={i € {1,..., N} : s;; = 5 ,}, and denote by I¢
the index set corresponding to the remaining projects. By assumption, |I¢| < m.

We consider the following:

v Bt Zt tho () Sta() 2ty fg(l)) Bt Zt thaz sta()azt7 to’(l))
i=1 i=1

l:inf{je{l,...,N}:mkin (’yj)k<5}, l:inf{je{l,...,N}:mkin (:yj)k<(_)},

L={o(j):1<j<l}nI, L

{(6(j):1<j<I}nI.
Note that if both [ and I do not exist, the shared resource constraint is never depleted at s;

or §; and the claim holds as at most m actions differ according to the definition of policies

7 and p*. If only I (I) does not exist, we take [ (I) to be N
Without loss of generality, we assume |L| < |L|. From the definition of a priority index

ranking, since states (and actions using p*) are the same for any project in I, it follows

that L C L. Let

j =sup{j € {l,....N}:0(j) € L}, "= (5)"(a(j")),

so that project o(j*) is the [*-th project we try to assign resources to in state 8;. We let
I* = 0 if such a j* does not exist. Then we have I* <[ since 6(I*) = ¢(j*) € L and L C L,
which implies

Ln{o(j):1<j<i}=Ln{s():1<j<I"}. (B.7)
By the definitions of [, [ and b, for any j < [ (j < [), it is feasible to use at () (a f (]))

) as for any constraint, at

* ™

; : ) (3 p — ,TF ~TF
using 7 in state s; (8¢) (i.e., W o) = Po(j) ta(]) =y

least b units of the corresponding shared resource remains. Therefore, we have

> Loy £47) =0

€L

and &’

and, in addition, we have
l

Z bt,cr(j)(st,cr(j)v 2t GZU(] Z bt 5 ( St &(5)s #ts d%@)

J=1

125



= Z bt,a(j)(st,a(j)a 2ty GZJ(]-)) - Z bt,&(j)(gt,&(j)a 2t aﬁa(j))
{4:i<lo(G)¢L} {:4<t*,6(5)¢ L}

<bm -1,

where the equality follows from and the last inequality follows from [{j : j <1,0(j) ¢
L}| < |I¢| € m. The inequality above implies 4« < ~; + bm - 1.

For projects ranked [+1 through N in state s¢, the number of remaining actions that are
positive using ¢ is at most ming(y;)x/b. Similarly, for projects ranked I* 4+ 1 through N in
state 8§, the number of remaining actions that are positive using 7¢ is at most ming (9;« ) /b.

Since
INLC{o(j):1+1<j<N}yn{&(j):1*+1<j <N},

it follows that

- mink(’yl)k —i—mink(’yl*)k
> Maff #ai} < ~

4 b
ieI\L

Putting this all together, we have
N
ot Aary =0 Mot £+ Y0 M Aar)+ 3 Hal £ aft)
i=1 iele i€l i€l\L

<m+ ming (v;)r + ming (4« )k <m4 2ming (v, + bm

b - b
b b
< Z Z
< <1 + b) m+2 %
where the last inequality follows from miny(v,;)x < b by the definition of I. O

Lemma B.6.2. At time t and given a signal history z:, the expected number of projects

with actions that differ under m and p* is bounded from above by K (1 + \/l_)Bt(zt)/b).

Proof of Lemma [B.6.3

Consider a time period ¢, (s? *,zt), and action generated by p*.

Case (1): Bf* < By(zt). Then the policy 7 and p* generate the same actions.
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Case (2): BY £ By(z). We denote by K = {k : (BY — By(z))x > 0}. We claim that the
number of different actions is at most

S (B ),

kel -
To show this, we first note that by definition, 7¢ uses By(z;) — A shared resources for some
A > 0 and mingex Ap < b. We denote by D C {1,..., N} the set of projects that have
different actions under mr and p*. Using p*, any project ¢ € D must consume at least b
resources. Moreover, for any project i € D, there exists at least one resource k € K such
that with p*, project i consumes at least Ay units of resource k. We denote by Dy, C D the
set of projects that consume at least A units of resource k € K using p*. We then have
RIES Y]

For any constraint k& € K with Dy # &, using p*, we have (i) the total resources

consumed by the projects in D is equal to (Bf — Bi(zt))r + Ag; and (ii) and each project
i € Dy consumes at least max{Ay, b} units of resource k € K. It follows that

(B = Bi(=)) + A

Dy <
IDi] < max {Ag, b}

The expression on the right-hand side is maximized over Ay > 0 when Ay = b. Therefore,
1 Ak
Dl <> IDul <Y 1+ (BY ~Bil),
kex ke

Combining the two cases, and noting that || < K, it follows that the number of
projects with different actions is at most

Z 1+ % (Bf* - Bt(zt))z

keK -

For any constraint k, averaging over all project states s *, as in the proof of Lemma
B.4.5, we can bound the difference in the number of actions from above as
1 A% +
“E (B” — Bz )
2 [ ¢ t(2t) i

Zt:| <
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Therefore, the expected number of projects with different actions between the policies ¢
and p* is bounded from above by

S E {1 + 2 (Bf* - Bt(zt)):

keK

zt} <K <1 +11) l_)Bt(zt)> .
O

Theorem B.6.3. For any feasible dynamic fluid policy w, there exist constants vy and ¢

depending only on t and T such that
Vii(s1,21) = Vi (s1,21) < LY (81,21) — Vi (s1,21) < K(F—r (Z’ytE [\/Bt 2 ] + 5t> .
Proof. Similar to the proof of Theorem we have

L (s1,21) = V" (s1,21)

T
:ZE
t=1

* *

A:(zt)T (Bt(zt) — Btp*> + rt(sf*,zt,af*) — (s} 2, mre(S) L 20))

TF p* p* TF p* p*
+E |:‘/t+1(st+1azt+l)‘st y 2ty A i| —-E |:‘/;+1(3t+1azt+1)’3t 7zt77TFt(st ,Zt):|]

E|Af(z)T <Bt(2’t) _ Btp*) +(F—r) Z <1 + ll) (Bf* - Bt(zt)):>

t=1 keK
+ kg1 (7 — 1) Z <1 + % (Bf - Bt(zt)) ) ]
keK -
T
=3 (E XG0T (Biz) = BY )|+ (14 k) -1) 3B [1 v (B - Bu=) D
t=1 keK -

Ve = (1 + kt+1) and 6; =1+ kg1

b

B.7 Perturbed Dynamic Fluid Relaxations

In this section, we describe and analyze a variation of the dynamic fluid relaxation in

which the shared resource constraints are adjusted (or “perturbed”) to be By(z;) — €:(z) in
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every period and state for some €;(z;). The advantage of this approach is that by choosing
€¢(z) properly, we can ensure that the shared resource constraints are satisfied with high
probability, leading to a performance gap that is asymptotically optimal when both the

time horizon and the number of projects simultaneously grow large.

We denote the corresponding perturbed feasible dynamic fluid policy by mp: this policy is
the same as the policy in Definition[3.4.3]except that this feasible policy attempts to “follow”
an optimal mixed policy p¢ from the dynamic fluid relaxation with the shared resource
constraint adjusted to By(z;) — €(2¢). The following result characterizes the performance

of this policy and describes how to choose €;(z;).
Theorem B.7.1 (Perturbed Performance Guarantee). If By(z;) > CN > 2blog(TN), Y(t, z)
2blog(TN)

for some constant C, then by taking e(z) = By(z)\/ —cn—» any perturbed feasible dy-

namic fluid policy mp satisfies

* 20N log(TN
Li\ (31)21) — ‘/'17FP(31’Z]_) < (f—r)T < b(g() + 1) .

The proof for Theorem takes a different approach than that of Theorem and

has similarities to the proof of Theorem 1 in [ZCJW19|. An overview of the proof is:

e We decompose the gap into two terms that we analyze separately:

LY (s1,21) — V™ (s1,21) = LY (s1,21) — VI (s1,21) + VI (51, 21) — V™ (51, 21) .

/

Error term #1 Error term #2

e By choosing €,(z;) = kBy(z;) for some constant x the first term can be bounded from
above by (7 —r)T'Nk. This follows from the fact that after scaling all shared resource
constraints by a factor 1 — x, the optimal value of perturbed dynamic fluid relaxation

les(sl, 21) can be bounded from below by (1 — k)L (s1,21) + 7T Nk.

e For a given sample path, if p¢ satisfies the shared resource constraint (i.e., uses no
more than By(z;) in every period), by definition the difference between the rewards
obtained by p¢ and 7p is zero. Otherwise, the difference between the rewards is at

most T'N (7 —r). Using the facts that (a) in the dynamic fluid relaxation, each project
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evolves independently conditioning on z; and (b) p¢ uses no more than By(z;) —€(2¢)

of the shared resource on average, we show with a concentration inequality that the

probability that p¢ violates the shared resource constraint is bounded from above by
2

a term that decays exponentially in €;(z;). Overall, this implies that the second term

can be bounded from above as O (TN Y, Elexp(—€7(2)/Bt(2¢))])-

e Choosing € as in the statement of the result optimizes the sum of the two terms and

leads to the result.

The performance bounds in Theorem [3.6.1] and [B.7.1] both imply asymptotic optimality

of the feasible dynamic fluid policy in particular regimes. There are however important
differences in the two bounds: in Theorem the dominant term in the summation (i.e.,
corresponding to ;) grows exponentially in 7', whereas in Theorem the dominant
term in each period grows as log (T'N). This allows us to consider asymptotic regimes in
which T potentially grows with N. The following corollary provides some formal results

along these lines.

Corollary B.7.2 (Asymptotic Optimality). Consider a sequence of problems indexed by N
and any perturbed feasible dynamic fluid policy mp with € chosen as in Theorem|B.7.1. If (a)

T = O(N?) for some nonnegative d and limpy_ % — 005 or (b) im0 % =0

. |7
and limy_yeo %

18 bounded below by a positive constant, then:

i A (s1.21) = V™ (s1,2)
N—oo ‘/'1*(81,,21)

=0.

The conditions in Corollary provide flexibility in how the time horizon scales with
N. For example, condition (b) requires the optimal value function to grow at a rate of
O(TN) — which for example holds when all projects produce positive expected reward
in every period with an optimal policy — and allows T to grow at any rate slower than
exponential in N. In the case when T grows polynomially with N, condition (a) only

requires the optimal value function to scale faster than T'v/N log N.

The proof of Theorem uses the following two lemmas.
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Lemma B.7.3. For a given initial state (s1,z21), let (stpe,ape)tT:1 denote the process gen-

erated using the perturbed dynamic fluid policy p¢, and let mp denote the perturbed feasible
dynamic fluid policy. For any t, it holds that a;® = a’ with probability at least
T
1- ZE exp | — %et(Zt)Q = .
=1 b(Bi(z) — er(z)) + §eu(=)
Proof of Lemma [B.7.3,

If B < By(z) then a® = a?". First, we have:

P -Btpe > Bt(zt)‘zt}

<P _Etpe — Et(Zt) > E |:Btp€

<]}

1 .~ e 1 A e 1

=P _NBtp — N]E [Bf Zt:| > Net(zt) Zt:|
CQexp - ﬁet(%y

Var [&Bfg zt} + 3b26t(zt)

%et(zt)Z

=exp | — —= =

Var [Btp ‘th| + get(zt)
=exp | — %et(Zt)Q

SN | Var [bt7i(sﬁz, 2, af;)

@ 16t(2t)2

zt} + get(zt)

<exp | —- 2 :
b N E[b (8¢5, 2 aps-)z}—i—ée(z)
i=1 1\t 5 <ty Uy 4 t 36\ <t
1 2
<exp | —— fet(zﬁ) -
bE |:Btp Zt} + %et(zt)

Ci)exp <—_ %et(zt); ) ;

b(Bi(zt) — et(2t)) + gﬁt(zt)
where inequality (I) follows from Bernstein’s inequality since bm(stp;, Zt, aZ Z) are condition-
ally independent bounded random variables in [0, B] and thus these random variables satisfy
the one-sided Bernstein’s condition with parameter b/3. This implies that conditional on z;

that Ef ‘ /N satisfies the one-sided Bernstein inequality with parameter (b/3)N. Inequality
) follows from the fact that

pe pe
Var [btﬂ‘(sm, Zt, am)

Zt} < (5 -E [bt,i(Sf;-, 2t, af;-)
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Finally, inequality (3) follows from Proposition c).

Using the inequality above, we have

P[(af)) = (af")y |27

1-3P [Bfé > Bt(zt)‘zt]

5 ( e () )
>1— ex — = = ,
=TSP\ Th B — ala) + ala)

where the inequality (4) follows from the union bound. Hence,

P[(af")y = (af )]

_ZP[ a, t 1= (afe)rle‘zT} Qr(zr)

)

b +§
d l61& Zt
=1- E |exp | —= 2
; [ ( b(By(z) — er(z)) + Seu(z) )]
O

Lemma B.7.4. Let L} (s1,2) and lee(Sth) denote the optimal values of the (unper-

turbed) fluid relaxation LP (3.7) and the perturbed fluid relaxation LP (B.8), respectively.
If €,(z) = kBy(2¢) for every (t,z), then
LY (s1,21) = V¥ (s1,21) < (F —1)NTk.

Proof of Lemma [B.7.4).

The perturbed fluid relaxation LP with shared resource constraints reduced by e is:

T N
maximize E E E Tt,i(st,iy 2ty at,i)ut,i(st,iy Zt, at,i)

Uti(Stis 26, Gti)  1=1 11 spivzraans
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subject to

N

DD beilstis 2 ani)uri(sei, 26 ari) < Qu(ze)(Bi(z) — er(21)), V(t,z0),  (B.8a)

i=1 St,i,0¢t,4

D terri(seeti 2ot @) = Y Pri(seavilsei 26 00 Qe 20 uei (s, 26, ara),

@tg1i St.0,0t
V< T, (i) siiris Zes1)s (B.8b)

Zul,i(Sl,iazlaal,i) =1, Vi, (B.8c)

ai;

ug,i(Sti, 2, aei) > 0, V(t, 14, Sti, Z¢, ar i) - (B.8d)

Let ,u;i(st’i, zt, a4 ;) denote an optimal solution of the fluid relaxation LP (3.7). We now
construct a feasible solution of the perturbed LP (B.8]). Consider a solution w; ;(s¢ 4, 2¢, a,i)

defined as follows. First, we define wuy;(s¢, 2¢, ar;) with nonzero actions by letting
Ut i(Stis 2ty ari) = (1 — w)py i (Stas 26, aei), V(t,4, 504, 2¢,ai > 0).
Then, starting from the first period, we recursively define w ;(s¢;, 2¢,0) as
u1,i(51,i,21,0) =1 — Z u1,i(S1,4,21,01,4), Vi,
at.i>0

U1,6(St41,4, Ze41,0) = Z Py i (51414154, 2t 01,i) Qe (Zeg1|20) e i (Se.4, 245 Qi)

St,3,0¢t,4

- E Upy1,i(St4 1,05 Ze41, Qey1)s V(< T, 844150, Ze41)-
at41,:>0

We show the feasibility of the constructed solution. Constraints (B.8b]) and (B.8c|) are
satisfied by definition. For constraint (B.8a)), for any (¢, z;), we have

N
Z Z bt,i(Sm‘? Zt, at,i)ut,i(St,i7 Zt, at,i)

1=1 s¢,4,a¢,;>0

N
= Z Z bt,i<5t,ia Zt, at,z‘)(l - /‘G)M;i(st,z’, Zt, Clt,z')

1=1 s¢,4,a¢,;>0
<Q(2:)(1 — K)Bi(2t) = Qu(ze) (Bi(2t) — €(2t)),
where the inequality follows from ([3.7b]). It remains to show nonnegativity of wus (s, z¢,0).
For any project i, we use forward induction to show that u ;(s¢4, 2¢,0) > (1—5)/12‘72-(31&@, z¢,0)
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for every (t, s, 2¢). For period one,
ul,’i(sl,iv Z170) =1- (1 - ’k';) Z :u;{,i(sl,ia 21, al,i) > (1 - K)Mii(sl,iv Z170)'
al,i>0
Suppose w (s, 2¢,0) > (1 — m)u;i(st7i,zt,0) for any (s;;,2¢). Then for time ¢t + 1 and

every (St+1, Zt+1)»

U1, (St+1,4, 2441, 0)

= Z Pt,z‘(3t+1,i|8t,i, 2ty at,i)Qt(2t+1 ’Zt)ut,i(st,ia Zt, Clt,z‘) - Z Ut—i—l,i(st—f—l,ia Zt+1, at+1,z‘)
St,i,0t,q at+1,i>0

>(1—-r) Z Pt,i(3t+1,i|3t,ia Zts at,i)Qt(zt—f—l ’Zt),u;i(st,i? 2ty at,i) - Z Ut—l—l,i(st—l—l,ia Zt+1s at-l—l,i)
St,isAt i (lt+1,i>0

=(1= 1) > Hiri(Seain Zer1s @) = (L= K) D iy i(Se41is Ze41, o)

At+1,i at+1,1>0

=(1 = £)ti41,:(St41,5 2241, 0),

where the inequality follows from the induction hypothesis uy ;(s¢4, 2¢,0) > (1—k) M;i(st,ia z¢,0),
and the second last equality follows from (3.7c|). Therefore, the solution is feasible and we

have

VY (s1,21)
T

ZZZ Z i (St 2t Qi) Ut i (St,is Zt, At i)

t=1 i1=1 St,i,2t,0¢,i

T N
=TNr + Z Z Z (re,i(Stis 265 Qi) — T)Uti(Stiy 2, At i)

t=1 i=1 S¢,i,2¢,0¢,4

>TNr + ZZ > (reilseis 2 i) = 1)(1— K&)pg i (se4, 2, ar)

t=1 i=1 St,i,2t,0¢,;

:Ll 81721 Tt’l St ’L7Zt7a’t ’L) _r)ﬁﬂt,i(st,iazt)at,i)

t=1 i1=1 St,i,2t,0¢,i

ZL1 81,21) ZZ Z rfiu“(stz,zt,atz)

=1 =1 S¢,i,2t,a,i

:Lf‘*(sl, z1) — (F —r)T'Nk.
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Proof of Theorem [B.7.1]

The values V/ E(sl, z1) and V]""(s1,z1) are equal to the expected total rewards using poli-
cies p¢ and 7p, respectively. By Lemma we have (a*)7, = (a?)T_, holds with

probability at least
T

1->E

t=1

exp <_ %Gt(zt)Q _ )] ‘
B(Bt(zt) — €t(Zt)) + %Et(Zt)

Thus, (af*)_, # (a?" )L, has probability at most

d sei(z)?
E |exp | —= - )
2 [ p( b(Bt<zt>—et<zt>>+§et<zt>>]

in which case, the difference between the total rewards under policies p¢ and 75 is no more

than TN (7 — r). Therefore,

‘ . s€t(2)?
) T ) S TR ZElexp< b(Bu(e1) — en(z0)) + b >>]
t=1 t\2t) — €\t z€t(2t

By taking €;(2z;) = Bi(z¢) % and combining the inequality above and the bound

from Lemma [B.7.4] we have

LY (s1,21) — VfTP(Sla 21)

=17 (s1,21) — 81,21 + V! (81721) V™ (s1,21)

_ d 2bN log(TN) [ %Et(zt)z
<(rF-1)y \/— TNE -eXP <—b (Bute) - er(2)) + Ben(en)
T i lft % 2
S \/m TNE oo < ZBE<23))
T ]
05 [ B (- )

20N log(TN) 1)

C

Proof of Corollary[B.7.3
We have that

lim LY (s1,21) — Vi (s1, 21)

N—o0 Vl*(sl,zl)
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-1 | T (/2N log (TN) + V/C)

\/a N—oo Vl*(sl,zl)

(a) If T = O(N?), then there exists a positive constant C; such that for sufficiently large
N, we have T < C1N?. Thus, there exists a positive constant Cs such that for sufficiently

large N,

T (\/251\7 log (TN) + \FC> <T (\/ZBN (log C1 + (d + 1) log N) + \FC> < CyT+/NlogN.

‘/15'= (Sl 721)

In addition, if limy_, TUNToeN 0% then
hm T<\/2leog(TN)+\/a> < 1‘ 02T /NlogN :0
N—o0 ‘/1*(81,21) ~ N—oo ‘/1*(81,2’1)

(b) If imy 00 Vl*gf le’zl) is bounded below by a positive constant, then for sufficiently large

N, there exists a positive constant C” such that Vi*(s1,21) > C'TN. If limy_ o0 IOJ%T =0,

then
T (\/QBN log (I'N) + ﬁ)
I
Ngnoo Vl*(sl, 21)
T (\/QIBN log (TN) + \@)
< lim
N—oo C'TN
V2 logT + log N
= lim
N—oo (' N
=0.
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