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Abstract

I use the methods of exterior differential systems and the moving frame to study
two geometric structures in seven dimensions related to Ga-geometry and linked by
the idea of special torsion. The torsion tensor of a geometric structure is a basic
first-order invariant of the structure, and both of the geometries I study have special
torsion, meaning that the image of their torsion tensor is constrained to lie in a
smaller than usual space.

In Part 1, I study quadratic closed Gs-structures. A closed Ga-structure on
a T-manifold M is given by a closed non-degenerate 3-form ¢, and the quadratic
condition, introduced by Bryant, says that ¢ satisfies one of a particular natural
one-parameter family of second order equations. The torsion tensor associated to a
closed Gs-structure o takes values in go, and I study the cases where the image of this
map lies in an exceptional Ga-orbit. A closed Ga-structure ¢ induces a metric, and
I give a classification of closed Ga-structures with conformally flat induced metric.

In Part 2, I study Ga-structures endowed with a distribution of calibrated planes.
In this situation there is an induced SO(4)-structure, and I investigate the cases
where the Gy-structure is torsion-free and the induced SO(4)-structure has torsion
tensor taking values in an irreducible SO(4)-module. Additionally, I give a classifi-
cation of SO(4)-structures with invariant torsion, meaning that their torsion tensor

takes values in a direct sum of trivial SO(4)-modules.
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1

Introduction

The research presented in this thesis lies within the broader subject of Go-geometry.
Let M be a 7-manifold. A Gy-structure on M is a 3-form ¢ € Q3 (M) of a particular
algebraic type (see Section 2.2.2). The pointwise stabiliser of such a 3-form is iso-
morphic to the compact form of the exceptional simple Lie group G5, which explains
the terminology.

A Gy-structure on M automatically induces a metric g, a volume form vol,, and

a Hodge star operator *, on M. If the G>-structure satisfies the equations

dp =0, dx*,p=0, (1.0.1)

then the metric g, has holonomy contained in G5, which implies that g, is Ricci-flat
and has a parallel spinor field. Conversely, if (M, g) is a Riemannian 7-manifold
with holonomy group contained in Gy, then M carries a g-parallel Gs-structure ¢
satisfying equation (1.0.1) such that g is equal to the induced metric g,,.

Manifolds with holonomy group equal to G5 are tantalising objects for differential

geometers from several points of view:

1. They are Ricci-flat. In fact, all currently known examples of irreducible odd-
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dimensional compact Ricci-flat manifolds have holonomy group contained in

Go.

2. They are host to special gauge-theoretical equations, analogous to the instanton

equations central to Donaldson’s work on the topology of smooth 4-manifolds.

3. They carry two distinguished classes of submanifolds, analogous to complex
submanifolds of a Kahler manifold, the associative and coassociative submani-

folds, which are volume minimising in their homology class.

4. They play an important role in physics as the model for the extra dimensions

of space in M theory.

In this thesis we study Ga-structures satisfying certain additional geometric con-
ditions. In Part 1 we study the so-called quadratic closed Gs-structures, while in

Part 2 we study Gs-structures endowed with a calibrated distribution.
1.1 Quadratic closed Gs-structures

In Part 1, we study closed Gs-structures satisfying a certain natural PDE system,
the quadratic condition.
A Gy-structure ¢ € Q*(M) on a 7-manifold M is called closed if it satisfies

dp = 0. When ¢ is closed we have
d*, p=TAp, (1.1.1)

where 7 € Q*(M) is a 2-form satisfying 7 A x,¢ = 0 called the torsion of the closed
Go-structure. The closed condition can be considered as a weakening of condition
(1.0.1).

Motivation for the study of closed Ga-structures comes from the construction of

compact manifolds with holonomy G5. The only known method for constructing



such manifolds is to start with a compact manifold M with a closed G,-structure ¢,
such that the torsion 7 is ‘small’ in some suitable sense. Then one may use a result
of Joyce [Joy96] to perturb ¢ to a torsion-free Gy-structure ¢ on M.

The metric g, induced by a closed Go-structure has special properties. In [Bry06],

Bryant gives formulas for the scalar and Ricci curvatures of g,
Scal(g,) = —%|7]%, (1.1.2)

Ric(g,) = }1]7'|2 — iJ‘@ (dT — % s, (T A 7')) , (1.1.3)

where j, is a certain linear map j, : Q3 (M) — I' (S*T*M). When ¢ is torsion-free,
the metric g, has holonomy contained in G5, and these formulas verify the fact,
mentioned above, that such metrics are Ricci-flat. Given these formulas, a natural

question is

Question 1.1.1. Can a closed Ga-structure induce an Einstein metric with non-zero

scalar curvature?

One can use (1.1.3) and a little algebra to write the Einstein condition using
differential forms as

dr = %]ﬂ%p—i—%*@ (TAT). (1.1.4)

In the case where M is assumed compact, question 1.1.1 was answered in the negative
by Cleyton and Ivanov [CI08]. In [Bry06], Bryant gives a simpler proof and extends

the result to the following

Theorem 1.1.2 (Bryant). Let M be a compact 7-manifold with a closed Gy-structure
. Suppose
|Ric%(g,)? < £CScal(g,)?, (1.1.5)

for some constant C' < 1. Then

e I[fC<1,7=0



o IfC =1, equality holds in (1.1.5) everywhere on M, and T satisfies

dr = %|7-|2g0+%*<p (TAT). (1.1.6)

Equation (1.1.6) is equivalent to (1.1.5) with C' = 1, and a closed Ga-structure
satisfying this condition is called extremally Ricci-pinched, or ERP for short. Prior
to my work there were essentially only two known examples, due to Bryant [Bry06]
and Lauret [Laul7], both homogeneous.

Equations (1.1.4) and (1.1.6) have a similar form. Motivated by this, Bryant

[Bry06] introduced a generalisation of both conditions

Definition 1.1.3. Let X\ be a constant. A closed Gs-structure ¢ is called \-quadratic
if it satisfies

dr =3P+ X (2o 4+, (TAT)). (1.1.7)
The following cases are of particular interest:
e ;-quadratic <= Einstein.
e i-quadratic <= ERP.
e O-quadratic <= ¢ is an eigenform, i.e. an eigenfunction for A,,.

) —é—quadratic < Conformally flat metric. However, conformal flatness places

more restrictions than just —%—quadratic.
1.1.1  Outline of Part 1

In Chapter 3 we study the quadratic condition for a closed Ga-structure from the
point of view of exterior differential systems. We begin by deriving the structure
equations for general closed Gao-structures, including formulas for the scalar, Ricci,
and Weyl cuurvatures of the induced metric g,. We then impose the quadratic con-
dition. Our first result is that the real characteristic variety associated to the system
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is empty, which implies that the system is elliptic modulo diffeomorphisms. We then
rederive a result of Bryant [Bry06], which says that the system is not involutive in
the sense of exterior differential systems. We also show that the system obtained by
prolonging once is not involutive either, and derive new constraints on the second
order invariants of a quadratic closed Gs-structure. At the end of the chapter we
define the algebraically special torsion condition that forms the focus of the next two
chapters.

In Chapter 4, we study the quadratic closed Gs-structures whose torsion 2-form
has pointwise stabiliser isomorphic to the subgroup U(2)* of G5. By work of Bryant
[Bry06] it turns out that all such structures have A = %, and thus are extremally
Ricci-pinched. The torsion of the induced U(2)*-structure takes values in a repre-
sentation of U(2)" with three irreducible constituents, and we study the cases where
the torsion takes values in exactly one of these representations. We call these cases
types A, P, and Z. For structures of type A we derive a Weierstrass representation
in terms of holomorphic data. For type P we interpret these structures as space-like
maximal submanifolds of a certain 5-dimensional Riemannian symmetric space and
relate these to the known examples. For type Z we are not able to give a complete
classification, but we do derive a Weierstrass representation for a certain natural
subclass of these structures. The results in this chapter yield many new examples of
extremally Ricci-pinched closed Gs-structures.

In Chapter 5, we study the quadratic closed Gs-structures whose torsion 2-form

has pointwise stabiliser isomorphic to the subgroup U(2)~ of Gi5. We begin by showing

12
T 815

that the only possibilities for A are —1, or %. We then reduce the problem to
6-dimensions, by showing that the 7-manifold M is locally equivalent to R x N, where
N is a 6-manifold with a U(2)-structure satisfying certain conditions on its torsion.
We analyse each possible value of A in turn, considering special torsion classes as in
the previous chapter. The results in this chapter give the first known examples of

5



quadratic closed Ga-structures that are not extremally Ricci-pinched.

In Chapter 6 we exhibit several examples of quadratic closed Ga-structures that
are not algebraically special. We classify the closed Gs-structures with conformally
flat induced metric g,. This classification results from an interesting representation
theoretic coincidence: the space of algebraic Weyl curvatures on a 7-manifold has
the same Gs-irreducible decomposition as the space of second order-invariants of a
closed Gao-structure. This allows us to show that, up to scale, there are only two

possibilities, both of cohomogeneity-one. In the remainder of the chapter, we give

1

examples of %— and %—quadratic closed Go-structures. The case A = 3

is interesting,

as this value of A\ cannot occur in the algebraically special case.
1.2 Ga-structures with a calibrated distribution

Let (M, g) be a Riemannian manifold of dimension n. A k-form 6 is called a calibra-
tion if
e dl =0

e for any p € M and any oriented k-dimensional subspace E of T,M, 0|p =

Avol|g, where A < 1.

A k-dimensional subspace FE satisfying 6| = vol|g is called calibrated, and a k-
submanifold is called a calibrated submanifold if all of its tangent planes are cal-
ibrated. Calibrated submanifolds have the remarkable property of being volume
minimising in their homology class, and they occupy a special place in the study of
minimal submanifolds.

The theory of calibrated submanifolds was initiated by Harvey and Lawson in
the 80s [HL82]. Although they concentrated on calibrations in Euclidean space, the
link with Go-structures was quickly established. Indeed, the forms ¢ and *,p are

examples of calibrations whenever they are closed.
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In Part 2 of this thesis, we study the geometry of Gs-structures endowed with a

calibrated distribution.

Definition 1.2.1. Let (M, g) be a Riemannian manifold endowed with a calibration
0. A calibrated distribution on M is a subbundle ) of T'M such that for all p € M,
Q) is calibrated by 6.

We may take either the 3-form ¢ or the 4-form x,¢ as the calibration. Then
the stabiliser of a calibrated plane is SO(4), and a calibrated distribution induces a
canonical SO(4)-structure on M. If we assume that the Gy-structure ¢ is torsion-free,

then the torsion of such an SO(4)-structure takes values in

Wis @Wig @ Wi @ Wou® Woo® Wy ® Woo, (1.2.1)
where W, , denotes the bundle modeled on the SO(4)-module of highest weight (a, b).
1.2.1  Owutline of Part 2

In Chapter 7 we translate the study of Ga-structures with a calibrated distribution
into the study of SO(4)-structures on 7-manifolds. We derive the structure equations
and torsion decomposition for such structures.

In Chapter 8 we begin our investigation of SO(4) structures such that the induced
Go-structure is torsion-free and the torsion of the SO(4)-structure is of pure type
by treating the torsion classes Wy and W ;. Structures in these torsion classes are
shown to be locally equivalent to the Bryant-Salamon Gy-manifolds constructed in
[BS89.

In Chapter 9 we investigate the torsion classes Wy 4, W55, and W 3. It turns out
that any SO(4)-structure in one of these classes must actually be torsion-free, so this
does not give rise to any new examples of GGo-manifolds.

In Chapter 10 we invesigate the torsion classes W, 5 and Wy 4 and pay particular

attention to the so-called semi-flat cases. This uncovers a relationship with certain

7



submanifolds in SL(3)/SO(3) and R*? respectively, the second case having appeared
previously in [Bar10].

In Chapter 11 we give a complete classification of SO(4)-structures with invariant
torsion, meaning that the torsion of the SO(4)-structure takes values in a direct sum

of trivial SO(4)-modules.



2

Preliminaries

2.1 G-structures

Definition 2.1.1. Let M be an n-dimensional manifold and V' a vector space of
dimension n. A coframe at p € M is a linear isomorphism w,, : T,M — V. The set of
all coframes on M, endowed with the group action u-g = ¢g~! o, is a principal right

GL(V)-bundle over M, called the coframe bundle of M and denoted by F (M) .

Definition 2.1.2. Let G be a subgroup of GL(V). A G-structure on a manifold M

is a principal G-subbundle of the coframe bundle F (M) .

A G-structure on a manifold M can be thought of as a class of ‘admissible’
coframings adapted to a particular geometry on M, with the property that any two
such coframings differ pointwise by the action of G. Many differential geometric

structures fall in to this framework.

Examples 2.1.3. 1. Let (M, g) be a Riemannian manifold, and let the vector
space V' be R", with standard basis ey, ..., €,. We may define an O(n)-structure

B on M by
B, ={u:T,M —=R" |u" () =g}, (2.1.1)

9



where (-,-) denotes the standard inner product on R"™. Conversely, given an
O(n)-structure B on a manifold M, we may define a Riemannian metric g on
M by

2 n
g=(n")" +-+ "), (2.1.2)
for any locally defined section 1 = n'e; of B.

. Let (M, Q) be an almost symplectic manifold, i.e. an even dimensional manifold
endowed with a non-degenerate 2-form Q. Let V be R?**, where k = %dimM ,
with standard basis e, ..., eop. We may define an Sp(2k, R)-structure B on M
by

B, ={u:T,M - R* | uv'Q=0Q,}, (2.1.3)

where Q) denotes the standard symplectic form e' A e? + -+ + €271 A e2F on
R?*. Conversely, given an Sp(2k, R)-structure on a manifold M, we may define

an almost symplectic form Q on M by

Q=n'AP? 4+ ¥ An* (2.1.4)
for any locally defined section 1 = n'e; of B.

When G is a closed subgroup of GL(n,R), the quotient space F(M)/G is a

smooth bundle over M, with fibres copies of the homogeneous space GL(n,R)/G. A

G-structure on M is then equivalent to a section of F(M)/G. We shall assume from

now on that G is closed.

An important feature of the coframe bundle F(M) that is inherited on any G-

structure over M 1is the existence of a canonical V-valued 1-form w.

Definition 2.1.4. For any G-structure B C F(M), the tautological 1-form w is

defined by

w(v) =u(m (v)) forall veT,B, (2.1.5)

where 7 : B — M is the bundle projection.

10



The tautological form w on B may be thought of as the pullback of the tautological
form on the coframe bundle F(M) via the inclusion B C F(M).

The form w is w-semibasic and has the reproducing property n*(w) = n for any
local section 7 of B.

The most important property of w is that it detects diffeomorphisms of the base

manifold M respecting the G-structure B.

Definition 2.1.5. If M and N are smooth n-manifolds and f : M — N is a local
diffeomorphism, then a smooth bundle map f : F(M) — F(N) covering f is defined

by the rule

fuw)=uo ft (2.1.6)
The map f — f is functorial and covariant, and f is a diffeomorphism.

Theorem 2.1.6. If f : M — N is a diffeomorphism and B and € are G-structures
over M and N respectively satisfying f(B) = @, then f*ws = we.

Conversely, if U C B is an open subset of a G-structure on M with the property
that its w-fibres are connected and ¢ : W — € is any smooth mapping satisfying
¢*we = ws, then there exists a unique smooth mapping f : = (U) — N that satisfies

fomg = meog. Moreover, f is a local diffeomorphism and g is the restriction to U

of f.

Theorem 2.1.6 is the foundation of method of equivalence pioneered by Elie Cartan
in the early part of the 20th century.

In this thesis we are concerned only with the case when G C O(n) is a subgroup
of the orthogonal group. This situation has special features not present in the general
case, and for the sake of brevity we will not give a general account of the method of

equivalence.
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2.1.1 Riemannian geometry from the G-structure point of view

Let (M, g) be a Riemannian manifold of dimension n. From the discussion in example

2.1.3.1, this data is equivalent to an O(n)-structure B — M.

Theorem 2.1.7. (Fundamental theorem of Riemannian geometry) There is a unique
so(n)-valued 1-form 1 on B so that the exterior derivative of the tautological form

satisfies Cartan’s first structure equation,

dw = - AN w. (2.1.7)

Definition 2.1.8. The form 1 defines the Levi-Civita connection associated to
(M. g).

Thus, the total space B of the O(n)-structure carries a canonical coframing (w, ) .

The exterior derivative of 1) satisfies Cartan’s second structure equation

dp + Y N =R (wAw), (2.1.8)

where the curvature function R is a map R : B — so(n) ® A? (V*). The identity
d*w = 0 implies that R takes values in the kernel of the map

§:50(n) @A (V) = V@A (V), (2.1.9)

defined via the inclusion so(n) C V ® V* and skew-symmetrisation.
The function R and its exterior derivatives on B give a complete set of invariants
for the Riemannian metric g, providing a solution to the equivalence problem for

Riemannian metrics.
2.1.2 Torsion

We now consider the case of a general G-structure B over a manifold M, where G is
a subgroup of O(n).
Since G is a subgroup of O(n), there is a metric g on M defined by
2 n
g= ()" ++ 0", (2.1.10)
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for any (locally defined) section n = n'e; of B. Let F°" denote the O(n)-structure
associated to the metric g via the construction in example 2.1.3.1. There is an
inclusion B C F°". Using the O(n)-invariant inner product on so(n), there is a G-

equivariant splitting

so(n) =g® g, (2.1.11)

and if ¢ is the Levi-Civita connection on F°", then the pullback of ¥ to B splits

under the G-action as

Y=~0+o, (2.1.12)

where 6 takes values in g and o takes values in gt = so(n)/g. The form o is 7-

semibasic, so there is a function T : B — so(n)/g ® V* with 0 =T (w) .

Definition 2.1.9. The form 6 defines the natural connection on B, while the function

T is referred to as the torsion function of B.

On B, Cartan’s first structure equation (2.1.7) reads

dw=—0Nw+T (wAw), (2.1.13)

where here we are thinking of the torsion T as a function B — V ® A% (V*) by
regarding g+ ® V* as a subset of V ® V* ® V* and skew-symmetrising on the V*

factors. The map

gtV 5 Ve A2 (V) (2.1.14)

defined in this manner is an injection.

The torsion function 7" essentially measures the 1-jet of the G-structure B, viewed
as a section M — F(M)/G: It is a result of Elie Cartan that all of the pointwise
first-order diffeomorphism invariants of B that are polynomial in the derivatives of

the corresponding section M — F(M)/G are expressible as polynomials in 7.
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Cartan’s second structure equation on B is the equation

dd+0N0=1K(wAw), (2.1.15)

where the G-curvature function K is amap K : B — g @ A? (V*).

All of the pointwise second-order diffeomorphism invariants of B that are ex-
pressible as a polynomial in the first two derivatives of the corresponding section
M — F(M)/G are expressible as polynomials in the 7', K and the first derivatives
of T

In this thesis we are concerned with G-structures B with special torsion. What
this means is that we require that the image of T in g+ ® V* lie in a proper subset
S. By G-equivariance of T, we require S to be G-invariant. All of the groups G to

be considered are subgroups of GGy, and we now turn to Go-geometry.

2.2 Gy geometry

2.2.1 The group Gy

Let V = R". The group GL(V) acts on A3 (V*) with two open orbits, A% and A3.
The stabiliser of an element in either of these orbits is a real form of the complex
semisimple group G5. The stabiliser of an element of A% is a compact form, while
the stabiliser of an element of A? is a split form. Let €', ..., e” denote the canonical
basis of V*. Using the compact notation e’* = ¢’ A e/ A e for wedge products, the
element

¢ = 12 | M5 4 Q16T | (26 _ (25T _ 347 _ 356

is an element of A%, which we will call the standard 3-form, and we may define the
group G by
Gy ={A€GL(V) | A"¢ = ¢}.

The action of G5 on V' preserves the metric

9o = (N + ()4 (%) + (1) + ()" + () + (¢7)?

14



and volume form

voly =e' A AP Aet AP AP AeT,

and it follows that G, is a subgroup of SO(7).
In calculations it will be useful to use the £ symbol of Bryant, the unique skew-

symmetric symbol € such that
_1 ik
¢ = g&?z‘jke”
_ 1 ikl
%60 = 57Eik1€7",

where x4 denotes the Hodge star operator defined by g4 and voly,. This symbol

satisfies various identities listed in [Bry06].
Representation theory of G

The group G5 has rank two, so each irreducible representation of G5 is indexed by
a pair of integers (p, q), corresponding to the highest weight of the representation.
Denote the irreducible representation associated to (p,q) by V,,. The fundamental
representation V1 is the ‘standard’ representation V' = R” defined above, and the

fundamental representation V; is the adjoint representation
go = {aijel- ®é | ai;; = —aj, €t =0V i=1,..., 7} ) (2.2.1)
It is possible to describe how 'V, , lies inside Sym”(V; o) ® Sym?(Vy1). Let
Aiy ik gokonjokar L A1y ooy iy Gy s Jas K1y oy g <7

be a collection of numbers symmetric in the ¢ terms, symmetric under swapping (7, k)
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pairs, and satisfying

Then

Vp,q = {Ail...ip;jlkl,..,,jqkqeil :

Ai1---ip;j1k17j2k27---7jqkq + Ai1---

57‘jlk‘1 Ail.

0iyin A

1112

5j1j2 5k1 ko Ail .
5k1j2 Ail-

67”L’1j1 Ail .

11%2...

ipsk1j1,52k2,...

ipijiki,gake,..

ipsj1ki,gaka,...

Lipsgik,gake,...

Lipsgik,gake,...

ipijiki,gake,..

Jakq = 07
jaka = 0,
Jakq = 07
Jakq = 07
Jakq = 07
SJakq = 0.

e, @ (ej, @) (ej, ®@eF)}.

(2.2.2)

(2.2.3)

The commas and semi-colons are used in the notation here solely to demarcate the

V1,0 and Vy; indicies, they do not indicate differentiation and we will not use them

again.

Of fundamental importance to the study of Gs-structures is the irreducible de-

composition of the exterior powers of the standard representation. We have

where

A (V) = AP @ A
NVH) =7 & A ® A,
AV =A1 & A7 ® Ay,
AS(V*) = A? D A%zp

A2 =[xy (@A *p0) |a € ANV 2V 2V,

Ay ={BeA (V)| BAG=2%y B} =gy =V,

A} ={ro|reR} =R =V,

A ={xg(@ng) |ae N(V)} =V =V,

16
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A = {7y € N3(V*) [y A ¢ = 0,7 Axgop = 0} = Symg (V) = Vs,
and the Hodge star gives an isomorphism AY = A;_p .
The adjoint representation

As mentioned before, the group G5 has rank 2, thus a maximal torus for G5 has

dimension 2. One can easily check that

t={2fee+(f+geave+(f-gee | fgeR} (2.2.5)

is an abelian subalgebra of go, and is therefore a maximal torus.
Now, by Cartan’s Theorem, every element 3 of A?, = g} is conjugate to an

element of €, so 3 is conjugate to

T=—-2fes Nes+ (f+g)esNes+ (f —g)es Ner, (2.2.6)

for some constants f, g € R. The stabiliser of an element of the maximal torus under
the adjoint action of G5 depends on the value of (f,g).

When f(f4+9)(f—9)g@Bf+9)(3f —g) # 0, we are in the generic case, and
the identity component of the stabiliser of 7 is just the T2 subgroup of Gy obtained
by exponentiating t.

When f(f+¢9)(f—9)9gBf+g)(3f —g) = 0, the stabiliser is isomorphic to

U(2). There are two cases. We assume 7 is non-vanishing.

o If f(f+g)(f—g) =0, then 7 is conjugate to a multiple of e; A €® — eg A €.

Denote the stabiliser of this element by U(2)", and its G-orbit by O~.

o If g(3f +9)(3f —g) = 0, then 7 is conjugate to a multiple of the 2-form
—2ey A ez + e4 N es + e A er. Denote the stabiliser of this element by U(2)~,

and its Gy-orbit by OF.

The groups U(2)" and U(2)~ are not conjugate in Go. For example, U(2)~ pre-
serves the vector e;, while the action of U(2)" on V = R” does not preserve any
1-dimensional subspace.

17



A Stabiliser U(2)*

Stabiliser U(2)~

A
D

Generic stabiliser

R

FIGURE 2.1: A root diagram for g

The maximal torus t may be identified with the root space of go. Figure 2.1 is a

root diagram for go, with stabilisers marked.
2.2.2 (Go-structures

Let B be a Ga-structure on a 7-manifold M. A Gs-structure may equivalently be
thought of as a 3-form  on M that is everywhere linearly equivalent to the standard

3-form ¢ on V = R7. The pullback of ¢ to B is given by

Y = gijpwi N wj N\ Wy (2.2.7)

Since G is a subgroup of SO(7), a Ga-structure ¢ induces on M a metric g,,, volume
form vol,, and Hodge star operator x,. A G-structure also induces decompositions
of the exterior powers AP(T*M), corresponding to the decompositions (2.2.4) given
above.

Let 8 and T be the natural connection and torsion function on B respectively,

defined in Section 2.1.2. The Gy-equivariant decomposition of so(7) is

s0(T) =g @V, (2.2.8)

so the torsion function 7" takes values in V@ V* =2V @ V. Let T' = Tjje; ® e;. We

18



may write the splitting (2.1.12) in components as

Vij = 055 + i Thaw. (2.2.9)

Then, Cartan’s first structure equation reads

dw; = —0i; N w + g4 Trawr, A wy. (2:2.10)

The torsion space V ® V' has the G-irreducible splitting
VeV= '\71’0 X ’\7170 = VO,O S, '\71’0 D ’\7071 @D ’\72’0 (2211)

>N DA DA, DA, (2.2.12)

and in fact all of the irreducible constituents of the torsion function 7" appear in the

exterior derivatives of ¢ and *,¢.

Proposition 2.2.1. There exist differential forms 7o € Q°(M), 7, € QY (M), €

Q2 (M), 73 € Q3. (M) so that the exterior derivatives of ¢ and *,¢ satisfy
dp = To %, P + 371 A + %473, (2.2.13)

d*, 0 =411 N *,0 + T2 A . (2.2.14)

The pullbacks of the T; to B are given by

=27, (2.2.15)
71 = 5k TijWe, (2.2.16)
Ty = 2T55w; N\ wj — %&jklﬂjwk A wy, (2.2.17)
T3 = —%&‘k;l (Ti; + Tji) wj A wi Aw; + %Tiigo. (2.2.18)

In the first part of this thesis we are only concerned with the case where ¢ is
closed, i.e. when 79 = 71 = 73 = 0, while in the second part we are mainly concerned

with the torsion-free case, i.e. the case with 7' = 0.

Proposition 2.2.2. When the Gy-structure ¢ is torsion-free, i.e. T = 0, the metric
gy has holonomy group contained in GS.
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Laplacian flow

The Laplacian flow is the nonlinear flow equation for a G-structure ¢ given by
%QP = Ay, (2.2.19)

where A, is the Laplacian induced by ¢. In the case where ¢ is closed we have
Ayp = drp and the closed condition is preserved along the flow. On a compact
manifold, the fixed points of the flow are exactly the torsion-free G-structures, and
one might expect to be able to use the flow to deform an initial closed Ga-structure
into a torsion-free one. Of course, the situation may be more complicated than this,
and while progress is being made (see [LW17], [LW15], [LW16] for example), much
work remains to be done.

A Laplace soliton is a closed Gay-structure ¢ satisfying the equation

Agp=cp+Lxp (2.2.20)

for some constant ¢ € R and vector field X € X(M). Laplace solitons are the
solutions to (2.2.19) that evolve along the flow by scalings and diffeomorphisms, and
it is believed they will model the possible singularities of the flow. As corollaries of
our work in chapters 4 and 5 we will construct some examples of Laplace solitons

(see sections 4.3.3, 5.3.4, and 5.4.4).
2.2.8 Associative and coassociative submanifolds

A Gs-structure M on a manifold defines two special classes of submanifolds, the
associative and coassociative submanifolds. In order to define these, we first need

some algebraic preliminaries. For proofs of the statements in this section, and more,

see [HL82].

Definition 2.2.3. The comass of a p-form w € A? (R")" is
[|lw||* = sup{w (&) | € is a unit simple p-vector}, (2.2.21)
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where we use the standard inner product on R™.

Proposition 2.2.4. Both the standard 3-form ¢ on V=R and its Hodge dual *s¢

have comass 1.

Definition 2.2.5. e A 3-plane A € Gr; (V) is called associative if |¢ (u,v,w)| =

1 for any orthonormal basis u, v, w of A.

o A 4-plane C € Gry (V) is called coassociative if |x3¢ (w,x,y,z)| = 1 for any

orthonormal basis w, z,y, z of C.

The orthogonal complement of an associative plane is coassociative, and vice
versa.

The action of G5 on the Grassmannian of k-planes in V is transitive for k =
1,2,5,6, but not for £ = 3,4. For example, the associative and coassociative condi-

tions are invariant under the action of Gg, since G preserves ¢ and *4¢.

Proposition 2.2.6. The group Gy acts transitively on the set of associative 3-planes
and on the set of coassociative 4-planes. In both cases the stabiliser of the Ga-action

is isomorphic to SO(4).

Up to conjugacy, there is a unique copy of SO(4) inside G. Under the action of
this SO(4), the standard representation V' = R of G5 splits as R3@R* = A2 (R*) @
R%.

Definition 2.2.7. Let (M, ) be a manifold with Gy-structure, and use the Gs-

structure to identify each tangent space (T, M, ¢,) with (V,¢).

e An associative 3-fold in M is a 3-dimensional immersed submanifold N — M

for which each tangent space T, N C T, M is an associative 3-plane.

e A coassociative 4-fold in M is a 4-dimensional immersed submanifold X — M
for which each tangent space T, X C T, M is a coassociative 4-plane.
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Proposition 2.2.8. o [f the Gy-structure ¢ is closed, meaning dp = 0, then any

associative 3-fold minimises volume in its homology class.

o [f the Gy-structure ¢ is coclosed, meaning d *, ¢ = 0, then any coassociative

4-fold minimises volume in its homology class.
Proof. This follows immediately from the theory of calibrated submanifolds. m

In Part 2 of this thesis we study torsion-free Ga-structures endowed with dis-
tributions of either associative or coassociative planes. We use proposition 2.2.6
to translate this into the study of certain special classes of SO(4)-structures on 7-

manifolds.
2.3 Prescribed coframing problems

At many points in our work we will want to prove the local existence of G-structures
with desired properties. This amounts to finding a coframing on a manifold satisfying
a prescribed set of structure equations. We shall prove the existence of such cofram-
ings by appealing to a theorem of Cartan, which may be viewed as a far-reaching
generalisation of Lie’s Third Theorem on the integration of a Lie algebra to a local
Lie group.

Fix index ranges 1 < i, 5,k <n,1 <a<s,and 1 < p,og <r.

Problem 2.3.1. Suppose that Cj(u) = —Cj.(u) are given functions on R®, while
F?(u,v) are given function on R*T". Do there exist linearly independent 1-formsn® on
an n-manifold M, a function a = (a®) : M — R®, and a function b= (b") : M — R"
satisfying

dn’ = —3C3) (a) ' A1, (2.3.1)

da® = F (a,b)n" ? (2.3.2)
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Definition 2.3.2. Such a triple (7, a,b) will be called an augmented coframing sat-
isfying the structure equations (2.3.1) and (2.3.2). The functions a* are called the
primary invariants of the augmented coframing, while the functions b” are called the

free derivatives.

Obvious necessary conditions for the existence of an augmented coframing satis-
fying the structure equations (2.3.1) and (2.3.2) are the conditions coming from the

identity d? = 0. The equations d*n° = 0 expand to

acl ,OCL , 00, P P i m
while equations d?a® = 0 expand to
1 L (pp0F 0 X
0=t <Fﬁa ; —Fﬁauﬁ — CLF, )'rz A (2.3.4)

We do not have formulas for db”, so it is not immediately clear how to deal with

equation (2.3.4). However, if there exist functions G on R**" such that

ory a o oFy
9975 pph O Ge i, (2.3.5)

P aur L er T CGulT = 500G T G

then we may rewrite equation (2.3.4) as

F? :
0= 8&;9 (dv’ — G5 (2.3.6)

and we see that there will exist an expression for the db” in terms of 1’ so that
d?a® = 0 is satisfied.

Equations (2.3.3) and (2.3.4) give necessary conditions for the existence of an
augmented coframing satisfying the structure equations (2.3.1) and (2.3.2). In order

to give a sufficient condition, we need a piece of algebraic terminology.

Definition 2.3.3. Let uy, ..., u; be a basis of R®, and let x!, ..., 2" be basis of (R")*.

The tableau of free derivatives of the structure equations (2.3.1) and (2.3.2) at the
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point (u,v) € R*™" is the linear subspace A (u,v) of Hom (R®,R") spanned by the

elements

OF" :

81;’ (u,v) ug @ ' (2.3.7)
Theorem 2.3.4 (Cartan). Suppose that real analytic functions C}k = —C}k on

R® and F on R*™" are given satisfying (2.5.3), and that there exist real analytic
functions G; on R**" satisfying (2.8.5). Suppose further that the tableaux of free
derivatives A (u,v) for the structure equations (2.3.1) and (2.3.2) is involutive for
all (u,v) € R¥T". Then, for any (ug,vo) € R¥™™ there exists an augmented coframing
(n,a,b) on an open neighbourhood U of 0 in R™ that satisfies the structure equations
(2.8.1) and (2.3.2) and has (a(0),b(0)) = (ug, vo) -

Moreover, augmented coframings satisfying the structure equations (2.3.1) and
(2.3.2) depend (modulo diffeomorhpisms) on s, functions of p variables (in the sense
of exterior differential systems), where s, is the last non-zero Cartan character of

the tableau of free derivatives A (uv).

Proof. This is Theorem 3 in [Bryl4]. O
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Part

I

Quadratic closed Go-structures
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3

Structure equations

3.1 Closed Ga-structures

In this thesis we will only be interested in the case of closed Gs-structures.
Definition 3.1.1. A G structure ¢ is called closed if it satisfies dp = 0.

Let (M, ¢) be a 7T-manifold with Gy-structure and let B — M denote the G-

coframe bundle of M:
B:{U:TJ;Ml)V|xEM,u*¢:<px}. (3.1.1)

Let w denote the tautological V-valued 1-form on B, and let i) denote the Levi-
Civita connection associated to g,. There is a decomposition s0(7) = g, @ V' into
Go-irreducibles, and 1 splits according to this decomposition as 1) = 6 + T'(w). Here
0 is the go-valued natural connection on B, and the torsion tensor 7' is a section of
a bundle modeled on Hom(V, V). On B these objects satisfy Cartan’s first structure
equation

dw=—-0Nw+T(wAw), (3.1.2)
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where, here, we are thinking of 7" as a section of a bundle modeled on Hom(V, V') C
Hom(A2V, V). The closed condition implies that T takes values in go C Hom(V, V).

In components, (3.1.2) reads

dw; = —0;; Nwj + gijpTuw; N\ w, (3.1.3)

and Tjje; ® ¢’ gives a map B — go. The 2-form 7 = T}jw; A\ wj descends to M to give
an element of Q2,(M), called the torsion 2-form of the closed Go-structure ¢. On M
we have

d*,0=TANp. (3.1.4)

Cartan’s second structure equation takes the form
df = —0N0+ K(wAw), (3.1.5)

or in components,

dij = —Oix N Orj + Kijrwi A wy (3.1.6)
where K : B — Hom(A?(V), g2) is the Gy curvature function.
3.1.1 Clurvature decomposition and the first Bianchi identity

Let V be the covariant derivative associated to the connection 6. The exterior

derivative of 7" on B may be written
dl' = (VT) (w) + 6.7, (3.1.7)
where VT takes values in V1 ® V1. There is an irreducible decomposition
Vo1 ® Vi = Vi1 @ Voo ® Vi, (3.1.8)

so we may write VI' = C'+ H+V, where C, H, and V are functions on B representing

sections of bundles modeled on V1, Vs, and V; o respectively.

Lemma 3.1.2. For a closed Gy-structure (M, ), we have V = 0.
27



Proof. Differentiating d *, ¢ = 7 A ¢ gives dr A ¢ = 0, which shows that dr has
no Q2 component. From general principles, d7 is made up of terms quadratic in T
and linear in V7. Since the irreducible decomposition of Sym?(g,) contains no V; o

factors, we must have V' = 0. O

In components, (3.1.7) may be written
AT, = Cijpw; + (gjmHy + 3epa iy + e Hi) wi + Ti6i — Ty, (3.1.9)

where Cjj, and H;; satisfy the symmetry and trace conditions described in equations
(2.2.2).
The G5 curvature function K takes values in Hom(A?(V), go). This space decom-

poses into (GG, irreducibles as follows

Hom(A*(V), g2) = (Vo1 @ Vi,0) ® Vo, (3.1.10)

= (Vo2 ® Voo ® Vo1 B Voo) ® (Vi1 ® Voo Vi) -

Write K = S4+J+U+r+ B+ L+W according to this decomposition. In components,
Kiji = Sijui (3.1.11)
+ (2epij€qrt — 3€pik€qji — 3€piqji) Jpq
+ 3 (0 Jj1 — Oudje — Sjudu + dudik)
+ epij€qriUpg — 3 (0ixUji — 00Uk — 65 Us + 0;.Usk)
+ (€ijkt — 20405 + 20,100) T
+emui (Bijm + €pijLpm + 3€pjmLpi + 3¢pmiLy;

where, again, these symbols satisfy the symmetry and trace conditions described in

equations (2.2.2).
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It is known that the G5 curvature function of a torsion-free Ga-structure takes
values in the Vo component of (3.1.10), so by abstract principles the other com-
ponents may be expressed in terms of 7" and V7. This can be done concretely by

solving the first Bianchi identity, i.e. the equation d?w = 0. The result is
U=0,W=0,Q=0, (3.1.12)
B=C,
r=LT,T,
Jij = —15Hij — 35 (TiTij + 26T Th)

L= —%Hij — % (Tikaj + %&'kalTkl) .

It follows from the general theory that the quantities C, H, and S form a complete

set of second order diffecomorphism invariants for a closed Ga-structure.
3.1.2  Curvature of g,

The Levi-Civita form v of the metric g, is given in components by 1;; = 0;;+¢;1Trwi.
With (3.1.12) in hand, it is possible to write the Riemann curvature tensor, Riem(g,,),
of g, in terms of the invariants 7, C, H, and S. The Riemann curvature tensor
decomposes as an SO(7) representation into the scalar, traceless Ricci, and Weyl

tensors,

Riem(g,) = Scal(g,) + Ric’(g,) + Weyl(g,). (3.1.13)

In terms of Ga-representations, Scal(g,) is Vg o-valued, Ric’(g,) is Vag-valued, and

Weyl(gy,) is Va0 @ Vi1 @ Vo 2-valued. We find

Scal(g,) = — 913, T3, (3.1.14)
Ric(gy)i; = — 42H;; — 12 (T Thj + 26T Th) (3.1.15)
[Weyl(gw)]?jo =4H;j + (TirTr; + 20i T Tr) (3.1.16)
[Weyl(g,)]:55 =Cii (3.1.17)
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[Weyl(g,)im =Sin — 3 (75 (2epiieqrt — 3epincqii + 3pacqin) TomTmg  (3.1.18)
+2 Ot Tim Tt — 0aTjm Tk — 65T Tt + 00T Trr)
19 TpqTog (Eigm + 10x51) ) -
Expressions equivalent to these have appeared before, formulas for the scalar and

traceless Ricci curvatures appear in [Bry06], and formulas for the Weyl curvature

appear in [CI08].
3.2 Quadratic closed Go-structures

In [Bry06], Bryant introduced a l-parameter family of equations for closed G-
structures,

dr = e+ A (I +5, (r A7) 32

where )\ is a real constant.

Definition 3.2.1. We shall say a closed Ga-structure (M, ) is A-quadratic if it
satisfies (3.2.1).

Remark 3.2.2. Bryant explains in [Bry06] that (3.2.1) is the most general way in

which d7 can be prescribed by a natural expression quadratic in 7.

The A-quadratic equation (3.2.1) is equivalent to the following equation on the

tensor H,

16X
7

1
H;; (Tikaj + ?(LkaiTkl) . (3.2.2)

Much of the interest in A-quadratic closed Ga-structures arises from the fact that
several other interesting equations are equivalent to the A-quadratic equation for

special values of \:

1. The metric g, is Einstein if and only if ¢ is %—quadratic.
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2. The 3-form ¢ is an eigenform for the Laplace operator induced by g, if and
only if ¢ is O-quadratic. These eigenform closed Gy-structures are a special
type of soliton for the Laplace flow, analogous to Einstein metrics for the Ricci

flow.

3. The é—quadratic case is the so-called extremally Ricci-pinched case, discussed

below.

4. By (3.1.16), the V5 component of the Weyl curvature vanishes if and only if
¢ is (—g)-quadratic. The case of Weyl-flat closed Ga-structures is considered

in 6.1.

3.2.1 FExtremally Ricci-pinched closed Go-structures

1

In [Bry06], Bryant proves the following two theorems, which single out the case A = ¢

for special attention.

Theorem 3.2.3. Let (M, ) be a closed Gy-structure on a compact manifold. If M

1

is A-quadratic and ¢ 1s not torsion-free, then A = ¢.

Theorem 3.2.4. Suppose (M, p) is a closed Go-structure on a compact manifold

that satisfies
Ric” (9,) P < -kl Seal(g,) (323)
for some constant k < 1.
o Ifk <1 thenT =0, so p is torsion-free.
o If k =1 then equality holds in (3.2.3) everywhere on M, and moreover ¢ is
%—quadmtic.

Theorem 3.2.4 justifies the name extremally Ricci-pinched for the %—quadratic
case. Bryant also proves the following theorem which shows that the compact ex-

tremally Ricci-pinched closed Ga-structures have a rich geometric structure.
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Theorem 3.2.5. Let (M, ) be an extremally Ricci-pinched closed Go-structure on

a compact manifold M, and suppose that ¢ is not coclosed. Then
e |7|? is constant,
e TATAT=0,
o The simple 4-form T A T s closed and coclosed,

e The tangent bundle T M splits as an orthogonal direct sum of two integrable
subbundles P and @, where P = {v € TM |vi(r A7) =0} has rank 3 and
Q={veTM|vix, (Tt ANT)=0} is of rank 4.

3.2.2  Structure equation analysis

We now use the structure equations for closed Ga-structures to further investigate
equation (3.2.1). Our first result concerns the characteristic variety associated to the

system.

Proposition 3.2.6. The real characteristic variety associated to the system (3.2.1)

15 empty.

Proof. The system (3.2.1) is equivalent to the condition (3.2.2) on the tensor H.
Inspecting (3.1.9), the tableau V;; C Hom (Vy1,Vip) is seen to be a part of the
tableau of free derivatives for this system. Let = denote the real characteristic
variety associated to Vi3 C Hom (V1 9,V 1). Then Zg provides an upper bound for

the characteristic variety of (3.2.1). We have
E]R = {[g] € ]P)’VT,O | 30 7é B - Vg,l s.t. ﬁ ®f - ’\7171 C \7071 X VT,O} . (324)

The decomposition of Vo ; ® V7  into G irreducibles is Vo ; @V} = Vi 18V 0B V1.
The map A} @ A2, = AT®AZ® A3, induced by the wedge product has image A2 & A3,
and gives a projection of Vy; ® \7’1‘70 onto Va0 @ V. It follows that B ® & € Vi3 C
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Vo1 ®@V] o if and only if SAE = 0, where we think of 3 as a 2-form and £ as a 1-form.
This immediately gives that =g is empty, since there are no elements 3 of Vy; = g
that are decomposable as 2-forms (this can been seen by conjugating so that 3 lies

in a maximal torus). O

Proposition 3.2.6 essentially states that the system (3.2.1) is elliptic (modulo

diffeomorphisms).
Corollary 3.2.7. Solutions to (3.2.2) are real analytic in harmonic coordinates.

Remark 3.2.8. The proof of proposition 3.2.6 implies that any system of equations
for a closed Gs-structure that amounts to prescribing the tensor H has empty real

characteristic variety.
We now develop the structure equations to third order in a manner adapted to

the study of equation (3.2.1). Define a V5 o-valued function H on B by

- 1=
[ 6A
7

[TQ]ZO — H, (3.2.5)

so that H = 0 precisely when ¢ is A-quadratic. Now,
VH takes values in Voo @ Vi =V30®D V11D Voo ® Vo1 @ Vi,
VC takes values in V113 ® V19 = Vo1 & Voo ®Vs0@ Vi1 B Vap
(3.2.6)
D Vo,

VS takes values in Voo ® Vig = Vi@ Vo1 @ Vig.

Solving the equations d*T = 0, d?0 = 0 yields various relations between the compo-

nents of these tensors. When H = 0, we have VH =0 as well, and the equations for
[VH] and [VH]20 yield the following relations,

(BN —4) Cip Ty, + 28X+ 1) (5X = 2) e TjuTim Tyt = 0, (3.2.7)

A (silmclermr + €jlmclirTmr) = 0. (328>
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The equations (3.2.7) can also be obtained by applying d*> = 0 to (3.2.1), and they
were obtained in [Bry06] in this fashion. The advantage of our approach is that
it shows that (3.2.7) are the only second-order conditions obtained by taking three
derivatives of the Ga-structure.

The equations (3.2.7) show that the system (3.2.2) is not involutive, as explained
in [Bry06]. One can ask if the system obtained by adjoining the relation (3.2.7)
to (3.2.1) is involutive. Unfortunately, this is not the case: Differentiating (3.2.7)
yields other second order conditions which are not algebraic consequences of (3.2.1)
or (3.2.7). For instance, if we let Z denote the V; ; component of VH , then VZ must
vanish for a solution of (3.2.1). Now, VZ takes values in V1o ® Vi 9 = Voo ® Vo1 B

V10 ® Vo,. Taking the Vo part of VZ gives the following second-order relation,
(3X — 4) SijuTi; T = — 505 (27648)\° — 2484\ — 5151\ + 628) (T;;T3;)>  (3.2.9)

+ (BX —4) ;1 Cijk-

If we let M denote the V3 component of VH , then a particular combination of the
Va0 components of VZ and VM yields another second-order relation, with terms
of the form C2, T*, T? - O, and T? - S. Other components of VZ and VM place
certain restrictions on [VC]*?, but we will not list them here. Further differentia-
tion may yield more restrictions, but at this level the algebra involved becomes too

cumbersome to continue.
3.3 Algebraically special torsion

In this section we shall define two special classes of closed Ga-structures that will
form the focus of the following two sections.

As mentioned before, the torsion tensor T of a closed Ga-structure takes values
in the Lie algebra gs. Recall that the stabilisers of elements of g, were classified in

Section 2.2.1.
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Definition 3.3.1. A closed Ga-structure ¢ said to have algebraically special torsion

if the torsion 2-form 7 has pointwise stabiliser conjugate to U(2)" or U(2)~.

The algebraically special torsion condition is a nonlinear first order condition on
the Go-structure. In the next two chapters we shall study the A-quadratic condition
in the algebraically special cases. One motivation for this study comes from a result
in [Bry06], which implies that an extremally Ricci-pinched closed Ga-structure on
a compact manifold must have algebraically special torsion (in fact, the stabiliser
is conjugate to U(2)" in this case). Another motivation comes from the form of
equation (3.2.7), which simplifies considerably under the assumption of algebraically

special torsion.
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4

The U(2)" case

In this chapter we will study A-quadratic closed Ga-structures in the case where
the pointwise stabiliser of the torsion 2-form 7 is conjugate to U(2)". The elements
B € A2, with this stabiliser type are characterised by the condition 3% = 0. Thus, by
equation (4.66) in [Bry06], we must have A = . The upshot is that in this section

we will be dealing exclusively with extremally Ricci-pinched closed Gs-structures.
4.1 The induced U(2)"-structure

Let (M, ) be an extremally Ricci-pinched closed Ga-structure such that 7 has sta-
biliser conjugate to U(2)*. By equation (4.53) in [Bry06], |7|? is constant. In par-
ticular, if the Gs-structure is not torsion-free then the torsion 2-form is non-zero

everywhere. We may then adapt frames and define a U(2)"-subbundle Q C B by
Q={u:T,M -V |ueB,,uclesNes —eg Ney) =T}, (4.1.1)

where c is a non-zero constant.
The action of U(2)" on the standard representation V = R of Gy is reducible; we
have V' = (ey, eq, €3) @ (ey, €5, €6, €7). On Q we split the tautological V-valued 1-form
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w = (Wi, ...,wr) into w = v@®n, where v = (11, 1o, 113) is R*-valued and n = (11, ..., N4)

is R-valued. The go-valued natural connection 6 splits as
0=v+oa, (4.1.2)

where 7 takes values in u(2)* and o takes values in (u(2)*)". Both v and ¢ split

further, we have

(4.1.3)
B 0 |7
o=\—x ¢ )
where
0 G G —G O po 0 0
-G 0 =G -G —p1 00 0
= = 414
C _42 <3 0 Cl y P 0 0 0 —p1 ) ( )
GG G —¢G 0 0 0 p O
0 0 —
¢ — A O=| 26 0 —2¢ |, (415
=& =& 00 —20,  2G 0
& —& 0 0
27’4 27'3 _27—6 —27'5
T = —T1 —T5 —To —Tg —T3 — Ty —T4— T8 . (416)
To — Tg —T1+T5 —T4+Tg T3 — T7

Each of ¢, p, &, 7, B takes values in an irreducible representation of U(2). The form ~y
is the connection form for the natural connection on the U(2)"-bundle Q, while 7 is
semi-basic for Q.

On Q, the first structure equation (3.1.2) becomes

n 0 20 2¢ 21
d Vo = — 2(3 0 —2{1 N 1) (417)
V3 —2¢  2¢ 0 V3
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—27y —27'3 27—6 27'5
+ 7'1+7'5 7'2+7'6 T3—|—7'7 T4+7'8 A M2 s
—To+Tg T1 —Ts T4a—Tg —T3+ Ty 3
2
m 0 G +p1 G2 —(3 m
T2 -G —p 0 —(3 —Co T2
d = — A 4.1.8
73 —(o (3 0 G —p 73 ( )
N4 (3 G2 —Ci +p1 0 N4
cy 0 cvs — & vy + & M
n 0 cvy vy — & —cv3—§& Al
crs+& vy + & —cuvy 0 3
vy — & —cvs+§ 0 —cry 74
27’4 —T1 — T5 Ty — Tg
2T —To —Tg —T1+ T 71
I 3 2 6 1 5 A Uy
—27'6 —T3 — Ty —T4 + 78 y
3

—2T5 —T4u—1Tg T3 — Ty

The pullbacks of ¢ and 7 to Q are
e=vi Ava Avs+ Vi A Ane+n3 Ang) +v2 AL Ans —n2 Ang),
+ g A(=m Ay — 12 A1), (4.1.9)

T:6C(771/\772—773/\7’]4).

The quadratic condition (3.2.1) with A = % implies

d(m Any —n3Ang) =2c(vi A (L Anz + 13 Ang)
(4.1.10)
+ra A Anz —na Ana) +v3 A(=m Ana—n2 Anz)) .

Equation (4.1.10) and its exterior derivative imply that there exist functions A =
(A1,...,Ap), P = (Py,...,Py), and Z = (Z, ..., Z4) on Q taking values in R'? R

and R* respectively such that the semi-basic forms ¢ and 7 may be written

m
&1 ) < Z1 Zy 23z Zy ) 72
- , 41.11
< &2 Zy =7\ —Zy Z3 3 ( )
M4
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T1 24y —A1— A5 Ay — Ag

T2 243 —As—Ag —A1+ A5

T4 —2A5 —A4 — Ag A3 — A7

7'5 = 9As “As — Ay As — Ao 12 (4.1.12)
T6 247  —Ag— A —As+ Ay v

T7 —2A19 —A7—-An —Asg+ A

T8 —2Ag —Ag— A1 A7 —Ap

Py -P, P P m
n Py Ps —FPs —Ps 72
P B P P n3
P -P - P 14

P P —Pyoy —F

Each of the functions A, P, and Z take values in an irreducible representation
of U(2). It is possible to compute the second structure equation, i.e., the equations
for dp and d(, but we will not record it in this generality as it involves several long
quadratic expressions in the components of A, P, and Z. At this point, the natural
way forward is to apply the techniques of [Bryl4] to try to determine the existence
and generality of these structures. However, a calculation shows that the Jacobi
manifold defined by (4.1.7), (4.1.8) and the second structure equation is not involu-
tive. Prolonging once does not yield any integrability conditions, but the tableau of
free derivatives is not involutive and further prolongation seems computationally out
of reach. To avoid these difficulties we will pass to the three special cases defined by

imposing the vanishing of all but one of the functions A, P, or Z.
4.1.1 Invariants on the base

Let w = 1y —in, and 2 = n3 + iny. One can check from the structure equations
that the following tensors are invariant under the SU(2)-subgroup of the natural

U(2)-action on the U(2)"-structure Q (i.e. the subgroup generated by the duals of
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the (),
pa = (A +iAy) w® +5(As — iAy) whz + 10 (A5 + iAg) w2? (4.1.13)
+ 10 (A7 — iAg) w*2® + 5 (Ag + i A1) wz' + (A1 — iA12) 2°,
pp = (P, +iP)w* + 4 (Ps —iPy) w®z + 6 (Ps + iPs) w?2? (4.1.14)
+4(P; —iP) wz® + (Py +iPyg) 2,

We also have
L,pa=0, L, pp=1tipp, L, pz=2ipz. (4.1.16)
Thus, the tensors pa,pp, and pz are well-defined up to multiplication by a unit

complex number on the base M of the U(2)"-structure Q.
4.1.2  Bryant’s example

The first example of an extremally Ricci-pinched closed Ga-structure was given by
Bryant in [Bry06]. Let G be the group of affine transformations of C? that pre-

serve the complex volume form up to phase. Bryant’s example gives an extremally

G

Ricci-pinched closed Ga-structure on the homogeneous space Ty

We can give an

interpretation of this example in the context of U(2)*-structures.
Theorem 4.1.1. A U(2)"-structure is locally equivalent to Bryant’s example if and
only if the torsion functions A, P, and Z vanish identically.

Proof. Suppose that Q — M is a U(2)*-structure with A = P = Z = 0. Then the

first structure equation (4.1.7-4.1.8) becomes

121 0 —243 2<2 141
d| v = — 23 0 —2(1 A 123 (4.1.17)
V3 —2¢2 2@ 0 v3

)

m 0 G ¢ -G m
| _ [ G 0 =G —C 72

I ns | -G G 0 G : 73 (4.1.18)
M4 G G -G 0 74
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cvy 0 cUs cvo m

n 0 cy cvy  —cl3 A 72
cv3  clvy  —clUy 0 n3
cvy  —cCU3 0 —c N4
The identities d*v = d?n = 0 yield
G G NG vy A\ Vs
dl & | +2 GAG | =28 Ay |, (4.1.19)
(3 G NG SWANZ)
dp, = 0. (4.1.20)

These are the structure equations for an 11-dimensional Lie group. To identify this
group as the group G of affine transformations of C? that preserve the standard
complex volume form up the phase, we write G as the group of 3-by-3 complex

matricies of the form

(4.1.21)

o o
O Qo
ow =

with |ad — bc| = 1. The left-invariant Maurer-Cartan form may then be written as

—cvy +i(—=C —p1) —vs 4G +i(—cva —(3) m+in
p= —cvs—C+i(cry —(3) vy +1 (G — p1) ng—ing | . (4.1.22)
0 0 0

The Maurer-Cartan equation du+pAp = 0 then matches up with the structure equa-
tions (4.1.17-4.1.20), showing that the U(2)"-structure Q — M is locally equivalent
to G — %

The converse statement essentially follows by reversing the above steps. O]
Remark 4.1.2. This theorem can be compared to Theorem 1.2 in [CI08], which says
that if (M, ) is a manifold with closed Go-structure such that the torsion 7 is parallel
under the natural G5 connection, then M is locally equivalent to Bryant’s example.
If 7 is invariant under V then, using the notation of the previous chapter, H = 0
and C' = 0. The conditions A = P = Z = 0 are equivalent to the vanishing of C, and
H = 0 is simply the extremally Ricci-pinched condition.
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4.1.8  Evolution under Laplacian flow

The evolution of extremally Ricci-pinched U(2)*-structures under the Laplacian flow
(2.2.19) is easy to compute. From the form (4.1.10) of dr, the subbundles defined
by the vanishing of v and n are preserved. In fact, we have v(t) = v(0), n(t) =
exp(6¢t)n(0), and the 1-parameter family of closed Ga-structures

() =v1 Avg A g+ e A (g A 413 Ang) (4.1.23)

+ ey A (e Ats — 12 Ama) + € us A (= A g — 12 A ms)

solves the Laplacian flow equation. This result has appeared also in [FR18].

4.2 Type A

Suppose Q — M is a U(2)*-structure of type A, i.e. P and Z vanish identically on

Q. As a consequence of the identities d?v = 0,d?n = 0, the R'2-valued function A

must satisfy the following equations
Ay Ag — Ay Ay — 4A3A7 + 4A4 Ag + 3A2 — 3A2 =0,
A1 A + Ay Ag + 4A3A8 +4A4 A7 + 6A5A6 = 0,
A1A11 + AsAyg — 3A3Ag — 3A4A10 + 2A5A7 + 2A6As = 0,
AyArs — AgAvy + 3A3A10 — 3A4Ag + 2A5As — 246 A7 = 0, (4.2.1)
AsAy) — AgAjy — 4A5Ag + 4Ag A1 + 3A2 — 342 =0,

Az Ao + Ag Ay +4A5A 10 + 4A6A9 + 6A7 A5 = 0.
These equations force A to take a special form.

Lemma 4.2.1. Let A be an element of R'2. Equations (4.2.1) hold if and only if the

polynomial pa (4.1.13) has a quadruple root.

Proof. Identify A with the complex valued quintic p4 via (4.1.13). The equations

(4.2.1) are invariant under the action of the group SL(2, C) on Sym°C?. If A has three
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distinct roots then we may act by an element of SL(2,C) so that they are located
at z = 0,w = 0,z = w. Thus, A = wz(w — 2)Q for some quadratic polynomial Q.
One may then compute that (4.2.1) implies @ = 0.

Conversely, suppose A has a quadruple root. Then, using the SL(2,C) action,
we may assume A = wL, where L is linear. A simple computation shows that A

satisfies (4.2.1). O

We now suppose that A is non-vanishing on M. We may adapt frames so that
A has a quadruple root. This reduces Q to a principal S' x S'-subbundle Q;, on
which A = w*L for some linear factor L. The equation d?p; = 0 implies that L is

proportional to w.

Writing A = (A; + iAs)w® and solving the equations d?v = 0,d?n = 0,d*p; =
0,d*¢ = 0, we find the following structure equations for the components of v and 7
on 9.

dV1 :07
v\ _ 0 2@ v2\ )
1() = (. 0") () -2 ()
+<—A1 A2><V2/\771+V3A772>
Ay Ay \—vaAmp+uvzAn)’
< 0 P1 + Cl) A <771> + vy A <771> , (422)
—p1—CG1 0 72 72
_ < 0 —p1+ Cl) A <773> 9w A <773>
p1—C 0 74 M4

+2€<V2/\772+1/3/\?71>.
Vo Amr —v3 A

S
N
= 3
= W
~

Il

The forms (; and p; are the natural connection forms on Q;. They satisfy

d¢i = dpr = (AT + A3) m A . (4.2.3)
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Finally, the torsion functions A, Ay satisfy

A\ 0 p1+5C\ (Al Ay
d (A2> =— (—Pl 50, 0 ) <A2> — ¢y (Az) (4.2.4)
—-B1 B m
+ )
( By Bl) (772)
for some functions By, By on 9.

4.2.1 Local existence and generality

With equations (4.2.2 - 4.2.4) in hand, we may give a local existence and generality

result for U(2)" structures of type A.

Theorem 4.2.2. The U(2)" -structures of type A exist locally and depend on 2 func-

tions of 1 variable.

Proof. This is a simple application of Theorem 3 of [Bry14]|. The ‘primary invariants’
are the functions A;, Ay, while the ‘free derivatives’ are the functions B, Bs. The

tableau of free derivatives is involutive with s; = 2 and s, = 0 for £ > 2. O

Remark 4.2.3. A covector £ is characteristic for the system described by (4.2.2 -
4.2.4) if and only if it is of the form & = &ny + &omp with &2 + € = 0. This suggests
that the U(2)"-structures of type A might admit a holomorphic interpretation. This

is taken up in the next section.
4.2.2  Integrating the structure equations

In this section we will give an explicit local description of the U(2)* structures of
type A by means of a Weierstrass formula, analogous to that for minimal surfaces in
R3.

Since dv; = 0,d (p1 — (1) = 0, we may introduce locally defined R-valued func-

tions s and v such that

vV = dS,
(4.2.5)
p1=C + dv.
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It will be convenient to have the structure equations written in complex form.

Define C-valued 1-forms and functions by

o= 6268(

Vo + iv3)

0 =e =" (m + i),
X = e (g +ing) (4.2.6)
W = it (— Ay +iAy),

X = e2cs+2iv <_Bl + ZBQ) )

Then, equations (4.2.2 - 4.2.4) become
do=—=2i(tNo+Wa N0,
b = 2i¢, A6, (4.2.7)
dy = 2ico N6,
¢ = §{W[0 A9,

AW = —6iW ¢ + X0,

We think of the manifold M as locally diffeomorphic to R x N, where s is the coordi-
nate in the R direction, and N is a 6-manifold carrying an S!-structure determined
by the equations (4.2.7). The forms o, 6, y are semi-basic for this S'-structure, while
(1 is the connection form.

On N, the distribution ¢ = y = 0 is integrable. On each leaf of the resulting

foliation we have a metric given by the restriction of |[W |26 o . The equations

d (W) = —4i¢; A (W0),
(4.2.8)
di = 5 (W) A (W),

show that this metric has constant curvature —4 on each leaf. Thus, locally there

exists a complex coordinate z on N and a distinguished section of the S!-structure
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on N such that

dz
W= ———
1— |z’
(4.2.9)
¢ = 1 2dzZ — Zdz
YT 122
The equation
3 Wz
d(Wdz) = —————=dz ANd 4.2.1
(Wdz) 2T zZNdz ( 0)
implies that
(1= 121
for some meromorphic function h(z). Thus
e (1—12\2)%@ (4.2.12)
Next, the do equation in (4.2.7) implies
d| ———(c+25)| =0, (4.2.13)
1—|z?
so we may introduce a local complex coordinate w with
o=t (dw+ 2dw) . (4.2.14)

1—[z?

Next, let g(z) be a locally defined meromorphic function satisfying ¢”(z) =

h(z)
The dy equation in (4.2.7) implies
d (X +2c(f'(z)dw+ (zf'(2) — f(2))dw)) = 0, (4.2.15)
so we may introduce a complex coordinate u with
X =du—2¢c(f'(z)dw + (2f'(2) — f(2)) dw) . (4.2.16)
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We have now proven the first part of the following theorem. The second part

follows by reversing the steps above.

Theorem 4.2.4. Let M be a 7-manifold with a U(2)"-structure of type A. Then
locally there exist complex coordinates w, z,u, a real coordinate s, a constant c, and

a locally defined holomorphic function g(z) such that the Gy 3-form ¢ is given by

o =tds A (e o NG+ ONI+e Y AYX)
(4.2.17)
+1e (cANOAX+a AIAX),

where 0,0,y are defined as in equations (4.2.12), (4.2.14), and (4.2.16) above.
Conwversely, on R x C* with coordinates s in the R direction and w, z,u in the
respective C3 directions, let ¢ be a constant and g(z) be a meromorphic function.
Define 0,0, x using the formulas above. Let > C C be the subset of the unit disc
where g"(z) has no zeroes or poles. Then (4.2.17) defines the Gy-structure associated

to a U(2)"-structure of type A on R x C x ¥ x C.
4.3 Type P

Suppose Q — M is a U(2)"-structure of type P, i.e. A and Z vanish identically on
Q. Defining 1-forms 64,605,603 and o, ..., 06 by 6; = cv; and

g1 2P4 —P1 - P5 P2 — P6

o9 2Py —Pb—FPy —Pi+ Ps y

o3 _ 2P —-P3—-P —-Pi+ B 1/1 <4 3 1)
04 2P -P,-PFB PP VQ ’ "
o5 2Py —Ps—Py Bs— P s

06 2P; —FPs— Py —Ps+ Py

we may rewrite the first structure equations (4.1.7) and (4.1.8) in this case as
01 0 —2¢3 2¢ 01
d| 62 = — 2(3 0 —2(1 A 0 , (4.3.2)
03 -2 26 O 03
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m —01 + 01 G+prt+or G—03+03 —(3—02+04

al | SQ-ptor -0 —G-Or-01 —GtO+o03
3 —(2—03+03 (3—02—04 01 + o5 ¢1—p1— 06
M4 (3—0a+os (+03+03 —C1+p1—o06 01 — o5
m
Al P (4.3.3)
n3
M4

The vanishing of d*v, d*n, d*p, and d?¢ imply
dp = —0y N oy + 203\ 04 — 04 N\ 0,

dGi = —2G A (3 + 202 AN b3 — 01 Aoy + 05 A 06,
dCo = =203 NG + 203 N0, — 01 ANog + 032 Nog— 03 N os + 04 N\ 0, (4.3.4)
dCz = =20 NG+ 200 Ny + 09 Nos+ 01 Aoy — o4 Aos — o3 A o,

dP = —(.P—p.P+Q.v,

where

24 —@Q1—-Q5  Q2—Q

203 —Q2—-Qs —Q1+Q5
—2Q¢ —Q3— Q7 —Qs1+0Qs
—2Q5 —-Q1—Qs Q3—0Q7

2Qs Q5 —Qy Qs — Q1o
©= 2Q7  —Qs— Qi —Q5+Qo |’ (43.5)
—2Q10 —Q7—Qu —Qs+ Q12
—2Q9 —Qs— Q12 Q7—Qu

2Q12  —Q9— Q13 Qr0— Qua
2011 —Q10— Qua —Qo + Q13

for some functions @1, ..., Q14 on Q. We may now give a local existence and generality

result.

Theorem 4.3.1. The U(2)" -structures of type P exist locally and depend on 4 func-

tions of 2 variables.

Proof. This is an application of Theorem 3 of [Bry14]. The ‘primary invariants’ are

the components of P, while the ‘free derivatives’ are the components of ). The
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tableau of free derivatives is given by (4.3.5). It is involutive with s; = 10,59 = 4,

and s = 0 for £ > 3. O

4.3.1 Maximal submanifolds

We will now give an interpretation these structures in terms of maximal submanifolds
of a pseudo-Riemannian symmetric space. Equations (4.3.2) and (4.3.4) imply that

the slyR-valued 1-form

—01 + 01 G+prt+o2 Q—03+03 —(3—0+04
G —prtoy —bh—01 —(G—0—04 —(+03+0;3
—G—03+03 (3—02—04 01+ o5 G1—p1— 06
(3—02+04 C+03+03 —C+p1—o0 th — o5

(4.3.6)

satisfies the Maurer-Cartan equation du = —u/Ap. Let N be a leaf of the distribution
{n = 0}. This distribution is integrable by (4.3.3). Let U be a simply connected open
set in NV and endow U with the metric gy = 672 +03+63. Let F(U) denote the induced

orthonomal coframe bundle. By the Maurer-Cartan Lemma there exists a map
f:F(U) = SLyR, (4.3.7)

satisfying u = f~!df, and unique up to left multiplication. In order to better under-
stand the map f we will use the exceptional isomorphism 1 : s[4R — s0(3,3). We
use the split quadratic form —e? + €3 + €3 + €2 — €2 — €2 to define s0(3,3). With this

choice, we have

0 201 205 205 0 0
201 0 —2(3 2(2 2(74 20’3
205 2G3 0 —2¢1 —01—05 —02—0%
= . 4.3.8
¢(M) 293 _2<2 2(1 0 092 — O¢ —01 + g5 ( )
0 200, —01—05 09— 0g 0 2p1
0 203 —09—0g —01+ 03 —2p1 0

From (4.3.8) we see that F(U) is identified with the orthonormal coframe bundle

50(3,3)

50(3.2)" The second fundamental

of a space-like immersion into the symmetric space
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form is given by P, and we find that the mean curvature vector vanishes so that the

immersion is maximal. This construction can be reversed.

Theorem 4.3.2. Fach extremally Ricci-pinched closed Gs-structure of type P gives
rise to a mazimal space-like 3-submanifold of SO(3,3)/SO(3,2) in the manner de-
scribed above.

Conversely, given a mazimal space-like 3-submanifold of SO(3,3)/S0(3,2) one
may construct an extremally Ricci-pinched closed Gy-structure of type P on an R*-

bundle over the submanifold.

Proof. Let R*3 denote R® endowed with the split quadratic form ¢(v) = —v} + v3 +
v3+v2—v2—v2. The group SO(3, 3) acts transitively on the elements of R*3 satisfying

q(v) = —1, with isotropy group isomorphic to SO(3,2) and in this way the quadric

Q5 = {v € R*3 | q(v) = 1} provides a model for the homogeneous space ggg;; The

restriction of ¢ to Q° gives a natural SO(3, 3)-invariant pseudo-Riemannian metric

on % of signature (3,2), and SO(3,3) is identified as the orthonormal frame

bundle. Writing the Maurer-Cartan form for SO(3,3) as

0 26 20, 205 —23, —28,
291 0 —2(3 2(2 20‘4 20‘3
20, 2(3 0 —2¢1  —o01—05 —02— 06 (4.3.9)
293 —2C2 2{1 0 g9 — 0 —01 + 05 e
261 204 —01—05 O02—0% 0 2m
2082 203 —09—0¢ —01+05 @ —2p1 0
50(3,3)

the quadratic form 6% + 03 + 63 — 37 — 32 descends to and agrees with the

50(3.2)

restriction of ¢q. The forms (i, ...,(3,01, ..., 06, p1 make up the components of the

Levi-Civita connection for this pseudo-Riemannian metric.

50(3,3)

Now suppose that N 3 S0(3.2)

is an immersed space-like 3-dimensional subman-

ifold of gggg; (i.e. the quadratic form ¢ restricts to N to be positive definite). We

may adapt frames so that 5; = 82 = 0 on N. Then the equations for df; and dfs
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(coming from the Maurer-Cartan equation) imply that, on N,
20’4/\91+(—O'1 —05)/\92+(02—06)/\93 :0, (4310)

20’3/\91+(—02—06)A92+(—01+U5)A93 =0. (4311)

Cartan’s Lemma implies that there exist functions Py, ..., Pyg, Hy, H> on N such that

01 2P4 —Pl—P5—H1 PQ—PG—HQ

02 2P3 —P,—FPs—Hy —P+ P+ H; 0

o3 | _ | —2F+ H> —P;— P; P+ B ( 6?; ) (4.3.12)
o4 —2P; + Hy —Py— Py Py — P; 9 ’ o

o5 2P —Ps—Py—Hy FPy;— P+ H> 3

o6 2P, —Ps — Pio—Hy —Ps+Py— H

These functions together give the components of the second fundamental form as-

sociated to the immersion N. The mean curvature is given by (Hy, Hs).

Let B(N) be the total space for the induced %ﬁxsl—s‘cructure N, with con-
nection forms given by (1, (, (3, p1. On B(N) x R* define 1-forms 7y, ...,ns by n =
f~tdy, where f : N — SL(4,R) is the map obtained by integrating the Maurer-
Cartan form in (4.3.9), and yi,...,ys are the coordinates on the R* factor. This
endows the space B(N) x R* with a U(2)"-structure, with tautological form given

by (01,0s,03,m1,...,m4). A computation yields that this structure is of type P if and

only if H; = Hy = 0, i.e. if and only if the immersion of N is mazimal. m
4.3.2  Eramples

In this section we will use Theorem 4.3.2 to give examples of ERP closed Gs-

structures, and reinterpret the known examples in this context.

Example 4.3.3. As proven in Section 4.1.2, Bryant’s first example [Bry06] of an
extremally Ricci-pinched closed Ga-structure is the unique local model for U(2)*-

structures of type P with P identically zero. Since P represents the second funda-

50(3,3)

50(3,2)’ for this example the

mental form of the associated maximal immersion N &

submanfiold N is totally geodesic and in fact isometric to hyperbolic 3-space.
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Example 4.3.4. The only other previously known example of an extremally Ricci-
pinched closed Gs-structure was given by Lauret in [Laul7]. It is homogeneous under
the action of a solvable Lie group. A calculation shows that Lauret’s example is also
of type P and that it has the interesting property that the roots of the tensor pp

(see equation (4.1.14)), viewed as a homogeneous polynomial
(P, +iPy) w* +4(Ps —iPy) w*z + 6 (Ps + i Ps) w2* (4.3.13)

+4(P7—ng)wz5+(P9+zP10)z4,

are arranged in a regular tetrahedron inscribed in the Riemann sphere. In fact, this

property uniquely characterises Lauret’s example.

Theorem 4.3.5. Suppose that Q — M is a U(2)"-structure of type P such that
for all points on M the roots of the polynomial (4.3.13) are arranged on a regular
tetrahedron inscribed in the Riemann sphere. Then M 1is locally equivalent to Lauret’s

example.

Proof. Let Q — M be a U(2)"-structure of type P such that for all points on M the
roots of the polynomial (4.3.13) are arranged on a regular tetrahedron inscribed in
the Riemann sphere. The Riemann sphere is acted on by U(2) by rotations in the
SU(2) subgroup and it follows that at each point of M there is a coframe (7, 7)) so

that when expressed in this coframe the tensor pp becomes
pp ="Ti ((1+3) (7 — ifia)" + 4 (i — i732)” (713 + i774)) (4.3.14)

for some nonzero real 17 on M. The collection of all such coframes forms a principal
Ay-subbundle Q; of Q, and we will work on this subbundle. We will continue to
denote the tautological forms by v and 7.

On 9; we have

P1:T1, PQITl, P7:T1, (4315)
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Py=Py =P =PFP=F=P=P,=0,
and the equation for dP in (4.3.4) gives
G=GG==0, p=0, (4.3.16)
(@1, ..., Q14) = (0,...,0) .
Computing d?n = 0 one finds that T? = ¢?, so we have
T = £a. (4.3.17)

We are now left with structure equations

dV1 = dl/2 = dV3 = O, (4.3.18)
m -V Frotu Fro F U3 Fro —v3 —lo F U3
al ™. FroFrs vt Frz —vatry Frotus (4.3.19)
73 Fro —v3 e 21 Fun
14 —vy F U3 Fro + 13 F2u1 121
m
A 2
3
14

These are the structure equations for a 7-dimensional solvable Lie algebra. To see

that this is isomorphic to Lauret’s example, define matricies

41 1 1
Vi Mo
Rt = oﬂ eove Ve, (4.3.20)
Ve V6 V6
o o0 -L L
V2 V2
4 -1 1 1
V6 V6 V6
0 0 1 1
V2 V2
Then, defining 1-forms (e, ..., e7) by
€3 m
“l=pt| ™|, (4.3.21)
€5 13
€6 N4

53



el -1 1_2\/?: _15\/5 121
er | = 1 71;\/§ 1-V3 v |, (4.3.22)
we get agreement with Lauret’s structure equations. O

An integration of the Maurer-Cartan form in this case gives that the maximal

submanifold N — Q5 = gggg; is given by

R? — Q5 (4.3.23)

(z,y,2) — \/Lg (cosh 2cz, — sinh 2¢z, — sinh 2cz, sinh 2¢y, cosh 2cz, — cosh 2¢y) .

The induced metric is flat, as is clear from (4.3.18).

Lauret’s example suggests that looking for algebraically special U(2)*-structures
of type P may be fruitful, i.e. looking for structures where the function P takes

values in some U(2)"-invariant subspace. The following examples are of this kind.

Example 4.3.6. (Quadruple root) We now suppose that Q — M is a U(2) " -structure
of type P such that for all points on M the polynomial (4.3.13) has a quadruple root.
Similarly to the previous example, at each pont on M we may find a coframe (7, 7)
so that
pp = (Ty +iTy) (ijy — in,)* (4.3.24)
for some nonzero real T} and T, and the collection of all such coframes is a principal
S1 x St subbundle Q; of Q. As before, we continue to denote the tautological forms
on Q; by v and 7. We get functions 7} and 75 on Q; defined by (4.3.24).
On Q; we have
P=T, P,b="T,, (4.3.25)

P3s=P =P =F=P=F=FP=D"P,=0,

and the equation for dP in (4.3.4) gives

(&)=(%v)(n) (43.26)
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Q1 =Ui, Q2 =10,

Qs =T +15Y,, Qu=T1Yy —T5Y],

Qs =Qg=--=0Quu=0,

where Y7, Y5, Uy and U, are functions defined on Q;. The equations for dv are
dl/l = —4V1 AN Vo, (4327)
dl/g = 2(1 N Vs + 2 (Y'QZ/Q - 2}/1V3) A vy,

dl/g = —2<1 ANvy+2 (YIVQ + 2}/2V3) Ay,

and computing d*v = 0 and d*n = 0 gives
dTy =2 (T1Ys — ToY1) vy — Uys + Usvs — 2T py — 4Th(q, (4.3.28)
dTy =2 (TVY1 + ToY2) vy — Usvy — Uyvs + 2Topy + 4T5(,
dY, = 4Y1Yory + Wivg + Wous,
dYy =2 (—Yl2 + Y22 — 02) v1 + Waorve — Wis.
The equations for d{; and dp, are
d¢i = (262 =TT = Ty — 2Y7 — 2Y5) vs A vs, (4.3.29)
dp; = (_T12 — Tg) vy N\ V3.
We get an involutive set of structure equations, with Cartan characters s; = 4,
s, = 0 for k > 2. Thus, U(2)"-structures of this type exist locally and depend on

4 functions of 1 variable. The characteristic variety is given by the pair of complex

conjugate points {5 +iv3}. In the case where
Yi =0, Y, = +¢ (4.3.30)

it is possible to find a Weierstrass-type formula describing solutions in terms of

holomorphic data, but we shall not pursue this here.
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Example 4.3.7. (Triple root antipodal to single root) We now suppose that Q — M
is a U(2)"-structure of type P such that for all points on M the polynomial (4.3.13)
has a triple root antipodal to a single root. Similarly to the previous example, we

define an St x S'-structure Q; C Q on M by restricting to coframes with

pp = (Tt +iTs) (n — inn)’ (ns + ina) (4.3.31)

for some functions T}, 75 not both zero. We continue to denote the tautological forms
on Q; by v and 7. We get We get functions 7} and T, on Q; defined by (4.3.31).

On Qq, we have

P1:P2:07
PgITl, P4:T2, (4332)
Ps=F == Po=0,

and the equation for dP in (4.3.4) gives
(2):(8), (4.3.33)
Q; =0 for i =1,...,10. (4.3.34)

The condition d?n = 0 implies that T? + T3¢ — ¢ = 0. We have

T, _ 0 —2p1 — 2¢; T
o(3) == (5 % ) (). s

and we may restrict frames so that T} = 4¢, T, = 0. This defines an S'-structure
Q, C Q;. By equation (4.3.35) we have p; = —(; on Q,. The structure equations on
Q, read

dv; =0, (4.3.36)
a(2)=-(0 2 V2 (4.3.37)
U3 2¢O v3 )’ o
m —cv +2c1q Fcvyg —cv3  —cly £ cug
d 72 _ +2c1/q —cury —cv9 F cvy  Fcevo + cug (4.3.38)
n3 Fcvg —cv3  —cv Fov cvy 2¢;
N4 —cvy vy Fug +cug —2(1 c
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m
2
n3
4

d¢y = 2¢%v A vs. (4.3.39)

The equations d? = 0 are identities for these structure equations. Thus, these exam-

ples are all locally homogeneous. The corresponding maximal spacelike submanifold

of SO(3,3)/S0(3,2) is locally isometric to R x H?2.

Example 4.3.8. (Antipodal double roots) We now suppose that Q — M is a U(2)*-
structure of type P such that for all points on M the polynomial (4.3.13) has two
double roots, positioned at antipodal points on the Riemann sphere. Similarly to

the previous examples, at each pont on M we may find a coframe (7,7) so that
pp = 6X; (il — in2)” (73 + i1iy)” (4.3.40)

for some nonzero real X; and the collection of all such coframes is a principal S*
subbundle Q; of Q. Once more, we denote the tautological forms on Q; by v and 75
and we get a function X; on Q; defined by (4.3.40). In fact, X; descends to give a
well-defined function on M. On Q; we have

Ps =Xy, (4.3.41)

Po=P=P=P,=Fs=P=F=P=P,=0,

and the equation for dP in (4.3.4) gives

G = Yivs, (3= —Yivy, (4.3.42)
pr =0,
Q=0Qx==0Qr=0,
Qs = 3X Y1,
Qo =Qi="==011=0,
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for some function X; defined on Q;. The equations for dv are
dvy =0, (4.3.43)
dV2 = 2C1 A vy — 2Y1V1 N Vo,

dVg = —2C1 VAN Vy — 2}/1V1 A Vs,

and computing d?v and d?n gives
dX1 = 6X1)/11/1 (4344)

dYy = (4X7 +2Y7 — 2¢%) vy.

We also have

d¢i =2 (X7 = Y7 + ) Avs. (4.3.45)

We are now in the ‘differentially closed’ case (see [Bryl4]), and find that U(2)*-
structures of this type exist locally and depend on 2 constants. Imposing X; =
0,Y; = *c gives a homogeneous example, with the corresponding spacelike maximal

submanifold locally isometric to R x H?Z.
4.3.8  Laplacian flow

All U(2)"-structures Q — M of type P are locally equivalent to Laplace solitons
(see equation (2.2.20)). By Theorem 4.3.2, M is locally equivalent to an R*-bundle
over a 3-manifold N, with flat fibres. If V is simply connected, M is diffeomorphic
to N x R*. Now, the Laplace flow evolves M by equation (4.1.23). If N is simply-
connected, then there is a diffeomorphism of M that scales the R* factor and leaves
N invariant. Let X be the vector field generating this diffeomorphism. It follows
that dr = Lxp. If N is not simply-connected, then the vector field X may not be
well-defined on M.
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4.4 Type Z

Suppose Q — M is a U(2)"-structure of type Z, i.e. A and P vanish identically on
Q. Defining complex-valued forms and functions by
01 =m — i, O = 03 + i1, (4.4.1)
K1 = —cv1+i(y,
Ko = —cv3+ G Filcve+(3), ky = —cv3 — G +i(—can+G),

Z1 = —Z3 — iZ4, Z9 = Zl + ’iZQ,

we may rewrite the equations (4.1.8) in this case as

61 _ K/l—l—ip Ko 01 2
d(‘g?)_ ( K3 —ff1+ip>/\<e2)+(z2>91/\92- (4.4.2)

Equations (4.1.7) plus some of the equations resulting from d?0 = 0 give us
d/€1 = —Kkg N\ K3,
dKJQ = —251 N Ko, (443)

dlﬁg = 2/11 N K3.

Equations (4.4.2) and (4.4.3) allow us to reduce the study of type Z structures
to a 4-dimensional problem. Consider the action on the total space Q generated by
the vector fields dual to the ¢, p and w forms. Equation (4.4.3) shows that this is a
free action of the group SL(2,C) - S'. Denote the 4-dimensional quotient manifold
by X. Then (4.4.2) shows that Q is the total space of an SL(2,C) - S'-structure over

SL(2,C)-S* ~

X. The manifold M is then a bundle over X with fibers isometric to 0) =

3. Conversely, suppose Q — X is an SL(2,C) - S'-structure over a 4-manifold
X satisfying equations (4.4.2) and (4.4.3). Then we may define M = Q/U(2) and
consider Q — M as a U(2)"-structure of type Z over M by reversing the equations

in (4.4.1).
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We now investigate the consequences of equations (4.4.2) and (4.4.3). Computing
d*0 = 0 we find
dpl = —1 (2281 - 2182) VAN (2281 — 2102) + ngl VAN 02 — 2w01 VAN ‘92, (444)

21 th U1z —U11 9_1
g _ oy 4.4.5
()= (a) (i =) (5) (443
B 3ip1 + K1 Ko 21
R3 3Zp1 — K1 Z9 ’

for some complex valued functions w, u;1, 113, usg, and ues on Q. Using these equa-
tions to compute d?p; and d?z we find

dw = (—u2§21 + Uﬂzg - 3@22) 91 + (Ulﬁzl - ulﬁg + 3@21) 92 (446)

+ va0; — 10y — 2iwpy,
d Ul? U1? = 3 (2001 — 2105) Zlil 2132 + 0?91 0?91
Uz U3 RZ9Z1 272 vibty V3l

N ( xl?gl - 5131?192 T1336h — flfﬂigz > —w < 210, Z@z > (4.4.7)
2

2901 220,
- - - - T
[ K1 Rg Uiz Uiz \ _ [ W1 U132 K1 K2
R3 —R1 UgT U3 U1  U23 K3 —HK1
Ai U1 w13
- Zpl _ _ )
UgT U23

for some complex valued functions v1, va, 21 11, T1 13, ©1,32, T2 11, T2 13, and 233 on Q.

Next, the identity d?w A 6; A 6y = 0 gives the following restriction

lw|? + 30Re (2105 — 2,07) — NRe det < 1 Y2 ) = 0. (4.4.8)

UgT U2d

Equation (4.4.8) is a third order restriction on the structure only revealed after
taking four derivatives. This shows that the structure equations defining type Z
structures are not involutive. Due to algebraic difficulties encountered in the prolon-
gation process, we will not investigate the general type Z structure further in this
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dissertation. Instead, we will consider the special case with w = 0, where we find

that the structure can be integrated explicitly.
4.4.1  The case w =0

We now assume that Q is a U(2)"-structure of type Z satisfying the additional

condition that w = 0. Equation (4.4.6) then implies
—U9521 + UgTRo = O, (449)

1321 — ugi2z2 = 0,
so there exist complex valued functions u;, and us on Q such that
Uiy U3 Uy —_ —
= Z1 Zo ). 4.4.10
(U21 Uzz) (Uz)(l 2) ( )
Substituting equation (4.4.10) into equation (4.4.7), we find

21U — 29U = 0, (4411)

( Z; ) = u( 2 ) , (4.4.12)

for some complex-valued function u on Q. Equations (4.4.4) and (4.4.5) now read

so we must have

dpr = —i (2201 — 2102) A (2261 — 2162) , (4.4.13)
d( “ ) =u(2201 — 2105) ( o ) (4.4.14)
29 zZ9
_ 3ip1 + K1 Ko 21
K3 3Zp1 — K1 Z9 )

Applying d* = 0 to (4.4.14), we get

du = (3 - |u|2) (2201 — 2’102) + q(2201 — 2’102) - 4wp1 (4415)

At this point we can give a local existence and generality result.
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Theorem 4.4.1. The U(2)"-structures of type Z with w = 0 exist locally and depend

on 2 functions of 1 variable.

Proof. This is an application of Theorem 3 of [Bry14]. The ‘primary invariants’ are
the real and imaginary parts of z; and 2o, while the ‘free derivatives’ are the real and
imaginary parts of u. The tableau of free derivatives is involutive with s; = 2, and

s =0 for k > 2. O

The characteristic variety of the system consists two conjugate points, (206, — 2165)
and m This suggests that the type Z structures with w = 0 might admit
a holomorphic interpretation, a topic we now take up.

Motivated by the form of the characteristic variety, define a complex valued 1-
form o and a real-valued 1-form a by

o = (2261 — 2192), (4416)

a=p + 2 (us—To).

From the structure equations (4.4.3), (4.4.14 - 4.4.15) we find
do = —4ia A o, (4.4.17)

da = %a AG. (4.4.18)

Thus, the distribution defined by the vanishing of ¢ is integrable, and the metric
defined by o o @ on the leaf space has constant curvature —4. It follows that locally

there exists a complex variable s and a real variable a such that

eds
= 4.4.19
1 sds — Sds
=———— 1+ da. 4.4.20
=7 B +da ( )

We restrict to the locus where a = 0. This corresponds to reducing the SL(2,C) - S*-
structure Q to an SL(2,C)-structure Q" C Q.
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We then have

ds
= — 4.4.21
et (44.21)
1 sds — Sds
=—-— 4.4.22
I8 (44.22)
Equation (4.4.15) implies
d(uc) =30 A o, (4.4.23)
so if we let p = 1_ﬂ|5|2, we find
0 3
—{) =—, (4.4.24)
95 (1—|s]?)
which implies
i) (4.4.25)
PSP | -

where h(s) is a meromorphic function (the factor of 4 is included for later conve-

nience). Thus

7-3 +4h(s) (1 —[s]?). (4.4.26)
s
We then have
i3 —|s]* (ds ds ,
L= 11——]5]2 (? - §> +1 (h(s)ds — h(s)ds) : (4.4.27)

Let f(s) = [ h(s)ds, and define g(s) = stel® so that h(s) = 2% — 2 We now

g(s) 45"

observe that the function G(s) defined by

9(8)2!9(5)!32

G(s) =1lo
A TN

(4.4.28)

satisfies d(G(s)) = ug — 3ip;. Note also that the connection x on Q' is flat. Let
¥+ Q — SL(2,C) integrate r, so ¥ 'di) = k. The map ¢ is unique up to left
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multiplication by an element of SL(2,C). Now, by acting by 1 appropriately we
may assume that x = 0 in our structure equations.

Thus

~G(s)
d( o ) —0, (4.4.29)

e~ G 4

so there exist constants k1, and ks such that (e‘G(s)zl, e‘G(S)zg) = (ky, k2) . From the
left-multiplication ambiguity in the definition of ¢) we get an SL(2,C) action, and
we may assume that (ki, ks) = (0,1) (the case where Z = 0 identically having been
covered in Section 4.1.2).

By the definition of o (4.4.16) we have

- (1 - |sf?)
, = — = ds = —————ds. 4.4.30
L L T TR T g )P (4.4.30)

The first structure equation (4.4.2) implies

i 1 29(s) _g(8)? 1 —
Z i, L ds itm ( (g + 2 ) ds)

Then

d i - @92_39_(8)0—2»:07 4.4.32
<<1—\sw2>2 (9<s> o) (4.4.32)

and we may introduce a complex coordinate v with

6, — ( P90 (g - %)) . (4.4.33)
(1—[s[*)2 9(s)
We have now proven the first part of the following theorem. The second part

follows by reversing the steps above.
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Theorem 4.4.2. Let X be a 4-manifold with an SL(2,C) - S*-structure satisfying
equations (4.4.2) and (4.4.83). Then locally there exist complex coordinates s,v and

a holomorphic function g(s) such that

1= |‘9| =P (4.4.34)

span the space of (1,0)-forms, and the complex volume form is given by 01 N 05.
Conversely, on C* with coordinates s, and v respectively, let g(s) be a meromor-

phic function. Define 61, and 0y using (4.4.54), and let 3 denote the subset of the

unit disc in C where g(s) has no zeroes or poles. Then the forms 6, and 0y define an

SL(2,C) - S'-structure satisfying equations (4.4.2) and (4.4.3) on ¥ x C.
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5

The U(2)~ case

In this chapter we will study A-quadratic closed Go-structures in the case where the

pointwise stabiliser of the torsion 2-form 7 is conjugate to U(2)~.
5.1 The induced U(2)~-structure

Let (M, @) be a A-quadratic closed Gy-structure such that 7 has stabiliser conjugate
to U(2)~. Since 7 = 0 identically if and only if ¢ is torsion-free, we will assume that
T is non-vanishing somewhere. Since we are working locally, we assume that 7 # 0
on M. We may then adapt frames and define a U(2)"-subbundle Q C B by
Q={u:T,M =V |ueB,, (5.1.1)

u* (—2e3 A eg+eq Aes+eg Aer) is amultiple of 7},

The action of U(2)~ on the standard representation V' = R” of G5 is reducible,
we have V' = (e1) @ (eq, e3) @ (eu, €5, €6, e7). On Q we split the tautological V-valued
I-form w = (wy,...,wr) into w = (wy) & v & n, where v = (v, 1) is R%-valued and

n = (n1,...,n4) is Ri-valued. The go-valued natural connection @ splits as

0=r+o, (5.1.2)
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where 7 takes values in u(2)~ and o takes values in (u(2)7)". Both v and ¢ split

further: We have

0] 0 0
v=10/T(| O ,
0 0 |&+p
(5.1.3)
0 v (<) B
o= —¥() 0 B)+a |,
g [—e(p) -d ¢
where
0 51 52 53 0 P1 0 0
&6 0 =& & | =, 0 0 0
$= —5: €3 03 —21 P 01 0 0 p |’ (5.14)
=& —& &0 0 0 —p1 O
r@):(;;? _f)’“), (5.1.5)
0 0 G -G
(= _OCI g 2 vo=(-% ), (5.1.6)
G G 0 0
a:(_al T2 Tm _0‘4>7 (5.1.7)
%) —Q1 Oy —Q3

B=(28 —28 28: —2Bs), @(ﬁ):<_ﬂf3 g; _%2 :gj). (5.1.8)

Each of the forms &, p,(,a, and f takes values in an irreducible representation of
U(2). The form ~ is the connection form for the natural connection on the U(2)~-
structure Q, while ¢ is semi-basic for Q and represents the part of the torsion of Q
that cannot be written in terms of the torsion of the Gy-structure B.

The pullbacks of ¢ and 7 to Q are
g0:w1AVlAV2+CU1/\(771/\7]2+773/\7]4) (519)

+uy A AN =2 Ang) + 12 A (= Ang—n2 Ans),
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T=4f (=21 Ava+m1 Ang+ 13 Any), (5.1.10)

where f is a function well-defined on the base M. The function f is proportional to
|7], and the factor of 4 is placed here to simplify some later formulas.

On Q, the first structure equation (3.1.2) becomes

dwr =2(G A —CGAVve—Pa A+ Bi A — Ba Anz + B3 Ana), (5.1.11)
i 0 —2p 2 m AN+ n2 AN
d = — A + 2 5.1.12
(V2) (2p1 0 ) (Vz> f(?hmvs—nwm ( )
T
n ar+pPs =Py az—pF1 as+ P A N2
—g— By a1 — P35 —ou+ P2 az+ B ny |’
T4
m 0 S +p & &3 m
72 —&1 — p1 0 —&3 3 2
d — A 5.1.13
N3 —& &3 0 &1+ N3 ( )
T4 —&3 —&o &1 —m 0 M4
0 0 —fro—G —furn+ G T
1 0 0 —frn+G frt+G A 2
fro+G  fri—G 0 0 73
fri—G —frn—G 0 0 T4
—op — B3 as+ B
—ag+ By —oq + B3 121 —B
+ VAN + 2 N Wq.
—az+ 01 as— P ( V2 ) Ba 1
—0y — 52 —Q3 — 51 —53
The quadratic condition (3.2.1) implies that
d(f(=2vi Ava+m A +n3 Ana)) = (5.1.14)
§f2 ((3 + 10)\)&)1 ANV ANy + (3 — 11)\) w1 N (7’]1 VAN T2 + RS VAN 774)
F3A+1) (A Amg—n2 Ama) +v2 A= Ana— 12 A ).
Equation (4.69) of [Bry06] gives
A2N—1)
df = —28———M—~ 1.1
f=—28= (5.1.15)
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while equation (4.66) of [Bry06] gives

d (f3V1 A\ 1%} A T A T2 N 13 N 7]4) = —12f4w1 A\ 141 A 1%} A T A T2 A 13 N N4- (5116)

Equations (5.1.14 - 5.1.16), together with their exterior derivatives, imply that
there exist functions B = (By,--- ,B4), E = (Ey,--- ,Ey), and F = (Fy,--- , Fg) on
Q taking values in R* R*, and RS respectively, such that the semi-basic forms «, 3,

and ¢ may be written

(0D)] . _2 —B1 _E2 —E1 141
s =3 B, wy + B, B, ( vy ) (5.1.17)
Oy —Bs —-E, —FE3
F, —-F Fy —F3 Uil
n -F —F —F3 —F 72
Fy, —F3 —Ig I ns |’
—Fy —Fy  F; Fs T4
B ) 2 —B, DBy
Bo 132X+ 57\ —24 - —By, —DB; n
——— 5.1.18
B3 7 3N—4 / M4 + —B; B, vy )’ ( )
Ba —N3 —By, —DBs
G AA+1)(ATA=11) , [ —1p
- = 5.1.19
< G2 7 3AN—4 / 141 ( )
Ui

+ —B, —By —Bs —Dy 12
By, —-By By —Bs

Now, substituting equations (5.1.17-5.1.19) into (5.1.13) and differentiating, we find
that d?6 = 0 implies

B} + B — B} — B} =0,

B1Bs + ByBy = 0, (5.1.20)

BBy — ByB3 = 0,

so we get (Bla"' 7B4>:(O7"' aO)
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Theorem 5.1.1. Let (M, ) be a A\-quadratic closed Go-structure with torsion form

T having stabiliser everywhere conjugate to U(2)~. Then

123
A —1,—, =, -7 5.1.21
e{-1-323] (5.1.21)

Proof. Substituting equations (5.1.17-5.1.19) in to (5.1.12) and differentiating, we

find that d?v = 0 implies

BA+1)(BA=2) (4N =3) (A +1) f2=0, (5.1.22)
and we have assumed that f does not vanish identically. O]

Equations (5.1.17-5.1.19) imply
dw; = 0, (5.1.23)

and so we may introduce a coordinate r, unique up to addition of a constant, with

Equation (5.1.15) then implies that there exists a constant k with

3N—4 1

/= 282\ — 1) (r — k)’

(5.1.25)

After altering r by a constant we assume k = 0.

Define 1-forms my, 79, 04, ..., 84 and functions Ay, ..., A4, Hy, ..., Hg on Q by

_ 3422-9x+6

=1 M&-Dy, =1,2, (5.1.26)
_ 3222457224 )
O, =r @D . i=1,..4, (5.1.27)

3222457024

Ay =r ®e-D B i=1,..,4, (5.1.28)
3402 _9x+6
H; =r -0 Fy, §=1,...6. (5.1.29)

In these new variables the structure equations (5.1.12-5.1.13) become

d( 72 ) = < 2(;1 _%”1 ) A < 72 ) (5.1.30)
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7T1/\91+7TQ/\(92

—Al _A2 —Ag —A4 7Tl/\62—7'('2/\@1

A2 —Al A4 —Ag 1 N 93 + o A 04
7T1/\04—7T2/\Q3

-2

D)

(>‘+1)<8/\+1)T*W ( 91/\94+92/\03)

49X (20 — 1) 01 A O — 0 A b
0, 0 &1+ S &3 th
0 =& —p 0 —&3 ) 0o
d =— A 5.1.31
03 =& &s 0 =&+ 03 ( )
04 —&3 =& &—m 0 04
H2 —H1 H4 —Hg 7T1/\€91+7T2/\92
+ —H1 —HQ —Hg —H4 1 A 92 — T N 01
H4 —Hg —H6 H5 71'1/\‘934‘77'2/\94
—H3 —H4 H5 H6 7T1/\94—7T2/\93

7T1/\04+7T2/\93
5(>\+1)(5/\—2) _aewes [ Ay — T Ay

49\ (2)\— ].) —T /\92 —7T2/\(91
—7T1/\91+7T2/\92

When \ € {—1, —é, %, %} , the function r does not appear in the derivatives of
the m; or 6;, and the problem is reduced to understanding the geometry of the 6-
manifold defined by r = 1. Call this 6-manifold N, and let P denote the pullback
of the U(2) -structure Q to N. The bundle P is a U(2)-subbundle of the principal
coframe bundle of N, and so defines a U(2)-structure on N. The tautological form
on P is (my,me,b1,...,04), while the forms (p1,&1,&2,&3) are the components of the
natural u(2)-valued connection form.

We now study the four cases corresponding to the possible values of A in turn.
As was the case in Chapter 4, we mainly restrict to the cases where at most one of

the functions A, H are non-zero.
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5.2 The case A = —1

When A\ = —1, equations (5.1.26 - 5.1.29) read

m=r sy, 1=1,2, (5.2.1)

0;=ron;, i=1,..,4, (5.2.2)

Aj=7r"8E;, i=1,..4, (5.2.3)
1

Hz' = T§F¢ 1= 1, ...,6, (524)

and the structure equations (5.1.30 - 5.1.31) become

1 _ 0 —2p1 1
(2)==(2 2 )a(n) 52
71 A 01+ 79 A O
+<—A1 —Ay —As —A4> T AN Oy — 1o A B

T A O3 +m9 NGy ’
T N Oy — o A b3

th 0 &+m &2 &3 th
) =& — 0 —&3 &2 )
d = — N 5.2.6
03 —&2 &3 0 =1+ p1 03 ( )
04 —&3 =& &1—m 0 04
H, —-Hy H;y —H;j w1 A O+ 79 A B
I —-H{ —-Hy —Hs —Hy T A Oy —ma A B
H, —Hs —Hg Hsjs w1 A O3+ w9 A by
—H3 —H, H; Hg w1 NGy — 7o N 6O3

As a consequence of the work in the previous section, we have the following result.

Theorem 5.2.1. Let (M, ) be a (—1)-quadratic closed Go-structure such that the
torsion form T has pointwise stabiliser everywhere isomorphic to U(2)~. Then M is
locally equivalent to RT x N, where N is a 6-manifold endowed with a U(2)-structure
P satisfying structure equations (5.2.5 - 5.2.6). The pullback of the Gy 3-form ¢ to
to Q is

© :rgdr/\m A Tro LrTEdr A (01 A Oy + 03 N by) (5.2.7)
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+7T1/\(91/\03—Qg/\94)—|—77'2/\(—91/\04—02/\03),

where r is the coordinate in the R™ direction.

Conversely, let P — N be a U(2)-structure over a 6-manifold N satisfying struc-
ture equations (5.2.5 - 5.2.6). Let M = RT x N. Then the 3-form ¢ on RT xP defined
by equation (5.2.7) is invariant under the U(2)-action on this space, and descends
to M to give a (—1)-quadratic closed Go-structure such that the torsion form T has

pointwise stabiliser everywhere isomorphic to U(2)~.

The metric on M is given by

Go = dr? + 75 (72 4 72) + 775 (07 + 02 + 02 + 67) , (5.2.8)

and the scalar curvature is

Scal (g,) = —=|7]* = —— (5.2.9)

so the curvature of g, blows up at r = 0. Thus, these manifolds are never complete.

We now investigate the geometry of N. Since U(2) is a subgroup of SU(3), the
U(2)-structure P on N induces an SU(3)-structure. The differential forms associated
to the SU(3)-structure are

Q:7T1/\7T2—|—91/\92+93/\04, (5210)

T = (7T1 —|— iﬂ'g) A (91 —|— 292) A\ (93 —I— 294) s (5211)

and from equations (5.2.5 - 5.2.6) we see

dQ =0, dY =0. (5.2.12)

Thus, the SU(3)-structure on N is torsion-free, and we have proven the following

proposition.

Proposition 5.2.2. The 6-manifold N is Calabi-Yau, i.e. the holonomy group of N
is contained in SU(3).
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521 Thecase A=H =0

If the torsion functions A and H vanish identically, we have the following result.

Theorem 5.2.3. Let P — N be a U(2)-structure on a 6-manifold N satisfying
structure equations (5.2.5 - 5.2.6) and the additional condition A = H = 0. Then
N is locally equivalent to the product R? x X of Euclidean 2-space with a Ricci-flat
Kahler 4-manifold X .

Conversely, the product ¥ x X of a flat 2-manifold ¥ with a Ricci-flat Kdhler
4-manifold X carries a U(2)-structure satisfying structure equations (5.2.5 - 5.2.6)

and the additional condition A = H = 0.

Proof. If A= H =0, the structure equations (5.2.5 - 5.2.6) read

d( n ) - ( 221 s ) 4 ( o > (5.2.13)

0, 0 &1+ p1 &2 &3 01
62 &1 —p1 0 —&3 &2 B2

d = — A . 5.2.14
03 —&2 &3 0 &1+ 03 ( )
64 —&3 & &-m; 0 64

The identities d?7 = d?6 = 0 imply

dp1 = 0, (5.2.15)
&1 §2 N &3
d & + 2 &3 N & = (5.2.16)
&3 §1 A&
2G4 —2G5 2G4 01 ANBy — O3 A by
-2G5 —G1— Gy -G 01 NO3+ 05 NGy ,
2G4 -G —G1+ Go 01 N0y — 05 N 65

where G = (GY, ..., G5) is a function on P taking values in R®.
From equations (5.2.13 - 5.2.13) we see that dm does not contain any 6 terms,
and df does not contain any 7 terms. It follows that the metric
gy =T+ 75 + 05 + 05 + 05 + 07 (5.2.17)
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is locally a product gy = g5 + gx, where
gs = T 4 72, (5.2.18)

gx = 07 + 05 + 03 + 05 (5.2.19)

Equations (5.2.15 - 5.2.16) show that gy is flat and gx is Ricci-flat Kéhler. This
proves the first part of the theorem.

The second part of the theorem follows by reversing the above steps. O]

This result is not at all surprising, since the condition A = H = 0 is equivalent
to the U(2)-structure P being torsion-free, which implies the metric gy must have
holonomy contained in U(2). Thus, the only possibilities for the holonomy are the

trivial group or SU(2).
5.2.2 Type A

Let P — N be a U(2)-structure satisfying equations (5.2.5 - 5.2.6) and the additional
condition H = 0. We assume that A does not vanish identically, as this case was

considered in Section 5.2.1.

In this case the structure equations (5.1.30 - 5.1.31) become

1 _ 0 —2p1 T
(2)= (2 )a () -
T N 01+ 7 A by
n A, —Ay —A3 —Ay 7 A Oy — o A by
Ay —A Ay —Aj w1 A3+ 79 NGy ’
7 N Oy — 7o A O3

0, 0 &+ &2 &3 01
62 &1 —p1 0 —&3 &2 D)

d = — A . 5.2.21
03 —&2 &3 0 &1+ p1 03 ( )
64 —&3 & &-m; 0 04

The identities d’*7 = d?0 = 0 imply
dpr = (AF + A3) 01 A O + (A3 + A7) 03 A 04 (5.2.22)
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+ (A1 Ay + A3 A3) (01 N O3+ 02 N 0y)

+ (A1 Az + A2 Ay) (01 N Oy — 02 A B3)

&1 §2 N &3
d & +2 ENE = (5.2.23)
&3 §1 A&
2G4 —2G5 2G4 01 ANOy — 03 A by
—2Gs —G1 — Gy —G3 01 N\ 0O3+ 0y N0y
2G4 —G3 —G1+ Gy 01 ANBy — 05 A B3
1 01 N OBy — 03 A By
+6(A%+A%+A§+Ai) 01 N\ O3+ 02 N0y

01 NOBy — 03 N\ O3

3 (A7 + A3 — A7 - 43)
+ —A1 Ay + A A3 (61 N O+ 03N 0y),
A1Az + Ay Ay

where G = (G4, ..., G5) is a function on P taking values in R®. Differentiating again,

the identities d*p = d?¢€ = 0 imply

A1 KQ —Kl K4 _K3 01
Ay | | K1 —-Ky —K3 —-K, )
i\ el=l % 5 & iy (5.2.24)
Ay -K3 —-Ky Ks K 04
0 &1+ 5p1 &2 &3 Ay
| & —5m 0 —&3 &2 Az
—&2 &3 0 =& +5p As |7
—&3 & & -5m 0 Ay
G1 2Q)s5 2Q6 2Q7 2Qs o,
G Q11— Q9 —Q2+ Qo —Q3—Qu —Qs+ Q12 0,
d]l Gz =] Q2+Qiv —-Qi1+Qy Qi+Qi2 —Q3+Qu 0,
G4 Q3+Q7 Qi+Qs —Q5—0Qo —Qs+ Q1o 0,
Gs —Qs+Qs Q3—Q7r Qs+Qiuo —Qs5+ Q9
4C5 4Cy 4C% 4C% p
. —4Cy —4Cy —404 —4Cy 91
+ 25 —4C% AC, 40, —4C, 02 (5.2.25)
—C1 —3Cs —Cy—3Cs 3C3+Cr 3Cs+ Cs 93
4

Cy—3Cs —C1+3C; —-3C4+Csg 3C3—Cr
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0 0 0 4ko 4dK3 G1

0 0 —4/€1 —4/62 4/&3 G2

- 0 4/%1 0 —4/%3 —4/<62 Gg y (5.2.26)
—3/62 K2 K3 0 —2/{1 G4
—3%3 —K3 K9 2/4:1 0 G5

where K = (Ky,..., Kg) and Q = (Q1, ..., Q12) are functions on P taking values in

RS and R!? respectively, and

Ch 0 0 -3Ky 3K

Co 0 0 3K1 3K>

Cg K5 —-Kiy —-2K4; 2Kj Aq

Cy -K1 —-Ky 2Kz 2K, As

C5 o —2K,4 2K —Kg K5 Ag ) (5.2‘27)
Cs 2K3 2Ky K K Ay

C7 3K¢ —3Ks 0 0

Cs —3K5 —3Ks 0 0

At this point we can give an existence and generality result for structures of this

type.

Theorem 5.2.4. U(2)-structures on 6-manifolds satisfying structure equations of

the form (5.2.20 - 5.2.21) exist locally and depend on 2 functions of 3 variables.

Proof. This is an application of Theorem 3 of [Bry14]|. The ‘primary invariants’ are
the components of A and G, while the ‘free derivatives’ are the components of K and
Q. The equations d?A = d*>G = 0 can be solved, and the tableau of free derivatives

is involutive with s;1 = 9,59 = 7,53 = 2 and s, = 0 for k > 3. O

Equation (5.2.21) shows that there is a Riemannian submersion N — X, where
X is the leaf space of the distribution defined by # = 0. The metric gx on X is given
by

gx = 07 + 05 + 03 + 07, (5.2.28)
and is Kéhler, with Kahler form Qx = 01 A 0y + 03 A 04. Let R — M be the U(2)-

subbundle of the orthonormal coframe bundle of X corresponding to the Kahler
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structure. The tautological form on R is (64, ...,0,), while the forms (p1, &1, &, &3)
are the components of the natural u(2)-valued connection form, which is also the
Levi-Civita form for gx. Equation (5.2.24) shows that A is well-defined on R, and

equation (5.2.22) implies that the Ricci curvature of gx is given by

A? + A9? 0 AyAz + AgAy A1 Ay — As Az
Ric (gx) = 0 Ay + A2 —A1Ay+ AgAz A1As + AsAy
A1As + A Ay —A1AL+ Az A3 Az? + A2 0
A1Ay — AsAz A1A3z + A Ay 0 Az? + A2
(5.2.29)

Introduce complex 1-forms and functions

x1=01+1ib2, xo =03+ by, 5.2.30)

ri1 = =€y K1z = & — 183, Kol = —& — 1&s, 5.2.31)

21 = AQ + iAl, Z9 = A4 + ?:Ag, 5232)

o e T N

w11 = —Kl — iKQ, Wi = —Kg — iK4, Woo = K5 — ZKG 5233)

Equations (5.2.21) and (5.2.24) now read
d(Xl):_</€11—ZP1 Rli. >/\<X1)7 (5.2.34)
X2 Kot —kK11 —1p1 X2
d( 1 ) = ( it ) (&) (5.2.35)
29 Wiz W2 X2
_(/{11—5z'p1 K13 >/\<z1>
Kai1 —K11 — 5ipy 2 )’

and we see that the function z = (z1, 29) on R represents an anti-holomorphic section
of T(é’OX ® K%?, where Kx denotes the canonical bundle of X. Equation (5.2.22) now
reads

?

5 (21X1 + 2Xa) A (Fia + 22x0) (5.2.36)

dpl =

and the Ricci tensor of X is equal to z ® Z.
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Define a 1-form ¢ on R by

¢ = (z1X1 + 22X2) - (5.2.37)

We find
ds = —4ipy N s (5.2.38)
dp, = %g AT, (5.2.39)

Thus, the distribution on X defined by the vanishing of ¢ is integrable, and the
metric defined by ¢ o < on the leaf space has constant curvature —4.
Working on P, define a complex valued 1-form by
w = m + M. (5.2.40)

d(;;) :—u/\<;’;), (5.2.41)

where p is the u(1, 1)-valued 1-form

b= ( 21 S ) . (5.2.42)

S —2Zip;

Then

Now, u satisfies the Maurer-Cartan equation du + A w. If we let ¢ : R — SU(1,1)

be a locally defined map integrating u, i.e. satisfying 1) ~'dv), we have that

((2)-(2)

Thus, knowledge of R is enough to recover the full U(2)-structure P.

Theorem 5.2.5. Let X be a Kdahler J-manifold such that the Ricci tensor of X
1s equal to z ® Z, where z is an anti-holomorphic section of T(é’OX ® KS2. Then
there is a R2-bundle over X carrying a U(2)-structure satisfying structure equations
of the form (5.2.20 - 5.2.20). Fvery U(2)-structure satisfying structure equations
of the form (5.2.20 - 5.2.20) is locally equivalent to an example arising from this

construction.
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Proof. The proof of this theorem is immediate from the steps above. The R2-bundle

over X is simply the bundle associated to the flat U(1, 1)-connection . ]

Remark 5.2.6. Theorem 5.2.4 shows that Kéhler 4-manifolds satisfying the hypothesis
of Theorem 5.2.5 exist locally. It would be interesting to determine the existence of
complete or compact examples, especially in light of proposition 5.2.2, which says

the resulting 6-manifold is Calabi-Yau.
5.2.8 Type H

Let P — N be a U(2)-structure satisfying equations (5.2.5 - 5.2.6) and the additional
condition A = 0. We assume that H does not vanish identically, as this case was

considered in Section 5.2.1.

In this case the structure equations (5.1.30 - 5.1.31) become

d< 2 > - ( 221 _%)pl ) A < 2 > (5.2.44)

6, 0 &+, &2 €3 61
02 =& —p1 0 —&3 &2 D)
d = — A 5.2.45
03 —&2 &3 0 &1+, 03 ( )
04 —&3 & &—m 0 04
H, —-Hy H;y —Hj AN S WA D
n —-H, —-Hy —H3 —H,u 71 A Oy — o A B
H, —Hs —Hg Hjs w1 A O3+ mo Ay
—Hs —Hy Hs Hg w1 A Gy — 19 N O3

Define 1-forms 74, ...,76 on P by

M —Hy H>
Y2 —Hy —H;
3 —H3 Hy m

— . 5.2.46
V4 —H, —Hj ( o > ( )
5 —Hs Hg
Y6 —Hg —Hs
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We may rewrite equation (5.2.45) as

01 V2 S+p—m &+ §3— 3
al 21| S—-—pm—m =72 —&—73 §2— V4 (5.2.47)

03 &2+ 74 §3— 3 —6 &1+ p1+ 5
04 —£3— 73 —&—v  &—p1+s Y6

01

02

A 0
04

As a consequence of the equations d?m = d?0 = d?¢ = 0, we find that the sp,R-valued

1-form
V2 Ei+pi—mn §2+ 7 §3— 3
&G —p—m —72 =& — s §o— Y4
= 5.2.48
" —&t+ M £&— s —Y6 —&t+ ot ( )
—&— s —S—mn G—pts Y6
satisfies the Maurer-Cartan equation du = —p A n. Thus, by the Maurer-Cartan

lemma, there is a locally defined map ¢ : P — Sp(2,R) satisfying u = ¢~'d¢). from
the form of the structure equations, ¢ induces a map ¢ : ¥ — Sp(2,R)/U(2), where

> is the leaf space of the distribution 7 =0 on N.

Proposition 5.2.7. The map i) : ¥ — Sp(2,R)/U(2) is a holomorphic curve, where
Sp(2,R)/U(2) is endowed with its Sp(2, R)-invariant Kdhler structure.

Proof. Write the left-invariant Maurer-Cartan form of Sp(2,R) as in (5.2.48). It will

be helpful to switch to complex notation. Define complex 1-forms by

X1 =01 +iba, X2 =03+ by, (5.2.49)
ki1 = —i§1 K1z = § — 183, Ko = —& — 13, (5.2.50)
011 =72 — Y1, O12 = Ya— Y3, O22 = —76 + 175 (5.2.51)

One can check that the metric ;j007; and 2-form Z0;;A0ij descend to Sp(2,R)/U(2),
where the U(2) subgroup is generated by the action of the vector fields dual to py, x;;.
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This defines the Kéahler structure on Sp(2,R)/U(2). Equation (5.2.46) then implies
that ¢ : ¥ — Sp(2,R)/U(2) is a holomorphic curve. O

In light of the above result, it is natural to try to take a holomorphic curve in
Sp(2,R)/U(2) and construct a U(2)-structure satisfying equations (5.2.44-5.2.45) on
the associated R* bundle over the curve.

Let ¥ — Sp(2,R)/U(2) be a holomorphic curve. We use the notation of Propo-
sition 5.2.7 for the left-invariant 1-form on Sp(2,R). By definition, ¥ is an inte-

gral manifold of the exterior differential system J = (011 A 012,012 A 092,011 A 022)
on Sp(2,R)/U(2). Let F(X) denote the pullback of the U(2)-bundle Sp(2,R) —
Sp(2,R)/U(2) to X. On F(X), we want to find a (1,0)-form w satisfying

dw = —2ip; N\ w. (5.2.52)

Let z be a holomorphic coordinate on ¥, then w is of the form e’ dz for some function

F. Integrating the equation
—dz — —dz = —2ipy, (5.2.53)
z
we find that w satisfies equation (5.2.52) as required. Then, on F(X) we have
011 — lew, 012 — Zlgw, 0929 — Zsz, (5254)

for some functions Z;; on F(X). Then, the real and imaginary parts of w and Z;;
may be identified with 7, m and Hy, ..., Hg, and we obtain a U(2)-structure on the

associated R*-bundle satisfying structure equations (5.2.44-5.2.45).

5.3 The case A = —

ool

When A = —2, equations (5.1.26 - 5.1.29) read
m=r "y, i=1,2, (5.3.1)
0, =r’n;, i=1,...,4, (5.3.2)
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A, =r2E;, i=1,..,4, (5.3.3)

Hi=rF, i=1,..,6, (5.3.4)

and the structure equations (5.1.30 - 5.1.31) become

1 _ 0 —2p1 1
(2 ) (2 )a(m) 525
AN WA D
I —-Ay —Ay —A3 —Ay T AN Oy — o A B
Ay —-A; Ay —Aj w1 A O3 +m9 NGy ’
T N Oy — o A b3

th 0 G+, & &3 th
6 =& —p1 0 —&3 &2 )
d = — N 5.3.6
03 —&2 &3 0 =&+ 1 03 ( )
04 —&3 =& &1—m 0 04
Ho —-H, H; —Hj; T N0+ 7 A Oy
i —H{ —-Hy —Hs —Hy T A Oy — o A Oy
H, —Hs3 —Hg H; 7 AN O3+ 79 A by
—H3 —H, H; Hg w1 NGy — 7o N\ 6O3

w1 A Oy + T2 A b3

3 w1 A3 —mo A0y
_5 —my N by — o A6y
—mi A0 + 79 A by

As a consequence of the work in the Section 5.1, we have the following result.

Theorem 5.3.1. Let (M, ) be a (—g)-quadratic closed Ga-structure such that the
torsion form T has pointwise stabiliser everywhere isomorphic to U(2)~. Then M is
locally equivalent to RT x N, where N is a 6-manifold endowed with a U(2)-structure
P satisfying structure equations (5.3.5 - 5.3.6). The pullback of the Gy 3-form ¢ to
to Q is

© =r’dr Am Ao 41 dr A (01 A Oy 4 03 A 0,) (5.3.7)

+T_3(7T1/\(91/\93—92/\04)+7T2/\(—91/\94—92/\93)),
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where r is the coordinate in the R™ direction.

Conversely, let P — N be a U(2)-structure over a 6-manifold N satisfying struc-
ture equations (5.3.5 - 5.3.6). Let M = Rt x N. Then the 3-form ¢ on R x P defined
by equation (5.3.7) is invariant under the U(2)-action on this space, and descends
to M to qive a (—%)—quadmtic closed Go-structure such that the torsion form T has

pointwise stabiliser everywhere isomorphic to U(2)~.

The metric on M is given by

g =dr’ + 17 (7] +73) +r7* (67 + 65 + 65+ 63) (5.3.8)

and the scalar curvature is

Scal (g,) = —§|7'|2 =—— (5.3.9)

so the curvature of g, blows up at r = 0. Thus, these manifolds are never complete.
Since U(2) is a subgroup of SU(3), the U(2)-structure P on N induces an SU(3)-

structure on N. The differential forms associated to the SU(3)-structure are
Q:W1A7T2+91/\92—|-03/\94, (5310)

T = (7T1 + iﬂg) VAN (91 + 292) VAN (93 + 2(94) > (5311)

and from equations (5.2.5 - 5.2.6) we see

dQ = —3ReT, dY = 6im A ma AL, (5.3.12)

so this SU(3)-structure is never torsion-free.
5.3.1 Thecase A=H =0

If the torsion functions A and H vanish identically, we have the following result.

Theorem 5.3.2. Let P — N be a U(2)-structure on a 6-manifold N satisfying
structure equations (5.3.5 - 5.3.6) and the additional condition A= H = 0. Then N
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15 locally equivalent to the twistor space TX of a self-dual Ruicci-flat 4-manifold X
endowed with a particular U(2)-structure.

Conversely, the twistor space TX of a self-dual Ricci-flat 4-manifold X carries a
U(2)-structure satisfying structure equations (5.3.5 - 5.3.6) and the additional con-
dition A= H = 0.

Proof. If A= H =0, the structure equations (5.3.5 - 5.3.6) can be written

d< iy ) - ( 221 s ) " < i ) (5.3.13)

01 0 &S+m L+ 3m  &+im
al 21| &G-m 0 —&+3m & —5m
03 & —3my  &—3m 0 =&+
04 —&—5m —&+am G- 0
61
Al % (5.3.14)
03
04

We see that there is a Riemannian submersion N — X, where X is the leaf space

of the distribution # = 0. The metric gx on X is given by

gx = 07 + 05+ 05 + 67, (5.3.15)

and from equation (5.3.14) the Levi-Civita form of gy is given by the forms &1, &, &3,
71, T2, p1. Equation (5.3.13) implies that gx is self-dual and Ricci-flat. From the
appearance of 7y, o, p; in the Levi-Civita connection of X, we see that N can be
regarded as the total space of the unit sphere bundle of A% (X). The metric on the
fibres w7 + 72 has constant curvature equal to 9.

The converse follows by reversing the above steps. ]
5.8.2 Type A

There are no U(2)-structures satisfying equations (5.3.5 - 5.3.6) and the additional
conditions H = 0, A # 0.
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Theorem 5.3.3. Let P — N be a U(2)-structure satisfying equations (5.3.5 - 5.5.6).
If H=0 then A=0

Proof. If H = 0, then a straightforward calculation yields that the equations d*m =
d*0 = 0 imply A = 0. O]
5.3.8 Type H

Let P — N be a U(2)-structure satisfying equations (5.3.5 - 5.3.6) and the additional
condition A = 0. We assume that H does not vanish identically, as this case was

considered in Section 5.3.1.

In this case the structure equations (5.1.30 - 5.1.31) become

d< 2 > - ( 2?)1 _%)pl ) A < 2 > (5.3.16)

6, 0 &+ m &2 €3 61
) &1 -1 0 —&3 &2 )
d = — A 5.3.17
03 —&2 &3 0 &1+, 03 ( )
04 —&3 & &—m 0 04
H, —-Hy H;y —Hj AN WA DY
n —-Hy —-Hy —Hs; —H, T A bOy — 1o NGy
Hy, —Hs —Hg Hsjs w1 A O3+ mo Ay
—-Hs —Hy Hs Hg w1 A Gy — 19 N O3

w1 AN By + 7o N 6O3
_§ w1 ANl3 — o NGy

2 —m1 AN bOy — 19 N\ Oy
—mL AN O + T A Oy

Define 1-forms 1, ...,v6 on P by

71 —-Hy H>
Y2 —Hy —H;
Y3 —Hs Hy T

— . 5.3.18
V4 —Hy —Hj ( T2 ) ( )
Y5 —Hs Hg
Y6 —Hg —Hs
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We may rewrite equation (5.2.45) as

th V2 G+p—m  Stutim G-yt am
O | _ —§i—p—m —72 —&3—y3+3m & —y—3m
d = - 3 3
03 &ty —5m2 §3— 73— 5M —6 =&+ o1+
04 —G3—y—5m —S—ytim S—pts Y6
01
Al % (5.3.19)
03
04

As a consequence of the equations d*m = d?0 = d*¢ = 0, and the assumption that

H is non-vanishing, we find that the sl;R-valued 1-form

72 G+p—-m  Ltutim G-wtim
L= =& —p -m 2 —&3— 3+ 3m S — - 3m (5.3.20)
—Sot+ya—35m2 &3—73— 5m —Y6 =&+t
—L3—y3—5m —S—wutam & —-pi+s V6

satisfies the Maurer-Cartan equation du = —puA . Let X be a leaf of the distribution
0 = 0. Let U be a simply-connected open set in 3 and denote by P(U) the pullback
of the bundle P to U. By the Maurer-Cartan Lemma there exists a map h : P(U) —
SL4R satisfying u = h~'dh, and it is unique up to left-multiplication. In order
to better understand the map h, we use the exceptional isomorphism v : s[;R —
2

50(3,3). As in Section 4.3.1, we use the split quadratic form —e?+e3+e2+e2 —e? —e2

to define s0(3,3). With this choice, we have

0 0 0 0 —3m —3my
0 0 —2&3 2&5 273 —2vy
0 28 0 =261 —met M+
_ 5.3.21
v () 0 —2& 261 0 1= Y2+ % ( )
3m 23— +tv% 7 — s 0 —2m
3me =274 —m+v Y2+ 2p1 0

From equation (5.3.21), we see that P(U) is identified with the adapted coframe
bundle of a time-like immersion of U into the pseudo-Riemannian symmetric space
S0O(3,3)/S0(3,2). The second fundamental form is given by H, and we find that the
mean curvature vector vanishes, so that the immersion is mazimal. This construction

can be reversed.
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Theorem 5.3.4. Fach U(2)"-structure satisfying structure equations (5.3.16-5.3.17)
gives rise to a mazximal time-like surface in SO(3,3)/S0(3,2) in the manner de-
scribed above.

Conversely, given a mazimal time-like surface in SO(3,3)/S0O(3/2) one may
construct a 6-manifold N carrying a U(2)%-structure satisfying structure equations

(5.3.16-5.3.17) on a R*-bundle over the surface.

Proof. The proof of this theorem is very similar in form to the proof of theorem 4.3.2,

so we omit the details. O
5.3.4 Related Go-structures

Let P — N be a U(2)-structure satisfying equations (5.3.5 - 5.3.6). If g(r) and h(r)
are non-zero functions, then we may define a G-structure ¢ on the product R x N
by

@ =dr A (g(r)*m Ama+ h(r)? (61 A by + 63 A 6y)) (5.3.22)

+ g(r)h(r)Q (7T1 VAN (91 N 93 — 92 AN 94) + T A (—91 N 04 — 92 N 93)) .
Special choices of g and h yield Gy-structures with special properties.

Example 5.3.5. The choice g(r) = —3,h(r) = e? defines a Laplace soliton (see
equation (2.2.20)) on R x N. This soliton has ¢ = 0 and X = 2. The induced metric

is complete.

Example 5.3.6. The choice g(r) = —3r,h(r) = hy for any non-zero constant hy
defines a torsion-free Gy-structure on R, x N, though the induced metric is incom-

plete.

5.4 The case A = %

When A = 2, equations (5.1.26 - 5.1.29) read
m=riy, i=1,2, (5.4.1)
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0, =r2n;, i=1,..4, (5.4.2)
Aj=r2E;, i=1,..4 (5.4.3)

H,=r%F, i=1,..,6, (5.4.4)

and the structure equations (5.1.30 - 5.1.31) become

T _ 0 —2p1 1
(2)o (2 )a( ) o
T N0+ m A Oy
+<—A1 —Ay —Aj —A4> T A Oy —mo A b

Ay —A; Ay —Aj T N O3 + mo NGy
w1 A0y — 7o N O3

01 N60y+ 02 N 03
+3< 01 N B3 — 03 N\ By )7

61 0 S+pm & &3 6
) —§1—p1 0 —&3 &2 )
d = — A 5.4.6
03 —&2 &3 0 =&+ 03 ( )
04 —&3 & &G —m 0 04
Hy, —-Hy H;y —H;j w1 A O+ 79 A B
n —-H, —Hy —Hs; —Hy 7T N Oy — 1o A b
Hy, —Hs —Hg Hsjs w1 AN lO3+ 79 NGy
—Hs —Hy H; Hg 7 N Oy — 7o A O3

As a consequence of the work in the Section 5.1, we have the following result.

Theorem 5.4.1. Let (M, ¢) be a 2-quadratic closed Go-structure such that the tor-
sion form T has pointwise stabiliser everywhere isomorphic to U(2)~. Then M is
locally equivalent to RT x N, where N is a 6-manifold endowed with a U(2)-structure
P satisfying structure equations (5.3.5 - 5.3.6). The pullback of the Gy 3-form ¢ to
to Q s

o =r~Ydr Nt Amy 1 tdr A (00 A Oy 403 A 60y) (5.4.7)

+T_3(7T1/\(91/\63—92/\94)+7T2/\(-01/\94—92/\83)),
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where r is the coordinate in the R™ direction.

Conversely, let P — N be a U(2)-structure over a 6-manifold N satisfying struc-
ture equations (5.4.5 - 5.4.6). Let M = R* x N. Then the 3-form ¢ on RT x P
defined by equation (5.4.7) is invariant under the U(2)-action on this space, and de-
scends to M to qive a %—quadmtic closed Gy-structure such that the torsion form T

has pointwise stabiliser everywhere isomorphic to U(2)~.

The metric on M is given by
g =dr* +r~* (a7 +73) + 17 (07 + 05 + 65+ 65) (5.4.8)

and the scalar curvature is
75

r2’

1
Scal (g,) = —§|7'|2 = (5.4.9)

so the curvature of g, blows up at r = 0. Thus, these manifolds are never complete.
Since U(2) is a subgroup of SU(3), the U(2)-structure P on N induces an SU(3)-

structure on N. The differential forms associated to the SU(3)-structure are
Q:7Tl/\7T2+91/\92+93/\t94, (5410)

T = (m + ima) A (01 + 162) A (05 + i60,) , (5.4.11)

and from equations (5.2.5 - 5.2.6) we see

so this SU(3)-structure is never torsion-free.

5.4.1 The case A=H =0

If the torsion functions A and H vanish identically, we have the following result.

Theorem 5.4.2. Let P — N be a U(2)-structure on a 6-manifold N satisfying
structure equations (5.4.5 - 5.4.6) and the additional condition A = H = 0. Then

N is locally equivalent to the total space of the bundle L ;@ L over a hyper-Kdhler
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4-manifold X, where L and Lk denote the circle bundles with curvature 3{2; and
3O respectively.

Conversely, the total space of the bundle £ ;® L over a hyper-Kahler 4-manifold
X carries a U(2)-structure satisfying structure equations (5.4.5 - 5.4.6) and the ad-

ditional condition A = H = 0.

Proof. If A= H = 0, the structure equations (5.4.5 - 5.4.6) read

T _ 0 -2y T 01 NOy+ 05 N 0O3

d(m)_ <2m ; )/\<7T2>+3<91/\93_92/\04 , (5.4.13)
01 0 &+ p &2 &3 th
62 &1 —p1 0 —&3 &2 B2

d = — A . 5.4.14
03 —&2 &3 0 &1+ p1 03 ( )
04 —&3 & &G -m; 0 04

The identities d*m = d?0 = 0 imply

dp1 =0, (5.4.15)
&1 §2 N &3
d & + 2 53 A fl = (5.4.16)
&3 SRS
2G4 —2Gs 2G4 01 N0y — 03 N0y
—2G5 —G1— Gy -G 01 N0+ 02 NGy ,
2G4 -G —G1 4+ Gy 01 N0y — 0Oy N 0O3

where G = (G4, ..., G5) is a function on P taking values in R®. Since dp; = 0, there

exists a local variable p such that

p1 = dp. (5.4.17)

By multiplying 7 and 6 by appropriate powers of e? we can remove the p; terms
from equations (5.4.13) and (5.4.14). This amounts to reducing to a SU(2)-structure
Q" C Q. The structure equations on Q" are simply those on Q with p; = 0.
From (5.4.14) we see that there is a Riemannian submersion N — X, where X
is the leaf space of the distribution § = 0. The metric gx on X is given by
gx = 07 + 05+ 05 + 67, (5.4.18)
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and is hyper-Kahler, with Kahler forms
91291/\92+93/\94,
9]201/\63—92/\94, (5419)

QK:61A94+92/\93.

The manifold N is realised as the total space of £; & Lk, the forms 7 and 7y are
connection forms on Ly and £ respectively.

The converse follows by reversing the above steps. O

5.4.2 Type A

Let P — N be a U(2)-structure satisfying equations (5.4.5 - 5.4.6) and the additional
condition H = 0. We assume that A does not vanish identically, as this case was
considered in Section 5.4.1. In this case the equations for df,dp,,d¢,dA,dG are
identical to the structure equations (5.2.21 - 5.2.25) appearing in A = —1,H = 0

case considered in Section 5.4.2. The only difference is in the equation for dr,

1 _ 0 —2,01 T
(7)o (2 )a(m) s
T N0+ 7 A Oy
" A, —Ay —A3 —Ay T A Oy — 1o A By
Ay —A] Ay —As w1 A lO3+ 7o NGy
ISAN T WA

01 N\0O4+ 05 N O3
+3< 01 ANO3 — 05 A\ Oy >

Due to the identical nature of the structure equations, the calculations of Section
5.2.2 up to and including equation (5.2.39) apply in this situation. Thus, we get the

following result on local existence and generality.

Theorem 5.4.3. U(2)-structures on 6-manifolds satisfying structure equations of
the form (5.4.5 - 5.4.6) and the additional condition H = 0 ezist locally and depend

on 2 functions of 3 variables.
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Now, using the notation of Section 5.2.2, we have

woy w iX1 A\ X2
(2)eaen(2)0o(TE) e
where p is the u(1, 1)-valued 1-form
2up1 S
= - . . 5.4.22
() (5.422)

Now, u satisfies the Maurer-Cartan equation du + pA . If we let ¢ : R — SU(1,1)

be a locally defined map integrating u, i.e. satisfying 1) ~'dv), we have that

@ \\ _.[ XiAXz
d <¢ ( — )) =3 ( Xll/\X22 ) : (5.4.23)
5.4.3 Type H

There are no U(2)-structures satisfying equations (5.4.5 - 5.4.6) and the additional
conditions A =0, H # 0.

Theorem 5.4.4. Let P — N be a U(2)-structure satisfying equations (5.4.5 - 5.4.6).
If A=0 then H=0

Proof. If A =0, then a straightforward calculation yields that the equations d*r =
d*0 = 0 imply H = 0. O]

5.4.4 Related Gy-structures

Let P — N be a U(2)-structure satisfying equations (5.4.5 - 5.4.6). If g(r) and h(r)
are non-zero functions, then we may define a G-structure ¢ on the product R x N
by

@ =dr A (g(r)*m A+ h(r)? (61 A by + 63 A 6y)) (5.4.24)

+ g(T)h(r)Z (71'1 VAN (91 N 63 - 92 VAN 94) + o VAN (—(91 A 64 — 92 N 63)) .

Special choices of g and h yield Gy-structures with special properties.
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Example 5.4.5. Let k be a nonzero constant, and let z(r) solve the differential

equation
d k
2= (5.4.25)
dr 3z%(z+1)

Then the choice g(r) = x(r) and h(r) = ——~—— defines a Laplace soliton (see

a(r)(z(r)+1)
equation (2.2.20)) on (—1,0) x N. This soliton has ¢ = 0 and X = 2a(r) (z(r) +1).

The induced metric is complete.

Example 5.4.6. The choice g(r) = 3k?r, h(r) = 3, for non-zero constant k, defines

a torsion-free Go-structure on R, x N, though the induced metric is incomplete.
5.5 The case A = %

When X = 2, equations (5.1.26 - 5.1.29) read

m=r "y, i=1,2, (5.5.1)
O, =r"'n, i=1,..,4, (5.5.2)
A =7rE;, i=1,..,4, (5.5.3)
H;=rF, i=1,..,6, (5.5.4)

and the structure equations (5.1.30 - 5.1.31) become

T _ 0 —2p1 1
(2) (2 )a(2) 655
AN WA DY
I Ay —Ay —A3 —Ay T AN Oy — o A B
Ay —A; Ay —As w1 A O3 +m9 A 0Oy
SN WA

_é 01 N OBy + 05 N O3
3 01 N O3 — 03 N\ 0Oy ’

6, 0 &+ ) &3 th
62 —&1—p1 0 —&3 &2 02

d = — A 5.5.6
03 —&2 &3 0 —&1+m 03 ( )
04 —&3 =& &1 p1 0 04
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H, —-H, H, —Hj; i AB1+ 7 N 6Oy

n —-H{ —-Hy —Hs3 —Hy 7 A Oy — o A Oy
Hy —H3 —Hg Hsy w1 A3+ mo NGy
—H3 —H, H; Hg w1 ANy — o N\ 6O3

w1 A0y + 79 A O3

42 T ANO3 —mo Aly

6 —m1 Ay — T N0y
—m1 A0 + 7o A Oy

As a consequence of the work in the Section 5.1, we have the following result.

Theorem 5.5.1. Let (M, ) be a %—quadmtz’c closed Gy-structure such that the tor-
sion form T has pointwise stabiliser everywhere isomorphic to U(2)~. Then M s
locally equivalent to RT x N, where N is a 6-manifold endowed with a U(2)-structure
P satisfying structure equations (5.5.5 - 5.5.6). The pullback of the Gy 3-form ¢ to

to Q is
© =rdr Ay A mo +r3dr A (0 A Oy + 03 A 0y) (5.5.7)

+7°3(7T1/\((91/\03—(92/\64)+7TQ/\(—91/\94—92/\03)),

where 1 is the coordinate in the Rt direction.

Conversely, let P — N be a U(2)-structure over a 6-manifold N satisfying struc-
ture equations (5.5.5 - 5.5.6). Let M = R* x N. Then the 3-form ¢ on RT x P
defined by equation (5.5.7) is invariant under the U(2)-action on this space and de-
scends to M to give a %—quadmtz’c closed Go-structure such that the torsion form T

has pointwise stabiliser everywhere isomorphic to U(2)~.

The metric on M is given by

9o =dr® + 17 (77 + 75 + 65 + 05 + 65 + 67) , (5.5.8)

so that M is the cone metric on RT x N. The scalar curvature is

4

o (5.5.9)

1
Scal (g,) = —5 /71" =

95



so the curvature of g, blows up at r» = 0. Thus, these manifolds are never complete.
Since U(2) is a subgroup of SU(3), the U(2)-structure P on N induces an SU(3)-

structure on N. The differential forms associated to the SU(3)-structure are

Q:7Tl/\7T2+01/\92+93/\94, (5510)

T = (m + ima) A (01 + 162) A (05 + i604) , (5.5.11)

and from equations (5.5.5 - 5.5.6) we see

dQ = 3ReY, (5.5.12)
5i .
dY = —EQ - 2201 N 02 A 03 VAN 04, (5513)

so this SU(3)-structure is never torsion-free.
5.5.1 The case A=H =0

If the torsion functions A and H vanish identically, we have the following result.

Theorem 5.5.2. Let P — N be a U(2)-structure on a 6-manifold N satisfying
structure equations (5.5.5 - 5.5.6) and the additional condition A = H = 0. Then

N is locally equivalent to the twistor space TX of a self-dual Einstein 4-manifold X

with scalar curvature 8790 endowed with a particular U(2)-structure.

Conversely, the twistor space TX of a self-dual Einstein 4-manifold X with scalar

curvature 5 carries a U(2)-structure satisfying structure equations (5.5.5 - 5.5.6) and

the additional condition A = H = 0.
Proof. If A= H =0, the structure equations (5.5.5 - 5.5.6) can be written
m\_ [ 0 —2p T
d<ﬂ2> <2p1 ; >/\(W2> (5.5.14)

_% 01 A By + 05 A B3
3 01 NO3 — 05 A\ Oy ’

61 0 G+pm  L-2m &-2m

al 21| &-m 0 —&3—2m &+ gm
03 —&+3m G+ im 0 =&+
04 —&3+gm —L—2m L—p 0
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61

Al % (5.5.15)
03

04

We see that there is a Riemannian submersion N — X, where X is the leaf space
of the distribution # = 0. The metric gx on X is given by

gx =07 + 05+ 03 + 07, (5.5.16)

and from equation (5.5.15) the Levi-Civita form of gy is given by the forms 1, &3, &3,
71, o, p1- Equation (5.5.14) implies that gy is self-dual Einstein with scalar curvature
%. From the appearance of 7, m, p1 in the Levi-Civita connection of X, we see that
N can be regarded as the total space of the unit sphere bundle of A% (X). The metric
on the fibres 77 + 73 has constant curvature equal to %.

The converse follows by reversing the above steps. O
5.5.2 Types A and H

There are no U(2)-structures satisfying equations (5.5.5 - 5.5.6) and the additional
conditions H =0, A# 0or A=0,H # 0.

Theorem 5.5.3. Let P — N be a U(2)-structure satisfying equations (5.3.5 - 5.3.6).
1. If H=0 then A=0.
2. If A=0 then H = 0.

Proof. If H = 0, then a straightforward calculation yields that the equations d*m =
d*0 = 0 imply A = 0, while if A = 0, then a straightforward calculation yields that

the equations d?m = d?0 = 0 imply H = 0. O]
5.5.8 Related Gy-structures

Let P — N be a U(2)-structure satisfying equations (5.5.5 - 5.5.6). If g(r) and h(r)

are non-zero functions, then we may define a G-structure ¢ on the product R x N
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@ =dr A (g(r)’m Ama+ h(r)? (61 A by + 63 A 6y)) (5.5.17)

+ g(r)h(r)2 (7'('1 A (91 N 93 — 92 AN 94) + o AN (—01 N 94 — 92 N 93)) .
Special choices of g and h yield Gy-structures with special properties.
Example 5.5.4. If g(r) and h(r) satisfy

(5.5.18)

then ¢ defines a torsion-free Go-structure.
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6

Other solutions

In this chapter we shall study some examples of A-quadratic closed Ga-structures
where the torsion 2-form 7 does not have pointwise stabiliser everywhere conjugate

to either U (2)" or U (2)~.
6.1 Closed Ga-structures with conformally flat metric

In this section we study the geometry of closed G-structures ¢ with conformally flat
induced metric g, and obtain a complete classification of such structures.
Conformal flatness is equivalent to the vanishing of the Weyl curvature tensor of
g, and so, by formulas (3.1.16 - 3.1.18), the second order invariants H,C, and S of
a closed Ga-structure ¢ with conformally flat metric g, are completely determined

in terms of the torsion T,

1 1
Hij = ZTikaj + %&J'ququ? (6.1.1)
Ciji = 0, (6.1.2)
Sijrr =3T3 T + 55 (26pij€qm — 3epinqji + 3epiqii) TpmTmq (6.1.3)

+ 2 (S Tym Tt — S Tjm Tk — Sju Lo Tyt + 60T T
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+ 15 (4eim + i1 — 0udj) TpgTpq-

By equation (6.1.1) we see that a closed Ga-structure with conformally flat metric
is (—é)-quadratic.

It is an interesting coincidence that the number of independent components of
the Weyl curvature is exactly equal to the number of independent components in the
second order invariants of the closed Gs-structure.

Let (M, ¢) be a closed Go-structure with conformally flat metric g,,. Let B be the
G5-subbundle of the coframe bundle of M. On B, we have the V-valued tautologi-
cal form w; and the go-valued natural connection form 6;;, satisfying Cartan’s first
structure equation (3.1.3)

dw; = —0;; ANw; + €ijTw; N wy. (6.1.4)

Combining equations (3.1.9) and (6.1.1-6.1.2) yields
dTj, = (ejmHy + 3epuHyy + e Hi) wi + Tj6 — Ty, (6.1.5)

and substituting equations (6.1.1-6.1.3) into formula (3.1.11) for the Gy-curvature

function Kj;, we have

Kij = 3T T + 5 (26pij€qu — 3pincqji + 3€picqjn) TpmTmq (6.1.6)
- % Ot TimTons — 0itLjm Tk — Ok Limm Tt + 851 L Tinc)
+ 2 (€ijkgTimTmg — €tijqTimTmqg)
+ (Zeiim — 6ilj + 6101) TpgTpq-
Thus, Cartan’s second structure equation reads
db;; + O A Oy = (T T + 5 (2epj8qu — 3epincaji + 3piacqin) TymTmg  (6.1.7)
— 2 (0 TjmTos — 6 Tjm Tt — 056 T Tt + 00T Toc)
+ 2 (€ijrgLimTing — €tijgTemTmg)
+ (3eijin — Oubjt + 0adjk) TpgTpg) wi A wi.
The exterior derivatives of equations (6.1.4), (6.1.5), and (6.1.7) are identities.
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Theorem 6.1.1. For any Ty € g9, there exists a closed Gs-structure @ with con-
formally flat metric on a neighbourhood U of 0 € R” whose Gy-coframe bundle
m: B — U contains a uy € By = w1 (0) for which T (uy) = Ty. Any two real
analytic closed Gy-structures with conformally flat metric that satisfy this property
are isomorphic on a neighbourhood of 0 € R”. Furthermore, any closed Ga-structure

with conformally flat metric that is C? is real-analytic.

Proof. This is an application of Theorem 2 of [Bryl4]. Since the exterior derivatives
of equations (6.1.4), (6.1.5), and (6.1.7) are identities, the hypotheses of Cartan’s
Theorem are satisfied. Thus, for any Ty € g there exists a real-analytic manifold N
of dimension 21 on which there are two real analytic 1-forms w and 6 with values in
V and gs respectively, and a real-analytic function 7': N — go such that (w,0) is a
real analytic coframing on N, equations (6.1.4), (6.1.5), and (6.1.7) are satisfied on
N, and there exists a ug € N for which T (ugy) = Tp.

By (6.1.4), the equation w = 0 defines an integrable plane field of codimension 7
on N. After shrinking N to an open neighbourhood of ug if necessary, an application
of the Frobenius Theorem shows there is a submersion y : N — R” with y (ug) = 0
so that the leaves of this plane field are the fibres of y and, moreover, that dy = pw
for some function p : N — GL(7,R) that satisfies p (ug) = I7.

By (6.1.4), the 3-form

@ = €ijpwi N wj N\ wi (6.1.8)

is closed. Since @ is y-semibasic, and since, by definition the fibres of y are connected,
it follows that ¢ is the pullback to N of a closed Gs-structure on the open set
U =y (N). Denote this Gy-structure by .

Let m : B — U be the Gs-coframe bundle associated to . Define a mapping
o: N — B as follows: If y (u) = 2 € U, then dy, : T,N — T,R" = R is surjective,
and by construction, has the same kernel as w,, : T, N — R”. Thus, there is a unique
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linear isomorphism o (u) : T,R” — R” so that w, = o (u) o dy,. Using the standard
identification T,R” = R”, o (u) is y (u)™" € GL(7,R). That o (u) is a Gy-coframe
follows from the form (6.1.8) of ¢. Since (w, €) is a coframe, it follows that o : N — B
is an open immersion. After possibly shrinking N again, we identify N with an open
subset of B.

The structure equations (6.1.4), (6.1.5), and (6.1.7) now become identified with
the structure equations of B, implying the Ga-structure ¢ is closed with conformally
flat metric and that the torsion function 7T takes the value Ty at ug € B. This proves
the existence statement.

Uniqueness in the real-analytic category follows immediately from Theorem 2
of [Bryl4]. In fact, the theorem can be proved using only ODE techniques, and
uniqueness is given as long as ¢ is sufficiently differentiable for B to exist as a
differentiable bundle and T to exist and be differentiable. It suffices that ¢ be C2.
The existence theorem provides a real analytic example, so uniqueness then proves

 is real-analytic. O]

From Theorem 6.1.1, the Gs-orbit of the torsion function 7" in the fibre of a point
p € M uniquely determines a closed Ga-structure with conformally flat metric in a
neighbourhood of p. Thus, the orbit space of the action of G5 on gs can be thought
of as the moduli space of germs of closed G-structures with conformally flat metric.

Let

C={-2feaNes+(f+g)eaNes+ (f—qg)esNer| f,g € R}. (6.1.9)

By the discussion in Section 2.2.1, we can identify the orbit space of G5 acting on go
with C. Now, there is a commutative diagram

Z

T
—



Two elements (f1,91), (f2, g2) of C are said to be analytically connected if there
exists a connected manifold M with closed Ga-structure ¢ with conformally flat
metric such that both (fi,g1) and (fe, g2) lie in [T] (M, ). This is an equivalence
relation on C, and the task of classifying closed G-structure ¢ with conformally flat
metric reduces to understanding the equivalence classes of elements of C.

Assume that T'(u) has Ad(G;)-stabiliser with identity component S* x S*. Since
this is the generic case, there is an open neighbourhood U of x € M such that T
has Ad(Gs)-stabiliser with identity component S* x S on B|;;. Thus we may restrict

frames to a S' x S! subbundle Q of B[y so that the torsion 2-form 7 is given by

7':—2fw2/\w3+(f+g)w4/\w5+(f—g)w6/\W7, (6110)

for some functions f, g on U satisfying

fUf+9)(f—99Bf+9)Bf—g) #0. (6.1.11)
Restricted to Q, the structure equations (6.1.4), (6.1.5), and (6.1.7) become
dw; =0 (6.1.12)
w B 0 —2C w 3f2 4 ¢* w
d(wz)_—<2§ 0 )/\(wz)——mf wlA(wi) (6.1.13)
B 2fg* (w4/\w7+w5/\w6)
3(f+9)(f—9g) \ waNws—ws Awr

i I U S DY (R N
d(ws)_ <—C+§ 0 >A<w5>+6(f+g)w1/\(W5) (6.1.14)

(f+9)(3f—g)° < wo A\ wr + w3 A we >
24f(f—g) wo A\ wg — w3 A wry

32 2
(2) (L) (2) e (2)

- (f-9)Bf+y) ( W2Aw5+w3/\W4>

+

24f (f + g) wo N\ Wy — w3 A\ ws
N2 2 2 2
dc— - (3f g;)88(;’>2f +9) Wy A ws + %M A ws (6.1.16)
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36(/ =g T
_ $Bf+y)” 9> (3f —g)°
¢ = 2+ g)2 ws + oo = g)2 we N wr, (6.1.17)
df = % (3/* = ¢g%) w (6.1.18)
dg = —%fgwl, (6.1.19)

where ( = % (045 + Og7) and £ = % (=045 + O¢7) are the natural connection forms on
Q.

Define 1-forms (12,73, ...,n7) on Q by

( " ) - _92)4(fgf+g) ( o ) : (6.1.20)
( Zi ) - % ( Zi ) ) (6.1.21)
( Zi ) - % ( Zi ) : (6.1.22)

Then, from equations (6.1.12-6.1.19), the su(3)-valued 1-form
i€ Nt ins =17 — ing
w=| —m+ins iC—3§ Mt (6.1.23)
N —ine —meting —iC — 3
satisfies the Maurer-Cartan equation du = —p A .
Equations (6.1.18) and (6.1.19) imply that

d (9> —9f%g) =0, (6.1.24)

so there exists a constant ¢ € R with

¢ —9f%g =c. (6.1.25)

The constant c¢ is non-zero by the assumption that M contains a point where 7 has

generic stabiliser, and after rescaling (M, ¢) we may assume ¢ = 1. Then there exists
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a function r well-defined on M with

, g= (COShT)g : (6.1.26)

W=

f = 3sinhr (coshr)”

Let y = — tanhr. It follows from equations (6.1.18) and (6.1.19) that
4dy

wp = —5.
(y2 —1)3

(6.1.27)

SU(3)

a1y gr endowed with

Thus, we see that our manifold M is an open subset of R x
the G-structure

o2 2
o A s + 5 A (6.1.28)

_ 16y° (¥
SO - 16dy A <(y2_1)2772 A 773 + (y

32y(y2-9)
+W(772/\774/\776_772/\775/\777_773/\774/\777_7]3/\775/\776)7

where y is the coordinate in the R direction, and (7, ..., 7j7) are as in equation (6.1.23).

The metric associated to ¢ is

wiro

_ 16 g2 64?2 2y A1) s
9o = (yLl)%dy + (y2—1)3 (772 T 773) - (y—1)2 (774 + 775) (6.1.29)

4(y+3>2(y271)%

+W(n§+n3)~

This metric is incomplete, since the scalar curvature
y?+3

—J Y (6.1.30
3(y*—1)° )

Scal (gy) = —

blows up at y = 1, which is at finite distance.

The Go-structure ¢ and its rescalings account for all the elements of C with
g(Bf+9)(Bf —yg) #0. To treat the case g (3f + g) (3f —g) = 0, we note that the
(—%)-quadratic closed Go-structure constructed on Ry x 5% x R* = R, x TR* by
the combination of theorems 5.3.1 and 5.3.2 is conformally flat, and the image of its
structure function fills out the remainder of C.

We have now proven the following theorem.
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Theorem 6.1.2. Let (M, p) be a closed Go-structure with conformally flat metric

gp- Then, up to rescaling, (M, ) is locally equivalent to either

o The Gy-structure (6.1.28) on R x 5&(?1, or

o The (—%)-quadmtic closed Go-structure constructed on Ry x S? x R* 2 R, x

T (R*) by the combination of theorems 5.3.1 and 5.3.2.
6.2 A %—quadratic closed Go-structure that is not algebraically special

Motivated by the analysis in Section 6.1, in this section we look for closed Gs-
structures where the second-order invariants are determined quadratically by 7. Now,
T takes values in go, the second order invariants H, C, and S take values in V5, V1 1,

and Vo respectively, and

Sym?® (g2) = Vo2 © Va0 ® Voy. (6.2.1)

It follows that there is a 2-parameter family of Gs-equivariant ways in which H, C,

and S may prescribed as a quadratic function of 7, namely,

1—6X 1
Ciji, = 0, (6.2.3)
Sijkl =Uu (STikal + 1_36 (25pij5qkl — 35pik5qjl + 3€pi15qjk> Tmemq (624)

+1g (4eijur + 0xdjt — udin) T Tpg) -
for (X, 1) € R% Note that equation (6.2.2) is exactly the A-quadratic equation (3.2.2).

Substituting equations (6.2.2-6.2.4) into the structure equations (3.1.9) and (3.1.6)

and solving the equations resulting from d?T = d?# = 0, we find that either
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The former possibility corresponds to the conformally flat condition covered in the
previous section. In this section we will study the latter possibility.
Let (M, ¢) be a closed Go-structure satisfying equations (6.2.2-6.2.4) with (A, u) =

(%, —%) Proceeding as in the previous section, the structure equations are

dw; = —Qij ANwj + 5z'jkale N w. (626>

Combining equations (3.1.9) and (6.2.2-6.2.3) yields

dT, = (gjmHy + 3epuHyy + e Hi) wi + Tj6i — Ty, (6.2.7)

and substituting equations (6.2.2-6.2.4) into formula (3.1.11) for the Gy-curvature

function K, we have
Kiji = 55 (=615 T — (2€pij€qm — 3epincqjt + 3epacqin) TomTmg (6.2.8)
— 13 (0 TjmToni — 0itLjm Lo — S Lim Lot + 851 L Tinkc)
+ 5 (€ijkgTimTing — €tijqThmTmg)

+ (28050 — Toiw0j1 + T0ujn) TpgTpq) -

Thus, Cartan’s second structure equation reads
dBij + Oi, N Or; = 55 (—6T3;Th — (26pij€qm — 3pikeajt + 3epitcoin) TymTmg  (6.2.9)
— 13 (6t TjmTons — SaTjm T — 0k Limn Tt + 00T 5 o)
+ 5 (€ijegLimTimg — €tijgThemTing)

+ (25ijkl — 7§ik(5jl + 761l5]k> ququ) W N\ wy.
The exterior derivatives of equations (6.2.6), (6.2.7), and (6.2.9) are identities.

Theorem 6.2.1. For any Ty € go, there exists a closed Ga-structure ¢ satisfying
equations (6.2.2-6.2.4) with (A, pu) = (%,—%) on a neighbourhood U of 0 € R7
whose Gy-coframe bundle © : B — U contains a ug € By = 7 1(0) for which

T (uy) = Ty. Any two real analytic closed Go-structures satisfying (6.2.2-6.2.4) with
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A\ p) = (%, —%) that satisfy this property are isomorphic on a neighbourhood of
0 € R". Furthermore, any closed Go-structure satisfying (6.2.2-6.2.4) with (\, p) =

(3, —%) that is C? is real-analytic.

Proof. The proof of this theorem is essentially identical to the prof of Theorem
6.1.1. O

We now proceed similarly to the previous section, first assuming that 7' (u) has
Ad (G4)-stabiliser with identity component S! x S'. Restricting frames as in (6.1.10),

we get, structure equations

dw; =0 (6.2.10)

w2 ) _ 0 =2 Wa 6% — g Wy
d(w3>__(2C 0 )A(wg)_ 15f “1A<w3) (6.2.11)
_f(3f+9)(3f—9)(w4Aw7+w5/\wa)
15(f+9)(f—g) \wihws—wsAwr )7

w B 0 (—¢ w 3f% —18fg — 5g° w
()= o) () -y e (5)

(6.2.12)
_g(f+9)(3f+9)<w2/\w7+w3/\w6>
30f(f—g) wo A\ wg — w3 A\ wry
we ) 0 (+¢ we \  3f%+18fg —5¢° we
d(w7)_ (—C—€ 0 )A(w) 30(f —9) “’”(w?)
(6.2.13)
_g(f—g)(3f—g)(wg/\w5+w3/\w4)
30f(f—|—g) Wo N\ wy — w3 N\ ws ’
2 . o 2
ac = 4590>f(23f )y Ay 9(3{;5“(; (g} (jj;)Q 9 i nws  (6.2.14)
9Bl -9 B3 +9)°
450 (f — g)* v
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g(B3f+9)(3f —g)° gB3f—9)(3f+9)°

d¢ = wy N\ ws + we N wr, (6.2.15

0T T g e 0209

df = G (=324 ¢°) w1 (6.2.16)
2

dg = gfgwl, (6.2.17)

where ( = % (045 + Og7) and € = % (—045 + Og7) are the natural connection forms on
the reduced S* x S'-structure Q.

Define 1-forms (12,73, ...,n7) on Q by

< Zi ) _ 9V Bf —Bg}(:aﬂg) ( . ) | o)
( " ) - _gSW ( ” ) , (6.2.19)
< m > - (3f+g())W < o ) - (6.2.20)

Then, from equations (6.2.10-6.2.17), the su(2, 1)-valued 1-form
2E m+ins —nr — i
w=| m—ms iC—3§ n2tins (6.2.21)
N — i M2 —ing —iC — 3
satisfies the Maurer-Cartan equation du = —pu A .
Equations (6.2.16) and (6.2.17) imply that

d (9> —9f%g) =0, (6.2.22)

so there exists a constant ¢ € R with

g —9f%g=c (6.2.23)

The constant ¢ is non-zero by the assumption that M contains a point where 7 has
generic stabiliser, and after rescaling (M, ¢) we may assume ¢ = 1. Then there exists
a function r well-defined on M with

f = &sinhr (coshr)_% , g= (coshr)g : (6.2.24)
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Let y = tanhr. It follows from equations (6.2.16) and (6.2.17) that

5d
b= (6.2.25)
(y*—1)°
Thus, we see that our manifold M is an open subset of R x ;UX(Z)l endowed with

the Go-structure

2

_ 2 (y=3)* (y+3)*
¢ = 250dy A <ﬁ772 N1y — mm N 15 — (yfl/)(m%‘ A 7]7) (6.2.26)

500y (y2—9)
+ T AN =2 Ans Az =13 A Ang — 13 A s Agg)

where y is the coordinate in the R direction, and (1., ..., 7)7) are as in equation (6.1.23).

The metric associated to ¢ is

=_25 2 100y° 2 2 50(y—3)> 2 2 99
Yo (yzfl)%dy + (y271)f1§ (772 + 773) + (y+1)(y271)?1§- (774 + 775) (6 . 7)

50(y+3)

2 2
(y-1)2-1)3 (6 +777).-

This metric is incomplete, since the scalar curvature
y?+3

—J T2 (6.2.28
3(y*—1)8 )

Scal (g,) = —

blows up at y = +1, which is at finite distance.

Theorem 6.2.2. Let (M, p) be a closed Gy-structure satisfying equations (6.2.2-

6.2.4) with (A, 1) = (3,—%) . Then, up to rescaling, (M, p) is locally equivalent to

either

o The Gy-structure (6.2.26) on R X %[f(j’gll), or

o The %—quadmtie closed Go-structure constructed on Ry x £;® L by the com-

bination of theorems 5.4.1 and 5.4.2.
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Proof. The proof of this theorem is by appeal to Theorem 6.2.1. One just needs to
check that the structure in the second bullet point satisfies the correct properties
and that all possible Ad (Gy)-orbits are filled out by the values of 7" on these two

examples. O

6.3 A particular %—quadratic closed Gs-structure

In this section we shall provide an example of a %-quadratic closed Gs-structure.

This example is notable because we have shown that A = % cannot happen in the

algebraically special case.
Let G be the group SL(2,R) x R* where SL(2,R) acts on R?* via the irreducible

4-dimensional representation. Write the left-invariant Maurer-Cartan form on G as
0 0 0 0 0

140} 3a1 (6% 0 0

141 30(3 a1 2042 0 . (6.3.1)
9 0 20[3 —Q1 30&2

123 0 0 Qa3 -3 aq

Define forms fs, ..., B7, and k by

B2 =—vy+vp, B3=wv— 13
f1=2ay1, P5= s+ as,
Be = —1—15V1 - %V:a, Br = %Vo + %Vza
K= Qg — Q3.
The vector dual to the form k generates an S'-action on G. On R, x SL(2,R), with

coordinate r in the R direction, define a 3-form ¢ by

@ =dr A (%52 A B3 4 6r°By A B5 + 1—356 A 57) (6.3.2)
r r

+%(ﬁzAﬁMﬁe—ﬂz/\ﬁs/\67—63A55/\56—ﬁ3A54Aﬁ7). (6.3.3)

Then ¢ descends to the space M = R, X % to define a %—quadratic closed

Go-structure on M.
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(Go-structures with a calibrated
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7

Torsion and structure equations

In the second part of this dissertation we shall study the geometry of Ga-structures
endowed with a distribution of calibrated planes. Since, as explained in Section
2.2.3, the orthogonal complement of an associative plane is coassociative and vice
versa, the data of a distribution of associative planes is equivalent to the data of a
distribution of coassociative planes.

The first step in our study is to translate the calibrated distribution condition

into the language of G-structures.

Proposition 7.0.1. Let B — M be a Go-structure on a 7-manifold M, with induced
S-form @ € Q3 (M), and let D be a distribution on M of rank 4 such that for each
p € M the 4-plane D, is coassociative with respect to @. Then the subbundle Q C B
defined by

Q,={u:T,M - R"|ueB, uD,=span(es,es, eq e7)} (7.0.1)

defines an SO(4)-structure on M, where SO(4) is the subgroup of Gy defined in
Section 2.2.6.
Conversely, suppose Q — M is an SO(4)-structure defined on a 7-manifold M.
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Then there exists a Ga-structure B — M with associated 3-form ¢ and a distribution
D of rank 4 on M such that Q C B and for eachp € M the 4-plane D,, is coassociative

with respect to .

Proof. The first part of the theorem follows immediately from the fact (2.2.6) that
the group G acts transitively on the set of coassociative planes in R” with stabiliser
SO(4).

We now prove the converse. Let Q — M be an SO(4)-structure on a 7-manifold
M. The action of SO(4) on V = R is reducible, we have V 2 (e}, exe3)B(eq, €5, €6, 7).
On Q, split the tautological V-valued 1-form w = (wi,...,w7) into (v, ve,vs) @
(m1,m2,13m4) . Define a 3-form ¢ on Q by

=1 A Avs+11 A Ane+n03Ang) + V2 A ANz — 12 Ang), (7.0.2)

+vs A (= Ana—n2 A13) (7.0.3)

and a distribution D on Q by

D = {Vl = V9 = V3 = O} . (704)

The 3-form ¢ descends to M and defines the Gy-structure B, and the distribution
D is given by the quotient D/SO(4). O

Definition 7.0.2. Let Q — M be an SO(4)-structure on a 7-manifold M. The G,-
structure associated to Q is the Giy-structure on M defined by the 3-form ¢ in (7.0.2).

The metric g, induced by ¢ will be referred to as the metric associated to Q.

Remark 7.0.3. A similar result to proposition 7.0.1 holds for associative distributions.
7.1 Representation theory of SO(4)

Since the representation theory of SO(4) will be used throughout the rest of the

dissertation, the relevant details are collected here.
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The group SO(4) is double-covered by the simply-connected group SU(2) x
SU(2). The complex irreducible representations of SU(2) x SU(2) are exactly the ten-
sor products Wg ® lec of complex irreducible SU(2)-representations of each factor.
The complex irreducible representations of SU(2) are well known to be the spaces of
homogeneous polynomials in two variables of fixed degree, WS = Sym” (C(x,y)). Let
qu denote W, @ W,. We think of Wg"q as the space of homogeneous polynomials in
(x,y;w, z) of bidegree (p,q). When p and ¢ have the same parity the representation
WS, of SU(2)x SU(2) descends to a representation of SO(4), and each of these repre-
sentations has a real structure induced by the map J : (z,y,w, 2) — (y, —x, z, —w).
This yields a complete description of the real representations of SO(4). We work
primarily with real representations, and so W, , will denote the real representa-
tion underlying W;gq. In this language the standard 4-dimensional representation of
SO(4) is Wy 1, while the adjoint representation so0(4) is Wa o @ Wy 2. The ordering of
the subscripts is chosen so that the representation AZR™ of SO(4) on the self-dual
2-forms is Wy 5.

The Clebsch-Gordan formula applied to each SU(2) representation gives the ir-

reducible decomposition of the tensor product of SO(4)-modules

WPl:‘]l ® me(]z = @ Wp1+p2*2i,fI1+Q2*2j‘ (711)

0<i<|p1—p2|
0<5<]|g1—gz2|

For integers i,j > 0 define a bilinear pairing (,);; : Clz,y,w, 2] x Clz,y,w, 2] —

Clz,y, w, z| by

1) Oxi=*0ykOowi—102t DxkOyi—Fow!dzl—7~

\f9)ii =5 1]1 > (=

0<k<i
0<I<j

The pairings (-, -);; are SO(4)-equivarant, and for f € W, 4,9 € W,, 4,, we have
ij € Y _9j. These pairings give the nontrivial projections implici
(f,9)ij € Wpi4ps—2igi+q,—2;- These pairings give th trivial projecti implicit
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in the formula (7.1.1). We extend (-,-) to take differential form arguments in the
obvious way.

Give R” the structure of an SO(4)-representation by thinking of it as Wy o ®&W; ;.
Let v and 7 be the standard Wy - and W ;-valued 1-forms respectively, let T be the
Wy o-valued 2-form representing the equivalence AiWLl = Wy, and let v denote

the volume 3-form on the Wy part of R”. Then the 3-form
Y=V + i(l/, T>072

lies in A% and is SO(4) invariant. This exhibits SO(4) as a subgroup of G5. We
have the following SO(4)-irreducible decompositions of Go-modules

Ve VI,O = W072 D Wl,l; (7.1.3)

g2 = ,\7071 = W270 D WO’Q D Wl,g = 50(4) D W173. (714)
7.2 Torsion of SO(4)-structures

Let Q — M be an SO(4)-structure on a 7-manifold M with associated Ga-structure ¢

and metric g. Following the construction in (2.1.2), and using the SO(4)-equivariant

decomposition
s50(7) = s0(4) ® 20) o

Woa @ Woo @ Woo @& Wii @& Wi,

the Levi-Civita connection v of g splits as

V=C+E+a+ 47, (7.2.2)

where ¢ and § take values in Wy, and Wy respectively and together define the
50(4)-valued natural connection on Q, and «, 3, and 7 are semi-basic forms taking
values in Wy o, Wy 1, and W, 3 respectively. The go-valued natural connection 6 of
the associated Ga-structure ¢ is given by

0=C+E&+, (7.2.3)
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so the forms « and 3 represent the part of the torsion of Q that can be written in

terms of the torsion of the associated Ga-structure B.

Proposition 7.2.1. The torsion of an SO(4)-structure on a 7-manifold takes values

in the SO(4)-representation
WS & WS & WL & WE @ WES & Wys @ Wao @ W3S & Wy (7.2.4)

If the induced Go-structure is torsion-free, then the torsion takes values in

Woo@Wos @Wi1 @ Wi 3D W5 Woo®Way. (7.2.5)

Proof. The space (7.2.4) is obtained by decomposing s0(7)/s0(4) ® V' into SO(4)-
irreducible pieces, while the space (7.2.5) is obtained by decomposing gs/s50(4) ®
V. O

7.3 Structure equations

In chapters 8-10, we study calibrated distributions under the assumption that the
induced Ga-structure is torsion-free. In this section we write down the structure
equations in this situation and derive some consequences from the vanishing of certain
components of the torsion function.

Let Q — M be an SO(4)-structure such that the induced Gs-structure ¢ is
torsion-free. The natural connection 0 associated to the Gy-structure is equal to the

Levi-Civita connection of the associated metric, so by (7.2.3) we have

a=p=0. (7.3.1)

Split the V= Wy o @ W 1-valued tautological form w on Q as
w=v+n, (7.3.2)

where v and 7 are 1-forms on Q taking values in Wy o and W ; respectively. Cartan’s
first structure equation (2.1.7) may be written using the SO(4)-invariant pairing (-, -)
as

dv = —5(C, Vo1 + 5(v, M1, (7.3.3)
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dn = _%<C7 77>0,1 - %<§777>1,0 - %(77 V>072' (734)

The W s-valued 1-form - is semi-basic for the projection Q — M, and there is

an SO(4)-invariant decomposition

Wl,g & (Wog D Wl,l) = W175 @ W1,3 D W171 D W274 @ WQ,Q D W074 D WOQ. (7.3.5)

Thus, there exist functions A, B, C, P, @, L, and S taking values in Wy 5, W; 3, W; 1, Wa 4,
Wy 9, Wy 4 and Wy o respectively such that
Y :2%)(14, 7/>072 + %(B, l/>0,1 + 3<C, I/>071 (736)

+ 31(Pn)1a +3(Q 1o + ${L, moa + 3(S, Moy-
The first structure equation (7.3.3) now reads
dv = — %(Ca V)10 + %@47 (V,moo)1,3 + %(B, (v,moi)ia + %<B7 (v,moo)re (7.3.7)
+ 3(C, (v, moa)10 + 5(C, (v, moo)11 + 2(Q, (1,m)0,1)20
+ (L, (m, 1002 + 3(S, (n,M10)0.1,
<§777>1,0 - %<C77l>0,1 - %(B, (v, V>0,1>0,2 - i(C, (v, V>0,1>0,1 (7.3.8)
(P, (v, mo0)13 + $(Q, (v, mo0)12 — 3(Q, (v, Mo)1a

+ 57(L, (1, mo0)0s + (S, (. Moo)o2 — 2(S, (v, mo)os-

N =

dn = —

+

&=

Proposition 7.3.1. 1. The coassociative distribution D s integrable if and only

ifQ=L=5=0.
2. The associative distribution D+ is integrable if and only if B = C = 0.

Proof. The coassociative distribution D is integrable if and only if dv = 0 mod v,
while the associative distribution D+ is integrable if and only if dn = 0 mod 7. The

conditions on the torsion functions are consequences of (7.3.7) and (7.3.8). [

Proposition 7.3.2. Let Q — M be an SO(4)-structure with vanishing torsion func-
tion. Then M is equivalent to the product Y x X of a flat 3-manifold Y with a
4-manifold X with holonomy contained in SU(2).
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Proof. 1f Q is torsion-free, then the natural connection ( + ¢ is equal to the Levi-
Civita connection of g, which implies that the holonomy group of g is a subgroup of
SO(4). By Berger’s classification of holonomy groups, the only possibilities for the
holonomy group of g are the trivial group or the SU(2) subgroup of SO(4) that acts

trivially on Wy . O
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8

Characterising the Bryant-Salamon G5-manifolds

8.1 The torsion class Wy @ Wi 1

Let Q — M be an SO(4)-structure on a 7-manifold M such that the induced Gs-
structure ¢ is torsion-free and the torsion of Q takes values in the space Wy o @ Wy ;.

The torsion functions of such a structure satisfy

A=B=P=Q=L=0, (8.1.1)
with only possibly C' and S nonvanishing.
Proposition 8.1.1. Let Q be as above. Then C =0 or S = 0.

Proof. In this case, the structure equations (7.3.7) and (7.3.8) become

dv =— (¢, )0+ 3(C, (v, moa)10 (8.1.2)
+ %(C, (V,Mo0)11 + %<S> (M, M)1,0)0,15
dn == §(Emo = §(Cmor = 3(C (v v)or)os (8.1.3)

+ %(S, (v, m)0,0)02 — §<S, (v, 1)0,1)0,1-

The equations d*v = 0 and d*n take values in the spaces Wy o @ A* (Wp o & W1 1) and
Wi1 ® A3 (Wo2 @ Wy 1) respectively. There are six copies of Wy 3 inside the direct
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sum of these spaces, and a particular linear combination of these copies gives the

restriction

(C,S)o0 =0, (8.1.4)
which implies C'=0 or S = 0. O]
8.2 The torsion class Wy

Let Q — M be an SO(4)-structure on a 7-manifold M such that the induced Gs-
structure ¢ is torsion-free and the torsion of Q takes values in the space Wy o @ W, ;.

The torsion functions of such a structure satisfy

A=B=C=P=Q=L=0, (8.2.1)

with only possibly S nonvanishing. The structure equations (7.3.7) and (7.3.8) now

read

dyv = —

N[ —=

(¢ )0+ %<Sv (m:m10)01, (8.2.2)
dn = — %<§7 Mo — %<C7 Mo + %(S, (v,m)0,0)02 (8.2.3)

- §<Sa (v,mo1)o

It will be convenient to modify the Wy o part ¢ of the natural connection on Q. Define

a Wy o-valued 2-form x on Q by

KR = C - %<S, I/>0?1. (824)

Then k + ¢ is a connection on Q. With this change, the first structure equation

becomes
dv = — (K, V)10 + 1S, (0, M)10)0,1 (8.2.5)
— ({5, )02, V)00,
dn = — 5(& )0 — 5K, Mo + ((S: o2, Moo (8:2.6)
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Differentiating (8.2.5) and (8.2.6) and using d*v = d*n = 0, we find

dr + 3k, K)o = —3R(n,M)10 (8.2.7)
d€ + 1€, )10 = —LR(n, mo1 — 3(G, (1, 7)0.1)20, (8.2.8)
dS + 3(k, S)o1 = 3R — 35(S, V)02, (8.2.9)

where R and G are functions on Q taking values in Wy o and W, respectively. Now

define functions and forms on Q by

f=((S,8)02— %,tR)é , a= %S, (8.2.10)
- %R, W= %G (8:2.11)

1
=-v, 0= fn.
X 7 In

The structure equations (8.2.5-8.2.9) become

dx = — (K, X)1.0 + 3(a, (6,6)10)01, (8.2.12)
df = —3(€,0)10 — 3(C. o, (8.2.13)
dr+3(k, K)o1 = —37(0,0)10, (8.2.14)
dE+3(&, €010 = —51(0,0)0.1 — 5(W, (0, 0)1,0)2,0, (8.2.15)
da+3i(k,a)o1 = 3rv. (8.2.16)

Theorem 8.2.1. Let Q — M be an SO(4)-structure on a 7-manifold M such that
the associated Go-structure o is torsion-free and the torsion of Q takes values in Wy o.
Then Q — M s locally equivalent to the Bryant-Salamon Ga-manifold A2 (X)), where
X is a self-dual Einstein 4-manifold, endowed with the SO(4)-structure induced by

the bundle structure.

Proof. The structure equations (8.2.12-8.2.16) imply that M is realised as the bundle

of self-dual 2-forms over a Riemannian 4-manifold X. The manifold X is simply the
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leaf space of the distribution given by # = 0. This has a natural metric gx given by

gx = 07 + 03 + 03 + 03, (8.2.17)

Equations (8.2.14) and (8.2.15) imply that gx is self-dual and Einstein. The G-

structure on M is given by

3

_f 1
p = %0{7 (X:X)0,1)02 — g@(, (0,0)1,0)0,2- (8.2.18)

After differentiating (8.2.12-8.2.16), we find

d(f* ({a,a)o2 — 1)) =0, (8.2.19)

and it is a matter of reconciling the notation here and in [BS89] to see that Q — M is

equivalent to the SO(4)-structure on the Bryant-Salamon Gy-manifold A3 (X). O
8.3 The torsion class Wi ;

Let Q — M be an SO(4)-structure on a 7-manifold M such that the induced Gs-
structure ¢ is torsion-free and the torsion of Q takes values in the space W ;. The

torsion functions of such a structure satisfy

A=B=P=Q=L=5=0, (8.3.1)

with only possibly C' nonvanishing. The structure equations (7.3.7) and (7.3.8) now

read
dv =— (¢, )10+ 3(C, (V. mo)10 (8.3.2)
+ 5(C, (v, moo)11,
dn = — 3 m10 = 5(¢mos — 1{C, (v, V)o)or- (8.3.3)

(8.3.4)

As in the previous section, it is convenient to modify the connection on Q. Define
1-forms x and p on Q taking values in Wy, and Wy o respectively by
k=C—(C,mMio, p=1{(c,n)01- (8.3.5)
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Then k + p is a connection on Q. With this change, the first structure equation
becomes

dv =— 5(k, V)10 — 2((C,M)1.1, V)00, (8.3.6)
dn =~ 3{p;m10 — 5k Mo1 — 1(C, (", ¥)o1)oa (8:3.7)

+ <<C7 77)1,1#7)0,0-

N =

Differentiating (8.3.6) and (8.3.7) and using d?v = d*n = 0, we find
dr + §(k, £)o1 = (=3B = §(C, O)11) (v, v)oa (8.3.8)
dp + 1(p: p)10 =0, (8.3.9)
dC + 3(p, C)10 + 3k, Chon = (3R — 1(C,C)11) n +5C(Comhry,  (8:3.10)

where R is a function on Q taking values in Wy . Now define functions and forms

on Q by

f

((C,CY11 + %R)_% . a=f3iC, (8.3.11)
x=Ff"v, 0=fm

The structure equations (8.3.6-8.3.10) become

dx = — 3K, X)10, (8.3.12)
df = — 5(€,0)10 — (¢, 0)o1 — 1{a (x; X)o.1)o1, (8.3.13)
dr+3(k, K)og = —5(X: X)o,1, (8.3.14)
dp+3(p, p)10 =0, (8.3.15)
da+3{(p,a)10 + 5 (K, a)o1 = —30. (8.3.16)

Theorem 8.3.1. Let Q — M be an SO(4)-structure on a 7-manifold M such that
the associated Ga-structure o s torsion-free and the torsion of Q takes values in
Wi1. Then Q — M is locally equivalent to the Bryant-Salamon Ga-manifold S (Y'),
where Y is a 3-manifold on constant curvature, endowed with the SO(4)-structure

mduced by the bundle structure.
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Proof. The structure equations (8.3.12-8.3.16) imply that M is realised as the spinor
bundle over a Riemannian 3-manifold Y. The manifold Y is the leaf space of the

distribution y = 0. This has a metric gy given by

g9y = X1+ + x5 (8.3.17)

Equation (8.3.14) implies that Y has constant curvature. The Go-structure on M is

given by
3

1
= %<Xa (X:X)0,1)02 — = (X, (0, 0)1.0)0,2, (8.3.18)

14 8

and it is a matter of reconciling the notation here and in [BS89] to see that Q — M

is equivalent to the SO(4)-structure on the Bryant-Salamon Gy-manifold S (Y). O
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9

Nonexistence results

In the previous chapter, the Ga-structures on the Bryant-Salamon manifolds were
characterised as exactly those Ga-structures induced by SO(4)-structures with tor-
sion taking values in Wy, or Wy ;. This suggests that it might prove fruitful to
investigate the SO(4)-structures whose torsion takes values in other strict subspaces
of the torsion space (7.2.5), with the goal of constructing new Gy-manifolds.

In this chapter we investigate the torsion classes Wy 4, W32, and W, 3. Unfortu-
nately, we only get negative results: if an SO(4)-structure belongs to one of these

torsion classes, then it is torsion-free.

9.1 The torsion class Wy 4

Theorem 9.1.1. Let Q — M be an SO(4)-structure on a 7-manifold M such that
the associated Go-structure ¢ is torsion-free and the torsion of Q takes values in

Woa. Then Q — M s, in fact, torsion-free.

Proof. Let Q — M be an SO(4)-structure on a 7-manifold M such that the induced

Ga-structure ¢ is torsion-free and the torsion of Q takes values in the space Wy 4.
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The torsion functions of such a structure satisfy

A=B=C=P=Q=S=0, (9.1.1)

with only possibly L nonvanishing. The structure equations (7.3.7) and (7.3.8) read
dv = — 5(C, V)10 + 15(L, (1, M) 10)02, (9.1.2)

dn = — 3(&m10 — 5(Cmoa + 35(L, (. n)oo)os. (9.1.3)

Differentiating equations (9.1.2) and (9.1.3) and using d*v = d*n = 0, we find
d¢ + (¢, Qox = 55 (L, LYo, (v, ¥)01)0.0 — 5355 ((Ly L)o2. (1, ¥)o1)o2 (9.1.4)
+ ﬁ«Lv L>074a <777 77>1,0>0,0 - 85%4<<L7 L>0,27 <77777>1,0>o,2,
d§ + i(&ﬁ)l,o = —ﬁ«L; L)o,4,{(n,m)o,1)0,0 — %(G, (n,m)0,1)2,0, (9.1.5)

dL + (¢, L)1 = 0, (9.1.6)

where G is a function on Q taking values in W, o. The equation d?C takes values in
Woa ®@A3 (W2 @ Wy 1) . There are two copies of Wy 4 in this space, and a particular
linear combinatation of these gives the restriction

(L, L)osL = 0, (9.1.7)
and this implies L = 0. O
9.2 The torsion class W3 5

Theorem 9.2.1. Let Q — M be an SO(4)-structure on a 7-manifold M such that
the associated Go-structure ¢ is torsion-free and the torsion of Q takes values in

Wy, Then Q — M s, in fact, torsion-free.

Proof. Let Q — M be an SO(4)-structure on a 7-manifold M such that the induced
Go-structure ¢ is torsion-free and the torsion of Q takes values in the space Wy 4.

The torsion functions of such a structure satisfy
A=B=C=P=L=5=0, (9.2.1)
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with only possibly ) nonvanishing. The structure equations (7.3.7) and (7.3.8) read
dv = — %<C7 V)10 + 2(Q, (n,mo,1)2,0 (9.2.2)
dn =—3(& M0 — 3(C, Mo + £(Q, (1, m)oo)1,2 (9.2.3)

- §<Q, (v,moa)i

Differentiating equations (9.2.2) and (9.2.3) and using d*v = d*n = 0, we find
d¢ + 3(¢. Qoa = 5(Q, Q)22, (1, V)o.1)00 + 3:((Q, Q)20 (v, V)01)o2  (9:2.4)
- %«Q; Q)2.2, (n,m)1,0)0,0,
dé + 36,610 = Q. Q)11. (v, ¥)01)02 — 3(H, (1, m)00)1,3 (9.2.5)
+ 2((Q. Q)22, (m,mo.1)00 — 5(G, (. Mo.1) 2.0,
dQ + 5(¢, Q)oa+5(& Q1o = §((Q, @)1.1, )oa + (H,n11 + (V,n)1o, (9.2.6)
(@, Q)20 =0, (9.2.7)
where H,V, and G are functions on Q takings values in W5 3, W5, and Wy o respec-

tively. Equation (9.2.7) is not enough to force @@ = 0, so we differentiate again. The

equations d?¢ = 0 and d?Q = 0 yield the following identities

(H,Q)22 — (V, Q)21 =0, (9.2.8)
(H, Q)21+ 5(V, Q)20 = 0, (9.2.9)
(H, Q)20 =0. (9.2.10)

Equations (9.2.7-9.2.10) taken together imply that H = 0 and V' = 0. Then, d*Q = 0
implies @) = 0. O

9.3 The torsion class Wi 3

Theorem 9.3.1. Let Q — M be an SO(4)-structure on a 7-manifold M such that
the associated Ga-structure o s torsion-free and the torsion of Q takes values in
Wi 3. Then Q — M s, in fact, torsion-free.
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Proof. Let Q — M be an SO(4)-structure on a 7-manifold M such that the induced
Go-structure ¢ is torsion-free and the torsion of Q takes values in the space W, 3.

The torsion functions of such a structure satisfy

A=C=P=Q=L=S=0, (9.3.1)

with only possibly B nonvanishing. The structure equations (7.3.7) and (7.3.8) read
dv=—3(C:v)o+ %<B> (v,mo)in + $<B, (v, m)0,0)1,2, (9.3.2)

dn = — %(5,7»1,0 - %<C7 mo1 — %(B, (v, v)o1)02- (9:3.3)

N |

differentiating equations (9.3.2) and (9.3.3) and using d*v = d*n = 0, we find
d¢ + (¢, Qox = 57 ((B, B)11, (v, v)o1)o2 — 157 (B, Blogz, (v, V)o1)20  (9.3.4)
+ (B, B)1,1, (n;m)1.0)0.2 + 127 ((B, B)1.3: (1,m)1,0)0,0,
d€ + 3(& €10 = — 1 {(B. B)og, (V:v)on)o2 — 1 ((B, Bogs (n,m)10)02  (9:3.5)
+ 132 (B, B)1a, (1, mo1)o0 — 3(G, (1,m)o,1)204

dB + 3(¢, BYoa+35(€, B)1o = 3;((B, B)o2,m10 — (B, B)1.1,m)o,1- (9.3.6)

The equation d*( takes values in Wy ® A% (Wgo @ Wy ). There are three copies
of Wy in this space, and taking a particular linear combination of these gives the

following restriction

(B, (B, B)1,1)03 = 0. (9.3.7)

Equation (9.3.7) is not enough on its own to foce B = 0. However, the covariant

derivative of (9.3.7) is a Wy ;-valued 1-form and taking the Wy o component yields

((B, B)13)* =0, (9.3.8)

which implies B = 0. O
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10

The semi-flat cases

In this chapter we study the SO(4)-structures Q — M with torsion in either Wy 5 or
W, 4. We pay particular attention to the so-called semi-flat cases, which correspond
to fibrations of M by associative or coassociative tori, and in these cases the relation

with submanifold geometry is explored.

10.1 The torsion class Wi 5

Let Q — M be an SO(4)-structure on a 7-manifold M such that the induced Go-
structure ¢ is torsion-free and the torsion of Q takes values in the space W; 5. The
torsion functions of such a structure satisfy

B=C=P=Q=L=5=0, (10.1.1)

with only possibly A nonvanishing. The structure equations (7.3.7) and (7.3.8) read
dv = — 5(C, V)10 + g5{A, (v, moo)13; (10.1.2)

dn =— & )10 — 2o (10.1.3)

Differentiating (10.1.2) and (10.1.3) and using d*v = d?n = 0, we find

a¢ + %1<C, Co1 = Kloo«A, A)o.a, (N,M)0,1)2,0 + Wlo()((A, A)13, (MM 10)02 (10.1.4)
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o ﬁ“z‘l, A>1,5a n, 77>1,o>0,0,
df + 3 <§ €> = Klgo<<A7A>0,4a <77777>1,0>0,2 - ﬁ((A, A>1,5, <7’], 77>071>070 (1015)
- ‘(G n, 77)0 1>2 05

dA+1 3¢, Aoty (57A>1,0 = (E,v)o2+ (U121, (10.1.6)

where E, U, and G are functions on Q taking values in Wy 7, Wy 6, and Wy o respec-

tively. Differentiating (10.1.4) and using d*¢ = 0, we get the following identities

(A,E)os=0 (A E)os=0 (10.1.7)
(A,E)135=0 (A/E);4=0 (10.1.8)
(A,E)15=0 (10.1.9)

Equations (10.1.7-10.1.9) place severe algebraic restrictions on A and E, but do
not force £ = 0. In order to avoid the algebraic difficulties caused by equations
(10.1.7-10.1.9), in what follows we will assume E = 0. This is equivalent to assuming

that A is constant on the leaves of the distribution 1 = 0.

Remark 10.1.1. It seems possible that further differentiation of (10.1.7-10.1.9) would
yield identities that force £ = 0, but the algebra involved in checking this is non-

trivial.

Now, imposing F = 0 and differentiating (10.1.4-10.1.6) yields
dU + (¢, U)o1+3(E, U)o = (10.1.10)
(7o0m0 (¢4 )15, o0 + 55150 (A Aoas Ais Moo
+<604800<<A A3 Ao + 3024oo<<A A)o,45 A) 1,0, Mo
+gaa00 (4 A1, Ao + 17(A4, Ghioymo + (Vg

dG + = <§ G> 1800<<A U>05, >01 + <}/, 77>1,1, (10.1.11)

where V' and Y are functions on Q taking values in W5 ; and W 5 respectively.
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Theorem 10.1.2. The SO(4)-structures of torsion class Wy 5 satisfying the addi-
tional condition that A is constant on the leaves of the distribution n = 0 exist locally

and depend on 4 functions of 3 variables.

Proof. This is a application of Theorem 3 of [Bryl4]. The primary invariants are the
components of A and G, and the free derivatives are the components of V' and Y. The
tableau for the system is involutive, with Cartan characters s; = 17,55 = 12, 53 = 4,

and s = 0 for £ > 3. O

From the structure equations (10.1.2) and (10.1.3), we observe that M admits a
Riemannian submersion M — X, where X is the leaf space of the distribution n = 0.

The metric gx on X is given by

gx = 5o, (10.1.12)

where (-, ) denotes the symmetrisation of (-,-). By equation (10.1.4), the metric g

restricted to the fibres of the submersion M — X is flat.

Definition 10.1.3. Let (M, ¢) be a manifold with torsion-free Gy-structure. A semi-

flat associative fibration of M is a fibration of M by flat associative submanifolds.

We have just shown that if Q — M is an SO(4)-structure of torsion class Wy 5
satisfying the additional condition that A is constant on the leaves of the distribution

n =0, then M admits a semi-flat associative fibration.

Theorem 10.1.4. Let Q — M be an SO(4)-structure of torsion class W1 5 satisfying
the additional condition that A is constant on the leaves of the distribution n = 0,
and let X be the base of the semi-flat associative fibration on M. Then locally there

15 a commutative diagram

P L5 SL(3,R) «—— SO(3)
l f SL(3,R
X — sc()(g))v

SO(4) >
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where P denotes the orthonormal coframe bundle of X, such that the pullback of the
SO(3)-connection forms for SL(3,R)/SO(3) give the self-dual part of the Levi-Civita
connection on X, and the derivative of f takes values in Wi s C Hom(Wy 1, Wo4) .
Conversely, given such a commutative diagram the total space of the R3-bundle
over X associated to the induced flat SL(3,R) connection has an SO(4)-structure of
torsion class W1 5 satisfying the additional condition that A is constant on the leaves
of the distribution n = 0, and X 1is the base of the resulting semi-flat associative

fibration.

Proof. Suppose first that Q — M is an SO(4)-structure of torsion class W, 5 sat-
isfying the additional condition that A is constant on the leaves of the distribution
n = 0, and X is the base of the semi-flat associative fibration on M. Let P denote
the orthonormal coframe bundle of (X, gx). The Levi-Civita form on P is given by
¢ + &. By equation (10.1.6), the W, 5-valued function A is well-defined on P. Define

a Wy 4-valued 1-form x on P by

KR = %(A,T])Ll. (10113)

We may rewrite equations (10.1.2) and (10.1.4) as
dv = _%<€a V>0,1 — (K, V>0,2, (10.1.14)

d¢ = —i@, C)o1 + z§1<”7 K)0,3; (10.1.15)

and as a consequence of (10.1.6) we have

dk = —3((, K)o, (10.1.16)

Now, define an sl (W 2)-valued 1-form on P by p = (¢, -)o.1 + (K, )o,2. By equations
(10.1.15) and (10.1.16), u satisfies the Maurer-Cartan equation du = —pu A p, while
equation (10.1.14) implies dv = —p A v. This proves the first half of the theorem, the

map f is simply the map integrating p, i.e. satisfying u = f~1df.
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Conversely, suppose X is a Riemannian 4-manifold such that there is a commu-
tative diagram with the properties described in the statement of the theorem. Let P
denote the orthonormal coframe bundle on X, with W, ;-valued tautological form 7
and Levi-Civita form ¢ = £, where ¢ takes values in Wy 5 and £ takes values in Wy .

Identify R* with W, and consider the Maurer-Cartan form p of SL(3,R) as

taking values in s[(Wy3) = Wy 2 @ Wy 4. Concretely, we have

= 3{a o1 + (0, )oa: (10.1.17)

where o takes values in Wy o and o takes values in Wy 4. Then the Maurer-Cartan
equation is written
da = —i(a, a)o1 + %(a, 7)0,3; (10.1.18)

do = —5(0,0)0.1. (10.1.19)

N[ =

By the hypotheses, f*a = ( and f*o = 6—10<A, n)1.1, for some function A on P taking
values in Wy 5. Let M = Wyo x X, with Wy o-valued coordinate y. Define a W »-
valued 1-form v on Wyo x P by v = f~!'dy. Then it is a simple check to see that
Wiz x P — M is an SO(4)-structure of torsion class W 5 satisfying the additional
condition that A is constant on the leaves of the distribution n = 0, with X as the

base of the resulting semi-flat associative fibration. n

10.2  The torsion class Wa 4

Let Q — M be an SO(4)-structure on a 7-manifold M such that the induced Gs-
structure ¢ is torsion-free and the torsion of Q takes values in the space Wy 4. The

torsion functions of such a structure satisfy

A=B=C=Q=L=5=0, (10.2.1)

with only possibly P nonvanishing. The structure equations (7.3.7) and (7.3.8) read
dv = — %<C, I/>170, (1022)
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dn =~ 3€.Mro — HCmhar + (P o) (10.2:3)

Differentiating (10.2.2) and (10.2.3) and using d?v = d?n = 0, we find
d¢ 4+ 3(¢, Qog = — 5357 (P, P)aa, (v, V)o1)00 (10.2.4)
+ WIM“R P)aa, (v, v)01)0,2,
d€ + (&, E)10 = 5 (P, P, (v, V)oa)oz + 25 (H, (v, m)00)1,3 (10.2.5)
- %(G, (n,m)0,1)2,0,

dP + %<C7 P>0,1+%<£7 P)io=(J,v)o2 + (H,m)10+ (V,m)11, (10.2.6)

where J, H,V, and G are functions on Q taking values in Wy 5], W53, W3 5, and Wy g

respectively. Differentiating (10.1.4) and using d¢ = 0, we get the following identities

<P, H>2’3 + <P, V>2’4 = O, (1027)
329(P, H)yy — 144(P, Vg5 = 0, (10.2.8)
<P, H>2’1 + <P, V>2’2 =0. (1029)

In order to avoid algebraic difficulties caused by equations (10.2.7-10.2.9), in
what follows we will assume H = V = 0. This is equivalent to assuming that P is
constant on the leaves of the distribution w = 0. With this assumption, the equations

dH = dP = 0 imply that G = 0 also.

Remark 10.2.1. It seems possible that further differentiation of (10.2.7-10.2.9) would
yield identities that force H = V = 0, but the algebra involved in checking this is

nontrivial.

Theorem 10.2.2. The SO(4)-structures of torsion class W 4 satisfying the addi-
tional condition that P is constant on the leaves of the distribution w = 0 exist locally

and depend on 6 functions of 2 variables.

Proof. This is a application of Theorem 3 of [Bryl4]. The primary invariants are

the components of P, and the free derivatives are the components of J. The tableau
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for the system is involutive, with Cartan characters s; = 15,59 = 6, and s = 0 for

k> 2. O

From the structure equations (10.2.2) and (10.2.3), we observe that M admits a
Riemannian submersion M — Y, where Y is the leaf space of the distribution v = 0.

The metric gy on Y is given by

gy = 3(Vs Vo2, (10.2.10)

where (-, -) denotes the symmetrisation of (-, -). By equations (10.2.4) and (10.2.5),

the metric g restricted to the fibres of the submersion M — Y is flat.

Definition 10.2.3. Let (M, ) be a manifold with torsion-free Gy-structure. A semi-

flat coassociative fibration of M is a fibration of M by flat coassociative submanifolds.

We have just shown that if Q — M is an SO(4)-structure of torsion class Ws 4
satisfying the additional condition that P is constant on the leaves of the distribution
w = 0, then M admits a semi-flat coassociative fibration.

The following theorem is due to Baraglia [Bar10], although he does not use the

language of SO(4)-structures or torsion classes.

Theorem 10.2.4 ([Barl0]). Let Q — M be an SO(4)-structure of torsion class Wa 4
satisfying the additional condition that P is constant on the leaves of the distribution
w =0, and let'Y be the base of the semi-flat coassociative fibration on M. Then locally
there is a space-like mazimal immersion Y — R33 of Y into the pseudo-Euclidean
space R33 and M is locally equivalent to the R*-bundle over Y associated to the
4-dimensional representation of so0(3,3) = slyR.

Conversely, given a space-like maximal immersion of a Riemannian 3-manifold
Y into R®3, the total space of the R*-bundle over Y described above has an SO(4)-

structure of torsion class Wo 4 satisfying the additional condition that P is constant
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on the leaves of the distribution w = 0, and Y is the base of the resulting semi-flat

coassociative fibration.

Proof. Since this theorem has appeared before, we will not give a full proof. The key
point is that, in a similar way to the proof of Theorem 4.3.2, we may write equation

(10.2.3) in the form

dn = —uwAn, (10.2.11)

where p is a sl4R = s0(3,3)-valued 1-form satisfying the Maurer-Cartan equation
du = —pAp. By integrating we get a locally defined map into SO(3, 3) and this turns
out to be the developing map of the maximal space-like 3-dimensional submanifold.

]
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Invariant torsion

In this chapter we shall give a classification of SO(4)-structures with invariant tor-
sion, i.e. SO(4)-structures whose torsion function takes values in a direct sum of
trivial representations of SO(4).

There are two trivial summands in the decomposition (7.2.4) of the torsion space
for SO(4)-structures. Comparing with the decomposition (7.2.5) in the case where
the induced Ga-structure is torsion-free, we see that if Q — M is an SO(4)-structure
with invariant torsion such that ¢ is torsion-free, then the torsion of the SO(4)-
structure vanishes, and M is described by proposition 7.3.2. Thus, if Q — M is an
SO(4)-structure with invariant torsion, then its torsion must be expressible in terms

of the torsion of the induced Ga-structure. From the decompositions

Voo = Woo, Vio=Woo® Wi, (11.0.1)
Vo1 = W2 ® Wy @ W3, (11.0.2)
VQ,O = W()’o D W074 D Wl,l SWis® WZQ, (11.0.3)

of Gy representations into SO(4)-irreducible pieces, we see that the torsion forms

(defined in proposition 2.2.1) of the induced Ga-structure satisfy
T = T = 0. (1104)
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Thus, the induced Go-structure is coclosed, i.e. d *, ¢ = 0.
11.1 Structure equations

Let Q — M be an SO(4)-structure with invariant torsion. As a result of the invariant

torsion condition, the forms «, § and 7 defined in Section 7.2 satisfy

a= fr, (11.1.1)
B = gn, (11.1.2)
o =0, (11.1.3)

where f and g are functions on Q taking values in Wy, = R. The first structure
equation on Q is

dv = —

N

(¢ o1 — 3£ (v, VDo — g(n, M1, (11.1.4)

dn = —%<5777>1,0 - %<Cﬂ7>0,1 - %9<V7 77>0,17 (11-1~5)

where ¢ and £ are 1-forms on Q with values in Wy o and W5 o respectively forming the
natural connection on Q. Differentiating equations (11.1.4) and (11.1.5) and using

d*v = d*n = 0, we get

d¢ + (¢, Qoa =59 (f = 9) (v, v)oa + g (f = 9) (n.m)10 (11.1.6)
dé + 3(€, )10 = 9 (f —29) (Mo — 3(G, (1, M)0,1)20, (11.1.7)
df =0, (11.1.8)

dg = 0, (11.1.9)

where G is a function on Q taking values in Wy . Thus, the torsion functions f and

g are constant on Q.

Proposition 11.1.1. The pullbacks to Q of the Gy torsion forms 19 and 15 are
70 =2 (49 - f), (11.1.10)

73 = 55 (f +39) (v, (v, V)oa)oz + 2(v, (0, n)10)02) (11.1.11)
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Proof. This is simply a matter of differentiating ¢ using equations (11.1.4) and

(11.1.5).

Define a W o-valued 1-form on Q by
R=C+(f—gv
Then the structure equations (11.1.4) and (11.1.5) become
dv=—1(k,v)o1 — (3 — 39) (v, V)01 — 9(n, )10,
dn = —%<5777>1,0 - %<H> 77)0,1 - (%f - 9) <V> 77)0,1>
and we have
dk + 3 (K, K)o1 = 0.
There are now two cases to consider: f = 2¢g and f # 2g.

11.1.1 The case f =2g

If f =2g, the structure equations (11.1.13 - 11.1.15) and (11.1.7) become

dv = —%(H, V)oa — 9{n, M) 10,
dn = —5(& )10 — 3(K, Mo,
d/ﬁ-}l(/ﬂ, K)o =0,

dﬁ‘i‘}df,@l,o = —%<G7 (n,mo,1)2,0-

]

(11.1.12)

(11.1.13)

(11.1.14)

(11.1.15)

(11.1.16)
(11.1.17)
(11.1.18)

(11.1.19)

Theorem 11.1.2. Let Q — M be an SO(4)-structure with invariant torsion satis-

fying the additional condition f = 2g. Then M is locally equivalent to the total space

of the bundle L; & L; & Lk over a hyper-Kahler 4-manifold X, where L1, L; and

L denote the circle bundles with curvature 29 €2r,29 €2y and 2g Qx respectively.

Proof. The Wy = su(2)-valued 1-form x defines a flat connection, so by integrating

we may assume that x = 0 in the structure equations. Then the leaf space X of the

distribution n = 0 carries a hyper-Kéhler metric by equations (11.1.17) and (11.1.19).
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By equation (11.1.16), the components of v are connection forms with curvatures the
corresponding components of —g(n, )19, which turn out to be 2¢ 27, 2¢g Q; and 29 Q

as claimed. n
11.1.2 The case f # 2g

Define a W o-valued 1-form 7 on Q by

= (3f—9g)v (11.1.20)

Using equations (11.1.13 - 11.1.15) and (11.1.7) we have

dr+3(m, m)o1 = —2(k, o1 + 9 (f —29) (n, M1, (11.1.21)
dn = = 3(& o = 5w mox = 5m o, (11.1.22)
dk+3 (K, K)o1 = 0, (11.1.23)
d&+3(& Ero = g (f —29) (n,mox — 3(G, (1, m)o.1)20- (11.1.24)

Theorem 11.1.3. Let Q — M be an SO(4)-structure with invariant torsion sat-
isfying the additional condition f # 2g. Then M is locally equivalent to the total
space of the principal SO(3) bundle over a self-dual Einstein 4-manifold X of scalar
curvature g (f — 2g) associated to the bundle A% (X)), where the fibres have constant

curvature 4/ (f — 2g)> .

Proof. The Wy = su(2)-valued 1-form x defines a flat connection, so by integrating
we may assume that £ = 0 in the structure equations. By equation (11.1.22), there
is a Riemannian submersion M — X, where X is the leaf space of the distribution
1n =0, and the metric gx on X is given by

gx =07+ 05 + 15 + ;. (11.1.25)

The Levi-Civita form of gx is given by £ + m, and from equations (11.1.24) and
(11.1.21) we see that gx is self-dual Einstein with scalar curvature g (f — 2g) . Since

7 is obtained by scaling v, the theorem is proven. O
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Conclusion

There are several natural directions for further research suggested by the work in
this thesis.

Building on the work in Part 1:

1. Do the possible values of A form a discrete set? Is every possible value of A

rational?

2. Is every compact extremally Ricci-pinched closed Ga-structure locally equiv-
alent to Bryant’s example given in [Bry06]? From the results on type P
structures in Chapter 4, a space-like 3-submanifold of SO(3,3)/S0O(3,2) with
enough discrete symmetries to admit a compact quotient would yield a counter-

example.

3. Almost nothing is known about the topology of 7-manifolds admitting a closed
Go-structure. Can a compact, simply-connected manifold M admit a closed

Go-structure with algebraically special torsion?

Building on the work in Part 2:
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1. Classify the torsion classes of SO(4)-structures which give rise to torsion-free

Go-structures, and such that the torsion does not lie in a proper subspace.

2. Use the results of Chapter 10 to construct new explicit examples of (Go-holonomy
spaces. A natural way to do this is to look for examples where the torsion has

a non-trivial stabiliser under the action of SO(4).

3. Investigate the theory of calibrated distributions in other cases, especially for

manifolds with holonomy SU(3) and Spin(7).
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