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Abstract

This dissertation is centered on the development of innovative statistical methodolo-

gies specifically tailored to address the complex nature of multivariate data associated

with Parkinson’s disease (PD). PD is known to manifest impairments across both

behavioral and cognitive domains, and as of now, there are no available disease-

modifying treatments. Consequently, researchers typically gather a diverse array

of data types, encompassing binary, continuous, categorical outcomes, and time-

to-event data, in order to gain a comprehensive understanding of the multifaceted

aspects of this disorder. Furthermore, due to the long follow-up of PD studies, the

occurrence of intermittent missing data is a common challenge, which can intro-

duce bias into the analysis. In this dissertation, we introduce novel approaches for

jointly modeling multivariate longitudinal outcomes and time-to-event data using

functional latent trait models and generalized multivariate functional mixed models

to deal with different types of data. Additionally, we present a method for the detec-

tion and handling of missing data patterns through the utilization of joint modeling

techniques.
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1

Introduction: motivation and background

The central theme of this dissertation is on the development and testing of novel sta-

tistical methodologies specifically designed to handle the inherently intricate data

associated with neurodegenerative diseases. Neurodegenerative diseases such as

Parkinson’s disease (PD) is a progressive disease without modifying treatment. These

disorders can lead to tremor, bradykinesia (slowed movement), rigid mulscles and im-

paired balance symptoms. These symptoms can be acute but they begin slowly and

deteriorate over time since the neurodegenerative disease comprises a long asymp-

tomatic preclinical stage characterized by pathophysiological changes. In addition,

the impairment caused by the disorders affects not only the behavioral domains but

also cognition domains. To fully explain the multidimensional impairment caused

by the diseases, researchers usually collect multiple longitudinal outcomes includ-

ing binary, continuous and categorical data for comprehensive understanding of the

disorder. Analyzing these intricate relationships among multidimensional data re-

quires accounting for interconnections between outcomes, time, and outcome by time.

These disorders progress heterogeneously over time within individuals and across do-

mains. In PD studies, time-to-event data are also collected because some patients
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may experience terminal events such as physical dysfunction or death during follow-

up. Neglecting the association between multivariate longitudinal measurements and

survival data may lead to bias due to dependent censoring issues. For these reasons,

it is hard to make an accurate prediction of the risk of developing neurodegenerative

diseases and clinical progression at the personal-level is a challenging issue. Also,

because of the long follow-up period of the disorders, intermittent missing data are

ubiquitous in these clinical studies which may lead to biased parameter estimates.

To deal with these missingness, it is important to know the exactly missing pattern

whether it is missing at random (MAR) or missing not at random (MNAR).

In this dissertation, Chapter 2 suggests functional latent trait joint modeling for

multivariate longitudinal outcomes. Chapter 3 handles dynamic prediction frame-

works for joint modeling of generalized multivariate functional mixed model and

time-to-event data. Chapter 4 is about approach to handling missing not at random

(MNAR) data through joint modeling. The upcoming sections will elucidate the

clinical studies that serve as motivation for each of our aims.

1.1 Motivating clinical study I: PPMI study

We use Parkinson’s progression markers initiative (PPMI) study, providing longi-

tudinal, observational, and multi-center data. We apply the PPMI study in both

Chapter 2 and Chapter 3. PPMI study is a comprehensive longitudinal investigation

that tracks the progression of clinical features in patients at all stages of Parkin-

son’s disease (PD) (Marek et al., 2011, 2018). To assess disease progression, we

utilize various outcomes and covariates based on the study’s data availability and

existing literature (Latourelle et al., 2017). These outcomes include the Movement

Disorder Society Unified Parkinson’s Disease Rating Scale (MDS-UPDRS) Part II

and Part III items, Modified Schwab and England Activities of Daily Living Scaled

(SEADL), Letter Number Sequencing (LNS), and Semantic Verbal Fluency (SFT).

2
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Figure 1.1: Loess curves from PPMI study. Loess curves for sum of scores
for MDS-UPDRS Part III (33 items) for PPMI study

Among these measures, the MDS-UPDRS Part III items offer particular utility in

monitoring disease progression, encompassing 33 items that evaluate motor exami-

nation in PD patients, comprising 23 non-tremor items and 10 tremor items. Each

item’s score is recorded on a Likert scale ranging from 0 to 4, with higher scores

indicating greater disease severity. The sum of scores for the MDS-UPDRS Part III

items ranges from 0 to 132, providing valuable insights into disease severity. The

PPMI also employs the Hoehn and Yahr (HY) scale, a categorical measure assessing

overall PD dysfunction. This scale’s integer score ranges from Stage 1 (mild, uni-

lateral symptoms) and Stage 2 (mild, bilateral symptoms) to Stage 5 (severe and

wheelchair-bound or bedridden).

For our analysis, we included a total of 487 patients from the PPMI study, ex-

cluding 78 patients (13.8%) due to a lack of outcome measurements. These patients

are newly diagnosed with Parkinson’s disease (PD) and had Hoehn and Yahr (HY)

Stage 1 or Stage 2. Clinical outcomes are collected over a span of 10 years, with

3



Figure 1.2: KM curves of study I. Kaplan-Meier curves for PPMI study

patients scheduled for visits every 3 months in the first year and every 6 months

thereafter. Approximately 60.4% of the patients are at HY Stage 2 at baseline. Fig-

ure 1.2 shows the sum of Part III, 33 outcomes by HY baseline HY Stages. Figure

1.2 presents a visual representation of the sum of outcomes for Part III, 33 outcomes,

by baseline HY Stages. Initially, there is a disparity in the sum of scores between

the two groups; however, this disparity is gradually diminishing. We define the initi-

ation of motor dysfunction as the transition from baseline HY Stage 1 or 2 to Stage

3 or higher, and we measure the time it takes for this transition to occur, termed

the time to event, using the first occurrence of reaching HY Stage 3 or higher from

baseline (Müller et al., 2000). The visits after subjects reached Stage 3 or higher are

excluded. During the follow-up period, 132 subejcts (27.1 %) of the patients reached

HY Stage 3 or higher, indicating a transition from mild to moderate Parkinson’s

disease progression. Figure 1.2 displays Kaplan-Meier curves for PPMI study both

baseline HY Stage 1 and 2 groups.
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In Chapter 2, we model the joint modeling of multivariate longitudinal data

and time-to-event linked by latent trait models. The joint modeling enables us to

provide a dynamic prediction of the clinical outcomes at a subject-level, which could

be informative to guide treatment decisions. In particular, we propose functional

latent trait models based on function-on-scalar regression models to explain a more

comprehensive understanding of disease progression for covariates effects.

The longitudial outcomes’ measurements may be viewed as sparse functional

data, and the outcome heterogeneity and correlation can be automatically captured

by using a flexible data adaptive nonparametric approach based on functional data

analysis. In Chapter 3, we generalize the joint model based on multivariate functional

mixed model (MFMM) by accommodating not only continuous outcomes but also

ordinal outcomes enabling a more comprehensive understanding of disease progres-

sion and identification. In addition, the joint model enables us to provide a dynamic

prediction of different types of clinical outcomes at a subject-level, which could be

informative to guide treatment decisions.

1.2 Motivating clinical study II: SURE-PD3 study

We use study of urate elevation in Parkinson’s disease, phase 3 (SURE-PD3) study

which is a randomized, double-blind, placebo-controlled, and phase 3 trial of oral

inosine treatment of up to two years in early PD if inosine treatment slows the

progression of PD. In the study, the participants are categorized into two distinct

groups. The first group, the placebo group, consists of patients who are administered

a placebo and thus did not receive the inosine treatment. Conversely, the second

group, the treatment group, comprises patients who are administered the inosine

treatment. The study enrolls 298 individuals who have recently been diagnosed

with Parkinson’s disease and do not require dopaminergic medication at the time

of randomization. These participants are randomly assigned to either the inosine

5
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Figure 1.5: Longitudinal profiles of PD subjects. Longitudinal profiles of
sum of non-tremor items from randomly selected 30 PD subjects

group (n = 149) or the placebo group (n = 149), but two patients (1.34%) from

the treatment group are excluded from the analysis. One of these patients initiated

dopaminergic therapy at baseline, and the other patient is excluded at the screening.

The primary outcome in the study is the rate of change in movement disorder

society unified Parkinson’s disease rating scale (MDS-UPDRS) Parts I-III total score.

Each Part measures different aspects of PD severity. Specifically, Part I of the scale

involves non-motor aspects of experiences of daily living, encompassing a set of 13

items, Part II undertakes the evaluation of motor aspects of experiences of daily living

with 13 items (12 items designed to assess non-tremor attributes and a single item

for for tremor items), and Part III measures motor examination with 33 items (23

items designed to assess non-tremor items and 10 items for tremor items). All items

across the three parts are rated on a Likert scale ranging from 0 to 4, with higher

scores indicating more severe conditions, and are recorded using integer values. To

assess the progression of disease severity over time, the summed score of each part

is usually used.

However, it has demonstrated that strongly improved clinimetric properties for

Part III are obtained when tremor and non-tremor items are considered separately

7



(Tosin et al., 2020) and, in a similar way, non-tremor and tremor items from Part II

and Part III can be monitored and analyzed separately to accurately detect the PD

severity change (Guo et al., 2023). For these reasons, we separate Part II and Part

III into tremor and non-tremor items and summed of each part. Finally, we consider

three continuous outcomes; summed 13 Part I items (range: [0, 52]), summed 35

non-tremor items (12 Part II items: 2.1-2.9, 2.11-2.13 and 23 Part III items 3.1-3.14,

range: [0, 140]) and summed 11 tremor items (one Part II item: 2.10 and ten Part III

items: 3.15a–3.18, range: [0, 44]). Figure 1.4 provides a visual representation of the

sum of scores, demonstrating a trend where the placebo group consistently achieves

higher scores compared to the inosine group with the exception of the summation of

tremor items from 6 months to 1.3 years.

The mean age of placebo group is 63.6 (standard deviation, 9.4) and inosine group

is 62.9 (standard deviation, 9.8) at baseline. All subjects included in the study are

in HY Stage 1 or Stage 2. Within the placebo group, 26.2% of the subjects are in

Stage 1, whereas in the inosine group, 35.4% of the subjects are in Stage 1. The

outcomes are measured at baseline, week 3, 6, and 12, and months 6, 9, 12, 15,

18, 21, and 24. Before the end of study, some patients (59.1% in placebo group

and 42.6% in treatment group) reach predefined level of functional disability, which

is considered to be a terminal event. These patients would initiate dopaminergic

therapy, which can ameliorate the clinical outcomes. The dataset consists of 2,336

visits after deleting missing observations because of event or censoring. Figure 1.3

shows the Kaplan-Meier curves each arm.

In SURE-PD3 dataset, we have not only monotone missingness ( censoring or

event) but also intermittent missingness. For example, in Figure 1.5, profiles of sum

of non-tremor items from Part II and Part III are presented. We randomly selected 30

PD subjects and two of subjects (ID: 23 and 160) had intermittent missingness score

at Month 15 and Month 6, respectively. It has been observed that approximately

8



9% of subjects (27 subjects) had intermittent instances of missing outcomes at least

one of items across all of the Parts. Even if missingness rate is not particularly high,

it can still have substantial impact for the accuracy and reliability of parameter

estimates. The presence of missing data introduces a layer of complexity that can

potentially bias the results obtained from any given analysis.

In Chapter 4, we focus on handling intermittent missingness in the SURE-PD3

study. Since accurate identification of the missing data pattern as missing at ran-

dom (MAR) or missing not at random (MNAR) is imperative, we introduce a novel

approach employing joint modeling of multivariate functional mixed models while

accounting for the missing data structure with additional missing submodel. This

methodology quantitatively assesses the proximity of the missing pattern to MAR

or MNAR. We suggest Bayesian factor (BF) based hypothesis testing to guide the

confirmation of the missing data pattern.

9



2

Dynamic prediction via functional latent trait joint
models for multivariate longitudinal outcomes

2.1 Introduction

Parkinson’s disease (PD), a progressive and complex neurodegenerative disorder,

presents considerable challenges in the realms of medical research and clinical man-

agement. (Jankovic, 2008). It is characterized by its diverse symptoms including

tremors, bradykinesia, muscle rigidity, and speech impairments, each with its unique

progression trajectory (Dorsey et al., 2018). The heterogeneity of these symptoms,

which manifest in categorical, binary, and continuous data types (De Roos et al.,

2017), calls for the development of sophisticated methodologies for analyzing such

multivariate longitudinal data. These methodologies should capture both individual

symptom trajectories and their collective impact on disease progression, essential

for a comprehensive understanding of PD’s impact on motor functions, cognitive

abilities, and overall patient quality of life.

In longitudinal PD studies, occurrences of significant terminal events such as se-

vere physical disability or mortality underscore the importance of integrating time-

10



to-event data with longitudinal observations to address biases associated with de-

pendent censoring (Henderson et al., 2000). This integration demands a compre-

hensive joint modeling framework. Existing multivariate marginal models, including

likelihood-based (Daskalakis et al., 2002; Molenberghs and Verbeke, 2005), copula-

based (Molenberghs and Lesaffre, 1994; Lambert and Vandenhende, 2002), and GEE-

based methods(Carey et al., 1993; O’Brien and Fitzmaurice, 2004), provide direct

inference for marginal treatment effects, but handling unbalanced data and more

than two response variables remain open problems. Similarly, multivariate random

effects models have computational challenges with a large number of random ef-

fects (Agresti, 1997; Gueorguieva and Agresti, 2001; Ribaudo and Thompson, 2002;

Fieuws et al., 2008; Fitzmaurice et al., 2008; Verbeke et al., 2014).

As an alternative, the latent trait model (LTM) offers a promising approach for

modeling multivariate longitudinal data (Luo, 2014; Luo et al., 2013; Luo and Wang,

2014; Chen and Luo, 2016; He and Luo, 2016; Luo et al., 2016; Wang et al., 2017;

Chen and Luo, 2018). The LTM model has two levels: a multidimensional model

quantifies the relationship between a patient’s latent disease severity score and the

observed multivariate outcomes, and a linear trait model (LTM) connects the latent

disease score to observed covariates (e.g., treatment and disease duration), time, and

subject-specific random effects. The LTM model enhances computational efficiency

by reducing the number of latent scores compared to observed outcomes, surpassing

traditional marginal and random effects models in scalability. Furthermore, the LTM

model can be integrated with a survival model via shared latent variables or random

effects. This integration forms a joint model that tackles dependent censoring issues

and enables dynamic predictions based on individual historical data, as illustrated

in Wang et al. (Wang et al., 2017). Such a dynamic predictive framework can adapt

and update predictions as new longitudinal data become available, providing timely

and relevant risk assessments for individuals.
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However, the traditional LTM assumes a linear growth for the latent disease sever-

ity and standard parametric structural correlations for longitudinal response models

(He and Luo, 2016). This assumption may not adequately represent the complexity

of PD progression. To address this limitation, we develop the Functional Latent Trait

Model-Joint Model (FLTM-JM), an advanced joint modeling framework that com-

bines a functional latent trait model (FLTM) for analyzing multivariate longitudinal

data analysis with a survival model for time-to-event outcomes. The FLTM-JM is

novel in three aspects. First, it conceptualizes latent disease progression as a smooth,

continuous process, guided by principles of functional data analysis (fDA). It employs

a function-on-scalar regression approach (Wang et al., 2016) to investigate the rela-

tionships between latent disease severity scores and covariates, thus providing a more

comprehensive understanding of how the covariates affect the response variable over

time. Second, it addresses the computational and convergence limitations of tradi-

tional random effect models in longitudinal data analysis, especially when multiple

random effects are involved (Verbeke et al., 2014). By employing a functional regres-

sion approach based on functional principal component analysis (fPCA) principles

(Wang et al., 2016), our model effectively captures subject-specific effects smoothly,

offering an accurate representation of the dynamic nature of neurodegenerative dis-

eases like Parkinson’s disease. Third, we develop a dynamic prediction framework

that generates precise, personalized predictions of disease progression across multi-

ple longitudinal trajectories and the risk of functional disability, facilitating tailored

prognosis and real-time guidance for clinical decision-making, including treatment

selection and patient counseling.

The rest of the article is organized as follows. Section 2.2 details the latent trait

modeling framework and the personalized prediction framework. The results and the

findings obtained by application of our method on the PPMI study are discussed in

Section 2.3, followed by numerical studies presented in Section 2.4 to demonstrate

12



the consistency of the estimation procedure. Concluding remarks, limitations, and

next steps are discussed in Section 2.5.

2.2 Statistical framework

In PD studies featuring multiple longitudinal outcomes and a survival outcome, the

data structure is represented as pYijk, tij, Ti, δiq. Here, Yijk denotes the generalized

response for outcome k (k “ 1, . . . , K, with K “ 33 as detailed in Section 1.1)

for subject i’s (i “ 1, . . . , I) at visit j (j “ 1, . . . , Ji). The variable tij is the time

elapsed since the study onset, while Ti is the time to functional disability and δi (1

if the event is observed and 0 otherwise) is the censoring indicator. The outcomes

encompass a range of types, including continuous, binary, categorical, and ordinal.

Let Xi “ pXi1, . . . , Xipq
J be the set of observed predictors for subject i, which are

associated with the longitudinal outcomes. Further, Wi “ pWi1, . . . ,Wiqq
J is the set

of scalar predictors associated with the event time and it may overlap with Xi. We

define Rijk as the missing indicator (1 if Yijk is missing and 0 otherwise).

2.2.1 Functional latent trait model (FLTM)

First, we establish an observational level model for the ordinal response Yijk as fol-

lows:

gpPpYijk ď `q | θiptqq “ ak,` ´ bkθiptq ` “ 1, . . . , nk ´ 1, (2.1)

where gp¨q is a logistic link function, and PpYijk ď `q is the cumulative probability up

to category l, nk is the number of categories, θiptq is the common latent stochastic

process, representing the overall disease severity score in mobility for subject i at

time t across all outcomes. The model is adaptable, allowing the link function, gp¨q,

to be aligned with the response variable’s nature, employing an identity link function

for continuous responses and a logistic or probit link function for binary responses.

Assuming the higher value of θiptq indicates a worse clinical status, the parameters
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ak,` and bk are specific to outcome k. Here, ak,` quantifies the intercept assuming

a zero disease severity score, and bk (positive) is the discrimination parameter of

outcome k, indicating the expected change in the kth outcome per unit increment

in the disease-severity score. In the context of the PPMI study, where higher MDS-

UPDRS Part III item values denote worse clinical status, the sign of bk is constrained

to be positive, ensuring consistency with the higher item-level scores corresponding

to increased disease severity θiptq.

Under Model (2.1), the probability of observing a specific category in an ordinal

response is expressed as:

PpYijk “ ` | θiptqq “ g´1
pak,` ´ bkθiptijqq ´ g

´1
pak,`´1 ´ bkθiptijqq, (2.2)

where g´1p¨q is the inverse logistic function. The subject-specific latent process is fur-

ther regressed over the scalar predictors using a function-on-scalar regression model

(Goldsmith et al., 2015; Di et al., 2009) as follows:

θiptq “ β0ptq `
p
ÿ

r“1

Xirβrptq ` Uiptq « β0ptq `
p
ÿ

r“1

Xirβrptq `
M
ÿ

m“1

ξimφmptq, (2.3)

where β0ptq is the smooth fixed intercept function, and βrptq is the vector of smooth

coefficient functions that measure the effect of the rth scalar predictors at time t. The

smooth subject-specific random effect function Uiptq is independent and identically

distributed across all subjects, with mean zero and a smooth covariance function

Σpt, t1q “ Covpθiptq, θipt
1qq. Moreover, given fixed and subject-specific latent process

θiptq, outcomes within the same subject are conditionally independent.

In Model (2.3), the random effect function Uiptq is approximated using truncated

eigenfunctions of its covariance Σpt, t1q. Specifically, following Mercer’s theorem, a

self-adjoint and positive definite covariance function has the spectral decomposition

Σpt, t1q “
ř8

m“1 λmφmptqφmpt
1q, with the convergence being uniformly in t, t1 P T .
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The eigenvalues λ1 ě λ2 ě . . . ą 0 are ordered, and tφmptqumě1 represent the

corresponding eigenfunctions. We assume that the covariance function Σ is of finite

rank M , utilizing only the first M principal eigenfunctions to model Uiptq. The

projection of Uiptq onto the mth eigenfunction, denoted as ξim “
ş

Uiptqφmptq dt ,m “

1, . . . ,M , are the functional principal component (fPC) scores. These scores have a

mean of zero and variance Varpξimq “ λm and are uncorrelated across different m.

For continuous outcomes, the number of eigenvalues, M , is typically determined by

the proportion of variance explained (PVE) criteria (Di et al., 2009). However, due

to the ordinal nature of our outcomes, we employed an empirical approach to select

M . This approach involves choosing the maximum number of eigenvalues that both

sufficiently explain the dataset and ensure model convergence. Details regarding the

convergence criteria are elaborated in Section 2.2.4. Models (2.1) to (2.3) constitute

the FLTM. This model offers a non-parametric framework specifically designed for

modeling multivariate longitudinal outcomes. It effectively captures the complexity

and variability inherent in these data types, providing a robust analytical tool for

in-depth data analysis.

2.2.2 Survival model

Next, we propose a survival model for the event time as follows:

hiptq “ h0ptq exp pWiγ ` ρ θiptqq , (2.4)

where γ “ pγ1, . . . , γqq
J is the vector of coefficients for time-independent covari-

ates Wi, and h0p¨q is the baseline hazard function. The parameter ρ quantifies

the strength of association between the disease severity and the hazard for a survival

event. Specifically, a null value of ρ suggests no association between the latent process

and the event time, indicating that the progression of disease severity is independent

of the timing of the survival event. Conversely, a positive ρ value implies a direct
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relationship, indicating that patients with more severe disease conditions are likely

to experience functional disability earlier. The combination of Models (2.1) to (2.4)

forms the FLTM-based joint model (FLTM-JM), offering an integrated framework

to comprehend how disease severity, reflected in multivariate longitudinal outcomes,

impacts the likelihood and timing of critical PD milestones.

2.2.3 Model estimation and likelihood formulation

The smooth coefficient functions of the scalar predictors in Model (2.3) are repre-

sented by a set of cubic B-splines bases. Specifically, βrptq is expressed as βrptq “

ψLβptqdr, for r “ 1, . . . , p, where ψLβptq “ rψ1ptq, . . . , ψLβptqs is a 1ˆLβ dimensional

vector of B-spline basis evaluated at time t, and dr is a Lβ ˆ 1 dimensional vector

of coefficients corresponding to these B-spline bases for the rth predictor. Similarly,

the fixed effect β0ptq is expanded in terms of B-spline bases as β0ptq “ ψLβptqd0.

We maintain the same number of B-spline bases, Lβ, across all fixed effects, chosen

sufficiently large to capture the complexity of the unknown coefficient functions. To

ensure smoothness in the estimated coefficient functions, we introduce a penalty on

the coefficients, further discussed in Section 2.2.4. To represent the random effect

function Uiptq in terms of eigenbasis, as in Model (2.3), we expand the unknown

eigenfunctions using known B-spline bases. The mth eigenfunction is formulated as

φmptq “ ψLφptqcm, where ψLφptq “ rψ1ptq, . . . , ψLφptqs and cm is a coefficient vector

for mth eigenfunction.

Let D “ rd1, . . . ,dps be the Lβ ˆ p matrix of unknown coefficients for the scalar

predictors, formed by stacking tdru
p
r“1 into p columns, and C “ rc1, . . . , cms the

Lφ ˆM matrix of coefficients for the eigenfunctions, obtained by stacking tcmu
M
m“1

into M columns. Then, Model (2.3) can be represented in matrix form as:

θiptq “ ψLβptqd0 `ψLβptqDXi `ψLφptqC ξi, (2.5)
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where ξi “ pξi1, . . . , ξiMq
J are the random fPC scores for subject i. The baseline

hazard h0ptq is represented using B-spline bases as h0ptq “ exppψLhptqdhq, with

ψLhptq being an Lh-length row vector of B-spline bases and dh the corresponding

Lh-length coefficient vector. The cumulative hazard function uses Gaussian Legendre

Quadrature for efficient computation. We set the identical B-spline throughout this

article such as ψLβptq “ ψLφptq “ ψLhptq and we set Lβ “ Lφ “ Lh “ 10 to capture

the complexity of the unknown coefficient functions.

Define Θ “ pd0, vecpDqJ, vecpCqJ,λJ,γJ, ρ,dhq
J as the full set of fixed coeffi-

cients in the survival model (2.4) and the latent model (2.5), with λ “ pλ1, . . . , λMq
J.

Additionally, let A “ ptak,` : ` “ 1, . . . nk, bku
K
k“1q be the full set of intercept and the

discrimination parameters in Model (2.1). The full log-likelihood is formulated as

`pA,Θq “
I
ÿ

i“1

!

`long
i pA,Θ | ξiq ` `

surv
i pΘ | ξiq ` log fpξi | λq

)

` logP pΘq (2.6)

where `long
i pA,Θ | ξiq and `surv

i pΘ | ξiq are the likelihood functions of the longi-

tudinal and survival responses, respectively, for subject i, conditional on the ran-

dom effects ξi. The density function fpξi | λq is the distribution of the subject-

specific fPC scores, assumed to be multivariate Gaussian with mean zero and variance

diagpλ1, . . . , λMq.

Under the missing at random (MAR) mechanism, the complete data log-likelihood

function of the longitudinal and survival component for subject i can be formulated

as follows:

`long
i pA,Θ | ξiq “

Ji
ÿ

j“1

K
ÿ

k“1

 

p1´Rijkq log ppYijk,A,Θ | ξiq `Rijk log ppY ˚ijk,A,Θ | ξiq
(

`surv
i pΘ | ξiq “ δi log hipTi,Θ | ξiq ´

ż Ti

0

hipt,Θ | ξiqdt,
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where Y ˚ijk is the missing response at time tij, treated as unknown parameters and

imputed using the distribution of the missing outcomes specified in Model (2.2). For

continuous responses, ppYijkq is a density function, while for discrete data, it is a mass

function. In PPMI study, where the response variables are ordinal, the functional

form of ppYijk “ `,A,Θ | ξiq is derived by coupling together Models (2.2) and (2.5).

Similarly, the dependence structure of the survival likelihood on the fixed parameter

Θ can be formulated by connecting Models (2.4) and (2.5).

2.2.4 Bayesian inference

In FLTM, additional identifiability constraints are necessary due to its overparam-

eterization. We set the first level intercept parameter and the discrimination pa-

rameter of the first outcome to zero and one, respectively, i.e., a1,1 “ 0 and b1 “ 1.

Furthermore, to ensure that the probability in Model (2.2) for each outcome cate-

gory remains non-negative, we require ak,1 ă ak,2 ă ... ă ak,nk´1. Consequently, we

reparametrize the intercept parameters for ordinal outcomes as ak,` “ ak,`´1 ` ∆`,

where ∆` ą 0 for ` “ 2, . . . , nk. The priors for these parameters are specified as

ak,1 „ Np0, 100q, ∆` „ Np0, 100qIp0,8q, and bk „ Up0, 10q, where I is the indicator

function.

To ensure smoothness in the estimated regression coefficients tβrptqu
p
r“1 and the

estimated eigenfunctions tφmptqum, we introduce a smoothness penalty in the prior

variance of their coefficients. This is formalized as:

dr „ Np0, σ2
r,β Q´1

Lβ
q, r “ 1, . . . , p. cm „ Np0, σ2

m,φ Q´1
Lφ
q, m “ 1, . . . ,M,

σ2
r,β, σ

2
m,φ „ Inv-Gammap0.01, 0.01q, r “ 1, . . . , p, m “ 1, . . . ,M.

where QLβ and QLφ are nonsingular smoothness penalty matrices with ranks Lβ and

Lφ, respectively. We use prior distribution to dh in a similar way. The roughness of

any function xptq is typically defined as Ps “
ş

rDsxptqs2dt with s “ 0, 1, 2, . . . , where

18



Dsxptq is the sth order derivative of xptq. In fDA literature, the zeroth order and

second order penalty are most commonly used. For unknown functions tβrptqurě1

represented using B-spline bases, the roughness penalty takes the form Ps,Lβ “

ş

DsψLβptqD
sψJLβptq dt, for r “ 1, . . . , p. Similar penalties, Ps,Lφ , apply for the

eigenfunctions tφmptqumě1. Following Goldsmith et al (Goldsmith et al., 2015), we

use a linear combination of zeroth and second order smoothness penalties as prior

variances, i.e., QLβ “ αP0,Lβ ` p1´ αqP2,Lβ , for some α P p0, 1q. In both simulation

and real data analysis, we use α “ 0.1.

The model fitting is performed using Stan (version 2.26.1) (Stan Development

Team, 2021). The software utilizes the No-U-Turn sampler (NUTS), an algorithm

known for its efficiency in spanning the target distribution broadly and stopping au-

tomatically to avoid redundant exploration (Hoffman et al., 2014). NUTS generally

yields faster convergence and more thorough parameter space exploration compared

to other MCMC algorithms. Convergence is assessed using trace plots, with an

absence of unexpected trends indicating successful convergence. Additionally, the

Gelman-Rubin diagnostics are employed to ensure the scale reduction factor pR for

all parameters is less than 1.1, providing objective evidence of convergence (Gelman

et al., 1995). After a burn-in phase of 3000 samples, we retain Q (e.g., 2000) sam-

ples from the posterior distribution of the model parameters Θ and A. For model

comparison and selection, we use the Deviance Information Criterion (DIC) (Celeux

et al., 2006), where a lower value implies a better model fit.

2.2.5 Dynamic prediction and predictive performance

We demonstrate dynamic prediction for a new subject (denoted by N) using our

Bayesian modeling framework. Specifically, predictions are made for a future time

point t1 based on observed history until a landmark time t (e.g., t1 “ t ` ∆t, ∆t

is the prediction window). Assume YN,j “ pYN,j1, . . . , YN,jKq represents the set
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of K-dimensional longitudinal response observed for the subject at time tN,j, for

j “ 1, . . . , j “ 1, . . . , JN , until the landmark time t, along with the covariate vectors

XN and WN . Our goal is to predict the subject’s response trajectory at any future

time t1 ą t and the likelihood of functional disability before time t1, given that it has

not occurred until t. For notational simplicity, let HN denote the subject’s history

until time t, and let YN,kpt
1q be the kth response at a future time t1. We aim to predict

P pYN,kpt
1q “ ` | HNq for ` “ 1, . . . , nk, and πNpt

1 | tq :“ PpTN ă t1 | TN ą t,HNq.

Assuming pθNpt
1q is the predicted disease-severity trajectory for the new subject

at time t1, we use this along with the estimated parameters pΘ from the fitted models

(2.2) and (2.4) for prediction. All population parameters, except the subject-specific

fPC score ξN , are estimated as described in Section 2.2.4. We next outline the

approach for drawing samples from the posterior predictive distribution (PPD) of

ξN using the Bayesian framework. The PPD of ξN , given the observed data and

estimated fixed parameters, is proportional to the product of the likelihood functions

and the density of the subject-specific fPC scores, based on Bayes theorem:

ppξN | TN ą t,HN , pΘq9
JN
ź

j“1

K
ź

k“1

ppYijk, pA, pΘ | ξNqPpTN ą t | ξNqfpξN | pλq,

where PpTN ą t | ξNq “ exp

ˆ

´

ż t

0

hNps, pΘ | ξNqds

˙

. (2.7)

The No-U-Turn Sampler (NUTS) is employed to sample from the PPD of ξN . With

D samples (e.g., 100) from the PPD of the fPC scores for the new subject, predictions

at a future time t1 are made in two steps:

PpY pdqN,kpt
1
q “ ` | ξ

pdq
N q “ g´1

ppak,` ´pbkθ
pdq
N pt

1
qq ´ g´1

ppak,`´1 ´
pbkθ

pdq
N pt

1
qq,

PpTN ă t1 | TN ą t,HN , ξ
pdq
N q “ 1´ exp

˜

´

ż t1

t0

h
pdq
N psq

¸

ds,
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where θ
pdq
N pt

1q and the hazard functions h
pdq
N pt

1q are calculated as

θ
pdq
N pt

1
q “ pβ0pt

1
q `

p
ÿ

r“1

XN,r
pβrpt

1
q `

M
ÿ

m“1

ξ
pdq
N,m

pφmpt
1
q

h
pdq
N pt

1
q “ ph0pt

1
q exp

´

WNpγ ` pρ pθ
pdq
N pt

1
q

¯

.

Finally, to estimate the marginal probability of functional disability before time t1

conditional on survival until t, Monte Carlo integration is used:

πNpt
1
| tq “

ż

PpTN ă t1 | TN ą t,HN , ξNq dξN

«
1

D

D
ÿ

d“1

#

1´ exp

˜

´

ż t1

t

h
pdq
N psq

¸

ds

+

.

This dynamic prediction framework is instrumental in offering insights into a pa-

tient’s risk factors and the trajectory of disease progression.

The predictive performance is assessed using discrimination (how well the model

discriminates event-free subjects and subjects with events). The discrimination ca-

pability of the model is quantified using the time-dependent area under the curve

(AUC), with values ranging from 0 to 1. Higher AUC values denote better discrim-

inative ability (Li et al., 2018; Graf et al., 1999). To compute the AUC, we select

specific landmark times, denoted as t, and calculate the AUC over a densely spaced

prediction window, ∆t, using 4-fold cross-validation.

2.3 Data analysis

This section presents the application of our functional latent trait model to the PPMI

study, as outlined in Section 1.1. Our model utilizes the complete set of MDS-UPDRS

Part III items as a 33-dimensional response. We use the baseline HY score as the

only covariate to model the latent disease severity θiptq. Given that baseline HY

scores were either 1 (Stage 1) or 2 (Stage 2), we define an indicator variable HY,
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assigned 1 if the baseline HY is 2 and 0 otherwise, and incorporate it into Model (2.3)

to assess the impact of HY on disease severity. The subject-specific random effect

Uiptq is represented by the first two eigenfunctions based on the empirical approach

in Section 2.2.1. Model (2.3) is as follows:

θiptq “ β0ptq ` HYiβ1ptq `
2
ÿ

m“1

ξimφmptq, (2.8)

In constructing the survival model (2.4), we include the following factors: age, sex,

Schwab and England activities of daily living (SEADL), total score of MDS-UPDRS

Parts II and III, letter-number sequencing (LNS), and semantic verbal fluency (SFT)

at baseline (Ren et al., 2021). Higher values in SEADL, LNS and SFT scores indicate

clinically better conditions. Sex is indicated as 1 for male subjects. The patient

cohort has an average age of 60.96 years (SD: 9.63), with approximately 61.3% being

male. The mean scores for SEADL, total scores of MDS-UPDRS Parts II and III,

LNS, and SFT were 92.68 (SD: 7.46), 6.15 (SD: 4.77), 19.67 (SD: 9.35), 11.23 (SD:

2.90), and 50.65 (SD: 10.55), respectively.

To validate the efficacy of our functional model, we consider two simpler versions

of Model (2.8):

1. Sub-model 1 : Incorporates a scalar subject-specific effect while retaining func-

tional fixed effects, θiptq “ β0ptq `HYiβ1ptq ` Ui, with Ui
i.i.d
„ Np0, σ2

uq.

2. Sub-model 2 : Simplifies fixed effects to linear while maintaining functional

random effects, θiptq “ β0t` β1HYit` β2HYi ` Uiptq.

3. Sub-model 3 : Further simplifies Sub-model 2 to scalar subject-specific effect,

θiptq “ β0t` β1HYit` β2HYi ` Ui.

All the functional parameters in Model (2.8) and the baseline hazard function h0ptq in

the survival model are represented using 10 cubic B-splines. To ensure the positivity
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of h0ptq, we use the exponential form after expanding the baseline hazard function

using B-splines.

Table 2.1: Mean, standard deviation (SD), and 95% credible intervals for parameters
from model 2.8 (functional latent trait model)

Mean SD 95% CI
Age 0.043 0.010 0.023 0.062
Male ´0.950 0.183 ´1.300 ´0.597
SEADL ´0.050 0.007 ´0.064 ´0.036
Total scores of Part II ´0.013 0.011 ´0.035 0.008
Total scores of Part III ´0.011 0.010 ´0.031 0.008
LNS ´0.053 0.033 ´0.115 0.010
SFT ´0.003 0.009 ´0.021 0.015
ρ 0.934 0.056 0.787 0.998

We fit the proposed model using Stan, with two MCMC chains and 1,000 samples

each after a 3,000 sample burn-in phase, resulting in a total of 2,000 MCMC posterior

samples. We ensured convergence with all parameter estimates having Gelman-Rubin

diagnostics R̂ values less than 1.1. Based on the model selection criteria discussed

in Section 2.2.4, our proposed FLTM-JM was selected as the final model due to its

lowest DIC value (272906.1), outperforming Sub-model 1 (DIC: 276273.8), Sub-model

2 (DIC: 273013.6), and Sub-model 3 (DIC: 273014.4). This suggests an enhanced

model fit achieved by incorporating nonlinear trajectories of covariate effects and

Table 2.2: Predictive performance for candidate models at ∆t “ 2, 3, 4 and 5 years
for landmark time t “ 1 year (row 1 to 5) and ∆t = 3, 4 and 5 years for landmark
time t = 2 year (row 6 to 8)

FLTM Sub-model 1 Sub-model 2 Sub-model 3
t0 δ
1 2 0.885 0.874 0.755 0.908

3 0.858 0.863 0.762 0.862
4 0.799 0.752 0.786 0.761
5 0.791 0.750 0.650 0.732

2 3 0.896 0.885 0.767 0.883
4 0.868 0.846 0.844 0.863
5 0.804 0.834 0.729 0.802
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Figure 2.1: Coefficient function estimates by HY Stages. Functional coeffi-
cients estimates by baseline Hoehn and Yahr (HY) Stage. Solid lines are estimated
mean curves and 95% equal-tailed credible intervals for HY Stage 1 at baseline. The
dotted lines are estimated mean curves and 95% equal-tailed credible intervals for
HY Stage 2 at baseline.

functional random effects. We also compared the performance of all candidate models

in terms of discrimination using four-fold cross-validation, presenting AUC scores in

Table 2.2. The results demonstrate a superior performance of the proposed FLTM-

JM, particularly in extended prediction window scenarios and later landmark times,

highlighting its effectiveness in handling multivariate longitudinal data in predictive

analytics.

Figure 2.1 displays the time-varying effect of baseline HY stages on disease sever-

ity in PD. Notably, a significant disparity in disease severity between baseline HY

Stages 1 and 2 is evident in the initial years, which gradually diminishes over time.

Figure 2.2 presents a 95% credible intervals for the difference in disease severity be-

tween subjects with baseline HY Stages 1 and 2, staying above zero for at least 8

years. This indicates a statistically more severe disease in the HY Stage 2 cohort

compared to Stage 1. Table 2.1 details the baseline covariate effects in the sur-
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Figure 2.2: The severity differences of baseline HY Stages. Functional
coefficients estimates of β1ptq (baseline HY Stages) based on model 2.8. Solid line is
the estimated mean curve and dotted lines are 95% equal tailed credible intervals.

vival model, with the findings aligning with established scientific knowledge. For

instance, each additional year of age correlates with a 4.3% increase in the logarithm

hazard rate (95% CI: [0.023, 0.062]). Males exhibit a lower hazard of experiencing

functional disability compared to females, with a 9.5% reduction (95% CI: [´1.300,

´0.597]). Additionally, a unit increase in the SEADL score is associated with a 5.0%

decrease in the logarithm hazard rate (95% CI: [´0.064, ´0.036]). The estimated

association parameter ρ is 0.934, with a 95% credible interval between 0.787 and

0.998. This suggests that when disease severity increases by one unit, the hazard
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rate for experiencing a functional disability event increases by approximately 154%

(i.e., exp(0.934) ´ 1) for each unit increase in the latent variable. Outcome specific

parameter estimates for FLTM are detailed in Appendix A.

To demonstrate the dynamic prediction capacity of FLTM-JM at the individual

level, we select two subjects, labeled as A and B, for illustration. Using the estimates

of the fitted model, we predict their future survival probabilities, i.e., the likelihood

of not transitioning to HY Stage 3 or beyond. Subject A starts with a relatively mild

condition, indicated by a baseline HY Stage of 1. This subject with 68.3 year of age,

has MDS-UPDRS Part II and III total scores of 1 and 10, respectively, an SFT score

of 48, and a SEADL score of 100. Over 10 visits, Subject A has an average Part

III total score of 13.1 (SD: 6.06), with a censoring time of 5.66 years. In contrast,

Subject B exhibits a more severe condition from the outset, with a baseline HY Stage

of 2, age 70.6 years, female gender, LNS score of 12, MDS-UPDRS Part II and III

total scores of 4 and 40, SFT score of 40, and SEADL score of 80. Across 7 visits,

Subject B’s mean Part III total score is 30.0 (SD: 11.4), and the event occurred at

3.54 years.

Figure 2.3 reveals that Subject B consistently demonstrated higher probabilities

of functional disability at all landmark times compared to Subject A, suggesting

more severe disease progression. This observation suggests that Subject B may ben-

efit from more targeted interventions than Subject A. Notably, across both patients,

credible intervals were narrower when the landmark time was set at year 2 rather

than year 1. This increased precision can be attributed to the additional longitudi-

nal and survival data collected at year 2, enhancing the accuracy of our predictions.

Figure A.1 in the Appendix illustrates the predicted probabilities for each patient’s

MDS-UPDRS Part III severity status in the third year based on longitudinal mea-

surements and survival outcome data up to the first year. The upper panels represent

predictions for Patient A, while the lower panels depict predictions for Patient B for
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all 33 items. Similarly, Figure A.2 in the Appendix provides the same insights in the

third year, incorporating history up to the second year. These figures highlight a

comparatively more pronounced clinically severe status (darker regions) for Patient

B in both cases.

2.4 Numerical studies

In this section, we validate our model through a series of numerical experiments in-

volving I “ 500 subjects. For each subject i, the number of visits Ji is determined

by sampling from a Poisson distribution with a mean of 10, ensuring an average

of 10 visits per subject. The observation time points tij for each subject are gen-

erated within a sparse grid Si “ rt1 “ 0, . . . , t25 “ 1s comprising equally spaced

intervals, with each subject’s time points selected sequentially including the initial

point t1 “ 0. At every time point tij, we generate two ordinal responses, denoted

as tYijk : k “ 1, 2u, with each response assuming nk “ 5 ordered categories. These

responses are sampled using the probability model specified in Model (2.1), with

location parameters a1 “ p0, 1, 2.6, 5q and a2 “ p´1.2, 1.5, 2, 4q, and discrimination

parameters b1 “ 1 and b2 “ 2.5. The Subject-specific disease severity profiles θiptq are

generated as θiptq “ β0ptq `Xi1β1ptq `
řM
m“1 ξimφmptq, where Xi1 „ Bernoullip0.5q,

emulating a baseline HY stage-like covariate. The coefficient functions are specified

as β0ptq “ ´1.5 ´ sinp2πtq ´ cosp2πtq and β1ptq “ t sinp3πtq. We use M “ 2 or-

thogonal eigenfunctions, specifically, φ1ptq “
1.5´sinp2πtq´cosp2πtq

?
28

and φ2ptq “
sinp4πtq
?

10
.

The associated fPC scores, ξi1 and ξi2, are generated from normal distributions with

means 0 and variances 1 and 0.5, respectively.

For the survival submodel, we utilize a single covariate Wi1, sampled from an

integer range of 3 to 19, reflecting the baseline LNS characteristic observed in the

PPMI study. The coefficient parameter γ1 is set as 0.25, while the association pa-
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rameter ρ is assigned a value of 0.6. To create a more realistic, unbalanced dataset,

survival times are generated from a uniform distribution over the interval r0, 1s. Fur-

thermore, censoring times are drawn from a uniform distribution on r0, cs, with c

being adjusted to achieve an overall event rate of 30%.

In our model, both the unknown functional fixed effects and the eigencomponents

are represented using 10 B-splines, effectively capturing their non-linear patterns.

We let ψLβptq “ ψLφptq with Lβ “ Lφ “ 10. For model validation, we split our

dataset into two parts: 400 subjects formed the training dataset, while the remaining

100 subjects were used for validation. Across 120 simulations, we generate 2,000

MCMC samples in each replication, post a 2,000-sample burn-in period. Table 2.3

outlines bias, standard deviation (SD), standard error (SE), coverage probabilities

(CP) associated with 95% equal-tail credible intervals (CI), and the average mean

squared error (AMSE) for time-varying coefficients. The AMSE is calculated as

ř120
r“1

ř

Spβ̂
prq
0 psq´β0psqq2

p120Sq
, considering S points in the refined grid with rt1, ..., t25s, where

β̂
prq
0 psq represents the estimated function of β0ptq at each point s. The results from

Table 2.3 demonstrate the reliability and accuracy of the parameter estimates from

the proposed models, with negligible bias and alignment with the expected nominal

CP level of 0.95. Figure 2.4 displays the true coefficient functions β0ptq and β1ptq

(black solid lines), their estimated counterparts (yellow solid lines), and 95% CI (red

and blue dotted lines), providing a visual representation of the model’s accuracy in

capturing the underlying functional relationships within the data.

Using the MCMC samples from the fitted model and available measurements

up to time t, we predicted the probability of event occurrence, πipt
1|tq, for each

subject in the validation dataset. The time-dependent AUC based on Model (2.3)

was then compared with the true AUC, with detailed comparisons presented in the

Supplementary Material. We focus on two landmark times t = (0.25, 0.5), and
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Table 2.3: True values of parameters, bias, standard deviation (SD), standard error
(SE), coverage probability (CP) and average mean squared error (AMSE) from 120
simulation replications based on Model (2.3)

Parameters Bias SD SE CP AMSE
a12 = 1 0.003 0.028 0.025 0.975
a13 = 2.6 0.003 0.032 0.032 0.940
a14 = 5 0.008 0.041 0.042 0.958
a21 = ´1.2 ´0.002 0.025 0.024 0.953
a22 = 1.5 ´0.004 0.024 0.027 0.985
a23 = 2 ´0.002 0.028 0.029 0.977
a24 = 4 ´0.004 0.034 0.034 0.965
b2 = 2.5 0.002 0.042 0.041 0.955
ρ = 0.6 ´0.060 0.027 0.025 0.888
γ1 = 0.25 0.032 0.021 0.021 0.915
β1ptq 0.023
β2ptq 0.011

consider various prediction windows: [0.5, 0.75, 0.92]. For each window, given the

landmark times, we compute the estimated AUC and compared it with the true

AUC values. The findings, as detailed in Table E of the Supplementary Material,

indicate a close correspondence between the estimated and true values across all

settings. Notably, the estimated AUC closely mirrors the true AUC, particularly

when the landmark time is set at 0.5 compared to 0.25. This observation suggests

that having a more comprehensive outcome history available results in the estimated

AUC converging more closely to the true AUC.

To further assess the predictive accuracy of our model, we randomly selected

10 subjects from each of the 120 simulation datasets and plotted the bias of the

predicted event probability πpt1|tq from the FLTM and the actual event probability

at various time points. We observed a trend toward decreasing bias with an increase

in available data. For instance, with only data available up to landmark time 0.25,

approximately 11.8% and 12.3% of the bias in predictions for πpt1 “ 0.75|t “ 0.25q

and πpt1 “ 0.92|t “ 0.25q, respectively, fell outside the [´0.2, 0.2] range. In contrast,
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with data available to t “ 0.5, the corresponding biases for πpt1 “ 0.75|t “ 0.5q and

πpt1 “ 0.92|t “ 0.5q were reduced to 9.08% and 10.2%, respectively. This reduction

in bias with more extensive historical data underscores the model’s effectiveness in

dynamically predicting event probabilities.

2.5 Concluding remarks

In this article, we develop a novel Multivariate Functional Latent Trait Joint Model

(FLTM-JM), which effectively integrates multivariate longitudinal data with time-

to-event outcomes. One key innovation of FLTM-JM is that the FLTM component

utilizes a non-parametric, function-on-scalar regression method. This allows for a

more flexible analysis of PD progression and a comprehensive examination of the

complex relationships between various covariates and patient outcomes. Further,

we utilize latent trait models to efficiently handle multivariate repeated measure-

ments without the need for complex correlation matrices, enhancing computational

efficiency. The integrated nature of the joint modeling framework facilitates the con-

current analysis of longitudinal and survival data, effectively minimizing dependent

censoring and associated biases.

Another key innovation is the development of a dynamic prediction method, de-

signed to predict future clinical outcomes and assess event risks for individuals, based

on their current covariate profiles and historical data, even for those not originally

included in the study cohort. This methodology enables personalized treatment

strategies for those at elevated risk of functional disability. The model’s robustness

and accuracy are supported by simulation studies, which demonstrate high predic-

tive accuracy, strong AUC performance, and minimal bias. In its application to the

PPMI study, our model revealed that disease severity increases with increasing HY

stages, although this difference tends to narrow over time. While our dynamic pre-

diction framework was initially applied to 33 ordinal outcomes, its versatility allows
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extension to continuous and binary outcomes, utilizing appropriate link functions as

exemplified in Model (2.1).

However, our current dynamic prediction framework has limitations that warrant

future refinement. Specifically, the functional latent trait submodel is based on the

assumption of a single latent variable. While this might be sufficient for analyzing

a limited set of items, it may not be capable of accurately representing the full

spectrum of disease severity, especially when addressing a large array of longitudinal

outcomes in PD. To enhance the FLTM’s capability, future research can incorporate

multidimensional latent trait models (Wang and Luo, 2017b), employing multiple

latent variables to more precisely capture the varied ways disease severity manifests

across different PD-affected domains. While such development would significantly

increase the model complexity and pose computational challenges, it may improve the

framework’s accuracy and utility in understanding disease progression and treatment

efficacy in various PD domains.
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Figure 2.3: Predicted survival probabilities of target patients. The pre-
dicted survival probabilities of patient A (upper panels) and patient B (lower panels).
The landmark times at 1 year (first column) and at 2 years (second column). The
vectical black dotted lines are landmark time. The solid lines are predicted means of
survival probabilities. The dashed curves are the corresponding 95% credible inter-
vals. The subjects’ last observed times were plotted using red dashed vertical lines.
Patient A’s censoring time was 5.66 years and patient B’s event time was 3.54 years.
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Figure 2.4: Coefficient function estimates of numerical studies. Functional
coefficients estimates for time effect, β0ptq (left) and baseline HY Stage, β1ptq (right).
Solid black lines are true curves and yellow dotted lines are mean estimated curves.
The red and blue dotted lines represent 95% equal-tailed credible intervals. The red
dotted lines represent upper 2.5% and the blue dotted lines represent lower 2.5%.
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3

Joint models for generalized multivariate functional
mixed models and time-to-event data

3.1 Introduction

Neurodegenerative disorders such as Parkinson’s disease (PD) are chronic and pro-

gressive conditions that lack definitive treatment cures (Lee and Yankee, 2021). It

can result in multifaceted symptoms such as tremors, slowed movement, muscle

rigidity, and speech changes (Dorsey et al., 2018). While these symptoms may man-

ifest suddenly, the progression of neurodegenerative diseases is characterized by a

gradual and often worsening course over time. These conditions typically feature a

protracted preclinical phase, marked by pathological changes occurring before the

onset of observable clinical symptoms. To attain a comprehensive understanding of

the multifaceted impact of PD, researchers employ rigorous data collection strategies

encompassing various longitudinal outcome measures, including continuous, binary,

and categorical measurements each patient visit (De Roos et al., 2017).

When we are analyzing such a mixed types of multivariate longitudinal data, a

simple approach is reducing a multiple outcomes to a weighted average of a single
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outcome. However, this oversimplified methods not only lead to a substantial loss

of valuable information but also overlook the important correlations that may exist

between the outcomes. As a result, this approach falls short in providing accurate

estimates of overall covariate effects and fails to adequately characterize the effects

of outcomes over time (Bandyopadhyay et al., 2011). The generalized linear mixed

models can be used to handle continuous, binary or categorical outcomes by changing

appropriate link function in the model. However, there does not exist appropriate

models to accommodate different types of outcomes in the same models.

In longitudinal PD studies, severe events such as profound physical disability or

mortality come to the forefront, underscoring the imperative to incorporate time-

to-event data alongside longitudinal observations. This integration is essential for

mitigating biases stemming from the interdependence censoring issues (Henderson

et al., 2000). Over the past two decades, researchers have sought to investigate this

association by constructing a joint model (JM) that encapsulates both longitudi-

nal and survival data, providing a more understanding of these interrelated factors.

Multivariate marginal models offer a direct means of making inferences regarding the

treatment effects at the marginal level such as likelihood-based (Daskalakis et al.,

2002), copula-based (Molenberghs and Lesaffre, 1994; Lambert and Vandenhende,

2002), and GEE-based (Carey et al., 1993; O’Brien and Fitzmaurice, 2004)). How-

ever, challenges persist in effectively addressing unbalanced data and situations in-

volving more than two response variables. In addition, multivariate random effects

models (Agresti, 1997; Gueorguieva and Agresti, 2001; Ribaudo and Thompson, 2002;

Fieuws et al., 2008; Verbeke et al., 2014) have computational difficulties when the

number of random effects is large.

In contrast, notably, the JM of item response theory (IRT) model is proposed to

effectively handle multivariate outcomes (Wang et al., 2017; Wang and Luo, 2017b)

for the purpose of analyzing multiple PD motor examination. However, despite their
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utilities, these approaches possess a limitation in their ability to explain the direct

impact of underlying disease severity on the manifested outcomes. This limitation

stems from their reliance on an assumption of unobserved latent variables, which only

elucidate the indirect effect between the latent variable and the outcomes. The effect

of disease severity can only be explained through the relationship between location

and discrimination parameters and latent variables. Consequently, these models do

not offer a direct explanation of how disease severity directly influences the outcomes

of interest.

In addition, in joint modeling, parametric models have traditionally been used

(Tsiatis and Davidian, 2004), and extensions have been proposed to accommodate

multivariate outcomes (Henderson et al., 2000). However, the parametric model

assumption may not capture the nonlinear trends in longitudinal outcomes, and the

pre-specified correlation structure can lead to model misspecification. To address

these issues, researchers have explored joint modeling of functional data and survival

data (Yao, 2007; Yan et al., 2017) and developed multivariate functional principal

component analysis (MFPCA) to capture outcome-specific patterns and correlations

among outcomes (Happ and Greven, 2018). Nevertheless, there are computational

challenges in estimating joint models when linking longitudinal outcomes and time-

to-event data using functional principal component scores within the Cox model

framework (Li et al., 2022).

In this article, we extend the joint model based on multivariate functional mixed

model (MFMM-JM) (Li et al., 2022) by applying to the ordinal outcomes using

several functional forms. We use PPMI study introduced in 1.1 for real data appli-

cation. The manuscript is organized as follows; we propose methods in 3.2, conduct

simulation studies in 3.3, apply the proposed methods to real dataset in 3.4, and

concluding remarks in 3.5.
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3.2 Methods

We observe longitudinal responses yijptikq for subject i “ 1, ..., I, outcome j “ 1, ..., J

and visits k “ 1, ..., Ki each subject i. Since we only observe the finite time points,

we assumed that M is the observed maximum time point so that all of tik P r0,M s.

Zi is the subject specific baseline covariates and each subject i has observed event

time Ti “ minpT ˚i , Ciq, censoring indicator δi “ IpT ˚i ď Ciq, where T ˚i and Ci are

real failure time and censoring, respectively.

3.2.1 Model Description

We briefly introduce the joint modeling of Multivariate Functional Mixed Model

(MFMM-JM) (Li et al., 2022). If yijptikq is a continuous noisy measurement of latent

process Xijptikq for subject i, outcome j and time tik, yijptikq “ Xijptikq` εijk, where

εijk is the random noise and assumed to follow Np0, σ2
j q. If the observed outcomes

are ordinal, we can model logit model such as

logitpP pyijptikq ď c|Xijptikqqq “ γjc ´Xijptikq, (3.1)

where c “ 1, ..., Cj ´ 1 is the cth level of the jth ordinal outcomes with Cj levels

and γjc is the threshold parameters determining the level of the latent process. The

sign for Xijptikq is negative to ensure that higher Xijptikq is associated with a more

severe clinically status. The probability of being a specific level can be calculated

P pyijptikq “ c|Xijptikq “ P pyijptikq ď c|Xijptikqq ´ P pyijptikq ď c´ 1|Xijptikqq.

We model the latent process Xijptikq as

Xijptikq “ µjptikq ` βjpUiptikq `Wijptikqq. (3.2)

First, µjptq is the fixed mean function for outcome j assuming that it only depends

on time t, but it can be incorprated with baseline covariates using additive models.

Uiptq is a shared random process representing the subject-specific disease progression

pattern and is common across all J longitudinal outcomes for subject i. It captures
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the correlation among outcomes and explains subject i’s unique latent disease sta-

tus at time t. Wijptq is a subject-outcome specific random profile representing the

outcome-specific disease progression pattern for subject i. βj is the scale/association

parameter quantifying the expected increase in jth longitudinal outcome for one unit

increase in Uiptq and Wijptq. By multiplying βj, we can make Wijptq are compara-

ble across J outcomes so that they are about in the same magnitude for all Wijptq.

Since MFMM is overparametrized, we need additional constraints to make the mod-

els identifiable. We set β1 “ 1 for both continuous and ordinal responses models.

Specifically, the order constraints γj1 ă ¨ ¨ ¨ ă γjpCj´1q and γj1 “ 0 for one outcome

j are added for ordinal responses models. For simplicity, we denote γ “ pγ
1

1, ...,γ
1

Jq

and γ
1

j “ pγj1, ..., γjpCj´1qq. Furthermore, let yiptikq “ tyijptikq : j “ 1, 2, ..., JuJ be

the vector of measurements for patient i at time tik, yi “ tyiptikq : k “ 1, 2, ..., Kiu

be the outcome vector across the visit times Ki and Xi “ tXij : j “ 1, 2, ..., JuJ be

vector of latent process for subject i across outcomes J .

We approximate µjptq «
řP
p“1 bpptqAjp, where bpptq is the p-th cubic B-spline

function evaluated at t with equally spaced knots, and Ajp is the corresponding co-

efficients. For convenience, we define B-splines and coefficient matrices as bptq “

pb1ptq, ..., bP ptqq and A “ pA1, ...,AJq with Aj “ pAj1, ..., AjP q
J, respectively. We

can expand Uiptq using the functional principal component analysis (FPCA) meth-

ods such as Uiptq « φptqξi, where the approximation origins from the truncated

functional principal components expansions, φptq is the eigenfunction matrix whose

columns are φlptq pl “ 1, 2, ..., Kφ), Kφ is the number of eigenvalues and ξi “

pξi1, ..., ξiKφq
J is a vector of corresponding fPC scores (fPCs). We additionally use

cubic B-spline for φptq such as φptq “ bptqAφ, where Aφ is the P ˆKφ coefficient

matrix. In the similar way, Wijptq can be expanded as Wijptq « ψptqζij, where

ψptq “ pψ1, ..., ψKψq is the M ˆ Kψ eigenfunction matrix whose columns are ψlptq
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(l “ 1, 2, ..., Kψq, Kψ is the number of eigenvalues, and ζij “ pζij1, ..., ζijKψq
J is

a vector of fPCs. We similary expland ψptq “ bptqAψ, where Aψ is the P ˆ Kψ

coefficient matrix. We define ωi as the vector of fPCs from ξi and ζij such as

ωi “ pξJi , ζi1, ..., ζiJq
J, where ζij “ pζij1, ..., ζijKψq pj “ 1, 2, ..., Jq. For the model

specification, fPCs are assigned standard normal distribution such as ωi „ N p0,Σq,

where Σ “

ˆ

IKφ 0
0 IJ b IKψ

˙

.

Our Bayesian approach relies on probabilistic PCA techniques, which provide

estimates of an arbitrary orthogonal rotation. We outline a procedure for choos-

ing a particular rotation by utilizing singular value decomposition on the estimated

basis. FPCA is typically posed as an expansion Uiptq «
řKφ
l“1 ξ

˚
ilφ
˚
l ptq with φ˚l ptq

orthonormal basis functions and scores ξ˚il uncorrelated zero mean random variables

with non-increasing variances τ0l. Within each iteration of the sampler we estimate

ξilφlptq “ ξ˚ilφ
˚
l ptq and we want to estimate an equivalent ξ˚il and φ˚l ptq. To achieve

this method, we apply for the singular value decomposition (SVD) of eigenfunctions,

φlptq, estimated without orthonormality conditions φlptq “ UDV . In the context of

this expression, U and V represent unitary matrices, while D is a diagonal matrix

containing the singular values of φptq arranged in decreasing order. We can change

the expression such as ξilφlptq “ ξilUDV by defining ξ˚il “ ξilUD and φ˚l ptq “ V .

Moreover, the prior assumption gives us the Var(ξ˚il) = Var(ξilUD) = DU
1

Var(ξil)UD

= DU
1

IUD “ D2. Thus, the estimates for the variance components of the score are

obtained by taking the squares of the diagonal elements in matrix D (Goldsmith

et al., 2015; Goldsmith and Kitago, 2016). We can also decompose Wijptq in a simi-

lar way.

The survival submodel can be modeled as

hiptq “ h0ptqexppZJi η ` FpXi, tqq, (3.3)

where h0ptq is the baseline hazard function, Zi is the vector of baseline covariates
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for subject i, and η is a regression coefficient vector. FpXi, tq is a functional form

of Uiptq and Wiptq which is described below.

FpXi, tq “
8
ÿ

l“1

λ0lξil `
J
ÿ

j“1

8
ÿ

l“1

λ1jlζijl, (3.4)

FpXi, tq “ λ0Uiptq `
J
ÿ

j“1

λ1jWijptq, (3.5)

where Xi “ pXi1, ..., XiJq. Model (3.4) is shared functional PCA scores model (ran-

dom effects model) and Model (3.5) is shared random functions model (instantaneous

model) (Li et al., 2022). In Model (3.4), the model quantifies the association via the

latent longitudinal features ξil and ζijl. Model (3.5) indicates that the current val-

ues of the shared profile Uiptq and the subject-outcome specific profile Wijptq at

time t impact the risk of functional disability at the same time point. For Model

(3.4), we denote λ0 “ pλ01, ..., λ0Kφq as the corresponding coefficients of fPCs of

ξi “ pξi1, ..., ξiKφq and λ1j “ pλ1j1, ..., λ1jKψq as the corresponding coefficients of

fPCs of ζij “ pζij1, ..., ζijKψq for j “ 1, ..., J . For Model (3.5), we denote λ0 as the re-

gression coefficients for functional forms of Uiptq and λ1 “ pλ11, ..., λ1Jq is the vector

of regression coefficients of Wijptq.

Let Θ “ rA,Aφ,Aψ,λ,η
J,Bh0s be unknown parameter vector to be estimated,

where rA,Aφ,Aψs is the parameter vector from longitudinal data and remaining is

the parameter vector from the survival process. For shared functional PCA scores

model, λ “ pλ0,λ11, ...,λ1Jq and for instantaneous model, λ “ pλ0,λ1q. The condi-

tional likelihood for the longitudinal data is ppyi|Θ,ωiq and the density function of

the random effects ωi is ppωi|Θq “ p2π|Σ|q
´
Kφ`pKψˆJq

2 expp´1
2
ωJi Σ´1ωiq. The condi-
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tional likelihood from the survival process is

ppTi, δi|Θ,ωiq “ hipTi|Θ,ωijq
δiSipTi|Θ,ωiq

“ hipTi|Θ,ωiq
δiexp

ˆ

´

ż Ti

0

hipt|Θ,ωiqdt

˙

,

where hipTi|Θ,ωiq “ h0pTiqexp pZiη ` FpXi, tqq. Since last integration does not

have closed form, it can be calculated using Gaussian quadrature methods. Under

the assumption that conditional on the random effects ωi, all components in yi and

Ti are independent, the joint likelihood function is

LpΘq “
I
ź

i“1

ppyi, Ti, δi|ωiq “
I
ź

i“1

ż

ppyi|Θ,ωiqppTi, δi|Θ,ωiqppωi|Θqdωi (3.6)

3.2.2 Bayesian inference

To estimate the unknown parameter vector Θ, we use a Bayesian modeling method

based on Markov Chain Monte Carlo (MCMC) posterior simulations. We use vague

priors to parameters in Θ except aformentioned constraints. To obtain parameter

estimates of the intercepts from the longitudinal outcomes, we let γj1 „ Np0, 100q to

the first level of the intercept parameters, and γjc “ γjpc´1q`∆c for c “ 2, 3, ..., Cj´1

with left truncated normal distribution for ∆cj „ Np0, 100qIp0,8q. We set λ „

Np0, 100q and η „ Np0, 100q in the Cox model.

We further impose smoothness on coefficient functions estimates through the

prior specification on spline coefficients Aj, Aφ, and Aψ such as Aj „ Np0, σ2
jQ

´1q

(j “ 1, 2, ..., Jq, Aφ „ Np0, σ2
φl
Q´1q (l “ 1, 2, ..., Kφ), and Aψ „ Np0, σ2

ψl
Q´1q

(l “ 1, 2, ..., Kψ). Q is the prespecified penalty matrix which makes smoothness

between prior distributions and penalization (Ruppert et al., 2003). We use Q “

αQ0` p1´αqQ2, where Q0 and Q2 are zeroth- and second-order derivative penalty

matrix with Q0 “ bptqS0b
Jptq and Q2 “ bptqS2b

Jptq (Goldsmith and Kitago, 2016).

S0 is the identity matrix and the upper left parts of S2 are as follows:
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S2 “

»

—

—

—

—

—

–

1 ´2 1 0 0 0 0 . . .
´2 5 ´4 1 0 0 0 . . .
1 ´4 6 ´4 1 0 0 . . .
0 1 ´4 6 ´4 1 0 . . .
...

...
...

...
...

...
...

. . .

fi

ffi

ffi

ffi

ffi

ffi

fl

We select weight α (0 ă α ď 1) to balance between Q0 and Q2. Both simulation

and real data analysis, we have used α “ 0.1 and sensitivity analyses have indicated

robustness to the choice of α in the analysis. Also, vague priors (Inv-Gamma(0.01,

0.01)) for variance components such as σ2
j , σ

2
φl

and σ2
ψl

are provided.

The model fitting is performed using Stan (version 2.26.1) (Stan Development

Team, 2021). The full likelihood functions and prior distributions of all unknown

parameters are specified in Stan and it adopts No-U-Turn sampler (NUTS) (Hoffman

et al., 2014). NUTS typically provides smoother convergence and better exploration

of the parameter space when contrasted with other Markov Chain Monte Carlo

(MCMC) methods. We have used the trace plots and considered the absence of

an unexpected trend in the plots as the evidence of convergence. Additionally, we

employ the Gelman–Rubin diagnostic, as described (Gelman et al., 2013), to verify

the convergence of our parameters. We assess the scale reduction R̂ for all parameters

and look for conclusive evidence that it is below 1.1 as an indicator of convergence.

For model comparison and selection, we use the Deviance Information Criterion

(DIC) Celeux et al. (2006), where a lower value implies a better model fit.

3.2.3 Dynamic prediction framework and predictive performance

We illustrate how to make a prediction for a new subject N based on the available

outcomes histories y
ttu
N “ tyNptNkq; 0 ď tNk ď tu until time t and δN “ 0 (no

event). We want to obtain two personalized predictive measures: the longitudinal

trajectories yNjpt
1q of each item for j “ 1, 2, ..., J at a future time point t1 ą t (e.g.,
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t1 “ t`∆t, ∆t is the prediction window) and the probability of functional disability

before time t1, denoted by πNpt
1|tq “ ppT ˚N ď t1|T ˚N ą t,y

ttu
N q. To do this, the key step

is to obtain samples for the random effects vector ωi of the new patient N from its

posterior distribution ppωN |T
˚
N ą t,y

ttu
N ,Θq. Specifically, suppose that we want to

draw d-th sample of the random effects vector ωN conditional on the d-th posterior

sample Θpdq such that

ppωN |T
˚
N ą t,y

ttu
N ,Θpdq

q “
ppy

ttu
N , T ˚N ą t,ωN |Θ

pdqq

ppy
ttu
N |ωN ,Θ

pdqq
9ppy

ttu
N , T ˚N ą t,ωN |Θ

pdq
q

“ ppy
ttu
N |ωN ,Θ

pdq
qppT ˚N ą t|ωN ,Θ

pdq
qppωN |Θ

pdq
q (3.7)

We used a No-U-Turn sampler (NUTS) using Stan (Stan Development Team, 2021)

to sample the posterior distribution of the fPCs with D number of samples after

warm-up. If the patient N does not develop functional disability in time t1, then the

outcome histories are updated to y
tt1u
N , and we can dynamically update the posterior

distribution to ppωN |T
˚
N ą t1,y

tt1u
N ,Θpdqq. With the updated posterior distributions

in hand, we can generate new samples and acquire updated predictions by straight-

forwardly substituting realizations of the parameter vector and random effects vector

tΘpdq,ω
pdq
N u.

The conditional probability of functional disability before time t1 is

π̂Npt
1
|tq “

ż

ppT ˚N ď t1|T ˚N ą t,y
ttu
N ,ωNqppωN |T

˚
N ą t,y

ttu
N qdωN

«
1

D

D
ÿ

d“1

ppT ˚N ď t1|T ˚N ą t,y
ttu
N ,ω

pdq
N q

“
1

D

D
ÿ

d“1

#

1´ exp

˜

´

ż t1

t

hpdqps|ω
pdq
N q

¸

ds

+

,

where hpdq
´

t|ω
pdq
N

¯

“ h
pdq
0 ptq exp

´

ZJNη
pdq ` F

´

X
pdq
N , t

¯¯

. Using posterior samples

for the parameter vector Θ, we can obtain the prediction results instantaneously for
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a new subject. Hence, the dynamic prediction framework can provide supplemental

information for PD clinicians to monitor disease progression.

The predictive performance is assessed using discrimination (how well the model

discriminates event-free subjects and subjects with events). The discrimination ca-

pability of the model is quantified using the time-dependent area under the curve

(AUC), with values ranging from 0 to 1. Higher AUC values denote better discrim-

inative ability Li et al. (2018); Graf et al. (1999). To compute the AUC, we select

specific landmark times, denoted as t, and calculate the AUC over a densely spaced

prediction window, ∆t, using 4-fold cross-validation.

3.3 Simulation studies

Figure 3.1: Mean curve estimates from simulation studies. Mean curve
estimates for sum of Parts outcomes. Black solid lines are mean curves and 95%
equal tailed credible interval lines are displayed with blue and red.
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Table 3.1: True values of parameters, bias, standard deviation (SD), standard error
(SE), coverage probability (CP) and average mean squared error (AMSE) from 100
simulation replications based on Model (3.5)

Parameters Bias SD SE CP AMSE
β2 = 1.5 0.01 0.02 0.01 0.95
β3 = 0.4 0.02 0.03 0.02 0.95
γ12 = 1.5 0.02 0.03 0.04 0.94
γ13 = 2.7 0.03 0.12 0.18 0.94
γ14 = 3.2 0.02 0.05 0.08 0.93
γ21 = -2.5 0.03 0.04 0.07 0.92
γ22 = -1 0.04 0.05 0.06 0.94
γ23 = 0.5 0.03 0.06 0.07 0.95
γ24 = 1.8 0.08 0.03 0.08 0.94
γ31 = -2.5 0.02 0.04 0.04 0.94
γ32 = -1 0.03 0.06 0.08 0.94
γ33 = 0.5 0.01 0.08 0.14 0.94
γ34 = 1.8 0.03 0.07 0.10 0.93
η = 0.4 0.04 0.18 0.20 0.94
λ0 = 1 0.1 0.18 0.20 0.79
λ11 = 0.7 0.09 0.22 0.28 0.78
λ12 = 0.5 0.08 0.24 0.25 0.77
λ13 = 0.1 0.06 0.24 0.24 0.81
µ1ptq 0.039
µ2ptq 0.018
µ3ptq 0.022

Table 3.2: Predictive performance for Model 3.5 at t1 “ 0.5, 0.6, 0.7 and 0.8 for
landmark time t “ 0.3 (row 1 to 4)and t1 “ 0.6, 0.7 and 0.8 for landmark time
t “ 0.5 (row 5 to 7)

t t1 Est. AUC True AUC
0.3 0.5 0.717 0.727

0.6 0.701 0.711
0.7 0.671 0.674
0.8 0.661 0.664

0.5 0.6 0.708 0.715
0.7 0.691 0.701
0.8 0.668 0.674
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We conduct simulation studies based on Model (3.5). We assume that the number

of patients, I “ 500. Three longitudinal outcomes are generated (J “ 3) observed on

grid Si “ r0, ti, ti`0.1, ..., ti`0.9s for subject i and ti is sampled from a multinomial

distribution from 0.01 to 0.1 with equal probability. We have set Cj “ 5, j “ 1, 2, 3

(five levels), γJ “ pγJ1 ,γ
J
2 ,γ

J
3 q with γJ1 “ p0, 1.5, 2.7, 3.2q, γ

J
2 “ p´1.7, 0.8, 1.7, 2.8q,

and γJ3 “ p´2.5,´1, 0.5, 1.8q. To model Xijptikq, µ1ptq “ 10 ` 5t ` t2, µ2ptq “

cosp2πtq ` 0.5sinpπtq, and µ3ptq “ sinp2πtq ` logpt` 1q. The association parameters

are set β1 “ 1, β2 “ 1.5 and β3 “ 0.4. The true eigenfunctions are φ1ptq “
?

2sinpπtq,

φ2ptq “
?

2cospπtq, and ψ1ptq “
?

2sinp2πtq. Eigenvalues are set d01 “ 5, d02 “ 2 and

d11 “ 5. For the survival model, the regression coefficients of subject-specific and

subject-outcome specific random functions are set λ0 “ 1 and λ11 “ p0.7, 0.5, 0.1q,

respectively. The baseline hazard function is set log(h0) = ´1 and Wi is generated

from Bernoulli(0.5) to mimic baseline HY Stages with corresponding coefficient η “

0.4. The censoring time is generated from uniform distribution Up0, cq and c is

adjusted to set the censoring rate around 20%. From each simulated dataset, we

randomly select 400 subjects as the training dataset and set aside the remaining 100

subjects as the validation dataset.

We repeat 100 repetition of simulation and present their bias, standard deviation

(SD, standard deviation of the estiamted parameters across 100 replications), stan-

dard error (SE, calculated as the square root of the averaged variances across the

100 replications), and coverage probability (CP, denoting the frequency with which

95% credible intervals encompass the true values). Regarding the mean functions, we

calculate the average of mean square error (AMSE) as follows:
ř100
r“1

ř

S
pf̂rpsq´fpsqq2

100S
,

where r denotes the replication number, and S signifies the number of points in

the refined grid. For dynamic prediction, we establish two landmark time points,

specifically at t “ 0.3 and t “ 0.5. Subsequently, we define prediction windows
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as r0.5, 0.6, 0.7, 0.8s and r0.6, 0.7, 0.8s, respectively. Following this, we calculate the

time-dependent AUC to evaluate the model’s discriminatory capacity over time.

Table 3.1 displays the 100 replication simulation results with true parameters,

bias, SD, SE, CP and AMSE for mean curves. The results suggest that the model

fitting based on the proposed models is feasible because all of the parameter shows

small bias and close to the nominal level 0.95 for CP. Figure 3.1 shows the true item-

specific mean curves (black solid lines), estimated mean curves (yellow solid lines),

and 95% pointwise CI with red and blue solid lines. Using MCMC samples from

the fitted model and available measurements up to time t, we make a prediction of

πipt
1|tq for each subject in the validation dataset. Table 3.2 shows the time-dependent

AUC based on various amounts of data from Model (3.5) with true AUC. Notably,

the estimated AUC closely mirrors the true AUC, particularly when the landmark

time is set at 0.5 compared to 0.3. This observation suggests that having a more

comprehensive outcome history available results in the estimated AUC converging

more closely to the true AUC. For example, AUC(t1 = 0.7 | t = 0.3) = 0.671 and

AUC(t1 = 0.7 | t = 0.5) = 0.691.

3.4 Application to PPMI study

In this section, we apply proposed joint model and prediction process to the mo-

tivating PPMI study in Section 1.1. We have used 33 ordinal responses in MDS-

UPDRS Part III in the analysis. For all of the results in this section, we have used

1,000 MCMC samples after discarding 5,000 as burn-in. We expand item specific,

subject-specific profiles and subject-outcome specific random effects functions using

10 equally spaced knots of B-splines. Two eigenfunctions of Uiptq and a single eigen-

function for Wiptq are used respectively. For the survival submodel, we use baseline

covariates: age, sex (Male = 1), SEADL, sums of MDS-UPDRS Part II, baseline HY

Stage, LNS and SFT.

47



Table 3.3 and Table 3.4 provide parameter estimates of latent process (3.2) for

Model (3.4) and Model (3.5), including the mean, standard deviation (SD), and

95% equal-tailed credible interval (CI), respectively. In both Table 3.3 and Table

3.4, we observe that 30 of the association parameters exhibit positively significance,

while three of them (Postural tremor - Right Hand, Rest tremor amplitude - RUE,

and Rest tremor amplitude - RLE) demonstrate negative significance both models.

For example, one unit increase of the shared random process Uiptq is associated

with 1.110 (95% CI: [0.891, 1.275]) unit increase in Facial express from Model (3.4),

whereas one unit increase of Uiptq is negatively associated with ´0.841 (SD: 95% CI:

[´0.957,´0.581]) unit decrease in Postural tremor - Right Hand from Model (3.5). In

the survival model B.1 in Appendix, the regression coefficient of Sex is significantly

estimated both models. It suggests that males exihibit a lower hazard of experi-

encing functional disability compared to females, with 90.2% (95% CI: [´159.5%,

´23.2%]) reduction in the logarithm hazard rate in Model (3.4), whereas males are

associated with 93.1% (95% CI: [´160.9%, ´27.2%]) reduction in the logarithm haz-

ard rate compared to females in Model (3.5). In addition, coefficient of SEADL

is only significant in Model (3.5) suggesting that 4.6% (95% CI: [´7.7%, ´1.5%])

decrease in the logarithm hazard rate. We have significant λ0 estimate in Model

(3.5) suggesting that higher current values of Uiptq is associated with an increased

risk of functional disability. Nonetheless, significant results are only obtained for the

regression parameter λij1 in the random effects model, specifically concerning the

Postural stability outcome. Similarly, significant results are exclusively observed for

the regression parameter λij1 in the instantaneous model from Postural stability out-

come. It means Postural stability outcome is associated with higher current values

of the subject-outcome specific profiles is associated with a higher risk of funcitonal

disability of subjects both models. The mean function estimates for 33 responses are

presented in the Appendix.
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To validate the prediction and compare the performance of candidate models,

we have conducted a 4-fold cross-validation. We present AUC score in Table 3.5 by

setting landmark time as Year 1 and Year 2. In general, AUC increases by using

more upon available measurements history, for example, for random effects model

(3.4), conditional on the measurement history up to Year 1 (i.e., t = 1), when t1 =

3, AUC( t1 = 3 | t = 1) = 0.775 while AUC increased to AUC(t1 = 3 | t = 2) = 0.780

indicating that conditional on the measurement history up to Year 2. Instantaneous

model (3.5) is selected our final model because it has lower DIC (322041.5) than

random effects model (3.4) (323042.7).

To demonstrate the dynamic prediction capacity of our model at the individual

level, we select two new subjects who are not participated in the study, labeled as A

and B, for illustration. Using the estimates of the fitted instantaneous model (3.5),

we predict their future event probabilities, i.e., the likelihood of transitioning to HY

Stage 3 or beyond). The subject A starts with a relatively mild condition, indicated

by a baseline HY Stage of 1. This subject with 62.8 year of age, has MDS-UPDRS

Part II and III total scores of 4 and 17, respectively, an SFT score of 48, and a

SEADL score of 95. Over 11 visits, Subject A has an average Part III total score

of 11.8 (SD: 3.98), with a censoring time of 6 years. In contrast, Subject B exhibits

a more severe condition from the outset, with a baseline HY Stage of 2, age 68.7

years, female gender, LNS score of 13, MDS-UPDRS Part II and III total scores

of 14 and 47, SFT score of 40, and SEADL score of 80. Across 6 visits, Subject

B’s mean Part III total score is 51.4 (SD: 9.3), and the event occurred at 3.54 years.

The results indicate that Subject B consistently demonstrated higher probabilities of

functional disability at all landmark times compared to Subject A, suggesting more

severe disease progression. This observation suggests that Subject B may benefit

from more targeted interventions than Subject A. Notably, across both patients,

credible intervals were getting narrower when the landmark time was set at year
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2 rather than year 1. This increased precision can be attributed to the additional

longitudinal and survival data collected at year 2, enhancing the accuracy of our

predictions.
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3.5 Concluding remarks

In this manuscript, we propose a generalized joint model based on the multivariate

functional mixed model to assess the association between multivariate longitudinal

outcomes and the risk of functional disability. We propose two functional forms to

flexibly model the association structures and adapt Bayesian methods for statistical

inference by applying to PPMI study. In PPMI study, we found that all of the asso-

ciation parameters are significant and it implies that one unit increase of the shared

random profile is associated with the disease severity for all outcomes. Additionally,

we have significant regression parameters in the survival model which suggest that

the higher current values of subject specific profile is associated with an increased

risk of funcitonal disability and some coefficients from subject-outcome spcific pro-

files are significant and it means they are associated with higher current values of

the subject-outcome specific profiles with a higher risk of funcitonal disability. We

also develop a dynamic prediction framework that provides the predictions of disease

progressions.

There are some limitations in our proposed dynamic prediction framework that

we will address in the future study. First, we do not use the covariates information.

Since PD study collects not only multiple longitudinal outcomes but also covariates,

it will be fruitful if we can use these covariates in the longitudinal submodel. Al-

though we use the baseline covariates information in the Cox model, many covariates

were collected longitudinally. To handle this problem, we have to use the longitu-

dinal covariates information in the longitudinal submodel, and it can provide more

information about the disease progression pattern. During the long follow-up in PD

study, there may exist lots of missing outcomes. In this article, we do not handle the

missingness and only used full dataset without missingness. However, the missing

data issue can become more complicated in prediction model framework because it
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can impact the model inference and dyanamic prediction process. How to address

this issue in the proposed prediction framework is an important direction of future

research.

52



Table 3.3: Mean and 95% credible intervals for parameters from Model (3.4) in the
longitudinal submodel (Model (3.2))

Scale parameters

Facial expression 1.089 (0.061, [0.971,1.197])
Rigidity - Neck 1.183 (0.071, [1.067,1.316])
Rigidity - RUE 1.185 (0.067, [1.07,1.305])
Rigidity - LUE 1.226 (0.061, [1.105,1.347])
Rigidity - RLE 1.088 (0.060, [0.972,1.205])
Rigidity - LLE 1.208 (0.071, [1.082,1.344])
Finger tapping - Right hand 1.248 (0.067, [1.136,1.379])
Finger tapping - Left hand 1.451 (0.069, [1.316,1.597])
Hand movements - Right hand 1.245 (0.064, [1.125,1.370])
Hand movements - Left hand 1.348 (0.075, [1.217,1.475])
Pronation-Supination - Right Hand 1.153 (0.061, [1.042,1.271])
Pronation-Supination - Left Hand 1.337 (0.078, [1.203,1.474])
Toe tapping - Right foot 1.134 (0.066, [1.017,1.250])
Toe tapping - Left foot 1.300 (0.077, [1.164,1.453])
Leg agility - Right leg 1.002 (0.070, [0.892,1.120])
Leg agility - Left leg 1.287 (0.071, [1.152,1.426])
Arising from chair 1.179 (0.081, [1.038,1.332])
Gait 1.115 (0.061, [1.011,1.237])
Freezing of gait 1.121 (0.099, [0.92,1.340])
Postural stability 1.273 (0.091, [1.101,1.483])
Posture 1.189 (0.081, [1.062,1.316])
Global spontaneity of movement 1.251 (0.081, [1.12,1.386])
Postural tremor - Right Hand ´0.752 (0.059, [´0.840, ´0.669])
Postural tremor - Left hand 0.978 (0.062, [0.862,1.084])
Kinetic tremor - Right hand 1.011 (0.060, [0.902,1.124])
Kinetic tremor - Left hand 0.992 (0.059, [0.892,1.096])
Rest tremor amplitude - RUE ´0.959 (0.058, [-1.058,-0.868])
Rest tremor amplitude - LUE 1.344 (0.079, [1.211,1.487])
Rest tremor amplitude - RLE ´0.797 (0.061, [-0.902,-0.705])
Rest tremor amplitude - LLE 1.065 (0.077, [0.933,1.207])
Rest tremor amplitude - Lip/jaw 1.132 (0.114, [0.974,1.31])
Constancy of rest tremor 1.160 (0.071, [1.049,1.272])
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Table 3.4: Mean and 95% credible intervals for parameters from Model (3.5) (third
column) in the longitudinal submodel (Model (3.2))

Scale parameters

Facial expression 1.110 (0.059, [0.891,1.275])
Rigidity - Neck 1.194 (0.068, [0.966,1.373])
Rigidity - RUE 1.196 (0.065, [0.988,1.377] )
Rigidity - LUE 1.237 (0.069, [1.024,1.412])
Rigidity - RLE 1.099 (0.062, [0.881,1.278])
Rigidity - LLE 1.219 (0.069, [0.994,1.406])
Finger tapping - Right hand 1.298 (0.068, [1.048,1.514])
Finger tapping - Left hand 1.501 (0.075, [1.24,1.731])
Hand movements - Right hand 1.295 (0.069, [1.042,1.516])
Hand movements - Left hand 1.398 (0.077, [1.131,1.631])
Pronation-Supination - Right Hand 1.164 (0.066, [0.947,1.333])
Pronation-Supination - Left Hand 1.387 (0.076, [1.134,1.624])
Toe tapping - Right foot 1.183 (0.064, [0.944,1.414])
Toe tapping - Left foot 1.351 (0.073, [1.092,1.59])
Leg agility - Right leg 1.013 (0.062, [0.801,1.181])
Leg agility - Left leg 1.298 (0.075, [1.077,1.49])
Arising from chair 1.190 (0.077, [0.954,1.386])
Gait 1.126 (0.066, [0.915,1.295])
Freezing of gait 1.143 (0.126, [0.852,1.367])
Postural stability 1.294 (0.098, [1.041,1.539])
Posture 1.192 (0.065, [0.98,1.375])
Global spontaneity of movement 1.262 (0.071, [1.032,1.457])
Postural tremor - Right Hand ´0.841 (0.061, [´0.957, ´0.581])
Postural tremor - Left hand 1.115 (0.061, [0.769,1.159])
Kinetic tremor - Right hand 1.212 (0.061, [0.797,1.193])
Kinetic tremor - Left hand 1.004 (0.060, [0.788,1.167])
Rest tremor amplitude - RUE ´0.968 (0.051, [´1.168, ´0.774])
Rest tremor amplitude - LUE 1.405 (0.081, [1.133,1.553])
Rest tremor amplitude - RLE ´0.796 (0.051, [´1.005,´0.621])
Rest tremor amplitude - LLE 1.091 (0.076, [0.852,1.257])
Rest tremor amplitude - Lip/jaw 1.145 (0.102, [0.903,1.368])
Constancy of rest tremor 1.291 (0.068, [0.96,1.428])
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Table 3.5: Predictive performance for candidate model at t1 “ 2, 3, 4 and 5 years for
landmark time t “ 1 year (row 1 to 4) and t1 “ 3, 4 and 5 years for landmark time
t “ 2 year (row 5 to 7)

t1 Random effects model Instantaneous model
t = 1 2 0.765 0.775

3 0.748 0.768
4 0.739 0.744
5 0.738 0.740

t = 2 3 0.754 0.780
4 0.755 0.762
5 0.757 0.754
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4

Approach to handling MNAR data through joint
modeling of multivariate functional mixed models

and time-to-event data

4.1 Introduction

Neurodegenerative diseases, such as Parkinson’s disease (PD), represent a group

of progressive disorders that currently lack effective disease-modifying treatments.

These conditions often result in a range of debilitating symptoms, including tremors,

bradykinesia, muscle rigidity, and speech alterations, which typically manifest grad-

ually and worsen over time. The multidimensional impairments induced by these

disorders encompass both cognitive and behavioral domains. For this reason, re-

searchers seeking to fully comprehend the impact of neurodegenerative diseases must

rely on the collection of multiple longitudinal outcomes (Müller et al., 2000). In lon-

gitudinal PD studies, the extended follow-up period often entails the observation of

significant events such as severe functional disability or mortality, necessitating the

collection of survival data.

The prolonged follow-up period in PD studies often leads to sporadic missing
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data due to various factors, including patient dropout, lost to follow-up, incom-

plete data reporting during assessments, or technical issues during data collection.

Additionally, the inclusion of multivariate longitudinal outcomes and time-to-event

data further amplifies the potential for encountering missing data, resulting in its

pervasive presence throughout PD studies.

The presence of missing outcomes in data analysis can introduce bias if the miss-

ingness is related to the variables being studied (Ibrahim et al., 2005). It can lead to

biased estimates and incorrect inferences, compromising the validity of the analysis.

Moreover, missing data diminishes the sample size available for analysis, resulting

in reduced statistical power and a higher likelihood of Type II errors. Additionally,

the precision and efficiency of statistical estimates are compromised due to the un-

certainty introduced by missing values, leading to wider confidence intervals and less

precise parameter estimates.

To resolve the problems led by missing outcomes, it is important to know the

missing pattern first because it affects the validity and reliability of the statistical

analysis and conclusions. Three distinct missing data patterns have been identified

in the literature (Garćıa-Laencina et al., 2010; Daniels and Hogan, 2008). The first

pattern, missing completely at random (MCAR), is characterized by the absence of

any relationship between the missing data and other variables within the dataset. It

is notable for being unaffected by either observed or unobserved factors, essentially

occurring purely by chance. Missing not at random (MAR) emerges when the prob-

ability of missingness is dependent on some other variables in the dataset, but not

the variable with unobserved missing data itself. However, when the missingness is

linked to the unobserved underlying response process, such as sicker patients being

more prone to missing visits or dropping out, it falls under the category of missing

not at random (MNAR), often referred to as non-ignorable missing. The missing can

be either monotone (no observations after a certain time, due to event occurrences
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e.g., dropout, lost follow-up and death) or intermittent (due to missed visits, e.g.,

subject in 1.5 23 had a missed visit at month 15).

The presence of MNAR can lead to biased estimates because the missing data is

dependent on unobserved variables, whereas MCAR and MAR do not introduce bias

if the missing data are handled appropriately. In addition handling MNAR typically

requires stronger assumptions about the underlying relationship between the missing

data and the unobserved variables in the dataset.

To address these challenges, appropriate strategies such as sensitivity analyses,

robust imputation methods, and transparent reporting of missing data patterns must

be employed to minimize bias, maintain statistical power, and ensure the accuracy

and reliability of data analysis outcomes (Daniels and Hogan, 2008; Ibrahim and

Molenberghs, 2009). Among these methods it sheds light on using joint modeling to

resolve missingness problems. Multiple imputation methods based on joint modeling

for longitudinal outcomes are compared (Huque et al., 2018) under MAR assump-

tions. Joint modeling of multivariate longitudinal outcomes and auxiliary variable

to correct the bias has been proposed (Wang and Hall, 2010) if the data suggest that

the missing data mechanism is MNAR, bias can be reduced if we take the auxiliary

variables into account. However, survival outcomes are not considered which may

lead to dependent censoring issues.

A novel approach of joint modeling of multivariate functional mixed model (MFMM-

JM) has been introduced to address non-ignorable monotone missing data arising

from event occurrences (Li et al., 2022; Zou et al., 2023). In this context, for missing

outcomes, MAR assumption is typically made (Zou et al., 2023). However, it is es-

sential to acknowledge that if the MAR assumption is incorrect, it could potentially

lead to biased results. The challenge of determining whether an intermittent missing

pattern, taking into account both multivariate longitudinal and survival outcomes

simultaneously, is genuinely non-ignorable or aligns with the MAR assumption re-
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mains an open question.

For these reasons, we have proposed MFMM-JM coupling with a class of missing

MNAR model consisting of a missing data model coupled with MFMM-JM. In the

missingness submodel, we assume that the missingness is dependent on both observed

covariates and unobserved functional principal components (fPC) using a simple

linear mixed model.

To determine whether the missing pattern should be classified as MAR or MNAR,

we employ objective methods that involve hypothesis testing. Specifically, we assess

whether the coefficients of the fPCs significantly depart from zero. For this purpose,

we utilize Bayes factor (BF) (Jeffreys, 1935; Etz and Wagenmakers, 2017; Kass and

Raftery, 1995), which quantifies the evidence in favor of one statistical model over

another (Kass and Raftery, 1995). The BF represents the ratio of two marginal

likelihoods, which are the likelihoods of two statistical models integrated over the

prior probabilities of their parameters (Gill, 2002). Several methods are available to

approximate the marginal likelihood, including naive Monte Carlo (MC) estimator

(Hammersley, 2013; Raftery and Banfield, 1991), importance sampling estimator

(Neal, 2001; Vandekerckhove et al., 2015), generalized harmonic mean estimator

(Gelfand and Dey, 1994), and the bridge sampling estimator (Jeffreys, 1998; Kass and

Raftery, 1995). In our approach, we utilize the bridge sampling estimator to calculate

the BF because it is known that the bridge sampling estimator is particularly well-

suited for calculating the BF.

The rest of the article is organized as follows. Section 4.2 presents the specific

modeling of missing structure coupling with MFMM-JM. The numerical studies pre-

sented in Section 4.3 to demonstrate the consistency of the estimation procedure.

The result and the findings obtained by application of our method on SURE-PD3

study are discussed in Section 4.4. Concluding remarks, limitations and next steps

are discussed in Section 4.5.
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4.2 Methods

We have i “ 1, 2, ..., N number of subjects, j “ 1, ..., J longitudinal outcomes, and

each subject has k “ 1, ..., Ki visits. We observe the continuous longitudinal outcome

yijptikq at time tik and each subject has observed event time Ti “ minpT ˚i , Ciq and

censoring indicator δi “ IpT ˚i ď Ciq, where T ˚i and Ci denote true failure time

and censoring time, respectively. We denote ŷijptikq for the intermittent missing

longitudinal outcome at tik of subject i.

4.2.1 Models

We assume that the observed outcome yijptikq is a noise measurement of the latent

process Xijptikq so that yijptikq “ Xijptikq ` εijk, where Xijptikq is a true latent

longitudinal process and εijk is the random noise which assumed to follow N p0, σ2
j q.

The specific modeling using the multivariate functional mixed model as follows:

Xijptikq “ µjptikq ` βjpUiptikq `Wijptikqq, (4.1)

where µjptq is the mean function of jth outcome, Uiptq is the shared random profile

representing subject-specific disease progression pattern and is shared across all lon-

gitudinal outcomes for subject i. Wijptq is the outcome specific random profile for

subject i and outcome j. βj is the parameter quantifying the expected increase in jth

longitudinal outcome for one unit increase in Uiptq and Wijptq and will set β1 “ 1 for

the identifiability condition. Furthermore, let yiptikq “ tyijptikq : j “ 1, 2, ..., JuJ be

the vector of measurements for patient i at time tik and yi “ tyiptikq : k “ 1, 2, ..., Kiu

be the outcome vector across the visit times k. Similarly, we assume ŷi is the missed

outcome vector across the visits for subject i.

We use cubic B-spline to estimate µjptq «
řP
p“1 bpptqAjp, where bpptq is the p-

th cubic B-spline function evaluated at t with equally spaced knots, and Ajp is the

corresponding coefficients. For convenience, we define B-splines and correspond-
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ing coefficient matrices as bptq “ pb1ptq, ..., bP ptqq and A “ pA1, ...,AJq with Aj “

pAj1, ..., AjP q
J, respectively. We model Uiptq and Wijptq as two zero-mean Gaus-

sian processes with covariance functions, C0 and C1, respectively, and assume that

Uiptq,Wijptq and εijk are mutually independent. Using Mercer’s theorem, the covari-

ance functions can be expressed as C0ps, tq “ CovpUiptq, Uipsqq “
ř8

l“1 ∆0lφlpsqφlptq

and C1ps, tq “ CovpWijptq,Wijpsqq “
ř8

l“1 ∆1lψlpsqψlptq, where ∆0l and ∆1l are or-

dered eigenvalues such as ∆01 ě ∆02... and ∆11 ě ∆12..., respectively. φptq and ψptq

are eigenfunctions of Uiptq and Wijptq, respectively. We can expand Uiptq and Wijptq

using the truncated Karhunen-Loeve’s (KL) decomposition such as Uiptq « φptqξi

and Wijptq « ψptqζij. φptq is the matrix whose columns are eigenfunctions φlptq

pl “ 1, 2, ..., Kφ) with the number of eigenvalues Kφ, and ξi “ pξi1, ..., ξiKφq
J is a

vector of the corresponding fPC scores (fPCs). It captures the impact of the under-

lying unobserved disease process Uiptq across outcomes. Similarly, ψptq is a matrix

with each column being an eigenfunction ψlptq (l “ 1, 2, ..., Kψ) with the number

of eivengalues, Kψ, and ζij “ pζij1, ..., ζijKψq is a corresponding vector of fPCs. It

quantifies the influence of the latent disease progression Wijptq by outcomes. The

number of fPCs Kφ and Kψ are determined by the proportion of variance explained

(PVE) criteria (Di et al., 2009).

We use common cubic B-spline from µjptq to expand φptq and ψptq such as φptq “

bptqAφ with PˆKφ coefficient matrixAφ and ψptq “ bptqAψ with PˆKψ coefficient

matrix Aψ. For simplicity, we denote ∆0 “ p∆01, ...,∆0Kφq
J, ∆1 “ p∆11, ...,∆1Kψq

J,

∆ “ p∆J
0 ,∆

J
1 q
J, β “ pβ1, ..., βJq

J, and σ2 “ pσ2
1, .., σ

2
Jq
J. We define ωi as the vector

of all fPCs, ωi “ pξJi , ζi1, ..., ζiJq
J and each component is mutually independent.

ωi follow a normal distribution with a mean of zero and variances equal to their

respective eigenvalues such as ωi „ N p0,Σq, where Σ “

ˆ

ΣKφ 0
0 IJ bΣKψ

˙

, ΣKφ

= diag(∆01, ...,∆0Kφ), ΣKψ = diag(∆11, ...,∆1Kψ), and b is the Kronecker product.
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Also, the survival process can be modeled such as

hiptq “ h0ptqexppW J
i η ` FpXi, tqq, (4.2)

where Wi “ pWi1, ...,Wiqq is the q-dimensional covariate vector of subject i, and

η “ pη1, ..., ηqq is a corresponding parameter vector. We also expand baseline hazard

h0ptq using common B-spline function such as h0ptq « bptqAh0 , where Ah0 is the

vector of corresponding coefficients. The functional forms FpXi, tq can be formulated

as follows:

FpXi, tq “ λ0Uiptq `
J
ÿ

j“1

λ1jWijptq, (4.3)

where Xi “ pXi1, ..., XiJq and each Xij is modeled in (4.1). Model (4.3) is shared

random functions model (instantaneous model) which indicates the current values

of the shared profile Uiptq and the subject-outcome specific profile Wijptq at t. Each

random profile has regression coefficient λ0 and λ1 “ pλ11, ..., λ1Jq
J, respectively.

Lastly, we construct missing structure to decide the pattern of intermittent miss-

ing. Let rik be the indicator which determines whether a subject i is present or

absent during a particular visit at time tik. The indicator takes the value of 1 if

the visit is missed and 0 if the visit is completed. The missing indicator rik can be

modeled with mixed-effects logistic regression such as

logitpP prik “ 1qq “ ZJi αR ` ξ
J
i γR, (4.4)

where Zi “ pZi1, ..., ZiRq is the R-dimensional covariate vector, and αR is the vector

of corresponding regression coefficients. ξi is the vector of fPCs from the latent

disease profile Uiptq in Model (4.1). γR controls the correlation between the pattern

of missed visits and multiple longitudinal outcomes. The statistical significance of γR

can serve as an indicator of the extent to which the common latent profile influencing

the longitudinal outcomes and the significance affects the pattern of missing data.
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For example, when γR “ 0, the missing mechanism is classified as missing at random

(MAR), as missingness can be entirely explained by the known covariates rather

than arising unobserved random profile. If γR contains nonzero entries, the missing

pattern will fall under missing not at random (MNAR). For this reason, we can

perform hypothesis testing, specifically denoted as H0 : γR “ 0, to assess the missing

data pattern within the framework of the proposed model. Furthermore, γR can

serve as a parameter for sensitivity analysis so that we pre-specify various γR values

to explore how the effects of predictors change when the missing data deviates from

the MAR assumption.

Let Θ “ rA,Aφ,Aψ,∆,β,σ2,η, Bh0 ,λ,αR,γRs be the unknown parameters to

be estimated. rη, Bh0 ,λs are parameters in the survival process, rαR,γRs are pa-

rameters related to missing structure, and the remaining parameters are related to

longitudinal submodel. The conditional likelihood for the longitudinal outcomes is

ppyi|Θ,ωiq “
J
ź

j“1

Ki
ź

k“1

ppyijptikq|Θ,ωiq
1´rikppŷijptikq|Θ,ωiq

rik

and the density function of the random effects ωi is

ppωi|Θq “ p2π|Σ|q
´
Kφ`pKψˆJq

2 expp´
1

2
ωJi Σ´1ωiq

The conditional likelihood of ith subject survival submodel is

ppTi, δi|Θ,ωiq “ hipTi|Θ,ωiq
δiSipTi|Θ,ωiq,

where Si is the survival function of subjecrt i. The conditional likelihood from the

missing structure is

ppri|Θ,ωiq “
Ki
ź

k“1

pπik|Θ,ωiq
rikp1´ pπik|Θ,ωiqq

1´rik ,

where ri “ pri1, ..., riKiq
J and πik|Θ,ωi is the inverse logit function from (4.4). Under

the assumption that conditional on the random effects ωi, all components in yi, Ti
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and ri are independent, the joint likelihood function is

LpΘq “
N
ź

i“1

ppyi, Ti, δi, ri|ωiq “
N
ź

i“1

ż

ppyi|Θ,ωiqppTi, δi|Θ,ωiqppri|Θ,ωiqppωi|Θqdωi

(4.5)

4.2.2 Bayesian inference and model assessment

To estimate the unknown parameter vector Θ, we employ a Bayesian modeling ap-

proach grounded in Markov Chain Monte Carlo (MCMC) posterior simulations using

Stan (Stan Development Team, 2021). We adopt vague priors for the parameters

within Θ, except for the aforementioned constraints. In both our simulation study

and real data analysis, we deploy two MCMC chains, each comprising 3,000 burn-

in iterations and 1,000 post-warmup samples. We ensure convergence by verifying

that all parameter R̂ values are below 1.1, which serves as an indicator of a well-

mixed chain ensemble. Out of the total 2,000 posterior samples, we compute the

posterior mean, standard deviation, and a 95% equal-tailed credible interval for each

parameter.

To test whether γR is significant, we use Bayesian factor. Bayes factor is a

statistical measure used in Bayesian hypothesis testing to assess the strength of

evidence in support of one hypothesis over another (Berger and Pericchi, 1996). It

compares the likelihood of the data given the two competing hypotheses and provides

a numerical ratio of the evidence in favor of one hypothesis compared to the other.

The Bayes factor is calculated by dividing the likelihood of the data under one

hypothesis by the likelihood of the data under the other hypothesis. This ratio

reflects the extent to which the data supports one hypothesis relative to the other.

A Bayes factor of exactly 1 indicates that the data are equally likely under both

hypotheses, and therefore does not provide any evidence in support of one over the

other. For example, we want to test H0 : γR “ 0 and let M0 be the proposed model

under the null hypothesis and M1 be the model under the alternative hypothesis.
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Based on the observed data, D, the Bayes factor (BF) is defined as follows.

BF10 “
P pD|M1q

P pD|M0q
,

where P pD|M1q is the marginal likelihood or evidence for data D under the alterna-

tive hypothesis referred to as the likelihood of the data within the alternative model.

Likewise, P pD|M0q is the marginal likelihood for data D under the null hypothesis.

We can approximate the marginal likelihood based on bridge sampling estimator

methods implemented in R package bridgesampling. According to the guidelines

for interpreting Bayes factor (BF) values (Kass and Raftery, 1995), if the calculated

BF falls within the range of 1 to 3, it provides negligible evidence in support of

the alternative hypothesis (H1). BF values ranging from 3 to 20 indicate positive

evidence, those between 20 to 150 signify strong evidence in support of H1, and BF

values exceeding 150 provide very strong evidence in favor of H1.

In order to comprehensively evaluate our proposed joint modeling approaches, we

conduct a comparison between two models: the full model, which includes missing

data structure Model (4.4) and the reduced model, intentionally excluding the (4.4)

for the analysis. We used two criteria; leave-one-out information criterion (LOOIC)

and widely applicable information criterion (WAIC) (Wang and Luo, 2017a; Vehtari

et al., 2017). The smaller values of these criteria indicate a better fit of the model

to the data. The LOOIC is a criterion that uses leave-one-out cross-validation to

estimate out-of-sample prediction accuracy. It is computed as the summation of the

logarithm of the weighted predictive probability. The WAIC is a criterion that is

also based on the logarithm of the pointwise predictive density, but it additionally

adjusts for the number of effective parameters in the model. Both LOOIC and WAIC

can be computed in R using the loo package.
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Table 4.1: Numerical study results of 9% missing rate from 100 replications
Full model

Bias SD SE CP AMSE
Longitudinal outcomes
β1 = 1
β2 = 0.8 0.031 0.011 0.012 0.97
σ1 = 1.2 0.022 0.007 0.009 0.95
σ2 = 1.0 0.015 0.004 0.002 0.94
∆01 = 5.0 0.014 0.011 0.014 0.93
∆02 = 2.0 0.011 0.012 0.013 0.90
∆1 = 5.0 0.022 0.012 0.016 0.90
µ1ptq 0.014
µ2ptq 0.015
Survival models
λ0 = 1 0.031 0.014 0.017 0.91
λ11 = 0.7 0.025 0.010 0.012 0.92
λ12 = 0.5 0.015 0.011 0.011 0.91
η = 2 0.018 0.012 0.017 0.95
Logistic models
αR1 = 3 0.007 0.003 0.004 0.95
γR = 0.7 0.015 0.013 0.012 0.92

Reduced model
Bias SD SE CP AMSE

Longitudinal outcomes
β1 = 1
β2 = 0.8 0.034 0.013 0.011 0.96
σ1 = 1.2 0.021 0.018 0.019 0.93
σ1 = 1.0 0.027 0.012 0.011 0.94
∆01 = 5.0 0.018 0.007 0.005 0.64
∆02 = 2.0 0.021 0.018 0.019 0.62
∆1 = 5.0 0.104 0.019 0.025 0.91
µ1ptq 0.021
µ2ptq 0.024
Survival models
λ0 = 1 0.022 0.009 0.010 0.82
λ11 = 0.7 0.047 0.014 0.018 0.92
λ12 = 0.5 0.026 0.016 0.022 0.87
η = 2 0.021 0.019 0.023 0.94
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Table 4.2: Numerical study results of 30% missing rate from 100 replications
Full model

Bias SD SE CP AMSE
Longitudinal outcomes
β1 = 1
β2 = 0.8 0.030 0.012 0.014 0.96
σ1 = 1.2 0.024 0.012 0.011 0.92
σ2 = 1.0 0.015 0.004 0.004 0.91
∆01 = 5.0 0.010 0.012 0.013 0.92
∆02 = 2.0 0.009 0.014 0.012 0.90
∆1 = 5.0 0.021 0.014 0.018 0.91
µ1ptq 0.011
µ2ptq 0.014
Survival models
λ0 = 1 0.031 0.011 0.014 0.92
λ11 = 0.7 0.020 0.012 0.015 0.90
λ12 = 0.5 0.014 0.011 0.014 0.91
η = 2 0.018 0.015 0.017 0.92
Logistic models
αR1 = 0.5 0.008 0.010 0.015 0.92
γR1 = 0.7 0.014 0.013 0.011 0.89
γR2 = 0.5 0.025 0.014 0.015 0.88

Reduced model
Bias SD SE CP AMSE

Longitudinal outcomes
β1 = 1
β2 = 0.8 0.032 0.012 0.014 0.95
σ1 = 1.2 0.121 0.038 0.037 0.75
σ2 = 1.0 0.126 0.034 0.037 0.71
∆01 = 5.0 0.501 0.481 0.411 0.74
∆02 = 2.0 0.203 0.254 0.205 0.74
∆1 = 5.0 0.504 0.280 0.274 0.65
µ1ptq 0.019
µ2ptq 0.014
Survival models
λ0 = 1 0.023 0.018 0.020 0.92
λ11 = 0.7 0.034 0.024 0.028 0.84
λ12 = 0.5 0.046 0.036 0.042 0.81
η = 2 0.021 0.019 0.023 0.92
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4.3 Numerical studies

We consider two simulation scenarios with two different missing rates. Both cases, we

have assumed that there exist two outcomes (J “ 2) and N “ 300. The longitudinal

outcomes are observed at finite grid Ti “ r0, ti, ti ` 0.1, ..., ti ` 0.9s for subject i and

ti is randomly selected from a multinomial distribution over [ 0.01, 0.02, ..., 1] with

equal probability. We set two eigenfunctions (Kφ “ 2q on subject-specific random

effects and one eigenfunction (Kψ “ 1) on subject-outcome-specific random effects.

The eigenvalues are set for ∆0 “ p5, 2q and ∆1 “ 5, respectively. β2 “ 0.8 and

σ2 “ p1.2, 1q. The true mean functions for the two outcomes are µ1ptq “ 10`5t`5t2

and µ2ptq “ 10 ` 10
?
t. The true eigenfunctions are φ1ptq “

?
2sinpπtq and φ2ptq “

?
2cospπtq, and ψ1ptq “

?
2cospπtq. For survival submodel, we generated Wi from

0 or 1 with equal probability to mimic HY covariate with η “ 2 and regression

parameter from the subject-specific profile set to λ0 “ 1 and the parameters of

subject-outcome specific profile is set λ1 “ p0.7, 0.5q, respectively. After parameter

setting, the censoring rate is around 50% which is similar to the real dataset.

For the missing structure we consider two types of missing rates, 9% and 30%

from the total number of observations. To evaluate the performance of our proposed

method, we generated two datasets with missingness for each simulation scenario,

specifically, MAR and MNAR models. In the MAR models, the missingness is solely

dependent on the fixed effects in the logistic regression model, while in the MNAR

models, the missing pattern is dependent on both fixed and random effects. To

be specific, the covariates Zi are sampled 1 or 2 with equal probability, and γR “

p0.7, 0.5q, while αR is set at 3 and 0.5 in the 9% missing and 30% missing scenarios,

respectively. Also, we fit the same model after removing missing outcomes to compare

the parameter estimates from the proposed model.

Table 4.1 shows simulation 100 replications for MNAR fitting under the 9% miss-
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ing (upper panel) and removed missing structure results (lower panel). All parame-

ters except eigenvalues from Wijptq, ∆1 are estimated with small bias and acceptable

coverage probability. In addition, when we fit MAR missing dataset to MNAR model,

γR is not estimated significatly each replication.

Table 4.2 shows simulation 100 replications for MNAR fitting under the 30%

missing (upper panel) and removed estimates results (lower panel). In general pa-

rameters are underestimated after removing missing outcomes with higher bias and

lover coverage probability. Especially variances of longitudinal outcomes and eigen-

values had a lower coverage probability. Likewise, when we fit MAR missing dataset

to MNAR model given missing rate, we also could not obtain the significant γR

estimates each replication.

4.4 Real data analysis

As discussed in 1.2, we used SURE-PD3 study for real data application. A description

of the data is already provided in Section 1.2. The sums of Part 1, non-tremor

items and tremor items are used as three dimensional response in the model. In the

longitudinal submodel (4.1), we set the number of eigenvalues Kφ of Uiptq and Kψ

of Wijptq are set 2 and 1, respectively with PVE greater than 95%. In the survival

submodel (4.2), we used baseline HY Stage (Stage 1 = 0), Age (years), sex (male

= 1), and treatment (placebo = 0) as covariates. In the logistic regression model

(4.5), for fixed effects, baseline HY Stage (Stage 1 = 0) and treatment covariates

are used. We also consider the reduced version of joint modeling which is only

considered MFMM-JM without logistics models. MFMM-JM is identical both three

joint modeling and reduced model, but reduced model is not containing missingness

structure.

Using two chains for sampling, each with 1,000 samples after discarding 3,000

burn-in samples, resulted in 2,000 MCMC posterior samples from stan for both
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Table 4.3: The estimated parameters, along with their standard deviations (SD) and
95% credible intervals (CI), enclosed in parentheses, for the full model with Model
(4.4)

Longitudinal Outcomes
β2: sum of nontremor items 3.225 (0.193, [2.867, 3.615])
β3: sum of tremor items 0.972 (0.059, [0.864, 1.097])
σ1: sum of Part I 2.085 (0.033, [2.019, 2.152])
σ2: sum of nontremor items 4.506 (0.077, [4.356, 4.660])
σ3: sum of tremor items 1.825 (0.029, [1.769, 1.882])
∆01: 1st eigenvalues of Uiptq 0.751 (0.420, [0.117, 1.693])
∆02: 2nd eigenvalue of Uiptq 0.536 (0.092, [0.371, 0.737])
∆11: 1st eigenvalue of Wijptq 11.63 (1.000, [9.753, 13.79])
Survival models
λ0: subject specific profile 0.035 (0.187, [´0.318, 0.437 ])
λ11: subject-Part I profile 0.014 (0.028, [´0.039, 0.069])
λ12: subject-non-tremor profile 0.086 (0.035, [0.021, 0.158])
λ13: subject-tremor profile ´0.010 (0.027, [´0.064, 0.043])
HY (Stage 1 = 0) 0.150 (0.226, [´0.276, 0.608])
Age 0.013 (0.009, [´0.004, 0.030])
Sex (male = 1) ´0.140 (0.168, [´0.470, 0.175])
Inosine (placebo = 0) ´0.238 (0.165, [´0.567, 0.082])
Logistic models
HY (stage 1 = 0) 2.031 (0.457, [1.263, 3.052])
Inosine (placebo = 0) ´2.033 (0.472, [´3.046, ´1.195])
γR1: First FPCs 3.338 (0.512, [2.481, 4.343])
γR2: Second FPCs ´0.844 (0.567, [´2.113, 0.171])

models, and to ensure convergence, we verified that R̂ of each parameter is below 1.1

for both models. We have selected the full model as our final model, primarily due

to the fact that both WAIC and LOOIC values are lower compared to the reduced

model; for instance, the WAIC for the full model is 34288.27, while the reduced model

had a WAIC of 34300.29; furthermore, the LOOIC for the full model is 34671.26,

whereas the reduced model yielded LOOIC of 34681.21. In addition, reduced model

cannot provide the information about the missing pattern whether missingness is

MAR or MNAR.

Table 4.3 and Table 4.4 present a concise overview of the estimated mean, stan-
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Table 4.4: The estimated parameters, along with their standard deviations (SD)
and 95% credible intervals (CI), enclosed in parentheses, for the reduced model that
excludes the missing structure

Longitudinal Outcomes
β2: sum of nontremor items 3.237 (0.185, [2.889, 3.611])
β3: sum of tremor items 0.980 (0.056, [0.876, 1.093])
σ1: sum of Part I 2.085 (0.033, [2.021, 2.154])
σ2: sum of nontremor items 4.498 (0.080, [4.349, 4.656])
σ3: sum of tremor items 1.823 (0.029, [1.770, 1.884])
∆01: 1st eigenvalues of Uiptq 1.613 (0.519, [0.654, 2.689])
∆02: 2nd eigenvalue of Uiptq 0.526 (0.089, [0.371, 0.715])
∆11: 1st eigenvalue of Wijptq 10.79 (0.933, [9.099, 12.74])
Survival models
λ0: subject specific profile 0.064 (0.200, [´0.331, 0.463])
λ11: subject-Part I profile 0.014 (0.038, [´0.058, 0.092])
λ12: subject-non-tremor profile 0.088 (0.045, [0.001, 0.185])
λ13: subject-tremor profile ´0.011 (0.035, [´0.077, 0.059])
HY (Stage 1 = 0) 0.131 (0.220, [´0.291, 0.578])
Age 0.012 (0.009, [´0.005, 0.030])
Sex (male = 1) ´0.138 (0.166, [´0.450, 0.182])
Inosine (placebo = 0) ´0.253 (0.170, [´0.579, 0.077])

dard deviation (SD) in the parentheses, and 95% confidence interval (CI) in the

square brackets for the longitudinal outcomes and logistic regression outcomes ob-

tained from three joint modeling and reduced model, respectively. The longitudinal

model from full model reveals significant association parameters β2 and β3, indicat-

ing that a one-unit increase of the shared random profile Uiptq is associated with a

3.225 unit increase (95% CI: [2.867, 3.615]) in the Sum of non-tremor items and a

0.972 unit increase (95% CI: [0.864, 1.097]) in the Sum of tremor items. These find-

ings suggest that higher Sum of Part 1 items (representing clinically worse status)

correspond to higher Sums of non-tremor items and tremor items (also indicating

clinically worse status). Table 4.3 and Table 4.4 also show the estimated eigenvalues

derived from functional principal component analysis (FPCA). In the survival model

from full model, only λ12 is significant suggesting that higher current value of the
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subject-outcome specific profiles Wi2ptq (higher/worse sum of non-tremor items) is

associated with the higher risk of functional disability. The parameter estimates of

reduced model are similar with those of the full model for both longitudinal and

survival submodels. The estimated mean curves are provided within the Appendix.

It is noteworthy that all mean functions exhibit a consistent upward trajectory over

time, a trend that is congruent with the observations depicted in Figure 1.4.

The logistic regression model parameter estimates show that the inosine group

(treatment) has significantly lower odds of missing values compared to the placebo

group and HY Stage 2 group has significantly higher odds of missing values com-

pared with HY Stage 1. Additionally, only the first component of the vector γR “

pγR1, γR2q
J is significant. To substantiate the presence of a discernible pattern of

missing data in an objective manner, we conducted a Bayesian factor (BF) analysis

to assess the null hypothesis, denoted as H0 : γR “ 0. The resulting log BF value,

which stands at 66.66, provides compelling support for the alternative hypothesis,

indicating a substantial departure from the null hypothesis. This suggests that the

occurrence of missing data is not solely contingent upon the fixed effects derived

from the baseline covariates; rather, it is also influenced by the functional principal

components (fPCs) originating from random effects. In light of these findings, we

can confidently assert that the intermittent missing data patterns can be reasonably

classified as closely approximating the MNAR category.

4.5 Discussion

In this article, we propose a missing structure to detect missing pattern coupled with

multivariate functional mixed model. MFMM-JM assesses the association between

multivariate longitudinal outcomes and the risk of onset of functional disability.

The missing structure is designed by allowing missing values dependent not only on

the fixed (observed) effects but also on the random (unobserved) effects. Proposed
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missingness structure can detect whether the missing pattern is MAR or MNAR by

testing coefficients from fPCs. For testing, we use Bayesian factor methods comparing

full model to reduced model.

We apply proposed joint modelings to SURE-PD3 study. In the SURE-PD3

study, we used MDS-UPDRS Part 1 and divides Part II and Part III items into

non-tremor and tremot items, resulting in the sum of Part 1, the sum of non-tremor

items, and the sum of tremor items. We found that the higher sum of non-tremor

scores of MDS-UPDRS is associated with higher sum of Part 1 of MDS-UPDRS and

sum of tremor scores of MDS-UPDRS. Specifically, our findings suggest a positive

association between the cumulative score of non-tremor items from MDS-UPDRS

Part II and Part III and the combined score of Part 1 and tremor items from Part II

and Part III. In the survival submodel, only subject-non-tremor specific regression

parameters is positively significant. The logistic regression submodel shows placebo

group and baseline HY Stage 2 group have significantly higher odds of missing values.

Furthermore, the calculation of the BF yields results indicating that the absent pat-

tern can be classified as MNAR, as evidenced by the statistically significant presence

of fPCs within the model compared with reduced model.

For future research, we can also consider using the Relative Belief Ratio (RBR) to

compare models (Al-Labadi et al., 2023; Evans, 2016). RBR is a statistical measure in

Bayesian hypothesis testing that helps us compare two competing hypotheses based

on the data we have. It quantifies the relative support for one hypothesis over the

other by calculating the ratio of their probabilities after considering the data. Both

RBR and the more commonly used Bayes factor serve similar purposes in Bayesian

hypothesis testing, but they use different approaches for comparison. RBR directly

compares the probabilities of the hypotheses, while the Bayes factor compares the

likelihood of the data under each hypothesis. RBR has a simpler calculation format

compared to the Bayes factor. The incorporation of RBR in conjunction with the
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BF can furnish additional evidence to support our hypothesis testing results.

In addition, it is pertinent to note that our current methodology primarily fo-

cuses on continuous outcomes. This stands as a limitation given that the Movement

Disorder Society-Sponsored Revision of the Unified Parkinson’s Disease Rating Scale

(MDS-UPDRS) measurements are inherently based on ordinal scales. Consequently,

this presents a methodological discrepancy that may potentially compromise the ac-

curacy of our model’s predictive capability. It becomes apparent that a generalized

missingness structure or generalized MFMM-JM structure is necessary. By incorpo-

rating such a structure, we can better align our methodology with the nature of the

MDS-UPDRS measurements, thereby enhancing the reliability and precision of our

results.

74



5

Conclusion

In this dissertation, we focus on joint modeling of multivariate longitudinal data and

time-to-event data application to Parkinson’s disease. We firstly propose a novel

joint model is developed that combines multiple longitudinal outcomes with a sur-

vival submodel using functional latent trait models (FLTM) to represent unobserved

underlying disease severity. This approach simultaneously manages longitudinal data

and survival outcomes, reducing biases of parameters. The study introduces a dy-

namic prediction method to predict clinical outcomes and assess event risks for in-

dividuals, allowing personalized treatment strategies for those at risk of functional

disability. Simulation studies support the model’s robustness and accuracy. However,

the current framework has limitations, particularly in representing disease severity

accurately across different domains in Parkinson’s disease. Future research may im-

prove the model by incorporating multidimensional latent trait models with multiple

variables to offer more nuanced insights into disease progression and treatment effi-

cacy.

We also introduce a generalized joint modeling using a multivariate functional

mixed model (MFMM-JM) to investigate the relationship between multiple longitu-
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dinal outcomes and the risk of functional disability. We employ two flexible associa-

tion structures and Bayesian methods for statistical analysis, applying the model to

the PPMI study. The results indicate significant associations between shared ran-

dom profiles and disease severity for all outcomes, as well as links between subject-

specific profiles and increased risk of functional disability. Additionally, we develop

a dynamic prediction framework for disease progression and validate their method

through simulations. However, we acknowledge limitations, such as the inability

to utilize covariate information in the longitudinal submodel and the challenge of

handling missing data, suggesting these areas as directions for future research.

Lastly, we propose a missing structure within a multivariate functional mixed

model to assess the association between multivariate longitudinal outcomes and the

risk of functional disability, specifically focusing on the SURE-PD3 study. The pro-

posed missingness structure accounts for missing values by considering both fixed and

random effects and can distinguish between missing completely at random (MAR)

and missing not at random (MNAR) patterns through testing coefficients from func-

tional principal components (fPCs) using Bayes factor methods. We find associations

between non-tremor scores in the MDS-UPDRS and other related scores and identify

significant predictors of missing data. In the future study, one can suggest incorpo-

rating Relative belif ratio (RBR) alongside Bayes factor for hypothesis testing of

coefficients of random effects. Additionally, addressing the challenges associated

with ordinal scale data and proposing a generalized missingness structure to align

more effectively with the inherent characteristics of the study measurements would

contribute to enhancing the accuracy and precision of the model.
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A.1 Predicted probabilities for each severity status of MDS-UPDRS
Part III items for new patient A and patient B each landmark
time
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Figure A.1: Predicted probabilities of outcomes of target patients after 1
year. Predicted probabilities for each severity status of MDS-UPDRS Part III items
(first 17 items in column 1 and remaining 16 items in column 2) for new patient A
(upper panels) and patient B (lower panels) at 3 years given the landmark time at 1
year.
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Figure A.2: Predicted probabilities of outcomes of target patients after 2
year. Predicted probabilities for each severity status of MDS-UPDRS Part III items
(first 17 items in column 1 and remaining 16 items in column 2) for new patient A
(upper panels) and patient B (lower panels) at 3 years given the landmark time at 2
years.

79



A.2 Mean estimates of outcome specific parameters (discrimination
and location parameters) for the PPMI study based on FLTM

Table A.1: Mean estimates of location and discrimination parameters based on
FLTM

Item Location
Items Discrim 0 to 1 1 to 2 2 to 3 3 to 4
3.1 Speech 1 0 2.735 6.019
3.2 Facial expression 1.304 ´1.746 1.081 3.683
3.3a Rigidity - Neck 1.250 ´0.181 1.497 4.048
3.3b Rigidity - RUE 0.340 ´0.941 0.629 3.115
3.3c Rigidity - LUE 2.022 ´0.533 1.436 4.617
3.3d Rigidity - RLE 0.573 0.035 1.448 3.537
3.3e Rigidity - LLE 1.833 0.429 2.004 4.436
3.4a Finger tapping - Right hand 0.520 ´0.953 0.807 2.601 5.317
3.4b Finger tapping - Left hand 2.724 ´1.052 1.462 4.014 7.517
3.5a Hand movements - Right hand 0.499 ´0.487 1.310 3.088 6.359
3.5b Hand movements - Left hand 2.599 ´0.530 2.011 4.661 7.660
3.6a Pronation-Supination - Right Hand 0.299 ´0.425 1.330 3.252
3.6b Pronation-Supination - Left Hand 2.258 ´0.379 1.952 4.207 7.752
3.7a Toe tapping - Right foot 0.436 ´0.642 1.173 3.026 5.358
3.7b Toe tapping - Left foot 1.991 ´0.927 1.191 3.443 6.392
3.8a Leg agility - Right leg 0.538 0.222 2.235 4.447
3.8b Leg agility - Left leg 1.812 0.174 2.298 4.520
3.9 Arising from chair 0.999 1.765 4.201 5.745
3.1 Gait 0.958 ´0.548 2.755 5.373
3.11 Freezing of gait 1.053 3.854 5.400 6.709
3.12 Postural stability 0.628 2.346 3.794 5.132
3.13 Posture 1.149 ´0.260 2.043 4.223
3.14 Global spontaneity of movement 1.541 ´1.945 0.637 3.133
3.15a Postural tremor - Right Hand 0.014 0.784 2.493 4.078
3.15b Postural tremor - Left hand 0.940 1.080 3.238 5.358
3.16a Kinetic tremor - Right hand 0.257 0.983 3.100 5.937
3.16b Kinetic tremor - Left hand 0.987 1.003 3.271 6.715
3.17a Rest tremor amplitude - RUE 0.005 0.513 1.132 2.426
3.17b Rest tremor amplitude - LUE 1.026 0.985 1.918 3.703
3.17c Rest tremor amplitude - RLE 0.010 1.816 2.923 4.807
3.17d Rest tremor amplitude - LLE 0.430 2.054 3.132 5.551
3.17e Rest tremor amplitude - Lip/jaw 0.560 2.935 4.403 6.481
3.18 Constancy of rest tremor 0.209 ´0.398 0.537 1.284 2.521

A.3 Simulation study results
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Table A.2: Estimated AUC and true AUC from the simulation study
t t1 Est. AUC True AUC
0.25 0.50 0.732 0.748

0.75 0.721 0.729
0.92 0.726 0.738

0.5 0.75 0.726 0.730
0.92 0.730 0.740
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Figure A.3: Bias of survival probability from numerical studies. Bias
between predicted survival probability with the true survival probability when t =
0.25 and t1 “ 0.5, 0.75 and 0.92 (upper three pannels) and when t “ 0.5 and t1 “ 0.75
and 0.92 (lower two panels) for 10 randomly selected subjects from each of 120
simulation dataset
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Figure B.1: Mean function estimates of 20 outcomes from PPMI study.
Mean function estimates of first 20 outcomes. Lines represent the estimated mean
curve and 95% equal-tailed credible intervals.
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Figure B.2: Mean function estimates of 13 outcomes from PPMI study.
Mean function estimates of remaining 13 outcomes. Lines represent the estimated
mean curve and 95% equal-tailed credible intervals.
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Table B.1: Mean and 95% credible intervals for parameters from random effects
model (Model (3.4), second column) and instantaneous model (Model (3.5), third
column) in the survival submodel

Random effects model Instantaneous model
Survival outcome
Age 0.006 [´0.031,0.042] 0.034 [´0.08, 0.174]
Male ´0.902 [´1.595,´0.232] ´0.931 [´1.609, ´0.272]
SEADL ´0.018 [´0.13, 0.118] ´0.046 [´0.077, ´0.015]
Sum of Part II 0.005 [´0.052, 0.066] 0.033 [´0.093, 0.183]
Baseline HY stage ´0.02 [´0.057, 0.016] 0.008 [´0.11, 0.145]
LNS ´0.025 [´0.127, 0.097] 0.004 [´0.157, 0.182]
SFT 0.012 [´0.016, 0.04] 0.04 [´0.074, 0.172]
λ0 1.125 [0.970, 1.514] 2.105 [1.644, 2.674]

1.221 [0.899, 1.414]
λ1

Speech ´0.171 [´0.419, 0.045] ´0.191 [´0.499, 0.11]
Facial expression 0.065 [´0.203, 0.346] 0.084 [´0.27, 0.407]
Rigidity - Neck 0.015 [´0.253, 0.292] 0.009 [´0.315, 0.354]
Rigidity - RUE 0.028 [´0.36, 0.428] 0.047 [´0.416, 0.448]
Rigidity - LUE ´0.193 [´0.674, 0.27] ´0.184 [´0.715, 0.311]
Rigidity - RLE 0.204 [´0.228, 0.642] 0.224 [´0.269, 0.665]
Rigidity - LLE ´0.161 [´0.602, 0.292] ´0.172 [´0.664, 0.34]
Finger tapping - Right hand ´0.235 [´0.708, 0.277] ´0.133 [´0.65, 0.395]
Finger tapping - Left hand 0.22 [´0.32, 0.727] 0.322 [´0.251, 0.865]
Hand movements - Right hand 0.239 [´0.32, 0.792] 0.341 [´0.29, 0.953]
Hand movements- Left hand ´0.009 [´0.585, 0.648] 0.083 [´0.548, 0.752]
Pronation-Supination - Right Hand 0.077 [´0.351, 0.557] 0.087 [´0.419, 0.592]
Pronation-Supination - Left Hand ´0.03 [´0.534, 0.455] 0.073 [´0.495, 0.633]
Toe tapping - Right foot 0.07 [´0.383, 0.51] 0.173 [´0.329, 0.669]
Toe tapping - Left foot ´0.033 [´0.535, 0.451] 0.061 [´0.468, 0.586]
Leg agility - Right leg ´0.103 [´0.548, 0.341] ´0.123 [´0.612, 0.359]
Leg agility - Left leg 0.296 [´0.171, 0.794] 0.324 [´0.221, 0.81]
Arising from chair ´0.092 [´0.368, 0.175] ´0.108 [´0.428, 0.235]
Gait ´0.05 [´0.291, 0.199] ´0.041 [´0.388, 0.24]
Freezing of gait ´0.066 [´0.328, 0.177] ´0.086 [´0.395, 0.228]
Postural stability 1.341 [0.93, 1.791] 1.221 [0.886, 1.827]
Posture 0.178 [´0.035, 0.421] 0.177 [´0.13, 0.455]
Global spontaneity of movement 0.081 [´0.247, 0.38] 0.099 [´0.281, 0.435]
Postural tremor - Right Hand ´0.079 [´0.445, 0.253] ´0.064 [´0.535, 0.295]
Postural tremor - Left hand ´0.054 [´0.466, 0.302] ´0.077 [´0.498, 0.347]
Kinetic tremor - Right hand 0.074 [´0.313, 0.451] 0.091 [´0.387, 0.488]
Kinetic tremor - Left hand ´0.054 [´0.421, 0.341] ´0.054 [´0.469, 0.383]
Rest tremor amplitude -RUE 0.105 [´0.198, 0.452] 0.225 [´0.265, 0.459]
Rest tremor amplitude -LUE 0.266 [´0.099, 0.636] 0.254 [´0.171, 0.685]
Rest tremor amplitude- RLE ´0.135 [´0.41, 0.148] ´0.121 [´0.486, 0.189]
Rest tremor amplitude-LLE ´0.226 [´0.471, 0.031] ´0.243 [´0.574, 0.08]
Rest tremor amplitude - Lip/jaw ´0.013 [´0.279, 0.24] ´0.008 [´0.373, 0.29]
Constancy of rest tremor ´0.102 [´0.433, 0.253] ´0.010 [´0.401, 0.432]
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Figure C.1: Mean function estimates of outcomes from SURE-PD3 study.
Mean curve estimates for tremor and nontremor separated outcomes. Black solid
lines are mean curves and 95% equal tailed credible interval lines are displayed with
blue and red.
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