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Abstract

Data-driven approaches to decision-making under uncertainty is at the center of
many operational problems. These are problems in which there is an element of
uncertainty that needs to be estimated (learned) from data in order to make online
(dynamic) operational decisions. An example of such problems is estimating cus-
tomer demand from transaction data to make dynamic assortment decisions. This
dissertation adopts a data-driven active learning approach to study various opera-
tional problems under uncertainty with a focus on retail operations.

The first two essays in this dissertation study the classic ezploration (i.e., pa-
rameter estimation) versus exploitation (i.e., optimization) trade-off from different
perspectives. The first essay takes a theoretical approach and studies such trade-
off in a combinatorial optimization setting. We show that resolving the exploration
versus exploitation trade-off efficiently is related to solving a Lower Bound Problem
(LBP), which simultaneously answers the questions of what to explore and how to do
so. We establish a fundamental limit on the asymptotic performance of any admis-
sible policy that is proportional to the optimal objective value of the LBP problem.
We also propose near-optimal policies that are implementable in real-time. We test
the performance of the proposed policies through extensive numerical experiments
and show that they significantly outperform the relevant benchmark.

The second essay considers the dynamic assortment personalization problem of

an online retailer facing heterogeneous customers with unknown product preferences.
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We propose a prescriptive approach, called the dynamic clustering policy, for dynamic
estimation of customer preferences and optimization of personalized assortments. We
test the proposed approach with a case study based on a dataset from a large Chilean
retailer. The case study suggests that the benefits of the dynamic clustering policy
under the Multinomial Logit (MNL) model can be substantial and result (on aver-
age) in more than 37% additional transactions compared to a data-intensive policy
that treats customers independently and in more than 27% additional transactions
compared to a linear-utility policy that assumes that product mean utilities are lin-
ear functions of available customer attributes. We support the insights derived from
the numerical experiments by analytically characterizing settings in which pooling
transaction information is beneficial for the retailer, in a simplified version of the
problem. We also show that there are diminishing marginal returns to pooling in-
formation from an increasing number of customers.

Further focusing on retail operations, the final essay studies the interplay between
a retailer’s return and pricing policies and customers’ purchasing decisions. We char-
acterize the retailer’s optimal prices in the cases with and without product returns
and determine conditions under which offering the return option to customers in-
creases the retailer’s revenue. We also explore the impact of accounting for product
returns on demand estimation. The preliminary numerical results based on a real
dataset suggest that our model, which accounts for product returns, increases de-
mand estimation accuracy compared to models that do not consider product returns

in their estimation.
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1

Introduction

Data-driven approaches to decision-making under uncertainty is at the center of
many operational problems. These are problems in which there is an element of un-
certainty that needs to be estimated (learned) from data in order to make dynamic
operational decisions. For instance, consider shortest path problems in network ap-
plications where the arc costs (travel times) are stochastic due to network traffic
(congestion). Another example in the context of retail operations is the dynamic
assortment planning problem of a retailer facing customers with unknown demand.
When possible, the uncertain model parameters are estimated offline by using his-
torical data. However, offline estimation is not always possible as, for example,
historical data (if available) might only provide partial information about uncertain
model parameters. For example, a retailer offering a new assortment of products at
the beginning of a new selling season has no (or limited) prior information about
customer demand for such products. In such settings, the parameter estimation
(e.g., demand estimation) must be conducted online by actively collecting data (e.g.,
customer transaction data), and dynamically revisited as more information becomes

available. In doing so, one must balance the classic exploration (i.e., parameter
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estimation) versus ezploitation (i.e., optimization) trade-off.

This dissertation adopts a data-driven active learning approach to study various
operational problems under uncertainty with a focus on retail operations. The first
two essays in this dissertation study the exploration versus exploitation trade-off
from different perspectives. The first essay takes a theoretical approach and stud-
ies such trade-off in a combinatorial optimization setting. Our paper is the first to
prove a lower bound on the asymptotic performance of any admissible policy. We
also propose near-optimal policies that are implementable in real-time. The second
essay studies the dynamic assortment personalization problem of an online retailer
facing heterogeneous customers with unknown product preferences. We propose a
prescriptive approach, called the dynamic clustering policy, for dynamic estimation
of customer preferences and optimization of personalized assortments. Further fo-
cusing on retail operations, the final essay studies the interplay between a retailer’s
return and pricing policies and customers’ purchasing decisions. We characterize the
retailer’s optimal prices in the cases with and without product returns and deter-
mine conditions under which offering the return option to customers increases the
retailer’s revenue. We also explore the impact of accounting for product returns on
demand estimation.

In the first essay, Learning in Combinatorial Optimization: What and How to
Ezplore (joint work with Denis Sauré and Juan Pablo Vielma), we study dynamic
decision-making under uncertainty when, at each period, a decision-maker imple-
ments a solution to a combinatorial optimization problem. The objective coefficient
vectors of said problem, which are unobserved prior to implementation, vary from
period to period. These vectors, however, are known to be random draws from an
initially unknown distribution with known range. By implementing different solu-
tions, the decision-maker extracts information about the underlying distribution, but
at the same time experiences the cost associated with said solutions. We show that

2



resolving the implied exploration versus exploitation trade-off efficiently is related
to solving a Lower Bound Problem (LBP), which simultaneously answers the ques-
tions of what to explore and how to do so. We establish a fundamental limit on the
asymptotic performance of any admissible policy that is proportional to the optimal
objective value of the LBP problem. We show that such a lower bound might be
asymptotically attained by policies that adaptively reconstruct and solve LBP at an
exponentially decreasing frequency. Because LBP is likely intractable in practice,
we propose policies that instead reconstruct and solve a proxy for LBP. We pro-
vide strong evidence of the practical tractability of said proxy which implies that
the proposed policies can be implemented in real-time. We test the performance of
the proposed policies through extensive numerical experiments and show that they
significantly outperform relevant benchmark in the long-term and are competitive in
the short-term.

In the second essay, A Dynamic Clustering Approach to Data-Driven Assortment
Personalization (joint work with Fernando Bernstein and Denis Sauré), we consider
an online retailer facing heterogeneous customers with initially unknown product
preferences. Customers are characterized by a diverse set of demographic and trans-
actional attributes. The retailer can personalize the customers’ assortment offerings
based on available profile information to maximize cumulative revenue. To that end,
the retailer must estimate customer preferences by observing transaction data. This,
however, may require a considerable amount of data and time given the broad range
of customer profiles and large number of products available. At the same time, the
retailer can aggregate (pool) purchasing information among customers with simi-
lar product preferences to expedite the learning process. We propose a dynamic
clustering policy that estimates customer preferences by adaptively adjusting cus-
tomer segments (clusters of customers with similar preferences) as more transaction

information becomes available. We test the proposed approach with a case study

3



based on a dataset from a large Chilean retailer. The case study suggests that the
benefits of the dynamic clustering policy under the MNL model can be substantial
and result (on average) in more than 37% additional transactions compared to a
data-intensive policy that treats customers independently and in more than 27%
additional transactions compared to a linear-utility policy that assumes that prod-
uct mean utilities are linear functions of available customer attributes. We support
the insights derived from the numerical experiments by analytically characterizing
settings in which pooling transaction information is beneficial for the retailer, in a
simplified version of the problem. We also show that there are diminishing marginal
returns to pooling information from an increasing number of customers.

In the final essay, Uncertainty in Choice: The Role of Return Policies (joint work
with Fernando Bernstein and Gustavo Vulcano), we study the interplay between a
retailer’s return and pricing policies and customers’ purchasing decisions. We model
the customers’ purchasing and returns decisions using a discrete choice model and
study the seller’s revenue maximization problem in the cases with and without prod-
uct returns. For the single-product case, we characterize the seller’s optimal price
and show that the return option results in different (but not necessarily higher) opti-
mal prices compared to the case with no returns. Moreover, we find that offering the
return option is not always favorable for the retailer. In addition, we characterize
conditions under which offering the return option to customers increases the retailer’s
revenue. Finally, we numerically study the impact of accounting for product returns
on demand estimation. The preliminary numerical results based on a real dataset
suggest that our model, which accounts for product returns, increases demand esti-
mation accuracy compared to models that do not consider product returns in their

estimation.



2

Learning in Combinatorial Optimization: What
and How to Explore

2.1 Introduction

Motivation. Traditional solution approaches to many operational problems are
based on combinatorial optimization problems and typically involve instantiating
a deterministic mathematical program, whose solution is implemented repeatedly
through time: nevertheless, in practice, instances are not usually known in advance.
When possible, parameters characterizing said instances are estimated off-line, ei-
ther by using historical data or from direct observation of the (idle) system. Unfor-
tunately, off-line estimation is not always possible as, for example, historical data (if
available) might only provide partial information pertaining previously implemented
solutions. Consider, for instance, shortest path problems in network applications:
repeated implementation of a given path might reveal cost information about arcs
on such a path, but might provide no further information about costs of other arcs in
the graph. Similar settings arise, for example, in other network applications (e.g., to-

mography and connectivity) in which feedback about cost follows from instantiating



and solving combinatorial problems such as spanning and Steiner trees.

Alternatively, parameter estimation might be conducted on-line using feedback
associated with implemented solutions, and revisited as more information about the
system’s primitives becomes available. In doing so, one must consider the interplay
between the performance of a solution and the feedback generated from its implemen-
tation: some parameters might only be reconstructed by implementing solutions that
perform poorly (relative to the optimal solution). This is an instance of the ezplo-
ration versus exploitation trade-off which is at the center of many dynamic decision-
making problems under uncertainty, and as such, it can be approached through the
multi-armed bandit paradigm (Robbins, 1952). However, the combinatorial setting
has salient features that distinguish it from the traditional bandit. In particular, the
combinatorial structure induces correlation between the cost of different solutions,
thus raising the question of how to collect (i.e., by implementing what solutions) and
combine information for parameter estimation. Also, because of such correlation,
the underlying combinatorial optimization problem might be invariant to changes in
certain parameters, hence not all parameters might need to be estimated to solve
said problem. Therefore, answering the question of what parameters to estimate is
also crucial in the combinatorial setting.

Unfortunately, the features above either prevent or discourage the use of tradi-
tional bandit algorithms. First, in the combinatorial setting, traditional algorithms
might not be implementable as they would typically require solving the underlying
combinatorial problem at each period, for which, depending on the application, there
might not be enough computational resources. Second, even with enough computa-
tional resources, such algorithms would typically call for implementing each feasible
solution at least once, which in the settings of interest might take a prohibitively
large amount of time (i.e., number of periods) and also result in poor performance.
Main Objectives and Assumptions. A thorough examination of the arguments

6



behind results in the traditional bandit setting reveals that their basic principles
are still applicable to the combinatorial setting. Thus, our objective can be seen as
interpreting said principles and adapting them to the combinatorial setting with the
goal of developing efficient policies that are amenable to implementation, and in the
process, understanding how performance depends on the structure of the underlying
combinatorial problem.

We consider a decision-maker that at each period must solve a combinatorial
optimization problem with a linear objective function whose cost coefficients are
random draws from a distribution that is identical in all periods and initially unknown
(except for its range). We assume (without loss of generality) that the underlying
combinatorial problem is that of cost minimization, and that the feasible region
consists of a time-invariant nonempty collection of nonempty subsets (e.g., paths on
a graph) of a discrete finite ground set (e.g., arcs of a graph), which is known upfront
by the decision-maker. By implementing a solution, the decision-maker observes the
cost realizations for the ground elements contained in said solution. Following the
bulk of the bandit literature, we measure performance in terms of the cumulative
regret, which is the additional expected cumulative cost incurred relative to that of
an oracle with prior knowledge of the cost distribution.

Main Contributions. Our contributions are as follows:

1. We establish a fundamental limit on asymptotic performance and
show that it might be attained: We prove that no policy can achieve an
asymptotic (on N, which denotes the total number of periods) regret lower than
27 gpIn N, where 2} 5p is the optimal objective value of an instance-dependent
optimization problem, which we call the Lower Bound Problem (LBP). This
problem simultaneously answers the questions of what to explore and how to

do so. More specifically, we show that in the combinatorial setting it suffices to



focus exploration on a subset of the ground set which we call the critical set.
To the best of our knowledge, ours is the first lower bound for the stochastic
combinatorial bandit setting. Then, we show that said lower bound might be
asymptotically attained (up to a sub-logarithmic term) by near-optimal poli-
cies that adaptively reconstruct and solve LBP at an exponentially decreasing

frequency.

. We develop an efficient policy amenable for real-time implementa-
tion: The near-optimal policies alluded above reconstruct LBP adaptively over
time. However, their implementation is impractical mainly because LBP de-
pends non-trivially on the cost distribution (and thus, is hard to reconstruct),
and because LBP is often an exponentially-sized problem that is unlikely to
be timely solvable in practice. Nonetheless, we develop an implementable pol-
icy, which we call the OCP-based policy, by means of replacing LBP in the
near-optimal policies by a proxy that distills the LBP’s two main goals: the
determination of what should be explored and how to do so. Said proxy, which
we denote the Optimality Cover Problem (OCP), is a combinatorial optimiza-
tion problem that is easier to reconstruct in practice as it depends solely on
the vector of mean costs. While OCP is still an exponentially-sized prob-
lem, we provide strong evidence that it can be solved in practice. In partic-
ular, we show that OCP can be formulated as a Mixed-Integer Programming
(MIP) problem that can be effectively tackled by state-of-the-art solvers, or via
problem-specific heuristics. Finally, we show that a variant of the OCP-based
policy admits an asymptotic performance guarantee that is similar to that of

the near-optimal policy.

. We numerically show that the OCP-based policy significantly out-

performs existing benchmark: The key to the efficiency of the OCP-based
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policy is that it explores as dictated by OCP (i.e., focusing exploration on the
critical elements) and rarely explores every ground element, let alone every
solution, of the combinatorial problem. Through extensive computational ex-
periments we show that such a policy significantly outperforms relevant bench-
mark in the long-term and is competitive in the short-term settings, even when

OCP is solved heuristically in a greedy way.

The optimal In NV scaling of the regret is well-known in the bandit literature (Lai
and Robbins, 1985a) and can even be achieved in the combinatorial setting by tra-
ditional algorithms. The regret of such algorithms, however, is proportional to the
number of solutions, which in combinatorial settings, is typically exponential. This
suggests that the dependence on N might not be the major driver of performance in
the combinatorial setting, especially in finite time. To this end, we aim at studying
the optimal scaling of the regret with respect to the combinatorial aspects of the
setting. In doing so, our performance bounds sacrifice the optimal dependence on N
(by adding a sub-logarithmic term) for the sake of clarity in terms of their depen-
dence on the underlying combinatorial aspects of the problem, thus facilitating their
comparison to the fundamental performance limit. In this regard, our analysis shows
that efficient exploration is achieved when exploration is focused on a critical set of
elements of the ground set. Our results speak of a fundamental principle in active
learning, which is somewhat obscured in the traditional bandit setting: that of only
exploring what is necessary to reconstruct the optimal solution to the underlying
problem, and doing so at the least possible cost.

The Remainder of the Paper. Section 2.2 reviews the related work. Section 2.3
formulates the problem and reviews ideas from the classic bandit setting. In Section
2.4 we establish a fundamental limit on performance and propose a near-optimal

policy. Section 2.5 presents an efficient practical policy, amenable to implementation,



whose performance is similar to that of the near-optimal policy. Section 2.6 discusses
the computational aspects for solving OCP, and Section 2.7 illustrates the numerical
experiments. Finally, Section 2.8 presents extensions and concluding remarks. All

proofs and supporting materials are relegated to Appendix A.
2.2 Literature Review

Traditional Bandit Settings. Introduced in Thompson (1933) and Robbins (1952),
the multi-armed bandit setting is a classical framework for studying dynamic decision-
making under uncertainty. In its traditional formulation a gambler maximizes cumu-
lative reward by pulling arms of a slot machine sequentially over time when limited
prior information on reward distributions is available. The gambler faces the classical
exploration versus exploitation trade-off: either pulling the arm thought to be the
“best” (exploitation) at the risk of failing to actually identify such an arm, or trying
other arms (exploration) which allows identifying the best arm but hampers reward
maximization.

The seminal work of Gittins (1979) shows that, for the case of independent and
discounted arm rewards, and infinite horizon, the optimal policy is of the index
type. Unfortunately, index-based policies are not always optimal (see Berry and
Fristedt (1985), and Whittle (1982)) or cannot be computed in closed-form. In their
seminal work, Lai and Robbins (1985a) study asymptotically efficient policies for the
undiscounted case. They establish a fundamental limit on achievable performance,
which implies the (asymptotic) optimality of the order In N (where N is the total
number of periods) dependence in the regret (see Kulkarni and Lugosi (1997) for
a finite-sample minimax version of the result). In the same setting, Auer et al.
(2002) introduces the celebrated index-based UCBI1 policy, which is both efficient
and implementable.

Envisioning each feasible solution as an arm, the combinatorial bandit setting that
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we study corresponds to a bandit with correlated rewards (and many arms): only a
few papers address this case (see e.g., Ryzhov and Powell (2009) and Ryzhov et al.
(2012)). Alternatively, envisioning each ground element (e.g., arcs of a graph) as an
arm, the combinatorial setting can be seen as a bandit with multiple simultaneous
pulls: Anantharam et al. (1987) extend the fundamental bound of Lai and Robbins
(1985a) to such a setting and propose efficient allocation rules; see also Agrawal
et al. (1990). The setting we study imposes a special structure on the set of feasible
simultaneous pulls, which prevents us from applying known results.

Bandit Problems with a Large Set of Arms. Bandit settings with a large
number of arms have received significant attention in the last decade. In these
settings, arms are typically endowed with some structure that is exploited to improve
upon the performance of traditional bandit algorithms.

A first strain of (non-combinatorial) literature considers settings with a contin-
uous set of arms, where exploring all arms is not feasible. Agrawal (1995) studies
a multi-armed bandit in which arms represent points in the real line and their ex-
pected rewards are continuous functions of the arms. Mersereau et al. (2009) and
Rusmevichientong and Tsitsiklis (2010) study bandits with possibly infinite number
of arms when expected rewards are linear functions of an (unknown) scalar and a
vector, respectively. Our paper also relates to the literature on linear bandit models
(see e.g., Abernethy et al. (2008) and Dani et al. (2008)) as the model we study is a
linear stochastic bandit with a finite (but combinatorial) number of arms. In a more
general setting, Kleinberg et al. (2008) consider the case where arms form a metric
space, and expected rewards satisfy a Lipschitz condition. See Bubeck et al. (2011)
for a review of work in “continuum” bandits.

Bandit problems with some combinatorial structure have been studied in the
context of assortment planning: in Rusmevichientong et al. (2010) and Sauré and
Zeevi (2013), product assortments are implemented in sequence and (non-linear)

11



rewards are driven by a choice model with initially unknown parameters. See Caro
and Gallien (2007) for a similar formulation with linear rewards.

Gai et al. (2012) study combinatorial bandits when the underlying problem be-
longs to a restricted class, and extend the UCBI policy to this setting. Their policy
applies to the more general setting we study, and is used as a benchmark in our nu-
merical experiments. They establish a performance guarantee that exhibits the right
dependence on N, but is expressed in terms of a polynomial of the size of the ground
set. We show that optimal performance dependence on the ground set is instead tied
to the structure of the underlying combinatorial problem in a non-trivial manner.

Concurrent to our work, two papers examine the combinatorial setting: Chen
et al. (2013) provide a tighter performance bound for the UCB1-type policy of Gai
et al. (2012), which they extend to the combinatorial setting we study — their bound
is still expressed as a polynomial of the size of the ground set; also, Liu et al. (2012)
develop a policy for network optimization problems (their ideas can be adapted to
the setting we study as well) but in a different feedback setting. Their policy collects
information through implementation of solutions in a “barycentric spanner” of the
solution set, which in the feedback setting of this paper could be set as a solution-
cover: see further discussion in Appendix A.5. Probable performance of their policy
might be arbitrarily worse than that of the OCP-based policy.

Drawing ideas from the literature of prediction with expert advice (see e.g., Cesa-
Bianchi and Lugosi (2006)), Cesa-Bianchi and Lugosi (2012) study an adversarial
combinatorial bandit where arms belong to a given finite set in R? (see Auer et al.
(2003) for a description of the adversarial bandit setting). Our focus instead is on
stochastic (non-adversarial) settings. In this regard, our work leverages the addi-
tional structure imposed in the stochastic setting to develop efficient policies that

are implementable in real-time.
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2.3  Combinatorial Formulation versus Traditional Bandits

2.8.1 Problem Formulation

Model Primitives and Basic Assumptions. We consider a decision-maker that
faces a combinatorial optimization problem with a linear objective function repeat-
edly over time. The feasible region of the combinatorial problem is time-invariant
and consists of a nonempty collection S of nonempty subsets (e.g., paths on a graph)
of a discrete finite ground set A (e.g., arcs in a graph). We assume that both A and
S are known upfront by the decision-maker, and without loss of generality, that the
problem is that of cost minimization.

The cost coefficient vector at each period is a vector of independent random
variables. (We assume that all random variables are defined in a probability space
(Q, F,P).) Furthermore, these random variables jointly form a sequence of i.i.d.
random vectors across periods. We let B, (a) denote the random cost coefficient
associated with element a € A in period n = 1, and define B,, := (B,(a) :a € A) as
the random cost coefficient vector in period n. (Throughout the paper, we use the
notation x(a) to refer to the a-th element of vector x.) Let F' denote the (common)
distribution of the cost coefficient vectors and B ~ F with B := (B(a) : a € A) so
that each B, is an independent copy of B. We assume that F' is initially unknown
(by the decision-maker) except for its range: it is known that l(a) < B(a) < u(a)
a.s. for each a € A for given vectors [ := (l(a):a€ A) and u := (u(a) : a € A)
such that [ < u component-wise. (We also assume for simplicity that the marginal
distributions of F' are absolutely continuous with respect to the Lebesgue measure
in R.)

At the beginning of period n, the decision-maker selects and implements a solution
S, € 8. Then, the random cost vector B,, is realized and the cost associated with

solution S, is incurred by the decision-maker. Finally, the decision-maker observes
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the realized cost coefficients only for those ground elements included in the solution
implemented, i.e., the decision-maker observes (b,(a) : a € S,,), where b,(a) denotes
the realization of B,(a), a€ A, n > 1.

The decision-maker is interested in minimizing the total expected cost incurred
in N periods (N is not necessarily known upfront). Let 7 := (S,)_, denote a
non-anticipating policy, where S,, : 2 — & is an F,,-measurable function that maps

9

the available “history” at period n to a solution in S, where F,, := o({B,(a) : a €
Sm,m < n}) € F for n = 1, with Fy := o(J). Finally, note that the expected

cumulative cost associated with a policy 7 is given by

J"(F,N) := Z E { > B(a)} :

(Note that the right-hand-side above depends on the policy 7 through the sequence
(Sn))-

Remark 1. In our formulation, B,, is independent of S,,. While this accommodates
several applications such as shortest path, Steiner tree, and knapsack problems,
it may not accommodate applications such as assortment selection problem with

discrete choice models.

Full-Information Problem and Regret. Define B := [] _,(l(a),u(a)). For a
cost vector v := (v(a):a€ A) € B, define the underlying combinatorial problem,

denoted by Comb(v), as follows:

28 omp(V) 1= min {Z via):Se S} , (2.1)

aeS

where z2f,,.,(v) denotes the optimal objective value of (2.1). Let S*(v) denote the
set of optimal solutions to (2.1), and define p(a) := E{B(a)} for each a € A and
wim (u(a) ae A)
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Suppose for a moment that F' is known upfront: it can be seen that always
implementing an optimal solution to the combinatorial problem where the cost vector
equals its expected value is the best among all non-anticipating policies. That is,
because of the linearity of the objective function, a clairvoyant decision-maker with
prior knowledge of ' would implement S, € S*(u) for all n > 1, thus incurring an

expected cumulative cost of
‘]*(Fa N) = sz'omb(ru’)'

(Note that the right-hand-side above depends on F' through p.)

In practice, the decision-maker does not know F' upfront, hence no admissible
policy incurs an expected cumulative cost below that incurred by the clairvoyant
decision-maker. Thus, we measure the performance of a policy 7 in terms of its

expected regret, which for given F' and N is defined as
R™(F,N):= J"(F,N)— J*(F,N).

The regret represents the additional expected cumulative cost incurred by a policy 7
relative to that incurred by a clairvoyant decision-maker that knows F' upfront (note

that regret is always non-negative).

Remark 2. Although the regret also depends on the combinatorial optimization

problem through &, we omit such dependence to simplify the notation.
2.3.2  Known Results and Incorporating Combinatorial Aspects

Traditional multi-armed bandits correspond to settings where § is formed by ex-
ante identical singleton subsets of A, i.e., settings where & = {{a}:a € A}, and
all marginal distributions of F' are identical, thus the combinatorial structure is
absent. In such settings, and under mild assumptions, the seminal work of Lai and

Robbins (1985a) establishes an asymptotic lower bound on the regret attainable by
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any consistent policy (see Definition 25 in Appendix A.1.1). Different policies, such
as the celebrated index-based UCB1 algorithm (Auer et al., 2002), have been shown
to (nearly) attain such asymptotic performance limit. Combining the result by Lai
and Robbins (1985a) and the performance guarantee for the UCB1 policy, we have
that

RUCPL(F,N) _ 8

Z (u(a) — p*) K(a) < liminf < @)

N—o In N
aeA - acA:p(a)>p*

where p* ;= min {x(a) : a € A}, and K (a) denotes the inverse of the Kullback-Leibler
divergence between F' and an alternative distribution F, under which p* = p(a). Lai
and Robbins (1985a) show that consistent policies must explore (pull) each element
(arm) in A at least on order In N times. Thus, balancing the exploration versus
exploitation trade-off in the traditional setting narrows down to answering how fre-
quently to explore each element a € A. (The answer to this question is given by
In N/N exploration frequency in Lai and Robbins (1985a)).

Note that the combinatorial setting can be seen as a traditional bandit with a
combinatorial number of arms, where arm rewards are correlated. Thus, one might
attempt to apply off-the-shelf index-based policies such as UCBI1 envisioning each
solution S € § as an arm. However, this approach has two important disadvantages
in our setting (consider that |S| is normally exponential in |A|): (i) computing an
index for every solution in § is comparable to solving the underlying combinatorial
problem by enumeration which, in most settings of interest, is impractical; and (i)
because traditional policies assume that all solutions are upfront identical, they have
to periodically explore every solution in § with a frequency proportional to In N/N.
However, because of the correlation between the solutions, this might no longer be
necessary in the combinatorial setting.

To illustrate the issues above, consider two examples in which, for simplicity of

16



weg)=c  u(da3 3)=M i\

/m?&s)M *? u@R)=M / wlag)=M

weg)=c  u(ag 9)=M u(ag,3)=M M wag)=M
upg,2)=M ’? u(pg,8)=M ’é w(P)=M w(11)=M X
ulg)=e ——>
wlep=e  u(ay,1)=M wa1,2)=M u(ay,8)=M 4

uw(HD=(c+e)2 u(h)=(cte)/2
@Pm)#\/f "@' u(P1,2)=M'>©' w(Py,3)=M é )

u(e)=c (1)

FIGURE 2.1: Graph for Example 1 (left), and Example 2 (right).

exposition, we ignore the exploration frequencies. That is, we assume that whatever
elements in A are selected for exploration, they are selected persistently over time

(irrespective of how), so that their mean cost estimates are accurate.

Example 1. Consider the digraph G = (V, A) for V- ={v;; : i,je{l,... k+1},i <
gy and A={e}f O {pi; i <j<k}u{q;:i<j<k} wheree; = (v;;,vi1141),
pij = (Vij,viji1), and ¢;; = (vij,vis1). This digraph is depicted in the left panel
of Figure 2.1 for k = 3. Let S be composed of all paths from node s := vy ; to node
U= Vgt k41

Consider constants 0 < € < ¢ « M and let the distribution F be such that
ple) = ¢, ppij) = pwlg;) = M, for alli e {1,...,k}, i < j < k, n € N,
and l(a) = € and u(a) = o for every arc a € A. The shortest (expected) path is
S* ={ey, eq,..., e} with expected length (cost) z&,,..(1n) = ke, |A| = k(k + 2), and
1 (2(k+1)) 4k+1

|S| corresponds to the number of s—t paths, which is equal to 2 o)) ~ G vs

(Stanley, 1999).

1 (2(k+1)

= (kﬂ)) paths. However,

A traditional bandit policy would need to explore all

the same exploration goal can be achieved while leveraging the combinatorial struc-
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ture of the solution set to expedite estimation: a key observation is that one might
conduct mean cost estimation for elements in the ground set, and then aggregate
those to produce cost estimates for all solutions. A natural way of incorporating this
observation is to explore a minimal solution-cover £ of A (i.e., € € S such that each
a € A belongs to at least one S € £ and £ is minimal with respect to inclusion for
this property). In Example 1 we can easily construct a solution-cover £ of size k + 1,
which is significantly smaller than |S|.

An additional improvement follows from exploiting the ideas in the lower bound
result in Lai and Robbins (1985a). To see this, note that, unlike in the traditional
setting, solutions are not ex-ante identical in the combinatorial case. This opens up
the possibility that information collection on some ground elements might be stopped
after a finite number of periods, independent of N, without affecting asymptotic

efficiency. This is illustrated in the following example.

Example 2. Let G = (V, A) be the digraph depicted in the right panel of Figure 2.1
and let S be composed of all paths from node s to node t. Setl(a) =0 and u(a) = oo
for every arc a € A, and let the distribution F be such that p(e) = ¢, u(g) = e,
p(f) =p(h) =5 up) = p(@) = M forneN and for all i € {1,... k} where

0 < e« c<« M. The shortest (expected) path in this digraph is {e}.

In Example 2, |[S| = (k + 2), and the only solution-cover of A is & = S, which
does not provide an advantage over traditional approaches. However, a cover is
required only if we need to explore every element in A. Indeed, feedback obtained
through exploration only needs to guarantee the optimality of path {e} with respect
to all plausible scenarios. However, because the combinatorial problem is that of
cost minimization, it suffices to check only one possibility: that in which every
unexplored element a € A has an expected cost equal to its lowest possible value

l[(a). In Example 2 we note that every path other than {e} uses arcs f and h and
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the sum of the expected costs of f and h is strictly larger than that of e. Together
with the fact that the cost of every arc has a lower bound of zero, this implies that
exploring arcs f and h is sufficient to guarantee the optimality of {e}. We can explore
arcs f and h by implementing any path that contains them, but the cheapest way
to do so is by implementing path {f, g, h}.

Examples 1 and 2 show that in the combinatorial setting efficient policies do not
need to explore every solution in § or even every ground element in A. In particular,
Example 2 shows that the questions of what elements of A to explore (e.g., arcs
f and h) and how to explore these elements (e.g., through path {f, g, h}) become
crucial to construct efficient policies in the combinatorial setting. However, we still
need to answer the question of when to explore, or more precisely, what the relative
exploration frequencies must be. To achieve this, we extend the fundamental perfor-
mance limit of Lai and Robbins (1985a) from the traditional multi-armed bandits to

the combinatorial setting.
2.4 Bounds on Achievable Asymptotic Performance

Following the arguments in the traditional bandit setting, consistent policies must
explore those subsets of suboptimal ground elements that have a chance of becoming
part of any optimal solution, i.e., those subsets for which there exists an alternative
cost distribution F” such that said subset belongs to each optimal solution in S*(u'),
where 1/ denotes the vector of mean costs under distribution F’. Because the range
of F'is known, for a given set D < A, it is only necessary to check whether D belongs

to each optimal solution in S* ((u A 1)(D)), where
(LAl (D) :=(u(a)l{a¢ D} +1(a)l{ae D} :a€ A),

and 1{} denotes the indicator function of a set. We let D denote the collection of

all nonempty subsets of suboptimal ground elements satisfying the condition alluded
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above, that are minimal with respect to inclusion. We have that D € D if and only
if

1. D€ Aand D # &,

2. DnS* = for all S* € §*(u),

3. Dc Sforall SeS*((nnl)(D)),

4. There is no subset D' = D for which conditions 1-3 hold.

In other words, we take a pessimistic approach and define D as the collection of
nonempty subsets of suboptimal ground elements that become part of any optimal
solution if their mean costs are set to their lowest possible values.

As an illustration, consider the examples in the previous section. In Example 1

we have that

D= {{pm, C.h,l} ) {p2,2, CJ2,2} ) {P3,37 CI3,3} ) {p1,17p1,2, q1,2, (12,2} ) {p2,27p2,37 42,3, Q3,3} )

{p1,17p1,2, P1,3,41,3,42,3, CI3,3} ) {p1,17p1,2, d1,2,P2.3,42,3, CI3,3}}

and in Example 2 we have that D = {{f}, {h}}.

We conclude that for any D € D, there exists an alternative distribution F”,
whose mean cost vector is given by (i A [)(D), under which D is included in every
optimal solution. Because said elements are suboptimal under distribution F' (con-
dition 2 above), consistent policies must distinguish F' from F” to attain asymptotic
optimality. The following proposition, whose proof can be found in Appendix A.1.1,
shows that this can be accomplished by selecting at least one element in each set
D € D at a minimum frequency. For n > 1 and a € A, define the random variable
T, (a) as the number of times that the decision-maker has selected ground element a

prior to period n, that is

To(a):=|{m <n : ae Sy}|.
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Proposition 3. For any consistent policy m and D € D we have that

lim ]PF
N—>w

max {Ti1(a) : a € D}
{ I N

> KD} —1, (2.2)

for a positive finite constant Kp.

Similar to the traditional bandit setting, Kp represents the inverse of the Kullback-
Leibler divergence between F' and the alternative distribution F” alluded above.

Proposition 3 characterizes what needs to be explored by a consistent policy by
imposing a lower bound on the number of times that certain subsets of A ought to be
explored. To obtain a valid performance bound, we additionally need to characterize
how to explore these subsets in the most efficient way. In particular, in addition to
selecting the set of ground elements that need to be explored, a consistent policy
needs to implement solutions in S that include those ground elements in the most
efficient manner. To assess the regret associated with implementing a solution S € &

given a cost vector v € B, we define

g = Z V(a) - Zé'omb(y)'

aeS
The following Lower Bound Problem (henceforth, LBP) jointly determines the set
of ground elements needed to be explored, a set of solutions that cover this set of
ground elements, and their exploration frequencies. Furthermore, it does so in the

most efficient way possible (i.e., by solving for the minimum-regret solution-cover).

Definition 4 (LBP). Define the lower bound problem LBP as

Zfpp = min Z Al y(S) (2.3a)
SeS
s.t. max{z(a):a€ D} > Kp, DeD (2.3b)
z(a) < Z y(S), aeA (2.3¢)
SeS:aes
z(a), y(S)eR;, aeASeS, (2.3d)
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where 2} gp denotes the optimal objective value of the LBP problem.

Consider a solution (x,y) to the LBP problem where z = (z(a) : a € A) and
y=(y(S): SeS). Theset {ae A : x(a) > 0} corresponds to the elements of the
ground set that are explored to satisfy Proposition 3 and the actual values z(a) rep-
resent the exploration frequencies Tyy1(a)/N. Similarly, the set {S € S : y(S) > 0}
corresponds to the solution-cover (which we also call the ezploration set) of the se-
lected ground elements, and the values y(S) represent the exploration frequencies of
the solutions in the cover. Indeed, constraints (2.3b) enforce exploration conditions
(2.2) and constraints (2.3c) enforce the cover of the elements of A selected by (2.3b).
The next result establishes a lower bound on the asymptotic regret of any consistent

policy in the combinatorial setting which is proportional to 27 zp In V.

Theorem 5. The regret of any consistent policy w is such that

L RUEN)
hmme = 21 pp- (2.4)

N—aw

From Theorem 5 we see that the fundamental limit on performance is deeply
connected to both the combinatorial structure of the problem, as well as the range

and mean of distribution F'.

Remark 3. A value of zero for zj 5, suggests that the regret may not necessarily
grow as a function of N. To see how this indeed can be the case, consider the setting in
Example 2 with a slight modification: set now I(f) = I(h) = ¢/2+¢/4. One can check
that in this case, D = ¢J as any suboptimal solution includes arcs f and h, whose cost
lower bounds already ensure the optimality of solution {e}. Thus, in this case, 2} zp =
0 and a finite regret (independent of N) might be attainable. Indeed, this setting
is such that active learning is not necessary, and information from implementing

optimal solutions in S*(u) suffices to guarantee the optimality of said solutions.
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(This is not restricted to the case of shortest path problems: in Appendix A.1.2
we discuss settings in which 27 zp = 0 and the underlying combinatorial problem
is minimum-cost spanning tree, minimum-cost perfect matching, generalized Steiner

tree or knapsack.)

An Asymptotically Near-Optimal Policy. While our focus is on the finite-time
performance, we note that it is possible to design policies that (nearly) attain the
performance limit in Theorem 5. We here succinctly describe the intuition behind one
such policy, which we call the LBP-based policy, and state the associated performance
guarantee. We refer the reader to Appendix A.1.3 for more details on the policy and
the proof of the performance guarantee.

The LBP-based policy is based on the observation that we can reconstruct the
LBP problem by sporadically exploring all ground elements and that this can be
done efficiently by implementing the solution to an additional optimization problem
which we call the C'over problem. The LBP-based policy, which we denote by 7*(7, )
(here v and ¢ are tuning parameters), solves both the Cover and LBP problems (at
an exponentially decreasing frequency, and using the sample mean costs) and has

the following performance guarantee.

Theorem 6. Consider v € (0,1) and e > 0 arbitrary. The LBP-based policy 7*(7, €)

18 such that
R™ 0 (F, N
lim (F, N)

< o ®
Nooo (ln N)1+5 X ZrBp + Y ZCovers (25)

where 28, denotes the optimal objective value of the Cover problem

We observe that the accompanying constants in the lower bound and upper bound
results in Theorems 5 and 6 do not match exactly. In Appendix A.1.5 we provide a

detailed discussion of this gap.
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2.5 An Efficient Practical Policy

A significant obstacle for the implementation of the LBP-based policy is the ability
to reconstruct and solve formulation (2.3) repeatedly over time. Indeed, the right-
hand-side of (2.3b) depends non-trivially on the distribution F', and while LBP is a
continuous optimization problem, it has an exponential number of constraints (2.3b)
that do not have a clear separation procedure. In addition, the maximum in con-
straint (2.3b) is known to be notoriously difficult to handle (Toriello and Vielma,
2012). For this reason, we instead concentrate on developing practical policies in-
spired by the exploration principles behind Theorems 5 and 6. In particular, we
propose a policy that follows closely the near-optimal policy of Theorem 6, but re-
places formulation (2.3) by a proxy that: (i) depends on the distribution F' only
through the vector of mean costs (and thus is easier to reconstruct); and (i) can be
solved effectively with modern optimization techniques. To achieve this, we distill
the core combinatorial aspects of the LBP problem by concentrating on answering
the questions of what ground elements to explore and how to do so (i.e., through the
implementation of which solutions), while somewhat ignoring the question of when
to explore (e.g., the precise exploration frequencies).

The Optimality Cover Problem. With regard to the first question above (what
to explore), from Proposition 3 we know that consistent policies must try at least
one element in each D € D at a specific minimum frequency, so as to distinguish F
from an alternative distribution that makes D part of any optimal solution. (Note
that mean cost estimates for these elements should converge to their true values, and
that ought to suffice to guarantee the optimality of the solutions in S*(u).) Here,
we consider an alternative, more direct mechanism which, in a nutshell, imposes the
same exploration frequency on a set that contains at least one element from every

set in D.
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Suppose that exploration is focused on a subset C' € A and that elements outside
C would not be permanently sampled: in the long run, a consistent mean cost vector
estimate v € B will essentially be such that v(a) ~ u(a) for a € C, but not much
can be said about v(a) for a ¢ C. If persistent exploration on the subset C' is to
guarantee the optimality of the solutions in S*(u), independent of (u(a) : a ¢ C),

then (taking a pessimistic approach) C' must be such that

zé’omb (:u) < Zé’omb ((ILL A l)(A\O)) ) (26)

where we recall that (u A 1)(A\C) = (l(a)1{a ¢ C} + pu(a)l{ae C}:ae A). One
can check that D n C' # ¢ for all D € D for such a subset C'. This, in turn, implies
that setting z(a) = K for all a € C, for a large enough positive constant K should

lead to a feasible solution to LBP. This motivates the following definition.

Definition 7 (Critical Set). A subset C' < A is a sufficient set if and only if (2.6)
holds. A sufficient set C < A is a critical set if it does not contain any sufficient set

C'c C.

We may use condition (2.6) to simplify LBP by just enforcing the exploration
of a critical set (what to explore). Once the critical set is identified, we can explore
it efficiently (in terms of regret) by implementing a minimum-regret solution-cover
(exploration set) of it (how to explore). Both the selection of the critical set and its
minimum-regret solution-cover can be achieved simultaneously through the following

combinatorial optimization problem.

Definition 8 (OCP). For a given cost vector v € B, we let the Optimality Cover
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Problem. (henceforth, OCP(v)) be the optimization problem given by

ZHop(v) :=min S;SAE y(S) (2.7a)
s.t. z(a) < Seéesy(S), aeA (2.7b)

;S (1(a)(1 = 2(a)) + v(a)z(a)) = 250m(¥), SE€S (2.7¢)

z(a), y(S) €{0,1}, acA SeSs, (2.7d)

where zop(v) denotes the optimal objective value of the OCP(v) problem. Also,

define Tocp(v) as the set of optimal solutions to OCP(v).

By construction, a feasible solution (x,y) to OCP(u) corresponds to incidence
vectors of a critical set C' € A and a solution-cover G of such a set. That is,
(z,y) := (29,y9) where 29(a) = 1 if a € C' and zero otherwise, and y9(S) = 1 if
S € G and zero otherwise. In what follows we refer to a solution (x,y) to OC'P and
the induced pair of sets (C, G) interchangeably.

Constraints (2.7c) guarantee the optimality of solutions in S*(v) even if costs of
elements outside C' are set to their lowest possible values (i.e., v(a) = I(a) for all
a ¢ C), and constraints (2.7b) guarantee that G covers C (i.e., a € S for some S € G,
for all a € C). Finally, (2.7a) ensures that the regret associated with implementing
the solutions in G is minimized. Note that when solving (2.7), one can impose
y(S*) =1 for all S* € §* (v) without affecting the objective function, thus one can
restrict attention to solutions that cover optimal elements of A.

There is a clear connection between LBP and OCP. This is formalized in the

next Lemma, whose proof can be found in Appendix A.2.

Lemma 9. An optimal solution to the linear relaxation of OCP(u) is also optimal

to formulation LBP when one replaces Kp by 1 for all D € D.
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Proof of Lemma 9 shows that a feasible solution to LBP can be mapped to a
feasible solution to the linear relaxation of OCP (via proper augmentation), and
vice versa. The above elucidates that OCP is a version of LBP that imposes equal
exploration frequencies across all solutions. In this regard, the formulations are
essentially equivalent up to a minor difference: optimal solutions to OCP must
cover all optimal ground elements; this, however, can be done without affecting
performance in both formulations and hence it is inconsequential. In what follows

we discuss our practical policy which periodically solves the OCP problem.

OCP-based Policy. For n > 1, define [i,, := (fin(a) : a € A), where

Zm<n:aesm bm (CL)

0, (a) ;= , € A,
fina) lm <mn:a€ Sy, ¢

denotes the sample mean of cost realizations for ground element a prior to period n.
(Initial estimates are either collected from implementing a solution-cover or from ex-
pert knowledge.) The proposed policy, which we call the OCP-based policy, focuses
exploration efforts at period n on the solutions in Tocp(fi,) at a logarithmic fre-
quency (more precisely, by implementing solutions in G for some (C,G) € ocp (Jin))-
To enforce the logarithmic exploration frequency, we use an idea known as the dou-
bling trick (Cesa-Bianchi and Lugosi, 2006, Chapter 2.3). This approach also allows
us to minimize the number of times that the C'omb and OCP problmes need to be
solved. This trick divides the horizon into cycles of exponentially increasing lengths
so that cycle 7 starts at time n; where ny = 1 and n; := max {[ei/HJ, n; 1+ 1} , for
all © > 2 and for a fixed tuning parameter H > 0.

At the beginning of each cycle, the OCP-based policy solves for S* € &* (ji,,),
updates Tocp(fin), and ensures that all elements in the critical set have been ex-
plored with sufficient frequency. If there is time remaining in the cycle, the policy

implements (exploits) an optimal solution S* € §* (fiy,).
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The OCP-based policy, which we denote by mocp(H), is detailed in Algorithm 1.

The main qualitative difference between the OCP-based policy and the near-optimal

Algorithm 1 OCP-based policy mocp(H)

Set i = 0, C = A, G a minimal cover of A, and draw (b;(a) : a € A) randomly

from B.
for n=1to N do
if n = n; then

Set i =i+ 1
Set S* € §* ([in) [Update exploitation set]
Set (C,G) € Tocp (fin) [Update OCP-exploration set]
end if
if T,,(a) < i for some a € C then
Set S, = S for any S € G such that a e S [OCP-based exploration]
else
Set S, = S* [Exploitation]
end if
end for

LBP-based policy is that: (i) it solves OC'P problem instead of LBP; and (i) it does
not complement exploration on the solution to the C'over problem (see Definition 29
in Appendix A.1.3 for further details).

Under mild conditions, we can prove an asymptotic performance guarantee for a
variant of the OCP-based policy, denoted by 7, p, that differs from the LBP-based
policy only in (i) above. The following result shows the asymptotic performance

guarantee for the policy 75 p(7, €, 0), where v, €, and p are tuning parameters.

Theorem 10. Consider v € (0,1), 0 > 0, and € > 0 arbitrary. We then have that

for o sufficiently small

Rrocr(re0)(F N)

111
N-w (In N)'*e

< ZSCP (/L) + Y Zz’over'

The proof of Theorem 10 follows a similar line of arguments as that of Theorem
5 for the near-optimal LBP-based policy: we refer the reader to Appendix A.2.2 for

the details of the policy mp and the proof of Theorem 10.
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2.6 Computational Aspects for Solving OCP and Policy Implemen-
tation

In this section we address the computational aspects for the practical implementation
of the OCP-based policy. We provide strong evidence that, for a large class of
combinatorial problems, our policies scale reasonably well. For this, we focus our
attention on the practical solvability of OCP, which our policies solve repeatedly
over time. Note that Comb(-) and OCP (-) have generic combinatorial structures
and hence are, a priori, theoretically hard to solve. Hence, practical tractability of
said problems is essential for implementation.

Note that the OCP-based policy solves OC'P at an exponentially decreasing fre-
quency, thus ensuring its timely solvability in the long run. In the short run, a
time-asynchronous version of the policy, that uses the incumbent solution to OC' P
until the new solution becomes available, can be implemented (see Appendix A.3.6).

As mentioned above, in general OC' P might be theoretically intractable. Nonethe-
less, in Appendix A.3.7 we present a greedy oracle polynomial-time heuristic for
OCP. The greedy heuristic requires a polynomial number of calls to an oracle for
solving C'omb. It therefore runs in polynomial time when C'omb is polynomially solv-
able. Furthermore, it provides a practical solution method for OC'P when Comb is
not expected to be solvable in polynomial time, but is frequently tractable in practice
(e.g., medium-size instances of NP-complete problems such as the traveling salesman
(Applegate et al., 2011), Steiner tree (Magnanti and Wolsey, 1995; Koch and Martin,
1998; Carvajal et al., 2013), and set cover problems (Etcheberry, 1977; Hoffman and
Padberg, 1993; Balas and Carrera, 1996)).

An advantage of the greedy heuristic described in Appendix A.3.7 is that it only
requires an oracle for solving Comb and hence does not require any knowledge of the

specific structure of Comb. In Section 2.7 we implement a variant of the OCP-based
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policy that uses this greedy heuristic to solve OCP. We show that even such a
myopic approach can already provide a reasonable approximation of the OCP-based
policy and can significantly outperform alternative approaches. However, we would
expect much better performance from heuristics or approximations that exploit the
particular structure of C'omb for a specific class of problems. Such focus on a specific
class of problems is, however, beyond the scope of this paper, thus we instead use
mixed-integer programming (MIP) to exploit structure in a generic way.

Over 50 years of theoretical and computational developments in MIP (Jinger
et al., 2010) have led to state-of-the-art MIP solvers with machine-independent
speeds that nearly double every year (Achterberg and Wunderling, 2013; Bixby,
2012). Onme key to this speed is a wide range of highly effective generic primal
heuristics (e.g., see Fischetti and Lodi (2011) and the “Primal Heuristic” sections
of Gamrath et al. (2016); Maher et al. (2017), and Gleixner et al. (2017)). Hence,
formulating OC'P as a MIP opens up a wide range of exact and heuristic algorithms
to solve it. However, the effectiveness of this approach is strongly contingent on
constructing a formulation with favorable properties (Vielma, 2015). In what follows
we focus our attention on constructing such formulations for the case in which C'omb
is theoretically tractable, i.e., it is solvable in polynomial time. This class includes
problems such as shortest path, network flow, matching, and spanning tree problems
(Schrijver, 2003). For these problems we develop polynomial-sized MIP formulations

of OC'P, which can be effectively tackled by state-of-the-art solvers.
2.6.1 MIP Formulations of OCP for Polynomially-Solvable Problems

In this section we assume that C'omb is polynomially solvable. However, this does
not imply that OCP is tractable or practically solvable, as it might contain an
exponential (in |A|) number of variables and constraints. The following theorem,

whose proof can be found in Appendix A.3.1, ensures that OC'P remains in NP,
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the class of non-deterministic polynomially-solvable problems (see e.g., Cook et al.

(1998)).
Theorem 11. If Comb is in P, then OCP 1is in NP.

While it is possible to establish a non-trivial jump in theoretical complexity for
problems within P, we deem the study of the theoretical complexity of OCP for
different problems outside the scope of the paper. Instead, here we focus on their
practical solvability. For this, we first establish the existence of polynomial-sized MIP
formulations when C'omb admits a linear programming (LP) formulation. Then, we
address the case when C'omb admits a polynomial-sized extended LP formulation,
and finally, the case when Comb does not admit such an extended formulation.
Problems with LP Formulations. We present a polynomial-sized formulation
of OCP when Comb admits a polynomial-sized LP formulation. To describe this
formulation in simple matrix notation we assume that A := {1,...,|A|}. Moreover,
for v € R", let diag(v) be the r x r diagonal matrix with v as its diagonal. Also, we

remember that [ = (I(a) : a € A) is the vector of lower bounds on the range of F.

Proposition 12. Let y° € {0, 1}"4| be the incidence vector of S € S, M e R™*I4l

and d € R™ be such that {yS}SES = {y e {0, 1}|A\ t My < d} and conv ({yS}Ses) -
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{ye[0,1] : My < d}. Then a MIP formulation of OCP(v) is given by

min Z (Z v(a)y'(a) — zgomb(y)> (2.8a)

ieA \a€A
s.t. z(a) < Z y'(a), ae A (2.8b)
ieA
My' < d, ieA (2.8¢)
M"w < diag(l)(1 — z) + diag(v)z (2.8d)
d"w = 2y (V) (2.8e)
z(a), y'(a) € {0,1} ,w e R™, a, i€ A, (2.8f)

where v = (z(a) :a€ A), y' = (y'(a) : a € A), and 1 is a vector of ones.

In the above, = represents the incidence vector of a critical set. Such a condition
is imposed via LP duality, using constraints (2.8d) and (2.8e), and eliminates the
necessity of introducing constraint (2.7¢) for each solution in S. Similarly, each 3
represents the incidence vector of a solution S € §. A formal proof of the validity of
this formulation is included in Appendix A.3.3.

Formulation (2.8) has O(|A[*) variables and O (m |A|) constraints. If m is poly-
nomial in the size of the input of Comb, then we should be able to solve (2.8) directly
with a state-of-the-art integer programming (IP) solver. If m is exponential, but the
constraints in the LP formulation can be separated effectively, we should still be able
to effectively deal with (2.8¢) within a branch-and-cut algorithm. However, in such a
case one would have an exponential number of w variables, which would force us to
use a more intricate, and potentially less effective, branch-and-cut-and-price proce-
dure. Nonetheless, when C'omb does not admit a polynomial-sized LP formulation,
one can still provide formulations with a polynomial number of variables, many of

them also having a polynomial number of constraints. We discuss such cases next.
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Problems with Polynomial-Sized Extended Formulations. The first way to
construct polynomial-sized IP formulations of OC'P is to exploit the fact that many
polynomially-solvable problems with LP formulations with an exponential number
of constraints also have polynomial-sized eztended LP formulations (i.e., formula-
tions that use a polynomial number of auxiliary variables). A standard example
of this class of problems is the spanning tree problem, where m in the LP for-
mulation required by Proposition 12 is exponential in the number of nodes of the
underlying graph. However, in the case of spanning trees, we can additionally use
a known polynomial-sized extended formulation of the form P := {y € [0, 1]|A|
Jz e R?, Cy+ Dz < d} where C € R D e R™*? and d € R™, with
both m’ and p being only cubic on the number of nodes (and hence polynomial in
|A]) (Martin, 1991, e.g.). This formulation satisfies {yS}SES = P~ {0,13 and
conv ({ys } 5e 8) = P. Then, a MIP formulation with a polynomial number of vari-
ables and constraints of OC'P for the spanning tree problem is obtained by replacing
(2.8¢) with Cy’ + Dz' < d, replacing (2.8d) with CTw < diag(l)(1 — x) + diag(v)x
and DTw < 0, and adding the polynomial number of variables ' for i € {1,...,|A|}.
Similar techniques can be used to construct polynomial-sized formulations for other
problems with polynomial-sized extended LP formulations.

Problems without Polynomial-Sized Extended Formulations. It has re-
cently been shown that there is no polynomial-sized extended LP formulations for
the non-bipartite perfect matching problem (Rothvo8;, 2017). Hence, we cannot
use the techniques in the previous paragraph to construct polynomial-sized IP for-
mulations of OCP for matching. Fortunately, a simple linear programming obser-
vation and a result by Ventura and Eisenbrand (2003) allow constructing a ver-
sion of (2.8) with a polynomial number of variables. The observation is that a

solution y* is optimal for max {I/Ty My < d} if and only if it is optimal for
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max {vTy : My <d; Viel(y*)} where I(y*) := {ie{l,....,m}: Mly*=d;}
is the set of active constraints at y*, and M; is the i-th row of M. The number of
active constraints can still be exponential for matching. However, for each perfect
matching y*, Ventura and Eisenbrand (2003) give explicit C' e R™ >4l D e R™*»

Al .3, ¢

and d € R™, such that m’ and p are polynomial in |A| and {y € [0, 1]
RP, Cy+ Dz <d} ={yeRA . MI'y <d; VielI(y*)}. Using these matrices
and vectors we can then do a replacement of (2.8d) analog to that for spanning trees
to obtain a version of (2.8) with a polynomial number of variables. We would still
have an exponential number of constraints in (2.8c), but these can be separated in
polynomial time for matching, so OC'P for matching could be effectively solved by
branch-and-cut.

Perfect matching is the only explicit polynomially-solvable combinatorial opti-
mization problem that is known not to admit a polynomial-sized extended LP for-
mulation. However, Rothvof§ (2013) shows that there must exist a family of matroid
problems without a polynomial-sized extended LP formulation. Fortunately, it can
be shown (e.g., see Lemma 32 in Appendix A.3.2) that for matroid problems, there
is a unique critical set C' € A that can be found in polynomial time. Once this set
is obtained, we can simply replace (2.8b) by 1 < Y., ¢'(a) for all a € C' and remove
(2.8d)—(2.8e). We are not aware of any other polynomially-solvable combinatorial
optimization problem which requires non-trivial results to formulate OC'P with a

polynomial number of variables.

Remark 4. Further improvements and extensions to (2.8) can be achieved. We
give two such examples in Appendices A.3.4 and A.3.5. The first example shows
how (2.8) for OC'P can be extended to the case when C'omb is not in P, but admits
a compact IP formulation. The second example gives a linear-sized formulation of

OC'P for shortest path problems.
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2.7 Numerical Experiments

In this section we study the finite-time performance of the OCP-based policy from
Section 2.5. In particular, we consider two policies: the OCP-based policy (as defined
in Algorithm 1), and a variant that solves OC' P heuristically in a greedy way (using
Algorithm 5 presented in Appendix A.3.7). We refer to this latter policy as the
Greedy-Heuristic policy. We divide the numerical experiments into two classes: long-
term and short-term experiments. For each class of experiments, we first describe

the benchmark policies and then discuss the settings studied.

2.7.1 Long-Term Experiments

Benchmark Policies and Implementation Details

Benchmark Policies. Our benchmark policies are versions of UCB1 (Auer et al.,
2002), adapted to improve performance in the combinatorial setting. The UCBI1

policy implements solution .S,, in period n, where

S, € argmin
SeS

{ Zm<n:5m:S Yues bm(a) 2In(n — 1) } ‘

m<n:5,=5  \|m<n:S,=35|

Note that the estimate cost for solution S is based solely on past implementations
of that solution. We improve performance of UCB1 by: (i) conducting parameter
estimation at the ground element level to reduce variance of estimation; (i) using
min {7},(a) : a € S} instead of |m < n : S, = S| to adjust confidence interval length
to better reflect the amount of information used in estimating parameters; (iii)
adjusting said length so that confidence bounds remain within the bounds implied
by the range of F'; and (iv) reducing the solution set so that it only includes solutions
that are minimal with respect to inclusion — this could improve performance by

preventing UCB1 to implement solutions that are clearly suboptimal. The resulting
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policy, which we denote UCB1+4-, implements solution .S,, in period n, where

2In(n
S,, € argmin { max nla) — l(a
%eg { {;M \/HHH{T aES} (;g }}

In a similar setting, Gai et al. (2012) propose an alternative adaptation of UCBI1: a

modified version of such a policy in period n implements

(K+1)In(n —1)
S, € arggln{z max{un( ) — \/ T(@) ,l(&)}},

agsS

for a tuning parameter I > 0. We denote this policy as Extended UCB1+.

Remark 5. Note that computing S,, in Extended UCB1+ can be accomplish by
solving an instance of Comb(-). Implementing UCB1+ in contrast, requires solving

for S,, via explicit enumeration.

Implementation Details. We report results when the marginal distributions of F
are exponential (we normalize the mean cost vector so that the maximum solution
cost is at most one): we tested many cost distributions and observed consistent
performance. For the OCP-based and Greedy-Heuristic policies, we report the results
for H = 5: preliminary tests using H € {5, 10,20} always resulted in logarithmic
regrets. When choosing a solution from the exploration set to implement, in case
of a tie, our proposed policies select the solution that contains the most number of
critical elements. In case of a second tie, they select a solution with the smallest
average cost. We implemented UCB1+4 and Extended UCB1+ with and without
truncating indices at the implied lower bounds. Here, we present the point-wise
minimum regret among both versions of each policy. We set £ = 1 in Extended
UCBI1+, as this selection outperformed the recommendation in Gai et al. (2012),

and also is the natural choice for extending the UCBI1 policy. Finally, all policies
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start with an initialization phase in which each solution in a common minimum-size
cover of A is implemented.

All figures in this section report average performance for N = 2000 over 100
replications, and dotted lines represent 95% confidence intervals. All policies were
implemented in MATLAB R2011b. Shortest path problems were solved using Dijk-
stra’s algorithm except when implementing UCB1+ (note that because of the index
computation, the optimization problem must be solved by enumeration). For Steiner
tree and knapsack problems, we solved standard IP formulations using GUROBI 5.0
Optimizer. The OCP-based policy solves formulation (2.7) of OC'P using GUROBI
5.0 Optimizer. All experiments ran on a machine with an Intel(R) Xeon(R) 2.80GHz
CPU and 16GB of memory. The average running time for a single replication was
around 30 seconds for the UCB1+, Extended UCB14 and Greedy-Heuristic poli-
cies, and around 1.5 minutes for the OCP-based policy. (Note, however, that while
the running time of the OCP-based policy grows (roughly) logarithmically with the
horizon, those of UCB1+ and Extended UCB1+ grow linearly.)

Settings and Results

We present settings complementary to those in Examples 1 and 2 in the sense that
critical sets are large, thus the OCP-based and Greedy-Heuristic policies do not
have an immediate advantage. (See Appendix A.4 for numerical experiments on
Examples 1 and 2.) The settings are comprised of the shortest path, Steiner tree
and knapsack problems. We observed consistent performance of our policies across
these settings: here we only show a representative from each class.

Shortest Path Problem. We consider a shortest path problem on a randomly
generated layered graph — see panel (a) of Figure 2 in Ryzhov and Powell (2011) for
an example of a layered graph. The graph consists of a source node, a destination

node, and 5 layers in between, each containing 4 nodes. In each layer, every node (but
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those in the last layer) is connected to 3 randomly chosen nodes in the next layer.
The source node is connected to every node in the first layer and every node in the
last layer is connected to the destination node. Mean arc costs are selected randomly
from the set {0.1,0.2,...,1} and then normalized. The representative graph is such
that |A| = 56, |S| = 324, and while the minimum-size cover of A is of size 13, the
solution-cover to OC'P(p) is of size 16 with an implied critical set of size 40.
Knapsack Problem. Here the set A represents items that might go into the knap-
sack to maximize total utility. The solution set S consists of the subsets of items
whose total weights do not exceed the knapsack weight limit. Weight and utility of
items, as well as the weight limit, are selected randomly. The representative setting
is such that |A| = 20, |S| = 24680, the minimum-size cover is of size 4, and the
solution-cover to OC'P(u) is of size 8 with an implied critical set of size 17.
Minimum Steiner Tree Problem. We consider a generalized version of the Steiner
tree problem (Williamson and Shmoys, 2011), where for a given undirected graph
with non-negative edge costs and a set of pairs of vertices, the objective is to find
a minimum-cost subset of edges (tree) such that every given pair is connected in
the set of selected edges. The graphs as well as the pairs of vertices are generated
randomly, as well as the mean cost values. The representative setting is such that
|A| = 18, |S| = 10651, the minimum-size cover is of size 2. We consider two settings:
one where the lower bound vector is [ = 0 (the solution-cover to OCP(pu) is of size
7 and the critical set is of size 17) and one where lower bounds are positive numbers
that are selected randomly (the solution-cover to OC'P(u) is of size 5 and the critical
set is of size 12).

Results. The left and right panel in Figure 2.2 depict the average performance of
different policies for the shortest path and knapsack settings, respectively. We see
that in both settings, the OCP-based and Greedy-Heuristic policies significantly out-

perform the benchmark. The left panel in Figure 2.3 depicts the average performance
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FIGURE 2.2: Average performance of different policies on the representative setting
for the shortest path (left) and knapsack (right) problems.
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FIGURE 2.3: Average performance of different policies on the representative setting
for the Steiner tree problem with zero (left) and positive (right) lower bounds.

of different policies for the Steiner tree setting when all cost lower bounds are set to
zero. In this case, all arcs (but those trivially suboptimal) are critical, however, the
OCP-based and Greedy-Heuristic policies still outperform the benchmark. The right
panel in Figure 2.3 depicts average performance in the setting where lower bounds
are positive numbers. Note that the OCP-based policy significantly outperforms the
benchmark as it successfully limits exploration to a critical set. Also note that the
non-concave behavior of the regret curve of UCB1+ arises only in the transient as a
by-product of truncation, and it disappears at around n = 1200.

Sample Path Regret Comparison. The results in this section show that the
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average performance of our policies is significantly better than that for the bench-
mark. It turns out that our policies outperform the benchmark not only in terms of
average, but also in terms of worst-case regret: we compared the sample path final
regrets (i.e., at time period N = 2000) of OCP-based policy with those of UCB1+
and Extended UCBI1+ policies: out of 700 sample paths in the numerical experi-
ments in Section 2.7.1 (and including those in the Appendix A.4), the OCP-based
policy outperforms the UCB1+ and Extended UCB1+ policies in all 700 (i.e., 100%

of sample paths) and 697 (i.e., 99.6% of sample paths), respectively.
2.7.2 Ezxperiment with Size of the Ground Set

In Section 2.1 we argued that, in the combinatorial setting, it is the constant ac-
companying the In N term in a performance guarantee that is worth characterizing.
However, prior work (see Section 2.2), lacking a fundamental performance limit, in-
stead writes such an accompanying constant as a function of the size of the ground
set (i.e., |A|). However, following Theorem 5, we know that such a constant is not
a trivial function of |A|. Thus, the question of how said constant scales in practice
with the size of the underlying combinatorial problem is of much relevance. For this
reason, we next explore how performance of various policies varies with the size of
the ground set.

We experiment with the shortest path problem on a layered graph (see Section
2.7.1 for a description) with £ layers, 2 nodes in each layer, complete connections
between layers, and a direct arc from the source s to sink t. We experiment with
£ =2,4,6,8,10 which results in |A| = 9,17,25,33,41 and |S| = 5,17, 65,257, 1025,
respectively.

We add a direct s — t arc (path) to the original description of the layered graph
so as to isolate the effect of size of the ground set on the performance of different

policies. To this end, we let the expected cost of the s —t arc (path) be 0.1, while
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all other arcs have an expected cost of 0.2/(£ + 1) where £ is the number of layers.
Therefore, the s —t path is the expected shortest path while all other paths (each of
which has £+1 arcs) have an expected cost of 0.2, regardless of the size of the ground
set. Thus, increasing the size of the ground set does not affect the cost (regret) of
different paths in different instances. We run the experiments for N = 20000 and 40
replications.

For the OCP-based policy, we solve the OC'P problem using the linear-sized for-
mulation (A.22) presented in the Appendix A.3.5. We observe a behavior similar to
the graph on the left panel of Figure 2.5 for all choices of £. That is, the cumula-
tive regret of all three policies grow similar to a function K1n(n) for some policy-
dependent constant 8. We consider two estimates for such a constant: (i) Kpina,
which we find by dividing the average final regret, which we denote by R(QOOOO), by
In(20000), that is, K pima := R(20000)/1n(20000); (i7) K g, which is found by fitting
the function Kpgln(n) to the sample of average regrets for n = 100,200, . .., 20000
(by minimizing the sum of squared errors). We present the value of both constants
for the three policies and varying |A| in Figure 2.4. We also present the average
performance and computation time of different policies for the instance with £ = 10
(JA| = 41 and |S| = 1025) as a representative setting in Figure 2.5 as we observed
similar behavior in other instances. As can be seen in the left panel of Figure 2.5
(and also from Figure 2.4), the OCP-based policy significantly outperforms both
benchmark policies regardless of the size of the ground set. Moreover, the constants
Kps and K gy, are significantly smaller for the OCP-based policy than those for the
benchmark policies. In addition, such constants grow with a much smaller rate for
the OCP-based policy than the benchmarks. Moreover, as illustrated by the right
panel of Figure 2.5, the computation time of the OCP-based policy grows logarithmi-
cally with N. Furthermore, there is a significant variation if we consider computation

times. This is shown in Table 2.1, which presents the average running time for a com-
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FIGURE 2.5: Average performance (left) and computation time (right) as a function
of N for the instance with £ = 10, |A| = 41, and |S| = 1025.

plete replication for each policy. This time includes all calculations required by the
policy (e.g., for the OCP-based policy, it includes the solution time of all instances
of OCP and Comb as dictated by Algorithm 1). We can see that the OCP-based

Table 2.1: Average total computation time (in seconds) for each replication of N =

20000. A
9 | 17 | 25 | 33 | 4
OCP 75.54 | 79.43 | 81.18 | 92.60 | 142.38
UCBI1+ 65.47 | 127.38 | 376.56 | 1483.71 | 6686.70

Extended UCB1+ | 103.59 | 190.64 | 267.22 | 342.93 | 418.83

policy runs faster than both benchmark policies for (almost) all instances (we note
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that although for much larger instances, one expects the Extended UCB1+ to run
faster than the OCP-based policy, the Extended UCB1+ performs very poorly, in
terms of regret, regardless of the size of the instance). Moreover, UCB1+, which is
the more “competitive” benchmark policy in terms of performance, is significantly
slower than the OCP-based policy. These observations further pronounce the prac-
tical advantage of the OCP-based policy both in terms of performance (i.e., regret)

and computation time.

2.7.8 Short-Term Ezxperiments

Benchmark Policies and Implementation Details

Benchmark Policies. Our benchmark policies are adaptations of the Knowledge-
Gradient (KG) policy in Ryzhov et al. (2012) and the Gittins index approximation in
Lai (1987) to our setting. Both policies require prior knowledge of the time horizon
N, and because of this, several runs of the benchmark policies are necessary to
construct their cumulative regret curves.

The KG policy requires a prior distribution for the cost and hyper-parameters.
In our implementation, we use the Exponential-Gamma conjugate prior for each
ground element. That is, the algorithm assumes that for each a € A, B(a) follows an
exponential distribution with rate pu(a), but this rate itself is random, and initially
distributed according to a Gamma distribution with parameters o, and £,0. At

period n, the posterior distribution of p(a) is a Gamma with parameters

aa,n = aa,O + Tn(a)a 5a,n = 5a,0 + Z bm(a)a ac A

m<n:a€Sm

Thus at period n, the KG algorithm implements solution SX¢  where
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where the expectation is taken with respect to B,. The expectation above cor-

Gn

responds to the knowledge gradient term vf in the notation of Ryzhov et al.

(2012). Unlike in that paper, there is no closed-form expression for v?G’" in our set-
ting. Our plain vanilla implementation of the KG algorithm computes such a term
via Monte Carlo simulation, and performs the outer minimization via enumeration.
The complexity of the implementation limited the size of the settings we tested.
The second benchmark is an approximation based on the Gittins index rule which
in the finite-horizon undiscounted settings takes the form of an average productivity
index (see Nino-Mora (2011)), and although it is not optimal in general, it is still
applied heuristically. Our implementation assigns an index to each ground element,
and computes the index of a solution as the sum of the indexes of the ground ele-
ments included in that solution. The policy requires a parametric representation of
the uncertainty. To mimic a setting where the functional form of the cost distribu-
tions is unknown, we consider the approximation in Lai (1987) based on normally
distributed costs and use Normal/Normal-Gamma conjugate priors (this is motivated
by a central limit argument): in our approximation, the index of a ground element

a € A at period n is given by

ﬁan )\an - >\a0
. ana)\ana any Pan) = an 7 h , 7 )
gn,N(lu ’ i Ya, ﬁ 7 ) (Iu ’ (Oéa,n - 1)/\a,n N—-—n+1+ )\a,n - /\a,O

where ., and A, , are the mean and variance of the normal posterior, respectively,
o, and f,, are the hyper-parameters of the Gamma posterior, respectively, and
h(-) approximates the boundary of an underlying optimal stopping problem. The

policy implements solution S where

S,Sitt e argmin {Z gz’N(/,Lam, Aa7n7 Oéa,’m Ba,n)} .

SeS aesS

Implementation Details. The implementation details are as in the long-term
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experiments. The average running time for a single replication ranged from around
one second for the OCP-based policy to around 2 seconds for Gittins to less than
10 minutes for KG. We exclude the results for the UCB1+4 and Extended UCB1+

policies, because they were consistently outperformed by the OCP-based policy.
Settings and Results

We consider randomly generated (structure and costs) settings of shortest path,
Steiner tree and knapsack problems. We observed consistent performance of the
policies across settings, and show only a representative setting for each class of prob-
lems. There, the total number of periods is selected so as to visualize the value at
which the OCP-based policy begins outperforming the benchmark. In all settings,
the benchmark policies initially provide a better performance compared to the OCP-
based policy, but the latter policy eventually surpasses the benchmarks for moderate
values of N. The same holds true for the case of the Greedy-Heuristic policy.
Shortest Path Problem. The left panel at Figure 2.6 depicts the average perfor-
mances for a shortest path problem in a layered graph with 5 layers, each with 4
nodes, and 2 connections between each inner layer. The representative setting is such
that |A| = 40, |S| = 64, the minimum-size cover is of size 9, and the solution-cover
to OC'P(p) is of size 10 with an implied critical set of size 23.

Minimum Steiner Tree Problem. The central panel at Figure 2.6 depicts the
average performances on a representative setting for the Steiner tree problem. The
representative setting is such that |A| = 9, |S| = 50, the minimum-size cover is of
size 2, and the solution-cover to OCP(u) is of size 4 with an implied critical set of
size 8.

Knapsack Problem. The right panel at Figure 2.6 depicts the average perfor-
mances on a representative setting for the knapsack problem. (Here we report on

the average behavior over 500 replications so that the confidence intervals do not
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cross.) The representative setting is such that |A| = 11, S| = 50, the minimum-size
cover is of size 7, and the solution-cover to OCP(pu) is of size 2 with an implied

critical set of size 5.
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FIGURE 2.6: Average performance of different policies on the representative setting
for the shortest path (left), Steiner tree (center) and knapsack (right) problems — the
vertical lines show the 95% confidence intervals.

2.8 Conclusion

In this paper we study a class of sequential decision-making problems where the
underlying single-period decision problem is a combinatorial optimization problem,
and there is initial uncertainty about its objective coefficients. By framing the prob-
lem as a combinatorial multi-armed bandit, we adapt key ideas behind results in the
classical bandit setting to develop efficient practical policies. We show that in addi-
tion to answering the question of when (with what frequency) to explore, which is
key in the traditional bandit setting, in the combinatorial setting the key questions
to answer are what and how to explore. We answer such questions by solving an
optimization problem which we call the Lower Bound Problem (LBP). We establish
a fundamental limit on the asymptotic performance of any admissible policy that
is proportional to the optimal objective value of the LBP problem. We show that

such a lower bound might be asymptotically attained by near-optimal policies that
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adaptively reconstruct and solve LBP at an exponentially decreasing frequency. Be-
cause LBP is likely intractable in practice, we propose a simpler and more practical
policy, namely the OCP-based policy, that instead reconstructs and solves a proxy
for LBP, which we call the Optimaltiy Cover Problem (OCP). This proxy explicitly
solves for the cheapest optimality guarantee for the optimal solution to the under-
lying combinatorial problem. We prove a performance guarantee for a variant of
the OCP-based policy, which is proportional to the optimal objective value of the
OCP and can be compared to that of LBP. We also provide strong evidence of the
practical tractability of OCP which in turn implies that the proposed OCP-based
policies are scalable and implementable in real-time. Moreover, we test performance
of the proposed policies through extensive numerical experiments and show that they
significantly outperform relevant benchmark in the long-term and are competitive in
the short-term.

The flexibility of the OCP-based policies allows them to be easily extended or
combined with other techniques that consider similar what-and-how-to-explore ques-
tions. For instance, the OCP-based policy can be easily combined with the “barycen-
tric spanner” of Awerbuch and Kleinberg (2004) to extend our results from element-
level observations to set- or solution-level observations. Indeed, it can be shown that
in such feedback settings, efficient exploration amounts to focus exploration on the
solution to a variant of OCP. Moreover, the performance guarantee in Theorem 10
would remain valid with the constants associated with this alternative formulation.
See Appendix A.5 for further details.

From our results, we observe a performance gap between the fundamental limit on
(asymptotic) performance (Theorem 5) and the upper bound on the regret associated
with near-optimal policies (Theorem 6). Although we provide a detailed discussion
of this gap in Appendix A.1.5, future research can further investigate the possibility
of closing this gap. Moreover, relaxing some of the assumptions in this work (e.g.,
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considering unbounded cost distributions with heavy tails) could introduce additional
interesting challenges. Furthermore, studying combinatorial bandit settings with

non-linear objective functions is another direction for future research.
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3

A Dynamic Clustering Approach to Data-Driven
Assortment Personalization

3.1 Introduction

Motivation and Objective. According to a recent study by eMarketer (eMarketer
2017), worldwide business-to-consumer e-commerce sales will reach more than $4
trillion in 2020. With the rapid growth of online sales, retailers are finding unprece-
dented opportunities to both enhance the customer experience and increase revenue.
A customer-centric practice that is becoming increasingly pervasive in online retail-
ing is assortment personalization. This is the practice of offering a product mix that
is tailored to each customer’s taste based on previously collected data (Arora et al.
2008). The benefits of personalization are twofold: on one hand, it results in higher
revenue for the retailer due to the increase in sales that results from providing cus-
tomers with a set of products that more accurately matches their preferences (Arora
et al. 2008); on the other hand, it attracts customer attention and fosters customer
loyalty and satisfaction (Ansari and Mela 2003).

There are numerous examples of personalization in online retailing. For example,
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Amazon.com uses collaborative filtering to personalize recommendations to its users
(Linden et al. 2003; Arora et al. 2008). A recent New York Times article reviews a
growing number of start-ups that are investing in highly personalized online shopping
technology (Wood 2014). Among these start-ups is Stitch Fix, an online personalized
clothing service that periodically sends its customers boxes containing five pieces of
clothing based on each customer’s taste (e.g., size, favorite brand and color, budget).
Trunk Club is another personalized clothing service.

As noted in the New York Times article, in personalized shopping “the magic
comes from data.” Online retailers collect an abundance of customer data (e.g., de-
mographic, transactional, etc.). However, given the broad range of customer profiles,
collecting a sufficient amount of transaction data on each customer profile may not
be possible. This, in turn, limits the retailer’s ability to accurately estimate prefer-
ences and offer personalized assortments. The goal of this paper is to explore the

efficient use of data for assortment personalization in online retailing.

Model. We consider an online retailer that sells multiple products over a finite
selling season. Customers arrive sequentially and the retailer offers each customer
an assortment of products. The retailer may face display or capacity constraints that
limit the number of products in the offered assortment. The customer then decides
whether or not to make a purchase. The retailer’s objective is to maximize expected
cumulative revenue over the selling season.

Customers are divided into different profiles according to their observable at-
tributes, such as demographic profiles (e.g., gender, age, location) and past trans-
action information (e.g., purchase history, payment method). This information is
exogenous and available upon arrival via the customer’s login information or inter-
net cookies. We assume that, from the perspective of the retailer, customers with a

common profile are homogeneous with respect to their product preferences (in prac-
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tice, the definition of profiles reflects the degree of customer information available
to the retailer and the level of granularity that allows the retailer to operationalize
other marketing decisions).

A central assumption in this work is that the retailer has limited prior information
on customers’ preferences. Personalizing assortments thus requires the estimation of
such preferences which, in turn, requires observing the customers’ purchasing deci-
sions (that are themselves affected by the retailer’s assortment decisions). This gives
rise to an exploration (learning preferences) versus exploitation (earning revenue)
trade-off. As such, we formulate the assortment selection problem as a multi-armed
bandit problem (Thompson 1933; Robbins 1985) with multiple simultaneous plays:
each product represents an arm and including a product in the offered assortment is
equivalent to pulling that arm — see Caro and Gallien (2007).

Off-the-shelf bandit approaches to the assortment problem call for solving an in-
dependent instance for each customer profile. However, practical instances of the
problem might have scores of different profiles. This implies that arriving to rea-
sonable preference estimates for a given profile might take an unreasonably large
amount of time. More importantly, such an approach ignores the possibility that
customers with different profiles may share similar product preferences. In this pa-
per, we show that the retailer can exploit these similarities by pooling information
across customers with similar purchasing behavior. To that end, we consider the
existence of an underlying mapping of profiles to clusters, where a cluster is defined
as a set of customer profiles with the same product preferences. This mapping is
initially unknown to the retailer.

We propose a dynamic clustering policy under which the retailer estimates both
the underlying mapping of profiles to clusters and the preferences of each cluster.
Assortment decisions are based on the estimated mapping by adapting decision rules

from traditional bandit algorithms. We use a Bayesian framework, called the Dirich-
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let Process Mixture model, to represent uncertainty about the mapping of profiles
to clusters. This model arises as a natural selection given the discrete nature of the
mapping and allows us to draw inference without having to predetermine the number
of clusters upfront. The dynamic clustering policy estimates the mapping of profiles
to clusters as well as the preference parameters for each cluster by using a Markov

Chain Monte Carlo (MCMC) sampling scheme.

Main Contributions. The contributions of this paper are as follows:

We propose a prescriptive approach, called the dynamic clustering policy, for as-
sortment personalization in an online setting. The proposed policy combines existing
tools from the Bayesian data analysis literature (for estimating customer preferences
through dynamic clustering) and from the machine learning / operations manage-
ment literature (to prescribe personalized assortment decisions). This approach is
motivated by the retailers’ interest in identifying clusters of customers with similar
preferences and in offering personalized assortments to their customers. Unlike most
existing work that focuses on offfine settings (i.e., using historical data), we propose
an online tool for assortment personalization that can be implemented in real-time.
Moreover, the proposed dynamic clustering policy is fairly general and flexible as the
number of clusters (segments) is endogenous and does not need to be predetermined.

We illustrate the practical value of the dynamic clustering policy in a realistic
setting by using a dataset from a large Chilean retailer. We use the case study to
quantify the efficiency and demonstrate the implementability of the dynamic clus-
tering policy. The dataset consists of roughly 95,000 customer-tied click records in
the retailer’s website for 19 products in the footwear category. We contrast the per-
formance of the proposed policy to that of a data-intensive policy that ignores any
potential similarity in preferences across profiles and thus estimates product prefer-

ences for each profile separately. We find that, under the MNL model, the proposed
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policy generates more than 37% additional transactions (on average) compared to the
data-intensive policy in the case study. This finding quantifies the potential benefit
of leveraging similarity in customer preferences by adaptively pooling information
across profiles with similar purchasing behavior to expedite the learning process.
The performance of the dynamic clustering policy is remarkable, considering that
the underlying customer population in the case study is rather heterogeneous. We
also compare the performance of the proposed policy to that of a linear-utility pol-
icy that assumes a more structured model of customer preferences. In particular,
the linear-utility policy assumes that demand is driven by an MNL choice model in
which mean utilities are linear functions of customer attributes. The findings from
the case study show that the proposed policy generates more than 27% additional
transactions (on average) compared to the linear-utility policy under the MNL de-
mand model. While this can be partially explained by the fact that preferences in
the dataset do not exhibit a linear structure, the advantage of the dynamic cluster-
ing policy persists even when using synthetic data (generated based on the dataset)
under which mean utilities are linear functions of customer attributes by construc-
tion. This finding reinforces the benefits of pooling information through the proposed
dynamic clustering approach.

To support the insights derived from the numerical experiments, we analyze a sim-
plified version of the dynamic assortment selection problem in which a single product
is offered to each arriving customer. First, we compare the performance of the data-
intensive policy to that of a semi-oracle policy that knows upfront the mapping of
customer profiles to clusters and thus conducts preference estimation and assort-
ment optimization independently for each cluster (as opposed to each profile). This
policy exploits the structure of preferences across profiles. Aligned with intuition,
the semi-oracle policy outperforms the data-intensive policy, indicating that pooling

information is beneficial for the retailer. We also show that there are diminishing
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marginal returns to pooling information from an increasing number of customer pro-
files. Next, we contrast the performance of the data-intensive policy with that of a
pooling policy that aggregates information across all profiles (regardless of whether
their preferences are similar or not). This scenario favors the data-intensive policy,
as pooling information across all customers may lead to erroneous estimates and thus
to suboptimal assortment offerings. Despite its shortcomings, we characterize con-
ditions under which the pooling policy outperforms the data-intensive policy. This
result highlights the benefit of pooling information in the short-term, when there is

insufficient data to accurately estimate preferences for each customer profile.

Organization of the Essay. Section 3.2 provides a review of the relevant litera-
ture. Section 3.3 describes the model. Section 3.4 presents the dynamic clustering
policy, while Section 3.5 illustrates its effectiveness through a case study. Section 3.6
discusses theoretical results characterizing settings in which pooling information is
beneficial for the retailer. Section 3.7 provides concluding remarks. All proofs are
relegated to Appendix B.1. Appendix B.2 discusses the extension of the results of

Section 3.6 for Thompson Sampling.
3.2 Literature Review

This paper proposes a prescriptive approach that integrates dynamic clustering (seg-
mentation) and demand learning with dynamic assortment personalization. The
paper contributes to three streams of research: dynamic assortment planning with
demand learning, personalization, and segmentation methods. Papers in the related
literature generally focus on customer segmentation or assortment optimization as
independent decisions. This paper considers both decisions jointly in a dynamic
setting. In what follows, we review the relevant literature in more detail.

Most of the work in the related literature considers static segmentation and static
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assortment decisions. These papers generally focus on assortment planning for a
homogeneous population of customers. We refer to Kok et al. (2015) for a com-
prehensive review of the assortment planning literature and industry practices. See
also Chen et al. (2015), who consider personalized assortment decisions in an offline
setting given customers’ contextual information using Logit models. We compare
the performance of our policy to a linear-utility MNL model similar to that in Chen
et al. (2015).

Most recent work considers static segmentation with dynamic assortment deci-
sions. There are two bodies of work in this stream. The first line of research mostly
focuses on dynamic assortment planning for a homogeneous population of customers
with unknown demand. These include Caro and Gallien (2007), Ulu et al. (2012),
Rusmevichientong et al. (2010), Sauré and Zeevi (2013), and Agrawal et al. (2016).
Most of these papers take a multi-armed bandit approach for dynamic assortment
optimization. The second line of research considers dynamic assortment personaliza-
tion for a heterogeneous population of customers. However, in these papers customer
segments are known a priori and remain static over time, whereas in our paper, cus-
tomer segments are dynamically updated over time as more information becomes
available. This stream of work includes Bernstein et al. (2015) and Golrezaei et al.
(2014) — both papers study dynamic assortment planning problems with limited in-
ventory. Gallego et al. (2015) study a problem of resource allocation with applications
to personalized assortment optimization. Jasin and Kumar (2012) and Ciocan and
Farias (2014) study network revenue management problems. Closer to our work is
the paper by Kallus and Udell (2016), which studies a high-dimensional dynamic as-
sortment personalization problem with a fixed, but large, number of customer types.
The paper uses a nuclear-norm regularized maximum likelihood approach (i.e., a fre-
quentist approach) for estimation, while we use dynamic Bayesian estimation which
updates the number of customer segments based on the observed transaction data.
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In contrast to the existing literature, our paper considers simultaneous dynamic
customer segmentation and dynamic assortment personalization decisions. Wedel
and Kamakura (2012) provide a comprehensive review of market segmentation method-
ologies such as clustering, mixture models, and profiling segments. Our proposed
Bayesian representation of uncertainty on the mapping of profiles to clusters is based
on the Dirichlet Process Mixture model — see Heller and Ghahramani (2005) for a
Bayesian hierarchical clustering algorithm that can be used as a deterministic al-
ternative (approximation) to MCMC inference in Dirichlet Process Mixture models.
Our adaptation of the Dirichlet Process Mixture model is based on Neal (2000).
While, to the best of our knowledge, ours is the first paper in the operations man-
agement literature to employ this model, researchers in other fields have used the
Dirichlet Process Mixture model to capture heterogeneity in the customer popula-
tion. For example, Ansari and Mela (2003) use this model to customize the design
and content of emails to increase web traffic (click-through). Burda et al. (2008)
use this model to estimate the parameters of a Logit-Probit choice model. In these
papers, the estimation is conducted offline using historical data.

From a methodological standpoint, the dynamic assortment selection problem
we study can be thought of as a multi-armed bandit problem with multiple plays
per period. In their seminal work, Lai and Robbins (1985a) prove a fundamental
limit on the achievable performance of any so-called consistent policy in a classic
bandit setting (we use this lower bound for the analysis in Section 3.6). Anan-
tharam et al. (1987) extend the fundamental limit of Lai and Robbins (19854) to
a multi-armed bandit problem with multiple plays. The dynamic assortment selec-
tion problem can alternatively be formulated as a combinatorial multi-armed bandit
problem envisioning each feasible assortment as an arm. This is the approach used
in Rusmevichientong et al. (2010) and Sauré and Zeevi (2013). We refer the reader

to Modaresi et al. (2014) and the references therein for a combinatorial multi-armed
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bandit formulation and a review of the relevant literature.
3.3 Model and Preliminaries

In this section, we formalize the retailer’s assortment personalization problem. In
particular, we introduce the notion of clusters, which captures the presence of het-
erogeneity in the customer population, and discuss the connection of the model to

the multi-armed bandit problem.

Problem Definition. Consider an online retailer endowed with N products and let
T denote the total number of customers that arrive during the selling season. Let
N :={1,..., N} denote the set of all products. The retailer has a limited display or
capacity constraint of C' products, i.e., the retailer can show a selection of at most
C products to each arriving customer. Without loss of generality, we assume that
C < N. Such display constraints have been motivated and used in different settings
in previous studies (see, e.g., Besbes and Sauré (2016), Fisher and Vaidyanathan
(2014), Rusmevichientong et al. (2010), and Caro and Gallien (2007)). In an online
retail setting, this constraint may be related to limitations on the time customers
spend searching for a product, or the number of products displayed in the webpage.
In the context of companies such as Ropazi (mentioned in Section 3.1), customers
are shown a subset of the entire product set. For j € N, we let r; denote product
J’s unit price, which we assume to be fixed throughout the selling season.
Customers arrive sequentially throughout the selling season. We use ¢ to index
customers according to their arrival times, so that time ¢ = 1 corresponds to the first
customer arrival and time ¢ = T' to the last one. The retailer classifies customers
according to their profile information. Each profile is encoded as a unique vector
of attributes (e.g., gender, age, location, past transactions, payment method). For

example, in the case study presented in Section 3.5, we use customers’ gender, age,
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and location to define their profile information. Thus, in that case, a customer
profile is described by the attribute vector = (Zgender; Tages Tiocation)- Lhe profile of
an arriving customer is observed by the retailer via the customer’s login information
or internet cookies. Let Z := {1,...,I} denote the set of customer profiles, where
each profile i is associated with a unique vector of attributes z%, i € Z. A customer
with profile ¢ arrives with probability p;, where 0 < p; <1forieZ and ), p; = 1.
Let i; € Z denote the profile of customer ¢t. Upon arrival, a customer is offered an
assortment of at most C' products. Let § denote the set of feasible assortments, i.e.,
S :={S c N :|S| <C}, where |S| denotes the cardinality of set S, and let S; € S

denote the assortment offered to customer ¢.

Demand Model. The retailer’s revenue is contingent on the customers’ purchasing
decisions. Let Z;:,t denote the purchasing decision of a customer with profile ¢ arriving
at time ¢ regarding product j € S;. More specifically, Z;t = 1 if customer ¢ is from
profile ¢ and purchases product j € S; and Z}t = (), otherwise. We consider two cases

in terms of the underlying demand model:

MNL Demand. In this setting, a customer with profile ¢ arriving at time ¢ assigns a

(random) utility U}, to product j, with
Uj, =15+ Gy JENU{0},

where pé» is the mean utility of product j for profile i (which is unknown to the
retailer), ¢}, are independent (across 4, j, and t) and identically distributed random
variables drawn from a standard Gumbel distribution, and product 0 denotes the
no-purchase alternative. We assume, without loss of generality, that u) = 0 for all
1 € Z. We do not assume any particular relation between the mean utilities and
customer attributes. In Section 3.5.5, we compare this model to another approach

that assumes that mean utilities are linear functions of customer attributes. When
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offered an assortment S; € §, customer ¢ selects the product with the highest utility
(including, possibly, the no-purchase alternative).

For a given assortment S € S and a given vector of mean utilities p’ := (pt, ..., py
let I1;(S, u*) denote the probability that a customer with profile ¢ purchases product
j €S u{0}. We have that

I0,(S, 1) := 1?;75?%“227’j e S U0}, TL(S, i) =0, otherwise,  (3.1)

j'es Vg
where v} := exp(}) are the exponentiated mean utilities for j € A" U {0}. Thus, for
a customer with profile 7 arriving at time ¢ and offered assortment S;, Z;t = 1 with
probability IT;(S:, u*). Moreover, we let Zé)t = 1 if a customer with profile ¢ arriving

at time ¢ opts not to purchase any product, and Zé,t = 0 otherwise.

Independent Demand. In this setting, we assume that the purchasing decision Z;ﬁ?t
of a customer with profile ¢ arriving at time t for product j is a Bernoulli random
variable independent of the customer’s purchasing decision for the other products!.
In particular, we assume that a customer with profile ¢ purchases product j € S;
with probability ué, independent of the assortment in which it is offered. Thus, in
this setting, the vector u' = (ui, ..., ul) represents the purchase probabilities (i.e.,
mean of the Bernoulli distributions) for a customer with profile i. These purchase
probabilities are unknown to the retailer. For a given assortment S € § and a given
vector of purchase probabilities u’, we let IT;(S, u') denote the probability that a

customer with profile ¢ purchases product j € S, i.e.,
(S, p') = pj, je€S. (3:2)

A setting in which this demand model may be appropriate is one in which customers

1 We focus on the Bernoulli distribution for clarity of exposition. The framework introduced in
this paper applies to other distributions as well.
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make purchasing decisions across various products that are not necessarily substi-

tutes, as may be in the cases of Stitch Fix and Ropazi mentioned in Section 3.1.

Because of the dual role of the parameters (1,7 € Z) in these two demand models
(as mean utilities under MNL demand and as purchase probabilities under indepen-
dent demand), throughout the paper, we use the terms purchase probabilities and

preferences interchangeably.

Assortment Selection. Let W, := (i, Z;) denote the profile of customer ¢ together
with the vector of purchasing decisions, where Z; = (Z',,.. .,Z}f,’t). Let F; :=
o((S;, W), 1 <7<t),t =1...,T, denote the filtration (history) associated with
the assortment and purchasing decisions up to (and including) time ¢, with Fy = (.
An admissible assortment selection policy 7 is a mapping from the available history to
assortment decisions such that S; € S is non-anticipating (i.e., S; is F;_j-measurable)
for all t. Let P denote the set of admissible policies. The retailer’s objective is
to choose an assortment selection policy m € P to maximize expected cumulative

revenue over the selling season:

J(T,I) :=E, <ii mz;ﬁ) ,

where E, denotes the expectation when policy 7 € P is used.

Market Heterogeneity (Clusters). Although profiles differ in their observable at-
tributes, customers with different profiles may have similar preferences for products.
We define a cluster (or segment) as a set of customer profiles that have identically
distributed preferences.? (We use the terms cluster and segment interchangeably

in the paper.) This implies the existence of an underlying mapping of profiles to

2 In order to formalize the definition of a cluster, we define it as a set of customer profiles with
identically distributed preferences. However, the notion of “similar taste” is embedded in the
dynamic clustering algorithm (introduced in Section 3.4) that produces the clusters.
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clusters M : T — K, where K := {1,..., K} is the set of cluster labels and K < T
is the number of clusters. The mapping M assigns a cluster label M (i) € K to each
profile ¢ € Z, so that any two profiles with the same cluster label share the same set
of preference parameters. That is, u* = p* if i and 4’ are such that M (i) = M(i').
The underlying mapping M of profiles to clusters is unknown to the retailer. In this
regard, the case study presented in Section 3.5 as well as the analytical results in
Section 3.6 show that the retailer benefits from estimating the mapping of profiles to
clusters as it helps expedite the estimation of preferences. This, in turn, translates

into higher revenue for the retailer.

Connection to the Multi-Armed Bandit Problem. The retailer does not know
the customers’ preferences, so assortment personalization requires estimating such
preferences by observing the customers’ purchasing decisions. The history of pur-
chasing decisions is, in turn, affected by past assortment decisions. This leads to
an exploration (learning preferences) versus ezploitation (earning revenue) trade-off.
The multi-armed bandit problem is the standard framework for addressing this trade-
off. The assortment selection problem can be formulated as a multi-armed bandit
by means of the following analogy: each product j € N corresponds to an arm, and
offering a product (i.e., including that product in the offered assortment) is equiva-
lent to pulling that arm (see, e.g., Caro and Gallien (2007)). Thus, one can think of
the problem as a finite horizon multi-armed bandit with multiple plays per period,
where at each point in time, at most C' out of N arms are pulled. Following the ban-
dit literature, we restate the retailer’s objective of maximizing expected cumulative
revenue in terms of the regret. To that end, we first define S} € S as the optimal
assortment that the retailer would offer to customers with profile 7 if ' was known.
That is,

She argmaxz i TL (S, p).

SeS jes
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We define the regret associated with any policy 7 as®

RY(T.1):= Y p; | > ryI(S;,p") | T — J(T, ). (3.3)
i€T jes*

The regret measures the retailer’s expected cumulative revenue loss relative to a
clairvoyant retailer that knows the purchase probabilities (and thus the underlying
mapping of profiles to clusters). That is, the regret represents the retailer’s expected
cumulative revenue loss due to the lack of prior knowledge of purchase probabilities
which results in suboptimal assortment offerings. Maximizing expected cumulative
revenue is equivalent to minimizing the regret over the selling season.

An assortment selection policy in this setting is comprised of two elements: an
estimation tool for estimating the customers’ preferences and an optimization tool
for deciding what assortment to offer to each arriving customer. As stated earlier, we
focus on bandit algorithms as the optimization tool (we discuss this in more detail
in Section 3.4.4). When comparing the performance of different policies, we assume

that they follow the same bandit algorithm.

Model Discussion. This paper focuses on the efficient use of information to make
personalized assortment offerings. In particular, we investigate the retailer’s poten-
tial revenue benefit from aggregating transaction information across customers with
similar product preferences. To this end, we make a few assumptions to facilitate
the study. We assume perfect inventory replenishment for the retailer, and that
the retailer incurs no operational costs (e.g., switching costs) for offering different
assortments to different customers. Such assumptions are common in the dynamic
assortment planning literature and allow us to isolate the role of dynamic person-

alized assortment planning in maximizing retailer’s revenue. We also assume that

3 Note that J™(T,I) and R™(T,I) are functions of u' and p; for all i € T as well, but we drop such
dependence to simplify the notation.
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the products’ prices are constant throughout the selling season. This assumption is
also common in the assortment planning literature and facilitates analysis (see, e.g.,
Sauré and Zeevi (2013)). Finally, we assume that customers’ purchasing decisions
are independent over time and across customers (i.e., we ignore word-of-mouth and

other related effects).
3.4 Dynamic Assortment Personalization

In this section, we introduce a prescriptive approach for dynamic assortment per-
sonalization which we call the dynamic clustering policy. This policy adaptively
estimates both the customers’ preferences and the mapping of profiles to clusters in
a Bayesian manner. In what follows, we first present the Bayesian model of pref-
erences in Section 3.4.1, followed by the dynamic clustering policy in Section 3.4.2.
Section 3.4.3 discusses the estimation procedure based on the observed purchase
history, while Section 3.4.4 reviews the bandit policies we use. We illustrate the

performance of the dynamic clustering policy in a case study in Section 3.5.
3.4.1 Bayesian Model of Preferences

In this section, we present a Bayesian framework to model customers’ preferences. In
section 3.4.3, we present a Markov Chain Monte Carlo (MCMC) sampling technique
to estimate the model discussed in this section.

Recall that Z;,t denotes the random variable that captures the purchasing decision
of a customer with profile ¢ arriving at time ¢ regarding product j € S;. We define
Zj = (Z3,,...,Zy,) and let F(-|p’) denote the distribution of Z; as a function of
the vector of parameters p‘. This distribution is independent of ¢ as preferences are
time-homogeneous. For the case of MNL demand, F(Z; = e/|u‘) = I1;(S, '), where
I1;(S, u*) is as defined in (3.1) and e/ denotes the j-th unit vector (although F(-|u")

also depends on the assortment S, we drop such dependence to simplify notation).
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For the case of independent demand, F(Z}, = 1|u’) = II;(S, p*), where TI;(S, p*) is
as defined in (3.2) and Z}, are independent across j. The retailer knows the family
of distributions F, but does not know the vector of parameters p* that characterizes
this distribution for customers with profile i.

We adopt a hierarchical Bayesian model to represent the retailer’s uncertainty
with respect to the underlying mapping M from profiles to clusters and to the vector
of parameters p! governing the preferences of customer profiles. More specifically, we
model the distribution from which the Z!’s are drawn as a mixture of distributions of
the form F(:|u"). We denote the mixing distribution over ;' by H and let the prior
distribution of H be a Dirichlet Process (Ferguson 1973; Antoniak 1974). A Dirich-
let Process prior is a natural selection as its realizations are (discrete) probability
distributions. The Dirichlet Process is specified by a distribution Hy, which serves as
a baseline prior for H, and a precision parameter o (which is a positive real number)
that modulates the deviations of H from H, — the larger the precision parameter «,
the more concentrated the Dirichlet Process prior is around the baseline location Hy.
We denote the Dirichlet Process by DP(Hy, ). We therefore model the uncertainty

over customers’ preferences as follows:

Zilw ~ F(l) (3.42)
WlH ~ H (3.4b)
H ~ DP(Hy, o). (3.4c)

Being an infinite mixture model, the Dirichlet Process Mixture provides a flexible
framework for capturing heterogeneity in the customer population without the need
to predetermine the number of clusters. In fact, the number of clusters is endoge-
nously determined based on the observed transaction data. Further details on the

Dirichlet Process can be found in Ferguson (1973), Ferguson (1983), and Neal (2000).
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3.4.2  Dynamic Clustering Policy

We introduce the dynamic clustering policy by presenting a general description of
the sequence of events that takes place for each customer arrival t. Let ® denote
the set of time indices (periods) in which the dynamic clustering policy updates the
mapping of profiles to clusters. For instance, in the case study in Section 3.5, we take
® = {100,200, 300, ...}; that is, we update the mapping after every 100 customer

arrivals (to expedite the computation time of the algorithm).
Step 1 (Arrival). Observe the profile of the arriving customer ¢ (i.e., i;).

Step 2 (Assortment Selection). Follow a bandit algorithm to determine
the assortment S; € S to offer customer ¢ based on the current preference
and mapping estimates. (For the first customer arrival, start with an arbitrary
mapping from profiles to clusters and select preferences randomly.) See Section

3.4.4 for details.

Step 3 (Transaction). Observe the purchasing decision of customer ¢ and

update the assortment and purchase history.

Step 4 (Mapping and Preference Estimation). If ¢ € ®, then perform
the estimation procedure described in Section 3.4.3 to estimate preferences and
mapping of profiles to clusters using all available information; otherwise, only

update the preference estimates using the prevailing mapping estimate.

Figure 3.1 illustrates the steps in the dynamic clustering policy. This policy
adapts existing tools from the Bayesian data analysis and machine learning/operations
management literature. In Step 2 (i.e., optimization step), we use a bandit algorithm
to determine the assortment to offer each arriving customer based on the current

mapping and preference estimates. We discuss the implementation details of the
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FiGure 3.1: Illustration of the dynamic clustering policy.

bandit algorithm in Section 3.4.4. In Step 4 (i.e., estimation step), we implement the
estimation procedure that will be introduced in Section 3.4.3 to update the mapping
of profiles to clusters and the corresponding preference estimates associated with

each cluster.
3.4.83 Mapping and Preference Estimation

We estimate the mapping and preferences in Step 4 of the dynamic clustering policy
by approximating the posterior distribution of the parameters in model (3.4). To
that end, we use an MCMC sampling scheme comprised of a Metropolis-Hastings
step to update the mapping of profiles to clusters followed by a Gibbs sampling step
to update the posterior distribution of preference parameters for each cluster. This
implementation is an adaptation of the sampling scheme in Neal (2000), which is tai-
lored for the case of a Dirichlet Process Mixture model. The output of the MCMC
sampling scheme is a sequence of mappings of profiles to clusters and preference pa-
rameter vectors. The sampling procedure is tailored so that the samples approximate
a set of independent draws from the posterior distribution of the model parameters.

(See Gelman et al. (2014) for further details on MCMC methods.)
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Next, we provide details on the sampling scheme within the MCMC procedure.
Consider an arriving customer ¢, with ¢ € ®. After observing the profile of the
customer, offering an assortment, and recording the purchasing decision, the dy-
namic clustering algorithm approximates the posterior distribution of the model
parameters (mapping and preferences). Let X/ denote the assortment and pur-
chase history associated with profile i up to (and including) time ¢t < T. That is,
X} = {(Sy, Zim) 1i, =i,1 <u<t}, and set Xi = . Define X, := (X},---, X[).
The following sampling procedure generates a sequence of mappings and parameter
vectors (one for each cluster in each mapping). Let the tuning parameter n denote
the number of samples to be collected.

MCMC Sampling. Start with an arbitrary mapping M; from profiles to clusters
and sample the preference parameters from H, for each cluster. For s = 1,... n,

repeat the sampling process as follows:

e Step 1 (Cluster Update). Let ¢; = M,(i) denote the cluster associated with
profile ¢ under the mapping M, and let ¢ denote a generic cluster. For each
profile ¢ € Z, update the cluster label ¢; associated with that customer profile
as follows. Let n_;. be the number of profiles, excluding profile ¢, that are
mapped to an existing cluster ¢ under the mapping M,. Draw a candidate

cluster label ¢} according to the following probability distribution:*

ni.
PP (assign ¢; to an existing cluster ¢) = ——25—
(assign ¢; g ) T 1+a
P (assign ¢; t luster) a
assign ¢; to a new cluster) = ——.
& G -1+«
If ¢ € {c1,...,cr}, then use the corresponding parameter vector ,ucf N b e
{c1,..., ¢}, 1e., if the candidate cluster does not correspond to any of the

existing clusters under M,, then sample p< from Ho.

4 This distribution is derived in Neal (2000), where « is the precision parameter of the Dirichlet
Process Mixture model.
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Set the new value of ¢; to ¢ with probability

L(X}, e
a(cl,c;) :zmin{l,—( ALa )}

L(Xti7 P“Ci)

and do not change ¢; with probability 1—a(c, ¢;), where L(X}, i) denotes the
likelihood function given the purchase history X} and the vector of parameters
puci. Let Mg, 1 be the updated mapping given by the new assignment of profiles

to clusters (i.e., updated ¢;’s).

e Step 2 (Preference Update). Update the vector of preference parameters
for each cluster: for each c € {cy,...,¢c;}, compute the posterior distribution of
u¢ (given the history A;) and draw a new realization for p° from its posterior

distribution.

To approximate the posterior distribution of the mapping, we discard the first
ny samples (“burn-in” period), and select every other nz-th draw (e.g., every 10th
draw) from the remaining samples (both 7, and 7, are tuning parameters). Let
m’ = (n—mnp)/n4 denote the number of MCMC draws used for estimation. Denote the
corresponding (distinct) mappings by My, Mo, ..., M,,, with m < m’ as the mappings
corresponding to several sample points may be identical. Let 0 < f1, fo, ..., frn <1
be the associated frequency proportions (i.e., the relative number of occurrences of
each mapping in the set of selected samples), with Y™ | f, = 1. We approximate
the posterior distribution of the mapping as a discrete probability distribution that
takes the value M, with probability f,, n < m. Note that the number of possible
mappings from profiles to clusters is combinatorial in I, the number of profiles. In
this regard, the approximation we propose alleviates the complexity of calculating
the posterior distribution of the mapping. We discuss further implementation details

in Section 3.5.
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The preference update in Step 2 above depends on the underlying demand model.
Under MNL demand, it is necessary to introduce a separate Metropolis-Hastings step
to update the posterior distribution of 1€, as there is no conjugate prior for the MNL
model. This, however, comes at the expense of additional computational effort. To
alleviate this computational burden, we approximate the parameters of the MNL
model by using frequentist point estimates. (Because of this approximation, we
do not need to specify the prior distribution Hy.) Specifically, suppose that ¢ — 1
customers have arrived so far and that the first step of the MCMC has resulted in a
mapping of profiles to clusters denoted by M. In Step 2 of the MCMC, we estimate

the exponentiated mean utility 1/; by ﬁﬁs(i), where

—1 i . ) .
ﬁ{\%(z‘) o }t} ijl 1{j € Sy, M,(i1) = M(7)} jeN (3.6)
s : t— % . R ) . .
’ =1 Zoy 1 {j € Si, My(iy) = M,(3)}

We then estimate ,uj-ws(i) for cluster M,(i) by /l%s(i) = ln(ﬁ%‘*(i)). Note that this
parameter estimation is conducted at the product level by exploiting the indepen-
dence of irrelevant alternatives (ITA) property of the MNL model. Moreover, such
estimates are obtained for each cluster by pooling transaction data across customers
within the same cluster. The numerical results reported in Section 3.5 suggest that
this approximation results in a reasonable performance and computation time. Un-
der independent demand, we take Hy in the Dirichlet Process Mixture to be the
product of independent Beta distributions, as the Beta distribution is the conjugate
prior of the Bernoulli distribution. Thus, the posterior distribution of u¢ in Step 2

can be computed in closed-form using Bayes’ rule.
3.4.4  Assortment Optimization

We next describe the bandit policies used for the assortment selection rule.

MNL demand. For the MNL model, we adapt Algorithm 3 of Sauré and Zeevi (2013)
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to our setting. This algorithm determines whether to explore or exploit for each ar-
riving customer ¢, as follows. If all products have been explored at least a number
of times (which is of order In(t)), then the algorithm exploits the current optimal
assortment. Otherwise, it offers an assortment containing under-tested products (ex-
ploration). We refer to Sauré and Zeevi (2013) for further details. Sauré and Zeevi
(2013) assume a homogeneous population of customers. However, in the Bayesian
setup of the dynamic clustering policy, estimates are derived from the approxima-
tion to the posterior distribution of the mapping and customer preferences. Thus,
we adapt the algorithm in Sauré and Zeevi (2013) for the dynamic clustering policy.
To that end, suppose that t — 1 customers have arrived so far, and the Mapping
and Preference Estimation procedure (discussed in Section 3.4.3) has resulted in the
distinct mappings My, Ms, ..., M,, with frequency proportions fi, fa,..., fi, respec-
tively. Let customer ¢ have profile i. We estimate the exponentiated mean utilities

i ~i
v; by U}, where
m
S ~ M (i)
Vit -= Zfl Vit
I=1

and ﬁ%l(i) is as defined in (3.6). Moreover, we let

Ti(t) == h TV ),
=1

where Tle(i) (t) is the number of times that product j has been offered to a customer
from cluster M;(z) up to (and excluding) time ¢. In other words, T}(t) is the average
number of times (over different mappings) that product j has been offered to a
customer from the cluster associated with profile ¢ up to (and excluding) time t.
The quantities ﬁ;t and T;’(t) are used to select the assortment to offer customer ¢ in

Algorithm 3 of Sauré and Zeevi (2013).

Independent demand. For the independent demand model, we adapt the Thompson

70



Sampling policy (Thompson 1933) to our setting. We first present details of this
policy for a classic setting (i.e., a homogeneous population of customers, a single
product offering to each customer, and equal product prices) and then discuss how

we adapt this policy to our setting.

e In a classic bandit setting, let Beta(1,1), i.e., a uniform distribution, be the
conjugate prior of the purchase probability of customers for each product. Let
Beta(aj, b;+) denote the posterior Beta distribution with parameters a;; and
b;+ for product j € N, where a;o = bjo = 1 for all products j € N, a;; =
a;j—1+1and b;; = b;;— if customer ¢ purchases product j € S, and a;+ = a;:—1
and bj; = bj, 1 + 1 if customer ¢ does not purchase product j € S;. Moreover,
ajit = aj—1 and b;; = b;;—q for all other products j € N\S; (i.e., the products
that are not offered to customer ¢). Sample @);; randomly from the posterior

distribution Beta(a;¢—1,b;;—1), and offer product S; € argmax {Q;,} at time ¢.
JEN

e In our setting, suppose that the Mapping and Preference Estimation proce-

dure has resulted in the distinct mappings M, Ms, ..., M,, with frequency

proportions fi, fa, ..., f, respectively. Let Q%l(it) be the index of product
j corresponding to cluster M;(i;). Note that the functions a;, and b;, are

defined (and updated) separately for each cluster. Set product j’s index as

Qi = D, le%l(i‘). Offer an assortment S; that contains C' products with

the highest @, indices.”

Remark 6. An alternative adaptation of Thompson Sampling would first ran-
domly draw a mapping from My, Ms, ..., M,, according to the frequency proportions

fi, fay .., fm, and then draw from the corresponding posterior Beta distributions.

> We can similarly adapt any index-based bandit policy, e.g., UCB1 of Auer et al. (2002). We
obtained similar numerical results for UCB1 and therefore report only those based on Thompson
Sampling in Section 3.5.3.
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We favor our proposed approach because different mappings may only differ in terms
of the composition of a few clusters. By averaging over different mappings, we take
into account the similarities across different mappings. Our approach performs well,

as evidenced in the case study.
3.5 Case Study

In this section, we discuss the results of several numerical experiments conducted
on a dataset from a large Chilean retailer. We first provide a brief overview of the
dataset in Section 3.5.1. We then discuss implementation details in Section 3.5.2. In
Section 3.5.3, we compare the performance of the dynamic clustering policy to those
of the data-intensive and linear-utility policies. We then study the impact of a finer
representation of customer attributes (leading to a larger number of profiles) on the
performance of policies in Section 3.5.4. We finally provide a more detailed compar-
ison between the dynamic clustering policy and the linear-utility model in Section
3.5.5. The case study demonstrates the practical value of the dynamic clustering pol-
icy in a realistic setting. We find that the dynamic clustering policy outperforms the
data-intensive and linear-utility policies as it benefits from pooling information and
learning about customer preferences relatively faster. The case study also demon-
strates the efficiency and scalability of the dynamic clustering policy in terms of

computation time.
3.5.1 Dataset

The dataset that we use for the case study is from a chain of department stores
owned by a Chilean multinational company headquartered in Santiago, Chile. The
company sells clothing, footware, furniture, housewares, and beauty products, both
through its network of department stores and through its online channel. In 2014, the

company reported US$ 4.4 billion in gross profit. The dataset was collected as part of
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a larger field study by the retailer. In this study, the assortments offered to customers
were chosen randomly without testing any assortment personalization strategy. The
dataset consists of 94,622 customer-tied click records for a set of 19 products in
the footware category (see Figure 3.2 below).® The dataset used in this study was
collected through an experiment in which the 19 products were randomly assigned to
8 different assortments of 4 products each (i.e., N = 19 and C' = 4). The experiment
was conducted during a 32-day period through the retailer’s online channel. Each
arriving customer was shown one of these 8 assortments, chosen at random. Figure
3.2 illustrates an example of an assortment shown to customers. If the customer
clicked on one of the products, that click was recorded in the dataset. Otherwise, a
no-click was recorded. Therefore, each customer visit resulted in at most one click
record. The dataset recorded the assortment history as well as the purchase/no-
purchase decision (i.e., click/no-click decision in the context of the experiment) of
each customer. The company uses information about the customers’ location in
Chile (according to a partition of the country into 7 different regions, determined
by the retailer’s marketing department: “Far North”, “North,” “Center,” “South,”
“Far South,” “Santiago West,” and “Santiago East”), age group (the retailer uses
three age groups, namely, [0,29], [30,39], and [40,99]), and gender. This leads to a
total of 42 unique vector of customer attributes. (The dataset in fact contains more
granular information on the age of customers, but we mostly use the age groups as

determined by the retailer.)
3.5.2  Implementation Details

Estimation of Underlying Demand Model. We begin by using the dataset to

estimate the parameters of the model. First, we estimate the distribution of customer

6 Each product is actually a “banner” that directs the customer to a page containing footware of
that particular style/manufacturer — e.g., the second banner in Figure 3.2 leads to a page containing
shoes with a 1970’s style.
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F1GURE 3.2: Example of an assortment shown on the retailer’s website.

arrivals (i.e., p;) based on the number of transactions associated with each customer
profile. Next, we estimate the underlying demand model from data. Because the
set of available products belongs to the same category (shoes in this study), we use
the MNL demand model as it accounts for product substitution. We also report
on experiments based on the independent demand to explore the robustness of the
results with respect to the underlying demand model.

For the MNL demand model, we estimate the exponentiated mean utility of each
product for each customer profile separately. That is, we estimate 19 parameters for
each of the 42 customer profiles using the transaction data only from that customer
profile in the dataset. We do not assume any particular relation between the mean
utilities and customer attributes when estimating the underlying demand model from
data. Formally, for a profile ¢ and product j, we estimate the exponentiated mean
utility 1/; by

i ZUZ;7u1{jESu,iu =i}
7 Zng)’ul{jGSu,iu :7;}

N

,jeN,ieT.

Note that, as in (3.6), the parameter estimation is conducted at the product level by
exploiting the ITA property of the MNL model. For the case of independent demand,
we estimate the purchase probability of each product for each profile as the sample

mean of the number of purchases from data.
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Data-Intensive Policy. We compare the performance of the dynamic clustering
policy to that of the data-intensive policy, in which assortment decisions are made
by treating each customer profile independently (as if each customer profile had
a different distribution of preferences for products — even if this is not the case).
Thus, under the data-intensive policy, the retailer assumes a deterministic mapping
of customer profiles to clusters where each profile is mapped to a distinct cluster, i.e.,
M (i) =i for ¢ € I. The data-intensive policy emphasizes the accuracy of preference
estimation. That is, under this policy the retailer eventually learns the customers’
preferences accurately, but at the expense of requiring a considerable amount of
transaction data on each customer profile. Therefore, the data-intensive policy is
prone to suffer from a slow learning speed.” We find that the dynamic clustering
policy outperforms the data-intensive policy as a result of faster learning achieved

by pooling information across customers with similar preferences.

Linear-Utility Policy. We also compare the performance of the dynamic clustering
policy to that of a policy that assumes a linear structure on the underlying demand
model in terms of the dependence of utilities on customer attributes. We describe the
MNL model in terms of the specific dataset available from the retailer. In particular,
for this model, * = (zp, Tp, Ta,, Tay, Tag, TLyy TLy, - - -, 2L,) denotes the vector of
attributes of a customer, where each variable is binary — z); and xp identify the
gender of the customer (male and female, respectively), z4,, i € {1,2,3} identifies
the age group, and xz,, j € {1,...,7} identifies the location of the customer. The
mean utility pf of a product j for a customer with profile x is assumed to take the

form

i = 6;91: = B?JrBJMxMJrﬂj 2Tay + 05T, +ﬁjL2:1:L2 +ﬂjL“wL3 +"'+BJ»L7£L‘L7, (3.7)

7 We measure the speed of learning by evaluating the root mean squared error (between the actual
and estimated parameters) over time.
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where 3; denotes the vector of coefficients, and ﬁ;) captures the nominal utility of
product j together with the effect of attributes “female”, first age group (i.e., [0, 29]),
and Location 1. The vector of coefficient ; is unknown to the retailer and must be
estimated from the customers’ transaction data. Similar to the data-intensive pol-
icy, the linear-utility policy treats each customer profile independently for optimiza-
tion (i.e., following the same bandit algorithm). However, because this policy as-
sumes that the underlying mean utilities of products are linear functions of customer
attributes, the estimation of the f;’s is based on maximum likelihood estimation
(MLE). Because different profiles might share some attributes, the MLE leverages

information from similar profiles to estimate the preference parameters.

MCMC and Operating Machine. In order to estimate the mapping and cus-
tomers’ preferences under the dynamic clustering policy, we use n = 300 and a
burn-in period of 7, = 100 iterations in the MCMC sampling scheme, after which
every 13 =10th MCMC draw is used to estimate the mapping of profiles to clusters
(this alleviates the auto-correlation between the MCMC draws). We also set the
precision parameter of the Dirichlet Process to a = 1. To expedite the computation
time of the dynamic clustering policy, we set ® = {100, 200, 300, ...}; that is, we
update the mapping of profiles to clusters every 100 customer arrivals. In between
these periods, we use the prevailing mapping to update the preference parameters.
(For consistency, we also update the estimates of the attribute-specific parameters in
the linear-utility policy every 100 customer arrivals and use the prevailing estimates
in between these periods.) All experiments were run on a machine with an Intel(R)
i7-6700 3.40GHz CPU and 16GB of memory. In what follows we discuss the results

of numerical experiments.
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3.5.8 Performance Comparison

In this section, we compare the performance (in terms of regret) of the dynamic
clustering policy to that of the data-intensive and linear-utility policies using the
dataset from the Chilean retailer. We consider the cases of both MNL and inde-
pendent demands as the underlying demand models. We also compare the speed of
learning between the dynamic clustering and data-intensive policies.

The underlying demand model and distribution of customer arrivals are estimated
from the dataset. We run the experiments in markets with 7" = 5000 customers.
There are nineteen products (N = 19) and the display constraint is of size four
(C' = 4). Moreover, there are I = 42 distinct customer profiles. We set prices r; = 1
for all j € N. The reported performances are averaged over 100 replications and the
dashed lines around a regret function represent the 95% confidence interval.

Figure 3.3 illustrates the average performance for the case of independent de-
mand (left panel) and MNL demand (right panel). The dynamic clustering policy
significantly outperforms the data-intensive and linear-utility policies as a result of
pooling information. At the same time, the linear-utility policy outperforms the

data-intensive policy as the latter suffers from a relatively slower learning speed.
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Figure 3.4 (left panel) illustrates the evolution of the root mean squared error
(RMSE) of estimated MNL parameters (i.e., exponentiated mean utilities) for the
dynamic clustering and data-intensive policies in the case of the MNL demand model.
This error is averaged over all products and profiles. As noted from the graph, the
RMSE associated with the dynamic clustering policy decreases significantly faster
than that of the data-intensive policy, implying a faster learning speed. The right
panel of Figure 3.4 shows the evolution of the average number of clusters that emerge
from the dynamic clustering policy over time (i.e., over customer arrivals). As can
be noted from the graph, early on in the selling season, when only a limited number
of transactions have been observed, the average number of clusters is small. That
is, the policy pools transaction information across a large number of customer pro-
files. As more transaction data is collected, the dynamic clustering policy refines the
composition of customer segments (clusters) and better personalizes the assortment
offerings using a larger number of clusters.

In sum, the dynamic clustering policy outperforms the data-intensive and linear-
utility policies in terms of regret (i.e., revenue collection) in the case study based on
the Chilean retailer’s dataset. We find that, under the MNL model, the dynamic
clustering policy results (on average) in 37.7% and 27.3% additional transactions
compared to the data-intensive and linear-utility policies, respectively. Moreover, the
dynamic clustering policy results in more than 65% additional transactions compared
to a randomized assortment policy (which was used by the retailer while collecting the
data). Furthermore, the dynamic clustering policy has a significantly faster learning
speed compared to the data-intensive policy. The proposed policy pools information
across most profiles early on in the selling season, but personalizes the assortment

offerings as more transaction data becomes available.
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FIGURE 3.4: Speed of learning for different policies (left) and the evolution of the
average number of clusters under the dynamic clustering policy (right) for MNL
demand and I = 42.

3.5.4 Customer Attributes

In this section, we study the impact of a finer definition of customer attributes
on policy performance. Moreover, we compare the computation times of different
policies and illustrate the efficiency and scalability of the dynamic clustering policy.
In addition, we discuss an approach to further expedite the computation time of the
dynamic clustering policy. We finally discuss how one can incorporate management
knowledge about customer similarity into the dynamic clustering policy.

As discussed before, the retailer uses 42 different customer profiles, based on
their understanding of the Chilean retail market. For example, the attribute corre-
sponding to the customer’s location is based on the retailer’s knowledge about the
customer base in Chile (e.g., urban versus rural locations, etc.). The retailer also
groups customers according to their ages into three age groups [0, 29], [30, 39], and
[40,99], presumably based on an understanding of different purchasing patterns of
customers in each of these three groups. In order to study the impact of a finer
definition of customer attributes, we have extended the study beyond the 42 origi-

nal customer profiles used by the retailer. The raw dataset available to us contains
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FIGURE 3.5: Average performance in a market with MNL demand and I = 75 (left),
I = 140 (middle), and I = 450 (right).

more granular information about the customers’ age (but not about the customers’
location). As a result, we consider three additional studies that progressively re-
fine the age attribute definition. These three studies consist of 75, 140, and 450
profiles, respectively. The first experiment with 75 distinct profiles uses age groups
[0,30], [31,40], [41,50],...,[91,99]. The second one has 140 customer profiles using
age groups [0, 20], [21, 25], [26, 30], ..., [96,99]. The third set of experiments has 450
customer profiles using exact ages 18,19,20,...,99. In each experiment, we only
kept the profiles for which there was at least one no-purchase transaction in the
dataset.

Figure 3.5 illustrates the average performance of the dynamic clustering, data-
intensive, and linear-utility policies for the case of MNL demand. In all settings, the
dynamic clustering policy outperforms the other policies in terms of regret (and thus
revenue). That is, the better performance of the dynamic clustering policy relative
to the other policies is robust with respect to the definition of customer attributes.

A finer set of customer attributes leads to an increased number of profiles, poten-
tially slowing down the mapping estimation process and thus affecting computation
times. Table 3.1 reports the computation time of all three policies for the cases of 42,

75, 140, and 450 customer profiles (all under the MNL demand model). The dynamic
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clustering policy requires the estimation of the mapping (by running the MCMC). In
Table 3.1, we separate the running time of a customer arrival for which the mapping
is updated (noted as MCMC) and the running time of those arrivals for which there is
no mapping update (in which case the policy uses the prevailing mapping of profiles
to clusters). Similarly, the linear-utility model requires the estimation of attribute-
specific parameters through the maximum likelihood estimation (MLE). Table 3.1
reports the running time of a customer arrival for which the attribute-specific param-
eters are updated (noted as MLE) and the running time of those arrivals in which
there is no parameter update (and for which the linear-utility policy operates under
the prevailing estimates). The computation time of the MCMC and MLE increases
with the granularity of customer attributes (and therefore the number of customer
profiles).

The computation time of the dynamic clustering policy is reasonable and scales
well with the number of profiles. All experiments were run on a personal computer
— a retailer with more sophisticated computational resources would experience even
faster results. Note that, as expected, the data-intensive policy has the fastest com-
putation time (at the expense of a lower revenue performance), as this policy treats
each profile independently. The dynamic clustering policy can also handle a large
number of products without significantly affecting computation times. In the estima-
tion stage, the number of products impacts the calculation of the likelihood functions
and the updates of preference parameters, which are computed in closed-form as dis-
cussed in Section 3.4.3. For the assortment optimization stage, there are efficient
algorithms for the MNL model (for example, the algorithm in Rusmevichientong
et al. (2010) scales polynomially in the number of products). The optimization in
the case of independent demand is trivial.

We next discuss an approach to further improve the computation time of the
dynamic clustering policy, without significantly impacting its performance. This
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Table 3.1: Average computation time (in seconds) of different policies for MNL
demand and 7" = 5000.

Dynamic Clustering Linear-Utility Data-Intensive
No mapping update | MCMC | No parameter update | MLE | Each customer arrival
I =42 0.00031 1.0818 0.00017 2.7827 0.00015
I1=75 0.00039 1.7121 0.00018 3.9762 0.00015
1 =140 0.00054 2.9850 0.00018 5.9750 0.00016
I =450 0.00117 8.1729 0.00018 9.1619 0.00017

approach involves reducing the number of customer profiles for clustering purposes.
In particular, this version of the dynamic clustering policy considers customer profiles
within each specific location in isolation and therefore the policy runs the MCMC
for different locations in parallel. We refer to this version of the dynamic clustering
policy as “Location-DC.” Table 3.2 below reports the computation times of this
version of the dynamic clustering policy, together with that of the original policy
(which we refer to as “Original-DC”), for the setting with I = 450 profiles and
MNL demand. As can be noted from the table, the “Location-DC” version of the
policy brings significant savings in terms of computation time. While this version is
slightly outperformed by the original dynamic clustering policy in terms of regret, it
still performs significantly better than the data-intensive and linear-utility policies.

Table 3.2: Average computation time (in seconds) of the original and a location-
based version of the dynamic clustering policy for MNL demand with I = 450 and

T = 5000. No mapping update | MCMC
Original-DC 0.00117 8.1729
Location-DC 0.00048 1.5575

We finally discuss how one can incorporate management knowledge about cus-
tomer similarity into the dynamic clustering policy. Suppose that existing manage-
ment insight indicates that “neighboring” profiles (e.g., two profiles with the same
gender and location and very close in age) are likely to have “similar” preferences for
products. The dynamic clustering algorithm can accommodate management knowl-
edge about customers by restricting attention to mappings that only group “neigh-
boring” profiles. (This can be implemented in the MCMC sampling procedure: while
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updating the cluster label ¢ of a customer with profile given by a vector z*, the can-
didate cluster label is drawn only from clusters that currently include profiles that are
“similar” to x’ — the notion of similarity can be formally defined based on attributes.)
An alternative approach consists of merging upfront profiles that are known to have
similar preferences for products. For example, it may be that, based on an under-
standing of the customer base, management is confident that customers from two
particular ZIP codes or locations have similar tastes for products. Unlike the previ-
ous approach, these customer profiles with similar preferences may not have similar
attributes. One can use this additional information to speed up the learning process
by grouping such profiles together before running the dynamic clustering algorithm.

In sum, we find that the better performance of the dynamic clustering policy
relative to the other policies is robust with respect to the definition of customer
attributes. At the same time, a finer definition of customer attributes (i.e., a larger
number of customer profiles) increases the computation time. However, we show that
the computation time of the dynamic clustering policy is still reasonable and scales
well with the number of profiles. One can further expedite the computation time of

the policy by reducing the number of customer profiles for clustering purposes.
3.5.5 Comparison to Linear-Utility Model

In this section, we compare the dynamic clustering policy to the linear-utility ap-
proach in more detail. We first discuss the advantages of each approach and then
introduce a set of experiments to compare the performance of the two policies.

In addition to better performance of the dynamic clustering policy over the linear-
utility model, the dynamic clustering policy has several other advantages. Retailers
are generally interested in identifying customer segments (i.e., clusters of customers
with similar preferences). These segments are part of the output of the dynamic

clustering policy and can be interpreted based on customers’ attributes — see Figure
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3.6 below for a representative example based on the dataset from the Chilean retailer.
Figure 3.7 also illustrates the optimal assortments for different clusters in an example
in which the profiles only differ by their geographical location in Chile. Moreover,
the mean utilities may not be linear in customer attributes. The dynamic clustering
policy makes no assumption about the structure of the mean utilities with respect
to customer attributes. In particular, the transaction dataset from the Chilean re-
tailer exhibits a non-linear dependence between mean utilities and attributes. In
such cases, the linearity assumption could result in inaccurate estimates which, in
turn, could hurt the retailer’s revenue. Also, the dynamic clustering policy takes a
Bayesian approach and is designed to expedite the learning process, especially in the
short-term when the amount of transaction data is limited. Overall, the dynamic
clustering policy leads to 27.3% more transactions (on average) than the linear-utility
policy in the experiments based on the dataset under the MNL demand model. The
linear-utility approach, however, uses maximum-likelihood estimation and thus is
better suited for (offline) settings with large amounts of transaction data. As such,
the linear-utility approach can identify whether an attribute is statistically signifi-
cant (relevant) through the estimates of the attribute-specific parameters. One can
make similar observations based on the output of the dynamic clustering policy. For
example, as noted in Figure 3.6, customers in Santiago West tend to have different
preferences for products than customers from Santiago East.

Because the linear-utility approach may be better suited for an offline setting,
we designed an additional set of experiments which mimic an offline setting. More
specifically, because the estimation approach (and underlying model assumption) is
different under the dynamic clustering and linear-utility policies, we further compare
the performance of these policies in a setting in which the performance is mainly
affected by the quality of estimation which, in turn, impacts the assortment deci-
sions made by different policies. To that end, we consider separation-based versions
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FIGURE 3.6: Illustration of clusters (under the most likely mapping) for women from
age groups [0,29] (left), [30,39] (middle), and [40,99] (right) based on customers’
location in Chile.
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FIGURE 3.7: Tllustration of optimal assortments for women from age group [30, 39].

of these policies, which separate exploration from exploitation. In the separation-

based experiments, we randomly generate a sample of transaction data with random
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assortment offerings and random customer arrivals based on the estimated MNL pa-
rameters and arrival distribution of profiles from the dataset. All policies use the
same sample to estimate the MNL parameters (exploration stage). Each policy then
finds the optimal assortment for each customer profile. We then generate another
random sample of customer arrivals with the same size as that used in the exploration
phase (according to the estimated arrival distribution) over which each policy offers
its personalized optimal assortment to each arriving customer (exploitation stage).
We consider the cumulative regret and revenue of all policies only for the exploitation
phase as all policies use the same sample (and thus incur the same regret) in the
exploration phase. As a result, any difference in performance is due to the quality
of estimation. We consider two scenarios in terms of the underlying demand model.

The first scenario is based on the original transaction dataset, which exhibits
a non-linear dependence of mean utilities on customer attributes. We experiment
with different sample sizes T'. The dynamic clustering policy outperforms both the
data-intensive and linear-utility policies in all instances. Table 3.3 below reports the
percentage improvement of the dynamic clustering policy over the other policies, both
in terms of regret and revenue (i.e., expected number of transactions). The revenue
improvements can be as high as 50% and 25.4% compared to the data-intensive and
linear-utility policies, respectively. Moreover, the improvements are generally higher
for smaller samples sizes, as the dynamic clustering policy performs particularly well
in settings with limited transaction data by pooling information. Table 3.4 reports
the average estimation times (i.e., computation time of MCMC and MLE for the
dynamic clustering and linear-utility policies, respectively). As expected, the data-
intensive policy has the lowest computation time as the estimation can be done
independently for each customer profile. The linear-utility model is faster than the
dynamic clustering policy for smaller sample sizes. However, its computation time
increases significantly for larger sample sizes, suggesting that the linear-utility policy
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may be better suited for an offline setting.

Table 3.3: Average percentage improvement of dynamic clustering policy over data-
intensive and linear-utility policies in separation-based experiments using the original
dataset.

Regret Revenue
Data-Intensive | Linear-Utility | Data-Intensive | Linear-Utility
T = 500 34.2% 24.6% 47.8% 25.4%
T = 1000 42.6% 28.4% 50.0% 21.6%
T = 5000 39.0% 26.6% 20.7% 10.7%
T = 10000 24.3% 12.9% 8.9% 3.9%
T = 20000 6.7% 3.6% 1.5% 0.8%

Table 3.4: Average estimation time (in seconds) in separation-based experiments
based on original dataset.

T =500 | T"'= 1000 | T"= 5000 | T"= 10000 | T" = 20000
Dynamic Clustering | 1.214 1.301 2.307 3.861 7.010
Data-Intensive 0.003 0.006 0.025 0.048 0.096
Linear-Utility 0.508 0.922 5.872 13.877 31.168

While the original dataset does not exhibit a linear dependence on customer at-
tributes, we generate a second set of (synthetic) experiments in which the underlying
demand model is linear as in (3.7). To that end, we estimate (; in model (3.7) for
each product j from the dataset and use such estimates to randomly generate syn-
thetic (linear) transaction data for simulation. We find that the dynamic clustering
policy outperforms the linear-utility approach in all instances except for that with
the largest transaction sample (i.e., 7' = 20000) — please refer to Table B.1 in Ap-
pendix B.2 for a summary of the results of this numerical study. This suggests that
the benefit of pooling information achieved by clustering can lead to better perfor-
mance even when the underlying demand model is, in fact, linear. Such benefits are
more pronounced in the short-term, i.e., for small and moderate sample sizes.

To conclude, the dynamic clustering policy outperforms the linear-utility ap-
proach in the case study based on the Chilean retailer’s dataset. Each approach has

its advantages and may be deemed more appropriate depending on the specific set-

87



ting. For example, the retailer that provided the dataset is interested in identifying
customer segments (i.e., clusters of customers with similar preferences). These seg-
ments are part of the output of the dynamic clustering policy and can be interpreted

based on customers’ attributes (as in the examples in Figures 3.6 and 3.7).
3.6 Value of Pooling Information

In this section, we provide analytical support for the insights derived in the case
study in Section 3.5. More specifically, this section explores the impact of pooling
information about customers’ preferences on the retailer’s revenue by considering a
stylized version of the dynamic assortment personalization problem. To this end, we
focus on three policies that differ in the extent by which they aggregate information
across customers. The data-intensive policy, described in Section 3.5.2, treats cus-
tomer profiles independently to estimate preferences and make assortment decisions.
We further introduce a semi-oracle policy that knows upfront the underlying map-
ping of profiles to clusters but not the customer preferences for each cluster. The
semi-oracle policy reflects the key element of the dynamic clustering policy — in that
it pools transaction information across customers with similar preferences — but it
bypasses the estimation of the mapping of profiles to clusters by assuming that it
is known to the retailer. Working with the dynamic clustering policy analytically is
not possible, as it requires a Bayesian update of the mapping that cannot be done
in closed-form. In the other extreme, we consider a pooling policy that aggregates
transaction data across all customer profiles (regardless of whether the customers
have similar preferences or not). We show that the semi-oracle outperforms the
data-intensive policy. Moreover, we analytically characterize settings in which the
pooling policy outperforms the data-intensive policy.

All policies we consider in this section — the data-intensive policy (%), the
semi-oracle policy (m°°7¢), and the pooling policy (7P°°!) — follow the same bandit
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algorithm to determine what assortment to offer each arriving customer. The policies,
however, differ in how they use the available information to estimate the customers’
preferences and make assortment decisions. For ease of analysis, we focus on the
independent demand model in this section.® We also assume, for tractability, that
C =1 and r; = 1 for all products j € N.

d-int s-orc

Let R™™ R™, and R™"" denote the regrets associated with the data-intensive,
semi-oracle, and pooling policies, respectively. To simplify notation, we denote them

as Ra.int, Rs-orc, and Ry, hereafter. We further define the gap functions
Gl = Rd-int - Rs-orc and G2 = Rd-int - Rpool-

Our goal is to determine conditions under which these gaps are non-negative. Because
characterizing the regret functions in closed-form is not possible, we use upper bounds
on the regret for the semi-oracle and pooling polices, denoted by Us.ore and Uy,
respectively, and a lower bound on the regret for the data-intensive policy, denoted
by Lg.int. Therefore, Lg.ini — Us.ore provides a lower bound for the gap function G,
and Lgint — Upoor Provides a lower bound for the gap function G5. Hence, we focus
on characterizing settings in which these lower bounds are non-negative, which in
turn implies that G, G5 = 0.9 Lai and Robbins (19854) prove an asymptotic lower
bound (for large T') on the achievable performance of any consistent policy in the
classic bandit setting (i.e., with a homogeneous population of customers).1® Roughly
speaking, the long-run number of mistakes (associated with pulling suboptimal arms)
under any consistent policy is smaller than 7 for large 7" and every a > 0. In

particular, it is smaller than a linear function of 7', which corresponds to making

8 One can obtain similar results for the MNL demand model as well.

9 While the lower bounds are not always tight, the goal is to show the non-negativity of the gap
functions. As a result, working with the bounds enables the analysis and leads to the desired results.

10 An admissible policy 7 is consistent if, for any distribution of preferences F (that satisfies certain

RWT(GT) — 0, as T — oo, for every a > 0. That is, if R™(T) = o(T?). See Lai

regularity conditions),
and Robbins (19854).
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mistakes for every customer. Let P’ < P denote the set of consistent admissible
policies. We restrict attention to consistent policies w € P" and use Lai and Robbins’
lower bound to derive Lg;,;. More specifically, we derive a lower bound on the regret
associated with each profile and define L4 ;,; as the sum of these lower bounds.

The upper bounds on the regrets for the semi-oracle and pooling policies depend
on the specific bandit algorithm used for selecting the product to offer each arriv-
ing customer. We focus here on the celebrated upper confidence bound (UCBI)
policy of Auer et al. (2002). After an initialization phase during which each prod-

uct is offered once, UCBI1 offers customer t a product j with the highest index

fi; +4/2In(t — 1)/k;(t — 1), where ji; is the sample mean of the number of purchases
for product j, and k;(t —1) is the number of times that product j has been offered up
to (and including) time ¢t — 1. The UCB1 policy is easy to implement and its regret
admits a finite-time upper bound which is simple to use. We extend the results of

Sections 3.6.1 and 3.6.2 for Thompson Sampling in Appendix B.2.
3.6.1 Semi-Oracle

In this section, we compare the performance of the data-intensive policy to that of
the semi-oracle policy. As expected, the semi-oracle outperforms the data-intensive
policy in terms of regret (i.e., revenue). This result emphasizes the benefit of es-
timating the mapping of profiles to clusters (as in the dynamic clustering policy)
as it helps expedite the learning process by pooling transaction information across
customer profiles within a cluster. (We provide a formal statement and proof of the
result in Theorem 33 in Appendix B.1.)

We next show that there are diminishing marginal returns to pooling information
from an increasing number of customer profiles. To that end, consider a general
market with K clusters where 1 < K < I. We assume, without loss of generality, that

K < I, since if K = I, then both the semi-oracle and data-intensive policies incur
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the same regret and therefore G; = 0. Let Z; denote the set of profiles belonging
to cluster k and I, := |Zy|. Also, let 7' := (Z;,...,Zk). This vector summarizes
the mapping of profiles to clusters. We assume, without loss of generality, that
product 1 has the highest purchase probability for each profile, i.e., uj < pj for
7 =2,...,N and all : € Z. Computing the lower bound Lg;,; — Us.ore for the gap
function Gy requires an additional approximation as the setting studied in Lai and
Robbins (1985a) considers a homogeneous population of customers. This additional
approximation involves a first-order Taylor expansion and, as such, the resulting
approximate lower bound is very close to Lgin: — Us.ore. We denote by Gy;(T,Z") the
approximation to the lower bound for the gap function ;. This approximate lower
bound depends on the total number of customer arrivals 7" and on the vector Z’

which encodes the mapping of profiles to clusters. We provide a detailed derivation

of Gy(T,Z') in Appendix B.1.

Theorem 13. Consider the case of uniform arrivals within each cluster, i.e., p; =
Py/1y. for all i € ), where Py, := ZieIk pi is constant. We then have that Gy(T,T")
is increasing in I for T > el/Py (e is the Euler’s number) and concave in I, for

T=1.

Theorem 13 shows the first- and second-order effects of the number of customer
profiles I on the approximate lower bound. We find that, for sufficiently large
T, Gy(T,T') is increasing in the number of profiles I;. That is, the benefit of
pooling information increases with the number of profiles within any cluster k, as it
becomes increasingly more time-consuming for the data-intensive policy to learn the
preferences of each customer profile when [, increases. In addition, the result shows
that G1;(T,Z") is concave in I;. That is, there are diminishing marginal returns
to pooling information from an increasing number of customer profiles within any

cluster.
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We also explore whether the result in Theorem 13 applies to the dynamic cluster-
ing policy and MNL demand model by considering an example based on the dataset
from the Chilean retailer. Specifically, we estimate the MNL parameters for the cus-
tomer profile (female, [40,99], Center) from the dataset and assume that a cluster’s
demand follows such MNL model. We then increase the number of profiles in that
cluster and evaluate the gap between the regrets of the data-intensive and dynamic
clustering policies in a market with 7" = 5000 customers. Figure 3.8 shows the result
of this experiment, where Rg;,; and R,4. denote the regrets of data-intensive and
dynamic clustering policies, respectively. As noted in the graph, and consistent with
Theorem 13, the (actual) gap between the regrets of the two policies is increasing

and concave in the number of customer profiles within the cluster.
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FiGURE 3.8: Gap between the regrets of data-intensive and dynamic clustering

policies as a function of number of profiles.

3.6.2 Pooling in the Short-Term

In this section, we consider a setting with heterogeneous customers and a pooling pol-
icy that aggregates information across all customer profiles. As one would expect,
pooling information across all customer profiles is not necessarily beneficial for the

retailer in a heterogeneous market as it could lead to erroneous estimates. However,
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we show that, under some conditions, the pooling policy tends to outperform the
data-intensive policy in the short-term even if customer preferences are heteroge-
neous. This, in turn, allows us to examine the key drivers of efficiency gains derived
by pooling information.

Consider a market with K > 2 clusters. Without loss of generality, we assume
that K = N, where N is the number of products. We also assume that cluster k’s
customers have the highest purchase probability for product k, for £ = 1,... K.
Furthermore, we assume that pf — u;? = A for some A >0and forall k=1,..., K
and 7 # k, where, to simplify notation, u;“ denotes the purchase probability of
product j for all profiles in cluster k. Let P := (P, P, ..., Px) where P}, = ZieIk p; is
the proportion of profiles belonging to cluster k. We also define P’ := (Pa, ..., Px_1).
We assume, without loss of generality, that P, < P, < 1 for all k =2,..., K. Note
that P; is a measure of heterogeneity in this setting and a smaller P; leads to a more
heterogeneous customer population. In the extreme, P, = 1 reduces this setting to
one with a homogeneous market.

As in Section 3.6.1, we consider an approximate lower bound on the regret of
the data-intensive policy, based on Lai and Robbins (1985a). Existing upper bounds
in the bandit literature (including that of the UCBI1 policy) assume a homogeneous
market. This introduces additional complexity in the computation of the upper
bound on the regret of the pooling policy. This upper bound is derived in Appendix
B.1. Let Gy(t, I, P) be the approximation of the lower bound Ly nt — Upor to the
gap function G at any time period t. We provide a detailed derivation of Gy (t, I, P)
in Appendix B.1. The next result provides conditions under which the pooling pol-
icy outperforms the data-intensive policy (subject to the approximations), that is,

Goy(t,1,P) = 0.
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Theorem 14. Consider the case of uniform arrivals, i.e., p; = 1/I for all i € T.
There exist thresholds I,(P) and Py(I, P") such that if I > I,(P) and P,(I,P') <
P, <1, then

Go(t,I,P) =0 for t,(I,P)<t<t,(I,P),

with 1 < &,(I, P) < t,(I, P) < wo. Moreover, I,(P) and P,(I, P'") are non-increasing

m Py and I, respectively.

The result in Theorem 14 shows that, under some conditions, the pooling policy
tends to outperform the data-intensive policy for a range of customer arrivals, even if
the retailer learns the customers’ preferences inaccurately in a heterogeneous market
under the pooling policy. This is the result of faster learning under the pooling
policy achieved by aggregating information across all customer profiles. In particular,
Theorem 14 illustrates the benefit of pooling information in the short-term, when
transaction data is limited. Moreover, Theorem 14 implies that three key factors

favor the performance of the pooling policy over the data-intensive policy:

e Heterogeneity (Py): If the population is not too heterogeneous (i.e., if P, >
Pi(I, P")), then the pooling policy tends to outperform the data-intensive pol-
icy for a range of customer arrivals. This is because, under such condition, the
benefit associated with faster learning by aggregating information outweighs
the cost associated with the errors the pooling policy makes by not differenti-
ating between clusters (and therefore offering suboptimal assortments). More-

over, the threshold P;(I, P') decreases as the number of profiles increases.

e Number of profiles (I): An increase in the number of profiles impacts negatively
on the performance of the data-intensive policy. As I increases, the average
number of customer arrivals per profile decreases and thus it takes longer for

the data-intensive policy to learn the preferences for each profile. On the other
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hand, the pooling policy aggregates information across all customers and thus
its performance does not degrade as long as P, > P,(I, P'). As the population
becomes more homogeneous in terms of preferences (i.e., as P; increases), the
pooling policy tends to outperform the data-intensive policy for an even smaller

number of customer profiles.

Number of Customers (t): Although a relatively more homogeneous market
and a large number of profiles can favor the performance of the pooling policy,
the key factor is the amount of transaction information available to the retailer.
When the number of customer arrivals is still relatively small, the data-intensive
policy does not have enough sample points to accurately learn the preference
of each customer profile. On the other hand, the pooling policy aggregates
information and therefore tends to outperform the data-intensive policy as
long as the population is not too heterogeneous with respect to their product
preferences. As more customers arrive, the performance of the data-intensive
policy prevails. In particular, Gy(t, I, P) — —oo (and Go(t, I, P) — —0) as

The result in Theorem 14 is consistent with the observations about the dynamic

clustering policy illustrated in the right panel of Figure 3.4. Early on in the selling

season, when only a limited number of transactions have been observed, the average

number of clusters that emerge from the dynamic clustering policy is small. This

echoes the preceding discussion — when limited information is available, the retailer

might be better off pooling all available data (even if they correspond to profiles

with different preferences) to speed up the learning process. The number of clusters

then increases as more data becomes available (as can be noted in the right panel of

Figure 3.4) and the retailer is able to personalize the assortment offerings by better

matching customer preferences.
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3.7 Conclusion

This paper considers a retailer endowed with multiple products that dynamically
personalizes the assortment offerings over a finite selling season. Customers are
assigned to different profiles based on their observable personal attributes. Their
preferences are unknown to the retailer and must be learned over time. The pri-
mary goal of the paper is to explore the efficient use of data in retail operations
and its benefits (in terms of revenue) for assortment personalization. To that end,
we propose the dynamic clustering policy as a prescriptive approach for assortment
personalization in an online setting. We take advantage of existing tools from the
literature and introduce a policy that adaptively combines estimation (by estimat-
ing customer preferences through dynamic clustering) and optimization (by making
dynamic personalized assortment decisions using a bandit policy) in an online set-
ting. The dynamic clustering policy adaptively adjusts the composition of customer
segments (i.e., mapping of profiles to clusters) based on the observed customers’ pur-
chasing decisions. The policy exploits the similarity in preferences of customers in the
same cluster by aggregating their transaction information and expediting the learn-
ing process. Using the estimated mapping and preferences, the policy uses existing
bandit algorithms to make assortment decisions.

To illustrate the practical value of the dynamic clustering policy in a realistic set-
ting, we apply the policy to a dataset from a large Chilean retailer. We compare the
performance of the dynamic clustering policy with two alternatives: a data-intensive
policy that treats each customer profile independently and a linear-utility policy that
estimates product mean utilities as linear functions of customer attributes. The case
study suggests that the dynamic clustering policy can significantly increase the av-
erage number of transactions relative to the other policies. We also demonstrate the

scalability and efficiency of the dynamic clustering policy in terms of computation
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time.

We then study a simplified version of the problem in which the retailer offers a
single product to each arriving customer. We show that a semi-oracle policy that
knows upfront the mapping of profiles to clusters (but not the customers’ prefer-
ences) outperforms the data-intensive policy, indicating that pooling information is
beneficial for the retailer. We also demonstrate that there are decreasing marginal
returns to pooling information as the number of customer profiles increases. Finally,
we characterize conditions under which a policy that pools information across all
customer profiles outperforms the data-intensive policy even when customer prefer-
ences are heterogeneous. This result emphasizes the benefit of pooling information
in the short-term, when there is insufficient data to accurately estimate preferences
for each customer profile.

In this work, we have made some simplifying assumptions for tractability. Fu-
ture work can take into consideration the presence of inventory constraints in the
model. Moreover, we have assumed that prices are constant throughout the sell-
ing season. Incorporating pricing decisions is another direction for future research.
Because the proposed approach relies on MCMC for estimation, the computational
cost is a potential concern for implementing the policy in a high-dimensional set-
ting in real-time; nonetheless, the paper discusses several approaches to expedite the
computation. Furthermore, the proposed approach does not assume any particular
relation between the products’ mean utilities and customer attributes. In a high-
dimensional setting, imposing further structure on the utility model (e.g., similar to

the linear-utility approach) is a potential alternative to expedite the estimation.
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4

Uncertainty in Choice: The Role of Return Policies

4.1 Introduction

Merchandise returns account for a considerable portion of annual retail sales. Ac-
cording to the National Retail Federation (Anonymous, 2017), total merchandise
returns in 2017 reached $351 billion for US retailers. This amount is equivalent to
10% of the total US retail sales in 2017. The size of returns is overwhelming as
it is close to the estimated 2017 federal budget deficit of $400 billion. Returns are
costly for the retailers as they result in reverse logistic costs for handling the returns.
Product returns cost manufacturer and retailers more than $100 billion per year, or
an average loss per company of about 3.8% in profit (Petersen and Kumar, 2010).
According to AlixPartners, items returned to the store cost a retailer roughly $3 to
process and are available for resale within a day. Items shipped back to a distribution
center or third-party logistics provider cost $6 or more to process and take at least
four days before they are available for resale (Phillips, 2017).

Despite its handling costs, retailers recognize the value of offering a return option

to customers as it allows them to return unwanted products. This is especially
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important for online shoppers as they are unable to fully evaluate the product at
the time of purchase (e.g., the exact fit of a piece of clothing). As a result, many
customers rely on product returns as part of their shopping process.

To reduce the cost and frequency of product returns, some companies create
product-return disincentives such as limited time frames for returns (e.g., within 30
days after purchase) or charging a return fee (e.g., a restocking fee). However, several
recent studies have shown the potential positive impacts of returns. For example,
Petersen and Kumar (2010) find that when a company has a lenient return policy,
customers are more willing to make other purchases. Thus, the question of how
lenient the retailers should be in offering their return policies still remains somewhat
unanswered: on one hand, the retailer incurs reverse logistic costs to handle returned
products; on the other hand, however, customers value the option of return and this,
in turn, could have positive impacts on retailer’s (future) sales.

In this paper, we study the interplay between a retailer’s return and pricing poli-
cies and customers’ purchasing decisions. More specifically, we model the customers’
purchasing and returns decisions using a discrete choice model and study how such
decisions are impacted by the retailer’s pricing and return policies. We study three
main research questions in this work: (i) how the pricing decision of the retailer is
impacted by product returns; (ii) what factors make the return option favorable for
the retailer (as opposed to not offering the return policy); (i7é) what is the impact
of accounting for product returns on demand estimation.

We study the seller’s revenue maximization problem in the cases with and without
product returns. In the returns case, we consider a policy in which the seller fully
reimburses the customer for a returned product. We then model the customers’
purchasing and returns decisions using a discrete choice model. More specifically,
in the case without product returns, we model the customers’ purchasing decisions

as a Multinomial Logit (MNL) model. In the case with product returns, on the
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other hand, we use a Nested MNL (N-MNL) to model customer’s purchasing and
returns decisions. In such case, customer’s choice can be viewed as a sequential
(two-stage) process in which the customer first decides between purchasing a product
from the offered assortment or choosing the outside option. Conditional on a product
purchase, the customer then decides whether to keep or return the purchased product.

We first focus on the single-product case and characterize the seller’s optimal price
in the cases with and without product returns. The results show that offering the
return option results in different (but not necessarily higher) optimal prices compared
to the case with no returns. Moreover, we find that offering the return option is not
always favorable for the retailer. In addition, we characterize conditions under which
offering the return option to customers increases the retailer’s revenue.

We also numerically study the impact of accounting for product returns on de-
mand estimation. We experiment with a dataset from a large Chilean retailer (this
dataset was used in the second essay in this dissertation). The preliminary numerical
results suggest that our N-MNL model, which accounts for product returns, increases
demand estimation accuracy compared to models that do not consider product re-
turns in their estimation.

The remainder of this paper is organized as follows. Section 4.2 reviews the rel-
evant literature. Section 4.3 describes the customer’s choice model and Section 4.4
models the seller’s revenue maximization problem. Section 4.5 discusses the prelimi-
nary analytical results. Section 4.6 numerically studies the impact of accounting for
product returns on demand estimation. Section 4.7 provides concluding remarks and

future research directions. All proofs are relegated to Appendix C.1.
4.2 Literature Review

Product returns and their impact on customers and retailers have been extensively

studied in the literature from both theoretical and empirical perspectives. We first
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briefly discuss the analytical work and then review the empirical research.

There is an extensive body of literature on return policies. The classic work of
Pasternack (1985) studies the optimal pricing and return policies of a manufacturer
in a newsvendor setting. Davis et al. (1995) develop a simple model to characterize
conditions under which money-back guarantees are optimal. Che (1996) shows that
the seller adopts the (full-refund) return policy (as opposed to a no-return policy)
when consumers are highly risk averse or retail costs are high. Moorthy and Srini-
vasan (1995) find that full refunds may signal high quality. Several other papers focus
on preventing inappropriate returns when customers have no intention of keeping the
purchased products. For example, Hess et al. (1996) show that in the context of mail-
order catalogs, inappropriate returns can be controlled by imposing nonrefundable
charges that increase with the value of the merchandise ordered. Davis et al. (1998)
develop an analytical model to identify potential causes of variation among retailers’
return policies and support their insights empirically.

More recently, Shulman et al. (2009) develop an analytical model to characterize
the seller’s optimal pricing and restocking fee policy while taking into account the
customers’ strategic behavior. They also identify conditions under which it is (or
not) optimal to provide product fit information to customers. Su (2009) studies the
optimal price, quantity, and refund amount decisions of a seller in a newsvendor
setting and investigates the impact of different return policies on supply chain per-
formance. Altug and Aydinliyim (2016) study the impact of consumer’s strategic
purchase deferrals on an online retailer’s return policy. Nageswaran et al. (2017)
study the pricing and return policy decisions of an omnichannel retailer.

In contrast to the papers discussed above, we model the customer’s purchasing
and returns decisions using a discrete choice model. Closest to ours in terms of
the model is the work by Alptekinoglu and Grasas (2014) which uses the N-MNL

framework to model the customer’s choice. The authors study how the optimal
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assortment decision of a retailer is impacted by its return policy. We, however,
focus on the pricing decision of the retailer. Moreover, the return policy is a decision
variable in our model while in Alptekinoglu and Grasas (2014) the return policy (and
prices) are exogenous. Wang and Sahin (2017) study the impact of consumer search
cost on assortment and pricing decisions of a retailer. They model the consumer
choice as a two-stage “consider-then-choose” process by incorporating the search
cost into the consumer choice model. In a similar setting, Wagner and Martinez-de
Albéniz (2017) study pricing and assortment decisions of a retailer when customers
learn about products’ value in a sequential product exchange process.

Product returns have also been widely studied using empirical studies. We pro-
vide a few examples here. Petersen and Kumar (2009) empirically determine the
factors that help explain product return behavior and the consequences of prod-
uct returns on future customer and firm behavior. The paper shows that increases
in product return increase future customer purchases up to a threshold. Anderson
et al. (2009) develop a structural model to measure the value of the return option to
consumers. Petersen and Kumar (2015) conduct a large-scale field experiment and
show that the firm can increase its profit by accounting for the customer’s perceived
risk related to product returns in addition to managing product return costs. In
our paper, we aim at understanding the impact of accounting for product returns
on demand estimation accuracy using a discrete choice model. To the best of our

knowledge, this issue has not been studied in the existing literature.
4.3 Customer’s Choice Model

In this section, we model the customer’s choice given the seller’s return policy. Sup-
pose that a customer arrives at the store and faces a category of substitutable prod-
ucts. The full assortment consists of n products, but the seller offers a subset or

assortment S. We model the customer’s purchasing decision using a discrete choice
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model. Because offering the return option to the customer could impact the cus-

tomer’s purchasing decision, we consider the following two scenarios.
4.8.1 Non-Returnable Products

In this case, the products are non-returnable, and thus a purchase means a final sale.
We model customer’s purchasing decision using a Multinomial Logit (MNL) model.
More specifically, let product 0 denote the outside option (e.g., the no-purchase
option or purchasing the product from a competing retailer). The utility of choosing

product i € S U {0} is given by a linear-in-parameter function of the form!

UNB = w; + pye;, where w; := B — p;, (4.1)

and where f3; and p; denote the attractiveness (i.e., nominal mean utility) and price
of product i, respectively. The noise terms ¢; are unobservable by the seller and are
i.i.d. random variables following a standard Gumbel distribution. Moreover, p; > 0
is the degree of heterogeneity between products®. Without loss of generality, we set
the mean utility of the outside option wg = 0.

The customer purchases the product (including the outside option) with the high-
est utility UN®. According to the MNL model, the purchase probability of product
i€ S u{0} is given by

NR ._ exp(wi/ju)
Z L+ 2hes exp(wn/p)

(Note that PN? depends on the assortment S, but we drop such dependence to

simplify the notation.)

! The superscript NR in UM indicates the case with no product returns.

2 Note that having the noise term p¢; in (4.1) is equivalent to having a noise term that follows a
Gumbel distribution with location 0 and scale p;.
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4.3.2  Returnable Products

In this case, we model the customer’s purchasing and returns decisions using the
Nested Multinomial Logit (N-MNL) framework in order to capture the impact of a
return option on the customer’s decision. In the N-MNL model, customer’s choice
can be viewed as a sequential (two-stage) process in which the customer first decides
between purchasing a product from the offered assortment or choosing the outside
option. Conditional on a product purchase, the customer then decides whether to
keep or return the purchased product. We discuss the model in further detail in what

follows, starting from the second stage.

Second Stage. Suppose that the customer has purchased product i € S in the
first stage. In the second stage, the customer revises her (perceived) utility for the
product after trying it out and evaluating other factors which were bypassed at the
time of purchase (e.g., similarity with other comparable items that she already has,
change of mind, others’ opinions, etc.). At this point, the customer decides whether
to keep or return the purchased product. (Note that if the customer chooses the
outside option in the first stage, the second stage is no longer relevant.) The utility

that the customer obtains from keeping or returning the product is given by

keep | __ keep return . __ return
U; =w; +pe €, U =—Ct 2 € )

7

where w; is the mean utility of product ¢ minus its price and ¢ > 0 is the hassle
cost that the customer incurs in case she decides to return the product (e.g., the
additional trip to the store). Moreover, €°? and €/**" denote the customer’s post-
purchase uncertainty which are i.i.d. random variables following a standard Gumbel
distribution, and uy > 0 is the degree of heterogeneity between the two options (i.e.,
a measure of post-purchase heterogeneity). Note that for simplicity, we assume that

in case of product returns, the seller fully reimburses the customer. This represents
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a lenient return policy which seems to be common practice, at least for fashion
products (one can modify the model to represent the case in which the seller only
partially reimburses the customer).

Under the N-MNL model, the conditional probability of returning the product
1 € S given that it was purchased in the first stage follows an MNL model and is

given by:

—c
preturn . _ oxXp (“2>
: .
exp (;—26) + exp (%)
First Stage. In the first stage, the customer decides between purchasing a product
from the offered assortment or choosing the outside option. At this point, the cus-
tomer does not know for certain if she would keep or return the product in the second

stage (i.e., she cannot observe the realization of the post-purchase uncertainties efeep

and €7 if she decides to purchase the product in the first stage. Therefore, the
customer chooses an option with the highest utility while taking into account the un-
certainty in the second stage. More specifically, the utility that the customer obtains

from choosing product i € S U {0} is given by?
UZ»R = Az + H1€q, (42)

where A; denotes the expected utility of purchasing product i € S (i.e., after re-
evaluating the product and making the final return/keep decision in the second
stage). More specifically, we have that A; := E (max {wi + g P —c 4y ezetW”D

for i € S where E denotes the expectation. It can be shown that (see, e.g., Anderson

and De Palma (1992)) A; is:

A; = pgIn (exp <_—C) + exp <%>) ,forie S, (4.3)
H2 2

3 The superscript R in UF indicates the case with product returns.
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up to an additive constant, and we set Ay = k(c) < 0 for the outside option (i.e.,
product 0), where k(c) is the expected utility of the outside option (in the case
of returnable products) which is an increasing function of the hassle cost c. (We
discuss this function in more detail in what follows.) Moreover, ¢; in (4.2) denote
the customer’s pre-purchase uncertainty which are i.i.d. random variables following a
standard Gumbel distribution, and gy > 0 is a measure of pre-purchase heterogeneity
— this is the same constant as that in (4.1). (We need the technical condition of
f1 = pe for the validity of the N-MNL model (Anderson and De Palma 1992). This
assumption has been used in the literature and is reasonable — see Alptekinoglu and
Grasas (2014).)

We then have that the probability of choosing product i € S U {0} in the first

stage is given by

R exp(Ai/ )
exp(k/p) + Dhes eXp(An/pn)

Similar to the case with no product returns, we drop the dependence of Pf on the

assortment S to simplify the notation. We also denote k(c) by k for simplicity.

Model Discussion. As mentioned before, the flexibility of being able to return a
product may impact the customer’s purchasing decision. This is accounted for in our
model by formulating the returns case with a N-MNL as opposed to the MNL model
for the no-returns case. However, the return option could also impact the customer’s
evaluation of the outside option. In particular, in the case of non-returnable products,
the customer probably values her outside option more than that in the case with
returnable products (e.g., this could capture the existence of competition between
retailers). This is captured in our model: the mean utility of the outside option in
the case with no returns is wy = 0, while in case with returns, the mean utility of the

outside option is Ay = k(c) < 0. Moreover, the customer’s evaluation of the outside
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option (e.g., purchasing the product from a competing retailer) probably depends on
the customer’s hassle cost ¢ (e.g., the cost of making an additional trip to the store
to return the product). To that end, we make the following assumptions about the

function k(c) and provide our justification for them:

e k(c) <0forall c > 0and k(0) < 0: as discussed in above, it may be reasonable
to assume that the outside option is less valuable for the customer in the case
with returns; therefore, we assume that k(c) < 0 for all ¢ > 0. Moreover, if
the hassle cost is ¢ = 0, the outside option in the case with returns should
be strictly less valuable than that in the no-returns case. This is captured by

k(0) < 0.

e k(c) is an increasing function of the hassle cost ¢: as the hassle cost increases
in the case with returns, the customer would value her outside option more
as it becomes increasingly more costly for the customer to return a purchased

product.

e k(c) — 0 as ¢ — oo: if the hassle cost is extremely large, the customer, in
principle, does not care about the return option as it would be extremely costly
to return a product. This reduces the case with returns to that with no returns.
This is also evident in the purchase and return probabilities: P¥ — PN2 and

Preturn — () as ¢ — o0.

A function that satisfies the assumptions above is k(c) = —k’/(c+1) for some positive

constant &' > 0.
4.4 Seller’s Revenue Maximization Problem

We assume that the seller decides on the price vector p := (py, ..., pn), the assortment

S to offer, and whether to offer the return option to customers in order to maximize
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total expected revenue. We consider the following cases.

Non-Returnable Products. If products are non-returnable, the seller’s revenue

maximization problem can be represented as follows:

rngWO(S,p) = Z (PZNRPi) )

1€S
where 7y denotes the seller’s expected revenue in the case with no returns.

Returnable Products. If products are returnable, the seller’s revenue maximiza-

tion problem can be represented as follows:

n;ax 7T1 S p Z ]P)R pz _ P;eturn) :
€S

where m; denotes the seller’s expected revenue in the case with returns.
4.5 Analysis and Results

In this section, we discuss some preliminary analytical results. In particular, we focus
on the price optimization problem for a simplified version of the seller’s problem. In
Section 4.5.1, we consider the price optimization problem for the single-product case.
In Section 4.5.2; we consider the optimization of a single uniform price for the multi-

product case.
4.5.1 Price Optimization for Single-Product Case

Because we only have one product in this case, we drop the subscript ¢ (for products)
in this section. We first study the case with no returns.

Non-Returnable Product. In the no-returns case, the revenue function becomes:
exp ([le )
To(p) =p :
1+ exp (ff’)
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We define ¢o(p) := 1 (1 + exp ((8 — p)/11)). The following result characterizes the

optimal price and revenue in the no-returns case.

Proposition 15 (Optimality). mo(p) is unimodal with a mazimum at p§ where p§
is the unique solution to p§ = ¢o(py) (first-order condition). Moreover, the optimal
revenue is gien by:

5 =g

T = To(py) = Po — =uleXp( ” )

The next result shows the monotonicity of optimal price and revenue in the

product’s mean utility.
Proposition 16. 7§ and p§ are increasing in 3.

Returnable Product. The revenue function in this case is also unimodal. Propo-

sition 17 characterizes the optimal price pj in the case with returns.

Proposition 17 (Optimality). m(p) is unimodal with a mazimum at p} where p}
1s the unique solution to the first-order condition. Moreover, the optimal revenue is

given by:

ok N\ M2/m
s (32 (o () o0 (220)
*

Hiexp (Zf%) <(6Xp (ﬁ) +exp (6;75;#))#2/“1 + eXP(k/Ml)) + p2 exp(k/p1) exp (5:20) ‘

The next result shows the monotonicity of optimal price and revenue in problem

parameters.
Proposition 18. pf and nf are: (i) increasing in 3, and (ii) decreasing in k.

Proposition 18 shows that as the product’s mean utility increases, the retailer
can charge a higher optimal price which, in turn, increases the optimal revenue. The
intuition for this finding is as follows: a higher product’s mean utility results in
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higher purchase and smaller return probabilities which allow the retailer to charge
a higher optimal price. Moreover, Proposition 18 shows that as the outside option
becomes more attractive to customers, the optimal price and revenue decrease.

The dependence of 7} on the hassle cost ¢ relies on the specific form of the
function k(c) and other problem parameters. However, unlike # and k, it might not
be the case that a larger ¢ would always increase (or decrease) . The intuition
for this finding is as follows: although a larger hassle cost decreases the probability
of return, it also decreases the probability of purchase in the first period, because
the outside option becomes more favorable and customers take into account their
expected utility from purchase in the first stage — a lager hassle cost means a smaller
expected utility of purchase for customers (this can be seen from (4.3)). Therefore,
the overall impact of changing c on 7} is not clear. Figure 4.1 illustrates this point
for a setting with k(c) = =2/(c+ 1), 8 =2, = 1, and pus = 0.5. However, we can

prove the following result.
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FIGURE 4.1: Revenue function for different hassle costs in the case with a single
returnable product.

Proposition 19. Suppose that k(c) = —k'/(c + 1) for some k' > 0. There exists a
threshold ¢ such that 7} is decreasing in c for all ¢ = ¢.
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Proposition 19 shows that in the case with k(c) = —k’/(c+1), the optimal revenue
is decreasing in the hassle cost when such cost is large enough. Thus, if the hassle cost
is relatively large, the decrease in the purchase probability outweighs the decrease in
the return probability and as a result, the optimal revenue decreases.

For the special case in which the mean utility of the outside option does not
depend on the hassle cost, we can also show that the optimal price and revenue are

increasing in the hassle cost.

Proposition 20. Suppose that k(c) = 0,Ve. We then have that pf and ©} are

INCreasing in c.

Returns versus No-Returns. In this section, we compare the optimal price and
revenue in the case with and without product returns. In particular, we characterize
conditions under which offering (or not) the return option is favorable for the retailer.

We first make a numerical observation.

Remark. We can numerically check that the optimal price pf in the case with
returns could be smaller or larger than pg, the optimal price in the case with no
returns. It might be possible to analytically characterize conditions under which pj
is larger (or smaller) than p§. This is, however, a subject of future research.

We can show that for the case of k(c) = —k'/(c+ 1), offering the return option is

favorable if the hassle cost is sufficiently large.

Proposition 21. Suppose that k(c) = —k'/(c + 1) for some k' > 0. There exists a

threshold ¢ such that ©f = w§ for all ¢ = c.

For the special case in which the mean utility of the outside option does not
depend on the hassle cost, we can show that not offering the return option is always
preferred by the retailer.

Proposition 22. Suppose that k(c) = 0,Yc. We then have that 7§ < 7.
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4.5.2  Single Price Optimization for Multi-Product Case

In this section, we consider the price optimization problem given the full assortment
of products. For simplicity, we consider the single price optimization problem, that
is, we assume that all products are priced equally — given that products are substi-
tutable, this assumption may be reasonable, and has been used in the literature: see

for example Alptekinoglu and Grasas (2014).

Non-Returnable Products. Similar to the single product case, the revenue func-

tion is unimodal in this case.

Proposition 23 (Optimality). mo(p) is unimodal with a mazimum at p§ where p}
18 the unique solution to the first-order condition. Moreover, the optimal revenue is

given by:

S Bi — py
mo = mo(pg) = Py — M1 = (Z exp (TO :
=1

Returnable Products. The revenue function in this case is not necessarily uni-
modal as illustrated in Figure 4.2 for an example with two products, and 3, =
50, By = 10,¢ = 20, 1 = 20, uy = 0.5, and k = —0.2. It might be possible to analyt-
ically characterize conditions under which the revenue function 7 (p) is unimodal in

the multi-product case, however, this is a subject of future research.
4.6 Impact of Product Returns on Demand Estimation

In this section, we numerically study the impact of accounting for product returns
on demand estimation. More specifically, we compare the prediction power of mod-
els that account for product returns with those that ignore product returns. The
preliminary numerical results based on a real dataset suggest that accounting for
product returns increases the demand estimation accuracy.
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FIGURE 4.2: An example of non-unimodality of the revenue function in the case
with two returnable products.

Product returns indeed have an impact on demand estimation as, for example,
ignoring the returns could result in overestimation of customer demand for products.
In order to study such an impact, we assume that the underlying demand model is
unknown to the retailer and must be estimated from historical data. We compare the
demand estimation accuracy of the N-MNL model in Section 4.3.2, which directly
models product returns, with that of two MNL benchmarks that do not explicitly
model product returns. We refer to such benchmarks as MNL-Discard and MNL-
No-Purchase and denote them by MNL-Disc and MNL-NP for simplicity. Both
benchmarks follow an MNL model as described in Section 4.3.1, but they differ
in how they use product returns transactions for demand estimation. The MNL-
Disc model ignores the returns transactions and considers a purchase transaction as
an actual purchase regardless of whether that product was later returned or not.
In other words, the MNL-Disc model discards the returns transactions for demand
estimation and thus, is expected to overestimate the demand. The MNL-NP model,
on the other hand, considers the returns transactions as no-purchases, that is, this

model considers the purchase transaction of a product that was later returned as
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a no-purchase transaction. The N-MNL model, however, directly uses the returns
transactions to estimate the return probabilities (in the second stage of the model)
in addition to the purchase probabilities (in the first stage).

We experiment with a dataset from a large Chilean retailer (this dataset was
used in the second essay in this dissertation). The description of this dataset is
provided in Section 3.5.1 of this dissertation. In a nutshell, the dataset provides
the assortment history (shown to customers on the retailer’s website) as well as the
click /no-click records for a set of 19 pairs of shoes. This dataset, however, does not
include any returns transactions and thus, cannot be directly used for our purposes.
We augment the dataset with returns transactions by randomly selecting a subset
of purchase (i.e., click) transactions to be labeled as returned. Moreover, because
the number of no-purchases (i.e., no-clicks) is significantly more than the number
of purchases in the dataset, we randomly discard and replicate some of no-purchase
and purchase transactions, respectively.

In order to compare the prediction power of different models, we partition the
dataset into train and test transactions. We randomly select 80% of transactions for
training different models and estimate the demand parameters using the maximum
likelihood estimation. We then use the estimated demand models to predict the out-
come of the test (out-of-sample) transactions. We compare the demand estimation
accuracy of different models using the hard root mean squared error (RMSE) metric
which we define in what follows.

Because the two MNL benchmarks do not model product returns explicitly, they
cannot predict whether a purchased product will be returned (while the N-MNL
model can). Therefore, when testing different models, we study two scenarios in
which we consider (or not) product returns as possible outcomes and calculate two
hard RMSE metrics. More specifically, given an assortment S that is shown to a cus-
tomer, we consider two scenarios with: (7) 2|S|+ 1 possible outcomes which comprise
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the no-purchase outcome, the purchase-then-keep outcome for each product, and the
purchase-then-return outcome for each product; (i7) |S| + 1 possible outcomes which
comprise the no-purchase outcome, and the purchase outcome for each product. In
the latter scenario, we consider the returns transactions (i.e., purchase-then-return
transactions) as no-purchases when testing different models. We calculate the hard
RMSE in each scenario and denote them by RM SE" and RMSE""? respectively.
The first scenario favors the N-MNL model as the MNL benchmarks do not account
for product returns outcomes (i.e., |S| out of 2|S| + 1 possible outcomes) and assign
zero probabilities to such outcomes. The second scenario, however, favors the MNL
benchmarks. Given an assortment S, let S denote the set of possible purchase-then-
keep and purchase-then-return outcomes, that is ST := Ujes {(J, keep), (j, return)}.

The RM SE"e metric can be calculated as follows:

23;1 Zjesﬁu{o} (1{j =0} — Py (j|St))2
i 215+ 1) ’

RMSEM .=

where T" denotes the total number of test (out-of-sample) transactions, S; denotes the
displayed assortment in transaction ¢, 1 {-} is the indicator function, o, denotes the
actual outcome of transaction ¢, and Py, (j]5;) is the probability of outcome j given
the assortment S; under a model M (e.g., the N-MNL model). Similarly, RM S E"d

can be calculated as:

23:1 ZjeStu{O} (1{j =0} —Pu (j|St))2'

RMSE}? := -
21 (19 + 1)

Table 4.1 shows the hard RMSE of different models for the out-of-sample trans-
actions given a dataset with 32554 total number of transactions (including both the
train and test transactions) and 30% returns rate. We also show in parenthesis the

percentage improvements of the N-MNL model over different benchmarks. To obtain
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a clearer picture of the relative performance of different models, we also consider two
other benchmarks: an MNL model with identical exponentiated mean utilities of
products set to 1/n (where n is the total number of products). We call this model
the MNL-Uni; We also compare to a uniform random model that assigns uniform
probabilities to all possible outcomes. For example, in a scenario with |S|+1 possible
outcomes, this model assigns the probability 1/(|S| + 1) to each possible outcome.
We refer to this model as RAND.

Table 4.1: Hard RMSE of different models on a dataset with 30% returns rate.
N-MNL MNL-Disc MNL-NP MNL-Uni RAND
RMSE™ | 0.3062 | 0.3136 (2.37%) | 0.3245 (5.64%) | 0.4189 (26.91%) | 0.3143 (2.57%)
RMSEM | 0.3917 | 0.4171 (6.09%) | 0.3917 (0%) | 0.4725 (17.10%) | 0.4 (2.08%)

Several observations based on Table 4.1 are in order. We first note that the
N-MNL model outperforms the benchmarks using both metrics. However, the per-
centage improvements of the N-MNL model over the MNL benchmarks are not very
significant. This is partially explained by the fact that the ratio /g1 in the N-MNL
model is estimated as one using this dataset. To this end, we note that when ps = puq,
the N-MNL model reduces to an MNL. Thus, the two models become essentially the
same except for the number of possible outcomes that they account for (i.e., 2 |S|+1
versus |S|+ 1). The percentage improvements of the N-MNL over MNL benchmarks
are generally larger using the RM SE"¢ metric. The intuition behind this finding
is that the N-MNL model accounts for and predicts some possible outcomes (i.e.,
the returns outcomes) which are not accounted for by the MNL models. However,
using the RM S E""4 metric, the MNL-NP performs as well as the N-MNL as in such
case, product returns are considered as no-purchase transactions. However, using the
RM SE"™d metric, the MNL-NP model is outperformed by the N-MNL (and MNL-
Disc) as the MNL-NP model underestimates the demand in such case. We finally

note that the RAND model performs relatively well using both metrics. This further
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pronounces the better performance of the N-MNL model relative to the benchmarks.
(In our experiments, the performance of the RAND model is independent of the
number of transactions and only depends on the number of possible outcomes.).

We also experimented with datasets with the same number of transactions but
with smaller rates of returns (e.g., 10%). We observed consistent performance, but
the percentage improvements of the N-MNL model over the MNL benchmarks were
smaller. This observation shows that the performance of the N-MNL model relative
to the MNL benchmarks improves as the number of returns transactions increases,
because the main advantage of the N-MNL model over the MNL benchmarks stems
from accounting for product returns.

Finally, we note that the main insight from the numerical experiments is that
accounting for product returns indeed has an impact on demand estimation. In
particular, models that account for product returns (e.g., the studied N-MNL model)
increase the demand estimation accuracy over those that do not explicitly consider

product returns. This point is illustrated by the comparison between the prediction

power of the N-MNL and MNL models as discussed above.
4.7 Conclusion and Future Research

In this paper, we study the interplay between a retailer’s return and pricing policies
and customers’ purchasing decisions. We model the customers’ purchasing and re-
turns decisions using a discrete choice model and study the seller’s revenue maximiza-
tion problem in the cases with and without product returns. For the single-product
case, we characterize the seller’s optimal prices and numerically show that the return
option results in different (but not necessarily higher) optimal prices compared to
the case with no returns. Moreover, we find that offering the return option is not
always favorable for the retailer. In addition, we characterize conditions under which

offering the return option to customers increases the retailer’s revenue.
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We also numerically study the impact of accounting for product returns on de-
mand estimation. The preliminary numerical results based on a real dataset suggest
that our model, which accounts for product returns, increases demand estimation
accuracy compared to models that do not consider product returns in their estima-
tion.

There are several directions for future research that we still aim at exploring. In
terms of the analytical results, we plan to study conditions under which the optimal
price in the case with returns is larger (or smaller) than that in the no-returns case.
Moreover, further examining the conditions under which offering the return option
increases the retailer’s revenue is another direction to pursue. In addition, we aim
at characterizing the optimal prices in the general case with multiple returnable
products. Finally, we plan to expand the numerical experiments to further explore
the potential benefits of our model in improving the demand estimation accuracy in

a setting with product returns.
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5

Conclusion

Data-driven approaches to decision-making under uncertainty is at the center of many
operational problems. These are problems in which there is an element of uncertainty
that needs to be estimated (learned) from data in order to make online (dynamic)
operational decisions. An example of such problems is estimating customer demand
from transaction data to make dynamic assortment decisions.

This dissertation adopts a data-driven active learning approach to study various
operational problems under uncertainty with a focus on retail operations. The first
two essays in this dissertation study the classic exploration (i.e., parameter estima-
tion) versus exploitation (i.e., optimization) trade-off from different perspectives. The
first essay takes a theoretical approach and studies such trade-off in a combinatorial
optimization setting. Our paper is the first to prove a lower bound on the asymp-
totic performance of any admissible policy. We also propose near-optimal policies
that are implementable in real-time. The second essay studies the dynamic assort-
ment personalization problem of an online retailer facing heterogeneous customers
with unknown product preferences. We propose a prescriptive approach, called the

dynamic clustering policy, for dynamic estimation of customer preferences and op-
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timization of personalized assortments. Further focusing on retail operations, the
final essay studies the interplay between a retailer’s return and pricing policies and
customers’ purchasing decisions. We characterize the retailer’s optimal prices in the
cases with and without product returns and determine conditions under which offer-
ing the return option to customers increases the retailer’s revenue. We also explore

the impact of accounting for product returns on demand estimation.
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Appendix A

Appendices for Chapter 2

A.1 Omitted Proofs and Materials from Section 2.4

A.1.1 A Limit on Achievable Performance

In this section we prove Proposition 3 and Theorem 5. We begin with some prelim-

inaries.

Definition 24 (Regularity). The distribution F' is reqular if p € B and the density of
B(a): (i) can be parametrized by its mean p(a), and thus we denote it by f,(-; u(a));
(i1) 0 < I,(u(a),AMa)) < oo for all l(a) < Aa) < pla) < u(a), a € A, where
I.(1(a), Na)) denotes the Kullback-Leibler divergence (see e.g., Cover and Thomas
(2006)) between fq(-;p(a)) and fo(-; A(a)); and (i) I,(u(a), AM(a)) is continuous in
Aa) < p(a) for all p(a) € (I(a),u(a)).

Definition 25 (Consistency). A policy 7 is said to be consistent if R™(F, N) = o(N%)

for all o > 0, for every reqular F.

Define 6, := (I(a),u(a)). For A(a) € ©,, we have that

La(p(a), Ma)) = JOO [In (fa(za; i(@))/ fa(@a; Ma)))] fa(2a; p(a)) daq.

—Q0
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Define A := (A(a) : a € A) and let E, and P) denote the expectation and probability
induced when each f, receives the parameter A(a) € ©, for all a € A.

Finally, define Ty 1 (S) as the number of times that the decision-maker has imple-
mented solution S € S prior to period N+1, that is, Ty41(S) == |m < N +1:5,, = S|.
We can then rewrite the regret function as

R (F,N) = 3 AL Erp {Ti ()}

SeS
Next, We prove Proposition 3.

Proof of Proposition 3. Consider D € D as defined in Section 2.4, and take
A€ B =][,eall(a),u(a)) so that A(a) = p(a) for a ¢ D, and that D < S* for all

S* € §*(\). By the consistency of 7, one has that

Ex< N = > Tna(S) ¢ =o(NY),
S*eS#(\)

for any o > 0. By construction, each optimal solution under A includes each a € D.

Thus, one has that Y} Ty.1(S) < max {Tw1(a) : a € D}, and therefore
S*eS*(N)

E){N —max{Tyi(a) :a€ D} SEx\{ N — > Tyu(S) p = o(N%). (A1)

We focus on 0 < a < 1 and take € such that 0 < @ < € < 1. Define I(D,\) :=
|D|max {I,(uu(a),\(a)) : a € D}, D € D. We then have that
Py {max{TN+1(a) ca€ D} < %} = Py {N—max{TN+1(a) :a€ D} >N — %}

(2) Ey{N —max{Tn+1(a) : a € D}}

(1—e)In N
N - 1(D,N)
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where (a) follows from Markov’s inequality. Note that for NV large enough, we have
that N — ((1 —¢)In N/I(D,\)) > 0, and because (1 —¢€)InN/I(D,\) = O(InN),

from (A.1) we have that

(N —O(In N)) P, {maX{TNH(a) cae D} < %} = o(N?),

where in above, (N — O(In N)) refers to N — ((1 —€) In N/I(D, X\)). The above can

be re-written as

P {max {I'nii1(a):ae D} < %} = o(N*1). (A.2)

For a € D and n € N define

o) = 3 n (1l o) 5w

where l;’; denotes the k-th cost realization for a € D when policy 7 is implemented.

Also, define the event

l—a)lnN 1—¢)lnN
E(N) := {LTNH(G)(a) < (|g| forall a e D, max{Tn+1(a) :a € D} < (I(le)),)\)}’

and note that

Py {2(N)} < Py {max {Ty.r(a):ae D} < %} |

Next, we relate the probability of the event Z(N) under the two parameter configu-
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rations.

Py {Z(N)} = L:(N) dPy(w)
= JGE(N) H exp(_LTN-H(a)(a)) d]P)'“(w)

f exp(—(1 —a)InN) dP,(w)
weE(N)
= NP, {E(N)}
where (a) follows from noting that probabilities under A and p differ only in that
cost realizations in D have different probabilities under A and p, and (b) follows from

noting that Ly, (o (a) < (1 —a)InN/|D| for all w e Z(N).

From above and (A.2) we have that

lim P, {E(N)} < lim NP, {E(N)} = 0. (A.3)

N—w

Now, fix a € D. By the Strong Law of Large Numbers (see page 8 of Lai and
Robbins (1985b)) we have that

lim max L,,(a)/n = I,(1(a), N(a)), as.[P,], VaeD.

n—o m<n

From above, we have that

lim max
N—>o

{ L (a) . (1—€)lnN

m<
e T ) D] La(p1(a), A(a))

} = I,(p(a), Na)), as.[P,], VYaeD.

From above and seeing that 1 — a > 1 — ¢, we have for all a € D that

. (1-a)In N (1—e)In N .
limpy_e ]P),u {Lm(a) > D] for some m < m} =

[D[Ia(p(a),A(a))

limy o0 P, {max {% tm < %} > (22) L(p(a), /\(a))} = 0.
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Because I(D, \) = |D| I,(u(a), A(a)), we further have that

1—a)lnN 1—¢e)lInN
&for somem<( €)In

lim P, {Lm(a) > D] W

N—w

}20 Ya e D.

Then, in particular by taking m = Ty, 1(a) we have that

, (1—a)lnN (1-e)lnN)
]\lfligopu {LTN+1(a)(a) > T, TN+1(CL> < W =0 Vace D,
which in turn implies
l1—a)lnN 1—¢)ln N
1\}1_I)HL P, {LTNH(Q)(LL) > (ﬁ))|n, max {Ty1(a) : a € D} < (I(g),;)} =0 VYaeD.
Finally, by taking the union of events over a € D we have that
]\}i_rgblpu {LTN+1(G) (a) > % for some a € D, max{Tny1(a) :a€ D} < %} =0
(A.4)

Thus, by (A.3), (A.4), and the definition of Z(/N) we have that

. 1—¢)lnN
1\171—1>an“ {max {Tni1(a) :ae D} < %} = 0.

The result follows from letting ¢ and o approach zero, and taking Kp := I(D,\) L.
]

Theorem 5. The regret of any consistent policy w is such that

_RT(EN) _
lmint = v = “Lsp (24)

Proof of Theorem 5. For any consistent policy m, define

("(F.N) =) ATy (S)

SeS
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to be the total additional cost (relative to an oracle) associated with that policy.
Note that Ep {("(F, N)} = R™(F,N). The next lemma ties the asymptotic bounds
in (2.2) to the solution to LBP and establishes an asymptotic bound on the regret

of any consistent policy.

Lemma 26. For any consistent policy © and reqular F' we have that

lim P (C’(F, N) = 2 ppln N) ~1.

N—>w

Proof of Lemma 26. Define the event Yy := (pep{max{Tn+1(a):ae D}

\%

Kpln N} and let T4, denote the complement of the event Y. Note that ("(F, N) >
z¥ppIn N when Yy occurs, because (x(a) = Tyii1(a)/InN,a € A) and (y(S5)

Tn41(S)/In N, S € S) are feasible to LBP. Thus, one has that

¢"(F,N) ¢"(F,N) ¢"(F,N) c
< Pr{T4}. (A.5)

From Proposition 3 and the union bound, we have that

lim Pp{Y5} < Z lim Pp {max{Tnyi(a):a€ D} < Kpln N} =0,
N—w DEDNH@

because |D| < oo. Thus, taking the limit in (A.5) we have that
Alfim Pr{(™(F,N) < zjgpIn N} = 0.
—0

O

Note that Lemma 26 establishes convergence in probability (hence it can be used
to bound (™ (F, N), rather than just its expectation, which is the regret). Theorem 5

then follows directly from Lemma 26 and Markov’s inequality.
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A.1.2  Family of Instances with Finite Regret

Proposition 27. If the combinatorial problem in (2.1) corresponds to a short-
est path, minimum-cost spanning tree, minimum-cost perfect matching, generalized
Steiner tree or knapsack problem, then there exists a family of instances where

2igp = 0 while the minimum-size cover of A is arbitrarily large.

Proof of Proposition 27. The family for the shortest path problem is that based
on Example 2 (which is parametrized by an integer k), and described after Theorem
5 in Section 2.4.

For minimum-cost spanning tree, consider a complete graph G = (V, A) with
|V| = k nodes, u(a) = eand l(a) =0forallae {(i,i+1) : i <k},and l(a) = M >0
forall a ¢ {(i,i+ 1) : i < k} with ke < M. One can check that any cover of A is of
size at least (k —2)/2. In contrast, D = ¢, independent of k, thus 2z zp = 0. Note
that the Steiner tree problem generalizes the minimum-cost spanning tree problem,
thus this instance covers the Steiner tree case as well.

For minimum-cost perfect matching, consider a complete graph G = (V, A) with
|V| = 2k nodes, p(a) = € and I(a) = 0 for all @ € {(2i +1,2i+2) : i <k}, and
l(la) = M > 0forall a ¢ {(20+1,20 +2) : i <k} with ke < M . One can check
that any cover of A is of size at least 2(k — 1). In contrast, D = ¢J, independent of
k, thus 27 gp = 0.

Finally, for the knapsack problem, consider the items A :={0,1,...,Ck}, where
C e N denotes the knapsack capacity, and weights w € R“**! so that w(0) = C, and
w(i) = 1 for i > 0. In addition, set u(0) = 0 and p(0) = € and u(i) = —M < 0 for
i > 0 (where u(a) denotes the upper bound on the range of the “utility” distribution
of ground element a), with € < M. Note that in this case the problem is of utility
maximization. One can check that any cover of A is of size at least k4 1. In contrast,

D = (&, independent of k, thus 2] zp = 0.
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A.1.8 LBP-based policy

In this section we make the dependence of the LBP problem (and the set D and
Kp) on the cost vector explicit. That is, we rewrite the LBP(v) problem in (2.3)

for a given cost vector v as follows:

z7pp(v) = min Z A% y(S)

s.t. max {z(a) : a € D} = Kp(v), D e D)
z(a) < Z y(S), aeA

SeS:aesS

z(a), y(S)eR:, acASeS.

We define I, pp(v) as the set of optimal solutions to LBP(v).

To match the lower bound of Theorem 5, given the construction of LBP (u), it
is natural to try allocating exploration efforts only to the solutions prescribed by a
solution to LBP (i) (i.e., those S € § with y(S) > 0). Unfortunately, said solution
is not readily available in practice, as it depends on the mean cost vector which is
only partially estimated at any given time. Nonetheless, one might still attempt to
focus exploration on the solution to LBP (ji,) (where [i,, = (ji,(a) : a € A) and ji,,(a)
is the sample mean of cost realizations of ground element a up to (and excluding)
period n) hoping that said solution converges to that of LBP (). While this is
indeed the case when fi,, — p, collecting information only on solutions prescribed by
the solution to LBP (i,) does not suffice (in general) to accurately estimate the full

mean cost vector, as the following example illustrates.

Example 28. Let G = (V,A) be the digraph depicted in Figure A.1 and let S
be composed of all paths from node s to node t. Set l(a) = 0 and u(a) = o for
every arc a € A, and F be such that p(e) = ¢, u(d) = pw(p1) = ul(q) = €/6,
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F1GURE A.1: Graph for Example 28.

M(pg) = :u(qQ) = #} and :U’(fz) = :u(gz) = # fOT all i € {1a7k} where

0 < € < ¢. The shortest (expected) path in this digraph is {e}.

For every i € {1,...,k}, define S; := {d, p1, 1, fi, s} and S; := {d, ps, @o, fi, gs}. In
Example 28 we have that D = {{f1},{fe}, .-, {fx},{o1},{92},.. ., {gx}}. This, in
turn, implies that the minimum-regret solution-cover (i.e., exploration set) induced
by the optimal solution to LBP (i) is {S;}_, with a regret of ke.

Suppose that we implement a policy that initially draws samples of the costs of p;
and ¢; that are extremely high, so that the solution to LBP (ji,,) consists of solutions
{S;}¥_,. There on, focusing exploration on the solution to LBP (fi,) might imply
that no further samples of p; and ¢, are needed, thus ji,, — v/ = (V/(a) : a € A), with
V' (a) = p(a) for all a in A except a € {p1,q1}. One can see that in such a case, the
exploration set (solution-cover) that LBP (fi,) could converge to is {S;}F , with a
regret of ck which is not an optimal solution to LBP (u).

Example 28 shows that convergence of LBP (fi,) to LBP (u) (and even 2§ (i)
to 27 gp(1)) is not guaranteed if exploration is restricted to the solution to LBP ([iy,).

Thus, to assure convergence of 2§ 55 (jin) to 27 gp(1) (S0 as to attain the asymptotic
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performance in the lower bound result in Theorem 5), one must collect samples on
a subset of A that might contain more elements than those explored by the solution
to LBP (i), and do so at a small but positive frequency.

While one might be able to formulate the problem of finding a subset of the ground
set whose exploration incurs the least regret while guaranteeing the convergence
of LBP (j1,) to LBP (i), we instead choose to expand the exploration efforts to
the whole ground set. By maintaining exploration frequencies on these additional
elements small, the overall regret should still be driven by the cost of exploring the
solution to LBP (Ji,).

Following the discussion above, next we propose a policy that focuses exploration
on the solution to LBP (ji,), but also at a lesser (tunable) degree on a solution-
cover of the ground set. Such an approach ensures the convergence of the solution
to LBP(u) by guaranteeing that i, — u (see below for a more detailed discussion).
To simplify the reconstruction of the aforementioned proxy (and the exposition), we
make the following technical assumption, needed for proving a performance guaran-

tee.

Assumption 1. F' is reqular and the density function f,(-;-) is known by the decision-
maker for all a € A, and there exists a known finite constant K such that Kp (p) < K

for all D € D (). In addition, there is no set D < A such that z%,,., (1) =

Zomy (10 A1) (D)) with 8*(p) # 8 ((u A 1) (D).

Knowing the parametric form of the cost density function for each a € A reduces
the burden of estimating Kp (1) as this can be performed by simply estimating p (as
is also the case for A’ and the set D (p1)). The last part of Assumption 1 is necessary
to correctly reconstruct the set of constraints (2.3b), and holds with probability
one when, for example, mean costs are random draws from an absolutely continuous

distribution: this suits most practical settings where mean costs are unknown and no
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particular structure for them is anticipated (note that any additional prior structural
information on the mean cost vector might be taken advantage of).

Under Assumption 1, convergence of zj zp(fin) to zfgp(1t) is assured if i, con-
verges to p. As discussed in Example 1, this can be achieved by exploring a cover of
A. We formalize the problem of finding a minimum-regret cover of A in the following

definition.

Definition 29. For a cost vector v € B, define the cover problem Cover(v) as

Zover (V) i=min Y| A% y(S) (A.7a)
SeS
s.t. 1< Z y(S), aecA (A.7b)
SeS:aes
y(S) € {0,1},S e S, (A.7¢)

where z¢,,..(V) denotes the optimal objective value of the Cover(v) problem. Also,

define T coper (V) as the set of optimal solutions to Cover(v).

The proposed policy, which we refer to as the LBP-based policy and denote by 7%,
is described by Algorithm 2. The LBP-based policy formulates and solves LBP (ji,,)
and Cover ([i,), and focuses exploration efforts (at different degrees) on the solutions
to said problems. To enforce the logarithmic exploration frequency found in Theorem
5, the policy uses the doubling trick. This approach also allows us to minimize the
number of times that the underlying combinatorial problem and auxiliary exploration
problems LBP (fi,,) and Cover ([i,) need to be solved. Recall that the doubling trick
divides the horizon into cycles of growing length so that cycle 7 starts at time n; where
{n;},cy is a strictly increasing sequence of positive integers such that ny = 1 and n;.0—
niv1 = nyp1 —ng; for all ¢ € N. Within each cycle, we first solve Comb (ji,,), LBP (ji,,)
and Cover ([i,), and then ensure that the appropriate exploration frequencies are
achieved (in expectation). The frequency of exploration can then be controlled by
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varying the increment in length of the cycles (e.g., to achieve exploration frequencies
proportional to In N/N, we can use cycles of exponentially increasing lengths). In

il/(HE)J

Algorithm 2, we choose n; := max{|e ,ni—1 + 1} for all i = 2, given a tunig

parameter €. For S € S\8*(i,), we define

Ps = {y(S)/(niH —ni) i Ygesy(9) < (i1 — i)
Y(S)/ 2gesy(S’)  otherwise

where y(S) (in the definition of pg) is from the solution to the LBP problem (see
Algorithm 2). We also define pg« := (1 — Y 5eq\s%(a,) Ps)/|S™ ()] for S* € S*(fin).
Note that pg is a probability measure that enforces the right exploration frequency
(as prescribed by the LBP problem) for solution S € S. Also, in Algorithm 2, v is

a tuning parameter that controls the cover-based exploration frequency.

Algorithm 2 LBP-based policy 7*(v, ¢)

Set i = 0, and draw (b1(a) : a € A) randomly from B

for n=1to N do
if n =n; then

Set i =1i+1
Set S* € §* ([in) [Update exploitation set]
Set € € Tcover ([in) [Update Cover-exploration set]
Set (x,y) € T'pp (Jin) [Update LBP-exploration set]
end if
if T,,(a) < i for some a € A then
Set S, = S for any S € £ such that a € S [Cover-based exploration]
else
Set S, = S with probability pg, S € S [LBP-based exploration/Exploitation]
end if
end for

A.1.4 Performance Guarantee of the LBP-based policy

Suppose that Assumption 1 holds. The following result provides a performance
guarantee for the LBP-based policy. There, we denote zjpp(u) and 2&,,.. (1) by

2igp and 2§, for simplicity.

132



Theorem 6. Consider vy € (0,1) and € > 0 arbitrary. The LBP-based policy 7*(7, €)

18 such that
R *(’Y,E) F N

< * ® ]
Noo (111 N)l-t,-g <LBP + Y ZCovers (2 5)

where 2., denotes the optimal objective value of the Cover problem

Proof of Theorem 6. The regret of the policy 7* (we drop the dependence of 7*
on 7 and ¢ for simplicity) stems from two sources: exploration efforts and exploitation
errors. That is,

R™(F,N) = Ry(F,N) + Ry(F,N),

where Ry (F, N) is the exploration-based regret, i.e., that incurred at period n during
cycle i if T, (a) < 71 for some a € A, or alternatively when sampling a solution,
picking S,, # S* with S* € S*(fi,,), and Ry(F, N) is the exploitation-based regret,
i.e., that incurred when 7, (a) = v for all a € A and we sample S, = S*. We prove
the result by bounding each term above separately. (We dropped the dependence of
Ry (F,N) and Ry(F, N) on the policy 7* to simplify notation.)

In the remainder of this proof, E and P denote expectation and probability when
costs are distributed according to F' and policy 7* is implemented.

Step 1 (Exploitation-based regret). Exploitation-based regret during cycle i is
due to implementing suboptimal solutions when minimum cover-based exploration
requirements are met.

Let 7' denote a finite upper bound on the first cycle in which one is sure to
randomize a solution on at least one period, e.g., @' := 1+ inf{i e Nji > 2 :n; >
i|Al,ni1 —n; > |A|}. (Note that i does not depend on N).

Fix i > i’ and note that when cover-based exploration requirements are met for
n € [n;,n;1 — 1], one may exploit, that is, one may implement S, = S* for some

S* € 8*(Jin,). We use the event {S,, € $*([in,)} to denote exploitation. We also define
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AP = maxges {A5}. We then have that

max

[(In M)+ ngpq -1

Ro(F,N) < nupAka, + Z Z E{1{Tn(a) =~(i—1),Vae A,S, € S*(fin,)} A% }

PAN = i (i1 —ni) P{S™ (fin,) € S* (1), Tn;(a) = (i — 1),Va € A} Al (A.8)

Next, we find an upper bound for the probability inside the sum in (A.8). For

this, note that

Z&#
S*(in) & S* (1)} < (@) — p(a)] = Smin { A9
(8°(m) 8"} = U { (@) o) > 22 (A9

where s := max {|S] : S € 8} and Al . :=min {AS: S e S\S* (1)} denote the max-
imum solution size and minimum optimality gap for the full-information problem,

respectively. (We assume, without loss of generality, that A% —and Al are both

positive, since otherwise, the problem is trivial.) Indeed, note that

{Iﬁm(a)—u(a)l < Aﬁ”" VaeA} {Z fins (@) < 3. fin,(a), VS* € S*(u), S € 5\S* (u)}-

aeS* aesS

The next proposition, whose proof can be found in Appendix A.6, allows us to

bound (A.8) using the observation above.

Proposition 30. For any fired a € A, ne N, ke N, and ¢ > 0 we have that

~ 2¢%k
P{lin(a) — pla)l = € Tu(a) = b} < 2exp g ==
where L := max {u(a) —l(a) : a € A}.
Using the above, the union bound, and (A.9), we have that

P{S*(fin,) € S*(1) , Tn,(a) = v(i — 1), Va € A} <

ZP{mm(a)—u(anzA;";” T (0) > 7(@—1)}<2|A|exp{—W}- (A.10)
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. . . 1/(1+€) :_1\1/(1+¢€)
Now, for i > i/, one has that n;,, < e(tD and n; = et~ . Hence,

sy —n; < @D Using this, (A.8) and (A.10) we conclude that

= . 1/(1+¢ (Aumm)Q'Y(i — 1)
Ry(F,N) < Ak (ni/+22|A|exp{(z+1) /[(+e) _ Y )

i=1

Because (i+1)Y0+) < i(ifg;z)jw for i large enough, we conclude that Ry(F, N) < CY,
for a positive finite constant C', independent of N.

Step 2 (Exploration-based regret). We separate the exploration-based regret
into cover-based and LBP-based regrets. The former arises at period n when there
exists a € A such that T,(a) < 7i. The latter arises when the cover-based ex-
ploration requirements are met and one samples S, # S* for S* € S*(ji,,). Let

R (F,N) and RFPP(F, N) denote the cover-based and LBP-based exploration

regrets, respectively, so that
Ry(F,N) := R{°""(F,N) + RLBP(F N).

Step 2.1 (Cover-based exploration regret). We first bound the cover-based exploration
regret. Let C denote the set of minimal covers of A, and AS. denote the minimum

min

optimality gap for the Cover (i) problem in (A.7), i.e

Arcmn '= min { (Z Aé) o Zé’over(lu) : g € C\FCOWET (:u)} :

Se&

We assume that AC. > 0, since otherwise, the cover problem is trivial. Consider
i > 1 and let & € T'cover (Jin,) denote the cover-based exploration set for any period
n € [n;,n;41 — 1]. Define ¢ := max {|€] : £ € C} as the maximum size of a minimal
cover of A and let I := {i < (InN) eisd i —=1D] <[y i]} denote the set of

cycles in which cover-based exploration requirements are increased. Noting that
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T,,(a) =~(i—1) for all a € A when ¢ > i’, we have that

R (FN) < ci'A" . +ZE {1 {Th,(a) Z~y(i—1)Vae A, & € Toover (1)} Z Ag}
el Se&;

+ZE{1{Tni(a) >y(i—1)Vae A, & ¢ Toover (1)} Z A’;}

el Se&;

< el Al + (YN 1) 2 ()
+ ALY P{T, (a) 2 y(i—1) Va€ A, & ¢ Tooer (1)} (AL11)

el

Next, we bound the probability inside the sum in (A.11). For that, observe

(Cem ) & e} = {10 -t = 2 412

=
et 4es

where Ay := min {AS, A" 1. Indeed, note that

~ Al ﬁ"i n Al
{|uni(a)—,u(a)|<E,VaeA} c {‘AS —AS‘<%,VSES}

|

< {Z Alz‘nl > Z Alz'nl ) VS* € FC’over (M) ) Ee C\FCover (,u)} )

Se& Se&*

N

5 (- )

Se&

<%,V56C}

where we remember that for a cost vector v € B, A% = > cv(a) — 28 (V). We
note that as discussed in (A.9) in Step 1, by taking A; < Al . we also ensure that
{S*(fin,) € 8™ (1)}

Using Proposition 30, the union bound, and (A.12), we have that

IP’{&- ¢ FCover(N) ) Tm(a) = 7(2' - 1) ,Vae A} <

ZP{Iﬁm(a) —p(a)| = E,Tm(a) > (i — 1)} < 2|A|exp{_M}‘

4sc Rs2¢2[2
acA

(A.13)
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Using the above and (A.11) we obtain that
R (F,N) < 7 (InN)% 280, (1) + O,

for a positive finite constant Cs, independent of N.
Step 2.2 (LBP-based exploration regret). Consider now the LBP-based exploration
regret REBP(F, N). Let AP denote a uniform upper bound on the precision of each

mean cost estimate necessary to approximately reconstruct the set D(u). That is,

AP :=min {Ah AP AP} /(2s), where
AP = min {min {Agwm S¢S (unl) (D))} D C AH, 8 (1) =S* (uAl) (D))} :
AP = min (e (1) = 2o (1 A D) (D) : DS AVH, S* () # 8* (1 A ) (D))}

A, 1s as defined in Step 1, H 1= (Jgues () Uaes= {a}, and (u A 1) (D) = (u(a), a €

A\D) u (I(a) : a € D). The first threshold A” . ensures that S*(fi,) € S*(u). This

is supported by Step 1 (see (A.9)). The second threshold AP ensures that
D(jin) € D(p) v 2".

This follows from noting that: (i) for D ¢ D (u),

() {Ifin(a) — (@) < AP} S {20 (Fin) = 2E0ms (i A 1) (D))},

implying that D ¢ D (Ji,); and (4¢) not all solutions in S*(u) are necessarily optimal
in the approximate problem (i.e., using the average costs), therefore, some of their
ground elements might belong to D(fi,,). The third threshold AP ensures that D(u) <
D(fi,,). This follows from noting that for D € D(u),

() {lfin(a@) = n(@)] < AP} € (= (i) > 22oms ((fin A 1) (D))}

implying that D € D (fi,). We conclude that

() {lin(a) — p(a)| < AP} € {D (i) = D (1) L H,},

agA
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for some H, € 2f. While we assume, without loss of generality, that A" . and

min
AP are positive (since otherwise, the problem is trivial), Assumption 1 implies that
AP > 0. Thus, we have that AP > 0.

Consider now the issue of approximating the Kp constants. We denote such
estimates by Kp. By the continuity of I,(-,-) for all a € A, we have that Kp(v) is
also continuous for all D € D(u). In addition, because it is known that Kp(u) < K,
there exists a finite constant x > 0 such that

Ep(fin) = Kp()| < x Y lfin(a) = ua)].

for fi,, in a neighborhood of 1 (specifically, we consider a ball -using infinite norm- of
radious lower than o/ (|A| k) centered at p for p > 0 arbitrary). Note that we make

use of the uniform bound and use the approximation

A

Kp(v):=Kpv) A K.

This, in turn, implies that KD(V) < K.
Define AX := o/ (|A| k) for ¢ > 0 arbitrary. We conclude that

(M {1fn@) = p(a)] < A%} < {|Kn(@n) — Kn(w)| < o, DD}

Let (2™, y") € U'rpp(fin), and consider (z*,y*) € I'ypp(i), augmented so that
y* (S*) = K for all S* € S*(uu) (note that because Ak, = 0 for all S* € S*(u),
one can make this augmentation without affecting the objective value of LBP(u)).
Suppose that ||fi, — ple < 0/(2s) for some 0 < § < min {A, AP o}, then we have

that

max{z"(a) +0:a€ D} > Kp(u), De D(n)

max {z*(a)+0:a€ D} = Kp(fin), DeD(fy). (A.14)
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For z € R* and § > 0, we define 2° so that 2°(j) := 2z(j) + 01 {2(j) > 0}, j < k, where

2(j) is the j-th element of z. From (A.14) we conclude that (z*?,y*9) is feasible to

LBP(ji,). Seeing that |fi, — plle < 6/(2s), we have ‘Ag — A"l < forall SeS.

Therefore, we have that

—
S
~

DMyn(S)AL < D y(S)AL + S| Kb
SeS SeS
< D yt(S)AL +|S| KOS
SEeS
(0)
< D YH(S)AL+ SIS0+ AL, + K) +|S| K0S
SeS
= ZEBP(H) + 5 |S| (5 + A%am + 2K) )

where (a) follows from the fact that 3"(S) < K for all S € S (this because Kp(fi,) <

K), (b) comes from that (z*°,y*?) is feasible to LBP(Ji,), and (c) follows from that

‘Ag — APr| < 5 and y*(S) < y*(S) + 6 for all S € S, and y*(S) < K for all S € S.

Seeing that § < AP < A*

min’

taking 0 < ¢ 27 pp(1)/ (IS] (A + A%

max

+ 2K)), we

have that

Z y"(9)As < (1 + 0)2Lpp(n).

Consider ¢ > 4" and let (z;,y;) € T'pp(fin,) be the solution used for LBP-based

exploration for n € [n;, n;, 1 — 1]. In what follows, with abuse of notation, we use the
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event {S, € I'gp (fin)} to denote the LBP-based exploration. We have that

[(In N)'+E ngpq -1
R{PP(FN) < nplha,+ ), > E{1{Tn(a) 29(i—1) Ya€ A, Sn e Trpp (in)} A, }

i=i n=n;
[(n N)1+2] ni g —1
g+ D) 3 E {1 {Tn, (a) = 7(i — 1), |fin(a) — u(a)| < 6/(25),Ya € A, Sn € TLpp (fin)} Agn}

=i’ n=n;

[(n N) M FE]nq1 -1

+ 3 3 OE {1 {Tn;(a) = (i — 1),Va € A, Ugea {|fin(a) — p(a)| = 6/(25)},Sn € Trpp (fin)} Agn}
i=il n=n;
[(In N)1+<]
< nplhas+ Z (1+0) zfpp(n)

=i’

M8

3 (nigr =) Aty S P{lfin(a) — p(@)] = 6/(25), T, (@) = 4(i — 1)} (A.15)

=i’ acA

Using Proposition 30 to bound the probability in (A.15), we have that

w0 2 ~(s
1)/ (eHD) 0% y(i—1
R{PP(F,N) < niAlh, +(InN) T (140) 25 pp(u)+ D DT AL 2] Aexp {_23(252)} :

=1’

Because (i + 1)1+ < izgjzz for 7 large enough, we conclude that

R{PP(F,N) < (InN)"™ (1 + 0) 2} pp(p) + Cs

for a positive finite constant C'3, independent of N. Putting all the above together,

we conclude that
R™(F,N) < (14 0) 25 pp (1) + 7 2o0er (1) (I N)5 4 C,

for a finite positive constant C}, independent of N.

We finally note that the optimal solutions to the Cover(ji,,) and LBP(ji,,) prob-
lems converge a.s. to optimal and g-optimal solutions to Cover(u) and LBP(u),
respectively. For this, note that Proposition 30, (A.13) and (A.15) imply (via Borel-
Cantelli) that P{&; € Tooper (1) €.v.} = 1 and

P{(xf,y?) is a g-optimal solution to LBP(u) e.v.} = 1.
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The result follows from noting that one can choose g arbitrarily small.

A.1.5 Performance Gap Analysis

In this section we provide a discussion on the gap between the lower and upper
bounds in Theorems 5 and 6.
Optimal Scaling with Respect to IN. While it is possible to achieve the optimal
In N dependence in the upper bound in Theorem 6 (through a different definition of
cycles n; and the introduction of additional tunable parameters), this comes at the
price of additional constants in front of the second term in the right-hand side of
(2.5). We introduce an additional sub-logarithmic term to the optimal In N scaling,
so as to avoid introducing terms that emanate in part from the proof techniques, and
so0 as to have a bound that reflects a fundamental insight about the result: asymptotic
regret arises from suboptimal exploration which in the near-optimal policy (i.e., the
LBP-based policy) is distributed between the solution to LBP problem and, at a
lower frequency, the solution to C'over problem.
Improved Upper Bounds. By setting ~ arbitrarily close to zero, one can set the
leading constant in the right-hand side of (2.5) arbitrarily close to that in Theorem 5
up to sub-logarithmic terms. However, it is not possible to set v = 0 in general, as
illustrated in Example 28, as this would not guarantee convergence on the solution
to LBP.

It is possible, however, to reduce the gap between the leading constants in The-
orems 5 and 6. For that, instead of complementing exploration on the solution to
LBP with the solution to Cover, one can find a minimum-regret solution set that

fulfills condition (2.2) and is robust to changes in the mean cost of unexplored ground
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elements. That is, one can design a policy whose regret admits a bound of the form

R (F N
lim (£, N)

N—w  (InN)'*e

for v > 0, where 2} (v,7) is the optimal solution to a “robust” variation of LBP(v)
for a given cost vector v € B (this formulation is presented in Appendix A.1.6), and

such that
21pp(V) < 25 (,7) < 20pp(V) + 7 28 0per (V).

While we do not prove such bounds here (this requires more convoluted, lengthier
arguments), the insight derived from it remains the same: regret emanates from sub-
optimal exploration. There are settings, however, where samples from exploring the
solution to L B P suffice to guarantee the optimality of said solution. For example, one
can show that if Comb(+) is a weighted basis or independent set matroid minimization
problem, feedback from the solution to LB P suffices to guarantee its optimality. In
such cases one has that 2} zp(v) = 25 (v,7) for all ¥ > 0 and v € B, thus a variation
of the LBP-based policy focusing exploration exclusively on a g-optimal solution to

the robust LBP problem (and not a cover) admits a performance bound of

R (veo)(F N
lim (F, N)

N—x  (InN)"*

< (14 0)z1pp(n),

for o > 0 and € > 0 arbitrary (see Remark 7 for the role of ¢ in said algorithm).

Improved Lower Bounds. As shown above, in general it is not possible to improve
the leading constant in (2.5) as finding and validating an optimal solution to LB P (u)
might require knowledge of the mean costs of ground elements that are not explored
by said solution. Hence, to find an optimal solution of LBP(u) we may need comple-
mentary exploration through a cover or a robust version of LBP(u). In contrast, our

theoretical lower bound assumes advance knowledge of these unexplored costs, which
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allows it to bypass this complementary exploration. This difference is precisely the
source of the gap between the leading constants in (2.4) and (2.5). It may be possi-
ble to derive an improved lower bound by not assuming such an advance knowledge.
Unfortunately, it is not clear how to derive such a bound using the techniques in this

paper or previous work on bandits.
A.1.6 Adjoint Formulation for Tighter Upper Bound

The following formulation is a variation of L B P that is robust with respect to changes
in the mean cost vector of elements that are not “covered” by its optimal solution.
For that, we introduce an additional variable w(a) indicating whether one would
impose additional exploration (beyond that required in the lower bound result -
the parameter ~ indicates the frequency of such exploration) on a ground element
a € A, and variable r(a) indicates the degree at which element a € A is covered in
a solution. The variable z computes the minimum cost attainable if one were to
change the mean cost of an unexplored ground element. Finally, the formulation
imposes that the optimal cost is not lower than such an alternative minimum cost.

In the formulation below, we define v := (v A l) ({a € A : r(a) = 0}) where for a set
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D, (v Al)(D) = (u(a)1{a¢ D} +l(a)l{a € D} :ac A).

2h(v,7) == min Y A% y(S)

SeS

s.t. zZ = min {Z A%y (S) :r(a) < Z y'(9), a€ A}

SeS S€eS:aesS

ria)< D) y(S), acA

r(a) = z(a) + yw(a),ac A
max {z(a) :a€ D} = Kp(v), DeD(v)

w(a) € {0,1}, x(a), r(a),y(S)eR,, ac A, Ses.

A.2 Omitted Proofs and Materials from Section 2.5

A.2.1 Equivalence of LBP and OCP

In this section we prove the equivalence of LBP and OCP problems in Lemma 9.

Proof of Lemma 9. We prove the result by contradiction. Let R-OC P () denote
the linear relaxation of OC'P(u). Without loss of generality, we assume that K =
1. Let (z,y) be a feasible solution to R-OCP(u), and suppose that there exists
a D € D such that max{z(a):ae D} = 0. By the definition of D, one has that
28omp (e A1) (D)) < 28 0ms (1), thus for S* € S*((u A 1) (D)), we have that

Zomp((A ) (D) = 3 pla)+ ) 1(a)

aeS*\D aeD

> ) (U(a)(1 —z(a) + p(a) (a))

aeS*

= Zéomb(ﬂ)?
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where (a) follows from the fact that {(a) = ({(a)(1 — z(a)) + p(a) z(a)), for a € D,
and u(a) = (I(a)(1 —z(a)) + p(a)xz(a)), for a ¢ D, and (b) follows from the fact
that (x,y) satisfies constraints (2.7c¢) (because it is feasible to R-OCP(u)). The
last inequality above contradicts 2., (1 A 1) (D)) < z&,.(1t), thus we have that
max {z(a) : a € D} =1 for all D € D, therefore (z,y) is feasible to LBP ().

Now, let (z,y) be a feasible solution to LBP (1) such that x(a) € {0,1} for all
a € A (note that when Kp = 1 for all D € D, one can restrict attention only to
feasible solutions to LBP (u) with binary z), and that z(a) = 1 and y(S*) = 1
for all @ € S* and S* € S*(u) (because A, = 0 for all S* € S*(u), this extra
requirement does not affect the optimal solution to LBP (u)). Suppose (z,y) is not
feasible to R-OCP(u), i.e., there exists some S € S such that

2, U@y = z(a) + pla) 2(a)) < 2oy (H)- (A.17)

a€esS

Let Sp be one such S that additionally minimizes the left-hand side in (A.17) (in case
of ties we pick any minimizing solution Sy with smallest value of [{a € Sy : z(a) = 0}]).
Then D :={a€ Sy : x(a) = 0} (or a subset of D) belongs to D. This contradicts the
feasibility of (x,y) to LBP (), because if (z,y) is feasible to LBP (1), then we must
have max {x(a) : a € D} > 1 for all D € D. Thus, we conclude that (z,y) is feasible
to R-OCP(p).

Summarizing, when Kp = 1 for all D € D, feasible solutions to R-OCP(u)
are feasible to LBP (1), and feasible solutions to LBP (u) that cover all optimal
elements in A are feasible to R-OCP(u). The result follows from noting that there
always exists an optimal solution to LBP (i) such that x is binary, and z(a) = 1

and y(S*) =1 for all a € S* and S* € §*(u). O
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A.2.2  Modified OCP-Based Policy

In this section we discuss a variant of the OCP-based policy for which we can prove a
performance guarantee. We obtain this policy based on OC P by simply exploring the
elements of Docp(fin) with frequency (In N)'* /N (more precisely, by implementing
G for some (C,G) € 'ocp (Jin)). Enforcing this exploration frequency and updating
TCocp(fin) can again be achieved through the doubling trick where we define the cycles

il/(H'E)J’ n;_1+1} with e > 0 arbitrary, for all ¢ > 2. However, to obtain

asn; := max{|e
an asymptotic performance bound on this policy, we need additional modifications
similar to those for the LBP-based policy in Algorithm 2. The resulting policy,
which we refer to as the modified OCP-based policy and denote by 7, p, is depicted
in Algorithm 3.

To prove an asymptotic performance bound on the policy described by Algo-

rithm 3, we need a relaxed version of Assumption 1.

Assumption 2. There is no set D < A such that z&,,., (1) = 2&0ms (1 A1) (D))
with S*(p) # S* ((u A 1) (D)).

Note that Assumption 2 ensures that Constraint (2.7c) is not active for any
S ¢ 8* (p) and any vectors x and y satisfying (2.7b) and (2.7d).

As discussed in Section A.1.3, this assumption holds when, for example, mean
costs are randomly drawn from an absolutely continuous distribution. This suits
most practical settings where mean costs are unknown and no particular structure

for them is anticipated.

Remark 7. Note that parameter ¢ in Algorithm 3 allows the policy to converge to an
optimal solution to OCP(u) (because there might exist multiple optimal solutions,
the “Update OCP-exploration set” step ensures that the policy settles on one of
them). Also, as in Algorithm 2, 7 is a tuning parameter that controls the cover-
based exploration frequency.
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Algorithm 3 Modified OCP-based policy 75 cp(7, €, 0)

Set i = 0, C = A, £ a minimal cover of A, G = &, and draw (b1(a) : a € A)
randomly from B

for n=1to N do
if n = n,; then

Seti =141
Set S* € §* ([in) [Update exploitation set]
Set € € Tcover (in) [Update Cover-exploration set]
if (C,G) is not a p-optimal solution to OCP (ji,,) then
Set (C,G) € Tocp (fin) [Update OCP-exploration set]
end if
end if
if T,,(a) < i for some a € A then
Set S, = S for any S € £ such that a € S [Cover-based exploration]
else if v <1 and T, (a) < i for some a € C then
Set S, = S for any S € G such that a € S [OCP-based exploration)]
else
Set S, = S* [Exploitation]
end if
end for

Suppose that Assumption 2 holds. We then obtain the following performance

bound for the policy mpop(7, €, 0). There, 2%, refers to 28, .. (1).

Theorem 10. Consider v € (0,1), 0 > 0, and € > 0 arbitrary. We then have that

for o sufficiently small

Rrocr(re0(F, N)

11
N> (In N)'**

< ZZSCP (M) + Y Z(*)'over‘

Proof of Theorem 10. As in the case of the LBP-based policy 7*, the regret of
policy 75 p (We again ignore the dependence of the policy on v, €, and ¢ to simplify
the notation) stems from three sources: Cover-based and OCP-based exploration

efforts, and exploitation errors. That is,
RTocr(F,N) = R{”"(F,N) + R°P(F,N) + Ry(F, N), (A.18)

where R{°v"(F, N) is the Cover-based exploration regret, i.e., that incurred at period
n during cycle i if T,(a) < ~vi for some a € A, RY°F(F,N) is the OCP-based
exploration regret, i.e., that incurred at period n during cycle i if T,,(a) < @ for
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some a € C, and Ry(F, N) is the exploitation-based regret, i.e., that incurred when
exploration conditions are met and one implements solution S, = S* with S* €
S*(7in)-

We prove the result by bounding each term in (A.18) separately. It turns out
that the bounds for R{**"(F, N) and Ry(F, N) in Step 1 and Step 2.1 in the proof
of Theorem 6 apply to this setting unmodified, thus we omit them here. Next, we
bound the OCP-based exploration regret RYCY(F, N).

As in the proof of the LBP-based policy, in the remainder of this proof, E and
P denote expectation and probability when costs are distributed according to F' and
policy 7y p is implemented.

Step 2.27 (OCP-based exploration regret).

Following the arguments in Step 2.2 of the proof of Theorem 6, we first define

the minimum precision threshold on the accuracy of mean cost estimates necessary

to reconstruct the solution to OC P(u). For that, we define

AP :=min {Ar AP AP AT} /(8sc),

min’

where
AP = min {min {ALP) 5 ¢ S* (0 l) (D)} D e AH, S () = S* (A1) (D)}
AD = min {2 (1) = 2oms (1 A 1) (D) : DS AH, 8% () # 8 (1 A 1) (D))}
AP = min { (SZQ Ag> — zbop() 1 (C,0) € G\FOCP(M)} ,

and G denotes the set of all feasible solutions (C, G) to OC P () problem. Note that
as in the proof of Theorem 6, A" .= min {A% : S € S\S* (1)}, s = max {|S] : S € S},

¢ = max{|€|: £ € C}, i.e., the maximum size of a minimal cover of A, and H =

Ussest(uy Uaes+ {a}. Also note that AP denotes the minimum optimality gap of

problem OCP (u). Note that thresholds A”

min’

AP and AP are always positive,
while AP > 0 by Assumption 2.
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We now check that having mean cost estimates with enough precision allows to
reconstruct the feasible set G. Consider (z,y) satisfying (2.7b) and (2.7d). We first
note that as discussed in Step 1 of the proof of Theorem 6, {| /i, — pllow < AL.,./(25)}
ensures that {S*(fi,) € S*(1)}. One then has that

{In = ul < AP} < {

|

We conclude that, because 2APs < AP A AP,

2. @(a) (fin(a) — p(a))

aeS

< APs, VS e S} lal {|Zz;omb(ﬁ") — zgomb(u)| < ADS}

<Z (z(a)in(a) + (1 — z(a))l(a)) — %om,b(ﬁw,)) - (Z (z(a)u(a) + (1 = z(a))l(a)) - Z&m(/t))

a€s a€sS

<2APs VS e s} )

Y, @@p(a) + (1= z(@)l(a) = o (0) i ] (@(a)in(a) + (1 = 2(a)l(a) = 2E o (fn).

aesS acS

Having the same feasible region for both OCP(u) and OC P([i,,) problems, we
now show that g-optimal solutions to the latter problem corresponds to an optimal

solution to the former. Indeed, we have that

R D
{(|fin — ple < AP} < {‘Agn - Ag‘ < i—i, VS e s}

|

< {Z Al > AT/2+ Y Al Y(C*,G*) eTocp (1) . (C.G) € G\locp (M)} :

Seg Seg*

N

2, (a8 - %)

Seg

D
< %‘, V(C,Q)GG}

The above not only implies that Tocp(ji,) S Tocp(p), but also that g-optimal
solutions to OC'P(Ji,,) are also optimal to OCP(u), as long as o < AP /2. Letting
I'?cp(v) denote the set of p-optimal solutions to OCP(v), the above implies that for
0 <A7/2,

{17 = pllee < AP} = {T0p(fin) < Tocr(p)} -
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We are now ready to provide a bound on RY“F(F, N). Similar to the proof of
Theorem 6, let i’ be a finite upper bound on a cycle in which one is sure to conduct
all OCP-based explorations (e.g., @' := 1 +inf{ie N,i =2 :n;4; —n; > 1 |A]}). Fix
i > 1 and let (C;,G;) denote the OCP-based exploration set for any period n €
[n;, ;11 — 1]. Define the events =} := {(C;,G;) € Tocp (1)} and Z2 := {G; = G;_1}.
We then have that

[(n N)+e)
RIOCP(F7 N) < nygAba + Z E {1 {Tni_l(a) >~(i—2),Va€ A, :Z = _l } Z A“}

i=4'+1 Seg;

[(In N)1+e]

+ ) iE{l{Tni_l(a)Z’y(i—Z) Vae A, }ZA"}

i=i' 41 Seg

< nppAhee + ((lnN)HE +1) z6cp (1)

AR c Z ZP{ ni_q(a >’y(i—2),\7’aeA,(EimE?)c}, (A.19)

i=1/+1

where (2} N Z2)° denotes the complement of the event (2} n Z2). Next, we bound

the probability inside the sum in (A.19). For that, observe that

{in s = 1o v tn, = pleo < AP} = {Téep(fin,) < Toor(u)}
N {Locr(1) S Toep(fing)}

—1 —2
< (_Z- N Hi) .

Using above and Proposition 30, we conclude that

P{T, ,(a) >v(i—2),Yae A, (] nZ})} < 4|A|exp{ 2(4 )Lz(i—Q)}.

(A.20)

Using the above and (A.19), we have that
RY“P(F.N) < (InN)" 280p (1) + Cs,

for a finite positive constant Cs, independent of N. Putting the results from Steps 1
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and 2.1 (from the proof of Theorem 6), and Step 2.2’ together, we conclude that
RW’OCP (F7 N) < (ZECP(IM) + Y Zé’over(:u)) (IH N)1+E + CG?

for a finite positive constant Cg, independent of V.

We finally note that the optimal solutions to the Cover(fi,,) and OCP(iy,)
problems converge a.s. to optimal solutions to Cover(u) and OCP(pu), respectively.
For this, note that Proposition 30, (A.13) and (A.20) imply (via Borel-Cantelli) that
P{E; € Tooper(p) ev.} =1 and

P{(C;,Gi) € Tocp() ev.} = 1.

A.3 Omitted Proofs and Materials from Section 2.6

A.3.1 General Complexity of OCP

To prove Theorem 11 and Proposition 12, we will use the following lemma.

Lemma 31. We may restrict the OCP or Cover problems to have at most |A|

non-zero y(S) variables without changing the problems.

Proof of Lemma 31. For the OCP problem, the result follows from noting that
any critical set C' can be covered by at most |A| solutions (i.e., by a solution-cover
G of at most size |A|). Hence, if an optimal solution for OC'P has |G| > | A|, we may
remove one solution from it while preserving feasibility. If the removed solution is
suboptimal for C'omb, we would obtain a solution with lower objective value contra-
dicting the optimality for OCP. If the removed solution is optimal for C'omb, we
obtain an alternate optimal solution for OCP.

For the C'over problem, the result follows by noting that A can be covered by at

most |A| solutions.
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Theorem 11. If Comb s in P, then OCP 1is in NP.

Proof of Theorem 11. By Lemma 31, optimal solutions to OC'P and C'over have
sizes that are polynomial in |A| and their objective function can be evaluated in
polynomial time. Checking the feasibility of these solutions for OC' P can be achieved
in polynomial time, because checking (2.7¢) can be achieved by solving Comb(v;)
where v, := (v,(a) : a € A) for v,(a) :=l(a)(1 — z(a)) + v(a)z(a). This problem is

polynomially solvable by assumption. O
A.3.2  Critical Sets for Matroids

Lemma 32. Let Comb(v) be a weighted basis or independent set matroid minimiza-
tion problem. Then there exists a unique critical set that can be found in polynomial

time.

Proof of Lemma 32. To simplify the exposition, we assume that $* (v) = {S*}
is a singleton. Also, for S € S, we let ¢” denote the incidence vector associated with
S (i.e., e := (e%(a) : a € A) with e5(a) € {0,1}, a € A, is such that e%(a) = 1 if
a€ S and e%(a) = 0 otherwise).

Let P := conv ({65}565) c Rl be the independent set (base) polytope of S.
Then, for v feasible, S* € S* (v) if and only if Y} ¢ v(a) < X g V(a) for any S e S
such that e°* and e® are adjacent vertices in P. Furthermore, each adjacent vertex

5* can be obtained from S* by: removing (denoted by “R”), adding (denoted

to e
by “A”), or exchanging (denoted by “E”) a single element of S* (Schrijver, 2003,
Theorem 40.6). Thus, we construct the set C' so that S* is always optimal if and
only if the cost of all elements of C' are at their expected value. The construction

procedure starts with C' = S*. In some steps we distinguish between S corresponding

to independent sets or bases.

R. (for the independent set case) From the optimality of S*, removing an element
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never leads to optimality.

A. (for the independent set case) For each a € A\S* such that S* U {a} is an

independent set, if [(a) < 0, then add a to C.
E. (for both cases) For each a € A\S*, add a to C'if

l(a) < max{v(a') :a' € S*, S* U {a}\{d'} is an independent set (base)}.

By construction, covering all elements in C' guarantees optimality of S*, and
not covering some guarantees that S* is no longer optimal. Note that the set C is
unique. For the case of multiple optimal solutions we simply repeat this procedure
for each one. Finally, the only computationally non-trivial step in the construction
of C' is checking that this set is an independent set or a base, which can be done in

polynomial time. O
A.83.83 Basic MIP Formulation for OCP
In this section we prove Proposition 12.

Proof of Proposition 12. For any feasible solution (x,y) to (2.8), we have that x
is the incidence vector of a critical set. This, because (2.8d) enforces dual feasibility
of w when elements with z(a) = 0 are not covered, and (2.8e) forces the objective
value of the dual of Comb(v') to be greater than or equal to z¢,,,,(v), where v/ =
diag(l)(1—x)+diag(v)x. With this, the optimal objective value of Comb(V') is greater
than or equal to z¢,,,,(¥). On the other hand, any y’ is the incidence vector of some
S € S because of (2.8¢) and the assumptions on M and d. Finally, (2.8b) ensures
that the critical set is covered by the solution-cover (i.e., 3’s) induced by OCP.
Lemma 31 ensures that the |A| variables 3" are sufficient for an optimal solution to
OCP. If less than |A| solutions are needed for the cover, then the optimization can
pick the additional 3 variables to be the incidence vector of an optimal solution to
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Comb(v) so that they do not increase the objective function value. The extension

for C'over is straightforward. m
A.3.4 IP Formulation for OCP when Comb(v) Admits a Compact IP Formulation

Suppose Comb(v) admits a compact IP formulation such that {yS } Ges = U E
(0,13 : My < d} for some M € R™*4l and d € R™, where y° denotes the in-
cidence vector of S € §. For simplicity, we assume that A = {1,...,|A|}. Then an

IP formulation of OC'P(v) is given by

min Z (Z v(a)y'(a) — zéomb(y)> (A.21a)

s.t. 2(a) < ;yi(a), ae A (A.21b)
My' <d, ieA (A.21c)

;S ((a)(1 = 2(a)) + v(a)z(a)) = 28m(v), S€S (A.21d)

z(a), y'(a) € {0,1}, a,ie A. (A.21e)

As in formulation (2.8), a feasible solution (x,y) to (A.21) is such that z is the
incidence vector of a critical set (this is enforced by (A.21d)), and the y'’s are a
cover of such set, due to (A.21b), (A.21c), and the assumptions on M and d. Note
that an efficient cover includes at most |A| solutions (the optimization can pick the
additional y* to be the incidence vector of an optimal solution).

Formulation (A.21) has a polynomial number of variables, but the number of
constraints described by (A.21d) is in general exponential. However, the computa-
tional burden of separating these constraints is the same as solving Comb(v) (finding
a violated inequality (A.21d) or showing that it satisfies all these inequalities can be
done by solving Comb (V') for v'(a) = l(a)(1 — z(a)) + v(a)x(a)). Hence, if we can
solve Comb(v) sufficiently fast (e.g., when the problem is in P, or it is a practi-
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cally solvable NP-hard problem) we should be able to effectively solve (A.21) with
a branch-and-cut algorithm that dynamically adds constraints (A.21d) as needed.
Finally, note that a formulation for Cover is obtained by setting z(a) = 1 for all

a € A and removing (A.21d).
A.3.5 Linear-sized Formulation of OCP for Shortest Path Problem

Let Comb(v) correspond to a shortest s — ¢ path problem in a digraph G = (V, A).
Define A = A u {(t,s)} and let Sout and 0y, denote the outbound and inbound arcs

in digraph G = (V, fl) An optimal solution (z,p,w) to

min (Z u<a>p<a>> — o) p((2,5)) (A.220)

st. xz(a) <pla), acA (A.22D)
Do) = D pla)=0, veV (A.22¢)
a€bout(v) a€din (v)

w(u) —wv) < 1 ((u,v)) (1 =z ((u, ) + v ((u,v))z ((w,0), (u,v)€ A
(A.22d)
w(s) —w(t) = 28 omp(V) (A.22¢)
pla)eZ,, acA (A.22f)
z(a) € {0,1}, w(v) e R, a€ A velV, (A.22g)

is such that (C,G) is an optimal solution to OCP(v), where C' = {a € A : z(a) = 1}
and G € S is a set of paths for which p(a) = {S € G :a€ S}|. Such a set G can be
constructed from p in time O(]A||V]).

The first difference between formulations (A.22) and (2.8) is the specialization
of the LP duality constraints to the shortest path setting. The second one is the
fact that the paths in cover G are aggregated into an integer circulation in aug-

mented graph G, which is encoded in variables p. Indeed, using known properties
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of circulations (Schrijver, 2003, pp. 170-171), we have that p = > o4 yg, where yg
is the incidence vector of the circulation obtained by adding (¢, s) to path S. Fur-
thermore, given a feasible p we can recover the paths in G in time O(|A||V]). To
obtain a formulation for Cover, we simply set x(a) = 1 for all a € A and remove
(A.22d)—(A.22e).

It is possible to construct similar formulations for other problems with the well-

known integer decomposition property (Schrijver, 2003).
A.3.6 A Time-Constrained Asynchronous Policy

Depending on the application, real-time implementation might require choosing a
solution S,, € S prior to the exogenous arrival of the cost vector B,. However,
the solution times for the problems OCP(-) or even Comb(-) could be longer than
the time available to the executing policy. For example, most index-based policies
must solve an instance of Comb(-) at each period, which might not be possible in
practice. Fortunately, a key feature of our proposed OCP-based policies is that the
frequency at which the problems Comb(-) and OCP(-) need to be solved decreases
exponentially. Indeed, such problems are solved at the beginning of each cycle and
the length of cycle i is © (exp (i/H)) for a fixed tuning parameter H > 0. Hence, as
cycles elapse, there will be eventually enough time to solve these problems.
Nonetheless, the policy cannot proceed until the problems Comb(-) and OCP(-)
are solved. However, one can easily modify the policy so that it begins solving
Comb(-) and OCP(-) at the beginning of a cycle, but continues to implement in-
cumbent solutions while these problems are being solved (such solutions might be
computed either upfront or in previous cycles). Solutions to these problems update
incumbent solutions as they become available, which for long cycles would be at the
beginning of the next one. Algorithm 4 presents one such possible modification for

the OCP-based policy.
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Algorithm 4 Basic Time-Constrained Asynchronous OCP-based policy 75 p(H)

Set i =0, C' = A, and G a minimal cover of A
Let S* € S be an arbitrary solution and [icems = flocp be an initial cost estimate
Asynchronously begin solving Comb (ficoms) and OC'P (fiocp)

for n=1to N do
if n = n; then

Seti=1+1 R
if Asynchronous solution to Comb (ficoms) has finished then
Set S* € §* (licoms) [Update exploitation set]

Set ,aComb = Hn R
Asynchronously begin solving Comb (Jicoms)

end if
if Asynchronous solution to OCP (fiocp) has finished then
Set (C,G) € Tocp (fiocp) [Update OCP-exploration set]
Set fiocp = fin
Asynchronously begin solving OCP (Jiocp)
end if
end if
if T,,(a) < i for some a € C' then
Set S, = S for any S € G such that a € S [OCP-based exploration)]
else
Set S, = S* [Exploitation]
end if
end for

A.3.7 Greedy Oracle Polynomial-Time Heuristic

To further illustrate the potential practicality of policies based on OC P, we develop
a greedy heuristic for solving OC'P that only requires a polynomial number of queries
to an oracle for Comb(-) (plus a polynomial number of additional operations). This
heuristic always returns a solution that is equal and possibly arbitrarily better than
a minimal cover of A.

We begin by describing the heuristic for solving OC'P(v) in Algorithm 5. Given
a cost vector v, the heuristic first sets all costs to their lowest possible values, and
successively solves instances of C'omb, each time incorporating the incumbent so-
lution into the solution-cover G, adding its ground elements to the (critical) set
C, and updating the cost vector accordingly. The procedure stops when the feed-
back from C' suffices to guarantee the optimality of the best solution (i.e., when

28omp (V') = 2E0m()). To achieve efficiency of such a feedback, the heuristic then
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prunes elements in C' that are not required to guarantee sufficiency of the feedback.

Algorithm 5 Oracle Polynomial-Time Heuristic
Set v/ := (V(a):a€ A) = (l(a) :a€A),G=, C=.

while 2§, (V) < 28, (V) do
Select S'e §* (V') and set V'(a) = v(a) for all a € S
G—Gu{StandC <~ CuUS

end while
for a € C do

if 280 (V' A1) ({a})) 2 280, () then
C « C\{a} and V/(a) < I(a)
end if
end for

Note that in each iteration of the first loop, Algorithm 5 calls an oracle for Comb
and adds at least one ground element to C'. Similarly, in the second loop, the heuristic
calls such an oracle once for every element in C'. Hence, the procedure calls such an
oracle at most 2|A| times. Thus, the heuristic makes a linear number of calls to the
oracle for Comb. In particular, if Comb is in P, then the heuristic runs in polynomial
time.

The performance of the heuristic ultimately depends on the specifics of a setting.
For instance, in the setting of Example 1, the heuristic returns, in the worst case, a
solution with |G| = k, which is of the order of a cover of A. In the setting of Example
2 on the other hand, the heuristic returns a solution with |G| = 2 (in such a setting
a cover of A is of order k). It is not hard to identify settings where the heuristic
performs arbitrarily better than any cover of A.

We finally note that the heuristic in Algorithm 5 can be modified as follows for
solving the C'over problem: the first loop should be implemented while A &€ C and

the second loop is no longer needed. The resulting set G provides a cover of A.
A.4 Additional Computational Results

In this section we provide the computational results for Examples 1, 2 and 28. Figure

A.2 depicts the average performance of different policies on Examples 1 (left), 2
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(center) and 28 (right), respectively.
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FIGURE A.2: Average performance of different policies on Examples 1 (left), 2
(center) and 28 (right).

On Example 1, the OCP-based and Greedy-Heuristic policies perform signifi-
cantly better than the benchmark policies. The situation is essentially the same on
Example 2, only that this time Extended UCB1+ outperforms the UCB1+ policy.
There, the solution to OCP(u) is only of size 2, which helps our policies achieve the
best performance. (Note that for this setting, the Greedy-Heuristic tends to find the
actual optimal solution to OC P(u) even with unreliable estimates.) On Example 28,
the heuristic solution to OCP coincides with the minimum-regret cover of S, thus
the Greedy-Heuristic policy is outperformed by UCB1+ (note that this latter policy
rarely uses the arcs py and ¢, since the costs of p; and ¢; are close to 0).

As we discussed before, the lower bound in Theorem 5 is asymptotic, so it is not
clear whether the lower bound is meaningful in the finite time. However, we plot the
lower bound for the three shortest path examples in Figure A.2. As can be noted
from the graph, in Examples 1 and 2, the lower bound is in fact meaningful and the
regret of the OCP-based and Greedy-Heuristic policies is much closer to the lower
bound than the other benchmark policies. In Example 28, however, the lower bound
is not meaningful, that is, the lower bound is larger than the regret of all policies as

it only provides an asymptotic lower bound on regret.
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In terms of efficient information collection, one can divide the set of ground
elements (arcs) into three classes: those that are part of the optimal solution (called
the “Optimal arcs”), those that are covered by at least one optimal solution to
OCP(u) (called the “Exploration arcs”), and the rest (called the “Uninformative
arcs”). Table A.1 shows the average number of times that each type of arc (shown
in columns called “Opt.”, “Exp.”, and “Uninf.”, respectively) is tested up to period
N = 2000 by each policy. Note that the OCP-based and Greedy-Heuristic policies
spend significantly less time exploring uninformative arcs. Table A.1 also shows
the average length of implemented solutions (i.e., the average number of arcs in the

implemented solutions) for different policies (the column called “Length”).

Table A.1: Average number of arc trials up to period N = 2000, and average solution

size for different policies on Examples 1, 2 and 28.

Example 1 Example 2 Example 28
Opt. Exp. | Uninf. | Length | Opt. Exp. | Unin. | Length | Opt. Exp. | Unin. | Length
OCP-based 1958.93 | 470.67 | 2.25 3.06 | 1858.25 | 548.12 | 4.55 1.19 | 140.03 | 214.50 | 1.00 4.72
Greedy-Heuristic | 1951.62 | 472.18 | 3.38 3.07 | 1918.43 | 524.20 | 3.32 1.11 | 106.83 | 215.94 | 35.71 4.79
UCB1+ 1660.75 | 533.35 | 42.12 3.51 474.31 | 929.80 | 66.61 | 3.19 92.45 | 217.75 | 24.61 4.82
Ext. UCB1+ 791.31 | 684.36 | 364.72 | 4.81 870.88 | 795.78 | 53.76 | 2.67 14.87 | 219.02 | 151.79 | 4.97

Figure A.3 depicts box plots of the 100 different cumulative regrets at the final
time period N = 2000 (i.e., sample path final regrets) for OCP-based, UCB1+ and
Extended UCB1+ policies in Examples 1, 2 and 28.. We observe that the OCP-based
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FIGURE A.3: Box plots of performance for OCP-based and benchmark policies on
Examples 1 (left), 2 (center) and 28 (right).

policy significantly outperforms UCB1+ and Extended UCB1+ not only on average,

but also for (almost) all replications.
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A.5 Alternative Feedback Setting

The flexibility of the OCP-based policies allows them to be easily extended or com-
bined with other techniques that consider similar what-and-how-to-explore questions.
For instance, the OCP-based policy can be easily combined with the “barycentric
spanner” of Awerbuch and Kleinberg (2004) to extend our results from element-level
observations to set- or solution-level observations as follows. For a particular appli-
cation, it might be the case that the decision-maker only has access, for example,
to the total cost incurred by implementing solution .S,,. We begin by showing how a
cover-based policy (i.e., a policy that conducts exploration by implementing solutions
in a cover) can be adapted to this last setting. For a set of ground elements S € A,
let Is := (Is(a) : a € A) € {0,1}" denote the incidence vector of the ground set (so
that S = {a : Is(a) = 1,a € A}). We say a solution set £ recovers a set E < A if for
cach a € E, there exists a vector v(a) := (vs(a), S € £) € RI¢l such that

D ys(a)Is = Iiay. (A.23)
Se&

Without loss of generality, one can assume that each ground element is recovered
by at least one solution set. Let £ be a solution set that recovers A, and let v :=
(v(a),a € A) be such that » ¢ vs(a)ls = I{q}, for all a € A. One can implement a
cover-based policy with £ playing the role of a cover while using the estimate mean

cost vector fi, = (ji,(a) : a € A), where

Z sl D1 Y bula), ae A (A.24)
|m<n S =S|

m<n:Sm=3S aesS

The estimate above reconstructs the expected cost of each solution in £ and uses
(A.23) to translate such estimates to the ground-element level. Implementing this

modification requires precomputing a solution set £ recovering A. Such a set can be
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selected so that |€| < |A|, and computed by solving O(|A|) instances of Comb(-) (see
e.g., the algorithm in Awerbuch and Kleinberg (2004)).

The idea above can also be used to extend the OCP-based policy to this new
setting. For that we could consider the estimates in (A.24) and (C,€) to be a
solution to an alternative version of OC'P(v), denoted by OCP’(v), where in addition
to (2.7b)-(2.7d), one imposes that £ recovers C, that is, OCP'(v) is given by

min Z A% y(S) (A.25a)
s.t. Z vs(a)Is = z(a)liyy, a€A (A.25D)
SeS
vs(a) < Q y(S), SeS,acA (A.25¢)
—vs(a) < Q y(S), SeS,acA (A.25d)
Z (l(a)(1 — z(a)) + bla)z(a)) = 25,m(V), SE€S (A.25¢e)
z(a), y(S) € {0,1}, vs(a) R, ae A SeS, (A.25f)

where () is an instance-dependent constant, whose size is polynomial in the size of
the instance. The additional constraints(A.25b)-(A.25d) in OCP’(v) ensure that the
solution-cover £ recovers the critical set C'. Like OC' P, the formulation above can be
specialized to accommodate the combinatorial structure of Comb. The performance
guarantee in Theorem 10 would remain valid with the constants associated with
OCP’. We anticipate that the challenge of solving OC P’ effectively is comparable
to that of solving OCP.

A.6 Auxiliary Result for the Proof of Theorem 6 and Theorem 10

In this section we prove Proposition 30 which we used in the proof of Theorem 6 and

Theorem 10.
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Proof of Proposition 30. For m € N, define t,,(a) := inf {n e N: T,,(a) = m}—1.
Indexed by m, one has that By, ()(a) — p(a) is a bounded martingale difference

sequence, thus one has that

P{lfin(a) — p(0)] > €, Tu(a) 2 k) = P{

N
s

~
——

h=k 1
(a) - —2 he?
< 2 Zexp{ 2 }]P’{Tn( ) = h}
h=k
—2 ke?
< 2exp 72 ,

where (a) follows from the Hoeffding-Azuma Inequality (see, for example, Lemma

A.7 in Cesa-Bianchi and Lugosi (2006)). O
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Appendix B

Appendices for Chapter 3

B.1 Proofs

Detailed Derivation of the approximate lower bound G,(T,Z"). We define
product j’s optimality gap for customers with profile 7 as A% := maxg <<ny {uj} — i}
for j € N and i € Z. Let ki(t) denote the number of times that product j has been
offered to a customer with profile 7 up to (and including) time ¢. One can rewrite the
retailer’s regret associated with a policy 7, defined in (3.3), as R™(T, I) = Y-, RF(T)

where RT(T) is the regret associated with profile ¢ and policy

ZAZ 7,

The regret is proportional to the number of times that suboptimal assortments are
offered to customers over the selling season.
In their seminal work, Lai and Robbins (1985a) proved that the regret of any

consistent policy in a classic bandit setting grows asymptotically with order at least
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In(T"). Formally, for any consistent policy 7, we have that

lim inf ?W(T) > > ﬁ, (B.1)
—o In(T) JEN:A;>0 7 J

where A; is the optimality gap and D; is the Kullback-Leibler divergence associated
with arm j e V'

Because all profiles within a cluster have the same distribution of preferences,
with some abuse of notation, we let A? denote the optimality gap of product j for
all profiles in cluster k; that is, A;'. = A;? for all i € Z;, where recall that 7, denotes
the set of profiles belonging to cluster k. Similarly, we let D; = Df for all © € Zy.
Building on Lai and Robbins’ result in (B.1), we consider the following (asymptotic)

lower bound on the regret for the data-intensive policy:

K (N Ak
Laint(T,T') = Z (Z D_;> Z E[In(T3)],

k=1 \j=2 "7 ) i€eT,
where T; is the (random) number of customers from profile 7 that arrive during the
selling season. Hence, Zle T; = T almost surely.? Note that Ly, is the sum of the
lower bound on the regret associated with each profile (or cluster). Unlike the setting
studied in Lai and Robbins (1985a), which considers a homogeneous population of
customers, the number of customer arrivals from each profile (i.e, 7;) is random.
This introduces additional complexity in the computation of the lower bound, which

we address by using a first-order Taylor expansion of the term In(7;).> We therefore

! The Kullback-Leibler divergence measures the difference between two probability distributions.
For the Bernoulli distribution, we have D; := p; In(p;/p*) + (1 — p5) In((1 — p)/(1 — u*)), where
w* = maxjen {15}

2 Although the lower bound in (B.1) is attained when T' — oo, one can obtain a similar lower
bound on the regret associated with each profile i, RF(T), as T; — oo. This is because T; — 00

almost surely as T' — o0, as long as p; > 0 for each profile i € Z.

3 In deriving the bounds, we use a first-order Taylor expansion which, as one may expect, provides
a reasonable approximation for smooth functions — we also verified this numerically.
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approximate Lg.;,; by replacing In(7T;) by its first-order Taylor expansion around the
mean E(7T;) = p;T. To this end, we have that In(T;) ~ In(p;T) + (1/(p;T))(T; — p;T)
and taking expectation on both sides, we have that E [In(7})] ~ In(p,T) as E(T;) =

p;T. Thus, we approximate the lower bound function Ly, with L3 where

K
Laint(T,T') ~ L (T, T') Z (Z ) > In(pT

ZEIk

Using the results in Auer et al. (2002) for the UCBI policy, an upper bound on

the regret for the semi-oracle policy is given by:

Uscore(T, ') =Z<Z<fﬁﬁwmmh(}+§)ZAQ,

j=2

where T} denotes the (random) number of customers from cluster k. Using a similar
first-order Taylor expansion as in Lj" ., we approximate the upper bound function

Us.ore with U%%  where

s-orc

k=1

K [N o\ N
UrordT,T) ~ U (T, ) : Z<Z< >mﬂ (e 5) 2 >,
Jj=2 —9
where P, := Zielk Di.
We therefore approximate the lower bound function Ly (T, Z") — Us.ore(T, Z") by
Gu(T.T') == L5, (T.T') = U (T, 7).

s-orc

Since the gap function can be defined as the gap associated with each cluster, we

further define Gyy(T,Z") = Y. | G¥(T, T;,) where
k: N 2 N
Z —i Z In(p;T Z In(P,T) (1 + —) A¥
=) & j=2 3/ 3
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The next result provides conditions under which G1,(T,Z") = 0.

Theorem 33. For eachk € {1,..., K}, suppose that I}, > I for some I} independent

of T and of the distribution of customer arrivals. Then, (i) there exist thresholds
tF (1) such that Gy(T,Z') = 0 for T = maxy, {t}(Iy)}; and (ii) Gu(T,T') is increasing

and concave in T.

Proof. (i) To prove that G1;(T,Z") = 0, we first characterize conditions under which

GY(T,Zy) = 0. After some algebra, we obtain that

GN(T, 1) = Aln(T) — B,

where A := I (Z;VZQ A?/Df> - Z;V:2 S/A?>

Bi=— (i A?/D?> In (ﬂpi) + <§] 8/A§> In(Fe) + (1 +7°/3) iAﬁ

j=2 i€y, =2 =2

P, = ZieIk pi, and Df is the Kullback-Leibler divergence number. Let IF be the
smallest integer greater than (Z?]:Q 8/A§) / (Zj\[:g Af/Df) and set I, = IF. Note

that A > 0 for [}, > IF. We therefore have that G%,(T,Z;.) = 0 if
T > (1) = [exp(B/A)]

The result follows from noting that Gy (T,Z') = Se_, G5(T, Z).
(1) This part follows immediately as Gy,(T, Z') = Y5, G¥(T, T;,) where G5,(T, Z;,) =
Aln(T) — B (where A and B are as defined in part (7)), and A > 0 for [, > IF. [

As expected, the semi-oracle outperforms the data-intensive policy as it learns
about customers’ preferences faster by pooling information across customer profiles
within any cluster. The requirement of sufficiently large I} in Theorem 33 is mostly

technical and emerges from the mismatch between the leading constants in the lower
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and upper bounds to the regret functions. On the other hand, the requirement on
T ensures that the number of customers in each profile is not too small with high
probability. Theorem 33(ii) shows that G;(7,Z') is increasing (and, in fact, grows

to infinity) in the number of arriving customers 7.

Proof of Theorem 13. We assume for simplicity that I is continuous. The results
follow directly for the discrete case. We prove the results by taking the first- and
second-order partial derivatives. We first prove that 0Gy,(T,Z")/0I), > 0. We have
that In (HieIk pi) = Iy In(P,) — Iy In(I},). Then,

oI, DF

j=2""J

9Gu(T,T') — (i Aéﬂ) (In(T) + In(Py) — In() — 1).

Note that 0G1,(T,Z")/d1; > 0 if T > el}/Py. To prove concavity, note that

POuNT) (A (1Y
oI, ~ Dk |\ I, '

Jj=2
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Detailed Derivation of the approrimate lower bound G (T, I, P). We as-
sume that A;‘? =A>0forall k=1,...,K and j # k, where recall that Af de-
notes the optimality gap of product j for all profiles in cluster k. Similarly, we let
Df =D>0forall k=1,..., K and j + k, where D;? denotes the Kullback-Leibler
divergence associated with product j for all profiles in cluster k. As in derivation of
the approximate lower bound Gy;(T,Z"), we consider the (asymptotic) lower bound

on the regret of the data-intensive policy:
(K -1A ZI
Ld—int (T7 Ia P) = T & E [ln(ﬂ)] .

Existing upper bounds in the bandit literature (including that of the UCB1 policy)
assume a homogeneous market. This introduces additional complexity in the com-
putation of the upper bound on the regret of the pooling policy, which we address

in the following result.

Lemma 34. The regret for the pooling policy in this setting is at most

SIHT(T)i (Plipk) i <1+%2) (A =14

k=2

Upool(Ta [> P) =

+T(1 - P)A.

Note that Upee in Lemma 34 has an additional term compared to its counterpart
in the case of a homogeneous market. The term inside square brackets is the upper
bound on the regret of the pooling policy relative to a “weak” oracle. The “weak”
oracle assumes that the market is homogeneous and therefore always offers product
1 (as it has a higher purchase probability averaged over all customer profiles) to
any arriving customer. However, the regret has to also account for the pooling
policy’s inability to differentiate between clusters. The term outside square brackets

incorporates such a penalty. Note that this penalty term disappears as P; 1 1.

169



Let Go(T, I, P) be the approximation of the lower bound Lg int — Upeor, Obtained

by replacing In(7}) with its first-order Taylor expansion. That is,

A ' 8In(T) & 1 w2
Goy(T, I, P) := 5 ; ln(plT)] - { A k; (P1 — Pk) +T(1—P)A + (1 + ?) (KP, — 1)A] .

O

Proof of Lemma 34. We construct Uy, in two steps. First, consider a “weak”
oracle that assumes that the market is homogeneous, and therefore, presumes that
the purchase probabilities are P; u} + qu? +- 4 PK,LLJK for each product j, where ,u;?
denotes the purchase probability of product j for cluster k. Because the optimality
gap of products in all clusters is the same (i.e., A? = A for any cluster k and product
Jj F k)and P, > max{Ps, ..., Px}, the weak oracle offers product 1 to all arriving
customers regardless of their profiles (or clusters). As a result, the optimality gap of

product k = 2,..., K (averaged over all profiles) for the weak oracle is:

If the pooling policy follows the UCB1 algorithm of Auer et al. (2002) (which assumes

a homogeneous market), its regret relative to the weak oracle is at most

’g[glz(;) + (1 + %2> A;] _ 8lnA(T) ,22 <P1ipk) + (1 + %2) (KP, — 1)A.

The pooling policy’s regret, however, has to also account for its inability to differ-

entiate between clusters. Now, consider a “strong” oracle that knows the purchase
probabilities of all customer profiles (and thus the mapping of profiles to clusters).
The strong oracle offers product k to customers from cluster k for £ = 1,..., K,
while the weak oracle offers product 1 to all arriving customers regardless of their

profiles (or clusters). As a result, the weak oracle incurs an additional cost (regret)
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relative to the strong oracle whenever a customer from a cluster other than cluster
1 arrives. Hence, the weak oracle’s regret relative to the strong oracle due to the
lack of knowledge of the mapping of profiles to clusters is T(1 — P;)A. Therefore, we

obtain

~~

Upool (T, [7 P) =

+T(1 = P)A.

8In(T) & 1 72
1+ — ) (KP— 1A
- kzz(Pl—Pk)Jr(Jrig)( 1= 1)

O

Proof of Theorem 1. Note that if P, = 1, this setting coincides with a homoge-
neous market and thus the results follow from Theorem 33. Therefore, we prove the
results for P, < 1.

We first characterize conditions under which Gy (t, I, P) = 0. For simplicity we
assume that t is continuous, but similar arguments apply to the discrete case. After

some algebra, we obtain that
Gau(t,I,P)=A'ln(t) — B't — ',

where A" := (K — 1)IA/D — 8B/A, B' := (1 — P})A,
C":=(—(K —-1)A/D)In (ﬁpz> + (1+7%/3) (KPP — 1A,

p o= Zfﬂ 1/ (P, — By), and D is the Kullback-Leibler divergence. Note that if
A" <0, then Gy (t,I,P) < 0 forallt >1as B> 0 and C' > 0. Thus, we need

A’ > 0 which requires that

83D

I > —(K—l)AQ'

(B.2)

Having A’ > 0 implies that Gy (¢, I, P) is a concave function of ¢, and this function
has a maximum at t = A'/B’. Let G]"* := max;~o {Ga(t, I, P)} = Go(A'/B', I, P).
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Note that 0Gy(t,I,P)/ot = (<) 0 for t < (>) A'/B’, and Gy(t,I,P) — —o0 as
t — oo (since B’ > 0). Therefore, if G]*** > 0, we have that Gy(t,I, P) = 0 for
t(I,P) <t < t,(I, P) for some thresholds 1 < #,(I, P) < t,(I,P) < c. In what

follows, we provide conditions that guarantee that G;"** > 0. We have that
Gt =A'ln(A'/B") - A" - C".

It follows that G}*** > 0 if

AI CI
T~ eXP (E + 1> . (B.3)
Considering the fact that arrivals are uniform, i.e., p; = 1/I,¥i, we have that
In (Hlepi) = —IIn(/). This implies that
g’ _ (K=1)A/D)I'In(I)+ (1 + 72 /3) (KP, — 1)A
A (K —1)IA/D —83/A

(88/A)In(I) + (1 + 72/3) (KP, — 1)A
(K — 1)IA/D — 83/A

= In(I) +
= In(I) + f(Z, P),
where

(88/A)In(I) + (1 + 72/3) (KP, — A
(K — 1)IA/D — 83JA '

f(I,P):=

Therefore, to ensure that (B.3) holds, we provide conditions that guarantee that

!/

o> exp(In(l) + f(I,P)+ 1) = (exp(f(I,P) + 1)) I. (B.4)

After some algebra, we obtain that (B.4) is true if

8p

Tl (B.5)

(uli—;al)z) —exp(f(I,P) + 1)) I>
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Note that for the above inequality to hold, the left-hand side of (B.5) must be

positive. This requires that P, > II;(I, P) where

K—1
" Dexp(f(I,P)+1)

I, (I, P) :=1

For any given I and P', we let Py(I, P') := inf{P, : P, > II,(I, P),max {P, ..., Px} <
P, <1} where Pk =1— (P, + Py + -+ Px_1) and recall that P’ = (Ps,..., Pk 1).
Note that IT;(/, P) < 1. Moreover, in what follows (Lemma 35), we show that
f(I, P) (and thus IT,(I, P)) is decreasing in P, for I > e. Therefore, such P, (I, P’)
exists for I > e. It follows that, if P, > f’l(], P’) and I > e, then after some algebra
we have that (B.5) is true if

88D

' X (® ) —ep(fTP) + D —P)D)’

We now present the intermediate result.

Lemma 35. f(I, P) is decreasing in I and Py (assuming that the vector P’ is con-

stant) for I > e.

Proof. We prove the result by taking the first-order partial derivatives. We have that

of _ 8(K —1)8/D—(88/A)" (1/T) — (K — 1)A/D) [(88/A)In(I) + (1 + 72/3) (K Py — 1)A]
oI (K —1)IA/D — 83/A)?

[(8(K —1)8/D) (1 —In(I))] — (88/A)* (1/I) — (1 + 7%/3) (K — 1)(K Py — 1)A%/D
(K —1)IA/D —83/A)? '

Note that (8( K —1)8/D) (1 —In(I)) < 0 guarantees that df/0I < 0. The former

inequality holds if [ > e.
We note that Px =1 — (P, + P» + -+ + Px_1). We then have that

a8 1 1 1 2
= + +ot + <o0.
0P [(Pl —P)?2 (P — Ps)? (PL—Prg-1)? QP14+ Po+Ps+ -+ Pg_1 — 1)2]
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Thus, § is decreasing in P, which implies that the denominator of function f is
increasing in P;. Therefore, to show that function f is decreasing in P;, we provide
conditions that guarantee that its numerator is decreasing in P;. Let f,., denote
the numerator of function f. We then have that

af num
0P

= —(8In(D)/A)y + K (1 +7°/3) A,

where v := —03/0P;. Therefore, 0 fum/0P; <0 if

K (1 +72/3) A?

In(/
n(l) > 5

Since v = K, we have that I > exp ((1 + 72/3) A?/8) guarantees that 0f /0P, < 0.
Because exp(1l) = e > exp ((1 + 72/3) A?/8) as 0 < A < 1, we conclude that [ > e
guarantees that 0 fpum,/0P; < 0.

[

We conclude that in order to have G"** > 0, we need that P, > P(I, P') and
the inequalities (B.2) and (B.6) to hold. Seeing that the right-hand side of inequality
(B.6) is larger than that for inequality (B.2), for any given P, we set I;(P) to be
the smallest integer I greater than e that satisfies the inequality (B.6) and take
I > I,(P). From Lemma 35, we know that f(I, P) is decreasing in I for I > e.
Because the right-hand side of the inequality (B.6) is increasing in f(I, P) (and thus
decreasing in I for I > e), such I;(P) exists (note that the right-hand side of the
inequality (B.6) converges to 83D/ (A?((K — 1) — (1 — Py)eD)) as I — o). This
completes the proof of Gy (t, I, P) = 0.

We next prove that [;(P) is non-increasing in P; (assuming that the vector P’ is
constant). We know that I;(P) is the smallest integer I greater than e that satisfies
the inequality in (B.6). The result follows from noting that the right-hand side of
inequality (B.6) is decreasing in P, for I > e as a result of Lemma 35.
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We finally prove that P (I, P') is non-increasing in 1. We have from above that

Pl([,Pl) :inf{P1:P1 >H1(I,P),maX{P2,...,PK} <P1 < 1},

where IIy (I, P) =1 — (K —1)/(Dexp(f(I, P) + 1)). The result follows from noting

that II; (I, P) is decreasing in [ for I > e as a result of Lemma 35.
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B.2 Additional Proofs and Numerical Results

Extension of Theoretical Results for Thompson Sampling. Consider a clas-
sic bandit setting with N arms and Bernoulli rewards and suppose, without loss of
generality, that arm 1 is the unique optimal arm. Let A; denote the optimality gap
of product j. Agrawal and Goyal (2011) prove the following upper bound on the

regret of Thompson Sampling policy in this setting:
R™(T) < CiIn(T) + Cs,

where 7 denotes the Thompson Sampling policy,

Yoy Mol Vo
Cy :=1152<2P> +2882P+722f

j=2 "7
and

N
1
Cy:=192N )’ o 104V - 1),

j=2 77

Using the upper bound above, extending the results of Section 3.6.1 is immediate.
In what follows, we discuss the changes to the proof of Lemma 34 and Theorem 14.

Following the same arguments as in the proof of Lemma 34, we have in this setting

that
Upoot(T', 1, P) = (C1In(T') + C3) + T(1 — P)A,
where
, <o\ X1 K1
C! = 1152 (;z A;ﬁ) + 288;2 A + 72;2 A
and

K
1
Cy:=192N ) A +104(N — 1),
k=2
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and Aj = (P, — P,)A is as defined in the proof of Lemma 34. After some algebra,

we obtain that
Gau(t,I,P)=A'ln(t) — B't — ',

where A" := (K — 1)IA/D-C}, B' := (1-P)A,C" := (—(K — 1)A/D) In (Hi[:lpi)—lr
C}. Following the same arguments as in the proof of Theorem 14, we need A" > 0

which requires that
1D

]>—(K—1)A'

(B.7)

The only changes to the rest of the proof are the definitions of the functions f(I, P)
and I;(P), and inequality (B.6). In this setting, we have that

O In(l) + C}

ILP) = e IA/D - or

After some algebra, we have that the inequality (B.6) in this setting becomes

C'D
A((K—=1)—exp(f({,P)+1)(1 - P)D)

I> (B.8)

Similar to the proof of Theorem 14, we note that the right-hand side of inequality
(B.8) is larger than that for inequality (B.7). Thus, we define I;(P) as the smallest
integer I greater than e that satisfies the inequality in (B.8).

To conclude the extension, we only need to prove Lemma 35 in this setting.
Following the same arguments as in the proof of Lemma 35, we have that

of _ [(Ci(K —1)A/D) (1 —In(1))] — C?/I — (K —1)AC}/D)
ol (K —1)IA/D —C})?

Note that I > e guarantees that df/0l < 0. To show that f(I,P) is decreasing
in P, note that A} is increasing in P, which, in turn, implies that C{ and C} are
decreasing in P;.
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The non-increasing property of I;(P) and Py(I,P') in P, and I, respectively,
follows from similar arguments as in the proof of Theorem 14 and the discussion

above.

]

Details of Numerical Study in Section 3.5.5. The separation-based experiments
are discussed at the end of Section 3.5.5. Table B.1 below reports the percentage
improvement of the dynamic clustering policy over the other policies, both in terms
of regret and revenue (i.e., expected number of transactions) in the separation-based
experiments using a synthetic linear dataset.

Table B.1: Average percentage improvement of dynamic clustering policy over data-

intensive and linear-utility policies in separation-based experiments using a synthetic
linear dataset.

Regret Revenue
Linear-Utility | Data-Intensive | Linear-Utility | Data-Intensive
T = 500 31.2% 42.4% 26.2% 51%
T = 1000 33.4% 50% 20.3% 51%
T = 5000 36.4% 56% 11.1% 28.5%
T = 10000 16.7% 47.1% 3.3% 16.7%
T = 20000 -21.3% 34.4% -2.5% 8.5%
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Appendix C

Appendices for Chapter 4

C.1 Proofs

Proof of Proposition 15. Considering the first-order condition (FOC) of my(p)

with respect to p, after some algebra we have that

omo(p) _ exp ((B+p)/m) (po(p) —p)

op  (exp(B/m) +exp(p/m))’

)

where ¢o(p) = p1 (1 +exp ((8 —p)/u1)). Root of the above equation can be found
by either setting p = o0, or by setting ¢o(p) —p = 0. One can easily see that ¢q(p) is a
decreasing function of p, and that ¢o(p = 0) > 0 and ¢o(p) — 1 as p — oo. Thus, the
equation ¢o(pg) = p§ has a unique solution at a finite price 0 < p§ < co. Therefore,
the FOC only holds at p = p§ and p = co. We also note that dmy(p)/dp > 0 for
0 < p < pj and dmo(p)/dp < 0 for p > p§. Thus, m(p) is increasing (decreasing) in p
for p smaller than (larger than) p§. Finally, we note that mo(p = 0) = 0, mo(p) — 0
as p — o, and my(p) is finite for all finite values of 0 < p < oo. These imply that

mo(p) is a unimodal function of p with a maximum at the optimal price 0 < p§ < c0.
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Replacing p§ by ¢o(p§) in mo(p), we obtain that

B —py
w5 = mo(py) = p§ — i =uleXp< m 2.

]

Proof of Proposition 16. From the Envelope Theorem and after some algebra,

we have that
1

p=p§ 1+eXp( B+p0)

67'('3 57r0

as B

>0

Thus, 7§ is increasing in 8. To see that pfj is increasing in 3, we note from the proof
of Proposition 15 that ¢o(p) = p (1l + exp ((8 — p)/p1)), which is increasing in f.
Thus, the optimal price p§ which is the unique solution to ¢o(pg) = p§ is increasing

in (. O

Proof of Proposition 17. Considering the FOC of 7 (p) with respect to p, after
some algebra we have that dm(p)/dp = 0 by either setting p = oo, or by setting
é1(p) — p = 0 where

(o 5) o ) (0 i) = (o 52) o (52)) ™ Yo
P (ﬁ) <exp (ﬁ) + (eXp (;jc) + exp (Bmp))#zml> 11+ exp (% + ﬁ:zc) Mz.

Let Cy := (exp (‘—C) + exp (;p))M/m. We then have that

oo __ P (*5) (o (i) + € (Comn o0 (5) =) + o (3 + 205 ) Cur

» oo (1) (o0 () # 2o (5 5 )

Because pi; = 9, we can see from above that d¢,(p)/dp < 0 for all p = 0, that is, the
function ¢1(p) is decreasing in p. We can also see that ¢1(p = 0) > 0 and ¢1(p) — 2

as p — oo0. Thus, the equation ¢;(p}) = pi has a unique solution at a finite price
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0 < p} < co. Therefore, the FOC only holds at p = pj and p = c0. One can also
check that dm(p)/dp > 0 for 0 < p < p} and om(p)/dp < 0 for p > pf. Thus, m (p)
is increasing (decreasing) in p for p smaller than (larger than) pi. Finally, we note
that m(p = 0) = 0, m(p) — 0 as p — oo, and 71(p) is finite for all finite values of
0 < p < . These imply that m (p) is a unimodal function of p with a maximum at

the optimal price 0 < p} < co. Replacing p} by ¢1(p}) in m1(p), we obtain that

T = m(pt) = s exp (5) (exp (55) + exp (70 ))MZ/M
111 exp (i‘) <(exp( ) +exp (6 p >)u2/“1 +exp(k/yl)> + p2 exp(k/uﬁexp(

5+c>
w2

]

Proof of Proposition 18. From the Envelope Theorem and after some algebra,

we have that

67’(’;I= N 6771

B B

_ P (Bx+c) (exp ( ) +exp (ﬁ P ))#wl y
p=p} (exp (ﬂ+f) +exp (;TT)) (exp (ﬁ) + (exp( ) +exp (B p ))#z/m)

Thus, 7} is increasing in pj. Moreover, we have that

0p _ oXP (bl%) (eXp ( ) + Cl) (Clm +exp (ﬁ) (k1 — Mz)) +exp (% + W) Cipss

Z (o0 ) (o0 () - o (& 52) )

where ¢ is as defined in the proof of Proposition 17 and

_ _ p2/ k1
C) = (exp <—C) + exp <5 p)) ' .
H2 H2

Because p; = o, we can see from above that d¢,/05 > 0. Thus, the optimal price

)

p} which is the unique solution to ¢1(p}) = p} is increasing in 3.
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To prove the results for k, note that

o (5 (o () v ()™
(exp ( ) +exp ( )) (exp (uﬁ) ( XPp (;—) + exp (ﬁ_))uz/m)

From above, we can easily see that 7 is decreasing in &£ which implies that 7} is also

=S

mi(p) =

decreasing in k. In addition,

By exp ( + B“) Ch (exp (’8+0) + exp ( )) 3
L < 0.
ok c 2
(exp (/%) (exp ( ) + Cl) 1 + exp (% + %) ug)
Thus, pi which is the unique solution to ¢;(p}) = p} is decreasing in k. ]

Proof of Proposition 19. From the Envelope Theorem and after some algebra,

we have that the sign of on}/dc = 0'37T1/6c|p:pi= is determined by the sign of

K * +c *
(1+¢)®exp ( + pl) Cy p1 — exp <ﬂu2> E g + exp (f;) ((1+¢)? (1 — p2) — K p2)

prtcpr o pe

B—p p2/ k1
where Cy := (exp ( ) + exp ( =i )) . From above, we can see that for suffi-

ciently large ¢, the term —exp((8 + ¢) /u2) k' 1o dominates the function above, thus,
oy /oc < 0 for large enough c¢. We can also check that

gy (o0l _owli ) Pen () aen ()

Hz (1+¢)2pd exp<2(*ﬁ+c))

0 o = o
where ¢ is as defined in the proof of Proposition 17. Seeing that the optimal price
p} is the unique solution to ¢1(p}) = pi, we conclude that there exists a threshold ¢
such that p} is roughly constant for ¢ > ¢ (we know that as ¢ — oo, p} converges to
py which is the optimal price for the no-returns case). The discussion above implies

that there exists a threshold ¢ such that 7f is decreasing in ¢ for ¢ > ¢. O]
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Proof of Proposition 20. In case that k(c) = 0, Ve, we have that

om exXp (BJ;C;IJ) Cy (p1 + Crpuy — i)

- (exp <%) exp (ﬁ))Q (14 C1)? papa

Ba/p
where C] = (exp (;—26) + exp (%)) . Because iy = s, we can see from above

that dm/dc > 0 and thus, 7 is increasing in ¢ which, in turn, implies that 7§ is

increasing in ¢. Moreover, we have that

B+c+p
2

o6, XD (T) (Cou3 + pa (g — p2) — CL(=243 + papia + 113))

de (exp (%) (14 Ch) py +exp (%) :“2)2

Y

where ¢ is as defined in the proof of Proposition 17. Because p; = us, we have that
(—2u% + pypo + p2) < 0 which then implies that d¢;/dc > 0. Thus, p} which is the
unique solution to ¢1(p}) = pi is increasing in c.

[]

Proof of Proposition 21. We note that the case with product returns reduces
to that without returns as ¢ — co. (This is evident from the purchase and return
probabilities: P — PN and P/ — ( as ¢ — o0.) That is, 7f — 7% as ¢ — .
From Proposition 19, we know that for the case of k(c) = —k'/(c + 1), there exists
a threshold ¢ such that 7} is decreasing in ¢ for all ¢ > ¢. The result follows from
above and seeing that 7§ is independent of c.

]

Proof of Proposition 22. As discussed in the proof of Proposition 21, 7} —
as ¢ — oo. From Proposition 20, we know that for the case of k(c) = 0,Vc, we
have that 7} is increasing in c¢. The result follows from above and seeing that 7 is

independent of c.
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Proof of Proposition 23. The result follows from a similar line of arguments

as in the proof of Proposition 15, but with the difference that ¢o(p) = pi(1 +

n Bi—pg
Dimy exp(= ).
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