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Abstract

Subgroup analyses are frequently conducted in comparative effectiveness research and
randomized clinical trials to assess evidence of heterogeneous treatment effect across
patient subpopulations. Though widely used in medical research, causal inference
methods for conducting statistical analyses on a range of pre-specified subpopula-
tions remain underdeveloped, particularly in observational studies. This dissertation
develops and extends propensity score methods for causal subgroup analysis.

In Chapter 2, we develop a suite of analytical methods and visualization tools
for causal subgroup analysis. First, we introduce the estimand of subgroup weighted
average treatment effect and provide the corresponding propensity score weighting
estimator. We show that balancing covariates within a subgroup bounds the bias
of the estimator of subgroup causal effects. Second, we propose to use the overlap
weighting method to achieve exact balance within subgroups. We further propose a
method that combines overlap weighting and LASSO, to balance the bias-variance
tradeoff in subgroup analysis. Finally, we design a new diagnostic plot—the Connect-
S plot—for visualizing the subgroup covariate balance. Extensive simulation studies
are presented to compare the proposed method with several existing methods. We
apply the proposed methods to the observational COMPARE-UF study to evaluate
the causal effects of Myomectomy versus Hysterectomy on the relief of symptoms
and quality of life (a continuous outcome) in a number of pre-specified subgroups of

patients with uterine fibroids.
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In Chapter 3, we investigate the propensity score weighting method for causal
subgroup analysis with time-to-event outcomes. We introduce two causal estimands,
the subgroup marginal hazard ratio and subgroup restricted average causal effect, and
provide corresponding propensity score weighting estimators. We analytically estab-
lished that the bias of subgroup restricted average causal effect is determined by sub-
group covariate balance. Using extensive simulations, we compare the performance of
various combination of propensity score models (logistic regression, random forests,
LASSO, and generalized boosted models) and weighting schemes (inverse probability
weighting, and overlap weighting) for estimating the survival causal estimands. We
find that the logistic model with subgroup-covariate interactions selected by LASSO
consistently outperforms other propensity score models. Also, overlap weighting
generally outperforms inverse probability weighting in terms of balance, bias and
variance, and the advantage is particularly pronounced in small subgroups and/or in
the presence of poor overlap. Again, we apply the methods to the COMPARE-UF
study with a time-to-event outcome, the time to disease recurrence after receiving a
procedure.

In Chapter 4, we extend propensity score weighting methodology for covariate
adjustment to improve the precision and power of subgroup analyses in RCTs. We
fit a logistic regression propensity model with pre-specified covariate-subgroup in-
teractions. We show that by construction, overlap weighting exactly balances the
covariates with interaction terms in each subgroup. Extensive simulations are per-
formed to compare the operating characteristics of unadjusted estimator, different
propensity score weighting estimators and the analysis of covariance estimator. We
apply these methods to the HF-ACTION trial to evaluate the effect of exercise train-

ing on 6-minute walk test in several pre-specified subgroups.
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1

Introduction

Comparative e ectiveness research (CER) aims to estimate the causal e ect of a
treatment(s) in comparison to alternatives, unconfounded by di erences between
characteristics of subjects. CER has traditionally focused on the average treatment
e ect (ATE) for the overall population. However, di erent subpopulations of patients
may respond to the same treatment di erently (Kent and Hayward, 2007; Kent et al.,
2010), and in recent years the CER literature has increasingly shifted attention to
heterogeneous treatment e ects (HTE) (Hill, 2011; Imai and Ratkovic, 2013; Schnell
et al., 2016; Wager and Athey, 2018; Lee et al., 2018). Subgroup analysis in CER
are usually conducted on a range of pre-speci ed subpopulations, e.g. di erent age
or sex groups, to estimate the subgroup ATEs. There is an extensive literature on
SGA methods in randomized controlled trials (Assmann et al., 2000; Pocock et al.,
2002; Wang et al., 2007; Varadhan and Wang, 2014; Alosh et al., 2017). However,
causal inference methods for SGA with observational data remain underdeveloped
(?Dong et al., 2020; Ben-Michael et al., 2020).

In the context of observational studies, covariate balance has been shown to



be crucial to unbiased estimation of causal e ects (Imai and Ratkovic, 2014; Zu-
bizarreta, 2015). Propensity score methods (Rosenbaum and Rubin, 1983) are the
most popular method for achieving covariate balance and correcting for confounding
in observational comparative e ectiveness research, but have seldom been discussed
in subgroup analysis. Weighting based on propensity score can balance the distri-
butions of the weighted covariates between treatment groups towards to the target
population distribution. Dong et al. (2020) shows that the true propensity score
balances the covariates in expectation between treatment groups in both the overall
population and any subgroup de ned by covariates. However, the propensity scores
are usually unknown in observational studies and must be rst estimated from the
study sample, leading to estimated propensity scores that rarely coincide with their
true values. The traditional method usually applies inverse probability weighting es-
timated from a main e ect logistic regression model. This approach usually achieves
good balance in the overall sample, but does not automatically translate in good sub-
group balance. More importantly, subgroup analysis may exacerbate what is needed
to achieve the classic bias-variance tradeo : increasing complexity of the propen-
sity score model may help to reduce bias but is also expected to increase variance.
Therefore, an e ective approach should automatically achieve covariate balance in
subgroups while preserving precision, instead.

Moreover, CER in health studies often involves survival, or time-to-event out-
comes, which are typically right-censored because the event time is not observed due
to loss of follow-up or administrative reasons. Traditional estimands such as ATE are
no longer applicable in survival outcomes, and new estimands and estimation meth-
ods are required. In observational studies, popular approaches draw causal inference
with survival outcomes by combining standard survival estimators with propensity
score methods (Rosenbaum and Rubin, 1983). For example, one can estimate the
counterfactual survival probabilities via the Kaplan-Meier estimator on a propensity

2



score weighted or matched sample (Robins and Finkelstein, 2000; Hubbard et al.,
2000; Xie and Liu, 2005; Cheng et al., 2021). Another common approach combines
the Cox proportional hazard model with propensity score weighting to estimate the
causal marginal hazard ratio (Austin and Stuart, 2017) or the counterfactual survival
curves (Cole and Herran, 2004; Wen et al., 2021; Young et al., 2020). Alternatively,
various causal estimands can be estimated through propensity score weighting of
jackknife pseudo-observations (Andersen et al., 2017; Su et al., 2022; Zeng et al.,
2021). Despite the extensive literature, existing research in causal inference with
survival outcomes has been limited to overall treatment e ects.

Motivated by an observational comparative e ectiveness study based on the
Comparing Options for Management: Patient-centered Results for Uterine Fibroids
(COMPARE-UF) registry (Stewart et al., 2018), this dissertation develops and ex-
tends the propensity score weighting methods for subgroup analysis in observa-
tional comparative e ectiveness research and randomized clinical trials. The goal
of COMPARE-UF registry is to answer questions about the outcomes of di erent
treatment options of women with uterine broids (Stewart et al., 2018). Subgroup
analysis was a primary aim to determine which procedure works best for whom. To
Il the current methodological gaps, in Chapter 2, we develop a suite of analytical
methods and visualization tools for causal subgroup analysis with continuous out-
comes. In Chapter 3, we investigate the propensity score weighting method for causal
subgroup analysis with time-to-event outcomes. In Chapter 4, we extend propensity
score weighting methodology for covariate adjustment to improve the precision and
power of subgroup analyses in randomized clinical trials. The main contributions of
this dissertation are (1) introducing the estimand of subgroup weighted average treat-
ment e ect and providing the corresponding propensity score weighting estimator for
both continuous and time-to-event outcomes; (2) showing that balancing covariates
within a subgroup bounds the bias of the estimator of subgroup causal e ects; (3)

3



proposing a method that combines overlap weighting and LASSO, to achieve exact
balance within subgroups and balance the bias-variance tradeo in subgroup anal-
ysis of observational studies; (4) proposing a logistic propensity score model that
includes covariates predictive of the outcome, the subgroup variable of interest and
its interactions with covariates to improve power in estimating the subgroup average
treatment e ect in randomized clinical trials; (5) designing a new diagnostic graph|

the Connect-S plot|for visualizing the subgroup covariate balance; (6) developing
programming tools to allow for conducting propensity score estimation and balance
check in subgroups, as well as calculating the weighted subgroup average causal e ect

estimates and/or tests of heterogeneous treatment e ect across subgroup levels.



2

Propensity Score Weighting for Causal Subgroup
Analysis

2.1 Introduction

Comparative e ectiveness research (CER) has traditionally focused on the average
treatment e ect (ATE) for the overall population. Recent research employs machine
learning methods to directly model the outcome function and consequently iden-
tify the subpopulations with signi cant heterogeneous treatment e ects (HTES)post
analysis Popular examples include the Bayesian additive regression trees (BART)
(Chipman et al., 2010; Hill, 2011), Causal Forest (Wager and Athey, 2018), and
Causal boosting (Powers et al., 2018). In this chapter, we focus on a dierent
type of HTE analysis, widely used in medical research: the caussubgroup anal-
ysis (SGA) which estimates treatment e ects inpre-speci ed|usually de ned using
pre-treatment covariates|subgroups of patients. There is an extensive literature on
SGA methods in randomized controlled trials (Assmann et al., 2000; Pocock et al.,
2002; Wang et al., 2007; Varadhan and Wang, 2014; Alosh et al., 2017). However,

causal inference methods for SGA with observational data remain underdeveloped
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(Radice et al., 2012; Dong et al., 2020; Ben-Michael et al., 2020).

In the context of observational studies, covariate balance has been shown to be
crucial to unbiased estimation of causal e ects (Imai and Ratkovic, 2014; Zubizarreta,
2015). Propensity score methods (Rosenbaum and Rubin, 1983) are the most popu-
lar method for achieving covariate balance, but have seldom been discussed in SGA
(Radice et al., 2012; Dong et al., 2020). Compared to the aforementioned machine
learning methods that directly model the outcomes, propensity score methods are
design-based in the sense that they avoid modeling the outcome, and the quality of
the analysis can be checked through balance diagnostics (Rubin, 2008). Therefore,
propensity score methods can identify the source of confounding and achieve lower
bias. In this chapter we focus on the propensity score weighting approach (Robins
and Rotnitzky, 1995; Robins et al., 2000; Hirano and Imbens, 2001; Hirano et al.,
2003; Li et al., 2018; Zhao, 2019). Dong et al. (2020) shows that the true propensity
score balances the covariates in expectation between treatment groups in both the
overall population and any subgroup de ned by covariates. However, the propensity
scores are usually unknown in observational studies and must be rst estimated from
the study sample, leading to estimated propensity scores that rarely coincide with
their true values. Moreover, good balance in the overall sample does not automati-
cally translate in good subgroup balance. In fact, our own experience suggests that
severe covariate imbalance in subgroups is common in real applications, which may
consequently lead to bias in estimating the subgroup causal e ects. Despite rou-
tinely reporting e ects in pre-speci ed subgroups, medical studies rarely check sub-
group balance, partially due to the lack of visualization tools. Indeed, we conducted
a literature review of all propensity-score-based comparative e ectiveness analyses
published in theJournal of American Medical Association (JAMA) between January
1, 2017 and August 1, 2018. Of 16 relevant publications, half reported SGA (2-22
subgroups per paper) buinone reported any metrics of balance within subgroups.
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The limited literature on propensity score methods in SGA suggests that the
propensity score model should be iteratively updated to include covariate-subgroup
interactions until subgroup balance is achieved (Green and Stuart, 2014; Wang et al.,
2018). But this procedure has not been implemented in practice, perhaps because it
is cumbersome to manually check interactions. More importantly, it may amplify the
classic bias-variance tradeo : increasing complexity of the propensity score model
may help to reduce bias but is also expected to increase variance. Therefore, an
e ective approach would automatically achieve covariate balance in subgroups while
preserving precision. Machine learning methods o er a potential solution for estimat-
ing the propensity scores without pre-specifying necessary interactions. For example,
generalized boosted models (GBM) have been advocated as a exible, data-adaptive
method (McCarey et al., 2004), and random forest was superior to many other
tree-based methods for propensity score estimation in extensive simulation studies
(Lee et al., 2010). BART have been used to estimate the propensity score model and
outperformed GBM on some metrics of balance (Hill et al., 2011). However, it is un-
clear whether these methods achieve adequate balance and precision in causal SGA.
Moreover, when important subgroups are pre-speci ed, a more e ective approach
would incorporate prior knowledge about the subgroups.

In this chapter, we develop a suite of analytical and visualization tools for causal
SGA. First, we introduce the estimand of subgroup weighted average treatment ef-
fect (S-WATE) and provide the corresponding propensity score weighting estimator
(Section 2.2). Second, we propose a method that combines LASSO (Tibshirani,
1996; Belloni and Chernozhukov, 2013) and overlap weighting (Li et al., 2018, 2019;
Thomas et al., 2020b), and balances the bias-variance tradeo in causal SGA (Section
2.2.4). Specically, we treat the pre-speci ed subgroups as candidates for interac-
tions with standard covariates in a logistic propensity score model and use LASSO
to select important interactions. We then capitalize on the exact balance property of

7



overlap weighting with a logistic regression to achieve covariate balanbeth overall
and within subgroups, thus reducing bias and variance in causal SGA. Then, we
show analytically that balancing covariates within a subgroup bounds the bias in
estimating subgroup causal e ects (Section 2.3). Finally, we devise a new diagnostic
plot, which we call the Connect-S plot, for visualizing the subgroup covariate bal-
ance (Section 2.4). We conduct extensive simulation studies to compare the proposed
method with several alternative methods (Section 2.5), and illustrate its application
in a motivating example (Section 2.6).

Our methodology is motivated by an observational comparative e ectiveness
study based on the Comparing Options for Management: Patient-centered Results
for Uterine Fibroids (COMPARE-UF) registry (Stewart et al., 2018). Our goal is
to evaluate alternative management options for uterine broids for relief of symp-
toms and quality of life. Subgroup analysis was a primary aim to determine whether
certain types of patient subgroups should receive myomectomy versus hysterectomy
procedures. Investigators pre-speci ed 35 subgroups of interest based on categories
of 16 variables including race, age, and baseline symptom severity. In addition, 20
covariates were considered as potential confounders, including certain demographics,
disease history, quality of life and disease symptoms. The total sample size is 1430,
with 567 patients in the myomectomy group and 863 patients in the hysterectomy
group. There are in total 700 subgroup-confounder combinations, which pose great

challenges to check and ensure balance for causal analyses.
2.2 Estimands and estimation in causal subgroup analysis
2.2.1 Notation

Consider a sample oN individuals, whereN; units belong to the treatment group,

denoted byZ 1, and Ny to the control group, denoted byZ 0. We maintain the



stable unit treatment value assumption (SUTVA) (Rubin, 1980), which includes two
sub-assumptions: there is (i) no di erent versions of the treatment (also known as
consistency (Robins, 1986)), and (ii) no interference between units. Under SUTVA,
each uniti has two potential outcomesY;plq and Y;p0q corresponding to the two
possible treatment levels, of which only the one corresponding to the actual treatment
assigned is observedY; Z;Yiplg pl ZqYj@0g We also observe a vector dP
pre-treatment covariates,X; p Xi1;::; Xie 0.

We denote the subgroups of interest by indicator variableS; p Si1;:5Srd,
whereS; 1 if the i unit is a member of ther™r  1;2;:::; Rgsubgroup and 0
otherwise (e.g. Black race, male gender, and younger age). Usudlly, f,pXqfor
some functionf, that de nes categories based oX ;. The R groups are not required
to be mutually exclusive, and a uniti can belong to multiple subgroups. In fact,
we are particularly interested in one-at-a-time subgroup analysis where the groups
compared are de ned asS; 0 and S 1 for eachr, while averaging over the
levels oftSis; :::; Sr uztS; u. Nonetheless, to simplify notation in Section 2.2.2, we
assume mutually exclusive subgroups so th:jltrR 1Sy 1 hereafter.

The propensity score isepXi;Siqg  PrpZi  1)X;Sig When the components
of S; are functions ofX ;, the dependence of the propensity score on the subgroup
indicators could be dropped. However, the sub-grouping variabl& may not all be
a function of X ;. Further, subgroups are most often de ned based on physicians' or
patients' prior knowledge with respect to which covariates are important for selecting
treatment or with respect to the outcome. Therefore, the true propensity score
may be subgroup-speci c in that relationships betweelX ; and Z; depend onS;.
Hence, both the typical covariates< ; and the sub-grouping variable$; are explicitly

denoted.



2.2.2 The estimand: Subgroup weighted average treatment e ect

Traditional causal inference methods focus on the average treatment e ect (ATE),
EsrYplg Y pOgs where the expectation is over the population with probability den-
sity f px; sgfor the covariates and subgroups. Corresponding subgroup analysis would
evaluate the subgroup average treatment e ect (S-ATE),, EfrYplg YpOqlS
1s Recently there has been increasing focus on weighted average treatment e ects
which represent average causal e ects over a di erent, potentially more clinically
relevant populations (Crump et al., 2009; Li et al., 2018; Tao and Fu, 2019; Zhao,
2019; Thomas et al., 2020a). We extend the weighted average treatment e ect to the
context of subgroup analysis.

Let gpx ; sqdenote the covariate/subgroup density of the clinically relevant target
population. The ratio hpx; sg=gpx; sq{f px; sqis called atilting function (Li and
Li, 2019), which re-weights the distribution of the observed sample to represent the
target population. Denote the conditional expectation of the potential outcome in
subgroupr with treatment z by ,xgq EftYmgX X; S luforz 0;1.
Then, we can represent the subgroup weighted average treatment e ect (S-WATE)

over the target population by:

EthpX ;Sgp1pXq  opX qgh 1
EthpX ;SqiS; 1u

rh EorYplg YpOqlS, 1s 4. (2.1)

In practice, we specify the target population by pre-specifying the tilting function
hpx;sq Dierent choices of the function h lead to di erent estimands of interest.
For example, forhpx;sq 1 the S-WATE collapses to the S-ATE: +. Another
special case arises under homogeneity whenpxq o qis constant for allx and

rh . for all h. Several common tilting functions will be discussed subsequently
within the context of subgroup analysis.

To identify the S-WATE from observational data, we make two standard assump-
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tions (Rosenbaum and Rubin, 1983): (iWnconfoundednessZ Kt Y plg Y pOqu|tX ; Su,
which implies that the treatment assignment is randomized given the observed co-
variates, and (ii) Overlap (or positivity): 0  epXi;Siq 1, which requires that
each unit has a non-zero probability of being assigned to either treatment condition.

Then, we can estimate the S-WATE in subgroup, .., using the Hajek estimator

oileiSirWilYi oiN AL ZidSi WigY;
iN 1ZiSir Wi1 |N 1p1 Z; 05 Wig

; (2.2)

where the weightsw are the balancing weights corresponding to the speci c tilting

function hpx; sq (equivalently the target population gpx; sg) (Li et al., 2018) :

& Wiq hptii Siq forz;, 1

epXi; Siq (2.3)
:O/OWiO —th 1519 forz; O:

1 epXi;Siq

The most widely used balancing weights are the inverse probability weights (IPW)
(Robins etal., 2000)pwv;  1{epx;sgwy 1{pl epx;sqqcorresponding tchpx;sq

1. The target population of IPW is the combination of treated and control patients
that are represented by the study sample, and the subgroup-speci c estimand is the
subgroup average treatment e ect (S-ATE). The balancing weights which will play
a key role in this chapter (Sections 2.2.3 and 2.2.4) are the overlap weights (OW),
(wgy 1 ex;sgwy €xX;sg, corresponding tohpx;sq epx;sqd e ;sqq(Li

et al., 2018). Balancing weights are de ned on the entire sample and are applicable
to subgroups where the value db; is xed and de nes the subgroup of interest. We
show in the Appendix A.1.1 thatp., is consistent for .

In practice, the propensity scoreepX i; Siq is usually not known and must be
estimated from the data. Thus, the weightaw; in (2.2) are replaced withy; based on
the estimated propensity scor@pX i; Sig While the true propensity score weights the
covariates in all covariate-de ned subgroups in expectation, the estimated weights
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\v; based on an estimated propensity score often fail to achieve covariate balance,
particularly within subgroups (Dong et al., 2020). As we show in Section 2.3, co-
variate balance in the subgroups is crucial for unbiased estimation of the S-WATE.

Therefore, it is bene cial to choose weights that guarantee balance.
2.2.3 Exact subgroup balance via overlap weights

We propose to use overlap weighting to achieve exact balance on the subgroup-speci c
covariate means. As noted above, the overlap weight of each unit is the probability of
being assigned to the opposite groupv; 1 exX;sqandw, €xX;sg arising from
tilting function hpc;sq  epx;sqd e ;sqq This tilting function is maximized for
individuals with propensity scores close to 0.5, i.e. those who are equally likely to be
treated or not, and minimized for individuals with propensity scores close to O or 1,
i.e. those who are nearly always treated or never treated. Consequently, the target
population of OW emphasizes covariate pro les with the most overlap between treat-
ment groups and the subgroup-speci ¢ estimand is the subgroup average treatment
e ect of the overlap population (S-ATO). Though statistically de ned, this represents
a target population of intrinsic substantive interest (Li et al., 2018, 2019; Thomas
et al., 2020b). Speci cally, the overlap population mimics the characteristics of a
pragmatic randomized trial that is highly inclusive, excluding no study participants
from the available sample, but emphasizing the comparison of patients at clinical
equipoise. The resulting target population can be empirically described through a
weighted baseline characteristics table. When the S-ATO is clinically relevant, its
corresponding weighting estimator has attractive properties regarding balance and
variance.

First, OWs have a unique nite-sample property of exact balance. Speci cally,
outside the context of SGA, Li et al. (2018) show that when the propensity score is

estimated by a logistic regression, overlap weighting leads to exact balance on the
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weighted covariate means. We extend this property to subgroups as follows.

Proposition 1. If the postulated propensity score model is a logistic regression with
subgroup-covariate interactions, i.e@pX ;;S;q logit 'p*y XA STAs p X
Siq "xs G Where* p 2o AL AL AL G is the maximum likelihood (ML) estimator
and pX; S;jgdenotes all pairwise interactions betweeX ; and S;, then the overlap
weights lead to exact mean balance in the subgroups and overall:

N N

ZiSi XipWig ’ pL ZioS XipWip  0; forallr 1;2:::;R; andp  1;2;:::;P:

i1 i1

5

Again the weights need to be normalized such thaf' Z;S; Wi, Vol ZioSi Wio
1 (Appendix A.1.5).

Proposition 1 implies that when a logistic model for propensity scores is aug-
mented to includepX; Sjqand paired with OW, exact balance is achievetboth
overall and within subgroupsAdditionally, the approach can be motivated by focus-
ing on correct speci cation of the propensity score model in the scienti ¢ context.
When subgroups are de ned priori it is usually based on clinical knowledge of which
patient characteristics are most likely to alter the treatment e ect. Thus treatment
decisions in the observational data may already be di erent in these subgroups, cor-
responding to covariate-subgroup interactions in the true propensity score model.
This motivates the inclusion of pre-speci ed subgroups as candidates for interactions
with standard covariates in the propensity score model. However, as the propensity
score model approaches saturation, the estimated propensity scores will converge to
0 and 1, thus causing variance in ation in the treatment e ect estimates.

Variance in ation with increasing PS model complexity is partially mitigated by
OW. OWs are naturally bounded between 0 and 1, thus can avoid the issues of ex-

treme weights and large variability that can occur wherpx;sgq 1 (Li et al., 2018).
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In fact, the overlap tilting function hp;sq ex;sqd epx;sqqgives the smallest
large-sample variance of the weighted estimatqs.;, over all possibleh under ho-
moscedasticity (Appendix A.1.1). For subgroup analysis, the optimal e ciency helps

to mitigate the potential variance in ation arising from a more complex propensity
score model. Nonetheless, when the number of covariates and/or subgroups is large,
variable selection in the propensity score model is necessary. Therefore, we pro-
pose a new method for causal SGA to accommodate considerations on both variable
selection and covariate balance.

2.2.4 Combining overlap weights with post-LASSO for causal SGA: the OW-pLASSO
algorithm

We propose theOW-pLASSO algorithm for causal SGA, which combines two main
components. The rst component uses the post-LASSO approach (Belloni and Cher-
nozhukov, 2013; James et al.,, 2013) to select covariate-subgroup interactions and
estimate the propensity scores. In causal settings regularization inadvertently bi-
ases treatment e ect estimates by over-shrinking regression coe cients (Hahn et al.,
2018). Hence, we adopt the post-LASSO approach instead of the original LASSO
(Tibshirani, 1996). The second component uses OW to achieve covariate balance in
the subgroups.

The OW-pLASSO algorithm consists of the following steps:

S1. Fit a logistic propensity score model with all pre-speci ed covariates and sub-
group variables along with pairwise covariate-subgroup interactions, i.e design
matrix pXi;Si; X Sjg and perform LASSO to select covariate-subgroup in-

teractions (without penalizing the main e ects in the model).

S2. Estimate the propensity scores by re tting the logistic regression with all main

e ects and selected covariate-subgroup interactions from S1.
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S3. Calculate the overlap weights based on the propensity scores estimated from S2,
and check subgroup balance using the Connect-S plot (Section 2.4) before and

after weighting.

S4. Estimate the causal e ects for all prespeci ed subgroups using Estimator equa-

tion (2.2) with the overlap weights from S3.

From extensive simulation studies (Section 2.5), we nd th®©W-pLASSO algo-
rithm outperforms combinations of IPW and other popular machine learning models
for propensity scores in estimating the S-WATE estimands. One of the key reasons
of OW-pLASSO's advantage is that it achieves within-subgroup exact mean balance,
which is crucial for bias reduction, as we show analytically in the next Section.

To estimate the variance of the (overall and subgroup) treatment e ects, we sug-
gest two methods: (i) the robust sandwich estimator, as recently described for IPW
(Austin and Stuart, 2017); this approach is known to be slightly conservative as it
does not take into account the uncertainty in estimating the propensity scores, but
has been shown to work well in practice. (ii) Bootstrapping: estimate propensity
scores in the original sample using post-LASSO and treat the estimated propensity
scores as xed when estimating the causal e ects in each bootstrap sample. Note that
in the bootstrap method, we caution against the practice of re- tting the propensity
score using post-LASSO in each bootstrap sample, since the bootstrapisonsistent
for LASSO estimators (Chatterjee and Lahiri, 2010). Since uncertainty for LASSO
estimators is hard to quantify, none of the variance estimation approaches we consider
aims to incorporate the variability of propensity score estimates. However, ignoring
the uncertainty of the propensity score is justi able in causal inference studies (Hi-
rano et al., 2003) as the propensity score is often viewed as part of the \design" phase
of a study (Ho et al., 2007). Our simulation studies in Appendix A.2.3 validate these

variance estimation methods coupled with the proposed OW-pLASSO algorithm.
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2.3 Bounding bias for subgroup causal e ects

When focusing on additive models, Zubizarreta (2015) showed that the weighting es-
timator for the population mean is unbiased when the covariate means are balanced.
We extend this work to subgroup analysis by showing that balance of covariates
within a subgroup leads to minimal bias of the estimatop.,. In Proposition 4,

we show this result when the treatment e ect is homogeneous within a subgroup
(rh ¢), and in Proposition 3 we extend it to allow for within-subgroup e ect

heterogeneity. In both cases, treatment e ects are allowed to vary between subgroup

levels.

Proposition 2. Suppose that the outcome surface satis es an additive model, e.g.

o o

Yiqu ?1 rSir 51 zl rpSirXip ?1 rSirZ iquWith Er ipquxi;siS
0. For any weightw; that is normalized within subgroups (i.e. ileis" W1
iN L ZiSrwip 1), if mean balance holds in the™ subgroup, expressed as
N N
ZiSir Wi1 Xip L ZioSi WioXp ; forallp 1,2:::;P; (2.4)
i1 i1

o

then the bias for ther™™ subgroup is boundedE rp., ¢ S| E 1| | (Appendix
A.1.3).

Therefore, any weighting scheme for which 0 will eliminate bias for SGA when

the outcome satis es an additive model. Proposition 4 illustrates that mean balance

o o

in the overall sample, ' ; Ziwi1X;p Nl ZigwioXip , is not su cient,
and balance is requiredvithin the subgroup Even in the special case where the true
response surface is additive in the covariates and the treatment e ect is constant
( p and g the subgroup-speci c Condition (2.4) is still necessary to

ensure minimal bias ofp.;, .
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Proposition 3. Suppose the additive model is relaxed to allow treatment e ect het-

erogeneity by covariateX ; within subgroups:Yieqg  ~, S ¢, E L S Xip

P Sz o1 pSiXpz g with ErjmgX ;S;s 0. If Condition (2.4)

holds and additionally,

N ° N
, N hoX S oS X
Z;i Sir Wi X 2l PXi; Sidr Xip o, forallp 1,2:::;P; (2.5)
i1 i 1 hpXi; SicSy
then the bias for the™ subgroup is boundedE rp.n v S| Calwl 2§ 1l ol

(Appendix A.1.5).

Condition equation (2.5) requires the weighted sample covariate mean of treated
patients within the subgroup to be close to the subgroup target population covari-
ate mean. This condition can be veri ed wherh is a pre-de ned function, but not
when hpX i; Siq depends on an unknown propensity scompX ;; Sig However this
term is expected to be small unless the model for the propensity score is severely

mis-speci ed. In the Appendix A.1.4, we show that an alternative, veri able condi-

o ° N
. S BpX i SiaS X
tion: iNlZiSiI’WiXip d’i p>(| |C§|r ip
. 1 ApXi; SicS

estimate a slightly di erent estimand, namely, the subgroup-sample weighted aver-

ARX 5 Siar X Siq X s SigsS;
(BpXi; SidSi .

Therefore, veri able mean balance conditions are su cient fop., to have a causal

2, IS su cient if we are willing to

age treatment e ect (S-SWATE), .p

interpretation, but the propensity score model must be approximately correct in or-
der for the weighted population to correspond to the target population and estimate
+h - Similarly to Condition equation (2.4), Condition equation (2.5) can be checked
by the Connect-S plot (Section 2.4).

It is instructive to consider the special case werkpX i;Sig 1 and the target
population is the sampled population. In this caseh is known and Condition equa-
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tion (2.5) can be empirically veri ed. However, it will not necessarily be satis ed
for weights based on an estimated propensity score. To the best of our knowledge,
Condition equation (2.4) is typically checked but Condition equation (2.5) is not. Un-
der heterogeneous treatment e ects this second condition is needed. This reveals a
potential risk of using weights that balance covariates without de ning a tilting func-
tion and target estimand (S-WATE) (Imai and Ratkovic, 2014; Zubizarreta, 2015; Li

et al., 2018; Zhao, 2019). The implicit estimand is the S-ATE witthpX i; Siq 1.
While these methods are designed to satisfy Condition equation (2.4), Condition
equation (2.5) does not play a role in the construction of the weights and may be
violated.

The assumption of linearity in the covariates can be relaxed and the non-linear
case is addressed in Appendix A.1.6 (Proposition 4). We nd that mean balance
remains an important condition for unbiasedness, but various higher order moments
are potentially important, depending on the true model. Whether it would be prac-
tically feasible to pre-specify and interpret the corresponding, higher order balance
checks, particularly in nite samples, requires future investigation. We do not un-
dertake that here, but instead focus on correct estimation of the propensity score
model, coupled with mean balance which is su cient in linear models (above) and

necessary in non-linear models.
2.4 Visualizing subgroup balance: The Connect-S plot

In practice, it is often di cult to assess whether existing propensity score methods
achieve the balance conditions de ned in Section equation (2.3). For example, in the
motivating application of COMPARE-UF, there are 700 combinations of subgroups
and covariates for which to check Condition equation (2.4). In this Section we intro-
duce a new graph for visualizing subgroup balance { the Connect-S plot. We rst

introduce two important metrics that will be presented in the plot.
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The rst statistic is the absolute standardized mean di erenc€ASMD) (Austin
and Stuart, 2015), which is widely used for measuring covariate balance. The ASMD
is the dierence in weighted means, de ned in Condition equation (2.4), further

scaled by the pooled, unweighted standard deviation. That is

N ZiSiwirXp Nl ZidSi WioXip

ASMD, 5
P

(2.6)

wheres,, is the unweighted, pooled standard deviation for the™ subgroup and the
p" covariate (See Appendix A.1.5 for details). Scaling by, facilitates a practical
interpretation of the weighted mean di erence, relative to the standard deviation of
the variable X,. Various rules of thumb suggest that the ASMI[J, should be less
than 0.10 or 0.20 (i.e. an acceptableis 0.10 to 0.20) (Austin and Stuart, 2015).
The second metric concerns variance. In the context of SGA, the propensity
score model is typically complex, including many interaction terms. Therefore, a
particularly important consideration in propensity score weighting is the variance
in ation due to model complexity. Li et al. (2018) suggested to use the following
statistic akin to the \design e ect" approximation of Kish (1965) in survey literature

to approximate the variance in ation (VI):

s ) Nz \w2
VI p1{N: 1{Noq'? e

N 2
. z
z 011 i 1W|Z

(2.7)

where N, is the sample size of treatment groug. For the unadjusted estimator,
Wi, 1 for all units and VI=1. Increasing values of VI imply increasingly worse
e ciency for alternative weighting algorithms. It is straightforward to de ne the
subgroup-speci ¢ version of the variance in ation statistic.

The Connect-S plot forS subgroups resembles the rectangular grid of a Connect4

game: each row represents a subgroup variable, (e.g. a race group), and the name
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and subgroup sample size is displayed at the beginning and the end of each row,
respectively; each column represents a confounder that we want to balance (e.qg.
age). Therefore, each dot corresponds to a speci ¢ subgro8pand confounderX,
and the shade of the dot is coded based on the ASMD of confoundérin subgroup

S, with darker color meaning more severe imbalance. The end of each row also
presents subgroup-speci ¢ approximate variance in ation.

Panel (a) of Figure 3.3 presents the Connect-S plot for COMPARE-UF after
adjustment by IPW where the propensity score for myomectomy versus hysterectomy
is estimated by main e ects logistic regression. The bottom row of this panel shows
that this method does a good job of balancing the confounders, overall. However,
it does a poor job of achieving balance within subgroups. For example, subgroups
based on age, symptom severity, EQ5D quality of life score, and uterine volume have
many ASMDs greater than 0.10 and often greater than 0.20. These are not generally
acceptable and motivate alternative methodology. A potential solution would be to
use a more exible model for the propensity score that does not assume main e ects.
Panel (b) of Figure 3.3 shows that balance in COMPARE-UF is not improved by
estimating the propensity score with generalized boosted models and results were

similar for random forest and BART methods.

2.5 Simulations

We compare the proposed OW-pLASSO method with a number of popular machine
learning propensity score methods via simulations under di erent levels of confound-

ing, sparsity and heterogeneity in causal SGA.
2.5.1 Simulation Design

Data Generating Process. In alignment with the COMPARE-UF study we gen-
erate N 3000 patients, with P P t18;48u independent covariatesX j, half of
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which drawn from a standard normal distribution N p0; 1g and the other half from
Bernoulli(0.3). Two subgroup variablesS; p Si;; Si,gare independently drawn from
Bernoulli(0.25). The treatment indicator Z; is generated from BernoulliépX i; S;0),

with the true propensity score model

logitpepX i;Siqq + ST s X! x PXi Sid (2.8)
with coe cients p o N .
We set the coe cients in model (3.14) as follows: | 2, I p1l1lg Out

of the P coecients in , portion of them have nonzero coe cients (i.e. true
confounders in our simulation). The coe cients for the continuous and binary con-
founders take equally distanced values betweg:25; 0.5 g separately, and the
rest are zeros. Last, we set 4 « . To create a range of realistic scenarios
in SGA we vary the three hyperparameterg; ; qin the true propensity score
model: 1) P t0:25 0:75u controls the proportion of covariatesX ; that are true
confounders; 2) P t1;1:25;1:5u controls the scale of the regression coe cients for
Xi, and 3) P t0:25 0:5; 0:75u scales the regression coe cients fopX; Sjq For
example, forP 18 1 0:25, and 0:5, the above setting species

r p 0:2505;0,0:2505;0, 1 p 0125 0250, 0:125 0:25 0,0 where
Ok is a k-vector of zeros. The above simulation settings mimic a common SGA situa-
tion in clinical studies. Speci cally, whenS; 1;S, 1, the two subgroup variables
represent high risk conditions associated with the outcome (e.g. risk score) and in-
crease the likelihood of being treated. In the presence of these high risk conditions,
other patient characteristicsX ; play a lesser role in driving treatment decisions; this
is re ected by the fact that magnitude of , in the propensity model is smaller than

s. In the Appendix A.2.1 we show that these speci cations lead to treated and
control units with various amounts of overlap for the true propensity score distribu-

tions.
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Next, a continuous outcomey; (e.g. risk score) is generated from a linear regres-

sion model:
Yi 0 XiT X SiT s zZi pSi ZiqT sz i (2-9)

where pS; Zjqis a vector of all possible interactions between subgroup variables
and treatment assignment, and ; is independently sampled fromN 0; 1g We x
the model parameter o 0, « x» 4« p0808y , 1, and vary

P 125 220 P t;0g @05 0:5qu When I p 0;0q the treatment e ect is
homogeneous, and, 2 1 for all subgroups. When [, p 0:5;0:5q the un-
derlying treatment e ect is heterogeneous within subgroups and between di erent
subgroup levels. For example, whe® 18 0:25, 1 0:75, the true
causal e ect 0:67 for ATO, and 0:75 for ATE; s, ohu tS, Ohu 0:83
for S-ATO, and 0:87 for S-ATE; s, 1hu  ts, Lhu 0:35 for S-ATO, and 0:37
for S-ATE.

Postulated propensity score modelslo estimate the propensity scores, we com-
pare Post-LASSO with several popular alternatives in the literature: (1) True model:
Logistic regression tted via maximum likelihood (ML) with the correctly speci ed
propensity score equation (3.14), representing the oracle reference; (2) Logistic-Main:
logistic regression with only main e ects of the predictorgX i; S;q tted via ML,
representing the standard practice; (3) LASSO: LASSO (Tibshirani, 1996) with the
design matrix pX i; Si; X i Sijqg implemented by the R packagegimnet without pe-
nalizing the main e ects, and ten-fold cross validation for hyperparameter tuning
(Friedman et al., 2010); (4) Post-LASSO: Logistic regression model tted via ML
with the covariate-subgroup interactions selected from the preceding LASSO (Bel-
loni and Chernozhukov, 2013); (5) RF-Main: Random Forest (RF) (Breiman, 2001;
Wager and Athey, 2018) with the design matrixoX i; Sig implemented by R package
ranger with default hyperparameters and 1000 trees (Wright and Ziegler, 2015); (6)
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RF-All: RF with the augmented design matrix pX i; Si; X i Sig Among the exam-
ined scenarios, we observe no di erence between the RF-All and RF-Main PS model,
suggesting that RFs performance depends little on the provided design matrix. For
simplicity, we omit results on RF-All; (7) GBM: Generalized boosted model (GBM)
(Behlmann and Yu, 2003; McCarey et al., 2004) with the design matrixpX i; Siq
implemented by R packagawang with 5000 trees, interaction depth equals to 2, and
other default hyperparameters (Ridgeway et al., 2017); (8) BART: Bayesian additive
regression trees (Chipman et al., 2010) with the design matrpX i; Sig using the R
function pbart in packageBART with default hyperparameters (McCulloch et al.,
2019).

Each of the preceding propensity score models is paired with (a) inverse probabil-
ity of treatment weighting (IPW) and (b) overlap weighting (OW). All the simulation
analyses are conducted under R version 3.4.4. In total, there are 72 scenarios exam-
ined by the factorial design, with 100 replicate data sets generated per scenario.

Performance metrics. The performance of di erent approaches is compared over-
all (averaged over subgroups) and within four subgroups dened If§;; 0,S;; 1,

S 0,Si, 1. First, we check balance of covariates by the ASMD of each covari-
ate, averaged across the 100 simulated data sets, and calculate the maximum ASMD
value across all covariates. Second, we consider the relative bias and root mean

squared error (RMSE) to study the precision and stability of various estimators.
2.5.2 Simulation Results

Covariate balance (AMSD), bias, and RMSE of the various estimators based on dif-
ferent postulated propensity score models and weighting schemes in the simulations
are shown in Figure B.4, Figure 2.3, and Figure 2.4, respectively.

We rst investigate the distributions of true PS by each treatment arm in the

simulated data. The data are evaluated in terms of the extreme PS values and degree
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of overlap between two treatment arms. Figure A.1 summarizes the true propensity
score distribution across values of (across columns) and , (down rows). The
resulting propensity score distributions vary from showing low confounding with
substantial overlap, whenP  20; 1, 0:75 and 0:25 (upper left panels),
to strong confounding with more probability in the tails, whenP 50, =1.5,

0:25 and 0:75 (lower right panels).

Balance. From Figure B.4, OW estimators achieve better covariate balance than
IPW estimators across all propensity score models. The true propensity score model
and OW achieves perfect balance for the true confounders in all subgroups. This
is expected given OW's exact balance property for any included covariate-subgroup
interactions (proposition 1). Within the same weighting scheme, the LASSO and
Post-LASSO model perform similarly, resulting in smaller ASMDs than the other
methods. The Logistic-Main leads to satisfactory balance in the overall sample and
the baseline subgroups (i.eS; 0 andS, 0), but fails to balance the covariates
inthe S; 1andS, 1 subgroups, particularly when paired with IPW. The RF
models result in inferior balance performance (measured using ASMDs), occasionally
leading to severe subgroup imbalances. BART and GBM perform similarly, which
lie between the Logistic-Main and the LASSO models.

Bias. From Figure 2.3, we can see that OW results in lower bias than IPW, for
each propensity score modeling approach, both the overall and the subgroup e ects.
Between the di erent propensity score models, the pattern follows closely the degree
of covariate imbalance. We nd that OW-pLASSO returns the smallest bias within
each subgroup and overall. LASSO is slightly inferior to Post-LASSO, likely due
to the shrinkage induced bias. The common practice of using Logistic-Main IPW
overestimates treatment e ect in the baseline subgroups and greatly underestimates
treatmenteectinthe S; 1 andS, 1 subgroups. If the same estimated propen-
sity scores are paired with OW, the resulting estimates are much closer to the truth,
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and the bias for subgroupsS; 1 andS, 1 isreduced to half. BART and GBM
perform slightly better than the Logistic-Main and RFs model. Figure A.3 and A.4
provides more details of subgroup bias across a range of settings. Speci cally, we nd
that the Logistic-Main IPW is much more sensitive to the simulation parameter spec-

i cation compared to the OW-pLASSO. For example, it leads to substantial bias in
estimating S-ATE under scenarios with more confounders and stronger confounding
e ects (i.e. largerP and , larger and values).

RMSE. From Figure 2.4 we can see that, with the same propensity score model,
the RMSE is generally higher for IPW than for OW. This is expected, due to (i)
the improved balance and (ii) the minimum variance property of OW. Neither the
Logistic-Main nor the RF models capture the interactions in the true PS model and
consequently result in large biases and variances of subgroup e ects. This suggests
that the RF models under our chosen hyperparameter settings are inadequate in
learning the interactions (when given main e ects only) or performing variable selec-
tion (when given the fully-expanded design matrix including subgroup interactions),
leading to inaccurate and noisy treatment estimates. In contrast, LASSO coupled
with OW provides low bias and high e ciency. Post-LASSO further improves upon
LASSO across all the simulation settings we explored. Similarly to the previous
observations, magnitude of the RMSE from BART and GBM is between that from
the LASSO and Logistic-Main model. Figure A.5 and A.6 demonstrate the RMSE
of OW-pLASSO is invariant to regression coe cients, while largef® and , larger

and values greatly increase the RMSE of the IPW main e ect model.

To summarize, OW estimators achieve better covariate balance, smaller relative
bias and RMSE than IPW estimators across various propensity score models. The
proposed method (OW-pLASSO) leads to low bias and high e ciency in estimat-
ing subgroup causal e ects, suggesting LASSO successfully selects the important

subgroup-covariate interactions across simulation scenarios. In contrast, the stan-
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dard Logistic-Main as well as alternative machine learning models for the propensity
scores lead to large bias and RMSE in estimating the subgroup causal e ects, par-

ticularly under moderate and strong confounding.
2.6 Application to COMPARE-UF

We now apply the proposed method to our motivating study of myomectomy versus
hysterectomy in the 35 pre-speci ed subgroups of COMPARE-UF. In Figure 3.3(c)
the balance based on ASMD is substantially improved by OW-pLASSO, though still
not perfect. This improvement in balance does not come at the expense of variance.
Both overall and within subgroups, the variance in ation metric is lower with OW-
pLASSO than the standard main e ects logistic regression (panel (a)). To save
space in the comparison of methods we only show 6 subgroups. The only subgroup
for which good balance was not achieved is age less than 35, though it was improved
compared to the other methods. The challenge in balancing this subgroup is not
surprising given the limited sample size and extreme imbalances that were initially
present. We recommend that comparative statements about this subgroup are made
very cautiously.

Figure 2.5 displays estimated treatment e ects for the primary quality of life end-
point, UFS-QOL score one year after the procedures with 95% con dence intervals
based on the robust sandwich variance estimator (Austin and Stuart, 2017). The
proposed method, OW-pLASSO is compared to the standard Logistic-Main IPW. In
some subgroups, including many of those not shown, the results of OW-pLASSO con-
rm those of Logistic-Main IPW. However, some potentially important signals arise.
OW-pLASSO reveals di erent treatment e ects in the subgroups de ned by baseline
symptom severity. Individuals with mild symptom severity ( 30) at baseline have
similar outcomes with hysterectomy or myomectomy, whereas subgroups with higher
initial symptoms (30-69,j 70) receive a larger improvement in overall quality of life
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with hysterectomy. This is expected clinically, as hysterectomy entirely eliminates
symptoms whereas symptoms can recur with myomectomy. Those with the greatest
initial symptoms would have the most to gain. The results of Logistic-Main IPW
did not detect this di erence. This is consistent with Figure 3.3 where covariate
imbalances after weighting by Logistic-Main IPW were corrected by OW-pLASSO.
A similar pattern was observed for the subgroups based on uterine volume. OW-
pPLASSO indicated that women with lower uterine volume had signi cantly larger
bene ts from hysterectomy. This result is not immediately intuitive, but may be
related to the fact that women with lower uterine volume also had higher pain and
self-consciousness score at baseline and therefore more to gain from a complete solu-
tion. This nding was obscured by Logistic-Main IPW because large imbalances in
the baseline covariates favored myomectomy.

The COMPARE-UF data exemplify an additional advantage of OW-pLASSO,
in the creation of a clinically relevant target population that emphasizes patients
who are reasonably comparable, for all subgroups (S-ATO). To illustrate the shift in
target population we display the propensity score distributions by subgroups after
weighting. Figure 2.6 illustrates two features of Logistic-Main IPW: (1) IPW has not
made the hysterectomy and myomectomy groups similar; (2) The cohort is dominated
by individuals at the extremes, with propensity values near 0 or 1. In contrast, the
distributions in Figure 2.7 (resulting from OW-pLASSO) are mostly overlapping for
hysterectomy versus myomectomy and emphasize people with propensity scores away
from 0 and 1. While Logistic-Main IPW could be improved by iterative corrections,
such as range trimming, or adapting the propensity score model, these steps would
be cumbersome in COMPARE-UF to implement manually across 35 subgroups. In-
stead, OW-pLASSO automatically nds a population at clinical equipoise, for whom
comparative data are most essential, across all subgroups. The resulting overlap
cohort is displayed through a weighted baseline characteristics table in Appendix
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A7.
2.7 Discussion

As researchers look for real world evidence of comparative e ectiveness in increas-
ingly diverse and heterogeneous populations, it is crucial to advance appropriate
methods for causal subgroup analysis with observational data. In this chapter we
developed a suite of propensity score weighting methods and visualization tools for
such a goal. We showed that it is essential to balance covariates within a subgroup,
which bounds the estimation bias of subgroup causal e ects. We further proposed
a method that aims to balance the bias-variance trade-o in causal subgroup anal-
ysis. Our method combines Post-LASSO for selecting the propensity score model
and overlap weighting for achieving exact balance within each subgroup and e -
ciency. We conducted extensive simulations to examine the operating characteristics
of the proposed method. We found that pairing Post-LASSO with overlap weighting
performed superior to several other commonly used methods in terms of balance,
precision and stability. Our method provides one set of weights that can be used for
both population average and subgroup-speci c treatment e ect estimation. The cou-
pling of substantive knowledge about pre-speci ed subgroups, to generate candidate
interactions, as well as machine learning for variable selection, may not only improve
SGA but also the validity of the propensity score model for population average com-
parisons. As we move beyond SGA, using the knowledge of pre-speci ed subgroups
to build the propensity score model may reduce bias in a range of propensity-score-
based HTE methods.

We emphasized subgroup analysis with pre-speci ed subgroups in observational
studies, while alternative methods and settings for heterogenerous treatment e ect
are rapidly developing. For example, Luedtke and van der Laan (2017) showed
that studying the additive treatment e ect in subgroup analysis is similar to solving
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an optimization question when estimating the mean outcome. Recent research fur-

ther recommends to select optimal subgroups based on the outcome mean di erence
between the e ects and move away from one-covariate-at-a-time type of subgroup

analysis (VanderWeele et al., 2019). Similar to their idea, our method simultaneous

uses all important covariates to make decisions.

The proposed methods maintain the causal inference principle of separating study
design from analysis of outcomes. These methods allow an analyst to thoroughly
investigate the model adequacy and balance without risk of being in uenced by
observing various treatment e ects. Recent developments in causal inference are
moving to incorporate information on the outcome in the propensity score estimation
(Shortreed and Ertefaie, 2017). When the candidate list of covariates is large, and
investigators are not able to prioritize covariates, using the outcome data may be
helpful. Future research could adapt the proposed method to incorporate outcome
information.

The R and SAS code with implementation details used in this chapter are provide

at: https://github.com/siyunyang/OW_SGA .
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Figure 2.1 : The Connect-S plot of the subgroup ASMD and approximate variance

in ation in COMPARE-UF after applying balancing weights for adjustment by (a)
Logistic-Main IPW, propensity score estimated by main e ects logistic regression
with IPW; (b) GBM IPW, propensity score estimated by generalized boosted models
with IPW; (c) OW-pLASSO, propensity score estimated by post-LASSO with OW.
Select subgroups are displayed in rows and all confounders are displayed in columns.
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Figure 2.2 . Max ASMD over all covariates, calculated in overall sample and four
subgroups, across di erent propensity models and weighting schemes. Each dot
represents one of the 72 simulation scenarios.

Figure 2.3 : Bias in estimating the overall WATE and the four subgroup S-WATE
across di erent postulated propensity models and weighting schemes. Each dot rep-
resents one of the 72 simulation scenarios.
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Figure 2.4 : RMSE in estimating the overall WATE and the four subgroup S-WATE
across di erent propensity models and weighting schemes. Values greater than 10
are truncated at 10. Each dot represents one of the 72 simulation scenarios.
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Figure 2.5 : Estimates and 95% con dence intervals for treatment comparison of
Myomectomy to Hysterectomy. Weighted means are reported and then contrasted.
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Figure 2.6 : Propensity score distributions by treatment after weighting, by
Logistic-Main IPW.

34



Figure 2.7 : Propensity score distributions by treatment after weighting, by OW-
pLASSO.
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3

Propensity Score Methods for Causal Subgroup
Analysis with Time-to-Event Outcomes

3.1 Introduction

Comparative e ectiveness research (CER) aims to evaluate the causal e ects of an
intervention on some outcomes. While the standard causal estimand in CER is the
average treatment e ect (ATE) on an overall population, it is commonly known that
individual patients may respond to the same treatment di erently and thus have
heterogenuous treatment e ects. Therefore, CER in medicine has a long tradition of
subgroup analysis, that is, conducting a selected statistical analysis on a range of pre-
speci ed subpopulations, e.g. di erent age or sex groups, to estimate the subgroup
ATEs. A key insight of recent research in causal subgroup analysis with observa-
tional data is that subgroup covariate balance is crucial for de-biasing the subgroup
treatment e ects (Dong et al., 2020; Ben-Michael et al., 2020; Yang et al., 2021).
But balance in the overall sample does not necessarily imply subgroup balance. Sev-
eral methods have been proposed to improve subgroup balance and consequently

causal estimates in observational studies, including the subgroup balancing propen-
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sity score (Dong et al., 2020), subgroup stablized balancing weights (Ben-Michael
et al., 2020), and overlap weighting (Yang et al., 2021). Speci c to propensity score
methods, decisions regarding the propensity score model complexity should balance
the bias-variance trade-o (Yang et al., 2021). These ndings have been limited to
non-censored outcomes. However, CER in health studies often involves survival, or
more generally time-to-event outcomes, which are typically right-censored because
the event time is not observed due to loss of follow-up or administrative reasons.
Traditional estimands such as ATE are no longer applicable in survival outcomes,
and new estimands and estimation methods are required. Moreover, the theoreti-
cal insight of bounding bias by covariate balance was proved under linear models;
whether it also applies to the non-linear and right-censoring setting of survival out-
comes remains an open question.

In observational studies, popular approaches draw causal inference with survival
outcomes by combining standard survival estimators with propensity score methods
(Rosenbaum and Rubin, 1983). For example, one can estimate the counterfactual
survival probabilities via the Kaplan-Meier estimator on a propensity score weighted
or matched sample (Robins and Finkelstein, 2000; Hubbard et al., 2000; Xie and Liu,
2005; Cheng et al., 2021). Another common approach combines the Cox proportional
hazard model with propensity score weighting to estimate the causal marginal haz-
ard ratio (Austin and Stuart, 2017) or the counterfactual survival curves (Cole and
Herran, 2004). Alternatively, various causal estimands can be estimated through
propensity score weighting of jackknife pseudo-observations (Andersen et al., 2017,
Su et al., 2022; Zeng et al., 2021). Despite the extensive literature, existing research
in causal inference with survival outcomes has been limited to overall treatment ef-
fects. Motivated by the imperative to extend causal inference with survival outcomes
in subgroup analysis, we investigate the use of propensity score weighting methods

in this very speci c context.
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Two types of subgroup analyses can be distinguished. Speci cally, we call the
analysis of pre-speci ed subpopulations|usually based on categories of covariates|
static subgroup analysis. In contrastdynamic subgroup analysis involves a model-
based or algorithmic search for subpopulations with signi cant heterogenuous treat-
ment e ects(Hill, 2011; Wager and Athey, 2018). Owing to its data-driven nature,
the dynamic approach has received increasing attention and a stream of machine
learning based methods were proposed, e.g. the Bayesian additive regression trees
for survival analysis (Sparapani et al., 2016) and the causal survival forest (Cui et al.,
2020). We refer interested reader to Hu et al. (2021). for a recent review on these
dynamic methods. Nonetheless, the static one-variable-at-a-time subgroup analysis
remains dominant in medical research. Related methodological research is sparse
and thus will be the focus of this chapter.

We rst introduce two causal estimands of subgroup average survival e ect and
provide corresponding propensity score weighting estimators (Section 3.2.1). Next
we extend an algorithm in Yang et al. (2021) to estimate subgroup survival ef-
fects (Section 3.2.2). This algorithm adopts LASSO to select important subgroup-
covariate interactions in the propensity score model (Tibshirani, 1996; Belloni and
Chernozhukov, 2013) and then estimates the subgroup causal estimands via overlap
weighting (Li et al., 2018, 2019). We derive analytical results to show that the mean
balance of covariates within a subgroup is crucial to bound the bias in estimating the
subgroup restricted average causal e ect (Section 3.3). In Section 3.4, we conduct a
comprehensive simulation study to compare the operating characteristics of various
methods that couple exible machine learning propensity score models with inverse
probability weighting or overlap weighting. Finally in Section 4.5, we apply the pro-
posed method to the observational COMPARE-UF study (Stewart et al., 2018) to
examine the causal e ects of Myomectomy versus Hysterectomy on the time to dis-

ease recurrence in more than 35 pre-speci ed subgroups among patients with uterine
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broids.

3.2 Causal Subgroup Analysis with Survival Outcomes: Estimands
and Estimation

3.2.1 Subgroup causal estimands on a target population

Consider an observational comparative e ective study witiN subjects and survival

Z; 1 for treatment and Z; 0O for control, and censoring timeC;. Each subject
has a failure timeT;, which is subject to right-censoring at timeC;. Therefore,
we only observe the survival time,Y; minpl;; Ciq and the censoring indicator,
i 1tT; @ Ciju We also observe a vector oP pre-treatment covariatesX ;

pPXi1; 1 Xip g, and a vector ofR subgroup indicatorsG; p Gii;:::;Grd , with
Gy 1 if the i subject belongs to ther™ subgroup. The propensity score is
epX i;Giqg Prpzi  1Xi;Gig In this chapter, we focus on the standard case where
the subgroup indicatorG; is as a function ofX ;, and thus we can dropG; from the
propensity score notation and haveepX g In particular, we are interested in the
\one-variable-at-a-time" subgroup analysis, which compares subgroup levels de ned
by Gy 1lversusG;, Oforr 1;:::;R, averaging over all other subgroup levels.

To de ne causal e ects, we introduce potential outcomes and the concept of target
population. Under the stable unit treatment value assumption (SUTVA)(Rubin,
1980), each subject has two potential survival times$Ty;; Toju and two potential
censoring timest Cy;; Coiu, of which we only observe the one corresponding to the
assigned treatmentT; T4Z; Topl ZigCi CyZy Copl Zijg Assume the
study sample is drawn from a population with covariate density pX g Also denote
a scienti cally relevant target population by density gpX g which may be di erent
from the population represented by the observed sample. Denote the ratio between

the two densities byhpX q gpX gff pX ¢ Then we can use weighting to shift the
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observed sample to the target population, on which we de ne the causal estimands.
Below we extend several common causal estimands for survival outcomes (Mao et al.,
2018) to the subgroup setting.

The rst estimand is the subgroup restricted average causal e ect (S-RACE),
which is the expected di erence in two potential restricted mean survival times up

to a time point t in subgroupr of target population g :

RACE

rg PO EgrGrminply;t gs EgrG,minplo;t gs

EsthpX gm;;pX g meopX gsfs;  1u
EfsrthpX gIG,  1s

(3.1)

wherem,pX g  E;rminpli;;t gX X G, 1s is the conditional expectation,
with respect to density f, of the truncated potential survival time in subgroupr
with treatment z. Whent 8 , minpl;;t q T, and the S-RACE reduces to
the subgroup average survival causal e ect, comparing the unrestricted, but usually
unobserved, mean survival times.

The second causal estimand is on the scale of hazard function, which is the event
rate at time t conditional on survival until time t or later. Austin and Stuart (2017)
considered the estimand of the ratio between the potential marginal hazard rates of
two groups. We extend that to de ne the subgroup marginal hazard ratio (S-MHR).
Speci cally, consider using the standard Cox proportional hazard model to estimate

the hazard function for subgroupr in treatment group zp 0; 1g

#Rq  orptexpp "R zqg (3.2)

where o pqgis the counterfactual baseline hazard in subgroupunderz 0. Based

on model equation (3.2), the S-MHR is exp;'Rq The Cox-model-based hazard
ratio has several limitations as an causal estimand. First, the estimand is de ned
by the marginal Cox model and thus its validity depends on the proportional hazard

assumption. Moreover, this model is unlikely to correspond to the data generating
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process, rendering causal interpretation of epg™R q unclear. Lastly, model equa-
tion (3.2) does not include covariateX and therefore exp "R qis assumed to be
constant for any target population, regardless of the characteristics of that popula-
tion. In contrast, the additive estimand S-RACE equation (3.1) is model-free and
avoids the preceding issues. We therefore prefer the S-RACE estimand, but include
S-MHR as it is widely used in practice and re ected in recent work (Austin and

Stuart, 2017).
3.2.2 Estimating subgroup causal survival e ects via propensity score weighting

We now describe the propensity score weighting method to identify the above sur-
vival causal estimands from observational data. We maintain the following standard
assumptions: (1) unconfoundednesstT;; Tou K Z|X ; (2) positivity or overlap:

0 epXiq 1, foralli in all subgroupsr; (3) covariate dependent censoring:

tTy; Tou KtCy; CoulZ; X .

Let f,p)Xq PpX x|Z  zqto be the conditional density of the covariate
distribution in treatment group z. For a target population gpX g and equivalently
its tilting function hpX g we de ne the corresponding balancing weight up to a
proportionality constant as:

gpxiqgfpxichpxiq hpXiq forz. 1

fipXig fpXigepXiq epXiq (3.3)
g IXidg  TPXichX i Xid ez o |
forXiq fpXigd epXigqq 1 epXiq |

l&Wilg

%Wio

These weights balance the distributions of the weighted covariates between treatment
groups towards to the target population distribution in the sense thaf ;pX qw;
fopX avo  gpX q(Li et al., 2018).

For the S-RACE estimand in equation (3.1), a consistent estimator is the area
under the subgroup survival curve over intervalQ;t s on the target population g.
We consider the weighted Kaplan-Meier estimator of the subgroup survival functions
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in treatment arm z to account for the non-linear and right-censoring properties of

survival outcomes (Xie and Liu, 2005):

1
az
& pq 1 o (3.4)
ot Y‘j;r
where dfr T w;G, 1pZ; zqis the weighted number of events at distinct
time tj;j  1:::;D, and Y7 ity WiG1RZi  zqis the weighted number of

subjects at risk at time t; in arm z subgroupr. Then for each subgroup, we can
estimate the S-RACE on a weighing adjusted target populatiog by integrating the
weighted Kaplan-Meier estimator in equation (3.4) up to the time pointt for the

treatment and control arm

» »

t t
ARACE 1t q i St podt i SO, pegt: (3.5)

Using similar arguments in estimating the overall restricted mean survival time
by Conner et al. (2019), we estimate the variance of the subgroup restricted mean

survival time up to the time point t in treatment z by

»t t 2 d‘Z
Y i S e & miap 1 tig it : (3.6)

z z
jitjot i IVlj;rpj;r djzrq

o 2 o

where M} iy WiGHIRZ zg { gy pv?Gir 1pZ;  zqq The variance
of S-RACE is then the sum of the two counterfactual subgroup restricted mean
survival time ¥ 3; SN S 3; SLnq .

When the interest lies in the S-MHR estimand, the parameter/'? can be esti-
mated from a randomized study by tting a Cox proportional hazards model equa-
tion (3.2) for each subgroupr in a one-variable-at-a-time approach and with treat-
ment status as a single predictor. With observational data, the one-variable-at-a-time
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approach still applies, but one may apply the Cox model with the treatment status
as the single predictor as in Model equation (3.2) on the weighted sample, and take
the exponentiated coe cient of the treatment indicator exgo\'R qas the estimated S-
MHR (Izem et al., 2020). To account for the uncertainty in estimating the propensity
scores, one usually should adopt the robust sandwich variance estimator (Lunceford
and Davidian, 2004).

The balancing weights framework equation (3.3) includes a number of weighting
schemes as special cases. In this chapter, we focus on two popular ones: inverse prob-
ability weighting (IPW), pvy  {epX gwo 1{pl epX gq, and overlap weighting
OW), w; 1 epXgwp epX g. IPW corresponds to a target population repre-
sented by the study samplel{pX q 1g whereas OW corresponds to the so-called
overlap population hpX q epX gd epX qq, that is, a target population of units
whose covariates are the most similar between treatments, which is known as the
population in clinical equipoise in the clinical trial literature. In many cases, the op-
erating characteristics of IPW and OW are similar when the treatment and control
groups have good overlap in covariates, but can be markedly di erent in terms of
balance, bias and variance when the overlap is poor. In particular, IPW is known to
be sensitive to extreme weights caused by propensity scores close to 0 or 1, leading
to in ated variance and large bias. This is exacerbated in subgroup analysis be-
cause lack of overlap is common in small subgroups (Yang et al., 2021). A popular
remedy is trimming, i.e. removing units with extreme weights, but it would further
reduce the sample size in subgroups and result in ambiguous target population. OW
smoothly down-weights units as their propensities dwindle towards 0 or 1 and gen-
erally has much lower variance compared to IPW in the presence of poor overlap.
More comparisons between IPW and OW in general setting can be found elsewhere
(Li et al., 2019; Zeng et al., 2021; Cheng et al., 2021; Zhou et al., 2020).

In theory, the true propensity score would balance any covariate in both the
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overall sample and any subgroup. However, one has to estimate the propensity
scores in observational studies. A common problem in subgroup analysis is that
the estimated propensity scores lead to severe imbalance in some subgroups despite
satisfactory balance in the overall sample. In particular, a standard propensity score
model in subgroup analysis is a logistic regression with main e ects of subgrouping
variables and subgroup-covariate interactions. Specifying such a model presents a
bias-variance trade-o : on one hand, a simple model with only main e ects is likely
misspeci ed, as such it fails to capture the important subgroup heterogeneity in the
treatment assignment, and thus lead to large bias; on the other hand, a complex
model with a large number of subgroup-covariate interactions could easily in ate the
variance and have convergence issues, because of the limited degrees of freedom.
Yang et al. (2021) proposed to use the post-LASSO method (Belloni and Cher-
nozhukov, 2013) to address the bias-variance trade-o in estimating the propensity
scores: one rst uses LASSO (Tibshirani, 1996) to select from all subgroup-covariate
interactions in a logistic regression model, and then re ts the logistic model with
all main e ects and the selected interactions. Such a model may still lead to imbal-
ance in speci ¢ subgroups, so they recommended to further adopt OW based on the
propensity scores estimated from the pLASSO logistic model to estimate the sub-
group causal e ects. This is because OW is shown to lead éxact mean balanc®f
any covariate in a subgroup if that subgroup-covariate interaction is included in the
logistic model. Speci cally, if the postulated propensity score model is of the form
epXiq epXi; g logit 'po X x G 4 pXi Gid g wherepX; Gd
denotes a vector of all pair-wise interactions between covariates and subgrouping vari-

ables, then the overlap weights based on the resulting maximum-likelihood-estimated
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propensities,w* wpepX ; *qq lead to

N N
ZiGj XipWiq ’ Pl ZioGi XipWip  0; forallr 1;:5;R; andp  1;:P:

i1 i1

(3.7)

Yang et al. (2021) called this two-step algorithnOW-pLASSO, and displayed its
superior performance compared with a number of alternative propensity score models
and IPW. But their investigation was limited to non-censored outcomes. In the next
sections, we will investigate the role of balance as well as properties of OW-pLASSO

in subgroup causal inference with survival outcomes.
3.3 Bounding bias for causal e ects with survival outcomes

In the context of linear models for continuous outcome, Zubizarreta (2015) showed a
weighting estimator for the overall mean is unbiased when the overall covariate means
are balanced. Yang et al. (2021) further showed that the bias of the propensity score
balancing weights estimator for the subgroup means is bounded by a product of sub-
group mean balance and regression coe cients of the linear outcome model. These
results elucidate the importance of covariate balance in reducing bias in weighting
analysis.

To investigate the role of balance in the setting of time-to-event outcomes, we
consider a simple yet reasonable case where the underlying counterfactual survival

time T, satis es an additive hazard model:

P

PP, i tIXa expp m;tXqq exp oRd  pXp z 5 (3.8)
p 1
and the censoring process is independent of covariates and treatment assignment,
e.g. K& X g PpC ¥ t|X;Z zq Kptg Suppose our target estimand is the
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weighted S-RACE, then it has the following form:

))t

el ¢ EqrP plu i tIXq Pploi tIXqlG, 1sdt
0
))t # P
E h queXp qu ’ rpo
0 b1
+
P
h pX gexp o rpxp |G, 1 dt;
p 1
whereh pX q %. In the following, we show that balancing covariates of

non-censored observations within a subgroup reduces bias of the S-RACE estimator

equation (3.1).

Proposition 4. For any weightw; that is normalized among units in a treatment
arm within a subgroup, i.e.c> N ZiGir Wip i Nl ZigGiwio 1, if mean balance
holds for the inverse probability of censoring weighted non-censored observations in
the r'" subgroup, that is
N 3N
Zi i{KcpYidGir wirXip il Zig {KcpYidGirWioXip 5 forallp 1,2:::;P;
i1 i1

(3.9)

where {{K:pYiqis the inverse probability of censoring weights applied only among
the non-censored observations through study follow-up, then the bias of the S-RACE

estimator equation(3.1) is bounded for ther™ subgroup:

P

Epytra FCrq Ba |l R (3.10)
p 1

where g g f) expr optgslt is the integral of the baseline hazard function from
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time Oto t , and up to a proportionality constant,

n P 2

R29 oXip  rhpXidGiy pl Ziaw; G {KcpYigs

n P 2
pXip rZiw, G i{KcepYiq h pXioGirs (3.11)
i1 p1
is an intractable term that involves the product of the second order covariate mean

and the di erence between weighted subgroup sample and subgroup target population.

See Appendix B.1.1 for details. The ternR, also depends on the pre-specied
tilting function h and the true subgroup causal e ect . NonethelessR; is usually
small if the weighted second order sample covariate mean in the non-censored obser-

vations is close to that in the target subgroup population for each treatment group,

i.e.
n P 2 P 2
Pxip h pXiCGir pXip pl Zini Gir i{chYiq 2
i1 p1 p 1
(3.12)
and
n P 2 = 2
pXip Ziw; Gy i{KcpYiq oXip h pXidGir 3
i1 p1 p1
(3.13)

and the inverse probability of censoring weights are used to address selection bias
associated with the right-censoring (Cheng et al., 2021), which can be estimated from
the observed data. A special case is whén 1, corresponding to IPW and the
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sampled population, then the Condition (3.12) can be checked, while the Condition
(3.13) still remains unveri able due to the unknown causal e ect .

The three conditions (3.9), (3.12), (3.13) together imply the importance of achiev-
ing covariate balance in the subgroups. Although balance in higher order terms is
required to achieve zero bias, we show in Section 3.4 thR} is in general relatively
small compared to pt qo E 1| |, @and minimizing the subgroup absolute mean
di erence in Condition (3.9) greatly reduces the bias. Therefore, subgroup mean
balance remains a dominant condition when the outcome is time-to-event. In ad-
dition, balance is required for non-censored observatiomsthin the subgroup That
is, if the di erence between weighted covariate means of non-censored observations
from two treatment arms is approximately zero, then the subgroup weighted esti-
mator pfy“® gt g maintains minimal bias for S-RACE. As correctly specifying the
propensity scores would reduce the di erence between the weighted subgroup sam-
ple and the subgroup target population, it is expected to minimize Condition (3.9)
and the R, term simultaneously, achieving satisfactory bias for the estimation of
S-RACE.

Proposition 4 underpins the advantage of OW over other weighting schemes in
estimating S-RACE because of its exact mean balance property. Analytical results
for more complex underlying model for survival outcomes for the Cox model are
generally not available. Nonetheless, we believe the essence of ensuring subgroup
balance to reduce bias in estimating subgroup causal e ects regardless of the speci c

scale, still stands.

48



3.4 Simulation study

3.4.1 Data generating process

We conduct simulation studies to evaluate coupling various propensity score esti-
mation models with di erent weighting schemes in subgroup survival analysis. We
follow the simulation setup for survival outcomes in Austin et al. (2020), and addi-

tionally allow for heterogeneity by subgrouping variables in the treatment assignment

from the standard normal distribution. Two pX; X >qare treatment associated only,
two pXg; Xij10qare outcome associated only, and;3 Xig are confounders that are
associated with both treatment and outcome. We assume there are twR ( 2) pre-
speci ed subgrouping variabless; p Gi1; Gi»q', de ned by baseline covariates that
have the strongest confounding e ect (i.e. having the largest regression coe cients),
Gii  1pXi7z i Z06GGiz  1pXis i Zosg Wherel is the indicator function and z,

is the " quantile of the standard normal distribution. This creates four subgroups
(le. Gy 0;G; 1,G, 0,G, 1)with G, 1 being the smaller subgroup level,
resulting in about 40% and 20% of patients inth€&; 1 andG, 1 subgroup, sep-
arately. To emphasize the distinction between the subgrouping variables and other
confounders, we denote the propensity score lgpX ; Gqin this section. The treat-
ment indicator Z; is generated from BernoulliépX i; Gig with the true propensity

score model
logitpepX i;Giqg  + X! x PXi G 1 pXi G (3.14)

where p logpl:25q logpl: 250 logpl:5¢ logpl:5q logpl: 750 logpl: 75q log2g log2g 0; O .
The di erent magnitude of regression coe cients represent week, moderate, strong
and very strong association, respectively. We set, 0, 2 <, cor-

responding to a clinical scenario where the subgroups are de ned based on strong
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confounders, and theG, 1 subgroup represents a high risk condition associated
with the outcome and treatment assignment for  1;2. We vary P t0:5;1u to
generate di erent levels of association, and P t0:25; 0:5u to create di erent levels of
heterogeneity. The resulting four true propensity score distributions of the treated
and control groups have moderate to good overlap (Appendix Figure B.1).

For each subject, we simulate the time-to-event outcomes from two models. Out-
come model 1 is a Weibull proportional hazard model,x|X iq t  lexptLP;u,
with the linear predictor LP;pz;q X « ,Zi, where

x P 0;0; logpl:5q logpl:5¢ logpl: 750 logpl: 75q logm2g logm2g logpl:25q logpl:25qd ,

. . The regression coe cients , represent di erent magnitude of the prog-
nostic e ects. We vary P t0; logpquto represent a null or moderate treatment
e ect. The parameters in Weibull distribution are set at 2 10 ° and 2

(Austin et al., 2020). Next for each subject, we generate the counterfactual sur-
!

i Y .
vival time from T,; mﬁ—g% for z 0;1, whereU;,  Unif;1g Out-

come model 2 is a Weibull non-proportional hazard model. Speci cally, the shape
and scale parameters are set asy( 2, 1 2 10 ®) in the treated group and
(o 3; ¢ 3 10 ") inthe control group. This setting mimics a scenario when the
treatment has a delayed e ect and two survival curves cross each other. Throughout,
we assume censoring time is independent of the treatment assignment, and randomly
draw C;  Unifp0; 445 resulting in a roughly 50% marginal censoring rate. The true
population survival curves are presented in Appendix Figure B.2 and B.3.
Regardless of whether the proportional hazard assumption holds true or not, it
may still be interested to know the average hazard ratio across time, and it is com-
mon to report the MHR in clinical trials. Therefore, under each data generation
process, we determine the true e ect sizes of S-RACE and S-MHR from the target

population using Monte Carlo average of 100 data sets consisting00Q 000 sim-
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ulated subjects. For each subject, we generate two potential outcomes with and
without treatment. The true values of S-RACE are calculated by integrating area
under the Kaplan{Meier survival curves up to timet for the treatment and control
arm in each subgroup, on the corresponding target population. We pre-specify the
restricted time point t=365 in all scenarios. Similarly, the true S-MHR are deter-
mined from a Cox PH model including only a treatment indicator as the covariate
in subgroups one-at-a-time on the weighted population. For example, when the pro-
portional hazard assumption holds (Outcome model 1) and O, the true survival
causal e ect MHR RACE 0 on both the sampled population (IPW) and the
overlap population (OW) for all subgroups; when the proportional hazard assump-
tion does not hold (Outcome model 2) and log2qg, the true survival causal
eect p MHR . MHR. MHR . MHR. MHRq p 101 1.09 086 115 092
poach s &ack, & BACF, &%°F q p92296:8;738;992;81:7q0n the sampled
population, andp MHR, ; MHR. MHR . MHR. ¥HRq p 1:.03 112 0387 118 093y
p oach s Sack, 8ACF; BACE, &%°Fq p934;985;742;101:4;824qon the overlap

population.
3.4.2 Propensity score models under comparison

We vary the study sample size by randomly drawing P t100Q 300Qu subjects under
each data generating process. We compare a number of propensity score models,
including several popular machine learning methods (Lee et al., 2010; Yang et al.,

2021). These models are as follows.

1. Logistic-Main: A logistic regression with main e ectsX; X of the predictors
tted via maximum likelihood (ML). This represents the standard but not

necessarily optimal practice.

2. Random Forests (RFs) (Breiman, 2001; Wager and Athey, 2018): By choosing
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the covariates from the design matrixaX ;; Giqto split, in theory RFs can au-
tomatically capture the interactions without pre-speci cation. We implement
RF using the R packageranger with default hyperparameters and 1000 trees

(Wright and Ziegler, 2015);

3. Generalized boosted model (GBM) (Behlmann and Yu, 2003; McCa ey et al.,
2004): a data-adaptive, multivariate non-parametric regression that can cap-
ture non-linear relationship without pre-speci cation. We implement GBM to
the design matrixpX ;; Giqusing the R packagegbmwith the hyperparameters
suggested by McCa rey et al. (2004) with 20,000 trees, a shrinkage parameter
0.0005, interaction depth 4, and stopping the algorithm at the number of it-
erations that minimizes the average standardized absolute mean di erence in

the covariates.

4. Post-LASSO (pLASSO)(Belloni and Chernozhukov, 2013; Yang et al., 2021) as

described in Section 3.2.2.

We also include the true propensity score model as the oracle reference. For each
of these models, we pair it with IPW or OW and restrict the time point att 365

to estimate the S-RACE. For estimating the S-MHR, we t subgroup speci c Cox
proportional hazard models on the weighted sample. We repeat this process 1000
times and calculate the relative bias, rooted mean square error (RMSE) and 95%
empirical coverage probability. The variance of S-MHR is estimated using the robust
sandwich estimator, while the variance of S-RACE is estimated using the method

described in Section 3.2.1.
3.4.3 Simulation Results

Most of our simulation scenarios present moderate to good overlap of the propensity

score distributions. Under these scenarios, as expected from theory, we nd that
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OW and IPW lead to similar results, with OW achieving slightly smaller relative
bias and RMSE than IPW. Therefore, below we only report the results on OW
and relegate those of IPW to Appendix B. Nonetheless, we note that when there is
lack of overlap such as in our real application (Section 4.5), OW can signi cantly
reduce variance than IPW due to the way OW handles extreme propensities. This
nite-sample pattern has been consistently observed in several empirical studies with
survival outcomes (Zeng et al., 2021; Cheng et al., 2021).

Balance. Balance is measured by the absolute standardized mean dierence
(ASMD) (Austin and Stuart, 2015) of covariates. The full balance results are pre-
sented in Appendix Figure B.4. While Logistic-Main produces good balance in the
overall sample, imbalance in subgroups is commonplace, and is more severe in small
subgroups. The maximum ASMD of covariates could be as high as 0.5 under sim-
ulation scenarios with strong confounding and less overlap. RFs and GBM leave
equally substantial imbalance in all subgroups and the overall sample. In contrast,
the pLASSO algorithm achieves the smallest subgroup covariate balance among all
the propensity models,

Bias. Figure B.6 shows the absolute relative bias|ratio between the absolute bias
and the true estimand|in estimating the S-MHR and the S-RACE across di erent
postulated propensity models, all using OW. Results from S-MHR and S-RACE
follow very similar pattern, with larger relative bias observed for the S-MHR under
strong confounding and heterogeneity in small subgroups. The results demonstrate
that although the main e ect logistic regression performs well in estimating the
overall treatment e ect, it leads to substantial bias in all four subgroups, especially in
the smaller subgroupss; 1andG, 1. RFsand GBM lead to better performance
in the smaller subgroups, but perform worse than main e ect logistic model in the
overall sample and larger subgroups. The pLASSO model leads to small bias in all
subgroups, close to the true propensity score model. This suggests that pLASSO
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successfully captures the non-linear relationship between the subgrouping variables
and confounders in the treatment assignment mechanism. Moreover, the simulation
results con rm the R, term (in Proposition 4) in pLASSO is negligible in driving
the bias. Our simulation also con rms that, given the same estimated propensity
scores, OW outperforms IPW in scenarios with strong confounding and less overlap
(Appendix Figure B.5 and B.6), but overall the key to minimize bias in subgroup
analysis is the pLASSO algorithm when overlap is not too poor. Note 25% of the
simulation scenarios have the true subgroup causal e ect equal to zero. We checked
for absolute bias under these scenarios; their results follow the same patterns and

were omitted for brevity.

Figure 3.1 : Absolute relative bias in estimating the S-MHR and S-RACE based
on di erent postulated propensity models (all using OW). The boxplot shows the
variability of the estimates across the 32 simulation scenarios.

RMSE. Figure B.7 presents the results of root mean squared error (RMSE) of
estimating subgroup MHR and RACE using OW with di erent propensity models.

Similar to the pattern observed in relative bias, the Logistic-Main does not e ec-
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tively capture the interactions, resulting in large RMSE in subgroups. Compared
to the Logistic-Main, RFs and GBM tend to estimate the smaller subgroups more
accurately, but the larger subgroups are worse. RMSE of pLASSO is the smallest
in all four subgroups and the overall sample, suggesting that despite having a more
complex propensity score model, pLASSO maintains high precision and low bias.
The results of S-MHR and S-RACE are consistent with each other. We report the
RMSE of IPW in Appendix Figure B.7, which follows a very similar trend but have
slightly higher values.

Figure 3.2 : RMSE in estimating the S-MHR and S-RACE based on di erent pos-
tulated propensity models (all using OW). The boxplot shows the variability of the
estimates across the 32 simulation scenarios.

coverage probability.For each of the simulation scenario, we calculate the empiri-
cal coverage probability through 1000 Monte Carlo samples. The con dence interval
is estimated by a normal approximation using variance estimator in Section 3.2.2 with
xed propensity scores. Table B.1 displays the mean and standard deviation of the

empirical coverage probability of OW estimated from di erent propensity score mod-
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els, calculated across the 32 simulation scenarios in four subgroups and the overall
sample. Overall, various OW estimators provide slightly better coverage probability
for S-RACE than S-MHR, likely due to the smaller bias associated with S-RACE.
Similar to the true propensity score model, pLASSO leads to coverage probabilities
close to the nominal 95% levels for both S-MHR and S-RACE, and maintains a
small variability across all simulation scenarios. These results validate the variance
estimation methods coupling with the pLASSO algorithm. In contrast, the coverage
probabilities of Logistic-Main, RFs and GBM are constantly and often substantially
lower than 95% in four subgroups, and the performance varies greatly across di erent
levels of confounding and heterogeneity. The low coverage is mostly driven by the
large bias caused by the covariate imbalance within subgroups. IPW leads to similar
conclusion on coverage probability and the related results are relegated to Appendix

Table B.1.

Propensity Model Gy O G, 1 G, O G, 1 Overall
S-MHR

Logistic-Main 0.83 (0.18) 0.60 (0.28) 0.70 (0.27) 0.65 (0.27) 0.97 (0.01)
RFs 0.25 (0.24) 0.89 (0.15) 0.29 (0.25) 0.75 (0.28) 0.25 (0.25)
GBM 0.33(0.31) 0.82(0.13) 0.32(0.30) 0.82 (0.21) 0.42 (0.34)
pLASSO 0.96 (0.01) 0.96 (0.02) 0.96 (0.01) 0.95 (0.02) 0.98 (0.01)
True 0.97 (0.01) 0.98 (0.01) 0.98 (0.01) 0.98 (0.01) 0.97 (0.01)
S-RACE

Logistic-Main 0.85 (0.17) 0.65 (0.27) 0.72 (0.27) 0.69 (0.26) 0.98 (0.01)
RFs 0.27 (0.25) 0.89 (0.13) 0.31 (0.25) 0.77 (0.26) 0.29 (0.27)
GBM 0.35 (0.31) 0.84 (0.11) 0.33 (0.30) 0.84 (0.19) 0.46 (0.35)
pLASSO 0.97 (0.01) 0.96 (0.01) 0.96 (0.01) 0.96 (0.01) 0.98 (0.00)
True 0.97 (0.01) 0.98 (0.01) 0.98 (0.00) 0.98 (0.00) 0.98 (0.00)

Table 3.1: Mean and standard deviation (in the parenthesis) of the empirical coverage
probability of di erent OW estimators for estimating the S-MHR and the S-RACE,
calculated across the 32 simulation scenarios in four subgroups and the overall sam-

ple.

To summarize, the OW-pLASSO algorithm leads to low bias and high e ciency in
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estimating both subgroup MHR and RACE. This suggests that LASSO successfully
selects the important subgroup-covariate interactions across the examined simulation
scenarios. In contrast, the standard Logistic-Main and popular machine learning
models for the propensity scores such as GBM and random forests often result in
large bias and RMSE in estimating the subgroup survival causal e ects, particularly
under small sample size, moderate and strong confounding, and less overlap. With
the same estimated propensity scores, OW generally results in estimates with lower

bias and more precision compared to IPW.
3.5 Application

COMPARE-UF is a nationwide registry that aims to answer questions about the out-
comes of di erent treatment options of women with uterine broids (Stewart et al.,
2018). Subgroup analysis was a primary aim to determine which procedure works
best for whom. In this chapter, we evaluate the treatment e ect of Myomectomy
versus Hysterectomy in 35 pre-speci ed subgroups on a survival outcome { time to
disease recurrence after receiving the procedure. The disease recurrence is a compos-
ite endpoint de ned by either the change from the baseline symptom score is greater
than -10 or the change from the baseline UFS-QOL (quality-of-life) score is less than
10. Symptom score assesses the severity of symptoms such as heavy bleeding, fre-
guent urination and feeling fatigued. The smaller the value is, the better the patient
feels; UFS-QOL score evaluates patients' quality of life from six major components
including concern, activities, energy/mood, control, self-conscious and sexual func-
tion. Higher score indicates a better quality of life. Eligible patients are older than

30 years, not trying to get pregnant and have complete follow-up data at year 1. Of
the 1228 eligible patients, 748 (60.9%) received Hysterectomy. Patients were followed
up at 1, 2, 3 years after the procedure and therefore the time was coarsened, and we
administratively censored patients after 3 years. Overall, 272 subjects (22.1%) expe-

57



rienced the event, with the remaining 956 subjects (77.9%) censored after 3 years of
follow-up. The KM estimate of the proportion of women who had disease recurrence
after receiving the procedure over 1, 2, 3 years by treatment group is presented in
Appendix Figure B.13. The unadjusted KM estimates suggest that Hysterectomy

patients have longer time to recurrence than Myomectomy patients.

Unadjusted IPW ow
Myom. Hyster. Overall Overall Overall
(No 480) Ny 748) (N 1228) N 1228) N 1228)

Continuous covariates

Age (years) 38.5 44.9 42.4 43.3 41.9
UFS-QoL Total 50.0 44.3 46.5 48.7 48.3
UFS-QoL Concern 49.2 38.2 42.5 43.6 43.8
UFS-QoL Activities 51.8 45.5 48.0 49.7 49.4
UFS-QoL Self-conscious 45.3 43.1 44.0 46.7 45.2
UFS-QoL Control 49.5 48.5 48.9 50.6 50.7
UFS-QoL Energy 51.0 45.6 47.7 50.2 49.7
UFS-QoL Sexual 53.9 45.0 48.5 52.0 52.4
UFS-QoL Symp. severity 50.5 59.7 56.1 534 54.0
EQ5D: VAS 73.7 69.6 71.2 711 71.9
Years since diagnosis 5.2 7.1 6.3 6.2 5.7
Uterine volume 764.2 589.0 657.5 670.2 679.1
Binary covariates
Race (White) 0.383 0.531 0.473 0.482 0.461
Race (Black) 0.406 0.346 0.370 0.365 0.386
Race (Other) 0.210 0.123 0.157 0.153 0.153
Ethnicity 0.079 0.080 0.080 0.057 0.046
Prior procedure 0.108 0.164 0.143 0.142 0.153
Bleeding Symp. 0.769 0.850 0.818 0.790 0.799
Pelvic pain 0.571 0.652 0.621 0.585 0.578
Anxiety/Depression 0.277 0.265 0.270 0.249 0.266
Private insurance 0.846 0.826 0.834 0.826 0.847
Children 2+ 0.094 0.513 0.349 0.377 0.221

Table 3.2: Mean of baseline characteristics of the COMPARE-UF patients by treat-
ment groups before and after weighting. IPW is based on propensity scores calculated
from the main e ect logistic model, while OW is based on the pLASSO model.

We compare three methods in estimating the subgroup survival causal e ects:
(i) IPW paired with a logistic propensity model with only main e ects (IPW-Main);
(i) IPW paired with a post-LASSO selected logistic model (IPW-pLASSO); and
(iif) OW-pLASSO. The IPW-Main method is the standard practice in the subgroup
analysis literature. Both S-MHRs and S-RACEs are estimated in the weighting ad-
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justed samples. The S-RACEs are truncated at 36 months. A set of 20 baseline
characteristics were pre-speci ed, including demographic characteristics (age, race,
ethnicity, insurance, number of children), disease history (prior procedures, time since
diagnosis), baseline symptoms (bleeding symptoms, pelvic pain, anxiety/depression,
uterine volume), and baseline UFS-QoL and EQ5D scores. Table 3.2 presents the
baseline characteristics of the unweighted, IPW-Main and OW-pLASSO weighted
overall sample. Signi cant imbalance is observed in many covariates, with Hysterec-
tomy patients being on average older, having more than two children, having severe
symptoms, longer disease history and lower baseline quality-of-life (QoL) scores. We
further present covariate balance in selected subgroups via the Connect-S plot (Yang
et al., 2021) in Figure 3.3. In a Connect-S plot, each row represents a subgroup and
each column represents a confounder; each dot is shade-coded according to the value
of the ASMD corresponding to the speci ¢ subgroup and confounder. The shade is
categorized based on the common ASMD threshold of 0.1 and 0.2 in the literature
(Austin and Stuart, 2015), with darker shade implying more severe imbalance. Dark
gray and black dots in the Connect-S plot ag meaningful covariate imbalance. The
last column shows the subgroup sample size. From Figure 3.3, we can see that al-
though IPW estimated from a main e ect logistic model balances most confounders
in the overall sample, severe imbalance is common in subgroups. IPW estimated
from Post-LASSO model improves balance in a number of subgroups but large im-
balance still persists in many subgroups. By contrast, OW-pLASSO signi cantly
improves subgroup balance in all subgroups, and imbalance only remains in a few
small subgroups such as the one with baseline bleeding.

Figure 3.4 shows the point estimates with 95% con dence intervals of MHR and
RACE in selected subgroups, with Myomectomy being the reference group. We omit-
ted the results from IPW-pLASSO because they lie in between those from IPW-Main
and OW-pLASSO. The results consistently suggest that Hysterectomy provides fa-
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vorable quality of life and symptom relief compared to Myomectomy, indicated by
smaller hazard rates (hazard ratios less than 1) and longer average time to disease
recurrence (positive RACES) in the overall sample and subgroups. For example,
based on OW-pLASSO, in the overlapped population, the MHR of disease recur-
rence is 0.49 with 95% CI (0.34, 0.71), and the restricted average causal e ect is
2.95 (1.29, 4.60) months, suggesting the Hysterectomy group had half the hazard
rate of disease recurrence and 3 months longer recurrence free time compared to the
Myomectomy group. There is evidence of heterogeneous treatment e ects between
subgroups with di erent baseline symptoms. For example, the OW-pLASSO esti-
mated MHR is 0.40 and estimated RACE is 7.18 months for patients without baseline
bleeding symptoms. For those with baseline bleeding symptoms, the corresponding
MHR is 0.49 and RACE is 1.94 months. Both MHR and RACE results suggest
that the Hysterectomy group has a slower rate to experience disease recurrence,
and Hysterectomy provides greater bene ts to patients who did not have baseline
bleeding symptoms. In all subgroups, OW-pLASSO leads to, sometimes substan-
tially, narrower con dence intervals than IPW-Main. The advantage is particularly
pronounced in several subgroups where IPW-Main leads to severe imbalance, e.g.
in the subgroups of no bleeding symptoms, age older than 45 years. The clinical
conclusions even switched in several subgroups (e.g. no bleeding symptoms, EQ5D
greater than 70, and uterine volume less than 750) where both S-MHR and S-RACE
estimated from OW-pLASSO suggest that Hysterectomy is statistically signi cantly
better than Myomectomy, whereas IPW-Main fails to detect this di erence with
the length of 95% CI nearly doubled. Results in additional subgroups show similar

patterns and are relegated to Appendix Figure B.10-B.12.
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3.6 Discussion

Evaluating causal e ects of an intervention in pre-speci ed subgroups is a standard
goal in comparative e ectiveness research. Despite recent advancements in causal
subgroup analysis, investigation on subgroup analysis with time-to-event outcomes
has been lacking. In this chapter we analytically established that the bias of sub-
group restricted mean causal e ect of survival outcomes is determined by subgroup
covariate balance. We evaluated the performance of IPW and OW coupled with sev-
eral propensity score models in estimating heterogeneous survival treatment e ects
in subgroups. Similar to previous ndings with continuous outcomes, the standard
method of IPW with propensity scores estimated from a main e ects logistic model
often leads to covariate imbalance, biased causal estimates and large variance in
subgroups. Somewhat surprisingly, the logistic model with LASSO selection among
subgroup-covariate interactions consistently outperforms random forest and GBM
in the propensity score modeling. The LASSO-based propensity model also o ers
an advantage of interpretation because the analysts can pinpoint important inter-
actions, whereas random forest and GBM based propensity models are black box.
Coupling OW with post-LASSO further reduces bias and variance in estimating sub-
group causal e ects, and the advantage over IPW is particularly pronounced when
the covariates are poorly overlap between treatment and control groups and/or the
subgroups have small sample sizes.

We considered two common causal estimands of survival outcomes, with scale
in marginal hazard rate and restricted mean survival time. The former is tied to
a semi-parametric model and proportional hazard assumption, whereas the latter
is model free. The above patterns comparing IPW and OW, and di erent logistic
model speci cations are consistent between the estimands. We expect these patterns

also stand for alternative estimands, such as the survival probability causal e ect and
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survival quantile e ect (Mao et al., 2018). This is because covariate balance plays
a central role in reducing bias and variance in estimating causal e ects, regardless
of the censoring process. In fact, in the context of overall treatment e ects, OW is
shown to be advantageous over IPW in estimating survival probabilities by Cheng
et al. (2021), and in estimating various survival estimands based on the pseudo-
observations method (Andersen et al.,, 2017) by Zeng et al. (2021). Conceptually
it is straightforward to extend these results to subgroup settings as long as the
propensity score speci cation appropriately addresses the bias-variance tradeo, as
the case with the post-LASSO method. The OW-pLASSO algorithm can be easily
modi ed to the competing risk setting, and we conjecture that there our conclusions
regarding balance and the comparative pattern between OW and IPW also stand.
The R code with implementation details used in this chapter is provide atttps:

/lgithub.com/siyunyang/OW_SGA _survival
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Figure 3.3 : The Connect-S plot of the subgroup ASMD in COMPARE-UF, result-

ing from (a) IPW: IPW with propensity scores estimated from a logistic model with
only main e ects; (b) IPW-pLASSO: IPW with propensity scores estimated from

a logistic model with LASSO selected -subgroup-covariate interactions; (c) OW-
pLASSO, OW with propensity scores estimated from a logistic model with LASSO
selected interactions. Each row presents a subgroup and each column represents a
confounder. Dark gray and black dots indicate covariate imbalance in a subgroup.
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