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Alzheimer’s disease (AD) is a complex neurological disorder impairing
multiple domains such as cognition and daily functions. To better understand
the disease and its progression, many AD research studies collect multiple
longitudinal outcomes that are strongly predictive of the onset of AD de-
mentia. We propose a joint model based on a multivariate functional mixed
model framework (referred to as MEMM-JM) that simultaneously models the
multiple longitudinal outcomes and the time to dementia onset. We develop
six functional forms to fully investigate the complex association between
longitudinal outcomes and dementia onset. Moreover, we use the Bayesian
methods for statistical inference and develop a dynamic prediction frame-
work that provides accurate personalized predictions of disease progressions
based on new subject-specific data. We apply the proposed MFMM-JM to two
large ongoing AD studies, the Alzheimer’s Disease Neuroimaging Initiative
(ADNI) and National Alzheimer’s Coordinating Center (NACC), and iden-
tify the functional forms with the best predictive performance. Our method is
also validated by extensive simulation studies with five settings.

1. Introduction. Alzheimer’s disease (AD) is a complex neurological disorder impair-
ing cognition, behavior, and daily functions (Breijyeh and Karaman (2020)). In the United
States, the number of AD subjects is projected to be 6.07 million in 2020 (Rajan et al. (2021)),
imposing a significant health burden on society. To effectively monitor AD severity and pro-
gression, multiple neuropsychological and behavioral measurements are collected in many
AD studies, for example, the Alzheimer’s Disease Neuroimaging Initiative (ADNI) study
(Weiner et al. (2015)) and the National Alzheimer’s Coordinating Center (NACC) study
(Besser et al. (2018)). Mild cognitive impairment (MCI) is an early stage of memory loss
or other cognitive ability loss, and it may develop into more serious decline or dementia
(Petersen (2016)). Personalized interventions initiated early in the disease course may pre-
vent or delay AD progression for subjects with MCI (Ballard et al. (2011)). Hence, it is of
scientific interest to assess the association between the multiple longitudinal measurements
and the risk of AD-related dementia onset and to develop a dynamic prediction framework
to provide accurate personalized predictions of disease progressions based on new subject-
specific data.

The joint model (JM) framework is an effective approach to modeling longitudinal and
survival data, which typically consists of a generalized linear mixed model and a Cox Model
(Hickey et al. (2016), Papageorgiou et al. (2019)), linked by different association structures
(Rizopoulos (2012), Rizopoulos et al. (2014)). Recently, many extensions of the JM frame-
work have been proposed. Multivariate joint models were developed to accommodate multi-
ple longitudinal outcomes (Long and Mills (2018), Mauff et al. (2020)). Different functional
forms were proposed to flexibly model the association structures between the longitudinal and
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survival outcomes (Rizopoulos et al. (2014)). For example, Andrinopoulou and Rizopoulos
(2016) proposed a multivariate joint model with multiple functional forms (the latent longi-
tudinal mean, the slope, the area and the weighted area, and the shared random effects) and
adopted the Bayesian shrinkage priors to estimate their regression coefficients. Moreover, a
novel application of joint models is in dynamic prediction where updates to the predictions
of the survival probability and longitudinal trajectories in a dynamic pattern based on an
individual’s latest data (Rizopoulos (2011)).

Alternatively, measurements from the longitudinal outcomes can be treated as sparse func-
tional data, and a flexible data-adaptive nonparametric approach, based on functional data
analysis, can be adopted to automatically capture the outcome heterogeneity and correlation
(Yao, Miiller and Wang (2005), Wang, Chiou and Miiller (2016), Morris (2015)). Specif-
ically, Guo (2002) proposed a nonparametric functional mixed effects model (FMEM) to
model univariate longitudinal data. Yao (2007) extended the nonparametric FMEM to jointly
model the univariate longitudinal outcome and the survival data. The Bayesian modeling
technique adopted in the function-on-scalar regression allows simultaneous estimates of the
mean and random effect functions as well as the variance components of the outcomes using
the posterior samples. For example, Morris et al. (2003) adopted the Metropolis-within-Gibbs
sampler which simultaneously estimates the fixed and random effect functions using wavelet
basis functions for univariate hierarchical functional data. Morris and Carroll (2006) extended
the hierarchical model to a general functional mixed model via the adaptive regularization of
wavelet basis functions. Baladandayuthapani et al. (2010) adopted the penalized Bayesian ap-
proach using piecewise-constant basis functions for univariate functional data. Additionally,
Goldsmith and Kitago (2016) adopted the variational Bayes method using penalized B-spline
basis functions to model bivariate functional data.

In this manuscript we extend the joint model, based on the multivariate functional mixed
model (referred to as MFMM-JM), developed by Li, Xiao and Luo (2022) with novelty in
three aspects. First, we extend the shared random effects form in Li, Xiao and Luo (2022)
to six functional forms of the association structures with different association parameters
which greatly increases the flexibility in modeling and interpreting the association between
the longitudinal and survival processes (Andrinopoulou and Rizopoulos (2016), Rizopoulos
and Ghosh (2011), Brown (2009)). Second, we adopt the Bayesian shrinkage priors, which
are a flexible approach to estimating the association parameters that control the degree of
shrinkage, jointly with other parameters of interest. Third, we develop a dynamic prediction
framework that provides accurate personalized predictions of disease progressions in multiple
longitudinal trajectories and the risk of dementia onset. The predictions facilitate personalized
prognosis and valuable real-time guidance of clinical decision-making on treatment selection
and counseling.

The manuscript is organized as follows. In Section 2 we briefly describe two motivating
AD studies: the ADNI and the NACC. In Section 3 we propose the MFMM-JM with six func-
tional forms and formulate the estimation method and the dynamic prediction framework. In
Section 4 we conduct an extensive simulation study with five settings to validate our method.
In Section 5 we present the results of model fitting and dynamic prediction. In Section 6 we
give the summary, discuss the limitations, and outline future research directions.

2. Motivation. The motivation for this work comes from two large ongoing AD stud-
ies, the ADNI and the NACC, whose descriptions can be found in Weiner et al. (2015) and
Besser et al. (2018), respectively. Based on the findings in Li et al. (2017), we select from
two studies the following longitudinal measurements that are predictive of dementia on-
set: Alzheimer’s Disease Assessment Scale-Cognitive Subscale 13 items (ADAS-Cog 13),
Rey Auditory Verbal Learning Test immediate recall (RAVLT-immediate), RAVLT learning
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FI1G. 1. The spaghetti plot of ADAS-Cog 13, RAVLT-immediate, RAVLT-learning, MMSE, and CDR-SB trajec-
tories for randomly selected 15 subjects diagnosed with MCI at baseline in the ADNI study.

curve (RAVLT-learning), Mini-mental State Examination (MMSE), Clinical Dementia Rat-
ing Scale-sum of boxes (CDR-SB), and Wechsler Memory Scale-logical memory delayed
recall test (WMS-LM). Higher scores of ADAS-Cog 13 and CDR-SB and lower scores of
the remaining outcomes are associated with worse cognition and functional activities and
a higher risk of dementia onset (Li et al. (2017, 2006)). Figure 1 displays the longitudinal
profiles of the ADAS-Cog 13, RAVLT-immediate, RAVLT-learning, MMSE, and CDR-SB
scores from 15 subjects with MCI at baseline who are randomly selected from the ADNI
study. Figure 1 displays nonlinear longitudinal trajectories observed on a sparse time grid
and correlated multiple longitudinal outcomes from the same subject. Moreover, there are
330 subjects who had MCI at baseline developed dementia during the study. As indicated in
Li, Xiao and Luo (2022), subjects with more severe cognitive and functional impairment are
more likely to develop dementia.

The ADNI study consists of four phases: the completed ADNI-1, ADNI-GO, and ADNI-
2, and the ongoing ADNI-3. We downloaded demographic and neuropsychological data on
January 15, 2020. We select 1018 subjects with MCI at baseline, and we include age, sex,
education years, and Apolipoprotein E (ApoE) €4 alleles as regression covariates in the sur-
vival model. We remove 86 patients with missing ApoE-€4 and one patient with missing
age because ApoE-€4 is an important genetic variant associated with faster AD progression
(Corder et al. (1993)). We use five longitudinal outcomes from the ADNI study: ADAS-Cog
13, RAVLT-immediate, RAVLT-learning, MMSE, and CDR-SB. The survival outcome is the
time from baseline to the first diagnosis of dementia. Subjects without dementia diagnosis
during the study are treated as censored and the survival time is set to the last follow-up visit.
The final analysis dataset consists of 931 subjects with 330 dementia onsets and 4181 visits.
The outcomes ADAS-Cog 13, RAVLT-immediate, RAVLT-learning, MMSE, and CDR-SB
have 38, 18, 18, 9, and 42 missing values, respectively. The mean time to visit is 2.72 years
with the standard deviation being 2.46 years.
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The NACC study data were downloaded on October 16, 2019. We select 3930 subjects
with MCI at baseline, and we use the same set of covariates in the survival model as we
use from the ADNI study. We exclude 20 patients with missing education years. We select
three longitudinal outcomes from the NACC study: CDR-SB, MMSE, and WMS-LM, and
we remove 1409 subjects because their MMSE and WMS-LM scores were not collected
at baseline visits nor during any of the follow-up visits. The final analysis dataset consists
of 2501 subjects with 759 dementia onsets and 4873 visits for CDR-SB, MMSE, and WMS-
LM, which have zero, four, and 12 missing values, respectively. The mean time to visitis 1.12
years, and the SD is 1.58 years. Out of the 2501 subjects, 494 subjects have missing ApoE
genotype which is the strongest AD risk gene. The computation details of the likelihood for
subjects with missing ApoE genotype are given in Section 3.2.

3. Methods. We assume there are i = 1, ..., N subjects, j =1, ... J longitudinal out-
comes, and k = 1,..., K; visits. We observe the longitudinal outcome Y;;(#;x) at time f;,
the subject-specific covariate w;’, the event time 7; = min(7;*, C;), and the censoring status
8; = I(T* < C;), where T* and C; denote the failure time and the censoring time, respec-
tively. We denote ?i j (tix) for the missing longitudinal outcome and /;j; for the missingness
status (equals to 1 if ¥;;(#;x) is missing), and we assume missing at random (MAR).

3.1. Model description. We briefly illustrate the multivariate functional mixed model-
joint model (MFMM-JM) developed in Li, Xiao and Luo (2022), and we assume that the
observed outcome Y;;(#;x) is a noisy measurement of the latent process X;;(#x) so that
Yij(tix) = Xij(tix) + € jk- We model the latent process X;;(#x) and the survival process as

(1) Xij(tix) = pj(tin) + B;[Ui (tix) + Wi (tin) ]
() hi(t) = ho(t) exp(w;'y,, + F(X;, 1)).

For subject i, outcome j, and time f;;, we denote the true latent longitudinal process as
Xij(tix), and €;jx is the random noise and is assumed to follow N (0, a)?). We denote the
mean function as () for outcome j, and for simplicity, we assume it depends on time 7.
To incorporate baseline covariates in w;(¢), an additive model can be readily adopted. We
denote the shared random profile as U; (¢), which represents the subject-specific disease pro-
gression pattern, and is shared across all J longitudinal outcomes for subject i. Higher shared
random profile U;(¢) implies worse cognitive behavior. This is because we set ADAS-Cog
13 and CDR-SB as the first longitudinal outcome in the ADNI and NACC studies, respec-
tively, and higher values in both outcomes indicate clinically worse conditions. We denote
the subject-outcome specific random profile as W;;(¢) which represents the outcome-specific
disease progression pattern for subject i and outcome j. The scale parameter 8; quantifies
the expected increase in jth longitudinal outcome for one unit increase in U; (r) and W;; (1),
and we set B = 1 for model identifiability. We multiply W;;(z) by B; so that all W;;(¢) are
roughly in the same magnitude. In the survival model (2), g(¢) is the baseline hazard func-
tion, and y, is the regression coefficient vector. The functional form of U;(z) and W;;(7) is
denoted as F(X;, t), whose formulation is detailed in Section 3.2.

We approximate the mean function (1) ~ 5:1 b,(t)Aj,, where b, (t) is the pth cubic
B-spline function evaluated at time ¢ and A}, is the regression coefficient. We model the
random components U; (t) and W;; () as two zero-mean Gaussian processes with covariance
functions Cyp and Cy, respectively, and we assume U;(7), W;;(t), and ¢;j; are mutually in-
dependent. Note that the same covariance function C; is shared for all J outcome-specific
random profiles W;;(z). By Mercer’s Theorem the covariance functions can be expressed
as Co(s, 1) = cov(U;(s), Ui (1)) = 3721 dorhi () (1), and Cy(s, 1) = cov(W;;(s), W;; (1)) =
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Zj’il di (s)yi(t), where we denote the ordered eigenvalues as dg; > dop > ..., and dj; >
di2 > ..., and A;(¢) and v;(¢) are the eigenfunctions for U;(¢) and W;;(z), respectively. By
Karhunen—Loeve’s expansion, we have U;(t) = Zfi] §iiA(t), and Wi (1) = Zj’il Cijii (),
where &;; and ¢;;; are the functional principal components (FPCs) for U;(t) and W;;(t), re-
spectively, and we assume &;; ~ N(0, dy), ¢iji ~ N(0,dy), & 1L ¢;j;, and 1L denotes inde-
pendence.

We denote the covariance matrix between the jth and j'th outcome as Cjj/(s,t) =
cov(X;j(s), X;j (1)) for j, j ' =1,...,J. We adopt the multivariate fast covariance estima-
tion method to estimate and smooth the covariance matrix C;;s on a refined grid § (Li, Xiao
and Luo (2020)). The estimation of Cp and Cj is detailed in Supplementary Material Sec-
tion 1 (Zou et al. (2023a)). We perform an eigendecomposition on the estimated 6‘0 and
c 1 to obtain )A\l (t) and 1}1 (t). We adopt the truncated K-L expansion: U;(t) ~ ZIL:O] Eqin (),
Wij(t) =~ Zlell Cijivi (1), where the numbers of FPCs Lo and L are determined by the pro-
portion of variance explained (PVE) criteria (Di et al. (2009)).

3.2. Functional forms and likelihood formulation. We propose six functional forms of
F(X;, t) in the survival model (2):

Model 1 (random effects model): F(X;, 1) = 372, yoiir + ZJJ-ZI 21 vijigiji, which
quantifies the association via the latent longitudinal features &; and ¢;j;, as in Li, Xiao and
Luo (2022). In the estimation procedure, we determine the number of features for U;(t)

and W;;(t) by the PVE criteria, as in Section 3.1, and we have F(X;,t) ~ ZILZOI yo&il +

J ZLI .

=1 221=1 Y118ijl-

Model 2 (instantaneous model): F(X;,t) = yoU;(¢) + ZJJ-ZI y1; Wij(t), indicating that the
current values of the shared profile U;(#) and the subject-outcome specific profile W;;(z) at
time ¢ impact the risk of dementia onset at the same time point.

Model 3 (derivative model): F(X;,t) = yo1U; (¢) + yozUi/(t) + ZJJ:I v1; Wij (1), indicating
that the current values of U; (), its rate of change (i.e., the slope), and the current value of
W; () impact the risk of dementia onset.

Model 4 (historical model): F(X;,1) = yo [0’ Ui(s)ds + Zj’:l ¥1; Wi (t), indicating that
the cumulative effect of the shared profile up to the current time point and the current value
of W;;(t) impact the risk of dementia onset.

Model 5 (lag model): F(X;,t) =y fé ¢t —s)Ui(s)ds + Z,J‘=1 ¥1; Wij(t), indicating that
the weighted cumulative effect of U;(z) and the current value of W;;(r) impact the risk of
dementia onset. Note that ¢ (¢) is the probability density function of a standard Normal dis-
tribution and it gives more weight to more recent values of U, (¢).

Model 6 (composite model): F(X;, 1) = yo1U; (t) + vo2 U/ (t) + yo3 fé ¢t —s)U;(s)ds +
ZJJ':1 v1; Wij(t), indicating that the current values of U;(t), its rate of change, its weighted
cumulative effect, and the current value of W;; () impact the risk of dementia onset. Model 6
reduces to Models 2, 3, or 5 if some elements in y9 = (01, Y02, Y03) are zero; for example, if
103 = 0, Model 6 reduces to Model 3 (derivative model). The area of U, (¢) (i.e., fé U;(s)ds)
is not included in Model 6 due to potential collinearity.

The above-mentioned functional forms are widely used in the joint model framework for
various diseases. For example, Li, Xiao and Luo (2022) proposed Model 1 (random effects
model) to study the association between longitudinal neurological outcomes and AD-related
dementia. Models 2 to 5 were used in Rizopoulos et al. (2014) to analyze an aortic valve
dataset. Moreover, Model 6 was studied in Andrinopoulou and Rizopoulos (2016) for primary
biliary cirrhosis. On the other hand, multiple functional forms provide a flexible approach to
quantifying the association between multivariate longitudinal outcomes and the risk of de-
mentia onset. The multivariate outcomes are modeled using a functional mixed effects model
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F1G. 2. Estimates of the shared random profile U;(t), the derivative Ui’ (t), the weighted integration
fé ¢t — s)U;(s)ds, and the survival probability S;(t) for subject A (Figures (a)—(d)) and subject B (Figures
(e)—(h)) based on Model 6 from the ADNI dataset. Subject A had dementia at 1.67 years, plotted as the solid
vertical lines. Subject B was censored at 5.02 years, plotted as the dashed vertical lines.

which consists of the shared random profile U;(¢) (higher/worse) and the subject-outcome
specific random profile W;;(¢) (higher/worse). Using Model 6, we display an illustrative Fig-
ure 2 of the estimates of U;(¢), derivative Ui/ (t), weighted integration f(; ¢t —s)U;(s)ds,
and the survival probability for subjects A and B. Figure 2 suggests that patient A has a
higher value of U; () (more severe disease status) and a higher value of the weighted history
of U;(t) (a higher value of the weighted cumulative effect of ADAS-Cog 13) when compared
to subject B. For patient A the probability of remaining stable MCI decreases more rapidly
when compared to subject B.

For Model 1 (random effects model), we denote yp = (o1, ..., YoL,) as the regression
coefficients of the FPCs & = (§;1,...,&i1,) and y1; = (¥11,...,¥1jL,) as the regression
coefficients of the FPCs &;; = (gij1,...,¢ijr,), for j =1,...,J. For Models 2 to 6, we
denote yp as the regression coefficients for the functional forms of U;(¢), and we denote
yi=Wit, ..., V7).

We express the parameter vector as @ = (A, dy, dy, B, ®,y,,.y), where A = (Ay, ...,
Ay) with each Aj = (Aj1,...,Ajp), dy = (do1,....doLy), di = (di1,....d1L,)), B =
B2,-.-.B1), ® = (w1,...,w5), and y = (Yo, Y11, ---, y1j) for Model 1 (random effects
model) and y = (p, y1) for Models 2 to 6.

The full likelihood is expressed as

3) 1(©) = log(L™ (@) LE™(©) f (&, Lit, - ., &i yIdo, d1) P(©)),
i=1
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J K
where L™™(®) = [T [T /(i (ti)l&i. 6ij)' ™" £ (¥ij i) &, &) "™,

j=1k=1
and L™ (@) = h; (T;1&;, &) Si (Ti &, &ij).
4) Yijtie) ~ N (1 i) + B [Ui (i) + Wi (i) ], o)

We denote Liong(('b) and L3"" (@) as the likelihood functions of the longitudinal and survival
data for subject i, respectively, P(®) as the prior distribution of @, and S; (¢) as the survival
probability at time ¢ for subject i. If the ApoE genotype is missing for subject i, we replace
L"™(®) in (3) by Eapog, (L' (@)) = ZApoEi:a P(ApoE; = a)L}""V(®|ApoE; = a), for
a =0, 1,2, where the frequency P(ApoE; = a) is estimated from the final analysis dataset
with subjects having valid ApoE genotype data.

The missing outcomes are treated as unknown parameters and are imputed using the pos-
terior samples from the distribution of missing outcomes in equation (4). For simplicity, we
model the baseline hazard function hg(#) using piecewise constant functions (Lawless and
Zhan (1998), Feng, Wolfe and Port (2005)). We apply Gaussian Legendre Quadrature to
approximate the cumulative hazard function. The computation details are given in Supple-
mentary Material Section 2 (Zou et al. (2023a)).

3.3. Bayesian inference and model assessment. We adopt the Markov chain Monte Carlo
(MCMC) method to obtain posterior samples based on the No-U-Turn Sampling (NUTS)
algorithm implemented in the software Stan (Hoffman and Gelman (2014)). For the real
data analysis and simulation study, we use four MCMC chains, each of which has 2000 burn-
in iterations and 1000 postburn-in iterations. For each chain we use over-dispersed initial
values and noninformative priors for all parameters. The improved scale reduction statistic R
is used to diagnose the convergence of the MCMC samples, where R < 1.1 indicates good
mixing (Hoffman and Gelman (2014), Vehtari et al. (2021)). From a total of 4000 posterior
samples, we compute the posterior mean, the standard deviation, and the 95% equal-tailed
credible interval for each parameter. To facilitate easy implementation, we provide the Stan
code and detailed explanations in Supplementary Material Section 7 (Zou et al. (2023a), Zou
et al. (2023b)).

For Model 6 we use four types of Bayesian shrinkage priors (lasso, ridge, elastic net, and
horseshoe) for py, and noninformative priors for the other parameters (Tibshirani (1996), Zou
and Hastie (2005), Carvalho, Polson and Scott (2010)). The purpose of using the Bayesian
shrinkage priors is to estimate nonzero parameters in yp while controlling the degree of
shrinkage and accounting for their potential collinearity. Specifically, as in Andrinopoulou
and Rizopoulos (2016), we use hierarchical priors on yg ~ N (0, X), where X is a diagonal
matrix with its diagonal elements being (o1, ooz, ®3). On the diagonal elements, we im-
pose four types of Bayesian shrinkage priors: lasso, ridge, elastic net, and horseshoe. The
Bayesian lasso prior allows some regression coefficients to have a large effect, while shrink-
ing the others to zero with a high probability, but does not account for the correlation between
the covariates of the functional forms of U; (¢). In contrast, the Bayesian ridge prior accounts
for the possible correlation. The Bayesian elastic net prior accounts for both the group ef-
fect and the sparsity effect. The group effect selects a group of highly correlated predictors,
and the sparsity effect shrinks the coefficients within a certain boundary toward zero. The
Bayesian horseshoe prior shrinks the coefficients with small effects more severely but applies
less shrinkage for large effects than the Bayesian lasso prior (Andrinopoulou and Rizopou-
los (2016)). Thereafter, we refer to Model 6 using these four Bayesian shrinkage priors as
Model 6-L, Model 6-R, Model 6-E, and Model 6-H, respectively.
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We use the Bayesian assessment criteria to select among all candidate models. Specifically,
we use the empirical Akaike information criterion (EAIC) and the empirical Bayesian infor-
mation criterion (EBIC), in addition to two stable Bayesian model assessment criteria, the
leave-one-out information criterion (LOOIC) and the widely applicable information criterion
(WAIC) suggested by Vehtari, Gelman and Gabry (2017), Wang and Luo (2017). Smaller val-
ues of EAIC, EBIC, LOOIC, and WAIC suggest a better model fit. If two models have close
values of the model assessment statistics (within a 10-unit difference), we use the LOOIC to
determine the model with the best fit as LOOIC is more robust (Vehtari, Gelman and Gabry
(2017)).

The computation of EAIC and EBIC is based on the posterior mean deviation D(®).
We compute D(®) = —2E@(Zf\’:1 I(y;, T;, 6;1©)), where I(y;, T;, §;|®) is the logarithm
of the likelihood, as in (3). We apply the Monte Carlo approximation, so D(@®) ~
-2/0 Zqul ZINZI I(y;, T;, 8,~|®(q)), where Q is the total number of postburn-in posterior

samples and @9 is the g-th posterior sample of ®. We compute EAIC = D(®) + 2p, and
EBIC = D(®) + plog(N), where p is the number of parameters in @. The LOOIC statis-
tic is based on the leave-one-out cross-validation which is computed as the summation of
the logarithm of the weighted predictive probability. The WAIC statistic is computed based
on the difference between the summation of the logarithm of the pointwise predictive den-
sity and the number of effective parameters. Both LOOIC and WAIC can be computed in R
package 1oo.

3.4. Dynamic prediction. Suppose there is a new subject (denoted by M) with mea-
surements of some longitudinal outcomes up to a landmark time 7. We predict this sub-
ject’s longitudinal outcomes and survival probability at a future time 7' > T. Let Yyj =
YpjEjn), ..., YMj(thj)), where j=1,...,J,k=1,...,K;, and K is the number of vis-
its until 7'. Let &y = (Em1, ... EmL,) and Eyj = (Cmjts-- -, CmjL,) be subject M’s FPCs.
We use the NUTS algorithm to sample from the posterior distributions of the FPCs (detailed

expression as follows) with 1000 burn-in iterations and 1000 postburn-in iterations, where [2)
is the estimate of the parameter vector @,

PEm,Cmr, - . Emgl¥mr, ... Yy, T > T, ©)
< P(Yarts .. Yorgl€p, Eaats - Ena g, ©)

P(Tyr > TIEm. Epts - Sy ©) - P(Eata Euats - Ea 719,
J K;

where P(Yp1, ..., Yarglénm, Earts - -, Ean g, ©) = TTTTP(Yari@tjn) ent. Emj 0),
j=1k=1

. T
P(Ty > T|ém,sm1s---.Smy, ©) =€XP[—/(; hM(t)dtj|,

J
P, mt. .. 5 g1©) = P(Em|©) [ | P(4u;1©).
j=l1
Based on the posterior samples of the FPC scores, the predicted longitudinal trajectories
and the survival probability can be computed as

E@ui(T) 1@, s @, ... e @)

P
~ b »(DA,+ B [Zs(‘”/\ )+ Z;ﬁj}l ]
J:
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d d
P(Ty > T Ty > T e @ eann P .. ey @) ~ SD (1) /5D (T),

where the superscript (d) denotes the dth posterior sample and S](j)(T) is the survival prob-

ability for subject M at time T, using the dth posterior sample of Ev@ and ¢y j @ for
j=1...,J.

The predictive performance is assessed using discrimination (how well the model dis-
criminates event-free subjects and subjects with events) and calibration (how well the pre-
dicted survival probability agrees with the true survival status). Specifically, we use the time-
dependent area under the curve (AUC, value ranges from O to 1 with a higher value indicating
better discrimination) and the Brier score (BS, value ranges from O to 1 with a lower value
indicating better calibration). The computation of the AUC and BS is described in Li, Greene
and Hu (2018) and Graf et al. (1999). For an easier illustration, we compute the integrated
AUC (iAUC) and integrated BS (iBS) in the analysis. Specifically, for each selected landmark
time 7', we compute the AUC and BS values on an equally-spaced dense prediction window
8. We adopt the Simpson’s Rule to integrate the AUC and BS values over the prediction
window & and obtain the iAUC and iBS.

4. Simulation study.

4.1. Simulation setting. We conduct an extensive simulation study to validate the
proposed method. We generate data from the more general Model 6, with the func-
tional form F(X;,1) = yo1Ui (1) + yo2U] (1) + yo3 Jy Ui(s) ds + yoa [§ ¢t — $)Ui(s)ds +
211:1 y1;Wij(t). We propose five simulation settings: (1) yp = (0.2, 0.2, -0.2,0.2);
(2) yo =(0.2,0,0,0); 3) yo = (0.2,0.2,0,0); (4) yo = (0,0,1,0); (5) yo = (0,0,0, 1).
Please note that simulation Settings 2 to 5 reduce to Models 2 to 5, respectively. For simu-
lation Setting 1, we apply four Bayesian shrinkage priors: the lasso, ridge, elastic net, and
horseshoe priors. We present the simulation results based on the ridge prior in the follow-
ing context, while the results for the lasso, elastic net, and horseshoe priors are detailed in
Supplementary Material Tables S6 and S7 (Zou et al. (2023a)).

The true values for the parameters are close to the model estimation results from the ADNI
study. Among a total of 1241 simulated subjects, we randomly select 931 subjects as the
training dataset and use the remaining 310 subjects as the testing dataset. We simulate J =3
longitudinal outcomes observed on a sparse grid S; = [0, ¢, +0.1,...,¢ 4+ 0.9] for sub-
ject i, where ¢; is sampled from a multinomial distribution over [0.01,0.02,...,0.1] with
equal probability. We set dp = (5,2), di1 =5, po =—1.5, B3 =04, ® = (1.2,1,1). The
true mean functions for the three outcomes are () = 10 + 5¢ + 12, wa(t) =10 4+ /¢, and
w3 (t) =sin(2wt) 4+ cos(2wt) + log(z + 1). The true eigenfunctions are A (t) = V2sin(zt),
A1) = ﬁcos(m), and () = ﬁcos(2m), with Lo =2 and L{ = 1, as in Section 5.1.
For subject i, outcome j, and at observed time 7, the longitudinal outcome Y;;(¢) is simu-
lated as Y;; (1) = (1) + B (Ui (1) + Wij (1)) + €iji, where Ui (1) = Y7 &k (1), Wij (1) =
Cijii(t), &1 ~ N(O,do), ¢ij1 ~ N, dr1), €k ~ N, co?). We generate the missing prob-
ability logit(p;jx) = 0.5(¢jx — 5) and the missing indicator I;jx ~ Ber(p;jk), thus achieving
around 2.5% missing rate for all longitudinal outcomes. Because the longitudinal outcome
Y;j(tix) is dependent on time f;;, the MAR assumption holds.

For the survival model, we set the baseline hazard function log(ho(t)) = —3, w; ~
Binom(2, 0.4), y,, = 0.4, and 7/1 = (0.3, —0.3,0.3)’. The survival probability S; is simulated
from U (0, 1), and we calculate the event time 7;* by solving the equation —log(S;) = H;(T;*)
using the bisection method. The integration in the cumulative hazard function is approx-
imated using the Gaussian Legendre Quadrature with G = 15 points. The censoring time
C ~ U(0, 1.6), thus achieving around 40% event rate.
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We repeat the simulation 100 times. We estimate the model parameters and present their
bias, standard deviation (SD, standard deviation of the estimated parameters from 100 rep-
etitions), standard error (SE, square root of the averaged variances from 100 repetitions),
coverage probability (CP, frequency of the 95% credible intervals covering the true value).
For the mean functions and eigenfunctions, we compute the average of the mean squared
error: AMSE = Z}iol Zs(ﬁ(s) — f(5))%/(100S), where r is the repetition number, S is the
number of points in the refined grid with s € [0,0.01,0.02, ..., 1], and fr(s) and f(s) are
the values of the estimated function and true function at s, respectively. For dynamic pre-
diction we set the landmark times 7 = (0.4,0.5,0.55,0.6) and the prediction window as
[0.1,0.11,...,0.25]. We compute the estimated iAUC and iBS by averaging the estimated
values from each replication and compare them with the true iAUC and iBS.

4.2. Simulation result. Table 1 (upper panel) summarizes the bias, SD, SE, CP, and
AMSE for Model 6-R (Model 6 with the ridge penalty) from Setting 1. It suggests that the
bias is close to zero, with the SE being close to the SD and all coverage probabilities being
close to the nominal level of 0.95. The regression parameters for the functional forms of U; (¢)
are not displayed because the Bayesian shrinkage prior shrinks those parameters toward zero.
Moreover, Table 1 (upper panel) suggests that the AMSE are close to zero for both mean
functions w1 (t), ua(t), and w3 (¢) and eigenfunctions A (¢), A2(¢), and ¥((¢). The results for
simulation Setting 1, based on four Bayesian shrinkage priors presented in Supplementary
Material Table S6 (Zou et al. (2023a)), suggests that the estimated parameters and functions
have little bias with the coverage probabilities being close to 0.95. The results for simulation

TABLE 1
Bias, standard deviation (SD), standard error (SE), coverage probability (CP), AMSE, true and estimated iAUC
and iBS for Model 6-R (Model 6 with the ridge penalty) in Setting 1 from 100 simulation replications

Parameters True values Bias SD SE CP AMSE

dor 5.000 —0.180 0.234 0.277 0.930 w1 () 0.013
don 2.000 —0.023 0.129 0.122 0.940 wo (1) 0.030
dii 5.000 —0.120 0.182 0.160 0.850 w3(t) 0.004
B —1.500 0.002 0.011 0.012 0.950 A1(2) 0.023
B3 0.400 0.000 0.005 0.006 0.950 Ao (1) 0.025
Yw 0.400 —0.007 0.131 0.118 0.930 Y1 () 0.003
Y11 0.300 0.003 0.046 0.039 0.900

Y12 —0.300 —0.003 0.039 0.038 0.940

Y13 0.300 0.009 0.051 0.042 0.900

Landmark Time True iAUC Est. iAUC True iBS Est. iBS
T=04 0.892 0.852 0.039 0.044
T=05 0.882 0.864 0.037 0.039
T =0.55 0.867 0.857 0.033 0.034
T=0.6 0.853 0.846 0.031 0.032

Notations and abbreviations: AMSE: average of the mean squared error; iAUC: integrated area under the curve;
iBS: integrated Brier score. The parameters dg; and d(y, are the variances of the FPCs &;; (I = 1, 2) of the shared
random profile U; (7). The parameter dy is the variance of the FPC ¢;;; of the subject-outcome specific random
profile W;;(z), for j =1, ..., 3 longitudinal outcomes. The parameters B and B3 are the association parameters
in the longitudinal model. The parameter y,, is the regression coefficient of the subject-specific covariate in the
survival model. The parameter y ; is the regression coefficient of W;;(¢) in the survival model, for j =1,...,3.
The mean functions are 1t1(t), wo(¢), and w3 (¢). The eigenfunctions are A (¢), A (¢), and 1 (7).
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Settings 2 to 5, presented in Supplementary Material Table S8 (Zou et al. (2023a)), suggest
that, in all settings, the parameters of Model 6-R are estimated with little bias with the cover-
age probabilities close to 0.95 and the estimated functions are close to the true functions.

Table 1 (lower panel) displays the true iIAUC, estimated iAUC, true iBS, and estimated iBS
for Model 6-R (Model 6 with the ridge penalty) from Setting 1. It suggests that all estimated
1AUC and iBS values are close to their true values at all landmark times. The estimated iAUC
and iBS, presented in Supplementary Material Table S7 (Zou et al. (2023a)), suggest that the
estimated values are close to the true values for the four shrinkage priors. In Supplementary
Material Section 5 (Zou et al. (2023a)), Table S9 presents the estimated and true iAUC and
iBS for simulation Settings 2 to 5, suggesting that the estimated values are close to the true
values for all settings. The simulation results support the validity of the proposed model and
the accuracy of the estimation method.

5. Analysis of the ADNI and NACC studies.

5.1. Model description and analysis results for the ADNI study. We apply the proposed
model to the ADNI study. For subject i at time #;x, let (Y;1(fix), ..., Yi5(tix)) be the ADAS-
Cog 13, RAVLT-immediate, RAVLT-learning, MMSE, and CDR-SB scores, respectively. The
covariate vector w;’ = (Age;, Sex;, Education;, ApoE4;), where we set Sex = 1 for Female,
Education as the education years, ApoE4 as the number of ApoE-€4 alleles (0, 1, or 2 al-
leles). We model hg(t) as a piecewise constant function with knots at four, six, and eight
years. We apply Box—Cox transformation to all five longitudinal outcomes to obtain normal-
ity. The numbers of selected FPCs for U;(r) and W;;(¢) (for j =1,...,5) are two and one,
respectively, with a PVE greater than 95%.

Table 2 compares Models 1 to 5 and Model 6 using the model selection criteria discussed
in Section 3.3. Model 6 has smaller model assessment statistics than Models 1 to 5. Model 6-
L, Model-R, Model 6-E, and Model 6-H have close EAIC, EBIC, and WAIC statistics, where
Model 6-R has the smallest LOOIC statistic. Therefore, Model 6-R (Model 6 with the ridge
penalty) is selected as the final model for the ADNI study.

We also compare with four other candidate models: Model 7-baseline Cox (Model 7-
bCox with only baseline longitudinal outcomes in the survival model to illustrate the ad-
vantage of modeling longitudinal trajectories in the survival model), Model 7-multivariate

TABLE 2
Model comparison statistics and computation time for the ADNI study

EAIC EBIC LOOIC WAIC Time (hrs)
Model 1 (random effects model) 28,617 28,965 32,470 31,659 3.2
Model 2 (instantaneous model) 28,646 28,989 32,480 31,687 13.6
Model 3 (derivative model) 28,404 28,752 32,370 31,543 139
Model 4 (historical model) 28,689 29,033 32,571 31,771 9.0
Model 5 (lag model) 28,637 28,981 32,515 31,720 11.5
Model 6-L 28,357 28,730 32,285 31,483 16.6
Model 6-R 28,355 28,733 32,217 31,485 10.6
Model 6-E 28,374 28,751 32,305 31,478 15.5
Model 6-H 28,359 28,731 32,279 31,473 15.1

Notations and abbreviations: EAIC: Empirical Akaike information criterion; EBIC: Empirical Bayesian infor-
mation criterion; LOOIC: Leave-one-out information criterion; WAIC: Widely applicable information criterion;
Model 6-L: Model 6 with the lasso penalty; Model 6-R: Model 6 with the ridge penalty; Model 6-E: Model 6 with
the elastic net penalty; Model 6-H: Model 6 with the horseshoe penalty. The computation is run on the four-core
2.50 GHz Intel processors.
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joint model (Model 7-MJM with linear mixed models and a Cox model linked by the latent
longitudinal mean to display the advantage of modeling nonlinear longitudinal trajectories
using a functional mixed model), Model 7—nonmixed functional model (Model 7-NM with
Yij(tik) = wj(tix) + €;jx and the survival model including only baseline covariates to show
the strength of modeling longitudinal data with model (1)), Model 7—two stage (Model 7-
2S using two-stage sequential estimates for Model 2 (instantaneous model) to demonstrate
the necessity of joint modeling). Results in Table S1 (upper panel, Supplementary Mate-
rial Section 3) (Zou et al. (2023a)) show that Models 1 to 6 have smaller model assessment
statistics than Model 7-bCox, Model 7-MJM, Model 7-NM, and Model 7-2S, suggesting the
improvement in model fitting by including longitudinal trajectories in the survival model, by
modeling nonlinear longitudinal outcomes using the nonparametric functional mixed models,
and by joint modeling when compared to a two-stage approach.

Table 3 summarizes the estimated mean, SE, and 95% credible intervals (Crl) from
Model 6-R (Model 6 with the ridge penalty). In the longitudinal model, the association pa-
rameters B> to Bs are all significant, suggesting that one unit increase of the shared random
profile U; (¢) is associated with a 0.537 unit decrease (95% Crl: [—0.557, —0.517]) in RAVLT-
immediate, 0.554 unit decrease (95% Crl: [—0.581, —0.527]) in RAVLT-learning, 0.028 unit
decrease (95% Crl: [—0.029, —0.027]) in MMSE, and 0.129 unit increase (95% CrI: [0.123,
0.137]) in CDR-SB after their Box—Cox transformation, respectively, adjusting for other co-
variates. It suggests that higher ADAS-Cog 13 scores (worse cognition) are associated with
lower RAVLT-immediate, RAVLT-learning, and MMSE scores (worse memory and cognitive
functions), and higher CDR-SB scores (worse cognition and daily functions). The estimated
variances of the FPCs, mean functions, and eigenfunctions are displayed in Supplementary

TABLE 3
Estimated mean, standard error (SE), and 95% credible intervals (Crl) from Model 6-R (Model 6 with the ridge
penalty) for the ADNI study

Mean SE 2.5% 97.5%
Longitudinal Outcomes
B>: RAVLT-immediate —0.537 0.010 —0.557 —0.517
B3: RAVLT-learning —0.554 0.014 —0.581 —0.527
B4: CDR-SB —0.028 0.001 —0.029 —-0.027
Bs: MMSE 0.129 0.004 0.123 0.137
Survival Outcome
Age (years) —0.002 0.009 —0.020 0.016
Female Sex 0.148 0.145 —0.136 0.430
Education (years) 0.037 0.026 —0.017 0.085
ApoE-€4 alleles 0.451 0.100 0.252 0.645
Y01 0.502 0.105 0.292 0.710
Y02 —4.550 0.638 —5.943 —3.404
Y03 1.098 0.238 0.621 1.563
Y11 0.595 0.144 0.327 0.906
Y12 0.265 0.133 0.014 0.537
Y13 —0.150 0.131 —0.405 0.113
Y14 —0.058 0.120 —-0.317 0.164
Y15 0.393 0.117 0.164 0.624

Notations and abbreviations: RAVLT-immediate: Rey Auditory Verbal Learning Test immediate recall; RAVLT-
learning: RAVLT learning curve; MMSE: Minimental State Examination; CDR-SB: Clinical Dementia Rating
Scale-sum of boxes; ApoE: Apolipoprotein E. The parameters | to yp3 are the regression coefficients of the
shared random profile U; (), its slope Ul.’ (1), and its weighted area. The parameter y ; is the regression coefficient
of the subject-outcome specific random profile W; j (t),forj=1,...,J.
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Material Table S3 (upper panel) and Figure S1 (Zou et al. (2023a)). In the survival model,
the regression coefficient for the ApoE-€4 is significant, suggesting that an additional ApoE-
€4 allele is associated with a 45.1% increase in the logarithm hazard rate (95% CrI: [0.252,
0.645]), adjusting for other covariates. In addition, we have significant yp; (0.502, 95% Crl:
[0.292, 0.710]), y02 (—4.550, 95% Crl: [-5.943, —3.404]), and yp3 (1.098, 95% CrlI: [0.621,
1.563]), suggesting that higher/worse current values of U;(¢) and its weighted cumulative
effect are associated with an increased risk of dementia onset, and its rate of change is neg-
atively associated with the risk of dementia onset. Moreover, the estimated y11 (0.595, 95%
Crl: [0.327, 0.906]), y12 (0.265, 95% Crl: [0.014, 0.537]), and y15 (0.393, 95% Crl: [0.164,
0.624]) are significant, suggesting that higher current values of the subject-outcome specific
profiles W;(t) (higher/worse ADAS-Cog 13), W;>(t) (lower/worse RAVLT-immediate), and
Wis(t) (higher/worse CDR-SB) are associated with a higher risk of dementia onset.

We apply the dynamic prediction method to the ADNI study. We randomly split the dataset
into 70% and 30% as the training set and testing set, respectively. We repeat the dynamic pre-
diction 100 times for all candidate models. The landmark times we select are (2, 2.5, 3, 3.5, 4)
years because the longitudinal outcomes in both the ADNI and NACC studies were measured
every half years from the baseline. We set the prediction window as (0.5, 0.51, ..., 1.5). The
estimated iAUC and iBS are summarized in Table 4. The prediction results for other choices
of landmark times, based on Model 6-R (Model 6 with the ridge penalty) presented in Sup-
plementary Material Table S4 (Zou et al. (2023a)), suggest that the iAUC values change little
for various landmark times.

Table 4 suggests that Model 2 (instantaneous model) has higher iAUC and similar iBS
values when compared to the other four models (Models 1, 3, 4, and 5), suggesting a better
prediction performance. Model 6-L, Model 6-R, Model 6-E, and Model 6-H have very sim-
ilar iAUC and iBS. Comparing Model 6-R (Model 6 with the ridge penalty) and Model 2,
Model 2 has higher iAUC and lower iBS values. In summary, Model 2 (instantaneous model)

TABLE 4
Estimated iAUC and iBS for Models 1 to 5 and Model 6 for the ADNI study

Model 1 Model 2 Model 3 Model 4 Model 5
iAUC iBS iAUC iBS iAUC iBS iAUC iBS iAUC iBS

T=2 0.880 0.093 0.879 0.093 0.878 0.088 0.879 0.088 0.868 0.115
T=25 0.867 0.080 0.878 0.079 0.865 0.078 0.871 0.079 0.872 0.092
T=3 0.848 0.089 0.857 0.090 0.845 0.086 0.849 0.086 0.847 0.089
T=35 0.819 0.081 0.828 0.081 0.807 0.081 0.805 0.085 0.788 0.085
T=4 0.849 0.071 0.860 0.069 0.830 0.075 0.838 0.076 0.821 0.071
Model 6-L Model 6-R Model 6-E Model 6-H
iAUC iBS iAUC iBS iAUC iBS iAUC iBS
T=2 0.875 0.087 0.877 0.088 0.881 0.088 0.875 0.086
T=25 0.864 0.077 0.873 0.077 0.864 0.080 0.868 0.078
T=3 0.851 0.086 0.852 0.086 0.848 0.086 0.843 0.087
T=35 0.818 0.081 0.806 0.079 0.817 0.078 0.791 0.084
T=4 0.839 0.074 0.838 0.070 0.848 0.070 0.828 0.076

Notations and abbreviations: iAUC: Integrated area under the curve; iBS: Integrated Brier score; Model 1: Random
effects model; Model 2: Instantaneous model; Model 3: Derivative model; Model 4: Historical model; Model 5:
Lag model; Model 6-L: Model 6 with the lasso penalty; Model 6-R: Model 6 with the ridge penalty; Model 6-E:
Model 6 with the elastic net penalty; Model 6-H: Model 6 with the horseshoe penalty.
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has the best prediction performance compared with other models. Table S2 (upper panel)
in Supplementary Material Section 3 (Zou et al. (2023a)) compares Model 2 with Model 7-
bCox, Model 7-MJM, Model 7-NM, and Model 7-2S. Results show that Model 2 has higher
iAUC and smaller iBS values than the other four candidate models, suggesting the improve-
ment in prediction accuracy by including longitudinal trajectories in the survival model, by
modeling nonlinear longitudinal outcomes using the nonparametric functional mixed models,
and by joint modeling when compared to a two-stage approach.

To illustrate our model’s capability of dynamic prediction, we randomly select two sub-
jects with MCI, denoted as subjects A and B, and use the results from Model 2 (instantaneous
model) to predict their future longitudinal trajectories and survival probabilities, as displayed
in Figures 3 and 4, respectively. Figure 3 suggests that subject A has a relatively mild disease
status at baseline (with low ADAS-Cog 13 and CDR-SB scores), and the predicted survival
probability decreases slowly, with a high probability of remaining in stable MCI status, even
at the censoring time of 6.18 years. In contrast, Figure 4 displays that subject B has a much
worse disease status at baseline (with high ADAS-Cog 13 and CDR-SB scores), and the pre-
dicted survival probability decreases more rapidly when compared to subject A. Subject B’s
probability of remaining in stable MCI status is low at the event time (at 5.00 years), suggest-
ing the need of personalized interventions. In summary, the dynamic prediction framework
fully utilizes the available longitudinal data and facilitates personalized prognosis and valu-
able real-time guidance of treatment selection.

5.2. Model description and analysis results for the NACC study. We also apply the pro-
posed method to the NACC Study. Let Y;1(#ix), Yi2(tix), Yi3(tix) be the CDR-SB, MMSE, and
WMS-LM scores for subject i at time 7;,. We use the same set of regression covariates w;’
as we use from the ADNI study. The likelihood expressions for subjects with missing ApoE
genotype are detailed in Section 3.2, with the estimated frequencies of ApoE-€4 alleles (0,
1, 2 alleles) being 52.7%, 37.7%, and 9.6%, respectively. The baseline hazard function is
modeled using a piecewise constant function with the same knots as we use from the ADNI
study. The selected numbers of FPCs for U; (¢) and W;;(¢) are both 1 with a PVE greater than
95%.

Table 5 compares Models 1 to 5 and Model 6 using the model selection criteria discussed
in Section 3.3. Model 6 has smaller model assessment statistics compared to Models 1 to 5,
and Model 6-R has the smallest LOOIC statistics among the four Bayesian shrinkage mod-
els. Thus, Model 6-R (Model 6 with the ridge penalty) is selected as the final model for the
NACC study. Table S1 (lower panel) in Supplementary Material Section 3 (Zou et al. (2023a))
compares model assessment statistics for Models 1 to 6 with Model 7-bCox, Model 7-MIM,
Model 7-NM, and Model 7-2S. Results show that Models 1 to 6 have smaller model assess-
ment statistics, when compared to the four candidate models, suggesting the improvement in
model fitting by including longitudinal trajectories in the survival model, by modeling non-
linear longitudinal outcomes using the nonparametric functional mixed models, and by joint
modeling when compared to a two-stage approach.

Table 6 summarizes the estimated mean, SE, and 95% Crl from Model 6-R (Model 6
with the ridge penalty). In the longitudinal model, the association parameters 8, and f3
are significant, suggesting that one unit increase of the shared random profile U;(¢) is as-
sociated with a 0.084 unit decrease (95% Crl: [—0.087, —0.079]) in MMSE and 1.562 unit
decrease (95% Crl: [—1.630, —1.493]) in WMS-LM after their Box—Cox transformation, re-
spectively, adjusting for other covariates. It suggests that higher CDR-SB scores (worse cog-
nition and daily functions) are associated with lower MMSE and WMS-LM scores (worse
cognition and memory functions). The estimated variances of the FPCs, mean functions,
and eigenfunctions are displayed in Supplementary Material Table S3 (lower panel) and
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The predicted longitudinal outcome trajectories and survival probabilities for a new patient A with

landmark times at two years (row 1 and row 3) and at three years (row 2 and row 4). The circled dots are the
observed longitudinal outcomes. The dotted vertical lines are the landmark time. The solid lines are the predicted
means of the longitudinal outcomes in the original scale and the survival probabilities. The dashed curves are the
corresponding 95% pointwise credible intervals. The person’s censoring time is 6.18 years which is plotted as
dashed vertical lines.
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FI1G. 4. The predicted longitudinal outcome trajectories and survival probabilities for a new patient B with
landmark times at two years (row 1 and row 3) and at three years (row 2 and row 4). The circled dots are the
observed longitudinal outcomes. The dotted vertical lines are the landmark time. The solid lines are the predicted
means of the longitudinal outcomes in the original scale and the survival probabilities. The dashed curves are the
corresponding 95% pointwise credible intervals. The person’s event time is 5.00 years which is plotted as solid
vertical lines.
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TABLE 5
Model comparison statistics and computation time for the NACC study

EAIC EBIC LOOIC WAIC Time (hrs)
Model 1 (random effects model) 11,809 12,071 19,880 17,192 2.8
Model 2 (instantaneous model) 11,418 11,680 19,728 17,081 8.3
Model 3 (derivative model) 11,403 11,671 19,756 17,067 13.3
Model 4 (historical model) 11,798 12,060 19,858 17,215 7.6
Model 5 (lag model) 11,704 11,966 19,830 17,147 18.7
Model 6-L 11,187 11,484 19,607 16,964 22.6
Model 6-R 11,195 11,492 19,512 16,980 20.1
Model 6-E 11,240 11,537 19,595 17,000 19.9
Model 6-H 11,202 11,499 19,579 16,963 18.4

Notations and abbreviations: EAIC: Empirical Akaike information criterion; EBIC: Empirical Bayesian infor-
mation criterion; LOOIC: Leave-one-out information criterion; WAIC: Widely applicable information criterion;
Model 6-L: Model 6 with the lasso penalty; Model 6-R: Model 6 with the ridge penalty; Model 6-E: Model 6 with
the elastic net penalty; Model 6-H: Model 6 with the horseshoe penalty. The computation is run on the four-core
2.50 GHz Intel processors.

Figure S2 (Zou et al. (2023a)). In the survival model, the estimated yp; (1.925, 95% Crl:
[1.736, 1.998]), Y02 (—0.612, 95% Crl: [—0.900, —0.314]), and yo3 (1.543, 95% Crl: [0.417,
1.986]) are significant, suggesting that higher/worse current values of U;(t), lower rate of
change, and higher/worse weighted cumulative effect are associated with an increased risk of
dementia onset. The estimated y11 (0.129, 95% Crl: [0.004, 0.262]) is statistically significant,
suggesting that higher current values of W;{(¢) (higher/worse CDR-SB) are associated with
an increased risk of dementia onset.

TABLE 6
Estimated mean, standard error (SE), and 95% credible intervals (Crl) from Model 6-R (Model 6 with the ridge
penalty), for the NACC study

Mean SE 2.5% 97.5%
Longitudinal Outcomes
B> : MMSE —0.084 0.002 —0.087 —0.079
B3 : WMS-LM —1.562 0.035 —1.630 —1.493
Survival Outcome
Age (years) —0.006 0.006 —-0.017 0.006
Female Sex 0.032 0.097 —0.157 0.214
Education (years) 0.052 0.016 0.020 0.084
ApoE-€4 0.056 0.070 —0.080 0.194
Y01 1.925 0.072 1.736 1.998
Y02 —0.612 0.151 —0.900 —-0.314
Y03 1.543 0.435 0.417 1.986
Y11 0.129 0.066 0.004 0.262
Y12 —0.025 0.070 —0.164 0.111
Y13 0.044 0.080 —0.115 0.193

Notations and abbreviations: MMSE: Minimental State Examination; CDR-SB: Clinical Dementia Rating Scale-
sum of boxes; WMS-LM: Wechsler Memory Scale-logical memory delayed recall test; ApoE: Apolipoprotein E.
The parameters yg; to yo3 are the regression coefficients of the shared random profile U; (¢), its slope Ul-/ (t), and
its weighted area. The parameter y ; is the regression coefficient of the subject-outcome specific random profile
W,'j(l‘), forj=1,...,J.
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TABLE 7
Estimated iAUC and iBS for Models 1 to 5 and Model 6 for the NACC study

Model 1 Model 2 Model 3 Model 4 Model 5
iAUC iBS iAUC iBS 1AUC iBS 1AUC iBS iAUC iBS

0.803 0.178 0.800 0.171 0.800 0.169 0.798 0.172 0.795 0.171
0.816 0.135 0.834 0.126 0.832 0.127 0.822 0.127 0.830 0.125
0.808 0.150 0.839 0.137 0.835 0.137 0.824 0.138 0.831 0.135
0.774 0.143 0.784 0.140 0.779 0.144 0.782 0.144 0.777 0.145
0.787 0.152 0.762 0.157 0.765 0.159 0.780 0.160 0.766 0.165

n

n

NNNNN
Il
AW W NN

Model 6-L Model 6-R Model 6-E Model 6-H
iAUC iBS iAUC iBS iAUC iBS iAUC iBS
T=2 0.796 0.169 0.793 0.170 0.795 0.170 0.792 0.171
T=25 0.828 0.129 0.827 0.128 0.830 0.129 0.833 0.129
T=3 0.833 0.135 0.833 0.138 0.828 0.139 0.834 0.139
T=35 0.783 0.138 0.784 0.142 0.774 0.144 0.778 0.144
T=4 0.777 0.157 0.773 0.161 0.759 0.163 0.754 0.162

Notations and abbreviations: iAUC: Integrated area under the curve; iBS: Integrated Brier score; Model 1: Random
effects model; Model 2: Instantaneous model; Model 3: Derivative model; Model 4: Historical model; Model 5:
Lag model; Model 6-L: Model 6 with the lasso penalty; Model 6-R: Model 6 with the ridge penalty; Model 6-E:
Model 6 with the elastic net penalty; Model 6-H: Model 6 with the horseshoe penalty.

We apply the dynamic prediction method to the NACC study. We use the same landmark
time and prediction window as we use from the ADNI study. The results are summarized in
Table 7. Among Models 1 to 5, Model 2 (instantaneous model) has the highest iAUC and
lowest iBS for most landmark times (i.e., landmark times at 2.5, three, and 3.5 years), sug-
gesting a better prediction performance. Model 6-L, Model 6-R, Model 6-E, and Model 6-H
have very similar iAUC and iBS. Comparing Model 6-R (Model 6 with the ridge penalty)
and Model 2, Model 2 has slightly higher iAUC values for landmark times at 2.5, three, and
3.5 years. In summary, Model 2 (instantaneous model) has the best prediction performance,
compared with other models. Table S2 (lower panel) in Supplementary Material Section 3
(Zou et al. (2023a)) compares Model 2 with Model 7-bCox, Model 7-MJM, Model 7-NM,
and Model 7-2S. Results show that Model 2 has higher iAUC and smaller iBS values when
compared to the other four candidate models, suggesting the improvement in prediction ac-
curacy by including longitudinal trajectories in the survival model, by modeling nonlinear
longitudinal outcomes using nonparametric functional mixed models, and by joint modeling
when compared to a two-stage approach.

6. Discussion. In this manuscript we propose a joint model, based on the multivariate
functional mixed model (referred to as MFMM-JM), to assess the association between the
multivariate longitudinal outcomes and the risk of dementia onset. We propose six functional
forms to flexibly model the association structures and adopt the Bayesian methods for sta-
tistical inference. We apply the MFMM-JM to the ADNI and NACC studies. In the ADNI
study, we found that higher ADAS-Cog 13 scores (worse cognitive behavior) are associated
with lower RAVLT-immediate, RAVLT-learning, MMSE scores, and higher CDR-SB scores
(worse cognition and daily functions). Additional ApoE-€4 alleles, higher ADAS-Cog 13,
and CDR-SB scores are associated with an increased risk of AD-related dementia. In the
NACC study, we found that higher CDR-SB scores are associated with lower MMSE and
WMS-LM scores (worse cognition and memory functions), and higher CDR-SB scores are
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associated with an increased risk of dementia onset. In the ADNI and NACC studies, we
found that higher/worse current values of the subject-specific disease profile U; (¢), lower rate
of change, and higher weighted cumulative effect of U;(¢) are associated with an increased
risk of dementia onset. We also develop a dynamic prediction framework that provides per-
sonalized predictions of the disease progressions. We validate the proposed method via an
extensive simulation study with five settings.

As stated in Section 1, recent AD studies collect multimodal data, including neurological
outcomes, biomarkers, and genomics data. It is clinically important to leverage these data
to monitor and predict AD progression. The functional joint model proposed in this work
jointly models the multivariate longitudinal neurological outcomes and the risk of dementia.
We have identified significant associations between the multivariate longitudinal data and the
survival outcome (i.e., the risk of dementia). More importantly, the functional joint model
can provide accurate personalized predictions of the dementia event. Clinicians may utilize
the proposed AD predictive model to provide personalized medical advice using up-to-date
data from patients and to determine how each longitudinal neurological test alters patient’s
prognosis.

There are a few limitations we may address as future directions. First, all the longitudinal
outcomes we select are continuous, while categorical outcomes are commonly observed in
AD studies. Thus, it is of scientific interest to develop a generalized MFMM-JM to model
outcomes with various types of distributions. In addition, standard functional principal com-
ponent analysis (FPCA) is sensitive to skewed data or outliers. Therefore, robust FPCA may
be more appropriate for data with heavy tails or outliers (Wang et al. (2021)). Second, for
MFMM-JM, the Bayesian method, especially the Bayesian shrinkage priors, has higher a
computational burden than the EM algorithm. Hence, a two-stage approach with the correc-
tion factor using the importance sampling theory may be adopted to reduce the computational
burden (Mauff et al. (2020)). Third, in the survival submodel of MFMM-JM we treat demen-
tia onset as the right-censored data. Alternatively, the survival data can be treated as the
interval-censored data (Weng, Chang and Chen (2022)). Moreover, the missing at random
(MAR) assumption for the missing longitudinal outcomes may not be valid; for example,
patients with more severe mental status are more likely to drop out. To handle these miss-
ing outcomes, a class of missing not at random (MNAR) models and a multiple imputation
approach for MNAR data may be applied (Galimard et al. (2016), Hammon and Zinn (2020)).

In this manuscript we propose six functional forms of the shared random profiles U; (),
but we include the subject-outcome specific random profile W;;(z) in the survival model as it
is. It would be more general if we include similar functional forms for W;; (t). We may adopt
Bayesian shrinkage priors to control the degree of shrinkage for the regression coefficients
for both U;(r) and W;;(r). However, the computational burden may increase dramatically,
and the selection of the four types of shrinkage priors is worth of further investigation.

Many AD studies, ADNI and NACC included, collect cross-sectional and longitudinal
brain imaging data. It is of scientific interest to investigate methods to model the imaging data
in the MFMM-JM. For example, Li and Luo (2019) treated the volume of the hippocampal
voxels as functional data and developed a scalar-on-function regression approach. To this
end, the MFMM-JM can be extended to include whole-brain voxels in the longitudinal and
survival submodels. To reduce the computational burden, an efficient voxel-selection method
to select informative voxels to be included in the model is worth of future investigation (Kang,
Reich and Staicu (2018)).
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SUPPLEMENTARY MATERIAL

Supplementary material for ‘“Bayesian inference and dynamic prediction for mul-
tivariate functional mixed model—joint model” (DOI: 10.1214/23-A0AS1733SUPPA;
.pdf). The supplementary material consists of: (1). the estimation of the covariance matri-
ces; (2). the expression and justification of the Gaussian Quadrature approximation; (3). the
model fitting and the dynamic prediction results for the other four candidate models; (4). the
estimated variances of the functional principal components, the mean functions, the eigen-
functions, and the trace plots; (5). the analysis of the other landmark times and the sensitivity
analysis of the knot selection; (6). the simulation results for the four Bayesian shrinkage
priors and for Settings 2 to 5; (7). the Stan code for the Bayesian ridge shrinkage prior.

Code for “Bayesian inference and dynamic prediction for multivariate functional
mixed model—joint model” (DOI: 10.1214/23-AOAS1733SUPPB; .zip). This supplemen-
tal material contains the R codes.
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