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Abstract

The Batyrev-Borisov construction associates a to dual pair of nef-partitions A =
A+ -+ A, and V = V; + -+ + V. a pair of Calabi-Yau complete intersec-

tions (Ya,,. A., Yv,..v.) in Gorenstein Fano toric varieties (Xa, Xv). These Calabi-

Yau varieties are singular in general. Batyrev and Nill have developed a generating
function Ey for the stringy Hodge numbers of Batyrev-Borisov mirror pairs. This
function depends solely on the combinatorics of the nef-partitions and, under this
framework, Batyrev-Borisov mirror pairs pass the stringy topological mirror symme-
try test B(Va,...a.) = HP9 (Yo, 5.

Recently, Aspinwall and Plesser have defined the notion of a complete non-
reflexive mirror pair (&7, %) and used this notion to study Calabi-Yau complete
intersections in non-Gorenstein toric varieties. Complete mirror pairs generalize the
notion of a dual pair of almost reflexive Gorenstein cones (o, 0*) developed by Mav-
lyutov to propose a generalization of the Batyrev-Borisov mirror construction. The
only known example of either of these two notions is the complete intersection of a
quintic and a quadric in P3;;;;;. We construct 2152 distinct examples of complete
mirror pairs and 1077 distinct examples of dual pairs of almost reflexive Gorenstein
cones. Additionally, we propose a generalization of Batyrev and Nill’s stringy FE-
function, called the naive stringy FE-function Est, that is well-defined for complete

mirror pairs.
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1

Introduction

Mirror symmetry is an area of string theory that describes a duality in the collection
of Calabi-Yau varieties. This duality provides a rich connection between physics and

mathematics that has been an intense area of focus for researchers in both fields.

Definition 1.0.1. A Calabi- Yau variety is a smooth projective variety Y over C

such that

(CY1) dime H?(Y, Oy) = 0 for 0 < p < dimV’

(CY2) The canonical bundle Ky of Y is trivial Ky ~ Oy.

The conditions (CY1) and (CY2) are called the Calabi- Yau conditions.

In [43], Witten associates two 2-dimensional topological field theories to a Calabi-
Yau variety Y. The symplectic structure of Y defines a topological field theory called
the A-model and the complex structure of Y defines a topological field theory called
the B-model. Mirror symmetry predicts that Calabi-Yau varieties occur in mirror
pairs (Y,Y"), where the A-model on Y is equivalent to the B-model on YV and vice

versa.



A categorified approach to this story was offered by Kontsevich in [26]. Here,
Kontsevich categorifies the A-model on Y with the derived Fukaya category Fuk(Y")
and the B-model with the bounded derived category of coherent sheaves D°(Y).
Under this framework, Konstevich suggests that a mirror pair of Calabi-Yau varieties
(Y,Y") should be equipped with equivalences of categories

Fuk(Y) ~ D°(Y") Fuk(Y") ~ DY) (1.1)
The conjecture predicting the existence of the equivalences in (1.1) is known as
Homological Mirror Symmetry.

One consequence of the isomorphisms in (1.1) is topological mirror symmetry.
The vector spaces underlying the the Frobenius algebras corresponding to the A-
model and the B-model are Ay = H*(Y,C) and By = HH*(Y) respectively. These

vector spaces are equipped with gradings

H*(Y,C) = @ H*(Y,\Qy) HH*(Y) = 5 H"(Y,\"%) (1.2)

pra=* pHa=+*
where (2y is the cotangent sheaf of Y and 4 is the tangent sheaf. The Calabi-Yau
condition implies that HP(Y, A% ) ~ HP(Y, A*PQy ). So, if (Y,Y") is a mirror pair
of Calabi-Yau varieties, then the isomorphism Ay ~ Byv implies
HP(Y, NQy) = HP(Y, A1) (13)
This inspires the following definition.
Definition 1.0.2. Let Y and YV be d-dimensional algebraic varieties. We say that
the pair (Y, YY) passes the topological mirror symmetry test if the Hodge numbers
of Y and Y satisfy the relations
hPA(Y) = R P(YY) (1.4)
for 0 < p,q < d.
In this dissertation, a marror pair of Calabi-Yau varieties will refer to a pair

(Y,YV) of Calabi-Yau varieties passing the topological mirror symmetry test.
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1.1 Toric Geometry and Mirror Symmetry

The first sizeable collection of Calabi-Yau varieties were constructed as complete
intersections in products of projective spaces [24, 14]. Later, this collection was ex-
panded to a list of Calabi-Yau threefold hypersurfaces in weighted projective spaces
[15]. Eventually, it was noticed by Batyrev [4] that toric geometry offers mathemat-
ical tools to explicitly construct and analyze mirror-symmetric Calabi-Yau varieties.
The Batyrev construction begins with a dual pair of reflexive polytopes (A, A*),
which correspond to a pair of Gorenstein Fano toric varieties (Xa, Xax). A Batyrev
marror pair is a pair of Calabi-Yau hypersurfaces Yo C Xa and Yas C Xax.

In [12], Borisov generalizes the Batyrev contruction by considering particular
Minkowski sums A = Ay + --- + A, of reflexive polytopes, called nef-partitions.
Each nef-partition A = A; +--- 4+ A, of a reflexive polytope A defines a Calabi-Yau
complete intersection YA, A, in the Gorenstein Fano toric variety X of codimension
c. Nef-partitions naturally occur in dual pairs A = A+ --+A.and V = Vi+---4+V,
and thus define pairs of Calabi-Yau complete intersections (Ya,, . a.,Yv,,. v.) in the
Gorenstein Fano toric varieties (Xa, Xv). The pair (Ya, . a.,Yy,. . v,.) is referred to
as a Batyrev-Borisov mirror pair.

Though the Batyrev-Borisov construction has been one of the most important
tools for producing mirror pairs of Calabi-Yau varieties, the method is not without
limitations. Another important tool for constructing Calabi-Yau varieties or finding
mirrors is the notion of an extremal transition. Suppose Y is a smooth Calabi-Yau
threefold admitting a birational contraction Y — Y onto a normal variety Y. If there
exists a complex deformation (or smoothing) of Y to a smooth Calabi-Yau threefold
}7, then the process of going from Y to Y is called an eztremal transition. It has
long been thought that any two smooth Calabi-Yau threefolds can be connected by

extremal transitions. In fact, the Kreuzer-Skarke classification of four-dimensional



reflexive polytopes [31] confirms this for the class of Calabi-Yau threefold hypersur-
faces in four-dimensional Gorenstein Fano toric varieties.

The class of Calabi-Yau varieties arising from the Batyrev-Borisov construction is
not closed under extremal transitions. The ambient spaces ocurring in the Batyrev-
Borisov construction are Gorenstein Fano toric varieties, which puts restrictions on
the Calabi-Yau varieties for which the tools coming from the Batyrev-Borisov con-
struction can be used. Recently, more attention has been devoted to the study of
Calabi-Yau complete intersections in Fano toric varieties that are not Gorenstein.
In [2], Aspinwall and Plesser study the smooth Calabi-Yau threefold Y given by the
intersection of a cubic and a quartic in the weighted projective space P3;;,,,- The
space P31, is a Fano toric variety that is Q-Gorenstein, but not Gorenstein. The
Calabi-Yau Y can thus not obviously be realized as part of a Batyrev-Borisov mir-
ror pair. This example is unavoidable if one is to follow extremal transitions from
Batyrev-Borisov mirror pairs. In fact, in §4.2.2, we demonstrate this by explicitly
constructing an extremal transition between P3;;,;[3,4] and a Calabi-Yau threefold
from a Batyrev-Borisov mirror pair.

To address this issue, Aspinwall and Plesser use the gauged linear o-model to
develop the notion of a complete mirror pair (<, ). A complete mirror pair consists
of the Hilbert bases (7, %) of a pair of non-reflexive Gorenstin cones (0,0°®). In
2], it is shown that the geometry of the complete intersection Y = P5,,,,,(3,4] is
encoded by a complete mirror pair (&7, %). Several questions, however, remain. In
particular, Aspinwall and Plesser ask whether Y has a mirror Y that can be realized
as a complete intersection in a toric variety. Additionally, they note that it would be
interesting to construct other examples of complete mirror pairs (<7, %) that are not
reflexive. In this dissertation, we address both of these issues by proposing a toric
description for a mirror variety YV and by giving several thousands of new examples
of complete mirror pairs (&7, %) that are not reflexive.
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1.2 Stringy Hodge Numbers

It turns out that the Calabi-Yau varieties arising from the Batyrev-Borisov construc-
tion often inherit singularities from their ambient spaces. Thus, it is necessary to
consider singular Calabi-Yau varieties, which are varieties with at worst Gorenstein
canonical singularities that satisfy the Calabi-Yau conditions. While studying singu-
lar Calabi-Yau varieties, one quickly realizes that the usual Hodge numbers do not

behave as expected.

Example 1.2.1 (Example 1.1 from [6]). Let Y C P* be the Fermat quintic threefold,

defined by the equation f(zo, 21, 29, 23, 24) = 0 where
f<20a217227z3724) :Zg‘i‘Zi:"i‘ZS‘i‘Zg—"Zi (15)

Then Y is a Calabi-Yau threefold and physicists predict that a mirror YV to Y may
be obtained by a quotient YV = Y/G where G ~ Z5®Zs B Zs is the maximal diagonal

subgroup of PSL(5,C) that acts trivially on f. However, the Hodge diamonds of YV

and YV are
1 1
0 0 0 0
0 1 0 0 1 0
1 101 101 1 1 1 1 1 (1.6)
0 1 0 0 1 0
0 0 0 0
1 1

That is, the pair (Y,Y") fails the topological mirror symmetry test.

The issue here is that YV is a singular Calabi-Yau. To remedy this situation, one
may construct a smooth Calabi-Yau threefold YV by crepantly resolving YV. Then
the pair (Y, f/v) passes the topological mirror symmetry test, regardless of the choice

of desingularization Y. O



It is a nontrivial fact [23, Theorem 1.1] in algebraic geometry that if Y7 — YV
and Y5 — Y are two crepant resolutions of a variety Y over C, then the Hodge
numbers of Y; and Y5 agree. In light of this, we call the Hodge numbers of the
smooth Calabi-Yau YV from Example 1.2.1 the stringy Hodge numbers REYYY) of
Y. Crepant desingularizations of Calabi-Yau threefolds always exist [39], so we have
a well-defined notion of stringy Hodge numbers in dimension three. In dimensions
d > 4, however, the situation is far less clear.!

In [10], Batyrev and Nill show that the Cayley polytope A = Ajx- - %A, associated
to a nef-partition A = A;+-- -+ A, of a reflexive polytope A is a Gorenstein polytope
of index c. In this paper, the authors construct a polynomial Est(A; u,v) € Qlu,v]
called the stringy E-polynomial of A, which takes the form

Ew(Aju,0) =) (1P RE(A)ulv’ (1.7)

p.q

for some nonnegative integers hl;?(A). Since the Calabi-Yau varieties Ya, . a, arising
from the Batyrev-Borisov mirror construction are associated to nef-partitions A =
Ay + -+ A, one may use (1.7) to define the stringy Hodge numbers of Ya, . a.

as W5 (Ya,..a.) = hBY(A). Under this framework, Batyrev-Borisov mirror pairs

(Ya,...a., Yv,...v.) pass the stringy topological mirror symmetry test
W2 (Ya,....a.) = b P (Yo, .v.) (1.8)

and the stringy Hodge numbers of a variety agree with the usual Hodge numbers if
the variety is smooth [10, Theorem 4.17].

One of the benefits of using (1.7) to define stringy Hodge numbers is that the
polynomial Eg depends only on the combinatorial data of the reflexive Gorenstein

polytope A and its dual A*. We thus have a combinatorial description of the stringy

1 See Example 1.2 in [6] for an example of a singular Calabi-Yau fourfold that admits no crepant
desingularization.



Hodge numbers of complete intersection Calabi-Yau varieties in Gorenstein Fano
toric varieties.

The downside is that it is unclear how to generalize the Eg-polynomial if our
Calabi-Yau of interest Y is a complete intersection in a non-Gorenstein toric variety
X, such as the Calabi-Yau Y = P5,,,,[3, 4] studied in [2]. As we will see in §2.5, if
Y is smooth and the number of generators of the homogeneous coordinate ring S()
of Xy is small, then a direct analysis of the tangent sheaf .74 is possible. However,
if S(X) has many generators, then direct computations are infeasable. A general-
ization of the FEg-polynomial that applies to Calabi-Yau complete intersections in

non-Gorenstein toric varieties is thus desirable.
1.3 Outline

This dissertation is divided into six chapters, including this introduction.

In Chapter 2, we review the basic toric geometry involved in the Batyrev-Borisov
mirror construction. Of particular interest is the method developed in §2.5 for com-
puting the Hodge numbers of smooth Calabi-Yau complete intersections in com-
plete simplicial toric varieties. In §2.5.1, we use the spectral sequence from §2.5
to compute the Hodge numbers of the smooth Calabi-Yau complete intersection
Y = P31111[3,4]. In §2.5.2, we turn our attention to the Calabi-Yau complete in-
tersection Y = P5,,,,,[4,5]. We show that Y is singular and construct a crepant
desingularization Y — Y, where Y is a Calabi-Yau complete intersection in a non-
Gorenstein toric variety. Computing the Hodge numbers hp’q(?) using the spectral
sequence from §2.5 thus gives the stringy Hodge numbers AL (Y).

In Chapter 3, we outline the construction of Batyrev-Borisov mirror pairs and

their stringy Hodge numbers. In §3.1 and §3.2, we develop the combinatorial notions

necessary for defining the stringy E-polynomial Eg(A;u,v) of a Gorenstein polytope



A. The key ingredient in defining Eg(A;w,v) is the g—polynomial of a lattice poly-
tope, which we describe in §3.2.3. In §3.3, we review the Batyrev-Borisov construc-
tion, which associates a pair of Calabi-Yau complete intersections (Ya,, . a.,Yv,.. .v.)
to a dual pair of nef-partitions A = A; +---+A.and V=V;+---+ V.. In §3.4,
we use the F-polynomial to compute the stringy Hodge numbers of two examples
of Batyrev-Borisov mirror pairs. We conclude Chapter 3 with §3.5, where we state a
closed-form expression for the stringy Hodge numbers of a bipartite Calabi-Yau com-
plete intersection Y, a, corresponding to a length-two nef-partition A = A; + A,
such that the divisors Da, and Da, on X are ample.

In Chapter 4, we turn our attention to Calabi-Yau complete intersections in non-
Gorenstein Fano varieties. In §4.1, we summarize Mavlyutov’s construction of dual
Q-nef-partitions of Q-reflexive polytopes. This construction is based on Mavlyutov’s
2011 preprint [34] and generalizes the notation of a dual pair of nef-partitions. In
84.2, we review the notion of a toric extremal transition between Calabi-Yau complete
intersections. In §4.2.2, we demonstrate that it is necessary to consider Mavlyutov’s
Q-nef-partitions if one is to follow all extremal transitions. We do so by exhibiting an
extremal transition Ya, a, -=» Y, i, where Ya, a, is a Q-nef Calabi-Yau complete

intersection corresponding to a Q-nef-partition A = Ay + Ay and Y3, 4, is a Calabi-

Yau complete intersection corresponding to a nef-partition A = A; + A,.

To our knowledge, the Calabi-Yau variety P5;,,1,[3, 4] is the only known example
of a Calabi-Yau complete intersection corresponding to a Q-nef-partition of a non-
reflexive polytope. In §4.3, we contribute 1077 more examples to the list of known
examples by partially classifying length-two Q-nef-partitions of five-dimensional Q-
reflexive polytopes that are not reflexive. By searching for almost reflexive polytopes
embedded in one of the 833 five-dimensional smooth Fano polytopes, we completely

classify all Q-reflexive polytopes A whose dual A* embeds into a five-dimensional



smooth Fano polytope. By doing so, we obtain the following.

Theorem 4.3.2. There are exactly 48 isomorphism classes of five-dimensional al-
most reflexive polytopes that are not reflexive contained in a five-dimensional smooth
Fano polytope. Equivalently, there are exactly 48 isomorphism classes of five-dimensional
Q-reflexive polytopes that are not reflexive containing a five-dimensional reflexive

polytope whose dual is a smooth Fano polytope.

For each of the 48 Q-reflexive polytopes A from Theorem 4.3.2, we compute all
length-two dual pairs of of Q-nef-partitions A = Ay + Ay and V = V; + V5 and

analyze the geometry of the Calabi-Yau complete intersections Ya, a,.

Proposition 4.3.5. There are 209 combinatorially distinct length two Q-nef-partitions
of five-dimensional non-reflexive Q-reflexive polytopes containing a polytope whose
dual is a smooth Fano polytope. Moreover, each of these Q-nef partitions A = A1+,
defines a smooth Calabi-Yau threefold Ya, n, C Xa.

For each of the 209 dual pairs of Q-nef-partitions from Proposition 4.3.5, we
compute the Hodge data of the Calabi-Yau complete intersection Yz, a, by analyzing
the cohomology of the tangent sheaf Jy, ., (Table 4.1).

In §4.3.2, we expand this library of examples by searching for almost reflexive
subpolytopes in Kreuzer’s list of reflexive five-dimensional polytopes found in [27].
In total, we find 1077 combinatorially distinct examples of Q-nef-partitions of 813
Q-reflexive polytopes. For each of our Q-nef-partitions, we compute the Hodge data
of Ya, a, (Table 4.2).

In §4.4, we review Aspinwall and Plesser’s complete mirror pairs. We show that
the notion of a complete mirror pair (&7, %) generalizes the notion of a dual pair of
almost reflexive Gorenstein cones (0,0°) (Theorem 4.4.3). Thus, each of our 1077

combinatorially distinct examples of Q-nef-partitions found in §4.3.2 provides an



example of a complete mirror pair (27, Z). We add 2142 more examples of complete
mirror pairs to this list in §4.4.2 by considering complete intersections in weighted
projective spaces.

In Chapter 5, we seek a combinatorial definition of the stringy Hodge num-
bers of a complete mirror pair (&7, %). In §5.1, we define the naive stringy E-
functions Eg(A;u,v) and Ey(Ag;u,v) of the polytopes A, = Conv(«/) and
Ay = Conv(#) corresonding to a complete mirror pair (<, %). We define the
naive stringy Hodge numbers R (A) of A, as the coefficients of Ey(Ay;u,v),
providing that Est(Aﬂ;u,v) is a polynomial. The naive stringy Hodge numbers
hP9(Ay) are defined similarly. When (7, %) is a reflexive mirror pair, the naive
stringy E-function coincides with the usual stringy E-function.

We formulate three important conjectures concerning our naive stringy E-function.

First, we expect that Ey obeys the mirror symmetry law.

Conjecture 5.1.4. Let (o7, B) be a complete mirror pair with dimcy A, = n. Then

Eg(Ay;u,v) = (—u)"Est(A,@; ut ) (1.9)
That s, Est obeys the mirror symmetry law.

We also predict that the naive stringy E-function generates the stringy Hodge
numbers of a Calabi-Yau complete intersection arising from Mavlyutov’s construc-

tion.

Conjecture 5.1.6. Let Yz, . .a, C Xa be the Q-nef Calabi- Yau complete intersection

associated to a Q-nef-partition A = Ay + -+ + A, and suppose Yy Ya,,..a, 1S

-----

Finally, we suspect that every Mavlyutov mirror pair (Ya,

-----

the naive topological mirror symmetry test.

10



Conjecture 5.1.7. Let Ya, v. C Xy be the Q-nef Calabi- Yau

7777777777

complete intersections associated to a dual pair of Q-nef-partitions A = Aj+...+ A,
and V = V1 +---+ V.. Then the naive stringy Hodge numbers of Ya,

v. C Xv satisfy

,,,,,

for 0 <p,q <d-—c, where d =dim A.

Our conjectures are supported by a good deal of evidence. In §5.2, we consider
the 209 dual pairs of Q-nef-partitions A = A+ A and V = V14V, found in §4.3.1.
By comparing the naive stringy Hodge numbers with the Hodge data found in §5.2,
we find that the naive stringy Hodge numbers coincide with the usual Hodge numbers
for each of the 209 Calabi-Yau threefolds Ya, a,. That is, Conjecture 5.1.6 for these
Calabi-Yau threefolds. Additionally, we find that each of these 209 Mavlyutov mirror
pairs (Ya, a,, Yv, v,) satisfies Conjecture 5.1.7.

In §5.3, we test our conjectures on the 1077 dual pairs of Q-nef-partitions A =
A1+ Ay and V =V +V, found in §4.3.2. We find again that Conjecture 5.1.6 holds
for the Calabi-Yau threefolds Xa, a, and Conjecture 5.1.7 holds for each Mavlyutov
mirror pair (Ya, a,, Yv,.v,)-

In §5.4, we apply the naive stringy E-function to the 2142 complete mirror pairs
(o7, B) produced in §4.4.2 by examining Klemm’s list of complete intersections in
weighted projective spaces. We find that the Hodge data generated by Ey agrees
with the computations done by Klemm.

In §5.5 we propose a closed-form expression for Q-nef Calabi-Yau threefolds corre-
sponding to Q-nef-partitions A = A;+ A, of non-reflexive five-dimensional polytopes
when the divisors Da, and Da, are ample. We verify our proposed formula correctly
predicts the stringy Hodge numbers of each of the 24 of the 1077 relevant examples
from §4.3.2.

11



We conclude this dissertation with a discussion of possible further directions for

this research (Chapter 6).
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2

Basic Toric Geometry

The principal objects of interest in this dissertation are Calabi-Yau complete inter-
sections in projective toric varieties. Toric varieties are algebraic varieties that are
generalizations of both affine space A% and projective space P¢. There is a deep
connection between the geometry of toric varieties and the combinatorics of fans. As
we will see, this connection often proves useful in answering computational questions
about toric varieties and their subvarieties.

In this chapter, we present some basic concepts and results surrounding toric
varieties and their subvarieties. In §2.1, we review the construction of a toric variety
Xy from a combinatorial fan ¥ and state some basic results relating the geometry
of Xy to the combinatorics of ¥. In §2.2, we demonstrate an algorithm for com-
puting the divisor class group Cl(Xy) depending only on the combinatorial data in
Y). While the construction of Xy from ¥ offered in §2.1 is of theoretical interest,
it is less useful for studying subvarieties of Xy. In Section 2.3, we show how to
remidy this by reviewing the quotient construction of Xy, from 3, which allows one
to define homogeneous coordinates on Xy. The toric varieties most important to this

dissertation are projective toric varieties corresponding to normal fans of polytopes,
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so in §2.4 we collect some terminology and results on polytopes and toric varieties.
We conclude this chapter by outlining a method involving the derived category for
computing Hodge numbers of complete intersections in toric varieties and offer two
examples of this method. The examples preceeding §2.5 served as inspiration for this
dissertation.

Our principal motivation is to standardize notation and collect results useful for
later constructions. Much of the notation and many of the results covered can be
found in [17]. A reader familiar with the basic language of toric varieties and fans
can focus on the technique developed in Section 2.5 for computing Hodge numbers

of complete intersections in toric varieties.
2.1 The Toric Variety of a Fan

There is a well-known equivalence of categories

category of normal ~ category (2.1)
separated toric varieties of fans '

which we will refer to as the wvariety-fan equivalence. In this section, we review
the construction and basic utility of this equivalence. Our motivation is mainly to
establish notation and terminology. We refer the reader to [17, §3.1, §3.3] for a more
detailed exposition.

We begin by describing the category of toric varieties.

Definition 2.1.1 (Definition 3.1.1 and Proposition 1.3.14 in [17]). A toric variety
with torus T ~ (C*)¢ is an irreducible variety X containing T as a Zariski open
subset such that the action of T" on itself extends to an algebraic action of T on X.

Suppose X; and X5 are toric varieties with tori T} and T3 respectively. A mor-
phism of toric varieties ¢ : X1 — X5 is a morphism of varieties ¢ : X; — X5 such
that ¢, : T1 — T3 is a well-defined group homomorphism.
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Before introducing the category of fans, let us standardize some notation. Let N
be a torsion-free lattice of finite rank d and let M be its dual lattice M = Homgz (N, Z).

The torus Ty associated to N and M is
Ty = N ®z C* ~ Homgz(M,C*) ~ (C*)¢ (2.2)

The isomorphisms in (2.2) allow us to view N as the lattice of one-parameter sub-
groups of Ty and M as the character lattice of T [17, §1.1]. Put Ng = N ®z R
and Mg = M ®z R and note that the natural pairing (—, —) : M x N — Z extends

naturally to a pairing (—, —) : Mg X Ng — R.

Definition 2.1.2 (Definition 3.1.2 and Definition 3.3.1 in [17]). A fan in Ng is a

finite collection ¥ of polyhedral cones o C Ng such that

(a) Every face 7 of every cone o € 3 is a cone in 3.

(b) The intersection oy N oy of every two cones 01,09 € 3 is a face of both ¢; and

09.

Suppose Y1 and X, are fans in (IV7)g and (N2)g respectively. A morphism of fans
¢ : Y1 — Yy is a Z-linear map ¢ : N; — N, such that for every cone o; € ¥ there

exists a cone 0y € Xy satisfying ¢g (o) C 0s.
The following list of properties of fans will be useful in the sequel.

Definition 2.1.3. Let ¥ be a fan in Ng. Denote by X(r) the collection of cones in
Y. with dimension r. The cones in (1) are called the rays of ¥ and each ray p of X2

is generated by a unique primitive element u, € N. We say X has no torus factors

if Spang{u,|p € 3(1)} = Ng. The support of ¥ is |X| = |, 5, 0 C Nr.
We now review how the variety-fan equivalence (2.1) assigns a normal separated
variety Xy to each fan 3 in Ng. Each cone o € ¥ corresponds to an affine variety
U, = Spec(C[o¥ N M]) (2.3)
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Note that the torus

Ty ~ Spec(C[M]) C U, (2.4)

acts on each U, in (2.3), endowing U, with the structure of an affine toric variety.
The combinatorial structure of ¥ describes the data necessary to glue the affine toric
varieties in (2.3) together to obtain a variety Xy. In fact, each of the tori in (2.4)
are identified under this gluing and it can be shown [17, Theorem 3.1.5] that X7y, is
a normal separated toric variety with torus 7. Conversely, each normal separated
toric variety with torus Ty is of the form Xy for a fan ¥ in Ng [17, Corollary 3.1.8].
This establishes how the variety-fan equivalence operates on the level of objects.

To see how the variety-fan equivalence operates on the level of morphisms, let
¢ : ¥y — Xy be a morphism of fans. Each inclusion &R(al) C 049 induces an affine
toric morphism ¢,, : U,, — U,,. These affine toric morphisms patch together
[17, Theorem 3.3.4 (a)] to yield a morphism of toric varieties ¢ : Xy, — Xx,.
In particular, <;§|TN1 = ¢q0y. Conversely, it can be shown [17, Theorem 3.3.4 (b)]
that every morphism of toric varieties ¢ : Xy, — Xy, corresponds to a morphism
¢ : X1 — ¥y to make (2.1) an equivalence of categories.

The variety-fan equivalence allows one to translate combinatorial properties of
a fan Y into geometric properties of the toric variety Xys. To demonstrate this, we

introduce some combinatorial terminology.
Definition 2.1.4. Let X be a fan in Ng.
(a) A cone o € ¥ is smooth if its minimal generators form part of a Z-basis of N.

(b) A cone o € X is simplicial if its minimal generators are linearly independent

over R.

We call ¥ smooth if each of its cones is smooth and we call ¥ simplicial if each of

its cones is simplicial. The fan 3 is complete if |X| = Ng.
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These combinatorial notions correspond to geometric notions under the variety-

fan equivalence.

Theorem 2.1.5 (Theorem 3.1.19 in [17]). Let ¥ be a fan in Ng. Then
(a) Xy is smooth if and only if X2 is smooth.
(b) Xx is an orbifold if and only if ¥ is simplicial.
(¢) Xx is compact in the classical topology if and only if ¥ is complete.

The following example demonstrates many of the concepts developed thus far.

Uy (%1

U U

(23] (23]

o) ¢ = 1d]\/' (o)

FIGURE 2.1: A morphism of fans ¢ : £; — ¥

Example 2.1.6. Let N = Z2. Figure 2.1 depicts two fans ¥; and oy in N ~ R?
and the morphism of fans ¢ : £; — ¥, induced by the identity morphism idy of N.
The fan 3 is generated by the cones {01,092} and the fan ¥, is generated by the

single cone o where

uy = N(1, 0) o = Cone(uy, uy)
up = N(1, 2) oo = Cone(uy, uz)
ups = N(1, 1) o1 = Cone(uy, wusg)

Each cone in J; is smooth so that Xy, is a smooth variety by Theorem 2.1.5. The

cone o is simplicial but not smooth and all the proper faces of o are smooth. Theorem
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2.1.5 then implies that Xy, is an orbifold. Note that |X;| # Ng and |35 # Ng so
neither Xy, nor Xy, is compact.
The toric variety Xy, is affine since 35 is generated by the single cone o. Note

that the semigroup o¥ N M is generated by

my :M<O,]_> mo :M(Q,—l) ms :M(]_,O)

Equation (2.3) then offers an explicit description of X, as an orbifold
Xy, = SpecClo¥ N M]
= Spec C[Y™, X, x™]
~ SpecC[z,y, 2]/ {zy — %)
~ C?/Zy
By inspecting the affine patches U,, and U,, of Xy, one obtains an explicit de-

scription of Xy, as the smooth variety Xy, ~ Op1(2). Hence Figure 2.1 depicts the

resolution of singularities Op:(2) — C?/Z. O

Another important result relating the combinatorics of the fan ¥ to the geom-
etry of Xy is the Orbit-Cone Correspondence. The uninitiated reader is referred
to Theorem 3.2.6, Proposition 3.2.7, and Proposition 11.1.2 in [17] for the relevant

notation.
Theorem 2.1.7 (The Orbit-Cone Correspondence). Let ¥ be a fan in Ng. Then

(a) There is a one-to-one correspondence

{cones ¢ in ¥} «——— {Ty-orbits in Xy}

o «——— O(0) ~ Homg (ot N M, C*)

(2.6)

satisfying dim o + dim O(o) = dim Ng.
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(b) For each cone o € X2, the affine variety U, can be expressed as

U, = JO(r) (2.7)

70

where the union is taken over all faces T of o.
(¢) A cone T is a face of o € ¥ if and only if O(c) C V(1), and

V(r)=|]JO0(0) (2.8)

70

where V(1) = O(7) denotes the closure in both the classical and Zariski topolo-

gies.

(d) For each cone o € ¥, the orbit closure V(o) = O(T) is isomorphic to the toric

variety Xsiar(r)-

(e) The singular locus and the smooth locus of Xx are given by

Sing(Xx) = U V(o) Xs \ Sing(Xx) = U Us (2.9)

o not smooth o smooth

respectively.

In particular, applying Theorem 2.1.7(e) to the toric variety Xy, of Example 2.1.6
shows that the singular locus of Xy, consists of a single point V' (), as expected from

the identification Xy, ~ C?/Z, from (2.5).

2.2 The Divisor Class Group

Let X be an irreducible variety. Recall that a prime divisor on X is an irreducible
subvariety of codimension one and the group of Weil divisors on X is the free abelian
group Div(X) generated by the prime divisors on X. If X is a normal variety, then

we define the divisor class group of X as

CI(X) = Div(X)/ Dive(X) (2.10)
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where Divg(X) is the subgroup of Div(X) consisting of all principal divisors.

In general, the class group of a variety is difficult to compute. For toric varieties,
however, the situation is simplified dramatically.

Let Xy be the normal toric variety of a fan ¥ in N with dim Ng = d. Under the
Orbit-Cone Correspondence, each ray p € (1) corresponds to a codimension one
orbit O(p) whose closure V(p) is a Ty-invariant prime divisor on Xy. We write D, =
V(p) to emphasize that V(p) is a divisor. The group of torus-invariant Weil divisors
on Xy is the subgroup Divr, (Xy) of Div(Xy) generated by the torus-invariant prime
divisors {D, | p € £(1)}.

One may show [17, Theorem 4.1.3] that the class group Cl(Xy) fits into an exact

sequence

M —— Divy (Xy) —— Cl(Xxg) —— 0 (2.11)

where the first map is m — - s (m, u,)D,. Furthermore, the sequence (2.11) is

a short exact sequence

0 M > DiVTN(XE) — CI(XE) — 0 (212)

if and only if ¥ has no torus factors.

The exact sequence in (2.12) offers an algorithm for computing Cl(Xy). Choose
a basis 5 of N. Then the first nontrivial map in (2.12) can be represented as the
matrix A whose rows are {[u,]g|p € X(1)}. The exactness of (2.12) implies that

Cl(Xy) is isomorphic to the cokernel of A. Hence
ClXs) ~ 2PV 7 /e 7. & - @ L) e, Z (2.13)

where €1, ..., e, are the elementary divisors of A. In particular, (2.13) implies that
Cl(Xy) is finitely generated with rank |¥(1)| —d. Figure 2.2 depicts the class groups
of three toric varieties computed using (2.13).
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o, L4

Uy ug

(c) CI((PL xPL)/Z) ~ Z2&
(a) C1(P?) ~ 7 (b) CU(C2/Zy) ~ Zy Zs

FiGURE 2.2: Computations of various class groups.

2.3 The Quotient Construction and Homogeneous Coordinates

While toric varieties are interesting in their own right, the main objects of interest in
this dissertation are subvarieties of toric varieties. In §2.1 we saw a coordinate-free
construction of the normal toric variety Xy from the combinatorial data in 3. In this
section we review the quotient construction of Xy. This construction allows us to
define coordinates on Xy, which will provide a more convenient setting for studying
subvarieties.

Let Xy be the normal toric variety without torus factors corresponding to a
simplicial fan ¥ in Ng. To construct Xy as a quotient, one begins by associating
two important algebraic structures to X. The homogeneous coordinate ring of ¥ is
the polynomial algebra

S(%) =Clz, [ p e x(1)] (2.14)

and the irrelevant ideal of ¥ is the ideal
B(S) = (T, 2|0 € 5) (2.15)

in S(X). The quotient we are interested in is defined in terms of the geometric
counterparts to the algebraic structures in (2.14) and (2.15). The homogeneous
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coordinate ring (2.14) corresponds to the affine space C*") = Spec(S) which contains
the Zariski closed subset V(B) determined by the irrelevant ideal (2.15).

Now, consider the subgroup G(X) of the torus (C*)*M) given by
G(Z) = {(t,) € (€)W |ue M = [ epn 1" = 1} (2.16)

The vanishing locus V(B) of the irrelevant ideal is invariant under the diagonal
action of G on C*W [17, Lemma 5.1.1]. The toric variety Xy is isomorphic to the

geometric quotient

L CWAV(B)

5 5 (2.17)

induced by a toric morphism 7 : C*® \ V(B) — Xy, [17, Theorem 5.1.11].

(1
U2

gy

a9

Ug

FIGURE 2.3: Xy ~ Op1(2)

Example 2.3.1. Let ¥ be the fan in Ng ~ R? depicted in Figure 2.3. Then (2.14),

(2.15), and (2.16) give
S(Z) = C[Zo, 21, 22] B(Z) = <Zo, Zl> G(E) = {()\, )\, )\_2) | AE C*}

Thus (2.17) is given by the quotient

Xy, ~ c’ \ {(0707z2)|22 € C}

{0 AN [ h ey (2.18)

That is, X5 ~ Op2(2), as claimed in Example 2.1.6. O
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Following [34, §4], the formula

deg(HpEZ(l)ng) = [zpezu) b,D,] € Cl(Xx) (2.19)

endows the homogeneous coordinate ring S(X) with a Cl(Xy)-grading

S = @ S5 (2.20)

BEC(Xx)

where S(X)s is the subalgebra of S(X) generated by monomials of degree 5. The
grading (2.20) provides a nice combinatorial description of divisors on Xy. There is

a one-to-one correspondance

(2.21)

I lyt in M
DIVTN (XE> Rz Q — { polytopes m Mg }

with rational vertices
under which a torus-invariant Q-Weil divisor D = ) pes(1) 0o Dy is assigned to the
polytope
Ap={m e Mr|pe€ X(1) = (m,u,) > —b,} (2.22)
and a polytope A is assigned to
Da= Y (—min(A u,))D, (2.23)
peEX(1)

Furthermore, for a torus-invariant Weil divisor D = ) pes(1) b,D,, there is a one-to-

one correspondence

{lattice points in Ap} «—— {monomials in S(X)p) }

m— H zzﬂ+<mv“p> <2'24)

pEX(1)
We now have a convenient framework for studying subvarieties of Xy. For 5 = [D] €
Cl(Xy) there is a natural isomorphism [17, §9.1]

H(Xs, Ox,.) ~ S(%)s (2.25)
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By (2.24), it follows that every hypersurface in Xy of degree § = [> b,D,)

peX(1)

corresponds to a homogeneous polynomial f € S(X)g of the form

F= > aw [] #rtmee (2.26)
)

meApNM peEX(1

for a,, € C. Moreover, the Toric Ideal- Variety Correspondence [17, Proposition 5.2.7]

provides a one-to-one correspondence

{closed subvarieties of Xy} «—— { radical homogeneous }

ideals I C B(X) C S(%) (2.27)

A complete intersection in Xy, of codimension c is a closed subvariety V(I) C Xy
corresponding to a radical homogeneous ideal I C S(X) generated by a regular
sequence of homogeneous polynomials fi,..., f. € S(X) such that ¢ = dim Xy, —

dim V().
2.4 Polytopes and Toric Varieties

In this section, we collect some definitions and results relating the combinatorics
of polytopes to toric geometry. Our primary interest is the correspondence between
canonical Fano polytopes and Fano toric varieties, which restricts to a correspondence
between reflexive polytopes and Gorenstein Fano toric varieties.

Let N be a torsion-free lattice of finite rank d and let M be its dual lattice
M = Homgy(N,Z). Put Ng = N ®;z R and Mg = M ®z R and note that the natural

pairing (—, —) : M x N — Z extends naturally to a pairing (—, —) : Mg x Ng — R.
Definition 2.4.1. A polytope A C Mg has the IP-property if 0y, € int(A).

Note that polytopes with the IP-property are full-dimensional, having a nonempty

interior. The dual polytope of a polytope A C Mpr with the IP-property is the
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polytope A* C Ny defined by
A*={ne Ng|meA= (m,n) >—-1} (2.28)
Note that (A*)* = A.

Definition 2.4.2. Let F be a face of a polytope A C Mg with the IP-property. The
dual face of F is the face IV of A* defined by

FV={neA*lmeF = (mn)=—1} (2.29)

The map F — FV defines an inclusion-reversing one-to-one correspondence

{face lattice of A} «——— {face lattice of A*} (2.30)

satisfying (FY)Y = F and
dimF + dim FY =d — 1 (2.31)

Note that AY = @ # A*. Recall that the f-vector of a d-dimensional polytope A is
the vector fa = (f_1, fo,- .., fa) where f; is the number of faces of A of dimension
i. One consequence of the correspondence (2.30) is that the ith entry of fa is the
(d—1—1)th entry of fa«. That is, the vectors fa and fa- are reverses of each other.

Two classes of polytopes important to toric geometry are canonical Fano polytopes

and reflexive polytopes.

Definition 2.4.3. A canonical Fano polytope is a lattice polytope A C Mg such
that int(A) N M = {0p}.

Definition 2.4.4. A reflexive polytope is a lattice polytope A C Mg with the IP-

property whose dual A* C Ng is also a lattice polytope.
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Reflexive polytopes are canonical Fano polytopes and the dual of a reflexive
polytope is a reflexive polytope. Thus, if A is reflexive, we refer to the pair (A, A*)
as a dual pair of reflexive polytopes. To see how these polytopes relate to toric

geometry, we recall the notion of the normal fan of a polytope.

Definition 2.4.5. Let A be a rational polytope in Mgr. For each face F' < A, let

or be the cone in N given by
op ={y € Ng|x € F = (z,y) <min(A,y)} (2.32)

The cones in (2.32) define a fan ¥ o = {op | F < A} in Ng called the normal fan of

A. We often write X in place of Xy, for brevity.

Alternatively, the toric variety Xa may be constructed using the Proj functor.
Let
Car =Cone(Ax1)C Mg®R (2.33)

and put Sp = C[CaA N (M & Z)]. Then Xa ~ Proj(Sa) and X, is semiprojective [17,
Proposition 14.2.12].

Definition 2.4.6. A compact toric variety X is called
e Fano if the anticannonical divisor — Ky is ample and Q-Cartier.

o (Gorenstein if Kx is Cartier.

Proposition 2.4.7 (Theorem 8.3.4 in [17], Proposition 1.4 in [34]). The map A
Xa+ defines a one-to-one correspondence between isomorphism classes of canonical
Fano polytopes and Fano toric varieties with canonical singularities. This correspon-
dence restricts to a correspondence between isomorphism classes of reflexive polytopes

and isomorphism classes of Gorenstein Fano toric varieties.
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Table 2.1: The number of reflexive polytopes in dimensions 2 < d < 4
dimension | 2 3 41 >5
# of reflexive polytopes | 16 | 4319 | 473800776 ?

Reflexive polytopes play an essential role in mirror symmetry and have been
studied extensively. Up to lattice isomorphism, there are only a finite number of
canonical Fano polytopes in a given dimension [33]. Reflexive polytopes have been
classified up to dimension four (Table 2.1). The classifications in dimensions three

[30] and four [31] were both done by Kreuzer and Skarke.

2.5 Hodge Numbers of Calabi-Yau Complete Intersections in Toric
Varieties

Recall that the Hodge numbers of a d-dimensional variety Y are defined as
RPAY) = dime HI(Y, APQy) (2.34)

where )y is the cotangent sheaf of Y. If Y is Calabi-Yau, then Y the Hodge numbers
are given by

hP4(Y) = dime HY(Y, AP %) (2.35)

where Z is the tangent sheaf of Y. In [3] Aspinwall, Melnikov, and Plesser use
techniques of the derived category to develop a method for computing the Hodge
numbers of a smooth complete intersection in a smooth complete toric variety. In
this section we review this method and note that it also applies to smooth complete
intersections in simplicial complete toric varieties.

Let Xy be the d-dimensional toric variety corresponding to a complete simplicial
fan ¥ in Ng with no torus factors. The class group Cl(Xy) of Xy fits into an exact

sequence [17, Theorem 4.1.3]

0 M P zp, — Cl(Xs) —— 0 (2.36)

pEX(1)
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so that Cl(Xy) has rank r» = |¥X(1)| — d. Batyrev and Cox [9, Theorem 12.1] show

that the cotangent sheaf QY of Xy fits into an exact sequence

0 Qe P ox.(-D,) —— 6% ——0 (2.37)

peX(1)

called the generalized Euler exact sequence. Applying Fomey (—, Oxy) to (2.37)

then yields an exact sequence

0—— 0% —— P Ox.(D,) s Ty > 0 (2.38)
peEX(1)

where Jx,, = ,%”omﬁxE (Q}(Z, Ox,,) is the tangent sheaf of Xx.

Let Zy,...,Z. be torus-invariant Weyl divisors on Xyx. A global section f; €
HY(Xs, Ox,(Z;)) defines a hypersurface Y; = V(f;) in Xx. Suppose that a generic
choice of these hypersurfaces defines a smooth complete intersection Y = Y;N---NY,

in Xy. The adjunction exact sequence for Y [17, Theorem 8.0.18] is

0 yy gxﬂy e @ ﬁy(ZZ) — 0 (239)

where we denote the restriction of Ox.(Z;) to Y by Oy (Z;) for brevity. Each of the
sheaves in (2.38) is reflexive so [17, Proposition 8.0.1] implies that restricting to ¥

gives an exact sequence

0—— 0F —— P ov(D,) —— Ty —— 0 (2.40)
peEX(1)

of Oy-modules.
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Note that (2.39) and (2.40) can be arranged into a diagram of Oy-modules

T

00— 0y —— @ ﬁy(Dp)_>@

peEX(1) i

The indices above this diagram suggest that the rows ought to be viewed as complexes
of Oy-modules. In fact, the construction of (2.41) from the exact sequences (2.39)
and (2.40) shows that the morphism of complexes defined by the vertical arrows of
(2.41) induces isomorphisms on the level of cohomology of complexes. That is, the
morphism of complexes in (2.41) is a quasi-isomorphism.

At this point, it is clear that the derived category D’(Y') will be a useful tool
for computing the cohomology of .75. The quasi-isomorphism in (2.41) provides an

isomorphism in D°(Y") between % and the complex

p=-1 p=0 p=1
Er (242)
0—— 0y —— P ov(D,) — P ov(Z) —0
pEX(1) i

For every complex of y-modules &° considered as an object in D?(Y) there is a

spectral sequence [3] with
EYY = HY(&P) = HPT(E®) (2.43)

Taking & to be the complex in (2.42) thus gives a spectral sequence that computes
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the cohomology of Z3. The E; page of this spectral sequence is

3 HS ( ﬁy ) @&r

&b H#(ov(D,) — @H3(ﬁ’y(Zi))

peEX(1)

2 | #¥0v)T —— D H(0v(D,) —— D H(0v(%)

peX(1)

1 Hl(ﬁy)@r

& H'(0v(D,)) —— @Hl(ﬁy(&))

peX(1)

0 | #A6v)T —— D H'(6v(D,) —— D H"(0v(%)

peX(1)

—1 0 1

(2.44)

Since we are primarly interested in Calabi-Yau threefolds we have excluded the terms

with ¢ > 3. The terms with p 4+ ¢ = 1 (blue) represent the contributions to H'(. %)
and the terms with p + ¢ = 2 (red) represent the contributions to H?(%).

Now, to compute the cohomology groups H?(0y (T))), consider the twisted Koszul

exact sequence

0 — Oxy (T =Y, 2) — - —— @Ox(T - ¥, Z,)

11 <19
P O (T — Z:,) — Oxy(T) ——— O(T) ———— 0

(2.45)

By introducing ’auxiliary sheaves’ .4, ..., .%. 1, one may break this long exact se-
Yy g Y Y
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quence into ¢ short exact sequences

0—Ox, (T-,2) — P 0x.(T-%,2) A 0

1< <be—1

0 S B oxT-3,7) S 0

1< <le—2

(2.46)

0 —— jc_Q @ﬁXE(T — Zn) EEE— jc—l — 0

0 — S » Ox,(T) ——— Oy (T) — 0

Each of the short exact sequences in (2.46) induces a long exact sequence in coho-
mology. Computing the cohomology groups H?(Xy, Ox,(T)) can be accomplished
with local cohomology using a computer algebra system such as Macaulay?2 or sage.

Hence each of the terms in (2.44) can be computed from (2.46).
2.5.1 P3y11(3,4]

The weighted projective space P3,;,4; is a toric variety whose fan ¥ is the complete

simplicial fan in Ny given by the data

u,, = N(1, 0, 0, 0, 0) o9 = Cone(uy, Up, Uy, Up, Up)
u, = N(O, 1, 0, 0, 0) o1 = Cone(up, Up, Up, Up, Ups)
u,, = N(O, 0, 1, 0, 0) o092 = Cone(up, Up, Up, Up, Ups)
Upg N(O, 0, 0, 1, 0) o3 = Cone(uy, Uy, Uy, Uy, Up;)
Up, N(O, 0, 0, 0, 1) o4 = Cone(uy, Uy, Uy, Uy, Up;)
up, = N(—2, =1, =1, =1, =1) o5 = Cone(up, Uy, Up, Uy, Up,)

The only singular cone of ¥ is the maximal cone oy. Hence the orbit-cone corre-
spondence implies that the singular locus of Xy consists of a single orbifold point

X»(1:0:0:0:0:0) with isotropy Zs.
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Consider the torus-invariant Weyl divisors

Zs =D, + D, Zy=D,, +D,, +D, + D,

Our choice of indices is explained by the generic global sections f; € H*( Xy, Ox.(Z;)),
which are

fz= aozio’ + ale + azzg?; + agzi’ + a4z§’ + a52021 + G222 + Q72023 + Q82024 + U920 25
fa = bozt + bizy + bazs + bzzy + byzs + bsz)

(2.47)

That is, f3 is a generic cubic polynomial in S(X) and f; is a generic quartic polynomial
in S(X). Let Y be a complete intersection of a cubic and a quartic in Xy. Note that
the equations in (2.47) force Y to miss the orbifold point of Xy. In fact, YV is a
smooth Calabi-Yau threefold.

Our analysis of % in (2.44) is

q
3 C 0 0
2 0 0 0
1 0 0 0 (2.48)
0 (C C41 (Cno
¢ > D
—1 0 1
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so that A" (Y) =1 and h?'(Y) = 79. The Hodge diamond of Y is thus

h33

}32 5,23 0 1 0
31 22 13 0 1 0
1,30 21 12 po3 = 1 79 79 1 (2.49)
},20 Bl 1,02 0 1 0
B10 K01 0 0
1,00 1

This is the example studied in [2] and served as insipiration for this dissertation.
In [2] it is asked whether the Calabi-Yau threefold Y has a mirror YV that can be
realized as a complete intersection in a toric variety. The Batyrev-Borisov method
cannot be used to construct such a YV since P5,;,;; is not Gorenstein.

We will see that a generalization of the Batyrev-Borisov construction developed
by Mavlyutov [34] offers a candidate for a toric description of a mirror variety Y
and this mirror agrees with the possible mirror described in [2]. In this dissertation
we develop a generalization of Batyrev’s stringy Hodge numbers and, under this
framework, show that the proposed mirror from [34] and [2] passes the topological

mirror symmetry test.
2.5.2 Piimn(4.5]

The weighted projective space P3y;,;; is a complete simplicial toric variety Xs whose
singular locus consists of an orbifold point Xx(1:0:0:0:0 :0) with isotropy Zs
and an orbifold point X5(0:1:0:0:0:0) with isotropy Z,. The equations of a
generic quartic f; and a generic quintic f5 in S(X) are

fo=25+ 25+ 2 + 25 + 22 + 2020 + 2023 + 2024 + 2025

f5 = 254+ 25 + 25 + 22 + 2129 + 2025 + 2323 (2.50)

2 2 2 2 2
+ 2025 + 2724 + 2024 + 2725 + 2025 + 2021
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where we have suppressed the monomial coefficients. Let Y be a complete intersection
of a quartic and a quintic in Xyx. Then Y is a Calabi-Yau threefold and our analysis

of % in (2.44) is

q
3 C 0 0
2 0 0 0
2.51
1 0 0 0 ( )
0 C CSB Cl35
< > D
—1 0 1
The Hodge diamond of Y is thus
h33 1
h32 h23 0 0
h31 h22 h13 0 1 0
1,30 21 12 po3 = 1 ]4 84 1 (2.52)
h20 hll h02 0 1 0
B10 BO1 0 0
hOO 1

Note, however, that the equations in (2.50) force Y to pass through the Zs-
singularity of Xyx. In fact, Y is a singular Calabi-Yau threefold whose singular locus
consists of this orbifold point.

This situation can be remedied as follows. Let 3 be the fan obtained from ¥ by
inserting the ray pg generated by u,, = N(—1,0,0,0,0) and subdividing. Generic
sections of the torus-invariant Weyl divisors

D,, + D,, D,,+D,, +D,, + D, + D,
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define a smooth Calabi-Yau complete intersection Y in Xg. This gives a discrepant

toric morphism Xg — Xy that restricts to a crepant desingularization Y — Y. The

spectral sequence (2.44) computing the cohomology of 7% is

q
3 C? 0 0
2 0 0 0
2.53
1 0 0 0 ( )
0 (C2 (C53 (C135
< > D
—1 0 1
The Hodge diamond of Y is thus
h33 1
h32 h23 0 0
h31 h22 h13 0 ) 0
5,30 B2l p12 RO = 1 84 84 1 (2.54)
20 Bl 102 0 2 0
B0 B01 0 0
1,00 1

A general result [5] states that if Y7 — Y and Y5 — Y are crepant desingularizations
of a Calabi-Yau threefold X by smooth Calabi-Yau threefolds Y; and Y3, then the
Hodge numbers of Y7 and Y5 coincide. In light of this result, we call (2.54) the stringy
Hodge diamond of Y.

Note that both of the ambient spaces P5,,;;, and X are Q-Gorenstein but not
Gorenstein. Again, the Batyrev-Borisov mirror construction fails to match both Y

and Y to mirror Calabi-Yau threefolds. We will show that Mavlyutov’s construction
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does apply to Y and Mavlyutov’s proposed mirror YV satisfies the topological mirror
symmetry test under our framework.

It is also worth noting that the example P3,,,,,[4, 5] was studied by Kreuzer and
Riegler [32]. Here the authors attempt to construct a desingularization ¥ — Y
where Y is a complete intersection in a Gorenstein Fano toric variety. Their search
involves a rather intense computation. Such a desingularization Y could theoretically
be found by locating a certain reflexive subpolytope of a polytope A with 575 lattice
points. By omitting up to 30 lattice points, Kreuzer and Riegler find 21 reflexive
subpolytopes of A, none of which give the desired Y. From this they conclude “a more
detailed analysis of the geometry would be required to check if a toric description
exists.” Our toric complete intersection Y C Xg was found by excluding a single

lattice point from A.
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3

The Batyrev-Borisov Mirror Construction

In this dissertation, we seek to generalize a method for producing mirror pairs of
Calabi-Yau varieties called the Batyrev-Borisov mirror construction. This construc-

tion relates the combinatorics of a dual pair of nef-partitions

A=A+ -+ A, V=Vi+--+V, (3.1)

of two reflexive polytopes A and V to the geometry of a stringy mirror pair of Calabi-
Yau varieties (Ya, .. a.,Yv,. . v.) in the Gorenstein Fano toric varieties (Xa, Xv).

In this chapter, we outline the Batyrev-Borisov construction of a Batyrev-Borisov
mirror pair (Ya, . a.,Yv,.. v.) and present the combinatorial definition of the stringy
Hodge numbers h%? of these varieties. In Section 3.1, we review the notions of
Gorenstein polytopes and Gorenstein cones, both of which play a pivotal role in
defining stringy Hodge numbers. Gorenstein cones will be a key focus of interest
throughout the rest of this dissertation.

In §3.2, we present the definition of the stringy E-polynomial Eg(A;u,v) of a
Gorenstein polytope A, which computes the stringy Hodge numbers h%?(A) of A.

This polynomial depends on both the structure of A as a lattice polytope and as an
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Eulerian poset. In particular, we need the notions of the h*-polynomial of A (§3.2.1)
and the g-polynomial of the poset of faces of A (Section 3.2.2), which combine to
give the S -polynomial of A (§3.2.3). Finally, we give the definition of and basic
properties of the Fy-polynomial in §3.2.4.

In §3.3, we show how the stringy E-polynomial of a Gorenstein polytope can be
used to define the stringy Hodge numbers of a Batyrev-Borisov mirror pair.

We conclude this chapter with two examples where we compute the stringy Hodge

numbers of a Batyrev-Borisov mirror pair.
3.1 Gorenstein Polytopes and Gorenstein Cones

The duality of reflexive polytopes can be stated in the more general setting of reflezive
Gorenstein cones. Here, we develop language necessary to make this generalization
precise. Note that we are interested in non-reflexive Gorenstein cones as well as
reflexive ones. The main references are [10] and [34].

Let (N, M) and (N, M) be dual pairs of torsion-free lattices of finite ranks d
and d respectively. Recall from Definition 2.4.4 that a reflexive polytope is a lattice
polytope A containing the origin in its interior whose dual polytope A* (2.28) is also

a lattice polytope. Let us now generalize this notion.

Definition 3.1.1. Let A be a polytope in Mg. Then A is a Gorenstein polytope of

index ¢ if int(cA)N M = {m} for some nonnegative integer ¢ and cA —m is reflexive.

Note that Gorenstein polytopes are full-dimensional, having nonempty interior.
In fact, we immediately see that reflexive polytopes are precisely those Gorenstein
polytopes of index one with int(A)NM = {0;}. It is less obvious, however, how one
should define the dual of a Gorenstein polytope. Naively, one may define the dual
of a Gorenstein polytope as the dual of the reflexive polytope cA — m. This naive

definition turns out to be geometrically uninteresting, so we must search for duals of
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Gorenstein polytopes elsewhere. To do so, we need the notion of a Gorenstein cone.
For ;i € N and r a nonnegative integer, let H, ,(f) be the affine hyperplane in Mg

given by
Hff) ={x € Mg |{(z,u) =1} (3.2)

For v € M we define H;" similarly.

Definition 3.1.2. A Gorenstein cone with degree vector h, is a cone o in My gen-

erated by finitely many lattice points in H }(3 N M for some h, € N.

The degree vector h, of a Gorenstein polytope ¢ is unique. The rth slice of ¢ is
the polytope
oy =0 N H (3.3)

considered as a polytope in the affine hyperplane H}(LZ). The support of o is the
polytope o).

Now, recall that the dual cone of a cone o in My is the cone ¢ in Ny defined by
o' ={y € Ng|x €o= (yz)>0} (3.4)
Note that (ov)¥ = 0.

Definition 3.1.3. Let 7 be a face of a cone ¢ in Mg. The dual face of T is the face
7* of ¢¥ defined by

={yeo’|rer= (y,x) =0} (3.5)
The map 7+ 7* defines an inclusion-reversing one-to-one correspondence
{face lattice of 0} ——— {face lattice of "} (3.6)
satisfying (7*)* = 7 and
dim 7 + dim 7* = d (3.7)

Note that o* = {0y} # 0.
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Remark 3.1.4. The notation we have adopted to denote the dual faces of faces of poly-
topes and cones departs slightly from that in much of the literature. To summarize,

we have defined two one-to-one correspondences

[P-polytopes [P-polytopes N -
{ in My — i Ng {cones in MR} {cones NR}

v
orH——o
Ar—— A*

satisfying (A*)* = A and (¢¥)" = 0. For a dual pair of IP-polytopes (A, A*) and a

dual pair of cones (0,0") we have defined one-to-one correspondences

face lattice face lattice face lattice face lattice
of A C My of A* C Ny of 0 C Mg of ¥ C Ng
Fr—FY T T*

satisfying (FY)¥ = F, (7*)* = 7, and
dim F +dim FY =d — 1 dim7 +dim7* = d (3.8)

In particular, AY = @ # A* and 0* = {Ox,} # 0. It is common in the literature

to denote a face F' of A by F*, which leads to the apparant contradiction A* = &

when A is viewed as a face of itself. O

Recall that a lattice polytope A with the IP-property may have a non-lattice
polytope A* as its dual. It is also true that a Gorenstein cone ¢ may have a non-

Gorenstein dual oV.

Definition 3.1.5. Let o be a Gorenstein cone in Mg. Then o is reflexive if oV is a
Gorenstein cone in Np.
\/)\/ _

The relation (o = o implies that reflexive Gorenstein cones occur in dual

pairs (o,0Y). The index of a reflexive Gorenstein cone o is the positive integer
¢ = (hyv, hy).

The following proposition demonstrates the relationship between reflexive Goren-
stein cones and reflexive polytopes.
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Proposition 3.1.6 (Proposition 2.11 in [8]). Let o be a Gorenstein cone in Mg.

Then the following are equivalent.
(a) o is reflexive of indez c.
(b) The support polytope oy is a Gorenstein polytope of index ¢ when considered
as a polytope in the affine hyperplane H,(li).

(¢) The polytope o) — hov is a reflexive polytope when considered as a polytope in
(M N hE)g.

Proposition 3.1.6 allows us to generalize the duality of reflexive polytopes. The
Gorenstein cone associated to a d-dimensional polytope A C My is Cao = Cone(A X

1)CMR@R.

Definition 3.1.7. Let A C Mg be a Gorenstein polytope of index ¢. The dual

Gorenstein polytope A* is the support polytope of CX.

The duality 7 — 7* between the face lattices of Cn and CX induces a duality

F — FY between the face lattices of A and A* satisfying dim F' + dim F¥ = d — 1.

Example 3.1.8. Fix M ~ Z" and let o; and o3 be the cones generated by the two

lists of primitive M-vectors

M, 1, 0, 0, 0, 0, 0), M, 1, 0, 0, 0, 0, O0),

M, 1, 0, 0, 0, 1, 0), M, 1, 0, 0, 0, 0, 1),

M, 1, 0, 0, 1, 0, 0), M, 1, 0, 0, 0, 1, 0),

M@, 1, 0, 1, 0, 0, 0), M, 1, 0, 0, 1, 0, 0),

M, 1, 1, 0, 0, 0, 0), M, 1, o, 1, 0, 0, O0), (3£D
M(1, 0, -1, -1, -1, -1, -1), M(1, o, -2, -1, -1, -1, -1),

M, o, o0, 0, 0O, O, 0), M(1, o, o0, 0O, 0, 0, O0),

M, o, 0, 0, O, O, 1) M, o, 1, 0, 0, 0O, 0)

in 7-d lattice M in 7-d lattice M

respectively. Each of the lists in (3.9) consist of points m satisfying (m, u) = 1 where

1= N(1,1,0,0,0,0,0) (3.10)
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It follows that both oy and o4 are Gorenstein cones with degree vectors hy,, = hy, = f1i.

The dual cones oy and oy are generated by the lists of primitive N-vectors

N(1, O, O, O, O, O, 1), N(2, O, 1, 0O, 0O, 0, 0,
N(O, 1, -1, -1, -1, -1, 4), N(O, 1, 2, -1, -1, -1, -1),
N(O, 1, -1, -1, -1, -1, 0), N(O, 1, O, -1, -1, -1, -1),
N(O, 1, 3, -1, -1, -1, 0), N(O, 1, O, 3, -1, -1, -1),
N(O, 1, -1, 3, -1, -1, 0), N(O, 1, O, -1, 3, -1, -1),
NCO, 1, -1, -1, -1, 3, 0), N(O, 1, O, -1, -1, -1, 3),
N0, 1, -1, -1, 3, -1, 0), N(O, 1, O, -1, -1, 3, -1), (3.11)
N(1, O, 0O, O, 2, 0, -1), N(1, 0, -1, 0, O, 3, 0),
N(1, O, O, O, O, 2, -1), N(1, 0, -1, 0O, O, 0, 3),
N(1, O, O, 2, 0, 0, -1), N(1, 0, -1, O, 3, 0, 0),
N(1, O, 2, 0, 0, 0, -1), N(1, 0, -1, 3, O, 0O, 0),
N(1, O, 0O, O, O, 0, -1) N(1, 0, -1, 0O, O, 0, O0)
in 7-d lattice N in 7-d lattice N

respectively. Note that the generators n of oy satisfy (n, hey) = 1 where
hey = M(1,1,0,0,0,0,0) (3.12)

However, the generators of oy are not contained in a primitive affine hyperplane.
Hence (01,0)) is a dual pair of reflexive Gorenstein cones with index (hyv, ho,) = 2
while the Gorenstein cone o5 is not reflexive. In particular, note that the f-vectors

of the support polytopes of o; and o are

fi=1(1,8,27,50,55 3612, 1)  fo=(1, 12, 36, 55, 50, 27, 8, 1) (3.13)

respectively. Note that the entries of f, are the entries of f; in reverse order. This
is a consequence of the duality between the face lattice of the Gorenstein polytopes

corresponding to o7 and oy'. O
3.2 The Stringy Hodge Numbers of a Gorenstein Polytope

The Batyrev-Borisov construction produces a dual pair of Calabi- Yau varieties (Y, Y").

In this section we review the machinery necessary for making these notions precise.
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3.2.1 Basic Ehrhart Theory

Let M be a lattice with dim Mr = d and let A be a lattice polytope in Mg. The

Ehrhart series of A is the power series Ehra(t) € Z[t] defined by

Ehra(t) = Y [kA N M|t* (3.14)

k=0

In [19], Ehrhart shows that the Ehrhart series of A is a rational function

Ehra(t) = (1_}%% (3.15)

where by (t) € Z[t] is a polynomial with nonnegative coefficients satisfying deg hi (t) <
dim A.
The polynomial h}(t) encodes several interesting invariants of A [36, §2.2]. We

define the degree and codegree of A by the formulae
deg A = deg hi\(t) codeg A =1+ dim A — deg A (3.16)

The codegree of A is the smallest nonnegative integer k for which kA has a lattice
point in its relative interior. The leading coefficient of A’ (¢) is the number of lattice
points in the relative interior of codeg(A) - A. Note that the index of a Gorenstein
polytope is its codegree. By convention, we define hj(t) = 1 so deg @ = codeg @ = 0.

A remarkable theorem of Hibi characterizes Gorenstein polytopes in terms of the

h*-polynomial. Recall that a polynomial f(t) is palindromic if f(t) =t/ f(¢+=1).

Theorem 3.2.1 (Theorem 2.1 in [22]). A lattice polytope A is Gorenstein if and

only if h\(t) is palindromic.
This gives an alternative way to test whether a given Gorenstein cone is reflexive.

Example 3.2.2. Consider the Gorenstein cones o7 and oy in My ~ R” from Example

3.1.8. Let A; and Ay be the support polytopes of o and o9 respectively. Then
A=+ PP+t 41 ha,t) =t +t" +2 + 2+t +1
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Theorem 3.2.1 then implies that A; is Gorenstein while A, is not. By Proposition

3.1.6, o is reflexive while o5 is not reflexive. O
3.2.2  Combinatorial Polynomials of Fulerian Posets

The stringy E-polynomial of a Gorenstein polytope A relies on the structure of A
as an Fulerian poset. In this section we develop the notions required to define an
Eulerian poset P and review some of the basic polynomial invariants of P.
Following [11], a ranked poset is a poset P equipped with a map p : P — Z such
that every maximal chain zy < x5 < -+ < xy, in P satisfies k = p(xy) — p(z0). A
graded poset is a ranked poset P possessing a minimal element 0 satisfying p(0) = 0
and a maximal element 1. The rank of a graded poset P is p(P) = p(1). A graded

poset P of rank d satisfies the Fuler-Poincaré relation if
fo—fi+-+(=Dfs=0 (3.17)

where f, is the number of elements in P of rank r.

Each pair of elements x and y in a graded poset P defines an interval
[,y ={z€P:2 <2<y} (3.18)

Note that the map z — p(z) — p(x) endows each interval [z,y] in a graded poset
P with the structure of a graded poset of rank p(y) — p(x). A graded poset P is
FEulerian if each interval in P satisfies the Euler-Poincaré relation (3.17).

In [42, p. 122], Stanley proves that the map p(F) = dim F' + 1 endows the face
lattice of a lattice polytope A with the structure of a Eulerian poset.

The polynomial invariants we are interested in are most easily defined in terms

of the truncation operator T, : Z[t] — Z[t], which is given by

Ty (Z Giti> = Zaiti (3.19)

<r
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For f(t) =", a;t" € Z[t] we write f(t) > 0 if each coefficient a; in f satisfies a; > 0.

Definition 3.2.3. Let P be an Eulerian poset of rank d. The g-polynomial of
P and the h-polynomial of P are the polynomials gp(t),hp(t) € Z[t] defined by

gp(t) = hp(t) =1 if d = 0 and by the intertwining recursions

gp(t) = 1a2((1 — t)hp(2)) hp(t) = Z (t— 1) g, 5(t) (3.20)

O<z<1i
it d > 0.
A poset is boolean if it is isomorphic to the face lattice of a simplex.
Proposition 3.2.4. The g-polynomial has the following properties.

1. If P is the poset of faces of a lattice polytope, then gp(t) has nonnegative
coefficients [41].

2. A poset P is boolean if and only if gp(t) = 1.
3. gpxa(t) = gp(t) - go(t)
3.2.3 The g—Polynomial of a Lattice Polytope

In [13], Borisov and Mavlyutov combine the combinatorial data encoded in the g-
polynomial of a lattice polytope A with the enumeration of lattice points from A% (%)

to obtain a rather sophisticated polynomial invariant of A.

Definition 3.2.5. Let A be a lattice polytope in Mg. The §—polyn0mz’al of A 'is the

polynomial Sa(t) € Z[t] defined by

Salty= Y (=LA ERL(E) - giea (1) (3.21)

F<F=<A
where the sum is taken over all faces F' of A.
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Note that Sy(t) = 1 while Sx(t) = 0 if dim A = 0. The S-polynomial enjoys a

number of nice properties.
Proposition 3.2.6. Let A be a lattice polytope. Then
(a) Sa(0) =0 if dimA > 0.
(b) Sa(t) >0 [13, Proposition 5.5]
(¢) Sa(t) = tIHamAS, (71 [13, Remark 5.4]
(d) If A is a lattice pyramid, then Sa(t) =0 [10, Lemma 4.5].

(e) Sa(t) < hi(t) [36, Corollary 2.16 (1))

Example 3.2.7. Let A be the Gorenstein polytope corresponding to the reflexive
Gorenstein cone oy from Example 3.1.8. The vertices of A are precisely the points
listed in the first column of (3.9). Of the 190 faces of A, only F = @ and F' = A
satisfy Sp(t) # 0. For these two faces, we have

Sy(t) =1 Sa(t) =17 +t* + 13 + 2 (3.22)

The vertices of the dual Gorenstein polytope A* are the points listed in the first
column of (3.11). The faces dual to the faces F' = @ and F' = A of A are @¥ = A*
and AV = @. Computing the g—polynomials gives

Sa-(t) = 7+ 891 + 89> + 12 Su(t) =1 (3.23)

The lattice structure of A* is significantly more complicated than that of A. Of the

190 faces of A*, 131 have a nonvanishing §—polynomial. O

The phenomena exhibited in Example 3.2.7 is not rare. In fact, the main result
of [36] states that for a dual pair of Gorenstein polytopes (A, A*), a face ' < A and
its dual FY < A* satisfy

¢ < codeg F + codeg F"” (3.24)
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where ¢ is the index of A. Heuristically, this means that F' and FV cannot both be

‘complicated’.
3.2.4 The Eg-Polynomial of a Gorenstein Polytope

We now have enough technology to define the stringy FE-function of a Gorenstein

polytope.

Definition 3.2.8. Let A be a d-dimensional Gorenstein polytope of index ¢. The
stringy E-function of A is the function Eg(A;u,v) € Q(u,v) defined by

Eq(Asu,v) = (wo)™ Y (—u) I GE(u) - Sp(uo) (3.25)

G=<F=<A

where the sum is taken over all faces F' of A and FV is the face of A* dual to F. We
call the integer

dimey A =d+1—2¢ (3.26)

the Calabi-Yau dimension of A.

Note that a dual pair of Gorenstein polytopes (A, A*) satisfies
dimCY A= dimcy A* (327)

since dim A = dim A* and each of A and A* has the same index. The properties
of the g—polynomial in Proposition 3.2.6 endow the Ey-function with several nice

properties.

Proposition 3.2.9. Let A be a Gorenstein polytope with dimey A = n. Then
(a) Esg(A;u,v) = Eg(Asv,u)
(b) (wv)"Eg(A;u™tv™1) = Eyg(A;u,v)

(¢) Ex(A;u,v) = (—u)"Eg(A%u™t v)
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(d) dimgy A = deg A — codeg A

(f) Es(Asu,v) is a polynomial and Eg(A;u,v) =0 if dimey A < 0.

Proposition 3.2.9 (b) is known as Poincaré duality and Proposition 3.2.9 (c) is
known as the mirror symmetry law. Proposition 3.2.9 (f) was proved by Nill and
Schepers in 2010 [36, Corollary 3.7].

Remark 3.2.10. Suppose A is a Gorenstein polytope with dimcy A = n. Then

Proposition 3.2.6 and Proposition 3.2.9 imply that

Ea(Aju,0) = Y (=1)PHRE (A)uPo! (3.28)

p,g=0

where h%?(A) are nonnegative integers, which we call the stringy Hodge numbers of

A. ¢
Let us now compute the stringy Hodge numbers of a few Gorenstein polytopes.

Example 3.2.11. Let A be the Gorenstein polytope corresponding to the reflexive
Gorenstein cone o7 from Example 3.1.8. The vertices of A are precisely the points
listed in the first column of (3.9). The computations in (3.22) and (3.23) immediately
imply that

By (Asu,v) = u*v® + 89 u®v? — v — u’v — uv® — v* + 89uw + 1 (3.29)

The stringy Hodge numbers of A are thus

33
32 2 1
hst hstS O O
hd 3 hi 0 89 0
B30 h2! h12 K3 = 1 1 1 1 (3.30)
h h! hez o0
0 0
hgt ht ,
KO0
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The mirror symmetry law implies that the dual Gorenstein polytope A*, whose

vertices are listed in the first column of (3.11) has Eg-function given by
By (A u,v) = v + u®v? — v — 89uv — 89 uv? — v® +uv + 1 (3.31)

Of course, this implies that the stringy Hodge numbers of A* are given by the
transpose of the diamond in (3.30).
Note that dimcy A =6+1—-2-2=3. O

The next example demonstrates that a Gorenstein polytope A and its dual A*

may have the same stringy Hodge numbers.

Example 3.2.12. Fix M ~ Z" and let (A, A*) be the dual pair of Gorenstein

polytopes of index ¢ = 2 whose vertices are given by the lists

M0, 1, 0, -1, -2, -1, -1), N(O, 1, O, O, O, 0, 0,
M, 1, 0, 0, 0, 0, 1), N(O, 1, O, O, O, O, 1),
M@, 1, o, 1, 1, 1, -1), N(O, 1, 1, O, O, -2, -1),
M0, 1, 0o, 1, 2, 1, -1), N(O, 1, 3, 0, 4, -6, -1),
M(1, 0, -2, -2, 0, -1, 0), N(1, 0, -2, -1, -1, 3, 0),
M(1, 0, 0, -2, -3, -2, 0), N(1, 0, -1, -1, 0, 1, 0), (3.32)
M(1, 0, 0, -1, -1, -1, 2), N(1, O, -1, 1, -1, 1, 0),
M(1, 0, 0O, O, 1, 0, 0), N(1, O, O, -1, -1, 3, 0),
M(1, 0, O, 1, 0, O, 0), N(1, O, O, 1, O, -1, 0),
M(1, 0, 2, 0, 0, 1, 0) N(1, O, 1, -1, 0, 1, 0)

in 7-d lattice M in 7-d lattice N
respectively. Then

By (Aju,v) = v*v® + 11u*0? — v — 11v*v — 1luw? —0® + 11w + 1 (3.33)
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and the stringy Hodge numbers of A are thus

h3
0 0
h3t h3 he 0 1 0
h30 h2! h12 W3 = 1 11 11 1 (3.34)
e om0
0 0
hip hgt
1
h00

The mirror symmetry law then implies that h57(A) = hLI(A*).
This example is computationally more interesting than the computation in Ex-

ample 3.2.11. The f-vectors of both A and A* are
(1, 10, 36, 66, 66, 36, 10, 1) (3.35)

Of the 226 faces of A, 40 have a nonvanishing §—polynomial and the same is true of

A*. O
3.3 Stringy Hodge Numbers of Batyrev-Borisov Mirror Pairs

Let (A, A*) be a dual pair of reflexive polytopes, which corresponds to a pair
(Xa, Xax) of Gorenstein Fano toric varieties by Proposition 2.4.7. The canonical

divisor Ky, of any toric variety Xy is given by [17, Theorem 8.2.3]

Kx,=— Y D, (3.36)

peX(1)
From (2.22), it follows that (A, A*) are the polytopes corresponding to the anti-
canonical divisors (—Kx,,—Kx,.). Generic global sections of Dy = —Kx, and

Dp+ = — K~ thus define ample anticanonical hypersurfaces YA C XA and Ya« C
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Xas. A Batyrev mirror pair is a generic choice (Ya,Ya+) of these hypersurfaces,
which are Calabi-Yau by the adjunction formula. In [4], Batyrev obtains a mirror
pair of Calabi-Yau varieties (XA/A, }A/A*) by taking maximal projective crepant partial
resolutions }A/A — YA and }A/A* — Y« induced by toric blow ups.

In this section, we review a generalization of this construction developed by

Borisov [12] applying to complete intersections.

3.3.1 Nef-Partitions of Reflexive Polytopes

Let (N, M) be a dual pair of torsion-free lattices of rank d and let (—, —) : Mg x Ng —

R be the natural pairing.

Definition 3.3.1. A nef-partition of length ¢ of a reflexive polytope A C My is a
Minkowski sum

A=A+ +A, (3.37)

where each A; is a lattice polytope in Mg with 0y, € A;.

Note that the each of summands A; in (3.37) need not be full-dimensional and
thus may have empty interior. A nef-partition A = A; + -+ + A, is proper if each
summand A; satisfies dim A; > 0.

By (2.23) and [17, §4.3 and Theorem 6.3.12], each summand A; in (3.37) corre-
sponds to a numerically effective divisor Da, on the Gorenstein Fano toric variety
Xa. This explains the mef” part of the term 'nef-partition’. We will explain the

‘partition’ part shortly. First, we observe that nef-partitions occur in dual pairs.

Proposition 3.3.2 ([12]). Let A = Ay + -+ + A, be a nef-partition of a reflexive

polytope A in Mg. For 1< j <c put
Vi={ye Np|lzeA = (r,y) > —0;,1 <i<c} (3.38)

and let V=V +---+ V.. Then
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(a) V=V1+---+ V. is a nef-partition of length c.
(b) The polytope A; satisfies
A ={reMplyeV;=(z,y) > —06;,1<j<c} (3.39)
for each 1 <i<c.

(¢) The dual polytopes A* and V* satisfy
A* = Conv(Vy,...,V,) V* = Conv(Ay,...,A,) (3.40)

(d) For each 1 < i < ¢, A; = {0n} if and only if V; = {Ony}. Consequently,
the nef-partition A = Ay + -+ + A, is proper if and only if the nef-partition
V =V, +.-- 4V, is proper.

(e) For each nonzero verter n € V; and each nonzero vertex m € A;, we have

mip (z,n) = —0; ;gg;(m,w = =0 (3.41)

for1 < g <ec.

(f) Generic global sections f; € H*(Xa, Oxg(Da,)) and g; € H(Xv, Ox(Dy,))

define (possibly singular) Calabi- Yau complete intersections Ya, . .a. C Xa and

.....

Yy, .v. C Xv each of codimension c.

-----

We refer to the nef-partitions A = A +---+ A, and V =V, 4+ --- + V. as

a dual pair of nef partitions. The pair (Ya, . a.,Yvy,..v.) of Calabi-Yau complete

intersections in (Xa, Xy) from Proposition (3.3.2) (f) are called a stringy Batyrev-

Borisov mirror pair.

The ’'partition’ part of the term 'nef-partition’ can now be explained. Proposition

3.3.2 implies that each nef divisor D, is of the form

Da,= Y —min(Aju,)D,= Y D, (3.42)
pEXA(1) upEV;
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By (3.36), the support of the anticannonical divisor on X, is

Supp(—Kx,) = U D, (3.43)

pEXA(L)

which can be expressed as the disjoint union

Supp(-Kx,) = |J D,u---u |J D, (3.44)

up€EVy upEVe

Thus, the data of a nef-partition determines a partition of the set of torus-invariant

prime divisors {D,|p € ¥a(1)} on Xa.
3.3.2  Gorenstein Polytopes, Nef-Partitions, and Special Simplices

In this section, we demonstrate how a dual pair of nef-partitions gives rise to a dual
pair of reflexive Gorenstein cones.
Recall that the affine hull of a subset S of a vector space V is the smallest affine

subset aff(S) of V' containing S.

Definition 3.3.3. Let Aq,..., A, be lattice polytopes in My with dim Mr = d.
Consider the lattice M = M @ Z¢ and let {ej,...,e.} be the standard basis of Z°.
The Cayley polytope of length ¢ associated to the c-tuple of polytopes Aq,..., A, is
the polytope

Apx--x A, = Conv(A; X e, ..., AL X e.) (3.45)

considered as a polytope in the affine subspace

(M @ aff(er,...,e.)) N M) (3.46)
The cone in Mg given by

..... a. = Cone(Ap -+ x A) (3.47)

is called the Cayley cone of the c-tuple of polytopes is Ay, ..., A..
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If aff(Aq,...,A.) = Mg, then the Cayley cone Ca, . a, is a Gorenstein cone of

dimension d + r whose support polytope is the Cayley polytope Ay - --x A,.

Proposition 3.3.4 (Definition 3.11 and Proposition 3.13 in [10]). Let A = Ay +
o4+ A C Mg and V=V +---+ V. C Ng be a dual pair of nef-partitions where
dim Mg = dim Ng = d. Then the Cayley cones Ca, . a, and Cy,, v, form a dual
pair of reflexive Gorenstein cones of index c. In particular, the Cayley polytopes

Ay s---x A, and Vi *---x V. form a dual pair of Gorenstein polytopes of index c.

A convenient way to categorize Gorenstein polytopes that arise as Cayley poly-

topes of nef-partitions uses the concept of a special (¢ — 1)-simplex.

Definition 3.3.5. Let A be a lattice polytope in Mg. A special (¢ — 1)-simplezx of A
is a simplex S spanned by c affinely independent lattice points in A such that every

facet of A contains precisely ¢ — 1 vertices of S.

Proposition 3.3.6 (Corollary 3.7 in [10]). A Gorenstein polytope P of index c is the
Cayley polytope of a nef-partition of length c if and only if both P and P* contain

special (¢ — 1)-simplices.
3.3.3 The Eg-Function of a Stringy Batyrev-Borisov Mirror Pair

We are now ready to define the stringy Hodge numbers of a stringy Batyrev-Borisov
mirror pair (Ya, . a., Yv,..v.)-
Let (N, M) be a dual pair of torsion-free lattices of rank d and let

be a dual pair of nef-partitions. Let A and V be the Cayley polytopes

A=A x--xA, V=Vix---%V, (3.49)

defined in (3.45). By Proposition 3.3.4, the pair (A, @) is a dual pair of Gorenstein
polytopes of index ¢ and dimension d+c¢—1. Let (Ya, . a., Yy, v.) be the stringy
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Batyrev-Borisov mirror pair of Calabi-Yau complete intersections in the Gorenstein
Fano toric varieties (Xa, Xv) from Proposition (3.3.2) (f). Note that
dimcyA =dimA+1-2¢
=(d+c—1)+1-2c¢
(3.50)
=d—c

= dim YA1,...,AC
and similarly dimcy V = dim Yo, .. .v..

Definition 3.3.7. The stringy Hodge numbers of Ya, A, and Yy, v, are the
stringy Hodge numbers of the associated Cayley polytopes h%4(Ya,...a.) = hEY(A)

and A% (Yv, .. v.) = h*(V).

This defines the stringy Hodge numbers h5?(Y') for any Y ~ Ya, A, for a nef-
partition A = Ay +---+ A.. A pair of varieties (Y, Y") with dimension d is a stringy
topological mirror pair if their stringy Hodge numbers satisfy

BT (Y) = hg (YY) (3.51)
The mirror symmetry law of Proposition 3.2.9 (¢) implies that every stringy Batyrev-
Borisov mirror pair (Ya,  a.,Yy,..v.) is a stringy topological pair.

Note that our definition of the stringy Hodge numbers depends only on the com-

binatorics of the dual pair of cayley polytopes Ay % ---x A, and V% --- % V.. It is

a remarkable fact that this definition coincides with the usual Hodge numbers when

the variety of interest is smooth.

Theorem 3.3.8 (Theorem 7.2 in [7]). Let A = Ay +---+ A, be a nef-partition and

1111
-----

77777

Hodge numbers of Y and the stringy Hodge numbers of Y agree.
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The proof of Theorem 3.3.8 is originally due to Batyrev, who used a motivic

integration over the spaces of arcs to relate the Eg-functions of different resolutions.
3.4 Examples

In this section, we demonstrate the Batyrev-Borisov mirror construction of a stringy

mirror pair (Ya, . a., Yy, v.) corresponding to a dual pair of nef-partitions A =

-----

A+--+A,and V=V, +..-+ V..
3.4.1 A Smooth Calabi-Yau in P? x P3

Fix M ~ Z° and let A, A, Ay C Mg be the polytopes whose vertices are

M(-1, -1, 3, -1, -1), M(2, -1, -1, 1, 0),

M(-1, -1, -1, 3, -1), M(-1, 2, -1, 1, 0),

M( 2, -1, 3, -1, -1), M(2, -1, 0, 0, 0,

M(C 2, -1, -1, 3, -1), M(-1, 2, 0, 0, 0),

M(-1, 2, 3, -1, -1), M(-1, 2, -1, 0, 1), M(0, 0, O, 2, -1),
M(-1, 2, -1, 3, -1), M(2, -1, -1, 0, 1), M(0, 0, 3, -1, -1),
M(-1, -1, -1, -1, 3), M(2, -1, -1, 0, 0), M(0, 0, 0, -1, 2),
M( 2, -1, -1, -1, 3), M(-1, -1, -1, 0, 0), M(0, 0, O, -1, -1)
M(-1, 2, -1, -1, 3), M(-1, -1, -1, 1, 0), in 5-d lattice M
M(-1, -1, -1, -1, -1), M(-1, 2, -1, 0, 0),

M(C 2, -1, -1, -1, -1), M(-1, -1, 0, 0, 0),

M(-1, 2, -1, -1, -1) M(-1, -1, -1, 0, 1)

in 5-d lattice M in 5-d lattice M
(3.52)
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respectively. Then A = Ay 4+ A, is a nef-partition and the dual nef-partition V =

V1 + V3 is defined by the polytopes V, V1, Vo C Ng whose vertices are given by

NC1, 0, O, 1, 0),
NC1, 0, 0O, 0, 1),
NC1, O, -1, -1, -1),
N(C1, O, O, 0, 0),
NCO, 1, 0, 1, 0),
NCO, 1, 0, 0, 1),
NCO, 1, -1, -1, -1),
NCO, 1, O, 0, 0),
N(-1, -1, O, 1, 0),
N(-1, -1, 0, 0, 1),
N(-1, -1, -1, -1, -1),
N(-1, -1, 0, 0, 0),
NCO, O, 1, 1, 0),
NCO, O, 1, 0, 1),
NCO, 0, 0, -1, -1),

NnCo, O, 1, 0, 0)

in 5-d lattice N

NC 1, O,
NCO, 1,
N(-1, -1,
NC 0, O,

b

0, O
0, 0,
0, O
1, 0

in 5-d lattice N

N(o, O,
N(o, O,

0,
0,

O)’
1),

N(o, o, -1, -1, -1),

N(O, O,
in 5-d lattice N

respectively. The dual polytopes A* and V* have vertices

N(C 1, O,
NC O, 1,
N(-1,
NC 0, O,
NC 0, O,
N(C 0, O,
NC O, O, -1,
in 5-d lattice

b
b

3

b
b

b

0
0
0
0,
1
0
-1
N

0),
0),
0),
0),
0),
1,
-1
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-1,
-1,

_1,

0
-1
0
0
1,
0
0
0
M

-1),
0),
0),

-1),
0),
0),
1,
2),
1,

-1),
0),
0),
0),
0),
0),
1)

0,

0)

(3.53)
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respectively. From (3.54) we see that X = P? x P3. The Calabi-Yau complete

intersection Ya, o, C Xa = P? x P3 has configuration matrix

IEDQ
YA17A2 = { P3

i ] (3.55)

That is, a generic global section of Oy, (Da,) has multidegree (3,1) in P? x P3 and
a generic global section of Ox, (Da,) has multidegree (0, 3) in P? x P3.

A generic complete intersection Ya, a, described by the configuration matrix
(3.55) is a smooth Calabi-Yau threefold in P? x P3. The spectral sequence (2.44)

computing the cohomology of yyAl, A, Das Er-page

q
3 ¢ 0 0
21 0 0 0
Ao 0 6 (3.56)
of o 0 C*
¢ > D
~1 0 1

which gives h''(Ya, a,) = 8 and h*'(Ya, a,) = 35.

The toric variety Xy can be shown to have a singular locus of dimension three
and the Calabi-Yau complete intersection Yy, v, C Xy intersects this singular locus.
A direct analysis of Ay o from (2.44) is impossible. We may, however, compute

the stringy Hodge numbers of Yy, v,. The Cayley polytope V;*V; is the Gorenstein
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polytope of index two with vertices

ZZ°2+N(0, 1, 0, 0, 0, 0, 0,
ZZ"2+N(0, 1, 0O, O, O, 0, 1),
ZZ"2+N(0, 1, 0, 0, O, 1, 0),
ZZ"2+N(0, 1, 0, O, 1, 0, O0),
ZZ"2+N(1, 0, -1, -1, 0, 0O, 0), (3.57)
ZZ"2+N(1, 0, O, 0, -1, -1, -1),
ZZ°2+N(1, 0, 1, 0O, 0, O, 0),
ZZ"2+N(1, 0, O, 1, 0, O, 0)

in 7-d lattice ZZ"2+N
The stringy E-function of V; x Vj is
Ey (V1 x Vo u,v) = v*v® + 35u%0? — v — 8u?v — 8uv? —v* +35uv + 1 (3.58)

Hence hll(Yy,v,) = 35 and h2!(Yy,v,) = 8, confirming that (Ya, a,, Yv,.v,) I8

indeed a stringy mirror pair.
3.4.2 A Singular Calabi-Yau Threefold

Fix M ~ Z5 and let A, A, Ay C Mg be the polytopes whose vertices are

M(-1, -1, -1, 9, -1),

M(-1, -1, 4, -1, -1), M(0, 0, -1, 3, -1),

M(C2, -1, -1, 0, -1), M(0, 0, 1, -1, -1),

mM(C1, -1, 1, -1, -1), M@, o, -1, O, -1), M(-1, -1, 0, 6, 0),
M(-1, 2, -1, o0, -1), M(, o0, -1, -1, -1), M(-1, -1, 3, 0, O),
M(-1, 1, 1, -1, -1), M@, o0, -1, -1, -1), M(1, -1, 0, 0, O),
M(-1, -1, -1, -1, -1), M@, o, -1, -1, 1), M(-1, -1, 0, 0, O),
M(C 2, -1, -1, -1, -1), M(, o0, -1, -1, 7), M(-1, -1, 0, 0, 12),
M(-1, 2, -1, -1, -1), M(0, 1, -1, O, -1), M(-1, 1, 0, O, O0)
M(-1, -1, -1, -1, 19), M(0, 1, -1, -1, 1), in 5-d lattice M

M(C 2, -1, -1, -1, 1), M(, 1, -1, -1, -1)

M(-1, 2, -1, -1, 1) in 5-d lattice M

in 5-d lattice M
(3.59)
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respectively. Then A = Ay 4+ A, is a nef-partition and the dual nef-partition V =

V1 + V3 is defined by the polytopes V, V1, Vo C Ng whose vertices are given by

60

NC1, O, 1, 0, 0),
NCoOo, 1, 1, 0, 0),
NCO, O, 1, 0, 0),
N(-1, -2, -1, 0, 0),
N(-2, -1, -1, 0, 0),
N(-2, -2, -1
(-2, ’ > 0,0), NC O, O, 1, 0, 0),
NCL,00, 0, 1, 00y 5 1 0, 0
NCO, 1, 0, 1, 0), » o, o’ o, 1, 0), N(1, O, 0, 0, 0),
NCO, O, O, 1, 0), » 0’ o’ 0’ o’ 1)’ N(O, 1, O, 0, 0),
NC1, 00, 0, 0, D, Lo 20 7 ) N, 0, 0,0, 0
NCO, 1, 0, 0, 1), ’ ’ ’ ’ ’ in 5-d lattice N
NC O, O, 0, 0, O)
NCo, 0, 0,0, 1), in 5-d lattice N
N(-5, -6, -4, -2, -1),
N(-6, -5, -4, -2, -1),
N(-6, -6, -4, -2, -1),
NC1, O, O, 0, O0),
NCO, 1, 0, 0, O)
in 5-d lattice N
(3.60)
respectively. The dual polytopes A* and V* have vertices
MC 0, o0, -1, 3, -1),
MCo, o, 1, -1, -1),
M(C1, o, -1, 0, -1),
M(-1, -1, 0, 6, 0),
M(-1, -1
N( 1, O’ O, O, O), ( b > 3, O, O),
M( 1: _1, O: 0: O),
NCO, 1, 0, 0, 0),
MC 0, o0, -1, -1, -1),
NCO, O, 1, 0, 0),
M(-1, -1, 0, 0, 0),
N(-2, -2, -1, 0, 0),
M(C 1, 0, -1, -1, -1), (3.61)
NCO, O, O, 1, 0),
M(C1, o0, -1, -1, 1),
N(CO, 0, 0, 0, 1),
M( O’ 0, _1’ _1, 7),
N(-6, -6, -4, -2, -1)
in 5-d lattice N MCo, 1, -1, 0, -1),
MCo, 1, -1, -1, 1),
M(-1, -1, 0, 0, 12),
MCo, 1, -1, -1, -1),
M(-1, 1, 0, 0, 0)
in 5-d lattice M



respectively. The data defining the quotient construction of X, is

S(Ba) =Clzo,...,25) B(Za) = (202123, 20242526) G(Za) =~ (C*)?  (3.62)

where the weights of the action G(XA) =~ (C*)?> ~ C7 =~ Spec S(Xa) are given by

DN
DN
N O
i)
i)

(3.63)

=~ =
O =

The fan YA is simplicial and has two singular cones of dimension two, ten singu-
lar cones of dimension three, seventeen singular cones of dimension four, and ten
singular cones of dimension five. The toric variety Xy, is thus an orbifold with
three-dimensional singular locus.

The equations defining the Calabi-Yau threefold Ya, o, C Xa are

fa, = 25252 + 25280 + 2328 + 25z + 22 + 22
(3.64)
fa, = z§z§ + zgzg + zgzi + Zozg + leg + Zozg + leg + 23 + 2024 + 2124
The spectral sequence (2.44) computing the cohomology of gyAh A, 18
q
3| C? 0 0
2 0 C 0
3.65
1 0 0 0 ( )
0 CQ (C63 ((3168
< > D
-1 0 1

which predicts A (Ya, a,) = 3 and h* (Ya, a,) = 97.

However, the stringy E-polynomial of A; % A, is

By (Ar % Agyu,v) = uv® + 6u?0? — u® — 98 u’v — 98 uv® — v’ + 6uv + 1 (3.66)
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so the stringy Hodge numbers of Ya, a, are hll(Ya, a,) = 6 and h2 (Ya, a,) = 98.

The descrepancy between the stringy Hodge numbers of YA, A, and the usual
Hodge numbers of Ya, a, is can be remedied as follows. The equations (3.64) force
YA, A, to pass through the singular locus of Xa. The non-vertex lattice points on
the boundary of A* are

N(-3, -3, -2, -1, 0),
N(-1, -1, 0, 0, 0) (3.67)
in 5-d lattice N

Including the cones generated by the points (3.67) in ¥ and subdividing yields a fan
5 a and a crepant partial resolution X¢ = — Xa. This partial resolution restricts to a

crepant resolution Y — YA, A, where Y is a smooth Calabi-Yau complete intersection

in Xs. The spectral sequence (2.44) computing the cohomology of .7 is

q
3 Cc* 0 0
2 0 C? 0
1 0 C 0 (3.68)
0 (C4 CGS (C168
< > P
-1 0 1

A~ A~

which gives h'1(Y) = hlH(Y) = 6 and h*(Y) = hZL(Y) = 98, as expected.

3.5 Closed Form Expressions for Stringy Hodge Numbers of Codi-
mension Two Threefolds

The formula for the Eg-polynomial of the Gorenstein polytope Aj x - -+ % A, corre-
sponding to a nef-partition A = Ay 4+ --- + A, depends on the §—polynomials of the
faces of both Ay % ---x A, and its dual V; % --- % V.. If the divisors Dx, are ample
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,,,,,

this result in the case where dim A =5 and ¢ = 2.

For a lattice polytope 0 C Mg, let £(0) = |0 N N| and let £*() = |relint(0) N N|.

Theorem 3.5.1 (Corollary 5.2 in [18]). Let A = Ay + Ay be a nef-partition of a
five-dimensional reflexive polytope A C My such that the divisors Da, and Da, on
XA are ample. Then

hit (Yasa) = (AT) =6— Y £7(0¥) = > €7(6")

dim =0 dim =1

+ Y ) [00) ~ C(0) — (6)]

dim 6=2

R (Yayas) = [CF(2A1 + Ag) — CF(2A1) + (A1 4+ 2A5) — 05(2A5)] =7 (3.69)

— > [0 = ¢(0) — £ (82)]

dim 6=4

+ 3 00Y) - [00) — (6)) — 7 (62)]

dim =3

where the sums are taken over the faces of A of the indicated dimensions, 6 is the
face of A* dual to 0, and 0 = 01 + 0y is the decomposition in to Minkowski sum with
0; being a face of A;.

Computing hll (Ya, a,) and hZ (Ya, a,) using (3.69) is generally faster than using

the Eg-polynomial.
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4

Non-Reflexive Mirror Symmetry

The Batyrev-Borisov construction produces a stringy mirror pair of Calabi-Yau com-
plete intersections (Ya,, .a.,Yv, . v.) in Gorenstein Fano toric varieties (Xa, Xv).
In Sections 2.5.1 and 2.5.2, however, we saw two Calabi-Yau complete intersections in
non-Gorenstein toric varieties. In this Chapter, we present methods and motivations
for constructing Calabi-Yau varieties that cannot be constructed Batyrev-Borisov
method from Chapter 3.

We begin in §4.1 with the notions of Q-reflexive and almost reflexive polytopes.
These polytopes generalize the notion of a reflexive polytope and are developed in
Mavlyutov’s preprint [34]. In §4.1.2, we show that the notion of a nef-partition of
a reflexive polytope can be generalized to the notion of a Q-nef-partition of a Q-
reflexive polytope. This allows one to construct Calabi-Yau complete intersections
in Fano toric varieties. We also demonstrate how Q-nef-partitions occur in dual
pairs. It is conjectured that the Calabi-Yau varieties coming from a dual pair of
Q-nef-partitions are stringy mirror pairs.

In §4.2, we motivate our interest in non-reflexive polytopes by reviewing the no-

tion of an extremal transition. It has long been conjectured that any two smooth
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Calabi-Yau threefolds are connected by an extremal-transition. In §4.2.1, we show
how the extremal transitions coming from an inclusion of reflexive polytopes general-
izes to the setting of Q-nef-partitions. In §4.2.2, we offer an example of an extremal
transition from a reflexive model to a Q-reflexive one.

Finally, in §4.4, we review the notion of a general mirror pair developed by
Aspinwall and Plesser [2]. We prove that an ’almost reflexive’ Gorenstein cone of
Mavlyutov corresponds to a general mirror pair in Theorem 4.4.3, though in Example
4.4.4 we demonstrate that Aspinwall and Plesser’s general mirror pairs are indeed

more general than Mavlyutov’s almost reflexive Gorenstein cones.
4.1 Mavlyutov’s Almost Reflexive Mirror Pairs

Recall that a dual pair of nef-partitions A = A+ ---+A,and V =V, + -+ +
V. define a mirror pair of Calabi-Yau complete intersections Y, A, C Xa and
Y9,  v. C Xy where Xa and Xy are Gorenstein Fano toric varieties. In [34],
Mavlyutov introduces a combinatorial duality that generalizes the duality of nef-
partitions of reflexive polytopes. This gives a method for constructing Calabi-Yau
complete intersections in non-Gorenstein toric varieties. It is conjectured that the
Calabi-Yau complete intersections arising from these generalized nef-partitions are
stringy mirror pairs.

In this section, we present Mavlyutov’s construction from [34]. We offer examples

throughout our exposition.
4.1.1 Q-Reflexive Polytopes and Almost Reflexive Polytopes

Let (N, M) be a pair of dual torsion-free lattices of rank d. We begin by introducing
three operators. Recall from Definition 2.4.1 that a polytope A C Mg has the IP-

property if 0y € int A.

Definition 4.1.1. For a polytope A C Mg we define [A] as the (possibly empty)
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polytope [A] = Conv(A N M) C Mg. An IP-polytope A is IP-confined if [A] is a
lattice polytope. If A is IP-confined, then we define A° C Ng and A®* C Ny as

A° =[A]" = (Conv(A N J\4))>k A®* = [A*] = Conv(A* N N) (4.1)
If A C Ng, then [A] C Ng, A° C Mg, and A®* C My are defined similarly.

Note that if A is a lattice polytope, then A° = A* and if A* is a lattice polytope,
then A®* = A*. In particular, if A is reflexive, then A° = A®* = A*.
We are particularly interested in polytopes left invariant under repeated applica-

tions of the operators (—)° and (—)°.

Definition 4.1.2. An IP-confined polytope A in My is Q-reflexive if
A* = Conv((Conv(A N M))* NN) (4.2)
or, equivalently, if A = (A°)°.

The following proposition lists several of the basic properties of Q-reflexive poly-

topes.
Proposition 4.1.3. Let A C Mg be an IP-confined polytope.
(a) If A is reflezive, then A is Q-reflexive.
(b) If A is Q-reflexive, then A* C Ny is a lattice polytope.
(¢) If A is Q-reflexive, then A has rational vertices.
(d) The map A — A° is an involution on the collection of Q-reflexive polytopes.

If A C Mg is Q-reflexive, then Proposition 4.1.3 (d) implies that A° C Ny is also

Q-reflexive. Thus we refer to the pair (A, A°) as a dual pair of Q-reflezive polytopes.
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Definition 4.1.4. An IP-confined polytope A C Ny is almost refiexive if
A:Conv((A*ﬂM)*ﬂN) (4.3)
or, equivalently, if A = (A*)*.

Almost reflexive polytopes enjoy properties similar to those of Q-reflexive poly-

topes.
Proposition 4.1.5. Let A C Ng be an IP-confined polytope.

(a) If A is reflezive, then A is almost reflezive.
(b) If A is almost reflexive, then A is a lattice polytope.

(¢) The map A — A® is an involution on the collection of almost reflexive poly-

topes.

If A C Ng is almost reflexive, then Proposition 4.1.5 (¢) implies that A®* C Mg
is also an almost reflexive polytope. Thus we refer to the pair (A, A®) as a dual pair
of almost reflexive polytopes.

The relationship between Q-reflexive polytopes and almost reflexive polytopes is

as follows.

Proposition 4.1.6. A polytope A C My is Q-reflexive if and only if its dual A* C

Nrg is almost reflexive.

Recall from Definition 2.4.3 that a canonical Fano polytope is a lattice polytope
A C My such that int(A) N M = {0p/}. Canonical Fano polytopes are precisely
those polytopes that correspond to Fano toric varieties under the correspondence

A < Xa- (Proposition 2.4.7).

Proposition 4.1.7 (Corollary 1.17 in [34]). Almost reflexive polytopes are canonical
Fano polytopes. Hence, if A C Ng is almost reflexive, then Xa« is a Fano toric
variety.
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Remark 4.1.8. It should be noted that we have adopted the nomenclature and no-
tation from Mavlyutov’s 2011 preprint [34]. The relation (4.3) defining an almost
reflexive polytope, however, was studied by Kreuzer in 2008 [28]. Here, Kreuzer uses

the term 'IP-closed’ in place of ’almost reflexive’. O

We have seen that every reflexive polytope is an almost reflexive polytope. By a

theorem of Skarke, the converse is true, if d < 4.

Theorem 4.1.9 (Theorem 3.1 in [40]). Suppose dim Ng < 4. Then every almost

reflexive polytope in Ng is reflexive.
The following examples show Theorm 4.1.9 does not hold in dimension five.

Example 4.1.10. Let A; be the polytope whose vertices are given by

M_QQC -1, -1, -1, -1, -1), NC 1, O, 0, 0, 0),
M_QQ(5/2, -1, -1, -1, -1), NCO, 1, 0, 0, 0),
M_QQC -1, 6, -1, -1, -1), NCO, O, 1, 0, 0),

AY= M_QQ( -1, -1, -1, -1, 6), A= N(O0, 0, 0, 1, 0), (4.4)
M_QQC -1, -1, 6, -1, -1), NC O, O, 0, 0, 1),
M_QQC -1, -1, -1, 6, -1) N(-2, -1, -1, -1, -1)
in 5-d vector space M_QQ in 5-d lattice N
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and let Ay be the polytope whose vertices are given by

M_QQ(-1/2,-1/2, -1, -1, -1),
M_QQC¢ 3, 3, -1, -1, -1),
M_QQC 3, -1, 3, -1, -1),
M_QC 3, -1, -1, 3, -1),
M_QQC o, -1, 3, -1, 2),

M_QQ(C -1, o0, -1, -1, -1), NC1, 0O, 0, 0, 0),

M_QQC¢ -1, o, -1, -1, 0), NCO, 1, 0O, 0, 0),

M_QQ( o, -1, 3, -1, -1), NCO, O, 1, 0, 0),

M_QQ¢ o, -1, 0, -1, -1), NCO, O, O, 1, 0,
Ay= MQQC o, -1, -1, 3, 2), A¥=1NCO0, 0, 0, 0, 1),

M_QQC o, -1, -1, 3, -1), N(C-1, 1, 1, 1, -1),

M_QQC o, -1, -1, 0, -1), NC1, 1, 0, 0, 0),

M_QQC -1, o, -1, 2, -1), NC O, -1, -1, -1, 0)

M_QQ(C -1, 3, -1, -1, 3), in 5-d lattice N

M_QQC -1, 3, -1, -1, ~-1),

M_QQC -1, o0, -1, 2, 3),

M_QQC -1, o, 2, -1, 3),

M_QQC -1, o, 2, -1, -1

in 5-d vector space M_QQ

(4.5)

Both A; and Ay are Q-reflexive. Since each has a non-lattice point as a vertex, each
is not reflexive. The polytopes A} and A} are therefore almost reflexive but not
reflexive.

Note that Xa, = P5;;,;;- The toric variety Xa, is singular with exactly one

orbifold point. O

The examples in Example 4.1.10 show that Theorem 4.1.9 does not hold in dimen-
sion five. That is, in dimension five, almost reflexive polytopes are not necessarily

reflexive.
4.1.2  Q-Nef Partitions of Q-Reflexive Polytopes

In this section, we show how to generalize the notion of a nef-partition of a reflexive

polytope to the setting of Q-reflexive polytopes.
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Definition 4.1.11. A Q-nef-partition of length ¢ of a Q-reflexive polytope A C Mg
is a Minkowski sum

A=A+ +A, (4.6)

satisfying
[A] = [A] + -+ [A (4.7)

where each A, is a polytope in Mg such that 0;; € A,;.

Of course, if A is a reflexive polytope, then the equations (4.6) and (4.7) are
equivalent. Hence a Q-nef-partition of a reflexive polytope is a nef-partition.

Note that each of the summands A; in (4.6) need not be full-dimensional and thus
may have empty interior. A Q-nef-partition is proper if each summand A; satisfies
dim A; > 0.

It turns out that Q-nef-partitions enjoy many properties similar to nef-partitions.

In particular, Q-nef-partitions occur in dual pairs.

Proposition 4.1.12 ([34]). Let A = Ay + --- + A, be a Q-nef-partition of a Q-

reflezive polytope A C Mg. For 1 < j <c put
Vi={y e Nelz € [A] = (z,y) > —bj,1 <j<c} (4.8)
and let V=Vi1+---+V.C Ng. Then
(a) V=V1+---+ V. is a Q-nef-partition of length c.
(b) The polytope A; satisfies
Aj={r e Mply € [Vj] = (z,y) > =0;5,1 <j < c} (4.9)
for each 1 < i <c.

(¢) The dual polytopes A* and V* satisfy
A" = Conv([V4],...,[V.]) V* = Conv([A4],...,[A]) (4.10)
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(d) The dual Q-reflexive polytopes A° and V° satisfy

A° = Conv(Vy,...,V,) V° = Conv(Ay,...,A,) (4.11)

(e) For each 1 <i < ¢, A; ={0x} if and only if V; = {On}. Consequently, the
Q-nef-partition A = Ay + - - - + A, is proper if and only if the Q-nef-partition
V =V + .-+ V., is proper.

(f) For each nonzero vertex n € [V;] and each nonzero vertex m € [A;], we have

mip (z,n) = —0; ;Iellvr;<m,y> = =0 (4.12)

for1 <j<ec.

CAr . = Cvil v Cy,..v. = Clag,... (Al (4.13)

..........

We refer to the Q-nef-partitions A =A;+---+A,and V=V;+---+V,.as a
dual pair of Q-nef-partitions. Proposition 4.1.12 (f) implies that the divisor DA, on

the Fano toric variety Xa is given by

D, = ) —min(Aju,)D,= Y D, (4.14)

PEXA(1) up€EV;

and similarly Dy, = > D

UPGAZ' P

Definition 4.1.13. A Q-nef divisor on a complete variety X is a Q-Cartier divisor
D € Div(X) ®z Q such that D - C' > 0 for all irreducible curves C' C X.

Proposition 4.1.14 (Corollary 4.4 in [34]). Let A C Mg be a canonical Fano poly-
tope and suppose A = A + --- + A, is a Minkowski sum decomposition of A by

rational polytopes. Then each of the divisors Da, on Xa is Q-nef.

Thus, for a Q-nef-partition A = A;+- .-+ A, the divisors Da, on X are Q-nef.
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Proposition 4.1.15 (§5 in [34]). Let A = Ay +---+ A, be a proper Q-nef-partition

where dim A = d < c¢. Then a generic global section of Ox,(Dpa,) is of the form

fAi - Z Qj.m H Zém7up) H Zp (415)

meN;NM up€XA(1) up€EV;

and a generic choice of these global sections defines a (possibly singular) Q-nef
Calabi-Yau complete intersection Ya, . .a, of codimension c in the Fano toric va-

riety Xa.

We call the pair of Q-nef Calabi-Yau varieties (Ya, . a,, Yy,  v.) corresponding

to a dual pair of Q-nef-partitions an almost-reflexive stringy mirror pair. Mavlyutov
concludes his preprint [34] by conjecturing that almost-reflexive stringy mirror pairs

pass the stringy topological mirror symmetry test
W (Ya,,a.) = b (Yo, v.) (4.16)

for 0 <p,qg<d-—c

One notable question, however, remains: How should one define the stringy
Hodge numbers of an almost reflexive stringy mirror pair? In this dissertation, we
propose a definition of the stringy Hodge numbers of almost reflexive stringy mirror

pairs, under which Mavlyutov’s conjecture holds for every example known to us.

Example 4.1.16. Fix M ~ Z5. Let A be the Q-reflexive polytope from (4.4) in
Example 4.1.10 and recall that Xa = P3;;;;;. Let Ay, Ay C Mg be the polytopes

whose vertices are

M_QQc1/2, -1, 0, 0, 0), M2, 0, -1, -1, -1),

M_QQC -1, 2, 0, 0, 0), M(0, 4, -1, -1, -1),

M_QQC -1, -1, 0, 0, 0), M, o0, -1, -1, -1),

M_QQC -1, -1, 3, 0, 0), Mo, o0, 3, -1, -1), (4.17)
M_QQC -1, -1, 0, 0, 3), M, o0, -1, -1, 3),

M_QQC -1, -1, 0, 3, 0) M, 0, -1, 3, -1)

in 5-d vector space M_QQ in 5-d lattice M
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respectively. Then A = A; 4+ Ay is a Q-nef partition. The lattice polytopes
[A], [A4], [A2] € Mg have vertices

M(-1, -1, -1, -1, -1), M(-1, -1, 0, 0, 0),

M(?2, 0, -1, -1, -1), M(CO0, 0, 0, 0, 0),

M(C 2, -1, o0, -1, -1), M(CoO0, -1, 1, 0, 0), M(2, 0, -1, -1, -1),
M(C 2, -1, -1, o0, -1), M(-1, -1, 0, 0, 3), M(o, 4, -1, -1, -1),
M(C2, -1, -1, -1, 0), M(oO0, -1, 0, 1, 0), M(0, O, -1, -1, -1),
MC2, -1, -1, -1, -1), M(o0, -1, 0, 0, 1), M(0, 0, 3, -1, -1),
M(-1, 6, -1, -1, -1), M(CoO0, -1, 0, 0, 0), M(0, 0, -1, -1, 3),
M(-1, -1, -1, -1, 6), M(-1, 2, 0, 0, 0), M(0, 0, -1, 3, -1)
M(-1, -1, 6, -1, -1), M(-1, -1, 3, 0, 0), in 5-d lattice M

M(-1, -1, -1, 6, -1) M(-1, -1, 0, 3, 0)

in 5-d lattice M in 5-d lattice M
(4.18)
respectively. Generic global sections fa, of Ox,(Da,) are of the form
far =20+ 25 + 25 + 25 + 25 + 2021 + 2022 + 2023 + 2024 + 2025
(4.19)

4. .4 4 A 4 2
fa, =21 + 25 + 25 + 24 + 25 + 2

That is, the Q-nef Calabi-Yau complete intersection Ya, a, is a generic complete
intersection of a cubic and a quartic in P5;,,,,. This is the example we studied in
Section 2.5.1, where we computed h''(Ya, a,) = 1 and h?*(Ya, a,) = 79.

We may also compute the dual Q-nef partition. Let V,Vy,Vy C Ny be the

polytopes with vertices

N_QQ( -2, -1, -1, -1, -1),
N_QQC -2, o0, -1, -1, -1),
N_QQC -1, -1, -1, -1, -1),
v.@e¢ t, o, 1, o0, 0),

N_QQ(-1/2, 1 0, 0 0), N_QQ( -2, -1, -1, -1, -1),

N_QQ( 1, 0 0, 1 0), NQQ( o o o 0 1

v.ae¢ o, o, 0, o0, 1), N(0, 0, 0, 0, 0), NQa( o, o, o0, 1. 0.
N_QQC O, 0 0, 1 0), N(0, 1, 0, 0, 0), N_QQ( 0’ O’ 1’ O’ O)’ (4 20)
yv.oe¢ o, o, 1, o0, 0), N(1, 0, 0, 0, 0) NQa( o0, o, o0, 0, o0, ’
N.Qa¢C o, 1, o0, 0, 0), in 5-d lattice N - ’ ’ ’ ’

NQQ( o, 1, o0, 0, 1), N.QQ(-1/2, 0, 0, 0, 0

N_QQ( 0, 1 0, 1 0), in 5-d vector space N_QQ

v_QQC o, 1 1, 0 0,

N_QQ( 1, 0 0, 0 0),

N_QQ( 1, 0, 0, 0 1)

in 5-d vector space N_QQ
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respectively. Then V = V; + V5 is a Q-nef partition. The lattice polytopes
V], [V1], [V2] C Nr have vertices

N(-2, -1, -1, -1, -1),

N(-2, O, -1, -1, -1),
N(-1, -1, -1, -1, -1),
N(C1, O, 1, 0, 0),
W0, o o, 1 o N2, -1, 3, oL ),
NCO, 0, 1, 0, 0), N(O, 0, O, 0, 0), NC O, 0, 0, 0, O0),
NCO, 1, 0, 0, 0), N(O, 1, O, 0, 0), NC O, O, O, 0, 1,
NC 0 1 0 0 B N(1, 0, O, 0, 0) NCO, O, O, 1, O0),
’ ’ ’ ’ ’ in 5-d lattice N NCO, O, 1, 0, 0)
NCO, 1, O, 1, 0), . .
NCO, 1, 1, 0, 0), in 5-d lattice N
NC1, O, O, 0, 0),
NC1, O, O, 0, 1),
NC1, O, O, 1, O)
in 5-d lattice N
(4.21)
respectively and the almost reflexive polytope V* has vertices

M(-1, -1, 0, 0, 0),

MC 0, o0, -1, 3, -1),

MCo, o0, 3, -1, -1),

M(-1, -1, 0, 0, 3),

MCo, o0, -1, -1, 3),

M(C2, o0, -1, -1, -1),

MC 0, 0, -1, -1, -1),

MCo0, -1, 1, 0, O0),

MC o0, -1, 0, 1, 0), G£22)

M(-1, -1, 0, 3, 0),

MC 0, -1, 0, 0, 1),

M(C 0, -1, 0, 0, O0),

M(-1, 2, 0, 0, O0),

M(C 0, 4, -1, -1, -1),
M(-1, -1, 3, 0, O0)
in 5-d lattice M
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Generic global sections fy, of Ox(Dv,) are of the form

_ 4.3 2
Jv, = 212326272829211 213214 + 20214 + 2728211212713

(4.23)

_ 3.4 3,4 4,3 4.3
fv, = 22428 + 2725210 + 2525211 + 2925213 + 2022242521012

The Fano toric variety Xy has a three-dimensional singular locus and the Q-nef
Calabi-Yau complete intersection Yy, v, intersects this singular locus. Thus an anal-
ysis of the tangent sheaf F, o asin (2.44) is impossible.

The canonical Fano polytope V* has 125 lattice points. Inserting the rays gen-
erated by each of the 124 lattice points on the boundary of V* in the fan Yy and
subdividing yields a toric variety Xg_ whose singular locus consists of exactly one

orbifold point. The partial crepant resolution Xg — Xy restricts to a smooth

crepant resolution Y - Yy, v, where Y is a smooth Calabi-Yau complete intersec-

tion in X¢_. An analysis of the tangent sheaf 5 as in (2.44) is theoretically possible,

but with 124 variables in the ring S (iv), the local cohomology computations are
hopeless. Thus an alternate description of the stringy Hodge numbers h%%(Yy, v,)

is desirable. O
4.1.3  Almost Reflexive Gorenstein Polytopes and Almost Reflexive Gorenstein Cones

In Proposition 3.3.4, we saw that for a dual pair of nef-partitions A = A; +---+ A,
and V =V, 4 --- + V,, the Cayley cones Ca_._a, and Cy, . v, form a dual pair of
reflexive Gorenstein cones of index c. In this section, we generalize this construction
to the setting of a dual pair of Q-nef-partitions.

Let (N, M) and (N, M) be dual pairs of torsion-free lattices of finite ranks d and

d respectively.

Definition 4.1.17. Let A be a polytope in Mr. Then A is an almost reflexive
Gorenstein polytope of index c if int(cA) N M = {m} for some nonnegative integer c

and cA — m is almost reflexive.
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Since reflexive polytopes are almost reflexive, we immediately see that reflexive

Gorenstein polytopes are almost reflexive Gorenstein polytopes.

Definition 4.1.18. A Gorenstein cone o C My is almost reflexive of index c if the

support polytope o(;) is an almost reflexive Gorenstein polytope of index ¢ when

considered as a polytope in the affine hyperplane H ,(li)

For an almost reflexive Gorenstein cone of index ¢, we denote the unique interior
point of coy by hyv. If o is a reflexive Gorenstein cone, then this notation is
consistent with the notation used for the degree vector of the dual Gorenstein cone

oV.

Definition 4.1.19. For an almost reflexive Gorenstein cone o C Mg, let
oy =0 NH,", ={y € 0" |(hs,y) =r} C Na (4.24)

and let

o* = Cone(Conv (s N H,Sl)v NN)) C Ng (4.25)

If o C Ng is an almost reflexive Gorenstein cone, then U(VT) C Mg and 0® C My are
defined similarly.

The operator (—)*® extends the duality of reflexive Gorenstein cones to almost

reflexive Gorenstein cones.

Proposition 4.1.20 (§3 in [34]). Let ¢ C Mg be an almost reflexive Gorenstein

cone. Then o® C Ny is almost reflexive and (0°)® = o.
Thus almost reflexive Gorenstein cones occur in dual pairs (o, c*).

Proposition 4.1.21 (Proposition 3.13 in [34]). Let A = Ay +--- + A, C Mg and
V=Vi+:+ V., C Ng be a dual pair of Q-nef-partitions. Then Cja,),.. A, and

.y

Cviy,...[v.] are almost reflexive Gorenstein cones of index ¢ and

Clargiag = Cinlve) (4.26)
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That s, Ciay),...;a, and Civy,..v. form a dual pair of almost reflexive Gorenstin

cones of indezx c.

Example 4.1.22. Fix M ~7Z° andlet A=Ay +---+A,and V=V, +---+ V.
be the dual pair of Q-nef-partitions from Example 4.1.16. Then the Cayley cones

Cia....ja,] and Cpv,)... [v,] are generated by the rays

zz~2+M(0, 1, 0, 0, -1, -1, -1),
ZZ~2+M(1, 0, O, O, 0, 0, O0),
ZZ~2+M(1, 0, 0, -1, 1, 0, O0),
ZZ~2+M(1, 0, 0, -1, 0, 1, 0),
zz-2+M(0, 1, 0, 0, -1, -1, 3), 2272#N(0, 1, -2, -1, -1, -1, -1),
ZzZ~2+M(1, 0, O, -1, o0, o0, 1), 2Z°2+N(0, 1, O, O, O, O, 0),
ZZ~2+M(1, 0, 0, -1, 0, 0, 0), ZZ~2+N(O, 1, 0, O, O, O, 1),
zz~2+M(1, 0, -1, 2, 0, 0, 0), ZZ"2+N(0, 1, O, O, O, 1, 0),
Zz~2+M(1, 0, -1, -1, 3, 0, 0), ZZ"2+N(0, 1, O, 0, 1, 0, O0),
zz~2+M(1, 0, -1, -1, 0, 3, 0), ZZ"2+N(1, O, O, O, O, 0, 0),
zz~2+M(1, 0, -1, -1, 0, 0, 3), ZZ 2+N(1, O, O, 1, O, O, 0),
zz'2+M(1, 0, -1, -1, 0, 0, 0),  7z°2+N(1, 0, 1, 0, 0, 0, 0)
2z72+M(0, 1, 2, 0, -1, -1, -1}, iy 7-4 lattice ZZ"2+N
ZzZ°2+M(0, 1, O, 4, -1, -1, -1),
ZZ~2+M(0, 1, 0, O, -1, 3, -1),
ZZ~2+M(0, 1, 0, O, 3, -1, -1)
in 7-d lattice ZZ"2+M

(4.27)

respectively. The cones Cja,j,...[a,] and Cjv,],....;v,] form a dual pair of almost reflexive

Gorenstein cones by Proposition 4.1.21. O

It is worth noting that some useful features of the duality (—)" between reflexive
Gorenstein cones are lost when extending to the duality (—)*® between almost reflexive
Gorenstein cones. For example, the f-vectors of the Cayley polytopes [A;]*[As] and
[V1] % [V2] from Example 4.1.22 are

fianeing = (1, 16, 50, 75, 65, 33, 9, 1) fropeivay = (1, 8, 27, 50, 55, 36, 12, 1)
(4.28)

Unlike the reflexive situation, the two vectors in (4.28) are not reverses of each other.
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4.2 Extremal Transitions

Let Y be a smooth Calabi-Yau threefold and ¢ : Y — Y be a birational contraction
onto a normal variety Y. If there exists a complex deformation (or smoothing) of Y
to a smooth Calabi-Yau threefold 57, then the process of going from Y to Y is called

an extremal transition. We denote an extremal transition symbolically by a diagram

Y 257 ey ¥ (4.29)

It has long been thought that any two smooth Calabi-Yau threefolds can be connected
by extremal transitions. Kreuzer and Skarke have verified this claim for threefolds
appearing as hypersurfaces in Gorenstein Fano toric varieties by showing that any
pair of the 473,800, 776 four-dimensional reflexive polytopes can be connected by a
chain of inclusions. It has also been conjectured by Morrision [35] that if X and
Y are smooth Calabi-Yau threefolds connected by an extremal transition X --» Y,
then their mirrors are connected by an extremal transition YV --+ XV,

In this section, we demonstrate that, by following extremal transitions, one is
forced to consider Calabi-Yau complete intersections in non-Gorenstein toric vari-

eties.
4.2.1 Toric Extremal Transitions

Following [16, Example 6.2.4.2], let A, A C Mg be Q-reflexive polytopes. Suppose

A=A+ +A, A=A+ +A, (4.30)

are two proper Q-nef-partitions with A; C A;. Then the Q-reflexive polytopes A and
A satisfy A ¢ A. Taking duals, we see that the almost reflexive polytopes A* and A*
satisfy A* C A*, so any subdivison 3 & of Xz can be refined to a subdivision Sa of

Ya. Such subdivisions yield a morphism 7 : X¢ — XEA- The Calabi-Yau complete

78



intersections }/}Ah...,Ac C XEA and }/}AI LA C XEA are defined by the equations

fAi - Z Qi m H Zém,up) H Zp (431)

meA;NM u,;GiA(l) up €V
and
fa=| 2 bim il | T = (4.32)
meA;NM up €85 (1) up€V;
respectively.

Put YV = }/}Al,...,Ac and Y = }A/Al A.- Then ¢ = W’?A . gives a birational
A e

,,,,,

contraction ¢ : Y — Y where Y C Xg, s defined by the equations in (4.32),

except that b;,, = 0 for m € (AZ \ A;) N M. The extremal transition is completed
by smoothing Y to Y by allowing arbitrary values for each of the b;,, in (4.32).
The process of going from YV = }A/AIMAC to Y = ?Al,...,Ac is called a toric extremal
transition.

Now, by Proposition 4.1.12, the containment A; C Ai implies that V: C Vi,

where

V=Vi+-+V, V=Vi+ - +V. (4.33)

are the Q-nef-partitions dual to the Q-nef-partitions in (4.30). Thus we may repeat

the above construction to obtain an extremal transition Y¢ ¢ --» Yy,  v,. Since

we expect (Ya,..a.)" = Yy, v, and (Yz, )" = Yy, . v, this gives Morrison’s

expected ‘mirror transition’ [35].
4.2.2  Transitioning Between Reflexive and Non-Reflexive Mirror Pairs

We now demonstrate that by following extremal transitions, one is forced to consider
Q-nef-partitions. Fix M ~ Z° and let A = A; + A, be the Q-nef-partition from Ex-
ample 4.1.16. Recall that Xa = P3;;;,; and Ya, a, is a generic complete intersection
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of a cubic and a quartic in P3;,;,;, which we have shown to have Hodge numbers
R (YA, a,) =1 and h*H(Ya, a,) = 79.
Now, let
Ay = Conv(A, N M\ {M(2,0,-1,-1,-1)}) (4.34)

and let AQ = A,. Then A= A1 + Ay is a nef-partition and the dual polytope A*

has vertices

NC1, O, O, 0, 0),

N(-1, 0, 0, 0, 0),

NCO, 1, 0, 0, O0),

NCO, O, 1, 0, 0),

N(o, 0, 0, 1, 0, (4.35)
NC O, O, O, 0, 1),

NC 2, -1, -1, -1, -1)

in 5-d lattice N

The toric variety Xz is a resolution of P3;;;;; and one easily shows that Yi A, isa
smooth Calabi-Yau threefold with 2'(Yx, x,) = 2 and 2*'(Yx, x,) = 78.

This gives an extremal transition Ya, a, --» Y3, x, where Ya, 4, is a Calabi-Yau
threefold arising from a Q-nef-partition while Yz 5, is a Calabi-Yau threefold arising
from a nef-partition. By Section 4.2.1 above, we obtain another extremal transition

~

Yo, 9, ?vl,vg where }Af@lﬁ? is a resolution of a Calabi-Yau threefold arising from

a nef-partition and ?Vl,VQ is a resolution of a Calabi-Yau threefold arising from a

Q-nef-partition.

4.3 Partial Classifications of Five Dimensional Almost Reflexive Poly-
topes

Now that We have seen that it is necessary to consider Q-nef-partitions if one is
to follow extremal transitions, it is interesting to classify the Calabi-Yau complete
intersections arising from them. By Theorem 4.1.9, there are no examples of Q-

nef-partitions of non-reflexive polytopes in dimension d < 4. In dimension d > 5,
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however, there is much work to be done. In Example 4.1.16, we saw a Q-nef-partition
A = A; + A, corresponding to the Calabi-Yau threefold Ya, a, = P5,1111(3, 4] where
A was not reflexive. Thus, Q-nef-partitions of non-reflexive polytopes exist but, to
our knowledge, the example P3;,,,,[3,4] is the only example known in the literature.

In this section, we partially classify the Q-reflexive polytopes in dimension five.
Recall that a polytope A C My is Q-reflexive if and only if its dual A* is almost re-
flexive. Our strategy for generating Q-reflexive polytopes is thus to search for almost
reflexive subpolytopes of known reflexive polytopes. We conduct our search within
two well-known lists of reflexive polytopes: the complete list of 866 five-dimensional
smooth Fano polytopes' and Kreuzer’s partial list? of 7661 reflexive polytopes ad-
mitting nef-partitions with Picard numbers < 6. By utilizing the a normal form
for lattice polytopes described in [21, §3.4], we find 48 distinct isomorphism classes
of almost reflexve polytopes embedded in a smooth Fano polytope and we find 765
distinct isomorphism classes of almost reflexive polytopes embedded in a reflexive
polytope on Kreuzer’s list. In total, we produce 775 new examples of five-dimensional
Q-reflexive polytopes that are not reflexive.

For each of our almost reflexive polytopes A*, we compute all dual pairs of Q-
nef-partitions A = A; + Ay and V = V; + V, of length two. This classifies all
possible Q-nef Calabi-Yau complete intersection threefolds in the Fano toric varieties
XA and Xy. In total, we produce 1077 distinct isomorphism classes of dual pairs
of Q-nef-partitions of non-reflexive polytopes. This provides us with a library of
examples to explore. To our knowledge, these are the only known Q-nef-partitions
of nonreflexive polytopes. The data resulting from our computations can be found

in the data supplements to this dissertation at [20].

! The classification of all 866 five-dimensional smooth Fano polytopes was done by @bro in [37]
and the list of these polytopes can be found at [29].

2 This list can be found at [27]
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It should be noted that, since Q-reflexive polytopes are generalizations of reflexive
polytopes, a complete classification of Q-reflexive polytopes in dimension d > 5
is currently incalculable. In [28] Kreuzer estimates there to be 6.5 - 10™ reflexive
polytopes in dimension five. The number of Q-reflexive polytopes in dimension five

is likely far greater.
4.8.1 Almost Reflexive Polytopes Embedded in a Smooth Fano Polytope

Let (M, N) be a dual pair of torsion-free lattices of rank d. A lattice polytope
A* C Ny is a smooth Fano polytope if O € int(A) and the vertices of every facet
of A* form a Z-basis of N. Equivalently, A* is a smooth Fano polytope if XA is a
smooth Fano toric variety.

Now, fix d = 5. In [37], it is shown that there are exactly 866 isomorphism classes
of smooth Fano polytopes in dimension five. Each smooth Fano polytope A C Ny is
reflexive and terminal, meaning that A N N consists only of vertex points. The set
{6,7,...,14} consists of the number of possible vertices of a smooth Fano polytope
A C Ng and, consequently, the set {7,8,...,15} consists of the number of possible
lattice points in A.

Consider a reflexive polytope A C Mg whose dual A* C Ny is a smooth Fano
polytope. Let A = A; + A, be a nef-partition of A, which corresponds to a Calabi-
Yau complete intersection threefold Yz, x, in the five-dimensional smooth Fano toric
variety Xx. By 84.2.1 above, a toric extremal transition Y3 x, --» Ya,a, from

the Calabi-Yau threefold Yz, 5, to a Q-nef Calabi-Yau complete intersection Ya, a,

corresponding to a Q-nef-partition A = A; + A, can only be obtained if A C A.
Thus, to classify all toric extremal transitions Yz, x, -=* Ya, a,, we must classify
all Q-reflexive polytopes A containing A. By taking duals, this is equivalent to
classifying all almost reflexive polytopes A* contained in A*. Since the maximum

possible number of lattice points in A* is 15, this is a computationally reasonable
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task. The following simple algorithm produces our desired almost reflexive polytopes.

Algorithm 4.3.1. Let A* C Ng be a five-dimensional smooth Fano polytope. For
each proper subset S C {vertices of A*} with |S| > 6, let A* = Conv(S) and check

that A* is almost reflexive but not reflexive.

Performing Algorithm 4.3.1 on the list of 833 smooth Fano polytopes results in
checking if 440914 polytopes are almost reflexive but not reflexive. These computa-
tions yield 660 nondistinct almost reflexive polytopes and computing their normal
forms [21, §3.4] reduces this number to 48 distinct isomorphism classes of almost

reflexive polytopes.

Theorem 4.3.2. There are exactly 48 isomorphism classes of five-dimensional al-
most reflexive polytopes that are not reflexive contained in a five-dimensional smooth
Fano polytope. Equivalently, there are exactly 48 isomorphism classes of five-dimensional
Q-reflexive polytopes that are not reflexive containing a five-dimensional reflexive

polytope whose dual is a smooth Fano polytope.

Remark 4.3.3. The computation involved in obtaining these 48 almost reflexive poly-

topes yields a few interesting results.

1. Of the 866 five-dimensional smooth Fano polytopes, 92 contain an almost re-

flexive polytope that is not reflexive.

2. The set
{0,2,4,6,8,12,14, 16, 18, 20, 24, 28, 58} (4.36)

consists of the number of subpolytopes of a given five-dimensional smooth Fano

polytope that are almost reflexive but not reflexive.
3. The set
{0,1,2,3,4,6,7,9,10,11, 19} (4.37)
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consists of the number of isomorphism classes of subpolytopes of a given five-

dimensional smooth Fano polytope that are almost reflexive but not reflexive.

The code written to perform this computation was written in sage. In particular,
the algorithm to find the normal forms of the 660 almost reflexive polytopes utilized

the access to the lattice polytope software PALP built into sage. O

We are interested in the Q-nef partitions A = A; + Ay of those Q-reflexive
polytopes A C Mg whose duals A* C Ny are the 48 almost reflexive polytopes from
Theorem 4.3.2. These Q-nef partitions define Q-nef Calabi-Yau threefolds Y, a, in
Xa.

We may use the Orbit-Cone Correspondence to infer the following.

Proposition 4.3.4. Let A* C Ngr be a five-dimensional almost reflexive polytope
that embeds into a smooth Fano polytope. Then Xa is an orbifold with either a

zero-dimensional singular locus or a one-dimensional singular locus.

Suppose A* C Ny is a five-dimensional almost reflexive polytope that embeds
into a smooth Fano polytope. To compute the length two Q-nef-partitions of A, we

need only find all nontrivial partitions
Ya(1) = {vertices of A*} =5, LISy (4.38)

and check if Ay + Ay is a Q-nef-partition of A, where A; = > D,. Performing

up€S;

this computation yields 209 combinatorially distinct Q-nef-partitions.

Proposition 4.3.5. There are 209 combinatorially distinct length two Q-nef-partitions
of five-dimensional non-reflexive Q-reflexive polytopes containing a polytope whose
dual is a smooth Fano polytope. Moreover, each of these Q-nef partitions A = A1+,
defines a smooth Calabi-Yau threefold Ya, n, C Xa.
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Since each of the Calabi-Yau threefolds Ya, a, in Proposition 4.3.5 is smooth, we
may use the spectral sequence from (2.44) to compute the cohomology of the tangent
sheaf 9&17 A, Completing these computations for each of the 209 Q-nef-partitions
in Proposition 4.3.5 gives the Hodge numbers in Table 4.1. Checking these Hodge
numbers against Kreuzer’s list of Hodge numbers of Calabi-Yau hypersurfaces in four-
dimensional Gorenstein Fano toric varieties gives 22 new pairs of hodge numbers.
Table 4.1: The Hodge numbers of the smooth Calabi-Yau threefolds Ya, o, C Xa
where A = Ay + Ay is a Q-nef partition of a Q-reflexive polytope whose dual A*

embeds into a smooth Fano polytope. The highlighted pairs are not the Hodge
numbers of a Calabi-Yau threefold hypersurface in a Gorenstein Fano toric variety.

’ hll ‘ h21 H hll ‘ h21 H hll ‘ h21 H hll ‘ h21 H hll ‘ h21 H hll ‘ h21 H hll ‘ h21 ‘

11 79 2| 56 3| 41 3| 66 4| 36 4| 58 5| 35
1] 101 2| 58 3| 43 3| 67 4| 40 4| 59 51| 45
11103 2] 62 3| 45 3| 69 4| 41 4| 60 5| 561

2| 64 3| 47 3| 70 4| 42 4| 61 7| 37

2| 66 3| 49 3| 71 4| 44 4| 62 8| 36

2| 68 3| 51 3| 72 4| 46 4| 66

2 72 3| 53 3] 73 4 | 48 4| 68

2| 76 3| 54 3| 75 4| 49 41| 70

2] 78 3| 55 3| 76 4| 50

2| 84 3| 57 3| 77 4| 51

2] 86 3| 59 3| 79 4| 53

21 90 3| 60 3| 81 4| 54

2] 92 3| 61 3| 83 4| 55

2] 95 3| 63 3| 85 4| 56

21122 3| 65 3| 99 4| 57

While each of the Calabi-Yau threefolds Ya, A, in Proposition 4.3.5 is smooth,
their proposed mirrors Yy, v, C Xy are not. We may, however, obtain a crepant
resolution Xg¢_ — Xy by including each of the lattice points in 0V in the fan Yy

and subdividing. Each of these crepant resolutions Xiv — Xy restricts to a crepant

desingularization Yy, v, = Yy, v, where Yy, v, is a smooth Calabi-Yau complete
intersection in Xg_.
v

It is thus theoretically possible to compute the stringy Hodge numbers of Yy, v,
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by using the spectral sequence (2.44) to compute the cohomology of ﬂf,v v Of
1.-V2

course, we expect "5 (Yy, v,) = h3P9(Ya, a,). However, of the 209 dual Q-nef-
partitions V = V; 4+ V, the Q-nef-partition with the fewest lattice points in OV has
|0V N N| = 44. With this many coordinates in the homogeneous coordinate ring,

the analysis of ‘7% o, is computationally unfeasable. Again, as in Example 4.1.16,
1.vV2

an alternate description of the stringy Hodge numbers h%?(Yy, v,) is desirable.

Example 4.3.6. Let A* be the smooth Fano polytope with vertices

M(1, 0, 0, 0, 0),
MCo, 1, 0, 0, O,
MCo0, -1, 0, 0, O,
M(-1, 0, 0, 0, O,
M(-1, 1, 0, 0, 0),
MCo, 0, 1, 0, 0,
MC 0, 1, -1, 0, 0), (4.39)
MCo, 0, 0, 1, 0O,
MCo, 0, 0, 0, 1),
M(1, 0, -1, 0, -1),
M(C1, -1, 1, -1, O)
in 5-d lattice M
The Hodge numbers of the nef-partitions of A are
Rl 5 6 6 6 6 6 6 (4.40)
h?'| 51 32 34 36 41 44 52 '

There are 58 subpolytopes A* C A* that are almost reflexive but not reflexive.
These 58 subpolytopes represent 19 isomorphism classes of lattice polytopes. The
Hodge numbers of the Q-nef-partitions of the corresponding Q-reflexive polytopes A

containing A are given by
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’ hll ‘ h21 H hll ‘ h21 H hll ‘ h21 H hll ‘ h21 H hll ‘ h21 H hll ‘ h21 H hll ‘ h21 ‘

101 2| 56 3| 45 3| 67 4| 36 4| 60 5] 35
11103 2] 62 3| 47 3| 69 4| 41 4| 62 5| 45
79 2| 66 3| 51 3| 70 4| 42 4| 68 5| b1
2| 68 3| 53 3| 71 4| 46 4| 70 7| 37
21 72 3| 54 3| 72 4| 48 8| 36

2176 3| 55 3| 75 4| 49

2178 3| 57 3| 77 4| 50

2| 84 3| 59 3| 79 4| 53

2| 86 3| 60 3| 81 4| 54

21 90 3| 61 4| 55

2] 92 3| 66 4| 59

The indices of these 19 reflexive polytopes in the data supplement at [20] are
{5,6,7,8,10, 11, 14, 15, 16, 17, 18, 19, 24, 26, 30, 36, 42, 44, 46}  (4.41)

See §5.3 for more information. O

4.8.2  Almost Reflexive Polytopes Embedded in a Reflexive Polytope on Kreuzer’s
List

In §4.3.1, we found 209 pairs of dual Q-nef-partitions of non-reflexive polytopes by
searching for almost reflexive subpolytopes of five-dimensional smooth Fano poly-
topes. One strategy for expanding our search for examples of Q-nef-partitions is
to look for five-dimensional almost reflexive subpolytopes that embed into a given
reflexive polytope. Since the number of five-dimensional reflexive polytopes is likely
innumerable, this strategy is somewhat artifical. Nonetheless, we perform this task
by searching through Kreuzer’s partial list of 7661 five-dimensional reflexive poly-
topes reflexive polytopes admitting nef-partitions with A < 6, which can be found
at [27].

In total, we find 764 isomorphism classes of almost reflexive polytopes that embed

into a polytope on Kreuzer’s list. The duals of these almost reflexive polytopes are
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Q-reflexive polytopes that admit 868 combinatorially distinct Q-nef-partitions. Of
these 868 Q-nef-partitions A = A; + Ay, 734 define smooth Calabi-Yau threefolds
Ya,n, C Xa.

The other 134 Q-nef-partitions define singular Calabi-Yaus Ya, o, C Xa. In-
serting the rays generated by the lattice points in JA* N N in the fan XA and

subdividing yields a crepant resolution Xg — Xa which induces a crepant desin-

gularization ?Al,A2 — Ya,.n,. Thus, we may compute the stringy Hodge numbers
of each of the 868 Calabi-Yau threefolds Ya, n, C Xa corresponding to a Q-nef-
partition A = A; + Ay where A* embeds in a reflexive polytope on Kreuzer’s list.
These stringy Hodge numbers are shown in Table 4.2.

Table 4.2: The stringy Hodge numbers of the Calabi-Yau threefolds Ya, o, C Xa
where A = Ay + Ay is a Q-nef partition of a Q-reflexive polytope whose dual A*
embeds into a reflexive polytope on Kreuzer’s list of reflexive polytopes admitting
nef-partitions with ’small’ Picard number. The highlighted pairs are not the Hodge
numbers of a Calabi-Yau threefold hypersurface in a Gorenstein Fano toric variety.
Lhae | RS [ hal [ RS [ hat | AE [ hat [ B [ Rl [ RS [ hgd | AE [ hal | RS [ het | BE || hal [ A

11 79 2| 30 2| 92 3| 23 3| 58 3| 79 4 38 5] 39 6 | 54
11101 2| 44 2| 95 3| 29 3| 59 3| 81 4| 40 5| 41 6| 78
11103 2| 50 2| 106 3| 31 3| 60 3| 83 4| 42 5| 45 6| 90
1] 145 2| 56 2| 116 3| 33 3| 61 3| 84 4| 46 5| 47 T 37

2| 58 21120 3| 37 3| 63 3| 85 4| 50 5] 583 8| 56

2| 60 2122 3| 39 3| 65 3| 87 4| 52 5| 55

2| 62 2| 128 3| 41 3| 66 3| 89 4| 54 5| 56

2| 64 2132 3| 43 3| 67 3| 91 4| 56 5| 59

2| 66 2| 144 3| 45 3| 69 3| 93 4| 58 5| 62

2| 68 3| 47 3| 70 3| 95 4| 60 5| 65

2| 72 3| 48 3| 71 3| 99 4| 64 5] 71

2| 74 3| 49 3| 72 3| 103 4| 66 5| 77

2| 76 3| 51 3| 73 3| 105 4| 70 5] 80

2| 78 3| 53 3| 75 3| 111 4| 82 5] 83

2| 84 3| 54 3| 76 3| 123 4| 91 5] 89

2| 86 3| 55 3| 77 4| 94 5101

2| 90 3| 57 3| 78 4| 112

The data defining these 868 Q-nef-partitions can be found in the data supplement

to this dissertation at [20].
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4.4 Aspinwall and Plesser’s General Mirror Pairs

A dual pair of Gorenstein cones is an example of the data required to define a gauged
linear o-model. In this section we review this notion, following [1, 2].
Let N be a torsion-free lattice of rank d and let M be its dual lattice M =

Homgz(N,Z). Let o C N and & C M be finite collections of points such that
e Span, & = N e Span, B =M
e o/ = NNConv() e % = Mn Conv(A)

e There exists a u € M such that e There exists a v € N such that

() =1 for all a € . (B,v) =1for all g € A.

and Cone(Conv(#)) C Cone(Conv(e7))Y. This is equivalent to requiring that o7/
and # are Hilbert bases for two Gorenstein cones oy C N and oo C M where
= hg, V= "hs,, and oy C 0y. The index of the pair (o, %) is the nonnegative
integer (u, V).

Insert the points of .7 into the columns of a matrix A to obtain an exact sequence

0 s L Z7 —4 5 N 0 (4.42)

where L is the so-called lattice of relations of rank r = |.o/|—d. Applying Homy(—, 7Z)

to (4.42) yields an exact sequence

Q

0 y M 7 LY 0 (4.43)
where () is the matriz of charges of the points in 7. Let
S() =Clzy|a € | (4.44)

We will write S in place of S(%7) when the context is clear. The formula

Ty > APOAG2 L NGy, (4.45)
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defines a (C*)" torus action on S. Let Sy be the (C*)"-invariant subalgebra of S.
Then the algebra S decomposes into a sum of Sy-modules

S=€P S. (4.46)

uelVY
We will denote a shift in grading by S(u)y = Syiv-
A choice of a regular triangulation Y of the pointset &7 is called a phase. The
Cox ideal of a phase Y is the ideal of S generated by the monomials

I_I{xCY | € o7 \ {vertices of o}} (4.47)

o

where the product is taken over the maximal faces of X.

For a phase ¥, define the stack

(4.48)

~ V(B
Zs, = ProjyuS = {SpeCS Vi Eq

(C)r

and the superpotential

Wx =Y ag ] =l*? (4.49)

IS acd

where ag € C. Note that the condition Cone(Conv(Z#)) C Cone(Conv(e/))" ensures
that Wy is a polynomial. In fact, Wx is a homogeneous polynomial in S of multi-

degree zero. Finally, we define the Jacobian ideal of Wx by

Jac(Wy) = <8W a € ,52%> (4.50)
0%,
and the corresponding stack
X5, = Proj L (4.51)
¥ = ok Jac(Wx) '

Of course, X5, depends on the choice of coefficients ag in the superpotential Wy
(4.49).
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Now, one may exchange the roles of &7 and £ to obtain a mirror superpotential

Wy =Y b, [T oS (4.52)

acd BeA

for b, € C. Fixing a regular triangulation T of % and choices of coefficients b, € C
gives a corresponding Yy associated to Jac(Wy ).

When Cone(Conv(Z#)) = Cone(Conv(«))Y, the statement of mirror symmetry
for the gauged linear sigma model [43] is that Xy and Yy form a mirror pair. For
our purposes, we will use this as the definition of a mirror pair.

Aspinwall and Plesser relax the condition
Cone(Conv (%)) = Cone(Conv(&))" (4.53)
to
Cone(Conv (%)) C Cone(Conv(&))" (4.54)

in [2]. Here, the authors use the term general mirror pair.
We will often abuse language and refer to the pair of pointsets (o7, %) as a general

MIrror pair.

4.4.1 General Mirror Pairs and Almost Reflexive Gorenstein Cones

In [2], two important properties of general mirror pairs are discussed.

Definition 4.4.1 (Definition 2 in [2]). The pair of pointsets (<7, %) is reflexive if
Cone(Conv (%)) = Cone(Conv(&))" (4.55)

The term 'reflexive’ is used here to indicate that the cones in (4.55) form a dual

pair of reflexive Gorenstein cones.

Definition 4.4.2 (Definition 9 in [2]). The pair of pointsets (<7, %) is ZB-complete
if
Conv (Cone(Conv &) N M N H) = Conv(%) (4.56)

91



The pair of pointsets (&7, %) is <7 -complete if
Conv(Cone(Conv 8)” N N N HM) = Conv(#) (4.57)
The pair of pointsets (<7, %) is complete if it is both &7-complete and ZB-complete.

The notion of a complete mirror pair (<7, %) is closely related to the notion of a
dual pair of almost reflexive gorenstein cones (o, 0®) from Definition 4.1.19. Recall
that the Hilbert basis of a strictly convex cone o C Ny is the set of all irreducible

elements in the semigroup o N V.

Theorem 4.4.3. Let 0 C Ny be an almost reflexive Gorenstein cone so that the pair
(0,0°%) is a dual pair of almost reflexive Gorenstein cones. Then the pair of Hilbert
bases (o, B) of the cones (o,0°) is a complete mirror pair. Moreover, (<, AB) is a

reflexive mirror pair if and only if 0® = oV
Proof. Recall from Definition 4.1.19 that
o* = Cone(Conv(c" N H,(Zl)v)) C Mg (4.58)

Since % is the Hilbert basis of o® we then have
Conv(#) = Conv(c” N H}(LI)v NnM)
(4.59)
= Conv(Cone(Conv )" N H{Y N M)
where v = h,v. Thus (&7, #) is HB-complete. Since o7 is the Hilbert basis of o we

have

Conv(a/) = Conv((c*®)" N H,(li) NN)

(4.60)
= Conv (Cone(Conv )" N HM N N)
where p = h,. Hence (o7, %) is complete.
That (o, %) is a reflexive mirror pair if and only if ¢®* = ¢V follows from
Cone(Conv #) = ¢* and Cone(Conv &) = 0. O
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Theorem 4.4.3 allows us to generate complete mirror pairs (o7, %) by constructing
almost reflexive Gorenstein cones. It is interesting to note that the notion of a
complete mirror pair is, in fact, more general than the notion of an almost reflexive
Gorenstein cone.

Example 4.4.4. Let 0, and 02 be the Gorenstein cones generated by the lists

M, 1, o0, -1, -1, 0, 0,
Mo, 1, o0, -1, 0, O, O0),

M(2, -1, -3, 2, 1, -2, -2),

M(1, 0, 0, 0, 0, 2, -1),
NGO, 1, -1, -1, 0, 0, 0), ¢ 0, 0,0, 0, -1, 2),

MG, 1, 0, 1, -1, 0, 0),
N(O, 1, 0, 0, 1, 0, 0),

M(1, 0, 0, 0, 0, -1, -1),
N(O, 1, O, 1, -1, 0, 0),

M(1, 0, -1, 0, 0, 0, -1),
N(O, 1, O, 1, 0, 0, 0),

MG, 1, 0, 1, 2, 0, 0),
N(1, 0, O, 0, O, 0, 0), (4.61)

M(1, 0, -1, 0, 0, -1, 0),
N(L, O, O, 0, 0, 0, 1),

M(1, 0, -1, 0, 0, -1, -1),
N(1, 0O, 0, 0, 0, 1, 0),

MO, 1, 2, -1, 0, 4, 0),
N(L, O, 2, 0, 0, -1, -1)
in 7-d lattice N Mo, 1, 2, -1, 0, 0, 4,

MG, 1, 2, -1, 0, 0, 0),

MO, 1, 2, -1, -1, 4, 0),

MO, 1, 2, -1, -1, 0, 4),

MG, 1, 2, -1, -1, 0, 0)

in 7-d lattice M

respectively. Then o; and o9 are not almost reflexive Gorenstein cones. However,
the Hilbert bases (o, %) of the Gorenstein cones (01, 07) form a complete mirror

pair. O

4.4.2  Complete Mirror Pairs of Weighted Projective CIC'Y Threefolds of Codimen-
sion Two

We have seen that the pair of Hilbert bases (<7, %) of the Cayley cones of a dual pair
of Q-nef-partitions A = A1+---+A.and V =V, +- .-+ V., define a complete mirror
pair. We can also produce pairs of complete mirror pairs by studying Calabi-Yau
complete intersections in weighted projective spaces. A list of 4239 transversal config-

urations for codimension two CalabiYau threefolds in weighted projective spaces was
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produced by Klemm at [25]. These Calabi-Yau threefolds are quasismooth but not
necessarily smooth. The data set includes the Hodge numbers of desingularizations
of each threefold.

This list was studied extensively by Kreuzer and Riegler in [32]. Here, the authors
attempt to resolve each quasismooth Calabi-Yau threefold by a complete intersection
in a Gorenstin Fano toric variety. Their strategy is to try to relate the Newton
polytopes of the defining polynomial equations of degrees (d;,dy) to a nef partition
A = A;+ Ay of areflexive polyhedron A. By using this method, Kreuzer and Riegler
are able to replicate Klemm’s Hodge number computations in “many, but not all”
cases.

We have found that the notion of a complete mirror pair is a more useful tool
for studying the Calabi-Yau threefolds on Klemm’s list. Consider the following al-

gorithm.

1. Let (1) = Sy, U Sy, be a partition of the rays of the fan ¥ such that generic

sections of the torus-invariant Weyl divisors

Zy= Y. D, Zay= Y D, (4.62)

upeSdl UPESdQ
have homogeneous degrees d; and dy in S(X) respectively.

2. Let A = AZdl and Ay, = Azd2 be the polytopes in My assigned to the divisors
Zg, and Zg, in the correspondence described in (2.22). Let A C Mg be given
by the Minkowski sum A = A; + As.

3. Let V1,Vy C Ng be given by

VJ:{yENR]$EA@:><£C,y>2—5U,1§Z§C} (463)
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and let V=V, + V,.
4. Let o be the Cayley cone Cy, v, (3.47) of the polytopes V; and V5.

5. If 20(;) contains a unique interior point h,v, then let o® be given by the formula

(4.25).
6. Let (o7, 2) be the Hilbert bases of the pair of cones (o, 0°).
7. Return (&7, A).

Note that the Minkowski sums A = Ay + Ay and V = V; + V, from Algorithm
4.4.5 need not be nef-partitions or even Q-nef-partitions. We suspect the Minkowski
sums for which V = V4V, are nef-partitions are precisely those successfully studied
by Kreuzer and Riegler in [32].

We have run Algorithm 4.4.5 on 3906 of the 4239 configurations on Klemm'’s
list. Each configuration successfully yields a complete mirror pair: 1754 are reflexive
mirror pairs and 2152 are complete but not reflexive mirror pairs.

Note that if the Minkowski sum V = V; + Vj is a nef-partition, then (o,0°) is a
dual pair of reflexive Gorenstein cones and the stringy E-polynomial may be used to
compute the Hodge numbers. However, if V = V; + V5 is not a nef-partition, then
an alternative description of the Hodge numbers is necessary.

The data from our computations can be found at [20].
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5

Stringy Hodge Numbers of Non-Reflexive Mirror
Pairs

In Chapter 4, we saw two generalizations of the Batyrev-Borisov mirror construction.
We showed in Theorem 4.4.3 that the Hilbert bases (o7, %) of a dual pair of almost
reflexive Gorenstein cones (o, 0®) is a complete mirror pair, in the sense of Aspinwall
and Plesser [2]. We have also seen that the Cayley cones associated to a dual pair
of Q-nef-partitions

A=A+ +A, V=Vi+---+V, (5.1)
define a dual pair almost reflexive Gorenstein cones and that this pair is reflexive
if and only if the Q-nef-partitions are nef-partitions of reflexive polytopes. The Q-nef-
partitions in (5.1) define a pair of Calabi-Yau complete intersections (Ya, ., Yv,,.v.)
in the Fano toric varieties (Xa, Xv). If the Q-nef-partitions in (5.1) are nef-partitions
of reflexive polytopes, then the stringy Hodge numbers hl;?(Ya, . a.) and h5* (Yo, . v.)
are defined by Eg-polynomial of the Cayley polytopes Ay *---x A, and Vi *--- %V,
respectively. Moreover, Theorem 3.3.8 implies that the pair of Calabi-Yau complete

intersections (Ya,.  a,, Yy,  v.) passes the stringy topological mirror symmetry in

-----

test in this case.
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Note, however, that if the polytopes A and V in (5.1) are not reflexive, then
the Fg-polynomials of the Cayley polytopes A % --- % A, and Vy % --- % V. are
not well-defined. Indeed, in Example 4.1.22 we saw an example of a dual pair of

Q-nef-partitions (5.1) with ¢ = 2 where the f-vectors of the Cayley polytopes were

fiagas) = (1, 16, 50, 75, 65, 33, 9, 1) fiv,«ve) = (1, 8, 27, 50, 55, 36, 12, 1)

(5.2)
Unlike the reflexive situation, the two vectors in (5.2) are not reverses of each other.
That is, there is no obvious duality between the face lattices of the Cayley polytopes
corresponding to the dual pair of Q-nef-partitions in (5.1) if the polytopes A and V
are not reflexive.

In this chapter, we offer a definition of the stringy E-polynomial, which we refer
to as the naive stringy E-function Ey, of a complete mirror pair (o7, AB). Since
complete mirror pairs are generalizations of almost reflexive Gorenstein cones, our
stringy E-function is well-defined for Cayley polytopes corresponding to the Q-nef-
partitions in (5.1), even if the polytopes A and V are not reflexive. We conjecture
that E'st is a generating function for the stringy Hodge numbers h%?(Ya,  a,) and
hE4(Yy,. v.) of the Q-nef complete intersections (Ya, .., Yy, . v.) in the non-
Gorenstein Fano toric varieties (Xa, Xv). Moreover, we conjecture that Est passes
the mirror symmetry law. Our latter conjecture is a generalization of Mavlyutov’s
conjecture in [34, Conjecture 5.1].

Our conjectures involving the generalized stringy E-function Est are supported by
a good deal of computational evidence. In Section 5.2, we verify that Ey generates
the stringy hodge numbers of YA, a, if A = A; + Ay is a Q-reflexive polytope whose
dual A* is embedded in a five-dimensional smooth Fano polytope. In §5.3, we verify
that our conjectures hold when A* is embedded in one of the 7660 reflexive polytopes
on Kreuzer’s list. Finally, in Section 5.4, we demonstrate that the naive stringy

E-function correctly predicts the Hodge data of each of the 2152 complete non-
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reflexive mirror pairs corresponding to Calabi-Yau complete intersections in weighted

projective spaces we found in §4.4.2.

5.1 The Naive Stringy E-Function

Let (N, M) be a dual pair of torsion-free lattices of rank d and let (o7, %) be a
complete mirror pair of index ¢ (Definition 4.4.2) where &/ C N and % C M. Let
Ay = Conv() 0 = Cone(Conv(«)) (5.3)

Ay = Conv (%) 04 = Cone(Conv (%)) (5.4)

Note that o4 = o, if (o7, RB) is reflexive while 04 = 0%, C o), if (&7, %) is not

reflexive.

Definition 5.1.1. Let F' be a face of A,. The naive dual of F is
FY = Cone(F)* N Conv(#) C Conv(A) (5.5)

where Cone(F)* is the face of 0, dual to Cone(F'). The naive dual of a face Ay is

defined similarly.

By construction, the naive dual FV of a face F of A, is a face of Ag. If the
pair (&7, A) is reflexive, then (A,, Ag) is a dual pair of Gorenstein polytopes and
Definition 5.1.1 coincides with the usual duality of the face lattice of dual Gorenstein
polytopes. However, if (&7, %) is not reflexive, then the face lattices of A, and Ay
are not dual to one another and (FV)¥ # F in general.

We now have enough technology to generalize Batyrev and Nill’s stringy F-

function.

Definition 5.1.2. The naive stringy E-function of A, is the function Est(A&,{; u,v) €
Q(u,v) defined by

Eq(Aiu,v) = (wo)™ Y (=)™ Sp(ut0) - Spy (uv) (5.6)

GF=A

98



where the sum is taken over all faces F of A, and FV is the face of Ay naively dual

to F, as defined in Definition 5.1.1. We call the integer
dimcyAQ{:dimA%—l—l—QC (57)
the Calabi-Yau dimension of A,. The function Est(A@; u,v) is defined similarly.

We use the notation Est to indicate that the polytope A, is not necessarily Goren-
stein. Note, however, that if (7, £) is reflexive, then Est(A&{; u,v) = Eg(Ay;u,v).
That is, E,, indeed generalizes Batyrev and Nill’s stringy E-function Eg to the set-
ting of complete mirror pairs (7, £).

Since the face lattices of A, and Ay are not necessarily dual to one another,
it is not immediately clear if E. satisfies the mirror-symmetry law. The following

proposition, however, follows immediately from the properties of the §—polynomial.

Proposition 5.1.3. Let (<7, B) be a complete mirror pair with dimcy Ay = n.
Then

(a) Eqx(Ay;u,v) = Eg(Ay;v,u)

() (w)"Eg(Ay;u=t vl = Eg(Ay;u,v)

We conjecture that the generalized stringy F-function obeys the mirror symmetry

law.

Conjecture 5.1.4. Let (7, B) be a complete mirror pair with dimcy A, = n. Then
Eu(Auiu,v) = (—u)" Eq(Ag;u™,v) (5.8)

That s, Ey obeys the mirror symmetry law.
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5.1.1 Stringy Hodge Numbers of a Mavlyutov Stringy Mirror Pair

In the previous section, we defined Est(A,Q{;u,v) and Est(Agg;U,U> for a complete
mirror pair (&7, #). Let A=A;+---+A.and V =V, + --- + V. be a dual pair
of Q-nef-partitions. Recall that the Cayley cones (Cia,),...ja.], Civi).....[v.]) form a dual
pair of almost reflexive Gorenstein cones (o,0°) of index ¢. By Theorem 4.4.3, the
Hilbert bases (.7, %) of the dual pair of almost reflexive Gorenstein cones (o, c*)

form a complete mirror pair.

Definition 5.1.5. Let YA, A, C Xa be the Q-nef Calabi-Yau complete intersection
corresponding to a Q-nef-partition A = A; +---+ A, and let & be the Hilbert basis
of the Cayley cone Cja,),...[a.). Consider the naive stringy E-function Est(A%;u,v)
of the polytope A, = Conv(4/) and write

Egx(Ayiu,0) =Y (=17 RE(A) (5.9)

p.q

The naive stringy Hodge numbers of Ya, . . are the numbers ﬁft’q(YAhm,Ac) =

W (Ay).

Definition 5.1.5 gives a possible combinatorial interpretation of the stringy Hodge
numbers of the Q-nef Calabi-Yau complete intersections (Ya, . a., Yy, .. v.) in the
Fano toric varieties (Xa, Xv) corresponding to a dual pair of Q-nef-partitions A =
A+ -+ A.and V =V + --- + V.. We suspect that our naive stringy Hodge

numbers coincide with the usual Hodge numbers when our variety is smooth.

Conjecture 5.1.6. Let Yz, . .a, C Xa be the Q-nef Calabi- Yau complete intersection
associated to a Q-nef-partition A = Ay + -+ + A, and suppose Yy Ya,..A, 18
a crepant desingularization of Ya, .a, by a smooth Calabi-Yau variety Y. Then

hpvq (}/}) = ’}Vls{lq(YAl,,Ac) °
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Under this framework, we expect that the pair (Ya, . a,,Yv,  v.) passes the

stringy topological mirror symmetry test.

Conjecture 5.1.7. Let YA, .a, C Xa and Yy, v, C Xy be the Q-nef Calabi-Yau
complete intersections associated to a dual pair of Q-nef-partitions A = A1+...+ A,
and V = Vi 4 --- 4+ V.. Then the naive stringy Hodge numbers of Ya, .a, C Xa

and Yy, v, C Xy satisfy
W (Ya,y..a.) = hi Yy, v.) (5.10)

Jor0<pg<d—ec.
5.1.2 A Stringy Approach to P5,1,11[3, 4]

Fix M ~ Z5 and let A = A1 +A, and V = V4V, be the Q-nef-partitions defined in
Example 4.1.16. Recall that Xy = P5;;;;; and that the Q-nef Calabi-Yau complete
intersection Ya, A, is a generic complete intersection of a cubic and a quartic in
Ps11111. In Section 2.5.1, we computed h''(Ya, a,) = 1 and h* (YA, A,) = 79.

We also saw in Example 4.1.16 that the Q-nef Calabi-Yau complete intersection
Yy, v, is singular. A crepant desingularization ?VL% — Yy, v, may be obtained,
but the analysis of 9%1’% as in (2.44) is hopeless.

We may, however, compute the naive stringy hodge numbers of Ya, A, and Yy, v,.
Let (o,0°) be the dual pair of almost reflexive Gorenstein cones given by the Cayley

cones 0 = Ca,),a,] and 0° = Cv,),[v,- We saw in Example 4.1.22 that o and o* are
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generated by the rays

zZZ"2+M(0, 1, 0, 0, -1, -1, -1),
ZZ-2+M(1, 0, O, O, , 0, 0),
ZZ"2+M(1, 0, O, -1, 1, 0, O0),
zZzZ-2+M(1, 0, 0, -1, 0, 1, 0),
7z~2+M(0, 1, 0, o0, -1, -1, 3), ZzZ°2+N(0, 1, -2, -1, -1, -1, -1),
ZZ°2+M(1, 0, o0, -1, 0, o0, 1), Z2Z°2+N(0, 1, O, O, O, O, 0),
zz~2+M(1, 0, O, -1, 0, o0, 0), ZZ"2+N(0, 1, O, O, O, O, 1),
Zz~2+M(1, 0, -1, 2, 0, 0, 0), ZZ"2+N(0, 1, O, O, O, 1, 0),
ZZ°2+M(1, 0, -1, -1, 3, 0, 0), ZZ"2+N(O, 1, 0, O, 1, 0, O0),
zz~2+M(1, 0, -1, -1, 0, 3, 0), ZZ"2+N(1, O, O, O, O, O, 0),
zZz~2+M(1, 0, -1, -1, 0, 0, 3), ZZ"2+N(1, 0, 0O, 1, 0, 0, 0),
zzT2+M(1, 0, -1, -1, 0, O, 0),  zz"2+N(t, O, 1, O, O, O, 0)
2z72+#M(0, 1, 2, 0, -1, -1, -1),  jy 7-4 lattice ZZ"2+N
ZZ"2+M(0, 1, O, 4, -1, -1, -1),
ZZ°2+M(0, 1, 0, 0, -1, 3, -1),
ZZ"2+M(0, 1, 0, 0, 3, -1, -1)
in 7-d lattice ZZ"2+M

(5.11)

respectively. Let (&7, %) be the Hilbert bases of (o,0°), which are given by the
lattice points in the polytopes spanned by the two lists in (5.11).

The only pairs of faces (F, FV) where F is a face of A, and FV is the corre-
sponding naive dual face of Ay are (F, FV) = (@, Ay) and (F, FV) = (A,/, ). The
corresponding g—polynomials are

Sy(t) =1 Sy =17+t 4+ + 12 (5.12)

Sa, =t + 79t + 7983 + 2 Sav, =1 (5.13)

By definition E’St(YALAQ;u,v) = Est(Aﬂ;u,v). Thus (5.12) and (5.13) imply

By (Ya, ap;u,v) = w0 + u?v? — v — 7900 — T9uv® — v® + uv + 1 (5.14)
Hence
AL (Ya, ayiu,v) = R (YA, ay;u,v) = 1 (5.15)
and
h2H(Ya, Az u,v) = W2 (Yay a05 4, v) = 79 (5.16)
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as expected from Conjecture 5.1.6.

We can now compute the naive stringy Hodge numbers of Yy, v,. The only
pairs of faces (F, FV) where F is a face of Ay and FV is the corresponding naive
dual face of A, are (F, FY) = (@,A,/) and (F,FV) = (A4, @). The corresponding
§—polyn0mials are

Su(t) =1 Sy (t) =17+ 79t + 79¢% + ¢ (5.17)

Sa,t) =t +t' +85 + ¢ Sy () =1 (5.18)

<
B

By definition Ey(Yy, v,;u,v) = Eg(Ag;u,v). Thus (5.17) and (5.18) imply

By (Yo, v, u,v) = w?v? + 79u*0® — u® — u®

v —uww? —v® +T9uv + 1 (5.19)

Hence Al (Yo, ap;u,v) = 79 and Al (Yy, v,;u,v) = 1, as expected from Conjecture

5.1.7.
5.1.83 A Stringy Approach to P3q11;[4, 5]

Fix M ~ 75 and let A C Mg and V C Ny be the polytopes whose vertices are given

by
NoQa¢ -3, -2, -1, -1, -1),
N -3, -1, -1, -1, -1),
N -2, -2, -1, -1, -1),
M_QQ( 1,1/2, -1, -1, -1), 3‘335 _1’_1/5’ 2’ 8’ 8;’
MOQC L, L2 o D g 1, 0, 0, 1, 0,
MOQC L, Lo 207y g -1, 1, 0, 0, 0,
MQQC 1, -1, -1, -1, 2 e g, 0, 0, o0, D,
Q0 b, 1, 1 p, MO L0000 o
- P T T T Ty Qed 1/2,-1/2, 0, 0, 0),
M_QQ( 1, -1, -1, -1, _1)’ N QQ( 0 0 0 0 1)
MQQC -1, -1, 8, -1, ~1), e 0. 0. o0, 1. 0,
MOQC -1, L L oL 8 ¢ 0, 0, 1, 0, 0,
m_QQC -1, -1, -1, 8, -1) N_QQ( 0, 1’ 0, 0’ 0),
in 5-d vector space M_QQ N_QQ( 0, 1, 0, 0, 1),
N.Qa¢C o, 1, o0, 1, 0),
N.QaC o, 1, 1, 0, 0

in 5-d vector space N_QQ

103



respectively. Then A and V are Q-reflexive polytopes that are not reflexive. The

dual polytopes A* C Ng and V* C Mg have vertices

M(-1, -1, 0, 0, 0),
M(-1, -1, 0, 0, 5),
M(-1, -1, 0, 5, 0),
M(-1, -1, 5, 0, 0),
M(-1, 1, 0, 0, 0),
M(-1, 1, 0, 0, 1),
M(-1, 1, 0, 1, 0),
NC1, 0, 0O, 0, 0), M(-1, 1, 1, 0, 0),
NCO, 1, 0, 0, 0), M(Co0, -1, 0, 0, 0),
NCO, O, 1, 0, 0), MC 0, -1, 0, 0, 2),
NCO, O, 0, 1, 0), M(Co0, -1, 0, 2, 0, (5.21)
NCO, O, O, 0, 1), MCo0, -1, 2, 0, 0), ‘
N(-3, -2, -1, -1, -1), M(Co, 0, -1, -1, -1),
N(-1, O, 0O, 0, 0) M(Co, 0, -1, -1, 3),
in 5-d lattice N MCo, o0, -1, 3, -1),
MCo, 0, 3, -1, -1),
MCo, 2, -1, -1, -1),
M(C1, o0, -1, -1, -1),
M(C1, o0, -1, -1, 0),
M(C1, o0, -1, 0, -1),
M(C1, 0, 0, -1, -1)
in 5-d lattice M

respectively. Note that XA is a partial resolution of the weighted projective space

IP)321111 .

Now, let Ay, Ay C Mg be the polytopes with respective vertices

M_QQC o, -1, 0, 0, 2), M_QQC 1, 0, -1, -1, 0),
M_QQC o, 0, 0, 0, 0, M_QQC 1,1/2, -1, -1, -1),
M_QQC o, -1, 2, 0, 0), M_QQC 1, o0, 0, -1, -1),
M_QQC o, -1, 0, 0, 0), M_QQC 1, o0, -1, -1, -1),
M_QQC o0, -1, 0, 2, 0), M_QQC 1, 0, -1, 0, -1),
M_QQC -1, -1, 0, 5, 0), M_QQC o, o0, -1, 3, -1), (522)
M_QQC -1, -1, 0, 0, 0), M_QQC o, o0, -1, -1, -1),
M_QQC -1, -1, 5, 0, 0), M_QQC o, o0, 3, -1, -1),
M_QQ( -1,3/2, 0, 0, 0), M_QQC o, 2, -1, -1, -1),
M_QQC -1, -1, 0, 0, 5) M_QQC o, o0, -1, -1, 3)
in 5-d vector space M_QQ in 5-d vector space M_QQ
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and let V1, Vy C Ny be the polytopes with respective vertices

N_QQ(0,0,0,0,0),
N_QQ(0,1,0,0,0),
N_QQ(1,0,0,0,0)

in 5-d vector space N_QQ

N_QQC -3, -2, -1, -1, -1),
N_QQC -1, 0, O, 0, O,
N_.QQC o0, o0, 0, 0, 1),
N.QQC o, O, O, 1, 0,
N_QQ(-1/2,-1/2, 0, 0, 0), (5.23)
N_QRC o, O, o0, O, 0,
N.QQC o, o0, 1, 0, O,
N_QQ(C -1,-1/2, 0, 0, O

in 5-d vector space N_QQ

Then A = Ay 4+ Ay and V = V; + V, form a dual pair of Q-nef-partitions. The

Cayley cones Cja,),a,] and Cjv,}v,) are generated by the points

ZZ°2+M(0, 1, 0, O, -1,
Zz~2+M(1, 0, 0, O, O,
ZZ°2+M(1, 0, 0, -1, 2,
zZZ°2+M(1, 0, 0, -1, O,
ZZ°2+M(0, 1, 0, O, -1,
ZZ°2+M(1, 0, o0, -1, O,
Zz~2+M(1, 0, O, -1, O,
ZZ°2+M(1, O, -1, 1, 1,
zZZ°2+M(1, 0, -1, 1, O,
ZZ°2+M(1, 0, -1, 1, O,
ZZ°2+M(1, 0, -1, 1, O,
ZZ°2+M(1, 0, -1, -1, 5,
zZZ°2+M(1, 0, -1, -1, O,
ZZ°2+M(1, 0, -1, -1, O,
ZZ°2+M(0, 1, 0, O, -1,
ZZ°2+M(1, 0, -1, -1, O,
ZZ°2+M(0, 1, 1, O, O,
ZZ°2+M(0, 1, 1, O, -1,
zZZ°2+M(0, 1, 1, O, -1,
zZZ°2+M(0, 1, 1, O, -1,
ZZ°2+M(0, 1, 0, 2, -1,
ZZ°2+M(0, 1, 0, O, 3,

in 7-d lattice ZZ"2+M

-1,

- -

-

|
O WO UL OO, OO O, NOO

-

- - -

-

-1),
0),
0),
0),
3),
2),
0),
0),
0),
1),
0),
0),
0),
5),

-1),
0),

-1),

-1),
0),

-1),

-1),

-1)

Z7Z°2+N(0, 1, -3, -2, -1, -1, -1),
Z7Z"2+N(0, 1, -1, 0, 0, 0, 0),
Z7Z"2+N(0, 1, 0O, O, 0, 0, O0),
ZZ"2+N(0, 1, 0O, O, 0, 0, 1),
ZZ~2+N(0, 1, O, O, 0O, 1, 0),
ZZ°2+N(0, 1, O, O, 1, 0, O0),
Z7Z"2+N(1, 0, O, 0O, 0, 0, O0),
Z7Z"2+N(1, O, O, 1, 0, 0, 0),
ZZ"2+N(1, 0, 1, 0O, 0O, 0, 0)
in 7-d lattice ZZ"2+N

(5.24)

respectively. Let (7, %) be the Hilbert bases of these cones.

We may now compute the naive stringy Hodge numbers of YA, A, and Yy, v,.
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To compute h%%(Ya, a,), note that he only pairs of faces (F, FV) where F is a
face of A and FV is the corresponding naive dual face of A are (F, FV) = (g,Ay)
and (F,FV) = (A,;,®). The corresponding §—polynomials are

Sy(t) =1 Sov =10+ 2t + 2% + 12 (5.25)

Sa, =1° + 84t + 841 +#° Spy, =1 (5.26)

By definition E’St(YALAQ;u,v) = Est(Ad;u,v). Thus (5.25) and (5.26) imply

Eo(Ya, anu,v) = u?v? + 2u%0? — u® — 84uv — 84uv® — v +2uv+ 1 (5.27)

Hence

it (Yayaniu,v) = W' (Ya, ayiu,v) =2 (5.28)

and

;Lgtl (YALAQ; u, U) = hQI(YALAz; u, v) =84 (529)

as expected from Conjecture 5.1.6.

To compute h%%(Yy, v,) note that the only pairs of faces (F, FV) where F is a
face of Ay and FV is the corresponding naive dual face of A, are (F, FV) = (&, A,)
and (F,FV) = (A, ). The corresponding S-polynomials are

Sy(t) =1 Sou(t) =7 4+ 841" + 8413 4 ¢* (5.30)

Say(t) =1+ 2t + 243 + ¢ Spo () =1 (5.31)

<
B

By definition Ey(Yy, vy;u,v) = Eg(Ag; u,v). Thus (5.30) and (5.31) imply

By (Yo, v, u,v) = w?v? + 84u*0? — v — 200 — 2uv? —v® + 84uv +1  (5.32)

Hence Al (Yo, ap;u,v) = 84 and Al (Yy, v,;u,v) = 2, as expected from Conjecture

5.1.7.
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5.2  Almost Reflexive Polytopes Embedded in a Smooth Fano Poly-
tope

We now wish to test the naive stringy F-function on more examples of complete
mirror pairs. Recall from §4.3.1 that there are 209 distinct dual pairs of Q-nef-
partitions A = A; + Ay and V = V; + V, where A is a five-dimensional Q-reflexive
polytope that is not reflexive such that A* embeds in a five-dimensional smooth Fano
polytope. The Hodge data for the Calabi-Yau complete intersections Ya, A, can be
found in Table 4.1. By computing the naive stringy Hodge numbers of Y, A, and

Yy, v,, we are able to replicate this Hodge data.

Theorem 5.2.1. Let A = A1 + Ay and V = V1 + V3 be a dual pair of Q-nef-
partitions where A is a five-dimensional Q-reflexive polytope that is not reflexive
such that A* embeds in a five-dimensional smooth Fano polytope. Then the naive
stringy Hodge numbers h":%(Ya, a,) and the Hodge numbers hP1(Ya, a,) of Ya, a,
agree. Moreover, the pair (Ya, a,, Yv, v,) passes the naive stringy mirror symmetry

test.

The data for the computations involved in proving Theorem 5.2.1 is as follows.
The first column of this table represents the index of the almost reflexive polytope

A* in the data supplement to this dissertation found at [20].

N Da Da RINT R ] —x || #A°ON | #A77 || #V° 0 M | #V°°
0 {0,1,4,5 {2,3 1| 79 | 156 7 6 129 13
1 {0,1,2,3,4,5 {6 2 | 95 | 186 8 7 169 23
1 {0,3,6} {1,2,4,5 3| 77 | 148 8 7 125 17
2 {0,3,4,5,6,7,8} {1,2 4| 68 | 128 10 9 100 20
2 {0,2,3,4,5,6,7} {8,1 3| 61 | 116 10 9 86 20
2 {0,1,2,3,4,5,6 {8,7 4| 61 | 114 10 9 102 32
2 0,3,4,5,6,7 8, 1,2 4| 50 | 92 10 9 67 26
2 0,2,3,4,5,6 8,1,7 4| 51| o4 10 9 68 26
2 0,3,4,5,6 8,1,2,7 4 | 44 | 80 10 9 58 32
2 0,1,6,8,7 2,3,4,5 4| 40 | 72 10 9 51 20
3 0,1,2,4,5,6,7 3 2 | 92 | 180 9 8 193 20
3 0,1,2,3,5,6,7 4 3| 79 | 152 9 8 138 26
3 {0,2 {1,2,3,5,6,7 3| 73 | 140 9 8 119 26
3 {0,1,2,5,6,7} {3,4 3| 61 | 116 9 8 92 32
3 {0,3,4} {1,2,5,6,7 3 | 55 | 104 9 8 73 20
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A* Da, D RII TR T —x [ #A* QN [ #A™Y [ #V* 0 M | #V*°
4 0,2,3,4,5,6} 1 1] 103 | 204 8 7 178 21
4 0,1,3,4,5,6 2 2 [ 122 | 240 8 7 260 17
4 {0,3,4,5,6 {1,2 2 84 | 164 8 7 140 21
5 {0,7 {1,2,3,4,5,6,8 4 54 | 100 10 9 94 30
5 {0,1,2,3,4,5,6 {8,7 4 55 | 102 10 9 85 26
5 {0,8,7 {1,2,3,4,5,6 4 49 90 10 9 65 26
5 0,3,4,5,6 8,1,2,7 4 36 64 10 9 45 22
5 0,2,4,5,6 8,1,3,7 4 41 74 10 9 52 34
6 {0,6 {1,2,3,4,5,7 2 84 | 164 9 8 130 17
6 0,2,3,4,5,6 {1,7 2 84 | 164 9 8 130 17
6 0,1,2,3,4,5} {6,7 3 67 | 128 9 8 104 25
6 {0,6,7} {1,2,3,4,5 3 61 | 116 9 8 84 21
6 {0,2,3,4,5 {1,6,7 3 61 | 116 9 8 84 21
6 {0,1,6,7 {2,3,4,5 3 55 | 104 9 8 64 17
7 0,2,3,4,5,6 1 1] 103 | 204 8 7 214 17
7 0,1,3,4,5,6 2 2 90 | 176 8 7 160 21
7 {0,2 {1,3,4,5,6 2 84 | 164 8 7 140 21
7 {0,3,4,5,6 {1,2 2 68 | 132 8 7 104 25
7 {0,1,2 {3,4,5,6 2 62 | 120 8 7 84 17
8 || {0,1,2,4,5,6,7,8 3 3 69 | 132 10 9 126 29
8 [] {0,1,2,3,4,5,6,7} 8 4 68 | 128 10 9 124 33
8 {0,1,2,4,5,6,7} {8,3 4 50 92 10 9 72 41
8 {0,1,2,8 {3,4,5,6,7 4 50 92 10 9 68 25
8 {0,1,2,3,8 {4,5,6,7 8 36 56 10 9 52 17
9 {0 {1,2,3,4,5,6 2 86 | 168 8 7 150 16
9 {0,1 {2,3,4,5,6 2 72 | 140 8 7 115 22
9 {0,3,4 {1,2,5,6 2 58 | 112 8 7 84 22
10 {0 {1,2,3,4,5 1| 101 | 200 7 6 181 15
10 {0,2,3,4,5 {1 1| 103 | 204 7 6 300 10
10 {0,1 {2,3,4,5 1 79 | 156 7 6 125 15
11 {0,2,3,4,5,6,7} 1 2 86 | 168 9 8 170 23
11 {0,1,2,3,4,5,6} 7 3 79 | 152 9 8 142 29
11 {0,2,3,4,5,6} {1,7 3 59 | 112 9 8 88 35
11 {0,2,7 {1,3,4,5,6 3 67 | 128 9 8 104 25
11 {0,1,2,7 {3,4,5,6 3 47 88 9 8 68 19
12 {0 {1,2,3,4,5,6,7 1] 103 | 204 9 ) 180 14
12 {0,1,3,4,5,6,7 {2 3 83 | 160 9 ) 147 21
12 {0,2 {1,3,4,5,6,7 3 61 | 116 9 8 91 22
12 {0,3,4,5,6,7 {1,2 2 84 | 164 9 8 137 18
12 {0,1,2 {3,4,5,6,7 2 62 | 120 9 8 81 17
13 {0,1 {2,3,4,5,6,7 3 69 | 132 9 8 103 16
13 {0,7} {1,2,3,4,5,6 3 61 | 116 9 8 90 22
13 {0,1,7} {2,3,4,5,6 3 51 96 9 8 70 28
13 {0,3,6,7 {1,2,4,5 3 41 76 9 8 54 22
14 {0 {1,2,3,4,5,6,7 3 69 | 132 9 8 140 22
14 {0,1,2,3,4,5,6 {7 3 72 | 138 9 ) 129 26
14 {0,7 {1,2,3,4,5,6 3 54 | 102 9 8 77 34
14 {0,3,4,5,6 {1,2,7 3 51 96 9 8 69 22
14 {0,1,2,7 {3,4,5,6 7 37 60 9 8 53 14
15 {0,1,2,3,4,5,6,7 {8 3 71 | 136 10 9 121 23
15 {0,2 {1,3,4,5,6,7,8 4 70 | 132 10 9 134 22
15 {0,1,2,3,4,5,7} {8,6 4 62 | 116 10 9 101 35
15 {0,8,2} {1,3,4,5,6,7 4 46 84 10 9 65 19
15 {0,8,2,6 {1,3,4,5,7 4 48 88 10 9 68 35
16 0,2,3,4,5,6 {1 2 86 | 168 8 7 215 16
16 0,1,2,3,4,5 {6 2 86 | 168 8 7 154 24
16 {0,6 {1,2,3,4,5 2 76 | 148 8 7 120 18
16 {0,2,3,4,5 {1,6 2 66 | 128 8 7 100 24
16 {0,1,6 {2,3,4,5 2 56 | 108 8 7 84 18
17 0,1,3,4,5,6,8 2,7 3 69 | 132 10 9 105 23
17 0,1,2,3,4,5,6 8,7 4 59 | 110 10 9 92 31
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A* Da, D RII TR T —x [ #A* QN [ #A™Y [ #V* 0 M | #V*°
17 {0,1,3,4,5,6} {8,2,7 4 53 98 10 9 72 29
17 {0,1,8,7 {2,3,4,5,6 4 48 88 10 9 64 25
18 {0,1,2,3,4,5,6 {7 3 75 | 144 9 8 132 25
18 {0,2,3,4,5,6 {1,7 3 69 | 132 9 8 112 29
18 {0,2,7 {1,3,4,5,6 3 55 | 104 9 8 80 31
19 0,2,3,4,5,6,7 1 3 77 | 148 9 8 175 20
19 0,1,2,3,4,5,6 7 2 86 | 168 9 8 146 19
19 0,2,3,4,5,6 1,7 3 59 | 112 9 8 85 19
19 0,1,2,4,5,6 3,7 3 70 | 134 9 8 113 29
19 {0,2,4,5,6 {1,3,7 3 55 | 104 9 8 79 29
20 {0,1,2,3,4,5,7} {6 3 69 | 132 9 8 122 22
20 {0,2,3,4,5,7} {1,6 3 59 [ 112 9 8 88 23
20 {0,1,6 {2,8,4,5,7 3 49 92 9 8 68 25
21 {0,1,2,4,5,6,7 {3 2 86 | 168 9 8 146 20
21 {0,1,2,3,5,6,7 {4 3 83 [ 160 9 8 165 26
21 0,2,4,5,6,7 1,3 3 71 | 136 9 8 112 26
21 0,1,2,5,6,7 3,4 3 60 | 114 9 8 88 32
21 {0,3,4,5 {1,2,6,7 3 57 | 108 9 8 81 20
22 {0,2,3,4,5,6,7 {1 1| 103 | 204 9 8 158 17
22 {0,3,4,5,6,7 {1,2 2 68 | 132 9 8 94 21
22 {0,1,3,4,5,6} {2,7 3 83 | 160 9 8 140 21
22 {0,3,4,5,6} {1,2,7 3 61 | 116 9 8 84 21
23 {0,1,2,3,4,5,6 {7 3 71 | 136 9 8 126 26
23 {0,4 {1,2,3,5,6,7 3 75 | 144 9 8 140 20
23 {0,2,3,4,5,6 {1,7 3 61 | 116 9 8 92 26
23 {0,4,7 {1,2,3,5,6 3 53 [ 100 9 8 76 32
23 {0,1,4,7 {2,3,5,6 3 43 80 9 8 60 20
24 0,2,3,4,5,6 1 2 92 | 180 8 7 225 14
24 0,1,2,3,4,5 6 2 86 | 168 8 7 153 23
24 {0,2,3,4,5 {1,6 2 66 | 128 8 7 101 23
25 {0} | {1,2,3,4,5,6,7 3 85 | 164 9 8 185 20
25 {0,4} {1,2,3,5,6,7 3 63 | 120 9 8 92 23
25 {0,1,2,5,6,7} {3,4 3 76 | 146 9 8 129 29
25 {0,3,4 {1,2,5,6,7 3 57 | 108 9 8 83 29
26 {0,1,2,3,4,5,6 {7 3 72 | 138 9 8 134 18
26 {0,7 {1,2,3,4,5,6 3 66 | 126 9 8 114 26
26 {0,3,4,5,6 {1,2,7 3 51 96 9 8 70 26
27 0,2,3,4,5,6,7 1 3 99 [ 192 9 8 190 17
27 0,1,3,4,5,6,7 2 1| 103 | 204 9 8 165 18
27 {0,3,4,5,6,7 {1,2 3 69 | 132 9 8 106 18
28 {0,2,3,4,5,6,7 1 3 75 | 144 9 8 180 20
28 {0,1,2,3,4,5,6} 7 2 86 | 168 9 8 150 21
28 0,2,3,4,5,6} {1,7 3 61 | 116 9 8 90 21
28 0,1,2,3,5,6 {4,7 3 75 | 144 9 8 119 22
28 {0,4,7 {1,2,3,5,6 3 65 | 124 9 8 100 22
28 {0,2,3,5,6 {1,4,7 3 55 | 104 9 8 80 22
28 {0,1,4,7 {2,3,5,6 3 51 96 9 8 74 22
29 {0 {1,2,3,4,5,6,7 3 75 | 144 9 8 170 22
29 {0,1,2,3,4,6,7 {5 2 86 | 168 9 8 148 18
29 {0,5 {1,2,3,4,6,7 3 60 | 114 9 8 88 24
29 {0,1,2,3,4,6 {5,7 3 72 | 138 9 8 124 24
29 {0,5,7} {1,2,3,4,6 3 55 | 104 9 8 80 24
30 [[ {0,1,2,3,4,5,6,7} {8 4 60 | 112 10 9 104 25
30 {0,1,3,4,5,6,7 {8,2 4 54 [ 100 10 9 84 33
30 {0,1,3,8 {2,4,5,6,7 4 42 76 10 9 56 33
31 {0 {1,2,3,4,5,6 1| 103 | 204 8 7 159 10
31 {0,1 {2,3,4,5,6 2 68 | 132 8 7 95 18
32 {0 {1,2,3,4,5,6 1| 103 | 204 8 7 192 10
32 {0,1,3,4,5,6 {2 2 84 | 164 8 7 149 18
32 {0,2 {1,3,4,5,6 2 62 | 120 8 7 93 18
33 {0 {1,2,3,4,5,6,7 2 84 | 164 9 8 164 16
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A* Da, D RII TR T —x [ #A* QN [ #A™Y [ #V* 0 M | #V*°
33 {0,1,2,3,4,5,7} {6 2 84 | 164 9 8 143 18
33 {0,6 {1,2,3,4,5,7 3 55 | 104 9 8 77 15
33 {0,2,3,4,5,7 {1,6 3 69 | 132 9 8 113 24
33 {0,1,6 {2,8,4,5,7 3 53 | 100 9 8 78 24
34 0,2,3,4,5,6,7 1 3 73 | 140 9 8 151 20
34 0,1,2,3,4,5,6 7 2 86 | 168 9 8 144 17
34 0,2,3,4,5,6 1,7 3 59 | 112 9 8 82 23
34 0,1,2,4,5,6 3,7 3 65 | 124 9 8 101 29
34 {0,2,4,5,6 {1,3,7 3 51 96 9 8 70 29
35 {0,4 {1,2,3,5,6,7,8 3 73 | 140 10 9 110 20
35 {0,1,2,4,5,6,7} {8,3 3 77 | 148 10 9 119 20
35 {0,1,2,3,5,6,7} {8,4 4 60 | 112 10 9 92 32
35 {0,8,4 {1,2,3,5,6,7 4 54 | 100 10 9 73 26
35 {0,1,2,5,6,7 {8,3,4 4 56 | 104 10 9 76 26
35 0,2,5,6 {8,1,3,4,7 4 46 84 10 9 61 32
35 0,8,3,4 {1,2,5,6,7 4 50 92 10 9 57 20
36 0,2,3,4,5,6 1 2 84 | 164 8 7 216 14
36 0,1,2,3,4,5 6 1| 101 | 200 8 7 171 15
36 {0,6 {1,2,3,4,5 2 78 | 152 8 7 125 19
36 {0,2,3,4,5 {1,6 2 72 | 140 8 7 105 15
36 {0,1,6} {2,3,4,5 2 62 | 120 8 7 90 19
37 {0} {1,2,3,4,5 1] 103 | 204 7 6 179 14
38 0,2,3,4,5,6,7,8 {1 2 84 | 164 10 9 162 20
38 0,1,3,4,5,6,7,8 {2 3 75 | 144 10 9 120 21
38 {0,3,4,5,6,7,8 {1,2 4 58 | 108 10 9 79 22
38 {0,1,4,5,6,7,8 {2,3 4 58 | 108 10 9 86 26
38 {0,2,3 {1,4,5,6,7,8 4 54 | 100 10 9 76 24
38 {0,4,5,6,7,8 {1,2,3 4 48 88 10 9 66 25
38 {0,1,2,3 {8,4,5,6,7 4 44 80 10 9 56 20
39 {0,2,3,4,5,6,7 {1 1| 103 | 204 9 8 211 14
39 {0,1,3,4,5,6,7} {2 3 75 | 144 9 8 126 21
39 {0,2} {1,3,4,5,6,7 3 69 | 132 9 8 106 18
39 {0,3,4,5,6,7} {1,2 3 61 | 116 9 8 91 22
39 {0,1,2 {3,4,5,6,7 3 55 | 104 9 8 71 17
40 {0 {1,2,3,4,5,6,7 2 92 | 180 9 8 184 20
40 {0,1,2,3,4,6,7 {5 3 81 | 156 9 ) 144 26
40 {0,5 {1,2,3,4,6,7 3 61 | 116 9 ) 92 32
40 {0,1,3,4,6,7 {2,5 3 77 | 148 9 8 128 26
40 {0,2,5 {1,3,4,6,7 3 57 | 108 9 8 76 20
41 {0,1,2,3,4,5,6,7 {8 3 71 | 136 10 9 119 21
41 {0,4 {1,2,3,5,6,7,8 4 66 | 124 10 9 110 20
41 {0,1,2,3,4,5,7} {8,6 4 57 | 106 10 9 89 35
41 {0,8,4} {1,2,3,5,6,7 4 46 84 10 9 62 23
41 {0,8,4,6 {1,2,3,5,7 4 44 80 10 9 59 33
42 {0,1,2,3,4,5,6 {7 3 71 | 136 9 8 125 27
42 {0,2 {1,3,4,5,6,7 3 81 | 156 9 ) 150 14
42 {0,2,7 {1,3,4,5,6 3 53 | 100 9 8 77 27
43 0,2,3,4,5,6,7 1 2 84 | 164 9 8 165 23
43 0,1,2,3,4,5,6 7 2 90 | 176 9 8 154 21
43 0,2,3,4,5,6 1,7 3 61 | 116 9 8 88 25
43 0,1,3,4,5,6 2,7 3 71 | 136 9 8 114 24
43 {0,2,7} {1,3,4,5,6 3 67 | 128 9 8 104 27
43 {0,3,4,5,6} {1,2,7 3 55 | 104 9 8 79 28
43 {0,1,2,7 {3,4,5,6 3 51 96 9 8 69 20
44 0,1,2,4,5,6,7,9 {8,3 4 54 | 100 11 10 80 29
44 0,1,2,3,4,5,6,7 {8,9 5 51 92 11 10 80 33
44 {0,1,2,4,5,6,7 {8,9,3 5 45 80 11 10 60 33
44 {0,1,2,8,9 {3,4,5,6,7 5 35 60 11 10 44 25
45 0,1,2,3,5,6,7 4 2 84 | 164 9 8 142 17
45 0,1,2,3,4,6,7 5 2 84 | 164 9 8 142 17
45 {0,1,2,3,6,7 {4,5 3 55 | 104 9 8 76 18
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AF Da, Da RITTRE | =X || #A°ON | #A77 [ #V- 0 M | #V*°
45 {0,2,5,7} {1,3,4,6 3| 51| 96 9 8 71 24
46 {0,2,3,4,5,6,7 {1 3| 69 | 132 9 8 150 22
46 {0,1,2,3,4,5,6 {7 2 | 86 | 168 9 8 147 18
46 0,2,3,4,5,6 {1,7 3| 60 | 114 9 8 84 24
46 0,1,2,3,5,6 {4,7 3| 66 | 126 9 8 104 26
46 {0,4,7 {1,2,3,5,6 3 | 57 | 108 9 8 80 24
46 {0,2,3,5,6 {1,4,7 3| 51 | 96 9 8 70 26
46 {0,1,4,7 {2,3,5,6 3 | 45 | 84 9 8 62 24
47 {o {1,2,3,4,5,6 2 | 86 | 168 8 7 188 16
a7 {0,1,2,4,5,6 {3 2 | 86 | 168 8 7 151 19
47 {0,3} {1,2,4,5,6 2 | 64 | 124 8 7 95 25

5.3 Almost Reflexive Polytopes Embedded in a Reflexive Polytope
on Kreuzer’s List

Recall from §4.3.2 the 868 distinct pairs of dual Q-nef-partitions A = A; + Ay and
V = V1 + V5 where A is a five-dimensional Q-reflexive polytope that is not reflexive
such that A* embeds in a reflexive polytope on Kreuzer’s list. The stringy Hodge
data for the Calabi-Yau complete intersections Ya, a, can be found in Table 4.2. By
computing the naive stringy Hodge numbers of Ya, o, and Yy, v,, we are able to

replicate this stringy Hodge data.

Theorem 5.3.1. Let A = A1 + Ay and V = Vi + V3 be a dual pair of Q-nef-
partitions where A is a five-dimensional Q-reflexive polytope that is not reflexive
such that A* embeds in a reflexive polytope on Kreuzer’s list. Then the naive stringy
Hodge numbers h%%(Ya, n,) and the Hodge numbers h?9(Ya, n,) of Ya, a, agree.

Moreover, the pair (Ya, a,, Yv,.v,) passes the naive stringy mirror symmetry test.

The data defining each of these 868 dual Q-nef-partitions can be found in the

data supplement to this dissertation found at [20].
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5.4 Stringy Hodge Numbers of Weighted Projective Complete Inter-
sections

Recall from §4.4.2 the complete mirror pairs (<, %) obtained by applying Algorithm
4.4.5 to 3906 of the 4239 transversal configurations of codimension two Calabi-Yau
threefolds in weighted projective spaces on Klemm’s list. By computing the naive
stringy Hodge numbers of A, and Ay, we are able to replicate the Hodge compu-
tations done by Klemm.

The data for these computations can be found in the file wpcicydata.txt in the

data supplement to this dissertation found at [20]. For example, the lines

207 ’A 111112 3 3 d=6 5 h=3 77 complete’
0-1-1 0 O
1 0 0-1-1
0-1-1 5 0
-1 2 0-1-1
-1 0 3-1-1
0-1-1 0 5

o

1
0
1
0
0
1
0
0
0-1 0 0-1-1
1
1
1
1
1
1
1
1
1
1

O O O O O O OO O o Ok, »r kr Ok 1k O -
O O O O O O - »r = =
(@]
|
[3EN

O Bk O O N O O O N O O

1 0-1 1
97°’B11111
0 1 0 0 O

3 3 d=6 5 h=3 77 complete’
0
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60 1 0 01 0 O
601 01 0 0 O
1 0-3-3-2-1-1
1 0-1-1 0 O O
10 0 0 0 0 O
1 0 0 0 0 0 1
10 0 0 0 1 O
101 0 0 0 O

from the file wpcicydata.txt indicate that applying Algorithm 4.4.5 to the quasis-
mooth weighted complete intersection P?7171727373[6, 5] yields a complete non-reflexive
mirror pair (&7, %) whose points are given by the indicated rows. The Hodge num-
bers computed by Klemm of the resolved P} | | ,554[6,5] are h'* = 3 and h*' = 77.
Our naive stringy Hodge numbers are hl'(A,) = h2(Ag) = 3 and h21(A,) =
ﬁ;tl(A;%”) =TT

5.5 A Closed-Form Expression for Q-Nef Partitions of Length Two

We now propose a closed-form expression for the the stringy Hodge numbers of a
Q-nef Calabi-Yau bipartite complete intersection Ya, a, corresponding to a Q-nef-
partition A = A;+ A, such that the divisors D, and Da, analgous to the expression
in Theorem 3.5.1.

Definition 5.5.1. Let A = A; + Ay be a Q-nef partition of a five-dimensional Q-

reflexive polytope A such that the divisors Da, and Da, on Xa are ample. The
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closed-form naive Stringy Hodge numbers of Ya, a, are

Mot (Yara) = 0AT) =6 > 7(6) = Y £7(8")

dim =0 dim =1

+ 3 0 [66) - (0) - £(6)]

R (Yayas) = [0F(2A1 + Ag) — 07(2A1) + £5(Ay + 2A5) — £5(2A,)] =7 (5.33)
= D O = () — € (0)]

dim =4

+ Y (0Y) - [0(0) = € (61) — 7(62)]
dim =3
where the sums are taken over the faces of A of the indicated dimensions, 6" is the

face of A* dual to 0, and € = 6; + 05 is the decomposition in to Minkowski sum with

0; being a face of A,.

We conjecture that these closed-form expressions yield the correct stringy Hodge
numbers of Ya, a,. The data below shows the Q-nef-partitions A = Ay + A, from
§4.3.2 where Da, and Da, are ample. In each of these examples, the closed-form

expressions A% (Y, a,) coincide with the stringy Hodge numbers h%%(Ya, a,)-

AF Da Da, | AL TR X [ #A° 0N [ #A [ #V 0 M | #V*°
14 {0 1,2,3,4,5} 5 89 | 168 8 6 158 12
28 {0 1,2,3,4,5} 1 | 145 | 288 8 6 267 13
54 {0 1,2,3,4,5 3 45 84 9 6 69 12

152 {0,3 1,2,4,5,6 2 64 | 124 8 7 95 25

240 {0,1,4,5 {2,3 1 79 | 156 7 6 129 13

247 {0 {1,2,3,4,5 5 89 | 168 8 6 203 10

261 {0,1,2,3 {4,5 2 30 56 8 6 42 10

291 {0 {1,2,3,4,5 1 | 101 | 200 7 6 181 15

291 [ {0,2,3,4,5} {1} 1] 103 | 204 7 6 300 10

291 {0,1} {2,3,4,5} 1 79 | 156 7 6 125 15

293 [ {0,1,2,4,5 {3,6} 2 58 | 112 8 7 86 22

367 0,3 1,2,4,5,6} 3 73 | 140 9 7 120 27

390 0,1 2,3,4,5,6 2 72 | 140 8 7 115 22

437 0,2 1,3,4,5,6 2 84 | 164 8 7 140 21

437 [ {o0,3,4,5,6 {1,2 2 68 | 132 8 7 104 25

459 {0 1,2,3,4,5 2 74 | 144 8 6 124 13

507 {0,4 1,2,3,5,6 3 57 | 108 9 7 84 24

575 {0,3,4,5,6 {1,2 2 84 | 164 8 7 140 21

598 {0,1} | {2,3,4,5,6} 3 57 | 108 9 7 84 27

629 {0} | {1,2,3,4,5} 2 74 | 144 8 6 138 11
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AF Da, Da, || REX [ RE | =X || #ATON | #A77 [ #V 0 M | #V*°
649 {0} | {1,2,3,4,5} 3| 69 | 132 9 6 147 11
707 {0 1,2,3,4,5) 1 | 103 | 204 7 6 179 14
758 {0 1,2,3,4,5) 3| 45 | 84 9 6 77 10
764 || {0,2,3,4,5 {1,6} 2 | 66 | 128 8 7 100 24
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6

Future Work

Obviously, it would be nice to find a proof of, or a counterexample to, one of Conjec-
tures 5.1.4, 5.1.6, or 5.1.7. The computational evidence we have in support of these
conjectures seems to suggest that they are, indeed, true. If the conjectures are false,
it would be interesting to know if one could adjust our definition of E, so that the
conjectures hold.

There are also several combinatorial questions that remain. Since Q-reflexive and
almost reflexive polytopes generalize relfexive polytopes, nearly any question about

reflexive polytopes may be asked. A few of these questions are:

1. Can the h*-polynomial detect whether or not a polytope A is the support

polytope of an almost reflexive Gorenstein cone?

2. Let (&7, %) be a complete mirror pair of index ¢ and let F' be a face of A, .
Is it true that F and its naive dual FV satisfy ¢ < codeg F' + codeg FV? A
positive answer to this question could possibly be used to prove that Est obeys

the mirror-symmetry law.

3. If F and FV satisfy dim F +dim FV # d— 1, then must one of Sp(t) and Sy (t)
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be zero?

4. Is there a combinatorial way to detect when a pair of cones (01, 0y) are of the

form o, = Cone(Conv(</)) and g9 = Cone(Conv(Z)) for a complete mirror

pair (7, A)?
5. Do maximal projective crepant partial resolutions }A/Alm A, always exist?

It would also be interesting to search for dual pairs of Q-nef-partitions of length
larger than two. One possible strategy to accomplish this would be to search for
almost reflexive subpolytopes of smooth Fano polytopes in dimension higher than
five. A complete classification of smooth Fano polytopes in dimensions 3 < d < 9
can be found at [38]. We suspect that improvements to our code would need to be

made to perform such a search effectively.
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