
From Spectral Theorem to Spectral Statistics of Large

Random Matrices with Spatio-Temporal Dependencies

by

Muhammad Abdullah Naeem

Department of Electrical and Computer Engineering
Duke University

Date:
Approved:

Miroslav Pajic, Supervisor

Michael Zavlanos, Co-Chair

Henri Gavin

Leila Bridgeman

Galen Reeves

Dissertation submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy

in the Department of Electrical and Computer Engineering
in the Graduate School of

Duke University

2023



ABSTRACT

From Spectral Theorem to Spectral Statistics of Large

Random Matrices with Spatio-Temporal Dependencies

by

Muhammad Abdullah Naeem

Department of Electrical and Computer Engineering
Duke University

Date:
Approved:

Miroslav Pajic, Supervisor

Michael Zavlanos, Co-Chair

Henri Gavin

Leila Bridgeman

Galen Reeves

An abstract of a dissertation submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy

in the Department of Electrical and Computer Engineering
in the Graduate School of

Duke University

2023



Copyright © 2023 by Muhammad Abdullah Naeem

All rights reserved



Abstract

Overarching theme of this thesis is new theoretical results on spectral theorem for

non-Hermitian operators, non-asymptotic behavior of high dimensional dynamical

systems , which we incorporate with the work of Talagrand on concentration of mea-

sure phenomenon to better understand spectral behavior of the structured random

matrices(data matrix) and subsequently the performance of regression based algo-

rithms with dependent data. All the estimates in this thesis are explicit in n, dimen-

sion of the state space and N , length of the simulated trajectory. Non-asymptotic

spectral analysis developed in this thesis have lead following interesting findings:

1. Learning for dynamical systems: least squares estimation for even stable dy-

namical systems can have non-vanishing error in high dimensions.

2. Functional inequalities: there exists a stable ARMA model with process level

Talagrands’ inequality exponential in dimension of the underlying state space
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Chapter 1

Introduction

High dimensional dynamical systems are ubiquitous, including-but not limited to-

cyber-physical systems, daily return on different stocks of S&P 1500 and velocity

profile of interacting particle systems around McKeanVlasov limit. A quantitative

analyst trying to come up with investment strategies to maximize profit in the stock

market and an engineer trying to land a rocket on the moon while minimizing some

certain predefined cost, heavily rely on availability of accurate system models. This

brings us to initial part of this thesis; we are concerned with performance of ordinary

least squares(OLS) method for the estimation of high dimensional state transition

matrix A from a single noisy observed trajectory of the linear time invariant(LTI)1

system px0, x1, . . . , xNq, i.e.,

xt`1 “ Axt ` wt, where wt ∼ Np0, Inq. (1.1)

We work with the standard assumption of spectral radius of state transition matrix:ρpAq

being strictly inside the unit circle so as to ensure stationarity(atleast eventually).

This is a standard time series learning problem and it is known by the name of

autoregressive-moving-average model(ARMA), common to fields like econometrics

and finance. Advances in high dimensional statistics have lead to a recent surge

in non-asymptotic analysis of least squares regression on Markovian data(see e.g.,

[1],[2],[3]) and their performance is essentially dictated by spectral properties of the

data matrixX´ “ rx0, x1, . . . , xpN´1qs and Gaussian ensembleE “ rw0, w1, . . . , wN´1s,

1Linear Gaussian (LG) in Markov chain literature
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where X´ is itself a function of E (dictated by pAkqNk“0). Existing literature classify

dynamical systems merely based on spectral radius and even base sample complexity

of various learning algorithms solely based on it. However, along with temporal corre-

lations between N´ observed samples-each of length n, high dimensionality of space

allows for various choices of spatial interactions dictated by algebraic and geometric

spectral content of A and consequently non-trivial interactions between nN -one di-

mensional observed covariates. Major goal of this thesis is to ensure all the errors,

system parameters e.t.c do not hide any dependencies in n or N(i.e., non-asymptotic

analysis in truest spirit). All the theory in the first part of the thesis can be easily

followed by any one with decent exposure to linear algebra and knowledge of Ta-

lagrands inequality. Instead of tedious probabilistic methods we focus on operator

theoretic methods which are extremely concise and have no whatsoever susceptibility

to confusion.

1.1 Summary of the chapters

Main themes discussed in the thesis are as follows:

• Chapter one: We review various related work in the literature followed by

notations and preliminaries: where we provide a brief introduction to basis-free

approach to Linear Transformation. After introducing an inner product struc-

ture on domain and image space of Linear transformation, adjoint operator is

also introduced. Followed by probabilistic side of preliminaries, emphasis is put

towards familiarizing the reader to concentration of measure of phenomenon;

particularly important is dimension independent tensorization of Talagarands’

inequality for norm stable diagonalizable dynamical systems with Gaussian ex-

citations. We will eventually show that exact, elementwise error in OLS is a
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weighted sum of standard normals and its’ concentration behavior is studied

in literature under the well-known Littlewood-Offord problem. Therefore, we

briefly highlight their findings in particular how concentration behvaior can

depend on structure of weigths

• Chapter two: Here we raise the following question: given dimensions of the

underlying state space n and a constant ρ P p0, 1q, provide uniform bounds

w.r.t dimension of underlying state space for the smallest Γpn, ρq P N such that

any linear transformation A P Cnˆn with spectral radius ρpAq being equal to ρ

satisfy }Ak} ă 1 for all k ą Γpn, ρq. It allows us to link the spectrum of A to

spatial and statistical dependence between the rows of X´.

• Chapter three: We begin with showing that least squares performance is

intimately linked to dependence between the basis(on which we project our

observations). In the dynamic version of OLS these basis are provided by the

rows of the data matrix X´ and A˚ is estimated by projecting the observa-

tions X` :“ rx1, x2, . . . , xN s onto the rows of the data matrix. We provide

geometric and spectral approximations(based on extreme singular values of the

data matrix) to estimation error in Frobenius norm. As suspected, even when

dynamics are stable but spatially inseparable, OLS seems to be inconsistent in

high dimension(n ě 10, as increasing iterations only worsen the error as shown

in simulations). We conclude this chapter by showing that elementwise estima-

tion error is essentially a higher degree variant of the famous Littlewood-Offord

problem.

• Chapter four: We demystify the order of various spectral statistics(mentioned

in chapter three) which approximates estimation error, explicitly in dimension-

ality of the state space n and samples N in the data matrix. It is important
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to mention that smallest singular value is essential for upper bounding the es-

timation error whereas the behavior of largest singular value is imperative to

conclude when OLS contains non-vanishing error. This chapter is at the con-

fluence of concentration of measure phenomenon and spectral theory. In this

chapter, answer two of the previously open problems is provided: i) Exponen-

tial sample complexity for learning state transition matrix for data data gener-

ated from purely a single Jordan block corresponding to any stable eigenvalue,

raised in[4] and ii) dimension+iteration dependent tensorization of Talagrands’

inequality for stable ARMA model, see e.g., ([5] and [6]).

• Chapter five: is abstract in nature and aims at understanding space-time

decay of correlations for non-linear random dynamical systems, we also propose

Lyapunov type conditions that dictate convergence to stationary distribution

for underling Markov Chain.

1.2 Summary of the contributions

Highlight contribution of this thesis is on non-asymptotic analysis of

• Quantiative handle on decay of }Ak}: We provide first quantiative han-

dle on decay of }Ak} using using spectral theorem for non-Hermitian finite

dimensional linear transformations and equipping underlying space with inner

product structure. Position of the eigenvalues and characteristic polynomial

only correspond to algebraic structure of Linear operator; Geometric structure

follows from the span of associated eigenvectors. Given each distinct eigenvalue

of A, discrepancy between its’ algebraic and geometric multiplicity leads to an

A´ invariant subspace with dimension equal to size of the discrepancy. By re-
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stricting A onto each invariant subspace via projection operator and computing

the norm of the powers of A on the underlying subspace, allows us to control

the overall norm of the powers of A. We would like to highlight that our result

negates the common misconception of operator norm being sensitive to choice

of basis.

• Spectral theorem to statistical independence: The mentions of invariant

subspaces and orthogonal projections must have already hinted a high dimen-

sional statistician that using Gaussian projection lemma, small discrepancies

imply that original trajectory essentially comprises of multiple lower dimen-

sional random dynamical systems living on A invariant subspaces and are sta-

tistically independent of each other : this result in itself has far reaching conse-

quences in design and analysis of large scale, highly inter-connected dynamical

systems. We show that Γpn, ρq “ O

ˆ

pn´1q lnn

ln 1
ρ

˙

, and in fact our bounds are

tight up to lnn factor. As a simple corollary, mixing time of (1.1) (viewed as a

Markov chain) in Wasserstein distance turns out to be indeed O

ˆ

pn´1q lnn

ln 1
ρ

˙

. It

is shown that when a stable dynamical system has only one distinct eigenvalue

and discrepancy of n ´ 1: }A} has a dependence on n, resulting dynamics are

spatially inseparable

• Spectral statistics of the sample covariance matrix: Performance of

OLS estimator heavily rely on negative moments of the sample covariance ma-

trix: pX´X
˚
´q “

řN´1
i“0 xix

˚
i and singular values of EX˚

´, where E is a rect-

angular Gaussian ensemble E “ rw0, . . . , wN´1s. Negative moments requires

sharp estimates on all the eigenvalues λ1
`

X´X
˚
´

˘

ě . . . ě λn
`

X´X
˚
´

˘

ě 0.

Leveraging upon recent results on spectral theorem for non-Hermitian opera-

tors in [7]), along with concentration of measure phenomenon and perturba-
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tion theory(Gershgorins’ and Cauchys’ interlacing theorem) we show that only

when A “ A˚, typical order of λj
`

X´X
˚
´

˘

P
“

N ´ n
?
N,N ` n

?
N

‰

for all

j P rns. However, in high dimensions when A has only one distinct eigen-

value λ with geometric multiplicity of one, then as soon as eigenvalue leaves

complex half unit disc, largest eigenvalue suffers from curse of dimensionality:

λ1
`

X´X
˚
´

˘

“ Ω
`

tN
n

ueαλn
˘

, while smallest eigenvalue λn
`

X´X
˚
´

˘

P p0, N`
?
N s.

Consequently, OLS estimator incurs a phase transition and becomes transient:

increasing iteration only worsens estimation error, all of this happening when

the dynamics are generated from stable systems.

• Exponential in underlying dimension, tensorization of Talagrands in-

equality and non-vanishing estimation error: Dimension and iteration de-

pendence of Talgrands’ inequality for for n´ dimensional stable ARMA models

had been a subject to various speculations, [5] and [6]. We show that for suf-

ficiently large length N of simulated trajectory, n´ dimensional stable ARMA

trajectory corresponding to spatially inseparable case satisfies process level Ta-

lagrands’ inequality with constant Θpenq. This is simply follows by realizing

that Talagrands’ constant is equal to the ratio of Frobenious norm of data ma-

trix X´ and Gaussian ensemble E. It is well know that }E}F “ Θp
?
nNq but

as we have already shown σ1pX´q “ Θp
?
N ´ n ` 1enq. A simple corollary now

reveals trace of sample covariance matrix, =Θpen
?
Nnq and we finally show

that estimation error in Frobenius norms is

Ω

ˆ

p
?
N ´

?
n ´ 1q

?
nN

pN ´ n ` 1q

˙

ą 0. (1.2)
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1.3 Previous work

Successful completion of any control task, relies heavily on availability of accurate

models for underlying dynamical system. Owing to advances in machine learning and

high dimensional statistics, when physics based models are too complicated or do not

really exist to begin with as in the case of S & P 1500, one attempts to use some sort

of regression models on an observed trajectory of underlying dynamical system of

length N and provide a non-asymptotic high probability guarantees on learning its’

correct models. Said in another way, given an nˆN dimensional data matrix which

captures evolution over time of n´ dimensional random dynamical system, goal of

system identification is to extract ‘useful’ information about underlying system.

To name a few recent results: [8] provides non-asymptotic analysis on learning

system parameters (state transition matrix, input-to-state transformation, etc) of a

linear time invariant (LTI) system from a single observed trajectory of input-output

data. [3],[9] and [10] provides statistical analysis on learning the state transition

matrix via Ordinary Least Squares (OLS) estimator on an observed trajectory pxtq
N
t“1,

where dynamics follow xk`1 “ Axk ` wk, dimension of the underlying state space is

n and wk is isotropic Gaussian, [11] provides non-asymptotic analysis on learning

value function corresponding to closed loop stable policy for a Linear System and

[12] provides non-asymptotic analysis for online Kalman filtering.

Surprisingly, their has been no reference to how dimensionality of underlying

space plays out in learning tasks. As additive randomness is usually assumed to be

isotropic, how does spectrum of underlying linear transform translates into spatio-

temeperal correlations of the covariates represented in the data matrix. The gap

might have stemmed from the fact that these results classify dynamical systems

only based on the magnitude of their eigenvalues, which suffices if the underlying

7



state-transition matrix is Hermitian. To fully characterize any linear transformations

whether or not it is stable in control theoretic sense, one needs to take into account

geometric part of the spectrum as well i.e., span of eigenvectors. Furthermore, as

high probability guarantees in majority of recent work requires sufficient length of

simulated trajectory to be lower bounded by various Grammians(essentially higher

degree polynomial of A) and prior to this work uncertaintly loomed over sensitivity

of operator norm to similarity transforms-so it does not come as much of a surprise

why these dependencies on dimensionality had been missing and spatial interactions

were never before even a part of discussion.

On the quantiative side of things, regardless of some minor technicalities, starting

point in all these problems assume that via some oracle we are given dimension of

the underlying state space n and spectral radius ρpAq ă 1 (i.e., underlying dynamical

system is stable) then a regression algorithm is proposed and if the length of simulated

trajectory is of order log

ˆ

1
ρpAq

˙

then the desired accuracy is achieved. A common

theme in all these works is controlling decay of power of }Ak} via Gelfands’ formula.

[8] learns systems Markov Parameters up till time T such that
ř8

τ“T }Aτ} “ Op1q

and then estimate system parameters using Ho-Kalman algorithm [13]. Pretty much

exclusively, all these result argue along the same lines [3, 8, 11]: if ρpAq ă 1 then

}Ak} ď polypkqρpAqk (polypkq is used to denote polynomial function of k), and using

tools from high dimensional statistic derive bounds on the length of the trajectory

in terms of spectral radius, various Gramians related to system dynamics for the

desired accuracy as discussed in preceding paragraph. However, Gelfands’ formula is

in fact true for infinite dimensional Hilbert spaces as well, and we are dealing with

finite dimensional linear transformations which leaves a lot of room for imporvement

in decay rate of Ak.

To the best of authors’ knowledge, only very recently, similar questions appeared

8



in [4] and [14], where they posed the question of what kind of linear systems are

hard to learn and control and also provided with real world examples. However

they could not mathematically classify such systems and complexity of learning was

given itself as a function of operator norm of the the linear transform. Unfortu-

nately, their analysis only works under the assumption that operator norm is in-

dependent of dimensionality of the state space, which we will show is not true for

spatially inseparable stable systems. On the quantitative side of things, in finite

sample analysis of temporal difference learning for value function corresponding to a

closed loop stable policy given in [11] quantifies the decay of the operator norm via

H8 norm of the resolvent of state transition matrix, without any interpretability:

define ΦApzq :“ pzI ´ Aq´1 for complex numbers z then their result claims for any

ρ P pρpAq, 1q and for all k P N, }Ak} ď supzPC:|z|“1 }Φρ´1Apzq}ρk, but using Neumann

series expansion of resolvent }Φρ´1Apzq} “ }1
z

ř8

l“0p A
zρ

ql} so their result essentially

translates to }Ak} ď supzPC:|z|“1 }1
z

ř8

l“0

ˆ

A
zρ

˙l

}ρk i.e., their quantitative handle con-

trols norm of }Ak} by a polynomial of all the finite powers of A weighted by some

constant factor. [3] provides control on norm of }Ak} by computing norm of the

associated Jordan block but these estimates require norm bounds on associated sim-

ilarity transformation and its’ inverse(we will show is not necessary) and do not offer

any interpretation into how size of the Jordan blocks translate into operator norm of

powers of A.

For various variants of regression problem related to dynamical systems, existing

literature focuses exclusively on upper bounding operator norm by some martingale

term and showing least singular value of the data matrix is lower bounded with high

probability. Concentration behavior of martingale terms and various quadratic forms

in literature are studied using Hanson Wright inequality, which shows deviation of

quadratic form based on Frobenius and operator norm of the weights defining it and

9



high probability estimates are given as a function of these norms. As we show in

Section 4.3.1, while studying the concentration behavior of distance between a fixed

n´ 1 dimensional subspace of RN and a trajectory of length N from one dimensional

ARMA model, that distance function is essentially a quadratic form with Frobe-

nius and operator norm of its weights having potential dependence on N (number

of iterations) and n(dimension of underlying state space). Hidden dependence on

dimensionality of state space and number of iterations may suggest existing upper

bounds are vacuous. Furthermore, lower bounding the error would require quanti-

fying largest singular value of the data matrix, which had not been explored before

this work.

These limitations suggest we break down finite sample analysis problem into two

components, dynamics part and probabilistic part. So, we take an initial step in

developing a non-asymptotic, geometric and interpret-able version of systems the-

ory that can explain dynamical evolution of high dimensional systems by studying

piq quantitative decay of Ak, with explicit dependence in dimensionality of the state

space and the number of iterations, k. In order to get this handle we first had to

qualitatively differentiate linear transformations i.e., ones’ with strong or weak spatial

couplings. We then combine our results with findings of high dimensional geometry/

statistics to collect piiq various estimates(explicit in n and N) that will be useful

for complete understanding of least squares regression when trying to estimate high

dimensional LTI systems from a single observed trajectory and in fact show quali-

tatively different behavior of LTI systems(with same eigenvalues) lead to qualitative

different behavior of regression.

Instead of naively applying results from high dimensional statistics and random

matrix theory(which were developed to cater i.i.d random variable setting), we ini-

tially focused on developing non-asymptotic version of mathematical systems the-
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ory and then combined it with results from high dimensional geometry/statistics to

conclude previously unknown result like: Spectral Theorem combined with Gaussian

projection lemma implies that data matrix can be decomposed into low dimensional

random dynamical systems which are statistically independent of each other(modulo

spatially inseparable systems).

1.4 Notation and Preliminaries

Notation

We use In P Rnˆn to denote the n dimensional identity matrix. Bn
α :“ tx P Rn :

}x} :“ }x}2 ă αu is the open α-ball in Rn. Similarly, Sn´1 :“ tx P Rn : }x}2 “ 1u

is the unit sphere in Rn and T denotes unit circle in complex plane. ρpAq, }A}2,

}A}F , detpAq, trpAq and σpAq represent the spectral radius, matrix 2-norm, Frobenius

norm, determinant, trace and set of eigenvalues(spectrum) of A, respectively. When,

subscript under norm is not specified, automatically matrix 2-norm is assumed. For

a positive definite matrix A, largest and smallest eigenvaues are denoted by λmaxpAq

and λminpAq, respectively. Associated with every rectangular matrix F P RNˆn are

its’ singular values σ1pF q ě σ2pF q, . . . , σnpF q ě 0, where without loss of generality

we assume that N ą n. A variational characterization of each singular values σkpF q

follows from Courant-Fischer:

σkpF q “ max
V ĂRn:dimpV q“k

min
xPV XSn´1

›

›Fx
›

›

“ min
V ĂRn:dimpV q“n´k`1

max
xPV XSn´1

›

›Fx
›

›

A function g : Rn Ñ Rp is Lipschitz with constant L if for every x, y P Rn,

}gpxq ´ gpyq} ď L}x ´ y}. Notations like O,Θ and Ω will be used to highlight the
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dependence (non-asymptotically) w.r.t number of iterations N and dimensionality

of the state space n. If a statement is only asymptotically true we will highlight it

separately.

Space of probability measure on X (continuous space) is denoted by PpX q and

space of its Borel subsets is represented by B
`

PpX q
˘

. On a metric space pX , dq, for

µ, ν P PpX q, we define Wasserstein metric of order p P r1,8q as

W d
p pν, µq “

ˆ

inf
pX,Y qPΓpν,µq

E dppX, Y q

˙
1
p

; (1.3)

here, Γpν, µq P P pX 2q, and pX, Y q P Γpν, µq implies that random variables pX, Y q

follow some probability distributions on P pX 2q with marginals ν and µ. Another

way of comparing two probability distributions on X is via relative entropy, which is

defined as

Hpν||µq “

$

’

&

’

%

ş

log

ˆ

dν
dµ

˙

dν, if ν ăă µ,

`8, otherwise.

(1.4)

1.4.1 Finite dimensional linear transformations: basis-free
approach

Given two finite dimensional vector spaces V and W with field F (can be R or C de-

pending on the specific problem), A P LpV ,Wq means that A is linear transformation

from V to W . Given set of vectors rvis
k
i“1 P V , we say that v Pspanrv1, v2, . . . , vms if

there exists constants rais
k
i“1 such that:

v “ a1v1 ` a2v2 ` . . . ` akvk, ,where each ai P F. (1.5)
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As in [15] chapter 1, on a finite dimensional vector space V , we define its dimension,

denoted by dimpVq, as the smallest number n, such that there exists vectors rvis
n
i“1

such that:

spanrv1, v2, . . . , vns “ V . (1.6)

If this is true, then rvis
n
i“1 is a basis for V , and automatically satisfy linear indepen-

dence:

a1v1 ` a2v2 ` . . . ` anvn “ 0, (1.7)

then ai “ 0 for all i P r1, 2, . . . , ns. If V and W are finite dimensional vector space

with complex field, they can be can be equipped with an inner product structure i.e.,

}v}V :“ xv, vyV ě 0, for all, v P V and 0 ðñ v “ 0

xx1 ` x2, yyV “ xx1, yyV ` xx2, yyV .

xx, αyy “ αxx, yyV , where α means complex conjugate of α

xx, yyV “ xy, xyV . (1.8)

After defining a similar inner product structure on W , one can define an adjoint

transformation A˚ P LpW ,Vq such that.

xAv,wyW “ xv,A˚wyV , (1.9)

}A}LpV,Wq :“ sup
}v}V“1

}Av}W “ }A˚
}LpW,Vq, (1.10)

}AA˚
}LpW,Wq “ }A˚A}LpV,Vq “ }A}

2
LpV,Wq, (1.11)

see e.g., chapter 2 in [16]. Moreover, A can be viewed as the following map(we will

13



discuss the formal procedure in Section 2.1):

A : NpAq ‘ NpAq
K

l jh n

V

Ñ ImpAq ‘ ImpAq
K

l jh n

W

, (1.12)

where A : NpAqK Ñ ImpAq “ tw P W : Dv P V : Av “ wu is bijective and

NpAq :“ tv P V : Av “ 0u is the null space of A. Similarly, A˚ : ImpAq Ñ NpAqK is

bijective and NpA˚q “ ImpAqK.

Definition 1. We say a linear transformation A, from vector space V to W is full

rank if ImpAq “ W.

This brings us to a very important observation that will help us in improving

learning rate for state transition matrices via OLS:

Lemma 1. Given a full rank A P LpV ,Wq , where 1 ď dimrWs “ n1 ă dimrVs “ n.

Then:

1.
`

AA˚
˘´1

P LpW ,Wq,

2. dimrNpAqKs “ n1 , dimrNpAqs “ n ´ n1

3. A˚
`

AA˚
˘´1

P LpW , NpAqKq, is a bijection and given NpAq one can construct

a matrix version of A˚
`

AA˚
˘´1

by padding n ´ n1 rows of zeros to an n1 ˆ n1

matrix

Proof. First two results are obvious from preceding discussion. Let rv1, v2, . . . , vpn´n1qs

be linearly independent vectors that span NpAq. We know that image space of

A˚
`

AA˚
˘´1

should be orthogonal to NpAq,, so we can come up with vectors ra1 . . . an1s

whose span is ImrA˚
`

AA˚
˘´1

s with only restriction of orthogonality w.r.t vi’s i.e. for
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each j P r1, 2, . . . , n1s

xvi, ajy “ 0 @i P r1, n ´ n1
s. (1.13)

Let ajpn
1 ` 1q “ . . . ajpnq “ 0, then we have n1 equations in (1.13) with n1 unknowns

and the claim follows.

1.4.2 Concentration of Measure and Littlewood-Offord prob-
lem

Let pxiq
N
i“1 be centered and bounded size on average i.e., variance of Op1q, then one

would expect SN :“
řN

i“1 xi to vary in an interval of OpNq. However, under sufficient

independence assumption between each individual components x1, x2, . . . , xN , the

sum concentrates in a much narrower interval of size Op
?
Nq i.e., P p|SN | ě δ

?
Nq “

Op 1
δ2

q. This is because each individual variable to collectively vary in a way to produce

deviation of OpNq becomes more and more less likely with increase in variables and

this remarkable phenomenon is called concentration of measure

In fact, trajectory from one-dimensional stable ARMA model, with x0 “ 0:

xi`1 “ λxi ` wi, wi ∼ Np0, 1q (1.14)

for some |λ| ă 1, wi and wj are independent for i ‰ j, also satisfies this phenomenon,

precisely:

P

ˆ

|SN | ě δ

d

N ´
řN

i“1 |λ|2i

1 ´ |λ|2

˙

“ O

ˆ

1

δ2

˙

(1.15)

This phenomenon is not just limited to deviations of sums and can be extended

to smooth functions of ‘sufficiently independent’ random variables via Talagrands’

Inequality:
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Definition 2. We say that the probability measure µ satisfies the Lp-transportation

cost inequality on pX , dq if there is some constant C ą 0 such that for any probability

measure ν

Wd
p pν, µq ď

a

2CHpν||µq, (1.16)

and we use µ P T d
p pCq as a shorthand notation.

Since for p ą 1, T d
p pCq implies T d

1 pCq which is related to concentration of Lipschitz

functions:

Remark 1. [Theorem 1.1 in [6]: T d
1 pCq is equivalent to Lipschitz function con-

centration ] Given any Lipschitz function f on random variable x with underlying

distribution µ P T d
1 pCq, we have:

P

«

ˇ

ˇ

ˇ

ˇ

fpxq´ ă f ąµ

ˇ

ˇ

ˇ

ˇ

ą ϵ

ff

ď 2 exp

ˆ

´
ϵ2

2C}f}2Lpdq

˙

. (1.17)

As we will be interested in deviations and typical behaviors of random processes,

like trajectories following some Markovian dynamics e.t.c, it is important to under-

stand how it varies with number of iterations and dimension of the underlying space,

a useful result is:

Theorem 2. [Theorem 1.1 in [17]:Dimension independent tensorization of Gaussian

Measure] Standard normal on any finite dimensional conventional metric space Rn

satisfies T2p1q. Moreover, for an ℓ2 additive metric

d2pNqpx
N , yNq :“

c

ÿN

i“1
d2pxi, yiq, (1.18)

on product space RnbN
, isotropic Gaussian satsfies T

d2
pNq

1

`

1
˘

.

From now on throughout the paper we will use ℓ2 metric and d “ d2
pNq

pxN , yNq. A
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remarkable advantage of preceding result combined with Lipschitz function concen-

tration result is that given a process x “ px1, x2, . . . , xNq ∼ µN “ N

ˆ

0,ΣN

˙

, then

µN P T1

ˆ

›

›Σ
1
2
N

›

›

2

˙

and even though process might have temporal dependencies but as

long as one can prove
›

›Σ
1
2
N

›

›

2
“ Op1q, dimension independent tensorization follows.

This brings us to norm-stable ARMA models

Theorem 3. [Proposition 4.1 in [5]:Dimension-Independent Tensorization of Tala-

grands’ Inequality for norm-stable ARMA models] Consider the following model:

xt`1 “ Axt ` wt, and i.i.d wt ∼ N p0, Inq. (1.19)

If system transition matrix, A satisfies }A} ă 1, then the process level law of px1 . . . xNq

satisfies T1

ˆ

1
p1´}A}q2

˙

, if }A} “ 1 we have T1

ˆ

NpN`1q

˙

and for }A} ą 1, T1
`

}A}NN
˘

.

A curious reader might wonder what about the case ρpAq ă 1, unfortunately

dimension independent tensorization is not guaranteed. However, one can find a

sub-trajectory that satisfies dimension independent Talagrands’ inequality, see e.g.,

[18]. A fundamental limitation of existing results, stem from the fact that they

base their analysis only on the extreme singular values of the data matrix which

do not offer much of geometric insight. This brings us to an extremely important,

although simple to prove equality that relates the distance between different rows

(whose concentration we understand well because of preceding theorem 3) of the

data matrix to all of its’ singular values.

Theorem 4 (Lemma A.4 in [19] Negative second moment ). Let 1 ď d ď p and

Y P Rdˆp be a full rank matrix with singular values, σ1pY q ě σ2pY q . . . ě σdpY q. Let

vj be the hyperplane generated by all the rows of Y -except the j ´ th : i.e., span of
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y1, y2, . . . , yj´1, yj`1, . . . , yd for 1 ď j ď d, pejq
d
j“1 be the canonical basis of Rd, then:

d
ÿ

j“1

σ´2
j pY q “

d
ÿ

j“1

@`

Y Y ˚
˘´1

ej, ej
D

“

d
ÿ

j“1

d´2
j , (1.20)

where d´2
j :“ d´2pyj, vjq, distance between yj and the point closest to it in the subspace

vj

An important observation about orthogonal projections which will be extremely

useful in providing partial information on inverse sample covariance matrix and con-

sequently, pseudo-inverse of the data matrix in system identification problem is:

Corollary 1. Let xj P Sp´1 such that it is orthogonal to subspace vj and PvK
j
be the

orthogonal projection onto subspace orthogonal to vj then using properties of projec-

tions and cauchy-schwarz:

ˇ

ˇxyj, xjy
ˇ

ˇ “
ˇ

ˇxPvK
j

pyjq, xjy
ˇ

ˇ ď
›

›PvK
j

pyjq
›

› “ dpyj, vjq. (1.21)

Our novel analysis on OLS estimation error will boil down to studying sum of N

identically distributed independent variables weighted by columns of pseudoinverse

of the data matrix. It turns out that this problem is related to the well known

Littlewood-Offord Problem: while working on random polynomials, Littlewood

and Offord posed the following question: Let a :“ ra1, ..., aN s be nonzero integers,

and consider the function fpx1, . . . , xNq “ xx, ay How many solutions can fpxq “ r

have with xi P t`1,´1uN? which amounts to studying probability of maximal atom

w.r.t non-zero constants a, defined as

ppaq :“ max
rPR

P
`

fpxq “ r
˘

. (1.22)
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and turns out to depend heavily on the structure of co-efficients a

1. If a “ p1, 1, . . . , 1q and N is even:

ppaq “

ˆ

N
N
2

˙

2´N
“ O

ˆ

1
?
N

˙

, (1.23)

which is essentially probability of equal heads and tails in N trials.

2. If a “ p20, 21, 22, . . . , 2N´1q

ppaq “
1

2N
(1.24)

3. If a “ p1, 2, . . . , Nq

ppaq “ Θ

ˆ

1

N
3
2

˙

, (1.25)

see e.g., [20] also note that O and Θ are asymptotically true in this case.
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Chapter 2

Linear time invariant systems

A common belief is given a stable state transition matrix A, }Ak} converges ex-

ponentially fast to 0 and the rate is dependent on spectral radius. However, such

arguments can hide dependency on the size of underlying state space. Limitation

of existing bounds arise from ignoring the fact: given oracle bound on spectral ra-

dius ρ ă 1 and underlying dimension of the state space n, there exists a class of

linear transformations that satisfy spectral radius restriction but elements of this

class can have their k´ th powers’ norm behave very differently from each other; an

nˆ n matrix with diagonal element of ρ is similar to n one dimensional systems and

}Ak} “ ρk, on the other hand we will show that there exists state transition matrix

with same spectral radius, but its’ resulting dynamics have strong spatial correlations

and }Ak} ě 1 for k “ n ´ 1. Main results from this chapter are as follows:

• Using spectral theorem for non-hermitian matrices we show magnitude and

discrepancy between algebraic and geometric multiplicity of distinct eigenvalues

controls the decay rate of the norm associated with finite powers of a stable

linear transformation

• A simple corollary of handle on }Ak} leads to quantitave handle on mixing time

of LG in Wasserstein metric.
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2.1 Spectral theorem via invariant subspaces: non-

hermitian case

Model under consideration is a following n´ dimensional stable LTI-system with

isotropic Gaussian noise(interchangeably called n´ dimensional stable ARMA model

or n´ dimensional stable LG).

xt`1 “ Axt ` wt, ρpAq ă 1 and i.i.d wt ∼ N p0, Inq. (2.1)

It mixes to stationary distribution µ8 ∼ N p0, P8q, where P8 is the unique positive

definite solution of the following Lyapunov equation:

A˚P8A ´ P8 ` In “ 0. (2.2)

Position or magnitude of eigenvalues associated to a linear operator A only pro-

vides partial information about its’ properties (for the ease of exposition, throughout

this paper we will assume that A does not have any non-trivial null space). In this

paper, we will study operators and matrices via their actions on associated invari-

ant subspaces and concepts like generalized eigenevectors. Topic in itself can take a

semester of work and we refer the reader to [21,22]. However, we will try here to give

the reader a quick intuition of this approach, often at the cost of rigor and thorough-

ness. One of the advantage of taking this approach is: control on the k ´ th power

of matrix norm, independent of the basis structure . Roughly speaking, algebraic

multiplicity of eigenvalues follow from chatacteristic polynomial of the matirx.

detpzI ´ Aq “

K
ź

i“1

pz ´ λiq
mi , (2.3)
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where λi are distinct with multiplicity mi and
řK

i“1mi “ n. Since algebraic mul-

tiplicity of eigenvalue λi is mi , we denote it by AMpλiq “ mi. Similarly with

each λi P σpAq, their is an associated set of eigenvectors and dimension of their

span corresponds to geometric multiplicity of λi , which we denote by GMpλiq “

dimrNpA ´ λiIqs. Recall, from linear algebra:

Lemma 2. Let A P Cnˆn. Then A is diagonalizable iff there is a set of n linearly

independent vectors, each of which is an eigenvector of A.

So, in a situation where GMpλiq ă AMpλiq, eigenvectors do not span Cn and one

resorts with spanning the underlying state space by direct sum decomposition of A´

invariant subspaces (which might be spanned by more that one linearly independent

vector, comprising of eigenvector and generalized eigenvectors).

Definition 3. Given a matrix A P Cnˆn and a subspace M Ă Cn, we say that M is

an A´ invariant subspace if AM Ă M .

Indeed, preceding philosophy is underlying principal of Jordan canonical forms,

but its’ geometric intricacies can not be ignored when dealing with High Dimensional

estimation and control problems.

Proposition 1. We can decompose the underlying state space as a direct sum de-

composition of A´ invariant subspaces rMλi
sKi“1 denoted by:

Cn
“ Mλ1 ‘ Mλ2 ‘ . . . ‘ MλK

, (2.4)

where Mλi
“ NpA ´ λiIqmi is called the Generalized eigenspace associated with

eiegenvalue λi(see e.g., theorem 3.11 in [21]).
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Direct sum decomposition of the state space via projections onto A´

invariant subspace Furthermore, one can define orthogonal projection matrices

rPλi
sKi“1 associated to these invariant subspaces and the identity matrix can be written

as:

In “ Pλ1 ‘ Pλ2 ‘ . . . ‘ PλK
. (2.5)

Consequently, every x P Rn can be written uniquely as ‘K
i“1xλi

, where xλi
is an

element of subspace Mλi
. How ? just for the intuition assume we are given a k

dimensional subspace V Ă Rn with its basis vectors pv1, v2, . . . , vkq, then orthogonal

projection of an arbitray vector x P Rn onto V is uniquely represented by:

PVpxq “ a1pxqv1 ` a2pxqv2 ` . . . akpxqvk, (2.6)

where raipxqski“1 are minimizers of the following optimization problem:

min
a1,a2,...,ak

}x ´ pa1v1 ` a2v2 ` . . . akvkq}. (2.7)

Let V :“ rv1, v2, . . . , vks that is rvis
k
i“1 be the columns of matrix V , then the matrix

version of orthogonal projection of a given vector x on subspace V and associated

coefficients are:

PVpxq “ V pV ˚V q
´1V ˚x and apxq “ pV ˚V q

´1V ˚x, (2.8)

respectively.

Now we can re-arrange the basis according to (2.4) via projection operators and

have the following diagonal blocks(corresponding to A´ invariant sub-spaces) of ma-
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trices:

Â “

»

—

—

—

—

–

Aλ1

. . .

Aλk
,

fi

ffi

ffi

ffi

ffi

fl

where superscript was used to signify this representation corresponds to change of

basis according to proposition 1. Consider the following instructive example:

Example 1. Assume that given A P Cnˆn, comprises of only two distinct eigen-

values: λ and ρ , such that AMpλq “ n1 and GMpλq “ 1. Similarly, AMpρq “ n2

(also n1 ` n2 “ n) and GMpρq “ 1. Given an eigenvector v1 such that Av1 “ λv1,

we generate generalized eigenvector v2, v3, . . . , vn1 recursively as pA ´ λIqv2 “ v1,

pA ´ λIqv3 “ v2 and so on up to pA ´ λIqvn1 “ vn1´1. We also have the following k

-th step iteration:

Akv1 “ λkv1 (2.9)

Akv2 “ λkv2 `

ˆ

k

1

˙

λk´1v1

Akv3 “ λkv3 `

ˆ

k

1

˙

λk´1v2 `

ˆ

k

2

˙

λk´2v1

. . . “ . . .

Akvn1 “ λkvn1 `

ˆ

k

1

˙

λk´1vn1´1 ` . . .

ˆ

k

n1 ´ 1

˙

v1.

Similarly given Aw1 “ ρw1, we recursively generate generalized eigenvectors up to

pA ´ ρIqwn2 “ wn2´1. Now under new basis: rv1, . . . , vn1´1, vn1 , w1, . . . , wn2s, A can

be represent as:

Â “

»

—

–

Aλ

Aρ

fi

ffi

fl
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Aλ “ λIn1 ´ Nn1 and Aρ “ ρIn2 ´ Nn2 Where, Nn1 and Nn2 are n1 and n2 di-

mensional Nilpotent matrices, respectively. Two A´ invariant subspace are Mλ “

spanrv1, . . . , vn1s and Mρ “ spanrw1, . . . , wn2s.

2.2 Control on }Ak}

Assumption 1. We assume here that each distinct eigenvalue λi has geometric mul-

tiplicity of 1 and mi ą 1. This is merely for the ease of exposition; as we can always

replace a Jordan block by a diagonal element.

Theorem 5. Upper bound on the norm of the k ´ th iteration associated to action

of matrix A on invariant subspace Mλi
, with block size mi is precisely given as:

}Ak
λi

}2 ď |λi|
kkmi´1

mi´1
ÿ

m“0

1

|λi|m
, (2.10)

Moreover, if |λi| P p0, 1q then:

}Ak
λi

}2 ď kmi´1
|λi|

k`1´mi (2.11)

and for any k P N such that

k ą
lnpmiq

ln
`

1
|λi|

˘ `
rmi ´ 1s lnpkq

ln
`

1
|λi|

˘ ` pmi ´ 1q (2.12)

we have that }Ak
λi

}2 ă 1.
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Proof.

}Ak
λi

}2 “ }pλiImi
` Nmi

q
k
} “ }

k
ÿ

m“0

ˆ

k

m

˙

Nm
mi
λk´m
i } (2.13)

ď

mi´1
ÿ

m“0

ˆ

k

m

˙

|λi|
k´m

ď |λi|
kkmi´1

mi´1
ÿ

m“0

1

|λi|m
.

For the first two equalities and first inequality we have used the fact that any Jordan

block of size mi can be written as pλImi
` Nmi

q, where Nmi
is a Nilpotent matrix

i.e., for any m ě mi, N
m
mi

“ 0 and for m ă mi, }N
m
mi

} “ 1. In the last inequality

we have used the fact
`

k
m

˘

ď kmi´1 for m P r0, . . . ,mi ´ 1s. Given |λi| P p0, 1q,
řmi´1

m“0
1

|λi|
m ď mi|λi|

1´mi and the results follows.

Although our upper bound on the ℓ2 norm and consequently lower bound for k

that suffices for }Ak
λi

}2 ă 1 is non-trivial, but using finite sum of geometric series,

can be improved to

}Ak
λi

}2 ď kmi´1
|λi|

k

ˆ

1 ´ |λi|

1 ´ |λi|mi

˙

, and k ą
rmi ´ 1s lnpkq

ln
`

1
|λi|

˘ `

ln

„

1´|λi|
mi

1´|λi|

ȷ

ln
`

1
|λi|

˘ (2.14)

implies }Ak
λi

}2 ă 1.

Taylors’ expansion can be used to show

ln

„

1 ´ |λi|
mi

1 ´ |λi|

ȷ

ď

ˆ

1

mi ´ 1

˙

ln

ˆ

1

1 ´ |λ|mi

˙

`
|λi|

1 ´ |λi|
, (2.15)

and get a tighter lower bound on sufficient condition for k such that }Ak
λi

} ă 1.

Theorem 6. Given a full-rank stable matrix A P Cnˆn, with distinct eigenvalues

rλis
K
i“1. Assume that geometric multiplicity of each distinct eigenvalue is 1 while
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algebraic multiplicity is AMpλiq “ mi, then for any k greater than

k̂ “ min
“

k P N : k ě max
iP1,...,K

ˆ

4rmi ´ 1s lnmi

ln 1
|λi|

˙

‰

,

}Ak
}2 ă 1

Proof. Since, generalized eigenvectors corresponding to distinct eigenvalues are lin-

early independent(see e.g., 8.13 in [22]), rPλi
sKi“1 are orthogonal projections. Conse-

quently,

}Akx}2 “

›

›

›

›

Ak

„ K
ÿ

i“1

Pλi
x

ȷ
›

›

›

›

“

›

›

›

›

K
ÿ

i“1

Ak
λi
xλi

›

›

›

›

“

g

f

f

e

K
ÿ

i“1

„

xAk
λi
xλi

, Ak
λi
xλi

y ` 2
K
ÿ

jąi

xAk
λi
xλi

, Ak
λj
xλj

y

ȷ

“

g

f

f

e

K
ÿ

i“1

xAk
λi
xλi

, Ak
λi
xλi

y ď

g

f

f

e

K
ÿ

i“1

›

›Ak
λi

›

›

2›
›xλi

›

›

2

g

f

f

e

K
ÿ

i“1

›

›xλi

›

›

2
“

›

›x
›

›. (2.16)

where xλi
:“ Pλi

x, where first equality in (2.16) follows from the fact that NpA˚
λi

q “

‘K
j‰iMλj

and

B

xλi
, pAk

λi
q˚Ak

λi
xλi

F

ď
›

›Ak
λi

›

›

2›

›xλi

›

›

2
. Strict inequality in (2.16) fol-

lows from the fact that by hypothesis k ą k̂ and lnpmiq

ln
`

1
|λi|

˘ `
rmi´1s lnpkq

ln
`

1
|λi|

˘ ` pmi ´ 1q ă

ˆ

4rmi´1s lnmi

ln 1
|λi|

˙

for all i P r1, 2, . . . , Ks.

Remark 7. Since for a stable state transition matrix |λi| ď ρpAq and mi ď n for

each i P r1, 2, . . . , Ks, therefore Γpn, ρq “ O

ˆ

rn´1s lnn

ln 1
ρ

˙

.

As any diagonalisable linear transformation A with ρ on diagonals satisfy }Ak} “

ρk ă 1 for all k P N, one might question tightness of preceding bound, which brings

us to following result:

Definition 4 (Stable with Strong Spatial Correlations, S-w-SSCs). Consider the
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following example of a stable state transition matrix with only one distinct eigenvalue

of ρ P p0, 1q

Jnpρq :“

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

ρ 1 0 ¨ ¨ ¨ 0 0

0 ρ 1
. . . 0 0

0 0 ρ
. . . 0 0

0 0 0
. . . 1 0

...
. . . . . . . . . ρ 1

0 0 0 ¨ ¨ ¨ 0 ρ

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(2.17)

with algebraic multiplicity of n but only one linearly independent eigenvector.

Theorem 8. Given any n P N and spectral radius ρ P p0, 1q, there exists a linear

transformation A P Rnˆn with ρpAq “ ρ and }An´1} ą 1.

Proof. Let A :“ Jnpρq and reis
n
i“1 be canonical basis of Cn, i.e., 1 at i´th position

and 0 everywhere else, then notice for x0 “ en:

An´1en “

n´1
ÿ

m“0

ˆ

n ´ 1

m

˙

ρpn´1q´men´m “

n´2
ÿ

m“0

ˆ

n ´ 1

m

˙

ρpn´1q´men´m ` e1.

Therefore,

}An´1
}2 :“ sup

xPSn´1

}An´1x} ě }An´1en} ą }e1} “ 1. (2.18)

Remark 9. Now we are in a position to interpret consequences of bounds on the

operator norm of the powers of linear transformations that we have derived after a

painstaking process of general spectral decomposition using projections onto invariant

subspaces of a linear transformation. From dynamical systems point of view, in con-

trast with hermitian or diagonalizable setting where original dynamical system can be
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decomposed into n one dimensional dynamical systems with no spatial correlations,

for non-Hermitian case we can only ‘hope’ to decompose the original dynamical sys-

tem into multiple lower dimensional dynamical systems that are independent of each

other(even in statistical sense as we will see this in subsection 3.0.3 of Section 3.1).

But, when a linear transformation has only one distinct eigenvalue and span of cor-

responding eigenvectors is only one dimensional as in S-w-SSCs, dynamics are stable

but spatially inseparable. Consequently, if the underlying state space is high dimen-

sional and dynamical system follows state transitions from S-w-SSCs, there exists an

initial condition on Sn´1 such that it can take a considerable amount of time for the

system to be inside open unit ball and stay there forever as shown by (2.18). Let

us emphasise that property of being strongly spatially correlated is related to large

discrepancy between algebraic and geometric multiplicity of eigenvalues, and only

one Jordan block corresponding to n dimensional dynamics as in (2.17) is merely a

graphical representation of this phenomenon.

In the process we also discovered a quantitative handle on the decay of }Ak},

preciesely:

Theorem 10. For a stable matrix A with K distinct eigenvalues, let discrepancy

related to eigenvalue λi be Dλi
:“ AMpλiq ´ GMpλiq, then

}Ak
} ď max

1ďiďK
kDλi |λi|

k

ˆ

1 ´ |λi|

1 ´ |λi|
Dλi`1

˙

(2.19)

Proof. Recall that }Pλi
pxq} “ dpx, PλK

i
q and for all x P Sn´1 we have that

K
ÿ

i“1

d2px, PλK
i

q “ }x}
2
2 (2.20)
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Furthermore,

}Akx}2 ď

g

f

f

e

K
ÿ

i“1

›

›Ak
λi

›

›

2›
›Pλi

pxq
›

›

2
“

g

f

f

e

K
ÿ

i“1

›

›Ak
λi

›

›

2
d2px, PλK

i
q (2.21)

ď

g

f

f

e

K
ÿ

i“1

k2pmi´1q|λi|2k
ˆ

1 ´ |λi|

1 ´ |λi|mi

˙2

d2px, PλK
i

q

where (2.21) follows from using tighter upper bound from (2.14), now without loss

of generality assume that

j “ arg max
1ďiďK

„

kpmi´1q
|λi|

k

ˆ

1 ´ |λi|

1 ´ |λi|mi

˙ȷ

. (2.22)

Then a simple convexity argument reveals:

sup
xPSn´1

K
ÿ

i“1

k2pmi´1q
|λi|

2k

ˆ

1 ´ |λi|

1 ´ |λi|mi

˙2

d2px, PλK
i

q “ k2pmj´1q
|λj|

2k

ˆ

1 ´ |λj|

1 ´ |λj|mj

˙2

,

where equality follows by picking any x P Sn´1 with d2px, PλK
j

q “ 1.

A trivial corollary reveals an upper bound on operator norm of a finite dimensional

linear transformation with all eigenvalues strictly inside unit circle

Corollary 2. Given a stable state transition matrix A with K distinct eigenval-

ues rλis
k
i“1 along with their associated discrepancy Dλi

, operator norm can be upper

bounded as:

}A}2 ď max
1ďiďK

|λi|

ˆ

1 ´ |λi|

1 ´ |λi|
Dλi

`1

˙

(2.23)

Remark 11. Our analysis reveal that operator norm of k-th power of stable state

transition matrix A is a maximum over the operator norm of k-th power of lower

dimensional linear transformations corresponding to restriction of A to its’ invariant

subspaces. Furthermore, operator norm of k-th power of A restricted to its’ invariant
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subspace with eigenvalue λ is at most a product of piq polynomial in k with degree

equal to size of the invariant subspace minus one(i.e., discrepancy of eigenvalue λ)

piiq an exponential which decays with increase in k and the rate is determined by

magnitude of λ, modulo a constant dependent on magnitude of λ and size of the

invariant subspace. Therefore, as opposed to common belief, there is no direct causal

relationship between spectral radius and decay rate of }Ak} for finite powers of A

Our analysis is first of a kind where we translate the knowledge on entire spec-

trum of non-Hermitian, finite dimensional linear transformation into quantitative

behavior of its powers, including evolution of norm of its’ powers. One of the fre-

quently used quantitative handle on }Ak}, is provided by [4]. In an attempt to

circumvent appearance of the condition number of similarity transform associated

with Jordan blocks, they employed Schur form with assumptions of upper bound on

}A}2, i.e., }A}2 ď M and all the eigenvalues of A are on or inside the unit circle in

complex plane, then quantitative handle is precisely }Ak}2 ď pekqn´1 maxpMn, 1q.

To begin with, our analysis shows operator norm is independent of basis choice

and }A}2 ď max1ďiďK |λi|

ˆ

1´|λi|

1´|λi|
Dλi

`1

˙

when eigenvalues are strictly inside the unit

circle. The worst case for eigenvalue on unit circle will be discrepancy of n ´ 1

and can be bounded simply as
›

›Ak
›

› “
›

›pλI ` Nqk
›

› “

›

›

›

›

řk
m“0

`

k
m

˘

Nmλk´m

›

›

›

›

ď

řk^pn´1q

m“0

`

k
m

˘

|λ|k´m “
řk

m“0

`

k
m

˘

“ 2k for k ă n. A general purpose upper bound for

k ě n is }Ak} ď
řn´1

m“0

`

k
m

˘

“ 2k ´
řk

m“n

`

k
m

˘

, playing around with binomial expan-

sions/ stirling approximation and picking k as a function of n can often lead to good

quantitative results; if we chose k “ 2n we get }A2n} ď 2n ´ n.
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2.3 Wasserstein-mixing time

When dealing with Linear Gaussians on unbounded state space, instead of total

variation distance it is more natural to to use Wasserstein metric(this will become

evident shorty)

Lemma 3. (Wassersetin distance between two Gaussians)

W 2
2

`

N pµ1,Σ1q,N pµ2,Σ2q
˘

“ }m1 ´ m2}
2

` }Σ
1
2
1 ´ Σ

1
2
2 }

2
F (2.24)

Ergodicity in Wasserstein metric Ergodicity is a notion of how fast does the

Markov chain forgets its initial condition (and eventually converges to stationary

distribution). It turns out to be dependent on decay of }Ak} for Linear Gaussians in

Wasserstein metric.

Definition 5. Given ϵ P p0, 1s, we define ϵ- Wasserstein mixing time of the Markov

chain with transition kernel-invariant measure pP, µr8,P sq as:

τwass
pP,µr8,P sqpϵq :“ min

“

k P N : W2pµP
k, µr8,P sq ă ϵW2pµ, µr8,P sq

‰

(2.25)

Proposition 2. Given dimension of the state space n and ρ P p0, 1q, with every linear

transformation A P Rnˆn with spectral radius ρpAq “ ρ we define a Markov chain

with transition kernel Px ∼ NpAx, Inq for every x P Rn, then max-min mixing time:

max
Px∼NpAx,Inq:ρpAq“ρ

τwass
pP,µr8,P sqpϵq “ O

ˆ

max
`

rn ´ 1s lnpnq, lnp1
ϵ
q
˘

lnp1
ρ
q

˙

(2.26)

Proof. It suffices to consider transition kernels for n´ dimensional S-w-SSCs, we have
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for x ‰ y:

W 2
2

`

P k
x , P

k
y

˘

“
›

›Ak
px ´ yq

›

›

2
“ O

ˆ

k2pn´1qρ2k
` 1 ´ ρ

1 ´ ρn
˘2

˙

›

›x ´ y
›

›

2
.

This implies that:

W 2
2

`

µP k, νP k
˘

“ O

ˆ

k2pn´1qρ2k
` 1 ´ ρ

1 ´ ρn
˘2

˙

W 2
2 pµ, νq (2.27)

Now let µ8 be the steady state distribution, and if x0 ∼ µ then divergence between

distribution of xk and steady state follows by letting ν :“ µ8 in the previous equation

and noting that stationary implies µ8P
k “ µ8

W 2
2

`

µP k, µ8

˘

“ O

ˆ

k2pn´1qρ2k
` 1 ´ ρ

1 ´ ρn
˘2

˙

W 2
2 pµ, µ8q,

and result follows.

Remark 12. We know from Chapter 1 that these mixing bounds are tight upto lnpnq

factor so convergence to stationarity as believed in previous works [12], [3] and ref-

erences there in to be lnp1
ρ
q should be changed to pn´1q lnpnq

lnp 1
ρ

q
. So behavior towards

stationarity is again dictated by not just magnitude of distinct eigenvalues but also

discrepancy between their algebraic and geometric multiplicities.
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Chapter 3

System Identification via single trajectory

This chapter sets the stage for error analysis for estimating linear time-invariant(LTI)

systems from a single observed trajectory via methods of ordinary least squares(OLS).

Although, system identification via ordinary least squares regression had been a hot

topic of research for last few years see e.g., [9], [3], and [10]. However, recently

it was noted in [23] and [4] that there exists example of stable dynamical systems

in dimension ě 10 where OLS contains non-vanishing error, pointing out gaps in

existing analysis. Something that has been left un-noticed: least squares/ regression

related problem are of geometric nature for example with minimal effort we manage

to point out its’ deterioration with possible dependence between rows of the data

matrix, which happens in case of large discrepancy between algebraic and geometric

multiplicity of eigenvalues associated with state-transition matrix., We begin Section

3.0.1, with general least squares estimation problem and link the estimation error with

linear dependence of the given basis. Subsequently, OLS set up for Linear Dynamical

systems with Gaussian noise is introduced. Main results from this chapter are as

follows:

• Two different error bounds in estimation are introduced, a geometric one based

on controlling distance between a given row and conjugate hyperplane and an-

other one based on extreme singular values of the data matrix. Using inner

product structure of the state space and sample space we manage to get an al-

most ‘closed’ form expression for element-wise least squares error and turns out

to be a scalar weigthed random walk of standard Gaussians with weights defined

by the columns of pseudo-inverse of the data matrix, where columns of pseudo-
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inverse are constrained to be orthonormal to the rows of the data-matrix and

hence capture structural properties of the entire trajectory show qualitatively

different behavior of pseudo-inverse in the presence of strong spatial correla-

tions versus only temporal correlations. Error is at most a polynomial function

of all the Gaussian excitations of the dynamical system weighted by powers

of A, which is a higher degree variant of Littlewood-Offord problem, a work in

progress and requires an entire paper of its’ own. Furthermore, i´th diagonal

entry of the inverse sample covariance matrix (which dictates the ℓ2 norm of

the i´ th column of pseudo-inverse) is inverse distance squared between the

i´th row of the data matrix and hyperplane spanned by all the other rows of

the data matrix

• We show how spectral theorem combined with Gaussian projection lemma al-

lows us to spatially decouple the data matrix into lower dimensional statistically

independent random dynamical systems. Various other estimates that will as-

sist with a conclusive remark on estimation error in OLS are also collected.As

a first step towards demystifying these intricate dependencies

3.0.1 Ordinary Least Squares estimator

In this section we analyse the problem of OLS estimation for system transition matrix

A from single observed (as in [9], [3], [4]) trajectory of px0, x1, . . . , xNq satisyfing:

xt`1 “ Axt ` wt, where wt ∼ Np0, Iq. (3.1)

Before delving into solution of the estimation problem, we would like to give a brief

overview into working of general OLS regression along with potential limitations: A
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priori you are given k´ basis functions of an n´ dimensional vector space, where

n ą k and one can form an n ˆ k matrix X :“ rv1, v2, . . . , vks P Rnˆk. Now one

observes y :

y “ Xβ˚
` ϵ, ϵ ∼ Np0, Inq (3.2)

and tries to estimate β :“ βpX, yq P Rkˆ1 by projecting observation y onto the span

of X as in (2.8), we get β “ pX˚Xq´1X˚y and the expected error in ℓ2 norm is:

E}β ´ β˚
}
2

“ TrprX˚Xs
´1

q “

k
ÿ

j“1

d´2
j , (3.3)

where last equality follows from negative second moment identity from Theorem 4

and one can immediately conclude: if any column of X gets closer in terms of ℓ2

distance on Rn to the span of remaining k ´ 1 columns, expected squared error in

OLS estimation will increase. Vaguely speaking, linear dependence between basis of

the data matrix deteriorates the performance of standard OLS regression.

OLS solution for identification of LTI system from a single observed trajectiry is:

Â “ arg min
BPRnˆn

N´1
ÿ

t“0

}xt`1 ´ Bxt}
2. (3.4)

Recall, X` “ rx1, x2, . . . , xN s and X´ “ rx0, x1, . . . , xpN´1qs, noise covariates E “

rw0, w1, . . . , wN´1s, yj be the rows of X´ and vj be the hyperplane as defined in

theorem 4. Also notice that conditioned on x0 “ 0 state at time i can be represented

in terms of powers of A and noise covariates as:

xi “

i
ÿ

t“1

Ai´twt´1, and graphical representation (3.5)
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A˚ :“

»

—

—

—

—

–

| | | | |

b1 b2 | bn´1 bn

| | | | |

fi

ffi

ffi

ffi

ffi

fl

, X˚
´ “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

| | | | |

| | | | |

| | | | |

y1 y2 | yn´1 zn

| | | | |

| | | | |

| | | | |

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

In this dynamical version of OLS, at most n basis are provided by columns of X˚
´.

Then i´ th column of A˚ corresponds to co-effiecients estimated, by orthogonally

projecting observation zi onto span of X˚
´

b̂i “
`

X´X
˚
´

˘´1
X´zi (3.6)

Then the closed form expression for Least squares solution and error are:

Â “ X`X
:
´, where X:

´ :“ X˚
´pX´X

˚
´q

´1 (3.7)

›

›A ´ Â
›

›

F
“

›

›EX:
´

›

›

F
(3.8)

3.0.2 Geometric and spectral approaches to error analysis

Spectral statistics of a random matrix of i.i.d Gaussian ensembles E (each entry of

the matrix is normally distributed with mean 0 and variance 1) has been very well

studied in an attempt to leverage upon this information, authors in [23] managed

to bound the error in terms of distances between row vectors and span of remaining

rows. We reiterate there argument, by definition
›

›A ´ Â
›

›

2

F
“

řn
k“1 σ

2
k

`

EX:
´

˘

, using
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Courant-Fischer:

σn
`

ENpX´qK

˘

σk
`

X:
´

˘

ď σk
`

EX:
´

˘

ď σ1
`

ENpX´qK

˘

σk
`

X:
´

˘

(3.9)

Recall from Lemma 1, X:
´ is a bijection from ImpX´q “ Rn to NpX´qK (subspace

orthogonal to null space of X´) and dimrNpX´qKs “ n, so given NpX´q one can con-

struct NpX´qK such that ENpX´qK :“ EX:
´ “ spanrw0, w1, . . . , wn´1s, i.e., it should

be viewed as an n ˆ n square matrix of i.i.d Gaussian ensembles. Furthermore,

›

›X:
´

›

›

2

F
“ Tr

`

X:
´rX:

´s
˚
˘

“ Tr
`

pX´X
˚
´q

´1
˘

“

n
ÿ

j“1

σ´2
j pX´q.

using negative second moment identity:

σnpEK
q

ˆ n
ÿ

j“1

d´2
j

˙
1
2

ď
›

›A ´ Â
›

›

F
ď σ1pEK

q

ˆ n
ÿ

j“1

d´2
j

˙
1
2

, (3.10)

where we have used EK as shorthand for ENpX´qK . Preceding bounds on error analysis

seems favorable when underlying dynamics are generated from hermitian state tran-

sition matrix, as analysis of

ˆ

řn
j“1 d

´2
j

˙
1
2

can potentially be decoupled into analysis

of individual dj with some cost, because rows of the data matrix can be considered

independent of each other.

Estimation error is independent of basis function choice Recall that if A “

A˚, then there exists a unitary matrix U P Cnˆn and a real diagonal matrix Ω P Rnˆn

such that A “ U˚ΩU and a coordinate transform for (3.1), i.e., zt`1 “ Ωzt ` Uwt,

where zt :“ Uxt and Uwt is again an isotropic Gaussian. Now let W :“ UE, and

notice that rows of Z´ :“ UX´ are independent one dimensional Linear Gaussian

dynamics with growth/ decay parameter defined by corresponding diagonal entery in
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Ω. As unitary by definition U˚U “ UU˚ “ I, implies U´1 “ U˚, we have

›

›WZ˚
´

`

Z´Z
˚
´

˘´1›
›

2

F
“

›

›UEpUX´q
˚
pUX´X

˚
´U

˚
q

´1
›

›

2

F

“ TrpEX˚
´pX´X

˚
´q

´2X´E
˚
q “ }EX˚

´pX´X
˚
´q

´1
}
2
F .

So a first step towards rigorous analysis along bound in (3.10) would require quan-

tifying distance between a random one dimensional ARMA trajectory of length N

and a fixed n´ 1 dimensional subspace of RN with high probability and we study it

in Section 4.3.1. Roughly speaking, analysis provided in [3] and [9] focuses on upper

bounding the estimation error in operator norm by decomposing the error into a sam-

ple covariance term
`

X´X
˚
´

˘´ 1
2 and a martingale difference term EX´

`

X´X
˚
´

˘´ 1
2 .

Again using the Courant-Fischer argument as in (3.9), we can now instead bound the

Frobenius norm error in terms of the martingale difference term and extreme singular

values of the data matrix:

›

›EX˚
´

`

X´X
˚
´

˘´ 1
2
›

›

F

σ1pX´q
ď

›

›A ´ Â
›

›

F
ď

›

›EX˚
´

`

X´X
˚
´

˘´ 1
2
›

›

F

σnpX´q
. (3.11)

Work of [2] and [3], focused on bounding the right hand side of (3.12) in operator

norm, which along with controlling martingale term required showing a high prob-

ability lower bound on σnpX´q. However, in order to ensure error convergence or

divergence, error formulation in (3.12) would require understanding the behavior of

largest singular value of the data matrix or said in another way largest eigenvalue of

sample covariance matrix as σ1pX´q “
a

λmaxpX´X˚
´q. In fact, [2] shows inconsis-

tency of explosive system with state transition matrix A “ 1.1In by showing largest

singular value grows exponentially, see proposition 19.1 of [9]. Ubiquity of error for-

mulation based on a martingale term as in (3.12), for various system identification
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problems (stochastic system identification in [12], Ho-Kalman algorithm in [8] ) is jus-

tified in literature by arguments like E and X´ are dependent and this gives optimal

bounds. However we find it easier to consider a somewhat similar error formulation

›

›EX˚
´

›

›

F

σ2
1pX´q

ď
›

›A ´ Â
›

›

F
ď

›

›EX˚
´

›

›

F

σ2
npX´q

, (3.12)

to show that for high dimensional spatially inseparable dynamics OLS error stays

bounded away from zero.

Remark 13. But this will have a huge gap when order of the smallest and largest

singular values is different. So instead we will now try

σnpEX˚
´q

›

›pX´X
˚
´q

´1
›

›

F
ď

›

›A ´ Â
›

›

F
ď σ1pEX˚

´q
›

›pX´X
˚
´q

´1
›

›

F
(3.13)

σnpEX˚
´q

ˆ n
ÿ

j“1

σ´4
j pX´q

˙
1
2

ď
›

›A ´ Â
›

›

F
ď σ1pEX˚

´q

ˆ n
ÿ

j“1

σ´4
j pX´q

˙
1
2

,

where recall that σ4
j pX´q “ λ2jpX´X

˚
´q, eigenvalue of the sample covariance matrix.

3.0.3 Spatially independent lower dimensional random dy-
namical systems

Notice that using the description of linear transformation in Theorem 6, i´ the

column of the data matrix can be decomposed into row blocks that are statistically

independent of each other:

xi “

i
ÿ

t“1

Ai´twt´1 “

i
ÿ

t“1

Ai´t

ˆ K
ÿ

m“1

Pλm

˙

wt´1 “

K
ÿ

m“1

i
ÿ

t“1

Ai´t
λm
wm

t´1

l jh n

:“Bλm piq

. (3.14)
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Now recall that Dλm was used to denote discrepancy between algebraic and

geometric multiplicity of eigenvalue λm where for fixed t notice that E}wm
t´1}

2 “

E
@

wt´1, Pλmwt´1

D

“ TrpPλmq “ Dλm ` 1. So wm
t´1 is standard normal on A´ invari-

ant subspace Mλm of dimension Dλm ` 1. Since for all t P N and m,m
1

P rKs such

that m ‰ m
1

, wm
t and wm

1

t are independent: E
“

wm
t pwm

1

t q˚
‰

“ E
“

PλmwtpPλ
m

1wtq
˚
‰

“

E
“

Pλmwtw
˚
t Pλ

m
1

‰

“ PλmPλ
m

1 “ δmpm
1

qIn, combined with the fact that A˚
mAm1 “ 0

for m ‰ m1 (because NpA˚
λm

q “ ‘K
j‰mMλj

) implies that Bλmpiq and Bλm1 piq are in-

dependent of each other for all i. Therefore, data matrix essentially contains time

realization of K-low dimensional dynamical systems, which are statistically indepen-

dent of each other. As we showed in the previous section that estimation error is

independent of the choice of underlying basis, w.l.o.g we can take canonical basis

implying rows in data matrix comprises of independent blocks, where each block is a

time realization of trajectory generated via canonical form of linear transformation

with specified eigenvalue and size of the block equals Dλm ` 1. Only situation where

dynamics are spatially inseparable corresponds to covariates being generated from

S-w-SSCs and we will now focus on interactions between rows of the data matrix in

that case. In order to unravel spatio-temporal correlations, it is important to rep-

resent elements of the data matrix in a compact form which one can do with inner

products; i´ th column(time index) and j´ th row(space index) of the data matrix

can be represented as

“

X´

‰

j,i
“

@

xi, ej
D

“

i
ÿ

t“1

@

Ai´twt´1, ej
D

.

What makes the case of n dimensional S-w-SSCs so peculiar is that covariate in j th

row is a function of row rj, . . . , ns of Gaussian ensemble E, precisely expressed:

Proposition 3. A “ Jnpλq i.e., underlying dynamics are S-w-SSCs, then element
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corresponding to j´ th row and i´th column can be concisely expressed as:

rX´sj,i “

i
ÿ

t“1

pi´tq^pn´jq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
@

wt´1, em`j

D

(3.15)

Proof. This is where inner product representation really helps along with noticing

that nilpotent matrix is a shift operator, as:

i
ÿ

t“1

xAi´twt´1, ejy “

i
ÿ

t“1

@

pλI ` Nnq
i´twt´1, ej

D

“

B i
ÿ

t“1

pi´tq^n
ÿ

m“0

ˆ

i ´ t

m

˙

Nm
n λ

i´t´mwt´1, ej

F

Now a simple observation reveals that Nm˚

n ej “ ej`m for m ď n´ j, and 0 otherwise.

Hence,

rX´sj,i “

i
ÿ

t“1

pi´tq^pn´jq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m

B

wt´1, ej`m

F

. (3.16)

As we have convinced ourselves that data matrix can be divided into row blocks

that are statistically independent except for the S-w-SSCs case, along with the com-

pact representation for individual elements inside the data matrix, we now aim at

understanding elementwise estimation error.

3.1 Elementwise estimation error

Although, bounds on estimation error discussed in preceding section provide a good

intuition, but existing analysis based on martingales e.t.c does not reveal explicit

dependencies on number of iterations and state space dimensions. Surprisingly, it
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had been left unnoticed that pseudo-inverse is constrained with respect to the data

matrix which we discussed is itself a function of Gaussian ensemble E and element-

wise estimation error is an inner product between Gaussian ensemble and pseudo-

inverse.

Theorem 14. [Construction of Inverse Sample Covariance Matrix] Let rejs
n
j“1 be

canonical basis of Cn and X´ be the data matrix of stable linear dynamical system with

isotropic Gaussian noise as in (3.1), Given, the rows of data matrix ryjs
n
j“1, inverse

sample covariance matrix
`

X´X
˚
´

˘´1
“ rvj,ksnj,k“1 satisfies following constraints:

1. For fixed j in r1, . . . , ns,
ř

k‰j vj,k
@

yk, yj
D

“ 1 ´ vj,j}yj}
2, precisely said:

ÿ

k‰j

vj,k

N´1
ÿ

i“1

i
ÿ

t“1

@

Ai´twt´1, ek
D

i
ÿ

t“1

@

Ai´twt´1, ej
D

(3.17)

“ 1 ´ vj,j

N´1
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

i
ÿ

t“1

@

Ai´twt´1, ej
D

ˇ

ˇ

ˇ

ˇ

2

2. and for all l ‰ j,
řn

k“1 vj,k
@

yk, yl
D

“ 0, precisely said:

n
ÿ

k“1

vj,k

N´1
ÿ

i“1

i
ÿ

t“1

@

Ai´twt´1, ek
D

i
ÿ

t“1

@

Ai´twt´1, el
D

“ 0 (3.18)

3. diagonal entries of inverse sample covariance matrix are inverse distance squared

between row and conjugate hyperplane, to be precise:

B

p

N´1
ÿ

t“0

xtx
˚
t q

´1ej, ej

F

“
1

d2pyj, njq
“ vj,j, (3.19)

Proof. We follow the direction given in [19], let vj :“
`

X´X
˚
´

˘´1
ej, in columns format
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we have X˚
´ “ ry1, . . . , yns, X˚

´ej “ yj, nj “spanryisi‰j.

B

X˚
´

`

X´X
˚
´

˘´1
ej, X

˚
´ek

F

“ δjpkq (3.20)

Notice that inner product of X˚
´

`

X´X
˚
´

˘´1
ej with X˚

´ek “: yk for k ‰ j is zero; so

for each j P rns , X˚
´

`

X´X
˚
´

˘´1
ej is orthogonal to nj. Since,

X˚
´vj “ vj,1y1 ` . . . ` vj,nyn, (3.21)

(3.17) and (3.18) readily follows. As X˚
´

`

X´X
˚
´

˘´1
ej is orthogonal to nj, according

to Corollary 1

@

X˚
´

`

X´X
˚
´

˘´1
ej, X

˚
´ej

D

“
@

X˚
´

`

X´X
˚
´

˘´1
ej, PnK

j
pX˚

´ejq
D

(3.22)

Furthermore, using (3.20) and properties of orthogonal projection:

1 “
@

X˚
´

`

X´X
˚
´

˘´1
ej, X

˚
´ej

D

“
@

X˚
´

`

X´X
˚
´

˘´1
ej, PnK

j
pX˚

´ejq
D@

PnK
j

“

X˚
´

`

X´X
˚
´

˘´1
ej

‰

, X˚
´ej

D

“

n
ÿ

i‰j

vj,i
@

PnK
j
yi

l jh n

“0

, yj
D

` vj,jxPnK
j
yj, yjy

“ vj,jxPnK
j
yj, PnK

j
yjy “ vj,j}PnK

j
yj}

2
“ vj,jd

2
pyj, njq.

Therefore, vj,j “ 1
d2pyj ,njq

Remark 15. Notice that total number of unknowns vj,k are npn`1q

2
which equals dis-

tinct interaction potentials of observationsxyj, yky. A remarkable advantage of enlist-

ing these constraints is when we do not have independence between the rows as in
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Hermitian case, we still have:

d´2
j “

1 ´
ř

k‰j vj,kxyk, yjy

}yj}2
,where

ÿ

k‰j

vj,kxyk, yjy ď 0 and

n
ÿ

j“1

d´2
j “

řn
j“1

ś

l‰j }yl}
2
`

1 ´
ř

k‰j vj,kxyk, yjy
˘

śn
j“1 }yj}2

(3.23)

Spectrum of the precision matrix

}pX´X´q
´1

}F “

b

Tr
`

pX´X˚
´q´2

˘

“

g

f

f

e

n
ÿ

j“1

d´4
j ` 2

ÿ

kąj

|vj,k|2 (3.24)

As we will see shortly afterwards, elementwise estimation error is an inner product

between the rows of the Gaussian ensemble and and columns of the pseudo-inverse,

it will be helpful to translate preceding constraints into constraints on columns of

pseudo-inverse.

Corollary 3. [Exact Error in Frobenius norm] Let êi be the canonical basis of CN

}A ´ Â}F “

g

f

f

e

n
ÿ

j,k“1

ˇ

ˇ

ˇ

ˇ

N
ÿ

i“1

xwi, ejyxck, êiy

ˇ

ˇ

ˇ

ˇ

2

, (3.25)

where for each k P r1, 2, . . . , ns, ck P CN , }ck}2 “ 1
d2pyk,nkq

and satisfies:

N
ÿ

i“1

„ i
ÿ

t“1

xAi´twt´1, ejy

ȷ

xck, êiy “ δjpkq, (3.26)

for every j P r1, 2, . . . , ns
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Proof. Consider the pseudo-inverse

X˚
´pX´X

˚
´q

´1
“

»

—

—

—

—

—

—

—

—

—

—

–

| | | | |

| | | | |

c1 c2 | cn´1 cn

| | | | |

| | | | |

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

as inner product of X˚
´

`

X´X
˚
´

˘´1
ej with X˚

´ek “: yk for k ‰ j is zero; so for each

j P rns , cj :“ X˚
´

`

X´X
˚
´

˘´1
ej is orthogonal to nj

N
ÿ

i“1

rX´sj,ixck, êiy “ δjpkq, implies
N
ÿ

i“1

„ i
ÿ

t“1

xAi´twt´1, ejy

ȷ

xck, êiy “ δjpkq,

Also notice that ck :“ X˚
´pX´X

˚
´q´1ek and

›

›ck}
2

“
@

X˚
´pX´X

˚
´q

´1ek, X
˚
´pX´X

˚
´q

´1eky “
1

d2pyk, nkq
. (3.27)

3.1.1 Higher degree variant of Littlewood-Offord problem

Now we simply notice that elementwise error is an inner product between rows of

Gaussian ensemble and a constrained random variable.

Remark 16. Element-wise estimation error of A, rEX˚
´pX´X

˚
´q´1sj,k for each j, k P

rns is an inner product, hence a scalar weighted random walk with weight functions
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coming from pseudo-inverse.

N
ÿ

i“1

rEsj,ixck, êiy “

N
ÿ

i“1

xwi, ejyxck, êiy

l jh n

Littlewood-Offord problem

, (3.28)

Furthermore, total error in Frobenius norm is a random polynomial:

n
ÿ

j,k“1

N
ÿ

i“1

„

|xwi, ejyxck, êiy|
2

` xwi, ejyxck, êiy
ÿ

l‰i

xwl, ejyxck, êly

ȷ

In a situation where a solution of ck is independent of the j´th row of Gaussian

ensemlbe E, after conditioning
řN

i“1xwi, ejyxck, êiy is similar to a scalar random walk,

which is well studied under the name of Littlewood Offord problem and its’ typical

behavior is sensitive to the structure of constants ck, as discussed in the section

1.4.2. On the other hand if ck is itself some function of rxwi, ejysNj“1, bounding the

error is atleast a Quadratic variant of the Littlewood Offord problem(see e.g., [24]).

So understanding dependence of constants on covariates of E will be imperative in

getting deep insights into working of OLS.

Example 2. Now we consider two extreme cases of stable dynamical systems and

show how contraints on pseudoinverse have distinct dependencies on the rows of

Gaussian ensemble in each case:

• A “ D, diagonal block with only one eigenvalue λ, fix k P rns then constraints

on pseudo-inverse from (3.26) imply:

N
ÿ

i“1

rX´sj,ixck, êiy “

N
ÿ

i“1

i
ÿ

t“1

λi´t
@

wt´1, ejy
@

ck, êiy “ δjpkq
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Figure 3.1: Estimation error worsening with increase in iterations

Notice that for fixed k, preceding constraint is only a function of the j´th row

of Gaussian ensemble, on the other hand when

• A “ Jnpλq, constraint is a function of rows rj, j ` 1, . . . , ns, precisely:

δjpkq “

N
ÿ

i“1

i
ÿ

t“1

pi´tq^pn´jq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
xwt´1, ej`myxck, êiy (3.29)
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Chapter 4

Spectral statistics of structured random
matrices

Most of the work in this chapter is from authors work in [25]. Performance of least

squares method for learning system parameters by a single observed trajectory of

unknown dynamical system has been extensively studied, see e.g., [1],[2],[3] and ref-

erences therein. A fundamental limitation of these existing work stems from the fact

that sample complexity is in terms of eigenvalues of various Grammians: which is

expected value of the sample covariance matrix. Apart from insufficiency of expecta-

tion to characterize typical order of the relevant quantity, Grammian eigenvalues hide

dependence on length of the simulated trajectory N and dimension of the underlying

dynamical systems n. These issues severely limit our understanding of regression

on dependent data and turns out that we can non-asymptoticlly learn correct sys-

tem parameters under stability assumption for low dimensional(essentially scalar)

dynamical system and in high dimensions when underlying state-transition matrix

is Hermitian(which is essentially multiple independent scalar dynamical systems).

Throughout this paper we will work under high dimensional framework.

Formalizing the approach, conclusions and main results: The biggest ob-

struction in our current understanding of regression on dependent data is using eigen-

values of the naive’ variant of sample covariance matrix i.e., Grammian matrix instead

of the random eigenvalues of the sample covariance matrix to conclude OLS perfor-

mance. In fact this task is challenging: take for example N ˆn rectangular Gaussian

ensemble E with its elements i.i.d standard normals. Let σ1pEq ě σ2pEq ě . . . σnpEq
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be the singular values of the Gaussian ensemble, even though all the enteries are

independent but singular values are highly correlated,[26]. So it comes as no surprise

why no attempt had been made towards investigating spectral statistics
“

σ2
j pX´q

‰

jPrns
,

where recall that σ2
j pX´q “ λj

`

X´X´˚

˘

. Let ryjsjPrns be the rows of the data matrix

X´, then notice that sample covariance matrix is essentially

X´X
˚
´ :“

»

—

—

—

—

—

—

—

—

—

—

–

xy1, y1y . . . xy1, yk`1y . . . xy1, yny

... . . .
... . . .

...

xyk`1, y1y . . . xyk`1, yk`1y . . . xyk`1, yny

... . . .
... . . .

...

xyn, y1y . . . xyn, yk`1y . . . xyn, yny.

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

In order to get accurate insights into least squares on Markovian data, we need not

just accurate estimates of the edge of the spectrum λ1
`

X´X´˚

˘

, λn
`

X´X´˚

˘

but that

of the bulk as well. Now if we new for the concentration behavior or
“@

yj, yk
D‰

j,kPrns

then we could use tools from perturbation theory e.g., Gershgorins’ theorem: all the

eigenvalues of X´X
˚
´ lies inside disc centered at xyj, yjy with radius

řn
k‰j |xyj, yky|

for some j P rns and Cauchy’s interlacing theorem: smallest eigenvalue is upper

bounded by typical size of the smallest row and bulk eigenvalues can be interlaced by

the eigenvalues of a lower dimensional sample covariance matrix to get sharp es-

timates of spectral statistics of the sample covariance matrix explicit in N and n.

Diagonal entries of the sample covariance matrix
@

yj, yj
D

are essentially typical size

of each row and off-diagonal entries
@

yj, yk
D

j‰k
are correlation/interaction between

the rows. Mere assumption of spectral radius strictly inside unit disc is insufficient

to characterize these interactions and row variances. As observed recently in the

work of [7], when state transition is hermitian rows of the data matrix are essentially

independent: spatial correlations are minor compared to the typical size of the row.
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However when state-transition matrix is not Hermitian and distinct eigenvalues of A

have large discrepancy between their algebraic and geometric multiplicity then spatial

correlation are strong. Analytic display of strong spatial correlations appear in off di-

agonal terms: that can become large, leading to transience of OLS even under control

theoretic stability assumption. Therefore, along with stability we need to character-

ize dynamical system based on spatial dependencies of its generated trajectory. We

provide spectral statistics for the two extreme cases with same spectral radius but

one spatially independent(Hermitian case) and other spatially inseparable,S-w-SSCs:

only one distinct eigenvalue with algebraic and geometric multiplicity having a differ-

ence of n´1, which includes single Jordan block of size n. Combining the results from

spectral theorem of non-Hermitian operators, perturbation theory and concentration

of measure phenomenon: we manage to get first quantitative handle on various spec-

tral statistics of the sample covariance matrix explicit in dimension of the state space

n and trajectory length N as shown in:

Typical Size S-w-SSCs Hermitian

Largest Eigenvalue: λ1
`

X´X
˚
´

˘

Ω

ˆZ

N
n

^

eαλn

˙

O
ˆ

N ` n
?
N

˙

Smallest Eigenvalue: λn
`

X´X
˚
´

˘

O
ˆ

N `
?
N

˙

O
ˆ

N `
?
N

˙

Eigenvalue Spread O
`

eαλn
˘

O
`

n
?
N

˘

Temporal interaction: xyj, yjy same order as spatial N ˘ O
?
N

Spatial interaction: xyj, yky same order as temporal ˘O
?
N

Largest singular value: σ1pEX
˚
´q Ω

ˆ

d

n

Z

N
n

^

eαλn

˙

O
ˆ

?
nN ` n

˙

Error Statistics via negative moments of Sample Covariance matrix:

Let σ1pX´q ě σ2pX´q ě . . . σnpX´q ą 0, be the singular values of the data matrix.

One can consider following error approximations for least squares:
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1.

σnpEX˚
´q

g

f

f

e

n
ÿ

j“1

1

σ4
j pX´q

ď
›

›A ´ Â
›

›

F
ď σ1pEX

˚
´q

g

f

f

e

n
ÿ

j“1

1

σ4
j pX´q

, (4.1)

2.

g

f

f

e

n
ÿ

j“1

1

nσ2
j pX´q

ď
›

›A ´ Â
›

›

F
ď

g

f

f

e

n
ÿ

j“1

n

σ2
j pX´q

(4.2)

Most important takeaway is that we need to compute negative moments of the sample

covariance matrix to really understand performance of least squares. Which is a very

difficult task, but if we can somehow get really tight estimate of all the singular values

then there is hope. We will first focus on the extreme singular values of X´ and then

come to bulk and in the end we will analyse extreme singular values of EX˚
´.

4.1 Statistics of the Largest Eigenvalue

Extreme singular values(largest and smallest singular values) of the data matrix can

act as a sanity check for the performance of OLS. They also play a crucial role in

numerical linear algebra(see e.g., [27] for more details). For rectangular matrices

with i.i.d entries(centered and unit variance) everywhere as in Gaussian ensemble

E, statistics of σ1pEq and σnpEq are well known and tend to concentrate around
?
N `

?
n and

?
N ´

?
n respeectively. Understanding upper tail behavior of σ1pEq

requires discretization of Sn´1.

Definition 6. (epsilon net of Sn´1) Finite subset, NϵpS
n´1q called epsilon net of

n dimensional sphere- with the property that given any a P Sn´1 there exists â P

NϵpS
n´1q such that }a ´ â}2 ď ϵ
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Lemma 4. Metric entropy of sphere is exponential w.r.t dimension of the underlying

state space, precisely for any ϵ P p0, 1s:

|NϵpS
n´1

q| ď

ˆ

3

ϵ

˙n

. (4.3)

Recall, σ1pEq “ supaPSn´1 }E˚a} but E is random and one does not know in

advance for which a
1

P Sn´1 supremum is achieved, neither we can upper bound

P psupaPSn´1 }E˚a} ą δq via union bound as the Sn´1 is not countable. To circumvent

this issue, one can discretize Sn´1 into finite subset, NϵpS
n´1q when combined with

triangle inequality, reveals:

σ1pEq ď

ˆ

1

1 ´ ϵ

˙

sup
aPNϵpSn´1q

}E˚a}. (4.4)

Therefore,

P
ˆ

sup
aPSn´1

}E˚a} ě δ

˙

ď P
ˆ

sup
aPNϵpSn´1q

}E˚a} ě p1 ´ ϵqδ

˙

ď
ÿ

aPNϵpSn´1q

P
ˆ

}E˚a} ě p1 ´ ϵqδ

˙

ď

ˆ

3

ϵ

˙n

P
ˆ

}zN}
2

ě p1 ´ ϵq2δ2
˙

, (4.5)

where, first inequality in (4.5) follows from union bound and second from metric en-

tropy of n dimensional unit sphere. Notice that: regardless of exact realization of ‘a’

on n dimensional unit sphere, E˚a “ zN ∼ Np0, INq and a simple exponential mo-

ment calculation on the last expression of (4.5) will reveal the correct behavior σ1pEq.

Similar discretization approaches have been considered in literature for understand-

ing statistics of extreme singular values of the data matrix. However, as suggested by

authors work in [7] on spectral theorem for non-Hermitian linear operators, discrep-

ancy between algebraic and geometric multiplicities of distinct eigenvalues of A add
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structure to data matrix and naive discretization will be wasteful; except for Hermi-

tian and all the same eigenvalues. Furthermore, rows of the data matrix X´ can be

divided into blocks, independent of each other and concentration of }X˚
´a}2 for some

a P Sn´1 can be better understood by also restricting a onto invariant subspaces

rMλi
siPrKs of A, which we now explore in further detail.

4.1.1 Lower bound via typical size of rows

Notice that,

P
ˆ

}X˚
´a} ě δ

˙

“ P

˜

›

›

K
ÿ

m“1

X˚
´Pλma

›

›

2
ě δ2

¸

, (4.6)

where rX˚
´PλmasKm“1 are independent of each other: orthogonal projections of Gaus-

sians are independent. Furthermore, OLS error in Frobenius norm is independent

of choice of the basis, so w.l.o.g we can assume X˚
´Pλma P RN

bD`
λm , where we use

shorthand D`
λm

:“ pDλm ` 1q and recall
řK

m“1D
`
λm

“ n. , for each m P rKs let

Smpλq :“
řm´1

i“1 D`
λi

Pλma :“
`

0, . . . , 0, aSmpλq`1, . . . , aSmpλq`D`
λm
, 0, . . . , 0

˘

(4.7)

Recall that
řN

i“1rX´sj,i “
řN

i“1

„

ři
t“1xAi´twt´1, ejy

ȷ

, therefore:

X˚
´Pλma “

„

aSmpλq`1rX´s
rSmpλq`1,:s, aSmpλq`2rX´s

rSmpλq`2,:s,

. . . , aSmpλq`D`
λm

rX´s
rSmpλq`D`

λm
,:s

ȷ

,

where we used : to denote all the columns of the data matrix. For each time t P N,

wm
t P N

`

0, ID`
λm

˘

i.e., i.i.d isotropic Gaussian of dimension D`
λm

. Hence, for i P rN s

54



and l P rD`
λm

s:

rX´s
rSmpλq`l,is “

i
ÿ

t“1

xAi´t
λm
wm

t´1, ely “

i
ÿ

t“1

xel, A
i´t
λm
wm

t´1y “

i
ÿ

t“1

xel, pλmI ` Nq
i´twm

t´1y

“

i
ÿ

t“1

i´t
ÿ

p“0

ˆ

i ´ t

p

˙

λi´t´p
m xel`p, w

m
t´1y “

i
ÿ

t“1

pi´tq^pD`
λm

´lq
ÿ

p“0

ˆ

i ´ t

p

˙

λi´t´p
m xel`p, w

m
t´1y

(4.8)

where Ai´t
λm

is a Linear transformation from and onto an D`
λm

dimensional A- invariant

subspace, i.e., Jordan block of size D`
λm

with eigenvalue λm Consequently,

}X˚
´Pλma}

2
“

N
ÿ

i“1

˜ D`
λm

ÿ

l“1

i
ÿ

t“1

aSmpλq`lxel, A
i´t
λm
wm

t´1y

¸2

(4.9)

“

N
ÿ

i“1

˜ D`
λm

ÿ

l“1

aSmpλq`l

i
ÿ

t“1

pi´tq^pD`
λm

´lq
ÿ

p“0

ˆ

i ´ t

p

˙

λi´t´p
m xel`p, w

m
t´1y

¸2

. (4.10)

Therefore,

P
ˆ

›

›X˚
´a

›

› ě δ

˙

“ P
ˆ K

ÿ

m“1

›

›X˚
´Pλma

›

›

2
ě δ2

˙

ď e´sδ2
K

ź

m“1

E
„

es
řN

i“1

`

ř

D`
λm

l“1 aSmpλq`l

ři
t“1

ř

pi´tq^pD`
λm

´lq

p“0 pi´t
p qλ

i´t´p
m xel`p,w

m
t´1y

˘2
ȷ

, (4.11)

where inequality (4.11) follows from Markov inequality combined with independence

of rX˚
´Pλmas for each m P rKs(spatial independence between row blocks of the data

matrix). Now notice that if rλmsmPrKs are all positive, then for each m P rKs, and

i P rN s sufficiently large with l as variable,

aSmpλq`l

i
ÿ

t“1

pi´tq^pD`
λm

´lq
ÿ

p“0

ˆ

i ´ t

p

˙

λi´t´p
m xel`p, w

m
t´1y, (4.12)
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will have the largest typical size for l “ 1, so supremum over all a P SDλm for
`

řD`
λm

l“1 aSmpλq`l

ři
t“1

řpi´tq^pD`
λm

´lq

p“0

`

i´t
p

˘

λi´t´p
m xel`p, w

m
t´1y

˘2
, would be in fact

ˆ i
ÿ

t“1

pi´tq^pD`
λm

´lq
ÿ

p“0

ˆ

i ´ t

p

˙

λi´t´p
m xel`p, w

m
t´1y

˙2

. (4.13)

So when discrepancies of eigenvalues are large typical size of the row should be a good

approximate of σ1pX´q. Thus, at least when rows are correlated we do not need to

discretize the unit sphere. Also notice that

P

ˆ

σ1pX´q ď δ

˙

“ P

ˆ

sup
aPSn´1

}X˚
´a} ď δ

˙

“ P

ˆ

sup
aPSn´1

›

›

n
ÿ

j“1

ajyj
›

› ď δ

˙

(4.14)

ď P

ˆ

max
jPrns

}yj}2 ď δ

˙

,

where ryjs
n
j“1 are the rows of the data matrix and if k “ arg maxjPrns }yj} then last

inequality follows by setting ak “ 1 and aj “ 0 for j ‰ k.

Remark 17. If the typical size of any row of the data matrix is ‘large’ then so is
the magnitude of σ1pX´q. Typical size of the row is essentially dictated by non-
Hermitian variant of the spectral theorem which define the weighted constants on
standard normals that populate any given row of the data matrix.

4.1.2 Covariates from stable dynamics can suffer from the
curse of dimensionality

It was noted in [7], for the case of dynamics correspodning to S-w-SSCs, each co-

variate in j´ th row of the data matrix is a weighted sum of i.i.d standard normals

that make up rows rj, . . . , ns of Gaussian Ensemble E. So as one would suspect that

first row is most susceptible to having the largest typical size. Which turns out to be

exponential in dimension of the state space

Proposition 4. N ą n and λ P p1
2
, 1q then typical order of first row of the data matrix
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corresponding to dynamics generated from n dimensional S-w-SSCs is exponential in

n, precisely said

}y1} ě Ω

ˆZ

N

n

^
1
2

e
αλn

2

˙

(4.15)

where αλ entirely depends on λ.

Proof. Let rêisiPN be the canonical basis of RN . As, j´ th row and i´ th column of

the data matrix corresponding to S-w-SSCs case can be compactly written as:

xyj, êiy “

i
ÿ

t“1

pi´tq^pn´jq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
@

wt´1, em`j

D

. (4.16)

Thus revealing: xy1, êny is a weighted sum of independent npn`1q

2
standard normals,

more precisely:

xy1, êny “

n
ÿ

t“1

pn´tq
ÿ

m“0

ˆ

n ´ t

m

˙

λpn´t´mq
xwt´1, em`1y

which is centered with variance:

E
`

xy1, êny
2
˘

“

n
ÿ

k“1

n´k
ÿ

m“0

ˆ

n ´ k

m

˙2

λ2pn´k´mq (4.17)

upper and lower bounded via Stirling type approximation:

4nλ2n
n

ÿ

k“1

1

4kλ2k
b

πpn ´ l ` 1
3
q

ď E
`

xy1, êny
2
˘

ď 4nλ2n
n

ÿ

k“1

1

4kλ2k
b

πpn ´ l ` 1
4
q

(4.18)

Let Lλ,np1q :“
řn

k“1
1

4kλ2k
?

πpn´k` 1
3

q
and Uλ,np1q :“

řn
k“1

1

4kλ2k
?

πpn´k` 1
4

q
So as soon

as λ ą 1
2
, n´ th element of first row has a typical size which is exponential in
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Figure 4.1: ℓ2 norm of the data matrixs’ first row populated by n´ dimensional
S-w-SSCs suffers from curse of dimensionality

dimension of the state space. But this trend is periodic: with period n, so lower

bound follows.

Corollary 4. Given λ P p1
2
, 1q, almost surely largest singular of data matrix generated

from n´ dimensional S-w-SSCs with eigenvalue λ suffers from curse of dimnension-

ality, more precisely:

σ1pX´q ě Ω

ˆZ

N

n

^
1
2

e
αλn

2

˙

(4.19)

We believe that we can take away the complicated floor function with a linear

function of N and n

Proposition 5. N ą n and λ P p1
2
, 1q then typical order of first row of the data matrix

corresponding to dynamics generated from n dimensional S-w-SSCs is exponential in
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Figure 4.2: Estimates in Proposition 5 are optimal: S-w-SSCs(with λ “ 0.47) do
not suffer from curse of dimensionality

n, precisely said

pN ´ n ` 1qΩp4nλ2nq `

N
ÿ

iąn

n´1
ÿ

m“0

λ2pi´mq

i´n
ÿ

l“1

ζm,lpi, λq exp

˜

´ O

ˆ

2
m3

pi ´ lq2

˙

¸

ď V arpy1q ď

N
ÿ

iěn

n´1
ÿ

m“0

λ2pi´n`1q

i´n
ÿ

l“1

ζm,lpi, λq ` pN ´ n ` 1qOλp4n
q (4.20)

where ζm,lpN, λq :“ 1
m!m!

pN´lq2m

λ2l exp
`

´
mpm´1q

N´l

˘

Proof. We begin with investigation of the typical size of N´ th covariate in the first

row of data matrix, rX´s1,N . Let λ P p0, 1q and notice that rX´s1,N is normally
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Figure 4.3: Largest singular value and ℓ2 norm of the data matrixs’ first row pop-
ulated by n´ dimensional S-w-SSCs are the same

distributed with variance:

N
ÿ

l“1

λ2pN´lq

pN´lq^pn´1q
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2m
ě

N´n
ÿ

l“1

λ2pN´lq
n´1
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2m

`

N
ÿ

l“N´n`1

λ2pN´lq
N´l
ÿ

m“0

ˆ

N ´ l

m

˙2

ě

N´n
ÿ

l“1

λ2pN´lq
n´1
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2m

` 4Nλ2N
N
ÿ

l“N´n`1

1
b

16lλ4lπpN ´ l ` 1
3
q

“

N´n
ÿ

l“1

λ2pN´lq
n´1
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2m

l jh n

CλpN,nq

`
4Nλ2N

?
16pN´nqλ4pN´nq

n
ÿ

l“1

1
b

16lλ4lπpn ´ l ` 1
3
q

l jh n

Rλpnq

“

N´n
ÿ

l“1

λ2pN´lq
n´1
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2m
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` 4nλ2n
n

ÿ

l“1

1
b

16lλ4lπpn ´ l ` 1
3
q

ě

N´n
ÿ

l“1

λ2pN´lq
n´1
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2m

`
4n

λ2
λ2n

n
ÿ

l“1

1
b

16lπpn ´ l ` 1
3
q

(4.21)

Therefore, for every λ P p1
2
, 1q typical behavior(standard deviation) of rX´s1,N is

greater than Ωλpenq ` CλpN, nq, where CλpN, nq can be lower bounded as:

CλpN, nq “ λ2N
N´n
ÿ

l“1

n´1
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2pl`mq

“ λ2N
N´n
ÿ

l“1

n´1
ÿ

m“0

`

N ´ l
˘2m śm´1

p“1

`

1 ´
p

N´l

˘2

λ2pl`mqm!m!

“ λ2N
n´1
ÿ

m“0

1

λ2mm!m!

˜

`

N ´ 1
˘2m śm´1

p“1

`

1 ´
p

N´1

˘2

λ2p1q

` . . . `

`

N ´ n ` 1
˘2m śm´1

p“1

`

1 ´
p

N´n`1

˘2

λ2pN´n`1q

¸

ě λ2N
n´1
ÿ

m“0

1

λ2mm!m!

N´n
ÿ

l“1

`

N ´ l
˘2m

λ2l
exp

ˆ

´
mpm ´ 1q

N ´ l

˙

exp

˜

´ O

ˆ

2
m3

pN ´ lq2

˙

¸

. (4.22)

Now we upper bound the typical size of the covariate rX´s1,N which is normally
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distributed with variance:

N
ÿ

l“1

λ2pN´lq

pN´lq^pn´1q
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2m
“

N´n
ÿ

l“1

λ2pN´lq
n´1
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2m

`

N
ÿ

l“N´n`1

λ2pN´lq
N´l
ÿ

m“0

ˆ

N ´ l

m

˙2

λ´2m

ď λ2pN´n`1q

N´n
ÿ

l“1

1

λ2l

n´1
ÿ

m“0

`

N ´ l
˘2m śm´1

p“1

`

1 ´
p

N´l

˘2

m!m!

`
4N

λ2

N
ÿ

l“N´n`1

1
b

16lπpN ´ l ` 1
4
q

ď λ2pN´n`1q

n´1
ÿ

m“0

1

m!m!

N´n
ÿ

l“1

pN ´ lq2m

λ2l
exp

ˆ

´
mpm ´ 1q

N ´ l

˙

`
4n

λ2

n
ÿ

l“1

1
b

16lπpn ´ l ` 1
4
q

. (4.23)

Therefore for all N ě n and λ P p1
2
, 1q

CλpN, nq ` Ωp4nλ2nqp4nλ2nq ď rX´s1,N ď CλpN, nq ` Oλp4n
q, (4.24)

combined with analysis related to birthday paradox problem we have:

λ2N
n´1
ÿ

m“0

λ´2m
N´n
ÿ

l“1

1

m!m!

`

N ´ l
˘2m

λ2l
exp

ˆ

´
mpm ´ 1q

N ´ l

˙

exp

˜

´ O

ˆ

2
m3

pN ´ lq2

˙

¸

` Op4nλ2nq ď rX´s1,N ď

λ2pN´n`1q

n´1
ÿ

m“0

N´n
ÿ

l“1

1

m!m!

pN ´ lq2m

λ2l
exp

ˆ

´
mpm ´ 1q

N ´ l

˙

l jh n

ζm,lpN,λq

`Oλp4n
q
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Therefore variance of first row is:

N
ÿ

iąn

rX´s1,i ď

N
ÿ

iąn

n´1
ÿ

m“0

λ2pi´n`1q

i´n
ÿ

l“1

ζm,lpi, λq ` pN ´ n ` 1qOλp4n
q

N
ÿ

iąn

rX´s1,i ě

N
ÿ

iąn

n´1
ÿ

m“0

λ2pi´mq

i´n
ÿ

l“1

ζm,lpi, λq exp

˜

´ O

ˆ

2
m3

pi ´ lq2

˙

¸

` pN ´ n ` 1qΩp4nλ2nq

4.2 Eigenvalue Statistics of the Sample covariance

Matrix

Overwhelming challenge in unraveling the typical order of the eigenvalues associated

to the sample covariance matrix(which in turn unravels the fate of OLS) is first

establishing the concentration behavior of each individual elements of the sample

covariance matrix.

X´X
˚
´ :“

»

—

—

—

—

—

—

—

—

—

—

–

xy1, y1y . . . xy1, yk`1y . . . xy1, yny

... . . .
... . . .

...

xyk`1, y1y . . . xyk`1, yk`1y . . . xyk`1, yny

... . . .
... . . .

...

xyn, y1y . . . xyn, yk`1y . . . xyn, yny

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

which we will later combine with tools from the perturbation theory to study the
localization of all the eigenvalues of the sample covariance matrix.
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4.2.1 On measure concentration of Sample Covariance ma-
trix

Hermitian Case:

Proposition 6. When A “ A˚, stable and w.l.o.g let λ,ρ be the eigenvalues and

wt, st be the standard normals corresponding to rows k and j, respectively. Then

xyk, yjy is centered (i.e., expectated value is 0) and there exists positive constants

c2,λ, c4,λ, cλ,ρ, dλ,ρ, dλ and dρ such that:

Epxyk, yjy
2
q “ cλ,ρpN ´ 1q ` cλ,ρ

„

dλ,ρ
`

1 ´ opλ,ρq;Np1q
˘

´ dλ
`

1 ´ oλ;Np1q
˘

´ dρ
`

1 ´ oρ;Np1q
˘

ȷ

Epxyk, yky
2
q “ 3c22,λ

„

pN ´ 1q ` c4,λ
`

1 ´ o2λ;Np1q
˘

´ 2c2,λ
`

1 ´ oλ;Np1q
˘

ȷ

.

where given |λ| ă 1, oλ;Np1q is used to denote a term vanishing to 0 as N approaches

infinity.

Proof. Simply notice that:

xyk, yjy “

N´1
ÿ

i“1

ˆ i
ÿ

t“1

λi´twt´1

˙ˆ i
ÿ

t“1

ρi´tst´1

˙

, Furthermore, E
ˆ

@

yk, yj
D2

˙

“

N´1
ÿ

i“1

ˆ i
ÿ

t“1

λ2pi´tq

˙ˆ i
ÿ

t“1

ρ2pi´tq

˙

“

řN´1
i“1

`

1 ´ λ2i
˘`

1 ´ ρ2i
˘

p1 ´ λ2qp1 ´ ρ2q

“
N ´

řN´1
i“1 pλ2i ` ρ2iq ` pλρq2i

p1 ´ λ2qp1 ´ ρ2q
.
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Diagonal elements are centered at:

Exyk, yky “

N´1
ÿ

i“1

E

«

ˆ i
ÿ

t“1

λi´twt´1

˙2
ff

“

N´1
ÿ

i“1

i
ÿ

t“1

λ2pi´tq
“ c2,λpN ´ 1q

´ c22,λ
`

1 ´ oλ;Np1q
˘

Now simply recall that:

Epxyk, yky
2
q “

3

p1 ´ λ2q2

N´1
ÿ

i“1

p1 ´ λ2iq2 “
3pN ´ 1q

p1 ´ λ2q2
`

3p1 ´ λ4Nq

p1 ´ λ2q2p1 ´ λ4q

´
6p1 ´ λ2Nq

p1 ´ λ2q2p1 ´ λ2q

Therefore variance of xyk, yky

3pN ´ 1qc22,λ ` 3c22,λc4,λ
`

1 ´ o2λ;Np1q
˘

´ 6c32,λ
`

1 ´ oλ;Np1q
˘

´ c22,λpN ´ 1q
2

´ c42,λ
`

1 ´ oλ;Np1q
˘2

` 2c32,λpN ´ 1q
`

1 ´ oλ;Np1q
˘

Remark 18. This implies that xyk, yky is centered at c2,λpN ´ 1q ´ c22,λ
`

1 ´ oλ;Np1q
˘

with fluctuation of size:

ˆ

3pN ´ 1qc22,λ ` 3c22,λc4,λ
`

1 ´ o2λ;Np1q
˘

´ 6c32,λ
`

1 ´ oλ;Np1q
˘

´ c22,λpN ´ 1q
2

´ c42,λ
`

1 ´ oλ;Np1q
˘2

` 2c32,λpN ´ 1q
`

1 ´ oλ;Np1q
˘

˙
1
2

On the other hand, now ignoring constants related to eigenvalues λ, ρ e.t.c)off-diagonal

entries of the sample covariance matrix pX´X
˚
´q, xyk, yjy P r´

?
N,

?
N s w.p 1. and

xyk, yky P rN ´
?
N,N `

?
N s.
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Theorem 19. For Hermitian stable case, ignoring all the other parameters besides

n and N , we have that for all j P rns:

N ´ n
?
N ď λj

`

X´X
˚
´

˘

ď N ` n
?
N (4.25)

Proof. According to Gershgorins’ theorem all the eigenvalues of X´X
˚
´ lies inside

disc centered at xyj, yjy with radius
řn

k‰j |xyj, yky| for some j P rns. Result follows

from proposition 6 and preceding remark.

Non-Hermitian case: Now we will study concentration for an extreme non Hermi-

tian case S-w-SSCs: which allows for many intricate spatial and temporal correlations

between elements of the data matrix. Evident from the previous section, giving typ-

ical size to the elements of the sample covariance matrix will require painstaking

attention to time evolution of the dynamics in every row. Since the rows have a

causal structure: i.e., yk is itself a function of ryk`1, . . . , yns so we will start from yn.

In this working draft, we managed to extract concentration behavior for the last two

rows and it becomes evident how off diagonal terms are quiet large which will lead to

transient behavior of OLS, but recursive framework of time evolution of one row in

terms of rows beneath it will be extremely helpful in getting concentration for all the

entries. Writing the rows of the data in compact form when dynamics correspond to

S ´ w ´ SSCs:

xyj, êiy “

i
ÿ

t“1

pi´tq^pn´jq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
@

wt´1, em`j

D

Furthermore, xyn´1, êi`1y “ λxyn´1, êiy ` xwi, en´1y ` xyn, êiy (4.26)

Let, si :“
i

ÿ

t“1

λi´twt´1
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In order to understand the cross correlation between the rows of the data matrix, we

leverage upon (4.26)

xyn´1, yny “

N´1
ÿ

i“1

ˆ i
ÿ

t“1

λi´t
xwt´1, en´1y `

i´1
ÿ

t“1

λi´t´1
xwt´1, eny

˙ˆ i
ÿ

t“1

λi´t
xwt´1, eny

˙

“

N´1
ÿ

i“1

`

xsi, en´1y ` λ´1
xsi´1, eny

˘

xsi, eny

“

N´1
ÿ

i“1

`

xsi, en´1y ` λ´1
xsi´1, eny

˘`

λxsi´1, eny ` xwi´1, eny
˘

“

N´1
ÿ

i“1

«

i´1
ÿ

t“1

λ2pi´tq´1
xwt´1, eny

2
` xsi, en´1yxsi, eny

` xwi´1, eny

i
ÿ

t“1

λi´t
xwt´1, en´1y

ff

Exyn´1, yny “ λ´2
N´1
ÿ

i“1

i´1
ÿ

t“1

λ4pi´tq
“

1

λ´2p1 ´ λ4q

N´1
ÿ

i“1

`

1 ´ λ4i
˘

(4.27)

“ λ´2c4,λ

„

pN ´ 1q ´ c4,λ
`

1 ´ o2λ;Np1q
˘

ȷ

`

Exyn´1, yny
˘2

“ λ´4c24,λ

„

pN ´ 1q ´ c4,λ
`

1 ´ o2λ;Np1q
˘

ȷ2

.

Also notice that for i1 ą i, si1 “ λpi1´iqsi `
ři1

t“i`1 λ
i1´twt´1, because:

si1 “

i1
ÿ

t“1

λi
1´twt´1 “

i
ÿ

t“1

λi
1´twt´1`

i1
ÿ

t“i`1

λi
1´twt´1 “ λpi1´iq

i
ÿ

t“1

λi´twt´1`

i1
ÿ

t“i`1

λi
1´twt´1

(4.28)
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Now consider:

E
ˆ N´1

ÿ

i“1

xsi, en´1yxsi, eny

˙2

“

N´1
ÿ

i“1

E
“

xsi, en´1y
2
xsi, eny

2

` 2
ÿ

i1ąi

xsi, en´1yxsi, enyxsi1 , en´1yxsi1 , eny
‰

,

where:

ÿ

i1ąi

@

λpi1´iqsi `

i1
ÿ

t“i`1

λi
1´twt´1, en´1

D@

λpi1´iqsi `

i1
ÿ

t“i`1

λi
1´twt´1, en

D

“
ÿ

i1ąi

p
@

λpi1´iqsi, en´1

D

`
@

i1
ÿ

t“i`1

λi
1´twt´1, en´1

D

qp
@

λpi1´iqsi, en
D

`
@

i1
ÿ

t“i`1

λi
1´twt´1, en

D

q.

Therefore,

2
N´1
ÿ

i“1

Exsi, en´1yxsi, eny
ÿ

i1ąi

pxλpi1´iqsi, en´1yxλpi1´iqsi, eny ` xλpi1´iqsi, en´1y

x

i1
ÿ

t“i`1

λi
1´twt´1, eny ` x

i1
ÿ

t“i`1

λi
1´twt´1, en´1yxλpi1´iqsi, eny

` x

i1
ÿ

t“i`1

λi
1´twt´1, en´1yx

i1
ÿ

t“i`1

λi
1´twt´1, enyq
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Simplifies to,

2
N´1
ÿ

i“1

N´1
ÿ

i1ąi

λ2pi1´iqExsi, en´1y
2Exsi, eny

2
“ 2

N´1
ÿ

i“1

N´1
ÿ

i1ąi

λ2pi1´iq

ˆ i
ÿ

t“1

λ2pi´tq

˙2

“ 2c22,λ

N´1
ÿ

i“1

`

1 ´ λ2i
˘2

N´1
ÿ

i1ąi

λ2pi1´iq
“ 2c22,λ

N´1
ÿ

i“1

`

1 ´ λ2i
˘2

N´1´i
ÿ

s“1

λ2s

“ 2c32,λ

N´1
ÿ

i“1

`

1 ´ λ2i
˘2`

1 ´ λ2pN´iq
˘

“ 2c32,λ

„

pN ´ 1q ` c4,λ
`

1 ´ o2λ;Np1q
˘

´ 2c2,λ
`

1 ´ oλ;Np1q
˘

ȷ

´ 2c32,λ

N´1
ÿ

i“1

`

1 ´ λ2i
˘2
λ2pN´iq,

where we can further simplify

2c32,λ

N´1
ÿ

i“1

`

1 ´ λ2i
˘2
λ2pN´iq

“ 2c32,λ

N´1
ÿ

i“1

`

λ2pN´iq
` λ2pN`iq

´ 2λ2N
˘

“ ´4c32,λλ
2N

`

N ´ 1
˘

` 2c32,λ
`

1 ` λ2N
˘

N´1
ÿ

i“1

λ2i.

Furthermore, consider the following term:

N´1
ÿ

i“1

i´1
ÿ

t“1

λ2pi´tq´1
xwt´1, eny

2
“ λ´2

N´2
ÿ

t“1

ˆ N´t
ÿ

l“1

λ2l
˙

xwt´1, eny
2,

and

E

«

λ´2
N´2
ÿ

t“1

ˆ N´t
ÿ

l“1

λ2l
˙

xwt´1, eny
2

ff2

“ 3λ´4c42,λ

„

pN ´ 2q ` c4,λλ
4
`

λ4 ´ o2λ;Np1q
˘

ȷ

` 2λ´4
N´2
ÿ

t“1

N´2
ÿ

t1ąt

N´t
ÿ

l“1

N´t1
ÿ

l1“1

λ2pl1`lq,
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where

2λ´4
N´2
ÿ

t“1

N´2
ÿ

t1ąt

N´t
ÿ

l“1

N´t1
ÿ

l1“1

λ2pl1`lq
“ 2c2,λλ

´4
N´2
ÿ

t“1

N´2
ÿ

t1ąt

N´t
ÿ

l“1

λ2lp1 ` λ2pN´t1`1q
q

2c2,λλ
´4

N´2
ÿ

t“1

N´2
ÿ

t1ąt

`

N´t
ÿ

l“1

λ2l ` λ2pN´t1`1q

N´t
ÿ

l“1

λ2l
˘

“ 2c22,λλ
´4

N´2
ÿ

t“1

N´2
ÿ

t1ąt

`

r1 ` λ2pN´t`1q
s

` λ2pN´t1`1q
r1 ` λ2pN´t`1q

s
˘

“ c22,λλ
´4

«

ˆ

pN ´ 2q `

N´2
ÿ

t“1

λ2pN´t`1q

˙2

´

N´2
ÿ

t“1

`

1 ` λ2pN´t`1q
˘2

ff

“ c22,λλ
´4

ˆ

N ´ 2 ` c2,λλ
6
`

1 ` λ2pN´2q
˘

˙2

´ c22,λλ
´4

„

pN ´ 2q ` c4,λλ
4p3q

`

1 ` λ4pN´2q
˘

` 2c2,λλ
2p3q

`

1 ` λ2pN´2q
˘

ȷ

“ c22,λλ
´4

«

pN ´ 2q
2

` c22,λλ
2p6q

`

1 ` λ2pN´2q
˘2

´ pN ´ 2q ´ c4,λλ
4p3q

`

1 ` λ4pN´2q
˘

´ 2c2,λλ
2p3q

`

1 ` λ2pN´2q
˘

ff

Now we are only left with the task of bounding

E
ˆ N´1

ÿ

i“1

i
ÿ

t“1

λi´t
xwi´1, enyxwt´1, en´1y

˙2

“

N´1
ÿ

i“1

E

«

`

i
ÿ

t“1

λi´t
xwi´1, enyxwt´1, en´1y

˘2

` 2
ÿ

i1ąi

`

xsi, en´1yxwi´1, eny
˘`

xλpi1´iqsi `

i1
ÿ

t“i`1

λi
1´twt´1, en´1yxwi1´1, eny

˘

ff

“

N´1
ÿ

i“1

E
`

x

i
ÿ

t“1

λi´twt´1, en´1yxwi´1, eny
˘2

“

N´1
ÿ

i“1

E
`

xsi, en´1yxwi´1, eny
˘2

“

N´1
ÿ

i“1

Epxsi, en´1y
2
q “

N´1
ÿ

i“1

i
ÿ

t“1

λ2pi´tq
“ c2,λpN ´ 1q ´ c22,λ

`

1 ´ oλ;Np1q
˘

Theorem 20. Standard deviation of xyn´1, yny, SD
`

xyn´1, yny
˘

“ OpN ´ 2q and
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there exists positive constants independent of N , κλ,1 and κλ,2 such that

xyn´1, yny P
“

κλ,1, 2N ´ κλ,2
‰

(4.29)

Proof. Proof follows the general computational procedure, we know from (4.27) an-

alytic expression of Exyn, yn´1y

E
ˇ

ˇxyn´1, yny ´ Exyn´1, yny
ˇ

ˇ

2
“ 2c32,λ

„

pN ´ 1q ` c4,λ
`

1 ´ o2λ;Np1q
˘

´ 2c2,λ
`

1 ´ oλ;Np1q
˘

ȷ

` c2,λpN ´ 1q ´ c22,λ
`

1 ´ oλ;Np1q
˘

´ λ´4c24,λ

„

pN ´ 1q ´ c4,λ
`

1 ´ o2λ;Np1q
˘

ȷ2

` 4c32,λλ
2N

`

N ´ 1
˘

´ 2c42,λ
`

1 ` λ2N
˘2

` 3λ´4c42,λ

„

pN ´ 2q ` c4,λλ
4
`

λ4 ´ o2λ;Np1q
˘

ȷ

` c22,λλ
´4

«

pN ´ 2q
2

` c22,λλ
2p6q

`

1 ` λ2pN´2q
˘2

´ pN ´ 2q

´ c4,λλ
4p3q

`

1 ` λ4pN´2q
˘

´ 2c2,λλ
2p3q

`

1 ` λ2pN´2q
˘

ff

.

From (4.27) we know that Exyn, yn´1y “ OpN ´ 1q and result follows.

Remark 21. This is where things start getting tricky, compared to at most typical

size of Op
?
Nq in Hermitian case for off-diagonal terms from remark 18,rows with

typical size of N ˘
?
N and polynomial in N can have a typical size of correlation

`

N ´1
˘

˘O
`

N ´2
˘

. As the higher rows will have higher typical size and off-diagonal

terms can potentially be OpNn´1q, which we will study in future work.

Typical size of the rows As we will shortly see afterwards, in order to get typical

order of the bulk eigenvalues, one will need typical order of all the rows, which brings

us to:
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Proposition 7. Sequnce of random variables
@

yj, ên´pj´1q

D

jPrns
are centered at 0 and:

O

ˆ n´pj´1q
ÿ

k“j

n´k
ÿ

m“0

ˆ

n ´ k

m

˙2

λ2pn´k´mq

˙
1
2

(4.30)

xyj, êiy “

i
ÿ

t“1

pi´tq^pn´jq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
@

wt´1, em`j

D

, (4.31)

xy2, ên´1y “

n´1
ÿ

t“1

n´1´t
ÿ

m“0

ˆ

n ´ 1 ´ t

m

˙

λn´1´t´m
xwt´1, em`2y, (4.32)

is centered at 0, weighted sum of independent npn´1q

2
standard normals with variance:

4nλ2nLλ,np2q ď E
`

xy2, ên´1y
2
˘

“

n
ÿ

k“2

n´k
ÿ

m“0

ˆ

n ´ k

m

˙2

λ2pn´k´mq
ď 4nλ2nUλ,np2q, (4.33)

and repeating the recursion we have for k P r0, . . . , n ´ 1s,

4nλ2nLλ,npk ` 1q ď Epxyk`1, ên´ky
2
q ď 4nλ2nUλ,npk ` 1q (4.34)

4.2.2 Interlacing the eigenvalues of Sample Covariance ma-
trix

We will use Courant-Fischer for the distribution of eigenvalues corresponding to the

sample covariance matrix, Σn :“ X´X
˚
´

λ1pΣnq ě λ2pΣnq ě . . . λnpΣnq ą 0. (4.35)
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Σn :“

»

—

—

—

—

—

—

—

—

—

—

–

xy1, y1y . . . xy1, yk`1y . . . xy1, yny

... . . .
... . . .

...

xyk`1, y1y . . . xyk`1, yk`1y . . . xyk`1, yny

... . . .
... . . .

...

xyn, y1y . . . xyn, yk`1y . . . xyn, yny

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Σn´k be the modified sample covariance matrix with first k´ columns and rows

removed

Σn´k :“

»

—

—

—

—

–

xyk`1, yk`1y . . . xyk`1, yny

... . . .
...

xyn, yk`1y . . . xyn, yny

fi

ffi

ffi

ffi

ffi

fl

Now we have a task of comparing the eigenvalues of both matrices, letting Vi denote

i´ th dimensional subspace:

λipΣnq :“ sup
ViĂRn

inf
yPSn´1XVi

›

›Σny
›

›, and λi
`

Σn´k

˘

:“ sup
ViĂRn´k

inf
zPSn´k´1XVi

›

›Σn´kz
›

›

(4.36)

Not hard to realize that for i “ r1, . . . , n ´ ks

λipΣnq ě λipΣn´kq ě λk`ipΣnq. (4.37)

Just to be hands on, fix n “ 3, k “ 1 and vary i from 1 to 2 and notice:

λ1pΣ3q ě λ1pΣ2q ě λ2pΣ3q ě λ2pΣ2q ě λ3pΣ3q, Now for:n “ 4, k “ 1, i P r3s

λ1pΣ4q ě λ1pΣ3q ě λ2pΣ4q ě λ2pΣ3q ě λ3pΣ4q ě λ3pΣ3q ě λ4pΣ4q, (4.38)
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and one trivially notices that if dynamics follow S-w-SSCs and one increase the di-

mension,

4.3 Smallest eigenvalue

will always be upper bounded by λ1pΣ1q “ xyn, yny “ }yn}2, where recall from (4.16)

that:

xyn, êiy “

i
ÿ

t“1

λi´t
xwt´1, eny (4.39)

i.e., typical size of standard scalar ARMA trajectory of length N . Furthermore:

Theorem 22 (Upper bounding the smallest singular value for all stable dynamics).

Least singular value of the data matrix is essential upper bounded by the typical size of

the scalar stable, length N ARMA trajectory. Ignoring constant that can potentially

only depend on eigenvalue of A,

σ2
npX´q P p0, N `

?
N s, w.p. 1. (4.40)

Proof. From interlacing theorem we have that:

P
`

σ2
npX´q ě δ

˘

“ P
`

λnpΣnq ě δ
˘

ď P
`

λ1pΣ1q
˘

“ P
`

}yn}
2

ě δ
˘

σ2
npX´q

N
ÝÑ p0, 1s.

and as discussed in Remark 18, xyn, yny P rN ´
?
N,N `

?
N s w.p 1

Fix a row of the data matrix X´, in order to get lower bound and better estimates

on the least singular value, one needs to quantify its’ distance from the span of

remaining rows of data matrix. As we can take conjugate transpose and write least
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singular value of the data matrix as:

σnpX´q :“ inf
aPSn´1

}X˚
´a}2 (4.41)

Leveraging upon the Hilbertian structure(orthogonal projections/inner products),

given any subspace V Ă Rn, we have that:

}X˚
´a}

2
2 “ }PV pX˚

´aq}
2
2 ` }PV KpX˚

´aq}
2
2 ě }PV KpX˚

´aq}
2
2. (4.42)

Therefore,

›

›X˚
´a

›

›

2
ě |ai|dpyi, niq, for all i P rns. (4.43)

Now if a P Sn´1, then there exists an i P rns such that |ai| ě 1?
n
. Subsequently,

P

ˆ

inf
aPSn´1

}X˚
´a} ď δ

˙

“ P

ˆ

D a P Sn´1 : }X˚
´a} ď δ

˙

ď P

ˆ

D j P rns :
dpyj, njq

?
n

ď δ

˙

(4.44)

1. when we have independent rows union bound is not terribly wasteful, so:

P
`

σnpX´q ď δ
˘

ď

n
ÿ

j“1

P
ˆ

dpyj, njq ď δ
?
n

˙

(4.45)

Let wj P SN´1 be orthogonal unit vector to subspace nj(not necessarily unique),

if the rows are independent then wj can be chosen independently of yj. There-

fore:

xwj, yjy “ xwj, PnK
j
yjy ď

›

›PnK
j
yj

›

› “ dpyj, njq, (4.46)
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where inequality follows from Cauchy-Schwarz. Consequently:

P
ˆ

dpyj, njq ď δ
?
n

˙

ď P
ˆ

xwj, yjy ď δ
?
n

˙

, (4.47)

where controlling the last term is commonly studied under the name of anti-

concentration or small ball probability.

2. rows with strong correlation(S-w-SSC-s), then union bound will essentially con-

clude vacuous estimates so its’ better to bound

P
`

σnpX´q ď δ
˘

ď P
ˆ

min
jPrns

dpyj, njq ď δ
?
n

˙

(4.48)

It turns out that distance estimates between a length N random vector(that

represents the scalar ARMA trajectory) and N ´ n ` 1 dimensional subspace as in

subsection 4.3.3, play a crucial role in dictating the least singular value of the data

matrix and consequently provide an upper bound on the estimation error related to

OLS for identification of LTI systems as in (3.12). As we can take conjugate transpose

and write least singular value of the data matrix as:

σnpX´q :“ inf
aPSn´1

}X˚
´a}2 (4.49)

Leveraging upon the Hilbertian structure(orthogonal projections/inner products),

given any subspace V Ă Rn, we have that:

}X˚
´a}

2
2 “ }PV pX˚

´aq}
2
2 ` }PV KpX˚

´aq}
2
2 ě }PV KpX˚

´aq}
2
2. (4.50)
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Therefore,

›

›X˚
´a

›

›

2
ě |ai|dpyi, niq, for all i P rns. (4.51)

Now if a P Sn´1, then there exists an i P rns such that |ai| ě 1?
n
. Subsequently,

P

ˆ

inf
aPSn´1

}X˚
´a} ď δ

˙

“ P

ˆ

D a P Sn´1 : }X˚
´a} ď δ

˙

ď P

ˆ

D j P rns :
dpyj, njq

?
n

ď δ

˙

• when we have independent rows union bound is not terribly wasteful, so:

P
`

σnpX´q ď δ
˘

ď

n
ÿ

j“1

P
ˆ

dpyj, njq ď δ
?
n

˙

(4.52)

Let wj P SN´1 be orthogonal unit vector to subspace nj(not necessarily unique),

if the rows are independent then wj can be chosen independently of yj. There-

fore:

xwj, yjy “ xwj, PnK
j
yjy ď

›

›PnK
j
yj

›

› “ dpyj, njq, (4.53)

where inequality follows from Cauchy-Schwarz. Consequently:

P
ˆ

dpyj, njq ď δ
?
n

˙

ď P
ˆ

xwj, yjy ď δ
?
n

˙

, (4.54)

where controlling the last term is commonly studied under the name of anti-

concentration or small ball probability.

• rows with strong correlation(S-w-SSC-s), then union bound will essentially con-
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clude vacuous estimates so its’ better to bound

P
`

σnpX´q ď δ
˘

ď P
ˆ

min
jPrns

dpyj, njq ď δ
?
n

˙

(4.55)

4.3.1 Decomposition of sphere based on compressibility

Ideas and notation in this subsection heavily borrows from the work of [26], [28] and

[29]. For a better estimate of least singular value, one has to take infimum separatley

over compressibe and incompressible elements of n´ dimensional unit sphere.

Definition 7. We define the support of a vector x P Rn as

supppxq :“ rj P rns : xx, ejy ‰ 0s. (4.56)

For J Ă rns, we define SJ as set of unit vectors supported on J . Given ϵ ą 0 and V Ă

Rn, set of vectors with in ϵ euclidean distance from V are denoted by Vϵ. Compressible

vectors with parameters pδ, ϵq are unit vectors which are within ϵ euclidean distance

from some vector supported on at most δn coordinates and mathematically defined

as:

Comppδ, ϵq :“ Sn´1
č ď

JPpδn
n q

`

SJ
˘

ϵ
. (4.57)

and complementary set of incompressible vectors:

Incomppδ, ϵq :“ Sn´1
zComppδ, ϵq (4.58)

Lemma 5. For a square random matrix M with i.i.d enteries

P
ˆ

inf
uPIncomppδ,ϵq

›

›Mu
›

› ď
t

?
n

˙

ď
1

δn

n
ÿ

i“1

P
ˆ

dpyi, niq

˙

(4.59)
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Lemma 6. Fix δ, ϵ P p0, 1q and let v P Incomppδ, ϵq, there is a set P` Ă rns with

|P`| ě δn and |vj| ě ϵ?
n
for all j P P`. Moreover, for all λ ě 1 there is a set

P Ă rns with |P | ě p1 ´ 1
λ2 qδn such that for all j P P

ϵ
?
n

ď |vj| ď
λ

?
δn

(4.60)

Proof. Take P` :“ tj : |vj| ě ϵ?
n

u, as v is at least distance ϵ from any unit vector

with support at most δn, so 1 “
ř

jPprnszP`q
|vj|

2 `
ř

jPP` |vj|
2 ě

ř

jPprnszP`q
|vj|

2 `

ϵ2

n
|P`|

Let 0 ă ν1 :“ p1 ´ 1
λ2 qδ, ν2 :“ ϵ ă 1 and ν3 :“ λ?

δ
ą 1. It is imperative to notice

that regardless of x P Incomppδ, ϵq, pν1, ν2, ν3q are only dependent on pδ, ϵq.

Controlling the infimum over the incompressible vectors. Let p :“ P
`

dpyk, nkq ă

ϵ1
˘

. Then notice that under the assumption of independence between the rows,

E
ˇ

ˇtk : dpyk, nkq ă ϵu
ˇ

ˇ “

n
ÿ

k“1

kP
`

B “ k
˘

“

n
ÿ

k“1

k

ˆ

n

k

˙

pkp1 ´ pq
n´k

“ np. (4.61)

If we denote by U the event that the cardinality of the set, σ1 :“ tk : dpyk, nkq ě ϵ1u

contains more that p1´ν1qn elements. Then by Chebyshevs’ inequality we have that:

PpU c
q ď

p

ν1
(4.62)

and eventually:

P
ˆ

inf
aPIncomppδ,ϵq

›

›X˚
´a

›

› ă
ϵ1ν2
?
n

˙

ď PpU c
q ď

P
`

dpyk, nkq ă ϵ1
˘

ν1
(4.63)

It is not too difficult to realize now, when dynamics are generated from Hermitian lin-

ear transformation, we can use concentration of measure to understand the behavior
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of least singular value.

4.3.2 Distance of a random vector to fixed subspace

These distance estimates have been an integral part of recent breakthrough progress

in Random Matrix Theory. However, the problem under dynamical systems setting

is much more complicated as: observations in every row are correlated and different

rows are themselves correlated. We will first focus on dealing the former problem. A

good starting point is quantifying distance between a random row of length N and

an n ´ 1 dimensional subspace of RN .

Theorem 23. Let V be a fixed n ´ 1 dimensional subspace of RN , and random

vector x ∼ Np0, INq where we assme that N ą n, with probability 1 distance function

concentrates around rpN ´ n` 1q ´
a

2pN ´ n ` 1q, pN ´ n` 1q `
a

2pN ´ n ` 1qs.

Proof. Let P be the projection matrix associated with the subspace V . By the

definintion of projection matrix we have that P P RNˆN–if this is confusing, think of

P as SVD where it acts as an identity on n ´ 1 basis vectors in RN that define V-,

TrpP q “
řN

i“1 pii “ n ´ 1 and P “ P ˚ “ P 2. Let A “ P´ Diag(p11, . . . , pNN), so

diagonal elements of A: paiiq
N
i“1 are zeros and non-diagonal are same as projection

matrix. Pythagoreous theorem reveals:

d2px,Vq “ }x}
2

´ xx, Pxy “

N
ÿ

i“1

p1 ´ piiqx
2
i ´

N
ÿ

j,k“1

ajkxkxj

Taking expectation, while keeping in mind Erxkxjs “ 0 for k ‰ j and trace equality,

reveals:

Erd2px,Vqs “ N ´ n ` 1 (4.64)

However, in order to use Chebyshev inequality that will lead to concentration
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result for d2px, V q, we need to compute:

V arrd2px, V qs “ Ed4px, V q ´ pN ´ n ` 1q
2

“ E
„

`

N
ÿ

i“1

p1 ´ piiqx
2
i ´

N
ÿ

j,k“1

ajkxkxj
˘2

ȷ

´ pN ´ n ` 1q
2

“

N
ÿ

i“1

„

3p1 ´ piiq
2

` 2p1 ´ piiq
ÿ

jąi

p1 ´ pjjq

ȷ

´ pN ´ n ` 1q
2

` ErY 2
s.

(4.65)

Where (4.65) follows from Stein’s Lemma; if w ∼ N p0, σ2q, then for any odd power

k, Ewk “ 0 and for all k P N we have higher moments Ew2k “ σ2k
śk

l“1p2l ´ 1q. Let

Y :“
řN

j,k“1 ajkxkxj and notice that EpY 2q “ 2TrpA2q, where:

TrpA2
q “ TrpP 2

q ´

N
ÿ

i“1

p2ii “

N
ÿ

i“1

N
ÿ

j“1

p2ij ´

N
ÿ

i“1

p2ii “ TrpP q ´

N
ÿ

i“1

p2ii

The remaining terms in (4.65),

N
ÿ

i“1

r3p1 ´ piiq
2

` 2p1 ´ piiq
ÿ

jąi

p1 ´ pjjqs “

N
ÿ

i“1

2p1 ´ piiq
2

` rTrpI ´ P qs
2

“

N
ÿ

i“1

2p1 ´ piiq
2

` pN ´ n ` 1q
2.

But,
N
ÿ

i“1

2p1 ´ piiq
2

` 2TrpA2
q “ 2rN ´ n ` 1s. (4.66)

Therefore, V arrd2px,Vqs “ 2pN ´ n ` 1q

Consequently, Tchebyshev implies with probability 1, d2px,Vq P rpN ´ n ` 1q ´

a

2pN ´ n ` 1q, pN ´ n ` 1q `
a

2pN ´ n ` 1qs
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ΣN,λ :“

¨

˚

˚

˚

˚

˝

1 λ λ2 . . . . . .
λ 1 ` λ2 λ3 ` λ . . . . . .
λ2 λ3 ` λ 1 ` λ2 ` λ4 . . . . . .
. . . . . . . . . . . . . . .
λN´1 λN ` λN´1 . . . . . . λ2pN´1q ` λ2pN´2q ` . . . ` 1

˛

‹

‹

‹

‹

‚

4.3.3 Covariance estimate via moment method

Now instead of each element of the row being independent, it now corresponds to

one dimensional ARMA trajectory of length N as in (1.14) and its’ distance from a

fixed subspace V is:

d2px,Vq “

N
ÿ

i“1

p1 ´ piiqx
2
i ´ 2

N
ÿ

j“1

N
ÿ

kąj

pjkxkxj.

Exploiting the Markovian structure of the dynamics for k ą j:

xk “ λrk´jsxj ` λrk´js´1wj ` λrk´js´2wj`1 ` . . . ` wk´1

xkxj “ λrk´jsx2j `
`

λrk´js´1wj ` λrk´js´2wj`1 ` . . . ` wk´1

˘

xj.

Trace and elements of the covariance matrix ΣN,λrk, js :“ Erxkxjs are

TrpΣN,λq “

N
ÿ

j“1

ΣN,λrj, js “ E
“

N
ÿ

i“1

x2i
‰

“

N
ÿ

i“1

iλ2pN´iq (4.67)

ΣN,λrk, js “ λrk´jsErx2j s “ λrk´js
p1 ` λ2 ` . . . ` λ2rk´js´1

q, (4.68)

In the presence of temporal correlation between elements of the row vectors we

need a tight control on the spectrum of the covariance matrix, shown in 4.3.3.
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Theorem 24. There exists positive constants cλ,1, cλ,2 and cλ,3 such that for all N P N

cλ,1N ´ cλ,2 ď TrpΣN,λq ď cλ,1N ´ cλ,2 ` cλ,1

ˆ

1 ´
cλ,3
N

˙

. (4.69)

Where cλ,1 “
|λ|´2

ln |λ|´2 ,cλ,2 “
|λ|´2

rln |λ|´2s2
and cλ,3 “ 1

ln |λ|´2 . Consequently,

Ω
`

1
˘

ď
›

›Σ
1
2
N,λ

›

›

2
ď OpN

1
2 q.

Moreover, there exists a constant dλ,1 and positive constant dλ,2 such that:

›

›ΣN,λ

›

›

2

F
“ TrpΣ2

N,λq “ dλ,2N ` oλ;Np1q ` dλ,1, (4.70)

where given |λ| ă 1, we use notation oλ;Np1q to represent a term dependent on λ but

going to zero as N Ñ 8. Furthermore, (4.70) implies even better control on }Σ
1
2
N,λ}2:

Ωp1q ď }Σ
1
2
N,λ}2 ď OpN

1
4 q. (4.71)

Proof. Recall from equation (4.67), TrpΣN,λq “ E
“

řN
i“1 x

2
i

‰

“
řN

i“1 iλ
2pN´iq. Now

we can control the value of trace by lower bounding it by area under an appropriate

curve, similarly upper bounding it by area of some curve. Let a :“ ln |λ|´1, then:

ż N

0

xe2axdx ď

N
ÿ

i“1

iλ´2i
ď

ż N

0

px ` 1qe2apx`1qdx (4.72)
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Frobenius norm estimates follows by noticing:

›

›ΣN,λ

›

›

2

F
“

N
ÿ

j“1

|Erx2j s|
2

` 2
N
ÿ

kąj

|Erxjxks|
2

“ 2
N
ÿ

j“1

“

1 `

N
ÿ

kąj

|λ|
2rk´js

‰

|Erx2j s|
2

´

N
ÿ

j“1

|Erx2j s|
2

“
4N

r1 ´ |λ|2s3
|λ|

2pN`1q
´ 2|λ|

2pN`1q

N
ÿ

j“1

“

|λ|
2j

` |λ|
´2j

‰

`
1

r1 ´ |λ|2s2

“ 2

r1 ´ |λ|2s
´ 1

‰

N
ÿ

j“1

“

1 ´ |λ|
2j

‰2
“

4N

r1 ´ |λ|2s3
|λ|

2pN`1q
´ 2

“

1 ´ |λ|2N
‰

|λ|2

1 ´ |λ|2

“

1 ` |λ|
2pN`1q

‰

`
1

r1 ´ |λ|2s2

“ 2

r1 ´ |λ|2s
´ 1

‰“

N `
|λ|4

`

1 ´ |λ|4N
˘

1 ´ |λ|4
`

|λ|2
`

1 ´ |λ|2N
˘

1 ´ |λ|2

‰

Remark 25 (The moment method:). notice that how computing trace of higher pow-

ers of covariance matrix leads to better estimates of operator norm of covariance

matrix. Let λ1 ě λ2 ě . . . λN ą 0 be the eigenvalues of ΣN,λ, as trace of a matrix

equals sum of its eigenvalues and operator norm of positive definite matrix equals

largest positive eigenvalue , we have for any k P N:

›

›ΣN,λ

›

›

k

2
“ λk1 ď

N
ÿ

i“1

λki “ TrpΣk
N,λq ď Nλk1 “ N

›

›ΣN,λ

›

›

k

2

implying,
T rpΣk

N,λq
1
k

N
1
k

ď
›

›ΣN,λ

›

›

2
ď TrpΣk

N,λq
1
k . (4.73)

That is by computing trace of higher powers of ΣN,λ, one can get a tight control on

estimate of }ΣN,λ

›

›

2
which will reveal order of the deviation of underlying quadratic

form of interest in terms of state space dimensions and number of iterations. It is

important to point out that we believe that Ωp1q ď }Σ
1
2
N,λ}2 ď OpN

1
4 q in (4.71) can be

improved to }Σ
1
2
N,λ}2 “ Θp1q as suggested by dimension independent tensorization of

Talagrands’ inequality in Theorem 2, by computing higher powers of trace.
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Theorem 26. Let x “ px1, x2, . . . , xNq be the trajectory of length N from one dimen-

sional ARMA model (1.14), with stable eigenvalue λ and V be an n´ 1 dimensional

subspace of RN , then:

Ed2px, V q “ TrpΣN,λPV Kq ď }ΣN,λ}F }PV K}F (4.74)

“ O

ˆ

b

“

dλ,2N ` oλ;Np1q ` dλ,1
‰

pN ´ n ` 1q

˙

.

Furthermore, there exists positive constants cλ and c such that for all δ ą 0:

P

ˆ

|d2px, V q ´ TrpΣN,λPV Kq| ěδcλN
1
2 pN ´ n ` 1q

1
4

˙

ď exp p´cδ2q, (4.75)

implying fluctuation of d2 around its mean, are of order OλpN
1
2 pN ´ n ` 1q

1
4 q

Proof. We know from application of C-S, TrpΣN,λPV Kq ď }ΣN,λ}F }PV K}F . Orthog-

onal projections satisfy, }PV K}F :“
a

TrpPV KPV Kq “
?
N ´ n ` 1 and first result in

(4.74) follows from Frobenius norm control of ΣN,λ given in (4.70).

From Talagrands’ inequality, we know that:

P

ˆ

ˇ

ˇdpx, V q ´ Edpx, V q
ˇ

ˇ ě δ
›

›Σ
1
2
N,λ

›

›

˙

ď exp
`

´ δ2
˘

. (4.76)

Therefore, fluctuations of d2 around its mean are at most of order O
`›

›Σ
1
2
N,λ

›

›Edpx, V q
˘

,

result now follows by using Jensens’ inequality and ℓ2 norm estimate of Σ
1
2
N,λ given

in (4.71).

Remark 27. Notice that d2px, V q “

B

zN ,Σ
1
2
N,λPV KΣ

1
2
N,λzN

F

for zN ∼ Np0, INq, so

it is a quadratic form and we just saw its’ deviation around mean is at most of order

N
1
2 pN ´ n ` 1q

1
4 . Most of the literature on sample complexity of system identifica-

tion type problems, study quadratic forms using Hanson-Wright inequality([30]) which
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gives deviation in terms of }Σ
1
2
N,λPV KΣ

1
2
N,λ}F , }Σ

1
2
N,λPV KΣ

1
2
N,λ}2; our result suggest us-

ing moment methods and approximation techniques (we used in preceding theorems )

to unravel potential hidden dependencies on dimensionality and iterations while using

Hanson-Wright.

Proposition 8. Few tail estimates that will be really helpful understanding least

singular value of the data matrix(Hermitian case)

TrpΣN,λPV Kq ď 4}PV KΣ
1
2
N,λ}

2
`

ˆ

E
›

›PV KΣ
1
2
N,λzN

›

›

˙2

TrpΣN,λq ď 4}Σ
1
2
N,λ}

2
`

ˆ

E
›

›Σ
1
2
N,λzN

›

›

˙2

, zN ∼ N
`

0, IN
˘

Proof. Proof is standard Fubini type argument as in Appendix A.6 of [31],

Ed2 ´ pEdq
2

“ E
ˇ

ˇdpx, V q ´ Edpx, V q
ˇ

ˇ

2
“

ż 8

0

2tP

ˆ

ˇ

ˇdpx, V q ´ Edpx, V q
ˇ

ˇ ą t

˙

dt

(4.77)

ď

ż 8

0

2t ˆ 2 exp

ˆ

´t2

2}PV KΣ
1
2
N,λ}2

˙

dt “ 4}PV KΣ
1
2
N,λ}

2

In fact, we know much more about the projection matrix that can be helpful if

instead of scalar Gaussian random variables system was excited by Bernoulli or some

other random variable where we did not apriori know about its’ higher dimensional

moments

Corollary 5. An application of Cauchy-Schwarz and P “ P 2 as in Lemma 2.2 of
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[32] reveals:

N
ÿ

i“1

p2ii ě
p
řN

i“1 piiq
2

N
“

pn ´ 1q2

N
, (4.78)

and sum of the squared NpN´1q

2
distinct off-diagonal elements of the projection matrix

can be upper bounded as:

2
N
ÿ

i“1

ÿ

jąi

p2ij ď pn ´ 1q ´
pn ´ 1q2

N
ď minrpn ´ 1q, N ´ n ` 1s. (4.79)

Theorem 28. From proposition 8 in Chapter 1, we know that:

b

TrpΣN,λPK
V q ´ 4}PK

V Σ
1
2
N,λ} ď Edpx, V q ď

b

TrpΣN,λPK
V q. (4.80)

We know from symmetric nature of Lipschitz’ function concentration,

P
ˆ

dpx, V q ď Edpx, V q ´ δ}PK
V Σ

1
2
N,λ}

˙

ď exp

ˆ

´
δ2

2

˙

(4.81)

Therefore,

P
ˆ

dpx, V q ď

b

TrpΣN,λPK
V q ´ 4cλN

1
4 ´ δcλN

1
4

˙

ď P
ˆ

dpx, V q ď

b

TrpΣN,λPK
V q ´ 4}PK

V Σ
1
2
N,λ} ´ δ}PK

V Σ
1
2
N,λ}

˙

ď P
ˆ

dpx, V q ď Edpx, V q ´ δ}PK
V Σ

1
2
N,λ}

˙

ď exp

ˆ

´
δ2

2

˙

.

Only thing remaining is lower bounding TrpΣN,λP
K
V q which is actually:

TrpΣN,λP
K
V q “

N
ÿ

i“1

Erx2i sp1 ´ piiq ´ 2
ÿ

jąi

Erxixjspij, (4.82)
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although we have not been able to show accurate lower bound on TrpΣN,λ, but lower

bound on off-diagonal entries of projection matrix given in 5 from Chapter 2 and

Section 4.3.1 can lead to correct results.

4.4 Statistics of bulk eigenvalues

One strategy for upper bounding the bulk eigenvalues follows naturally from inter-

lacing given in (4.37), i.e., for k P rns

λkpΣnq ď λ1pΣn´k`1q, (4.83)

when combined with typical size of all the rows from Theorem (4.34) translates into

d

4nλ2nLλ,npk ` 1q

Z

N

n ´ k ` 1

^

ď
a

λ1pΣn´k`1q ď

b

`

N ´ n `
˘

4nλ2nUλ,npk ` 1q,

(4.84)

and consequently a lower bound on estimation error:

›

›A ´ Â
›

›

F
ě σnpEX˚

´q

g

f

f

e

n
ÿ

j“1

1

λ21
`

Σn´k`1

˘ .

In fact, when we have typical size of all the entries of sample covariance matrix we can

probably get even better estimates on the bulk via tools from Quadratic constrained

optimization. For example, using min-max characterization of the eigenvalues:

λ1pΣ2q “ max
`

a

xyn´1, yn´1y
2 ` xyn´1, yny2,

a

xyn, yny2 ` xyn´1, yny2
˘

(4.85)

88



So in the case of S-w-SSCs, λ1pΣ2q “ xyn´1, yn´1y
2 ` xyn´1, yny2 and

λ2pΣ2q “ inf
aPS1

a

pa1xyn´1, yn´1y ` a2xyn, yn´1yq2 ` pa1xyn´1, yny ` a2xyn, ynyq2

(4.86)

which is a quadratic constrained optimization problem. Again using the preceding

argument:

λ21pΣ3q “
`

}yn´2}
2

` xyn´2, yn´1y
2

` xyn´2, yny
2
˘

_
`

xyn´2, yn´1y
2

` }yn´1}
2

` xyn´1, yny
2
˘

_
`

}yn}
2

` xyn´2yny
2

` xyn´1, yny
2
˘

For S-w-SSCs case: guess λ1pΣ3q “
a

xyn´2, yn´2y
2 ` xyn´2, yn´1y

2 ` xyn´2, yny2, and

λ22pΣ3q “ inf
aPS1

„

pa1xyn´2, yn´2y ` a2xyn´2, yn´1yq
2
`pa1xyn´1, yn´2y ` a2xyn´1, yn´1yq

2

` pa1xyn, yn´2y ` a2xyn, yn´1yq
2

ȷ

,

which we may be able to explicitly compute using optimization principles and is a

part of future plan of the authors’ research.

4.4.1 Soft edge statistics of the martingale transform

Another evident quantity that appears in estimation error of least squares is edge

spectral statistics of the commonly known martingale transform term EX˚
´. For a

quick insight into the largest singular value of martingale transform assume A “ A˚
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with only one eigenvalue λ, so

EX˚
´ “

N´1
ÿ

i“1

i
ÿ

t“1

»

—

—

—

—

–

xwi, e1yxwt´1, e1y . . . xwi, e1yxwt´1, eny

...
. . .

...

xwi, enyxwt´1, e1y . . . xwi, enyxwt´1, eny

fi

ffi

ffi

ffi

ffi

fl

now pick p1, 0, . . . , 0q “: a P Sn´1 then , then denote si :“
ři

t“1wt´1 and notice

si`m “
ři`m

t“1 wt´1 “

i
ÿ

t“1

wt´1

l jh n

si

`
ři`m

t“i`1wt´1

P
ˆ

›

›EX˚
´a

›

› ě δ

˙

ď δ´2
n

ÿ

j“1

E
ˆ N´1

ÿ

i“1

xwi, ejyx

i
ÿ

t“1

wt´1

l jh n

“:si

, e1y

˙2

δ´2
n

ÿ

j“1

N´1
ÿ

i“1

Epxwi, ejyxsi, e1yq
2

` 2xwi, ejyxsi, e1y
N´1´i

ÿ

m“1

xwi`m, ejyxsi`m, e1y

δ´2
n

ÿ

j“1

N´1
ÿ

i“1

E
“

pxwi, ejyxsi, e1yq
2

` 2xwi, ejyxsi, e1y
N´1´i

ÿ

m“1

pxwi`m, ejyxsi, e1y

` xwi`m, ejyx

i`m
ÿ

t“i`1

wt´1, e1yq
‰

“ δ´2
n

ÿ

j“1

N´1
ÿ

i“1

E
“

pxwi, ejyxsi, e1yq
2

` 2xwi, ejyxsi, e1y
N´1´i

ÿ

m“1

xwi`m, ejyxwi, e1y

` xwi`m, ejy
i`m
ÿ

t1“i`2

xwt1´1, e1y
‰

“ δ´2
n

ÿ

j“1

N´1
ÿ

i“1

E
“

xwi, ejyxwi, ejyxsi, e1yxsi, e1y
‰

“ δ´2
n

ÿ

j“1

N´1
ÿ

i“1

Erpxwi, ejyq
2
sErpxsi, e1yq

2
s “ δ´2

n
ÿ

j“1

N´1
ÿ

i“1

i “
npN ´ 1qN

δ2
.
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Now one can trivially see that if a “ ej P Sn´1, regardless of j P rns, }EX˚
´a} “

npN´1qN
δ2

. Therefore, σ1pEX
˚
´q “ O

`

npN´1qN
δ2

˘

. Now for Hermitian stable case, with

only eigenvalue λ,

E
ˆ N´1

ÿ

i“1

xwi, ejyx

i
ÿ

t“1

λi´twt´1

l jh n

“:sipλq

, e1y

˙2

“

n
ÿ

j“1

N´1
ÿ

i“1

Erxsipλq, e1y
2
s “

n
ÿ

j“1

N´1
ÿ

i“1

i
ÿ

t“1

λ2pi´tq

Therefore, σ1pEX
˚
´q “ O

ˆ

npN ´
řN´1

i“0 λ2iq

1 ´ λ2

˙

.

For the peculiar case of S-w-SSCs with λ P
`

1
2
, 1

˘

, notice that

EX˚
´ “

N´1
ÿ

i“1

wix
˚
i “ EX˚

´ “

N´1
ÿ

i“1

wi

ˆ i
ÿ

t“1

pi´tq^n
ÿ

m“0

ˆ

i ´ t

m

˙

Nm
n λ

i´t´mwt´1

˙˚

(4.87)

Now for j, k P rns

rEX˚
´sj,k “

N´1
ÿ

i“1

i
ÿ

t“1

pi´tq^n
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
@

wiw
˚
t´1N

m˚

n ek, ej
D

“

N´1
ÿ

i“1

i
ÿ

t“1

pi´tq^pn´kq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
@

wiw
˚
t´1ek`m, ej

D

“

N´1
ÿ

i“1

i
ÿ

t“1

pi´tq^pn´kq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
xwi, ejyxwt´1, ek`my
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Now in order to find the order of σ1pEX
˚
´q, we need to compute

max
kPrns

n
ÿ

j“1

E

˜

N´1
ÿ

i“1

xwi, ejy
i

ÿ

t“1

pi´tq^pn´kq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
xwt´1, ek`my

¸2

“ max
kPrns

n
ÿ

j“1

N´1
ÿ

i“1

E
ˆ i

ÿ

t“1

pi´tq^pn´kq
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
xwt´1, ek`my

˙2

“

n
ÿ

j“1

N´1
ÿ

i“1

E
ˆ i

ÿ

t“1

pi´tq^pn´1q
ÿ

m“0

ˆ

i ´ t

m

˙

λi´t´m
xwt´1, e1`my

˙2

“

n
ÿ

j“1

E
›

›y1
›

›

2
“ nE}y1}

2,

(4.88)

where (4.88) follows along the similar argument in deducing σ1pX´q of S´w´SSCs;

first row has the largest typical size. This bring us to a remarkable observation

Theorem 29. Largest singular value of martingale term is upper bounded by
?
n

times of largest singular value of the data matrix

σ1pEX˚
´q ď

?
nσ1pX´q,

In fact this was first mentioned in [23] by using Courant-Fischer that σ1pEX
˚
´q ď

σ1pEImpX˚
´qqσ1pX´q where EImpX˚

´q is essentially nˆ n Gaussian ensemble, known to

have largest singular value of order
?
n.

4.5 Non-vanishing error for stable-spatially insep-

arable case via tensorization of Talagrands’ in-

equality: Heurestics

Dimension+iteration independent tensorization of Talagrands’ inequality would re-

quire sufficient independence between the covariates. In fact tensorization for sta-

ble ARMA processes had been of much interest to people working in the field of

Functional Inequalities in early 2000s. [6] was able to show dimension+iteration
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independent tensorization under the assumption of }A}2 ă 1. [5] concludes dimen-

sion+iteration independent tensorization under the assumption of spectral radius

being strictly inside unit circle, which turns out to be incorrect in high dimensions.

Definition 8 (Dimension + Iteration free Tensorization). Let px1, x2, . . . , xNq P RnbN

be a length N´ trajectory of an n´ dimensional linear Gaussian as in (3.1), and

µN
n :“ Lawpx1, x2, . . . , xNq be its’ distribution. We say that the process px1, x2, . . . , xNq

satisfies dimension+iteration independent Talagrands’ inequality, if for all probability

measures ν on RnbN
which are absolutely constant w.r.t µN

n ( ν ăă µN
n ), we have that

W d
1

`

µN
n , ν

˘

ď

b

2CH
`

ν||µN
n

˘

, (4.89)

where C is independent of N and n.

Question: Now given that dynamics are generated from stable n´ dimensional

linear Gaussian (i.e., ρpAq ă 1) can we conclude dimension+iteration independent

tensorization of Talagrands’ inequality?

The slickest way to conclusion is a realization that px1, x2, . . . , xNq is a function of

the Gaussian ensemble pw0, w1, . . . , wN´1q as xi “
ři

t“1A
i´twt´1. Let F pw0, . . . , wN´1q

:“
b

řN
i“1

›

›xi
›

›

2
. As isotropic Gaussians satisfy dimension+iteration independent

tensorization (Theorem 2), when combined with equivalent notion of Lipschitz con-

centration( Remark 1) implies for all δ ą 0:

P
ˆ

ˇ

ˇF pw0, w1, . . . , wN´1q ´ EF pw0, w1, . . . , wN´1q
ˇ

ˇ ą δ

˙

ď 2 exp

ˆ

´
δ2

2}F }2L

˙

,

(4.90)

but the map px1, x2, . . . , xNq ÞÑ

b

řN
i“1

›

›xi
›

›

2
is one-Lipschitz in ℓ2 additive metric

on RnbN
and Remark 1 implies that µN

n P T1
`

}F }2L

˘

. We first need to collect some

estimates that will lead to conclusive answer to tensorization of Talagrands’ inequality
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for stable n´ dimensional ARMA model.

Proposition 9. Frobenius norm of the data matrix populated by n´ dimensional

S-w-SSCs is precisely:

›

›X´

›

›

2

F
“

N
ÿ

i“1

n
ÿ

j“1

i
ÿ

s,t“1

pi´tq^pn´jq
ÿ

m“0

pi´sq^pn´jq
ÿ

m1“0

ˆ

i ´ t

m

˙ˆ

i ´ s

m1

˙

λi´t´mλi´s´m1
xwt´1, ej`myxws´1, ej`m1y

Proof. We again leverage upon the inner product structure to conclude.

N
ÿ

i“1

›

›xi
›

›

2
“

N
ÿ

i“1

i
ÿ

s,t“1

pi´tq^n
ÿ

m“0

pi´sq^n
ÿ

m1“0

ˆ

i ´ t

m

˙ˆ

i ´ s

m1

˙

λi´t´mλi´s´m1
@

Nm
n wt´1, N

m1

n ws´1

D

“

N
ÿ

i“1

i
ÿ

s,t“1

pi´tq^n
ÿ

m“0

pi´sq^n
ÿ

m1“0

ˆ

i ´ t

m

˙ˆ

i ´ s

m1

˙

λi´t´mλi´s´m1

m^m1
ÿ

j“1

xwt´1, ej`myxws´1, ej`m1y

“

N
ÿ

i“1

i
ÿ

s,t“1

pi´tq^n
ÿ

m“0

pi´sq^n
ÿ

m1“0

m^m1
ÿ

j“1

ˆ

i ´ t

m

˙ˆ

i ´ s

m1

˙

λi´t´mλi´s´m1
xwt´1, ej`myxws´1, ej`m1y

“

N
ÿ

i“1

n
ÿ

j“1

i
ÿ

s,t“1

pi´tq^pn´jq
ÿ

m“0

pi´sq^pn´jq
ÿ

m1“0

ˆ

i ´ t

m

˙ˆ

i ´ s

m1

˙

λi´t´mλi´s´m1
xwt´1, ej`myxws´1, ej`m1y

Theorem 30. }F }L is the smallest positive constant Ln,N such that:

›

›X´

›

›

F
“

g

f

f

e

N
ÿ

i“1

@

i
ÿ

t“1

Ai´twt´1,
i

ÿ

s“1

Ai´sws´1

D

ď Ln,N

g

f

f

e

N´1
ÿ

i“0

›

›wi

›

›

2
“ Ln,N

›

›E
›

›

F
,

(4.91)

in the limit of large number of iterations we have,

• Hermitian and stable case Ln,N “ Θp1q: i.e, independent of dimension+iteration
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Figure 4.4: Tensorization is exponential in n´ and independent of N for large N .
Verified for S-w-SSCs(with λ “ 0.95)

• Stable but spatially inseparable case with λ P p1
2
, 1q, then Ln,N “ Θpenq: i.e.,

linear in underlying dimension of the state space and independent of iterations.

Proof. of Hermitian and stable case is obvious after recalling spectral theorem(i.e.,

all the rows are essentially one-dimensional scalar stable ARMA). Let rλjs
n
j“1 be the

eigenvalues of A which are assumed to be strictly inside the unit circle.

N´1
ÿ

i“1

n
ÿ

j“1

ˇ

ˇ

i
ÿ

t“1

xAi´twt´1, ejy
ˇ

ˇ

2
“

N´1
ÿ

i“1

n
ÿ

j“1

ˇ

ˇ

i
ÿ

t“1

xλi´t
j wt´1, ejy

ˇ

ˇ

2
ď L2

n,N

N´1
ÿ

i“0

}wi}
2

where, Ln,N ď min
ϵą0

max
jPrns

g

f

f

ep1 ` ϵ´1q

N´1
ÿ

i“0

`

p1 ` ϵq|λj|2
˘k

ď
1

1 ´ ρ
, (4.92)

where proof of (4.92) is given in Proposition 4.1 of [5]. However, most difficult but
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most interesting case is for trajectory generated from n´ dimensional S´w´SSCs

and λ P p1
2
, 1q: and an immediate daunting approach suggested by Prooposition 9

would be a tight estimate on Ln,N such that:

N
ÿ

i“1

n
ÿ

j“1

i
ÿ

s,t“1

pi´tq^pn´jq
ÿ

m“0

pi´sq^pn´jq
ÿ

m1“0

ˆ

i ´ t

m

˙ˆ

i ´ s

m1

˙

λi´t´mλi´s´m1
xwt´1, ej`myxws´1, ej`m1y

ď L2
n,N

N´1
ÿ

i“0

›

›wi

›

›

2
.

Recall from corollary 4 that σ1pX´q has a typical size exponential in n.Now recall

that
›

›E
›

›

F
“

b

řN´1
i“0

›

›wi

›

›

2
has a typical size of Θ

`
?
nN

˘

. Notice that, for S-w-SSCs

Talagrands’ constant is Θpenq, thus:

Ln,N “

a

řn
i“1 σ

2
i pX´q

a

řn
i“1 σ

2
i pEq

“

b

řn
i“2 σ

2
i pX´q ` Θp

?
N ´ n ` 1enq2

Θp
?
nNq

, (4.93)

and the result follows.

Corollary 6. In high dimensions, OLS estimation on data corresponding to S-w-

SSCs has non-vanishing error in Frobenius norm.

Proof. Using Courant-Fischer and the fact that σnpEq “
?
N ´

?
n ´ 1 with high

probability(see e.g., [26]) we conclude:

›

›A ´ Â
›

›

F
“

›

›EX˚
´pX´X

˚
´q

´1
›

›

F
ě

›

›EX˚
´

›

›

F

σ2
1pX´q

ě
σnpEq}X´}F

σ2
1pX´q

“
p
?
N ´

?
n ´ 1q

?
nNen

pN ´ n ` 1qen
“

p
?
N ´

?
n ´ 1q

?
nN

pN ´ n ` 1q
ą 0

96



Chapter 5

Concentration of measure phenomonen
for Random Dynamical Systems an
operator theoretic approach

Via operator theoretic methods, we formalize the concentration phenomenon for a

given observable ‘r’ of a discrete time Markov chain with ‘µπ’ as invariant ergodic

measure, possibly having support on an unbounded state space. The main contri-

bution of this paper is circumventing tedious probabilistic methods with a study of

a composition of the Markov transition operator P followed by a multiplication op-

erator defined by er. It turns out that even if the observable/ reward function is

unbounded, but for some for some q ą 2, }er}qÑ29 exp
`

µπprq `
2q
q´2

˘

and P is hyper-

bounded with norm control }P }2Ñq ă e
1
2

r 1
2

´ 1
q

s, sharp non-asymptotic concentration

bounds follow. Transport-entropy inequality ensures the aforementioned upper bound

on multiplication operator for all q ą 2. Also, the role of reversibility in concentration

phenomenon is demystified. These results are particularly useful for the reinforce-

ment learning and controls communities by allowing for concentration inequalities

w.r.t standard unbounded obersvables/reward functions where exact knowledge of

the system is not available, let alone the reversibility of stationary measure.

Motivation. With the ubiquity of Machine Learning over last two decades, we have

seen a tremendous surge in research activity on non-asymptotic analysis of system

identification and reinforcement learning for linear time-invariant dynamical systems

(e.g., [2, 3, 11, 33–36]). Analysis developed in this paper is a continuation of, [37].

Initially, motivated by extending non-asymptotic analysis of average reward based
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optimal control shown for LDS to SLDS where expected value of the reward w.r.t

stationary distribution of a Markov chain is approximated by its’ empirical averages,

with high probability. Although, sample complexity for control/dynamical systems

on continuous state space has been extremely popular recently, but sharp results are

limited to stable LDS with Gaussian noise, for system identification point of view

see ([11]) and average reward based context via uniform Transportaion-entropy in-

equality (T-E) is discussed in section 2.4 of ([37]); current understanding of the world

outside of the linear Gaussian case is limited to non-existent. We previously lever-

aged upon concentration of measure phenomenon for process level law of Markov

chain via uniform T-E inequalities, to prove sharp concentration for Lipschitz ob-

servables (for a good monograph see [6, 38]). T-E approach is compact, concise and

clear: even leading to exponential concentration for unbounded reward function of

the form rpxq :“ }x} for (LDS). However, uniform T-E inequality is not valid for

Harris ergodic Markov chains (HEMCs) and one might resort to brute force analysis

which becomes intractable.

In their previous work ([37]), under the existence of exponential-type Lyapunov

function, could only show sharp deviation inequalities for i.i.d samples from the sta-

tionary distribution of HEMCs. However, an important realization was not used: ex-

ponential type Lyapunov function implies exponential decay of correlation between

two time separated observations of any given Lipshitz observable (Theorem 3.3 of

[37]): alluding to room for improvement that we will explore in this paper. Preced-

ing phenomenon is related to Poincare/ Spectral gap Inequality which is well studied

in a parallel line of research in Physics and Functional analysis: the study of con-

vergence Of Markov transition operators and its’ variants via spectral theory (see

e.g., [39,40]). This work is a continuation of concentration phenomenon for nonlinear

random dynamical system, through the lens of Operator and Spectral theory, when-
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ever possible we will attempt to come up with easily verifiable Lyapunov conditions

that are equivalent to some necessary or sufficient phenomenon for concentration in

Operator theoretic terms.

Further implications of the analysis: estimating steady state correlations

via sample covariance matrices. Let us assume that we are observing i.i.d sam-

ples pxiq
N
i“1 from a centered distribution P8 on Rn, where n is high dimensional.

For example, in finance, each xi could be return on n stocks and N the number of

trading days [41]. One wishes to estimate P8 via ΣN :“ 1
N

řN´1
i“0 xix

T
i ; in order to

understand most significant factors and spatial correlations between the n variables.

It is well known in statistics literature that for N ąą n, empirical covariance matrix

ΣN is a good approximation of P8. Now, consider covariates pxiq
N
i“1 as realizations

of a random dynamical system in steady state; good estimate of P8 is imperative for

designing reduced order models, after performing principal component analysis. How-

ever, samples are now temporally correlated, along with spatial correlations. Thus,

one would expect sample complexity to be worse than in the i.i.d case. Intuitively,

one needs to quantify decay of temporal correlation/spectral gaps (as we do in Section

5.2), and then average only over ’distant’ samples to get an accurate estimation of

the stationary covariance matrix. Analysis developed in this paper can be extended,

as part of future work, to estimation of correlations where the observable would be

instead fpxq “ xxT .

Related Literature. Techniques used to prove concentration of measure include

martingale methods, exchangeable pairs e.g., (see [42]) and functional inequalities:

transportation-entropy, logarithmic Sobolev/ hypercontractivity and Poincare, [43].

However, exploring measure concentration for dependent random variables as in
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Markov chains on unbounded spaces limit the application of martingale methods

and exchangeable pairs. RL and system identification community, pretty much ex-

clusively, have used independent block technique [11, 34] that seems to work when

observables are bounded. SLDS fall into the category of Markov chains admitting

a Lyapunov function with geometric drift condition. Following [44], by using mar-

tingale and independent block techniques, authors in [45] were able to bound the

mean-squared error between empirical average and expected reward ( unbounded )

from stationary distribution of SLDS but probabilistic methods employed are tedious,

opaque and leads to weak results. Stein methods are well suited towards discrete set-

ting in statistical physics but have limitations for model under consideration. Only

recently, [46] started a formal, functional analytic study for concentration inequalities

in discrete-time setting using transport-information(T-I) inequality. Verification of

T-I is plausible either in discrete state space setting, or when Markov chain is re-

versible and posseses a spectral gap in space of square integrable functions w.r.t its’

stationary distribution. Although mathematically sound and compact results exist in

[46], they bury under them profound insights into when concentration phenomenon

may or may not work ; these insights are necessary to abridge the gap between theory

and application in RL and controls domain. Spectral gap assumption for entire space

of square integrable functions is very strong, as even a naive i.i.d oriented mindset

can realize that one may only need exponential decay of correlation w.r.t observables

that we aim to show concentrate sharply as ergodic averages around their stationary

mean. Also, verifiable conditions like existence of Lyapunov function which lead to

concentration inequality is restricted to the reversible case. An alternative line of

research is taken by [47], where under the assumption of a spectral gap for Markov

transition operator he uses perturbation theory to show spectral gap for Feynman-

Kac operator associated to observable under consideration which has to be bounded

100



for analysis to work. As we will see in concentration for nonlinear random dynamical

systems, spectral gaps might only exist in Wasserstein sense. Reversibility assump-

tion originates from study of Langevin-type stochastic differential equations : used

to model physical phenomenons in the nature; however, the scope of this paper is

not limited to reversibility assumption. [5] and [6] have studied concentration phe-

nomenon for stable LDS via process level T-E inequalities ; their approach become

intractable for nonlinear random dynamical systems, partly because dynamics are

not necessarily contractive in trivial euclidean metric.

Space of probability measure on X is denoted by PpX q and space of its Borel

subsets is represented by B
`

PpX q
˘

. For a function r and µ P PpX q, we use ă r ąµ

to denote expectation of r w.r.t µ. Finally, for a set K Ď t1, ...,Mu, its complement

is KA :“ t1, ...,MuzK.

5.0.1 Problem Statement

Under the action of some state dependent policy π, we consider a closed loop random

dynamical system of the form:

xk`1 “ F
`

xk, πpxkq, ϵk
˘

, ϵk ∼ N p0, Ikq i.i.d, 1 (5.1)

where xk P Rn for all k P N and F : Rn ˆRn ˆRn ÝÑ Rn. In probabilistic language,

closed loop dynamical system is a Harris Ergodic Markov chain. Assume, transition

kernel converges to some stationary distribution µπ under Wasserstein metric, Wdβ˚

equipped with some distance function dβ˚ . If we have access to empirical averages

of some unbounded reward function rpxq, we explore the following questions:

1For the sake of brevity, from now on we will exclude reference to π in state update equations
as state dependent policy imlplies there exists some function G such that F

`

xk, πpxkq, ϵk
˘

“

Gpxk, ϵkq.
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• Concentration from simulating a single trajectory

When, how and why can we provide something similar to following exponential

concentrations ?

µN

«

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

rpxiq´ ă r ąµπ

ˇ

ˇ

ˇ

ˇ

ą ϵ

ff

ď 2 exp

ˆ

´
Nϵ2

Ksysprq

˙

, (5.2)

where r can be some unbounded function, in control theoretic or (RL) frame-

work rpxq :“ }x}. Ksysprq is a constant dependent on system properties and

’smoothness’ of r (related to Lipschitz constant)

• What sort of regularity assumptions on Markov transition operator are required

to ensure concentration?

• How can we ensure exponential-integrability of the observables under the sta-

tionary measure?

• To come up with easily verifiable Lyapunov conditions, that ensures the afore-

mentioned objectives.

• What is the role of the omnipresent reversibility assumption in concentration

phenomenon?

5.0.2 Contribution and Main Results

• This paper’s fundamental contribution is reducing concentration phenomenon

for Harris Ergodic Markov chain to a problem of bounding operator erP :

L2pµπq ÝÑ L2pµπq, a composition of Markov operator P and a multiplication

operator er.
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• Under the easily verifiable condition of exponential-type Lyapunov function, a

central limit theorem is proven w.r.t centered unbounded observable.

• A detailed mathematical and pedagogical overview of Poincare and Spectral

gap inequality is provided, as understanding the causal events for the converse

inequality reveals where things may go wrong. For example, it is found that

periodic behavior of HEMCs can be a hindrance to sharp concentration phe-

nomenon .

• Even though multiplication operator er, associated with standard reward func-

tion (observable) used in continuous control and RL problems is unbounded, but

exponential-type Lyapunov function ensures that for all q ą 2, er : Lqpµπq ÝÑ

L2pµπq is bounded. Combined with hyperboundedness of Markov kernel, con-

centration phenomenon is achieved.

• Consequently, given a possibly unbounded-although Lipschitz observable ‘r1

in some metric dβ˚ , a sufficient condition for concentration phenomenon is

invariant measure ‘µπ’ satisfies transport-entropy inequality with underlying

metric dβ˚ and Markov transition kernel is Hyperbounded.

• If the Range space of pI ´ P q is closed for an ergodic and aperioidic Markov

chain, non-asymptotic uncorrelation (Poincare inequality) follows. If dimension

of Null space of pI´P ˚q is finite, then Range space of pI´P q is closed. However,

for reversible chain Null space of pI ´ P ˚q is Null space of pI ´ P q and P is

ergodic: only constant functions belong to Null space of pI ´P q and dimension

is 1. So, non-reversible case requires some alternative knowledge to know Range

space of pI ´ P q is closed.
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Outline of paper. In Section 2, we give a brief recap of how uniform Transport-

Entropy inequality and contractivity in Wasserstein metric of the underlying Markov

chain (LDS with i.i.d Gaussian noise) lead to sharp concentration of ergodic av-

erages of unbounded Lipschitz observables. Section 3 begins with formulation of

Harris Ergodic Markov chains as defined by, [48] via Lyapunov drift and minoriza-

tion condition and a central limit theorem is proven for Lipschitz observables under

the assumption of exponential type Lyapunov function. In Section 4, essentials of

ergodic theory, spectral theory and non-asymptotic uncorrelation phenomenon are

studied via operator theoretic convergence of associated Markov transition operators

and a detailed discussion on necessity and implications of Poincare and spectral gap

inequalities. Susceptibility of HEMCs to periodic behavior, which can be seen as a

potential hindrance to concentration phenomenon, is discussed with an example. In

section 5, Large deviation principle for Markov Chains is discussed and concentration

inequalities are derived under the hyperboundedness and norm condition of multipli-

cation operator. In section 6, we discuss correct rate function for occupation measure

of Markov chain and associated functional inequality for concentration is provided

with a Lyapunov condition. We conclude the paper in section 7, with discussion and

problems for future consideration.

Study plan: We suggest that after finishing section 2, reader who is not very

familiar with functional analytic framework for Markov chains; should skip to section

4 and read upto (but not including) subsection 4.3, before coming back to section 3.

5.0.3 Contractivity and Uniform Transport Constants

As one would wonder, when does the T-E for process level law of Markov chain,

increases at worse linearly with dimension (in sample term)? Sufficient conditions
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(see e.g., [6, 49]) are

piq P px, ¨q P T d
1 pCq, for all x P X , and some C ą 0, (5.3)

piiq WdpP px, ¨q, P py, ¨qq ď λ̂dpx, yq, for all px, yq P X 2and some λ̂ P r0, 1q. (5.4)

Property (5.3) is often referred to as existence of a uniform transportation con-

stant and (5.4) represents contractivity of the Markov Chain in the Wasserstein metric

/ spectral gap in the Wasserstein sense. Now, the following result holds.

Lemma 7. If (5.3) and (5.4) hold, process level distribution of samples from a

Markov chain px1, . . . , xNq, which we will denote as Lawpx1, . . . , xNq, denoted by

µN satisfies T
dpNq

1

ˆ

CN

p1´λ̂q2

˙

, for all N P N.

Proof. See Theorem 2.5 of [6] for a detailed proof.

5.0.4 Sharp Deviation Inequalities for Average-Reward Based
Optimal Control

In optimal control and average reward reinforcement learning for continuing task, it

is often the case that under the action of some state dependent policy, the resulting

closed-loop dynamical system under consideration, pxiq
N
i“1, mixes to some stationary

distribution µπ P P pX q. When exact system parameters and state are unknown but

time-averages of the reward function rpxq :“ }x}, although unbounded, are available,

sharp concentration bounds of 1
N

řN
i“1 rpxiq around ă r ąµπ are of utmost importance

to ensure policy update algorithm converges in finite time: as knowledge of ă r ąµπ

is required in actor-critic algorithm for average reward case, see e.g.,[50]. Sufficient

conditions for concentration of empirical averages of rpxq :“ }x} or any Lipschitz

function essentially boils down to showing that the process level law of the Markov

chain µN P T dpNq

1

`

OpNq
˘

.
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Theorem 31. Assume that under a metric d, a random dynamical system uniformly

satisfies T-E inequality with constant C ą 0 and is contractive in Wasserstein sense

with constant γ P p0, 1q. If we start deterministically with x0 :“ x, we have for any 1

Lipschitz function r, the following deviation inequality:

µN

«

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

rpxiq´ ă r ąµπ

ˇ

ˇ

ˇ

ˇ

ą
WdpP px.¨q, µπq

Np1 ´ γq
` ϵ

ff

ď 2 exp

ˆ

´
Nϵ2p1 ´ γq2

2C

˙

.

(5.5)

Proof. Since the theorem assumptions satisfy the claim in (7), it holds that µN P

T dpNq

1

`

CN
p1´γq2

˘

. Let pyiq
N
i“1 be i.i.d samples from µπ and assume that the Markov chain

starts deterministicly with x1 “ x. Then, we have for all ϵ ą 0 it holds

µN

«

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

rpxiq´ ă r ąµπ

ˇ

ˇ

ˇ

ˇ

ą
WdpP px, ¨q, µπq

Np1 ´ γq
` ϵ

ff

ď µN

«

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

rpxiq ´ E

˜

1

N

N
ÿ

i“1

rpxiq

¸

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

E

˜

1

N

N
ÿ

i“1

rpyiq

¸

´ E

˜

1

N

N
ÿ

i“1

rpxiq

¸

ˇ

ˇ

ˇ

ˇ

ą
WdpP px.¨q, µπq

Np1 ´ γq
` ϵ

ff

ď µN

«

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

rpxiq ´ E

˜

1

N

N
ÿ

i“1

rpxiq

¸

ˇ

ˇ

ˇ

ˇ

ą ϵ

ȷ

(5.6)

ď 2 exp

ˆ

´
Nϵ2p1 ´ γq2

2C

˙

, (5.7)

where (5.6) follows from contractive dynamics in Wasserstein distance.

Remark 32. The structure of the aforementioned concentration inequality is inspired

by the work in [51] on bounding deviations of empirical measure formed by interacting

particle systems from their infinite particle limit (Mckean-Vlasov diffusion); see e.g.,

problem section in [52] for an involved discussion on this matter. However, there is

a subtle difference in our approach, as we work with an ℓ2 inspired metric on XN as
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in [51], i.e.,

d2pNqpx
N , yNq :“

c

ÿN

i“1
d2pxi, yiq. (5.8)

Then, ΦpxNq :“ 1
N

řN
i“1 rpxiq w.r.t ℓ

2 metric is only 1?
N
Lipschitz — i.e., }Φ}Lpd2

pNq
q

ď 1?
N

and any hope for concentration would require µN P T
d2

pNq

1

`

Op1q
˘

(i.e., dimen-

sion free concentration), which is very difficult to check; this is feasible only in Markov

diffusion processes with uniformly convex external potentials and symmetric interac-

tion potentials, see e.g., [51].

Decay of correlation. By combining conditions from (5.3) and (5.4), with Taylor’s

expansion for small λ (terms of order up to λ2) appearing on both sides in Bobkov-

Gotze dual form (5.37), for all x P X it holds that

|CovPxrfpxnq, fpxn`kqs| ď
λ̂k

1 ´ λ̂2
C}f}

2
Lpdq. (5.9)

Sharp Concentration via Single Trajectory of norm-Stable/ contractive

Linear Dynamical Systems: Consider a discrete-time linear dynamical system

(LDS) of the form

yt`1 “ Ayt ` ϵt, }A}2 “ λ̂ ă 1 and i.i.d ϵt ∼ N p0, Inq. (5.10)

With the trivial euclidean metric dpx, yq :“ }x ´ y}, the transition kernel from

(5.10) satisfies P px, ¨q P T d
1 p1q, @x P X [17] and W2

dpP px, ¨q, P py, ¨qq “ }Ax ´

Ay} ď λ̂dpx, yq (see e.g., [53]). Now, an application of Jensens’ inequality reveals

WdpP px, ¨q, P py, ¨qq ď W2
dpP px, ¨q, P py, ¨qq and contractivity follows. As conditions

(5.3) and (5.4) are satisfied, we can use coupling technique inspired by [38] to prove

that PN :“Lawpy1, . . . , yNq of the LDS satisfies T
dpNq

1 p N

p1´λ̂q2
q; and if νπ is the invariant

107



measure corresponding to (5.10), we have

PN

«

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

}yi}´ ă }y} ąνπ

ˇ

ˇ

ˇ

ˇ

ą
WdpP px.¨q, νπq

Np1 ´ λ̂q
` ϵ

ff

ď

ď PN

«

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

}yi} ´ E

˜

1

N

N
ÿ

i“1

}yi}

¸

ˇ

ˇ

ˇ

ˇ

ą ϵ

ff

ď 2 exp

ˆ

´
Nϵ2p1 ´ λ̂q2

2

˙

. (5.11)

5.1 Concentration for Nonlinear Random Dynam-

ical Systems: The Case of Harris Chains

The case of nonlinear random dynamical systems suffers from a lack of uniform

transport-entropy constant related to a contractive metric. However, if we can show

that the invariant measure satisfies transport-entropy inequality and Markov chain

converges exponentially fast to its stationary distribution: it is plausible to run in-

dependent simulations of Markov chain and sample the averages after some burn-in

period.

Since, the results developed in this paper are aimed at facilitating the RL and

controls community. In the absence of exact dynamics, we develop easily verifi-

able/realistic conditions that ensures exponential integrability of invariant measure.

This brings us to the weighted transportaion-inequalities introduced in [49] and plays

an integral role when studying concentration phenomenon for nonlinear random dy-

namical systems. Their work allows for adding different weigths to the underlying

distance function, precisely said:

Lemma 8. Let ϕ be a non-negative integrable function, such that
ş

eϕpxq2µπpdxq ă 8-

we get an upper bound on weighted total variation distance

}ϕpµπ ´ νq}TV ď
?

2

ˆ

1 ` log

ż

eϕpxq2µπpdxq

˙
1
2 a

Entpν||µπq. (5.12)
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A remarkable advantage of this formulation is an Lyapunov condition for under-

lying Markov chain so as to ensure that at least its’ stationary measure satisfies T-E

inequality.

Exponential Lyapunov function. Inspired by the assumption made in (partic-

ular case 14 of [49]), we proposed an exponential Lyapunov condition:

1. There exists α̂ ą 0, β ą 0 and C ą 0 such that β ă α̂ and:

ż

eα̂}y}2P px, dyq ď Ceβ}x}2 , for all x P X .

Theorem 33. If the exponential Lyapunov condition is satisfied, define Wα̂pxq :“

eα̂}x}2, then n´ th step transition kernel P npx, ¨q satisfy the following transport entropy

inequality:

WdpP n
px, ¨q, νq ď

?
2

ˆ

1 ` logP nWα̂pxq

α̂

˙
1
2 a

Entpν||P npx, ¨qq (5.13)

Moreover, if an ergodic invariant measure µπ exists: then exists also a finite positive

constant Lα̂,β,C such that:

Wdpµπ, νq ď

b

2Lα̂,β,CEntpν||µπq (5.14)

Proof. We will only prove the result for the invariant measure as the result for n´

th step will follow the same argument. Since the condition in hypothesis can also be

written as:

ż

eα̂}y}2P px, dyq ď Cepβ´α̂q}x}2eα̂}x}2 (5.15)
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As pβ ´ α̂q ă 0, we can find ηα̂ P p0, 1q and Ĉα̂ ă 8 such that Wα̂pxq satisfy:

PWα̂pxq ď ηα̂Wα̂pxq ` Ĉα̂, and consequently via recursion

ż

eα̂}x}2µπpdxq ď
Ĉα̂

1 ´ ηα̂
.

(5.16)

and by defining ϕpxq “
?
α̂}x}, upper bound on weighted total variation from Lemma

8 implies that :

}ϕpµπ ´ νq}TV ď
?

2
´

1 ` log

„

Ĉα̂

1 ´ ηα̂

ȷ

¯
1
2
a

Entpν||µπq. (5.17)

Since, Wasserstein distance is upper bounded by weighted total-variation with weight

}x}, after scaling we conclude that µπ P T d
1

˜

1`log

„

Ĉα̂
1´ηα̂

ȷ

α̂

¸

and the result for n-th

step transition kernel follows via same argument.

Harris chains. As the notion of running multiple independent trajectories is plau-

sible when burn-in period is negligible : n´th step transition kernel of Markov chain

converges exponentially fast to an invariant measure in Wasserstein metric, this brings

us to Harris ergodic Markov chains that by definition satisfy following conditions:

Lyapunov condition with geometric drift: There exists a Lyapunov function V :

X Ñ r0,`8q, which satisfies:

PV pxq ď γ̂V pxq ` K, for some γ̂ P p0, 1q , K ă 8 and (5.18)

minorization condition: A sufficiently large level set of V (ironically it is called

‘small set’), satisfies the minorization condition: i.e., there exists a set S :“ tx P X :

V pxq ď Ru for some R ą 2K
1´γ̂

, β P p0, 1q and ν̂ P PpX q such that:
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Ppx, ¨q ě βχSpxqν̂p¨q. (5.19)

Under these conditions it was shown by [48] that for some β˚ ą 0HEMC is con-

tractive in Wasserstein metric Wd with distance function: dpx, yq :“ p2 ` β˚V pxq `

β˚V pyqqχx‰y, . A unique ergodic invariant measure µπ exists and for some finite C

and κ P p0, 1q

Wd

`

P n
px, ¨q, µπq ď CκnWdpP px, ¨q, µπq. (5.20)

5.1.1 Application to Concentration for SLDSs

Model specifications. We consider a discrete-time SLDS of the form

xt`1 “
ÿM

j“1
pAjxt ` wj

t qχMj
pxtq. (5.21)

Here, xt P Rn denote the system’s state and Aj P Rnˆn for j “ 1, ...,M capture system

dynamics in each of the M Borel measurable regions that decompose the state-space

and are pairwise disjoint satisfying
ŤM

j“1Mj “ Rn. In addition, for a fixed region

j, noise vectors wj
t are i.i.d, and satisfy wj

t ∼ N p0, Inq and Covpwj
t , w

k
s q “ 0, for all

t, s ě 0 and j ‰ k P t1, 2, ...,Mu.

Lemma 9. Assume that there exists ϱ ă 8 such that for all l P Kbdd :“ tk | p1 ď

k ď Mq such that Mk Ĺ Bn
ϱ u,it holds that }Al}2 ď L ă 8 and @j P pKbddqA , }Aj}2 ď

γ ă 1. Then, the system (5.21) mixes geometrically to a unique ergodic invariant

distribution µπ.

Proof. Consider function V pxq “ }x}2. From (5.21), we have transition kernel
řM

j“1 Pjpx,AqχMj
pxq, where Pjpx, ¨q ∼ N pAjx, Inq. Assuming the initial state x0 :“
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x P Mk for some k P Kbdd, then:

PV 2
pxq “ Ey∼N pAkx,Inq}y}

2
2 “ Ez∼N p0,Inq}z}

2
2 ` }Akx}

2
2 ď pn ` L2ϱ2q. (5.22)

However, if the initial state is x0 :“ x P Mj such that j P pKbddqA, then:

PV 2
pxq “ Ey∼N pAjx,Inq}y}

2
2 “ Ez∼N p0,Inq}z}

2
2 ` }Ajx}

2
2 ď n ` γ2}x}

2
2 “ pn ` γ2V 2

pxqq.

(5.23)

Therefore, starting from any initial condition in Rn, from (5.22) and (5.23) it holds

that PV 2pxq ď γ2V 2pxq ` pn ` L2ϱ2q and a trivial application of Jensen inequality

reveals

PV pxq ď γV pxq `
a

n ` L2ϱ2
l jh n

K

. (5.24)

Minorization condition can be verified from [45] and the result follows.

Theorem 34. For any α̂ P p0, 1´γ2

2
q, we have

ş

eα̂}x}2µπpdxq ă 8 and consequently

there exists a finite positive constant Lγ such that the invariant measure of SLDS,

µπ P T d
1

`

Lγ

˘

.

Proof. An application of Stein’s lemma on transition kernel of (5.21), reveal:

ż

eα}y}2P px, dyq “
1

p1 ´ 2αq
n
2

e}Ajx}2pα` 2α2

p1´2αq
q

“
1

p1 ´ 2αq
n
2

e}Ajx}2 α
p1´2αq , α ă

1

2
, x P Mj

A simple linear algebra exercise reveals existence of a β ă α̂ and C when α̂ P p0, 1´γ2

2
q

as mentioned in Theorem 33 and conclusion follows.
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5.1.2 Gaussian Tail Inequality for Stationary Distribution of
SLDS/Harris Chain with Exponential Lyapunov Func-
tion and its Consequences for Sampling

Assume that we have access to sampling pyiq
N
i“1 i.i.d from µπ. Since, rpxq :“ }x} is

1´ Lipschitz w.r.t dpx, yq :“ }x ´ y}2 and µπ P T d
1

˜

1`log

„

Ĉα̂
1´ηα̂

ȷ

α̂

¸

, we have that

P

«

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

rpyiq´ ă r ąµπ

ˇ

ˇ

ˇ

ˇ

ą ϵ

ff

ď 2 exp

˜

´
Nϵ2α̂

2 ` 2 log

„

Ĉα̂

1´ηα̂

ȷ

¸

. (5.25)

As any valid α̂ can be written down in the form of 1´γ2

2n
for n ą 1, comparing with

Linear Gaussian case (5.11) it is reassuring to see how deviations for SLDS and LDS

have similar dependence in terms of the norm of stable system matrix.

Remark 35. Although, we tried our best to show concentration for process level law

of HEMCs under exponential-type Lyapunov condition, via weigthed T-E inequality

but it got intractable due to non-uniform transport constants.

Definition 9. Kernel representation of Markov operator: we say that a Markov

transition operator P has a kernel representation w.r.t its’ stationary measure µπ if

Pfpxq “
ş

fpyqkpx, yqµπpdyq and
ş

kpx, yqµπpdyq “
ş

kpx, yqµπpdxq “ 1 a.e. x and y

w.r.t µπ, respectively. If P px, ¨q ăă µπ almost all x w.r.t stationary measure, then

for each fixed x, kpx, ¨q “ dPx

dµπ
p¨q, i.e. Radon-Nikodym derivative of P px, ¨q w.r.t µπ.

5.1.3 Compact operator associated to minorization

Let’s define an integral operator on L2pµπq:

Qπfpxq :“

ż

fpyqβχSpxq
dν̂

dµπ

pyqµπpdyq, (5.26)
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which is compact if
›

›

dν̂
dµπ

›

›

L2pµπq
ă 8, also:

Remark 36. Minorization operator Qπ, when viewed as an element of B
`

L2pµπq
˘

is

bounded above by β

›

›

›

›

dν̂
dµπ

›

›

›

›

2

a

µπpSq.

Proof. Given any f P L2pµπq:

a

xQπf,Qπfy “

b

`

ν̂pfq
˘2
β2µπpSq

ď β

›

›

›

›

dν̂

dµπ

›

›

›

›

2

a

µπpSq}f}2, (5.27)

where the last inequality follows from Cauchy-Schwarz.

Remark 37. Owing to time and space limitations we will not explore the conse-

quences of preceding result in this paper, but we invite other researchers to do so by

pointing out to them following interpretation: loosely speaking, we can view P as

sum of a compact operator with a kernel (in the sense ν̂ ăă µπ) and some added

perturbation ‘S’ i.e., P “ S `Qπ. One possible way to prove spectral gap for P is by

first ensuring spectral radius of Qπ ą 0 and if the norm of perturbation }S} is small

enough (correct scaling can be found in [54]): spectral gap for P follows. [55], uses a

similar idea but with Fredholm type perturbation analysis to show spectral gap under

the assumption of uniform integrability of P .

Exponential-type Lyapunov function implies a lower bound on L1 ´ Lq

Hyperboundedness, for some q ą 1

Theorem 38. Assume there exists α̂ and β such that β ă α̂ and
ş

eα̂}y}2Ppx, dyq ď

Cpα̂qeβ}x}2. Then for some q ą 1, }P }L1ÑLq ě Cpα̂q.

Proof. We know from theorem 34, }Wα̂}L1pµπq ă 8, w.l.o.g assume that for any η ą α̂,

Wη is not integrable: i.e., Wα̂ doesn’t belong to any Lp for p ą 1. Now notice that
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PWα̂ ď Cpα̂q
`

Wα̂

˘
β
α̂ . So there exists a q ą 1, such that

`

PWα̂

˘q
ď Cpα̂qqWα̂ and

eventually we have: }PWα̂}Lqpµπq ď Cpα̂q}Wα̂}L1pµπq

5.2 Spectral Gaps, Ergodic Theorems and Poincare

Inequality

To mathematically express the phenomenon that time-distant samples, although tem-

porally dependent, behave as iid , we will have to go to fundamentals of ergodic theory.

Let us use D to denote the unit disc in the complex plane and T represents the unit cir-

cle in the plane. Consider the Banach space, with complex field, Lppµπq of p P r1,8s

integrable functions; i.e., all measurable functions f with
ş

|fpxq|pµπpdxq ă 8. Con-

jugate power of p, cppq is defined as cppq ě 1 that satisfies 1
cppq

` 1
p

“ 1. Every g P Lcppq

corresponds to a bounded linear functional on f P Lp and its action is captured by

xf, gyµπ :“
ş

fpxqgpxqdµπpxq.

We consider linearity in first argument of the inner product and the boundedness

follows by Cauchy-Schwarz: |xf, gyµπ | ď }f}p}g}cppq. Markov transition operator P :

Lp Ñ Lp is defined as }Pf}Lp “

ˆ

ş

|Pfpxq|pµπpdxq

˙
1
p

“

ˆ

ş

|
ş

fpyqppx, dyq|pµπpdxq

˙
1
p

which is ď }f}Lp , where the last inequality follows from Jensen inequality. Note that

P acts as an identity on constant functions, i.e., P1 “ 1, and it is positive, i.e.,

Pf ě 0 if f ě 0.

A Markov chain is reversible or satisfies detailed balance condition if Markov

transition operator P when viewed as an operator on Hilbert space L2pµπq is equal

to its adjoint P ˚: xPf, gy :“ xf, P ˚gyµπ “ xf, Pgy. A simple observation reveals that

P, P ˚, PP ˚ and P ˚P are all Markov operators with µπ as invariant measure. Consider

a sequence pAnqnPN of bounded operators on some Banach space, there are different

topologies (uniform, strong, and weak) to study its convergence (see e.g., Chapter
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6 of [16] for exact definitions). For the reader unfamiliar with spectral properties

of operators and associated notations (particularly Hyperboundedness and Fredholm

theory):

Spectral Decomposition

Preliminaries. Let A be a bounded operator on a Banach space X , denoted by

A P BpX q. λ P C is said to be in resolvent of A, denoted by λ P RSpAq, if λI ´

A : X Ñ X is bijective. Bounded inverse theorem implies that for λ P RSpAq,

RλpAq :“ pλI ´ Aq´1 P BpX q . The spectrum of A is denoted by σpAq :“ CzRSpAq.

Spectral radius of A is denoted by ρpAq :“ sup |λ| : λ P C. Consequently, if there

exists a v P X and λ P C such that Av “ λv (i.e., λ is an eigenvalue with the

corresponding eigenfunction v) then λI ´A is not injective, which implies λ P σpAq.

However, the spectrum of A is not limited to eigenvalues; for a detailed monograph

of spectral theory see e.g., [16].

Definition 10. Let A be a bounded operator on some Banach space X . It is called

Fredholm if: (a) dimrNpAqs ă 8, (b) dimrX zImpAqs ă 8, and (c) ImpAq is closed.

Here, dimrNpAqs denotes the dimension of the null space of A and ImpAq means the

range of A; dimrX zImpAqs is often read as the dimension of cokernel of A.

Note that the condition (c) is redundant; it follows from (b).

Definition 11. The index of a Fredholm operator A is defined as indpAq “ dimrNpAqs

´dimrXzImpAqs, and for some small perturbations ∆pAq to the operator indpA `

∆pAqq “ indpAq.

Definition 12. λ P σpAq is said to be in essential spectrum of A, (λ P σesspAq ) if

and only if λI ´ A is not a Fredholm operator. λ P σpAqzσesspAq is said to be in
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discrete spectrum, (λ P σdiscpAq ) if and only if (a) λ is an isolated point of σpAq and

(b) tψ P X : Aψ “ λψu is finite dimensional.

Definition 13. Markov operator is called hyperbounded, if for some 1 ď p ă q ď

8, P is a bounded operator from Lppµπq to Lqpµπq (we will often call it Lp ´ Lq

hyperboundedness). More stringent requirement of hypercontractivity requires P to

be hyperbounded with }P }LpÑLq ď 1.

Remark 39. It follows from Jensen’s inequality that for all r ě 1, }P }Lrpµπq ď 1, and

Riesz-Thorin interpolation implies that for all 1 ă p ă q, P is Lp ´Lq hyperbounded.

5.2.1 Ergodic Theorems and Consequences

Definition 14. In functional analytic framework, the pair pP, µπq is said to be ergodic

if for any f P L8pµπq satisfies Pf “ f , then f is a constant.

In probabilistic language, an ergodic Markov chain has a unique invariant sta-

tionary distribution.

Definition 15. The pair pP, µπq is called aperiodic if for all λ P Tzt1u, dimrNpλI ´

P qs “ 0.

Theorem 40. Birkhoff Pointwise Ergodic theorem: Let pxnqnPN, be the samples from

an ergodic Markov chain. Then, 1
N

řN´1
n“0 fpxnq ÝÑ µπpfq, almost every initial con-

dition x0 “ x w.r.t µπ, and f integrable w.r.t µπ.

This is reminiscent of the strong law of large numbers for iid sampling from

distribution µπ. However, a very natural requirement for having a concentration

similar to iid setting is sharp decay of correlation – i.e., for some C ă 8 and η P p0, 1q

|Covµπ rfpxnq, fpxn`mqs| ď CηmV arµπpfq, @f P L2
pµπq. (5.28)
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Now, the first step towards formalizing the preceding phenomenon is a concept

related to uniform ergodicity.

Theorem 41. If the pair pP, µπq is ergodic, let U be the orthogonal projection on

tf P L2pµπq : Pf “ fu. Then,

}
1

N

N´1
ÿ

n“0

P n
´ U}L2pµπq ÝÑ 0; (5.29)

i.e., the operator, 1
N

řN´1
n“0 P

n converges to a bounded linear projection U in the uni-

form operator topology.

Proof. If the pair pP, µπq is ergodic then so is the pair pP ˚, µπq. We first show that

ImpI ´ P q is closed using Fredholm argument – because the dimension of co-kernel

is finite: dimrL2pµπqzImpI ´ P qs “ dimrNpI ´ P ˚qs “ dimrNpI ´ P qs “ 1. Now,

consider the following decomposition:

pI ´ P q : NpI ´ P q
à

NpI ´ P q
K

Ñ ImpI ´ P q
à

ImpI ´ P q
K. (5.30)

Therefore, I ´ P : NpI ´ P qK Ñ ImpI ´ P q is bijective and by inverse mapping

theorem pI ´ P q´1 P BpImpI ´ P q, NpI ´ P qKq so there exists a K ă 8 such that

}pI ´ P q´1}ImpI´P qÑNpI´P qK ď K implying that the pair pP, µπq is uniformly ergodic

because: given any f P ImpI´P q there exists a unique ĝ P NpI´P qK such that f “

pI´P qĝ and } 1
N

řN´1
n“0 P

nf} “ } 1
N

řN´1
n“0 P

npI´P qĝ} “
}pI´PN qĝ}

N
“

}pI´PN qpI´P q´1f}

N
ď

2 }pI´P q´1f}

N
ď 2K

N
}f}. So 1

N

řN´1
n“0 P

n converges to 0 at a uniform rate on ImpI ´ P q.

Notice that, when ImpI ´ P q is closed: ImpI ´ P q “ NpI ´ P qK, because regardless

of ImpI ´P q being closed : ImpI ´P q Ă NpI ´P ˚qK and ImpI ´P qK “ NpI ´P ˚q.

Therefore, ImpI´P qK corresponds to NpI´P q which by ergodicity assumption only

comprises of constant function and 1
N

řN´1
n“0 P

n
|NpI´P q

“ I.
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Remark 42. The above theorem effectively provide a stronger version of the mean

ergodic theorem – i.e., ‘L2´ uniform ergodicity’.

Remark 43. It is worth noting the following:

1. Under ergodicity and reversibility assumption, I ´ P is an Fredholm operator

with index 0; effectively, it means 1 is an isolated eigenvalue of P – i.e., for some

ϵ ą 0, σpP q “ r´1, 1 ´ ϵs Y t1u and the dimension of space of eigenfunctions

associated to 1, is 1 .

2. We define S :“ P|ImpI´P q (when ImpI ´ P q is closed), and since ImpI ´ P q is

invariant under P , implying S : ImpI ´P q Ñ ImpI ´P q. Because pI ´P q´1 P

BpImpI ´ P qq, pI ´ Sq´1 exists as well so 1 R σpSq and from previous bullet

point as S will contain subset of spectrum of P , indeed σpSq Ă r´1, 1 ´ ϵs.

Theorem 44. If the pair pP, µπq is reversible, ergodic and aperiodic, then }P n ´

U}L2pµπq ÝÑ 0, in uniform operator topology.

Proof. Consider the operator I ` P , as a map

I ` P : NpI ` P q
à

NpI ` P q
K

Ñ ImpI ` P q
à

ImpI ` P q
K. (5.31)

NpI `P q “ tf P L2pµπq : Pf “ ´fu, which corresponds to periodic behavior but by

hypothesis dimrNpI ` P qs “ 0 and dimrL2pµπqzImpI ` P qs “ dimrNpI ` P qs “ 0

(thanks to reversibility) so I ` P is a Fredholm operator implying that ´1 R σesspP q

(see e.g., [40]). Moreover, ´1 R σpP q either. Since the spectrum of a bounded

operator is always closed, there exists δ ą 0 such that σpSq Ă r´1 ` δ, 1 ´ ϵs.

Consequently ρpSq, the spectral radius of S, satisfies ρpSq ď maxp|´1`δ|, |1´ϵ|q ă 1

and P n “ Sn
À

INpI´P q, but ρpSq ă 1 implies Sn Ñ 0, because by Gelfand’s formula

for any ρ P pρpSq, 1q there exists Mpρq ă 8 such that }Sn} ď Mpρqρn.
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Spectral analysis of non-reversible P is more involved as it can lies inside a unit

disc and this is where hyperboundedness comes into play.

Theorem 45. Hyperboundedness(see definition 13 in Appendix) of L2 ´ Lp, where

p “ 2 ` ϵ and ϵ ą 0 implies that (a) for all λ P T, dimrNpλI ´ P q2s ă 8 and pbq

dimrNpλI ´ P ˚q2s ă 8. (b) independently implies ImpλI ´ P q2 is closed. Conse-

quently:

1. σpP q XT may only comprise of a finite number of distinct eigenvalues and each

distinct eigenvalue has a finite-dimensional eigenspan.

2. σesspP q is contained inside some closed disc of radius α ă 1 in the complex

plane.

3. σpP q is ‘gapped’ – i.e., it comprises of two disjoint sets: σpP q “ tσpP q X Tu Y

tσpP q X αDu.

Proof. Our proof is based on a result of [56]: infinite dimensional Lp spaces are not

isomorphic for p ‰ q. If f P N rλI ´ P s, for λ P T, it must satisfy |Pfpxq| “ |fpxq|.

P is L2 ´ Lp:“2`ϵ hyperbounded, for some ϵ ą 0. Then duality implies that P ˚ is

Lcppq ´ L2 hyperbounded, where cppq is the conjugate power of p. Now recall, P P

BpLpq and dimrLpzImpλI´P qps “ dimrNpλI´P ˚qcppqs. If dimrNpλI´P ˚qcppqs “ 8,

strict inclusion implies there exists a ĝ P LcppqzL2 such that P ˚ĝ “ λĝ and |P ˚ĝ| “ |ĝ|

which contradicts hyperboundedness. Therefore, dimrLpzImpλI ´P qps is finite which

implies ImpλI´P q is closed in Lpand as L2 Ĺ Lcppq we have dimrL2zImpλI´P q2s “

dimrNpλI´P ˚q2s ă dimrNpλI´P ˚qcppqs ă 8 and we have that ImpλI´P q is closed

when viewed as a map in L2. Argument for dimrNpλI ´P q2s being finite follows the

same hyperboundedness argument. Consequences follow from the disjoint nature of

essential and discrete spectrum (see Theorem 7.9-7.11 of [16]).
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Theorem 46. If the pair pP, µπq is ergodic, L2 ´ Lp hyperbounded for p “ 3, 4 with

norm condition }P }L2´Lp ă 2
1
2

´ 1
p , then

}P n
´ U}L2pµπq ÝÑ 0, in a uniform operator topology. (5.32)

Proof. The norm condition }P }L2ÑL4 ă 2
1
2

´ 1
4 or }P }L2ÑL3 ă 2

1
2

´ 1
3 ensures aperi-

odicity (see Theorem 5.1 and 5.3 in [57] ); only t1u P σpP q X T and corresponds

to the eigenspan of constant functions. Following the argument of Theorem 44:

P n “ Sn
À

INpI´P q, where S “ P|ImpI´P q and σpSq Ă αD for some α P p0, 1q. Con-

sequently, ρpSq ď α, and for all ρ P pα, 1q there exists an Mpρq ă 8 such that

}Sn} ď Mpρqρn; and thus, the result follows.

Remark 47. A trivial corollary of }P n ´U}L2pµπq ÝÑ 0 in uniform operator topology

is that for some ρ P p0, 1q, C ă 8 and for all n P N, it holds that

}P n
`

f ´ µπpfq
˘

}L2 ď Cρn}f ´ µπpfq}L2 , (5.33)

which is equivalent to sharp decay of correlation in (5.46).

5.3 Hyperboundedness and Transport-Entropy

Inequality Implies Concentration

After ensuring uncorrelation for time-distant samples, it is safe to relate to the iid

setting and remind ourselves that sharp concentrations heavily rely on the ability to

take exponential moments of the observable w.r.t underlying measure. An attempt to

analyse the uncorrelation and exponential integrability via a single linear operator

brings us to the following discussion.
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Feynman-Kac semigroup plays an integral role in the study of fluctuations of

time additive quantities of diffusion process in continuous time, [58]. The reader is

referred to [46] for a detailed exposition on this topic in discrete-time setting. We

identify with the observable/reward function r, a Feynman-Kac semigroup, which

is a composition of the Markov transition operator followed by an exponentiated

multiplication operator w.r.t observable – i.e., erP : Dp¨q Ď L2pµπq Ñ L2pµπq, such

that for all g P Dp¨q (the domain on which semigroup operators can be viewed as

bounded operator) it holds

perP q
ngpxq :“ ExrgpxNqe

řn´1
i“0 rpxiqs , @n P N. (5.34)

Assume that x0 ∼ β and β ăă µπ. We have the following upper bound on the

deviation of the observable:

Pβ

ˆ

1

N

N´1
ÿ

i“0

rpxiq ´ µπprq ě ϵ

˙

ď

›

›

›

›

dβ

dµπ

›

›

›

›

2

inf
są0

}pesrP q
N

}L2´L2e´sNpµπprq`ϵq. (5.35)

Thus, the task at hand is bounding the operator erP in a meaningful way to get a

favorable concentration result. P in itself is a positive contraction but exponentiated

multiplication operator defined by unbounded observable require a short detour into

its spectral analysis and transport-entropy inequality.

Multiplication operator defined by er. The operator
`

er, Dperqp
˘

is closed and

densely defined, see e.g., Proposition 3.10 from Chapter 1 in [59]. The essential range

of er with µπ as an underlying measure is defined as eresspµπq :“

"

λ P r1,8q : µπ

`

|er ´

λ| ă ϵ
˘

‰ 0, @ ϵ ą 0

*

, and the essential norm of er, }er}8 :“ suptλ P eresspµπqu.

Multiplication operator er is bounded in some and hence all Lp, iff }er}8 ă 8.

Consequently, Dperqppq “ Lp and }er}LpÑLp “ }er}8. If the stationary measure µπ is
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not compactly supported and is absolutely continuous w.r.t Lebesgue measure then

}er}LpÑLp “ 8. However, not all is lost, as suggested in the previous section that

we need some notion of hyperboundedness for uncorrelation. So if for some p ą 2,

P : L2 Ñ Lp, in order to ensure erP P BpL2q it is sufficient to prove er : Lp Ñ L2.

This is where the transport-entropy inequality comes into play.

Definition 16. Consider metric space pX , dq and reference probability measure µ P

PpX q. Then we say that µ satisfies Transport-Entropy(T-E) inequlaity with constant

C or to be concise µ P T d
1 pCq for some C ą 0 if for all ν P PpX q and ν ăă µ, it

holds that

Wdpµ, νq ď
a

2CEntpν||µq. (5.36)

Lemma 10 ([60]). µ satisfies T d
1 pCq if and only if for all Lipschitz function f with

ă f ąµ:“ Eµf , it holds that

ż

eλpf´ăfąµqdµ ď expp
λ2

2
C}f}

2
Lpdqq, where }f}Lpdq :“ sup

x‰y

|fpxq ´ fpyq|

dpx, yq
. (5.37)

Theorem 48. If µπ P T d
1 pCπq for some Cπ ą 0 and r is Lipschitz w.r.t metric d then

we have for all p ą 2, er : Lp ÝÑ L2 is a bounded operator with norm:

}er}LpÑL2 ď exp

ˆ

µπprq `
2pCπ}r}2Lpdq

pp ´ 2q2

˙

. (5.38)

Proof. The proof is a simple application of Cauchy-Schwarz and the exponential mo-

ment inequality for Lipschitz functions under distribution µπ satisfying the transport-

entropy inequality.

Theorem 49. Without any assumption of reversibility, if the invariant measure µπ P

T d
1 pCπq for some Cπ ą 0 and r is Lipschitz w.r.t metric d and for some q ą 2,

P : L2pµπq ÝÑ Lqpµπq is hyperbounded with norm }P }L2ÑLq ă e
1
2

“

1
2

´ 1
q

‰

. Given
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n P Z` and δ P p0, 1q and an initial distribution β ăă µπ, if N ě ln

ˆ

›

›

dβ
µπ

›

›

2
1

1´δ

˙

ˆ

4n2q
pq´2q´4n2q ln }P }L2ÑLq

˙

, we have that

Pβ

ˆ

1

N

N´1
ÿ

i“0

rpxiq ´ µπprq ě

?
Cπ}r}Lpdq

n

˙

ă 1 ´ δ. (5.39)

Proof. Since the theorem assumptions ensure erP P BpL2pµπqq, we have that }perP qN}

ď }erP }N . Let ϵpnq :“
?
Cπ}r}Lpdq

n
, where

?
Cπ}r}Lpdq is proportional to the square root

of variance of r under distribution µπ. Notice that as opposed to standard pϵ, δq prob-

ability arguments, here we have scaled ϵ “ ϵpnq with a control variable n that we can

increase to make ϵ arbitrarily small. From the preceding discussion, it holds that

}pesrP q
N

}L2´L2e´sNpµπprq`

?
Cπ}r}Lpdq

n
q

ď }P }
N
2´qe

N

ˆ

`

2q
q´2

˘

s2

2
Cπ}r}2

Lpdq
´s

?
Cπ

}r}Lpdq

n

˙

,

(5.40)

and a trivial calculation reveals

inf
są0

}P }
N
2´qe

N

ˆ

`

2q
q´2

˘

s2

2
Cπ}r}2

Lpdq
´s

?
Cπ

}r}Lpdq

n

˙

“ e
N

ˆ

ln}P }2´q´ 1
2n2

“

q´2
2q

‰

˙

, (5.41)

which we should be able to decrease as N increase; for every n P Z`, which happens

to be the case if }P }L2ÑLq ă e
1
2

“

1
2

´ 1
q

‰

and all other results follow.

Remark 50. Since our norm control }P }L2ÑLq ă e
1
2

“

1
2

´ 1
q

‰

is in harmony with the

upper bound for q “ 3, 4 given by [57], which implies implies aperiodicity and con-

sequently Poincare’ L2´ Spectral gap for Markov transition operator. We conjecture

that for q P p2, 3q our upper bound might imply aperiodicity and hence L2´ Spectral

gap.
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Assuming hypercontractivity, a stronger theoretical result similar to [46] can be

directly deduced.

Corollary 7. Without any reversibility assumption on the pair pP, µπq, if the sta-

tionary distribution satisfies T-E inequality i.e., µπ P T d
1 pCπq and for some p ą 2

associated transition kernel is hypercontractive, i.e., }P }2Ñp ď 1, then for any initial

distribution β ăă µπ and N P N it holds

Pβ

ˆ

1

N

N´1
ÿ

i“0

rpxiq ´ µπprq ě ϵ

˙

ď

›

›

›

›

dβ

dµπ

›

›

›

›

2

exp

ˆ

´
Nϵ2pp ´ 2q

4Cπ}r}2Lpdq
p

˙

. (5.42)

Consequently, given ϵ ą 0 and δ P p0, 1q, it holds that for all

N ě

ln

ˆ

›

›
dβ
µπ

›

›

2

1
1´δ

˙

4Cπ}r}2
Lpdq

p

ϵ2pp´2q
the chain satisfies Pβ

ˆ

1
N

řN´1
i“0 rpxiq ´ µπprq ě ϵ

˙

ď

1 ´ δ.

Decay of correlation and the ‘dilemma of duality’: }P n ´ U}L2pµπq ÝÑ

0, in uniform operator topology, implies if x0 ∼ µπ and xn evolves according to the

Markov transition operator P :realization of any f P L2pµπq, fpxnq are asymptotically

uncorrelated. In the reversible case, information on P is equivalent to information

on time reversed chain represented by P ˚. Therefore, ergodicity and aperiodicity im-

plies asymptotic uncorellation. In non-reversible setting, practitioner doesn’t have

access to simulating P ˚. So in order to ensure time distant samples are becoming

uncorrelated, a prior knowledge of hyperboundedness of P with the discussed norm

control makes up for reversibility assumption. Does this ascertain the phillosophical

argument: we cannot fully understand one side of the dual nature of something with-

out understanding the opposing side ? From an application point of view: Can we

simulate P ˚ by adding some modifications to the simulation of P ?

Remark 51. A trivial corollary of }P n´U}L2pµπq ÝÑ 0, in uniform operator topology
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is that for some ρ P p0, 1q, C ă 8 and for all n P N:

}P n
`

f ´ µπpfq
˘

}L2 ď Cρn}f ´ µπpfq}L2 . (5.43)

This brings us to a more restrictive functional counterpart of preceding inequality:

5.3.1 Poincare inequality and its’ converse

Correct functional formulation of Poincare inequality (see e.g., [61] ) for discrete time

Markov chain is as follows:

Definition 17. The Dirichlet form EPP˚ for a Markov semigroup PP ˚, w.r.t its’

stationary distribution µπ is a bilinear form EPP˚pf, gq :“ xpI ´ P ˚P qf, gyL2
µπ
. The

Markov process is said to satisfy Poincare’ inequality with constant C ą 1 if:

V arµπpfq ď CEPP˚pf, fq. (5.44)

Corollary 8. A trivial consequence of (5.44) reveals, exponential decay of the vari-

ance of pP nfqnPN with initial distribution taken as the staionary distribution, to be

precise:

V arµπpP nfq ď

ˆ

C ´ 1

C

˙N

V arµπpfq, @f P L2
pµπq. (5.45)

and simple application of stationarity and Cauchy-Schwarz imply exponential decay

of correlation:

|Covµπ rfpxnq, fpxn`mqs| ď

ˆ

C ´ 1

C

˙m

V arµπpfq, @f P L2
pµπq. (5.46)

Should be obvious from the mathematical formulation and its’ consequences:

Poincare inequality reveals the speed of convergence of a Markov chain to equilib-
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rium and ensures applicability of Markov chain Monte Carlo methods like Metropolis-

Hasting ; where one tries to simulate samples from a target distribution by instead

generating a Markov kernel whose invariant distribution is the target distribution

i.e., if Poincare’ inequality holds, Markov chain converges exponentially fast to the

stationary distribution(in total variation), correlation of samples decrease exponen-

tially fast and one manages to get ‘almost’ i.i.d samples from the target distribution,

for a detailed exposition on this topic see e.g., [62]. If the Markov chain lies in-

side a finite state space, [63] and [64] have shown to use conductance methods and

graph theory to get finite dimensional spectral analysis of Markov transition kernel

( matrix eigenvalue/eigenvector analysis in ) which can then leads to Poincare’ in-

equality. Poincare’ inequality and spectral gap in L2 are often used interchangeably,

with origins in continuous time Markov process where they are indeed mathemati-

cally equivalent but for discrete-time case it is a dangerous misnomer: Spectral gap

shown for reversible chain in [65] is around 1, but ´1 can belong to σpP q when deal-

ing with reversible HEMCs and can have a debilitating affect on attempt to provide

concentration inequality as we will show shortly in example below. Notion of spec-

tral gap as we mentioned in theorem 45 and aperiodicity are equivalent to Poincare

(modulo a constant factor). Discrete-time variants on unbounded state space e.g.,

(Polish spaces) always have symmetry assumption [66]. Even though [67] managed

to prove L2 spectral gap and aperiodicity inequality for HEMCs under minimal as-

sumptions but reversibility assumption was crucial. [55] used perturbation theory to

prove spectral gap for positive Markov transition operator under uniform integrability

condition, but how to come up with easily verifialble conditions that imply Uniform

Integrability is not obvious. Continuous time variant [68], links Lyapunov condition

to different functional inequalities but apriori makes the assumption on the structure

of invariant measure and lyapunov condition is equivalent to Poincare only under
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reversibility assumption.

Periodic behavior leading to failure of Poincare inequality

Example 1. We consider an illuminating example from [57], µπ is a lebesgue mea-

sure on r0, 1s for kpx, yq :“ 2χr0,0.5sˆr0.5,1spx, yq ` 2χr0.5,1sˆr0,0.5spx, yq, define a Markov

transition operator as Pfpxq :“
ş

fpyqkpx, yqdµπpyq. Markov chain is reversible,

ergodic and even hyperbounded. Let gpxq :“ χr0,0.5spxq ´ χr0.5,1spxq, then Pgpxq “

´gpxq and }P n
`

g ´ µπpgq
˘

}L2pµπq “ }p´1qng ´ µπpgq}L2pµπq “ 1 for all n P N and

Covx0∼µπ rgpxnqgpxn`mqs can only be upper bounded by 1.

Remark 52. The preceding example urges us to ensure that HEMC doesn’t posses

such a periodic behavior w.r.t observables: that we aim to show, as ergodic aver-

ages concentrate sharply around their mean w.r.t ergodic invariant distribution. Here

comes the existence of exponential-type Lyapunov function into play.

5.3.2 Exponential decay of correlation on Lipschitzs observ-
ables of HEMCS and Spectral gaps

A curious reader can identify that for HEMCs, an exponential-type Lyapunov func-

tion, implies an exponential decay of correlation as in (5.46) on a subset of L2pµπq.

Therefore, an attempt to discover L2pµπq spectral gap for HEMCs with exponential-

type Lyapunov function, should take initial domain of analysis as the space of Lip-

schitz function w.r.t contractive metric dβ˚ for Markovian operator P that we will

denote by Lpdβ˚q.

Theorem 53. Markov transition operator for HEMCs with exponential type Lya-

punov function,is a strict contraction on the domain of Lipschitz functions as sub-
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space of Banach spaces Lppµπq, with the following anaytical bounds n P N:

}P nf ´ µπpfq}Lp ď 3pλβ˚q
n
}f}Lpdβ˚ qp

1
2

c

Cπ

2
(5.47)

}f ´ µπpfq}Lp ď 3}f}Lpdβ˚ qp
1
2

c

Cπ

2
. (5.48)

Proof. Since, exponential-type Lyapunov function implies Transportation inequality

and P nf is Lipschitz with norm pλβ˚qn}f}Lpdβ˚ q, µπ P T dβ˚

1 pCπq, using (??) for N “ 1

we can get an exponential bound on deviation of P nf subject to x0 ∼ µπ: to be precise

Pp|P nf ´µπpfq| ą tq ď 2 exp
`

´ t2

2Cπ}Pnf}2
Lpd

β˚ q

˘

. Then we can calculate p-th moment

via integral identity; step by step shown in the proof of Proposition 2.5.2, [69]

}P nf ´ µπpfq}Lp “

ż 8

0

Pp|P nf ´ µπpfq|
p

ą sqds

“

ż 8

0

ptp´1Pp|P nf ´ µπpfq| ą tqdt (5.49)

ď

ż 8

0

ptp´12 exp

ˆ

´
t2

2Cπ}P nf}2Lpdβ˚ q

˙

ď pλβ˚q
n
}f}Lpdβ˚ q 3p

1
2

c

Cπ

2
l jh n

Cpp,µπq

(5.50)

where (5.49) follows from change of variable t :“ s
1
p and (5.50) follows from property

of gamma function Γpaq ď 3aa for all a ě 1
2
.

Theorem 54. Functions corresponding to periodic behavior (if they exist) w.r.t HEMC

do not belong to class of Lipschitz function and for any two Lipschitz function f and

g, we have the following decay of correlation:

Covx0∼µπ

“

fpxnqgpxn`mq
‰

ď 9Cπ

`

}f}Lpdβ˚q
_ }g}Lpdβ˚q

˘2
pλβ˚q

m (5.51)
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Proof. First claim follows from discussion in example 1 and (5.51) follows from sta-

tionarity and Cauchy-Schwarz inequality along with upper bounds given in (5.48)

and (5.47).

Any attempt to strengthen Theorem 53 into likes of Poincare inequality, would

first require us to prove denseness of Lipshchitz functions in the space of Lp functions.

Theorem 55. Indeed, we have something similar to spectral gap in terms of Lppµπq,

i.e., for any f P Lppµπq there exists a constant Cpp,µπqpfq only dependent on the

function f , p´ th power of Banach space under consideration and the T ´E constant

of the stationary distribution µπ such that @, n P N:

}P nf ´ µπpfq}Lp ď pλβ˚q
nCpp,µπqpfq (5.52)

Proof. It suffices to show that Ldβ˚ is dense in Lppµπq. Although, not so evident from

the first look at (??), it turns out that indicator functions are indeed 1´ Lipschitz

w.r.t metric introduced by [48]. We can trivially pick sequence of sets pAnqnPN, such

that µπpAnq Œ 0. Notice that x ÞÑ PχAnpxq is again Lipschitz w.r.t dβ˚. Assume

that the subspace Ldβ˚ XL8pµπq is not dense in Lppµπq, a Corrolary of Hahn-Banach

theorem reveals that there exists a g P Lqpµπq ‰ 0, where q is a conjugate power of

p i.e., 1
p

` 1
q

“ 1 and xf, gyµπ “ 0, @f P Ldβ˚ X L8pµπq. As discussed in the begining

of this section, recall P ˚ : Lqpµπq Ñ Lqpµπq is a Markov kernel. Exploiting the

invariance and duality structure:

0 “ µπpgq “

ż

P ˚gpxqdµπpxq “ xPχAn , gy “ xχAn , P
˚gy “

ż

P ˚gpxqχAnpxqdµπpxq Œ 0,

(5.53)
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which implies P ˚gpxq “ 0, µπ a.e. x but P ˚ is Markov kernel implying g “ 0 which

is in contradiction with hypothesis.

Theorem 56. For a reversible HEMC, existence of an exponential-type Lyapunov

function implies L2pµπq ‘spectral gap and aperiodicity “ poincare’ i.e., for some β̂ P

p0, 1q:

sup
fPL2pµπq

}Pf ´ µπpfq}2

}f ´ µπpfq}2
ă β̂. (5.54)

Proof. With the inequality (5.47) in hand and denseness of Ldβ˚ in L2pµπq, proof

follows from Lemma 2.8 and 2.9 of [67] with β̂ :“ λβ˚ .

Remark 57. For a reversible ergodic Markov chain, Poincare inequality is merely a

validation of aperiodic behavior.

5.4 Large Deviations and Transport-Information

Inequality

A parallel line of research for concentration inequalities is based on Large deviation

principle for Markov chains developed by Donsker and Varadhan (see e.g., [70]),

which roughly implies that for any B P B
`

PpX q
˘

, occupation measure of Markov

chain, 1
N

řN
i“1 δxi

, with stationary measure µπ satisfies:

Pp
1

N

N
ÿ

i“1

δxi
P Bq » e´N infνPB Ipv|P,µπq, (5.55)

where P is the transition operator associated with Markov chain having a stationary

measure µπ. Donsker-Varadhan information of a measure ν w.r.t Markov chain is

represented by:

Ipv|P, µπq :“ inf
QPPpXˆX q:π1Q“π2Q“ν

EntpQ||µπ b P q, (5.56)
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where π1Q and π2Q denotes first and second marginals of Q and µπbP “ µπpxqP px, yq.

In the language of large deviation, Donsker-Varadhan information is the rate function

for occupation measure of Markov chain.

Definition 18. We say the pair pP, µπq of Markov chain satisfies Transport Infor-

mation inequality (T-I) for some Cπ ą 0 if for all ν P PpXq:

W2
dpν, µπq ď 2CπIpv|P, µπq. (5.57)

.

Feynman-Kac semigroup and stationary chain. Feynman-Kac semigroups

play an integral role in the study of fluctuations of time additive quantities of dif-

fusion process in continuous time, [58]. The reader is referred to [46], for a detailed

exposition on this topic in discrete time setting. As in [46], we identify with reward

function r, three diffrent Feynman-Kac semigroup for the chain as operators erP, P r

and Per : Dp¨q Ď L2pµπq Ñ L2pµπq such that for all g P Dp¨q (domain on which

semigroup operators can be viewed as bounded operator):

perP q
Ngpxq :“ ExrgpxNqe

řN´1
i“0 rpxiqs (5.58)

pP r
q
Ngpxq :“ ExrgpxNqe

řN´1
i“1 rpxiq`

rpx0q`rpxN q

2 s (5.59)

pPerqNgpxq :“ ExrgpxNqe
řN

i“1 rpxiqs. (5.60)

Remark 58. Notice that }Per ´ P } “ }P ‚ per ´ 1q ¨ }, a composition of Markov

Transition operator and multiplication operator. Therefore, }Per ´ P } ď }P }}er ´

1}L8pµπq: provided that the stationary distribution is concentrated on a compact set or

observable is bounded and spectral gap exists for P , perturbation analysis developed
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by [54] (or Fredholm theory ) can be used to show spectral gap for Feynman-Kac

operators and consequently exponential concentration inequalities.

Theorem 59. [46], assume that Markov chain is reversible then the following con-

ditions are equivalent:

piqW2
dpν, µπq ď 2CπIpv|P, µπq, for all ν P PpX q. (5.61)

piiq}pP sr
q
N

}2 ď eN
`

s µπprq`
Cπs2

2

˘

, for all s ą 0, N P N and r s.t }r}Lpdq ď 1.

piiiqPβ

ˆ

1

N

`

N´1
ÿ

i“1

rpxiq `
rpx0q ` rpxNq

2

˘

´ µπprq ě ϵ

˙

ď

›

›

›

›

dβ

dµπ

›

›

›

›

2

exp

ˆ

´Nϵ2

2Cπ}r}2Lpdq

˙

, @β ăă µπ. (5.62)

Remark 60. Although, results from the Theorem 59 have a great theoretical signif-

icance, assumption of reversibility is not easy to check and its validity is somewhat

questionable for Harris Ergodic chains. We will take a heuristic approach to explore

concentration phenomenon and then come back to LDP for non-reversible chains.

5.4.1 Hyper-contractivity/ boundedness and exponential
Lyapunov function Implies Concentration

Example 2. Let’s improvise by considering one dimensional linear Gaussian dynam-

ical system with |α| ă 1:

xn`1 “ αxn ` wn. (5.63)

An easy check reveals stationary distribution of (5.63) is γ1,α :“ N
ˆ

0, 1
1´α2

˙

Theorem 61. Given α such that |α| ă 1, there exitst p :“ ppαq ą 2 such that

}P }2Ñp,γ1,α ď 1 (Hypercontractivity) and }
`

erP
˘N

} ď e
N

ˆ

γ1,αprq`

`

2p
p´2

˘

}r}2
Lpdq

2

˙

.
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Proof. A trivial application of change of variable and Stein’s lemma reveals:

}P }2Ñp ď
1

p1 ´ α4q
1
4

1
ˆ

1 ´
α2p

p1`α2q

˙
1
2p

1

e

2
p

ˆ

1´
α2p

p1`α2q

˙ (5.64)

Recall, γ1,α P T d
1 p1q i.e., satisfies T-E inequality with constant 1. It follows from

previous equation (5.64) that for any g P L2
`

γ1,α
˘

such that }g}2 ď 1, there exists

a p ą 2 such that }Pg}p ď 1 by applying Cauchy-Schwarz to the powers p
2

and its’

conjugate number p
p´2

we get:

}
`

erP
˘

g}2 ď }Pg}p

ˆ
ż

e
2p
p´2

rpxqdγ1,αpxq

˙

p´2
2p

ď }P }2Ñp

ˆ

eγ1,αprqe

`

2p
p´2

˘

}r}2
Lpdq

2

˙

, (5.65)

where (5.65) follows from hypercontractivity of transition operator and the fact that

stationary distribution satisfies T-E inequality with C “ 1 and d is the trivial metric.

Conclusion follows from the trivial inequality }
`

erP
˘N

} ď }
`

erP
˘

}N and definition of

the operator norm.

Corollary 9. Without any reversibility assumption on the pair pP, µπq, if the sta-

tionary distribution satisfies T-E inequality i.e., µπ P T d
1 pCπq and for some p ą 2

associated transition kernel is hypercontractive i.e., }P }2Ñp ď 1 then for any initial

distribution β ăă µπ and N P N:

Pβ

ˆ

1

N

N´1
ÿ

i“0

rpxiq ´ µπprq ě ϵ

˙

ď

›

›

›

›

dβ

dµπ

›

›

›

›

2

exp

ˆ

´
Nϵ2pp ´ 2q

4Cπ}r}2Lpdq
p

˙

. (5.66)

Consequently, given ϵ ą 0 and δ P p0, 1q we have that for all N ě

›

›
dβ
dµπ

›

›

2
lnp 1

1´δ
q4Cπ}r}2

Lpdq
p

ϵ2pp´2q

stationary chain satisfies Pµπ

ˆ

1
N

řN´1
i“0 rpxiq ´ µπprq ě ϵ

˙

ď 1 ´ δ.

Similar theoretical result can be interpolated from functional inequalities in [46],
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but here we would like to illuminate the effectiveness of this approach when system

dynamics are unknown and give insight into why concentration phenomenon happens.

Remark 62. We can verify T-E inequality for stationary distribution via existence of

exponential Lyapunov function so this approach is pertinent to problems in reinforce-

ment learning and control where one does not know a priori stationary distribution

of the Markov chain.

Theorem 63. Without any assumption of reversibility, if there exists an exponential-

type Lyapunov function for the HEMC under consideration: and for some q ą 2,

P : L2pµπq ÝÑ Lqpµπq is hyperbounded with norm }P }L2ÑLq ă e
1
2

´ 1
q . Given n P Z`

and δ P p0, 1q and an initial distribution β ăă µπ,

if N ě
›

›

dβ
µπ

›

›

2
lnp 1

1´δ
q

ˆ

2n2q
pq´2q´2n2q ln }P }L2ÑLq

˙

, we have that

Pµπ

ˆ

1

N

N´1
ÿ

i“0

rpxiq ´ µπprq ě

?
Cπ}r}Lpdβ˚ q

n

˙

ă 1 ´ δ. (5.67)

Proof. Since, assumptions made in Theorem ensure erP P BpL2pµπqq, we have that

}perP qN} ď }erP }N . Let ϵpnq :“
?
2Cπ}r}Lpdq

n
, and notice that

?
2Cπ}r}Lpdq is pro-

portional to the square root of asymptotic variance. In order to upper bound the

following probability:

Pµπ

ˆ

1

N

N´1
ÿ

i“0

rpxiq ´ µπprq ě

?
Cπ}r}Lpdβ˚ q

n

˙

, (5.68)

we should be able to decrease the term e

ˆ

N
“

ln }P }2Ñq´
pq´2q

n22q

‰

˙

as N increase; for

every n P Z`, }P }L2ÑLq ă e
1
2

´ 1
q suffices.
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Multiplication operator defined by er In order to understand the sufficiency

of Hyperboundedness in the preceding concentration inequality, one needs to realize

that Feynman-Kac Semigroup defined by erP is nothing but a composition of the

Markov transition operator P followed by the multiplication operator er. Therefore,

it is imperative to take into consideration the the spectral analysis for multiplication

operator that acts on Lppµπq with domain, Dperqppq :“ tf P Lp : erf P Lpu. The

operator
`

er, Dperqp
˘

is closed and densely defined, see e.g., Proposition 3.10 from

Chapter 1 in [59]. Essential range of er with µπ as an underlying measure is defined

as eresspµπq :“

"

λ P r1,8q : µπ

`

|er ´ λ| ă ϵ
˘

‰ 0, @ ϵ ą 0

*

and essential norm of er,

}er}8 :“ suptλ P eresspµπqu.

Remark 64. Multiplication operator er is bounded in some and hence all Lp, iff

}er}8 ă 8. Consequently, Dperqppq “ Lp and }er}LpÑLp “ }er}8. If the stationary

measure µπ is not compactly supported and is absolutely continuous w.r.t Lebesgue

measure then }er}LpÑLp “ 8 and hyperboundedness / hypercontractivity should be

sufficient under the existence of exponential type Lyapunov function, precisely said:

Theorem 65. Exponential type Lyapunov function ensures that for every q ą 2,

er : Lq ÝÑ L2 is a bounded operator with norm:

}er}LqÑL2 ď exp

ˆ

µπprq `
2qCπ}r}2Lpdq

pq ´ 2q2

˙

. (5.69)

Proof. Proof is a simple application of Cauchy-Schwarz and exponential moment

inequality for Lipschitz functions under distribution µπ satisfying Transport-entropy

inequality.
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5.5 Functional Inequality via rate function of chain

associated to PP ˚

As the correct formulation of Poincare inequality in 17, required verifying a functional

inequality w.r.t PP ˚–same is the case for concentration of Lipschitz observables from

the Harris chain.

Definition 19. We say the pair pP, µπq satisfies symmetrized transport-information

inequality with constant Ĉπ ą 0, if:

W2
dpν, µπq ď ĈπIpν|PP ˚, µπq, @ν P PpXq. (5.70)

Lemma 11. Symmetrized transport-information inequality (5.61) is equivalent to

following concentration inequality:

Pβ

ˆ

1

N

N´1
ÿ

i“0

rpxiq ´ µπprq ě ϵ

˙

ď

›

›

›

›

dβ

dµπ

›

›

›

›

2

exp

ˆ

´
Nϵ2

2Ĉπ}r}2Lpdq

˙

, (5.71)

see Theorem 2.12 and Remark 2.13 of [46].

The following equation can be verified from [46]:

Ipν|PP ˚, µπq ď 2Ipν|P, µπq, @ν P PpXq. (5.72)

Remark 66. This implies from practical point of view that verifying T-I is not useful

as symmetrized transport-information inequality implies T-I inequality (with a differ-

ent constant) but concentration won’t follow without a priori knowledge of reversibility

as mentioned in theorem 59. Therefore, from now on our emphasis would be centered

around analysis of symmetrized transport-information inequality.

A simple corollary follows by relating lemma 11 to corollary 9:
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Corollary 10. If the stationary distribution satisfies T-E inequality with constant

Cπ ą 0 and for some p ą 2 associated transition kernel is hypercontractive, then

the pair pP, µπq satisfies symmetrized transport-information inequality with constant

Ĉπ “ Cπ

`

2p
p´2

˘

.

Remark 67. Existence of exponential-type Lyapunov function verifies T-E but ver-

ifying hypercontractivity without explicit knowledge of stationary distribution can be

very difficult. Therefore, we would like to look for other verifiable conditions that

can lead to or are equivalent to symmetrized transport-information inequality, which

brings us to the following sufficient condition:

Theorem 68. If there exist positive α̂, β and Cpα̂q such that β ă α̂ and PP ˚Wα̂ ď

Cpα̂qWβ. Poincare inequality i.e. V arµπpfq ď cpEPP˚pfq, holds: then with metric

dpx, yq :“
?
α̂ ´ β}x´y}, the pair pP, µπq satisfies symmetrized transport-information

inequality

Proof. Proof follows the same line of argument as in Theorem 2.33 of [46].
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Chapter 6

Conclusion and future work

We have managed to make significant progress in giving typical order explicit in N

and n of various spectral statistics that determine performance of OLS. Although

OLS is transient in spatially inseparable case but their does exist a sweet spot on

length of the simulated trajectory so that the error is relatively small. In order to find

that regime we will need to extend the typical order analysis in section 4.1 to higher

typical sized rows. From functional inequalities side, we narrowed down the concen-

tration phenomenon for Harris ergodic Markov chains to a study of composition of the

Markov transition operator followed by a an exponentiated multiplication operator

defined by observable under consideration. Hyperboundedness and exponential-type

Lyapunov function suffices for concentration phenomen. A major contribution of

this work is the conclusive remark on assumption of reversibility, which we reiterate:

ImpI ´ P q is closed under reversibility assumption. However, there are still unan-

swered questions that needs further exploration: Does exponential-type Lyapunov

function imlpy hyperboundedness? If so is the case then P px, ¨q ăă µπ for almost

all x w.r.t µπ, i.e., information about the structure of the invariant measure can be

extracted; which is extremely useful when exact system dynamics are unknown. ape-

riodicity and hyperboundedness : we believe that via continuity of fredholm index we

can extend the norm control on }P }L2´Lp that implies aperiodicity. Currently, only

result for p “ 3, 4 is available. Instead of hyperboundedness or reversibility, is there

any easily verifiable assumption that ensures ImpI ´ P q is closed ?
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