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Abstract

In this thesis, we focus on graph-based methods, providing both theoretical analysis of
graph Laplacians under the manifold data setting and practical applications to time-series
data analysis.

In the first part of the thesis, we present an improved convergence rate for k-nearest
neighbor (KNN) graph Laplacians. We consider a general class of KNN graph where the
graph affinity is W;; = e 4720 (3xi X}2/eF(P(xi), F(X}))?), with P(X) being the (rescaled)
KNN distance at the point X, ¥ a symmetric bi-variate function, and Ko a non-negative
kernel function. Under the manifold data setting, we prove the point-wise convergence of
the KNN graph Laplacian to the manifold limiting operator at a rate of O(N 2/(4+6)) when
ko and F are C® differentiable. When kg and F have lower regularity, including the standard
kNN graph as a special case, the convergence rate degenerates into O(N (@+4)) These
findings are validated through numerical experiments on simulated data.

In the second part, we focus on estimating the heat kernel on the manifold. We construct
the heat kernel estimators by powering the graph transition matrix. Under the manifold
data assumption, we establish the convergence of the estimators to the true heat kernel
when the underlying manifold is one-dimensional and compact. When the heat diffusion
timet 1, the convergence rate is O(N 2/(d+6)) up to a log factor. Based on the heat kernel
estimator, we propose a new normalized affinity and prove the approximation analysis of this
affinity. Then, we further develop a data visualization algorithm that uses the heat kernel
estimator or the normalized affinity as the input similarity matrix for the t-distributed
stochastic neighbor embedding (t-SNE) algorithm. The theoretical results are validated
on the simulated data, and the proposed algorithm is applied to both the simulated and
real-world datasets.

In the last part of the thesis, we consider time-series data analysis. First, we propose a
stochastic dynamic model on a graph for the epidemic data, incorporating the transporta-
tion between regions. We make inferences for the transmission parameters using the graph

Laplacian regularization and demonstrate that this method improves prediction accuracy on

iv



real-world COVID datasets. Then, we introduce a Recurrent Neural Network (RNN)-based
model that leverages the expressiveness of deep neural networks. We propose an algorithm
that adaptively selects time steps based on the steepness of changes in the data over time.
This algorithm enables more efficient training for time series with sharp spikes. We also
provide an approximation analysis, which sheds light on the benefits of adaptive steps.
We apply the proposed algorithm to both simulated dynamic system data and real-world
electrocardiography data and demonstrate that the proposed model improves prediction

accuracy while reducing computational costs.
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1. Introduction

Graph-based methods have been an essential tool in machine learning and widely applied
to tasks such as dimension-reduced embedding [TSLOO; BNO03; CLO6; Tal+13], clustering
[NJWO01; Von07], and semi-supervised learning [BNO2; ZGL03; El +16; RCL19; ST19].
This thesis presents both theoretical analysis of graph Laplacians under the manifold data
setting and applications in time-series data modeling, and we will detail in the following

three parts.
1.1 Analysis of kNN graph Laplacians

Compared to graph a nities constructed using a xed bandwidth, kNN graphs are often
preferred in practice due to their ability to adapt to local data densities and the intuitive
choice of k [TSLOO; BNO3; ZP04; Oza+1l; Son+22]. While the convergence of xed-
bandwidth graph Laplacians has been extensively studied in the literature [HAVO5; Sin06;
CL06; BNO6; HALO7; THJ10; DWW19; Gar+20; CW22hb], fewer works have explored the
convergence okNN graph Laplacians. In the rst part, we focus on the convergence analysis
of KNN graph Laplacians. Speci cally, we consider a broad class diNN graphs, which
include both the self-tuned kernel introduced in [ZP04] and the traditional kNN graph as
special cases, and establish the point-wise convergence of théddN graph Laplacians to
the manifold limiting operators under the manifold setting. When the kernel function has
C3 regularity, including the self-tuned kernel as a special case, we established a convergence
rate of O(N 2 (%*8) (up to a log factor), where N denotes the sample size. This result
aligns with the point-wise convergence rates for xed-bandwidth graph Laplacians with
di erentiable kernels, as previously proved in [Sin06; CW22b]. Furthermore, for kernels
with lower regularity, including the standard kNN graph as a special case, we derive a
convergence rate ofd(N ¥ (*49) (up to a log factor), which is consistent with the results

shown in [CT22] for the standard kNN graph.



1.2 Estimation of the heat kernel on manifold

The heat kernel on a manifold describes how the heat equation evolves over time and
encodes intrinsic geometric information. For example, it can be related to the geodesic
distance via Varadhan's formula [Var67]. In the second part of this thesis, we construct
heat kernel estimators by powering the graph transition matrix. Under the assumption that
the underlying data manifold is one-dimensional and compact, we prove that the estimators
converge to the true heat kernel. For a heat di usion timet 1, the estimators achieve a
convergence rate oD(N 2 (4+6)) (up to a log factor), which is consistent with the rate for
xed-bandwidth graph Laplacians with di erentiable kernels. While taking an entry-wise
log to obtain a distance matrix has been used in the data visualization algorithm proposed
by [Moo+19], we introduce a new normalized a nity by rst normalizing the heat kernel
estimator entry-wise and then taking entry-wise power. We also provide an approximation
analysis for this a nity. Finally, we present a low-dimensional embedding algorithm that
takes either the heat kernel estimator or the normalized a nity as the similarity matrix

input for t-SNE [VHO08], and apply it to both simulated and real-world datasets.
1.3 Modeling of time series data on graphs

In the last part of this thesis, we consider to time-series data applications. First,
we introduce a stochastic model adapted from the Susceptible-Exposed-Infected-Removed
(SEIR) model [KM27] to describe the long-term spread of epidemics across multiple regions.
This model is enhanced by incorporating transportation between regions, inspired by the
Global Epidemic and Mobility (GLEaM) model proposed in [Bal+10]. For parameter in-
ference, we employ a graph Laplacian matrix applied to the transmission parameters as
the regularization term. This regularization encourages parameters in highly connected or
similar regions to be closer, improving the accuracy of predictions and parameter estima-
tion. We validate the proposed model and inference method on real-world COVID datasets.
Then, we go beyond the SEIR model by leveraging the expressiveness of RNN due to the uni-

versal approximation property of deep neural networks. We propose an RNN-ODE model



and introduce an algorithm for adaptive time step construction as a pre-processing step.
This algorithm selects re ned time steps in regions with sharp changes, such as spikes,
while choosing coarser steps for at segments. Theoretical insights are provided into
the approximation guarantees of the RNN-ODE model, highlighting the bene ts of adap-
tive time steps. We demonstrate the advantage in terms of improved prediction accuracy
and computational e ciency on both simulated data and real-world electrocardiography

datasets.



2. Improved convergence rate of kNN graph Laplacians

2.1 Introduction

For a data set X = txul, € R™, a graph anity matrix W measures pairwise sim-
ilarities among data points in X. Given an anity matrix W, the (un-normalized and
random-walk) graph Laplacian matrices can be constructed accordingly; see a more de-
tailed introduction in Section 2.1.2.

Compared to xed-bandwidth graphs, where the graph anity is de ned as Wj; =
ko(}xi X}/ €) for some kernel functionk : [0,8 ) N [0,8) and a bandwidth parameter
ej 0, kNN graphs are often preferred in practical applications. This is because the usage
of KNN distances in the bandwidth makeskNN graphs adaptive to the local density of the
data points and robust to noise in the low-density regions. This adaptivity also addresses
the challenge of selecting the bandwidth parametee in xed-bandwidth graphs, which can
be particularly di cult in high-dimensional spaces. In a traditional kNN graph, the a nity
matrix is typically constructed as:

X x)? . or Wi =1 X x)?
maxt R(x;), R(xj)2 U mintR(x), R(x) P

Wi = 1 q . (21)
where R(x) is the kNN distance betweenx PR™ and the given datasetX, and the max/ min
function symmetrizes the pairwise bandwidth. The self-tuning spectral clustering method
[ZP04] also utilizeskNN graphs and is shown to improve the clustering result compared
to the xed-bandwidth approach. This method constructs the graph anity using an

exponential kernel function. Speci cally, the graph a nity is de ned as

(2.2)

which is called the self-tuned kernel.
The convergence analysis of graph Laplacians @ N 8 is crucial for the theoretical

understanding of algorithms that use graph Laplacians. A particularly interesting case to
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analyze is under themanifold assumption where the data setX is assumed to be indepen-
dently and identically (i.i.d.) sampled from a probability measure with a density function
p supported on ad-dimensional manifold M embedded inR™.

Much of the existing literature has focused on the convergence of xed-bandwidth graph
Laplacians, analyzing their behavior in the joint limit as N N 8 and e N 0*, includ-
ing [HAVO5; Sin06; CL0O6; BN06; HAV05; HALO7; THJ10; DWW19; Gar+20; CW22b].
However, fewer studies have addressed the convergencekbfN graph Laplacians [CT22;
CW22a], despite their practical advantages in many machine learning applications. [CT22]
provided both the point-wise and spectral convergence fokNN graph Laplacians with
anities as in (2.1) while allowing for general compactly supported kernels, not limited to
the indicator function. [CW22a] examined the point-wise convergence of a family dfNN
graph Laplacians, whose a nities extend the self-tuned kernel(2.2) originally considered in
[ZP04]. For a more detailed review of related works, we refer to Section 2.1.1.

In this work, we consider and analyze the convergence of a general classkbiN graph
Laplacians, where the graph a nity matrix is constructed as

|
X X} .

Wi = e %k ef (F(x),F(x))?

(2.3)

heref :(0,8) (0,8) N (0,8) is symmetric, namely,
f(u,v) = f(v,u), u,vP(0,8),

ko : [0,8) N [0,8) is non-negative, andf : R™ N (0,8) is the empirical bandwidth
function rescaled from the kNN distance R. We analyze the convergence under various
assumptions onkg and f. For detailed assumptions, refer to Section 2.3, and see Table
2.1 for a summary. The graph anity in (2.3) covers the kNN graph in (2.1) and the
self-tuned kernel in (2.2) as special cases with appropriate choices @&f and f along with
the bandwidth parameter e, aside from the e 92 factor in front. For a more detailed

explanation, see Section 2.1.2.



Under the assumptions we consider, the graph Laplacians associated withl converge
to the limiting operator L, see the de nition below in (2.7). We also introduce graph
Laplacians associated with another normalized graph a nity to recover the Planck operator

Dy, as de ned later in (2.6). This normalized graph anity W is obtained by applying a

normalization factor f (' (i), F(x;)) 2to W;. Specically, W is de ned as

(%), F(x))?

Wij = (2.4)

Our theoretical results are summarized as follows:
(1) Under the manifold assumption, we uniformly bound the relative error betweenf’,
de ned as in (2.10) and a population bandwidth function r,, on M that depends onk,
see De nition 2.2.1. Speci cally, with high probability, the relative error |F ry |/ ¢,

is uniformly bounded by
a_
O((k N)¥9+ "~ log N/ K).

The formal statement can be found in Theorem 2.2.4, including the clari cation of
the constants in the big-O notation. Particularly, the constant for the variance error
O(a log N/ k) does not depend orp. Choosingk N (6*9) the error rate achieves a
balanced rate ofO(N 3 (6*9) up to a log factor. For more details, see Remark 2.2.1.
This improves upon the kNN estimation bounds in [CT22; CW22a], see Remark 2.2.2
for a detailed discussion.

(2) Based on the kNN distance estimation result, we further establish the point-wise
convergence okNN graph Laplacians to limiting operators on M . Speci cally, we
consider four types of graph Laplacians: the un-normalized graph Laplacian and the
random-walk graph Laplacian for the a nity matrix W as well as their counterparts
for the normalized a nity matrix W. The limiting operators of graph Laplacians with
the a nity matrix W and W are L, (in (2.7) and Dy, (in (2.6)), respectively.

For all four types of kNN graph Laplacians, the overall error rate is as follows:



- Fast-rate case: wherky and f have higher regularity, with properly chosen param-

etersk and e, the overall error rate is
a__
O(N 2/ (6+d) |Og N),

- Slow-rate cases: whelky and f exhibit possess regularity, with the proper selection

of k and e, the overall error rate is
a__
O(N Y97 Jog N).

The choices ofe and k that achieve these rates are specied in the theorem state-
ments. Table 2.1 summarizes the convergence rates under di erent conditions &
and f. Compared with [CT22] that uses a compactly supported kernel, we include
the construction of the graph a nity therein as a special case and obtain the same
rate O(N Y #*9) while covering a broader range of a nities. Additionally, com-
pared with [CW22a] that normalizes the self-tuned kernel withf, we show the overall
rate O(N 2 (6*d)) that matches the xed-bandwidth point-wise convergence rate in
the literature [Sin06; CW22b] using an improvedkNN estimation from [CW22a], and
include the self-tuned kernel as a special case under the fast-rate cases. See remarks
2.5.1 and 2.6.1 for a detailed comparison.

Notations. In this chapter, we utilize asymptotic notations such as bigO, small-o, big-
W, and big-Q to express the asymptotic relationships among the parameters and specify
how error rates depend on these parameters. Speci callyf = O(g) indicates that there
exists a constantC j 0 such that |[f| & Cjg| in the limit. Meanwhile, we also use the
notation f A g to mean that there exists an absolute constaniC j 0 such that |f| & C|g]
in the limit.

The dependence of these notations on speci ¢ constants is implied using superscripls
Our focus is primarily on tracking the constant dependence on the density functiorp and
the test function f. The details regarding constant dependence can be found in the proofs.
We omit the constant dependence for simplicity when discussing overall error rates.

Throughout the work, we denote by R . the open interval (0,8 ).
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2.1.1 Related works

kNN for density estimation. The usage ofkNN distances for density estimation, known
as the nearest neighbor density estimation (NNDE), dated back to the 70's [MY77; DW77;

MR79; Mac83; ZL22]. Speci cally, givenN i.i.d. samplesx; drawn from a density p in RY,

o

NOK X% where R(x) represents thekNN

NNDE estimator is typically p(x) = R(x)

1
NR(x)d
distance betweerx and txuY ,, and w is a weight function on R9 with SRd K(u)du = 1with
additionally necessary assumptions. A common choice fdf is the uniform density function
on the unit d-dimensional ball centered at0 [DW77; ZL22], resulting in pis p(x) = %TEW,
where a4 is the volume of d-dimensional unit ball. Early works, such as [MY77; DW77]
and those referenced in [BD15], demonstrated the strong uniform convergence pfto p
without specifying convergence rates. [MR79] established point-wise convergencefofvith
the bound of O((k/ N)? d + 2 log N/ k), assuming that p is lower and upper bounded and
C? di erentiable. [Mac83] studied the special cased = 1 and derived the strong uniform
convergence ofp with the bound of O(log(N/ k)/ k) on a properly chosen closed interval,
assuming that p is lower bounded andp? exists and is bounded on this interval. A more
recent study [ZL22] investigated the minimax optimality of the estimator p and proved the
optimality under certain cases, such as whermp has a known bounded support.

[CT22] and [CW22a] extended the density estimation usingkNN distances under the

manifold assumption as a middle step to analyz&NN graph Laplacians. [CT22] showed the

point-wise convergence ofSNR(x)? to p(x) * with the relative error bound O(a log N/ k)
given that (k/ N)?d A 2 log N7k, and [CW22a] proved the uniform convergence (4™ )/ @
R(x) towards p(x) Y9 with the relative error bound O((k/ N)? 9+ 2 log N/ k). Our work,
also under the manifold setting, shows a uniform bound bet\NeeQ%)l’dFAe(x) and a pop-
ulation bandwidth function r,, that depends onk, achieving an improved relative error

a__
bound of O((k/ N)¥ 9+ ~ log N/ k), through an O((k/ N)% 9) correction term included in

the population function r,_added to p 1d see Remark 2.2.2 for a detailed comparison.



Convergence of graph Laplacian. The convergence of the xed-bandwidth graph Lapla-
cians has been extensively studied [HAV05; CL06; Sin06; HALO7, DWW21; CW22b;
CT22; CGL22]. The Diusion Map paper [CLO6] showed the convergence of the inte-
gral operator with a-normalization and the kernel bandwidth e to the limiting operator
D+ 2(1 a)r p/ p r with an error of O(e). [Sin06] demonstrated the point-wise conver-
gence of the Gaussian kernelized graph a nity with the rate O(N 2 (4*8)) yp to a log N
factor for uniform density p. For a = 1-normalized graph a nity with a C? kernel that has
exponential decay, [CW22b] showed the point-wise convergence @ with the same rate as

in [Sin06]. Besides, [CW22b] and [DWW21] also demonstrated the eigen-convergence for
a = 1-normalized Gaussian kernelized a nity. When the kernel is compactly supported,
[CT22] showed the point-wise convergence with a rate @(N ¥ (¢*49) up to alog N factor.
They also established the eigen-convergence with the same rate for both eigenvalues and
eigenvectors in2-norm. [CGL22] further improved the results by showing the eigenvectors

convergence in -norm with the same rate.

KNN graph Laplacians. For kNN graph Laplacians, [THJ10] showed the point-wise con-
vergence for compactly supported kernels, assuming local expansions of the bandwidths,
though the convergence rate was not speci ed. [CW22a] considered a family of normalized
self-tuned kernels, where the normalization is through empirically estimated bandwidths
from kNN distances and the kernel function isC* di erentiable with exponential decay.
[CW22a] showed the point-wise convergence with the error bound provided, though the er-
ror rate is not matched with the point-wise convergence rate for the xed-bandwidth graph
Laplacians proved in [Sin06; CW22b]. [CT22] used a compactly supported kernel for con-
structing kNN graphs and proved both the point-wise convergence and eigen-convergence
with a rate of O(N ¥ (9*4) yp to a log N factor, same as in the xed-bandwidth case.

In this work, we prove the point-wise convergence okNN graph Laplacians with a
broader class of kernel functions, including those used in [CW22a] (whean= 0 or 1 in the

a-normalization) and [CT22] as special cases. We show that when the kernel function has



higher regularity, the overall rate of convergence i<O(N 2 (4¥6)) (up to a log N factor),
which achieves the same rate as proved for xed-bandwidth graph Laplacians in [Sin06;
CW22b]. Otherwise, if the kernel function has lower regularity, the convergence rate be-
comesO(N Y (%4 (yp to a log N factor), consistent with the rate proved in [CT22] for

both xed bandwidths and kNN graph Laplacians.

2.1.2 Preliminaries

Riemannian manifold. We brie y provide some background regarding the di erential ge-
ometry. For formal de nitions and a more detailed explanation, we refer readers to standard
Riemannian geometry textbooks [DF92; Pet06].

We consider a connected compact smooth manifoltl embedded in a high dimensional
Euclidean spaceR™. The manifold Riemannian metric is denoted asg, and we write the
metric tensor asg(u,Vv) for u,v P TyM . We further assume that the embedding inR™ is
isometric and denote byi the embedding mapping fromM to R™, i PC8 (M ). When there
is no danger of confusion, we use the same notationto denotex PM andi(x) PR™.

For any two points x,y P M , the Riemannian distancbetweenx and y is the in mum
of the lengths of all piece-wise regular curves connecting and y, denoted asdy, . When
the manifold is connected and compact, the metric spacéM ,dy ) is complete, and for
any two points x,y on M , there exists a length-minimizing geodesig joining from x to y.
That is to say, the length of the geodesic is equal taly (x,y). We also calldy (x,y) the
manifold geodesic distance.

Let dV represent the (local) volume form onM induced by g, then (M,dV) gives a
measure space. For a probability distributionP on M , we can usedV as the base measure

and denoteP asdP = pdV, wheneverP has a densityp: M N [0,8).

Manifold derivatives. To di erentiate functions on a manifold, one can compute the
derivatives of f using local charts. Specically, for f P CK(M ), given @ P M and a
local chart (U,f) aroundx, f :UN RY, f f lisCkonf (U) € RY. This way of de ning

function di erentiation is extrinsicc meaning that the de nition depends on the choice of
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charts. For example, the mapped coordinates irR™ by i are called extrinsic coordinates.
In contrast, a construction is calledintrinsic if it only depends on the Riemannian tensor
g, not the embedding mappingi or any other choice of charts.

The intrinsic manifold derivative (covariant derivative) of a function f P CX(M) is
de ned using the Riemannian (Levi-Civita) connection r on M . Speci cally, the rst
derivative r f at xPM isdenedst @PTM ,r f (v)=r f = Gf(g(t))]o where
g(t) is a di erential curve on M s.t. g(0) = x and g%0) = v. For a smooth vector eld U,
we denote byr f(U) = U(f) denedasU(f)|x = r y( flx. Higher-order derivatives can
also be de ned using the connection. Formally, for smooth vector eldsvy,...,V,,U onM ,
r UV, V) = 1o T (Ve V) = oo (Ve Y)) i 1t (Ve
ruav,....Vi).

It is useful to introduce normal coordinates for the representation of manifold derivatives
at a point. For any x PM , let tBi|qu:1 be an orthonormal basis ofTyM and s = tsq-u{j:1
be the normal coordinates associated withtB;|xu. For any f P CX(M ), we de ne f=
f exp, : TxM RYN R. Then, for any vi ,Vik P TxM , denoting the k-th derivative

in RY by DX, we have

r*f (v, vi) = DXF(0)(va, ... v (2.5)

In (2.5), we identify v; = jdzlvi,jl?ﬂx PT«M with v; = (Vi1,...,Vig) PRY, which we also

~ o k~
denote byvi, and Dkf(O)(Vl, . ,Vk) = jdl,...Jk=lV1,J'1 Vk,jkﬁ(o)'

In this work, we use the operator norm of thek-th manifold derivative of a manifold
function f, which can be intrinsically de ned in the following way. Observe that in the
r.h.s. of (2.5), DXf(0) is a k-way tensor mapping from (R%)Pk to R. Becausef is CK,
D"f~(0) is a real symmetric tensor, and this allows us to use the spectral norm of the
symmetric tensor to de ne the operator norm of r Xf|,. Speci cally, the spectral norm
of a k-way real symmetric tensorT is de ned as}T} := SUPy,  v.PRIJvio ATCve il

and}T} = SUPypRdjyja 1 |T(v, ,v)|asresult of Banach's Theorem [Ban38]. Inserting into

11



(2.5) we havesup, erm o1 T <F (Vi Vi) = SUPprm que s T XF (Voo V)

De nition 2.1.1. For f PCX(M ), de ne}r ¥f|x} := supypr i yyjas T KF (v, ...,v) forany

X PM ,and}r Kf}g = sup,py 31 “flx}-

In the de nition of }r ¥f}g, sup,py attains a nite supremum due to the continuity
of r Kf and the compactness oM . The de nitions of r Kf and the norm }r Kf|,} are all

intrinsic.

Manifold limiting operators.  Using the terminologies of manifold intrinsic derivatives, we
are ready to introduce the elliptic di erential operators on M , which will be the limiting
operators that the graph Laplacians converge to.

The rstimportant operator is the Laplace-Beltrami operator, denoted as D. The opera-

tor D is formally de ned as the trace of the second-order covariant derivative, namelpf .=
tr(r 2f). Using normal coordinatess P TyM RY one also hasDf(x) = , 1 E;;(O)

where f = f exp,, which resembles the de nition of Laplace operator inRY. Another
important operator is the weighted Laplacian, or Fokker-Plank operator, denoted asDj

and de ned as

Dpf = Df + rpp rf. (2.6)

The Fokker-Plank operator is the generator of the di usion process oM , with p being the
equilibrium density. To explain the notation in (2.6), we need to de ne the inner-product
r f r hwhich is formally written as r f r h = g(gradf,gradh), where gradf is a vector
eld such that g(gradf,U) = r f(U) = U(f) for any smooth vector eld U. Again, if
using normal coordinatess, then one can verify thatr f(x) r h(x) = i , 1 B61(0) (0)
where f = f exp,,h=h exp,, which resembles the inner-product inRY.

In this work, we will show that, using the normalized a nity W in (2.4), the graph
Laplacian will converge to the Fokker-Plank operator Dy. If one uses the anity W in

(2.3), then the limiting operator is another one than Dp. We denote that limiting operator
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as L p, which has the expression as

Lp,f=Df+ 1

[oNI\N]

rp
— r f, 2.7
5 (2.7)

and, similar to Dy, L f also has the form of a rst-order term added to the Laplace-Beltrami
operator. Using the manifold divergence operator div, we can also equivalently writ®,

and L, asDpf = p div(pgradf) and Lpf = p?¢ div(p' ? dgradf).

Graph af nity and graph Laplacians.  For a data set X = txiui’\i1 € R™ with N samples,
a graph anity matrix W PRN N represents the pair-wise proximity of data points inX.
Speci cally, W;; = K(x;,X;), and K(x,x) is a kernel function onR™. The kernel function
usually involves a bandwidth parameter, e.g.,Ke(x,x) = ko(}x x32%/ €), where kg is a
function on [0,8 ). We call this the xed-bandwidth kernel.

In this work, we consider kernel with kNN adaptive bandwidth, and speci cally, a class
of a nity matrices W de ned in (2.3). We also consider the normalized a nity W de ned in
(2.4), where kNN distances are used to normalize the edge a nities. Note that for properly
chosene, ko, and f, W covers thekNN graph anity in  (2.1) and the self-tuned kernel in
(2.2) as special cases. From the de nition of in (2.10) f(x) = R(x)/ ?Fk, wherery is a
constant depending onk and N as de ned in (2.12) Therefore, by choosinge = ry in the

de nition of W, (2.3) becomes

i x12
Wi = e %k = }’.l’f JA} ?—
nd (R(xi)/ ~ T, R(Xj)1 7 1)

, (2.8)

Then, whenko(h) = 1jo 5(h) and f is max/ min function, (2.8) corresponds tokNN graph
anity in  (2.1). When ko(h) = exp( h) and f (u,v) = ? uv, (2.8) becomes the self-tuned
kernel in (2.2).

Given an anity matrix W, the associated un-normalized graph Laplacian matrix is
dened as D W, where D denotes the degree matrix, which is a diagonal matrix with
Dii = i jN:]_Wij. The random-walk graph LaplacianisdenedasD (D W)= 1 D w.

One can also introduce other types of normalization when constructing the graph Laplacian
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matrix. We will introduce the formal de nitions of the di erent types of graph Laplaicans

used in this work later in the sections.

2.2 Re ned kNN estimation

In this section, we bound the uniform relative error between the bandwidth functionf
estimated by the kNN distance R and a population bandwidth function rr, that depends
on k. We shall rst introduce the de nitions of f and ry, in Sections 2.2.1 and 2.2.2,

respectively. Then, we present the convergence results in Theorem 2.2.4 in Section 2.2.3.

2.2.1 kNN distance and the empirical bandwidth

Given a datasetX having N samples, thekNN distance for any x PR™ is de ned as

pd

R(x) = inftr i 0,s.t " lgy xer ¥ ku (2.9)
=1
In this work, we will focus on the manifold data setting whereX lies on a low-dimensional
manifold embedded inR™ (Assumption 2.2.1). Note that the kNN function R is de ned
everywhere onR™ (not necessarily on the support ofX), and R can be constructed once
an arbitrary dataset X is given. The Lipschitz continuity of Rin R™ (Lemma A.3.1) also

holds for generalX and does not use the manifold data assumption.

Assumption 2.2.1 (Data manifold) . LetM be a d-dimensional compact smooth manifold (with-
out boundary) isometrically embeddedR®. The data samples,x = 1,...,N are drawn i.i.d.

from a probability distribution with density p supported & .

When the number of samplesN increases, we will set thekNN parameter k to scale
with N in a way such thatk/ N N 0. As a result, the magnitude of R(x) will also decrease
to zero. For the kNN estimator to have an O(1) limit, one will need to rescaleR(x) with a

factor. Following [CW22a], we introduce the (rescaled)kNN estimator f(x) as

1/d

F(x) = R(X) a:N . ag:= Vol (unit ballin RY), (2.10)
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which is called the estimatedbandwidth function and a4 is a constant depending on the
manifold intrinsic dimension d. We emphasize thatf is introduced as a theoretical object,
and in the practical algorithm, the knowledge ofd is often not needed, see more in Section

2.7.

For the data distribution with density p, the convergence of to an O(1) limit
r= p 1/d (211)

is known under the Euclidean space setting [MY77; DW77; MR79; Mac83; BD15; ZL22]
(where d is the ambient dimension) and also proved under the manifold data setting
[CW22a; CT22]. To re ne the estimation analysis, we will introduce a correction term

to r that depends onk and N. To proceed, we introduce the constantr, de ned as

rg'= —— , (2.12)

and then by (2.10) we have

2 .

" Tf(X) = R(X). (2.13)
The constantry,  (k/ N)? 9 is asymptotically small ask/ N N 0. We use the notation r

(with the subscript k to indicate the dependence ork) to distinguish it from the bandwidth

parameter e in (2.3).

2.2.2 The population bandwidth function My

The goal of our analysis in this section is to establish the approximation.
F(x) rr(x), uniformly for x PM ,

wherer,, is called the population bandwidth function The de nition of r,,_ involves a cor-
rection term of order O((k/ N)? 9) added to f, which is the O(1) limit of F. We will show
in Section 2.2.3 that this correction term re nes the bound of bias error and improves over
previous estimates in the literature. The re ned estimation is key to our later analysis of

KNN graph Laplacians.
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We rst introduce the de nition of r, for any r ¥ 0 su ciently small, and the threshold
forr depends onM and p. We then set the population bandwidth function ry, to be r,
wherer = r as de ned in (2.12)

At every point x P M , the value of r(x) is implicitly de ned via the solution to the
following equation in variable t,

1 Dp(x)
2(d+2) p(x)

t9 1+ rQ(x)t? = 1 Q(x) = + w(x) (2.14)

p(x)’

where w(x) is a function on M depending on derivatives of the manifold extrinsic coor-
dinates at x (introduced in Lemma A.4.2). (2.14)is a univariate polynomial equation of
degree up tod + 2. We will show in Lemma 2.2.2 that the construction is well-de ned when
r is less than anO[Pl(1) threshold. In addition, we will construct the function r; to be at
least C on M . This calls for the C? regularity (and boundedness conditions) ofp, which

we introduce in the following assumption.

Assumption 2.2.2 (Data density p). The data distribution oM has a density  C3(M ). By
the compactness bf , p is uniformly bounded both from below and above, thd@®;in, Pmax i
Os.t.

O Pmin@ P(X) 2 Ppmax 8 , @&PM. (2.15)

We further de ne the constants r min, I max as

2 1/d 2 1/d

. = . 2.16
3Pmax max Pmin ( )

' min =

which provide the lower and upper bounds forr,, to be proved in Lemma 2.2.2(ii). We

introduce the positive constantsrg and fo, o ro, de ned as

- d+ 2 . drd .t (2.17)
°7 2d0Qs + Drae’ 0 2(d+ 2)(3Qks + rint’ '

both depending onp and M . r, is guaranteed to be well-de ned whenr & rg, and

r o fo is needed when we handle the rst derivative ofr, (Lemma 2.2.2). Note that
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since M is compact and smooth andp is C3, by the de nition of Q in (2.14) we have

}Q}s ® ﬁ(}Dp/ pls + }wlg) 8 . Thus, both rg and fy are well-de ned and nite.

De nition 2.2.1 (Population bandwidth function r;). If O & r =& rg, for x P M , we de ne

r+(x) as the unique solution to the polynomial equat{@ril4)with respect to t for tP (0, max].

When r = 0, the correction term vanishes andr, reduces tof = p 9. The following
lemma establishes the construction and properties of, and is proved by applying the

univariate Implicit Function Theorem.

Lemma 2.2.2(Construction of r;). Under Assumptions 2.2.1 and 2.2.2, supp@se r @ r.
(@) rr(x) is well-de ned, i.e., the equatiof2.14) has a unique solution in P (0,r max). In

addition, if pP C'(M ) for some integer¥ 3, thenr, PC' 2(M ).

(i) v (%) P[(Spfx))l/d,(ﬁ)l/ 9 for any x P M . As a result,f;(x) P [fmin, max] for any
XPM .

(iii) Recall thatr = p Y9, }r; r}g & Co(p)r, where G(p) i Ois a constant that depend
onM and the derivatives of p up to the second order.

(iv) If we further have pP C3(M ) andO = r & F, then}r 'r, r 'r}g & C/(p)r holds for
| = 1,2,3 Here, G(p) i Ois a constant that depends &h and the derivatives of p up to the

(I + 2)-th order.

The upper bounds forr, r and its derivatives in (iii) and (iv) are not to control the
deviation via small r. Instead, we will setr = r, (when k= o(N), ry de ned in (2.12) will
be o(1) and satis es the required smallness condition with largeN) and these estimates are
used in the analysis ofkNN graph Laplacian. Note that r,, is introduced for theoretical

purposes and will not be assumed to be known in practice.

2.2.3 Concentration of f at ry,

We are ready to prove the approximationf  r,,. The following proposition proves this

at a single pointx PM .
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Proposition 2.2.3. Under Assumptions 2.2.1 and 2.2.2, ifas N 8 , k = o(N) and k =

W(log N), then for any § 0, when N is suf ciently large forany M ,w.p.¥ 1 2N S,

— 3/d! ¢ !
0 Pl o kK ¥, o slogN

rr(X) N k :

(2.18)

where the constant in () depends oM and p, and the constant in (0) only depends on d
(and is independent of p). The threshold for large N and the constants in big-O are uniform for all

XPM .

The relative error control in Proposition 2.2.3 is at a single pointx. We can bound the
relative error uniformly over M using a union bound, following a similar approach as in
[CW22a] and making use of the Lipschitz continuity off and r;, and the compactness of

the manifold (the covering lemma in Lemma A.3.2). Speci cally, we de ne

O LA CC

Suk = ) , (2.19)

and the uniform bound is proved in the following theorem.

Theorem 2.2.4. Under Assumptions 2.2.1 and 2.2.2, |étandr,, be de ned as if2.10)and
(2.14) IfasNN 8 , k= o(N) and k= W(log N), then when N is suf ciently large, w.p. higher

thanl N 10
! c !
log N
b +
N © k ’

k 3/d

# = ol (2.20)

where the constant in 8!( ) depends oM and p, and the constant in ©) only depends on d
(and is independent of p).

The bound in (2.20)is oP!(1) under the asymptotic regime of the theorem.

Remark2.2.1 (The overall error at optimal k). The error bound in (2.20) consists of two

a
terms: the O((k/ N)¥ 9) term is the bias error, and the O(  log N/ k) term is the variance

error. The choice of k that balances the two terms is k N (1+d6) (omitting the log N
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factor). Under this scaling, the overall error is bounded by OPI(N ¥ (6*9)) ypto alog N

factor.

Remark2.2.2 (The(k/ N)¥ 9 bias error). In previous NNDE literature, it was proved that

F 9 converges to p at the rate of O((k/ N)% 9+ 2 log N/ k), see, e.g., [MR79]. The same
rate was established and used in the study of kNN graph Laplacians: for the convergence
of f9to p 1in[CT22], and the uniform convergence of f to p 9 in [CW22a]. Our result
here does not con ict with these previous ndings since the improved  O((k/ N)¥ 9) bias
error is for the convergence of f to ry,. By construction, r;, has anO(ry) correction term
addedtor = p Y9 andr, (k/ N)?9 by de nition (2.12). As shown in the proof, this

correction term improves the O((k/ N)% 9) bias error to be O((k/ N)¥ 9).

2.3 Assumptions on graph Laplacians and analysis overview

In our de nitions of graph a nities, namely W in (2.3)and W in (2.4), we utilized two
functions f and kg. In this section, we rst introduce the needed assumptions on these two
functions, which will lead to a series olkNN graph Laplacian convergence results in Sections
2.4-2.6. The di erent combinations of the assumptions onf and kg will result in di erent
convergence rates, which we name fast rate and slow rate respectively. A summary is
given in Table 2.1. In Section 2.3.4, we provide an overview of the proof strategy for the

convergence of graph Laplacians.
2.3.1 Assumptions on f
Traditional symmetric kNN graph a nity uses f (u,v) asmintu,vu or maxtu,vu. An-
?
other frequently used choice if (u,v) = ~ uv, which is called the self-tuned kernel [ZP04;
CW22a]. In this work, we introduce two types of assumptions orf . The rst one is the max

or min function (Assumption 2.3.1). The second type generalizes the self-tuned kernel to

a class of di erentiable f satisfying additional technical requirements (Assumption 2.3.2).
Assumption 2.3.1 (max or min f). f (u,v) = maxtu,vuorf (u,v) = mintu,vu.

Assumption 2.3.2 (Differentiable f). The bivariate functioi : R+ R+ N R. satis es:
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() Foranyuyv PR, f (u,v) = f(v,u),f(u,u) = u.
(i) f PC3(R+ R4),andforany uPR+, Bif (u,u) = 1/2.
(i) There exist constantsil, ¢k i 0, such that for any g, vy, Uz, v PR+ with % va_vo|

Vi
o,

|f (us,va)  f(uz,va)| L lup ug| fvi V2 (2.21)
f (ug,v1) Uz Vi
(iv) There exist constant8 Cmpin @ Cnax 8 , suchthatforany uv PR,
Cmin Mintu,vu @ f (u,v) @ cpax Maxtu, vu. (2.22)

We give a few remarks about the technical conditions in Assumption 2.3.2. First,
we assumef is dened on all R+ R4 for simplicity, while the later analysis only uses
f on a bounded domain due to the boundedness of theNN bandwidth. Second, the
O(1) constants in conditions (i)(ii) are generic choices without loss of generality (due to
the scaling of the function f and its derivative). See Remark 2.3.1 for a more detailed
explanation. Third, condition (iii) is naturally satised by commonly used f, see the
Examples 2.3.1 and 2.3.2. Finally, we explain the in uence of on the graph Laplacian
convergence result in Remark 2.3.2. In shortf may a ect constants in the error bound

(constants in big-O notation) but not convergence rate.

Example2.3.1 (Differentiable f ). The functions f (u,v) = ? uv,f(u,v)=(u+v)/2, f(uv)=
2 (u2+ v2)/2 are smooth on R: R4 and satisfy Assumption 2.3.2. The veri cation of
conditions (i)(ii) is straightforward. For all the three choices of f, the condition (iii) holds
with Ly = 1.2andd = 0.1. (The selection of the values ofL; and ¢ is not unique, and
any valid combination can be used in later analysis.) Finally, condition (iv) is satis ed
with Cmin = Cmax = 1.

Example2.3.2 (min or max f). Both min and max function f meet condition (i) of As-
sumption 2.3.2 and also condition (iii) with L = 1 and & = 1. Moreover, condition (iv)

of Assumption 2.3.2 also holds with Cnin = Cmax = 1.
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Remark2.3.1 (The constants in Assumption 2.3.2(i)(ii)). The more general form of condi-
tions (i)(ii) can be f (u,u) = c;x and Byf (u,u) = ¢, and we specify ¢; = 1,¢c, = 1/2as a
typical choice. If with the other positive constants ¢; and ¢;, it will change the form of the
limiting Laplacian operator by constant factors. Speci cally, the limiting operators of the
un-normalized and random-walk graph Laplacians associated with W de ned in (2.3) are
c‘l“Z(Df +2(1 cfcy (d+2)/d)yr f r p/p)and E(Df+2(1 cfcy (d+2)/d)r f
r p/ p), respectively, where L , is as de ned in (2.7). When ¢; = 1 and ¢; = 1/2, these op-

erators equal L . Similarly, for the un-normalized and random-walk graph Laplacians as-

sociated with the normalized af nity matrix W de ned in (2.4), the limiting operators are
c‘li(Df +2(1 cic)r frp/p)andDf+2(1 c/c)r f r plp, respectively, where

Dpis as de nedin (2.6). When ¢, = 1 and c; = 1/2, they equal Dp.

Remark2.3.2 (The in uence of f on the graph Laplacian estimation error) . Under Assump-
tion 2.3.2, severalf -dependent constants will in uence the error bounds via constants in
the big-O notations. Speci cally, the relevant constants are L; in condition (i), Cmin, Cmax
in condition (iv), and C; x de ned as Ct x = SUP, p |BBu—kkf (u,v)], where I = [ min, I max]s
for k @ 3. The effect of these constants on the estimation error proved in Theorem 2.4.4,
see (2.32), is detailed in Remark 2.4.4. The in uence on the error bounds in Theorems

25.4,2.6.1,2.6.3, 2.6.4 is similar. Details can be found in the proofs.
2.3.2 Assumptions on Ky

Common choices of the functionky include compactly supported ones like indicator of
[0, 1] and smooth ones (with decay) like the exponential function. We consider both types
of kg in the following two assumptions, respectively. To exclude the case thakg 0, we

always assuméekgls i O.

Assumption 2.3.3 (Compactly supported ko). ko : [0,8) N [0,8 ) satis es
(i) Compact support. kis supported oif0, 1].

(i) Lipschitz continuity. ky is Lipschitz continuous off0, 1] with constant L.
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Table 2.1: Summary of theoretical results for the graph Laplacian under different

regularity copditions. “Fast rate” means O(N 2 (*9° N) and “slow rate” means

O(N Y(“#*d" N). See more details in Sections 2.4-2.6 for different types of graph Lapla-
cians. The main theorems are Theorems 2.4.4,2.5.4,2.6.1, 2.6.3, and 2.6.4.

f Differentiable C3 f max/min f
ko (Assumption 2.3.2) (Assumption 2.3.1)
Differentiable C3 kg
(Assumption 2.3.4)
Compactly supported kg
(Assumption 2.3.3)

Fast rate Slow rate

Slow rate Slow rate

Assumption 2.3.4 (Differentiable kg). ko : [0,8 ) N [0,8 ) satis es

(i) Regularity. k is continuous or{0,8 ) and C onR.

(i) Decay condition.Da, a O, s.t.,|kg)(h)| o ge forallh¥ 0,1=0,1,2,3

Throughout the chapter, we denote bya[ko], a[ko] the constants in Assumption 2.3.4(ii),
which are xed absolute constants oncekg is xed.
For both types of ky in Assumptions 2.3.3 and 2.3.4 respectively, we de ne

» »
1
mo[ko] = N ko(lul)du, my[ko] = = Rd|u|2ko(|u|2)du. (2.23)

o

We may drop the dependence orkg in the notation of mg, my when there is no confusion.

Example2.3.3 (Indicator ko). A typical case of kg satisfying Assumption 2.3.3 is the indica-
tor function

ko(h) = 10 g(h). (2.24)
With this ko, we have mg = agq, my = ag/ (d+ 2), with ag de ned in (2.10). kg as in (2.24)
was used in the construction of “ #graph” [HAV05; HALO7; BN08; THJ10] (the kernel

bandwidth is xed), and also in (symmetric) kNN graphs [MHV09; CT22].

Example2.3.4 (Exponentialkg). We consider ko being the exponential function (normalized

by a theoretical constant)

ko(h) = (4p) %2 exp( h/4), h¥ 0. (2.25)
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For this kg, mg = 1, my, = 2. When using a xed kernel bandwidth, this kg results in a
Gaussian kernel in the ambient spaceR™, as previously studied in the literature of Diffu-
sion Map such as [CL06; DWW19; DWW21; CW22b]. kNN bandwidth was used with this
Ko in the self-tuned kernel [ZP04; CW22a].

2.3.3 “Fast-rate” and “slow-rate” assumptions on the kernel

We will prove two types of convergence rates for the point-wise convergence of graph
Laplacians. The rst type is the fast rate , where, under a proper choices of and k, the
convergence rate iO(N 2 (6+ d)a log N). This corresponds to the upper left cell in Table
2.1 and is achieved wherky and f have higher regularity. The requirement forkg and f is:

(A.Fast) kp under Assumption 2.3.4 andf under Assumption 2.3.2.

The second type is the slow rate , which we will show to beO(N ¥/ (4+ 9 log N). This
corresponds to the other three cells in Table 2.1, and is achievd@ or f has less regularity.
There are three cases fokg and f under which we will show the slow rate:

(A.Slow-1) kg under Assumption 2.3.4 andf under Assumption 2.3.1.
(A.Slow-1l) kg under Assumption 2.3.3 andf under Assumption 2.3.2.
(A.Slow-1ll) kg under Assumption 2.3.3 andf under Assumption 2.3.1

When proving the graph Laplacian convergence rates, we will also need regularity con-
ditions on data density p and test function f. The detailed conditions can be found in the

relevant theorems below.

2.3.4 Overview of graph Laplacian analysis

We consider four types ofkNN graph Laplacians in this chapter, Lyn, Lrw, Lun, Liw,
which are the un-normalized and random-walk graph Laplacians using the graph a nity
W and W respectively. For each type of graph Laplacian, we consideky and f under the
four cases (A.Fast), (A.Slow-1), (A.Slow-I1), (A.Slow-II1), as listed in Section 2.3.3. We will
show that Ly, and Ly, converge toL , de ned in (2.7), while L,y and L, converge toD,
de ned in (2.6).

The analysis of Ly, and Ly, follow the same strategy. The extension to the random-
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walk graph Laplacians is by additional analysis of the row normalization factor and is
comparatively shorter. Below, we use the case df,, to illustrate the strategy of the major

part of the proof. L, is de ned as

n *

1
Lun = ——dia — D WwW)PRN N, 2.26
We will also use the notation Ly, f to stand for
!
1 N XX}

Lun f(X) = e 92k,

ef (F(x), F(x))2 (f0q)  (x)), (2.27)

%Nef(x)zjz1

which is de ned at any x PM . The operator in (2.27) can be understood as extending the
matrix-vector multiplication Lyn(rx f), viewed as a function evaluated aix;'s, to everywhere

on M . Here, ry is the function evaluation operator de ned as
rxf = (f(xy),...,f(xn)) PRN. (2.28)

For other graph Laplacian matricesL below, we similarly useL to stand for both the matrix
and the operator in Lf(x) applied to a test function f on M .
To analyze the convergence oL, our strategy is to introduce another matrix Lun by

replacing f with Fy, in Lyn. Specically, Lyn is de ned as

N
1 5 a2 }X Xj}2

un f(X) %Nerrk(x)zjzl 0 ef(rrk(X),rrk(Xj))z

(f(x) f(x).  (2.29)

The analysis ofL,, consists of three steps:

e Step 1. Bounding |Lyn f(X) Eunf(x)|. This utilizes the kNN estimation analysis
in Section 2.2.3 to control the error brought by replacingf with r; . The summation
over j in (2.27)is not an independent sum becausé(x;) depends on all the data
samples. By replacingf with r,, the summation in (2.29) becomes an independent

sum and is ready to be analyzed by concentration argument.
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« Step 2. Bounding |Lun f(x) L pf(x)]. This follows similar arguments of graph Lapla-
cian convergence analysis in previous literature, e.g., [CLO6; Sin06]. Because we con-
sider a general class of bandwidth (r,(x),r:(y)), r = ry, the a nity kernel involves
both r and e which will be small with large sample sizen. This calls for a new analysis
of the kernel integral operator. To handle this, we develop Lemma 2.4.2 wheh and
ko have higher regularity (under (A.Fast)) and Lemma 2.5.2 for the slow-rate cases.

+ Step 3. The bound of [Lyn f(X) L pf(x)] directly follows from the previous two steps
and triangle inequality.

The proofs for both fast-rate and slow-rate cases follow the above three steps. In the

next three sections, we will prove the convergence rates df,, for the fast-rate case in
Section 2.4 and for the slow-rate cases in Section 2.5. The extensions to random-walk

graph Laplacians and to the normalized a nity W are provided in Section 2.6.
2.4 The fast-rate case of Lyn

In this section, we will prove the convergence rate 0O(N 2 (4+6) for L,,, as de ned

in (2.27) under the fast-rate cases.

2.4.1 Step 1. Replacement of  with ry,

We introduce a proposition to control |Lun f(X)  Lun f(X)| due to the replacement, where
Lun f is as in(2.29) We bound the replacement error under a more general assumption than
the fast-rate case to facilitate later usage. Speci cally, Proposition 2.4.1 holds as long as
f satis es Assumption 2.3.2(i)(iii)(iv). As has been shown in Example 2.3.2, the min/max
f (Assumption 2.3.1) also satis es Assumption 2.3.2(i)(iii)(iv). Thus, Proposition 2.4.1
applies tof under both Assumptions 2.3.1 and 2.3.2.

Recall # x de ned in (2.19) and when Theorem 2.2.4 holds, we have that, with high
probability, (2.20) holds and then# x is o(1). The following replacement bound is proved
under this case. In Proposition 2.4.1 and all the propositions and theorems below, the
threshold for large N depends onM , f, p, and the constant in big-O, if not declared to

depend onp and f, will at most depend onM , kg, f (and not f or p). The statement will

25



concern a xed x, while both the large N threshold and the constants in bigO are uniform

forall x PM .

Proposition 2.4.1 (Replacement for differentiable kp). Under Assumptions 2.2.1, 2.2.2, sup-
pose pP C*(M ), ko satis es Assumption 2.3.4 anfl satis es Assumption 2.3.2(i)(iii)(iv); as
N N8 , e= o(1),e¥?+1 = W(log N/ N), and also the k in kNN satis es thatk o(N),k =
W(log N). Then, for any fP C}(M ), when N is suf ciently large, for any ¥ M , w.p. higher

thanl 3N 10,

Lnf(x) Linf() = O Jr o p(x)¥ 9% (2.30)

Proposition 2.4.1 will be used to prove graph Laplacian convergence rates under the

cases of (A.Fast) and (A.Slow-I).
2.4.2 Step 2. Convergence of Ly f

The goal of Step 2 is to analyze the convergence of the graph Laplaciaﬁnf(x) to
Lpf(x). In prior works, this type of convergence analysis breaks the error into two parts,
namely the bias and variance errors, respectively. Theias errorassumes population kernel
(in nite many samples) and handles the error due to small but non-zerce; the variance error
handles the nite-sample e ect. This approach for analyzing graph Laplacian convergence
has been employed for xed bandwidth kernel [Sin06] and variable bandwidth kernel [BH16].

In our analysis, we take the same approach to analyzing bias and variance errors, re-
spectively. Here, the bandwidth functionr,, is deterministic, and [BH16] considered deter-
ministic variable bandwidth kernels. However, di erent from [BH16] where the bandwidth
function is xed, our r;,involves the the parameterr, de ned in (2.12)and the k (in kNN)
can vary jointly with N and e. Thus, we need a new analysis to handle the joint limit of
e, N, k. In addition, we consider a more general class df while [BH16] only covers the
self-tuned case.

The following lemma gives the key estimate in the bias error analysis under (A.Fast).
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Lemma 2.4.2 (Bias error for fast rate). Under Assumptions 2.2.1-2.2.2, |€y be de ned in
(2.17) Suppose P C3(M ), f P C*M ), and k andf satisfy (A.Fast). Then, whep

ep (Ko, Cmax), for any rP[0,fg] and any xPM ,

Xy}
ef (re(x),r(y)?

>

e ¥k (f(y)  f(x)) p(y)dVv(y)

>
Fr(x) 2
M

= e%Lpf(x)+ olfPl e+ er |

The smalle thresholdep (ko, Cmax) is de ned in(A.15), and it depends oM , p, the function k,

and the constantgax in the Assumption 2.3.2(iv) abolt.

The proof utilizes di erential geometry techniques that are similar to the kernel ex-
pansion lemma used in literature, such as [CLO6; Sin06]. To handle the functiofi in
the kernel bandwidth, we utilize the di erentiability of f (Assumption 2.3.2) to compare

f(re(x),rr(y)) with r(x) and control the di erence.

Remark2.4.1 (Kernel expansion lemmas) The proof of Lemma 2.4.2 involves kernel expan-
sion, namely the expansion of integrals of the form 3|v| Ke(X,y) f(y)dV(y) into a power se-
ries O(e'/z) forl1 = 0,1,..., whereeis the kernel bandwidth parameter that goes to zero.
See Appendix A.4 for kernel expansion lemmas in literature and some variant versions

adapted for our analysis.

In our analysis, we nd it more convenient to handle the bias analysis ofD W)rx f di-
3

rectly. The population form corresponds to integrals like , Ke(Xx,y)(f(y) f(x))p(y)dV(y).

This form of kernel expansion is analyzed in our bias error lemmas, listed as follows:

- Lemma 2.4.2 above, which analyzes the un-normalized a nity in(2.3) for the fast-rate
case.

- Lemma 2.5.2 in Section 2.5, which is the counterpart of Lemma 2.4.2 for the slow-rate
cases.

- Lemma 2.6.2 in Section 2.6.2, which considers the normalized a nityWW de ned in

(2.4).
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The random-walk graph Laplacians discussed in later sections (Sections 2.6.1 and 2.6.2.2)
involve additional analysis of the degree matrixD, which also uses kernel-expansion type
analysis. See Appendix A.4.3 for more details.

The variance error can be bounded using concentration arguments, where we derived
upper bounds for kernel integrals in Lemma A.4.3. By combining the bias error and variance
error bounds, the following proposition proves the point-wise convergence af,, to L p With

rate.

Proposition 2.4.3. Under Assumptions 2.2.1-2.2.2, supposePC®(M ) and k andf satisfy
(A.Fast). Supposeas N8 ,e= o(1),e¥2*1 = W(log N/ N),k = o(N). Recall the de nition
of r in (2.12) Then, for any fP C*(M ), when N is suf ciently large, for any x° M , w.p.

higher thanl 2N 1°,

c 1
log N
Ned/z +1

Lunf(x) Lpf(x) = O"Pl(e+ 1)+ 0 }r f}g p()* (2.31)

2.4.3 Step 3. Final convergence rate

We are ready to prove the convergence rate by combining the results in Propositions

2.4.1 and 2.4.3.

Theorem 2.4.4 (Fast rate of Lyy). Under Assumptions 2.2.1-2.2.2, supposePpC®(M ), kg
andf satisfy (A.Fast). Suppose asN 8 , e = o(1),e¥2*1 = W(log N/ N),k = o(N),k =
W(log N). Then, for any fP C*(M ), when N is suf ciently large, for any ¥ M , w.p. higher
thanl 5N 19,

c I

log N
Linf(x) Lpf(x) = O"Pl(e+ )+ O }r flg p(x)¥* i’;+ N

. (2.32)
and meanwhilé , is bounded as if2.20) In particular, whene N 2 (6*d andk N (6+d),

a
Lunf(x) Lpf(x) = O(N Z(*d" jog N). (2.33)

In the second term of r.h.s. of(2.32) the constant in the big-O notation depends on

28



the density p via a factor of p(x)¥ 9. This suggests that at a place wherep(x) is small and

close to zero, the variance error (contained in the 2nd term) will not diverge.

Remark2.4.2 (Error rates and optimal choices of e, k). The error bound (2.32) involves ry
and # y, which can be substituted with their de nition or bound in terms of  kand N in
(2.12) and (2.20) respectively. After that, we obtain an error bound of Lynf(x) Lpf(x)
in terms of e, k, and N (see (A.90) in the proof). Given N, the trade-off of the choices of
e and k to minimize the bound can be derived by elementary analysis, see Lemma A.3.9.
This derives the overall error rate in (2.33) at the optimal e and k in terms of the order in

N.

Remark2.4.3 (Reduction to point-wise rate in literature and natural scaling of ry). For
graph Laplacians constructed using differentiable ko and xed bandwidth e, when data

density is uniform on M , the point-wise convergence error was shown to be [Sin06]

c__ 1
log N

[f]

One can verify that our bound (2.32) will reduce to the same two-term bound (trading-off

e and N) when setting k  e¥2 N, which is equivalent to that r, e. This is a natural
scaling of ry in terms of e because, whenf has homogeneity (e.g., min/max function or
self-tuned), the kernel af nity (2.3) will then involve

I X2
cf (R(xi), R(x)))?2

0

for some O(1) constant c due to (2.13). This means that the kernel bandwidth is directly

tuned by symmetrized kNN distance up to a constant factor.

Remark2.4.4 (The effect off on the error bound) . The constants in the big-O notations in
(2.32) are in uenced by the choice of f. Speci cally, the term OLl"Pl(e) is dependent on
Cmax and C; x,k @ 3, where cmax is introduced in condition (iv) of Assumption 2.3.2 and

5
Cs x is as de ned in Remark 2.3.2. Meanwhile, the constant in O(}r f}g p(x)Y 9% / ~ €)
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includes a factor of c%1(Ls + 1), where L; is de ned in condition (iii) of Assumption

2.3.2. The constant in the last termO(}r f}g p(x)l’da log N/ (Ned2+1)) contains a factor
of c¥2*+1 Details can be found in the proofs. In Theorem 2.4.4, and also similarly for the
fast-rate result of other types of graph Laplacians later (Theorems 2.6.1(i), 2.6.3(i), 2.6.4(i)),
the requirement for f tobe C2on R:+ R is technical. If f only has C? regularity instead

of C3, then our analysis will give a degenerated convergence rate (into the slow rate).

Remark2.4.5 (The point-wise bound at x = x;). The proof of Theorem 2.4.4 can be ex-
tended to bound Lynf(xi) Lpf(x;) fora member sample x; in X, by some careful anal-
ysis and utilizing the replacement bound in Proposition 2.4.1. In particular, the standard
trick of conditioning on  x; will also encounter an issue here because thekNN bandwidth
F(x;) atother x;, j i, will also depend on ;. To resolve this issue, we leverage the fact
that Proposition 2.4.1 still holds when x = X;, as shown in Remark A.6.1. After replace-
ment, Lun f(x;) only involves conditional independent summation over | after condition-
ing on x; since it only has ry, inside f , and then the bound in Proposition 2.4.3 still holds
by rst conditioning on  X; in the proof. This technigue to bound point-wise error at  X;
can also be used to extend later theorems of graph Laplacian convergence rates, namely,

Theorems 2.5.4,2.6.1, 2.6.3, 2.6.4.

2.5 The slow-rate cases of Lyn

We now turn to prove the convergence ofL,, in the slow-rate cases whereg and f
exhibit lower regularity, and the convergence rate will beO(N ¥ (9+4)) e consider when
ko and f satisfy one of the three conditions (A.Slow-I), (A.Slow-I1), or (A.Slow-IIl). The
proofs follow the same three-step strategy as in Section 2.4, however, di er in the techniques

to handle the low-regular kg and f . The proofs are provided in Appendix A.7.

2.5.1 Step 1. Replacement of  with ry,

The following proposition is the analog of Proposition 2.4.1 wherkp is compactly sup-

ported. It will be used under (A.Slow-II) and (A.Slow-I1l). The case of (A.Slow-I) has been
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covered in Proposition 2.4.1.

Proposition 2.5.1 (Replacement for compactly supported kg). Under Assumptions 2.2.1-
2.2.2, suppose P C*(M ), ko satis es Assumption 2.3.3 anfl satis es Assumption 2.3.1 or
2.3.2;as NN 8 ,e= o(1), e2*1 = W(log N/ N),k = o(N),k = W(log N). Then, for any

f PCY(M ), when N is suf ciently large, for any Y M , w.p. higher tharl. 5N 10,
c I

_ ?_ K log N
Lunf(x) Lunf(x) = OI"PI(" @)+ O }r f}g p(x)¥¢ ie+ ﬁ . (2.34)

Comparing (2.34) with (2.30) we see that the bound in(2.34) has additional terms

? a
O( e)+ O( log N/ (Ne¥2+1)), We will see that these two extra terms will not worsen

the nal error bound when we combine the replacement error with the other error terms.
2.5.2 Step 2. Convergence of Ly f

The following lemma is a counterpart to Lemma 2.4.2 from Section 2.4. The lower
regularity of kg and f degrades the error bound, and speci cally, the rst error term changes

from O(€?) to O(e%?).

Lemma 2.5.2 (Bias error for slow rate). Under Assumptions 2.2.1-2.2.2, |& be de ned in
(2.17) Suppose P C*M ), f PC3(M ),
(i) When Iy andf satisfy (A.Slow-1), ife  ep(ko, 1), then for any rP[0,fp] and any xPM ,

I y¥?
ef (rr(x),rr(y))?

Fr(x) 2 - ¥ ko (f(y)  f(x)) p(y)dV(y)

= e%Lpf(x)+ OlfPl %2 4 gr (2.35)

The smalle thresholdep (ko, 1) is de ned in(A.15), and it depends oM , p, and the function
(i) When ky andf satisfy (A.Slow-11), ife  ec(Cmax), then(2.35)holds for any rP [0, Fg]
and any xP M . The smalle thresholdec(cnax) is de ned in(A.16), and it depends oM , p,
and the constantgax in the Assumption 2.3.2(iv) abotit.
(iii) When kg andf satisfy (A.Slow-111), ife  ec(1), then(2.35)holds for any rP [0, (] and

any X PM . The smalle thresholdec(1) is de ned in(A.16), and it depends oM and p.
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Based on Lemma 2.5.2, Proposition 2.5.3 below establishes the point-wise convergence

of Lun to L p. This proposition parallels Proposition 2.4.3.

Proposition 2.5.3. Under Assumptions 2.2.1, 2.2.2, suppos@®C*(M ) and k andf satisfy
(A.Slow-1), (A.Slow-11), or (A.Slow-l1l). Supposeas N 8 ,e= o(1),e¥2*1 = W(log N/ N),k =
o(N). Recall the de nition of gin (2.12) Then, for any fP C3(M ), when N is suf ciently large,

forany xPM , w.p. higher tharl. 2N 19,

c__
log N

_ 2
Linf(0) Lpf(x) = 0P "+ n +0 Jr e p)"? ooy

(2.36)

2.5.3 Step 3. Final convergence rate

The nal graph Laplacian convergence rate is proved in the next theorem based on

Propositions 2.5.1 and 2.5.3.

Theorem 2.5.4 (Slow rate of Lyy). Under Assumptions 2.2.1-2.2.2, supposePpC4(M ), ko
andf satisfy one of the three cases (A.Slow-1), (A.Slow-11), or (A.Slow-1Il). Suppose [ds8N,
e= 0(1),e¥2*1 = W(log N/ N),k = o(N),k = W(log N). Then, for any fP C3(M ), when
N is suf ciently large, for any xP M , w.p. higher tharl. 7N 1©,

c 1
log N

Lunf L,f = olf.rl ?7+ +0 f 1/d %4_ _log N
" (X) P (X) e }r }8 p(X) .é Ned/2+1 ’

(2.37)
where# | is bounded as if2.20) In particular, whene N % (#*d and N¥ (4*d) A k A

N (4+d/3)/ (4+d)

a
Lnf(X) Lpf(x) = O(N Y# D" [ogN). (2.38)

By comparing (2.37)to (2.32) the di erence lies in the rst term in the bias error, which
degrades fromO(e) to O(? €). The variance error is the same in order and in the way of
depending onp and f. In particular, the dependence onp is via p(x)Y 9, which remains
bounded at the low-density area. The overall rate(2.38)is derived from (2.37) by choosing

e and k according to a certain order ofN, using a similar argument as in Remark 2.4.2.
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The detail is given in Lemma A.3.10. In particular, the overall error is achieved under a
2

)
range ofk, and whenk  N# &+ d) or Kk N@ ) (4+d) 4 /e e

Remark2.5.1 (Comparison with [CT22]). The point-wise convergence of (un-normalized)
kNN graph Laplacian was previously established in [CT22]. In our notation, they con-
sidered compactly supported ky and min/max f (same as our (A.Slow-Ill)), and the ker-
nel bandwidth parameter e always equals r,. The analysis in [CT22] proved a rate of
O(N Y (d*9) yp to log factors, which is the same as shown by our Theorem 2.5.4. [CT22]
further proved convergence rates for eigenvalue and eigenvectors, which is not pursued
here. Concerning the point-wise convergence result, our work extends the scope and pro-
vides more insights from several aspects. First, our result covers a broader range of graph
af nities (a larger class of kg and f , and different combinations of the parameters e and k),
including the construction of kNN graph in [CT22] as a special case. Second, our detailed
error bound (2.37) separates the contribution of kernel bandwidth e and kin kNN, allow-
ing the overall O(N 1/ (%*4)) rate to be obtained over a range of choice of k by a trade-off
of errors. Finally, we explicitly track the constant dependence in our error bound, partic-
ularly the dependence on p(x) in the variance error terms. The positive power p(x)¥ 9

indicates that the variance error will not diverge at low-density areas.
2.6 Extensions to other graph Laplacians

In this section, we consider two types of variations of the graph Laplaciar,, analyzed
in Sections 2.4 and 2.5. First, in Section 2.6.1, we prove the convergence of the random-
walk graph Laplacian using a nity W, and the analysis is based on the theory in previous
sections. Next, in Section 2.6.2, we consider the normalized a nity matrix W de ned in
(2.4) and prove the convergence of both un-normalized and random-walk graph Laplacians,
denoted asl,, and L, respectively. After switching from W to W, the limiting operator

is Dp, de ned as in (2.6), instead of L ,. The proofs are provided in Appendix A.8.
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2.6.1 Random-walk graph Laplacian Ly

Using the a nity matrix W de ned in (2.3), the random-walk graph Laplacian is de ned

as

" *

1
Lw = -—diag ——~— (I D w)pPrRN N, (2.39)
™ zmTi) er(x)?

L f, the operator applied to f : M N R, can be written as

O o } }2 1
N X X
_ 1 j=1R0  ef (F(x),F(x))2 i
L F(X) = m?ef(x)z% S 2 f0X, xPM. (240
2Mo =150 S FR0F(x))2
By de nition,
LUnf(X)
Low f =
where
1N P X}
D = — PM. 2.41
0= Ton & Rl Frog?) (2.41)

=1

Therefore, given the analysis of the convergence of the numeratoky, f(x), to L f(x) in

Sections 2.4 (for the fast-rate case) and 2.5 (for the slow-rate cases), it remains to handle

the convergence of the denominatorD(x), to 1 to prove the convergence oL, to L.
Following the same replacement strategy in previous sections, we de ne another quantity

D(x) by substituting f with ;, in D(x) as

N 2
s X X
e d/i2 Kk } J}

PO N, ef (Fr (). Fr(x))?

XPM . (2.42)

We bound |[D(x) 1| via bounding |[D(x) D(x)| and |D(x) 1| respectively, and the
detailed analysis is given in Appendix A.8.1.

This allows us to prove the convergence df., to L, and the convergence rates are the
same as in Sections 2.4 and 2.5 for the fast-rate and slow-rate cases respectively. Details

are given in the following theorem.
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Theorem 2.6.1 (Convergence rates ofL,y). Recall the fast-rate and slow-rate assumptions in
Section 2.3.3.

(i) Fast rate: with notations and conditions the same as those in Theorem 2.4.4, when N is
suf ciently large, for any xP M , w.p. higher tharl. 9N ©, the same bound as {8.32)holds
for |ILw f(X) Lpf(x)]. Whene N Z (& d andk N6+ the same bound as {2.33)
hold for|Lw f(x) L pf(x)I.

(i) Slow rate: with notations and conditions the same as those in Theorem 2.5.4, when N is
suf ciently large, w.p. highertharl 13N 10, the same bound as {8.37)holds for| Ly f ()
Lpf(x)]. Whene N 2+ d gng N¥ (4+d) A kK A N(4+d3)/ (4+d) ' the same bound as (@.38)

holds forlL f(x) Lpf(X)].

2.6.2 Graph Laplacians with graph af nity 7

2.6.2.1 Un-normalized graph Laplacian Ly
Using W de ned in (2.4), the (un-normalized) graph Laplacian matrix is

1

Lun :
) my

(b W)PRN N, (2.43)

where D is the degree matrix ofW. The operator of applying L, to f is given by

LN ey, P T ()

Linf(x) = %Nej:1 ef (F(x),F(x))2 T (F(x),F(x)))?’

XxPM . (2.44)

We will prove the convergence of., to Dy de ned in (2.6), following the same three-step
strategy as in Sections 2.4 and 2.5.

In Step 1, we bound the replacement error to be of the same order as before, because
comparing the de nition of L, and Lyn, we see that the normalizing factorf (f(x), F(x;)) 2
is proportional to 7(x) 2 in magnitude; additionally, replacing " to be r, in f (f(x), F(x;))?
can be handled using the same technique as before.

In Step 2, we also obtain the same error bound as before, where the variance error

analysis follows similar arguments, and technically, we adopt new kernel expansion lemmas
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in the basis error analysis. Speci cally, the following lemma is a counterpart to Lemmas
2.4.2 and 2.5.2, and here we address the kernel integral resulting from usiVy instead of

W.

Lemma 2.6.2(Bias error using W). Under Assumptions 2.2.1-2.2.2, |&§ be de ned in(2.17)
(i) When pPC3M ), f PC*M ), and k andf satisfy (A.Fast), ife  ep (Ko, Cmax), then

for any r P[0,Fg] and any xP M ,

; iy fy) f(x) _om .
w € 00 T 0072 PV = € Dof 0+ 0T en),

(2.45)
The smalle thresholdep (Ko, Cmax) is de ned in(A.15) and same as in Lemma 2.4.2.
(i) When pP C*M ), f PC3(M ), and k andf satisfy (A.Slow-l), ife  ep(ko, 1), then
for any r P[0,Fg] and any xP M ,

»

e 92y, Iy} f(y) f(x)
M ef (re(x),re(y))?  f(re(x),fe(y)

m
72P(AV() = e—Dpf () + OLPl(e¥? + er).

(2.46)
The smalle thresholdep (ko, 1) is de ned in(A.15) and same as in Lemma 2.5.2(i).

(i) When pP C*M ), f PC3(M ), and k andf satisfy (A.Slow-ll), ife  ec(Cmax), then
(2.46) holds for any rP [0,fp] and any x P M . The smalle thresholdec(cmax) is de ned in
(A.16) and same as in Lemma 2.5.2(ii).

(iv) When pP C*(M ), f PC3(M ), and k andf satisfy (A.Slow-Ill), ife  ec(1), then
(2.46)holds for any rP [0,Fg] and any xP M . The smalle thresholdec(1) is de ned in(A.16)

and same as in Lemma 2.5.2(jii).

Putting together the error bounds in the rst two steps, Theorem 2.6.3 below establishes

the convergence results ot to Dy.

Theorem 2.6.3 (Convergence rates ofL,,). Recall the fast-rate and slow-rate assumptions in

Section 2.3.3.
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(i) Fast rate: with notations and conditions the same as those in Theorem 2.4.4, when N is
suf ciently large, for any xP M , w.p. higher tharl. 5N 19, the same bound as {&.32)holds
for |[Lunf(x) Dpf(x)]. Whene N 2D andk N6+ the same bound as {2.33)
hold for|Lyn f(x) Dpf(x)].

(i) Slow rate: with notations and conditions the same as those in Theorem 2.5.4, when N is
suf ciently large, for any xP M , w.p. higher tharl. 7N 1°, the same bound as {8.37)holds
for |[Lynf(x) Dpf(x)|. Whene N 2/(#*d) gnd N¥ (#+d) A k A N@#d3) (4+d) the same

bound as in(2.38)holds forlLy, f(x) Dpf(x)].
2.6.2.2 Random-walk graph Laplacian Ly

We consider the random-walk graph Laplacian associated withV de ned as

Lo = mizdiag _ 1 > (1 b W)PRY N (2.47)
2me F(x)?
and the operator L., applied to f is given by
0 X X)) f(x) !
X X Xi
JN:]_kO j j

(X)) F(x )2 (X)) F(x))2
ef (F(x).F(x;))* T (F(x).F(x))) f(x)g, XxPM . (2.48)

Ler(X) = mze:II;(X)Z %

X Xil2
2m0 } J}

N
j=1ko ef (F(x).F(x))? T (F(x).r(x))?

Based on the convergence df,, established in Theorem 2.6.3 and using similar proof

techniques as in Theorem 2.6.1, we prove the convergencelqf, in the following theorem.

Theorem 2.6.4 (Convergence rates ofL,,). Recall the fast-rate and slow-rate assumptions in
Section 2.3.3.

(i) Fast rate: with notations and conditions the same as those in Theorem 2.4.4, when N is
suf ciently large, for any xP M , w.p. higher tharl. 9N 19, the same bound as {&.32)holds
for |[Lw f(X) Dpf(x)]. Whene N 2D andk N6+ the same bound as {2.33)
hold for|Lyw f(x) Dpf(x)].

(ii) Slow rate: with notations and conditions the same as those in Theorem 2.5.4, when N is

suf ciently large, w.p. higher thal 13N 10, the same bound as {@.37)holds for|L, f(x)
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Dpf(x)]. Whene N 2/ (4*d and N¥ (4+d) A kK A N(#*d3)/ (4* 9 the same bound as (@.38)

holds forlLy f(x)  Dpf(x)].

Remark2.6.1 (Comparison with [CW22a]). When f (u,v) = ?W the self-tuned kernel,
the point-wise convergence of kNN (self-tuned) graph Laplacian was previously studied
in [CW22a]. The setup therein utilizes a separate datasetY to compute kNN bandwidth
fv(xi) for x; P X, while in practice, it is more common to compute kNN on the dataset X
itself as we have analyzed in this work. In addition, our result improves the point-wise
convergence rates in [CW22a]. Speci cally, the replacement error is improved thanks to
our re ned kNN estimation, which compares F to ry, in Section 2.2. This allows us to
show the overall graph Laplacian convergence rate (the fast-rate case) to beO(N 2 (d+6))
up to a log factor, which matches the point-wise convergence rate for xed bandwidth in
the literature [Sin06; CW22b]. Our result also covers a broader class of kernel af nities

that includes the self-tuned kernel as a special case of the fast-rate cases.
2.7 Algorithm

In this section, we discuss how to compute the proposekNN graph Laplacian in prac-
tice. Given a datasetX = txiui’\i1 consisting of N samples inR™, the algorithm assumes
the choice of the functionskg and f. The input parameters are k, which is usually much
smaller than N, and sg i 0. The two parametersk and sq collectively determine the theo-
retical value of e, see(2.51) The choice ofk and sy will be explained after we introduce the
algorithm. We emphasize that, while the theoretical derivations in Sections 2.4-2.6 involve
constants (such asag) that need the knowledge of the intrinsic dimensiond, these constants
are typically not needed in the practical algorithm, see Remark 2.7.3.

Below, we introduce the procedure to compute graph Laplacian matrices using thieNN
graph anity Wj; and the (kNN-)normalized graph a nity W;; respectively. In both cases,
the algorithm rst computes the kNN distance R at each data point x;, de ned as in (2.9).

We adopt standard kNN solvers (MATLAB knnsearch) for this step.
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2.7.1 Random-walk graph Laplacian Lny using W

Once the kNN distancestli(xi)ui’i1 are computed, we construct the a nity matrix
W PRN N as
X X}

Wi = Xi Xt
17O 482 (R(), R(x))) 2

(2.49)

Comparing to the de nition (2.3), we have choserkg to be the exponential function (2.25),
see Example 2.3.4, and dropped the constant factof4pe) 92 in front. (This constant
factor presents in bothW and D and thus cancels out inD W when constructing Ly .)
The denominator beneath} x; xj}2 in (2.49)appears di erently from that in (2.3), yet will
be equivalent for homogeneou$ , see below.

In this section, we present the algorithm whenkg is (2.25) to simplify the exposition.
For more general choices okg, the expressions of graph Laplacian will involve constants
that are determined by the moments ofky. We refer the details to Appendix A.1.

In our experiments, we utilize the following choices of the functiorf :

(a) Self-tuned: f (u,v) = ?W,u,v i 0. This f is smooth onR;: R4 and satis es
Assumption 2.3.2.
(b) Min: f(u,v) = mintu,vu,u,vi 0. This f satis es Assumption 2.3.1.
(c) Square-mean:f (u,v) = 2 (u2+ v2)/2, u,vj 0. This choice off, like the self-tuned
f, is also smooth onR+ R4 and satis es Assumption 2.3.2.
After we construct the a nity matrix W, the random-walk graph Laplacian matrix Ly is
computed as follows

# + 1

Lw = diag (1 D w), (2.50)

sgR(x)?

where D is the degree matrix ofW.
To see the equivalence between th& in (2.3) and (2.49) we explain the relationship

between the kernel bandwidth parametere and the newly introduced parametersy.

39



Remark2.7.1 6p and €). Recall the de nition of rin (2.12). We verify that by setting e as
e= sér = sg(kl (agN))? ¢, (2.51)

then the constructed W in (2.49) is equivalent to the de nition in (2.3). For the veri cation,

we also need the homogeneity of f : R+ R+ N R4, de ned as
f (au,av) = a’f (u,v), @,u,vi O. (2.52)

For all the choices of f listed above and used in our experiments, the homogeneity is
satis ed. By the relationship between f and R in (2.13) and the choice of e in (2.51), we
have that for any x,

? ef(x) = soR(X). (2.53)

Together with the homogeneity of f, we then have ef (F(xi), 7 (x;))? = s3f (R(x), R(x;))2.

This shows that the quantity inside kg is the same in (2.49) and (2.3).

One can further verify that the random-walk graph Laplacian L, in (2.39)and (2.50)
are also equivalent. This is because, in addition to that the de nitions of matrix W are the
same (shown in Remark 2.7.1), we also hawegR(x;)2 = ef(x;)? by (2.53)and that with the
exponential kg in (2.25) my = 2mg (see Example 2.3.4). As a result, the theory in Section
2.6.1 (Theorem 2.6.1) applies to thelL,, constructed here, showing its approximation to

the operator L , de ned in (2.7).

Remark2.7.2 (Choice of parameters) In our experiments, we let ktake value in t32,64, u,
and sg takes value on a grid at the range that s; 1. In principle, the selection of kand sg

can be performed through a grid search and cross-validation.
2.7.2 Random-walk graph Laplacian L, using %

We can similarly compute the normalized graph anity W P RN N, which is con-
structed as
W..
Wij = B ! = >
sof (R(xi), R(x;))

(2.54)
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Then, L, associated withW is calculated as

# + 1
1

1
TR (1 b W), (2.55)

Lw = diag
where D is the degree matrix of W. By the same argument as in Remark 2.7.1
computed as in(2.55) equals to its de nition in (2.47) Thus, the theory in Section 2.6.2.1

applies to show that L, approximates the weighted Laplace operatoD, de ned in (2.6).

Remark2.7.3 (Requirement of the knowledge of d). The computation of L, and L., here
does not require the knowledge of the intrinsic dimension d. To see this, note that in the
theoretical de nitions of Ly, (2.39) andL,, (2.47), the dependence ond is via three places:
rstly, the (4pe) 42 factor in the de nition of W; secondly, the moment constants my, mg
determined by ko; and thirdly, the r, factor in (2.12)(2.13). We already see that(4pe) 92
canceled by the normalization of the random-walk graph Laplacian. Additionally, by

choosing kg as the exponential function, 2%4‘0 = 1. Moreover, as shown in Remark 2.7.1,

the involvement of ry is also only theoretical because the practical algorithm uses the kNN

distancest R(x;)uY ; and the parameter so.
2.7.3 Un-normalized graph Laplacians

If one is to compute the un-normalized graph Laplacian, then the(4pe) 92 factor
within the de nition of W will not be canceled. Therefore, the computation ofL,, and L
requires the knowledge ofl. To circumvent this requirement, a rescaled version ot.,, can

be computed as
# + |

Ll = %diag (D W), (2.56)

s2R(xi)2

where W is constructed as in(2.49) Following the same argument in Remark 2.7.3, we
know that the computation of Ll avoids the necessity for knowingd. L%, diers from Lyn

by a scaling factor that depends ond, and speci cally,

Lan = (4pe)d/2 Lun- (2.57)
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This will a ect the computation of the Laplacian operator and the eigenvalue, but not the
eigenvector ofL,,. When with the normalized a nity W, L,n can be similarly computed
as

1 .-
L, =

1
N bW, (2.58)

which equals to a constant factor(4pe)?2 multiplied to L.
2.8 Numerical experiment

In this section, we numerically investigate thekNN bandwidth function and the operator

point-wise convergence of graph Laplacian on the simulated manifold data.

2.8.1 KNN bandwidth function

Dataset. We simulate N i.i.d. data samples from a one-dimensional closed curv® em-
bedded inR#4, thus d = 1. The density p of data samples is shown in Figure A.1(b), which
is non-uniform along the curve. The data manifold curve is as in A.1(a). Details of the

example can be found in Appendix A.2.1.

Method. We simulate N = 2000 samplest X; U1'11 and let k= 32 and 64. At each x;, F(x;)
is calculated from the dataset fromkNN distance and de nition (2.10) In addition, we
compute r(x;) = p(x;) Y9 using the analytical expression ofp. We can also obtain the
expression off;, de ned in De nition 2.2.1 making use of the expression of the manifold
embedding mapping. The detail is described in Appendix A.2.2. We then compute the

values ofr, (X;).

Result. Figure 2.1 shows a typical realization off and compares it tor;, and r, with two
di erence choices ofk. For the smaller k, r,, is close tor, while f oscillates more around
rr.. When kis larger, ry, deviates more fromr and r is closer tor,. It can be seen that

the correction we introduced tor, improves the closeness té@ compared tor.
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FIGURE 2.1: The empirical kNN bandwidth function f de ned in (2.10) (marked with blue dots)
computed from N = 2000 samples on a one-dimensional curve wherek = 32 (Left) and 64 (Right).
Compared with the population bandwidth function  r, de ned as in De nition 2.2.1 (marked in

red solid line) and = p Y9 (marked in orange dashed line).

2.8.2 Point-wise convergence of graph Laplacians

Dataset. We use the same data example as the one in Section 2.8.1. To study the operator
point-wise convergence, we specify a test functiori. The analytical expression off and
Dpf can be found in Appendix A.2.1, and the plots of the two functions are shown in Figure

A.l.

Method. We calculate L, f(xg) at a xed point xo P M . In the experiments, we uti-
lize approximately 4800 random points within a local neighborhood aroundxq (the ker-
nels on the neighborhood aroundxgy are shown in Figure A.2), with the details of the
choice of the local neighborhood available in Appendix A.2.3.s§ takes value on a grid
t10 32,10 11, ...,102u. The results are computed for dierent k P t64,128, 256, 512
Only the results for k = 512 are presented, which achieves overall the best performance
among the di erent choices ofk. The results for other k are similar.

We investigate ve types of kernels:

() ko(h) = exp( h/4) and self-tunedf ;

(i) ko(h) = exp( h/4) and squared-mearf ;
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(iii) ko(h) = exp( h/4) and min f;

(iv) ko(h) = 1j94(h) and self-tunedf ;

(V) ko(h) = 1;94(h) and min f.

Among these ve kernels, (i) and (ii) satisfy (A.Fast), (iii) satis es (A.Slow-I), (iv)
satis es (A.Slow-I1), and (v) satis es (A.Slow-I11).

The value of Dpf(x) at any x can be computed analytically. The approximation error
at xg is

Err == |Lwf(xo) Dpf(xo)l. (2.59)

We report the average error over 2000 replicas of the experiment. In addition, we regenerate
evenly-spaced data points along the curve and compute’®” f(xo) by an expression same
as (2.48) except for that the summation is weighted by density p(x;). This can be viewed
as computing the kernel integrals by Riemann sums on an even grid. We then compute the
error

Err:= L9V f(x0) Dpf(xo)l. (2.60)

Due to the usage of a re ned even gridErr contains bias error due to using nite kernel
bandwidth, and the variance error is negligible. We thus use the value ofErr as an

indicator of the bias error incurred by the graph Laplacian method.

Result. The averaged valuesErr are plotted in Figure 2.2 over a range ofsg for di erent
choices of kernels. We plot againstsg because, with xed k and N, it is proportional
to e by (2.51) and thus we can compare with our theoretical results. The dashed lines
show the values ofErr. In both (left) and (right) plots, at smaller values of sg, where
the variance error dominates, all types of kernels exhibit errors scaling approximately as
e W4 12 = ¢ 075 As s increases, the bias error becomes dominant. Kernels utilizing
smooth f exhibit errors that approximately scale ase, while those using minf show errors
that approximately scale ase'/2.

In summary, for the kernels (i)(ii)(iv), the errors scale approximately asO(e+ e 94 1/2),

2
and for the kernels (iii))(v), the errors scale approximately asO( e+ e ¥4 12)  Com-
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FIGURE 2.2: The errors of different kernels plotted against values of sg, where Err de ned (2.59)
(averaged over 2000 runs) is shown in solid curve, and Err de ned in (2.60) is shown in dashed
line. The tted slopes on the log-log plots are also shown. (Left) Theoretical fast-rate cases (i) and
(ii). (Right) Theoretical slow-rate cases (iii), (iv), and (v).

pared to the theoretical error bounds in Theorem 2.6.4, we see that the theoretically fast-
rate kernels (i)(ii) demonstrate the fast rate (the O(e) in the bias error), and two of the
theoretical slow-rate kernels (iii)(v) demonstrate the slow rate (theO(? €) in the bias er-
ror). The kernel (iv), which is theoretically a slow-rate kernel, demonstrates theO(e)
bias error which is a fast-rate behavior. Strictly speaking, with xed N, the bounds in
Theorem 2.6.4 givesO(e+ ry+ # e Y2 + e 94 12) for the fast-rate case by(2.32) and
O(? e+ r+ # e Y2 + e ¥4 12) for the slow-rate case by(2.37) The other two theoret-
ical error terms, O(ry) and O(# xe 1/2) are not observed in the experiments. These two

terms are both due to handling thekNN bandwidth function f(x;), and we conjecture that

our analysis may not be tight for this part of the error.
2.9 Discussion

The KNN graph Laplacian point-wise convergence results have several possible exten-
sions in future studies. One important area is to dive deeper into the spectral convergence

of the kNN-based graph Laplacians towards the limiting operators, especially the weighted
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Laplace operator. The recent work [CT22] explored the case wheky is compactly sup-
ported, and f is either the maximum or minimum function, employing optimal transport
techniques. Parallel results focusing on the xed-bandwidth kernels have been shown in
[CW22b], in which the crucial step is to construct candidate eigenfunctions through convo-
lution with the manifold heat kernel. Based on our current point-wise convergence results,
it would be useful to establish the theoretical results for the spectral convergence of the
KNN graph a nities considered in this study. Furthermore, it could be helpful to extend the
current results to more general manifold settings beyond the smooth, compact manifolds

without boundaries.
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3. Learning of manifold heat kernel

3.1 Introduction

Graph Laplacian methods have been widely used in manifold learning [TSLOO; BNO1;
CLO06], and the construction in practice starts from building a kernel a nity matrix. Specif-
ically, given N data points txq,...,xyuin R™, a xed-bandwidth kernelized a nity matrix

is constructed as
|

}Xi Xj}z.

— d
Wij =s "h 52

(3.1)
for a kernel function h and some xed bandwidth s | 0. The results in Chapter 2 are
presented in terms of the parameters? (referred to as e), which can be interpreted as
the time of the diusion process. Given the anity matrix W, then the un-normalized
and random-walk graph Laplacian matrices can be de ned. See an overview in Section
2.1.2. Under the manifold hypothesis, i.e., the data pointg x, ...,Xyu are assumed to be
independently and identically (i.i.d.) sampled from a probability measure with a density
function p supported on ad-dimensional manifoldM embedded inR™., the convergence of
the graph Laplacian matrices to the limiting operators on the manifold has been extensively
studied in the literature [CLO6; Sin06; BNO7; Hei06; VBBO0S; BIK15; Wanl5; Gar+20;
DWW?21; CT22; CGL22; CW22b; CW22a] in the large sample limit. See a more detailed
literature review in Section 2.1.1. An important limiting operator is the Laplace-Beltrami
operator D, which is the generator of the manifold di usion process. In this work, we focus
on the question of how to use the computed graph a nity to learn the manifold heat kernel,
which is the fundamental solution of the di usion process.

Speci cally, the Laplace-Beltrami operator D is closely related to the heat kerneH; (X, y)

on M , where H; is the fundamental solution of the heat equation

B
gHt(x,y): DyHi(x,y), @, yPM, tj O.

In the equation, Dy denotes that the Laplace-Beltrami operator is applied to the variable

y. [CLO6] argued that the population counterpart of the 1-normalized random-walk graph
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Laplacian, denoted asP, satis es lim ¢ o+ P = éP.@ i 0, where &P denotes the heat
di usion semi-group operator. Besides, lett| & , be the eigenvalues of D and tf &, be

the corresponding normalized eigenfunctions. ThenH(x,y) has the expression

[oe]

Hi(x,y) =~ e "' () i(y).
1=0

Recently, [DWW?21] reconstructed the heat kernel on the data through the estimation of
eigenpairs ofD and proved convergence rate based on the eigen-convergence.fh norm.

In this work, we will construct heat kernel estimators by powering the transition matrix.
For data sampled from a non-uniform density, we utilize a density-corrected graph a nity
in the construction of the heat kernel estimator, following approaches from previous works
[CLO6; DWW21; CW22b]. We prove the convergence of the proposed estimators to the true
heat kernel when the underlying data manifold is one-dimensional and compact. When the
manifold has no boundary, the results hold for arbitrary pairs of points in the dataset. When
the manifold has a boundary, the results are valid for points away from the boundary, with
a distance depending on the discrete diusion time and the bandwidth. Based on the
proposed heat kernel estimators, we introduce a new normalized a nity by normalizing the
estimator entry-wise and then applying an entry-wise power transformation. We provide
an approximation analysis for this normalized a nity. Additionally, we extend the heat
kernel estimation results to an arbitrary dataset on the manifold, whose sample size can
potentially be large. We then propose an algorithm for data visualization by computing
a low-dimensional embedding, where the heat kernel estimator or normalized a nity is
used as the input similarity matrix in the t-SNE algorithm. We validate the theoretical
convergence rates on simulated data and apply the embedding algorithm to both simulated

and real-world datasets.

3.1.1 Related works

Theoretical analysis for heat kernel.  Previous studies have constructed the heat kernel

o

on graphs ash; = exp( tL) = I'\llexp( I O)f |f|T [CG97; RIS02; BWHO05; EH09; BG13;
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EH15], whereL =1 D Y2WD 2 js the normalized graph Laplacian matrix, andt! u
andtf uy are the eigenvalues and eigenvectors &f Here, W is the a nity matrix, and D is
the degree matrix. This construction is from the heat equation on the graph, namely%ﬁt =
Lh;. [CG97] also introduced properties of this heat kernel, such as its lower bound. Note
that these works were not under the manifold assumption and did not provide theoretical
insights into the connection between the heat kernel on graphs and the heat kernel on
manifolds. Under the manifold setting, [CLO6; MC19] proved the convergence of operators
on manifolds to the semi-group operator of the heat kernel. The more recent work [DWW21]
focused on the manifold data assumption as well and constructed the heat kernel estimator
on the data as ﬁEK) = i IKzlexp( mt)v|v|T, where tmuy and tv,y are the eigenvalues
and normalized eigenvectors ofg—f. Here, P is the transition matrix of the 1-normalized
graph a nity matrix, and s is the bandwidth parameter. Under the manifold assumption,
[DWW21] proved that (ﬁfK))ij approximates H¢(x;,x;) by demonstrating the convergence
of eigenvalues and thelL® convergence of eigenvectors to those of the Laplace-Beltrami
operator. For a more detailed comparison between our results and those of [DWW21], see

Remark 3.4.1.

Applications to data visualization.  Data visualization is a crucial step in exploring high-
dimensional datasets, and dimension reduction methods are widely applied to map data
to two or three dimensions for better visualization. Over the years, a variety of dimension
reduction algorithms have been developed, ranging from linear to nonlinear approaches.
Commonly used methods include Principal Component Analysis (PCA), Multidimensional
Scaling (MDS) [CCO00], Laplacian Eigenmaps (LE) [BNO3], Di usion Maps (DM) [CLO06],
ISOMAP [TSLO0O], Local Linear Embedding (LLE) [RS00], Uniform Manifold Approxima-
tion and Projection (UMAP) [MHM18], and t-distributed stochastic neighbor embedding
(t-SNE) [VHO08]. t-SNE excels at capturing local structures and clusters. It nds a low-
dimensional embedding by minimizing the KL divergence between the distribution of the

dataset represented by some similarity matrix and a Student t-distribution in the low-
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dimensional embedding space. LE and DM both embed data by using the eigenvectors
of graph Laplacian matrices. However, they often require more than three dimensions to
e ectively capture and visualize the underlying structure of the data.

PHATE [Moo+19] is a data visualization tool that preserves patterns in data such
as branches. PHATE applies an entry-wise logarithmic transformation to the powered
transition matrix, computes a pairwise distance from this matrix, and then performs MDS
on the resulting distance matrix. It is demonstrated in [Moo+19] that PHATE is better at
visualizing data with di erent trajectories than DM, t-SNE, and UMAP. In this work, we
propose a new normalized a nity by applying an entry-wise transformation to the proposed
heat kernel estimator, which results in a similarity matrix. This similarity matrix is then
used as input for t-SNE, which allows us to nd a low-dimensional embedding that preserves

the intrinsic information.

3.1.2 Preliminaries about heat kernel
When M is closed, Varadhan's formula [Var67] states that
. — 2
lim 4tlog Hi(x,y) = dw (x,y)*

where dy (x,Y) is the geodesic distance oM . We de ne

dy (xy)?

Gi(x,y) = (4pt) ¥2e & | @,yPM,tj O. (3.2)

Then, for a d-dimensional compact connected smooth manifold without boundary, the
parametrix construction of the heat kernel characterizes how;(x, y) approximates H¢(x, y)

for when dy (x,y) and t are small [RS97; CW22b]:

k
H'[(X,y) = GI(X,y) > t|U|(X,y)+ O(tk d/2+1)’
=0

wherek j d/2 + 2is a positive integer,u, . . .,ux PC8 (M ), and ug satis es |up(x,y) 1| =
O(dwm (x,y)?). For a more detailed overview, please see Appendix B.2.1.

In this work, we focus on the case wheréMl is a one-dimensional compact manifold.
When M is parametrized by the arc length, the heat kernel has analytical expressions in
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the global intrinsic coordinates. These expressions are used in the proofs of the heat kernel

convergence results (see Appendix B.2).
3.2 Set-up and notations

Data manifold. Let M be ad-dimensional Riemannian manifold isometrically embedded
in R™M via i. When there is no danger of confusion, we use the same notationto denote
xPM andi(x) PR™. Let dV be the (local) volume form onM induced by the manifold
Riemannian metric on M . For a data distribution on M , we usedV as the base measure
and denote the distribution as pdV if it admits a density function p. In this work, we
consider the manifold data assumption, which means that the data are i.i.d. sampled from
a probability distribution with the density p supported onM .

When M is connected and compact, the Riemannian distance between any two points
X,y PM is well de ned and denoted asdy (X,y), which is also referred to as the manifold
geodesic distance. For a more detailed overview of the necessary dierential geometry

background, please see Section 2.1.2.

Arc length coordinate on 1D manifold.  In this work, our theory will focus on the case
whenM is one-dimensional, either without boundary (Assumption 3.3.2) or with boundary
(Assumption 3.4.2). We will use the arc length coordinate, also calledntrinsic coordinate
for a one-dimensional manifold, to be speci ed below.

When M has no boundary, it is a closed curve. We can select an arbitrary point,
denoted asxg, and an orientation of M . For any point X  Xg on M , we de ne the global
intrinsic coordinate of x as the arc length along the curve between and xg with the selected
orientation. This global intrinsic coordinate is periodic. Without loss of generality, we can
always normalize the parametrization such that the length of the curve Vo{M ) = 2p. For
any X,y PM , dy (x,y) = mint|x y|,2p | x yJuP[O,p].

When M has a boundary, it is an open curve. We select a boundary pointg and de ne
the global intrinsic coordinate of any point x P M as the arc length along the curve between

x and xg. We still normalize the manifold such that Vol(M ) = 2p. For any x,y PM ,
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dv (x,¥) = |x y|P[0,2p].

Graph af nity matrix.  In Sections 3.3 and 3.4, we estimate the heat kernel okl for the
points in X. Before constructing the estimator, we introduce the graph a nity matrix and
its associated degree and transition matrices. GiveiN data points tx;u ; € R™, the graph
anity matrix W PRN N is de ned as in (3.1), using a non-negative kernel functionh and
a bandwidth parameter s § 0. A common choice ofh is the exponential function [Sin06;
CwW22b]

h(h) = (4p) %?e M  hP[0,8). (3.3)

Given this a nity matrix, the degree matrix D PRN N, which is a diagonal matrix, and

the transition matrix PPRN N are de ned as

N
Di = W;, P=D W, (3.4)
j=1
3.3 Heat kernel estimation and normalized af nity
Throughout the paper, we make the following assumption regarding i.i.d. data, where

M is one-dimensional.

Assumption 3.3.1 (i.i.d. dataon M ). The data X= tXy,...,xyu PR™are i.i.d. sampled from

a probability density p oM .

In this section, we consider wherM has no boundary, and the data densityp is uniform

on M . The assumptions on the manifold and densityp are summarized as follows.

Assumption 3.3.2 (One-dimensional data manifold without boundary) . LetM be a one-
dimensional connected, compact, smooth manifold without boundary isometrically embedded in

R™. The arc length parametrization M is normalized such that V6M ) = 2p.
Assumption 3.3.3 (Uniform data density) . The data density p is uniform oMl .

Since we normalize the arc length parametrization oM such that Vol(M ) = 2p, the

uniform densityisp 1/2p.
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Table 3.1: Summary of theoretical results.

Uniform p Non-uniform p Numer!cal
veri cation
. Thm. 3.3.1 (exponential h) .
1-D M without boundary Thm. 3.3.3 (generalh) Thm. 3.4.1 Fig. 3.1a
1-D M with boundary Thm. 3.4.2 Thm. 3.4.3 Fig. 3.1b

In Section 3.3.1, we construct the heat kernel estimatoid, and prove the convergence
rate of B,,. Following that, in Section 3.3.2, we introduce a new normalized a nity R,
based onR,, inspired by the Varadhan's formula [Var67] and the parametrix construction
of heat kernel [RS97]. We then analyze the approximation properties of this normalized

a nity. The proofs in Section 3.3 can be found in Appendix B.2.2.

3.3.1 Heat kernel estimation

Given a positive integern, whose magnitude will be speci ed later, we de ne the heat

kernel estimator R, as follows

R, = DP"PRN N, (3.5)

where P is the transition matrix de ned as in (3.4). By the de nition of P, R,, can also be
expressed as
Rn = Wdd0doodbiRoddleoo00N
(n 1)-times
which means that R, is a symmetric matrix.

In this subsection , we will prove the following approximation:
(Rn)ij  Hi(xi,x), @j=1,....N,

where the heat di usion time is given byt = ns?. In Section 3.3.1.1, we focus on the speci ¢
case whereh is taken as the exponential function de ned in(3.3). In Section 3.3.1.2, we
extend the results to cover a broader class of di erentiable functionsh. Finally, in Section
3.3.1.3, we further extend the heat kernel estimation results in the previous two subsections

to an arbitrary dataset Z on M , which can consist of non-i.i.d. random samples.
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3.3.1.1 Gaussian kernel

The following theorem provides the convergence of the heat kernel estimatdi,,, when

p is uniform and h is the exponential function de ned in (3.3).

Theorem 3.3.1. Under Assumptions 3.3.1-3.3.2, suppose p satis es Assumption 3.3.3 and h is
asin(3.3). Assume as NN 8 ,s = o(1), s%2 = W(log N/ N). We denote by £ ns2. Then,

when N is suf ciently large, w.p¥ 1 O(N ),
c

sup (Rn)ij  Hi(xi, %) = O(
ij

log N

Net? log n + 9‘% + sZlog n). (3.6)

If we additionally assume as N 8 , ns?2 = O(1), then
c
sup (Rn)ij  Hi(xi %) = O(
IVJ

log N

S
Ned 2 logn+ fLﬁ log n), (3.7)

and in particular
N N 1 N N
« WhenN #2 A s AN Z#4 ands2N@2 A nA s 2, we have

sup (Rn)ij  Hi(xi,%;)) = O(N #1(log N)¥2 log n). (3.8)
i

1
e« Whens N @&sandn s 2 we have

sup (Mn);j  Hi(x,%) = O(N #s(log N)"2 log n). (3.9)
i

From Theorem 3.3.1, the relative error for the diagonal entries off,, can be bounded

as in the following corollary.

Corollary 3.3.2. Under the conditions of Theorem 3.3.1, and additionally assume E

ns? = O(1). For suf ciently large N and under the good event in Theorem 3.3.1, we have
c

(Rn)i = Hi(xi,x)) 1+ 0O

nlog N

N logn+ s?logn , @=1,...,N. (3.10)

Remark3.3.1 (Connection with Diffusion Maps [Sin06]) . We remark that R, is closely re-

lated to the Diffusion Maps [Sin06]. Speci cally, we denote the ordered eigenvalues of P
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asl=1,¥1,¥ ¥ | n, and the corresponding eigenvectors asty,u, which satisfy
Py, = 11y;,yDy;= d . Given adiffusiontime tj O and a pre-chosen dimension of the

embedding m?, the Diffusion Map embeds X using the following mapping:

Yeixi PNLS(Y2)is ool b i (Y 1)i

When t is a positive integer and m*= N 1, we have

_ (R2)jj
D:D;

Yi(x)TYi(x)= P'D YP) =(D 'MxD 1)
ij

Therefore, Ry represents the inner product of the Diffusion Map embedding of the data
for the data points, up to normalization by degrees, when the diffusion time t is a positive

integer and all N 1 non-trivial eigenvectors are used in the embedding.

3.3.1.2 More general kernel

In this subsection, we extend the results to a larger family of di erentiableh, with the
regularity and decaying conditions listed in Assumption 3.3.4. To exclude the case that

h 0, we always assuméh}g i O.

Assumption 3.3.4 (Differentiable h). Suppose h[0,8 ) N [0,8 ) satis es:
(i) Regularity. hP C>([0,8)).
(i) Decay conditionDa,a j 0, s.t.|h("(h)|a g exp( ah)forallh¥ 0,1=0,1,2

Remark3.3.2 (Regularity of h). As established in the previous works [Sin06; CW22b], a C?
differentiable function h with exponential decay was suf cient to establish the point-wise

convergence of graph Laplacians. Here, we additionally require h P C® in Assumption
3.3.4. This technical condition guarantees the decay of the Fourier coef cients of h and h’,

which will be used in our proof.
We de ne the moments ofh as follows,

»

mh] = |ul*h(u®)du. (3.11)
R

When there is no confusion, we omit the dependence ofi, on h. Then, we further impose

the following moment conditions onh.
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Assumption 3.3.5 (Moments of h). Suppose h under Assumption 3.3.4 satis es:
(i) mo[h] = 1, mp[h] = 2.

i 3(my[h])?
(ii) m4[h] a m(z)[h] :

(iii) The quantity r de ned as

my[h]

2oy 2" =

satisesr 1.

Remark3.3.3 (The constants in Assumption 3.3.5(i)) The condition mg[h] = 1 and my[h] =

2 in Assumption 3.3.5(i) is imposed without loss of generality. We can rescale the kernel

~ b
function h if these conditions are unmet. We de ne h(h) = z(mii%w])ah(zmmz—ﬂh), which

ensures that mo[ﬁ] = 1,m2[ﬁ] = 2. Using the rescaled kernel function h and a rescaled

ma[h]

bandwidth s = s 32, we de ne a new af nity W = § th(}x, x}?/ §?), then it
satis es
1 _
W.. = W...
" mo[h] !

Consequently, Dj = Dji/ mg[h], and P = P, where D and P denote the degree and transi-

tion matrices for the af nity matrix W. Therefore,
DP" = mo[h]DP".

This rescaling shows that it is equivalent to using a kernel function that satis es Assump-

tion 3.3.5(i) to compute the heat kernel estimator up to a constant mg[h].

Fourier coef cients of h, which will be used in the proof. These two conditions are met

by the exponential h given in (3.3). Speci cally, for the exponential h, we have mg[h] =

1,mo[h] = 2,mu[h] = 12,r[n] = %. As a result, my[h] = 3(2(2)%)2, andr[h] 1, and thus
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For a general kernel functionh that satis es Assumptions 3.3.4 and 3.3.5, the following

theorem provides the convergence df,,, analogous to Theorem 3.3.1.

Theorem 3.3.3. Under Assumptions 3.3.1-3.3.2, suppose p satis es Assumption 3.3.3 and h
satis es Assumptions 3.3.4-3.3.5. Assume as\N8 ,s = o(1), s%2 = W(log N/ N). We

denote by £ ns?. Then, when N is suf ciently large, w.p¢ 1 O(N 7),
c

log N

_ S 2 n
S:JJp (Rn)ij  Hi(xi, %) = O( N0 2 log n+ %+ s“log §+ n3/25)' (3.13)
If we additionally assume as N 8 , ns?2 = O(1), then
c
log N 1 n
S R, Hi(x,x) = 0( ———logn+ ——log -), 3.14
iu,jp (Rn)ij t(Xi, X)) ( Nsd+2 g n32s g S) ( )
and in particular,
1~ < _1 _2 <
e WhenN @2 AsA N 2#% ands 23N3%#9 AnAs 2 wehave
_ 1 1/2 n
sup (Rn)ij  Hi(xi,x)) = O(N @3(log N)~ log g). (3.15)
I‘J
« Whens N @sandn s 2 we have
_ 2 1/2 n
sup (Rn)ij  He(xi,x;)) = O(N @s(log N)“ log g). (3.16)

]

Compared to the error bound (3.6) in Theorem 3.3.1, there is an additional error term
O(ﬁ) in the bound (3.13) This additional term arises due to the di erence between the
general kernel functionh and the exponential function in (3.3), and it exists regardless of
the regularity of h. The heat kernel estimation results in Section 3.4 are proved for general
h satisfying Assumptions 3.3.4-3.3.5. However, ifi is speci cally chosen as the exponential

function, this additional error term O —i— does not appear.
n<'<s
3.3.1.3 Out-of-sample extension

In practice, when the sample size of the dataset is large, constructing the kernel on the

entire dataset becomes computationally prohibitive, let alone computing the heat kernel
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estimator as in (3.5). To overcome this problem, we propose a heat kernel estimator for any
arbitrary dataset Z on M , denoted by Rz ,,, which is based on the estimatorf,, for X. We
then extend the heat kernel estimation results forX, as outlined in Sections 3.3.1.1-3.3.1.2,
to the dataset Z.

Speci cally, let Z = tzjuj"i1 ., R™ be a dataset consisting of arbitraryM points on M ,
where M may potentially be larger than N. We rst de ne the a nity matrix between X

and Z, denoted asWxz, as follows,
!
X z}?

v . i=1,...N,j=1,... .M. (3.17)

(Wxz)ij = s %h
Note that Wxz P RN M. Using R, de ned in (3.5), we then construct a heat kernel

estimator on Z as

Rz, = Wy,D R, 2D Wy, PRM M, (3.18)
s XZ

From Theorem 3.3.1, we derive the convergence to the true heat kernel for this estimator

in the following corollary.

Corollary 3.3.4. Under the conditions of Theorem 3.3.1, and denote by hs?. When N is

suf ciently large, w.p. ¥ 1  O(N 7), the big-O error bound on the r.h.s. ¢3.6) holds for

Supi,jzl M |(H:'Z,n)ij Ht(zivzj)l-

Corollary 3.3.4 is established by rst extending the heat kernel convergence results from
X to a (deterministic) e-net, denoted by Y, on M , where the choice ofe will be speci ed.
Speci cally, we prove the convergence foty ,. Next, we extend the convergence to the
dataset Z by utilizing the Lipschitz continuity of both the heat kernel on M and the
estimator while choosinge to be su ciently small.

For a general kernel function satisfying Assumptions 3.3.4-3.3.5, Theorem 3.3.3 can be
similarly extended to sup;;_; |(Rzn)ij Hi(z,z)| as in Corollary 3.3.4. The proof

follows a similar approach to that of Corollary 3.3.4. We rst extend the results to the e-

net Y, and then to Z. When proving the convergence orY, the di erence from the proof of
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Corollary 3.3.4 is that h is not the exponential function. To address this, we use techniques
similar to those in the proof of Theorem 3.3.3 to handle the di erence between the kernel
function h and the exponential function. For the extension toZ, we use the Lipschitz
continuity of both the heat kernel and the estimator, as done in the proof of Corollary

3.3.4.

3.3.2 Normalized af nity

For a givena ¥ 1 and heat di usion time tj O, we de ne the a nity as below,

! 1/ a
Aa(xy) = a—tXY) . @,yPM. (3.19)

" Hi(x, X)He(y,Y)

Using the parametrix construction of the heat kernel [RS97], the following lemma shows

that A¢a(x,y) approximates exp( %;‘t'y)z) on a general manifoldM .

Lemma 3.3.5. Supposé/ is a d-dimensional connected compact smooth manifold without bound-
ary. For a given Ci 0, there is a positive constang,twhich depends oM and C, s.t. for any
t tpandanya¥ 1, we have

?_
—At'af,hf’(i)y)z 1 = 0(dw (x,¥)*+ du (x,Y)1), @, yPM ,du(x,y) C t. (3.20)

exp( 'z )

The constant in the big-O notation dependsMnand C and does not dependan

From Lemma 3.3.5, we observe thata controls the decay of A;a(X,y) as dy (x,y)
increases. Speci cally, increasing the value o& slows the decay ofA;a(X,y), leading to
stronger connections betweerx and y.

Building upon the heat kernel estimator presented in Section 3.3.1, we provide the

following approximation of Apgz2 4(Xi, X;):

0 1 1/ a
(Rna)ij = @bLA , @j=1,....N, (3.21)
(H:'n)ii(l'nn)jj

whereH,, is de ned as in (3.5). The approximation error of (Ry, »)ij is presented in Theorem

3.3.6 below.
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Theorem 3.3.6. Under the conditions of Theorem 3.3.1, and additionally assume & 8,

ns? A (log N) 2. For suf ciently large N, the good event in Theorem 3.3.1 holds. Then, given

a constant Cj 0, when N is large enough, for arey¥ 1 and for any jj = 1,...,N such that
?
rj = dm (Xi,X;) satisesf; @ C ns?, we have
c
(Rn )i ?— o
Y1 = 0( ns¥( Ngd+zlogn+ L))+ O(r? + ns?ry)
eXp( 4an52)
¢ I
nlog N
=0 logn+ ns 3.22
( —Nsa 09 ?). (3.22)

Here, the constants in the big-O notations depend on C while are independentbé large-N
threshold meets the large-N threshold in Theorem 3.3.1 and also depends on the constant C.

In particular, the bound in(3.22)is O(ns?) when
1) (('OgNiNP)dTU As! 1andl1AnAs ?(logN) ?

2) (('09 N)° )% ((Iog N)* )d+4 and (log N)® AnAs 2(Iog N) 2,

T Ns4

Under the conditions of Theorem 3.3.6, the r.h.s. 0{3.22)is 0o(1). The proof of Theorem

3.3.6 is based on Lemma 3.3.5, and the heat kernel estimation results in Theorem 3.3.1.

3.4 Theoretical extensions

In this subsection, we consider two types of extensions of the convergence results in
Section 3.3.1. First, in Section 3.4.1, we develop a density-corrected heat kernel estimator,
denoted asH,, to address the case of non-uniform density. Then, in Section 3.4.2, we extend
the analysis to a one-dimensional manifold with a boundary, considering both uniform and
non-uniform densities. For manifolds with boundary, the convergence results apply for data
points away from the boundary at a distance ofO(a ns2log(1/s)). The proofs in Section

3.4 can be found in Appendix B.2.3.

3.4.1 Non-uniform density on manifold

In this subsection, we assume that the density functiorp is C* on M and not necessarily

uniform.
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Assumption 3.4.1 (General data density p). The data density p is €on M . By the com-
pactness oM , p is uniformly bounded both from below and above. ThaD®gin, Pmax i O

S.t.

O Pmin® P(X) 2 pmax 8 , @PM. (3.23)

When the density p is non-uniform, following the approach in [Sin06], we de ne the

density-corrected a nity matrix as
W=D0D ‘wD .

Here, D represents the degree matrix of/. The degree matrix and transition matrix for

o

W are dened asb;; = j'\il\f\/ij,P = b W. Then, the density-corrected heat kernel

estimator M, is constructed as follows

M, = DOP'D PRN N, (3.24)
By the de nition of P, H, can be written in the form

M, = D \bdodoodbiBoddliddooon

(n 1)-times

which implies that H, is also a symmetric matrix.
Theorem 3.4.1 is analogous to Theorem 3.3.3, establishing the convergence of the heat

kernel estimator H,, when the density p is non-uniform.

Theorem 3.4.1. Under Assumptions 3.3.1-3.3.2, suppose p satis es Assumption 3.4.1 and h
satis es Assumptions 3.3.4-3.3.5. Assume asfNN8 ,s = o(1), s%2 = W(log N/ N). We

denote by £ ns?. Then, when N is suf ciently large, w.p¢ 1 O(N 7), the same bound as in

1

(3.13)holds forsup; ; [(Fn)ij  Hi(xi,x;)|. When N #1 AsAN 29 ands 23NT9 A
nA s 2, the same bound as (8.15)hods forsup; ; [(Mn)ij  Hi(xi,x)|. Whens N #s and

n s 2, the same bound as (8.16)hods forsupi’j [(Mn)ij  He(Xi, %))l
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Remark3.4.1 (Comparison with [DWW21]) . [DWW21] constructed the heat kernel esti-
mator using the eigenpairs of the random-walk graph Laplacian associated with \W. They
proved that for a general manifold M , under the condition s%%* 13 = W(log N/ N), the
pointwise error of the heat kernel estimation is O(s + %(t + 1) exp( Ct)), where t repre-
sents the diffusion time and K is the number of eigenpairs used in constructing the heat
kernel. This error achieves at least the rate of ®(N 1/ (4d4+13)) "\which is slower than the
O(N 2 (d+6)) rate in our Theorem 3.4.1 for the one-dimensional manifold when t 1 (see
(3.16)). The results from [DWW?21] apply to more general manifolds with d 1, whichis

beyond the scope of our work.

Based onHM,,, we can de ne the density-corrected normalized a nity as follows,

0 1 1/ a
(Ana)ij = @bLA , @j=1,....N. (3.25)
(Hn)ii (Hn)j;

Similar results to Theorem 3.3.6 can be derived for the approximation error of Ay a);j.
Since the proof of Theorem 3.3.6 is based on Lemma 3.3.5 and the heat kernel estimation
results for B, in Theorem 3.3.1, we can apply similar arguments forA, 5 using the heat

kernel estimation results for M, from Theorem 3.4.1.

3.4.2 One-dimensional manifold with boundary

In this subsection, we consider the extension of the results tM with boundary.

Assumption 3.4.2 (One-dimensional data manifold with boundary) . LetM be a one
-dimensional connected, compact, smooth manifold with a non-empty boundary isometrically em-

bedded irR™. The parametrization d¥1 is normalized such that VOM ) = 2p.

We denote by dgy (x) = dyv (x,BM ) the geodesic distance from a poink PM to the
boundary BM .
To estimate the heat kernel for points in X, we still use the same heat kernel estimators

R, (de ned in (3.5)) and H, (de ned in (3.24) for uniform and non-uniform p, respectively.
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Theorem 3.4.2 establishes the convergence of the heat kernel estimatB, to the true heat

kernel H; when the density is uniform.

Theorem 3.4.2. Under Assumptions 3.3.1 and 3.4.2, suppose p satis es Assumption 3.3.3 and

h satis es Assumptions 3.3.4-3.3.5. Assume asfN8 ,s = o(1), s%2 = W(log N/ N),

(log 2)2A nA szlcj)-g . Then, when N is large enough, there is some r that depends on s,and

stwp¥1l O(N ),
c

(Rn)ii  He(xi, %) = O(

log N

1 n :
ng n+ mbg g), @, s.t. dew (Xi),dgw () ¥ 1.

(3.26)
Here, rsatisesr (ns?log 2)%2.
In particular, whens N dTlfS, we have

(Rn)y  Hi(xixg) = O(N #5(log N)M log 3),  @.J. s:t. caw (), dau () ¥ .
(3.27)

Similarly, Theorem 3.4.3 establishes the convergence of the heat kernel estimatdt,

when the density is non-uniform.

Theorem 3.4.3. Under Assumptions 3.3.1 and 3.4.2, suppose p satis es Assumption 3.4.1 and
h satis es Assumptions 3.3.4-3.3.5. Assume the asymptotic conditions as in Theorem 3.4.2 hold.
Then, when N is large enough, there is sdhtepending on n ang, s.t. w.p.¥ 1 O(N 7),

the same bound as {8.26)holds for|(Ry,)i;  Hi(x;,X;)| forany i, js.t. dgw (i), daw (X;) ¥ T
Here,F satisesi  (ns?log 1)2. Whens N #s, the same bound as {8.27) holds for

[(Rn)ij;  He(xi,x;)| foranyi,js.t. dam (xi), daw (X;) ¥ T.

Compared to results for boundaryless manifolds (Theorems 3.3.1, 3.3.3, and 3.4.1),
the convergence results for manifolds with boundaries only hold for points away from the
boundary at distances ofO(1). This limitation stems from our reliance on kernel expansion

3

techniques. In particular, we expand integrals of the form ,, Ks(x,y)f(y)dV(y) into a

power seriesO(s') for | = 0,1,.... However, for points closer to the boundary than
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O(s(log %)1’2), the error bound degenerates. This issue has also been observed in [Sin06]
(see Lemmas 8 and 9 therein). After di using ovem steps, the volume of the near-boundary

5
part where the error bound degenerates grows t@( ns(log £)?).
3.4.3 Out-of-sample extension

In this subsection, we extend the theoretical results from Sections 3.4.1-3.4.2 to an
arbitrary dataset Z = tzjuj"ﬁ1 € R™ on M, following a similar approach as in Section
3.3.1.3.

When the data density is non-uniform, following the de nition of Rz, in (3.18) we can

similarly de ne a density-corrected heat kernel estimatorHz , for Z based on#H, as

Mzn= Wg,D M, .D ‘wy, PRM M, (3.28)

whereWyz is as de ned in (3.17)and H,, ; is as de ned in (3.24) Based on Theorem 3.4.1,
the following corollary provides the convergence for the estimatoti; , when the manifold

has no boundary.

Corollary 3.4.4. Under the conditions of Theorem 3.4.1, and denote by bs2. When N is
suf ciently large, forany xy PM ,w.p. ¥ 1 O(N 7), the big-O error bound on the r.h.s. of

(3.13)holds fOI'SUpiyjzl M |(F'|Z,n)ij Ht(zi,zj)l-

The proof of Corollary 3.4.4 relies on the fact that the density p of X satisfying As-
sumption 3.4.1 has a positive lower bound. Speci cally, when proving the convergence on
the e-net Y, we will need the convergence analysis dfiD;, 1to p(x;) L. This depends on
the positive lower bound of p and a su ciently large N, which ensure that the residual
term in the concentration of %D“ around p(x;) is smaller than pmin (2 p(X;)) so that the
error IND. *  p(x;) ?| can be bounded.

When M has a boundary, the theoretical results can be extended to the heat kernel
estimators for Z. For uniform density, the results from Theorem 3.4.2 can be extended to
Rz . Similarly, for non-uniform density, the results from Theorem 3.4.3 can be extended
to Mz .
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3.5 Numerical experiments

3.5.1 Algorithm

In this subsection, we present an algorithm that uses the heat kernel estimators and
the normalized a nity to compute low-dimensional embeddings. Although the theoretical
results in Sections 3.3-3.4 focus on data lying on one-dimensional compact manifolds, the

proposed algorithm is applicable to general datasets.

3.5.1.1 Algorithm for dataset X

Given a dataset X = txiq’il € R™, the algorithm requires the following inputs: the
kernel function h, the bandwidth s, the discrete di usion time n, and the exponent pa-
rameter a. The algorithm proceeds in the following steps and outputs a low-dimensional
embedding ofX.

Step 1. Compute the graph a nity matrix W as in (3.1).

Step 2. Compute the heat kernel estimatorf,, as in (3.5)

Step 3. Compute the normalized a nity Rj 4 as in (3.21)

Step 4. Normalize R, and R, , by setting the diagonal terms to zero and ensuring that the
matrix sums to one.

Step 5. Apply the t-SNE algorithm to the normalized similarity matrix to obtain a low-
dimensional embedding.

In the algorithm above, we can also apply the density correction approach to account
for non-uniform density. Speci cally, we replace R, with the density-corrected heat kernel
estimator H,,, as de ned in (3.24) and R, , with the density-corrected a nity matrix A, 5,
as de ned in (3.25)

In Step 5, we use thesneEmbeddingsubroutine within MATLAB's built-in  tsne func-
tion. The parameters n and a can be speci ed by the user, and varying their values can
produce a multi-scale pattern, as demonstrated in the experimental results in Sections

3.5.3-3.5.4.
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3.5.1.2 Computational complexity

We now clarify the computational complexity of Steps 1-4 in the algorithm provided in
Section 3.5.1.1. The complexity of Step 1 i©(mN?) due to the pairwise Euclidean distance
calculations. In Step 2, when using the full matrices in the computations, the complexity is
0O(nN?3), as it involves n matrix multiplications of twvo N N matrices. The complexities
of Steps 3 and 4 are bothO(N?). Therefore, the overall computational complexity is
O(nN23+ mN?), with the leading term being O(nN3) asN N 8 .

When sparse matrices are used, the complexity of matrix multiplication is reduced.
Speci cally, if the matrix P is truncated using a pre-speci ed threshold such that each row
of P has at most K non-zero entries, then forl = 1,...,n, each row of P™ will have at
most IK non-zero entries. Consequently, the complexity of computing® P' is O(IK2N).
Summing overl = 1,...,n, the complexity of Step 2 become@(nszN). Thus, the overall
computational complexity with sparse matrices isO(n?K?N + mN?). When the data lies
on a d-dimensional compact manifold, we havek  Ns¢ (up to a log factor), where s is
the bandwidth parameter. Therefore, the order of complexity isO(n?s?IN3+ mN?), and
it depends on the choices oh and s. When d = 1, the complexity is O(n?s?N3+ mN?).
This complexity will be smaller than that of using full matrices under certain asymptotic
regimes forn and s. For instance, if s N @sandlAn! s 2, the complexity is

signi cantly reduced.

3.5.1.3 Extrapolation to large-size datasets

When we are given a large dataseZ = tzjuj"i1 € R™, we propose rst creating a
smaller dataset X with N points, on which we compute the heat kernel matrix and the
embedding. This can be done, for example, by subsampling frod. Then, we apply the
algorithm in Section 3.5.1.1 to compute an embedding foX, denoted asYy. To obtain the
embedding forZ, we use the graph a nity between Z and X, represented bywzx PRM N,
Next, we compute the row sums ofWzyx, denoted astsz,juj'\il. Then, the embedding of

Z is obtained by extrapolating from the embedding ofX. Speci cally, the embedding of
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z; is given by (Dzx ) 1eJ-TWZXYX. Namely, each point inZ is embedded by averaging the
embeddings of the points inX, with weights determined by the a nity matrix between Z

and X.

3.5.2 Trefoil knot data

Dataset. We simulate N i.i.d. data samples from the trefoil knot, a curve embedded iR 3.

We consider both cases: the closed curve without boundary and the open curve. For the
closed curve, its embedding and the non-uniform data density along the curve are shown
in Figure B.1. For the open curve, the corresponding embedding and density are shown in

Figure B.2.

Method. We verify the convergence of the heat kernel estimator at a xed pointzg, where
the heat kernel estimator Mz , is computed according to(3.18) with Z = tzpu. Since
M = 1, Hz, is a scalar. In the experiments, we seh as the exponential function as in
(3.3). The sample size is eitherN = 25,0000r 50,00Q and the diusion time is set to
n = 5. The bandwidth s takes value on a gridt10 2,10 29, ..., 10 2.

In addition, we also compute another quantity I—Tz,n, which computes the kernel integrals
by Riemann sums on a re ned even grid. Then, we use the value ¢FTz,n H,s2(20, 20)| tO

measure the bias error, and the value ofHz,, Hzn| to measure the variance error.

Result. The left panels of Figure 3.1 show the relative errors offz,, along with the
relative bias and variance errors. The total relative errors are dominated by the variance
part, which shows a scale of abous %2 = s 12 for both the two di erent values of N.
Moreover, the relative bias errors show a scale of abowt?. Compared to the theoretical
results in Theorems 3.4.1 and 3.4.3 (with the extensions td4z ), the two error terms
O(s2+ ﬁ) are not observed in practice. TheO(ﬁ) term is not present because

we use the exponential kernelh. The O(ﬁ) term is not present because we use the

exponential kernel h. Additionally, the (5(52) term is not observed because, for a xed

n, it is dominated by the O(%*:) term. Finally, the dark golden dash-dotted lines show
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(a) Closed trefoil knot.

(b) Trefoil knot with boundary.

FIGURE 3.1:Results for simulated data non-uniformly sampled from trefoil knot. (i) The relative
errors of M, (zg, zg) with n = 5 over arange of s and two different N. The results are averaged over
500 runs. The blue lines show the total relative errors, the red lines show the relative bias errors,
and the yellow lines show the relative variance errors. The dark golden dash-dotted lines show
the extrapolated variance error for N = 400,000. (ii) The heat kernel estimation results in one
typical realization, where N = 4000,s = 10 %1, n = 5. The blue scatterplots show the estimation
M, versus the ground truth heat kernel. (iii) The t-SNE embedding for the same data sampled as in
the middle panels, where the similarity matrices are normalized H,. The embeddings are colored
in intrinsic coordinates.

68



the extrapolation of the relative variance errors to the case wherN = 400, 000 based on
the variance errors calculated forN = 25,000and 50,000 This provides intuition on the
potential accuracy improvements asN increases.

To show that H,, estimates the heat kernel accurately orX but not restricted to a xed
point, we compare H, and t H,2(X;, X;)u j in one typical realization through scatter plots,
shown in the middle panels of Figure 3.1. Speci cally, we take&N\ = 4000,s = 10 %1 n= 5.
For the manifold with boundary, since the estimation result in Theorem 3.4.3 only holds for
points away from the boundary, the middle panel of Figure 3.1b displays the comparison

only for points x;,x; P X s.t. mintdgy (x;),dgv (Xj)u ¥ 0.0& We observe that blue scatter

plots closely align with the line y = x, implying that M, is a good approximation ofH;, as
expected.

Finally, we verify that the embedding algorithm described in Section 3.5.1 e ectively
recovers the intrinsic geometry for this example. The dataset used is the same as the one
in the middle panels of Figure 3.1, and we use the normalizetli,, as the similarity matrix
for t-SNE. For the no-boundary case, the embedding recoverS! shape inR?, and for the
with-boundary case, the embedding shows the segment shapes. Thus, despite the original
embedding in R2 being twisted, the embedding usingM, reveals the intrinsic geometric

structure of data.

3.5.3 Simulated arti cial tree data

Data. We analyze the simulated tree data, which was originally introduced in [Moo+19]. As
suggested in [Moo+19], the tree structure models the divergence into di erent cell lineages
as the branches develop. In this experiment, we follow the construction in [Moo+19] with
some modi cations. Speci cally, the tree dataset consists ofN = 2000 points in R4°,
showing 10 branches. The structure of the tree is illustrated in Figure 3.2a, where the
branches are distinguished by di erent colors. Details on the dataset simulation can be

found in Appendix B.1.
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@) (b)

FIGURE 3.2: (a) 2D demonstration of the arti cial tree. (b) 2D t-SNE embeddings of the arti cial
tree using (normalized) M, as the similarity matrix.

Method. We apply two di erent methods for low-dimensional embedding to the tree data.
The rst method follows the approach described in Section 3.5.1, where the bandwidth
parameter s is set as the median of thekNN distances with k = 10. When applying t-SNE
to the normalized H,, the diusion time n is selected from the gridt4,8,...,128. For
t-SNE on the normalized A, 5,we choosen from the grid t4, 8, 161 and a from t 2, 4, 8, and
compute the embeddings for all combinations oh and a. The second method is motivated
by the PHATE algorithm proposed in [Moo+19]. Speci cally, after computing H,, we

calculate a pairwise log distance by applying an entry-wise log transformation as follows,
C ! \
! )
(bn)j = max log(An1)i,0, @j=1,....N, (3.29)

where A, ; is as de ned in (3.25) The maximum function ensures non-negativity, as the
ratio (A, 1)ij may be larger than 1. Next, the obtained dissimilarity matrix Dy, is input into
the multidimensional scaling (MDS) algorithm to compute a low-dimensional embedding.
In the experiments, MDS is performed using themdscale function in MATLAB. For the

second method, we still take the di usion time n from the grid t4,8,...,128.

70



@) (b)

FIGURE 3.3: 2D t-SNE embeddings of the arti cial tree using (normalized) A, 5 as the similarity
matrix.

Result. Figure 3.2b shows the 2D t-SNE embedding constructed using (normalized,
as the similarity matrix. Across all values of n, the embeddings successfully separate the
branches. For smaller values oh, the branches appear more curved, and the embedding
emphasizes local structures. A increases, the branches straighten out, allowing the
embedding to capture the global structure more e ectively.

Additionally, Figure 3.3b shows the 2D t-SNE embeddings using (normalized®, , as
the similarity matrix. We observe a clear multi-scale pattern, where embeddings with the
same value ofn a appear similar. We con rmed that this pattern is due to the closeness
of the corresponding matricesA, .. For example, the relative error betweenA , with
n=8,a=8andn= 16,a = 4is 3.6%in the Frobenius norm. This observation aligns
with the results of Theorem 3.3.6, although the theorem speci cally addresses the one-

dimensional manifold without boundary case. Therefore, by choosing a reasonable large
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@) (b)

FIGURE 3.4:2D MDS embeddings of the arti cial tree using D, as the dissimilarity matrix.

(a) (b)

FIGURE 3.5: Demonstration of the log distance B, and the normalized af nity A, 5.

72



a i 1, a similar embedding can be achieved with a smaller di usion timen, thereby
reducing the overall computational cost.

Besides, while the approximation error of normalized a nity in Theorem 3.3.6 is only
valid for data points whose geodesic distance is withirC? t, and increasinga does not
extend this range, our experiments demonstrate that this range is still su cient to pro-
duce informative embeddings. To verify this, we generate embeddings usindj, 5 based on
truncated versions of H,,. Speci cally, for a chosen thresholde = 1le 3, we construct a
truncated matrix by setting entries in H, that are smaller than e max;j H, to zero. This
truncated matrix is then used to construct the a nity, which is subsequently used as input
to t-SNE. By doing this, for each value ofn, the range of non-zero entries in the similarity
matrix remains the same and independent o&. Figure B.3 shows the embeddings obtained
using the truncated matrices, which are similar to those obtained with the full matrices.
Thus, this veri es that for constructing informative embeddings with A 4, it is su cient
for M, to capture information within a speci ¢ range, independent of a.

Figure 3.4b presents the 2D MDS embeddings based on the dissimilarity matri®,. In
comparison to Figure 3.2b, we observe that for the same value of, the t-SNE embedding
successfully separates the branches, whereas in the MDS embedding, the branches head in
one direction. Figure 3.5b displays the log distanced,, as de ned in (3.29) with n = 4
(upper panels) , and the normalized a nity A, with n = 4 and a = 8 (lower panels),
both centered at a point x;. The three columns correspond to three di erent endpoints
of the tree. We observe that the log distance attens for points farther fromx;. Since
MDS minimizes the stress function, which sums the squared residuals between the pairwise
Euclidean distances of the embedding and the input dissimilarity matrix, the branches in

the resulting embedding tend to merge together and are not separated.

3.5.4 Human embryonic data

Data and pre-processing. We apply our method to the embryoid body (EB) scRNA-seq

data used in [Moo+19]. The dataset consists of gene expression pro les of cells sampled
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(@) (b)

FIGURE 3.6: (a) PHATE embedding of the EB data [Moo+19]. (b) 2D t-SNE embeddings of the EB
data using (normalized) R, as the similarity matrix.

over 27 days. This dataset re ects the cells' di erentiation into various lineages. A more
detailed description is provided in [Moo+19].

The original sample size idvl = 16, 825 and the ambient space dimension is 17,580. The
data is preprocessed following the approach in [Moo+19]. Speci cally, we rst normalize
the data by row sums and then apply an entry-wise square root transformation. Next, we
perform PCA to reduce the dimension, with the number of principal components set to 100.
We generate a smaller subseX with N = 2000points and then compute the graph a nity
matrix on X from the reduced features, following the same approach described in [Moo+19].
Detailed descriptions can be found in Appendix B.1. Figure 3.6a, directly reproduced from
[Moo+19], shows the embedding of this dataset using the PHATE algorithm proposed in

the same paper.

Method. We adopt the approach described in Section 3.5.1.3, i.e., we rst compute the
embedding for X and then extrapolate the embedding to the original dataset. The em-

beddings for X are computed using both the heat kernel estimatorit,, (de ned in (3.24)
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and the normalized a nity Ap 4 (de ned in (3.25). When applying t-SNE to the similarity
matrix normalized from H,, the di usion time n is selected from the gridt2,4,..., 16

For t-SNE applied to the similarity matrix normalized from A, ,, we selectn from the grid

t1,2,41and a from the grid t1, 2, 4.

Result. Figure 3.6b shows the embeddings using the (normalizedfl; , as the similarity
matrix. Similarly, Figure 3.7b presents the embeddings using the (normalizedRz ,, » as the
similarity matrix. All the embeddings show a strong time trend, where the color gradient
shifts from red (earlier time points) to blue (later time points). As the diusion time n
and parametera increase, the embeddings illustrate a more global structure. Furthermore,
there is a greater diversity at later time periods, with blue points spreading out more in

the embedding space. Therefore, the embeddings can show the structure of the real-world

datasets.

(@) (b)

FIGURE 3.7: 2D t-SNE embeddings of the EB data using (normalized) A&, as the similarity ma-
trix.
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3.6 Discussion

In this work, we prove the heat kernel estimation when data are sampled from one-
dimensional manifolds. A key theoretical extension of the current results would be to study
the convergence of heat kernel estimators on higher-dimensional manifolds. Another ques-
tion is to further analyze the proposed normalized a nities R, 5 and A, 5, which present
promising empirical performance, but our approximation analysis motivated by the Varad-
han formula is limited. Application of the a nity-based visualization to other real data

will also help to improve our understanding of the approach.
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4. Modeling of time-series data on graphs

In this chapter, we considered applications to time-series data, which are measured on
graphs. First, in Section 4.1, we develop a stochastic epidemic model inspired by SEIR
[KM27] and GLEaM [Bal+10] models, incorporating transportation data between regions.
By using a graph Laplacian matrix for regularization, we improve the accuracy of param-
eter estimation and predictions. This model is validated with real-world COVID data.
In Section 4.2, we leverage the expressive power of neural networks to model time-series
data. Speci cally, we use continuous-time RNN models under the neural ODE framework
[Che+18], also known as the RNN-ODE model. We propose an algorithm that adaptively
selects time steps, choosing coarser steps in regions with slow changes and ner steps in
regions with rapid changes. We also provide theoretical results on the approximation anal-
ysis of the RNN-ODE model, which sheds light on the bene ts of the adaptive time steps.
The proposed method is applied to both simulated and real-world datasets, demonstrating

improved prediction accuracy and computational e ciency.

4.1 GLEAM model with graph Laplacian regularization
4.1.1 Introduction

The outbreak of coronavirus disease 2019 (COVID-19) has impacted all aspects of the
world signi cantly for a long. As of 26 Oct 2021, over 243 million con rmed cases of COVID-
19 have been reported, including over 4 million deaths [Wora]. Therefore, it is essential to
study the spread of COVID-19 for better prediction and prevention of the disease. This
work proposes a new stochastic dynamical model that can describe di erent spread patterns
of COVID-19 in multiple regions. Our model is inspired by the Global Epidemic and
Mobility (GLEaM) model proposed in [Bal+10]. GLEaM is a stochastic dynamic model
that depicts the spread of epidemics, integrating multiple data layers. The GLEaM model
involves 3362 subpopulations in 220 countries obtained from Voronoi tessellation, centered
around major airports. These subpopulations are connected by a multi-layered mobility

network composed of processes from short-range commuting between nearby subpopulations
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to international ights. In each subpopulation, the transmission of epidemics is modeled by
a variant of a Susceptible-Exposed-Infected-Removed (SEIR) compartmental model [KR11].

In the vast majority of GLEaM's applications [Gom+14; Pas+16; Chi+20; Col+09;
Bal+09a; Baj+10; Tiz+12; Pol+14], the parameters are estimated based on [Bal+09b].
[Bal+09b] and subsequent works following its settings assumed that the epidemic was seeded
from one region and the transmission parameters or the other parameters (like the introduc-
tion date and location) were estimated through the maximal likelihood analysis of arrival
time or other events. To model the spread of COVID-19, both spatial and temporal het-
erogeneity of the transmission parameters are needed, rather than directly modeling the
reproduction number Ry solely as a periodic function of time as in [Bal+09b]. This is be-
cause the social behaviors, containment measures, medical conditions, and other elements
that a ect the spread of COVID-19 may vary among di erent countries and over time.

In addition to the aforementioned issues, other potential concerns exist in applying
GLEaM to model the spread of COVID-19. Since the outbreak of COVID-19, the social
order has been disrupted, and travel has been restricted in most countries, GLEaM might
not work well with its multi-layered mobility networks. Furthermore, the estimate of pa-
rameters using GLEaM is based on a large number of simulations to explore the space of
parameters, which may potentially take much computational time [Bal+10] when the epi-
demic parameters to be estimated are spatially heterogeneous. In addition, the transmission
rates for COVID-19 should not only have their own heterogeneity but also be correlated to
each other. To the best of our knowledge, neither of the features is re ected in GLEaM or
most of its applications.

In this work, we propose a new stochastic model that incorporates transportation be-
tween regions and, at the same time, enables spatial and temporal heterogeneity of trans-
mission parameters. We modeh regions as a graph havingh nodes, and the transportation
pattern between the regions is encoded as-by-n matrices. Our graphical model of epidemic
dynamics is a general abstract one motivated by and simpli ed from the GLEaM frame-

work. Figure 4.1 shows a diagram of the proposed model. In contrast to most applications
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FIGURE 4.1: A diagram illustrating the model proposed in this work. The example includes three
regions, marked by circles in blue and indexed by 1,2, and 3. For k,j P t1,2,31and i j, Ay on
the edge (k, j) represents the similarity between regions kand j.

of GLEaM, which mainly focus on the initial outbreak, our proposed model is able to model
the long-lasting spread of epidemics. For the inference of model parameters, we introduce
an optimization algorithm that utilizes the correlation between districts. Furthermore, the
posterior distribution of parameters is estimated by a Markov Chain Monte Carlo (MCMC)
sampling procedure, where we set the initial value of the Markov Chain as the optimal pa-
rameter obtained by the optimization algorithm. This approach can potentially accelerate
the convergence of MCMC sampling.
4.1.2 Model description
4.1.2.1 Compartmental model over multiple regions

In this work, we consider abstract subdivisions in the whole area, which will be referred
to as regions hereinafter until further speci cations in the later experiment sections. We
denote n as the number of regions. In our model, we use continuous timeP [0, T], where
it is assumed that the evolution of the epidemic lasts within a period ofT time units. The
unit of time is xed as one day throughout this work.

For each region, we consider the following epidemiology compartments:

e S (t): Susceptible.

* E(t): Exposed and infectious.

* Hy(t): Hospitalized.
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* Rg(t): Removed (recovered or dead).
The subscriptk of the states denotes that they belong to thek-th region, and the dependence
on the continuous timet is addressed by expressing the states as functionstolP [0, T]. The
compartments are adapted from the SEIR model. Speci cally, we combine the exposed and
infectious individuals into a single compartment, E,, and add a hospitalized compartment,
Hy, to account for the quarantine measures in the COVID-19 scenario. Additionally, we
extend the compartmental model to multiple regions.

At time t, we useNy(t) = S (t) + Ex(t) + Hy(t) + Ry(t) to denote the total population
in the k-th region. The population Ny(t) is allowed to be time-varying due to the inter-
region mobility, especially for the days before the implementation of travel restrictions.
However, since the traveling volume is not comparable to the total population in a region,
the uctuation of the total population in a region is not obvious. In this work, we assume
that N = i E=1 Ni(t) keeps constant over time, which means that we consider a closed
system in this work, where exported/imported cases are not considered. However, it is
worth noting that we do allow the transportation of active virus carriers between regions
within our system. We also denote(Ng)«(t) = Sc(t) + Ex(t) + Ry(t) as the total population

that is permitted to move in the k-th region, excluding the hospitalized ones.

4.1.2.2 Transportation between regions and the stochastic model

In our model, we introduce the transportation between regions via a traveling matrix,
which is similar to the notation in the GLEaM model [Bal+10]. Given the transportation
matrix, we describe below the stochastic model of the dynamic of the compartments over
n regions, denoted ast(Sc(t), Ex(t), Hk(t), R(t)),k = 1...,nu, wheret P [0,T] is the
continuous time, and the variablesS(t), Ex(t), Hi(t), and Ry(t) take integer values from
0 to N. The proposed stochastic model is illustrated in Figure 4.1.

» Transmission in the k-th region: A case fromE,(t) chooses an individual fromN(t)

randomly at Poisson ratel  (tl (U_, are allowed to be spatially heterogeneous), and

the individual chosen is infected if it is of state S(t).
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» Hospitalization in the k-th region: Each individual in E,(t) will be hospitalized with
Poisson rated.

* Recovery or death in the k-th region: Each individual in Hy(t) will transfer into
Ri(t) with Poisson rate gi. The rate g, owns spatial heterogeneity due to the uneven
distribution of medical resources.

e Transportation between regions: At the end of thel-th day, all the individuals in
region k except the ones inH,(l) have the same probability of traveling from region
k to region j, and the total traveling volume from region k to region j is (w;)y. We
assume that there are no transmissions happening during the transportation between
regions.

For inference of parameters, we denotéDC,)(i) as the newly con rmed cases on the
i-th day computed from data, k= 1,...,n,i = 2,...,T. The same convention holds for the
de nition of (DRy)(i).

The mean- eld di erential equations that characterize the stochastic dynamic intro-

duced above are detailed in Appendix C.1.

4.1.3 Estimation of model parameters

Based on the model described in Section 4.1.2, the parameters that need to be speci ed
ared and Q := tE(0), Hk(0),! , gxU- ;. Using a simpli cation in Remark 4.1.1, we pre x
the parameter d, and estimate the rest in a two-step procedure to be described in this
section. As a brief summary,

« Step 1. We rst make inference fortgyu_, by maximizing the likelihood of the

observed newly removed cases. Details in Section 4.1.3.1.

* Step 2. After the estimation oftgyul_,, Q := tEx(0), Hk(0), ! (-, are then estimated

by maximizing the posterior probability, where we introduce a prior distribution com-

bining the information of correlation between regions. Details in Section 4.1.3.2.

Remark4.1.1 Among the unknown parameters, we pre x the parameter d, the inverse of

the average time for a person from being exposed to hospitalized, to be 0.14 universally
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in the algorithm. According to [He+20], the mean duration of the incubation period is

5.2 days. Furthermore, we assume that the average time for an individual from showing
symptoms to being hospitalized is 2 days [He+22; Zha+21]. Thus, the mean duration for
an individual from being exposed to being hospitalized is 7.2 days, whose inverse value

is approximately 0.14.

More details of the estimation method, including the construction of a nity matrix in
the prior distribution, the speci ¢ formula for MAP estimate, the esitmation of the marginal
posterior distributions of Q using MCMC, the prediction of the epidemic trajectories, and

the model extension by allowing time-varying parameters can be found in Appendix C.1.

4.1.3.1 Step 1: Estimatet g, u_

We rst estimate tgyu._, by maximizing the likelihood

P t(Ra)k(i), (Ca)k(i), k= 1,...,nul, tguu,

over gy for each k. We assume that the newly removed cases in one day follow a Pois-
son distribution whose mean equals the product ofgy and the accumulated hospital-

ized cases (which is the di erence between the accumulated con rmed cases and the ac-
cumulated removed cases and thus is observable) the day before. Then, we estimate

+
g, = argmaxg, iTzlPois((DRa)k(i) ((CH(i 1) (Rak(i 1)) gk) for eachk separately.
4.1.3.2 Step 2: EstimateQ = tE(0), Hy(0), | ku-,

Next, we estimate the remaining parametersQ = tE(0), Hc(0),! W-,, by nding Q

that achieves maximum a posteriori probability (MAP).

Posterior distribution of Q and MAE estimate. We denote the posterior distribution

of Q given data t(DCq)(i),k = 1,...,nul, as p(Q). Then by the Bayesian formula,

P(Q) = P Q t(DCq)k(i)u; P t(DCa)(i)u; Q P(Q)/ Z, where P(Q) is the prior
distribution of Q to be determined andZ = P t(DCa)k(i)u,; is a constant irrelevant to
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Q. We further denote
V(Q)= log P t(DCa)i(i)u; Q log(P(Q)), (4.1)

then p(Q) = exp( V(Q))/ Z.

To t the realistic evolution of the epidemic more precisely, Q is estimated as
Q = argmaxp(Q) = argmin V(Q), (4.2)

with reasonable prior distribution P(Q).

Choice of prior distribution of Q. We impose a graph Laplacian regularization term

through the choice the prior distribution as follows. Given a matrix A which characterizes

the pairwise similarities between the regions, and if we denote = (1 ¢,...,1 ;)T PR",
Ay L T 2
PQ= c—exp( 1T(D Al s}}), (4.3)
S, A
o 3
where D = diagtdy,...,dyuis the degree matrix of A with d; = }zlAij, Csa= gn

exp( | (D A)l s} }g)dl is a constant depending ons and A. Here, a smalls is
chosen for p(Q) to be a probability measure without imposing much restriction on | .

Then, by (4.1) and (4.3)

V(Q = log P t(DCw(i)u; Q +1T7(D A)l +sH}5+logCsa. (4.4)

4.1.4 Results for COVID-19 data in Europe
4.1.4.1 Data description

The dataset contains numbers of daily COVID-19 cases im = 11 countries in Europe,
which are Denmark, Finland, Norway, Austria, Germany, Switzerland, Italy, Spain, Bel-
gium, France, and Ireland. After preprocessing and removing the rst and last three days

of the original data, the dataset spans over a period of = 116 days.
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4.1.4.2 Models to compare

Three models for comparison. For COVID-19 data in Europe, only three models detailed
below are compared, which allow heterogeneity of parameters but do not include trans-
portation. The last model is the proposed one in this work, and the rst two are baseline
models. The transportation data needed in this model are not available to the best of our
knowledge. However, the impact of transportation is expected to be less signi cant due to
travel restrictions [Bla].

1'. Model with uniform prior distribution, without heterogeneity or migration.

2'. Model with uniform prior distribution, with heterogeneity but without migration.

3'. Model with prior distribution based on graph Laplacian, with heterogeneity but no

migration.
For Model 4.1.4.2', 11 countries are partitioned intod = 4 groups according to geo-

graphical locations:

* D; (Northern Europe): Denmark, Finland, Norway;

* D, (Central Europe): Austria, Germany, Switzerland,;

e D3 (Southern Europe): Italy, Spain;

« D4 (Western Europe): Belgium, France, Ireland.

4.1.4.3 Results of trajectory Prediction

Figure 4.2, 4.3, and 4.4 present the true and predicted trajectories in Austria, Ger-
many, and ltaly, respectively. As can be seen from Figures 4.2, 4.3 and 4.4, heterogeneity
of transmission parameters in Model 4.1.4.2' (green lines) and Model 4.1.4.2' (blue lines)
helps improve the performance of tting and generalization. Furthermore, utilization of
correlation between countries in Model 4.1.4.2' further improves the prediction of the tra-
jectories as shown in Figure 4.2. We also note that for Model 4.1.4.2', compared to the
results for m = 10°5, at which the validation errors are minimized, m= 10°2 and 10°8

achieve slightly more accurate prediction for Italy.
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FIGURE 4.2: True and tted trajectories in Austria. The orange line with circles shows the true
trajectory, the blue lines with crosses show the predicted deterministic trajectories using Model
4.1.4.2', and blue and orange scatter plots show 100 stochastic trajectories withQ inferred using
Model 4.1.4.2' and sampled from the posterior distribution of Q respectively. The vertical lines
show the threshold Ty, = 102 of the training-testing split of COVID-19 data in Europe. For Model
4.1.4.2',m= 10°2 1P, and 10°8 are chosen.

FIGURE 4.3: True and tted trajectories in Germany. The remarks for the lines and scatter plots
are the same as those in Figure 4.2. The choice o= 10°2 10°5, and 10P-€ has been explained in

Figure 4.2.
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FIGURE 4.4:True and tted trajectories in Italy. The remarks for the lines and scatter plots are the
same as those in Figure 4.2. The choice ofn= 10°2 10°®, and 10°€ has been explained in Figure
4.2.

4.1.4.4 Results of parameter estimation

Figure 4.5 shows the estimated posterior distributions of W and 1

Italy taly USing Model

4.1.4.2', in which the vertical black lines show the inferred I(tji:l)ly and | I(ti)ly with m = 10°°.

Table 4.1 shows the inferredl () and | (2)

ltaly taly and the mean and standard deviation of

their estimated posterior distribution from MCMC. The estimated | I(ti)ly is larger than the

estimated | (1

italy - Which is consistent with the trend that the newly con rmed cases in Italy

rst decrease and then increase.

Table 4.1: Mean and standard derivation of estimated transmission rates in Italy. The posterior
distribution is estimated by 5 10° MCMC iterations.

| q | mean | standard deviation
| ey 0.1034 0.1035 1.8768 10 *
L&y 0.1719 0.1719 3.8791 10 4
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FIGURE 4.5: Estimated posterior distributions of | in Italy. The vertical black lines represent the
values of corresponding g using Model 4.1.4.2".

4.1.5 Discussion

The current methods have possible extensions in the following several directions in our
future study. First, the dynamic model could be re ned to be closer to reality, for example,
taking the asymptomatic virus carriers and contact tracking into account and modeling the
change of the transmission parameters over time in a more sophisticated way. Second, the
model can be modi ed to accommodate the heterogeneity of various populations, including
di erent age groups and vaccination statuses. For example, the compartments are to be
further divided into subgroups, and the parameters such as transmission rates and mortal-
ity rates are allowed to be di erent; the dynamic model is also to be adjusted accordingly.
Third, the method could further include detecting the underlying graph structure of the
regions so that the construction of the graph Laplacian matrix could be more self-contained
and systematic. At last, the method could be further used to assess the in uence of con-
tainment measures taken by di erent countries, for example, by adjusting the traveling
volume to make it di erent from the actual transportation data and then analyzing the

corresponding in uence on the size and trend of the pandemic.
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4.2 RNN model with adaptive time steps
4.2.1 Introduction

In various applications, such as nance [GA12] and healthcare [Che+15], the time series
are often measured atirregular time stamps and exhibit non-stationary patterns. This
presents a signi cant challenge for modeling and forecasting such time-series data. In this
work, we treat the data as a sequence of ordered observations from an unknown underlying
continuous-time process, sampled at discrete time points. Recurrent Neural Network (RNN)
[RHW8E] is frequently employed to model such sequential data. This work proposes to use
an RNN-based model with a neural Ordinary Di erential Equation (ODE) [Che+18] to t
time series data.

When handling time-series data with abrupt changes, such as sudden spikes, classical
neural ODE approaches need to select su ciently small time steps to model these regions
accurately. However, most of the time horizon typically exhibits slow-varying, less steep
trends that are relatively at over time. Some examples of time series with abrupt spikes
are shown in Figure 4.6, illustrating a spectrum ranging from continuous time series to
discontinuous time series, such as counting processes.

To train the neural ODE for data with non-stationary patterns more e ectively, we
propose an approach that employsadaptive time stepm the neural ODE model, which we
refer to asRNN-ODE-Adap. The model adaptively selects the time steps based on the local
variation of the time series, enabling it to capture underlying trends with potentially fewer
steps. Our numerical experiments showed that, compared to other baseline models that use
regular time steps,RNN-ODE-Adap could achieve higher prediction accuracy with similar
or lower time complexity.

The contribution of the work is summarized as follows.

» Based on a neural ODE model characterizing the dynamics of hidden states, we

propose an algorithm to construct adaptive time steps, which assigns re ned time

steps to data around spikes while using rough time steps for data in at segments.
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FIGURE 4.6: lllustration of spike-like time series. The crosses denote the discretely sam-
pled time steps, which can be irregular. In the left panel, the subsequences enclosed with
the orange, yellow, and green brackets represent the (training or testing) windows gener-
ated from this sequence.

This can signi cantly reduce the computational cost in the training process with little
impact on the modeling performance.

« We provide theoretical insights into the approximation guarantee of the RNN-ODE
model that illuminates the bene ts of adaptive time steps.

* We conduct numerical experiments on both synthetic data and a real-world time-
series data set to demonstrate the advantage of the proposed algorithm in terms of

both modeling accuracy and computational e ciency.

4.2.1.1 Related Works

Neural ODE. Ourwork is closely related to the neural ODE [Che+18] model, which param-
eterizes the derivative of the hidden state using a neural network. In [Che+18], a generative
time-series model was proposed, which takes the neural ODE as the decoder. Furthermore,
[RCD19] proposed a non-generative model with continuous-time hidden dynamics to handle
irregularly sampled data based on [Che+18]. Compared with existing works related to neu-
ral ODE [RCD19; Weil7; Zha+19; Don+20; Lu+18; Kid+20a; Mor+21; HP20; GLF21], we
model the ODE that determines the progression of hidden states by including the data itself
in the derivative of the hidden state. In contrast to existing works on non-stationary envi-
ronments such as the piecewise-constant ODE [GLF21], our work proposes to use adaptive

time steps to automatically adapt to sparse spikes in the time series without pre-de ning
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the time period for each piece of ODE.

Neural CDE. We note that the Neural Controlled Di erential Equation (CDE) [Kid+20b]
also incorporates the observations into the model continuously. Speci cally, the hidden

3

states in [Kid+20b] follow the CDE h(t) = h(tg) + to fq(h(s)) dXs, where the integral is a

t
Riemann-Stieltjes integral. We would like to emphasize some key di erences between model
(4.5) and Neural CDE. The Xs in Neural CDE is the natural cubic spline of t (x(t;),tj)u,
and fq : R% N R% (O*1) where dy, is the number of hidden units and D is the data
dimension. Thus, for the same number of hidden units, Neural CDE requires a more
complex parameterizedf, to model h(t). Moreover, sinceXs is obtained by cubic spline,
it is less naturally adapted to the prediction task that requires extrapolation to the time
stamps not seen when computing the spline. Therefore, it is hard to evaluate the prediction

performance of Neural CDE, and thus, we defer the evaluation under the Neural CDE

setting for future work.

Continuous-time RNNs. Our model belongs to the extensive family of continuous-time
RNNSs, originating from [Ros62]. Several existing studies explore various RNN architec-
tures, such as [Cha+19; KZS20; Eri+21; RM20; KS21] These RNN models leverage their
structures to address the exploding and vanishing gradient problem. Our model also adopts
a continuous-time ODE framework for time series data, and the proposed adaptive time
stamp selection method can be viewed as e ectively reducing the length of the discrete
sequence when a signi cant part of the process changes slowly. Meanwhile, our approach
can also be used concurrently with the methodologies such as in [Eri+21]. As the focus of
our work is to model the spike-like time series data, the combination of our model and
the existing continuous-time RNN models can further improve the e ciency when applied

to such data.

Time adaptivity. Previous studies have investigated the incorporation of time adaptivity in
continuous-time RNNs, such as GACTRNN [HAN20], TARNN [KS21], and LEM [Rus+22].

In these works, time adaptivity was incorporated by multiplying the ODE with an adap-
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tively learned time modulator, usually parametrized by another sub-network. In contrast,
our method adaptively selects time steps during the preprocessing phase, where the se-
lection process only relies on the steepness of change of the time series data. Therefore,
the proposed model does not involve the training of a sub-network for the time modula-
tor as in the previous models, which may incur an increase in model size and additional

computational costs.

4.2.2 Method

We state the general parametrized continuous-time ODE model with hidden states for
time-series data in Section 4.2.2.1. Following this, we describe the training process given the
time discretization of this continuous-time model using discrete time grids in Section 4.2.2.2.

In this study, we model the continuous-time system using a one-layer RNN structure.

4.2.2.1 Continuous-time ODE with hidden states

We begin by presenting the continuous-time ODE model for the observationsx(t),t P
[0, T]u, which serves as the ground truth in our analysis. We model the observation at
time t, x(t), as a function of the hidden valueh(t), and model the hidden dynamics oh(t)

following the previous continuous-time RNN neural-ODE approaches [Cha+19; Eri+21]:

hi(t) = f(h(t), x(t); ), (4.5)

where f is a function parameterized by g,. The model (4.5) incorporates the observed
incoming time series datax(t) as an input to f, which is crucial for handling non-stationary
data dynamics. This is because the hidden staté(t) in (4.5) encodes the historical data,
enabling x(t) to be time-inhomogeneous.

The time evolution of the observed seriex(t) is modeled by another functiong that

maps the hidden valueh(t) to x(t) as

x(t) = g(h(t); ), (4.6)

where g is called the output function parameterized by gq. Our goal is to recover the

unknown functions f and g from data observations.
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4.2.2.2 Adaptive time discretization and training objectives

In practice, data are collected at discrete time stamps determined by a speci ¢ sampling

pattern. Given the time horizon [0, T], suppose that we havek(™) training windows, with

the k-th window denoted asx (M = tx(MR (™) xR (THyy Here, the time
steps are allowed to beneterogeneousr di erent training windows.
We learn the model (4.5)(4.6) parameterized by parametersQ = tq,, ggu using the
mean-squared regression ldaaction
KM N

L (Q, tX(Tr K) uL(iT;-)) - > 7 })Q(Tr K) (ti(Tr ,k)) X(Tr K) (ti(Tr vk))}thi(Tf K ti(Trlyk)lv (47)
k=1i=1

where (¥ (t) is the output of the model (4.5)-(4.6), conditioned on all past observation,

under parameter Q, and thr 9

is the initial time stamp added for each window. In our
experiments, we adopt the forward Euler scheme to obtaik(K (t) due to its better stability
than higher-order schemes when dealing with data dynamics that exhibit steep changes, but
our proposed method can also potentially be extended to higher-order di erential schemes.

More speci cally, we note that the time di erence term |ti(Tr‘k) ti(Trl’k)

| in (4.7) ensures
that the empirical mean-squared error losg4.7) matches the ", loss for function estimation.
This term will be important to balance the tting errors among time intervals with di erent
time steps. This term would be necessary for the proposed scheme with adaptive (non-
uniform) time steps. In our numerical examples, we also performed an ablation study

regarding this term to demonstrate its necessity; see Figure C.8 in Appendix C.3.3 for an

example.

Neural ODE for RNN parametrization. A common approach is to model the functionsf
and g in (4.5)(4.6) as neural networks, which can be designed with exible architectures.
This design results in what is known as an RNN Neural ODE model. Given observed time
series datax(t), we can numerically solve(4.5) to obtain the hidden state valuesh(t) at

any time by existing rst-order or higher-order schemes, and the back-propagation can be
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FIGURE 4.7: lllustration of regular and adaptive time steps from spike-like time series.

computed by the adjoint method [Pon87; Che+18], and then predict the value ofx(t). In
this study, we choosef and g as one-layer neural networks, though the architecture is not
restricted, and any continuous-time RNN structure can be employed. Additionally, when
using the forward Euler scheme, the discrete-time dynamic dfi(t) (after incorporating the
time step into the network function f) becomesh;+; = h; + f(hj,q), which recovers the

structure of Residual networks [RHW85; HBB21].

Adaptive time steps. In this work, we study the adaptiveconstruction of time steps based
on the evolving characteristics of the data sequence. Our approach is motivated by the
observation that larger time steps are su cient in regions where the time series is relatively
stationary, whereas more re ned time steps are necessary in regions with spikes. An illus-
tration is provided in Figure 4.7, where the left and right panels compare regular time steps
with adaptively selected time steps for a time series that has steeper changes in certain
regions. In the following sections, we aim to analyze the theoretical bene ts of using adap-
tive time steps, providing practical guidance for selecting appropriate time steps in various

scenarios.

4.2.3 Theory

In this section, we provide the approximation error guarantee of the RNN-ODE model,
revealing the bene t of adaptive step size under the continuous-time setting (Section 4.2.3.1)

and time discretization (Section 4.2.3.2). All proofs can be found in Appendix C.2.
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4.2.3.1 Approximation of the continuous-time model

For theoretical generality, we consider the continuous-time procesg(t) P RD* satisfying

hi(t) = f(h(t),x(t)), y(t)= g(h(t)), h(0)= ho, tP[O,T], (4.8)

where x(t) P RP is the observable input data andh(t) P R% is the underlying hidden
process with initial value hy. Taking y(t) to be x(t) reduces the model to the cas€4.5)
(4.6) considered in the other parts of the work. In this subsection, we establish the uniform
approximation to y(t) by continuous-time RNN-ODE model without time discretization
(Theorem 4.2.3). Subsequently, in Subsection 4.2.3.2, we further take into account the
discrete-time scheme and obtain the approximation on a time grid (Theorem 4.2.5).

Speci cally, we will use neural networkfunctions f, and gr , parameterized by the network
weights g and f, to approximate the functions f and g, respectively. We provide the
function approximation guarantee in Lemma 4.2.1. We rst state the following technical

assumptions.

Assumption 4.2.1. (A1) The observed process:0,T] N [ 1,1]° is Lipschitz continuous
over t; The hidden process [0, T] N [ 1, 1]%.

(A2) The function f:[ 1.1,1.9% [ 1,1° N R%, (h,x) bNf(h,x) is Lipschitz continuous
with respect to botlh and x.

(A3) The functiong: [ 1.1,1.9% N [ 1,1]°", h pRg(h) is Lipschitz continuous.

We let Ly denote the global Lipschitz constant ofg on [ 1.1, 1.9%. For f, both global
and local Lipschitz constants on the domain[ 1.1,1.4% [ 1,1]° are used. More detailed
de nitions of these constants will be introduced in Lemma 4.2.1 (for the global constant)
and Theorem 4.2.3 (for the local constant).

The next lemma directly follows by applying [Yarl7] to the case wheref and g have

rst-order regularity (Lipschitz continuity). The proof is given in appendix C.2.1.

Lemma 4.2.1. For anyey, g j O, there exist neural networks,,fgr such that

max H(h,x)  fy(h,x)}, €, max g(h) gf(h)2 €y (4.9)
hP[ 1.1,1.9% xP[ 1,1]P hP[ 1.1,1.9%
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and
+ fqhas qin %f + Ind, + 1) layers and @(C;/ e;)%* P(In %’ + Ind, + 1)) trainable pa-
rameters.
« g hasQIn g—s + In D+ 1) layers and @(Cgy/ €g)%(In g—gg + In D+ 1)) trainable param-
eters.
The constants in big-O may depend onD* and d,. Here G := maxtL"" LT* M;u, where
M = SUp e 122.4% [ 190} (M%)} and L"h LTX denote the Lipschitz constant of f on
[ 1.1,1.9% [ 1,1]° (see formal de nitions if{C.6) in the proof of Lemma 4.2.1 in Appendix

C.2.1). G = maxtLg, Mgu, and Mg = SUPpp 1.1,1.1% }a(h)}.

Given x(t) on [0,T], let hyn (t) be the solution to the hidden-process ODENY, (t) =

fq(hnn (1), x(t)) from hyy (0) = ho. This leads to the output processyny (t) de ned by
hin (1) = fo(han (1), (1), yan (1) = g (un (1)), han (0) = ho,  tP[O,T].  (4.10)

The approximation of yyn (t) to y(t) will be based on the approximation of f; and g,
which calls for the regularity condition of the system (4.8).

For the spike-like data, the majority of the regions are slow-varying, with the spikes
occupying only a minor part of the whole interval [0, T]. Thus, the whole interval [0, T]
may be partitioned into two disjoint sets D; and D,, each of which consisting of unions
of disjoint intervals in [0,T]. To characterize this partition more precisely, we de ne the

constants related to an interval in [0, T] as follows:

De nition 4.2.2. For aninterval[s,t] € [0, T], we rst de ne the domains B BX as
B":= (h([s,t])+ B™) € [ 1.1,1.9%, B*:=(x([st])+ BP)X[ 1,1°, (4.11)

withr = 0.1, and E;d“, BP represent balls with radius r ilR%, RP respectively. Then, we de ne

f(h f(h
LEéT] = sup sup Hhex) € Z’X)},
' XPBX hy h,PBN thy  hoy}
L[fs”t(] = sup sup Hh,x1) f(h’XZ)}, (4.12)
' hPBh X1,X2PBX X1 X2}
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FIGURE 4.8: Demonstration of the domains B* and B" de ned as in (4.11) for the time
interval [s,t] (hered, = 2,D = 1). The domains D1 and D5 that correspond to slowly and
fast varying regions are colored in orange and blue, respectively.

as the local Lipschitz constants of f within the domath BB, and

[fs,t] = sup }f(h,X)}o (4.13)
(h,x)PBh Bx

M

For the domains B" and B* de ned in (4.11) refer to Figure 4.8 for illustration. In
the de nition (4.11) the term h([s,t]) + Bl represents the Minkowski addition, which is
de ned as the setth; + hy, hy Ph([s,t]), h, P By, and x([s, t]) + BP is de ned similarly.

With the local Lipschitz constant de ned as above, we suppose that any time grid

f,h

[s1,t1] in D1 corresponds to a local Lipschitz constantL[sltl]

g Lgw. On contrast, if

f.h

[s2,t2] belongs to D,, the local Lipschitz constant Lo, Lo o]

=} Lhigh (Q Lf’h). Here,
D, is comprised of regions with slow variations, whileD, encompasses regions with sharp
changes, as demonstrated in Figure 4.8. It may often be the case th#iD,| is greater than

|D2|. Then, we de ne

1
L@v9) = f(LlowlDll + Lhigh[D2l). (4.14)

Following Lemma 4.2.1 and the partition described above, Theorem 4.2.3 below provides

the approximation results for the continuous-time processy(t) using (4.10)

Theorem 4.2.3. Under Assumption 4.2.1 and for(8'9) de ned as in(4.14) suppose;,eg i O
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andes satis es

T "Te, 0.1, (4.15)

and let §, gr be the neural networks satisfyirfd.9) (the model complexity is bounded as in Lemma

4.2.1), then

max }y(t) yww(t)} eg+ LgTe'-(avg)Tef. (4.16)
tP[0.T]

In (4.16) arbitrary desired accuracy can be achieved. Speci cally, for angtj 0, we can
choose
1 . # #
Texp(LE9T) min 0. 2 5
then the right-hand side of (4.16)is bounded by #

We observe that (4.16) can provide an improved bound because when the data have
sharp changes,Lnign (as the 8 -norm of the Lipschitz constant over time) can be large
while L9 = (Lo |D1| + Lpign|D2l)/ T (as certain L-norm of the Lipsthictz constant
over time) may stay at a smaller value. The partition D, Y D, re ects how adaptively
choosing grids may help improve the theoretical results, and this will be further explored
in the next subsection. Thereinx(t) will only be observed at a discrete time grid, which
can be adaptively chosen according to the local Lipschitz constants (see Theorem 4.2.5 for

more details).

4.2.3.2 Approximation under time discretization

We assume thatx(t) is only observed at discrete time gridsttiui’\i1 instead of on the
whole interval [0, T]. In this subsection, we will discretize the continuous-time RNN model

(4.10) by applying the forward Euler scheme to obtain(4.17) below.

han (6) = P (6 1) + Dtifg(han (6 1), (6 1)), Yan(t) = g (P (t)), i=1,....N,
(4.17)
whereDt; = t; t; ; and NN (0) = hg. Here,we follow the convention thattg = 0,tn+1 =

T. We will then bound the approximation error when using (4.17) to approximate the
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continuous-time processy(t) described in(4.8) on discrete time grids. The time grids can
be chosen adaptively, which will be detailed after the main theorem.
Before presenting the main result, we rst introduce the following local Lipschitz and

boundedness constants that will be used:

De nition 4.2.4. ForeachF 1,...,N+ 1, we de ne lrfh Lif’X and Mif asin(4.12)and(4.13)
respectively, where the intervpd, t] is taken adt; 1,t;]. We also de ne f as the Lipschitz con-

stant of Xt) ontP[t; 1,t;].

Compared to Theorem 4.2.3, Theorem 4.2.5 additionally accounts for the discretization
error from the numerical integration, providing an upper bound of the approximation error

using x(t) observed at discrete time grids.

Theorem 4.2.5. Under Assumption 4.2.1 and given a time gtit} ui’\il on [0, T] at which Xt) is
observed. Supposg, e i 0andey, Dt; satisfy
N
Texp(" L""Dt) e+ maxtmDtju 0.1, (4.18)
i=1 !
where

— f,h f f,X X
m = Lj Mj + Lj Li

and let §, gr be the neural networks satisfyir§d.9) (the model complexity is bounded as in Lemma

4.2.1), then

N
max}y(ti) Ynn(ti)} e eg+ LgT exp(’ Lif’thi) er + maxtmDtju . (4.19)

! i=1 !
The condition (4.18)in Theorem 4.2.5 is imposed to guarantee that the numerically in-
tegrated hidden statest hyy (tj)u belong to[ 1.1,1.1%, so that the approximation results

in Lemma 4.2.1 are applicable. Theorem 4.2.5 focuses on the forward Euler method, while

the numerical integration scheme(4.17)can be extended to the multi-step explicit methods
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of higher orders (e.g., Runge-Kutta methods), given that the time grid selection appro-
priately ful lls the requirements of the integration scheme. For example, we may choose
tir1 ti=ti tj q for adjacent sub-intervals[t; 1,ti],[ti,ti+1] to apply the commonly used
RK4 method .

In (4.19) arbitrary desired accuracy can be achieved given thamax;tmDt;u is su -

ciently small. Speci cally, for any #i 0, suppose the time grids satisfy that

n *

1 #
maxt mDt;u o min 0.05, — (4.20)
P Texp( N,L""Dt) 3Lg
then, we can choose
" *
1 . # #
et TE— min 0.05 — , €& 3,
Texp( XL "Dt) 3Lg 3

to make the right-hand side of (4.19) bounded by # This also provides insights into the
utility of the adaptive steps for improving the model tting performance, which is re ected

in the last term, involving max;tmDt;u, in Eq. (4.19) Specically, time grids may be
selected such thatDt; is small if L} is great, indicating a steep change ix(t) for t P[t; 1,t;].
On the contrary, when the variation in x(t) is smaller, we employ largeDt; to reduce the

total number of required time grids.

4.2.4 Algorithm

We propose an algorithm for selecting adaptive time steps for training the ODE model
in Section 4.2.4.1. In Section 4.2.4.2, we discuss the computational complexity, particularly
focusing on the one-layer RNN-ODE model, which is utilized in the experiments. Finally,
we propose the evaluation metrics for assessing the performance of the general trained

models (Section 4.2.4.3).
4.2.4.1 Adaptive time steps

Given discrete time grids, we propose an algorithm to construct adaptive time steps,
summarized in Algorithm 1. This step serves as a preprocessing step, where the selected
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FIGURE 4.9: lllustration of adaptive time steps resulted from Algorithm 1. In this example,
N = 8 and L = 2; three samples are removed in phasel = 1, and one sample is removed
in phase | = 2.

steps are subsequently utilized for training the model4.5)(4.6). The intuition behind the
proposed algorithm is to assign longer (rough) time intervals during time regions where the
time series is slowly time-varying (such as at curves), while assigning shorter ( ne) time
intervals during those regions with spikes (highly non-stationary and fast time-varying
regimes). For constructing the adaptive time stamps, we assume the initial time grid is
su ciently ne and adopt a dyadic-partition type algorithm to be detailed as follows.

Given a raw (discrete-time) training window x(tg), X(t1), ... ,x(tn) sampled at the nest
level of the time stampsO0 o tg ty @ T. For simplicity, below we write it as
X0, X1, X2, . . .,XN- Without loss of generality, we assumeN is a power of two. We rst
de ne a monitor function M( ) that measures the variation of the sub-sequenckx;, . . . XU,

i j. In this work, we mainly adopt the maximum variationde ned as

X X
M(tx;,...,x;u) := max M

) 421
i+ 1o ko j |tk tk 1| ( )

which captures the maximum variation among any two adjacent time stamps. Here, we
may also choose , norms for any p ¥ 1.

We then screen from the nest level of time grids and adaptively merge neighbor-
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