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Abstract

Lindblad equations, since introduced in 1976 by Lindblad, and by Gorini, Kossakowski,
and Sudarshan, have received much attention in many areas of scientific research. Around
the past fifty years, many properties and structures of Lindblad equations have been discov-
ered and identified. In this dissertation, we study Lindblad equations from three aspects: (I)
physical perspective; (II) numerical perspective; and (III) information theory perspective.

In Chp. 2, we study Lindblad equations from the physical perspective. More specifi-
cally, we derive a Lindblad equation for a simplified Anderson-Holstein model arising from
quantum chemistry. Though we consider the classical approach (i.e., the weak coupling
limit), we provide more explicit scaling for parameters when the approximations are made.
Moreover, we derive a classical master equation based on the Lindbladian formalism.

In Chp. 3, we consider numerical aspects of Lindblad equations. Motivated by the
dynamical low-rank approximation method for matrix ODEs and stochastic unraveling for
Lindblad equations, we are curious about the relation between the action of dynamical low-
rank approximation and the action of stochastic unraveling. To address this, we propose
a stochastic dynamical low-rank approximation method. In the context of Lindblad equa-
tions, we illustrate a commuting relation between the dynamical low-rank approximation

and the stochastic unraveling.

v



In Chp. 4, we investigate Lindblad equations from the information theory perspective.

We consider a particular family of Lindblad equations: primitive Lindblad equations with

GNS-detailed balance. We identify Riemannian manifolds in which these Lindblad equa-

tions are gradient flow dynamics of sandwiched Rényi divergences. The necessary con-

dition for such a geometric structure is also studied. Moreover, we study the exponential

convergence behavior of these Lindblad equations to their equilibria, quantified by the

whole family of sandwiched Rényi divergences.
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Chapter 1

Introduction to Lindblad equations

The open quantum system studies the interaction between a primary system of interest
and a bath system (also known as the environment). Its study plays a significant role in
the development of quantum chemistry, quantum optics, quantum information theory, etc.
Many interesting models in open quantum systems include Jaynes-Cummings model [132],

spin-Boson model [22], molecular electronics [76], Anderson-Holstein model [5,57, 86].

Typically, a fundamental challenge in studying open quantum systems comes from the
vast degrees of freedom of the bath. Therefore, an essential task in open quantum system
is to obtain a self-consistent dynamics only including the primary system of interest (in
other words, model reduction methods are employed to approximate a sizeable interacting
system). Among many self-consistent dynamics, some famous dynamics include quantum
master equation (QME) [22], quantum non-Markovian dynamics [21, 22], and Dyson’s
equation in the non-equilibrium Green’s function (NEGF) formalism [56].

Among various QMEs for open quantum systems, the Lindblad equation is perhaps
the most popular and widely studied dynamics. Its history dates back into 1976 when it

was firstly studied by Lindblad [98] from a functional analysis perspective, and Gorini,



Kossakowski, and Sudarshan [81] for N-level systems. Let us consider a continuous time-
parameterized semigroup (7P;):>o on the space of linear operators on a finite-dimensional
Hilbert space C" (namely, P; is a linear time-evolution operator in the Heisenberg picture).
If P, is completely positive (CP) and P;(L,,) = I, for any ¢ > 0, then this semigroup
dynamics P; is called a quantum Markov semigroup (QMS). A common and equivalent
definition of QMS is that the semigroup 7’; is completely positive trace-preserving (CPTP).
Denote the generator of the QMS by L, i.e., P; = et£ ! Tt is well-known that the generator
LT (the adjoint operator of £) must have the following form [81,98]

1
£Hp) = =ilH,p] + Y (LupLl = 5{LLLk:p}), (L.1)
k

and Lindblad equations refer to the following dynamics

pr =L (pr). (1.2)

In literature, the Lindblad equation is also known as the Lindblad-Gorini-Kossakowski-

Sudarshan (LGKS) equation or the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equa
tion. As a remark, Lindblad equations and quantum Markov semigroups refer to the same
type of dynamics and are used indistinguishably throughout this dissertation. In the above,

the Hermitian operator H is the (effective) Hamiltonian, L, are Lindblad operators, [-, | is

!Quantum master equations also have time-independent generators, while it might not satisfy the CP
condition. Therefore, QMS is a special family of QME.

2



the commutator, and {-, -} is the anti-commutator. Throughout this dissertation, the symbol
L is used as the generator in the Heisenberg picture, whereas its adjoint £ is the generator
in the Schrodinger picture; the same notation convention applies to the Redfield equation
for the symbol R'. Lindblad equations have been widely employed in or connect to many
areas of scientific research. For instance, quantum optics [38], superconductivity [93], dis-

sipative quantum computation [137], quantum thermodynamics [3].

As a remark, we would like to mention the classical analog of the Lindblad equation,
which is the Fokker-Planck equation for classical open systems. Consider an n-dimensional
Brownian particle under an external potential 9(x), where x € R™. A famous stochastic
dynamics to describe the motion of the Brownian particle is the overdamped Langevin

dynamics

dX; = —VY(X,) dt + V2dW,. (1.3)

In the above, the term —V 7 represents the force under the potential 7/, and the term dW;
represents the diffusion. The following Fokker-Planck equation describes the time evolu-

tion of the probability density function g, ()

Oror(x) = div (0i(2)VV(x) + Vo (2)) . (1.4)

—1v(x)

The unique stationary distribution is proportional to e . Therefore the Langevin dy-



namics (1.3) is often used in the Monte Carlo sampling of log-concave distributions e~"(*);

see, e.g., [49, 136]. Though there is no direct connection between the Fokker-Planck equa-
tion and the Lindblad equation above, as far as we know, these two equations resemble in
several ways. In Chp. 3, we shall discuss the numerical methods of these two equations un-
der the same framework; In Chp. 4, almost all results for Lindblad equations are motivated
by the results for Fokker-Planck equations. We will observe their relationship in details in

Chp. 3 and Chp. 4 below.

In this dissertation, we will discuss three aspects of Lindblad equations presented in the

following three chapters, respectively.

Physical perspective

In Chp. 2, we consider the (simplified) Anderson-Holstein (AH) model [5,57,86], used
for electron transport through molecular electronics in quantum chemistry. For the AH
model, the Redfield-type quantum master equation has been derived and studied in [62,
65, 66]; however, the Lindblad formalism has not. Therefore, one main result of Chp. 2
is to derive a Lindblad equation for the AH model under the weak coupling limit (see
Sec. 2.3 and Sec. 2.4). The primary approach is to use the time-convolutionless equation
formalism to obtain the Redfield equation (2.9) under the weak coupling limit (see, e.g.,

[22, 52]), and then apply the secular approximation to obtain the Lindblad equation in



both interaction picture (see (2.19)) and Schrodinger picture (see (2.10)). We notice that
Redfield and Lindblad equations are at the same level, and the condition for the secular
approximation is, in fact, a redundant condition, compared to the condition used for the
weak-coupling limit expansion. Moreover, we also study the semiclassical limit of the
resulting Lindblad equation in Sec. 2.5 and compare Redfield and Lindblad equations from

the perturbation theory perspective in Sec. 2.6.

Numerical perspective

In many scenarios, Lindblad equations have very high-dimension, and it is thus chal-
lenging to solve numerically. If the quantum system has the dimension n, then we need
O(n?) space at each time to store the (full) density matrix.

There have been extensive studies on stochastic unraveling methods (or say Monte
Carlo methods) for Lindblad equations since the last 90s; see, e.g., [25, 50,78, 120]: the
main idea is to find a stochastic process for wave functions v/; such that E[wtwj | solves the
Lindblad equation (1.2). Since then, these Monte Carlo methods have been adapted and
extended to Redfield equations [92], and non-Markovian dynamics [23, 104]. An alterna-
tive approach to achieve the model reduction is the (dynamical) low-rank approximation to
density matrices [91,95]. We use prr: =~ p; with moving basis, and the time-evolution dy-

namics of py . is given by projecting the exact (local) tangent vector to the tangent space



of a sub-manifold. In [96], these two ideas are combined to achieve further efficiency.

Though plenty of methods are known, one question is that when we apply both dynam-
ical low-rank approximation and stochastic unraveling method one after the other, can we
obtain the same resulting low-rank stochastic unraveling method? Motivated by this, we
propose a stochastic dynamical low-rank approximation (SDLR) method for general finite-
dimensional SDEs (see Sec. 3.2). Then we apply such a low-rank method to the stochastic
unraveling algorithm of Lindblad equations. Under certain conditions, we can indeed ob-
serve a commuting relation between the dynamical low-rank approximation method and
the stochastic unraveling method (see Sec. 3.5.2 for more details). As a remark, our SDLR
method is proposed in a general set-up and has broad applications beyond the purpose of

solving Lindblad equations; see Sec. 3.6 for more examples.

Information theory perspective

After the onset of information theory established by Claude Shannon in 1948 [131],
entropy has become a critical concept and tool to study both classical and quantum dynam-
ics. There are many examples of entropies, e.g., the relative entropy (also known as the
Kullback-Leibler divergence [94]) and Rényi divergences [125]. Information theory has
been developing rapidly, and it becomes a vast area of research; in this dissertation, there

are two relevant research topics: the first one is the (Wasserstein) information geometry,



and the second one is the entropy functional inequality.

Information geometry

The relation between the information geometric structure and the Fokker-Planck equa-
tion was disclosed in the celebrated work of Jordan, Kinderlehrer, and Otto [88]: they
showed that the Fokker-Planck equation (1.4) could be regarded as gradient flow dynam-
ics of the relative entropy for the Wasserstein metric. Since then, many classical dynamical
systems have been studied and are identified as gradient flow dynamics of certain entropies;
see, e.g., [29,63,64,100,115]. Due to its success for classical dynamics and the increasing
importance of quantum information theory, it is interesting to generalize such geometric
structures to quantum dynamics, which was initiated and developed by a series of works
of Carlen and Maas [35-37]. In particular, in [36], they identified a Riemannian manifold
such that primitive Lindblad equations with GNS-detailed balance are gradient flow dy-
namics of the quantum relative entropy. This also motivates the introduction of quantum
Wasserstein distance in the Benamou-Brenier formalism [15]; see discussions in Chp. 5.

Inspired by the importance of sandwiched Rényi divergences in quantum information
theory [141] and quantum thermodynamics [19], we try to extend the result of Carlen
and Maas in [36] to sandwiched Rényi divergences: in Thm. 4.2, we identify Riemannian

manifolds such that primitive Lindblad equations with GNS-detailed balance are gradient



flow dynamics of sandwiched Rényi divergences. The necessary condition for a Lindblad

equation to have a gradient flow form is also discussed in Thm. 4.24, which extends [37,

Thm. 2.9].

Functional inequalities and exponential convergence

Apart from the geometric interpretation of dynamical systems, another important ques-

tion is to quantify their long-time behavior. The entropy production method [8, 16,20, 67,

109, 133] assisted with the famous log-Sobolev inequality (LSI) (see, e.g., [11,53, 82-84,

114,122]) has been a well-known technique to establish the exponential convergence to the

equilibrium for various Markov semigroups. It is natural to consider their generalization

in the quantum region. In [36], a quantum LSI based on the entropy production is used

to prove the exponential convergence of primitive Lindblad equations with GNS-detailed

balance. See, e.g., [51, 123] for more about quantum functional inequalities.

In Chp. 4, we introduce the quantum «-LSI, and in Thm. 4.7, we prove the exponential

convergence of primitive Lindblad equations with GNS-detailed balance to their equilibria,

quantified by sandwiched Rényi divergences. We remark that such an exponential con-

vergence behavior of primitive Lindblad equations under sandwiched Rényi divergences

was also studied in [107]. Our results differ from theirs in the sense that we consider the

long-time behavior, and they consider the global contraction of quantum states.
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Chapter 2

The Lindblad equation for the
Anderson-Holstein model

2.1 Introduction

Multi-level open quantum systems have received much attention due to their broad
applications and intriguing phenomena [72,76,77]. One of the simplest models is perhaps
the Anderson-Holstein model, a two-level open quantum system [5, 86]. The Anderson-
Holstein model is a simplistic model for a molecule as the system of interest, represented
by a classical nucleus degree of freedom and a two-level electronic degree of freedom,
coupled with a bath of Fermions, for instance, a reservoir of electrons. In this chapter, the
simplified version of the Anderson-Holstein model discussed in [57] is used as an example
for illustrating purpose, which will be explained in more detail in Sec. 2.2. The goal is
to understand the approach of quantum master equations, in particular, the Lindbladian
formalism, for such systems in the weak-coupling limit and also to study the semiclassical
limit of the quantum master equations. Our study here should generalize to other multi-
level open quantum systems.

The Anderson-Holstein model has been widely studied via various theoretical and nu-

This chapter is prepared based on [27].

11



merical approaches, for instance, the Green’s function approach [75, 124], equation-of-

motion method [73,74], quantum Monte Carlo method [106], semiclassical approximation

[102,103], non-crossing approximation [41], and quantum master equations [57-60,62, 65,

66]. From the perspective of the quantum master equation, which is mostly related to the

current work, the quantum master equation in the Redfield flavor for the Anderson-Holstein

model has been derived in [62, 65, 66]. The semiclassical limit of the Redfield equation,

known as the classical master equation (CME), has been considered in [57], which also

proposed a numerical method based on the surface hopping. The CME perspective has

then been used to study various physical aspects of the Anderson-Holstein model, e.g.,

broadening, Marcus rate [58—60]. In all these works, the focus has been on the Redfield

equation (or Redfield generator). As far as we know, for the Anderson-Holstein model, not

much attention has been put into the Lindbladian formulation nor its semiclassical limit,

which are the focuses of this chapter.

Recall that the Hamiltonian can fully characterize closed quantum systems; its time-

evolution dynamics is characterized by the Schrodinger equation (or the von Neumann

equation if we are dealing with density operators). In the framework of the quantum mas-

ter equation, open quantum systems can be precisely described by the Nakajima-Zwanzig

equation with the assistance of a projection operator to a subspace, in which density opera-

tors for the closed system are separable [22]. However, in general, it is not easy to retrieve

12



useful information, neither analytically nor numerically. This difficulty is attributed to the

memory effect in the Nakajima-Zwanzig equation. It is, of course, critical to research on

non-Markovian dynamics; many questions in non-Markovian dynamics are still open, and

the mathematical foundation requires further investigation [21]. Often, we take Markovian

approximation to simplify the governing equations, which is a valid approximation in the

weak coupling regime; see, e.g., [52].

The Markovian approximation yields the Redfield equation using the time-convolutionless

(TCL) projection operator method in the weak-coupling limit [22]. Furthermore, with the

secular approximation, the Lindblad equation can be obtained from the Redfield equa-

tion [22]; the Lindblad equation possesses better mathematical properties such as complete

positivity [98]. The essence of the secular approximation is to approximate fast oscillating

terms by zero in the sense of averaging on a coarser time scale. This chapter aims at study-

ing both the Redfield equation and the Lindblad equation for multi-level open quantum

systems as well as their semiclassical limit, in the context of the Anderson-Holstein model.

For these two equations, we obtain the classical master equations (CME) and Lindbladian

classical master equations (LCME) in the semiclassical limit. The relations of various

models and the asymptotic limit connecting those are summarized in Fig. 2.1.

It is worth mentioning that there is a debate in the literature on which equation better

models the open quantum system, especially when the coupling between the system and

13
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Figure 2.1: This diagram summarizes the conditions needed for approximation and con-
nections between various models. The non-dimensional parameters ¢ and € will be intro-
duced in Sec. 2.2.

the bath is not weak. The underlying discussion focuses on whether complete positivity
is necessary for modeling open quantum systems. At least two arguments are supporting
the complete positivity in quantum systems: the first one is from the perspective of “total
domain”; the second one from “product state” [101]. What is more, one recent research
indicates that the lack of complete positivity renders the Redfield equation to be inconsis-
tent with the second law of thermodynamics [7]. Some, however, criticize that we might
over-emphasize the importance of complete positivity in modeling open quantum systems.
Pechukas proposed that for a composite quantum system with an entangled initial con-
dition, the positivity property might not hold for the reduced dynamics [119]. Shaji and
Sudarshan argued that complete positivity is not necessary by carefully examining argu-
ments supporting complete positivity [129]. Negativity, as opposed to positivity, is not
only observed in experiments but also can be informative to the coupling with the bath
[101]. In our study on the Anderson-Holstein model, imposing complete positivity (and

thus Lindblad equation) should be justified as we only consider the weak-coupling regime.

14



In particular, as will become apparent in our analysis, under the same assumption used in
deriving the Redfield equation, the secular approximation for getting the Lindblad equation

is, in fact, also justified; hence, the use of Lindblad equation is natural.

In this chapter, we consider the Anderson-Holstein model in the weak-coupling and
semiclassical limits. Under the assumption that the coupling strength is weak, we first
revisit the derivation of the Redfield equation in Sec. 2.3, and then derive the Lindblad
equation in Sec. 2.4. The semiclassical study of both equations is discussed in Sec. 2.5.
The perturbation analysis of both equations is presented in Sec. 2.6. Finally, Sec. 2.7

summarizes the main results.

2.2 Anderson-Holstein model

The Anderson-Holstein model under study here describes a two-level system coupled
with a bath of many non-interacting electrons (or in general spin-1/2 Fermions). For in-
stance, the two-level system can be thought of as a simplistic model for the nuclei degree
of freedom of a molecule with two potential energy surfaces depending on the electronic
state of the molecule. For simplicity, in the Anderson-Holstein model, the two-level system
is in one spatial dimension. One of the potential energy surface is taken to be a harmonic
oscillator with frequency w;. The potential difference U(x) is chosen as a linear function of

the nucleus position, and thus the other potential surface is also a harmonic oscillator with
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shifted center and energy [86]. More specifically, the Hamiltonian for the whole system is

H=H,+ H, + H.,

p* 1
H, = o - EmeXQ + u(x)d'd,

2.1)

Hy = (Ex — jur)ckes,
k

HC = Z Vk(CLd + deT),
k

where we follow the notation of [57]: d and d' are the annihilation and creation operators
for the two-level electron state of the molecule, c; and CL are the annihilation and creation
operators for electron states in the bath, F is the energy level of those states, 4 is the
Fermi level, and V/, is the coupling strength between the molecule and the k-th mode in the
bath, assumed to be real. The Hilbert space corresponds to the molecule is thus L*(R) ®
C? = L*(R) @ span{|0), [1) }, so that we have d|1) = |0) and df|0) = |1). Thus in (2.1),
Hy is the Hamiltonian operator of the “system”, H}, is the Hamiltonian of the “bath”, and
H. describes the coupling between the system and the bath. The goal is to understand the
evolution of the system as an open quantum system (i.e., integrate out the bath degree of

freedom). The above is a simplified version of the original Anderson-Holstein model as

(i) only one electron is considered for the molecule, and thus the model excludes the

Coulomb interaction between electrons of the molecule;
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(1) the molecule is coupled to only one electrode, and thus only one Fermi level pi4 is

used for the environment.

Remark. In the literature, e.g., [103], sometimes the term “single-level” is used for the
above system to emphasize that there is only one on-site electron. We have adopted here the
term “two-level” to emphasize that the Hilbert space for the molecular system is L*(R) ®

span{|0), |1)}, and the second component has dimension 2.

To proceed, let us non-dimensionalize the problem according to the following rescaling:

(i) Denote ¢ as the characteristic length scale of x, the position degree of freedom of the

system, i.e., if we take x = (Z, & becomes a dimensionless quantity with order O(1).

(i) As a consequence, the scaling factor for the molecular energy is E = mw?¢%. We will
use E as the scaling factor for all physical quantities whose dimension is energy (thus

including all terms in the Hamiltonian).

(iii) Denote T as the time scale of the evolution of the system. Thus, ¢ = Tt where
t = O(1). Physically, it is reasonable to choose T = wi [130], since this is the time

scale of an isolated harmonic oscillator with frequency w;.

(iv) As both hw, and E have the energy dimension, the ratio

g

m
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v)

is a dimensionless quantity. In our analysis of the semiclassical limit of the system,

we will assume that € is the small parameter.

Let V be the typical interaction strength with dimension as energy, i.e., we assume

Vi, := Y& = O(1). The ratio of V and E

ml <

is dimensionless. Weak-coupling limit refers to the case V < E (hence, ¢ | 0):
physically, the coupling between the bath and the system is weak, compared to the

typical energy scale of the system. Note that by the above rescaling, we have

After performing the above rescaling, the non-dimensionalized Hamiltonian becomes

Hnon = Hs,non + Hb,non + ch,nona

1 1 -
Hy pon = _§EQV§ + 5# + a(x)d'd,

Hb,non = Z(Ek - /fT)CLCka
k

Hc,non = Z ‘Zc(cld + deT)a
k

'U(.Z‘) [ Ej

where U(Z) = =X, B, = =, and 1y = EZ. Moreover, the von Neumann equation
E E F E
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becomes

ie@gp = [Hnom p] )

where p is the density operator for the closed system.

To simplify notations, by dropping “tilde” and “non”, and shifting the energy reference

to replace Iy, — pg by L), we arrive at the Hamiltonian

H = H,+ H, + CH,,

1 1
H, = —§e2vi + 5:(:2 + u(r)d'd,

(2.2)
Hb = Z EkCLCk,
k

H,=> Vi(cjd + cxd') =: C'd + Cd'.
k
Here, U(x) is a linear function of the position = with the form (the reason of the specific

choice of parametrization will become clear below)

U(z) = V2gr +g° + U,

where 7 is known as the renormalized energy, and the weighted annihilation operator C

1s defined as

C:= Z Vka.
k
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The evolution of the density operator is given by the von Neumann equation
iedyp = [H, p). (2.3)

All quantities in (2.2) and (2.3) are dimensionless, and parameters V}, and E}’s are O(1).
In summary, after non-dimensionalization, the model contains two scaling parameters e
and ¢, corresponding to the semiclassical parameter and the coupling strength, respectively.
In the rest of the chapter, we will consider the weak-coupling limit and the semiclassical
limit. In the weak-coupling limit, we have ¢ | 0, which leads to Redfield and Lindblad
equations for fixed ¢, while the semiclassical limit means € | 0; see Fig. 2.1 for an overview.
Notice that
1

1
Hy = (0|H,|0) = —§E2Vi + 5:172

is a Hamiltonian for a single harmonic oscillator. It is well-known that it has eigenfunctions

x x
O =N) Hy (%) exp (—2—6) , k eN,

where Hy, is the k-th Hermite polynomial and N{ is the normalization constant. The corre-

sponding eigenvalue is e(k + 1). Similarly,
1,0 1 9 -
Hy = (1]H,|1) = € Vet glot V2g)* + Uy
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has eigenfunctions ¢}, = ¢ (x + \/§g) and corresponding eigenvalues €(k + %) + Uy. Note
that this explains the specific parametrization of the linear function ?(x) above. To keep
notations and calculations simple, we only consider the Anderson-Holstein model with the

renormalized energy U, = 0. The extension to the general case is straightforward.

2.3 Revisiting the derivation of the Redfield equation

The derivation of the Redfield equation has been well studied and presented in, e.g.,
[18,22,62]. Physically, the Born-Markov approximation is the key to reduce the dynamics
of the closed system to a Markovian dynamics of the primary system only. In this section,
we will revisit the derivation for the Anderson-Holstein model to set the grounds of our
discussion below, using the time-convolutionless equation (TCL) approach following [22,
Chp. 9]; we will borrow notations from this reference as well. For fixed ¢, we consider the
weak-coupling limit below, that is, ¢ | 0, while € stays fixed. Hence, 1 := % 4 0.

In open quantum systems, it is often more convenient to use the interaction picture (for
the uncoupled system and bath), in particular in the weak-coupling limit, since it removes
the effect of the fast motion (due to H, + H) from the slow motion (due to (H.). The

operator in the interaction picture is defined as

O1(t) := e HeHHt Q=L (Hat Ho)t,
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The von Neumann equation in the interaction picture is

S or(t) = i [Hea0), p1(1)] =2 w0 pr(1), (2.4)

where we have introduced
L(t)(-) == —i[He(t), -] 2.5)
as a super-operator acting on density operators. By explicit calculation, we have
Hes(t) = C}(t)ds(t) + dj(1)Ci(t),

where

di(t) = eftde™ ™ and  Cy(t) =Y Vie Py,
k

For any trace-class operator A, defined for the whole closed system, we define a pro-

jection operator P by

P(A) = TI'b<A) & Pb.eq>

where Tr,(+) is the partial trace over the bath degree of freedom, py., := e P /7, is
the density operator of the electron bath at thermal equilibrium, with § = kBLT (inverse

of the rescaled temperature), and Z,, is the partition function. This projection operator P
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disentangles the system and the bath, and replaces the bath by the thermal equilibrium. This
is a core ingredient in the Born approximation, whose physical reasoning can be found in
[18, p. 276]. We also define its orthogonal complement as Q := Id —P. For a given density

matrix p;(t), Ppr(t) is known as the relevant part, and Qp;(t) the irrelevant part.

We may formally write down the solution to (2.4) using Green’s function as
pi(s) = G(t,5)ps(t) = G(t,s)(P + Q)ps(t),  (fors <), (2.6)

where G(t,s) := T, exp (—7] fst ds' L(s' )) and 7., is the anti-chronological time or-
dering operator. On the other hand, applying the operator Q to (2.4) gives a differential

equation

%Qp](t) = nQL(t)Pps(t) + nQL(t) Qps(1).

By introducing the propagator G(t,s) := T, exp (77 f; ds" QL(s )), where T is the

chronological time-ordering operator, we could derive that

% (G(t, 5)Qpi(s)) = nG(t, s) QL(s)Ppy(s).

For fixed ¢, after integrating both sides for the variable s from ¢ to ,
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Qilt) = G110 (t) 4 [ s G(t.5)QL(s)Ppi (5

to

2 G(t,t0) Qpr(te) +1 / | ds G(t, s)QL(s)PG(t, s)(P + Q)pi(t)

to

= G(t,t0)Qpi(to) +X()(P + Q)p1(t),

where t, is the starting time of interest, and X(¢) := 7 ftto ds G(t,s)QL(s)PG(t, s). As-
sume that at time ¢y, the bath is at thermal equilibrium, and the density operator p;(to) is

separable, i.e., pr(to) = ps.1(to) @ ppeq- Then Qpy(ty) = 0, and hence we obtain
Qpr(t) = (Id = (1)~ 2()Ppr(t),

if Id—X(¢) is invertible, which is the case, for instance, when 7 is so small that || X(¢)|] < 1.

We may also apply the operator P to (2.4) and get

S Por(t) = iPLUYPi(1) + nPLIQpi 1)
= yPL(H)Ppy (1) + yPL()(1d — (1)~ S(t)Ppu (1)
= yPL()(1d = £()~ Ppr(t)

= (PLOP 4 PLE) [ ds QLR )or(t) + O

to

In the last step, we perform the asymptotic expansion with respect to 7. It could be easily
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verified that PL(¢)P = 0 from the definition of L (2.5). The leading order expansion is

d

GPp =1 [ s PLOLGIPorD)

After replacing L by its definition (2.5), we arrive at

Cpurlt) = - (Q)T( [ [ B0 B ), pos) 2 1))

to

The leading order expansion of % ps.1(t) is the same as applying the Born-Markov approx-
imation to the von Neumann equation directly. Change the variable 7 = ¢t — s and push ¢,

to approach —oo, then the last equation becomes the Redfield equation

)= - (§>2Trb ( /0 "7 [Ho0). [Hoslt = ) poat) @ pb,eq]D NCN)

€

There are two formal justifications for pushing ¢, to —oo: if {; = —o0, the dynamics does
not depend on the initial condition; moreover, if the system evolves from a long time ago,

we may as well consider {5 = —oo.

After opening the double commutator and simplify the equation, we arrive at

%ps,mt) =— (ﬁ) /0 Car [d(t),d}(t — 7)psr(t)] F(t,t —7)

€

(2.8)
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where time correlation functions

F(t,t) :=Tr, (C}( YCr () py eq> Z V2 exp ( e(t —t )) fep (Ek),
G(t,t) i=Try (C1()CH(E)preq ) = ka exp( t—t)) (1 — frp(Ep)).

and where fgp(z) = 1/(1 + €?) is the Fermi-Dirac function.

Transforming (2.8) back into the Schrodinger picture, we end up with

d

et = —z [Hs, ps(t)] = (%)2/000 ar <

(de~ SHemdletHomp (1) — e HHrdie e p () (8, ¢ — 1) (2.9

+(ps(t)e Hrdfec 7 — dpy(t)e~ T dle )G (¢, t — 1) + h.c.).

This is the Redfield equation for the Anderson-Holstein model.

2.4 Derivation of the Lindblad equation

In this section, we aim at deriving the Lindblad equation for the Anderson-Holstein
model. The derivation of Lindblad equations from a microscopic point of view has been
studied for some cases, see, e.g., [22], though to the best of our knowledge, not for the

Anderson-Holstein model. In this section, we will show that under the previous condition
(<Ke, (K1,
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the Lindblad equation in the Schrodinger picture for the Anderson-Holstein model is

d ' 2
Sput) = L [H + 0]+ D011, 2.10)
with a Lindbladian corrected Hamiltonian
A =Y bp(w)D(w)Df(w) — bg(w)D' (w)D(w), @2.11)

wWEZ

and dissipative operator

P(pu(1) = S ar() (D (@)pa(1D(w) — 5 {D(@)D! (), pu(1)}

wWEZ

N———

(2.12)

+a6(w) (D@)p.(O)D! () - 5 {Dw)D(w), pu(1)} ).

The coefficients will be given in (2.20) below, and the operators D) (w) will be defined in

(2.13) below. Note that the above equation has the Lindbladian form as in (1.1) and (1.2).

2.4.1 An alternative representation of the Redfield equation

In the Anderson-Holstein model, it is natural to consider the eigenfunctions of Hj,
which form two energy ladders. The evolution of the system can be considered as quantum
jumping between different energy levels. Thus, the annihilation and creation operators
might be decomposed in terms of the numbers of energy levels that the system jumps.

Such a decomposition has been used to derive the Lindblad equation in [22, pp. 125-131].
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We shall use this technique to study both the Redfield equation and the Lindblad equation

below for the Anderson-Holstein model.

Definition 2.1. For each w € Z, define an operator
Dw)= > mYdny, (2.13)
K —k=

where H;m) is the projection operator to the quantum state |¢7") ® |m) = o7, m), m €

{0,1}, k, k' € N.

Recall that |¢]", m) is the eigenfunction of the Hamiltonian H discussed at the end of

Sec. 2.2. It is straightforward to know that the adjoint operator of D(w) is

Diw)= Y 1’ d' o
k'—k=w

This definition was used in [22] for a slightly different coupling Hamiltonian, but it is also
applicable here in the Anderson-Holstein model. It can also be checked that properties

proposed in [22] still hold.

Lemma 2.2. (i) D(w) and D'(w) are the eigen-operators of H,, namely,

[Hs, D(w)] = —ewD(w), [H,,D'(w)] = ewD'(w).
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(ii) In the interaction picture, D;(w,t) and D}(w, t) have the following form

D (w,t) = esB'D(w)e st = e D(w),

Di(w,t) = eéHstDT(w)e_gH*“t = e“'Dl(w).
(iii) d and d' can be decomposed into D(w) and Df(w), respectively. More specifically,
d=) D(w), d'=) Di(w). (2.14)
(iv) Then we can decompose the coupling Hamiltonian H. as
H.= ; (D(w) ® C'+ D(w) ® C),
and in the interaction picture

Ho(t) =Y (e’MD(w) ® Cl(t) + e“'Dl(w) ® Cl(t)>. (2.15)

w

These results directly follow from the definition of D(w). (2.14) is essential in decom-
posing d(d") in terms of the level of jumps. The reason that w is the level of jumping can
be observed from the definition that D(w) maps the quantum state |¢},, 1) to the quantum

state |47, 0), where k = k' — w. To prove the decomposition of d in terms of D(w), we use
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the completion relation ) k(H,io) + HS)) =1d,

d=>" (Y +n)d @y +uy)) => nPdu
kK k!

=y Z e dH,SLZD
w k' —k=

In the second step, we have used d|¢},,0) = df|¢}L, 1) = 0 for any k, k' € N. It follows

after taking the Hermitian conjugate that (¢, 1|d = 0; that is why there is only one term

H,(CO) d H,(j) left. In the third step, re-ordering the double summation is employed to firstly

sum over all differences of levels, namely, w and then sum over all possible combination of

K',k € Nsuch that " — k = w, where the latter sum gives D (w).

Starting from (2.7), replacing H. ; by (2.15), and opening the double commutators, we

arrive at an alternative representation of the Redfield equation

d

where
1 o
Fw)=~- [ dre ™ F(tt— V2 fep(Ey) | dr e Beme)
(w) 6/0 Te 7) Z - fep (B / Te' :
1 [o¢] o0
Gw) = —/ dr e “TG(t,t — 7 Z V2(1 - fFD(Ek))/ dr e/ Br=e)
€Jo A 0
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These two equations can be viewed as the Laplace transform of time correlation functions

with the frequency parameter iw.

2.4.2 Secular approximation

From (2.16) and (2.17), we observe that % psi(t) =0 (%) This motivates the choice

of the relaxation time as 7 = C% Recall that we have assumed ( < € and ( < 1, then

(% < ¢, or equivalently 7p = & > 1. Integrating p, s (t) over the time period [¢,t + 77R]

for r = O(1), we obtain

CQ

Ps,I (t + TTR) - pS,I(t) = .

t+TTR ) ,
Z / ds e”"“'=)Op(s) + h.c.
7 t

w, W

We use the short-hand Op(s), for simplicity, to denote the long term involving operators in

(2.16). Then, by changing the variable s = t 4+ 7S/,

ps1(t +17R) — pss(t) = — Z e‘i(“’l_“’)t/ ds’ e =R Op(t 4 7s") + h.c.
’ 0

w, w

By the Riemann-Lebesgue lemma, if ' # w, (W' —w)7r = O(18) > 1,

/ ds’ efi(w/,w)TRs’Op(t 4 TRSI) ~ 0.
0

Then terms involving w’ — w # 0 have negligible contribution. Hence,

psi(t+17R) — pss(t) = — Z e_i(w,_”)t/ ds’ e =R Op(t 4 7s") + hec.,
/ 0

wW=w
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that is,

§2 t+r7R
ps.(t +rTR) — pss(t) = — Z//t ds e7 @' =)30p(s) + h.c.

wW=w

This is known as the secular approximation [22], which we have justified here in the sense
of coarse-grained approximation over the relaxation time. Divide both sides by 7z and

then take the limit r — 0,
;Ps 1 Z T w)t (w)D(w)psr(t) — DT(W)PS,I(t)D(W,))F(W)
e Wt (o (DT (w)D(W') — D(W)psr(t)DF(w)) G(w) + hc.

Then, we arrive at the secular approximation, which is the basis for deriving the Lindblad

equation,
e perlt) = = 3 (DD (@)pes(t) — DI (w)pus(1D(w)) F(w)+

v (2.18)

+ (ps,1(t)DT(w)D(w) — D(w)ps r(t)Df(w)) G(w) + h.c.

Remark. By checking the previous argument, in fact, the secular approximation is valid
when < 1, that is, (? < ¢, which appears to be a weaker condition than ¢ < € used for

the Born-Markov approximation.
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2.4.3 Lindblad equation in the interaction picture

To write (2.18) in a Lindbladian form, we need to decompose coefficients F'(w) and

G(w) into their real and imaginary parts. Let ap(w) = F(w) + F(w)* and bp(w) :=

+ ibp(w). Similarly, we can decompose G(w) = aGZ(w) +

Fw)—F(w)* _ ap(w
%, then F'(w) = Fz)

ibe(w). With these notations, (2.18) becomes the Lindblad equation

2 2
e pualt) = = [ pus O]+ P s 1), (2.19)

where the Lindbladian correction Hamiltonian 747 has the form

Hi =Y bp(w)D(w)D!(w) — bg(w)Di(w)D(w),

and the dissipative operator & has the form
1
D(psr(t Zap ( @)pas(HD(w) = 5 {D(W)D' (W), o ()} )

+a6(w) (D(@)pos (D' (w) = 5 {D (@)D ), por(1)} ).

2.4.4 Lindblad equation in the Schrodinger picture

Transforming back into the Schrodinger picture by p,(t) = e~ <tp, ;(t)e s, we ob-
tain the Lindblad equation in (2.10), (2.11), and (2.12). Note that 5# = e~ < Hst e Ht ig

invariant in different pictures because D(w) and D'(w) both appear in the same term, and
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+iwt

thus the factors e will always cancel during the picture transformation. This cancella-

tion also applies to the dissipative operator Z.

To understand the Lindbladian corrected Hamiltonian, we note that after some simple

computation, it could be shown that
2
2 =3 (S br@) [0k ) 168,008, 0
k w

=3~ (X bal@) [(skleR-)]* ) 16k 1@k, 1.

w

Hence, for the new Hamiltonian, i.e., H, + (257, the set of eigenstates are the same,
|42, 0) and |¢;, 1) for & € N. In the new Hamiltonian, the energy eigenvalues, however,
are perturbed by an order O(¢?).

Physically, this perturbation of energy comes from the interaction between two quantum
states |0) and |1) through the coupling with the bath. More specifically, since the quantum
eigenstate |¢f),0) interacts with quantum eigenstates |¢;,, 1) (for all possible w € Z),
their interaction contributes to the change of energy. The interaction is realized through the
bath, hence the perturbed Hamiltonian should be weighted by time correlation functions,

namely, terms by () (w) and is also proportional to ¢ 2,

The effect of Lindblad operators will be further investigated in Sec. 2.6 below in the

context of perturbation theory, and it will be shown that Lindblad operators characterize the

34



hopping between quantum states |0) and |1). More specifically, the hopping rate out of the

eigenstate |¢?, 0) is % > ar(w)] (0o} ‘2. It is worth pointing out that this expression
is quite similar to the perturbed energy eigenvalue as above (? Y bp(w) ‘ (D0 Drrer) ‘2. For
the Laplace transform of time correlation functions, namely, F'(w) and G(w) in (2.17), the

real part contributes to (weak) hopping, and the imaginary part contributes to the (weak)

perturbation to energy eigenvalues.

2.4.5 Coefficients and wide band approximation

It remains to determine the coefficients ar(w) and by (w) in the Lindblad equation.

Using oscillatory integral

/000 dr e“" = 76(w) +ip.v. (5),

we could obtain that

= g Ve (Ey) <7r6(Ek — ew) —H’p.v.(ﬁ)),

Z (1 — fen(Ey)) <7r5(Ek — ew) + ip.v.(m)>.
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Thus, by matching the definition of ap ¢ (w) and bpg(w),

ap(w) =21 Vi fp(Ey) 0(Ex — ew),

1
Ek—ew

),

br(w) =Y Vi frn(Ex) p. v (
’ (2.20)
ac(w) = 27rz V(1 — fep(EL))S(Ey — ew),
k

1
Ek—ew

).

bo(w) =Y V(1 — frn(Er)) p. v.(

Notice that a ¢ (w) and bp ¢ (w) are (generalized) functions with respect to w. Even though
we only need values at w € Z, these functions are indeed well-defined on RR.

In the Anderson-Holstein model, we have assumed that the electron bath is infinitely
large, so the continuum approximation appears to be a possible approach to simplify the
above coefficients. Assume that V2 = V?(E}) is a continuous function of Fj. In the
discrete case, suppose the total number of states in the bath is N, then V?(E) should be
inversely proportional to IV, to make the overall interaction strength between the system
and bath remain at O(1): let V*(E) = @ Let D be the energy band width of the
electron bath and v(FE) be the density of states at the energy level £. In the wide band

approximation, to simplify the last equation (2.20), it is assumed that the contribution to

the interaction strength from different energy levels of the electron bath is approximately
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the same; explicitly, assume

VI EW(E) =T, VE¢€[-D,D],

where I" is a constant [24]. Then for a test function g(w),

/_ " dw ap(w)g(w)

[e.e]

=27 Z —VkaF]Z(Ek) g(Ek/e)
k

D
. 1
~ 2 / dE V(E)v(E)fep(E)-g(E/e€) (continuum approximation)

-D €

D/e
= F/ dw fep (ew)g(w)
—D/e

= / dw X[~ p/e,n/e(w)frp(ew)g(w).

—0o0

Therefore, in the continuum limit,

ap(w) = T'X(-p/e,n/q(w)frp(ew).

There are two ways to get rid of the characteristic function: the first way is to assume that
D = oo, mentioned in [116]; the second way is to consider € | 0. In either way, we end up

with the approximation

ap(w) =~ Tfpp(ew).
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These two conditions are consistent with where the term ar(w) comes. ar(w) is part of the
interaction strength, which involves both electronic bath and open quantum system; when
the electronic bath is infinitely wide or the open quantum system falls into the semiclassical
region, the (generalized) function ar(w) can be approximated in this way. Similarly, we

can approximate

ac(w) = I'x=pje,p/q(w)(1 = frp(ew)) = I'(1 — fep(ew)).

As for bp(w) and bg(w), we have not found easy expressions for them.

2.5 Semiclassical limit

The semiclassical limit of the Redfield equation has been proposed and studied in [57,
62]. The system of phase space functions obtained in the semiclassical limit of the Redfield
equation by applying the Wigner transform, is called the classical master equation (CME).
In the first part, we attempt to justify the formal derivation of [57] in a more mathematical
way. In the second part, more importantly, we try to study the phase space counterparts
of the Lindblad equation by applying the Wigner transform. We call the system of phase

space functions the Lindbladian classical master equation (LCME).
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2.5.1 Wigner transform and phase space functions

Recall that we identify ¢ = hw,/E as the semiclassical parameter. Also recall that the

Wigner transform of an operator A on L?(R) is defined by [140, 144]

A(Jc+y,m—%> exp(—qiy) dy.

(Aw)ap)i= [ Ao+

R

The subscript W indicates the Wigner transform. If the operator A = p is a density opera-
tor, it could be easily shown that [ dx dp ﬁ pw(z, p) = 1. Hence, if we apply the Wigner

transform to density operators p, the factor ﬁ is needed to ensure unit mass.

For a single level quantum system, the phase space function for a quantum master
equation is clear (see, e.g., [140]). As for multi-level open quantum systems, the definition
of phase space functions is not very straightforward, and we need to clarify this concept
below. For a general two-level open quantum system, the reduced density matrix can be

written in the matrix form as

poo(t) poi(t)

prot) p1a(t)

Ps (t) =

For a general quantum master equation, it is expected that pg 1 (¢) and p; o(¢) do not vanish.
However, it could be verified that if at the initial time ¢, ps(¢) only has diagonal terms, i.e.,

po,1(to) = pro(to) = 0, then L po;(to) = 2 pyo(to) = 0 for both Redfield equation and
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Lindblad equations. Thus, po1(t) = p1,0(t) = 0 for all ¢.

Therefore, in the below, we shall only consider diagonal elements of p4(t), i.e., assume

ps(t) = po(t)|0)(0] + p1(t)|1)(1] for all ¢. In the matrix form,

The phase space function obtained by applying the Wigner transform for p,,(t) is denoted

by om(x, p,t), for m € {0, 1}, namely,

ol 1) = 5—(pulO)w-

Hence, it is not difficult to show that [ dadp go(z,p,t) + o1(x, p,t) = 1.

We need the following lemma below.

Lemma 2.3 (Semiclassical expansion, [144, pp. 66 - 68]). We have

(i) (AB)w = AwBw + £ {Aw, Bw} p,i; + O(€?), where A and B are two operators

and {-, -} p;, is the Poisson bracket, defined by

{f(,p),9(2,0)} pois = Ouf(2,0)0pg(x,p) — Opf (2, p)02g(z, p).

Moreover, (AB)yy is linear with respect to both Ayy and Byy.

"We choose to follow the usual convention here, which differs by a negative sign compared to [144].
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(ii) In particular, we have [A, B),,, = ie {Aw, Bw} p,;. + O(€*).

In the lemma below, we provide the Wigner transform of the square of position and

momentum operators. This lemma can be verified by direct calculation.

Lemma 2.4 (Quadratic case). If A = x?, then Ay = 2% if A= —€*V?, then Ay = p*.

2.5.2 Classical master equation

As discussed in the last subsection, we shall only consider the reduced density matrix
of the form p4(t) = po(t)]|0)(0] + p1(¢)|1)(1]. From (2.9), we could derive that the time

evolution equations for py(t) and p; (¢) are

d . 4 4
Eﬂo(t) [H()a po(t Z Vi / dr e Tt po ()6 T fip (Ey,)
— pr(t)e 0T ERT (1 £ (EL)) + hee.,
d , .
) =~ [Hl,pl ka / dr pr(t)e 7T BT (1 — fep (Ey))

— e T HOT o (1) e ERT e () + hec.,
which agree with [59, Egs. (14) and (15)].

Using Lem. 2.3, we can calculate the equations for the corresponding Wigner transform
atQO(t) = {ﬁov QO }Pozs - Z ‘/;{; / 7_< € iHlT)W(eiHOT)WQQ (t)@zEkaFD(Ek)

— o1 () (e 1) (e07)) e BT (1 — fpp () + c.c. + O(CQ)),
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0u01(0) = (1, 210} — = SVE [ dr (a0 e (1~ ()

(e T (0T ) 00 (1) e B fny (B + cc. 4 0(@)),

where £y and A; are Wigner transforms of Hy and H1, respectively. For clarity, in the last
equation, the coordinates (z,p) are suppressed in phase space functions and in fy, #; as

well. After dropping higher order terms O(¢?), we have

o0 = {ﬁ07 Qo}pm-s — Y0—100 + V1-001,

0101 = {h1, 01} ppis + Y0100 — V1001,

where the hopping rates

2 00
Tom1 = % > W / dr (e7"™MT) (€T )yye P e (E) + c.c.,
L 0

2 00
Y1—0 = % E VkQ/ dr (e_ZHl‘r)W(@lHoT)W@lEkT(l — fFD(Ek)) + c.C.
0

Notice that hopping rates are phase space functions of coordinates = and p. They describe
how fast the jumping between states |0) and |1) occurs, depending on the phase space

coordinates (x, p).

Remark. Compared with the result in [57], the rates vy_,; and ~;_,o that we have above are
considerably more complicated. Here we provide a heuristic simplification of the expres-

sion, though we do not know how to justify the argument on a more rigorous level.
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Eq. (60) in [48] shows that if H is a Hamiltonian for harmonic oscillators, then

(eth)W _ COS(t/2)_162iﬁtan(t/2),

where £ = (H)yy. Since Hy and H, are Hamiltonians for harmonic oscillators, by the last
equation,
(e—iHlT)W(eiHOT)W _ COS(T/2>—26—2i(ﬁ1—ﬁo)tan(r/2)

— COS(T/2>72€72'£‘21($) tan(7/2)

T§06—i‘ll(ar)7'.

In the last step, we use cos(7/2) — 1 and tan(7/2) — 7/2 as 7 — 0. Then, hopping rates

can be written as

Yo—1 = ¢ Z V,f/ dr cos(7/2) 2e2iU@) tan(r/2) piBkTe () 4 c.c.
€ 0

Heuristically, if we approximate (e =/117),(¢07),,, by e7*®)7 i e., assume that the inte-

gral is mostly contributed from 7 ~ 0, then

2
ot = %zw; Vi (B)0(Ex — U(x))

2
= %F fep (U(2)) X (w1 (- D), () ()

2
~ =T fep(U(x)), (let D = o0, i.e., wide band approximation)
€

43



which becomes the result in [57]. ¢! (x) is the inverse function of U(z); since U(x) is a
linear function, ¢! (x) is well-defined. The second and the third step of the last equation
use similar computation as in the wide band approximation in Sec. 2.4.5. This heuristic

computation gives a nice simple expression for the rates, but it should be pointed out that

—ihT) (giHoT),, —iU(z)T

we do not know how to justify the crucial approximation of (e by e

2.5.3 Lindbladian classical master equation

Recall that if we assume that p4(t() is diagonal, then the reduced density operator
ps(t) = po(t)|0)(0] + p1(t)|1)(1]|, without terms involving |1)(0| nor |0)(1]|. Then the

Lindblad equation can be written more explicitly as

< olt) = - [HO+¢ZbF )(0D(w)[1) (1D (w)[0), po(?)

+ = Zae ){0[D(w)[1)p:1(1)(1|D (w)[0)

ar(w) (0D (w)[1)(1[D¥(w)[0) po(t)
_?Z 2 ’

} + po(t)(0]D(w)[1)(1[D¥(w)|0)
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Lty == [ - 6 3 ba() (LD ()[0) 0D (1) 1(0)

N % S ap (@) (1D (@) [0} po () (O D (@) 1)

o) [DTENODE 0
P -

? + p1(H)(1D7(w)[0) (0D (w)[1)

The system of time-evolution equations obtained by applying the Wigner transform to

the Lindblad equation is given by, after some straightforward calculations,

Ahoo(t) = {ho + (*Hy, 00(t) }

+ % > ac(w) ((0D(w)D!(w)|0)),,, 01(1) 2.21)

w

ZaF ((0ID(@)D!(@)[0)),, ao(t) + O(¢%, ¢,
+ = > apw) (LD (w)D(W)|1)),, oo(t) (2.22)

where
o = pr ({0ID(@)DT(@)[0)),, -
Zbc (1D (w D(W)|1>)W-
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The error terms with order O(¢?) come from the Wigner transform for hopping terms,

and the error terms with order O((%¢?) come from the Wigner transform of commutators.

2.6 Comparison of the Redfield equation and the Lind-
blad equation from perturbation theory

In this section, we intend to use perturbation theory to understand the similarity and the
difference of the Redfield equation (2.16) and the Lindblad equation (2.10) by considering
the hopping between different quantum states. The mathematical tool for perturbation
theory has been widely studied, and the most famous formula from that is perhaps the
Fermi Golden Rule.

The main finding is that if the quantum system is prepared at a pure state |¢Y, 0), then its
hopping rates to other quantum states |}, 0) and |¢}, 1) are the same up to the first order
O(%), for both Redfield and Lindblad equations. By linearity of Redfield and Lindblad

equations, this conclusion is also true if initially p,, (m = 0, 1) are diagonal.

2.6.1 Perturbation of Redfield and Lindblad equations

As mentioned above, the Lindblad equation can be derived by using the secular approx-
imation to the Redfield equation, under the condition that ¢ 2 < €. Under this condition, the

hopping term in the Redfield equation (2.16) could be considered as a small perturbation,
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that is, ST regarded as the perturbation parameter below.

In the Schrodinger picture, the Redfield equation has the form, by (2.16),

d
dt

plt) =~ [H,.p0)] - & 3 (DD (@)p(t) ~ Dl @) ()D()) Fie)

w,w’

+ (p+(H)D! (@)D(') — D)o, (D' () G(w)
+h.c.

After rewriting it in terms of ap () (w) and bp()(w), it becomes

d

Eps(t) = _E[Hsvps(t)] + ?RT(pS(t))’

where the operator R' has the form

Ri(ps(t)) = — 52 ar(w) (D(W)D¥(w)ps(t) — D (w)ps(H)D(w') + h.c.)
- % ac(w) (pu()D! (@)D(w') — D(W)pu(t)D! () + hc.)

(2.23)

— i3 be(w) (ps(D' (w)D(&) — D(w)p,(t)Df (w) — hc.)

If we only keep those terms with w’ = w, it becomes the Lindblad equation in (2.10).

Then, consider the perturbation for the system initially at |¢?,0) and ending at |¢%, 0)

47



or ]gzﬁ}, ). We are interested in finding the transition between different quantum states.
Because of the symmetry of this problem, it suffices to look at the transition from |¢?, 0) to

6%, 0) and to |}, 1).

Assume that

Then by collecting terms of the same order,

d .
O(1> : Eﬂs,o(t) = _E[Hsaps,o(t)}v ps,0(0> = |¢?70>< ?,O = Z(O);
2 d . 9
O(%) : Eps,l(t) = _é [HmPs,1(t)}+%RT(ps’0(t)), ps’l(O) = 0

0 = H(O For the first

For the leading order, the solution is simply p; o(t) = [¢?, 0)(¢?
order, after some computing,

- = Za (9, dn afm® — o) atn®dn,

RT (psO itw—w’ i+w
+r%an) atn® - din@dn))

—sz (), dit) atn® — ol atn”an't

+w

—n%dn) atn® | + 0l afm¥an)).

The terms involving a(w) and b (w) vanish, since there is no hopping from the state |1)
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to |0) in our set-up. To study the transition between different quantum states, let

A () = (69,0] o) [63,0), 05 (t) = (65, 1] pomn(t) |02, 1)

where m = 0, 1,2, - - - represents the perturbation order. For the leading order, apparently,
)\59) (t) = 6; s and 9;0) (t) =0for f € N.
As for the first-order, it could be obtained that
d ¢ (
€

A () = (65,0 R (peo (1)) [65.0)

= (- S,

|¢z+w>’ ) (2.24)

= ——ZaF ¢O|¢z+w>‘25ivf’

and

d 0(1) . CZ 1 T 1
010 =2 (01 1 R (pan() [0}, 1)

2
— % Z ap (W) w it ‘<¢?|¢}> ’2

w,w’

_ §ap<f — i) |[(62161) 2.

As we observe, for the diagonal elements of R(p; (t)), the only contribution comes from
terms with w = w’. Therefore, if this condition w’ = w is imposed beforehand, the results

for %)\?)(t) and %9}1)@) do not change. This implies that if we apply the perturbation
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analysis to the Lindblad equation, then we should obtain exactly the same set of equations
for the diagonal elements up to the first order.
It could be noticed that the rate of probability leaving |¢?, 0) is the summation of rates of

probability entering |¢}, 1) for varying f € N. More specifically, the rate of leaving |¢?, 0)

is % > ar(w) ‘<¢?|¢zl+w> 2’

and it hops to the state |¢}, 1) with rate —aF( ) |(¢0|¢z+w>‘

if f =14+ w for some w € Z.

2.6.2 More general initial condition

A slightly more general initial condition is to assume that py and p; are diagonal, i.e.,

po(0) = >, M| o) (0% and p1(0) = D7, Ok |d1) (d%|. Then the leading order is

A2y =N, 00() =6,  VEkeN, t>0.

Then we need to compute the first order,

Ri(pso(t)) = —= Z Nap() (M9, an? am® — 0l ain®ant) |, +he.)

UJOJ’L

—i Y Abp(w) (T, dil), dT® — il a'mPdin), — he.)

w,w’ i

1 ,dnMdm® +ne)

11— w+w

—% > biag(w) (M d Y, di!

w,w’ i

—i Y Oibe(w) (I dTY, dIT!

w,w' i

— 1% anVain®, — he.).

11— erw
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After some computation,

Eﬁf (1) :%<¢?»0|RT(ps,o(t))}¢§,o>

= (= X Nl (I + 3 Bracelde st

UJUJZ LULUZ

1ohI*)

9 2
== &3 npar(e) [} ) + S 3 buacli - 1) |(6)

(2.25)

and

d

2
000 = S (05 1| RHpuo0)) [6},1)

2
-& <Z Aitp (W) 0w wr O f it ‘<¢0|¢f>‘ - Z 0iac(w)di, 0w,

wwz wwl

= %QZAZ-aF(f — i) |[{?]o})]” — %2 S brac(w) [(He) ).

o)

(2.26)

Hence, the hopping rate from [¢}, 0) to |¢}, 1) is %ap(f—i) [(#?]¢7) g

and the hopping
e : 2

rate from |¢},1) to [¢9,0) is “ac (i — f)[(6}¢})|". Because A(t) and 6(t) have an

interpretation as the probability at the state |¢?, 0) or |¢z, 1), respectively, (2.25) and (2.26)

can be interpreted as the Kolmogorov’s backward equation for a continuous time Markov

Chain. To ensure that the first-order perturbation is valid, we assume ¢ < C%

The above computation shows that if initially py(0) and p;(0) are diagonal, then both
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Redfield and Lindblad equations lead to the same transition rates up to the first order. Since

the operator R is linear, this result is just a natural extension of that in the last subsection.

2.6.3 Interpretation of hopping rates in the LCME

We continue to assume that p,,,(0) (m = 0, 1) are diagonal, and in this subsection, we
will consider the Lindblad equation only. It could be easily verified that p,,(t) are diagonal

for any time ¢ > 0. Hence,

po(t) =D Me(t)]oR) (0.
k
Consider the jumping leaving |0) to |1) in the LCME, that is,
2
S ar(w) (0D D ()[0)),y o0l p.1)
a
in (2.21). By the definition of D) (w) in (2.13), and by Lem. 2.3, we could obtain
= Z ap(w) ({0/D(@)D' ()|0)),, ao(x, p 1)

- Cé;aF ( 0/D(w |0>ipo)W +0(¢%)

= 5 ) T ke M) (8D + O

—Z( >ar >\<¢>°|¢>k+w>|) ()5 (9D(6R),,, + O,
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This equation shows that the hopping rate from the state |0) to |1) in the semiclassical limit
is the summation of the contribution from each state |¢?, 0). More specifically, the proba-
bility at the state |¢, 0) in the semiclassical sense is A, (£) 5= (|¢5) (¢3]),y; the hopping rate

out of the state |#}) is % > ar(w) (6% ok o) >, their product is exactly the contribution

from the quantum state |¢?, 0).
Notice that the hopping rate obtained here is consistent with (2.24) obtained by pertur-
bation theory. This matches our intuition and it connects the hopping rate in the LCME

with the hopping rate from the Lindblad equation.

2.6.4 Discussion on the Franck-Condon blockade

Using the wide band approximation, the hopping rate could be explicitly computed

using Franck-Condon factors [59,90]. The Franck-Condon factor is

2

01,1 —1)" VNI § M=N(m-N
i) = 1 e (- ) ()" (5),

where L,(Qk/) (x) is the generalized Laguerre polynomial, N = min(n, m), and M = max(n,m).

Then the hopping rate from |¢2, 0) to ¢ , 1) is

¢’T 1 N! g2\ (8 \M N/ (u-n 2
¢ 154 cpetm—m ap &P ( - ?) <_> (Lgv )(g%)) '
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We observe that the hopping rate is small due to the weak phonon-reservoir coupling (i.e.,
% < 1). The Franck-Condon factor exp(—g?/¢) becomes exponentially small as g2 /¢ —
00, which is known as the Franck-Condon blockade [90, 124] for large on-the-molecule
electron-phonon coupling (i.e., g > 1). From the last expression, we notice that the Franck-
Condon blockade occurs when the ratio of the electron-phonon coupling rate g? and the
semiclassical parameter e is large; in particular, even for finite g = O(1), if ¢ — 0, such an

exponentially small hopping rate also appears.

2.7 Conclusion

In this chapter, we have revisited the derivation of the Redfield equation by time-
convolutionless equation (TCL). Consequently, we have derived the Lindblad equation
using the secular approximation, in the context of the Anderson-Holstein model. As an
analogy to the classical master equation, the Lindbladian classical master equation (LCME)
has been introduced, and its form is given in (2.21) and (2.22). The comparison between
Redfield and Lindblad equations from the perspective of perturbation theory is considered:
Redfield and Lindblad equations yield the same hopping rate in the first order. In other
words, the dynamics of their diagonal elements of the reduced density operator p, are the
same, to the first order. The condition of the derivation and the perturbation result both
suggest that the Lindblad equation might be a better candidate for studying the Anderson-
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Holstein model than the Redfield equation. Our reasons are listed as follows. First, from
the derivation, they are at the same level, i.e., both under the weak-coupling limit { < e.
Second, the condition of deriving the Lindblad equation from the Redfield equation is re-
dundant, and there is, in fact, no further constraint in approximating the Redfield equation
by the Lindblad equation. Third, they have the same hopping rates between eigenstates up
to the first order in perturbation theory. Finally, the analysis for the Lindblad equation is

more accessible.

Usually, for multi-level open quantum systems, the density operator p4(¢) does not nec-
essarily have vanishing po1(t) and p;(t). These two off-diagonal operators will cause
more challenge in both analysis and numerics. As we have shown, for the Redfield equa-
tion, if we start from diagonal density operators, i.e., p(t) = po(t)|0)(0] + p1(¢)|1)(1] at
some time t = %, then it remains to be in this form for all time ¢. If we start from a general
density operator ps(t), then analyzing the time-evolution of off-diagonal terms (i.e., po 1 ()
and py o(t)) would be challenging, and it could be our next stage of research. For the Lind-
blad equation, the same phenomenon appears. This approach of only considering diagonal
operators with vanishing po1(t) and p; o(¢), has its restriction, but it could lead to simple
equations after applying the Wigner transform. The semiclassical limits for both Redfield

and Lindblad equations have a similar form.
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Chapter 3

Stochastic dynamical low-rank approximation
method with application to high-dimensional
Lindblad equations

3.1 Introduction

Many problems in computational physics are challenging to solve due to the curse
of dimensionality, such as high dimensional master equations and many-body quantum
dynamics. In an attempt to resolve this difficulty, many ideas have been proposed: for
instance, model reduction methods [6,40], Monte Carlo methods [50,78,120,135]. In many
situations, several methods of dimension reduction need to be combined. For instance,
after applying the Monte Carlo method to some deterministic dynamics by simulating a
stochastic differential equation (SDE), the dimension of that SDE may still be very large.
Then, it is attractive to further apply model reduction methods in order to capture the main
dynamical flows. This is one of our motivations to study model reduction methods for high-
dimensional SDEs arising from high-dimensional PDEs or matrix ODEs. In particular,
we are interested in two crucial physical dynamics: Fokker-Planck equations [118] and

Lindblad equations [81,98].

This chapter is prepared based on [28].
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Fokker-Planck equations and Lindblad equations are the governing master equations
to describe system evolution for open classical and quantum systems, respectively, under
the Markovian approximation. Both are challenging to solve when the dimension becomes
large. In order to resolve this problem, it is standard to consider Monte Carlo methods based
on SDEs; Monte Carlo methods utilize the statistical average of sampling trajectories to
obtain the quantity of interest. In the quantum case for Lindblad equations, some familiar
names for such Monte Carlo methods include unraveling, and stochastic wave-function

method [50,78].

More specifically, suppose we would like to solve the Fokker-Planck equation O,p; =
AI e, where pi, 1s the probability distribution (or measure to be more general) and .AI is
a time-parametrized operator mapping a probability distribution to its tangent space. In
the particle-based methods, one simulates an SDE X, with the infinitesimal generator .4,
and with initial condition X, drawn from fy; thus, the distribution of X; is exactly f.
Similarly, as the quantum analog, let us consider the Lindblad equation (see (1.1) and
(1.2)). One may solve it by sampling an SDE X, such that ]E[XtXtT } is precisely the
solution of the Lindblad equation (see Lem. 3.8 below for more details). There are various
choices of SDEs, e.g., quantum state diffusion (QSD) [78, 120] and linear quantum state
diffusion (LQSD) [25, 120]. While it is also possible to use other stochastic processes such

as jumping processes [25,50], we will limit the scope of our consideration to diffusion-type
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Monte Carlo methods, throughout this chapter.

The Monte Carlo method for both Fokker-Planck and Lindblad equations can be de-

scribed under the same framework:

Given a C"-valued SDE X, one would like to approximate E [f(X})] =
[ f du for a collection of prescribed functions f € §, where fi; is the

distribution of X;.

In the case of Fokker-Planck equations, § could be a collection of smooth functions; in the
case of Lindblad equations, § could be a singleton set { f(z) = mT} where x € C". In the
sequel, we shall consider f(x) = zz' only, which turns out to be an interesting and useful
choice: in the case of Fokker-Planck equations, choosing this test function f(x) = xzf
means one would like to calculate the second moment of the measure ;; in the case of
Lindblad equations, choosing this f means one would like to compute the density matrix.
To reduce the computational complexity, a popular approach is the model reduction,
that is, to retrieve the dynamics by only capturing the evolution of a lower-dimensional

object. For our case, there are two directions:
(1) find a low-rank approximation for X, or,
(i1) find a low-rank approximation for 1.

In literature, several methods take the first approach, in the flavor of Karhunen-Loeve

expansion (KLE): for instance, proper orthogonal method (POD) [40, 126], dynamical
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orthogonal (DO) method [112, 126—-128], and dynamical bi-orthogonal method (DyBO)
[45,46]. It is clear that in our context, the realization of randomness in X, is not essen-
tial, whereas the distribution 1 is the key for accurate approximation. Hence, it is natural
to consider the low-rank approximation for 1, i.e., on the space of probability measures.
Then the problem is formulated as follows:

Given a collection of prescribed test functions § and the time evolution
equation of probability measures 0 1; = AI w1 on C™, one would like to

find a low-rank approximation piy,r; ~ fi; such that

sup|| [ f dpe — f dprrel]
FET

is small.

As a remark, in Sec. 3.2, we will use the space of finite signed measures, instead of proba-
bility measures to avoid the technicality; please see the discussion in Sec. 3.2 for details.
Our work is motivated by extending the (deterministic) dynamical low-rank approxi-
mation, introduced by Koch and Lubich in [91] for matrix ODEs, to the stochastic case.
The main idea in the dynamical low-rank approximation has been illustrated in the context

of matrix ODE [91], summarized as follows.

Consider a matrix ODE system M, € C"*",

d
&Mt = F(t, Mt)
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The dynamical low-rank approximation method in [91] consists of two steps. Firstly,
identify a sub-manifold M, C C™*" and approximate the matrix ODE solution M, by

Mpr: € M, for all t; secondly, the time-evolution of Mg, is given by

d .
EMLRﬂf = argminger, g, £D(v, F(t, MLR,t)), (3.1

where Ty, ,, M, is the tangent space of M,. at the current location Mg, and D(vy, vz) :=
|lv1 — we|| is a metric on the tangent space. Thus, the evolution is constructed as close
as possible to the solution of the matrix ODE above by projecting F'(t, M r,) onto the
tangent space Tz, , , M,

In our proposed method, we adopt this idea to the space of finite signed measures on C”
with bounded second moment, denoted by M. The subspace M., in this case, is defined
as the space of finite signed measures supported on a linear subspace of C" with dimension
at most . Then we hope to approximate s, by pizr+ € M,. The time-evolution equation

of the low-rank approximation is given by

Ouirry = Al g JiLry = argmin ey Dy (Va AIMLR,t) ,

KLR,t T

where D; is a pseudometric defined in (3.5) below, and 7, . , M, is the tangent space of

"We slightly abuse the notation and use M (as well as M,.) for two different spaces, in order to show the
connection between our method and the dynamical low-rank approximation method [91].
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M, at pipr . We will refer this method as the stochastic dynamical low-rank approximation

method (or SDLR in abbreviation).

As a concrete example, let § = { f(z) = wa} be a singleton set, consisting only one
test function (f : C* — B,, C C™*", where ‘B, is the space of n X n positive semidefinite
matrices). Assume that the time evolution equation Jyp; = AI i: 1s the Fokker-Planck
equation of an SDE of the form

N
dX; = a(Xy, t)dt+ Y bi(X,, t) AW, (3.2)

j=1

where X; € C", a and b; are functions C" x [0,7] — C", and W, are independent real-
valued standard Brownian motions. With some additional assumptions and restrictions,
one could obtain a low-rank dynamics given in Thm. 3.2, which is one of the main results

in this chapter.

As already mentioned above, the stochastic dynamical low-rank approximation is also
motivated by developing efficient methods for the Lindblad equations. In that context, the
deterministic low-rank approximation has been studied by Le Bris and Rouchon to find
a low-rank approximation of Lindblad equations [95]. In the subsequent work [96], Le
Bris, Rouchon, and Roussel also introduced an unraveling scheme for the low-rank QME

obtained in [95]. The unraveling of Lindblad equations and its connection with the low-
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rank approximation will be discussed in Sec. 3.5. In particular, as another main result
of this chapter, we establish a commuting diagram of the unraveling and the low-rank

approximation, with the proposed SDLR method.

The rest of the chapter is organized as follows. In Sec. 3.2, we will formulate the
stochastic dynamical low-rank approximation method in the space of finite signed mea-
sures. In Sec. 3.3, we will provide a concrete example, in which we will derive a low-rank
dynamics for the Fokker-Planck equation, as well as the low-rank dynamics of the SDE for
that Fokker-Planck equation. We will also compare our method with the DO method at the
end of Sec. 3.3. In Sec. 3.4, we will verify the consistency of our low-rank approximation,
and present a Gronwall-type error bound. In Sec. 3.5, we will establish a commuting rela-
tion between the action of dynamical low-rank approximation and the action of unraveling.
Then numerical examples will be presented in Sec. 3.6 to demonstrate the performance. In

Sec. 3.7, we will give a concise summary.

3.2 Stochastic dynamical low-rank approximation

As we recalled in the introduction, the dynamical low-rank approximation method [91],
developed for deterministic ODE dynamics, involves the identification of an approximate
sub-manifold and projection onto the tangent space by solving a minimization problem.

In this section, we will adopt this idea to formulate a dynamical low-rank approximation
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method in the space of finite signed measures on C" with bounded second moment. This
low-rank approximation method offers an abstract framework, for instance, to approximate
both Fokker-Planck and Lindblad equations via low-rank dynamics, combined with the
particle methods. A concrete example and the corresponding low-rank dynamics will be

given in Sec. 3.3 below.

3.2.1 Problem set-up and low-rank approximation

Consider the measure space (C", B), where B is the o-algebra of Borel sets on C".

Denote M as the collection of finite signed measures with bounded second moment:

J1af () < o0 |

where the positive measure |u| is the variation of the measure .

M = { ( is a finite signed measure

Consider a given differentiable trajectory p; € M solving
&:#t = AI Ht,
where .AI : M — M is a given time-dependent operator. In the context of Fokker-Planck
equation, .AI is the adjoint operator of the infinitesimal generator of the corresponding

SDE. In the context of Lindblad equation, .AI is the adjoint operator of the infinitesimal

generator of the diffusion-type unraveling scheme of that Lindblad equation (see Sec. 3.5).
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The low-rank approximation of M, denoted by M., is a subset of M, containing all
measures with support on a r-dimensional linear subspace of C". Such low-rankness is
used to deal with the problem of high dimensionality of C". As a remark, the low-rankness
that we explore here is not in the sense of taking an ansatz of the measure in the space M
as a linear combination of a few prescribed measures as a basis, which would be a usual
Galerkin approximation in the space of measures. Instead, the low-rankness here means
that the measure p is mostly concentrated on a r-dimensional linear subspace of C", where
r < n. Intuitively, this approximation would work well for some dissipative dynamics
for which the measure is contracted to some low-dimensional space as time evolves; see

Sec. 3.6 for numerical demonstration.

Let us characterize the structure of M,.. For any pyr € M., by definition, it is sup-
ported on a r-dimensional linear subspace, whose orthonormal basis is {Uy, U, - -+ , U, }.

Then one could define a linear mapping U : C" — C" by

U:yeC — Z Ujy;, or in the matrix form U = (U1 Uy --- UT) .
j=1

Let us denote the r-dimensional Stiefel manifold on C" by

V,(C"):={U:C" — C"is linear,and U'U =1,}.
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Then M, could be viewed as a collection of measures in M with support on Ran(U),
where Ran(U) is the range of the linear operator U € V,.(C"). The restriction of 1z on

Ran(U) can be represented as a finite signed measure on C”, given by the pullback

O(E) := prr(UE) = upr(z € Ran(U) : x € UE)

= jupr(z € Ran(U) : U'z € E),

for any Borel set £ C C". Hence, for any measurable set /' C Ran(U) € B,

prr(F) = pr(UUTF) = 0(UTF).

Thus, there exists a one-to-one correspondence between M, and V,.(C") & Mc-, where
M- denotes the space of finite signed measures on C”, with bounded second moment.
Hence, the low-rank dynamics on M, is equivalent to the dynamics of a pair (Ut, Qt) €

V.(C") & Mcr.

Remark. We use in the general framework finite signed measure instead of probability
measure to avoid subtleties arising from the geometry of probability measures (due to the
positivity); see, e.g., [4,99]. In practice, we will guarantee that the resulting dynamics
yields probability measures by imposing more constraints on the low-rank approximation,

see Sec. 3.3 for details.
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3.2.2 Tangent space projection
It is well-known that the tangent space of V,.(C") at U € V,.(C") is given by (see, e.g.,
[85, Thm. 1.2])

ToV, {ZHU H' = H is a linear operator on C" } (3.3)

Thus, for a differentiable trajectory U; € V,.(C™), we have %Ut = 1H,;U; for some time-

dependent Hermitian matrix H;.

Consider any differentiable trajectory 6, that
atet - -A;t@t? (34)

where A;t : Mcr — Megr is some operator. The tangent space of M, at (U, 6,) is fully
characterized by

7?]1 ((Cn) D %tMC7

It is straightforward to adopt the idea of tangent space projection in (3.1) to our situa-

tion. Consider a natural pseudometric on M

Dy (v1,19) := sup”/f dvy — f dus,
feg

Vs € M. (3.5)

Recall that § is a collection of test functions and ||-|| is any suitable norm. In Sec. 3.3, we
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will choose

§={/f(x) ==z},

and the norm ||-|| as the Hilbert-Schmidt norm. An equivalent choice is that

5= {f(x) = (z,Oz) | Hermitian matrix O satisfies [|O|| s < 1},

and the norm is simply the absolute value. It is not hard to observe that these two choices
are equivalent: from the quantum perspective, finding a good approximation of the density
matrix [ fdv =E, [mﬂ is equivalent to finding a good approximation of all observations

as (0),,, = E,[(z,0x)] = Tr (E,[Ozz']) = (O,E, [zz7]),,; where the observable O

avg

is a Hermitian matrix.

The tangent space projection of d,u; = Al to the tangent space Turr M. is then

given by

3tMLR,t = ATL RtMLR

= argminl,enLR’tMT D5 (l/, AI,ULR,t) (3.6)
= argmin At iulg H / f d(jTLR,t/LLR,t) —f d(AI/LLR,t) ’
~ ’ S

"
ALR,t“LR,tenLR,tMT

In the second line, the minimization problem is reformulated from finding tangent vectors
v to finding differential operators .ZTL Ri-
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Equivalently, using the adjoint operators A it and A, it can be written as

Ot ry = argmin Apps: sup H /(ALR,tf) dprre — (Acf) dpnre
“’Z(ER,tMLthEnLR,tMT Jes
3.7)
= argmin Ains iup Eupr. [-ALR,tf - Atf] H
- ’ €¥

AzRytNLR,tenLRthr

In Sec. 3.3, we shall parametrize the infinitesimal generator ,Z(LR,t by some functions to
simplify the minimization problem, and also to avoid the vagueness of generic infinitesimal

generator for generic stochastic processes.

3.3 SDLR method for SDEs with N driving Brownian mo-

tions and a test function f(z) = 2!

Based on the framework in the last section, we may explore various low-rank dynamics,
by different D5 in (3.5). In this section, the test function space § is taken to be a singleton

with the only element f(z) = xz', and the norm is the Hilbert-Schmidt norm.

To apply the method developed above, we impose some further restrictions on 7, . , M,
(thus on the choice of low-rank dynamics). We will make some further comments on these

restrictions after we derive the resulting low-rank dynamics by applying the SDLR method.
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(i) In the tangent space of V,.(C™), for the Hermitian matrix H, in (3.3), we assume
H, = Qu,H,/Py, + h.c., (3.8)

where the projection operator Py, := Uy UJ and the projection operator to the orthog-

onal complement Qy;, := I, — Py,.

(i1) In the tangent space of M-, consider only those .A;t corresponding to the Fokker-
Planck equation of some SDE on C" (cf. (3.4)). This means that we parametrize
A(LTI)M by a collection of functions. The exact form will be given below in Lem. 3.1.
Because the space of all possible infinitesimal generators is opaque and quite large,

hence, choosing infinitesimal generators of a particular form is necessary in practice.

Following the second constraint above, let us denote Y;(w) as the corresponding SDE
on C” whose infinitesimal generator is A4y ;. Consider the following family of stochastic

dynamics with H, A and B’s as parameters:

U, = iH,U,,  with H = H,, H, = Qu,H,Py, +h.c.,

M 3.9
dY = A(Y,t)dt + » _ B;(Y,t)dW.

j=1

Define X, p(w) := U;Y;(w), and denote 1i1,r; as the probability measure induced by the
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random variable X p;(w). It is straightforward to check that X +(w) satisfies the SDE

M
dXrr = arr (Xrg,t) dt + Z brrj (Xrr,t) dWj,

j=1
where, for 1 < j < M,

arr(Xope,t) = tHi X ry + UtA(UtTXLR,ta t),

brr;(Xpre,t) = UBj(Ul X gy, t).

Note that M does not have to be the same as NV, and dW; in (3.9) are not necessarily the
same Brownian motions in (3.2); we use dWW; for both to save notations. Since we are
interested in the error in the weak sense, how the randomness is achieved does not matter;
what is essential is the infinitesimal generator, independent of the particular realization of

Brownian motions.

Lemma 3.1. For the SDE of X, in (3.2), the infinitesimal generator; acting on f(x) = xaT,

is the following

N

(Aef)(z) = zal(z,t) + a(z, t)z" + Z bi(z, t)b}(x, t).

j=1

Hence, for the low-rank dynamics ppry, Apry is a family of generators parametrized by
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H,, A(y,t) and B;(y,t) (1 < j < M), in the following form

;
(ALgef)(z) == <thx + U AUz, t)) + (thx + U AUz, t)) !

M
+ Y UB;(Ulx, t) Bl ULz, t)Uf.

j=1

The proof is straightforward, by applying the 1t6’s formula to f(z) = xz'. We are now
ready to apply (3.6) and (3.7) to find the time-evolution of the optimal low-rank dynamics

HLRt-

Theorem 3.2. Assume that [ f(y) 0,(dy) = Ey, g, [YtY;T] is an invertible r X r matrix for

any t € (0,7, then

(i) The following choices of U, and 0, give an optimal low-rank dynamics

(

M=N,  A(yt)=UlaUy,t),  Bjy,t) =Ub;(Uy,t),

H, = (~0)@u: (Eo(Uin: 0 V)] (3.10)

+ Zj\]:l Egt [bj(Uty7 t)bj(Uty, t)} ) UtE@t [ny]_lUtT + h.c.

(i) The solution is optimal in the sense that, for any given U, and 0,

E{rlin QE(AER,HJLRJJ AI,LLLR,t) = @g(.ATLR’tMLR,ta AIMLR,t)

‘ALR,t

N
= {132 Queka, [t Uiy, 08} (U D] Qua |
j=1
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where the adjoint of .ATLR’t (i.e., Arry) is given by (3.10), and where ./ZQR’t is the

adjoint operator of AL R, parametrized by A, Bj and Hy as in Lem. 3.1.

(iii) The system of time-evolution equations of U, and 0, is given by the following,

( N

dY = Ufa(U;Y,t) dt+ ) " Ulb(UY,t) AW,
j=1

du,

= Qyu, (E [a(UY, t)YT] (3.11)

+ Y E[b (UY, )bH(UY 1)) Ut) E[vyt] ™.

\ Jj=1

If rank r = n, then Qu, = 0 and Py, = L. Consequently, % = 0 and the infinitesi-
mal generator for the SDE of X, is the same as that for X,. That means, when full
rank is used, the original SDE is recovered, equivalently, the Fokker-Planck equation

for pu, is recovered.

Remark. Since the time evolution of U; and 6; can be fully recovered from solving an ODE-
SDE coupled system of Y and U (with multiple replica of Y'), we shall refer (3.11) as the
resulting dynamical low-rank approximation as well, when no confusion arises. After all,
we will not solve the equation O, = AE RiMLR directly. Instead, we shall use Monte

Carlo methods, i.e., solving (3.11) to estimate ji1,r; by the empirical measure.

Proof. The main idea of the proof is to use stationary conditions with respect to H, A and
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B; to derive the low-rank dynamics. Recall that Py := UU fand Qy =1, — UU'. With

fixed time ¢, by (3.6) and (3.7), we know

@S(ATLR,tNLR,ta AINLR,t) = ‘ EMLR,t [ALR,tf - -Atf] HHS = HCHHS,

where

C=E [:L‘(thx FUAUz, 1) — ala, ) + h.c.]

HLR,t

HLR t

ZUt (U2, t)Bl(U] 2, t)U] — ibj(x,t)b;(x,t)].

Jj=1

To minimize D5 (Al 5 firre, Alpirry). it is equivalent to minimize ||C||%g = (C, C)
The first order stationary conditions of (C, C') ;5 with respect to A, B; (1 < j < M) and

Ht give

0= <UtTCUt7 Eat [(6A>yT + y((SA)T] >HS’

(0= <UtTCUt, Ey, [(6B;)B! + B;(6B;)'] >HS, (3.12)

— T
\0 Tr ( [C.E,, ,, [z2']] 0H),
where 0A and 4B, are perturbations of functions A and Bj, respectively, and 0H is a
Hermitian matrix as the perturbation of H.

Consider the third condition in (3.12). Let us complete the basis of C" by extending

Ran(U;), denoted by {Uy,Us,--- ,U,,U.41, -+ ,U,}. Since dH is arbitrary among all
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possible perturbations, consider the special choice dH = AU; (Uy, -) + h.c. where j < r
and k& > r. Note that when j, k < r or j, k > r, by our restriction in (3.8), (U;, H,.Uy) = 0.
Hence as the perturbation of H, j H should preserve this property. That means, we cannot
choose § H with nonzero entries for j, k < r nor j,k > r. Denote D = [C,E,,, , [zz]],

which is anti-Hermitian, that is, D = —D. Plugging the expression of 6 H into the third

condition in (3.12), we could easily compute that

0 = X\ (Uy, DU;) + A (U;, DU,,)

= AUy, DU;) + \* (U}, D'U;)" = X (Uy, DU;) — c.c.

Hence, Im (A (U, DU;)) = 0. Since A € C is arbitrary, (Uy, DU;) = 0 for all j < r and

k > r. That is to say, Qu, DPy, = 0. By plugging the expression of D = [C,E [zzT]],

) HLR,t

we could compute that
0 - QUtCUtEQt [ny:| UtT
N
= EOt |:iQUthUtny - QUta(Utya t)?ﬂ - QUt Z bj<Uty7 t)b;(Utya t)Ut E@f [ny] UtT
j=1

— iQu, HUEy, [yy'°Uf — Qu. By, [a(Uny, )y By, [yy] U

N
- QUt Z ]E9t [bj(Utyu t)b;r (Utyv t)} Ut]E9t [ny]UtT'
j=1
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After multiplying both sides by U;Eq, [yy'] 2 on the right, the last equation yields

iQUthUt = QUt <E9t [ Uty7 + Z Eet Uty7 (Uty7 t)] Ut) Eet [ny]il

After multiplying Uf on the right, and then dividing both sides by 7, one could obtain
QUthPUt - (_Z)QUt <E9t [a(Utya t)(Uty).q

+ Z Egt Uty7 (Uty7 t)] > UtE@t {ny]ilUtT

Thus, we have already obtained the expression of H; = Qu, H,/Py, + h.c. (cf. (3.10)). As a

remark, up to here, we have not yet used any information nor assumption about A and B;.

Then, we plug the expression of H; into C,

M
C= 7DUtIE’lgt [(UtA(ya t) - a(Uty7 t)>yTUtT] + h.c. + Z Ut]E’et [B](y7 t)BJT(yv t)] UtT

j=1

N
Z <7DUtE9t Uty> )b(Uty> t)]PUt + QUtEet [bj(Utyv t)b;r(Utyv t)] QUt) .

J=1
One could observe that C' = Py, CPy, + Qu,CQy, with
Pu,CPy, = Py, E, [(UtA(y, t) — a(Upy, t))yTUtT] + h.c.

N
+ Z UtEOt y7 BT(ya (]tJr - Z PUtEet [bj(Utya t)b;r'(Uty7 t)},PUt’
j=1
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N
Qu,CQu, ==Y Qu, By, [b;(Usy, )0N(Ury, 1)] Qu,-
=1

Notice that Qp, C'Qy, does not depend on any parameter we choose, that is, it is indepen-

dent of A, B; and H;. Recall that we would like to minimize

(C,C)ys = (Pu,CPu,, Pu,CPu,) s + (Qu,CQu,, Qu,CQu,) us- (3.13)

The second term is non-negative and we cannot minimize it further. As for the first term,

by choosing

M =N,  Alyt)=UlaUy,t),  Bjy,t)=Ub;(Uy,t),

one could easily verify that Py, C'Py, = 0. With such choices,

HS

N
IClars = || D2 QuiEa,[b3 Uiy, ) Uiy, )] Qv
j=1

Hence, the above choices must be optimal (although it does not imply uniqueness). How-
ever, the choice of H is indeed unique under our restrictions. One could straightforwardly
verify that this solution satisfies the first two equations in the first order stationary condi-
tions in (3.12); that is to say, the above choice yields UfC’Ut = 0. Though we don’t have
to use the first two parts in (3.12) to derive the low-rank dynamics, it is still nice to observe

the consistency.

76



Thus, we have proved the first and the second part of this theorem. The third part

follows easily from the first part. [

Let us come back to the two restrictions we made at the beginning of this section.

e The reason to impose the condition H; = Qp, H;Py, +h.c. is to remove the redundant
degrees of freedom. It is easy to observe that Qy, H;Qy, is redundant and does not
play any role in U,. Thus, we might as well let Qy, H;Qpy, = 0. Further if we
assume Py, H, Py, = 0, then it directly implies that UJ Ut = 0, which is used as the
orthogonal constraint in [91]. Conversely, if UtTUt = 0, then Py, H,Py, = 0, which

shows that such a constraint is similar to the constraint U;r U, = 0 for matrix ODEs.

Another reason comes from the above proof. The first order stationary condition with
respect to 6 H yields a unique expression for H,;, which indicates that redundancy has

been removed via the constraint H; = Qy, H;/Py, + h.c.

e The main reason for imposing constraints in the tangent space of M- is that the
Fokker-Planck type generator automatically helps to preserve the positivity of mea-
sure. The whole tangent space is rather big and too opaque to handle, since it might
involve generators for other stochastic processes, e.g., jump processes. The mixture
of jump process and diffusion makes it more challenging to derive a simple low-rank
dynamics; this could be an interesting future research direction, however.
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Remark. It is a good place to compare our approach with the dynamical orthogonal (DO)

method [127]. Using our notations, the ansatz in the DO method is
Xrri(w) = X 4+ UY(w),

where X, is deterministic and for all ¢, E[Y;(w)] = 0, U:Ut =0, UtTUt = I,.. By re-deriving

the low-rank dynamics following the proof in [127], one could obtain that

d -
EXt = E[G(XLR,tat)}’

U, = QuE[a(Xirs )Y E[Y Y] (3.14)

N
dY; = Ul (a(Xprs t) — E[a(Xpret)]) dt + > Ulbj(Xppe,t) dW;.

\ J=1

Compared with (3.11), the time-evolution equations of Y; and U, are almost the same except

the followings:

e The extra term U;E[a(X g, t)] in the DO method (3.14), due to the zero-mean

constraint in Y;;

e The non-trivial difference that in (3.11), we have a term
N

Z E[b] (XLR,ta t)b;r (XLR,tv t)]Ut’

i=1

which could be understood as the 1td correction term due to the second moment.
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Some numerical experiments comparing the SDLR method and the DO method will
be presented in Sec. 3.6: a high-dimensional geometric Brownian motion and a stochastic

Burgers’ equation.

3.4 Error analysis of the SDLR method

In this section, we provide error analysis for the low-rank dynamics that we have de-
rived in Sec. 3.3. Thm. 3.4 below indicates that the low-rank dynamics in (3.10) (or (3.11))
is optimal under our ansatz, in the following sense: If X, is itself an SDE, whose range is
supported on a rank r subspace, then under some additional assumptions, X;r; = X; by
choosing the rank-r dynamics. In other words, our low-rank dynamics is consistent. We

also prove a Gronwall-type bound for the error propagation in Thm. 3.5.

3.4.1 Consistency: recovering the low-rank dynamics

Lemma 3.3. Suppose i is the measure induced by X;, which solves an SDE of the form
as in (3.2) with initial condition X ~ py. Assume that ji, is supported on a r-dimensional

linear subspace, whose basis forms a linear operator V, : C" — C"™ with V;TV} = I,. Then,

for x € Ran(V}), the coefficients of the SDE satisfy

d
a(@,) = (P )o+Pua@t),  and  biled) = Pubie,t), Vi
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and hence,

N
Z QuE,, [bj(L t)b;r‘($7 t)] Qy, = 0.
j=1

Proof. Since the range of X, is Ran(V}) by assumption, V,;V;' X, = X,. By taking the
derivative for both sides (note that V; is deterministic),

dX, = d(PyX,) = (%m)xy dt + Py, dX,

N (3.15)
— (373 )X + Py,a( Xy, t) dt+27> bi(Xt,t) AW
dt Vi t Vi ty ViVjil\At, J:

=1

By matching it with the SDE of X;, we obtain a(X;,t) = ($Py,) X; + Py,a(X;,t) and

bj(Xt,t) :P\/;bj(Xt,t) D

Theorem 3.4. Besides the same assumptions in Lem. 3.3, we further assume that %Vt =
i FyV, with some Hermitian matrix F; which satisfies Fy, = Qv, FyPy, + h.c. If j\g = [tLRro

and Vy = Uy, then we have
He = HLRt, and V; = Ut7

forallt € [0,T), as long as the low-rank dynamics in (3.10) exists (in particular, Ey, [yy]

remains invertible).

Proof. Fix time t and assume X; = X, in distribution and V; = U,. Next, we shall show
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that X1, and X, satisfy the same SDE locally and %Vt = %Ut. By Thm. 3.2, we could

straightforwardly compute that
AXppe = A(UY;) = (U:) dt + Uy aY;

= U,Uf X g, dt + U, (Uja(XLRt, ) dt + Z Ulb; (X ppot dW>

— (UtUtTXLR,t+UtUtTa(XLRt7 )dt+ZUtUt XLRta )dW]

7=1

N

d

= <( 1 PUt>XLRt + Pu,a (XLR,tvt)> dt+ ) Puby(Xprgs, t) dW.
t e

In the last step, we have used the fact that UtUtTX rLrt = 0 due to the restriction on the
Hermitian matrix H; (cf. (3.8)). By comparing the last equation with (3.15) and by V;, = U,,
we obtain that the SDEs of X; and X, coincide, as long as %P\/t = %PUt. That means,

we still need to verify V, = U,. By (3.11),
N
U, = Qu, (E (X Y] + 3 E[by(Xa )5/ (X k. t)] Ut>E[YYT]‘1

J=1

Le“£3'3QUtIE[a(XLR, HYTEYYT™ (by U, = V)
Lem. 3.3 d t t 1—1
"33 O E (dtPV,>XLRtY 4 Pua(Xop, Y EYYY

= Qu, (TP )V = iEV = Vi

Therefore, we have Vt = Ut, and the conclusion holds. O]
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3.4.2 Error bound

We shall consider the following error

E = ’ E.. [qu —Eurr, [a:xT] H

Hs'

which measures the difference of second moments for two measures ji; and fizr; in the

Hilbert-Schmidt norm. Recall that we chose the single test function f(z) = za T,
Theorem 3.5. Assume that:

(i) Throughout the time-evolution of the low-rank dynamics for t € [0, T),

N
D5 (Apotine, Alpnd) = || D2 QuBa, b5V, (U D] Qui|| < ¢
j=1
Recall that 0, is the pullback of the restriction of pp g+ to Ran(Uy).
(ii) There exists a function ; such that, for f(z) = zaf,
B (AS] = B [AS| < e = 0] |B [1] — B 7]

Then, the error satisfies the integral inequality

t
£, < f0+€2t+/ VsEs ds,
0
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and thus by the Gronwall’s inequality,
t
T, < (E + €°t) exp (/ vsds> :
0
Proof. The proof follows from the standard error analysis for time evolution equations:

E = HEW [ﬂ —Eypp, [ﬂ H

HS

<%+ cn f(@) (e = po)(dz) — f (@) (rre — prro) (dx)HHS

HS

= ro | [ s [ Aneas) @) = 1 [ Alpissds) @)

. / ( / (@) (Ale) (d2) = f(@) (AL g ) (o) ) ds|

o | f ([ A1)~ e ) ],

t
SfoJr/
0
t
SfoJr/
0

E,, [Asf] - EuLR,s [ASf] + EMLR,s [‘Asﬂ - EMLR,s ['ALRvSf] H ds

HS

B, [Asf] =By [Asf] H ds

HS
/
0

t
B[] =By (A @5+ [ 25 (Al A i)

EMLR,S [‘Asf} o EMLR,s [‘ALRvSf] HHS ds

t
:£O+/
0

t t
< Zo—i—/ s Es d3+/ € ds.
0 0

Thus, we have proved the integral inequality. The rest of the conclusion follows from the
Gronwall’s inequality. 0
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Remark. The estimate above holds for arbitrary e. However, in practice, the above bound is

most useful when e is small, which takes place when the diffusivity function Qy,b;(U,y, t)
O(e). For instance, SDEs with small noise fall into this type. When ¢ is large, of course,
this indicates that the low-rank approximation fails. One might need to use a higher rank
to get an accurate approximation of the dynamics, or even use full rank (i.e., solving the
original dynamics).

From the proof, the assumption (ii) in Thm. 3.5 is natural in order to use the Gronwall’s
inequality. To better illustrate the assumption, we provide a concrete example with an

explicit form of ;.

Example 3.6 (Choice of ~; for linear drift and diffusion functions). If the SDE in (3.2) has

linear drift and diffusion functions, that is,

a(x,t) = Az, bj(x,t) = Bz,

where bold letters A and BY) are time-dependent matrices on C*. By Lem. 3.1, one could

straightforwardly find that

N
e = 2| Al + D IBY 3

j=1
satisfies the assumption.

Another example of v; for unraveling scheme will be given in (3.18) below.
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If the rank » = n, then Qp, = 0 for all ¢, so that ¢ = 0. If we further let £, = 0,
then £ = O for all ¢. This result is consistent with the intuition, since, in this case, the
low-rank dynamic is exactly the original SDE. Though the rank r does not appear explic-
itly in the error estimate, it is implicitly hidden inside €. Loosely speaking, the larger
the rank r, the smaller the e. Even though the relation between ¢ and r is not analyti-
cally given, Thm. 3.5 can still be useful in practical simulation and in designing adaptive
schemes. Numerically, what we need is to set up error tolerance ¢, and then compute

on-the-fly; if this quantity is close to €2, then

H Zjvzl QUt]EGt [bj<Uty7 t)b;r<Uty7 t>:| QUt HS

it indicates that the rank chosen is not large enough anymore, and we should adaptively
increase the rank r in order to control the error. This idea has been used in [95] for numer-

ically solving Lindblad equations by the deterministic low-rank approximation.

3.5 Connections to the unraveling of Lindblad equations

In this section, we consider solving Lindblad equations only, and we will discuss the
relationship between the unraveling method and the dynamical low-rank approximation
method. In particular, we establish a commuting diagram for the action of unraveling and

the action of dynamical low-rank approximation under certain conditions.
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(I) dynamical low-rank approximation

[ Lindblad equation } { Low-rank QME ]

(II) unravel (IIT) unravel

Unravelin, ] {Low—rank unravelin,
g J § g

(IV) stochastic dynamical low-rank approximation

Figure 3.1: Diagram for unraveling and dynamical low-rank approximation for Lindblad
equations.

3.5.1 Lindblad equation and stochastic unraveling

Often, the Lindblad equation is challenging to solve numerically due to its high dimen-
sion. There are two major dimension-reduction approaches from the literature, summarized
in Fig. 3.1: (stochastic) unraveling method (II), and (deterministic) dynamical low-rank ap-
proximation method (I).

Step (I): Dynamical low-rank approximation method. This method for Lindblad equa-
tions has been studied by Le Bris and Rouchon [95]. The ansatz prr: = ﬁﬁtl}j is used,
where l?t satisfies the orthonormality constraint (7; ﬁt = I, and 7, is a r X r strictly positive
matrix with trace one. Tilde is used to distinguish U; and o, for deterministic dynamical
low-rank approximation and those in the SDLR method. The dynamical low-rank approx-
imation method would lead to a coupled ODE system for ﬁt and o, which approximates
the Lindblad equation of p;. We shall revisit the result from [95] below in Thm. 3.7, while
dropping the trace-preserving constraint for . We will discuss the trace-preserving con-

straint further in Sec. 3.5.3.
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Theorem 3.7 (Adapted from [95] with modification). Consider the subspace

MVT = {ﬁ'&(ﬁ L UTU = I, o> O} ,
to approximate the manifold of positive matrices. Then, by the dynamical low-rank approx-

imation, i.e., by solving

PLRt = argminventhT”U (PLR¢) —v||us,

with further restriction on the tangent space that %Ut = 1H,U;, where the Hermitian

matrix H, = Qﬁt Hﬂ%}t + h.c., we have the unique low-rank dynamics,

d_ -~ _
3= Ufct (prrt)Us,
(3.16)

d ~ ~
aUt = Qﬁt£T (pLR,t)UtUt g

The proof is almost the same as the derivation in [95]. It should be noticed that if the
condition H; = Qy, H;/Py, + h.c. is not imposed, the low-rank dynamics is not unique as
additional degrees of freedom exist [95]. However, the major difference comes from the
trace-preserving condition in [95], which considers the subspace /K/lvr = {ﬁ sUT:UU =
L., 0 >0, Tr(o) = 1}. Consequently, AL, term in [95, Eq. (5)] does not appear in (3.16).
Step (II): Unraveling. Recall that unraveling means a stochastic wave-equation that recov-

ers the evolution of density matrices p;. More specifically, it seeks for a stochastic process
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Xi¢(w) on C", such that p; := E [Xt(w)XtT(w)] solves the Lindblad equation (see (1.1) and

(1.2)). Multiple choices exist for the unraveling stochastic process: quantum state diffusion

(QSD) [78,120], linear quantum state diffusion (LQSD) [25, 120], and quantum jump pro-

cess [50]. We restrict the stochastic unraveling to diffusion-type in the discussion below,

that is, we shall only consider unraveling of the form as in (3.2). Still various choices exist,

while the coefficients satisfy the relation stated in the following Lemma.

Lemma 3.8. X, (w) in (3.2) is a stochastic unraveling of a Lindblad equation (1.2) iff

N

a(z, )’ + zal(z,t) + > bi(w, )b (2, 1) = LT (za), Vo e C, VL€ [0,T]. (3.17)

Jj=1

Among various options of unraveling, two popular choices are:

e Linear quantum state diffusion (LQSD) refers to the choice

\

S
_ (—zH—§ZLLLk)x,

k

a(x)

1
— L,
Vo

?

V2

bk71 (l‘) =

bk,g (l‘) = Lkm

So that the autonomous SDE is given by

dXt = a,(

2)dt + Y (b () AWy + bra(r) dWis)
k
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where W;, 1 and W}, 5 are independent standard (real-valued) Brownian motions. If
we have N Lindblad operators, then we have 2V (real-valued) Brownian motions in

the SDE.

e Quantum state diffusion (QSD) refers to the choice

/N

a(x) =

. 1 1
—iH + Z(x, L};xﬂ)k — §L’T€Lk — §|<l’, LLx)|2)x,
k

b1(z) = (Ly, — (z, Lyz)),

Sl -

bk72 ((L‘) =

\

(Lk — (z, ka))x

Sl

One could easily verify that the above two choices satisfy (3.17).

Step (IIT): In [96], Le Bris, Rouchon, and Roussel considered an unraveling scheme re-
sulting from the (deterministic) low-rank approximation to Lindblad equations. As the
low-rank approximation preserves the structure of the equation, the unraveling is similar
to the above discussions. This low-rank unraveling could be used in control variate for the

Monte Carlo method for Lindblad equations; see Sec. 3.5.4 below for detail.

3.5.2 A commuting diagram for the dynamical low-rank approxima-

tion method and the unraveling method

The route in [96] is from Lindblad equations to low-rank QMEs and then to the unrav-
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eling of low-rank QMEs (step (I) to step (III) in Fig. 3.1). It is thus natural to consider an
alternative route: i.e., finding the unraveling of Lindblad equations and then applying the
SDLR method that we developed in Sec. 3.2 and Sec. 3.3. In Fig. 3.1, this refers to the route
from step (II) to step (IV). One immediate question is whether these two routes commute,
in the sense that they end up with the same low-rank unraveling. Due to the non-uniqueness
of unraveling schemes, in general, the answer is negative. Perhaps, a more specific and rea-
sonable question to ask is that given the unraveling of Lindblad equations, after applying
the SDLR method, whether its statistical average recovers the low-rank QME (such as that
derived in [95] using the deterministic low-rank approximation).

The answer is definite with slight modification in the (deterministic) dynamical low-
rank approximation method in [95]. See Thm. 3.7 for details of the modification in con-
straints, as well as the resulting low-rank QME. Moreover, it turns out that such a com-
muting relation does not depend on the particular unraveling scheme chosen for Lindblad
equations (see Thm. 3.9).

Theorem 3.9 (Commuting diagram). For any diffusion-type unraveling scheme of Lind-
blad equations (see Lem. 3.8), the low-rank unraveling obtained by applying the SDLR
method, is an unraveling scheme of the low-rank QME (3.16), obtained via the (determin-

istic) dynamical low-rank approximation method.

Proof. By applying the SDLR (step (IV) in Fig. 3.1) to an unraveling scheme of Lindblad
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equations and using (3.17), one could obtain the following result.

U, = Qu, LN E[U,YY, U UE[VY,]

aY; = Ua(U,Y,. 1) dt+ZUt (UYs, 1) AWV

Next, we will verify that the above coupled ODE-SDE system does play the role as an
unraveling of the low-rank QME in (3.16), which is the step (III) in Fig. 3.1. By denoting

oy :=E[V;Y]], and prrs == E[Xpr X 5,] = UioU/, one could find that
G — E[Ytaf(Uth,t)Ut 4 Ula(UYs, 1) } +E[2Ut (UY, )b (U,Y;, )1,

W iR [ﬁ*(Utm*Ufﬂ Uy = UL (U0, U))Us.

The time-evolution equation for U; can be rewritten, in terms of o, as

Ut = QUt;CT(UtO'tUtT)UtO't_l.

By comparing these two equations with (3.16), one could conclude that the low-rank SDE,
after applying the SDLR method, exactly recovers (3.16), i.e., the low-rank unraveling is
the unraveling for the low-rank QME in (3.16), and the diagram in Fig. 3.1 indeed com-
mutes in this sense. Also, note that in the above calculation, we have not used any specific

choice of unraveling scheme. Thus, the conclusion is independent of the particular unrav-
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eling scheme chosen for Lindblad equations. [

Remark. It might not be surprising that the diagram commutes under the above conditions.
If we consider prr: = E[X LR’th R,t}’ by our conditions, X;r; = U.Y;, hence prp; =
UE [YtYﬂ UtT, which is consistent with the ansatz used in [95]. What is interesting is that
the commuting diagram result is independent of any unraveling for Lindblad equations,
which shows that the low-rank dynamics, derived from the perspective of dynamical low-
rank approximation in the space of signed measures, preserves the structure of the Lindblad

super-operator L.

Remark. Recall that in Thm. 3.5, we have studied how the error between the original SDE
and the low-rank approximation from the SDLR method propagates with respect to time. In
the context of unravelings of Lindblad equations, by Lem. 3.1 and Lem. 3.8, one could show
that the growth rate for the error between the unraveling scheme and our corresponding

low-rank approximation is bounded by

Y=L oo = sup  ||LT(H)||ms. (3.18)

Helo, |H||gs=1

3.5.3 Discussion on the trace-preserving restriction

In [95,96], the trace of low-rank approximated density matrices is required to be one,

along the time-evolution. However, we did not consider this condition in Thm. 3.7, nor
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in the derivation of low-rank dynamics in Thm. 3.2 via the SDLR method. One natural
question is that what happens if we impose the trace-preserving condition in the SDLR
method. In our set-up and for the Lindblad equation case, the trace-preserving constraint

in the SDLR method should be
Tr(pLR,t) ="Tr <UtE9t [ny] UJ) = 1, or equivalently, Tr (Egt [yyq) =1,

because U, U, = I,. From the constraint that 4 Tr (E, [yy']) = 0, one could derive that

M

Tr (Eet YAy 8) + A(y, )" + 3" By(y, ) Bl (v, t)]) — 0. (3.19)

=1

Recall that in the proof of Thm. 3.2, such a constraint does not affect the first-order sta-
tionary condition with respect to H;, hence H; still has the same form. Therefore, the

optimization problem in the derivation is still (cf. (3.13))
min <73Ut C’PUt, PUt OPUt>HS 5

where
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Py, CPy,

= PUtEGt [(UtA<y7 t) - a(Uty7 t))yTUtT] +h.c.

+ Z UtEOt Z/, BT y7 Z PUt]E’Gt Uty7 )b '<Uty’ t):| PUt
M
2 U By, |Aly. )y +yAl(y.t) + > By, t)Bl(y,t) | Uf
j=1

Py Lt (UtIEgt [yy'] UJ) Pus.

If we assume that it is possible to achieve Py, CPy, = 0, then

M
Eo, [A(y, 0y' +yAT(y,t) + Y B;(y,t)Bl(y, t)] = U/t (UtIEet lyy'] UJ) U,

i=1

The constraint in (3.19) requires that the the trace of the left hand side is zero, while on the

right hand side, in general,
T (U121 (U [y 107 ) U) = T (Pu£F (U [y 1U7) ) # 0,

even though Tr (U (UtEgt [ny] UZ)) = (. One could conclude that in general, the mini-
mization problem

min <PUtCPUt7PUtCPUt>H5 > 0,
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under the trace-preserving constraint in (3.19). This could be anticipated since one has to
work on a smaller space during minimization. Hence, in general, the low-rank unraveling
from the SDLR method with trace-preserving constraint is not optimal in the sense of

Thm. 3.2.

In fact, it is not straightforward how to minimize (Py,CPy,, Py,CPu,) ;s under the
trace-preserving constraint for functions A and B;. After all, we need to work on the
quadratic variational problem on the functional space with a trace-preserving constraint,
not on matrices as in [95].

While it is perhaps desirable to have a trace-preserving dynamical low-rank approxima-
tion of density matrices, our choice of not considering trace-preserving constraint can be
justified via better approximating measurement outcomes. Recall that the expected mea-
surement outcome for an observable O is Tr(Op) = (O, p) 4. To get an accurate ap-
proximation of the measurement outcome, it is sufficient that prr; is close to p; in the

Hilbert-Schmidt norm, without the requirement of a trace-preserving constraint.

3.5.4 Method selection and control variate

From the commuting diagram, one might question the usefulness of the low-rank un-
raveling in practice. Since in the low-rank unraveling, at each time step, one needs to

store O(r(n + Nj)) data for U; and Y;, where NN, is the sample size. For the deterministic
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low-rank dynamics, it only needs to store O(r(n + r)) for U, and 5;.

When r = O(1) is useful to approximate the full dynamics, solving the deterministic
low-rank approximation of the Lindblad equation is a better choice, as one does not need
to simulate many sample paths to get statistical averages. Moreover, the simulation of

deterministic low-rank dynamics has a smaller memory and computational cost.

On the other hand, when rank 7 requires to be large in order to approximate the system
accurately, solving the deterministic low-rank approximation for the Lindblad equation
becomes inefficient. It is advantageous to turn to stochastic approximation methods and to

use the unraveling of Lindblad equations.

However, one could consider using the control variate method [96] to facilitate the

simulation, that is, to use

P = Puc + MpLr — Prrmc)

where p,,~ 1s obtained via an unraveling scheme; p r is obtained by solving the determin-
istic low-rank dynamics of the Lindblad equation; p; gy 1S obtained by solving a low-rank
unraveling scheme. The rank = O(1) to ensure that one could simulate both deterministic
and stochastic low-rank dynamics. The low-rank dynamics itself may not provide an ac-
curate approximation. However, one could still simulate the low-rank dynamics to achieve

the reduction of variance, by choosing the correct parameter \; see [96] for details.
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Generally speaking, for Fokker-Planck equations and Lindblad equations with contin-
uum state space (e.g., probability measures on R, or density matrices on L?(R¢)), one
would not want to solve a deterministic low-rank dynamics directly, since that is still a
PDE with potentially high dimension when 7 is not too small (even when r = 6, solv-
ing such a PDE in 6-dimension is already rather challenging by classical numerical PDE
methods). When the low-rank approximation is accurate, one could choose to use low-rank
SDEs (derived by the SDLR method) to achieve reduction of complexity in the model;
otherwise, one has to simulate the original SDE. Of course, this discussion only involves
which model to solve; detailed numerical methods and algorithmic implementations would

still make a significant difference to the practical performance.

3.6 Numerical experiments

In this section, we will validate our method by numerical experiments on some high-
dimensional SDEs: a high-dimensional geometric Brownian motion, the stochastic Burg-
ers’ equation, and unravelings of a quantum damped harmonic oscillator. For the first two
examples, we will compare the SDLR method (3.11) with the DO method (3.14). We ob-
serve that our SDLR method has comparable performance in approximating the mean when
the rank is chosen correctly, compared with the DO method. Moreover, it performs better
in approximating the second moment. We will measure the relative error as the indicator
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of the performance of low-rank approximations:

e the relative error for the mean is defined as

B[] = Bprp e, [2] 1/ 1B, [] ]

e the relative error for the second moment is defined as

B, [z2T] — By, [227] | s/ | By, [221] |25

Let us comment on some details in numerical implementation. For simplicity, we use
the Euler-Maruyama method as the stochastic integrator. An order-one deterministic nu-
merical scheme in [85] is employed to preserve the orthogonality of U;. The inverse of
Eo, [yyq in (3.10) or (3.11) could cause numerical instability, when its condition number
is significant. This problem also appears in the DO method [127]. [10] suggested using
the pseudo-inverse to maintain the algorithmic stability, which is also adopted herein in the
numerical simulation. If the chosen rank is representative (not over-estimating the rank),

then the pseudo-inverse should be the matrix inverse.
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3.6.1 Geometric Brownian motion

Consider the geometric Brownian motion of the form

dXt — AXt dt + BXt th,

where X; € C?°, A, B € C?0%20,

A rank-5 initial condition is used: X, = x; with probability p,, where {xk}izl are
randomly generated orthogonal vectors in C?°, and py, o Poisson(k—1,0.5) for1 < k < 5.
Poisson(k, A) is the probability density function of the Poisson distribution with rate A at
value k. A is of the form QDQ' where D is a randomly generated diagonal matrix with
diagonal elements uniformly distributed in the interval [—4.5, —0.5], and Q is a randomly
generated orthogonal matrix. We choose B = 1/0.05 . It is not difficult to prove that for
such a geometric Brownian motion, the second moment E,,, [mﬂ decays to 0 as t — oo
(known as the mean-square stability). The result is visualized in Fig. 3.2 and Fig. 3.3 for
both SDLR and DO methods. It should be remarked that to faithfully compare the SDLR
method with the DO method under the same rank r, e.g., » = 5, the matrix U; in SDLR has
dimension 20 x 5, whereas it has dimension 20 x 4 for the DO method, since X for the DO

method should account for one rank and contributes n = 20 degrees of freedom.

In our numerical experiment, the sample size is 10°, and the time step is 30%). From
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Fig. 3.2, the mean-square stability is observed. In Fig. 3.3, for the SDLR method, when the
rank increases, the relative error decreases for both mean and second moment. For the DO
method, even for small rank, the relative error of the mean is small; the relative error for the
second moment decreases as rank increases as expected. As can be seen, the DO method
captures the mean better, and the SDLR method captures the second moment better. This

finding is consistent with the theoretical derivation.

spectrum (log10 scale)

Figure 3.2: Spectrum of E,,, [xxT] in log 10 scale (the five largest eigenvalues) for the
high-dimensional geometric Brownian motion.

3.6.2 Stochastic Burgers’ equation

We consider the stochastic Burgers’ equation h(z, ¢, w) of the form

dh = (W8%h — hd.h) dt + g(2) AW,
(3.20)
h(z,0,w) = ho(z,w), h(0,t,w) = h(1,t,w),

for (z,t) € [0,1] x [0, T]. This example is adapted from [117]. Notice that dI¥ is chosen

as a scalar Brownian motion, independent of the spatial coordinate z.
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Figure 3.3: Relative errors for SDLR and DO methods in solving the high-dimensional
geometric Brownian motion.

Due to the periodic boundary condition, by separating (¢, w) from z, we have

h(z,t,w) Zthw 2mikz
keZ

Then, the stochastic Burgers’ equation could be viewed as an SDE on the Hilbert space

L?[0, 1] with basis functions {e*"***},.;. The SDE has the form

k\Cs = - / ! )
AX (1, w) ( (27k) 20 X4 (1, w) Zxk w(t,w0) X (1, w)(2mk)> dt + g, dW,

Xk(07w) = <€27rikz7 ho(Z, w)>L2([0,1}) ) 9k = <e27rikz7 g(z)>L2([071]) :

Note that dWW is independent of the mode k.

In the direct numerical simulation, we truncate k by letting Xy (¢, w) = 0 for |k| > "~

where n is an odd positive integer. Then Xj(t,w) can be stored in a C" vector. With a
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careful choice of the initial condition, and let n — oo, we could expect that the solution of
such a truncated SDE converges to the true solution. Adapted from [117, Example 4.1], let
v =0.01, and g(2) = & cos(2mz) = o (2™ + 2mi(12).

As for the initial condition, a rank-5 case is considered
1, with probability p;;

ho(z,-) = § V2sin(2r|k/2]z),  with probability py, k = 2,4;

| V2cos(2m|k/2|z),  with probability py, k = 3,5.

We choose py, o< Poisson(k —1,0.5), just like the last example, and | - | is the floor function.
In Fig. 3.4, it could be observed that the numerical result is stable with respect to the

dimension of truncation n. Therefore, it is justifiable to simply solve the truncated system

with n = 21 by SDLR and DO methods.

E[h(z,1,w)]

1.0 A

0.8 A

0.6 1

0.4 A

0.2 A

0.0 0.2 0.4 0.6 0.8 1.0
z

Figure 3.4: This figure shows the expected function E[A(z, 1, w)] on z € [0, 1], for different
truncated dimension 7, in solving the stochastic Burgers’ equation.

For n = 21, sample size 10, and time step ﬁ, the spectrum and relative errors are
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visualized in Fig. 3.5 and Fig. 3.6, respectively. From the spectrum, the second moment
tends to behave like a rank one matrix, since the largest eigenvalue almost keeps constant,
while other eigenvalues approximately exponentially decay. In Fig. 3.6, for both methods,
when the rank increases, the relative error decreases, as expected. It could be observed
that the performance of both SDLR method and DO method is similar and comparable,
in calculating both E,, [z] and E,, [z2']. As for more detailed performance comparison
for these two methods, Fig. 3.6 is not very informative, especially for the second moment.
Therefore, we additionally provide Table 3.1, which gives the ratio between the relative er-
ror for the SDLR method and the relative error for the DO method at time ¢ = 1, for various
ranks. Then, it could be observed that the DO method performs better in approximating
the mean, and the SDLR method performs better in approximating the second moment. As
a reminder, the result in Table 3.1 can only be interpreted qualitatively, due to the random

fluctuation in the simulation.
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Figure 3.5: Spectrum of E,,, [xxT] in log 10 scale (the five largest eigenvalues) for the
stochastic Burgers’ equation.
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Figure 3.6: Relative errors for SDLR and DO methods in solving the stochastic Burgers’
equation.

Table 3.1: This table summarizes the ratio between the relative error for the SDLR method
and the relative error for the DO method, at time ¢t = 1 for the stochastic Burgers’ equation.

r ‘ ratio for relative errors of E,, [az] ratio for relative errors of £, [q;xT]

3 1.291 0.572
4 1.264 0.593
5 1.389 0.816
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3.6.3 Quantum damped harmonic oscillator

We solve a Lindblad equation of a simple quantum damped harmonic oscillator (see,

e.g., [71]), given by

1 1
p=—i[d'd, p] + 71 (dpd’ - 5 {d'd,p} ) +7(d'pd — 5 {ad',p} ).

where d(f) are annihilation (creation) operators for the harmonic oscillator. Adopting the
bra-ket notation, let { k) }k:O,l,--- el be the orthonormal basis of quantum states. Then,
the effect of operators AV is df|k) = vk + 1|k + 1) and d|k) = V/k|k — 1). The special
state |0) usually refers to the ground state, and |k) (k > 1) are known as excited states.
We truncate the system by n = 21 states. The initial condition is chosen as |k) with
probabilities p; o Poissson(k,0.5) for & = 0,1,--- ,4. Hence, the density matrix pg
is again a rank-5 matrix. This model has been tested for two parameter sets v; = 0.2,
v2 = 0 and 7, = 0, 72 = 0.2. In the first case, the environment acts as an annihilation
operator to the system so that the system is moving down to a lower energy state. In the
second case, the environment acts as a creation operator so that the system is moving up
to a higher energy state. The above Lindblad equation is solved by both QSD and LQSD
unraveling schemes, as well as the SDLR method for QSD and LQSD correspondingly.

For this example, the solution of the Lindblad equation via a numerical ODE integrator is
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treated as the exact solution.

L

The sample size is 3 x 10° and time step is 00"

The results are visualized in Fig. 3.7
and Fig. 3.8. The spectrum is consistent with the physical intuition. In Fig. 3.7, the high-
est eigenvalue roughly indicates the probability at the ground state |0), which steadily in-
creases. This is consistent with the functioning of the annihilation operator, i.e., moving
the quantum state to lower energy states. The spectrum in Fig. 3.8 can be explained in a
similar way. The solution at rank 5 is comparable with the original unraveling SDE system

(i.e., r = 21). In the first case y; = 0.2 and ~» = 0, since the system is lowering down to

the ground state, it is expected that the low-rank approximation should perform better.

3.7 Conclusion

In this chapter, we have proposed the stochastic dynamical low-rank approximation
method in the space of finite signed measures. Then, by applying the SDLR method, we
have derived the low-rank dynamics of SDEs in Thm. 3.2, obtaining an ODE-SDE coupled
system as a low-rank approximation of the original high-dimensional SDE in the weak
sense. We have also established a commuting diagram for the action of stochastic un-
raveling and the dynamical low-rank approximation. Furthermore, we have validated this

method by error analysis and numerical examples.
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parameters y; = 0, 72 = 0.2.
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Chapter 4

Gradient flow structure and exponential
convergence of Lindblad equations with
GNS-detailed balance

4.1 Introduction and main results

The characterization of dynamics for open classical and quantum systems is an essen-
tial and fundamental topic. One approach to characterize the dynamics for open systems is
the entropy production [8,16,20,67,109,133], from an information theory perspective. For
Markovian dynamics, the entropy production is positive, which relates to the data process-
ing inequality [70,97, 108] and complies with the second law of thermodynamics [19,47].
The entropy production also relates to gradient flow structure on well-chosen Riemannian
manifolds for those Markov semigroups [35-37,63, 64,88, 100, 115]. Furthermore, the va-
lidity of log-Sobolev inequalities [11,53,82—-84,114,122] assists in proving the exponential
decay of those entropies under respective Markov semigroups.

In this chapter, we focus on the entropy production of sandwiched Rényi divergences,
under primitive Lindblad equations with GNS-detailed balance, for finite-dimensional quan-

tum systems. The Lindblad equation with the GNS-detailed balance (see Thm. 4.9 below)

This chapter is prepared based on [30].
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has the form

J
= Lip) =Y e wﬂ/Z( o VI + [V p V]), 4.1)

j=1

where the positive integer J < n? — 1; w; € R; Vj are n-by-n matrices; constraints for
w; and V; will be given in Thm. 4.9 below. The notion of GNS-detailed balance will be
explained in Sec. 4.2.2 below. The Lindblad equation is called primitive (also sometimes
referred as ergodic, e.g., see [26,36]) if Ker(L) is spanned by I,,, which is the n-by-n
identity matrix.

Before delving more into Lindblad equations for open quantum systems, we would like
to review some previous results of Fokker-Planck equations for open classical systems for
comparison. Almost all conclusions in this chapter are motivated by the classical results for
Fokker-Planck equations (1.4). Jordan, Kinderlehrer, and Otto [88] showed that such types
of Fokker-Planck equations (1.4) could be viewed as Wasserstein gradient flow dynamics
of the relative entropy (or the free energy functional). Moreover, based on the method of
entropy production and the log-Sobolev inequality [114], one can prove that the solution of
the Fokker-Planck equation (1.4) converges to the Gibbs (stationary) distribution exponen-
tially fast in the relative entropy. In our recent work [29], we generalized these results to the
classical Rényi divergence of any order o € (0, 00): (1) the same Fokker-Planck equation

can be formally identified as gradient flow dynamics of the classical Rényi divergence of
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any order o with respect to a transportation distance defined by a specific metric tensor;
(2) the solution of the Fokker-Planck equation converges exponentially fast to the Gibbs
distribution in the classical Rényi divergence. Apart from Fokker-Planck equations, sev-
eral other classical dissipative dynamics can also be viewed as gradient flow dynamics of
various transport metrics, for instance, the heat equation [63], finite Markov Chains [100]

and porous medium equations [64, 115].

Due to the similar role that Lindblad and Fokker-Planck equations play for open quan-
tum and classical systems, respectively, it is interesting to study Lindblad equations from
the perspective of gradient flows. In a previous work by Carlen and Maas, they showed that
the Fermionic Fokker-Planck equation could be identified as gradient flow dynamics of the
quantum relative entropy [35]. In their more recent work, they extended results from [35],
and they showed that for finite-dimensional quantum systems, primitive Lindblad equa-
tions with GNS-detailed balance could indeed be identified as gradient flow dynamics of
the quantum relative entropy [36]. They also established a unified picture of gradient flows,
including the previous two cases and Markov Chains in the setting of C*-algebras [37].
The generalization of their results from finite-dimensional matrices to infinite-dimensional
noncommutative algebras has been recently considered in [142]. In this chapter, we fo-
cus on the finite-dimensional setting, and aim to characterize the gradient flow structure

of Lindblad equations in terms of a family of quantum divergences — sandwiched Rényi
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divergences [111,141], including the quantum relative entropy as a specific instance. More-
over, we are also interested in quantifying the decaying property of the solution p; of the

Lindblad equation (4.1) in terms of the sandwiched Rényi divergence.

The sandwiched Rényi divergence is defined as follows.

Definition 4.1 (Sandwiched Rényi divergence [111]). Given two positive semi-definite ma-
trices p, o such that p < ¢ and p # 0, the sandwiched Rényi divergence D,, (p||o) of order
a € (0,00) is defined by

ailbgﬁﬁ[wgﬁmzﬂﬂ), a € (0,1) U (1, 00);

Dq (pllo) := (4.2)
Tr (plog(p) — plog(o)), a=1.

The notation p < o means that the kernel of o is a subspace of the kernel of p. The term
Tr(p) in [111, Def. 2] is simply set as one, since we only consider p to be a density matrix
herein. o is assumed to be a full-rank density matrix, so p < o is always satisfied in our
context. For any fixed p and full-rank o, the sandwiched Rényi divergence is continuous
with respect to the order «, in particular, D (p||o) = lim,_,1 D,, (p||o).

The sandwiched Rényi divergence is a quantum analog of the classical Rényi diver-
gence and has recently received much attention due to its applications in quantum informa-

tion theory [105, 141].

The sandwiched Rényi divergence unifies many entropy measures: when @ = 1, it

111



reduces to the quantum relative entropy; when o« — oo, it converges to the quantum relative
max-entropy; when o = 1/2 and a = 2, it is closely connected to the quantum fidelity and

x? divergence respectively [134].

The sandwiched Rényi divergence satisfies the data processing inequality for any order
a > % and any completely positive trace-preserving (CPTP) map [13,70, 111]. For fixed
density matrices p and o, it is monotonically increasing with respect to the order o €
(0,00) [111, Thm. 7]. The sandwiched Rényi divergence has also been used to study the
quantum second laws of thermodynamics [19], which is a major motivation of our work.
The global convergence rates and mixing times of sandwiched Rényi divergences under

quantum Markov semigroups have been studied in [107].

We remark that there is another well-studied family of quantum Rényi divergences

known as the Petz-Rényi divergence [121], defined by

D.(p||o) = = i . log (Tr (p“c'~%)).

When p and ¢ commute, the sandwiched Rényi divergence is identical to the Petz-Rényi
divergence. We also remark that [9] has studied more generalized («, z)-quantum Rényi
divergences, which include sandwiched Rényi divergences and Petz-Rényi divergences
as special instances. The discussion on the data processing inequality of («, z)-quantum

Rényi divergences can be found in a recent review paper [34] and the references therein.
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The first main result of this chapter is the following theorem.

Theorem 4.2. Consider a primitive Lindblad equation with GNS-detailed balance (4.1),
and suppose its unique stationary state o is full-rank. For any order o € (0, 00), consider
the energy functional D,, (p||o) with respect to the quantum state p. In the space of strictly
positive density matrices DT, equipped with the metric tensor defined in Def. 4.23, the gra-
dient flow dynamics of the sandwiched Rényi divergence D,, (p||o) is exactly the Lindblad

equation (4.1).

This theorem immediately implies the monotonicity of the sandwiched Rényi diver-
gence under the evolution of such Lindblad equations, summarized in Cor. 4.3 below. For
a > % this corollary can be proved simply by applying the data processing inequality
[70]. For primitive Lindblad equations with GNS-detailed balance, the monotonicity also
holds when « € (0, %) However, the data processing inequality does not generally hold

for sandwiched Rényi divergences when o < % [17, Sec. 4].

Corollary 4.3. Under the same conditions as in Thm. 4.2, suppose p. : [0,00) — D7 is
the solution of the Lindblad equation (4.1). For any a € (0,00), the sandwiched Rényi

divergence D, (p;||0) is non-increasing in time t, i.e., 0,D,, (p;||o) < 0.

Thm. 4.2 only provides a sufficient detailed balance condition for Lindblad equations

to be gradient flow dynamics of sandwiched Rényi divergences. Later in Sec. 4.4, we will

113



discuss the necessary condition for Lindblad equations to be possibly expressed as gradient
flow dynamics of sandwiched Rényi divergences (see Thm. 4.24), by adapting and extend-
ing the analysis in [37, Thm. 2.9]. Loosely speaking, the family of Lindblad equations
that can be possibly written as gradient flow dynamics of sandwiched Rényi divergences of
any order o € (0, 00) is not substantially larger than the class of Lindblad equations with
GNS-detailed balance, which explains the reason why we restrict our attention to Lindblad
equations with GNS-detailed balance in Thm. 4.2. However, identifying a sufficient and
necessary condition remains open.

Next, we would like to study the exponential decay of sandwiched Rényi divergences.
For Fokker-Planck equations in classical systems, the exponential decay of the relative
entropy could be proved via the (classical) log-Sobolev inequality, i.e., the relative entropy
is bounded above by the relative Fisher information. This approach has been generalized
in our previous work [29] to obtain the exponential decay of the classical Rényi divergence
by introducing the relative a-Fisher information. For quantum systems, in the same flavor,

let us first define the quantum relative a-Fisher information as follows.

Definition 4.4. Suppose L' is the generator of a primitive Lindblad equation with GNS-

detailed balance and the unique stationary state o is full-rank. The quantum relative -
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Fisher information between p € ©* and o is defined as

— (Pl Li(p)) if o # 1;
Fa (pllo) = (2 Jus (43)

— (log(p) —log(0), LI (p)) g, ifar=1.

When o = 1, we denote .7 (p|lo) = # (p||o) and call it quantum relative Fisher
information for simplicity. Notice that in the definition above, the quantum relative a-
Fisher information depends on the Lindblad super-operator £, which is different from the
classical case where the relative a-Fisher information only depends on the Gibbs stationary
distribution (see [29]). Also, observe that if p; solves the Lindblad equation (4.1), then
o (pil|lo) = =0 Dy, (pe]]o). Since 0,D, (pi||lo) < 0 by Cor. 4.3, the quantum relative

a-Fisher information .%, (p;||o) is non-negative.

Definition 4.5. Suppose the density matrix o is the unique stationary state of the Lindblad
equation (4.1). For a fixed order a € (0, 00), o is said to satisfy the quantum a-log Sobolev

inequality (or quantum «-LSI in short), if there exists K, > 0 such that

Da (pllo) <

< 2Kafa (pllo),  VpedD, (4.4)

where ® is the space of density matrices. K, is called the a-log Sobolev constant. When

a = 1, we call (4.4) the quantum log-Sobolev inequality and denote K = K, for simplicity.
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The a-log Sobolev constant K, has been considered in [107, Def. 3.1]. When o = 1,

the above form reduces to the quantum log-Sobolev inequality in [36, Eq. (8.17)].

Remark. Another definition of the quantum «-LSI was given previously under the frame-
work of noncommutative IL,, spaces (see, e.g., [113, Def. 3.5], [89, Def. 11] and [14, Sec.
2.5]). We will briefly revisit this concept in Sec. 4.2.5, and we shall denote the log-Sobolev
constant in this set-up by k.. The essential difference is that for the definition of x,, the
entropy function uses the quantum relative entropy for a density matrix raising to the power

of «, instead of using sandwiched Rényi divergence (see (4.19) for more details).

For Lindblad equations with GNS-detailed balance, the primitivity of Lindblad equa-
tions is equivalent to the validity of the quantum LSI, summarized in Prop. 4.6. It is im-
portant to note that by Lem. 4.12 below, if the Lindblad equation satisfies GNS-detailed
balance, then —L is a positive semi-definite operator, with respect to the inner product
(+-)1/9> Which is defined by (A, B), , := Tr (ATg'/*Bo'/?) for all matrices A, B. As a
consequence, primitivity of £ implies that —L has a positive spectral gap, denoted by A.

The proposition below provides two-side estimates of K in terms of A,.

Proposition 4.6. Consider the Lindblad equation with GNS-detailed balance (4.1) and
suppose a full-rank density matrix o is its stationary state. Then, o satisfies the quantum

LSI iff the Lindblad equation is primitive. More quantitatively, if the Lindblad equation is
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primitive, we have

1
1 — log(y/Amin(0))

Ao <K < g,

where Ain(0) is the smallest eigenvalue of o.

Prop. 4.6 follows mainly from [107, Thm. 5.3], [89, Thm. 16] (or see [107, Thm. 4.1]),
and the quantum Stroock-Varopoulos inequality [14, Cor. 16]. The proof is postponed to
Sec. 4.5.3. We remark that the lower bound above is not sharp, and it remains an interesting

question to find a tighter lower bound.

It is not hard to see that if the quantum «a-LSI (4.4) is valid, then it follows immediately

from Gronwall inequality that (see also [107, Thm. 3.2])

Do (pllo) < Da (pollo) et ¥t > 0. (4.5)

The validity of (4.4) with a positive K, is, in general, difficult to establish. For the
depolarizing semigroup, K5 has been computed in [107, Thm. 3.3], and K has been studied
in [110]. For the depolarizing semigroup with stationary state o being the maximally mixed
state, both upper and lower bounds of K, with & > 2, have been provided in [107, Thm.
3.4]. Moreover, it has been proved in [107, Thm. 4.1] that the a-log Sobolev constant

cannot exceed the spectral gap, namely for any o > 1, K, < A.. In this chapter, instead of
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pursuing the global decay of the sandwiched Rényi divergence D, (p;||o) as in (4.5), we
focus on the exponential decay of D, (p;||o) in the large time regime. More specifically,
our second main result (Thm. 4.7) shows that the sandwiched Rényi divergence D, (p;||o)

decays exponentially with the sharp rate 2\, when ¢ is large.

Theorem 4.7. Under the same conditions as in Thm. 4.2, for any given solution p. :
[0,00) — DT of the Lindblad equation and any € € (0, M), there exist C, . and

Ta,e SUCh that

Dy, (pi]|0) < CaeDq (pollo) e 2, Vt > Toe, (4.6)
where
c eD2(polle) _ 1 o 29N T,
ae = T N &XP o — LLae)
Do (pollo)
and
0, a < 2;
Ta,e = 1
T, e + max (0, Y4 log(D (pol|o) /e)) , a> 2.

In the above, A\pmin(0) is the smallest eigenvalue of o; T, . = ﬁ log(a — 1) is a function

depending on « and €; © is the Heaviside function;

(13 ey
= min (min {0 )

~ Amax(0) ox - 2Amin(0) — V/2¢
A= Nn(e) P <2ﬁxmin(a)<xmin<a) - ﬁe))’

(
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where w; are Bohr frequencies determined by the stationary state o (see Sec. 4.2.2), and

Amax(0) is the largest eigenvalue of o.

The proof of Thm. 4.7 can be found in Sec. 4.5. We sketch the strategies used in the
proof herein. First, we prove this theorem for the case a = 2 by using a uniform lower
bound of .%, (p||o) (see (4.35)). Next, we prove that the quantum LSI (4.4) holds (see
Prop. 4.6). Based on the quantum LSI (see (4.4) for « = 1), we prove a quantum com-
parison theorem (see Prop. 4.32), which implies the exponential decay of the sandwiched

Rényi divergence of any order o € (0, 00) (see Prop. 4.33).

Some remarks of this theorem are in order:

Remark. (i) The upper bounds for 7, and C,  may not be sharp. A better bound might
be crucial if one wants to study the mixing time for quantum decoherence, which,
however, will not be pursued here. For fixed o > 2, when € becomes smaller, 77,
decreases, and we have a smaller prefactor C,, ., at the expense of waiting longer time

Ta,e (note that the term D (po||o) /e blows up as € | 07).

(i1) The artificial € and the complicated expression of 7;, . come from Prop. 4.32. There
is a different way to quantify 7 under the assumption of the quantum 2-LSI in the
sense of noncommutative I, spaces; please see Sec. 4.2.5 for background and the

discussion in Sec. 4.5.6 for more details. We prefer this version because the log-
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Sobolev inequality for « = 1 is also used for the classical result in [29, Thm. 1.2].
One could remove the dependence of the parameter € by simply choosing, e.g., € =

Amin()?/8 in this theorem. Then,

)‘max(o-) 1 J 2@‘3/2 ewi ;\\:i%x(((;))
A= 63, n:mln —7min )\ & } ‘
. 2°5=1 L 14 e max(7) 3

min(g)

If we further assume that o is the maximally mixed state, i.e., 0 = %]In, then

26_3/2

A: 3 = —
67 77 1+e37

are independent of the dimension n.

In order to better illustrate the introduction of waiting time 7, . and the sharpness of our

decay rate 2\, compared to 2K, we consider a special Lindblad equation below.

Example 4.8. Consider the following Lindblad equation

pr = ﬁT(Pt) =2(oxpox +0zpi07 — 2p),

whose unique stationary state 0 = I, /2. It could be verified that this Lindblad equation is
primitive and satisfies GNS-detailed balance (see Sec. 4.2.2 below). As a remark, ox and

oz herein are Pauli matrices.

From Fig. 4.1, we observe the followings.
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e D, (pi||o) has the same asymptotic decay rate for various «, which verifies (4.6).

e [t requires certain waiting time to reach the asymptotic decay rate, which justifies the

introduction of 7, . in Thm. 4.7.

e Fora > 1, D, (p;||c) may decay slower initially, compared to its asymptotic behav-
ior. Thus, in general, K, < A is justified (cf. [107, Thm. 4.1]). Hence, log-Sobolev
constants K, could not capture the long-time behavior of sandwiched Rényi diver-

gences, under the evolution of Lindblad equations.

log(Dq(ptl0))

Figure 4.1: log(D,, (p:||0)) for various o with the same fixed initial condition py.

Our contribution

We summarize here contributions of this chapter.

Firstly, we extend the work of Carlen and Maas in [36] by proving that primitive Lind-

blad equations with GNS-detailed balance can be identified as gradient flow dynamics of
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the sandwiched Rényi divergence of any order « € (0, 00); see Thm. 4.2. Besides, we fol-
low a recent work of Carlen and Maas [37] to study the necessary condition for Lindblad
equations to be possibly written as gradient flow dynamics of sandwiched Rényi diver-

gences; see Thm. 4.24.

Secondly, we prove that the sandwiched Rényi divergence decays exponentially fast un-
der the evolution of primitive Lindblad equations with GNS-detailed balance; see Thm. 4.7.
Our result (4.6) shows that the sandwiched Rényi divergence decays with an asymptotic rate

2\r, which is sharp according to [107, Thm. 4.1].

To prove Thm. 4.7, we first prove a quantum comparison theorem (see Prop. 4.32),
which has its own interest. It is essentially a hypercontractivity-type estimation of the so-
lution of the Lindblad equation, enabling us to bound D,, (pr||o) by D,, (po|lo) with
some 7' > 0 when a; > «y. As a direct consequence of the comparison theorem,
Prop. 4.33 shows that the sandwiched Rényi divergence exponentially decays for all or-
ders o € (0, 00). Such a comparison result for classical Rényi divergences was proved for
the Fokker-Planck equation in [29, Thm. 1.2]. For quantum dynamics, a similar compari-
son result was also obtained in [14, Cor. 17]. However, a primary difference between our
results and theirs is that we use K in the estimation of the waiting time, while they use x5

(see (4.17)). See a detailed discussion in Sec. 4.5.6.

The rest of this chapter is organized as follows. In Sec. 4.2, we will recall several
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preliminary results on, e.g., gradient flows, Lindblad equations with detailed balance, and
noncommutative [L, spaces. Sec. 4.3 will be devoted to the proof of Thm. 4.2 and Cor. 4.3.
In Sec. 4.4, we will study the necessary detailed balance condition for Lindblad equations
to be gradient flow dynamics of the sandwiched Rényi divergence of order v € (0, 00); see
Thm. 4.24. Prop. 4.6 and Thm. 4.7 will be proved in Sec. 4.5. Finally, we will provide a

concise summary in Sec. 4.6.

4.2 Preliminaries

In this section, we recall some technical notions: gradient flow dynamics on the Rie-
mannian manifold, Lindblad equations with GNS-detailed balance, the quantum analogies
of gradient and divergence operators, chain rule identity, and quantum noncommutative L,
spaces. Most results from Sec. 4.2.2 to Sec. 4.2.4 follow from [36]; Sec. 4.2.5 is mostly

based on [14].

Notations: We will use the following notations for this chapter here and below. We extend
the inner product (-,-) to vector fields over M by (A4, B) := Y7 | (A;, B;), where two
vector fields A = (A1 Ag Ay), B = (BiB:-By),and A;, B; € Moorall 1 < j < J;

here J is a fixed positive integer. The space of such vector fields is denoted by 9. Such a

convention is also applied analogously to all inner products on 1.

Denote Anin(p) as the smallest eigenvalue of a density matrix p and Ap.«(p) as the
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largest one. To simplify the notation, a weight operator T, : 9T — 9N is defined by

for any matrix A € 9. Hence, for any v € R,

TI(A) = 072 Ac/2.

4.2.1 Gradient flow dynamics

Consider a Riemannian manifold (M, g,): M is a smooth manifold, and g, (-, ) is an
inner product on the tangent space 7, M for any p € M. Given any (energy) functional £/
on M, the gradient, denoted by gradE|, at any state p € M, is defined as the element in

the tangent space 7,M such that

. WweT,M. (4.7)

d
» 1/) = —FE(p+ev) B

9p (gradE P

Then, gradient flow dynamics refers to following autonomous differential equation

pr = —gradE/ o (4.8)

This gradient flow dynamics is essentially a generalization of steepest descend dynamics

in the Euclidean space. In this chapter, we will take M to be the space of strictly positive
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density matrices ©*. The choice of g, is more subtle and technical, and we will explain it

below in Sec. 4.3.

4.2.2 Quantum Markov semigroup with GNS-detailed balance

Recall the notion of quantum Markov semigroup (QMS) P; from Chp. 1. To explain the
quantum detailed balance, let us define inner products (-, -), parameterized by s € [0, 1],

for a given full-rank density matrix o, in the following way: for any A, B € 9N,

(A,B), :=Tr (c*ATc'*B) .

Essentially, (-, -), is a o-weighted Hilbert-Schmidt inner product. The QMS is said to
satisfy GNS-detailed balance if P, is self-adjoint with respect to the inner product (-, -),
for all t > 0, that is to say, (P;(A), B); = (A, P(B)), forall A,B € Mand ¢t > 0. In
some literature, the case s = 1/2 is considered instead, and the QMS is said to satisfy the
KMS-detailed balance if P; is self-adjoint with respect to the inner product (-, -), Jo- It s

not hard to verify that the QMS satisfies the KMS-detailed balance iff

Y lofLloY, =L. (4.9)

[

A notable relation is that the GNS-detailed balance is a more restrictive situation, and it

implies the KMS-detailed balance; reversely, it is not valid. More discussion on the relation
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between GNS and KMS detailed balances could be found in [36], in particular, [36, Thm.
2.9]. Another important consequence is that if P; satisfies detailed balance (either KMS or
GNS), then ¢ is invariant under the dynamical evolution 73; , that is to say, PI (o) =0. We
add the prefix GNS or KMS to explicitly distinguish these two conditions. More results on

the quantum detailed balance can be found in, e.g., [2,68, 69, 134].

The generic form of quantum Markov semigroups with GNS-detailed balance is given

by the theorem below.

Theorem 4.9 ([36, Thm. 3.1]). Suppose that the quantum Markov semigroup P; satisfies

GNS-detailed balance, then

J
L(A) =) e PVTIA V] + e 2 [V, Al V]

j=1

(4.10)
J
= Z/ (Vi 1A v+ [vi. A ),

where w; € R and J < n* — 1. Moreover {V;}j:l satisfy the following:

(i) Te(V;) = 0and (V}, Vi) yo = 0jkc; forall 1 < j, k < J; constants c; > 0 (for all

1 <5 < J) come from the normalization;

(ii) for each j, there exists 1 < j' < J such that VjT = Vj;
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(iii) A, (V;) = eV, where the modular operator A, : M — M is defined as

A, (A) == cAc, for A e M

(iv) iijT = Vji then ¢; = cj and w; = —wj.
Then it could be easily derived that (see also [36, Eq. (3.7)])

Li(A) =

M-

(e WA V) + e (v, avy))

1

j
(4.11)
J

2 (A + [V, AV))),

7j=1
which is well known as the Lindblad super-operator; see also (1.1).
Example 4.10. Consider the depolarizing semigroup with the generator

ET

depol

(A) =~(cTr(A) — A), v > 0.

It is not hard to verify that Lgepoi(A) = v (Tr(cA)L, — A) and Lgepor is self-adjoint with
respect to the inner product (-, -),. Thus, this depolarizing semigroup satisfies the GNS-

detailed balance.

The following lemma is a special case of [36, Lem. 2.5] and is enough for our purpose.
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Lemma 4.11. Suppose OQMS P; satisfies the GNS-detailed balance, then
[Py, A,] =0, and equivalently [L,A,] =

4.2.3 Noncommutative analog of gradient and divergence

Given those V; from (4.10), define the noncommutative partial derivative 0; by
0,(A) = [V}, A,
for any matrix A € 9. As a result, its adjoint operator 6} has the form
ol(A) = [V, Al

Let 21! be the vector fields over 9, i.e., for A€ MY, we have A= (A1 A - Ay), where

A; € MAforall 1 < j < J. The noncommutative gradient V : 9 — M is defined by
VA= (31A DA .. &A) e M.

The noncommutative divergence, acting on 91’, is defined by

J J
div(A) === al(4;) = >[4, V]], (4.12)
j=1

Jj=1
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for any A= (A1 A; ~4y) € 9. The divergence operator is defined in this way so that
it is the adjoint of the gradient operator, with a multiplicative factor —1, analogous to the

classical case.

Lemma 4.12 ([36, Eq. (5.3)]). For a quantum Markov semigroup with GNS-detailed bal-
ance, we have

(VA VA, = (A —L(A),,. (4.13)

Thus, —L is a positive semi-definite operator on the Hilbert space (I, (-, ), /2).

Lemma 4.13 ([36, Thm. 5.3]). Suppose the Lindblad equation satisfies GNS-detailed
balance. Then the kernel of L equals to the commutant of {V}}j:l In other words,

Ker(L) = Ker(V).

Lem. 4.14 below gives a sufficient condition for Lindblad equations with GNS-detailed
balance to be primitive, though the analysis in the rest of this chapter does not rely on this
result. However, the condition J = n? — 1 is not necessary for Lindblad equations with

GNS-detailed balance to be primitive; see, e.g., Example 4.8 above.

Lemma 4.14. If the Lindblad equation satisfies the GNS-detailed balance and J = n* — 1,

then the Lindblad equation is primitive.

Proof. Note that {I,,V;, V5, --V;} form a (non-normalized) basis of 9. Hence, for any

matrix A € 90, one can decompose A = [ 1 A where Tr(A) = 0. By the definition

n
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of primitive Lindblad equation and Lem. 4.13, it is equivalent to show that the commutant
of {V;}3_, is spanned by I, that is, if A is in the commutant of {V;}/_,, then A=o.

If A is in the commutant, then [A, V;] = 0 for all j. Since {V;};_, spans the space of
traceless matrices, 0 = [Z, 17) <k|} forall j # k, thatis, A|j) (k| = |5) (k| A. Considering
the matrix element (a| - |b), we have ga,jék,b = Zk,b(sa,j- Case (1): take a = b = k, then we
know that E,w» = 0, and hence off-diagonal terms of A are all zero. Case (2): take a = j
and b = k, then we know that A;; = Ay ;. Since 0 = Tr(A) = > A; then A;; = 0 for

all j. In summary, A = 0, thus completes the proof. [l

4.2.4 Chain rule identity

One of the critical steps in connecting the Lindblad equation and the gradient flow
dynamics of the quantum relative entropy is the following chain rule identity. In Sec. 4.3

below, this chain rule identity is also the key to proving Lem. 4.19.

Lemma 4.15 (Chain rule identity [36, Lem. 5.5]). Forany V € M, X € P and w € R,
[X], (V1og(e™“?X) —log(e*?X)V) = e “PVX — e*/2XV, (4.14)
where the operator [X|  : 9 — M is defined by

1
(A) = / e XS AXTS ds. (4.15)
0
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This operator [X]|_ is a noncommutative multiplication of the operator X. For conve-
nience, when w = 0, let [X] = [X],. The operator [X]  can be extended and defined for
vector fields Y. For A = (41 42 4,) € M and G = (w1 w2~ w) € R, define the

operator [X] : 9! — 90! by

Mo () = (XL, () (XL, (A - (X1, (4))
As a reminder, these w; with 1 < j < J come from the spectrum of the modular
operator A, (see Thm. 4.9 above).

Lemma 4.16. If X € P, then for any w € R, [X] is a strictly positive operator on .

As a consequence, [ X ];1 is a well-defined strictly positive operator.
Proof. Notice that
1
A) = / e?(5=1/2) Tr(ATX*AX'%)ds
0

1
w(s—1/2 s/2 1-s)/2 s/2 1-s)/2
:/Oe< PUXPAXOI2 XPAXO92) | ds > 0.

Moreover, (A, [X], A) ;¢ = 0iff A = 0. Thus, [X] is a strictly positive operator on 9

w

for any w € R. [
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More explicitly, the inverse of [X]  is (see [36, Lem. 5.8])

* 1
X)) (A) = A dt
X4 /0 t+ePX 4+ ew2X

(4.16)

1
1 1
= A d
/0 1 s+ se2X 1 st sewl2X

where we change the variable s = t%l from the first to the second line above.

From (4.15) and (4.16), it is straightforward to verify the following Lemma.

Lemma 4.17 ([36, Lem. 5.8]). For any w € R and A € N,
(X, (AT = [X]_, (AD), (XI5 (A)T = [X]7, (AD).

4.2.5 Noncommutative L, spaces

In this subsection, we briefly recall some concepts from noncommutative L, spaces
and log-Sobolev constants in that set-up [14, 89, 113]. We also recall an implication of the
quantum Stroock-Varopoulos inequality [14], which compares the magnitudes of various

log-Sobolev constants.

Let us first introduce the weighted 1L, norm, defined as

Ao = (T () )
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Then, we need to introduce the power operator, for any «, f € R, A € I,

™[R

oo (A) = 1,7 (15 )%).

When A is positive and commutes with 7, I, (A) = A*/?,

Two primary ingredients in noncommutative L, spaces are entropy function and Dirich-

let form. The a-Entropy function for X € B+ is defined as

Ent,o (X) == Tr | (T(X))"log ((T4/*(X))")]

T | (0/7()) log(o)] — X2, 1og (1X]]2.0)

and the a-Dirichlet form, for o € (0,1) U (1, 00), is defined as

where 1/a + 1/a = 1. When o = 1, the Dirichlet form is defined by taking the limit

a—1,ie.,
1/2°

E1.6(X) = lim 0,6(X) = (1o (Xo(X)) ~ log(r), ~£(X)

The a-log Sobolev constant in this set-up is defined as

_ . ga,E(X)
Ko = Kao(L) = )1(11>f0 Ent,, (X) (4.17)
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and thus the quantum o-LSI refers to the following

KaBtao (X) < Earp(X), VX >0. (4.18)

In order to compare (4.4) and (4.18), for any matrix X > 0, let us introduce p :=
T,(X)/Tr(Y,(X)), which is a strictly positive density matrix. By inverting the operator
Y,, we have X = Tr (T, (X)) Y, (p). By the fact that both &, »(X) and Ent,, (X) are

homogeneous with respect to X (see, e.g., [14, Prop. 4 (i1) and Prop. 8 (i1)]), we have

Ko = 1N
“ pEDT Entcw (T_l

g

Ear (Y5 (p))
(p))

where Z = Tr [(TS}““)/ O‘(p))a] Note that Z turns out to be the exponent in the sand-
wiched Rényi divergence (4.2). Provided that Lindblad equations satisfy KMS-detailed

balance, by (4.9) and Lem. 4.19 (see below),

5 (T (17 () ~£1(0) )

Ko = ianr Ty - HS
D (8 (0))"/Z]lo)
(4.19)
o (Dalpllo) _ i
,—L(p) a
_ lnf 4< op >HS _ lnf 4JO£ (p||0-)

peD+ [ ((Tglfa)/a(p))a/ZHJ) pED*T 1) <(T§,1*a)/a<p))a/ZHJ> .

As one might observe, the a-Dirichlet form becomes the quantum relative «-Fisher infor-
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mation up to a multiplicative constant, after the above transformation. However, the de-
nominator in the above equation is different from the sandwiched Rényi divergence, which
makes two definitions of the quantum «-LSI in (4.4) and (4.18) different. When o = 1,

this log-Sobolev constant x; becomes

LSl 1 K
~ g — 9K = 420
T L0+ D(pllo) 4 2 (4.20)

Therefore, both definitions (4.4) and (4.18) coincide when o« = 1, up to a multiplicative

constant 1/2.

The following implication of the quantum Stroock-Varopoulos inequality (see [14,

Thm. 14]) characterizes the relationship between various k.

Theorem 4.18 ([14, Cor. 16]). Let us consider primitive Lindblad equations with GNS-

detailed balance. Then k., is non-increasing with respect to « € [0, 2|. In particular,

K1 2 Ka. (4.21)

4.3 Lindblad equations as gradient flow dynamics of sand-

wiched Rényi divergences

This section devotes to the proof of Thm. 4.2. We will focus on the case o # 1, since
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the case a = 1 has been treated previously in [36]. Alternatively, one may easily adapt

the proof below to the case @ = 1. The proof follows from a sequence of lemmas whose

proofs are postponed to Sec. 4.3.2.

4.3.1 Proof of Thm. 4.2

To simplify notations, for any density matrix p € ©, define

po =T (p) = a%pal’%.

Then the sandwiched Rényi divergence for av # 1 can then be rewritten as

Do (pllo) =

— log (Tx(s5))-

The following lemma, connecting the functional derivative of sandwiched Rényi diver-

gence and the Lindblad equation, plays an essential role in the proof of Thm. 4.2.

Lemma 4.19 (Functional derivative). The functional derivative of the sandwiched Rényi

divergence in the space ® is

1_Ta a—1
5‘D01 (p| ‘O-) _ o TO' (pO' ) ) (422)
op a—1 Tr(p3)
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Moreover, for p € DT,

dDq (pllo) L —wj/2 w;/2
9; ((5—p> =e Vip — e*72pV, (4.23)

[Pla,

where the operator [X],, , : 9 — DN, for positive X € B+ and w € R, is defined by

(4.24)

1-a
Remark. (i) When o = 1, Yo,* = Id and p, = p. Then [p], , reduces to [p],. Hence,

0], 1s the generalization of [p] , to the case of sandwiched Rényi divergences.

(i) When o = 2, the above operator [p], , has a simple form

B Tr(a_1/2p0_1/2p)
2 2

T,.

Thus, the mapping

<p, 0—1/2p0_1/2> <A, 01/2A01/2>
<A7 p) — <A7 [p]Q,w (A)>HS: H; -

is the multiplication of quadratic terms with respect to both A and p.

The properties of the operator [ X |  stated in Lem. 4.16 and Lem. 4.17 generalize to the

operator [ X | , as we summarize in the next lemma.
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Lemma 4.20. If X € BT and w € R, then
(i) [ X, o O — M is strictly positive;

(ii) For any matrix A,

The operator [ X ]OW can be similarly extended to the space 9t’. For vector fields A=

(Al Ag - AJ) € Dﬁ‘l and ¥ = (LUI wy - wJ) € RJ, we define

X () = (K] (4) Ko (42) -+ X, (49)
and analogously,
(X (4) = ([XJ;,L (A) [X]o (A2) - X, <AJ>)-

The following lemma will be useful to characterize the tangent space of D+,

Lemma 4.21. Assume that the Lindblad equation (4.1) is primitive and X € 3". Denote

the space of traceless matrices by M, and denote the space of traceless Hermitian matrices

by Ay, that is, Ay = My N LA
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(i) Given & € R?, define the operator Do xo: My — My by

This operator D, x ; is strictly positive, and thus invertible.

(ii) Forany A € M,

and the restriction of D, x & on 2y is still strictly positive and invertible.

In the case a = 1, this lemma has been proved in [51, Lem. 3]. Before defining the

metric tensor, we need to first introduce an inner product, weighted by [p] , 5

Definition 4.22 (Inner product). Given o € (0,00), p € DT, for any two vector fields

A= (A1 A2 - 4;) and B= (B1 B> - By), an inner product on vector fields is defined as

:Bi
Udl

§< i [Pl j)>HS'

Given p € D™, the tangent space is 2. For v; and v, € 2y, by Lem. 4.21, there is a

unique Uy, € 2y, such that

U = Daps(Up) = = div ([plag (VUW), k=12, (4.25)
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Finally, we are ready to define the metric tensor.

Definition 4.23 (Metric tensor). Given p € D7, for v, € 7,97 = 2, define a metric

tensor g, , o by

J
Gape(r,02) = (VULVU) = Y <ajU1, Pla, (ajU2)>HS, (4.26)

j=1
where U, and v, are linked via (4.25).

Proof of Thm. 4.2. Up to now, the Riemannian structure (D%, g, , ) has been specified,
as well as the energy functional F(p) = D, (p||o). Then, we will verify that the gradient
flow dynamics defined in (4.8) is exactly the Lindblad equation in (4.1). To achieve that,
we need to compute the gradient at any py € D7

Recall the notion of gradient in the Riemannian manifold from (4.7): the gradient
grad& 2 is defined as the traceless Hermitian matrix such that for any differentiable tra-

jectory p; € % with pg at time ¢ = 0,

Gapo.C (gradE\pO, pt‘t:0> .
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By direct computation,

op =0 pr ’t:O>HS

= div ([po]o 5 (VUD)) )

0p p=po as

ool (VUO) )

op p=po ’ ns
_ (9Da(ello) VU0>
op pzpo, apoiL

where we used the following fact that follows from Lem. 4.21: there exists a unique family

of traceless Hermitian matrices {U, },>¢ such that p, = —div([p], 5 VU;). After combing

Q,

the last two equations, we have

9D (pllo)

ga,po,ﬁ <gradE|p0’p.t}t:0) - < (5p

a7P07£

By the definition of the metric tensor g, , .(-, ) in (4.26),

0 Dq (pllo)

Consequently, the gradient flow dynamics (4.8) is

pr = —gradE‘pt = div ([pt]w3 (
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Let us rewrite the term on the right hand side

i I (7222212

)

op
Jor
4.12 5Da g
(:) Z [pt]a’wj (aj (S(pH ) ’ ‘/;T
- P _
=1 L P=pt
4.27)

(4,:23)2 €_wj/2‘/jpt o ewj/2ptv}7‘/ﬂ

Ll (p)
Thus, the gradient flow dynamics is exactly the Lindblad equation in (4.1). [
Proof of Cor. 4.3. 1If p; is the solution of the Lindblad equation, then we know that Uy =
—w . Hence,
P
pP=po
0D, (pllo
S Datalloy = (vP D o)
t=0 P pP=po @p0,L
_ (vl giDalell)
op p=po op p=po’ GPOL
[

4.3.2 Proof of Lemmas

Next, we present the proofs of lemmas used in the previous subsection.

Proof of Lem. 4.19. For any differentiable curve p, € ® passing through p at time ¢ = 0,
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that is, py = p, we have

(212 ) -

Then it is straightforward to obtain (4.22).

Next, we compute the partial derivative of %pp“”). In fact,

5Da <p||0) @ e - 2
o5 ) = Voo % 95105
N 6p (@=1)Tr(pg) L’
_ o ol (g"z%lv-alz;aapa‘l — pa_la%v-a%> o
(a— )T (pg A
[0

l-—a a—1 a—1
— Tg’a < ~2a Wi/, a—1l __ S-w; Oé_lV')
(Oé— 1) Tr (pg) e Jpa e Po J

11—«

w0 5 ([, (Vosle ) — log(eFps ) )

07 = _ Y i’
= (o™ 0 [ as,, ) (V3 log(e™3 pi) — log(e3 p,)V; ).

(4.28)

To get the fifth line, we have used (4.14) with X = pf;*l, w = O‘T_le, and V' = V;. Note

that since p, 0 € DT, both p,, p>~1 € PT.
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Furthermore, applying (4.14) again with X = p,, w = w;/aand V =V},

(o)., (Vilog(em/ %% p, ) —log (e, ) V)
= e*Wj/(Za)V}pg _ ewy'/(h)pgvj
= e/ (20 5 5 (0%1/]-012;&&) palgTa — e‘*’f/(m)alQ_Tap (algTanaaT;l> o

1—a

=T, (e‘wi/QVjp _ ewj/Qij) '
Therefore,
e_w.i/2%p_ewj/2p‘/}

= (107 0 L) (Vo (em™/20p,) —Tog(e=/0p,)15).

After plugging it back into (4.28), one could straightforwardly obtain (4.23), after arranging

a few terms and by

This becomes (4.24) after we invert this operator. ]

11—«

Proof of Lem. 4.20. (i) Since X € BT, 0 € DT, then X, := T, (X) is strictly posi-

~ a1
tive. Forany A € M, let A := T,~ (A). Then we could rewrite the quadratic term
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@29 Tr(XO‘)
«

:%«Z, [Xo e © [ X5~ 1](a Dw/a (g)>Hs'

<A To% o [Xal o (X070l /QOT?(A)>HS

Then by (4.15) and (4.16), we have

(A, [X]o (A))us

a 1 - -
(4,:15)—T1"(XU)/ eal=2) Ty (AT X ([Xail}(_lf (A)> X;75> ds
0

(07

. L e . —_~ 1—s

:%/ 503 Ty (XFATX X3 <[Xa T amtpote (A)) Xo® ) ds

0

. . e . 1—

(4':'6)%/ eﬁ(S,%)Tr (XO_Q ATXJE ([Xafl}(_l a(XﬁAX?))) ds
0

(07

T XOé 1 w 1 S ~ 1—s _ 5 ~ 1—s
:M/ 65(3*5) <XU2AX02 7 [Xafl} 1 (XUQAXUQ )> dSZO,
0 n HS

«

since [ X2~ 1]( ' Dw/a is a strictly positive operator by Lem. 4.16. Additionally,

1—s
2

(A [X]oo (Ars =0 < 0=XFAX,? =X¢ (TUT(A)> X,

which implies that A = 0.
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(i) For any matrix A, by Lem. 4.17,

(00 = T (oL Lo )
- = S(Q)T: o [Xol_w/a <[Xg_1}(_al w/a " (A)>T
= S(Q)T: o Xl oy X2 ety ( :al(A))T

_ I (:(;“ )y g Xo] e © [Xe™ ) i/ © T,% (A)
= [X], _, (A").

Proof of Lem. 4.21. (i) Consider a traceless matrix A € 91,. It is easy to verify that

Tr (D, x5(A)) = 0. From the definition of the divergence operator (4.12), we have

(A, Do x (A i < o, (0) A)>HS >0,

Moreover, since [X] is strictly positive by Lem. 4.20, we know that

Q,Wy

(A, Doxa(A))us = 0iff ;A =0,V1 < j < J.

Thanks to Lem. 4.13 and the assumption that the Lindblad equation (4.1) is primitive,
we have A = 0 (note that A is assumed to be traceless). Therefore, D, x s is a strictly

positive operator on the space of traceless matrices 901,.
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(i) We only need to prove that (D, x5(A))" = Daxs(A"). The rest simply follows

from the first part of the lemma. Note that

DoxalA) = —div ([X], 5 (VA) Y [V 1], 0,4)]

- Zv* ( (VA — AV)) ([X]ij (VA — Avj)> Vi

By Thm. 4.9 and Lem. 4.20, we have

_Z ( ATVT VjTAT)> v, —V ([X]a . (AfVT — VjTAT)>
—Z (X0, (A3 = VA ) VI = V] (1X],,, (ATV; = VpAD))

= Daxa(A").

147



4.4 The necessary condition for Lindblad equations to be

gradient flow dynamics of sandwiched Rényi diver-
gences

Recall from Thm. 4.2 that Lindblad equations with GNS-detailed balance can be re-
garded as gradient flow dynamics of sandwiched Rényi divergences, including the quan-
tum relative entropy. A natural and immediate follow-up question is the extent that one can
generalize Thm. 4.2 in the direction of considering a larger family of Lindblad equations.
In a recent paper [37], such an issue has been briefly addressed. However, currently, there
is still a gap between the class of Lindblad equations (i.e., primitive Lindblad equations
with GNS-detailed balance) that are known to be gradient flow dynamics of the quantum
relative entropy and the necessary condition (i.e., BKM-detailed balance condition) for
a primitive Lindblad equation to be possibly expressed as gradient flow dynamics of the

quantum relative entropy. This gap will be revisited and explained in more detail below.

In this section, we shall explore the necessary condition for Lindblad equations to be
gradient flow dynamics of sandwiched Rényi divergences, summarized in Thm. 4.24, which
adapts the argument from [37, Thm 2.9]. Next, in Sec. 4.4.2, we will discuss the detailed
balance conditions arising from Thm. 4.24. Finally, in Sec. 4.4.3, we will discuss relations

between various detailed balance conditions.
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4.4.1 Necessary condition

Below is the main result of this section. Recall the notation [X]  (4.15) and recall that

Theorem 4.24. Suppose that the dual quantum Markov semigroup 73; = etL g primitive,
and its unique stationary state is o € D%, If there exists a continuously differentiable
metric tensor g,(-,-) : Ao X Ay — R for any p € D% such that the Lindblad equation
pr = LT (p;) is gradient flow dynamics of the sandwiched Rényi divergence D, (p||c), then

L is self-adjoint with respect to the inner product weighted by an operator W, : M — M

defined by

1 a1 2(a—1)

WoalA) = [05] o [UT] o oY, & (A)

e a-1/, 1\s (4.29)
G,
1—r]1 +rots (1 =7, +ros
for all A € . More specifically, we have for all A, B € 9N,

where (A, B>Wm = (A, W5.0(B)) s

Remark. The operator %, , is a noncommutative way to multiply o and the condition (4.30)
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is equivalent to

WonoLoW, =L (4.31)

Motivated by the definition of GNS and KMS detailed balance conditions, we shall
define a detailed balance condition based on sandwiched Rényi divergences, for the conve-

nience of the discussion below.

Definition 4.25 (Sandwiched Rényi divergence (SRD) detailed balance condition). For a
primitive Lindblad equation with a unique stationary state o € D7, it is said to satisfy
the sandwiched Rényi divergence (SRD) detailed balance condition if the generator L is

self-adjoint with respect to the inner product (-, -),, forany a € (0, o).

Proof of Thm. 4.24. We first need to introduce some notations following [37, Sec. 2.3].
Define the operator ¢, : 2y — R by (A, 9,(B)) 45 = 9,(A, B). Since g, is a R-valued
inner product, ¢, must be invertible and self-adjoint. The inverse of ¢, is denoted by
J,, which is also self-adjoint. From (4.7), one could easily derive that the gradient flow

dynamics can be expressed as

). (4.32)

For convenience, notice that the domain of %, can be extended from 2|, to 2l by setting

H,(L,) == 0.
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Under the assumption that p; = L£'(p;) is gradient flow dynamics of the sandwiched

Rényi divergence D,, (p||o) and by (4.32),
0Dy (pl|o)
T e PR
L(p) H, ( 5 .

Choose p. = 0 + €A with A € 2, and let € > 0 small enough such that p. € ©*. Then

_ Lp) = L1(0) d

Li(A) = - = lim —=L1(p)
:_hmg%/ ( dDq (pllo) )
clo+ de op p=pe

w0 g, 4 ((% +e(0A5) + 0<62>> (w ))

a— 1ot de

it (o) (55090

-2 _X4(B).

a—1

where the term B in the expansion is (see, e.g., [35, Prop. 7.2])
l1-o 1-o a—1
or ((r (pe)> )
8
1-a g «
/ / T () _dBds
(1—8)I, + soa (1= s)I, + soa

a=1\f
2(1—o) a
a—l// T, (A) (o) _dBds
1—5]1 + 500 (1= s)I, + soa
1

=(a-1) [ o [o2] oo w (A) = (a— VWL (A).

o,
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To get the third line, we change the variable 5 by (o — 1)/3; in the fourth line, we use ex-
pressions (4.15) and (4.16). Note that all three operators in the fourth line above pairwisely

commute. By combining the last two equations,

LH(A) = —aty (V;1(A)).

Therefore, for any C', D € 2,

(L(C), D)y, , = (C. LN o W5a(D)) g = —a(C, Ha(D)) ys,

and similarly,

As mentioned earlier at the beginning of this proof, the operator .%; is self-adjoint.

Thus, £ is self-adjoint with respect to the inner product (-, -),, . O

4.4.2 Decomposition of the operator 7, ,

To understand better the operator % ,, we study its decomposition and various special
cases. Suppose the eigenvalue decomposition of o is o = ), \i |¥y) (x| where A, > 0

for all . When « # 1, the expansion of (4.29) in terms of eigenbasis of ¢ leads into

Woal-) =D Fo 1n) (Wl - [1b5) (s,
k,j
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where the coefficients fi; are given by

>\k> when )\k = )\j;

when A\, # A;.

Let us consider a few special weight operators 75 ,:

e (o = 1). The operator #, , reduces to [o] (-) = fol o'7%.0* ds, and the inner product
(*;)y, . is known as the BKM inner product. As a remark, this case has been shown

in [37, Thm. 2.9].

e (v = 2). The operator #,, reduces to Y, and the inner product (-, ->%a is the
KMS inner product. This immediately implies that in the context of gradient flow
of sandwiched Rényi divergences, one cannot work on a class of Lindblad equations

larger than the one with KMS-detailed balance condition.

Even though o € (0, 00) in Def. 4.25, we can still apply the limiting argument to define

Wa,oo and %70'

o (0 = ). As o — o0, oF = I,, and s — o. As a result, the operator %,

converges to #y o, := 0] " 0 T2,

e (o = 0). This case is slightly more subtle, since o*= will blow up. When A\, # A\,
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as « | 0, one could show that fi; — max(Ag, Aj). Therefore,

Wool:) = ZmaX(Aka ) W) (| - |05) (5] -

4.4.3 Relations between GNS, SRD, KMS detailed balance conditions

Proposition 4.26. Consider any primitive Lindblad equation whose unique stationary state

oceDt:
(i) GNS-detailed balance condition implies SRD-detailed balance condition.

(ii) SRD-detailed balance condition implies KMS-detailed balance condition, while con-

versely it is generally not true.

Remark. (1) This suggests that the class of Lindblad equations with GNS-detailed bal-
ance considered in Thm. 4.2 seems to be general enough, because it is impossible to
generalize Thm. 4.2 to the class of Lindblad equations with KMS-detailed balance
by Prop. 4.26. More specifically, as we shall show later in the proof of Prop. 4.26,
there exists at least one primitive Lindblad equation that satisfies KMS-detailed bal-
ance condition, but does not satisfy SRD-detailed balance condition (in particular,
Woo o LoW, L # LT forany a # 2). Because SRD-detailed balance condition
is necessary for having a gradient flow structure, this particular Lindblad equation

cannot be expressed as gradient flow dynamics of D,, (p||o) for any o # 2.
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(i1) It is still unknown whether the SRD-detailed balance condition is equivalent to the
GNS-detailed balance condition or not. Thus, it might be interesting to characterize
Lindblad equations with SRD-detailed balance, though this task seems to be some-

what technical.

Proof of Prop. 4.26. The first statement comes immediately by combining both Thm. 4.2
and Thm. 4.24. As for the second statement, since the SRD-detailed balance condition
contains KMS-detailed balance condition as a particular instance when o = 2, obviously
SRD implies KMS. In the following, we provide a primitive two-level Lindblad equation
with KMS-detailed balance from [36, App. B] to demonstrate that KMS-detailed balance

condition does not imply SRD-detailed balance condition.

Let us consider

Ky =) O, |9) = —=(10) +1));

- Sl
[\

Ky = o) (1], !¢>=ﬁ(!0>+2|1>)~

e Define an operator .# by #(A) := K|AK, + KJAK,. Thus, # is completely

positive, and 7 () = L.
e The adjoint operator

H(A) = K1 AK] + Ko AKL = [9) (0] A[0) (] + [) (1] A[1) (9]
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is also completely positive. Note that

A7 (10) (1)) = 27 ([1) (0]) =0,
21(10) {01) = [v) (¥,

A (1) (1)) = |o) (4l

It can be readily verified that there is one and only one eigenstate for .71 associated

with eigenvalue 1, which is

=
w0 [\
ot w0

The other non-zero eigenvalue of % T is 3/10.

e Define K; = o'/2K ]Ta*l/ 2 for j € {1,2}, and define a completely positive oper-
ator . via %7(14) = KIAK, + KJAK,. Then %7(112) = I, and ﬁ(a) = 0.

Furthermore, we can verify that

(HB,A), = (B, HA), .

Hence, the QMS P; = e'* with £ := HH —1Id; can be readily verified to satisfy the
KMS-detailed balance condition. Moreover, it is easy to show LT(o) = 0, and one

could verify that it is the only eigenvector of £ with eigenvalue 0, i.e., the Lindblad
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equation is primitive.

Next, we numerically show that (4.31) does not hold. Fig. 4.2 plots the trace-norm of
WoaoLoW, L — LT for various cv. From this figure, it is clear that (4.31) holds only when

a = 2 (i.e., KMS-detailed balance condition). ]

0.150 7

0.125 7

0.100 7

0.075 7

0.050 7

0.025 7

0.000;

2 4 6 8 10
a

Figure 4.2: | #, o o L o #, | — L1 with respect to various a

4.5 Exponential decay of sandwiched Rényi divergences

This section is devoted to proving Thm. 4.7, i.e., the exponential decay of sandwiched
Rényi divergences for primitive Lindblad equations with GNS-detailed balance. We start
by recalling the definition of a spectral gap, and then we prove a Poincaré inequality (see
Prop. 4.27). With this Poincaré inequality, we derive a uniform lower bound of the quan-
tum relative 2-Fisher information, which immediately implies Thm. 4.7 in the case o = 2.
Next, we prove the Prop. 4.6, which shows that for primitive Lindblad equations with GNS-

detailed balance, the quantum LSI (4.4) holds for « = 1 (i.e., there exists X > 0). Then
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we prove a quantum comparison theorem (see Prop. 4.32), which implies that the expo-
nential decay rates of sandwiched Rényi divergences along the Lindblad equation are the
same for all & > 1. The quantum comparison theorem, together with the monotonicity of

sandwiched Rényi divergences with respect to the order «, concludes the proof of Thm. 4.7.

4.5.1 Spectral gap and Poincaré inequality

Let us recall from Sec. 4.2 that if the Lindblad equation satisfies GNS-detailed balance,
then it also satisfies KMS-detailed balance (i.e., £ is self-adjoint with respect to the inner
product (-, ), /2)- Moreover, by Lem. 4.12, —L is a positive semi-definite operator with re-
spect to the inner product (-, -), /2 BY the additional assumption that the Lindblad equation
is primitive, we know I, is the only eigenvector of — L with respect to the eigenvalue zero.
Hence, spectral theory shows that there exists an orthonormal basis { L1, Lo, - -+ , L2 1,1, }

such that

—,C(L]) = (9ij, 0, >60,>---> (9n2_1 > 0; —E(]In) = 0. (4.33)
The spectral gap of the operator —L is Ay := 6,2_;. It is worth remarking that the set
{Ly, L, -, Ly2_1,1,} is an orthonormal basis in the Hilbert space 9t equipped with the

inner product (-, -), /2> butnot necessarily with other inner products. The following Poincaré

inequality follows directly from the definition of the spectral gap.
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Proposition 4.27 (Poincaré inequality). Assume that the primitive Lindblad equation satis-
fies GNS-detailed balance (4.1). For any A € I such that (L,,, A), /2= 0 (or equivalently,
tr(cA) =0),

(VA, VA>1/2 = (A, —L(A)>1/2 > M (A, A>1/2- (4.34)
Moreover, the equality can be achieved when A = L,2_.

Proof. For any A € M such that (I, 4), , = 0, we know that A € span{Lj}?ifl. By the
definition of the spectral gap, (A, —L(A)), 5 > Az (A, A), , . Moreover, when A = V.2,

the equality holds. Then (4.34) follows immediately from (4.13). L]

Remark. In fact, the above Poincaré inequality is a special case of a whole family of
Poincaré inequalities (see [123, Eq. (51)]): given any function ¢ : (0,00) — (0, 00),

we could consider

for all A € M such that Tr(cA) = 0, where p(z) := 27 /2¢(x). The inequality in
(4.34) simply refers to the case (x) = x'/2. Because [-L£, A,] = 0 (see Lem. 4.11), —L
and A, are simultaneously diagonalizable. Thus, we might as well choose L, (4.33) in

a way that all L; are eigenvectors of both —£ and A,. Also note that both —£ and A,
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are positive semi-definite operators, so they have non-negative spectrum. By expanding
A= Z =1 aj j» it is not hard to show that C;, = A, in our situation. Therefore, all such
Poincaré inequalities have the same prefactor C, for primitive Lindblad equations with

GNS-detailed balance.

4.5.2 Proof of Thm. 4.7 for the case oo = 2

Proposition 4.28 (Lower bound of .%, (p||c)). Assume that the primitive Lindblad equation

(4.1) satisfies GNS-detailed balance. Then

S5 (pllo) =20 (1 — e P2l - wp e ®. (4.35)

Proof. The case a = 2 is easier to deal with, as all quantities become more explicit:

0D (pllo) _ 207po!/? 27, (p)

op  {p, 0 2po ) e (T Hp), T (0))y )y

Dy (p||o) = log Tr (U_I/QPU_I/QP) = log <<T;1(p), Tc:l(p)>1/2> :

By the definition of the quantum relative a-Fisher information (4.3),

27, (p)
S (pllo) = _<<T;1<p)7Tgl(p)>1/2’£T(p>>Hs
_ (X0, Y5 0 L o Lo (TS (), -
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By the relation (4.9) and the Poincaré inequality (4.34), we have

7y (pllo) & 2 (X5 (o), LT3 (),

= T, oy, O D),

@34) 2 1) YT p—0
- <T;1(p),T;1(p)>1/zA£ =) X 0= s

It is not hard to verify that

(e

(0 (0. ),y = 1+ (X, (0= 0). T, (0 — o)), .

It is interesting to note that the term (Y, '(p — o), Y, ' (p — o)), /o turns out to be the quan-

tum x*-divergence x7,(p, o) studied in [134]. Then

2 -1 -1
jQ (p||0’) > £ (p)>1/2<<TU (p)’TU (p)>1/2_1>

2ML ¢ Da(pllo)
eD2(pllo) (e i N 1) ’

which yields (4.35).

With Prop. 4.28, we can immediately show the exponential decay of the sandwiched

Rényi divergence of order o = 2.

Proof of Thm. 4.7 for the case o = 2. From the definition of the quantum relative 2-Fisher
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information in (4.3) and by Prop. 4.28,

d - g
5 D2 (oillo) = = A (pillo) < =220 (1—e Dalpillo))

Then - log (P2 (ptllo) 1) < —2X.. After integrating it from time 0 to ¢, one could find,

after some straightforward simplification, that
D, (Pt||0) < log (1 + (eDg(poHU) _ 1)6—2A£t) < (eDz(POHU) _ 1)6—2/\1:#

Thus, D (p;||o) decays exponentially fast with rate 2\.. Apparently, the prefactor Cs

and the waiting time 75 . could be chosen as

Coe = ——F— eP2(rollo) _ 1) Toe = 0.
Dy (P0||0)( )

The lower bound of %, (p||o) in Prop. 4.28 immediately leads into a lower bound of

the quantum 2-log Sobolev constant K in (4.4).

Corollary 4.29 ([107, Thm. 4.2]). For primitive Lindblad equations with GNS-detailed
balance, the quantum 2-log Sobolev constant K, is bounded below by the spectral gap.

More specifically,

1 — >\min<a)
Ky >
2= log (Amin(0) 1)

162

Az




Proof. From Prop. 4.28, we know that

Fs (pllo) 1 — e Dz(ello) 1 — Amin(0)
LA UG LA ) )} ,
Dy (pllo) = Da(plle) = " Flog(Amin(0) 1)

because © — =—

is monotonically decreasing on (0, c0) and the following fact from
[107, Lem. 2.1] that 0 < Dy (p||o) < log(Amin(o)™!) . The above result follows immedi-

ately, by minimizing over p for both sides. [

4.5.3 Proof of the quantum LSI

In this subsection, we prove Prop. 4.6, which shows the equivalence of the primitiv-
ity and the validity of the quantum LSI (4.4), for Lindblad equations with GNS-detailed

balance.

One key ingredient is the /> mixing time defined as follows: for any € > 0,

t2(€) — inf {t Z 0: Hetﬁ(A) — TT(UA)Hn|‘2,U S €, VA € I s.t. ”AHLU = 1}
(4.36)
= inf {1 > 0: |¢2() = Te(0 )L, 1o < .

We need the following two results.

Lemma 4.30. Under the same assumption as in Prop. 4.6, if the Lindblad equation is

primitive with the spectral gap \r, then

1
to(€) < max (O, o, log (A : (U)€2)>. 4.37)



1

Its proof will be given slightly later in this subsection. As a remark, when € > (0]’

we have t5(€) = 0. This is intuitively reasonable, since when € is large enough, the inequal-
ity in (4.36) holds trivially.
Theorem 4.31 ([107, Thm. 5.3]). Under the same assumption as in Prop. 4.6, if the Lind-

blad equation is primitive, then

R (4.38)

N | =

Proof of Prop. 4.6. First, recall that [89, Thm. 16] has proved K < )., by linearizing the
quantum LSI. Thus, K > 0 implies Az > 0.

As for the other direction, we assume that the Lindblad equation is primitive. Suppose
pr = L’ (po) is the solution of the Lindblad equation. By combining the estimates above,

we have

K% 2K1 (4221) 2K9 (? ! 1 (4§) 2z = !
ta(e™!) = 2 —log(Amin(0)) 1 —log(y/ Amin(c))

Ar.

]

Remark. In the proof above, we use the mixing time ¢»(e~!) as a bridge to connect x5, and
Az, and use the quantum Stroock-Varopoulos inequality to connect K and k. To the best of
our knowledge, a direct proof of the quantum LSI (4.4) has not appeared in the literature.

For classical systems, Bakry-Emery [12] condition is an important criterion for classical
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LSI to hold for Fokker-Planck equations. It is an interesting open question to see whether

there is a quantum analog.

Proof of Lem. 4.30. Let us introduce B = e'*(A) — Tr(c A)I,, and decompose A = a1, +
> Il a;L;, where L; are eigenvectors of the operator £. Recall (4.33) for notations. Then

. 2_ .
we easily know that B = 37" Ya;e " L;, and that
1

le(4) = Te(e AL, = Tr (oF Blotot Bat) = (B, B), ,

n2-1 n2-1

_ Z —2t9]‘a |2 < o2 Zlaj|2

Let A := |02 Aoz |. From the condition that ||A||; , = 1 in (4.36), we have Tr(A) = 1.

Then, we have

Therefore, we know that

[e"(A) = Tr(c AL, |5, < e 2 —.
’ )\min(a)

Easily, we know that whenever ¢ > 53— log (5—5), we have [[¢"*(A) = Tr(0 A)L, |2, <

€. Then, (4.37) follows immediately. ]
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4.5.4 Proof of Thm. 4.7 for o € (0,00) via a quantum comparison
theorem

As a quantum analog of [29, Lem. 3.4] for Fokker-Planck equations and [122, Thm.
3.2.3] for the Ornstein-Uhlenbeck process, in Prop. 4.32, we will show that under primitive
Lindblad equations with GNS-detailed balance (4.1), the sandwiched Rényi divergence of
higher-order «; can be bounded above by the sandwiched Rényi divergence of lower-order
ag (1 < ap < aq), at the expense of some time delay. This result helps to prove the expo-
nential decay for sandwiched Rényi divergences under Lindblad equations, summarized in
Prop. 4.33.
Proposition 4.32 (Quantum comparison theorem). Let p; be the solution of the Lindblad
equation with GNS-detailed balance (4.1). Assume that the quantum LSI (4.4) holds with

constant K. Assume also that

)\min(U)Q
D (pol|o) < € for some fixed € € (0, T) (4.39)
Then for any two orders 1 < ag < a, we have
Da1 (pTHO-) < Dao <p0|’0> ) (4.40)
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with

1 ] — 1
T=—-1 4.41
where
. 1 J 2 6“’1%
o =min (Gomin (Y1),

@) (o (o) — Ve
A= 9 P ( 0\/2_)\min(a)()‘min(0) - \/ﬂ))

The proof is postponed to Sec. 4.5.5. Later in Sec. 4.5.6, we will discuss this quantum
comparison theorem in detail. As a reminder, we have implicitly assumed that Lindblad

equations under consideration are primitive, by Prop. 4.6.

Remark. (i) The assumption (4.39) on the initial condition p, is merely a technical as-
sumption allowing us to obtain a neat expression for the delay time 7'. This assump-
tion (4.39) is not essential for the inequality (4.40) to hold. One could remove the
assumption at the expense of longer delay time: the validity of the quantum LSI (4.4)
leads to the exponential decay of the quantum relative entropy so that D(p;,||o) < €
holds for some ¢, > 0. Taking p;, in place of p,, one sees that this would imply (4.40)

with a larger delay time 7.

(i1) Another reason for imposing the assumption (4.39) is to avoid technicalities. Thanks
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to the quantum Pinsker’s inequality

D(pllo) = 5 (Txlp — al), (4.42)

DN | —

the assumption that D (pg||o) < e with 0 < € < A‘““TW implies that py is a strictly
positive density matrix. We can even show that p, € D, for any ¢ > 0. This assump-
tion helps to avoid many technical issues arising from degenerate density matrices,
and it validates the usage of results in the previous two sections, e.g., properties of

the operator [X]  (which require X to be strictly positive).

Proposition 4.33. Let p; be the solution of the Lindblad equation with GNS-detailed bal-
ance (4.1). Assume that the quantum LSI (4.4) holds with constant K. If the sandwiched
Rényi divergence decays exponentially fast with rate R for some order oy > 1, then it

decays exponentially fast for any a € (0, c0) with rate at least R.

Proof of Prop. 4.33. The exponential decay of sandwiched Rényi divergences means there

exists some time ¢y and constant C, such that

Dao (ptHU) < OODOto (p0||0) e_Rt’ Vit > 1o.

Case (I): o < ap. By the monotonicity of sandwiched Rényi divergences with respect to
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the order o [111, Thm. 7],

Do (pil|0) < Dag (pillo) < CoDay (pollor) ™ = CaDa (pollo) e,

__ CoDag(pollo)
for all t > ty, where C,, = “Dalaclo) ((;o\lo—) .
Case (II): o > «y. Pick an arbitrary 0 < € < ’\IU“TW Notice that the quantum LSI implies

the exponential decay of the quantum relative entropy, namely,
D (pello) < D (pollo) e

Hence, when ¢ > - log <D(p+‘|")>, one has D (p;||o) < e. Moreover, if

1 D (pollo)
t 2 T+ max <t0, ﬁlog (f)),

where T’ is the delay time given in Prop. 4.32 with the choice oy = «, then one obtains

from Prop. 4.32 that

Dy, (pi]|0) < Doy (pr—rl|o) < CoDay (pol|o) e 1) = C, D, (pol|o) e,

CoDag (pollo)ef™

where C,, = De(oollo)

Combining both cases above finishes the proof of Prop. 4.33. [

Proof of Thm. 4.7. Set oy = 2 and R = 2\, in Prop. 4.33. Thm. 4.7 follows immediately
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from Prop. 4.33 and the case o = 2 proved in Sec. 4.5.2. The validity of the quantum LSI
has been shown in Prop. 4.6. The expression of 7, . follows immediately from Prop. 4.32.

]

4.5.5 Proof of the quantum comparison theorem

We now turn to the proof of Prop. 4.32. Consider the density matrix

where the normalization constant Z = Tr (p2) and p € ©T. Then apparently, p € D+.

The log-Sobolev inequality (4.4), with p in (4.4) chosen as g above, becomes

T (3 1og(sf) ) — Z108(2)— Tr (5 log(cr) )
(4.43)

< o T (= £1(2) (log() — log(@)) ).

This inequality can be regarded as a variant of the log-Sobolev inequality, and it will be

used later. Let us define the operator Gx ,(s) : 9 — 9 by

Gxw(s)(A) = e X AX ™ 4 e?U9) x5 A x (19 (4.44)
The lemma below collects some properties of G'x ,(s), which will be useful in the proof of
Prop. 4.32.
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Lemma 4.34. Assume that X € B+ and w € R. Then the operator Gx () satisfies:

(i) For0 < s; < sy <3,

Gx.w(s1) > Gxw(s2).

Moreover, the equality is obtained iff w = 0 and X = cl,, for some constant ¢ > 0.
(ii) Fors € (0, 3], a bound for the spectrum of Gx ,(s) is

)\min(X)
)\max (X)

24 [e¥

Id < Gx(s) < (1 + ewAmf"—(X)))ld.

Asa consequence,

1

EGxw(s1) < Gxul(sa), Vs1, 82 € [07 5]7

with
oo/ ()

Proof of Lem. 4.34. (i) For any positive number b, notice that b* + b'~* is convex and

non-increasing with respect to s on the interval [0, %] Moreover,

e the range of the function b° + b'~* on this interval is [2v/b, 1 + b];

o bt + b5 =p%2 +h17%2 forsome 0 < 51 < 59 < % iff b = 1.

Let us write the spectral decomposition of X as X = Y, A, |k) (k| where A\, > 0
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by assumption. Then for any matrix A,
A A S () () T Y
(A Gxal)A) s = 3 ((¢5) + (<5 ) )1l

Since b* +b'~* is non-increasing with respect to s, so is G'x ,(s). To achieve equality,
we need ewi—’; = 1 for all k,[. Hence, w = 0 and there exists some ¢ = )\, for all

1<k <n(Ge., X =cl).

(ii) From the last equation, by using the range of b* + b'~*, we immediately have

>\k 2 )‘maX( )
< w_ = < w7
(4, Gxu(s)A) yg < Ekl(1+e N Al = (1+e min(X‘i))<A,A>HS,

Q)Ak 2 wtknﬁn<)()
(A, Gxw($)A) yg = ;2 € >\_1|Ak’l| 22\/6 m<A7A>HS7

which proves part (i1).

Proof of Prop. 4.32. Let us first introduce some useful notations. Suppose p; is evolving
according to the Lindblad equation (4.1), and 3; = 1+ (ap — 1)e"%? is also changing with
respect to time for some positive constant 7, independent of any specific initial condition
po- The parameter n € (0, 1] is yet to be determined later. We are interested in the time
ai—1

interval [0, T'] such that 5;|,—o = ao, Bi|1=7 = 1. More specifically, T = ﬁ log <—>

ap—1
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Let us define an important quantity p,; by

1-5¢
Pot = T, (pt)-

We also define

1-B84 ) 1
Zy:="Tr ((Taﬁt (/Ot))/j > =Tr (;ﬁ;), F, = 3 log Z,.

After taking the derivative of F; with respect to time ¢ and arranging terms,
ﬁtQZtFt = 5tZt - BtZt log(Zt).

We claim that to prove the inequality (4.40), it suffices to show that F; is monotonically
decreasing, i.e., F, < 0 on the interval [0, 7. In fact, from the definition of F' and the

sandwiched Rényi divergence (4.2), we immediately obtain from Fp < Fj that

(03] Oé()—l

D, <
(erllo) < =

Day (pollo) < Dag (pollo) -

The rest devotes to the proof of F, < 0, which is done in the following steps.
Step (I): Simplification of F.

Let us first compute Z;.
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. d -8 1-Bt. g,
ZtEETl" ((a 28 oo 26t )ﬁ>

14 g 3, 1s 15
= B, Tr (pgft_l (aWzth(pt)a % — %O’Zﬁt {log(o), pi } 026;))

t

+ 6T (s Log(e))

1

1-B¢ Bi—1 —Bt 1 Bt Bt Bt Bt Bt
= 2pB¢ 2B¢ - — -
B Tr (0 Poy O P L (pt)) 5, Tr (pcr,t 10g(0)> +3, Tr (Pa,t 10g(ﬂa,t)> :

Hence, by (4.43) and the fact that Bt > 0,
B2 F

1-Bt g1 1Bt .
= B2 Tx (07 pity o L (p) ) = BT (it log(o))

+ B Tr (p?’ft log(pﬁft)) — B Zyog(Zy) (4.45)
18 o 4 1Bt ;
< BT (o o Ll () ) + 2% Tr (= £7(55') (10g(p5) — log(0)) )
B,
=: T —T5.
1+ 2K 2

In the last line, we introduce 7 and 75 as short-hand notations.
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Next, we further simplify 7} and 75. For 711,

1

1-8 -8
T, = 53 Tr (Uﬁpgft_la n ﬁT(Pt))

(4,:22>ﬁt<5t C)ZTr <5Dﬂt (pllo)

L)

o0 =y,
3D, (p|lo) 0 Dg, (pllo)
“m_ — 1)z, (v—=L S (V2
Bi (Bt ) t<V 5p p:pt> [Pt]ﬁt,w (V 5p p:pt)>HS

LB - 0223 (A [087] ey © e (A7)

i/l
Bt

j Bt HS
— Bi=1
where A; = [pgft_l} (Bi—1yw; © T, (ijﬁg—i)p”g) ) As for T, by using (4.27) again
T B pP=pt
(for the case o = 1 in (4.27)),
T, = <1og(p§ft) — log(0), E*(ﬂ?’,})>H )

= <V(ﬁt log(po.t) — log(U))7 [Pgtt] V(ﬁt log(pot) — log(a))>

@ HS
Consider the term

0, (5:: log(pot) — log(a)) = [ <8j log(pot) — %X/})

= P <Vj log (e_ﬁpa,t) — log <6ﬁpa¢) Vj>

(“:“’Zt< [pﬁt—l} :—1 o >8j<5Dﬁt (pllo)

o,t )
By Wi

Here, to obtain the second line, we have used 0; log(o) = [V}, log(o)] = 05 (A, *V}) |s=0 =
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05 (€¥7°V}) |s=0 = w;Vj (see [36, Lem. 5.9]). It follows immediately that

= A ], A0)

wj

By plugging the expressions of 77 and 75 back into (4.45), and using the fact that

) _ n2Kt
L& —”21((“02[(1)6’ = n(B; — 1), we have

B2Z,F, <

G- 022 Y (n{as o] a0, = (0 [, ool (), ).

J Bt

Step (II): We show that Ft < 0.

By observing the last equation, since ; — 1 > 0 and Z; > 0, it is sufficient to show
that each term indexed by j on the right hand side of the last equation is less than or equal
to zero, namely,

n{ s [e2](A0), < (A5 [0 ey 0 ool (A7)

wj HS A HS

for any time ¢ € [0, 7] and index j. In the commutative case, both left and right hand sides
represent multiplication of the operator pgt, and the above inequality holds trivially. For
noncommutative (quantum) systems, the above inequality is non-trivial. In this step, we

will simplify the expression in the last equation and find sufficient conditions for 7 so that
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the last inequality holds.

Bt
By definition (4.15) and let B; = A;p,’;, the above inequality can be simplified to

1
77<ij/ szpgtts ]pa,fts d8>HS

(Bt—Dw;
S j)/ / ﬁt e ﬁt p('Bt 1)eruB]pUgBt o= ududv>

HS
(4.46)
(o fean ([ [31e) o,
' B B
— B‘, w]s JtS ; tS d > .
<j/0 Pt]Ptf(S)SHS
From the second line to the third line, we have used the change of variable s = (ﬂt_ﬂl#

and s = (Bt_;# The set U, is defined as

B

US::{§€R:O§m

<§+s)§1andog%(s—g)g1}.

The weight function f(s) := [, U.

f U, 20i=1) 6 ds is a probability distribution

on [0, 1], which can be expressed explicitly as

f(s)z%(min(s,%—s)—max( s s—%)) s € [0,1].

The graphs of f(s) for 5, = 1.5, 2, and 3 are given in Fig. 4.3 for illustration. The largest

value of f(s) on the interval [0, 1] is 3, if 5; < > 2. In either case, since

B > 1, the largest value of f(s) must be strictly larger than 1. Therefore, we can define s,
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and s, as the two zeros of the function f(s) — 1, as visualized in Fig. 4.3. More explicitly,

s1 = (B; — 1)/B? and by symmetry, s, = 1 — s;.

1.50 2.0
1.254

1.5
1.00 4

51 Sa
0.75 1.04
S Sy

0.50

0.5
0.25
0.00 0.0

T v v v v T v v v v v v

0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0

(@) By = 1.5 (b) Bt =2

1.50
1.25 9 / \

1.00 4

0.75 4

0.50 4

0.25 1

0.00 1

(©) B =3
Figure 4.3: Weight function f(s) in blue color for 5; = 1.5, 2, 3.

To show (4.46), it is then sufficient to show that
1 1
0 [ el as < [ et on s ds
0 0

in the sense of operators. In the above inequality, the notation pﬁf (+) p;f ' is an operator
mapping A € I to pftf Ap;fts € 9. Notice that the function f(s) is symmetric with

respect to the axis s = 1/2, and recall the definition of Gx (s) given by (4.44). We can
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rewrite the last inequality as

po‘,t ] po‘,t Wy

1/2 1/2
n/ G s (s)ds §/ G s (s)f(s)ds. (4.47)
0 0

. 1/2 1/2
By Lem. 4.34 part (i), we have fo/ prft,wj<5) ds > fo/ prft,wj<5)f<3) ds. Apparently,
we need 77 < 1 for the inequality (4.47) to hold. Thus, from now on, we shall restrict to
n < 1. By subtracting the common parts in the integral (4.47), in order to show (4.47), it
suffices to prove that

i /O G, ()1 = f(5))ds < / 2 G i, ()(f(s) = 1) ds. (4.48)

1

Note that [ (1—f(s))ds = fj (f(s)—1)ds, since f(s) is symmetric about the line s = ;

and also f(s) is a probability distribution on [0, 1]. Then by Lem. 4.34 part (i),

/ % Gy, (1)~ s > [ % G, (5) 06— 1)

1 1

By Lem. 4.34 part (i1), if we choose 7 such that

(4.49)
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Hence, the remaining task is to show the existence of 1 such that (4.49) holds, for all

je{1,2,--- J},allt € [0,T], and any initial condition py satisfying the assumption that

D (pollo) < e for some 0 < € < A‘““T(o)z The following step (III) is fully devoted into

finding such an 7.
Step (III): We show there exists n € (0, 1] satisfying (4.49).

Bt
By observing the term on the right hand side of (4.49), it suffices to show that Amax(pe.1)

)\min (Pg::

is bounded from above. We first establish an upper bound for A, ( pfft). In fact, from the

quantum LSI (4.4) we have

D (Pt“U) <D (po||0) e 2Kt < ce 2Kt —. €.

Moreover, by the quantum Pinsker’s inequality (4.42), we obtain that Tr|p; — o| < 1/2¢,

which implies that

—\/2€t Hn S Pt — O S \/26,5 I[n

As a result,
1-By 1-By 1-B¢ 1-B¢ 1
0 % po 2P =0 2P (pp—0)o 2Pt + oPr

(4.50)

1—B¢ 1-B¢
< o + 260 F < ()\max(a)ﬂ% + V26 A min(0) P > L,.
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It follows that

1-B¢ 1-5¢

e pyo 2P )ﬁt) < (Amax< )Bt + \/%)‘mm( )1 ﬂt>6

Amax (pgft> = Amax ((‘7

VI [ Dain(0) )P\
min(U)(/\max(U)) )

\/2_€t Amin(”) 5%
Amin (0) <)‘maX(U)> ) '

= A () (1 + 5

S Amax(o—) eXP (ﬁt

In the last inequality, we used an elementary inequality (1 + x)¥ = exp(ylog(1 + x)) <
exp(zy) for z,y > 0. By the definition of 3, the exponent on the right side of the above

equation can be bounded above by

\/_Et Amin (0 ﬁ%
b /\mj (o) ()\max((a)) )
=(1+ (ap — 1)@772Kt)—>\n\li/n%0) exp ( Kt — El (Am?:((g))>)
V2e V2e max (0
< )\minz(a) + (g — 1) )\mif(a) exp (772Kt — Kt — E log <§m1n((o-))>) .

If we restrict n < , then the quantity above is less than g, \F( ik and thus

)\max(pgft) < Amax(0) exp <a0 (4.51)

Next, we prove a lower bound for A, ( pgﬁ ). Similar to (4.50), one can show that
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1-B¢ 1-B¢ 1-B¢ 1-B¢ 1 1 1-B¢
0P po P =0 2 (pp—0)o P + 0P > 0P — 1\ 2¢0 P

> (in () = V2eAmin(0) 7 ) 1,

\/2
= Apin(0) (1 — Y=L )1, > 0,
)\min(g)

and hence,

1-B¢ 1-Bt | B, 2 g
Amin(pg,tt) = >\min <<U 23t ptO' 2Bt )ﬁ> 2 )\min(U) (1 — )\\/E_))

= Ain(07) €xp (ﬁt log (1 - AH{i)em)).

We show that the exponent on the right side of the above equation can be bounded from

below. Indeed, note that 1 — %e‘m >1-—5 ‘/%U) > 0 and log(1 — z) > —% for

xz € [0,1). If we restrict n < 1/2, then

V2e /3
0> 31 (1 - —Kt> = (1 — 1)e™Kty ] <1 _ —Kt)
o (1= 350 ) = (1 (e = e og (1= Y700
V2 _—Kt
> _ _ _ T]2Kt mln(g)
= log <1 )\min<0')> (Oé[) 1)6 - N e
)‘min(o')
V2e
= log <1 — V2e ) (a 1)en2Kt—Kt Amin ()
Amin(0) 1 V2
>\min(0')
v2¢ V2e
2 = _
> log (1 _ V2¢ ) (ap— 1) Amin () > —ap Amnin ()
AInln( ) 1 — V2e 1 — V2e
Amin (o) Amin (0)



This implies that

)\min(pfft) > Amin(0) €xp ( - QOL%) (4.52)

Combining the estimations (4.51) and (4.52) yields

V2e
)\max(/)gft) < /\max<0> exp (Oéo )\min(cr)>
Bty — V2e

)\min o in(o
(p ,t) Am1n<0-) eXp ( _ aO >‘m1r\1/<27€) )

1= Amin (o)

~ Amax(0) oxt (/36 2Amin(0) — V/2€ N
B )‘min(a) P ( 0\/2_/\min(g)()\min(0) - \/i)> =4

This leads to
Amin(ﬂﬁtt)
w 9, .1
2 e Amax (pg,tt) > 2 ew] K
ax(pPt) T wji A
1 + €w7 ma. (,Oggt) 1 + (& ]A
min(pg,t)

This finishes the proof of (4.49) with

1

) 1 _]. 2 ijx
N = min (5,1}(11{1 {m}) > 0.

4.5.6 Discussion on the quantum comparison theorem

Finally, we would like to comment on the quantum comparison theorem (Prop. 4.32).
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Discussion on its proof and the hypercontractivity: The main idea in proving Prop. 4.32
is to verify the hypercontractivity in the sense of noncommutative L, space (see, e.g.,
[89, Def. 12]) under the assumption of the quantum LSI. More specifically, suppose 5; =
1+ (ap — 1)e™~E? for some constant > 0 and p; follows the Lindblad equation, then for

33:1 ) , we need to show that

the time interval [0, 7], where T" = ﬁ log (

1

1=5¢ Bt Bt
{Tr ((TU& (pt)) > } is a non-increasing function of time ¢ € [0, 7. (4.53)

The function F; in the last subsection is simply the logarithm of this function. To see why
this requirement (4.53) is closely related to the hypercontractivity in the noncommutative
LL,, spaces, let us introduce the relative density X; = Y_'(p;). The time-evolution of the
relative density X, has the generator £, i.e., X; = e'*(X,), which can be directly verified
with the help of (4.9). With these notations and definitions, (4.53) means ||*“(Xy)| 5,0 <
| X0|lag.0» Which has the same form as [89, Def. 12]. In a recent paper [14], for primitive
Lindblad equations with GNS-detailed balance, a quantum Stroock-Varopoulos inequality
(SVI) has been proved in [14, Thm. 14], and its implication (see [14, Cor. 17]) shows that
one can pick ngy; = 2ko/ K (see (4.17) for the definition of k5); the subscript SVI is used to
emphasize using the quantum Stroock-Varopoulos inequality. Recall that X' = 2k, (4.20).

The quantum Stroock-Varopoulos inequality shows that x; > k9 (see also Thm. 4.18),

184



hence ngy; < 1, which is consistent with our observation in the proof that 7 < 1. We make

some comments on the difference between Prop. 4.32 and the above estimation using the

quantum Stroock-Varopoulos inequality:

o)

(ii)

(iii)

Using the estimation from the quantum Stroock-Varopoulos inequality, the prefactor

ﬁ in (4.41), is simply ﬁ; in this chapter, we directly use K/2 = k; and the

information about the spectrum of o.

There is a more stringent assumption on the initial condition py in Prop. 4.32. Because
of such a restriction on initial conditions, even though our proof is related to verify the
hypercontractivity, strictly speaking, we haven’t really proved the hypercontractivity

by solely assuming the quantum LSI (4.4) for o = 1.

Despite the restriction on initial conditions pg, our proof is probably more similar to
the classical result for the Fokker-Planck equation case in [29, Lem. 3.4]. Moreover,
our proof for the quantum comparison theorem does not require any prior knowledge

about noncommutative L, spaces.

Comparison with the classical result: By comparing Prop. 4.32 and a similar result for

the Fokker-Planck equation (c.f. [29, Lem. 3.4]), it appears that the waiting time 7' in

Prop. 4.32 is much larger than that for the Fokker-Planck equation. More specifically, the

parameter 17 < 1 for the Lindblad equation, and 1 = 1 for the Fokker-Planck equation.
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4.6 Conclusion

In this chapter, we have extended the gradient flow structure of the quantum relative
entropy in [36] to sandwiched Rényi divergences of any order o € (0, 00), for primitive
Lindblad equations with GNS-detailed balance. The necessary condition for the validity of
such a gradient flow structure has been briefly discussed. Furthermore, we have proved the

exponential decay of the sandwiched Rényi divergence of any order a € (0, 00).
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Chapter 5

Conclusion and outlook

In the last three chapters, we have studied Lindblad equations from the physical, nu-
merical, and information theory perspectives. Below are some potential future directions

for each perspective, respectively. These questions have been presented in [27,28, 30].

Physical perspective

It is useful to investigate how to perform further approximations to simplify the hopping

coefficients in the LCME (see (2.21) and (2.22)) to obtain a simpler equation.

Numerical perspective

We are curious about whether the SDLR method can be extended to infinite-dimensional
Hilbert spaces beyond C", because (1) many interesting QMEs (as well as their unravel-
ing schemes) evolve on infinite-dimensional Hilbert spaces; e.g. the Lindblad equation for
the Anderson-Holstein model in Chp. 2; (2) many SPDEs are essentially SDEs on infinite-
dimensional Hilbert spaces, e.g., stochastic Burgers’ equation (3.20). Though finite trun-
cation is a must in the numerical simulation, it is still desirable to study how our scheme

could be applied to such SPDEs directly in theory.
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Another interesting question is to develop adaptive schemes for the SDLLR method with

rank adjustment on-the-fly.

Information theory perspective

(More general entropy) In Chp. 4, we have considered the entropy production of the
sandwiched Rényi divergence, which is a generalization of the quantum relative entropy.
One natural question is whether the gradient flow structure and exponential decay proved
for the sandwiched Rényi divergence can be extended to the more general (a, z)-Rényi
divergence [9,34], for certain ranges of («, z).

(Gap between sufficient and necessary conditions for gradient flow structures) We
have mentioned in Sec. 4.4 that there is still a gap between sufficient and necessary con-
ditions to regard Lindblad equations as gradient flow dynamics of sandwiched Rényi di-
vergences (including the quantum relative entropy [37]). Characterizing the QMS with
various detailed balance conditions, beyond GNS-detailed balance, might be essential to
resolve this issue, i.e., studying different versions of Thm. 4.9 by considering various de-
tailed balance assumptions.

(Quantum Wasserstein distance) In the classical optimal transport theory, Wasserstein
distance, introduced to capture the cost of transportation between two probability mea-

sures, has been widely studied [139]. Due to its success for classical systems, it is a natural
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question to explore the notion of quantum Wasserstein distance. There are many attempts
to define this concept via the Monge formalism [145, 146], the Kantorovich formalism
[1,39,79, 80, 143], and the Benamou-Brenier formalism [35, 36,42-44,87,142]. The one
that is most relevant to us is Benamou-Brenier formalism [15], which offers a dynamical
picture to view the Wasserstein distance between any two states pg and p; as the minimal
Lagrangian along all possible paths connecting pg and p;. This Lagrangian could be defined
via metric tensors in Riemannian manifolds. In [36, Sec. 8], with the variational formalism
of primitive Lindblad equations with GNS-detailed balance for the quantum relative en-
tropy, quantum Wasserstein distance is defined via the Benamou-Brenier formalism. With
the generalization of this variational formalism to the case of the sandwiched Rényi di-
vergence in Thm. 4.2, one could straightforwardly generalize the quantum Wasserstein

distance defined in [36] to a family of quantum («, ¢)-Wasserstein distances.

For any order a € (0, 00) and power ¢ > 1, a quantum («, ¢)-Wasserstein distance is

defined in the following way: for any pg, p; € D,

1 . o
qu(pOa Pl) = 1¥Ylf (/ (ga,'ys,ﬁ (757 "}/8))5 dS) ;
: 0
where the infimum is taken over all smooth paths +. : [0,1] — D™ that connect py and

p1. More specifically, 7o = po, 71 = p1 and 7, € DT for all s € (0,1). The study of

the properties of this quantum Wasserstein distance might be an interesting topic for future
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works.

(Lindblad equation with energy-conservation term) In general, the Lindblad equation
has both energy-conservation term and dissipative term; see (1.1) and (1.2). The Hamilto-
nian H, in general, does not vanish. Therefore, it is also an interesting question to explore

how we could generalize our results to such general Lindblad equations with non-trivial H.

An exact construction of gradient flow structures in a Riemannian manifold (as in
Sec. 4.2.1) does not seem to be possible, even for classical kinetic Fokker-Planck equa-
tions. However, for a generalized Kramers equation (probably regarded as the classical
analog of Lindblad equations with a non-trivial Hamiltonian term), some JKO schemes
have already existed in [61]. As far as we know, currently, there is no any JKO scheme
for Lindblad equations, which is probably also an interesting question to study, due to the
current active research on quantum Wasserstein distance, as we mentioned above.

As for the convergence rate to the equilibrium, there is another approach known as the

hypocoercivity [54,55, 138] for kinetic Fokker-Planck equations. We are curious about

whether this approach admits a quantum extension to help study the convergence of Lind-

blad equations with a non-trivial Hamiltonian term.
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