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Overview: Generalizing Packing Problem

A main problem of the theory of error-correcting codes is the packing
problem:
@ How to arrange as many points as possible on the surface of a real or
complex sphere so that they would be as far apart as possible
@ Arranging as many 1-D subspaces in the embedding real or complex
space with angle as large as possible
We can generalize the problem to subspaces of dimension higher than 1:
@ How to arrange as many M-dimensional subspaces of T-dimensional
real or complex space so that they would be as far apart as possible

e Consider packing in Grassmannian space G(T, M)
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Overview: Motivation

@ Generalization of binary Reed-Muller codes to operator Reed-Muller
Codes (N x N Hermitian matrices) based on Heisenberg-Weyl Group
o Weyl Transform:

o N x N Hermitian matrices — real valued vectors of length N?
e Trace Inner Product Space — Euclidean Space
o Isometry
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The Heisenberg-Weyl or Pauli Group HW)y

The Pauli Matrices are

0 1 0 i 1 0
X—[l O]’Y_[—i 0},andZ—[0 _1]

A linear operator E of Heisenberg-Weyl Group HWy (N = 2™) takes the
form:

E=0ce1®e®..Q0e¢en, wheree;=1,X,Y,or Z, a = *+1,+£i
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The Heisenberg-Weyl or Pauli Group HW)y

We define E(, 5y € HWpy where vectors (a, b) € F3™ indexes the operator:

E(a,b) =e1Re®...Renm
where

12, a,'ZO,b,':O
X, a,-:l,b,-:0
1 p— (1)
Y, a,-—l,b,-—l
Z, a,-:0,b,-:1

e =
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The Heisenberg-Weyl or Pauli Group HW)y

These linear operators satisfy the following properties:

o E, is Hermitian, that is £, = E}

o If v#0, we have Tr(E,) =0; Tr(E,Ey) # 0 if and only if v = w
(_l)a(b’)T@a/bT

E(a,b)E(a/,b/) = E(a/’b/)E(aJ))

e symplectic inner product:
(a,b) * (a',b') = a(b) @ a'b”

o E(ab)E(a,,r) commutes if and only if (a, b) and (&', b") are orthogonal
with respect to the symplectic inner product (i.e. (a, b) * (&', b") = 0)

Multiplication formula for E, p)E(x by = OE(aya brtr), Where

vl b ah!
a:,ab ab
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Projection Operators P

Py +1 as the projection matrix of the eigensapces of E,:

o P1= %(I + E,): eigenspace of E, with eigenvalue 1

o P, 1= %(I — E,) eigenspace of E, with eigenvalue —1.
Define projection operators Ps ,:

@ S is a k-dimensional commutative group generated by E;, 5,
j=1..,k(ie S= (E(abbj)\i =1,...k))
° c=(€1,...,€x), where ¢, = £1,i =1 ... k

1
7|_|Jk:1(l +€anj,bj)7 Ea-,bj 6 5

PS,e:2k )

o || Pse [[g=2m"*
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Example of P

Let vi =(0,0,1|0,1,1), the corresponding operator is
Poi=3l+1®ZxY):

T 0.5 0.5 1
—05i 05

0.5 —0.5i

0.5/ 0.5
Pas = 05 0.5i
—05i 05

0.5 —0.5i

05/ 0.5 |

Further let vo = (0,1,0|1,0,1) and v3 = (1,0, 0]0, 1,0).

Note: Py, 1, Py,,1 and P,, 1 can be simultaneously diagonalized, with
diagonal entries as (0,0,0,0,1,1,1,1), (0,0,1,1,0,0,1,1), and
(0,1,0,1,0,1,0,1). They are first-order binary Reed-Muller codewords.
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Projection Operators P

o Commuting operation @ between two commuting operators P, P’:
PO P =P+ P —2PP
@ Distance between the subspaces defined by P; and P> (Frobenius

Norm):
d(P1, P2)? = Tr(Py) + Tr(P2) — 2Tr(P1Py)
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Operator Reed-Muller Code

Let G = {v1, ..., Vm}, v; € F3™ be a set of pairwise orthogonal and linearly
independent binary vectors with respect to the symplectic inner product.
Define operators {P, »} as follows:

1
P,)= E(Izm + AE)), A ==1, where v € G

The operator Reed-Muller code O — RM(r, m):

@ The commutative set of all operators P associated with boolean
functions f of degree at most r with m inputs

@ Inputs x; for the boolean function are replaced by projection operators
in {Py,x}

@ Multiplication in f is replaced by operator multiplication

@ Binary addition is replaced by &
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Distance Spectrum of O — RM(r, m)

Let B;(P') = |{P € O — RM(r,m) : d(P, P")? = t}| for

P" € O — RM(r, m), the cardinality of the set of operator
Reed-Muller codes with distance v/t to P’.

The B:(P’)’s for all possible t describes the distance spectrum of P’
Theorem: For any Q, Q" € O — RM(r, m), B:(Q) = B:(Q").

@ The Theorem implies that the distance spectrum is invariant with
respect to operator code
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The Weyl Transform

e Lemma: The matrices ZL%E(a,b) form an orthonormal basis for the

real vector space of N x N (N = 2™) Hermitian matrices with respect
to the trace inner product.

@ Any Hermitian linear operator S can be written as a linear
combination of projection operators E(a,b) as follows:

S = Z 5 a b (ab) (2)

(a,b)eF2m

S(a,b) = éTr(E(%b)S), the Weyl Transform of S at index (a, b).

o The Weyl transform of S is a vector of length 227, where index i
(counting from left to right) has value S(a, b) such that (a, b) is the
binary representation of integer i.

@ It is an isometry between the Trace Inner Product Space of
Hermitian Vectors and the Euclidean Space.
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First Order Operator Code O — RM(1, m)

Let C be the linear subspace generated by G = {vi, ..., Vi }.

P € O — RM(1, m) has the form ®&P,, 11: it is a linear combination
of the set {Po, P,,, ..., Py, }

The cardinality of O — RM(1, m), |O — RM(1, m)| = 22m+1

P is either P, 1 or P, _1, where v € C because

Pu+1® Py, +1=Puirn+1, i+twnel
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The Weyl Transform of O — RM(1, m)

@ The Weyl transform of P, 1 = %(l +E), v#£0Qis

(2271,0,...0,2271,0,...,0)
where the second non-zero element is at index v.
o The Weyl transform of P, _1 = 3(/ — E,), v#0'is

(2271,0,..0,—2271,0,...,0)
@ The Weyl transform is (2

m
2,

0,...,0) for Py and 0 for Py _1
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Distance Spectrum of O — RM(1, m)

Theorem: For any P € O — RM(1, m), we have
Bo(P) = 1, Bom(P) = 1, Bym-1(P) = 22™+1 _ 2

Proof: By invariance of distance spectrum, let P = Py _; = 0; consider
P" = P, y. Let W(-) denotes the Weyl Transform. Then
d(0,P') = W(F') |
o v/ =0, N=1 W(P)=(22,0,..,0). | W(P) |?>=2™.
oV =0, N=-1 P =P | WP)|?=0.
o vV £0. W(P)=(2271,0,..0,42771,0,...,0).
| W(P') |P=2m"242m=2 =2m~1
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Decoding O — RM(1, m)

Decoding O — RM(1, m) is equivalent to: Given a perturbed operator X
(X is perturbed from some P, 5 x € O — RM(1, m)), we need to recover
the projection operator P, p) 5 such that

Papyx = argminy_iy 5 pepzm | Plap)n — XX1 ||
The isometric property of Weyl Transform — decoding is equivalent to
Plapyx = argminy_ iy 5 pepzm | W(Pap),n) — W(XxXT) |

Decoding Objective: find the largest index of W(XXT) in absolute value
(first index needs to subtract 2%*1)
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Decoding Algorithm of O — RM(1, m)

Algorithm 1: New Decoding Algorithm of O — RM(1, m)

Given perturbed input X ;

Compute XX ;

for (a, b) € F5™ do

‘ Compute Tr(XXTE, 1)) as the Weyl transform of X at index (a, b) ;
end

Find the largest index in terms of absolute value in the Weyl transform
computed before (first index subtract 22 1), record it at index (a*, b*),
and its sign e ;

7 Output P = 3(/ + eE(ap));

S A W N =

Time Complexity: Total: O(23™) +22mQ(2™M) = O(23™)
o 0(237m) for XXT
o O(2m) for Tr(XXTE(, p)) since E, p) is sparse; total 22™ times
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Dickson's Theorem in From Binary Code

Binary Reed-Muller Codes RM(2, m) are generated by boolean functions
of degree < 2 with m inputs xi, ..., Xm, x € FJ:

m m
ij=1,i<j i=1

Traditionally, Dickson's Theorem provides a normal form for quadratic
functions:

Theorem: Let f : IF%’" — F> be a quadratic function with the symmetric
matrix B of rank 2t. There exists an affine transformation s, so that fo s
has one of the following algebraic forms:

Q ViyoDy3ya® ... D yar—1Yot
Q iy By3ya D ... Byre—1yor +1
Q ViVo D Y3ya D ... B Yor_1Yot D Yort1
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Classifying O — RM(2, m)

Theorem: Let {P,,,..., P, } be the input operators of boolean functions
with degree < 2 that generate O — RM(2, m). Let C be the linear
subspace generated by {v1, ..., v, }. Each operator code

P € O — RM(2, m) belong to one of the following three categories:

o @QﬂzlPakak
Q (B P, Py)® Pc
Q (Y PyPy)®I

where {ai, ...,ap, b1, ..., by, ¢} C C is linearly independent
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Classifying O — RM(2, m)

Proof Intuition:
@ Observe: P,Pp = PP, p = PpPayp
o Generalize: P,Pp, & PPy = P, cPp @ PcPhiy

o Generalize: Any @©7_; P, Pp, can be re-written as Pa Py ®i_p Pa; Py,
for any a) € span({a;, b;i})

Given any @®f_, P, Py, if {a;, bj} not independent, we can reduce the sum
r

by 1: eg. a, = 69,-;113,-,

Biz1Pa Pr, = Par'Db{(®,:21Pa§Pb§) © P, Pp, = Paer{—kb,(@,(;zlPa;Pb;)

The process will terminate when the operators are "irreducible”
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The Weyl Transform of O — RM(2, m)

0 oM P, Py

o Index 0: %__1%

o Index v € span({ax, bk }): :I:Z,V,Jr%%
Q (@2/, 1Pakak) EB Pc:

o Index O: —,Zn

o Index c+ v, v € span({ak, bc}): +
Q (B} PsyPy,)® 1

2Mi1
M+1— 2

o Index v € span({ax, bc}): t—=

1
2M+1— %

o Index O:

2M+1—7
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Distance Spectrum of O — RM(2, m)

Invariance of Distance Spectrum — Fix 0 — Computing Euclidean Norm
of the Weyl Transform

Theorem: Given O — RM(2, m) and a fixed M, the number of operator
codes are given as follows:

© Case One: @l Pa, Py, : f(M)g(m, M)2*M; distance t* = 2Mem—gm

2M+1
@ Case Two: (@M P, Pp,) @ Pe: g(m, M)f(M)22M(2m=2M+1 _ 9).
distance t2 = 2m~!
© Case Three: (&M P, Py,) ® I: &Y Py Pp,: f(M)g(m, M)22M,

2M+m+2m
2M+1

n2M-t(2m—27)
r|2"/’ Lo2m o)

distance t2 =

where g(m, M) = and f(M) = 2MM=1)(QM (2211 _ 1))
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Theorem: Let O =3, ;) cs€abE(a,b), where Sis a k — dim isotropic
subspace with respect to the symplectic inner product. Suppose
S= ((a,-,b,-)|i = 1, cesy k>. Then

. T_ T
€(atebid) = €(ab)(cd)(i® )
for all 0 # (a, b), (¢, d) € S if and only if

0 = My (In + €(ar,br) Ear b))

for any basis {(a1, b1), ..., (ak, bx)} of S.
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