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CONTRACTIVITY AND ERGODICITY
OF THE RANDOM MAP x �→ |x − θ|∗

J. C. MATTINGLY†

Abstract. The long time behavior of the random map xn �→ xn+1 = |xn − θn| is studied under
various assumptions on the distribution of the θn. One of the interesting features of this random
dynamical system is that for a single fixed deterministic θ the map is not a contraction, while the
composition is almost surely a contraction if θ is chosen randomly with only mild assumptions on
the distribution of the θ’s. The system is useful as an explicit model where more abstract ideas
can be explored concretely. We explore various measures of convergence rates, hyperbolically from
randomness, and the structure of the random attractor.
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Consider the map fθ : x �→ |x − θ| as a map from [0, 1] → [0, 1] parameterized by
θ ∈ [0, 1]. This paper explores the ergodic and contractive properties of fθn ◦ · · · ◦ fθ1(x),
where the θi’s are independent, identically distributed random variables drawn according to
common probability measure P.

Let Ω denote the space of one-sided sequences {θ = (θ1, θ2, . . . ) : θi ∈ [0, 1]}. We
endow Ω with the product measure generated by P. We will also use P to denote this
product measure. E will signify the expectation with respect to P. If θ = (θ1, θ2, θ3, . . . )
and θ̃ = (θ2, θ3, . . . ), let σ denote the shift map on Ω defined by σθ = θ̃. σn will represent
the n-fold composition of σ. Lastly, we define fn

θ (x) = fθn ◦ · · · ◦ fθ1(x).

We will explore the dynamics of fn
θ (x) by investigating the relative motion of two

different initial conditions X
(1)
0 and X

(2)
0 subject to the same realization of randomness

θ = (θ1, θ2, . . . ). For the remainder of the paper, X
(i)
0 will denote some initial condition

and we will set X
(i)
n = fn

θ (X
(i)
0 ) = fσn−1θ(X

(i)
n−1). We will neglect the superscript when

considering a single trajectory.

At times we will also consider the dynamics obtained by starting with some initial
condition at time −n and evolving to time zero. To this end, we define Ω∗ to be the
space of two-sided infinite sequences {θ = (. . . , θ−2, θ−1, θ0, θ1, θ2, . . . ) : θi ∈ [0, 1]}. The
shift σ and P are extended to Ω∗ in the natural way. We also define the backward iterates
f−n

θ (x) = fθ0 ◦ fθ−1 ◦ · · · ◦ fθ−n+1(x). As the randomness is composed in a different order,
the dynamics given by f−n

θ (x) and fn
θ (x) are not equivalent a priori.

An interesting feature of this model is that even though fθ ◦ · · · ◦fθ(x) is not contracting
for a fixed θ, the composition fθn ◦ · · · ◦ fθ1(x) with random θi’s is contracting almost surely
for a wide class of θ distributions. The random composition of otherwise noncontracting
systems produces a contraction. Letac [10] seems to have been the first to conjecture that
the backward iterates should contract for θ distributions with support which did not form a
lattice. For an overview of these types of iterated systems see [6], [9]. After the completion
of the investigation described in this paper the author became aware of a work [1] which
addresses similar questions about the same systems. That analysis is organized slightly
differently than this article but shares many aspects with it. In particular, the analysis
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334 J. C. MATTINGLY

of (1) covers the case of when the law of θ is supported on only two points and makes more
explicit how the mixing estimates depend on the arithmetic properties of the support of θ.

1. Ergodicity and main results. A probability measure µ is invariant (for the
dynamics) if for any bounded measurable test function φ : [0, 1] → R,∫

Eφ
(
fθ(x)

)
dµ(x) =

∫
φ(x) dµ(x).

Lemma 1. fθ possesses at least one invariant measure.
Proof. This is a simple consequence of the compactness of [0, 1] and is obtained by the

standard construction. One considers the empirical measures µN = N−1
∑N

n=1
δXn . Here δx

is the delta measure concentrated on x. The collection {µN} is relatively compact and hence
has limit points. Any limit point can be shown to be an invariant measure. See [9] for more
details.

We now state the main result of this paper which will be proved in a number of steps
in the subsequent sections.

Theorem 2. Consider the following two conditions:
(1) There exists a positive function Λ: (0, 1) → (0, 1) such that for any ε > 0

inf
x∈[0,1−ε]

P
{
θ ∈ [x, x + ε]

}
� Λ(ε) > 0;

(2) there exist points α1, α2, and α3 such that α1 < α2 < α3, α1, and α3 − α2 are not
rationally related, and P{θ ∈ [αi − ε, αi + ε]} > 0 for any ε > 0 and i = 1, 2, 3.

If either condition above holds, then
(1) the integrated random map fθ has a unique invariant measure;
(2) fn

θ and f−n
θ converge to a single-valued function. More exactly, for almost every θ

lim
n→∞

sup
x,y∈[0,1]

|fn
θ (x) − fn

θ (y)| = 0 and lim
n→∞

sup
x,y∈[0,1]

∣∣f−n
θ (x) − f−n

θ (y)
∣∣ = 0.

The statement of the above theorem is a bit redundant. The first condition of course
implies the second. However, many common examples satisfy the first condition. Since the
proof using it is much simpler, we separate the two conditions for expository reasons.

Although the above conditions are quite weak, there is numerical evidence that they
are not optimal. It seems that if one has only α1 and α2 such that α1, α2, and 1 are not
rationally related, then the system is ergodic. This is not proved here; however, the author
believes that with a bit more care it could be proved using similar techniques.

2. A numerical interlude. Before embarking on the rigorous analysis, we share
with the reader some numerical simulations the author found useful in developing intu-
ition. We consider four different θ distributions: Uniform[0, 1], Uniform{e−1, 1

2
, π/4},

Uniform{e−1, 3
4
}, and Uniform{π/8, π/4}, where UniformA denotes the uniform distri-

bution on the set A. The first example has a positive probability of entering any set on
the next iteration. The second and third examples do not, yet because the measure charges
an incommensurate set of points one might hope that the system could still reach all con-
figurations. Since all combinations of shifts in the last example live on a lattice, one does
not expect it to be ergodic. The theorems here apply to the first two examples. Numerics
suggest that with a little more care the same lines of reasoning could be applied to the third
example. The paper [1] in fact shows the uniqueness of the invariant measure in this setting.

The plots on the left in Figure 1 give the position at t = 0 for 20 evenly spaced initial
points starting at the given time in the past. All of the trajectories in a given plot use the
same realization of noise. The plots on the right give the maximum separation at t = 0 for
the collection of trajectories shown on the left.

What is interesting to note is that as we move the initial conditions farther and farther
into the past in the first three cases, the value at t = 0 converges to a fixed value independent
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CONTRACTIVITY AND ERGODICITY OF RANDOM MAP x �→ |x− θ| 335

Fig. 1. From top to bottom θ was distributed as Uniform[0, 1], Uniform{e−1, 1
2
, π/4}, Uni-

form{e−1, 3
4
}, and Uniform{π/8, π/4}. Notice that the bottom right plot is not on a log-log scale

while the other plots on the left are.

of the initial value. This complete loss of memory of the initial condition for almost every
path leads to a strong form of ergodicity. The systems possess a random attractor consisting
of a single point which attracts all initial data for a given realization of noise. This implies
that the n-point motions are ergodic, not only the one-point motions. See [5], [3], and the
references therein for more on random attractors.

The bottom pair of plots shows that the system is clearly not ergodic. Closer examina-
tion reveals that none of the trajectories have collapsed. Yet one sees that there is a subset
of the domain into which all the trajectories are attracted. In this simple system this domain
does not fluctuate as it does in more complicated systems.

We now turn to describing analytically the dynamics exhibited by the numerics 1.

3. Some soft theorems. A few preliminary definitions are necessary. For any pair
of initial conditions X

(1)
0 and X

(2)
0 define the sequence of stopping times

τk
(
X

(1)
0 , X

(2)
0

)
= inf

{
n :

1

2
|X(1)

n −X(2)
n | � 2−k

}
.

For any collection of initial data A ⊂ [0, 1], define τk(A) = sup{τk(x, y) : x, y ∈ A}. Lastly,
we denote by Lip1[0, 1] the space of functions {f ∈ C([0, 1],R) : |f(x) − f(y)| � |x− y|}.

Assumption A.1. For any k and any pair of initial conditions X
(1)
0 and X

(2)
0 , τk(X

(1)
0 ,

X
(2)
0 ) is finite almost surely.
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336 J. C. MATTINGLY

As the following theorems show, this assumption is sufficient to guarantee the desired
results with time running forward.

Theorem 3. Under Assumption A.1,

lim
n→∞

∣∣∣Eφ(fn
θ (X

(1)
0 )) − Eφ(fn

θ (X
(2)
0 ))

∣∣∣ = 0

for any φ ∈ Lip1[0, 1].

This norm on measure obtained by the use of test functions from Lip1 is usually called
either the Wasserstein distance or the Kantorovich distance. If one uses test functions which
are simply bounded and measurable one obtains the total variation distance on the space
of measures. From this characterization one sees that convergence in the Wasserstein norm
is weaker than convergence in total variation. Nonetheless the Wasserstein distance is a
complete metric in this setting, hence guaranteeing the uniqueness of the limit points. See [7]
for more details.

Corollary 1. Under Assumption A.1, the iterated random map fθ has a unique in-
variant measure.

Proof. Let µ and µ̃ be two invariant measures and let φ be an arbitrary bounded function
in Lip1[0, 1]. It is enough to show that

∫
φ(x) dµ(x) =

∫
φ(x) dµ̃(x) to conclude that µ = µ̃

since bounded functions in Lip1 characterize the probability measures on [0, 1]. See [7].

Observe that∣∣∣∣
∫

φ(x) dµ(x) −
∫

φ(x̃) dµ̃(x̃)

∣∣∣∣ =

∣∣∣∣
∫

Eφ(fn
θ (x)) dµ(x) −

∫
Eφ(fn

θ (x̃)) dµ̃(x̃)

∣∣∣∣
�
∫ ∫

E |φ(fn
θ (x)) − φ(fn

θ (x̃))| dµ(x) dµ̃(x̃).

Since the integrand is bounded and positive, we conclude∣∣∣∣
∫

φ(x) dµ(x) −
∫

φ(x̃) dµ̃(x̃)

∣∣∣∣ �
∫ ∫

E lim
n→∞

∣∣φ(fn
θ (x)

)
− φ

(
fn

θ (x̃)
)∣∣ dµ(x) dµ̃(x̃) � 0.

Proof of Theorem 3. Let 1A(θ) denote the indicator function on the set A. Without
loss of generality, we assume supx |φ(x)| � 1. For any k,

Eφ
(
fn

θ (X
(1)
0 )

)
= Eφ

(
fn

θ (X
(1)
0 )

)
1{τk�n}(θ) + Eφ

(
fn

θ (X
(1)
0 )

)
1{τk>n}(θ)

= Eφ
(
fn

θ (X
(1)
0 )

)
1{τk�n}(θ) − Eφ

(
fn

θ (X
(2)
0 )

)
1{τk�n}(θ)

+ Eφ
(
fn

θ (X
(2)
0 )

)
1{τk�n}(θ) + Eφ

(
fn

θ (X
(1)
0 )

)
1{τk>n}(θ)

� E

∣∣∣φ(fn
θ (X

(1)
0 )

)
− φ

(
fn

θ (X
(2)
0 )

)∣∣∣ 1{τk�n}(θ) + Eφ
(
fn

θ (X
(2)
0 )

)
+ E1{τk>n}.

Hence, by exchanging the roles of X
(1)
0 and X

(2)
0 , by the definition of τk, and by the fact

that φ is in Lip1, we obtain∣∣∣Eφ
(
fn

θ (X
(1)
0 )

)
− Eφ

(
fn

θ (X
(2)
0 )

)∣∣∣ � 2−k + P{τk > n}.(1)

Since τk was assumed to be almost surely finite, limn→∞ P{τk > n} = 0, implying that

lim
n→∞

∣∣∣Eφ
(
fn

θ (X
(1)
0 )

)
− Eφ

(
fn

θ (X
(2)
0 )

)∣∣∣ � 2−k.

As k was arbitrary, the proof is concluded.

We can in fact prove the following almost sure statement which highlights the contractive
nature of the fn

θ .
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CONTRACTIVITY AND ERGODICITY OF RANDOM MAP x �→ |x− θ| 337

Theorem 4. If Assumption A.1 holds, then with probability one,

lim
n→∞

sup
x,y∈[0,1]

∣∣fn
θ (x) − fn

θ (y)
∣∣ = 0.

Proof. Fix a k. Let {X(i)
0 }Mi=1 be a partition of [0, 1] with |X(i)

0 −X
(i+1)
0 | � 2−k. Since M

is finite, τk({X(i)
0 }) is finite almost surely.

Because the graph of fn
θ is made up of segments with slopes of magnitude one, |fn

θ (z)−
fn

θ (y)| � |z − y| for any z, y ∈ [0, 1] and any n. Fix z and y. Let X
(i)
0 and X

(j)
0 be the

partition points closest to z and y, respectively. Notice that |z−X
(i)
0 | and |y−X

(j)
0 | are less

than 2−(k+1) by construction and thus, by the previous observation, |fn
θ (z) − fn

θ (X
(i)
0 )| and

|fn
θ (y) − fn

θ (X
(i)
0 )| are less than 2−(k+1). Hence, if n > τk({X(i)

0 }), then∣∣fn
θ (z) − fn

θ (y)
∣∣ �

∣∣fn
θ (z) − fn

θ (X
(i)
0 )

∣∣ +
∣∣fn

θ (X
(i)
0 ) − fn

θ (X
(j)
0 )

∣∣ +
∣∣fn

θ (X
(j)
0 ) − fn

θ (y)
∣∣

� 2−(k+1) + 2−(k+1) + 2−(k+1) = 3 · 2−(k+1).

Since x and y were arbitrary, we have supz,y∈[0,1] |fn
θ (z) − fn

θ (y)| � 3 · 2−(k+1). Because

τk({X(i)
0 }) < ∞ almost surely,

lim
n→∞

sup
z,y∈[0,1]

|fn
θ (z) − fn

θ (y)| � 3 · 2−(k+1)

almost surely. As k was arbitrary, taking a countable sequence of bounds tending to zero
proves the claim.

3.1. Limits from the distant past. We now consider limits obtained by starting

with some initial condition at time −n and evolving to time zero. We set X
(i)
−n,0 = f−n

θ (X
(i)
0 ).

This is the value at time zero of dynamics starting from X
(i)
0 at time −n with two-sided noise

realization θ ∈ Ω∗. The supposition is that as one starts further in the past, the trajectory
settles down to a fixed value at time zero. In other words, we expect that the value at time
zero has no memory of the initial condition used at −∞. That is to say, it depends only on
the realization of noise θ. To prove such a statement we use the following slightly stronger
assumption.

Assumption A.2. For any k and any pair of initial conditions X
(1)
0 and X

(2)
0 ,

E[τk(X
(1)
0 , X

(2)
0 ]p is finite for some p > 1.

Theorem 5. Under Assumption A.2, there exists a random variable X∗ measurable
with respect to the randomness up to time zero such that

lim
n→∞

sup
x∈[0,1]

∣∣f−n
θ (x) −X∗(θ)

∣∣ = 0

almost surely. In addition, X∗(θ) is stationary with respect to the shift σ (i.e., X∗(θ) has
the same distribution as X∗(σθ)). Furthermore, X∗(θ) is skew-invariant. That is to say,
fθ(X∗(θ)) = X∗(σθ) almost surely.

From Theorem 5 it follows that a unique invariant is the expected value of the measure
δX∗(θ)(x) × dP(θ) which is invariant with respect to the skew-flow (x, θ) �→ (fθ(x), σ(θ)).
See [9] and [2] for more on this point of view.

Proof of Theorem 4. We proceed as in the proof of Theorem 4. First fix a k. Then
choose a partition {X(i)

0 }Mi=1 of [0, 1] with |X(i)
0 − X

(i+1)
0 | � 2−k. Define τ

(−n)
k ({X(i)

0 }) as

before except start the initial data {X(i)
0 } at time −n and measure τk from that point in

time. Clearly E(τ
(−n)
k ({X(i)

0 }))p is independent of n since the θ’s are stationary under the
shift σ. By our assumption, we know it is finite for some p > 1.

Define the event An = {θ ∈ Ω∗ : τ
(−n)
k ({X(i)

0 }) < n}. By Chebyshev’s inequality, we
have P(An) � C(k)n−p. Since p > 1, the sum

∑
n
P(An) < ∞. Thus, the first Borel–

Cantelli lemma (see [4]) and the argument contained in Theorem 4 about points not in the
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338 J. C. MATTINGLY

partition imply that there exists an n∗
k(θ) so that

n > n∗
k(θ) =⇒ sup

x,y∈[0,1]

∣∣f−n
θ (x) − f−n

θ (y)
∣∣ � 3 · 2−(k+1).

Since k was arbitrary it is clear that in the limit the difference is zero. Furthermore, the
limit limn→∞ f−n

θ (x) exists and is independent of x. Set X∗(θ) = lim f−n
θ (1). Clearly, by

construction, X∗(θ) is stationary, skew-invariant, and possesses the stated measurability.

4. The needed estimates. We have reduced the problem to finding conditions on
the distributions of the θi’s so that Assumptions A.1 and A.2 hold. We begin by making a
number of observations about the dynamics of the two-point motion.

As before, we set X
(i)
n = fn

θ (X
(i)
0 ) = fσn−1θ(X

(i)
n−1) for initial conditions X

(1)
0 and X

(2)
0

and set noise realization θ = (θ1, θ2, . . . ). Notice that if θn is not in between X
(1)
n−1 and

X
(2)
n−1, then |X(1)

n −X
(2)
n | = |X(1)

n−1 −X
(2)
n−1|. Otherwise the points move closer together. In

particular, the distance between the two trajectories never increases.

To be more precise, let us define zn = 1
2

(X
(1)
n + X

(2)
n ) and ρn = 1

2
|X(1)

n − X
(2)
n |. The

(zn, ρn) dynamics is equivalent to the (X
(1)
n , X

(2)
n ) dynamics. The (zn, ρn) evolves according

to the following rules:

(zn+1, ρn+1) =

{
(fσnθ(zn), ρn) if θn+1 /∈ (zn − ρn, zn + ρn),

(ρn, fσnθ(zn)) if θn+1 ∈ (zn − ρn, zn + ρn).

There are a number of important features of this representation of the dynamics. First, if
θn+1 /∈ (zn − ρn, zn + ρn), then zn �→ zn+1 moves as an ordinary point would under the
dynamics. Second, if θn+1 ∈ (zn−ρn, zn +ρn), then ρn+1 is precisely the distance from θn+1

to zn. Hence, when θn+1 comes close to zn the points contract a lot.

4.1. Dense θ distributions. We begin with a simple example which ensures As-
sumptions A.1 and A.2. This condition will be superseded by those in the next section, but
it is easier to understand and contains most of the central ideas without many technical
complications.

Lemma 6. If there exists a positive function Λ: (0, 1) → (0, 1) such that for any ε > 0

inf
x∈[0,1−ε]

P
{
θ ∈ [x, x + ε]

}
� Λ(ε) > 0,

then for any k > 0 and initial X
(1)
0 and X

(2)
0

P
{
τk(X

(1)
0 , X

(2)
0 ) > N

}
�
[
1 − Λ(2−k)

]N
which implies that Assumptions A.1 and A.2 hold.

Observe that it is sufficient that the measure P have a positive continuous density with
respect to Lebesgue measure to satisfy the assumption of Lemma 6.

Proof of Lemma 6. If at any time θn+1 ∈ [zn − 2−k−1, zn + 2−k−1], then ρn+1 � 2−k−1

which implies that |X(1)
n+1 − X

(2)
n+1| � 2−k as desired. By assumption, the probability that

θn+1 /∈ [zn − 2−k−1, zn + 2−k−1] is less than 1 − Λ(2−k). Since all the θi’s are independent,
we have the quoted estimate.

4.2. More minimal conditions on the distribution of θ. The assumption
made in the previous section is quite reasonable. It is satisfied by many natural examples
such as the uniform distribution. Nonetheless, it is natural to ask: What are the minimal
conditions to ensure Assumptions A.1 and A.2? This section takes steps to answer that
question.

Lemma 7. Assume that there exist points α1, α2, and α3 such that α1 < α2 < α3, α1,
and α3 − α2 are not rationally related, and P{θ ∈ [αi − ε, αi + ε]} > 0 for any ε > 0 and
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CONTRACTIVITY AND ERGODICITY OF RANDOM MAP x �→ |x− θ| 339

i = 1, 2, 3. Then Assumptions A.1 and A.2 hold. In fact, for any fixed k there exist an
r ∈ (0, 1) and positive C so that

P
{
τk(X

(1)
0 , X

(2)
0 ) � N

}
� CrN .

Before we prove Lemma 3 we first prove a simpler version which will be used to prove
Lemma 7.

Lemma 8. Assume that there exist points α1, α2, and α3 such that α1 < α2 < α3, α1, and
α3 −α2 are not rationally related, and P{θ = αi} > 0 for i = 1, 2, 3. Then Assumptions A.1
and A.2 hold. In fact, for any fixed k there exist an r ∈ (0, 1) and positive C so that

P
{
τk(X

(1)
0 , X

(2)
0 ) � N

}
� CrN .

We will prove this in a number of steps. For z0 ∈ [0, 1], ε1 > ε2 > 0, and integer N , we
introduce the events

B(z0, ε1, ε2, N) =
{
θ ∈ Ω: ∃ k, k � N, such that θk ∈ [zk−1 − ε2, zk−1 + ε2] and

θj /∈ [zj−1 − ε1, zj−1 + ε1] for 0 � j < k
}
,

where zn = fn
θ (z0). The usefulness of these events stems from two facts. Consider the setting

where ε1 = 1
2
|X(1)

0 − X
(2)
0 |. First, since θj /∈ [zj−1 − ε1, zj−1 + ε1] for 0 � j < k, we know

that zj = 1
2

(X
(1)
j + X

(2)
j ) for j < k. Second, as θk ∈ [zk−1 − ε2, zk−1 + ε2], we know that

ρk = 1
2
|X(1)

j −X
(2)
j | � ε2.

Lemma 9. Fix any α1 < α2 < α3 as in Lemma 8. Then there is an ε0 such that if
0 < ε2 < ε1 � ε0, then for a z0 ∈ [0, 1] there exist an N and a θ = (θ1, θ2, . . . ) with the
following properties:

(i) θi ∈ {α1, α2, α3} for all i = 1, . . . , N ;
(ii) θN = α1 and |fN−1

θ (z0) − α1| � ε2;
(iii) |fk−1

θ (z0) − θk| > ε1 for k = 1, . . . , N − 2.
This implies that in the setting of Lemma 8, P{B(z0, ε1, ε2, N

′)} > 0 for any N ′ � N .
Proof. First, notice that if x � α2, then fα3 ◦ fα2(x) = x + α3 − α2. Setting T (x) =

x+α3−α2, observe that because α1 is incommensurate with α3−α2, the orbit of T mod α1

is dense in the interval [0, α1]. Hence, there exists some M so that TM (z0) mod α1 is within
ε2 of α1. Fix this M . We now simply need to translate this into a sequence of αi’s which
satisfy the other constraints of the lemma. We do this by judiciously inserting applications
of fα1 to keep the trajectory below α2, where the action of fα3 ◦ fα2(x) equals that of T .

We set ε0 = (α2 − α1)/2 and assume ε2 < ε1 � ε0. We use the following algorithm to
build θ.

• Initialize: set m = 0 and N = 0.

• while (m < M) do:

– If zN ∈ (α1 + ε, 1], then set θN+1 = α1, zN+1 = fα1(zN ), and N = N + 1.
– If zN ∈ [0, α1 + ε], then set θN+1 = α2, θN+2 = α3, zN+1 = fα2(zN ), zN+2 =

fα3(zN+1), M = M + 1, N = N + 2.

• Set θN+1 = α1, zN+1 = fα1(zN ), and N = N + 1.

• Output: The (θ1, θ2, . . . , θN ) constructed has the desired properties. N gives the
length of the needed trajectory.

Notice that by construction N is finite. Since in the setting of Lemma 8 the probability
of θ equaling any given αi is positive, the chance of taking the constructed path is strictly
positive. This concludes the proof.

We now extend Lemma 9 to be uniform over initial conditions.
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Lemma 10. Fix any α1 < α2 < α3 as in Lemma 8. There exists an ε0 such that for any
0 < ε2 < ε1 < ε0 there are an N and a γ > 0 such that

inf
z∈[0,1]

P
{
B(z, ε1, ε2, N)

}
� γ > 0.

Proof. Set η = 1
3

min(ε2, ε0 − ε1), ε′1 = ε1 + η, and ε′2 = ε2 − η. Now fix some z0

and fix the N constructed in Lemma 9 using ε′1 and ε′2. By the construction of the tra-
jectory in Lemma 8 and the choices of ε′1 and ε′2, the event B(z0, ε

′
1, ε

′
2, N) implies the

event B(z′0, ε1, ε2, N) for any z′0 ∈ [0, 1] with |z′0 − z0| � η. Hence, P{B(z′0, ε1, ε2, N)} �
P{B(z0, ε

′
1, ε

′
2, N)} > 0 for any such z′0.

Now consider a partition {z(i)
0 }Mi=1 of [0, 1] with maximum spacing η. From Lemma 9 we

know there exist N (i) and positive γ(i) such that if N ′ � N (i), then P{B(z
(i)
0 , ε′1, ε

′
2, N

′)} �
γ(i) > 0. Now set N = maxN (i) and γ = min γ(i). Since there are only finitely many
points y

(i)
0 , γ is strictly positive and N is finite. Because for any x ∈ [0, 1], |x− y

(i)
0 | � η for

some i the observations in the preceding paragraph imply that infx∈[0,1] P{B(x, ε1, ε2, N)} �
γ > 0.

Proof of Lemma 8. It is enough to prove the claim when |X(1)
0 −X

(2)
0 | < ε0, where ε0

is given by Lemma 10. When the separation is larger, we can use a finite sequence of
intermediary points to link the two and then require that all these points come sufficiently
close to one another to ensure that the original trajectories of interest are within 2−k.

We set ε1 = |X(1)
0 − X

(2)
0 |, ε2 = 2−k, and z0 = 1

2
(X

(1)
0 + X

(2)
0 ) and find the N and γ

guaranteed by Lemma 10. The event B(z0, ε1, ε2, N) implies that |X(1)
N − X

(2)
N | � 2−k.

Furthermore, we know that P{B(zjN , ε1, ε2, N)} � γ > 0 is independent of j because the

estimate is uniform over the initial point. Hence, we have the estimate P{τk(X
(1)
0 , X

(2)
0 ) >

jN} � (1 − γ)j which implies the claim.
Proof of Lemma 7. This lemma will be proved by the same means as Lemma 8. The

only difference is that we must build our desired trajectory in Lemma 9 out of a sequence of
theta’s from small neighborhoods of α1, α2, and α3. We start by finding a sequence of alpha’s
that would work corresponding to a slightly larger ε1 and a slightly smaller ε2. Knowing
the length of this sequence we can choose small enough neighborhoods about the αi to
ensure that if we replace all the αi’s with any element of the neighborhoods about them, the
sequence will still produce a trajectory with the desired properties relative to the original ε1

and ε2. In short, we use the previous results coupled with the continuity of fN
θ (x) with

respect to θ.

5. Modes and rates of convergence. We have shown that under fairly mild
conditions, x �→ |x − θ| has a unique invariant measure which attracts in the Wasserstein
distance any initial distribution. We also showed that the system possesses a trivial random
attractor. In fact, we showed that if the system starts at −∞, it converges to a single value
at time zero which depends only on the realization of the noise. In section 3, it was shown
that contractivity of the map implies the uniqueness of the invariant measure. However, it
is clear that it is not necessary. In fact the rate of the convergence to the invariant measure
induced by the dynamics and the rate of almost sure contraction can be quite different.

To explore these issues we consider the simplest of cases, namely when θ is uniformly
distributed on [0, 1]. It is straightforward to verify that 2(1 − x) dx is a unique invariant
measure for this system. We begin by examining the two-point contraction rate.

In the notation of the previous sections, the only way that |X(1)
n −X

(2)
n | > ε (assuming

|X(1)
0 − X

(2)
0 | > ε) is if none of the θi’s, i = 1, . . . , n, fall in the ε-neighborhood of zi =

1
2

(X
(1)
i + X

(2)
i ). The chance of this event is independent of the position of zi; in fact,

P
{
|X(1)

n −X(2)
n | > ε

}
= (1 − ε)n.(2)

Hence if we want the probability for separation to be small (say, e−γ for some γ > 0), then
we need to take γ/| log(1 − ε)| steps. When ε is small this means that n is essentially γ/ε.
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This fact implies a bound on the convergence to the invariant measure in the Wasserstein
norm. The estimate in (1) implies that the Wasserstein distance after n = log(1/ε)/ε steps is
at most 2ε. Hence we see that, except for a logarithmic correction, this bound suggests that
the distance decays like 1/n. Even in this explicit case this estimate need not give the sharp
rate of convergence of the empirical distribution to the stationary distribution. Numerically
it is true that the distance between two points subject to the same realization of noise does
decay like 1/n. This is seen in (2). However, if one is interested only in the convergence of
the induced measure, one is not constrained to use that same realization.

To see the difference, we will estimate the convergence rate to the invariant distribution
in total variation norm directly without looking at the contractive properties of each realiza-
tion. If Pn(x, ·) is the distribution induced on [0, 1] by moving n steps in the Markov chain
starting from x, then direct calculation gives that

|P (x, ·) − P (y, ·)|TV = 1
2
|y − x| − 1

4
|y − x|2 � 1

2
.(3)

Thus the chain satisfies the classical Döblin condition which produces the estimate |P (x, ·)−
P (y, ·)|TV � 2−n. Since the total variation norm dominates the Wasserstein norm, we
see that the distribution of the random variable approaches its equilibrium distribution
exponentially quickly.

Which of these it the “right” answer? It of course depends on the question. If the map f
models some process which transports mass around the interval, then the rate at which the
many-point motion contracts to a single point is quite relevant. If f models the trajectory
of a single system, the fact that its distribution becomes randomized exponentially quickly
might be of greater interest.

6. Conclusions. This paper illustrates one mechanism which produces ergodicity;
namely, almost sure contraction. This behavior is far from universal, but when it exists,
it yields a lot of information about the process. It is interesting to note that the random
iterated map is a contraction while fθ ◦ fθ ◦ · · · ◦ fθ is not a contraction for fixed constant θ.

The use of three points in the second condition of Theorem 2 is likely unnecessary.
With more care similar arguments should give the same results with only two points, under
appropriate conditions. Numerical experiments support this opinion.

In general, convergence rates can also be obtained in this framework. One uses estimates
on the moments of the stopping times τk. Some uniformity of the estimates in k is needed.
This is straightforward under the first condition of Theorem 2. However, it requires more
work in the other setting and the author has not attempted this.

In section 5, we showed that considering the contraction rate does not always give
the correct rate of convergence to the stationary distribution. However, it does have its
advantages. It is particularly useful when the natural topology of the invariant measure is
difficult to predict. This is not the case when the distribution of θ is absolutely continuous
with respect to Lebesgue measure. The topology is less clear when the distribution of θ
is atomic; however, it is not unsurmountable. There are settings where the difficulties are
much more challenging. When the phase space is infinite dimensional, as in stochastic PDEs
or particle systems, there are many nonequivalent topologies. In these cases, the approach
detailed in this paper has succeeded when others have failed. (See [11], [8] for examples.)
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