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Abstract

Motivated by questions arising in the study of harmonic maps and Yang Mills theory,
we study new techniques for producing optimal monotonicity relations for geometric
partial differential equations. We apply these results to sharpen epsilon regularity
results. As a sample application, we analyze energy minimizing maps from compact
manifolds to the space of Hermitian matrices, where the energy of the map includes
the usual kinetic term and a singular potential designed to force the image of the

map to lie in a set homotopic to a Grassmannian.
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1

Introduction

1.1 Harmonic Maps

Let M be a compact Riemannian manifold and N a complete Riemannian manifold.
Let f: M — N be a smooth map. df is a section of the vector bundle T* M ® f*(TN)
over M. Denote the metrics of M and N by ¢” and §** and the respective connections

by Ffj and fgv The kinetic energy functional is defined to be

B - JM %|df|2dvol _ JMe(f) dvol. (1.1)

We are interested in finding representatives of each homotopy class of M that
minimize the above energy. Harmonic maps are the critical points of E(f). They
satisfy the corresponding Euler-Lagrange equation:

offofr 0

ori owd

Here, we follow the Einstein summation notation. A is the Laplace-Beltrami oper-

ator on M. When the dimension of M is 1, harmonic maps are closed geodesics on .



This Euler-Lagrange equation is a non-linear elliptic equation, where the nonlin-

earity arises from the quadratic term

o 0f7 OF
BY ot Ond

Q(df, df) = ¢T (1.3)

A typical approach to constructing harmonic maps is to study the solution f; to

the corresponding parabolic flow

s QU =o (14)

This is the gradient flow of E(f), which decreases E(f). We want to know
whether f; converges to a harmonic map when ¢ — co. One of the difficulties comes

from the quartic term of the induced equation of the energy density

e(f) = 5larP (15)

The sign of this quartic term is determined by the Riemannian curvature of the

target manifold N.

The following result from Eells and Sampson [6] shows the existence of harmonic
maps in each homotopy class of M when the target manifold N has non-positive

Riemannian curvature:

Theorem 1 (Eells - Sampson [6]). Let M be compact and N complete. Suppose N
has non-positive Riemannian curvature and f : M — N is a continuous map. Let f;
be the solution to (1.4) with fi(0,z) = fo(x). If fi is bounded as t — oo, then f; is
homotopic to a harmonic map fo with E(fy) < E(f). Furthermore, if N is compact
with non-positive Riemannian curvature, every homotopy class of maps from M to

N contains a harmonic map that minimizes the energy E(f).



While negatively curved target manifolds guarantee the existence of harmonic
maps, the existence of harmonic maps when f is mapped into a non-negatively curved
manifold is more complicated. For example, Schoen and Uhlenbeck [15] proved the

following result:

Theorem 2 (Schoen-Uhlenbeck [15]). Consider maps f : R™ — S*, where S* is the

FEuclidean k-sphere. Let

3, k=3
d(k) = { min{3k + 1,6}, k>4

If k = 3 and n < d(k), there is no non-constant minimizing harmonic map f from

R™ to S*.
Leung ([8]) showed the following

Theorem 3 (Leung [8]). For n = 3, there exists no non-constant stable harmonic

maps from any compact Riemannian manifolds to S™.

Since minimizing harmonic maps may not always exist for a given target manifold,
we are interested in understanding when smooth harmonic maps do exist and how
singularities develop when smooth minimal harmonic maps do not exist. In the
elliptic case, Schoen and Uhlenbeck [14] showed that for any energy minimizing map
f+ M — N with || f|;1. < o0 and image(f) is a compact subset of N, the Hausdorft

co-dimension of its singularity set is at least 3.

1.2 Sigma Model Approach

1
Instead of considering the usual energy functional E(f) = J §|df |? dvol, which
M

includes only the kinetic energy, we first isometrically embed N in R* and now allow

the image of f to stay in a tubular neighborhood of the target manifold N, i.e.,

3



f: M — RF > N. Imposing a potential energy W (f), we hope the solution will be

pushed to stay on the target manifold. Therefore, we consider

B(f) - JM (%|df|2 + W(f)) dvol. (1.6)

We denote the new energy density as

e(f) = %Idfl2 + W(f). (1.7)

By variational calculus,

d _ of of
so| = | (ara(Z)awin. D) a|
(1.8)
—J @ df + (), 255 dvol
N M ’ 68 s=0
Thus, f is a critical point of F only when f satisfies the elliptic equation
d*df + VW (f) =0. (1.9)

The induced Laplace equation of the energy density e(f) of the critical map f is

aelf) = (e + wn)

= — |Vdf|? + {dd*df, df ) — Ric(df, df) + (NW,d*dfy — (AW (f), df) (1.10)

= — |Vdf|> — Ric(df, df) — |[VW|* — 2Hess(W) ap{df*, df ®).

In the last step, we apply the fact that f satisfies d*df + VW (f) = 0. Hess(W)ap
is the Hessian matrix of W in the A, B direction.
We also examine the corresponding gradient flow. Now assume f(¢t,z) : M x I —

R* 5 N is a family of functions such that f(¢,z) (also denoted as fi(x)) satisfies

% +d'dfy + V(i) =0, with f(0,z) = fo(z) smooth and its image on N.

(1.11)



It can be easily shown that the energy E(f;) decreases along the flow

2

d el g <0, (1.12)

%E(fﬁ = JM (<d*dft + VW), %>> dvol == JM ‘ ot

Our focus has turned to the existence and regularity of f;(z) when ¢ — oo and if

so, whether fo(z) = 1tlirn fi(z) will stay on the target manifold N.
—o0

The induced heat equation of the energy density e(f;) of (1.11) is

(&+a)etn=(G+a) (o + win)

= — |Vdfi|? + (dd*df, df.y — Ric(dfy, df,) + (dfe, dfy + YW (f), d*dfi)
+ (YW (f2), f) — Hess(W) ap{df{", df P>

= — |Vdf,[* = VW (f)|* = Ric(dfs, dfi) — 2Hess(W) apldf;", dfP).
(1.13)

Here f, = % and we apply the equation f, + d*df, + VW (f;) = 0 in the last
step.

In Chen and Struwe ([1]), W(f;) = Kx(dist(f;, N)). Here, x(z) is a smooth
function, x(x) = x when z < Ry, the lower bound of the injectivity radius of M,
and x(x) is constant when x = R),. dist(f;, N) is the distance function between the
image of f; and N. Since x(dist(f;, N)) is a bounded function, one can show that
both [VW]? and Hess(W)ap can be bounded by some constant depending on W,

and therefore, we have the inequality

(% + A) e(fi) < (Cre(ft) + Ca)e(fr). (1.14)

Chen and Struwe [1] proved the following result

Theorem 4 (Chen-Struwe [1]). Suppose f: M x Ry — N is a limit of a sequence
{fr} with {fx} solving the parabolic harmonic equation (1.11) and with uniformly
5



finite energy
E(fi)(t) < Ey < 0, fort >0,

in the sense that E(f) < Fy almost everywhere and dfy, — df weakly in L*(Q) for
any compact set Q € M x R,. Then f solves the parabolic harmonic equation (1.11)
in the classical sense and is reqular on a dense open set whose complement ¥ has

locally finite Hausdorff co-dimension 2 with respect to the parabolic metric.

This thesis began as an exploration of the sigma-model approach to harmonic
maps in the context of Grassmannian target spaces. Grassmannians are of funda-
mental interest due to their role as classifying spaces. They are equipped with a
wealth of explicitly computable algebraically defined potential energy functions, and
they are positively curved. The latter feature means that we have no effective means
for determining which maps are homotopic to stable harmonic maps and which are
not. Perhaps in such an explicit example, one might find new criteria guaranteeing
the existence or nonexistence of stable harmonic maps.

It is convenient to identify the Grassmannian Gr(k, C') of k planes in C' with the
space of hermitian involutions (rather than hermitian projections). With this iden-
tification, we note that the connected component of the space of rank [ hermitian
matrices with nonzero determinant which contains Gr(k, C!) is homotopically equiv-
alent to Gr(k, C'). Hence for topological purposes, it may be of interest to replace
the target space Gr(k, C') with this connected component in the harmonic mapping
problem.

In making this replacement, we are led to modify the usual sigma model approach
where one chooses a sequence of potential energies which in some limit force a map
to lie on the desired target space, with a single repulsive potential W which simply
prevents the map from entering a forbidden region - {f : det(f) = 0}. In particular,

we choose W so that W(f) = oo if and only if det(f) = 0, and W is smooth elsewhere.



In this new problem, issues of the singularity of a minimizing map f become
translated into possibly more accessible and explicit issues about singularities of
W(f). In fact, in order to show minimizers are smooth, one simply has to find
conditions under which the potential energy remains bounded. We have not yet found
such conditions. In these early explorations, we have been led first to sharpen the
e-regularity and monotonicity techniques which form the core of the regularity theory
of harmonic maps and test them against explicit choices of algebraic potentials.

For example we consider the potential
Wi = trace((f** + bI)™)

where [ is the [ x [ identity matrix. We would prefer to set b = 0, but for many
arguments, b > 0 is convenient. Thus we need effective estimates in order to prevent
a minimizer from wandering out of the desired component. Of course, we do not
expect such a result to hold without additional (as yet undiscovered) hypotheses. So

instead, we first test our techniques by estimating the size of the bad set.

1
We obtain the following theorems of bounds of ef(f) = §|df|2 + WE):

Theorem 5 (See Theorem 20). Suppose f solves the elliptic equation

d*df + WE(f) =0 with E(f) finite. (1.15)

1

b
There exists €y = i, with C depending only on M,l, L, such that if there exists

R < p, and

1
O (2, R) — E;;EIE;J;wa(l+—y03x)ﬁ%(f)dvolé<@, (1.16)

3
then for any 0 < 3,

o(L, 1, M)bT
sup eb(f) < b ADVE

1.17
Byr(x0) (0R)?ro (L17)



Here, v(r,x) and py are defined as in Chapter 2 (2.10) and (2.31).
Theorem 6 (See Theorem 21). Suppose f; solves the parabolic equation

aa—];t +d*dfy + WE(f) =0 with fy € Gr(k,C") and E(fo) finite. (1.18)

Here f; exists and is smooth for some T < 0.
1

br
There exists €g = i with C depending only on M,l, L, such that if there exists

R with 0 < R < /ty — t/2 and

to—R2 1

U (20, t0), ) J WJ Ganioy (@ )b (f)o* dvoldt < e, (1.19)
to—4R? 0 M

then for any 6 depending only on M, R, we have

(L, 1, M)bt
sup eb(f) < Lot M)

_ (1.20)
Psr(z0) (5R)2_2V0

Here zg = (o, t0), Vo is the same ratio defined in (2.10) and the theorem holds when
Vg = 0.

When L = 1, we also derive the absolute bound of e,(f) over the entire manifold

M. Here we denote sup e,(f) = ex.
M

ext < C(M)Ey(f)m2b et (1.21)

(See (5.45))

The upper bound of the measure of the bad set defined as

i = {x e Mlef(f) = %} (1.22)

is given by the following theorem



Theorem 7 (See Theorem 22). Fiz a constant b > 0. Let f be the solution to (1.15).
Define the set S as in (1.22). The Hausdorff (25 + (m — 2))-measure of £} at

L+1

scale b2¥2r (defined in (5.56)) is bounded and independent of b.



2

Monotonicity Formulas

When an energy density e satisfies a partial differential inequality of the form
Ae < Ce, Moser iteration allows one to obtain pointwise estimates for e in terms
of the integral of e over balls. When studying nonlinear equations, the preceding
equality is often replaced by an inequality of the form Ae < CeP, for some p > 1.
In such situations, Moser iteration must be supplemented by e-regularity arguments.
A crucial component of such arguments are monotonicity relations for rescaled local
energies. In this section, we derive such monotonicity relations in the context of
reaction diffusion problems.

Our derivation is more flexible than the standard method (e.g., [12]); moreover,
it clarifies how to find optimal monotonicity relations.

We first introduce some basic notation. Denote by |z — y| the geodesic distance

between x and y in M. For xo e M and R > 0 let
Br(xo) = {x € M||x — x| < R}, (2.1)

and
Sg(xg) = {z € M||x — xo| = R}. (2.2)

10



For the parabolic case we need additional notation. Let z = (z,t) € M x R. For

a distinguished point zy = (xg,t) and R > 0, let

Pr(z0) = {z = (z,t)||x — 0| < R, |t —to] < R*}, (2.3)
Sr(z0) = {z = (x,t)||lz — x| = R, t =to}, (2.4)

and
Tr(to) = {z = (z,t)|to —4R* <t <t — R*}. (2.5)

Let M be a compact Riemannian manifold. Consider a function f : M — RF.
Let W : R¥ — R be a function, which we will initially take to be smooth, but will

later allow to be singular. Define the energy density

e(f) = Sldf? + W (F). (2.6

We will be interested in whether the kinetic term 3|df|* or the potential term W (f)
dominates the energy density. Therefore we define the following ratios over geodesic

spheres Sg(zr) < M:

SSR(z) |fr|2 do
Sr(z) %|df|2 + W(f) do’

(R, x) = 0 (2.7)

and

SSR(x) W (f)do

) = L W () de’

(2.8)

We will see that nontrivial lower bounds for p(R,z) and v(R,x) allow us to
sharpen estimates. We will need such lower bounds on balls of small, but not arbi-

trarily small radius. Hence we will fix a scale p > 0 and define

p(z) = }%lfp“(R’ ), v(z) = inf v(R, ). (2.9)

R<p

11



When necessary for clarity, we will write instead p,(x) to make the scale explicit.

We also set

fo,s := inf p(z), v s 1= inf v(x). (2.10)
zeS zes

When S is clear from context, we will simply write ug and 1.

It is obvious that 0 < v(z), vy < 1. From [3],

) 2
}QILI%)M(R’ T) = e (2.11)

2
Therefore, we have pu(z), po < —.
m

With these preliminaries, we now turn to the derivation of monotonicity relations.
2.1  Monotonicity Formula for Elliptic Equations

Let Rj; denote the lower bound of the injectivity radius of M.

Lemma 8. Suppose f(x) : M — R* is a smooth solution to the differential equation

d*df + W (f) = 0. (2.12)
2 zo) T+ -2 z
Fiz a scale p < Ry;. Let py = Vo.Butao) + (1 = 2)Ho.Br( o) Define
1 — po,BR (o)
CR p2-m— Lo m
O(R,z) =" "RTPO =|df|* + ——=W(f) | dvol, (2.13)
Br(z) 2 m — 2

where m = dim(M), C is a constant which only depends on the geometry of M.

Then ®(R,x) is non-decreasing for any x € M, R < p.

Proof. Without loss of generality, we assume x = 0, the origin of a geodesic co-

ordinate system {z7}7",, and denote Bg(0) = Bg. For a l-form w, let e(w) denote

12



exterior multiplication on the left by w, and let e*(w) denote its adjoint. Let r denote

the radial function of the geodesic coordinates. Let us consider
{d, e* (rdr)}df, df y vol. (2.14)
Br

We compute this quantity in two ways. First, by integration by parts, we have

r

JB

{dd, e*(rdr)}df, df y dvol = . {d(e* (rdr)df),df ) dvol

| dertrar)df asdf) + | (e*(raryar, ddf) dvol (2.15)

JBgr Br

| rle*(dr)df|* do + | {e*(rdr)df,d*df) dvol

JSg Bgr

Define
Q = e(dx?)e*(V;dr). (2.16)

@ is a natural extension of the second fundamental form of the geodesic sphere to
an endomorphism of differential forms. We can compute the action of () on k-forms

as follows:

0= e(dxj)e*(vj%dr) _ e(dz)e*(da')  e(dr)e*(dr) _ k- e(dr)e*(dr) A,

r r r

(2.17)

where A(x) = O(r) arises from connection terms and g;; — d;;.

13



Next, we use (2.17) to compute (2.14),
{d, e*(rdr)}ydf,df ) r2(By)
={e(da?)V;, * (rdr)} df  df yr2(py)

=((e(da?)[V;, e*(rdr)] + {e(da?), e*(rdr)} V) df, df Y12(5p)

, 0
={e(dx?)e*(V;(rdr))df,df )12, + JBR 7"5 (%|df|2> dvol

[ Ti (1|df|2) dvol + (e(dr)e*(dr)df, df ) dvol + J 1 Qdf, df ) dvol
JBg or \ 2 Br Br

r

| rd e - Q) (%|df|2dvol) + L |df|2dv01+J rA()df, df dvol

JBpr Br

R

r

= | r(d, +d) (%|0lf|2 dvol> — J rQ <%|alf|2 dvol) + J |df|? dvol
B B

BR R

o

+ f r{A(x)df, df y dvol

1 1 1
:f d(mr—|df|2dvol> —J —|df|2dvol—J r—=|df|?Q (dvol)
Br 2 B 2 Br 2

+ f |df | dvol + J r{A(x)df, df ) dvol
Br Br

1 1 1
_ LR R (§|df|2) do — JBR S lar dvol - JBR 3 lfPQ (dvol)

f (df|2 dvol + J rCAG)df, df> dvol.
Br Br
(2.18)

We first compute the anticommutator in (2.15) in terms of () and then integrate.

m—1
T

Q(dvol) = Hdvol = < + A(x)) dvol, (2.19)

14



where, under an orthonormal frame,
H =V (dr), o). (2.20)
k

Applying (2.19) on (2.18), we get

{d,e*(rdr)df, df )2y

:J Rl|df|2da—f (T + %) |df|2dvol+J (df[2 + r(A(z)df, df) dvol
Sr 2 Br

2 T2 B
1
:f (1 L B(x)) |df |2 dvol +J R=|df|? do.
Bgr 2 Sr 2
(2.21)

_r@)
2
Combining (2.15) and (2.18), we have

where B(x)|df|* = |df " + r{A()df, df ) = O(r?)|df .

f (1 _m. B(x)) \df > dvol = | (e*(rdr)df, d*df) dvol+f R [|e*(dr)df|2 — 1|df|2] do.
Bgr 2 Bpr Sr 2

(2.22)
Since f satisfies the elliptic equation
d*df + VW (f) =0,
we can replace d*df by —VW (f) on the right-hand side of (2.22) to get
e*(rdr)df,d*df ydvol = — | {(e*(rdr)df, VW (f))dvol
Br Br
(2.23)

=— J Tédeol = —J RW do + J (m + 3(90)) W dvol.
Br O Sk Br

where B(z) = O(r?) consists of geometric terms. In the last step we use Stokes’

Theorem.

15



Therefore

JB [(1- 2+ B@) P ~ (m + B) W] dvol = L R [|e*(dr)df|2 - %|df|2 - W] do.
(2.24)

Using the ratios p and v defined in (2.7) and (2.8), (2.24) can be rewritten

JBR (m —2+2v(1 + B(z)) — 2B(:c)) (%|df|2 + W) dvol = LR R(1-p) (%|df|2 + W) do.
(2.25)

Let ¢(R) be a function to be determined later. Multiply (2.25) by ¢'(R) and

integrate from o to 7 to obtain

¢(T)JT(m—2+2y) <%|df|2+W) dvol—gb(cr)f (m — 2+ 20) (%|df|2+W) dvol

o

- f ¢(r)(m —2+ 2v) (l|df|2 + W) dvol + f ¢’(R)J D(x) <1|df|2 + W) dvol dR
B:\Bs 2 o Br 2

_ JBT\BU ¢ (r)r (1— ) (%|df|2 + W) dvol,
(2.26)

where D(z) = 2vB(z) — 2B(x) = O(r?).

Rearranging the order, we get

(1) JBT (m —2+2v) (%|df|2 + W) dvol — ¢(o) L}a (m—2+ 2v) (%|df|2 n W) Jvol
_ JBT\BU [o(r) (m — 2+ 2v) + ¢ (r)r(1 — )] (%|df|2 + W) dvol

. L s [ o (%|df|2 + W> dvol dR.
(2.27)
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Now pick ¢(r) to be

otr) = oteyess ([ 2 ) = otyen ([ 27 -2 ar ).

(2.28)
Then

o(r) (m —2+2v) + ¢'(r)r(l — ) = 0. (2.29)

Therefore,

gb(T)J (m —2+2) (%|df|2+W) dvol—gb(a)J (m — 2+ 20) (%|df|2+W) dvol

o

1
J ¢'(R D <2|df|2 +W> dvol dR.
(2.30)
Let
2 —92
py = 2ot m =20 (2.31)
L — po
When m > 2,
2 —92
po = 2ot m =2 (2.32)
1 —po
We have
T\ 2—m—po
o(r) < 6(0) (2) (2.33)
g

Since D(z) = O(r?) and is bounded, on Bg we can assume |D(z)| < CR, where
C=0.

Hence,

f¢ DG edvoldR‘ f|¢ )| |(:c)|edvoldR<CJ SRR ([ edvoldr.

Br Br

(2.34)
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Since ¢'(R) < 0, using

/ / m—2+2v
IR = o mr = "2 2o (2.35)
we get
T, T m—2+2v
J ¢ (R) D(z)edvoldR = — C’f o(R) ——— edvoldR
g BR g BR 1 - ILL
> — ZC’J »(R) J (m —2+4 2v)edvoldR
o Br
4 1
= — 2CJ o(R) J (m—2+42v) (§|df|2 + W(f)) dvol dR.
o Br
(2.36)
Define
1
h(R) = ¢(R)J (m— 2+ 2v) <§|df|2 + W(f)) dvol.
Bgr
We combine (2.30) and (2.36) to get
h(t) — h(o) = —ZCJ h(R)dR. (2.37)
Dividing both sides by 7 — ¢ and taking the limit 7 — o, this becomes
h'(c) = —2Ch(o).
We solve h to get
eZCrh(T) > 6200h(0),
which is
X p(7) J (m — 2+ 2v)edvol = e*““¢(0) J (m — 2+ 2v)edvol. (2.38)

T o

18



Combining (2.30), (2.33), and (2.38), we get

1 1
2T mpo J (m—2+42v) (§|df|2 + W) dvol > e2“o g2 mro J (m—2+42v) (§|df|2 + W) dvol.
B, B,

(2.39)
That is,
eQCTTQmPOJ <1|df|2 + LW) dvol > eQCf’a?mPOJ (l|df|2 + LW) dvol.
B, \2 m—2 B, \2 m — 2
(2.40)
When M is a Euclidean space, C' = 0 since D(r) = 0. O

2.2 Monotonicity Formula for Parabolic Equations

Lemma 9. Suppose f(t,x) = fi(z) : M x I — RF is a regular solution to the

differential equation

where I is a subset of the interval when f,(x) exists in short time. Let ty € I, and

0 < R < Ry < Ry such that [ty — 4R* ty — R*| < I.

Define
1
O(R, xg, o) = B2 om0 JM G(xo,to)(z, t)e(f)tpz (x) dvol, (2.42)
and
tofff2 I tofFi2 1
W)= [ D g [T L [ G o) @) vl
to—ar2 o —1 to—ar2 (to — )" Jus
(2.43)
where vy is the same ratio defined in (2.10),
1 |z — x0]? )
Gz )= R SE— 2.44
o) (1) = iy~ iyF P ( dn(ty — 1) (244)
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is the Euclidean backward Gaussian, and p(x) = p(|x —x¢|) is a compactly supported

radial function on Bp,, (o) such that o(R) =1 for R < Ry /2 and |¢'(R)| < +

Ryr”

Then we have the following monotonicity formulas for ¢(R) and V(R):
¢(R) < exp (c(R§ — R*)) ¢(Ro) + CE(fo(x))(R§ — R?), (2.45)

and

V(R) < exp(c(Rg — B*)W(Ro) + CE(fo(w)) (R — R?), (2.46)

for any 0 < R < Ry < \/to — t/2. Here constants c, C only depend on the geometry
of M, and m = dim(M). E is the energy of f, over M:

B(f) - JM (%|dft|2 W ft)) dvol. (2.47)

It is clear that when v(R,x) = 0, which implies vy = 0, the above results (2.45)

and (2.46) reduce to results of Struwe [1, Lemma 4.2].

Proof. Without loss of generality, we assume xy = 0. Let ¢(r) be the radial cut-off

function in Bg(0) for some R < Ry;. Consider

JM<{d, e*(dY)}df, p2df ) dvol, (2.48)

where Y is another radial function.

Our goal is to find a Y so that (2.48) produces new monotonicity result. We

20



calculate this quantity in two ways. On one hand,

[ ({d,e*(dY)}df. Pdf) dvol
M

_ [ edr?)v,,e*@v)} df, ) dvol
JM

[ (elanh)[V,, *(@¥)] + {e(da?), e*(dY)} V,) df, S2df ) dvol

JM

~

= | {e(da!)V; (Y,e*(dr)) df, cpzdf>dvol+f Y, {V,.(df), o*df ) dvol
M

JM
r‘

= | V;(Y,)p*e(dz?)e*(dr)df,df) dvol + j Y, p*e(dx?)e* (Vdr)df, df ) dvol
M

JM

o (1
Y. — (| =|df|? | ©? dvol
—I-JM s (2|f|>90 dvo

:f Y, |e*(dr)df >¢* dvol + J Y,{Qdf, df Yp* dvol + J Y}i <1|df|2) ©” dvol
M M M 67” 2

=1 + 11 + III.
(2.49)

For the second term II, we use

1 — e(dr)e*(dr)

Q = e(da?)e*(V;dr) = + A(x), (2.50)

where A(xz) = O(r), to replace Q:

I — JMYT (%(|df2| et (dr)df?) + (A(x)df, df>> SAdvol.  (251)

Integration by parts in the third term III, we have

1 1
i~ [ vt (GlarP) dvot = [ cavia (24P s — [ vlarked dvo
M or \ 2 M 2 M

1
:J d*dy (—|df|2) % dvol — J Y,|df [Fo¢’ dvol.
M 2 M
(2.52)
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Therefore,
(d, e*(dY )}df, *df  dvol
M

=I + II + III
:f Y, |e* (dr)df *o* dvol + j Y, (1(|df|2 — |e*(dr)df*) + (A(x)df, df>) ©* dvol
M M r

1
+ f d*dY (—|df|2) ©? dvol — J Y, |df [Po¢’ dvol.
M 2 M

(2.53)

On the other hand, we may apply integration by parts at the very beginning and
get another expression about ({d, e*(dY')}df, p*df )r2(ur),

[ ((d,e*(ay)ydf., 2dfy dvol
M

r

= | <e*(@y)df.d* (P%df))dvol (2.54)

JM

r

= | (e*(dY)df,d*df yp* dvol — f e*(dY)df, 204 (r)e* (dr)df ) dvol.

JM
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For the first term, we replace d*df using (2.41) to get

J (e*(dY)df, d*df Yp? dvol
M

r

- J Y. {e*(dr)df, f; + VW ) dvol
M

= f {df, e(dY) fyyp* dvol — f Y,e*(dr)dW ¢? dvol
M M
_ JP Cf, d(Y )52 dvol + J (f, Y d(f))p? dvol — J v d(¢2W)>dvol+f Y, Wap dvol

- f df,d(Y f,))p* dvol — f df,Yd(f,))p* dvol + 2f {df, Y (dfy)Ye? dvol
M M M

.
— J d*dYW? dw + J Y, W2py' dvol
M M

r

d (1
=— JM Ya (§|df|2) ©? dvol — 2 JM<df, [d, Y] f)p? dvol + JM<df, d(Y fi?)) dvol

r

_ J Y Sy, fi)2p¢" dvol — J d*dY W p? dvol + J Y, W2pyp' dvol
M M M

r

d (1
=— J Y — (—|alf|2 + W) ©* dvol — QJ Y, {f,, fiop® dvol + f Y{d*df, f,)o* dvol
v dt\2 M M

— JM Y{fr, fe)2p¢" dvol + J

M

Y(VW, f)* dvol — J d*dY W o* dx + f Y, W20y dvol
M M

d 1 1
=—— | Y{=|dfP + W | *dvol + f Y, | =|df|* + W | o* dvol — f d*dY W p? dvol

— J Y |fi[?¢? dvol — 2 J Y, fy, fop? dvol — J Y{fr, f)2p¢" dvol + f Y, W2pg' dvol.
M M M M
(2.55)

In the last step, we use the equation (2.41) again.
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T

J,

herefore,
{{d, e*(dY)}df, p*df ) dvol

d

1 1
—— | Y{=[dfP+W ) dvol+f Y, | =|df|? + W | ? dvol—f d*dY W p? dvol

— J Y |fi[?¢? dvol — 2J Y, f, fop? dvol — J Y{fr, f)2p" dvol
M M M

+ J Y, W2py' dvol — J Y, | £ 122¢0¢" dvol.
M M

(2.56)

Equating (2.53) and (2.56), we get

d
0

1 1
S v (e w ¢2dvol+f (@*dy —Y) | Z|df)2+ W ¢2dvol+f Y| £i]0? dvol

Y,
+ 2J Y, f,, fop? dvol + J (YW — —r) | f]20* dvol
M M r

_l’_

A
<l|df|2 + Y, {A(x)df, df>> ©? dvol + J Y{fy, fiy2p" dvol + f Y, | fr|*2¢¢" dvol
JM\T M M
[ 1 2 !
Y, §|df| + W ) 2¢p¢" dvol
Jm
i Lo 2 x 2Y; Lo 2
Y | z|df|+ W | ¢~ dvol + d*dY =Y, + —|df|* + W ) ¢= dvol
Jur 2 M r 2
r Y, | Y, Y2 Y,
Y |fi + ?Tfr ©* dvol + J <YW - L - ?7") | f]20* dvol — J —L2W p? dvol
JM M r M T
i Y, , Lo /
Y{fr, fr + = )20 dvol — | Y, | <|df]* + W | 2p¢" dvol
Ju Y M 2
f‘
Y(A(x)df, df y? dvol
Jm

(2.57)
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Recall v(R,x) defined in (2.8). The above equality can be rewritten as

d 1
=— | Y [(=ldff 2 dvol
0 7 | (2|f| —I—W)go VO

2Y, 1
+J (d*dY—YtJr (1—y)) —|df|2+W> ©? dvol
M r 2
Y, | 9 Y, Y? 2 2
+ | Y|fi+ —=f| @ dvol + Y, — — — 2} | f,|*p? dvol (2.58)
M Y M T Y

}/7’ ! ]' !
—i—f Y{fr, fir + = fr)2¢¢" dvol —f Y, (—|df|2 + W) 200" dvol
M Y M 2
+ J Y, {A(z)df, df yp* dvol.
M

To simplify the equation, we choose Y so that

Y, Y?
Y, —— - =0. 2.
v 0 (2.59)
One family of solutions is given by
Y (r,t) = g(t)exp (h(t)r?), (2.60)

for any positive function ¢(t) and arbitrary function h(t).

r

With this Y, we now simplify the expression d*dY —Y; +

(1—v(r,z)) as much

as possible.

-1
Notice d*dY = —Y;, — ——Y, + B(r) with B(r) = O(r*)Y. Since B(r) will lead
r
~1. v,
to a lower order term, we focus on eliminating —Y,.. — m—YT + (1 —v(r,x)).
r r

A detailed computation shows

1 %Y,
Y = Ty 201 = ur, @) = —4REY — (m— 2 + 20(r,2))2hY.  (2.61)
T T
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Since m > 2 and v(r, ) is small, we require h(t) < 0 so that we may eliminate

—1 2Y, .
—Y — m—YT + (1 —v(r,x)). Therefore, we pick
r r

Y (r,t) = g(t) exp (h(t)r?) (2.62)

with g(t) > 0 and h(t) < 0.

We remove the dependence of the r and x in v(r, x) to simplify our computations.

By the definition of 1y, we then get

f (—Yrr - m—_lYT + 2%, (1 —v(r, x))) <%|df|2 + W) ©* dvol
M

T r

—1. a2y, 1
> [ (-2 Zoaow) (Gl + w) v
M T T 2

(2.63)

(2.58) becomes inequality (Y, < 0):

0>df}flwﬁ+w % dvol

=7 = (6}
at ), \2 v

—1 2Y, 1
#[ (v -2 B w) (Gl 4 w) v
M

r
J
M

Y, 1
+ J Y{fr, fr + = [r)20¢" dvol — J Y, <—|df|2 + W) 20" dvol.
M Y M 2

2
@ dvol + j B(r)W?* dvol + J Y, { A(z)df, df yp? dvol
M

M

Y,
ft + Vfr

(2.64)
Imposing the equation on Y
e (2.65)
we get
(—4h2(t)r2 W) = 2h — (m — 3 + 205)2h — f;g;) Y =0 (2.66)
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Here Y > 0 since g(t) > 0. h and g only depend on t. We conclude that

W)+ W) =0, (m—2+2w)2h(t) + L _ g, (2.67)

From the first equation, we get

1

h(t) = G=0)

(2.68)

for any constant C' > t. We then solve for g(¢) by plugging this h into the second

equation:
g(t) =Dt —C|'"F™, (2.69)
for any D > 0.

Here we pick D =1, C' =ty > t, then we get

Y(x,t) = (to— )% ™ exp (‘%) . (2.70)

to—1t)

We can simplify (2.64) into

.
0 >i ( \df | + W) % dvol —l— Y|fi + fT ©® dvol + f Y, {A(z)df, df yp* dvol
Tdt )y M
i 1
+ YW dx + f Y{fr, fr + fr>2g0<p dvol — J Y, (§|df|2 + W) 200" dvol
.)M M M
d 2 o
=— |df| + W ) ¢*dvol -l— Y \fi + fr dvol
dt JM

T4 T+ T00 41V,
(2.71)

Since R* < (ty —t)/4, we can easily show that

7,2

1
I| = — Y =|df? 2 dvol| <
1| 2o =) (2|df| +W>gp dvo

1
CJ Y (—|alf|2 + W) ©? dvol,
M 2

(2.72)
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and
1
| < CJ <§|0lf|2 + W) dvol < C'E(fy)- (2.73)
M

For III, since R? <ty —t < 4R? with R < Ry, we have
2

1 Y,
|11 <§J Y ft+?fT <p2dvol+C’J Y |f|?|&' ] dvol
M M

1 Y, ? 1
<= J Y |fi + —f.| ¢?dvol + CJ Y|fr|2—2X[RM/2,RM] dvol (2.74)
2 Y M Ry,

1 Y, |?
<—J Y fi+=1f gdevol—i—cJ Yep?® dvol + CE(fo(z)),
2 Ju Y M

where X[r,,/2,r, is the indicator of the region Bg, \Bg,, -

IV| <CJ ¢ [p(to —t) ™2 exp (=1 /A(ty — 1)) (%|df|2 + W) dvol
" (2.75)
<cf Yep® dvol + CE(fy(z)).
M

Here r is only defined when r is close to the boundary of M since that’s the only

place where ¢’ is supported.

Hence
d 1 Y, |? 1 Y,
0=>— Y—d2W2d1JY = le——JY L £ 1 ?dvol
i | (2|f|+ )w VO+M ft+Yf g dvol =3 | ft+Yf</> VO
— CE(fo(z))
d 1 1
Z—f Y Z|df|? + W gdevol—cJ Y (| =|df|* + W ) ¢* dvol — CE(fy(z)).
dt Jy 2 v 2
(2.76)
Denote

o(t) = JM Y <%|df|2 + W) @ dvol = JM(to — )G, (z,t) <%|df|2 + W) ©? dvol.

(2.77)
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Integrate (2.76) in the t direction between [t1, 3], where 0 < t; < ty < tg, we

have
(t2) <exp (c(ts — 1)) ¢(t1) + CE(f(0,2)) (exp (c(ta — t1)) — 1)
) (2.78)
=exp (c(tz — t1)) ¢(t1) + CE(f(0,x))(t2 — t1).
Substituting ty = to — R?, and t; =ty — R2 gives (2.45).
Define
to—R2
_ _ 2
U(R) = L o (to ol dt - Jt - J i t) a., ( dfP? + W) 2 dvol dt.
(2.79)
We have
d —2R —8R 2
L (R) = o(to — R?) — 1z o = AR?) = In (6(to — 4R?) — ¢(to — R?))
2
& (9(t1) — 9(t2)) -
(2.80)
Now we turn to prove (2.46). We have
B to . to B to (b(t)
ot = L o(t) dt < L co(t) + C By dt — C’Eg(tg—tl)—FCL Pty
(2.81)
So
d 2CE, ¢ [ o)
— CEyR — ¢RY(R).
Integrating from R to Ry (assuming 0 < R < Ry < Rys), we have
U(R) <U(Ro)et (B ) 1 CE(£(0,)) ( S(R-RY) _ 1)
(2.83)
< exp(c(Rg — R*)W(Ro) + CE(f(0,))(R; — R?).

L]

29



3

Moser Iteration

In this chapter we recall the Moser iteration arguments that allow us to derive L®

bounds for smooth functions e satisfying either an elliptic inequality
Ae < Ce,

or a parabolic inequality

d
— 4+ A)e < Ce.
(dt+ Je < Ce

The contents of this section are not original, but will be used in the next section
to obtain cleaner and more effective e-regularity arguments than we have found in

the literature (see [13] and [1]).
3.1 Moser Iteration for Elliptic subsolutions

Lemma 10. Let M be a compact manifold. Let e be a positive function from M — R*
satisfying
Ae < Cpe, (3.1)

where A is the Laplace-Beltrami operator on M.

30



Then

~ 16 7
elr» oy < C(M (C + —) f e dvol, 3.2
|| ||L (B5R( 0)) ( ) 0 (R _ 5R)2 BR(xO) ( )

for 0 < 8 < 1 and any geodesic ball Br(xo) € M where R < Ry,. Here C(M) is a
constant only depends on M.

Particularly, when 6 =0, (3.2) implies a single point estimate of e(f):

e(f)(zo) < C(M) (CO + %) k JBR@O) e dvol. (3.3)

If supe(f) exists and is achieved at xq, then
M

supe(f) < C(M) (C’O + E) JB ( )edvol, (3.4)

for any R < Ry;.

Proof. Without loss of generality, we may assume xy = 0 and denote Br(0) = Bg.
We define the radial cut-off function 7(s) such that n(s) = 1 for s < 2, and

n(s) = 0 for s = 2, with |/(s)] < 4. Define radial function nx(z) = n(|z]) =
1260 (20 ). We can show that n(2) = 1in B,, wherer, = R (14 2
n{l+ B~ . We can show that n;(x) = 1in B,, wherery = —l—? ,

k+1
and n(x) is supported in B, _,, |dng| < 7o and dn, is supported in the set

Bm_l\Bm-
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Multiply (3.1) by n,eP*~! on both sides,

Co j e 2 >(Ae, ey 1 = (de, d
Br

=2<(77kep’“’1)de, ed(nkepk’1)>Lz + J

= {d(ngeP*), d(ngeP*) ydvol —

Br

M€

and integrate by parts to get

2 2pp—1

)r2

e def?
Br

{d(nreP e, d(neeP*~1)eddvol

Br

_ 2
= ld(me?) |72 ) — | A e 1)@HL2(BR) :

(3.5)
Therefore,
2 2 1y 2
ld(mee™ )| 125, <Colme™ Loy + |dme™ el s 4,
1, 2
=Co e 72y + | dim + (pr = Dyime? " de [ 5
_ Dr ||2 pr—1 Dk Dk ’
=Co [lmee™ 725, + Med(e?*) + P dy
Pk L?(Br)
—1 1 2 (3.6)
=Co €™ 2y + |2 —d(ipe™) + —eP
Pk Pk L2(Bg)
2 pr— 1 ’ 2
~Colme By + () 1 o
pr—1 Pk Pk 1 Pk 2
+ 25— (d(ne™), e’ dn)r2(By) + 2 P dni| T2 -
3 k
We apply Cauchy-Schwarz to the cross term to get,
2pp — 1 2 2 pr—1 2 1 , 2
7 ld0me™ )| Laay < Colmee™ 2y +—2— ld0me™) [ L2p +— € dnkll L2 (s, -
k Py Dy
(3.7)
Therefore,
d P} ||2 <C Pk |2 1 Pk . |12
o ld(ke” ) L2(my < Co [mre™ [12(m,) + 2 le™ dnlz2s, - (3.8)
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That is,

2 2 2
ld(nke™ ) [12(5,) <Copr €™ (125, + €7 Al 25,

1 (3.9)
2 2
<Copr e Irapry + — 5 1" Xe1llLe(s,)
where 1 is the indicator function of B,, _\B;,.
Since M is compact, from the Sobolev inequality [7, Theorem 2.6] we have
[d(e™ )| p2gp gy = C M) e | 2y s (3.10)
where C'(M) is a constant depending only M.
Setting p1 = 1 and pgy1 = pr"5, we have
Copr HeHszk(B ) =Copr JB e’ dvol = Copi k€™ |12,
Th—1
) k+2 )
= ||d(nre™ )| > — le™ Xn-1L2(5,
4k+1
>C Dk o — Dk
Y P e T -
m—2
SRR :
:C(M) JB e“Pkm—2 dvol _ - ||epkxk*1HL2(BR)
Tk
2pg
) 2Pk 41 k+1 )
=C(M) <JB e p’““dvol) — 3 | " Xk-1ll72(py) -
Tk
Rearranging, we obtain
2 2
(Com 445 elhugn, > COD 6l (3.12)
That is,
1
Copr k 4 Pk 2
(Gt P aamma) Vel ) > e,y (G13)
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Iterating, we get

1

w —_
Copr 4 Pk 2 2
1_[ <C(M) + 4kO(M)T2 HGHLQ(BQR) = H6||Lf‘(BR) : (314)
k=1
m \F!
Since py = (—2> , pr < 471, The product factor on the left-hand side of
m JE—

(3.14) can be bounded by

() ey (o )]
|

(V]
VRS
S
+
=
N~
w
—_
=

Hence,

. 16\ 2
||6||ix‘(BR) < C(M) (C'o + ﬁ) JB e* dvol. (3.16)
2R

To pass from a bound in terms of |e|.2(p,,) to one in terms of |e].2py), we

first consider r, = R (5 + 12;k5) This changes the bound of the derivative of n; to

k

|dni| < m Then (3.16) will turn into
sup 2 < C(M) (C + 10 )?J e* dvol (3.17)
< 0t S50 vol. :
x€Bsr (o) (R - 5R)2 Br(zo)

To show that sup e can be bounded by its L' norm, we use the following lemma

from [2, Lemma 4.1]

Lemma 11. Let ¢(t) be a bounded nonnegative function defined on the interval

[Ty, T1], where 0 < Ty < Ty. Suppose that for any Ty <t < s < Ty, ¢ satisfies

+ B, (3.18)



where 0, A, B and o« are nonnegative constants, 0 < 1. Then
(p) <C A + B VIpb<p<R<T (3.19)
AV RS (R _ p)a ) 0xpP ~ 41 .

where C' depends only on «, 6.

We apply this lemma by setting ¢t = JR, s = R, and ¢(t) = sup e. By Cauchy-

By(zo)
Schwarz and (3.17), we get
p(t) = sup e
Bsr(o)

<| 0,0+ 16C ’ J e2 dvol

< 0 T N0

< remefaos ¢ )" J dvol (3.20)

< up e | Cy —_ e dv )

B(ao) (R—40R) Br(wo)

m

1 . 16C \*
<= sup e+2|Co+ ———— J e dvol
2 Br(xo) < (R — 5R)2> Br(zo)
1 A
=—p(s) + —~ J e dvol,
2 (S - t) Br(zo)

where A can be taken as a constant slightly larger than C'O(R — (5R)2 + 16C since
(R — 0R)? is bounded.

Applying the lemma, we have

A
o(t) < Cl f edvol] : 3.21
(t) G0 Jn o (3.21)
That is,
Co(M) \ 2
sup e < (C M)Cy + —) f e dvol. 3.22
Bsr(zo) 1( ) ’ (R_(SR)2 Br(zo) ( )
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In particular, we have the single point estimate at the center xy (a special case

when § = 0):

e(f)(xg) < (C’l(M)Cg + 02}2]2\4)> ’ JB ( )e(f) dvol. (3.23)

If sup e(f) = e(x1), then from the Moser iteration, we can easily get the result
M

sup e(f) < (Cl(M) + 0212)]2\4))2 JB ( )e(f) dvol, (3.24)

for € M such that e(f)(z) = supe(f) and any R < Ry, with Bg(z) € M.
M

3.2 Moser-Harnack Iteration for Parabolic Subsolutions

Lemma 12. Let zg = (xq,tg) € M x I with M compact. Suppose a positive function

e: M — R satisfies

(% + A) e < Cye in Pr(2o), (3.25)

for some Cy = 0 where it may depend on e, and Pr(zo) is defined to be the cylinder

Pr(z0) = {(z,t) e M x ||z — 0| < R, |t — to] < R*} (3.26)
for R < Ryy.
Then
Co(M) \ %
sup e < (Cl(M)C'O + 2—) J e dvol dt, (3.27)
Psr(zo0) (R —dR)? Pr(z0)

where C1 (M) and Co(M) only depend on M.
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In particular, when 6 = 0, we have

m+2
e(f)(z) < <C’1(M)C’0 + 021(%]2\4)> J ( )edvoldt. (3.28)
PR Z0
If sup e(f) exists, then
MxI
sup e(f) < (Cl(M)CO + 02}(;2\4)) 2 f edvol dt, (3.29)
MxI Pr(z0)

for any R < Ry;.

Proof. Without loss of generality, we may assume zg = (xg,%y) = (0,0). We denote

Pr(0) = Pg and so on. First we assume

(5 +8) el < Coelh) in PunCe. (3.30)

Define the spatial cut-off functions 7 as in the elliptic case. Similarly, we can also

1
define cut-off functions in the time direction. Let gx(t) = 1 for |t| < R? (1 + ?)

k

2 2
and gi(t) = 0 for |t| = R? (1 + F) so that |g,.(t)] < Vi

Multiply the equation by e?»~n2g2 on both sides, then integrate over Por. With
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integration by parts, we have

Co J e?rn? g2 dvol dt
PR

> <% oty g2y dvoldt + | (Ae, ey g2 dvol dt

Psp Pr

- <% nlp2gdydvoldt + | (de,d (e*"~'n2) gy dvol dt

PR Par
1 d o2 2pn — 1] 2.2 2
= n ngn dvol dt + d(eP On dvol dt 3.31
o pmdt( ), = P2R|( ) n (3.31)
1
+— | eMgadd(e™), d(ny)) dvol dt
n JPR
1 d 2p 1 2 2 d 2
= — "n2g2)) dvoldt — — e’ n, — (g;,) dvoldt
o [ i) o [ i )
2p, — 1 1
+ 2 5 J |d(eP™)|*n2g? dvol dt + — ePrg2{d(ePr), d(n?)) dvol dt.
2= Pyr n JPpR

We bound the last two terms by |d(e’"nngn)ll 2(p,,y, and pick pr = 1, py =

m + 2
Pr—1 =1
m

Co J ern? g2 dvol dt
Pyr

1 J d o 1 opn 20 (o
>— Prp2g?) dvol dt — — e’y — (g;,) dvoldt
~ 2, Pan dt ( ) 200 Jpys dt ( )
1 —1 2 2 2
+ — |d (P 1g,) | dvol dt + 2 |d(eP™)|“n; g; dvol dt
pn P2R pn P2R
(3.32)
1
o P62 |d(n,)|? dvol dt
n JPpR
> L f d (e*Prn2g2) dvoldt + 1 |d (€P 1, g0)|* dvol dt
2pn PR dt e Pn Jpyp o
1

1 .d
- L[ e (G ) + 2R ) dvolar

pn PQR
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Rearranging, we have

J d (e*Prn2ga) dvoldt + QJ |d (€1, g0)|* dvol dt
Par dt

PR
(3.33)

,d
< f (2Copn77ngn +na— yy (92) + 292 |d (nn)|2> dvol dt.
Prr

The preceding inequality still holds if we replace Pog by Pyp := Bagr x [—4R?,T)

for any 7 € (—4R?,0]. Since g> = 0 when t = —4R?, integration by parts in the ¢

direction yields

J 1agae™" dvol + QJ |d (" nngn)|” dvol dt
BQRX{T}

PR
(3.34)
5 d
<J (2Copn77ngn +me— (92) + 292 |d (nn)|2) dvol dt.
Py dt
. . 1 1
By Young’s inequality, for any a, b >0, and — + — =1,
p q
X
T+l (3.35)
p q
2 2 P
Pick p = mT and ¢ = m and view j e*rnig? dvol dt = v
2 m Bapx {7}
2 bl
QJ |d (e’ 1ngn)|” dvoldt = —, we have
Py q
2 e ;
(m + J el g? dvol> ( m \d (€"" 1, 90)|* dvol dt)
2 Bagx{r} m 4+ 2 Pyp
(3.36)

<

,d
f (2Copn77ngn +na— o (92) +2g2 |d (nn)IQ) dvoldt.
Por
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This works for any 7 € (—4r? 0], therefore

1

1
m + 2 J o2 g ( 2m f ) a
sup e*rntg? da d(e’"n,g,)|” dvol dt
<T6(4R2,0] 2 BQRX{T} m + 2 PQR | ( )|

,d
< J e*n <2Copnnngn +mo— (92) + 292 |d (nn)|2> dvol dt.
o dt

(3.37)

By the Sobolev Lemma, for I an interval in R!,

2
J w2 dvoldt < C(M) supf u?dvol | x J |du|* dvoldt (3.38)
Byx1I Te€l JB,x{t} ByxI

By (3.38) with u = eP*n,g,, we have

_m _

) m+2

2

([, nar®
PR

_m _
m+2

< sup J (P 1 gn ) XJ |d(eP" 1ngn)|* dvol dt (3.39)
( ] JBagr x{T} Pyr

—4R20

,d
< J (2Copn77n9n + 1 (92) + 20, 1d (nn)lg) dvol dt.
PR

n 2n+1

Since |d(g.)] < 7. d0n)| < 2

pactly supported by PR(1 +5ip) We can use the information to restrict the domain
2n—

, and g,, n, are cutoff functions both com-

of the integrals on both sides

m

m+2

~ m 4n+1
C(M) f 2P "2 dvol dit < (QCopn + e ) J e dvol dt.
PR(1+%) PR(1+27L%1)
(3.40)
That is
COD) 1%,y < (oot ) 1 (3.41)

40



Hence,

1

C 4n o
2 0Pn 2
e 2D 41 X < ~ + ~ e D . 342
el s s, (cmm> cuwww) e, (3.42)

Iterate until p, — oo, we have

1

0 on 1 pn
2 2
||6HL\‘L(PR) < 1:[1 (5’(1\4) (Co + ﬁ)) ||€||L2(P2R)

m+2

1 1 S (3.43)
- ~ C + —= Ellr2
(CUW)( : lp)> el
Cy(M)\ “F
- (cuonce+ 250 T ek,

for C1(M), Cy(M) being just the Sobolev constants that only depend on M.

As for the general case when (3.25) is true in Pg(2p), we have

m+2

2
Cy (M) 2 9
sup e] < (C M)C; —i——) J- e“ dvol dt. 3.44
<Z€P5R(Zo) ) {(M)Co (R —0R)? Pr(z0) ( )

We then apply Lemma 11 in order to get the L* norm bounded by the L' norm
of e(f) in a larger cylinder.

We use the same trick as in the elliptic case. From Cauchy-Schwarz, we have

+2

Co(M) \
sup e(f) < (C’ M)Cy + —) f e? dvol dt
Psr(zo0) () (MG (R—0R)? Pr(zo0)

Co(M) > fsup e(f) J
< CL(M)Cy + sup e f) dvoldt
( 1( ) ’ (R 5PL Pr(zp) PR(ZO

m+2

<% sup e(f) + (Cl(M)CO + %) 2 JPR(ZO) e(f)dvoldt.

Pr(zg)

(3.45)
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Now apply the lemma by setting t = 0R, s = R, and

o(t) = sup e(f),

Py(z0)

we have

Co(M)

N | —

p(t) <

Since C1(M)Cy is bounded, we get

where

A= Co(M) L ( )e(f) dvoldt, B = C’l(M)C’OJ e(f) dvol dt.

Pr(20)

From the lemma, we get

p(t) = sup e(f)
Psgr(20)

A

< | =g+ 2]

- Co(M) 1\ *
< <C1(M)CO + m) JPR(ZO) e(f) dvoldt,

for any 0 < 6 < 1.

In particular, we have

e(f)(20) < <C1(M)C'o+ 2 ) JPR(ZO)e(f) dvol dt,

p(s) + <01(M)CO + m)mf LR(ZO) e(f) dvol dt.

(3.46)



for any R where (3.25) holds.

Suppose sup e(f) exists and is achieved at z,, we also have

MxI
sup e(f) < (él(M)C(] + 02}2]2\4)> f e(f)dvoldt, (3.48)
MxI Pr(z0)

for any R.
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4

e-Regularity

In this chapter, we apply Moser iteration and the monotonicity formulas derived in
Chapter 3 to derive new e-regularity results. We obtain better bounds for sup e under
suitable hypotheses on the ratios pg, vy, and py. This proof is derived directly from
Moser iteration without introducing any rescaling of the function e. Therefore, we

can see clearly how ¢y depends on the constants playing a role in the Moser iteration.
4.1 Elliptic e-Regularity

We obtain estimates for positive functions e : Br(xg) — R! which satisfy a mono-

tonicity relation and the elliptic inequality
Ae < Cé?. (4.1)

Theorem 13. Suppose e : M — R* is positive and satisfies (4.1). Suppose there

exists Co,pg = 0, and a smooth function v with 0 < v < 1 such that

1
O(R,z) = y=r L}R(zo)(l + v(r, z))e dvol (4.2)
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1s monotonically increasing in R. There exists a constant ¢y > 0, such that if

O(R, x0) < €, (4.3)

3
then for any § < T

C
sup e <

—_ 4.4
x€B;sr(x0) (5R)2—p0 ’ ( )

where C' is an absolute constant only depending on M and the monotonicily constant.

Moreover, we have

sup e(f) <CR™ JB ( )(1 + v(r,x))e(f) dvol. (4.5)

By p(wo)

Proof. From the monotonicity formula, which applies to all z € Bg(xg), we have

prmr J (1 + v(r,z))e(f) dvol < Cr> ™70 f (L+v(r,z))e(f)dvol, (4.6)
By(x) Br(@)

for any x € Br(zo) and 0 < p < 7 < R — |z — x|, where C; only depends on m and

M.
3
Now we set Ry = 0R = ZR. Consider 0 < p < Ry — | — x9| < R — |z — x|. By

monotonicity and the fact that B R,‘x,m(x) < Br(xg) the above inequality implies,
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for any © € Bg, (xg), that

p> o J (14 v(r,z))e(u) dvol
By(x)

<Cy (Ry — |z — mo|)* " pof 1 (14 v(r,x))e(f) dvol

Bry—ja- Iol

<Oy (R — |z —m|)> ™™ 1+ v(r,x))e(f) dvol (4.7)

Br— |z— 10\(1'

1 2—m—po
<C, (—Rl) f (1 + v(r, 2))e(f) dvol
3 Br(zo)

=C (1) e R?~m—po j (14 v(r,x))e(f) dvol
- 4 Br(zo) 7 '

The last step holds because R — | — 2g| = Ry — |x — xo| = 3 Ry.
Now consider the following function
h(c) = (R —0)*™™ sup e(f). (4.8)

Bo(x0)

Let og be the point where h(og) = [max h(o). Suppose at x1 € B,, () we have
<o<Ryp

e(f)(@1) = Boy(wo)e(f) = eo. (4.9)
Let pg = %(Rl — 09). Since B, (1) € Byy+o,(T0), we have

sup e(f) < sup e(f). (4.10)

BPo(xl) BPQ+00(1'0)

From the definition of h(o), we get

(B1 — (po +00))* sup e(f) < (B —0p)? sup e(f). (4.11)

Bpg+ag (z0) Bg (o)
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This implies

sup e(f) < sup e(f) <4 sup e(f) = 4e. (4.12)
Bpg(z1) Bpg+og (o) Bog (o)

Now consider the elliptic equation in B, (z1). We have

Ae(f) < Ce*(f) < C ( sup e(f)) e(f) < 4Cepe(f) in B, (x1). (4.13)

BPo (xl)

By the single point Moser iteration result, we have

eo = e(x1) < <01(M)4Ceo + C2(£W)) B J e(f) dvol. (4.14)
Po By (x1)

Rearranging, we get

_ m 1
o Men < (Cl(M)Pgeo + Cz(M)) Rl = f e(f) dvol
pO Bpo(xl)
(4.15)
mo 1

< (CL(M)ps e + Cy(M)) 2 WJ ( )(1 + v(r,z))e(f) dvol.
0 Bpg (21

This is

h(oo) < (C1(M)h(00) + Co(M))E ﬁﬁg s vtraef) bl (110

Since 1 € Bg, (o) and pg+ 09 < Ry = %R> we can apply the previous result that

1 J 1
o 1+ v(r,x))e(f dvol<C’—f 1+ v(r,x))e(f)dvol,
o 2+po Bpo(gcl)( ( )) ( ) Rm—2+p0 BR(xo)( ( )) ( )

(4.17)

and therefore,

h(o0) < (C1(M)h(o0) + Ca(M))* ﬁ JB L aEvae)dvl. (119

I3
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Suppose there exists Ry = 2R such that h(op) = 1. Then

1

1 = h(og) < (Cy + Cy)™? —f (14 v(r,x))e(f) dvol. (4.19)
Rm 2+p0 BR(xo)
We can pick ¢ < ! ch that
n pick g < ————— su
PIEE OS50, + oy)me
1
(C1 + o)™ Rm—“pf (1 + v(r,z))e(f)dvol < (Cy 4+ Cy)™?ey < 1,  (4.20)
® JBn(z0)

for any R such that U(R, zo) < €. This leads to a contradiction. Therefore,
h(Jo) < 1.
That is,

h(o) = (R —0)* ™ sup e(f) < h(op) < 1. (4.21)
Bo (o)

We can see that the above proof will hold when we replace Ry = %R with Ry = 0R

with any ¢ <

NI

Finally, picking 0 = %Rl = %5R, we get

sup e(f) < 5 <

—_— (4.22)
B%aR(IO) (§5R)27p0

with C' a constant depends on Cj. (We can denote new § as 16 to get the desired

result.)

As for (4.5), we go back to the original estimate (4.18) and use the fact that

h(oo) < 1,
h(oo) < (Cy (M)l + Cy(M)) % [ﬁ JB v dvo
o (4.23)

1
<C—J 1+ v(r,x))e(f) dvol.
o |, (v

48



Using the definition of h(og) again, we have

(Ri— o)™ sup (1+ v(r,2))e(f) < h(oo) < Cﬁ J e(f)dvol. (4.24)
Br(wo)

Bs(z0)

Here we pick 0 to be %, and o = %R < Ry = )R, we have

sup e(f)<CR™ (1 +v(R,z))e(f)dvol. (4.25)

B%R(x()) Br(wo)

4.2 Parabolic e-Regularity

In this section, we consider a positive function e : M — R*! that satisfies the following

parabolic inequality

% +Ae< Ce®  in Pr(z) (4.26)

for some R < Ry;. Here zp = (xg,t0). The regions Pgr(zo) and Tg(to) are the same

as the ones defined in Chapter 2.

Theorem 14. Suppose e : M x I — R* is a positive function that satisfies (4.26).

Suppose there exists vy = 0 such that

to—R2
U (20, t0), R) = ft ﬁ JM Gon (s De(f)(x, ) dvol dt (4.27)

0—4R?

1s monotonically increasing in R. There exists €y such that, if there exists R <

Vo — /2 with

to—R? 1
U((zo,t0), R) = J —J Glzonto) (T, t)e(z, t)p* dvol dt < e, (4.28)
to-are (to —1)" Jur
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then for any ¢ that depends only on M, E(fo(x)), R, and C' an absolute constant, we

have
C
sup e < ———. 4.29
Psp(wo,to) Rz ( )
Here G4 10) s the backward Gaussian
1 |z — x0|2>
Gzoto) (X, 1) = —————— exp (—— , 4.30
(ot (7:1) (4m(tg — 1)) 2 A(to — t) (430

and p(z) = (|r — xo|) is a cut-off function supported in Bgr,,(x¢). (Sometimes we

denote Gz 10)(w,t) = G(x,t) or just Gz 1), G-

Proof. Let Ry = dR for § < 1/2. For any o < Ry, consider the following situation.

Suppose

eo = sup e(f).
FPo(20)

We are interested in the point z; = (z1,1) € P,(20) such that

e(f)(21) = eo.

Then inside some cylinder P,(z1) < Pg, (20), we have

(2 +A) e(f)<C ( sup e(f)) e.
ot Pry —o(20)

From the single point Moser iteration, we have

m+2

e(f)(=1) = sup ef) < <01<M> <sup e<f>> " 02“”)) L( (vl

Py (20) Po(z1) p?

Rearranging the above inequality so that it attains a form in which we may apply

the monotonicity formula, we get

(m+2)/2

1

PP sup e(f) < | CL(M)p*™(sup e)p + Cy(M) prrT J e(f) dvol dt.
P, (z0) Pp(21) P 0 Pp(z1)
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To relate sup e(f) back to sup e(f), we define the function
Pp(z1) Ps(20)

h(o) = (Ry — 0)*72 sup e(f), (4.31)

P5(z0)

and pick p = $(Ry — o).

Since e(f) is regular in Pg(zp), we are able to find a point oy such that

h(og) = ,max. h(o).

There exists z; = (z1,t1) € P,,(20) such that

e(f)(z1) = sup e(f).

on (ZO)
1 .
Let po = §(R1 — 0p). We will argue that

wp o(f) <4 sup ef).
Ppo(zl) PUo(ZO)

1
It is easy to check that py + 0¢ = §(R1 +09) < Ry =0R < R and P, (z) ©

P, 100(%0). Similar argument as in the elliptic case, we have

sup e(f) < sup <4 sup =4e(f)(z). (4.32)
Py, (21) Pog+aq (20) Foq (20)

Now we base our estimate inside the cylinder P, (z;) since z; is the point that

e(f) achieves its max within P,,(z0). From the single point Moser iteration, we get

() < [ () ( sup e<f>> " CQ(?“) [ etnvorar
Ppo(21) Po Ppo (21)
2 (4.33)
< | 4C1 (M) < sup e(f)) + 02(34)> 2 J e(f)dvoldt.
Py (20) Po Py (21)
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Do the same rearranging as before, we get the following,

Py e(f)(z1)

1

=53 (I —00)*7 sup e(f)

Py (20)

(m+2)/2
< <C’1(M)(R1 —00)220 sup e(f) + C’g(M)) %QVOJV e(f) dvoldt.
Po P,

PUO (20) () (21)
(4.34)

That is,

m 1
h(oo) < (CL(M)h(ag) + Cy(M))Tm+2)/2 WJ e(f)dvoldt.
0 Ppo(21)

Here, as long as we can show that

= |
g e(f) dvol dt
P62 Iy )

can be bounded by ¢, using the monotonicity formula, we could argue that h(oy)
cannot be arbitrarily large, provided o9 < R; = dR < R, where ¢, gets achieved.

Therefore, we will have control for all sup e(f), Vo < Ry from h(op).
Po(20)

We present the following lemma and will prove it after the proof of this theorem.

Lemma 15. Let Ry = 0R for some § < %, and R < Ry. Let p, o € (0, Ry) with

p+ o < Ry. Then for any z1 = (x1,t1) € P,(20), the monotonicity formula implies

1
— f e(u) dvol dt
P Jpy ()

<C1 (R)\If((.iﬁo, to), R) + OQRE(fQ(QT)) + 03 exp ((2 —m — 21/0) InR— 62(572) E(fo(fb))
(4.35)

Here C1(R) is a constant depends on R and M, Cs, ¢y are absolute constants.
E(fo(x)) is the initial energy.
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With the lemma, we can proceed to argue for bounds of h(oy) as follows. Assume
U((xg,10), Ro) < €. We then pick ¢ small so that
Csexp ((2 —m —2v) In R — 30 2) E(fo(x)) < €, for some small R < Ry;. We have

m 1
(o) < (Cyh(og) + Co)m 212 —F e J e(f)dvoldt
Po Ppy(21)

< (Cih(ov) + C2)™ D (creq + :RE(fol2))) (4.56)

< (Cih(a) + Cp) ™2 ¢

Suppose there exists Ry = JR, such that for any 0 < Ry, h(op) = max = 1.

0<o<R1

By the above inequality, we have
1< (Cy 4 Cy) ™22 ¢, (4.37)

Therefore, we can choose €y so that (C1 + Cy)™ 2 ¢y < 1. That said, with

Ri =0R < §Ry, and for all 0 < Ry, we always have

h(c) < h(op) < 1. (4.38)
Si h = h ick o = 1R = —0R, and we h
ince h(og) = [max (0), we can pick o = 51t = 50R, and we have
(Ry —0)* P sup e(f) < h(og) < 1, (4.39)
PU(ZO)
which is,
C
sup  e(f) S T (4.40)
Pysn(z0) (30R)>m

where C' is an absolute constant. Picking new ¢ to be half of the original §, we will

get the desired estimate.
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Proof of Lemma 15. We want to show that

}i J‘F VA
e f d Old
m 2V0 p( 1) ( )

can be controlled by some W((xg,ty), R) and eventually bounded by .

First, we need an estimate between the backward Gaussian G and p~™. Since
Gaussians blow up at t = ¢y, we cannot derive the inequality directly from z; =
(x1,t1). To get a bound on the Gaussian, we move the center a little above so that
it does not lie in the region Tr(ty) = M x [tg — 4R?% ty — R?*|, where we later apply

the monotonicity formula.

Let Ry = 0R and o,p € (0, Ry) such that p+ o < Ry. Let z; = (x1,1) € P,(20).

For any point in z € P,(z;), we have the following estimate

N 2
G 2y =(4m(t, + 2p° — 1)) ™2 __ el
2t =W+ 207 =) e { —m T 5

p? > (4.41)

> (47 (ty +20° — (t — p%)) " exp <_4(t1 +20% — (t + p?))

=Cp ™.

Therefore, we have

PmQVOJ e(f)dvoldt < Cp2 J Glar 1202 (2, t)e(f) dvoldt.  (4.42)
P,(z1)

Pp(z1)

It is obvious that P,(z1) < T,(t; + 2p?). Suppose ¢* is the cut-off function that

is used in the proof of the monotonicity formula that is compactly supported in
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Bg,, (o), we have

p_QVO f G(zl,t1+2p2)(xa t)e(f) dvol dt
P

p(zl
<p72yo J G(wl,t1+2p2)($, t)e(f)goz dvol dt
e (4.43)
t1+p? 1 2
<C G t dvol dt
Lgpa (1 + 2p% — t)%0 JM (or.t1+207) (2, 1) e(f) 0™ dvo

=CU((21,t1 +20%), p).
By the monotonicity formula, we have
U((21,t1 +20%), p) < CL(R)V (w1, t, + 2p*),V3R/2) + CoRE(fo(x)).  (4.44)

With the fact that By = 0R < %R and p,o0 < Ry, we can check that ¢; + 2p? —

3R* >ty — 4R*. We then split the stripe Tg2(t; + 2p?) into 3 parts

U((z1,t1 + 2p%),V3R/2)

to—R? t1+2p273R2/4 1
< + G x,t)e 2 dvol dt
£0—4R2 L—Rz (t1 +2p% —t)w JM (mvans20t) (@ De( )" dv

1

=¢ Tr(to) WG(%’1‘/1+2p2)e(f)902 dvol dt
t1+2p*—3R?/4 .
) LO_W (b +2p7 = 1) JM Glortr2p)€(f )" dvol dt
=1 +1IL

(4.45)

For 11, since 02 + p* < (0 + p)* < R? < R*/4, we apply the monotonicity formula
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again and get

t1+2p2—3R?/4 1 2
Gl dvol dt
Lom (t + 2p% — )0 JM (21,122 €(f )" dvo
rto+o?+2p*—3R%/4 1 2
gC.Jt _R2 Wa(xhtl-"‘?p?)e(f)@ dvol dt
0
(4.46)
rto—R2/4 1 2
<¢ P (e dvol dt
) we Tam g Cnsamelfpt dve
rto—R? 1
<¢ G 2 dvol dt.
Jto—4R? (to — t)vo ( 1’t1+2p2)6(f)90 Vo
So far we have shown
p’””f)f e(f) dvol dt
Pp(z1)
(4.47)

1
<C1(R) JTR(tO) T JM Glar 11200 (T, )e(f)@® dvol dt + Co(R)E( fo(z)).

Now we need to get a bound for Gy, 4, +22)(2,t) from Gy, 4,. Here we consider

two regions: |x — x1| = R/d and |z — 21| < R/J.
Case 1: when |z — x| = R/0.

For (z,t) € Tr(to), to —t = R and t; — ty + 2p* > —0% > —

Therefore, (t, + 2p* —t)™? = c(ty — t)™/?. Hence,

B 9 _m |33 — IL’1|2
G($17t1+2p2)(‘r7t) - (47T(t1 + 2'0 N t)) 2 P (_4(t1 + 2,02 - t))

CAR? 4+ 02 + 292

(R/5)? ) (4.48)

<c(4m(ty — )77 exp (
<ciR™™exp (—025_2) .

Case 2: when |z — z;| < R/J. We use the same argument that
ty+202 —t <tg—t+02+20> <tg—1+202R? < (1 +26%) (ty —t), and the triangle
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inequality to get

1 x — x|
——— ||z — 21| + |2 —xo|)2—|1+—2(§l])

A(to —t) |1+ 2(52|x_$1|2 + 2|z — @[|z — zo| + |x—x0|2])

(
(
(
(= [~
(e (3) +2(5) )
(

<CG(x0,t0) eXp (62/4) = EG(ﬁoﬂiO)'
(4.49)

Therefore, we have for any (z,t) € Tr(to),
G a1 1 +2p2) (2, 1) <CGgg10) + 1R exp (—025_2)

<CGlagto) (T, 1) + 1R exp (2 —m — 2vp) In R — 26 7) .
(4.50)

With the estimate of the Gaussian, we have for any z; € P,(2), and
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o+ p< Ry =0R < R/2,

p A J e(f)dvoldt
P

p(21)

<Cy(R) f L

Tr(to) (to - t)QVO

x e(f)¢?] dvoldt + Co(R)E(fo(z))

J [(CG(xO’tO) + ¢ R™220 exp ((2 —m—21)InR — 025_2))
M

<C1(R)¥((xo, ), R) + [Cg(R) exp ((2 —m—21)InR — 025_2) + CQ(R)] E(fo(z))

=C1(R)¥((zo,t0), R) + C3(R) exp ((2 — m — 219) In R — 20 %) E(fo(z)) + CoRE(fo(x)).
(4.51)

To get the second term small, we may pick § ~ c¢(m, 1p)|In R|7"/2 so that c,6~2 is
much larger than (2 —m —21)In R when R < 1, and d can be chosen independently

it R > 1.
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5

Models with Repulsive Potentials

5.1 Sigma Models with Repulsive Potentials

The sigma model approach from [1] illustrates an idea to replace the nonlinear con-
straints from the target manifold with potential energy constraints. This approach
allows us to replace a nonlinear problem that may not have solutions with a sequence
of problems each of which has a solution. Then the problem becomes showing this
sequence of solutions converges to a solution of the original problem.

The repulsive potential is motivated by the desire to keep the homotopy class of
the projection of f onto the Grassmannian fixed. We are particularly interested in
the existence of harmonic maps from a compact Riemannian manifold M to com-
plex Grassmannian manifolds. It is well-known that Grassmannian manifolds have
positive sectional curvature. So the approach from [6] cannot be applied. However,
Grassmannian manifolds with their canonical metrics are Kahler, and holomorphic
maps between Kahler manifolds are harmonic. Hence it is easy to show there exist
many harmonic maps to the Grassmannian. The difficulty is producing them without

knowing holomorphicity in advance.

99



The rank k complex Grassmannian Gr(k, C') can be defined as the set of Hermi-
tian matrices in R™! that have k (+1) eigenvalues and the remaining eigenvalues are

0. An equivalent representation is:

Gr(k, C") = {u € R”"u is hermitian and k eigenvalues of u are 1, the rest are -1} .
(5.1)
Consider the classifying map fr : M — Gr(k, C') of a vector bundle F' over M,

and consider the energy

E(fr) = JM (%|dfF|2 + W(fp)> dvol.

To guarantee that the projection of energy minimizers to the Grassmannian re-
main in the same homotopy class, we have introduced a potential term W to our
energy. W(fr) is chosen so that W(fr) — oo if one of the eigenvalues of fr — 0,
and W is smooth in the complement of the set {det(fr) = 0}.

Since W ( fr) is smooth as long as all eigenvalues of fr are away from 0, singular-
ities of fr can only arise when some eigenvalues of fr approach to 0. This translates
questions about singularities of fr into questions about singularities of W (fr).

Because W(fr) is pushing fr away from the set {det(fr) =0}, we call W a

“repulsive potential”.
5.2 Repulsive Potentials

Let f: M — R>!' 5 Gr(k,C"). Let {\}._; be the eigenvalues of f. Consider the

energy functional
B = [ (Gl win) vl

with repulsive potential

9 . 1 . D11,
W R> - R with W(f)=§trace(f %) = Zi:ﬁ:z §|f 2. (5.2)

)

DO | —
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Here |- | is the Hilbert-Schmidt norm of matrices.

When the eigenvalues of f are bounded, we have bounded potential W (f) and f
lies in a set that is homotopy equivalent to the Grassmannian Gr(k, C').
This energy functional F has a nice scaling property, if we replace M with a

Euclidean space. Assuming

f=XM, x=N\y,
we have

B = [ (377 31772) v,

__ 1 Lo e L 5.3
= JM (2|dmf| +2|f |> dvol, (5.3)

1
ZWE(JC(@)

5.2.1 Estimates of VW and Hess(W)

For this specific potential W, we calculate some of its related quantities, which will
be used later.

The directional derivative of W along the B direction is

Wi(f) = V(] +5B)

s=0

=£1trace ((f +sB)™?)

ds 2 5=0
(5.4)
zétrace (%(f + sB)_Z) »
zétrace (—f_QBf_1 — f_le_2) = —trace (f_3B) .
Therefore
VW(f)=—f7?, and VW2 = |f 22 (5.5)
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Under this W, the static elliptic equation and the corresponding parabolic gra-
dient equation are

d*df — 3 =0, (5.6)

and

% +d*dfy — ;7 =0, 1(0,2) = fo(x) € Gr(k, C). (5.7)

5.2.2  Short Time Existence of Parabolic Flow

We assume fj, the initial data of (5.7), is smooth. We can convert (5.7) into the

integral equation

¢
f(t,x) = e fy J- (30 £ =3 . (5.8)
0

Counsider the subset

Z

{£eC'DIIf = follrary < af (5.9)
for a fixed < 1. We have (from [17, p.272, (1.3) and p.273, (1.11)])
et Y (M) — CY(M) is a strongly continous semigroup for ¢ =0,  (5.10)

and

Heftd*d < Ct2, for t € (0, 1). (5.11)

L(CO(M),CH(M))

Furthermore, the functional
F:f—f3 (5.12)

is defined from C'(M) to C°(M) when f is invertible.

The derivative of F' is

DFy(g) = —f"gf > = [29f 7 = [gf " (5.13)
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We have the estimate

IDFr(9) oy < |F 798 oo + 177208 o + 1720 7 o

(5.14)
C() glleo < CH) gl s
where C(f) depends on the C° norm of f~!, f~2 and f 3.
When | f — fol|o < «, we can show
[f o < H o' = 1)+ D)7 16 oo < O o) (5.15)

as long as | fo'] o < 1. We can show similar results for | %] and [ f~%]co.

Therefore, for f € Z,

I1DEs(9)lco < C(fo) [gllen - (5.16)

Since

F(f) = F(fo) = L %F(fo +t(f — fo))dt = L DFy sy (f = fo)dt,  (5.17)

we have

1
IF(f) = F(fo)lleo < f IDFpsitr—o on ooy 1 = Foller dt < CUD) [F = Follen

(5.18)
which implies that F': C*(M) — C°(M) is locally Lipschitz.

From [17, Chapter 15, Proposition 1.1A], f; exists in short time.

5.2.83 Induced Equations of Energy Density e(f)

As for the Hessian term Hess(W)ap{df4, dfB) = (dVW (f), df ), we have
AVW(f),df) ={d(~f7"), df
=(f73f f Ay + (FRf R )+ (F T ) (5.19)

=|f72df PP+ 20f 2 df ff F).
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When we study the induced Laplace or heat equation of the energy density, we

have

1 1
aelf) = (Gl + 51777

= — |Vdf|2 _ |f73|2 _ RiC(df, df) — 2|f*2df|2 N 4<f—2df7 fﬁldf f,1> (520)

<[|Ric|p|df |2 + CW2|df|> < Cre(f) + Coe®(f),

and

0 0 L L
(5+2) et =(5+a) (gl + 1)

= |Vdft|2 - |ft_3|2 - Ric(dft’ dft) - 2|ft_2dft|2 - 4<ft_2dft) ft_ldft ft_1>

<016(ft) + C’ge?’(ft). ( )
5.21

Since the right-hand sides of the inequality in the last steps of both cases involve
e3(f), we cannot simply apply the previous e-regularity to get the bound of the

energy density e.
5.3 Smoothing Potential W

Since the unboundedness of W gives undesired bounds for the Laplace or heat equa-
tion of the energy density e, we start with a bounded version of repulsive potential

by defining

l

Wilf) = gtrace (/2 + b)) = 2

i

N (5.22)

where [ is the [ x [ identity matrix.
For b > 0, we then analyze the bound of e(f) in terms of b using e-regularity.
Later, we will show how the approximate co-dimension of the singularity set depends

on b.
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Since

Wiy (f) < L |Hess(W3)| < —)Wb(f) < %, (5.23)

ol
2b’ b

we have the estimate of the Laplace and heat equation of the energy density ¢,

Aey(f) =A (%|df|2 + %trace ((f*+ b[)l))

(5.24)
<|Riclq|df|* + #Mdfﬁ < <$6b + Cz) €p,

and

sat < (4 40)., 529
Similarly,

<% + A) es(fi) < (@6 + 02) €b, (5.26)

and
<% + A) es(fr) < <C1 + Ozgl)) €p- (5.27)

Here C only depends on M, Cs(l) depends on [, the size of f.

Since Aey or (% + A) ey is bounded by e, we immediately get the following

result on the regularity of e:

Theorem 16 (Elliptic). Fiz a constant b> 0. Let f : M — R>*! o Gr(k, C!) satisfy
the following equation

d*df + Wy(f) =0, (5.28)

%|df|2 + Wy (f) dv bounded. Then ey(f) = 1|df|2 +Wy(f) € C*(M).

with By(f) = J .

M

Theorem 17 (Parabolic). Fiz a constant b > 0. Let f; : M x I — R>! o Gr(k, C")

satisfy the equation
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with f(0,x) = fo(x) € Gr(k,C") and smooth. Then ey(f;) € C®(M).

Proof. Here we only prove the elliptic case. Since Ey(f) = J ep(f) dvol is bounded,
M

ep(f) € LY(M). That is, |df|?, Wy(f) € L'(M). Recall the inequality that

From Moser iteration, we have

o)) < (5 n %)”” LR@ e(/) dvol, (5.30)

for any x € M.

Since b is fixed, we can take R — oo and get

e(f)(x) < C(b) fM es(f) dvol = C(b)Ey(f), (5.31)

which is bounded. Therefore, e,(f) € L* and Aey(f) € L*. Here we get ey(f) €

Cl(M) for some a > 0. e,(f) € C® can be easily derived by bootstraping. ]

Since e,(f) € C*, we consider sup e,(f) and can get the following bound:
C\™” o -

supey(f) < | —== ep(f)dvol < Cb ep(f)dvol = Co " Ey(f). (5.32)

M b? M M

5.3.1 Improved Bound of sup e,
M

In the previous section, we have obtained two bounds for —Hess(W3)ap. They are

either

— Hess(Wy) ap < c(D)b 2ey(f), (5.33)

— Hess(Wy) ap < c(Db~ (es(f))*. (5.34)
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We can get an intermediate bound of —Hess(W,) 5 between these two
— Hess(Wy) ap < c(Db 179 (ep(f))* 77, (5.35)

for 0 < ¢ < 1.

Using this intermediate bound, we can get finer control of supe,(f). In the
M

following, we denote sup e,(f) = ep;. We illustrate the idea using the elliptic version.
M

We have in M,

Aey(f) = — [Vdf? — [VW,|* — Ric(df, df) — 2Hess(Wy) ap(df*, df %)
(5.36)
<c(Db~ " (es( ).
We have shown that for a fixed b > 0, e,(f) € C*(M), and therefore ey, exists.

From (5.36), we get

Aey(f) < (Db~ ey ) en(f). (5.37)
Moser iteration gives
Cr(m)e(Del®  Co(m)\ *
en < ( P + JBR(:@O) ey(f) dvol. (5.38)

Here e(zg) = ey and R < 1. In the following, for notational simplicity, we will

assume Ry > 1.

1
Multiplying R7™=2b"1=4 on both sides and factoring out 1—¢ inside the parentheses
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on the right-hand side of (5.38), we get

2 2 17(] % 2
Ri=a Ri-a Ri=a 1
iqu i iqu + Cy TTiq ﬁ f Gb(f) dvol
blfq blfq b1,q BR(xO)

N

bi-a hi-a
RTe e : RpoJrl%qq
<|G b1+qM + Cy blT J ep(f) dvol (5.39)
1—q 1—q Bl(CCO)
R ta : RO+
1-ae 1—q
<|G ( +«1M> + (s Tig J ep(f) dvol
bi-a bi—q M
Rl%le 1-a ® Rpo+12qu
=@ <b1—+M> +C | Bl(f)-

Here, we use the monotonicity formula and the fact that R < 1.

Suppose we can pick R so that

=1. (5.40)

This means

< (CE(fpr™) 7 v (5.41)

m+1_~— m-—1

—CEy(f) 02y 0=

m—1 m+1 m—1
When ¢ > , we can guarantee the power q—
m+1 2 2

> 0, which

ensures R is small when b < 1.
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Thus we pick g = —— =1— — We have
m  m+
. Rp0+2(m—1) Rpo+2(m—1)
1< (Cr+Cy)2 pam 1 Ey(f) = C(m) pam 1 Ey(f) (5.42)
This gives
R < L )Hm) (5.43)
Z | —== . .
C(m)Ey(f)

Recall we pick R so that (5.40) holds. We get

bi—a p2m—1 om_1 [ C(m)Ey(f) po+22(7n—1) 2m (2m—1)(pg—2)
= T e S (T) < C(m)By(f)mesnzb roran-s
(5.44)
In the special case when py = 0, we have
sup ey(f) = enr < C(m)Ey(f)zn2b™ w1, (5.45)
M
which gives a better bound than ey, < C(m)b~"Ey(f).
If (5.40) does not hold for any R < Ry, we have
b2m—1
supey(f) = ey < o < b (5.46)
M M

5.3.2  e-Regularity Results

Now we apply the e-regularity and get the bound of e(f) in both cases in terms of
the fixed b:

Theorem 18 (Elliptic). Suppose f : M — R is a smooth solution to (5.28). There
exists €y = % for C depend only on M and l, such that if there exists some xq € M

and R < Ry with Br(xg) € M such that,

1

®(z9, R) = T JBR(IO)(I + v(r, z))ey(f) dvol < e, (5.47)
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then we have the estimate

sup e(f) = sup (§|df|2+wb<f>) < b (5.48)

Bsgr(zo) Bsg(zo) (5R)2—p0 !

with po as defined before, and § < 3/4.

1
Proof. The energy density e(f) = §|df > + W, (f) satisfies the inequality in the ball

B, (x1), where pg, z1 are defined as in the previous e-regularity proof.

l
Aep(f) < w sup e, | +Cs | ey, (5.49)
b\ By ()
with
sup ep(f) <4 sup ep(f).
BPo(xl) BGo(xO)
Let
1
ep = sup e(f) = sup (§|df|2 + Wb(f)) = ep(x1). (5.50)
Bsr(zo) Bsg (o)
Then we have
C(l C(l
Ae(f) < ( é)eo+C’2>e< é)eoe(f). (5.51)
We can apply Lemma 8 and Theorem 13 to get
l 1 l
P2 e < (Cé )p27p°€o + 02) T s J ep(f) dvol < (—C[E )p27p°€0 + Cg) €.
pO Bﬁo(xl)
(5.52)
Suppose C(I)ps ™eq/b = 1. Picking ¢ = % where

C(M,1) = C()(1 + Cy(M))™?
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can lead to a contradiction. Therefore,

b ()b
sztl(go) e(f) < C(l)(6R)?po - (6R)2 o’ (5.53)
. é(l) 1
with C' = 5 and ¢(l) = _C’(l) -

We have the similar result for the parabolic case

Theorem 19 (Parabolic). Suppose f; : M x [=T,0] — R"*! is a regular solution to

parabolic equation (5.29).

%, where C' only depends on M, and l, such that if for some
20 = (wo,t0) € M x [-T,0], R < Ry, we have

There exists €y =

to—R2 1

Ve B) - |

—f Goy(x, )ey(f)g dvoldt < o, (5.54)
to—arz (to — 1) Jy

with Pr(z9) € M x [—T,0], then we have the estimate

c(l)b

(5R)T2”°7 (5.55)

sup e(f) = sup (Gl W) ) <

Psr(z0) Psr(20)
with & only depending on M, inf{R,1}.
Proof is similar to the elliptic case.
5.3.8 Measure of Set with Large ey(f)

Definition 5.3.1. We define the Hausdorfl d-measure at scale b to be

= inf {Z (z;) o 8,r; < b} . (5.56)
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In this part we discuss the estimate of the Hausdorff measure at scale b of the
set where e,(f) is large. In the previous section, we have seen that e,(f) is C* with
b > 0 fixed. In order to analyze the effect when b — 0, we are interested in the size

of the set

5, = {:c e Mle(f)(z) > %} | (5.57)

Since ey(f) is at least continuous and Y is a closed set in a compact manifold
M, >y is compact.
Here we only discuss the case when py(z) = 0 and state the elliptic case. We have

similar results with the parabolic metrics.

Theorem 20 (Elliptic). Fiz a constant b > 0. Let f be the solution to (5.28) with
finite energy E(f). Define the set ¥y as in (5.57). The Hausdorff (m—1)-measure

of Xy at scale b is bounded and is independent of b

H (%) < CE(f). (5.58)
. . b
Proof. From e-regularity, there exists ¢y = 20 for C only depends on m and M,
such that, if there exists R,
1 (1 4+ v(r2))e(f) dvol < e = 5 (559
—_— v(r,x))e vol < g = —, )
Rm—2 Br(zo) ’ 0 2C
then
4c(l)b
sup e(f) < 0(2) (5.60)
Bpgya(wo) R
Here ¢(l) is an absolute constant depending on [, the size of f.
For x( € %, this implies
L f (4 v(r,2))e(f)dvol > —— VR >~/Ac)b.  (5.61)
v(r,x))e vol > — c(1)b. )
Rm—2 Br(z0) 2C
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Let {B,, (:L"j)}j be a cover of 3, with r; = 24/(4c(l)b. Also assume b is small

enough so that 7; < Ry,/3. By Vitali’s covering lemma, we have finite sub-cover, still

J
denoted as {B,, (xj)};']=1 such that x; € Xy, B, (z;) are disjoint and U Bs,, (x5) D .

J=1
Inside each ball, we have
L f (f) dvol > - (5.62)
e vol > —. .
7 b, @) 2C
That is
2C'f (1 +v(r,z))e(f) dvol > br"=2, (5.63)
BT]' (x])
Summing over all 7, we get
J J
3m—t Z bri"=? = Z(3rj)m_1
J J
<2C(3m1) J (14 v(r,z))ep(f) dvol
U B, (x;) (5.64)

<C’f (14 v(r,x))e(f) dx < QCJ ep(f) dvol
M M
<CE(f).
Since we can pick the initial map fo such that E(f) is bounded and f minimizes
the energy functional E, E(f) is finite. We get
J
H M () <) .3r)™ ! < CE(f), (5.65)
J
which is finite. O

Heuristically, Theorem 20 implies that as b — 0, the dimension of singularity set
of f will be at most m—1.

73



5.4 Higher Power Potentials

We can see from Wy,(f) that the smaller b is, the larger e,(f) can be. However, since
€p depends on b, ¢¢ — 0 when b — 0. The e-regularity results cannot be directly

applied when b — 0. We consider changing powers of f in the potential and define

\%
—_

WE) = itrace ((f** +b0)7"), L (5.66)

We hope to get tighter estimates for the expected co-dimension of the limiting sin-
gular set. By changing powers in the potential, we can get arbitrarily close to 2,
suggesting that the earlier co-dimension 1 result is an artifact of an interaction of
the specific potential and our techniques.

We consider the elliptic and parabolic equation for f with this potential W
d*df + WE(f) =0,  with EF(f) finite, (5.67)

and

% +d*df + W (f) =0, with fy € Gr(k,C") and E(f,) finite. (5.68)

It is obvious that

l
Wi <9 (5.69)
Detailed computations give

(W), = —trace (f** +bD)72f2271B),  VWE = — (f2F +bI) 7 [N
(5.70)

We write f in a local orthonormal basis {e;}l_;

l
f=Y hei®e;. (5.71)
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Then
|df |” = Z |\ |? + Z i) [des, e,

and

VWS (f) = = Y + )N e @

i

The Hessian term of (dVWE, df) can be computed as follows

(AVW,df)
)\ZL 1
- Z< )\2L ), dAi)
>\2L 1 2L-1

- Z< G op kg g Al el

2L-2 4L-2

A;
_ _2 (2L — /\2L O 5N + 4Lm|d)\i|2

—1 A )\?Lfl ) ,
— ;(Az - )\j) ()\?L + b)2 - ()\?L n b)2 (Az — )\]) |<d6i7 6j>|

2L 2L —1
Z)\QL 2(2L + ))\QL ( )b|d)\z|2
(A +0)?

7

1 A )‘Jz'L_l 2 2
i, ? J

(2L + 1)A2E — (2L — 1)b

(5.72)

(5.73)

(5.74)

Observe that when |)\;| > bﬁ, the first term A\?-2 (2L 1 p)p

: » 1
is positive. When |\; < b2z |, we have

et 2L+ DN — (2L~ 1))

(A +0)3 < LT
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For the second term in (5.74), denote

\2L-1
A= .
Then
2L—1 A\2L-1
(A — )\j)_1 < )\le D2 )\21% b 2)
N+ (A +b)
:9()\1') —g(\)
Ai — A
<Clg'(N)|, for some A between \; and ;.
Since

(LN — (2L — 1)

9/(/\) (221 4+ p)3 )

we have shown previously that when || < bar,
gV < e(D)b' 7
When |\ = b'/2L, we have
1 (V)] < (DN 22 <e(L)b b,
Therefore, in general we always have

[aVIVE dfy| < e(t, L)b~' T |df |

(5.76)

(5.77)

l,L
Since WF < M, we can conclude that ef(f) € C®(M). We have two versions

b

to control the term —2(dVW}, df) inside the induced elliptic or parabolic equation

of ef(f), which will give us different controls of ef(f). We illustrate the idea using

the elliptic equation.
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When using
Aey(f) = = [Vdf? — [VW|* = Ric(df. df ) — 20dVW’, df)

) (5.78)
<c(l, )b~ Tef,
we get the upper bound of sup e by using Moser iteration directly
supe(f) < c(l, L)b (+D)% J e(f) dvol = ¢(l, L)b D)% B(f). (5.79)
M M
5.4.1 e-Regularity Results
When we want to estimate the Hausdorff measure at scale b272z of the set
L L 1
5= {ve M) > 1 | (5.50)
we need a finer estimate of ef
Aey(f) = = [Vdf|* — [VWy[* — Ric(df, df ) — 2(dVWy', df)
(5.81)

<c(l,L)b T (el)?.

Since the monotonicity formula (Lemma 8) still holds for e, we derive the e-

regularity results

Theorem 21 (Elliptic). Suppose f solves the elliptic equation (5.67) with finite

energy EE(f).

1

bE
There exists €y = % with C' depending only on M,l, L, such that if there exists
R < p, and

1
dE(zo, R) = o JB ( )(1 +v(r,z))el (f) dvol < e, (5.82)
xo

3
then for any 6 < 1,

sup ep(f) < (5.83)

Bsr(zo) (OR)>=ro
Here, v(r,x) and py are defined as before.
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Proof. The key to the proof lies in the elliptic inequality

Aek(f) < e, L)b T (el)?. (5.84)

We apply Moser iteration to get

wf3

sup er

Bsr(zo)

N

<01(M,Z,L) .G )

L
bt (R — 0R)? JBR . (f) dvol. (5.85)

This implies that the function h(o) satisfies

Cy (M, 1, L)h(oo) mEe ;
h(oo) < < . + Cy(M) T i JBR(%) ey (f) dvol. (5.86)
W ick €y < ot here C(M, 1, L) is determined by C(M, !, L) and
e can pick ¢ < SCOIIL) where C'(M, [, L) is determined by C;(M, 1, L) an

Cy(M). Then a contradiction argument implies
h(o) < h(op) < 1.

That is,

o(M,1, L)bt
sup ek (f) < SQLLLIOE

5.87
Bsr(zo) (5R)2—p0 ( )

O

Theorem 22 (Parabolic). Suppose f; solves the parabolic equation (5.68) with finite

initial energy Ef(fy).

1

b
There exists €y = %, with C depending only on M,l, L, such that if there exists

R with 0 < R < +/to —t/2 and

to—R2 1
\I’((l’o, tU)? R) = J 4 Do J G(xo,to) (3:7 t)elf/(ft)302 dvoldt < €0, (588>
to—arz (to — 1) Jys

78



then for any ¢ depending only on M, R, we have

sup ek (f) < Ll M0 (5.89)

Psr(z0) (0 R)2—2w0
Here zy = (x0,t0), Vo is the same ratio defined in (2.10) and the theorem holds when

Vg = 0.
We omit the proof here since it is an easy analog of the elliptic case.
5.4.2 Measure of Set with Large ef(f)

In this part we assume py = 0.

We consider the set

YF = {x e Mlef(f) = %} : (5.90)

Since ef(f) is continuous and X} is a closed set in a compact manifold M, $F is

compact.

Theorem 23 (Elliptic). Fiz a constant b > 0. Let f be the solution to (5.67).
Define the set 3 as in (5.90). The Hausdorff (£ + (m — 2))-measure of 3y at

scale b>* 3t is bounded and independent of b.

1
T
Proof. From e-regularity, there exists ¢ = —, for C' only depending on M, [, L, such

2C
that, if there exists R,
1 bz
—_— 1+ v(r,z))el(f)dvol < ¢g = —, 5.91
i ), v ()il < 0= o (5.91)
then
4e(M, 1, L)bT
sup ef(f) < (R—z) (5.92)
Bpry2(zo)
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For xq € ¥, this implies

1 bt
— (1+ v(r,x))e(f)dvol > — VYR > Vdcb+i (5.93)

Let {B,, (xj)}j be a cover of YL with r; = 24/(4cb'*z. By Vitali’s covering

lemma, we have a finite sub-cover, still denoted as {Brj (Z‘j)}J such that z; € XF,

j=1
J
B, (z;) are disjoint and U By, (z;) > . Inside each ball, we have
=1
! J Lf)d 1>b% (5.94)
e vol > —. :
7 s 20

That is

QCJ (1+v(r,z))er (f) dvol > QC’J eg (f) dvol > b%r;”_Q. (5.95)
BT]‘("E]') B

Tj (xj)
Summing over all j, we get

J J
3%+1+(m72) Z b%T;n_Q _ Z(grj)%ﬂJr(me)
J J

<2C/(3TTT0m=2)y f (1 + v(r,z))el (f) dvol
U Br, (x)) (5.96)

<C’f (1 +v(r,z))ef (f) de < QCJ e(f) dvol
M M
<CEy(fo).
Since we can pick fy such that E(fy) is bounded and f minimizes the energy
functional F, we get

J
(BE) < 3 @3ry) T 2 < CBE(fy). (5.97)

J

+(m—2)

Jer
b
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which is finite. Therefore, the Hausdorff LLH + (m — 2)-measure of XX at scale bei

is bounded. O
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