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Abstract

This dissertation collects work concerning the way individuals deal with imperfect
information, both related to their knowledge of themselves and of others. The second
chapter shows that bounded rationality, in the form of limited knowledge of utility, is
an explanation for common stylized facts of prospect theory like loss aversion, status
quo bias and non-linear probability weighting. Locally limited utility knowledge
is considered within a classical demand model framework, suggesting that costs of
inefficient search for optimal consumption will produce a value function that obeys
the loss aversion axiom of Tversky and Kahneman (1991). Moreover, since this
adjustment happens over time, new predictions are made that explain why the status
quo bias is reinforced over time. This search can also describe the behavior of a
consumer facing an uncertain future wealth level. The search cost justifies non-linear
forms of probability weighting. The effects that have been observed in experiments
will follow as a consequence.

The third chapter looks to understand how firms create and maintain long term
relationships with consumers, or how procurement relations evolve over time, by
studying a dynamic variant of the classical two-type-buyer contract in mechanism
design. Tt is less trivial and more interesting if the utility determinant (or utility
type) is not fixed or completely random, and fair assumptions are that it is either
stochastic, or given by a distribution whose parameters are common knowledge. The

first approach is that of Battaglini (2005), while the second is pursued in this paper.
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With two possible types of buyers, the buyer more likely to have a high utility type
will receive the first-best allocations, while the other will receive the first best only
if he has the high utility type.

The last chapter analyzes a dynamic procurement setting with promise keeping,
where two firms (agents) with private information on their costs contract competi-
tively with a principal. To this end, two models are proposed and the optimal alloca-
tions are determined. The agents face liquidity constraints, which induce distortions
when high marginal costs are reported. We deduce that the principal uses promised
utilities to incentivize the agents, which act as state variables in the recursive max-
imization problem. High cost types are allocated less than efficient quantities and

the inefficiency of the allocation is relieved as the promised utilities increase.
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Introduction

Experimental evidence will often show that people are not entirely rational, at least
according to classical assumptions on what it means to be rational. By irrational,
it is usually meant that we observe a person acting in what we believe is not her
self-interest, implicitly assuming what her self-interest is. In classical theory, it is
not always possible to resolve such contradictions by the usual methods: a better
description of the environment, or a more sophisticated description of the preferences
of the person observed. This is important because, however we might think of peo-
ple, we do tend to consider the world as governed by logically consistent rules, and
this includes the world of human biology. So then why are biological mechanisms
creating a being that behaves irrationally? This question is central to a more refined
view of homo economicus, and the obvious answer is that perfect brains are hard to
grow. [ approach behavioral economic questions from the point of view that what
we call irrational behavior fits into two categories: (a) classically rational behaviors
that are considered irrational only because the environment or preferences are not
described correctly, and (b) behaviors based on heuristics that are quasi-rational in

the "average" environment, but which can lead to suboptimal choices in the setting



observed. Heuristic behaviors can be learned or hardwired, but they are fundamen-
tally related to limitations of reasoning capacities. The test of rationality, with its
common meaning, is that every behavior must make sense from an economic maxi-
mizing perspective if certain limitations on reasoning abilities are assumed. A very
obvious limitation to reasoning is knowledge. In the next chapter, I attempt to bring
together a collection of behavioral economic observations by positing such a limi-
tation, in the form of limited knowledge of preferences. The goal is to see if they
can be justified as efficient behaviors for a rational but limited individual. With the
new theory, one can also look at how uncertainty is analyzed, and then see if the
conclusions can be linked to other behavioral observations involving lotteries.
Limited knowledge is an impediment to optimal outcomes also when it pertains
to knowing others. Dealing with adverse selection is a typical problem for designing
agreements between agents, for example between a buyer and a seller. If it is possible
to commit to appropriate transactions and risk is not an issue, the party that will be
privately informed can receive a fair price for future information and efficiency can be
achieved. Once an agent has private information, efficiency loss is unavoidable, but in
repeated interactions this does not need to happen after the first period. Of course,
once we limit commitment, introduce restrictions or preferences for transactions —
like liquidity constraints and risk aversion, there are further reasons for inefficiency.
The relationships between buyers and sellers are often dynamic in nature, and
relevant permanent private information will rarely stay hidden when there is re-
peated interaction. This has important implications for the pricing of products or
the transfer of goods between a principal and an agent, since the inefficiency induced
by asymmetric information may be reduced by considering the long term behavior
of the agent. Chapter 3 looks at how a principal will design a contract in a situa-
tion when there is a permanent partially informative correlate to a typical random
period-by-period private information that the agent has. Unlike in repeated inter-
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actions where the private information is connected in simpler ways, the dynamic
contract cannot be reduced to offering a repetition of the same single period con-
tract. Chapter 4 looks at how two agents with private information can be induced
to report truthfully when they are not able to buy out the other party because of a
liquidity constraint. As usual, achieving efficiency is limited by the trade-off with the
desire to limit information rent, but the repeating nature of the interaction provides
an opportunity for reducing the liquidity constraint that induces the inefficiency.
This work, which was done together with Prof. Curtis Taylor, extends results from

Krishna & Taylor (2011) to more than one privately informed agent.
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Ineflicient Reallocation, Loss Aversion and
Prospect Theory

2.1 Introduction and Literature

In many contexts, an individual’s choice is influenced by the status quo. This means
that choices are reference dependent. The seminal paper of Kahneman and Tversky
(1979) proposed "prospect theory," and a new direction of research developed, com-
mingling theoretical economics and psychological research. This theory proposes ad
hoc deviations from expected utility theory, which are used to explain countless ex-
perimental observations that are hard to account for in classical terms: all else being
equal, gains are discounted more than losses, small changes are discounted more than
large changes, speed-ups in a sequence of payments are preferred to delays, improv-
ing sequences of returns are preferred over declining sequences (Loewenstein, 1988),
gains with small odds are overweighted, and decisions are biased towards certainty.
Confirming evidence can be found in, e.g., Bateman et al. (1997), who propose an
experimental set-up to contrast the predictions of reference dependent utilities with

those of classic Hicksian theory. Many other papers study individual deviations from



classic theory, e.g. Thaler (1981), Loewenstein (1988), Loewenstein and Sicherman
(1991), etc.

In a more recent treatment, Tversky and Kahneman (1991) present a set of axioms
that are used to generalize the deterministic part of old prospect theory, to explain a

large set of experimental effects related to reference dependence. Let the choice set
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2, and for x = (21,22), 21,22 = 0 are the

X = {z,y,2,1,5,...} be isomorphic to R
consumption values of goods 1 and 2. If >, denotes the preference structure related
to r, then:

(Ag) VreX: =, iscomplete, transitive and continuous; moreover
=,y nz#yt=c>19.

(A1) Vrs,z,ye X : Let 1 =1 > 51 =y, Yy > x9, and ry = s3. Then we have
T=, Y =T >, .

(Ag) Vit,s,xyye X Letay >yp, yo > g, So=1to, y1 =51 =21 Vi =5 =1

Then x =5y =y >, x.

The indices can be reversed throughout, and the domain is 2-dimensional for sim-
plicity. Assumption Ay is the standard collection of axioms to insure that there exists
a strictly increasing continuous utility representation U, for the preference structure
>, given at the reference point r. Classical theory follows if the subscript r is super-
fluous; i.e., if any reference would generate the same preferences. Assumption A; is
what recreates loss aversion. It implies an asymmetry between gains and losses in
terms of the absolute value of the utility change. A, is the diminishing sensitivity
assumption. It says that the absolute value of the change in utility is smaller if the
consumption shift happens further from the origin, all else being equal.

It is instructive to consider prospect theory in the one dimensional case, as formu-
lated by Kahneman and Tversky (1979). In the following, consider the reference to

be at the origin. The three assumptions for the value function over wealth changes,
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as expressed by Bowman et al. (1999), are:
(Py) V(z) is continuous, strictly increasing, and V(0) = 0.
(P1) Lety>x>0. Then V(y) +V(—y) < V(x) +V(—x).

(P,) V(x) is strictly concave for z > 0 and strictly convex for x < 0.

The features of the value function implied by these assumptions can be easily seen
in Figure 1, as given by Kahneman and Tversky (1979) or Tversky and Kahneman
(1991). Assumption P; is the loss aversion assumption, and it implies that a shift
from x > 0 to y > 0 in wealth will produce a lower utility change than a shift
from —z to —y, all in absolute value. Assumption P, is the diminishing sensitivity
assumption, and it makes the impact of equal changes of wealth decreasing in the

distance to the origin, which is the reference point.

Value

N

» (Gains

FIGURE 2.1: Value function over wealth changes.

This chapter studies the impact of the inefficiency of adjustment to optimal con-
sumption because of search, in a classical setting and with bounded rationality.
Search in the consumption space is necessary since the consumer has incomplete

knowledge of his preferences, which will be the assumed limitation. The goal is to
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model the intuitive notion that it would be hard for a consumer to compare wildly
different lifestyles, and in practice he will be more likely to consider small changes
to his current consumption behavior. Formally, it is assumed that the consumer has
only local knowledge of his utility, and he also knows the rate at which his utility
can be improved by marginal changes in his consumption vector. An adjustment in
consumption must happen every time there is a wealth shift or, equivalently, a shift
in the endowment with a certain good, which is the settings of most experiments. It
will be shown that, with relatively weak assumptions, slow or costly search generates
loss aversion, as formulated in assumption A; in Tversky and Kahneman (1991), or as
given by P; in Kahneman and Tversky (1979). The main idea is that finding optimal
consumption bundles is slow and therefore inefficient, and any shock to the wealth
level or to a consumption endowment requires a new optimization of consumption.
Utility losses appear because the allocation is suboptimal during search, and an
alternative approach is to make search itself costly, either in terms of lost time,
or directly. Both positive and negative changes in wealth or endowment require
reallocation, and this means that lost utility will be magnified, while gained utility
will be reduced. This effect is the main feature of prospect theory — loss aversion:
in absolute values, gains are valued less that losses for equal changes in wealth of
endowment. Moreover, the search process can be considered in situations when the
consumer faces shocks in wealth or endowment in the form of lotteries. A consumer
with a heuristic decision making process that takes search losses into account when
planning future allocations will show effects like subcertainty, the overweighting of
small probabilities, and subadditivity of the probability weighting function, which
are described in Kahneman and Tverky (1979). An interesting observation leading
to comparative statics can also be made. The concavity of the instantaneous utility
function, a classic assumption leading to risk aversion, can be shown to determine

how uncertain gains and losses influence the search process. As we would expect,

7



a more risk averse consumer in the classical sense will search towards lower cost
allocations when facing a lottery. We can conclude that a more risk averse consumer
is also more pessimistic.

The idea of costly change is not completely new. Samuelson and Zeckhauser
(1988) mention that status quo bias could be generated by the cost of thinking, as well
as by transaction costs and other psychological effects. In this setting, adjustments
are costly because thinking about a better consumption decision leads to a utility
loss over time and in Section 2.7 a setting in which changing the consumption vector
costs time is considered.

One important question for any new model is whether it offers testable implica-
tions. Here, costly reallocation of resources happens over time. Having the incurred
cost depend on time suggests an experimental set-up in which the status quo can
be cemented by letting time pass before a new option is presented. The expected
effect is that the more time passes with a status quo, the more the loss aversion effect
will be accentuated, thereby providing an experimentally testable implication of the
theory. There is already evidence in support of this interpretation. In Strahilevitz
and Loewenstein (1998), the authors look in depth at the effect of the history of own-
ership on the valuation of an object. They find that, in addition to an instantaneous
effect, a longer history of ownership of an object will also increase its valuation, thus
the value lost in an exchange will be higher than the value gained in the beginning.
Another way of looking at this is to say that increased duration of ownership will
make the object more a part of the status quo, or more a part of his planned con-
sumption — having an object, or wealth level, for a longer period of time should make
it more "comfortable" for the consumer. This is similar to thinking of the status quo
as a plan, or an expectation for future consumption.

Other attempts have been made to place prospect theory within a framework

of classical assumptions. The work of K&szegi and Rabin (2006, 2009) develops a
8



model for the formation of the reference point, which is set as the probabilistic belief
that the person held in the recent past about the possible outcome. This set-up
can be used to explain laboratory observations like the endowment effect from the
more basic gain-loss bias. Because expectations determine the reference, the theory
predicts that traders or merchants will not be affected by the endowment effect,
because their beliefs about future outcomes take into account the fast shifts in the
consumption vector. The idea is closely related in interpretation to the one in the
present chapter. A trader will not search for a new optimal consumption bundle,
given a shift in wealth or allocation, and this is because the trader will expect the
status quo to be temporary.

Another detailed attempt at explaining some parts of prospect theory in classic
terms is in the working paper of Rick Harbaugh (2009). The main idea is that
winning or losing gambles will signal the skill of the player. Thus, a gamble with
some probability for loss, given a perceived default payoff, will signal low skill, while
a gamble with a probability of win above the perceived default will signal high skill.
Therefore the framing of a trade matters, and loss aversion is the result of avoiding
the loss of a gamble. Probability weighting is another consequence, since a high gain
with a small probability will also be a strong signal for skill, while losing an almost-
sure bet is a strong signal of lack of skill. This approach is superior in explaining
framing effects, but is not very useful in settings with little uncertainty.

This chapter has six sections. Section 2.2 lays the theory used to model search,
proposes a general search mechanism in continuous time and proves central results.
Section 2.3 uses the theory to justify loss aversion by inefficient allocation during
search, and justifies the loss aversion axiom A;. Section 2.4 looks at search when
the consumer faces a lottery shock to wealth and shows that risk aversion is related
to pessimism in planning. Section 2.5 considers a functional form example to show
how observations related to the probability weighting function of prospect theory

9



can be recreated. Section 2.6 develops the search method and useful results, section
2.7 constructs an alternative theory that models costly search as lost utility from
lost time, and the last section discusses an experimental method that can be used to
test the model for confirmation and to contrast its implications to those of existing

theory, and concludes. The proofs are in the Appendix.

2.2 Theory

Consider an individual with a rational, continuous and locally nonsatiated prefer-
ence relation, in a deterministic continuous time setting. The consumer chooses
between consumption bundles x(t) = (z1(t), ..., z,(t)), based on his utility function
U: R} - R, Ux(t)) = U(xi1(t), ..., z,(t)), which obeys the usual assumptions
of strict quasiconcavity and continuity. i € {1,..,n} indexes the goods in the con-
sumption bundle, and ¢ € (0,00) denotes the time. The consumer starts with a
consumption vector plan z(0) = (z1(0),...,2,(0)), and with lifetime wealth 17(0).
p = (p1, ..., pn) is a positive and constant market price vector, known to the consumer,
and f is the intertemporal discount factor. The discounting formula is calibrated such
that we can write equations with a familiar discount factor 5 € (0,1). For that, use

equations like:

In 2
ﬁ et In s

51 p - x(t)dt.

NPV (consumption z(t) between times 71 and 73) :=

_ 571 _ /87'2

- p-x if, say, z(t) is constant ]

Say that x(0) is the optimal consumption vector for the instantaneous utility
maximization problem, given the budget p - (0). An important question is if the
consumer, starting with total (lifetime) wealth W (0), is satisfied with continuing to

consume z(0) in the future. E.g., if § is a small number, it could be that the consumer
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would want to use his wealth sooner. Optimal behavior depends on whether S is
smaller or larger than 1/(1 + r), where r is the real interest rate. The life-cycle
model (Hall, 1978) argues that, in an economy with many identical consumers, the
two values are equal and the consumer uses a constant fraction of his lifetime wealth
each period. It is more complicated when we involve economic growth or realistic
behavioral models (Shefrin, 1988) and, in either case, consumer heterogeneity would
require a more general approach. However, to avoid unnecessary complications, we
assume that § = 1/(1 4+ r). To support the assumption, consider that the average
person, who faces the decisions that we consider on time scales significantly shorter
than his lifetime, would be well represented by a stable habitual consumption vector.
The consumer will have access to simple banking, in which he can save his wealth
for later consumption. In Section 2.4 we’ll consider lotteries, so contingent claims
cannot be available, at least for the scope of the decisions considered, because our
risk averse consumer couldn’t distinguish between lotteries and their expected value.

Now, we deviate significantly from classical assumptions by limiting the knowl-
edge of our consumer. The only utility he can know is the utility at the point of his
current chosen consumption plan. He can consider changing his consumption z(0),
and as soon as he does, he can know his new utility level. The only information the
consumer has, besides x(0) and U(z(0)), is the rate at which utility can be increased
on any of the dimensions, VU(z(0)). Therefore, the problem the consumer faces is
similar to a simple optimization problem in which we’re computationally limited to
knowing only the linear approximation of an unknown function. In addition, the
utility of 0 consumption, U(0, ...,0) =: U, is also always known.

Assume that at the start the consumer has one bundle in mind, x(0), which is
optimal. The plan to consume it forever employs all the initial financial resources
the consumer has, W(0) = p - x(0)/(1 — /). The constant consumption decision is
optimal. However, if W (0) # p - x(0)/(1 — f), no change means that the consumer

11



will either go bankrupt at some point, or has unused resources.

The consumer’s rational behavior is limited by the local nature of the knowledge
of his preferences. From his initial choice x(0), he has the opportunity to search
for lifetime utility improvements by small changes. The search method utilized is
steepest descent in its continuous time limit. Section 2.6 describes it and some of the
results in more detail. This means that x(t) will change along VU(x), where U(z) is
the objective function. Let’s assume the consumer starts at the optimum, and there
is a t = 0 wealth shock such that W (0) > p-x(0)/(1 — 3). He suddenly has access to
more wealth than before, so the plan of consuming z(¢) = x(0) forever is suboptimal.
It then makes sense to look for a new long run optimal allocation that employs more
wealth, which is a step in his search process. If the search would converge instantly,

we would need to consider only a simple constrained optimization problem:

maxU(z), s.t. b T

: =W (2.1)

If the initial shock in wealth is such that W (0) < p- 2(0)/(1 — ), the initial
consumption plan is that the consumer will have z(0) for as long as his wealth 17 (0)
will cover, and then switch to the utility level of no consumption expenditure, U.
As long as the marginal utility gain from spending is higher at (0,...,0) than at
any = # (0, ...,0), the initial consumption plan is suboptimal, which means that the
consumer will want to search for allocations of lower utility in the beginning, and
postpone the moment when he runs out of wealth. With instant search, the problem

he solves is the following:

7(x) o0 1— /BT(m)
max U (x) J prdt + Qf ptdt,  s.t. Wp cx < WL (2.2)
z 0 7(x) -

7 is the moment in time when the consumer switches from consumption bundle

x to 0. The lifetime budget constraint will bind, so x determines 7, because the

12



consumer will stop x only because he’s out of resources. In the continuous time
version of the maximization problem, it doesn’t matter how low the value W (0)
becomes, since there is a small enough duration 7 for which the wealth W will be
sufficient to consume the initial allocation x(0).

Now let’s consider how the search works when the convergence towards the opti-
mum is not instant. The main problem is that, as search proceeds, the wealth level
will also change according to the spending on intermediate points, which changes
the objective function for the future. This means that, in choosing the next step
in the search, the consumer has to also consider the effect of the search step on the
future-self’s search process. Fortunately, the consumer has only local knowledge of
his utility, which greatly simplifies the problem. The next step depends only on the
momentary knowledge and wealth level.

A way to formally state the consumer’s bounded rationality constraint is to have

his prior on U(x) as:

U(x) = U(x(0)) + VU((0)) - (z — 2(0)), 2 € B(x(0), e[ VU(2(0))]), (2.3)

U, v € RY/B((0), | VU (2(0)))),

for some small e. If the search step takes time 4., then ¢|VU(2(0))|/d, is the rate
of movement in the search process, assumed constant. Rather than interpreting this
as bad a priori knowledge, we can think of it as the consumer strongly disliking
changes larger than ¢|VU (z(0))] in his consumption bundle because, say, he doesn’t
have any certainty on his utility if he moves too fast and without a clear indication

of improvement, |VU (z(0))].

Proposition 1. Assume that the boundedly rational consumer knows only his current
consumption vector, his current utility level and gradient, as well as the utility of no
consumption. Given a line search method for the maximum, at any point in time the

13



optimal next step is given by the method applied to problems (2.1) or (2.2), where x

15 the momentary consumption vector and W is the momentary wealth level.

For proofs, see the Appendix. The entire search process is simply the successions of
search steps described in the proposition.
At any point, the search direction depends only on the current consumption x,

the direction of the gradient VU (z) and the price vector p.

Proposition 2. If the lifetime budget constraint doesn’t bind and doesn’t hold with
equality, the search moves in the direction of VU (x). If the constraint binds, the

search mowves in the direction VU (x) + [U(z) — U] - 2.

px

When the lifetime budget constraint doesn’t bind, search moves in the direction
VU (x), towards higher spending allocations. It’s interesting to consider whether
the direction of search when the lifetime budget constraint binds is towards lower

spending per period.

Proposition 3. Let the utility function U(x) be strictly concave. When the lifetime
budget constraint binds, the consumer searches towards allocations with lower spend-
ing. If the constraint doesn’t bind, but holds with equality, the direction of movement

1s along the budget constraint.

An important question is why we need to introduce concavity to generate the result.
Intuitively, the corollary proves a smoothing result. When the consumer has less
wealth than it would be needed to sustain the level of consumption = forever, con-
sumption smoothing implies that he will look for a cheaper allocation, and we know
that smoothing requires assumptions on the intertemporal utility trade-off, or simply
that the one-period utility is concave. Therefore, the search steps have to be towards
lower allocations only if we have come kind of concavity generating risk aversion.
Strict concavity is not be the weakest condition required, but it is sufficient.

14



)

FIGURE 2.2: A search path in 2 dimensions.

For each step in the search algorithm proposed, we have a marginal change in the
consumption bundle x, and a change in lifetime wealth remaining. Lifetime wealth

is reduced by the instantaneous consumption and increased by interest:

W'(t) = (—In ) —%(;) + W(t)] . (2.4)

The intermediate allocations generate a path z(¢) in the allocation space, and the
lifetime wealths a function W(¢). The last important question left is whether the
search method proposed reaches a new optimum, i.e., if z(t) given by the algorithm

proposed will converge to a point z* and W (t) to W*, where W* = p-2*/(1 — ).

Proposition 4. Let the search process be a continuous steepest descent algorithm,
where the wealth bound is updated after each step. If U(x) is strictly concave, the
search for the optimal allocation and wealth converges, and the limit wealth is exactly

enough to sustain the limit allocation forever.

Because the focus is explaining observations in experimental conditions, we can

ignore the cases where the the consumer goes bankrupt before he reaches a new
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optimal allocation. It is also conceivable that wealth is so large that search won’t
stop and spending per time can increase forever, because of interest. While this can
be sensible for some consumers, we ignore it and focus on the cases with convergence.

It is also intuitive that these circumstances are likelier to happen if the search is slow.

2.3 Implications of Slow Search

In this section, we show how a loss aversion effect can form from a slow adjustment

of the consumption bundle.
2.3.1 Efficiency Loss in Search

First, let’s look at the consumer’s lifetime utility change from a wealth shock, as the
search rate is increased or decreased. For that, we compare with a situation with
instant search and one with no search. Consider a sudden change in wealth AW
at t = 0. Assume that the optimum consumption level reached with instant search
gives instantaneous utility OU. The lifetime utility gain from AW > 0 after instant
search is OU — U(z(0))/(1 — ). If there is no search, or the search is very slow, the

gain in lifetime utility is 0. Slow search gives an intermediate lifetime utility gain:

1 @ —

O i) - v e (o, 220000 g

=1 1-p
If AW < 0, the lifetime utility loss after instant search is %ZOU, while with

no search, the utility loss is
1 0 0
O 2w - veona s | v -
1-5  B—=11J 0

(2.6)
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FIGURE 2.3: Instantaneous utility after AW > 0.
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FIGURE 2.4: Instantaneous utility after AW < 0.

This time, slow search gives an intermediate lifetime utility loss:

Ing (* t
51, [V0) = Ub)]sdt e <

U(z(0)) — OU’ U(x(0)) - U _ AW) @
1-p 1-p5 w

Now plot the lifetime utility changes, as a function of AW. The ranges obtained

show that the change in utility has the properties highlighted in Figure 2.1. Lifetime

utility is lost for a wealth shock AW because of the inefficiency of the allocation

during search. This way the utility of a gain is decreased while the dis-utility of a

loss is magnified, creating an effect of loss aversion.
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FIGURE 2.5: Lifetime utility change ranges.

In Figure 2.5, both the upper and the lower bounds on the lifetime utility change
can be reached, depending on the speed of the search process. We have normalized
(OU—U(x(0)))/(1- ) to linearity for exposition. The usual concave shape supports
the same conclusion. Observe that we cannot say if the derivative of the lifetime
utility function has a discontinuity at 0, which is usually assumed for the value
function in prospect theory. If the cost function is assumed ad hoc, we only need
for a kink that its relative size doesn’t go to 0 as the change AW goes to 0. Here,
we have modeled the cost as lost efficiency of allocations with concave utilities.
Small shocks to wealth will lead to quadratically decreasing efficiency losses, since
the utility function is locally flat. However, we focus on heuristic decision making,
so it is plausible that experiments with small shocks will induce behavior that is
optimal for important (large) shocks. It can also be that small decisions introduce
direct time costs or other effects, leading again to status quo bias and relatively high

change costs.
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2.3.2  Costly Adjustments

Search for consumption leads to inefficiency, or is costly in some other way. For
example, in Section 2.7, a different set-up introduces cost as lost time. It is not
necessary to propose any specific search mechanism to make this point. Costly search
will generate a reference dependent value function that obeys the loss aversion axiom.
To consider the payoff of a new wealth level or endowment vector, the consumer will
heuristically estimate the cost of switching to it. For this section, we only need to
assume a cost function, C' : R, — R, that is differentiable and strictly increasing,
with C(0) = 0 and C'(I) > 0 for [ > 0.

For any value function U : R? — R which describes the consumer’s choices
absent search, define the reference dependent utility over consumption changes v
from the reference r, V;(v) := U(r + v) — U(r) — C'(|v|), for all possible reference
consumptions. |-| can be almost any p-norm, e.g., the euclidean distance, or, in light
of our previous discussion, the seminorm that gives the money value of the change,
|p-v|. The following proposition verifies that this reference dependent utility satisfies

the loss aversion assumption A;.

Proposition 5. Let C' : R, — R, be differentiable, with C(0) = 0 and C'(I) > 0
for all 1 > 0, and let U(z) : R — R of class C', strictly quasiconcave. Define
Vilx —7r) = Wz) —U(r) — C(|Jx—r|), for any r € R, where the norm is any
d-norm |-|4, 1 < d < o0, or the seminorm |p- (x —r)|. Then the preference structure

given by V.(x — r) satisfies assumption Ay, for any pair of indices i # j.

The status quo has increased value because the search cost is sunk cost. Loss aver-
sion also implies status quo bias, so costly search will generate the two experimental

effects.
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2.4 Searching with Lotteries

Slow search has other implications, besides loss aversion, that relate to prospect
theory. In this section we consider how the consumer, given his limited knowledge,
will evaluate lotteries. We will assume that he is an expected utility maximizer, and
that he knows the probabilities of an uncertain event which will change his lifetime
wealth level. For simplicity, we assume that the lottery is resolved after his initial
search has enough time to converge. This is relevant for many practical situations in
which the risk is evaluated, because uncertainties rarely have immediate resolutions.
It is intuitive that his heuristic decision making will also apply in decisions that
involve lotteries that are resolved instantly.

The next question is if we can describe the path of the allocation x(t) when the
consumer faces an initial lottery. Let the consumer start from an optimal initial point
x(0), and consider a shock to wealth in the form of a lottery, (o, W1(0); 1 —a, W5(0)),
where W;(0) < p-x(0)/(1—5) < W(0). W;(0) is the lifetime wealth if contingency j
is realized. As the consumer spends p-z(t) per unit of time, we know that W;(t) will
also change, but the interpretation is the same. Because the initial point is optimal,
we must have that p||VU(x(0)). Then, using the general result from Proposition 6,
Ja. € (0, 1) such that

acVVl
p-z(0)

1—

1-p

VU ((0)) + [VU<x<o>>—<U<x<o>>—g> P_|_o (28

p-z(0)

because we know that VU (z(0)) and VU (2(0)) — (U(x(0)) —U)p/p - x(0) are vectors
pointing in opposite directions. In this case, the odds of the gamble are such that
there is no need to search for a better allocation, momentarily. However, we know

that

p-2(0)
1-p

W/(0) = (—In ) [_ + Wl(())] <0. (2.9)
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This will reduce the effect of the low wealth outcome on the direction of search,
so the gradient of the objective changes and we start moving towards higher cost
allocations. If the probability of the low wealth event o < «a, the search is going
to move towards higher spending allocations, and wvice versa. The following result
gives the search direction at any point for a general lottery function, assuming that

all p- /(1 — ) < W; either bind or don’t hold with equality.

Proposition 6. Let the consumer have current consumption choice x, and say that
he faces a lottery (o, Wi;...; a0, W)), expressed in terms of the lifetime wealths for
each contingency. Let W1 < ... < W < p-z/(1 =) < Wiy < ... < W, and

a1 + ... + oy = 1. The direction of his search will be given by

Q41+ ...+ CKZVU(I‘) I a1W1 + ...+ Oéka [

p
- - VU(z) — (U(z) - U)—} .

oz

Consider the simple lottery again. It cannot be that searching stops at any x*
such that Wi(t) < W* := p-a*/(1 — ) < Wy(t). That is because Wi(t) will be
decreasing, and the gradient of the objective function will start pointing towards
higher cost allocations. However, without more assumptions on the shape of U(z),
we cannot say how the two "forces" will balance out as consumption changes. It
is sensible that, if U(x) is sufficiently concave, the bundle x(t) can stay somewhere
such that the spending rate will not converge towards any W;(t). As before, it is
also possible that the search will not converge because the values W;(t) are also
changing very fast, but we ignore such unusual behavior assuming that the search is
fast enough.

The following result gives us convergence for simple lotteries and U(x) that is not
very concave, or equivalently for small enough lottery payoffs. Under the conditions
of the proposition, the movement is towards higher cost consumption for small «, or
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lower cost for large .

Proposition 7. If the consumer faces a lottery in the distant future (o, Wq;1 —
a, Wa), with Wy < p-x(0)/(1 — ) < Wa, and the instantaneous utility function has
0 > V2U(x) > —MI, then for any subdomain D € R:, 30 < oy < ap, < 1 for M

* and

small enough such that for a € (0, q] U [, 1) the search converges, x(t) — x

W* = Wi(t) for a < ap, W* = Wi(t) for a = ay,, where W* :=p-z*/(1 - f3), and

W; is the lifetime utility for outcome j.

For a > «,, the consumer behaves as if "planing" for the worse outcome, and will
reach a point x* which can be consumed without bankruptcy if the worse outcome
happens. For a < «y, the consumer behaves as if he’s ignoring the worse outcome,
and reaches a point where he consumes at a rate that is sustainable only with the high
wealth outcome. We will say that the consumer plans for a certain outcome if his
search is dominated by it, leading him to incur the cost of switching his consumption
to match the outcome’s lifetime wealth. For a € (o, a4), it is possible that the
search will never converge. When the lottery will be resolved, the consumer will
have a consumption that is in between what can be afforded under the two wealth
outcomes. This behavior is suggestive of hedging. Searching for an optimal allocation
leads to utility loss for the initial search, as well as in the future, if the lottery will be
resolved opposite to the plan. The behavior suggests a bias towards certainty, since
more certain outcomes are less likely to lead to future search costs.

We see here a behavior that suggests the consumer heads towards a discounted
consumption level approximated by the expectation of the lottery faced. This is rem-
iniscent of the work of Készegi and Rabin (2006), which assume that "the reference
point is fully determined by the expectations a person held in the recent past."

We can make another interesting observation leading to comparative statics.

Propositions 6, 7 show that planning is influenced by the concavity of the instanta-
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neous utility function. All else being equal, at any point the consumer is more likely
to plan for the worse outcome if his instantaneous utility function is more concave,
ie., if |[VU(z) — (U(x) —U)p/(p - z)| is higher. This confirms a classic assumption:
a consumer that will be more likely to plan for the worse outcome, i.e., more pes-
simistic, is a consumer with a more concave utility function, so more risk averse. Also
note that, in the limit of no concavity of U(x), |VU(x) — (U(z) — U)p/(p - x)| — 0
(Proposition 3), and the consumer will act in such a way as to make sure he consumes
all possible resources if the high wealth contingency is realized. Low concavity leads

to a behavior suggestive of optimism.

Corollary 8. Let U%(z), U(x) be two instantancous utility functions for consumers
a and b, which have current consumptions xo. If VU(xg) = VU’(xy) and 0 >
V2U(z) > V2U"(x) for all x, then consumer a will increase his spending more than

consumer b.

2.5 FEvaluating Lotteries

In this section we will assume that the consumer incurs search costs according to
C(+), and that he always plans for the likeliest outcome when facing a lifetime wealth
shock in the form of a lottery. We want to see what experimental evidence summa-
rized by prospect theory can be explained this way. To keep things simpler, we’ll
assume a high intertemporal discount factor g, so that the utility cost of a future
consumption adjustment is approximately the same as the cost of a current adjust-
ment. For evaluating specific numerical lotteries, we pick the examples in Kahneman
and Tversky (1979), and we use specific examples of utility and cost functions over
wealth changes.

Let V.(AW) := U(AW) — C(|JAW]) be our reference dependent value func-
tion for changes AW. U(AW) is the lifetime utility gain from AW without any
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search costs. We make the usual concavity assumption for it. Furthermore, assume
C(|AW])/|W(AW)| is decreasing when |AW| grows. This means that the relative
utility cost of search is smaller for higher wealth changes. In our discussion of search,
the loss was created by the inefficient allocation of resources.

First, let’s consider the following example for a value function, V,.(AW), where

AW 1 (AW? 1 ATV

The utility gain with no search is a quadratic approximation, and the cost function
is much more concave than the quadratic, so that search costs become relatively less
significant for large shocks in wealth. There is a 1/2 factor in front, so that the cost
isn’t overwhelming for small |[AW].

The Allais paradox, as presented by Kahneman and Tversky (1979), is that in
experiments gamble B is preferred to gamble A, and C' to D, by a large majority of

subjects:
A 2,500 with probability 0.33, B : 2,400 with certainty,
2.400 with probability 0.66,

0 with probability 0.01,

C: 2,500 with probability 0.33, D : 2,400 with probability 0.34,

0 with probability 0.67, 0 with probability 0.66.

This means that a number of subjects make decisions that violate the substitution
axiom. This result is interpreted to imply subcertainty for the probability weighting
function in prospect theory, i.e, 7(p) + 7(1 — p) < 1 for p € (0,1). However, if we

evaluate the lotteries with our value function example:
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V, (7 A7) = U(2400) - 0.66 + U(2500) - 0.33 — C/(2400) — C(100) - 0.33 — C(2400) - 0.01
—0.01183,

V,(” B”) = U(2400) — C(2400) = 0.01202,

V,(7C”) = (U(2500) — C(2500)) - 0.33 = 0.004134,

V,("D”) = (U(2400) — C(2400)) - 0.34 = 0.004089.

Lottery A leads to a lower gain than B. Although the expected value of U is higher
for A, the small possibility of a loss increases search costs. C' has a higher gain than
D, which comes from the higher expected U gain, since search costs are similar.

A similar story can justify the subadditivity property in probability waiting (Kah-
neman and Tversky, 1979). Lottery F' is experimentally preferred to F, and G to
H:

E . 3,000 with probability 0.002, F: 6,000 with probability 0.001,

0 with probability 0.998, 0 with probability 0.999,
G : — 3,000 with probability 0.002, H : —6,000 with probability 0.001,
0 with probability 0.998, 0 with probability 0.999.

V,("E”) = (U(3000) — C(3000)) - 0.002 = 0.00003008,
V,("F”) = (U(6000) — C(6000)) - 0.001 = 0.00003015,
V,("G”) = (U(—3000) — C(3000)) - 0.002 = —0.00008992,

V,("H”) = (U(—6000) — C(6000)) - 0.001 = —0.00008985.

Finally, consider the effect of small probability overweighting, m(p) > p, for small
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p. In the following, I is preferred to J, and L to K in experiments:

I : 5,000 with probability 0.001, J: 5 with certainty,

0 with probability 0.999,

K : —5,000 with probability 0.001, L: —5 with certainty.

0 with probability 0.999,

V.("I7) = (U(5000) — C'(5000)) - 0.001 = 0.00002510,
V.("J”) =U(5) — C(5) = 0.00002500,
V.("K”) = (U(—5000) — C'(5000)) - 0.001 = —0.00007490,
V.("L”) = U(-5) — C(5) = —0.00007500.
When comparing lotteries I and J, the cost of search is much less relative to the

change in utility for the high wealth shock, and with our functions this effects over-

comes the utility concavity effect. Subproportionality, which is defined as

m(pg) _ m(pgr)
m(p) — w(pr)

, (2.11)

for 0 < p,q,r < 1, is also partially supported. Our example function has reproduced
the experimental observations that justify the shape of the probability weighting

function in prospect theory.

2.6 The Search Method

In order to link search to consumption choice, a model of search is proposed in this
section. The theory Section 2.7 uses an assumption that can give the time rate of
the improvement,

le(t) = 2% = e (0) — 27| < (Jo(t) — 27| (t) = —r - o) —2*].  (2.12)
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In this section, steepest descent is proposed and discussed, but such a result can be
achieved by more than one mechanism. For now, let’s consider search in discrete
time. If f(z) is C!, bounded from above, the domain is bounded, and the gradient
is Lipschitz continuous with some constant N, we know that the steepest descent
algorithm will converge for step sizes 0 < ¢ < 1/N (Ruszczynski, 5.3.2, 2006). Max-
imum lifetime utility is bounded from above in our set-up, since we always assume
that lifetime wealth is bounded in every contingency, and by the same argument so

is the domain of search. A stronger result can be obtained with more assumptions

on f(x).

Proposition 9. Let f(x) be a twice continuously differentiable function over con-
sumption x, which does not include a measure of time. It is assumed that —ml >
V2f(z) > —MI, Vx € D, the domain, and 0 < m < M. Furthermore D is convez.
(This implies that the Hessian is negative definite on the domain D, V?f(z) < 0.)
A unique maximum x* € D must exist, which is assumed to be an interior point.
The search generated by the steepest descent algorithm, starting from xq given, with

a step length € € (0,2/M), generates a sequence {x;} — x*, and the following results
hold:
|

(a) llze — 2™ < ¢"llwo — 2*],

() Fa*) ~ Fw) < " gmaa™[£(2*) — f(ro)],

where gmazx := max[|l —em/|, |1 — eM]|] < 1.

When ||z — x*|/|z¢ — 2| = const. < 1, the search is said to converge Q-
linearly. For specially constructed f, we can get near the upper bound in the limit,
so the upper bound cannot be improved (Cartis et al., 2009). As for a lower bound
on the search convergence rate, it is obvious that, given the search process, a step
length and a starting point, specific examples can be constructed such that the first
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steps will coincide with a maximum. But we can try to consider how fast the search
method works for generic quadratic examples, which will approximate well any f
with —mI > V2f(z) > —M]I, locally. For quadratics, Akaike (1959) shows that the
steepest descent method with directional minimization, which is superior to constant
step length, will statistically converge only Q-linearly, unless the first search direction
happens to be an eigenvalue of the Hessian. This confirms the observation that in
practical use steepest descent is not better than Q-linear. To show that the search
speed is limited to Q-linear, we consider steepest descent with constant step length
in the best case scenario: where f(z) is quadratic and the initial search direction is

an eigenvector of V2 f(x).

Proposition 10. Consider a quadratic f(z) with non-degenerate Hessian —ml >
V2f = —MI, optimized by steepest descent with constant step length e € (0,2/M).
Let xq be the starting point, and V f(xo) an eigenvector of V2 f(xq). Then the search
method will proceed only along the direction of V f(x), and the following hold:

() [z — 27 = gmin|zo — 27,
(b) £(a*) = f(x2) > Toqmin®[f(z*) = f(xo)]
where gmin = min{|1 — em|, ..., |1 — e M|} < 1.

We can conclude that generally our search process has a () — linear convergence
speed. Now we consider what happens in the continuous time limit to the search

process.

Lemma 11. Consider the steepest descent search with step length inversely propor-
tional to the time interval, and the familiar assumptions on f(x). In the continuous
time limit, the upper and lower bounds on the convergence of the objective func-
tion and the argument are exponentials, and the search converges Q-linearly to the
optimum.
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We have assumed the step length to be inversely proportional to the time of one
search iteration. In terms of computational costs, the step length doesn’t make a
difference. We can, however, justify it with economic intuition, assuming that larger
consumption changes take more time. The assumption is needed because we want to
consider a continuous time description of individual consumption, even if the search
behavior is essentially discrete. Another way to view z(t) is as a continuous approx-
imation of a messy, discrete consumption pattern, in the same way classic period
by period aggregation is a discrete approximation. Then the continuous steepest
descent is an approximation of a real discrete process.

From Lemma 11, assumption (2.12) holds if we take r to satisfy the upper and
lower convergence speed bounds. Since we derive stylized results, we only need that

the search process converges Q-linearly in Section 2.7.

2.7 An Alternate Theoretical Set-up

Consider an individual with a rational, continuous and locally nonsatiated preference
relation, implying some utility function U : R”™ — R, who is making a one-time
consumption decision over bundles (xy, ..., x,,t) = (x,t), where the last component
represents time, or leisure. Furthermore, U is strictly quasiconcave and of class .
Assume that his utility is additively separable in time: U(x,t) = U(x)+T(t). It must
follow that U € C!, strictly quasiconcave. The consumption vectors x = (xy, ..., x,)
are expressed in units of money for simplicity, so the price is normalized to (1,...,1).

Leisure and every good will optimally be consumed in some amount because:

t—0 . oU Viy ooy Vi1, X5, Vi41y -4+, Un) 2,—0
T'(t) — 00; Vi : VU1, ey Vi1, Vi 1y ey Up (v, - a’ d o Un) 0 .
L

So, for simplicity, the solution to the classical utility maximization problem is an

interior solution for nonzero wealth. Because total utility is additively separable, the
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individual solves a classical utility maximization problem if the leisure consumption

is fixed:

argmax U(x) s.t. Z:pl <B, B=0. (2.13)

Let 0(r,x) = Y, (r; — ;) be the wealth shift measure in units of money from the
initial value B(r) = ), r;, given some change in endowment » — z. In general, x will
be suboptimal for the wealth value B + 0. Let A(z,z*) = ||z — 2*| be the distance
in consumption bundle space to the new optimum x*(4) that solves (2.13) for B + .

Given any deviation from the reference point, the individual will incur a cost over
time at a constant rate while adjusting to the new optimal consumption allocation.
To be specific, begin by setting x(¢) as the temporary consumption decision at search
time ¢. In the following, the setting is deterministic and the search path z(t) is
continuous. Search starts at ¢ = 0 and will continue if the payoff from reaching a
more efficient allocation offsets the cost incurred. Let t, = 0 be the stopping time.
To simplify notation, say A(t) = A(z(t),2*), and assume it is differentiable, and:

ts

=r>0, so jtszfdt

0

A'(t)

_ log A(0) — log A(t,)
A(t) B '

r

(2.14)

The interpretation of this assumption is that reducing the misallocation by a small
percentage happens in the same small period of time, i.e., the log-rate at which the
distance to optimal allocation is reduced is constant. This assumption will be justified
with a mechanism for costly search in section 2.6, but now it is an assumption. We
are dealing with a one-time consumption allocation problem and time discounting is
ignored; implicitly, the consumption aggregation period is assumed much larger than
the search time.

An endowment change r — r 4 v gives a change in wealth 0 (r,r +v) = >}, v;.
For an arbitrary v with )}, v; = 1, consider changes of the form r — r + dv, § €
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(= > 7i,0). The following proposition shows that the optimal utility value for the
new wealth level is continuous and differentiable in ¢, that U(r + dv) will deviate as
0(9) from this optimal utility, and that the optimal demand function is continuous

in 4.

Proposition 12. Letr € R, and ®(§) = U(z*(9)) = max, {U(x) | >, x; = B(r) + 0}.
Let x*(0) and r be the solutions for the classical utility mazimization problem (2.13)

with budgets B(r) + 0 and B(r). Then ®(0) is continuous and differentiable. Fur-

thermore, for all v such that Y, v; = 1, ®(6) — U(r + év) = o(d), where % 229, p,

and x*(0) is continuous in 6.

So z*(J) is a continuous curve on the domain, that intersects any expenditure
boundary once. Without other assumptions on the utility function, we can only
establish that A(r + dv,2*(4)) will be bounded by a positive continuous function

passing through the origin:

Alr +8v,2°(8)) = [a*(6) — (r + 60)| < |a*(8) =l + 3] - o). (219)

This, however, does not say anything about the lower bound of A(r + dv,z*(J)).
We can do more if we employ stronger assumptions on U and a result by Debreu
(1972, 1976), which gives conditions for the invertibility of the demand function
x*(§). Specifically, the Gaussian curvature of the hypersurface of constant utility
{z | U(x) = U(x*)} has to be non-zero at z*, i.e., the level curves have no flat parts,
in a quadratic sense. Observe that the Hessian condition of Proposition 9 is stronger

than and implies that the Gaussian curvature is strictly greater than zero.

Proposition 13. For all § € (—B, o), let x*(0) be the demand induced by the
classical utility maximization problem of U with wealth B + 0. If k(2*(9)) # 0 is the
Gaussian curvature of {x | U(z) = U(x*(0))} at *(5), then x*(-) is differentiable at
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9, and % = —% <ZJ ekj> , Vk, where €y; is the price elasticity of demand for good

k and price j.
If 2*(9) is differentiable, then so is A(r + dv,2*(d)). Therefore, for small 6,

A(r + v, 2*(9)) can be approximated by a linear function, which is nonzero for a.e.

(N

A(r + dv,x2%(0)) ~ |9] - ‘ <8x1 —vl,...,% —vn> H (2.16)

The upper and lower bounds for the linear approximation at small ¢ values are given

by:
|| (53

) H [ (v, ..y v) ‘ < Alr + 6v,2%(5))

oxy ox}
< 19| H ( s %) H + 0] - || (1, oy v0) |-

The slope is positive and bounded if the price elasticities are bounded locally on the

(2.17)

demand curve, which is a reasonable assumption far away from extreme allocations.
In the following, it will be assumed that A(r + dv,2*(d)) is monotonic and strictly
increasing in 0. The assumption is reasonable if €;; can be taken to change at a
small enough rate, which is true if each consumption component x; is the aggregate

of many goods. Alternatively, there can be very many x; that can have elasticities

which change rapidly, but for which H(a%k — VL, e aa%i — v,,)|| still changes at a rate
smaller than one, because of the averaging effect.

Effective spending of resources means that the temporary consumption choice
x(t) is close to the budget frontier, as optimal allocations should use all the available

wealth. The difference to the maximum in the utility value will be o(x* — z(t)),
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because the budget frontier is tangent to the level curve:

i=1

v UL o , ) .
oz, = 3, 4 2= 2ol = U(@) ~Ula") = —ofa” — ) < ~o(la” ~ ).

(2.18)

Define the utility centered around the reference point on the budget frontier:

Va* eRY : let U, : {x

Z:L‘i = fo} - R, Up(x—2*) =U(x)-U(z"). (2.19)

The differential DU, (z* — x) becomes the 0 map at 2* = z and it’s continuous, and

T is strictly increasing in leisure, so:

* *— dT(t — 11 — x* 11oe A0
1A() > 05, | Werlela® —a)| | AT - ;loglafz —a7]) + ;log AO)) | _
1 da da
Tt — =1 — ¥ oo A(O
(t = log(afe —=) + 3108 AO) w0 A

roa

(2.20)
Therefore the search stops at A(ts). We can find bounds on the final utility in terms
of § and A(ts):

O(5) — o(A(0)) + T(1), A(0) < A(ts).

Because the budget frontiers intersect the demand function z*(J) only once,
®(0) can be scaled arbitrarily by any monotonic transformation. For simplicity
and convenience, let ®(0) be linear.U(r,t) = ®(0) + T'(¢) is the utility at the sta-
tus quo, and ®(d) + T'(t) is the utility in absence of search costs, for a given 4.
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FIGURE 2.6: U deviates from the linear shape of ®(8) + 7.

If § is small enough, we can simplify things further by making T'(t) = kit and
A(0) = A(r + dv,x2*(9)) = ko|d| linear. Consider the effect of the adjustment cost

on the slope, for positive and negative ¢, in Figure 2.6.

Q) + T(t) = U(x(ts), t —ts) =

O(5) —o(Alty)) + T(t) — % log KQ(Lil),

ka|6] > A(ty) (2.22)
®(0) — o(ka|d]) + T(¢), kal0] < A(ts).

The absolute value of the slope is decreased for positive d values and increased for
negative ones. This gives the loss aversion effect. Compare the shape of the function
with the one in Figure 2.1. The cost function C(-) used before would be given by:

k ko|d
o(A(1) + " log A"’('t ') kalo] > At,)

C(lov]) = (2.23)

o(k2|d]), ka|0] < A(ts).
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This graph requires that we talk about risk aversion. In the original Kahneman
and Tversky (1979) treatment, one of the assumptions is that utility of money is
concave, to account for risk aversion. The cardinality of the utility function itself is
linked to the basic test for risk aversion, which is assumptions (P; ). Here, we deal with
choice over a set of goods, with utility arbitrary up to monotonic transformations.
To be able to connect it to the one dimensional utility over money only, we need to
fixate the cardinal values of U. The natural choice is to set U such that ®(9) satisfies
the usual one-dimensional utility assumptions, including concavity for risk aversion,

but here assuming a linear ®(J) would not change the results.

2.8 Discussion and Conclusion

We have proposed a behavioral model of consumer optimization which leads to inef-
ficient search for optimal allocations. We have modeled the utility losses as an effect
of search, once the consumer is faced with a shock to wealth or endowment. This cost
can justify loss aversion as observed in experiments. A reference dependent value
function that incorporates a cost of search satisfies the loss aversion axiom of Tver-
sky and Kahneman (1991), and the equivalent loss aversion assumption of prospect
theory in Kahneman and Tversky (1979). After a lottery shock, the consumer will
plan for the likelier outcome, and this will lead to observed features of the probability
weighting function in prospect theory. In addition, new predictions can be derived,
which can serve to contrast this theoretical set-up from other models. For once, the
issue of time in the setting of the reference point is crucial. An experiment that
looks at the strength of the deviations from classical Hicksian demand in terms of
the historical duration of a status quo, and tries to separate this effect from other
potentially valid ones, can be used to confirm.

There is important supporting evidence for the effect of time on loss aversion
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in the experimental work of Strahilevitz and Loewenstein (1998). In four related
studies, the authors try to separate the effect of ownership history and conclude
that, in addition to an endowment effect component that seems to set in almost
instantly, the duration of ownership will also increase the valuation of a given object.
In the present framework, the two components of this effect can be explained. The
initial effect, which sets in almost immediately, is the reflection of the fact that only a
small investment in looking for the optimum at the beginning can have a large effect.
Because the rate at which the optimum is approached decreases to zero, we must
have an efficiency gain that comes only after a while, as the optimum is approached
asymptotically. This gives the later duration-dependent component that the authors
observe.

To support the theory, a mechanism that generates costly search is constructed,
with some basic assumptions about an individual’s search behavior. The search
mechanism is proposed to be the heuristic equivalent of steepest descent, which is an
intuitive solution in convex maximization problems. The individual is said to behave
as if he would be performing such an algorithm, starting from an initial condition
— here the status quo. This is a bounded rationality setting, where the limitation is
that individuals have no a priori knowledge of utility values for consumption bundles
they do not hold, unless they choose them during search.

The theoretical work of Készegi and Rabin (2006, 2009) is further suggesting
of the importance of beliefs about future realizations on the choice of status quo.
If beliefs on the future are important, then it’s not a great leap to assume that
planning is important. One of the explanations provided by their model — that
traders and merchants are not influenced by the endowment effect because they don’t
hold updated beliefs based on the market traffic — is also paralleled by an explanation
within the framework of the current chapter: an agent who doesn’t expect to hold

on to some bundle of goods will not try to find an optimal level of consumption after
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every trade. Furthermore, the later explanation has the advantage that it replaces
an ad hoc assumption — expectation as status quo — with an underlining mechanism.

A valuable extension to the current work would be to distinguish which features
of a reduced functional form for the consumer’s value function, together with search
planning, are crucial for recreating subcertainty, the overweighting of small proba-
bilities, and subadditivity, effects which justify the probability weighting function of

prospect theory.
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3

Dynamic Contracting under Permanent and
Transitory Private Information

3.1 Motivation and Related Literature

There are many ways to model repeated interactions between, say, a buyer and a
seller, and by the revelation principle the optimal mechanism will involve the seller
reporting his private information, as long as adequate incentive compatibility and
rationality conditions are satisfied. But, if the private information known before
signing the contract has no bearing on future private information, the problem is
in a sense trivial. The dynamic contract becomes a pasting of static ones. It is
more interesting to consider that there is a link between the private information at
different times, and this link can be stochastic, or statistic — given by an underlining
condition like a probability distribution, or in general a combination. In Battaglini
(2005), we see the simplest form of a stochastic link: the utility type evolves according
to a Markov process. Here I considers the simplest statistic link: the utility types are
given by a distribution depending on a buyer type. The buyer type could be common

knowledge, but this would make the problem trivial again. I will consider chiefly the
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buyer’s type to be the buyer’s private information, but the problem becomes even
more interesting once we explore the idea of a hidden or partially hidden buyer type,
which can be learned by both parties through repeated interactions.

It is important to look at such dynamic contractual relationships, since they
are increasingly important for the economy. As information technology advances,
tracking customers becomes easier and can lead to better tailored products and
offers. Moreover, handling such long term data can improve the customer screening
potential of companies which have the resources. A great example is the market
for mobile telephony. Mobile phone carriers have the ability to enforce long term
contracts, and the service usage can be carefully monitored. Moreover, the service to
users can be charged at different rates based on quantity brackets, and can package
utility increasing features into the contract — phone quality, text messaging, data
plans. The contracts themselves come with initial or overtime financial commitments.
The consumer can arguably have knowledge of his potential usage pattern, defining
a possible buyer type, and his monthly consumption choice would be equivalent
to reporting a utility type by the taxation principle. Consider also a monopolistic
supplier selling to a small business or a company dealing with its franchise. The
company or franchise hold specific private information about the profitability of the
business, as well as about the day to day sales potential, which would determine short
term profits. Long term strategy must incorporate the information from repeated
interaction.

This chapter presents the interaction between a buyer and a seller, with the
buyer has private information about his "utility type" and his "buyer type". The
buyer type will determine the utility type statistically, but all buyer types can have
one of the same utility types, so there is some overlap which makes buyer types
unseparable in a trivial manner. Considering the buyer type as private information,

it is clear that the buyer’s type will influence the type of contract that is optimally
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offered only to him, as well as in a setting in which there are more than one buyer
type. It turns out that there is separation between buyer types, which for two types
happens through basically two contracts, where for reports of a low utility (type) the
quantities allocated differ.

An alternative approach to a similar problem in current literature is in Battaglini
(2005). He considers a dynamic interaction between a buyer and a seller much like
in this chapter, where utility only can change from a utility type determinant, and
this type is linked across time by a Markov process. This assumption may describe
the setting of a monopolistic supplier or a franchise owner better, at least when
it can be said that the profitability of the agent’s business is subject to a Markov
process because, say, the daily number of returning customers is Markov. In other
situations it makes more sense to consider that the profitability of the business is
simply determined by unchangeable factors — here the agent type, and randomness.

In a working paper, Pavan et al. (2009) attempt to characterize general dynamic
mechanism design problems in finite time, and again for an infinite horizon in Pavan
et al. (2010). They consider a general stochastic process for information, with
possibly non-time-separable agent payoffs. To obtain more explicit results, they
require continuity in the probability measure that determines types, and in general,
continuity in the total variation metric for the most general results. This does not
translate to the finite type case, where the differential conditions cannot apply. One
important observation they make is that the vanishing distortions at the bottom
principle (VDB) in Battaglini (2005) is not a robust result. In general, distortions
need not be monotonic in type or in time, nor vanish in the long run.

Courti and Li (2000) study a somewhat similar problem with two stages, where
the first stage is where the agent, an airline ticket buyer, finds out his type, which
restricts somewhat the buyer’s possible valuations for the ticket. Considering con-

tracts with partial refunds, the authors find that the informativeness of the signal
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the buyer gets is what determines the optimal mechanisms, and not the uncertainty
that affects all the buyer types.

The next two sections present and solve the model proposed, the following sec-
tion provides a discussion of the results and their implications, and the last section

concludes. The proofs are relegated to the Appendix.

3.2 Describing the Model

Consider a setting with a monopolistic principal, or seller, and an agent, or buyer.

The buyer’s period by period utility function is given by

U(,q) = 0q - ¢*/2 — p(q), (3.1)

where ¢ is the buyer’s consumption, p is a price he pays for it henceforth determined
by ¢, and @ is a utility, or demand, type determinant which can take the values
{01, 0,}. The buyer has ex-ante private information about the probability of having a
demand of type 6;, instead of #; in any one period. This probability is determined by
the buyer’s type, and can take the values {ay,, 1 —ay} or {ay, 1 —y}. There is common
knowledge that the only two buyer types appear with odds {¢, 1 — ¢} respectively.
Later on, this assumption will be relaxed and generalized. The reservation utility
for the buyer is 0, and the seller has the power to commit to a contract. Both
buyer and seller are risk neutral and have no liquidity constraints, so they care
only about maximizing expected utility. We can restrict attention to direct truthful
mechanisms. The game starts in period 0, with the buyer reporting his o value,
after which he may have to make a payment, although we may assume w.l.0.g. that
the payment is deferred. In subsequent rounds, the buyer reports his 8 demand
determinant, receives an allocation ¢ and makes a new payment — Figure 3.1. Let

generic 0, > 0, >0, 1 > a; > a; > 0, v € (0,1), but strict inequalities are only to
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FIGURE 3.1: Moves by nature. The dotted line shows when the contract is signed.

consider the interesting problem. In the following, I will focus on a game with infinite
periods, but sometimes I may also consider a finite period game for description or as
a stepping stone. Unless explicitly stated, the results will hold for the finite as well

as infinite settings. In the finite case I will ignore discounting.

3.3 Solving the Model

It is interesting to consider both the finite and the infinite time periods versions.
For the infinite setting, we could possibly use a recursive approach, but simple con-
siderations show that the number of relevant state variables grows linearly in time,
and it is not immediate in what way one can summarize the relevant history. There-
fore, looking at the optimal direct mechanism for the finite game is easier, and could

possibly be extended with a continuity argument to the infinite setting. For that,
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one typically considers rationality and compatibility incentive constraints, which are
then incorporated in a global maximization problem. However, as the number of time
periods grows, the number of incentive compatibility conditions will also grow poly-
nomially. It is important then to par down this number to the absolute minimum,

before proceeding to any analysis in this direction.
3.3.1 Reducing the number of ICC conditions

The first step in the solving strategy is proving that the set of incentive compatibility
conditions can be restricted somewhat. This claim will be proven for a more general
buyer utility function, and an arbitrary finite number of utility types [. The utility
function is Uy(0, ¢(+)) in round ¢, discounted if needed, where 6 can take any value
from the finite set {6;,...,6;}, and the allocation ¢;(hg, h1,...,h;) is a function of
the history of messages the buyer sent. Fix Uy = 0, since we can delay payment.
Here « is just an index for one of a finite number of probability distributions over
the values 0, and it has full support w.l.0o.g. We can consider the messages h; to
be determined by a function of the buyer’s true type and demand type history,
ht = oy, 0%, 0%, ...,0Y), h® = o¢(), where o = {04(-)} is the player’s strategy. Any
direct truthful mechanism that implements a menu will have to satisfy individual
rationality constraints (IRCs) for each «, since the buyer has ex-ante information

about his type before he signs a contract.

Va: 0<
t

A (0)U,(0, gy, 6%, ..., 0Y), (3.2)

n t
=1 et i=1
where ©F = (0',...,60") is one possible history of types for period ¢, and A\,(6") is
the probability of getting the value ¢° that is given by the distribution indicated

by a. For clarification, in our two-types model o, = Ay, (01), 1 — o, = Ay, (61),

ap = Ay, (0r), and 1 — a; = A, (6;). The incentive compatibility constraints (ICCs)
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for a direct truthful mechanism are

n t
Vo,ar Y > T [Aa@)U(0, (e, 6", 0") =

t=1 et i=1

t (3.3)
DI [Aal0)UO qu(h ", 1Y),
t=1 @t i=1
Proposition 14. The set of incentive compatibility conditions (3.3) is satisfied if a
stronger set of compatibility conditions (S) hold, whereby in each period the buyer
considers only one-time deviations from truth, followed by truthful reporting in the
future. That is, the ICCs are implied by the following set of inequalities, for' k €

0,n, Voo06k:

U(0%, ar(h°, bt "1 6%))+

n t
+ Z Z H )\a(ej)Ut(eta%f(hO?hl?'"7hk7170k79k+17"'79t)) >

t=k+1 Ot|0k j=k+1

= Uk(eka Qk(h07 h17 ) hk))+

n t
+ Z Z H )\a<6j)Ut(9t7Qt(h07h17'"7hk79k+17'"79t)>'

t=k+1 Ot|0k j=k+1

Proofs in this chapter are relegated to the appendix.

Intuitively, the alternative conditions of Proposition 14 allow us to improve, step
by step, any non-truthful strategy by considering deviations towards truthful report-
ing. Starting with an arbitrary strategy o the last period, it must be that, if it is
preferable for the buyer to not lie regardless of the past history, he will improve on

o by reporting truthfully. This must hold after any history, so we immediately have

! To be exact, consider that §° = . At k = 0 there are only the incentive compatibility conditions
for each type «, which are the same as the ICCs.
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that in the last period § implies truthful reporting. This allows us to move to the
previous period, where we again observe, history by history, that truthful reporting
is preferred, and so on by backward induction. This is possible since there are com-
patibility conditions for any « type at each node; i.e., it is optimal for the buyer not
to lie, assuming truthful reporting in the future, even if he isn’t supposed to get this
menu because he misrepresented his a. It is thus possible to improve onto any o by
deviating towards the truthful strategy.

The result holds for n = oo also, and the proof is by contradiction. Starting
again with a possibly non-truthful strategy o, we can approximate it by assuming
that after period k the buyer decides to report truthfully. Only after period k will
his utility be changed by the new strategy, and the change is small if & is large. This
is true because we will need to incorporate discounting into U, and if the period
by period utility is bounded, then the partial sum over time that gives the buyer’s
total utility must converge. With the new strategy it is possible to use conditions in
S as before, to prove by backward induction that true reporting is superior to the
approximated o. Then, in the limit £ — oo, we must have that the true strategy is
as good as 0. But this statement is precisely the requirement that truthful strategies

satisfy the ICCs, which is what we need to prove.

Proposition 15. The set of ICCs in (3.3) imply a weaker set of compatibility condi-
tions (W), in which the buyer, who has reported his true type a if in periods after Oth,
considers only one-time deviations from truth, followed by truthful reporting in the

future. That is, the ICCs imply the following inequalities, for* k€ 0,n , ¥ o, o, OF :

Up(0®, qu(a, b, B 0%))+

n t
+ 2 Z H )\a(ej)Ut(etuqt(avhl7'--vhk7176k79k+17"'76t)) =

t=k+1 Ot|0k j=k+1

2 At k = 0 consider 6 = «, and Uy = 0 as defined.
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= Uk<0k7 Qk(% h17 tee 7hk))+

n t

+ 30 3 T AU qila, bt B8 08 6Y), and

t=k+1Ot|Ok j=k+1

t t

2 [ral@) U ai(a, 6, >3 3 [2e0)U0", a(h°,0, ... 0").
t=1 0

t=1 0t i=1 t j=1

The intuition behind the proof rests on the observation that, if reporting truth-
fully is always better than not, then it is also better than lying only once, and that
the continuation utilities for a person who considers lying once are the same as for
a person who may have misrepresented his past utility types — 6, as long as he is
the same buyer type a. This is true because future payoffs depend only on reports
and the buyer type, which are both assumed the same. So having compatibility
conditions in each period checking whether a buyer prefers lying for that period to
true reporting is equivalent to considering some of the ICCs.

We can therefore say W < ICCs, and W < § is by definition. Proposition 14 says
that if a menu satisfies S, then it also satisfies the ICCs, so we can think of the set
of possible menus under S as more restrictive than those that satisfy the ICCs. In
general, a menu implemented by a mechanism will be a point in the menu parameter
space. The sets of conditions W, S, ICCs will delimit a subset of this space, where the
menus inside obey the conditions. Let D[] denote the subset. Then we must have
D[S] < D[ICCs] < DIW] (Figure 3.3). Now consider the maximization problem
that determines the optimal mechanism. To find the optimal truthful mechanism
we need to restrict the domain of menus to D[ICCs]. A containing domain may
generate a false maximum, if it is located outside D[IC'C's|, while a subdomain can

lead to maxima on its boundaries that could be suboptimal. To solve for the optimal
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ICCs

FIGURE 3.2: The restricted domains according to W, S, ICC's in the menu param-
eter space.

mechanism, my strategy will be to find the optimal menu in D[W] and show that is
is in D[S].

3.3.2  Fixing some of the allocations

The next step is to reduce the possible ways in which a menu representing a truthful
mechanism can be constructed. From now on, we return to the two-type setting,
although the results will hold for an arbitrary number of types, if properly stated.
This section shows with a few lemmas that the optimal menu must have first best
allocations for reports of 6, as well as for 6, after type «;, was reported. The lemmas

work for any n < oo, and also if we rephrase them with S instead of W.

Lemma 16. Consider any period with allocations. Denote with qn, q the quantities
and py, p; the prices in the menu offered to the buyer in that period, contingent upon
the O-type report, and let uy,u; be the expected continuation utilities for the buyer,
giwen by the buyer type and truthful reporting in the future. Then, if conditions W

hold, it must be that q, > q;.
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The result can be understood to mean that, if ¢ > ¢, and if a buyer with 6, prefers
the low allocation and price to the high ones, then the buyer with 8, must prefer it
too, because his total utility is increased more by an increase in the allocation, and
future utility is determined only by today’s report, and not by today’s true type.

But this evidently contradicts a compatibility condition.

Lemma 17. Consider any period with allocations in the game described. Denote
with qn, q; the quantities and py, p; the prices in the menu offered to the buyer in that
period, and let up,u; be the expected continuation utilities. Assuming that VW hold,

it must be that q, = 0, and q < 0; in the optimal menu.

This lemma shows that the 6, type must always be allocated at least the first best
in an optimal mechanism, because you can always increase a suboptimal allocation,
and then charge a higher price to compensate his utility increase, and this change will
not make the report 6, better for any lower utility type. Similarly, allocating more
than the first best to the low utility type is suboptimal because, if the allocations is
greater, then the seller can decrease it marginally, and compensate by an increase in
price, and this compensation would leave the lowest type indifferent, but for all the

other types it would be insufficient, therefore leaving any constraints relaxed.

Lemma 18. Assume that in the setting presented VW hold, and the results of the
previous lemmas. Then, for every period, for each history, at most one of the com-

patibility conditions in W for an agent o will bind.

From the previous lemma, we can also see that the high and low utility type
allocations must be different, by the conditions in W . If more than one compatibility
conditions hold, then it says that the difference in utilities minus the difference in
prices for two alternatives has to be 0, and for more than one utility type. This is not

possible because utility differences for the same allocations are strictly monotone in 6.
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A more general formulation of utility that would preserve the result has Uy(6, q) > 0,

and Uy ,(6,q) > 0 (known as the Spence-Mirrlees single-crossing condition).

Lemma 19. Consider any period with allocations, and assume the compatibility
condition in W for the buyer with On-type utility does not bind. Then q > 6.

Similarly, if the 6;-type condition does not bind, then q, < 0.

Decreasing the high utility allocations marginally towards the first best and then
compensating the price will leave the high utility type indifferent, but it will improve
the high report option for the other type. However, if the old compatibility constraint
was slack, a marginal increase in the high type allocation will not violate the it.
Similarly, you can argue that increasing the low type allocation towards the first
best and then compensating the low utility type with a higher price will also be an

improvement, but only if the high type’s compatibility constraint is slack.
3.3.83  Solving the maximization problem

From now on assume W hold and that in every period with allocations the 6;-type
incentive compatibility condition does not bind, while for the case with og = oy, the
0n-type compatibility condition will also not have to bind, i.e., it is slack. With the
previous lemmas, the assumption gives us that, in every period after the Oth, g, = 0,
and that after oy = oy, we must have in every subsequent period ¢; = ;. Moreover,
at period 0, we assume that only the rationality constraint for the a;-type and the
compatibility constraint for the aj-type bind. The proof requires that we verify the
assumptions after we find the solution.

With the assumptions above, the allocations after reporting «y, are fixed. The
seller needs to optimize the low demand type allocations if the buyer reported o
in period 0. Since we have assumed that only the a;-type compatibility condition

binds in period 0, we can maximize the seller’s value, keeping track of the fact that
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FIGURE 3.3: The simplified maximization problem.

the information rent earned by a oy, buyer pretending to have the a;-type must be

subtracted with the appropriate weight.

Lemma 20. The simplified seller’s maximization problem is given by the following
recursive form:
Pw)= max (1 —¢)|ap,+ (1 —a)p] + aoP(vp) + (1 — aq)0P(v;)+

{Pr>PLVRVLA

wl—an(02/2 —pr) — (1 — an) (b — a}/2 — p1)] (34)
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st (i) 607/2 —pn+ vy = Ohq — qi/2 — pi + vy,
(i) v=oq(03/2 —pn) + (1 — ) (g — ¢ /2 — p1) + wdvy + (1 — oy)duy,

(iii) q = 0.

Here v is the utility value for the buyer at the beginning of period 1, v, v; are
his continuation utilities if he reports 6, and 6, respectively. Since we assumed that
the ay-type rationality constraint in period 0 holds with equality, we must have that
v = 0 in the first period. Because there is an indeterminacy in the price allocation,
we can also fix v, = v; = 0 to find explicit prices, but after we have determined the

quantity allocations from the maximization problem.

Proposition 21. Assuming that (iii) doesn’t bind, the allocation after reporting 6,

in the mazximization problem (3.4) is always given by

2 Qp — Oy

C]z=‘9z—(9h—9z)1

—¢ l-q
and with the normalization v, = v; = 0,
o
Pn=" = (0n —0,)(1 — a)q,

2

o =(cu(0n — 0;) + 6)q — %l

0 (1—ay)
h(an—ay)+0(1—ap,

111) holds with equality when < ¢ < 1, and in this case q = 0,
0 )
Pn = % and p; = 0 wn every period.

The next result gives the allocations and prices offered if the buyer reports «y, in

period 0.
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Proposition 22. The allocations after reporting oy, are qn, = 0, and q; = 0;, and

02
Pn = Eh — 9;19[ + ozh@hé’l + 912 — &hef

2

0
P = optpl) + EZ — a7,

(@n=a)On=00a from the seller to cover the information rent

as well as a transfer of =

for the ay, type buyer.

It is left is to check that all the assumptions on which individual rationality or
compatibility conditions in WV will bind have been correct. Because of the symmetry
of the allocations after reporting «, it is obvious that all the compatibility conditions
in § are also satisfied. It was assumed that the 8,-type condition holds with equality,
for the buyer who has reported his true a;, which means that the 6;-type compatibility
condition will also hold. If the buyer has not reported his a-type truthfully, then
the compatibility conditions starting from period 1 will be essentially unchanged,
because of the symmetry of the allocations, which means that v, = v;.

The last thing we need to check are the conditions in period 0. The IRCs are
satisfied by construction. If an «j-type buyer reports «;, then the information rent

he earns is given by:
" = (o, — ) (O — 0)q + dapv" 4+ 6(1 — )™, (3.5)

which solves to

(an —a)(0n — 0)q
1—-¢ ’

(3.6)
This is the transfer a ay-type buyer will get in period 0 in our solution, and the
expected utility starting from period 1 will be 0 by construction. Similarly, we can
find the expected utility of an a;-type buyer who reports ay:
(an — ) (0 — 01)(q — 0)
1—-9
52
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Therefore, the lower type wouldn’t report ay, so he gets a continuation utility of 0.
Because we have found a solution satisfying the stronger collection of compatibility

conditions in §, it is the correct solution for the set of IC'C's.

3.4 Discussion

From the solution in Proposition 21, it can be seen intuitively that the distortion
of 6, allocations is induced by the need to decrease rents for the «y type buyer. A
marginal increase Aq in all allocations for #; reports of a «; buyer, at any period,
would lead to a proportional increase in rents ¢(ay, — oy)(0, — 6;)Aq, and the extra
revenue for the seller is (1 — ¢)(1 — a;)(0; — q1)Aq, in the first order approximation.
At equilibrium, the two must be equal, and this gives the result.

Now we want to discuss some comparative statics. We vary the different parame-
ters, to see if the results coincide with those of simpler problems. If ¢ = 0, then there
is only an a; type, who must sign a contract before he knows his first . As expected,
our solution becomes ¢; = 0;, q, = 6}, which is the classical dynamic contract when
the buyer has no private information. If ¢ — 1, this leads to ¢; — 0, and to 0 rent
for the high type buyer, because the oy, buyer becomes increasingly important, so his
rent is weighted progressively more. Again, in the limit we find the classical dynamic
contract with one buyer type and no private information. The same holds true when
ayp = «a, and it is because we don’t have to distinctive buyer types anymore.

It is interesting to contrast the result with those of Battaglini (2005), who consid-
ers that there is only one buyer type, but his utility determinant 6 evolves according
to a Markov process, from a known prior distribution, and assumes that high types
will be correlated. He showed that the optimal dynamic contract for such a setting
converges to first best allocations as time passes. Furthermore, only reporting a

sequence of 6; would lead to suboptimal allocations; once the buyer has reported
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0y, it would be followed only by first best allocations. In this setting, allocation
distortions are permanent for a low buyer type, which leads to consistent losses of
social welfare. This comes in part from the fact that a Markov process becomes
progressively less connected to past information, so the buyer’s private information
— which usually leads to the allocation distortions — is in a sense weaker. How-
ever, it is also arguable that the two settings are fundamentally different, because in
Battaglini (2005) the contract is signed after the buyer knows his first 6 value. We
can also modify our problem to consider such a situation (pending work), and the
result is that there is a difference only in that first period, when if 6; is reported then
q=0,— (0, — 6,)Pr[0,]/Pr[6,], after which allocations revert to the ones here. Tt is
also interesting to note that, if we consider only two periods of the game mentioned,
then we must have the same solution as in Battaglini (2005), since the information
process is trivially Markov, and this checks out.

Consider now the problem faced by a mobile phone carrier. He must distinguish
between two types of buyers, one that is either relatively poor, or that has a lifestyle
that doesn’t require many phone calls, and one who is likely to consume many min-
utes. By the taxation principle, the contracts offered to them are the implementation
of a truthful mechanism. The result presented here suggests that the optimal choice
of contracts would have basically two, for each buyer type. Let’s say that one con-
tract has sufficient minutes included, and one has a flat pay-per-use. When the buyer
has a high utility draw, it means that his need for the call is great, so he will take
the call no matter what his phone plan is. If his utility draw is low, then the flat
rate buyer will decide, maybe, to not make the call, or talk less; but the buyer of the
plan with minutes need not bother. It is also obvious that the buyer who expects to
have many calls will prefer the better plan, and he will have to pay less per minute.
The difference can be considered his information rent, because he had the option to
choose the flat rate plan in the beginning. This description is consistent with typical
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consumer behavior. One can also think of contracts that may or may not include
additional features, like messages or data plans, where the utility draw is over the
usefulness of the feature. People who believe they will often need such features are

more likely to buy a contract that will allow them their use more often.

3.5 Conclusion

This chapter deals with long term contracts between a principal and an agent, and
considers that the agent has private information that is not completely random or
fixed, but comes from the same prior distribution, which is his private information.
The optimal contracts for two types of buyers with two types of utilities have some
of the usual properties from the static problem, like no distortions for high utility
draws, but are radically different from the static or the infinite games with random
or persistent information. There is consistent distortion for the low type buyer, when
he reports a low utility, and the distortion decreases social welfare. The results also
provide some insight into the pricing strategies of monopolistic suppliers of firms or

franchises, and of mobile phone carriers.
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4

Notes on a two-firms procurement model

4.1 Motivation

Repeated principal-agent interactions in which the agent has private information, but
is also liquidity constrained, are very relevant to a modern economy. We can think of
many agreements that are reasonably described in such a way: franchise agreements,
government procurement contracts, start-ups with venture capital, etc. This chapter
presents joint work with Prof. Curtis Taylor!, which extends a model from Krishna
& Taylor (Working Paper, 2011). In that paper, a principal contracts one agent to
operate a production technology, for example in a procurement contract, over an in-
finite number of discrete periods. The agent is realistically liquidity constrained, and
has private knowledge of a sequence of marginal costs for his production technology.
The results show that the principal uses his power of commitment to incentivize the
agent with increases in promised utility, because output distortions induced by the
liquidity constraint are mitigated by the increased stake the agent has in the part-

nership. Once the promised utility to the agent reaches a certain value, the principal

! Department of Economics, Duke University, crtaylor@econ.duke.edu.
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can be bought out and thereafter production is efficient. Here we consider the same
dynamic procurement setting with promise keeping, but this time we consider two
agents acting competitively. Some results will parallel old ones, but this time we
deal with competition each period between the two firms. For example, high cost
types are allocated less than efficient quantities, "up to a point" the principal will
only incentivize through promised utility, and the promised utilities to the two firms
act as state variables in the recursive formulation of the principal’s maximization
problem.

In the following sections we develop two different theoretical set-ups. In section
4.2, we consider two firms which can have a private cost type with only two possible
values, and also a public cost component from a continuum distribution, and we
analyze the interaction in one period. Sections 4.3 and 4.4 considers the recursive
problem over an infinity of periods. We will start with a simple one period game,
and then analyze the dynamic interaction for an infinity of periods. The second set-
up considers two firms which can have a marginal cost extracted from a continuum
distribution. We will study the interaction between the firms in one period in section
4.5, and then extend the analysis to a two period game in section 4.6, but the results
can be applied to solving numerically a similar game with an arbitrary finite number

of periods. The last section concludes.

4.2 Interaction for one period

For now, consider a static two-firms (agents) procurement model with promise keep-
ing. Both the principal and the firms (agents) are risk neutral, and the firms are ex
post liquidity constrained. The principal wishes to procure a certain good by em-
ploying the firms, and for quantity ¢ he gets a benefit of R(q), where R : R, — R,

is C!, strictly increasing, concave, with a strictly decreasing first derivative, and
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lim, o R'(q) = o0,lim, ., R'(q) = 0.

The two risk neutral firms, indexed by {a, b}, can supply the good in any quantity.
The marginal cost of the firms, denoted by ¢°, is a private draw from {6;, 6}, where
0 < 60; < 0;,. The draw probabilities are Pr[0" = ;] = f € (0,1), so Pr[#' = 0),] =
1 — f. Moreover, after the participation decision is made, there is a public draw of
an extra marginal cost ¢’ € [e,€] = R, for each firm, given by the distribution pdf
g(e, €) with support [e,e]?. Define A = 6, — 6; and assume that A > ¢ —e¢, i.e., that
0,+e<0,+e.

The principal wants to maximize his utility by designing a mechanism that assigns
production to the firms and allocates transfers, all contingent on the reports of the
firms and the public draws e!. The firms receive an ez post payoff of uék(e, €) =
m’y (e, €) — (0; + e)qj,.(e,€) in the case of truthful reporting, where the superindex
i € {a, b} represents the firm, the first subindex j € {l, h} represents the report of the
firm for its marginal cost type, the second subindex k € {l,h} is the report of the
other firm on its type, while the first and second arguments are the firms’ own draw
of extra marginal cost, and the competitions’ draw. mék(e, €) are monetary transfers
to the firms, and since firms will be facing ez post liquidity constraints uj-k(e, €)=0,
we must have that m/; (e, €) = 0.

Define the interim expected payoff after a report of j for firm ¢, conditional on

the extra marginal cost draws (e, é):
Uj(e,€) = fug (e, &) + (1= fuj,(e, é),

and from this the expected promised utility for firm ¢:

V= ff [fU/(e, &) + (1 — f)Uj(e, é)]g(e, €)dede.

[ee]?
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The expected output of type j for firm i conditional on (e, é) is:

Q;(ev é) = fQ;l(e7é) + (1 - f)q]i‘h(e?é)'

Fx post liquidity constraints, ué-k(e, ¢) = 0, will also imply weaker interim liquidity
constraints, U. }(e, €) = 0. For implementing a mechanism with truthful reporting,
individual rationality will require that the low cost type firm doesn’t report a high
cost type, and we call the condition an incentive constraint. The binding (interim)

upward adjacent incentive constraint is thus:

Jf Uj(e,é)g(e, &)dedé =
eel?

ff Ui (e, &)gle, é)dedé + A
le, 65]2

H Qi (e,€)g(e, &)dedé. (4.1)
le, el

[77

Using the expected promised utility formula, we can deduce:

[[ vhteorgte.opteae = - g [[ Gute.ore.raeae
[e.E]? [e,€]2
(4.2)
ff Ul(e,&)g(e, &)dedé = v' + A(1 — f) f Qi (e,&)g(e, é)dede.
[e,e]? [e.e]?
For now, let us consider only the interim liquidity constraints, and it will remain to
be shown that the ex post liquidity constraints are also satisfied. Because of positive

allocations, it is easy to see that only the high type constraint needs to be considered:

J] Uj (e, €)g(e,é)dedé = 0 = v' — Af Jf Q: (e, &)g(e, é)dedé = 0. (4.3)
eel?

[ee]? [e€

Let’s express now the principal’s maximization problem:

1{][;3{ Jf {2 Pr(6;1Pr(0] [R(q5, + q,ﬁj) — (6 + €)q}, — (Or + €)ayy] } gle, &)dedé—v"—®
i ik
[ee]> 7

(4.4)
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s.t. Vi:

vt = Af? ff q.; (e, &)g(e, é)dedé + Af(1— f) ff i, (e,€)g(e, €)dedé,
[e,€]? [e.e]?
Vi, 7, k,V(e, €) :
(e, €) = 0.
The first set of constraints are (4.3) above, with substituted expected output. The

second set are non-negativity constraints on allocations.

Proposition 23. The Lagrangian corresponding to the principal’s maximization
problem (4.4) is the following:

S f J {Z Pr(6,1Pr{8] [R (q%(e.€) + gy, €)) — (6; + e)lu(e, &) — (B + D) (7.0)]

[e,e]?

—AA [fZQZz(ea €) + f(1— f)gm(e, é)] A [fQQsz(éa e) + f(1— f)QZh(a e)]

+ Z 1 (e, €) ) (e, é)} gle, &)dedé — v™ — v” + A\"v® + NP

o (4.5)
Proof. Denote the Lagrangian multipliers for the liquidity constraints by \¢, and
consider multipliers pf, (e, €) for each allocation values ¢} (e, €). Using (4.4) and the
high type liquidity constraint (4.3), it follows from standard theory that the liquidity
constraints can be incorporated into a Lagrangian function, and the non-negativity

constraints can also be included. For details, see J.L. Troutman - "Variational Cal-

culus and Optimal Control", 7.4. m

To characterize the solution, first consider the following pair of first order condi-
tions (FOC) for the allocations ¢j;, for a certain extra marginal cost draw (e, é):
PR (qi(e, &) + au(é.e)) — (0 + )] + (e €) = 0,

F2[R (g, €) + qi(8,€)) — (01 + &)] + py(é,e) = 0.
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Since lim,_,o R'(q) = o0, it must be that at least one of the allocations ¢}, is not null.

Because ,ué.k > 0, the only possible solution is:

,

G+qs =R, +e), ife=e¢,
) ¢ =0,¢¢t =R +e), ife<e, (4.7)
\qlal = Olebl = Rlil (el +é), if e >e.
Now consider another pair of FOC for the allocations g%, ¢%,, and any (e, é):
F= )[R (gle.e) + din (@, e)) — (6 +e)] — X*AS* + uyy (e, €) =0, s
4.8

f(l - f) [R/ (qu(ea é) + qlbh(éa 6)) - (91 + é)] + :U?h(a 6) = 0.

Again, we need a nonzero allocation among the two, and positive multipliers, so as

long as A > € — ¢, the only way to satisfy the FOC is to have:

¢ =0
dp ) (4.9)

qf’h =R (01 + é) .

There is obviously a symmetric pair of equations where firms are switched. Finally,

consider the pair of FOC:
(1= f)? [R (ghn(e,€) + apu(@,e)) — (On + )] = ANAF(1 = f) + piy(e,€) = 0,

(1= )[R (ghn(e, &) + gpp(,€)) = (O0n + €)] = NAF(1 = f) + iy, (€,€) = 0.
(4.10)

Considering again all the cases for whether !, are positive or not, we deduce that:

(

Gy, + @iy, = R (Qh +e+ A“Aﬁ) Cif e+ MAL =&+ NAL

A

@, = 0,q8, = R <9h +e+ A“A%) Cifet AL <a+ AL, (41D

Lt = 0. = B (00 + 2+ ML) i e+ AL > 6+ NAL
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Based on the values of e, €, \!, we see whether the principal allocates to firm a or b.
Let’s define the domain D(A?, X’) := {(e, €)|¢ + A’ > e + A\*}, in which the principal
allocates to firm a, when both firms report a high cost type. Because ¢i, = 0, the
values of A\ can be obtained from the implicit equations:

v =Af(1-f Jf g(e, é)qny (e, é)dede,

D(A%,\D)

vb = Jf g(e, &)qh, (e, &)dedé.

[e,€]2\D (A2, \b)

(4.12)

It is very easy to see that the area of D(\* \’) is decreasing in A* and increasing

in A\’, and that R'~! <9h +e4+ X Af) is decreasing in A’ so, using (4.11), it follows

immediately that v* is decreasing in A\’ and increasing in A7
If the principal can choose the optimal values v?, he will choose them such that

A =1, as we can see from FOC for v*, which are:

-1+ X" =0,
(4.13)
~1+ A =0.

This means that optimal value for both v* is:

= b = —Af (1-— ff e,é)R"~! (9h + ATff + min{e,é}) dede.  (4.14)

To finish proving that the derivation above describes the solution, we must argue
why the ex post liquidity constraints hold, since we have assumed interim liquidity

constraints.

Lemma 24. The ex post liquidity constraints for each firm hold, if the allocations

are given by (4.7),(4.9) and (4.11).
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Proof. Now, since:
o'z f || Qie.o(e,opdede >0,
[ee]?
set m}, (e, €) = (O +e€)q.,(e,€), mi (e, €) = (0, +€)q)(e, €) +v'/f. We see then that

uék(e, €) = 0 always, as required. O

From now on, let’s assume that v* are given, and define the following value:

1
v* = §Af(1 - f) Jf R~ (6, + min{e, €}) g(e, €)dede.
[ee]?
We want to know for what values v® does the liquidity constraint for firm a become
binding. For that, we must consider D := D(0, \?). The area of D will be increasing
in )y, and the allocations for b when both firms report high types are decreasing in

AP, Therefore:

b ~\ p/—1 ~ /\bAf ~

v =Af(1-f) gle,é)R On + €+ =7 dede, (4.15)
[e,€]*\D

so v’ is strictly decreasing in A\’. Define v%* to be the value of v® at which the liquidity

constraint for firm a becomes non-binding, i.e., A, = 0:

v * = Af(1 - f) Hg(e, EYR ™ (0, + ) dedé.

v®*(\P) is strictly increasing in A°. As we increase v®, A\® must decrease, so the

domain D will also decrease. Therefore v%*

is strictly decreasing in v’(\%), as long
as 0 < R’ < o for every possible allocation of the mechanism. We have a proper
map from v? to v®*, and that map is also continuous, as a composition of continuous
maps. Furthermore:

e

v**(0) = Af(1 - f)f g(e)R'~(0), + e)de. (4.16)

4}
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Observe that, because R'~(), + min{e,é}) = R0, + e), v* < v**(v¥) < 2v*.
v@*(v?) will decrease from v**(0) to v**(v*) = v*. From this point on, the liquidity
constraint for the allocations of b will not bind anymore, so when the promised utility
v® is increased further, it translates into transfers from the principal to b, so we can
conclude that v** won’t be affected anymore and will stay constant at v*. Figure

(4.1) represents v®*(v?).

AN
20*
,Ua* (O)
Ua* (Ub)
U*
U*
>

FIGURE 4.1: The parametrization of the ex ante value function for which the liquidity
constraint becomes binding.

4.3 Interaction for an infinity of periods

We try to repeat the analysis in a more realistic setting in which firms interact re-
peatedly. 0 < 6 < 1 is the intertemporal discount factor. To characterize the solution

for the dynamic problem with repeated interaction, we use a recursive formulation.
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For any one period, the setting is the same and all the variables defined before have
the same meaning. In addition, we define P(v%,v") as the principal’s value function,
determined by the value functions of the individual firms. The principal’s problem

becomes:

P(v*,1") = max ff {Z Pr(6;]Pr[0k] [R(q;‘k - q,l;j) — (0 +e")qj — (O + eb)q,l;j

{Q;'kvw;k}
lee

+6(P(wjy, wzj) + Wi + wzj)]} gle®, e®)dede® —v* — 1,

(4.17)
s.t. Vi, g, k, (e, eb) :
o= [[1APg+ A7 = Dain + 85wty + 30 - ulylgter, yderde,

v' > H[—Af(l = P = A= £)* G, + 0 fwy + 0(1 = fluglg(e”, e”)de"de”,
qz'k(eaa eb) = 0.

Let X! be the liquidity constraint for firm i reporting j, let 1, (e, e’) be the non-
negativity constraint for ¢, (e*,e’), and o' := A )\Z AN The Lagrangean for-
mulation is:

JJ {Z Pr(0;1Pr0] [R (¢5i(e®, €”) + qp (e, €”)) — (0; + e)qfi (e, e”)—
Gk

[e,e]?

—(Ok + €")ai; (e, )] +

+ Z (A [AFPg (e, e”) — Af(1 = f)gpn(e®, €”) — & fwp, (e, €”) — 5(1 — fwy, (e, e)]

)

+)‘§ [Af(l - f)q};l(ea, eb) +A(1 - f)Qq;m(ea € ) 5fwll(€ € ) 6(1— f)wfh(e“, eb)])

+ Z ,u;'-k(e“, eb)q;'-k(e“, eb)} gle, e?)dede® — v — v + (AL + AD)w® + (AL 4+ AD)od
igk

(4.18)
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The FOC that describe the allocations are:

PR (e, e”) + qh(e*,e) — (6 + )] + pfi (e, e?) = 0, )
1

£ LR (afe™, )+ ahie®s ) — B+ e8)] + e, %) = 0.

f(l - f) [R/ (QZl(eav €b> + CIlbh(ea7 €b>) - (9h + ea)] - f(1 - f)aa + :U'Zl(eav €b> = O>

F = )[R (amle®,e”) + an (e e”) = (0 + €] + pgy(e?,¢”) = 0.
(4.20)

f(l - f) [R/ (qlah(eav eb) + qzl(eav eb)) - (Ql + ea)] + :u?h(ea’ eb) = 07

f(l - f) [R/ (qzlh(eaa €b> + qzl(eaa €b>) - (eh + eb)] - f(l - f)ab + M?Ll(ea’ eb) =0.
(4.21)

(1= FP [R (ahne”,€") + (e, €") = (On + €)] = (1= f)*a® + pjy (e, ") = 0,

(L= )[R (grn(e®,€") + gnle®,€")) = (On + €")] = (L = F)*a” + (e, €”) = 0

(4.22)
For now, let’s assume that o > 0, which will be proven later. Then we can

duplicate of analysis of the single period setting to describe the optimal allocations.

Proposition 25. If o’ = 0, then contingent on the public marginal cost components

(e, e?), the optimal allocations in the principal’s problem (4.17) are given by:

@+ qh = R0, + e, if e = €,
g =0,qf =R~ (6, + ¢, if e* < €,

¢ =0,q5 = R0, + €b), if e* > ¢,

A

¢j, = 0 and g, = R~ (0, + €'), (4.23)
G+ @ =R (O +e"+a%), ife’+a% =€+ ab,

qlbzh =0,qu, = R (Oh + e +a%), ife” +a* < e’ + b,

a b _ pr—1 b b roa a b b
(G = 0,ap, = R (0h + "+ %), if e’ +a% > e + .
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allocate only to firm a

]

allocate only to firm b

> e

FIGURE 4.2: Allocations when both firms report ), for different parameters (e?, ).
In the red region, the contract is allocated to firm a, in the green to b.

Proof. Considering the pairs of FOC for allocations derived from (4.18). The proof

is a repetition of the analysis used to derive (4.7), (4.9), and (4.11). O

From (4.18) we can also extract the FOC governing the evolution of promised

utility are:

O f*[Pulwiy, wy) + 1] = Mo f =0,
(4.24)
02 [ Py(wy, wy) + 1] = A f = 0,

0f (1 — f)[Pa(wiy, wpy) +1] = Apo f =0,
(4.25)
Of (1 — F)[Po(why,wpy) + 1] = A3(1 — f) =0,
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0f (1= HlPa(wiy, wiy) + 1] = Afo(1 = f) =0,
0f (1= H[Po(wiy, why) + 1] = Mo f =0,

O(L = f)*[Pa(why, wiy) + 1] = Apo(1 = f) =0,
O(1 = F)*[Py(whn, whp) + 1] = Npo(1 = £) = 0,
Py(v®,0) = =14+ X + A},

Py(v®,0%) = =14+ \b + A,

We see that, for i € {a, b}:

A i i '
1 _hf = Pi(wyy, wyy,) + 1= Pi(why,, wyy,) + 1,
?l = Py(wyy,, wyy) + 1= Py(wy, wy) + 1.

From the FOC, we get:
Pa(wzbw?h) = Pa(wzhvwzh)’ Pa(wlalv w?l) = Pa(wzlh?w?zl)»
Pb<w7h7 le) = Pb(me th)a Pb(w;llv w?l) = Pb(lev w?h)v

Py(v",0") = fPa(wjj, wp) + (1 = f)Pa(why, wiy,)

Py(v*,0%) = fPy(wij, w) + (1 — f)Py(wf),, wh)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

We can also see that the future firm values w?;, don’t depend on (e, e?). Since it will be

shown that that o > 0, we have P; evolving as a martingale, and so we can also infer

its convergence. Define D := {(e €")|e’ + a® > e* + o}, and D" := [e,€]*\D".

Then we can write:

vt =Af(1-f) JJ R0, + e + a®)g(e®, e®)dede’ + 6 fws, + (1 — flws,,
Da

68



> w

a a
wi, wity, Wy Wy

FIGURE 4.3: The evolution of the firms value function.

v* = —A(1 — f)? Jf R0, + e + a®)g(e®, e®)dede’ + 6 fwsh + 6(1 — flws,,
Da

W—Aﬂl—ﬁﬁ
Db

o= A~ f)

.
R0, + e + a’)g(e?, e’ )dede’ + § fw?, + 5(1 — flw?,,

J

.
JR'_l(Hh +eP +ab)g(e, e’)de de® + 6 fwhy + 5(1 — flwp,.

Db

(4.32)

In principle, we can solve the liquidity constraints with equality for )\j», then find the

allocations, and then

solve for wj-k from the liquidity constraints and the promise

keeping conditions. Figure 4.3 represents a sketch for the evolution of the firms’

future promised utility.
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After we find the variables o, w;'.k, we can write the following expression, which
should verify either numerically or as an expression:
P(v®,0%) = Jf {f*[R(R" (6, + min{e®, e"})) — (6, + min{e®, e"}) R'~" (6 + min{e”, "}
[ee]
+O(P(wiy, wy) + wp + wy)]
+F (U= f) [RORTH O+ €)= (60 + ) B0 + ) + 0(P(wfy,, why) + wiy + wyy)]
+(1 = f)F[RR6 +€”) — (6 + )R (0, + €°) + 6 (P(why, wp,) + wiy + wp,) ]
+(1 — f)? [R(R’_I(Hh + min{e® + a®, e’ + a’})) — (6, + min{e® + a®, e’ + a’})-
R0, + min{e® + o, e” + a’}) + §(P(why,, why) + wiy + whp)]} g(e, €°)dede® — v — o°.

(4.33)

4.4 Proof that o' is non-negative

In this section, we detail a proof that, in the infinite horizon model, the compound
liquidity constraint of firm i, o’ := A%)\Z — AN, is non-negative. This was assumed
in the previous section. For now, let’s take for granted that there exists a globally
concave principal value function P(v®, v°) over the promised utilities to the firms a
and b.

We know that P is globally concave if and only if its Hessian is negative semidef-
inite at every point in the domain. For the special case P : R? — R?, the Sylvester

criterion gives:

Pa,a Pa

P,. <0, P = PPy — P2, > 0. (4.34)

P, Py

This already gives B, < 0. In the following, we will use the FOC for the infinite
horizon recursive problem, expressed in equations (4.19) through (4.31).

If both liquidity constraints bind, we can deduce that fw{, + (1 — f)wi, > fwi, +
(1— f)w},, with equality only when the information rent allocated is 0. From obvious
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efficiency considerations, it is intuitive that if one firm reports a high type and
another a low type, we will always allocate to only the low type firm, since whatever
the realizations of e, é are, the low type firm will still have a lower marginal cost.

This leads us to o' > 0, so we must have that for i € {a, b}:

had Pi(w?hv wiz) = Pi(wlilv wl]l) < Pi(wzlﬂwih) = Pi(w;zh>wih)' (4'35)

Proposition 26. In (4.23), the compound liquidity constraint of firm i, o = 0.

Proof. The proof is by contradiction. W.lo.g. say a® < 0, so that P,(w§ ,w?;) =

Po(wjy, wpy) > Pa(wfy, wiy,) = Pa(wiy,, why).

The proof is an application of the implicit function theorem. However, the fact
that we don’t necessarily have strict concavity doesn’t allow us to simply posit the
implicit function, and we have to take a small detour into correspondences. For
intuition, simply ignore the correspondence sections and jump right to the end.

Consider the set S := {(v%, v*)| Py(v®,v°) = Py(ws, wh)}. Both points (w, wh) and
(wg;, w? ) are in this set, which is the graph of a correspondence I'(v®). By the implicit
function theorem, this correspondence is locally the graph of a function v*(v?) if and
only if Py,(v®, v°(v®)) # 0.

We have that P(v%,v°) is C%, so Py(v® v®) is C! and the set S is closed. So, by

the closed graph theorem we have that I'(v®) is upper hemicontinuous?.

Lemma 27. I'(v?) is a closed interval for all v°.
b

Proof. P, < 0, which means that P, (v, 1) is continuous and non-increasing in v°,

so the set I'(v§) is a closed interval. O

2 Although it seems almost intuitive that I' is also lower hemicontinuous, there will be portions
of § that will be lower hemicontinuous, and portions that may not be, so we can’t use the Michael
selection theorem.
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Lemma 28. Define the correspondence I1(v*) = I'(v*) if T'(v*) # @, else II(v*) =

{0}. Then the graph of 11 is simply connected.

Proof. This follows from the continuity of P, and its monotonicity in v°, as before.
Imagine that there are disconnected pieces in the graph of II. Then have a curve
starting from bellow one of the pieces and ending above the other. Because of
monotonicity, the initial value of P, on the curve was lower and at the end it is
higher. But by continuity it must intersect I'’s graph. II is just a construction to

deal with the fact that we live on the restricted domain Ri. OJ

With this claim, we know that there exists a piecewise differentiable curve in
the graph of II that connects (w{, w}) and (wg;, w? ), which we can construct from
a single value selection of II by adding vertical segments were needed. (We will
obviously select a continuous function of v® in the hemicontinuous sections of I, by
the Michael selection theorem, and one more very technical argument has to be made
that there are only countably many discontinuities necessary.)

By the implicit function theorem, wherever the correspondence I is just one value,

it is the graph of v®(v®), therefore the piecewise differentiable curve selected is also

Pa,b

!/
the same graph. Moreover, v" (v*) = —5

, where Py, # 0 at those points. If the

curve is not the graph of v”(v®), then it must be that that P, = 0 = P,;, = 0 at
those points, with the help of global concavity. For simplicity, extend v°(v?®) on the
hemicontinuous portions of Il by the single valued selection, and parametrize the
curve on the non-vertical parts with the help of v°(v?®). The parametrization of the
vertical parts is irrelevant, because it will drop out in the following integral. With
this in mind, it is without loss of generality to write:
Pulufy wh) = Paluf )+ [ {Lipy o Paalv® 09)+
Wil (4.36)
+11p, 201 [Paa (0%, 07) + Poy(v, 0)0? (v%)] hdo®.
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The integral on the vertical segments is 0 and was omitted, since we know that
only the partial P,; would matter, but that is 0 since F,;, = 0 on the vertical
segments. With the assumption P,(w,, wd,) < P,(w, w}), and after manipulating
the expression, we get that:

[P.o(v%,0°) Py y (v, 0°) + P, p(v®,0°)?]
P[Lb('l)a, ’Ub)

Wy
J {H[Pb,b—O]Pava(va’ Ub) + ]]'[Pb,lﬁéo]

} dv® < 0.
wi

(4.37)
The integrand is non-positive from concavity, so we must have that the integral is

on a strictly positive interval, i.e., wf;, > wjj. The proof that wf, > wy, is the same.

This leads us to fw}, + (1 — flwi, < fw, + (1 — f)wi,, which is a contradiction. [

4.5 Continuous types in one period

Having only two marginal cost types for firms is usually an unrealistic simplification,
so it is important to check the robustness of the results when there are a multitude
of types. In the discrete-private-type setting considered above we also introduced
a publicly observed marginal cost addition e, which has two purposes. First, it
makes the set-up more realistic, since not all cost information on a firm will be
private, and second, it simplifies the mathematical analysis. The critical feature is
the continuity of the distribution of (e, €), which ensures that the solution contract
doesn’t involve mixing. It is therefore natural to consider a slightly modified setting,
in which the private costs are drawn from a continuous distribution, and we omit any
public component to cost. As before, we start with a static two-firms procurement
model with promise keeping, where the principal and the firms are risk neutral.
The assumptions on the benefit function R(q) are the same. Again, the two risk
neutral firms, indexed by {a, b}, can supply the good in any quantity. The marginal
cost of the firms, denoted by ', is a private draw from [0, 0], where § > 0. The
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draw is described by the distribution cdf F(0), where the pdf f(0) has full support

over the domain. Furthermore, let % be non-decreasing. This assumptions is

not unjustified. Consider the distribution f(-) mirror reversed, and call it h(-). If
h(-) has a non-decreasing hazard rate, then our assumption must also be true. The
hazard rate assumption is quite commonly made to simplify to simplify problems
with continuous type distributions. In our case, h(-) needs to have the non-decreasing
hazard rate property instead of f(-) because the problem is set up in such a way that
the lower 0 gets the higher rents.

This time, the firms receive an ez post payoff of u?(6,0) := m(6,0) — 04¢°(6, ) in
the case of truthful reporting, where the superindex i € {a,b} represents the firm,
while the first and second arguments are the firms’ own draw for marginal cost,
and the competitions’ draw. m‘(6, ) are monetary transfers to the firms, and since
firms will be facing ex post liquidity constraints u?(#,0) > 0, we must have that

mi(0,0) = 0. Define the interim expected payoff after a report of 6 for firm

and from this the expected promised utility for firm ¢:

9
v = H ui(é,é)f(e)f(é)dedézj U(0)f(6)db.
[0.0]

0

The expected output for firm ¢ with marginal cost @ is:

An interim monotonicity constraint can be expressed as 0, > 6, = Q'(6,) < Q'(6;).
An interim incentive constraint is:
U'0) = J [m'(¢',0) — 0¢'(6',0)]f(0)dl, for all &' (4.38)
0
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Rewriting U*(6), the above is
@‘f —0g(6,0) — mi (6, 6) + 04 (6, B)] F(6)d6 > 0, for all 6’
< UY0)=U0)+ (0 —0)Q"(¢), for all ¢
By the envelope theorem, this implies U”(0) = —Q"(6).
0

= Ui(0) =U0)+ | Q'(6)dd

=v' =U'0)+ | Q)F(0)do (4.39)

We assume the interim liquidity constraints, U*(#) > 0 for all #, but in the end
we must make sure that the ex-post liquidity constraints u/(6,0) = 0 hold.Because

Q'(0) = 0, we can see from the previous equations that the necessary and sufficient
condition is U?(#) = 0, which is equivalent with v’ > Sg Q' (O)F(0)do.

The principal’s maximization problem can be stated as:
max J]ﬂ “(0°,6°) + ¢"(6°,0%)) — 6*q*(0%,0") — 6°¢°(6°,0%)] £(6°) f(6°)dO*dO°—v* 0",

(4.40)

9
anﬁﬁ:w>Jﬂy@mea ¢'(0,0) > 0.

Proposition 29. The Lagrangian corresponding to the principal’s mazximization

problem for one period, (4.40), is the following:
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S := H [R (q°(6%,6") + ¢"(6°,6%)) — 0°q"(6°,0°) — 6°¢°(6°,6%)] (%) (6")dO°d6” — v* — o
[0.0]2

+ A J f (0%, 6°YF(0*) f(0°)dO"d6® | + N0 | v® — ” (6°,0°) F(6")F(6")do"d6"
[6.5)2 [6.5)2

J J “(0°,0")g"(0%,6") + pu°(6°,0)g°(6°,6%)] £(6°,6°)d6*d6".
(4.41)

Proof. Denote the Lagrangian multipliers for the liquidity constraints by A’, and
consider multipliers (6, §) for each allocation value ¢*(6, ). It follows from standard
theory that the liquidity constraints can be incorporated into a Lagrangian function,
and the non-negativity constraints can also be included as follows (for details, see

J.L. Troutman - "Variational Calculus and Optimal Control", 7.4.). O]

The FOC and envelope conditions for generic draws of (6%, 6°) will be

[ = FO°)F(0") [R (g6, 0°) + ¢"(6",6%)) — 0" + u(6°,6")] — X"F (") (6") = 0,
[g"]: FOFO") [R(a"(6°,6") + ¢"(6",6)) — 0" + u"(6",6%) | = N f(6°) F(6") = 0
[Env.l]: P,(v%0%) = —1 + A%,
[Env.2]: Py(v*0°) = -1+ N

(4.42)
To characterize the solution, consider the pair of first order conditions for ¢%,¢?,
for a certain marginal cost draw (67,6°). We must have that p®(6¢,6°)q*(6%,6°) =
ub(6°,04)g(6°,6%) = 0, so it’s not possible that u® # 0 # p’ at the same time,

because both allocations g%, ¢® would be 0, and the marginal benefit of increasing
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either would be infinite. For u® = u® = 0,

R (¢" +¢") = 0% + xe 2 a b
— (q q ) f(0%) — 9% 4+ )\aF(Q ) _ 9b+ )\bF<0b> (443)
, a b b bF(@b) f(ell) f(e )
For p® > 0, i® = 0, we must have that ¢ = 0, so ¢* > 0. Moreover,
F(6") F(6%) F(6")
R(®) =60"+ XL and 6% + \*———= > §° + \b—2 4.44
@) (0" 7(6) ey
Vice-versa, for p® = 0, u? > 0,
F(6* F(6” F(o°
R(q") = 6"+ \° ( )and9“+/\“ ( )<9b+>\b (&) (4.45)

f(6°) f(0%) CON

The equations (4.43) through (4.45) implicitly determine the allocations, if we know
the expression of R(-). We can interpret them considering that the square domain
[0,0]? is partitioned into two regions. There is a draw of (8%, 6°), which is a point in
this domain. If it falls into the region where firm a has a smaller value for 6 + /\%,
then firm a will get the entire allocation, and firm b nothing. Similarly for the other
region.

Now let’s describe the boundary between the two regions. This is important
because, to completely solve the problem, one needs to integrate the allocations over
the entire domain, to be able to employ the liquidity constraint equation. Define
14(6%) to be the upper limit value of % at which the principal still allocates to firm

a, or @ if the upper limit does not exist. Then we must have that

a b
la_‘_)\aF(l)::eb_{_)\bF(e)

f(e) f0°)

(4.46)

Because the function - + )\% is strictly increasing, it is therefore invertible so [%(-)

exists, and we must have that ¢ is strictly increasing in 6°. [°(9%) is similarly defined,
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Eallocate to a

(62

allocate to b:

0

-

FIGURE 4.4: The red parameter region is where the contract is allocated to a, the
green for b.

and it must be that (%(I°(0)) = . Visually, the graph of [%(6°) divides the domain
[0,0]? into two connected open sets for each firm, and for all the pairs (6%,6°) in
the interior of one set, the principal allocates to only one firm. For a representation,
see Figure 4.4. It’s also easy to see that [ is strictly increasing in A\’ and strictly
decreasing in \°.
With this, we can write
F(6Y)

Q'(0') = f R (m + )\m> F(67)de” (4:47)

F ()

v =

> F(0')f(67)d0'de? =

1D
Q
=
=
.
=
R,
|
1D
%m\
<
L
/N
<
+
>
=
<

(4.48)

_ fR’l (9@' ik “)i)) FO) (1 - F(P(6))) do'.



With the assumptions that % is non-decreasing, we can check the monotonicity

of Q'(0"). First, let 6, > 6; be two marginal cost values. Because R'~! is strictly

decreasing and - + )\% strictly increasing, R'~! (Hh + )\1;((3:)) ) < R! <9h + )\1;((99:)) )

Also, I°(65) > 1(6;). So, with a smaller integrand, integrated on a smaller domain, it
follows that Q'(0),) < Q'(6)).

To completely solve the problem, we would need to find \* as functions of v*. It’s
not clear to me how this can be done without more assumptions on f(-), R(-), but

other nonspecific results may not need anything.

4.6 Continuous types in more than one period

Now we consider the considerably more complicated problem of repeated interaction

between the principal and the firms. We will determine equations for allocations

considering two periods, but the same formulas can be used to solve recursively

when there are an arbitrary but finite number of periods. For two periods, add
b b

time subindices 1,2. In the beginning v{,v] are given, and v§,v; are determined

endogenously. Define

|

x«@:m@+f

[

ovi(0,0)f(0)do, W) := f vi(6,0)f(0)do.

0
As in the previous section, it’s easy to see that

5 ~ ~

xm@:%mm:ww=W@+LM@w

and

w=f%%ﬁ@w=W@+fmwwww. (4.49)
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Replace V{(f) from the first equation into the second, and obtain that
- f Q1(0)F(0)do + J Q1(6)dd — oW ().
2 6

The interim liquidity constraint is U{(f) = 0, V0. Then, the necessary and sufficient

conditions to satisfy the liquidity constraints are
ol — W) — J Qi (6)F(6)dd + f Qi(0)dd > 0. (4.50)
0

Let P»(v$,v3) be the principal’s value function in the second (last) period, expressed
as a function of the valuations of the two firms, and let P, (v{, v%) be the value function
in period 1, which depends on the value function in period 2. The principal’s recursive

two-period maximization problem can be stated as:

Pty el) = max f J (42(6°,6) + g4 (67, 6%)) — 0°g3(6°, 6%) — 6Pl (6", 6) +

{qi ,vi (02 95)}

+OP(v5(67,6°), v5(6%,6°)) + v5 (67, 6°) + dv5(6°,6%)] £(6) f(6°)d6"d6” — v — vy,
(4.51)

0 0
s.t. Vi, 0,00 vl — SW(9) —J Qi(é)F(é)de Qi(A)dh =0, ¢i(,0)
0 0

A\

0.
Py(u ) = g f f (43(6,6) + g3(6, 0%)) — 6qs (6", 6%) — b (6", 6]
a5

(09 £(6")d0*d0" — w5 — s,
(4.52)

9
St V0.0 v f QL(0)F(0)d0 ¢i(6,0) > 0.
[
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The second (or last) period behavior is known from the analysis of the one period
game. For the first period, we need to solve a maximization problem with an integral
constraint. Getting a workable Lagrangian is convoluted, but the idea is to end up

with function Lagrange multipliers, \*(#°), inside the double integral.

Proposition 30. The Lagrangian corresponding to the principal’s mazximization

problem for two periods, (4.51) and (4.52), can be written as follows:
Sy = Jf (g7(0°,6°) + q}(6°,0%)) — 6°q(6%,6") — 6°¢} (6", 6%)

+OP(v5(0°,60°),v5(6,0°)) + Sv5(6°,6°) + Sv5(6%,6)] £(6) f(6°)dO*dE® — v — v}

J J “(0°,0") g5 (0°,6°) + b (0°,0)q5 (6%, 6%)] £(6°, 6°)do"db"

o "\ eige g FO) 7 a
et | oo || [—qlw D) ), N OIO

0,62

RO [ e 50010 x s 09) | 10y s0aar
0

£(0%)

b 4 b brnb pna F(@b) f b
b f \'(6) £(6)d6 + ﬂ [—qlw,e) I REONOT

f(6°)

@ (0°,0%)

(69 LMG)J‘(@)d@—(SA (0°)05(0°,0%) | F(6%) f(6°)d6"de".

(4.53)

Proof. First start by writing the constraints according to the theory into a generic

Lagrangian formulation:

fj (q2(6°, 6°) + g (6°,6%)) — 6°q2(6°, 6°) — 6°qL (6", 6°)

+OP(v5(6,6°),05(6%,0°)) + Su5(67, 6°) + Sub (6%, Hb)] F(O) F(0")do"d6® — v§ — o°
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o | R N R A P AN

) J evg(ea,@ f(é)dé] f(6%)do”

+ f BAb(eb) vl — H ¢ (6°,0%) f(0°)F(6°)do*do® + ; Q4 (9)do—

(6,612

0
—0 J v8(6°,0) f(é)dé] f(6%)de®.

0

After some reworking and changing integral positions, we can get the expression

required. O]

The FOC and envelope conditions for generic draws of (64, 6°) will be
lg]: R (a7 (60°,0°) + q1(6",0%)) — 0 + pu°(6°,60")—

F(o°

f(6°)

[g1] = R ((0%.6") + qr(6°.6%)) — 0" + p°(6°,0%)—

~—

0 1 6
f \(0)F(6)d6 + f(ea)f \“(0)£(6)dO = 0,

fmvwwwmeza

(2

JGAb(e)f(e)de +

1
f(6°)
[v5]: Poa(v3(6%,60°),v5(6%,6%)) = —1 + A*(6"),

(4.54)

[V5] © Pou(v5(6°,60%),03(6°,0%) = —1 + \°(6°),

0
[Env.1]:  Ppa(vf,0}) = —1 +J \(0)f(6)do,

[Env.2] :  Pry(vf,0?) = -1+ f: M(0)£(0)do.
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It’s not hard to notice that these conditions are very similar to the FOC in Krishna
& Taylor (2011), except for having integrals instead of sums. This parallel lends
credence to the result.

From the FOC (4.54), and with arguments very similar to the ones used for the
one period problem, we can derive the allocations. For firm a, the allocations in the

first round is as follows:

g1 (60°,0") =

R (ea + 1;5;29;>E9[A“<9>]) A 07+ SR A (0)] < 6" + SERL B[N (0)],

0, else.

(4.55)

The allocation for firm b is given by the same equation, if we swap indices. Once more,
we have a situation where the square domain [, f]? is partitioned by the principal
into two regions, as in Figure 4.4. There is a draw of (%,6°), which falls into this
domain, in one of the regions. In the region where firm a has a smaller marginal
cost, it will get the entire allocation, possibly distorted by the liquidity constraints.
In the other region, firm b will get the entire allocation. The formulas derived so
far for the first period do not require any assumptions on the value function of the

second period, so they apply to recursive settings with any number of periods.

4.7 Conclusion

This chapter explores the question of how a principal might formulate an optimal
contract when interacting repeatedly with two liquidity constrained agents that have
private information on their marginal costs. We presented two models to that end,
and we reached allocation solutions that are similar. In both models, the quantity is

allocated to the firm with the lowest marginal cost. Moreover, in both cases there are
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no distortions on the first best allocations when the firms report the lowest costs, and
individual rationality is ensured by reducing the quantity supplied by firms reporting
a higher marginal cost. In the discrete time model, reporting the high cost type leads
to an allocation that is lower than the first best while in the continuous type model
the allocations are progressively reduced. These distortions are a consequence of the
liquidity constrains that the firms face, and the degree to which these constraints
distort the allocations is dependent on the promised utility to the firms. Higher
promised utilities lead to lower distortions. Like in Krishna & Taylor (2011), there
is a critical region in which the liquidity constraints do not bind and agents receive
only promised utility, a region in which the firms have enough promised utility so
that the liquidity constraints will not bind and they can buy out the principal, but
now there are two more regions in which only one firm has enough equity. Navigating
the boundary of these regions is an open question and the goal of improving on these
results.

The evolution of the promised utilities in the continuous type model is not de-
scribable explicitly, both because of the large space of parameters and because we
have left the distribution of types unspecified. The allocations themselves depend
on the values of the liquidity constraints, the specific type distribution of types and
the function that describes the production technology, so in principle we can use
backward induction to solve the implicit relations once we parametrize the model.
In the discrete type model, we can obtain one more result that describes the value
function. As in the previous work with one agent, we can get a martingale property
for the derivatives of the principal’s value function. Here of course it applies to the
partial derivatives, and we can also conclude its convergence, but because we have
two dimensions there are now a multitude of accumulation points. Once again, the
broad intuitive description appears to be the same, and we have that both firms
build sweat equity towards a point of non-binding liquidity constraints. Classifying
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the accumulation points according to the probability that they are reached is the
next step in improving the results, and this would help with describing the evolution

of the firms’ promised utility and the long term structure of the contract.
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Appendix A

Proofs

Proposition 1. Assume that the boundedly rational consumer knows only his current
consumption vector, his current utility level and gradient, as well as the utility of no
consumption. Given a line search method for the mazimum, at any point in time the
optimal next step is given by the method applied to problems (2.1) or (2.2), where x

s the momentary consumption vector and W is the momentary wealth level.

Proof. Consider the search process at a moment in time. Let the current consumption
vector be z(0) and current wealth W (0). Besides U(z(0)), the consumer knows the
linear approximation U(z) ~ L(z) := U(2(0))+VU(x(0))-(z—=2(0)). The consumer’s
problem is to find the best move from x(0) that will maximize his lifetime utility,
which means he should potentially consider the effect of his next step on the search
process in the future. However, even as he anticipates future knowledge and future
search, he doesn’t have access to the utility levels of choices outside of B(x(0),¢),
so, in the absence of other information, his best move is the same as if he would be

doing a one step search. Therefore, he will maximize the objective function derived
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from problems (2.1):

max U(x) = max {L(z) + A\[1=B)W* —p-z]},

xT

or (2.2):

max U(z) = max {L(g;) — (L(z) = U) (1 + Z%(6 - 1)) } )

T T

s.t. x € B(x(0),e|VU(x(0))|). The best point to move to is z(0) + eVU(z(0)), in
the direction of steepest descent. This maximization will be one step in the search
algorithm. As €,0, — 0, we get a continuous movement along the line of steepest

descent. O

Proposition 2. If the lifetime budget constraint doesn’t bind and doesn’t hold with
equality, the search moves in the direction of VU (x). If the constraint binds, the

search moves in the direction VU(z) + [U(z) — U] - 2.

Proof. The maximization problem is

7(x) 0
max U(x)J et +QJ et

z 0 7(z)

1—p7@
t——p-x<W
s -7 p-x

If the budget constraint doesn’t bind, we have that 7(x) = oo, and the local maxi-
mization problem is trivial because we are away from the boundary. That is, in the
Lagrangian we can ignore the constraint. Then the objective maximizing direction

is given by VU (z). When the lifetime budget constrain binds, we have that

1 (1) = 7,

p-zx
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so we can rewrite the maximization problem as

maxU(z) = — (U(x) - U) [1 W m] L U) = (U() - 1)

W -5)
px

+U.

This gives us
VU(z) = " VU + (U(z) - U) - —2

]

Proposition 3. Let the utility function U(x) be strictly concave. When the lifetime
budget constraint binds, the consumer searches towards allocations with lower spend-
ing. If the constraint doesn’t bind, but holds with equality, the direction of movement

1 along the budget constraint.

Proof. By the multivariate mean value theorem, we have that U(zx) — U = U(z) —
U0) = VU((1 — ¢)x) - z, for some value ¢ € (0,1). Therefore, we can write the

projection on p of the expression that shows the direction of search like

2 v a2l ovr. P e — oy 2L
Lo vuw v we - 2| - v B - 2L
YU, P o). Pl
- VU@ - U= o) o L
Multiply by %’f to get
p p — —C)T) T % X)) - — —C)T) X
(vU(w%m) (H) VU((1 - 2) -2 < VU(x) -2~ VU((1 - c)a) - 2,

because the first term is positive. VU (x) -z — VU((1 — ¢)x) - x is negative since U
is concave, therefore the projection is negative, which is what we required.
Now let’s consider the case when the lifetime budget holds with equality, p-z/(1—

B) = W, but doesn’t bind. We'll prove that the best marginal change direction has
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to be perpendicular on p. W.l.o.g. consider a small change in x by a + b, where
a-p=0,b-p=|bl|p| > 0. If b increases spending per unit of time, then lifetime
utility can be increased by a change of consumption of —b, by VU(x) - (—b), since we
have proved that VU(x) is directed towards allocations of lower spending when the
spending rate exceeds W. This means that a change of a is better than a change of
a+0b. Similarly, if b decreases spending per unit of time, then we can increase lifetime
utility by moving back by VU (x) - (—b), because VU (z) points towards allocations
of higher spending.

O

Proposition 4. Let the search process be a continuous steepest descent algorithm,
where the wealth bound is updated after each step. If U(x) is strictly concave, the
search for the optimal allocation and wealth converges, and the limit wealth is exactly

enough to sustain the limit allocation forever.

Proof.

W(t) = (—1In ) —pl'f%) + W(t)] .

If the lifetime wealth constraint doesn’t bind and doesn’t hold with equality, the
direction of movement is VU(z). Because preferences are assumed non-satiated,
as the algorithm proceeds we have that consumption per unit of time, p - z(t), is
increased. Moreover, as spending increases, current lifetime utility is also increased.
As mentioned, we ignore the case of unbounded growth of consumption, when the
new initial wealth is so large that it exceeds the net present cost of the path of

consumption growing infinitely. In other words,

p-x(t)
1-p

- W),
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and

p-x(t)
1-p

—W(t) = W'(t) =0,

so the wealth level converges, W(t) — W* > 0. Search when the lifetime wealth
constraint holds with equality is discussed last.

Now assume that the lifetime wealth constraint binds, and begin by incorporating
the constraint into (2.2). We then have the following generic objective function that
we consider for a step in the algorithm:

max {— (U(z) - U) [1 LA 5)} + U(:v)} |

In the steepest descent algorithm, a step in the search should weakly increase the
value of the objective function. (See Theorems 5.1, 5.3 in Ruszczynski (2006).) This
function is the discounted lifetime utility of the consumer, where he stops searching
and consumes x as long as he can afford it. Therefore, each step in the search
increases lifetime utility. Moreover, lifetime wealth is decreased after each step, since

the consumer spends more than he can afford in the long run. From equation (2.4):

1 In g
—1_ﬂp~$(t)>W=>ﬁ_1

p-az(t) =W(=Inp) = W'(t) <0.

Since lifetime wealth is bounded from below by 0 and W’(t) is monotonic, W (t) —
W*. As mentioned, we ignore the case where the consumer searches so slowly that
he goes bankrupt before he reaches a new optimum, i.e., W* > 0.

When the lifetime budget constraint holds with equality, the consumer solves
max U(z) := max {U(z) + A[(1 = B)W* —p- 2]},

by Proposition 3. With U(z) strictly concave, steepest descent will find the unique

maximum, z*, and W* =p-z*/(1 — /). O
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Proposition 5. Let C' : R,y — Ry be differentiable, with C(0) = 0 and C'(I) > 0
for all 1 > 0, and let U(z) : RT — R of class C', strictly quasiconcave. Define
Vilx —7r) == Wz) —U(r) — C(|Jx—r]), for any r € R, where the norm is any
d-norm |-|4, 1 < d < o0, or the seminorm |p- (x —r)|. Then the preference structure

giwen by V.(x — r) satisfies assumption Ay, for any pair of indices i # j.

Proof. Let r,s,xz,y € R}, and i = 1,5 = 2, w.l.o.g. In addition, zy = ry > s; =

Y1, Yo > To, Ty = So, and x =, y. Define a =y — s9, b =29 — 89, c =11 — 51 > 0
and d = x; —r; =2 0. Then z =, y means:
Vi(z —s) = Vi(c+d,b,0,...,0) = U(z) — U(s) — C(|(c + d,b,0,...,0)]) =

Vi(y — s) = V4(0,a,0,...,0) = U(y) — U(s) — C(](0,a,0,...,0)]).

With respect to the reference r, the value functions are:
Vi(z — 1) =V,(d,b,0,...,0) = U(z) — U(r) — C(|(d,b,0,...,0)]), and
‘/r(y - T’) = ‘/7'(_07 a, 07 ceny O) = u<y> - u<r) - C(H<_C7 a, Oa L3 O)H)a

= Vi(z = 1) = Vily —7) = Uz) = Uy) = C(](d, 1,0, ..., 0)]) + C([[(=¢, a,0,...,0)[ ).

So, solving for U(x) — U(y) in the first equation:
Vil —r)=Vi(ty—r) =+ C(|(c+d,b,0,..,0)|) + C(|(—¢,a,0,....0)|)—
_C(H(dvb>0770)H) —C’(H(O,CL,O,,O)H)

> 0.

The last inequality follows from the fact that, for p < oo, ¢ > 0, C' strictly increasing,

and:
1(0,a,0,...,0)| < [(—=¢,a,0,...,0)],
1(d,b,0,...,0)| < |[(c+d,b,0,...,0)|.
Therefore x >, y, which was required. O]
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> 1
FIGURE A.1: Reference dependence in the multidimensional setting.

Proposition 6. Let the consumer have current consumption choice x, and say that

he faces a lottery (o, Wi;...;aq, W)), expressed in terms of the lifetime wealths for
each contingency. Let W7 < ... < W), < % <Win <...<W,anday+...4+ a5 = 1.

The direction of his search will be given by

Q41+ ... t g a1W1 + ...+ Oéka P
- VU (x) + P [VU(x) (U(x) Q)p-:v]

Proof. We have argued that the consumer, having restricted knowledge, behaves at

any point as if he’s maximizing his lifetime utility given his current consumption
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plan. For this, write the maximization problem for the consumer:

Ing 75 (@) , 0
max 51 {Z a; [U(m)JO Brdt + QJ;j(x) Btdt] }

J

1—p7@)

st. Vie{l,...k}: 3 p-x=W; and 7441 = ... = T, = 0.

It’s easy to solve the constraints for %) and introduce them into the objective

function, and we get

max {z: o;v? [U(m) —(U(z) - U) (1 + pW; (3 — 1))] U(2) zl] a]} |

j=k+1
The gradient of this new objective function is the formula given in the proposition.

]

Proposition 7. If the consumer faces a lottery in the distant future (o, W1;1 —
a, Wa), with Wy < p-x(0)/(1 — B) < Wa, and the instantaneous utility function has
0 > V2U(x) > —MI, then for any subdomain D € R:, 30 < oy < ap, < 1 for M
small enough such that for a € (0,q] U [, 1) the search converges, x(t) — x*, and
W* = Wi(t) for a < ap, W* = Wi(t) for a = ay,, where W* :=p-2*/(1 — f3), and

W; is the lifetime utility for outcome j.

Proof. First, let’s consider Wy < p-z/(1— ) < W,. At any z, the direction of search
is given by
11—« aWi

1—5VU($)+p-a:

VU@ - () -] (A1)

Let’s rewrite the expression for component ¢, by dividing by the positive scalar

% and regrouping:

G (1410 ) - W - o
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Now consider a small change in z; by d;, happening in the time J., and write the
marginal change in the component i of the search direction vector:

l—-a p-z l—a p;d;
UZ(QZ)(S] (1 + o (1 _B)WI) + Ul(x) 5 (1 _JﬁJ)Wl

+

a p-T (_Wl’éT)_Ui(x)%_(U(g;)_U)M_

e, (1-p)W? pra —(p-x)?

For small enough maximum curvatures M, the negative first term is dominated by the
other. Observe that the 2nd, 3rd and 5th terms are strictly positive (W] < 0!), and
the 4th is negative. We know that (1— )W, < p-x, so for any o < 1/2 we have that
the second term is bigger in absolute value than the 4th. Given a small M, Haéj >0
such that the expression is positive on D for z, and define oy := min, ;{a}’} > 0.
We can conclude that, for any 0 < a < o, a marginal movement towards higher
spending will not lead to a reversal of direction.

Similarly, we can discuss high « values. Group the last two terms together by
factoring —p;0,/p - «, and observe that the expression is negative, by Proposition 3.
Terms 2 and 3 can be grouped together into a positive expression as well, with a
factor U;(z)(1 — a)/a in front. Uj(z) > 0, so 3aj) < 1 such that the expression is
negative for o > o/ and 2 € D. This means that, for a > o, := max; ;{a?} < 1, a
marginal movement towards lower spending will not lead to a reversal of direction.

The above deals with the case when the budget constraint for the low wealth
contingency binds, but the other one doesn’t bind or hold with equality. As usual,
we exclude the cases when the search is not fast enough and W; — 0, or when the
consumer increases his consumption forever: Wy, Wy — o0 and p-x — oo0. The search
moves either toward lower or higher spending, until the spending level p-x(t) reaches
either Wi(t) or Wy(t) respectively. At that point, the respective contingent wealths

converge, and maximization problem changes.
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Now, let’s assume that W;(t) — W* > 0, so the current consumption level ()
is such that p - x(t)/(1 — f) = W*. Then the claim is that the search will move
perpendicular to p, similarly to the situation in Proposition 3. The argument is
similar and tedious; from (A.1), note that moving away from the plane p-z(t) means

that utility is lost proportional to

5 v - we o

and gained proportional to (1 —«)VU(x)/(1— ). If that were positive, we wouldn’t
have moved towards the lower spending. So the movement has to be along the plane.

If W(t) — W*, then a similar argument shows that the search will then move along

the plane p - z(t), because

oW b
A vUG) - ) - -]

is decreasing from W;. In this stage, the search is a simple optimization problem,

and we get x(t) — z* and p - x* = W*(1 — f3). O

Corollary 8. Let U%(z), U(x) be two instantaneous utility functions for consumers
a and b, which have current consumptions xo. If VU%(xg) = VU’(xy) and 0 >
V2U%(x) > V2Ub(z) for all x, then consumer a will increase his spending more than

consumer b.
Proof.

Uj(l’o) - UJ(O) = J: VU](er) : xodé =

rl 1
= [VUj(xo) - f V22U (29 — p(1 — 0)xy) - xod,o] - xodf =
Jo 0

11
rl

= | VU (x0) - 20df — fog V22U (29 — p(1 — 0)z0) - wodpdf.
00

JO
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We know that, for strictly concave utilities, V2U’(z) are negative definite, so we can
conclude that U%(xo) — U* < U®(z¢) — U". From (A.1), we see that the gradient of
the objective of b minus that of a is p/(p - 2)(U* (o) — U?(z¢) — U* + U®) < 0, which
is directed towards lower cost consumptions.

]

Proposition 9. Let f(x) be a twice continuously differentiable function over con-
sumption x, which does not include a measure of time. It is assumed that —mlI >
V2f(z) > —MI, Vx € D, the domain, and 0 < m < M. Furthermore D is convez.
(This implies that the Hessian is negative definite on the domain D, V?f(x) < 0.)
A unique maximum x* € D must exist, which is assumed to be an interior point.
The search generated by the steepest descent algorithm, starting from xq given, with
a step length € € (0,2/M), generates a sequence {x;} — x*, and the following results
hold:

(@) o, — 2% < 'z — 27,

() F&*) — F() < qmaz®[F(a*) (o)),

where gmazx := max||l —em]|, |1 — eM]|] < 1.

Proof. Apply, for example, Theorem 5.5 in Ruszczynski (2006) to obtain (a). The
Hessian condition —m/I > V?f(z) > —MI, and the fact that V f(z*) = 0 give the

following inequalities:
M
Do —a*? < f(a*) — f(@) < 5 Jo — ", vae D.

Using (a), this implies:

M M
1) = fw) < Sl — 21 < S — 2 <

SIS

¢*'[f(@*) = f(@o)]-
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Proposition 10. Consider a quadratic f(z) with non-degenerate Hessian —ml >
V2f > —MI, optimized by steepest descent with constant step length e € (0,2/M).
Let xq be the starting point, and V f(xo) an eigenvector of V2 f(xq). Then the search

method will proceed only along the direction of V f(xo), and the following hold:

() [z — 27 = gmin|zo — 27,

(b) f(a*) = f(2) > Toqmin®[f(z*) = f(z0)]
where gmin = min{|1 — em|, ..., |1 — e M|} < 1.

Proof. For steepest descent with constant step length, z/*! = 2t + ¢ - V f(2), so
V(@) = V(@) + (e —x1) - V(@) = V(@) + eV (@) V() =

= Vf(z)(1 - eK),

where K € [m, M] is the eigenvalue of Vf(z'). After each step, the gradient has
the same direction, which means that all search steps are on the same direction.
Therefore, we can analyze the search in one dimension. The section of f on one
dimension will be a 1-dimensional quadratic function, and we’ll parametrize the
points with y € R. Let y* be the maximum, and gy, the starting point. Steepest
descent gives:

« 1—eK) —1
Yir1 — Yo = K (g —y*) = yn = (1—6K)ty0+eK¥
1—eK -1
=y -y =1—eK)"(yo —y*) = |z — 2*| = (1 — eK)"|xo — z*|.

The condition for convergence is € € (0,2/K). From this, the fastest speed of con-
vergence is reached for the direction with the eigenvalue that minimizes |1 — €K/, so

gmin := min{|1 — em/|, ..., |1 — eM|}. As in Proposition 9,

M
oz = a2** < fa¥) = f(z) < < e = o*|?, Yz e D.
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This means that

m

. . mo .
5 gmin®|zo — 2*|* = —qmin®[f(z*) — f(x0)].

f(@®) = f(a) = %th—w*Hz > i

]

Lemma 11. Consider the steepest descent search with step length inversely propor-
tional to the time interval, and the familiar assumptions on f(x). In the continuous
time limit, the upper and lower bounds on the convergence of the objective func-
tion and the argument are exponentials, and the search converges Q-linearly to the

optimum.

Proof. Let s be the size of the time period, se the step length in the search, and
T a total finite amount of time. The number of time periods is ¢ := T'/s. Define
q :=1— seK, where K is such that ¢' can describe either the upper or lower bounds

on the search speed. Now consider the bonds in the limit when the search period

goes to O:
lim ¢' = lim(1 — seK)T/s = (&%),
s—0 s—0
We know that (1 — %)“, where n := S%K, is monotonically increasing in n, so as s

decreases, the upper bond on |z; — z*| after a finite period of time T is reduced.
Also, for arbitrarily small time periods s, the search process will converge to the

same limit, and it is Q-linear. The same arguments apply to [f(z*) — f(z¢)]. O

Proposition 12. Letr € R", and ®(§) = U(z*(9)) = max, {U(x) | X, x; = B(r) + d}.

+7

Let x*(0) and r be the solutions for the classical utility mazimization problem (2.13)

with budgets B(r) + d and B(r). Then ®(d) is continuous and differentiable. Fur-
thermore, for all v such that Y, v; = 1, ®(6) — U(r + 6v) = 0(d), where % =9,

and x*(0) is continuous in ¢.
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Proof. By Proposition 2.13(b) of Kreps (1990), ®(6) is continuous. U(z) is differen-
tiable so, by the envelope theorem, ®(§) is differentiable also. Moreover, from the

envelope theorem:

d(I)_ B oU . dU(T+5U> _ ou
_(5 == ox; a::I*7 vi, and do B ;Ul 0 x=r+0v
Therefore:
d(®(0) -~ U(r+dov)| _ U il
dé §5=0 N ox; T=r Zivz 0 T=r - )\(1 ;UZ) -

Applying Taylor’s Theorem gives ®(5) — U (r+0v) = o(J). To show that x*(d) is con-
tinuous, let 6, — d, with x*(5,) - x*(4). But ®(J,,) — ®(), since P is continuous.
Therefore, U(z*(6)) = ®(9) = lim,, ®(d,) = lim, U(z*(5,)) = U(lim, x*(4,,)), where

the last equality follows from the continuity of U. Moreover:

n

Zx:‘(én) —(B+4,) =0 :Zn:lignx;‘(én) —(B+46)=0

=1 i=1

n

= limz*(J,) € arg max {U(m)

because lim,, 2*(d,,) solves the utility maximization problem. Since U is strictly qua-
siconcave, the solution to the maximization problem must be unique, so lim,, *(4,,) =

x*(6), so *(9) is continuous in 6. O

Proposition 13. For all § € (=B, o), let x*(0) be the demand induced by the
classical utility mazimization problem of U with wealth B + 6. If k(z*(5)) # 0 is the

Gaussian curvature of {x | U(x) = U(x*(5))} at x*(5), then x*(-) is differentiable at
9, and % = —g—g <Z; ekj) , Vk, where €y; is the price elasticity of demand for good

k and price j.
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Proof. Define the general demand function f(p, W) given some arbitrary nonzero
price vector p and wealth W. By Debreu (1972, 1976), the Jacobian of f at z is

given by:

)=l

£ k()

0Tn

. if Kk(z) # 0.

Therefore 2*(6) = f((1,...,1), B+ ) is differentiable as a function of . Because the

demand function is homogeneous of degree zero, we can write:

= Oxf oxy oxy )
4+ k(B - - _ 4 .
Zapipl—l— S (B0 =0= - I Dlew | vk

i=1 J

]

Proposition 14. The set of incentive compatibility conditions (3.3) is satisfied if a
stronger set of compatibility conditions (S) hold, whereby in each period the buyer
considers only one-time deviations from truth, followed by truthful reporting in the
future. That is, the ICCs are implied by the following set of inequalities, for' k €
0,n, Voo6:

Uk(ek? qk(hoa h’lv R hkil? 9k))+

n t
+ 30 3 T Aal0)UO qu(h°, hY . RE 0F R4 0Y) >
t=k+1 ©t|0F j=k+1
= Uk(9k7Qk<h07 h‘17 BRI hk))+

n t
+ Z Z H )\a(ej)Ut(etathZO?hla'”7hk79k+17'"79t>>'

t=k+10t|0k j=k+1

Proof. For now let n < oo. The proof is by induction. First consider a finite setting

with n periods. Let o be any strategy, and consider a deviation from this strategy to

! To be exact, consider that 80 = . At k = 0 there are only the incentive compatibility conditions
for each type «, which are the same as the ICCs.
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truth telling, only in the last period n, on only one of the possible histories. Assume

the following inequality holds. V o, o, ©™ :
Un(0™, g (h°, RY, . R 0™)) = U, (0™, g (RO, RY, ... R A™)).

It is just a special case of (3.3), and of (S) when k = n. Now, for a generic o, it
implies that V « :

t

i | RNCALACA AN AR S B
t=1 0

t =1

n—1 t n

S @)U, qu(h° B, 1) + DT [Aal0)Un (07, (B0, R, Bt 0M),

t=1 ot i=1 on i-1

so it makes sense to always report truthfully in the last period. This is the first
step in the induction process. In general, consider that the following holds for an
arbitrary 0 < k < n, i.e. that it is better to report truthfully from period £ + 1 on.
Vo,a:

n t
Z HAQ O)YU,(0", q,(R°, h*, ..., hY)) <

=1 et i=1

~+

~

STl a1 1)

=1 et i=1

~+

+ Z ZHA 0", qu(hO, hY, . hE R gh).

t=k+1 Ot 1=1

Assume that S hold. § say that, assuming future truthful reporting, the buyer finds
the total discounted utility from reporting his true type today is larger than for any

other report. Notice that this has to hold for all o, and for any history prior to
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period k. Using S, rework the previous expression. V o, « :

n t
Z HAQ(Qi)Ut(0t7qt(hO7h17"-7ht)) <

t
[ [Aa(0)U0" qu(hO, 0. . +2]_[Aa (6%, g (R°, b, .

t=1 Ot i=1 QF i=1

n t
> H)\a VU0, q,(h°, hY, ... BF 0¥ .. 6Y) =

k—1 t k
= 1_[ Aa(ei)Ut(eta C]t(h07 h1> R ht)) + Z 1_[ )\a(el) [Uk(eka Qk’(hoa h17 R
t=1 Ot i=1 ok i=1
n t '
> [T Aal@?) U6, qu(h® 1", hF 68 60)] <
t=k+1 @t|0k j=k+1
k—1 t .
< [ [Aa(0)U(6", qu(R°, 1. ) + ZHAa (6", qi(h°, b1, .
t=1 et i=1 Ok i=1

n t
> [T Aal@) U0, qu(h0, 1", W51 6%, 6)] =
t .
[ [ 20U qu(RO 1", 1Y)+

n t
+ Z H /\a<gl)Ut<9t7 Qt(hov hla ] hk_lu eka ce 7et>>‘

t=k Ot i=1

L))+

h*))+

L)+

This result is the induction step, which takes us to £ = 1. The last step is applying

the O-period ICC, which is also in S. Therefore, we have used expressions S to obtain

the ICCs.

Now consider n = o0. The partial sum from k to oo, of the series that gives the

buyer’s utility is

t
i [ [ 20U (RO, 1, . 1)),

t=k Ot i=1
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which is bounded and must go to 0 as k — oo, if the function U; is exponentially
bounded because of discounting. For an infinite direct mechanism that implements a
menu, say that the infinite set of constraints S will hold. Let o represent the optimal
strategy, mapping any buyer type and sequence of utility types to optimal reports.
From this, devise an approximate strategy that is a "truncated" version of ¢, in which
the buyer reports according with the strategy o up to period k, and then he reports
truthfully. Then it must be that the payoff from the new strategy is an increasingly
good approximation as k increases, since only the partial sum from £ on is changed.
Fix k, and apply the compatibility conditions in S from period k backwards to prove,
again by induction, that the completely truthful strategy is weakly better than the
"truncated" o, which approximates in payoff the original. As k goes to infinity, we
obtain that truthful reporting is weakly optimal in the context of a menu satisfying

S, which simply means that the regular ICCs have to hold too. O

Proposition 15. The set of ICCs in (3.8) imply a weaker set of compatibility condi-
tions (W), in which the buyer, who has reported his true type o if in periods after Oth,
considers only one-time deviations from truth, followed by truthful reporting in the
future. That is, the ICCs imply the following inequalities, for* ke 0,n , ¥ o, o, OF :
Up(0%, qu(o, Y, .. hE7E 0F)) 4
n t 4
+ 30 3T T AU gl b, BE7Y 08 08 6h) =
t=k+10t|ek j=k+1
2 Uk(9k7 qlf(a7 hl’ ctty hk))+
n t 4
+ 30 3T T 2a@)U0 qlo, . BE 084 6Y), and
t=k+10t|Qk j=k+1
¢

iZHMW@ gl 0. 00) = ﬁ%mmegmm L, 00).

t=1 @t i=1 t=1 @t i=1
k=

2 At

= 0 consider ° = «, and Uy = 0 as defined.
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Proof. The idea is to observe that the compatibility conditions expressed in W can
be seen as just a subset of the ICCs. For the last inequality above, it is obvious. In
general, consider the ICC for two strategies, the truthful strategy and a deviation
to the strategy that reports truthfully except after a history (a, k', ..., h*"!), when
op(a, bt h2, ... h*=1 0%) = hk and, subsequently, again truthful reporting after any
continuation history. Define H* = (a, h', ..., h*=1 6%). You can simplify the ICC by
eliminating the payoffs for the histories ©" — ©"|H* and their continuations, which

must be equal, so you get:

Aa(OVUL(OF qr(c, Y, ... RFTL 07))+

k
=1

k n t

20 D Do T @)U, qla, b, B 0F 05 6") =

1=1 t=k+1 @tlHk j=k+1

k
> 1_[ Aa(ez)Uk(eka Qk(aa h1> R hk))+

i=1
k . n t '
+1_[)\a(91) Z Z H )\a(ej)Ut(etaqt(aah’lw'-7hk79k+17"'79t))
=1 t=k+1 0t Hk j=k+1

Simplify the common factor to get the generic compatibility condition of W. In
this construction, we haven’t assumed n < oo, so the result holds for the infinite

setting. O

Lemma 16. Consider any period with allocations. Denote with qn,q; the quantities
and pp, p; the prices in the menu offered to the buyer in that period, contingent upon
the O-type report, and let uy,u; be the expected continuation utilities for the buyer,
giwen by the buyer type and truthful reporting in the future. Then, if conditions W

hold, it must be that q, > q;.

Proof. Assume the YW compatibility conditions in the period hold. By them it is
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w.l.0.g. that in the future the player will report truthfully. Then there are only two
continuation values that are needed to describe a player’s incentives, say u;, and u;,
and:

Ohgn — G /2 — pr +un = Ohq — 412 — p1 +

O — a7 /2 — pr + i = Oqn — G2 — P+ up.

We can rewrite the equations to:
On(an — @) = o — P+ Gi/2 — 472 + w — uy,

ph—Dit+ G2 — qi )2 +u —up = 0(qn — @),

from which you can deduce that (6, — 6;)(qn — q;) = 0. Since ), > 0;, we must have
that ¢, > ¢,. This lemma remains true if we replace YW with S, because we would

have similar inequalities for each pair uf*, uf}, leading to the same conclusion. n

Lemma 17. Consider any period with allocations in the game described. Denote
with qn, q; the quantities and py, p; the prices in the menu offered to the buyer in that
period, and let up,u; be the expected continuation utilities. Assuming that VW hold,

1t must be that q, = 05, and q; < 0; in the optimal menu.

Proof. Prove by contradiction, i.e., assume that ¢, < 6. Then de > 0 s.t. ¢, + € <
0,. Now consider the following changes in the menu offered: ¢, — ¢, + ¢, and
pr — pn + (0, — qn)e — €2/2. Observe that both ¢, and pj, are strictly increased.

The new expected utility of the buyer, when he truthfully reports 6y, is:

Hh(qh + 6) — ((]h + 6)2/2 — (ph + (Hh — qh)e — 62/2) + up = thh — qi/Q — Pn + Uup,.-

When the buyer reports 6;, everything stays the same. Now verify that the new

incentive compatibility conditions will also be satisfied:
On(an +€) — (an + €)%/2 — (pn + (On — qn)e — €2/2) + up = Oy — 47 /2 — py + w
Ot — qi /2 — pu+w = 0(qn + €) — (an + €)*/2 — (pn + (O — an)e — €/2) + uy,
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i

Onqn — i/2 — pn + up = Opq — 7 /2 — pr +

O — ai/2 — pi+ w = 0ign — 4;/2 — pr — (O — 0))€ + wp.

Because (6, — 60;)e > 0, the old incentive compatibility conditions imply that these
hold. Any other constraints, either incentive compatibility constraints at other nodes
or individual rationality constraints, will not be changed, because the expected utility
for the buyer does not change. Therefore we have found that there is a way to strictly
improve the seller’s expected return, without changing the expected payoff of the
buyer. So this allocation is not optimal, therefore q;, > 6,. For the statement ¢; < 6,
prove by contradiction by assuming that ¢; > ;. Then de > 0 s.t. ¢, — € > ;. Now
change the menu offered: ¢, — q; — ¢, and p; — p; + (¢ — 6;)e — €2/2. Observe that
is strictly decreased while p; is strictly increased. The new expected utility for the

buyer that truthfully reports 6; does not change:

O(q—€)— (—€)?/2— (m + (@ — O)e— €/2) +w = O — ¢} /2 — p1 + .

Neither does the utility of the buyer that truthfully reports 6. The new incentive

compatibility constraints are:
thh — qi/Q — pp +Uup = 9h(ql — 6) — (ql — 6)2/2 — (pl + (ql — (9[)6 — 62/2) + Uy

Olq —e€) — (@ —€)?/2— (i + (q — O)e — €2/2) +wy = Oqn — G1/2 — pr + up,

Ohan — q3 /2 — o+ un = Ohq — a7 /2 — pr — (0 — O))e +

O — ¢ /2 — i+ w = 0qn — G /2 — pr + up.

These new conditions must hold if the old ones did. Also, no other compatibility or
rationality conditions will be changed. So this change improves the seller’s return,
therefore it must be that ¢; > 6, was suboptimal. O
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Lemma 18. Assume that in the setting presented YW hold, and the results of the
previous lemmas. Then, for every period, for each history, at most one of the com-

patibility conditions in W for an agent o will bind.

Proof. Write again the ICCs:
Ongn — 4n/2 — P + un = O0hq — G /2 — pr +

Oq — qi/2 — pr+w = 0iqn — G2 — pr + up.

Assume that both conditions above hold with equality. Then
Onlan — @) = Gn/2 + pn — un — G7/2 = p1 +

O(an — @) = G3/2 + pr — wn — ¢;/2 — pi + w,
s0 Or(qn — q1) = 6i(qn, — q). Because ¢, = 0, > 0, = q;, we have a contradiction. [

Lemma 19. Consider any period with allocations, and assume the compatibility
condition in W for the buyer with 0n-type utility does not bind. Then q > 6.

Similarly, if the 0;-type condition does not bind, then q, < 0.

Proof. Say that ¢, < 6;,. Then de > 0 s.t. ¢ + € < ;. Consider the menu transfor-
mation ¢ — q; + €, p; — p + (0, — q)e — €2/2. Then, the new incentive compatibility

conditions will be:
Onan — Gi/2 — P+ un = On(@ +€) — (@ + €)*/2 —p + (0 — @)e — €/2 + uy

O +€) — (g +€)%/2—p + (0 — q)e — /2 +w = Oqn, — ¢ /2 — pr + up.

Onan — @i/2 — pn + un = Ohqr — a1 /2 — pi + wp + (O, — O))e
O — qi/2 — i+ w = 0ign — /2 — pr + up.

As long as € is small enough, the first incentive compatibility condition will hold

for the new menu. Moreover, the expected revenue of the seller is strictly increased
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without affecting the buyer’s utility. For the second part of the statement, consider
now qn, — qn — €, pn — pn + (qn — Op)e — €2/2. After reworking, the new incentive

compatibility conditions will be:

Ohgn — q1 /2 — pr +un = Ohq — q1/2 — p1 +

O — qi/2 — pi+w = 0ign — G2 — pu + up + (0 — O))e.

If the 6, compatibility condition will not bind, then for a small enough € the above
conditions will hold. As before, the seller’s expected revenue is increased, but the

buyer’s payoffs are left the same. m

Lemma 20. The simplified seller’s mazimization problem is given by the following

recursive form:

Pw)= max (1 —¢)[apr+ (1 —a)p]+ dP(vy) + (1 — )0 P(v)+

{PrP1svRVLA

ol—an(0;/2 —pn) — (1 — o) (@ — 47 /2 — )] (A-2)

st (i) 607/2—pn+ vy = Ohq — qi/2 — i + vy,
(1) v =oq(03/2 —pn) + (1 — ) (g — ¢7/2 — p1) + cwdvy + (1 — oy)duy,
(i) q > 0.

Proof. The statement of the maximization problem is implied by the lemmas 16

through 19. O

Proposition 21. Assuming that (iii) doesn’t bind, the allocation after reporting 6,

in the mazximization problem (A.2) is always given by

2 Qp — Oy
=0, — (0, -0 .
qi l (h l)l—cp 1— o
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and with the normalization v, = v; = 0,

0;
Ph="%" = O, —0,)(1 — au)q,

2

p=(cu(bn — 0) + 6)q — %l

01 (1—cu)
n(an—ap)+0;(1—ap)

(4ii) holds with equality when 5 < ¢ < 1, and in this case ¢ = 0,

ph = % and p; = 0 in every period.

Proof. First assume that (4i7) doesn’t bind. Solve (i) and (i7) for p, and p;:

2

0
Prn = —V + (5Uh -+ ?h — ql(l — Oél)<t9h — 9[),

2
4q
D= —El — v+ v + ql(0q<9h — 95) + Ql)
Replace these expressions into the maximization problem, and get the first order

conditions. The first order condition determining ¢; will be:

(1 —a)(~1+9)q N 01+ anp — ¢ — i) — (an — ar)bpp _
-1+ -1+

0.

This solves for the ¢; expression. Observe that the allocation is determined for every
period after period 0. Because we ignored the non-negativity constraint (i), it is
necessary to see if ¢; is positive. It turns out that a necessary and sufficient condition

for that is:
(9[(1 — Oél)
Qh(ah — Oél) + 91(1 — Oéh)'

P <

When this condition doesn’t hold, then ¢; = 0. To find the prices, it is necessary to
fix the indeterminacy by making some assumptions, because the seller can commit
on the contract offered, therefore changing the all the prices at period ¢ by € and
compensating at period ¢ + k by 6%¢ leaves the buyer with equivalent choices. More-

over, there is a one-to-one trade-off for the buyer and the truthful seller between vy,
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or v; and py, p;. This suggests that neither the absolute, nor the relative values of
the continuation utilities vy, v; are fixed, and the easiest way to deal with them is to
assume v, = v; = 0. Of course, we have to check that the compatibility constraints
of the buyer that reports non-truthfully will also hold, but this assumption makes
all the four compatibility constraints for each node hold, because of (i). Using the

assumptions, we get the prices py, p; in every period. O

Proposition 22. The allocations after reporting oy, are qn = 6, and q; = 6;, and

92
Pr = ?h — Qhél + ahehﬁl + 912 — OéhQZQ

2

0
o= apdnl; + 51 — 05h912>

as well as a transfer of W from the seller to cover the information rent

for the ay, type buyer.

Proof. Solve the following equations, representing the binding 6,-type incentive com-

patibility and the buyer value identity respectively, after assuming again v = v;, =

0? 0?2
ay, <Eh_ph) + (1 —ap) (El —pl) =0,

0 07
Zh =00 — L _
9 Ph 1% B b,

v =0:

and this gives the results. We have assumed that the 6,-type compatibility condition
must not bind, so that we can get ¢, = 6, yet we have obtained the above solution
making the exact opposite assumption. But that is fine, since the compatibility

condition is slack. To see that, change the solution above with a small value k:

6;2
Pn = ?h — 9/191 + ahﬁhel + 912 — (‘,thl2 — (1 — Ozh)li

2
= apbfpt + 51 —apli + k.
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It is easy to check that, because the high and low demand compatibility conditions
cannot both bind at the same time, a x small enough always exists that will leave
every condition satisfied with strict inequality. This allows us to deduce that ¢, = 6,

was a good assumption. O]
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