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Abstract

I use the methods of exterior differential systems and the moving frame to study

two geometric structures in seven dimensions related to G2-geometry and linked by

the idea of special torsion. The torsion tensor of a geometric structure is a basic

first-order invariant of the structure, and both of the geometries I study have special

torsion, meaning that the image of their torsion tensor is constrained to lie in a

smaller than usual space.

In Part 1, I study quadratic closed G2-structures. A closed G2-structure on

a 7-manifold M is given by a closed non-degenerate 3-form ϕ, and the quadratic

condition, introduced by Bryant, says that ϕ satisfies one of a particular natural

one-parameter family of second order equations. The torsion tensor associated to a

closed G2-structure ϕ takes values in g2, and I study the cases where the image of this

map lies in an exceptional G2-orbit. A closed G2-structure ϕ induces a metric, and

I give a classification of closed G2-structures with conformally flat induced metric.

In Part 2, I study G2-structures endowed with a distribution of calibrated planes.

In this situation there is an induced SO(4)-structure, and I investigate the cases

where the G2-structure is torsion-free and the induced SO(4)-structure has torsion

tensor taking values in an irreducible SO(4)-module. Additionally, I give a classifi-

cation of SO(4)-structures with invariant torsion, meaning that their torsion tensor

takes values in a direct sum of trivial SO(4)-modules.
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ing discussions. I thank Gonçalo Oliveira and Jesse Madnick, my collaborators, for

lending their sharp minds and enthusiastic spirits to our work together.

I have known Philip Arathoon, William Cook, and David Nesbitt since our first

day as undergraduate students in mathematics at Cambridge. I thank them for

their friendship over the years, and for many great conversations, mathematical and

otherwise. Special thanks go to Phil for helping with figure 2.1.

I thank Philip Andreae, Brian Fitzpatrick, and Brendan Williamson for helping

to make Durham feel like home.

Thank you to Madeleine for all of her love and support during my final year at

xi



Duke.

Lastly, thank you to my family. To my parents, Sara and Alistair, to my brother

Calum, and to my uncle and aunt, Aidan and Sheena.

xii



1

Introduction

The research presented in this thesis lies within the broader subject of G2-geometry.

Let M be a 7-manifold. A G2-structure on M is a 3-form ϕ ∈ Ω3 (M) of a particular

algebraic type (see Section 2.2.2). The pointwise stabiliser of such a 3-form is iso-

morphic to the compact form of the exceptional simple Lie group G2, which explains

the terminology.

A G2-structure on M automatically induces a metric gϕ, a volume form volϕ, and

a Hodge star operator ∗ϕ on M. If the G2-structure satisfies the equations

dϕ = 0, d ∗ϕ ϕ = 0, (1.0.1)

then the metric gϕ has holonomy contained in G2, which implies that gϕ is Ricci-flat

and has a parallel spinor field. Conversely, if (M, g) is a Riemannian 7-manifold

with holonomy group contained in G2, then M carries a g-parallel G2-structure ϕ

satisfying equation (1.0.1) such that g is equal to the induced metric gϕ.

Manifolds with holonomy group equal to G2 are tantalising objects for differential

geometers from several points of view:

1. They are Ricci-flat. In fact, all currently known examples of irreducible odd-
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dimensional compact Ricci-flat manifolds have holonomy group contained in

G2.

2. They are host to special gauge-theoretical equations, analogous to the instanton

equations central to Donaldson’s work on the topology of smooth 4-manifolds.

3. They carry two distinguished classes of submanifolds, analogous to complex

submanifolds of a Kähler manifold, the associative and coassociative submani-

folds, which are volume minimising in their homology class.

4. They play an important role in physics as the model for the extra dimensions

of space in M theory.

In this thesis we study G2-structures satisfying certain additional geometric con-

ditions. In Part 1 we study the so-called quadratic closed G2-structures, while in

Part 2 we study G2-structures endowed with a calibrated distribution.

1.1 Quadratic closed G2-structures

In Part 1, we study closed G2-structures satisfying a certain natural PDE system,

the quadratic condition.

A G2-structure ϕ ∈ Ω3(M) on a 7-manifold M is called closed if it satisfies

dϕ = 0. When ϕ is closed we have

d ∗ϕ ϕ = τ ∧ ϕ, (1.1.1)

where τ ∈ Ω2(M) is a 2-form satisfying τ ∧ ∗ϕϕ = 0 called the torsion of the closed

G2-structure. The closed condition can be considered as a weakening of condition

(1.0.1).

Motivation for the study of closed G2-structures comes from the construction of

compact manifolds with holonomy G2. The only known method for constructing
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such manifolds is to start with a compact manifold M with a closed G2-structure ϕ,

such that the torsion τ is ‘small’ in some suitable sense. Then one may use a result

of Joyce [Joy96] to perturb ϕ to a torsion-free G2-structure ϕ̃ on M.

The metric gϕ induced by a closed G2-structure has special properties. In [Bry06],

Bryant gives formulas for the scalar and Ricci curvatures of gϕ,

Scal(gϕ) = −1
2
|τ |2, (1.1.2)

Ric(gϕ) = 1
4
|τ |2 − 1

4
jϕ
(
dτ − 1

2
∗ϕ (τ ∧ τ)

)
, (1.1.3)

where jϕ is a certain linear map jϕ : Ω3 (M) → Γ (S2T ∗M). When ϕ is torsion-free,

the metric gϕ has holonomy contained in G2, and these formulas verify the fact,

mentioned above, that such metrics are Ricci-flat. Given these formulas, a natural

question is

Question 1.1.1. Can a closed G2-structure induce an Einstein metric with non-zero

scalar curvature?

One can use (1.1.3) and a little algebra to write the Einstein condition using

differential forms as

dτ = 3
14
|τ |2ϕ+ 1

2
∗ϕ (τ ∧ τ) . (1.1.4)

In the case where M is assumed compact, question 1.1.1 was answered in the negative

by Cleyton and Ivanov [CI08]. In [Bry06], Bryant gives a simpler proof and extends

the result to the following

Theorem 1.1.2 (Bryant). Let M be a compact 7-manifold with a closed G2-structure

ϕ. Suppose

|Ric0(gϕ)|2 ≤ 4
21
CScal(gϕ)2, (1.1.5)

for some constant C ≤ 1. Then

• If C < 1, τ = 0
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• If C = 1, equality holds in (1.1.5) everywhere on M , and τ satisfies

dτ = 1
6
|τ |2ϕ+ 1

6
∗ϕ (τ ∧ τ) . (1.1.6)

Equation (1.1.6) is equivalent to (1.1.5) with C = 1, and a closed G2-structure

satisfying this condition is called extremally Ricci-pinched, or ERP for short. Prior

to my work there were essentially only two known examples, due to Bryant [Bry06]

and Lauret [Lau17], both homogeneous.

Equations (1.1.4) and (1.1.6) have a similar form. Motivated by this, Bryant

[Bry06] introduced a generalisation of both conditions

Definition 1.1.3. Let λ be a constant. A closed G2-structure ϕ is called λ-quadratic

if it satisfies

dτ = 1
7
|τ |2ϕ+ λ

(
1
7
ϕ+ ∗ϕ (τ ∧ τ)

)
. (1.1.7)

The following cases are of particular interest:

• 1
2
-quadratic ⇐⇒ Einstein.

• 1
6
-quadratic ⇐⇒ ERP.

• 0-quadratic ⇐⇒ ϕ is an eigenform, i.e. an eigenfunction for ∆ϕ.

• −1
8
-quadratic ⇐ Conformally flat metric. However, conformal flatness places

more restrictions than just −1
8
-quadratic.

1.1.1 Outline of Part 1

In Chapter 3 we study the quadratic condition for a closed G2-structure from the

point of view of exterior differential systems. We begin by deriving the structure

equations for general closed G2-structures, including formulas for the scalar, Ricci,

and Weyl cuurvatures of the induced metric gϕ. We then impose the quadratic con-

dition. Our first result is that the real characteristic variety associated to the system
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is empty, which implies that the system is elliptic modulo diffeomorphisms. We then

rederive a result of Bryant [Bry06], which says that the system is not involutive in

the sense of exterior differential systems. We also show that the system obtained by

prolonging once is not involutive either, and derive new constraints on the second

order invariants of a quadratic closed G2-structure. At the end of the chapter we

define the algebraically special torsion condition that forms the focus of the next two

chapters.

In Chapter 4, we study the quadratic closed G2-structures whose torsion 2-form

has pointwise stabiliser isomorphic to the subgroup U(2)+ of G2. By work of Bryant

[Bry06] it turns out that all such structures have λ = 1
6
, and thus are extremally

Ricci-pinched. The torsion of the induced U(2)+-structure takes values in a repre-

sentation of U(2)+ with three irreducible constituents, and we study the cases where

the torsion takes values in exactly one of these representations. We call these cases

types A, P , and Z. For structures of type A we derive a Weierstrass representation

in terms of holomorphic data. For type P we interpret these structures as space-like

maximal submanifolds of a certain 5-dimensional Riemannian symmetric space and

relate these to the known examples. For type Z we are not able to give a complete

classification, but we do derive a Weierstrass representation for a certain natural

subclass of these structures. The results in this chapter yield many new examples of

extremally Ricci-pinched closed G2-structures.

In Chapter 5, we study the quadratic closed G2-structures whose torsion 2-form

has pointwise stabiliser isomorphic to the subgroup U(2)− ofG2.We begin by showing

that the only possibilities for λ are −1,−1
8
, 2

5
, or 3

4
. We then reduce the problem to

6-dimensions, by showing that the 7-manifold M is locally equivalent to R×N, where

N is a 6-manifold with a U(2)-structure satisfying certain conditions on its torsion.

We analyse each possible value of λ in turn, considering special torsion classes as in

the previous chapter. The results in this chapter give the first known examples of
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quadratic closed G2-structures that are not extremally Ricci-pinched.

In Chapter 6 we exhibit several examples of quadratic closed G2-structures that

are not algebraically special. We classify the closed G2-structures with conformally

flat induced metric gϕ. This classification results from an interesting representation

theoretic coincidence: the space of algebraic Weyl curvatures on a 7-manifold has

the same G2-irreducible decomposition as the space of second order-invariants of a

closed G2-structure. This allows us to show that, up to scale, there are only two

possibilities, both of cohomogeneity-one. In the remainder of the chapter, we give

examples of 2
5
- and 1

3
-quadratic closed G2-structures. The case λ = 1

3
is interesting,

as this value of λ cannot occur in the algebraically special case.

1.2 G2-structures with a calibrated distribution

Let (M, g) be a Riemannian manifold of dimension n. A k-form θ is called a calibra-

tion if

• dθ = 0

• for any p ∈ M and any oriented k-dimensional subspace E of TpM , θ|E =

λvol|E, where λ ≤ 1.

A k-dimensional subspace E satisfying θ|E = vol|E is called calibrated, and a k-

submanifold is called a calibrated submanifold if all of its tangent planes are cal-

ibrated. Calibrated submanifolds have the remarkable property of being volume

minimising in their homology class, and they occupy a special place in the study of

minimal submanifolds.

The theory of calibrated submanifolds was initiated by Harvey and Lawson in

the 80s [HL82]. Although they concentrated on calibrations in Euclidean space, the

link with G2-structures was quickly established. Indeed, the forms ϕ and ∗ϕϕ are

examples of calibrations whenever they are closed.
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In Part 2 of this thesis, we study the geometry of G2-structures endowed with a

calibrated distribution.

Definition 1.2.1. Let (M, g) be a Riemannian manifold endowed with a calibration

θ. A calibrated distribution on M is a subbundle Q of TM such that for all p ∈M ,

Qp is calibrated by θ.

We may take either the 3-form ϕ or the 4-form ∗ϕϕ as the calibration. Then

the stabiliser of a calibrated plane is SO(4), and a calibrated distribution induces a

canonical SO(4)-structure on M. If we assume that the G2-structure ϕ is torsion-free,

then the torsion of such an SO(4)-structure takes values in

W1,5 ⊕W1,3 ⊕W1,1 ⊕W2,4 ⊕W2,2 ⊕W0,4 ⊕W0,2, (1.2.1)

where Wa,b denotes the bundle modeled on the SO(4)-module of highest weight (a, b).

1.2.1 Outline of Part 2

In Chapter 7 we translate the study of G2-structures with a calibrated distribution

into the study of SO(4)-structures on 7-manifolds. We derive the structure equations

and torsion decomposition for such structures.

In Chapter 8 we begin our investigation of SO(4) structures such that the induced

G2-structure is torsion-free and the torsion of the SO(4)-structure is of pure type

by treating the torsion classes W0,2 and W1,1. Structures in these torsion classes are

shown to be locally equivalent to the Bryant-Salamon G2-manifolds constructed in

[BS89].

In Chapter 9 we investigate the torsion classes W0,4,W2,2, and W1,3. It turns out

that any SO(4)-structure in one of these classes must actually be torsion-free, so this

does not give rise to any new examples of G2-manifolds.

In Chapter 10 we invesigate the torsion classes W1,5 and W2,4 and pay particular

attention to the so-called semi-flat cases. This uncovers a relationship with certain

7



submanifolds in SL(3)/SO(3) and R3,3 respectively, the second case having appeared

previously in [Bar10].

In Chapter 11 we give a complete classification of SO(4)-structures with invariant

torsion, meaning that the torsion of the SO(4)-structure takes values in a direct sum

of trivial SO(4)-modules.
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2

Preliminaries

2.1 G-structures

Definition 2.1.1. Let M be an n-dimensional manifold and V a vector space of

dimension n. A coframe at p ∈M is a linear isomorphism up : TpM → V. The set of

all coframes on M, endowed with the group action u · g = g−1 ◦u, is a principal right

GL(V )-bundle over M , called the coframe bundle of M and denoted by F (M) .

Definition 2.1.2. Let G be a subgroup of GL(V ). A G-structure on a manifold M

is a principal G-subbundle of the coframe bundle F (M) .

A G-structure on a manifold M can be thought of as a class of ‘admissible’

coframings adapted to a particular geometry on M, with the property that any two

such coframings differ pointwise by the action of G. Many differential geometric

structures fall in to this framework.

Examples 2.1.3. 1. Let (M, g) be a Riemannian manifold, and let the vector

space V be Rn, with standard basis e1, ..., en. We may define an O(n)-structure

B on M by

Bp = {u : TpM → Rn | u∗ 〈·, ·〉 = gp} , (2.1.1)

9



where 〈·, ·〉 denotes the standard inner product on Rn. Conversely, given an

O(n)-structure B on a manifold M, we may define a Riemannian metric g on

M by

g =
(
η1
)2

+ · · ·+ (ηn)2 , (2.1.2)

for any locally defined section η = ηiei of B.

2. Let (M,Ω) be an almost symplectic manifold, i.e. an even dimensional manifold

endowed with a non-degenerate 2-form Ω. Let V be R2k, where k = 1
2
dimM,

with standard basis e1, ..., e2k. We may define an Sp(2k,R)-structure B on M

by

Bp =
{
u : TpM → R2k | u∗Ω = Ωp

}
, (2.1.3)

where Ω denotes the standard symplectic form e1 ∧ e2 + · · · + e2k−1 ∧ e2k on

R2k. Conversely, given an Sp(2k,R)-structure on a manifold M, we may define

an almost symplectic form Ω on M by

Ω = η1 ∧ η2 + · · ·+ η2k−1 ∧ η2k (2.1.4)

for any locally defined section η = ηiei of B.

When G is a closed subgroup of GL(n,R), the quotient space F(M)/G is a

smooth bundle over M, with fibres copies of the homogeneous space GL(n,R)/G. A

G-structure on M is then equivalent to a section of F(M)/G. We shall assume from

now on that G is closed.

An important feature of the coframe bundle F(M) that is inherited on any G-

structure over M is the existence of a canonical V -valued 1-form ω.

Definition 2.1.4. For any G-structure B ⊂ F(M), the tautological 1-form ω is

defined by

ω (v) = u (π∗ (v)) for all v ∈ TuB, (2.1.5)

where π : B→M is the bundle projection.
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The tautological form ω on B may be thought of as the pullback of the tautological

form on the coframe bundle F(M) via the inclusion B ⊂ F(M).

The form ω is π-semibasic and has the reproducing property η∗(ω) = η for any

local section η of B.

The most important property of ω is that it detects diffeomorphisms of the base

manifold M respecting the G-structure B.

Definition 2.1.5. If M and N are smooth n-manifolds and f : M → N is a local

diffeomorphism, then a smooth bundle map f̃ : F(M)→ F(N) covering f is defined

by the rule

f̃ (u) = u ◦ f−1
∗ . (2.1.6)

The map f 7→ f̃ is functorial and covariant, and f̃ is a diffeomorphism.

Theorem 2.1.6. If f : M → N is a diffeomorphism and B and C are G-structures

over M and N respectively satisfying f̃(B) = C, then f̃ ∗ωB = ωC.

Conversely, if U ⊂ B is an open subset of a G-structure on M with the property

that its π-fibres are connected and φ : U → C is any smooth mapping satisfying

φ∗ωC = ωB, then there exists a unique smooth mapping f : π (U) → N that satisfies

f ◦ πB = πC ◦ g. Moreover, f is a local diffeomorphism and g is the restriction to U

of f̃ .

Theorem 2.1.6 is the foundation of method of equivalence pioneered by Élie Cartan

in the early part of the 20th century.

In this thesis we are concerned only with the case when G ⊂ O(n) is a subgroup

of the orthogonal group. This situation has special features not present in the general

case, and for the sake of brevity we will not give a general account of the method of

equivalence.
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2.1.1 Riemannian geometry from the G-structure point of view

Let (M, g) be a Riemannian manifold of dimension n. From the discussion in example

2.1.3.1, this data is equivalent to an O(n)-structure B→M.

Theorem 2.1.7. (Fundamental theorem of Riemannian geometry) There is a unique

so(n)-valued 1-form ψ on B so that the exterior derivative of the tautological form

satisfies Cartan’s first structure equation,

dω = −ψ ∧ ω. (2.1.7)

Definition 2.1.8. The form ψ defines the Levi-Civita connection associated to

(M, g) .

Thus, the total space B of theO(n)-structure carries a canonical coframing (ω, ψ) .

The exterior derivative of ψ satisfies Cartan’s second structure equation

dψ + ψ ∧ ψ = 1
2
R (ω ∧ ω) , (2.1.8)

where the curvature function R is a map R : B → so(n) ⊗ Λ2 (V ∗) . The identity

d2ω = 0 implies that R takes values in the kernel of the map

δ : so(n)⊗ Λ2 (V ∗)→ V ⊗ Λ3 (V ∗) , (2.1.9)

defined via the inclusion so(n) ⊂ V ⊗ V ∗ and skew-symmetrisation.

The function R and its exterior derivatives on B give a complete set of invariants

for the Riemannian metric g, providing a solution to the equivalence problem for

Riemannian metrics.

2.1.2 Torsion

We now consider the case of a general G-structure B over a manifold M , where G is

a subgroup of O(n).

Since G is a subgroup of O(n), there is a metric g on M defined by

g =
(
η1
)2

+ · · ·+ (ηn)2 , (2.1.10)
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for any (locally defined) section η = ηiei of B. Let Fon denote the O(n)-structure

associated to the metric g via the construction in example 2.1.3.1. There is an

inclusion B ⊂ Fon. Using the O(n)-invariant inner product on so(n), there is a G-

equivariant splitting

so(n) = g⊕ g⊥, (2.1.11)

and if ψ is the Levi-Civita connection on Fon, then the pullback of ψ to B splits

under the G-action as

ψ = θ + σ, (2.1.12)

where θ takes values in g and σ takes values in g⊥ ∼= so(n)/g. The form σ is π-

semibasic, so there is a function T : B→ so(n)/g⊗ V ∗ with σ = T (ω) .

Definition 2.1.9. The form θ defines the natural connection on B, while the function

T is referred to as the torsion function of B.

On B, Cartan’s first structure equation (2.1.7) reads

dω = −θ ∧ ω + T (ω ∧ ω) , (2.1.13)

where here we are thinking of the torsion T as a function B → V ⊗ Λ2 (V ∗) by

regarding g⊥ ⊗ V ∗ as a subset of V ⊗ V ∗ ⊗ V ∗ and skew-symmetrising on the V ∗

factors. The map

g⊥ ⊗ V ∗ → V ⊗ Λ2 (V ∗) (2.1.14)

defined in this manner is an injection.

The torsion function T essentially measures the 1-jet of the G-structure B, viewed

as a section M → F(M)/G: It is a result of Élie Cartan that all of the pointwise

first-order diffeomorphism invariants of B that are polynomial in the derivatives of

the corresponding section M → F(M)/G are expressible as polynomials in T.
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Cartan’s second structure equation on B is the equation

dθ + θ ∧ θ = 1
2
K (ω ∧ ω) , (2.1.15)

where the G-curvature function K is a map K : B→ g⊗ Λ2 (V ∗) .

All of the pointwise second-order diffeomorphism invariants of B that are ex-

pressible as a polynomial in the first two derivatives of the corresponding section

M → F(M)/G are expressible as polynomials in the T, K and the first derivatives

of T.

In this thesis we are concerned with G-structures B with special torsion. What

this means is that we require that the image of T in g⊥ ⊗ V ∗ lie in a proper subset

S. By G-equivariance of T, we require S to be G-invariant. All of the groups G to

be considered are subgroups of G2, and we now turn to G2-geometry.

2.2 G2 geometry

2.2.1 The group G2

Let V = R7. The group GL(V ) acts on Λ3 (V ∗) with two open orbits, Λ3
+ and Λ3

−.

The stabiliser of an element in either of these orbits is a real form of the complex

semisimple group GC
2 . The stabiliser of an element of Λ3

+ is a compact form, while

the stabiliser of an element of Λ3
− is a split form. Let e1, ..., e7 denote the canonical

basis of V ∗. Using the compact notation eijk = ei ∧ ej ∧ ek for wedge products, the

element

φ = e123 + e145 + e167 + e246 − e257 − e347 − e356

is an element of Λ3
+, which we will call the standard 3-form, and we may define the

group G2 by

G2 = {A ∈ GL(V ) | A∗φ = φ}.

The action of G2 on V preserves the metric

gφ =
(
e1
)2

+
(
e2
)2

+
(
e3
)2

+
(
e4
)2

+
(
e5
)2

+
(
e6
)2

+
(
e7
)2
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and volume form

volφ = e1 ∧ e2 ∧ e3 ∧ e4 ∧ e5 ∧ e6 ∧ e7,

and it follows that G2 is a subgroup of SO(7).

In calculations it will be useful to use the ε symbol of Bryant, the unique skew-

symmetric symbol ε such that

φ = 1
6
εijke

ijk

∗φφ = 1
24
εijkle

ijkl,

where ∗φ denotes the Hodge star operator defined by gφ and volφ. This symbol

satisfies various identities listed in [Bry06].

Representation theory of G2

The group G2 has rank two, so each irreducible representation of G2 is indexed by

a pair of integers (p, q), corresponding to the highest weight of the representation.

Denote the irreducible representation associated to (p, q) by Vp,q. The fundamental

representation V1,0 is the ‘standard’ representation V ∼= R7 defined above, and the

fundamental representation V0,1 is the adjoint representation

g2 =
{
aijei ⊗ ej | aij = −aji, εijkajk = 0 ∀ i = 1, . . . , 7

}
. (2.2.1)

It is possible to describe how Vp,q lies inside Symp(V1,0)⊗ Symq(V0,1). Let

Ai1...ip;j1k1,j2k2,...,jqkq , 1 ≤ i1, ..., ip, j1, ..., jq, k1, ..., kq ≤ 7

be a collection of numbers symmetric in the i terms, symmetric under swapping (j, k)
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pairs, and satisfying

Ai1...ip;j1k1,j2k2,...,jqkq + Ai1...ip;k1j1,j2k2,...,jqkq = 0,

εrj1k1Ai1...ip;j1k1,j2k2,...,jqkq = 0,

δi1i2Ai1i2...ip;j1k1,j2k2,...,jqkq = 0,

δj1j2δk1k2Ai1...ip;j1k1,j2k2,...,jqkq = 0,

δk1j2Ai1...ip;j1k1,j2k2,...,jqkq = 0,

εri1j1Ai1...ip;j1k1,j2k2,...,jqkq = 0.

(2.2.2)

Then

Vp,q =
{
Ai1...ip;j1k1,...,jqkqei1 · ... · eip ⊗ (ej1 ⊗ ek1) · ... · (ejq ⊗ ekq)

}
. (2.2.3)

The commas and semi-colons are used in the notation here solely to demarcate the

V1,0 and V0,1 indicies, they do not indicate differentiation and we will not use them

again.

Of fundamental importance to the study of G2-structures is the irreducible de-

composition of the exterior powers of the standard representation. We have

Λ2(V ∗) = Λ2
7 ⊕ Λ2

14,
Λ3(V ∗) = Λ3

1 ⊕ Λ3
7 ⊕ Λ3

27,
Λ4(V ∗) = Λ4

1 ⊕ Λ4
7 ⊕ Λ4

27,
Λ5(V ∗) = Λ5

7 ⊕ Λ2
14,

(2.2.4)

where

Λ2
7 = {∗φ (α ∧ ∗φφ) | α ∈ Λ1(V ∗)} ∼= V ∼= V1,0

Λ2
14 = {β ∈ Λ1(V ∗) | β ∧ φ = 2 ∗φ β} ∼= g2

∼= V0,1,

Λ3
1 = {rφ | r ∈ R} ∼= R ∼= V0,0

Λ3
7 = {∗φ (α ∧ φ) | α ∈ Λ1(V ∗)} ∼= V ∼= V1,0,
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Λ3
27 = {γ ∈ Λ3(V ∗) | γ ∧ φ = 0, γ ∧ ∗φφ = 0} ∼= Sym2

0(V ) ∼= V2,0,

and the Hodge star gives an isomorphism Λp
j
∼= Λ7−p

j .

The adjoint representation

As mentioned before, the group G2 has rank 2, thus a maximal torus for G2 has

dimension 2. One can easily check that

t =
{
−2fe2 ⊗ e3 + (f + g) e4 ⊗ e5 + (f − g) e6 ⊗ e7 | f, g ∈ R

}
(2.2.5)

is an abelian subalgebra of g2, and is therefore a maximal torus.

Now, by Cartan’s Theorem, every element β of Λ2
14
∼= g[2 is conjugate to an

element of t[, so β is conjugate to

τ = −2fe2 ∧ e3 + (f + g) e4 ∧ e5 + (f − g) e6 ∧ e7, (2.2.6)

for some constants f, g ∈ R. The stabiliser of an element of the maximal torus under

the adjoint action of G2 depends on the value of (f, g) .

When f (f + g) (f − g) g (3f + g) (3f − g) 6= 0, we are in the generic case, and

the identity component of the stabiliser of τ is just the T 2 subgroup of G2 obtained

by exponentiating t.

When f (f + g) (f − g) g (3f + g) (3f − g) = 0, the stabiliser is isomorphic to

U(2). There are two cases. We assume τ is non-vanishing.

• If f (f + g) (f − g) = 0, then τ is conjugate to a multiple of e4 ∧ e5 − e6 ∧ e7.

Denote the stabiliser of this element by U(2)+, and its G2-orbit by O−.

• If g (3f + g) (3f − g) = 0, then τ is conjugate to a multiple of the 2-form

−2e2 ∧ e3 + e4 ∧ e5 + e6 ∧ e7. Denote the stabiliser of this element by U(2)−,

and its G2-orbit by O+.

The groups U(2)+ and U(2)− are not conjugate in G2. For example, U(2)− pre-

serves the vector e1, while the action of U(2)+ on V ∼= R7 does not preserve any

1-dimensional subspace.
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Stabiliser U(2)+

Stabiliser U(2)−

Generic stabiliser

Figure 2.1: A root diagram for g2

The maximal torus t may be identified with the root space of g2. Figure 2.1 is a

root diagram for g2, with stabilisers marked.

2.2.2 G2-structures

Let B be a G2-structure on a 7-manifold M. A G2-structure may equivalently be

thought of as a 3-form ϕ on M that is everywhere linearly equivalent to the standard

3-form φ on V ∼= R7. The pullback of ϕ to B is given by

ϕ = εijkωi ∧ ωj ∧ ωk. (2.2.7)

Since G2 is a subgroup of SO(7), a G2-structure ϕ induces on M a metric gϕ, volume

form volϕ, and Hodge star operator ∗ϕ. A G2-structure also induces decompositions

of the exterior powers Λp(T ∗M), corresponding to the decompositions (2.2.4) given

above.

Let θ and T be the natural connection and torsion function on B respectively,

defined in Section 2.1.2. The G2-equivariant decomposition of so(7) is

so(7) ∼= g2 ⊕ V, (2.2.8)

so the torsion function T takes values in V ⊗ V ∗ ∼= V ⊗ V. Let T = Tijei ⊗ ej. We
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may write the splitting (2.1.12) in components as

ψij = θij + εijkTklωl. (2.2.9)

Then, Cartan’s first structure equation reads

dωi = −θij ∧ ω + εijkTklωk ∧ ωl. (2.2.10)

The torsion space V ⊗ V has the G2-irreducible splitting

V ⊗ V ∼= V1,0 ⊗ V1,0
∼= V0,0 ⊕ V1,0 ⊕ V0,1 ⊕ V2,0 (2.2.11)

∼= Λ0 ⊕ Λ1 ⊕ Λ2
14 ⊕ Λ3

27, (2.2.12)

and in fact all of the irreducible constituents of the torsion function T appear in the

exterior derivatives of ϕ and ∗ϕϕ.

Proposition 2.2.1. There exist differential forms τ0 ∈ Ω0(M), τ1 ∈ Ω1(M), τ2 ∈

Ω2
14(M), τ3 ∈ Ω3

27(M) so that the exterior derivatives of ϕ and ∗ϕϕ satisfy

dϕ = τ0 ∗ϕ ϕ+ 3τ1 ∧ ϕ+ ∗ϕτ3, (2.2.13)

d ∗ϕ ϕ = 4τ1 ∧ ∗ϕϕ+ τ2 ∧ ϕ. (2.2.14)

The pullbacks of the τi to B are given by

τ0 = 12
7
Tii, (2.2.15)

τ1 = 1
2
εijkTijωk, (2.2.16)

τ2 = 2Tijωi ∧ ωj − 1
2
εijklTijωk ∧ ωl, (2.2.17)

τ3 = −3
4
εikl (Tij + Tji)ωj ∧ ωk ∧ ωl + 9

7
Tiiϕ. (2.2.18)

In the first part of this thesis we are only concerned with the case where ϕ is

closed, i.e. when τ0 = τ1 = τ3 = 0, while in the second part we are mainly concerned

with the torsion-free case, i.e. the case with T = 0.

Proposition 2.2.2. When the G2-structure ϕ is torsion-free, i.e. T = 0, the metric

gϕ has holonomy group contained in G2.
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Laplacian flow

The Laplacian flow is the nonlinear flow equation for a G2-structure ϕ given by

d
dt
ϕ = ∆ϕϕ, (2.2.19)

where ∆ϕ is the Laplacian induced by ϕ. In the case where ϕ is closed we have

∆ϕϕ = dτ2 and the closed condition is preserved along the flow. On a compact

manifold, the fixed points of the flow are exactly the torsion-free G2-structures, and

one might expect to be able to use the flow to deform an initial closed G2-structure

into a torsion-free one. Of course, the situation may be more complicated than this,

and while progress is being made (see [LW17], [LW15], [LW16] for example), much

work remains to be done.

A Laplace soliton is a closed G2-structure ϕ satisfying the equation

∆ϕϕ = cϕ+ LXϕ (2.2.20)

for some constant c ∈ R and vector field X ∈ X(M). Laplace solitons are the

solutions to (2.2.19) that evolve along the flow by scalings and diffeomorphisms, and

it is believed they will model the possible singularities of the flow. As corollaries of

our work in chapters 4 and 5 we will construct some examples of Laplace solitons

(see sections 4.3.3, 5.3.4, and 5.4.4).

2.2.3 Associative and coassociative submanifolds

A G2-structure M on a manifold defines two special classes of submanifolds, the

associative and coassociative submanifolds. In order to define these, we first need

some algebraic preliminaries. For proofs of the statements in this section, and more,

see [HL82].

Definition 2.2.3. The comass of a p-form ω ∈ Λp (Rn)∗ is

||ω||∗ = sup {ω (ξ) | ξ is a unit simple p-vector} , (2.2.21)

20



where we use the standard inner product on Rn.

Proposition 2.2.4. Both the standard 3-form φ on V ∼= R7 and its Hodge dual ∗φφ

have comass 1.

Definition 2.2.5. • A 3-plane A ∈ Gr3 (V ) is called associative if |φ (u, v, w)| =

1 for any orthonormal basis u, v, w of A.

• A 4-plane C ∈ Gr4 (V ) is called coassociative if |∗φφ (w, x, y, z)| = 1 for any

orthonormal basis w, x, y, z of C.

The orthogonal complement of an associative plane is coassociative, and vice

versa.

The action of G2 on the Grassmannian of k-planes in V is transitive for k =

1, 2, 5, 6, but not for k = 3, 4. For example, the associative and coassociative condi-

tions are invariant under the action of G2, since G2 preserves φ and ∗φφ.

Proposition 2.2.6. The group G2 acts transitively on the set of associative 3-planes

and on the set of coassociative 4-planes. In both cases the stabiliser of the G2-action

is isomorphic to SO(4).

Up to conjugacy, there is a unique copy of SO(4) inside G2. Under the action of

this SO(4), the standard representation V ∼= R7 of G2 splits as R3⊕R4 ∼= Λ2
+ (R4)⊕

R4.

Definition 2.2.7. Let (M,ϕ) be a manifold with G2-structure, and use the G2-

structure to identify each tangent space (TxM,ϕx) with (V, φ) .

• An associative 3-fold in M is a 3-dimensional immersed submanifold N → M

for which each tangent space TxN ⊂ TxM is an associative 3-plane.

• A coassociative 4-fold in M is a 4-dimensional immersed submanifold X →M

for which each tangent space TxX ⊂ TxM is a coassociative 4-plane.
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Proposition 2.2.8. • If the G2-structure ϕ is closed, meaning dϕ = 0, then any

associative 3-fold minimises volume in its homology class.

• If the G2-structure ϕ is coclosed, meaning d ∗ϕ ϕ = 0, then any coassociative

4-fold minimises volume in its homology class.

Proof. This follows immediately from the theory of calibrated submanifolds.

In Part 2 of this thesis we study torsion-free G2-structures endowed with dis-

tributions of either associative or coassociative planes. We use proposition 2.2.6

to translate this into the study of certain special classes of SO(4)-structures on 7-

manifolds.

2.3 Prescribed coframing problems

At many points in our work we will want to prove the local existence of G-structures

with desired properties. This amounts to finding a coframing on a manifold satisfying

a prescribed set of structure equations. We shall prove the existence of such cofram-

ings by appealing to a theorem of Cartan, which may be viewed as a far-reaching

generalisation of Lie’s Third Theorem on the integration of a Lie algebra to a local

Lie group.

Fix index ranges 1 ≤ i, j, k ≤ n, 1 ≤ α ≤ s, and 1 ≤ ρ, σ ≤ r.

Problem 2.3.1. Suppose that Ci
jk(u) = −Ci

jk(u) are given functions on Rs, while

Fα
i (u, v) are given function on Rs+r. Do there exist linearly independent 1-forms ηi on

an n-manifold M, a function a = (aα) : M → Rs, and a function b = (bρ) : M → Rr

satisfying

dηi = −1
2
Ci
jk (a) ηj ∧ ηk, (2.3.1)

daα = Fα
i (a, b) ηi ? (2.3.2)
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Definition 2.3.2. Such a triple (η, a, b) will be called an augmented coframing sat-

isfying the structure equations (2.3.1) and (2.3.2). The functions aα are called the

primary invariants of the augmented coframing, while the functions bρ are called the

free derivatives.

Obvious necessary conditions for the existence of an augmented coframing satis-

fying the structure equations (2.3.1) and (2.3.2) are the conditions coming from the

identity d2 = 0. The equations d2ηi = 0 expand to

Fα
j

∂Ci
kl

∂uα
+ Fα

k

∂Ci
lj

∂uα
+ Fα

i

∂Ci
jk

∂uα
= Ci

mjC
m
kl + Ci

mkC
m
lj + Ci

mlC
m
jk, (2.3.3)

while equations d2aα = 0 expand to

0 =
∂Fα

i

∂vρ
dbρ ∧ ηi +

1

2

(
F β
i

∂Fα
j

∂uβ
− F β

j

∂Fα
i

∂uβ
− C l

ijF
α
l

)
ηi ∧ ηj. (2.3.4)

We do not have formulas for dbρ, so it is not immediately clear how to deal with

equation (2.3.4). However, if there exist functions Gρ
j on Rs+r such that

F β
i

∂Fα
j

∂uβ
− F β

j

∂Fα
i

∂uβ
− C l

ijF
α
l =

∂Fα
i

∂vρ
Gρ
j −

∂Fα
j

∂vρ
Gρ
i , (2.3.5)

then we may rewrite equation (2.3.4) as

0 =
∂Fα

i

∂vρ
(
dbρ −Gρ

jη
j
)
, (2.3.6)

and we see that there will exist an expression for the dbρ in terms of ηi so that

d2aα = 0 is satisfied.

Equations (2.3.3) and (2.3.4) give necessary conditions for the existence of an

augmented coframing satisfying the structure equations (2.3.1) and (2.3.2). In order

to give a sufficient condition, we need a piece of algebraic terminology.

Definition 2.3.3. Let u1, ..., us be a basis of Rs, and let x1, ..., xn be basis of (Rn)∗.

The tableau of free derivatives of the structure equations (2.3.1) and (2.3.2) at the
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point (u, v) ∈ Rs+r is the linear subspace A (u, v) of Hom (Rs,Rn) spanned by the

elements

∂Fα
i

∂vρ
(u, v)uα ⊗ xi. (2.3.7)

Theorem 2.3.4 (Cartan). Suppose that real analytic functions Ci
jk = −Ci

jk on

Rs and Fα
i on Rs+r are given satisfying (2.3.3), and that there exist real analytic

functions Gρ
j on Rs+r satisfying (2.3.5). Suppose further that the tableaux of free

derivatives A (u, v) for the structure equations (2.3.1) and (2.3.2) is involutive for

all (u, v) ∈ Rs+r. Then, for any (u0, v0) ∈ Rs+r there exists an augmented coframing

(η, a, b) on an open neighbourhood U of 0 in Rn that satisfies the structure equations

(2.3.1) and (2.3.2) and has (a(0), b(0)) = (u0, v0) .

Moreover, augmented coframings satisfying the structure equations (2.3.1) and

(2.3.2) depend (modulo diffeomorhpisms) on sp functions of p variables (in the sense

of exterior differential systems), where sp is the last non-zero Cartan character of

the tableau of free derivatives A (u v) .

Proof. This is Theorem 3 in [Bry14].
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Part

I

Quadratic closed G2-structures
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3

Structure equations

3.1 Closed G2-structures

In this thesis we will only be interested in the case of closed G2-structures.

Definition 3.1.1. A G2 structure ϕ is called closed if it satisfies dϕ = 0.

Let (M,ϕ) be a 7-manifold with G2-structure and let B → M denote the G2-

coframe bundle of M :

B =
{
u : TxM

∼−→ V | x ∈M,u∗φ = ϕx

}
. (3.1.1)

Let ω denote the tautological V -valued 1-form on B, and let ψ denote the Levi-

Civita connection associated to gϕ. There is a decomposition so(7) ∼= g2 ⊕ V into

G2-irreducibles, and ψ splits according to this decomposition as ψ = θ+ T (ω). Here

θ is the g2-valued natural connection on B, and the torsion tensor T is a section of

a bundle modeled on Hom(V, V ). On B these objects satisfy Cartan’s first structure

equation

dω = −θ ∧ ω + T (ω ∧ ω), (3.1.2)
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where, here, we are thinking of T as a section of a bundle modeled on Hom(V, V ) ⊂

Hom(Λ2V, V ). The closed condition implies that T takes values in g2 ⊂ Hom(V, V ).

In components, (3.1.2) reads

dωi = −θij ∧ ωj + εijkTklωj ∧ ωl, (3.1.3)

and Tijei⊗ ej gives a map B→ g2. The 2-form τ = Tijωi ∧ωj descends to M to give

an element of Ω2
14(M), called the torsion 2-form of the closed G2-structure ϕ. On M

we have

d ∗ϕ ϕ = τ ∧ ϕ. (3.1.4)

Cartan’s second structure equation takes the form

dθ = −θ ∧ θ +K(ω ∧ ω), (3.1.5)

or in components,

dθij = −θik ∧ θkj +Kijklωk ∧ ωl (3.1.6)

where K : B→ Hom(Λ2(V ), g2) is the G2 curvature function.

3.1.1 Curvature decomposition and the first Bianchi identity

Let ∇ be the covariant derivative associated to the connection θ. The exterior

derivative of T on B may be written

dT = (∇T ) (ω) + θ.T, (3.1.7)

where ∇T takes values in V0,1 ⊗ V1,0. There is an irreducible decomposition

V0,1 ⊗ V1,0
∼= V1,1 ⊕ V2,0 ⊕ V1,0, (3.1.8)

so we may write∇T = C+H+V , where C,H, and V are functions on B representing

sections of bundles modeled on V1,1,V2,0, and V1,0 respectively.

Lemma 3.1.2. For a closed G2-structure (M,ϕ), we have V ≡ 0.
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Proof. Differentiating d ∗ϕ ϕ = τ ∧ ϕ gives dτ ∧ ϕ = 0, which shows that dτ has

no Ω3
7 component. From general principles, dτ is made up of terms quadratic in T

and linear in ∇T. Since the irreducible decomposition of Sym2(g2) contains no V1,0

factors, we must have V = 0.

In components, (3.1.7) may be written

dTjk = Cijkωi + (εjklHli + 3εkilHlj + 3εlijHlk)ωi + Tjlθlk − Tklθlj, (3.1.9)

where Cijk and Hij satisfy the symmetry and trace conditions described in equations

(2.2.2).

The G2 curvature function K takes values in Hom(Λ2(V ), g2). This space decom-

poses into G2 irreducibles as follows

Hom(Λ2(V ), g2) ∼= (V0,1 ⊕ V1,0)⊗ V0,1 (3.1.10)

∼= (V0,2 ⊕ V2,0 ⊕ V0,1 ⊕ V0,0)⊕ (V1,1 ⊕ V2,0 ⊕ V1,0) .

Write K = S+J+U+r+B+L+W according to this decomposition. In components,

Kijkl = Sijkl (3.1.11)

+ (2εpijεqkl − 3εpikεqjl − 3εpilεqjk) Jpq

+ 3 (δikJjl − δilJjk − δjkJil + δjlJik)

+ εpijεqklUpq − 3 (δikUjl − δilUjk − δjkUil + δjlUik)

+ (εijkl − 2δikδjl + 2δjkδil) r

+εmkl (Bijm + εpijLpm + 3εpjmLpi + 3εpmiLpj

+ εijmlWl − 2δimWj + 2δjmWi) ,

where, again, these symbols satisfy the symmetry and trace conditions described in

equations (2.2.2).
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It is known that the G2 curvature function of a torsion-free G2-structure takes

values in the V0,2 component of (3.1.10), so by abstract principles the other com-

ponents may be expressed in terms of T and ∇T. This can be done concretely by

solving the first Bianchi identity, i.e. the equation d2ω = 0. The result is

U = 0, W = 0, Q = 0, (3.1.12)

B = C,

r = 1
14
TijTij,

Jij = − 7
12
Hij − 5

24

(
TikTkj + 1

7
δijTklTkl

)
,

Lij = −4
3
Hij − 1

3

(
TikTkj + 1

7
δijTklTkl

)
.

It follows from the general theory that the quantities C,H, and S form a complete

set of second order diffeomorphism invariants for a closed G2-structure.

3.1.2 Curvature of gϕ

The Levi-Civita form ψ of the metric gϕ is given in components by ψij = θij+εijkTklωl.

With (3.1.12) in hand, it is possible to write the Riemann curvature tensor, Riem(gϕ),

of gϕ in terms of the invariants T,C,H, and S. The Riemann curvature tensor

decomposes as an SO(7) representation into the scalar, traceless Ricci, and Weyl

tensors,

Riem(gϕ) = Scal(gϕ) + Ric0(gϕ) + Weyl(gϕ). (3.1.13)

In terms of G2-representations, Scal(gϕ) is V0,0-valued, Ric0(gϕ) is V2,0-valued, and

Weyl(gϕ) is V2,0 ⊕ V1,1 ⊕ V0,2-valued. We find

Scal(gϕ) =− 9TijTij (3.1.14)

Ric0(gϕ)ij =− 42Hij − 12
(
TikTkj + 1

7
δijTklTkl

)
(3.1.15)

[Weyl(gϕ)]2,0ij =4Hij +
(
TikTkj + 1

7
δijTklTkl

)
(3.1.16)

[Weyl(gϕ)]1,1ijk =Cijk (3.1.17)
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[Weyl(gϕ)]0,2ijkl =Sijkl − 3
(

1
16

(2εpijεqkl − 3εpikεqjl + 3εpilεqjk)TpmTmq (3.1.18)

+ 3
16

(δikTjmTml − δilTjmTmk − δjkTimTml + δjlTimTmk)

1
12
TpqTpq

(
εijkl + 1

4
δikδjl

))
.

Expressions equivalent to these have appeared before, formulas for the scalar and

traceless Ricci curvatures appear in [Bry06], and formulas for the Weyl curvature

appear in [CI08].

3.2 Quadratic closed G2-structures

In [Bry06], Bryant introduced a 1-parameter family of equations for closed G2-

structures,

dτ = 1
7
|τ |2ϕ+ λ

(
1
7
|τ |2 + ∗ϕ (τ ∧ τ)

)
, (3.2.1)

where λ is a real constant.

Definition 3.2.1. We shall say a closed G2-structure (M,ϕ) is λ-quadratic if it

satisfies (3.2.1).

Remark 3.2.2. Bryant explains in [Bry06] that (3.2.1) is the most general way in

which dτ can be prescribed by a natural expression quadratic in τ.

The λ-quadratic equation (3.2.1) is equivalent to the following equation on the

tensor H,

Hij =
1− 6λ

7

(
TikTkj +

1

7
δijTklTkl

)
. (3.2.2)

Much of the interest in λ-quadratic closed G2-structures arises from the fact that

several other interesting equations are equivalent to the λ-quadratic equation for

special values of λ:

1. The metric gϕ is Einstein if and only if ϕ is 1
2
-quadratic.
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2. The 3-form ϕ is an eigenform for the Laplace operator induced by gϕ if and

only if ϕ is 0-quadratic. These eigenform closed G2-structures are a special

type of soliton for the Laplace flow, analogous to Einstein metrics for the Ricci

flow.

3. The 1
6
-quadratic case is the so-called extremally Ricci-pinched case, discussed

below.

4. By (3.1.16), the V2,0 component of the Weyl curvature vanishes if and only if

ϕ is (−1
8
)-quadratic. The case of Weyl-flat closed G2-structures is considered

in 6.1.

3.2.1 Extremally Ricci-pinched closed G2-structures

In [Bry06], Bryant proves the following two theorems, which single out the case λ = 1
6

for special attention.

Theorem 3.2.3. Let (M,ϕ) be a closed G2-structure on a compact manifold. If M

is λ-quadratic and ϕ is not torsion-free, then λ = 1
6
.

Theorem 3.2.4. Suppose (M,ϕ) is a closed G2-structure on a compact manifold

that satisfies

|Ric0 (gϕ) |2 ≤ 4

21
k|Scal (gϕ) |2 (3.2.3)

for some constant k ≤ 1.

• If k < 1 then τ = 0, so ϕ is torsion-free.

• If k = 1 then equality holds in (3.2.3) everywhere on M , and moreover ϕ is

1
6
-quadratic.

Theorem 3.2.4 justifies the name extremally Ricci-pinched for the 1
6
-quadratic

case. Bryant also proves the following theorem which shows that the compact ex-

tremally Ricci-pinched closed G2-structures have a rich geometric structure.
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Theorem 3.2.5. Let (M,ϕ) be an extremally Ricci-pinched closed G2-structure on

a compact manifold M, and suppose that ϕ is not coclosed. Then

• |τ |2 is constant,

• τ ∧ τ ∧ τ = 0,

• The simple 4-form τ ∧ τ is closed and coclosed,

• The tangent bundle TM splits as an orthogonal direct sum of two integrable

subbundles P and Q, where P = {v ∈ TM | vy (τ ∧ τ) = 0} has rank 3 and

Q = {v ∈ TM | vy ∗ϕ (τ ∧ τ) = 0} is of rank 4.

3.2.2 Structure equation analysis

We now use the structure equations for closed G2-structures to further investigate

equation (3.2.1). Our first result concerns the characteristic variety associated to the

system.

Proposition 3.2.6. The real characteristic variety associated to the system (3.2.1)

is empty.

Proof. The system (3.2.1) is equivalent to the condition (3.2.2) on the tensor H.

Inspecting (3.1.9), the tableau V1,1 ⊂ Hom (V0,1,V1,0) is seen to be a part of the

tableau of free derivatives for this system. Let ΞR denote the real characteristic

variety associated to V1,1 ⊂ Hom (V1,0,V0,1) . Then ΞR provides an upper bound for

the characteristic variety of (3.2.1). We have

ΞR =
{

[ξ] ∈ PV∗1,0 | ∃0 6= β ∈ V0,1 s.t. β ⊗ ξ ∈ V1,1 ⊂ V0,1 ⊗ V∗1,0
}
. (3.2.4)

The decomposition of V0,1⊗V∗1,0 into G2 irreducibles is V0,1⊗V∗1,0 ∼= V1,1⊕V2,0⊕V1,0.

The map Λ1
7⊗Λ2

14 → Λ3
1⊕Λ3

7⊕Λ3
27 induced by the wedge product has image Λ3

7⊕Λ3
27

and gives a projection of V0,1 ⊗ V∗1,0 onto V2,0 ⊕ V1,0. It follows that β ⊗ ξ ∈ V1,1 ⊂
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V0,1⊗V∗1,0 if and only if β∧ξ = 0, where we think of β as a 2-form and ξ as a 1-form.

This immediately gives that ΞR is empty, since there are no elements β of V0,1
∼= g2

that are decomposable as 2-forms (this can been seen by conjugating so that β lies

in a maximal torus).

Proposition 3.2.6 essentially states that the system (3.2.1) is elliptic (modulo

diffeomorphisms).

Corollary 3.2.7. Solutions to (3.2.2) are real analytic in harmonic coordinates.

Remark 3.2.8. The proof of proposition 3.2.6 implies that any system of equations

for a closed G2-structure that amounts to prescribing the tensor H has empty real

characteristic variety.

We now develop the structure equations to third order in a manner adapted to

the study of equation (3.2.1). Define a V2,0-valued function H̃ on B by

H̃ =
1− 6λ

7

[
T 2
]

2,0
−H, (3.2.5)

so that H̃ = 0 precisely when ϕ is λ-quadratic. Now,

∇H̃ takes values in V2,0 ⊗ V1,0
∼= V3,0 ⊕ V1,1 ⊕ V2,0 ⊕ V0,1 ⊕ V1,0,

∇C takes values in V1,1 ⊗ V1,0
∼= V2,1 ⊕ V0,2 ⊕ V3,0 ⊕ V1,1 ⊕ V2,0

⊕ V0,1,

∇S takes values in V0,2 ⊗ V1,0
∼= V1,2 ⊕ V2,1 ⊕ V1,1.

(3.2.6)

Solving the equations d2T = 0, d2θ = 0 yields various relations between the compo-

nents of these tensors. When H̃ = 0, we have ∇H̃ = 0 as well, and the equations for

[∇H̃]1,0 and [∇H̃]2,0 yield the following relations,

(3λ− 4)CijkTjk + 12
7

(8λ+ 1) (5λ− 2) εijkTjlTlmTmk = 0, (3.2.7)

λ (εilmCljrTmr + εjlmClirTmr) = 0. (3.2.8)
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The equations (3.2.7) can also be obtained by applying d2 = 0 to (3.2.1), and they

were obtained in [Bry06] in this fashion. The advantage of our approach is that

it shows that (3.2.7) are the only second-order conditions obtained by taking three

derivatives of the G2-structure.

The equations (3.2.7) show that the system (3.2.2) is not involutive, as explained

in [Bry06]. One can ask if the system obtained by adjoining the relation (3.2.7)

to (3.2.1) is involutive. Unfortunately, this is not the case: Differentiating (3.2.7)

yields other second order conditions which are not algebraic consequences of (3.2.1)

or (3.2.7). For instance, if we let Z denote the V1,0 component of∇H̃, then ∇Z must

vanish for a solution of (3.2.1). Now, ∇Z takes values in V1,0 ⊗ V1,0
∼= V2,0 ⊕ V0,1 ⊕

V1,0 ⊕ V0,0. Taking the V0,0 part of ∇Z gives the following second-order relation,

(3λ− 4)SijklTijTkl = − 3
392

(
27648λ3 − 2484λ2 − 5151λ+ 628

)
(TijTij)

2 (3.2.9)

+ (3λ− 4)CijkCijk.

If we let M denote the V2,0 component of ∇H̃, then a particular combination of the

V2,0 components of ∇Z and ∇M yields another second-order relation, with terms

of the form C2, T 4, T 2 · C, and T 2 · S. Other components of ∇Z and ∇M place

certain restrictions on [∇C]3,0 , but we will not list them here. Further differentia-

tion may yield more restrictions, but at this level the algebra involved becomes too

cumbersome to continue.

3.3 Algebraically special torsion

In this section we shall define two special classes of closed G2-structures that will

form the focus of the following two sections.

As mentioned before, the torsion tensor T of a closed G2-structure takes values

in the Lie algebra g2. Recall that the stabilisers of elements of g2 were classified in

Section 2.2.1.
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Definition 3.3.1. A closed G2-structure ϕ said to have algebraically special torsion

if the torsion 2-form τ has pointwise stabiliser conjugate to U(2)+ or U(2)−.

The algebraically special torsion condition is a nonlinear first order condition on

the G2-structure. In the next two chapters we shall study the λ-quadratic condition

in the algebraically special cases. One motivation for this study comes from a result

in [Bry06], which implies that an extremally Ricci-pinched closed G2-structure on

a compact manifold must have algebraically special torsion (in fact, the stabiliser

is conjugate to U(2)+ in this case). Another motivation comes from the form of

equation (3.2.7), which simplifies considerably under the assumption of algebraically

special torsion.
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4

The U(2)+ case

In this chapter we will study λ-quadratic closed G2-structures in the case where

the pointwise stabiliser of the torsion 2-form τ is conjugate to U(2)+. The elements

β ∈ Λ2
14 with this stabiliser type are characterised by the condition β3 = 0. Thus, by

equation (4.66) in [Bry06], we must have λ = 1
6
. The upshot is that in this section

we will be dealing exclusively with extremally Ricci-pinched closed G2-structures.

4.1 The induced U(2)+-structure

Let (M,ϕ) be an extremally Ricci-pinched closed G2-structure such that τ has sta-

biliser conjugate to U(2)+. By equation (4.53) in [Bry06], |τ |2 is constant. In par-

ticular, if the G2-structure is not torsion-free then the torsion 2-form is non-zero

everywhere. We may then adapt frames and define a U(2)+-subbundle Q ⊂ B by

Q = {u : TxM → V | u ∈ Bx, u
∗c (e4 ∧ e5 − e6 ∧ e7) = τ} , (4.1.1)

where c is a non-zero constant.

The action of U(2)+ on the standard representation V ∼= R7 of G2 is reducible; we

have V ∼= 〈e1, e2, e3〉⊕ 〈e4, e5, e6, e7〉. On Q we split the tautological V -valued 1-form
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ω = (ω1, ..., ω7) into ω = ν⊕η, where ν = (ν1, ν2, ν3) is R3-valued and η = (η1, ..., η4)

is R4-valued. The g2-valued natural connection θ splits as

θ = γ + σ, (4.1.2)

where γ takes values in u(2)+ and σ takes values in (u(2)+)
⊥
. Both γ and σ split

further, we have

γ =

(
Λ2

+ (ζ) 0
0 ζ + ρ

)
,

σ =

(
0 τ
−τ t ξ

)
,

(4.1.3)

where

ζ =


0 ζ1 ζ2 −ζ3

−ζ1 0 −ζ3 −ζ2

−ζ2 ζ3 0 ζ1

ζ3 ζ2 −ζ1 0

 , ρ =


0 ρ1 0 0
−ρ1 0 0 0

0 0 0 −ρ1

0 0 ρ1 0

 , (4.1.4)

ξ =


0 0 ξ1 −ξ2

0 0 ξ2 ξ1

−ξ1 −ξ2 0 0
ξ2 −ξ1 0 0

 , Λ2
+ (ζ) =

 0 −2ζ3 2ζ2

2ζ3 0 −2ζ1

−2ζ2 2ζ1 0

 , (4.1.5)

τ =

 2τ4 2τ3 −2τ6 −2τ5

−τ1 − τ5 −τ2 − τ6 −τ3 − τ7 −τ4 − τ8

τ2 − τ6 −τ1 + τ5 −τ4 + τ8 τ3 − τ7

 . (4.1.6)

Each of ζ, ρ, ξ, τ, β takes values in an irreducible representation of U(2). The form γ

is the connection form for the natural connection on the U(2)+-bundle Q, while τ is

semi-basic for Q.

On Q, the first structure equation (3.1.2) becomes

d

 ν1

ν2

ν3

 = −

 0 −2ζ3 2ζ2

2ζ3 0 −2ζ1

−2ζ2 2ζ1 0

 ∧
 ν1

ν2

ν3

 (4.1.7)
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+

 −2τ4 −2τ3 2τ6 2τ5

τ1 + τ5 τ2 + τ6 τ3 + τ7 τ4 + τ8

−τ2 + τ6 τ1 − τ5 τ4 − τ8 −τ3 + τ7

 ∧


η1

η2

η3

η4

 ,

d


η1

η2

η3

η4

 = −


0 ζ1 + ρ1 ζ2 −ζ3

−ζ1 − ρ1 0 −ζ3 −ζ2

−ζ2 ζ3 0 ζ1 − ρ1

ζ3 ζ2 −ζ1 + ρ1 0

 ∧


η1

η2

η3

η4

 (4.1.8)

+


cν1 0 cν3 − ξ1 cν2 + ξ2

0 cν1 cν2 − ξ2 −cν3 − ξ1

cν3 + ξ1 cν2 + ξ2 −cν1 0
cν2 − ξ2 −cν3 + ξ1 0 −cν1

 ∧


η1

η2

η3

η4



+


2τ4 −τ1 − τ5 τ2 − τ6

2τ3 −τ2 − τ6 −τ1 + τ5

−2τ6 −τ3 − τ7 −τ4 + τ8

−2τ5 −τ4 − τ8 τ3 − τ7

 ∧
 ν1

ν2

ν3

 .

The pullbacks of ϕ and τ to Q are

ϕ =ν1 ∧ ν2 ∧ ν3 + ν1 ∧ (η1 ∧ η2 + η3 ∧ η4) + ν2 ∧ (η1 ∧ η3 − η2 ∧ η4) ,

+ ν3 ∧ (−η1 ∧ η4 − η2 ∧ η3) ,

τ =6c (η1 ∧ η2 − η3 ∧ η4) .

(4.1.9)

The quadratic condition (3.2.1) with λ = 1
6

implies

d (η1 ∧ η2 − η3 ∧ η4) = 2c (ν1 ∧ (η1 ∧ η2 + η3 ∧ η4)

+ν2 ∧ (η1 ∧ η3 − η2 ∧ η4) + ν3 ∧ (−η1 ∧ η4 − η2 ∧ η3)) .
(4.1.10)

Equation (4.1.10) and its exterior derivative imply that there exist functions A =

(A1, ..., A12), P = (P1, ..., P10) , and Z = (Z1, ..., Z4) on Q taking values in R12,R10,

and R4 respectively such that the semi-basic forms ξ and τ may be written

(
ξ1

ξ2

)
=

(
Z1 Z2 Z3 Z4

Z2 −Z1 −Z4 Z3

)
η1

η2

η3

η4

 , (4.1.11)
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

τ1

τ2

τ3

τ4

τ5

τ6

τ7

τ8


=



2A4 −A1 −A5 A2 −A6

2A3 −A2 −A6 −A1 +A5

−2A6 −A3 −A7 −A4 +A8

−2A5 −A4 −A8 A3 −A7

2A8 −A5 −A9 A6 −A10

2A7 −A6 −A10 −A5 +A9

−2A10 −A7 −A11 −A8 +A12

−2A9 −A8 −A12 A7 −A11



 ν1

ν2

ν3

 (4.1.12)

+



P1 P2 P3 P4

P2 −P1 −P4 P3

P3 −P4 P5 −P6

P4 P3 −P6 −P5

P5 P6 P7 P8

P6 −P5 −P8 P7

P7 −P8 P9 −P10

P8 P7 −P10 −P9




η1

η2

η3

η4

 .

Each of the functions A,P, and Z take values in an irreducible representation

of U(2). It is possible to compute the second structure equation, i.e., the equations

for dρ and dζ, but we will not record it in this generality as it involves several long

quadratic expressions in the components of A,P, and Z. At this point, the natural

way forward is to apply the techniques of [Bry14] to try to determine the existence

and generality of these structures. However, a calculation shows that the Jacobi

manifold defined by (4.1.7), (4.1.8) and the second structure equation is not involu-

tive. Prolonging once does not yield any integrability conditions, but the tableau of

free derivatives is not involutive and further prolongation seems computationally out

of reach. To avoid these difficulties we will pass to the three special cases defined by

imposing the vanishing of all but one of the functions A,P, or Z.

4.1.1 Invariants on the base

Let w = η1 − iη2, and z = η3 + iη4. One can check from the structure equations

that the following tensors are invariant under the SU(2)-subgroup of the natural

U(2)-action on the U(2)+-structure Q (i.e. the subgroup generated by the duals of
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the ζ),

pA = (A1 + iA2)w5 + 5 (A3 − iA4)w4z + 10 (A5 + iA6)w3z2 (4.1.13)

+ 10 (A7 − iA8)w2z3 + 5 (A9 + iA10)wz4 + (A11 − iA12) z5,

pP = (P1 + iP2)w4 + 4 (P3 − iP4)w3z + 6 (P5 + iP6)w2z2 (4.1.14)

+ 4 (P7 − iP8)wz3 + (P9 + iP10) z4,

pZ = (Z1 + iZ2)w + (Z3 − iZ4) z. (4.1.15)

We also have

Lρ1pA = 0, Lρ1pP = ipP , Lρ1pZ = 2ipZ . (4.1.16)

Thus, the tensors pA, pP , and pZ are well-defined up to multiplication by a unit

complex number on the base M of the U(2)+-structure Q.

4.1.2 Bryant’s example

The first example of an extremally Ricci-pinched closed G2-structure was given by

Bryant in [Bry06]. Let G be the group of affine transformations of C2 that pre-

serve the complex volume form up to phase. Bryant’s example gives an extremally

Ricci-pinched closed G2-structure on the homogeneous space G
U(2)

. We can give an

interpretation of this example in the context of U(2)+-structures.

Theorem 4.1.1. A U(2)+-structure is locally equivalent to Bryant’s example if and

only if the torsion functions A,P, and Z vanish identically.

Proof. Suppose that Q → M is a U(2)+-structure with A = P = Z = 0. Then the

first structure equation (4.1.7-4.1.8) becomes

d

 ν1

ν2

ν3

 = −

 0 −2ζ3 2ζ2

2ζ3 0 −2ζ1

−2ζ2 2ζ1 0

 ∧
 ν1

ν2

ν3

 (4.1.17)

d


η1

η2

η3

η4

 = −


0 ζ1 ζ2 −ζ3

−ζ1 0 −ζ3 −ζ2

−ζ2 ζ3 0 ζ1

ζ3 ζ2 −ζ1 0

 ∧


η1

η2

η3

η4

 (4.1.18)
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+


cν1 0 cν3 cν2

0 cν1 cν2 −cν3

cν3 cν2 −cν1 0
cν2 −cν3 0 −cν1

 ∧


η1

η2

η3

η4

 .

The identities d2ν = d2η = 0 yield

d

 ζ1

ζ2

ζ3

+ 2

 ζ2 ∧ ζ3

ζ3 ∧ ζ1

ζ1 ∧ ζ2

 = 2c2

 ν2 ∧ ν3

ν3 ∧ ν1

ν1 ∧ ν2

 , (4.1.19)

dρ1 = 0. (4.1.20)

These are the structure equations for an 11-dimensional Lie group. To identify this

group as the group G of affine transformations of C2 that preserve the standard

complex volume form up the phase, we write G as the group of 3-by-3 complex

matricies of the form  a b x
c d y
0 0 0

 (4.1.21)

with |ad− bc| = 1. The left-invariant Maurer-Cartan form may then be written as

µ =

 −cν1 + i (−ζ1 − ρ1) −ν3 + ζ2 + i (−cν2 − ζ3) η1 + iη2

−cν3 − ζ2 + i (cν2 − ζ3) cν1 + i (ζ1 − ρ1) η3 − iη4

0 0 0

 . (4.1.22)

The Maurer-Cartan equation dµ+µ∧µ = 0 then matches up with the structure equa-

tions (4.1.17-4.1.20), showing that the U(2)+-structure Q→ M is locally equivalent

to G→ G
U(2)

.

The converse statement essentially follows by reversing the above steps.

Remark 4.1.2. This theorem can be compared to Theorem 1.2 in [CI08], which says

that if (M,ϕ) is a manifold with closed G2-structure such that the torsion τ is parallel

under the natural G2 connection, then M is locally equivalent to Bryant’s example.

If τ is invariant under ∇ then, using the notation of the previous chapter, H = 0

and C = 0. The conditions A = P = Z = 0 are equivalent to the vanishing of C, and

H = 0 is simply the extremally Ricci-pinched condition.
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4.1.3 Evolution under Laplacian flow

The evolution of extremally Ricci-pinched U(2)+-structures under the Laplacian flow

(2.2.19) is easy to compute. From the form (4.1.10) of dτ, the subbundles defined

by the vanishing of ν and η are preserved. In fact, we have ν(t) = ν(0), η(t) =

exp(6ct)η(0), and the 1-parameter family of closed G2-structures

ϕ(t) =ν1 ∧ ν2 ∧ ν3 + e12ctν1 ∧ (η1 ∧ η2 + η3 ∧ η4) (4.1.23)

+ e12ctν2 ∧ (η1 ∧ η3 − η2 ∧ η4) + e12ctν3 ∧ (−η1 ∧ η4 − η2 ∧ η3)

solves the Laplacian flow equation. This result has appeared also in [FR18].

4.2 Type A

Suppose Q → M is a U(2)+-structure of type A, i.e. P and Z vanish identically on

Q. As a consequence of the identities d2ν = 0, d2η = 0, the R12-valued function A

must satisfy the following equations

A1A9 −A2A10 − 4A3A7 + 4A4A8 + 3A2
5 − 3A2

6 = 0,

A1A10 +A2A9 + 4A3A8 + 4A4A7 + 6A5A6 = 0,

A1A11 +A2A12 − 3A3A9 − 3A4A10 + 2A5A7 + 2A6A8 = 0,

A1A12 −A2A11 + 3A3A10 − 3A4A9 + 2A5A8 − 2A6A7 = 0, (4.2.1)

A3A11 −A4A12 − 4A5A9 + 4A6A10 + 3A2
7 − 3A2

8 = 0,

A3A12 +A4A11 + 4A5A10 + 4A6A9 + 6A7A8 = 0.

These equations force A to take a special form.

Lemma 4.2.1. Let A be an element of R12. Equations (4.2.1) hold if and only if the

polynomial pA (4.1.13) has a quadruple root.

Proof. Identify A with the complex valued quintic pA via (4.1.13). The equations

(4.2.1) are invariant under the action of the group SL(2,C) on Sym5C2. If A has three
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distinct roots then we may act by an element of SL(2,C) so that they are located

at z = 0, w = 0, z = w. Thus, A = wz(w − z)Q for some quadratic polynomial Q.

One may then compute that (4.2.1) implies Q = 0.

Conversely, suppose A has a quadruple root. Then, using the SL(2,C) action,

we may assume A = w4L, where L is linear. A simple computation shows that A

satisfies (4.2.1).

We now suppose that A is non-vanishing on M . We may adapt frames so that

A has a quadruple root. This reduces Q to a principal S1 × S1-subbundle Q1, on

which A = w4L for some linear factor L. The equation d2ρ1 = 0 implies that L is

proportional to w.

Writing A = (A1 + iA2)w5 and solving the equations d2ν = 0, d2η = 0, d2ρ1 =

0, d2ζ = 0, we find the following structure equations for the components of ν and η

on Q1.

dν1 =0,

d

(
ν2

ν3

)
=−

(
0 −2ζ1

2ζ1 0

)
∧
(
ν2

ν3

)
− 2cν1 ∧

(
ν2

ν3

)

+

(
−A1 A2

A2 A1

)(
ν2 ∧ η1 + ν3 ∧ η2

−ν2 ∧ η2 + ν3 ∧ η1

)
,

d

(
η1

η2

)
=−

(
0 ρ1 + ζ1

−ρ1 − ζ1 0

)
∧
(
η1

η2

)
+ cν1 ∧

(
η1

η2

)
, (4.2.2)

d

(
η3

η4

)
=−

(
0 −ρ1 + ζ1

ρ1 − ζ1 0

)
∧
(
η3

η4

)
− 2cν1 ∧

(
η3

η4

)

+ 2c

(
ν2 ∧ η2 + ν3 ∧ η1

ν2 ∧ η1 − ν3 ∧ η2

)
.

The forms ζ1 and ρ1 are the natural connection forms on Q1. They satisfy

dζ1 = dρ1 =
(
A2

1 + A2
2

)
η1 ∧ η2. (4.2.3)
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Finally, the torsion functions A1, A2 satisfy

d

(
A1

A2

)
=−

(
0 ρ1 + 5ζ1

−ρ1 − 5ζ1 0

)(
A1

A2

)
− cν1

(
A1

A2

)
(4.2.4)

+

(
−B1 B2

B2 B1

)(
η1

η2

)
,

for some functions B1, B2 on Q1.

4.2.1 Local existence and generality

With equations (4.2.2 - 4.2.4) in hand, we may give a local existence and generality

result for U(2)+ structures of type A.

Theorem 4.2.2. The U(2)+-structures of type A exist locally and depend on 2 func-

tions of 1 variable.

Proof. This is a simple application of Theorem 3 of [Bry14]. The ‘primary invariants’

are the functions A1, A2, while the ‘free derivatives’ are the functions B1, B2. The

tableau of free derivatives is involutive with s1 = 2 and sk = 0 for k ≥ 2.

Remark 4.2.3. A covector ξ is characteristic for the system described by (4.2.2 -

4.2.4) if and only if it is of the form ξ = ξ1η1 + ξ2η2 with ξ2
1 + ξ2

2 = 0. This suggests

that the U(2)+-structures of type A might admit a holomorphic interpretation. This

is taken up in the next section.

4.2.2 Integrating the structure equations

In this section we will give an explicit local description of the U(2)+ structures of

type A by means of a Weierstrass formula, analogous to that for minimal surfaces in

R3.

Since dν1 = 0, d (ρ1 − ζ1) = 0, we may introduce locally defined R-valued func-

tions s and v such that

ν1 = ds,

ρ1 = ζ1 + dv.
(4.2.5)
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It will be convenient to have the structure equations written in complex form.

Define C-valued 1-forms and functions by

σ = e2cs (ν2 + iν3) ,

θ = e−cs−iv (η1 + iη2) ,

χ = ecs+iv (η3 + iη4) ,

W = ecs+iv (−A1 + iA2) ,

X = e2cs+2iv (−B1 + iB2) .

(4.2.6)

Then, equations (4.2.2 - 4.2.4) become

dσ = −2iζ1 ∧ σ +Wσ̄ ∧ θ,

dθ = 2iζ1 ∧ θ, (4.2.7)

dχ = 2icσ ∧ θ,

dζ1 = i
2
|W |2θ ∧ θ̄,

dW = −6iWζ1 +Xθ.

We think of the manifold M as locally diffeomorphic to R×N, where s is the coordi-

nate in the R direction, and N is a 6-manifold carrying an S1-structure determined

by the equations (4.2.7). The forms σ, θ, χ are semi-basic for this S1-structure, while

ζ1 is the connection form.

On N , the distribution σ = χ = 0 is integrable. On each leaf of the resulting

foliation we have a metric given by the restriction of |W |2θ ◦ θ̄. The equations

d (Wθ) = −4iζ1 ∧ (Wθ) ,

dζ1 = i
2

(Wθ) ∧
(
Wθ
)
,

(4.2.8)

show that this metric has constant curvature −4 on each leaf. Thus, locally there

exists a complex coordinate z on N and a distinguished section of the S1-structure
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on N such that

Wθ =
dz

1− |z|2
,

ζ1 =
i

4

zdz̄ − z̄dz
1− |z|2

.

(4.2.9)

The equation

d (Wdz) =
3

2

Wz

1− |z|2
dz̄ ∧ dz (4.2.10)

implies that

W =
h(z)

(1− |z|2)3/2
, (4.2.11)

for some meromorphic function h(z). Thus

θ =
1

h(z)

(
1− |z|2

) 1
2 dz. (4.2.12)

Next, the dσ equation in (4.2.7) implies

d

(
i√

1− |z|2
(σ + zσ̄)

)
= 0, (4.2.13)

so we may introduce a local complex coordinate w with

σ =
i√

1− |z|2
(dw + zdw̄) . (4.2.14)

Next, let g(z) be a locally defined meromorphic function satisfying g′′(z) = 1
h(z)

.

The dχ equation in (4.2.7) implies

d (χ̄+ 2c (f ′(z)dw + (zf ′(z)− f(z)) dw̄)) = 0, (4.2.15)

so we may introduce a complex coordinate u with

χ̄ = du− 2c (f ′(z)dw + (zf ′(z)− f(z)) dw̄) . (4.2.16)
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We have now proven the first part of the following theorem. The second part

follows by reversing the steps above.

Theorem 4.2.4. Let M be a 7-manifold with a U(2)+-structure of type A. Then

locally there exist complex coordinates w, z, u, a real coordinate s, a constant c, and

a locally defined holomorphic function g(z) such that the G2 3-form ϕ is given by

ϕ = i
2
ds ∧

(
e−4csσ ∧ σ̄ + e2csθ ∧ θ̄ + e−2csχ ∧ χ̄

)
+ 1

2
e−2cs

(
σ ∧ θ ∧ χ+ σ ∧ θ ∧ χ

)
,

(4.2.17)

where σ, θ, χ are defined as in equations (4.2.12), (4.2.14), and (4.2.16) above.

Conversely, on R × C3 with coordinates s in the R direction and w, z, u in the

respective C3 directions, let c be a constant and g(z) be a meromorphic function.

Define σ, θ, χ using the formulas above. Let Σ ⊂ C be the subset of the unit disc

where g′′(z) has no zeroes or poles. Then (4.2.17) defines the G2-structure associated

to a U(2)+-structure of type A on R× C× Σ× C.

4.3 Type P

Suppose Q → M is a U(2)+-structure of type P , i.e. A and Z vanish identically on

Q. Defining 1-forms θ1, θ2, θ3 and σ1, ..., σ6 by θi = cνi and



σ1

σ2

σ3

σ4

σ5

σ6

 =



2P4 −P1 − P5 P2 − P6

2P3 −P2 − P6 −P1 + P5

−2P6 −P3 − P7 −P4 + P8

−2P5 −P4 − P8 P3 − P7

2P8 −P5 − P9 P6 − P10

2P7 −P6 − P10 −P5 + P9


 ν1

ν2

ν3

 , (4.3.1)

we may rewrite the first structure equations (4.1.7) and (4.1.8) in this case as

d

 θ1

θ2

θ3

 =−

 0 −2ζ3 2ζ2

2ζ3 0 −2ζ1

−2ζ2 2ζ1 0

 ∧
 θ1

θ2

θ3

 , (4.3.2)
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d


η1

η2

η3

η4

 =−


−θ1 + σ1 ζ1 + ρ1 + σ2 ζ2 − θ3 + σ3 −ζ3 − θ2 + σ4

−ζ1 − ρ1 + σ2 −θ1 − σ1 −ζ3 − θ2 − σ4 −ζ2 + θ3 + σ3

−ζ2 − θ3 + σ3 ζ3 − θ2 − σ4 θ1 + σ5 ζ1 − ρ1 − σ6

ζ3 − θ2 + σ4 ζ2 + θ3 + σ3 −ζ1 + ρ1 − σ6 θ1 − σ5



∧


η1

η2

η3

η4

 . (4.3.3)

The vanishing of d2ν, d2η, d2ρ, and d2ζ imply

dρ = −σ1 ∧ σ2 + 2σ3 ∧ σ4 − σ4 ∧ σ6,

dζ1 = −2ζ2 ∧ ζ3 + 2θ2 ∧ θ3 − σ1 ∧ σ2 + σ5 ∧ σ6,

dζ2 = −2ζ3 ∧ ζ1 + 2θ3 ∧ θ1 − σ1 ∧ σ3 + σ2 ∧ σ4 − σ3 ∧ σ5 + σ4 ∧ σ6,

dζ3 = −2ζ1 ∧ ζ2 + 2θ1 ∧ θ2 + σ2 ∧ σ3 + σ1 ∧ σ4 − σ4 ∧ σ5 − σ3 ∧ σ6,

dP = −ζ.P − ρ.P +Q.ν,

(4.3.4)

where

Q =



2Q4 −Q1 −Q5 Q2 −Q6

2Q3 −Q2 −Q6 −Q1 +Q5

−2Q6 −Q3 −Q7 −Q4 +Q8

−2Q5 −Q4 −Q8 Q3 −Q7

2Q8 −Q5 −Q9 Q6 −Q10

2Q7 −Q6 −Q10 −Q5 +Q9

−2Q10 −Q7 −Q11 −Q8 +Q12

−2Q9 −Q8 −Q12 Q7 −Q11

2Q12 −Q9 −Q13 Q10 −Q14

2Q11 −Q10 −Q14 −Q9 +Q13


, (4.3.5)

for some functions Q1, ..., Q14 on Q. We may now give a local existence and generality

result.

Theorem 4.3.1. The U(2)+-structures of type P exist locally and depend on 4 func-

tions of 2 variables.

Proof. This is an application of Theorem 3 of [Bry14]. The ‘primary invariants’ are

the components of P , while the ‘free derivatives’ are the components of Q. The
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tableau of free derivatives is given by (4.3.5). It is involutive with s1 = 10, s2 = 4,

and sk = 0 for k ≥ 3.

4.3.1 Maximal submanifolds

We will now give an interpretation these structures in terms of maximal submanifolds

of a pseudo-Riemannian symmetric space. Equations (4.3.2) and (4.3.4) imply that

the sl4R-valued 1-form

µ =


−θ1 + σ1 ζ1 + ρ1 + σ2 ζ2 − θ3 + σ3 −ζ3 − θ2 + σ4

−ζ1 − ρ1 + σ2 −θ1 − σ1 −ζ3 − θ2 − σ4 −ζ2 + θ3 + σ3

−ζ2 − θ3 + σ3 ζ3 − θ2 − σ4 θ1 + σ5 ζ1 − ρ1 − σ6

ζ3 − θ2 + σ4 ζ2 + θ3 + σ3 −ζ1 + ρ1 − σ6 θ1 − σ5

 (4.3.6)

satisfies the Maurer-Cartan equation dµ = −µ∧µ. Let N be a leaf of the distribution

{η = 0}. This distribution is integrable by (4.3.3). Let U be a simply connected open

set in N and endow U with the metric gN = θ2
1 +θ2

2 +θ2
3. Let F(U) denote the induced

orthonomal coframe bundle. By the Maurer-Cartan Lemma there exists a map

f : F(U)→ SL4R, (4.3.7)

satisfying µ = f−1df , and unique up to left multiplication. In order to better under-

stand the map f we will use the exceptional isomorphism ψ : sl4R → so(3, 3). We

use the split quadratic form −e2
1 + e2

2 + e3
3 + e2

4− e2
5− e2

6 to define so(3, 3). With this

choice, we have

ψ(µ) =



0 2θ1 2θ2 2θ3 0 0
2θ1 0 −2ζ3 2ζ2 2σ4 2σ3

2θ2 2ζ3 0 −2ζ1 −σ1 − σ5 −σ2 − σ6

2θ3 −2ζ2 2ζ1 0 σ2 − σ6 −σ1 + σ5

0 2σ4 −σ1 − σ5 σ2 − σ6 0 2ρ1

0 2σ3 −σ2 − σ6 −σ1 + σ5 −2ρ1 0

 . (4.3.8)

From (4.3.8) we see that F(U) is identified with the orthonormal coframe bundle

of a space-like immersion into the symmetric space SO(3,3)
SO(3,2)

. The second fundamental
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form is given by P, and we find that the mean curvature vector vanishes so that the

immersion is maximal. This construction can be reversed.

Theorem 4.3.2. Each extremally Ricci-pinched closed G2-structure of type P gives

rise to a maximal space-like 3-submanifold of SO(3, 3)/SO(3, 2) in the manner de-

scribed above.

Conversely, given a maximal space-like 3-submanifold of SO(3, 3)/SO(3, 2) one

may construct an extremally Ricci-pinched closed G2-structure of type P on an R4-

bundle over the submanifold.

Proof. Let R3,3 denote R6 endowed with the split quadratic form q(v) = −v2
1 + v2

2 +

v3
3+v2

4−v2
5−v2

6. The group SO(3, 3) acts transitively on the elements of R3,3 satisfying

q(v) = −1, with isotropy group isomorphic to SO(3, 2) and in this way the quadric

Q5 = {v ∈ R3,3 | q(v) = 1} provides a model for the homogeneous space SO(3,3)
SO(3,2)

. The

restriction of q to Q5 gives a natural SO(3, 3)-invariant pseudo-Riemannian metric

on SO(3,3)
SO(3,2)

of signature (3, 2), and SO(3, 3) is identified as the orthonormal frame

bundle. Writing the Maurer-Cartan form for SO(3, 3) as



0 2θ1 2θ2 2θ3 −2β1 −2β2

2θ1 0 −2ζ3 2ζ2 2σ4 2σ3

2θ2 2ζ3 0 −2ζ1 −σ1 − σ5 −σ2 − σ6

2θ3 −2ζ2 2ζ1 0 σ2 − σ6 −σ1 + σ5

2β1 2σ4 −σ1 − σ5 σ2 − σ6 0 2ρ1

2β2 2σ3 −σ2 − σ6 −σ1 + σ5 −2ρ1 0

 (4.3.9)

the quadratic form θ2
1 + θ2

2 + θ3
3 − β2

1 − β2
2 descends to SO(3,3)

SO(3,2)
and agrees with the

restriction of q. The forms ζ1, ..., ζ3, σ1, ..., σ6, ρ1 make up the components of the

Levi-Civita connection for this pseudo-Riemannian metric.

Now suppose that N # SO(3,3)
SO(3,2)

is an immersed space-like 3-dimensional subman-

ifold of SO(3,3)
SO(3,2)

(i.e. the quadratic form q restricts to N to be positive definite). We

may adapt frames so that β1 = β2 = 0 on N . Then the equations for dβ1 and dβ2
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(coming from the Maurer-Cartan equation) imply that, on N ,

2σ4 ∧ θ1 + (−σ1 − σ5) ∧ θ2 + (σ2 − σ6) ∧ θ3 = 0, (4.3.10)

2σ3 ∧ θ1 + (−σ2 − σ6) ∧ θ2 + (−σ1 + σ5) ∧ θ3 = 0. (4.3.11)

Cartan’s Lemma implies that there exist functions P1, ..., P10, H1, H2 on N such that



σ1

σ2

σ3

σ4

σ5

σ6

 =



2P4 −P1 − P5 −H1 P2 − P6 −H2

2P3 −P2 − P6 −H2 −P1 + P5 +H1

−2P6 +H2 −P3 − P7 −P4 + P8

−2P5 +H1 −P4 − P8 P3 − P7

2P8 −P5 − P9 −H1 P6 − P10 +H2

2P7 −P6 − P10 −H2 −P5 + P9 −H1


 θ1

θ2

θ3

 . (4.3.12)

These functions together give the components of the second fundamental form as-

sociated to the immersion N . The mean curvature is given by (H1, H2).

Let B(N) be the total space for the induced SU(2)×S1

±1
-structure N, with con-

nection forms given by ζ1, ζ2, ζ3, ρ1. On B(N) × R4 define 1-forms η1, ..., η4 by η =

f−1dy, where f : N → SL(4,R) is the map obtained by integrating the Maurer-

Cartan form in (4.3.9), and y1, ..., y4 are the coordinates on the R4 factor. This

endows the space B(N) × R4 with a U(2)+-structure, with tautological form given

by (θ1, θ2, θ3, η1, ..., η4). A computation yields that this structure is of type P if and

only if H1 = H2 = 0, i.e. if and only if the immersion of N is maximal.

4.3.2 Examples

In this section we will use Theorem 4.3.2 to give examples of ERP closed G2-

structures, and reinterpret the known examples in this context.

Example 4.3.3. As proven in Section 4.1.2, Bryant’s first example [Bry06] of an

extremally Ricci-pinched closed G2-structure is the unique local model for U(2)+-

structures of type P with P identically zero. Since P represents the second funda-

mental form of the associated maximal immersion N # SO(3,3)
SO(3,2)

, for this example the

submanfiold N is totally geodesic and in fact isometric to hyperbolic 3-space.
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Example 4.3.4. The only other previously known example of an extremally Ricci-

pinched closed G2-structure was given by Lauret in [Lau17]. It is homogeneous under

the action of a solvable Lie group. A calculation shows that Lauret’s example is also

of type P and that it has the interesting property that the roots of the tensor pP

(see equation (4.1.14)), viewed as a homogeneous polynomial

(P1 + iP2)w4 + 4 (P3 − iP4)w3z + 6 (P5 + iP6)w2z2 (4.3.13)

+ 4 (P7 − iP8)wz3 + (P9 + iP10) z4,

are arranged in a regular tetrahedron inscribed in the Riemann sphere. In fact, this

property uniquely characterises Lauret’s example.

Theorem 4.3.5. Suppose that Q → M is a U(2)+-structure of type P such that

for all points on M the roots of the polynomial (4.3.13) are arranged on a regular

tetrahedron inscribed in the Riemann sphere. Then M is locally equivalent to Lauret’s

example.

Proof. Let Q→M be a U(2)+-structure of type P such that for all points on M the

roots of the polynomial (4.3.13) are arranged on a regular tetrahedron inscribed in

the Riemann sphere. The Riemann sphere is acted on by U(2) by rotations in the

SU(2) subgroup and it follows that at each point of M there is a coframe (ν̃, η̃) so

that when expressed in this coframe the tensor pP becomes

pP = T1

(
(1 + i) (η̃1 − iη̃2)4 + 4 (η̃1 − iη̃2)3 (η̃3 + iη̃4)

)
(4.3.14)

for some nonzero real T1 on M . The collection of all such coframes forms a principal

A4-subbundle Q1 of Q, and we will work on this subbundle. We will continue to

denote the tautological forms by ν and η.

On Q1 we have

P1 = T1, P2 = T1, P7 = T1, (4.3.15)
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P3 = P4 = P5 = P6 = P8 = P9 = P10 = 0,

and the equation for dP in (4.3.4) gives

ζ1 = ζ2 = ζ3 = 0, ρ1 = 0, (4.3.16)

(Q1, ..., Q14) = (0, ..., 0) .

Computing d2η = 0 one finds that T 2
1 = c2, so we have

T1 = ±c1. (4.3.17)

We are now left with structure equations

dν1 = dν2 = dν3 = 0, (4.3.18)

d


η1

η2

η3

η4

 =− c


−ν1 ∓ ν2 ± ν3 ∓ν2 ∓ ν3 ∓ν2 − ν3 −ν2 ∓ ν3

∓ν2 ∓ ν3 −ν1 ± ν2 ∓ ν3 −ν2 ± ν3 ∓ν2 + ν3

∓ν2 − ν3 −ν2 ± ν3 ν1 ∓2ν1

−ν2 ∓ ν3 ∓ν2 + ν3 ∓2ν1 ν1

 (4.3.19)

∧


η1

η2

η3

η4

 .

These are the structure equations for a 7-dimensional solvable Lie algebra. To see

that this is isomorphic to Lauret’s example, define matricies

R+ =


1√
2

1√
6

1√
6

1√
6

− 1√
2

1√
6

1√
6

1√
6

0 2√
6
− 1√

6
− 1√

6

0 0 − 1√
2

1√
2

 , (4.3.20)

R− =


1√
6
− 1√

2
− 1√

6
1√
6

1√
6

1√
2
− 1√

6
1√
6

2√
6

0 1√
6
− 1√

6

0 0 1√
2

1√
2

 .

Then, defining 1-forms (e1, ..., e7) by
e3

e4

e5

e6

 = R±


η1

η2

η3

η4

 , (4.3.21)
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 e1

e2

e7

 =

 −1 1−
√

3
2

−1−
√

3
2

1 −1−
√

3
2

1−
√

3
2

−1 −1 1


 ν1

ν2

ν3

 , (4.3.22)

we get agreement with Lauret’s structure equations.

An integration of the Maurer-Cartan form in this case gives that the maximal

submanifold N → Q5
∼= SO(3,3)

SO(3,2)
is given by

R3 → Q5 (4.3.23)

(x, y, z) 7→ 1√
3

(cosh 2cz,− sinh 2cz,− sinh 2cx, sinh 2cy, cosh 2cx,− cosh 2cy) .

The induced metric is flat, as is clear from (4.3.18).

Lauret’s example suggests that looking for algebraically special U(2)+-structures

of type P may be fruitful, i.e. looking for structures where the function P takes

values in some U(2)+-invariant subspace. The following examples are of this kind.

Example 4.3.6. (Quadruple root) We now suppose that Q→M is a U(2)+-structure

of type P such that for all points on M the polynomial (4.3.13) has a quadruple root.

Similarly to the previous example, at each pont on M we may find a coframe (ν̃, η̃)

so that

pP = (T1 + iT2) (η̃1 − iη̃2)4 (4.3.24)

for some nonzero real T1 and T2 and the collection of all such coframes is a principal

S1 × S1 subbundle Q1 of Q. As before, we continue to denote the tautological forms

on Q1 by ν and η. We get functions T1 and T2 on Q1 defined by (4.3.24).

On Q1 we have

P1 = T1, P2 = T2, (4.3.25)

P3 = P4 = P5 = P6 = P7 = P8 = P9 = P10 = 0,

and the equation for dP in (4.3.4) gives(
ζ2

ζ3

)
=

(
Y1 Y2

−Y2 Y1

)(
ν2

ν3

)
, (4.3.26)
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Q1 = U1, Q2 = U2,

Q3 = T1Y1 + T2Y2, Q4 = T1Y2 − T2Y1,

Q5 = Q6 = · · · = Q14 = 0,

where Y1, Y2, U1 and U2 are functions defined on Q1. The equations for dν are

dν1 = −4ν1 ∧ ν2, (4.3.27)

dν2 = 2ζ1 ∧ ν3 + 2 (Y2ν2 − 2Y1ν3) ∧ ν1,

dν3 = −2ζ1 ∧ ν2 + 2 (Y1ν2 + 2Y2ν3) ∧ ν1,

and computing d2ν = 0 and d2η = 0 gives

dT1 = 2 (T1Y2 − T2Y1) ν1 − U1ν2 + U2ν3 − 2T1ρ1 − 4T1ζ1, (4.3.28)

dT2 = 2 (T1Y1 + T2Y2) ν1 − U2ν2 − U1ν3 + 2T2ρ1 + 4T2ζ1,

dY1 = 4Y1Y2ν1 +W1ν2 +W2ν3,

dY2 = 2
(
−Y 2

1 + Y 2
2 − c2

)
ν1 +W2ν2 −W1ν3.

The equations for dζ1 and dρ1 are

dζ1 =
(
2c2 − T 2

1 − T 2
2 − 2Y 2

1 − 2Y 2
2

)
ν2 ∧ ν3, (4.3.29)

dρ1 =
(
−T 2

1 − T 2
2

)
ν2 ∧ ν3.

We get an involutive set of structure equations, with Cartan characters s1 = 4,

sk = 0 for k ≥ 2. Thus, U(2)+-structures of this type exist locally and depend on

4 functions of 1 variable. The characteristic variety is given by the pair of complex

conjugate points {ν2 ± iν3}. In the case where

Y1 = 0, Y2 = ±c (4.3.30)

it is possible to find a Weierstrass-type formula describing solutions in terms of

holomorphic data, but we shall not pursue this here.
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Example 4.3.7. (Triple root antipodal to single root) We now suppose that Q→M

is a U(2)+-structure of type P such that for all points on M the polynomial (4.3.13)

has a triple root antipodal to a single root. Similarly to the previous example, we

define an S1 × S1-structure Q1 ⊂ Q on M by restricting to coframes with

pP = (T1 + iT2) (η1 − iη2)3 (η3 + iη4) , (4.3.31)

for some functions T1, T2 not both zero. We continue to denote the tautological forms

on Q1 by ν and η. We get We get functions T1 and T2 on Q1 defined by (4.3.31).

On Q1, we have

P1 =P2 = 0,

P3 = T1, P4 = T2, (4.3.32)

P5 = P6 = · · · = P10 = 0,

and the equation for dP in (4.3.4) gives(
ζ2

ζ3

)
=

(
0
0

)
, (4.3.33)

Qi = 0 for i = 1, ..., 10. (4.3.34)

The condition d2η = 0 implies that T 2
1 + T 2

2 − c2 = 0. We have

d

(
T1

T2

)
= −

(
0 −2ρ1 − 2ζ1

2ρ1 + 2ζ1 0

)(
T1

T2

)
, (4.3.35)

and we may restrict frames so that T1 = ±c, T2 = 0. This defines an S1-structure

Q2 ⊂ Q1. By equation (4.3.35) we have ρ1 = −ζ1 on Q2. The structure equations on

Q2 read

dν1 = 0, (4.3.36)

d

(
ν2

ν3

)
= −

(
0 −2ζ1

2ζ1 0

)(
ν2

ν3

)
, (4.3.37)

d


η1

η2

η3

η4

 = −


−cν1 ±2cν1 ∓cν2 − cν3 −cν2 ± cν3

±2cν1 −cν1 −cν2 ∓ cν3 ∓cν2 + cν3

∓cν2 − cν3 −cν2 ∓ cν3 cν1 2ζ1

−cν2 ± ν3 ∓ν2 + cν3 −2ζ1 cν1

 (4.3.38)

56



∧


η1

η2

η3

η4

 ,

dζ1 = 2c2ν2 ∧ ν3. (4.3.39)

The equations d2 = 0 are identities for these structure equations. Thus, these exam-

ples are all locally homogeneous. The corresponding maximal spacelike submanifold

of SO(3, 3)/SO(3, 2) is locally isometric to R×H2.

Example 4.3.8. (Antipodal double roots) We now suppose that Q→M is a U(2)+-

structure of type P such that for all points on M the polynomial (4.3.13) has two

double roots, positioned at antipodal points on the Riemann sphere. Similarly to

the previous examples, at each pont on M we may find a coframe (ν̃, η̃) so that

pP = 6X1 (η̃1 − iη̃2)2 (η̃3 + iη̃4)2 , (4.3.40)

for some nonzero real X1 and the collection of all such coframes is a principal S1

subbundle Q1 of Q. Once more, we denote the tautological forms on Q1 by ν and η

and we get a function X1 on Q1 defined by (4.3.40). In fact, X1 descends to give a

well-defined function on M . On Q1 we have

P5 = X1, (4.3.41)

P1 = P2 = P3 = P4 =P6 = P7 = P8 = P9 = P10 = 0,

and the equation for dP in (4.3.4) gives

ζ2 = Y1ν3, ζ3 = −Y1ν2, (4.3.42)

ρ1 = 0,

Q1 = Q2 = · · · = Q7 = 0,

Q8 = 3X1Y1,

Q9 = Q10 = · · · = Q14 = 0,
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for some function X1 defined on Q1. The equations for dν are

dν1 = 0, (4.3.43)

dν2 = 2ζ1 ∧ ν3 − 2Y1ν1 ∧ ν2,

dν3 = −2ζ1 ∧ ν2 − 2Y1ν1 ∧ ν3,

and computing d2ν and d2η gives

dX1 = 6X1Y1ν1 (4.3.44)

dY1 =
(
4X2

1 + 2Y 2
1 − 2c2

)
ν1.

We also have

dζ1 = 2
(
X2

1 − Y 2
1 + c2

)
ν2 ∧ ν3. (4.3.45)

We are now in the ‘differentially closed’ case (see [Bry14]), and find that U(2)+-

structures of this type exist locally and depend on 2 constants. Imposing X1 =

0, Y1 = ±c gives a homogeneous example, with the corresponding spacelike maximal

submanifold locally isometric to R×H2.

4.3.3 Laplacian flow

All U(2)+-structures Q → M of type P are locally equivalent to Laplace solitons

(see equation (2.2.20)). By Theorem 4.3.2, M is locally equivalent to an R4-bundle

over a 3-manifold N, with flat fibres. If N is simply connected, M is diffeomorphic

to N × R4. Now, the Laplace flow evolves M by equation (4.1.23). If N is simply-

connected, then there is a diffeomorphism of M that scales the R4 factor and leaves

N invariant. Let X be the vector field generating this diffeomorphism. It follows

that dτ = LXϕ. If N is not simply-connected, then the vector field X may not be

well-defined on M.
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4.4 Type Z

Suppose Q → M is a U(2)+-structure of type Z, i.e. A and P vanish identically on

Q. Defining complex-valued forms and functions by

θ1 = η1 − iη2, θ2 = η3 + iη4, (4.4.1)

κ1 = −cν1+iζ1,

κ2 = −cν3 + ζ2 + i (cν2 + ζ3) , κ3 = −cν3 − ζ2 + i (−cν2 + ζ3) ,

z1 = −Z3 − iZ4, z2 = Z1 + iZ2,

we may rewrite the equations (4.1.8) in this case as

d

(
θ1

θ2

)
= −

(
κ1 + iρ κ2

κ3 −κ1 + iρ

)
∧
(
θ1

θ2

)
+

(
z1

z2

)
θ1 ∧ θ2. (4.4.2)

Equations (4.1.7) plus some of the equations resulting from d2θ = 0 give us

dκ1 = −κ2 ∧ κ3,

dκ2 = −2κ1 ∧ κ2, (4.4.3)

dκ3 = 2κ1 ∧ κ3.

Equations (4.4.2) and (4.4.3) allow us to reduce the study of type Z structures

to a 4-dimensional problem. Consider the action on the total space Q generated by

the vector fields dual to the ζ, ρ and ω forms. Equation (4.4.3) shows that this is a

free action of the group SL(2,C) · S1. Denote the 4-dimensional quotient manifold

by X. Then (4.4.2) shows that Q is the total space of an SL(2,C) ·S1-structure over

X. The manifold M is then a bundle over X with fibers isometric to SL(2,C)·S1

U(2)
∼=

H3. Conversely, suppose Q → X is an SL(2,C) · S1-structure over a 4-manifold

X satisfying equations (4.4.2) and (4.4.3). Then we may define M = Q/U(2) and

consider Q→ M as a U(2)+-structure of type Z over M by reversing the equations

in (4.4.1).
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We now investigate the consequences of equations (4.4.2) and (4.4.3). Computing

d2θ = 0 we find

dρ1 = −i (z2θ1 − z1θ2) ∧
(
z2θ1 − z1θ2

)
+ iwθ1 ∧ θ2 − iwθ1 ∧ θ2, (4.4.4)

d

(
z1

z2

)
= w

(
θ1

θ2

)
+

(
u12̄ −u11̄

u22̄ −u21̄

)(
θ1

θ2

)
(4.4.5)

−
(

3iρ1 + κ1 κ2

κ3 3iρ1 − κ1

)(
z1

z2

)
,

for some complex valued functions w, u11̄, u12̄, u21̄, and u22̄ on Q. Using these equa-

tions to compute d2ρ1 and d2z we find

dw = (−u22̄z1 + u21̄z2 − 3wz2) θ1 + (u12̄z1 − u11̄z2 + 3wz1) θ2 (4.4.6)

+ v2̄θ1 − v1̄θ2 − 2iwρ1,

d

(
u11̄ u12̄

u21̄ u22̄

)
= 3 (z2θ1 − z1θ2)

(
z1z1 z1z2

z2z1 z2z2

)
+

(
v1̄θ1 v2̄θ1

v1̄θ2 v2̄θ2

)

+

(
x11̄2̄θ1 − x11̄1̄θ2 x12̄2̄θ1 − x11̄2̄θ2

x21̄2̄θ1 − x21̄1̄θ2 x22̄2̄θ1 − x21̄2̄θ2

)
− w

(
z1θ1 z1θ2

z2θ1 z2θ2

)
(4.4.7)

−
(
κ1 κ2

κ3 −κ1

)(
u11̄ u12̄

u21̄ u22̄

)
−
(
u11̄ u12̄

u21̄ u22̄

)(
κ1 κ2

κ3 −κ1

)†

− 4iρ1

(
u11̄ u12̄

u21̄ u22̄

)
,

for some complex valued functions v1̄, v2̄, x1,1̄1̄, x1,1̄2̄, x1,2̄2̄, x2,1̄1̄, x2,1̄2̄, and x2,2̄2̄ on Q.

Next, the identity d2w ∧ θ1 ∧ θ2 = 0 gives the following restriction

|w|2 + 3Re (z1v2̄ − z2v1̄)−Re det

(
u11̄ u12̄

u21̄ u22̄

)
= 0. (4.4.8)

Equation (4.4.8) is a third order restriction on the structure only revealed after

taking four derivatives. This shows that the structure equations defining type Z

structures are not involutive. Due to algebraic difficulties encountered in the prolon-

gation process, we will not investigate the general type Z structure further in this
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dissertation. Instead, we will consider the special case with w = 0, where we find

that the structure can be integrated explicitly.

4.4.1 The case w = 0

We now assume that Q is a U(2)+-structure of type Z satisfying the additional

condition that w = 0. Equation (4.4.6) then implies

−u22̄z1 + u21̄z2 = 0, (4.4.9)

u12̄z1 − u11̄z2 = 0,

so there exist complex valued functions u1, and u2 on Q such that(
u11̄ u12̄

u21̄ u22̄

)
=

(
u1

u2

)(
z1 z2

)
. (4.4.10)

Substituting equation (4.4.10) into equation (4.4.7), we find

z1u2 − z2u1 = 0, (4.4.11)

so we must have (
u1

u2

)
= u

(
z1

z2

)
, (4.4.12)

for some complex-valued function u on Q. Equations (4.4.4) and (4.4.5) now read

dρ1 = −i (z2θ1 − z1θ2) ∧
(
z2θ1 − z1θ2

)
, (4.4.13)

d

(
z1

z2

)
=u(z2θ1 − z1θ2)

(
z1

z2

)
(4.4.14)

−
(

3iρ1 + κ1 κ2

κ3 3iρ1 − κ1

)(
z1

z2

)
.

Applying d2 = 0 to (4.4.14), we get

du =
(
3− |u|2

)
(z2θ1 − z1θ2) + q(z2θ1 − z1θ2)− 4iuρ1. (4.4.15)

At this point we can give a local existence and generality result.
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Theorem 4.4.1. The U(2)+-structures of type Z with w = 0 exist locally and depend

on 2 functions of 1 variable.

Proof. This is an application of Theorem 3 of [Bry14]. The ‘primary invariants’ are

the real and imaginary parts of z1 and z2, while the ‘free derivatives’ are the real and

imaginary parts of u. The tableau of free derivatives is involutive with s1 = 2, and

sk = 0 for k ≥ 2.

The characteristic variety of the system consists two conjugate points, (z2θ1 − z1θ2)

and (z2θ1 − z1θ2). This suggests that the type Z structures with w = 0 might admit

a holomorphic interpretation, a topic we now take up.

Motivated by the form of the characteristic variety, define a complex valued 1-

form σ and a real-valued 1-form α by

σ = (z2θ1 − z1θ2) , (4.4.16)

α = ρ1 + i
4

(uσ − uσ) .

From the structure equations (4.4.3), (4.4.14 - 4.4.15) we find

dσ = −4iα ∧ σ, (4.4.17)

dα =
i

2
σ ∧ σ. (4.4.18)

Thus, the distribution defined by the vanishing of σ is integrable, and the metric

defined by σ ◦ σ on the leaf space has constant curvature −4. It follows that locally

there exists a complex variable s and a real variable a such that

σ =
eiads

1− |s|2
, (4.4.19)

α =
i

4

sds− sds
1− |s|2

+ da. (4.4.20)

We restrict to the locus where a = 0. This corresponds to reducing the SL(2,C) ·S1-

structure Q to an SL(2,C)-structure Q′ ⊂ Q.
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We then have

σ =
ds

1− |s|2
, (4.4.21)

α =
i

4

sds− sds
1− |s|2

. (4.4.22)

Equation (4.4.15) implies

d (uσ) = 3σ ∧ σ, (4.4.23)

so if we let p = u
1−|s|2 , we find

∂p

∂s
=

3

(1− |s|2)2 , (4.4.24)

which implies

p =
3

s (1− |s|2)
+ 4h(s), (4.4.25)

where h(s) is a meromorphic function (the factor of 4 is included for later conve-

nience). Thus

u =
3

s
+ 4h(s)

(
1− |s|2

)
. (4.4.26)

We then have

ρ1 =
i

4

3− |s|2

1− |s|2

(
ds

s
− ds

s

)
+ i
(
h(s)ds− h(s)ds

)
. (4.4.27)

Let f(s) =
∫
h(s)ds, and define g(s) = s

3
4 ef(s), so that h(s) = g′(s)

g(s)
− 3

4s
. We now

observe that the function G(s) defined by

G(s) = log
g(s)2|g(s)|2

(1− |s|2)
3
2

(4.4.28)

satisfies d(G(s)) = uσ − 3iρ1. Note also that the connection κ on Q′ is flat. Let

ψ : Q′ → SL(2,C) integrate κ, so ψ−1dψ = κ. The map ψ is unique up to left
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multiplication by an element of SL(2,C). Now, by acting by ψ appropriately we

may assume that κ = 0 in our structure equations.

Thus

d

(
e−G(s)z1

e−G(s)z2

)
= 0, (4.4.29)

so there exist constants k1, and k2 such that
(
e−G(s)z1, e

−G(s)z2

)
= (k1, k2) . From the

left-multiplication ambiguity in the definition of ψ we get an SL(2,C) action, and

we may assume that (k1, k2) = (0, 1) (the case where Z = 0 identically having been

covered in Section 4.1.2).

By the definition of σ (4.4.16) we have

θ1 =
σ

z2

=
eG(s)

1− |s|2
ds =

(1− |s|2)

g(s)2|g(s)|2
ds. (4.4.30)

The first structure equation (4.4.2) implies

d

(
θ2

θ2

)
=−

 −iIm
((

1
1−|s|2 + 2g(s)

g′(s)

)
ds
)

−g(s)2

g(s)
2

1
1−|s|2ds

−g(s)
2

g(s)2
1

1−|s|2ds iIm
((

1
1−|s|2 + 2g(s)

g′(s)

)
ds
)
 (4.4.31)

∧
(
θ2

θ2

)
.

Then

d

(
i

(1− |s|2)
1
2

(
g(s)

g(s)
θ2 −

sg(s)

g(s)
θ2

))
= 0, (4.4.32)

and we may introduce a complex coordinate v with

θ2 =

(
i

(1− |s|2)
1
2

g(s)

g(s)

(
dv − sdv

))
. (4.4.33)

We have now proven the first part of the following theorem. The second part

follows by reversing the steps above.
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Theorem 4.4.2. Let X be a 4-manifold with an SL(2,C) · S1-structure satisfying

equations (4.4.2) and (4.4.3). Then locally there exist complex coordinates s, v and

a holomorphic function g(s) such that

θ1 =
(1− |s|2)

g(s)2|g(s)|2
ds, (4.4.34)

θ2 =

(
i

(1− |s|2)
1
2

g(s)

g(s)

(
dv − sdv

))

span the space of (1, 0)-forms, and the complex volume form is given by θ1 ∧ θ2.

Conversely, on C2 with coordinates s, and v respectively, let g(s) be a meromor-

phic function. Define θ1, and θ2 using (4.4.34), and let Σ denote the subset of the

unit disc in C where g(s) has no zeroes or poles. Then the forms θ1 and θ2 define an

SL(2,C) · S1-structure satisfying equations (4.4.2) and (4.4.3) on Σ× C.
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5

The U(2)− case

In this chapter we will study λ-quadratic closed G2-structures in the case where the

pointwise stabiliser of the torsion 2-form τ is conjugate to U(2)−.

5.1 The induced U(2)−-structure

Let (M,ϕ) be a λ-quadratic closed G2-structure such that τ has stabiliser conjugate

to U(2)−. Since τ = 0 identically if and only if ϕ is torsion-free, we will assume that

τ is non-vanishing somewhere. Since we are working locally, we assume that τ 6= 0

on M. We may then adapt frames and define a U(2)+-subbundle Q ⊂ B by

Q = {u : TxM → V | u ∈ Bx, (5.1.1)

u∗ (−2e2 ∧ e3 + e4 ∧ e5 + e6 ∧ e7) is a multiple of τ} ,

The action of U(2)− on the standard representation V ∼= R7 of G2 is reducible,

we have V ∼= 〈e1〉 ⊕ 〈e2, e3〉 ⊕ 〈e4, e5, e6, e7〉. On Q we split the tautological V -valued

1-form ω = (ω1, ..., ω7) into ω = (ω1) ⊕ ν ⊕ η, where ν = (ν1, ν2) is R2-valued and

η = (η1, ..., η4) is R4-valued. The g2-valued natural connection θ splits as

θ = γ + σ, (5.1.2)
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where γ takes values in u(2)− and σ takes values in (u(2)−)
⊥
. Both γ and σ split

further: We have

γ =

 0 0 0
0 Γ (ρ) 0
0 0 ξ + ρ

 ,

σ =

 0 Ψ (ζ) β

−Ψ (ζ)t 0 Φ (β) + α

−βt −Φ (β)t − αt ζ

 ,

(5.1.3)

where

ξ =


0 ξ1 ξ2 ξ3

−ξ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1

−ξ3 −ξ2 ξ1 0

 , ρ =


0 ρ1 0 0
−ρ1 0 0 0

0 0 0 ρ1

0 0 −ρ1 0

 , (5.1.4)

Γ (ρ) =

(
0 −2ρ1

2ρ2 0

)
, (5.1.5)

ζ =


0 0 ζ1 −ζ2

0 0 −ζ2 −ζ1

−ζ1 ζ2 0 0
ζ2 ζ1 0 0

 , Ψ (ζ) =
(
−2ζ2 2ζ1

)
, (5.1.6)

α =

(
−α1 −α2 −α3 −α4

α2 −α1 α4 −α3

)
, (5.1.7)

β =
(

2β2 −2β1 2β4 −2β3

)
, Φ (β) =

(
−β3 β4 β1 −β2

β4 β3 −β2 −β1

)
. (5.1.8)

Each of the forms ξ, ρ, ζ, α, and β takes values in an irreducible representation of

U(2). The form γ is the connection form for the natural connection on the U(2)−-

structure Q, while σ is semi-basic for Q and represents the part of the torsion of Q

that cannot be written in terms of the torsion of the G2-structure B.

The pullbacks of ϕ and τ to Q are

ϕ =ω1 ∧ ν1 ∧ ν2 + ω1 ∧ (η1 ∧ η2 + η3 ∧ η4) (5.1.9)

+ ν1 ∧ (η1 ∧ η3 − η2 ∧ η4) + ν2 ∧ (−η1 ∧ η4 − η2 ∧ η3) ,
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τ =4f (−2ν1 ∧ ν2 + η1 ∧ η2 + η3 ∧ η4) , (5.1.10)

where f is a function well-defined on the base M. The function f is proportional to

|τ |, and the factor of 4 is placed here to simplify some later formulas.

On Q, the first structure equation (3.1.2) becomes

dω1 = 2 (ζ2 ∧ ν1 − ζ1 ∧ ν2 − β2 ∧ η1 + β1 ∧ η2 − β4 ∧ η3 + β3 ∧ η4) , (5.1.11)

d

(
ν1

ν2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
ν1

ν2

)
+ 2f

(
η1 ∧ η4 + η2 ∧ η3

η1 ∧ η3 − η2 ∧ η4

)
(5.1.12)

+

(
α1 + β3 α2 − β4 α3 − β1 α4 + β2

−α2 − β4 α1 − β3 −α4 + β2 α3 + β1

)
∧


η1

η2

η3

η4

 ,

d


η1

η2

η3

η4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


η1

η2

η3

η4

 (5.1.13)

+


0 0 −fν2 − ζ1 −fν1 + ζ2

0 0 −fν1 + ζ2 fν2 + ζ1

fν2 + ζ1 fν1 − ζ2 0 0
fν1 − ζ2 −fν2 − ζ1 0 0

 ∧


η1

η2

η3

η4



+


−α1 − β3 α2 + β4

−α2 + β4 −α1 + β3

−α3 + β1 α4 − β2

−α4 − β2 −α3 − β1

 ∧ ( ν1

ν2

)
+ 2


β2

−β1

β4

−β3

 ∧ ω1.

The quadratic condition (3.2.1) implies that

d (f (−2ν1 ∧ ν2 + η1 ∧ η2 + η3 ∧ η4)) = (5.1.14)

8
7
f 2 ((3 + 10λ)ω1 ∧ ν1 ∧ ν2 + (3− 11λ)ω1 ∧ (η1 ∧ η2 + η3 ∧ η4)

+3 (λ+ 1) (ν1 ∧ (η1 ∧ η3 − η2 ∧ η4) + ν2 ∧ (−η1 ∧ η4 − η2 ∧ η3))) .

Equation (4.69) of [Bry06] gives

df = −28
λ (2λ− 1)

3λ− 4
f 2ω1, (5.1.15)
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while equation (4.66) of [Bry06] gives

d
(
f 3ν1 ∧ ν2 ∧ η1 ∧ η2 ∧ η3 ∧ η4

)
= −12f 4ω1 ∧ ν1 ∧ ν2 ∧ η1 ∧ η2 ∧ η3 ∧ η4. (5.1.16)

Equations (5.1.14 - 5.1.16), together with their exterior derivatives, imply that

there exist functions B = (B1, · · · , B4) , E = (E1, · · · , E4) , and F = (F1, · · · , F6) on

Q taking values in R4,R4, and R6 respectively, such that the semi-basic forms α, β,

and ζ may be written
α1

α2

α3

α4

 = −2

3


B2

−B1

B4

−B3

ω1 +


−E1 E2

−E2 −E1

−E3 E4

−E4 −E3

( ν1

ν2

)
(5.1.17)

+


F2 −F1 F4 −F3

−F1 −F2 −F3 −F4

F4 −F3 −F6 F5

−F3 −F4 F5 F6




η1

η2

η3

η4

 ,


β1

β2

β3

β4

 =
1

7

32λ2 + 57λ− 24

3λ− 4
f


η2

−η1

η4

−η3

+


−B1 B2

−B2 −B1

−B3 B4

−B4 −B3

( ν1

ν2

)
, (5.1.18)

(
ζ1

ζ2

)
=

4

7

(λ+ 1) (17λ− 11)

3λ− 4
f

(
−ν2

ν1

)
(5.1.19)

+

(
−B1 −B2 −B3 −B4

B2 −B1 B4 −B3

)
η1

η2

η3

η4

 .

Now, substituting equations (5.1.17-5.1.19) into (5.1.13) and differentiating, we find

that d2θ = 0 implies

B2
1 +B2

2 −B2
3 −B2

4 = 0,

B1B3 +B2B4 = 0, (5.1.20)

B1B4 −B2B3 = 0,

so we get (B1, · · · , B4) = (0, · · · , 0) .
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Theorem 5.1.1. Let (M,ϕ) be a λ-quadratic closed G2-structure with torsion form

τ having stabiliser everywhere conjugate to U(2)−. Then

λ ∈
{
−1,−1

8
,
2

5
,
3

4

}
. (5.1.21)

Proof. Substituting equations (5.1.17-5.1.19) in to (5.1.12) and differentiating, we

find that d2ν = 0 implies

(8λ+ 1) (5λ− 2) (4λ− 3) (λ+ 1) f 2 = 0, (5.1.22)

and we have assumed that f does not vanish identically.

Equations (5.1.17-5.1.19) imply

dω1 = 0, (5.1.23)

and so we may introduce a coordinate r, unique up to addition of a constant, with

ω1 = dr. (5.1.24)

Equation (5.1.15) then implies that there exists a constant k with

f =
3λ− 4

28λ (2λ− 1)

1

(r − k)
. (5.1.25)

After altering r by a constant we assume k = 0.

Define 1-forms π1, π2, θ1, ..., θ4 and functions A1, ..., A4, H1, ..., H6 on Q by

πi = r−
34λ2−9λ+6
49λ(2λ−1) νi, i = 1, 2, (5.1.26)

θi = r−
32λ2+57λ−24
98λ(2λ−1) ηi, i = 1, ..., 4, (5.1.27)

Ai = r
32λ2+57λ−24
98λ(2λ−1) Ei, i = 1, ..., 4, (5.1.28)

Hi = r
34λ2−9λ+6
49λ(2λ−1) Fi, i = 1, ..., 6. (5.1.29)

In these new variables the structure equations (5.1.12-5.1.13) become

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.1.30)
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+

(
−A1 −A2 −A3 −A4

A2 −A1 A4 −A3

)
π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3


− 2

(λ+ 1) (8λ+ 1)

49λ (2λ− 1)
r−

5(5λ−2)(4λ−3)
49λ(2λ−1)

(
θ1 ∧ θ4 + θ2 ∧ θ3

θ1 ∧ θ3 − θ2 ∧ θ4

)
,

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 (5.1.31)

+


H2 −H1 H4 −H3

−H1 −H2 −H3 −H4

H4 −H3 −H6 H5

−H3 −H4 H5 H6




π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3



+ 5
(λ+ 1) (5λ− 2)

49λ (2λ− 1)
r−

2(8λ+1)(4λ−3)
49λ(2λ−1)


π1 ∧ θ4 + π2 ∧ θ3

π1 ∧ θ3 − π2 ∧ θ4

−π1 ∧ θ2 − π2 ∧ θ1

−π1 ∧ θ1 + π2 ∧ θ2

 .

When λ ∈
{
−1,−1

8
, 2

5
, 3

4

}
, the function r does not appear in the derivatives of

the πi or θi, and the problem is reduced to understanding the geometry of the 6-

manifold defined by r = 1. Call this 6-manifold N, and let P denote the pullback

of the U(2)−-structure Q to N . The bundle P is a U(2)-subbundle of the principal

coframe bundle of N , and so defines a U(2)-structure on N. The tautological form

on P is (π1, π2, θ1, ..., θ4) , while the forms (ρ1, ξ1, ξ2, ξ3) are the components of the

natural u(2)-valued connection form.

We now study the four cases corresponding to the possible values of λ in turn.

As was the case in Chapter 4, we mainly restrict to the cases where at most one of

the functions A, H are non-zero.
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5.2 The case λ = −1

When λ = −1, equations (5.1.26 - 5.1.29) read

πi = r−
1
3 νi, i = 1, 2, (5.2.1)

θi = r
1
6 ηi, i = 1, ..., 4, (5.2.2)

Ai = r−
1
6Ei, i = 1, ..., 4, (5.2.3)

Hi = r
1
3Fi, i = 1, ..., 6, (5.2.4)

and the structure equations (5.1.30 - 5.1.31) become

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.2.5)

+

(
−A1 −A2 −A3 −A4

A2 −A1 A4 −A3

)
π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3

 ,

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 (5.2.6)

+


H2 −H1 H4 −H3

−H1 −H2 −H3 −H4

H4 −H3 −H6 H5

−H3 −H4 H5 H6




π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3

 .

As a consequence of the work in the previous section, we have the following result.

Theorem 5.2.1. Let (M,ϕ) be a (−1)-quadratic closed G2-structure such that the

torsion form τ has pointwise stabiliser everywhere isomorphic to U(2)−. Then M is

locally equivalent to R+×N, where N is a 6-manifold endowed with a U(2)-structure

P satisfying structure equations (5.2.5 - 5.2.6). The pullback of the G2 3-form ϕ to

to Q is

ϕ =r
2
3dr ∧ π1 ∧ π2 + r−

1
3dr ∧ (θ1 ∧ θ2 + θ3 ∧ θ4) (5.2.7)
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+ π1 ∧ (θ1 ∧ θ3 − θ2 ∧ θ4) + π2 ∧ (−θ1 ∧ θ4 − θ2 ∧ θ3) ,

where r is the coordinate in the R+ direction.

Conversely, let P→ N be a U(2)-structure over a 6-manifold N satisfying struc-

ture equations (5.2.5 - 5.2.6). Let M = R+×N. Then the 3-form ϕ on R+×P defined

by equation (5.2.7) is invariant under the U(2)-action on this space, and descends

to M to give a (−1)-quadratic closed G2-structure such that the torsion form τ has

pointwise stabiliser everywhere isomorphic to U(2)−.

The metric on M is given by

gϕ = dr2 + r
2
3

(
π2

1 + π2
2

)
+ r−

1
3

(
θ2

1 + θ2
2 + θ2

3 + θ2
4

)
, (5.2.8)

and the scalar curvature is

Scal (gϕ) = −1

2
|τ |2 = − 1

3r2
, (5.2.9)

so the curvature of gϕ blows up at r = 0. Thus, these manifolds are never complete.

We now investigate the geometry of N. Since U(2) is a subgroup of SU(3), the

U(2)-structure P on N induces an SU(3)-structure. The differential forms associated

to the SU(3)-structure are

Ω = π1 ∧ π2 + θ1 ∧ θ2 + θ3 ∧ θ4, (5.2.10)

Υ = (π1 + iπ2) ∧ (θ1 + iθ2) ∧ (θ3 + iθ4) , (5.2.11)

and from equations (5.2.5 - 5.2.6) we see

dΩ = 0, dΥ = 0. (5.2.12)

Thus, the SU(3)-structure on N is torsion-free, and we have proven the following

proposition.

Proposition 5.2.2. The 6-manifold N is Calabi-Yau, i.e. the holonomy group of N

is contained in SU(3).
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5.2.1 The case A = H = 0

If the torsion functions A and H vanish identically, we have the following result.

Theorem 5.2.3. Let P → N be a U(2)-structure on a 6-manifold N satisfying

structure equations (5.2.5 - 5.2.6) and the additional condition A = H = 0. Then

N is locally equivalent to the product R2 ×X of Euclidean 2-space with a Ricci-flat

Kähler 4-manifold X.

Conversely, the product Σ × X of a flat 2-manifold Σ with a Ricci-flat Kähler

4-manifold X carries a U(2)-structure satisfying structure equations (5.2.5 - 5.2.6)

and the additional condition A = H = 0.

Proof. If A = H = 0, the structure equations (5.2.5 - 5.2.6) read

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.2.13)

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 . (5.2.14)

The identities d2π = d2θ = 0 imply

dρ1 = 0, (5.2.15)

d

 ξ1

ξ2

ξ3

+ 2

 ξ2 ∧ ξ3

ξ3 ∧ ξ1

ξ1 ∧ ξ2

 = (5.2.16)

 2G1 −2G5 2G4

−2G5 −G1 −G2 −G3

2G4 −G3 −G1 +G2

 θ1 ∧ θ2 − θ3 ∧ θ4

θ1 ∧ θ3 + θ2 ∧ θ4

θ1 ∧ θ4 − θ2 ∧ θ3

 ,

where G = (G1, ..., G5) is a function on P taking values in R5.

From equations (5.2.13 - 5.2.13) we see that dπ does not contain any θ terms,

and dθ does not contain any π terms. It follows that the metric

gN = π2
1 + π2

2 + θ2
1 + θ2

2 + θ2
3 + θ2

4 (5.2.17)
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is locally a product gN = gΣ + gX , where

gΣ = π2
1 + π2

2, (5.2.18)

gX = θ2
1 + θ2

2 + θ2
3 + θ2

4. (5.2.19)

Equations (5.2.15 - 5.2.16) show that gΣ is flat and gX is Ricci-flat Kähler. This

proves the first part of the theorem.

The second part of the theorem follows by reversing the above steps.

This result is not at all surprising, since the condition A = H = 0 is equivalent

to the U(2)-structure P being torsion-free, which implies the metric gN must have

holonomy contained in U(2). Thus, the only possibilities for the holonomy are the

trivial group or SU(2).

5.2.2 Type A

Let P→ N be a U(2)-structure satisfying equations (5.2.5 - 5.2.6) and the additional

condition H = 0. We assume that A does not vanish identically, as this case was

considered in Section 5.2.1.

In this case the structure equations (5.1.30 - 5.1.31) become

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.2.20)

+

(
−A1 −A2 −A3 −A4

A2 −A1 A4 −A3

)
π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3

 ,

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 . (5.2.21)

The identities d2π = d2θ = 0 imply

dρ1 =
(
A2

1 +A2
2

)
θ1 ∧ θ2 +

(
A2

3 +A2
4

)
θ3 ∧ θ4 (5.2.22)
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+ (−A1A4 +A2A3) (θ1 ∧ θ3 + θ2 ∧ θ4)

+ (A1A3 +A2A4) (θ1 ∧ θ4 − θ2 ∧ θ3)

d

 ξ1

ξ2

ξ3

+ 2

 ξ2 ∧ ξ3

ξ3 ∧ ξ1

ξ1 ∧ ξ2

 = (5.2.23)

 2G1 −2G5 2G4

−2G5 −G1 −G2 −G3

2G4 −G3 −G1 +G2

 θ1 ∧ θ2 − θ3 ∧ θ4

θ1 ∧ θ3 + θ2 ∧ θ4

θ1 ∧ θ4 − θ2 ∧ θ3



+
1

6

(
A2

1 +A2
2 +A2

3 +A2
4

) θ1 ∧ θ2 − θ3 ∧ θ4

θ1 ∧ θ3 + θ2 ∧ θ4

θ1 ∧ θ4 − θ2 ∧ θ3



+

 1
2

(
A2

1 +A2
2 −A2

3 −A2
4

)
−A1A4 +A2A3

A1A3 +A2A4

 (θ1 ∧ θ2 + θ3 ∧ θ4) ,

where G = (G1, ..., G5) is a function on P taking values in R5. Differentiating again,

the identities d2ρ = d2ξ = 0 imply

d


A1

A2

A3

A4

 =


K2 −K1 K4 −K3

−K1 −K2 −K3 −K4

K4 −K3 −K6 K5

−K3 −K4 K5 K6




θ1

θ2

θ3

θ4

 (5.2.24)

−


0 ξ1 + 5ρ1 ξ2 ξ3

−ξ1 − 5ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + 5ρ1

−ξ3 −ξ2 ξ1 − 5ρ1 0




A1

A2

A3

A4

 ,

d


G1

G2

G3

G4

G5

 =


2Q5 2Q6 2Q7 2Q8

−Q1 −Q9 −Q2 +Q10 −Q3 −Q11 −Q4 +Q12

Q2 +Q10 −Q1 +Q9 Q4 +Q12 −Q3 +Q11

Q3 +Q7 Q4 +Q8 −Q5 −Q9 −Q6 +Q10

−Q4 +Q8 Q3 −Q7 Q6 +Q10 −Q5 +Q9




θ1

θ2

θ3

θ4



+
1

30


4C3 4C4 4C5 4C6

−4C7 −4C8 −4C1 −4C2

−4C8 4C7 4C2 −4C1

−C1 − 3C5 −C2 − 3C6 3C3 + C7 3C4 + C8

C2 − 3C6 −C1 + 3C5 −3C4 + C8 3C3 − C7




θ1

θ2

θ3

θ4

 (5.2.25)
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−


0 0 0 4κ2 4κ3

0 0 −4κ1 −4κ2 4κ3

0 4κ1 0 −4κ3 −4κ2

−3κ2 κ2 κ3 0 −2κ1

−3κ3 −κ3 κ2 2κ1 0




G1

G2

G3

G4

G5

 , (5.2.26)

where K = (K1, ..., K6) and Q = (Q1, ..., Q12) are functions on P taking values in

R6 and R12 respectively, and

C1

C2

C3

C4

C5

C6

C7

C8


=



0 0 −3K2 3K1

0 0 3K1 3K2

K2 −K1 −2K4 2K3

−K1 −K2 2K3 2K4

−2K4 2K3 −K6 K5

2K3 2K4 K5 K6

3K6 −3K5 0 0
−3K5 −3K6 0 0




A1

A2

A3

A4

 . (5.2.27)

At this point we can give an existence and generality result for structures of this

type.

Theorem 5.2.4. U(2)-structures on 6-manifolds satisfying structure equations of

the form (5.2.20 - 5.2.21) exist locally and depend on 2 functions of 3 variables.

Proof. This is an application of Theorem 3 of [Bry14]. The ‘primary invariants’ are

the components of A and G, while the ‘free derivatives’ are the components of K and

Q. The equations d2A = d2G = 0 can be solved, and the tableau of free derivatives

is involutive with s1 = 9, s2 = 7, s3 = 2 and sk = 0 for k > 3.

Equation (5.2.21) shows that there is a Riemannian submersion N → X, where

X is the leaf space of the distribution defined by θ = 0. The metric gX on X is given

by

gX = θ2
1 + θ2

2 + θ2
3 + θ2

4, (5.2.28)

and is Kähler, with Kähler form ΩX = θ1 ∧ θ2 + θ3 ∧ θ4. Let R → M be the U(2)-

subbundle of the orthonormal coframe bundle of X corresponding to the Kähler
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structure. The tautological form on R is (θ1, ..., θ4) , while the forms (ρ1, ξ1, ξ2, ξ3)

are the components of the natural u(2)-valued connection form, which is also the

Levi-Civita form for gX . Equation (5.2.24) shows that A is well-defined on R, and

equation (5.2.22) implies that the Ricci curvature of gX is given by

Ric (gX) =


A1

2 +A2
2 0 A1A3 +A2A4 A1A4 −A2A3

0 A1
2 +A2

2 −A1A4 +A2A3 A1A3 +A2A4

A1A3 +A2A4 −A1A4 +A2A3 A3
2 +A4

2 0
A1A4 −A2A3 A1A3 +A2A4 0 A3

2 +A4
2

 .

(5.2.29)

Introduce complex 1-forms and functions

χ1 = θ1 + iθ2, χ2 = θ3 + iθ4, (5.2.30)

κ11̄ = −iξ1 κ12̄ = ξ2 − iξ3, κ21̄ = −ξ2 − iξ3, (5.2.31)

z1 = A2 + iA1, z2 = A4 + iA3, (5.2.32)

w1,1 = −K1 − iK2, w12 = −K3 − iK4, w22 = K5 − iK6. (5.2.33)

Equations (5.2.21) and (5.2.24) now read

d

(
χ1

χ2

)
= −

(
κ11̄ − iρ1 κ12̄

κ21̄ −κ11̄ − iρ1

)
∧
(
χ1

χ2

)
, (5.2.34)

d

(
z1

z2

)
=

(
w11 w12

w12 w22

)(
χ1

χ2

)
(5.2.35)

−
(
κ11̄ − 5iρ1 κ12̄

κ21̄ −κ11̄ − 5iρ1

)
∧
(
z1

z2

)
,

and we see that the function z = (z1, z2) on R represents an anti-holomorphic section

of T 1,0
C X⊗K⊗2

X , where KX denotes the canonical bundle of X. Equation (5.2.22) now

reads

dρ1 =
i

2
(z1χ1 + z2χ2) ∧ (z1χ1 + z2χ2) , (5.2.36)

and the Ricci tensor of X is equal to z ⊗ z.
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Define a 1-form ς on R by

ς = (z1χ1 + z2χ2) . (5.2.37)

We find

dς = −4iρ1 ∧ ς (5.2.38)

dρ1 =
i

2
ς ∧ ς. (5.2.39)

Thus, the distribution on X defined by the vanishing of ς is integrable, and the

metric defined by ς ◦ ς on the leaf space has constant curvature −4.

Working on P, define a complex valued 1-form by

$ = π1 + iπ2. (5.2.40)

Then

d

(
$
i$

)
= −µ ∧

(
$
i$

)
, (5.2.41)

where µ is the u(1, 1)-valued 1-form

µ =

(
2iρ1 ς
ς −2iρ1

)
. (5.2.42)

Now, µ satisfies the Maurer-Cartan equation dµ+ µ ∧ µ. If we let ψ : R→ SU(1, 1)

be a locally defined map integrating µ, i.e. satisfying ψ−1dψ, we have that

d

(
ψ

(
$
i$

))
=

(
0
0

)
. (5.2.43)

Thus, knowledge of R is enough to recover the full U(2)-structure P.

Theorem 5.2.5. Let X be a Kähler 4-manifold such that the Ricci tensor of X

is equal to z ⊗ z, where z is an anti-holomorphic section of T 1,0
C X ⊗ K⊗2

X . Then

there is a R2-bundle over X carrying a U(2)-structure satisfying structure equations

of the form (5.2.20 - 5.2.20). Every U(2)-structure satisfying structure equations

of the form (5.2.20 - 5.2.20) is locally equivalent to an example arising from this

construction.
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Proof. The proof of this theorem is immediate from the steps above. The R2-bundle

over X is simply the bundle associated to the flat U(1, 1)-connection µ.

Remark 5.2.6. Theorem 5.2.4 shows that Kähler 4-manifolds satisfying the hypothesis

of Theorem 5.2.5 exist locally. It would be interesting to determine the existence of

complete or compact examples, especially in light of proposition 5.2.2, which says

the resulting 6-manifold is Calabi-Yau.

5.2.3 Type H

Let P→ N be a U(2)-structure satisfying equations (5.2.5 - 5.2.6) and the additional

condition A = 0. We assume that H does not vanish identically, as this case was

considered in Section 5.2.1.

In this case the structure equations (5.1.30 - 5.1.31) become

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.2.44)

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 (5.2.45)

+


H2 −H1 H4 −H3

−H1 −H2 −H3 −H4

H4 −H3 −H6 H5

−H3 −H4 H5 H6




π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3

 .

Define 1-forms γ1, ..., γ6 on P by

γ1

γ2

γ3

γ4

γ5

γ6

 =



−H1 H2

−H2 −H1

−H3 H4

−H4 −H3

−H5 H6

−H6 −H5


(
π1

π2

)
. (5.2.46)
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We may rewrite equation (5.2.45) as

d


θ1

θ2

θ3

θ4

 = −


γ2 ξ1 + ρ1 − γ1 ξ2 + γ4 ξ3 − γ3

−ξ1 − ρ1 − γ1 −γ2 −ξ3 − γ3 ξ2 − γ4

−ξ2 + γ4 ξ3 − γ3 −γ6 −ξ1 + ρ1 + γ5

−ξ3 − γ3 −ξ2 − γ4 ξ1 − ρ1 + γ5 γ6

 (5.2.47)

∧


θ1

θ2

θ3

θ4

 .

As a consequence of the equations d2π = d2θ = d2ξ = 0, we find that the sp2R-valued

1-form

µ =


γ2 ξ1 + ρ1 − γ1 ξ2 + γ4 ξ3 − γ3

−ξ1 − ρ1 − γ1 −γ2 −ξ3 − γ3 ξ2 − γ4

−ξ2 + γ4 ξ3 − γ3 −γ6 −ξ1 + ρ1 + γ5

−ξ3 − γ3 −ξ2 − γ4 ξ1 − ρ1 + γ5 γ6

 (5.2.48)

satisfies the Maurer-Cartan equation dµ = −µ ∧ µ. Thus, by the Maurer-Cartan

lemma, there is a locally defined map ψ : P→ Sp(2,R) satisfying µ = ψ−1dψ. from

the form of the structure equations, ψ induces a map ψ : Σ→ Sp(2,R)/U(2), where

Σ is the leaf space of the distribution π = 0 on N.

Proposition 5.2.7. The map ψ : Σ→ Sp(2,R)/U(2) is a holomorphic curve, where

Sp(2,R)/U(2) is endowed with its Sp(2,R)-invariant Kähler structure.

Proof. Write the left-invariant Maurer-Cartan form of Sp(2,R) as in (5.2.48). It will

be helpful to switch to complex notation. Define complex 1-forms by

χ1 = θ1 + iθ2, χ2 = θ3 + iθ4, (5.2.49)

κ11̄ = −iξ1 κ12̄ = ξ2 − iξ3, κ21̄ = −ξ2 − iξ3, (5.2.50)

σ11 = γ2 − iγ1, σ12 = γ4 − iγ3, σ22 = −γ6 + iγ5. (5.2.51)

One can check that the metric σij◦σij and 2-form i
2
σij∧σij descend to Sp(2,R)/U(2),

where the U(2) subgroup is generated by the action of the vector fields dual to ρ1, κij̄.
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This defines the Kähler structure on Sp(2,R)/U(2). Equation (5.2.46) then implies

that ψ : Σ→ Sp(2,R)/U(2) is a holomorphic curve.

In light of the above result, it is natural to try to take a holomorphic curve in

Sp(2,R)/U(2) and construct a U(2)-structure satisfying equations (5.2.44-5.2.45) on

the associated R4 bundle over the curve.

Let Σ→ Sp(2,R)/U(2) be a holomorphic curve. We use the notation of Propo-

sition 5.2.7 for the left-invariant 1-form on Sp(2,R). By definition, Σ is an inte-

gral manifold of the exterior differential system I = 〈σ11 ∧ σ12, σ12 ∧ σ22, σ11 ∧ σ22〉

on Sp(2,R)/U(2). Let F(Σ) denote the pullback of the U(2)-bundle Sp(2,R) →

Sp(2,R)/U(2) to Σ. On F(Σ), we want to find a (1, 0)-form $ satisfying

d$ = −2iρ1 ∧$. (5.2.52)

Let z be a holomorphic coordinate on Σ, then $ is of the form eFdz for some function

F. Integrating the equation

∂F

∂z
dz − ∂F

∂z
dz = −2iρ1, (5.2.53)

we find that $ satisfies equation (5.2.52) as required. Then, on F(Σ) we have

σ11 = Z11$, σ12 = Z12$, σ22 = Z22$, (5.2.54)

for some functions Zij on F(Σ). Then, the real and imaginary parts of $ and Zij

may be identified with π1, π2 and H1, ..., H6, and we obtain a U(2)-structure on the

associated R4-bundle satisfying structure equations (5.2.44-5.2.45).

5.3 The case λ = −1
8

When λ = −1
8
, equations (5.1.26 - 5.1.29) read

πi = r−1νi, i = 1, 2, (5.3.1)

θi = r2ηi, i = 1, ..., 4, (5.3.2)
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Ai = r−2Ei, i = 1, ..., 4, (5.3.3)

Hi = rFi, i = 1, ..., 6, (5.3.4)

and the structure equations (5.1.30 - 5.1.31) become

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.3.5)

+

(
−A1 −A2 −A3 −A4

A2 −A1 A4 −A3

)
π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3

 ,

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 (5.3.6)

+


H2 −H1 H4 −H3

−H1 −H2 −H3 −H4

H4 −H3 −H6 H5

−H3 −H4 H5 H6




π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3



− 3

2


π1 ∧ θ4 + π2 ∧ θ3

π1 ∧ θ3 − π2 ∧ θ4

−π1 ∧ θ2 − π2 ∧ θ1

−π1 ∧ θ1 + π2 ∧ θ2

 .

As a consequence of the work in the Section 5.1, we have the following result.

Theorem 5.3.1. Let (M,ϕ) be a (−1
8
)-quadratic closed G2-structure such that the

torsion form τ has pointwise stabiliser everywhere isomorphic to U(2)−. Then M is

locally equivalent to R+×N, where N is a 6-manifold endowed with a U(2)-structure

P satisfying structure equations (5.3.5 - 5.3.6). The pullback of the G2 3-form ϕ to

to Q is

ϕ =r2dr ∧ π1 ∧ π2 + r−4dr ∧ (θ1 ∧ θ2 + θ3 ∧ θ4) (5.3.7)

+ r−3 (π1 ∧ (θ1 ∧ θ3 − θ2 ∧ θ4) + π2 ∧ (−θ1 ∧ θ4 − θ2 ∧ θ3)) ,
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where r is the coordinate in the R+ direction.

Conversely, let P→ N be a U(2)-structure over a 6-manifold N satisfying struc-

ture equations (5.3.5 - 5.3.6). Let M = R+×N. Then the 3-form ϕ on R+×P defined

by equation (5.3.7) is invariant under the U(2)-action on this space, and descends

to M to give a (−1
8
)-quadratic closed G2-structure such that the torsion form τ has

pointwise stabiliser everywhere isomorphic to U(2)−.

The metric on M is given by

gϕ = dr2 + r2
(
π2

1 + π2
2

)
+ r−4

(
θ2

1 + θ2
2 + θ2

3 + θ2
4

)
, (5.3.8)

and the scalar curvature is

Scal (gϕ) = −1

2
|τ |2 = −48

r2
, (5.3.9)

so the curvature of gϕ blows up at r = 0. Thus, these manifolds are never complete.

Since U(2) is a subgroup of SU(3), the U(2)-structure P on N induces an SU(3)-

structure on N . The differential forms associated to the SU(3)-structure are

Ω = π1 ∧ π2 + θ1 ∧ θ2 + θ3 ∧ θ4, (5.3.10)

Υ = (π1 + iπ2) ∧ (θ1 + iθ2) ∧ (θ3 + iθ4) , (5.3.11)

and from equations (5.2.5 - 5.2.6) we see

dΩ = −3ReΥ, dΥ = 6iπ1 ∧ π2 ∧ Ω, (5.3.12)

so this SU(3)-structure is never torsion-free.

5.3.1 The case A = H = 0

If the torsion functions A and H vanish identically, we have the following result.

Theorem 5.3.2. Let P → N be a U(2)-structure on a 6-manifold N satisfying

structure equations (5.3.5 - 5.3.6) and the additional condition A = H = 0. Then N
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is locally equivalent to the twistor space TX of a self-dual Ricci-flat 4-manifold X

endowed with a particular U(2)-structure.

Conversely, the twistor space TX of a self-dual Ricci-flat 4-manifold X carries a

U(2)-structure satisfying structure equations (5.3.5 - 5.3.6) and the additional con-

dition A = H = 0.

Proof. If A = H = 0, the structure equations (5.3.5 - 5.3.6) can be written

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.3.13)

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 +

3
2π2 ξ3 +

3
2π1

−ξ1 − ρ1 0 −ξ3 +
3
2π1 ξ2 − 3

2π1

−ξ2 − 3
2π2 ξ3 − 3

2π1 0 −ξ1 + ρ1

−ξ3 − 3
2π1 −ξ2 +

3
2π2 ξ1 − ρ1 0



∧


θ1

θ2

θ3

θ4

 . (5.3.14)

We see that there is a Riemannian submersion N → X, where X is the leaf space

of the distribution θ = 0. The metric gX on X is given by

gX = θ2
1 + θ2

2 + θ2
3 + θ2

4, (5.3.15)

and from equation (5.3.14) the Levi-Civita form of gX is given by the forms ξ1, ξ2, ξ3,

π1, π2, ρ1. Equation (5.3.13) implies that gX is self-dual and Ricci-flat. From the

appearance of π1, π2, ρ1 in the Levi-Civita connection of X, we see that N can be

regarded as the total space of the unit sphere bundle of Λ2
+ (X) . The metric on the

fibres π2
1 + π2

2 has constant curvature equal to 9.

The converse follows by reversing the above steps.

5.3.2 Type A

There are no U(2)-structures satisfying equations (5.3.5 - 5.3.6) and the additional

conditions H = 0, A 6= 0.
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Theorem 5.3.3. Let P→ N be a U(2)-structure satisfying equations (5.3.5 - 5.3.6).

If H = 0 then A = 0

Proof. If H = 0, then a straightforward calculation yields that the equations d2π =

d2θ = 0 imply A = 0.

5.3.3 Type H

Let P→ N be a U(2)-structure satisfying equations (5.3.5 - 5.3.6) and the additional

condition A = 0. We assume that H does not vanish identically, as this case was

considered in Section 5.3.1.

In this case the structure equations (5.1.30 - 5.1.31) become

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.3.16)

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 (5.3.17)

+


H2 −H1 H4 −H3

−H1 −H2 −H3 −H4

H4 −H3 −H6 H5

−H3 −H4 H5 H6




π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3



− 3

2


π1 ∧ θ4 + π2 ∧ θ3

π1 ∧ θ3 − π2 ∧ θ4

−π1 ∧ θ2 − π2 ∧ θ1

−π1 ∧ θ1 + π2 ∧ θ2

 .

Define 1-forms γ1, ..., γ6 on P by

γ1

γ2

γ3

γ4

γ5

γ6

 =



−H1 H2

−H2 −H1

−H3 H4

−H4 −H3

−H5 H6

−H6 −H5


(
π1

π2

)
. (5.3.18)
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We may rewrite equation (5.2.45) as

d


θ1

θ2

θ3

θ4

 = −


γ2 ξ1 + ρ1 − γ1 ξ2 + γ4 +

3
2π2 ξ3 − γ3 +

3
2π1

−ξ1 − ρ1 − γ1 −γ2 −ξ3 − γ3 +
3
2π1 ξ2 − γ4 − 3

2π2

−ξ2 + γ4 − 3
2π2 ξ3 − γ3 − 3

2π1 −γ6 −ξ1 + ρ1 + γ5

−ξ3 − γ3 − 3
2π1 −ξ2 − γ4 +

3
2π2 ξ1 − ρ1 + γ5 γ6



∧


θ1

θ2

θ3

θ4

 . (5.3.19)

As a consequence of the equations d2π = d2θ = d2ξ = 0, and the assumption that

H is non-vanishing, we find that the sl4R-valued 1-form

µ =


γ2 ξ1 + ρ1 − γ1 ξ2 + γ4 +

3
2π2 ξ3 − γ3 +

3
2π1

−ξ1 − ρ1 − γ1 −γ2 −ξ3 − γ3 +
3
2π1 ξ2 − γ4 − 3

2π2

−ξ2 + γ4 − 3
2π2 ξ3 − γ3 − 3

2π1 −γ6 −ξ1 + ρ1 + γ5

−ξ3 − γ3 − 3
2π1 −ξ2 − γ4 +

3
2π2 ξ1 − ρ1 + γ5 γ6

 (5.3.20)

satisfies the Maurer-Cartan equation dµ = −µ∧µ. Let Σ be a leaf of the distribution

θ = 0. Let U be a simply-connected open set in Σ and denote by P(U) the pullback

of the bundle P to U. By the Maurer-Cartan Lemma there exists a map h : P(U)→

SL4R satisfying µ = h−1dh, and it is unique up to left-multiplication. In order

to better understand the map h, we use the exceptional isomorphism ψ : sl4R →

so(3, 3). As in Section 4.3.1, we use the split quadratic form −e2
1 +e2

2 +e2
3 +e2

4−e2
5−e2

6

to define so(3, 3). With this choice, we have

ψ (µ) =



0 0 0 0 −3π1 −3π2

0 0 −2ξ3 2ξ2 2γ3 −2γ4

0 2ξ3 0 −2ξ1 −γ2 + γ6 −γ1 + γ5

0 −2ξ2 2ξ1 0 −γ1 − γ5 γ2 + γ6

3π1 2γ3 −γ2 + γ6 −γ1 − γ5 0 −2ρ1

3π2 −2γ4 −γ1 + γ5 γ2 + γ6 2ρ1 0

 . (5.3.21)

From equation (5.3.21), we see that P(U) is identified with the adapted coframe

bundle of a time-like immersion of U into the pseudo-Riemannian symmetric space

SO(3, 3)/SO(3, 2). The second fundamental form is given by H, and we find that the

mean curvature vector vanishes, so that the immersion is maximal. This construction

can be reversed.
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Theorem 5.3.4. Each U(2)+-structure satisfying structure equations (5.3.16-5.3.17)

gives rise to a maximal time-like surface in SO(3, 3)/SO(3, 2) in the manner de-

scribed above.

Conversely, given a maximal time-like surface in SO(3, 3)/SO(3/2) one may

construct a 6-manifold N carrying a U(2)+-structure satisfying structure equations

(5.3.16-5.3.17) on a R4-bundle over the surface.

Proof. The proof of this theorem is very similar in form to the proof of theorem 4.3.2,

so we omit the details.

5.3.4 Related G2-structures

Let P→ N be a U(2)-structure satisfying equations (5.3.5 - 5.3.6). If g(r) and h(r)

are non-zero functions, then we may define a G2-structure ϕ on the product R×N

by

ϕ =dr ∧
(
g(r)2π1 ∧ π2 + h(r)2 (θ1 ∧ θ2 + θ3 ∧ θ4)

)
(5.3.22)

+ g(r)h(r)2 (π1 ∧ (θ1 ∧ θ3 − θ2 ∧ θ4) + π2 ∧ (−θ1 ∧ θ4 − θ2 ∧ θ3)) .

Special choices of g and h yield G2-structures with special properties.

Example 5.3.5. The choice g(r) = −3, h(r) = e
r
2 defines a Laplace soliton (see

equation (2.2.20)) on R×N. This soliton has c = 0 and X = ∂
∂r
. The induced metric

is complete.

Example 5.3.6. The choice g(r) = −3r, h(r) = h0 for any non-zero constant h0

defines a torsion-free G2-structure on R+ ×N, though the induced metric is incom-

plete.

5.4 The case λ = 2
5

When λ = 2
5
, equations (5.1.26 - 5.1.29) read

πi = r2νi, i = 1, 2, (5.4.1)
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θi = r
1
2ηi, i = 1, ..., 4, (5.4.2)

Ai = r−
1
2Ei, i = 1, ..., 4, (5.4.3)

Hi = r−2Fi, i = 1, ..., 6, (5.4.4)

and the structure equations (5.1.30 - 5.1.31) become

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.4.5)

+

(
−A1 −A2 −A3 −A4

A2 −A1 A4 −A3

)
π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3


+ 3

(
θ1 ∧ θ4 + θ2 ∧ θ3

θ1 ∧ θ3 − θ2 ∧ θ4

)
,

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 (5.4.6)

+


H2 −H1 H4 −H3

−H1 −H2 −H3 −H4

H4 −H3 −H6 H5

−H3 −H4 H5 H6




π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3

 .

As a consequence of the work in the Section 5.1, we have the following result.

Theorem 5.4.1. Let (M,ϕ) be a 2
5
-quadratic closed G2-structure such that the tor-

sion form τ has pointwise stabiliser everywhere isomorphic to U(2)−. Then M is

locally equivalent to R+×N, where N is a 6-manifold endowed with a U(2)-structure

P satisfying structure equations (5.3.5 - 5.3.6). The pullback of the G2 3-form ϕ to

to Q is

ϕ =r−4dr ∧ π1 ∧ π2 + r−1dr ∧ (θ1 ∧ θ2 + θ3 ∧ θ4) (5.4.7)

+ r−3 (π1 ∧ (θ1 ∧ θ3 − θ2 ∧ θ4) + π2 ∧ (−θ1 ∧ θ4 − θ2 ∧ θ3)) ,
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where r is the coordinate in the R+ direction.

Conversely, let P→ N be a U(2)-structure over a 6-manifold N satisfying struc-

ture equations (5.4.5 - 5.4.6). Let M = R+ × N. Then the 3-form ϕ on R+ × P

defined by equation (5.4.7) is invariant under the U(2)-action on this space, and de-

scends to M to give a 2
5
-quadratic closed G2-structure such that the torsion form τ

has pointwise stabiliser everywhere isomorphic to U(2)−.

The metric on M is given by

gϕ = dr2 + r−4
(
π2

1 + π2
2

)
+ r−1

(
θ2

1 + θ2
2 + θ2

3 + θ2
4

)
, (5.4.8)

and the scalar curvature is

Scal (gϕ) = −1

2
|τ |2 = −75

r2
, (5.4.9)

so the curvature of gϕ blows up at r = 0. Thus, these manifolds are never complete.

Since U(2) is a subgroup of SU(3), the U(2)-structure P on N induces an SU(3)-

structure on N . The differential forms associated to the SU(3)-structure are

Ω = π1 ∧ π2 + θ1 ∧ θ2 + θ3 ∧ θ4, (5.4.10)

Υ = (π1 + iπ2) ∧ (θ1 + iθ2) ∧ (θ3 + iθ4) , (5.4.11)

and from equations (5.2.5 - 5.2.6) we see

dΩ = −3ReΥ, dΥ = 12iθ1 ∧ θ2 ∧ θ3 ∧ θ4, (5.4.12)

so this SU(3)-structure is never torsion-free.

5.4.1 The case A = H = 0

If the torsion functions A and H vanish identically, we have the following result.

Theorem 5.4.2. Let P → N be a U(2)-structure on a 6-manifold N satisfying

structure equations (5.4.5 - 5.4.6) and the additional condition A = H = 0. Then

N is locally equivalent to the total space of the bundle LJ ⊕LK over a hyper-Kähler
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4-manifold X, where LJ and LK denote the circle bundles with curvature 3ΩJ and

3ΩK respectively.

Conversely, the total space of the bundle LJ⊕LK over a hyper-Kähler 4-manifold

X carries a U(2)-structure satisfying structure equations (5.4.5 - 5.4.6) and the ad-

ditional condition A = H = 0.

Proof. If A = H = 0, the structure equations (5.4.5 - 5.4.6) read

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
+ 3

(
θ1 ∧ θ4 + θ2 ∧ θ3

θ1 ∧ θ3 − θ2 ∧ θ4

)
, (5.4.13)

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 . (5.4.14)

The identities d2π = d2θ = 0 imply

dρ1 = 0, (5.4.15)

d

 ξ1

ξ2

ξ3

+ 2

 ξ2 ∧ ξ3

ξ3 ∧ ξ1

ξ1 ∧ ξ2

 = (5.4.16)

 2G1 −2G5 2G4

−2G5 −G1 −G2 −G3

2G4 −G3 −G1 +G2

 θ1 ∧ θ2 − θ3 ∧ θ4

θ1 ∧ θ3 + θ2 ∧ θ4

θ1 ∧ θ4 − θ2 ∧ θ3

 ,

where G = (G1, ..., G5) is a function on P taking values in R5. Since dρ1 = 0, there

exists a local variable p such that

ρ1 = dp. (5.4.17)

By multiplying π and θ by appropriate powers of eip we can remove the ρ1 terms

from equations (5.4.13) and (5.4.14). This amounts to reducing to a SU(2)-structure

Q′ ⊂ Q. The structure equations on Q′ are simply those on Q with ρ1 = 0.

From (5.4.14) we see that there is a Riemannian submersion N → X, where X

is the leaf space of the distribution θ = 0. The metric gX on X is given by

gX = θ2
1 + θ2

2 + θ2
3 + θ2

4, (5.4.18)
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and is hyper-Kähler, with Kähler forms

ΩI = θ1 ∧ θ2 + θ3 ∧ θ4,

ΩJ = θ1 ∧ θ3 − θ2 ∧ θ4, (5.4.19)

ΩK = θ1 ∧ θ4 + θ2 ∧ θ3.

The manifold N is realised as the total space of LJ ⊕ LK , the forms π1 and π2 are

connection forms on LK and LJ respectively.

The converse follows by reversing the above steps.

5.4.2 Type A

Let P→ N be a U(2)-structure satisfying equations (5.4.5 - 5.4.6) and the additional

condition H = 0. We assume that A does not vanish identically, as this case was

considered in Section 5.4.1. In this case the equations for dθ, dρ1, dξ, dA, dG are

identical to the structure equations (5.2.21 - 5.2.25) appearing in λ = −1, H = 0

case considered in Section 5.4.2. The only difference is in the equation for dπ,

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.4.20)

+

(
−A1 −A2 −A3 −A4

A2 −A1 A4 −A3

)
π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3


+ 3

(
θ1 ∧ θ4 + θ2 ∧ θ3

θ1 ∧ θ3 − θ2 ∧ θ4

)
.

Due to the identical nature of the structure equations, the calculations of Section

5.2.2 up to and including equation (5.2.39) apply in this situation. Thus, we get the

following result on local existence and generality.

Theorem 5.4.3. U(2)-structures on 6-manifolds satisfying structure equations of

the form (5.4.5 - 5.4.6) and the additional condition H = 0 exist locally and depend

on 2 functions of 3 variables.
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Now, using the notation of Section 5.2.2, we have

d

(
$
i$

)
= −µ ∧

(
$
i$

)
+ 3

(
iχ1 ∧ χ2

χ1 ∧ χ2

)
(5.4.21)

where µ is the u(1, 1)-valued 1-form

µ =

(
2iρ1 ς
ς −2iρ1

)
. (5.4.22)

Now, µ satisfies the Maurer-Cartan equation dµ+ µ ∧ µ. If we let ψ : R→ SU(1, 1)

be a locally defined map integrating µ, i.e. satisfying ψ−1dψ, we have that

d

(
ψ

(
$
i$

))
= 3

(
iχ1 ∧ χ2

χ1 ∧ χ2

)
. (5.4.23)

5.4.3 Type H

There are no U(2)-structures satisfying equations (5.4.5 - 5.4.6) and the additional

conditions A = 0, H 6= 0.

Theorem 5.4.4. Let P→ N be a U(2)-structure satisfying equations (5.4.5 - 5.4.6).

If A = 0 then H = 0

Proof. If A = 0, then a straightforward calculation yields that the equations d2π =

d2θ = 0 imply H = 0.

5.4.4 Related G2-structures

Let P→ N be a U(2)-structure satisfying equations (5.4.5 - 5.4.6). If g(r) and h(r)

are non-zero functions, then we may define a G2-structure ϕ on the product R×N

by

ϕ =dr ∧
(
g(r)2π1 ∧ π2 + h(r)2 (θ1 ∧ θ2 + θ3 ∧ θ4)

)
(5.4.24)

+ g(r)h(r)2 (π1 ∧ (θ1 ∧ θ3 − θ2 ∧ θ4) + π2 ∧ (−θ1 ∧ θ4 − θ2 ∧ θ3)) .

Special choices of g and h yield G2-structures with special properties.
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Example 5.4.5. Let k be a nonzero constant, and let x(r) solve the differential

equation

dx

dr
=

k

3x2 (x+ 1)2 . (5.4.25)

Then the choice g(r) = x(r) and h(r) = k√
x(r)(x(r)+1)

defines a Laplace soliton (see

equation (2.2.20)) on (−1, 0)×N. This soliton has c = 0 and X = 6
k
x(r) (x(r) + 1) .

The induced metric is complete.

Example 5.4.6. The choice g(r) = 3k2r, h(r) = 1
3kr
, for non-zero constant k, defines

a torsion-free G2-structure on R+ ×N, though the induced metric is incomplete.

5.5 The case λ = 3
4

When λ = 3
4
, equations (5.1.26 - 5.1.29) read

πi = r−1νi, i = 1, 2, (5.5.1)

θi = r−1ηi, i = 1, ..., 4, (5.5.2)

Ai = rEi, i = 1, ..., 4, (5.5.3)

Hi = rFi, i = 1, ..., 6, (5.5.4)

and the structure equations (5.1.30 - 5.1.31) become

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.5.5)

+

(
−A1 −A2 −A3 −A4

A2 −A1 A4 −A3

)
π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3


− 4

3

(
θ1 ∧ θ4 + θ2 ∧ θ3

θ1 ∧ θ3 − θ2 ∧ θ4

)
,

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 ξ3

−ξ1 − ρ1 0 −ξ3 ξ2

−ξ2 ξ3 0 −ξ1 + ρ1

−ξ3 −ξ2 ξ1 − ρ1 0

 ∧


θ1

θ2

θ3

θ4

 (5.5.6)
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+


H2 −H1 H4 −H3

−H1 −H2 −H3 −H4

H4 −H3 −H6 H5

−H3 −H4 H5 H6




π1 ∧ θ1 + π2 ∧ θ2

π1 ∧ θ2 − π2 ∧ θ1

π1 ∧ θ3 + π2 ∧ θ4

π1 ∧ θ4 − π2 ∧ θ3



+
5

6


π1 ∧ θ4 + π2 ∧ θ3

π1 ∧ θ3 − π2 ∧ θ4

−π1 ∧ θ2 − π2 ∧ θ1

−π1 ∧ θ1 + π2 ∧ θ2

 .

As a consequence of the work in the Section 5.1, we have the following result.

Theorem 5.5.1. Let (M,ϕ) be a 3
4
-quadratic closed G2-structure such that the tor-

sion form τ has pointwise stabiliser everywhere isomorphic to U(2)−. Then M is

locally equivalent to R+×N, where N is a 6-manifold endowed with a U(2)-structure

P satisfying structure equations (5.5.5 - 5.5.6). The pullback of the G2 3-form ϕ to

to Q is

ϕ =r2dr ∧ π1 ∧ π2 + r2dr ∧ (θ1 ∧ θ2 + θ3 ∧ θ4) (5.5.7)

+ r3 (π1 ∧ (θ1 ∧ θ3 − θ2 ∧ θ4) + π2 ∧ (−θ1 ∧ θ4 − θ2 ∧ θ3)) ,

where r is the coordinate in the R+ direction.

Conversely, let P→ N be a U(2)-structure over a 6-manifold N satisfying struc-

ture equations (5.5.5 - 5.5.6). Let M = R+ × N. Then the 3-form ϕ on R+ × P

defined by equation (5.5.7) is invariant under the U(2)-action on this space and de-

scends to M to give a 2
5
-quadratic closed G2-structure such that the torsion form τ

has pointwise stabiliser everywhere isomorphic to U(2)−.

The metric on M is given by

gϕ = dr2 + r2
(
π2

1 + π2
2 + θ2

1 + θ2
2 + θ2

3 + θ2
4

)
, (5.5.8)

so that M is the cone metric on R+ ×N. The scalar curvature is

Scal (gϕ) = −1

2
|τ |2 = − 4

3r2
, (5.5.9)
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so the curvature of gϕ blows up at r = 0. Thus, these manifolds are never complete.

Since U(2) is a subgroup of SU(3), the U(2)-structure P on N induces an SU(3)-

structure on N . The differential forms associated to the SU(3)-structure are

Ω = π1 ∧ π2 + θ1 ∧ θ2 + θ3 ∧ θ4, (5.5.10)

Υ = (π1 + iπ2) ∧ (θ1 + iθ2) ∧ (θ3 + iθ4) , (5.5.11)

and from equations (5.5.5 - 5.5.6) we see

dΩ = 3ReΥ, (5.5.12)

dΥ = −5i

3
Ω2 − 2iθ1 ∧ θ2 ∧ θ3 ∧ θ4, (5.5.13)

so this SU(3)-structure is never torsion-free.

5.5.1 The case A = H = 0

If the torsion functions A and H vanish identically, we have the following result.

Theorem 5.5.2. Let P → N be a U(2)-structure on a 6-manifold N satisfying

structure equations (5.5.5 - 5.5.6) and the additional condition A = H = 0. Then

N is locally equivalent to the twistor space TX of a self-dual Einstein 4-manifold X

with scalar curvature 80
9

endowed with a particular U(2)-structure.

Conversely, the twistor space TX of a self-dual Einstein 4-manifold X with scalar

curvature 80
9

carries a U(2)-structure satisfying structure equations (5.5.5 - 5.5.6) and

the additional condition A = H = 0.

Proof. If A = H = 0, the structure equations (5.5.5 - 5.5.6) can be written

d

(
π1

π2

)
= −

(
0 −2ρ1

2ρ1 0

)
∧
(
π1

π2

)
(5.5.14)

− 4

3

(
θ1 ∧ θ4 + θ2 ∧ θ3

θ1 ∧ θ3 − θ2 ∧ θ4

)
,

d


θ1

θ2

θ3

θ4

 = −


0 ξ1 + ρ1 ξ2 − 5

6π2 ξ3 − 5
6π1

−ξ1 − ρ1 0 −ξ3 − 5
6π1 ξ2 +

5
6π1

−ξ2 +
5
6π2 ξ3 +

5
6π1 0 −ξ1 + ρ1

−ξ3 +
5
6π1 −ξ2 − 5

6π2 ξ1 − ρ1 0


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∧


θ1

θ2

θ3

θ4

 . (5.5.15)

We see that there is a Riemannian submersion N → X, where X is the leaf space

of the distribution θ = 0. The metric gX on X is given by

gX = θ2
1 + θ2

2 + θ2
3 + θ2

4, (5.5.16)

and from equation (5.5.15) the Levi-Civita form of gX is given by the forms ξ1, ξ2, ξ3,

π1, π2, ρ1. Equation (5.5.14) implies that gX is self-dual Einstein with scalar curvature

80
9

. From the appearance of π1, π2, ρ1 in the Levi-Civita connection of X, we see that

N can be regarded as the total space of the unit sphere bundle of Λ2
+ (X) . The metric

on the fibres π2
1 + π2

2 has constant curvature equal to 25
9
.

The converse follows by reversing the above steps.

5.5.2 Types A and H

There are no U(2)-structures satisfying equations (5.5.5 - 5.5.6) and the additional

conditions H = 0, A 6= 0 or A = 0, H 6= 0.

Theorem 5.5.3. Let P→ N be a U(2)-structure satisfying equations (5.3.5 - 5.3.6).

1. If H = 0 then A = 0.

2. If A = 0 then H = 0.

Proof. If H = 0, then a straightforward calculation yields that the equations d2π =

d2θ = 0 imply A = 0, while if A = 0, then a straightforward calculation yields that

the equations d2π = d2θ = 0 imply H = 0.

5.5.3 Related G2-structures

Let P→ N be a U(2)-structure satisfying equations (5.5.5 - 5.5.6). If g(r) and h(r)

are non-zero functions, then we may define a G2-structure ϕ on the product R×N
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by

ϕ =dr ∧
(
g(r)2π1 ∧ π2 + h(r)2 (θ1 ∧ θ2 + θ3 ∧ θ4)

)
(5.5.17)

+ g(r)h(r)2 (π1 ∧ (θ1 ∧ θ3 − θ2 ∧ θ4) + π2 ∧ (−θ1 ∧ θ4 − θ2 ∧ θ3)) .

Special choices of g and h yield G2-structures with special properties.

Example 5.5.4. If g(r) and h(r) satisfy

g′ =
−4g2 − 5h2

3h2
, h′ =

4g

3h
, (5.5.18)

then ϕ defines a torsion-free G2-structure.
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6

Other solutions

In this chapter we shall study some examples of λ-quadratic closed G2-structures

where the torsion 2-form τ does not have pointwise stabiliser everywhere conjugate

to either U (2)+ or U (2)− .

6.1 Closed G2-structures with conformally flat metric

In this section we study the geometry of closed G2-structures ϕ with conformally flat

induced metric gϕ and obtain a complete classification of such structures.

Conformal flatness is equivalent to the vanishing of the Weyl curvature tensor of

gϕ and so, by formulas (3.1.16 - 3.1.18), the second order invariants H,C, and S of

a closed G2-structure ϕ with conformally flat metric gϕ are completely determined

in terms of the torsion T,

Hij =
1

4
TikTkj +

1

28
δijTpqTpq, (6.1.1)

Cijk = 0, (6.1.2)

Sijkl = 3TijTkl + 3
16

(2εpijεqkl − 3εpikεqjl + 3εpilεqjk)TpmTmq (6.1.3)

+ 9
16

(δikTjmTml − δilTjmTmk − δjkTimTml + δjlTimTmk)
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+ 1
16

(4εijkl + δikδjl − δilδjk)TpqTpq.

By equation (6.1.1) we see that a closed G2-structure with conformally flat metric

is
(
−1

8

)
-quadratic.

It is an interesting coincidence that the number of independent components of

the Weyl curvature is exactly equal to the number of independent components in the

second order invariants of the closed G2-structure.

Let (M,ϕ) be a closed G2-structure with conformally flat metric gϕ. Let B be the

G2-subbundle of the coframe bundle of M. On B, we have the V -valued tautologi-

cal form ωi and the g2-valued natural connection form θij, satisfying Cartan’s first

structure equation (3.1.3)

dωi = −θij ∧ ωj + εijkTklωj ∧ ωl. (6.1.4)

Combining equations (3.1.9) and (6.1.1-6.1.2) yields

dTjk = (εjklHli + 3εkilHlj + 3εlijHlk)ωi + Tjlθlk − Tklθlj, (6.1.5)

and substituting equations (6.1.1-6.1.3) into formula (3.1.11) for the G2-curvature

function Kijkl, we have

Kijkl = 3TijTkl + 1
2

(2εpijεqkl − 3εpikεqjl + 3εpilεqjk)TpmTmq (6.1.6)

− 5
2

(δikTjmTml − δilTjmTmk − δjkTimTml + δjlTimTmk)

+ 2 (εijkqTlmTmq − εlijqTkmTmq)

+
(

5
4
εijkl − δikδjl + δilδjk

)
TpqTpq.

Thus, Cartan’s second structure equation reads

dθij + θik ∧ θkj =
(
TijTkl + 1

2
(2εpijεqkl − 3εpikεqjl + 3εpilεqjk)TpmTmq (6.1.7)

− 5
2

(δikTjmTml − δilTjmTmk − δjkTimTml + δjlTimTmk)

+ 2 (εijkqTlmTmq − εlijqTkmTmq)

+
(

5
4
εijkl − δikδjl + δilδjk

)
TpqTpq

)
ωk ∧ ωl.

The exterior derivatives of equations (6.1.4), (6.1.5), and (6.1.7) are identities.
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Theorem 6.1.1. For any T0 ∈ g2, there exists a closed G2-structure ϕ with con-

formally flat metric on a neighbourhood U of 0 ∈ R7 whose G2-coframe bundle

π : B → U contains a u0 ∈ B0 = π−1 (0) for which T (u0) = T0. Any two real

analytic closed G2-structures with conformally flat metric that satisfy this property

are isomorphic on a neighbourhood of 0 ∈ R7. Furthermore, any closed G2-structure

with conformally flat metric that is C2 is real-analytic.

Proof. This is an application of Theorem 2 of [Bry14]. Since the exterior derivatives

of equations (6.1.4), (6.1.5), and (6.1.7) are identities, the hypotheses of Cartan’s

Theorem are satisfied. Thus, for any T0 ∈ g2 there exists a real-analytic manifold N

of dimension 21 on which there are two real analytic 1-forms ω and θ with values in

V and g2 respectively, and a real-analytic function T : N → g2 such that (ω, θ) is a

real analytic coframing on N, equations (6.1.4), (6.1.5), and (6.1.7) are satisfied on

N , and there exists a u0 ∈ N for which T (u0) = T0.

By (6.1.4), the equation ω = 0 defines an integrable plane field of codimension 7

on N . After shrinking N to an open neighbourhood of u0 if necessary, an application

of the Frobenius Theorem shows there is a submersion y : N → R7 with y (u0) = 0

so that the leaves of this plane field are the fibres of y and, moreover, that dy = pω

for some function p : N → GL(7,R) that satisfies p (u0) = I7.

By (6.1.4), the 3-form

ϕ = εijkωi ∧ ωj ∧ ωk (6.1.8)

is closed. Since ϕ is y-semibasic, and since, by definition the fibres of y are connected,

it follows that ϕ is the pullback to N of a closed G2-structure on the open set

U = y (N) . Denote this G2-structure by ϕ.

Let π : B → U be the G2-coframe bundle associated to ϕ. Define a mapping

σ : N → B as follows: If y (u) = x ∈ U, then dyu : TuN → TxR7 ∼= R7 is surjective,

and by construction, has the same kernel as ωu : TuN → R7. Thus, there is a unique
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linear isomorphism σ (u) : TxR7 → R7 so that ωu = σ (u) ◦ dyu. Using the standard

identification TxR7 ∼= R7, σ (u) is y (u)−1 ∈ GL(7,R). That σ (u) is a G2-coframe

follows from the form (6.1.8) of ϕ. Since (ω, θ) is a coframe, it follows that σ : N → B

is an open immersion. After possibly shrinking N again, we identify N with an open

subset of B.

The structure equations (6.1.4), (6.1.5), and (6.1.7) now become identified with

the structure equations of B, implying the G2-structure ϕ is closed with conformally

flat metric and that the torsion function T takes the value T0 at u0 ∈ B. This proves

the existence statement.

Uniqueness in the real-analytic category follows immediately from Theorem 2

of [Bry14]. In fact, the theorem can be proved using only ODE techniques, and

uniqueness is given as long as ϕ is sufficiently differentiable for B to exist as a

differentiable bundle and T to exist and be differentiable. It suffices that ϕ be C2.

The existence theorem provides a real analytic example, so uniqueness then proves

ϕ is real-analytic.

From Theorem 6.1.1, the G2-orbit of the torsion function T in the fibre of a point

p ∈ M uniquely determines a closed G2-structure with conformally flat metric in a

neighbourhood of p. Thus, the orbit space of the action of G2 on g2 can be thought

of as the moduli space of germs of closed G2-structures with conformally flat metric.

Let

C = {−2fe2 ∧ e3 + (f + g) e4 ∧ e5 + (f − g) e6 ∧ e7 | f, g ∈ R} . (6.1.9)

By the discussion in Section 2.2.1, we can identify the orbit space of G2 acting on g2

with C. Now, there is a commutative diagram

B g2

M C.

T

[T ]
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Two elements (f1, g1) , (f2, g2) of C are said to be analytically connected if there

exists a connected manifold M with closed G2-structure ϕ with conformally flat

metric such that both (f1, g1) and (f2, g2) lie in [T ] (M,ϕ) . This is an equivalence

relation on C, and the task of classifying closed G2-structure ϕ with conformally flat

metric reduces to understanding the equivalence classes of elements of C.

Assume that T (u) has Ad(G2)-stabiliser with identity component S1 × S1. Since

this is the generic case, there is an open neighbourhood U of x ∈ M such that T

has Ad(G2)-stabiliser with identity component S1×S1 on B|U . Thus we may restrict

frames to a S1 × S1 subbundle Q of B|U so that the torsion 2-form τ is given by

τ = −2fω2 ∧ ω3 + (f + g)ω4 ∧ ω5 + (f − g)ω6 ∧ ω7, (6.1.10)

for some functions f, g on U satisfying

f (f + g) (f − g) g (3f + g) (3f − g) 6= 0. (6.1.11)

Restricted to Q, the structure equations (6.1.4), (6.1.5), and (6.1.7) become

dω1 = 0 (6.1.12)

d

(
ω2

ω3

)
= −

(
0 −2ζ
2ζ 0

)
∧
(
ω2

ω3

)
− 3f 2 + g2

12f
ω1 ∧

(
ω2

ω3

)
(6.1.13)

− 2fg2

3 (f + g) (f − g)

(
ω4 ∧ ω7 + ω5 ∧ ω6

ω4 ∧ ω6 − ω5 ∧ ω7

)
,

d

(
ω4

ω5

)
= −

(
0 ζ − ξ

−ζ + ξ 0

)
∧
(
ω4

ω5

)
+

3f 2 + g2

6 (f + g)
ω1 ∧

(
ω4

ω5

)
(6.1.14)

+
(f + g) (3f − g)2

24f (f − g)

(
ω2 ∧ ω7 + ω3 ∧ ω6

ω2 ∧ ω6 − ω3 ∧ ω7

)
,

d

(
ω6

ω7

)
= −

(
0 ζ + ξ

−ζ − ξ 0

)
∧
(
ω6

ω7

)
+

3f 2 + g2

6 (f − g)
ω1 ∧

(
ω6

ω7

)
(6.1.15)

− (f − g) (3f + g)2

24f (f + g)

(
ω2 ∧ ω5 + ω3 ∧ ω4

ω2 ∧ ω4 − ω3 ∧ ω5

)
,

dζ = −(3f − g)2 (3f + g)2

288f 2
ω2 ∧ ω3 +

g2 (3f + g)2

36 (f + g)2 ω4 ∧ ω5 (6.1.16)
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+
g2 (3f − g)2

36 (f − g)2 ω6 ∧ ω7,

dξ = −g
2 (3f + g)2

12 (f + g)2 ω4 ∧ ω5 +
g2 (3f − g)2

12 (f − g)2 ω6 ∧ ω7, (6.1.17)

df =
1

12

(
3f 2 − g2

)
ω1 (6.1.18)

dg = −1

2
fgω1, (6.1.19)

where ζ = 1
2

(θ45 + θ67) and ξ = 1
2

(−θ45 + θ67) are the natural connection forms on

Q.

Define 1-forms (η2, η3, ..., η7) on Q by(
η2

η3

)
=

(3f − g) (3f + g)

24f

(
ω2

ω3

)
, (6.1.20)

(
η4

η5

)
=
g (3f + g)

6 (f + g)

(
ω4

ω5

)
, (6.1.21)

(
η6

η7

)
=
g (3f − g)

6 (f − g)

(
ω6

ω7

)
. (6.1.22)

Then, from equations (6.1.12-6.1.19), the su(3)-valued 1-form

µ =

 2
3
iξ η4 + iη5 −η7 − iη6

−η4 + iη5 iζ − i
3
ξ η2 + iη3

η7 − iη6 −η2 + iη3 −iζ − i
3
ξ

 (6.1.23)

satisfies the Maurer-Cartan equation dµ = −µ ∧ µ.

Equations (6.1.18) and (6.1.19) imply that

d
(
g3 − 9f 2g

)
= 0, (6.1.24)

so there exists a constant c ∈ R with

g3 − 9f 2g = c. (6.1.25)

The constant c is non-zero by the assumption that M contains a point where τ has

generic stabiliser, and after rescaling (M,ϕ) we may assume c = 1. Then there exists
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a function r well-defined on M with

f = 1
3

sinh r (cosh r)−
1
3 , g = (cosh r)

2
3 . (6.1.26)

Let y = − tanh r. It follows from equations (6.1.18) and (6.1.19) that

ω1 =
4dy

(y2 − 1)
2
3

. (6.1.27)

Thus, we see that our manifold M is an open subset of R× SU(3)
S1×S1 endowed with

the G2-structure

ϕ = 16dy ∧
(

16y2

(y2−1)2
η2 ∧ η3 + (y−3)2

(y−1)2
η4 ∧ η5 + (y+3)2

(y+1)2
η6 ∧ η7

)
(6.1.28)

+
32y(y2−9)

(y2−1)
(η2 ∧ η4 ∧ η6 − η2 ∧ η5 ∧ η7 − η3 ∧ η4 ∧ η7 − η3 ∧ η5 ∧ η6) ,

where y is the coordinate in the R direction, and (η2, ..., η7) are as in equation (6.1.23).

The metric associated to ϕ is

gϕ = 16

(y2−1)
4
3
dy2 + 64y2

(y2−1)
4
3

(
η2

2 + η2
3

)
+

4(y−3)2(y2−1)
2
3

(y−1)2

(
η2

4 + η2
5

)
(6.1.29)

+
4(y+3)2(y2−1)

2
3

(y+1)2

(
η2

6 + η2
7

)
.

This metric is incomplete, since the scalar curvature

Scal (gϕ) = − y2 + 3

3 (y2 − 1)
2
3

(6.1.30)

blows up at y = ±1, which is at finite distance.

The G2-structure ϕ and its rescalings account for all the elements of C with

g (3f + g) (3f − g) 6= 0. To treat the case g (3f + g) (3f − g) = 0, we note that the(
−1

8

)
-quadratic closed G2-structure constructed on R+ × S2 × R4 ∼= R+ × TR4 by

the combination of theorems 5.3.1 and 5.3.2 is conformally flat, and the image of its

structure function fills out the remainder of C.

We have now proven the following theorem.
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Theorem 6.1.2. Let (M,ϕ) be a closed G2-structure with conformally flat metric

gϕ. Then, up to rescaling, (M,ϕ) is locally equivalent to either

• The G2-structure (6.1.28) on R× SU(3)
S1×S1 , or

• The
(
−1

8

)
-quadratic closed G2-structure constructed on R+ × S2 ×R4 ∼= R+ ×

T (R4) by the combination of theorems 5.3.1 and 5.3.2.

6.2 A 2
5-quadratic closed G2-structure that is not algebraically special

Motivated by the analysis in Section 6.1, in this section we look for closed G2-

structures where the second-order invariants are determined quadratically by T. Now,

T takes values in g2, the second order invariants H,C, and S take values in V2,0, V1,1,

and V0,2 respectively, and

Sym2 (g2) ∼= V0,2 ⊕ V2,0 ⊕ V0,0. (6.2.1)

It follows that there is a 2-parameter family of G2-equivariant ways in which H,C,

and S may prescribed as a quadratic function of T, namely,

Hij =
1− 6λ

7

(
TikTkj +

1

7
δijTpqTpq

)
, (6.2.2)

Cijk = 0, (6.2.3)

Sijkl = µ
(
3TijTkl + 3

16
(2εpijεqkl − 3εpikεqjl + 3εpilεqjk)TpmTmq (6.2.4)

+ 9
16

(δikTjmTml − δilTjmTmk − δjkTimTml + δjlTimTmk)

+ 1
16

(4εijkl + δikδjl − δilδjk)TpqTpq
)
,

for (λ, µ) ∈ R2. Note that equation (6.2.2) is exactly the λ-quadratic equation (3.2.2).

Substituting equations (6.2.2-6.2.4) into the structure equations (3.1.9) and (3.1.6)

and solving the equations resulting from d2T = d2θ = 0, we find that either

(λ, µ) =
(
−1

8
, 1
)

or (λ, µ) =
(

2
5
,− 2

25

)
. (6.2.5)
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The former possibility corresponds to the conformally flat condition covered in the

previous section. In this section we will study the latter possibility.

Let (M,ϕ) be a closedG2-structure satisfying equations (6.2.2-6.2.4) with (λ, µ) =(
2
5
,− 2

25

)
. Proceeding as in the previous section, the structure equations are

dωi = −θij ∧ ωj + εijkTklωj ∧ ωl. (6.2.6)

Combining equations (3.1.9) and (6.2.2-6.2.3) yields

dTjk = (εjklHli + 3εkilHlj + 3εlijHlk)ωi + Tjlθlk − Tklθlj, (6.2.7)

and substituting equations (6.2.2-6.2.4) into formula (3.1.11) for the G2-curvature

function Kijkl, we have

Kijkl = 1
25

(−6TijTkl − (2εpijεqkl − 3εpikεqjl + 3εpilεqjk)TpmTmq (6.2.8)

− 13 (δikTjmTml − δilTjmTmk − δjkTimTml + δjlTimTmk)

+ 5 (εijkqTlmTmq − εlijqTkmTmq)

+ (2εijkl − 7δikδjl + 7δilδjk)TpqTpq) .

Thus, Cartan’s second structure equation reads

dθij + θik ∧ θkj = 1
25

(−6TijTkl − (2εpijεqkl − 3εpikεqjl + 3εpilεqjk)TpmTmq (6.2.9)

− 13 (δikTjmTml − δilTjmTmk − δjkTimTml + δjlTimTmk)

+ 5 (εijkqTlmTmq − εlijqTkmTmq)

+ (2εijkl − 7δikδjl + 7δilδjk)TpqTpq) .ωk ∧ ωl.

The exterior derivatives of equations (6.2.6), (6.2.7), and (6.2.9) are identities.

Theorem 6.2.1. For any T0 ∈ g2, there exists a closed G2-structure ϕ satisfying

equations (6.2.2-6.2.4) with (λ, µ) =
(

2
5
,− 2

25

)
on a neighbourhood U of 0 ∈ R7

whose G2-coframe bundle π : B → U contains a u0 ∈ B0 = π−1 (0) for which

T (u0) = T0. Any two real analytic closed G2-structures satisfying (6.2.2-6.2.4) with

107



(λ, µ) =
(

2
5
,− 2

25

)
that satisfy this property are isomorphic on a neighbourhood of

0 ∈ R7. Furthermore, any closed G2-structure satisfying (6.2.2-6.2.4) with (λ, µ) =(
2
5
,− 2

25

)
that is C2 is real-analytic.

Proof. The proof of this theorem is essentially identical to the prof of Theorem

6.1.1.

We now proceed similarly to the previous section, first assuming that T (u) has

Ad (G2)-stabiliser with identity component S1×S1. Restricting frames as in (6.1.10),

we get structure equations

dω1 = 0 (6.2.10)

d

(
ω2

ω3

)
= −

(
0 −2ζ
2ζ 0

)
∧
(
ω2

ω3

)
− 6f 2 − g2

15f
ω1 ∧

(
ω2

ω3

)
(6.2.11)

− f (3f + g) (3f − g)

15 (f + g) (f − g)

(
ω4 ∧ ω7 + ω5 ∧ ω6

ω4 ∧ ω6 − ω5 ∧ ω7

)
,

d

(
ω4

ω5

)
= −

(
0 ζ − ξ

−ζ + ξ 0

)
∧
(
ω4

ω5

)
− 3f 2 − 18fg − 5g2

30 (f + g)
ω1 ∧

(
ω4

ω5

)
(6.2.12)

− g (f + g) (3f + g)

30f (f − g)

(
ω2 ∧ ω7 + ω3 ∧ ω6

ω2 ∧ ω6 − ω3 ∧ ω7

)
,

d

(
ω6

ω7

)
= −

(
0 ζ + ξ

−ζ − ξ 0

)
∧
(
ω6

ω7

)
− 3f 2 + 18fg − 5g2

30 (f − g)
ω1 ∧

(
ω6

ω7

)
(6.2.13)

− g (f − g) (3f − g)

30f (f + g)

(
ω2 ∧ ω5 + ω3 ∧ ω4

ω2 ∧ ω4 − ω3 ∧ ω5

)
,

dζ =
g2 (3f − g) (3f + g)

450f 2
ω2 ∧ ω3 −

g (3f + g) (3f − g)2

450 (f + g)2 ω4 ∧ ω5 (6.2.14)

+
g (3f − g) (3f + g)2

450 (f − g)2 ω6 ∧ ω7,
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dξ =
g (3f + g) (3f − g)2

150 (f + g)2 ω4 ∧ ω5 +
g (3f − g) (3f + g)2

150 (f − g)2 ω6 ∧ ω7, (6.2.15)

df =
1

15

(
−3f 2 + g2

)
ω1 (6.2.16)

dg =
2

5
fgω1, (6.2.17)

where ζ = 1
2

(θ45 + θ67) and ξ = 1
2

(−θ45 + θ67) are the natural connection forms on

the reduced S1 × S1-structure Q.

Define 1-forms (η2, η3, ..., η7) on Q by(
η2

η3

)
=
g
√

(3f − g) (3f + g)

30f

(
ω2

ω3

)
, (6.2.18)

(
η4

η5

)
=

(3f − g)
√

2g (3f + g)

30 (f + g)

(
ω4

ω5

)
, (6.2.19)

(
η6

η7

)
=

(3f + g)
√

2g (3f − g)

30 (f − g)

(
ω6

ω7

)
. (6.2.20)

Then, from equations (6.2.10-6.2.17), the su(2, 1)-valued 1-form

µ =

 2
3
iξ η4 + iη5 −η7 − iη6

η4 − iη5 iζ − i
3
ξ η2 + iη3

η7 − iη6 η2 − iη3 −iζ − i
3
ξ

 (6.2.21)

satisfies the Maurer-Cartan equation dµ = −µ ∧ µ.

Equations (6.2.16) and (6.2.17) imply that

d
(
g3 − 9f 2g

)
= 0, (6.2.22)

so there exists a constant c ∈ R with

g3 − 9f 2g = c. (6.2.23)

The constant c is non-zero by the assumption that M contains a point where τ has

generic stabiliser, and after rescaling (M,ϕ) we may assume c = 1. Then there exists

a function r well-defined on M with

f = 1
3

sinh r (cosh r)−
1
3 , g = (cosh r)

2
3 . (6.2.24)
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Let y = tanh r. It follows from equations (6.2.16) and (6.2.17) that

ω1 =
5dy

(y2 − 1)
2
3

. (6.2.25)

Thus, we see that our manifold M is an open subset of R× SU(3)
S1×S1 endowed with

the G2-structure

ϕ = 250dy ∧
(

2y2

(y2−1)
η2 ∧ η3 − (y−3)2

(y+1)(y2−1)
η4 ∧ η5 − (y+3)2

(y−1)(y2−1)
η6 ∧ η7

)
(6.2.26)

+
500y(y2−9)

(y2−1)
(η2 ∧ η4 ∧ η6 − η2 ∧ η5 ∧ η7 − η3 ∧ η4 ∧ η7 − η3 ∧ η5 ∧ η6) ,

where y is the coordinate in the R direction, and (η2, ..., η7) are as in equation (6.1.23).

The metric associated to ϕ is

gϕ = 25

(y2−1)
4
3
dy2 + 100y2

(y2−1)
1
3

(
η2

2 + η2
3

)
+ 50(y−3)2

(y+1)(y2−1)
1
3

(
η2

4 + η2
5

)
(6.2.27)

+ 50(y+3)2

(y−1)(y2−1)
1
3

(
η2

6 + η2
7

)
.

This metric is incomplete, since the scalar curvature

Scal (gϕ) = − y2 + 3

3 (y2 − 1)
2
3

(6.2.28)

blows up at y = ±1, which is at finite distance.

Theorem 6.2.2. Let (M,ϕ) be a closed G2-structure satisfying equations (6.2.2-

6.2.4) with (λ, µ) =
(

2
5
,− 2

25

)
. Then, up to rescaling, (M,ϕ) is locally equivalent to

either

• The G2-structure (6.2.26) on R× SU(2,1)
S1×S1 , or

• The 2
5
-quadratic closed G2-structure constructed on R+×LJ ⊕LK by the com-

bination of theorems 5.4.1 and 5.4.2.
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Proof. The proof of this theorem is by appeal to Theorem 6.2.1. One just needs to

check that the structure in the second bullet point satisfies the correct properties

and that all possible Ad (G2)-orbits are filled out by the values of T on these two

examples.

6.3 A particular 1
3-quadratic closed G2-structure

In this section we shall provide an example of a 1
3
-quadratic closed G2-structure.

This example is notable because we have shown that λ = 1
3

cannot happen in the

algebraically special case.

Let G be the group SL(2,R)nR4, where SL(2,R) acts on R4 via the irreducible

4-dimensional representation. Write the left-invariant Maurer-Cartan form on G as
0 0 0 0 0
ν0 3α1 α2 0 0
ν1 3α3 α1 2α2 0
ν2 0 2α3 −α1 3α2

ν3 0 0 α3 −3α1

 . (6.3.1)

Define forms β2, ..., β7, and κ by

β2 = −ν0 + ν2, β3 = ν1 − ν3,

β4 = 2α1, β5 = α2 + α3,

β6 = − 1
15
ν1 − 1

5
ν3, β7 = 1

5
ν0 + 1

15
ν2,

κ = α2 − α3.

The vector dual to the form κ generates an S1-action on G. On R+×SL(2,R), with

coordinate r in the R direction, define a 3-form ϕ by

ϕ =dr ∧
(

1

r3
β2 ∧ β3 + 6r2β4 ∧ β5 +

15

r2
β6 ∧ β7

)
(6.3.2)

+
3

r2
(β2 ∧ β4 ∧ β6 − β2 ∧ β5 ∧ β7 − β3 ∧ β5 ∧ β6 − β3 ∧ β4 ∧ β7) . (6.3.3)

Then ϕ descends to the space M = R+ × SL(2,R)
S1 to define a 1

3
-quadratic closed

G2-structure on M.
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Part

II

G2-structures with a calibrated
distribution
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7

Torsion and structure equations

In the second part of this dissertation we shall study the geometry of G2-structures

endowed with a distribution of calibrated planes. Since, as explained in Section

2.2.3, the orthogonal complement of an associative plane is coassociative and vice

versa, the data of a distribution of associative planes is equivalent to the data of a

distribution of coassociative planes.

The first step in our study is to translate the calibrated distribution condition

into the language of G-structures.

Proposition 7.0.1. Let B→M be a G2-structure on a 7-manifold M, with induced

3-form ϕ ∈ Ω3 (M) , and let D be a distribution on M of rank 4 such that for each

p ∈ M the 4-plane Dp is coassociative with respect to ϕ. Then the subbundle Q ⊂ B

defined by

Qp =
{
u : TpM → R7 | u ∈ B, u∗Dp = span (e4, e5, e6, e7)

}
(7.0.1)

defines an SO(4)-structure on M, where SO(4) is the subgroup of G2 defined in

Section 2.2.6.

Conversely, suppose Q → M is an SO(4)-structure defined on a 7-manifold M.
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Then there exists a G2-structure B→M with associated 3-form ϕ and a distribution

D of rank 4 on M such that Q ⊂ B and for each p ∈M the 4-plane Dp is coassociative

with respect to ϕ.

Proof. The first part of the theorem follows immediately from the fact (2.2.6) that

the group G2 acts transitively on the set of coassociative planes in R7 with stabiliser

SO(4).

We now prove the converse. Let Q→ M be an SO(4)-structure on a 7-manifold

M. The action of SO(4) on V ∼= R7 is reducible, we have V ∼= 〈e1, e2e3〉⊕〈e4, e5, e6, e7〉.

On Q, split the tautological V -valued 1-form ω = (ω1, ..., ω7) into (ν1, ν2, ν3) ⊕

(η1, η2, η3η4) . Define a 3-form ϕ on Q by

ϕ =ν1 ∧ ν2 ∧ ν3 + ν1 ∧ (η1 ∧ η2 + η3 ∧ η4) + ν2 ∧ (η1 ∧ η3 − η2 ∧ η4) , (7.0.2)

+ ν3 ∧ (−η1 ∧ η4 − η2 ∧ η3) , (7.0.3)

and a distribution D̃ on Q by

D̃ = {ν1 = ν2 = ν3 = 0} . (7.0.4)

The 3-form ϕ descends to M and defines the G2-structure B, and the distribution

D is given by the quotient D̃/SO(4).

Definition 7.0.2. Let Q→ M be an SO(4)-structure on a 7-manifold M. The G2-

structure associated to Q is the G2-structure on M defined by the 3-form ϕ in (7.0.2).

The metric gϕ induced by ϕ will be referred to as the metric associated to Q.

Remark 7.0.3. A similar result to proposition 7.0.1 holds for associative distributions.

7.1 Representation theory of SO(4)

Since the representation theory of SO(4) will be used throughout the rest of the

dissertation, the relevant details are collected here.
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The group SO(4) is double-covered by the simply-connected group SU(2) ×

SU(2). The complex irreducible representations of SU(2)×SU(2) are exactly the ten-

sor products WC
p ⊗WC

q of complex irreducible SU(2)-representations of each factor.

The complex irreducible representations of SU(2) are well known to be the spaces of

homogeneous polynomials in two variables of fixed degree, WC
p = Symp (C〈x, y〉). Let

WC
p,q denote Wp⊗Wq. We think of WC

p,q as the space of homogeneous polynomials in

(x, y;w, z) of bidegree (p, q). When p and q have the same parity the representation

WC
p,q of SU(2)×SU(2) descends to a representation of SO(4), and each of these repre-

sentations has a real structure induced by the map J : (x, y, w, z)→ (y,−x, z,−w).

This yields a complete description of the real representations of SO(4). We work

primarily with real representations, and so Wp,q will denote the real representa-

tion underlying WC
p,q. In this language the standard 4-dimensional representation of

SO(4) is W1,1, while the adjoint representation so(4) is W2,0⊕W0,2. The ordering of

the subscripts is chosen so that the representation Λ2
+R+ of SO(4) on the self-dual

2-forms is W0,2.

The Clebsch-Gordan formula applied to each SU(2) representation gives the ir-

reducible decomposition of the tensor product of SO(4)-modules

Wp1,q1 ⊗Wp2,q2
∼=

⊕
0≤i≤|p1−p2|
0≤j≤|q1−q2|

Wp1+p2−2i,q1+q2−2j. (7.1.1)

For integers i, j ≥ 0 define a bilinear pairing 〈, 〉i,j : C[x, y, w, z] × C[x, y, w, z] →

C[x, y, w, z] by

〈f, g〉i,j =
1

i!j!

∑
0≤k≤i
0≤l≤j

(−1)k+l

(
i

k

)(
j

l

)
∂i+jf

∂xi−k∂yk∂wj−l∂zl
∂i+jg

∂xk∂yi−k∂wl∂zl−j
. (7.1.2)

The pairings 〈·, ·〉i,j are SO(4)-equivarant, and for f ∈ Wp1,q1 , g ∈ Wp2,q2 , we have

〈f, g〉i,j ∈ Wp1+p2−2i,q1+q2−2j. These pairings give the nontrivial projections implicit

115



in the formula (7.1.1). We extend 〈·, ·〉 to take differential form arguments in the

obvious way.

Give R7 the structure of an SO(4)-representation by thinking of it as W0,2⊕W1,1.

Let ν and η be the standard W0,2- and W1,1-valued 1-forms respectively, let Υ be the

W0,2-valued 2-form representing the equivalence Λ2
+W1,1

∼= W0,2, and let ν denote

the volume 3-form on the W0,2 part of R7. Then the 3-form

ϕ = ν + 1
4
〈ν,Υ〉0,2

lies in Λ3
+ and is SO(4) invariant. This exhibits SO(4) as a subgroup of G2. We

have the following SO(4)-irreducible decompositions of G2-modules

V ∼= V1,0
∼= W0,2 ⊕W1,1, (7.1.3)

g2
∼= V0,1

∼= W2,0 ⊕W0,2 ⊕W1,3
∼= so(4)⊕W1,3. (7.1.4)

7.2 Torsion of SO(4)-structures

Let Q→M be an SO(4)-structure on a 7-manifold M with associated G2-structure ϕ

and metric g. Following the construction in (2.1.2), and using the SO(4)-equivariant

decomposition

so(7) ∼= so(4) ⊕ so(7)
g2

⊕ g2
so(4)

∼= so(4) ⊕ V1,0 ⊕ g2
so(4)

∼= W0,2 ⊕ W2,0 ⊕ W0,2 ⊕ W1,1 ⊕ W1,3,

(7.2.1)

the Levi-Civita connection ψ of g splits as

ψ = ζ + ξ + α + β + γ, (7.2.2)

where ζ and ξ take values in W0,2 and W2,0 respectively and together define the

so(4)-valued natural connection on Q, and α, β, and γ are semi-basic forms taking

values in W0,2,W1,1, and W1,3 respectively. The g2-valued natural connection θ of

the associated G2-structure ϕ is given by

θ = ζ + ξ + γ, (7.2.3)
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so the forms α and β represent the part of the torsion of Q that can be written in

terms of the torsion of the associated G2-structure B.

Proposition 7.2.1. The torsion of an SO(4)-structure on a 7-manifold takes values

in the SO(4)-representation

W⊕2
0,0 ⊕W⊕3

0,2 ⊕W⊕2
0,4 ⊕W⊕3

1,1 ⊕W⊕3
1,3 ⊕W1,5 ⊕W2,0 ⊕W⊕2

2,2 ⊕W2,4. (7.2.4)

If the induced G2-structure is torsion-free, then the torsion takes values in

W0,2 ⊕W0,4 ⊕W1,1 ⊕W1,3 ⊕W1,5 ⊕W2,2 ⊕W2,4. (7.2.5)

Proof. The space (7.2.4) is obtained by decomposing so(7)/so(4) ⊗ V into SO(4)-

irreducible pieces, while the space (7.2.5) is obtained by decomposing g2/so(4) ⊗

V.

7.3 Structure equations

In chapters 8-10, we study calibrated distributions under the assumption that the

induced G2-structure is torsion-free. In this section we write down the structure

equations in this situation and derive some consequences from the vanishing of certain

components of the torsion function.

Let Q → M be an SO(4)-structure such that the induced G2-structure ϕ is

torsion-free. The natural connection θ associated to the G2-structure is equal to the

Levi-Civita connection of the associated metric, so by (7.2.3) we have

α = β = 0. (7.3.1)

Split the V ∼= W0,2 ⊕W1,1-valued tautological form ω on Q as

ω = ν + η, (7.3.2)

where ν and η are 1-forms on Q taking values in W0,2 and W1,1 respectively. Cartan’s

first structure equation (2.1.7) may be written using the SO(4)-invariant pairing 〈·, ·〉

as

dν = −1
2
〈ζ, ν〉0,1 + 1

3
〈γ, η〉1,1, (7.3.3)
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dη = −1
2
〈ζ, η〉0,1 − 1

2
〈ξ, η〉1,0 − 1

6
〈γ, ν〉0,2. (7.3.4)

The W1,3-valued 1-form γ is semi-basic for the projection Q → M, and there is

an SO(4)-invariant decomposition

W1,3 ⊗ (W0,2 ⊕W1,1) ∼= W1,5 ⊕W1,3 ⊕W1,1 ⊕W2,4 ⊕W2,2 ⊕W0,4 ⊕W0,2. (7.3.5)

Thus, there exist functionsA,B,C, P,Q, L, and S taking values in W1,5,W1,3,W1,1,W2,4,

W2,2,W0,4 and W0,2 respectively such that

γ = 1
20
〈A, ν〉0,2 + 1

2
〈B, ν〉0,1 + 3〈C, ν〉0,1 (7.3.6)

+ 1
8
〈P, η〉1,1 + 3〈Q, η〉1,0 + 1

4
〈L, η〉0,1 + 3〈S, η〉0,0.

The first structure equation (7.3.3) now reads

dν =− 1
2
〈ζ, ν〉1,0 + 1

60
〈A, 〈ν, η〉0,0〉1,3 + 5

18
〈B, 〈ν, η〉0,1〉1,1 + 1

9
〈B, 〈ν, η〉0,0〉1,2 (7.3.7)

+ 4
3
〈C, 〈ν, η〉0,1〉1,0 + 1

3
〈C, 〈ν, η〉0,0〉1,1 + 2〈Q, 〈η, η〉0,1〉2,0

+ 1
12
〈L, 〈η, η〉1,0〉0,2 + 1

2
〈S, 〈η, η〉1,0〉0,1,

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1 − 5

48
〈B, 〈ν, ν〉0,1〉0,2 − 1

4
〈C, 〈ν, ν〉0,1〉0,1 (7.3.8)

+ 1
48
〈P, 〈ν, η〉0,0〉1,3 + 1

6
〈Q, 〈ν, η〉0,0〉1,2 − 2

3
〈Q, 〈ν, η〉0,1〉1,1

+ 1
24
〈L, 〈ν, η〉0,0〉0,3 + 1

6
〈S, 〈ν, η〉0,0〉0,2 − 2

3
〈S, 〈ν, η〉0,1〉0,1.

Proposition 7.3.1. 1. The coassociative distribution D is integrable if and only

if Q = L = S = 0.

2. The associative distribution D⊥ is integrable if and only if B = C = 0.

Proof. The coassociative distribution D is integrable if and only if dν ≡ 0 mod ν,

while the associative distribution D⊥ is integrable if and only if dη ≡ 0 mod η. The

conditions on the torsion functions are consequences of (7.3.7) and (7.3.8).

Proposition 7.3.2. Let Q→M be an SO(4)-structure with vanishing torsion func-

tion. Then M is equivalent to the product Y × X of a flat 3-manifold Y with a

4-manifold X with holonomy contained in SU(2).
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Proof. If Q is torsion-free, then the natural connection ζ + ξ is equal to the Levi-

Civita connection of g, which implies that the holonomy group of g is a subgroup of

SO(4). By Berger’s classification of holonomy groups, the only possibilities for the

holonomy group of g are the trivial group or the SU(2) subgroup of SO(4) that acts

trivially on W0,2.
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8

Characterising the Bryant-Salamon G2-manifolds

8.1 The torsion class W0,2 ⊕W1,1

Let Q → M be an SO(4)-structure on a 7-manifold M such that the induced G2-

structure ϕ is torsion-free and the torsion of Q takes values in the space W0,2⊕W1,1.

The torsion functions of such a structure satisfy

A = B = P = Q = L = 0, (8.1.1)

with only possibly C and S nonvanishing.

Proposition 8.1.1. Let Q be as above. Then C = 0 or S = 0.

Proof. In this case, the structure equations (7.3.7) and (7.3.8) become

dν =− 1
2
〈ζ, ν〉1,0 + 4

3
〈C, 〈ν, η〉0,1〉1,0 (8.1.2)

+ 1
3
〈C, 〈ν, η〉0,0〉1,1 + 1

2
〈S, 〈η, η〉1,0〉0,1,

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1 − 1

4
〈C, 〈ν, ν〉0,1〉0,1 (8.1.3)

+ 1
6
〈S, 〈ν, η〉0,0〉0,2 − 2

3
〈S, 〈ν, η〉0,1〉0,1.

The equations d2ν = 0 and d2η take values in the spaces W0,2⊗Λ3 (W0,2 ⊕W1,1) and

W1,1 ⊗ Λ3 (W0,2 ⊕W1,1) respectively. There are six copies of W1,3 inside the direct
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sum of these spaces, and a particular linear combination of these copies gives the

restriction

〈C, S〉0,0 = 0, (8.1.4)

which implies C = 0 or S = 0.

8.2 The torsion class W0,2

Let Q → M be an SO(4)-structure on a 7-manifold M such that the induced G2-

structure ϕ is torsion-free and the torsion of Q takes values in the space W0,2⊕W1,1.

The torsion functions of such a structure satisfy

A = B = C = P = Q = L = 0, (8.2.1)

with only possibly S nonvanishing. The structure equations (7.3.7) and (7.3.8) now

read

dν =− 1
2
〈ζ, ν〉1,0 + 1

2
〈S, 〈η, η〉1,0〉0,1, (8.2.2)

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1 + 1

6
〈S, 〈ν, η〉0,0〉0,2 (8.2.3)

− 2
3
〈S, 〈ν, η〉0,1〉0,1.

It will be convenient to modify the W0,2 part ζ of the natural connection on Q. Define

a W0,2-valued 2-form κ on Q by

κ = ζ − 1
2
〈S, ν〉0,1. (8.2.4)

Then κ + ξ is a connection on Q. With this change, the first structure equation

becomes

dν =− 1
2
〈κ, ν〉1,0 + 1

2
〈S, 〈η, η〉1,0〉0,1 (8.2.5)

− 〈〈S, ν〉0,2, ν〉0,0,

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈κ, η〉0,1 + 〈〈S, ν〉0,2, η〉0,0. (8.2.6)
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Differentiating (8.2.5) and (8.2.6) and using d2ν = d2η = 0, we find

dκ+ 1
4
〈κ, κ〉0,1 = −1

2
R〈η, η〉1,0 (8.2.7)

dξ + 1
4
〈ξ, ξ〉1,0 = −1

2
R〈η, η〉0,1 − 1

2
〈G, 〈η, η〉0,1〉2,0, (8.2.8)

dS + 1
2
〈κ, S〉0,1 = 1

2
Rν − 3S〈S, ν〉0,2, (8.2.9)

where R and G are functions on Q taking values in W0,0 and W4,0 respectively. Now

define functions and forms on Q by

f =
(
〈S, S〉0,2 − 1

4
R
) 1

6 , a =
1

f
S, (8.2.10)

r =
1

f 2
R, W =

1

f 2
G (8.2.11)

χ =
1

f
ν, θ = fη.

The structure equations (8.2.5-8.2.9) become

dχ =− 1
2
〈κ, χ〉1,0 + 1

2
〈a, 〈θ, θ〉1,0〉0,1, (8.2.12)

dθ =− 1
2
〈ξ, θ〉1,0 − 1

2
〈ζ, θ〉0,1, (8.2.13)

dκ+1
4
〈κ, κ〉0,1 = −1

2
r〈θ, θ〉1,0, (8.2.14)

dξ+1
4
〈ξ, ξ〉1,0 = −1

2
r〈θ, θ〉0,1 − 1

2
〈W, 〈θ, θ〉1,0〉2,0, (8.2.15)

da+1
2
〈κ, a〉0,1 = 1

2
rν. (8.2.16)

Theorem 8.2.1. Let Q → M be an SO(4)-structure on a 7-manifold M such that

the associated G2-structure ϕ is torsion-free and the torsion of Q takes values in W0,2.

Then Q→M is locally equivalent to the Bryant-Salamon G2-manifold Λ2
+ (X) , where

X is a self-dual Einstein 4-manifold, endowed with the SO(4)-structure induced by

the bundle structure.

Proof. The structure equations (8.2.12-8.2.16) imply that M is realised as the bundle

of self-dual 2-forms over a Riemannian 4-manifold X. The manifold X is simply the
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leaf space of the distribution given by θ = 0. This has a natural metric gX given by

gX = θ2
1 + θ2

2 + θ2
3 + θ2

4. (8.2.17)

Equations (8.2.14) and (8.2.15) imply that gX is self-dual and Einstein. The G2-

structure on M is given by

ϕ =
f 3

96
〈χ, 〈χ, χ〉0,1〉0,2 −

1

8f
〈χ, 〈θ, θ〉1,0〉0,2. (8.2.18)

After differentiating (8.2.12-8.2.16), we find

d
(
f 4 (〈a, a〉0,2 − 1)

)
= 0, (8.2.19)

and it is a matter of reconciling the notation here and in [BS89] to see that Q→M is

equivalent to the SO(4)-structure on the Bryant-Salamon G2-manifold Λ2
+ (X) .

8.3 The torsion class W1,1

Let Q → M be an SO(4)-structure on a 7-manifold M such that the induced G2-

structure ϕ is torsion-free and the torsion of Q takes values in the space W1,1. The

torsion functions of such a structure satisfy

A = B = P = Q = L = S = 0, (8.3.1)

with only possibly C nonvanishing. The structure equations (7.3.7) and (7.3.8) now

read

dν =− 1
2
〈ζ, ν〉1,0 + 4

3
〈C, 〈ν, η〉0,1〉1,0 (8.3.2)

+ 1
3
〈C, 〈ν, η〉0,0〉1,1,

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1 − 1

4
〈C, 〈ν, ν〉0,1〉0,1. (8.3.3)

(8.3.4)

As in the previous section, it is convenient to modify the connection on Q. Define

1-forms κ and ρ on Q taking values in W0,2 and W2,0 respectively by

κ = ζ − 〈C, η〉1,0, ρ = 〈c, η〉0,1. (8.3.5)

123



Then κ + ρ is a connection on Q. With this change, the first structure equation

becomes

dν =− 1
2
〈κ, ν〉1,0 − 2〈〈C, η〉1,1, ν〉0,0, (8.3.6)

dη =− 1
2
〈ρ, η〉1,0 − 1

2
〈κ, η〉0,1 − 1

4
〈C, 〈ν, ν〉0,1〉0,1 (8.3.7)

+ 〈〈C, η〉1,1, η〉0,0.

Differentiating (8.3.6) and (8.3.7) and using d2ν = d2η = 0, we find

dκ+ 1
4
〈κ, κ〉0,1 =

(
−1

4
R− 7

8
〈C,C〉1,1

)
〈ν, ν〉0,1 (8.3.8)

dρ+ 1
4
〈ρ, ρ〉1,0 = 0, (8.3.9)

dC + 1
2
〈ρ, C〉1,0 + 1

2
〈κ,C〉0,1 =

(
−1

2
R− 7

4
〈C,C〉1,1

)
η + 5C〈C, η〉1,1, (8.3.10)

where R is a function on Q taking values in W0,0. Now define functions and forms

on Q by

f =
(
〈C,C〉1,1 + 2

7
R
)− 1

2 , a = f
5
2C, (8.3.11)

χ = f−1ν, θ = f
1
2η.

The structure equations (8.3.6-8.3.10) become

dχ =− 1
2
〈κ, χ〉1,0, (8.3.12)

dθ =− 1
2
〈ξ, θ〉1,0 − 1

2
〈ζ, θ〉0,1 − 1

4
〈a, 〈χ, χ〉0,1〉0,1, (8.3.13)

dκ+1
4
〈κ, κ〉0,1 = −7

8
〈χ, χ〉0,1, (8.3.14)

dρ+1
4
〈ρ, ρ〉1,0 = 0, (8.3.15)

da+1
2
〈ρ, a〉1,0 + 1

2
〈κ, a〉0,1 = −7

8
θ. (8.3.16)

Theorem 8.3.1. Let Q → M be an SO(4)-structure on a 7-manifold M such that

the associated G2-structure ϕ is torsion-free and the torsion of Q takes values in

W1,1. Then Q→ M is locally equivalent to the Bryant-Salamon G2-manifold S (Y ) ,

where Y is a 3-manifold on constant curvature, endowed with the SO(4)-structure

induced by the bundle structure.
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Proof. The structure equations (8.3.12-8.3.16) imply that M is realised as the spinor

bundle over a Riemannian 3-manifold Y. The manifold Y is the leaf space of the

distribution χ = 0. This has a metric gY given by

gY = χ2
1 + χ2

2 + χ2
3. (8.3.17)

Equation (8.3.14) implies that Y has constant curvature. The G2-structure on M is

given by

ϕ =
f 3

96
〈χ, 〈χ, χ〉0,1〉0,2 −

1

8
〈χ, 〈θ, θ〉1,0〉0,2, (8.3.18)

and it is a matter of reconciling the notation here and in [BS89] to see that Q→M

is equivalent to the SO(4)-structure on the Bryant-Salamon G2-manifold S (Y ) .
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9

Nonexistence results

In the previous chapter, the G2-structures on the Bryant-Salamon manifolds were

characterised as exactly those G2-structures induced by SO(4)-structures with tor-

sion taking values in W0,2 or W1,1. This suggests that it might prove fruitful to

investigate the SO(4)-structures whose torsion takes values in other strict subspaces

of the torsion space (7.2.5), with the goal of constructing new G2-manifolds.

In this chapter we investigate the torsion classes W0,4, W2,2, and W1,3. Unfortu-

nately, we only get negative results: if an SO(4)-structure belongs to one of these

torsion classes, then it is torsion-free.

9.1 The torsion class W0,4

Theorem 9.1.1. Let Q → M be an SO(4)-structure on a 7-manifold M such that

the associated G2-structure ϕ is torsion-free and the torsion of Q takes values in

W0,4. Then Q→M is, in fact, torsion-free.

Proof. Let Q→M be an SO(4)-structure on a 7-manifold M such that the induced

G2-structure ϕ is torsion-free and the torsion of Q takes values in the space W0,4.
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The torsion functions of such a structure satisfy

A = B = C = P = Q = S = 0, (9.1.1)

with only possibly L nonvanishing. The structure equations (7.3.7) and (7.3.8) read

dν =− 1
2
〈ζ, ν〉1,0 + 1

12
〈L, 〈η, η〉1,0〉0,2, (9.1.2)

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1 + 1

24
〈L, 〈ν, η〉0,0〉0,3. (9.1.3)

Differentiating equations (9.1.2) and (9.1.3) and using d2ν = d2η = 0, we find

dζ + 1
4
〈ζ, ζ〉0,1 = 1

576
〈〈L,L〉0,4, 〈ν, ν〉0,1〉0,0 − 1

3456
〈〈L,L〉0,2, 〈ν, ν〉0,1〉0,2 (9.1.4)

+ 1
144
〈〈L,L〉0,4, 〈η, η〉1,0〉0,0 − 1

864
〈〈L,L〉0,2, 〈η, η〉1,0〉0,2,

dξ + 1
4
〈ξ, ξ〉1,0 = − 1

144
〈〈L,L〉0,4, 〈η, η〉0,1〉0,0 − 1

2
〈G, 〈η, η〉0,1〉2,0, (9.1.5)

dL+ 1
2
〈ζ, L〉0,1 = 0, (9.1.6)

where G is a function on Q taking values in W4,0. The equation d2ζ takes values in

W0,2⊗Λ3 (W0,2 ⊕W1,1) . There are two copies of W0,4 in this space, and a particular

linear combinatation of these gives the restriction

〈L,L〉0,4L = 0, (9.1.7)

and this implies L = 0.

9.2 The torsion class W2,2

Theorem 9.2.1. Let Q → M be an SO(4)-structure on a 7-manifold M such that

the associated G2-structure ϕ is torsion-free and the torsion of Q takes values in

W2,2. Then Q→M is, in fact, torsion-free.

Proof. Let Q→M be an SO(4)-structure on a 7-manifold M such that the induced

G2-structure ϕ is torsion-free and the torsion of Q takes values in the space W0,4.

The torsion functions of such a structure satisfy

A = B = C = P = L = S = 0, (9.2.1)
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with only possibly Q nonvanishing. The structure equations (7.3.7) and (7.3.8) read

dν =− 1
2
〈ζ, ν〉1,0 + 2〈Q, 〈η, η〉0,1〉2,0 (9.2.2)

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1 + 1

6
〈Q, 〈ν, η〉0,0〉1,2 (9.2.3)

− 2
3
〈Q, 〈ν, η〉0,1〉1,1.

Differentiating equations (9.2.2) and (9.2.3) and using d2ν = d2η = 0, we find

dζ + 1
4
〈ζ, ζ〉0,1 = 1

12
〈〈Q,Q〉2,2, 〈ν, ν〉0,1〉0,0 + 1

24
〈〈Q,Q〉2,0, 〈ν, ν〉0,1〉0,2 (9.2.4)

− 2
3
〈〈Q,Q〉2,2, 〈η, η〉1,0〉0,0,

dξ + 1
4
〈ξ, ξ〉1,0 = 5

32
〈〈Q,Q〉1,1, 〈ν, ν〉0,1〉0,2 − 3〈H, 〈ν, η〉0,0〉1,3 (9.2.5)

+ 2
3
〈〈Q,Q〉2,2, 〈η, η〉0,1〉0,0 − 1

2
〈G, 〈η, η〉0,1〉2,0,

dQ+ 1
2
〈ζ,Q〉0,1+1

2
〈ξ,Q〉1,0 = 1

8
〈〈Q,Q〉1,1, ν〉0,1 + 〈H, η〉1,1 + 〈V, η〉1,0, (9.2.6)

〈Q,Q〉2,0 = 0, (9.2.7)

where H, V, and G are functions on Q takings values in W3,3,W3,1 and W4,0 respec-

tively. Equation (9.2.7) is not enough to force Q = 0, so we differentiate again. The

equations d2ζ = 0 and d2Q = 0 yield the following identities

〈H,Q〉2,2 − 〈V,Q〉2,1 = 0, (9.2.8)

〈H,Q〉2,1 + 5〈V,Q〉2,0 = 0, (9.2.9)

〈H,Q〉2,0 = 0. (9.2.10)

Equations (9.2.7-9.2.10) taken together imply that H = 0 and V = 0. Then, d2Q = 0

implies Q = 0.

9.3 The torsion class W1,3

Theorem 9.3.1. Let Q → M be an SO(4)-structure on a 7-manifold M such that

the associated G2-structure ϕ is torsion-free and the torsion of Q takes values in

W1,3. Then Q→M is, in fact, torsion-free.
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Proof. Let Q→M be an SO(4)-structure on a 7-manifold M such that the induced

G2-structure ϕ is torsion-free and the torsion of Q takes values in the space W1,3.

The torsion functions of such a structure satisfy

A = C = P = Q = L = S = 0, (9.3.1)

with only possibly B nonvanishing. The structure equations (7.3.7) and (7.3.8) read

dν =− 1
2
〈ζ, ν〉1,0 + 5

18
〈B, 〈ν, η〉0,1〉1,1 + 1

9
〈B, 〈ν, η〉0,0〉1,2, (9.3.2)

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1 − 5

48
〈B, 〈ν, ν〉0,1〉0,2. (9.3.3)

differentiating equations (9.3.2) and (9.3.3) and using d2ν = d2η = 0, we find

dζ + 1
4
〈ζ, ζ〉0,1 = 5

864
〈〈B,B〉1,1, 〈ν, ν〉0,1〉0,2 − 7

144
〈〈B,B〉0,2, 〈ν, ν〉0,1〉2,0 (9.3.4)

+ 1
48
〈〈B,B〉1,1, 〈η, η〉1,0〉0,2 + 5

144
〈〈B,B〉1,3, 〈η, η〉1,0〉0,0,

dξ + 1
4
〈ξ, ξ〉1,0 = − 5

144
〈〈B,B〉0,2, 〈ν, ν〉0,1〉0,2 − 7

144
〈〈B,B〉0,2, 〈η, η〉1,0〉0,2 (9.3.5)

+ 5
144
〈〈B,B〉1,3, 〈η, η〉0,1〉0,0 − 1

2
〈G, 〈η, η〉0,1〉2,0,

dB + 1
2
〈ζ, B〉0,1+1

2
〈ξ, B〉1,0 = 1

24
〈〈B,B〉0,2, η〉1,0 − 5

72
〈〈B,B〉1,1, η〉0,1. (9.3.6)

The equation d2ζ takes values in W0,2 ⊗ Λ3 (W0,2 ⊕W1,1) . There are three copies

of W1,1 in this space, and taking a particular linear combination of these gives the

following restriction

〈B, 〈B,B〉1,1〉0,3 = 0. (9.3.7)

Equation (9.3.7) is not enough on its own to foce B = 0. However, the covariant

derivative of (9.3.7) is a W1,1-valued 1-form and taking the W0,0 component yields

(〈B,B〉1,3)2 = 0, (9.3.8)

which implies B = 0.
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10

The semi-flat cases

In this chapter we study the SO(4)-structures Q→M with torsion in either W1,5 or

W2,4. We pay particular attention to the so-called semi-flat cases, which correspond

to fibrations of M by associative or coassociative tori, and in these cases the relation

with submanifold geometry is explored.

10.1 The torsion class W1,5

Let Q → M be an SO(4)-structure on a 7-manifold M such that the induced G2-

structure ϕ is torsion-free and the torsion of Q takes values in the space W1,5. The

torsion functions of such a structure satisfy

B = C = P = Q = L = S = 0, (10.1.1)

with only possibly A nonvanishing. The structure equations (7.3.7) and (7.3.8) read

dν =− 1
2
〈ζ, ν〉1,0 + 1

60
〈A, 〈ν, η〉0,0〉1,3, (10.1.2)

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1. (10.1.3)

Differentiating (10.1.2) and (10.1.3) and using d2ν = d2η = 0, we find

dζ + 1
4
〈ζ, ζ〉0,1 = 1

4800
〈〈A,A〉0,4, 〈η, η〉0,1〉2,0 + 1

28800
〈〈A,A〉1,3, 〈η, η〉1,0〉0,2 (10.1.4)
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− 1
2880
〈〈A,A〉1,5, 〈η, η〉1,0〉0,0,

dξ + 1
4
〈ξ, ξ〉1,0 = 1

4880
〈〈A,A〉0,4, 〈η, η〉1,0〉0,2 − 1

2880
〈〈A,A〉1,5, 〈η, η〉0,1〉0,0 (10.1.5)

− 1
2
〈G, 〈η, η〉0,1〉2,0,

dA+ 1
2
〈ζ, A〉0,1+1

2
〈ξ, A〉1,0 = 〈E, ν〉0,2 + 〈U, η〉1,1, (10.1.6)

where E,U, and G are functions on Q taking values in W1,7,W2,6, and W4,0 respec-

tively. Differentiating (10.1.4) and using d2ζ = 0, we get the following identities

〈A,E〉0,4 = 0 〈A,E〉0,5 = 0 (10.1.7)

〈A,E〉1,3 = 0 〈A,E〉1,4 = 0 (10.1.8)

〈A,E〉1,5 = 0 (10.1.9)

Equations (10.1.7-10.1.9) place severe algebraic restrictions on A and E, but do

not force E = 0. In order to avoid the algebraic difficulties caused by equations

(10.1.7-10.1.9), in what follows we will assume E = 0. This is equivalent to assuming

that A is constant on the leaves of the distribution η = 0.

Remark 10.1.1. It seems possible that further differentiation of (10.1.7-10.1.9) would

yield identities that force E = 0, but the algebra involved in checking this is non-

trivial.

Now, imposing E = 0 and differentiating (10.1.4-10.1.6) yields

dU + 1
2
〈ζ, U〉0,1+1

2
〈ξ, U〉1,0 = (10.1.10)

〈 1
10080
〈〈A,A〉1,5, A〉0,0 + 1

50400
〈〈A,A〉0,4, A〉1,1, η〉0,0

+〈 1
604800

〈〈A,A〉1,3, A〉0,1 + 1
302400

〈〈A,A〉0,4, A〉1,0, η〉0,1

+〈 1
100800

〈〈A,A〉1,1, A〉0,1 + 1
14
〈A,G〉1,0, η〉1,0 + 〈V, η〉1,1

dG+ 1
2
〈ξ,G〉1,0 = 1

1800
〈〈A,U〉0,5, η〉0,1 + 〈Y, η〉1,1, (10.1.11)

where V and Y are functions on Q taking values in W3,7 and W1,5 respectively.
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Theorem 10.1.2. The SO(4)-structures of torsion class W1,5 satisfying the addi-

tional condition that A is constant on the leaves of the distribution η = 0 exist locally

and depend on 4 functions of 3 variables.

Proof. This is a application of Theorem 3 of [Bry14]. The primary invariants are the

components of A and G, and the free derivatives are the components of V and Y. The

tableau for the system is involutive, with Cartan characters s1 = 17, s2 = 12, s3 = 4,

and sk = 0 for k > 3.

From the structure equations (10.1.2) and (10.1.3), we observe that M admits a

Riemannian submersion M → X, where X is the leaf space of the distribution η = 0.

The metric gX on X is given by

gX = 1
2
〈η ◦ η〉1,1, (10.1.12)

where 〈· ◦ ·〉 denotes the symmetrisation of 〈·, ·〉. By equation (10.1.4), the metric g

restricted to the fibres of the submersion M → X is flat.

Definition 10.1.3. Let (M,ϕ) be a manifold with torsion-free G2-structure. A semi-

flat associative fibration of M is a fibration of M by flat associative submanifolds.

We have just shown that if Q → M is an SO(4)-structure of torsion class W1,5

satisfying the additional condition that A is constant on the leaves of the distribution

η = 0, then M admits a semi-flat associative fibration.

Theorem 10.1.4. Let Q→M be an SO(4)-structure of torsion class W1,5 satisfying

the additional condition that A is constant on the leaves of the distribution η = 0,

and let X be the base of the semi-flat associative fibration on M. Then locally there

is a commutative diagram

SO(4) P SL(3,R) SO(3)

X SL(3,R)
SO(3)

,

f

f
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where P denotes the orthonormal coframe bundle of X, such that the pullback of the

SO(3)-connection forms for SL(3,R)/SO(3) give the self-dual part of the Levi-Civita

connection on X, and the derivative of f takes values in W1,5 ⊂ Hom (W1,1,W0,4) .

Conversely, given such a commutative diagram the total space of the R3-bundle

over X associated to the induced flat SL(3,R) connection has an SO(4)-structure of

torsion class W1,5 satisfying the additional condition that A is constant on the leaves

of the distribution η = 0, and X is the base of the resulting semi-flat associative

fibration.

Proof. Suppose first that Q → M is an SO(4)-structure of torsion class W1,5 sat-

isfying the additional condition that A is constant on the leaves of the distribution

η = 0, and X is the base of the semi-flat associative fibration on M. Let P denote

the orthonormal coframe bundle of (X, gX) . The Levi-Civita form on P is given by

ζ + ξ. By equation (10.1.6), the W1,5-valued function A is well-defined on P. Define

a W0,4-valued 1-form κ on P by

κ = 1
60
〈A, η〉1,1. (10.1.13)

We may rewrite equations (10.1.2) and (10.1.4) as

dν = −1
2
〈ζ, ν〉0,1 − 〈κ, ν〉0,2, (10.1.14)

dζ = −1
4
〈ζ, ζ〉0,1 + 3

4
〈κ, κ〉0,3, (10.1.15)

and as a consequence of (10.1.6) we have

dκ = −1
2
〈ζ, κ〉0,1. (10.1.16)

Now, define an sl (W0,2)-valued 1-form on P by µ = 1
2
〈ζ, ·〉0,1 + 〈κ, ·〉0,2. By equations

(10.1.15) and (10.1.16), µ satisfies the Maurer-Cartan equation dµ = −µ ∧ µ, while

equation (10.1.14) implies dν = −µ∧ν. This proves the first half of the theorem, the

map f is simply the map integrating µ, i.e. satisfying µ = f−1df.
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Conversely, suppose X is a Riemannian 4-manifold such that there is a commu-

tative diagram with the properties described in the statement of the theorem. Let P

denote the orthonormal coframe bundle on X, with W1,1-valued tautological form η

and Levi-Civita form ζ = ξ, where ζ takes values in W0,2 and ξ takes values in W2,0.

Identify R3 with W0,2 and consider the Maurer-Cartan form µ of SL(3,R) as

taking values in sl (W0,2) ∼= W0,2 ⊕W0,4. Concretely, we have

µ = 1
2
〈α, ·〉0,1 + 〈σ, ·〉0,2, (10.1.17)

where α takes values in W0,2 and σ takes values in W0,4. Then the Maurer-Cartan

equation is written

dα = −1
4
〈α, α〉0,1 + 3

4
〈σ, σ〉0,3, (10.1.18)

dσ = −1
2
〈σ, σ〉0,1. (10.1.19)

By the hypotheses, f ∗α = ζ and f ∗σ = 1
60
〈A, η〉1,1, for some function A on P taking

values in W1,5. Let M = W0,2 × X, with W0,2-valued coordinate y. Define a W0,2-

valued 1-form ν on W0,2 × P by ν = f−1dy. Then it is a simple check to see that

W0,2 × P → M is an SO(4)-structure of torsion class W1,5 satisfying the additional

condition that A is constant on the leaves of the distribution η = 0, with X as the

base of the resulting semi-flat associative fibration.

10.2 The torsion class W2,4

Let Q → M be an SO(4)-structure on a 7-manifold M such that the induced G2-

structure ϕ is torsion-free and the torsion of Q takes values in the space W2,4. The

torsion functions of such a structure satisfy

A = B = C = Q = L = S = 0, (10.2.1)

with only possibly P nonvanishing. The structure equations (7.3.7) and (7.3.8) read

dν =− 1
2
〈ζ, ν〉1,0, (10.2.2)
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dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1 + 1

48
〈P, 〈ν, η〉0,0〉1,3. (10.2.3)

Differentiating (10.2.2) and (10.2.3) and using d2ν = d2η = 0, we find

dζ + 1
4
〈ζ, ζ〉0,1 =− 1

2304
〈〈P, P 〉2,4, 〈ν, ν〉0,1〉0,0 (10.2.4)

+ 1
13824
〈〈P, P 〉2,2, 〈ν, ν〉0,1〉0,2,

dξ + 1
4
〈ξ, ξ〉1,0 = 1

6144
〈〈P, P 〉1,3, 〈ν, ν〉0,1〉0,2 + 5

24
〈H, 〈ν, η〉0,0〉1,3 (10.2.5)

− 1
2
〈G, 〈η, η〉0,1〉2,0,

dP + 1
2
〈ζ, P 〉0,1+1

2
〈ξ, P 〉1,0 = 〈J, ν〉0,2 + 〈H, η〉1,0 + 〈V, η〉1,1, (10.2.6)

where J,H, V, and G are functions on Q taking values in W2,6],W3,3,W3,5, and W4,0

respectively. Differentiating (10.1.4) and using d2ζ = 0, we get the following identities

〈P,H〉2,3 + 〈P, V 〉2,4 = 0, (10.2.7)

329〈P,H〉2,2 − 144〈P, V 〉2,3 = 0, (10.2.8)

〈P,H〉2,1 + 〈P, V 〉2,2 = 0. (10.2.9)

In order to avoid algebraic difficulties caused by equations (10.2.7-10.2.9), in

what follows we will assume H = V = 0. This is equivalent to assuming that P is

constant on the leaves of the distribution ω = 0. With this assumption, the equations

dH = dP = 0 imply that G = 0 also.

Remark 10.2.1. It seems possible that further differentiation of (10.2.7-10.2.9) would

yield identities that force H = V = 0, but the algebra involved in checking this is

nontrivial.

Theorem 10.2.2. The SO(4)-structures of torsion class W2,4 satisfying the addi-

tional condition that P is constant on the leaves of the distribution ω = 0 exist locally

and depend on 6 functions of 2 variables.

Proof. This is a application of Theorem 3 of [Bry14]. The primary invariants are

the components of P , and the free derivatives are the components of J . The tableau
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for the system is involutive, with Cartan characters s1 = 15, s2 = 6, and sk = 0 for

k > 2.

From the structure equations (10.2.2) and (10.2.3), we observe that M admits a

Riemannian submersion M → Y, where Y is the leaf space of the distribution ν = 0.

The metric gY on Y is given by

gY = 1
2
〈ν ◦ ν〉0,2, (10.2.10)

where 〈· ◦ ·〉 denotes the symmetrisation of 〈·, ·〉. By equations (10.2.4) and (10.2.5),

the metric g restricted to the fibres of the submersion M → Y is flat.

Definition 10.2.3. Let (M,ϕ) be a manifold with torsion-free G2-structure. A semi-

flat coassociative fibration of M is a fibration of M by flat coassociative submanifolds.

We have just shown that if Q → M is an SO(4)-structure of torsion class W2,4

satisfying the additional condition that P is constant on the leaves of the distribution

ω = 0, then M admits a semi-flat coassociative fibration.

The following theorem is due to Baraglia [Bar10], although he does not use the

language of SO(4)-structures or torsion classes.

Theorem 10.2.4 ([Bar10]). Let Q→M be an SO(4)-structure of torsion class W2,4

satisfying the additional condition that P is constant on the leaves of the distribution

ω = 0, and let Y be the base of the semi-flat coassociative fibration on M. Then locally

there is a space-like maximal immersion Y → R3,3 of Y into the pseudo-Euclidean

space R3,3, and M is locally equivalent to the R4-bundle over Y associated to the

4-dimensional representation of so(3, 3) ∼= sl4R.

Conversely, given a space-like maximal immersion of a Riemannian 3-manifold

Y into R3,3, the total space of the R4-bundle over Y described above has an SO(4)-

structure of torsion class W2,4 satisfying the additional condition that P is constant
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on the leaves of the distribution ω = 0, and Y is the base of the resulting semi-flat

coassociative fibration.

Proof. Since this theorem has appeared before, we will not give a full proof. The key

point is that, in a similar way to the proof of Theorem 4.3.2, we may write equation

(10.2.3) in the form

dη = −µ ∧ η, (10.2.11)

where µ is a sl4R ∼= so(3, 3)-valued 1-form satisfying the Maurer-Cartan equation

dµ = −µ∧µ. By integrating we get a locally defined map into SO(3, 3) and this turns

out to be the developing map of the maximal space-like 3-dimensional submanifold.
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Invariant torsion

In this chapter we shall give a classification of SO(4)-structures with invariant tor-

sion, i.e. SO(4)-structures whose torsion function takes values in a direct sum of

trivial representations of SO(4).

There are two trivial summands in the decomposition (7.2.4) of the torsion space

for SO(4)-structures. Comparing with the decomposition (7.2.5) in the case where

the induced G2-structure is torsion-free, we see that if Q→M is an SO(4)-structure

with invariant torsion such that ϕ is torsion-free, then the torsion of the SO(4)-

structure vanishes, and M is described by proposition 7.3.2. Thus, if Q → M is an

SO(4)-structure with invariant torsion, then its torsion must be expressible in terms

of the torsion of the induced G2-structure. From the decompositions

V0,0
∼= W0,0, V1,0

∼= W0,2 ⊕W1,1, (11.0.1)

V0,1
∼= W0,2 ⊕W2,0 ⊕W1,3, (11.0.2)

V2,0
∼= W0,0 ⊕W0,4 ⊕W1,1 ⊕W1,3 ⊕W2,2, (11.0.3)

of G2 representations into SO(4)-irreducible pieces, we see that the torsion forms

(defined in proposition 2.2.1) of the induced G2-structure satisfy

τ1 = τ2 = 0. (11.0.4)
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Thus, the induced G2-structure is coclosed, i.e. d ∗ϕ ϕ = 0.

11.1 Structure equations

Let Q→M be an SO(4)-structure with invariant torsion. As a result of the invariant

torsion condition, the forms α, β and γ defined in Section 7.2 satisfy

α = fν, (11.1.1)

β = gη, (11.1.2)

σ = 0, (11.1.3)

where f and g are functions on Q taking values in W0,0
∼= R. The first structure

equation on Q is

dν = −1
2
〈ζ, ν〉0,1 − 1

4
f〈ν, ν〉0,1 − g〈η, η〉1,0, (11.1.4)

dη = −1
2
〈ξ, η〉1,0 − 1

2
〈ζ, η〉0,1 − 1

2
g〈ν, η〉0,1, (11.1.5)

where ζ and ξ are 1-forms on Q with values in W0,2 and W2,0 respectively forming the

natural connection on Q. Differentiating equations (11.1.4) and (11.1.5) and using

d2ν = d2η = 0, we get

dζ + 1
4
〈ζ, ζ〉0,1 =1

4
g (f − g) 〈ν, ν〉0,1 + g (f − g) 〈η, η〉1,0 (11.1.6)

dξ + 1
4
〈ξ, ξ〉1,0 = g (f − 2g) 〈η, η〉0,1 − 1

2
〈G, 〈η, η〉0,1〉2,0, (11.1.7)

df = 0, (11.1.8)

dg = 0, (11.1.9)

where G is a function on Q taking values in W4,0. Thus, the torsion functions f and

g are constant on Q.

Proposition 11.1.1. The pullbacks to Q of the G2 torsion forms τ0 and τ2 are

τ0 = 12
7

(4g − f) , (11.1.10)

τ3 = 1
56

(f + 3g) (〈ν, 〈ν, ν〉0,1〉0,2 + 2〈ν, 〈η, η〉1,0〉0,2) . (11.1.11)
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Proof. This is simply a matter of differentiating ϕ using equations (11.1.4) and

(11.1.5).

Define a W0,2-valued 1-form on Q by

κ = ζ + (f − g) ν. (11.1.12)

Then the structure equations (11.1.4) and (11.1.5) become

dν = −1
2
〈κ, ν〉0,1 −

(
1
4
f − 1

2
g
)
〈ν, ν〉0,1 − g〈η, η〉1,0, (11.1.13)

dη = −1
2
〈ξ, η〉1,0 − 1

2
〈κ, η〉0,1 −

(
1
2
f − g

)
〈ν, η〉0,1, (11.1.14)

and we have

dκ+ 1
4
〈κ, κ〉0,1 = 0. (11.1.15)

There are now two cases to consider: f = 2g and f 6= 2g.

11.1.1 The case f = 2g

If f = 2g, the structure equations (11.1.13 - 11.1.15) and (11.1.7) become

dν = −1
2
〈κ, ν〉0,1 − g〈η, η〉1,0, (11.1.16)

dη = −1
2
〈ξ, η〉1,0 − 1

2
〈κ, η〉0,1, (11.1.17)

dκ+1
4
〈κ, κ〉0,1 = 0, (11.1.18)

dξ+1
4
〈ξ, ξ〉1,0 = −1

2
〈G, 〈η, η〉0,1〉2,0. (11.1.19)

Theorem 11.1.2. Let Q → M be an SO(4)-structure with invariant torsion satis-

fying the additional condition f = 2g. Then M is locally equivalent to the total space

of the bundle LI ⊕ LJ ⊕ LK over a hyper-Kähler 4-manifold X, where LI ,LJ and

LK denote the circle bundles with curvature 2gΩI , 2gΩJ and 2gΩK respectively.

Proof. The W0,2
∼= su(2)-valued 1-form κ defines a flat connection, so by integrating

we may assume that κ = 0 in the structure equations. Then the leaf space X of the

distribution η = 0 carries a hyper-Kähler metric by equations (11.1.17) and (11.1.19).
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By equation (11.1.16), the components of ν are connection forms with curvatures the

corresponding components of−g〈η, η〉1,0, which turn out to be 2gΩI , 2gΩJ and 2gΩK

as claimed.

11.1.2 The case f 6= 2g

Define a W0,2-valued 1-form π on Q by

π =
(

1
2
f − g

)
ν. (11.1.20)

Using equations (11.1.13 - 11.1.15) and (11.1.7) we have

dπ+1
4
〈π, π〉0,1 = −1

2
〈κ, π〉0,1 + g (f − 2g) 〈η, η〉1,0, (11.1.21)

dη =− 1
2
〈ξ, η〉1,0 − 1

2
〈κ, η〉0,1 − 1

2
〈π, η〉0,1, (11.1.22)

dκ+1
4
〈κ, κ〉0,1 = 0, (11.1.23)

dξ+1
4
〈ξ, ξ〉1,0 = g (f − 2g) 〈η, η〉0,1 − 1

2
〈G, 〈η, η〉0,1〉2,0. (11.1.24)

Theorem 11.1.3. Let Q → M be an SO(4)-structure with invariant torsion sat-

isfying the additional condition f 6= 2g. Then M is locally equivalent to the total

space of the principal SO(3) bundle over a self-dual Einstein 4-manifold X of scalar

curvature g (f − 2g) associated to the bundle Λ2
+ (X) , where the fibres have constant

curvature 4/ (f − 2g)2 .

Proof. The W0,2
∼= su(2)-valued 1-form κ defines a flat connection, so by integrating

we may assume that κ = 0 in the structure equations. By equation (11.1.22), there

is a Riemannian submersion M → X, where X is the leaf space of the distribution

η = 0, and the metric gX on X is given by

gX = η2
1 + η2

2 + η2
3 + η2

4. (11.1.25)

The Levi-Civita form of gX is given by ξ + π, and from equations (11.1.24) and

(11.1.21) we see that gX is self-dual Einstein with scalar curvature g (f − 2g) . Since

π is obtained by scaling ν, the theorem is proven.
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Conclusion

There are several natural directions for further research suggested by the work in

this thesis.

Building on the work in Part 1:

1. Do the possible values of λ form a discrete set? Is every possible value of λ

rational?

2. Is every compact extremally Ricci-pinched closed G2-structure locally equiv-

alent to Bryant’s example given in [Bry06]? From the results on type P

structures in Chapter 4, a space-like 3-submanifold of SO(3, 3)/SO(3, 2) with

enough discrete symmetries to admit a compact quotient would yield a counter-

example.

3. Almost nothing is known about the topology of 7-manifolds admitting a closed

G2-structure. Can a compact, simply-connected manifold M admit a closed

G2-structure with algebraically special torsion?

Building on the work in Part 2:
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1. Classify the torsion classes of SO(4)-structures which give rise to torsion-free

G2-structures, and such that the torsion does not lie in a proper subspace.

2. Use the results of Chapter 10 to construct new explicit examples ofG2-holonomy

spaces. A natural way to do this is to look for examples where the torsion has

a non-trivial stabiliser under the action of SO(4).

3. Investigate the theory of calibrated distributions in other cases, especially for

manifolds with holonomy SU(3) and Spin(7).
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