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Abstract

Lindblad equations, since introduced in 1976 by Lindblad, and by Gorini, Kossakowski,

and Sudarshan, have received much attention in many areas of scientific research. Around

the past fifty years, many properties and structures of Lindblad equations have been discov-

ered and identified. In this dissertation, we study Lindblad equations from three aspects: (I)

physical perspective; (II) numerical perspective; and (III) information theory perspective.

In Chp. 2, we study Lindblad equations from the physical perspective. More specifi-

cally, we derive a Lindblad equation for a simplified Anderson-Holstein model arising from

quantum chemistry. Though we consider the classical approach (i.e., the weak coupling

limit), we provide more explicit scaling for parameters when the approximations are made.

Moreover, we derive a classical master equation based on the Lindbladian formalism.

In Chp. 3, we consider numerical aspects of Lindblad equations. Motivated by the

dynamical low-rank approximation method for matrix ODEs and stochastic unraveling for

Lindblad equations, we are curious about the relation between the action of dynamical low-

rank approximation and the action of stochastic unraveling. To address this, we propose

a stochastic dynamical low-rank approximation method. In the context of Lindblad equa-

tions, we illustrate a commuting relation between the dynamical low-rank approximation

and the stochastic unraveling.
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In Chp. 4, we investigate Lindblad equations from the information theory perspective.

We consider a particular family of Lindblad equations: primitive Lindblad equations with

GNS-detailed balance. We identify Riemannian manifolds in which these Lindblad equa-

tions are gradient flow dynamics of sandwiched Rényi divergences. The necessary con-

dition for such a geometric structure is also studied. Moreover, we study the exponential

convergence behavior of these Lindblad equations to their equilibria, quantified by the

whole family of sandwiched Rényi divergences.
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Chapter 1

Introduction to Lindblad equations

The open quantum system studies the interaction between a primary system of interest

and a bath system (also known as the environment). Its study plays a significant role in

the development of quantum chemistry, quantum optics, quantum information theory, etc.

Many interesting models in open quantum systems include Jaynes-Cummings model [132],

spin-Boson model [22], molecular electronics [76], Anderson-Holstein model [5, 57, 86].

Typically, a fundamental challenge in studying open quantum systems comes from the

vast degrees of freedom of the bath. Therefore, an essential task in open quantum system

is to obtain a self-consistent dynamics only including the primary system of interest (in

other words, model reduction methods are employed to approximate a sizeable interacting

system). Among many self-consistent dynamics, some famous dynamics include quantum

master equation (QME) [22], quantum non-Markovian dynamics [21, 22], and Dyson’s

equation in the non-equilibrium Green’s function (NEGF) formalism [56].

Among various QMEs for open quantum systems, the Lindblad equation is perhaps

the most popular and widely studied dynamics. Its history dates back into 1976 when it

was firstly studied by Lindblad [98] from a functional analysis perspective, and Gorini,
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Kossakowski, and Sudarshan [81] for N -level systems. Let us consider a continuous time-

parameterized semigroup (Pt)t≥0 on the space of linear operators on a finite-dimensional

Hilbert space Cn (namely, Pt is a linear time-evolution operator in the Heisenberg picture).

If Pt is completely positive (CP) and Pt(In) = In for any t ≥ 0, then this semigroup

dynamics Pt is called a quantum Markov semigroup (QMS). A common and equivalent

definition of QMS is that the semigroup P†t is completely positive trace-preserving (CPTP).

Denote the generator of the QMS by L, i.e., Pt = etL.1 It is well-known that the generator

L† (the adjoint operator of L) must have the following form [81, 98]

L†(ρ) = −i[H, ρ] +
∑
k

(
LkρL

†
k −

1

2
{L†kLk, ρ}

)
, (1.1)

and Lindblad equations refer to the following dynamics

ρ̇t = L†(ρt). (1.2)

In literature, the Lindblad equation is also known as the Lindblad-Gorini-Kossakowski-

Sudarshan (LGKS) equation or the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equa-

tion. As a remark, Lindblad equations and quantum Markov semigroups refer to the same

type of dynamics and are used indistinguishably throughout this dissertation. In the above,

the Hermitian operator H is the (effective) Hamiltonian, Lk are Lindblad operators, [·, ·] is

1Quantum master equations also have time-independent generators, while it might not satisfy the CP
condition. Therefore, QMS is a special family of QME.
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the commutator, and {·, ·} is the anti-commutator. Throughout this dissertation, the symbol

L is used as the generator in the Heisenberg picture, whereas its adjoint L† is the generator

in the Schrödinger picture; the same notation convention applies to the Redfield equation

for the symbol R†. Lindblad equations have been widely employed in or connect to many

areas of scientific research. For instance, quantum optics [38], superconductivity [93], dis-

sipative quantum computation [137], quantum thermodynamics [3].

As a remark, we would like to mention the classical analog of the Lindblad equation,

which is the Fokker-Planck equation for classical open systems. Consider an n-dimensional

Brownian particle under an external potential V (x), where x ∈ Rn. A famous stochastic

dynamics to describe the motion of the Brownian particle is the overdamped Langevin

dynamics

dXt = −∇V (Xt) dt+
√

2 dWt. (1.3)

In the above, the term −∇V represents the force under the potential V , and the term dWt

represents the diffusion. The following Fokker-Planck equation describes the time evolu-

tion of the probability density function %t(x)

∂t%t(x) = div (%t(x)∇V (x) +∇%t(x)) . (1.4)

The unique stationary distribution is proportional to e−V (x). Therefore the Langevin dy-

3



namics (1.3) is often used in the Monte Carlo sampling of log-concave distributions e−V (x);

see, e.g., [49, 136]. Though there is no direct connection between the Fokker-Planck equa-

tion and the Lindblad equation above, as far as we know, these two equations resemble in

several ways. In Chp. 3, we shall discuss the numerical methods of these two equations un-

der the same framework; In Chp. 4, almost all results for Lindblad equations are motivated

by the results for Fokker-Planck equations. We will observe their relationship in details in

Chp. 3 and Chp. 4 below.

In this dissertation, we will discuss three aspects of Lindblad equations presented in the

following three chapters, respectively.

Physical perspective

In Chp. 2, we consider the (simplified) Anderson-Holstein (AH) model [5,57,86], used

for electron transport through molecular electronics in quantum chemistry. For the AH

model, the Redfield-type quantum master equation has been derived and studied in [62,

65, 66]; however, the Lindblad formalism has not. Therefore, one main result of Chp. 2

is to derive a Lindblad equation for the AH model under the weak coupling limit (see

Sec. 2.3 and Sec. 2.4). The primary approach is to use the time-convolutionless equation

formalism to obtain the Redfield equation (2.9) under the weak coupling limit (see, e.g.,

[22, 52]), and then apply the secular approximation to obtain the Lindblad equation in

4



both interaction picture (see (2.19)) and Schrödinger picture (see (2.10)). We notice that

Redfield and Lindblad equations are at the same level, and the condition for the secular

approximation is, in fact, a redundant condition, compared to the condition used for the

weak-coupling limit expansion. Moreover, we also study the semiclassical limit of the

resulting Lindblad equation in Sec. 2.5 and compare Redfield and Lindblad equations from

the perturbation theory perspective in Sec. 2.6.

Numerical perspective

In many scenarios, Lindblad equations have very high-dimension, and it is thus chal-

lenging to solve numerically. If the quantum system has the dimension n, then we need

O(n2) space at each time to store the (full) density matrix.

There have been extensive studies on stochastic unraveling methods (or say Monte

Carlo methods) for Lindblad equations since the last 90s; see, e.g., [25, 50, 78, 120]: the

main idea is to find a stochastic process for wave functions ψt such that E[ψtψ
†
t ] solves the

Lindblad equation (1.2). Since then, these Monte Carlo methods have been adapted and

extended to Redfield equations [92], and non-Markovian dynamics [23, 104]. An alterna-

tive approach to achieve the model reduction is the (dynamical) low-rank approximation to

density matrices [91,95]. We use ρLR,t ≈ ρt with moving basis, and the time-evolution dy-

namics of ρLR,t is given by projecting the exact (local) tangent vector to the tangent space

5



of a sub-manifold. In [96], these two ideas are combined to achieve further efficiency.

Though plenty of methods are known, one question is that when we apply both dynam-

ical low-rank approximation and stochastic unraveling method one after the other, can we

obtain the same resulting low-rank stochastic unraveling method? Motivated by this, we

propose a stochastic dynamical low-rank approximation (SDLR) method for general finite-

dimensional SDEs (see Sec. 3.2). Then we apply such a low-rank method to the stochastic

unraveling algorithm of Lindblad equations. Under certain conditions, we can indeed ob-

serve a commuting relation between the dynamical low-rank approximation method and

the stochastic unraveling method (see Sec. 3.5.2 for more details). As a remark, our SDLR

method is proposed in a general set-up and has broad applications beyond the purpose of

solving Lindblad equations; see Sec. 3.6 for more examples.

Information theory perspective

After the onset of information theory established by Claude Shannon in 1948 [131],

entropy has become a critical concept and tool to study both classical and quantum dynam-

ics. There are many examples of entropies, e.g., the relative entropy (also known as the

Kullback-Leibler divergence [94]) and Rényi divergences [125]. Information theory has

been developing rapidly, and it becomes a vast area of research; in this dissertation, there

are two relevant research topics: the first one is the (Wasserstein) information geometry,

6



and the second one is the entropy functional inequality.

Information geometry

The relation between the information geometric structure and the Fokker-Planck equa-

tion was disclosed in the celebrated work of Jordan, Kinderlehrer, and Otto [88]: they

showed that the Fokker-Planck equation (1.4) could be regarded as gradient flow dynam-

ics of the relative entropy for the Wasserstein metric. Since then, many classical dynamical

systems have been studied and are identified as gradient flow dynamics of certain entropies;

see, e.g., [29,63,64,100,115]. Due to its success for classical dynamics and the increasing

importance of quantum information theory, it is interesting to generalize such geometric

structures to quantum dynamics, which was initiated and developed by a series of works

of Carlen and Maas [35–37]. In particular, in [36], they identified a Riemannian manifold

such that primitive Lindblad equations with GNS-detailed balance are gradient flow dy-

namics of the quantum relative entropy. This also motivates the introduction of quantum

Wasserstein distance in the Benamou-Brenier formalism [15]; see discussions in Chp. 5.

Inspired by the importance of sandwiched Rényi divergences in quantum information

theory [141] and quantum thermodynamics [19], we try to extend the result of Carlen

and Maas in [36] to sandwiched Rényi divergences: in Thm. 4.2, we identify Riemannian

manifolds such that primitive Lindblad equations with GNS-detailed balance are gradient

7



flow dynamics of sandwiched Rényi divergences. The necessary condition for a Lindblad

equation to have a gradient flow form is also discussed in Thm. 4.24, which extends [37,

Thm. 2.9].

Functional inequalities and exponential convergence

Apart from the geometric interpretation of dynamical systems, another important ques-

tion is to quantify their long-time behavior. The entropy production method [8, 16, 20, 67,

109, 133] assisted with the famous log-Sobolev inequality (LSI) (see, e.g., [11, 53, 82–84,

114,122]) has been a well-known technique to establish the exponential convergence to the

equilibrium for various Markov semigroups. It is natural to consider their generalization

in the quantum region. In [36], a quantum LSI based on the entropy production is used

to prove the exponential convergence of primitive Lindblad equations with GNS-detailed

balance. See, e.g., [51, 123] for more about quantum functional inequalities.

In Chp. 4, we introduce the quantum α-LSI, and in Thm. 4.7, we prove the exponential

convergence of primitive Lindblad equations with GNS-detailed balance to their equilibria,

quantified by sandwiched Rényi divergences. We remark that such an exponential con-

vergence behavior of primitive Lindblad equations under sandwiched Rényi divergences

was also studied in [107]. Our results differ from theirs in the sense that we consider the

long-time behavior, and they consider the global contraction of quantum states.

8
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Chapter 2

The Lindblad equation for the
Anderson-Holstein model

2.1 Introduction

Multi-level open quantum systems have received much attention due to their broad

applications and intriguing phenomena [72, 76, 77]. One of the simplest models is perhaps

the Anderson-Holstein model, a two-level open quantum system [5, 86]. The Anderson-

Holstein model is a simplistic model for a molecule as the system of interest, represented

by a classical nucleus degree of freedom and a two-level electronic degree of freedom,

coupled with a bath of Fermions, for instance, a reservoir of electrons. In this chapter, the

simplified version of the Anderson-Holstein model discussed in [57] is used as an example

for illustrating purpose, which will be explained in more detail in Sec. 2.2. The goal is

to understand the approach of quantum master equations, in particular, the Lindbladian

formalism, for such systems in the weak-coupling limit and also to study the semiclassical

limit of the quantum master equations. Our study here should generalize to other multi-

level open quantum systems.

The Anderson-Holstein model has been widely studied via various theoretical and nu-

This chapter is prepared based on [27].
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merical approaches, for instance, the Green’s function approach [75, 124], equation-of-

motion method [73,74], quantum Monte Carlo method [106], semiclassical approximation

[102,103], non-crossing approximation [41], and quantum master equations [57–60,62,65,

66]. From the perspective of the quantum master equation, which is mostly related to the

current work, the quantum master equation in the Redfield flavor for the Anderson-Holstein

model has been derived in [62, 65, 66]. The semiclassical limit of the Redfield equation,

known as the classical master equation (CME), has been considered in [57], which also

proposed a numerical method based on the surface hopping. The CME perspective has

then been used to study various physical aspects of the Anderson-Holstein model, e.g.,

broadening, Marcus rate [58–60]. In all these works, the focus has been on the Redfield

equation (or Redfield generator). As far as we know, for the Anderson-Holstein model, not

much attention has been put into the Lindbladian formulation nor its semiclassical limit,

which are the focuses of this chapter.

Recall that the Hamiltonian can fully characterize closed quantum systems; its time-

evolution dynamics is characterized by the Schrödinger equation (or the von Neumann

equation if we are dealing with density operators). In the framework of the quantum mas-

ter equation, open quantum systems can be precisely described by the Nakajima-Zwanzig

equation with the assistance of a projection operator to a subspace, in which density opera-

tors for the closed system are separable [22]. However, in general, it is not easy to retrieve

12



useful information, neither analytically nor numerically. This difficulty is attributed to the

memory effect in the Nakajima-Zwanzig equation. It is, of course, critical to research on

non-Markovian dynamics; many questions in non-Markovian dynamics are still open, and

the mathematical foundation requires further investigation [21]. Often, we take Markovian

approximation to simplify the governing equations, which is a valid approximation in the

weak coupling regime; see, e.g., [52].

The Markovian approximation yields the Redfield equation using the time-convolutionless

(TCL) projection operator method in the weak-coupling limit [22]. Furthermore, with the

secular approximation, the Lindblad equation can be obtained from the Redfield equa-

tion [22]; the Lindblad equation possesses better mathematical properties such as complete

positivity [98]. The essence of the secular approximation is to approximate fast oscillating

terms by zero in the sense of averaging on a coarser time scale. This chapter aims at study-

ing both the Redfield equation and the Lindblad equation for multi-level open quantum

systems as well as their semiclassical limit, in the context of the Anderson-Holstein model.

For these two equations, we obtain the classical master equations (CME) and Lindbladian

classical master equations (LCME) in the semiclassical limit. The relations of various

models and the asymptotic limit connecting those are summarized in Fig. 2.1.

It is worth mentioning that there is a debate in the literature on which equation better

models the open quantum system, especially when the coupling between the system and

13



von Neumann Redfield

Lindblad

CME

LCME

ζ¿ ε

ζ2 ¿ ε

ζ¿ ε¿ 1

ζ¿ ε¿ 1

Figure 2.1: This diagram summarizes the conditions needed for approximation and con-
nections between various models. The non-dimensional parameters ζ and ε will be intro-
duced in Sec. 2.2.

the bath is not weak. The underlying discussion focuses on whether complete positivity

is necessary for modeling open quantum systems. At least two arguments are supporting

the complete positivity in quantum systems: the first one is from the perspective of “total

domain”; the second one from “product state” [101]. What is more, one recent research

indicates that the lack of complete positivity renders the Redfield equation to be inconsis-

tent with the second law of thermodynamics [7]. Some, however, criticize that we might

over-emphasize the importance of complete positivity in modeling open quantum systems.

Pechukas proposed that for a composite quantum system with an entangled initial con-

dition, the positivity property might not hold for the reduced dynamics [119]. Shaji and

Sudarshan argued that complete positivity is not necessary by carefully examining argu-

ments supporting complete positivity [129]. Negativity, as opposed to positivity, is not

only observed in experiments but also can be informative to the coupling with the bath

[101]. In our study on the Anderson-Holstein model, imposing complete positivity (and

thus Lindblad equation) should be justified as we only consider the weak-coupling regime.
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In particular, as will become apparent in our analysis, under the same assumption used in

deriving the Redfield equation, the secular approximation for getting the Lindblad equation

is, in fact, also justified; hence, the use of Lindblad equation is natural.

In this chapter, we consider the Anderson-Holstein model in the weak-coupling and

semiclassical limits. Under the assumption that the coupling strength is weak, we first

revisit the derivation of the Redfield equation in Sec. 2.3, and then derive the Lindblad

equation in Sec. 2.4. The semiclassical study of both equations is discussed in Sec. 2.5.

The perturbation analysis of both equations is presented in Sec. 2.6. Finally, Sec. 2.7

summarizes the main results.

2.2 Anderson-Holstein model

The Anderson-Holstein model under study here describes a two-level system coupled

with a bath of many non-interacting electrons (or in general spin-1/2 Fermions). For in-

stance, the two-level system can be thought of as a simplistic model for the nuclei degree

of freedom of a molecule with two potential energy surfaces depending on the electronic

state of the molecule. For simplicity, in the Anderson-Holstein model, the two-level system

is in one spatial dimension. One of the potential energy surface is taken to be a harmonic

oscillator with frequency ωs. The potential difference U(x) is chosen as a linear function of

the nucleus position, and thus the other potential surface is also a harmonic oscillator with
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shifted center and energy [86]. More specifically, the Hamiltonian for the whole system is

H = Hs +Hb +Hc,

Hs =
p2

2m
+

1

2
mω2

sx
2 + U(x)d†d,

Hb =
∑
k

(Ek − µF )c†kck,

Hc =
∑
k

Vk(c
†
kd + ckd

†),

(2.1)

where we follow the notation of [57]: d and d† are the annihilation and creation operators

for the two-level electron state of the molecule, ck and c†k are the annihilation and creation

operators for electron states in the bath, Ek is the energy level of those states, µF is the

Fermi level, and Vk is the coupling strength between the molecule and the k-th mode in the

bath, assumed to be real. The Hilbert space corresponds to the molecule is thus L2(R) ⊗

C2 = L2(R) ⊗ span
{
|0〉, |1〉

}
, so that we have d|1〉 = |0〉 and d†|0〉 = |1〉. Thus in (2.1),

Hs is the Hamiltonian operator of the “system”, Hb is the Hamiltonian of the “bath”, and

Hc describes the coupling between the system and the bath. The goal is to understand the

evolution of the system as an open quantum system (i.e., integrate out the bath degree of

freedom). The above is a simplified version of the original Anderson-Holstein model as

(i) only one electron is considered for the molecule, and thus the model excludes the

Coulomb interaction between electrons of the molecule;
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(ii) the molecule is coupled to only one electrode, and thus only one Fermi level µF is

used for the environment.

Remark. In the literature, e.g., [103], sometimes the term “single-level” is used for the

above system to emphasize that there is only one on-site electron. We have adopted here the

term “two-level” to emphasize that the Hilbert space for the molecular system is L2(R) ⊗

span
{
|0〉, |1〉

}
, and the second component has dimension 2.

To proceed, let us non-dimensionalize the problem according to the following rescaling:

(i) Denote ` as the characteristic length scale of x, the position degree of freedom of the

system, i.e., if we take x = `x̃, x̃ becomes a dimensionless quantity with order O(1).

(ii) As a consequence, the scaling factor for the molecular energy is E = mω2
s`

2. We will

use E as the scaling factor for all physical quantities whose dimension is energy (thus

including all terms in the Hamiltonian).

(iii) Denote T as the time scale of the evolution of the system. Thus, t = Tt̃ where

t̃ = O(1). Physically, it is reasonable to choose T = 1
ωs

[130], since this is the time

scale of an isolated harmonic oscillator with frequency ωs.

(iv) As both ~ωs and E have the energy dimension, the ratio

ε :=
~ωs
E
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is a dimensionless quantity. In our analysis of the semiclassical limit of the system,

we will assume that ε is the small parameter.

(v) Let V be the typical interaction strength with dimension as energy, i.e., we assume

Ṽk := Vk
V

= O(1). The ratio of V and E

ζ :=
V

E

is dimensionless. Weak-coupling limit refers to the case V � E (hence, ζ ↓ 0):

physically, the coupling between the bath and the system is weak, compared to the

typical energy scale of the system. Note that by the above rescaling, we have

Vk
E

= ζṼk.

After performing the above rescaling, the non-dimensionalized Hamiltonian becomes

Hnon = Hs,non +Hb,non + ζHc,non,

Hs,non = −1

2
ε2∇2

x̃ +
1

2
x̃2 + Ũ(x̃)d†d,

Hb,non =
∑
k

(Ẽk − µ̃F )c†kck,

Hc,non =
∑
k

Ṽk(c
†
kd + ckd

†),

where Ũ(x̃) = U(x)
E

, Ẽk = Ek
E

, and µ̃F = µF
E

. Moreover, the von Neumann equation
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becomes

iε∂t̃ρ = [Hnon, ρ] ,

where ρ is the density operator for the closed system.

To simplify notations, by dropping “tilde” and “non”, and shifting the energy reference

to replace Ek − µF by Ek, we arrive at the Hamiltonian

H = Hs +Hb + ζHc,

Hs = −1

2
ε2∇2

x +
1

2
x2 + U(x)d†d,

Hb =
∑
k

Ekc
†
kck,

Hc =
∑
k

Vk(c
†
kd + ckd

†) =: C†d + Cd†.

(2.2)

Here, U(x) is a linear function of the position x with the form (the reason of the specific

choice of parametrization will become clear below)

U(x) :=
√

2gx+ g2 + Ū0,

where Ū0 is known as the renormalized energy, and the weighted annihilation operator C

is defined as

C :=
∑
k

Vkck.
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The evolution of the density operator is given by the von Neumann equation

iε∂tρ = [H, ρ]. (2.3)

All quantities in (2.2) and (2.3) are dimensionless, and parameters Vk and Ek’s are O(1).

In summary, after non-dimensionalization, the model contains two scaling parameters ε

and ζ , corresponding to the semiclassical parameter and the coupling strength, respectively.

In the rest of the chapter, we will consider the weak-coupling limit and the semiclassical

limit. In the weak-coupling limit, we have ζ ↓ 0, which leads to Redfield and Lindblad

equations for fixed ε, while the semiclassical limit means ε ↓ 0; see Fig. 2.1 for an overview.

Notice that

H0 := 〈0|Hs|0〉 ≡ −
1

2
ε2∇2

x +
1

2
x2

is a Hamiltonian for a single harmonic oscillator. It is well-known that it has eigenfunctions

φ0
k = N0

k Hk

(
x√
ε

)
exp

(
−x

2

2ε

)
, k ∈ N,

where Hk is the k-th Hermite polynomial and N0
k is the normalization constant. The corre-

sponding eigenvalue is ε(k + 1
2
). Similarly,

H1 := 〈1|Hs|1〉 ≡ −
1

2
ε2∇2

x +
1

2
(x+

√
2g)2 + Ū0
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has eigenfunctions φ1
k = φ0

k(x+
√

2g) and corresponding eigenvalues ε(k+ 1
2
) + Ū0. Note

that this explains the specific parametrization of the linear function U(x) above. To keep

notations and calculations simple, we only consider the Anderson-Holstein model with the

renormalized energy Ū0 ≡ 0. The extension to the general case is straightforward.

2.3 Revisiting the derivation of the Redfield equation

The derivation of the Redfield equation has been well studied and presented in, e.g.,

[18, 22, 62]. Physically, the Born-Markov approximation is the key to reduce the dynamics

of the closed system to a Markovian dynamics of the primary system only. In this section,

we will revisit the derivation for the Anderson-Holstein model to set the grounds of our

discussion below, using the time-convolutionless equation (TCL) approach following [22,

Chp. 9]; we will borrow notations from this reference as well. For fixed ε, we consider the

weak-coupling limit below, that is, ζ ↓ 0, while ε stays fixed. Hence, η := ζ
ε
↓ 0.

In open quantum systems, it is often more convenient to use the interaction picture (for

the uncoupled system and bath), in particular in the weak-coupling limit, since it removes

the effect of the fast motion (due to Hs + Hb) from the slow motion (due to ζHc). The

operator in the interaction picture is defined as

OI(t) := e
i
ε
(Hs+Hb)tOe−

i
ε
(Hs+Hb)t.
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The von Neumann equation in the interaction picture is

d

dt
ρI(t) = −iζ

ε
[Hc,I(t), ρI(t)] =: ηL(t)(ρI(t)), (2.4)

where we have introduced

L(t)(·) := −i [Hc,I(t), · ] (2.5)

as a super-operator acting on density operators. By explicit calculation, we have

Hc,I(t) = C†I(t)dI(t) + d†I(t)CI(t),

where

dI(t) = e
i
ε
Hstde−

i
ε
Hst, and CI(t) =

∑
k

Vke
− i
ε
Ektck.

For any trace-class operator A, defined for the whole closed system, we define a pro-

jection operator P by

P(A) := Trb(A)⊗ ρb,eq,

where Trb(·) is the partial trace over the bath degree of freedom, ρb,eq := e−βHb/Zb is

the density operator of the electron bath at thermal equilibrium, with β = E
kBT

(inverse

of the rescaled temperature), and Zb is the partition function. This projection operator P
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disentangles the system and the bath, and replaces the bath by the thermal equilibrium. This

is a core ingredient in the Born approximation, whose physical reasoning can be found in

[18, p. 276]. We also define its orthogonal complement asQ := Id−P . For a given density

matrix ρI(t), PρI(t) is known as the relevant part, and QρI(t) the irrelevant part.

We may formally write down the solution to (2.4) using Green’s function as

ρI(s) = G(t, s)ρI(t) = G(t, s)(P +Q)ρI(t), (for s ≤ t), (2.6)

where G(t, s) := T→ exp
(
−η
∫ t
s

ds′ L(s′)
)

and T→ is the anti-chronological time or-

dering operator. On the other hand, applying the operator Q to (2.4) gives a differential

equation

d

dt
QρI(t) = ηQL(t)PρI(t) + ηQL(t)QρI(t).

By introducing the propagator G(t, s) := T← exp
(
η
∫ t
s

ds′ QL(s′)
)

, where T← is the

chronological time-ordering operator, we could derive that

∂

∂s
(G(t, s)QρI(s)) = ηG(t, s)QL(s)PρI(s).

For fixed t, after integrating both sides for the variable s from t0 to t,
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QρI(t) = G(t, t0)QρI(t0) + η

∫ t

t0

ds G(t, s)QL(s)PρI(s)

(2.6)
= G(t, t0)QρI(t0) + η

∫ t

t0

ds G(t, s)QL(s)PG(t, s)(P +Q)ρI(t)

= G(t, t0)QρI(t0) + Σ(t)(P +Q)ρI(t),

where t0 is the starting time of interest, and Σ(t) := η
∫ t
t0

ds G(t, s)QL(s)PG(t, s). As-

sume that at time t0, the bath is at thermal equilibrium, and the density operator ρI(t0) is

separable, i.e., ρI(t0) = ρs,I(t0)⊗ ρb,eq. Then QρI(t0) = 0, and hence we obtain

QρI(t) = (Id− Σ(t))−1 Σ(t)PρI(t),

if Id−Σ(t) is invertible, which is the case, for instance, when η is so small that ‖Σ(t)‖ < 1.

We may also apply the operator P to (2.4) and get

d

dt
PρI(t) = ηPL(t)PρI(t) + ηPL(t)QρI(t)

= ηPL(t)PρI(t) + ηPL(t)(Id− Σ(t))−1Σ(t)PρI(t)

= ηPL(t)(Id− Σ(t))−1PρI(t)

=
(
ηPL(t)P + η2PL(t)

∫ t

t0

ds QL(s)P
)
ρI(t) +O(η3).

In the last step, we perform the asymptotic expansion with respect to η. It could be easily
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verified that PL(t)P = 0 from the definition of L (2.5). The leading order expansion is

d

dt
PρI(t) = η2

∫ t

t0

ds PL(t)L(s)PρI(t).

After replacing L by its definition (2.5), we arrive at

d

dt
ρs,I(t) = −

(
ζ

ε

)2

Trb
(∫ t

t0

ds
[
Hc,I(t), [Hc,I(s), ρs,I(t)⊗ ρb,eq]

])
.

The leading order expansion of d
dt
ρs,I(t) is the same as applying the Born-Markov approx-

imation to the von Neumann equation directly. Change the variable τ = t− s and push t0

to approach −∞, then the last equation becomes the Redfield equation

d

dt
ρs,I(t) = −

(
ζ

ε

)2

Trb

(∫ ∞
0

dτ
[
Hc,I(t), [Hc,I(t− τ), ρs,I(t)⊗ ρb,eq]

])
. (2.7)

There are two formal justifications for pushing t0 to −∞: if t0 = −∞, the dynamics does

not depend on the initial condition; moreover, if the system evolves from a long time ago,

we may as well consider t0 = −∞.

After opening the double commutator and simplify the equation, we arrive at

d

dt
ρs,I(t) = −

(
ζ

ε

)2 ∫ ∞
0

dτ
[
dI(t),d

†
I(t− τ)ρs,I(t)

]
F (t, t− τ)

+
[
ρs,I(t)d

†
I(t− τ),dI(t)

]
G(t, t− τ) + h.c.,

(2.8)
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where time correlation functions

F (t, t′) := Trb
(
C†I(t)CI(t

′)ρb,eq

)
=
∑
k

V 2
k exp

(
i

ε
Ek(t− t′)

)
fFD(Ek),

G(t, t′) := Trb
(
CI(t

′)C†I(t)ρb,eq

)
=
∑
k

V 2
k exp

(
i

ε
Ek(t− t′)

)
(1− fFD(Ek)),

and where fFD(z) = 1/(1 + eβz) is the Fermi-Dirac function.

Transforming (2.8) back into the Schrödinger picture, we end up with

d

dt
ρs(t) = − i

ε
[Hs, ρs(t)]−

(
ζ

ε

)2 ∫ ∞
0

dτ
(

(
de−

i
ε
Hsτd†e

i
ε
Hsτρs(t)− e−

i
ε
Hsτd†e

i
ε
Hsτρs(t)d

)
F (t, t− τ)

+
(
ρs(t)e

− i
ε
Hsτd†e

i
ε
Hsτd− dρs(t)e

− i
ε
Hsτd†e

i
ε
Hsτ
)
G(t, t− τ) + h.c.

)
.

(2.9)

This is the Redfield equation for the Anderson-Holstein model.

2.4 Derivation of the Lindblad equation

In this section, we aim at deriving the Lindblad equation for the Anderson-Holstein

model. The derivation of Lindblad equations from a microscopic point of view has been

studied for some cases, see, e.g., [22], though to the best of our knowledge, not for the

Anderson-Holstein model. In this section, we will show that under the previous condition

ζ � ε, ζ � 1,
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the Lindblad equation in the Schrödinger picture for the Anderson-Holstein model is

d

dt
ρs(t) = − i

ε

[
Hs + ζ2H , ρs(t)

]
+
ζ2

ε
D(ρs(t)), (2.10)

with a Lindbladian corrected Hamiltonian

H =
∑
ω∈Z

bF (ω)D(ω)D†(ω)− bG(ω)D†(ω)D(ω), (2.11)

and dissipative operator

D(ρs(t)) =
∑
ω∈Z

aF (ω)
(
D†(ω)ρs(t)D(ω)− 1

2

{
D(ω)D†(ω), ρs(t)

})

+aG(ω)
(
D(ω)ρs(t)D

†(ω)− 1

2

{
D†(ω)D(ω), ρs(t)

})
.

(2.12)

The coefficients will be given in (2.20) below, and the operators D(†)(ω) will be defined in

(2.13) below. Note that the above equation has the Lindbladian form as in (1.1) and (1.2).

2.4.1 An alternative representation of the Redfield equation

In the Anderson-Holstein model, it is natural to consider the eigenfunctions of Hs,

which form two energy ladders. The evolution of the system can be considered as quantum

jumping between different energy levels. Thus, the annihilation and creation operators

might be decomposed in terms of the numbers of energy levels that the system jumps.

Such a decomposition has been used to derive the Lindblad equation in [22, pp. 125-131].
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We shall use this technique to study both the Redfield equation and the Lindblad equation

below for the Anderson-Holstein model.

Definition 2.1. For each ω ∈ Z, define an operator

D(ω) :=
∑

k′−k=ω

Π
(0)
k d Π

(1)
k′ , (2.13)

where Π
(m)
k is the projection operator to the quantum state |φmk 〉 ⊗ |m〉 ≡ |φmk ,m〉, m ∈

{0, 1}, k, k′ ∈ N.

Recall that |φmk ,m〉 is the eigenfunction of the Hamiltonian Hs discussed at the end of

Sec. 2.2. It is straightforward to know that the adjoint operator of D(ω) is

D†(ω) =
∑

k′−k=ω

Π
(1)
k′ d† Π

(0)
k .

This definition was used in [22] for a slightly different coupling Hamiltonian, but it is also

applicable here in the Anderson-Holstein model. It can also be checked that properties

proposed in [22] still hold.

Lemma 2.2. (i) D(ω) and D†(ω) are the eigen-operators of Hs, namely,

[Hs,D(ω)] = −εωD(ω),
[
Hs,D

†(ω)
]

= εωD†(ω).
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(ii) In the interaction picture, DI(ω, t) and D†I(ω, t) have the following form

DI(ω, t) ≡ e
i
ε
HstD(ω)e−

i
ε
Hst = e−iωtD(ω),

D†I(ω, t) ≡ e
i
ε
HstD†(ω)e−

i
ε
Hst = eiωtD†(ω).

(iii) d and d† can be decomposed into D(ω) and D†(ω), respectively. More specifically,

d =
∑
ω

D(ω), d† =
∑
ω

D†(ω). (2.14)

(iv) Then we can decompose the coupling Hamiltonian Hc as

Hc =
∑
ω

(
D(ω)⊗C† + D†(ω)⊗C

)
,

and in the interaction picture

Hc,I(t) =
∑
ω

(
e−iωtD(ω)⊗C†I(t) + eiωtD†(ω)⊗CI(t)

)
. (2.15)

These results directly follow from the definition of D(ω). (2.14) is essential in decom-

posing d(d†) in terms of the level of jumps. The reason that ω is the level of jumping can

be observed from the definition that D(ω) maps the quantum state |φ1
k′ , 1〉 to the quantum

state |φ0
k, 0〉, where k = k′−ω. To prove the decomposition of d in terms of D(ω), we use
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the completion relation
∑

k(Π
(0)
k + Π

(1)
k ) = Id,

d =
∑
k,k′

(
Π

(0)
k + Π

(1)
k

)
d
(
Π

(0)
k′ + Π

(1)
k′

)
=
∑
k,k′

Π
(0)
k d Π

(1)
k′

=
∑
ω

∑
k′−k=ω

Π
(0)
k d Π

(1)
k′ =

∑
ω

D(ω).

In the second step, we have used d|φ0
k′ , 0〉 = d†|φ1

k, 1〉 = 0 for any k, k′ ∈ N. It follows

after taking the Hermitian conjugate that 〈φ1
k, 1|d = 0; that is why there is only one term

Π
(0)
k d Π

(1)
k′ left. In the third step, re-ordering the double summation is employed to firstly

sum over all differences of levels, namely, ω and then sum over all possible combination of

k′, k ∈ N such that k′ − k = ω, where the latter sum gives D(ω).

Starting from (2.7), replacing Hc,I by (2.15), and opening the double commutators, we

arrive at an alternative representation of the Redfield equation

d

dt
ρs,I(t) = −ζ

2

ε

∑
ω, ω′

e−i(ω
′−ω)t

(
D(ω′)D†(ω)ρs,I(t)−D†(ω)ρs,I(t)D(ω′)

)
F (ω)

+e−i(ω
′−ω)t

(
ρs,I(t)D

†(ω)D(ω′)−D(ω′)ρs,I(t)D
†(ω)

)
G(ω) + h.c.,

(2.16)

where

F (ω) ≡ 1

ε

∫ ∞
0

dτ e−iωτF (t, t− τ) =
∑
k

V 2
k fFD(Ek)

∫ ∞
0

dτ ei(Ek−εω)τ ,

G(ω) ≡ 1

ε

∫ ∞
0

dτ e−iωτG(t, t− τ) =
∑
k

V 2
k (1− fFD(Ek))

∫ ∞
0

dτ ei(Ek−εω)τ .

(2.17)
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These two equations can be viewed as the Laplace transform of time correlation functions

with the frequency parameter iω.

2.4.2 Secular approximation

From (2.16) and (2.17), we observe that d
dt
ρs,I(t) = O

(
ζ2

ε

)
. This motivates the choice

of the relaxation time as τR ≡ ε
ζ2

. Recall that we have assumed ζ � ε and ζ � 1, then

ζ2 � ε, or equivalently τR = ε
ζ2
� 1. Integrating ρs,I(t) over the time period [t, t + rτR]

for r = O(1), we obtain

ρs,I(t+ rτR)− ρs,I(t) = −ζ
2

ε

∑
ω, ω′

∫ t+rτR

t

ds e−i(ω
′−ω)sOp(s) + h.c.

We use the short-hand Op(s), for simplicity, to denote the long term involving operators in

(2.16). Then, by changing the variable s = t+ τRs
′,

ρs,I(t+ rτR)− ρs,I(t) = −
∑
ω, ω′

e−i(ω
′−ω)t

∫ r

0

ds′ e−i(ω
′−ω)τRs

′
Op(t+ τRs

′) + h.c.

By the Riemann-Lebesgue lemma, if ω′ 6= ω, (ω′ − ω)τR = O(τR)� 1,

∫ r

0

ds′ e−i(ω
′−ω)τRs

′
Op(t+ τRs

′) ≈ 0.

Then terms involving ω′ − ω 6= 0 have negligible contribution. Hence,

ρs,I(t+ rτR)− ρs,I(t) ≈ −
∑
ω=ω′

e−i(ω
′−ω)t

∫ r

0

ds′ e−i(ω
′−ω)τRs

′
Op(t+ τRs

′) + h.c.,
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that is,

ρs,I(t+ rτR)− ρs,I(t) ≈ −
ζ2

ε

∑
ω=ω′

∫ t+rτR

t

ds e−i(ω
′−ω)sOp(s) + h.c.

This is known as the secular approximation [22], which we have justified here in the sense

of coarse-grained approximation over the relaxation time. Divide both sides by rτR and

then take the limit r → 0,

d

dt
ρs,I(t) ≈ −

ζ2

ε

∑
ω=ω′

e−i(ω
′−ω)t

(
D(ω′)D†(ω)ρs,I(t)−D†(ω)ρs,I(t)D(ω′)

)
F (ω)

+e−i(ω
′−ω)t

(
ρs,I(t)D

†(ω)D(ω′)−D(ω′)ρs,I(t)D
†(ω)

)
G(ω) + h.c.

Then, we arrive at the secular approximation, which is the basis for deriving the Lindblad

equation,

d

dt
ρs,I(t) = −ζ

2

ε

∑
ω

(
D(ω)D†(ω)ρs,I(t)−D†(ω)ρs,I(t)D(ω)

)
F (ω)+

+
(
ρs,I(t)D

†(ω)D(ω)−D(ω)ρs,I(t)D
†(ω)

)
G(ω) + h.c.

(2.18)

Remark. By checking the previous argument, in fact, the secular approximation is valid

when ζ2

ε
� 1, that is, ζ2 � ε, which appears to be a weaker condition than ζ � ε used for

the Born-Markov approximation.
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2.4.3 Lindblad equation in the interaction picture

To write (2.18) in a Lindbladian form, we need to decompose coefficients F (ω) and

G(ω) into their real and imaginary parts. Let aF (ω) := F (ω) + F (ω)∗ and bF (ω) :=

F (ω)−F (ω)∗

2i
, then F (ω) ≡ aF (ω)

2
+ ibF (ω). Similarly, we can decompose G(ω) = aG(ω)

2
+

ibG(ω). With these notations, (2.18) becomes the Lindblad equation

d

dt
ρs,I(t) = −iζ

2

ε

[
HI , ρs,I(t)

]
+
ζ2

ε
D(ρs,I(t)), (2.19)

where the Lindbladian correction Hamiltonian HI has the form

HI =
∑
ω

bF (ω)D(ω)D†(ω)− bG(ω)D†(ω)D(ω),

and the dissipative operator D has the form

D(ρs,I(t)) =
∑
ω

aF (ω)
(
D†(ω)ρs,I(t)D(ω)− 1

2

{
D(ω)D†(ω), ρs,I(t)

})

+aG(ω)
(
D(ω)ρs,I(t)D

†(ω)− 1

2

{
D†(ω)D(ω), ρs,I(t)

})
.

2.4.4 Lindblad equation in the Schrödinger picture

Transforming back into the Schrödinger picture by ρs(t) = e−
i
ε
Hstρs,I(t)e

i
ε
Hst, we ob-

tain the Lindblad equation in (2.10), (2.11), and (2.12). Note that H = e−
i
ε
HstHIe

i
ε
Hst is

invariant in different pictures because D(ω) and D†(ω) both appear in the same term, and
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thus the factors e±iωt will always cancel during the picture transformation. This cancella-

tion also applies to the dissipative operator D .

To understand the Lindbladian corrected Hamiltonian, we note that after some simple

computation, it could be shown that

H =
∑
k

(∑
ω

bF (ω)
∣∣〈φ0

k|φ1
k+ω〉

∣∣2 )|φ0
k, 0〉〈φ0

k, 0|

−
∑
k

(∑
ω

bG(ω)
∣∣〈φ1

k|φ0
k−ω〉

∣∣2 )|φ1
k, 1〉〈φ1

k, 1|.

Hence, for the new Hamiltonian, i.e., Hs + ζ2H , the set of eigenstates are the same,

|φ0
k, 0〉 and |φ1

k, 1〉 for k ∈ N. In the new Hamiltonian, the energy eigenvalues, however,

are perturbed by an order O(ζ2).

Physically, this perturbation of energy comes from the interaction between two quantum

states |0〉 and |1〉 through the coupling with the bath. More specifically, since the quantum

eigenstate |φ0
k, 0〉 interacts with quantum eigenstates |φ1

k+ω, 1〉 (for all possible ω ∈ Z),

their interaction contributes to the change of energy. The interaction is realized through the

bath, hence the perturbed Hamiltonian should be weighted by time correlation functions,

namely, terms bF (G)(ω) and is also proportional to ζ2.

The effect of Lindblad operators will be further investigated in Sec. 2.6 below in the

context of perturbation theory, and it will be shown that Lindblad operators characterize the

34



hopping between quantum states |0〉 and |1〉. More specifically, the hopping rate out of the

eigenstate |φ0
k, 0〉 is ζ2

ε

∑
ω aF (ω)

∣∣ 〈φ0
k|φ1

k+ω

〉 ∣∣2. It is worth pointing out that this expression

is quite similar to the perturbed energy eigenvalue as above ζ2
∑

ω bF (ω)
∣∣〈φ0

k|φ1
k+ω〉

∣∣2. For

the Laplace transform of time correlation functions, namely, F (ω) and G(ω) in (2.17), the

real part contributes to (weak) hopping, and the imaginary part contributes to the (weak)

perturbation to energy eigenvalues.

2.4.5 Coefficients and wide band approximation

It remains to determine the coefficients aF,G(ω) and bF,G(ω) in the Lindblad equation.

Using oscillatory integral

∫ ∞
0

dτ eiωτ = πδ(ω) + i p. v.
( 1

ω

)
,

we could obtain that

F (ω) =
∑
k

V 2
k fFD(Ek)

(
πδ(Ek − εω) + i p. v.

( 1

Ek − εω
))
,

G(ω) =
∑
k

V 2
k (1− fFD(Ek))

(
πδ(Ek − εω) + i p. v.

( 1

Ek − εω
))
.
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Thus, by matching the definition of aF,G(ω) and bF,G(ω),

aF (ω) = 2π
∑
k

V 2
k fFD(Ek) δ(Ek − εω),

bF (ω) =
∑
k

V 2
k fFD(Ek) p. v.

( 1

Ek − εω
)
,

aG(ω) = 2π
∑
k

V 2
k (1− fFD(Ek))δ(Ek − εω),

bG(ω) =
∑
k

V 2
k (1− fFD(Ek)) p. v.

( 1

Ek − εω
)
.

(2.20)

Notice that aF,G(ω) and bF,G(ω) are (generalized) functions with respect to ω. Even though

we only need values at ω ∈ Z, these functions are indeed well-defined on R.

In the Anderson-Holstein model, we have assumed that the electron bath is infinitely

large, so the continuum approximation appears to be a possible approach to simplify the

above coefficients. Assume that V 2
k ≡ V 2(Ek) is a continuous function of Ek. In the

discrete case, suppose the total number of states in the bath is N , then V 2(E) should be

inversely proportional to N , to make the overall interaction strength between the system

and bath remain at O(1): let V 2(E) = V̌ 2(E)
N

. Let D be the energy band width of the

electron bath and ν(E) be the density of states at the energy level E. In the wide band

approximation, to simplify the last equation (2.20), it is assumed that the contribution to

the interaction strength from different energy levels of the electron bath is approximately

36



the same; explicitly, assume

2πV̌ 2(E)ν(E) = Γ, ∀E ∈ [−D,D],

where Γ is a constant [24]. Then for a test function g(ω),

∫ ∞
−∞

dω aF (ω)g(ω)

= 2π
∑
k

V 2
k fFD(Ek)

ε
g
(
Ek/ε

)

≈ 2π

∫ D

−D
dE V̌ 2(E)ν(E)fFD(E)

1

ε
g
(
E/ε

)
(continuum approximation)

= Γ

∫ D/ε

−D/ε
dω fFD(εω)g(ω)

=

∫ ∞
−∞

dω Γχ[−D/ε,D/ε](ω)fFD(εω)g(ω).

Therefore, in the continuum limit,

aF (ω) = Γχ[−D/ε,D/ε](ω)fFD(εω).

There are two ways to get rid of the characteristic function: the first way is to assume that

D =∞, mentioned in [116]; the second way is to consider ε ↓ 0. In either way, we end up

with the approximation

aF (ω) ≈ ΓfFD(εω).
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These two conditions are consistent with where the term aF (ω) comes. aF (ω) is part of the

interaction strength, which involves both electronic bath and open quantum system; when

the electronic bath is infinitely wide or the open quantum system falls into the semiclassical

region, the (generalized) function aF (ω) can be approximated in this way. Similarly, we

can approximate

aG(ω) = Γχ[−D/ε,D/ε](ω)(1− fFD(εω)) ≈ Γ(1− fFD(εω)).

As for bF (ω) and bG(ω), we have not found easy expressions for them.

2.5 Semiclassical limit

The semiclassical limit of the Redfield equation has been proposed and studied in [57,

62]. The system of phase space functions obtained in the semiclassical limit of the Redfield

equation by applying the Wigner transform, is called the classical master equation (CME).

In the first part, we attempt to justify the formal derivation of [57] in a more mathematical

way. In the second part, more importantly, we try to study the phase space counterparts

of the Lindblad equation by applying the Wigner transform. We call the system of phase

space functions the Lindbladian classical master equation (LCME).
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2.5.1 Wigner transform and phase space functions

Recall that we identify ε ≡ ~ωs/E as the semiclassical parameter. Also recall that the

Wigner transform of an operator A on L2(R) is defined by [140, 144]

(AW)(x, p) :=

∫
R
A
(
x+

y

2
, x− y

2

)
exp

(
− ipy

ε

)
dy.

The subscriptW indicates the Wigner transform. If the operator A = ρ is a density opera-

tor, it could be easily shown that
∫

dx dp 1
2πε
ρW(x, p) = 1. Hence, if we apply the Wigner

transform to density operators ρ, the factor 1
2πε

is needed to ensure unit mass.

For a single level quantum system, the phase space function for a quantum master

equation is clear (see, e.g., [140]). As for multi-level open quantum systems, the definition

of phase space functions is not very straightforward, and we need to clarify this concept

below. For a general two-level open quantum system, the reduced density matrix can be

written in the matrix form as

ρs(t) =

ρ0,0(t) ρ0,1(t)

ρ1,0(t) ρ1,1(t)

 .

For a general quantum master equation, it is expected that ρ0,1(t) and ρ1,0(t) do not vanish.

However, it could be verified that if at the initial time t0, ρs(t) only has diagonal terms, i.e.,

ρ0,1(t0) = ρ1,0(t0) = 0, then d
dt
ρ0,1(t0) = d

dt
ρ1,0(t0) = 0 for both Redfield equation and
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Lindblad equations. Thus, ρ0,1(t) = ρ1,0(t) = 0 for all t.

Therefore, in the below, we shall only consider diagonal elements of ρs(t), i.e., assume

ρs(t) = ρ0(t)|0〉〈0|+ ρ1(t)|1〉〈1| for all t. In the matrix form,

ρs(t) =

ρ0(t) 0

0 ρ1(t)

 .

The phase space function obtained by applying the Wigner transform for ρm(t) is denoted

by %m(x, p, t), for m ∈ {0, 1}, namely,

%m(x, p, t) =
1

2πε
(ρm(t))W .

Hence, it is not difficult to show that
∫

dx dp %0(x, p, t) + %1(x, p, t) = 1.

We need the following lemma below.

Lemma 2.3 (Semiclassical expansion, [144, pp. 66 - 68]). We have

(i) (AB)W = AWBW + iε
2
{AW , BW}Pois + O(ε2), where A and B are two operators

and {·, ·}Pois is the Poisson bracket, defined by1

{f(x, p), g(x, p)}Pois = ∂xf(x, p)∂pg(x, p)− ∂pf(x, p)∂xg(x, p).

Moreover, (AB)W is linear with respect to both AW and BW .

1We choose to follow the usual convention here, which differs by a negative sign compared to [144].
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(ii) In particular, we have [A,B]W = iε {AW , BW}Pois +O(ε3).

In the lemma below, we provide the Wigner transform of the square of position and

momentum operators. This lemma can be verified by direct calculation.

Lemma 2.4 (Quadratic case). If A = x2, then AW = x2; if A = −ε2∇2
x, then AW = p2.

2.5.2 Classical master equation

As discussed in the last subsection, we shall only consider the reduced density matrix

of the form ρs(t) = ρ0(t)|0〉〈0| + ρ1(t)|1〉〈1|. From (2.9), we could derive that the time

evolution equations for ρ0(t) and ρ1(t) are

d

dt
ρ0(t) =− i

ε
[H0, ρ0(t)]− ζ2

ε

∑
k

V 2
k

∫ ∞
0

dτ e−iH1τeiH0τρ0(t)eiEkτ fFD(Ek)

− ρ1(t)e−iH1τeiH0τeiEkτ (1− fFD(Ek)) + h.c.,

d

dt
ρ1(t) =− i

ε
[H1, ρ1(t)]− ζ2

ε

∑
k

V 2
k

∫ ∞
0

dτ ρ1(t)e−iH1τeiH0τeiEkτ (1− fFD(Ek))

− e−iH1τeiH0τρ0(t)eiEkτ fFD(Ek) + h.c.,

which agree with [59, Eqs. (14) and (15)].

Using Lem. 2.3, we can calculate the equations for the corresponding Wigner transform

∂t%0(t) = {h0, %0(t)}Pois −
ζ2

ε

∑
k

V 2
k

∫ ∞
0

dτ
(

(e−iH1τ )W(eiH0τ )W%0(t)eiEkτ fFD(Ek)

− %1(t)(e−iH1τ )W(eiH0τ )We
iEkτ (1− fFD(Ek)) + c.c. +O(ζ2)

)
,

41



∂t%1(t) = {h1, %1(t)}Pois −
ζ2

ε

∑
k

V 2
k

∫ ∞
0

dτ
(
%1(t)(e−iH1τ )W(eiH0τ )We

iEkτ (1− fFD(Ek))

− (e−iH1τ )W(eiH0τ )W%0(t)eiEkτ fFD(Ek) + c.c. +O(ζ2)
)
,

where h0 and h1 are Wigner transforms of H0 and H1, respectively. For clarity, in the last

equation, the coordinates (x, p) are suppressed in phase space functions and in h0, h1 as

well. After dropping higher order terms O(ζ2), we have

∂t%0 = {h0, %0}Pois − γ0→1%0 + γ1→0%1,

∂t%1 = {h1, %1}Pois + γ0→1%0 − γ1→0%1,

where the hopping rates

γ0→1 =
ζ2

ε

∑
k

V 2
k

∫ ∞
0

dτ (e−iH1τ )W(eiH0τ )We
iEkτ fFD(Ek) + c.c.,

γ1→0 =
ζ2

ε

∑
k

V 2
k

∫ ∞
0

dτ (e−iH1τ )W(eiH0τ )We
iEkτ (1− fFD(Ek)) + c.c.

Notice that hopping rates are phase space functions of coordinates x and p. They describe

how fast the jumping between states |0〉 and |1〉 occurs, depending on the phase space

coordinates (x, p).

Remark. Compared with the result in [57], the rates γ0→1 and γ1→0 that we have above are

considerably more complicated. Here we provide a heuristic simplification of the expres-

sion, though we do not know how to justify the argument on a more rigorous level.
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Eq. (60) in [48] shows that if H is a Hamiltonian for harmonic oscillators, then

(eiHt)W = cos(t/2)−1e2ih tan(t/2),

where h = (H)W . Since H0 and H1 are Hamiltonians for harmonic oscillators, by the last

equation,

(e−iH1τ )W(eiH0τ )W = cos(τ/2)−2e−2i(h1−h0) tan(τ/2)

= cos(τ/2)−2e−2iU(x) tan(τ/2)

τ ↓ 0

≈ e−iU(x)τ .

In the last step, we use cos(τ/2)→ 1 and tan(τ/2)→ τ/2 as τ → 0. Then, hopping rates

can be written as

γ0→1 =
ζ2

ε

∑
k

V 2
k

∫ ∞
0

dτ cos(τ/2)−2e−2iU(x) tan(τ/2)eiEkτ fFD(Ek) + c.c.

Heuristically, if we approximate (e−iH1τ )W(eiH0τ )W by e−iU(x)τ , i.e., assume that the inte-

gral is mostly contributed from τ ≈ 0, then

γ0→1 =
ζ2

ε
2π
∑
k

V 2
k fFD(Ek)δ(Ek − U(x))

=
ζ2

ε
Γ fFD(U(x))χ[U−1(−D),U−1(D)](x)

≈ ζ2

ε
Γ fFD(U(x)), (let D =∞, i.e., wide band approximation)
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which becomes the result in [57]. U−1(x) is the inverse function of U(x); since U(x) is a

linear function, U−1(x) is well-defined. The second and the third step of the last equation

use similar computation as in the wide band approximation in Sec. 2.4.5. This heuristic

computation gives a nice simple expression for the rates, but it should be pointed out that

we do not know how to justify the crucial approximation of (e−iH1τ )W(eiH0τ )W by e−iU(x)τ .

2.5.3 Lindbladian classical master equation

Recall that if we assume that ρs(t0) is diagonal, then the reduced density operator

ρs(t) = ρ0(t)|0〉〈0| + ρ1(t)|1〉〈1|, without terms involving |1〉〈0| nor |0〉〈1|. Then the

Lindblad equation can be written more explicitly as

d

dt
ρ0(t) =− i

ε

[
H0 + ζ2

∑
ω

bF (ω)〈0|D(ω)|1〉〈1|D†(ω)|0〉, ρ0(t)
]

+
ζ2

ε

∑
ω

aG(ω)〈0|D(ω)|1〉ρ1(t)〈1|D†(ω)|0〉

− ζ2

ε

∑
ω

aF (ω)

2

〈0|D(ω)|1〉〈1|D†(ω)|0〉ρ0(t)

+ ρ0(t)〈0|D(ω)|1〉〈1|D†(ω)|0〉

 ,
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d

dt
ρ1(t) =− i

ε

[
H1 − ζ2

∑
ω

bG(ω)〈1|D†(ω)|0〉〈0|D(ω)|1〉, ρ1(t)
]

+
ζ2

ε

∑
ω

aF (ω)〈1|D†(ω)|0〉ρ0(t)〈0|D(ω)|1〉

− ζ2

ε

∑
ω

aG(ω)

2

〈1|D
†(ω)|0〉〈0|D(ω)|1〉ρ1(t)

+ ρ1(t)〈1|D†(ω)|0〉〈0|D(ω)|1〉

 .

The system of time-evolution equations obtained by applying the Wigner transform to

the Lindblad equation is given by, after some straightforward calculations,

∂t%0(t) =
{

h0 + ζ2H0, %0(t)
}

+
ζ2

ε

∑
ω

aG(ω)
(
〈0|D(ω)D†(ω)|0〉

)
W %1(t)

− ζ2

ε

∑
ω

aF (ω)
(
〈0|D(ω)D†(ω)|0〉

)
W %0(t) +O(ζ2, ζ2ε2),

(2.21)

∂t%1(t) =
{

h1 − ζ2H1, %1(t)
}

+
ζ2

ε

∑
ω

aF (ω)
(
〈1|D†(ω)D(ω)|1〉

)
W %0(t)

− ζ2

ε

∑
ω

aG(ω)
(
〈1|D†(ω)D(ω)|1〉

)
W %1(t) +O(ζ2, ζ2ε2),

(2.22)

where

H0 =
∑
ω

bF (ω)
(
〈0|D(ω)D†(ω)|0〉

)
W ,

H1 =
∑
ω

bG(ω)
(
〈1|D†(ω)D(ω)|1〉

)
W .
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The error terms with order O(ζ2) come from the Wigner transform for hopping terms,

and the error terms with order O(ζ2ε2) come from the Wigner transform of commutators.

2.6 Comparison of the Redfield equation and the Lind-
blad equation from perturbation theory

In this section, we intend to use perturbation theory to understand the similarity and the

difference of the Redfield equation (2.16) and the Lindblad equation (2.10) by considering

the hopping between different quantum states. The mathematical tool for perturbation

theory has been widely studied, and the most famous formula from that is perhaps the

Fermi Golden Rule.

The main finding is that if the quantum system is prepared at a pure state |φ0
i , 0〉, then its

hopping rates to other quantum states |φ0
f , 0〉 and |φ1

f , 1〉 are the same up to the first order

O( ζ
2

ε
), for both Redfield and Lindblad equations. By linearity of Redfield and Lindblad

equations, this conclusion is also true if initially ρm (m = 0, 1) are diagonal.

2.6.1 Perturbation of Redfield and Lindblad equations

As mentioned above, the Lindblad equation can be derived by using the secular approx-

imation to the Redfield equation, under the condition that ζ2 � ε. Under this condition, the

hopping term in the Redfield equation (2.16) could be considered as a small perturbation,
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that is, ζ
2

ε
is regarded as the perturbation parameter below.

In the Schrödinger picture, the Redfield equation has the form, by (2.16),

d

dt
ρs(t) = − i

ε
[Hs, ρs(t)]−

ζ2

ε

∑
ω,ω′

(
D(ω′)D†(ω)ρs(t)−D†(ω)ρs(t)D(ω′)

)
F (ω)

+
(
ρs(t)D

†(ω)D(ω′)−D(ω′)ρs(t)D
†(ω)

)
G(ω)

+h.c.

After rewriting it in terms of aF (G)(ω) and bF (G)(ω), it becomes

d

dt
ρs(t) = − i

ε
[Hs, ρs(t)] +

ζ2

ε
R†(ρs(t)),

where the operatorR† has the form

R†(ρs(t)) =− 1

2

∑
ω,ω′

aF (ω)
(
D(ω′)D†(ω)ρs(t)−D†(ω)ρs(t)D(ω′) + h.c.

)

− 1

2

∑
ω,ω′

aG(ω)
(
ρs(t)D

†(ω)D(ω′)−D(ω′)ρs(t)D
†(ω) + h.c.

)

− i
∑
ω,ω′

bF (ω)
(
D(ω′)D†(ω)ρs(t)−D†(ω)ρs(t)D(ω′)− h.c.

)

− i
∑
ω,ω′

bG(ω)
(
ρs(t)D

†(ω)D(ω′)−D(ω′)ρs(t)D
†(ω)− h.c.

)
.

(2.23)

If we only keep those terms with ω′ = ω, it becomes the Lindblad equation in (2.10).

Then, consider the perturbation for the system initially at |φ0
i , 0〉 and ending at |φ0

f , 0〉
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or |φ1
f , 1〉. We are interested in finding the transition between different quantum states.

Because of the symmetry of this problem, it suffices to look at the transition from |φ0
i , 0〉 to

|φ0
f , 0〉 and to |φ1

f , 1〉.

Assume that

ρs(t) = ρs,0(t) +
ζ2

ε
ρs,1(t) +O

((ζ2

ε

)2
)
.

Then by collecting terms of the same order,

O(1) :
d

dt
ρs,0(t) = − i

ε

[
Hs, ρs,0(t)

]
, ρs,0(0) = |φ0

i , 0〉〈φ0
i , 0| ≡ Π

(0)
i ;

O
(ζ2

ε

)
:

d

dt
ρs,1(t) = − i

ε

[
Hs, ρs,1(t)

]
+
ζ2

ε
R†(ρs,0(t)), ρs,1(0) = 0.

For the leading order, the solution is simply ρs,0(t) = |φ0
i , 0〉〈φ0

i , 0| ≡ Π
(0)
i . For the first

order, after some computing,

R†(ρs,0(t)) = −1

2

∑
ω,ω′

aF (ω)
(
Π

(0)
i+ω−ω′dΠ

(1)
i+ωd

†Π
(0)
i − Π

(1)
i+ωd

†Π
(0)
i dΠ

(1)
i+ω′

+ Π
(0)
i dΠ

(1)
i+ωd

†Π
(0)
i+ω−ω′ − Π

(1)
i+ω′d

†Π
(0)
i dΠ

(1)
i+ω

)
−i
∑
ω,ω′

bF (ω)
(
Π

(0)
i+ω−ω′dΠ

(1)
i+ωd

†Π
(0)
i − Π

(1)
i+ωd

†Π
(0)
i dΠ

(1)
i+ω′

− Π
(0)
i dΠ

(1)
i+ωd

†Π
(0)
i+ω−ω′ + Π

(1)
i+ω′d

†Π
(0)
i dΠ

(1)
i+ω

)
.

The terms involving aG(ω) and bG(ω) vanish, since there is no hopping from the state |1〉
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to |0〉 in our set-up. To study the transition between different quantum states, let

λ
(m)
f (t) ≡

〈
φ0
f , 0
∣∣ ρs,m(t)

∣∣φ0
f , 0
〉
, θ

(m)
f (t) ≡

〈
φ1
f , 1
∣∣ ρs,m(t)

∣∣φ1
f , 1
〉
,

where m = 0, 1, 2, · · · represents the perturbation order. For the leading order, apparently,

λ
(0)
f (t) = δi,f and θ(0)

f (t) = 0 for f ∈ N.

As for the first-order, it could be obtained that

d

dt
λ

(1)
f (t) =

ζ2

ε

〈
φ0
f , 0
∣∣R†(ρs,0(t))

∣∣φ0
f , 0
〉

=
ζ2

ε

(
−
∑
ω,ω′

aF (ω)δi,fδω,ω′
∣∣〈φ0

i |φ1
i+ω

〉∣∣2 )

= −ζ
2

ε

∑
ω

aF (ω)
∣∣〈φ0

i |φ1
i+ω

〉∣∣2 δi,f ,
(2.24)

and

d

dt
θ

(1)
f (t) =

ζ2

ε

〈
φ1
f , 1
∣∣R†(ρs,0(t))

∣∣φ1
f , 1
〉

=
ζ2

ε

∑
ω,ω′

aF (ω)δω,ω′δf,i+ω
∣∣〈φ0

i |φ1
f

〉∣∣2
=
ζ2

ε
aF (f − i)

∣∣〈φ0
i |φ1

f

〉∣∣2 .
As we observe, for the diagonal elements ofR†(ρs,0(t)), the only contribution comes from

terms with ω = ω′. Therefore, if this condition ω′ = ω is imposed beforehand, the results

for d
dt
λ

(1)
f (t) and d

dt
θ

(1)
f (t) do not change. This implies that if we apply the perturbation
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analysis to the Lindblad equation, then we should obtain exactly the same set of equations

for the diagonal elements up to the first order.

It could be noticed that the rate of probability leaving |φ0
i , 0〉 is the summation of rates of

probability entering |φ1
f , 1〉 for varying f ∈ N. More specifically, the rate of leaving |φ0

i , 0〉

is ζ2

ε

∑
ω aF (ω)

∣∣〈φ0
i |φ1

i+ω〉
∣∣2, and it hops to the state |φ1

f , 1〉 with rate ζ2

ε
aF (ω)

∣∣〈φ0
i |φ1

i+ω〉
∣∣2

if f = i+ ω for some ω ∈ Z.

2.6.2 More general initial condition

A slightly more general initial condition is to assume that ρ0 and ρ1 are diagonal, i.e.,

ρ0(0) =
∑

k λk|φ0
k〉〈φ0

k| and ρ1(0) =
∑

k θk|φ1
k〉〈φ1

k|. Then the leading order is

λ
(0)
k (t) = λk, θ

(0)
k (t) = θk, ∀k ∈ N, t ≥ 0.

Then we need to compute the first order,

R†(ρs,0(t)) = −1

2

∑
ω,ω′,i

λiaF (ω)
(
Π

(0)
i+ω−ω′dΠ

(1)
i+ωd

†Π
(0)
i − Π

(1)
i+ωd

†Π
(0)
i dΠ

(1)
i+ω′ + h.c.

)

−i
∑
ω,ω′,i

λibF (ω)
(
Π

(0)
i+ω−ω′dΠ

(1)
i+ωd

†Π
(0)
i − Π

(1)
i+ωd

†Π
(0)
i dΠ

(1)
i+ω′ − h.c.

)

−1

2

∑
ω,ω′,i

θiaG(ω)
(
Π

(1)
i d†Π

(0)
i−ωdΠ

(1)
i−ω+ω′ − Π

(0)
i−ω′dΠ

(1)
i d†Π

(0)
i−ω + h.c.

)

−i
∑
ω,ω′,i

θibG(ω)
(
Π

(1)
i d†Π

(0)
i−ωdΠ

(1)
i−ω+ω′ − Π

(0)
i−ω′dΠ

(1)
i d†Π

(0)
i−ω − h.c.

)
.
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After some computation,

d

dt
λ

(1)
f (t) =

ζ2

ε

〈
φ0
f , 0
∣∣R†(ρs,0(t))

∣∣φ0
f , 0
〉

=
ζ2

ε

(
−
∑
ω,ω′,i

λiaF (ω)δi,fδω,ω′
∣∣〈φ0

i |φ1
i+ω

〉∣∣2 +
∑
ω,ω′,i

θiaG(ω)δi−ω,fδω,ω′
∣∣〈φ0

f |φ1
i

〉∣∣2 )

=− ζ2

ε

∑
ω

λfaF (ω)
∣∣〈φ0

f |φ1
f+ω

〉∣∣2 +
ζ2

ε

∑
i

θiaG(i− f)
∣∣〈φ0

f |φ1
i

〉∣∣2 ,
(2.25)

and

d

dt
θ

(1)
f (t) =

ζ2

ε

〈
φ1
f , 1
∣∣R†(ρs,0(t))

∣∣φ1
f , 1
〉

=
ζ2

ε

( ∑
ω,ω′,i

λiaF (ω)δω,ω′δf,i+ω
∣∣〈φ0

i |φ1
f

〉∣∣2 −∑
ω,ω′,i

θiaG(ω)δi,fδω,ω′
∣∣〈φ1

i |φ0
i−ω
〉∣∣2 )

=
ζ2

ε

∑
i

λiaF (f − i)
∣∣〈φ0

i |φ1
f

〉∣∣2 − ζ2

ε

∑
ω

θfaG(ω)
∣∣〈φ1

f |φ0
f−ω
〉∣∣2 .

(2.26)

Hence, the hopping rate from |φ0
i , 0〉 to |φ1

f , 1〉 is ζ2

ε
aF (f−i)

∣∣〈φ0
i |φ1

f〉
∣∣2, and the hopping

rate from |φ1
i , 1〉 to |φ0

f , 0〉 is ζ2

ε
aG (i− f)

∣∣〈φ0
f |φ1

i 〉
∣∣2. Because λk(t) and θk(t) have an

interpretation as the probability at the state |φ0
k, 0〉 or |φ1

k, 1〉, respectively, (2.25) and (2.26)

can be interpreted as the Kolmogorov’s backward equation for a continuous time Markov

Chain. To ensure that the first-order perturbation is valid, we assume t� ε
ζ2

.

The above computation shows that if initially ρ0(0) and ρ1(0) are diagonal, then both
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Redfield and Lindblad equations lead to the same transition rates up to the first order. Since

the operatorR† is linear, this result is just a natural extension of that in the last subsection.

2.6.3 Interpretation of hopping rates in the LCME

We continue to assume that ρm(0) (m = 0, 1) are diagonal, and in this subsection, we

will consider the Lindblad equation only. It could be easily verified that ρm(t) are diagonal

for any time t ≥ 0. Hence,

ρ0(t) =
∑
k

λk(t)|φ0
k〉〈φ0

k|.

Consider the jumping leaving |0〉 to |1〉 in the LCME, that is,

ζ2

ε

∑
ω

aF (ω)
(
〈0|D(ω)D†(ω)|0〉

)
W %0(x, p, t)

in (2.21). By the definition of D(†)(ω) in (2.13), and by Lem. 2.3, we could obtain

ζ2

ε

∑
ω

aF (ω)
(
〈0|D(ω)D†(ω)|0〉

)
W %0(x, p, t)

=
ζ2

ε

∑
ω

aF (ω)

(
〈0|D(ω)D†(ω)|0〉 1

2πε
ρ0

)
W

+O(ζ2)

=
ζ2

ε

∑
ω

aF (ω)
∑
k

∣∣〈φ0
k|φ1

k+ω〉
∣∣2 λk(t) 1

2πε

(
|φ0
k〉〈φ0

k|
)
W +O(ζ2)

=
∑
k

(
ζ2

ε

∑
ω

aF (ω)
∣∣〈φ0

k|φ1
k+ω〉

∣∣2)λk(t) 1

2πε

(
|φ0
k〉〈φ0

k|
)
W +O(ζ2).
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This equation shows that the hopping rate from the state |0〉 to |1〉 in the semiclassical limit

is the summation of the contribution from each state |φ0
k, 0〉. More specifically, the proba-

bility at the state |φ0
k, 0〉 in the semiclassical sense is λk(t) 1

2πε
(|φ0

k〉〈φ0
k|)W ; the hopping rate

out of the state |φ0
k〉 is ζ2

ε

∑
ω aF (ω)

∣∣〈φ0
k|φ1

k+ω〉
∣∣2; their product is exactly the contribution

from the quantum state |φ0
k, 0〉.

Notice that the hopping rate obtained here is consistent with (2.24) obtained by pertur-

bation theory. This matches our intuition and it connects the hopping rate in the LCME

with the hopping rate from the Lindblad equation.

2.6.4 Discussion on the Franck-Condon blockade

Using the wide band approximation, the hopping rate could be explicitly computed

using Franck-Condon factors [59, 90]. The Franck-Condon factor is

〈
φ0
n|φ1

m

〉
=

(−1)n−N
√
N !√

M !
exp

(
− g2

2ε

)( g√
ε

)M−N
L

(M−N)
N

(g2

ε

)
,

where L(k′)
k (x) is the generalized Laguerre polynomial,N = min(n,m), andM = max(n,m).

Then the hopping rate from |φ0
n, 0〉 to |φ1

m, 1〉 is

ζ2Γ

ε

1

1 + eβε(m−n)

N !

M !
exp

(
− g2

ε

)(g2

ε

)M−N(
L

(M−N)
N

(
g2/ε

))2

.
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We observe that the hopping rate is small due to the weak phonon-reservoir coupling (i.e.,

ζ2

ε
� 1). The Franck-Condon factor exp(−g2/ε) becomes exponentially small as g2/ε →

∞, which is known as the Franck-Condon blockade [90, 124] for large on-the-molecule

electron-phonon coupling (i.e., g� 1). From the last expression, we notice that the Franck-

Condon blockade occurs when the ratio of the electron-phonon coupling rate g2 and the

semiclassical parameter ε is large; in particular, even for finite g = O(1), if ε→ 0, such an

exponentially small hopping rate also appears.

2.7 Conclusion

In this chapter, we have revisited the derivation of the Redfield equation by time-

convolutionless equation (TCL). Consequently, we have derived the Lindblad equation

using the secular approximation, in the context of the Anderson-Holstein model. As an

analogy to the classical master equation, the Lindbladian classical master equation (LCME)

has been introduced, and its form is given in (2.21) and (2.22). The comparison between

Redfield and Lindblad equations from the perspective of perturbation theory is considered:

Redfield and Lindblad equations yield the same hopping rate in the first order. In other

words, the dynamics of their diagonal elements of the reduced density operator ρs are the

same, to the first order. The condition of the derivation and the perturbation result both

suggest that the Lindblad equation might be a better candidate for studying the Anderson-
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Holstein model than the Redfield equation. Our reasons are listed as follows. First, from

the derivation, they are at the same level, i.e., both under the weak-coupling limit ζ � ε.

Second, the condition of deriving the Lindblad equation from the Redfield equation is re-

dundant, and there is, in fact, no further constraint in approximating the Redfield equation

by the Lindblad equation. Third, they have the same hopping rates between eigenstates up

to the first order in perturbation theory. Finally, the analysis for the Lindblad equation is

more accessible.

Usually, for multi-level open quantum systems, the density operator ρs(t) does not nec-

essarily have vanishing ρ0,1(t) and ρ1,0(t). These two off-diagonal operators will cause

more challenge in both analysis and numerics. As we have shown, for the Redfield equa-

tion, if we start from diagonal density operators, i.e., ρs(t) = ρ0(t)|0〉〈0| + ρ1(t)|1〉〈1| at

some time t = t0, then it remains to be in this form for all time t. If we start from a general

density operator ρs(t), then analyzing the time-evolution of off-diagonal terms (i.e., ρ0,1(t)

and ρ1,0(t)) would be challenging, and it could be our next stage of research. For the Lind-

blad equation, the same phenomenon appears. This approach of only considering diagonal

operators with vanishing ρ0,1(t) and ρ1,0(t), has its restriction, but it could lead to simple

equations after applying the Wigner transform. The semiclassical limits for both Redfield

and Lindblad equations have a similar form.
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Chapter 3

Stochastic dynamical low-rank approximation
method with application to high-dimensional
Lindblad equations

3.1 Introduction

Many problems in computational physics are challenging to solve due to the curse

of dimensionality, such as high dimensional master equations and many-body quantum

dynamics. In an attempt to resolve this difficulty, many ideas have been proposed: for

instance, model reduction methods [6,40], Monte Carlo methods [50,78,120,135]. In many

situations, several methods of dimension reduction need to be combined. For instance,

after applying the Monte Carlo method to some deterministic dynamics by simulating a

stochastic differential equation (SDE), the dimension of that SDE may still be very large.

Then, it is attractive to further apply model reduction methods in order to capture the main

dynamical flows. This is one of our motivations to study model reduction methods for high-

dimensional SDEs arising from high-dimensional PDEs or matrix ODEs. In particular,

we are interested in two crucial physical dynamics: Fokker-Planck equations [118] and

Lindblad equations [81, 98].

This chapter is prepared based on [28].
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Fokker-Planck equations and Lindblad equations are the governing master equations

to describe system evolution for open classical and quantum systems, respectively, under

the Markovian approximation. Both are challenging to solve when the dimension becomes

large. In order to resolve this problem, it is standard to consider Monte Carlo methods based

on SDEs; Monte Carlo methods utilize the statistical average of sampling trajectories to

obtain the quantity of interest. In the quantum case for Lindblad equations, some familiar

names for such Monte Carlo methods include unraveling, and stochastic wave-function

method [50, 78].

More specifically, suppose we would like to solve the Fokker-Planck equation ∂tµt =

A†tµt, where µt is the probability distribution (or measure to be more general) and A†t is

a time-parametrized operator mapping a probability distribution to its tangent space. In

the particle-based methods, one simulates an SDE Xt with the infinitesimal generator At

and with initial condition X0 drawn from µ0; thus, the distribution of Xt is exactly µt.

Similarly, as the quantum analog, let us consider the Lindblad equation (see (1.1) and

(1.2)). One may solve it by sampling an SDE Xt such that E
[
XtX

†
t

]
is precisely the

solution of the Lindblad equation (see Lem. 3.8 below for more details). There are various

choices of SDEs, e.g., quantum state diffusion (QSD) [78, 120] and linear quantum state

diffusion (LQSD) [25,120]. While it is also possible to use other stochastic processes such

as jumping processes [25,50], we will limit the scope of our consideration to diffusion-type
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Monte Carlo methods, throughout this chapter.

The Monte Carlo method for both Fokker-Planck and Lindblad equations can be de-

scribed under the same framework:

Given a Cn-valued SDE Xt, one would like to approximate E [f(Xt)] ≡∫
f dµt for a collection of prescribed functions f ∈ F, where µt is the

distribution of Xt.

In the case of Fokker-Planck equations, F could be a collection of smooth functions; in the

case of Lindblad equations, F could be a singleton set
{
f(x) = xx†

}
where x ∈ Cn. In the

sequel, we shall consider f(x) = xx† only, which turns out to be an interesting and useful

choice: in the case of Fokker-Planck equations, choosing this test function f(x) = xx†

means one would like to calculate the second moment of the measure µt; in the case of

Lindblad equations, choosing this f means one would like to compute the density matrix.

To reduce the computational complexity, a popular approach is the model reduction,

that is, to retrieve the dynamics by only capturing the evolution of a lower-dimensional

object. For our case, there are two directions:

(i) find a low-rank approximation for Xt, or,

(ii) find a low-rank approximation for µt.

In literature, several methods take the first approach, in the flavor of Karhunen-Loève

expansion (KLE): for instance, proper orthogonal method (POD) [40, 126], dynamical
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orthogonal (DO) method [112, 126–128], and dynamical bi-orthogonal method (DyBO)

[45, 46]. It is clear that in our context, the realization of randomness in Xt is not essen-

tial, whereas the distribution µt is the key for accurate approximation. Hence, it is natural

to consider the low-rank approximation for µt, i.e., on the space of probability measures.

Then the problem is formulated as follows:

Given a collection of prescribed test functions F and the time evolution

equation of probability measures ∂tµt = A†tµt on Cn, one would like to

find a low-rank approximation µLR,t ≈ µt such that

sup
f∈F
‖
∫
f dµt − f dµLR,t‖

is small.

As a remark, in Sec. 3.2, we will use the space of finite signed measures, instead of proba-

bility measures to avoid the technicality; please see the discussion in Sec. 3.2 for details.

Our work is motivated by extending the (deterministic) dynamical low-rank approxi-

mation, introduced by Koch and Lubich in [91] for matrix ODEs, to the stochastic case.

The main idea in the dynamical low-rank approximation has been illustrated in the context

of matrix ODE [91], summarized as follows.

Consider a matrix ODE system Mt ∈ Cn×n,

d

dt
Mt = F (t,Mt).
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The dynamical low-rank approximation method in [91] consists of two steps. Firstly,

identify a sub-manifold Mr ⊂ Cn×n and approximate the matrix ODE solution Mt by

MLR,t ∈Mr for all t; secondly, the time-evolution of MLR,t is given by

d

dt
MLR,t = argminv∈TMLR,tMr

D
(
v, F (t,MLR,t)

)
, (3.1)

where TMLR,t
Mr is the tangent space ofMr at the current locationMLR,t and D(v1, v2) :=

‖v1 − v2‖ is a metric on the tangent space. Thus, the evolution is constructed as close

as possible to the solution of the matrix ODE above by projecting F (t,MLR,t) onto the

tangent space TMLR,t
Mr.

In our proposed method, we adopt this idea to the space of finite signed measures on Cn

with bounded second moment, denoted byM1. The subspaceMr, in this case, is defined

as the space of finite signed measures supported on a linear subspace of Cn with dimension

at most r. Then we hope to approximate µt by µLR,t ∈ Mr. The time-evolution equation

of the low-rank approximation is given by

∂tµLR,t ≡ A†LR,tµLR,t := argminν∈TµLR,tMr
DF

(
ν, A†tµLR,t

)
,

where DF is a pseudometric defined in (3.5) below, and TµLR,tMr is the tangent space of

1We slightly abuse the notation and useM (as well asMr) for two different spaces, in order to show the
connection between our method and the dynamical low-rank approximation method [91].
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Mr at µLR,t. We will refer this method as the stochastic dynamical low-rank approximation

method (or SDLR in abbreviation).

As a concrete example, let F =
{
f(x) = xx†

}
be a singleton set, consisting only one

test function (f : Cn → Pn ⊂ Cn×n, where Pn is the space of n× n positive semidefinite

matrices). Assume that the time evolution equation ∂tµt = A†tµt is the Fokker-Planck

equation of an SDE of the form

dXt = a(Xt, t) dt+
N∑
j=1

bj(Xt, t) dWj, (3.2)

where Xt ∈ Cn, a and bj are functions Cn × [0, T ] → Cn, and Wj are independent real-

valued standard Brownian motions. With some additional assumptions and restrictions,

one could obtain a low-rank dynamics given in Thm. 3.2, which is one of the main results

in this chapter.

As already mentioned above, the stochastic dynamical low-rank approximation is also

motivated by developing efficient methods for the Lindblad equations. In that context, the

deterministic low-rank approximation has been studied by Le Bris and Rouchon to find

a low-rank approximation of Lindblad equations [95]. In the subsequent work [96], Le

Bris, Rouchon, and Roussel also introduced an unraveling scheme for the low-rank QME

obtained in [95]. The unraveling of Lindblad equations and its connection with the low-
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rank approximation will be discussed in Sec. 3.5. In particular, as another main result

of this chapter, we establish a commuting diagram of the unraveling and the low-rank

approximation, with the proposed SDLR method.

The rest of the chapter is organized as follows. In Sec. 3.2, we will formulate the

stochastic dynamical low-rank approximation method in the space of finite signed mea-

sures. In Sec. 3.3, we will provide a concrete example, in which we will derive a low-rank

dynamics for the Fokker-Planck equation, as well as the low-rank dynamics of the SDE for

that Fokker-Planck equation. We will also compare our method with the DO method at the

end of Sec. 3.3. In Sec. 3.4, we will verify the consistency of our low-rank approximation,

and present a Grönwall-type error bound. In Sec. 3.5, we will establish a commuting rela-

tion between the action of dynamical low-rank approximation and the action of unraveling.

Then numerical examples will be presented in Sec. 3.6 to demonstrate the performance. In

Sec. 3.7, we will give a concise summary.

3.2 Stochastic dynamical low-rank approximation

As we recalled in the introduction, the dynamical low-rank approximation method [91],

developed for deterministic ODE dynamics, involves the identification of an approximate

sub-manifold and projection onto the tangent space by solving a minimization problem.

In this section, we will adopt this idea to formulate a dynamical low-rank approximation
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method in the space of finite signed measures on Cn with bounded second moment. This

low-rank approximation method offers an abstract framework, for instance, to approximate

both Fokker-Planck and Lindblad equations via low-rank dynamics, combined with the

particle methods. A concrete example and the corresponding low-rank dynamics will be

given in Sec. 3.3 below.

3.2.1 Problem set-up and low-rank approximation

Consider the measure space (Cn,B), where B is the σ-algebra of Borel sets on Cn.

DenoteM as the collection of finite signed measures with bounded second moment:

M :=

{
µ is a finite signed measure

∣∣∣∣ ∫ |x|2 |µ|( dx) <∞
}
,

where the positive measure |µ| is the variation of the measure µ.

Consider a given differentiable trajectory µt ∈M solving

∂tµt = A†tµt,

where A†t :M→M is a given time-dependent operator. In the context of Fokker-Planck

equation, A†t is the adjoint operator of the infinitesimal generator of the corresponding

SDE. In the context of Lindblad equation, A†t is the adjoint operator of the infinitesimal

generator of the diffusion-type unraveling scheme of that Lindblad equation (see Sec. 3.5).
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The low-rank approximation ofM, denoted byMr, is a subset ofM, containing all

measures with support on a r-dimensional linear subspace of Cn. Such low-rankness is

used to deal with the problem of high dimensionality of Cn. As a remark, the low-rankness

that we explore here is not in the sense of taking an ansatz of the measure in the spaceM

as a linear combination of a few prescribed measures as a basis, which would be a usual

Galerkin approximation in the space of measures. Instead, the low-rankness here means

that the measure µ is mostly concentrated on a r-dimensional linear subspace of Cn, where

r � n. Intuitively, this approximation would work well for some dissipative dynamics

for which the measure is contracted to some low-dimensional space as time evolves; see

Sec. 3.6 for numerical demonstration.

Let us characterize the structure ofMr. For any µLR ∈ Mr, by definition, it is sup-

ported on a r-dimensional linear subspace, whose orthonormal basis is {U1, U2, · · · , Ur}.

Then one could define a linear mapping U : Cr → Cn by

U : y ∈ Cr →
r∑
j=1

Ujyj, or in the matrix form U =

(
U1 U2 · · · Ur

)
.

Let us denote the r-dimensional Stiefel manifold on Cn by

Vr(Cn) :=
{
U : Cr → Cn is linear, and U †U = Ir

}
.
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Then Mr could be viewed as a collection of measures in M with support on Ran(U),

where Ran(U) is the range of the linear operator U ∈ Vr(Cn). The restriction of µLR on

Ran(U) can be represented as a finite signed measure on Cr, given by the pullback

θ(E) := µLR(UE) = µLR(x ∈ Ran(U) : x ∈ UE)

= µLR(x ∈ Ran(U) : U †x ∈ E),

for any Borel set E ⊂ Cr. Hence, for any measurable set F ⊂ Ran(U) ∈ B,

µLR(F ) = µLR(UU †F ) = θ(U †F ).

Thus, there exists a one-to-one correspondence between Mr and Vr(Cn) ⊕MCr , where

MCr denotes the space of finite signed measures on Cr, with bounded second moment.

Hence, the low-rank dynamics on Mr is equivalent to the dynamics of a pair
(
Ut, θt

)
∈

Vr(Cn)⊕MCr .

Remark. We use in the general framework finite signed measure instead of probability

measure to avoid subtleties arising from the geometry of probability measures (due to the

positivity); see, e.g., [4, 99]. In practice, we will guarantee that the resulting dynamics

yields probability measures by imposing more constraints on the low-rank approximation,

see Sec. 3.3 for details.
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3.2.2 Tangent space projection

It is well-known that the tangent space of Vr(Cn) at U ∈ Vr(Cn) is given by (see, e.g.,

[85, Thm. 1.2])

TUVr(Cn) =
{
iHU : H† = H is a linear operator on Cn

}
. (3.3)

Thus, for a differentiable trajectory Ut ∈ Vr(Cn), we have d
dt
Ut = iHtUt for some time-

dependent Hermitian matrix Ht.

Consider any differentiable trajectory θt that

∂tθt = A†θ,tθt, (3.4)

where A†θ,t : MCr →MCr is some operator. The tangent space ofMr at (Ut, θt) is fully

characterized by

TUtVr(Cn)⊕ TθtMCr .

It is straightforward to adopt the idea of tangent space projection in (3.1) to our situa-

tion. Consider a natural pseudometric onM

DF (ν1, ν2) := sup
f∈F

∥∥∥∫ f dν1 − f dν2

∥∥∥, ν1,2 ∈M. (3.5)

Recall that F is a collection of test functions and ‖·‖ is any suitable norm. In Sec. 3.3, we
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will choose

F =
{
f(x) = xx†

}
,

and the norm ‖·‖ as the Hilbert-Schmidt norm. An equivalent choice is that

F =
{
f(x) = 〈x,Ox〉

∣∣ Hermitian matrix O satisfies ‖O‖HS ≤ 1
}
,

and the norm is simply the absolute value. It is not hard to observe that these two choices

are equivalent: from the quantum perspective, finding a good approximation of the density

matrix
∫
f dν ≡ Eν

[
xx†
]

is equivalent to finding a good approximation of all observations

as 〈O〉avg := Eν
[
〈x,Ox〉

]
= Tr

(
Eν
[
Oxx†

])
=
〈
O,Eν

[
xx†
]〉
HS

where the observable O

is a Hermitian matrix.

The tangent space projection of ∂tµt = A†tµt to the tangent space TµLR,tMr is then

given by

∂tµLR,t ≡ A†LR,tµLR,t

:= argminν∈TµLR,tMr
DF

(
ν, A†tµLR,t

)
= argmin Ã†LR,t:

Ã†LR,tµLR,t∈TµLR,tMr

sup
f∈F

∥∥∥∫ f d
(
Ã†LR,tµLR,t

)
− f d

(
A†tµLR,t

)∥∥∥.
(3.6)

In the second line, the minimization problem is reformulated from finding tangent vectors

ν to finding differential operators Ã†LR,t.
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Equivalently, using the adjoint operators ÃLR,t and At, it can be written as

∂tµLR,t = argmin ÃLR,t:
Ã†LR,tµLR,t∈TµLR,tMr

sup
f∈F

∥∥∥∫ (ÃLR,tf) dµLR,t −
(
Atf

)
dµLR,t

∥∥∥
= argmin ÃLR,t:

Ã†LR,tµLR,t∈TµLR,tMr

sup
f∈F

∥∥∥EµLR,t [ÃLR,tf −Atf] ∥∥∥.
(3.7)

In Sec. 3.3, we shall parametrize the infinitesimal generator ÃLR,t by some functions to

simplify the minimization problem, and also to avoid the vagueness of generic infinitesimal

generator for generic stochastic processes.

3.3 SDLR method for SDEs withN driving Brownian mo-

tions and a test function f (x) = xx†

Based on the framework in the last section, we may explore various low-rank dynamics,

by different DF in (3.5). In this section, the test function space F is taken to be a singleton

with the only element f(x) = xx†, and the norm is the Hilbert-Schmidt norm.

To apply the method developed above, we impose some further restrictions on TµLR,tMr

(thus on the choice of low-rank dynamics). We will make some further comments on these

restrictions after we derive the resulting low-rank dynamics by applying the SDLR method.
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(i) In the tangent space of Vr(Cn), for the Hermitian matrix Ht in (3.3), we assume

Ht = QUtHtPUt + h.c., (3.8)

where the projection operator PUt := UtU
†
t and the projection operator to the orthog-

onal complement QUt := In − PUt .

(ii) In the tangent space ofMCr , consider only those A†θ,t corresponding to the Fokker-

Planck equation of some SDE on Cr (cf. (3.4)). This means that we parametrize

A(†)
LR,t by a collection of functions. The exact form will be given below in Lem. 3.1.

Because the space of all possible infinitesimal generators is opaque and quite large,

hence, choosing infinitesimal generators of a particular form is necessary in practice.

Following the second constraint above, let us denote Yt(ω) as the corresponding SDE

on Cr whose infinitesimal generator is Aθ,t. Consider the following family of stochastic

dynamics with H , A and B’s as parameters:


U̇t = iHtUt, with H†t = Ht, Ht = QUtHtPUt + h.c.,

dY = A(Y, t) dt+
M∑
j=1

Bj(Y, t) dWj.

(3.9)

Define XLR,t(ω) := UtYt(ω), and denote µLR,t as the probability measure induced by the
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random variable XLR,t(ω). It is straightforward to check that XLR,t(ω) satisfies the SDE

dXLR = aLR (XLR, t) dt+
M∑
j=1

bLR,j (XLR, t) dWj,

where, for 1 ≤ j ≤M ,


aLR(XLR,t, t) = iHtXLR,t + UtA(U †tXLR,t, t),

bLR,j(XLR,t, t) = UtBj(U
†
tXLR,t, t).

Note that M does not have to be the same as N , and dWj in (3.9) are not necessarily the

same Brownian motions in (3.2); we use dWj for both to save notations. Since we are

interested in the error in the weak sense, how the randomness is achieved does not matter;

what is essential is the infinitesimal generator, independent of the particular realization of

Brownian motions.

Lemma 3.1. For the SDE of Xt in (3.2), the infinitesimal generator, acting on f(x) = xx†,

is the following

(
Atf

)
(x) = xa†(x, t) + a(x, t)x† +

N∑
j=1

bj(x, t)b
†
j(x, t).

Hence, for the low-rank dynamics µLR,t, ALR,t is a family of generators parametrized by
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Ht, A(y, t) and Bj(y, t) (1 ≤ j ≤M ), in the following form

(
ALR,tf

)
(x) = x

(
iHtx+ UtA(U †t x, t)

)†
+
(
iHtx+ UtA(U †t x, t)

)
x†

+
M∑
j=1

UtBj(U
†
t x, t)B

†
j (U

†
t x, t)U

†
t .

The proof is straightforward, by applying the Itô’s formula to f(x) = xx†. We are now

ready to apply (3.6) and (3.7) to find the time-evolution of the optimal low-rank dynamics

µLR,t.

Theorem 3.2. Assume that
∫
f(y) θt( dy) ≡ EYt∼θt

[
YtY

†
t

]
is an invertible r× r matrix for

any t ∈ [0, T ], then

(i) The following choices of Ut and θt give an optimal low-rank dynamics



M = N, A(y, t) = U †t a(Uty, t), Bj(y, t) = U †t bj(Uty, t),

Ht = (−i)QUt
(
Eθt
[
a(Uty, t)(Uty)†

]
+
∑N

j=1 Eθt
[
bj(Uty, t)b

†
j(Uty, t)

])
UtEθt [yy†]−1U †t + h.c.

(3.10)

(ii) The solution is optimal in the sense that, for any given Ut and θt,

min
Ã†LR,t

DF

(
Ã†LR,tµLR,t, A

†
tµLR,t

)
= DF

(
A†LR,tµLR,t, A

†
tµLR,t

)

=
∥∥∥ N∑
j=1

QUtEθt
[
bj(Uty, t)b

†
j(Uty, t)

]
QUt

∥∥∥
HS
,
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where the adjoint of A†LR,t (i.e., ALR,t) is given by (3.10), and where Ã†LR,t is the

adjoint operator of ÃLR,t, parametrized by A, Bj and Ht as in Lem. 3.1.

(iii) The system of time-evolution equations of Ut and θt is given by the following,



dY = U †t a(UtY, t) dt+
N∑
j=1

U †t bj(UtY, t) dWj ,

dUt
dt

= QUt
(
E
[
a(UtY, t)Y

†]
+

N∑
j=1

E
[
bj(UtY, t)b

†
j(UtY, t)

]
Ut

)
E
[
Y Y †

]−1
.

(3.11)

If rank r = n, then QUt = 0 and PUt = In. Consequently, dU
dt

= 0 and the infinitesi-

mal generator for the SDE of XLR,t is the same as that for Xt. That means, when full

rank is used, the original SDE is recovered; equivalently, the Fokker-Planck equation

for µt is recovered.

Remark. Since the time evolution of Ut and θt can be fully recovered from solving an ODE-

SDE coupled system of Y and U (with multiple replica of Y ), we shall refer (3.11) as the

resulting dynamical low-rank approximation as well, when no confusion arises. After all,

we will not solve the equation ∂tµLR,t = A†LR,tµLR,t directly. Instead, we shall use Monte

Carlo methods, i.e., solving (3.11) to estimate µLR,t by the empirical measure.

Proof. The main idea of the proof is to use stationary conditions with respect to H , A and
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Bj to derive the low-rank dynamics. Recall that PU := UU † and QU := In − UU †. With

fixed time t, by (3.6) and (3.7), we know

DF

(
A†LR,tµLR,t, A

†
tµLR,t

)
=
∥∥∥EµLR,t[ALR,tf −Atf]∥∥∥

HS
=: ‖C‖HS,

where

C := EµLR,t
[
x(iHtx+ UtA(U †t x, t)− a(x, t))† + h.c.

]
+ EµLR,t

[
M∑
j=1

UtBj(U
†
t x, t)B

†
j (U

†
t x, t)U

†
t −

N∑
j=1

bj(x, t)b
†
j(x, t)

]
.

To minimize DF

(
A†LR,tµLR,t, A

†
tµLR,t

)
, it is equivalent to minimize ‖C‖2

HS = 〈C,C〉HS .

The first order stationary conditions of 〈C,C〉HS with respect to A, Bj (1 ≤ j ≤ M ) and

Ht give 

0 =
〈
U †tCUt, Eθt

[
(δA)y† + y(δA)†

]〉
HS
,

0 =
〈
U †tCUt, Eθt

[
(δBj)B

†
j +Bj(δBj)

†]〉
HS
,

0 = Tr
( [
C,EµLR,t [xx

†]
]
δH
)
,

(3.12)

where δA and δBj are perturbations of functions A and Bj , respectively, and δH is a

Hermitian matrix as the perturbation of H .

Consider the third condition in (3.12). Let us complete the basis of Cn by extending

Ran(Ut), denoted by {U1, U2, · · · , Ur, Ur+1, · · · , Un}. Since δH is arbitrary among all
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possible perturbations, consider the special choice δH = λUj 〈Uk, ·〉 + h.c. where j ≤ r

and k > r. Note that when j, k ≤ r or j, k > r, by our restriction in (3.8), 〈Uj, HtUk〉 = 0.

Hence as the perturbation of H , δH should preserve this property. That means, we cannot

choose δH with nonzero entries for j, k ≤ r nor j, k > r. Denote D ≡
[
C,EµLR,t [xx†]

]
,

which is anti-Hermitian, that is, D† = −D. Plugging the expression of δH into the third

condition in (3.12), we could easily compute that

0 = λ 〈Uk, DUj〉+ λ∗ 〈Uj, DUk〉

= λ 〈Uk, DUj〉+ λ∗
〈
Uk, D

†Uj
〉∗

= λ 〈Uk, DUj〉 − c.c.

Hence, Im (λ 〈Uk, DUj〉) = 0. Since λ ∈ C is arbitrary, 〈Uk, DUj〉 = 0 for all j ≤ r and

k > r. That is to say,QUtDPUt = 0. By plugging the expression of D ≡
[
C,EµLR,t [xx†]

]
,

we could compute that

0 = QUtCUtEθt
[
yy†
]
U †t

= Eθt
[
iQUtHtUtyy

† −QUta(Uty, t)y
† −QUt

N∑
j=1

bj(Uty, t)b
†
j(Uty, t)Ut

]
Eθt
[
yy†
]
U †t

= iQUtHtUtEθt
[
yy†
]2
U †t −QUtEθt

[
a(Uty, t)y

†]Eθt[yy†]U †t
−QUt

N∑
j=1

Eθt
[
bj(Uty, t)b

†
j(Uty, t)

]
UtEθt [yy†]U

†
t .
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After multiplying both sides by UtEθt
[
yy†
]−2 on the right, the last equation yields

iQUtHtUt = QUt
(
Eθt
[
a(Uty, t)y

†]+
N∑
j=1

Eθt
[
bj(Uty, t)b

†
j(Uty, t)

]
Ut

)
Eθt [yy†]−1.

After multiplying U †t on the right, and then dividing both sides by i, one could obtain

QUtHtPUt = (−i)QUt
(
Eθt
[
a(Uty, t)(Uty)†

]
+

N∑
j=1

Eθt
[
bj(Uty, t)b

†
j(Uty, t)

])
UtEθt [yy†]−1U †t .

Thus, we have already obtained the expression of Ht ≡ QUtHtPUt + h.c. (cf. (3.10)). As a

remark, up to here, we have not yet used any information nor assumption about A and Bj .

Then, we plug the expression of Ht into C,

C = PUtEθt
[(
UtA(y, t)− a(Uty, t)

)
y†U †t

]
+ h.c. +

M∑
j=1

UtEθt
[
Bj(y, t)B

†
j (y, t)

]
U †t

−
N∑
j=1

(
PUtEθt

[
bj(Uty, t)b

†
j(Uty, t)

]
PUt +QUtEθt

[
bj(Uty, t)b

†
j(Uty, t)

]
QUt

)
.

One could observe that C = PUtCPUt +QUtCQUt with

PUtCPUt = PUtEθt
[(
UtA(y, t)− a(Uty, t)

)
y†U †t

]
+ h.c.

+
M∑
j=1

UtEθt
[
Bj(y, t)B

†
j (y, t)

]
U †t −

N∑
j=1

PUtEθt
[
bj(Uty, t)b

†
j(Uty, t)

]
PUt ,
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QUtCQUt =−
N∑
j=1

QUtEθt
[
bj(Uty, t)b

†
j(Uty, t)

]
QUt .

Notice that QUtCQUt does not depend on any parameter we choose, that is, it is indepen-

dent of A, Bj and Ht. Recall that we would like to minimize

〈C,C〉HS = 〈PUtCPUt ,PUtCPUt〉HS + 〈QUtCQUt ,QUtCQUt〉HS. (3.13)

The second term is non-negative and we cannot minimize it further. As for the first term,

by choosing

M = N, A(y, t) = U †t a(Uty, t), Bj(y, t) = U †t bj(Uty, t),

one could easily verify that PUtCPUt = 0. With such choices,

‖C‖HS =
∥∥∥ N∑
j=1

QUtEθt
[
bj(Uty, t)b

†
j(Uty, t)

]
QUt

∥∥∥
HS
.

Hence, the above choices must be optimal (although it does not imply uniqueness). How-

ever, the choice of H is indeed unique under our restrictions. One could straightforwardly

verify that this solution satisfies the first two equations in the first order stationary condi-

tions in (3.12); that is to say, the above choice yields U †tCUt = 0. Though we don’t have

to use the first two parts in (3.12) to derive the low-rank dynamics, it is still nice to observe

the consistency.
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Thus, we have proved the first and the second part of this theorem. The third part

follows easily from the first part.

Let us come back to the two restrictions we made at the beginning of this section.

• The reason to impose the conditionHt = QUtHtPUt+h.c. is to remove the redundant

degrees of freedom. It is easy to observe that QUtHtQUt is redundant and does not

play any role in U̇t. Thus, we might as well let QUtHtQUt ≡ 0. Further if we

assume PUtHtPUt ≡ 0, then it directly implies that U †t U̇t = 0, which is used as the

orthogonal constraint in [91]. Conversely, if U †t U̇t = 0, then PUtHtPUt = 0, which

shows that such a constraint is similar to the constraint U †t U̇t = 0 for matrix ODEs.

Another reason comes from the above proof. The first order stationary condition with

respect to δH yields a unique expression for Ht, which indicates that redundancy has

been removed via the constraint Ht = QUtHtPUt + h.c.

• The main reason for imposing constraints in the tangent space of MCr is that the

Fokker-Planck type generator automatically helps to preserve the positivity of mea-

sure. The whole tangent space is rather big and too opaque to handle, since it might

involve generators for other stochastic processes, e.g., jump processes. The mixture

of jump process and diffusion makes it more challenging to derive a simple low-rank

dynamics; this could be an interesting future research direction, however.
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Remark. It is a good place to compare our approach with the dynamical orthogonal (DO)

method [127]. Using our notations, the ansatz in the DO method is

XLR,t(ω) = X̄t + UtYt(ω),

where X̄t is deterministic and for all t, E[Yt(ω)] = 0, U †t U̇t = 0, U †t Ut = Ir. By re-deriving

the low-rank dynamics following the proof in [127], one could obtain that



d

dt
X̄t = E

[
a(XLR,t, t)

]
,

U̇t = QUtE
[
a(XLR,t, t)Y

†
t

]
E
[
YtY

†
t

]−1
,

dYt = U †t
(
a(XLR,t, t)− E

[
a(XLR,t, t)

])
dt+

N∑
j=1

U †t bj(XLR,t, t) dWj.

(3.14)

Compared with (3.11), the time-evolution equations of Yt andUt are almost the same except

the followings:

• The extra term U †t E[a(XLR,t, t)] in the DO method (3.14), due to the zero-mean

constraint in Yt;

• The non-trivial difference that in (3.11), we have a term

N∑
j=1

E[bj(XLR,t, t)b
†
j(XLR,t, t)]Ut,

which could be understood as the Itô correction term due to the second moment.
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Some numerical experiments comparing the SDLR method and the DO method will

be presented in Sec. 3.6: a high-dimensional geometric Brownian motion and a stochastic

Burgers’ equation.

3.4 Error analysis of the SDLR method

In this section, we provide error analysis for the low-rank dynamics that we have de-

rived in Sec. 3.3. Thm. 3.4 below indicates that the low-rank dynamics in (3.10) (or (3.11))

is optimal under our ansatz, in the following sense: If Xt is itself an SDE, whose range is

supported on a rank r subspace, then under some additional assumptions, XLR,t = Xt by

choosing the rank-r dynamics. In other words, our low-rank dynamics is consistent. We

also prove a Grönwall-type bound for the error propagation in Thm. 3.5.

3.4.1 Consistency: recovering the low-rank dynamics

Lemma 3.3. Suppose µt is the measure induced by Xt, which solves an SDE of the form

as in (3.2) with initial condition X0 ∼ µ0. Assume that µt is supported on a r-dimensional

linear subspace, whose basis forms a linear operator Vt : Cr → Cn with V †t Vt = Ir. Then,

for x ∈ Ran(Vt), the coefficients of the SDE satisfy

a(x, t) =
( d

dt
PVt
)
x+ PVta(x, t), and bj(x, t) = PVtbj(x, t), ∀j,
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and hence,

N∑
j=1

QVtEµt
[
bj(x, t)b

†
j(x, t)

]
QVt = 0.

Proof. Since the range of Xt is Ran(Vt) by assumption, VtV
†
t Xt = Xt. By taking the

derivative for both sides (note that Vt is deterministic),

dXt = d
(
PVtXt

)
=
( d

dt
PVt
)
Xt dt+ PVt dXt

=

(( d

dt
PVt
)
Xt + PVta(Xt, t)

)
dt+

N∑
j=1

PVtbj(Xt, t) dWj.

(3.15)

By matching it with the SDE of Xt, we obtain a(Xt, t) =
(

d
dt
PVt
)
Xt + PVta(Xt, t) and

bj(Xt, t) = PVtbj(Xt, t).

Theorem 3.4. Besides the same assumptions in Lem. 3.3, we further assume that d
dt
Vt =

iFtVt with some Hermitian matrix Ft which satisfies Ft = QVtFtPVt + h.c. If µ0 = µLR,0

and V0 = U0, then we have

µt = µLR,t, and Vt = Ut,

for all t ∈ [0, T ], as long as the low-rank dynamics in (3.10) exists (in particular, Eθt [yy†]

remains invertible).

Proof. Fix time t and assume Xt = XLR,t in distribution and Vt = Ut. Next, we shall show
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that XLR,t and Xt satisfy the same SDE locally and d
dt
Vt = d

dt
Ut. By Thm. 3.2, we could

straightforwardly compute that

dXLR,t = d
(
UtYt

)
=
(
U̇tYt

)
dt+ Ut dYt

= U̇tU
†
tXLR,t dt+ Ut

(
U †t a(XLR,t, t) dt+

N∑
j=1

U †t bj(XLR,t, t) dWj

)

=
(
U̇tU

†
tXLR,t + UtU

†
t a(XLR,t, t)

)
dt+

N∑
j=1

UtU
†
t bj(XLR,t, t) dWj

=

(( d

dt
PUt
)
XLR,t + PUta(XLR,t, t)

)
dt+

N∑
j=1

PUtbj(XLR,t, t) dWj.

In the last step, we have used the fact that UtU̇t
†
XLR,t = 0 due to the restriction on the

Hermitian matrixHt (cf. (3.8)). By comparing the last equation with (3.15) and by Vt = Ut,

we obtain that the SDEs of Xt and XLR,t coincide, as long as d
dt
PVt = d

dt
PUt . That means,

we still need to verify V̇t = U̇t. By (3.11),

U̇t = QUt
(
E
[
a(XLR, t)Y

†]+
N∑
j=1

E
[
bj(XLR, t)b

†
j(XLR, t)

]
Ut

)
E[Y Y †]−1

Lem. 3.3
= QUtE

[
a(XLR, t)Y

†]E[Y Y †]−1 ( by Ut = Vt)

Lem. 3.3
= QUtE

[( d

dt
PVt
)
XLR,tY

† + PVta(XLR,t, t)Y
†
]
E[Y Y †]−1

= QUt
( d

dt
PVt
)
Ut = iFtVt = V̇t.

Therefore, we have V̇t = U̇t, and the conclusion holds.
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3.4.2 Error bound

We shall consider the following error

Et :=
∥∥∥Eµt[xx†]− EµLR,t

[
xx†
]∥∥∥

HS
,

which measures the difference of second moments for two measures µt and µLR,t in the

Hilbert-Schmidt norm. Recall that we chose the single test function f(x) = xx†.

Theorem 3.5. Assume that:

(i) Throughout the time-evolution of the low-rank dynamics for t ∈ [0, T ],

DF

(
A†LR,tµLR,t, A

†
tµLR,t

)
≡
∥∥∥ N∑
j=1

QUtEθt
[
bj(Uty, t)b

†
j(Uty, t)

]
QUt

∥∥∥
HS
≤ ε2.

Recall that θt is the pullback of the restriction of µLR,t to Ran(Ut).

(ii) There exists a function γt such that, for f(x) = xx†,

∥∥∥Eµt[Atf]− EµLR,t
[
Atf

]∥∥∥
HS
≤ γtEt ≡ γt

∥∥∥Eµt[f]− EµLR,t
[
f
]∥∥∥

HS
.

Then, the error satisfies the integral inequality

Et ≤ E0 + ε2t+

∫ t

0

γsEs ds,
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and thus by the Grönwall’s inequality,

Et ≤
(

E0 + ε2t
)

exp

(∫ t

0

γs ds

)
.

Proof. The proof follows from the standard error analysis for time evolution equations:

Et ≡
∥∥∥Eµt[f]− EµLR,t

[
f
]∥∥∥

HS

≤ E0 +
∥∥∥∫

Cn
f(x)

(
µt − µ0

)
(dx)− f(x)

(
µLR,t − µLR,0

)
(dx)

∥∥∥
HS

= E0 +
∥∥∥∫

Cn
f(x)

(∫ t

0

A†sµs ds
)

(dx)− f(x)
(∫ t

0

A†LR,sµLR,s ds
)

(dx)
∥∥∥
HS

= E0 +
∥∥∥∫ t

0

(∫
Cn
f(x)

(
A†sµs

)
(dx)− f(x)

(
A†LR,sµLR,s

)
(dx)

)
ds
∥∥∥
HS

= E0 +
∥∥∥∫ t

0

(∫
Cn

(Asf) (x)µs(dx)− (ALR,sf) (x)µLR,s(dx)
)

ds
∥∥∥
HS

≤ E0 +

∫ t

0

∥∥∥Eµs[Asf]− EµLR,s
[
Asf

]
+ EµLR,s

[
Asf

]
− EµLR,s

[
ALR,sf

]∥∥∥
HS

ds

≤ E0 +

∫ t

0

∥∥∥Eµs[Asf]− EµLR,s
[
Asf

]∥∥∥
HS

ds

+

∫ t

0

∥∥∥EµLR,s[Asf]− EµLR,s
[
ALR,sf

]∥∥∥
HS

ds

= E0 +

∫ t

0

∥∥∥Eµs[Asf]− EµLR,s
[
Asf

]∥∥∥
HS

ds+

∫ t

0

DF

(
A†sµLR,s,A

†
LR,sµLR,s

)
ds

≤ E0 +

∫ t

0

γsEs ds+

∫ t

0

ε2 ds.

Thus, we have proved the integral inequality. The rest of the conclusion follows from the

Grönwall’s inequality.
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Remark. The estimate above holds for arbitrary ε. However, in practice, the above bound is

most useful when ε is small, which takes place when the diffusivity functionQUtbj(Uty, t) =

O(ε). For instance, SDEs with small noise fall into this type. When ε is large, of course,

this indicates that the low-rank approximation fails. One might need to use a higher rank

to get an accurate approximation of the dynamics, or even use full rank (i.e., solving the

original dynamics).

From the proof, the assumption (ii) in Thm. 3.5 is natural in order to use the Grönwall’s

inequality. To better illustrate the assumption, we provide a concrete example with an

explicit form of γt.

Example 3.6 (Choice of γt for linear drift and diffusion functions). If the SDE in (3.2) has

linear drift and diffusion functions, that is,

a(x, t) = Λtx, bj(x, t) = B
(j)
t x,

where bold letters Λ and B(j) are time-dependent matrices on Cn. By Lem. 3.1, one could

straightforwardly find that

γt = 2‖Λt‖2 +
N∑
j=1

‖B(j)
t ‖2

2

satisfies the assumption.

Another example of γt for unraveling scheme will be given in (3.18) below.
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If the rank r = n, then QUt = 0 for all t, so that ε = 0. If we further let E0 = 0,

then Et = 0 for all t. This result is consistent with the intuition, since, in this case, the

low-rank dynamic is exactly the original SDE. Though the rank r does not appear explic-

itly in the error estimate, it is implicitly hidden inside ε. Loosely speaking, the larger

the rank r, the smaller the ε. Even though the relation between ε and r is not analyti-

cally given, Thm. 3.5 can still be useful in practical simulation and in designing adaptive

schemes. Numerically, what we need is to set up error tolerance ε, and then compute∥∥∥∑N
j=1QUtEθt

[
bj(Uty, t)b

†
j(Uty, t)

]
QUt

∥∥∥
HS

on-the-fly; if this quantity is close to ε2, then

it indicates that the rank chosen is not large enough anymore, and we should adaptively

increase the rank r in order to control the error. This idea has been used in [95] for numer-

ically solving Lindblad equations by the deterministic low-rank approximation.

3.5 Connections to the unraveling of Lindblad equations

In this section, we consider solving Lindblad equations only, and we will discuss the

relationship between the unraveling method and the dynamical low-rank approximation

method. In particular, we establish a commuting diagram for the action of unraveling and

the action of dynamical low-rank approximation under certain conditions.
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Lindblad equation Low-rank QME

Unraveling Low-rank unraveling

(I) dynamical low-rank approximation

(II) unravel

(IV) stochastic dynamical low-rank approximation

(III) unravel

Figure 3.1: Diagram for unraveling and dynamical low-rank approximation for Lindblad
equations.

3.5.1 Lindblad equation and stochastic unraveling

Often, the Lindblad equation is challenging to solve numerically due to its high dimen-

sion. There are two major dimension-reduction approaches from the literature, summarized

in Fig. 3.1: (stochastic) unraveling method (II), and (deterministic) dynamical low-rank ap-

proximation method (I).

Step (I): Dynamical low-rank approximation method. This method for Lindblad equa-

tions has been studied by Le Bris and Rouchon [95]. The ansatz ρLR,t = Ũtσ̃tŨ
†
t is used,

where Ũt satisfies the orthonormality constraint Ũ †t Ũt = Ir, and σ̃t is a r×r strictly positive

matrix with trace one. Tilde is used to distinguish Ut and σt for deterministic dynamical

low-rank approximation and those in the SDLR method. The dynamical low-rank approx-

imation method would lead to a coupled ODE system for Ũt and σ̃t, which approximates

the Lindblad equation of ρt. We shall revisit the result from [95] below in Thm. 3.7, while

dropping the trace-preserving constraint for σ̃. We will discuss the trace-preserving con-

straint further in Sec. 3.5.3.
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Theorem 3.7 (Adapted from [95] with modification). Consider the subspace

M̃r :=
{
Ũ σ̃Ũ † : Ũ †Ũ = Ir, σ̃ > 0

}
,

to approximate the manifold of positive matrices. Then, by the dynamical low-rank approx-

imation, i.e., by solving

ρ̇LR,t = argminv∈TρLR,tMr
‖L†
(
ρLR,t

)
− v‖HS,

with further restriction on the tangent space that d
dt
Ũt = iHtŨt, where the Hermitian

matrix Ht = QŨtHtPŨt + h.c., we have the unique low-rank dynamics,


d

dt
σ̃t = Ũ †tL†

(
ρLR,t

)
Ũt,

d

dt
Ũt = QŨtL

†(ρLR,t)Ũtσ̃−1
t .

(3.16)

The proof is almost the same as the derivation in [95]. It should be noticed that if the

condition Ht = QUtHtPUt + h.c. is not imposed, the low-rank dynamics is not unique as

additional degrees of freedom exist [95]. However, the major difference comes from the

trace-preserving condition in [95], which considers the subspace M̃r :=
{
Ũ σ̃Ũ † : Ũ †Ũ =

Ir, σ̃ > 0, Tr(σ̃) = 1
}

. Consequently, λIr term in [95, Eq. (5)] does not appear in (3.16).

Step (II): Unraveling. Recall that unraveling means a stochastic wave-equation that recov-

ers the evolution of density matrices ρt. More specifically, it seeks for a stochastic process
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Xt(ω) on Cn, such that ρt := E
[
Xt(ω)X†t (ω)

]
solves the Lindblad equation (see (1.1) and

(1.2)). Multiple choices exist for the unraveling stochastic process: quantum state diffusion

(QSD) [78, 120], linear quantum state diffusion (LQSD) [25, 120], and quantum jump pro-

cess [50]. We restrict the stochastic unraveling to diffusion-type in the discussion below,

that is, we shall only consider unraveling of the form as in (3.2). Still various choices exist,

while the coefficients satisfy the relation stated in the following Lemma.

Lemma 3.8. Xt(ω) in (3.2) is a stochastic unraveling of a Lindblad equation (1.2) iff

a(x, t)x† + xa†(x, t) +
N∑
j=1

bj(x, t)b
†
j(x, t) = L†

(
xx†
)
, ∀x ∈ Cn, ∀t ∈ [0, T ]. (3.17)

Among various options of unraveling, two popular choices are:

• Linear quantum state diffusion (LQSD) refers to the choice



a(x) =
(
− iH − 1

2

∑
k

L†kLk

)
x,

bk,1(x) =
1√
2
Lkx,

bk,2(x) =
i√
2
Lkx.

So that the autonomous SDE is given by

dXt = a(x) dt+
∑
k

(bk,1(x) dWk,1 + bk,2(x) dWk,2) ,
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where Wk,1 and Wk,2 are independent standard (real-valued) Brownian motions. If

we have N Lindblad operators, then we have 2N (real-valued) Brownian motions in

the SDE.

• Quantum state diffusion (QSD) refers to the choice



a(x) =
(
− iH +

∑
k

〈x, L†kx〉Lk −
1

2
L†kLk −

1

2
|〈x, L†kx〉|

2
)
x,

bk,1(x) =
1√
2

(
Lk − 〈x, Lkx〉

)
x,

bk,2(x) =
i√
2

(
Lk − 〈x, Lkx〉

)
x.

One could easily verify that the above two choices satisfy (3.17).

Step (III): In [96], Le Bris, Rouchon, and Roussel considered an unraveling scheme re-

sulting from the (deterministic) low-rank approximation to Lindblad equations. As the

low-rank approximation preserves the structure of the equation, the unraveling is similar

to the above discussions. This low-rank unraveling could be used in control variate for the

Monte Carlo method for Lindblad equations; see Sec. 3.5.4 below for detail.

3.5.2 A commuting diagram for the dynamical low-rank approxima-
tion method and the unraveling method

The route in [96] is from Lindblad equations to low-rank QMEs and then to the unrav-
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eling of low-rank QMEs (step (I) to step (III) in Fig. 3.1). It is thus natural to consider an

alternative route: i.e., finding the unraveling of Lindblad equations and then applying the

SDLR method that we developed in Sec. 3.2 and Sec. 3.3. In Fig. 3.1, this refers to the route

from step (II) to step (IV). One immediate question is whether these two routes commute,

in the sense that they end up with the same low-rank unraveling. Due to the non-uniqueness

of unraveling schemes, in general, the answer is negative. Perhaps, a more specific and rea-

sonable question to ask is that given the unraveling of Lindblad equations, after applying

the SDLR method, whether its statistical average recovers the low-rank QME (such as that

derived in [95] using the deterministic low-rank approximation).

The answer is definite with slight modification in the (deterministic) dynamical low-

rank approximation method in [95]. See Thm. 3.7 for details of the modification in con-

straints, as well as the resulting low-rank QME. Moreover, it turns out that such a com-

muting relation does not depend on the particular unraveling scheme chosen for Lindblad

equations (see Thm. 3.9).

Theorem 3.9 (Commuting diagram). For any diffusion-type unraveling scheme of Lind-

blad equations (see Lem. 3.8), the low-rank unraveling obtained by applying the SDLR

method, is an unraveling scheme of the low-rank QME (3.16), obtained via the (determin-

istic) dynamical low-rank approximation method.

Proof. By applying the SDLR (step (IV) in Fig. 3.1) to an unraveling scheme of Lindblad
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equations and using (3.17), one could obtain the following result.


U̇t = QUtL†

(
E
[
UtYtY

†
t U
†
t

])
UtE

[
YtY

†
t

]−1
,

dYt = U †t a(UtYt, t) dt+
N∑
j=1

U †t bj(UtYt, t) dWj.

Next, we will verify that the above coupled ODE-SDE system does play the role as an

unraveling of the low-rank QME in (3.16), which is the step (III) in Fig. 3.1. By denoting

σt := E
[
YtY

†
t

]
, and ρLR,t := E

[
XLR,tX

†
LR,t

]
≡ UtσtU

†
t , one could find that

σ̇t = E
[
Yta
†(UtYt, t)Ut + U †t a(UtYt, t)Y

†
t

]
+ E

[ N∑
j=1

U †t bj(UtYt, t)b
†
j(UtYt, t)Ut

]
(3.17)
= U †t E

[
L†
(
UtYtY

†
t U
†
t

)]
Ut = U †tL†

(
UtσtU

†
t

)
Ut.

The time-evolution equation for Ut can be rewritten, in terms of σt, as

U̇t = QUtL†
(
UtσtU

†
t

)
Utσ

−1
t .

By comparing these two equations with (3.16), one could conclude that the low-rank SDE,

after applying the SDLR method, exactly recovers (3.16), i.e., the low-rank unraveling is

the unraveling for the low-rank QME in (3.16), and the diagram in Fig. 3.1 indeed com-

mutes in this sense. Also, note that in the above calculation, we have not used any specific

choice of unraveling scheme. Thus, the conclusion is independent of the particular unrav-
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eling scheme chosen for Lindblad equations.

Remark. It might not be surprising that the diagram commutes under the above conditions.

If we consider ρLR,t = E
[
XLR,tX

†
LR,t

]
, by our conditions, XLR,t = UtYt, hence ρLR,t =

UtE
[
YtY

†
t

]
U †t , which is consistent with the ansatz used in [95]. What is interesting is that

the commuting diagram result is independent of any unraveling for Lindblad equations,

which shows that the low-rank dynamics, derived from the perspective of dynamical low-

rank approximation in the space of signed measures, preserves the structure of the Lindblad

super-operator L†.

Remark. Recall that in Thm. 3.5, we have studied how the error between the original SDE

and the low-rank approximation from the SDLR method propagates with respect to time. In

the context of unravelings of Lindblad equations, by Lem. 3.1 and Lem. 3.8, one could show

that the growth rate for the error between the unraveling scheme and our corresponding

low-rank approximation is bounded by

γt = ‖L†‖A0→A0 := sup
H∈A0, ‖H‖HS=1

‖L†(H)‖HS. (3.18)

3.5.3 Discussion on the trace-preserving restriction

In [95, 96], the trace of low-rank approximated density matrices is required to be one,

along the time-evolution. However, we did not consider this condition in Thm. 3.7, nor
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in the derivation of low-rank dynamics in Thm. 3.2 via the SDLR method. One natural

question is that what happens if we impose the trace-preserving condition in the SDLR

method. In our set-up and for the Lindblad equation case, the trace-preserving constraint

in the SDLR method should be

Tr
(
ρLR,t

)
≡ Tr

(
UtEθt

[
yy†
]
U †t

)
= 1, or equivalently, Tr

(
Eθt
[
yy†
])

= 1,

because U †t Ut = Ir. From the constraint that d
dt

Tr
(
Eθt
[
yy†
])

= 0, one could derive that

Tr
(
Eθt
[
yA(y, t)† + A(y, t)y† +

M∑
j=1

Bj(y, t)B
†
j (y, t)

])
= 0. (3.19)

Recall that in the proof of Thm. 3.2, such a constraint does not affect the first-order sta-

tionary condition with respect to Ht, hence Ht still has the same form. Therefore, the

optimization problem in the derivation is still (cf. (3.13))

min
A, {Bj}Mj=1

〈PUtCPUt ,PUtCPUt〉HS ,

where
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PUtCPUt

= PUtEθt
[(
UtA(y, t)− a(Uty, t)

)
y†U †t

]
+ h.c.

+
M∑
j=1

UtEθt
[
Bj(y, t)B

†
j (y, t)

]
U †t −

N∑
j=1

PUtEθt
[
bj(Uty, t)b

†
j(Uty, t)

]
PUt

(3.17)
= UtEθt

[
A(y, t)y† + yA†(y, t) +

M∑
j=1

Bj(y, t)B
†
j (y, t)

]
U †t

− PUtL†
(
UtEθt

[
yy†
]
U †t

)
PUt .

If we assume that it is possible to achieve PUtCPUt = 0, then

Eθt
[
A(y, t)y† + yA†(y, t) +

M∑
j=1

Bj(y, t)B
†
j (y, t)

]
= U †tL†

(
UtEθt

[
yy†
]
U †t

)
Ut.

The constraint in (3.19) requires that the the trace of the left hand side is zero, while on the

right hand side, in general,

Tr
(
U †tL†

(
UtEθt

[
yy†
]
U †t

)
Ut

)
= Tr

(
PUtL†

(
UtEθt

[
yy†
]
U †t

))
6= 0,

even though Tr
(
L†
(
UtEθt

[
yy†
]
U †t

))
≡ 0. One could conclude that in general, the mini-

mization problem

min
A, {Bj}Mj=1

〈PUtCPUt ,PUtCPUt〉HS > 0,
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under the trace-preserving constraint in (3.19). This could be anticipated since one has to

work on a smaller space during minimization. Hence, in general, the low-rank unraveling

from the SDLR method with trace-preserving constraint is not optimal in the sense of

Thm. 3.2.

In fact, it is not straightforward how to minimize 〈PUtCPUt ,PUtCPUt〉HS under the

trace-preserving constraint for functions A and Bj . After all, we need to work on the

quadratic variational problem on the functional space with a trace-preserving constraint,

not on matrices as in [95].

While it is perhaps desirable to have a trace-preserving dynamical low-rank approxima-

tion of density matrices, our choice of not considering trace-preserving constraint can be

justified via better approximating measurement outcomes. Recall that the expected mea-

surement outcome for an observable O is Tr(Oρ) = 〈O, ρ〉HS . To get an accurate ap-

proximation of the measurement outcome, it is sufficient that ρLR,t is close to ρt in the

Hilbert-Schmidt norm, without the requirement of a trace-preserving constraint.

3.5.4 Method selection and control variate

From the commuting diagram, one might question the usefulness of the low-rank un-

raveling in practice. Since in the low-rank unraveling, at each time step, one needs to

store O(r(n + Ns)) data for Ut and Yt, where Ns is the sample size. For the deterministic
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low-rank dynamics, it only needs to store O(r(n+ r)) for Ũt and σ̃t.

When r = O(1) is useful to approximate the full dynamics, solving the deterministic

low-rank approximation of the Lindblad equation is a better choice, as one does not need

to simulate many sample paths to get statistical averages. Moreover, the simulation of

deterministic low-rank dynamics has a smaller memory and computational cost.

On the other hand, when rank r requires to be large in order to approximate the system

accurately, solving the deterministic low-rank approximation for the Lindblad equation

becomes inefficient. It is advantageous to turn to stochastic approximation methods and to

use the unraveling of Lindblad equations.

However, one could consider using the control variate method [96] to facilitate the

simulation, that is, to use

ρ = ρMC + λ(ρLR − ρLRMC),

where ρMC is obtained via an unraveling scheme; ρLR is obtained by solving the determin-

istic low-rank dynamics of the Lindblad equation; ρLRMC is obtained by solving a low-rank

unraveling scheme. The rank r = O(1) to ensure that one could simulate both deterministic

and stochastic low-rank dynamics. The low-rank dynamics itself may not provide an ac-

curate approximation. However, one could still simulate the low-rank dynamics to achieve

the reduction of variance, by choosing the correct parameter λ; see [96] for details.
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Generally speaking, for Fokker-Planck equations and Lindblad equations with contin-

uum state space (e.g., probability measures on Rd, or density matrices on L2(Rd)), one

would not want to solve a deterministic low-rank dynamics directly, since that is still a

PDE with potentially high dimension when r is not too small (even when r = 6, solv-

ing such a PDE in 6-dimension is already rather challenging by classical numerical PDE

methods). When the low-rank approximation is accurate, one could choose to use low-rank

SDEs (derived by the SDLR method) to achieve reduction of complexity in the model;

otherwise, one has to simulate the original SDE. Of course, this discussion only involves

which model to solve; detailed numerical methods and algorithmic implementations would

still make a significant difference to the practical performance.

3.6 Numerical experiments

In this section, we will validate our method by numerical experiments on some high-

dimensional SDEs: a high-dimensional geometric Brownian motion, the stochastic Burg-

ers’ equation, and unravelings of a quantum damped harmonic oscillator. For the first two

examples, we will compare the SDLR method (3.11) with the DO method (3.14). We ob-

serve that our SDLR method has comparable performance in approximating the mean when

the rank is chosen correctly, compared with the DO method. Moreover, it performs better

in approximating the second moment. We will measure the relative error as the indicator
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of the performance of low-rank approximations:

• the relative error for the mean is defined as

‖Eµt [x]− EµLR,t
[
x
]
‖/‖Eµt

[
x
]
‖ ;

• the relative error for the second moment is defined as

‖Eµt
[
xx†
]
− EµLR,t

[
xx†
]
‖HS/‖Eµt

[
xx†
]
‖HS .

Let us comment on some details in numerical implementation. For simplicity, we use

the Euler-Maruyama method as the stochastic integrator. An order-one deterministic nu-

merical scheme in [85] is employed to preserve the orthogonality of Ut. The inverse of

Eθt
[
yy†
]

in (3.10) or (3.11) could cause numerical instability, when its condition number

is significant. This problem also appears in the DO method [127]. [10] suggested using

the pseudo-inverse to maintain the algorithmic stability, which is also adopted herein in the

numerical simulation. If the chosen rank is representative (not over-estimating the rank),

then the pseudo-inverse should be the matrix inverse.
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3.6.1 Geometric Brownian motion

Consider the geometric Brownian motion of the form

dXt = ΛXt dt+ BXt dWt,

where Xt ∈ C20, Λ, B ∈ C20×20.

A rank-5 initial condition is used: X0 = xk with probability pk, where {xk}5
k=1 are

randomly generated orthogonal vectors in C20, and pk ∝ Poisson(k−1, 0.5) for 1 ≤ k ≤ 5.

Poisson(k, λ) is the probability density function of the Poisson distribution with rate λ at

value k. Λ is of the form QDQ† where D is a randomly generated diagonal matrix with

diagonal elements uniformly distributed in the interval [−4.5,−0.5], and Q is a randomly

generated orthogonal matrix. We choose B =
√

0.05 I20. It is not difficult to prove that for

such a geometric Brownian motion, the second moment Eµt
[
xx†
]

decays to 0 as t → ∞

(known as the mean-square stability). The result is visualized in Fig. 3.2 and Fig. 3.3 for

both SDLR and DO methods. It should be remarked that to faithfully compare the SDLR

method with the DO method under the same rank r, e.g., r = 5, the matrix Ut in SDLR has

dimension 20×5, whereas it has dimension 20×4 for the DO method, since X̄ for the DO

method should account for one rank and contributes n = 20 degrees of freedom.

In our numerical experiment, the sample size is 105, and the time step is 1
300

. From

99



Fig. 3.2, the mean-square stability is observed. In Fig. 3.3, for the SDLR method, when the

rank increases, the relative error decreases for both mean and second moment. For the DO

method, even for small rank, the relative error of the mean is small; the relative error for the

second moment decreases as rank increases as expected. As can be seen, the DO method

captures the mean better, and the SDLR method captures the second moment better. This

finding is consistent with the theoretical derivation.
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Figure 3.2: Spectrum of Eµt
[
xx†
]

in log 10 scale (the five largest eigenvalues) for the
high-dimensional geometric Brownian motion.

3.6.2 Stochastic Burgers’ equation

We consider the stochastic Burgers’ equation h(z, t, ω) of the form

dh = (ν∂2
zh− h∂zh) dt+ g(z) dW,

h(z, 0, ω) = h0(z, ω), h(0, t, ω) = h(1, t, ω),

(3.20)

for (z, t) ∈ [0, 1]× [0, T ]. This example is adapted from [117]. Notice that dW is chosen

as a scalar Brownian motion, independent of the spatial coordinate z.
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Figure 3.3: Relative errors for SDLR and DO methods in solving the high-dimensional
geometric Brownian motion.

Due to the periodic boundary condition, by separating (t, ω) from z, we have

h(z, t, ω) =
∑
k∈Z

Xk(t, ω)e2πikz.

Then, the stochastic Burgers’ equation could be viewed as an SDE on the Hilbert space

L2[0, 1] with basis functions {e2πikz}k∈Z. The SDE has the form

dXk(t, ω) =
(
− (2πk)2νXk(t, ω)−

∑
k′

Xk−k′(t, ω)Xk′(t, ω)(2πik′)
)

dt+ gk dW,

Xk(0, ω) =
〈
e2πikz, h0(z, ω)

〉
L2([0,1])

, gk =
〈
e2πikz, g(z)

〉
L2([0,1])

.

Note that dW is independent of the mode k.

In the direct numerical simulation, we truncate k by letting Xk(t, ω) = 0 for |k| > n−1
2

where n is an odd positive integer. Then Xk(t, ω) can be stored in a Cn vector. With a
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careful choice of the initial condition, and let n→∞, we could expect that the solution of

such a truncated SDE converges to the true solution. Adapted from [117, Example 4.1], let

ν = 0.01, and g(z) = 1
10

cos(2πz) = 1
20

(
e2πiz + e2πi(−1)z

)
.

As for the initial condition, a rank-5 case is considered

h0(z, ·) =



1, with probability p1;

√
2 sin(2πbk/2cz), with probability pk, k = 2, 4;

√
2 cos(2πbk/2cz), with probability pk, k = 3, 5.

We choose pk ∝ Poisson(k−1, 0.5), just like the last example, and b·c is the floor function.

In Fig. 3.4, it could be observed that the numerical result is stable with respect to the

dimension of truncation n. Therefore, it is justifiable to simply solve the truncated system

with n = 21 by SDLR and DO methods.
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Figure 3.4: This figure shows the expected function E[h(z, 1, ω)] on z ∈ [0, 1], for different
truncated dimension n, in solving the stochastic Burgers’ equation.

For n = 21, sample size 104, and time step 1
200

, the spectrum and relative errors are
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visualized in Fig. 3.5 and Fig. 3.6, respectively. From the spectrum, the second moment

tends to behave like a rank one matrix, since the largest eigenvalue almost keeps constant,

while other eigenvalues approximately exponentially decay. In Fig. 3.6, for both methods,

when the rank increases, the relative error decreases, as expected. It could be observed

that the performance of both SDLR method and DO method is similar and comparable,

in calculating both Eµt
[
x
]

and Eµt
[
xx†
]
. As for more detailed performance comparison

for these two methods, Fig. 3.6 is not very informative, especially for the second moment.

Therefore, we additionally provide Table 3.1, which gives the ratio between the relative er-

ror for the SDLR method and the relative error for the DO method at time t = 1, for various

ranks. Then, it could be observed that the DO method performs better in approximating

the mean, and the SDLR method performs better in approximating the second moment. As

a reminder, the result in Table 3.1 can only be interpreted qualitatively, due to the random

fluctuation in the simulation.
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Figure 3.5: Spectrum of Eµt
[
xx†
]

in log 10 scale (the five largest eigenvalues) for the
stochastic Burgers’ equation.
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Figure 3.6: Relative errors for SDLR and DO methods in solving the stochastic Burgers’
equation.

Table 3.1: This table summarizes the ratio between the relative error for the SDLR method
and the relative error for the DO method, at time t = 1 for the stochastic Burgers’ equation.

r ratio for relative errors of Eµt
[
x
]

ratio for relative errors of Eµt
[
xx†
]

3 1.291 0.572
4 1.264 0.593
5 1.389 0.816
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3.6.3 Quantum damped harmonic oscillator

We solve a Lindblad equation of a simple quantum damped harmonic oscillator (see,

e.g., [71]), given by

ρ̇ = −i
[
d†d, ρ

]
+ γ1

(
dρd† − 1

2

{
d†d, ρ

})
+ γ2

(
d†ρd− 1

2

{
dd†, ρ

})
,

where d(†) are annihilation (creation) operators for the harmonic oscillator. Adopting the

bra-ket notation, let
{
|k〉
}
k=0,1,··· ,n−1

be the orthonormal basis of quantum states. Then,

the effect of operators d(†) is d†|k〉 =
√
k + 1|k + 1〉 and d|k〉 =

√
k|k − 1〉. The special

state |0〉 usually refers to the ground state, and |k〉 (k ≥ 1) are known as excited states.

We truncate the system by n = 21 states. The initial condition is chosen as |k〉 with

probabilities pk ∝ Poissson(k, 0.5) for k = 0, 1, · · · , 4. Hence, the density matrix ρ0

is again a rank-5 matrix. This model has been tested for two parameter sets γ1 = 0.2,

γ2 = 0 and γ1 = 0, γ2 = 0.2. In the first case, the environment acts as an annihilation

operator to the system so that the system is moving down to a lower energy state. In the

second case, the environment acts as a creation operator so that the system is moving up

to a higher energy state. The above Lindblad equation is solved by both QSD and LQSD

unraveling schemes, as well as the SDLR method for QSD and LQSD correspondingly.

For this example, the solution of the Lindblad equation via a numerical ODE integrator is
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treated as the exact solution.

The sample size is 3 × 105 and time step is 1
500

. The results are visualized in Fig. 3.7

and Fig. 3.8. The spectrum is consistent with the physical intuition. In Fig. 3.7, the high-

est eigenvalue roughly indicates the probability at the ground state |0〉, which steadily in-

creases. This is consistent with the functioning of the annihilation operator, i.e., moving

the quantum state to lower energy states. The spectrum in Fig. 3.8 can be explained in a

similar way. The solution at rank 5 is comparable with the original unraveling SDE system

(i.e., r = 21). In the first case γ1 = 0.2 and γ2 = 0, since the system is lowering down to

the ground state, it is expected that the low-rank approximation should perform better.

3.7 Conclusion

In this chapter, we have proposed the stochastic dynamical low-rank approximation

method in the space of finite signed measures. Then, by applying the SDLR method, we

have derived the low-rank dynamics of SDEs in Thm. 3.2, obtaining an ODE-SDE coupled

system as a low-rank approximation of the original high-dimensional SDE in the weak

sense. We have also established a commuting diagram for the action of stochastic un-

raveling and the dynamical low-rank approximation. Furthermore, we have validated this

method by error analysis and numerical examples.
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Figure 3.7: Spectrum (the five largest eigenvalues) and relative errors of Eµt
[
xx†
]
, for

both QSD and LQSD unraveling schemes in the quantum damped harmonic oscillator with
parameters γ1 = 0.2, γ2 = 0.
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Figure 3.8: Spectrum (the five largest eigenvalues) and relative errors of Eµt
[
xx†
]
, for

both QSD and LQSD unraveling schemes in the quantum damped harmonic oscillator with
parameters γ1 = 0, γ2 = 0.2.
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Chapter 4

Gradient flow structure and exponential
convergence of Lindblad equations with
GNS-detailed balance

4.1 Introduction and main results

The characterization of dynamics for open classical and quantum systems is an essen-

tial and fundamental topic. One approach to characterize the dynamics for open systems is

the entropy production [8,16,20,67,109,133], from an information theory perspective. For

Markovian dynamics, the entropy production is positive, which relates to the data process-

ing inequality [70, 97, 108] and complies with the second law of thermodynamics [19, 47].

The entropy production also relates to gradient flow structure on well-chosen Riemannian

manifolds for those Markov semigroups [35–37, 63, 64, 88, 100, 115]. Furthermore, the va-

lidity of log-Sobolev inequalities [11,53,82–84,114,122] assists in proving the exponential

decay of those entropies under respective Markov semigroups.

In this chapter, we focus on the entropy production of sandwiched Rényi divergences,

under primitive Lindblad equations with GNS-detailed balance, for finite-dimensional quan-

tum systems. The Lindblad equation with the GNS-detailed balance (see Thm. 4.9 below)

This chapter is prepared based on [30].
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has the form

ρ̇t = L†(ρt) =
J∑
j=1

e−ωj/2
(

[Vjρt, V
†
j ] + [Vj, ρtV

†
j ]
)
, (4.1)

where the positive integer J ≤ n2 − 1; ωj ∈ R; Vj are n-by-n matrices; constraints for

ωj and Vj will be given in Thm. 4.9 below. The notion of GNS-detailed balance will be

explained in Sec. 4.2.2 below. The Lindblad equation is called primitive (also sometimes

referred as ergodic, e.g., see [26, 36]) if Ker(L) is spanned by In, which is the n-by-n

identity matrix.

Before delving more into Lindblad equations for open quantum systems, we would like

to review some previous results of Fokker-Planck equations for open classical systems for

comparison. Almost all conclusions in this chapter are motivated by the classical results for

Fokker-Planck equations (1.4). Jordan, Kinderlehrer, and Otto [88] showed that such types

of Fokker-Planck equations (1.4) could be viewed as Wasserstein gradient flow dynamics

of the relative entropy (or the free energy functional). Moreover, based on the method of

entropy production and the log-Sobolev inequality [114], one can prove that the solution of

the Fokker-Planck equation (1.4) converges to the Gibbs (stationary) distribution exponen-

tially fast in the relative entropy. In our recent work [29], we generalized these results to the

classical Rényi divergence of any order α ∈ (0,∞): (1) the same Fokker-Planck equation

can be formally identified as gradient flow dynamics of the classical Rényi divergence of
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any order α with respect to a transportation distance defined by a specific metric tensor;

(2) the solution of the Fokker-Planck equation converges exponentially fast to the Gibbs

distribution in the classical Rényi divergence. Apart from Fokker-Planck equations, sev-

eral other classical dissipative dynamics can also be viewed as gradient flow dynamics of

various transport metrics, for instance, the heat equation [63], finite Markov Chains [100]

and porous medium equations [64, 115].

Due to the similar role that Lindblad and Fokker-Planck equations play for open quan-

tum and classical systems, respectively, it is interesting to study Lindblad equations from

the perspective of gradient flows. In a previous work by Carlen and Maas, they showed that

the Fermionic Fokker-Planck equation could be identified as gradient flow dynamics of the

quantum relative entropy [35]. In their more recent work, they extended results from [35],

and they showed that for finite-dimensional quantum systems, primitive Lindblad equa-

tions with GNS-detailed balance could indeed be identified as gradient flow dynamics of

the quantum relative entropy [36]. They also established a unified picture of gradient flows,

including the previous two cases and Markov Chains in the setting of C∗-algebras [37].

The generalization of their results from finite-dimensional matrices to infinite-dimensional

noncommutative algebras has been recently considered in [142]. In this chapter, we fo-

cus on the finite-dimensional setting, and aim to characterize the gradient flow structure

of Lindblad equations in terms of a family of quantum divergences — sandwiched Rényi
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divergences [111,141], including the quantum relative entropy as a specific instance. More-

over, we are also interested in quantifying the decaying property of the solution ρt of the

Lindblad equation (4.1) in terms of the sandwiched Rényi divergence.

The sandwiched Rényi divergence is defined as follows.

Definition 4.1 (Sandwiched Rényi divergence [111]). Given two positive semi-definite ma-

trices ρ, σ such that ρ� σ and ρ 6= 0, the sandwiched Rényi divergence Dα (ρ||σ) of order

α ∈ (0,∞) is defined by

Dα (ρ||σ) :=


1

α− 1
log
(

Tr
[(
σ

1−α
2α ρσ

1−α
2α

)α] )
, α ∈ (0, 1) ∪ (1,∞);

Tr (ρ log(ρ)− ρ log(σ)) , α = 1.

(4.2)

The notation ρ� σ means that the kernel of σ is a subspace of the kernel of ρ. The term

Tr(ρ) in [111, Def. 2] is simply set as one, since we only consider ρ to be a density matrix

herein. σ is assumed to be a full-rank density matrix, so ρ � σ is always satisfied in our

context. For any fixed ρ and full-rank σ, the sandwiched Rényi divergence is continuous

with respect to the order α, in particular, D (ρ||σ) = limα→1Dα (ρ||σ).

The sandwiched Rényi divergence is a quantum analog of the classical Rényi diver-

gence and has recently received much attention due to its applications in quantum informa-

tion theory [105, 141].

The sandwiched Rényi divergence unifies many entropy measures: when α = 1, it
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reduces to the quantum relative entropy; when α→∞, it converges to the quantum relative

max-entropy; when α = 1/2 and α = 2, it is closely connected to the quantum fidelity and

χ2 divergence respectively [134].

The sandwiched Rényi divergence satisfies the data processing inequality for any order

α ≥ 1
2

and any completely positive trace-preserving (CPTP) map [13, 70, 111]. For fixed

density matrices ρ and σ, it is monotonically increasing with respect to the order α ∈

(0,∞) [111, Thm. 7]. The sandwiched Rényi divergence has also been used to study the

quantum second laws of thermodynamics [19], which is a major motivation of our work.

The global convergence rates and mixing times of sandwiched Rényi divergences under

quantum Markov semigroups have been studied in [107].

We remark that there is another well-studied family of quantum Rényi divergences

known as the Petz-Rényi divergence [121], defined by

D̃α(ρ||σ) :=
1

α− 1
log
(
Tr
(
ρασ1−α)) .

When ρ and σ commute, the sandwiched Rényi divergence is identical to the Petz-Rényi

divergence. We also remark that [9] has studied more generalized (α, z)-quantum Rényi

divergences, which include sandwiched Rényi divergences and Petz-Rényi divergences

as special instances. The discussion on the data processing inequality of (α, z)-quantum

Rényi divergences can be found in a recent review paper [34] and the references therein.
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The first main result of this chapter is the following theorem.

Theorem 4.2. Consider a primitive Lindblad equation with GNS-detailed balance (4.1),

and suppose its unique stationary state σ is full-rank. For any order α ∈ (0,∞), consider

the energy functional Dα (ρ||σ) with respect to the quantum state ρ. In the space of strictly

positive density matrices D+, equipped with the metric tensor defined in Def. 4.23, the gra-

dient flow dynamics of the sandwiched Rényi divergence Dα (ρ||σ) is exactly the Lindblad

equation (4.1).

This theorem immediately implies the monotonicity of the sandwiched Rényi diver-

gence under the evolution of such Lindblad equations, summarized in Cor. 4.3 below. For

α ≥ 1
2
, this corollary can be proved simply by applying the data processing inequality

[70]. For primitive Lindblad equations with GNS-detailed balance, the monotonicity also

holds when α ∈ (0, 1
2
). However, the data processing inequality does not generally hold

for sandwiched Rényi divergences when α < 1
2

[17, Sec. 4].

Corollary 4.3. Under the same conditions as in Thm. 4.2, suppose ρ· : [0,∞) → D+ is

the solution of the Lindblad equation (4.1). For any α ∈ (0,∞), the sandwiched Rényi

divergence Dα (ρt||σ) is non-increasing in time t, i.e., ∂tDα (ρt||σ) ≤ 0.

Thm. 4.2 only provides a sufficient detailed balance condition for Lindblad equations

to be gradient flow dynamics of sandwiched Rényi divergences. Later in Sec. 4.4, we will
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discuss the necessary condition for Lindblad equations to be possibly expressed as gradient

flow dynamics of sandwiched Rényi divergences (see Thm. 4.24), by adapting and extend-

ing the analysis in [37, Thm. 2.9]. Loosely speaking, the family of Lindblad equations

that can be possibly written as gradient flow dynamics of sandwiched Rényi divergences of

any order α ∈ (0,∞) is not substantially larger than the class of Lindblad equations with

GNS-detailed balance, which explains the reason why we restrict our attention to Lindblad

equations with GNS-detailed balance in Thm. 4.2. However, identifying a sufficient and

necessary condition remains open.

Next, we would like to study the exponential decay of sandwiched Rényi divergences.

For Fokker-Planck equations in classical systems, the exponential decay of the relative

entropy could be proved via the (classical) log-Sobolev inequality, i.e., the relative entropy

is bounded above by the relative Fisher information. This approach has been generalized

in our previous work [29] to obtain the exponential decay of the classical Rényi divergence

by introducing the relative α-Fisher information. For quantum systems, in the same flavor,

let us first define the quantum relative α-Fisher information as follows.

Definition 4.4. Suppose L† is the generator of a primitive Lindblad equation with GNS-

detailed balance and the unique stationary state σ is full-rank. The quantum relative α-
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Fisher information between ρ ∈ D+ and σ is defined as

Iα (ρ||σ) :=


−
〈
δDα(ρ||σ)

δρ
,L†(ρ)

〉
HS

, if α 6= 1;

−
〈
log(ρ)− log(σ),L†(ρ)

〉
HS

, if α = 1.

(4.3)

When α = 1, we denote I (ρ||σ) ≡ I1 (ρ||σ) and call it quantum relative Fisher

information for simplicity. Notice that in the definition above, the quantum relative α-

Fisher information depends on the Lindblad super-operator L†, which is different from the

classical case where the relative α-Fisher information only depends on the Gibbs stationary

distribution (see [29]). Also, observe that if ρt solves the Lindblad equation (4.1), then

Iα (ρt||σ) = −∂tDα (ρt||σ). Since ∂tDα (ρt||σ) ≤ 0 by Cor. 4.3, the quantum relative

α-Fisher information Iα (ρt||σ) is non-negative.

Definition 4.5. Suppose the density matrix σ is the unique stationary state of the Lindblad

equation (4.1). For a fixed order α ∈ (0,∞), σ is said to satisfy the quantum α-log Sobolev

inequality (or quantum α-LSI in short), if there exists Kα > 0 such that

Dα (ρ||σ) ≤ 1

2Kα

Iα (ρ||σ) , ∀ρ ∈ D, (4.4)

where D is the space of density matrices. Kα is called the α-log Sobolev constant. When

α = 1, we call (4.4) the quantum log-Sobolev inequality and denoteK ≡ K1 for simplicity.
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The α-log Sobolev constant Kα has been considered in [107, Def. 3.1]. When α = 1,

the above form reduces to the quantum log-Sobolev inequality in [36, Eq. (8.17)].

Remark. Another definition of the quantum α-LSI was given previously under the frame-

work of noncommutative Lα spaces (see, e.g., [113, Def. 3.5], [89, Def. 11] and [14, Sec.

2.5]). We will briefly revisit this concept in Sec. 4.2.5, and we shall denote the log-Sobolev

constant in this set-up by κα. The essential difference is that for the definition of κα, the

entropy function uses the quantum relative entropy for a density matrix raising to the power

of α, instead of using sandwiched Rényi divergence (see (4.19) for more details).

For Lindblad equations with GNS-detailed balance, the primitivity of Lindblad equa-

tions is equivalent to the validity of the quantum LSI, summarized in Prop. 4.6. It is im-

portant to note that by Lem. 4.12 below, if the Lindblad equation satisfies GNS-detailed

balance, then −L is a positive semi-definite operator, with respect to the inner product

〈·, ·〉1/2, which is defined by 〈A,B〉1/2 := Tr
(
A†σ1/2Bσ1/2

)
for all matrices A,B. As a

consequence, primitivity of L implies that −L has a positive spectral gap, denoted by λL.

The proposition below provides two-side estimates of K in terms of λL.

Proposition 4.6. Consider the Lindblad equation with GNS-detailed balance (4.1) and

suppose a full-rank density matrix σ is its stationary state. Then, σ satisfies the quantum

LSI iff the Lindblad equation is primitive. More quantitatively, if the Lindblad equation is
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primitive, we have

1

1− log(
√
λmin(σ))

λL ≤ K ≤ λL,

where λmin(σ) is the smallest eigenvalue of σ.

Prop. 4.6 follows mainly from [107, Thm. 5.3], [89, Thm. 16] (or see [107, Thm. 4.1]),

and the quantum Stroock-Varopoulos inequality [14, Cor. 16]. The proof is postponed to

Sec. 4.5.3. We remark that the lower bound above is not sharp, and it remains an interesting

question to find a tighter lower bound.

It is not hard to see that if the quantum α-LSI (4.4) is valid, then it follows immediately

from Grönwall inequality that (see also [107, Thm. 3.2])

Dα (ρt||σ) ≤ Dα (ρ0||σ) e−2Kαt, ∀t ≥ 0. (4.5)

The validity of (4.4) with a positive Kα is, in general, difficult to establish. For the

depolarizing semigroup,K2 has been computed in [107, Thm. 3.3], andK has been studied

in [110]. For the depolarizing semigroup with stationary state σ being the maximally mixed

state, both upper and lower bounds of Kα with α ≥ 2, have been provided in [107, Thm.

3.4]. Moreover, it has been proved in [107, Thm. 4.1] that the α-log Sobolev constant

cannot exceed the spectral gap, namely for any α ≥ 1, Kα ≤ λL. In this chapter, instead of
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pursuing the global decay of the sandwiched Rényi divergence Dα (ρt||σ) as in (4.5), we

focus on the exponential decay of Dα (ρt||σ) in the large time regime. More specifically,

our second main result (Thm. 4.7) shows that the sandwiched Rényi divergence Dα (ρt||σ)

decays exponentially with the sharp rate 2λL when t is large.

Theorem 4.7. Under the same conditions as in Thm. 4.2, for any given solution ρ· :

[0,∞) → D+ of the Lindblad equation and any ε ∈
(

0, λmin(σ)2

2

)
, there exist Cα,ε and

τα,ε such that

Dα (ρt||σ) ≤ Cα,εDα (ρ0||σ) e−2λLt, ∀t ≥ τα,ε, (4.6)

where

Cα,ε =
eD2(ρ0||σ) − 1

Dα (ρ0||σ)
exp (Θ(α− 2)2λLTα,ε) ,

and

τα,ε =


0, α ≤ 2;

Tα,ε + max

(
0,

1

2K
log(D (ρ0||σ) /ε)

)
, α > 2.

In the above, λmin(σ) is the smallest eigenvalue of σ; Tα,ε = 1
2Kη

log(α − 1) is a function

depending on α and ε; Θ is the Heaviside function;


η = min

(
1

2
,

J

min
j=1

{ 2
√
eωj 1

Λ

1 + eωjΛ

})
,

Λ =
λmax(σ)

λmin(σ)
exp

(
2
√

2ε
2λmin(σ)−

√
2ε

λmin(σ)(λmin(σ)−
√

2ε)

)
,
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where ωj are Bohr frequencies determined by the stationary state σ (see Sec. 4.2.2), and

λmax(σ) is the largest eigenvalue of σ.

The proof of Thm. 4.7 can be found in Sec. 4.5. We sketch the strategies used in the

proof herein. First, we prove this theorem for the case α = 2 by using a uniform lower

bound of I2 (ρ||σ) (see (4.35)). Next, we prove that the quantum LSI (4.4) holds (see

Prop. 4.6). Based on the quantum LSI (see (4.4) for α = 1), we prove a quantum com-

parison theorem (see Prop. 4.32), which implies the exponential decay of the sandwiched

Rényi divergence of any order α ∈ (0,∞) (see Prop. 4.33).

Some remarks of this theorem are in order:

Remark. (i) The upper bounds for τα,ε and Cα,ε may not be sharp. A better bound might

be crucial if one wants to study the mixing time for quantum decoherence, which,

however, will not be pursued here. For fixed α > 2, when ε becomes smaller, Tα,ε

decreases, and we have a smaller prefactor Cα,ε, at the expense of waiting longer time

τα,ε (note that the term D (ρ0||σ) /ε blows up as ε ↓ 0+).

(ii) The artificial ε and the complicated expression of Tα,ε come from Prop. 4.32. There

is a different way to quantify η under the assumption of the quantum 2-LSI in the

sense of noncommutative Lα spaces; please see Sec. 4.2.5 for background and the

discussion in Sec. 4.5.6 for more details. We prefer this version because the log-
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Sobolev inequality for α = 1 is also used for the classical result in [29, Thm. 1.2].

One could remove the dependence of the parameter ε by simply choosing, e.g., ε =

λmin(σ)2/8 in this theorem. Then,

Λ =
λmax(σ)

λmin(σ)
e3, η = min

(
1

2
,

J

min
j=1

{2e−3/2
√
eωj λmin(σ)

λmax(σ)

1 + eωj λmax(σ)
λmin(σ)

e3

})
.

If we further assume that σ is the maximally mixed state, i.e., σ = 1
n
In, then

Λ = e3, η =
2e−3/2

1 + e3
,

are independent of the dimension n.

In order to better illustrate the introduction of waiting time τα,ε and the sharpness of our

decay rate 2λL compared to 2Kα, we consider a special Lindblad equation below.

Example 4.8. Consider the following Lindblad equation

ρ̇t = L†(ρt) = 2(σXρtσX + σZρtσZ − 2ρt),

whose unique stationary state σ = I2/2. It could be verified that this Lindblad equation is

primitive and satisfies GNS-detailed balance (see Sec. 4.2.2 below). As a remark, σX and

σZ herein are Pauli matrices.

From Fig. 4.1, we observe the followings.
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• Dα (ρt||σ) has the same asymptotic decay rate for various α, which verifies (4.6).

• It requires certain waiting time to reach the asymptotic decay rate, which justifies the

introduction of τα,ε in Thm. 4.7.

• For α > 1, Dα (ρt||σ) may decay slower initially, compared to its asymptotic behav-

ior. Thus, in general, Kα < λL is justified (cf. [107, Thm. 4.1]). Hence, log-Sobolev

constants Kα could not capture the long-time behavior of sandwiched Rényi diver-

gences, under the evolution of Lindblad equations.

0.00 0.25 0.50 0.75 1.00
t

-8

-6

-4

-2

log(D ( t|| ))
= 0.5
= 1
= 2
= 3
= 4

Figure 4.1: log(Dα (ρt||σ)) for various α with the same fixed initial condition ρ0.

Our contribution

We summarize here contributions of this chapter.

Firstly, we extend the work of Carlen and Maas in [36] by proving that primitive Lind-

blad equations with GNS-detailed balance can be identified as gradient flow dynamics of
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the sandwiched Rényi divergence of any order α ∈ (0,∞); see Thm. 4.2. Besides, we fol-

low a recent work of Carlen and Maas [37] to study the necessary condition for Lindblad

equations to be possibly written as gradient flow dynamics of sandwiched Rényi diver-

gences; see Thm. 4.24.

Secondly, we prove that the sandwiched Rényi divergence decays exponentially fast un-

der the evolution of primitive Lindblad equations with GNS-detailed balance; see Thm. 4.7.

Our result (4.6) shows that the sandwiched Rényi divergence decays with an asymptotic rate

2λL, which is sharp according to [107, Thm. 4.1].

To prove Thm. 4.7, we first prove a quantum comparison theorem (see Prop. 4.32),

which has its own interest. It is essentially a hypercontractivity-type estimation of the so-

lution of the Lindblad equation, enabling us to bound Dα1(ρT ||σ) by Dα0 (ρ0||σ) with

some T > 0 when α1 > α0. As a direct consequence of the comparison theorem,

Prop. 4.33 shows that the sandwiched Rényi divergence exponentially decays for all or-

ders α ∈ (0,∞). Such a comparison result for classical Rényi divergences was proved for

the Fokker-Planck equation in [29, Thm. 1.2]. For quantum dynamics, a similar compari-

son result was also obtained in [14, Cor. 17]. However, a primary difference between our

results and theirs is that we use K in the estimation of the waiting time, while they use κ2

(see (4.17)). See a detailed discussion in Sec. 4.5.6.

The rest of this chapter is organized as follows. In Sec. 4.2, we will recall several
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preliminary results on, e.g., gradient flows, Lindblad equations with detailed balance, and

noncommutative Lα spaces. Sec. 4.3 will be devoted to the proof of Thm. 4.2 and Cor. 4.3.

In Sec. 4.4, we will study the necessary detailed balance condition for Lindblad equations

to be gradient flow dynamics of the sandwiched Rényi divergence of order α ∈ (0,∞); see

Thm. 4.24. Prop. 4.6 and Thm. 4.7 will be proved in Sec. 4.5. Finally, we will provide a

concise summary in Sec. 4.6.

4.2 Preliminaries

In this section, we recall some technical notions: gradient flow dynamics on the Rie-

mannian manifold, Lindblad equations with GNS-detailed balance, the quantum analogies

of gradient and divergence operators, chain rule identity, and quantum noncommutative Lα

spaces. Most results from Sec. 4.2.2 to Sec. 4.2.4 follow from [36]; Sec. 4.2.5 is mostly

based on [14].

Notations: We will use the following notations for this chapter here and below. We extend

the inner product 〈·, ·〉 to vector fields over M by
〈
~A, ~B

〉
:=
∑J

j=1 〈Aj, Bj〉, where two

vector fields ~A = ( A1 A2 ···AJ ), ~B = ( B1 B2 ···BJ ), and Aj, Bj ∈ M for all 1 ≤ j ≤ J;

here J is a fixed positive integer. The space of such vector fields is denoted by MJ. Such a

convention is also applied analogously to all inner products on M.

Denote λmin(ρ) as the smallest eigenvalue of a density matrix ρ and λmax(ρ) as the
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largest one. To simplify the notation, a weight operator Υσ : M→M is defined by

Υσ(A) := σ
1
2Aσ

1
2 ,

for any matrix A ∈M. Hence, for any γ ∈ R,

Υγ
σ(A) = σγ/2Aσγ/2.

4.2.1 Gradient flow dynamics

Consider a Riemannian manifold (M, gρ): M is a smooth manifold, and gρ(·, ·) is an

inner product on the tangent space TρM for any ρ ∈ M. Given any (energy) functional E

onM, the gradient, denoted by gradE|ρ at any state ρ ∈ M, is defined as the element in

the tangent space TρM such that

gρ

(
gradE

∣∣
ρ
, ν
)

=
d

dε
E(ρ+ εν)

∣∣∣∣
ε=0

, ∀ν ∈ TρM. (4.7)

Then, gradient flow dynamics refers to following autonomous differential equation

ρ̇t = −gradE
∣∣
ρt
. (4.8)

This gradient flow dynamics is essentially a generalization of steepest descend dynamics

in the Euclidean space. In this chapter, we will takeM to be the space of strictly positive
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density matrices D+. The choice of gρ is more subtle and technical, and we will explain it

below in Sec. 4.3.

4.2.2 Quantum Markov semigroup with GNS-detailed balance

Recall the notion of quantum Markov semigroup (QMS) Pt from Chp. 1. To explain the

quantum detailed balance, let us define inner products 〈·, ·〉s parameterized by s ∈ [0, 1],

for a given full-rank density matrix σ, in the following way: for any A,B ∈M,

〈A,B〉s := Tr
(
σsA†σ1−sB

)
.

Essentially, 〈·, ·〉s is a σ-weighted Hilbert-Schmidt inner product. The QMS is said to

satisfy GNS-detailed balance if Pt is self-adjoint with respect to the inner product 〈·, ·〉1

for all t ≥ 0, that is to say, 〈Pt(A), B〉1 = 〈A,Pt(B)〉1 for all A,B ∈ M and t ≥ 0. In

some literature, the case s = 1/2 is considered instead, and the QMS is said to satisfy the

KMS-detailed balance if Pt is self-adjoint with respect to the inner product 〈·, ·〉1/2. It is

not hard to verify that the QMS satisfies the KMS-detailed balance iff

Υ−1
σ ◦ L† ◦Υσ = L. (4.9)

A notable relation is that the GNS-detailed balance is a more restrictive situation, and it

implies the KMS-detailed balance; reversely, it is not valid. More discussion on the relation
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between GNS and KMS detailed balances could be found in [36], in particular, [36, Thm.

2.9]. Another important consequence is that if Pt satisfies detailed balance (either KMS or

GNS), then σ is invariant under the dynamical evolution P†t , that is to say, P†t (σ) = σ. We

add the prefix GNS or KMS to explicitly distinguish these two conditions. More results on

the quantum detailed balance can be found in, e.g., [2, 68, 69, 134].

The generic form of quantum Markov semigroups with GNS-detailed balance is given

by the theorem below.

Theorem 4.9 ([36, Thm. 3.1]). Suppose that the quantum Markov semigroup Pt satisfies

GNS-detailed balance, then

L(A) =
J∑
j=1

e−ωj/2V †j [A, Vj] + eωj/2 [Vj, A]V †j

=
J∑
j=1

e−ωj/2
(
V †j [A, Vj] +

[
V †j , A

]
Vj

)
,

(4.10)

where ωj ∈ R and J ≤ n2 − 1. Moreover {Vj}Jj=1 satisfy the following:

(i) Tr(Vj) = 0 and 〈Vj, Vk〉HS = δj,kcj for all 1 ≤ j, k ≤ J; constants cj > 0 (for all

1 ≤ j ≤ J) come from the normalization;

(ii) for each j, there exists 1 ≤ j′ ≤ J such that V †j = Vj′;
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(iii) ∆σ(Vj) = e−ωjVj , where the modular operator ∆σ : M→M is defined as

∆σ(A) := σAσ−1, for A ∈M;

(iv) if V †j = Vj′ then cj = cj′ and ωj = −ωj′ .

Then it could be easily derived that (see also [36, Eq. (3.7)])

L†(A) =
J∑
j=1

(
e−ωj/2[VjA, V

†
j ] + eωj/2[V †j , AVj]

)

=
J∑
j=1

e−ωj/2
(

[VjA, V
†
j ] + [Vj, AV

†
j ]
)
,

(4.11)

which is well known as the Lindblad super-operator; see also (1.1).

Example 4.10. Consider the depolarizing semigroup with the generator

L†depol(A) = γ(σTr(A)− A), γ > 0.

It is not hard to verify that Ldepol(A) = γ (Tr(σA)In − A) and Ldepol is self-adjoint with

respect to the inner product 〈·, ·〉1. Thus, this depolarizing semigroup satisfies the GNS-

detailed balance.

The following lemma is a special case of [36, Lem. 2.5] and is enough for our purpose.
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Lemma 4.11. Suppose QMS Pt satisfies the GNS-detailed balance, then

[Pt,∆σ] = 0, and equivalently [L,∆σ] = 0.

4.2.3 Noncommutative analog of gradient and divergence

Given those Vj from (4.10), define the noncommutative partial derivative ∂j by

∂j(A) := [Vj, A] ,

for any matrix A ∈M. As a result, its adjoint operator ∂†j has the form

∂†j (A) = [V †j , A].

Let MJ be the vector fields over M, i.e., for ~A ∈ MJ, we have ~A = ( A1 A2 ··· AJ ), where

Aj ∈M for all 1 ≤ j ≤ J. The noncommutative gradient ∇ : M→MJ is defined by

∇A :=

(
∂1A ∂2A · · · ∂JA

)
∈MJ.

The noncommutative divergence, acting on MJ, is defined by

div( ~A) := −
J∑
j=1

∂†j (Aj) ≡
J∑
j=1

[Aj, V
†
j ], (4.12)
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for any ~A = ( A1 A2 ···AJ ) ∈ MJ. The divergence operator is defined in this way so that

it is the adjoint of the gradient operator, with a multiplicative factor −1, analogous to the

classical case.

Lemma 4.12 ([36, Eq. (5.3)]). For a quantum Markov semigroup with GNS-detailed bal-

ance, we have

〈∇A,∇A〉1/2 = 〈A,−L(A)〉1/2 . (4.13)

Thus, −L is a positive semi-definite operator on the Hilbert space (M, 〈·, ·〉1/2).

Lemma 4.13 ([36, Thm. 5.3]). Suppose the Lindblad equation satisfies GNS-detailed

balance. Then the kernel of L equals to the commutant of {Vj}Jj=1. In other words,

Ker(L) = Ker(∇).

Lem. 4.14 below gives a sufficient condition for Lindblad equations with GNS-detailed

balance to be primitive, though the analysis in the rest of this chapter does not rely on this

result. However, the condition J = n2 − 1 is not necessary for Lindblad equations with

GNS-detailed balance to be primitive; see, e.g., Example 4.8 above.

Lemma 4.14. If the Lindblad equation satisfies the GNS-detailed balance and J = n2− 1,

then the Lindblad equation is primitive.

Proof. Note that {In, V1, V2, · · ·VJ} form a (non-normalized) basis of M. Hence, for any

matrix A ∈M, one can decompose A = Tr(A)
n

In + Ã where Tr(Ã) = 0. By the definition
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of primitive Lindblad equation and Lem. 4.13, it is equivalent to show that the commutant

of {Vj}Jj=1 is spanned by In, that is, if A is in the commutant of {Vj}Jj=1, then Ã = 0.

If A is in the commutant, then [Ã, Vj] = 0 for all j. Since {Vj}Jj=1 spans the space of

traceless matrices, 0 =
[
Ã, |j〉 〈k|

]
for all j 6= k, that is, Ã |j〉 〈k| = |j〉 〈k| Ã. Considering

the matrix element 〈a| · |b〉, we have Ãa,jδk,b = Ãk,bδa,j . Case (1): take a = b = k, then we

know that Ãk,j = 0, and hence off-diagonal terms of Ã are all zero. Case (2): take a = j

and b = k, then we know that Ãj,j = Ãk,k. Since 0 = Tr(Ã) =
∑

j Ãj,j , then Ãj,j = 0 for

all j. In summary, Ã = 0, thus completes the proof.

4.2.4 Chain rule identity

One of the critical steps in connecting the Lindblad equation and the gradient flow

dynamics of the quantum relative entropy is the following chain rule identity. In Sec. 4.3

below, this chain rule identity is also the key to proving Lem. 4.19.

Lemma 4.15 (Chain rule identity [36, Lem. 5.5]). For any V ∈M, X ∈ P+ and ω ∈ R,

[X]ω
(
V log(e−ω/2X)− log(eω/2X)V

)
= e−ω/2V X − eω/2XV, (4.14)

where the operator [X]ω : M→M is defined by

[X]ω (A) :=

∫ 1

0

eω(s−1/2)XsAX1−s ds. (4.15)
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This operator [X]ω is a noncommutative multiplication of the operator X . For conve-

nience, when ω = 0, let [X] ≡ [X]0. The operator [X]ω can be extended and defined for

vector fields MJ. For ~A = ( A1 A2 ··· AJ ) ∈ MJ and ~ω = ( ω1 ω2 ··· ωJ ) ∈ RJ, define the

operator [X]~ω : MJ →MJ by

[X]~ω ( ~A) :=

(
[X]ω1

(A1) [X]ω2
(A2) · · · [X]ωJ

(AJ)

)
.

As a reminder, these ωj with 1 ≤ j ≤ J come from the spectrum of the modular

operator ∆σ (see Thm. 4.9 above).

Lemma 4.16. If X ∈ P+, then for any ω ∈ R, [X]ω is a strictly positive operator on M.

As a consequence, [X]−1
ω is a well-defined strictly positive operator.

Proof. Notice that

〈A, [X]ω A〉 =

∫ 1

0

eω(s−1/2) Tr(A†XsAX1−s) ds

=

∫ 1

0

eω(s−1/2)
〈
Xs/2AX(1−s)/2, Xs/2AX(1−s)/2〉

HS
ds ≥ 0.

Moreover, 〈A, [X]ω A〉HS = 0 iff A = 0. Thus, [X]ω is a strictly positive operator on M

for any ω ∈ R.
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More explicitly, the inverse of [X]ω is (see [36, Lem. 5.8])

[X]−1
ω (A) =

∫ ∞
0

1

t+ eω/2X
A

1

t+ e−ω/2X
dt

≡
∫ 1

0

1

1− s+ seω/2X
A

1

1− s+ se−ω/2X
ds,

(4.16)

where we change the variable s = 1
t+1

from the first to the second line above.

From (4.15) and (4.16), it is straightforward to verify the following Lemma.

Lemma 4.17 ([36, Lem. 5.8]). For any ω ∈ R and A ∈M,

([X]ω (A))† = [X]−ω (A†), ([X]−1
ω (A))† = [X]−1

−ω (A†).

4.2.5 Noncommutative Lα spaces

In this subsection, we briefly recall some concepts from noncommutative Lα spaces

and log-Sobolev constants in that set-up [14, 89, 113]. We also recall an implication of the

quantum Stroock-Varopoulos inequality [14], which compares the magnitudes of various

log-Sobolev constants.

Let us first introduce the weighted Lα norm, defined as

‖A‖α,σ :=
(

Tr
(
|Υ1/α

σ (A)|α
) )1/α

.
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Then, we need to introduce the power operator, for any α, β ∈ R, A ∈M,

Iβ,α (A) := Υ
− 1
β

σ

(
|Υ

1
α
σ (A)|

α
β

)
.

When A is positive and commutes with σ, Iβ,α (A) = Aα/β .

Two primary ingredients in noncommutative Lα spaces are entropy function and Dirich-

let form. The α-Entropy function for X ∈ P+ is defined as

Entα,σ (X) := Tr
[(

Υ1/α
σ (X)

)α
log
((

Υ1/α
σ (X)

)α)]
− Tr

[(
Υ1/α
σ (X)

)α
log(σ)

]
− ‖X‖αα,σ log

(
‖X‖αα,σ

)
,

and the α-Dirichlet form, for α ∈ (0, 1) ∪ (1,∞), is defined as

Eα,L(X) :=
αα̃

4

〈
Iα̃,α (X) ,−L(X)

〉
1/2
,

where 1/α̃ + 1/α = 1. When α = 1, the Dirichlet form is defined by taking the limit

α→ 1, i.e.,

E1,L(X) := lim
α→1
Eα,L(X) =

1

4

〈
log(Υσ(X))− log(σ),−L(X)

〉
1/2
.

The α-log Sobolev constant in this set-up is defined as

κα ≡ κα(L) := inf
X>0

Eα,L(X)

Entα,σ (X)
, (4.17)
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and thus the quantum α-LSI refers to the following

καEntα,σ (X) ≤ Eα,L(X), ∀X > 0. (4.18)

In order to compare (4.4) and (4.18), for any matrix X > 0, let us introduce ρ :=

Υσ(X)/Tr (Υσ(X)), which is a strictly positive density matrix. By inverting the operator

Υσ, we have X = Tr (Υσ(X)) Υ−1
σ (ρ). By the fact that both Eα,L(X) and Entα,σ (X) are

homogeneous with respect to X (see, e.g., [14, Prop. 4 (ii) and Prop. 8 (ii)]), we have

κα = inf
ρ∈D+

Eα,L(Υ−1
σ (ρ))

Entα,σ (Υ−1
σ (ρ))

= inf
ρ∈D+

α2

4(α−1)

〈
Υ

1−α
α

σ

((
Υ

1−α
α

σ (ρ)
)α−1

)
,−L(Υ−1

σ (ρ))
〉

1/2

ZD
((

Υ
(1−α)/α
σ (ρ)

)α
/Z||σ

) ,

where Z = Tr
[(

Υ
(1−α)/α
σ (ρ)

)α]. Note that Z turns out to be the exponent in the sand-

wiched Rényi divergence (4.2). Provided that Lindblad equations satisfy KMS-detailed

balance, by (4.9) and Lem. 4.19 (see below),

κα = inf
ρ∈D+

α2

4(α−1)
1
Z

〈
Υ

1−α
α

σ

((
Υ

1−α
α

σ (ρ)
)α−1

)
,−L†(ρ)

〉
HS

D
((

Υ
(1−α)/α
σ (ρ)

)α
/Z||σ

)

= inf
ρ∈D+

α
4

〈
δDα(ρ||σ)

δρ
,−L†(ρ)

〉
HS

D
((

Υ
(1−α)/α
σ (ρ)

)α
/Z||σ

) = inf
ρ∈D+

α
4
Iα (ρ||σ)

D
((

Υ
(1−α)/α
σ (ρ)

)α
/Z||σ

) .
(4.19)

As one might observe, the α-Dirichlet form becomes the quantum relative α-Fisher infor-
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mation up to a multiplicative constant, after the above transformation. However, the de-

nominator in the above equation is different from the sandwiched Rényi divergence, which

makes two definitions of the quantum α-LSI in (4.4) and (4.18) different. When α = 1,

this log-Sobolev constant κ1 becomes

κ1 =
1

4
inf
ρ∈D+

I (ρ||σ)

D (ρ||σ)
=

1

4
2K =

K

2
. (4.20)

Therefore, both definitions (4.4) and (4.18) coincide when α = 1, up to a multiplicative

constant 1/2.

The following implication of the quantum Stroock-Varopoulos inequality (see [14,

Thm. 14]) characterizes the relationship between various κα.

Theorem 4.18 ([14, Cor. 16]). Let us consider primitive Lindblad equations with GNS-

detailed balance. Then κα is non-increasing with respect to α ∈ [0, 2]. In particular,

κ1 ≥ κ2. (4.21)

4.3 Lindblad equations as gradient flow dynamics of sand-
wiched Rényi divergences

This section devotes to the proof of Thm. 4.2. We will focus on the case α 6= 1, since
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the case α = 1 has been treated previously in [36]. Alternatively, one may easily adapt

the proof below to the case α = 1. The proof follows from a sequence of lemmas whose

proofs are postponed to Sec. 4.3.2.

4.3.1 Proof of Thm. 4.2

To simplify notations, for any density matrix ρ ∈ D, define

ρσ := Υ
1−α
α

σ (ρ) ≡ σ
1−α
2α ρσ

1−α
2α .

Then the sandwiched Rényi divergence for α 6= 1 can then be rewritten as

Dα (ρ||σ) =
1

α− 1
log
(

Tr(ρασ)
)
.

The following lemma, connecting the functional derivative of sandwiched Rényi diver-

gence and the Lindblad equation, plays an essential role in the proof of Thm. 4.2.

Lemma 4.19 (Functional derivative). The functional derivative of the sandwiched Rényi

divergence in the space D is

δDα (ρ||σ)

δρ
=

α

α− 1

Υ
1−α
α

σ (ρα−1
σ )

Tr (ρασ)
. (4.22)
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Moreover, for ρ ∈ D+,

[ρ]α,ωj ∂j

(δDα (ρ||σ)

δρ

)
= e−ωj/2Vjρ− eωj/2ρVj, (4.23)

where the operator [X]α,ω : M→M, for positive X ∈ P+ and ω ∈ R, is defined by

[X]α,ω :=
Tr
((

Υ
1−α
α

σ (X)
)α)

α
Υ

α−1
α

σ ◦
[
Υ

1−α
α

σ (X)
]
ω/α

◦
[(

Υ
1−α
α

σ (X)
)α−1

]−1

(α−1)ω/α
◦Υ

α−1
α

σ .

(4.24)

Remark. (i) When α = 1, Υ
1−α
α

σ = Id and ρσ = ρ. Then [ρ]α,ω reduces to [ρ]ω. Hence,

[ρ]α,ω is the generalization of [ρ]ω to the case of sandwiched Rényi divergences.

(ii) When α = 2, the above operator [ρ]2,ω has a simple form

[ρ]2,ω =
Tr(ρ2

σ)

2
Υσ =

Tr(σ−1/2ρσ−1/2ρ)

2
Υσ.

Thus, the mapping

(A, ρ)→
〈
A, [ρ]2,ω (A)

〉
HS

=

〈
ρ, σ−1/2ρσ−1/2

〉
HS

〈
A, σ1/2Aσ1/2

〉
HS

2

is the multiplication of quadratic terms with respect to both A and ρ.

The properties of the operator [X]ω stated in Lem. 4.16 and Lem. 4.17 generalize to the

operator [X]α,ω, as we summarize in the next lemma.
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Lemma 4.20. If X ∈ P+ and ω ∈ R, then

(i) [X]α,ω : M→M is strictly positive;

(ii) For any matrix A,

(
[X]α,ω (A)

)†
= [X]α,−ω (A†).

The operator [X]α,ω can be similarly extended to the space MJ. For vector fields ~A =

( A1 A2 ··· AJ ) ∈MJ and ~ω = ( ω1 ω2 ··· ωJ ) ∈ RJ, we define

[X]α,~ω ( ~A) :=

(
[X]α,ω1

(A1) [X]α,ω2
(A2) · · · [X]α,ωJ

(AJ)

)
,

and analogously,

[X]−1
α,~ω ( ~A) :=

(
[X]−1

α,ω1
(A1) [X]−1

α,ω2
(A2) · · · [X]−1

α,ωJ
(AJ)

)
.

The following lemma will be useful to characterize the tangent space of D+.

Lemma 4.21. Assume that the Lindblad equation (4.1) is primitive and X ∈ P+. Denote

the space of traceless matrices by M0, and denote the space of traceless Hermitian matrices

by A0, that is, A0 = M0 ∩ A.
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(i) Given ~ω ∈ RJ, define the operator Dα,X,~ω : M0 →M0 by

Dα,X,~ω(A) := − div
(

[X]α,~ω (∇A)
)
.

This operator Dα,X,~ω is strictly positive, and thus invertible.

(ii) For any A ∈M0,

(Dα,X,~ω(A))† = Dα,X,~ω(A†),

and the restriction of Dα,X,~ω on A0 is still strictly positive and invertible.

In the case α = 1, this lemma has been proved in [51, Lem. 3]. Before defining the

metric tensor, we need to first introduce an inner product, weighted by [ρ]α,~ω.

Definition 4.22 (Inner product). Given α ∈ (0,∞), ρ ∈ D+, for any two vector fields

~A = ( A1 A2 ··· AJ ) and ~B = ( B1 B2 ··· BJ ), an inner product on vector fields is defined as

〈 ~A, ~B〉α,ρ,L :=
J∑
j=1

〈
Aj, [ρ]α,ωj (Bj)

〉
HS
.

Given ρ ∈ D+, the tangent space is A0. For ν1 and ν2 ∈ A0, by Lem. 4.21, there is a

unique Uk ∈ A0, such that

νk = Dα,ρ,~ω(Uk) ≡ − div
(

[ρ]α,~ω (∇Uk)
)
, k = 1, 2. (4.25)
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Finally, we are ready to define the metric tensor.

Definition 4.23 (Metric tensor). Given ρ ∈ D+, for νk ∈ TρD+ ≡ A0, define a metric

tensor gα,ρ,L by

gα,ρ,L(ν1, ν2) := 〈∇U1,∇U2〉α,ρ,L ≡
J∑
j=1

〈
∂jU1, [ρ]α,ωj (∂jU2)

〉
HS

, (4.26)

where Uk and νk are linked via (4.25).

Proof of Thm. 4.2. Up to now, the Riemannian structure (D+, gα,ρ,L) has been specified,

as well as the energy functional E(ρ) ≡ Dα (ρ||σ). Then, we will verify that the gradient

flow dynamics defined in (4.8) is exactly the Lindblad equation in (4.1). To achieve that,

we need to compute the gradient at any ρ0 ∈ D+.

Recall the notion of gradient in the Riemannian manifold from (4.7): the gradient

gradE
∣∣
ρ0

is defined as the traceless Hermitian matrix such that for any differentiable tra-

jectory ρt ∈ D+ with ρ0 at time t = 0,

gα,ρ0,L

(
gradE

∣∣
ρ0
, ρ̇t
∣∣
t=0

)
≡ d

dt

∣∣∣∣
t=0

E(ρt) ≡
d

dt

∣∣∣∣
t=0

Dα (ρt||σ) .
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By direct computation,

d

dt

∣∣∣∣
t=0

Dα (ρt||σ) =
〈δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

, ρ̇t
∣∣
t=0

〉
HS

=
〈δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

,− div
(

[ρ0]α,~ω (∇U0)
)〉

HS

=
〈
∇δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

, [ρ0]α,~ω (∇U0)
〉
HS

=
〈
∇δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

,∇U0

〉
α,ρ0,L

,

where we used the following fact that follows from Lem. 4.21: there exists a unique family

of traceless Hermitian matrices {Ut}t≥0 such that ρ̇t = − div([ρt]α,~ω∇Ut). After combing

the last two equations, we have

gα,ρ0,L

(
gradE

∣∣
ρ0
, ρ̇t
∣∣
t=0

)
=
〈
∇δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

,∇U0

〉
α,ρ0,L

.

By the definition of the metric tensor gα,ρ,L(·, ·) in (4.26),

gradE
∣∣
ρ0

= Dα,ρ0,~ω
(δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

)

= − div

(
[ρ0]α,~ω

(
∇δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

))
.

Consequently, the gradient flow dynamics (4.8) is

ρ̇t = −gradE
∣∣
ρt

= div

(
[ρt]α,~ω

(
∇δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρt

))
.
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Let us rewrite the term on the right hand side

div

(
[ρt]α,~ω

(
∇δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρt

))

(4.12)
=

J∑
j=1

[
[ρt]α,ωj

(
∂j
δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρt

)
, V †j

]

(4.23)
=

J∑
j=1

[
e−ωj/2Vjρt − eωj/2ρtVj, V †j

]
(4.11)
= L†(ρt).

(4.27)

Thus, the gradient flow dynamics is exactly the Lindblad equation in (4.1).

Proof of Cor. 4.3. If ρt is the solution of the Lindblad equation, then we know that U0 =

− δDα(ρ||σ)
δρ

∣∣∣∣
ρ=ρ0

. Hence,

d

dt

∣∣∣∣
t=0

Dα (ρt||σ) =
〈
∇δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

,∇U0

〉
α,ρ0,L

= −
〈
∇δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

,∇δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρ0

〉
α,ρ0,L

≤ 0.

4.3.2 Proof of Lemmas

Next, we present the proofs of lemmas used in the previous subsection.

Proof of Lem. 4.19. For any differentiable curve ρt ∈ D passing through ρ at time t = 0,
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that is, ρ0 = ρ, we have

〈δDα (ρ||σ)

δρ
, ρ̇0

〉
HS
≡ d

dt

∣∣∣∣
t=0

Dα (ρt||σ) =
α

α− 1

Tr
(
ρα−1
σ σ

1−α
2α ρ̇0 σ

1−α
2α

)
Tr (ρασ)

=
α

α− 1

Tr
(
σ

1−α
2α ρα−1

σ σ
1−α
2α ρ̇0

)
Tr (ρασ)

.

Then it is straightforward to obtain (4.22).

Next, we compute the partial derivative of δDα(ρ||σ)
δρ

. In fact,

∂j

(δDα (ρ||σ)

δρ

)
=

α

(α− 1) Tr (ρασ)

[
Vj, σ

1−α
2α ρα−1

σ σ
1−α
2α

]
=

α

(α− 1) Tr (ρασ)
σ

1−α
2α

(
σ
α−1
2α Vjσ

1−α
2α ρα−1

σ − ρα−1
σ σ

1−α
2α Vjσ

α−1
2α

)
σ

1−α
2α

=
α

(α− 1) Tr (ρασ)
Υ

1−α
α

σ

(
e−

α−1
2α

ωjVjρ
α−1
σ − e

α−1
2α

ωjρα−1
σ Vj

)
(4.14)
=

α

(α− 1) Tr (ρασ)
Υ

1−α
α

σ

( [
ρα−1
σ

]
α−1
α
ωj

(
Vj log(e−

α−1
2α

ωjρα−1
σ )− log(e

α−1
2α

ωjρα−1
σ )Vj

))
=

α

Tr (ρασ)

(
Υ

1−α
α

σ ◦
[
ρα−1
σ

]
α−1
α
ωj

)(
Vj log(e−

ωj
2αρσ)− log(e

ωj
2αρσ)Vj

)
.

(4.28)

To get the fifth line, we have used (4.14) with X = ρα−1
σ , ω = α−1

α
ωj , and V = Vj . Note

that since ρ, σ ∈ D+, both ρσ, ρα−1
σ ∈ P+.
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Furthermore, applying (4.14) again with X = ρσ, ω = ωj/α and V = Vj ,

[ρσ]ωj/α
(
Vj log

(
e−ωj/(2α)ρσ

)
− log

(
eωj/(2α)ρσ

)
Vj
)

= e−ωj/(2α)Vjρσ − eωj/(2α)ρσVj

= e−ωj/(2α)σ
1−α
2α

(
σ
α−1
2α Vjσ

1−α
2α

)
ρσ

1−α
2α − eωj/(2α)σ

1−α
2α ρ

(
σ

1−α
2α Vjσ

α−1
2α

)
σ

1−α
2α

= Υ
1−α
α

σ

(
e−ωj/2Vjρ− eωj/2ρVj

)
.

Therefore,

e−ωj/2Vjρ−eωj/2ρVj

=
(

Υ
α−1
α

σ ◦ [ρσ]ωj/α

) (
Vj log

(
e−ωj/(2α)ρσ

)
− log

(
eωj/(2α)ρσ

)
Vj
)
.

After plugging it back into (4.28), one could straightforwardly obtain (4.23), after arranging

a few terms and by

[ρ]−1
α,ωj

:=
α

Tr (ρασ)

(
Υ

1−α
α

σ ◦
[
ρα−1
σ

]
α−1
α
ωj

)
◦
(

Υ
α−1
α

σ ◦ [ρσ]ωj/α

)−1

.

This becomes (4.24) after we invert this operator.

Proof of Lem. 4.20. (i) Since X ∈ P+, σ ∈ D+, then Xσ := Υ
1−α
α

σ (X) is strictly posi-

tive. For any A ∈ M, let Ã := Υ
α−1
α

σ (A). Then we could rewrite the quadratic term
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〈A, [X]α,ω (A)〉HS by

〈A, [X]α,ω (A)〉HS

(4.24)
=

Tr(Xα
σ )

α

〈
A,Υ

α−1
α

σ ◦ [Xσ]ω/α ◦
[
Xα−1
σ

]−1

(α−1)ω/α
◦Υ

α−1
α

σ (A)
〉
HS

=
Tr(Xα

σ )

α

〈
Ã, [Xσ]ω/α ◦

[
Xα−1
σ

]−1

(α−1)ω/α
(Ã)
〉
HS

.

Then by (4.15) and (4.16), we have

〈A, [X]α,ω (A)〉HS

(4.15)
=

Tr(Xα
σ )

α

∫ 1

0

e
ω
α

(s− 1
2

) Tr
(
Ã†Xs

σ

([
Xα−1
σ

]−1

(α−1)ω/α
(Ã)
)
X1−s
σ

)
ds

=
Tr(Xα

σ )

α

∫ 1

0

e
ω
α

(s− 1
2

) Tr
(
X

1−s
2

σ Ã†X
s
2
σX

s
2
σ

([
Xα−1
σ

]−1

(α−1)ω/α
(Ã)
)
X

1−s
2

σ

)
ds

(4.16)
=

Tr(Xα
σ )

α

∫ 1

0

e
ω
α

(s− 1
2

) Tr
(
X

1−s
2

σ Ã†X
s
2
σ

([
Xα−1
σ

]−1

(α−1)ω/α
(X

s
2
σ ÃX

1−s
2

σ )
))

ds

=
Tr(Xα

σ )

α

∫ 1

0

e
ω
α

(s− 1
2

)
〈
X

s
2
σ ÃX

1−s
2

σ ,
[
Xα−1
σ

]−1

(α−1)ω/α
(X

s
2
σ ÃX

1−s
2

σ )
〉
HS

ds ≥ 0,

since [Xα−1
σ ]

−1
(α−1)ω/α is a strictly positive operator by Lem. 4.16. Additionally,

〈A, [X]α,ω (A)〉HS = 0 ⇐⇒ 0 = X
s
2
σ ÃX

1−s
2

σ ≡ X
s
2
σ

(
Υ

α−1
α

σ (A)
)
X

1−s
2

σ ,

which implies that A = 0.
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(ii) For any matrix A, by Lem. 4.17,

(
[X]α,ω (A)

)†
=

Tr (Xα
σ )

α
Υ

α−1
α

σ

(
[Xσ]ω/α ◦

[
Xα−1
σ

]−1

(α−1)ω/α
◦Υ

α−1
α

σ (A)
)†

=
Tr (Xα

σ )

α
Υ

α−1
α

σ ◦ [Xσ]−ω/α

([
Xα−1
σ

]−1

(α−1)ω/α
◦Υ

α−1
α

σ (A)
)†

=
Tr (Xα

σ )

α
Υ

α−1
α

σ ◦ [Xσ]−ω/α ◦
[
Xα−1
σ

]−1

−(α−1)ω/α

(
Υ

α−1
α

σ (A)
)†

=
Tr (Xα

σ )

α
Υ

α−1
α

σ ◦ [Xσ]−ω/α ◦
[
Xα−1
σ

]−1

−(α−1)ω/α
◦Υ

α−1
α

σ (A†)

= [X]α,−ω (A†).

Proof of Lem. 4.21. (i) Consider a traceless matrix A ∈ M0. It is easy to verify that

Tr (Dα,X,~ω(A)) = 0. From the definition of the divergence operator (4.12), we have

〈A,Dα,X,~ω(A)〉HS =
J∑
j=1

〈
∂jA, [X]α,ωj (∂jA)

〉
HS
≥ 0.

Moreover, since [X]α,ωj is strictly positive by Lem. 4.20, we know that

〈A,Dα,X,~ω(A)〉HS = 0 iff ∂jA = 0,∀1 ≤ j ≤ J.

Thanks to Lem. 4.13 and the assumption that the Lindblad equation (4.1) is primitive,

we have A = 0 (note that A is assumed to be traceless). Therefore,Dα,X,~ω is a strictly

positive operator on the space of traceless matrices M0.
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(ii) We only need to prove that (Dα,X,~ω(A))† = Dα,X,~ω(A†). The rest simply follows

from the first part of the lemma. Note that

Dα,X,~ω(A) = − div
(

[X]α,~ω (∇A)
)

(4.12)
=
∑
j

[
V †j , [X]α,ωj (∂jA)

]

=
∑
j

V †j

(
[X]α,ωj (VjA− AVj)

)
−
(

[X]α,ωj (VjA− AVj)
)
V †j .

By Thm. 4.9 and Lem. 4.20, we have

(Dα,X,~ω(A))†

=
∑
j

(
[X]α,−ωj (A†V †j − V

†
j A
†)
)
Vj − Vj

(
[X]α,−ωj (A†V †j − V

†
j A
†)
)

=
∑
j′

(
[X]α,ωj′ (A

†Vj′ − Vj′A†)
)
V †j′ − V

†
j′

(
[X]α,ωj′ (A

†Vj′ − Vj′A†)
)

= Dα,X,~ω(A†).
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4.4 The necessary condition for Lindblad equations to be
gradient flow dynamics of sandwiched Rényi diver-
gences

Recall from Thm. 4.2 that Lindblad equations with GNS-detailed balance can be re-

garded as gradient flow dynamics of sandwiched Rényi divergences, including the quan-

tum relative entropy. A natural and immediate follow-up question is the extent that one can

generalize Thm. 4.2 in the direction of considering a larger family of Lindblad equations.

In a recent paper [37], such an issue has been briefly addressed. However, currently, there

is still a gap between the class of Lindblad equations (i.e., primitive Lindblad equations

with GNS-detailed balance) that are known to be gradient flow dynamics of the quantum

relative entropy and the necessary condition (i.e., BKM-detailed balance condition) for

a primitive Lindblad equation to be possibly expressed as gradient flow dynamics of the

quantum relative entropy. This gap will be revisited and explained in more detail below.

In this section, we shall explore the necessary condition for Lindblad equations to be

gradient flow dynamics of sandwiched Rényi divergences, summarized in Thm. 4.24, which

adapts the argument from [37, Thm 2.9]. Next, in Sec. 4.4.2, we will discuss the detailed

balance conditions arising from Thm. 4.24. Finally, in Sec. 4.4.3, we will discuss relations

between various detailed balance conditions.
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4.4.1 Necessary condition

Below is the main result of this section. Recall the notation [X]ω (4.15) and recall that

[X] ≡ [X]0.

Theorem 4.24. Suppose that the dual quantum Markov semigroup P†t = etL
†

is primitive,

and its unique stationary state is σ ∈ D+. If there exists a continuously differentiable

metric tensor gρ(·, ·) : A0 × A0 → R for any ρ ∈ D+ such that the Lindblad equation

ρ̇t = L†(ρt) is gradient flow dynamics of the sandwiched Rényi divergence Dα (ρ||σ), then

L is self-adjoint with respect to the inner product weighted by an operator Wσ,α : M→M

defined by

Wσ,α(A) :=
[
σ

1
α

]
◦
[
σ
α−1
α

]−1

◦Υ
2(α−1)
α

σ (A)

≡
∫ 1

0

∫ 1

0

( (
σ

1
α

)1−s
σ
α−1
α

(1− r)In + rσ
α−1
α

)
A
( σ

α−1
α

(
σ

1
α

)s
(1− r)In + rσ

α−1
α

)
dr ds,

(4.29)

for all A ∈M. More specifically, we have for all A,B ∈M,

〈L(A), B〉Wσ,α = 〈A,L(B)〉Wσ,α , (4.30)

where 〈A,B〉Wσ,α := 〈A,Wσ,α(B)〉HS .

Remark. The operator Wσ,α is a noncommutative way to multiply σ and the condition (4.30)
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is equivalent to

Wσ,α ◦ L ◦W −1
σ,α = L†. (4.31)

Motivated by the definition of GNS and KMS detailed balance conditions, we shall

define a detailed balance condition based on sandwiched Rényi divergences, for the conve-

nience of the discussion below.

Definition 4.25 (Sandwiched Rényi divergence (SRD) detailed balance condition). For a

primitive Lindblad equation with a unique stationary state σ ∈ D+, it is said to satisfy

the sandwiched Rényi divergence (SRD) detailed balance condition if the generator L is

self-adjoint with respect to the inner product 〈·, ·〉Wσ,α for any α ∈ (0,∞).

Proof of Thm. 4.24. We first need to introduce some notations following [37, Sec. 2.3].

Define the operator Gρ : A0 → A0 by 〈A,Gρ(B)〉HS = gρ(A,B). Since gρ is a R-valued

inner product, Gρ must be invertible and self-adjoint. The inverse of Gρ is denoted by

Kρ, which is also self-adjoint. From (4.7), one could easily derive that the gradient flow

dynamics can be expressed as

ρ̇t = −Kρt

(δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρt

)
. (4.32)

For convenience, notice that the domain of Kρ can be extended from A0 to A by setting

Kρ(In) := 0.
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Under the assumption that ρ̇t = L†(ρt) is gradient flow dynamics of the sandwiched

Rényi divergence Dα (ρ||σ) and by (4.32),

L†(ρ) = −Kρ

(
δDα (ρ||σ)

δρ

)
.

Choose ρε = σ + εA with A ∈ A0 and let ε > 0 small enough such that ρε ∈ D+. Then

L†(A) =
L†(ρε)− L†(σ)

ε
= lim

ε↓0+

d

dε
L†(ρε)

= − lim
ε↓0+

d

dε
Kρε

(δDα (ρ||σ)

δρ

∣∣∣∣
ρ=ρε

)
(4.22)
= − α

α− 1
lim
ε↓0+

d

dε

((
Kσ + ε(δKσ) +O(ε2)

)(Υ
1−α
α

σ (ρα−1
σ )

Tr (ρασ)

∣∣∣∣
ρ=ρε

))

= − α

α− 1
lim
ε↓0+

d

dε

((
Kσ + ε(δKσ) +O(ε2)

)(In + εB +O(ε2)

1 +O(ε)

))

= − α

α− 1
Kσ(B),

where the term B in the expansion is (see, e.g., [35, Prop. 7.2])

B =
d

dε

∣∣∣∣
ε=0

Υ
1−α
α

σ

((
Υ

1−α
α

σ (ρε)
)α−1

)

= Υ
1−α
α

σ

(∫ 1

0

∫ α−1

0

σ
α−1−β

α

(1− s)In + sσ
1
α

Υ
1−α
α

σ (A)
σ
β
α

(1− s)In + sσ
1
α

dβ ds

)

= (α− 1)

∫ 1

0

∫ 1

0

(
σ
α−1
α

)1−β

(1− s)In + sσ
1
α

Υ
2(1−α)
α

σ (A)

(
σ
α−1
α

)β
(1− s)In + sσ

1
α

dβ ds

= (α− 1)
[
σ
α−1
α

]
◦
[
σ

1
α

]−1

◦Υ
2(1−α)
α

σ (A) = (α− 1)W −1
σ,α (A).
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To get the third line, we change the variable β by (α − 1)β; in the fourth line, we use ex-

pressions (4.15) and (4.16). Note that all three operators in the fourth line above pairwisely

commute. By combining the last two equations,

L†(A) = −αKσ

(
W −1
σ,α (A)

)
.

Therefore, for any C,D ∈ A0,

〈L(C), D〉Wσ,α =
〈
C,L† ◦Wσ,α(D)

〉
HS

= −α 〈C,Kσ(D)〉HS ,

and similarly,

〈C,L(D)〉Wσ,α = (−α) 〈Kσ(C), D〉HS .

As mentioned earlier at the beginning of this proof, the operator Kσ is self-adjoint.

Thus, L is self-adjoint with respect to the inner product 〈·, ·〉Wσ,α .

4.4.2 Decomposition of the operator Wσ,α

To understand better the operator Wσ,α, we study its decomposition and various special

cases. Suppose the eigenvalue decomposition of σ is σ =
∑

k λk |ψk〉 〈ψk| where λk > 0

for all k. When α 6= 1, the expansion of (4.29) in terms of eigenbasis of σ leads into

Wσ,α(·) =
∑
k,j

fαk,j |ψk〉 〈ψk| · |ψj〉 〈ψj| ,
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where the coefficients fαk,j are given by

fαk,j =


λk, when λk = λj;

(α− 1)
λ

1
α
k − λ

1
α
j

λ
1−α
α

j − λ
1−α
α

k

, when λk 6= λj.

Let us consider a few special weight operators Wσ,α:

• (α = 1). The operator Wσ,α reduces to [σ] (·) =
∫ 1

0
σ1−s ·σs ds, and the inner product

〈·, ·〉Wσ,α is known as the BKM inner product. As a remark, this case has been shown

in [37, Thm. 2.9].

• (α = 2). The operator Wσ,α reduces to Υσ and the inner product 〈·, ·〉Wσ,α is the

KMS inner product. This immediately implies that in the context of gradient flow

of sandwiched Rényi divergences, one cannot work on a class of Lindblad equations

larger than the one with KMS-detailed balance condition.

Even though α ∈ (0,∞) in Def. 4.25, we can still apply the limiting argument to define

Wσ,∞ and Wσ,0.

• (α = ∞). As α → ∞, σ
1
α → In and σ

α−1
α → σ. As a result, the operator Wσ,α

converges to Wσ,∞ := [σ]−1 ◦Υ2
σ.

• (α = 0). This case is slightly more subtle, since σ
α−1
α will blow up. When λk 6= λj ,
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as α ↓ 0, one could show that fαk,j → max(λk, λj). Therefore,

Wσ,0(·) =
∑
k,j

max(λk, λj) |ψk〉 〈ψk| · |ψj〉 〈ψj| .

4.4.3 Relations between GNS, SRD, KMS detailed balance conditions

Proposition 4.26. Consider any primitive Lindblad equation whose unique stationary state

σ ∈ D+:

(i) GNS-detailed balance condition implies SRD-detailed balance condition.

(ii) SRD-detailed balance condition implies KMS-detailed balance condition, while con-

versely it is generally not true.

Remark. (i) This suggests that the class of Lindblad equations with GNS-detailed bal-

ance considered in Thm. 4.2 seems to be general enough, because it is impossible to

generalize Thm. 4.2 to the class of Lindblad equations with KMS-detailed balance

by Prop. 4.26. More specifically, as we shall show later in the proof of Prop. 4.26,

there exists at least one primitive Lindblad equation that satisfies KMS-detailed bal-

ance condition, but does not satisfy SRD-detailed balance condition (in particular,

Wσ,α ◦ L ◦ W −1
σ,α 6= L† for any α 6= 2). Because SRD-detailed balance condition

is necessary for having a gradient flow structure, this particular Lindblad equation

cannot be expressed as gradient flow dynamics of Dα (ρ||σ) for any α 6= 2.
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(ii) It is still unknown whether the SRD-detailed balance condition is equivalent to the

GNS-detailed balance condition or not. Thus, it might be interesting to characterize

Lindblad equations with SRD-detailed balance, though this task seems to be some-

what technical.

Proof of Prop. 4.26. The first statement comes immediately by combining both Thm. 4.2

and Thm. 4.24. As for the second statement, since the SRD-detailed balance condition

contains KMS-detailed balance condition as a particular instance when α = 2, obviously

SRD implies KMS. In the following, we provide a primitive two-level Lindblad equation

with KMS-detailed balance from [36, App. B] to demonstrate that KMS-detailed balance

condition does not imply SRD-detailed balance condition.

Let us consider

K1 = |ψ〉 〈0| , |ψ〉 =
1√
2

(|0〉+ |1〉) ;

K2 = |φ〉 〈1| , |φ〉 =
1√
5

(|0〉+ 2 |1〉) .

• Define an operator K by K (A) := K†1AK1 + K†2AK2. Thus, K is completely

positive, and K (I2) = I2.

• The adjoint operator

K †(A) = K1AK
†
1 +K2AK

†
2 = |ψ〉 〈0|A |0〉 〈ψ|+ |φ〉 〈1|A |1〉 〈φ|
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is also completely positive. Note that

K †(|0〉 〈1|) = K †(|1〉 〈0|) = 0,

K †(|0〉 〈0|) = |ψ〉 〈ψ| ,

K †(|1〉 〈1|) = |φ〉 〈φ| .

It can be readily verified that there is one and only one eigenstate for K † associated

with eigenvalue 1, which is

σ =
1

7

2 3

3 5

 .

The other non-zero eigenvalue of K † is 3/10.

• Define K̃j = σ1/2K†jσ
−1/2 for j ∈ {1, 2}, and define a completely positive oper-

ator K̃ via K̃ (A) = K̃†1AK̃1 + K̃†2AK̃2. Then K̃ (I2) = I2 and K̃ †(σ) = σ.

Furthermore, we can verify that

〈
K̃ B,A

〉
1/2

= 〈B,K A〉1/2 .

Hence, the QMS Pt = etL with L := K̃ K −Id2 can be readily verified to satisfy the

KMS-detailed balance condition. Moreover, it is easy to show L†(σ) = 0, and one

could verify that it is the only eigenvector of L† with eigenvalue 0, i.e., the Lindblad
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equation is primitive.

Next, we numerically show that (4.31) does not hold. Fig. 4.2 plots the trace-norm of

Wσ,α ◦L ◦W −1
σ,α −L† for various α. From this figure, it is clear that (4.31) holds only when

α = 2 (i.e., KMS-detailed balance condition).

2
α

0.000
4 6 8 10

0.025

0.050

0.075

0.100

0.125

0.150

Figure 4.2: ‖Wσ,α ◦ L ◦W −1
σ,α − L†‖Tr with respect to various α

4.5 Exponential decay of sandwiched Rényi divergences

This section is devoted to proving Thm. 4.7, i.e., the exponential decay of sandwiched

Rényi divergences for primitive Lindblad equations with GNS-detailed balance. We start

by recalling the definition of a spectral gap, and then we prove a Poincaré inequality (see

Prop. 4.27). With this Poincaré inequality, we derive a uniform lower bound of the quan-

tum relative 2-Fisher information, which immediately implies Thm. 4.7 in the case α = 2.

Next, we prove the Prop. 4.6, which shows that for primitive Lindblad equations with GNS-

detailed balance, the quantum LSI (4.4) holds for α = 1 (i.e., there exists K > 0). Then
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we prove a quantum comparison theorem (see Prop. 4.32), which implies that the expo-

nential decay rates of sandwiched Rényi divergences along the Lindblad equation are the

same for all α > 1. The quantum comparison theorem, together with the monotonicity of

sandwiched Rényi divergences with respect to the order α, concludes the proof of Thm. 4.7.

4.5.1 Spectral gap and Poincaré inequality

Let us recall from Sec. 4.2 that if the Lindblad equation satisfies GNS-detailed balance,

then it also satisfies KMS-detailed balance (i.e., L is self-adjoint with respect to the inner

product 〈·, ·〉1/2). Moreover, by Lem. 4.12, −L is a positive semi-definite operator with re-

spect to the inner product 〈·, ·〉1/2. By the additional assumption that the Lindblad equation

is primitive, we know In is the only eigenvector of −L with respect to the eigenvalue zero.

Hence, spectral theory shows that there exists an orthonormal basis {L1, L2, · · · , Ln2−1, In}

such that

−L(Lj) = θjLj, θ1 ≥ θ2 ≥ · · · ≥ θn2−1 > 0; −L(In) = 0. (4.33)

The spectral gap of the operator −L is λL := θn2−1. It is worth remarking that the set

{L1, L2, · · · , Ln2−1, In} is an orthonormal basis in the Hilbert space M equipped with the

inner product 〈·, ·〉1/2, but not necessarily with other inner products. The following Poincaré

inequality follows directly from the definition of the spectral gap.
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Proposition 4.27 (Poincaré inequality). Assume that the primitive Lindblad equation satis-

fies GNS-detailed balance (4.1). For any A ∈M such that 〈In, A〉1/2 = 0 (or equivalently,

tr(σA) = 0),

〈∇A,∇A〉1/2 = 〈A,−L(A)〉1/2 ≥ λL 〈A,A〉1/2 . (4.34)

Moreover, the equality can be achieved when A = Ln2−1.

Proof. For any A ∈M such that 〈In, A〉1/2 = 0, we know that A ∈ span{Lj}n
2−1
j=1 . By the

definition of the spectral gap, 〈A,−L(A)〉1/2 ≥ λL 〈A,A〉1/2 .Moreover, whenA = Vn2−1,

the equality holds. Then (4.34) follows immediately from (4.13).

Remark. In fact, the above Poincaré inequality is a special case of a whole family of

Poincaré inequalities (see [123, Eq. (51)]): given any function ϕ : (0,∞) → (0,∞),

we could consider

Cϕ 〈A, ϕ̃(∆σ)(A)〉1/2 ≡ Cϕ 〈A,ϕ(∆σ)(A)〉1

≤ 〈A,ϕ(∆σ) ◦ (−L)(A)〉1 ≡ 〈A, ϕ̃(∆σ) ◦ (−L)(A)〉1/2 ,

for all A ∈ M such that Tr(σA) = 0, where ϕ̃(x) := x−1/2ϕ(x). The inequality in

(4.34) simply refers to the case ϕ(x) = x1/2. Because [−L,∆σ] = 0 (see Lem. 4.11), −L

and ∆σ are simultaneously diagonalizable. Thus, we might as well choose Lj (4.33) in

a way that all Lj are eigenvectors of both −L and ∆σ. Also note that both −L and ∆σ
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are positive semi-definite operators, so they have non-negative spectrum. By expanding

A =
∑n2−1

j=1 ajLj , it is not hard to show that Cϕ = λL in our situation. Therefore, all such

Poincaré inequalities have the same prefactor Cϕ for primitive Lindblad equations with

GNS-detailed balance.

4.5.2 Proof of Thm. 4.7 for the case α = 2

Proposition 4.28 (Lower bound of I2 (ρ||σ)). Assume that the primitive Lindblad equation

(4.1) satisfies GNS-detailed balance. Then

I2 (ρ||σ) ≥ 2λL
(
1− e−D2(ρ||σ)

)
, ∀ρ ∈ D. (4.35)

Proof. The case α = 2 is easier to deal with, as all quantities become more explicit:

δD2 (ρ||σ)

δρ
=

2σ−1/2ρσ−1/2

〈ρ, σ−1/2ρσ−1/2〉HS
=

2Υ−1
σ (ρ)

〈Υ−1
σ (ρ),Υ−1

σ (ρ)〉1/2
,

D2 (ρ||σ) = log Tr
(
σ−1/2ρσ−1/2ρ

)
= log

(〈
Υ−1
σ (ρ),Υ−1

σ (ρ)
〉

1/2

)
.

By the definition of the quantum relative α-Fisher information (4.3),

I2 (ρ||σ) = −
〈 2Υ−1

σ (ρ)

〈Υ−1
σ (ρ),Υ−1

σ (ρ)〉1/2
,L†(ρ)

〉
HS

=
−2

〈Υ−1
σ (ρ),Υ−1

σ (ρ)〉1/2

〈
Υ−1
σ (ρ),Υ−1

σ ◦ L† ◦Υσ(Υ−1
σ (ρ))

〉
1/2
.
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By the relation (4.9) and the Poincaré inequality (4.34), we have

I2 (ρ||σ)
(4.9)
=

−2

〈Υ−1
σ (ρ),Υ−1

σ (ρ)〉1/2

〈
Υ−1
σ (ρ),L(Υ−1

σ (ρ))
〉

1/2

=
−2

〈Υ−1
σ (ρ),Υ−1

σ (ρ)〉1/2

〈
Υ−1
σ (ρ− σ),L(Υ−1

σ (ρ− σ))
〉

1/2

(4.34)

≥ 2

〈Υ−1
σ (ρ),Υ−1

σ (ρ)〉1/2
λL
〈
Υ−1
σ (ρ− σ),Υ−1

σ (ρ− σ)
〉

1/2
.

It is not hard to verify that

〈
Υ−1
σ (ρ),Υ−1

σ (ρ)
〉

1/2
= 1 +

〈
Υ−1
σ (ρ− σ),Υ−1

σ (ρ− σ)
〉

1/2
.

It is interesting to note that the term 〈Υ−1
σ (ρ− σ),Υ−1

σ (ρ− σ)〉1/2 turns out to be the quan-

tum χ2-divergence χ2
1/2(ρ, σ) studied in [134]. Then

I2 (ρ||σ) ≥ 2λL
〈Υ−1

σ (ρ),Υ−1
σ (ρ)〉1/2

( 〈
Υ−1
σ (ρ),Υ−1

σ (ρ)
〉

1/2
− 1
)

=
2λL

eD2(ρ||σ)

(
eD2(ρ||σ) − 1

)
,

which yields (4.35).

With Prop. 4.28, we can immediately show the exponential decay of the sandwiched

Rényi divergence of order α = 2.

Proof of Thm. 4.7 for the case α = 2. From the definition of the quantum relative 2-Fisher
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information in (4.3) and by Prop. 4.28,

d

dt
D2 (ρt||σ) = −I2 (ρt||σ) ≤ −2λL

(
1− e−D2(ρt||σ)

)
.

Then d
dt

log
(
eD2(ρt||σ) − 1

)
≤ −2λL. After integrating it from time 0 to t, one could find,

after some straightforward simplification, that

D2 (ρt||σ) ≤ log
(
1 + (eD2(ρ0||σ) − 1)e−2λLt

)
≤ (eD2(ρ0||σ) − 1)e−2λLt.

Thus, D2 (ρt||σ) decays exponentially fast with rate 2λL. Apparently, the prefactor C2,ε

and the waiting time τ2,ε could be chosen as

C2,ε =
1

D2 (ρ0||σ)

(
eD2(ρ0||σ) − 1

)
, τ2,ε = 0.

The lower bound of I2 (ρ||σ) in Prop. 4.28 immediately leads into a lower bound of

the quantum 2-log Sobolev constant K2 in (4.4).

Corollary 4.29 ([107, Thm. 4.2]). For primitive Lindblad equations with GNS-detailed

balance, the quantum 2-log Sobolev constant K2 is bounded below by the spectral gap.

More specifically,

K2 ≥
1− λmin(σ)

log (λmin(σ)−1)
λL.
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Proof. From Prop. 4.28, we know that

I2 (ρ||σ)

D2 (ρ||σ)
≥ 2λL

1− e−D2(ρ||σ)

D2 (ρ||σ)
≥ 2λL

1− λmin(σ)

log(λmin(σ)−1)
,

because x → 1−e−x
x

is monotonically decreasing on (0,∞) and the following fact from

[107, Lem. 2.1] that 0 ≤ D2 (ρ||σ) ≤ log(λmin(σ)−1) . The above result follows immedi-

ately, by minimizing over ρ for both sides.

4.5.3 Proof of the quantum LSI

In this subsection, we prove Prop. 4.6, which shows the equivalence of the primitiv-

ity and the validity of the quantum LSI (4.4), for Lindblad equations with GNS-detailed

balance.

One key ingredient is the l2 mixing time defined as follows: for any ε > 0,

t2(ε) := inf
{
t ≥ 0 : ‖etL(A)− Tr(σA)In‖2,σ ≤ ε, ∀A ∈M s.t. ‖A‖1,σ = 1

}
≡ inf

{
t ≥ 0 : ‖etL(·)− Tr(σ·)In‖1→2,σ ≤ ε

}
.

(4.36)

We need the following two results.

Lemma 4.30. Under the same assumption as in Prop. 4.6, if the Lindblad equation is

primitive with the spectral gap λL, then

t2(ε) ≤ max
(

0,
1

2λL
log
( 1

λmin(σ)ε2
))
. (4.37)
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Its proof will be given slightly later in this subsection. As a remark, when ε ≥
√

1
λmin(σ)

,

we have t2(ε) = 0. This is intuitively reasonable, since when ε is large enough, the inequal-

ity in (4.36) holds trivially.

Theorem 4.31 ([107, Thm. 5.3]). Under the same assumption as in Prop. 4.6, if the Lind-

blad equation is primitive, then

t2(e−1)κ2 ≥
1

2
. (4.38)

Proof of Prop. 4.6. First, recall that [89, Thm. 16] has proved K ≤ λL, by linearizing the

quantum LSI. Thus, K > 0 implies λL > 0.

As for the other direction, we assume that the Lindblad equation is primitive. Suppose

ρt = etL
†
(ρ0) is the solution of the Lindblad equation. By combining the estimates above,

we have

K
(4.20)
= 2κ1

(4.21)

≥ 2κ2

(4.38)

≥ 1

t2(e−1)

(4.37)

≥ 2λL
2− log(λmin(σ))

=
1

1− log(
√
λmin(σ))

λL.

Remark. In the proof above, we use the mixing time t2(e−1) as a bridge to connect κ2 and

λL, and use the quantum Stroock-Varopoulos inequality to connectK and κ2. To the best of

our knowledge, a direct proof of the quantum LSI (4.4) has not appeared in the literature.

For classical systems, Bakry-Émery [12] condition is an important criterion for classical
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LSI to hold for Fokker-Planck equations. It is an interesting open question to see whether

there is a quantum analog.

Proof of Lem. 4.30. Let us introduce B = etL(A)−Tr(σA)In and decompose A = a0In +

∑n2−1
j=1 ajLj , where Lj are eigenvectors of the operator L. Recall (4.33) for notations. Then

we easily know that B =
∑n2−1

j=1 aje
−tθjLj , and that

‖etL(A)− Tr(σA)In‖2
2,σ = Tr

(
σ

1
4B†σ

1
4σ

1
4Bσ

1
4

)
= 〈B,B〉1/2

=
n2−1∑
j=1

e−2tθj |aj|2 ≤ e−2tλL

n2−1∑
j=1

|aj|2.

Let Ã := |σ 1
2Aσ

1
2 |. From the condition that ‖A‖1,σ = 1 in (4.36), we have Tr(Ã) = 1.

Then, we have

1 ≥ Tr(Ã2) = Tr
(
σ

1
2A†σ

1
2σ

1
2Aσ

1
2

)
=
〈
σ

1
4

(
σ

1
4Aσ

1
4

)
σ

1
4 , σ

1
4

(
σ

1
4Aσ

1
4

)
σ

1
4

〉
HS

≥ λmin(σ)
〈
σ

1
4Aσ

1
4 , σ

1
4Aσ

1
4

〉
HS

= λmin(σ) 〈A,A〉1/2 ≥ λmin(σ)
( n2−1∑

j=1

|aj|2
)
.

Therefore, we know that

‖etL(A)− Tr(σA)In‖2
2,σ ≤ e−2tλL

1

λmin(σ)
.

Easily, we know that whenever t ≥ 1
2λL

log
(

1
λmin(σ)ε2

)
, we have ‖etL(A)−Tr(σA)In‖2,σ ≤

ε. Then, (4.37) follows immediately.
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4.5.4 Proof of Thm. 4.7 for α ∈ (0,∞) via a quantum comparison
theorem

As a quantum analog of [29, Lem. 3.4] for Fokker-Planck equations and [122, Thm.

3.2.3] for the Ornstein-Uhlenbeck process, in Prop. 4.32, we will show that under primitive

Lindblad equations with GNS-detailed balance (4.1), the sandwiched Rényi divergence of

higher-order α1 can be bounded above by the sandwiched Rényi divergence of lower-order

α0 (1 < α0 < α1), at the expense of some time delay. This result helps to prove the expo-

nential decay for sandwiched Rényi divergences under Lindblad equations, summarized in

Prop. 4.33.

Proposition 4.32 (Quantum comparison theorem). Let ρt be the solution of the Lindblad

equation with GNS-detailed balance (4.1). Assume that the quantum LSI (4.4) holds with

constant K. Assume also that

D (ρ0||σ) ≤ ε for some fixed ε ∈
(
0,
λmin(σ)2

2

)
. (4.39)

Then for any two orders 1 < α0 ≤ α1, we have

Dα1 (ρT ||σ) ≤ Dα0 (ρ0||σ) , (4.40)
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with

T =
1

2Kη
log

(
α1 − 1

α0 − 1

)
, (4.41)

where

η = min

(
1

2
,

J

min
j=1

{ 2
√
eωj 1

Λ

1 + eωjΛ

})
,

Λ =
λmax(σ)

λmin(σ)
exp

(
α0

√
2ε

2λmin(σ)−
√

2ε

λmin(σ)(λmin(σ)−
√

2ε)

)
.

The proof is postponed to Sec. 4.5.5. Later in Sec. 4.5.6, we will discuss this quantum

comparison theorem in detail. As a reminder, we have implicitly assumed that Lindblad

equations under consideration are primitive, by Prop. 4.6.

Remark. (i) The assumption (4.39) on the initial condition ρ0 is merely a technical as-

sumption allowing us to obtain a neat expression for the delay time T . This assump-

tion (4.39) is not essential for the inequality (4.40) to hold. One could remove the

assumption at the expense of longer delay time: the validity of the quantum LSI (4.4)

leads to the exponential decay of the quantum relative entropy so that D(ρt0||σ) ≤ ε

holds for some t0 ≥ 0. Taking ρt0 in place of ρ0, one sees that this would imply (4.40)

with a larger delay time T .

(ii) Another reason for imposing the assumption (4.39) is to avoid technicalities. Thanks
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to the quantum Pinsker’s inequality

D (ρ||σ) ≥ 1

2
(Tr|ρ− σ|)2 , (4.42)

the assumption that D (ρ0||σ) ≤ ε with 0 < ε < λmin(σ)2

2
implies that ρ0 is a strictly

positive density matrix. We can even show that ρt ∈ D+, for any t ≥ 0. This assump-

tion helps to avoid many technical issues arising from degenerate density matrices,

and it validates the usage of results in the previous two sections, e.g., properties of

the operator [X]ω (which require X to be strictly positive).

Proposition 4.33. Let ρt be the solution of the Lindblad equation with GNS-detailed bal-

ance (4.1). Assume that the quantum LSI (4.4) holds with constant K. If the sandwiched

Rényi divergence decays exponentially fast with rate R for some order α0 > 1, then it

decays exponentially fast for any α ∈ (0,∞) with rate at least R.

Proof of Prop. 4.33. The exponential decay of sandwiched Rényi divergences means there

exists some time t0 and constant C0 such that

Dα0 (ρt||σ) ≤ C0Dα0 (ρ0||σ) e−Rt, ∀t ≥ t0.

Case (I): α ≤ α0. By the monotonicity of sandwiched Rényi divergences with respect to
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the order α [111, Thm. 7],

Dα (ρt||σ) ≤ Dα0 (ρt||σ) ≤ C0Dα0 (ρ0||σ) e−Rt = CαDα (ρ0||σ) e−Rt,

for all t ≥ t0, where Cα =
C0Dα0 (ρ0||σ)

Dα(ρ0||σ)
.

Case (II): α > α0. Pick an arbitrary 0 < ε < λmin(σ)2

2
. Notice that the quantum LSI implies

the exponential decay of the quantum relative entropy, namely,

D (ρt||σ) ≤ D (ρ0||σ) e−2Kt.

Hence, when t ≥ 1
2K

log
(
D(ρ0||σ)

ε

)
, one has D (ρt||σ) ≤ ε. Moreover, if

t ≥ T + max
(
t0,

1

2K
log
(D (ρ0||σ)

ε

))
,

where T is the delay time given in Prop. 4.32 with the choice α1 = α, then one obtains

from Prop. 4.32 that

Dα (ρt||σ) ≤ Dα0 (ρt−T ||σ) ≤ C0Dα0 (ρ0||σ) e−R(t−T ) = CαDα (ρ0||σ) e−Rt,

where Cα =
C0Dα0 (ρ0||σ)eRT

Dα(ρ0||σ)
.

Combining both cases above finishes the proof of Prop. 4.33.

Proof of Thm. 4.7. Set α0 = 2 and R = 2λL in Prop. 4.33. Thm. 4.7 follows immediately
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from Prop. 4.33 and the case α = 2 proved in Sec. 4.5.2. The validity of the quantum LSI

has been shown in Prop. 4.6. The expression of Tα,ε follows immediately from Prop. 4.32.

4.5.5 Proof of the quantum comparison theorem

We now turn to the proof of Prop. 4.32. Consider the density matrix

% =

(
Υ

1−α
α

σ (ρ)
)α

Z
≡ ρασ

Z
,

where the normalization constant Z = Tr (ρασ) and ρ ∈ D+. Then apparently, % ∈ D+.

The log-Sobolev inequality (4.4), with ρ in (4.4) chosen as % above, becomes

Tr
(
ρασ log

(
ρασ
))
− Z log(Z)−Tr

(
ρασ log(σ)

)
≤ 1

2K
Tr
(
− L†(ρασ)

(
log(ρασ)− log(σ)

))
.

(4.43)

This inequality can be regarded as a variant of the log-Sobolev inequality, and it will be

used later. Let us define the operator GX,ω(s) : M→M by

GX,ω(s)(A) := eωsXsAX−s + eω(1−s)X1−sAX−(1−s). (4.44)

The lemma below collects some properties of GX,ω(s), which will be useful in the proof of

Prop. 4.32.
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Lemma 4.34. Assume that X ∈ P+ and ω ∈ R. Then the operator GX,ω(s) satisfies:

(i) For 0 ≤ s1 < s2 ≤ 1
2
,

GX,ω(s1) ≥ GX,ω(s2).

Moreover, the equality is obtained iff ω = 0 and X = cIn for some constant c > 0.

(ii) For s ∈ [0, 1
2
], a bound for the spectrum of GX,ω(s) is

2

√
eω
λmin(X)

λmax(X)
Id ≤ GX,ω(s) ≤

(
1 + eω

λmax(X)

λmin(X)

)
Id.

As a consequence,

ξGX,ω(s1) ≤ GX,ω(s2), ∀s1, s2 ∈
[
0,

1

2

]
,

with

ξ = 2

√
eω
λmin(X)

λmax(X)

/(
1 + eω

λmax(X)

λmin(X)

)
.

Proof of Lem. 4.34. (i) For any positive number b, notice that bs + b1−s is convex and

non-increasing with respect to s on the interval [0, 1
2
]. Moreover,

• the range of the function bs + b1−s on this interval is [2
√
b, 1 + b];

• bs1 + b1−s1 = bs2 + b1−s2 for some 0 ≤ s1 < s2 ≤ 1
2

iff b = 1.

Let us write the spectral decomposition of X as X =
∑n

k=1 λk |k〉 〈k| where λk > 0
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by assumption. Then for any matrix A,

〈A,GX,ω(s)A〉HS =
n∑

k,l=1

((
eω
λk
λl

)s
+
(
eω
λk
λl

)1−s )
|Ak,l|2.

Since bs+b1−s is non-increasing with respect to s, so is GX,ω(s). To achieve equality,

we need eω λk
λl

= 1 for all k, l. Hence, ω = 0 and there exists some c = λk for all

1 ≤ k ≤ n (i.e., X = cIn).

(ii) From the last equation, by using the range of bs + b1−s, we immediately have

〈A,GX,ω(s)A〉HS ≤
∑
k,l

(1 + eω
λk
λl

)|Ak,l|2 ≤
(

1 + eω
λmax(X)

λmin(X)

)
〈A,A〉HS ,

〈A,GX,ω(s)A〉HS ≥
∑
k,l

2

√
eω
λk
λl
|Ak,l|2 ≥ 2

√
eω
λmin(X)

λmax(X)
〈A,A〉HS ,

which proves part (ii).

Proof of Prop. 4.32. Let us first introduce some useful notations. Suppose ρt is evolving

according to the Lindblad equation (4.1), and βt = 1 + (α0− 1)eη2Kt is also changing with

respect to time for some positive constant η, independent of any specific initial condition

ρ0. The parameter η ∈ (0, 1] is yet to be determined later. We are interested in the time

interval [0, T ] such that βt|t=0 = α0, βt|t=T = α1. More specifically, T = 1
2Kη

log
(
α1−1
α0−1

)
.
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Let us define an important quantity ρσ,t by

ρσ,t := Υ
1−βt
βt

σ (ρt).

We also define

Zt := Tr
((

Υ
1−βt
βt

σ (ρt)
)βt) ≡ Tr

(
ρβtσ,t

)
, Ft :=

1

βt
logZt.

After taking the derivative of Ft with respect to time t and arranging terms,

β2
tZtḞt = βtŻt − β̇tZt log(Zt).

We claim that to prove the inequality (4.40), it suffices to show that Ft is monotonically

decreasing, i.e., Ḟt ≤ 0 on the interval [0, T ]. In fact, from the definition of F and the

sandwiched Rényi divergence (4.2), we immediately obtain from FT ≤ F0 that

Dα1 (ρT ||σ) ≤ α1

α1 − 1

α0 − 1

α0

Dα0 (ρ0||σ) ≤ Dα0 (ρ0||σ) .

The rest devotes to the proof of Ḟt ≤ 0, which is done in the following steps.

Step (I): Simplification of Ḟt.

Let us first compute Żt.
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Żt ≡
d

dt
Tr
((
σ

1−βt
2βt ρtσ

1−βt
2βt

)βt)
= βt Tr

(
ρβt−1
σ,t

(
σ

1−βt
2βt L†(ρt)σ

1−βt
2βt − β̇t

2β2
t

σ
1−βt
2βt {log(σ), ρt}σ

1−βt
2βt

))

+ β̇t Tr
(
ρβtσ,t log(ρσ,t)

)
= βt Tr

(
σ

1−βt
2βt ρβt−1

σ,t σ
1−βt
2βt L†(ρt)

)
− β̇t
βt

Tr
(
ρβtσ,t log(σ)

)
+
β̇t
βt

Tr
(
ρβtσ,t log(ρβtσ,t)

)
.

Hence, by (4.43) and the fact that β̇t > 0,

β2
tZtḞt

= β2
t Tr

(
σ

1−βt
2βt ρβt−1

σ,t σ
1−βt
2βt L†(ρt)

)
− β̇t Tr

(
ρβtσ,t log(σ)

)
+ β̇t Tr

(
ρβtσ,t log(ρβtσ,t)

)
− β̇tZt log(Zt)

≤ β2
t Tr

(
σ

1−βt
2βt ρβt−1

σ,t σ
1−βt
2βt L†(ρt)

)
+

β̇t
2K

Tr
(
− L†(ρβtσ,t)

(
log(ρβtσ,t)− log(σ)

))
=: T1 +

β̇t
2K

T2.

(4.45)

In the last line, we introduce T1 and T2 as short-hand notations.
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Next, we further simplify T1 and T2. For T1,

T1 = β2
t Tr

(
σ

1−βt
2βt ρβt−1

σ,t σ
1−βt
2βt L†(ρt)

)
(4.22)
= βt(βt − 1)Zt Tr

(δDβt (ρ||σ)

δρ

∣∣∣∣
ρ=ρt

L†(ρt)
)

(4.27)
= −βt(βt − 1)Zt

〈
∇δDβt (ρ||σ)

δρ

∣∣∣∣
ρ=ρt

, [ρt]βt,~ω

(
∇δDβt (ρ||σ)

δρ

∣∣∣∣
ρ=ρt

)〉
HS

(4.24)
= −(βt − 1)Z2

t

∑
j

〈
Aj,
[
ρβt−1
σ,t

]
(βt−1)ωj

βt

◦ [ρσ,t]ωj
βt

(Aj)
〉
HS
,

where Aj =
[
ρβt−1
σ,t

]−1

(βt−1)ωj
βt

◦ Υ
βt−1
βt

σ

(
∂j

δDβt (ρ||σ)

δρ

∣∣∣∣
ρ=ρt

)
. As for T2, by using (4.27) again

(for the case α = 1 in (4.27)),

T2 = −
〈

log(ρβtσ,t)− log(σ),L†(ρβtσ,t)
〉
HS

=
〈
∇
(
βt log(ρσ,t)− log(σ)

)
,
[
ρβtσ,t

]
~ω
∇
(
βt log(ρσ,t)− log(σ)

)〉
HS

.

Consider the term

∂j
(
βt log(ρσ,t)− log(σ)

)
= βt

(
∂j log(ρσ,t)−

ωj
βt
Vj

)
= βt

(
Vj log

(
e
−
ωj
2βt ρσ,t

)
− log

(
e
ωj
2βt ρσ,t

)
Vj

)
(4.28)
= Zt

( [
ρβt−1
σ,t

]−1

βt−1
βt

ωj
◦Υ

βt−1
βt

σ

)
∂j

(δDβt (ρ||σ)

δρ

∣∣∣∣
ρ=ρt

)
= ZtAj.

Here, to obtain the second line, we have used ∂j log(σ) ≡ [Vj, log(σ)] = ∂s (∆−sσ Vj) |s=0 =
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∂s (eωjsVj) |s=0 = ωjVj (see [36, Lem. 5.9]). It follows immediately that

T2 = Z2
t

∑
j

〈
Aj,
[
ρβtσ,t

]
ωj

(Aj)
〉
HS
.

By plugging the expressions of T1 and T2 back into (4.45), and using the fact that

β̇t
2K

= η2K(α0−1)eη2Kt

2K
= η(βt − 1), we have

β2
tZtḞt ≤

(βt − 1)Z2
t

∑
j

(
η
〈
Aj,
[
ρβtσ,t

]
ωj

(Aj)
〉
HS
−
〈
Aj,
[
ρβt−1
σ,t

]
(βt−1)ωj

βt

◦ [ρσ,t]ωj
βt

(Aj)
〉
HS

)
.

Step (II): We show that Ḟt ≤ 0.

By observing the last equation, since βt − 1 > 0 and Zt > 0, it is sufficient to show

that each term indexed by j on the right hand side of the last equation is less than or equal

to zero, namely,

η
〈
Aj,
[
ρβtσ,t

]
ωj

(Aj)
〉
HS
≤
〈
Aj,
[
ρβt−1
σ,t

]
(βt−1)ωj

βt

◦ [ρσ,t]ωj
βt

(Aj)
〉
HS
,

for any time t ∈ [0, T ] and index j. In the commutative case, both left and right hand sides

represent multiplication of the operator ρβtσ,t, and the above inequality holds trivially. For

noncommutative (quantum) systems, the above inequality is non-trivial. In this step, we

will simplify the expression in the last equation and find sufficient conditions for η so that
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the last inequality holds.

By definition (4.15) and let Bj = Ajρ
βt
2
σ,t, the above inequality can be simplified to

η
〈
Bj,

∫ 1

0

eωjsρβtsσ,tBjρ
−βts
σ,t ds

〉
HS

≤
〈
Bj,

∫ 1

0

∫ 1

0

e
(βt−1)ωjv

βt e
ωju

βt ρ
(βt−1)v+u
σ,t Bjρ

−(βt−1)v−u
σ,t du dv

〉
HS

=
〈
Bj,

∫ 1

0

eωjsρβtsσ,tBjρ
−βts
σ,t

(∫
Us

∣∣∣∂(u, v)

∂(s, s̃)

∣∣∣ ds̃) ds
〉
HS

=
〈
Bj,

∫ 1

0

eωjsρβtsσ,tBjρ
−βts
σ,t f(s) ds

〉
HS
.

(4.46)

From the second line to the third line, we have used the change of variable s = (βt−1)v+u
βt

and s̃ = (βt−1)v−u
βt

. The set Us is defined as

Us :=
{
s̃ ∈ R : 0 ≤ βt

2(βt − 1)
(s̃+ s) ≤ 1 and 0 ≤ βt

2
(s− s̃) ≤ 1

}
.

The weight function f(s) :=
∫
Us

∣∣∣∂(u,v)
∂(s,s̃)

∣∣∣ ds̃ =
∫
Us

β2
t

2(βt−1)
ds̃ is a probability distribution

on [0, 1], which can be expressed explicitly as

f(s) =
β2
t

2(βt − 1)

(
min(s,

2(βt − 1)

βt
− s)−max(−s, s− 2

βt
)
)
, s ∈ [0, 1].

The graphs of f(s) for βt = 1.5, 2, and 3 are given in Fig. 4.3 for illustration. The largest

value of f(s) on the interval [0, 1] is βt if βt ≤ 2, and is βt
βt−1

if βt ≥ 2. In either case, since

βt > 1, the largest value of f(s) must be strictly larger than 1. Therefore, we can define s1
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and s2 as the two zeros of the function f(s)− 1, as visualized in Fig. 4.3. More explicitly,

s1 = (βt − 1)/β2
t and by symmetry, s2 = 1− s1.
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Figure 4.3: Weight function f(s) in blue color for βt = 1.5, 2, 3.

To show (4.46), it is then sufficient to show that

η

∫ 1

0

eωjsρβtsσ,t (·)ρ−βtsσ,t ds ≤
∫ 1

0

eωjsρβtsσ,t (·)ρ−βtsσ,t f(s) ds,

in the sense of operators. In the above inequality, the notation ρβtsσ,t (·)ρ−βtsσ,t is an operator

mapping A ∈ M to ρβtsσ,tAρ
−βts
σ,t ∈ M. Notice that the function f(s) is symmetric with

respect to the axis s = 1/2, and recall the definition of GX,ω(s) given by (4.44). We can
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rewrite the last inequality as

η

∫ 1/2

0

G
ρ
βt
σ,t,ωj

(s) ds ≤
∫ 1/2

0

G
ρ
βt
σ,t,ωj

(s)f(s) ds. (4.47)

By Lem. 4.34 part (i), we have
∫ 1/2

0
G
ρ
βt
σ,t,ωj

(s) ds ≥
∫ 1/2

0
G
ρ
βt
σ,t,ωj

(s)f(s) ds. Apparently,

we need η ≤ 1 for the inequality (4.47) to hold. Thus, from now on, we shall restrict to

η ≤ 1. By subtracting the common parts in the integral (4.47), in order to show (4.47), it

suffices to prove that

η

∫ s1

0

G
ρ
βt
σ,t,ωj

(s)(1− f(s)) ds ≤
∫ 1

2

s1

G
ρ
βt
σ,t,ωj

(s)(f(s)− 1) ds. (4.48)

Note that
∫ s1

0
(1−f(s)) ds =

∫ 1
2

s1
(f(s)−1) ds, since f(s) is symmetric about the line s = 1

2

and also f(s) is a probability distribution on [0, 1]. Then by Lem. 4.34 part (i),

∫ 1
2

s1

G
ρ
βt
σ,t,ωj

(s)(f(s)− 1) ds ≥
∫ 1

2

s1

G
ρ
βt
σ,t,ωj

(1

2

)
(f(s)− 1) ds

=

∫ s1

0

G
ρ
βt
σ,t,ωj

(1

2

)
(1− f(s)) ds.

By Lem. 4.34 part (ii), if we choose η such that

η ≤ 2

√√√√eωj
λmin(ρβtσ,t)

λmax(ρβtσ,t)

/(
1 + eωj

λmax(ρβtσ,t)

λmin(ρβ,tσ,t)

)
, (4.49)

then ηG
ρ
βt
σ,t,ωj

(s) ≤ G
ρ
βt
σ,t,ωj

(
1
2

)
for all 0 ≤ s ≤ 1

2
, which implies (4.48).
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Hence, the remaining task is to show the existence of η such that (4.49) holds, for all

j ∈ {1, 2, · · · , J}, all t ∈ [0, T ], and any initial condition ρ0 satisfying the assumption that

D (ρ0||σ) ≤ ε for some 0 < ε < λmin(σ)2

2
. The following step (III) is fully devoted into

finding such an η.

Step (III): We show there exists η ∈ (0, 1] satisfying (4.49).

By observing the term on the right hand side of (4.49), it suffices to show that
λmax(ρ

βt
σ,t)

λmin(ρβ,tσ,t)

is bounded from above. We first establish an upper bound for λmax(ρβtσ,t). In fact, from the

quantum LSI (4.4) we have

D (ρt||σ) ≤ D (ρ0||σ) e−2Kt ≤ εe−2Kt =: εt.

Moreover, by the quantum Pinsker’s inequality (4.42), we obtain that Tr|ρt − σ| ≤
√

2εt,

which implies that

−
√

2εt In ≤ ρt − σ ≤
√

2εt In.

As a result,

σ
1−βt
2βt ρtσ

1−βt
2βt = σ

1−βt
2βt (ρt − σ)σ

1−βt
2βt + σ

1
βt

≤ σ
1
βt +
√

2εtσ
1−βt
βt ≤

(
λmax(σ)

1
βt +
√

2εtλmin(σ)
1−βt
βt

)
In.

(4.50)
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It follows that

λmax(ρβtσ,t) = λmax

((
σ

1−βt
2βt ρtσ

1−βt
2βt

)βt) ≤ (λmax(σ)
1
βt +
√

2εtλmin(σ)
1−βt
βt

)βt
= λmax(σ)

(
1 +

√
2εt

λmin(σ)

(λmin(σ)

λmax(σ)

) 1
βt
)βt

≤ λmax(σ) exp

(
βt

√
2εt

λmin(σ)

(λmin(σ)

λmax(σ)

) 1
βt

)
.

In the last inequality, we used an elementary inequality (1 + x)y = exp(y log(1 + x)) ≤

exp(xy) for x, y ≥ 0. By the definition of βt, the exponent on the right side of the above

equation can be bounded above by

βt

√
2εt

λmin(σ)

(λmin(σ)

λmax(σ)

) 1
βt

= (1 + (α0 − 1)eη2Kt)

√
2ε

λmin(σ)
exp

(
−Kt− 1

βt
log
(λmax(σ)

λmin(σ)

))

≤
√

2ε

λmin(σ)
+ (α0 − 1)

√
2ε

λmin(σ)
exp

(
η2Kt−Kt− 1

βt
log
(λmax(σ)

λmin(σ)

))
.

If we restrict η ≤ 1
2
, then the quantity above is less than α0

√
2ε

λmin(σ)
, and thus

λmax(ρβtσ,t) ≤ λmax(σ) exp
(
α0

√
2ε

λmin(σ)

)
. (4.51)

Next, we prove a lower bound for λmin(ρβ,tσ,t). Similar to (4.50), one can show that
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σ
1−βt
2βt ρtσ

1−βt
2βt = σ

1−βt
2βt (ρt − σ)σ

1−βt
2βt + σ

1
βt ≥ σ

1
βt −
√

2εtσ
1−βt
βt

≥
(
λmin(σ)

1
βt −
√

2εtλmin(σ)
1−βt
βt

)
In

= λmin(σ)
1
βt

(
1−

√
2εt

λmin(σ)

)
In > 0,

and hence,

λmin(ρβtσ,t) = λmin

((
σ

1−βt
2βt ρtσ

1−βt
2βt

)βt) ≥ λmin(σ)

(
1−

√
2εt

λmin(σ)

)βt

= λmin(σ) exp

(
βt log

(
1−

√
2ε

λmin(σ)
e−Kt

))
.

We show that the exponent on the right side of the above equation can be bounded from

below. Indeed, note that 1 −
√

2ε
λmin(σ)

e−Kt ≥ 1 −
√

2ε
λmin(σ)

> 0 and log(1 − x) ≥ − x
1−x for

x ∈ [0, 1). If we restrict η ≤ 1/2, then

0 > βt log
(

1−
√

2ε

λmin(σ)
e−Kt

)
= (1 + (α0 − 1)eη2Kt) log

(
1−

√
2ε

λmin(σ)
e−Kt

)

≥ log
(

1−
√

2ε

λmin(σ)

)
− (α0 − 1)eη2Kt

√
2ε

λmin(σ)
e−Kt

1−
√

2ε
λmin(σ)

e−Kt

= log
(

1−
√

2ε

λmin(σ)

)
− (α0 − 1)eη2Kt−Kt

√
2ε

λmin(σ)

1−
√

2ε
λmin(σ)

≥ log
(

1−
√

2ε

λmin(σ)

)
− (α0 − 1)

√
2ε

λmin(σ)

1−
√

2ε
λmin(σ)

≥ −α0

√
2ε

λmin(σ)

1−
√

2ε
λmin(σ)

.
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This implies that

λmin(ρβtσ,t) ≥ λmin(σ) exp
(
− α0

√
2ε

λmin(σ)

1−
√

2ε
λmin(σ)

)
. (4.52)

Combining the estimations (4.51) and (4.52) yields

λmax(ρβtσ,t)

λmin(ρβtσ,t)
≤

λmax(σ) exp
(
α0

√
2ε

λmin(σ)

)
λmin(σ) exp

(
− α0

√
2ε

λmin(σ)

1−
√
2ε

λmin(σ)

)

=
λmax(σ)

λmin(σ)
exp

(
α0

√
2ε

2λmin(σ)−
√

2ε

λmin(σ)(λmin(σ)−
√

2ε)

)
=: Λ.

This leads to

2

√
eωj

λmin(ρ
βt
σ,t)

λmax(ρ
βt
σ,t)

1 + eωj
λmax(ρ

βt
σ,t)

λmin(ρ
βt
σ,t)

≥
2
√
eωj 1

Λ

1 + eωjΛ
.

This finishes the proof of (4.49) with

η := min

(
1

2
,

J

min
j=1

{ 2
√
eωj 1

Λ

1 + eωjΛ

})
> 0.

4.5.6 Discussion on the quantum comparison theorem

Finally, we would like to comment on the quantum comparison theorem (Prop. 4.32).
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Discussion on its proof and the hypercontractivity: The main idea in proving Prop. 4.32

is to verify the hypercontractivity in the sense of noncommutative Lα space (see, e.g.,

[89, Def. 12]) under the assumption of the quantum LSI. More specifically, suppose βt =

1 + (α0 − 1)eη2Kt for some constant η > 0 and ρt follows the Lindblad equation, then for

the time interval [0, T ], where T = 1
2Kη

log
(
α1−1
α0−1

)
, we need to show that

[
Tr

((
Υ

1−βt
βt

σ (ρt)
)βt)] 1

βt

is a non-increasing function of time t ∈ [0, T ]. (4.53)

The function Ft in the last subsection is simply the logarithm of this function. To see why

this requirement (4.53) is closely related to the hypercontractivity in the noncommutative

Lα spaces, let us introduce the relative density Xt = Υ−1
σ (ρt). The time-evolution of the

relative density Xt has the generator L, i.e., Xt = etL(X0), which can be directly verified

with the help of (4.9). With these notations and definitions, (4.53) means ‖etL(X0)‖βt,σ ≤

‖X0‖α0,σ, which has the same form as [89, Def. 12]. In a recent paper [14], for primitive

Lindblad equations with GNS-detailed balance, a quantum Stroock-Varopoulos inequality

(SVI) has been proved in [14, Thm. 14], and its implication (see [14, Cor. 17]) shows that

one can pick ηSV I = 2κ2/K (see (4.17) for the definition of κ2); the subscript SVI is used to

emphasize using the quantum Stroock-Varopoulos inequality. Recall that K = 2κ1 (4.20).

The quantum Stroock-Varopoulos inequality shows that κ1 ≥ κ2 (see also Thm. 4.18),
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hence ηSV I ≤ 1, which is consistent with our observation in the proof that η ≤ 1. We make

some comments on the difference between Prop. 4.32 and the above estimation using the

quantum Stroock-Varopoulos inequality:

(i) Using the estimation from the quantum Stroock-Varopoulos inequality, the prefactor

1
2Kη

in (4.41), is simply 1
4κ2

; in this chapter, we directly use K/2 ≡ κ1 and the

information about the spectrum of σ.

(ii) There is a more stringent assumption on the initial condition ρ0 in Prop. 4.32. Because

of such a restriction on initial conditions, even though our proof is related to verify the

hypercontractivity, strictly speaking, we haven’t really proved the hypercontractivity

by solely assuming the quantum LSI (4.4) for α = 1.

(iii) Despite the restriction on initial conditions ρ0, our proof is probably more similar to

the classical result for the Fokker-Planck equation case in [29, Lem. 3.4]. Moreover,

our proof for the quantum comparison theorem does not require any prior knowledge

about noncommutative Lα spaces.

Comparison with the classical result: By comparing Prop. 4.32 and a similar result for

the Fokker-Planck equation (c.f. [29, Lem. 3.4]), it appears that the waiting time T in

Prop. 4.32 is much larger than that for the Fokker-Planck equation. More specifically, the

parameter η ≤ 1 for the Lindblad equation, and η = 1 for the Fokker-Planck equation.
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4.6 Conclusion

In this chapter, we have extended the gradient flow structure of the quantum relative

entropy in [36] to sandwiched Rényi divergences of any order α ∈ (0,∞), for primitive

Lindblad equations with GNS-detailed balance. The necessary condition for the validity of

such a gradient flow structure has been briefly discussed. Furthermore, we have proved the

exponential decay of the sandwiched Rényi divergence of any order α ∈ (0,∞).
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Chapter 5

Conclusion and outlook

In the last three chapters, we have studied Lindblad equations from the physical, nu-

merical, and information theory perspectives. Below are some potential future directions

for each perspective, respectively. These questions have been presented in [27, 28, 30].

Physical perspective

It is useful to investigate how to perform further approximations to simplify the hopping

coefficients in the LCME (see (2.21) and (2.22)) to obtain a simpler equation.

Numerical perspective

We are curious about whether the SDLR method can be extended to infinite-dimensional

Hilbert spaces beyond Cn, because (1) many interesting QMEs (as well as their unravel-

ing schemes) evolve on infinite-dimensional Hilbert spaces; e.g. the Lindblad equation for

the Anderson-Holstein model in Chp. 2; (2) many SPDEs are essentially SDEs on infinite-

dimensional Hilbert spaces, e.g., stochastic Burgers’ equation (3.20). Though finite trun-

cation is a must in the numerical simulation, it is still desirable to study how our scheme

could be applied to such SPDEs directly in theory.
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Another interesting question is to develop adaptive schemes for the SDLR method with

rank adjustment on-the-fly.

Information theory perspective

(More general entropy) In Chp. 4, we have considered the entropy production of the

sandwiched Rényi divergence, which is a generalization of the quantum relative entropy.

One natural question is whether the gradient flow structure and exponential decay proved

for the sandwiched Rényi divergence can be extended to the more general (α, z)-Rényi

divergence [9, 34], for certain ranges of (α, z).

(Gap between sufficient and necessary conditions for gradient flow structures) We

have mentioned in Sec. 4.4 that there is still a gap between sufficient and necessary con-

ditions to regard Lindblad equations as gradient flow dynamics of sandwiched Rényi di-

vergences (including the quantum relative entropy [37]). Characterizing the QMS with

various detailed balance conditions, beyond GNS-detailed balance, might be essential to

resolve this issue, i.e., studying different versions of Thm. 4.9 by considering various de-

tailed balance assumptions.

(Quantum Wasserstein distance) In the classical optimal transport theory, Wasserstein

distance, introduced to capture the cost of transportation between two probability mea-

sures, has been widely studied [139]. Due to its success for classical systems, it is a natural
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question to explore the notion of quantum Wasserstein distance. There are many attempts

to define this concept via the Monge formalism [145, 146], the Kantorovich formalism

[1, 39, 79, 80, 143], and the Benamou-Brenier formalism [35, 36, 42–44, 87, 142]. The one

that is most relevant to us is Benamou-Brenier formalism [15], which offers a dynamical

picture to view the Wasserstein distance between any two states ρ0 and ρ1 as the minimal

Lagrangian along all possible paths connecting ρ0 and ρ1. This Lagrangian could be defined

via metric tensors in Riemannian manifolds. In [36, Sec. 8], with the variational formalism

of primitive Lindblad equations with GNS-detailed balance for the quantum relative en-

tropy, quantum Wasserstein distance is defined via the Benamou-Brenier formalism. With

the generalization of this variational formalism to the case of the sandwiched Rényi di-

vergence in Thm. 4.2, one could straightforwardly generalize the quantum Wasserstein

distance defined in [36] to a family of quantum (α, q)-Wasserstein distances.

For any order α ∈ (0,∞) and power q ≥ 1, a quantum (α, q)-Wasserstein distance is

defined in the following way: for any ρ0, ρ1 ∈ D,

Wα,q(ρ0, ρ1) := inf
γ·

(∫ 1

0

(
gα,γs,L (γ̇s, γ̇s)

) q
2 ds

) 1
q

,

where the infimum is taken over all smooth paths γ· : [0, 1] → D+ that connect ρ0 and

ρ1. More specifically, γ0 = ρ0, γ1 = ρ1 and γs ∈ D+ for all s ∈ (0, 1). The study of

the properties of this quantum Wasserstein distance might be an interesting topic for future
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works.

(Lindblad equation with energy-conservation term) In general, the Lindblad equation

has both energy-conservation term and dissipative term; see (1.1) and (1.2). The Hamilto-

nian H , in general, does not vanish. Therefore, it is also an interesting question to explore

how we could generalize our results to such general Lindblad equations with non-trivial H .

An exact construction of gradient flow structures in a Riemannian manifold (as in

Sec. 4.2.1) does not seem to be possible, even for classical kinetic Fokker-Planck equa-

tions. However, for a generalized Kramers equation (probably regarded as the classical

analog of Lindblad equations with a non-trivial Hamiltonian term), some JKO schemes

have already existed in [61]. As far as we know, currently, there is no any JKO scheme

for Lindblad equations, which is probably also an interesting question to study, due to the

current active research on quantum Wasserstein distance, as we mentioned above.

As for the convergence rate to the equilibrium, there is another approach known as the

hypocoercivity [54, 55, 138] for kinetic Fokker-Planck equations. We are curious about

whether this approach admits a quantum extension to help study the convergence of Lind-

blad equations with a non-trivial Hamiltonian term.
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