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Abstract
The representation of information stands at the core of scientific machine learning and

uncertainty quantification in computational mechanics. The main purpose is to construct

“optimal” representations that on the one hand satisfy constraints related to well-posedness

and, on the other hand, exhibit desired properties related to expressivity, identifiability,

and so on. The aim of this dissertation is to develop such representations for two classes

of problems involving nonlinear hyperelastic materials and operators producing nonsmooth

solution fields, respectively.

We first consider the construction of rectified deep learning models for constitutive

modeling in nonlinear elasticity. The method combines unconstrained neural networks with

integral transformations to enforce convexity. This construction, together with the use of

a mechanistic-informed parameterization (to satisfy objectivity, for instance), ensures the

admissibility of the model. Applications to real datasets on isotropic and anisotropic soft

tissues are presented to assess the relevance of the approach in terms of prediction accuracy

and training cost.

We then address the stochastic modeling and identification of anisotropic strain energy

density functions on patient-specific geometries (more specifically, human arterial walls).

An information-theoretic formulation is proposed, integrating constraints related to well-

posedness (e.g., growth conditions) and linearization. The stochastic partial differential

equation approach is used to define the latent Gaussian field on the complex domain, using

a new parameterization of the diffusion field. The modeling capabilities are demonstrated

by considering experimental results on artery layers. Finally, uncertainty propagation is

performed to quantify the impact on the mechanical response (in a static regime).

We next focus on concurrent multiscale approaches (without separation of scales) and

develop a statistical surrogate to approximate the apparent constitutive model (mapping

the right Cauchy-Green tensor to the homogenized second Piola-Kirchhoff stress tensor).

We formulate the problem through conditional statistics, and use probabilistic learning on

manifolds as generative model. The FE2 method is employed to build datasets relevant to
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forward prediction and inverse problems. We show that the proposed methodology enables

accurate estimations (in the sense of probability laws) for both scenarios, despite the high

levels of nonlinearity and stochasticity exhibited by the system and the small amount of

data used for training.

Finally, we develop a nonlinear manifold reduced-order model based on convolutional

neural network-based autoencoders. The encoder specifically involves iteration-dependent

trainable kernels inspired by adaptive basis methods, with the aim of promoting inter-

pretability and reducing the number of parameters to be trained. We investigate operator

inference strategies between latent spaces, and propose a strategy to perform vectorized

implicit time integration. We demonstrate that the proposed architecture and algorithms

generally perform better than commonly employed strategies on a benchmark advection-

dominated problem, in terms of both prediction accuracy and training speed.
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1. Introduction
The representation of information is a central task in scienti�c machine learning (SciML)

and uncertainty quanti�cation (UQ). This task pertains to the development of classes of

�models�, de�ned in a broad sense (including, e.g., deterministic and statistical models for

parameters and operators), that satisfy a set of properties, including

ˆ necessary and/or su�cient conditions, induced by the analysis of a mathematical

model; and

ˆ additional constraints arising from expressivity and/or identi�ability requirements,

for instance.

Restricting the discussion to the �eld of computational mechanics, an example of the above

requirements in linear elasticity is the consideration of boundedness and material symmetry

properties for the elasticity tensor �eld, respectively. In this work, we focus on

1. the deterministic and stochastic modeling of hyperelastic materials, with envisioned

applications in computational biomechanics; and

2. learning the �ow map for nonsmooth forward operators (which are operators mapping

a �smooth� input �eld to an output �eld exhibiting sharp gradients) to accelerate

simulations.

The �rst set of problems involves the development of new deterministic and probabilistic

representations for nonlinear material modeling. The case of deterministic representations is

�rst addressed in the context of scienti�c deep learning where one seeks to approximate the

mapping between relevant deformation and stress variables, using arti�cial neural networks.

Following the previous discussion, the challenge here is to ensure admissibility with respect

to the theory of nonlinear elasticity, accounting for constraints (related to, e.g., convexity)

that will be clari�ed later on in the manuscript. This problem has been mostly tackled,

in the literature, by restricting the analysis to speci�c classes of neural networks � those

involving convex activation functions and positive weights, for instance. In this context, we

ask whether it is possible to develop an alternative representation maximizing expressivity

(that is, without constraining the architecture and/or the hyperparameters in the neural
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network), and what the impact of such choices is on both training and validation.

The construction of stochastic models is concerned with the randomization of spatially-

dependent, anisotropic strain energy density functions. From the perspective of uncertainty

quanti�cation, this task corresponds to the (prior) modeling of parametric uncertainties and

more speci�cally, of vector-valued random �elds indexed by, and with values in, constrained

spaces. This setting challenges most of the stochastic modeling frameworks where state

spaces are usually low-dimensional and unconstrained, and index sets are simple enough to

enable the use of Fourier-type representations (assuming that the random �eld is of second-

order). To the best of our knowledge, no previous work has reported on the construction and

calibration of such high-�delity models in nonlinear elasticity, using physical experiments.

The main science questions we would like to address are: How to construct a prior stochastic

model for the spatially-dependent coe�cients de�ning an anisotropic strain energy function?

How to calibrate the hyperparameters in the probabilistic model, using real datasets? Can

such models reproduce the observed variability, and what is the impact of the latter on the

response of soft tissues?

The last contribution in �nite elasticity is related to the construction of surrogates in

the context of concurrent multiscale methods. The latter rely on the consideration of two

spatial scales, separated or not, which are coupled by transferring mechanistic information

back-and-forth between the scales. Such frameworks allow for the seamless integration of

subscale material details in simulations (regardless of the underlying constitutive models),

at the expense of solving a scale-transition problem at each (quadrature) point in the region

where coupling occurs. The high computational cost associated with such methods has led

to the development of a myriad of surrogate models approximating the mapping between

variables of interest � for instance, between the deformation gradient and a homogenized

(Piola-Kirchho�) stress measure. Most results were obtained either within the framework of

approximation theory (for polynomial surrogates), or by invoking universal approximation

theorems (for deep learning models). While high accuracy is generally observed, such

representations do not readily, or e�ciently, generalize to the case of non-separated scales
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where the (apparent) homogenized behavior is stochastic. This motivates the consideration

of the following questions: Is it possible to build a statistical surrogate that intrinsically

captures the statistical �uctuations in the multiscale solution map? How do such surrogates

perform in terms of prediction accuracy (for an appropriate mode of convergence) for high

levels of nonlinearity and stochasticity, in the small data regime?

Finally, regarding the learning of nonsmooth solution maps, our attention was focused

on methods at the interface of model reduction and operator learning. Such approaches

typically proceed by combining a technique to �nite-dimensionalize the input and output

�elds (such representations, and the representations de�ning the inverse mappings, are

traditionally referred to as encoders and decoders), with a (deep) learning approach acting

between the resulting latent spaces. The case of nonsmooth solution �elds is particularly

challenging due to the necessary trade-o� between dimensionality reduction, training and

validation cost, and interpretability. Nonlinear representations are generally highly e�cient

in terms of reduction, but lacks interpretability � and may require a large training dataset

(in addition to the daunting task of architecture search). On the other hand, a linear

reduction technique may lead to latent spaces with higher dimensions, but may deliver more

interpretable results (and may facilitate the derivation of approximation results). Motivated

by the advancement of adaptive reduced-order models in computational mechanics, we aim

to tackle the following problem: Can we combine ideas from basis adaptation with machine-

learning representations for operator inference, to e�ciently approximate �ow maps in some

interpretable manner?

The list of contributions made during the course of this research e�ort to address the

above scienti�c questions is detailed in the next section.

1.1 Research Contributions

Following the previous discussion, the goal of this thesis is to construct mathematically-

consistent representations for a variety of computational mechanics problems, including

the modeling of deterministic or stochastic nonlinear constitutive relationships and the
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ML-assisted acceleration of (forward) simulations involving nonsmooth �ow maps. Our

contributions are as follows.

1. We propose a simple approach to rectify unconstrained neural networks for hypere-

lastic constitutive models with the aim of ensuring both mathematical well-posedness

(in terms of existence theorems) and physical consistency. The surrogate involves

neural networks that are made admissible by selecting a proper parameterization,

following standard results in continuum mechanics, and by enforcing polyconvexity

through integral representations. We also demonstrate the relevance of the formula-

tion by considering digitally synthesized and experimental datasets for isotropic and

anisotropic materials, including the case of soft biological tissues.

2. We construct a stochastic model for the spatially-dependent material parameters pa-

rameterizing anisotropic strain energy density functions. The construction is cast

within the framework of information theory, which is invoked to derive a least-

informative model while ensuring consistency with theoretical requirements in �nite

elasticity. Speci�cally, almost sure polyconvexity and uniform growth conditions are

enforced through proper repulsion constraints and regularization, hence making the

forward problem of uncertainty propagation well posed. In addition, transformations

arising from the linearization procedure are introduced for consistency and induce

statistical dependencies in the primary variables. The latter include material mod-

uli, a weight balancing between the isotropic and anisotropic contributions, and the

angle de�ning the structural tensors. The identi�cation of the model is subsequently

performed, using an existing database on human arterial walls. Maximum likelihood

estimators are obtained and provided for the adventitia, media, and intima layers,

which enables the use of the proposed model as a generative surrogate for, e.g., train-

ing and classi�cation in data-driven approaches integrating inter-patient variability.

Finally, uncertainty propagation on a realistic, patient-speci�c geometry is conducted

to demonstrate the e�ciency of the stochastic modeling framework.

3. We present a methodology that addresses the construction of statistical surrogates for
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concurrent multiscale modeling in structures comprising nonlinear random materials

from the point of view of probabilistic learning. More speci�cally, we formulate the

approximation problem using conditional statistics, and use probabilistic learning on

manifolds to draw samples of the nonlinear constitutive model at mesoscale accel-

erating multiscale computations bypass solving the nonlinear boundary problems at

the mesoscopic scale. Two applications, relevant to inverse problem solving and for-

ward propagation, are presented in the context of nonlinear elasticity. The framework

enables accurate predictions (in probability law), despite the small amount of train-

ing data and the very high levels of nonlinearity and stochasticity in the considered

system.

4. We develop a nonlinear manifold reduced order model (NM-ROM) based on Con-

volutional Neural Network-based autoencoders (CNNAE) with iteration-dependent

trainable kernels inspired from adaptive basis methods. We investigate DNN-based

operator inference strategies between latent spaces, and propose a strategy to perform

vectorized implicit time integration. We demonstrate that the proposed CNN-based

NM-ROM, combined with DNN-based operator inference, generally performs better

than commonly employed strategies (in terms of prediction accuracy) on a benchmark

advection-dominated problem. The method also presents substantial gain in terms of

training speed per epoch, with a training time about one order of magnitude smaller

than the one associated with a state-of-the-art technique performing with the same

level of accuracy.

1.2 Organization of the Dissertation

In Chapter 2, we construct a convex neural network model without a�ecting expres-

siveness (that is, without constraining the activation function and the weights a priori )

and training cost (which can be a�ected by transformations performed on weights at the

training stage). The recti�ed neural network models is then deployed on digitally synthe-

sized and experimental datasets, relevant to both isotropic and anisotropic materials. In
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Chapter 3, we revisit and extend methodological steps presented in elsewhere to model

spatially-varying stochastic anisotropic strain energy density functions. The regularization

is imposed on the isotropic part of the strain energy density function and the parameter-

ization is extended to account for �uctuations and waviness in the structural tensors and

covariance kernel. We also address the identi�cation of the model based on experimen-

tal results available on human arterial walls, with the goal of providing interested readers

with the capability to generate datasets that are consistent with inter- and intra-patient

�uctuations. In Chapter 4, we introduce a statistical surrogate model for concurrent multi-

scale simulations involving nonlinear materials with non-separated scales. The methodology

combines probabilistic learning on manifolds, a generative model that allows for measure

concentration and support information to be accurately captured, with the use of condi-

tional statistics to approximate the mapping between appropriate deformation and stress

variables. In Chapter 5, we devise a novel structure for the decoder in the NM-ROM, such

that the underlying nonlinear mapping closely resembles the formulation of adaptive basis

methods. We also propose a DNN-based reduced operator inference that learns from the

latent space for full models based on time-dependent partial di�erential equations.

1.3 Notation

(i) Conventions for variables.

A lower-case Latin or Greek letter, such asx or � , is a deterministic real variable.

A boldface lower-case Latin or Greek letter, such asx or � , is a deterministic vector.

An upper-case Latin or Greek letter, such asX or � , is a real-valued random variable.

A boldface upper-case Latin letter, such asX , is a vector-valued random variable.

A lower- or upper-case Latin letter between brackets, such as[x] or [X ], is a deterministic

matrix. Brackets may be dropped if no confusion can arise (context permitting).

A boldface upper-case letter between brackets, such as[X ], is a matrix-valued random

variable. Brackets may be dropped if no confusion can arise (context permitting).
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(ii) Algebraic notations.

R: set of all the real numbers.

Rn : Euclidean vector space onR of dimensionn.

Mn;m : set of all the (n � m) real matrices.

Mn : set of all the square(n � n) real matrices.

M+
n : set of all the positive-de�nite symmetric (n � n) real matrices.

[I n ]: identity matrix in Mn .

x = ( x1; : : : ; xn ): point in Rn .

hx ; y i = x1y1 + : : : + xnyn : inner product in Rn .

k x k: norm in Rn such that k x k = hx ; x i .

[x]T : transpose of matrix [x].

k [x] k: Frobenius norm of matrix [x].

� kk 0: Kronecker's symbol.
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2. Polyconvex Neural Networks for Hyperelastic
Constitutive Models: A Recti�cation Approach

Constitutive models based on neural networks (NN) have received growing attention

lately, owing to their ability to represent nonlinear mappings in a high dimensional setting.

Substantial amount of papers have been published on this topic, for a wide variety of

material behaviors; see,e.g., [67, 225, 110, 117, 77, 76, 98, 71, 116, 7, 8, 122] and the

references therein, in a non-exhaustive manner.

Beyond classical data science aspects that pertain to architecture design of the models,

training and validation strategies, and the analysis of approximation capabilities, a central

concern is to make such surrogates amenable to scienti�c simulations where such models

are typically set to parameterize systems of partial di�erential equations. In this context,

the surrogate must satisfy both physical assumptions and mathematical properties (e.g.,

boundedness or a certain type of convexity) to ensure the existence (and potentially, the

uniqueness) of solutions. In the case of nonlinear elasticity for instance, a strain energy

density function is theoretically required to satisfy frame indi�erence, some asymptotic

behavior, and speci�c convexity and growth conditions. There are various ways to enforce

such properties and in particular, the convexity requirement. The simplest strategy consists

in using some unconstrained neural network that, if properly calibrated on a rich enough

dataset, may possess desired convexity. Another way to enforce convexity is to add a

penalty term in the loss function during the training stage; see,e.g., [140]. This latter

strategy corresponds to a weak enforcement and hence does not prevent from checking the

condition a posteriori.

In this work, we consider enforcing convexity in the strong sense, by de�ning classes of

surrogate models that satisfy the conditiona priori . The issue of ensuring the convexity of

a neural network is not new and was mostly tackled by constraining the networks through

the use of non-negative weights and convex activation functions [4]. Restriction on weights

can be imposed by constraining the weights during training, or by using a mapping from

R into R� 0 that acts on unconstrained weights [186, 8]. Applications in computational
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mechanics are presented in [149, 7, 8] for example. A detailed analysis about the use of

constrained neural networks for polyconvex anisotropic hyperelastic models can be found

in [122], in particular.

In this work, we aim to construct a convex neural network model without a�ecting

expressiveness (that is, without constraining weightsa priori ) and training cost (which can

be a�ected by transformations performed on weights at the training stage). Building upon

recent works on monotonic neural networks [217] and monotone transport maps for density

estimation [13], our approach relies on simple integral representations to de�ne an operator

that transforms any arbitrary function (and in particular, a free neural network) into a

convex function. This strategy thus entails the recti�cation of the whole neural network

model. We show, through various numerical experiments on both digitally synthesized and

experimental datasets, that the proposed recti�ed models enable proper �tting. They are

also seen to converge much faster than constrained models (in terms of number of iterations)

� at the expense of an increased computational cost per iteration.

This chapter is organized as follows. The mechanistic parameterization and recti�cation

strategy are �rst presented in Section 2.1 (together with a toy example). Applications to

standard hyperelastic models relevant to both isotropic and anisotropic materials are then

discussed in Section 2.2. This work was published in [36].

2.1 Recti�ed Neural Network Representations
2.1.1 Background in Elasticity

Let 
 be a collection of material points identi�ed with their vector of coordinates X in

R3, and denote by@
 the boundary of 
 . For any material point X 2 
 , the spatial point

x in the deformed con�guration 
 ' is given by x = ' (X ), where ' is the deformation

map. For any X 2 
 , the deformation gradient F is a second-order tensor de�ned as

F = r X x . The left and right Cauchy-Green deformation tensors are given byB = F F T

and C = F T F , respectively.

We seek to construct a neural network surrogate that satis�es physical axioms and math-
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ematical requirements arising in existence theorem in �nite elasticity. From a theoretical

standpoint, strain energy density functions are required to satisfy [42, 215]:

1. Principle of material frame indi�erence (objectivity), stated as: 8Q 2 SO(3),

w(QF ) = w(F ) ; P (QF ) = QP (F ) ; (2.1)

where P is the �rst Piola-Kirchho� stress tensor;

2. Proper convexity conditions;

3. Some asymptotic behavior asdet(F ) ! 0+ ; and

4. A coerciveness inequality (growth conditions).

In particular, the requirements (2�4) are fundamental to ensure the existence of (at least)

one minimizer for the energy functional, see Chapter 7 in [42] (see also [169, 49]).

Material frame-indi�erence is, in general, achieved by de�ning w in terms of the right

Cauchy-Green deformation tensorC , which is ana priori objective kinematic variable [215].

Following the work by Ball [12], polyconvexity is often imposed in lieu of convexity, as (i)

it does not con�ict with any physical constraints; (ii) it is generally satis�ed by commonly

employed models; and (iii) it enables the derivation of powerful existence results [42]. To

proceed with the construction of the model, it is instructive at this point to recall the

de�nition of polyconvexity. A strain energy density function w : M3
+ ! R is polyconvex if

there exists a convex functionw� : M3 � M3 � R such that

w(F ) = w� (F ; Cof(F ); det(F )) ; (2.2)

for all F 2 M3
+ , where (i) Cof(F ) and det(F ) are the cofactor matrix and determinant of

F ; (ii) M3 and M3
+ denote the sets of real square matrices of order3 with arbitrary and

strictly positive determinants, respectively. The requirements (3) and (4) above, related

to volume annihilation and coercivity, are crucial in the analytical derivation of functional

forms for w. They are, however, less relevant to surrogate modeling which only involves

bounded intervals, by construction. In this context, the choice of a proper parameterization

(in terms of C ) and the satisfaction of the polyconvexity requirement are su�cient to ensure

well-posedness and physical consistency.
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Following the previous discussion, we then consider the construction of a polyconvex

surrogate, that is w(C ) = w� (I 1; I 2; I 3) owing to a slight abuse of notation, whereI 1 = tr C ,

I 2 = tr[Cof C ], and I 3 = det C are the polyconvex invariants of the right Cauchy-Green

tensor C . We assume an additive decomposition and de�new� as

w� (I 1; I 2; I 3) :=
3X

i =1

w�
i (I i ) ; (2.3)

where f w�
i g3

i =1 are convex in the associated variables, hence ensuring the polyconvexity of

w� [97, 180]. Notice that the above formulation can readily be extended to model anisotropic

behaviors, by including mixed invariants that involve structural tensors [56] (see Sections

2.2.3 and 2.2.4).

Our aim now is to construct the set of convex functionsf w�
i g3

i =1 usingfully unconstrained

neural networks.

2.1.2 Recti�cation of Unconstrained Neural Networks for Constitutive
Modeling in Finite Elasticity

In order to de�ne the functions f w�
i g3

i =1 , we start by recalling the integral representation

of convex functions, using generic notation.

Let f : I ! R be a convex function. Thenf admits the representation

f (x) = f (a) +
Z x

a
� (t) dt ; (2.4)

for a < x in the interval I , where � : I ! R is a nondecreasing function. The constantf (a)

in the right-hand side of Eq. (2.4) can be derived by �xing the value of f at some point

x? � a in I , that is

f (a) = f (x?) �
Z x?

a
� (t) dt : (2.5)

In the case of a strain energy density function, the pointx? is associated with the normal-

ization condition w(I ) = 0 .
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The central idea is to de�ne � in terms of an arbitrary function, soon to be taken as an

unconstrained NN. In order to enforce the monotonicity of� , we rely on the representation

proposed in [13] to enforce monotonicity on transport maps. Speci�cally, we de�ne� as

� (t) := �(0) +
Z t

0
g

�
d�( z)

dz

�
dz ; (2.6)

where � : R ! R is any smooth function and g : R ! R� 0 is a positive function. The

operator de�ned by Eq. (2.6) maps any function � into a non-decreasing function� and

was called, for this reason, a recti�er in [13]. We use this terminology below, and write

� = R inc f � g ; � (t) = R inc f � g(t) 8t 2 R: (2.7)

Similarly, Eq. (2.4) can be written as

f = R cvx f � g ; f (x) = R cvx f � g(x) 8x 2 I ; (2.8)

whereR cvx is seen as a second recti�er. Consequently, the convex functionf can be de�ned

as

f = Rf � g ; R := R cvx � R inc ; (2.9)

where the composite recti�er R implicitly depends on the function g. Several choices were

proposed and studied in the literature, including the exponential, modi�ed soft-plus, or

square functions [13]. It follows that each functionw�
i , 1 � i � 3, can be de�ned as

w�
i (I i ) := Rf  i (f W (i )

j ; b(i )
j gn i

j =1 )g(I i ) ; (2.10)

where i is the unconstrained neural network associated with input variableI i , with weights

and biases gathered inf W (i )
j gn i

j =1 and f b(i )
j gn i

j =1 , respectively, andni is the number of layers

(including the hidden and output layers). The neural network  i associated with I i is

written as

 i (I i ) := W (i )
n i

(: : : A (i )
1 (W (i )

1 I i + b(i )
1 ) : : :) + b(i )

n i
; (2.11)
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where f A (i )
j gn i � 1

j =1 are (ni � 1) vector-valued, component-wise acting activation functions

(note that no activation function is used for the outer layer). The recti�ed neural network

surrogate for the strain energy function is �nally obtained as

w� (I 1; I 2; I 3) =
3X

i =1

Rf  i (f W (i )
j ; b(i )

j gn i
j =1 )g(I i ) : (2.12)

While the neural networks f  i g3
i =1 are left unde�ned at this stage, it should be noticed

that the architectures must be such that the surrogate w� is twice di�erentiable. The

integral representation makes this requirement weaker, as the neural network only needs to

be di�erentiable. Finally, w� must satisfy the normalization condition

w� (3; 3; 1) = 0 ; (2.13)

as well as the constraint

@w�1(I 1)
@I1

�
�
�
�
I 1=3

+ 2
@w�2(I 2)

@I2

�
�
�
�
I 2=3

+
@w�3(I 3)

@I3

�
�
�
�
I 3=1

= 0 ; (2.14)

stemming from the stationarity of the (isotropic) strain energy density function at C = I .

Eq. (2.13) can be enforced by the shift de�ned by Eq. (2.5). The constraint given by

Eq. (2.14) can be accounted for in two ways. Weak enforcement can be achieved by adding

a penalty term in the loss function during training. This strategy may, however, lead to

spurious behaviors that were reported in [8] for example. Alternatively, the stress-free

constraint may be integrated in the strong sense either by enforcing an algebraic equation

on hyperparameters, or by simply shifting the stress value at the origin [8]. The former

approach leads to nonlinear constraints and was found to a�ect expressiveness in numerical

experiments. In contrast, the latter strategy usually enables good accuracy and can easily

be implemented. For these reasons, the stress shift strategy will be used in the examples

discussed in Section 2.2. Note that this amounts to adding a term in the strain energy

density function that does not a�ect its properties in terms of theoretical requirements

(e.g., convexity); see the discussion in [8].
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Remark. To illustrate the approach, let us consider the recti�cation of the function�( z) =

sin(z) on I = [ � 6; 6], and take g(x) = exp( x). We have

� (t) = R inc f � g(t) = sin(0) +
Z t

0
exp (cos(z)) dz (2.15)

and

f (x) = R cvx f � g(x) = f (� 6) +
Z x

� 6
� (t) dt : (2.16)

Here, we enforce the constraintf (0) = 0 (that is, x? = 0 ), so that

f (x) = �
Z 0

� 6
� (t) dt +

Z x

� 6
� (t) dt ; 8x � � 6 : (2.17)

The recti�ed function f = Rf � g, together with the latent functions, are shown in Figs. 2.1a,

2.1b, and 2.1c.

(a) Graph of � (unconstrained
function).

(b) Graph of � = R inc f � g (af-
ter �rst recti�cation).

(c) Graph of f = R cvx f � g =
Rf � g (fully recti�ed function).

Notice that in this example, the derivative of the recti�ed functionf cannot be required

to vanish at an arbitrary point (as in Eq. (2.14) for example), since the primary function

� is �xed (as opposed to the case where it can be trained).

2.2 Applications

We consider a standard setting where data are provided in the form stress-strain re-

sponses. For an incompressible material for instance, the Cauchy stress associated with the

14



recti�ed NN is evaluated as

� � (F ) = 2 F

 
3X

i =1

@w�i (I i )
@Ii

@Ii
@C

!

F T � pI ; (2.18)

where the left-hand side depends on the parameters of the NN,w�
i is de�ned by Eq. (2.10),

p is a Lagrange multiplier arising from the incompressibility condition (in practice, p is

evaluated by imposing a stress-free condition).

Training with respect to data can be achieved using the cost function

L d =

P N
i =1

�
� � (F (� i )) � � data (F (� i ))

� 2

P N
i =1 � data (F (� i ))2

; (2.19)

along a loading path � 7! F (� ), discretized with N points. Here, � � denotes the relevant

stress component (e.g., along testing direction), and f (� i ; � data (F (� i ))) gN
i =1 constitutes the

dataset. Note that the above loss function can be readily extended to cases where several

loading conditions are considered (see Section 2.2.4).

In the applications presented below, no attempt was made to fully optimize network ar-

chitectures and training strategies. The numbers of layers and neurons per layer were deter-

mined through a standard parametric analysis on the validation loss de�ned by Eq. (2.19).

No activation function was used for the toy problem presented in Section 2.2.1, while the

sigmoid activation function was selected for all hidden layers in all other examples (in

Sections 2.2.2, 2.2.3, and 2.2.4).

The Adaptive Moment Estimation (ADAM) algorithm was used for training, with an

implementation in JAX [28].

2.2.1 Toy Problem

We �rst consider a toy example where the target convex function is given as

f target (x) = k1 exp
�

(x � k2)2

2k2
3

�
; 8x 2 R; (2.20)

where k1 = 10, k2 = 5 , and k3 = 20. We seek to construct an approximation over the

interval I = [0 ; 10], centered without loss of generality around the abscissax = k2 at which
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f target reaches its minimum, with f (k2) = k1. A set of 100 equidistant data points is

used for �tting, and 20 % data points are used as the validation set. Adopting the generic

notation  for the neural network, the recti�ed model reads as

f (x) = k1 �
Z k2

0
� (t) dt +

Z x

0
� (t) dt ; 8x 2 [0; 10]; (2.21)

where

� (t) =  (0) +
Z t

0
g

�
d (z)

dz

�
dz : (2.22)

Three di�erent choices for g were considered, namely the square functiong(x) = x2, the

exponential function g(x) = exp( x), and the modi�ed soft-plus function g(x) = log(2 x +

1)=log(2).

In this example, a simple neural network architecture with one hidden layer and two

neurons is used (without activation functions). The learning rate for the ADAM optimizer is

set to 0.01. Mean square validation errors for the recti�ed functions are reported in Tab. 2.1

for the three choices ofg. The square and modi�ed soft-plus functions provide fairly similar

Table 2.1: Results for the validation step: L 2-norm errors for the recti�ed neural network
model (toy problem).

Function g Error �
Square 1:5850� 10� 7

Exponential 2:0018� 10� 5

Soft-plus 1:6069� 10� 7

validation errors, smaller than the one obtained with the exponential function. In addition,

the model recti�ed with the square function converged in 3,000 epochs, while the recti�ed

model with the modi�ed soft-plus function converged in about 8,000 epochs. The model

with the exponential function converged in more than 10,000 epochs, which is slower than

with the other two positive functions. In order to qualitatively assess the accuracy, the

predictions obtained with the recti�ed neural network for the validation dataset are shown

16



Figure 2.2 : Target function (black dashed line), reference values (blue star), and recti�ed
neural network predictions (red circles) for the validation dataset (random selection).

in Fig. 2.2 (see Tab. 2.1 for validation metrics). Recall that no restrictions are imposed on

weights and activation functions in the proposed formulation.

2.2.2 Mooney-Rivlin Model

Here we address the case of a Mooney�Rivlin material, de�ned by the stored energy

function

wMR (I 1; I 2) = C1(I 1 � 3) + C2(I 2 � 3) ; (2.23)

where C1 and C2 are strictly positive material parameters (see [42], p. 189). The recti�ed

model is written as

w� (I 1; I 2) = w�
1(I 1) + w�

2(I 2) ; (2.24)

with

w�
1(I 1) = Rf  1(f W (1)

j ; b(1)
j gn1

j =1 )g(I 1) (2.25)

and

w�
2(I 2) = Rf  2(f W (2)

j ; b(2)
j gn2

j =1 )g(I 2) : (2.26)

The Cauchy stress is given by (see [108], p. 224)

� = 2C1B � 2C2B � 1 � pI : (2.27)
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We consider uniaxial tension along the �rst direction for training purposes, in which case

the uniaxial Cauchy stress writes

�( � ) = 2
�

C1 +
C2

�

� �
� 2 �

1
�

�
; (2.28)

where � is the driving principal stretch. The uniaxial Cauchy stress associated with the

recti�ed model can be evaluated as

� � (� ) = 2
�

@w�1(I 1)
@I1

+
@w�2(I 2)

@I2

1
�

� �
� 2 �

1
�

�
; (2.29)

with

@w�i (I i )
@Ii

=
�

 i (0) +
Z I i

0
g

�
d i

dz

�
dz

�
: (2.30)

Derivatives are computed using automatic di�erentiation. In this example, we consider

an approximation for � 2 [1:0; 1:4] (I 1 � 3 and I 2 � 3). The material parameters are

arbitrarily chosen as C1 = 10 and C2 = 5 . Normalization condition is imposed by taking

w�
1(3) = w�

2(3) = 0 with the constant terms (see Eq. (2.4), with a = 3 ) set to 0. Note that

the stress free condition is automatically satis�ed owing to the de�nition of p.

Two hundreds datapoints are generated using Eq. (2.28), with 20 % of samples allocated

for validation. Parametric studies on validation error were conducted to identify the NN

architecture, using a learning rate set to0:01, 5,000 epochs, and the square function (in

the �rst recti�er); see Fig. 2.3. Results predicted by the calibrated recti�ed neural network

model (with 5 layers and 40 neurons per layer) on the validation dataset is shown in Fig. 2.4.

Remark. As indicated before, Input-Convex Neural Networks (ICNNs) can be obtained by

forcing all weights, except those connected to the input, to be non-negative, and by using

only convex non-decreasing activation functions [4, 7, 8, 122]. In order to evaluate the

performance of such constrained neural networks in terms of training results, we consider

a model of the form

 ICNN (I 1; I 2) =  (1)
ICNN (I 1) +  (2)

ICNN (I 2) ; (2.31)
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Figure 2.3 : Loss L d for di�erent neural network architectures on the validation dataset
(Mooney-Rivlin material).

Figure 2.4 : Reference stress response� 7! �( � ) (black dashed line), reference values
(blue star), and recti�ed neural network predictions (red circle) for the validation dataset
(random selection). Here, 5 hidden layers and 40 neurons per layer are used.

where each ICNN involves unconstrained weights that are mapped to positive weights in the

loss function, using the modi�ed soft-plus activation function proposed in [7, 8]. The val-

idation loss history for each approach is shown in Fig.2.5 for the Mooney-Rivlin dataset.

Reported results were obtained with 2 hidden layers and 20 neurons per layer for both strate-
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Figure 2.5 : Loss history for ICNN and the proposed recti�ed NN.

gies, based on a parametric convergence study on the validation metric. It is seen that the

recti�ed NN converges much faster than the ICNN and leads to a lower training error. While

similar results were obtained for a wide range of architectures, it should be pointed out that

the computational cost per iteration is greater in the case of recti�ed NNs, which require

numerical integration to be performed. In addition, opposite trends with respect to learning

rates were observed: ICNNs tend to perform slightly better at large learning rates (e.g., 1.5)

but require a very large number of iterations (greater than 40,000) at standard learning rates

(e.g., 0.001). These observations are most likely imputable to the transformation of negative

weights, which generates large regions with ��at� gradients in the optimization process. In

contrast, recti�ed NNs were found to perform steadily in terms of training cost, regardless

of the learning rate, and typically performs (much) better at smaller rates. An extensive

comparison of the tradeo�s between these approaches is left for future work.

2.2.3 Anisotropic Model for Digital Dataset

We next consider an anisotropic strain energy density function, relevant to the modeling

of soft biological tissues such as arterial vessels [48, 207]. It should be noticed such materials

are often modeled as nearly-incompressible in a computational setting, in which case the
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strain energy density function is typically expressed in terms of isochoric invariants. The

reference function is de�ned as

w(I 1; I 2; J (1)
4 ; J (2)

4 ) = wMR (I 1; I 2) + wA (J (1)
4 ; J (2)

4 ) ; (2.32)

where wMR is given by Eq. (2.23) and the anisotropic term is de�ned as

wA (J (1)
4 ; J (2)

4 ) =
2X

k=1

wti (J (k)
4 ) ; (2.33)

with

wti (J (k)
4 ) =

� 4

� 4

n
exp

�
� 4wB (I 1; J (k)

4 )
�

� 1
o

(2.34)

wherewB (I 1; J (k)
4 ) = (1 � � )( I 1 � 3)2 + � hJ (k)

4 � 1i 2
m , and J (k)

4 = tr( CM (k) ). The structural

tensorsM (k) = a (k) 
 a (k) are de�ned in terms of the unit vectors

a (1) = cos(� )e(1) + sin( � )e(2) ; (2.35a)

a (2) = cos(� )e(1) � sin(� )e(2) ; (2.35b)

where e(1) and e(2) are unit basis vectors and� is the angle de�ning the directions of

anisotropy. In Eq. (2.34), � 4, � 4, and � are material parameters, andh�im denotes the

Macaulay bracket. Note that the angle � is also considered as a trainable parameter.

The recti�ed neural network is sought as

w�
1(I 1) + w�

2(I 2) + w�
3(J (1)

4 ) + w�
4(J (2)

4 ) ; (2.36)

where

w�
i (I i ) = Rf  i (f W (i )

j ; b(i )
j gn i

j =1 )g(I i ) ; i = 1 ; 2; (2.37)

w�
3(J (1)

4 ) = Rf  3(f W (3)
j ; b(3)

j gn3
j =1 )g(J (1)

4 ) ; (2.38)

and

w�
4(J (2)

4 ) = Rf  4(f W (4)
j ; b(4)

j gn4
j =1 )g(J (2)

4 ) : (2.39)
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Biaxial tension is used for training purposes. The Cauchy stress associated with the refer-

ence model is obtained as

�( � ) = � MR (� ) + � ti
(1) (� ) + � ti

(2) (� ) ; (2.40)

with

� MR (� ) = 2 C1(� 2 �
1
� 4 ) � 2C2(

1
� 2 � � 4) ; (2.41)

and

� ti
(k) (� ) = 4 � 2� 4

�
(1 � � )( I 1 � 3)

�
1 �

1
� 6

�
+ � hJ (k)

4 � 1i m cos2(� )
o

� exp(� 4wB (I 1; J (k)
4 )) ; k = 1 ; 2: (2.42)

with a slight abuse of notation. The Cauchy stress for the recti�ed model de�ned by

Eq. (2.36) is given by

� � = � �
1(� ) + � �

2(� ) + � �
3(� ) + � �

4(� ) ; (2.43)

where terms in the right-hand side are de�ned as� �
1(� ) = 2 @w�

1 (I 1 )
@I1

�
� 2 � 1

� 4

�
,

� �
1(� ) = 2

@w�1(I 1)
@I1

�
� 2 �

1
� 4

�
; (2.44)

� �
2(� ) = � 2

@w�2(I 2)
@I2

�
1
� 2 � � 4

�
; (2.45)

� �
3(� ) = 2 � 2 @w�3(J (1)

4 )

@J(1)
4

cos2(� ) ; (2.46)

� �
4(� ) = 2 � 2 @w�4(J (2)

4 )

@J(2)
4

cos2(� ) : (2.47)

Sincecos(� ) 6= 0 in practice, the stress free constraint reduces to� �
3(1) + � �

4(1) = 0 . In the

numerical example below, the material parameters correspond to the values identi�ed in

[37] for sample #10 in the media layer: C1 = 0 :7071[kPa], C2 = 0 :0531[kPa], � = 0 :2740

[rad], � 4 = 15:5753 [kPa], � 4 = 2 :5561, and � = 0 :0986. Similarly to the previous case,
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we generated 200 datapoints, 20% of which are used as the validation set. The learning

rate is set to 0.005 for the �rst 3,000 epochs and then to 0.001 for 3,000 epochs, and

presented results were obtained using the exponential function in the recti�er (i.e.,g(x) =

exp(x)). The validation errors for di�erent neural network architectures are shown in

Fig. 2.6. Results predicted with the �tted recti�ed neural network model on the validation

Figure 2.6 : Parametric study of the mean squared error for di�erent NN architectures on
the validation dataset (Anisotropic material).

dataset are shown in Figs. 2.7. The validation metric in this example is3:46� 10� 6.

2.2.4 Anisotropic Model for Experimental Dataset

We �nally apply the proposed recti�cation method to the experimental dataset pre-

sented in [109], corresponding to uniaxial extension tests on human illiac arterial walls.

In those experiments, two di�erent strips were harvested along the circumferential and

longitudinal directions on each specimen to capture anisotropic e�ects. For the sake of

illustration, two samples are randomly selected as target data for each layer de�ning the

artery (adventitia, media, intima), and 10% of the data is used as the validation dataset.

The recti�ed neural network is similar to the one used in Section 2.2.3 (see Eq. (2.36)).

Both axial and circumferential tension data are used for training. The Cauchy stress

for the recti�ed model de�ned by Eq. (2.36) in the circumferential direction reads as in
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Figure 2.7 : Reference stress response� 7! �( � ) (black dashed line), reference values
(blue star), and recti�ed neural network predictions (red circle) for the validation dataset
(random selection). Here, the NN involves 4 hidden layers and 40 neurons per layer.

Eq. (2.43), in which

� �
1(� ) = 2

@w�1
@I1

�
� 2 �

1
�

�
; (2.48)

� �
2(� ) = 2

@w�2
@I2

�
� �

1
� 2

�
; (2.49)

� �
3(� ) = 2 � 2 @w�3(J (1)

4 )

@J(1)
4

cos2(� ) ; (2.50)

� �
4(� ) = 2 � 2 @w�4(J (2)

4 )

@J(2)
4

cos2(� ) : (2.51)

for uniaxial elongation.

The Cauchy stress for the tissue contribution in the longitudinal direction involves the

terms

� �
3(� ) = 2 � 2 @w�3(J (1)

4 )

@J(1)
4

sin2(� ) (2.52)

and

� �
4(� ) = 2 � 2 @w�4(J (2)

4 )

@J(2)
4

sin2(� ) : (2.53)
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The loss function in terms of datapoints is then de�ned as

L d =
P nc

p
i =1 (� exp(� c

1) � � � (� c
1; p))2

P nc
p

i =1 � exp(� c
1)2

+
P na

p
i =1 (� exp(� a

1) � � � (� a
1; p))2

P na
p

i =1 � exp(� a
1)2

; (2.54)

where the superscripts �c� and �a� refer to data obtained by stretching along the circumfer-

ential and axial directions, respectively,nc
p and na

p are the associated numbers of datapoints.

As in Section 2.2.3, the stress free constraint is enforced in a strong sense by shifting the

Cauchy stress.

Predictions obtained with the recti�ed neural network can be qualitatively compared

with reference values in Fig. 2.8 and Fig. 2.9, while validation errors can be found in Tab. 2.2.

In this application, we used 2 hidden layers per neural network and 100 neurons per hidden

layer. The recti�ed NN is trained for 2,000 epochs with a learning rate set to 0.01, then for

2,000 epochs with a learning rate taken as 0.001, and �nally for 2,000 epochs at a learning

rate set to 0.0001. With a maximal validation error equal to 1:0096� 10� 4 (obtained for

Figure 2.8 : Reference stress response� 7! �( � ) (black dashed line), reference values
(blue star), and recti�ed neural network predictions (red circle) for the validation dataset
in the circumferential direction (six experimental responses are considered for illustration
purposes).

sample #XI, intima layer), it is seen that the recti�ed neural network can reproduce the

experimental data very well, for all di�erent layers in the two directions.
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Figure 2.9 : Reference stress response� 7! �( � ) (black dashed line), reference values (blue
star), and recti�ed neural network predictions (red circle) for the validation dataset in the
axial direction (six experimental responses are considered for illustration purposes).

Table 2.2: Validation errors for each sample. Specimen numbers are those reported in [109].

Layer/Specimen number Error L d � 10� 4

Adventitia/#III 0.9972
Adventitia/#XIII 0.1331

Intima/#V 0.7994
Intima/#XI 1.0096
Media/#III 0.0252
Media/#XI 0.0355

2.3 Conclusion

In this chapter, a method to correct unconstrained neural networks for hyperelastic

models was proposed. This approach relies on a composite mapping that transforms any

function into a convex function, hence ensuring the polyconvexity of the neural network�

without constraints on the weights and activation functions. The strategy was �rst illus-

trated on a toy problem to characterize the impact of the positive function used to enforce

monotonicity (in terms of accuracy and training e�ort). The recti�ed NN models were then

deployed on digitally synthesized and experimental datasets, relevant to both isotropic and
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anisotropic materials. Good �tting capabilities were observed in all applications. It was

shown that the proposed recti�ed models typically convergence faster thana priori con-

strained models, at the expense of a greater computational cost per iteration. Extensions

to di�erent types of strain energy density functions and more extensive comparisons with

a priori constrained representations are left for future work.

27



3. Spatially-Dependent Material Uncertainties in
Anisotropic Nonlinear Elasticity: Stochastic Modeling,
Identi�cation, and Propagation

From a mechanics of materials standpoint [88], uncertainties can be primarily attributed

to subscale variability, which itself�and most often�stems from complex processing con-

ditions for engineered composites (such as �ber-reinforced composites or concrete), or

evolution-based optimization in the case of biological tissues. There has been a tremendous

amount of works focusing on the integration of uncertainties in the past three decades.

Labeled statistical distributions, such as Gaussian, Gamma, and lognormal distributions,

are generally assumed to model homogeneous stochastic inputs. The choice of these distri-

butions is sometimes arbitrarily made or based on data �tting (which may lead to ill-posed

forward problems), and can facilitate uncertainty propagation through spectral approaches

[79, 130, 78] where quantities of interest are represented by polynomial chaos surrogate

models [223, 30, 224, 193]. For the very same reasons, an underlying Gaussian measure,

usually reduced by means of a Karhunen-Loève expansion (to tackle the so-called curse

of dimensionality) and pushed-forward by a given (e.g., exponential) transformation (to

ensure almost sure positiveness as coe�cient in an elliptic operator for instance), is usually

invoked for heterogeneous inputs, described as random �elds [79, 78]. Alternatively, input

probability measures for constitutive models may beimplicitly described through scale-

bridging procedures where microstructural features are modeled [188, 212], homogenized

at mesoscale [163, 164, 17, 84, 208], and potentially integrated within generic frameworks

for dimensionality reduction [21] and materials design [226]. When an accurate microstruc-

tural description is not possible, due to data limitation, prior models can be constructed

that capture available physical information, such as anisotropy, as well as mathematical

constraints related to well-posedness for the associated forward propagation problem.

Modeling contributions in the context of nonlinear behavior are far more scarce. The

�rst attempts to construct stochastic models for hyperelastic materials based on information

theory can be found in [203] and [205] for the incompressible and compressible (homoge-
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neous) cases, respectively. Here, constraints related to polyconvexity and linearization at

small strains were considered to ensure well-posedness and introduce statistical dependen-

cies between the primary material parameters. Such models were used to identify the

probabilistic behavior of soft biological tissues based on physical experiments in [201], and

to investigate a series of theoretical propagation problems in [154, 157, 153, 156] (see also

[155]). In addition to admissibility, the model also enforced the structural compliance of the

covariance kernel on patient-speci�c geometries by relying on noise �ltering�a technique

that we will use in this chapter as well. The methodology was later used in [206] to identify

�uctuations in the anisotropic strain energy density function de�ning a composite laminate.

The aim of this chapter is twofold. First, we revisit and extend the methodological steps

presented in [200] to model spatially-varying stochastic anisotropic strain energy density

functions. Speci�cally, regularization is now imposed on the isotropic part of the strain

energy density function and the parameterization is extended to account for �uctuations

and waviness in the structural tensors and covariance kernel. Second, and more importantly,

we address the identi�cation of the model based on experimental results available on human

arterial walls, with the goal of providing interested readers with the capability to generate

datasets that are consistent with inter-patient �uctuations. We restrict the analysis to

the passive mechanical response of the artery: the integration of the active component,

which can play an important role in vivo [227], is left for future study. To the authors'

best knowledge, this represents the �rst contribution where both the stochastic model

and the calibrated hyperparameters are presented in a self-contained manner. This may,

in particular, support the development of data-driven frameworks, which are increasingly

used to model and classify the behavior of such soft biological tissues (see [107] as an

example). It is also important to note that the methodology of construction is applicable

for modeling other classes of materials, such as engineered composite laminates that can be

experimentally characterized through full-�eld measurement techniques.

This chapter is structured as follows. In Section 3.1, we recall the necessary back-

ground pertaining to constitutive modeling in �nite elasticity. In Section 3.2, we address
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the modeling of stochastic stored energy functions parameterized by homogeneous random

coe�cients. These results are subsequently invoked and extended in Section 3.3 where

we consider the case of spatially-dependent material parameters, modeled as non-Gaussian

random �elds. Calibration aspects are discussed in Section 3.4, using physical experiments

taken from the literature. Uncertainty propagation on patient-speci�c geometries is �nally

conducted in Section 3.5. The content of this chapter was published in [38].

3.1 Background in Nonlinear Elasticity
3.1.1 Constitutive Modeling for Arterial Tissues

Let B be a collection of material points identi�ed with their vector of coordinates x in R3,

and denote by@Bthe boundary of B . For any material point x 2 B , the spatial point x ' in

the deformed con�guration B ' is given byx ' = ' (x ), where' is the deformation map. For

any x 2 B , the deformation gradient F is a second-order tensor de�ned asF = r x x ' . The

right Cauchy-Green deformation tensor is de�ned asC = F T F . For later use, we introduce

the isochoric counterpart C of C , de�ned as C = J � 2=3C , with J = det( F ) the Jacobian

of the transformation. Notice that notations x and x ' to denote points in the reference and

deformed con�gurations, respectively, is unusual in the literature of �nite elasticity [41] but

is introduced for the sake of consistency with the rest of this paper�where deterministic

vector-valued variables are represented with bold lowercase symbols.

Following standard assumptions [103, 73, 104, 106, 105] (see also [29] and the references

therein for instance), the material is assumed to be hyperelastic, nearly-incompressible, and

anisotropic. Note that while a transversely isotropic model is considered hereinafter, due

to the considered application, the methodological ingredients related to the construction of

the stochastic model remain valid for other classes of anisotropy. The nonlinear constitutive

model is thus de�ned by a strain energy density function : M3
+ ! R taken as

 (F ) =  MR (F ) +  p(F ) +
2X

k=1

 ti
(k) (F ) ; (3.1)

in which  MR denotes an isochoric Mooney-Rivlin strain energy density function, p is a
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penalty term used to account for the near-incompressibility constraint [34], andf  ti
(k)g

2
k=1

are anisotropic strain energy density functions to be de�ned momentarily. The Mooney-

Rivlin contribution is given by

 MR (F ) = � 1
�
tr (C ) � 3

�
+ � 2

�
tr (Cof(C ))3=2 � 33=2

�
(3.2)

with a slight abuse of notation, where� 1 and � 2 are strictly positive material parameters,

�tr� denotes the trace operator and �Cof� is the matrix of cofactors, Cof(A ) = det( A )A � T

for any matrix A . The penalty term is given by

 p(F ) = � 3(J � 3 + J � � 3 � 2) ; (3.3)

where � 3 2 R> 0 and � 3 2 R> 2 are viewed as numerical model parameters. The anisotropic

contribution modeling the sti�ening e�ect of the tissue in tension (only), along a direction

de�ned by a unit vector a (k) , is de�ned as

 ti
(k) (F ) =

� 4

� 4

n
exp

�
� 4

�
(1 � � )( tr (C ) � 3)2 + � (jjF a (k) jj2

2 � 1)2
��

� 1
o

; (3.4)

where� 4 2 R> 0, � 4 2 R> 0, and � 2 [0; 1] are material parameters [109]. Following standard

modeling assumptions, the unit vectorsa (1) and a (2) are de�ned as

a (1) = cos(� )e(1) + sin( � )e(2) ; a (2) = cos(� )e(1) � sin(� )e(2) ; (3.5)

wheree(1) and e(2) are unit vectors de�ning a local basis at every locationx in the reference

con�guration, and � is the angle between tissue orientation and the aforementioned basis.

Notice that  ti
(1) =  ti

(2) in this case, owing to the evenness of the right-hand side in Eq. (3.4).

Proposition 1. The stored energy density function de�ned by Eq. (3.1) is polyconvex

and satis�es proper growth conditions, hence ensuring the well-posedness of the nonlinear

boundary value problem [41, 11].

Proof. The strain energy density function F 7!  (F ) is polyconvex if and only if there

exists a convex function � such that

 (F ) =  � (F ; Cof(F ); det(F )) (3.6)
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for all F in M3. For an additive decomposition, the above requirement amounts to showing

that each term in  is a convex function in the associated variable. For the isotropic

contribution, the convexity of the functions F 7! tr (C ) = jjF jj2
F =(det(F ))2=3 and F 7!

tr (Cof(C ))3=2 = jjCof(F )jj3
F =(det(F ))2 was established in many references; see, e.g., [97,

180]. Regarding the anisotropic counterpart, notice �rst that the convexity of the function

F 7! hjjF a k jj2 � 1i 2
m was shown in [48]. Since the functionF 7! tr (C ) is convex, it then

follows that the convex combination (1 � � )( tr (C ) � 3)2 + � hjjF a k jj2 � 1i 2
m , with � � 0,

also de�nes a convex function inF . For � 4 > 0, the exponential term in Eq. (3.4) is

thus the composition of a (strictly) convex nondecreasing function and a convex function,

and is therefore convex. For� 4 > 0, the strain energy density function de�ned is hence

polyconvex. For growth conditions, see, e.g., [11].

3.1.2 De�nition of the Boundary Value Problem

In a general setting, the strong form of the boundary value problem (balance of linear

momentum) in the reference con�guration is stated as [167]

r x P + b = 0 ; 8 x 2 B ; (3.7)

u = u ; 8 x 2 @BD ; (3.8)

P � N = t ; 8 x 2 @BN ; (3.9)

where r x denotes the divergence operator in the reference con�guration,P is the �rst

Piola-Kirchho� stress tensor de�ned as

P =
@w(F )

@F
; (3.10)

the vector b is the body force, N is unit vector normal to the boundary in the refer-

ence con�guration, u and t are given smooth vector �elds on the Dirichlet and Neumann

boundaries, denoted by@BD and @BN respectively. The solution to the above problem is

classically sought (in an appropriate function space) as a stationary point of the following

energy functional [167]:

�( ' ) =
Z

B
 (F ) dV �

Z

B
b � ' dV �

Z

@BN

t � ' dA : (3.11)
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3.1.3 Elasticity Tensor at Small Strains

We conclude this section by deriving the linearized elasticity tensor at small strains

associated with the deterministic strain energy density function . This calculation will be

used, in Section 3.2, to introduce suitable constraints, as well as an ad hoc parameterization,

in the stochastic models. The small strain elasticity tensor is denoted byC and is de�ned

as (see [72] for instance)

C = 4
@2 

@C @C

�
�
�
�
C = I

: (3.12)

Following Eq. 3.1, we introduce the decomposition

C = CMR + Cp + Cti (3.13)

with

CMR = 4
@2 MR

@C @C

�
�
�
�
C = I

; Cp = 4
@2 p

@C @C

�
�
�
�
C = I

; Cti = 4
@2( ti

(1) +  ti
(2) )

@C @C

�
�
�
�
�
C = I

: (3.14)

Proceeding with standard tensor calculus, we obtain

CMR = (4 � 1 + 6
p

3� 2)K ; Cp = 6 � 3� 2
3J ; Cti = 48� 4(1 � � )J ; (3.15)

where J and K are the standard basis tensors for the set of isotropic tensors, given by

J ijk` = (1 =3)� ij � k` ; Kijk` = I ijk` � J ijk` ; (3.16)

with I the fourth-order symmetric identity tensor, de�ned as I ijk` = ( � ik � j` + � i` � jk )=2. The

total contribution therefore writes as

C = (6 � 3� 2
3 + 48� 4(1 � � ))J + (4 � 1 + 6

p
3� 2)K : (3.17)

Eq. (3.17) indicates that the model exhibits isotropy at small strains and can thus be

rewritten as

C = 3c1J + 2c2K; (3.18)
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where c1 and c2 are identi�ed as the bulk and shear moduli, respectively:

c1 = 2 � 3� 2
3 + 16� 4(1 � � ) ; c2 = 2 � 1 + 3

p
3� 2 : (3.19)

The above relationships can be used to express� 2 and � 4 in terms of the remaining variables,

yielding

� 2 = 3 � 3=2(c2 � 2� 1) ; � 4 = ( c1 � 2� 3� 2
3)=(16(1 � � )) : (3.20)

For later use, it is convenient to introduce two auxiliary variables u and v de�ned as

u = 2 � 1=c2 ; v = c1 � 2� 3� 2
3 ; (3.21)

so that

� 2 = 3 � 3=2c2(1 � u) ; � 4 = v=(16(1 � � )) : (3.22)

It should be observed that by construction,u 2 ]0; 1[ and v > 0. As indicated earlier, these

variables will be used in subsequent sections to de�ne an appropriate parameterization of

the probabilistic representations.

3.2 Stochastic Model for Homogeneous Material Parameters

In this section, we discuss the construction of the stochastic stored energy function en-

suring the well-posedness of the stochastic nonlinear boundary value problem. We speci�-

cally de�ne an information-theoretic probabilistic representation using the consistency con-

dition at small strains.

3.2.1 Regularization and Well-Posedness

In order to lay the ground for spatially-dependent behaviors and in particular, to enforce

uniform growth conditions [200], we decompose the stochastic stored energy function as

	 � (F ) =
1

1 + �
(	 MR (F ) + � E(	 MR (F ))) +  p(F ) +

2X

k=1

	 ti
(k) (F ) ; (3.23)

where 0 < � � 1 is a regularization parameter,E denotes the operator of mathematical

expectation,  p is the deterministic penalty term introduced previously, 	 MR is a stochastic
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Mooney-Rivlin strain energy density function written as

	 MR (F ) = G1tr (C ) + G2tr (Cof(C ))3=2 ; (3.24)

where G1 and G2 are random variables de�ned on a probability space(� ; F ; P) and with

values in R> 0, and 	 ti
(k) is the stochastic counterpart of the anisotropic term ti

(k) , k = 1 ; 2:

	 ti
(k) (F ) =

G4

B4

n
exp

�
B4

�
(1 � R)( tr (C ) � 3)2 + R(jjF A (k) jj2 � 1)2

��
� 1

o
; (3.25)

where G4, B4, and R are random variables de�ned on(� ; F ; P) and with values in R> 0,

R> 0, and [0; 1] respectively, and

A (1) = cos(A)e(1) + sin( A)e(2) ; A (2) = cos(A)e(1) � sin(A)e(2) ; (3.26)

where A is a random variable de�ned on(� ; F ; P) and with values in [0; �= 2].

Let g
1

and g
2

denote the mean values ofG1 and G2, respectively. Consequently, one

has

1
1 + �

(	 MR (F ) + � E(	 MR (F ))) =
1

1 + �
(G1 + �g

1
)tr (C ) +

1
1 + �

(G2 + �g
2
)tr (Cof(C ))3=2 ;

(3.27)

so that

1
1 + �

(	 MR (F ) + � E(	 MR (F ))) �
�

1 + �
(g

1
tr (C ) + g

2
tr (Cof(C ))3=2) (3.28)

with probability one. Owing to the de�nition of the state spaces for the involved random

variables and to the positiveness of the functions in the strain energy density function, it

can be deduced that

	 � (F ) �
�

1 + �
(g

1
tr (C ) + g

2
tr (Cof(C ))3=2) ; 8F 2 M3 ; (3.29)

which shows that the regularized strain energy density function satis�es standard growth

(coercivity) conditions almost surely. Provided that all remaining parameters satisfy the

inequality constraints raised by the polyconvexity requirement (see Section 3.1.1), it follows

that the stochastic strain energy density function de�ned by Eq. (3.23) makes the stochastic

nonlinear boundary value problem well-posed, almost surely.

35



3.2.2 Construction of the Stochastic Model Using Information Theory
3.2.2.1 Background on Information Theory

In this subsection, we detail background related to the construction of stochastic models

using information theory and more speci�cally, the principle of maximum entropy. Let Z

denote a generic vector-valued random variable (withn � 1 components), de�ned by a

probability density function f Z , and let S Z � Rn be the support of f Z . Assume that some

prior information related to Z is available in the form of a mathematical expectation:

EfH (Z )g = m ; (3.30)

where H is a given measurable mapping fromRn into Rm and m is a given determinis-

tic vector in Rm . Notice that the value of m shall be left unde�ned for the purpose of

model construction. Eq. (3.30) represents a set of algebraically-independent constraints on

Z , including, e.g., standard statistical moments or speci�c constraints. The principle of

maximum entropy stated by Jaynes in the late 50's [54, 55] then states thatf Z should be

�maximally noncommittal with regard to missing information�, so that the model �avoids

bias while agreeing with whatever information is given�. Mathematically,f Z is then de�ned

as

f Z = arg maxf 2 C Eff g; (3.31)

where C is the set of all probability density functions supported over S that satisfy the

constraints de�ned by Eq. (3.30). The quantity

Eff g = �
Z

Rn
f (z) loge (f (z)) dz (3.32)

denotes the Shannon's entropy off 2 C and quanti�es the uncertainty in the model. From

a technical standpoint, the above functional optimization problem can easily be solved by

using the method of Lagrange multipliers, leading to the solution

f Z (z) = 1SZ (z)K exp (�h � ; H (z)i ) ; (3.33)
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where 1SZ is the indicator function of SZ , K is the positive normalization constant, h�; �i

denotes the Euclidean inner product inRm , and � is the Lagrange multiplier such that the

constraint given by Eq. (3.30) is satis�ed.

In this information-theoretical framework, the de�nition of the information de�ning the

spaceC is of primary importance. In particular, it should be noticed that the consideration

of univariate constraints (that is, for H(z) = ( H 1(z); : : : H m (z))T where each component

H i (z), 1 � i � m, only depends on one single component ofz, denoted by zj i with

1 � j i � n) leads to statistically independent components when the indicator function1SZ

exhibits a separable structure, that is

1SZ (z) =
nY

i =1

1Szi
(zi ) ; (3.34)

in which 1Szi
is the indicator function associated with the componentzi .

3.2.2.2 Stochastic Model

We now turn to the construction of the stochastic model for the material parameters in

the probabilistic strain energy density function. The regularized decomposition introduced

in Section 3.2.1 suggests a parameterization of the form

Z = ( G1; G2; G4; B4; R; A)T ; (3.35)

where the random variablesG1 and G2 de�ne the stochastic Mooney-Rivlin potential 	 MR ,

and the variablesB4, R, and A de�ne 	 ti
(1) and 	 ti

(2) . Recall that without loss of generality,

the penalty term  p is left deterministic hereinafter. Based on the discussion in Section

3.2.2.1, the use of such a parameterization leads to statistically independent parameters,

owing to the fact that well-posedness constraints (in terms of both polyconvexity and growth

conditions) do not introduce cross-information between the parameters. Following earlier

works by the authors [203, 205, 200, 206], we pursue a di�erent approach where constraints

raised by the linearization at small strains are accounted for.

The randomization of material parameters naturally leads to the de�nition of the
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stochastic counterpart of C, denoted by CCC. Following the notation introduced in Section

3.2.1, the stochastic elasticity tensorCCC is given by

CCC = (6 � 3� 2
3 + 48G4(1 � R))J + (4 G1 + 6

p
3G2)K (3.36)

where

G2 = 3 � 3=2C2(1 � U) ; G4 = V=(16(1 � R)) ; (3.37)

and the random variablesU and V correspond to the stochastic counterparts ofu and v.

We can then de�ne the elasticity tensor

CCC� =
1

1 + �
(CCCMR + � E(CCCMR )) + Cp + CCCti (3.38)

associated with the linearization of the regularized stochastic potential	 � . It follows that

CCC� = 3C� 1J + 2C� 2K; (3.39)

where the regularized stochastic bulk and shear moduli are given by

C� 1 = C1 ; C� 2 =
1

1 + �
(C2 + � E(C2)) ; (3.40)

and

C1 = 2 � 3� 2
3 + 16G4(1 � R) ; C2 = 2G1 + 3

p
3G2 : (3.41)

Following these changes of variables, we then consider

Z = ( C2; V; B4; U; R; T)T ; (3.42)

where T = 2A=� takes values in[0; 1] and components are organized such that variables

exhibiting a semi-bounded support (namely,C2, V , and B4) or a bounded support (that

are, U, R, and T) are placed next to one another. Below, we use the generic notationZ i

to denote the i th component of Z (that is, Z1 stands for C2, Z2 for U, etc.), with the aim

of deriving models in a concise manner. Recall that the random variablesG1, G2, and G4

are de�ned as

G1 = C2U=2; G2 = 3 � 3=2C2(1 � U) ; G4 = V=(16(1 � R)) : (3.43)
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The above formulation o�ers two bene�ts:

ˆ All variables are normalized in terms of the supports for their probability density

functions, as they take values in eitherR> 0 or [0; 1];

ˆ The statistical dependencies generated by the linearization at small strains become

apparent, as bothG1 and G2 are expressed as functions ofC2 and U for instance.

We �rst address the de�nition of the available information for the variables taking values in

R> 0. In order to facilitate identi�cation using limited data (through minimal parameteri-

zation), only constraints related to well-posedness are introduced hereinafter. We therefore

assume that the mean values are known, that is

Ef Z i g = zi ; 1 � i � 3 ; (3.44)

and note that C1 and C2 should satisfy

jEf log(C1)gj < + 1 ; jEf log(C2)gj < + 1 ; (3.45)

to make the stochastic linearized elasticity problem well-posed [190, 202]. The properties

in Eq. (3.45) generate vanishing probability levels near the origin and are called, for this

reason, repulsive constraints. Since

C1 = V + 2 � 3� 2
3 ; (3.46)

where� 3� 2
3 is �nite and positive, it follows that the property jEf log(V )gj < + 1 must hold.

We also assume a similar constraint forB4, given its appearance in the denominator in the

anisotropic terms, and hence we consider the additional constraints

Ef log (Z i )g = � i ; j� i j < + 1 ; 1 � i � 4 : (3.47)

We next focus on variables taking values in[0; 1]. In this case, we impose repulsive con-

straints at the boundary of the support, viz.

Ef log (Z i )g = �
i
; j�

i
j < + 1 ; 5 � i � 6 (3.48)
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and

Ef log (1 � Z i )g = � i ; j� i j < + 1 ; 5 � i � 6 : (3.49)

Using the constraints given by Eqs. (3.44), (3.47), (3.48), and (3.49) into the principle of

maximum entropy, it can be deduced that f Z exhibits a separable structure,

f Z (z) =
6Y

i =1

1Szi
(zi )f Z i (zi ) ; (3.50)

wheref Z i denotes the probability density function de�ning the random variable Z i . Specif-

ically, it is found that

Z i � � (� � 2
i ; zi �

� 2
i ) (3.51)

for 1 � i � 3, where � (� 1; � 2) is the Gamma distribution with shape parameter � 1 and

scale parameter� 2, and

Z i � B(� (zi �
2
i + zi � 1)=� 2

i ; ((zi � 1)(zi �
2
i + zi � 1))=(zi �

2
i )) (3.52)

for 4 � i � 6, where B(� 1; � 2) is the Beta distribution with shape parameter � 1 and scale

parameter � 2. In the above equations,zi and � i are the mean and coe�cient of variation

of Z i , respectively. While the form of f Z given in Eq. (3.50) implies that the variablesC2,

V , B4, U, R, and T are independent, it should be noticed that the transformation pulling

these variables back to the primary variables parameterizing the stochastic strain energy

density function (that is, G1, G2, G4, B4, R, and A) induces some statistically dependencies

between these variables (in particular, betweenG1, G2, G4, and R).

3.3 Stochastic Model for Spatially-Dependent Material Parameters
3.3.1 Regularization and Well-Posedness for the Heterogeneous Case

Following the derivations proposed in Section 3.2, we introduce the regularized stochas-

tic strain energy density function 	 � de�ned as

	 � (F ; x ) =
1

1 + �
(	 MR (F ; x ) + � E(	 MR (F ; x ))) +  p(F ) +

2X

k=1

	 ti
(k) (F ; x ) ; (3.53)
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where the second argument in the strain energy density functions (if any) emphasizes spatial

dependency for material parameters, with

	 MR (F ; x ) = G1(x )tr (C ) + G2(x )tr (Cof(C ))3=2 ; (3.54)

and

	 ti
(k) (F ; x ) =

G4(x )
B4(x )

n
exp

�
B4(x )

�
(1 � R(x ))( tr (C ) � 3)2 + R(x )( jjF A (k) (x )jj2 � 1)2

��
� 1

o

(3.55)

for k = 1 ; 2, and

A (1) (x ) = cos(A(x ))e(1) (x )+sin( A(x ))e(2) (x ) ; A (2) (x ) = cos(A(x ))e(1) (x )� sin(A(x ))e(2) (x ) :

(3.56)

In Eqs. (3.54�3.56), the termsf G1(x ); x 2 B g, f G2(x ); x 2 B g, f G4(x ); x 2 B g, f B4(x ); x 2

B g, f R(x ); x 2 B g, and f A(x ); x 2 B g represent random �elds de�ned on (� ; F ; P)

and with values in R> 0, R> 0, R> 0, [0; 1], and [0; �= 2], respectively. Here we assume that

Ef G1(x )g = g
1
(x ) � g

1
> 0 and Ef G2(x )g = g

2
(x ) � g

2
> 0, where g

1
and g

2
are given

deterministic lower bounds, independent ofx . Following similar derivations as in Section

3.2.1, it is seen that

	 � (F ; x ) �
�

1 + �
(g

1
tr (C ) + g

2
tr (Cof(C ))3=2) ; 8F 2 M3

+ ; 8x 2 B : (3.57)

Eq. (3.57) implies that the regularized stochastic strain energy density function satis�es

uniform standard growth (coercivity) conditions almost surely, hence ensuring the well-

posedness of the stochastic nonlinear boundary value problem.

The linearization (at small strains) of the spatially-dependent regularized strain energy

density function yields

CCC� (x ) = 3 C� 1(x )J + 2C� 2(x )K ; (3.58)

in which the random �elds f C� 1(x ); x 2 B g and f C� 2(x ); x 2 B g of regularized stochastic

bulk and shear moduli read

C� 1(x ) = C1(x ) ; C� 2(x ) =
1

1 + �
(C2(x ) + � E(C2(x ))) ; (3.59)
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with

C1(x ) = 2 � 3� 2
3 + 16G4(x )(1 � R(x )) ; C2(x ) = 2 G1(x ) + 3

p
3G2(x ) : (3.60)

Following the changes of variables proposed in Section 3.2.2.2, we next introduce the

vector-valued random �eld f Z (x ); x 2 B g with statistically independent components, de-

�ned on the probability space (� ; F ; P) as

Z (x ) = ( C2(x ); V (x ); B4(x ); U(x ); R(x ); T(x ))T ; (3.61)

where the auxiliary random �elds f C2(x ); x 2 B g, f V (x ); x 2 B g, f U(x ); x 2 B g, and

f T(x ); x 2 B g are related to the material parameters random �elds by

G1(x ) = C2(x )U(x )=2; (3.62)

G2(x ) = 3 � 3=2C2(x )(1 � U(x )) ; (3.63)

G4(x ) = V (x )=(16(1 � R(x ))) ; (3.64)

A(x ) = 2 T(x )=� : (3.65)

In the next two sections, we address the construction of a stochastic model forf Z (x ); x 2

B g in the class de�ned by the push-forward action

Z (x ) = H f �( x )g; 8x 2 B ; (3.66)

where H is a measurable nonlinear mapping andf �( x ); x 2 B g is an auxiliary centered

Gaussian random �eld with values in R6, called the latent Gaussian �eld [148].

3.3.2 De�nition and Sampling of the Latent Gaussian Field

In order to de�ne the random �eld f Z (x ); x 2 B g following Eq. (3.68), we �rst de�ne the

latent Gaussian random �eld f �( x ); x 2 B g. This vector-valued Gaussian has statistically

independent components and is assumed to be centered. Each of these components therefore

de�nes a scalar-valued random �eldf � i (x ); x 2 B g, 1 � i � 6, that is uniquely determined

by a correlation function (x ; y ) 7! Ri (x ; y ) = E(� i (x )� i (y )) .

42



When the reference geometryB is such that the correlation function Ri can be speci�ed

in closed form, and depending on whether the �eld is assumed to be homogeneous (in which

caseRi only depends on the distancekx � yk) or not, realizations of f � i (x ); x 2 B g can be

obtained using standard techniques, including quadrature rules for integral representations

[182, 172] (see also [26, 181] for techniques in the case of translation �elds), a Karhunen-

Loève expansion, and direct or iterative factorization techniques (see [113] for theoretical

and implementation details, for instance).

When the geometrical complexity ofB does not allowRi to be speci�ed analytically,

the methodology proposed in [202, 200] for stochastic modeling in linear and �nite elastic-

ity, respectively, can be followed. The strategy relies on the stochastic partial di�erential

equation (SPDE) approach proposed in [139], in which the anisotropic �ltering operator is

tuned in order to capture natural correlation paths over B . In a nutshell, each component

f � i (x ); x 2 B g is de�ned as the solution to the anisotropic fractional stochastic partial

di�erential equation [222, 70]

(
 2I � hr ; D ri ) �= 2U = _W ; (3.67)

where I and � are the identity and Laplacian operators, 
 is a scaling parameter,� is

a parameter controlling the smoothness of the �eld (and in particular, its mean-squared

di�erentiability), _W denotes the normalized Gaussian white noise inR3, and equality holds

in the sense of distributions [222]. HereD denotes a spatially-varying �eld with values in

the set S3
� 0 of (3 � 3) symmetric positive de�nite matrices, termed the di�usion �eld. Neu-

mann boundary conditions are considered and rescaling is performed to account for folding

boundary e�ects; see [178, 50, 119] for discussions on alternative boundary conditions.

Readers are referred to [139] for an e�cient strategy to solve the SPDE (this approach is

summarized in A.2 for the sake of self-containedness), based on Galerkin projection and

regression (depending on� ); see Section 3.5 for a numerical example.
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3.3.3 De�nition of the Transport Map

As discussed at the end of Section 3.3.1, the non-Gaussian random �eldf Z (x ); x 2 B g

is de�ned through the pointwise transformation

Z (x ) = H f �( x )g; 8x 2 B ; (3.68)

whereH is a mapping to be de�ned andf �( x ); x 2 B g is the underlying Gaussian random

�eld de�ned in Section 3.3.2. In this work, H is constructed by imposing the �rst-order

marginal distribution for the �eld, that is, H is such that

Z (x ) � � (dz) (3.69)

for any x �xed in B , where � (dz) denotes a target probability measure. Here, we use the

results derived in Section 3.2.2.2 and de�ne� (dz) as

� (dz) = f Z (z) dz ; (3.70)

where f Z is given by Eq. (3.50). Consequently, the mappingH is de�ned for the �rst three

components ofZ (x ) through

Z i (x ) =
�

F � 1
� (� � 2

i ;z i �
2
i )

� FN (0;1)

�
(� i (x )) ; 8x 2 B ; (3.71)

for 1 � i � 3 (see Eq. (3.51)), whereF� and FN are the cumulative distribution functions

associated with the Gamma and normal distributions, respectively, and the symbol �� �

denotes the composition of functions. Likewise, we set

Z i (x ) =
�

F � 1
B(� (zi �

2
i + zi � 1)=� 2

i ;(zi � 1)( zi �
2
i + zi � 1)=(zi �

2
i )) � FN (0;1)

�
(� i (x )) ; 8x 2 B ; (3.72)

for 4 � i � 6 (see Eq. (3.52)), with FB the cumulative distribution functions of the Beta

distribution. Notice that H can be made spatially dependent on purpose, to model non-

stationary e�ects for instance.
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3.4 Identi�cation Based on Physical Experiments

We now address the calibration of the hyperparameters using interpatient physical data.

To that end, we consider the set of experiments presented in [109], corresponding to uniax-

ial extension tests on human illiac artery walls. In those experiments, 13 specimens were

used and 2 di�erent strips were harvested along the circumferential and axial (longitudinal)

directions on each specimen to capture anisotropic e�ects. The results were subsequently

used to �t material parameters in a strain energy density function that slightly di�ers from

the one used in this work: the parameters �tted on each specimen (as listed in Table 3),

together with Eq. (1) in [109], were used to synthesize the data that are considered in

this section. Since the experiments are concerned with macroscopic tension, they do not

allow information related to the random �eld (such as the �rst-order marginal distribution

and correlation structure) to be extracted. However, they enable the identi�cation of hy-

perparameters related the �rst-order marginal distribution, namely the parametersf zi g
6
i =1

(means) andf � i g6
i =1 (coe�cients of variation). In order to proceed with the identi�cation,

we follow a two-step strategy:

1. First, realizations of the random material parameters are obtained by �tting the strain

energy density function de�ned by Eq. (3.1) for both directions, for each specimen.

2. Second, we use these realizations to compute the aforementioned parameters, using

the maximum likelihood method�to compensate for data scarcity.

These two steps are described in Sections 3.4.1 and 3.4.2, respectively. Notice that some

values listed in Table 3 in [109] were found to produce results that are not consistent with

the experimental results (speci�cally, the results associated with samples 4 and 7 for the

adventitia layer, and samples 6 and 9 in the intima) and may therefore contain typographical

errors. Such results (i.e., specimens) were discarded in our analysis.

3.4.1 Deterministic Calibration on Experimental Samples

Following the above methodology, realizations of the stochastic coe�cients are �rst

computed by �tting the deterministic model presented in Section 3.1.1 on each specimen.
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Here, we consider the identi�cation of the material parameters� 1, � 2, � 4, � 4, � , and � ,

while the values for the numerical (penalty) parameters are taken from a previous study

[200]: � 3 = 9 :7, � 3 = 3 :6.

In order to proceed with the calibration of the aforementioned material parameters, we

denote by � 1 the stretch in the direction of extension (which can be either circumferential

or longitudinal), and by � 2 the in-plane transverse stretch. Since the material is assumed

to be anisotropic, the deformation gradient F and the right Cauchy-Green tensorC are

given by

F = diag ( � 1; � 2; 1=(� 1� 2)) ; C = diag
�
� 2

1; � 2
2; 1=(� 2

1� 2
2)

�
: (3.73)

The value of � 2 is obtained, for a given stretch � 1, by imposing the free-stress condition

S22 = 0 , where S is the second Piola-Kirchho� stress tensor. The stress componentS11 is

subsequently computed, and the corresponding component for the Cauchy stress is evalu-

ated as

� model(� 1) = � 2
1S11 ; (3.74)

where the superscript �model� indicates the use of the continuum mechanics model. De-

noting by p = ( � 1; � 2; � 4; � 4; �; � ) the vector of parameters to be calibrated, we introduce

the objective function

r (p) =

P nc
p

i =1

�
� exp(� c

1) � � model(� c
1; p)

� 2

P nc
p

i =1 � exp(� c
1)2

+

P na
p

i =1

�
� exp(� a

1) � � model(� a
1; p)

� 2

P na
p

i =1 � exp(� a
1)2

; (3.75)

where the superscripts �c� and �a� refer to data obtained by stretching along the circumfer-

ential and axial directions, respectively,nc
p and na

p are the associated numbers of datapoints,

and the dependence of the model onp is made explicit (see [29]). The optimal parameters

for a given specimen are then de�ned as

p� = min
p 2 Cp

r (p) ; (3.76)

where Cp � R6 is the admissible set for the parameters. This procedure is summarized in

the �owchart in Fig. 3.1. Notice that the optimal values for the parameters involved in the
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Figure 3.1 : Summary of the procedure enabling the deterministic calibration of material
parameters on the synthesized samples.

stochastic formulation, gathered in a realization vectorz � , are then obtained by using the

changes of variables de�ned in Section 3.2.2.2.

The results of the adjusted material model and the digitally-generated data for the

three layers are shown in Figs. 3.2, 3.3, and 3.4. It is seen that the model can reproduce

the data very well, as expected given the similarities between the strain energy density

functions used in this paper and in the reference work [109] (which only di�ers in the

isotropic contribution). The lists of material parameters thus obtained are provided for all

layers in Table 3.1, 3.2, and 3.3. The mean averages for these parameters (in the order� 1,

� 2, � 4, � 4, � , and � ) are provided for each layer below:

ˆ Adventitia: 6.5462 [kPa], 0.1034 [kPa], 21.3557 [kPa], 96.6721 [�], 1.1419 [rad], 0.5151
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Figure 3.2 : Fitting results for the adventitia layer. The reference results are shown in
solid black line, while the results obtained with the proposed model are shown in red solid
line. Left panel: circumferential direction. Right panel: longitudinal direction.

Figure 3.3 : Fitting results for the media layer. The reference results are shown in solid
black line, while the results obtained with the proposed model are shown in red solid line.
Left panel: circumferential direction. Right panel: longitudinal direction.

[�];

ˆ Media: 1.2079 [kPa], 0.0230 [kPa], 10.7838 [kPa], 8.1899 [�], 0.3558 [rad], 0.2490 [�];

ˆ Intima: 28.4956 [kPa], 0.4725 [kPa], 145.8811 [kPa], 177.3867 [�], 1.1096 [rad], 0.5044

[�].
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Figure 3.4 : Fitting results for the intima layer. The reference results are shown in solid
black line, while the results obtained with the proposed model are shown in red solid line.
Left panel: circumferential direction. Right panel: longitudinal direction.

Table 3.1: Calibrated parameters for the adventitia layer. Specimens numbers are as-
sociated with the results presented in [109]. Note that the parameter� 4 here is half of
the corresponding parameter in [109], given the expression for the strain energy density
function.

Specimen � 1 � 2 � 4 � 4 � � r (p� )
# [kPa] [kPa] [kPa] [�] [rad] [�] � 10� 6

1 3.8154 0.0952 16.2516 103.8667 1.2681 0.6503 0.3131
2 2.2703 0.0471 6.9480 81.3985 1.1781 0.7510 0.8667
3 4.8053 0.0395 33.6126 49.4776 1.0699 0.4999 0.1708
5 9.1153 0.2103 41.0040 145.0781 0.9320 0.3998 0.8243
6 7.7952 0.0571 12.6815 67.9862 1.2264 0.7003 0.1121
8 2.0467 0.0833 18.8116 48.7029 1.1422 0.4040 0.2818
9 5.6493 0.2089 16.4234 167.2432 1.3151 0.2998 0.2761
10 14.7392 0.0778 59.5418 214.0337 0.9320 0.6001 0.2067
11 12.3502 0.1629 17.5735 84.9840 1.2083 0.6005 0.2450
12 2.8631 0.1009 8.7606 68.4434 0.9597 0.4105 0.9009
13 6.5583 0.0541 3.3039 32.1794 1.3297 0.3500 0.2420

3.4.2 Calibration of the Stochastic Model

Since the components ofZ are statistically independent, we use the maximum likelihood

method to calibrate the hyperparameters for each random variable. Denote bys the vector

gathering the set of hyperparameters for a given component ofZ in the stochastic model.
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Table 3.2: Calibrated parameters for the media layer. Specimens numbers are associated
with the results presented in [109]. Note that the parameter� 4 here is half of the corre-
sponding parameter in [109], given the expression for the strain energy density function.

Specimen � 1 � 2 � 4 � 4 � � r (p� )
# [kPa] [kPa] [kPa] [�] [rad] [�] � 10� 6

1 0.9122 0.0094 6.6063 10.7580 0.3592 0.2476 0.2793
2 1.0174 0.0269 12.8334 5.8988 0.4449 0.2970 0.2268
3 1.7214 0.0236 10.4581 5.7353 0.3916 0.1967 0.2478
4 1.5992 0.0109 13.1523 9.5337 0.4439 0.3980 0.1677
5 2.4868 0.0223 8.3441 13.8411 0.2968 0.2000 0.2959
6 0.6409 0.0338 15.2760 5.3399 0.3226 0.2987 0.2007
7 0.8698 0.0246 12.4674 7.5124 0.2147 0.1500 0.2853
8 0.2368 0.0313 13.9616 5.4142 0.1840 0.1993 0.1661
9 2.2856 0.0119 4.2552 12.8970 0.4405 0.3032 0.1334
10 0.7071 0.0531 15.5753 2.5561 0.2740 0.0986 0.1921
11 1.1838 0.0117 6.5073 8.4201 0.5203 0.3015 0.3128
12 0.8871 0.0263 10.7400 7.7343 0.3482 0.1480 0.2638
13 1.1550 0.0130 10.0128 10.8277 0.3842 0.3984 0.2561

Table 3.3: Calibrated parameters for the intima layer. Specimens numbers are associated
with the results presented in [109]. Note that the parameter� 4 here is half of the corre-
sponding parameter in [109], given the expression for the strain energy density function.

Specimen � 1 � 2 � 4 � 4 � � r (p� )
# [kPa] [kPa] [kPa] [�] [rad] [�] � 10� 6

1 26.0930 1.0707 61.8350 180.6829 1.2129 0.5496 0.1064
2 42.0952 0.1300 132.1545 286.9763 0.9372 0.6999 0.0253
3 24.8050 0.2085 117.1730 176.7649 1.0085 0.5005 0.0233
4 48.1296 2.2548 930.3108 454.7669 0.8168 0.3994 0.0235
5 24.2734 0.1897 184.8636 342.9503 0.6965 0.7002 0.0266
7 34.2402 0.1682 27.4200 92.7600 1.2620 0.3498 0.0307
8 25.8023 0.1473 30.0657 110.3671 1.2950 0.3499 0.0253
10 27.2055 0.1071 16.2175 72.3563 1.1521 0.3998 0.0223
11 25.8057 0.1510 28.1253 77.8412 1.1570 0.4999 0.0256
12 15.2380 0.5128 40.1371 73.7906 1.3643 0.6499 0.0203
13 19.7643 0.2577 36.3891 81.9973 1.3036 0.4498 0.0263

The optimal value of s is then obtained as

ŝ = argmaxs2Cs
L (s; y ) ; (3.77)
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where Cs denotes the parameter space,L is the likelihood function, and y is the observed

data sample. The values of all hyperparameters are given in Table 3.4, and the associated

probability density functions (together with samples) are shown in Figs. 3.5, 3.6, and 3.7.

In practice, these hyperparameters can used to generate mathematically-consistent virtual

Table 3.4: Hyperparameters estimated with the maximum likelihood method for all layers.

Parameter ŝ (adventitia) ŝ (media) ŝ (intima)
C2 (2:9459; 4:6266) (3:6841; 0:7075) (1:4120; 35:8575)
V (1:6574; 99:5985) (5:9044; 22:4244) (0:6364; 1:645� 103)
B4 (3:5262; 27:4153) (5:2736; 1:5154) (1:1744; 129:0230)
U (48:4729; 2:5140) (14:4793; 1:1649) (34:4290; 1:43553)
R (5:8703; 5:5101) (6:25578; 19:3627) (3:1868; 1:9178)
T (17:7955; 6:6881) (8:8830; 30:5876) (4:5830; 5:2297)

samples.

Figure 3.5 : Probability density functions (PDFs), with hyperparameters estimated with
the maximum likelihood method, and experimental samples. Left panel: random variable
C2. Right panel: random variable V .

Using these results, new samples ofZ can be generated and pulled back to obtain

samples of the primary parameters de�ning the strain energy density function. Using106

samples, the following mean values were obtained for these parameters:

ˆ Adventitia: 6.4760 [kPa], 0.1297 [kPa], 24.0164 [kPa], 96.4960 [�], 1.1426 [rad], 0.5172

[�];
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Figure 3.6 : Probability density functions (PDFs), with hyperparameters estimated with
the maximum likelihood method, and experimental samples. Left panel: random variable
B2. Right panel: random variable U.

Figure 3.7 : Probability density functions (PDFs), with hyperparameters estimated with
the maximum likelihood method, and experimental samples. Left panel: random variable
T. Right panel: random variable R.

ˆ Media: 1.2076 [kPa], 0.0379 [kPa], 11.1438 [kPa], 8.0084 [�], 0.3539 [rad], 0.2440 [�];

ˆ Intima: 24.2965 [kPa], 0.3893 [kPa], 136.2482 [kPa], 151.3538 [�], 0.9806 [rad], 0.4672

[�].

It is seen that these results slightly di�er from the ones reported in Section 3.4.1, where mean

averaging was used instead of a maximum likelihood estimator. In order to qualitatively

assess this result, the mean responses obtained by using either parameterization (that is,

the one provided in Section 3.4.1 or the one given above) are shown for all layers and
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both directions in Figs. 3.8, 3.9, and 3.10. The di�erence between the two responses is

most noticeable for the intima layer, due to the strong sti�ening e�ect. Finally, 95%

con�dence intervals were estimated with the model, using 100,000 independent samples.

These intervals are also displayed in Figs. 3.8, 3.9, and 3.10, and are seen to capture

experimental variability with reasonable accuracy.

Figure 3.8 : Experimental results (black solid lines), mean responses obtained for the
adventitia layer by using either the MLE-based estimate (blue solid line) or a mean average
(blue dashed line), and 95% con�dence interval (red solid line). Left panel: circumferential
direction. Right panel: longitudinal direction.

Figure 3.9 : Experimental results (black solid lines), mean responses obtained for the
media layer by using either the MLE-based estimate (blue solid line) or a mean average
(blue dashed line), and 95% con�dence interval (red solid line). Left panel: circumferential
direction. Right panel: longitudinal direction.
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Figure 3.10 : Experimental results (black solid lines), mean responses obtained for the
intima layer by using either the MLE-based estimate (blue solid line) or a mean average
(blue dashed line), and 95% con�dence interval (red solid line). Left panel: circumferential
direction. Right panel: longitudinal direction.

3.5 Uncertainty Propagation
3.5.1 De�nition of the Random Field Model on a Patient-Speci�c Ge-
ometry

In this section, we consider the propagation of the uncertainties associated with the

proposed random �eld model on a patient-speci�c geometry. Without loss of generality, we

assume that the latter corresponds to the adventitia layer (which is the outermost layer in

the arterial wall). We use the domain studied in [200], which was obtained by postprocessing

the inner surface available as �le 0098 in the Aneurisk database [5]. The domain is about

12 [mm] long and is shown in Fig. 3.11. Details about discretization are provided in Section

3.5.2.

Figure 3.11 : Three-dimensional and slice views of the arterial wall, computed from [5].

54



In order to de�ne the latent Gaussian �eld f �( x ); x 2 B g, we use the SPDE approach

introduced in Section 3.3.2 (with � = 2 ). As a preliminary step, we use the Laplace-

Dirichlet Rule-Based algorithm [114, 10] to de�ne some local orientation �elds involved

in the parameterization of the di�usion [H ]. Speci�cally, we introduce the vector �elds

x 7! e(1) (x ) and x 7! e(2) (x ) de�ned as

e(1) (x ) =
r 	 2(x )

kr 	 2(x )k
; e(2) (x ) = e(3) (x ) � e(1) (x ) ; e(3) (x ) =

r 	 1(x )
kr 	 1(x )k

; (3.78)

where x 7! 	 1(x ) satis�es

�	 1(x ) = 0 ; 8 x 2 B ; (3.79)

with 	 1(x ) = 0 on the inlet surface and	 1(x ) = 1 on the outlet surface, andx 7! 	 2(x )

is the solution to a similar Laplace problem with 	 2(x ) = 0 on the inner surface and

	 2(x ) = 1 on the outer surface [200].

As a �rst step, we then consider the Gaussian component associated with the angle

random �eld f A(x ); x 2 B g and use a SPDE where the di�usion �eld is de�ned as

D (x ) = � I + � 1ê(1) (x ) 
 ê(1) (x ) + � 2ê(2) (x ) 
 ê(2) (x ) ; (3.80)

where

ê(1) (x ) = cos(a)e(1) (x ) + sin( a)e(2) (x ) ; ê(2) (x ) = cos(a)e(1) (x ) � sin(a)e(2) (x ) ; (3.81)

and a is the mean value for the angle obtained from the calibrated step detailed in Section

3.4 (for the adventitia layer). In e�ect, this introduces some waviness e�ect in the local ori-

entation, for both the anisotropic mechanical behavior and covariance structure, which can

be related to waviness in the orientation of collagen �bers at a �ner scale. By construction,

this modeling feature can be turned o� by setting the associated coe�cient of variation to

zero.

Next, and for a given samplex 7! a(x ; � ) of the angle random �eld thus obtained, with

� 2 � , the latent Gaussian components associated with the other material random �elds
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are de�ned and sampled by solving the SPDE with the di�usion taken as in Eq. (3.80),

where the orientation vectors are now de�ned as

ê(1) (x ) = cos(a(x ; � ))e(1) (x ) + sin( a(x ; � ))e(2) (x ) (3.82)

and

ê(2) (x ) = cos(a(x ; � ))e(1) (x ) � sin(a(x ; � ))e(2) (x ) : (3.83)

Following the methodology of construction presented in Section 3.3, we now proceed

with the speci�cation of the hyperparameters de�ning the transport map H . A natural

choice here is to use the parameters identi�ed in Section 3.4.2; see Table 3.4. However,

the associated probability density functions represent inter-patient variability and would

therefore generate unrealistically large (intra-patient) spatial �uctuations. For this reason,

we propose to preserve the mean values estimated at the calibration stage, and to scale

the coe�cients of variation in a proportional manner (meaning that properties that exhibit

larger �uctuations still present larger spatial variations). The proposed values for these

coe�cients of variation are listed in Table 3.5. The corresponding set of hyperparameters

Table 3.5: Scaled values for the coe�cients of variation of the random variables.

Parameter Data-based coe�cient of variation Scaled coe�cient of variation
C2 0:5826 0:15
V 0:7768 0:2
B4 0:5325 0:1371
U 0:0316 0:0081
R 0:2753 0:0709
T 0:1214 0:0313

are provided in Table 3.6.

Realizations of the random �elds of material parameters are shown in Figs. 3.12, 3.13,

and 3.14, for 
 = 1 , � = 0 :1, and � 1 = � 2 = 10. These values are selected for the sake of

illustration to induce moderate correlation ranges on the arterial wall. The identi�cation

of such parameters requires spatial data that are not currently available for the proposed
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Table 3.6: Hyperparameters corresponding to the scaled coe�cients of variation (given in
the far-right column in Table 3.5).

Parameter ŝ (adventitia)
C2 (44:4351; 0:3067)
V (25; 6:6031)
B4 (53:1877; 1:8176)
U (744:5323; 38:6146)
R (95:81; 89:9306)
T (278:6547; 104:727)

application (and may be obtained using, e.g., ultrasound characterization techniques) and

is left for future work.

Figure 3.12 : Sample off G1(x ); x 2 B g (left) and f G2(x ); x 2 B g (right) in the adventitia
layer.

3.5.2 Propagation of Uncertainties

In this work, the nonlinear boundary value problem is solved by the �nite element

method, using a total Lagrangian formulation and a three-�eld formulation (P2-P0-P0 dis-

cretization) to handle quasi-incompressibility [167]. The geometry shown in Fig. 3.11 is

discretized with a mesh containing297; 828 cells and432; 250 nodes. An in�ating pressure

of 1 [kPa] is applied on the inner layer and sliding displacement boundary conditions are

prescribed on the inlet and outlet surfaces (the system is made statically determined by
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